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2.4 Signaux aléatoires périodiques non-analytiques . . . . . . . . . . . . . . . 47

II Details of the contributions 53

3 The Gaussian case with a purely discrete spectral measure 55

3.1 Introduction and statement of the results . . . . . . . . . . . . . . . . . . 55

3.2 Asymptotics in the case nα ∈ πZ . . . . . . . . . . . . . . . . . . . . . . . 58

3.3 Asymptotics in the case nα /∈ πZ . . . . . . . . . . . . . . . . . . . . . . . 60

4 The Gaussian case with a general spectral measure 71

4.1 Introduction and statements of the results . . . . . . . . . . . . . . . . . . 71

4.2 Nodal asymptotics with a vanishing spectral density . . . . . . . . . . . . 77

4.3 Salem–Zygmund type Central Limit Theorems . . . . . . . . . . . . . . . 97

4.4 From the limit theorems to the nodal asymptotics . . . . . . . . . . . . . 109

4.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

3



5 On the zeros of non-analytic random signals 129
5.1 Introduction and statement of the results . . . . . . . . . . . . . . . . . . 129
5.2 A functional almost sure Central Limit Theorem . . . . . . . . . . . . . . 133
5.3 Study of the number of real zeros . . . . . . . . . . . . . . . . . . . . . . . 139
5.4 Proofs of technical lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Bibliography 165

4



Remerciements

J’adresse mes premiers remerciements à mes deux directeurs Guillaume Poly et
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frir mes moments de déconnexion tennistiques hebdomadaires. Plus largement, merci à
l’équipe du SIUAPS pour proposer aux étudiants une offre toujours plus fournie d’ac-
tivités et qui, je pense, contribue également à la réussite de leurs études en les ouvrant
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Introduction

On s’intéresse dans cette thèse au nombre de zéros de fonctions trigonométriques
aléatoires. Cette étude a de nombreuses motivations, purement mathématiques mais
aussi appliquées, par exemple dans le domaine de télécommunications et du traitement
du signal, l’océanographie et l’étude des hauteurs de vagues ou encore la physique et
astronomie. Dans cette introduction, nous décrivons rapidement la problématique, sur-
volons nos contributions et détaillons le plan du manuscrit.

Les objets principaux de notre étude. Commençons par décrire les objets centraux
de cette thèse. Étant donnée une fonction continue F définie sur un intervalle quelconque
I de la droite réelle, on désignera par N (F, I) le nombre de ses zéros

N (F, I) := {t ∈ I, F (t) = 0} ∈ N ∪ {+∞}.

Nous nous intéresserons particulièrement au cas de fonctions aléatoires et périodiques
construites comme suit : on se donne (ak)k≥1 et (bk)k≥1 deux suites indépendantes de
variables aléatoires centrées et de variance unitaire, définies sur un espace probabilisé
(Ω,F ,P), on considère alors les polynômes trigonométriques aléatoires de degré n :

Fn(t) :=
n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π],

et plus généralement, les signaux périodiques aléatoires de la forme

Sn(t) :=
n∑
k=1

akf(kt),

où f est une fonction générique 2π-périodique à préciser. Le but principal de notre étude
consistera alors à déterminer le comportement asymptotique (presque sûr, en loi), lorsque
n tend vers l’infini, des variables aléatoires

N (Fn, I) et N (Sn, I),

ou encore de leurs moyennes

E [N (Fn, I)] et E [N (Sn, I)] ,

où E désigne l’espérance sous la loi P des coefficients. Il s’agira en particulier de com-
prendre en quoi la loi des coefficients aléatoires (ak)k≥1 et (bk)k≥1 influe sur le compor-
tement asymptotique du nombre de zéros des fonctions associées.
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Le phénomène d’universalité. Le fil conducteur de cette thèse est le caractère uni-
versel ou non de l’asymptotique nodale évoquée plus haut. À titre de comparaison,
le théorème limite central est une pierre angulaire de la théorie des probabilités et
l’archétype des phénomènes d’universalité. Si (Yk) est une suite de variables aléatoires
réelles, indépendantes et identiquement distribuées, centrées et de variance unitaire, ce
théorème affirme que la suite

Y1 + . . .+ Yn√
n

converge en loi vers une variable gaussienne N (0, 1). Le phénomène d’universalité fait
ici précisément référence au fait que la limite en loi ci-dessus est une variable gaussienne
centrée réduite et ce quelle que soit la loi initiale commune des variables (Yk). Si l’on
revient aux zéros de fonctions aléatoires, de façon similaire, on dira que l’asymptotique du
nombre de zéros est universelle si celle-ci ne dépend pas de loi des coefficients aléatoires
(ak) et (bk). Dans le cas contraire, on parlera d’asymptotique non-universelle et l’on
cherchera alors naturellement à préciser en quoi celle-ci dépend de la loi des coefficients,
de leur corrélation, des fonctions cos, sin ou f , de leur régularité, etc.

Dans cette optique, on s’intéressera à des résultats d’universalité globale, c’est-à-
dire à l’échelle macroscopique de l’intervalle [0, 2π] tout entier, mais aussi à des résultats
d’universalité locale, par exemple en considérant le nombre de zéros de fonctions aléatoires
dans des intervalles de taille 1/n, i.e. dont la taille décroit avec le degré. Parmi la
littérature abondante sur les phénomènes d’universalité locale ou globale, on pourra par
exemple consulter les articles suivants [IKM16, APP18, DNV18, BCP19] et les références
incluses.

Universalité dans le cas indépendant. Les premiers résultats concernant le nombre
de zéros de fonctions trigonométriques aléatoires remontent aux années 1960, précisément
à [Dun66] qui amontré que si les coefficients (ak) sont des variables gaussiennes indépendantes
centrées réduites et si

fn(t) :=
n∑
k=1

ak cos(kt),

alors, correctement normalisé par le degré, pour tout intervalle [a, b] ⊆ [0, 2π], le nombre
moyen de zéros vérifie l’asymptotique suivante

lim
n→+∞

E [N (fn, [a, b])]

n
=
b− a
π
√

3
, en particulier lim

n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
.

Au début des années 1970, en adaptant la preuve originale de Dunnage, Qualls prouve
dans [Qua70] que si les suites indépendantes (ak) et (bk) sont toutes deux formées de va-
riables gaussiennes indépendantes centrées et réduites, alors le nombre moyen de zéros de
la fonction Fn introduite plus haut vérifie exactement la même asymptotique, autrement
dit on a aussi

lim
n→+∞

E [N (Fn, [a, b])]

n
=
b− a
π
√

3
.
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Si l’on se place dans le cas de coefficients aléatoires indépendants, il a fallu attendre de
nombreuses années pour établir que l’asymptotique en moyenne ci-dessus est en fait uni-
verselle. Ce résultat remarquable est dû à Flasche dans [Fla17]. Pour u ∈ R, considérant
le polynôme trigonométrique

Xn(t) := u+
1√
n
Fn(t),

où les suites indépendantes (ak) et (bk) sont formées de variables i.i.d. centrées réduites
(mais pas nécessairement gaussiennes), il a en effet établi le résultat d’universalité globale
suivant : pour tout intervalle [a, b] ⊆ [0, 2π],

lim
n→+∞

E [N (Xn, [a, b])]

n
=
b− a
π
√

3
e−

u2

2 . (1)

Autrement dit, dans le cas de ces polynômes trigonométriques aléatoires, avec des co-
efficients indépendants centrés de variance unitaire – pour u = 0 dans notre modèle –
l’asymptotique du nombre moyen de zéros est la même que l’asymptotique obtenue pour
des coefficients gaussiens standards obtenue un demi siècle plus tôt. Au premier ordre,
dans le cas de coefficients indépendants, l’asymptotique du nombre moyen de zéros est
donc universelle.

A contrario, la variance du nombre de zéros, décrite pour la première fois dans le
cas de coefficients gaussiens indépendants dans [GW11] et ensuite étudiée sous d’autres
aspects dans [AL21, ADL16], n’obéit pas à ce même type de phénomène d’universalité
globale. Dans les travaux de [DNN20], les auteurs généralisent les résultats de [BCP19]
et prouvent que, toujours dans le cas de coefficients i.i.d. centrés réduits, sous la seule
hypothèse d’existence d’un moment suffisamment grand sur les coefficients aléatoires,
l’asymptotique de la variance n’est pas en général égale à celle obtenue pour des coeffi-
cients gaussiens mais dépend du kurtosis des coefficients, i.e. de la différence E[a4

1]− 3 :

lim
n→+∞

Var(N (Fn, [0, 2π]))

n
= lim

n→+∞

Var(N (F
(G)
n , [0, 2π]))

n
+

2

15
E[a4

1 − 3],

où F
(G)
n désigne le polynôme trigonométrique Fn dont les coefficients sont i.i.d. gaussiens

standards. Autrement dit, le phénomène d’universalité est plus complexe qu’il ne pourrait
y parâıtre au vu de l’asymptotique du premier ordre. Il est à noter que, même dans le
cas gaussien et a fortiori dans le cas indépendant plus général, l’étude de l’asymptotique
au second ordre du nombre de zéros nécessite un arsenal technique bien plus conséquent
que celle de la simple moyenne.

À travers l’étude des différents modèles de fonctions trigonométriques aléatoires,
l’objectif cette thèse est donc de mieux cerner ce phénomène d’universalité. Nos résultats
permettent en particulier de mieux comprendre en quoi la corrélation des coefficients
aléatoires (ak) et (bk) influe sur l’asymptotique nodale, et de la même façon en quoi elle
dépend / ne dépend pas de l’analycité des fonctions mises en jeu.
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(Non-)universalité dans le cadre gaussien dépendant. Le résultat d’universalité
globale obtenu par Flasche dans [Fla17] dans le cadre de coefficients indépendants invite
naturellement à investiguer l’asymptotique du nombre moyen de zéros de polynômes tri-
gonométriques aléatoires avec des coefficients dépendants. C’est précisément l’objectif
des articles [Pau20] et [APP21a] qui font l’objet des chapitres 3 et 4 de la partie II de
ce manuscrit. Le cadre commun de ces deux articles est le suivant : les suites (ak)k≥1 et
(bk)k≥1 sont toujours indépendantes, mais chacune des suites est un processus gaussien
stationnaire centré réduit, associé à une fonction de corrélation ρ, autrement dit

ρ(|k − `|) := E[aka`] = E[bkb`].

Par le théorème de Bochner–Herglotz, on peut exprimer de manière bijective la fonction
de corrélation ρ comme la transformée de Fourier d’une mesure finie µρ sur [0, 2π],
appelée mesure spectrale associée

ρ(k) =

∫ π

−π
eiξkµρ(dξ).

Nous verrons plus loin que, de façon assez surprenante, la nature de la mesure spectrale
µρ influe sur le comportement asymptotique du nombre moyen de zéros de la fonction
aléatoire Fn. Plus précisément, nous verrons

— au chapitre 3 que lorsque la mesure spectrale µρ est purement discrète, par
exemple lorsque ρ(k) = cos(kα) avec α /∈ πQ, i.e. µρ = (δ−α + δ−α)/2 , alors

lim inf
n→+∞

E [N (Fn, [0, 2π])]

n
6= lim sup

n→+∞

E [N (Fn, [0, 2π])]

n

en exhibant tout un continuum de valeurs d’adhérence possibles ;
— au chapitre 4 que si la mesure spectrale µρ admet une composante absolument

continue de densité ψρ par rapport à la mesure de Lebesgue λ sur [0, 2π], alors
l’asymptotique est non-universelle dès lors que la densité ψρ s’annule sur un en-
semble de mesure positive, précisément

lim
n→+∞

E[N (Fn, [0, 2π])]

n
=
λ({ψρ = 0})

π
√

2
+

2π − λ({ψρ = 0})
π
√

3
;

— également au chapitre 4 que si ψρ > 0 admet un moment logarithmique, alors
l’asymptotique universelle a lieu au sens presque sûr et pas seulement en moyenne

lim
n→+∞

N (Fn, [0, 2π])

n
=

2√
3
.

Ces résultats montrent en particulier qu’il existe des fonctions de corrélation ρ qui
décroissent vers zéro de façon arbitrairement rapide à l’infini et qui pourtant donnent
lieu à des asymptotiques nodales non-universelles et à l’inverse, il existe des fonctions
de corrélation qui décroissent vers zéro de façon arbitrairement lente et qui pourtant
donnent lieu à des asymptotiques nodales universelles. Le paramètre saillant n’est ainsi
pas la vitesse de décorrélation mais l’existence et la positivité d’une densité spectrale.
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Signaux périodiques aléatoires non-analytiques. Les polynômes trigonométriques
aléatoires fn ou Fn évoqués plus haut appartiennent à une large classe de fonctions
aléatoires analytiques du type

Gn(x) :=

n∑
k=1

ξkφk(x),

où (φk)k≥1 est une suite de fonctions analytiques déterministes et (ξk)k≥0 une suite de
variables i.i.d à valeurs complexes. Dans cette même classe se trouvent notamment les
polynômes algébriques aléatoires qui correspondent au cas où φk(x) = ckx

k, avec comme
cas particuliers

— les polynômes de Kac où ck = 1, modèle historique introduit par M.Kac dans
[Kac43] et qui a été étudié extensivement (voir e.g. [Mas74, Pri18, PS14]),

— les polynômes de Weyl où ck = 1√
k!

(voir [DV20, EK95, TV15]),

— les polynômes elliptiques, où ck =
√(

n
k

)
(voir [Dal15, Kos93]).

Pour tous ces modèles algébriques, l’asymptotique des ensembles nodaux a été lar-
gement étudiée et de nombreux théorèmes d’universalité (globale et/ou locale) ont été
établis dans le cadre de coefficients (ξk)k≥0 indépendants avec de faible conditions de mo-
ments, voir par exemple les travaux récents et quasi optimaux de Nguyen et Vu [NV18].
Il est remarquable de noter que ces résultats d’universalité reposent de façon cruciale
sur la formule de Jensen qui permet précisément d’exprimer le nombre de zéros d’une
fonction analytique par une intégrale réelle. Aussi, il est légitime de s’interroger sur les
relations entre l’analycité des fonctions considérées et l’asymptotique nodale. Si l’on a
en tête le principe des zéros isolés, il peut sembler par exemple légitime d’affirmer que
la régularité de la fonction sous-jacente a une incidence importante sur la répartition de
ses zéros.

Pour mieux comprendre l’influence de la régularité sur l’asymptotique nodale, un
modèle naturel qui généralise celui des polynômes trigonométriques aléatoires au cadre
non-analytique consiste à considérer les fonctions aléatoires déjà mentionnées plus haut,
à savoir

Sn(t) =

n∑
k=1

akf(kt), t ∈ [0, 2π],

où les coefficients (ak)k≥1 sont indépendants centrés de variance unitaire et f une fonction
générale continue, 2π-périodique et C1 par morceaux et non-analytique, par exemple la
fonction triangle de la Figure 1 ci-après. La problématique est alors de savoir en quoi
l’asymptotique nodale dépend de la fonction f , par exemple de sa norme, celle de sa
dérivée, de sa régularité, ou tout autre caractéristique.
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Figure 1 – En bleu, cos, en rouge le signal triangulaire qui l’interpole.

Ce modèle a été étudié par Angst et Poly dans [AP20b], ces derniers ont obtenu
un résultat d’universalité locale sous un compromis entre existence de moments pour
les coefficients (ak) et régularité de la fonction générale f i.e. moins on demande de
régularité sur la fonction f , plus les coefficients (ak) doivent être intégrables. Dans
l’article [APP21b] qui fait l’objet du chapitre 5 de la partie II du manuscrit, nous
généralisons ce résultat en un énoncé d’universalité globale. Sous de relativement faibles
hypothèses détaillées plus loin, nous établissons en effet l’asymptotique suivante

lim
n→+∞

E[N (Sn, [0, 2π])]

n
=

2√
3

√
‖f ′‖2
‖f‖2

.

On retrouve naturellement au passage l’asymptotique universelle du cas trigonométrique
lorsque f(x) = cos(x). La preuve semble montrer qu’une régularité lipschizienne pour
la fonction f est critique, en particulier le signal triangulaire ci-dessus échappe mal-
heureusement à notre approche. Néanmoins, cette dernière permet de conclure pour de
nombreux signaux polynomiaux par morceaux avec des raccords suffisamment lisses et
montre donc que l’hypothèse d’analycité est superflue pour établir le caractère universel
de l’asymptotique nodale.

Plan du manuscrit. Dans la première partie du manuscrit, rédigée en français,
nous commençons par rappeler au Chapitre 1 quelques outils standards pour le comp-
tage de zéros de fonctions déterministes et aléatoires (formule de Kac–Rice, estimés de
discrépance, régularité de la fonctionnelle “nombre de zéros”, TCL à la Salem–Zygmund,
etc.). Au Chapitre 2, nous décrivons ensuite de façon synthétique nos principales contri-
butions en détaillant les méthodes et approches utilisées. Ces différentes contributions
sont au nombre de trois, et font l’objet des trois publications cités plus loin.

La partie II du manuscrit, rédigée en anglais, est composée des Chapitres 3, 4 et 5 qui
reprennent pour l’essentiel les articles (parus ou à parâıtre) issus de cette thèse, à savoir
les références [Pau20], [APP21a] et [APP21b].
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Chapitre 1

Quelques outils et méthodes pour
le comptage des zéros

Avant de décrire de façon synthétique nos principales contributions à l’étude de l’uni-
versalité de l’asymptotique du nombre de zéros de fonctions trigonométriques aléatoires,
nous rappelons dans ce chapitre quelques outils et méthodes classiques pour le comptage
des zéros de fonctions réelles. Ces outils et méthodes constituent l’arsenal de base sur
lequel s’appuient nos différents travaux.

1.1 Formules de Kac et Kac–Rice

Rappelons que si f est une fonction continue sur un intervalle [a, b] ⊆ R, on note

N (f, [a, b]) = Card{t ∈ [a, b], f(t) = 0}

le nombre de zéros de f dans l’intervalle. Une première approche féconde pour l’étude
des zéros, initiée par Kac dans [Kac43] consiste à établir une / des formules intégrale(s)
pour exprimer ce cardinal. Les résultats classiques énoncés ici ainsi que leur preuves sont
tirés de [AW09], plus particulièrement des Chapitres 1 et 3.

Définition 1.1.1. On dit que f : IR → IR de classe C1 est non-dégénérée sur [a, b] si
f(a)f(b) 6= 0 et si elle n’a pas de zéro double, i.e. si

inf
x∈[a,b]

|f(x)|+ |f ′(x)| > 0.

La formule de Kac ci-dessous, qui peut-être vue comme une version unidimensionelle
de la formule de la co-aire, permet précisément d’exprimer le nombre de zéros d’une
fonction non-dégénérée de classe C1 comme une fonctionnelle intégrale de la fonction et
de sa dérivée.

Lemme 1.1.1 (Formule de Kac). On suppose f ∈ C1([a, b], IR) non-dégénérée sur [a, b].
Alors,

N (f, [a, b]) = lim
δ→0

1

2δ

∫
[a,b]

1|f(t)|<δ|f ′(t)|dt. (1.1)
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Démonstration. Sous les hypothèses précédentes, la fonction f : [a, b] → IR admet un
nombre fini de zéros τ1 < · · · < τn, que l’on suppose supérieur à 1. Comme f ′(τk) 6= 0
pour tout k = 1, . . . , n, pour δ > 0 assez petit, on peut écrire que

f−1((−δ, δ)) =
n⋃
k=1

Ik,

où l’union est disjointe avec chaque intervalle I1, . . . , In contenant respectivement les
points τ1, . . . , τn. Sur chaque Ik, la fonction f est monotone et par un changement de
variable, pour tout k = 1, . . . , n, on a∫

Ik

|f ′(t)|dt = 2δ.

Ainsi pour δ > 0 suffisamment petit,

1

2δ

∫
[a,b]

1|f(t)|<δ|f ′(t)|dt =
1

2δ

n∑
k=1

∫
Ik

|f ′(t)|dt = n.

Remarque 1.1.1. Plus généralement, on peut obtenir une formule analogue pour comp-
ter le nombre de traversées de la ligne de niveau u ≥ 0 sur un intervalle [a, b]. En effet,
si l’on suppose f ∈ C1 telle que f(a) 6= u, f(b) 6= u et {t ∈ I, f(t) = u, f ′(t) = 0} = ∅,
alors

Card {t ∈ [a, b], f(t) = u} = lim
δ→0

1

2δ

∫
[a,b]

1|f(t)−u|<δ|f ′(t)|dt.

De plus, la formule de Kac donnée par le Lemme 1.1.1 reste vraie si f est polygonale
alors qu’elle n’est pas de classe C1. Si a = a0 < a1 < · · · < am = b est une partition
de [a, b] et f une fonction polygonale dont les arcs se raccordent aux noeuds (ai, f(ai))
pour i = 0, . . . ,m, alors dès que f(ai) 6= 0, on a (1.1). En effet, la formule est satisfaite
pour chaque intervalle Ji = [ai, ai+1] où i = 0, . . . ,m − 1 donc sur [a, b] par additivité.
De plus, comme f est polygonale, la quantité

1

2δ

∫
[a,b]

1|f(t)|<δ|f ′(t)|dt

est majorée par m étant donné que chaque intégrale sur la partition [ai, ai+1] est bornée
par 1 si elle contient un zéro et par 1/2 sinon.

Si l’on souhaite appliquer la formule de Kac ci-dessus dans un cadre stochastique, on
doit donc naturellement s’assurer que le processus considéré est presque sûrement non-
dégénéré. Le résultat suivant (Proposition 1.20, Chapitre 1 dans [AW09]), connu sous
le nom de Lemme de Bulinskaya, permet de donner un critère de non-dégénérescence
lorsque l’on considère des processus stochastiques, en terme d’uniforme majoration de
densités.
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Lemme 1.1.2 (Bulinskaya, 1961). Soit (Xt)t≥0 un processus stochastique à valeurs
réelles. Soit I = [a, b] ⊂ IR+. On suppose que :

1. les trajectoires t 7→ Xt sont de classe C1,

2. pour tout t ≥ 0, Xt possède une densité et il existe une constante C > 0 telle que
pour tout t ∈ I et x au voisinage de u,

pXt(x) ≤ C.

Alors presque-surement, aucun point t ≥ 0 n’est tel que Xt = 0 et X ′t = 0.

Démonstration. Soit Z0 := {t ∈ I | Xt = 0 et X ′t = 0} l’ensemble (aléatoire) des zéros
doubles. Soit ωX′ le module de continuité de t 7→ X ′t. Fixons ε > 0 et soit δ > 0 assez
petit pour que

P (ωX′(I, δ) > ε) ≤ ε.

On découpe I = [a, b] en m sous-intervalles réguliers [tj , tj+1] de taille δ. Alors,

P (Z0 6= ∅) = P ({Z0 6= ∅} ∩ {ωX′(I, δ) > ε}) + P ({Z0 6= ∅} ∩ {ωX′(I, δ) ≤ ε)
≤ P (ωX′(I, δ) > ε) + P ({Z0 6= ∅} ∩ {ωX′(I, δ) ≤ ε)

≤ ε+

m∑
j=1

P ({Z0 ∩ [tj , tj+1] 6= ∅} ∩ {ωX′(I, δ) ≤ ε})

≤ ε+

m∑
j=1

P(|Xtj | ≤ δε).

En effet, si Z0∩[tj , tj+1] 6= ∅, il existe α ∈ [tj , tj+1] tel que Xα = X ′α = 0. Par le théorème
des valeurs intermédiaires, il existe β ∈ [tj , α] ⊂ [tj , tj+1] tel que

Xtj = Xtj −Xα = (tj − α)X ′β = (tj − α)(X ′β −X ′α).

Sur l’évènement {ωX′(I, δ) ≤ ε}, on a alors

|Xtj | ≤ |tj − α| × |X ′β −X ′α| ≤ δε.

Ainsi
P ({Z0 ∩ [tj , tj+1] 6= ∅} ∩ {ωX′(I, δ) ≤ ε) ≤ P(|Xtj | ≤ δε).

Comme P(|Xs| ≤ δε) =
∫

[−δε,δε] pXs(x)dx ≤ 2Cδε, au final,

P(Z0 6= ∅) ≤ ε+

m∑
j=1

P(|Xtj | ≤ δε) ≤ ε+mCδε ≤ ε+ C|tj+1 − tj |ε.

Dans le cadre de processus gaussiens, la positivité de la densité est naturellement
liée à la finitude de la variance. Aussi, on a le résultat remarquable et particulièrement
effectif suivant (Théorème 1.21, Chapitre 1 dans [AW09]).
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Lemme 1.1.3 (Ylvisaker, 1968). Soit a < b deux réels. Soit (Xt)t∈[a,b] un processus
gaussien à trajectoires continues et à valeurs dans IR. On suppose que

∀t ∈ [a, b], Var(Xt) > 0.

Alors, P-p.s., il n’existe aucun extrema local de X prenant la valeur 0.

Il est à noter que la formule de Kac (1.1) est une formule asymptotique. Il est cepen-
dant possible d’obtenir des formules intégrales closes pour exprimer le nombre de zéros,
quitte à supposer un peu plus de régularité pour la fonction de base. Par exemple, dans
[AP20a], Angst et Poly établissent les formules suivantes.

Proposition 1.1.1. Soit f ∈ C2([0, 2π]) une fonction 2π-périodique. Soit F est une
fonction C1(IR) telle que

lim
−∞

F = −1, lim
+∞

F = 1,

alors

N (f, [0, 2π]) = −1

2

∫ 2π

0
F ′
(
f ′(x)

f(x)

)(
f ′(x)

f(x)

)′
dx.

En particulier

N (f, [0, 2π]) = −1

2

∫ 2π

0
(f ′′(x)f(x)− f ′(x)2)

|f(x)|
(f2(x) + f ′(x)2)3/2

dx.

Remarque 1.1.2. En particulier, la dernière formule est valable pour F (x) = x√
1+x2

ou encore F (x) = 2
π arctan(x). Pour cette dernière, on obtient alors la formule parti-

culièrement compacte

N (f, [0, 2π]) = − 1

π

∫ 2π

0

f ′′(x)f(x)− f ′(x)2

f(x)2 + f ′(x)2
dx.

Notons que cette approche peut être généralisé au cas non-périodique.

On présente maintenant la formule dite de Kac–Rice, qui consiste à combiner la
formule de Kac et le passage à l’espérance, pour exprimer le nombre moyen de zéros sur
un intervalle d’un processus gaussien à trajectoires C1.

Théorème 1.1.1. Soit I un intervalle réel et soit X = (Xt)t∈I un processus gaussien à
trajectoires C1. On suppose que la loi de Xt est non-dégénérée pour tout t ∈ I. Alors

E [N (X, I)] =

∫
I
E
[
|X ′t| | Xt = 0

]
pXt(0)dt.

Démonstration. Sans perte de généralité, on peut supposer que I = [0, 1]. Soit Xn
t

l’approximation dyadique de Xt, i.e. pour k = 0, . . . , 2n, si k/2n ≤ t ≤ (k + 1)/2n,

Xn
t := (k + 1− 2nt)X k

2n
+ (2nt− k)X k+1

2n
.
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On a alors

lim
n→+∞

sup
t∈I
|Xn

t −Xt| = 0 et |Xn
t −Xt| ≤ 2 sup

t∈I
|Xt|.

La variable supt∈I |Xt| possède des moments de tout ordre ainsi par convergence dominée,
on en déduit que Var(Xn

t ) converge uniformément pour t ∈ I vers Var(Xt). En outre,
pour n suffisamment grand, il existe b > 0 pour lequel pour tout t ∈ I, Var(Xn

t ) ≥ b.
Comme Xt est une variable a densité pour tout t ∈ I, le processus (Xn

t )t∈I ne s’annule
pas sur les points k/2n avec k = 0, . . . , 2n, ceci pour n suffisamment grand. En appliquant
la formule de Kac (1.1) à la fonction polygonale Xn, on a P-p.s.,

N (Xn, I) = lim
δ→0

1

2δ

∫
I
1|Xn

t |<δ|X
n′
t|︸ ︷︷ ︸

≤2n

dt.

Par convergence dominée en δ → 0 à n fixé,

E [N (Xn, I)] = lim
δ→0

1

2δ

∫
I
E
[
1|Xn

t |<δ|X
n′
t|
]
dt

= lim
δ→0

∫
I
dt

1

2δ

∫ δ

−δ
E
[
|Xn′

t| | Xn
t = x

]
pXn

t
(x)dx.

Comme le processus Xn est à trajectoires continues, sa fonction moyenne m(t) et cova-
riance r(s, t) sont continues. Par ailleurs, la fonction (t, x) 7→ E [|Xn′

t| | Xn
t = x] pXn

t
(x)

est continue et est donc bornée pour t ∈ I et x dans un voisinage compact de 0. En
particulier, cela implique que l’on puisse passer à la limite dans le membre de droite de
l’égalité précédente, i.e.

E [N (Xn, I)] =

∫
I
E
[
|Xn′

t| | Xn
t = 0

]
pXn

t
(0)dt.

Il reste à prendre la limite quand n tend vers l’infini dans l’égalité précédente. Le
théorème d’Ylvisaker 1.1.3 permet d’affirmer qu’avec probabilité 1, il n’existe pas d’ex-
tremum en zéro donc P-p.s., N (Xn, I) tend en croissant vers N (X, I) de sorte que par
convergence monotone,

lim
n→+∞

E [N (Xn, I)] = E [N (X, I)] .

Enfin, quand n tend vers l’infini, l’espérance et la matrice de covariance de (Xn
t , X

n′
t)

converge uniformément vers l’espérance et la matrice covariance de (Xt, X
′
t). Ceci im-

plique la convergence

lim
n→+∞

∫
I
E
[
|Xn′

t| | Xn
t = 0

]
pXn

t
(0)dt =

∫
I
E
[
|X ′t| | Xt = 0

]
pXt(0)dt.
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Remarque 1.1.3. Comme l’espérance E[N (X, I)] s’exprime comme l’intégrale d’une
fonction bornée sur un intervalle borné, elle est finie.

De la formule précédente, un calcul explicite est possible pour l’espérance condition-
nelle car la loi de F ′n(t) sachant {Fn(t) = 0} est elle-même gaussienne et explicite. Plus
précisément, on a la proposition suivante (Proposition 1.2 p.15 dans [AW09]).

Proposition 1.1.2. Soient X et Y deux variables aléatoires réelles telles que la loi jointe
de (X,Y ) est gaussienne avec Var(Y ) 6= 0. Alors pour toute fonction bornée f : IR→ IR,
on a pour presque-tout y ∈ IR :

E [f(X) | Y = y] = E
[
f(X̃ + Cy)

]
,

où

C :=
Cov(X,Y )

Var(Y )
,

et X̃ est une variable aléatoire gaussienne N
(
E[X]− CE[Y ],Var(X)− Cov(X,Y )2

Var(Y )

)
.

Esquisse de preuve. Le paramètre C est choisi de sorte que X̃ = X−CY soit indépendant
de Y , autrement dit tel que

Cov(X − CY, Y ) = 0.

Comme
Cov(X − CY, Y ) = Cov(X,Y )− CVar(Y ),

les variables X̃ et Y sont orthogonales pour C = Cov(X,Y )
Var(Y ) et on en déduit la loi de X̃.

En particulier, cette proposition permet d’affirmer que si (X,Y ) est un vecteur gaus-
sien centré avec E[Y 2] 6= 0, la loi conditionnelle de X sachant Y = 0 est

N
(

0,E[X2]− E[XY ]2

E[Y 2]

)
.

À titre illustratif dans le cadre gaussien, et sous réserve de non-dégénérescence, nous
pouvons par exemple appliquer la formule de Kac–Rice aux objets centraux de cette
thèse, à savoir les processus périodiques

Fn(t) =
n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π]

avec (ak)k≥1 et (bk)k≥1 deux suites indépendantes entre elles de variables gaussienne
centrés réduites.

Corollaire 1.1.1. Soit (Fn(t))t∈[0,2π] un polynôme trigonométrique aléatoire de la forme
ci-dessus dont on suppose qu’il est presque sûrement non-dégénéré. Alors pour tout in-
tervalle I ⊂ [0, 2π],

E[N (Fn, I)] =
1

π

∫
[0,2π]

√
E[F ′n(t)2]

E[Fn(t)2]
−
(
E[Fn(t)F ′n(t)]

E[Fn(t)2]

)2

dt.
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Démonstration. Le processus (Fn(t), F ′n(t))t∈[0,2π] est gaussien, centré et de matrice de
covariance donnée par (

E[Fn(t)2] E[Fn(t)F ′n(t)]
E[Fn(t)F ′n(t)] E[F ′n(t)2]

)
.

Conditionnellement à {Fn(t) = 0},d’après la Proposition 1.1.2, la loi de F ′n(t) est gaus-
sienne centrée de covariance

Γn := E[F ′n(t)2]− E[F ′n(t)Fn(t)]2

E[Fn(t)2]
.

Ainsi,

E
[
|F ′n(t)| | Fn(t) = 0

]
=

∫ ∞
−∞
|y| 1√

2πΓn
e−

y2

2Γn dy

=

√
2√
π

∫ +∞

0
ue−u

2/2du =

√
2√
π

√
Γn.

Par ailleurs, la densité de Fn(t) évaluée en zéro est

pFn(t)(0) =
1√

2πE[Fn(t)2]
.

Ainsi, on a bien

E [N (Fn, [0, 2π])] =
1

π

∫ 2π

0

√
E[F ′n(t)2]

E[Fn(t)2]
−
(
E[Fn(t)F ′n(t)]

E[Fn(t)2]

)2

dt.

Ainsi, dans le cadre gaussien, comprendre l’asymptotique du nombre moyen de zéros
se réduit à étudier l’asymptotique des fonctions de covariance E[Fn(t)2],E[F ′n(t)2] et
E[Fn(t)F ′n(t)].

Exemple du cas indépendant. On applique la formule précédente au polynome
trigonométrique aléatoire

Fn(t) =
n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π],

dans le cas où les suites (ak)k≥1 et (bk)k≥1 sont indépendantes et les variables ak et bk
sont toutes i.i.d. de loi gaussienne standard. Dans ce cadre, remarquons que la covariance
E[Fn(t)Fn(s)] ne dépend que de la différence t− s :

E[Fn(t)Fn(s)] =

n∑
k=1

(cos(kt) cos(ks) + sin(kt) sin(ks)) =

n∑
k=1

cos(k(t− s)).
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En particulier, on obtient pour tout t ∈ [0, 2π]

E[Fn(t)2] = n, E[F ′n(t)2] =
n∑
k=1

k2, E[F ′n(t)Fn(t)] = 0.

Par le lemme d’Ylvisaker, on peut ainsi affirmer que le processus est presque sûrement
non-dégénéré et en appliquant le Corollaire 1.1.1, on en déduit que

E [N (Fn, [0, 2π])] =
1

π

∫ 2π

0

√
(n+ 1)(2n+ 1)

6
dt ∼ 2√

3
n.

On retrouve ainsi en particuler le résultat fondateur de Dunnage dans [Dun66].

Pour clore cet section dédiée à la formule de Kac–Rice, notons qu’il est naturellement
possible d’établir des formules intégrales similaires pour les moments (factoriels) du
nombre de zéros, voir [AW09]. On pourra par exemple consulter l’article [GW11] et
en particulier le Corollaire 2.5 pour obtenir une formule explicite pour la variance du
nombre de zéros des polynômes trigonométriques Fn dans le cas de coefficients gaussiens
i.i.d.

1.2 Noyaux trigonométriques et leur asymptotique

Comme évoqué plus haut, dans un cadre gaussien général et via la formule de Kac–
Rice, comprendre l’asymptotique du nombre moyen de zéros du processus Fn(t)

Fn(t) =
n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π],

se réduit à étudier l’asymptotique des fonctions de covariance E[Fn(t)2],E[F ′n(t)2] et
E[Fn(t)F ′n(t)]. Comme remarqué dans [ADP19], dans le cas où les coefficients (ak) et (bk)
ne sont plus indépendants, mais forment des processus gaussiens stationnaires associés
à une fonction de corrélation ρ, i.e.

E[akal] = E[bkbl] = ρ(k − l),

les fonctions de covariance ci-dessus s’expriment de façon remarquable comme des convo-
lutions de la mesure spectrale associée avec des noyaux trigonométriques explicites. Rap-
pelons que la mesure spectrale µρ associée à ρ par le théorème de Bochner–Herglotz n’est
autre que sa transformée de Fourier, i.e.

ρ(k) =

∫ π

−π
e−ikxµρ(dx).

On adoptera ici la convention suivante : si f et g sont deux fonctions 2π-périodiques
bornées, et µ une mesure de probabilité sur [0, 2π],

f ∗ µ(x) =

∫ π

−π
f(x− y)µ(dy).
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Remarque 1.2.1. Notons qu’au Chapitre 4, la définition de la convolution fait ap-
parâıtre un facteur de renormalisation 1

2π , i.e.

f ∗ µ(x) =
1

2π

∫ π

−π
f(x− y)µ(dy).

Les noyaux trigonométriques évoqués ci-dessus permettant d’exprimer les fonctions
de covariance ne sont autres que le noyau de Fejér

Kn(x) :=
n∑

r=−n

(
1− |r|

n

)
eirx =

1

n

(
sin
(
nx
2

)
sin
(
x
2

) )2

,

et la variante suivante du noyau de Fejér

Ln(x) := αn

n∑
r=−n

 1

n

n−|r|∑
k=1

k(|r|+ k)

 eirx, où αn :=
6

(n+ 1)(2n+ 1)
.

En effet, on a le résultat suivant.

Lemme 1.2.1. Si les suites (ak) et (bk) sont indépendantes et données par des processus
gaussiens de corrélation ρ, alors pour tout t ∈ [0, 2π], on a

E[F 2
n(t)] = Kn ∗ µρ(t), E[F ′n(t)2] =

1

αn
Ln ∗ µρ(t)

et

E[Fn(t)F ′n(t)] =
1

2
K ′n ∗ µρ(t).

Démonstration. On a

E
[
F 2
n(t)

]
=

1

n

n∑
k,l=1

E [akal] cos(kt) cos(lt) + E [bkbl] sin(kt) sin(lt)

=
1

n

n∑
k,l=1

ρ(k − l) cos((k − l)t) =

n∑
r=−n

(
1− |r|

n

)
ρ(r)eirt.

On en déduit que

E[F 2
n(t)] = Kn ∗ µρ(t). (1.2)
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De manière analogue,

E[F ′n(t)2] =
1

n

n∑
k,`=1

klρ(k − l) cos((k − l)t)

=
1

n

n∑
k=1

k2 +
2

n

∑
`>k

k`ρ(k − `) cos((k − `)t)

=
1

n

n∑
k=1

k2 +
2

n

n−1∑
k=1

n−k∑
r=1

k(r + k)ρ(r) cos(rt)

=
1

n

n∑
k=1

k2 +
2

n

n−1∑
r=1

ρ(r) cos(rt)

(
n−r∑
k=1

k(r + k)

)

=
n−1∑

r=−(n−1)

ρ(r)eirt

 1

n

n−|r|∑
k=1

k(|r|+ k)


Ainsi

E[F ′n(t)2] =
1

αn
Ln ∗ µρ(t). (1.3)

Enfin, en dérivant la première expression, on a

E
[
Fn(t)F ′n(t)

]
=

1

2
K ′n ∗ µρ(t). (1.4)

En particulier, en injectant les expressions (1.2), (1.3) et (1.4) dans la formule de
Kac–Rice et via le lemme d’Ylvisaker (Kn ∗µρ > 0 car µρ est une mesure de probabilité
et Kn est un noyau positif), on déduit le l’expression suivante du nombre moyen de zéros
dans le cas gaussien dépendant.

Corollaire 1.2.1. Soit Fn(t) =
∑n

k=1 ak cos(kt) + bk sin(kt) défini sur [0, 2π], avec
(ak)k≥1 et (bk)k≥1 deux processus gaussiens stationnaires indépendants centrés de fonc-
tion de corrélation ρ associée à la mesure spectrale µρ. Le processus Fn(t) est presque
sûrement non-dégénéré sur sa période et pour tout intervalle I ⊆ [0, 2π], on a alors

E[N (Fn, I)] =
1

π

∫
I

√
1

αn

Ln ∗ µρ(t)
Kn ∗ µρ(t)

−
(

1

2

K ′n ∗ µρ(t)
Kn ∗ µρ(t)

)2

dt.

Bien entendu, cette dernière expression est compatible avec celle obtenue dans le cas
de coefficients i.i.d. puisque dans le cas indépendant, on a ρ(k) = δ0(k) et la mesure
spectrale µρ n’est autre que la mesure de Lebesgue normalisée sur [0, 2π] de sorte que
l’intégrande est constante égale à 1/αn. Dans le cas plus général de coefficients gaussiens
dépendants, le Corollaire 1.2.1 montre que l’asymptotique du nombre moyen de zéros se
réduit donc à l’étude de l’asymptotique des produits de convolution ci-dessus. Comme
établi dans [ADP19], les noyaux Kn et Ln sont des approximations de l’unité.
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Lemme 1.2.2 (Lemme 1. de [ADP19]). Soit n ≥ 1. Les noyaux positifs Kn et Ln sont
des approximations de l’unité, i.e.

‖Kn‖L1([0,2π],dx/2π) = ‖Ln‖L1([0,2π],dx/2π) = 1,

et pour tout ε > 0,

lim
n→+∞

∫ 2π−ε

ε
Kn(x)dx = lim

n→+∞

∫ 2π−ε

ε
Ln(x)dx = 0.

Considérons la décomposition classique de la mesure spectrale

µρ := µsρ + ψρ(x)dx,

où µsρ est la partie singulière et ψρ(x)dx est la partie à densité par rapport à la mesure de
Lebesgue, avec la convention que ψρ = 0 si µρ est purement singulière. Le comportement
asymptotique des produits de convolution apparaissant dans la formule de Kac–Rice est
alors décrit par des théorèmes de type ”Fejér–Lebesgue”. Nous montrerons ainsi dans le
Lemme 4.2.2 ci-après que pour presque tout x ∈ [−π, π], on a

lim
n→+∞

Kn ∗ µρ(x) = ψρ(x), lim
n→+∞

Ln ∗ µρ(x) = ψρ(x), lim
n→+∞

1

n
K ′n(t) ∗ µρ(x) = 0.

Ponctuellement, lorsque ψρ(x) > 0, l’intégrande dans la formule de Kac–Rice admet
donc l’equivalent asymptotique 1/αn lorsque n tend vers l’infini, comme dans le cas
indépendant. Pour autant, le comportement asymptotique de l’intégrale globale n’est
pas clair car il n’y a pas de domination a priori. Plus problématique encore est le cas où
ψρ(x) = 0 car alors la formule de Kac–Rice fait apparâıtre une limite indéterminée du
type 0/0. Ces difficultés sont précisément le point départ de l’article [APP21a] détaillé
au Chapitre 4 de la seconde partie du manuscrit, où nous verrons que l’universalité de
l’asymptotique nodale est de facto liée à l’annulation de la densité spectrale.

1.3 Estimés de discrépance

Le comptage du nombre moyen de zéros d’un polynôme trigonométrique aléatoire
sur tout une période peut nécessiter en pratique de considérer des intervalles sur lesquels
on se place loin de phénomènes d’annulation ou de singularités, de sorte que l’expression
donnée par la formule de Kac–Rice est directement exploitable. Néanmoins, afin de
conclure globalement, il faut alors tout de même évaluer la proportion de zéros sur des
intervalles dont la taille est petite. Par exemple, imaginons une situation où l’intégrande
dans la formule de Kac–Rice est singulière en zéro, on est alors amené à effectuer la
décomposition

E[N (Fn, [0, 2π])] = E[N (Fn, [0, 2π] \ [−δ, δ])] + E[N (Fn, [−δ, δ])],

pour 0 < δ = δn << 1 assez petit. On aimerait alors avoir des bornes a priori permettant
d’affirmer que le nombre de zéros dans le petit intervalle est négligeable par rapport à
celui du reste de la période.
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L’objet de cette section est précisément de présenter des estimées du nombre de zéros
d’un polynôme aléatoire algébrique complexe sur une petite portion d’un anneau du
plan complexe, dans le but d’en déduire un contrôle du nombre de zéros d’un polynôme
trigonométrique aléatoire réel sur un intervalle de taille petite. Les résultats qui suivent
sont issus de [PY15] et [Pir20]. Soient n ≥ 1 un entier et Pn un polynôme algébrique
aléatoire de degré n de la forme

Pn(z) =
n∑
k=0

Ak,nz
k,

où les coefficients (Ak,n) sont des variables aléatoires complexes toutes définies sur un
même espace de probabilité (Ω,F ,P). Comme plus haut, on désigne par E l’espérance
sous la loi P. On désigne par Z(Pn) := {Z1, . . . , Zn} l’ensemble des zéros complexes de
Pn et l’on considère la mesure empirique associée

τn :=
1

n

n∑
k=1

δZk .

C’est une mesure de Borel aléatoire sur C. On désigne par ailleurs par µ la mesure
uniforme sur le cercle {z ∈ C, |z| = 1}. Lorsque les coefficients Ak,n sont i.i.d., il
est remarquable que, P−presque sûrement, la suite de mesure τn converge faiblement
vers µ si et seulement si Emax(log |A0|, 0) < +∞, voir par exemple [IZ13]. En outre,
l’équidistribution des zéros sur le cercle unité peut également se produire même lorsque
la condition d’indépendance est relaxée, voir [Pri18].

Il est par ailleurs possible de quantifier la vitesse de convergence τn vers µ. Pour se
faire, on définit le secteur angulaire

Ar(α, β) := {z ∈ C : r < |z| < 1/r, α ≤ arg(z) < β}, 0 < r < 1.

On a alors le premier résultat suivant.

Théorème 1.3.1 (Theorem 2.1 dans [PY15]). On considère un polynôme algébrique
aléatoire Pn(z) =

∑n
k=0Akz

k dont les coefficients sont des variables aléatoires complexes
satisfaisant :

1. Il existe un t ∈ (0, 1] fixé tel que pour tout k = 0, . . . , n,

E
[
|Ak|t

]
<∞,

2. E [log |A0|] > −∞ et E [log |An|] > −∞.
Alors pour n ∈ N suffisamment grand,

E
[∣∣∣∣τn(Ar(α, β))

n
− β − α

2π

∣∣∣∣] ≤ Cr
[

1

n

(
1

t
log

n∑
k=0

E
[
|Ak|t

]
− 1

2
E [log |A0An|]

)]1/2

,

où

Cr :=

√
2π

k
+

2

1− r
avec k :=

+∞∑
k=0

(−1)k

(2k + 1)2
.
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De la même façon, on montre le résultat analogue.

Corollaire 1.3.1 (Corollaire 2.2 dans [PY15]). Soit Pn(z) =
∑n

k=0Ak,nz
k une suite de

polynômes aléatoires dont les coefficients sont tels que

M := sup
k=0,...,n, n∈N

E
[
|Ak,n|t

]
<∞, L := inf

k=0,...,n, n∈N
E [log |Ak,n|] > −∞.

Alors, lorsque n tend vers l’infini,

E
[∣∣∣∣τn(Ar(α, β))

n
− β − α

2π

∣∣∣∣] ≤ Cr [ 1

n

(
log(n+ 1) + log(M)

t
− L

)]1/2

,

en particulier

E
[∣∣∣∣τn(Ar(α, β))

n
− β − α

2π

∣∣∣∣] = O

(√
log(n)

n

)
.

Voyons maintenant comment déduire des résultats ci-dessus, qui s’appliquent aux
zéros complexes de polynômes algébriques, une borne a priori sur le nombre de zéros
réels de polynômes trigonométriques. Le lemme suivant sera utilisé à plusieurs reprises
dans les chapitres 3 et 4 de la seconde partie du manuscrit.

Lemme 1.3.1 (Proposition 3.1.1 dans [Pir20]). On considère une suite de polynômes
trigonométriques aléatoires Fn(x) =

∑n
k=1 ak cos(kx) + bk sin(kx), dont les coefficients

(ak)k, (bk)k des variables gaussiennes N (0, σ2) non nécessairement indépendantes. Soit
a ∈ (0, 1/2) un réel fixé. Alors quand n tend vers l’infini,

E
[
N (Fn, [0, n

−a])
]

= O(n1−a).

Par ailleurs, la borne ci-dessus est valide dans tout intervalle de taille n−a, i.e. pas
uniquement au voisinage de zéro.

Démonstration. Remarquons que l’on peut écrire

Fn(x) = e−inxP2n(eix)

où l’on a posé P2n(z) :=
∑n

k=−n ckz
k+n avec c0 = a0 et ck = ĉ−k = (ak − ibk) /2 pour

k = 1, . . . , n. On a alors

E [|2ck|] = E [|2c−k|] ≤ E [|ak|] + E [|bk|] , E[log |2cn|] ≥ E [log max{|an|, |bn|}]

ce qui implique que M <∞ et L > −∞ avec les notations précédentes. Soit maintenant
τ2n := 1

2n

∑2n
k=1 δzk la mesure de comptage des zéros {zk}k=0,...,2n de P2n. Pour r ∈ (0, 1),

on pose A1/2(0, n−a) := {z ∈ C : 1/2 < |z| < 1/r, 0 < arg(z) < n−a}. On déduit alors du
Corollaire 1.3.1 ci-dessus que lorsque n tend vers l’infini

E
[∣∣∣∣τ2n(A1/2(0, n−a)− n−a

2π

∣∣∣∣] = O

(√
log(2n)

2n

)
.

Par suite, lorsque n tend vers l’infini, on a

E
[
N (fn, (0, n

−a))
]
≤ E

[
τ2n(A1/2(0, n−a)

]
= O(

√
log(n)/n) +O(n1−a) = O(n1−a).
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1.4 Continuité du nombre de zéros pour la topologie C1

Comme indiqué dès l’introduction de ce manuscrit, l’objet central de notre étude
est le nombre de zéros de fonctions trigonométriques aléatoires. Un outil qui s’avérera
crucial dans nos investigations est la continuité de l’application “nombre de zéros”

N : f 7→ N (f, [0, 2π]).

Bien entendu, pour parler de continuité, il faut préciser la topologie ambiante et il est
clair que la topologie uniforme sur les fonctions continues n’est pas suffisante pour assurer
la continuité de l’application de comptage. En effet, si fn(t) = 1

n pour t ∈ [0, 2π], on a
bien limn→+∞ supt∈[0,2π] |fn(t)| = 0 mais naturellement

0 = N (fn, [0, 2π]) 6→ N (lim
n
fn, [0, 2π]) =∞.

Nous allons en fait requérir un peu plus de régularité en travaillant avec la topologie C1.
Soit donc l’espace E = C1([0, 2π], IR) muni de la topologie C1 associée à la famille de
semi-normes ‖ · ‖ définies par

‖f‖ := sup
[0,2π]

(
|f |+ |f ′|

)
.

On rappelle que, selon la Définition 1.1.1 ci-dessus, on dit qu’une fonction f est non-
dégénérée sur [0, 2π] si f ′ et f ne s’annulent pas simultanément sur l’intervalle. On a
alors le théorème suivant, qui établit que N est continue sur l’ensemble des fonctions
non-dégénérées. Ce théorème sera utilisé à plusieurs reprises dans la suite, en particulier
de façon cruciale dans les chapitres 4 et 5, où nous montrerons que correctement re-
normalisées, les fonctions trigonométriques aléatoires considérées admettent des limites
d’échelle et par suite que le nombre de zéros de ces fonctions converge vers le nombre de
zéros des fonctions limite. La preuve donnée ci-dessous est issue de [AP20b], elle-même
inspirée de celle de [RS01].

Théorème 1.4.1. Soit (fn)n≥1 une suite de fonctions continues C1 par morceaux sur
[a, b] et qui converge pour la topologie C1([a, b]) vers une fonction f ∈ C1, i.e.

lim
n→+∞

(
sup
x∈[a,b]

|fn(x)− f∞(x)|+ sup
x∈[a,b]

|f ′n(x)− f ′∞(x)|

)
= 0.

Si l’on suppose de plus que f∞ est non-dégénérée au sens suivant :

f∞(a)f∞(b) 6= 0 et ω(f∞) := inf
x∈[a,b]

|f∞(x)|+ |f ′∞(x)| > 0,

alors N (f∞, [a, b]) < +∞ et

lim
n→+∞

N (fn, [a, b]) = N (f∞, [a, b]).
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Démonstration. La condition ω(f∞) > 0 implique qu’il n’y a pas de point d’accumulation

des zéros de f∞ et donc N (f∞, [a, b]) < ∞. Pour tout α < min
(
ω(f∞)

2 , |f(a)|, |f(b)|
)

,

l’ouvert f−1
∞ ((−α, α)) est une union finie d’intervalles ouverts chacun contenant exacte-

ment un zéro de f∞. Si r = N (f∞, [a, b]),

f−1
∞ ((−α, α)) =

r⋃
i=1

(xi, yi),

avec f∞(xi)f∞(yi) < 0. Sur chacun de ces intervalles, |f ′∞| >
ω(f∞)

2 > 0, ce qui implique

f ′∞ > ω(f∞)
2 ou bien f ′∞ < −ω(f∞)

2 . Ainsi pour n suffisamment grand, on peut supposer
que

1. pour tout i ∈ {1, . . . , r}, f ′n >
ω(f∞)

3 ou f ′n < −
ω(f∞)

3 sur (xi, yi),

2. pour tout i = 1, . . . , r, fn(xi)fn(yi) < 0,

3. |fn| > 0 sur f−1
∞ ((−α, α))c.

Ces trois propriétés et la continuité de fn implique que N (fn, [a, b]) = r = N (f∞, [a, b]).

Dans la suite, nous voudrons naturellement appliquer le théorème de convergence
précédent à des fonctions aléatoires / processus stochastiques. Il convient donc de préciser
des critères de convergence en loi sur l’espace E. Le critère suivant est issue de [RS01].

Théorème 1.4.2. Une suite de processus (gn)n≥1 à valeurs dans E converge en loi vers
g∞ pour la topologie C1 si et seulement si pour ` ∈ {0, 1}, les deux assertions suivantes
sont vérifiées :

1. pour tout p ≥ 1 et tout t1, . . . , tp ∈ [0, 2π], on a convergence des lois fini-
dimensionnelles

(g(`)
n (t1), . . . , g(`)

n (tp))⇒ (g(`)
∞ (t1), . . . , g(`)

∞ (tp)),

2. il existe a, b, C > 0 tels que pour tout s, t ∈ [0, 2π],

sup
n≥1

E|g(`)
n (t)− g(`)

n (s)|a ≤ C|t− s|1+b. (1.5)

En combinant le théorème de continuité ci-dessus avec le continuous mapping theorem
sur l’espace métrique (E, ‖·‖), on obtient alors le corollaire suivant qui sera fréquemment
utilisé dans la suite.

Corollaire 1.4.1. Soit Xn(·) une suite de processus stochastiques à valeurs dans E et
convergeant en loi vers un processus X∞(·), que l’on suppose non-dégénérée presque-
sûrement. Alors lorsque n tend vers l’infini et pour tout intervalle [a, b] ⊆ [0, 2π], on a
la convergence en loi suivante

N (Xn(·), [a, b])⇒ N (X∞(·), [a, b]).
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1.5 Théorème limite central à la Salem–Zygmund

Pour conclure ce chapitre, on expose enfin une méthode introduite dans [AP19]
qui s’avère particulièrement efficace pour étudier le nombre de zéros de fonctions tri-
gonométriques aléatoires, que ce soit en moyenne et même presque sûrement. Cette
méthode repose sur le théorème limite central presque sûr obtenu par Salem et Zyg-
mund dans [SZ54] et elle est motivée par le lemme déterministe suivant, permettant
une représentation stochastique bien utile du nombre de zéros. La preuve ci-dessous est
directement issue de [AP19].

Lemme 1.5.1 (Lemme 3 de [AP19]). Si f est une fonction 2π-périodique possédant un
nombre fini de zéros, alors pour tout 0 < h < 2π, on a

h

2π
×N (f, [0, 2π]) = EX [N (f, [X,X + h])] ,

où X est une variable aléatoire de loi PX uniformément distribuée sur [0, 2π] et où EX
désigne l’espérance associée.

Démonstration. On désigne par {x1, . . . , xN} l’ensemble des zéros de f par µf la mesure
empirique associée donnée par

µf :=
1

N

N∑
k=1

δxk .

Ainsi on peut écrire que si a < b avec b− a ≤ 2π,

N (f, [a, b]) = N ×
∫ 2π

0
1[a,b] mod 2π(t)µf (dt).

Comme X est uniforme sur [0, 2π], le théorème de Fubini permet de permuter les
intégrales :

EX [N (f, [X,X + h])] =
1

2π

∫ 2π

0
N (f, [x, x+ h])dx

=
N

2π

∫ 2π

0

(∫ 2π

0
1[x,x+h] mod 2π(t)dx

)
µf (dt)

=
N

2π

∫ 2π

0

(∫ 2π

0
1[t−h,t] mod 2π(x)dx

)
µf (dt)

=
N

2π
× h×

∫ 2π

0
µf (dt) =

N

2π
× h.

Sur l’espace de probabilité produit (Ω × [0, 2π],F ⊗ B([0, 2π]),P ⊗ PX), autrement dit,
en supposant que la variable uniforme X est indépendante des coefficients (ak) et (bk),
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on peut naturellement choisir pour fonction f dans le lemme ci-dessus notre polynôme
trigonométrique aléatoire préféré, à savoir

Fn(t) :=
n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π].

Pour h = 2π/n, il vient alors

N (Fn, [0, 2π])

n
= EX

[
N
(
Fn,

[
X,X +

2π

n

])]
.

Si l’on introduit le processus (gn(t))t∈[0,2π] défini par

gn(t) :=
1√
n
Fn

(
X +

t

n

)
=

1√
n

n∑
k=1

ak cos(k(X + t/n)) + bk sin(k(X + t/n)),

la dernière formule s’écrit encore

N (Fn, [0, 2π])

n
= EX [N (gn, [0, 2π])] . (1.6)

C’est à ce moment qu’entre en jeu le théorème limite central presque sûr de Salem et
Zygmund. En effet, avec les notations précédentes, le théorème s’énonce comme suit.

Théorème 1.5.1 (Salem–Zygmund, 1954). Supposons que les coefficients ak et bk sont
tous indépendants et de même loi et possèdent un moment d’ordre 3. Alors P-presque-
sûrement, lorsque n tend vers l’infini, on la convergence en loi suivante sous PX

gn(0) =
1√
n

n∑
k=1

ak cos(kX) + bk sin(kX)
LPX===⇒ N (0, 1).

Dans l’énoncé ci-dessus, il est remarquable de noter que les coefficients ak, bk sont
ici gelés, le seul aléa entrant en jeu étant la variable aléatoire X de loi uniforme i.e.
le point d’évaluation du polynôme. Par ailleurs, ce théorème se généralise en un TLC
fonctionnel, avec une convergence en loi pour la topologie C1, comme introduite dans la
Section 1.4 précédente.

Théorème 1.5.2 (Angst, Poly, 2019 [AP19]). Soit (ak, bk) une suite de variables aléatoires
i.i.d. centrées de variance unitaire et possèdent un moment d’ordre 3. Alors P-p.s., quand
n tend vers l’infini, le processus (gn(t))t∈[0,2π] converge en loi pour la topologie C1 vers
un processus gaussien stationnaire (g∞(t))t∈[0,2π] de fonction de covariance

EX [g∞(t)g∞(s)] = sinc(t− s).

D’après le lemme de Ylvisaker, le processus limite g∞ est presque sûrement non-
dégénéré et par le Corollaire 1.4.1 ci-dessus, P presque sûrement, on obtient la conver-
gence en loi suivante sous PX

N (gn, [0, 2π])
LPX===⇒ N (g∞, [0, 2π]).
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Pour pouvoir conclure à la convergence P presque sûre (resp. sous l’espérance E) dans
l’équation (1.6) ci-dessus, il suffit alors d’établir une condition d’équi-intégrablité sous
PX (resp. sous P⊗ PX) pour la famille de variables aléatoires (N (gn, [0, 2π]))n≥1. Dans
[AP19], sous les mêmes hypothèses que ci-dessus, les auteurs montrent par exemple qu’il
existe η ∈ (0, 1) tel que

sup
n≥1

EX
[
|N (gn, [0, 2π])|1+η

]
< +∞, sup

n≥1
E⊗ EX

[
|N (gn, [0, 2π])|1+η

]
< +∞.

Par suite (voir le Lemme 1.5.2 ci-après), ils déduisent ainsi les convergence P-presque
sûre et (donc ici) en moyenne

lim
n→+∞

N (Fn, [0, 2π])

n
= EX [N (g∞, [0, 2π])] =

2√
3
,

lim
n→+∞

E [N (Fn, [0, 2π])]

n
=

2√
3
.

Cette méthode s’avère donc particulièrement efficace pour obtenir des asymptotiques
nodales presque sûre et en moyenne. Par ailleurs, comme nous le verrons dans les cha-
pitres 4 et 5 de la seconde du manuscrit, la méthode se généralise facilement au cas
de polynômes avec des coefficients dépendants, ainsi qu’aux fonctions trigonométriques
aléatoires non-analytiques.

Lemme 1.5.2. Soient (Xn)n≥1 une suite de variables aléatoires définies sur (Ω,F ,P)
possédant un moment d’ordre 1. Si Xn converge en loi vers une variable X ayant un
moment d’ordre 1 et que

sup
n≥1

E[|Xn|1+η] < +∞,

alors
lim

n→+∞
E[|Xn|] = E[|X|].
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Chapitre 2

Synthèse des contributions et
méthodes utilisées

Dans ce chapitre, nous présentons de façon synthétique les contributions principales
de cette thèse. Ces contributions seront ensuite détaillées dans la deuxième partie du
manuscrit, qui reprend les articles soumis dans le cadre de la thèse. Comme mentionné
dans le préambule, en vue d’une meilleure compréhension du phénomène d’universalité,
dans le cas de polynômes trigonométriques aléatoires on cherche à examiner comment
la dépendance des coefficients affecte l’asymptotique du nombre de zéros et dans le cas
de signaux périodiques généraux à mettre en évidence le rôle de la fonction de base et
en particulier de sa régularité.

2.1 Cas d’une mesure spectrale discrète

Comme rappelé dans l’introduction, dans le cas de modèles de polynômes trigo-
nométriques aléatoires, aussi bien à coefficients indépendants et identiquement distribués
comme dans [Fla17] ou avec des coefficients gaussiens dépendants vérifiant les hypothèses
de [ADP19], l’asymptotique du nombre moyen de zéros est universelle

lim
n→+∞

E[N (fn, [0, 2π])]

n
=

2√
3
.

Il faut en fait considérer des modèles de polynômes trigonométriques aléatoires as-
sez exotiques pour obtenir des asymptotiques non-universelles, voir par exemple les
références [FL12, Pir20, Pir21] qui considèrent des polynômes aléatoires avec des co-
efficients “constants par blocs” ou encore palindromiques.

Dans le cas de coefficients gaussiens dépendants traité dans [ADP19], une hypothèse
cruciale est le fait que la mesure spectrale associée au modèle admet une densité spectrale
minorée, i.e. µρ(dx) = ψρ(x)dx avec inf [0,2π] ψρ > 0. Cette hypothèse est par exemple
vérifiée pour les incréments d’un mouvement brownien fractionnaire pour tout indice de
Hurst. Elle n’empêche donc pas des corrélations à longue portée, cependant elle exclue
bien sûr les mesures spectrales discrètes, pourtant naturelles.
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Ce constat est le point de départ de l’article [Pau20] détaillé au Chapitre 3 ci-après, où
nous considérons précisément le cas de coefficients gaussiens dépendants associés à une
mesure spectrale discrète. Nous montrons que dans ce cas, de façon assez surprenante,
lorsque normalisé par le degré, le nombre moyen de zéros ne converge pas et admet en
fait tout un continuum de limites possibles. En particulier, dans le cas d’une mesure
spectrale discrète, l’asymptotique du nombre moyen de zéros n’est donc pas universelle.

2.1.1 Le modèle

On s’intéresse à des polynômes trigonométriques aléatoires de la forme

fn(t) =
1√
n

n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π]

avec (ak)k≥1 et (bk)k≥1 deux processus indépendants, gaussiens stationnaires centrés de
variance unitaire, associés à une fonction de corrélation ρ, i.e. ∀k, ` ≥ 1

E[akb`] = 0 et E[aka`] = E[bkb`] =: ρ(|k − `|).

Pour simplifier l’étude, on choisit ici une fonction de corrélation bien particulière

ρ(k) = cos(kα),

avec α > 0, de sorte que la mesure spectrale associée est la mesure discrète de Bernoulli

µρ =
1

2
(δα + δ−α) .

D’après le Corollaire 1.2.1 du chapitre précédent, le nombre moyen de zéros sur une
période est alors donné via la formule de Kac–Rice par

E [N (fn, [0, 2π])] =
1

π

∫ 2π

0

√
In(t)dt, (2.1)

où l’intégrande est ici donnée par

In(t) =
1

αn

Ln(t+ α) + Ln(t− α)

Kn(t+ α) +Kn(t− α)
− 1

4

(
K ′n(t+ α) +K ′n(t− α)

Kn(t+ α) +Kn(t− α)

)2

. (2.2)

Il s’agit alors de comprendre l’asymptotique des quotients ci-dessus, lorsque n tend vers
l’infini. Comme les noyaux trigonométriques Kn et Ln se concentrent au voisinage de zéro
lorsque n tend vers l’infini, l’intégrande In(t) fait apparâıtre des quotients du type 0/0 ou
∞/∞ selon la proximité de t avec ±α. Il s’agit donc d’étudier finement le comportement
asymptotique des numérateurs et dénominateurs. Il s’avère que celui-ci dépend fortement
de la distance de nα à πZ et donc des propriétés arithmétiques de α.
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2.1.2 Les résultats principaux

Le résultat principal de l’article [Pau20] est le théorème suivant.

Théorème 2.1.1 (Théorème 3.1.1 ci-après). Il existe une fonction continue explicite `α
sur [0, 2π] à valeurs dans un intervalle Jα ⊂]

√
2, 2] telle que pour tout 0 < β < 1 et pour

tout n assez grand tel que nα /∈ πZ∣∣∣∣E [N (fn, [0, 2π])]

n
− `a(nαmodπ)

∣∣∣∣ = O

(
1

nβ(1− | cos(nα)|)2

)
+ o(1).

La fonction `α est donnée par

`α(x) =
1

4π2

∫
[0,2π]2

√
1 + |gαx (s, u)|2dsdu,

où

gαx (s, u) :=
sin(x) sin

(
s−α

2

)
sin
(
s+α

2

)
sin2

(
u−x

2

)
sin2

(
s+α

2

)
+ sin2

(
u+x

2

)
sin2

(
s−α

2

) .
À titre d’exemple, voici ci-dessous l’allure de la fonction `α pour α = 1/2.

Figure 2.1 – Graphe de la fonction x 7→ `1/2(x)

En particulier si α ∈ πQ, la suite (nαmodπ)n≥1 est à valeurs dans un ensemble fini S et

du théorème ci-dessus, on déduit que la suite E[N (fn,[0,2π])]
n a également une orbite finie.

Corollaire 2.1.1 (Corollaire 3.1.1 ci-après). Si α ∈ πQ, alors pour tout x ∈ S\{0}

lim
n→+∞

∣∣∣∣E [N (fn, [0, 2π])]

n
− `α(x)

∣∣∣∣1nα=xmodπ = 0.
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Plus remarquable encore, lorsque α /∈ πQ, la suite nα est dense modulo π et le
nombre moyen de zéros admet donc tout un continuum de limites possibles.

Corollaire 2.1.2 (Corollaire 3.1.3 ci-après). Pour tout ε > 0, pour tout ` ∈ (
√

2, 2], il
existe α = α(`) ≥ 0 assez petit et une infinité d’entiers n tels que∣∣∣∣E [N (fn, [0, 2π])]

n
− `
∣∣∣∣ ≤ ε

si les coefficients (ak)k≥1 et (bk)k≥1 de fn admettent la mesure spectrale δα+δ−α
2 .

Ces derniers résultats montrent donc que dans le cas d’une mesure spectrale discrète,
il n’y a en général pas convergence du nombre moyen de zéros normalisé et donc a fortiori
que l’asymptotique nodale n’est pas universelle.

2.1.3 Présentation de la méthode et des obstacles

Le point de départ des preuves des résultats principaux énoncés ci-dessus est naturelle-
ment l’expression du nombre moyen de zéros donnée par la formule de Kac–Rice et les
équations (2.1) et (2.1). Comme mentionné plus haut, le comportement asymptotique
lorsque n tend vers l’infini de l’intégrande In(t) dans la formule de Kac–Rice dépend
de la proximité de t des atomes ±α. La preuve du Théorème principal 3.1.1 peut-être
synthétisée de la façon suivante.

1. On montre tout d’abord que la contribution du nombre moyen de zéros près des
atomes ±α est négligeable. Pour cela, on introduit les ensembles

Jε :=

{
t ∈ [0, 2π],

∣∣∣∣sin( t− α2

)∣∣∣∣ > ε,

∣∣∣∣sin( t+ α

2

)∣∣∣∣ > ε

}
.

On utilise alors les résultats de discrépance rappelés à la Section 1.3 du chapitre
précédent pour établir que si ε = εn est de la forme εn = n−β alors

E
[
N
(
fn, J

c
εn

)]
n

= O (εn) .

Autrement dit, on peut restreindre l’étude à ce qu’il se passe “loin” des atomes.

2. Uniformément sur l’ensemble Jε, une analyse fine de l’intégrande montre que

In(t) =
n2

4

(
Qn(t) +O

(
1

nε5(1− | cos(nα)|)

))
,

où

Qn(t) := 1 +

(
sin (nα) sin

(
t−α

2

)
sin
(
t+α

2

)(
sin2

(
n t−α2

)
sin2

(
t+α

2

)
+ sin2

(
n t+α2

)
sin2

(
t−α

2

)))2

.

En particulier, on a

E [N (fn, Jε)]

n
=

1

2π

∫
Jε

√
Qn(t)dt+O

(
1

nε5(1− | cos(nα)|)

)
.

36



3. On effectue alors un changement de variable t → t/n dans la dernière intégrale
puis un découpage en sous intervalles de taille 2π/n.∫

Jε

√
Qn(t)dt =

1

n

n−1∑
k=0

∫ 2π

0

√
Qn

(
2πk

n
+
u

n

)
1 2πk+u

n
∈Jεdu.

Ce faisant, on fait apparâıtre une moyenne de Cesaró, que l’on peut aussi in-
terpréter comme une somme de Riemann.

4. La partie la plus technique et la plus difficile de la preuve consiste alors à mon-
trer que cette somme de Riemann converge lorsque n tend vers l’infini vers une
intégrale de Riemann. Si l’on introduit la fonction à deux variables

gαx (s, u) :=
sin (x) sin

(
s−α

2

)
sin
(
s+α

2

)
sin2

(
u−x

2

)
sin2

(
s+α

2

)
+ sin2

(
u+x

2

)
sin2

(
s−α

2

) ,
on a en effet Qn(t) = 1 + |gαnα(t, nt)|2 et une analyse quantifiée en fonction de n
et ε permet de montrer que∫

Jε

√
Qn(t)dt ≈

∫
[0,2π]2

√
1 + |gαnα(s, u)|21s∈Jεdsdu.

On note au passage que dans le membre de droite, on a maintenant une intégrale
double : la première intégrale est celle de la formule de Kac–Rice, la seconde
résulte de la convergence de la somme de Riemann vers une intégrale continue.

5. La fonction `α de l’énoncé du théorème principal n’est autre que

`α(x) :=
1

4π2

∫
[0,2π]2

√
1 + |gαx (s, u)|2dsdu,

de sorte qu’en choisissant εn = n−β, l’on obtient bien in fine (une version quan-
tifiée) de l’asymptotique

E [N (fn, [0, 2π])]

n
≈ E [N (fn, Jεn)]

n
≈ `a(nαmodπ).

Les propriétés de la fonction x 7→ `α(x) découlent de celle de l’intégrande gαx .

2.2 Cas d’une mesure spectrale générale

Cette section présente de façon synthétique les contributions relatives à l’article
[APP21a], contributions qui seront ensuite détaillées au Chapitre 4 ci-après. Comme
dans le premier article [Pau20], l’objet d’étude est toujours le nombre moyen de zéros de
polynômes trigonométriques aléatoires fn, dont les coefficients sont donnés par des pro-
cessus gaussiens stationnaires, avec une fonction de corrélation ρ et une mesure spectrale
associée µρ, i.e.

fn(t) =
1√
n

n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π],
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avec (ak)k≥1 et (bk)k≥1 deux processus indépendants, gaussiens stationnaires centrés de
variance unitaire, associés à une fonction de corrélation ρ, i.e. ∀k, ` ≥ 1

E[akb`] = 0 et E[aka`] = E[bkb`] =: ρ(|k − `|), ρ(k) =

∫ π

−π
eiξkµρ(dξ).

Comme nous l’avons vu au Chapitre 1, dans le cadre ci-dessus, la formule de Kac–Rice
(Corollaire 1.2.1) permet d’exprimer le nombre moyen de zéros via des convolutions de
noyaux trigonométriques avec la mesure spectrale.

E[N (fn, [0, 2π])] =
1

π

∫ 2π

0

√
1

αn

Ln ∗ µρ(t)
Kn ∗ µρ(t)

−
(

1

2

K ′n ∗ µρ(t)
Kn ∗ µρ(t)

)2

dt.

Par ailleurs, comme évoqué à la fin de la Section 1.2 ci-dessus, d’après le théorème de
Fejér–Lebesgue, lorsque n tend vers l’infini, on a ponctuellement pour presque tout t

lim
n→+∞

Kn ∗ µρ(t) = ψρ(t), lim
n→+∞

Ln ∗ µρ(x) = ψρ(t), lim
n→+∞

1

n
K ′n(t) ∗ µρ(t) = 0.

Au vu des travaux précédents, la situation est la suivante :

— D’après [ADP19], si la mesure spectrale µρ associée au modèle admet une densité
spectrale minorée, i.e. µρ(dx) = ψρ(x)dx avec inf [0,2π] ψρ > 0, alors l’asymptotique
du nombre moyen de zéros est universelle, i.e.

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
.

— D’après [Pau20] et comme décrit dans la section précédente, si la mesure spectrale
est purement discrète, il n’y a en général pas convergence du nombre moyen de
zéros normalisé par le degré, il y a même tout un continuum de limites possibles,
à savoir l’intervalle ]

√
2, 2] /∈2/

√
3.

— D’après les travaux récents de [AP19], dans le cas de coefficients indépendants
et identiquement distribués admettant un moment d’ordre 4, l’asymptotique no-
dale peut-être renforcée en une convergence presque sûre, au sens où P presque
sûrement

lim
n→+∞

N (fn, [0, 2π])

n
=

2√
3
.

Plusieurs questions naturelles se posent alors :

— Que peut-on dire lorsque la mesure spectrale µρ est une mesure à densité i.e.
µρ(dx) = ψρ(x)dx mais que la densité ψρ n’est pas minorée ?

— Que se passe-t-il si la densité ψρ s’annule sur un ensemble de mesure de Lebesgue
positive ? L’asymptotique nodale est-elle encore universelle ?

— Peut-on dire quelque chose lorsque µρ admet à la fois une composante à densité
et une composante singulière µρ(dx) = ψρ(x)dx+ µsρ ?

— Est-il possible d’obtenir des asymptotiques presque sûres similaire à celle de
[AP19] dans le cas de coefficients dépendants ?
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L’objet de l’article [APP21a] est précisément d’apporter des réponses - partielles ou
complètes - à ces questions. Nous montrons en particulier que, de façon assez surprenante
a priori, l’universalité de l’asymptotique du nombre moyen de zéros n’est pas reliée à la
vitesse de décorrélation des coefficients, mais à l’annulation de la composante à densité ψρ
de la mesure spectrale. Ci-dessous, nous énonçons nos résultats principaux et précisons
les méthodes utilisées en pointant les innovations et les difficultés rencontrées.

2.2.1 Une minoration générale

Commençons par un résultat simple mais néanmoins intéressant et qui corrobore une
conjecture formulée par Pirhadi dans [Pir20] selon laquelle, dans le cas polynômes trigo-
nométriques aléatoires dont les coefficients forment un processus gaussien stationnaire,
l’asymptotique universelle 2/

√
3 est la valeur limite minimale. Nous montrons que c’est

effectivement bien le cas, du moins si l’on suppose que la mesure spectrale µρ admet une
composante à densité strictement positive presque partout sur la période.

Théorème 2.2.1 (Corollaire 4.2.1 ci-après). On suppose que µρ(dx) = ψρ(x)dx + µsρ
avec ψρ(x) > 0 pour presque tout x ∈ [0, 2π]. Alors

lim inf
n→+∞

E[N (fn, [0, 2π])]

n
≥ 2√

3
.

La preuve de ce résultat associe la formule de Kac–Rice, le lemme de Fejér–Lebesgue
et le lemme de Fatou. Il est à mettre en regard avec les résultats de [Pau20] dans
le cas d’une mesure spectrale purement discrète où les valeurs d’adhérence sont dans
l’intervalle ]

√
2, 2]. Comme on a bien sûr 2/

√
3 <
√

2, l’asymptotique universelle semble
effectivement être la valeur minimale.

2.2.2 Lorsque la densité spectrale peut s’annuler

Décrivons maintenant la première contribution principale de [APP21a], qui permet
de comprendre le lien entre l’asymptotique du nombre moyen de zéros et l’annulation
éventuelle de la densité spectrale ψρ. Pour simplifier, on se place ici l’hypothèse que
la mesure spectrale n’admet pas de partie singulière, i.e.

µρ = ψρ(x)dx.

Nous montrons que dès que la densité spectrale s’annule sur un ensemble de mesure de
Lebesgue λ positive, l’asymptotique du nombre moyen de zéros n’est plus universelle,
la limite est précisément une fonction affine de la mesure de l’ensemble des zéros de la
densité spectrale.

Théorème 2.2.2 (Théorèmes 4.1.1 et 4.1.2 ci-dessous). On suppose que la densité spec-
trale vérifie une des hypothèses suivantes

1. ψρ ∈ C1 avec une dérivée höldérienne sur un ouvert de mesure pleine,
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2. ψρ est continue par morceaux et son ensemble de zéros se décrit comme une union
finie d’intervalles et de points.

Alors, lorsque n tend vers l’infini

lim
n→+∞

E [N (fn, [0, 2π])]

n
=
λ({ψρ = 0})

π
√

2
+

2π − λ({ψρ = 0})
π
√

3
.

Ce résultat appelle un certain nombre de remarques.

— Tout d’abord, il fournit toute une classe de modèles trigonométriques naturels
pour lesquels l’asymptotique du nombre moyen de zéros n’est pas universelle.

— Il est remarquable que la limite ne dépende de la densité ψρ que par la mesure
de Lebesgue de l’ensemble de ses zéros. Il est par exemple facile d’imaginer deux
mesures ayant des supports disjoints, des ”allures” bien distinctes, et pourtant des
ensembles nodaux de même mesure de Lebesgue, de sorte que les asymptotiques
des nombres moyens de zéros associées sont les mêmes.

— En choisissant une densité spectrale lisse à support compact strictement inclus
dans ]−π, π[, on obtient une fonction de corrélation ρ qui tend arbitrairement vite
vers zéro, mais pourtant l’asymptotique nodale n’est pas universelle. À l’opposé,
comme remarqué dans [ADP19], il existe des fonctions de corrélations qui tendent
arbitrairement vite vers zéro et telles que, pour autant, l’asymptotique nodale est
universelle. Autrement dit, l’universalité de l’asymptotique nodale n’a ici rien à
voir avec la vitesse de décorrélation du modèle.

— En faisant varier la densité spectrale, on obtient comme précédemment - mais
pour des raisons distinctes - tout un continuum de limites possibles, cette fois
l’intervalle [2/

√
3,
√

2[.

Nous donnons maintenant une heuristique et les étapes principales de la preuve du
Théorème 2.2.2 dans le cas simple mais représentatif où la densité ψρ est de la forme
ψρ(x) = 1/2a × 1[−a,a](x) avec 0 < a < π. On rappelle qu’alors, via la formule de
Kac–Rice, le nombre moyen de zéros est donné par

E[N (fn, [0, 2π])]

n
=

1

π

∫ 2π

0

√
In(t)dt,

avec

In(t) =
1

n2αn

Ln ∗ ψρ(t)
Kn ∗ ψρ(t)

−
(

1

2n

K ′n ∗ ψρ(t)
Kn ∗ ψρ(t)

)2

.

1. On fixe ε > 0 petit. Pour t dans l’intervalle [−a + ε, a − ε], la fonction ψρ est
minorée – en fait égale à 1/2a > 0 – aussi la méthode de [ADP19] s’applique et on
peut montrer qu’uniformément, l’intégrande converge vers la limite universelle,
i.e. pour t ∈ [−a+ ε, a− ε]

lim
t→+∞

In(t) =
2√
3
.

40



2. Sur le complémentaire de [−a − ε, a + ε], la densité spectrale est identiquement
nulle. Aussi, d’après le lemme de Fejér–Lebesgue, l’intégrande dans la formule
de Kac–Rice fait apparâıtre des limites indéterminées du type 0/0. Il s’agit alors
de pousser de développement asymptotique un cran plus loin dans la preuve
classique du théorème de Fejér–Lebesgue, en étudiant finement les noyaux Kn et
Ln. Ce faisant, on obtient le comportement asymptotique suivant, pour tout t
dans [−a− ε, a+ ε]

lim
t→+∞

In(t) =
√

2.

3. On traite enfin les voisinages de taille ε de ±a via les estimés de discrépance
rappelés dans la Section 1.3 du premier chapitre. Au final, par additivité dans la
formule de Kac–Rice, on obtient bien

lim
n→+∞

E[N (fn, [0, 2π])]

n
=

2a

π
√

2
+

2π − 2a

π
√

3
.

En utilisant à nouveau les estimés de discrépance, il n’est pas trop difficile de passer du
cas d’une densité spectrale de la forme d’une indicatrice comme ci-dessus à une densité
spectrale plus générale qui s’annule sur un ensemble fini de points et d’intervalle (cas 2
dans l’énoncé ci-dessus). Enfin, si l’on souhaite se passer d’hypothèses sur la nature de
l’ensemble des zéros de la densité spectrale ψρ, il faut un peu plus de travail et on doit
imposer un peu de régularité à cette dernière (cas 1 dans l’énoncé ci-dessus). En effet, si
l’on suppose que la densité spectrale est dérivable avec dérivée hölderienne, il est alors
possible d’expliciter une vitesse de convergence polynomiale dans le théorème de Fejér–
Lebesgue, qui en retour permet de montrer que l’intégrande dans la formule de Kac–
Rice est uniformément majorée. On conclut alors par convergence dominée. Il semble
raisonnable de penser que le résultat reste vrai si la densité spectrale est “‘seulement”
de classe C1, mais nous ne sommes malheureusement pas parvenu à montrer que c’est
effectivement le cas (c’est précisément le cas critique pour établir une vitesse dans le
théorème de Fejér–Lebesgue).

2.2.3 Universalité et asymptotique presque sûre

Nous décrivons à présent la seconde contribution principale de [APP21a], qui permet
de mieux cerner quelles hypothèses minimales il faut imposer à la densité spectrale pour
obtenir une asymptotique universelle. Nous avons vu que le Théorème 2.2.2 ci-dessus
permet se passer de l’hypothèse de minoration adoptée dans [ADP19] : la densité spec-
trale peut par exemple s’annuler sur un ensemble fini de points et l’asymptotique nodale
reste en effet universelle. Le théorème suivant permet d’aller plus loin en établissant que
la seule log-intégrabilité de la densité spectrale est une condition suffisante.

Théorème 2.2.3 (Théorème 4.1.3 ci-dessous). On suppose que µρ(dx) = µsρ + ψρ(x)dx
et qu’il existe η ∈ (0, 1) tel que

log(ψρ) ∈ L1+η([0, 2π]),
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alors

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
.

La condition de log-intégrabilité de la densité spectrale est naturelle dans ce contexte
gaussien dépendant. On peut par exemple noter que le cas critique η = 0 correspond à
une situation où la suite des coefficients aléatoires du polynôme est dite purement “non
déterministe”, c’est-à-dire qu’elle admet une représentation causale. Le Théorème 2.2.3
ci-dessus englobe naturellement le résultat principal de [ADP19] puisque si la densité
spectrale est minorée par une constante positive, elle est naturellement log intégrable au
voisinage de zéro.

Si l’on impose un peu plus d’intégrabilité et de régularité à la densité spectrale, il est
en fait possible de renforcer l’asymptotique en moyenne précédente en une asymptotique
presque sûre.

Théorème 2.2.4 (Théorème 4.1.4 ci-dessous). On suppose que la mesure spectrale est
absolument continue µρ(dx) = ψρ(x)dx et que

A.1 il existe α > 0 tel que ψρ a une régularité de type Besov d’ordre α, i.e.

pour tout δ > 0, sup
|h|≤δ

‖ψρ(·+ h) + ψρ(· − h)− 2ψρ(·)‖L1([0,2π]) = O(δα),

A.2 il existe γ > 0 tel que
1

ψρ
∈ Lγ([0, 2π]).

Alors, P-presque sûrement

lim
n→+∞

N (fn, [0, 2π])

n
=

2√
3
. (2.3)

Le Théorème 2.2.4 généralise donc au cas gaussien dépendant le résultat presque sûr
récent de [AP19], obtenu pour des coefficients indépendants et identiquement distribués.
L’hypothèse de régularité A.1 apparâıt naturellement sous forme intégrale dans la preuve
(d’où l’énoncé avec une norme L1 et une régularité de type Besov) mais cette condition
est bien sûr satisfaite si l’on dispose d’estimés de régularité ponctuels plus classiques de
type Hölder. Par ailleurs, l’hypothèse A.2 de moment négatif pour la densité spectrale
est à nouveau naturellement satisfaite sous les hypothèses de [ADP19] où celle-ci est mi-
norée. En particulier, le théorème 2.2.4 s’applique si la suite des coefficients du polynôme
trigonométrique est donnée par les incréments d’un mouvement brownien fractionnaire,
ce pour tout indice de Hurst. On conclut alors que non seulement l’asymptotique nodale
est universelle mais de plus qu’elle est presque sûre.

Concluons cette section en donnant une heuristique et les principaux ingrédients des
preuves des Théorèmes 2.2.3 et 2.2.4 énoncés ci-dessus. Pour les deux énoncés, le point de
départ n’est cette fois plus la formule de Kac–Rice, mais la stratégie mise en oeuvre dans
[AP19] et exposée dans la Section 1.5 plus haut, qui utilise des variantes du théorème
limite central presque sûr de Salem et Zygmund.
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1. Rappelons que, d’après le Lemme 1.5.1 de représentation du nombre de zéros, si
X est une variable de loi uniforme dans [0, 2π], indépendante des coefficients du
polynôme, et si on pose gn(t) := fn(X + t/n) pour t ∈ [0, 2π] on peut écrire

N (fn, [0, 2π])

n
= EX [N (gn, [0, 2π])]

et donc en prenant l’espérance sous la loi P des coefficients

E [N (fn, [0, 2π])]

n
= EP⊗PX [N (gn, [0, 2π])] .

2. On généralise alors le théorème limite central fonctionnel obtenu dans [AP19] au
cas de coefficients gaussiens dépendants. Précisément, on montre que P-p.s., la
suite de processus

{gn(·)}n≥1 ∈ (C1([0, 2π]))N

converge vers un processus limite explicite g∞ pour la topologie C1 en établissant
la convergence des marginales de rang fini ainsi qu’un critère de tension C1.
Contrairement au cas i.i.d., le processus limite g∞ n’est ici plus gaussien, mais il
admet la representation en loi suivante

g∞(t) =
√
ψρ(X)Nt,

où (Nt)t∈[0,2π] est un processus gaussien stationnaire de covariance sinus cardinal,

indépendant de l’amplitude aléatoire
√
ψρ(X). Sous les hypothèses retenues, le

processus limite est presque sûrement non-dégénéré.

3. En invoquant la continuité du nombre de zéros pour la topologie C1 et le ”conti-
nuous mapping theorem” (voir Corollaire 1.4.1), on en déduit P-p.s. la convergence
en loi sous PX quand n tend vers l’infini

N (gn, [0, 2π])⇒ N (g∞, [0, 2π]).

En particulier, cela permet d’en déduire que, sous P ⊗ PX , on a également la
convergence en loi de N (gn, [0, 2π]) vers N (g∞, [0, 2π]).

4. Dans le but de pouvoir affirmer que

lim
n→+∞

EX [N (gn, [0, 2π])] = EX [N (g∞, [0, 2π])] ,

et respectivement

lim
n→+∞

EP⊗PX [N (gn, [0, 2π])] = EP⊗PX [N (g∞, [0, 2π])] ,

on est alors ramener à établir des estimés équi-intégrabilité dans chacun des cas
envisagé.
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5. Le cas le plus simple est celui de la convergence en moyenne. On montre que la
seule hypothèse de log intégrabilité ∃η > 0 tel que

log(ψρ) ∈ L1+η([0, 2π]),

permet alors d’affirmer que

sup
n≥1

EP⊗PX

[
|N (gn, [0, 2π])|1+η/2

]
< +∞.

Ceci permet de conclure la preuve du Théorème 2.2.3.

6. Avec plus de travail, les hypothèses A.1 et A.2 permettent quant à elles de montrer
que

sup
n≥1

EX
[
|N (gn, [0, 2π])|1+η/2

]
< +∞,

et donc de conclure à la convergence presque sûre du nombre de zéros normalisé
par le degré dans le Théorème 2.2.4.

2.3 Synthèse du cas gaussien dépendant

Avant de conclure ce chapitre en décrivant nos résultats relatifs aux signaux périodiques
aléatoires non-analytiques, nous faisons dans cette section un court résumé des résultats
obtenus dans le cas de coefficients gaussiens dépendants.

Comme il a été dit précédemment, une des principales motivations de cette thèse
a été d’explorer les liens entre la mesure spectrale µρ induisant les processus gaussiens
stationnaires (ak, bk)k≥1 (coefficients du polynôme trigonométrique fn) et l’asymptotique
lorsque n tend vers l’infini du nombre moyen de zéros E [N (fn, [0, 2π])].

Si nous récapitulons les contributions des articles [Pau20] et [APP21a], nous avons obtenu
les résultats suivants :

1. Supposons que µρ = δα+δ−α
2 avec α /∈ πQ. Si ϕ(n) est une suite d’entiers telle que

ϕ(n)α converge vers x ∈ (0, π) dans R/πZ alors il a été prouvé que

lim
n→+∞

∣∣∣∣∣E
[
N (fϕ(n), [0, 2π])

]
ϕ(n)

− `α(x)

∣∣∣∣∣ = 0, (2.4)

où `α est la fonction / l’intégrale à paramètre explicitée dans la section 2.1.3
ci-dessus. En particulier, en étudiant plus précisément cette fonction, on montre
que

Rl’ensemble des valeurs d’adhérence de la suite
(
E[N (fn,[0,2π])]

n

)
n≥1

est égal à

l’intervalle [
√

2, 2] et la suite en question ne converge pas.
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2. Lorsque la mesure spectrale possède une partie absolument continue ψρ telle que
log(ψρ) ∈ L1+η avec η > 0 alors nous avons pu démontrer que

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
.

ROn retrouve donc dans ce cas là, l’asymptotique universelle obtenue dans le
cas de coefficients indépendants.

3. Lorsque la mesure spectrale possède une partie absolument continue régulière, par
exemple si ψρ est de classe C1 avec une dérivée hölderienne, nous avons établi que
l’asymptotique du nombre de zéros dépend linéairement de la mesure de Lebesgue
de l’ensemble des zéros de ψρ. Précisément, on a l’asymptotique

lim
n→+∞

E [N (fn, [0, 2π])]

n
=
λ ({ψρ 6= 0})

π
√

3
+
λ ({ψρ = 0})

π
√

2
.

RCeci garantit à la fois la convergence de la suite
(
E[N (fn,[0,2π])]

n

)
n≥1

et le fait

que la limite est dans l’intervalle [ 2√
3
,
√

2[.

On remarque que
√

2 ne peut être atteint car cela impliquerait que ψρ = 0
Lebesgue presque partout, or c’est une densité de probabilité. Ce résultat peut
être généralisé sous diverses hypothèses mais toutes requièrent sous une forme ou
une autre des conditions de régularité sur la densité spectrale ψρ.

Il est frappant de constater que les valeurs limites possibles dans le cas de mesures
spectrales absolument continues soient dans [ 2√

3
,
√

2[ qui est un intervalle disjoint de

[
√

2, 2] qui correspond aux valeurs d’adhérence dans le cas de mesures spectrales ato-
miques. Ceci nous amène à formuler quelques conjectures qui nous semblent naturelles
à la vue de ces résultats.

1. Nous observons que dans les trois cas ci-dessus, 2√
3

est le nombre moyen de racines

minimal. Nous conjecturons que, quelle que soit la mesure spectrale µρ induisant
les processus gaussiens stationnaires des coefficients de fn nous avons

lim inf
n→∞

E [N (fn, [0, 2π])]

n
≥ 2√

3
.

Comme vu au Théorème 2.2.1 ci-dessus, l’inégalité de Fatou permet de répondre
favorablement à la question si µρ admet une partie à densité qui est non nulle
Lebesgue presque partout. Lorsque ψρ peut s’annuler, l’inégalité ci-dessus reste
ouverte.

2. Une conjecture encore plus forte qui semble hors d’atteinte de nos méthodes est
que si µρ possède une partie absolument continue non nulle (sans hypothèse de
régularité de la densité spectrale) alors
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E [N (fn, [0, 2π])]

n
→ λ ({ψρ 6= 0})

π
√

3
+
λ ({ψρ = 0})

π
√

2
,

et si µρ est purement singulière alors lim infn→∞
E[N (fn,[0,2π])]

n ≥
√

2.

En effet, nous avons utilisé des approximations à l’ordre 2 dans les critères de
Fejer-Lebesgue qui nécessitent de la régularité et étendre au delà du cas ψρ ∈ C1+η

les conclusions du Théorème 2.2.2 semble délicat. Le cas où µρ est une loi de
Cantor (par exemple la loi de

∑∞
n=0

εn
3n avec (εi)i≥0 des v.a. indépendantes de

loi de Bernoulli de paramètre 1
2) est à cet égard très intéressant. En effet, ce

dernier exemple ne rentre pas dans le cadre des mesures atomiques mais reste
dans le contexte des mesures singulières. Des simulations informatiques semblent
suggérer que dans ce cas, la suite E[N (fn,[0,2π])]

n converge vers
√

2, ce qui est en
accord avec la conjecture formulée plus haut.

REn conclusion, si ces conjectures étaient vraies, cela signifierait que l’on pour-
rait discriminer les mesures spectrales singulières des mesures spectrales ayant une par-
tie absolument continue par rapport à Lebesgue par la seule connaissance des valeurs
d’adhérence de E[N (fn,[0,2π])]

n , ce qui établirait un lien entre l’étude des racines des po-
lynômes trigonométriques aléatoires et certaines questions fines de théorie de la mesure.
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2.4 Signaux aléatoires périodiques non-analytiques

Cette section présente les motivations et contributions relatives au derniers travaux
de cette thèse, qui font l’objet de l’article [APP21b], détaillé au Chapitre 5 ci-après.
Jusqu’à présent, nous avons étudié les zéros de polynômes trigonométriques aléatoires
en nous intéressant au rôle joué par les coefficients aléatoires dépendants. Ici, nous
considérons des coefficients indépendants et identiquement distribués mais nous exa-
minons plus particulièrement à l’influence du choix de la fonction aléatoire de base et
de sa régularité sur le nombre moyen de zéros, en considérant des signaux périodiques
obtenus comme superposition de signaux généraux 2π-périodiques et non-analytiques.

2.4.1 Modèle et résultats préexistants

Commençons par rappeler le modèle sous-jacent, jusqu’à présent seulement évoqué
dans l’introduction du manuscrit. Il s’agit du modèle introduit et précédemment étudié
par Angst et Poly dans [AP20b]. On considère (ak)k≥1 une suite de variables i.i.d.,
centrées avec variance unitaire, définies sur un espace probabilisé (Ω,F ,P). On étudie
les signaux 2π-périodiques généraux de la forme

Sn(t) =
n∑
k=1

akf(kt), t ∈ [0, 2π]

où f est continue 2π-périodique, C1 par morceaux et telle que 〈f, f〉 > 0 et 〈f ′, f ′〉 > 0,
où 〈·, ·〉 est le produit scalaire usuel dans L2([0, 2π]). L’archétype de fonction f que nous
avons en tête est le signal triangulaire illustré ci-dessous. Le point important ici est que
l’on impose aucune condition d’analycité sur la fonction f . De facto, on se prive donc
de nombreux outils propres au monde analytique : principe des zéros isolés, borne a
priori sur les zéros, formule de comptage de Jensen, etc. Ces outils sont utilisés de façon
cruciale dans de nombreux travaux sur l’universalité des zéros, voir par exemple [IKM16]
où le théorème de Hurwitz assure la continuité et la convergence des ensembles nodaux,
ou encore [NV18] dont la formule de Jensen est le point de départ.

Figure 2.2 – À gauche, les fonctions cosinus (en bleu) et triangle (en rouge), à droite
deux réalisations des signaux S10 associés pour des coefficients de loi de Rademacher.
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L’ensemble nodal associé au signal périodique Sn a été étudié pour la première fois
dans [AP20b] où les auteurs ont établi un principe d’universalité local. Ils considèrent
ainsi renormalisation suivante

Xn(t) :=
1√
n

n∑
k=1

akf

(
k(pn + t)

n

)
, t ∈ IR,

où pn est une suite d’entiers telle que pn/n→ α ∈ (0, 2π)\πQ. Moralement, il s’agit donc
d’observer le signal Sn dans une fenêtre de taille 1/n au voisinage du point α. Les auteurs
montrent alors que, sous différents jeux d’hypothèses précisés ci-après, le processus Xn

converge en loi pour la topologie C1 vers un processus Gaussien stationnaireX∞, explicite
et non-dégénéré et par suite, pour tout intervalle [a, b] ⊂ IR, on a la convergence en loi

N (Xn, [a, b])⇒ N (X∞, [a, b]),

où la variable limite vérifie

E[N (X∞, [a, b])] =
b− a
π

√
1

3

< f ′, f ′ >

< f, f >
.

Il s’agit donc d’un résultat d’universalité locale, à l’échelle microscopique 1/n au voisi-
nage de presque tout point de la période [0, 2π]. Les différents jeux d’hypothèses sous
lesquels l’asymptotique nodale décrite ci-dessus a lieu font apparâıtre un compromis entre
la régularité de la fonction de base f et l’existence de moments suffisamment grands pour
les coefficients aléatoires (ak). Le résultat est ainsi vérifié dans les quatre cas ci-dessous :

— f ∈ C2 (et pas de condition supplémentaire sur les coefficients (ak)),
— il existe α > 0, β > 2 tels que αβ > 1 de sorte que f ∈ C1+α et E |a1|β <∞,
— il existe α > 0 tel que f ∈ C1+α et E|a1|4 <∞,
— α/π est un nombre diophantien, la suite pn/n converge vers α a vitesse polyno-

miale, f est linéaire par morceaux et a1 a un moment d’ordre 4.

Le cas le moins régulier du signal triangulaire évoqué plus haut correspond natu-
rellement au dernier jeu d’hypothèses. Précisons rapidement les méthodes et techniques
utilisées dans [AP20b]. La preuve de la convergence de la suite de processus (Xn)n se
décompose classiquement en la convergence des marginales fini-dimensionnelles et la
vérification d’un critère de tension. La convergence du nombre de zéros est alors une
conséquence du continuous mapping theorem et du fait que le processus limite est non-
dégénéré, cf le Corollaire 1.4.1 rappelé au chapitre précédent. L’étude du nombre moyen
de zéros de X∞ repose quant à elle sur la formule de Kac–Rice.

Notons que c’est la preuve de la tension des processus (Xn) qui requiert le plus
d’attention, celle-ci devenant de plus en plus technique à mesure que la fonction f perd
en régularité. À titre d’exemple, dans le cas du signal triangulaire affine par morceaux,
le processus dérivé X ′n est un processus à sauts. Les auteurs de [AP20b] établissent alors
la tension pour la topologie de Skorokhod via une discrétisation et des théorèmes limites
en grande dimension [CCK17]. Le processus limite X ′∞ obtenu étant continu, le résultat
s’étend à la topologie uniforme, puis la topologie C1 par intégration.
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2.4.2 De l’universalité locale à l’universalité globale

L’objectif de l’article [APP21b] est d’étendre le principe d’universalité locale décrit
plus haut en un résultat global. Il s’agit ainsi d’agréger les résultats locaux, i.e. les
convergences en loi à l’échelle 1/n obtenues dans [AP20b], en un résultat macroscopique
valable sur toute la période [0, 2π]. À l’image des résultats décrits précédemment, on sou-
haite également obtenir une convergence du nombre de zéros non seulement en loi mais
aussi en espérance. Pour ce faire, nous avons en particulier besoin d’estimés a priori sur
le nombre de zéros des fonctions considérées. Par exemple, dans le cas trigonométrique,
on sait qu’un polynôme de degré n possède au plus 2n zéros sur la période. Il est clair
que sous la seule hypothèse de régularité C1 par morceaux, il n’existe pas d’estimés de
ce type. Aussi, nous devons restreindre la classe de fonctions de base considérées en
introduisant l’hypothèse suivante :

(H1) f est polynomiale par morceaux avec des raccords de classe Cq0 .

Sous cette hypothèse, on peut en effet établir une borne a priori non plus linéaire mais
quadratique sur le nombre de zéros du signal Sn en fonction de n. Par ailleurs, nous au-
rons besoin d’une autre hypothèse essentiellement technique pour gérer les phénomènes
d’anti-concentration inhérents à l’estimation du nombre de zéros. Cette dernière hy-
pothèse est implicite dans le cas des polynômes trigonométriques puisqu’elle se réduit
au simple constat que cos(0) = 1.

(H2) il existe un entier j > 5 et un voisinage compact V de zéro sur lequel la dérivée
j−ième de f est minorée infx∈V |f (j)(x)| > 0.

On a alors le théorème principal d’universalité globale suivant.

Théorème 2.4.1 (Théorème 5.1.3 ci-après). On suppose que les coefficients i.i.d. (ak)
admettent un moment d’ordre 4 et que la fonction f vérifie les hypothèses (H1) et (H2),
alors

lim
n→+∞

EN (Sn, [0, 2π])

n
=

2√
3

√
〈f ′, f ′〉
〈f, f〉

.

Ce résultat appelle quelques commentaires :

— il montre effectivement qu’il n’y a pas besoin d’hypothèse d’analycité pour obtenir
des résultats d’universalité globaux. Une borne a priori sur le nombre de zéros
et une régularité d’ordre fini pour implémenter des estimés de type small ball
suffisent à assurer le caractère universel de l’asymptotique nodale.

— Le cas représentatif du signal triangulaire échappe malheureusement aux hy-
pothèses (H1) et (H2) du théorème. Dans ce cas particulier, même si l’hypothèse
(H1) n’est pas vérifiée, il est cependant possible de donner une borne quadratique
a priori sur le nombre de zéros. Malheureusement, nous nous sommes pas par-
venu sur cet exemple à gérer les phénomènes d’anti-concentration. Les méthodes
classiques d’estimation de “small ball” [Mas74, Fla17] consistent à dériver un cer-
tain nombre de fois le signal pour gagner en ordre de décroissance. Ces méthodes
d’ordinaire efficaces sont vouées à l’échec ici pour un signal affine par morceaux,
puisque les dérivées d’ordre supérieur à deux sont nulles presque partout.
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— Il est possible de relaxer l’hypothèse (H2) ou d’en introduire de nombreuses
variantes. Par exemple, la preuve du théorème d’adapte sans difficulté au cas on
l’on suppose que infx∈V |f (j)(x)| + |f (j+1)(x)| > 0. Dans le cas trigonométrique,
cette dernière hypothèse revient naturellement à dire que les fonctions cos et sin
ne s’annulent pas simultanément.

— En choisissant pour fonction de base la fonction f = cos, on retrouve naturelle-
ment l’asymptotique universelle 2/

√
3 du cas trigonométrique.

2.4.3 Méthode et obstacles

Nous concluons ce chapitre en décrivant les principales étapes et ingrédients de la
preuve du Théorème 2.4.1. La stratégie adoptée pour démontrer ce résultat d’universalité
globale est à nouveau celle exploitée dans [AP19, APP21a] et détaillée plus haut dans
la Section 1.5, autrement dit elle repose sur des variantes du théorème limite central de
Salem et Zygmund.

1. Pour faire apparâıtre une limite d’échelle non triviale, on commence par norma-
liser le signal Sn en introduisant

fn(t) :=
1√
n
Sn(t) =

1√
n

n∑
k=1

akf(kt), t ∈ [0, 2π].

2. On peut alors montrer le théorème limite central presque sûr suivant, qui généralise
naturellement celui de Salem–Zygmund dans [SZ54]. Sous l’hypothèse f ∈ H1,
i.e. ‖f‖L2 + ‖f ′‖L2 < +∞ et si X est une variable aléatoire uniforme dans [0, 2π]
indépendante des coefficients (ak), alors P-presque-sûrement (fn(X))n≥1 converge
en loi sous PX vers une variable gaussienne N (0, 〈f, f〉).

3. Comme dans le cas trigonométrique indépendant traité dans [AP19], on peut alors
étendre ce résultat en un théorème limite central fonctionnel pour le processus gn
défini par

gn(t) := fn(X + t/n), t ∈ [0, 2π].

Ainsi si la fonction de base f assez régulière (par exemple C2 par morceaux
suffit), la suite de processus {gn(·)}n≥1 converge en loi sous la topologie C1 vers
le processus gaussien stationnaire g∞ dont la fonction de covariance est

EX [g∞(t)g∞(s)] = ρ(t− s)

où

ρ(u) :=


1

u

∫ u

0
(f ∗ f̌)(x)dx, u 6= 0,

ρ(0) = 〈f, f〉

avec f̌(x) := f(−x) pour tout x ∈ IR.
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4. Le processus limite étant non-dégénéré presque sûrement, par le continuous map-
ping theorem, on déduit que P presque sûrement, sous PX on a la convergence en
loi

N (gn, [0, 2π]) =⇒ N (g∞, [0, 2π]).

Par ailleurs, le nombre moyen de zéros du processus limite g∞ est facilement
obtenu par formule de Kac–Rice

EX [N (g∞, [0, 2π])] =
2√
3

√
〈f ′, f ′〉
〈f, f〉

.

5. Par le Lemme 1.5.1 de représentation du nombre de zéros, on a

E[N (Sn, [0, 2π])]

n
=

E[N (fn, [0, 2π])]

n
= EP⊗PX [N (gn, [0, 2π])] .

Aussi, afin de conclure à la convergence des espérances sous P ⊗ PX , il reste à
établir que les intégrandes forment une famille équi-intégrables. On montre qu’il
existe η > 0 tel que

sup
n≥1

EP⊗PX

[
|N (gn, [0, 2π])|1+η

]
< +∞.

C’est la partie la plus délicate de la preuve, et c’est elle qui nécessite d’introduire
les hypothèses (H1) et (H2).

6. Grâce à l’hypothèse (H1), qui assure une borne a priori quadratique sur le nombre
de zéros, il existe une constante c telle que

EP⊗PX

[
|N (gn, [0, 2π])|1+η

]
= (1 + η)

∫ cn2

0
tηP(N (gn, [0, 2π]) > t)dt.

7. Par une routine classique, voir par exemple [AP15], on est alors amené à établir
un estimé d’anti-concentration, i.e. on cherche à exhiber des bornes supérieures
Cj(ε, n) aussi bonnes que possibles tant en la variable ε qu’en la variable n pour
les probabilités

P⊗ PX
(
|gjn(0)| ≤ ε

)
≤ Cj(ε, n).

Les bornes Cj(ε, n) doivent être en particulier assez bonnes pour pouvoir contrer
le terme cn2 i.e. la borne supérieure du domaine d’intégration. Nous utilisons
alors une approche similaire à celle de [Fla17], qui sous l’hypothèse (H2) permet
d’obtenir l’existence d’une constante C > 0 telle que

P⊗ PX
(
|g(j)
n (0)| ≤ ε

)
≤ C

(
ε+

1
√
εn

2j+1
4

)
.

Ceci permet d’établir l’uniforme intégrabilité (N (gn, [0, 2π]))n et donc de conclure.
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Chapter 3

The Gaussian case with a purely
discrete spectral measure

This chapter is based on the article [Pau20], published in Electronic Communications
in Probability in 2020.

3.1 Introduction and statement of the results

There is tremendous amount of literature about complex or real zeros of random
polynomials and their asymptotics as the degree of the latter goes to infinity. Recently,
the universality of these asymptotics has been established in a certain number of models,
see e.g. [Kac43, IM71, Far86, Mat12, Muk19, NNV16, DNV18] in the case of algebraic
polynomials and [AP15, ADL16, Fla17, IKM16, ADP19] in the case of trigonometric
polynomials. The notion of universality stands here for the fact that these asymptotics
do not depend on the choice of the law of the random entries, and to a certain extent,
nor their correlation.

Our model belongs to the large class random trigonometric polynomials of the form

fn(t) :=
1√
n

n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ R,

where (ak)k≥1 and (bk)k≥1 are two independent stationary Gaussian processes with cor-
relation function ρ : IN → IR, namely E[akal] = E[bkbl] =: ρ(|k − l|) and E[akbl] = 0
for all k, l ≥ 1. Thanks to Bochner’s theorem, we then know that ρ is given by the
Fourier transform of a finite measure µ, called the spectral measure, and supported on
the torus IR/2πZ. The case where ρ(k) = 0 for all k ≥ 1 corresponds to independent
Gaussian coefficients as first studied by Dunnage in [Dun66]. Later, in [Sam78] and
[RS84], the authors considered the two “extreme” cases where E[aiaj ] = ρ0 ∈]0, 1[ and

E[aiaj ] = ρ
|i−j|
0 respectively.
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More recently, the authors of [ADP19] considered the case where the spectral mea-
sure admits a density satisfying mild hypotheses. In all these cases, it was shown that
N (fn, [0, 2π]), the number of real zeros of the random function fn in the interval [0, 2π],
obeys the same limit

lim
n→+∞

E[N (fn, [0, 2π])]

n
=

2√
3
.

This naturally raises the question of the existence of choices of “exotic” random entries
such that the asymptotics of the expected number of real zeros do not coincide with
the universal one. In fact, considering standard Gaussian coefficients, one way to obtain
asymptotics that do not match 2/

√
3 is to consider palindromic entries as in [FL12, Pir21]

or very special pairwise block entries such as in Theorem 2.3 and 2.4 of [Pir20].

We consider here the natural and purely singular case where the spectral measure
is given by µ := 1

2 (δα + δ−α) ⇐⇒ ρ(k) = cos(kα), for some real α ≥ 0. If α ∈ πQ,
the correlation function is periodic and the corresponding random coefficients of fn are
strongly correlated at arbitrary large distance. If α /∈ πQ, the sequence (ρ(k))k≥0 is
dense in [−1, 1] and the correlations between the random coefficients of fn become really
intricate. We shall see that the asymptotics of the number of real zeros of fn then heavily
depends on the arithmetic nature of α and more precisely on the distance of nα to πZ.

Naturally, since fn is a random trigonometric polynomial of degree n, its number of
zeros in bounded by 2n. In the case where nα ∈ πZ, we show that the expected number
of real zeros is maximal in the following sense.

Proposition 3.1.1. If α = 0, then for all n ≥ 1 we have almost surely

N (fn, [0, 2π]) = 2n.

If α ∈ πQ then

lim
n→+∞

∣∣∣∣E [N (fn, [0, 2π])]

n
− 2

∣∣∣∣1nα∈πZ = 0. (3.1)

The case nα /∈ πZ is more intriguing: properly renormalized, the expected number
of real zeros of fn does not converge as n goes to infinity and admits in fact a whole
continuum of subsequential limits.

Let us introduce the function `α : (0, π)→ R+ defined by

`α(x) :=
1

4π2

∫
[0,2π]2

√
1 + |gαx (s, u)|2dsdu,

where

gαx (s, u) :=
sin (x) sin

(
s−α

2

)
sin
(
s+α

2

)
sin2

(
u−x

2

)
sin2

(
s+α

2

)
+ sin2

(
u+x

2

)
sin2

(
s−α

2

) .
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Figure 3.1 – Graph of `1/2(x) Figure 3.2 – Graph of `(x)

In Section 3.3.1 below, we examine the properties of `α and its pointwise limit as α goes
to zero.

The main result of the paper is then the following one.

Theorem 3.1.1. For all 0 < β < 1 and for all n large enough such that nα /∈ πZ, we
have ∣∣∣∣E [N (fn, [0, 2π])]

n
− `a(nαmodπ)

∣∣∣∣ = O

(
1

nβ(1− | cos(nα)|)2

)
+ o(1).

The above theorem shows that if n is sufficiently large but nα stays away enough
from πZ, then the expected number of real zeros on fn divided by n is close to the value
of the function `α at the point nαmodπ. In particular, if α ∈ πQ, then the sequence
(nαmodπ)n≥1 takes values in a finite set S.
From the above Theorem 3.1.1, we can then deduce the following corollary.

Corollary 3.1.1. If α ∈ πQ, then for all x ∈ S\{0}

lim
n→+∞

∣∣∣∣E [N (fn, [0, 2π])]

n
− `α(x)

∣∣∣∣1nα=xmodπ = 0.

In particular n−1E [N (fn, [0, 2π])] does not converge as n goes to infinity.

Now if α /∈ πQ, the sequence (nαmodπ)n≥1 is dense in [0, π] and from Theorem
3.1.1, one then deduces that n−1E [N (fn, [0, 2π])] admits a whole continuum of possible
limits.

Corollary 3.1.2. Let us fix x ∈ (0, π) and consider a increasing subsequence (ϕ(n))n≥1

such that ϕ(n)α converges to x as n goes to infinity. Then

lim
n→+∞

∣∣∣∣∣E
[
N (fϕ(n), [0, 2π])

]
ϕ(n)

− `α(x)

∣∣∣∣∣ = 0.
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Corollary 3.1.3. For all ε > 0, for all ` ∈ (
√

2, 2], there exists α = α(`) ≥ 0 small
enough and infinitely many integers n such that∣∣∣∣E [N (fn, [0, 2π])]

n
− `
∣∣∣∣ ≤ ε

where the Gaussian entries (ak)k≥1 and (bk)k≥1 of fn admit δα+δ−α
2 as spectral measure.

Remark 3.1.1. For sake of clarity, we only deal here with a purely atomic spectral
measure µ with two atoms ±α, but the method employed will work for any finite com-
bination of atoms (±αi)1≤i≤N . The choice of a purely singular spectral measure could
sound very particular but it actually dictates the fluctuating behavior of the expected
number of zeros. Indeed, let us assume that the spectral measure µ can be written as the
convex combination of a density measure and such a purely atomic measure, i.e.

µ = (1− η)µd + η
1

N

N∑
k=1

1

2
(δαk + δ−αk) , η ∈ [0, 1) , αk ≥ 0,

with µd admitting a density ψ w.r.t. the Lebesgue measure on [0, 2π] and satisfying the
same assumptions as in [ADP19]. Then, combining the proof of the latter reference and
the one of the present paper, one can show that

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
.

In other words, as soon as the spectral measure is not purely singular and have a den-
sity component, one recovers the universal asymptotics of the independent and weakly
dependent case.

The rest of the paper is devoted to the proofs of the results stated above. In Section
3.2, we give the proof of Proposition 3.1.1. Section 3.3 is devoted to the proof of the main
Theorem 3.1.1 and its corollaries in the case where nα /∈ πZ. In this case, the study of
the number of zeros is split into two parts: in Section 3.3.1 we determine the number of
zeros away from the atoms ±α of the spectral measure µ. Finally, the numbers of zeros
in the neighborhood of the atoms is shown to be negligible in the last Section 3.3.2.

3.2 Asymptotics in the case nα ∈ πZ

In this Section, we give the proof of Proposition 3.1.1 describing the asymptotics of
the number of real zeros of fn under the condition nα ∈ πZ. Let us first consider the
very particular case where α = 0, i.e. the correlation function ρ is constant equal to one.

Proposition 3.2.1. Suppose that α = 0, i.e. ρ(k) = 1 for all k ∈ N, then almost surely,
for all n ≥ 1 we have

N (fn, [0, 2π]) = 2n.
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Proof. Under the condition α = 0, the function fn has the simple form

fn(t) =
1√
n

(
A

n∑
k=1

cos(kt) +B

n∑
k=1

sin(kt)

)

=
1√
n

(
A cos

(
n+ 1

2
t

)
+B sin

(
n+ 1

2
t

))
sin(nt/2)

sin(t/2)
a.s.

where A,B are two independent standard Gaussian variables. Hence we count n − 1
deterministic zeros corresponding to sin(nt/2) = 0 and n + 1 random zeros given by
t(ω) = 2π

n+1U(ω) + 2kπ
n+1 , k ∈ {0, . . . , n}, where U = π/2 − 1

π arctan(−A/B) is uniform
on [0, 1].

Let us now suppose that α = 2πp
q for positive and coprime integers p and q, i.e.

the correlation sequence (ρ(k))k is q−periodic. In this case, if n = qr for some positive
integer r, we have nα ∈ Z and fn admits the following factorization

fn(t) =
1√
n

q∑
k=1

(
ak

r−1∑
`=0

cos((`q + k)t) + bk

r−1∑
`=0

sin((`q + k)t)

)
=

1√
n
f̃n(t)×

sin
(
nt
2

)
sin
( qt

2

) ,
where we have set

f̃n(t) :=

q∑
k=1

ak cos

(
kt+

(n− q)t
2

)
+ bk sin

(
kt+

(n− q)t
2

)
.

The above factorization of fn invites to distinguish deterministic and random zeros. We
have n− q deterministic zeros given by

sin

(
nt

2

)
= 0 and sin

(
qt

2

)
6= 0 ⇐⇒ t ∈

{
2kπ

n
, k ∈ {0, . . . , n− 1}, r - k

}
.

Therefore the second statement in Proposition 3.1.1 follows from the following result
which implies that, in the above framework, the expected number of real zeros of f̃n is
asymptotic to n.

Proposition 3.2.2. As n tends to infinity, we have

lim inf
n→+∞
q|n

1

n
E
[
N (f̃n, [0, 2π])

]
≥ 1.

Proof. A direct computation shows that if q | n

E
[
f̃n(t)2

]
=

1

2

sin2
(
q(α+t)

2

)
sin2

(
(α+t)

2

) +
sin2

(
q(α−t)

2

)
sin2

(
(α−t)

2

)
 .
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Since qα ∈ πZ, we have thus for t ∈ [0, 2π]

E[f̃n(t)2] = 0 =⇒ qt/2 ∈ πZ =⇒ t ∈ Sq :=

{
2πk

q
, 0 ≤ k ≤ q − 1

}
.

For ε > 0, set Sεq := {t ∈ [0, 2π],dist(t, Sq) > ε}. On Sεq , we have E[f̃n(t)2] > 0 and
applying Kac–Rice formula (see e.g. Theorem 3.2 p. 71 of [AW09]), we get

E[N (f̃n, S
ε
q)] =

1

π

∫
Sεq

√√√√E[f̃ ′n(t)2]

E[f̃n(t)2]
−

(
E[f̃n(t)f̃ ′n(t)]

E[f̃n(t)2]

)2

dt. (3.2)

A straightforward computation shows that as n goes to infinity, uniformly in t ∈ Sεq

E[f̃ ′n(t)2] =

(
n− q

2

)2

E[f̃n(t)2] + o(n2).

Since E[f̃n(t)2] does not depend on n, neither does E[f̃n(t)f̃ ′n(t)] so that as n goes to
infinity, we have uniformly in t ∈ Sεq√√√√E[f̃ ′n(t)2]

E[f̃n(t)2]
−

(
E[f̃n(t)f̃ ′n(t)]

E[f̃n(t)2]

)2

=
n

2
(1 + o(1)) .

Injecting this estimate in Equation (3.2), we deduce that as n goes to infinity

E[N (f̃n, S
ε
q)]

n
=
|Sεq |
2π

(1 + o(1)) = 1 +O(ε) + o(1).

Letting ε→ 0, lim infn→+∞
E[N (f̃n,[0,2π])

n ≥ lim infn→+∞
E[N (f̃n,Sεq )]

n = 1.

3.3 Asymptotics in the case nα /∈ πZ

We now consider the more intriguing case where nα /∈ πZ. Following [ADP19],
the variance and covariance of (fn(t), f ′n(t)) can then be written as convolutions of the
spectral measure µ with explicit trigonometric kernels, namely

E[fn(t)2] = Kn ∗ µ(t), E[fn(t)f ′n(t)] =
1

2
K ′n ∗ µ(t), E[f ′n(t)2] =

1

αn
Ln ∗ µ(t), (3.3)

where Kn(x) :=
1

n

(
sin(nx/2)

sin(x/2)

)2

is the Fejer kernel, so that

K ′n(x) :=
2

n

(
sin(nx/2)

sin(x/2)

)(
n cos(nx/2)

2 sin(x/2)
− sin(nx/2) cos(x/2)

2 sin(x/2)2

)
,
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the normalization constant αn is given by αn := 6/(n+ 1)(2n+ 1) and

Ln(x) :=
αn
n

∣∣∣∣∣
n∑
k=0

keikx

∣∣∣∣∣
2

=
αn
n

(n+ 1)2

4 sin(x/2)2

∣∣∣∣∣1−
(
1− ei(n+1)x

)
e−inx

(n+ 1) (1− eix)

∣∣∣∣∣
2

.

Lemma 3.3.1. For 0 < ε ≤ 1, define Fε := {x ∈ [0, 2π], | sin(x/2)| ≥ ε}. Then for all
n ≥ 1 such that nε > 1, we have the uniform estimates

sup
x∈Fε

∣∣∣∣K ′n(x)− sin(nx/2) cos(nx/2)

sin(x/2)2

∣∣∣∣ = O

(
1

nε3

)
, sup
x∈Fε

∣∣∣∣Ln(x)− αnn

4 sin(x/2)2

∣∣∣∣ = O

(
1

n2ε3

)
.

Proof. The estimate for K ′n is immediate. Since on Fε,

u :=
αn
n

(n+ 1)2

4 sin(x/2)2
≤ αn

n

(n+ 1)2

4ε2
, z :=

(
1− ei(n+1)x

)
e−inx

(n+ 1) (1− eix)
≤ 1

(n+ 1)| sin(x/2)|
≤ 1

nε
,

as soon as nε > 1, standard computations lead to

|Ln(x)− u| ≤ αn
n

(n+ 1)2

4ε2
×
[

3

nε

]
= O

(
1

n2ε3

)
.

Moreover, we have∣∣∣∣αnn (n+ 1)2

4 sin(x/2)2
− αnn

4 sin(x/2)2

∣∣∣∣ =
αn

4 sin(x/2)2

∣∣∣∣(n+ 1)2

n
− n

∣∣∣∣ = O

(
1

n2ε2

)
= O

(
1

n2ε3

)
,

hence the result.

In the case we consider here, the spectral measure µ is 1
2 (δα + δ−α) so that we have

simply

E[fn(t)2] =
1

2
(Kn(t− α) +Kn(t+ α)) ,E[fn(t)f ′n(t)] =

1

4

(
K ′n(t− α) +K ′n(t+ α)

)
,

and E[f ′n(t)2] =
1

2

(
L′n(t− α) + L′n(t+ α)

)
.

The Fejér kernel being non negative, for n ≥ 1, we have

E[fn(t)2] = 0⇒
{

nt ∈ πZ
nα ∈ πZ.

Under the assumption nα /∈ πZ, the distribution of the Gaussian variable fn(t) is thus
non-degenerated for all t ∈ [0, 2π] and as above, we can use Kac–Rice formula (see e.g.
[AW09]) to compute the expectation of N (fn, [0, 2π]), namely

E [N (fn, [0, 2π])] =
1

π

∫ 2π

0

√
In(t)dt,
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where

In(t) :=
1

αn

Ln(t− α) + Ln(t+ α)

Kn(t− α) +Kn(t+ α)
− 1

4

(
K ′n(t− α) +K ′n(t+ α)

Kn(t− α) +Kn(t+ α)

)2

.

We split the computation of the integral into two parts, depending on the proximity
between the integration variable t and the atoms ±α of the spectral measure µ.

Remark 3.3.1. Alternatively, one can represent the processes (ak)k and (bk)k as

ak = ξ1 cos(kα) + ξ2 sin(kα) , bk = ξ3 cos(kα) + ξ4 sin(kα),

where ξ1, ξ2, ξ3, ξ4 are independent standard Gaussian variables. In particular, the co-
variance function rn(t−s) := E[fn(t)fn(s)] can be explicitly computed. The quantities in-
volved in Kac–Rice formula thus correspond to rn(0), ∂t∂srn(t−s)|t=s and ∂srn(t−s)|t=s
and standard computations give the same expressions as given above.

3.3.1 Away from the atoms

Let us fix ε > 0 and consider the set

Jε := {t ∈ [0, 2π], | sin(
t− α

2
)| > ε, | sin(

t+ α

2
)| > ε}.

Thanks to Lemma 3.3.1, we have then uniformly in t ∈ Jε

Ln(t− α) + Ln(t+ α)

Kn(t− α) +Kn(t+ α)
=

αnn2

4

(
1

sin2( t−α2 )
+ 1

sin2( t+α2 )

)
+O

(
1
nε3

)
sin2(n t−α2 )
sin2( t−α2 )

+
sin2(n t+α2 )
sin2( t+α2 )

.

In the same manner, we have

K ′n(t− α) +K ′n(t+ α)

Kn(t− α) +Kn(t+ α)
=

sin(n t−α2 ) cos(n t−α2 )
sin2( t−α2 )

+
sin(n t+α2 ) cos(n t+α2 )

sin2( t+α2 )
+O

(
1
nε3

)
sin2(n t−α2 )
n sin2( t−α2 )

+
sin2(n t+α2 )
n sin2( t+α2 )

.

Now remark that uniformly on Jε we have

1
sin2(n t−α2 )
sin2( t−α2 )

+
sin2(n t+α2 )
sin2( t+α2 )

≤ 1
ε2(sin2(n t−α2 )+sin2(n t+α2 ))

= 1
ε2(1−cos(nt) cos(nα))

≤ 1
ε2(1−| cos(nα)|) .

Therefore, uniformly on Jε we get

In(t) =
n2

4

(
Qn(t) +O

(
1

nε5(1− | cos(nα)|)

))
,
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where after standard calculations

Qn(t) = 1 +

(
sin (nα) sin

(
t−α

2

)
sin
(
t+α

2

)(
sin2

(
n t−α2

)
sin2

(
t+α

2

)
+ sin2

(
n t+α2

)
sin2

(
t−α

2

)))2

.

In particular, we get

2

n

∫
Jε

√
In(t)dt =

∫
Jε

√
Qn(t)dt+O

(
1

nε5(1− | cos(nα)|)

)
. (3.4)

In order to make explicit the asymptotics of the right hand side of the last equation, let
us now introduce an auxilary function and detail some of its properties.

An auxilary function and its properties

For x ∈ R\πZ, let us introduce the function gαx defined on [0, 2π]2\{±(α, x)} by

gαx (s, u) :=
sin (x) sin

(
s−α

2

)
sin
(
s+α

2

)
sin2

(
u−x

2

)
sin2

(
s+α

2

)
+ sin2

(
u+x

2

)
sin2

(
s−α

2

) . (3.5)

Remark that u 7→ gαx (s, u) is then 2π−periodic and that we have the identification

Qn(t) = 1 + |gαnα(t, nt)|2. (3.6)

The function (u, s) 7→ gαx (s, u) has singularities at (s, u) = ±(α, x) but these singularities
are integrable in the following sense.

Lemma 3.3.2. Let 0 < α < π and 0 < x < π. For all 0 ≤ η < 1, we have∫
[0,2π]2

|gαx (s, u)|1+ηdsdu < +∞.

Proof. Let us fix some small δ > 0. Outside the two balls B(±(α, x), δ) the function
(s, u) 7→ gαx (s, u) is uniformly bounded hence in Lp for all p ≥ 1, so we only need to
focus on the integrability on B(±(α, x), δ). By symmetry, we can restrict ourselves to
the ball centered at (α, x). If we set C := min(| sin(x)|, | sin(α)|) > 0, for δ small enough
we have

|gαx (s, u)| ≤ 4

C

|s− α|
|s− α|2 + |u− x|2

,

so that using polar coordinates (s − α, u − x) = (r cos(θ), r sin(θ)) with 0 ≤ r ≤ δ,
0 ≤ θ ≤ 2π, we get∫

B((α,x),δ)
|gαx (s, u)|1+ηdsdu ≤ 8π

C

∫ δ

0

dr

rη
= O

(
δ1−η) .
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Lemma 3.3.3. The function `α : K → R+

(0, π) 3 x 7→ `α(x) :=
1

4π2

∫
[0,2π]2

√
1 + |gαx (s, u)|2dsdu

is continuous.

Proof. Note that the regularity of x 7→ `α(x) is the same as the one of x 7→
∫

[0,2π]2 |g
α
x (s, u)|dsdu.

Fix ε > 0, from the proof of Lemma 3.3.2 applied with η = 0, there exists δ > 0 small
enough such that, for all x ∈ K, if Ex := B((α, x), δ) ∪B(−(α, x), δ) then∫

Ex

|gαx (s, u)|dsdu ≤ ε/4.

Now, if (s, u) ∈ Ecx ∩ Ecx′ the function x 7→ |gαx (s, u)| is uniformly bounded and analytic
so that choosing δ > 0 small enough , for |x− x′| < δ we have∣∣∣∣∣

∫
Ecx∩Ecx′

(|gαx (s, u)| − |gαx′(s, u)|) dsdu

∣∣∣∣∣ ≤ ε/2.
The conclusion follows from this last estimate and triangular inequality.

The next lemma giving some properties of gαx which will be particularly useful in the
sequel.

Lemma 3.3.4.

sup
s∈Jε

u∈[0,2π]

|gαx (s, u)| = O

(
1

ε2
× 1

1− | cos(x)|

)
,

sup
s,s′∈Jε
u∈[0,2π]

|gαx (s, u)− gαx (s′, u)| = O

(
|s− s′|

ε4|1− | cos(x)|)2

)
. (3.7)

Proof. If s ∈ Jε, we have uniformly in u ∈ [0, 2π]

|gαx (s, u)| ≤ 1

ε2
[
sin2

(
u+x

2

)
+ sin2

(
u−x

2

)] =
1

ε2 (1− cos(u) cos(x))
≤ 1

ε2
× 1

1− | cos(x)|
.

Moreover, for s, s′ ∈ Jε, setting D(s) :=
(
sin2

(
u−x

2

)
sin2

(
s+α

2

)
+ sin2

(
u+x

2

)
sin2

(
s−α

2

))
|gαx (s, u)− gαx (s′, u)| ≤

| sin( s−α2 ) sin( s+α2 )−sin
(
s′−α

2

)
sin
(
s′+α

2

)
|

D(s) + |D(s)−D(s′)|
|D(s)D(s′)|

= O
(

|s−s′|
ε2(1−| cos(x)|)

)
+O

(
|s−s′|

ε4(1−| cos(x)|)2

)
.
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For x ∈ (0, π), set

`0(x) :=
1

2π

∫ 2π

0

√
1 + g0

x(u)2du, where g0
x(u) :=

sin(x)

1− cos(u) cos(x)
.

We show now that the function `0 appears naturally as the pointwise limit of `α given
in Section 3.1 when α ∈ (0, π) goes to zero.

Lemma 3.3.5. For all x ∈ (0, π), we have lim
α→0

`α(x) = `0(x).

Proof. Let ε > 0 and let α ∈
(
0, ε2
)

be small enough. We can write

`α(x) =
1

4π2

[∫
|s|>ε

∫ π

−π

√
1 + gαx (s, u)2dsdu+

∫
|s|≤ε

∫ π

−π

√
1 + gαx (s, u)2dsdu

]
. (3.8)

For |s| > ε, there exists a constant C > 0 such that
∣∣sin ( s±α2

)∣∣ ≥ Cε. By dominated
convergence (using Lemma 3.3.4 for the upper bound), we first obtain

lim
α→0

∫
|s|>ε

∫ π

−π

√
1 + gαx (s, u)dsdu = 2(π − ε)

∫ π

−π

√
1 +

sin2(x)

(1− cos(u) cos(x))2
ds.

Let us now show that the second term in Equation (3.8) converges to zero as α goes to
zero. By symmetry, we can restrict ourselves to the case s ∈ [0, ε]. This way, s ± α is
close to zero. Thus, there exists C > 0 such that

|gαx (s, u)| ≤ C | sin(x)||(s− α)(s+ α)|
sin2

(
u−x

2

)
(s+ α)2 + sin2

(
u+x

2

)
(s− α)2

.

Set δ > 0 small enough such that for all u ∈ [x−δ, x+δ], we have
∣∣sin (u−x2

)∣∣ ≥ Cδ|u−x|
and

∣∣sin (u+x
2

)∣∣ ≥ Cδ sin(x). Using the fact that s + α ≥ α, we get that for some the
constant C which may change from line to line∫ ε

0

∫ x+δ

x−δ
|gax(s, u)|duds ≤ C

∫ ε

0

∫ x+δ

x−δ

|s2 − α2|
(s− α)2 + α2(u− x)2

duds

≤ C

∫ ε

0

|s+ α|
α

arctan

(
δα

|s− α|

)
ds

≤
∫ ε

0

|s− α|
α

arctan

(
δα

|s− α|

)
ds+ 2

∫ ε

0
arctan

(
δα

|s− α|

)
ds︸ ︷︷ ︸

≤Cε

≤ ε× α

ε

∫ ε
α

− ε
α

|v| arctan

(
δ

|v|

)
dv + Cε ≤ Cε.

thanks to the change of variable v = s−α
α and the fact that x 7→ x arctan

(
1
x

)
is bounded

on IR.

65



The same method naturally works in the neighborhood of −x. Otherwise, if we
denote by Eδ the set ([x− δ, x+ δ]∪ [−x− δ,−x+ δ])c, there exists a constant Cx,δ such
that for all u in Eδ, we have

∣∣sin (u±x2

)∣∣ ≥ Cx,δ. Thus, for some constant which may
again change from line to line, we get∫ ε

0

∫
Eδ

|gαx (s, u)|dsdu ≤ C

∫ ε

0

|s2 − α2|
(s− α)2 + (s+ α)2

ds

≤ C

∫ ε

0

|s2 + α2|
s2 + α2

ds︸ ︷︷ ︸
=ε

+2α2

∫ ε

0

ds

s2 + α2
≤ C(ε+ α) ≤ Cε,

hence the result.

Let us conclude this section with some properties of the limit function `0(x).

Lemma 3.3.6. The function x 7→ `0(x) is analytic on (0, π) and admits x = π
2 as a

symmetry axis. Moreover, [
√

2, 2) ⊆ `0[(0, π)].

Proof. Analyticity follows form standard dominated convergence. Using the change
of variable v = u + π and 2π-periodicity of the integrand, we get that for all z ∈[
0, π2

)
, `0

(
z + π

2

)
= `0

(
π
2 − z

)
. Therefore x = π

2 is a symmetry axis.
The inequality `(x) ≤ 2 results from the fact that

1

2π

∫ 2π

0

sin(x)

1− cos(u) cos(x)
du = 1.

In fact, the upper value 2 is obtained as the limit on the boundaries.
Set δ > 0 and let x be small enough. We can indeed write

`0(x) =
1

2π

∫
[−π,π]\[−δ,δ]

√
1 + g0

x(u)2du+
1

2π

∫ δ

−δ

√
1 + g0

x(u)2du.

By dominated convergence (using the upper bound for g0
x as in Lemma 3.3.4),

lim
x→0

1

2π

∫
[−π,π]\[−δ,δ]

√
1 +

sin2(x)

(1− cos(x) cos(u))2
du = 1. (3.9)

On the other hand, we can assume that
∫ δ
−δ
√

1 + g2
x(u)du ≥

∫ √x
−
√
x

√
1 + g2

x(u)du for x

small enough.
Then, we get

1

2π

∫ √x
−
√
x

√
1 + g2

x(u)du =
1

π

∫ √x
0

√
1 + g2

x(u)du ≥ sin(x)

π

∫ √x
0

sin(x)

1− cos(u) cos(x)
du

≥ 2

π
sin(x)

∫ √x
0

du

u2 + x2
=

2

π
× sin(x)

x
× arctan

(√
x

x

)
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since 1− cos(u) cos(x) ≤ u2+x2

2 . Hence we get

lim
x→0

1

2π

∫
[−δ,δ]

√
1 + g2

x(u)du ≥ 1, (3.10)

Finally, combining the estimates (3.9) and (3.10), we obtain limx→0 `
0(x) = 2. The

analogue limit as x tends to π is deduced by symmetry. Since `0 (π/2) =
√

2 and `0 is
continuous, the intermediate value theorem yields that [

√
2, 2) ⊂ `0[(0, π)].

From Riemann sum to integral

We can now establish the asymptotics of Equation (3.4) as n goes to infinity. As a
first step, the integral of interest admits the following lower and upper bounds.

Lemma 3.3.7. If nε >> 1, then as n goes to infinity, we have∫
Jε

√
Qn(t)dt ≥ 1

2π

∫
[0,2π]2

√
1 + |gαnα(s, u)|21s∈J2εdsdu+O

(
1

nε2(1− | cos(nα)|)

)
,

and∫
Jε

√
Qn(t)dt ≤ 1

2π

∫
[0,2π]2

√
1 + |gαnα(s, u)|21s∈Jε/2dsdu+O

(
1

nε2(1− | cos(nα)|)

)
.

Proof. We give the proof of the upper bound, the lower bound can be treated in the exact

same way. To simplify the expressions, let us set Ekn :=
[

2πk
n , 2π(k+1)

n

]
for 0 ≤ k ≤ n− 1.

We can then decompose the integral on Jε as∫
Jε

√
Qn(t)dt =

n−1∑
k=0

∫
Jε∩Ekn

√
Qn(t)dt =

1

n

n−1∑
k=0

∫ 2π

0

√
Qn

(
2πk

n
+
u

n

)
1 2πk+u

n
∈Jεdu.

Now remark that if nε >> 1, then for n large enough, if 2πk+u
n ∈ Jε we have in fact

Ekn ⊂ Jε/2. Therefore∫
Jε

√
Qn(t)dt ≤ 1

n

n−1∑
k=0

∫ 2π

0

√
Qn

(
2πk

n
+
u

n

)
1Ekn⊂Jε/2du

≤ 1

n

n−1∑
k=0

∫ 2π

0

√
1 + gαnα

(
2πk

n
+
u

n
, u

)
1Ekn⊂Jε/2du

thank to (3.6) and the 2π−periodicity of u 7→ gαnα(s, u).
Using the estimate (3.7) of Lemma 3.3.4, one then deduces that∫
Jε

√
Qn(t)dt ≤ 1

n

n−1∑
k=0

∫ 2π

0

√
1 + gαnα

(
2πk

n
, u

)
1Ekn⊂Jε/2du+O

(
1

nε4|1− | cos(nα)|)2

)
.

(3.11)
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Using again Equation (3.7) of Lemma 3.3.4, for all 0 ≤ k ≤ n− 1 such that Ekn ⊂ Jε/2,
we have uniformly in u∣∣∣∣∣

√
1 + gαnα

(
2πk

n
, u

)
− n

2π

∫
Ekn

√
1 + gαnα (s, u)ds

∣∣∣∣∣ = O

(
1

nε4|1− | cos(nα)|)2

)
.

Integrating in u, we thus get that for all k such that Ekn ⊂ Jε/2,

∫ 2π

0

√
1 + gαnα

(
2πk

n
, u

)
du ≤ n

2π

∫ 2π

0

∫
Ekn

√
1 + gαnα (s, u)dsdu+O

(
1

nε4|1− | cos(nα)|)2

)
,

and in particular

∫ 2π

0

√
1 + gαnα

(
2πk

n
, u

)
du× 1Ekn⊂Jε/2 ≤ n

2π

∫ 2π

0

∫
Ekn

√
1 + gαnα (s, u)1s∈Jε/2dsdu

+ O

(
1

nε4|1− | cos(nα)|)2

)
.

Injecting this last estimate in Equation (3.11) and making the sum over 0 ≤ k ≤ n− 1,
we get∫

Jε

√
Qn(t)dt ≤ 1

2π

∫
[0,2π]2

√
1 + gαnα (s, u)1s∈Jε/2dsdu+O

(
1

nε4|1− | cos(nα)|)2

)
.

Lemma 3.3.8. Uniformly in n, and for all 0 < η < 1, we have∣∣∣∣∣
∫

[0,2π]2

√
1 + |gαnα(s, u)|21s∈Jεdsdu−

∫
[0,2π]2

√
1 + |gαnα(s, u)|2dsdu

∣∣∣∣∣ = O
(
ε

η
1+η

)
.

Proof. It results from applying Hölder inequality with p = 1 + η and q = 1 + 1/η and
using Lemma 3.3.2.

Combining the estimate (3.4) and Lemmas 3.3.7 and 3.3.8, we conclude that for all
ε > 0 and n large enough such that nε >> 1 then∣∣∣∣∣4πn

∫
Jε

√
In(t)dt−

∫
[0,2π]2

√
1 + gαnα(s, u)2dsdu

∣∣∣∣∣ = O
(
ε

η
1+η

)
+O

(
1

nε5|1− | cos(nα)|)2

)
.
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3.3.2 Near the atoms and conclusion

We are left to estimate the number of real zeros of fn in the neighborhood of the
atoms ±α of the spectral measure µ. If ε = εn is of the form εn = n−β with 0 < β < 1/2,
Proposition 3.3.1 of [Pir20] indeed show that

E
[
N
(
fn, J

c
εn

)]
n

= O (εn) . (3.12)

Therefore, we can conclude that, as soon as εn is chosen of the form n−β for 0 < β < 1/5,
we have∣∣∣∣E [N (fn, [0, 2π])]

n
− `α(nαmodπ)

∣∣∣∣ = O

(
ε

η
1+η
n

)
+O

(
1

nε5
n|1− | cos(nα)|)2

)
, (3.13)

which finishes the proof of Theorem 3.1.1. Then Corollary 3.1.1 follows because uni-
formly in x ∈ S\{0}, if nαmodπ = x, then 1 − | cos(nα)| = 1 − | cos(x)| is bounded
away from zero. In the last case where α /∈ πQ, Corollary 3.1.2 follows from Theorem
3.1.1 and the regularity of `α established in Lemma 3.3.3.

From Lemmas 3.3.6, 3.3.5 and the estimate (3.13) as α → 0 and nα mod π → 0,
remark that we get the same limit (3.1) as in Proposition 3.1.1. In the same manner,
Corollary 3.1.3 follows from Corollary 3.1.2, Lemmas 3.3.5 and 3.3.6 for ` ∈ (

√
2, 2) and

from Proposition 3.1.1 for ` = 2.
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Chapter 4

The Gaussian case with a general
spectral measure

This chapter is based on the article [APP21a], submitted for publication.

4.1 Introduction and statements of the results

4.1.1 Introduction

This article focuses on the study of the number of real zeros of random trigonometric
polynomials which is the object of a vast literature. In this framework, of particular
interest is the question of the universality of the large degree asymptotics of this number
of zeros, which generally consists in determining whether the latter asymptotic behavior
depends or not on the specific choice of the joint distribution of the random coefficients.

The case of random trigonometric polynomials whose coefficients are independent
and identically distributed has been studied intensively. In this setting, the asymptotics
of the expected number of real zeros is known to display an universal behavior, at both
local and global scales, as established in a serie of papers, see for example [AP15, IKM16,
Fla17, DNV18] and recently [NV18] which provides the most general conditions.

Though it is a rather natural extension, much less is known in the case of random
coefficients that are correlated. Most of the techniques developed in the aforementioned
references seems hard to adapt to the context of correlated coefficients, roughly because
one cannot exploit anymore the independence to provide accurate enough estimates of
characteristic functions, which enable one to deal with anti-concentration problems that
naturally arise in this context. Nevertheless, in the case of Gaussian coefficients, one
can bypass these difficulties which explain that the content of the available literature for
dependent coefficients is so far restricted to Gaussianity.

Let us detail our model. We consider a probability space (Ω,F ,P) on which we define
two independent stationary Gaussian processes (ak)k≥1 and (bk)k≥1, where the variables
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ak and bk are centered with unit variance and with covariance function

ρ(|k − `|) := E[aka`] = E[bkb`] , k, ` ≥ 1.

By Bochner–Herglotz Theorem, the sequence ρ is then associated to a so-called spectral
measure µρ and since ρ is real and ρ(0) = 1, the measure µρ is in fact a symmetric
probability measure on [−π, π]. We then set fn the associated random trigonometric
polynomial

fn(x) =
1√
n

n∑
k=1

ak cos(kx) + bk sin(kx), x ∈ [−π, π]. (4.1)

The number of real zeros of a function f in a given interval [a, b] will be denoted by

N (f, [a, b]) := # {t ∈ [a, b], f(t) = 0} .

The asymptotics of the number of real zeros in the case of Gaussian independent
coefficients, i.e. the case where ρ(k) = δ0(k) and µρ(dx) = 1

2π1[−π,π](x)dx, was first
studied by Dunnage in [Dun66]. The analogue question for Gaussian dependent coeffi-
cients was first investigated in [Sam78, RS84] where the coefficients (ak)k≥1 followed a
stationary Gaussian process with both constant correlation i.e. ρ(k) = r with |r| < 1 for
k 6= 0, and geometric correlation i.e. ρ(k) = rk with |r| < 1. Although these two types
of correlations are of seemingly very different nature, it was shown that the asymptotic
behavior of the expected number of roots coincides with the one of i.i.d. Gaussian co-
efficients. In the reference [ADP19], the authors examined the case where the spectral
measure admits a continuous density on (0, 2π) which is bounded from below on [0, 2π]
for which the asymptotic also coincides with the one of i.i.d. Gaussian coefficients:

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3
. (4.2)

Recently in [Pau20], the author studied the case where the random coefficients still
form a stationary Gaussian process, but the associated spectral measure in purely sin-
gular, namely ρ(k) = cos(kα) with α 6∈ Q such that µρ = δα+δ−α

2 . He then established
that the normalized expected number of zeros is not converging and in fact admits a
whole continuum of possible limits, namely:

Adh

(
E [N (fn, [0, 2π])]

n

∣∣∣ n ≥ 1

)
= [
√

2, 2]. (4.3)

As 2√
3
/∈ [
√

2, 2], it then clearly appears that the asymptotic behavior of the number

of real zeros is strongly related to the properties of the underlying correlation function ρ
and hence the associated spectral measure µρ. Conversely, some recent papers provide
examples of non-stationary Gaussian entries for which the universal asymptotics (4.2)
does not hold, namely by considering palindromic Gaussian entries as in [Pir21], or
special pairwise block Gaussian entries in [Pir20].
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Investigating further the relations between the asymptotics of the number of real
zeros and the underlying spectral measure is the main object of the present article.
Unless otherwise stated, throughout the whole article we shall assume that the spectral
measure µρ is not purely singular with respect to the Lebesgue measure and we will
denote by ψρ its absolutely continuous component, i.e. the Radon–Nikodym derivative
ψρ := dµρ/dλ 6= 0. In the case where the measure µρ is purely absolutely continuous and
provided that the spectral density ψρ is C1 with a Hölder derivative, we establish that
n−1E [N (fn, [0, 2π])] converges as n goes to infinity, and quite surprisingly that the limit
is a linear function of λ ({ψρ = 0}), the Lebesgue measure of the nodal set associated with
the spectral density, see Theorems 4.1.1 and 4.1.2 below. In particular, this limit does
not depend on the shape of the spectral density and neither on the speed of decay of the
correlation ρ. Otherwise, in the case where log(ψρ) is integrable, whatever the singular
part of µρ is, we establish that the universal asymptotics (4.2) holds, see Theorem 4.1.3
below. This can be seen as a strong improvement of the assumptions required in [ADP19]
since (i) we do not require anymore any assumption of continuity of ψρ, (ii) we do not
require that it is bounded from below but instead that it is logarithmically integrable
and (iii) we may deal with spectral measures having possibly a non zero singular part.
Moreover, with some additional regularity and integrability assumptions on the spectral
density, we reinforce the convergence in an almost sure sense, see Theorem 4.1.4.

Contrarily to the main methods used in the previously quoted literature, which usu-
ally rely crucially on the celebrated Kac–Rice formula, our approach to get the aforemen-
tioned extensions of the main result of [ADP19] uses a significantly different strategy.
Namely we exploit the following equality

N (fn, [0, 2π])

n
=

1

2π

∫ 2π

0
N
(
fn,

[
x, x+

2π

n

])
dx,

which enables one to reinterpret the quantity of interest as the expected number of
roots of gn(u) = fn

(
X + u

n

)
in the set [0, 2π] and where the expectation is computed

through and independent and uniformly distributed random variable X on [0, 2π]. Bear-
ing this in mind, we then study the limit in distribution of gn(·) in the functional space
C1 ([0, 2π]) endowed with the C1 topology. This allows to deal with the expected number
of roots of the limit process which in turn leads to the universal asymptotics (4.2). Quite
remarkably, it seems that this strategy provides more precise statements than the one
obtained via the Kac–Rice strategy as bounding the integrand in the Kac–Rice inte-
gral usually imposes non necessary assumptions on the spectral density ψρ which are
roughly due to the presence of some denominator that must be bounded from below in
the estimates. We stress that this approach is inspired by Theorem 3.1.1 of Salem and
Zygmund in [SZ54] and by the point of view and strategy adopted in [AP19] in the case
of independent coefficients.
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4.1.2 Main results and comments

The first main result of the article exhibits a remarkable interplay between the
Lebesgue measure of the vanishing locus of the spectral density ψρ and the asymp-
totics of the number of real zeros. In particular, if ψρ vanishes on a set of positive
Lebesgue measure, the asymptotics of the normalized expected number of real zeros is
not universal, i.e. differs from the one obtained in the independent case.

Theorem 4.1.1. Suppose that µρ(dx) = ψρ(x)dx where the spectral density ψρ is C1

with Hölder derivative on an open set of full Lebesgue measure, then we have

lim
n→+∞

E [N (fn, [0, 2π])]

n
=
λ({ψρ = 0})

π
√

2
+

2π − λ({ψρ = 0})
π
√

3
.

With some mild assumptions on the topology of the nodal set {ψρ = 0}, one can
moreover relax the above assumptions on the regularity of ψρ.

Theorem 4.1.2. Suppose that µρ(dx) = ψρ(x)dx where the spectral density ψρ is piece-
wise continuous and that its nodal set can be decomposed as a finite union of intervals
and points

{ψρ = 0} =

p⋃
i=1

[ai, bi] ∪
q⋃
j=1

{cj}.

Then, the same asymptotics holds

lim
n→+∞

E [N (fn, [0, 2π])]

n
=
λ({ψρ = 0})

π
√

2
+

2π − λ({ψρ = 0})
π
√

3
.

Remark 4.1.1. As mentioned above, these two first results show that the asymptotics
of the number of real zeros do not particularly depend on the decay of the correlation
function ρ, namely

— under the hypotheses of Theorem 4.1.1 or 4.1.2, choosing the density ψρ as a
smooth function with a compact support strictly included in (0, 2π), the associated
correlation function ρ then decays arbitrarily fast at infinity and the asymptotics
of the number of zeros is still non-universal since it differs from the one given by
Equation (4.2).

— in the opposite case, as detailed in the discussion after Theorem 1 in [ADP19],
there exists some correlation function ρ with arbitrarily slow decay at infinity such
that the nodal asymptotics is universal.

It is also remarkable that the large degree asymptotics of the expected number of zeros
depends on ψρ only through the Lebesgue measure of the its nodal set. Two spectral densi-
ties with different shapes and possibly disjoint supports will yield to the same asymptotics
as soon as the Lebesgue measure of their zero sets coincide.

Choosing in particular the spectral density ψρ of the form ψρ(x) = 1
2a1[−a,a](x) with

a ∈ (0, π), the last Theorem 4.1.2 yields the following corollary, which in fact can be seen
as a first step towards the more general situation covered by Theorems 4.1.1 or 4.1.2.
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Corollary 4.1.1. Suppose that ρ(k) = sin(ka)/ka i.e. µρ(dx) = ψρ(x)dx with ψρ(x) =
1
2a1[−a,a](x) with a ∈ (0, π), then we have

lim
n→+∞

E[N (fn, [0, 2π])]

n
=

2π − 2a

π
√

2
+

2a

π
√

3
.

Remark 4.1.2. The above corollary entails in particular that for any ` ∈
[

2√
3
,
√

2
)

,

there exists a spectral density ψρ such that

lim
n→+∞

E[N (fn, [0, 2π])]

n
= `.

Hence in the case of a spectral measure admitting a spectral density with respect to the
Lebesgue measure, the expected number of real zeros has a whole spectrum of possible
values. This has to be compared with the purely discrete case studied in [Pau20], where
as recalled above, it is shown that, choosing µρ as purely atomic of the form µρ =
1
2(δα + δ−α), with α 6∈ πQ also yields non-universal nodal asymptotics ranging this time

in the interval [
√

2, 2].

Remark 4.1.3. Note also that, a direct corollary of the proof of Theorem 4.1.1 is that
if ψρ is C1 with Hölder derivative on an open set of full Lebesgue measure and that
λ ({ψρ = 0}) > 0, then we have

lim inf
n→+∞

E[N (fn, [0, 2π])]

n
≥ 2√

3
.

This lower bound goes in the direction of the conjecture raised in [Pir20], asserting
that the universal limit 2/

√
3 is the minimum possible value for the asymptotics of the

expected number of real zeros when dealing with Gaussian trigonometric polynomials with
dependent coefficients.

The second main result of this article consists in relaxing the hypotheses of [ADP19]
on the spectral density in order to obtain a universal asymptotics for the expected
number of real zeros. Recall that in the latter reference, the spectral density ψρ was
assumed to be continuous and lower bounded by a positive constant. We establish here
that the expected asymptotics is universal as soon as ψρ satisfies a log−integrability
condition, and with no condition on the singular component µsρ.

Theorem 4.1.3. Suppose that µρ(dx) = µsρ + ψρ(x)dx and assume that there exists
η ∈ (0, 1) such that

log(ψρ) ∈ L1+η([0, 2π]),

then

lim
n→+∞

E
[
N (fn, [0, 2π])

n

]
=

2√
3
.
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Remark 4.1.4. Such a log−integrability condition is rather natural if we keep in mind
that the limiting case where η = 0 corresponds to the fact that the stationary Gaussian
sequences (ak)k≥0 and (bk)k≥0 are “purely non-deterministic”, see e.g. Chapter 1, p.
9 of [Wil07] and Section 2.1 of [HNTX15], or equivalently, that these sequences have
“finite entropy”, see e.g. [Iha00].

In the case of an absolutely continuous spectral measure, with additional assumptions
of regularity and integrability on the spectral density ψρ, the previous result can be even
strengthened in an almost-sure asymptotics.

Theorem 4.1.4. Assume that µρ is purely absolutely continuous, i.e. µρ(dx) = ψρ(x)dx
and that

A.1 there exists α > 0 such that ψρ satisfies a Besov regularity property of order α,
i.e.

for δ > 0, sup
|h|≤δ

‖ψρ(·+ h) + ψρ(· − h)− 2ψρ(·)‖L1([0,2π]) = O(δα),

A.2 there exists γ > 0 such that

1

ψρ(X)
∈ Lγ([0, 2π]).

Then, P-almost surely, we have

lim
n→+∞

N (fn, [0, 2π])

n
=

2√
3
. (4.4)

Remark 4.1.5. Note that the Besov-type Assumption A.1 is naturally satisfied if the
spectral density ψρ is Hölder continuous, and that Assumption A.2 on the existence of
a negative moment implies the log-integrability condition required in the above Theorem
4.1.3. Note moreover that these two hypotheses are weaker than the ones made [ADP19].
In particular, Theorem 4.1.4 is valid in the emblematic case of Gaussian coefficients that
are increments of fractional Brownian motion of any Hurst parameter. Indeed, in this
last case, the spectral density in smooth except at zero and is lower bounded by a positive
constant, so that it trivially admits negative moments.

The proofs of Theorems 4.1.3 and 4.1.4 above are based on Central Limit Theorems
of Salem–Zygmund type, which extend the recent results of [AP19] obtained in the
independent case to the setting of dependent coefficients. Indeed, in the spirit of Theorem
3.1.1 of [SZ54], almost surely in the random coefficients, when evaluated at a uniform
and independent random point X, the sequence fn(X) converges in distribution to a
mixture of Gaussian variables. Note that in the two following statements, no assumption
is required on the spectral density.
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Theorem 4.1.5. P-almost surely, for all t ∈ R, we have

lim
n→+∞

EX
[
eitfn(X)

]
=

1

2π

∫ 2π

0
e−

t2

2
×2πψρ(x)dx = EX,N

[
eit
√

2πψρ(X)N
]
,

where N is a standard Gaussian variable, independent of X. In other words, P-almost
surely, the sequence of random variables fn(X) converges in distribution under PX to-
wards

√
2πψρ(X)N .

Remark 4.1.6. We first observe that, in the independent case where ρ(k) = δ0(k)
i.e. ψρ ≡ 1/2π on [−π, π], we recover the Central limit Theorem by Salem–Zygmund
with a standard Gaussian limit distribution. Note that the same central asymptotics
was recently observed in another model of dependent coefficients obtained via arithmetic
functions, see [BNR20]. Going back to our model, in the non-independent case, i.e. if ψρ
in non-constant, then the limit in distribution in Theorem 4.1.5 is not Gaussian anymore
but rather a continuous mixture of Gaussian distributions and thus provides a natural
instance where Salem–Zygmund central convergence fails. Finally, note that if ψρ ≡ 0,
i.e. µρ is purely singular, the above limit is trivial so that another renormalization is
needed.

This last result is in fact the consequence of the following more general functional
Central Limit Theorem which is the analogue of Theorem 3 in [AP19]. As above, no
assumption is required here on the spectral measure µρ.

Theorem 4.1.6. P-almost surely, the localized process (gn(t))t∈[0,2π] :=
(
fn
(
X + t

n

))
t∈[0,2π]

converges in distribution under PX for the C1 topology to a limit process (g∞(t))t∈[0,2π]

given by

g∞ :=
√

2πψρ(X)N,

where N = (Nt)t∈[0,2π] is the standard Gaussian process with sinc covariance function,
independent of the uniform variable X.

The plan of the article is the following. In the next Section 4.2, after recalling some
basics on trigonometric kernels and Kac–Rice formula, we give the detailed proofs of
Theorem 4.1.1 and 4.1.2. Then, Section 4.3 is devoted to the proofs of both Theorems
4.1.5 and 4.1.6, i.e. the Central limit Theorems à la Salem–Zygmund. Finally, in the
last Section 4.4, we detail how these last theorems allow to deduce the universality of
the nodal asymptotics, first under expectation and then in an almost sure sense. For
the readability of the paper, some of the technical estimates and lemmas have been
postponed in Appendix in Section 4.5.

4.2 Nodal asymptotics with a vanishing spectral density

The object of this section is to give the detailed proof of Theorems 4.1.1 and 4.1.2. In
order to do so, let us first recall some basics on trigonometric kernels and the celebrated
Kac–Rice formula, which allows to express the expected number of zeros as an explicit
functional of the correlation functions.
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4.2.1 Preliminaries on trigonometric kernels and Kac–Rice formula

Recall that ρ is the covariance function of the independent stationary sequences (ak)
and (bk), i.e. E[akal] = E[bkbl] = ρ(k − l) and that µρ is the associated symmetric
spectral probability measure via Bochner–Herglotz Theorem, i.e.

ρ(k) =

∫ π

−π
e−ikxµρ(dx).

We adopt the following normalization conventions, if f and g bounded 2π−periodic
functions, k ∈ Z

f ∗ g(x) =
1

2π

∫ π

−π
f(x− y)g(y)dy, f̂(k) =

1

2π

∫ π

−π
e−ikxf(x)dx,

so that

f̂ ∗ g(k) = f̂(k)ĝ(k).

The correlation functions associated to our model can be expressed in terms of trigono-
metric kernels. Namely, if the function fn is given by Equation (4.1), then we have

E
[
f2
n(x)

]
=

1

n

n∑
k,l=1

E [akal] cos(kx) cos(lx) + E [bkbl] sin(kx) sin(lx)

=
1

n

n∑
k,l=1

ρ(k − l) cos((k − l)x) =

n∑
r=−n

(
1− |r|

n

)
ρ(r)eirx = 2πKn ∗ µρ(x),

(4.5)
where Kn denotes the celebrated Fejer Kernel given by

Kn(x) :=

n∑
r=−n

(
1− |r|

n

)
eirx =

1

n

(
sin
(
nx
2

)
sin
(
x
2

) )2

.

Similarly, setting αn := 6
(n+1)(2n+1) ∼

3
n2 , we have

E
[
f ′n(x)2

]
=

2π

αn
Ln ∗ µρ(x), (4.6)

where

Ln(x):=
αn
n

∣∣∣∣∣
n∑
k=0

keikx

∣∣∣∣∣
2

=
αn
n

n∑
k,`=1

k` cos((k − `)x) =
αn
n

(n+ 1)2

4 sin2
(
x
2

) ∣∣∣∣∣1− (1− ei(n+1)x)e−inx

(n+ 1)(1− eix)

∣∣∣∣∣
2

.

The functions Kn and Ln satisfy

1

2π

∫ π

−π
Kn(x)dx = 1,

1

2π

∫ π

−π
Ln(x)dx = 1.
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Finally we will also have

E
[
fn(x)f ′n(x)

]
= πK ′n ∗ µρ(x), (4.7)

with

K ′n(x) =
2

n

(
sin(nx/2)

sin(x/2)

)(
n cos(nx/2)

2 sin(x/2)
− sin(nx/2) cos(x/2)

2 sin(x/2)2

)
.

Both functions Kn and Ln are in fact good regularizing kernels as shown in Lemma 1 of
[ADP19]. In the sequel, we will make use of the following uniform estimates.

Lemma 4.2.1. The two kernels Kn, Ln are non-negative and even, the derivative K ′n
is odd and these three functions satisfy the following upper bounds

1. For all integer n ≥ 1

sup
x∈[−π,π]

Kn(x) ≤ n, sup
x∈[−π,π]

Ln(x) ≤ n, sup
x∈[−π,π]

|K ′n(x)|
n

≤ n.

2. There exists a constant C > 0 such that uniformly in x ∈ [−π, π]

Kn(x) ≤ C

nx2
, Ln(x) ≤ C

(
1

nx2
+

1

n2|x|3
+

1

n3x4

)
,
|K ′n(x)|

n
≤ C

(
1

nx2
+

1

n2|x|3

)
.

Proof. From the expression of the functions in terms complex exponentials, we have
directly

Kn(x) ≤ Kn(0) = n, Ln(x) ≤ Ln(0) =
6n(n+ 1)

4(2n+ 1)
≤ n,

and since u(1− u) ≤ 1/4 for u ∈ [0, 1], in the same way we get

sup
x∈[−π,π]

|K ′n(x)| ≤ 2n
n∑
r=1

r

n

(
1− r

n

)
≤ n2/2 ≤ n2.

By concavity of the function x 7→ sin(x) on [0, π/2], we have | sin(x/2)| ≥ |x|
π for x ∈

[−π, π], and injecting this estimates in the denominators of Kn, Ln and K ′n, we get
uniformly in x ∈ [−π, π]

Kn(x) ≤ π2

nx2
, Ln(x) ≤ αn

n

π2(n+ 1)2

4x2

(
1 +

π

n|x|

)2

,
|K ′n(x)|

n
≤ π2

nx2
+

π3

n2|x|3
.

Suppose that the spectral measure µρ admits the decomposition µρ = µsρ +ψρ(x)dx,
where µsρ is its singular part and ψρ is the density component, with the convention that
ψρ = 0 if µρ is purely singular. From the above estimates on the trigonometric kernels,
one can then deduce the following Fejér–Lebesgue type asymptotics.
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Lemma 4.2.2. For Lebesgue almost every x ∈ [−π, π],

lim
n→+∞

Kn ∗ µρ(x) = ψρ(x), lim
n→+∞

Ln ∗ µρ(x) = ψρ(x), lim
n→+∞

1

n
K ′n ∗ µρ(x) = 0.

Proof. The first estimates is precisely the celebrated Fejér–Lebesgue Lemma, see e.g.
Theorem 8.1, page 105 of [Zyg02]. For the sake of self-containedness, let us detail the
proof for the two other kernels Ln and K ′n/n. If we set

ϕx(t) := µρ([0, x+ t])− µρ([0, x− t])− 2tψρ(x),

then t 7→ φx(t) is of bounded variation and for ε > 0, we denote by Φx(ε) its total
variation on [−ε, ε], namely

Φx(ε) :=

∫ ε

−ε
|dϕx(u)|.

By Theorem 8.4, p 106 of [Zyg02], Lebesgue almost all point x in [−π, π] belong to the
set

E := {x ∈ [−π, π], Φx(ε) = o(ε) as ε goes to zero} .
From now on, we fix x ∈ E. Since 1

2π

∫ π
−π Ln(t)dt = 1, we have the representation:

Ln ∗ µρ(x)− ψρ(x) =
1

2
×
(

1

2π

∫ π

−π
Ln(t)dϕx(t)

)
. (4.8)

By the first point of Lemma 4.2.1, we have Ln(t) ≤ n uniformly so that as n goes to
infinity ∣∣∣∣∣

∫ 1
n

− 1
n

Ln(t)dφx(t)

∣∣∣∣∣ ≤ n×
∫ 1

n

− 1
n

|dϕx(t)| = nΦx

(
1

n

)
= o(1). (4.9)

Moreover, by the second point of Lemma 4.2.1, we also have∣∣∣∣∣
∫

1
n
≤|t|≤π

Ln(t)dϕx(t)

∣∣∣∣∣ ≤ C
(∫

1
n
≤|t|≤π

|dϕx(t)|
nt2

+

∫
1
n
≤|t|≤π

|dϕx(t)|
n2t3

+

∫
1
n
≤|t|≤π

|dϕx(t)|
n3t4

)
.

(4.10)
Then, integrating by parts the first term on the right hand side of (4.10), we obtain∫

1
n
≤|t|≤π

|dϕx(t)|
nt2

=

[
Φx(t)× 1

nt2

]π
1/n

+ 2

∫
1
n
≤|t|≤π

Φx(t)dt

nt3
.

On the one hand, since x ∈ E, as n goes to infinity, we have[
Φx(t)× 1

nt2

]π
1/n

= O

(
1

n

)
+ nΦx

(
1

n

)
= o(1),

and on the other hand, for all δ > 0 and n large enough, we have∫
1
n
≤|t|≤π

Φx(t)dt

nt3
=

∫
1
n
≤|t|≤δ

Φx(t)

t
× dt

nt2︸ ︷︷ ︸
o(δ)×O(1)

+

∫
δ≤|t|≤π

Φx(t)

t
× dt

nt2︸ ︷︷ ︸
=O
(

1
nδ2

)
,

80



so that letting first n go to infinity and then δ to zero, we get∫
1
n
≤|t|≤π

|dϕx(t)|
nt2

= o(1).

Proceeding in the exact same way for the two other terms on the right hand side of
(4.10), we obtain that if x ∈ E, as n goes to infinity∫

1
n
≤|t|≤π

|dϕx(t)|
n2t3

= o(1),

∫
1
n
≤|t|≤π

|dϕx(t)|
n3t4

= o(1).

As a result, from Equations (4.8), (4.9) and (4.10), we get indeed that Ln ∗µρ(x)−ψρ(x)
goes to zero as n goes to infinity. The proof for the kernel K ′n is very similar. Since K ′n
is odd, we have a similar representation

1

n
K ′n ∗ µρ(x) =

1

2
×
(

1

2π

∫ π

−π

1

n
K ′n(t)dϕx(t)

)
.

and one can conclude as above using the uniform estimates for K ′n given by Lemma
4.2.1.

In the case where the measure µρ has a singular component, it is not possible to give
general quantitative estimates for the convergences in Lemma 4.2.2. On the opposite
case, if µρ is absolutely continuous µρ(dx) = ψρ(x)dx and ψρ is regular enough, then
there exists simple quantitative bounds. For α > 0, we denote by C1,α the set of C1

functions ψ such that the derivative ψ′ is α−Hölder with Hölder norm [ψ′]α

[ψ′]α := sup
|x−y|>0

|ψ′(x)− ψ′(y)|
|x− y|α

< +∞.

Lemma 4.2.3. Suppose that µρ(dx) = ψρ(x)dx with ψρ of class C1,α with α > 0, then
uniformly in x

Kn ∗ µρ(x)− ψρ(x) = O(1/n), Ln ∗ µρ(x)− ψρ(x) = O(1/n).

Proof. Let us note that for any x, y ∈ [−π, π], by the mean value Theorem, there exists
c between x and x− y such that ψρ(x− y)− ψρ(x) = −yψ′ρ(c). Since ψ′ρ is a α−Hölder
function, we have moreover |ψ′ρ(c)− ψ′ρ(x)| ≤ [ψ′]α|c− x|α ≤ [ψ′]α|y|α, so that

|ψρ(x− y)− ψρ(x) + yψ′ρ(x)| ≤ [ψ′]α|y|1+α.

Therefore, integrating against the even kernel Kn, we thus get that

|Kn ∗ µρ(x)− ψρ(x)| ≤ [ψ′]α
2π

∫ π

−π
Kn(y)|y|1+αdy.

Now, using the uniform bounds of the second point in Lemma 4.2.1, we get∫ π

−π
Kn(y)|y|1+αdy ≤ C

n

∫ π

−π
|y|α−1dy = O

(
1

n

)
.
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In the same way, since Ln is also even, we have

|Ln ∗ µρ(x)− ψρ(x)| ≤ [ψ′]α
2π

∫ π

−π
Ln(y)|y|1+αdy,

and by Lemma 4.2.1 again, we get∫ π

−π
Ln(y)|y|1+αdy =

∫
0≤|y|≤1/n

Ln(y)|y|1+αdy +

∫
|y|>1/n

Ln(y)|y|1+αdy

with∫
0≤|y|≤1/n

Ln(y)|y|1+αdy ≤ n
∫

0≤|y|≤1/n
|y|1+αdy = O

(
1

nα+1

)
,

∫
|y|>1/n

Ln(y)|y|1+αdy ≤
∫
|y|>1/n

|y|1+α

(
1

n|y|2
+

1

n2|y|3
+

1

n3|y|4

)
dy = O

(
1

n

)
.

Lemma 4.2.4. Suppose that the spectral measure µρ = µsρ + ψρ(x)dx is not purely
singular, i.e. ψρ is positive on a set of positive Lebesgue measure, then there exists a
positive constant C such that, uniformly in x ∈ [−π, π], for n large enough

Kn ∗ µρ(x) ≥ Kn ∗ ψρ(x) ≥ C/n.

Proof. Since the Fejér kernel Kn is non-negative, we have

Kn ∗ µρ(x) ≥ Kn ∗ ψρ(x) =
1

2π

∫ π

−π
Kn(t)ψρ(x− t)dt.

Now, we can rewrite Kn as

Kn(t) =
1

2n
× 1− cos(nt)

sin2(t/2)

so that, since sin(t/2) ≤ 1, we get

Kn ∗ µρ(x) ≥ 1

2n

1

2π

∫ π

−π
ψρ(t)dt−

1

2n

1

2π

∫ π

−π
cos(nt)ψρ(x− t)dt.

Then, since∫ π

−π
cos(nt)ψρ(x− t)dt = cos(nx)

∫ π

−π
cos(nt)ψρ(t)dt+ sin(nx)

∫ π

−π
sin(nt)ψρ(t)dt,

by Riemann–Lebesgue Lemma, we deduce that uniformly in x, we have as n goes to
infinity∣∣∣∣∫ π

−π
cos(nt)ψρ(x− t)dt

∣∣∣∣ ≤ ∣∣∣∣∫ π

−π
cos(nt)ψρ(t)dt

∣∣∣∣+

∣∣∣∣∫ π

−π
sin(nt)ψρ(t)dt

∣∣∣∣ = o(1).
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Setting C := 1
4π

∫ π
−π ψρ(t)dt > 0, we thus obtain that

Kn ∗ ψρ(x) ≥ C

n
+ o

(
1

n

)
,

hence the result.

In fact we have the more general lower bound.

Lemma 4.2.5. Uniformly in x ∈ [−π, π], and for any integer n ≥ 1

Kn ∗ µρ(x) ≥ 1

4πn
(1− ρ(n) cos(nx)) .

Proof. As above, we use the fact that uniformly in t

Kn(t) ≥ 1

2n
× (1− cos(nt))

to deduce that

Kn ∗ µρ(x) ≥ 1

2n

1

2π
×
∫ π

−π
(1− cos(n(t− x))) dµρ(t)

=
1

2n

1

2π

(
1− cos(nx)

∫ π

−π
cos(nt)dµρ(t)− sin(nx)

∫ π

−π
sin(nt)dµρ(t)

)

=
1

2n

1

2π
(1− cos(nx)ρ(n)) .

We now recall the celebrated Kac–Rice formula which, in the present context, allows
to express the expected number real zeros of fn as a simple functional of the covariance
function of the Gaussian vector (fn(x), f ′n(x)).

Proposition 4.2.1. Suppose that the spectral measure µρ = µsρ + ψρ(x)dx is not purely
singular, i.e. ψρ is positive on a set of positive Lebesgue measure, then for any [a, b] ⊂
[−π, π]

E [N (fn, [a, b])]

n
=

1

π

∫ b

a

√
E[f ′n

2(x)]

n2E[f2
n(x)]

−
(
E[fn(x)f ′n(x)]

nE[f2
n(x)]

)2

dx

=
1

π

∫ b

a

√
1

n2αn

Ln ∗ µρ(x)

Kn ∗ µρ(x)
−
(

K ′n ∗ µρ(x)

2nKn ∗ µρ(x)

)2

dx.

(4.11)
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Proof. In the Gaussian context, Kac–Rice formula holds as soon as the function x 7→
fn(x) is regular enough and the variables (fn(x))x∈[−π,π] are non-degenerate, see e.g.
[AW09]. Here, we observe that fn(·) has C1 paths and besides, in virtue of Lemma 4.2.4,
for every x ∈ [−π, π], we have the lower bound on the variance E[f2

n(x)] = 2πKn∗µρ(x) >
C/n, hence the validity of the formula. The equality between the two integrals is due to
the expression of the covariance functions in terms of convolutions, see Equations (4.5),
(4.6), (4.7) above.

Corollary 4.2.1. Suppose that the spectral measure µρ is such that the spectral density
ψρ is positive almost everywhere on an interval [a, b], then

lim inf
n→+∞

E [N (fn, [a, b])]

n
≥ b− a
π
√

3
.

Proof. The result is an immediate consequence of the representation formula (4.11),
associated with the Fejér–Lebesgue type estimates of Lemma 4.2.2. Indeed, under the
assumption that ψρ(x) > 0 for almost all x ∈ [a, b], as n goes to infinity we have

1

n2αn
→ 1

3
,

Ln ∗ µρ(x)

Kn ∗ µρ(x)
→ ψρ(x)

ψρ(x)
= 1,

K ′n ∗ µρ(x)

nKn ∗ µρ(x)
→ 0,

and one concludes by using Fatou Lemma in Equation (4.11).

Remark 4.2.1. As the lower bound mentioned in Remark 4.1.3 above, the last Corollary
4.2.1 is a local estimate which goes in the direction of the conjecture raised by Pirhadi in
[Pir20], on the minimal value of the expected number of zeros of Gaussian trigonomet-
ric polynomials with dependent coefficients. Note that the result is independent of the
singular component of the spectral measure.

4.2.2 Towards a non-universal asymptotics

We can now give the detailed proofs of both Theorems 4.1.1 and 4.1.2 stated in the
introduction of the article.

An illustrating example

In order to highlight the main ideas behind the proof, let us first establish Corollary
4.1.1, i.e. let us examine as a preliminary step the specific case where ρ(k) = sin(ka)/ka
i.e. µρ(dx) = ψρ(x)dx with ψρ(x) = 1

2a1[−a,a](x) with a ∈ (0, π).

The proof relies on the explicit Kac–Rice formula (4.11) and on the compilation of
three separate regimes: (i) roots far from [−a, a], (ii) roots inside [−a, a]/[−δ, δ] (with
δ << 1) and (iii) roots at some neighborhood of {0,−a, a} of size δ. Each of these
regimes will require a different argument.
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i) Far from [−a, a]:

Let δ > 0 and x ∈ [−π, π] such that dist(x, [−a, a]) ≥ δ and where the distance is
modulo 2π. Since in our case, the spectral measure is given by µρ(dt) = 1

2π1[−a,a](t)dt,
Equation (4.5) reads

E[fn(x)2] = 2πKn ∗ µρ(x) =
1

2a

∫ a

−a
Kn(x− y)dy =

1

2a

∫ x+a

x−a
Kn(y)dy,

where Kn is the Fejér kernel which can be alternatively written as

Kn(x) =
1

2n

1

sin2(x/2)
− 1

2n

cos(nx)

sin2(x/2)
.

In other words,

nE[fn(x)2] =
1

2
×

 1

2a

∫ x+a

x−a

dy

sin2(y/2)︸ ︷︷ ︸
≥1

− 1

2a

∫ x+a

x−a

cos(ny)

sin2(y/2)

 .

We shall examine the second integral and establish that it is negligible with respect
to the first one (which is greater than 1) as n → ∞. To do so, we must rely on the
Riemann–Lebesgue Lemma. More precisely, by integration by part, since the function
y 7→ 1

sin2(y/2)
is C∞ on any interval that does not contain zero, we have

1

2a

∫ x+a

x−a

cos(ny)

sin2(y/2)
dy =

[
sin(ny)

n

1

sin2(y/2)

]x+a

x−a
+

1

n

∫ x+a

x−a
sin(ny)

cos(y/2)

sin3(y/2)
dy.

We observe that for all y ∈ [x− a, x+ a], we have dist(y, 2πZ) ≥ dist(x, [−a, a]) ≥ δ so
that | sin(y/2)| ≥ infu∈[δ,π−δ] | sin(u)| ≥ 1

2δ. We thus obtain that

1

2a

∫ x+a

x−a

cos(ny)

sin2(y/2)
dy = O

(
1

nδ3

)
.

In the same way, Equation (4.6) reads

E[f ′n(x)2] =
2π

αn
Ln ∗ µρ(x) =

1

αn

1

2a

∫ x+a

x−a
Ln(y)dy,

where we recall that

Ln(x) :=
αn
n

∣∣∣∣∣
n∑
k=0

keikx

∣∣∣∣∣
2

=
αn
n

(n+ 1)2

4 sin2(x/2)

∣∣∣∣∣1− (1− ei(n+1)x)e−inx

(n+ 1)(1− eix)

∣∣∣∣∣
2

.

From the above equation, by expanding the square, we have uniformly on y ∈ [x−a, x+a]
that

1

αnn
Ln(y) =

1

4 sin2(y/2)
+O

(
1

nδ3

)
+O

(
1

n2δ4

)
.
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Hence
1

n
E[f ′n(x)2] =

1

4
× 1

2a

∫ x+a

x−a

dy

sin2(y/2)︸ ︷︷ ︸
≥1

+O

(
1

nδ3

)
+O

(
1

n2δ4

)
.

Gathering the previous computations yields, uniformly in x ∈ [−π, π] such that dist(x, [−a, a]) ≥
δ

1

n2

E[f ′n(x)2]

E[fn(x)2]
=

1

2
+O

(
1

nδ3

)
+O

(
1

n2δ4

)
.

Similarly, we have the uniform estimate

K ′n(y) =
sin(ny)

2 sin2(y/2)
+O

(
1

nδ3

)
,

which leads to

E[fn(x)f ′n(x)] = πK ′n ∗ µρ(x) =
1

4
× 1

2a

∫ x+a

x−a

sin(ny)

sin2(y/2)
dy +O

(
1

nδ3

)
.

Proceeding as before, we have the speed of convergence in Riemann–Lebesgue Lemma:

1

2a

∫ x+a

x−a

sin(ny)

sin2(y/2)
dy = O

(
1

nδ3

)
,

which gives
E[fn(x)f ′n(x)]

nE[f2
n(x)]

= O

(
1

nδ3

)
.

Therefore, the previous estimates imply that uniformly in x ∈ [−π, π] such that dist(x, [−a, a]) ≥
δ, the integrand in Kac–Rice formula obeys the asymptotics

1

n

√
In(x) :=

√
E[f ′n(x)2]

n2E[fn(x)2]
−
(
E[fn(x)f ′n(x)]

nE[fn(x)2]

)2

=
1√
2

+O

(
1

nδ3

)
+O

(
1

n2δ4

)
.

Hence, if [α, β] is a subset of [−π, π] such that dist([α, β], [−a, a]) ≥ δ, then

E[N (fn, [α, β])]

n
=

1

π

∫ β

α

1

n

√
In(x)dx =

β − α
π

1√
2

+O

(
1

nδ3

)
+O

(
1

n2δ4

)
.

ii) Inside [−a+ δ, a− δ]/[−δ, δ]:

Let us take δ > 0 such that [−a + δ, a − δ]/[−δ, δ] is unempty. Now, if [α, β] ⊂
[−a+δ, a−δ]/[−δ, δ], since Kn and Ln are regularizing trigonometric kernels, by Lemma
4.2.2, for x ∈ [α, β]:

E[fn(x)2] = 2πKn ∗ ψρ(x) −−−→
n→∞

2π ψρ(x) = π
a ,

αnE[F ′n(x)2] = 2π Ln ∗ ψρ(x) −−−→
n→∞

2π ψρ(x) = π
a .
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Moreover, the convergences above are uniform on [α, β]. Indeed, we can write

Kn ∗ ψρ(x)− 1

2a
=

1

2a

(
1

2π

∫
[−π,π]\[x−a,x+a]

Kn(y)dy

)
so that

0 ≤ Kn ∗ ψρ(x)− 1

2a
≤ 1

2a

(
1

2π

∫
[−π,π]\[−δ,δ]

Kn(y)dy

)
−−−→
n→∞

0, (4.12)

and in the same way

0 ≤ Ln ∗ ψρ(x)− 1

2a
≤ 1

2a

(
1

2π

∫
[−π,π]\[−δ,δ]

Ln(y)dy

)
−−−→
n→∞

0. (4.13)

Besides, since [α, β] ⊂ [−a+δ, a−δ]/[−δ, δ], combining Equation (4.7) and Lemma 4.2.2
or using Lemma 2 of [ADP19], we also have

max
x∈[α,β]

∣∣∣∣E [fn(x)f ′n(x)]

n

∣∣∣∣ −−−→n→∞
0.

As a result, the integrand 1
n

√
In(x) in Kac–Rice formula is bounded on [α, β] by domi-

nated convergence, we deduce that

E[N (fn, [α, β])]

n
=

1

π

∫
[α,β]

1

n

√
In(x)dx =

β − α
π

1√
3

+ oδ(1).

We stress that the above oδ(1) possibly depends on the parameter δ but this will not be
a problem in virtue of the next last step.

iii) At the neighborhood of {a,−a, 0}:

The roots of the trigonometric polynomial fn coincide with the roots in the unit
circle of the algebraic polynomial

Qn(x) := xn
n∑
k=1

ak
2

(
xk +

1

xk

)
+
bk
2i

(
xk − 1

xk

)
.

The constant coefficient of Qn is given by an+ibn
2 and we have

E
[
log
(
a2
n + b2n

)]
≥ E [log(|an|)] =

∫
R

log(|x|)e
−x

2

2

√
2π
dx > −∞.

Besides, the coefficient of highest degree of Qn is also an+ibn
2 and the previous com-

putation applies in the same way. Finally the coefficient of degree p ∈ {1, · · · , 2n− 1} is
given by

An,p =
ap − ibp

2
+
an−p + ibn−p

2
.
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Recalling that ak, bk ∼ N (0, 1) for every k ≥ 1 it implies that maxp≤2n E [|An,p|] <∞.
Then, Qn fulfills the assumptions of the Corollary 2.2 in [PY15] which asserts that for
every r ∈]0, 1[ and every [α, β] ⊂ 0, 2π],

∣∣∣∣∣Card
(
Q−1
n ({0}) ∩

{
z ∈ C | r ≤ |z| ≤ 1

r , arg(z) ∈ [α, β]
})

n
− β − α

2π

∣∣∣∣∣ ≤ Cr
√

log(n)

n
.

It is clear that the number of roots in the angular sector
{
z ∈ C | r ≤ |z| ≤ 1

r , arg(z) ∈ [α, β]
}

is greater than the number of roots of fn in [α, β]. As matter of fact, for some absolute
constant C and for every δ > 0 we then have

E [N (fn, [±a− δ,±a+ δ])]

n
≤ δ

π
+ C

√
log(n)

n
,

E [N (fn, [−δ, δ])]
n

≤ δ

π
+ C

√
log(n)

n
.

Conclusion:

Using additivity in Kac–Rice formula, one may write

E[N (fn, [−π, π])]

n
=

E[N (fn, [−a+ δ,−δ])]
n

+
E[N (fn, [δ, a− δ])]

n︸ ︷︷ ︸
Step (ii)

+
E[N (fn, [−a− δ,−a+ δ])]

n
+

E[N (fn, [a− δ, a+ δ])]

n
+

E[N (fn, [−δ, δ])]
n︸ ︷︷ ︸

Step (iii)

+
E[N (fn, [−π,−a− δ])]

n
+

E[N (fn, [a+ δ, π])

n
]︸ ︷︷ ︸

Step (i)

Gathering the conclusions of the three above steps, letting first n→∞ and then δ → 0,
we indeed obtain the asymptotics stated in Corollary 4.1.1, namely

E[N (fn, [0, 2π])]

n
=

2π − 2a

π
√

2
+

2a

π
√

3
+ o(1).

Continuous spectral density with a simple nodal set

In this section, we give the proof Theorem of 4.1.2. So let us consider ψρ a density
function which is piecewise continuous and whose support satisfies the condition below:

{ψρ = 0} =

p⋃
i=1

[ai, bi] ∪
q⋃
j=1

{cj}.
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Mimicking the step (iii) of the proof of Corollary 4.1.1 in the last subsection, we can
deal with some small neighborhood of the finite set E := {0} ∪

⋃p
i=1{ai, bi} ∪

⋃q
j=1{cj}.

Namely, relying again on [PY15, Corollary 2.2], for any δ > 0 we have

1

n
E [N (fn, E +B(0, δ))] ≤ Cq,p

(
δ +

√
log(n)

n

)
.

It is then sufficient to deal with N (fn, [α, β]) where [α, β] is either included in the
interior of the set {ψρ = 0} or in the set {ψ > 0} ∩ (0, 2π). We details these two cases
below.

(a) [α, β] ⊂ [0, 2π] / (E +B(0, δ)) :

By our assumptions on ψρ, we know that ψρ is both continuous and bounded from
below on [α, β] so that there exists some positive constants c, C such that

c1[α,β](x) ≤ ψρ(x) ≤ C 1[α,β](x). (4.14)

Then one may proceed exactly as in the step (ii) of the proof of Corollary 4.1.1, combining
the upper and lower bounds in Equation (4.14) with the ones of Equations (4.12) and
(4.13), to deduce that uniformly in x ∈ [α, β], one has

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
→ 1,

K ′n ∗ ψρ(x)

nKn ∗ ψρ(x)
→ 0.

The fact that these convergences are uniform implies that the integrand 1
n

√
In(x) in

Kac–Rice formula is again bounded on [α, β] and by dominated convergence, as above
we deduce that

E[N (fn, [α, β])]

n
=

1

π

∫
[α,β]

1

n

√
In(x)dx =

β − α
π

1√
3

+ oδ(1).

(b) [α, β] ⊂
⋃p
i=1]ai + δ, bi − δ[ :

Let us adapt to this setting the computations of the step (i) of the proof of Corollary
4.1.1. For convenience, we set Supp(ψρ) := {ψρ > 0} and x − Supp(ψρ) := {x − u, u ∈
Supp(ψρ)}. Then we have

nE
[
f2
n(x)

]
=

∫ 2π

0
Kn(y)ψρ(x− y)dy =

∫
x−Supp(ψρ)

Kn(y)ψρ(x− y)dy

=

∫
x−Supp(ψρ)

1

2 sin2
(y

2

)ψρ(x− y)dy −
∫
x−Supp(ψρ)

cos(ny)

2 sin2
(y

2

)ψρ(x− y)dy.

If x ∈ [α, β] and since [α, β] ⊂
⋃p
i=1]ai + δ, bi− δ[ then dist (x, Supp(ψρ)) ≥ δ. Then, one

can use Riemann–Lebesgue lemma again, to do so we first write
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∫
x−Supp(ψρ)

cos(ny)

2 sin2
(y

2

)ψρ(x− y)dy =

∫
Supp(ψρ)

cos(n(x− u))

2 sin2
(
x−u

2

) ψρ(u)dy

= cos(nx)

∫
Supp(ψρ)

cos(nu)

2 sin2
(
x−u

2

)ψρ(u)dy + sin(nx)

∫
Supp(ψρ)

sin(nu)

2 sin2
(
x−u

2

)ψρ(u)dy.

Now, we recall that Supp(ψρ) can be written as a finite union of open intervals⋃r
i=1]di, ei[. Let ε > 0, on each interval ]di, ei[ one may find ψi ∈ C∞c (]di, ei[) such

that
∫ ei
di
|ψρ(x) − ψi(x)|dx < ε. We then build a global approximation ψε such that

Supp(ψε = 0) = Supp(ψρ = 0) and for each i ∈ {1, · · · , r} we have ψε = ψi on ]di, ei[.
Then we may write∣∣∣∣∣

∫
Supp(ψρ)

cos(nu)

2 sin2
(
x−u

2

)ψρ(u)dy −
∫

Supp(ψρ)

cos(nu)

2 sin2
(
x−u

2

)ψε(u)dy

∣∣∣∣∣
≤

r∑
i=1

∫ ei

di

|ψi(x)− ψρ(x)|
2 sin2

(
x−u

2

) dx ≤ Cr
ε

δ2
.

By construction, we know that ψε is C1 on ]di, ei[. One can then make an integration by
parts formula as in step (i) of the proof of Corollary 4.1.1 which gives∫

x−Supp(ψε)

cos(ny)

4 sin2
(y

2

)ψε(x− y)dy = Oε

(
1

nδ3

)
.

We insist on the fact that the above remainder depends on ε but this will not be a
problem since we shall let n → ∞ before letting ε, δ → 0. Besides, using that sin2 ≤ 1
and that

∫
supp(ψρ) ψρ(u)du = 1 we may deduce that∫

x−Supp(ψρ)

1

2 sin2
(y

2

)ψρ(x− y)dy ≥ 1

2
.

Thus we can write the following expansion:

nE
[
f2
n(x)

]
=

∫ 2π

0
Kn(y)ψρ(x−y)dy =

∫
x−Supp(ψρ)

1

2 sin2
(y

2

)ψρ(x− y)dy︸ ︷︷ ︸
≥ 1

2

+Oε

(
1

nδ3

)
+O

( ε
δ2

)
.

Following exactly the same lines as in step (i) above, in fact this case is actually simpler
and does not require Riemann–Lebesgue lemma nor approximation of ψρ by smoother
functions, we get that

1

n
E[f ′n(x)2] =

1

4
×
∫
x−Supp(ψρ)

1

sin2
(y

2

)ψρ(x− y)dy +O

(
1

nδ3

)
.
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as well as

E[fn(x)f ′n(x)] =
1

2
K ′n ∗ µρ(x) =

1

4
×
∫
x−Supp(ψρ)

sin(ny)

sin2(y/2)
ψρ(x− y)dy +O

(
1

nδ3

)
.

As before, up to approximating ψρ by a smoother function ψε in L1 (Supp(ψρ)) and
performing an integration by parts to quantify Riemann-Lebesgue convergence we can
write the ∫

x−Supp(ψρ)

sin(ny)

sin2(y/2)
ψρ(x− y)dy = Oε

(
1

nδ3

)
+O

( ε
δ2

)
Finally, plugging these estimates into Kac–Rice formula leads to the desired estimate:

E[N (fn, [α, β])]

n
=

1

π

∫ β

α

1

n

√
In(x)dx =

β − α
π

1√
2

+Oε

(
1

nδ3

)
+O

( ε
δ2

)
.

As before, we conclude the proof by additivity in the Kac–Rice formula and we first let
n→∞, then we let ε→ 0 and at the very end δ → 0.

Spectral density with Hölder derivative

Finally, we now give the proof of Theorem 4.1.1, i.e. we get rid of the assumption
on the nodal set {ψρ = 0} in Theorem 4.1.2 by requiring a slightly stronger regularity.
For simplicity assume here that ψρ is globally C1,α (T) which means that ψρ is derivable
on R, 2π-periodic and that

∀(x, y) ∈ [0, 2π]2,
∣∣ψ′ρ(x)− ψ′ρ(y)

∣∣ ≤ [ψ′ρ]α |x− y|α where [ψ′ρ]α < +∞.

We refer to Remark 4.2.2 at the end of the section for the case where ψρ is only C1 with
Hölder derivative on an open set of full measure. Recall that, based on Lemma 4.2.3,
for some constant Cρ that only depends on the spectral density ψρ, we then have

∀n ≥ 1, ∀x ∈ R, |Kn ∗ ψρ(x)− ψρ(x)| ≤ Cρ
n
,

∀n ≥ 1,∀x ∈ R, |Ln ∗ ψρ(x)− ψρ(x)| ≤ Cρ
n
.

The proof of Theorem 4.1.1 is divided in three distinct steps that we sketch below before
giving details in the sequel.

1. Exploiting the rate of convergence recalled just above, we may prove that the

integrand

√
In(x)

n in Kac–Rice formula is bounded from above uniformly for n ≥ 1
and x ∈ [0, 2π]. As such, one is left to establish the pointwise convergence and
use the dominated convergence.
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2. As before, using the Fejér–Lebesgue Theorem at every point x such that ψρ(x) > 0
we shall obtain that

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
∼ ψρ(x)

ψρ(x)
∼ 1,

K ′n ∗ ψρ(x)

nKn ∗ ψρ(x)
→ 0

and so √
In(x)

n
−−−→
n→∞

1√
3
.

This step only requires the continuity of ψρ and the regularizing properties of Kn

and Ln which were already used in the previous sections.

3. It remains to consider the case where ψρ(x) = 0 which is not covered by the
previous situation as the limit in the Kac–Rice formula integrand involves the
indeterminate form 0

0 . To bypass this problem, we must exploit the derivabil-
ity of ψρ and establish the convergence in L2([0, 2π]) of n (Kn ∗ ψρ − ψρ) and

2
nαn

(Ln ∗ ψρ − ψρ) towards the same non-degenerate limit denoted by L[ψρ](x).
On the other hand, up to extracting a subsequence the convergence is also almost
everywhere and as a consequence we obtain for ψρ(x) = 0

1

n2αn

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
=

1

n2αn

Ln ∗ ψρ(x)− ψρ(x)

Kn ∗ ψρ(x)− ψρ(x)

=
1

2

2
nαn

(Ln ∗ ψρ(x)− ψρ(x))

n (Kn ∗ ψρ(x)− ψρ(x))
−−−→
n→∞

1

2

>0︷ ︸︸ ︷
L[ψρ](x)

L[ψρ](x)
=

1

2
.

Finally one is left to use the dominated convergence Theorem and let n→∞ in
Kac–Rice formula.

Step 1: bounded integrand in Kac–Rice formula

First of all, we have the trivial upper bound

√
In(x)

n
=

√
1

n2αn

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
−
(

K ′n ∗ ψρ(x)

2nKn ∗ ψρ(x)

)2

≤
√

(n+ 1)(2n+ 1)

6n2︸ ︷︷ ︸
→ 1√

3

√
Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
.

Hence, one is left to bound the ratio
Ln∗ψρ(x)
Kn∗ψρ(x) . Let us assume that ψρ(x) > 2

Cρ
n , relying

on Lemma 4.2.3, we may write

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
≤
ψρ(x) +

Cρ
n

ψρ(x)− Cρ
n

=
1 +

Cρ
nψρ(x)

1− Cρ
nψρ(x)

≤
3
2
1
2

= 3.
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Let us assume now that ψρ(x) ≤ 2
Cρ
n . Relying on the Lemma 4.2.4, there exists another

constant cρ > 0 that only depends on ψρ such that

Kn ∗ ψρ(x) ≥ cρ
n
.

Thus we get
Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
≤ n

cρ

(
ψρ(x) +

Cρ
n

)
≤ n

cρ

3Cρ
n

= 3
Cρ
cρ
.

Gathering the previous estimates entails that

∀n ≥ 1, ∀x ∈ R,
Ln ∗ ψρ(x)

Kn ∗ ψρ(x)
≤ 3 + 3

Cρ
cρ
,

which concludes this first step.

Step 2: the case where ψρ(x) > 0

For the second step, as in the previous sections, we rely on the fact that both Ln
and Kn are regularizing kernels such that by Lemma 4.2.2

Ln ∗ ψρ(x)→ ψρ(x) > 0, Kn ∗ ψρ(x)→ ψρ(x) > 0,
1

n
K ′n ∗ ψρ(x)→ 0.

Plugging theses estimates in Kac–Rice formula entails that

√
In(x)

n
=

√√√√√√ 1

n2αn︸ ︷︷ ︸
→ 1

3

Ln ∗ ψρ(x)

Kn ∗ ψρ(x)︸ ︷︷ ︸
→1

−
(

K ′n ∗ ψρ(x)

2nKn ∗ ψρ(x)

)2

︸ ︷︷ ︸
→0

→ 1√
3
.

Step 3: the case where ψρ(x) = 0

This last step where ψρ(x) = 0 is arguably more delicate as it requires some regularity
of the spectral density. While one could study the limit of the Kac–Rice integrand in
the pointwise sense it is simpler to consider convergence in L2 = L2([0, 2π]) which will
be sufficient for our purpose. First, using the Fourier representation of Fejér kernel we
can write

n (Kn ∗ ψρ(x)− ψρ(x))
L2

= n
∑
|k|>n

ρ(k)︸︷︷︸
=ψ̂ρ(k)

eikx −
∑
|k|≤n

|k|ρ(k)eikx.

Since ψρ is C1 then (kρ(k))k∈Z ∈ l 2(Z) and thus∣∣∣∣∣∣
∣∣∣∣∣∣n
∑
|k|>n

ρ(k)eikx

∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2

= n2
∑
|k|>n

ρ(k)2 ≤
∑
|k|>n

k2ρ(k)2 −−−→
n→∞

0.
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In the same way, ∑
|k|≤n

|k|ρ(k)eikx
L2

−−−→
n→∞

∑
k∈Z
|k|ρ(k)eikx.

Thus,

n (Kn ∗ ψρ(x)− ψρ(x))
L2

−−−→
n→∞

−
∑
k∈Z
|k|ρ(k)eikx := L [ψρ] (x). (4.15)

We imitate this strategy for 1
nαn

(Ln ∗ ψρ − ψρ) though the Fourier representation is
slightly more involved. The Fourier decomposition of Ln reads as (see e.g. [ADP19, p
209])

Ln(x) := αn

n∑
r=−n

 1

n

n−|r|∑
k=1

k(|r|+ k)

 eirx.

so that

1

nαn
(Ln ∗ ψρ − ψρ) =

1

n

∑
|k|≤n−1

ρ(k)

 1

n

n−|k|∑
r=1

r (|k|+ r)

 eikx − (n+ 1)(2n+ 1)

6n
ψρ(x)

=
∑
k∈Z

Ck,nρ(k)eikx,

where

Ck,n := 1{|k|≤n−1}
1

n2

n−|k|∑
r=1

r (|k|+ r)− (n+ 1)(2n+ 1)

6n
.

Hence, one is left to study the convergence of (Ck,n ρ(k))k∈Z in l 2(Z) as n → ∞. We
may split Ck,n in two terms by writing that

Ck,n = 1{|k|≤n−1}
1

n2

n−|k|∑
r=1

r2 − (n+ 1)(2n+ 1)

6n︸ ︷︷ ︸
:=Ak,n

+1{|k|≤n−1}
|k|
n2

n−|k|∑
r=1

r︸ ︷︷ ︸
:=Bk,n

.

Let us first deal with the term Ak,n. One has

1{|k|≤n−1}
1

n2

n−|k|∑
r=1

r2 − (n+ 1)(2n+ 1)

6n
=

1

n2

1{|k|≤n−1}

n−|k|∑
r=1

r2 −
n∑
r=1

r2


= −

∑n
n−|k|+1 r

2

n2
1{|k|≤n−1} −

(n+ 1)(2n+ 1)

6n
1{|k|≥n}

Besides, as before, since (kρ(k))k∈Z ∈ l 2(Z) we get∑
k∈Z

(
(n+ 1)(2n+ 1)

6n
1{|k|≥n}

)2

ρ(k)2 ≤ Cn2
∑
|k|≥n

ρ(k)2 −−−→
n→∞

0.
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On the other hand, we have

∣∣∣∣∣∣ 1

n2

n∑
n−|k|+1

r21{|k|≤n−1} − |k|1{|k|≤n−1}

∣∣∣∣∣∣ = 1{|k|≤n−1}
1

n2

n∑
n−|k|+1

(
n2 − r2

)
= 1{|k|≤n−1}

1

n2

n∑
n−|k|+1

(n− r)(n+ r) ≤ 1{|k|≤n−1}
2k

n
.

As a result we derive that

∑
k∈Z

∣∣∣∣∣∣ 1

n2

n∑
n−|k|+1

r21{|k|≤n−1} − |k|1{|k|≤n−1}

∣∣∣∣∣∣
2

ρ(k)2

≤
∑
|k|≤n−1

4k2

n2
ρ(k)2 ≤ 4

n2

∑
k∈Z

k2ρ(k)2 −−−→
n→∞

0.

Noticing that (|k|1{|k|≤n−1}ρ(k))k∈Z
l 2(Z)−−−→
n→∞

(|k|ρ(k))k∈Z and gathering the previous facts

implies

(Ak,n ρ(k))k∈Z
l 2(Z)−−−→
n→∞

(−|k|ρ(k))k∈Z. (4.16)

One is then left to deal with the only remaining sequence

(Bk,n ρ(k))k∈Z =

ρ(k)1|k|≤n−1
|k|
n2

n−|k|∑
r=1

r


k∈Z

.

We simply notice that this sequence is dominated by (|k|ρ(k))k∈Z which by our assump-
tions belongs to l 2(Z) and that for each fixed k:

1|k|≤n−1
|k|
n2

n−|k|∑
r=1

r = |k|1|k|≤n−1

 1

n

n−|k|∑
r=1

r

n

→ |k|
∫ 1

0
xdx =

|k|
2
.

Using dominated convergence in l 2(Z) entails that

(Bk,n ρ(k))k∈Z
l 2(Z)−−−→
n→∞

(
|k|
2
ρ(k)

)
k∈Z

. (4.17)

Therefore, gathering the limits (4.16) and (4.17), we get

(Ck,n ρ(k))k∈Z
l 2(Z)−−−→
n→∞

(
−|k|

2
ρ(k)

)
k∈Z

. (4.18)
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As a consequence we conclude that

1

nαn
(Ln ∗ ψρ − ψρ)

L2

−−−→
n→∞

−1

2

∑
k∈Z
|k|ρ(k)eikx =

1

2
L[ψρ](x). (4.19)

Conclusion of the proof:

We argue by contradiction and we assume that as n goes to infinity

E [N (fn, [0, 2π])]

n
6→ λ({ψρ = 0})

π
√

2
+

2π − λ({ψρ = 0})
π
√

3
.

Then, for some subsequence (np)p≥1 and η > 0 we would have∣∣∣∣∣E
[
N (fnp , [0, 2π])

]
np

− λ({ψρ = 0})
π
√

2
− 2π − λ({ψρ = 0})

π
√

3

∣∣∣∣∣ ≥ η.
Up to extracting another subsequence, thanks to Equations (4.15) and (4.19), we may
assume that

np
(
Knp ∗ ψρ − ψρ

)
→ L[ψρ](x),

1

npαnp

(
Lnp ∗ ψρ − ψρ

)
→ 1

2
L[ψρ](x).

By Kac–Rice formula, we would get

E
[
N (fnp , [0, 2π])

]
np

=

∫
{ψρ 6=0}

√
Inp(x)

np
dx+

∫
{ψρ=0}

√
Inp(x)

np
dx.

The first integral would converge towards 1√
3
λ (ψρ 6= 0) by combining the conclusions of

Step 1 and Step 2 above, together with dominated convergence. To deal with the second
integral we must observe the following facts:

— If ψρ(x) = 0 then:

np
(
Knp ∗ ψρ(x)− ψρ(x)

)
=

1

2π

∫ 2π

0

sin2(
npy

2 )

sin2(y2 )
ψρ(x− y)dy

≥ 1

2π

∫ 2π

0
sin2(

npy

2
)ψρ(x− y)dy

Riemann-Lebesgue−−−−−−−−−−−→
n→∞

1

4π

∫ 2π

0
ψρ(x− y)dy =

1

2
.

This implies in particular that L[ψρ](x) ≥ 1
2 provided that ψρ(x) = 0.

— If ψρ(x) = 0 then ψ′ρ(x) = 0 since ψρ is non negative. Thus,

K ′np ∗ ψρ(x) = Knp ∗ ψ′ρ(x)→ ψ′ρ(x) = 0.

Based on the previous observation we then have that
K′np∗ψρ(x)

npKnp∗ψρ(x) → 0.
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Then, relying on the third step of the proof, we would have

ψρ(x) = 0⇒
√
Inp(x)

np
→ 1√

2
.

By the first step of the proof and dominated convergence again, the second integral would
converge to 1√

2
λ (ψρ = 0) which brings a contradiction and thus achieves the proof of

Theorem 4.1.1.

Remark 4.2.2. Note that we gave the proof of Theorem 4.1.1 is the case where ψρ is
globally C1,α. If ψρ is only C1,α on a open set of full measure, then the complementary set
is a compact set of zero measure and can thus be covered by a finite number of intervals
of arbitrary small length. On each of these intervals, using Corollary 2.2 of [PY15] as
we have done in Step (iii) of the proof of Corollary 4.1.1, we obtain that, as n goes to
infinity, the normalized expected number of zeros of fn in the union of these intervals is
arbitrary small, hence the conclusion of Theorem 4.1.1.

Remark 4.2.3. As a by product, the previous proof suggests that the Kac-Rice integrand√
In(x)/n converges pointwise towards 1√

2
1ψ(x)=0 + 1√

3
1ψ(x)6=0. Note that, in the case

ψ(x) = 0, for simplicity the previous proof uses convergences in L2 but one could actually
work in the pointwise sense. In particular, the limit is not continuous hence the conver-
gence cannot be uniform. Besides, the pointwise limit is not constant which highlights
the fact that the roots are not equidistributed anymore as soon as the spectral density ψρ
vanishes. Moreover, Corollary 2.2 of [PY15] guarantees the angular equidistribution of
the roots on a domain of type {|r| ≤ |z| ≤ 1

r} , thus it seems that letting r → 1 breaks
the equidistribution in this setting. Finally, assuming that ψρ is globally C1,α provides a
natural instance where

√
In/n is uniformly bounded and thus improves in this particular

setting the upper bound provided by the same Corollary 2.2 in [PY15].

4.3 Salem–Zygmund type Central Limit Theorems

The goal of this section is to give the proofs of Theorems 4.1.5 and 4.1.6, that is the
unidimensional and functional Central Limit Theorems à la Salem–Zygmund stated in
the introduction. In order to do so, let us first give a simple estimate on the two points
correlation function of the model.

4.3.1 On the two points correlation function

Recall that if fn is defined by Equation (4.1), we have E[f2
n(x)] = 2πKn∗µρ(x) where

µρ is the associated spectral measure. Similarly the two points correlation function can
be expressed as a kind of convolution with the following polarized Fejér kernel defined
on [0, 2π]2 by

Kn(x, y) :=
1

n

sin
(
nx
2

)
sin
(ny

2

)
sin
(
x
2

)
sin
(y

2

) . (4.20)
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Lemma 4.3.1. For any x, y ∈ [0, 2π], we have

E[fn(x)fn(y)] = cos

(
(n+ 1)

2
(x− y)

)∫ 2π

0
Kn(x− u, y − u)µρ(du). (4.21)

Proof. If fn is defined by Equation (4.1), using the fact that E[aka`] = E[bkb`] = ρ(k−`),
standard computations give

E[fn(x)fn(y)] =
1

n

n∑
k,l=1

ρ(k − l) cos(kx− ly) = <

 1

n

n∑
k,l=1

ρ(k − l)ei(kx−ly)

 .

Writing that for all integer k,

ρ(k) = µ̂ρ(k) =

∫ 2π

0
e−ikuµρ(du),

it results that

1

n

n∑
k,l=1

ρ(k − l)ei(kx−ly) =

∫ 2π

0

 1

n

n∑
k,l=1

ei(k(x−u)−l(y−u))

µρ(du)

= ei(x−y)

∫ 2π

0

 1

n

n−1∑
k,l=0

eik(x−u)e−i l(y−u)

µρ(du)

= ei(x−y)

∫ 2π

0

(
1

n

1− ein(x−u)

1− ei(x−u)

1− e−i n(y−u)

1− e−i(y−u)

)
µρ(du)

= ei
(n+1)

2
(x−y)

∫ 2π

0
Kn(x− u, y − u)µρ(du).

Hence, we obtain

E[fn(x)fn(y)] = cos

(
(n+ 1)

2
(x− y)

)∫ 2π

0
Kn(x− u, y − u)µρ(du).

Remark that when x = y, we indeed fall back on E[fn(x)2] = 2πKn ∗ µρ(x).

Lemma 4.3.2. For all x, y ∈ [0, 2π], n ≥ 1 and for ε > 0 arbitrarily chosen, if d(x, y)
denotes the distance between x and y modulo 2π, there exist a constant C > 0 such that∫ 2π

0
Kn(x− u, y − u)µρ(du)

≤ C

(√
Kn ∗ µρ(x) +

√
Kn ∗ µρ(y)

√
nε

+
1

nε2
+
√
Kn ∗ µρ(x)

√
Kn ∗ µρ(y)1d(x,y)≤2ε

)
.
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Proof. Notice that

∫ 2π

0
Kn(x− u, y − u)µρ(du) = EU

 1

n

sin
(
n(x−U)

2

)
sin
(
n(y−U)

2

)
sin
(
x−U

2

)
sin
(
y−U

2

)
 ,

where U is a random variable with values in [0, 2π] whose law is µρ. Let us fix ε > 0 and
recall that d(x, y) is the distance between x and y modulo 2π. If U is far enough from
both points x and y, we have for a positive constant C which may change from line to
line ∣∣∣∣∣∣EU

 1

n

sin
(
n(x−U)

2

)
sin
(

(x−U)
2

) 1d(x,U)>ε

sin
(
n(y−U)

2

)
sin
(

(y−U)
2

) 1d(y,U)>ε

 ∣∣∣∣∣∣ ≤ C

nε2
.

If U is close to x and far enough from y, by Cauchy–Schwarz inequality, we get∣∣∣∣∣∣EU
 1

n

sin
(
n(x−U)

2

)
sin
(

(x−U)
2

) 1d(x,U)≤ε
sin
(
n(y−U)

2

)
sin
(

(y−U)
2

) 1d(y,U)>ε

 ∣∣∣∣∣∣ ≤ C√
nε

EU

 1

n

sin2
(
n(x−U)

2

)
sin2

(
(x−U)

2

)
1/2

,

that is to say∣∣∣∣∣∣Eµρ
 1

n

sin
(
n(x−U)

2

)
sin
(

(x−U)
2

) 1d(x,U)≤ε
sin
(
n(y−U)

2

)
sin
(

(y−U)
2

) 1d(y,U)>ε

 ∣∣∣∣∣∣ ≤ C√
nε

√
Kn ∗ µρ(x).

Finally, if U is close to both x and y, Cauchy–Schwarz inequality gives again∣∣∣∣∣∣Eµρ
 1

n

sin
(
n(x−U)

2

)
sin
(

(x−U)
2

) sin
(
n(y−U)

2

)
sin
(

(y−U)
2

) 1d(x,U)≤ε
d(y,U)≤ε

 ∣∣∣∣∣∣ ≤ C
√
Kn ∗ µρ(x)

√
Kn ∗ µρ(y)1d(x,y)≤2ε.

From Lemma 4.3.1 and Lemma 4.3.2, one can then deduce the following estimates
which will play a key role in the proof of the Central Limit Theorems à la Salem–
Zygmund. Recall that the probability P and the expectation E are the ones associated
with the random coefficients (ak, bk) of the trigonometric polynomial fn(x). Now, if
X and Y are two independent uniform random variables in [0, 2π], independent of the
random coefficients (ak, bk), we will denote by PX,Y and EX,Y the associate law and
expectation and by PX , PY , EX , EY the marginals.

Lemma 4.3.3. Let X and Y be two independent random variables with uniform distri-
bution in [0, 2π], independent of the random coefficients (ak, bk). There exists a universal
constant C > 0 such that, for any ε > 0 and any integer n ≥ 1

EX,Y |E[fn(X)fn(Y )]| ≤ C
(

1

nε2
+

1√
nε

+
√
ε

)
.
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In particular, choosing ε = n−1/3, we have

EX,Y |E[fn(X)fn(Y )]| ≤ C

n1/6
.

Proof. Combining Equation (4.21) of Lemma 4.3.1 and Lemma 4.3.2, we have

EX,Y |E[fn(X)fn(Y )]| ≤ C√
nε

(
EX
[√

Kn ∗ µρ(X)

]
+ EY

[√
Kn ∗ µρ(Y )

])

+
1

nε2
+ EX,Y

[√
Kn ∗ µρ(x)

√
Kn ∗ µρ(y)1d(x,y)≤2ε

]
.

By Cauchy–Schwarz inequality, we have EX
[√

Kn ∗ µρ(X)
]2 ≤ EX [Kn ∗ µρ(X)]. Since

‖Kn‖1 = 1 and µρ is a probability measure, by Fubini we have

EX [Kn∗µρ(X)] =
1

2π

∫ 2π

0

∫ 2π

0
Kn(x−u)µρ(du)dx =

∫ 2π

0

(
1

2π

∫ 2π

0
Kn(x− u)dx

)
µρ(du) = 1.

By Cauchy–Schwarz again, we get

EX,Y
[√

Kn ∗ µρ(X)
√
Kn ∗ µρ(Y )1d(X,Y )|≤2ε

]
≤
√

EX,Y
[
Kn ∗ µρ(Y )1d(X,Y )≤2ε

]
and again using Fubini inversion (integrating first in X and then in Y )

EX,Y
[
Kn ∗ µρ(Y )1d(X,Y )|≤2ε

]
= 4ε.

4.3.2 A unidimensional Central Limit Theorem

We are now in position to give the proof of Theorem 4.1.5 stated in the introduction.
We follow the main global strategy as the original proof of the Central Limit Theorem
by Salem–Zygmund in [SZ54], i.e. we first establish a L2 estimate and then conclude
by a Borel–Cantelli type argument. Recall that, as defined just before Lemma 4.3.3,
the probability P and the expectation E are associated with the random coefficients,
whereas PX , EX , PX,Y and EX,Y are associated with the random evaluation points X
and Y , that are uniformly distributed in [0, 2π], independent and independent of the
coefficients. Since E[f2

n(X)] = 2πKn ∗ µρ(X), if Y is an independent copy of X, Fubini
inversion and direct calculation yield

∆n := E

[∣∣∣∣EX [eitfn(X)
]
− EX

[
e−

t2

2
2πKn∗µρ(X)

] ∣∣∣∣2
]

= EX,Y
[
e−

t2

2
E[(fn(X)−fn(Y ))2] − e−

t2

2
2π(Kn∗µρ(X)+Kn∗µρ(Y ))

]
.
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Thanks to the fact that x 7→ e−x is 1−Lipschitz on R+, we deduce that

∆n ≤ t2

2
EX,Y

[∣∣E[(fn(X)− fn(Y ))2]− 2π (Kn ∗ µρ(X) +Kn ∗ µρ(Y ))
∣∣]

= t2 EX,Y [|E[fn(X)fn(Y )]|] .

Using Lemma 4.3.3 with ε = n−1/3, we obtain that there exists a universal constant
C > 0 such that

∆n ≤ Ct2n−1/6.

By Borel–Cantelli Lemma, we then deduce that P-almost surely, as n goes to infinity,
we get ∣∣∣∣EX [eitfn7 (X) − e−

t2

2
2πKn7∗µρ(X)

]∣∣∣∣→ 0.

Now, let m be a positive integer, there exists a unique n such that n7 < m ≤ (n + 1)7.
Using Birkhoff-Khinchine Theorem, we have then the following Lemma.

Lemma 4.3.4. As m goes to infinity∣∣∣EX [eitfn7 (X)
]
− EX

[
eitfm(X)

]∣∣∣ = O

(
1

m1/14

)
.

Proof of Lemma 4.3.4. Recall that m is a large positive integer and n is defined as the
unique integer such that n7 < m ≤ (n + 1)7. By Birkhoff–Khinchine theorem, we have

the following key fact: P−almost surely, 1
n7

∑n7

k=1 a
2
k + b2k has a finite limit as n goes to

infinity. By Cauchy–Schwarz inequality, we have∣∣∣EX [eitfn7 (X)
]
− EX

[
eitfm(X)

] ∣∣∣ ≤ tEX [|fn7(X)− fm(X)|2
]1/2

.

Otherwise, we have the estimate

EX
[
|fn7(X)− fm(X)|2

]
≤ 2

(
1−

√
n7

m

)2

EX
[
fn7(X)2

]

+2EX

∣∣∣∣∣∣ 1√
m

m∑
k=n7+1

ak cos(kX) + bk sin(kX)

∣∣∣∣∣∣
2

= 2

(
1−

√
n7

m

)2
1

n7

n7∑
k=1

a2
k + b2k

2
+

2

m

m∑
k=n7+1

a2
k + b2k

2
.

(4.22)

By Birkhoff–Khinchine Theorem, we have first(
1−

√
n7

m

)2
1

n7

n7∑
k=1

a2
k + b2k

2
∼ 1

4n9

n7∑
k=1

a2
k + b2k

2
= O

(
1

n2

)
.
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Besides, one may write

1

m

m∑
k=n7+1

a2
k + b2k

2
≤ 1

n7

(n+1)7∑
k=n7+1

a2
k + b2k

2

=
(n+ 1)7

n7

1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2
− 1

n7

n7∑
k=1

a2
k + b2k

2

=

 1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2
− 1

n7

n7∑
k=1

a2
k + b2k

2︸ ︷︷ ︸
:=Rn

+

∑6
k=0

(
7
k

)
nk

n7︸ ︷︷ ︸
=O( 1

n)

× 1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2︸ ︷︷ ︸
=O(1)

.

Next we write

Rn =
n7∑
k=1

(
a2
k + b2k

2

)(
1

(n+ 1)7
− 1

n7

)
+
a(n+1)7 + b(n+1)7

2(n+ 1)7

=
1

n7

n7∑
k=1

(
a2
k + b2k

2

)
︸ ︷︷ ︸

=O(1)

(
1

(1 + 1/n)7
− 1

)
︸ ︷︷ ︸

=O( 1
n)

+
1

n+ 1

a2
(n+1)7 + b2(n+1)7

2(n+ 1)6︸ ︷︷ ︸
=o(1)

.

Let us finally detail the o(1) in the above equation. For any sequence {Xk}k≥1 of
standard Gaussian random variables, any β > 0 and any ε > 0 we have

∞∑
k=1

P
(
|Xk| > εkβ

)
≤
∞∑
k=1

1√
2π

∫ ∞
εkβ

e−
x2

2 dx <∞.

Then Borel–Cantelli Lemma implies that Xn/n
β → 0 almost surely, in particular in

our case, we have |a(n+1)7/(n+ 1)3| = o(1), hence the result.

Combining this last Lemma 4.3.4 and Lemma 4.2.2, we deduce that as m and hence n
both go to infinity, then P−almost surely∣∣∣∣EX [e− t22 2πKn7∗µρ(X) − e−

t2

2
2πKm∗µρ(X)

]∣∣∣∣→ 0.

Therefore, by triangular inequality, we obtain that as m goes to infinity, P−almost surely,∣∣∣∣EX [eitfm(X) − e−
t2

2
2πKm∗µρ(X)

]∣∣∣∣→ 0.

By dominated convergence theorem, using Lemma 4.2.2 again, we finally obtain that
P−almost surely

lim
m→+∞

EX
[
eitfm(X)

]
=

1

2π

∫ 2π

0
e−

t2

2
2π ψρ(x)dx = EX,N

[
eit
√

2π ψρ(X)N
]
.
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4.3.3 A functional Central Limit Theorem

In this section, we give a detailed proof of Theorem 4.1.6 stated in the introduction.
Let gn the stochastic process defined on [0, 2π] by

gn(t) := fn

(
X +

t

n

)
, t ∈ [0, 2π],

then Theorem 4.1.6 precisely asserts that, P−almost surely, (gn(t))t∈[0,2π] converges in
distribution under PX towards an explicit non-Gaussian process in the C1 topology. As
classically done, in order to establish this statement, we will first prove the convergence
of finite dimensional marginals and then we will invoke a tightness argument.

Convergence of finite dimensional marginals

Let us first establish the convergence of the finite dimensional marginals of (gn(t))t∈[0,2π].

Proposition 4.3.1. P−almost surely, as n goes to infinity, the finite marginals of the
localized process (gn(t))t∈[0,2π] converge to the ones of a process (g∞(t))t∈[0,2π] of the form√
ψρ(X)N , where the process N = (Nt)t∈[0,2π] is the stationary Gaussian process with

sinc as covariance function and independent of X.

We fix a positive integer M , and two M−uplets t = (t1, . . . , tM ) ∈ [0, 2π]M and
λ = (λ1, . . . , λM ) ∈ RM and we set

Zn(X, t, λ) :=
M∑
p=1

λpgn(tp) =
M∑
p=1

λpfn

(
X +

tp
n

)
.

Proving Proposition 4.3.1 then amounts to show that P−almost surely, we have

lim
n→+∞

EX
[
eiZn(X,t,λ)

]
= EX

[
e−

1
2
×2π

∑M
p,q=1 λpλqψρ(X) sinc(tp−tq)

]
.

The proof follows globally the same lines as its one dimensional analogue Theorem
4.1.5. First the variance of Zn(X, t, λ) under P can be represented by a convolution with
a Fejér-like kernel.

Lemma 4.3.5. We have the representation

E
[
Zn(X, t, λ)2

]
= 2πKt,λ

n ∗ µρ(X) =

(∫ 2π

0
Kt,λ
n (x)dx

)
K̄t,λ
n ∗ µρ(X),

with

Kt,λ
n (x) :=

1

n

∣∣∣∣∣∣∣∣
M∑
p=1

λpe
i
(n+1)

2n
tp

sin
(
n
2 (x+

tp
n )
)

sin

(
x+

tp
n

2

)
∣∣∣∣∣∣∣∣
2

, K̄t,λ
n (x) :=

2πKt,λ
n (x)∫ 2π

0 Kt,λ
n (x)dx

.
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Proof of Lemma 4.3.5. By linearity, we have

E
[
Zn(X, t, λ)2

]
=

M∑
p,q=1

λpλqE
[
fn

(
X +

tp
n

)
fn

(
X +

tq
n

)]
(4.23)

and as in the proof of Lemma 4.3.1 we have

E
[
fn

(
X +

ti
n

)
fn

(
X +

tj
n

)]
= <

 1

n

n∑
k,l=1

ρ(k − l)eik(X+
tp
n

)−il(X+
tq
n

)

.
Writing for all integer k that ρ(k) =

∫ 2π
0 e−ikxµρ(dx), we obtain

1

n

n∑
k,l=1

ρ(k − l)eik(X+
tp
n

)−il(X+
tq
n

) = ei
tp−tq
n

∫ 2π

0

 1

n

n−1∑
k,l=0

eik(X+
tp
n
−x)e−i l(X+

tq
n
−x)

µρ(dx)

= ei
tp−tq
n

∫ 2π

0

(
1

n

1− ein(X+
tp
n
−x)

1− ei(X+
tq
n
−x)

1− e−i n(X+
tp
n
−x)

1− e−i(X+
tq
n
−x)

)
µρ(dx)

= ei
(n+1)

2n
(tp−tq)

∫ 2π

0

 1

n

sin

(
n(X+

tp
n
−x)

2

)
sin

(
(X+

tp
n
−x)

2

) sin

(
n(X+

tq
n
−x)

2

)
sin

(
(X+

tq
n
−x)

2

)
µρ(dx)

=
1

n

∫ 2π

0

ei (n+1)
2n

tp

sin

(
n(X+

tp
n
−x)

2

)
sin

(
(X+

tp
n
−x)

2

)


︸ ︷︷ ︸
:=zp

e−i
(n+1)

2n
tq

sin

(
n(X+ tq

n
−x)

2

)
sin

(
(X+

tq
n
−x)

2

)


︸ ︷︷ ︸
:=zq

µρ(dx).

Summing up on p and q, by symmetry we obtain

M∑
p,q=1

λpλq

 1

n

n∑
k,l=1

ρ(k − l)eik(X+
tp
n

)−il(X+
tq
n

)

 =
1

n

∫ 2π

0

 M∑
p,q=1

λpzpλqzq

µρ(dx)

=
1

n

∫ 2π

0

∣∣∣∣∣∣
M∑
p=1

λpzp

∣∣∣∣∣∣
2

µρ(dx).

As a result

E
[
Zn(X, t, λ)2

]
=

∫ 2π

0

1

n

∣∣∣∣∣∣∣∣
M∑
p=1

λpe
i
(n+1)

2n
tp

sin

(
n(X−x+

tp
n

)

2

)
sin

(
(X−x+

tp
n

)

2

)
∣∣∣∣∣∣∣∣
2

µρ(dx).
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With the definitions of Kt,λ
n and K̄t,λ

n above, it gives

E
[
Zn(X, t, λ)2

]
= 2πKt,λ

n ∗ µρ(X) =

(∫ 2π

0
Kt,λ
n (x)dx

)
× K̄t,λ

n ∗ µρ(X).

As the standard Fejér kernel, the normalized kernel K̄t,λ
n is a good trigonometric

kernel and we have the corresponding Fejér–Lebesgue Theorem whose proof is given in
Section 4.5.2 of the Appendix.

Lemma 4.3.6. As n goes to infinity, for almost every x ∈ [0, 2π], we have

K̄t,λ
n ∗ µρ(x)→ ψρ(x).

Let us now make explicit the asymptotics of the normalization factor.

Lemma 4.3.7. As n goes to infinity, we have∫ 2π

0
Kt,λ
n (x)dx = 2π

m∑
p,q=1

λpλq sinc (tp − tq) +O

(
1

n

)
.

Proof of Lemma 4.3.6. Note that the integral 1
2π

∫ 2π
0 Kt,λ

n (x)dx can be seen as the con-

volution of the kernel Kt,λ
n with the normalized Lebesgue measure on [0, 2π] which is the

spectral measure associated with ρ(k) = δ0(k) i.e. the independent case. As a result,
making ρ(k − l) = δk,l in the proof of Lemma 4.3.5, we get

1

2π

∫ 2π

0
Kt,λ
n (x)dx =

M∑
p,q=1

λpλq

(
1

n

n∑
k=1

cos

(
k(tp − tq)

n

))
.

Since the cosine function has a bounded derivative, by standard comparison results
between Riemann sums and their limits, we conclude∣∣∣∣∣∣ 1

2π

∫ 2π

0
Kt,λ
n (x)dx−

M∑
p,q=1

λpλq sinc (tp − tq)

∣∣∣∣∣∣ = O

(
1

n

)
.

Combining Lemmas 4.3.5, 4.3.6 and 4.3.7, we have thus as n goes to infinity

lim
n→+∞

E
[
Zn(X, t, λ)2

]
= 2πψρ(X)

M∑
p,q=1

λpλq sinc (tp − tq) . (4.24)

Note that in the independent case, since ψρ ≡ 1/2π, we recover the standard sinc corre-
lation function. We proceed now as in the proof of Theorem 4.1.5 and establish an L2

estimate.
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Lemma 4.3.8. As n goes to infinity, we have

∆n := E
∣∣∣EX [eiZn(X,t,λ)

]
− e−

1
2
E[Zn(X,t,λ)2]

∣∣∣2 = O
(
n−1/6

)
.

Proof. Exactly as in the proof of Theorem 4.1.5 given in Section 4.3.2, if X and Y are
two independent random variables with uniform distribution in [0, 2π], independent of
the random coefficients (ak, bk), we have

∆n ≤ EX,Y [|E [Zn(X, t, λ)Zn(Y, t, λ)]|] .

Moreover, as in the proof of Lemma 4.3.2, if U is an independent variable with law µρ,
one can write

E [Zn(X, t, λ)Zn(Y, t, λ)] =
M∑

p,q=1

λpλqE
[
fn

(
X +

tp
n

)
fn

(
Y +

tq
n

)]

=
∑
p,q

λpλq cos

(
n+ 1

2
(X − Y +

tp − tq
n

)

)
EU

 1

n

sin
(
n
2 (X − U +

tp
n )
)

sin
(
X−U

2 +
tp
2n

) sin
(
n
2 (Y − U +

tq
n )
)

sin
(
Y−U

2 +
tq
2n

)
.

Proceeding as in the proofs of Lemmas 4.3.2 and 4.3.3, one then deduces that

EX,Y [|E [Zn(X, t, λ)Zn(Y, t, λ)]|] ≤
M∑

p,q=1

|λpλq| ×O
(

1

nε2
+

1√
nε

+
√
ε

)
.

In particular, choosing ε = n−1/3, we get the desired result.

As above, to deduce the almost sure asymptotics starting from the L2 estimate, we
invoke a Borel–Cantelli argument. Along the subsequence n7, P−almost surely, we have

lim
n→+∞

∣∣∣EX [eiZn7 (X,t,λ)
]
− EX

[
e−

1
2
E[Zn7 (X,t,λ)2]

]∣∣∣ = 0.

Then Birkhoff–Khinchine Theorem allows to establish the next lemma, which is the
multidimensional analogue of Lemma 4.3.4.

Lemma 4.3.9. As m goes to infinity, if we choose n such that n7 < m ≤ (n+ 1)7, then∣∣∣EX [eiZn7 (X,t,λ)
]
− EX

[
eiZm(X,t,λ)

]∣∣∣ = O

(
1√
n

)
= O

(
1

m1/14

)
.

Proof of Lemma 4.3.9. Let us rewrite

Zn(X, t, λ) =

M∑
p=1

λjgn(tp) =
1√
n

n∑
k=1

akαk,n(X) + bkβk,n(X),
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where

αk,n(X) :=
M∑
p=1

λp cos

(
kX +

ktp
n

)
, βk,n(X) :=

M∑
p=1

λp sin

(
kX +

ktp
n

)
.

Due to the orthogonality of trigonometric functions, a straightforward computation then
yields the following orthogonality relations, for all 1 ≤ k ≤ n and 1 ≤ k′ ≤ n′

EX
[
αk,n(X)αk′,n′(X)

]
= EX

[
βk,n(X)βk′,n′(X)

]
= δk,k′ ×

1

2

M∑
p,q=1

λpλq cos

(
ktp
n
− ktq

n′

)
,

and

EX
[
αk,n(X)βk′,n′(X)

]
= δk,k′ ×

1

2

M∑
p,q=1

λpλq sin

(
ktp
n
− ktq

n′

)
,

so that by symmetry
EX
[
αk,n(X)βk′,n(X)

]
= 0.

In particular, we have

EX
[
αk,n(X)2

]
= EX

[
βk,n(X)2

]
≤ 1

2
× ||λ||21.

and 
EX
[
(αk,n(X)− αk,n′(X))2

]
≤ 2π||λ||21

∣∣∣∣kn − k

n′

∣∣∣∣,
EX
[
(βk,n(X)− βk,n′(X))2

]
≤ 2π||λ||21

∣∣∣∣kn − k

n′

∣∣∣∣.
(4.25)

Recall that m is a positive integer and n is defined as the unique integer such that
n7 < m ≤ (n+ 1)7. By triangular inequality and Cauchy–Schwarz inequality, we have∣∣EX [eiZn7 (X,t,λ)

]
− EX

[
eiZm(X,t,λ)

]∣∣ ≤ EX [|Zn7(X, t, λ)− Zm(X, t, λ)|]

≤
√

EX [U2] +
√
EX [V 2] +

√
EX [W 2]

where

U :=

(
1√
n7
− 1√

m

) n7∑
k=1

akαk,n7(X) + bkβk,n7(X)

,

V :=
1√
m

 m∑
k=1+n7

akαk,m(X) + bkβk,m(X)

,

W :=
1√
m

 n7∑
k=1

ak
(
αk,n7(X)− αk,m(X)

)
+ bk

(
βk,n7(X)− βk,m(X)

).
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Using the orthogonality relations above, and again Birkhoff–Khinchine Theorem, we
have then

EX [U2] ≤ ||λ||21
(

1√
n7
− 1√

m

)2 n7∑
k=1

a2
k + b2k

2
= ||λ||21

(
1−

√
n7

m

)2

︸ ︷︷ ︸
O(1/n2)

 1

n7

n7∑
k=1

a2
k + b2k

2


︸ ︷︷ ︸

O(1)

.

In the same way and proceeding as in the proof of Lemma 4.3.4 above, we get

EX [V 2] ≤ ||λ||21 ×
1

m

m∑
k=1+n7

a2
k + b2k

2
= O

(
1

n

)
.

Finally, using again the orthogonality relations and Equation (4.48), we obtain

EX [W 2] ≤ ||λ||21 × 4π ×
(

1− n7

m

)
×

 1

m

n7∑
k=1

(a2
k + b2k)

 = O

(
1

n

)
.

As a conclusion, we get that∣∣∣EX [eiZn7 (X,t,λ)
]
− EX

[
eiZm(X,t,λ)

]∣∣∣ = O

(
1√
n

)
= O

(
1

m1/14

)
.

hence the result.

Therefore, we obtain that P−almost surely, as m goes to infinity

EX
[
eiZm(X,t,λ)

]
− e−

1
2
E[Zm(X,t,λ)2] −−−−−→

m→+∞
0,

and by dominated convergence, using Equation (4.24), we can conclude that

EX
[
eiZm(X,t,λ)

]
−−−−−→
m→+∞

EX

exp

−1

2
× 2π ψρ(X)

M∑
p,q=1

λpλq sinc (tp − tq)

 .
Tightness

The convergence of the finite marginals of gn now established, in order to conclude
that gn converges in distribution for the C1 topology towards g∞, we need to verify some
tightness criteria for the C1−topology, which is the object of the following proposition.

Proposition 4.3.2. Almost surely w.r.t. P, the family of distributions under PX of
(gn(t))t∈[0,2π] for n ≥ 1 is tight w.r.t. the C1 topology on C1([0, 2π]).
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Proof. The strategy of the proof is the same as in Proposition 2 of [AP19], namely it is
sufficient to establish a Lamberti-type criteria for EX |gn(t)− gn(s)|2 and EX |g′n(t)− g′n(s)|2.
For sake of self-containedness, we recall the key elements of the proof. As detailed in
Section (4.5.1), of the Appendix, Birkhoff–Khinchine Theorem ensures that

C(ω) := sup
n≥1

1

2n

n∑
k=1

(a2
k + b2k)

is P−almost surely bounded. Using orthogonality in L2([0, 2π]) for cosine and sine
functions, we obtain that P-almost surely, for all s, t ∈ [0, 2π],

EX |gn(t)− gn(s)|2 =
2

n

n∑
k=1

(a2
k + b2k) sin2

(
k

2n
(t− s)

)
≤ C(ω)|t− s|2,

EX
∣∣g′n(t)− g′n(s)

∣∣2 =
2

n

n∑
k=1

k2

n2
(a2
k + b2k) sin2

(
k

2n
(t− s)

)
≤ C(ω)|t− s|2,

hence the result.

4.4 From the limit theorems to the nodal asymptotics

In this section we shall establish Theorems 4.1.3 and 4.1.4 which show, under mild
conditions on the spectral measure, the universal asymptotic behavior of the number of
zeros, first in expectation and then almost surely. Note that, under the hypotheses of
both Theorems, the spectral density ψρ is assumed to be positive almost everywhere.

Let us start by recalling the following deterministic result, the proof of which consists
in a simple Fubini argument between the empirical measure of the roots of a function f
and the Lebesgue measure over [0, 2π]. We refer to [AP19, Lemma 3] for more details.

Lemma 4.4.1. Let X a random variable which is uniformly distributed over [0, 2π]. Let
us assume that f is a 2π-periodic function with a finite number of zeros in a period, then
for any 0 < h < 2π, we have

h

2π
×N (f, [0, 2π]) = EX [N (f, [X,X + h])] .

Applying Lemma 4.4.1 to fn and h = 2π
n , we obtain for X a uniform random variable

on [0, 2π] which is independent of the sequences (ak)k≥1 and (bk)k≥1 that

N (fn, [0, 2π])

n
= EX

[
N
(
fn,

[
X,X +

2π

n

])]
. (4.26)

The previous Equation (4.26) legitimates the introduction of the stochastic process
(gn(t))t∈[0,2π] defined by gn(t) := fn

(
X + t

n

)
, which is naturally the one studied in

the last Section 4.3.3, given that we have

N (fn, [0, 2π])

n
= EX [N (gn, [0, 2π])] . (4.27)
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Indeed, one can then reasonably guess that the convergence of the random processes
{gn(·)}n≥1 in a suitable functional space will imply the convergence in law of the sequence
of random variables {N (gn, [0, 2π])}n≥1.

Let us make this heuristics rigorous. The limit process g∞, which is given by The-
orem 4.1.6, may be interpreted as a stationary Gaussian process with correlation sinc
multiplied by a random and independent amplitude given by

√
ψρ(X). As mentioned

above, under the assumptions of Theorems (4.1.3) and (4.1.4), ψρ(X) > 0 almost surely.
Given that the stationary Gaussian process with correlation sinc is non degenerated, we
derive that the limit process g∞ is non degenerated as well. Hence,

P⊗ PX -a.s., ∀t ∈ [0, 2π], |g∞(t)|+ |g′∞(t)| > 0. (4.28)

On the other hand, one has the following deterministic result, which ensures the
continuity of the number of roots with respect to C1 topology provided that the limit is
non degenerated.

un
C1([0,2π])−−−−−−→
n→∞

u

inft∈[0,2π] (|u(t)|+ |u′(t)|) > 0

⇒ Card
(
u−1
n ({0}) ∩ [0, 2π]

)
→ Card

(
u−1 ({0}) ∩ [0, 2π]

)
.

(4.29)
Combining Theorem (4.1.6), the C1 continuity (4.29) of the number of zeros and the

non-degeneracy of g∞ given by (4.28), together with the continuous mapping Theorem
implies the following proposition which will be central in our forthcoming proofs.

Proposition 4.4.1. Consider the localized process (gn(t))t∈[0,2π] :=
(
fn
(
X + t

n

))
t∈[0,2π]

(a) P-almost surely, as n goes to infinity, N (gn, [0, 2π]) converges in distribution
under PX towards N (g∞, [0, 2π]).

(b) As n goes to infinity, the number of zeros N (gn, [0, 2π]) converges in distribution
under P⊗ PX towards N (g∞, [0, 2π]).

Note that assertion (b) is a direct consequence of assertion (a) as it is sufficient to
integrate it with respect to P and pass to the limit. Indeed, if h is a continuous and
bounded test function and as n goes to infinity we have

EX [h (N (gn, [0, 2π]))]→ EX [h (N (g∞, [0, 2π]))] ,

then by dominated converge, we have also

EP⊗PX [h (N (gn, [0, 2π]))]→ EP⊗PX [h (N (g∞, [0, 2π]))] .

4.4.1 Study of the mean number of real zeros of fn.

The object of this section is to give the proof of Theorem 4.1.3, which, thanks to
Equation (4.27), turns out to be equivalent to showing that

lim
n→+∞

EP⊗PX [N (gn, [0, 2π])] = EP⊗PX [N (g∞, [0, 2π])] . (4.30)
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We stress the fact that here, no condition is required on the singular component µsρ of
the spectral measure µρ. In order to obtain the convergence of the first moment in the
equation (4.30), the convergence in distribution given by the Proposition 4.4.1 under
P⊗PX is not sufficient. We need to prove some equi-integrability condition. To achieve
this, we first aim at proving some logarithmic moment estimates for fn(X) = gn(0).

Lemma 4.4.2. Let γ > 1. If log(ψρ) ∈ Lγ, there exists a constant Cγ > 0 such that
uniformly on n ≥ 1, we have

EP⊗PX |log(|fn(X)|)|γ ≤ Cγ(1 + ‖ log(ψρ)‖Lγ ).

Proof. Notice that, conditionally on X, fn(X) is a centered Gaussian variable whose
variance under P is given by E[fn(X)2] = 2πKn ∗ µρ(X). Since Kn ∗ µρ(X) ≥ Kn ∗
ψρ(X) > 0, PX -almost surely, we have

EP⊗PX |log(|fn(X)|)|γ ≤ Cγ

(
EP⊗PX

∣∣∣∣∣log

(∣∣∣∣∣ fn(X)√
Kn ∗ µρ(X)

∣∣∣∣∣
)∣∣∣∣∣

γ

+ EX |log(Kn ∗ µρ(X)|γ
)
.

Now, for every fixed X, under P, fn(X)√
Kn∗µρ(X)

is a standard Gaussian variable hence by

Fubini inversion

EP⊗PX

∣∣∣∣∣log

(∣∣∣∣∣ fn(X)√
Kn ∗ µρ(X)

∣∣∣∣∣
)∣∣∣∣∣

γ

= κγ < +∞.

To finish the proof, one is left to control the term EX |log(Kn ∗ ψρ(X)|γ .

— Assume first that Kn ∗ µρ(X) ∈ (0, 1]. Since | log(·)| is non increasing on (0, 1],

|log(Kn ∗ µρ(X))| = |log (Kn ∗ ψρ(X) +Kn ∗ µs(X))| ≤ | log(Kn ∗ ψρ(X))|.

Our assumption implies that Kn ∗ψρ(X) ∈ (0, 1], hence by Jensen inequality, we
have

log(Kn ∗ ψρ(X)) ≥ Kn ∗ log(ψρ)(X).

As a result, we obtain that

| log(Kn∗ψρ(X)|γ

x 7→ |x|γdecreases on R−
Kn ∗ ψρ(X) < 1︸ ︷︷ ︸

≤ |Kn∗log(ψρ)(X)|γ

convexity of x 7→ |x|γ︸ ︷︷ ︸
≤ Kn∗| log(ψρ)|γ(X).

— Assume now that Kn ∗ µρ(X) > 1. There exists a constant Cγ such that
| log(x)|γ ≤ Cγ |x| on [1,+∞[ and thus

|log(Kn ∗ µρ(X))|γ ≤ CγKn ∗ µρ(X).
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Putting everything together,

| log(Kn ∗ µρ(X))|γ ≤ Cγ (Kn ∗ µρ(X) +Kn ∗ | log(ψρ)|γ(X)) .

and taking the expectation w.r.t. PX in the previous inequality, we obtain the following
estimate which is uniform on n ≥ 1.

EX |log(Kn ∗ ψρ(X))|γ ≤ Cγ (1 + EX [Kn ∗ |log(ψρ)|γ (X)])

≤ Cγ(1 + ‖ log(ψρ)‖Lγ )

Let us now see how the previous logarithmic estimate can be used to obtain some
moment estimates for the number of zeros of gn, that is to say for N (gn, [0, 2π]).

Proposition 4.4.2. Let η > 0. If log(ψρ) ∈ L1+η, we have

sup
n≥1

EP⊗PX

[
|N (gn, [0, 2π])|1+η/2

]
< +∞.

Proof. We have classically

EP⊗PX

[
N (gn, [0, 2π])1+η/2

]
= (1 + η/2)

∫ +∞

0
sη/2P⊗ PX (N (gn, [0, 2π]) > s) ds.

By iterating Rolle Lemma bsc times, we have

P⊗ PX (N (gn, [0, 2π]) > s) ≤ P⊗ PX

(
|gn(0)| ≤ (2π)bsc

bsc!
‖g(bsc)
n ‖∞

)
,

so that for any R > 0,

P⊗ PX (N (gn, [0, 2π]) > s) ≤ P⊗ PX

(
|gn(0)| ≤ (2π)bscR

bsc!

)
+ P⊗ PX

(
‖g(bsc)
n ‖∞ > R

)
.

(4.31)
Applying Markov inequality, we get

P⊗ PX
(
‖g(bsc)
n ‖∞ > R

)
≤ EP⊗PX‖g

(bsc)
n ‖2∞

R2
.

Using L2-Sobolev embedding, we can compare the uniform norm with the norm ‖ · ‖2 of
L2([0, 2π]) of the derivatives, more precisely

EX‖g(bsc)
n ‖2∞ ≤ C

(
EX‖g(bsc)

n ‖22 + EX‖g(bsc+1)
n ‖22

)
.

But for each ` ≥ 1, since for (X,Y ) uniformly distributed on [0, 2π] and independent we
have X + Y

n ∼ X, we deduce that

EX‖g(`)
n ‖22 =

1

2n

n∑
k=1

(
k

n

)2`

(a2
k + b2k) ≤

1

2n

n∑
k=1

(a2
k + b2k),
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which yields that
EP⊗PX‖g

(s)
n ‖22 ≤ 1.

Hence

sup
n≥1

P⊗ PX
(
‖g(bsc)
n ‖∞ > R

)
≤ 1

R2
. (4.32)

We can choose R(s) = (1 + |s|)η/2+1.

On the other hand, supposing that for s large enough, (2π)bscR
bsc! < 1, we get by Markov

inequality that

P⊗ PX

(
|gn(0)| ≤ (2π)bscR

bsc!

)
= P⊗ PX

(
|fn(X)| ≤ (2π)bscR

bsc!

)

= P⊗ PX

(
|log |fn(X)|| ≥

∣∣∣∣∣log

(
(2π)bscR

bsc!

)∣∣∣∣∣
)

≤
EP⊗PX

[
|log(|fn(X)|)|1+η

]
∣∣∣log

(
(2π)bscR(s)
bsc!

)∣∣∣1+η ≤ Cη(1 + ‖ log(ψρ)
1+η‖L1)∣∣∣log

(
(2π)bscR(s)
bsc!

)∣∣∣1+η .

Hence, for all η > 0 and s large enough,

sup
n≥1

P⊗ PX (|gn(0)| ≤) = O

(∣∣∣∣ 1

bsc log(bsc)

∣∣∣∣1+η
)
. (4.33)

Combining Equations (4.31), (4.32) and (4.33), we thus get that

sup
n≥1

∫ +∞

0
sη/2P⊗ PX (N (gn, [0, 2π]) > s) ds < +∞,

hence the result.

We can now complete the proof of Theorem 4.1.3. Indeed, Combining the last Propo-
sition 4.4.2 of equi-integrability with the convergence in distribution established earlier
in Proposition 4.4.1, we obtain the convergence of the first moment:

lim
n→+∞

E
[
N (fn, [0, 2π])

n

]
= EP⊗PX [N (g∞, [0, 2π])].

Now, recall that g∞(·) =
√
ψρ(X)N(·) with X uniformly distributed on [0, 2π] and N

a stationary Gaussian process with sinc covariance function that is independent of X.
Since ψρ > 0 almost surely, the zeros of g∞ are the same as the ones of N(·). A simple
us of Kac–Rice formula for (N(t))t∈R then implies that

EP⊗PX [N (g∞, [0, 2π])] = EP [N (N, [0, 2π])] =
2√
3
,

which concludes the proof.
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4.4.2 Study of the almost-sure number of real zeros of fn

In this last section, we reinforce the hypotheses on the spectral density to pass from
the convergence in expectation stated in Theorem 4.1.3 to the almost sure convergence
stated in Theorem 4.1.4. We suppose this time that µρ is purely absolutely continuous
i.e. µρ(dx) = ψρ(x)dx and that the spectral density satisfies the following conditions.

A.1 There exists α ∈ (0, 1] such that ψρ verifies a Besov condition of order α > 0
i.e. for δ > 0,

ω∗(ψρ, δ) := sup
|h|≤δ

‖ψρ(·+ h) + ψρ(· − h)− 2ψρ(·)‖L1([0,2π]) = O(δα).

A.2 There exists γ > 0 such that 1
ψγρ
∈ L1 ([0, 2π]) .

In order to ease the reading of the proof of Theorem 4.1.4, let us describe below the
main steps of the argumentation.

Sketch of the proof of Theorem 4.1.4:
(1) The point a) of Proposition 4.4.1 ensures that P-almost surely, we have

N (gn, [0, 2π])
Law under PX−−−−−−−−−→

n→∞
N (g∞, [0, 2π]) .

(2) As in the proof of Theorem 4.1.3, the previous convergence is not sufficient to
take the limit as n→∞ in the expectation EX . Like before, one seeks to establish
that

P-a.s., ∃η > 1, sup
n

EX (| log(fn(X)|) < Cη,ω.

Unfortunately, Lemma 4.4.2 does not apply here since we consider only the ex-
pectation with respect to PX in the above estimate. To circumvent this issue we
proceed in two distinct steps. We first show that

∀η > 0, ∀θ > 0, P-a.s., ∃Cη,θ,ω > 0 s.t. ∀n ≥ 1, EX
[
| log(fn(X))|1+η

]
≤ Cη,θ,ωnθ.

In other words, almost surely, the quantity EX
[
| log(fn(X))|1+η

]
grows slower

than any polynomial. When studying the uniform integrability with respect to
PX of N (gn, [0, 2π]) we can make the following truncation at s = nλ for a suitable
λ > 0 (which depends on the Besov regularity of ψρ in the assumption A.1.)

EX
[
N (gn, [0, 2π])1+η/2

]
= (1 + η/2)

∫ +∞

0
sη/2PX (N (gn, [0, 2π]) > s) ds

= (1 + η/2)

∫ nλ

0
sη/2PX (N (gn, [0, 2π]) > s) ds︸ ︷︷ ︸

:=I1

+ (1 + η/2)

∫ ∞
nλ

sη/2PX (N (gn, [0, 2π]) > s) ds︸ ︷︷ ︸
:=I2

.
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Then, the integral I2 will be handled using an almost sure small enough polyno-
mial growth of EX

[
| log(fn(X))|1+η

]
and the integral I1 will be handled using a

quantitative convergence in distribution in Theorem 4.1.5.
Remark that Assumption A.2 is sharper than the previous assumption on the log-

integrability of the spectral density ψρ. Indeed, we have the following Lemma.

Lemma 4.4.3. If 1
ψρ
∈ Lγ([0, 2π]) for some γ > 0, then for all r > 1, log(ψρ) ∈

Lr([0, 2π]).

Proof. Set r > 1, since |x|γ | log(x)|r −−−→
x→0

0, for some constant Cr,γ one gets get

∀x ∈]0, 1[, | log(x)|r ≤ Cr,γ
|x|γ

.

Besides, if |x| > 1 we also have | log(x)|r ≤ Cr|x| which gives in turn

∀x ∈]1,+∞[, | log(x)|r ≤ |x|.
Gathering the two previous estimates leads to

∀x ∈]0,+∞[, | log(ψρ(x))|r ≤ Cr,γ
ψρ(x)γ

+ Cr|ψρ|.

The right hand side of the above inequality being integrable, the proof is complete.

Lemma 4.4.4. For n large enough, then for all η > 0, P-almost surely, for all θ ∈ (0, 1),
there exists a constant C(ω, η, θ) such that

EX | log(|fn(X)|)|1+η ≤ C(ω, η, θ)nθ.

Proof. Our approach uses Borel–Cantelli Lemma once again. Set β > θ−1 > 1 such that
(1 + η)β > 1. Lemma 4.4.2 and Jensen inequality ensure that

EP⊗PX |log(|fn(X)|)|(1+η)β ≤ C(η, β, ‖ log(ψρ)
(1+η)β‖L1).

Then , Markov inequality coupled with Jensen inequality, gives that for β > 1
θ ,

P
(
EX |log(|fn(X)|)|1+η ≥ nθ

)
≤ 1

nθβ
EP

[
EX
[
|log(|fn(X)|)|1+η

]β]
≤ 1

nθβ
EP⊗PX |log(|fn(X)|)|(1+η)β

≤ C(η, β, ‖ log(ψρ)
(1+η)β‖L1)

nθβ
.

Since θβ > 1, the series
∑

n
1
nθβ

is convergent. Therefore, by Borel–Cantelli Lemma with
respect to P, for n sufficiently large, we have P-almost surely that

EX
[
|log(|fn(X)|)|1+η

]
≤ C(η, θ, ω)nθ.
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We can now complete the proof of Theorem 4.1.4. Following the steps of the proof
of Proposition 4.4.2, we must show that for some η > 0,

sup
n≥1

EX
[
|N (gn, [0, 2π])|1+ η

2

]
< +∞. (4.34)

Combining this equi-integrability result with the convergence in distribution established
in Theorem 4.1.6, we shall obtain that P almost surely

lim
n→+∞

N (fn, [0, 2π])

n
= EX [N (g∞, [0, 2π])] .

Now, as in the proof of Theorem 4.1.3, the zeros of g∞ are the same as the ones of
a stationary Gaussian process with sinc covariance function, therefore we will indeed
obtain that P almost surely

lim
n→+∞

N (fn, [0, 2π])

n
=

2√
3
.

Let us now focus on the proof of the uniform estimate (4.34). To do so, we consider
χ ∈ C∞c , by Fourier inversion we may write

EX [χ (fn(X))] =
1

2π

∫
R
χ̂(ξ)EX [exp (−iξfn(X))] dξ

EX,N
[
χ

(√
2πKn ∗ ψρ(X)N

)]
=

1

2π

∫
R
χ̂(ξ)EX

[
exp

(
−ξ

2

2
2πKn ∗ ψρ(X)

)]
dξ

EX,N
[
χ

(√
2π ψρ(X)N

)]
=

1

2π

∫
R
χ̂(ξ)EX

[
exp

(
−ξ

2

2
2π ψρ(X)

)]
dξ

Subtracting the two first equations and using Cauchy–Schwarz inequality entails that∣∣∣∣EX [χ (fn(X))]− EX,N
[
χ

(√
2πKn ∗ ψρ(X)N

)]∣∣∣∣
≤ 1

2π

∫
R
|χ̂(ξ)|

∣∣∣∣EX [e−iξfn(X)
]
− EX

[
e−i

ξ2

2
2πKn∗ψρ(X)

]∣∣∣∣ dξ
≤ 1

2π

√∫
R
|χ̂(ξ)|2(|ξ|2 + 1)2dξ

√√√√∫
R

∣∣∣EX [e−iξfn(X)
]
− EX

[
e−i

ξ2

2
2πKn∗ψρ(X))

]∣∣∣2
(|ξ|2 + 1)2

dξ.

Taking the expectation with respect to P, recalling that (see the beginning of Section
4.3.2)

∀t ∈ R, ∀n ≥ 1, E

[∣∣∣∣EX [eitfn(X)
]
− EX

[
e−

t2

2
2πKn∗µρ(X)

] ∣∣∣∣2
]
≤ C t2

n
1
6

,

and noticing that µρ = ψρ(x)dx ⇒ Kn ∗ µρ = Kn ∗ ψρ we get that
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E


√√√√∫

R

∣∣∣EX [e−iξfn(X)
]
− EX

[
e−i

ξ2

2
2πKn∗ψρ(X)

]∣∣∣2
(|ξ|2 + 1)2

dξ

 ≤ C

n
1
12

√
E
[∫

R

|ξ|2
(|ξ|2 + 1)2

dξ

]
=

C̃

n
1
12

.

As a a result, along the subsequence n25, one deduces that

∞∑
n=1

n
25
24E


√√√√∫

R

∣∣∣EX [e−iξfn25 (X)
]
− EX

[
e−i

ξ2

2
2πKn25∗ψρ(X)

]∣∣∣2
(|ξ|2 + 1)2

dξ

 <∞.
Thus, by a Borel–Cantelli argument we derive that, P almost surely, for some constant
C(ω) > 0,

∫
R

∣∣∣∣EX [e−iξfn25 (X)
]
− EX

[
e−i

ξ2

2
2πKn25∗ψρ(X)

]∣∣∣∣2
(|ξ|2 + 1)2

dξ


1
2

≤ C(ω)

n
25
24

. (4.35)

On the other hand, using Plancherel isometry, provided that Supp(χ) ⊂ [−M,M ], we
have ∫

R
|χ̂(ξ)|2(|ξ|2 + 1)2dξ =

∫
R
|χ̂(ξ)|2(|ξ|4 + 2|ξ|2 + 1)dξ

≤ 2

∫
R

(
χ′′(x)2 + χ′(x)2 + χ(x)2

)
dx

≤ 2M
(
‖χ′′‖2∞ + ‖χ′‖2∞ + ‖χ‖2∞

)
.

Gathering this last estimate with (4.35) entails that, for any χ ∈ C∞c such that

— max (‖χ′′′‖∞, ‖χ′′‖∞, ‖χ′‖∞, ‖χ‖∞) ≤ 1,
— Supp(χ) ⊂ [−M,M ],

then we have∣∣∣∣EX [χ (fn25(X))]− EX,N
[
χ

(√
2πKn25 ∗ ψρ(X)N

)]∣∣∣∣ ≤ C(ω)

n
25
24

√
M. (4.36)

Given the assumption A.1 on the Besov regularity of ψρ, since the first Fourier
coefficient of the Fejér kernel of order n is equal to 1 − 1

n , we can apply Theorem 1.5.8
p.69-70 of [BN71], with the corresponding notations χp(u) = Kn(u), χ̂p(u) = 1− 1

n and
ω∗(X2π, f, h) = O(hα), to deduce that

‖Kn ∗ ψρ − ψρ‖L1([0,2π]) = O(n−α/2).
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Under the condition A.1, we have thus∣∣∣∣EX [χ(√2πKn25 ∗ ψρ(X)N

)]
− EX,N

[
χ

(√
2π ψρ(X)N

)]∣∣∣∣
≤ 1

2π

∫
R
|χ̂(ξ)|

∣∣∣∣EX [e− ξ22 2πKn25∗ψρ(X)

]
− E

[
e−

ξ2

2
2π ψρ(X)

]∣∣∣∣ dξ
≤ 1

2π

∫
R
|χ̂(ξ)|ξ2dξ × EX [|Kn25 ∗ ψρ(X)− ψρ(X)|]

≤ C ×
√
M

n
25α

2

.

Indeed, as previously one may write

1

2π

∫
R
|χ̂(ξ)|ξ2dξ =

1

2π

∫
R
|χ̂(ξ)|ξ2 |ξ|+ 1

|ξ|+ 1
dξ

≤ 1

2π

(∫
R
|χ̂(ξ)|2ξ4(1 + |ξ|)2

) 1
2
(∫

R

1

(|ξ|+ 1)2
dξ

) 1
2

Plancherel
≤ C

(∫
R

(
|χ′′′(x)|2 + |χ′′(x)|2 + |χ′(x)|2 + |χ(x)|2

)
dx

) 1
2

≤ C
√
M.

Gathering the latter with (4.36) provides

∣∣∣∣EX [χ (fn25(X))]− EX,N
[
χ

(√
2π ψρ(X)N

)]∣∣∣∣ ≤ (C(ω)

n
25
24

+
C

n
25α

2

)√
M. (4.37)

Now, take χ ∈ C∞c with the condition max (‖χ′′′‖∞, ‖χ′′‖∞, ‖χ′‖∞, ‖χ‖∞) ≤ 1 but not
necessarily supported in [−M,M ]. We can build τM ∈ C∞c with the conditions

— τM = 1 on [−M + 1,M − 1],
— τM = 0 on [−M,M ]c,
— 0 ≤ τM ≤ 1 and max(‖τ ′′′M‖∞, ‖τ ′′M‖∞, ‖τ ′M‖∞, ‖τM‖∞) ≤ C for some absolute

C > 0 and any M > 1.
We then write χM = χ× τM and we obtain

∣∣∣∣EX [χ (fn25(X))]− EX,N
[
χ

(√
2π ψρ(X)N

)]∣∣∣∣
≤
∣∣∣∣EX [χM (fn25(X))]− EX,N

[
χM

(√
2π ψρ(X)N

)]∣∣∣∣
+ |EX [χ (fn25(X))]− EX [χM (fn25(X))]|

+

∣∣∣∣EX,N [χM (√2π ψρ(X)N

)]
− EX,N

[
χ

(√
2π ψρ(X)N

)]∣∣∣∣
≤
(
C(ω)

n
25
24

+
C

n
25α

2

)√
M + PX (|fn25(X)| > M) + PX

(∣∣∣∣√2π ψρ(X)N

∣∣∣∣ > M

)
.
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Besides, combining Markov inequality with Birkhoff–Khinchine Theorem (see Section
4.5.1 below)

PX (|fn25(X)| > M) ≤ 1

M2

1

n25

n25∑
k=1

a2
k + b2k

2
= O(1/M2),

and using Markov inequality again

PX
(√

2π ψρ(X)N > M

)
≤ 2π

M2
EX,N

[
ψρ(X)N2

]
=

1

M2
.

We finally gets, for some constant C(ω), for every M > 0 and every χ ∈ C∞c which
satisfies max (‖χ′′′‖∞, ‖χ′′‖∞, ‖χ′‖∞, ‖χ‖∞) ≤ 1:

∣∣∣∣EX [χ (fn25(X))]− EX,N
[
χ

(√
2π ψρ(X)N

)]∣∣∣∣ ≤ C(ω)

M2
+
√
M
C(ω)

nβ
, (4.38)

where β = min
(

25
24 + 25α

2

)
. On the other hand, relying on the proof of Lemma 4.3.4

(with the subsequence n7 replaced by n25) we may infer for n25 ≤ m ≤ (n+ 1)25 that

EX
[
|fn25(X)− fm(X)|2

]
≤ C(ω)

n
.

Thus we also have

|EX [χ (fn25(X))]− EX [χ (fm(X))]| ≤ C(ω)√
n
.

Combining the latter with (4.38) ensures that,

∣∣∣∣EX [χ (fm(X))]− EX,N
[
χ

(√
2π ψρ(X)N

)]∣∣∣∣ ≤ C(ω)

(
1

M2
+
√
M

1

m
β
25

+
1

m
1
50

)
.

(4.39)

Setting θ = min
(
β
25 ,

1
50

)
and optimizing in M > 0 implies that P-a.s. there exists a

constant C(ω) > 0 such that for any n ≥ 1 and any χ ∈ C∞c with max (‖χ′′‖∞, ‖χ′‖∞, ‖χ‖∞) ≤
1: ∣∣∣∣EX [χ (fm(X))]− EX,N

[
χ

(√
2π ψρ(X)N

)]∣∣∣∣ ≤ C(ω)

m
4θ
5

. (4.40)

Now, let us assume that 0 ≤ χ ≤ 1, χ = 1 on [−1, 1] and χ = 0 on R/[−2, 2]. In
particular, we have 1[−2,2] ≥ χ ≥ 1[−1,1]. Let δ > 0 that will be chosen later. We apply

the estimate (4.39) to χ
( ·
δ

)
for which one may write max

(
‖χ(i)‖∞ ; i ∈ {0, 1, 2, 3}

)
≤ C

δ3

and we obtain that
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PX (|fn(X)| ≤ δ) ≤ EX
[
χ

(
fn(X)

δ

)]
≤ EX,N

[
χ

(√
2π ψρ(X)N

δ

)]
+
C(ω)

δ3n
4θ
5

.

On the other hand, by the assumption A.2 we know that 1
ψρ
∈ Lγ([0, 2π] which entails

that

EX,N

[
χ

(√
2π ψρ(X)N

δ

)]
≤ PX,N

(√
2π ψρ(X)N ≤ 2δ

)
= PX

(
λ
√

2π ψρ(X) ≤ 2δ

)
+ Cλ

= PX

(
2π ψρ(X)γ ≤

(
2δ

λ

)2γ
)

+ Cλ

≤ Cλ+ EX
[

1

2π ψρ(X)γ

](
2δ

λ

)2γ

.

Optimizing in λ gives for some constant C > 0 and any δ > 0 the following estimate

EX,N

[
χ

(√
2π ψρ(X)N

δ

)]
≤ Cδ

2γ
2γ+1 . (4.41)

Gathering the bounds (4.40) and (4.39) gives the bound

P-a.s., ∃C(ω) > 0, s.t. ∀δ > 0, PX (|fn(X)| ≤ δ) ≤ Cδ
2γ

2γ+1 +
C(ω)

δ3n
4θ
5

. (4.42)

The rest of the proof follows the same strategy as in the proof of Theorem 4.1.3.
Namely we write, for some λ > 0 to be determined later

EX
[
N (gn, [0, 2π])1+η/2

]
= (1 + η/2)

∫ +∞

0
sη/2PX (N (gn, [0, 2π]) > s) ds

= (1 + η/2)

∫ nλ

0
sη/2PX (N (gn, [0, 2π]) > s) ds

+ (1 + η/2)

∫ ∞
nλ

sη/2PX (N (gn, [0, 2π]) > s) ds. (4.43)

Then we write, using again repeatedly the Rolle Theorem

PX (N (gn, [0, 2π]) > s) ≤ PX

(
|gn(0)| ≤ (2π)bsc

bsc!
‖g(bsc)
n ‖∞

)

≤ PX

(
|gn(0)| ≤ (2π)bsc

bsc!
M

)
+PX

(
‖g(bsc)
n ‖∞ ≥M

)
.
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Besides, via Sobolev estimates, and using the orthogonality of (cos(kX), sin(kX)) with
respect to the Lebesgue measure on [0, 2π] we obtain that

PX
(
‖g(bsc)
n ‖∞ ≥M

)
≤ 1

M2

(
EX
[
gbscn (X)2

]
+ EX

[
gbs+1c
n (X)2

])
=

1

M2

1

n

n∑
k=1

((
k

n

)2bsc
+

(
k

n

)2bs+1c
)(

a2
k + b2k

2

)
≤ C(ω)

M2
.

where the last inequality is again due to Birkhoff–Khinchine Theorem. Together, the
two previous bounds imply that

PX (N (gn, [0, 2π]) > s) ≤ C(ω)

M2
+ PX

(
|gn(0)| ≤ (2π)bsc

bsc!
M

)
(4.44)

Now, we can choose M(s) = (1 + |s|)η/2+1 and notice that, for s large enough,
(2π)bscM(s)
bsc! < 1. As a result, provided that s is large enough, we get by Markov inequality

and the fact that x 7→ | log(x)| decreases on ]0, 1[:

PX

(
|gn(0)| ≤ (2π)bscM(s)

bsc!

)
= PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)

= PX

(
|log |fn(X)|| ≥

∣∣∣∣∣log

(
(2π)bscM(s)

bsc!

)∣∣∣∣∣
)

≤
EX
[
|log(|fn(X)|)|1+η

]
∣∣∣log

(
(2π)bscM(s)
bsc!

)∣∣∣1+η .

Now, we rely on Lemma 4.4.4 which guarantees that for some constant C(ω) > 0
and ε > 0 small enough we have

∀n ≥ 1, EX | log(|fn(X)|)|1+η ≤ C(ω, ε)nε.

Hence, for all η > 0 and s large enough, (and recalling that gn(0) = fn(X)) we get

sup
n≥1

PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)
≤ C(ω, η)nε

s1+η
. (4.45)

Plugging the estimate (4.45) inside (4.44) ensures that, for s large enough, P-a.s.,

∀n ≥ 1, PX (N (gn, [0, 2π]) > s) ≤ C(ω)

(1 + s)2+η
+
C(ω, η)nε

s1+η
. (4.46)
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Now we combine (4.46) and (4.43) and we obtain

EX
[
N (gn, [0, 2π])1+η/2

]
= (1 + η/2)

∫ +∞

0
sη/2PX (N (gn, [0, 2π]) > s) ds

= (1 + η/2)

∫ nλ

0
sη/2PX (N (gn, [0, 2π]) > s) ds

+ (1 + η/2)

∫ ∞
nλ

sη/2PX (N (gn, [0, 2π]) > s) ds

≤ (1 + η/2)

∫ nλ

0
sη/2PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)
ds

(4.46)
+ (1 + η/2)

∫ ∞
nλ

sη/2
(

C(ω)

(1 + s)2+η
+
C(ω, η)nε

s1+η

)
ds.

Then, in view of using the estimate (4.42) we set an the least positive number such that

s > an ⇒
(2π)bscM(s)

bsc!
≤ 1

n
θ
5

.

Due to the growth of the term bsc! it is clear that for n large enough we have an < nλ.

I :=

∫ nλ

0
sη/2PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)
ds

=

∫ an

0
sη/2PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)
ds+

∫ nλ

an

PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)

≤
∫ an

0
sη/2PX

(
|fn(X)| ≤ (2π)bscM(s)

bsc!

)
ds+ nλPX

(
|fn(X)| ≤ 1

n
θ
5

)
(4.42) with δ=n−

θ
5

≤ C(ω)

((
1

n
θ
5

) 2γ
2γ+1

+
1

n
θ
5

+

∫ an

0

(
(2π)bscM(s)

bsc!

) 2γ
2γ+1

ds+ nλ × 1

n
θ
5

.
Provided that λ is chosen small enough, each of the above term is uniformly bounded
in n which guarantees the desired uniform integrability and achieves the proof.

Remark 4.4.1. In the same way, a similar proof would give that P-almost surely, for
any compact [a, b] of [0, 2π],

lim
n→+∞

N (fn, [a, b])

n
=
b− a
π
√

3
.

Indeed, assuming this time that X is uniformly distributed over [a, b], one may study the
convergence of the stochastic process gn(x) = fn

(
X + x

n

)
towards a non-degenerate limit

and apply the same strategy.
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4.5 Appendix

4.5.1 Birkhoff–Khinchine Theorem for Gaussian sequences

In this section, we recall the necessary material about Gaussian ergodicity and the
technical details ensuring the validity of Lemma 4.3.4 and 4.3.9 stated in Sections 4.3.2
and 4.3.3 respectively. First, one can build the stationary sequence {ak}k≥1 as the
coordinates on the space RN endowed with the cylindrical topology and equipped with
the Gaussian measure m defined as

∀p ≥ 1,∀(A1, · · · , Ap) ∈ B (R)p , m (A1 ×A2 × · · · ×Ap × R× R× · · · ) = P

(
p⋂
i=1

{ai ∈ Ai}

)
.

Then, the shift operates on this space and preserves the measure m since the sequence
{ak}k≥1 is stationary. We refer to [CFS82, pages 188] for an introduction to these kinds
of dynamical systems. One can use the celebrated Birkhoff–Khinchine Theorem for this
transformation, see e.g. [CFS82, pages 11], and we get that

P− a.s.,
1

n

n∑
k=1

a2
k → E

[
(x1, · · · , ) 7→ x2

1

∣∣∣ I] ,
where I is the sigma field generated by all the mappings from RN → R that are shift-

invariant m-almost surely. In particular, P−almost surely, 1
n7

∑n7

k=1 a
2
k + b2k has a finite

limit as n goes to infinity, which is the key ingredient to establish Lemma 4.3.4.

Proof of Lemma 4.3.4. Recall that m is a large positive integer and n is defined as the
unique integer such that n7 < m ≤ (n+ 1)7. By Cauchy–Schwarz inequality, we have∣∣∣EX [eitfn7 (X)

]
− EX

[
eitfm(X)

] ∣∣∣ ≤ tEX [|fn7(X)− fm(X)|2
]1/2

.

Otherwise, we have the estimate

EX
[
|fn7(X)− fm(X)|2

]
≤ 2

(
1−

√
n7

m

)2

EX
[
fn7(X)2

]

+2EX

∣∣∣∣∣∣ 1√
m

m∑
k=n7+1

ak cos(kX) + bk sin(kX)

∣∣∣∣∣∣
2

= 2

(
1−

√
n7

m

)2
1

n7

n7∑
k=1

a2
k + b2k

2
+

2

m

m∑
k=n7+1

a2
k + b2k

2
.

(4.47)
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By Birkhoff–Khinchine Theorem, we have first(
1−

√
n7

m

)2
1

n7

n7∑
k=1

a2
k + b2k

2
∼ 1

4n9

n7∑
k=1

a2
k + b2k

2
= O

(
1

n2

)
.

Besides, one may write

1

m

m∑
k=n7+1

a2
k + b2k

2
≤ 1

n7

(n+1)7∑
k=n7+1

a2
k + b2k

2

=
(n+ 1)7

n7

1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2
− 1

n7

n7∑
k=1

a2
k + b2k

2

=

 1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2
− 1

n7

n7∑
k=1

a2
k + b2k

2︸ ︷︷ ︸
:=Rn

+

∑6
k=0

(
7
k

)
nk

n7︸ ︷︷ ︸
=O( 1

n)

× 1

(n+ 1)7

(n+1)7∑
k=1

a2
k + b2k

2︸ ︷︷ ︸
=O(1)

.

Next we write

Rn =

n7∑
k=1

(
a2
k + b2k

2

)(
1

(n+ 1)7
− 1

n7

)
+
a(n+1)7 + b(n+1)7

2(n+ 1)7

=
1

n7

n7∑
k=1

(
a2
k + b2k

2

)
︸ ︷︷ ︸

=O(1)

(
1

(1 + 1/n)7
− 1

)
︸ ︷︷ ︸

=O( 1
n)

+
1

n+ 1

a2
(n+1)7 + b2(n+1)7

2(n+ 1)6︸ ︷︷ ︸
=o(1)

.

Let us finally detail the o(1) in the above equation. For any sequence {Xk}k≥1 of
standard Gaussian random variables, any β > 0 and any ε > 0 we have

∞∑
k=1

P
(
|Xk| > εkβ

)
≤
∞∑
k=1

1√
2π

∫ ∞
εkβ

e−
x2

2 dx <∞.

Then Borel–Cantelli Lemma implies that Xn/n
β → 0 almost surely, in particular in

our case, we have |a(n+1)7/(n+ 1)3| = o(1), hence the result.

Proof of Lemma 4.3.9. Let us rewrite

Zn(X, t, λ) =

M∑
p=1

λjgn(tp) =
1√
n

n∑
k=1

akαk,n(X) + bkβk,n(X),
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where

αk,n(X) :=
M∑
p=1

λp cos

(
kX +

ktp
n

)
, βk,n(X) :=

M∑
p=1

λp sin

(
kX +

ktp
n

)
.

Due to the orthogonality of trigonometric functions, a straightforward computation then
yields the following orthogonality relations, for all 1 ≤ k ≤ n and 1 ≤ k′ ≤ n′

EX
[
αk,n(X)αk′,n′(X)

]
= EX

[
βk,n(X)βk′,n′(X)

]
= δk,k′ ×

1

2

M∑
p,q=1

λpλq cos

(
ktp
n
− ktq

n′

)
,

and

EX
[
αk,n(X)βk′,n′(X)

]
= δk,k′ ×

1

2

M∑
p,q=1

λpλq sin

(
ktp
n
− ktq

n′

)
,

so that by symmetry
EX
[
αk,n(X)βk′,n(X)

]
= 0.

In particular, we have

EX
[
αk,n(X)2

]
= EX

[
βk,n(X)2

]
≤ 1

2
× ||λ||21.

and 
EX
[
(αk,n(X)− αk,n′(X))2

]
≤ 2π||λ||21

∣∣∣∣kn − k

n′

∣∣∣∣,
EX
[
(βk,n(X)− βk,n′(X))2

]
≤ 2π||λ||21

∣∣∣∣kn − k

n′

∣∣∣∣.
(4.48)

Recall that m is a positive integer and n is defined as the unique integer such that
n7 < m ≤ (n+ 1)7. By triangular inequality and Cauchy–Schwarz inequality, we have∣∣EX [eiZn7 (X,t,λ)

]
− EX

[
eiZm(X,t,λ)

]∣∣ ≤ EX [|Zn7(X, t, λ)− Zm(X, t, λ)|]

≤
√

EX [U2] +
√
EX [V 2] +

√
EX [W 2]

where

U :=

(
1√
n7
− 1√

m

) n7∑
k=1

akαk,n7(X) + bkβk,n7(X)

,

V :=
1√
m

 m∑
k=1+n7

akαk,m(X) + bkβk,m(X)

,

W :=
1√
m

 n7∑
k=1

ak
(
αk,n7(X)− αk,m(X)

)
+ bk

(
βk,n7(X)− βk,m(X)

).
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Using the orthogonality relations above, and again Birkhoff–Khinchine Theorem, we
have then

EX [U2] ≤ ||λ||21
(

1√
n7
− 1√

m

)2 n7∑
k=1

a2
k + b2k

2
= ||λ||21

(
1−

√
n7

m

)2

︸ ︷︷ ︸
O(1/n2)

 1

n7

n7∑
k=1

a2
k + b2k

2


︸ ︷︷ ︸

O(1)

.

In the same way and proceeding as in the proof of Lemma 4.3.4 above, we get

EX [V 2] ≤ ||λ||21 ×
1

m

m∑
k=1+n7

a2
k + b2k

2
= O

(
1

n

)
.

Finally, using again the orthogonality relations and Equation (4.48), we obtain

EX [W 2] ≤ ||λ||21 × 4π ×
(

1− n7

m

)
×

 1

m

n7∑
k=1

(a2
k + b2k)

 = O

(
1

n

)
.

As a conclusion, we get that∣∣∣EX [eiZn7 (X,t,λ)
]
− EX

[
eiZm(X,t,λ)

]∣∣∣ = O

(
1√
n

)
= O

(
1

m1/14

)
.

hence the result.

4.5.2 Trigonometric kernels and convolutions

Recall the definitions of the kernel Kt,λ
n and its normalized version K̄t,λ

n given in
Lemma 4.3.5.

Kt,λ
n (x) :=

1

n

∣∣∣∣∣∣∣∣
M∑
p=1

λpe
i
(n+1)

2n
tp

sin
(
n
2 (x+

tp
n )
)

sin

(
x+

tp
n

2

)
∣∣∣∣∣∣∣∣
2

, K̄t,λ
n (x) :=

2πKt,λ
n (x)∫ 2π

0 Kt,λ
n (x)dx

.

Lemma 4.5.1. The function K̄t,λ
n is a good trigonometric kernel, i.e. it satisfies the

following properties:

1. K̄t,λ
n ≥ 0 and 1

2π

∫ 2π
0 K̄t,λ

n (x)dx = 1.

2. For n large enough, there exists a constant C = C(t, λ) > 0 such that uniformly
in x ∈ [0, 2π]

sup
x∈[0,2π]

K̄t,λ
n (x) ≤ Cn, K̄t,λ

n (x) ≤ C

 M∑
p=1

1

n
(
x+ ti

n

)2
 .
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3. For any δ > 0 and for n large enough,

lim
n→+∞

∫
|x|>δ

K̄t,λ
n (x)dx = 0.

Proof. The first point results from the fact that Kt,λ
n is trivially non negative and

from the very definition of K̄t,λ
n . Notice that by Lemma 4.3.7, as n goes to infinity∫ 2π

0 Kt,λ
n (x)dx converges to

2π
M∑

p,q=1

λpλq sinc (tp − tq) = E

∣∣∣∣∣∣
M∑
p=1

λpNtp

∣∣∣∣∣∣
2 > 0

where (Nt) is the standard Gaussian sinc process, which is known to be non degenerate.

Therefore, for n large enough,
∫ 2π

0 Kt,λ
n (x)dx is positive and we can give all the estimates

on Kt,λ
n without loss of generality. Precisely, for the second point, remark that by

triangular inequality, for all x ∈ [0, 2π],

Kt,λ
n (x) ≤ 2p−1

p∑
i=1

λ2
iKn

(
x+

ti
n

)
.

where Kn is the standard Fejér kernel. The desired estimates then follow directly from
the ones established in Lemma 4.2.1 for the standard Fejér kernel Kn. The third point
is an immediate consequence of the second, since for n large enough, Kt,λ

n (x) = O(1/n)
for |x| > δ.

We can now give the proof of Lemma 4.3.6, i.e. the Fejér–Lebesgue type convergence
associated to the kernel K̄t,λ

n .

Proof of Lemma 4.3.6. The proof is very close from the one of Lemma 4.2.2, with the
slight difference that, contrary to Kn and Ln, the new kernel K̄t,λ

n is not even. Let us
set

ϕ±x (t) := µρ([0, x± t])− tψρ(x), Φ±x (t) :=

∫ t

0
|dϕ±x (u)|.

Set in the same way E± := {x ∈ [0, 2π],Φ±x (t) = o(t)}. By Theorem 8.4, p 106 of
[Zyg02], Lebesgue almost all point x in [−π, π] belongs to the set E+ ∩E−. Otherwise,
we have the representation

K̄t,λ
n ∗ µρ(x)− ψρ(x) =

1

2π

(∫ π

0
K̄t,λ
n (u)dϕ−x (u) +

∫ π

0
K̄t,λ
n (−u)dϕ+

x (u)du

)
.

The rest of the proof then follows the exact same lines as the one of Lemma 4.2.2. Indeed,
for all x ∈ E+ ∩ E−, using the estimates for K̄t,λ

n of the second point of Lemma 4.5.1
above and an integration by parts, one deduces that the two last integrals converge to
zero as n goes to infinty.
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Chapter 5

On the zeros of non-analytic
random signals

This chapter is based on our third article [APP21b], whose redaction is in its final
stages, and which will be hopefully submitted for publication before the defense of the
thesis.

5.1 Introduction and statement of the results

5.1.1 Introduction

The study of the nodal sets or level sets of random functions is the object of vast liter-
ature and connects various domains of mathematics, from probability theory to algebraic
geometry and Riemannian geometry, or else mathematical physics. Of particular inter-
est is the study of the zero sets of random algebraic polynomials, random trigonometric
polynomials, or random combinations of Laplace eigenfunctions, and more specifically
the universality of their asymptotics in the large degree / high energy regimes. Let us
briefly recall what the notion of universality means in these contexts. Let (ak)k≥1 a se-
quence of random variables, centered with unit variance, defined on a probability space
(Ω,F ,P) and let (ϕk)k≥1 a family of real functions. One then consider the random linear
combinations

Sn(t) :=
n∑
k=1

akϕk(t).

If ϕk(t) = tk or ϕk(t) = cos(kt) or sin(kt), one recovers for example the classical mod-
els of Kac random algebraic polynomials and trigonometric polynomials. We are then
interested in the number of zeros of Sn on a given interval, denoted by

N (Sn, [a, b]) := Card{t ∈ [a, b], Sn(t) = 0}.

The question of the universality of the asymptotics of N (Sn, [a, b]) as n goes to infinity
consists in asking whether the latter does depend or not on the particular law of the ran-
dom coefficients (ak) and their correlations. Since the observable of interest N (Sn, [a, b])
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is random, the question of the universality can be considered in various probabilistic
ways, e.g. in distribution, in expectation or even almost surely. Besides, one can study
the local universality properties at a microscopic scale , e.g. in an interval [an, bn] whose
length goes to zero as n goes to infinity, or at a macroscopic scale, in which case one
then speaks of global universality properties.

In both algebraic and trigonometric frameworks, the literature dealing with univer-
sality properties of nodal sets associated with random polynomials is thriving. The
reader can refer for example to [TV15, IKM16, NV18] and the references therein for
local properties and to [AP15, Fla17, ADP19, AP19, Mat12, DNV18, Muk19] for uni-
versality results at a global scale. In the opposite direction, there are also examples of
models where the asymptotics of the number of zeros does depend on the nature of the
coefficients (ak), see for example [Pir20, Pir21, Pau20, APP21a]. Interestingly, there are
some models where the first order asymptotics is universal whereas the second order
asymptotics is not, see [BCP19, DNN20].

For the most part of the existing literature about universality properties, the analyt-
icity of the random functions ϕk – be they algebraic polynomials, trigonometric functions
or else – plays a crucial role in the corresponding results. For example, Hurwitz Theorem
ensures the continuity of the nodal sets in [IKM16], and Jensen integral formula is the
starting point of [NV18] to count the number of zeros. This raises naturally the role
played by the analyticity of the involved functions in the universality properties of nodal
domains. If we have in mind the isolated zeros principle, it seems reasonable to think
that the regularity of the function could affect the distribution of zeros.

The goal of this article, which continues the study initiated in [AP20b], is to show
that the analyticity hypothesis is in fact non-necessary to obtain universal asymptotics,
at both local and global scales. The method we use to derive the global asymptotics
of the expected number of zeros indeed requires only a finite order regularity and can
be applied for example to piecewise polynomial functions. It turns out that the main
necessary ingredients are some a priori bounds on the number of zeros of the considered
signals (which are free when considering algebraic or trigonometric polynomials) and not
surprisingly, some anti-concentration estimates on the size of the signal. It is precisely
the latter anti-concentration estimates that require the most regularity and it would be
interesting / challenging to derive similar bounds with minimal regularity.

5.1.2 Model, main results and comments

Let us now specify the model of random periodic signals we consider in this article.
For the most part, we work under the same framework as in the local universality context
studied in [AP20b], which can naturally appear minimal if one hopes to establish global
universality.

To make appear converging quantities, let us consider the rescaled process

fn(t) :=
1√
n

n∑
k=1

akf(kt),
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where (ak)k≥1 is a sequence of i.i.d. centered random variables with variance one on the
probability space (Ω,F ,P), and f is 2π-periodic function, non-analytic a priori.

In view of the universal asymptotics, we will suppose that

(A) a1 ∈ L3(Ω,F ,P),

(H) f ∈ H1, i.e. ||f ||2 + ||f ′||2 < +∞, with

〈f, 1〉 = 0 , 〈f, f〉 > 0 and 〈f ′, f ′〉 > 0,

with 〈·, ·〉 being the usual L2([0, 2π]) scalar product and ‖ · ‖2 = 〈·, ·〉 the associated
norm.
We will in particular consider the case of piecewise polynomial functions, that is functions
f such that there exists a finite number of knots s1, . . . , sM in [0, 2π] such that the
restrictions f|[si,si+1] are polynomial functions and we will moreover suppose that f and
can be written as a piecewise polynomial function with Cq([0, 2π]) knots.

Let X a random variable whose distribution is uniform on [0, 2π] and independent
of the entries (ak)k≥1. More precisely, with this setting, we work on the product space

(Ω× [0, 2π],F × B([0, 2π]),P⊗ PX) ,

with X seen as the identity map from ([0, 2π],B([0, 2π])) onto itself. In the sequel, we
denoted by EX the expectation taken w.r.t. the probability PX . As in [AP19], we also
introduce the stochastic process (gn(t))t∈[0,2π] defined by

gn(t) := fn

(
X +

t

n

)
, t ∈ [0, 2π].

We show first that almost surely w.r.t. the entries, the sequence fn evaluated on the
random variable X converges in distribution to a Gaussian variable.

Theorem 5.1.1. Under (A) and (H), P-almost surely, for all t ∈ IR, we have

lim
n→+∞

EX
[
eitfn(X)

]
= e−

t2

2
〈f,f〉.

In other words, P-a.s., the sequence of random variables (fn(X))n≥0 converges in distri-
bution under PX towards

√
〈f, f〉N , where N is a standard Gaussian variable.

This result is in fact a consequence of the following more general Central Limit
Theorem analogue to Theorem 3 in [AP19], under the following slightly strong regularity
assumption on the Fourier coefficients to ensures tightness.

Recalling that gn(t) := fn
(
X + t

n

)
, t ∈ [0, 2π], we have the following convergence.

Theorem 5.1.2. Under (A) and (H), P-almost surely, as n goes to infinity, the finite
dimensional marginals of process (gn(t))t∈[0,2π] converge in distribution to the ones of
the stationary Gaussian process (g∞(t))t∈[0,2π] with covariance function

EX [g∞(t)g∞(s)] = ρ(t− s), with

 ρ(u) :=
1

u

∫ u

0
(f ∗ f̃)(x)dx, u 6= 0

ρ(0) = 〈f, f〉
,
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where f̃(x) := f(−x) for all x ∈ IR.

Moreover, if the function f is of class C2, the process (gn(t))t∈[0,2π] converges is
distribution in the C1 topology towards (g∞(t))t∈[0,2π].

Remark 5.1.1. The limit process appearing in Theorem 5.1.2 coincides with the one ap-
pearing in [AP20b] when looking at the signal Sn in a deterministic (but possibly moving)
window of size 1/n. As observed in the latter reference, it is the natural generalization
of the standard Gaussian process with sinc covariance function appearing as a universal
limit in many models, in particular in the case of random trigonometric polynomials.

As done in [AP19], the convergence of the process gn open the way to establish the
global universality of the zeros of fn. The main object of the present article is to go
beyond the local universality result of [AP19] by establishing the universality of the
asymptotics at the scale of the whole interval [0, 2π]. We work under the additional
assumption

(H’) f is piecewise polynomial with Cq0 knots, with q0 > 12 and there exists p ≥ 1

large enough and α > 0 such that, for all x ∈ Vp :=
[
−π
p ,

π
p

]
, we have the

lower-bound
|f (j)(x)| ≥ α,

for some j > 5.

Then, we have the following global universality result for the mean number of zeros of
fn.

Theorem 5.1.3. Assume (A), (H) and (H’). Then,

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3

√
〈f ′, f ′〉
〈f, f〉

.

Remark 5.1.2. The previous Theorem 5.1.3 calls for several remarks.

1. If the generic function f is cosine, (H) is satisfied and we have 〈f, 1〉 = 0, 〈f, f〉 =
〈f ′, f ′〉 > 0 and we recover the well-known fact (see e.g. [Dun66]) that expected
number of zeros of the universal limit sinc process on [0, 2π] is 2√

3
. Assuming

furthermore (H’) makes it possible to bypass the analyticity and to exploit the
key ingredient, that is the existence of a neighborhood of zero on which the j-th
derivative of f is non-zero, for j large enough.

2. It remains an open question to determine whether or not the random superposition
of triangular signals satisfies this same limit, since in this case, we cannot rely
on the regularity properties of f in establishing the equi-integrability condition,
crucial for global asymptotics in this method.

This article is divided as follows: first, we prove in Sections 5.2 and 5.2.2 the Salem-
Zygmund-like Theorems 5.1.1 and 5.1.2. In Section 5.3, we prove an equi-integrability

condition relying on a small ball estimate for the j-th derivative g
(j)
n (0), j ≥ 1. It it

the central argument to deduce the universality of the nodal asymptotics in expectation
w.r.t. P as the degree n goes to infinity.

132



5.2 A functional almost sure Central Limit Theorem

This section is devoted to the proofs of Theorem 5.1.1 and its functional analogue
Theorem 5.1.2, i.e. the P−almost sure Central Limit Theorems associated with the
signal Sn when evaluated at an independent and uniform random point.

5.2.1 The one-dimensional case

The strategy of proof of Theorem 5.1.1 follows globally the same lines as the original
one given by Salem and Zygmund in [SZ54] in the case trigonometric polynomials with
random signs. More specifically, we first establish an L2(P) estimate, then we use a
Borel–Cantelli argument to obtain the desired almost sure convergence along a subse-
quence and conclude by getting rid of taking the subsequence. Recall that the goal is to
establish that, P almost surely, for all t ∈ R, we have

lim
n→+∞

EX
[
eitfn(X)

]
= e−

t2

2
<f,f>.

Let us set

σ2
n(X) := E

[
f2
n(X)

]
=

1

n

n∑
k=1

f2(kX).

By Birkhoff ergodic Theorem, almost surely under PX , we have

lim
n→+∞

σ2
n(X) :=< f, f >,

so that by dominated convergence, Theorem 5.1.1 amounts to show that P−almost surely,
for all t ∈ R

lim
n→+∞

∣∣∣∣EX [eitfn(X) − e−
t2

2
σ2
n(X)]

]∣∣∣∣ = 0.

As announced, we will first establish an L2(P) estimate by considering

∆n(t) := E

[∣∣∣∣EX [eitfn(X) − e−
t2

2
σ2
n(X)]

]∣∣∣∣2
]
.

Lemma 5.2.1. If a1 admits a finite third moment and if f ∈ H1, there exists a positive
constant C such that

∆n(t) ≤ C (t2 + |t|3)√
n

.

To facilitate the global reading of the paper, the proof of Lemma 5.2.1 is postponed
in Section 5.4 below. Let us then fix γ > 2 and t ∈ R. By Borel–Cantelli Lemma,
P−almost surely (i.e. on a set of full measure which depends on t), as n goes to infinity,
Lemma 5.2.1 ensures that

lim
n→+∞

∣∣∣∣EX [eitfnγ (X) − e−
t2

2
σ2
nγ

(X)

]∣∣∣∣ = 0. (5.1)
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Now, let m a given integer. There exists a unique n such that nγ < m ≤ (n+1)γ . Then,
using the fact that the exponential is Lipschitz and Cauchy–Schwarz inequality, we have∣∣∣EX [eitfnγ (X)

]
− EX

[
eitfm(X)

]∣∣∣2 ≤ t2EX [|fnγ (X)− fm(X)|2
]
.

Expliciting the square, we get

EX
[
(fnγ (X)− fn(X))2

]
≤ 2

(
1−

√
nγ

m

)2

EX
[
fnγ (X)2

]

+2

(
1− nγ

m

)
EX

( 1√
m− nγ

m∑
k=nγ+1

akf(kX)

)2
 .

We have then the following Lemma, whose proof is given in Section 5.4.

Lemma 5.2.2. There exists a constant C = C(ω) such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C, and more generally sup
n≥1
M≥1

EX

 1√
n

∑
M≤k≤M+n

akfk(X)

2 ≤ C.
By Lemma 5.2.2, we deduce that

∣∣∣EX [eitfnγ (X)
]
− EX

[
eitfm(X)

]∣∣∣2 ≤ 2Ct2

(1− nγ

m

)
+

(
1−

√
nγ

m

)2
 = O

(
1

m1/γ

)
.

Combining this last estimate with Equation (5.1), one can indeed conclude that for a
fixed t, P−almost surely

lim
m→+∞

EX
[
eitfm(X)

]
= lim

m→+∞
EX
[
e−

t2

2
σ2
m(X)

]
= e−

t2

2
<f,f>.

Therefore, we deduce that the above convergence holds P−almost surely for all t ∈ Q.
To conclude that the asymptotics is valid P−almost surely for all t ∈ R, we remark that∣∣∣EX [eitfn(X)

]
− EX

[
eisfn(X)

]∣∣∣2 ≤ |t− s|2EX [fn(X)2],

so that in virtue of Lemma 5.2.2 above, P−almost surely

sup
|t−s|≤ε

sup
n≥1

∣∣∣EX [eitfn(X)
]
− EX

[
eisfn(X)

]∣∣∣2 ≤ C ε2.
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5.2.2 A functional Central Limit Theorem

In this section, we give a detailed proof of Theorem 5.1.2, which is the functional
analogue of the previous Theorem 5.1.1. Recall that

gn(t) := fn

(
X +

t

n

)
=

1√
n

n∑
k=1

akf

(
kX +

kt

n

)
, t ∈ [0, 2π].

The goal is to establish that P−almost surely, the family of processes (gn(t))t∈[0,2π]

converge in distribution, under PX and with respect to the C1 topology, towards an
explicit stationary Gaussian process. As done classically, we proceed in two steps: first,
we show the convergence of the finite dimensional marginals. Then, we focus on the
tightness with respect to the C1 topology, which will be established using a Lamperti-
like criterion.

Convergence of finite dimensional marginals

Let us first establish the convergence of the finite dimensional marginals of the lo-
calized process (gn(t))t∈[0,2π].

Proposition 5.2.1. If a1 admits a finite moment of order three and f ∈ H1, then
P−almost surely, the finite marginals of (gn(t))t∈[0,2π] converge to the ones of a stationary
Gaussian process (g∞(t))t∈[0,2π] with covariance function

EX [g∞(t)g∞(s)] = ρ(t− s), with

 ρ(u) :=
1

u

∫ u

0
(f ∗ f̃)(x)dx, u 6= 0

ρ(0) = 〈f, f〉
,

where f̃(x) := f(−x) for x ∈ IR.

For a fixed positive integer M and t = (t1, . . . , tM ) ∈ [0, 2π]M , λ = (λ1, . . . , λp) ∈ IRM ,
we set

Zn(X, t, λ) :=
M∑
p=1

λpgn(tp) =
M∑
p=1

λpfn

(
X +

tp
n

)
.

Establishing Proposition 5.2.1 comes down to prove that P−almost surely, for all M > 1,
for all t ∈ [0, 2π]M and λ ∈ IRM , we have the following convergence of characteristic
functions

lim
n→+∞

EX
[
eiZn(X,t,λ)

]
= exp

−1

2

M∑
p,q=1

λpλqρ(tp − tq)

 .

The first reduction consists in remarking that, as in the one-dimensional case, it is
sufficient to establish the almost sure convergence for fixed t ∈ [0, 2π]M and λ ∈ IRM .
Indeed, if t, s ∈ [0, 2π]M and λ, µ ∈ IRM we have the following Lemma, whose proof is
given in Section 5.4.
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Lemma 5.2.3. Under the hypotheses of Proposition 5.2.1, P−almost surely there exists
a positive constant C = C(ω) such that for any 0 < α < 1/2 and 0 < ε < 1, 0 < η < 1

sup
||t−s||∞≤ε
||λ−µ||1≤η

n≥1

∣∣∣EX [eiZn(X,t,λ)
]
− EX

[
eiZn(X,s,µ)

]∣∣∣ ≤ C (η + ||λ||1 × εα) .

The almost sure uniform continuity ensured by Lemma 5.2.3 above thus allows to
restrict to the case where t ∈ ([0, 2π] ∩ Q)M and λ ∈ QM and therefore to fixed values
of t and λ. The next reduction comes from the following Lemma, whose proof is given
in Section 5.4.

Lemma 5.2.4. Under the hypotheses of Proposition 5.2.1, we have

lim
n→+∞

EX
[
e−

1
2
E[Zn(X,t,λ)2]

]
= exp

−1

2

M∑
p,q=1

λpλqρ(tp − tq)

 . (5.2)

Thanks to Lemma 5.2.4, Proposition 5.2.1 is thus equivalent to the following conver-
gence, P−almost surely,

lim
n→+∞

∣∣∣EX [eiZn(X,t,λ)
]
− EX

[
e−

1
2
E[Zn(X,t,λ)2]

]∣∣∣ = 0.

The proof then follows the same lines as its one dimensional counterpart Theorem 5.1.1.
Namely, we have first the following L2(P) estimate, which is the analogue of Lemma
5.2.1 above and whose proof is given in Section 5.4 below.

Lemma 5.2.5. Under the hypotheses of Proposition 5.2.1, there exists a constant C
such that P−almost surely

∆̃n := E
[∣∣∣EX [eiZn(X,t,λ)

]
− EX

[
e−

1
2
E[Zn(X,t,λ)2]

]∣∣∣2] ≤ C√
n
.

By Borel–Cantelli Lemma, if γ > 2, one thus deduces that P−almost surely, we have

lim
n→+∞

∣∣∣EX [eiZnγ (X,t,λ)
]
− EX

[
e−

1
2
E[Znγ (X,t,λ)2]

]∣∣∣ = 0.

As above, one finally gets rid of the subsequence nγ using the following estimates, whose
proof is again postponed in Section 5.4.

Lemma 5.2.6. Under the hypotheses of Proposition 5.2.1, as m goes to infinity, if
n is the unique integer such that nγ < m ≤ (n + 1)γ, then P−almost surely, for all
0 < α < 1/2 we have∣∣∣EX [eiZnγ (X,t,λ)

]
− EX

[
eiZm(X,t,λ)

]∣∣∣ = O

((
1− nγ

m

)α)
= O

(
1

mα/γ

)
.

136



Tightness under regularity assumptions

Having established the convergence of the finite marginals of gn, we focus now on
the tightness of the family of processes (gn)n≥1 in a suitable topology. In the next
applications to nodal asymptotics, we will work with the C1 so that it is reasonable to
impose some regularity to the base function f .

Proposition 5.2.2. Suppose that the function f is of class C2, then P−almost surely, the
family of distributions of (gn(t))t∈[0,2π] under PX is tight with respect to the C1 topology.

Proof. The tightness with respect to the C1 topology of the family (gn)n≥1 under PX is
guaranteed by the following standard Lamperti-like criteria, see [RS01]

∃C > 0, EX [|gn(t)− gn(s)|2] ≤ C|t− s|2, EX [|g′n(t)− g′n(s)|2] ≤ C|t− s|2. (5.3)

We have

EX [|gn(t)− gn(s)|2] = EX

( 1√
n

n∑
k=1

ak

[
f

(
kX +

kt

n

)
− f

(
kX +

ks

n

)])2
 .

Using Minkowski inequality in L2(PX), we get first

EX [|gn(t)− gn(s)|2] ≤ n

 1

n

n∑
k=1

|ak|EX

[[
f

(
kX +

kt

n

)
− f

(
kX +

ks

n

)]2
]1/2

2

,

so that by Cauchy–Schwarz inequality we deduce

EX [|gn(t)−gn(s)|2] ≤ n

(
1

n

n∑
k=1

|ak|2 ×
1

n

n∑
k=1

EX

[[
f

(
kX +

kt

n

)
− f

(
kX +

ks

n

)]2
])

.

Since f is C2 ⊂ C1, we get

EX [|gn(t)− gn(s)|2] ≤

(
1

n

n∑
k=1

|ak|2
)
× ||f ′||∞ × |t− s|2,

and by the strong law of large numbers, we can conclude that for P−almost all ω, there
exists a constant C = C(ω) such that

EX [|gn(t)− gn(s)|2] ≤ C(ω)× ||f ′||∞ × |t− s|2.

In the exact same manner, we have

EX [|g′n(t)− g′n(s)|2] = EX

( 1√
n

n∑
k=1

ak ×
k

n

[
f ′
(
kX +

kt

n

)
− f ′

(
kX +

ks

n

)])2


≤ C(ω)× ||f ′′||∞ × |t− s|2,

hence the conclusion.
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Non-degeneracy of the limit process

Now establish that the limit process (g∞(t))t∈[0,2π] is non degenerate in the sense
that P⊗ PX−almost surely, we have

(g∞(t) = 0) =⇒ (g′∞(t) 6= 0).

For sake of self-containment, we give the following Lemma, first stated in [AP20b].

Lemma 5.2.7. The stationary Gaussian process (g∞(t))t∈[0,2π] is P⊗PX−almost surely
non-degenerate, i.e. P⊗ PX−almost surely, we have

inf
t∈[0,2π]

(|g∞(t)|+ |g′∞(t)|) > 0,

and if [a, b] ⊂ [0, 2π], its expected number of zeros is

EP⊗PX [N (g∞, [a, b])] =
b− a
π

√
〈f ′, f ′〉
3〈f, f〉

.

Proof. Using the periodicity of f and the independence of the random coefficients (ak),
an immediate computation gives for any t ∈ [0, 2π]

EP⊗PX [gn(t)2] =< f, f >, EP⊗PX [gn(t)g′n(t)] = 0,

and

EP⊗PX [g′n(t)2] =

(
1

n

n∑
k=1

k2

n2

)
< f ′, f ′ >−−−−−→

n→+∞

< f ′, f ′ >

3
.

Therefore the law of (g∞(t), g′∞(t)) does not depend on t and is the one of a centered
Gaussian vector with covariance matrix

Γ :=

(
〈f, f〉 0

0 1
3〈f
′, f ′〉

)
.

Since we have assumed that 〈f, f > 0 and 〈f ′, f ′〉 > 0, we deduce that det Γ > 0. In
particular, the Gaussian vector (g∞(t), g′∞(t)) admits a uniformly bounded density for
t ∈ [0, 2π]. Using Bulinskaya Lemma, see e.g. Proposition 6.11 of [AW09], we deduce
the non-degeneracy of the process. In particular, we can apply Kac–Rice formula to
compute

EP⊗PX [N (g∞, [a, b])] =
1

π

∫ b

a

√
EP⊗PX [g′∞(t)2]

EP⊗PX [g∞(t)2]
dt =

b− a
π

√
〈f ′, f ′〉
3〈f, f〉

.
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5.3 Study of the number of real zeros

Let us recall the following deterministic result, which makes it possible to consider
the number of zeros of fn through the ”point of view” of a uniform random variable X
on the torus. For more details, see Lemma 3 in [AP19].

Lemma 5.3.1. Let X a random variable which is uniformly distributed over [0, 2π].
Let f a 2π-periodic function with a finite number of zeros over a period. Then, for any
h ∈ (0, 2π),

h

2π
×N (f, [0, 2π]) = EX [N (f, [X,X + h])] .

Taking h = 2π
n in the previous Lemma gives, for X ∼ U([0, 2π]) independent of the

entries (ak)k≥1, that

N (fn, [0, 2π])

n
= EX

[
N
(
fn,

[
X,X +

2π

n

])]
.

Using the stochastic process (gn(t))t∈[0,2π] defined before, it links the mean number
of real zeros de fn to the mean number of zeros of gn via

N (fn, [0, 2π])

n
= EX [N (gn, [0, 2π])] . (5.4)

The main byproduct of the functional Theorem 5.1.2 is the following corollary.

Corollary 5.3.1. Consider the localized process (gn(t))t∈[0,2π] :=
(
fn
(
X + t

n

))
t∈[0,2π]

.

Assuming (A), (H) with f ∈ C2([0, 2π]), we have

1. P-a.s., as n goes to infinity, the number of zeros N (gn, [0, 2π]) of the localized
process (gn(t))t∈[0,2π] converges in distribution under PX towards N (g∞, [0, 2π]).

2. As n goes to infinity, N (gn, [0, 2π]) converges in distribution under P⊗PX towards
N (g∞, [0, 2π]).

Proof. For the first statement, we have that deterministically, the number of roots w.r.t.
the C1 topology is continuous as soon as the limit is non-degenerated, i.e.

if un converges towards u as n→ +∞ for the C1 topology with
inft∈[0,2π](|u(t)|+ |u′(t)|) > 0, then

Card
(
u−1
n ({0}) ∩ [0, 2π]

)
→ Card(u−1({0}) ∩ [0, 2π]).

The reader can refer to Proposition 4.1 of [AP19] for a proof of this fact.
Thanks to Theorem 5.1.2, the process {gn(·)}n≥1 converges for the C1-topology towards
a non-degenerate stationary Gaussian process g∞ in the following sense:

P⊗ PX -a.s., ∀t ∈ [0, 2π], |g∞(t)|+ |g′∞(t)| > 0.

Since the number of zeros is continuous with respect to the C1 topology on non-degenerate
processes, the continuous mapping theorem finishes the proof. For the second statement,
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using that if h is a continuous and bounded test function, the first point gives that, as
n goes to infinity,

lim
n→+∞

EX [h(N (gn, [0, 2π]))] = EX [h(N (g∞, [0, 2π]))] .

Then, by dominated convergence, we obtain

lim
n→+∞

EP⊗PX [h (N (gn, [0, 2π]))] = EP⊗PX [h(N (g∞, [0, 2π]))] .

The goal of this section is to establish global universality, which thanks to Equation
(5.4) comes down to showing that

lim
n→+∞

EX [N (gn, [0, 2π])] = EX [N (g∞, [0, 2π])] .

In other words, we need to obtain the convergence of the first moment of N (gn, [0, 2π]).
Since the convergence in distribution is not sufficient to achieve that, for η > 0 small
enough, we need to prove some additional equi-integrability condition of the form

sup
n≥1

EXN (gn, [0, 2π])1+η < +∞. (5.5)

To achieve this, we only need to assume that our general function |f | is positively lower-
bounded on a fixed small neighborhood of zero. More specifically, we work from now on
under the following additional assumption on the generic function f :

(H’) f is piecewise polynomial with Cq0 knots, with q0 > 12 and there exists p ≥ 1

large enough and α > 0 such that, for all x ∈ Vp :=
[
−π
p ,

π
p

]
, we have the

lower-bound

|f (j)(x)| ≥ α,

for some j > 5.

5.3.1 Small ball estimate

Before proving the small estimate for the j-th derivative of fn, we need to establish
a technical estimate that will come in handy.

Lemma 5.3.2. Under (H’), for M ≥ 2p, for all n ≥ 1 and X ∈ [0, 2π],

M∑
k=bM2 c

1Vp(kX) ≥
⌊
M

2p

⌋
− 1.
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Proof. We divide the torus [0, 2π] into p intervals E1, . . . , Ep of size 2π
p . Since

1 =

p∑
i=1

Card
{⌊

M
2

⌋
≤ k ≤M | kX ∈ Ei

}
M −

⌊
M
2

⌋ ,

there exists one index i0 ∈ {1, . . . , p} such that

Card
{⌊

M
2

⌋
≤ k ≤M | kX ∈ Ei0

}
M −

⌊
M
2

⌋ ≥ 1

p
,

in other words

Card

{⌊
M

2

⌋
≤ k ≤M | kX ∈ Ei0

}
≥ M − bM/2c

p
≥
⌊
M

2p

⌋
.

It implies that there exists
⌊
M
2p

⌋
distincts integers k1, . . . , k⌊M

2p

⌋ such that

{
k1X, . . . , k⌊M

2p

⌋X
}
⊆ Ei0 .

In particular,

(
k⌊M

2p

⌋ − k1

)
X, . . . ,

(
k⌊M

2p

⌋ − k⌊M
2p

⌋
−1

)
X are distincts and in Vp. It

gives
M∑

k=bM/2c

1Vp(kX) ≥
⌊
M

2p

⌋
− 1.

From this technical Lemma, we deduce the following lower-bound.

Lemma 5.3.3. Under (H’), for M ≥ 2p, there exists a constant C(p, α, j) > 0 such
that

M∑
k=1

k2j
[
f (j)(kX)

]2
≥ C(p, α, j)M2j+1.

Proof.

M∑
k=1

k2j
[
f (j)(kX)

]2
≥

M∑
k=bM2 c

k2j [f (j)(kX)]2 ≥
⌊
M

2

⌋2j M∑
k=bM2 c

[f (j)(kX)]21kX∈Vp

≥
⌊
M

2

⌋2j

α2
M∑

k=bM2 c
1kX∈Vp ≥

⌊
M

2

⌋2j

α2

(⌊
M

2p

⌋
− 1

)
≥ C(p, α, j)M2j+1,

exploiting the estimate obtained in Lemma 5.3.2.
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The following Lemma uses the same tools as Lemma 4 of [Fla17] for trigonometric
polynomials, exploiting higher-order derivatives in order to gain precision on the small
ball estimate.

Lemma 5.3.4. Under (H’), there exists a constant C = C(p, α, j) > 0 such that for
n ≥ 1 large enough and ε > 0,

P⊗ PX
(
|g(j)
n (0)| ≤ ε

)
≤ C

(
ε+

1
√
εn

2j+1
4

)
. (5.6)

Proof. In all the proof, n is chosen large enough.
For λ > 0, let η be a random variable independent of X and of the entries (ak)k≥1 with
characteristic function

ψ(t) := E[eitη] =
sin2(tλ)

t2λ2
.

Under (H’), consider
g̃(j)
n (0) := g(j)

n (0) + η.

For all ε > 0, we have

P⊗ PX
(∣∣∣g(j)

n (0)
∣∣∣ ≤ ε) ≤ P⊗ PX

(∣∣∣g̃(j)
n (0)

∣∣∣ ≤ 3

2
ε

)
+ P⊗ PX

(
|η| ≥ ε

2

)
. (5.7)

Let ϕ̃n be the characteristic function of f̃
(j)
n (X) under P ⊗ PX . Since the coefficients

(ak)k≥1 are i.i.d, we obtain

|ϕ̃n(t)| = ψ(t)EX
n∏
k=1

∣∣∣∣ϕ( kj

nj+1/2
tf (j)(kX)

)∣∣∣∣ .
Using Fourier inversion and the fact that for every y ≥ 0, |t−1 sin(yt)| ≤ y with t 6= 0,
we can write

P⊗ PX
(∣∣∣g̃(j)

n (0)
∣∣∣ ≤ y) =

2

π

∫ ∞
0

sin(yt)

t
Re(ϕ̃n(t))dt

≤ 2y

π

∫ ∞
0

ψ(t)EX
n∏
k=1

∣∣∣∣∣ϕ
(
kj
tf (j)(kX)

nj+1/2

)∣∣∣∣∣ dt.
Since for k = 1, . . . , n the entries ak are centered with variance one, there exists c > 0
small enough such that for all t ∈ [−c, c],

|ϕ(t)| ≤ e−
t2

4 . (5.8)

Let (Γl)l=0,...,n be a disjoint partition of IR+ defined by

Γl :=

{
t :

c

(l + 1)j
≤ t

nj+1/2
<

c

lj

}
for l = 1, . . . , n− 1,

Γn := {t : 0 ≤ t < c
√
n},

Γ0 := {t :
t

nj+1/2
≥ c}.
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For l = 0, . . . , n, set the quantity

Il :=

∫
Γl

ψ(t)EX
n∏
k=1

∣∣∣∣∣ϕ
(
kj
tf (j)(kX)

nj+1/2

)∣∣∣∣∣ .
Set l0 = 2p – where p is given by assumption (H’) – the first integer such that Estimate
(5.6) holds.
We decompose the integral above as follows

P
(∣∣∣g̃(j)

n (0)
∣∣∣ ≤ y) ≤ 2y

π

I0 +

l0−1∑
l=1

Il +

n−1∑
l=l0

Il + In

 .

For the integral over Γ0, using the upper-bound |ϕ(t)| ≤ 1 and sin2(λt) ≤ 1, we get

I0 ≤
∫ ∞
cnj+1/2

ψ(t) =

∫ ∞
cnj+1/2

sin2(λt)

λ2t2
dt ≤ 1

cλ2

1

nj+1/2
.

In the same manner, for l = 1, . . . , l0 − 1, upper-bounding |ϕ| by one again gives

Il ≤
∫

Γl

ψ(t)dt ≤
∫ cnj+1/2/lj

cnj+1/2/(l+1)j
ψ(t)dt ≤

∫ +∞

cnj+1/2/lj0

ψ(t)dt ≤ lj0
cλ2

1

nj+1/2
.

Notice now that under (H’), by Lemma 5.3.3 , there exists a universal constant C(p, α, j) >
0 independent of n and X such that, for an index M ≥ 2p = l0 large enough, for all
n ≥ 0 , PX -a.s.,

M∑
k=1

k2j [f (j)(kX)]2 ≥ C(p, α, j)M2j+1 (5.9)

For the integral over Γn, we apply Equation (5.9) forM = n, which gives the existence
of a constant C̃ = C̃(α, j) such that

In ≤
∫ c
√
n

0
ψ(t)EX

[
exp

(
− t

2

4

1

n

n∑
k=1

(
k

n

)2j

[f (j)(kX)]2

)]
dt

≤
∫ +∞

0
ψ(t) e−C(α,j)t2︸ ︷︷ ︸

≤1

dt ≤ C̃,

since ψ in integrable on IR+.

For l = l0, . . . , n− 1, remark that, assuming without loss of generality ‖f (j)‖∞ = 1,
we have ∣∣∣∣∣lj tf (j)(kX)

nj+1/2

∣∣∣∣∣ ≤ ljt

nj+1/2
‖f (j)‖∞ ≤ c.
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Then, we estimate all factors with k = 1, . . . , l using the estimates (5.8) and (5.9) and
we use the trivial upper-bound |ϕ(t)| ≤ 1 for the other factors:

Il ≤
∫

Γl

ψ(t)EX

[
exp

(
−1

4

t2

n2j+1

l∑
k=1

k2j [f (j)(kX)]2

)]
dt

≤
∫ cnj+1/2

lj

cnj+1/2

(l+1)j

1

λ2t2
exp

(
−C(α, j)t2

(
l

n

)2j+1
)
dt

=
1

λ2

(
l

n

)j+1/2 ∫ c
√
l

c l
j+1/2

(l+1)j

1

u2
e−C(α,j)u2

du

≤ C̃

λ2

(
l

n

)j+1/2

e−C(α,j)l,

after performing the change of variable u2 = t2
(
l
n

)2j+1
with C̃, C > 0 being small

constants independent of n,X. Summing up, there exists a constant C̃ > 0 such that

n−1∑
l=l0

Il ≤
C̃

λ2

1

nj+1/2

n−1∑
l=l0

lj+1/2e−Cl ≤ C̃

λ2

1

nj+1/2
. (5.10)

Gathering everything, we obtain the existence of a constant C > 0 such that

P⊗ PX
(∣∣∣g̃(j)

n (0)
∣∣∣ ≤ y) ≤ Cy( 1

λ2nj+1/2
+ 1

)
. (5.11)

We now estimate the second term on the right-hand side Equation (5.7) using Tcheby-
chev inequality:

P(|η| ≥ z) ≤ Var(η)

z2
=

2

3

λ2

z2
, z > 0. (5.12)

Taking y = 3
2ε in Equation (5.11) and z = ε

2 in Equation (5.12) yields the existence of
a constant C = C(α, j) > 0 such that

P⊗ PX
(∣∣∣g(j)

n (0)
∣∣∣ ≤ ε) ≤ C ( ε

λ2

1

nj+1/2
+ ε+

λ2

ε2

)
.

Optimizing this bound with λ = λ0 := ε
3
4 /n

j
4

+ 1
8 gives the wanted result.

Remark 5.3.1. Taking η the random variable with characteristic function ψ(t) :=
(ψ0(t))2p with p ≥ 1 and ψ0(t) = sinc(tλ) in the previous proof yields by the same
techniques

P⊗ PX
(
|g̃(j)
n (0)| ≤ y

)
≤ Cy

(
1

λ2pn
(2p−1)(2j+1)

2

+ 1

)
.
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Since Var(η) = 2p
12λ

2, the same optimization

λ0 =

(
ε3

n(2p−1)(2j+1)/2

) 1
p+1

gives

P⊗ PX
(
|g(j)
n (0)| ≤ ε

)
≤ C

(
ε+

1

n
(2j+1)

(2p−1)
p+1 ε

2− 3
p+1

)
.

In particular, increasing p does not give a better small ball estimate.

5.3.2 Application to average nodal asymptotics

Let us first give an a priori bound on the number of zeros. Assume (H’), i.e. that
the general function f can be written as a piecewise polynomial function with Cq0([0, 2π])
knots. More precisely, fix a positive integer M . Let P1, . . . , PM M polynomial functions
with degree d1, . . . , dM respectively. Let us denote by s1, . . . , sM the knots, i.e. si is a
Cq0-knot matching Pi with Pi+1.

Lemma 5.3.5. P-a.s.,
N (fn, [0, 2π]) = O(n2).

Proof. The set S := {σ1, σ2, . . . , } of the knots of the function fn(t) = 1√
n

∑n
k=1 akf(kt)

are the elements t ∈ [0, 2π] such that there exists k ∈ {1, . . . , n} for which kt = si
mod 2π, for some i ∈ {1, . . . ,M}. Since for 1 ≤ k ≤ n, any possible knot t = si

k
gives itself k knots by 2π-periodicity, we deduce that Card(S) ≤ Mn2. Now, for i =
1, . . . ,Card(S) − 1, the restriction of fn on the interval [σi, σi+1], is a polynomial of
degree at most d := max(d1, . . . , dM ) hence has at most d zeros on [σi, σi+1]. Therefore,

N (fn, [0, 2π]) ≤Mn2 × d = O(n2).

Remark that the previous Proposition works for any distribution of the entries ak.
From the small ball section, we can deduce an equi-integrability condition of the type
(5.5).

Proposition 5.3.1. Assume (H’). Let η > 0 be small enough. Then,

sup
n≥1

EP⊗PX |N (gn, [0, 2π])|1+η < +∞.

Proof. Assuming the quadratic bound for the number of real zeros given by Lemma
5.3.5, Fubini inversion gives

EP⊗X

[
|N (gn, [0, 2π])|1+η

]
= (1 + η)

Mdn2∑
p=0

pηP⊗ PX (N (gn, [0, 2π]) > p) ,
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Set δp such that δp → 0 and pδp → +∞ as p goes to infinity. Therefore we obtain

P⊗ PX(N (gn, [0, 2π]) > p) = P⊗ PX


⌊

1
δp

⌋⋃
k=1

N (gn, [2πδp(k − 1), 2πδpk]) >
p
1
δp


≤

b1/δpc∑
k=1

P⊗ PX (N (gn, [2πδp(k − 1), 2πδpk]) > pδp)

Under P ⊗ PX , we have stationarity of the number of zeros of gn on an interval of size
2πδp since X is uniform hence the previous probabilities are independent of k, thus

P⊗ PX(N (gn, [0, 2π]) > p) ≤ b1/δpcP⊗ PX (N (gn, [0, 2πδp]) > pδp) .

Let q a positive integer such that 9(1 + η) < q < q0 − 2 and let j ≥ 1 such that

2

5
q +

9

10
+

12

5
η ≤ j < q − 9

2
− 3η. (5.13)

In particular, j > 5. For p large enough, pδp > q, hence

P⊗ PX(N (gn, [0, 2π]) > p) ≤ b1/δpcP⊗ PX (N (gn, [0, 2πδp]) > q) . (5.14)

Iterating Rolle Lemma, noticing that if gn has at least q zeros on [0, 2πδp], then g
(j)
n

has at least q − j zeros, we obtain

sup
x∈[0,2πδp]

|g(j)
n (x)| ≤ (2πδp)

q−j

(q − j)!
sup

x∈[0,2πδp]
|g(q)
n (x)|.

Since δp goes to zero as p goes to infinity, for p large enough,

sup
x∈[0,2πδp]

|g(q)
n (x)| ≤ sup

x∈[0,2π]
|g(q)
n (x)| = ‖g(q)

n ‖L∞([0,2π]).

Then, we deduce that the last probability (5.14) can be upper-bounded as follows:

P⊗ PX (N (gn, [0, 2πδp]) > q) ≤ P⊗ PX
(
|g(j)
n (0)| ≤ (2πδp)

q−j

(q − j)!
‖g(q)
n ‖L∞([0,2π])

)
so that for any M > 0,

P⊗PX (N ([0, 2π]) > p) ≤
⌊

1

δp

⌋
×

[
P⊗ PX

(
|g(j)
n (0)| ≤ (2πδp)

q−j

(q − j)!
M

)
+ P⊗ PX

(
‖g(q)
n ‖L∞([0,2π]) > M

)]
.

Let us estimate first the probability

P⊗ PX
(
‖g(q)
n ‖L∞([0,2π]) > M

)
.
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Markov inequality yields

P⊗ PX
(
‖g(q)
n ‖L∞([0,2π]) > M

)
≤ 1

M2
EP⊗PX

(
‖g(q)
n ‖L∞([0,2π])

)2
.

Comparing the uniform norm with Sobolev norms, see Lemma 5.15 p.107 of [AF03], if
‖ · ‖2 denotes the standard L2 norm on [0, 2π], there exists a universal constant C > 0
such that

EP⊗PX‖g
(q)
n ‖2L∞([0,2π]) ≤ C

(
EP⊗PX‖g

(q)
n ‖22 + EP⊗PX‖g

(q+1)
n ‖22

)
.

Using Fubini inversion, for ` ∈ {q, q + 1},

EP⊗X

[
‖g(`)
n ‖22

]
= EP⊗PX

[
1

2π

∫ 2π

0
|g(`)
n (t)|2dt

]
=

1

2π

∫ 2π

0
EP⊗PX

[
|g(`)
n (t)|2

]
dt.

We have the following Lemma, whose proof can be found in the Appendix section.

Lemma 5.3.6. Under (H’), uniformly on t ∈ [0, 2π], for ` ∈ {q, q+ 1} with q0− q > 2,

sup
n≥1

EP⊗PX [|g(`)
n (t)|2] ≤ C.

Using Lemma 5.3.6, there exists a constant C(f) > 0 such that

EP⊗PX‖g
(`)
n ‖22 ≤ C(f) < +∞, ` ∈ {q, q + 1}.

We thus have the existence of a constant C(f) > 0 only depending on f such that

P⊗ PX
(
‖g(q)
n ‖∞ > M

)
≤ C(f)

M2
. (5.15)

Let us now turn to the probability

P⊗ PX

(
|g(j)
n (0)| ≤ (2πδp)

q−j

(q − j)!
M

)
.

Assuming the small ball estimate (5.6),

P⊗ PX

(
|g(j)
n (0)| ≤ (2πδp)

q−j

(q − j)!
M

)
≤ C

δq−jp M +
1

n
2j+1

4

1
√
Mδ

q−j
2

p

 .

Combining everything, we need to choose the parameter M > 0 in the following
quantity

pj,q(M) := δq−jp M +
1

n
2j+1

4

1
√
Mδ

q−j
2

p

+
1

M2
.
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Taking M0 such that δq−jp M0 = 1
M2

0
gives

pi,q(M0) = δ
2
3

(q−j)
p +

1

n
2j+1

4

1

δ
q−j

3
p

.

Hence

P⊗ PX (N (gn, [0, 2π]) > p) ≤ δ
2
3

(q−j)−1
p +

1

n
2j+1

4

1

δ
q−j

3
+1

p

.

To finish the proof, take δp = p−1/2. From the previous calculations, we have

Mdn2∑
p=0

pηP⊗ PX (N (gn, [0, 2π]) > p) ≤
Mdn2∑
p=1

pη+ 1
2

1

p
q−j

3

+
1

n
2j+1

4

Mdn2∑
p=1

pη+ 1
2

+ q−j
6 .

The previous condition (5.13) guarantees that η + 1
2 −

q−j
3 < −1 and η + 1

2 + q−j
6 > 1.

Hence, recognizing a Riemann series, we have first

sup
n≥1

Mdn2∑
p=1

pη+ 1
2
− q−j

3 < +∞

and by standard comparison of series with their integrals,

Mdn2∑
p=1

pη+ 1
2

+ q−j
6 ≤ C(Mdn2)η+ 1

2
+ q−j

6 .

Condition (5.13) also implies that

2

(
η +

1

2
+
q − j

6

)
≤ 2j + 1

4
,

which ensures that

sup
n≥1

1

n
2j+1

4

Mdn2∑
p=1

pη+ 1
2

+ q−j
6 < +∞.

Putting everything together, we have indeed

sup
n≥1

E |N (gn, [0, 2π])|1+η < +∞.

Combining the last equi-integrability Proposition 5.3.1 with the convergence in dis-
tribution of the number of real zeros established in the second point of Corollary 5.3.1,
we obtain the convergence of the first moment.
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Corollary 5.3.2. Under (A), (H), (H’),

lim
n→+∞

EP⊗PXN (gn, [0, 2π]) = EP⊗PXN (g∞, [0, 2π]).

We can now give the proof of our main result, Theorem 5.1.3, giving the asymptotic
mean number of zeros of fn as n goes to infinity.

Proof of Theorem 5.1.3. Combining Equation (5.4) and Corollary 5.3.2, we thus get that

lim
n→+∞

E [N (fn, [0, 2π])]

n
= EP⊗PX [N (g∞, [0, 2π])] .

Since by Theorem 5.1.2, under PX , the limit process (g∞(t))t∈[0,2π] is a stationary Gaus-
sian process with covariance function ρ(u) :=

1

u

∫ u

0
(f ∗ f̃)(x)dx, u 6= 0

ρ(0) = 〈f, f〉

Thanks to Lemma 5.2.7,

EXN (g∞, [0, 2π]) =
2√
3

√
〈f ′, f ′〉
〈f, f〉

.

More generally, a similar proof would give that for any interval [a, b] ⊂ [0, 2π],

lim
n→+∞

E[N (fn, [0, 2π])]

n
=
b− a
π
√

3

√
〈f ′, f ′〉
〈f, f〉

.
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5.4 Proofs of technical lemmas

Proof of Lemma 5.2.1

We give here the detailed proof of Lemma 5.2.1. Namely, recalling that

∆n(t) := E

[∣∣∣∣EX [eitfn(X) − e−
t2

2
σ2
n(X)]

]∣∣∣∣2
]
,

we want to establish that if a1 admits a finite third moment and if f ∈ H1, there exists
a positive constant C such that

∆n(t) ≤ C(t2 + |t|3)√
n

.

Developing the square under the expectation, if Y an independent copy ofX, by inverting
the sums, we obtain

∆n(t) = EX,Y [∆n,1(t)] + EX,Y [∆n,2(t)] + EX,Y [∆n,3(t)] ,

where

∆n,1(t) := E[eit(fn(X)−fn(Y ))]− e−
t2

2
E[(fn(X)−fn(Y ))2],

∆n,2(t) := e−
t2

2
E[(fn(X)−fn(Y ))2] − e−

t2

2
(σ2
n(X)+σn(Y )2),

∆n,3(t) := −
(
E
[
eitfn(X)

]
− e−

t2

2
σ2
n(X)

)
e−

t2

2
σ2
n(Y ) −

(
E
[
e−itfn(Y )

]
− e−

t2

2
σ2
n(Y )

)
e−

t2

2
σ2
n(X).

Let us first consider the term ∆n,1(t). On the one hand, if we denote by φ the charac-
teristic function of a1, we have by independence of the coefficients ak that

E[eit(fn(X)−fn(Y ))] =
n∏
k=1

φ

(
t√
n

(f(kX)− f(kY ))

)
.

On the other hand, we have

E[(fn(X)− fn(Y ))2] =
1

n

n∑
k=1

(f(kX)− f(kY ))2.

Since a1 has a finite third moment, the function log(φ) is three-time differentiable in the
neighborhood of zero. Using Taylor-Lagrange inequality and the fact that the ak are
centered with variance one, there exists constants η > 0 and C > 0 such that for∣∣∣∣log φ(u) +

u2

2

∣∣∣∣ < C|u|3, ∀|u| ≤ η.
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By Sobolev embedding, if f ∈ H1, it is continuous and hence bounded on [0, 2π]. There-
fore, for all t ∈ R and for n large enough we have, uniformly in 1 ≤ k ≤ n,∣∣∣∣ t√n(f(kX)− f(kY ))

∣∣∣∣ ≤ η
and thus uniformly in 1 ≤ k ≤ n∣∣∣∣log

(
φ

(
t√
n

(f(kX)− f(kY ))

))
+

1

2

t2

n
(f(kX)− f(kY ))2

∣∣∣∣ ≤ 8C||f ||3∞|t|3

n
√
n

Therefore, the exponential being Lipschitz, we get∣∣∣∣∣
n∏
k=1

φ

(
t√
n

(f(kX)− f(kY ))

)
− e−

t2

2
E[(fn(X)−fn(Y ))2]

∣∣∣∣∣ ≤ 8C||f ||3∞|t|3√
n

,

and taking the expectation with respect to PX ⊗ PY , we deduce that

|EX,Y [∆n,1(t)] | ≤ 8C||f ||3∞|t|3√
n

.

Proceeding in the exact same way, we have

|EX,Y [∆n,3(t)] | ≤ 2C||f ||3∞|t|3√
n

.

We are thus left with the term ∆n,2(t). Using again the fact that the exponential function
is Lipschitz, we have

|EX,Y [∆n,2(t)] | ≤ t2EX,Y |E[fn(X)fn(Y )]| .

The conclusion of Lemma 5.2.1 then follows from the following decorrelation estimate.

Lemma 5.4.1. Suppose that f ∈ H1, then there exists a constant C = C(||f ||H1) such
that

EX,Y [|E[fn(X)fn(Y )]|] ≤ C√
n
.

Proof of Lemma 5.4.1. We have

E[fn(X)fn(Y )] =
1

n

n∑
k,`=1

E[aka`]f(kX)f(`Y ) =
1

n

n∑
k=1

f(kX)f(kY ).

If f ∈ H1, it is the limit of its Fourier sums SNf(x) :=
∑
|p|≤N f̂(p)eipx and for any N

we can write

E[fn(X)fn(Y )] =
1

n

n∑
k=1

(f(kX)− SNf(kX)) f(kY )

+
1

n

n∑
k=1

SNf(kX) (f(kY )− SNf(kY )) +
1

n

n∑
k=1

SNf(kX)SNf(kY ).
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Now taking the absolute value and the expectation under EX,Y , we get

EX,Y [|E[fn(X)fn(Y )]|] ≤ 1

n

n∑
k=1

EX [|f(kX)− SNf(kX)|]EY [|f(kY )|]

+
1

n

n∑
k=1

EX [|SNf(kX)|]EY [|f(kY )− SNf(kY )|] + EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

SNf(kX)SNf(kY )

∣∣∣∣∣
]
.

Applying Cauchy–Schwarz inequality, we get for the first term on the right hand side

1

n

n∑
k=1

EX [|f(kX)− SNf(kX)|]EY [|f(kY )|] ≤ ||f − SNf ||2 × ||f ||2.

The second term can be treated similarly, namely

1

n

n∑
k=1

EX [|SNf(kX)|]EY [|f(kY )− SNf(kY )|] ≤ ||f ||2 × ||f − SNf ||2.

For the third term, observe that

SNf(kX)SNf(kY ) =
∑

1≤|p|≤N,1≤|q|≤N

f̂(p)f̂(−q)eik(pX−qY )

and
1

n

n∑
k=1

eik(pX−qY ) = exp

(
i
n+ 1

2
(pX − qY )

)
1

n

sin
(
n
2 (pX − qY )

)
sin
(
pX−qY

2

) .

Therefore, applying once again Cauchy–Schwarz inequality (twice indeed), we deduce
that if Kn denotes the standard Fejér such that ||Kn||1 = 1

1

n

n∑
k=1

EX,Y [|SNf(kX)SNf(kY )|]≤
∑

1≤|p|≤N,1≤|q|≤N

|f̂(p)f̂(−q)|EX,Y
[

1

n
Kn(pX − qY )

]1/2

=
1√
n

 ∑
1≤|p|≤N

|f̂(p)|

2

≤ 1√
n

 ∑
1≤|p|≤N

|f̂ ′(p)|2
 ∑

1≤|p|≤N

1

p2

 ≤ 2||f ′||22√
n

.

We thus get

EX,Y [|E[fn(X)fn(Y )]|] ≤ 2 ||f ||2 ||f − SNf ||2 +
2||f ′||22√

n
.

Now by Parseval identity, we have

||f − SNf ||22 =
∑
|p|>N

|f̂(p)|2 =
∑
|p|>N

|f̂ ′(p)|2 × 1

p2
≤ ||f

′||22
N2

.
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As a conclusion, choosing N = b
√
nc we get indeed that there exists a constant C =

C(||f ||H1) such that

EX,Y [|E[fn(X)fn(Y )]|] ≤ C√
n
.

Proof of Lemma 5.2.2

We now give the detailed proof of Lemma 5.2.2. Recall that the goal is to establish
that there exists a constant C = C(ω) such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C, sup
n≥1,
M>n

EX

 1√
n

∑
M≤k≤M+n

akfk(X)

2 ≤ C.
We will give the proof of the first estimate as the proof of the second follows the exact
same lines. Developing the square, we have

EX [fn(X)2] =
1

n

n∑
k,`=1

aka`EX [f(kX)f(`X)].

As in the proof of Lemma 5.4.1, we can decompose

f(kX)f(`X) = (f(kX)− SNf(kX)) f(`X) + SNf(kX) (f(`X)− SNf(`X)) + SNf(kX)SNf(`X),

so that

EX [fn(X)2]=
1

n

n∑
k,`=1

aka`EX [(f(kX)− SNf(kX)) f(`X)]

+
1

n

n∑
k,`=1

aka`EX [SNf(kX) (f(`X)− SNf(`X))] +
1

n

n∑
k,`=1

aka`EX [SNf(kX)SNf(`X)].

By Cauchy–Schwarz inequality, we have∣∣∣∣∣∣ 1n
n∑

k,`=1

aka`EX [(f(kX)− SNf(kX)) f(`X)]

∣∣∣∣∣∣ ≤
 1

n

n∑
k,`=1

|aka`|

 ||f − SNf ||2 × ||f ||2,
and similarly

1

n

n∑
k,`=1

aka`EX [SNf(kX) (f(`X)− SNf(`X))] ≤

 1

n

n∑
k,`=1

|aka`|

 ||f − SNf ||2 × ||f ||2.
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For the last term, we use Minkowski inequality to deduce

1

n

n∑
k,`=1

aka`EX [SNf(kX)SNf(`X)] = EX

( 1√
n

n∑
k=1

akSNf(kX)

)2


= EX

∣∣∣∣∣∣
∑
|p|≤N

f̂(p)

(
1√
n

n∑
k=1

ake
ikpX

)∣∣∣∣∣∣
2 ≤

 ∑
|p|≤N

|f̂(p)|EX

∣∣∣∣∣ 1√
n

n∑
k=1

ake
ikpX

∣∣∣∣∣
2
1/2


2

=

(
1

n

n∑
k=1

a2
k

)∑
|p|≤N

|f̂(p)|

2

≤

(
1

n

n∑
k=1

a2
k

)
× 2||f ′||22.

Therefore, we have

EX [fn(X)2] ≤

 1

n

n∑
k,`=1

|aka`|

 ||f − SNf ||2 × ||f ||2 +

(
1

n

n∑
k=1

a2
k

)
× 2||f ′||22.

Choosing N = n, so that ||f − SNf ||2 = O(1/n), by the law of large numbers, we
conclude that there exists a constant C = C(ω) such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C.

Proof of Lemma 5.2.3

This section is devoted to the proof of the continuity Lemma 5.2.3, namely our goal
is to establish that P−almost surely, there exists a constant C = C(ω) such that for any
0 < α < 1/2∣∣∣EX [eiZn(X,t,λ)

]
− EX

[
eiZn(X,s,µ)

]∣∣∣ ≤ C (||λ− µ||1 + ||λ||1 × ||t− s||α∞) ,

where we recall that

Zn(X, t, λ) =

M∑
j=1

λjfn

(
X +

tj
n

)
, Zn(X, s, µ) =

M∑
j=1

µjfn

(
X +

sj
n

)
.

We have first, the exponential being Lipschitz and by the triangular inequality∣∣∣EX [eiZn(X,t,λ)
]
− EX

[
eiZn(X,s,µ)

]∣∣∣ ≤ EX [|Zn(X, t, λ)− Zn(X, s, µ)|]

≤
M∑
j=1

|λj |EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]+

M∑
j=1

|λj − µj |EX
[∣∣∣∣fn(X +

tj
n

)∣∣∣∣].
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On the one hand, by Cauchy–Schwarz inequality and Lemma 5.2.2, P−almost surely,
there exists a constant C such that

sup
n≥1

EX
[∣∣∣∣fn(X +

tj
n

)∣∣∣∣] ≤ sup
n≥1

EX
[
|fn (X)|2

]1/2
≤ C.

On the other hand, by Cauchy–Schwarz inequality again, we have for 1 ≤ j ≤ M such
that sj 6= tj (otherwise the bound is trivial)

EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]2

≤ EX

[∣∣∣∣fn(X +
tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣2
]

= EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
f

(
kX +

ktj
n

)
− f

(
kX +

ksj
n

))∣∣∣∣∣
2
.

As in the proofs of Lemmas 5.2.1 and 5.2.2 above, we can then approximate f by its
Fourier sum SNf . Doing so, we obtain after applying Cauchy–Schwarz inequality again

EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]2

≤ 4||f − SNf ||22

 1

n

n∑
k,`=1

|aka`|



+ 4||f − SNf ||2

 1

n

n∑
k,`=1

|aka`|EX

[∣∣∣∣SNf (kX +
ktj
n

)
− SNf

(
kX +

ksj
n

)∣∣∣∣2
]1/2



+EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
SNf

(
kX +

ktj
n

)
− SNf

(
kX +

ksj
n

))∣∣∣∣∣
2
.

Using Parseval inequality, a direct computation gives uniformly in 1 ≤ k ≤ n

EX

[∣∣∣∣SNf (kX +
ktj
n

)
− SNf

(
kX +

ksj
n

)∣∣∣∣2
]

=
∑
|p|≤N

|f̂(p)|2
∣∣∣eip kn tj − eip kn sj ∣∣∣2

≤ ||f ′||22 × |tj − sj |2.
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Besides, by Minkowski inequality, we have

An := EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
SNf

(
kX +

ktj
n

)
− SNf

(
kX +

ksj
n

))∣∣∣∣∣
2


= EX

∣∣∣∣∣∣
∑
|p|≤N

f̂(p)
1√
n

n∑
k=1

ake
ipkX

(
eip

k
n
tj − eip

k
n
sj
)∣∣∣∣∣∣

2

≤

∑
|p|≤N

|f̂(p)|EX

∣∣∣∣∣ 1√
n

n∑
k=1

ake
ipkX

(
eip

k
n
tj − eip

k
n
sj
)∣∣∣∣∣

2
1/2


2

=

∑
|p|≤N

|f̂(p)|

[
1

n

n∑
k=1

a2
k

∣∣∣eip kn tj − eip kn sj ∣∣∣2]1/2
2

.

If we fix 0 < α < 1/2, we can upper bound∣∣∣eip kn tj − eip kn sj ∣∣∣2 ≤ 22−2α|p|2α|tj − sj |2α,

so that applying Cauchy–Schwarz inequality a last time

An ≤ 4

∑
|p|≤N

|f̂(p)| |p|α
2

|tj − sj |2α
(

1

n

n∑
k=1

a2
k

)

≤ 4||f ′||22

∑
p∈Z∗

1

|p|2(1−α)

 |tj − sj |2α( 1

n

n∑
k=1

a2
k

)
.

Gathering all the previous estimates and choosing N large enough such that

||f − SNf ||2 ≤
1

n
min{|tj − sj |, 1 ≤ j ≤M, |tj − sj | > 0} ≤ 1

n
||t− s||∞,

we thus get ∣∣EX [eiZn(X,t,λ)
]
− EX

[
eiZn(X,s,µ)

]∣∣ ≤ C||λ− µ||1
+2||t− s||∞(1 + 1/n)

√
1
n

∑n
k,`=1 |aka`|

indeed by the law of large numbers that there exists a constant C = C(ω) such that∣∣∣EX [eiZn(X,t,λ)
]
− EX

[
eiZn(X,s,µ)

]∣∣∣ ≤ C (||λ− µ||1 + ||λ||1 × ||t− s||α∞) .
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Proof of Lemma 5.2.4

We give now the proof of Lemma 5.2.4, which consists in showing that

lim
n→+∞

EX
[
e−

1
2
E[Zn(X,t,λ)2]

]
= exp

−1

2

M∑
i,j=1

λiλj ρ(ti − tj)

 ,

where we recall that

Zn(X, t, λ) :=
M∑
i=1

λign(ti) =
M∑
i=1

λifn

(
X +

ti
n

)
,

and

ρ(u) :=
1

u

∫ u

0
(f∗f̃)(x)dx =

1

u

∫ u

0

∑
p∈Z

f̂(p)f̂(−p)eipx
 dx =

∑
p∈Z

f̂(p)f̂(−p)×
∫ 1

0
eipuxdx.

By independence of the coefficients (ak) we have

E[Zn(X, t, λ)2] =

M∑
i,j=1

λiλj
1

n

n∑
k=1

f

(
kX +

kti
n

)
f

(
kX +

ktj
n

)
.

Since the exponential is Lipschitz, in order to prove Lemma 5.2.4 it is sufficient to
establish that, for each fixed 1 ≤ i, j ≤M , we have

Rn(i, j) := EX

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kX +

ktj
n

)
− ρ(ti − tj)

∣∣∣∣∣
]

n→+∞−−−−−→ 0. (5.16)

As above, we now approximate f by its Fourier sum SNf , so that by triangular inequality,
we get

Rn(i, j) ≤ Rn,1(i, j) +Rn,2(i, j) +Rn,3(i, j)

with

Rn,1(i, j) = EX
[∣∣∣ 1
n

∑n
k=1 SNf

(
kX + kti

n

)
SNf

(
kX +

ktj
n

)
− ρ(ti − tj)

∣∣∣] ,
Rn,2(i, j) = EX

[∣∣∣ 1
n

∑n
k=1

(
f
(
kX + kti

n

)
− SNf

(
kX + kti

n

))
f
(
kX +

ktj
n

)∣∣∣] ,
Rn,3(i, j) = EX

[∣∣∣ 1
n

∑n
k=1 SNf

(
kX + kti

n

)(
f
(
kX +

ktj
n

)
− SNf

(
kX +

ktj
n

))∣∣∣] .
On the one hand, using triangular and Cauchy–Schwarz inequalities, we get uniformly
in n

Rn,2(p, q) ≤ ||f − SNf ||2||f ||2, Rn,3(p, q) ≤ ||f − SNf ||2||SNf ||2 ≤ ||f − SNf ||2||f ||2.
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On the other hand, expliciting SNf and ρ, by triangular inequality, we have

Rn,1(p, q) ≤
∑
|p|≤N

|f̂(p)|2
∣∣∣∣∣ 1n

n∑
k=1

ei
k
n
p(ti−tj) −

∫ 1

0
eip(ti−tj)xdx

∣∣∣∣∣
+
∑
|p|>N

|f̂(p)|2
∣∣∣∣∫ 1

0
eip(ti−tj)xdx

∣∣∣∣+ ∑
|p,q|≤N
p 6=−q

|f̂(p)f̂(q)|EX

∣∣∣∣∣ 1n
n∑
k=1

eik[(p+q)X+ 1
n

(pti+qtj)]

∣∣∣∣∣
Using standard estimates for Riemann sums, we get∣∣∣∣∣ 1n

n∑
k=1

ei
k
n
p(ti−tj) −

∫ 1

0
eip(ti−tj)xdx

∣∣∣∣∣ ≤ |p|n ,
and by Cauchy–Schwarz inequality, if Kn denotes again the standard Fejér kernel such
that ||Kn||1 = 1

EX

∣∣∣∣∣ 1n
n∑
k=1

eik[(p+q)X+ 1
n

(pti+qtj)]

∣∣∣∣∣ ≤ 1√
n
EX
[
Kn

(
(p+ q)X +

pti + qtj
n

)]1/2

≤ 1√
n
.

As a result, we get

Rn,1(p, q) ≤ 1

n
×
∑
|p|≤N

|p| |f̂(p)|2 +
∑
|p|>N

|f̂(p)|2 +
1√
n

∑
p∈Z
|f̂(p)|

2

≤ ||f
′||22
n

+ ||f − SNf ||22 +
2||f ′||22√

n
.

Letting both n and N go to infinity, we deduce that for all 1 ≤ i, j ≤M , the asymptotics
(5.16) indeed holds, hence the result.

Proof of Lemma 5.2.5

Let us give the proof of Lemma 5.2.5 which asserts that there exists a constant C
such that P−almost surely

∆̃n := E
[∣∣∣EX [eiZn(X,t,λ)

]
− EX

[
e−

1
2
E[Zn(X,t,λ)2]

]∣∣∣2] ≤ C√
n
,

where we recall that

Zn(X, t, λ) =
1√
n

n∑
k=1

ak βk,n(X), with βk,n(X) :=

M∑
j=1

λjf

(
kX +

ktj
n

)
.
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The proof of similar to the one of Lemma 5.2.1. Namely developping the square under
the expectation, if Y an independent copy of X, by inverting the sums, we obtain

∆̃n = EX,Y
[
∆̃n,1

]
+ EX,Y

[
∆̃n,2

]
+ EX,Y

[
∆̃n,3

]
,

where, writing Zn(X) = Zn(X, t, λ) to simplify the expressions, we have set

∆̃n,1 := E[ei(Zn(X)−Zn(Y ))]− e−
1
2
E[(Zn(X)−Zn(Y ))2],

∆̃n,2 := e−
1
2
E[(Zn(X)−Zn(Y ))2] − e−

1
2

(E[(Zn(X)2]+E[(Zn(X)2]),

∆̃n,3 := −
(
E
[
eiZn(X)

]
− e−

1
2
E[(Zn(X)2]

)
e−

1
2
E[(Zn(Y )2]

−
(
E
[
e−iZn(Y )

]
− e−

1
2
E[(Zn(Y )2]

)
e−

1
2
E[(Zn(X)2].

Proceeding exactly as the proof of Lemma 5.2.1 with a Taylor expansion at zero of the
characteristic function φ of a1, the terms ∆̃n,1(t) and ∆̃n,3(t) can be controlled as follows,
for n large enough

|∆̃n,1| ≤
8C||f |3∞√

n

(
M∑
i=1

|λi|

)3

, |∆̃n,3| ≤
C||f |3∞√

n

(
M∑
i=1

|λi|

)3

.

Using the fact that the exponential is Lipschitz, we have otherwise

EX,Y
[
|∆̃n,2|

]
≤ EX,Y [|E[Zn(X)Zn(Y )]|] .

and the conclusion of Lemma 5.2.5 then follows from the next statement, which is mul-
tidimensional analogue of Lemma 5.4.1 above.

Lemma 5.4.2. Suppose that f ∈ H1, then there exists a constant C = C(||f ||H1) such
that

EX,Y [|E[Zn(X)Zn(Y )]|] ≤ C√
n
.

Proof of Lemma 5.4.2. The proof follows readily the one of Lemma 5.4.1 detailed in
Section 5.4 above. We have

E[Zn(X)Zn(Y )] =
1

n

n∑
k=1

βk,n(X)βk,n(Y ) =
∑

1≤i,j≤M
λiλj

(
1

n

n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

))
.

By the triangular inequality, it is thus sufficient to establish that, for any fixed 1 ≤ i, j ≤
M , we have

EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

)∣∣∣∣∣
]
≤ C√

n
.
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One then proceed exactly as in the proof of Lemma 5.4.1 by approximating f by its
Fourier sum SNf to deduce that

EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

)∣∣∣∣∣
]
≤ 2 ||f ||2 ||f − SNf ||2 +

2||f ′||22√
n

.

Choosing N = b
√
nc then yields the result.

Proof of Lemma 5.2.6

This section is devoted to the proof of Lemma 5.2.6. Namely, writing again Zn(X) =
Zn(X, t, λ) to simplify the expressions, where we recall that

Zn(X, t, λ) =
1√
n

n∑
k=1

ak βk,n(X), with βk,n(X) =
M∑
j=1

λjf

(
kX +

ktj
n

)
,

our goal is to show that as m goes to infinity, if n is the unique integer such that
nγ < m ≤ (n+ 1)γ , then P−almost surely, we have for all 0 < α < 1/2∣∣∣EX [eiZnγ (X)

]
− EX

[
eiZm(X)

]∣∣∣ = O

((
1− nγ

m

)α)
.

Using again the fact that the exponential is Lipschitz, we have∣∣∣EX [eiZnγ (X)
]
− EX

[
eiZm(X)

]∣∣∣ ≤ EX [|Znγ (X)− Zm(X)|] .

Expliciting the absolute value, we get by the triangular inequality

EX [|Znγ (X)− Zm(X)|] ≤ EX [|U |+ |V |+ |W |] ,

where

U :=

(
1−

√
nγ

m

)(
1√
nγ

nγ∑
k=1

akβk,nγ (X)

)
, V :=

√
1− nγ

m

(
1√

m− nγ
m∑

k=nγ+1

akβk,m(X)

)
,

and W :=
1√
m

(
nγ∑
k=1

ak (βk,nγ (X)− βk,m(X))

)
.

Applying Cauchy–Schwarz inequality, we have

EX [|U |]2 ≤

(
1−

√
nγ

m

)2
 1

nγ

nγ∑
k,`=1

aka` EX [βk,nγ (X)β`,nγ (X)]


with

EX [βk,nγ (X)β`,nγ (X)] =
M∑
i,j=1

λiλjEX
[
f

(
kX +

kti
nγ

)
f

(
`X +

`tj
nγ

)]
.
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Proceeding as in the proof of Lemma 5.2.2, i.e. approximating f by its Fourier sum
SNf , one then gets, uniformly in k, ` and i, j∣∣∣∣EX [f (kX +

kti
nγ

)
f

(
`X +

`tj
nγ

)]∣∣∣∣ ≤ ∣∣∣∣EX [SNf (kX +
kti
nγ

)
SNf

(
`X +

`tj
nγ

)]∣∣∣∣
+2||f − SNf ||2 × ||f ||2.

Besides, by Minkowski inequality, we have

S :=
M∑
i,j=1

λiλj
1

nγ

nγ∑
k,l=1

aka` EX
[
SNf

(
kX +

kti
nγ

)
SNf

(
`X +

`tj
nγ

)]

= EX

∣∣∣∣∣∣
∑
|p|≤N

f̂(p)

M∑
j=1

λj
1√
nγ

nγ∑
k=1

ake
ip
(
kX+

kptj
nγ

)∣∣∣∣∣∣
2

≤

 ∑
|p|≤N

|f̂(p)|
M∑
j=1

|λj |EX

∣∣∣∣∣ 1√
nγ

nγ∑
k=1

ake
ip
(
kX+

kptj
nγ

)∣∣∣∣∣
2
1/2


2

=

 ∑
|p|≤N

|f̂(p)|
M∑
j=1

|λj |

(
1

nγ

nγ∑
k=1

a2
k

)1/2
2

≤ 2

(
1

nγ

nγ∑
k=1

a2
k

)
||f ′||22||λ||21.

As a result, we get

EX [|U |]2 ≤ 2

(
1−

√
nγ

m

)2

||λ||21

 1

nγ

nγ∑
k,l=1

|aka`|

 ||f − SNf ||2 × ||f ||2 + ||f ′||22

(
1

nγ

nγ∑
k=1

a2
k

) .
Choosing N = nγ , so that ||f − SNf ||2 = O(1/nγ), by the law of large numbers, we
conclude that there exists a constant C = C(ω) such that P−almost surely

EX [|U |]2 ≤ C

(
1−

√
nγ

m

)2

.

By the exact same arguments, there exists a constant C = C(ω) such that P−almost
surely

EX [|V |]2 ≤ C
(

1− nγ

m

)
.

For the last term, using again Cauchy–Schwarz inequality, we have

EX [|W |]2≤ 1

m

nγ∑
k,`=1

aka` EX [(βk,nγ (X)− βk,m(X))(β`,nγ (X)− β`,m(X))].
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Moreover, a direct computation yields, uniformly in 1 ≤ j ≤M and 1 ≤ k ≤ nγ

EX
[∣∣∣∣SNf (kX +

ktj
nγ

)
− SNf

(
kX +

ktj
m

)∣∣∣∣] ≤
∑
|p|≤N

|f̂(p)|2
∣∣∣eip k

nγ
tj − eip

k
m
tj
∣∣∣2
1/2

≤

∑
|p|≤N

|pf̂(p)|2
∣∣∣∣ knγ

(
1− nγ

m

)∣∣∣∣2
1/2

≤ ||f ′||2
(

1− nγ

m

)
.

As a result, approximating f by its Fourier sum SNf , we get this time

EX [|W |]2≤ 4||λ||21
(
||f − SNf ||22 + ||f − SNf ||2||f ′||2

(
1− nγ

m

)) 1

m

nγ∑
k,l=1

|aka`|

+ T

where

T := EX

∣∣∣∣∣∣
∑
|p|≤N

f̂(p)
M∑
i=1

λi
1√
m

nγ∑
k=1

ake
ipkX

(
eip

k
nγ
tj − eip

k
m
tj
)∣∣∣∣∣∣

2

≤

 ∑
|p|≤N

|f̂(p)|
M∑
i=1

|λi|EX

∣∣∣∣∣ 1√
m

nγ∑
k=1

ake
ipkX

(
eiptj

k
nγ − eiptj

k
m

)∣∣∣∣∣
2
1/2


2

=

 ∑
|p|≤N

|f̂(p)|
M∑
i=1

|λi|

(
1

m

nγ∑
k=1

a2
k

∣∣∣eip k
nγ
tj − eip

k
m
tj
∣∣∣2)1/2

2

.

Proceeding as in the end of the proof of Lemma 5.2.3, if we fix 0 < α < 1/2, we can
upper bound ∣∣∣eip k

nγ
tj − eip

k
m
tj
∣∣∣2 ≤ 22−2α|p|2α||t||2α∞

(
1− nγ

m

)2α

,

so that

T ≤

∑
|p|≤N

|f̂(p)| × |p|α
2

||λ||21 × ||t||2α∞
(

1− nγ

m

)2α
(

1

m

nγ∑
k=1

a2
k

)
,

and last, using Cauchy–Schwarz inequality

T ≤ ||f ′||22

∑
p∈Z∗

1

|p|2(1−α)

 ||λ||21 × ||t||2α∞ (1− nγ

m

)2α
(

1

m

nγ∑
k=1

a2
k

)
.
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Choosing N = nγ , so that ||f − SNf ||2 = O(1/nγ), by the law of large numbers, we
conclude as above that there exists a constant C = C(ω) such that P−almost surely

EX [|W |]2 ≤ C
(

1− nγ

m

)2α

,

hence the result.

Proof of Lemma 5.3.6

In this proof, the remainders ”O (·)” are uniform.
Under our regularity assumption (H’), for ` ∈ {q, q + 1} with q0 − q > 2, f (`) ∈ Cq0−`.
Using the fact that f̂ (`)(p) = p`f̂(p), the Fourier series

∑
p∈Z∗ p

`f̂(p) is convergent for

` ∈ {q, q + 1} and we can write f (`) as the N -truncated Fourier series

f (`)(x) =
∑

1≤|p|≤N

f̂ (`)(p)eipx +O

(
ln(N)

N q0−`

)
.

For all t ∈ [0, 2π], we have

EP⊗PX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
k

n

)`
f (`)(k(X + t/n))

∣∣∣∣∣
2

= EP⊗PX

∣∣∣∣∣∣ 1√
n

∑
1≤|p|≤N

f̂ (`)(p)

n∑
k=1

ak

(
k

n

)`
eipk(X+t/n) +O

(
ln(N)

N q0−`

)
1√
n

n∑
k=1

ak

(
k

n

)`∣∣∣∣∣∣
2

≤ 2

EP⊗PX

∣∣∣∣∣∣
∑

1≤|p|≤N

p`f̂(p)
1√
n

n∑
k=1

ak

(
k

n

)`
eipk(X+t/n)

∣∣∣∣∣∣
2

+O

(
ln2(N)

N2(q0−`)

)
E

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
k

n

)`∣∣∣∣∣
2


For the left-hand term, Minkoswki inequality gives√√√√√EP⊗PX

 ∑
1≤|p|≤N

p`f̂(p)
1√
n

n∑
k=1

ak

(
k

n

)`
eipk(X+t/n)

2
≤

∑
1≤|p|≤N

p`|f̂(p)|

√√√√EP⊗PX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
k

n

)`
eipk(X+t/n)

∣∣∣∣∣
2

.
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By orthogonality of the complex exponential family,

EP⊗PX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
k

n

)`
eipk(X+ t

n)

∣∣∣∣∣
2

=
1

n

n∑
k,r=1

E[akar]

(
k

n

)` ( r
n

)`
EX
[
eip(k−r)(X+t/n)

]
︸ ︷︷ ︸

=δk,r

=
1

n

n∑
k=1

(
k

n

)2`

.

Hence,√√√√√EP⊗PX

∣∣∣∣∣∣
∑

1≤|p|≤N

p`f̂(p)

n∑
k=1

ak

(
k

n

)`
eipk(X+t/n)

∣∣∣∣∣∣
2

≤
∑

1≤|p|≤N

p`|f̂(p)|

√√√√ 1

n

n∑
k=1

(
k

n

)2`

.

For the right-hand term, Cauchy-Schwarz inequality gives

O

(
ln2(N)

N2(q0−`)

)
E

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
k

n

)`∣∣∣∣∣
2

≤ n×O
(

ln2(N)

N2(q0−`)

)
1

n

n∑
k=1

(
k

n

)2`

.

We choose N = n so that the previous term tends to zero as n goes to infinity by the

choice of `. The convergence of the series
∑

p∈Z∗ p
`|f̂(p)| and 1

n

∑n
k=1

(
k
n

)2`
gives the

wanted result.
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Titre : Quelques contributions à l’étude de l’universalité des zéros de fonctions trigonométriques. 
aléatoires 
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Résumé : On s’intéresse dans cette thèse au 
comportement asymptotique (presque-sûr, en loi, 
en moyenne) de la variable aléatoire comptant le 
nombre de zéros de fonctions trigonométriques 
sur un intervalle donné. On examine en outre si 
l’on a un phénomène d’universalité, c’est-à-dire si 
ce nombre dépend ou non de la loi des 
coefficients, de leur corrélation, ou encore des 
fonctions de base. Pour cela, on se place dans le 
cadre de coefficients gaussiens stationnaires 
dépendants, pour lesquels la dépendance 
s’exprime à travers la mesure spectrale. 
 

On montre alors que la nature de cette dernière 
influe grandement sur le comportement 
asymptotique du nombre de zéros et peut 
même, sous certaines hypothèses, aboutir tant 
à des résultats d’universalité qu’à des 
phénomènes non-universels. A l’aide d’outils 
d’analyse stochastique tels que la formule de 
Kac-Rice ou encore l’extension des techniques 
employées par Salem et Zygmund dans les 
années 1950, on exhibe des asymptotiques 
universelles globales en moyenne et presque-
sûres. 

 

Title : Some contributions to the universality of zeros of random trigonometric functions. 

Keywords : Stochastic analysis, Gaussian processes, Kac-Rice formula, nodal set, global 
universality 

Abstract : We study in this thesis the asymptotic 
behavior (almost-sure, in distribution, on 
average) of the random variable counting the 
number of zeros of random trigonometric 
functions on a given interval. We specifically 
investigate the universality phenomenon, i.e. 
examine if this behavior does or does not depend 
on the law of the random coefficents, their 
correlation or the influence of the basis functions. 
In order to achieve this, we work under the 
framework of dependent stationary Gaussian 
processes, for which the dependency can be 
translated in terms of spectral measure.  

We show that the nature of this latter has a great 
influence on the asymptotic behavior for the 
number of zeros and can even - under specific 
assumptions - lead to universal results as well 
as non-universal ones. Using tools from 
stochastic analysis such that Kac-Rice formula 
or extending some techniques drawn from 
Salem and Zygmund’s work in the 1950s, we 
exhibit global universal asymptotics, on average 
and almost-sure. 
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