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ABSTRACT

Title: Multi-Scale Modelling of the Intra-Cellular Actin Dynamics

Keywords: Mathematical modelling of actin, Measure-valued Markov processes, Tree-valued pro-
cesses, Convergence theorems, Homogenisation theorem, Metric measure spaces

This thesis focuses on understanding the dynamics of the actin polymer network constituting the
mechanical envelope of a cell. We have developed different mathematical models, considering different
scales, in order to understand the different mechanisms.

The mechanical properties of embryonic cells, which are involved in many cellular behaviours,
such as cell division or cell shape changes, are largely defined by the dynamics of a network of bio-
logical polymers, the actomyosin cortex. Each of these polymers, consisting of actin monomers, has
a dynamic of elongation, shortening and potentially branching. These dynamics are subject to a high
degree of stochasticity, which is not yet fully considered in existing models. In order to understand
how the mechanical properties of cells stem from actin biochemistry, it is necessary to understand how
the assembly dynamics of these polymers operate in the cell, first at the scale of a single polymer, then
at the level of a population of actin polymers.

This thesis is divided into three parts. The first part is focused on the study of the elongation-
shortening dynamics of actin in the presence of two proteins, formin and profilin, which accelerate the
elongation of the actin polymer. Initially, we consider a single actin polymer, formed by a number of
monomers that fluctuates over time. The main idea of our model is to see an actin polymer as a queue;
this allows us to introduce a stochastic component, inherent to the randomness of the encounters and
fixations between the different entities involved. The elongation-shortening dynamics of the polymers
is then entirely described by a jump Markov process. In order to obtain an average behaviour, we stud-
ied the limit when the total number of monomers tends to infinity (average field limit). The study of
the deterministic limit process obtained allows us to obtain an average polymer length but also to ob-
serve the influence of the change in elongation rate on the use of the resource, namely free monomers.
Secondly, we consider a population of polymers. Each polymer evolves with the dynamics described
in the previous model. The dynamics of the population is this time described by a measure-valued
Markov process. The study of the large population limit allows us to obtain a distribution of polymer
lengths and specially to observe that there is competition between the polymers for free monomers.
The size distribution of the polymers is particularly important since the mechanical properties of the
cells depend directly on the length of the actin polymers.

The second part deals with the study of the branching dynamics of an actin polymer. In order to
model a branched polymer, we use the formalism of metric measure spaces. The aim of this part is to
better understand the structure of branched polymers, which could, for example, help to better under-
stand the formation of protrusions. In this model, we consider two proteins that can interact with actin:
the Arp2/3 protein complex, which creates a new branching, and cofilin, which causes the fragmenta-
tion of the polymer and thus the loss of branches. The dynamics of the branched polymer is then fully
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6 ABSTRACT R0

described by a tree-valued process. We proved that the process describing the number of extremities
(renormalized) converges in distribution to a Feller diffusion.

The third part is focused on numerical exploration of the different models. The simulations for the
models studying the elongation-shortening dynamics allowed us to understand the role of each protein
and to obtain a qualitative study of the average behaviours. The simulations for the model studying
a single branched polymer allowed us to compare structures obtained by testing different hypotheses.
Finally, we extended the model for a population of polymers (and the corresponding code) to consider
more proteins interacting with actin.



RESUME

Titre : Modélisation multi-échelle de la dynamique intra-cellulaire de I’actine

Mots-clefs : Modélisation mathématique de I’actine, Processus de Markov a valeurs mesure, Processus
a valeurs arbre, Théorémes de convergence, Théoréeme d’homogénéisation, Espaces métriques mesurés

Cette thése porte sur la compréhension de la dynamique du réseau de polymeres d’actine con-
stituant 'enveloppe mécanique d’une cellule. Nous avons élaboré différents modéles mathématiques,
prenant en compte différentes échelles, afin de comprendre les différents mécanismes.

Les propriétés mécaniques des cellules embryonnaires, responsables d’'un grand nombre de com-
portements cellulaires, comme la division cellulaire ou les changements de forme des cellules, sont
largement définies par la dynamique d’un réseau de polymeres biologiques, le cortex d’actomyosine.
Chacun de ces polymeres, constitué de monomeres d’actine, a une dynamique d’élongation, raccour-
cissement et potentiellement de branchement. Cette dynamique est soumise a une forte stochasticité,
encore tres peu prise en compte dans les modéles existants. Afin de comprendre comment les propriétés
mécaniques des cellules émergent de la biochimie de l'actine, il faut comprendre comment la dynamique
d’assemblage de ces polymeéres fonctionne dans la cellule, d’abord a I’échelle d’un seul polymére, puis
au niveau d’une population de polymeéres d’actine.

Cette thése s’articule en trois parties. La premiére est consacrée a I’étude de la dynamique d’élon-
gation-raccourcissement de 'actine en présence de deux protéines, la formine et la profiline, qui per-
mettent d’accélérer 1’élongation du polymeére d’actine. Dans un premier temps, nous considérons
un seul polymeére d’actine, formé d’un nombre de monomeéres qui fluctue au cours du temps. La
dynamique d’élongation-raccourcissement des polymeéres est entierement décrite par un processus
markovien de sauts. Afin d’obtenir un comportement moyen, nous avons étudié la limite quand le
nombre de monomeéres total tend vers I'infini (limite de champ moyen). L’étude du processus limite
déterministe obtenu nous permet d’obtenir une longueur moyenne de polymére mais aussi d’observer
I'influence du changement de vitesse d’élongation sur l'utilisation des monomeres libres. Dans un sec-
ond temps, nous nous plagons a I’échelle d’une population de polymeéres. La dynamique de la population
est cette fois décrite par un processus de Markov a valeurs mesure. L’étude de la limite en grande pop-
ulation nous permet d’obtenir une distribution des tailles des polymeéres mais surtout de constater qu’il
existe une compétition entre les polymeres pour les monomeres libres. La distribution des tailles des
polymeéres est particuliérement importante puisque les propriétés mécaniques des cellules dépendent
directement de la taille des polymeres d’actine.

La deuxiéme partie se concentre sur I’étude de la dynamique de branchement d’un polymeére d’actine.
Afin de modéliser un polymere ramifié, nous utilisons le formalisme des espaces métriques mesurés.
Cette partie a pour but de mieux comprendre la structure des polymeéres ramifiés, ce qui pourra par
exemple permettre de mieux comprendre la formation des protrusions. Nous considérons dans ce mod-
éle deux protéines pouvant interagir avec 'actine : le complexe protéique Arp2/3, permettant de créer
un nouveau branchement et la cofiline, entrainant la fragmentation du polymeére et donc la perte de
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8 REsumE R0

branches. La dynamique du polymere ramifié est alors entierement décrite par un processus a valeurs
arbre. Nous avons prouvé que le processus décrivant le nombre d’extrémités (renormalisé) converge
en distribution vers une diffusion de Feller.

La troisiéme partie est dédiée a exploration numérique des différents modéles. Les simulations
pour les modeéles étudiant la dynamique d’élongation-raccourcissement nous ont permis de comprendre
le role de chaque protéine et d’obtenir une étude qualitative des comportements moyens. Les simula-
tions pour le modéle étudiant un unique polymere branché nous ont permis de comparer les structures
obtenues en testant différentes hypotheses. Finalement, nous avons élargi le modele pour une popula-
tion de polymeéres (et le code correspondant) afin de prendre en compte plus de protéines interagissant
avec ’actine.
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Les propriétés mécaniques des cellules embryonnaires sont responsables d’un grand nombre de
comportements cellulaires, comme la division cellulaire ou les changements de forme des cellules. Ces
comportements cellulaires jouent un réle critique au cours du développement embryonnaire puisqu’ils
permettent aux cellules, et aux organes, de se positionner dans I’organisme. Ces propriétés mécaniques,
et a fortiori les comportements cellulaires, sont largement définies par la dynamique d’un réseau de
polymeéres biologiques, le cortex d’actomyosine [LL07]. Chacun de ces polyméres, constitué de mono-
méres d’actine, a une dynamique d’élongation, raccourcissement et potentiellement de branchement.
Cette dynamique est soumise a une forte stochasticité, encore tres peu prise en compte dans les modéles
existants. L’objectif de cette thése est de comprendre la dynamique du réseau de polymeéres d’actine
constituant I'enveloppe mécanique d’une cellule, a I’échelle d’un filament puis a I'échelle du réseau
entier, afin de comprendre comment les propriétés mécaniques des cellules émergent de la biochimie
de l'actine.

1 - Contexte biologique

Le cytosquelette est un systéme de filaments protéiques dans le cytoplasme d’une cellule eucaryote,
qui donne a la cellule la capacité, entre autres, de changer de forme et de se mouvoir dans l’organisme.
Ses composants les plus abondants sont les filaments d’actine, les microtubules et les filaments inter-
médiaires. L’actine joue donc un role essentiel dans la cellule. Les filaments d’actine ont des propriétés
mécaniques et une dynamique particuliere ; il est donc intéressant d’étudier cette dynamique pour
mieux comprendre le fonctionnement de la cellule. Sauf mention contraire, les informations de cette

section sont issues du livre Molecular Biolology of the Cell [AJL*15].
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20 INTRODUCTION R0

1.1 - Description de ’actine

La protéine d’actine est un monomeére possédant un site de liaison pour un nucléotide de type
ATP (Adénosine Tri-Phosphate) ou ADP (Adénosine Di-Phosphate) selon I’état de phosphorylation
du nucléotide (Figure [1). Sous cette forme, on parle d’actine globulaire ou Actine-G et on parlera de
monomeres ADP (respectivement ATP) lorsque I’actine globulaire est associée a un nucléotide ADP
(respectivement ATP). Ces sous-unités d’actine s’assemblent pour produire des polyméres d’actine, on
parle alors de filaments d’actine ou Actine-F. Les filaments d’actine sont des polymeéres hélicoidaux a
deux brins. Ils apparaissent comme des structures souples, d’'un diametre de 5 a 9 nm. Dans les cellules
non-musculaires, ces filaments sont principalement présents dans le cortex cellulaire, juste en dessous
de la membrane plasmique.

Nucleotide-binding cleft DNase-binding  Pointed end

Nucleation Elongation Steady state
e
. B
BRI TRRRE 7 +,
o (]

Mass of filaments.

Nucleus
Monomer

Barbed end groove Barbed end Time

FIGURE 1 tirée de [PB09], reproduite avec permis- FIGURE 2 tin ée de [mec], reproduite avec per-
sion. Structure d’un monomere d’actine et d’un fil- mission. Evolution en fonction du temps de la
ament d’actine. Les monomeéres d’actine ont un Polymérisation de l'actine.

nucléotide (ATP ou ADP) attaché au coeur de la

molécule. Les monomeéres d’actine s’assemblent

suivant une double hélice.

In vitro, la création d’un polymére d’actine s’effectue en trois phases (Figure [2). Le processus don-
nant naissance a un filament est appelé nucléation : pour qu’un nouveau filament se forme, les sous-
unités doivent s’assembler en un agrégat initial ou noyau. Cette phase peut étre assez longue car les
dimeres d’actine sont instables. L’addition d’un troisieme monomeére d’actine pour former un trimere
stabilise ’ensemble du groupe. Une fois le noyau créé et stabilisé par de nombreux contacts entre les
sous-unités, on observe la phase d’élongation, ou les filaments s’allongent rapidement. On atteint en-
suite une phase d’équilibre : les filaments ne s’allongent plus, chaque polymérisation est suivie d’'une
dépolymérisation. Les filaments gardent donc une taille constante alors que les monomeres du filament
sont sans cesse renouvelés.

Niigeation Elongation L’orientation réguliere des

| = . L “Jag“@ Q) ATPbound s monomeres donne aux fila-
%ﬂ oo % el ments d’actine une polarité

> ) e structurelle. Cette orientation

4 différencie les deux extrémités

de chaque polymere, ce qui a
des conséquences importantes
sur la vitesse d’élongation.
L’extrémité ou la croissance

F1GURE 3 tirée de [NDHHO5], reproduite avec permission. Nucléation
et élongation spontanée d’un filament d’actine.
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est la plus rapide est appelée extrémité plus ou barbée. L’autre est appelée extrémité moins ou pointue.
Les vitesses d’élongation et de dépolymérisation dépendent également de la nature du monomeére : un
monomere associé a un nucléotide ATP s’accroche plus rapidement a 'extrémité plus du filament qu’un
monomeére ADP. A I'inverse, un monomeére ATP se détache plus lentement de I’extrémité moins du fila-
ment qu'un monomére ADP (Figure [3). Cette dynamique admet un état d’équilibre appelé treadmilling.
Cet équilibre est atteint lorsque la concentration de monomeéres libres atteint une valeur critique appelée
concentration critique. A chaque extrémité, le polymére va cesser de grandir lorsque la concentration
de monomeres libres atteint la valeur C = I;DT ‘:f;f ol kp,fs est le taux de dépolymérisation d’'un ADP et
kron est le taux de polymérisation d’un ATP. La valeur de C étant différente a I'extrémité plus (C*) et a
Pextrémité moins (C~), il existe une concentration critique comprise entre C~ et C* ou les sous-unités
subissent a la méme vitesse, un assemblage sous forme ATP a I’extrémité plus, et un désassemblage sous
forme ADP a I'extrémité moins. Le filament garde alors une longueur constante alors qu’il y a un flux
de monomeéres a travers le polymére : on parle de « vissage par vis sans fin ». La durée pendant laquelle
un monomere reste dans un filament est appelée temps de turnover. La dynamique d’assemblage et de
désassemblage de ’actine permet une modification rapide du cytosquelette.

" Les filaments d’actine des cellules animales
v .  SPEZ, sont organisés en deux types de motifs : des
N b 3 faisceaux et des réseaux de type gel. Il est

possible de passer dynamiquement d’un type

a l'autre. Ces différentes structures sont ini-

Filopodia Lamellapodium Cell cortex tiées par l'action de protéines de nucléation dis-
tinctes et apportent des propriétés mécaniques
différentes a la cellule. La Figure [4] mon-

\\ // / P . tre ces différentes dispositions. Les fibres de

\ .
m‘ [ stress sont contractiles et exercent une ten-
> S sion. Le cortex d’actine se trouve sous la mem-
Contractile fing brane plasmique et se compose de réseaux de

Stress fibers

type gel ou de réseaux dendritiques d’actine qui
permettent la protrusion de la membrane au
FIGURE 4 tirée de [mec], reproduite avec permis- njveau des lamellipodes (large extension mem-
sion. Différentes dispositions de I'actine dans la pranaire). Les filopodes sont des projections
cellule. Les filaments d’actine sont représentés en en pointe de la membrane plasmique qui per-
rouge. mettent a la cellule d’explorer son environ-
nement.

1.2 - Role de P’actine

Les filaments d’actine déterminent la forme de la surface cellulaire et sont nécessaires pour la loco-
motion des cellules entiéres. A I’échelle de la cellule, les filaments d’actine sont des structures presque
droites mais ils peuvent se déformer [BBPSP14]. La force a exercer pour courber le filament dépend de
la longueur totale du polymére (Figure [5). Les propriétés mécaniques et structurelles des cellules sont
donc directement influencées par la longueur des filaments d’actine.

Associée a la myosine, I'actine fournit la force de contraction aussi bien aux cellules musculaires
(cellules dont la fonction est de se contracter) qu'aux cellules non-musculaires (Figure [6). Le mécan-
isme de contraction-extension induit par I’actomyosine est a la base des déplacements cellulaires, de la
division cellulaire et de la morphogéneése [MOLG15]]. Dans les cellules des muscles striés, la myosine-II
s’associe aux filaments d’actine pour former des structures fibreuses appelées sarcomeéres. Le cortex
d’actomyosine des cellules non-musculaires et les cellules des muscles lisses sont organisées de dif-
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FIGURE 5 tirée de [BMB"07], reproduite avec permission. La force a exercer pour courber un filament
d’actine varie en fonction de sa longueur. (BC1, BC2 et BC3 correspondent a 3 conditions initiales sur
les forces exercées sur le polymere.)

férentes maniéres qui ne sont pas observées dans les sarcomeéres. Ces structures contractiles appelées
fibres de stress, sont plus fines et moins organisées que les sarcomeres.

a F-actin b Contraction Extension

° —_— 0®
g == —e

Barbed Pointed
end end

G-actin

Myosin Il filament

.S L N

dimer

FIGURE 6 tirée de [MOLGI15], reproduite avec permission. Contraction induite par I’actomyosine. a.
L’actine-F (en rouge) possede une extrémité barbée et une extrémité pointue indiquées respectivement
par le sens ouvert et fermé des chevrons d’actine qui constituent le polymere. Les taux d’association plus
élevés de I'actine-G a I’actine-F sont indiqués par une fléche plus grande. Les filaments de myosine (en
vert) sont bipolaires avec une zone centrale sans téte moteur et sont obtenus par assemblage de diméres
de myosine-II. b. Les filaments de myosine entrainent le déplacement des filaments d’actine vers leur
extrémité barbée. Il peut en résulter une contraction ou une extension de deux filaments d’actine liés,
selon la position de la myosine.

Les filaments d’actine forment plusieurs types de projections cellulaires de surface. Certaines
d’entre elles sont des structures dynamiques, comme les lamellipodes et les filopodes que certaines
cellules utilisent pour explorer leur environnement et y progresser. La Figure [7| explique comment les
filaments d’actine et la création d’un lamellipode par la polymérisation permettent a la cellule de se
déplacer : la protrusion et la fixation ferme du lamellipode font avancer le bord de la cellule et étirent
le cortex d’actine, la contraction a I’arriere de la cellule propulse alors le corps de la cellule vers ’avant
pour relacher une partie de la tension.

Comme le montre la Figure |8} I’actine (représentée en rouge), joue un rdle essentiel dans la division
cellulaire puisque ’anneau contractile, qui se resserre jusqu’a couper la cellule mére en deux cellules
filles, est constitué de filaments d’actine.
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1) Protrusion of the Leading Edge

2) Adhesion at the Leading Edge

cortex under tension

1
movement of unpolymerized actin

Deadhesion at the Trailing Edge

-

3) Movement of the Cell Body
direction of cell body movement

GRS

FiGURE 7 tirée de [AEQ7], reproduite avec per-
mission. Modele montrant comment les forces en-
gendrées dans le cortex riche en actine peuvent
déplacer une cellule. La protrusion et la fixa-
tion ferme du lamellipode, qui dépendent de la
polymérisation de lactine, font avancer le bord
de la cellule et étirent le cortex d’actine. La con-
traction a l'arriére de la cellule propulse le corps
de la cellule vers I'avant pour relacher une partie
de la tension (traction). A mesure que la cellule
avance, de nouveaux contacts ponctuels sont étab-
lis a Pavant et les anciens sont défaits a l’arriére.
L’actine corticale nouvellement polymérisée est
représentée en orange.

1.3 - Protéines accessoires

tubulin

FiGURE 8 tirée de [MBS' 07)], reproduite avec per-
mission. Changements de l'organisation du cy-
tosquelette lors de la division cellulaire. Lorsque la
cellule se divise, le réseau de microtubules polar-
isés (en vert) se réorganise pour former un fuseau
mitotique bipolaire, responsable de I’alignement
puis de la ségrégation des chromosomes dupliqués
(en bleu). Les filaments d’actine (en rouge) for-
ment un anneau contractile au centre de la cellule
qui pince la cellule en deux. Une fois la division
cellulaire achevée, les deux cellules filles réorgan-
isent a la fois les microtubules et le réseau d’actine
pour reformer la structure du cytosquelette de la
cellule meére (en version réduite), ce qui leur per-
met de poursuivre leur chemin séparément.

Plusieurs protéines interagissent avec I’actine et modifient sa dynamique. On ne présente dans cette
partie que les protéines que nous prendrons en compte dans notre étude.

Le complexe Arp2/3 (formé notamment des
protéines Arp2 et Arp3) facilite la nucléation, se
fixe sur les filaments d’actine et permet de créer
un branchement (Figure[9). Il en résulte une ram-
ification qui croit a un angle de 70° relativement
au filament originel [PC09]. Des cycles répétés de
nucléation par ramification forment un réseau ar-
borescent de filaments d’actine. L’activité régulée

>

¢ N
L e — e — '}bs.p~ f

FIGURE 9 tirée de [mec], reproduite avec permis-
sion. Nucléation par le complexe Arp2/3.
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du complexe Arp2/3 dans les cellules animales tend a conduire a I’assemblage de réseaux d’actine ram-
ifiés en forme de gels. Dans la cellule, on trouve aussi de grandes structures d’actine constituées de
faisceaux paralléles de filaments non branchés. Ces faisceaux d’actine sont créés par d’autres ensem-
bles de protéines de nucléation : les formines.

Les formines sont une grande famille de protéines dimériques qui interviennent dans la polymérisa-
tion de I’actine et qui s’associent avec 'extrémité plus du filament. Chaque sous-unité de formine a un
site de liaison pour l’actine monomeérique. La formine permet d’accélérer I’élongation en capturant les
monomeres. Tant que le filament s’allonge, le dimeére de formine reste associé a 'extrémité barbée qui
grandit rapidement, tout en permettant la liaison de nouvelles sous-unités d’actine pour allonger le fil-
ament (Figure[10). Certains membres de la famille des formines possédent des domaines non structurés
qui contiennent plusieurs sites de liaison pour la profiline. Si une telle formine est liée a un filament,
I’élongation n’est possible qu’avec un complexe actine-G/profiline. La profiline est une protéine qui se
fixe aux monomeéres libres d’actine. Une fois le complexe fixé au filament, la profiline se détache du
monomere.

in fil
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monomer ADF/cofilin-mediated fragmentation
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FiGURE 10 tirée de [PB09], reproduite avec permission. Elonga- ST

tion de l’actine par l'intermédiaire des formines. A. Deux voies

d’addition des monomeéres d’actine. Dans la voie supérieure, une FIGURE 11 tirée de [BBPSP14],
sous-unité d’actine s’associe a l'extrémité plus avant que le do- reproduite avec permission. Frag-
maine FH2 de la formine ne se fixe sur la nouvelle sous-unité. Dans mentation par la cofiline. La frag-
la voie inférieure, la formine s’écarte de I'extrémité avant que la mentation du filament se produit
nouvelle sous-unité ne se lie. B. Transfert de 'actine ancrée par la  ala limite entre les parties nues et
profiline sur le domaine FH1 de la formine sur 'extrémité plus du les parties décorées par la cofiline.
filament, suivi par la dissociation de la profiline.

La cofiline est une protéine qui peut se fixer sur chaque monomere d’un filament d’actine. Cette
protéine recouvre le filament et change ses propriétés mécaniques. Les zones recouvertes de cofiline
étant moins souples, le filament casse et les deux parties étant instables, se dépolymérisent totalement.
La cofiline accélére donc la dépolymérisation. On peut noter que les cassures ont lieu aux transitions
entre les parties recouvertes de cofiline et les parties sans [BBPSP14]. Il en résulte donc qu’a partir
d’une certaine quantité de cofiline fixée sur le filament, celui-ci redevient moins cassant (Figure .

Les protéines de coiffe se fixent a I'extrémité plus des filaments et empéchent la polymérisation.
Elles ralentissent donc considérablement la vitesse d’élongation. Ces protéines ne se détachent qu’apres
dépolymérisation compléte du filament.

1.4 - De l’actine a la morphogéneése

Comme nous 'avons déja mentionné, I'actine intervient a différentes échelles. Les monomeres
d’actine s’assemblent pour former les filaments d’actine, principaux constituant du cortex cellulaire.
Le cortex définit les propriétés mécaniques des cellules constituant les embryons. Afin de mieux com-
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prendre la morphogénese, nous devons donc étudier les mécanismes de la cellule et pour cela, nous

cherchons a comprendre comment la biochimie de I’actine influence la structure et la dynamique du

cortex cellulaire.

FIGURE 12 Molécule d’actine marquée
avec une GFP formant un réseau de fila-
ments visible par fluorescence dans un em-
bryon de C. elegans au stade deux cellules
(une cellule mesure environ 50pm). On ob-
serve la myosine (en rouge) et le réseau de
filaments d’actine (en vert) formant le cor-
tex cellulaire.

L’équipe CADMO (Cortical Actomyosin Dynamics in
Development and Morphogenesis) du laboratoire de bi-
ologie de développement de 'IBPS (Institut de Biologie
Paris-Seine) avec qui j’ai collaboré tout au long de mon
doctorat se concentre sur I’étude d’un systéme biologique
spécifique et assez simple : 'embryon de ver nématode
C. elegans au stade d’une cellule. Les concentrations des
protéines intervenant dans la dynamique de 'actine sont
mesurées par microscopie de fluorescence dans des em-
bryons exprimant la protéine endogéne marquée avec
une GFP (Green Fluorescent Protein) par la technolo-
gie CRISPR/Cas9 (Courtes répétitions palindromiques
groupées et réguliérement espacées) (Figure [12).

Au cours de ma premiere année de doctorat, j’ai réal-
isé un stage de quatre mois au sein de cette équipe. J'ai
ainsi pu apprendre a utiliser le microscope de fluorescence
par réflexion totale interne (TIRF microscopy, Figure
qui permet d’observer les protéines marquées d’'une GFP
se situant dans le cortex cellulaire. J’ai également décou-

vert comment ces images (obtenues grace a la microscopie de fluorescence) étaient traitées afin de
récupérer des données telles que des concentrations ou des vitesses de réaction. Ceci m’a permis
de savoir quelles sont les données disponibles et celles qui sont potentiellement mesurables et ainsi

d’adapter ma modélisation.

Cell membrane

. Living cell ®

Evanescent wave

Coverslip
Ciritical angle_/ fc|

for total internal
reflection
Laser excitation

Immersion oil

Objective
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Only molecules in the

evanescent field fluoresce

F1GURE 13 La microscopie TIRF permet la
détection de molécules individuelles fluores-
centes. La microscopie TIRF utilise la lumiere
laser excitatrice pour éclairer la surface de la
lamelle a l'angle critique auquel toute la lu-
miére est réfléchie par l'interface verre-eau.
Une partie de ’énergie électromagnétique tra-
verse l'interface sur une courte distance sous
la forme d’une onde évanescente qui n’excite
que les molécules fixées a la lamelle ou treés
proches de sa surface.

Plusieurs modélisations de la dynamique d’assemblage de I’actine ont déja été développées [BODMO04,
EKE98, [EEK98| [YB09, [YDBO08]]. La majorité de ces modéles sont soit déterministes et se concentrent sur
un état d’équilibre, soit stochastiques et sont étudiés par des simulations de Monte-Carlo [Bin10|, PB09].
La plupart des modéles prenant en compte une population de polymeéres d’actine reposent sur des
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hypotheses trés spécifiques et ne sont pas développés dans un contexte général. En effet, beaucoup
d’entre eux se concentrent sur la motilité cellulaire et donc sur la dynamique de I’actine dans les pro-
trusions [BODMO04] IMEK02a] ou sur ’organisation géométrique du réseau d’actine [CEK94]]. Les mod-
éles plus généraux, comme ceux de [EKE98| [EEK98], ne prennent pas en compte I’élongation rapide
des polymeéres liés a une formine ni l'effet du changement de vitesse, entre 1’élongation spontanée
et ’élongation avec une formine. Les travaux [HO11] et [MLH"17] utilisent la méme approche que
la noétre pour étudier la longueur moyenne d’un polymere d’actine et la distribution des longueurs
de polymeres. Cependant, [HO11] ne considere pas la limite en grande population de leur modele et
[MLH*17] se concentre davantage sur 'importance d’avoir deux types de monomeéres (ATP et ADP) que
sur les effets des protéines accessoires. En dehors des approches de population énumérées ci-dessus,
la plupart des modeéles existants dans la littérature tendent a se concentrer sur un seul polymeére, ou
sur deux polymeres concurrents, avec 'idée que de trés grandes populations de polymeres seront alors
bien décrites par la loi d’un polymeére « moyen ».

Certains modéles s’intéressent particuliérement a la corrélation entre les propriétés mécaniques
des cellules et la longueur des polymeéres d’actine. Dans [LGD12], ils s’intéressent a la contractilité
des faisceaux d’actomyosine et utilisent pour cela la longueur de persistance des polyméres (propriété
mécanique permettant de caractériser la rigidité d’un polymere linéaire).

Les modélisations de la dynamique des polymeéres d’actine ramifiés sont rarement étudiées de
maniére analytique. En général, il s’agit de modeles étudiés par simulations comme [[Car01]] qui propose
un modeéle stochastique prenant en compte I’élongation spontanée, la dépolymerisation, le branche-
ment, le détachement des branches et les protéines de coiffe. Cette étude permet d’observer la structure
en 3D du réseau d’actine et d’obtenir la vélocité de croissance, 'espacement des branches et la densité
du réseau de polymeres d’actine. Les modéles analytiques existants ne permettent pas d’obtenir des
informations sur la topologie d’un polymere d’actine ramifié (e.g. nombre de branchements, tailles des
branches) et se concentrent souvent sur la force exercée par le réseau d’actine sur la membrane cel-
lulaire. Par exemple, dans [MBO01] un polymeére d’actine ramifié est modélisé a 'aide d’un processus
d’évolution mais cela ne permet d’obtenir que orientation de ’actine au bord de la cellule et la force
exercée par le réseau.

3 - Mode¢les préliminaires

3.1 - Modélisation d’'un unique polymeére d’actine : premiére approche

J’ai découvert 'actine et ses problématiques dans le cadre de mon projet de premier semestre de
master 2 (en binéme avec Laura Hedon). Au cours de ce projet, nous avons cherché comment modéliser
la dynamique d’un unique polymeére d’actine. Nous nous sommes alors concentrées sur la dynamique
d’élongation-raccourcissement spontanée sans différencier les monomeéres ATP et ADP. Pour introduire
une composante stochastique, inhérente a ’aléa des rencontres et fixations entre les différentes entités
en jeu, nous avons choisi d’utiliser la théorie des files d’attente. L’idée principale de notre modéle
consiste a voir un polymére d’actine comme une file d’attente (Figure [14).

» - e - »  §- KRR =] X

FiGure 14 Modéle préliminaire pour la dynamique d’élongation-raccourcissement spontanée d’un

unique polymere d’actine.
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Le taux d’élongation A* correspond alors au taux d’arrivée des clients alors que le taux de dépolyméri-
sation A~ correspond au taux de service. La longueur du polymere en nombre de monomere correspond
au nombre de clients dans la file d’attente et le temps de turnover correspond a la somme du temps
d’attente et du temps de service d’un client. Ce premier modeéle nous a permis de déterminer ’espérance
et la variance de la longueur du polymere et du temps de turnover dans les trois cas : sous-critique
(A" < A7), critique (A" = A7) et sur-critique (A" > A7). Bien que le cas sur-critique soit acceptable pour
modéliser la dynamique d’élongation rapide de ’actine en réponse a un signal extérieur, ce modele reste
trés limité. Afin de ’améliorer, il faudrait tout d’abord prendre en compte que I’élongation semble étre
limitée par la quantité de monomeres d’actine. Pour cela, il faudrait choisir un taux d’élongation pro-
portionnel a la quantité de monomeéres disponibles mais aussi considérer plusieurs polymeres d’actine ;
la dynamique sera modifiée s’il existe une compétition entre les polymeéres pour les monomeres. Ces
ameéliorations ont fait ’objet de mon stage de second semestre de master 2.

3.2 - Modélisation d’une population de polymeéres d’actine : premieére
approche

L’objectif de mon stage de master 2 était de modéliser la dynamique d’une population de polymeres
d’actine en prenant en compte uniquement ’élongation, la dépolymérisation et la nucléation (Fig-

ure[15).
Population de filaments simples Population de monomeres libres

DD e B _ D

» mesure. Afin que ce modéle soit davan-

Pour modéliser une population de poly-
méres, j’ai utilisé un processus a valeurs

Iy 2 >
Dépolymérisaton >» » tage cohérent avec la biologie, j’ai choisi
SSSOO —

cette fois des taux d’élongation et de nucléa-
tion proportionnels a la concentration en
monomeres d’actine disponibles. J’ai alors
étudié la tension de ce processus et obtenu
une limite en grande population. J’ai de plus
remarqué que cette limite déterministe ad-
met un état d’équilibre qui coincide avec le résultat de [EKE98]]. Ceci nous a permis d’obtenir la distri-
bution en taille de polymeres a I’équilibre et de conclure que les polymeres courts, présents en grande
quantité, jouent un roéle significatif dans la dynamique d’élongation-raccourcissement de I’actine.

FIGURE 15 Modéle préliminaire pour une population
de polymeéres d’actine prenant en compte 1’élongation,
la dépolymérisation et la nucléation.

4 - Dynamique d’élongation-raccourcissement

Le premier chapitre de cette thése est consacré aI’étude de la dynamique d’élongation-raccourcisse-
ment de Pactine en présence de deux protéines, la formine et la profiline, qui permettent d’accélérer
I’élonga-tion du polymeére d’actine. Cette étude s’intéresse a deux échelles : dans un premier temps on
se place a I’échelle d’'un unique polymere et dans un second a I’échelle d’une population de polyméres.
L’ensemble de ce travail fait I’objet de la publication [RVGV21]].
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4.1 - Dynamique d’un polymere d’actine

Le premier modéle du chapitre | prend en compte un unique polymére d’actine pouvant s’allonger
ou se raccourcir spontanément ou a l’aide de la formine et de la profiline. Il y a donc deux vitesses
d’élongation et deux types de ressources : les monomeéres d’actine disponibles permettant I’élongation
spontanée et les complexes actine-G/profiline permettant I’élongation a 'aide d’une formine (Fig-
ure [L.1). Ce probléme peut étre vu comme une file d’attente a4 deux vitesses de service [BR19] mais
nous avons préféré utilisé le formalisme des problémes d’homogénéisation.

L’objectif de cette partie est de trouver un comportement moyen afin de déterminer s’il y a une
compétition pour les monomeres d’actine, de déterminer pour quels jeux de paramétres la longueur
du polymere atteint un état d’équilibre et dans ces cas, déterminer quelle est la longueur moyenne du
polymeére a I’équilibre. Afin de simplifier la dynamique, nous avons émis plusieurs hypothéses :

s On ne prend pas en compte la nucléation. On démarre avec un polymeére de longueur supérieure
ou égale a 3 et on regarde uniquement la phase de croissance et la phase d’équilibre. Sile polymeére
disparait, il ne peut pas étre recréé ; 0 est donc un état d’équilibre pour la longueur du polymére.

# Afin de simplifier la dynamique, on suppose que la polymérisation a lieu uniquement au bout
barbu et la dépolymérisation au bout pointu. Cela nous permet de voir un polymere d’actine
comme une file d’attente (comme nous I’avons fait dans notre modéle préliminaire). Nous ne
différencions pas les monomeéres ATP et ADP.

s# Les protéines accessoires (formines et profilines) ne sont pas considérées comme un facteur lim-
itant.

s Tant qu’une formine est fixée a Uextrémité barbée du polymere, on suppose que 1’élongation ne
peut pas avoir lieu avec un monomere libre, il faut nécessairement un complexe actine-G/profiline.
On suppose également que le taux de dépolymérisation est le méme avec ou sans formine.

s Un polymeére de taille 1 n’est pas un monomeére libre et peut donc s’allonger.

Nous nous intéressons dans cette partie a un seul polymere d’actine, formé d’un nombre de mono-
méres qui fluctue au cours du temps. Les fluctuations de la longueur du polymeére dépendent de la
concentration en monomeéres libres et de la présence éventuelle de deux protéines — la formine et la
profiline — qui agissent conjointement pour accélérer I’élongation des polymeéres et ce uniquement
durant la période ol une formine est fixée au polymeére.

Dans ce modeéle, nous considérons qu’il y a un nombre fixe et fini N de monoméres disponibles
et deux modes, correspondant aux deux vitesses d’élongation (avec ou sans formine). La dynamique
d’élongation-raccourcissement des polymeéres est alors entiérement décrite par le processus markovien
de sauts (LN(t), M(t))er. = (L{)V(t), LN@), LY (1), M(t)) R, ot LYY (), L¥(t) et LY (t) sont respectivement
le nombre de monoméres libres, la longueur du polymeére et le nombre de complexes protéiques actine-
G/profiline au temps t et ou (M(t));er, est un processus Markovien sur {0,1} déterminant le mode
d’élongation .

Afin d’obtenir un comportement moyen, nous avons étudié la limite quand le nombre de monomeres
N tend vers l'infini, ce qui correspond alors a une limite de champs moyen. Apres avoir prouvé que
notre processus (renormalisé) est tendu (Proposition [1.3.2) et admet une unique limite (Chapitre[[ Sec-
tion [3.2), nous avons prouvé que notre processus, dépendant de N, converge en loi pour la topologie
de Skorokhod vers un processus déterministe quand N tend vers I'infini (Théoréme[1.2.1).
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THEOREME [1.2.1
Soit A = {(X],.X'Z,Xg) €[0,1P | x; +xp + x3 = 1}.

On suppose que la condition initiale LN(0) € A converge en distribution vers un vecteur déterministe
(h(0), 1(0), 1:(0)) € A.

Alors, lorsque N — oo, le processus (LTV(t))teR+ converge en distribution dans Da[0, oo[ vers le pro-
cessus déterministe (I(t));er, = (I(t), Li(2), () ier, vérifiant : pour tout ¢ < t,

(0 = (b0) - & )+ &

h(t) =1-1(1) - L(2)

b(t) = b0 + o (10(0) - & ) - )+ L1 - O,

Co GG
et pour tout t > 1,
lo(t) = lo(tp)e™®rt=1)
L(t)=0
L(t) =1-1(1)

ou tp = min{t € R, | /() = 0} est le temps auquel la longueur du filament atteint 0 (par convention,
fy = +oo si [; n’atteint pas 0).

Tout d’abord, nous avons remarqué qu’il s’agissait d’'un probléme d’homogénéisation puisque la
limite obtenue correspond a la somme des limites de chaque mode pondérée par la probabilité d’étre
dans ce mode. Finalement, I’étude du processus déterministe obtenu nous permet d’obtenir une longueur
moyenne de polymere mais aussi de déterminer le réle du changement de mode dans I'utilisation de la
ressource, a savoir ici les monomeéres libres.

4.2 - Dynamique d’une population de polymeres

Pour le second modéle du chapitre ] nous nous placons désormais a I’échelle d’une population
de polymeéres. Chaque polymeére évolue avec la dynamique décrite dans le modéle précédent (Fig-
ure[1.2). Les fluctuations de la longueur des polyméres dépendent alors toujours de la concentration en
monomeres libres et en différentes protéines mais aussi des interactions entre les différents polymeres.

L’objectif de cette partie est de trouver un comportement moyen afin de savoir s’il existe une com-
pétition entre les polymeéres pour les monomeéres libres, de déterminer la quantité d’actine polymérisée
et de déterminer la distribution en longueur des polymeéres d’actine a I’équilibre. Nous avons émis les
mémes hypothéses que pour le modéle précédent.

Dans ce modéle, nous considérons comme dans le cas précédent que le nombre de monomeres est
fixe et fini égal a N et nous ne prenons en compte que les protéines formine et profiline. La dynamique
de la population est cette fois décrite par le processus de Markov a valeurs mesure :

N N
(2Y) er. = (K;V(M’ Doy + KN (P, )8y + Y KNS, Doy + Y, K (F, 1)5(F,1)>
I=1 =1 teR.,

ott KN(T, £) est le nombre de polyméres de type T et de longueur £ au temps ¢ ; les différents types
étant : les monomeres libres (M), les polymeres simple (S), les polymeres associés a une formine (F) et
les complexes actine-G/profiline (P).
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Cette fois encore, nous avons cherché un comportement moyen. En considérant qu’il y a un nombre
de polymeéres de ’ordre de N dans la population et en étudiant la limite quand N tend vers I'infini, nous
avons obtenu une limite en grande population. Aprés avoir prouvé que notre processus (renormalisé)
est tendu (Proposition [1.4.1), nous prouvons en utilisant le théoréme 4.8.10 de [EK86] que nous avons
de nouveau une convergence en loi pour la topologie de Skorokhod quand N tend vers l'infini, cette
fois vers un processus déterministe a valeurs mesure (Théoréme [1.2.2).

THEOREME [1.2.2]
Soit T = {(M,1),(P,1)} u ({S,F} xN) et soit MY = {Z € M7 |<Z,1) < 1}.

On suppose que la condition initiale ZON converge en distribution vers une limite déterministe
Zy€ M(Il) lorsque N — +oo, et qu’il existe Ky € IN tel que pour tout N suffisamment grand,

<ZT)V,11{12K0}> = 0.

Alors le processus (Zfltv) converge en distribution dans D, [0, oo[ lorsque N — +co, vers une
7

teR.,
limite déterministe (Z;);er, qui peut étre caractérisée de la facon suivante : si pour tout (T,[) € T on

écrit k;(T, 1), la masse Z,({(T,l)}) donnée par la mesure Z; au point (T, l), alors

ko(T, 1) = Zo({(T, D}),

et
ki(M, 1) = A Y5 (ke(S, 1) + ke(F, 1)) = A k(M 1) Y15 ke(S, 1) = @pki(M, 1)

kt(P 1) = ®Opk(M, 1) - Aki(P, 1) X155 ke(F, 1),

kt(S 1) = Qpki(F, 1) + A7 ki(S,2) = (Ake(M, 1) + A~ + Pp)ki(S, 1)

kt(F 1) = Qpki(S,1) + A"ky(F, 2) = (Apky(P, 1) + A~ + ®p)ki(F, 1)
etVvl = 2,
%kt(s, D) = Ak(M,1)k(S,1-1) + Dpky(F, ) + Aky(S, 1+ 1) = (ATky(M, 1) + A7 + p)ki(S, 1)
%kt(F, D) = Apk(P,Dke(F,1-1) + Opki(S, ) + A ke(F, I + 1) = (Apke(P, 1) + A~ + Op)ky(F, I).

L’étude de ce comportement moyen nous permet d’obtenir la distribution en longueur des polymeéres
mais surtout de constater qu’il existe une compétition entre les polymeres d’actine pour les monomeres
libres. La distribution en longueur des polymeres est particuliérement importante puisque les propriétés
mécaniques des cellules dépendent directement de la taille des polymeres d’actine.

5 - Polymeres ramifiés

En plus de la dynamique d’élongation-raccourcissement, les polymeéres ont également la capacité de
se ramifier. Le modeéle du chapitre [l prend en compte un unique polymére d’actine pouvant s’allonger
spontanément, se ramifier a I'aide du complexe Arp2/3 ou se fragmenter a I'aide de la cofiline (Fig-
ure 2.1). Le polymére d’actine n’est donc plus rectiligne mais ramifié et pour le modéliser nous avons
besoin d’un processus a valeurs arbre.

Trouver le bon cadre de travail pour modéliser la dynamique des polymeéres ramifiés s’est révélé
étre une tache difficile. Notre premiére idée fut de modéliser les branchements et les fragmentations en
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s’inspirant des modéles utilisant les sous-arbres “prune and re-graft”. Nous avons trouvé assez rapide-
ment comment étudier la convergence de tels processus [EW06, HW14]] mais la question de comment
modéliser un arbre est longtemps rester en suspend. Dans la majorité des cas, comme dans [HMPWO08]],
la croissance des branches n’est pas prise en compte. Afin de prendre en compte I’élongation, chaque
branches menant a une feuille doit pouvoir croitre de maniére aléatoire. Le modele présenté dans
[EPWO06] prend en compte une croissance déterministe des branches. Ils montrent par ailleurs que le
processus répétant : choix uniforme d’un point de coupe puis croissance déterministe d’'une nouvelle
branche au point de coupe, est équivalent au processus répétant : choix uniforme d’un point de coupe
puis “prune-off” de la partie au dessus du point de coupe puis “re-graft” de ce sous-arbre a la racine puis
croissance déterministe de la racine. Ceci facilite donc le processus d’élongation puisque seule la racine
peut croitre. Cependant, s’il est simple de rendre le processus d’élongation aléatoire, nous n’avons pas
trouver comment conserver la taille de chaque branche au cours du temps. C’est finalement la these de
P.K Gléde [GI613] (utilisant le formalisme des espaces métriques mesurés introduit dans [GPW13]]) et
I’idée de prendre en compte uniquement les feuilles et la distance généalogique entre elles qui nous a
permis de développer notre modéle.

Le modéle développé dans le chapitre[[l|de cette these a pour but de mieux comprendre la structure
des polymeres ramifiés, ce qui pourra par exemple permettre de mieux comprendre la formation des
protrusions : extensions membranaires qui permettent aux cellules de se déplacer. Dans cette optique,
nous avons décidé de limiter notre cadre d’étude a la dynamique des polymeres ramifiées dans les
protrusions.

Nous considérons alors que deux protéines peuvent interagir avec I’actine : le complexe protéique
Arp2/3 et la cofiline. Alors que Arp2/3 permet de créer un nouveau branchement, la cofiline entraine
la fragmentation du polymere et donc la perte de branches. Par ailleurs, I’élongation peut avoir lieu a
chaque extrémité du polymeére.

La concentration de monomeres libres dans les protrusions étant élevée, les monomeéres libres ne
semblent pas étre une quantité limitante dans ce cas. Notre parameétre d’échelle N correspond dans ce
modeéle a l'ordre de grandeur du nombre d’extrémités du polymere (feuilles de I’arbre). Nous supposons
de plus que notre polymeére est touffu, c’est a dire qu’il a de nombreuses branches trés courtes, et dans
un premier temps, que les fixations de protéines (et a fortiori les branchements et les fragmentations)
n’ont lieu qu’aux extrémités du polymere.

La dynamique du polymeére ramifié est alors entiérement décrite par le processus a valeurs arbre
(Définition [2.4.6):

(fQEi\])teIR+ = ([:ﬁv’t?]’ ug\]])tel&

%
ES

J;' correspond a I'ensemble des indices des feuilles au temps t,

(tf] ) s, €St un processus a valeurs distance correspondant a la distance généalogique (i.e. le
long des branches de ’arbre) entre les feuilles,

%
ES

(ultv ) R, €St un processus a valeurs mesure donnant une masse % a chaque feuille de I'arbre.
.

ot
%

Nous notons également (XtN ) R, = (u]t\] (Tﬂt\] )) iR, la masse totale de (u]tv ) R,

au nombre de feuilles renormalisé. Ce processus (f(tN ) g, correspond a un processus de naissance
et de mort. Chaque feuille s’associe a un complexe Arp2/3 ou a une cofiline a taux Nf (avec f > 0),
indépendamment des autres feuilles. Lorsqu’une telle fixation de protéine se produit, il s’agit d’'un

qui correspond aussi

branchement (fixation d’un complexe Arp2/3) a probabilité p) = % + 5 (avec a € R), ou d'une frag-
mentation (fixation d’une cofiline) a probabilité p) = % -« Un branchement entraine la création d’une

nouvelle feuille alors que la fragmentation entraine la disparition d’une feuille.
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Nous avons prouvé que le processus arrété associé a (’QL'I;] )

wer, St tendu (Proposition |2.7.1). Afin

de prouver la convergence en loi de notre processus a valeurs arbre, nous avons prouvé que (T ) NeN
admet une sous-suite convergente et que cette sous-suite vérifie un certain probléme de martingale

(Théoreme [2.8.26), puis que ce probleme de martingale est bien posé (Théoreme [2.8.27).

THEOREME [2.8.26]
Soit R € IN".

On suppose lim sup E [f(é‘]] < oo et Ty Ni> v € My(T) ot v(M.) = 1.

N—+oc0

Alors, (TY)

-R) Nen €St relativement compact sur Dy [0, +0o[ et lalimite de chaque sous-suite convergente
est solution du probléme de martingale :

(goo3 SHR’ V) b
ou:
# G est la limite quand N — +oo du générateur infinitésimal du processus TV,
# SHp est I'espace vectoriel engendré par :
Hp={¥ ey (C}’*,C¥) |G™¥ =00on T ([0,1/R]) }.
THEOREME [2.8.27]
Soit R € IN".

On suppose lim sup E [5(5‘]] < oo et QE(I)\]R £, v € M(T) ou v(M.) = 1.
N—+o00 7 N—+oo

Alors, le processus arrété TX converge en distribution dans Dr[0, +co[ quand N — +oco vers

T® = (TY),cR,- De plus, la limite vérifie la propriété de Feller (ce qui signifie que pour toute fonc-

tion continue et bornée ® sur T, la fonction v +— E, [® (T7)] est continue pour la topologie faible

sur M, (T)), la propriété de Markov forte et il existe presque siirement une version a trajectoires

continues.

Par ailleurs, nous avons prouvé que le processus (f(tN )
fusion de Feller (Proposition [2.8.28).

PRrROPOSITION [2.8.28]
On suppose que lim sup [ [Xé\]] <M < +oo.

N—+o00

g, converge en distribution vers une dif-
.

On suppose de plus que vV = Loi [Xé\’] NL ve Mi(R.).

Alors
XN L g

N—+o0

sur Dg_ [0, +oo[, ou X* est une diffusion de Feller solution de :

dZt = Zaﬂtht + \,,BthBti

et telle que Loi [f(év ] = .
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Finalement, nous détaillons les améliorations qu’il serait intéressant de prendre en compte — ainsi
que quelques pistes de mise en ceuvre — afin de rendre notre modéle plus pertinent biologiquement et
plus innovant mathématiquement.

6 - Exploration numérique des modéles

Chaque modele que nous avons développé a été implémenté en C++ et/ou R afin de pouvoir réaliser
des simulations. La Section [5|du Chapitre[I| se concentre sur un exemple intéressant de comportement
obtenu pour un polymere simple puis pour une population de polymeéres. Cet exemple permet en-
tre autres d’observer l'effet du changement de vitesse d’élongation. En effet, lorsqu’on considére un
unique polymeére d’actine, on observe que le changement de vitesse d’élongation permet une meilleure
utilisation des monomeres libres. Nous avons ensuite déterminé le critére qui assure que ce
phénomeéne se produit dés lors que ®p est suffisamment petit. Lorsqu’on considére une population
de polyméres d’actine, nous avons constaté que le changement de vitesse ne permet pas d’améliorer
l'utilisation des monomeéres libres mais permet d’obtenir des polymeéres plus long. Les Sections 2] et
du Chapitre [lIl| présentent I’exploration numérique qui nous a conduit a cet exemple particuliérement
intéressant. Cette étude qualitative des différents comportements pouvant étre rencontrés nous permet
également d’identifier le role des parameétres et donc de chaque protéine. Nous étudions dans la Sec-
tion [3]les mémes cas que dans la Section 2] mais dans une population de polymeres. Cela nous permet
d’exhiber 'effet de la compétition entre les polymeres. Le code utilisé pour réaliser I’ensemble de ces
simulations est disponible en Annexe[A]

La Section [10]du Chapitre [ présente succinctement I'effet des différents paramétres sur la topolo-
gie du polymere branché. Dans cette partie, une seule réalisation est présentée alors qu’il existe une
variabilité plus ou moins importante selon les cas ; objectif est donc de donner un caractére concret au
modeéle et non de proposer une étude qualitative. Dans un second temps, nous observons 'effet des dif-
férentes améliorations proposées dans la Section[9]dédiée aux perspectives. Cela nous permet de tester
nos hypotheéses et de déterminer quelles améliorations influencent significativement le comportement.
Le code utilisé pour réaliser '’ensemble de ces simulations est disponible en Annexe

Finalement, dans la Section[4|du Chapitre[[llnous présentons un dernier modéle prenant en compte
plus de protéines accessoires : formine, profiline, Arp2/3, cofiline et protéines de coiffe. La dynamique
est alors complexe puisque beaucoup de phénomeénes sont considérés : élongation et dépolymeérisation
spontanée, élongation rapide par la formine et la profiline, création de complexe actine-G/profiline,
attachement et détachement des formines, attachement et détachement des complexes Arp2/3, capping,
nucléation et fragmentation. Ce dernier modele a pour but d’explorer, par simulations uniquement,
les interactions entre les polymeres linéaires et les polyméres branchés. Dans la volonté d’obtenir des
résultats particulierement proches de la réalité, nous avons fait le lien entre nos paramétres et les valeurs
observées en biologie.

L’implémentation de ce modéle (disponible en Annexe [C) ayant été plus délicate que prévu, nous
n’avons pas eu le temps d’explorer ce modele autant que nous 'aurions souhaité. Nous présentons
toutefois les résultats obtenus pour une réalisation aléatoire en utilisant les paramétres déterminés a
partir des données biologiques. Ceci permet entre autres de montrer I’étendue des possibilités offerte
par cette implémentation. Nous terminons en présentant une application biologique concrete ainsi
qu’une conjecture mathématique que nous avions 'ambition d’étudier mais que nous laissons en per-
spective.
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CHAPTER 1

THE ROLE oF MODE SWITCHING IN A
PoPULATION OF ACTIN POLYMERS WITH
CONSTRAINTS

Contents

This chapter corresponds to article [RVGV21]] “The role of mode switching in a population of actin
polymers with constraints” in collaboration with Amandine Véber and Francois Robin, published in
Journal of Mathematical Biology.

Corollary [1.4.3]appears here with a minor correction. Indeed, in the published version there is an
unwanted coefficient F®(t) multiplying the elongation rates (spontaneous and with a formin). Sys-
tem and condition (resulting from this corollary) have been corrected too. This mistake has
no impact on our discussion and conclusion.

1 - Abstract

In this paper, we introduce a stochastic model for the dynamics of actin polymers and their in-
teractions with other proteins in the cellular envelop. Each polymer elongates and shortens, and can

X35 R
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switch between several modes depending on whether it is bound to accessory proteins that modulate
its behaviour as, for example, elongation-promoting factors. Our main aim is to understand the dy-
namics of a large population of polymers, assuming that the only limiting quantity is the total amount
of monomers, set to be constant to some large N.

We first focus on the evolution of a very long polymer, of size O(N), with a rapid switch between
modes (compared to the time-scale over which the macroscopic fluctuations in the polymer size appear).
Letting N tend to infinity, we obtain a fluid limit in which the effect of the switching appears only
through the fraction of time spent in each mode at equilibrium. We show in particular that, in our
situation where the number of monomers is limiting, a rapid binding-unbinding dynamics may lead to
an increased elongation rate compared to the case where the polymer is trapped in any of the modes.

Next, we consider a large population of polymers and complexes, represented by a random measure
on some appropriate type space. We show that as N tends to infinity, the stochastic system converges
to a deterministic limit in which the switching appears as a flow between two categories of polymers.
We exhibit some numerical examples in which the limiting behaviour of a single polymer differs from
that of a population of competing (shorter) polymers for equivalent model parameters.

Taken together, our results demonstrate that under conditions where the total number of monomers
is limiting, the study of a single polymer is not sufficient to understand the behaviour of an ensemble
of competing polymers.

2 - Introduction

2.1 - Actin Cytoskeleton and Cell Mechanics

During the embryonic development, cell mechanics plays a central role in many cell behaviours,
from cell shape changes to cell division, cell migration and cell rearrangements [LL07]. In animals,
these mechanical properties are largely determined by the cortical actomyosin cytoskeleton, a 200-500nm
thick network of actin and myosin polymers assembled beneath the cell membrane. Several parameters
play a key role in determining the properties of this 2d active gel, including its turnover rate, density,
crosslinking and its fine architecture. In particular, the distribution of polymer lengths in the cytoskele-
ton has a strong impact on the mechanical properties of the gel and the cell. In this paper, we focus on
the dynamics of actin polymer assembly in the presence of two classes of proteins that modulate the
assembly dynamics, formins and profilins. Our main assumption is that the total number of monomers
in the system is fixed to some (large) N, reflecting the fact that this quantity is a limiting factor in the
evolution of the population of polymers.

In cells, actin exists in two forms: monomers (or G-actin) and polymers (or F-actin). The G-actin
monomer addition is coupled to an ATP hydrolysis. Along with the structural polar organisation of the
F-actin filament, this causes both extremities of a polymer to display distinct kinetic properties: one
with fast kinetics, or plus end, and one with slow kinetics, or minus end. In vitro actin assembly can
reach a steady state where polymerisation, occurring at the plus end, is balanced by depolymerisation,
occurring at the minus end. Note that in this work we are not interested in the spatial conformation
of the polymers or their spatial organisation in the cellular cortex: provided there are available free
monomers, a polymer can grow irrespective of its size.

A large number of accessory proteins interact with actin polymers and modify their dynamics, thus
contributing to the shaping of the actin network in a cell- and tissue-specific manner. Here we consider
only two such interactors: formins and profilins. Formins form a large family of dimeric proteins with
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a wide range of biochemical properties associated with their function in the cell. These proteins bind to
the plus end of actin filaments, drive a processive filament elongation and modulate the actin elongation
rate [Kov06, KHM™06]. Profilin is an abundant protein which regulates the actin dynamics by promot-
ing ADP-to-ATP exchanges on G-Actin, renewing the ATP-actin pool. Importantly, profilin has been
shown to affect differently distinct actin sub-networks, increasing the elongation rate by formins up to
15-fold, while decreasing the branching of branched networks [BCB*14, RWH*15| ISCB*15]. In order
to disentangle the different mechanisms underlying the composition in distinct polymer structures of
the whole population of actin polymers, in this work we do not consider the sub-network of branched
filaments (i.e. tree-like structures induced by another protein called Arp2/3) and instead focus on the
positive effect of formins and profilins on the elongation rate of the sub-network of simple polymers.
Taking branching into account is significatively more difficult and will be the object of future work.
Each formin can thus bind to or unbind from a polymer at a given rate. We shall say that a polymer is
in “fast” mode if it is associated with a formin and therefore polymerises faster. When it is not bound
with a formin, we say that it is in “normal” mode. To account for the role of profilin balancing the two
network populations, we formally assembled filaments in “normal” mode from a G-actin complexes,
while filaments in “fast” mode were assembled from G-actin/profilin (Figure [1.1/and [SK16]). Finally,
note that our simple model, we also ignore the effect of the formins on actin nucleation.

Our main interest is twofold: understand the consequences of the fact that monomers are in lim-
ited numbers (being free, in a complex with a profilin or inserted in a polymer), and characterise the
impact of the switching between two modes on the distribution of polymer lengths and on the frac-
tion of monomers incorporated in a polymer. Several models for actin assembly have already been
developed [BODMO04, EKE98, [EEK98| [YB09, [YDBO08]. The majority of these models are either determin-
istic and focus on a steady-state equilibrium, or are stochastic and are studied by Monte-Carlo simula-
tions [Bin10, PB09]]. Most of the models taking into account a population of actin polymers rely on very
specific assumptions and are not developed in a general context. Indeed, many of them concentrate on
cell motility and therefore focus on the dynamics of actin in protrusions [BODM04] [MEK02a] or in
the geometrical organisation of the actin network [CEK94]. More general models like [EKE98| [EEK98]
do not take into account the faster elongation of polymers bound with a formin, and neither do they
consider the effect of the switching between spontaneous elongation and elongation with a formin.
The works [HO11]] and [MLH"17] use the same approach as ours to study the average length of an
actin polymer and the distribution of the polymer lengths. However, [HO11]] does not consider the
large population limit of their model and [MLH*17] focuses more on the importance of having two
types of monomers (ATP and ADP) than on the effects of accessory proteins. Apart from the popu-
lation approaches listed above, most of the existing literature tends to focus on a single polymer, or
on two competing polymers, with the idea that very large populations of polymers will then be well-
described by the law of an “average” polymer. Importantly, we wanted to explore the effect of the
competition between different sub-populations of polymers, elongated by distinct factors, for a unique,
limited monomer pool.

To this end, we first consider a single polymer and its interactions with formins and profilins in Sec-
tion [2.2] Taking a particular limit as the total number of monomers in the system tends to infinity, we
show that if we allow this polymer to “live” for a very long time (by taking its initial length to be of order
O(N)), then its interactions with formins average out and the resulting asymptotic polymerisation rate
is a weighted average between the polymerisation rate in fast and in normal mode (i.e. when bound or
not with a formin). In Section[2.3] we instead consider a large population of short competing polymers
and show that, because short polymers never reach such a long lifetime, the intuitive homogenisation
result of Section [2.2| does not apply and the competition for free monomers or G-actin/profilin com-
plexes has a strong impact on the size distribution within the population of polymers. In Section
we show by simulation that the characteristics of a single polymer considered on its own can differ
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significantly from the distribution in polymer lengths in a large population even for equivalent model
parameters.

2.2 - Switching Dynamics of a Single Actin Polymer

2.2.1 - The model

We first focus on the effect of the switching between different modes on the evolution of a single
polymer. We restrict our attention to two modes (fast and normal), but our result would easily carry
over to the case of finitely many modes under some natural ergodicity conditions.

The model we propose below takes into account the spontaneous elongation of the polymer as
well as the effects of formins and profilins. If there are no formins attached to the plus end of the
polymer, elongation is spontaneous and consumes free monomers. In contrast, if there is a formin on
the polymer, elongation is induced by the formin and G-actin/profilin complexes are integrated into
the polymer instead of free monomers. Only one formin can be bound to the polymer at a time. Recall
that in the first case we say that the polymer is in “normal” mode, while the second case is called the
“fast” mode. For every t > 0, we write M(t) = 0 (resp. M(t) = 1) if the polymer is in normal (resp. fast)
mode at time .

As we want monomers to be a limiting factor, we assume that the total number of monomers in
the system is fixed through time to some N € IN. These monomers can be in three states: free, in the
polymer or held in a G-actin/profilin complex (each involving only one monomer). At any given time
t = 0, the current number of free monomers is denoted by L)(¢), the length of the polymer by LV¥(z)
and the number of G-actin/profilin complexes by LY (¢). We also define:

N Y (I 0, LY (0, 1Y (1)) (1.1)

Writing [N] for the set {0,1,2,..., N}, we thus have for any i € {0,1,2} and any ¢ € R.: LN(t) € [N]
and
LY@+ IN(@t) + LY () = N. (1.2)

The model incorporates six types of events, illustrated in Figure

1. Spontaneous elongation. If the polymer has positive length and is in normal mode, elongation
(at the plus end) is spontaneous, and we assume that the rate at which it occurs is proportional to
the current density of free monomers. That is, the instantaneous rate of spontaneous elongation
a time t is given by H{M(t_)zo}]l{Lf/(t_)w}/VLf)V(t—)/N, for some constant A* > 0 and where we
denote by 1 the indicator function of a set S. The new value of the vector describing the system
is then:

LN(0) = (L§(t-) - 1, LY (1-) + 1,1 (1)) -

2. Elongation with a formin. If the system is in fast mode and the polymer has positive length,
elongation (also at the plus end) is induced by a formin and consumes G-actin/profilin complexes.
Therefore, in this case we suppose that the instantaneous rate of polymerisation is proportional
to the density of available complexes, i.e. is equal to H{M(t,)zl}Il{w(tfﬁo}/l;L]ZV(t—)/N for some
constant A} = 0. The vector L" then jumps to:

LN(t) = (LY (), LY (=) + 1, LY (t-) - 1) .
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3. Depolymerisation. In both modes, the polymer can release a monomer (from the minus end) if

its length has not already reached 0. We write 1;v(,).q}A" for rate of depolymerisation, where

A~ is a non-negative constant, and the new value of LV is then:

LN(0) = (L§(t-) + 1, LY (1-) - 1,13 (1))

. Production of complexes. Independently of the mode of the polymer, a free monomer and a

profilin can react and produce a G-actin/profilin complex. Assuming that profilin is not a limiting
factor, the instantaneous rate of production of G-actin/profilin complexes at time ¢ is given by
®pLY(t-)/N, for some constant ®p that takes into account the concentration in profilin in the
cellular cortex. The new value of LN after such an event is:

LN(t) = (L (t-) - 1, LY (t-), Ly (t-) + 1) .

. Binding of a formin. If the polymer is in normal mode, a formin can bind to its plus end and

the polymer switches to the fast mode. We write @5, for the constant rate of occurrence such a
switch from normal to fast mode. This event does not modify the value of LV, but corresponds
to a jump from 0 to 1 for M(t).

. Release of a formin. If the polymer is in fast mode, the formin bound to it can be released

and the polymer switches to the normal mode. We denote @, the constant rate of such a switch.
Again, this event only affects the process M, which jumps from 1 to 0.

Observe that monomers cannot spontaneously detach from a G-actin/profilin complex. However, when
a complex is integrated into a polymer, its depolymerisation results in the separation of the complex into
a free monomer and a (free) profilin. Once the length of the polymer has reached 0, for mathematical
convenience we suppose that (M(t)).cr, keeps on jumping from 0 to 1 at rate &5 and from 1 to 0 at rate
;. for all times, even if this assumption has no biological meaning.

[ Normal Mode ] [ Fast Mode ]
) miny
v L
X xlo &y
N
X ‘>
» &

I

L -0

Pp WO v Pr N

€ »
«®» |»L

FIGURE 1.1 Schematic representation of the model for the dynamics of a single actin polymer and its
interaction with formins and profilins. Red single units represent monomers, red-green units represent
G-actin/profilin complexes and the strand of red units at the top of each box represents the polymer.
The green oval depicts a formin bound to the polymer.

The system is fully described by the Markov process (LN (), M(t))«cR. . From the above, we see that

(M(1))ter, is a Markov jump process with values in {0, 1}, switching from 0 to 1 at rate @} and from
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1 to 0 at rate ®;. We assume that ®; + ®; > 0 to ensure the presence of mode switching. It evolves
independently of the process (LV(t)):r., while the dynamics of (LN(t)),er, depends on (M(t))scR. .
Since (M(t))ser, is an irreducible Markov process on a finite state space, it has a unique stationary
distribution 7y, given by:

o 1) = (gt g ) (19
F F F F

This stationary distribution will appear in the homogenisation result presented in the next section.
2.2.2 - Large-N limit

In order to understand the first order fluctuations of the system, we let the total number of monomers
tend to infinity and look for a fluid limit as N tends to infinity. That is, we consider the scaled (non-
Markovian) process,

— — =, =\ def (LY(Nt) LN(Nt) LY(Nt)
LN(1) = (L{)V(t), LY (o), LéV(t)) = ( NN N ) (1.4)
and we want to prove that LN = (LW( t)) converges to a deterministic limit as N — +oo.
teR.,
Let us write:
A {1, x0 %) € [0,1]° [ 3 + 3+ x5 = 1) (1.5)

for the compact set in which LN takes its values for every N and D[0, +oo[ for the space of all cadlag
A-valued paths, which we endow with the standard Skorokhod topology. Let

def

Co def mpm(0)AT + dp and Cy = mu(1)A, (1.6)

where m(0) and (1) are defined in (1.3). The constants Cy and C, are respectively the rate of
consumption of free monomers and of G-actin/profilin complexes when the process M is at stationarity.
To avoid trivialities, we suppose that these two quantities are positive.

We can now formulate the main result of this section.

THEOREM 1.2.1 (Fluid Limit)

Suppose that the initial condition LN(0) € A converges in distribution to some deterministic vector
(b(0), 1;(0), I,(0)) € A. Then as N — +oo, the process LN converges in distribution in DA[0, +oo[ to the
deterministic process (I(#))ier, = (Io(?), Li(¢), b(t))ier, satistying: for every t < 1,

lo(t) = <lo(0) - %) e Cot 4 )c%,’
L(t) = 1-1D(t) - L),
b(t) = DL(0)e @ + % (10(0) - %) (et — et + qég—g (1-e G,

and for every ¢t > 1,

b(t) = Io(ty)e 2=,
L) = 0o,
L) = 1-15h (1)

where t, = min{t € R, : [(t) = 0} is the time at which the polymer “size” cancels (by convention,
fy = +o0 if [} does not reach 0).
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We easily see from Theorem that the system obtained in the limit has a unique equilibrium,
which depends on whether # < +oo or not. If #y < +oco then the system converges to (0,0, 1) and
every monomer ends up associated with a profilin. In contrast, if t; = +co, the limiting distribution of
monomers into the three different categories is given by:

[ G GG GG

(/1_ 1 AT A dp A._q)p)‘ (17)

Observe that the limiting amount of free monomers corresponds to the ratio of the asymptotic rate
of increase of the free monomer pool, A~, by the asymptotic rate Cy = m(0)A* + ®p at which free
monomers are consumed by the polymer elongation in normal mode and the creation of G-actin/profilin
complexes. Likewise, since complexes can only be created by the reaction of a free monomer with
a profilin, the limiting amount of complexes can be read as the ratio of their creation rate from the
pool of free monomers at equilibrium, (17/Cp) x ®p, by the rate of consumption of complexes through
polymerisation in fast mode, C,.

A natural question, on which we shall not dwell, is of course to ask when ¢, is finite. An obvious
sufficient (but not necessary) condition for ; < co is:

< 0. (1.8)

Theorem pertains to the family of stochastic homogenisation results such as [PP15]]. Indeed,
although most reactions occur on a similar time-scale, the time it takes to the polymer to see its length
change by O(N) units (so that this change may be visible after our rescaling of LY by N) is of the
order of @(N) original time units, and is therefore much larger than the time of order ()(1) that the
binding and release of formins take. What our result shows is that, in the limit as N tends to infinity,
the fast dynamics of mode switching equilibrates and only its stationary distribution 7y, impacts the
slow dynamics of the polymer elongation and shortening. Recalling that m(0) (resp. my(1)) can be
interpreted as the fraction of time spent in the normal mode (resp. fast mode) over the very long
time-scale considered here (by ergodicity), we see that, as mentioned earlier, Cy (resp. C;) corresponds
to a global rate of consumption of free monomers (resp. of G-actin/profilin complexes) when M is at
stationarity, and the average behaviour described by the equations stated in Theorem|1.2.1|corresponds
to the barycenter between the behaviour of the system when it is in normal mode and the behaviour
of the system when it is in fast mode.

Notice that our approach is similar to that of [PP15|RS17]], in which each individual switches state
(or spatial location) independently, but it differs from many stochastic homogenisation results such
as [BV17]] or [BL16]], in which it is the environment where all individuals evolve which switches fast,
affecting the population as a whole. More precisely, in our study fluctuations are not on the scale of the
population but on the scale of the individuals since each polymer can be in several modes independently
of the others. This kind of random individual state switching seems less studied than the long-term
averaging effect of environmental switches.

The limiting process (I());er, allows us to understand the impact of the restriction on monomers
and of the interaction with formins and profilins on the dynamics of a single polymer. However, our
model does not take into account the competition between the numerous polymers which are present
in the cellular cortex. As a consequence, we now build on our model for a single polymer to construct
and analyse a more complex model for a population of actin polymers.
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2.3 - Switching Dynamics for a Population of Actin Polymers

2.3.1 - The model

We now consider a population of actin polymers undergoing the same reactions as in the previous
section. Recall that we assume that the total number of monomers in the system is fixed, equal to N € IN.
Again, these monomers can be free, in a G-actin/profilin complex, in a polymer bound with a formin or
in a simple polymer (with no formin attached). As earlier, if an actin polymer is simple its elongation
consumes free actin monomers, and if the polymer is associated with a formin, its elongation consumes
only G-actin/profilin complexes. To ease the exposition, we shall consider that free monomers and G-
actin/profilin complexes are two types of actin polymers.

Since we want to understand the distribution of polymer lengths within the population as well as
the amounts of monomers contained in each category of polymers, we describe every element of the
population by its type and its length. More precisely, free monomers are denoted by M, G-actin/profilin
complexes by P, simple actin polymers by S and actin polymers bound with a formin by F. Polymers of
type M and P can only be of size 1, while polymers of type S and F can be of any length in {1,2,..., N}.
By convention, we distinguish between polymers of length one and free monomers as polymers made
of a single monomer can grow again. Other conventions are possible and similar results to the ones
presented below can be obtained using the same arguments as in the proof of Theorem|1.2.2]

Later it will be more convenient to have a state space independent of N, we thus let

T (M 1).(P. D} U ({S.FE X N), (19)
and for every pair (T, 1) € T and every t = 0, we define KN(T, I) as the number of polymers of type T
and length [ present in the system at time ¢. Here we use the convention N = {1,2,...}. The system at
every time ¢ is described by its empirical distribution Z:

N
de
2V Y RN M, )8 + KV (P, 1)5P1)+ZK (S.Ddisp + Y KN(E, Doe, (1.10)
I=1 I=1

where §, denotes a Dirac mass at x. Each Zfl is thus a random measure on I. We write M7 for the
space of all finite measures on 7, endowed with the topology of weak convergence.

Let us make a few remarks. First, let p; denote the projector (T,[) +> [ that returns the second
coordinate of an element in I. For every Z € My and every measurable function f : T — R, we use
the standard notation:

2= [ oz,
1
whenever this integral makes sense. Since the total number of monomers is N, for every t > 0 we have
KN(,I)=0ifl > N and
N N
(ZV.piy = KNM, 1) + KN (P, 1)+ Y IKN(S, D)+ Y IKN(F, D) = N. (1.11)
I=1 I=1
The total number of “real” polymers (i.e. that are not free monomers or complexes) is denoted by FV(t):

N
N0 Y (KNS, D) + KNE D) = (2N, 15y + Ley) - (1.12)

I=1
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Observe that the quantity K™ (M, 1) corresponds to what we called LY in the model with one poly-
mer and KV (P, 1) corresponds to what we called LY. The other quantities are not quite comparable to
those introduced in the previous model, but an analogue of L; would be the total number of monomers
inserted in a polymer:

N
MY LSRN D) + KNED) = {2V (T + Ley) ) (1.13)

I=1

The process (ZV),er, evolves according to the same six types of transitions as in the single polymer
model.

1. Spontaneous elongation. Each simple polymer can elongate by catching a free monomer, inde-
pendently of the other polymers. As in the first model, A* KN (M, 1)/N is the constant rate at which
a given polymer captures a free monomer. Consequently, the total rate at which a spontaneous
elongation happens at time t is A*(KN(M, 1)/N) Y., KX (S, I) and conditionally on this polymer
being of size ¢ just before the event (which happens with probability K (S, ¢)/ Y, KN(S, 1)), this
corresponds to a transition to:

ZY = ZY = 8y - Sy + 8s.e41)s

or equivalently to:

KNS, 6) = KNS, 6) -1,
KNS, e+1) = KNS, £+1)+1,
KNM,1) = KNWM,1)-1.

2. Elongation with a formin. Each polymer associated with a formin can elongate by absorb-
ing a G-actin/profilin complex (again, independently of the other polymers). As in the previ-
ous type of transition, the total rate at which an elongation with a formin happens at time ¢ is
AH(KN(P,1)/N) Y, KN (F, 1) and conditionally on this polymer being of size ¢ just before the event
(which happens with probability KN (F, £)/ Y., KN(F, 1)), this corresponds to a transition to:

ZY = ZY = 8 - Spa) + SEeen)s

or equivalently to:

KN(Fe) = KMNF0)-1,
KNF, ¢ +1) = KNF,t+1)+1,
kN@p,1) = KN(P,1) -1

3. Depolymerisation. Each polymer of length [ = 1 (bound or not with a formin) can release a
monomer at rate A~ and this monomer becomes “free”. The (total) instantaneous rate at which
depolymerisation occurs to a polymer of length ¢ at time ¢ is thus A~ (KN (S, ¢) + KN(F, ¢)), and if
T € {S, F} is the type of this polymer, the new value of the empirical measure at time ¢ is:

ZY = ZX = 81y + Sy + S(re-1)Lies2y-
or equivalently:
KN(T,¢) = KN(T,¢)-1,

KN(T, ¢ -1) KN(T, e -1)+1,
KNM,1) =  KNWM,1)+1.
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4. Production of complexes. Each free monomer can bind with a profilin and create a G-actin/profilin
complex at rate ®p, independently of the others. Therefore, the total rate of creation of complexes
at time t is ®pKN (M, 1) and the new state of the system after such an event is:

ZY = ZY - Sunny + Sy

or equivalently:

KN(M, 1) KN(M, 1) - 1.

[ KNP, 1) = KN(P1)+1,

5. Binding of a formin. Each simple polymer of length [ can bind with a formin and therefore
change category (or “mode”), independently of the other polymers. If we write again @}, for the
rate at which a given simple polymer becomes bound with a formin, the total rate at which such
an event occurs is ®3KN(S, I) and conditionally on the length of the polymer concerned being ¢,
the new state of the system is:

Zy =2 -850+ oy

or equivalently:

KNGS, 0) -1,
KN(F, ¢) + 1.

KNGS, 0)
KN(F, ¢)

6. Release of a formin. Each polymer associated with a formin can have this association broken
at rate @, independently of the other polymers. Hence, the total rate of release of a formin by a
polymer of length ¢ at time t is ®;KN(F, ¢), and the new state of the system after such an event
is:

2y =20 - Sray + sy

or equivalently:

KN(F, 0) -1,

KNGS, 0) KNGS, 0) + 1.

[ KN(F, 0)

Figure [1.2] summarises all the events described above.
2.3.2 - Large-N limit
We now look for a large population limit, describing the first order behaviour of our population of

polymers. More precisely, for every N € N and ¢ € R., we set:

= def 1
zZN = ﬁziv. (1.14)
By construction, each Zif‘] takes its values in the set M7 defined by:

M7 ={ZeM1|{Z pp» =1}, (1.15)

where we recall that M7 is the set of all finite measures on I (see ), and (Z, p;) is defined as in
(1.11). In particular, since the length [ of every monomer/polymer is at least one, we have

My e MO Y iz e My <21y <1} (1.16)
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Creation of complexes

A
vy

olymerization

) >»

FIGURE 1.2 Transitions in the model for a population of polymers. Simple polymers can elongate by
catching a free monomer, release a monomer that becomes free, or switch to the “fast” mode by binding
with a formin. Polymers bound with a formin can elongate by catching a G-actin/profilin complex,
release a monomer that becomes free, or switch to the “normal” mode by releasing the attached formin.
Finally, free monomers and profilins can bind to form G-actin/profilin complexes.

We now let N tend to infinity, assuming that the sequence of initial values Zié‘] converges to some
measure in M(Il) and that the support of ?g is bounded uniformly in N. Note that we do not scale time
by a factor N as we did to obtain the fluid limit for a single polymer in Section Our main result is
the following. We denote the space of all cadlag trajectories with values in M(Il) by D [0, +co[ and
we endow it with the standard Skorokhod topology. !

THEOREM 1.2.2 (Large Population Limit)

Suppose that the initial condition Z) converges in distribution to a deterministic limit Z, € M(Il) as
N — +00, and that there exists Ky € N such that for every N sufficiently large,

<ZT;’, ﬂ{lzK0}> = 0. (1.17)

Then the process ZN converges in distribution in D [0, +00[ as N — +co, to a deterministic limit
A

Z = (Z1)er, Which can be characterised as follows.
If for every (T,1) € T we write k;(T, I) for the mass Z;({(T,[)}) given by Z; to the point (T, ),
then:
ko(T, 1) = Zo({(T, D}),

and
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%kt(M, 1) = A Y05 k(S D) + ke(F, 1) = A k(M 1) Y15 ke(S, 1) = @pki(M, 1)
%kt(P, 1) = ®pk(M, 1) - Apki(P, 1) Y15 ke(F, D),
%kt(S, 1) = Qpki(F, 1) + A7ki(S,2) = (ATky(M, 1) + A~ + Pp)ks(S, 1)
%kt(F, 1) = @;ki(S, 1)+ A ki(F, 2) - (Apke(P, 1) + A~ + ®p)ki(F, 1)
and VI = 2,
%kt(s, D) = XNk(M1D)k(S,1-1)+Dpk(F, ) + A ki(S, 1+ 1) = (ATke(M, 1) + A~ + Pp)ki(S, I)
%kt(F, D) = Apk(P,1)k(F,1-1) + Opki(S, 1) + Aky(F, I + 1) = (Apk(P, 1) + A~ + Op)ky(F, I).

REMARK 1.2.3 B

i- Ideally, we would like to replace the assumption that Z, € M(Il) by Zo € M7 and obtain the
convergence of the sequence (ZN ) Nop i Dy [0, +oo[. However, the fact that Z; € M7 for all

t = 0 is not guaranteed by the convergence in distribution of ZV seen as a finite measure on
1, since the function p; : (T,1) +— [ is not bounded continuous on 7 and so the property that
(Z:, pry = 1 needs not hold in the limit. In Remark[1.4.2] we argue that in the limiting system,
at any time t > 0 we have (Z;, p;) < oo. Unfortunately, we were not able to prove that this
integral is actually equal to 1. For this, one would have to be able either to compute the dynamics
of ((Z+, p1))ser, from the system of equations stated in Theorem or to finely control the
total length of polymers in the stochastic pre-limiting system, and in particular to control the
amount of polymers of length larger than a given m € IN uniformly in N (for each given time
t = 0). Indeed, although the probability that very long polymers form in a finite time ¢ is very
small (see the paragraph surrounding Equation (1.47)), a vanishing proportion of the polymer

lengths may drift to infinity fast enough for their contribution to <Z£\r , pl> (which is equal to

1 by construction, for finite N) to remain lower bounded by some € > 0 as N — +o0. Since in
the limiting measures Z; all polymers of “infinite length” are lost (recall that Z; is a measure on
I c {M,P,S,F} x N), this would lead to (Z;, p;> = 1 — €. Numerical experiments tend to show
that indeed (Z;),cr, lives in M7 for a large range of parameter values, with the caveat that very
long polymers must also be very rare (by (1.47)) and therefore they are very difficult to capture
by numerical simulations.

ii - Notice that the assumption that the measures Z}’ should have uniformly bounded supports im-
poses that Z) should asymptotically give no weight to polymers whose sizes tend to infinity
with N, so that no mass is lost on infinitely long polymers in the limit. If for instance the initial
population was made of a few polymers of size O(N) (and free monomers, so that would
be satisfied), we would rather have to scale time and polymer lengths by N as in Section [2.2] to
obtain a non-trivial limit and this limit would be the obvious analogue for several polymers of
the homogenisation result stated in Theorem for a single polymer. Since our main moti-
vation for this work was to understand the dynamics of the distribution in lengths and types
of the large population of polymers of length (1) present in the cellular cortex under stan-
dard conditions, we chose to focus on initial populations with many ((1)-long polymers. But
in this regime, a single “short” polymer is liable to disappear before having reached the time-
scale on which the homogenisation effect of the switching dynamics appears, and to be able to
compare the long-term effect of mode switching on a single polymer and on a population of
polymers competing for resources, in Section [2.2] we had to impose that the polymer of interest
should initially be long enough for the switching to have enough time to act before the polymer
length reaches 0. This explains the discrepancy between the set-ups of Sections[2.2]and[2.3] Note
however that experimental approaches to measure the length of actin filaments, based on elec-
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tron micrographs (e.g. [SVMB97]]) or more recently on cry-electron tomography (e.g. [MSC*20]),
typically yield estimates that vary from a few hundreds nanometers [BSK*02, [CLZ91] to a few
micrometers [SHA95| XCP99], covering at least one order of magnitude.

L L]

The rest of the paper is organised as follows. In Section[3} we prove Theorem|1.2.1]on the asymptotic
behaviour of a single (long) polymer. In Section[4] we prove Theorem[1.2.2Jon the asymptotic behaviour
of a population of actin polymers. Corollary allows to compare these two results and highlights
the effects of the competition between polymers for G-actin on the evolution of the population. Finally,
some simulations are discussed in Section[5]

3 - Homogenisation Result for a Single Actin Polymer

In this section, we prove Theorem[1.2.1] To this end, in Section [3.1] we prove that the sequence of
processes (LW) oy 18 C-tight, and in Section|3.2|we show that any limit point satisfies the deterministic
system of equations stated in Theorem Before proceeding to these proofs, we establish some
useful preliminary properties.

Let us consider the evolution of LN for some fixed N. Each of its coordinates takes its values in
the finite set [N], and so (LN (1), M (t)) R, 18 @ Markov jump process with values in a finite state space.
This allows us to write that for every ¢ = 0,

N N ' - ' +LN( ) ' L{)‘](s) N
Ly () = Ly (0) + H{L{V(s)>0}A ds - ]]‘{M(S):O}]]‘{Lll\](g)>0}A —ds - P N ds+ X, (1),
0 0 0
(1.18a)

¥ = IV B! 1 At LN(s)d B! Ad
1 () =Ly (0) + {M(s)=0} L {LN(5)=0} - A (IN(s)-0} A @S
t
+‘/0 ]]_{M }]l{LN(S >0}A

LY ()
ds‘/ Lise=1y Lm0 AF — 5

G )d + XN(1), (1.18b)

Ly'(s)
P

N (@) =L12V(0)+/t<b ds + XN (1), (1.18¢)
0

where X}, XN and X}¥ are mean-zero martingales with respective predictable quadratic variations
f T NG [t NG
<Xé\]>(t) :/ H{LIIV(S)>0}A d$+/ ]l{M O}R{LN(S)>O}A N d$+/ q)P 0}\] dS, (119a)
0 0
' +LN (s) -
XYy = /0 Lime-0y Lizn ooyt —g—ds +/ Lin(gs0yA ds
t LY (s)
+ / L1y ey -0 A8~y

N Lo Ly(s) Ly (s)
<X2 > (t) = CDP N ds + ]l{M(S 1}]]‘{LN(S)>O}AF ds. (119C)
0

A

ds, (1.19b)

REMARK 1.3.1
Notice that, for simplicity, we use the same process (M(t));cr, to define the evolution of every (L™ (1)) R, -
It has no impact on the result of Theorem since the convergence result we obtain for (LT’)
in distribution.

L L]

NeN 18
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If we now accelerate time by a factor N and scale down the coordinates of LN by the same quantity
(see (1.4)), a simple change of variables gives us that:

- - t t _ t - -
Lf)\’(t)sz)\’(0)+/0 ]l{w(u)>0}/1_du—/o H{M(Nu)=0}l{w(u)>0}A+L{)\](u)du_/O OpLY (w)du + XN (1),

(1.20a)

o o t J—
Ny = IN — LN N -
Ly (1) = L7(0) + /0 Liova=o 504 Lo (Wdu = /O Lot du

t — —
+/0 I[{M(Nu):1}Il{W(u)w}/UELJZV(u)(/iu+X1N(1f),

(1.20Db)
_ _ t_ t _ _
LY(t) = szV(o)+/0 CDpLON(u)du—/O H{M(Nu)zl}]l{ﬁ(ubo}l;;Lé\’(u)du+X2N(t), (1.20c)
where for i € {0,1,2} and t = 0,
— XN(Nt
Xl»N(t) = L
N

We now have all the ingredients to prove Theorem

3.1 - Tightness

The precise result that we prove in this section is the following.

PROPOSITION 1.3.2 (TIGHTNESS)
The sequence of processes (LN)N>1 is C-tight in DA [0, +ool.

Proof of Proposition[1.3.4 The proof is rather standard. Since A is compact, all we have to check is that
for every T > 0 and every ¢ > 0, there exists § > 0 such that

limsup P (w (LTV, 0, T) > 6) < ¢, (1.21)
N—oo
where o o o
w(LN, s, T) = sup [I¥() - TV(s).
O<s<t<T
|t-s|<S

Theorem 15.1 in [Bil99] will then enable us to conclude.

We proceed coordinate by coordinate, starting with ﬁ. Letthus T > 0, ¢ > 0 and § > 0. Using

(T.20a) and the fact that LY (1) < 1 for all t = 0, it is straightforward to show that for every 0 < s < t < T
such that |t - s| = §, we have:

o - 1)

< (I + A"+ Dp)S + |@(t)‘ + (@(s)‘ . (1.22)

Choosing & = ¢/(9(A” + A* + ®p)) and § < &, we obtain that the first term on the r.h.s. of is less
than ¢/9 with probability one. Next, by the Markov inequality we have:

N £ 81
P sup XNw)|>- )= E
(ue[o,T] ‘ 0 | 9 e2N?

sup (X({\](Nu))zl .
u€l0,T]
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Using Doob’s maximal inequality and (1.19a), we can then write that:

E | sup (X)'(Nw)

u€l0,T]

<2E [X'(NT))’] =2E [{X)') (NT)] <2(2” + A" + ®p)NT.

Combining the above, we obtain that:

IP( sup ‘@(u) (1.23)

162(A” + AT + ®p)T
>¢/9 ) =< )
u€l0,T]

&N

which converges to 0 as N — oo. Consequently, with our choice of § < &, we obtain that:

limsupP| sup ﬁ(t) - ﬁ(s)) G
N—oo O‘Sts<|t55T 3
—=§|=

The same reasoning applies to the two other coordinates ﬁ and @ and yields similar thresholds é;, &, >
0, which is more than enough to prove that if we take § < min(6, 81, J2),

lim sup P <a) <LW, 0, T) > e) = 0.

N—oo

0/
3

This shows (1.21) and the proof of Proposition is therefore complete.

3.2 - Uniqueness of the Limit

Now that we have proved that the sequence of normalised processes is tight, it remains to show
that the deterministic system described in Theorem|[I.2.1]is its only possible limit as N — +co. This is
what we do in this section. To do so, we shall use the following lemmas, whose proofs are postponed
until the end of the section.
LEmmA 1.3.3
For every t > 0, we have

t
N P
[ oo - @B 0)ds = o
0 —+00

LEMmMmA 1.3.4
For every t > 0, we have

t
— P
/ (Limvs)=1y — (1) LY (s)ds 0
0 —>+00

Proof of Theorem[1.2.1 Suppose that the sub-sequence (LNe)gen converges weakly to a process

(lo(2), Li(2), B(1))serr..-

By Proposition [1.3.2} we know that this process has continuous paths a.s. Furthermore, the esti-
mates (1.23) (and their analogues for XV and XJV) guarantee that the limit of the quadratic variation
process of each LV is zero and (Iy(2), Li(t), b(t))scr, is therefore deterministic.
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For every N € N, let )V be the first time at which the polymer has length 0:
¥ =min {te R, [LV(t) = 0}.
Similarly, let us define f as the first time at which [;(¢) takes the value 0. In both cases, if the process

considered does not reach 0, we set the corresponding t(()N) to +oo. Since 0 is an absorbing state for the

process (ﬁ(t))teIR , we have:

Ny =0 if t=1.
Therefore, the system of equations (1.20) can be rewritten as follows: for all ¢ < #}",

[Lfl\’(t) >0 if t<,

I J— t N t___ N
LN(t) =LY () + At - A" /o Il{M(Nu):O}LéV(u)du - CI>p/O LY (w)du + XN (1),

. t _ t I J—
Lll\](t) = le\](()) -ATt+ /1+/0 H{M(Nu)zo}Lé‘](u)du + A;‘/O ]l{M(Nu)zl}LJZV(u)du + XlN(t),

- - t_ t _ -
lev(t) = LJZV(O) +®p / Lé\](u)du - Ap / ]l{M(Nu)=1}L§7(u)du + XZN(t),
0 0

and for all ¢ = ¢,
o - ol [
0

'

I t___ _
]l{M(Nu)=0}L{)V(u)du -®p /0 LY (wydu + XN (1),

_ b &' _ _
LIZV(t) = LJZV(O) + ®p /0 LON(u)du - /1;; /0 ]l{M(Nu):l}LIZV(u)du + XZN(t)

Splitting the integral /; min(t ") into fo f , and decomposing

tt
T4 p(Newy=0} = 7m(0) + (]l{M(Nku):O} - mm(0)),

we can rewrite the above system of equations for ¢ < f; as:

LN (t) = LN(0) + A"t - (A" g (0) +c1>P)/ LN (wydu + XN (1)

t

N N min(z,f, <) —
- A7(t = min(¢, £, ¥)) + A" mp(0) / Lo (u)du - A" / (1 penwp=01 — mm(0)) Ly (w)du,

min(t,t, k)
| QU

LY (t) = IN(0) - At + A" i 0) / LN (wydu + Apmy(1) / ti( Ydu + X (1)
0 0

min(t,t, ¥)
+ A7(t - min(t, £%)) + A* / (L mNwp=0) = 7TM(0)) “(wdu
0
t -

min(t,t, ) I
2 / (L sy - (D)LY () — Ay (0) / Y (u)du
0 |

- Apm(1) / t N (u)du,

in(t,1, k)

LY(t) = 1)*(0) + ®p /0 LY*(w)du - A my(1) /0 I (uydu + X (1)

. t N min(z,t, <) —~
A1) / L (u)du - A% / (Lt — T () du,

in(t,t, k)
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First, for every t < t, we have the convergence in probability:

P
t —min(t, 1)¥) —> 0, (1.24)
—>+00
and
' N P : N P
/ Ly*(uw)du — 0 and / Ly*(u)du — 0. (1.25)
min(t,té\]k) k—+o0 min(t,tévk) k—>+o0

Indeed, since for any i € {0,2} and any u < t we have ﬁ(u) < 1, then,

t R
0<E [/ L?’k(u)du] < tP (tf,\”‘ < t).
min(t,tévk)

But
lim sup P (té\]k < t) = limsup P (le\]"(t) = 0) < ingIP (L(t)y<e)=0,

k—00 k—o00

where the last but first inequality comes from the fact that (LJIV" (t))k=1 converges in distribution to
l;(t) and the last equality uses our assumption that ¢ < f,. This last result proves (1.24). The Markov
inequality then gives us the two convergence results stated in (1.25).

Second, by assumption we have the convergence in distribution of (LN)s; to the deterministic
process (ly(t), l1(t), L(t))1er, and therefore,

(1550 IO L) = (10(0), h(0), b (0),

+00

(/0 LONk(u)du,/O LzN"(u)du> k%; (/0 lo(u)du,/o lz(u)du>. (1.26)

Thirdly, by the sequence (X¥(£))n1 converges in probability to 0 (in fact this convergence is
uniform over [0, t]) and equivalent results hold for (XN ())n=1 and (X (£))ns1-

Finally, Lemmas and ensure the convergence in probability:

and

t
- P
/ (Lnvamo) — TO)IN(S)ds > 0
0

N—+o0

and

t
v P
[ oy =m0 s > o
0 —>+00

Combining the above and using Slutsky’s theorem, we can conclude that for every t < t,

() = 1(0) + A"t — (A" my(0) + ®p) / o(w)du,
0
L(£) = L(0) = At + A 7y (0) / b(wdu + Amy(1) / L(u)du,
0 0

L(t) = L,(0) + ®p /0 b(u)du - Apmy(1) /0 b(u)du.
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By the same type of arguments, we can prove that for every ¢ > t,

(1) = b(0) + A"ty ~ A* 1y 0) / " Io(u)du - @ /0 b(w)du,

0
L(t) =0,

L(t) = L(0) + ®p / bo(w)du - Aimy(1) / " b(wdu.
0 0

As Iy and [, are two continuous functions, the functions ¢ +— fot I(u)du and t +— fot L(u)du are
differentiable and for any ¢ < t;, we have:

Io(t) = A~ = mp(0)A"Io(t) = Pp o (2),
L(t) = m(0)A Io(t) + mp(D)Af L (1) - A7, (1.27)
L(t) = ®ply(t) - mu(DArL(),

while for any t > t,
() = -®pho(t),  L(t)= 0, L(t) = Dph(t).

Solving these systems of equations, we obtain that the limiting process is necessarily the one given
in Theorem and therefore this limit is unique. Since (LN)y; is tight by Proposition , we can

N2

conclude that the full sequence converges in distribution and Theorem is proved. %

It remains to prove Lemmas and As the proofs are similar, we only give the proof of
Lemmal[1.3.3]

Proof of Lemma([1.3.3 Let t > 0. We split the interval [0, t] into intervals of length & > 0. This gives us:

'/0 (Limvs=0) = mu(0)) LY (s)ds

L£)

ke o
/ (Limnsyop — 7 (0)) LY (s)dss

/l (Lnvsy=0) — 7aa(0)) LY (s)dss

< + ’
k=1 (k-1)e %Jt‘
lfj ke L

= Z / (Lgmavs=o} = mne(0)) LY ((k = 1)) ds
k=1 |/ (k-1)e

;]
+ Z +
k=1

ke o o
L, ey =mo0) (I 8 (- 0 ds

t —_—
/l‘J (Limvs=oy = m(0)) LY ([ t/¢]e) dss

t _ N
+ /[;J (]l{M(Ns)=0} - 7TM(0)) (Lgl(s) - Ly ([t/eJe)) ds|. (1.28)
Now since ﬂ((k - 1)¢) € [0, 1] for every k, we have:
ke o ke
/(k : <]]-{M(Ns):0} - mpm(0)) Ly ((k - 1)€> ds| < A ) (Limvg-op — mae(0)) ds|, (1.29)
-1)e -1)e

and likewise:

ke _
/ (Lamnsy=0) — 7u(0)) (L{]V(s) - LY ((k - 1)8)) ds

(k-1)¢

ke _
< / LN(s) - LY ((k - 1)5)) ds.  (1.30)
(

k-1)e
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We now control each of these terms.

First, since M is an irreducible Markov jump process on a finite state space, the ergodic theorem
applies and gives us that for every 0 < s; < s, we have the almost sure convergence:

52 1 Ns, a.s.
/ Ly m(Ns)=0y ds = N/N Ly aa(s)=0y ds N 7p(0)(s2 — 1)
S1

S1

Applying this result with s; = (k — 1)e and s, = ke (or s, = t when k = |t/e] + 1) for each of the
finitely many values of k of interest, we obtain that:

L£]

Second, recall from (1.20a)) that for every 0 < s” < s, we have:

2% 0. (1.31)

N—+o0

+

t
/[’J (Limvg=0y — mm(0)) ds

£

/ (Lmvs=0y — m(0)) ds
(k-1)e

() - 1))

<+ Dp)(s— )+ (XTV(s) - XN

Applying this result with s’ = (k—1)e and s € [(k - 1)¢, ke] and combining them with (with T = 1),
we obtain, by choosing C = A~ + ™ + ®p + 2/9,

ke o
lim P ( /(k 1B (s) - LNV ((k - 1)5)) ds = c52> =0

Consequently,

t

lim P /
N—eo k-1)e

t

70(5) —ﬂ([t/eje)‘ ds = Cé? (EJ + 1)

L(5) - I ((k - 1)e)| ds + /[ j

£

< lim kz (/ IN((k - 1)5)) s=Ce ) +P (/ltj ms)-m[me)‘ ds > c52>

=0 (1.32)

Coming back to (1.28), combining (1.29), (1.30), (1.31) and (1.32), and observing that:

Ce? (EJ ; 1) - O(Cet),

as ¢ tends to 0, we obtain that:

lim P <'[ (H{M(N8)=0} = ﬂM(O)) ﬁ(S)dS

N—oo

> (Ct+ 1)€> =

e

X
7!\

Since ¢ was arbitrary, this proves Lemma

4 - Large Population Asymptotics

In this section, we prove Theorem Recall that for every N € N, the Markov process ZN takes
its values in the space M c M(Il), respectively defined in (1.15) and (1.16). Let D be the set of all

functions on M(Il) of the form:
or : Z— 9(KZ,f)), (1.33)
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with f a bounded measurable function on 7 and ¢ a function of class C! on RR.

Since the rescaled process (Zijtv) is a Markov jump process with bounded rates for every N € IN,

teR,
its infinitesimal generator GV applied to any @r € D is given by: for every Z € M(Il)

N oy(2) )Y NZG. D ( (z Lk s 5‘M’”) - (Z))
)2, N N N

Sy Orn O
+ AbZ(P, I)ZNZ(F l) <<pf< (F’” gf;”- f}”)-W(Z))

- &rp . G,
-y ZNZ(T D ( o ( . 1)11 % + %”) of (Z)>
Te{S,F} I=1
+ ®pNZ(M, 1) 7+ den _ doun of (2)
P A\ N N
+CI>+§:NZ(S l) 74 D dsn (Z)
F 2. ) or N N o
+ d; i NZ(F, ) 7+ %0 A 05 (2) (1.34)
! I=1 ’ " N N .
where for simplicity we have written Z(T, ) for Z({(T, I)}). Furthermore, (Zijtv) R satisfies the prop-
erty that for every ¢y € D, the process (W(‘Pf)) R defined by:
V¥ (o (2V) QN (ZN)d (1.35)
t ) er, = \ ¥ (Pf R .

is a mean-zero martingale with predictable quadratic variation given for all ¢ > 0 by

Fappyo- [ s, (136)

where, writing this time KTN(T, I) for Zif\’({(T, nh,

N-1 2

. —  Ssey  Ssp S —=
W (op) =AKN(M, 1) Y NKN(S, ) (q)f (Zi‘u (SN”— Ef])— %”)—«pﬂi’?’))
=1

o e =~ OSri1) Srn  Opa) 2
+A;K5V(P,1)ZNK5V(F,1)<<pf<zfy+ ) D ’)—(pf(ZJtV))

Z. N N N
oy i NKN(T l)( ( 7V, S D 5(M,1>> (ZN)>Z
+ , = gy -+~ ) -
Te(S.F) =1 t N TN N price

— — b} —\?
+®pNKN (M, 1) <(Pf (Zﬁ\] + (JI\}D - (%U) - (Pf(Z]tV)>

& 5 —\?
+<I>FZNKNSI>( (zN - 33”)—<of(25))

I=1

N 2
. — =~ 05 O =N
+ @5 Y NKN(F, 1) <gof (zﬁ’ + 733) - (;[)) - (pf(ziv)> .

I=1
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Hence, the semi-martingale decomposition of (pf(ﬁ) reads:

o (ZV) = oy (Z5) + VF(op) + PF(ep). 120 (137)

with ,
N de =
W™ [ 6% (2Y) as

4.1 - Tightness

As a first step in the proof of Theorem we show the tightness of (ZN)yen.

Let I2 be the one-point compactification of Z. In this subsection, we use the classical trick of seeing
our sequence of processes as taking values in the space Mz of all finite measures on Z*. In the next

subsection, we shall show that any limit point actually takes its values in M(Il)

PrOPOSITION 1.4.1 (TIGHTNESS)
The sequence (ZN)NeN is tight in Dy, [0, +oo[.

Proof of Proposition[1.4.1] Since the total mass of each zZy ¢ is bounded by 1 and since the set of all mea-
sures on I* with total mass bounded by 1 is compact (hence the fact that we consider the one-point
compactification of T), the compact containment condition holds for (ZN)y.; seen as a sequence in
D, [0, +oo[. By Theorem 3.9.1 in [EK86], tightness of (ﬁ) noy Will follow from the tightness of

(gof (F) )N21 for every ¢r € D.

Let thus f be a bounded measurable function on Z* and ¢ € C!(R). We use the standard Aldous-
Rebolledo criterion [Ald78,Reb80]. First, the tightness of ((pf (ny )) for every t = 0 is obvious from
N=1

the boundedness of f and the fact that the total mass of 27{\’ is bounded by 1.

Second, we have to prove that for any T > 0, any sequence of stopping times (Ty)n-1 bounded by
T and for every ¢ > 0, there exists § > 0 and Ny € IN such that for all VN = N, and 0 € [0, 6],

Tn+6 o
P </ QN(pf(ZItV)dt > £> <, (1.38)
T

P < > £> < e (1.39)

and

TN+9
/ W (gp)dt
iy

Plugging the definition of ¢r(Z) = ¢({Z, f)) in the expression for N ¢f, Taylor expanding ¢ and
writing ||¢’[|¢ for the supremum of ¢” over [||f||w, ||f]leo], We obtain that:

N-1 N-1
‘QN‘Pf ZN)) <ll¢’ IIfILflloo(M*KNM 1) 3 KNS 1)+ 345KN (P 1) Y KN(F,
I=1 I=1

N o N N _
#3073 N KN(T D) + 20pKN (M, 1) + 205 Y KN(S, 1) + 205 > KN(F, l)) + o(1),
Te{S,F} I=1 =1 I=1
(1.40)
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where the remainder term tends to 0 uniformly in N and ¢. By construction (since the total mass of
each Z¥ is bounded by 1), for every type T € {S, F} we have:

_ _ N _
KNM,1)<1,  KN@P,1) =1, S KN(T, D) <1,
I=1

and hence, there exists a constant C; > 0 such that:

o (2Y)

< [|@"[|fl[flleo BA™ + 325 + 6A7 + 2®p + 20} + 2®%) + o(1) = Cy + o(1). (1.41)

Therefore, taking § = ¢/(2C;), we see that there exists Ny € N such that for every N = Nj and 0 € [0, J],

P ( > e) =0
and is satisfied.

We prove in exactly the same way, noticing that the squared increments in the expression for
yN (¢r) give rise to a bound on | yN ((pf)| of the form C,/N + o(1/N), where again the remainder term is
uniform in t. Proceeding this way, we obtain a stronger result than (1.39), namely that the predictable
quadratic variation of ¢ (ﬁ) vanishes as N — oo, uniformly over compact time intervals: by the
Markov inequality and then Doob’s maximal inequality,

Tn+6 o
/ GNop(2ZVN)dt

In

‘ 2

A

P < sup [V (o) - > < 5B

sup [7(ap)
te[0,T ]

te[o0,T
2B [PV y ()]

2C, T 1
s7+o(—), (1.42)
Ne¢? N

IA

which tends to 0 as N — +co. As a corollary to this result, we obtain that any potential limit for

7N e e . . . . . . _ s
(Z ) . must be deterministic. Since (1.42) implies (1.39), all the points in the Aldous-Rebolledo cri
terion have now been checked and we can conclude that (q)f (ZN )) is tight in DR [0, +oo[ for every

N=1

\"

¢r € D, and finally that the sequence (ﬁ) N 18 tightin Dy, [0, +oo]. %

4.2 - Large Population Limit

We now complete the proof of Theorem by checking that all the assumptions of Theorem 4.8.10
in [[EK86]] are met.

Proof of Theorem|[1.2.2 Tightness in D M, [0, +00[ was obtained in the previous subsection and we now
want to prove that, if we define the operator G* on D (the set of all functions of the form ¢(<-, /) with
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@ € C!(R) and f : T — R bounded measurable) by: for every Z € My,
cor2) Yz, f>)<A*Z(M 1)22 (5, D (S, 1+ 1)~ (5, 1) - f(M, 1)

+AFZ(P,1) Z Z(F, ) (f(F,1+1) - f(F, 1) - f(P,1))

I=1

A7 2T (F(T, 1= Dlygy - f(T, ) + £(M, 1))

Te{S,F} I=1
+ (DPZ(M! 1) (.f(P’ 1) _f(M’ 1))

+@p ) Z(SD(FF.) - f(S, ) + @ ) Z(F. D) (F(S. 1) - f(F. D)) )
I=1 =1
(1.43)

then for every of €D and t,s > 0,every k€ N,0 <ty < - <ty < t < t + s and f; € Cp(My), we have:

<<Pf(Zt+s) (Zth)_/tt”g or(2Y)d ><Hﬁ (2V) )

Once this result is shown, we shall prove that any potential limiting process takes its value in M(Il),
on which every ¥ ¢y is a continuous and bounded function, which will also prove that tightness of

(ZN)n-1 holds in D [0, +oo[ (by Corollary 3.9.3 in [EK86]). Finally, we shall prove that there is at
1

most one possible limit for (ﬁ) ~N=1, Which is the deterministic solution to the D M<1>[
v

problem associated to (G%, dz,) or, equivalently, the M(Il)—valued solution to the system of equations

stated in Theorem Combining these arguments, we shall be able to use Theorem 4.8.10 in [EK86]

to conclude that the limiting process exists and (ZN)y.; indeed converges to it in D O [0, +oo].
1

Let us thus start by showing (1.44). Using the decomposition (1.37), we have for every N € N,

lim E

N—oo

(1.44)

0, +oo[-martingale

J— P t+s
E <<pf(2ﬁs) - op(2¥) —/ SNor(2N)d )(Hﬁl (2) > (1.45)
t
It thus remains to prove that:
t+s . S
lim B [ / GNor(ZY) - CCop(2)|du| =0, (1.46)
—00 t

since then,

(@ (@)~ [ oy@an) (11060 )

E

- E (/tm (QN<pf(Z£’) —Q""fpf(Zi)’)) d“) <1i[ﬁl(Z{Y)) ‘
< <Ili[||ﬁ,~||w>E [/tt GNop(2N) - G o (2V) | du| — 0

and we obtain (1.44).
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Coming back to the definition of GV ¢y and performing a Taylor expansion of ¢, it is straightforward
to obtain that there exists a sequence (ey)n-1 tending to 0 such for any Z € M(Il)

N oy(2) - G oy(2)| < ¢

Using this result, the fact that for every N € N and ¢ = 0 we have <27§V 1> < 1, the bound and

the dominated convergence theorem, we can conclude that (1.46) holds true and the proof of (1.44) is
complete.

Second, let us show that any potential limit point (z;),r, for (ﬁ)Nzl satisfies that z; € ./Vl(ll) for
every t = 0. We already know from the subsection on tightness that each z; is deterministic and that
its total mass is bounded by 1. It only remains to show that z; gives no mass to the “infinity” point of
1% (i.e. to polymers of infinite length). Let thus ¢ > 0 and N large enough for to hold. Since the
elongation rate of each polymer is bounded by A" = max (/1*, /1}), the probability that at time ¢ a given
polymer is of length at least Ky + k is bounded by the probability that the sum of k i.i.d exponential
random variables with parameter A" is less than ¢, that is:

IP(iZk;E,-<t> (exp( ZE) ) (Aﬂ;)k’ (1.47)

where the last inequality uses the Markov inequality. Since by construction Zijtv has at most N atoms
(or “polymers”), another use of the Markov inequality gives us that for every k € N, ¢ € (0,1) and N
large enough (independently of k and ¢),

k
=N 1 =N 1 A
P (<Z?] ﬂ{lzKo+k}> > 5) =7 E [<Z}tv ﬂ{lzKo+k}>] = mNet (,1* ¥ 1) ‘

Since we suppose that Zfltv converges in distribution to z;, we can take the limit as N — +oo in the
above to obtain:

£

IP(<Z 1 >>€)<let i ‘ (1.48)
t> L{I=Ky+k} = A* +1 . .

Together with the fact that z; is not random, we obtain that for every ¢ € (0, 1), there exists k(¢) € N
such that e 'e!(A*/(A* + 1))*® < 1 and so:

(2t Liskpekie)) ) < &

Taking ¢ to 0, we can conclude that z; puts no mass on infinitely long polymers, i.e. z; € M(Il).

REMARK 1.4.2
The estimate (1.47) allows us to argue that for every t = 0, we have:

<Zt’pl> < 0.

Indeed, in the stochastic pre-limiting model, the length of each of the at most N polymers is stochas-
tically bounded by a pure birth model with birth rate A", started at Kj, and therefore by we have

for every ¢t = 0 and m € N,
m
[ ] (77)
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Passing to the limit as N — +oco yields:

A\
ki(S, Ko + m) + k;(F, Ko + m) = <Zt, ]l{lszm}} <é ()L* " 1) .

Summing over m for a fixed ¢, we obtain that:

Ky o0

(Zop) =M 1)+ k(P 1)+ > D k(T )+ Y (Ko + m) (ki(S, Ko + m) + ky(F, Ko + m)) < oo.
Te{S,F} I=1 m=1

(1.49)

Note however that these arguments are not sufficient to conclude that (Z;, p;> = 1 and therefore that
the convergence in Theorem holds in M rather than in M(Il).
L <

Thirdly, let us check that any potential limit Z for (ZN)y., satisfies the system of equations stated
in Theorem As recalled earlier, we know from that Z is deterministic (since we assumed
that the limit of the initial value Z}¥ was deterministic). Using along the subsequence of (ﬁ) Nai
converging to Z, we can conclude that for every bounded measurable function f on T (taking ¢ = Id),

t
<<zt, F=<Zof>- / gmldf(zods)
0

is a martingale, which is thus constant equal to 0. Taking now f = 1y, for (T, [) € I, we obtain the
integrated version of the differential equation for

k(T 1) = Z:({(T, D)})

teR.,

given in Theorem [1.2.2] namely:

t
ki(T, L) = ko(T, 1) + / GIdy,, ,(Z,)ds. (1.50)
0

Since the integrand in the above expression is bounded, the function ¢t +— k;(T, I) is differentiable and
we can therefore differentiate it to obtain the corresponding line in the system of Theorem

Finally, let us prove that this system has at most one solution with trajectories in M(Il). Let thus
(z)ter, and (Z;)cr, be two solutions to the limiting system of equations in Theorem such that
z0 = Zp and z;, 24 € M(Il) for all t = 0. Let f be a bounded measurable function on 7 such that ||f||. < 1.
From the above, for every t > 0, we have:

Kze, f> =<z )l = '/O (C°1ds(2;) - C71ds(2,)) ds (1.51)

Let us consider each term in G*Ids(zs) - G*1d¢(2;) separately to obtain a bound on the integral on the
rhs. of (L.51). We have:

/ (i (zs(M, 1)zy(S, I) - Z,(M, 1)Z Sl))fSl+1)ds
0

I=1

=) /f (i (2s(M, 1)(z5(S, 1) = Z5(S, 1)) + (25(M, 1) = Z5(M, 1))25(S, 1)) £(S, I + 1)) ds
0

I=1

= A*‘ /O <ZS(M, 1) <Zs - 725’ ﬂ(S,)f(S, -+ 1)> + <Zs - 25, ]1(M,1)> Z 23(8’ l)f(s, 1+ 1)) dsl .
I=1

(1.52)
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By assumption, the total mass of z; and z; is bounded by 1, and so:

(<]

> E(S.DF(S, 1+1)

I=1

As a consequence, the r.h.s. of (1.52) is bounded by:

A*/t(‘<zs—23, U5 o /S, + DY|+ [€2s - 20 T Y| dSSZF/t sup [z, §) - (75, $)] ds.
0 0

ll$llo=1

0=<z(M1)<1 and < |Iflleo {25, 1) = 1.

Proceeding in the same way for all the other terms in the generator, we obtain that:

t
Kz, f> = {Ze, f)] = (6A" + 6Ap + 647 + 2®p + 2D + 2Dp) sup [zs, @) — (Zs, )| ds,
0 [lgllo=1
and since this inequality holds for every bounded measurable f such that ||f||c = 1, we can write that
for every t = 0,

t
sup [z, @) = <{Zs, P)| < (6AT + 6A; + 647 + 20p + 205, + 2@;)/ sup [z, @) — {Zs, P)| ds.
ll¢lleo=1 0 ||¢llo=1

By Gronwall’s lemma,

sup |<Zt, ¢> _ <£t, ¢>| < < sup |<ZO’ ¢> _ <20, ¢>|> e(6)ﬁ+6/1;5+6)t’+2<I>p+2<l>‘§+2¢‘;~)t =0.
(I 9lloo=1 I 1

|oo=

Since every bounded measurable function can be written as a multiple of a function ¢ such that ||¢||c <
1, we obtain that (z;, f) = (%, f) for every bounded measurable f, and hence z; = z; for all t = 0 and
the system of Theorem has at most one solution with trajectories in M(Il).

We have now checked that all the conditions of Theorem 4.8.10 in [EK86] are satisfied and we can
therefore conclude that, as N tends to infinity, (ZN ) No; Converges in distribution in D ) [0, +oo[ to
> y

N4

the unique solution with values in M(Il) of the system stated in Theorem %

We end this section with some heuristics that are confirmed by the simulations discussed in the next
section. In order to compare the large population limit of Theorem with the fluid limit of Theo-
rem|1.2.1} recall that informally, for a given N, LY in the single polymer model corresponds to K™ (M, 1),
LY corresponds to KN(P, 1) and LY corresponds to M. (defined in (1.13)). The same correspondence
can be made between the limiting objects, if we define:

+00

manr(t) 2 U(ki(S. 1) + k(P D).

1=1
(This quantity is finite by Remark1.4.2]) Moreover, writing for any ¢t = 0,

() Y Jim PN = Y k(s + Y ki(F D)
=1 =1

for the amount of “real” polymers at time ¢ in the limiting population process, we see that the quantity

151 ki(S, [)/F=(t) corresponds to the proportion of those polymers which are simple and we expect it
to be close to my;(0) when t is large (recall that ) (0) is the proportion of time that a single polymer
spends not bound with a formin at stationarity). Although we have no proof of this fact, Figures
and[1.7]show two examples where this convergence happens.

Finally, summing the corresponding equations in the system of ODE stated in Theorem we
obtain the following system which can be more easily compared with the result of Theorem
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COROLLARY 1.4.3 (Limit distribution in 3 sub-populations)

In the limit as N — +oo, the distribution of monomers among the different sub-populations (free
monomers, inserted in a polymer or in a G-actin/profilin complex) is described by the following system
of ODE:

4k,(M, 1) AFR(t) - A k(ML 1) 0S5 ki(S, 1) - ©pki(M, 1)
4 mi(t) A kM, 1) Y15 ke(S, 1) + Apke(P, 1) Y15 ke(F, 1) = A7F=(t)

Lk(P,1) = ®pk(M,1) - Aiki(P, 1) X1 ke(F, D).

5 - Simulations

5.1 - Single Actin Polymer

In this section, we exhibit an interesting example of behaviour for a single long polymer, that high-
lights the role of the different proteins. The parameters chosen in these simulations are fairly arbitrary
and do not come from biological measurements. Investigating more biologically-driven examples and
the effect of sudden parameter changes on the behaviour of the system will be the object of future work.

Figure shows the evolution of the system with N = 1000, A" = 10, A~ = 2, Az = 100, ®p = 10,
®; = 1 and &5 = 1, starting with a unique actin polymer of length 334, 333 free monomers and 333
G-actin/profilin complexes. That is, initially a third of the monomers in the system are free, another
third are associated with a profilin and the rest sits in the polymer.
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FiGure 1.3 Evolution of the system described by the model for a single actin polymer with N = 1000,
AT =10, A" = 2, Az = 100, ®p = 10, ®; = 1 and & = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/profilin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem (i.e. N times [;(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.

Figure [1.3|is divided into three graphs. On the left, we show the evolution in time of the number
of free monomers, LY (t). The graph on the middle presents the evolution of the length of the poly-
mer, LY (), and the graph on the right corresponds to the evolution of the number of G-actin/profilin
complexes, LY (t). Each graph displays four plots. The oscillating solid line shows a single realisation
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of the stochastic system of Section with N = 1000 and the parameters expounded above. The
smooth solid line represents N times the fluid limit described in Theorem [1.2.1] (so that we compare
numbers instead of proportions of monomers). The dashed line represents (N times) the fluid limit that
we would obtain if we assumed that the polymer was constantly in normal mode. Finally, the alternated
dashed line represents (N times) the fluid limit that we would obtain if we assumed that the polymer
was always in fast mode.

In this particular example, we observe that if the system stays in normal mode, the length of the
polymer converges quickly to 0 because the polymer looses monomers faster than it can gain them.
This can be explained by the fact that the polymer and profilins compete for the same pool of free
monomers with density dependent rates while the polymer also looses monomers through depoly-
merisation at a constant rate, so that once the pool of free monomers has fallen below a certain level
because some fraction of monomers have been captured in G-actin/profilin complexes, polymerisation
happens more slowly than depolymerisation. In fact, this is a general result, valid for any parameter
values: if the polymer stays in normal mode all the time, then # < +co. Indeed, in this case the system

of equations reads:
L(t) = A7 = A7 I(t) - p (1),
(1) = A'hy(r) - A7, (1.53)
L(t) = @pl(1),

for all t < ). Solving the above, we obtain that for every t < t,

AT . AT
() = (zo<o> - ) ey L

At + CDP At + (Dp,
L(t) = 1= k(1) - L), (1.54)
- ®p A —(A*+p)t A" ®p
lz(t) = 12(0) + m (lg(O) A*’ + ¢P> (1 e ) + mt

Supposing that #, = +oo would imply that tlim L (t) = +o0, which is absurd since [y(t) < 1 for all ¢ > 0.

Coming back to the example in Figure[1.3|we see that if, on the other hand, the polymer is constantly
in fast mode or if it switches modes, then its length converges to a non-zero equilibrium. For other
parameter values, it is possible to observe that the length of the polymer converges to a non-zero
equilibrium when mode switching is allowed, while it converges to 0 if the system stays in fast mode.
Writing the analogue of Condition when the polymer is always in fast mode, we obtain:

AA
1_@_T;<0’ (1.55)
which tells us that, for instance, ®p < A~ is a sufficient condition for f, < +oo in this regime. Our
numerical exploration did not enable us to find biologically reasonable parameter values for which the
length of the polymer with mode switching converges to 0.

Noticeably, the polymer length at equilibrium is longer in the case of mode switching than in the
case when the polymer remains in the state with the highest rate of polymerisation. As can be remarked
on the two other graphs, this phenomenon is due to the fact that the switching between modes enables
the polymer to use the two types of “resources” (free monomers and G-actin/profilin complexes) more
efficiently, allowing the pool of free monomers not to be depleted (so that they can be consumed dur-
ing the elongation of the polymer in normal mode, or be used to replenish the pool of complexes).
More generally, in cases where #, = +oo, the length of the polymer at equilibrium is larger with mode
switching than in fast mode if and only if:

Op € [o, % (ﬂM(l)I’ + JiDA (DA + 4A;))] . (1.56)
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Indeed, using Equation 1) we see that the length at equilibriumis [ = 1- é—; - ’g} qé’; and Iy’ = 1- é—; - %
respectively with mode switching and in fast mode. This gives us
2> < -+ m()A®p + my(1)AT A5 > 0, (1.57)

and since by assumption ®p > 0, we find Condition (1.56).

Figure illustrates this criterion. Using the same parameters as in Figure Condition (1.56)
reads ®p € [0, 25]. In Figure [1.4a] we set ®p = 25 and we observe that the two limiting polymer lengths
(in fast and alternating modes) are identical. In Figure[1.4b] we set ®p = 30 and the length at equilibrium
is larger if the system stays in fast mode.
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FIGURE 1.4 Evolution of the length of the filament with N = 1000, A* = 10, A~ = 2, A; = 100, &y = 1
and @5, = 1 for two values of ®p. Initially, there are a (unique) polymer of length 334, 333 free monomers
and 333 G-actin/profilin complexes. On each graph, we plot the fluid limit given in Theorem (ie.
N times [;(t)) and the fluid limit assuming that the system stays in fast mode all the time.

5.2 - Population of Actin Polymers

Figure|1.5|displays the evolution of a population of actin polymers with the same set of parameters
as in Figure namely A* = 10, A~ = 2, Af = 100, ®p = 10, ®; = 1 and &z = 1. In order to
compare the limiting models for a single polymer and for a population of competing polymers, we start
with an analogous initial distribution of monomers into free monomers, and monomers sequestered in
polymers or complexes: 33, 3% of free monomers, 33, 4% of monomers included in a polymer and 33, 3%
of monomers in G-actin/profilin complexes. Moreover, to match the conditions of Theorem [1.2.2] we
start with 50% of the polymers being simple and 50% being associated with a formin, all of them being
of length 30. Finally, we use the Euler explicit method with a time pitch dt = 0.001. Note that here
we only compare the limits obtained in Theorems and and therefore we directly consider

N = +oo.

In Figure|1.5| the same quantities are shown as in Figure|1.3| but for a population of actin polymers.
Figure [1.5]is divided into three graphs. On the left, we show the evolution in time of the proportion
of free monomers in the population, k;(M, 1). The graph on the middle presents the evolution of the
proportion of monomers included in a polymer,

mue() = 3 1(ka(S. 1)+ ki(E. D),
=1
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FiGure 1.5 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, A" = 10, A~ = 2, Az = 100, ®p = 10, ®; = 1 and &} = 1, starting with 33% of
free monomers, 33% of G-actin/profilin complexes and 34% of monomers included within polymers of
length 30. Left: evolution of the proportion of free monomers. Middle: evolution of the proportion of
monomers included in a polymer. Right: evolution of the proportion of G-actin/profilin complexes. On
each graph, we plot the fluid limit given in Theorem the large population limit given in Theo-
rem[1.2.2] the large population limit obtained by assuming that the system stays in normal mode and
the large population limit obtained by assuming that the system stays in fast mode.

and the graph on the right gives the evolution in time of the proportion G-actin/profilin complexes
available in the population, k;(P, 1). On each graph, we display four plots. The solid line represents the
large population limit described in Theorem|[1.2.2] The coloured dashed line (resp. coloured alternated
dashed line) represents the large population limit that we would obtain if we assumed that all polymers
were stuck in normal mode (resp. fast mode — in these cases, initially all the polymers are simple, resp.
associated with a formin). Finally, the thin black dashed line represents the equilibrium state in the
fluid limit obtained in the single polymer model and shown in Figure

In this particular example, we can observe that the qualitative behaviour of a population of polymers
bears some similarity with the fluid limit for a single long polymer. Indeed, if all polymers are blocked
in normal mode, the proportion of monomers inserted in a polymer converges quickly to 0 because a
large fraction of free monomers is quickly captured by profilins and cannot be converted again into
free monomers (since there is no accelerated polymerisation), so that they can no longer be used in
polymer elongation. In contrast, when the polymers can switch modes or when they all remain in fast
mode, the proportion of monomers inserted in a polymer stabilises to a non-zero value. However, this
time the “equilibrium” is lower in the case with switching than in the constantly fast mode. This can be
explained by the fact that the large number of polymers in the system compete for the same order of
magnitude of free monomers (themselves also captured by profilins) and so the pool of free monomers
is constantly kept at a low level, which impedes the elongation of the simple polymers. In this case,
mode switching does not allow a better use of the different pools of monomers.

Although we are not able to prove analytically that, in the limiting process obtained in Theo-
rem|[1.2.2] the proportion of polymers bound with a formin approaches the stationary probability (1)
that a single polymer is in “fast” mode (in the terminology of the single polymer model of Section 2.2),
we checked this intuition by simulation. In Figure we plot the evolution of the quantities:

15 k(S D) and 151 ki(F, D)
F>(1) F>(1)

5

where as earlier,

+00 +00

Fo(t) = > k(S D)+ Y k(F, D)

=1 =1
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is the total amount of “real” polymers (thus excluding monomers and complexes) in the system at
time t. The parameters and initial state are the same as before. Since ®; = @, in this case we have
mp(0) = 0.5 = mp(1) and the initial proportion of polymers bound with a formin is also 0.5. As we see
in Figure after an initial very small shift (whose origin is not clear), the proportion of polymers
converges again to the value 0.5, which confirms our intuition.
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FiGure 1.6 Convergence of the proportion of simple polymers (resp., polymers bound with a formin)
towards mp(0) (resp. mp(1)) with dt = 0.001, A* = 10, A~ = 2, Az = 100, ®p = 10, &y = 1 and &y = 1,
starting with 33% of free monomers, 33% of G-actin/profilin complexes and 34% of monomers included
in polymers. Initially, we start with 50% of simple polymers and 50% of polymers bound with a formin,

all of length 30.
Using this approximation, the system of ODE proposed in Corollary [1.4.3|can be rewritten for large

times as:

Lk (M, 1) = AF(t) - 2 mu(0)F=(t)k(M, 1) - Dpky(M, 1)
Lmip(t) = X ma(O)F2(1)ke(M, 1) + A mar(DF®(8)ko(P, 1) - A"F(2) (1.58)
4k(P,1) = ®pk(M,1) - A (V)F=(t)ky(P, 1).

If we compare this system to the limiting evolution obtained in for a single polymer, we observe
that in the above, the elongation rates (spontaneous or with a formin) and the depolymerisation rate are
multiplied by the amount of polymers F®. Therefore, it appears that elongation and depolymerisation
are slowed down by the competition between polymers whereas the production of G-actin/profilin
complexes is not impacted.

Since in Figure the initial proportion of polymers bound with a formin was set to be equal
to its (supposed) equilibrium value, we explored what happens in other cases by choosing a different
set of parameters. Figure [1.7|displays the same quantities as Figure [1.6] but with the following set of
parameters: A* = 10, A~ = 2, Az = 100, ®p = 10, &y = 8 and ®; = 2. We start again with the
same initial state (33% of free monomers, 34% of monomers included in a polymer, 33% of monomers
in G-actin/profilin complexes, 50% of polymers being simple, 50% being associated with a formin and
all polymers being of length 30). By (1.3), this time we have (m(0), mx(1)) = (0.2,0.8) and Figure
confirms again the suspected convergence (with another initial overshoot by a very small amount that
we cannot explain).

Since the main difference between the systems and lies in the presence of the coefficient
F> in the latter, it is natural to investigate the evolution in time of the amount of “real” polymers in
the limiting population model. In Figure , we plot (Fi‘”(t))telR using the same parameter values as
in Figure We observe in particular that the amount of polyrn+ers seems to decrease towards a limit
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FiGure 1.7 Convergence of the proportion of simple polymers (resp. polymers bound with a formin)
towards mp(0) (resp. my(1)) with dt = 0.001, A* = 10, A~ = 2, Az = 100, ®p = 10, ®; = 8 and Py = 2,
starting with 33% of free monomers, 33% of G-actin/profilin complexes and 34% of monomers included
in polymers. Initially, we start with 50% of simple polymers and 50% of polymers with formin, all of
length 30.

of the order of 1073, Of course this (empirical) stabilisation to a non-zero value is only one example
of potential limit for the decreasing process F* and other sets of parameters may lead to a limiting
amount of “real” polymers equal to 0.
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FiGURE 1.8 Evolution of the amount of “real” polymers F* with dt = 0.001, A* = 10, A~ = 2, Ap =100,
®p = 10, & = 1 and &, = 1, starting with 33% of free monomers, 33% of G-actin/profilin complexes
and 34% of monomers included within polymers of length 30.

As in the previous section, we can also try to use the approximation to compare the amount
of monomers inserted in a polymer (as a proxy for the average polymer length) when the polymers can
switch modes and when they are always in fast mode. We only proceed heuristically, assuming that
F>(t) e fo > 0. Finding an analogue of the criterion (1.56) to characterise the set of parameters for

which the fraction of monomers included in a polymer at equilibrium is larger with mode switching
than if the system stays in fast mode is trickier than in the case of a single polymer. Indeed, the limit f,
itself depends on the value of ®p. However, noticing that the system can be obtained from
by replacing A~ by 1™ foo, A" by A" foo and Af. by Ajf, the candidate criterion derived from can be

written:

Op € [0% (nM(l);L+ fo + DA P2 (it (D2 + 41;,))] . (1.59)

In particular, we see that when the limiting amount of “real” polymers f is small, the proportion of
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monomers included in a polymer at equilibrium is greater with mode switching than if the system stays
in the fast mode only when ®p is itself very small. Figure 1.9 confirms that such a regime is numerically
possible, but it is not clear that values of ®p that are so low compared to other parameter values are
biologically relevant.
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FiGurE 1.9 Time evolution of the proportion of monomers included in a polymer with dt = 0.001,
AT =10, A7 = 2, Az = 100, &1, = 1 and ® = 1 for two values of ®p, starting with 33% of free monomers,
33% of G-actin/profilin complexes and 34% of monomers included within polymers of length 30. On
each graph, we plot the large population limit given in Theorem and the large population limit

obtained by assuming that the system stays in fast mode.
Let us now consider the polymer lengths in our large population limit to see what is the impact

of mode switching on their distribution. Figure presents the evolution of the distribution of the
polymer lengths with the same set of parameters as in Figure We start with the same proportion
as previously, 33, 3% of free monomers, 33,3% of G-actin/profilin complexes and 33, 4% of monomers
included in a polymer. In Figure[1.10a] we start with polymers of length 30, whereas on Figure we
start with polymers of length 3. In each graph, we plot the distribution of the polymer lengths obtained
in Theorem at different times and in dashed line we plot the distribution at which the system
seems to stabilise (in the simulations) when we assume that all polymers are blocked in fast mode.

First, comparing Figure and Figure we see that the distribution in length depends on
the initial condition. Indeed, if the polymers are initially shorter, at later times they are globally shorter
but more numerous. In contrast, if we start with longer polymers, at later times they are longer, the
variance in polymer length is larger but there are fewer polymers.

Second, let us compare the distributions of the polymer lengths at different times, the distribution
after stabilisation (in red) and the distribution assuming that all polymers remain in fast mode (red
dashed line) in Figure As in Figure we see that the proportion of polymers is larger when
the polymers are blocked in fast mode. But we can also observe that the polymer lengths are globally
shorter than when polymers switch modes. We can therefore conclude that mode switching allows to
have longer polymers but limits the proportion of monomers included in polymers, and thus it limits
the number of polymers.
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FiGure 1.10 Evolution of the distribution of the polymer lengths with d¢ = 0.001, A* = 10, A~ = 2,
Ap = 100, ®p = 10, ®; = 1 and @ = 1, starting with 33% of free monomers, 33% of G-actin/profilin
complexes and 34% of monomers included in polymers. In each graph, we plot the distribution at
different times. The red dashed line represents the distribution after stabilisation when assuming that
all polymers are blocked in fast mode. To ease the comparison between the two graphs, the black
dashed line in (B) corresponds to the red solid line in (a).
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This chapter presents an adaptation of the model developed by Patric Karl Glode in his PhD thesis
entitled Dynamics of Genealogical Trees for Autocatalytic Branching Processes [[Glo13]. Some passages
are thus very similar, but others have been completely revised. We can note two main changes. Firstly,
our elongation process is not deterministic. As each extremity can grow randomly and independently
of each other, the genealogical distance is no longer an ultrametric. Our framework is therefore quite
different. Secondly, we consider an offspring distribution whose mean is not equal to 1. Choosing
PN = % + & for the offspring distribution (define in Sectionpage is a very small change in the
model but it implies several changes in the results. For example, the total mass is no longer a martingale
and we had to revise the proof of tightness as N tends to infinity. It also implies some modifications
in the expression for the generator describing the binding dynamics. So, we need to rewrite all the
technical lemmas in order to prove our convergence result. In most cases, we could use similar tricks
as those of [Gl613], but we had to adapt the model and rewrite the majority of the proofs.

1 - Overview

In this model, we consider a single branched polymer of actin that interacts with two accessory
proteins: Arp2/3 and cofilin. As a reminder, an Arp2/3 complex can bind to any monomer of an actin
polymer and then create a new branch. Cofilin also binds to actin polymers but causes the fragmenta-
tion of the polymer.

Let N be the order of magnitude of the total number of monomers in the population. In this chapter,
we will not assume that the total number of monomers in the system is constrained. Let A* > 0 be a
positive constant that characterises the rate of spontaneous elongation, f > 0 be a positive constant
that characterises the binding rate of accessory proteins and a € R be a constant that will allow us to
give an advantage to one of the accessory proteins over the other. A priori, the constants defined above
are individual rates of events occurring to a given branch of the polymer. Because we want to consider
very large polymers (containing of the order of N monomers), in what follows we will be interested in
a time-scale of the form (Nt),cr, on which events will therefore happen N times faster.

We see the branched polymer as a tree, modelled thanks to a metric measure triple (see Defini-
tion[2.2.2). In this chapter, we will consider a polymer with a large number of extremities (of the order
of N) and short branches (of the order of 1). Thereby, we can assume that Arp2/3 complexes and cofilin
do not have enough space to bind to an internal branch. Therefore, we assume that binding of proteins
occurs only on the extremities.

Three types of events can occur, illustrated in Figure

1. Elongation: Each branch can elongate by catching a free monomer at rate NA*, independently
of each other.

2. Binding of a protein: Each branch can become bound to an Arp2/3 complex or a cofilin at
rate Nf, independently of each other. A binding event changes the structure of the polymer by
creating a new branch or removing the chosen branch.

(a) Branching: With probability pY = % + . the protein which binds to the polymer is an
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Arp2/3 complex and a new branch of length 0 is created. In that case, a new extremity is
created.

(b) Fragmentation: With probability pl¥ = % - N the protein which binds to the polymer is a

cofilin and an extremity as well as its entire branch disappear.
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Binding of a protein
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FIGURE 2.1 Schematic representation of the model for the dynamics of a single branched actin poly-
mer and its interaction with Arp2/3 and cofilin. Red single units represent monomers, blue squares
represent Arp2/3 complexes and pairs of orange triangles represent cofilin. Sets of red units and blue
squares represent branched polymers which can be seen as trees. For each possible event (elongation,
branching and fragmentation), the rate is recalled on the left-hand-side and the event affects one of
the branches on the r.h.s. For the branching event, the transparent unit corresponds to a site that can
receive a monomer (but there is no monomer yet on the new Arp2/3 complex — see the second branch
starting from the left in the tree on the rh.s.).

2 - Basic Definitions

In this whole chapter, we will use the formalism of metric measure spaces — introduced by A.
Greven, P. Pfaffelhuber and A. Winter in [GPW09] and studied by P.K. Glode [Gl613] and later by A.
Depperschmidt et al. [DGP12, DG19] — to study tree-valued Markov processes. We therefore begin
by recalling the notions that are essential to understand what follows. We also introduce some basic
definitions and general notation that will be useful in defining our tree-valued process.

If (E, O) is a topological space, we denote the set of finite non-negative measures on the Borel-o-
algebra B(E) on E by M¢(E). The set of probability measures are denoted by M (E).

Let us first recall the definition of the image measure in order to fix the notation.

DEFINITION 2.2.1 (Image Measure of p) !

Let y € My(E). If (E’, @) is another topological space and if ¢ : E — E’ is a measurable function, the
image measure of u with respect to ¢, denoted by pe¢™!, is defined, for all B € B(E’), by:

peg ' (B) = p (¢7(B)) .
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We can now define a metric measure triple and metric measure spaces that we will use throughout
this chapter.

DEFINITION 2.2.2 (Metric Measure Triple) R
i- Assume E ¢ RYN. Let (E, d) be a complete and separable metric space and y € M (E). Then, the
triple (E, d, p) is called a metric measure triple (also write mm-triple).

ii - Let (E, d,p) and (E’, d’, ii’) be metric measure triples. Then (E’, d’, /) is said to be isomorphic to
(E, d, p) if there exists an isometry i : supp(u) — supp(y’) such that the image measure of y with
respect to i is equal to p’:

We then write:
(E> d’ ﬂ) ~i (E,’ d/’ )u,)
L Lo

DEFINITION 2.2.3 (Metric Measure Space) R

i- Let (E, d, ) be a metric measure triple. We denote the isomorphism class of (E, d, p) by [E, d, u].
Moreover, we define:

M Y {¢|3(E, d, i) a mm-triple such that [E, d, ] = ¢}, 2.1)
and the elements of M are called metric measure spaces (or mm-spaces).

ii - We denote the null-measure by 0, and the null space in M by:

def

OM = [{1}’d130M]3 (22)
where d; is the trivial metric on {1}.
iii - We also set: .,
M., < {e = [E.d.u] € M |u(E) >0}, (2.3)
and J
M, Y fe = [Ed.p) e M| u(E) = 1. (2.4)

If u(E) = 1, we call (E, d, ) a metric probability measure triple (also write mp-triple) and [E, d, u]
a metric probability measure space (or mp-space).

iv - Finally, if #supp(u) < oo, we call ¢ = [E, d, u] € M a finite metric measure space and we define:

#e < tsupp(),

where we have used the notation #S to denote the cardinality of the set S.
L <>

REMARK 2.2.4 h

If (E, d, ) is a metric measure triple, we assume that E = supp(y) (that is, no Borel subset of E with
non-empty interior has p-measure 0).

L L]

To study convergence of metric measure spaces, we will use the Gromov-Prokhorov metric. This
metric includes the idea of the Gromov-Hausdorff distance (to take into account the metric aspect) as
well as the idea of the Prokhorov metric (to take into account the measure aspect). Let us recall a few
useful definitions.
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DEFINITION 2.2.5 (Gromov-Hausdorff Distance) B

i- Let E; and E, be two subsets of a metric space (E, d). The Hausdorff Distance between E; and E,
is defined as:

(B, B2) Y inf {6 > 0| Ey € V.(Ey) and E, € Vi(Ey)} (2.5)

where

Ve(B) dif {e €E | il’lfl‘gd(e, e’) < g} .
e'e

ii - Let (E, d) and (E’, d’) be two metric spaces. The Gromov-Hausdorff Distance between these two
spaces is defined as:
dou(E, E) o inf {dH ((pE(E), (pE/(E’)) |og : E<> Zand ¢p : E < Z are isometries} , (2.6)

where the infimum is taken over all isometric embeddings ¢r and ¢g of E and E’ into some

common metric space (Z, dz) and dy is the Hausdorff metric.
L <

Intuitively, we will represent a tree as a metric space (E, d), where the space E is the set of leaves
and the distance, d, corresponds to some genealogical distance between the leaves. Therefore, to obtain
the Gromov-Hausdorff distance between two trees, we transform the two trees to find the best way to
make them coincide and we take the HausdorfT distance between the two transformations. However,
we also need to put a mass on each leaf. To take the measure aspect into account while keeping the
idea of the Gromov-Hausdorff distance, we use the Gromov-Prokhorov distance.

DEFINITION 2.2.6 (Gromov-Prokhorov Distance) B

i- Let (E, d) be a metric space with its Borel-c-algebra B(E). For p and i/, two probability measures
on the measurable space (E, 3(E)), the Prokhorov distance is defined as:

dp(u, 1t') % inf {e >0 | u(B) < /' (Ve(B)) + € and ' (B) < u(V,(B)) + ¢ for any closed set B} ,

(2.7)
where V,(B) = {e €E| ing3 d(e, ) < s} is the ¢- neighbourhood of B defined earlier.
e'e

ii- Fore=[E,d,u] € Mjand ¢ =[E,d, 1] € My, the Gromov-Prokhorov distance is defined as:

dgp(e,¢) af inf{dp (po(pgl,po(pg}) | g : E<> Z and ¢ : E' < Z are isometries} ,  (2.8)

where the infimum is taken over all isometric embeddings ¢r and ¢z of E and E’ into some

common metric space (Z, dz) and dp is the Prokhorov metric.
L L]

Now that we have set our framework, we can build our process.

3 - Construction of the Tree-Valued Process

To build our tree-valued process, we need to define three processes:

1. the total mass process, which represents the evolution of the number of extremities (or leaves)
in the tree over time,
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2. the lexicographic process, which allows to number the extremities,

3. the metric-valued process, which provides a distance over the set of indices of extremities.

We describe these three processes in the next three sections. In what follows, we shall see the extrem-
ities of the branches of the polymer as individuals in a population, and we will use “extremities” and
“individuals” interchangeably.

3.1 - The Total Mass Process

3.1.1 - Basic branching system

Let pN = (p})ken be the probability distribution on N such that:

;-2 if k=0,
N _ 1 a : —
pk = 3 + N If k = 2,
0 otherwise.

We use this distribution in order to determine whether a given “binding” event is a branching event
due to Arp2/3 or a fragmentation event due to cofilin.

Let Y = {&N, 0N vN | n € N} be a family of independent random variables on a probability space

(@, A, P) such that:
&N e{1,2,+,N} as. and 6 ~ Exp(p),

and, for all n € N,
EN 41~ pN, 0N -~ Exp(B) and vY ~ Unif([0, 1]).

The variable & is the initial number of individuals (i.e. the initial number of extremities in the branched
polymer). (N + 1) determines the number of offspring at the n-th binding. In other words, the variable
&N € {-1,1} is the increment of the total number of individual during event n. The sequence (63)nen
will be used to determine the sequence of times of binding. Finally, we will use the variable v to choose
on which extremity the n-th binding will occur. In the following, we will call branch i, the branch which
carries the extremity i, that is the edge between the leaf i and its parent.

3.1.2 - Total number of extremities

We let X denote the total number of extremities (individuals) after the n-th binding. The sequence
(XN)nen is easily defined by induction by:

X =&
Xy = XX+ & if XY, >0,
XN =0 if XN, =0.

So, by writing ny = min{n € N | XY = 0}, we have for every n € N:

n .
0 if n = ng.

xN _ {Z?_o & ifn<n,
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Let (©)),en be our notation for the sequence of times of binding. As we will later scale down the
total number of extremities by the factor N, we assume that the number of extremities evolves at a
speed proportional to N. Therefore, each extremity of the branched polymer is subject to a binding
event at the rate Nf. Without this assumption, the rescaled process for the total number of extremities
would not allow us to observe an non-trivial behaviour in the limit as N — oo.

The total rate of binding after the n-th event is ANXY and @Y,, - ©Y ~ Exp(BNXY). By property
of the exponential distribution, we have, conditionally on X,Ilv ,

N Gr]l\] N
0” = NXN ~ EXp(ﬂNXn )’

We then define the sequence (©Y),cn by induction by:

e} =o,
oN =N, + 4V,

So, we have for every n € N:

We can now define the continuous process which represents the evolution of the scaled number of
extremities of the polymer XN = (X"),cr, by, for every t € R.:

- N def X
XN Y T when te [0, 0N, . (2.9)
- d -
Since 0 is an absorbing state for XN, we also define 7\ < int {t 20| X} = 0} the time of extinction

of the population which corresponds to the disappearance of the polymer.

3.2 - The Lexicographic Process

3.2.1 - Tree structure

The binding of a protein leads either to the creation or to the disappearance of a branch. This then
leads to a renumbering of extremities. We therefore need to retain the genealogical structure repre-
sented here by a plane binary tree.

Consider the set of labels:

with convention N° = @. An element : of I is a sequence ¢ = <1y, -+, 1,> of elements of N where |i| = n
is the length of 1 and represents the “generation” of 1. A plane binary tree is therefore a subset of T.
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ExamPLE 2.3.1 E
This plane binary tree,

211 212

is represented by the set:
T = {®,< 1><2><21><22><2,11><2,1,2 >} cT,
and the set of alive individuals (or extremities, in our application) is:

IT={<1><22><211><212>}cl.

For 1, / € I, we define:
s(,,/) =max{k e N|Vj €N, j<k, 4= lJ/}

For example, s(<2, 1, 1>,<2,2>) = 1 and we can notice that s(1, /') represents the generation at which the
“lineages” of 1 and // diverge.

The intersection of 1, // € T is defined by:

: /
n l, _ [< I, 12,00, [S(l,l’) > if S([: l ) > 0,

if s(1,/) =0,
and the concatenation of 1 = <, -+, 1,>€ T and // = </, -, [/, >€ L is given by:
no_ ’ ’
C(lzl ) =< ll’"'a ln, ll:‘",lm > .

For example, <2,1,1> n <2,2> =<2> and ¢(<2,1,1>,<2,2>) =<2,1,1,2,2 >.

Finally, we will need an order on I which is defined by:
1<l = L(uy+r < 4(1,1’)*1'

For instance, <2, 1, 1> < <2, 2> and visually, : < // means that the node ¢ is to the left of node /.

3.2.2 - Indexing the leaves

As for the process XN, we start by constructing a discrete-time process (I),en by induction.

# Forn =0, let
I(I)V - {[(1),[(2)’_,,,1(X(§V)} ={<1>,<2> < Xé\f >},

s For n € N, at the n-th binding of a protein, we proceed as follows:
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+ IfXN =0, then IV, =@ and IV = @.

n-1 "~

+ If XY, > 0, then, after ordering the individuals according to <1, we can write

IV, = (0,0 .. Ky

where (D /@ 4 ... q XD,
We now need a random variable to chose on which extremity the n-th binding will occurs.
Let oY = [v) - X¥,] where v) was defined in section As v ~ Unif([0,1]), &% is

n
uniformly distributed on the set {1, 2, -, XV, } and the next binding will occur on the branch

~N
Uy -
IV is then defined as follows:
« If & = -1, it is a cofilin that binds to the polymer and a fragmentation occurs. So, the

individual " is removed from the population without producing offspring and

Iy = LI M)

« If & = 1, it is an Arp2/3 that binds to the polymer and a branching occurs. So, the
individual (" is replaced by two offspring and

Y = I e, < 1), ), < 22 |

We can now define the continuous lexicographic process IV = (IN),cr, by, for every t € R,:

VY1V when te [0, 0Y,[. (2.10)

n+1

We can also define ancestors at time s of individuals from ZV.

DEFINITION 2.3.2 (Ancestor) B

Let 0 < s < t < 7. An individual ¢ € IV is an ancestor of /' € IV if and only if 1 n ' = 1. In this case,
we write:

f{ﬁ\](l/, ) =1

Moreover, the number of ancestors at time s of individuals from IV is denoted by:

# AN =4 { AV 1) |/ €I},
L L]

ExAmMPLE 2.3.3
If at time t we have:

¥ N)N(tN =5,

A fg\]= {<1,1,1><1,1,2><1,2><2,1><22>}

Then we have the following binary tree:
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D =<111>@ =<1125/® =<12> <21>  <22>

and:
# ANUD 1) = AN, 1) = AN, 1) = 4,

w #AN®1) = 2.

3.3 - The Metric-Valued Process

3.3.1 - The Pseudo-metric-valued process

Now that the tree structure is built, we can define a pseudo-metric on it. The pseudo-distance be-
tween two individuals of IV corresponds to the genealogical distance expressed in number of monomers.
This is a pseudo-distance since, immediately after a branching event, the two new extremities are not
distinguishable. We must first define the process of elongation of alive branches. As before, we start
by constructing a discrete-time process.

Let ZY = {¢Y,vN | n € N} be a family of independent random variables on a probability space
(Q, A, P) such that, for all n € N,

@Y ~Exp(1*) and v) ~ Unif([0, 1]).

The sequence (¢ ),en Will be used to determine the sequence of times of elongation and we will use
the variable v to choose on which extremity the n-th elongation will occur.

We denote by m € N, the number of bindings of protein that occurred when the n-th elon-
gation takes place. Therefore, there are X} extremities and the structure of the tree is given by
I% = {l(l), @, ... [(Xﬁ)} with (D < /@ ... g &) just before the n-th elongation. We will use this
notation and this order for 7} throughout this section. We let p}; , denote the pseudo-metric on I)) at
the n-th elongation such that pjr\,{,n(l(i), 1) is the number of monomers between extremities () and 1)
along the tree.

REMARK 2.3.4 o

In an equivalent way, we can define D%!n = (df\][ (m, n))yijexy € SXn the pseudo-distance matrix after
m bindings of protein and n-th elongation such that:

. dfy(m.n) = ply (10, ). .
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ExamMPLE 2.3.5
If the branched actin polymer is as follows:

o’ <2115, & 2,1,2>
: :
cece SN < 2,2 >
.....o <1 e .oooo
s .
4 °
d °

there are X = 4 extremities, the set of extremities is:
I={<1><211><212><22>}={" 30O @

and the pseudo-distance matrix is given by:

0 12 13 10
12 0 4 9
D= 13 4 0 10
10 9 10 0

We can notice that the root branch is not taken into account. As we have chosen a model with a
lot of short branches (O(N) branches of length (9(1)), this will have no impact on the mean behaviour.
With one color per branch, the polymer must be represented like this:

10 <2115, 0 1P =<212>

0<21>
[ J

® @) __o
N):<1>0 00 'Y =<22>
®0
@

L L]

Let pé\fo be a pseudo-metric on the space I)Y. We define the process (pi\n]’n)m)ne]N by induction on
m € N, the number of bindings of protein and on n € N, the number of elongation.

s At the (n+1)-th elongation, by assuming that m bindings of protein have occurred, we define the
pseudo-metric p%’nﬂ as follows:

+ Let ¥, = [V - XN]. The next elongation will occur on the extremity 7.

+ When the extremity 7Y, grows, the branch 7Y, gains a monomer and thus the distance
between this extremity and any other increases by 1 (while the others distances remains un-
changed). If we consider this transformation on the pseudo-distance matrix, this is equiva-
lent to adding 1 to the 7. ,-th row and to the 7Y, ,-th column except to the element (7. ,,7.,)
which stays null. The pseudo-distance matrix after the (n + 1)-th elongation, DY |, is then

defined by:

m,n+1>

Xm Xm
N _ NN 3 L R
Z)m n+l = Dm,n + ZJi:Vnﬂ + ZJVan] - 2J"n+1sVn+1’
i=1 j=1

where J;; is the single-entry matrix with a one on the i-th row and j-th column and zeros
everywhere else.

In an equivalent way, we can define pJ; ., the pseudo-distance associated with the matrix
for (9,10 € IN by:

mn+1’
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if (i=7Vpq0rj=7,1) and i#j

p{\n],n([(i)’ 10

pN (l(,-) 1(7)) _ P%,n(l(i), l(i)) +1
mnrLn otherwise.

# At the (m + 1)-th binding, by assuming that n elongations have occurred, we define the pseudo-
metric pl.; , as follows:

+ As described in Section [3.2.2] the next binding will occur on the branch py.;.

# If £, = —1, it is a fragmentation and the individual (P») is removed from the population.
We then obtain the pseudo-distance matrix DY ,, , by removing the Uy,.1-th row and the

Ume1-th column of the matrix DY .

The pseudo-distance pJ. , , is defined for DD eIN with1<i<j<X)-1by:

(10, 10)

(,')) _ Pjn\{,n(’(i)s ,(j+1))
p%n([(iﬂ)’ l(j+1))
0

pi\n]+1,n(l(i)> !

if i<j< Opets
if i< Ope1, j=Operand i<,
if Opiy < i<j,

if i=j.

# If £,.1 = 1, it is a branching and the individual /) is removed from the population and
replaced by ¢ (z(”"“l), <1 >) and ¢ (1(”"“1), <2 >). In this case, we obtain the pseudo-distance

matrix DY

m+1.n from DI,;],’” by duplicating the 0;,.1-th row and the 0,.;-th column and by

setting the element (Upy+1,0m+1 + 1), and the element (0,41 + 1,0pm41) to zero. The pseudo-
distance plY,, , is then defined for DD e IN  with1<i<j<XN-1by:

-

piy (0,10
iy (0, 071)
oy - 40

o (0, 071)
pjn\,{n(l(l_l), l(}_l))
0

p%+1,n(l(i)> L

\

ExamPLE 2.3.6
We return to Example Our branched actin polymer is as follows:

o 0’
°
[ J
:...
'o.o’.
[ J
o
[ ]
and the pseudo-distance matrix is given by:
0 12 13
12 0 4
D =
13 4 0
10 9

if i<j$ l;m+1,

if i< Oms1, j > Omer and i < j,
if i=0peandj= Oy + 1,
if i= ﬁm+1 andj > ﬁm+1 +1,
if G < i< J,

if i=j.

10
9
10
10 0
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s If an elongation occurs on the third extremity, we have:

oo’
. 0 12 14 10
[ d
Seee o120 59
®oq0°® 14 5 0 11
. 10 9 11 0
[ ]
s If a fragmentation occurs on the third extremity, we have:
[ d
.
e 0 12 10
o o*%°° D'=|12 0 9
g0
° 10 9 0
(4
[ ]
s If a branching event occurs on the third extremity, we have:
0ge%° 0 12 13 13 10
° 12 0 4 9
LT D'=[(13 4 0 0 10
%e* 13 4 0 0 10
. 10 9 10 10 0
L &

We can now proceed in the same way as for XN. Let (®Y),en be our notation for the sequence of
times of elongation and,

N
Gn = N(PXN ~ Exp(A*NXY) conditionnally on X.

We have for every n € N:

and we can now define the continuous process which represents the evolution of the pseudo-metric
6N = () )ier, by, for every t € R,

~N dif pjr\r{n
Pt N

when t € [@N @ﬁﬂ[ [(I)N CI)],YH[ (2.11)

3.3.2 - Metric on equivalent classes

In order to have a metric instead of a pseudo-metric, we need to consider two undistinguishable
points as a single point. For this, we pass to the quotient space with respect to pN. More precisely, for
tef[0,7N[and € I , we define the equivalent class of 1 by:

[t]o={t'€f | N (1, 1) O}

and we define the quotient space process IV = (JV),cr, by, for all t € R,:

"NdefIN/NN {i=[o|1eI}}. (2.12)
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Hence, the lexicographic order on J,' is that of the smallest representatives of each equivalent class.
For every t € R, we can now define a metric t¥ on 3V by:

N [10) Y NG ) vl e IV, (2.13)

and finally, we write tN = (t),cRr, for the metric-valued process.

REMARK 2.3.7 B

In the following, we will need the notion of ancestors in the quotient space IV, for every ¢t € R,. We
adapt definition as follows:

Let 0 < s < t < co. An individual i € JY is an ancestor of i’ € IV
/' € such that 1 n // = 1. In this case, we write:

if and only if there are 1 € i and

aNW, o =i (2.14)

Moreover, the number of ancestors at time s of individuals from JV is denoted by:

w@ () =#{AVW 1) |V €Y }. (2.15)

Note that by an abuse of terminology, we refer to the elements of IV as “individuals” rather than

as “classes of individuals”.

J¥ and so, no ancestors either. In

Also note that for t > ¥ = @. Hence, there is no i’ €

ex>

jN
t
particular, for all t = 7, #@Y () = o.

L L]

3.4 - The Tree-Valued Process

By construction, for every t € [0, Tg([, (ﬁjt\] , tItV ) is a metric space. We now want to add a measure

on J¥ in order to obtain a metric measure triple as defined in Definition ().

We simply construct a finite measure that give the same mass to each extremity of the polymer.
As we want a non-trivial asymptotic behaviour when N — +co0, we need to give a mass % to each
individual in order to control the total mass. Such a measure on the extremities (and thus on the set
1Y) is written % Zlei{" 5,. As we want a measure on classes of individuals (i.e. on the set JV), we need
to multiply the Dirac mass of a class of individuals i € by the number of individuals in this class.
Thus, we define the measure uItV on 3{\’ by, for all ¢ € [0, Tg([:

oy

def 1 ,
uV N > #i-8, (2.16)

N
i€d;

where #i is the cardinal of the equivalence class i, and we write u™ = (ul )iefo,r[ the measure-valued
process.

At last, for all t € R,, (’thv , tJtV , ultv ) is a metric measure triple and by passing to the isomorphism
class of (31;’ AT ) (according to definition (ii)), we have constructed a process which take values
in M.

The tree-valued branching process at scale N derived from (Z;, 25, N) is denoted by TV = (TN),;r .
and defined by, for every t € [0, TN [:
T = [V V], 2.17)
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where IV, t¥ and u are respectively defined in (2.12), (2.13) and (2.16).

In order to define TV over R, as a whole, we need to find the right metric space in which to study
our tree-valued process. In particular, we need to find a null state for TV after the extinction time, and
have a metric space suitable for studying the convergence when N goes to infinity. This is the point of
the next section.

For the entire definition of the process TN, see Definition page

4 - State-Space of the Tree-Valued Process

As seen in Section [2| the metric space (MM, dgp) is the appropriate framework to define our tree-
valued process. However, this metric space is not convenient to study the convergence of the process
as N goes to infinity. In this section, we introduce some definitions, notation and the main results
needed to find the right state-space for T to study this convergence.

Firstly, we will see that metric probability spaces are adequate spaces to study a tree-valued process.
However, the measure associated with a tree-valued process is not necessarily a probability measure.
In the second subsection, we use the polar decomposition (decomposition of a mm-space as a positive
constant and a mp-space) to extend the results of the first subsection. Finally, we introduce finite metric
measure spaces to study discrete tree-valued processes.

4.1 - Metric Probability Measure Spaces

4.1.1 - Distance matrix distributions

The first important result is a theorem due to Gromov [Gro99]] that ensures that a metric probability
measure triple (E, d, ) may be characterised through the distribution of the distances between points
which have been randomly sampled according to p. In order to formulate this Gromov’s result, we need
first to define the distance matrix map.

DEFINITION 2.4.1 (Distance Matrix Map) !

i- Forallne N and n = 2, let

def
n n n n n n n . .
U™ = {u" = (ucicjen | uij € Ro, ufy < ul + ug;,V1 < i< j < n}.

Intuitively, U" is the set of (upper-triangular) distance matrices of size n.
ii - Let (E, d, pt) be a mp-triple and n € N, n = 2. We define the distance matrix map of degree n by:

Ufl

(Ed) £ - u*

(61, €2, e") — {d(ei’ ej)}lsi<jsn

Therefore, U(’]g 4) Maps a random sample of points of E of size n to its distance matrix.
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THEOREM 2.4.2 (see [[Gro99]))
Let [E, d,u], [E/, d’/] € M. Then

(E,d,u] = [E,d,)/]<=VneN, n=2 " (U(%,d))_l = y®" (U(%/,d,))_l .

In other words, an element ¢ = [E, d, ] € M, is uniquely determined by the distributions of distance
matrices of random samples.

It is now clear that distance matrix distributions have a key role in the study of mp-spaces, and so,
we will need some more notation.

Fore=[E,d,u] € M; and n € N, n = 2, we note:

def -1
vt E e (UL )™ (2.18)

the distance matrix distribution for a random sample of size n.

We have seen that a mp-space ¢ € M; is uniquely determined by its distance matrix distributions.
By the separation property of bounded continuous functions on M, (U"), distance matrix distributions
are uniquely determined by the first moment of bounded continuous functions. In order to use this
property, we need to introduce polynomials.

4.1.2 - Polynomials on M,

Recall that, for a function f : S; — S, and for a measure y , we note:

Fopd = /S F($)du(s)

the integral of f with respect to p.

For n € N, n = 2, and for a real-valued bounded continuous function w € Cy(U"), we define
Qr : M; — R, by:

Qn(e) Y <o, v,
= / w(u"™)dp®" ((U(rﬁ:,d))_l (u")>,
- [ o({de e} ,) 87 en o) (219)

E
where (E, d, 1) € e.

We refer to functions of this form as Q-polynomials of degree n and we denote the set of polynomials
by:
I o {QF |neN,n=>2and we Cp,(U")}.

If we restrict w to some subclass C(U") ¢ Cp(U"), we indicate this by writing:

Mo(C) € {Qr €Ty | w € UM} .

We also let STIo(C) denote the linear span of Io(C) and AT (C) the algebra generated by IIg(C).
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The next proposition, which corresponds to Proposition 2.3.4 of [[Gl513], ensures that an element
¢ = [E,d,u] € M is uniquely determined by Q-polynomials restricted to class C(U"), if this class
C(U™) < Cp(U") is separating for M;(U").

PROPOSITION 2.4.3 (see [GI613])
Assume C(U™) c Cp(U") is separating for M;(U"). Then, IIo(C) separates points on IM;.

Since the measure-valued process u" of our tree-valued process TV is not a probability measure-
valued process, the space IM; can not be a state-space for TV, and we must generalise the previous
result.

4.2 - Metric Measure Spaces

The main idea of this section is that we can transform each metric measure space with a posi-
tive total mass into a metric probability measure space by normalising its measure. Conversely, we
can transform each mp-space into a mm-space with a positive total mass by multiplying the prob-
ability measure by a positive constant. This shows that every mm-space with positive mass can be
uniquely represented by a mp-space (containing the information about the distribution of distances)
and a positive constant (representing the mass of the space). We refer to this representation as polar
decomposition.

4.2.1 - Polar decomposition

DEFINITION 2.4.4 (Polar Decomposition Map)
For ¢ = [E, d, u] € M., we define the total mass by:

the normalised measure by:

o= — (2.20)

and the normalised metric measure space by:

¢ Y (B d e M,

Finally, we define the polar decomposition map by:

r: M., — R;xM;
e = (mee)

L L]

Thanks to this decomposition, we can easily find a distance on M.,. Indeed, considering the Eu-
clidean metric, d,,;, on R and the Gromov-Prokhorov metric, dsp, on M1, we can define a metric on
the product space R, x M as follows: for m, m’ € R, and for ¢, ¢’ € My,

dewer ® dop ((m,e), (', &)) “ |m = m| + dgp(e, ¢).

Moreover, since 7 is a bijection (see Lemma 2.4.1 of [[GI613]]), we can define a distance, dg%", on M.,
by: for e, ¢/ € M.,

de A A
dgv}lfo(e, 2/) =f deycl ® dgp (JT(Q), JT(Q/)> = |me - me’l + de(e, 6/).
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However, the metric space (M., dg%") does not contain the limits of sequences of M. with a total
mass which tends to 0. To take into account mm-spaces with null total mass, we construct a space M,
which contains all the elements of M, (i.e. with a total mass equal to 1) but associated with the constant
0 (instead of 1). To be more precise, we have seen previously that an element ¢; € M; is associated
with the pair (1, ¢;). Thus, the elements of M, are the elements associated with the pair (0, ¢;) for each
e € M;.

We then consider the space T define by:

T M., uM,,

and we can adapt the distance dgf;o to have a distance, dgp, on T by writing, for ¢, ¢’ € T*

dél;vll;“(e, ¢’) if e,¢’ € M.,
d .
db(e,¢) Y L me + dep(e, ) if € Moo and ¢ € My,
de(e, 6/) if e,¢/ € M.

Finally, we extend the bijection 7 by setting:

@) ¥ (0,¢) if e €M,

and 7 becomes an isometry between ('IF, dgp) and (R, x My, deyer ® dip).

This lead to the next proposition, which corresponds to Proposition 2.4.3 in [Gl613]], and which
finishes to convince us that (’]I‘, dgrp) is the right state-space for our tree-valued process TN,

PROPOSITION 2.4.5 (see [GI613])
The metric space (T, dgp) is Polish.

Now that we have found the right space for TV, we can define the null state and give a complete
definition of our tree-valued branching process.

DEFINITION 2.4.6 (Tree-Valued Branching Process) !
i- We define the special null-space by:
def 1
0 Y (01}, di8]) €T (2.21)

where d, is the trivial metric on {1} and 7 is defined in Definition[2.4.4]

ii - The tree-valued branching process at scale N derived from (21, 2, N) is denoted by TN = (TVN) R,
and defined by:

n if t €[zl +ool,

where IV, tN and ul are respectively defined in (2.12), (2.13) and (2.16), and the special null-space

is defined in (2.21).

iii - The process mN = (m]t\]) e, defined by:

(2.23)

N 4 uy(3Y) if tefo, o[,
! 0 if te[zN,+oo[,

is called the total mass process of TV,
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iv - The normalised process

g (Oﬁf’) - (2.24)

is called the genealogical process of TV,

L L]

REMARK 2.4.7
N
1. By construction, TN € Tand T, € M, forall t € R,.

2. By definition of the processes XN, IV and uV, we have, for all t € R,

mItV:XtN
L L]

In the same way as before, we will now define classes of functions on T that separates points on
T.

4.2.2 - Polynomials on T

Forne N, n =2, w € Cp(U") and ¢ € Cp(R.), we define \PZV : T — R, by:
n de noa
n @ Z ymane),
= ‘p(me) ‘/En w ({ d(ei’ ej)}lskjin) dﬁ®n(€1, €2, en), (225)

where (E, d, 1) € ¢.

We refer to functions of this forms as W-polynomials of degree n and we denote the set of polyno-
mials by:
def n n
Iy = {‘I’ow |[neN,n=2,0€C(U") and ¢ € Cb(R+)}.
If we restrict w to some subclass C;1(U") c C(U") and ¢ to some subclass Co(R.) « Cp(R+), we indicate
this by writing:
My(C1, C) Y {97, €Ty |w € C(U™) and ¥ € G(R.) )

We also let *IIy(Cy, C,) denote the linear span of ITy(Cy, C,) and Ally(Cy, C,) the algebra generated by
Iy (Cy, &).

The next proposition, which corresponds to Proposition 2.4.9 (i) of [GI613]], gives a sufficient con-
dition on classes C1(U") and Cy(IR,) for IIy(Cy, C;) to separates points on T. We denote by 1 the
indicator function of a set S.

PROPOSITION 2.4.8 (see [Glo13]])

Let C1(U") c Cp(U™) and Co(R+) < Cp(R+). Assume that C;(U") is separating for M;(U") and C,(R)
separates points on R,. Moreover, assume that 1y € C;(U") or Ig, € C:(IR+). Then, IIy(Cy, Cp)
separates points on T.

We now have all the notation and results necessary to study a tree-valued process, but only when the
number of individuals is infinite. Indeed, the results of Sections[4.1|and [4.2| are based on the sampling
of n elements of E according to x®". When the support of y is finite, we shall modify the sampling
procedure to sample without replacement. This is the subject of the next section.
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4.3 - Finite Metric Measure Space

For N € N, we define:

MY, Y ([E, d,u] € Mo | #supp(u) € N and Ve € E, Nu({e}) € N}

and .,
TV ¢ MY v {n},

where n is the special null space defined in (2.21).

Finite metric measure spaces have simple representation. If [E,d,u] € MY, then by definition
supp(u) is a finite set and we can assume that E = {1, 2, -, #supp(y) }. The sampling measure can then
be written:

p=Y ufeh)s.

ecE

This representation amounts to thinking of [E, d, 1] as an urn containing N m, balls of #E colors.

As in the previous case, distance matrix distributions have a key role in the study of finite metric
measure spaces. The difference in this finite case is that we have to make sure that each e € E is sampled
at most Nu({e}) times. Using the urn analogy, this corresponds to a sampling without replacement of

balls.
Let ¢ = [E, d, ] € TN and n € N. We define the n-fold measure without replacement on E" by:

n 1 i-1 .
AN ey, 0, en) {®i‘1 (=% i1 0,) (der, des, - den) i me >0, (2.26)

o if m, = 0.

For x e R and n, N € N, let

(x)™N 9 (x - %) <x - %) <x - nl:[1> . (2.27)

Then the normalised n—fold measure without replacement on E" is given by:

dpemN(ey, e, -+, €y) (me)nN (2.28)
0., otherwise.

on,N .
— dff[d”(e]’ez”e”) if m¢>0 and n< Nm,
Fore = [E,d,p] € TN and n € N, n > 2, we define the distance matrix distribution without replacement
of degree n by:

n,N def /T\] n -1
Ve *No (Ulta))

REMARK 2.4.9 o :

We can note that z#"N € M;(E") u {04} and v*N € M;(U™) u {04}. Moreover, p®™N = y#nN = 0,
if n > Nm,.
L <

All that remains is to introduce polynomials for finite mm-spaces, which will once again form
classes of function that separates points, but this time on T,
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Forn€ N, n =2, w € Cp(U") and ¢ € Cp(R,), we define Q%N : TV — R by:

d
QN < oy,

= An W ({d(ei’ ej)}lsi<jsn) d)u®n’N(ela €2, en)’ (229)

and ¥ : TN — R by:

N () & y(m)rN (o),

o,y
-y [ o ({dene)}i,) 5N e e en) (230)

where (E, d, 1) € e.

We refer to functions of this forms as Q-polynomials without replacement and ¥-polynomials
without replacement, respectively. We denote these sets by:

Iy def {QZ’N|ne]N,n22 and wer(U")}u{]lTN},

and
my {\ng | ¢ € Cy(R.) and Q"N e 1Y } .

If we restrict w to some subclass C;(U") ¢ C,(U") and ¢ to some subclass Co(R.) < Cp(IR+), we indicate
this by writing:

() Y (N |neN,n>2 and 0 UM} u{lp},

and
def

m(cy, Cy) % {\ywﬁ | € C(R.) and Q"N ¢ ng(cl)}.
We also let STIN(C;) denote (respectively *TIY (C;, C)) the linear span of IIN(C;) (resp. of TI¥ (Ci, Cz))
and ATIN(Cy) (resp. ATI§(Cy, Cy)) the algebra generated by ITIN(C;) (resp. by IIY (Cy, C2)).

REMARK 2.4.10
The function 1w is added to the set of Q-polynomials without replacement to ensure that IT} separates
n from 77! ((%, (1,d, 51])). This makes it possible to distinguish a space whose total mass tends to 0

when N goes to infinity from the special null space n.
L <

A

We finish this section with a statement, which correspond to Proposition 2.5.12 of [Gl613]], about
subclasses of polynomials which separates points on TV.

PROPOSITION 2.4.11 (see [[GI613]])
Let C1(U") € Cp(U") and C2(R.) < Cp(R.4). Assume that C;, satisfies either of the following assump-
tions:

i- G, separates points on %JN.

ii - For each K € N, there exists ¢/ € C; such that ¥/(x) = 1 for all x € [0, K]. Moreover, for each
X € %IN, there exists ¥ € C, such that (0) # ¥(x).

Assume that C; is separating for M,;(U"). Then, I} (C;, C;) separates points on T".
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5 - Generators of the Discrete Tree-Valued Process

In order to study the convergence of the tree-valued process TV as N goes to infinity, we first need
to establish the convergence of its infinitesimal generator. This generator corresponds to the sum of the
“growth” generator and the “binding” generator. As explained in Section ¥-polynomials without
replacement are the right class of functions to study the discrete tree-valued process. However, it is
necessary to restrict this class of functions in order to be able to study the convergence of the growth
and binding generators. We write C}?bc for the set of continuous bounded functions with first partial
derivatives bounded and continuous and Cy’ for the set of smooth functions with compact support. For
these functions, the generator of TV can be written as follows:

DEFINITION 2.5.1 (Generator of TV) E

Lete=[E,dpule TN, ne N,n=2 we€ C;bC(U”) and ¢ € CZ(R.). The infinitesimal generator of the
discrete tree-valued process applied to the ¥-polynomial without replacement ‘P:’oi is given by:

GNEIN(e) = Gt Wi (€) + Gl Y (),

N2 grow = o,y
where Qg’mw and GY.  are defined respectively in lb and in l)
L <

In this whole section, when we choose a mm-space ¢ = [E, d, ] € TV, we also implicitly choose a
mm-triple (E, d, i) € [E, d, 1] which is a representative of the isomorphism class [E, d, p1]. We assume
that each point of this representative x € (E, d, 1) (also written x € E) has amass p({x}) = , duplicating
some of the points to account for multiplicities if necessary. As mentioned in Remark we recall
that the space E of the representative (E, d, ) satisfies E = supp(y).

Let us now define the growth generator and the binding generator.

5.1 - Growth Generator

Since the genealogical distance between extremities has been scaled down by the factor N in (2.11),
we assume that each extremity (more precisely each branch attached to an extremity) grows at a speed
proportional to N. Thus, each extremity of the branched polymer can grow at rate NA*.

Since the state-space of our discrete tree-valued process is TV, we need to define the growth rate
of an element of TN. For ¢ = [E, d, ul € TN, the total mass is denoted by m, and so, there are Nm,
extremities that can be elongated. Therefore, the total rate of elongation is N%A* m,.

When an elongation occurs, the extremity that will grow is chosen uniformly at random from the
Nm, extremities and the distance between the chosen extremity and all the others increases by % So,
for x, e, ¢’ € (E, d, ), where (E, d, ) is the representative of the class [E, d, 1], if there is an elongation
of the branch x, the distance between e and e’ becomes:

AV (e, ¢ def {d(e, ¢)+x ife#e and(e=xore =x), (231)

d(e, €) otherwise.

and the element [E, d, u] € TN becomes [E, Af , 1t]. Moreover, the jump kernel for the growth process,
denoted by ngw, is defined for ¢ € TV as follows:

def 1

N
dv) “ S aw (V). 232
Qron(es ) = - ; (£.AY ) (dV) (2.32)
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The term #m corresponds to the uniform choice of the extremity and g sy ) gives a mass 1 to the

new metric measure space [E, AY, 1] created by the elongation (and a mass 0 to all other spaces of TV).

We now have all the elements to write the infinitesimal generator GY,_ for the elongation. For a

grow
suitable function f and for ¢ = [E, d, u] € TN, we have:

G I N2 m [ (0)~1(0) Q. ).
= NA* Y (f (IEAY 1) - £(0) - (233)

x€E

By applying this expression to a ¥-polynomial without replacement, we have finally:

DEFINITION 2.5.2 (Growth Generator) B

Lete = [E,d,uy] € TN, ne N,n=2,w€ Cle(U") and ¢ € Cp(R.). The growth generator applied to
the ¥-polynomial without replacement ‘I’ 1s given by:

?mw‘l’z)]l\]p(e) = Z NA*¢(m,) /E" (a) ((Ai(ei, ej))lsi<jsn> —_— ((d(ei, ej))lskjgn)) dpeN(er, -, ey),
(2.34)
where AN is defined in .
L L]
.

REMARK 2.5.3
The sum over x € E in expression (2.33) becomes a sum over x € E" in expression (2.34) since if x is
not in E", the elongation of the branch x does not change the distance matrix (d(ei, ej)) \<icjen’

L <

Since w € Cibc(U"), we can use a first order Taylor expansion of w ((Ag’c(ei, ej))1<i<j<n) to obtain

an easier expression for the growth generator defined in (2.34).

LEMMA 2.5.4
Lete=[E,dule TN, neN,n=20¢€ C}Jl’c(U”) and ¢ € C(R,). Then

1
Corow¥ii(e) = Wil MO (N> , (2.35)
where: 5
= w
Vo = — - (2.36)
151’stn ad(ei’ ej)

Proof of Lemma|[2.5.4 A first order Taylor expansion of w <(A1;]k(e,-, ¢)) 1Si<jsn) gives us:

1

@ ((Ajeyk(ei’ ej))lsi<js"> - <(d(ei’ ef))lsi<jsn> "N Z 8(187@ ((d(ei’ ej))15i<15”> +0 (%) '

1<icj=n (ei €)
i=k or j=k
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Using this expression in (2.34), we obtain:

n ol 1 —
ngw‘l’w lp(e ; NATy( me)/ < 8d(66: o) ((d(ei, ej))15i<j5n> +0 (ﬁ) >d,u®”’N(el, o en),

1<1<]<n
i=k or j=k

n k-1
Ny / < ; 4 9d e,,ek)( d(es ef))lsi<jsn)

i=

QA ow 1 —
A3 s (e ) 0 () )

=1 j=k+1
2 dw 1 —
- NI £ 7(d ne)) ) (9(—) dpN (e, -, ey),
lp(me) /E" <N 1<i<ksn ad(ei; ek) ( (e e]))ISKJSn * N2 K (el en)
= — 1
= ¥(me) /E" 2A"Vw ((d(ei, ej)>15i<jsn) dpenN (e, -, eg) + O (ﬁ) )
We conclude with expression which defines ¥-polynomials without replacement. S
REMARK 2.5.5 - !
As ¢ is bounded and p®™N is a probability measure, we have:
2 Y N EN] < 2 Yl
where [|[{/[l = sup |{/(x)| and
x€R,
P pmaeNENo () =0 (1),
N N
L <

5.2 - Binding Generator

As explained in Section we assume that the individual rate of binding is Nf. So, as for the
rate of elongation, the total rate of binding is N?fm, for ¢ = [E, d, ] € TN,

When a binding event occurs, the branch to which the protein will bind is chosen uniformly at
random from the Nm, extremities. Then, the type of protein is chosen using the distribution pN. It is
therefore a fragmentation with probability p)¥ and a branching with probability p5'.

When a fragmentation occurs on the branch x € (E, d, 1), the measure p loses a mass Lin x and

N
the mm-space ¢ = [E, d, ] becomes:

ot [[Edn- 48] b
n

. (2.37)
otherwise.

Note that the metric space (E, d) is implicitly modified since the mass in x is now null and when dealing
with representative of an mm-space, we always assume that E = supp(p).

When a branching occurs on the extremity x € (E, d, 1), the measure p gains a mass ﬁ in x and the
mm-space ¢ = [E, d, u] becomes:

e 1
BY(e) Y [E, d i+ N(Sx] . (2.38)
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Once again, the representative (E, d, y) is implicitly modified and the point x is duplicated in E.
The jump kernel for the binding process, denoted by QY .. is defined for ¢ € TV as follows:

€

(P S o) (do) + pb Sy (V) ) (2.39)

x€E

do
Qbmd(e ) Nme

where NLmQ corresponds to the uniform choice of the extremity, 5gx () gives a mass 1 to the space FN(e)
created by fragmentation with probability p’ and gy () gives a mass 1 to the space BY(¢) created by

branching with probability pY.

We can now define the infinitesimal generator G}, , for the binding. For a suitable function f and
fore=[E,d,u] € TN, we have:

Yaf© & N2pm, / (F(0) - £(0)) Qale, dv).
= NBpb Y (FEN (@) - £(0) + NBpY Y (F(BY (0)) - £(e)) -

x€E x€E
By applying this expression to a ¥-polynomial without replacement, we have finally:

DEFINITION 2.5.6 (Binding Operator) B

Lete=[E, d,u]€ TV, ne N, n =2, w € Cp(U") and ¢ € CR(IR.). The binding generator applied to the
¥-polynomial without replacement \I’Z)Il\]p is given by:

China Vg (©) = NBpy' Y- (¢ (mpy) QN (Y (@) - 9(m)QN (0))

x€E
+NBpy Y (¥ (mpyio) QN (BY (9) - Y(m)Qis™ (@), (2.40)
x€E
where FY and BY, are respectively defined in and in .
L &

Once again, by using Taylor expansions, we can obtain an easier expression for the binding gener-
ator defined in (2.40).

LEmMA 2.5.7
Lete=[E,d,u] € TN, neN, n=2, o0¢eCy(U" and ¥ € CZ(R+). Then

ﬁme 17 n ll e
5 (me)> o U 4 <im> (2.41)
B

+ <NﬂP(J)VI//(me) - 2¢,(me))

on,N
XZ(<‘°°U<E,(1)’ M > <w° (E.d)> >> (2.42)
x€E - N

. (Nﬁpé“ Y(me) + 'ﬁw’(me))

ll+ l5 en,N lj on,N
x wo Ul (Nx) -{ wU" () (2.43)
é << Edr \ e 1 Ed> \ e

gbznd‘{jn N(e) = <2aﬁme EV(
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Proof of Lemmal[2.5.7, Recall that U} ; denotes the distance matrix map defined in Deﬁnitionm

By definition of FY, we have:

¥ (mev) = ¥ (me - %)

QZ;N (Fylcv(e)) = <a), (,U - %5,()@”’]\]0 (Uv(%)d))_l> _ <onv(rIlE,d)’ ([l _ ]{]5)()®n,N> '

Moreover, Lemma gives:

__—  enN u- i5x enN
0 (130) = ot G- 100y = (ot (S2F) .
¢ N

By doing the same for BY, expression (2.40) can be denoted by:

en,N
N N/ N 1 n K- %5" ,
Gpina¥ 5 (€) = NBpy Z (lﬁ <me - N) <w°U(E,d)’ ( —

x€E

and

1 p+i(5 en,N
+ NBpY 1//<m +—) woU} (Nx>
2 (e ) oo (5

By rearranging terms of this expression and by noticing that #E = N'm,, we obtain:

G ?23©) = N*mep (p (9 (=<5 ) =m0 )+ (9 (e ) = wm) ) )

m, — —
N
r en,N
X <C{)0(Jv(%’d)a m) >
¢

Finally, by using a second order Taylor expansion of ¢/ (me + %), we have:

Nemef (o (0 (me= ) = wma)) + o (9 (me+ ;) - vima)))

me — —
N N
= 2apmey)’(me) +

P g + 0 (+).
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since pY - plY = %" and pY + p’ = 1. This time using a first order Taylor expansion of 1/ (me e %), we
have: ) 5 .

Ny (me =) = N 9im) - S0/ () + 0 (7).
and

Ny (mes <) = B (ma + Ly (mo 0 ().

REMARK 2.5.8

en,N
1. As w is bounded and (m%) is a probability measure, we have:

L on,N L on,N 1 1
Lot ()™ D] stete mma ot () S w0(3) -0 (3)

2. For the other two terms, we use Lemma 5.5.23 of [[Gl613] that can be immediately adapted to our
generator.

L Lol

LEMMA 2.5.9
Lete=[E,d,p] € TN neN,n> 2and f : E" — R such that f € Cp. Then

(foponRy = (i

Proof of Lemmal[2.5.9 Since, N = p*"™N = 0, when m, = 0 or n > Nm,, we only need to prove the
equality when m, > 0 and n < Nm,. We also recall that:

n

() (e ) (e M) T (e )

=1

We have: o o
<f,,u®"’N> — <f,ﬁ®n’N> + <f, ,UM’N —ﬁ®"’N>,

and by using expression 1i for "N and expression li for /i*™N, we have:

_— 1

ron n 1 i-1 n 1 i-1
penN - enN - ()N @ (y -5 Z} 5ej) (dey, dey, -, den) - (X) (n’; -5 21: 5ej) (dey, dey, -, dey),
i= J= J=

i=1

n 1 i-1 i
H N 210 p 1
- ®< L +NZée,.)(del,dez,---,den),

Mme—"N% M~y

m- me-% me N

" Lyils, 1
=0\ ® < a 1 N 2]_1 L - i + 58; (del, deg, LN den).

Therefore, we have:

R

0/
73

which proves this lemma.

The last lemma of this section will be useful in the proof of the tightness.
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LEMMA 2.5.10

Lete=[E, dpule TN, ne N,n=2,we€ C},bc(U”) and ¢ € CZ(RR+). Then there exists two constants
Cg1 > 0 and Cg, > 0 such that, for every N € N,

(AR HMO

=< mng,l + Cg,z.

Proof of Lemma By definition|2.5.1] we have:

GV = |G TN (@) + [ONa 23 ).

0, we are going to prove that both ‘QN ‘I’"’N(e)) and ’Qi‘]m d‘PZ}’ﬁ;(e)‘ are bounded.

grow = o,y

Lemma|(2.5.4| ensures that there exists a constant ¢; > 0 such that:

a
+ —,

[ SO 5

w,

y(me) An 22" Vo ((d(el-, ej))lsi<jsn) d;T@nsTV(el, o en)
< 227 [[Ylleo

Vol + e

Lemma [2.5.7| ensures that there exists a constant ¢, > 0 such that:

on,N
m,
(Ghina Vi ()] = 2aBmey (me) + £ SV (mo)| <on<’é,d>’ (ﬁ) >‘
(4
N ﬂ ’
+Nﬁp0 lﬁ(me)_g (me)
1 on,N on,N
n Il_N5x> n <:U> ,
x woUT », - woUfR | —
2o (558) 7)ot (2
<N g + Ly
1 on,N on,N
x w°U% 1, - wUpg g, | —
£(Cra (53) ) o
+7

Moreover, expression (5.382) page 195 of [Gl613]] ensures that:

and

ll — lax ®n’N 'u ®n,N 1
n N n —
};E a)oU(E,d), (me _ % > - on(E,d)’ (Tm) =0 (N> 5
1 on,N on,N
g+ 5O AN 1
Z woUf g | =1 - @Ugap | — =0 (*) -
x€E Mme+ N me N
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Therefore, there exists two constants ¢; > 0 and ¢4 > 0 such that:

pme
2

p

C3
7 « =
2

lV(me) N

a0 = (eapmav/le + P51 ) ol + [NBRY v -

Cq
X — + Cy,

N

+

Ny (ma + L (mo

p

=m (Zlalﬁlllﬁ’lloo + 2II'#”IIoo) [[lleo + (ﬂpévlllﬁlloo + ﬁlll//'ll:») e

2
+ (ﬁpﬁ’ ik + fnw’nm) e

So, we have:

p

(AR 0 <

IIW’II«:) [l + 22" [[¥]leo [Vaol| + €1 + (ﬁpévllsblloo + §||¢'||w> c3
B
2

< +m; <2lalﬁll¢'lloo +

+ (ﬂpﬁvlllﬁllw + ||¢'||oo> C4+ Ca.

Since w € C*¢ and ¢ € CE, functions w, Vo, ¢, ¥’ and ¢/ are bounded and the result is proved. %

6 - Martingale Problem

Thanks to the generator GN of the discrete tree-valued process TN defined in the previous section,
we can define a martingale MY and prove that our process solves a martingale problem.

PROPOSITION 2.6.1
Let ¥ € ATIY(CLY, CY) and define, for ¢ € R,

MY (1) ¢ ) - wed) - /0 VeE@)ds.

Then MY = (MY (t))ier. is a martingale.

Proof of Proposition The proof is essentially the same as that of the Proposition 3.2.17 of [GI513]].
Indeed, even if our generators ngw and G are slightly different, they have the same characteristics.

%

b7 3N

The next theorem is immediate from Proposition and Theorem 3.2.2 of [Gl613]].

THEOREM 2.6.2
The process TN solves the martingale problem for (QN , AT (C;bc
DTN [0, +00[.

,CI"(")) and has sample paths in

The following results give expressions for the quadratic variation of the martingale MY and the
semi-martingale decomposition of the process (‘I‘ (@I]tv )) g, This will be useful in the next section
where we will prove that our stopped tree-valued process is tight.
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PROPOSITION 2.6.3
LetneN,n=2 0€ Céb “and ¢ € Cg. To simplify the notation, we denote ‘I’Z)ﬁ by ¥. For each
t € R,, the predictable quadratic variation of M\II\,’ is:

My [ e (@) as

where, for every ¢ = [E, d, u] € TV:

2
@ =N Y ((//(me) /E (o (A ) ) - o ((den ), ) ) dumNien -, en)>

k=1
s NBRY S (0 (mpwgy) Q8N (FY (@) - p(mo) QN (@)’

x€E

+NBPY S (0 (mpyiy) QN (BY(0) - p(m)QN(e))’

x€E

with AN, FN and BY, respectively defined in (2.31), in (2.37) and in (2.38).

LEmMA 2.6.4

Lete=[E, dpule TN, ne N,n=2,we€ C},bc(U”) and ¢ € Cg(R,). Then there exists two constants
Cy1 > 0 and Cy 3 > 0 such that, for every N € IN',

)g@](e)‘ < meCq1 + Cgp.

Proof of Lemmal2.6.4 The expression given in Proposition yields the bound:

g ()] < N2* 3 [pimo /E (o (0¥ ) ) - 0 ((dlere),oi,) ) drNGer, - en)

2

k=1

s NB|Y (¥ (mengy) QN (EN(©) - p(m)@N(e))’
x€EE

+NB|Y (¥ (mpyg) QN (BY(0)) - p(m)@N (o))’
x€EE

We will treat the first and second terms on the right-hand-side separately. Note that we can bound the
third term in exactly the same way as the second.

For the first term, we have:

NA* kz; ¢(me)/E,, (a’ <(A]ei(ei, ej))15i<j5n> - ((d(ei, ej))15i<j5n>) d/r@nTV(el, ey

< NI kz 191 /E R (CHCT N B (CCm

thanks to the Jensen’s inequality. In the same way as in the proof of Lemma [2.5.4) we have:

2

2~
d/l@n’N(el, R en),

2

e site e () ) +0(55)]

l=<i<js<n

i=k or j=k

-0 ().

’a) <(A];]]C(€i, ej))lsi<jsn) -w ((d(ei, ej))lsi<jsn)
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where the bound is uniform in e.

Therefore, as w € Clljbc and ¥ € Cy, we have:

N2 Y 1Yo /
k=1 En

For the second term, we use the same rearrangement as in Lemma We have:

2

—_— 1
due™N(ey, -, ey) = O (N) )

) ((Afk(fii, ej))lsi<]~5n> - ((d(ei, ej))lsi<jsn>

(¥ (mewy) QN (FY(@)) - 9(m)QiN(e))”
= ([ (mexeo) = w(mo] QBN (@) + ¥ (mp) [N (FY @) - 22V (@)])
= ([ (mei) = ¥(mo)] QBN @) + (v (maeo) [ (FY (@) - 25V @)])°
+2[¥ (mpye) = ¥(mo)] QN @)Y (mpye) [N (BN () - QN (e)] -

Therefore,

3 (i (mpngy) QBN (FY (@) - p(mo)QiN (@)’

x€E

Np

2

< NB Y| (9 (meyio) = 9ma] QNG|+ NB|Y ¥ (mepo) [Q5 (F¥0) - 2V

x€E x€E
+NB| Y. 2 [ (mpyg) - ¥(md)] QN @Y (meyeo) [Q5N (FY () - Q1N (@]
x€E
2 2
< N2me [y (me = <5 ) = wimo)| ol = NAIWIE| Y [ (FY (@) - 050
x€E

+aNBlYlllolls | Y [N (FY (@) - Q3N ()]

x€E

Once again, we treat these three terms separately. We have:

2

2
N?pme e = N*Bm llolle

V40 ()
= gl (19 maf + 0 (1))

1
< prlolZI¥1E + 0 (5 ) me

¥ (me- ) - 9mo

where the term O (%) can be chosen to be independent of e.

For the third term, we use expression (5.382) page 195 of [Gl613]] that ensures that:

N (FN() - @] =0 (L),
o ) ol -o( )
So, we have: 2
NBIWIE Y, [ (E) - o] -0 (L),
x€E
and

ANl | D [R5 (F () - N ()]

x€E

-0Q1).
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Finally, there exists two constants ¢; > 0 and ¢; > 0 such that, for N large enough,

NBIY. (¥ (mpwgy) QBN (FN(©) - 9(m)QiN(@)°| = mecy + ez,

x€E

%

7

PROPOSITION 2.6.5
The semi-martingale decomposition of ¥(TVN) is for each t € R,:

Y(TY) = VT + My (1) + Vg (2),

with: t
V() = / SNy (@N)ds.
0

7 - Tightness

The last step before proving that our tree-valued process converges in law is to prove that it is
tight. Because of technical problems due to the many ways our process may approach the value n
representing an extinct population, to prove the tightness, we must restrict TN to its non-zero values.
We will therefore study the process before the extinction time.

In this section, we define the stopped process TX and then we quote the two criteria we will use to
prove that this stopped process is tight. It is interesting to note that these criteria are “classical” even
though our state-space of interest is rather unusual. The second subsection focuses on the proof.

For § = 0, we denote by: )
N =inf{t = 0|mV = XN < 5},
the first time the total mass reaches § or drops below this level. Let R € IN*, we define the stopped

process TY = (mi]R)tE]R , where for all t € R,

T, YTV (min (¢, 7)) -

We wish to show the following result.

ProrposITION 2.7.1 (Tightness)
Assume the following conditions :

1. limsup E [mé\]] < 00,

N—+oc0

c
2. 3v € M (R,) such that m{)\’ N—> v,

—>+00

3. v({o}h) =0,

4, {an

QlZON] IN € N} is tight in M;(M,).

Then, for each R € N*, the family (QIC,’"%) NeN is tight.

This proposition will be proved in Section[7.2}
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7.1 - Tightness Criteria

The first criterion allows to prove the tightness of a process with non-real values on the basis of
three elements: a convenient class of functions, the compact containment condition and the weak tight-
ness. For our tree-valued process, we will consider the linear span of ¥-polynomials SH\p(Cébc, Cy),
introduced in Section [4.2.2]

THEOREM 2.7.2 (Jakubowski’s Tightness Criterion [Jak86])
Let (S, T) be a completely regular topological space with metrisable compacts. Let F be a family of
real-valued continuous functions on S. Suppose that:

i- T separates points in S,

ii - F is closed under addition.
Then, the following holds:

1. A sequence of stochastic processes (Y,(+)),en With sample paths in Dg[0, +oo[ is tight if and only
if the following two conditions hold:

iii - For each ¢ > 0 and T > 0, there exists a compact K, 1 < S such that:

liminf P (vt € [0, T], Y,(t) € Ke7) 2 1 - €.

n—+00

iv - The sequence (Y,(:))nen is F-weakly tight, i.e. for each f € F, the sequence (f (Yy("))) ,en
is tight on DR [0, +oco[.

2. If (Y,(-))nen is tight, then it is relatively compact in the weak topology.

To prove the weak tightness (condition iv of the previous theorem), we use the following theorem
due to Aldous [[Ald78] and Rebolledo [Reb80]. We cite here the version of [Eth00]. This is actually the
same criterion as the one used in Chapter 1.

THEOREM 2.7.3 (Aldous-Rebolledo Tightness Criterion [Eth00])
Let (Y,(:))nen be a sequence of real valued semi-martingale with cadlag paths.

Let Y,(t) = Y,(0) + M, (t) + V() be the canonical decomposition of Y,, where M, is a locally square
integrable local martingale with M,,(0) = 0 and V,, is a predictable finite variation process with V,(0) =
0. Let (M, ) denote the unique predictable increasing process such that M2-{M, ) is a local martingale.
Suppose that the following conditions are satisfied:

i- Foreach t = 0, (Y,(t))nen is tight.

ii - For each T > 0, for each sequence of stopping times (7,),en bounded by T, and for each ¢ > 0,
there exists § > 0 and ng such that:

(@) sup sup P (|Vu(ry + 0) - V()| > €) =< &,
nzny 0€[0,6]

(b) sup sup P (KMy) (s + 0) - {My> (1a)] > €) < &.
nzny 0€[0,6]
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Then, (Y,(-))nen is tight.

7.2 - Proof of the Tightness of the Stopped Tree-Valued Process

Proof of Proposition We use Jakubowski’s Tightness Criterion.

# Proposition [2.4.5)ensures that T is a Polish space, so T is completely regular.

# The class STIy(C ;bc, Cy) is closed under addition and Proposition ensures that this function
class separates points on T.

# By Proposition [2.6.2] the process TN has sample paths in Dr[0, +oo[.

s We prove in Proposition that the family (QCN ) satisfies the compact containment con-

NeN
dition.
s We prove in Corollarythat forall ¥ € Sny(CgbC, Cy), the family (‘P (@CI\%)) Nen is tight for
each R € IN".
Therefore, by point 1 of Theorem the family (?!E%) Nen is tight for each R e N™. S

7.2.1 - Compact containment condition

ProrosITION 2.7.4 (Compact Containment)
Assume the four conditions of Proposition Then, for every ¢ > 0 and T > 0, there is a compact
set K. v ¢ T, such that:

. N
1\1]161&]13 (Vt €[0,T], T, € KS,T) >1-e¢.

Proof of Proposition[2.7.4 We follow the proof of Proposition 4.5.1 of [GlI613]]. Recall that 7 denotes the
polar decomposition map defined in Definition [2.4.4]

As 7 is a continuous bijection between (T, dgp) and (R, x My, deye; ® dgp), we can note that a
compact set K ¢ T is compact if and only if 7(K) ¢ R, x IM; is compact in (R+ x M1, deyer ® dip).

LetT > 0ande > 0. Propositionensures that there are compact sets K'7** < R, and KfjeT" <M,
such that, for all N € N,
€
P (vt€[0,T], m) € K%)= 1- 3

and N
P (VtE [0,T], T, € Ki‘}”) >1-

W ™

Defining
Ker =77 (KIF < KET).

K. 1 is compact in T (thanks to the previous remark) and we have, for all N € N,
N
P(vte[0,T], TY €K, 1) =P (Vt e[o, T], (mﬁ",@lt ) € K" x Kf‘}”),
N
-P ((Vt €[0,T], m} € K**) n (Vt €[0,T], T, € Kff{’)).

A

Finally, we conclude this proof with Lemma %e

9,
*
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PROPOSITION 2.7.5
Assume the four conditions of Proposition“ 2.7.1] Then for every T > 0 and ¢ > 0, there are a compact
set K7*° < R, and a compact set K. < M such that:

L infP (vie[0,T], mN e K<) =1 -

<N
2. AljnflP (Vt €[0,T], T, € Kf;") >1-e¢
EN ,

Proof of Proposition

1. To prove that the total mass satisfies the compact containment condition, we study its dynamics.

The process (mf] ) R, 18 affected by two events: fragmentation and branching. When a fragmen-

tation occurs, the total mass loses a mass N whereas when a branching occurs, the total mass
gains a mass N As these events are the same that defined a binding event, we can proceed in
the same way as in Sectlonn So the generator oy
bounded continuous function f : R, — R, by:

mass Of the total mass process is defined for a

O m) = N*mpplY (f (m =) = £m)) + Nemppl (f () = fm) .

Assuming that f € C%(R,), a second order Taylor expansion gives:

2N2 “(m) +0(%>>
g (L gm0
= Nmp (o8 ) £/ m)+ " (5 ) 1)+ © (%) ,

= 2afmf’(m) + gmf”(m) ‘0 (%) .

Gl ) = N*mpp (—f(m) +

We recognize a birth-death process which converges in law to a Feller’s branching diffusion. So,
the family (mN ) Ne 1 tight and the compact containment condition is checked.

2. We follow the proof of Proposition 4.5.3 (ii) of [GI613]]. Recall that, for all ¢ € R, #gjsv(t) denotes

the number of ancestors at time s of individuals from 3V defined in (2.15). We also recall that the
<N

process T  contains the information about the genealogical structure of the population (while
the total mass encodes its size). Therefore, to prove the compact containment condition for T ,
we need to control the number of ancestors and the number of descendants these ancestors will
produce.
Let T > 0 and ¢ > 0. In order to control the number of ancestors, we need to show that for all
0 < 2¢ = t = T, the family (#gt 96 ( )) Nen 18 tight. For this, we use the decomposition proposed

in Proposition 4.6.6 of [[Gl613]]. Adapting this result to our model, we have: for all k € IN and
0<2e<t=<T,

+00

P (@0 - K) = P (Y =) () i) (- )

=k

where for all u = 0,

fu=TP(Y() > 0)



104

II - MODEL FOR A SINGLE BRANCHED POLYMER R0

and Y is a continuous time, rate one Galton-Watson process with Y(0) = 1 and offspring distri-
bution pN.

s If a = 0 (critical case), the only difference between our model and the one of [GI513] is
that we do not assume that § = 1. So, Proposition 4.6.2 of [[Gl613] ensures that the family
(#g]t\f 2(1)) Nen 18 tight in the critical case.

s If a < 0 (sub-critical case), the probability of survival at time u of the Galton-Watson pro-
cess f, in this case is smaller than in the critical case. Since the proof of Proposition 4.6.2
of [[GI613] is based on the equivalent: for all u > 0, fy, 5 o=z where o is the offspring
variance, this proof can be adapted and this ensures that the family (#gﬁZ g(t)) Nen 1s tight
in the sub-critical case.

s If a > 0 (super-critical case), we need to find the equivalent of fy, in this case.

We see here Y, the continuous time rate one Galton-Watson process with Y(0) = 1 and
offspring distribution p™ as a binary birth and death process, where each individuals, in-

dependently, gives birth to a offspring at rate b = 1 x pY = % + 1 and dies naturally at rate

d=1xpy) =3- %

Let g(t) = P1 (Y(#) = 0) = 1 - f;. Since g(¢) = (Pt]l{o}) (1), the Kolmogorov equation for the
function 1oy gives:

% (PLygy) (1) = Q (P Lygy) (1),

= b (Pilyg)) (2) + d (PeLygy) (0) - (b + d) (P Lyoy) (1),
= bIP, (Y(t) = 0) + dPo (Y(2) = 0) - (b + d)q(1),
= b(q(1)* + d - (b + d)q(1),

since each individual evolves independently.
This gives the differential equation:

q'(t) = b(q(t))* + d - (b+ d)q(1),
which is also written when b # b:

g bq ()
1-q(t) d-bq(t)

1-4(0) d-bq(t)\

and as q(0) = 0, we have:

=d-b

This gives us:

q(t) = =

d(i-eo)  (G-%
bode™ (34 %) - Gog) e

Therefore, we have:

1
w=1-q(Nu)=1- - - ,
fre=tme (B -G-pem
1

2a 2a 2a(1 + e™24%) 1
1-(1- %) rmme - (0 F) (- Mo +0(F))
1+ Ni-ezamy ¢
-2au
:@+2a(1+e )+(9<i): 4a +(9(1>.
N T NQ = e-2an) N(1 = e-2au)

N N
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This gives:
4a
w3 N = erany

Since this equivalent still is of the order of %, the proof of Proposition 4.6.2 of [Gl613]] can

be adapted and we proved that the family (#gﬁzg(t)) is tight in the super-critical case.

NelN

Define
Se(t) = inf {# {@AY,.(, ) [i€ I} | T I} with #T = (1 - 2¢)- #3}

Thus, Sp'(t) is the size of the smallest sub-population of ancestors at time ¢-2¢ whose descendants
make up at least a fraction of 1 - 2¢ of the population J¥ at time ¢. By definition, we have:

Sa(t) = #AN,.(1),

and so the family (Sé"g(t)) is tight forall 0 < 2e < £ < T.

NeN
Proposition 4.5.6 of [GI513] ensures that the probability that a sub-population of 3 descending
from a small sub-populations I < J¥
high probability, the relative share of sub-populations does not increase over time.

becomes dominant at some later time is small. So, with a

Applying Proposition 2.22 of [GPW13]], the second point is proved.

4

X
7!\

LEMMmA 2.7.6

Let (3, A, IP) be a probability space. Let A,B € A and ¢ > 0. If P(A) > 1 - ¢ and P(B) > 1 - ¢, then
P(AnB)=1-3e.

In particular, considering a product space (Q; x Q3,41 ® A,,P)and A; € A4, Ay € A,,

if P(A; x Q) 21 - eand P(Q; x Ay) = 1 - ¢, then P(A; x Ay) = 1 - 3e.

Proof of Lemma|2.7.6, We follow the proof of Lemma 4.5.2 of [Gl613]. We have:

P(An B) = P(Au B) - P(A\B) - P(B\A),
> P(Au B) - P(CB) - P(CA),
2(l-¢)-¢-¢
>1 -3¢

The first statement is therefore proved. For the second, it is sufficient to note that:

Apx Ay = (A1 x Q) n (4 x Ap),

4

X
7!\

and to apply the first result to (A; x Q) n (Q1 x Ay).

7.2.2 - Weak tightness

In order to apply the Jakubowski’s criterion we need to prove that for all ¥ € STIy(C ;bc, Cy), the
family (‘If (@3]\%)) nen 18 tight for each R € IN". However, as explained at the beginning of Section
¥-polynomials without replacement are the right class of functions to study the discrete tree-valued
process. So, we first prove the tightness of (\IIN(Q:%))NGIN for all ¥V € SHQ(C},I’C, Cy) and for each
R € N and extend the result to ¥-polynomials (in order to have a class of functions that do not depend
on N).
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ProrosITION 2.7.7 (Weak Tightness)
Assume the four conditions of Proposition Let ¥N € STIY(C },b ¢, CY).

Then, the family (‘I’N (@Z )) NeN 18 tight, for each R € IN.

Proof of Proposition[2.7.7, The weak tightness is proved thanks to Aldous-Rebolledo criterion (Theo-
rem[2.7.3).

Let ‘P" N e Y (C} ibe ). To simplify the notation, we denote ‘P" N by PN We prove the result only

for ¥V, the extension to the linear span is immediate.

By Proposition

M = vV @) - - [ o@as

is a martingale. The optional stopping theorem implies that
min(t, 7y
NR(t) M\ (mm(t TI/R)) = ‘PN(QEQJR) -yN@h) - /0 NN @Vyds,
is a martingale too. Denoting
min(t, 7))
W= [ e s

we have the semi-martingale decomposition as in Proposition[2.6.5

i- By Proposition , the family (QTZN ) ven Satisfies the compact containment condition. There-
fore, the stopped process (@IA%) satisfies this condition too and, as ¥V is continuous, this is

NeN
also true for the mapped process (‘I’N('@Z ))NeJN So, for each t € R, (‘PN(@ZQ]R )Ne]N is tight.
ii- Let T > 0, (zv)neN be a sequence of stopping times bounded by T and ¢ > 0.
(a) For every N € IN* and for every 6 = 0, we have:
min(rN+0,T{\/’R)
H R(TN + 9 ‘I’N R(TN)H < E / ds s
mm(TN,r{‘fR)

and by Lemma [2.5.10] there exists two constants C¢g; > 0 and Cgz > 0 such that:
min(rN+9,rlA/’R)
/ mds
min(rN,rlA/’R)

As we have seen in the proof of Proposition , the process (m{v

E [|Va alo + 0) = Vak ()] = Co B + Cg0.

) . 18 a classical birth-
death process for which we know that (mjt\] -2ap t) e, 1S @ martingale. This then allows

us to control the term involving the integral of m¥ in the right-hand term of the inequality
just above and thus to prove that there exists §; > 0 such that for every 0 € [0, ],

(‘V‘I’NR(TN +0) - \IJX\’R(TN)‘ > E) < e
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(b) We do exactly the same for the condition ii-(b). For every N € IN* and for every 6 = 0, we
have thanks to Proposition[2.6.3}
min(rN+9,rlA/’R)
/min(rN,rl’\/’R)

and by Lemma [2.6.4} there exists two constant Cy; > 0 and Cy 5 > 0 such that:

min(rN+9,rlA/’R)
/ mYds
m

in(TNsT{\/IR)

< (Cg,lM + cg)z) 0

E [[<M ) (0 + 0) - (M > ()] | < B (@) ds

5

B [|[{M ) (00 + 0) - (M > ()| = G

+ Cg,2 63

Choosing 8, = o > 0, we have for every 0 € [0, 8],

&
AM+Cy2

P ()(WN,R} (1 + 0) = {MB > ()

>€)S£.

Finally, choosing § = min(d;, &;), the two inequalities are satisfied for every 8 € [0, §] and all
conditions of the criterion are verified.

K%
T

COROLLARY 2.7.8
Assume the four conditions of Proposition Let ¥ € STy(C lljb ¢, Cy).

Then, the family (‘I‘(@Z%)) is tight, for each R € IN".

NelN

Proof of Corollary[2.7.§ We only consider ¥ € IIy(C}%, Cg) since the extension to the linear span is
direct. Let R € IN*. We assume (without loss of generality) N = 2R and m)) > %. Therefore, as

downward jumps of the total mass process are of size ﬁ we have:

1 11 11 def 1
N N N
m ———, = c|—, = dvi=0,m' = m". —.
TR E]R N R] ]2R R] an = LR min(t,e) 2R

For every ¥ € Cg(R.), we can find Yy € Cg(IR,) such that, supp(yr) < ]41?&00[ and yr =
v\, . We then write:
(2ol

W =¥, and WY =¥

By definition of @',{\%, we also have:

PoTN, = WpoTN, and PNTN, = PR TN

Proposition ensures the tightness of (‘I’N o@'ﬁz) Nen and so the last equality in the above implies

the tightness of ‘I’Q@ﬁz)mm'

By Proposition [2.8.1} we have the convergence:

1
lim_sup {M(e) - (@) [e€ TV and m, = W} =0
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Moreover, by definition of /g we also have, for every ¢ € TV such that m, < ﬁ,
¥N(e) =0 and ¥g(e) = 0

Hence, we have:
Nlim sup {“I’g(e) - ‘I’R(e)‘ |ee ’IFN} =0,

and in particular:
Jim_sup {‘\Pg - T | 1€ ]R+} - 0as. (2.44)
As Proposition ensures that the family ('@ZN ) satisfies the compact containment condi-
. N
tion, we also know that (‘I’Ro@l, R) NeN
(‘I/RO?E%) Nen 18 tight, we have to check that for every T > 0 and every ¢ > 0, there exists § > 0 such
that:

NelN
verifies this condition since ¥ is continuous. So, to prove that

limsup P| sup “I’Ro@ZfR - ‘I’Ro@ZfR >¢l< e
N—+o0 Oss<t<T
[t-s|<6

Let thus T > 0, ¢ > 0 and & > 0. We have for every N € N,

P| sup |‘I’Ro@'tR PRoTp| >
O0<s<t<T
-s|=5

< P| sup “I’Roﬂt r— YR oT!ICtR‘ + sup “I’go@fR - ‘I’go@:ﬁ\’]R + sup “I’RoQEfR - ‘I’goQEJSYR > &
O<s<t<T O<s<t<T O<s<t<T
[t-s|<d [t-s|<d [t-s|<d

<P| sup “I‘go@t -y OQZSR
Oss<t<T
15|25

+2 sup “I’Ro@m L9 omtR
t€[0,T]

Equation (2.44) ensures that there exists Ny € N such that, for every N > N,

sup )‘PRoQEtR ‘PRoQEtR‘s
t€[0.T]

a.s.

= m

Hence, for every N > Nj we have:

£
P sup “PRo@’It\IR ~WRe®N > e| < P| sup “I’go@i\]R RN > =
O<s<t<T ’ ’ O<s<t<T ’ ’ 2
|t-s|<S [t-s|<d
N N . . .
Moreover, as (\I’R °¢-,R) NeN 1S tight, we have:
. £ £
limsup P| sup “I’goQEItVR ~ RN > 2 < 5,
N—+c0 0<s<t<T ’ ? 2 2
[t-s|<d
and so:
. . £ £
limsup P| sup “PRoQEIt\]R ~ VoMl > ¢ < limsup P| sup “PRNoQEItVR —pRTN > S < - <e
N—+c0 O<s<t<T ’ ’ N—+c0 O<s<t<T ’ ’ 2 2
[t-s|<d [t-s|<d

This implies the tightness of (‘I‘Rowi\%) ven- Finally, by definition of ¥g, we have the tightness for
(PoTN) v s

NelN
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8 - Convergence

Now that we have proved that the stopped process (@%) Nen 18 tight, Prokhorov’s theorem ensures
that every sequence contains a convergent subsequence. In this section, we find the potential limit

of (TE{\%) nen Dy finding the limit of the infinitesimal generator of TN. Finally, we prove that this

accumulation point is unique and so, we prove the convergence in law of (UI,A%) NeN

In this section, we start by giving some useful definitions and results to prove the convergence of
the generators. Next, as the generator of TV corresponds to the sum of the growth generator and the
binding generator, we successively prove the convergence of each of these two generators. Finally, we
give the limit of the infinitesimal generator of TV,

in D [0, +o0[.

8.1 - Some Useful Definitions and Results

To prove the convergence of the generators, we need the total mass to remain above a certain
threshold. We therefore start by defining restricted versions of TV and T as well as a supremum norm
with a constraint on the total mass.

For T ¢ R,, denote:
N def N
TYT) = {e€T" |m €T},

and

TO) Y {eeT|m eT}.

Moreover, for f : F<T — R and § > 0, define:

Flins < sup {If(©)] | e € T ([8, +oo[) n F} .

The next proposition, which corresponds to Proposition 5.5.1 (i) of [[Gl613], is very important and
useful for what follow since it proves the convergence of a ¥-polynomial without replacement to the
corresponding ¥-polynomials.

ProrosITION 2.8.1 (see [GI613])
Letne N, n =2, 0w € Cy(U") and ¢ € Cp(R). Then, for each § > 0,

n,N n
[ - ¥l s i

N—+o00

As explained in Section 5.2} a binding event implies a modification of the measure y, and since we
assume E = supp(u), this implies a modification of E. Therefore, we need an operator to modify the
distance matrix correspondingly.

DEFINITION 2.8.2 (Replacement Operator) !

For i,j,k,I,n € N, n = 2and 1 < k < | < n, the replacement operator acting on distance matrices
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1k © U — U" is defined by: for every 1 < i < j < n and for every (up,g)1=p<¢<n € U",

-

Upin(k j)max(kj) if i=1and j#k,
0 if i=1 and j=k,
def o )
(rk’l ((up’q)lqu]sn))ij = 9 Umin(k,)max(k,jy 1if i# k and j=1, (2.45)
0 if i=k and j=1,
Ujj otherwise.
- *

Intuitively, applying r; to a distance matrix is equivalent to copying the k-th row (resp. column)
of this matrix and pasting the copy into the I-th row (resp. column). Since individuals k and [ coincide
after this transformation, they are at null distance from each other, so

(rk,z ((up)q)15p<qsn))k)l - (r"” ((up’q)151’<615”)>l,k =0

This transformation corresponds to what we did in Example in the case of a branching event.
In the case of fragmentation, we do not need to define a specific operator. Indeed, if a fragmentation
occurs on the element x € E, this element will lose a mass of ﬁ After this transformation, either x
keeps a non-zero mass and the distance matrix does not change. Or x has a zero mass and as E =
supp(p), x automatically disappears from the set E, which implies that the row/column corresponding
to x automatically disappears from the distance matrix. Moreover, according to the definition of the
lexicographic process (page [77), the indices of the leaves are not modified after a fragmentation, the
index of the fragmenting leaf is simply removed from the space.

We also define the replacement operator acting on E", 7i; : E® — E" by: for every i € {1,---, n}
and for every (e, -, e,) € E",

- e ifi=1I,
rei(é,-sen)). = 2.46
(Feiter . en), {e,» ifi#l (2.46)
Note that:
Uk.a)°Tij = TijeUk.q) (2.47)

Finally, we introduce some notation and a lemma concerning sampling with or without replace-
ment.

Lete=[E,du]l € TN, ne N,N = 2, yjy € My (E), ny € {1, - n} and1 < < - < I < n. Forall
(e, , e,) € E", we define for every i € {1, -, n} measures y; and Y by:

) ) dif )u({el}) if i€ {1,"‘,71}\{[1,"‘,ln0},
e [uouei}) if i€ (b, by}

And

Ny def [E(ed) = § D5 Sg((e)) if i€ {1 n\ ),
prtal {.”o({ez}) if i €l by ).

We also denote:
n,N

® (1, o) < ®ul and ) ()Y (é)uﬁv-
i-1

(ma,,mpg) (my,,mpg)
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These two measures allow to apply the measure y to the elements (m;, -+, m,,) and the measure y (with
or without replacement) to the other elements. Moreover, if y is such that yy({e}) = 1 for all e € E, we

simply write:
n nN

&R w ad X .

(M1, Mgy) (M1, mpg)
The following lemma correspond to Lemma 5.5.4 of [Gl613] and will be very useful for us to find the

limit of the binding generator.

LeEmMmA 2.8.3 (see [Glo13]])
Let § > 0,¢e = [E, d,u] € TN ([8,+0[), n € N, n = 2, x € E. Moreover, assume that N € N is large
enough to ensure that § - % > 0. Then,

1 en,N n nN
[IE= N(Sx 1 N > 1
<m+1> ) R LR D JR Y (”’iﬁ‘s’f) '
¢ TN (me * N) no=1 1sh<<lyy<n (hywly)

This lemma is quite intuitive if we make the analogy with a product. Indeed, by observing that

(a+b)" =a"+3, (}Z)) a"™b™, we can easily identify the role of each term of the right-hand side term

of the equality of Lemma As the term a" is analogous to the term p®™N, which means applying
the measure p without replacement to the n elements of the sample, the term a"~™ b™ means applying
the measure i%&c to ny elements of the sample and p to the remaining n — nj elements; this is exactly

what the measure ®("ZIN L) (,u, iﬁ&x) allows to do.
) ] nO

We now have all the elements to find the limit and prove the convergence of the growth generator
and the binding generator.

8.2 - Limit of the Growth Generator

DEFINITION 2.8.4 (Limiting Growth Generator) B

Lete=[E, d,ple T,neN,n=2 we C,ibc(TU”) and ¥ € Cp(R.). The generator Qmew applied to the
¥-polynomial ¥7, 4 is given by:
Gorow¥ oy (€) = ¥iyg, 4 (o), (2.48)

with Vw defined in .
L <

The next proposition ensures that the generator Gg,,, is the limit of the growth generator ngw
when N goes to infinity.

ProrosITION 2.8.5 (Convergence of the Growth Generator)
LetneN,n=2 we€ C;bC(U”) and ¢ € Cp(IR,). Then, for each § > 0,

N nN 00 n
[y = Goen¥isg| 5 2.0

N—+o00

Proof of Proposition[2.8.3 Assume ¢ = [E, d, u] € TN ([8, +co[). Using Lemma [2.5.4] we have:

1
N N _ N
ggrow\yz),]//(e) = \P;A*Vw,lﬁ(e) +0 (N) s (12.35)
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where the error term is uniform in e € TN ([, +oo[).

Since w € CébC(U"), 2A"Vw € Cp(U™), Proposition gives:

n,N _wn
‘IJZFV“JJ& \PZA*Vw,lﬁHN,(g N—+00 0

NA

8.3 - Limit of the Binding Generator

DEFINITION 2.8.6 (Limiting Binding Generator) R

Lete = [E,d,p] € T,n€ N, n = 2, v € Cp(U") and ¢ € CZ(IR,). The generator G, , applied to the
¥-polynomial Y7 , is given by:

Ghina Yoo,y (e) = <2a,b’me U (me) + pme lp"(me)> Qr(e) + ﬂlﬁ’;me) Z ({weriju vy =, v )),

2 ¢ 1=<i<jsn

(2.49)

where r;; is the replacement operator acting on distance matrices defined in (2.45), ¢ = [E, d, ] with /i
the normalised measure defined in (2.20) and where v" is the distance matrix distribution for a random
sample of size n of ¢ defined in (2.18).

L L]

REMARK 2.8.7 h

In the generator g‘;;nd\yg)’w(e), the term (2a/)’me ¥’ (m,) +

Bme 11
2

mation of the total mass (and thus of the number of leaves in the tree) by fragmentations and branching
events. The term %’:") Disicjen ({weryj, Ve"> -{w, ve”>) corresponds to the transformation of the tree
structure (indexing of the leaves) by branching events. As explained after Definition [2.8.2 fragmenta-
tion is not involved in this term since tree transformations caused by fragmentation are automatically
taken into account by the definition of the space e.

L L]

( me)) Q" (&) corresponds to the transfor-

The next proposition ensures that the generator Gy, , is the limit of the binding generator Q%n d
when N goes to infinity.

ProPOSITION 2.8.8 (Convergence of the Binding Generator)
Letne€ N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

N N 00
Hgl”'”d\PZ))l/f - ghi"d\PZ”‘PHN,a Noreo
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Proof of Proposition[2.8.8 Assume ¢ = [E, d, ] € TN ([8, +oo[). Using Lemma we have:

on,N
Qbmd ”1:2(2) = <2aﬁme¢’(me) + 'BZLQ wl’("k)) <on('}5)d), <nl;> > 12.41)

R (NﬁpéV yim -2

z‘p/(me)>
L - L(S on,N u en,N
N ¥X
x Z]; <<on(g)d), <M> > - <on(gd), <me> >> [2:42)
X€
B
(et vimo + L/t
1 en,N on,N
M+ 55 6x U
x ZE (<on&,d), (M> > - <on(g,’d), (rne) >> (2-43)
X€
+0 <l) .
N
Lemma [2.8.9ensures convergence of the term to:

pme .,
2

<2aﬂme¢’(me)+ me)> {woUl g, ") = (Zaﬂmetﬁ (me) + ﬁz’"ﬂp”(me)) Q" ().

Lemma [2.8.10| ensures that the sum of the terms (2.43) and (2.42) converges to:

By (m) Z (<w°rll,lz°U(%,d)’ﬁ®n>‘<“’°U(%,d)’ﬁ®n>)’

Me 1<li<b<n

which is also written (using (2.18)).

PYUR) 5 (Lapory vty = (o vty)

K%
T

LEMMA 2.8.9
Letne€ N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

on,N
<2aﬁme Eb/(me) + ﬁzmelﬁ//(mg)> <on(’}f:,d)’ (;Ze) >

- <2aﬁme¢'(me) + ﬁg%l// ) o Ugap ") | 2

sup
e€TN([5,+00[)

0.

N—+o0

Proof of Lemmal2.8.9 We follow the proof of Lemma 5.5.7 of [GI613].
Assume ¢ = [E, d, u] € TN ([8, +oo[). Using Lemme we have:

<w°U(Ed)’ > Ul g 1™V ) = <w°U(Ed) pen >=QZ’N(€)-
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Moreover, the function 1; defined on R, by:

px

Ya(x) = 2apxy/(x) + 9" (x)

is a bounded continuous function since ¢y € C¢. So, by definition of ¥-polynomials without replace-

ment, we have:
ﬁme 7/ n ,U e
2 (me)> woUg ), (me> = Y1(me)Qy; Ne) = ‘wa( ).

Finally, Proposition [2.8.1] gives:

(zaﬁme¢/(

nN
‘I’w " ‘I’Z)’%

—> 0.
N, N>+

9,
®

LEmMA 2.8.10

sup
e€TN([8,+00])

(8 vim - S 7m0

PICE
x€E

Letne€ N, n =2, w € Cp,(U") and ¥ € CZ(R+). Then, for each § > 0,
B

®n,N
) ) 2)))
. (NﬁpzN y(me) + 2¢’<me>)
+ i(sx on,N on,N
By G (2)7)

By (me) Z (Carom o Ul g B = { 0o Ul g0 7Y

Me 1<l <b=n

Z\H

—> 0.
N—+o0

Note that because of the presence of factor y/(m,) (or y/(m,)) in each of the three terms, we can
replace the supremum over ¢ € TN([8, +oo[) by the supremum over ¢ € TV ([, +co[nsupp(1))). This is
important since supp(y) is assumed to be compact.

Proof of Lemmal2.8.10 We follow the proof of Lemma 5.5.8 of [GI613].
Assume ¢ = [E, d, u] € TN ([8, +o0[). Using Lemme we have:

({
1
N N
< U(Edr > (@ Ulpap A7) = <“)° ®n’N>:<“’°U<r§,d>’(m)n,Nﬂ®” >
(4

Moreover, using Lemma [2.8.3] we have:

1 on,N n
lli N(Sx _ 1 ® ,N 1
(meil> ) l)n’Nun "NZ ®<u’+N5x)

B (e +

z

1 N 1

+ ﬁ Z ® (y,iﬁ@) + 4N,

1<li<b=n (L,b)
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<n ® ( %5,(). So, we have:

ny=

N n K- ﬁé\x o n ll onN
(Nﬁpo y(me) - fs// (me)) 2 <<w°U(E,d)’ <m-1 > B <w°U(E,d)’ me >)
ﬁ +1s ®n,N
+ <Nﬂp§v¢(me) + zlﬁ/(me)) D <<w°U(%,d)’ f > <w°U(E dy >>
x€E
= <Nﬂp(1)\]¢(me) - g‘p/(me)> Z <<w°U(r]2“,d)’ 1 nN:u > <(’~)O (E,d)° nNF‘®nN>>
x€E (mg ﬁ

+ (Nﬂpév¢<me) + g‘p/(me)> Z <<w°U(r]2“,d)’ nN:u > <(’~)O (E.d)> nNﬂ®nN>>
x€E (me + <
n,N

(Nﬂpo Y(me) - = me)) Z w"U(r}lg,d), mlnN Z ® (,ll, —;]5x)>

1
where €, N = (m +i)n,N 220:3 21511<' <l
€= N

o (me-%)"" i3 @
1 n nN 1
N
(vt vma + ) 3 ot 3 O (1)
P (me+ )" i3 @
1 n,N 1
(Nﬂpo Y(me) - = ma) YK oUpgy ——=w Y, R ()
= (me—%)"" 1shizben (D)
1 n,N 1
(Nﬂpz ylme) + 2 me))z o Ubay w2, ®<ﬂ’ N5X> *nn,
) (me+ %)™ 12iTh=n (1)

where €/, \; corresponds to terms that result from the term €, 5 of the measure (terms of order greater
than or equal to 3).

Lemma [2.8.11]| ensures convergence of the term of order 0,

(Nﬂp(l)vl//(me) - §¢/(me)) Z <<w°U(’}5,d)’ ( 1 nNﬂ > <w0U(E d)s )nNﬂ®nN>>
x€E me — =

N

(o) () o)
x€E et

N

o (=2 (2aByme) + By (mo) + 222 py(me) ) { oUh o™ ).
Lemma [2.8.15 ensures convergence of the term of order 1,

1 n nN 1
(Nﬁpévlﬁ(me) - é‘ﬁ me)) 2}15 W IZ % (H>—N5x)>
x€ Me - N 1=1 (L
1 n nN 1
(Nﬁpz Y(me) + > me)) ZE ( i)"N IZ % (:u> N@c)
xe et N 1=1 (L

o (2 (2aBy(me) + B/ (mo) - 23 (me) ) { Ut g™ ).



116 II - MODEL FOR A SINGLE BRANCHED POLYMER R0

Lemma [2.8.20|ensures convergence of the term of order 2,

n 1 ny 1
(N'BPO yime) - ¢ (me) > Z “"’U(E,d)’w Z ® (u,—ﬁéx)

x€E (me N 1sh<b=n (L,b)
1 n,N 1
N
+ (Nﬂpz Y(me) + ¢ (me) > Z Ed)’ T N Z ® (,U, Néx)
x€E (me + ﬁ) Ish<hsn (h.b)

1
0 S BY(me) Yorcp<tyen <w°rll,lz°U(%,d),y®”>,

Finally, Lemma 5.5.21 of [[Gl613]] ensures convergence of terms of order greater than or equal to 3
to 0. Indeed, even if our generators are not identical, all the arguments of the proof remain valid since
the terms introduced by the term = in the probability distribution pYN vanish in the limit due to the
integration with respect to the term ¢, of the measure.

Therefore, the limit is written:

(—,;1@aﬁ¢0m>+ﬂ¢%ma)+7;;L?ﬁ¢om>

2
e (2apn) B/ m0) = s pn ) U™y

1
+ mg+1,3¢(me) Z <w°rll,lon(r153,d)’ﬂ®n

1<h<bs<n

) oty
+—¢¢m» > (wory o UG g )

N 2m,

1<h<hs<n
1 nz n n A®n n A®n

= -—py(m,) 573 (o Ufh g 17" ) + ;ﬁ’#(me) Y, Loon o Uk gy i),
¢ ¢ 1<li<b=n

=-—py(m) ( ) <a)°U(E a1 oy + *ﬂlﬁ(me Z <wor11,12°U(%,d),ﬁ®">,
(4 1<h<bs<n

_ By(me) Z ({ory o Ul gy i = o Uls 0 i)

1<li<b<n

(2
®
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LEmma 2.8.11
Letne N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

=

sup
e€TN([8,+co[nsupp(¥))

(NﬁpéV J(me) - ¢’<me>>

1 N 1 N
x Z <<(A)0U(r]lf,d)’ 1 n’N'u®n, > - <(,()0U‘(}11~j,d)a n’N‘u®n, >>
x€E (me - ﬁ) (m,)

: (Nﬁpgv sy Dy <me>>

1 N 1 N
x Z <<(A)0U(r]lf,d)’ 1 n’N'u®n, > - <(,()0U‘(}11~j,d)a n’N‘uﬁm, >>
x€E (me + ﬁ) (m,)

<m (2apy(me) + By’ (me)) + "("Iﬁ)ﬁ‘ﬁ me>) Co-Uigar i)

[\

—> 0.

N—+o0

Proof of Lemma|2.8.11] We follow the proof of Lemma 5.5.9 of [[GI513].
Assume ¢ = [E, d, u] € TN([8, +oo[nsupp(1/)), since #E = N'm,, we have:

(NﬁpM(me)—fw’(me))Z(<on&,@, [l > <on<Ed), an®"N>>
x€E (me N ( e

N

+ <Nﬁpé\]¢(me)+ f‘pl(me)> ZE<<COOU(%,d’ (m 1 nN/l > <w° (E.d)’ nN/l®nN>>

x€ + ﬁ
~ B, 1 1
= |:Nm€ (Nﬁpévlp(me) - E]// (m2)> <(me _ %)n,N - (me)n,N>

N IB ’ 1 1 n on,N
+Nm, (Nﬁpz ¢<me>+2¢<me>)< s )™ im )n,N> (U ap ™™y
e TN ¢

Moreover, we have:

<w°U('fli,d)’ll®"’N> = (<w°U(%,d)sﬂ®n’N> - <W°U(75,d)sll®n>) + <C<)°U(r1§,d),ﬂ®n>,

<<ml>"1)<<<ml><m ifo ><<ml>"11>>

Lemma|[2.8.12|(which corresponds to Lemma 5.5.10 of [Gl613]) ensures the convergence of the term

ﬁ , 1 1
Nm (N,Bpé\]t#(me) - E‘ﬁ (me)> <(me _ l)n,N - (me)n’N>

N

N

(Ul gy 1*™N ) = 0o U 4o "))
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to 0.
Lemma [2.8.13|ensures the convergence of the term

N By 1 1
Nm, (Nﬁpo Y (me) 2¢ (me)> <(me ~ %)n mg>

+ N, (Nﬂp? Yme) + §¢’<me>) <(m11> - ,,11>
¢ N ¢

to (~ % (2apY(m) + B/ (m0) + 22 py(me) )  r U g 4.
Lemma [2.8.14] ensures the convergence of the term

Nm, (Nﬂpo v(me) - grﬁ’(me)>

9 <<(me _1AIT)H,N " (me i i;)"> ) ((m:)”’N . "16>>

+ Nm, (Nﬁpé\] Y(me) + flﬁ/(me))

: <<(me ;mnﬂ o Al,)") (- "1>>

Therefore, the next three lemmas allow us to finish this proof.

to 0.

LEmMMA 2.8.12 (see [Gl613]])
Letne€ N, n=>2, w€ C,(U") and ¥ € Cg(R+). Then, for each § > 0,

—> 0.
N—+00

N
sup ‘(W’U&,d)’ﬂ@" » = @ U gy 1"
e€TN([8,+oo[nsupp())

LEmMA 2.8.13
Letne N, n =2, w € Cp,(U") and ¥ € CZ(R+). Then, for each § > 0,

Nm, (Nﬁpo Y(me) fVI’(me)) <(m_11)n - ,;,,)
¢ T N ¢

+ Nm, (Nﬂpévw(me) + glﬁ’(me)> <<mi1) - n1>
e TN ¢

- (m (20p9(m) + Y/ (my)) + " ,m)ﬁ‘ﬂme))

sup
e€ TN ([8,+0o[nsupp(})))

— 0.
N—+0

Proof of Lemmal2.8.13 We follow the proof of Lemma 5.5.11 of [Gl613].
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1

1) and of
Me=%

Assume ¢ = [E, d, ] € TN([6, +oo[nsupp()). A second order Taylor expansion of

! Y gives:

(mery

o (ot ) ()
e TN ¢
N B, 1 1
+ Nm, <N,BP2 Y(me) + Sy (me)) < - )

(
- (o= 50 (i g -0 (5)
+ Nm, (Nﬁpév¢(me)+§¢’(me)> ( no_., n(n+1) +(9< 1 ))

Nmen+1 2N2 men+2 N3

= (NBGY - P pm) - By () + N D g g pme) + 0 (%) ,

n n+1
m; 2m]

- I (~2apyim) - B (m)) + " Dpyimy v 0 (1)

n+1
[4 Zme

N 24
%

LEMMA 2.8.14
Letne€ N, n =2, w€ Cp,(U") and ¥ € C(R+). Then, for each § > 0,

sup
e€ TN ([8,+oo[nsupp(1)))

Nm, <Nﬂp(1)\] y(me) - gW(me)>

+ N (NﬂpéV y(mo) + fwme))

. (((me fﬁv)n,w e ;V)") ) ((m:>"’N _ "1>)

Proof of Lemma|2.8.14 We follow the proof of Lemma 5.5.12 of [GI513].
Assume ¢ = [E, d, u] € TN([8, +oo[nsupp(1/)). For x = &, we define:

0= 5 R0 = o and ) = () - Al
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Then, we have:

o ) (1))
< ﬁpo lp( ) 2‘//( ) << me L me_%) (me)n,N mgz

N

1 1
+ Nm, (Nﬁpév‘//(me)"w(me << e+]i[)n>_ <(me)"N

- Nm, (NﬁpéV Wm) - Ly <me>> (A (me- ) - (m»)

« Nm, (Nﬁp? y(mo) + fg&’(me)) (o (me+ ) - o 0ma).

Hence, a second order Taylor expansion of f, (me - %) and of fj (me + %) gives:

B, 1 1 1 1
Nme (N’Bpé\]w(me) ) El// (me)) << (me ) (me - 1)”) i ((me)n’N ) mg))

)"
+ Nm, (Nﬁpé\] me)+*¢(me << : 1 ">_
me + ﬁ)
om0 Lo ()

+Nme<Nﬂp§’¢(me)+§¢’(me)> (%ﬁo/( o) + Zszoﬂ( e)+0($))’

= fymyme (NG = p)y(me) + By (mo)) + £ (m)ZBpY + pY)(me) + © (%) :

= f{mme (2aBy(me) + By (m0) + £/ (m) < py(m) + O ().
Moreover, expression (5.235) page 183 of [Gl613] ensures that:

sup fo”(me) — 0.
€TV ([8,+oo[nsupp(y)) N—+eo

And with expression (5.228) page 182 of [GI613]], we can show that, uniformly in x = §:

_ . i _
Yo (n-ie(x) x" ! _ o, onex™_n

: - == = fi(x)
(B a)em) " e

fi(x) = -

since ¢y = 1 (see (5.128) page 172 of [GI513]]). So, this ensures:

sup fo(me) — 0.
e€TN([8,+c0[nsupp(i))) e

Finally, expressions (12.50[), (]2.51[) and (]2.52[) allow to conclude the proof.

(2.50)

(2.51)

(2.52)

\'/

b7
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LEMMA 2.8.15
Letne N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

1 n nN 1
o (Nﬁpw( me) =y me)) > Uy v 22 O (1= y9%)
RETN([5,+00[HSMPP(¢)) x€E (me _ N) o1 )
1 n nN 1
(oo« Lyrnd) T ot 3 0 ()
x€E (me + ﬁ) h=1 (I)

—(L(zaﬂww B/ m0) - L pm) ) U™y | =

N—+o0

Proof of Lemma|2.8.18 We follow the proof of Lemma 5.5.13 of [GI513].
Assume ¢ = [E, d, u] € TN([8, +oo[nsupp(1/)). We have:

. n nN 1 n nN
5 ottt 58 e >>= < LEB s >

1
x€E m, £ ﬁ Lh=1 (L) ﬁ ll 1 () x€E

n nN
@ U.ay 3 Z®(ﬂ)
11 1 (h)

|+

- L
* N
Hence,
(N;BP(J)Vw(me) 7‘# (me) > Z Ed)’ ;nl\] Zn: @ <y,—15x)>
= (me=%)"" 651 @ N
N ﬂ , \ 1 n nN 1
+ (Nﬂpz Y (me) + 51# (me)> XZEI; WU, 4 W ; (% (/1, N5x>>
=1~ (Nﬂlep(me) - ’B‘//(me)> ;
T (me- )
N N , 1 Un 1 n nN
+ < B, Y(me) + 5¢ (me)> W WM Ed N l;%(ﬂ) .

Moreover, we have:

n nN n nN
<“’°U<“>’ Z®(”)> (<”°U<Ed» z®<ﬂ>>‘”<wo%d>ﬁ">)*”<w°%d>,u®n>,

b ) L=1 (4

and,
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So, using the same decomposition as in the proof of Lemma |2.8.11] we have:

Lemma|2.8.16|(which corresponds to Lemma 5.5.14 of [[Gl613]]) ensures the convergence of the term

[ - (s vimo - S vrmo) o - =
¢~ N
N ﬂ / 1 n 1 ¢ e n ®n
+(Nﬁp2 ¢<me>+2w<me>) s |\ Vo Z QW )= ol s
et N 1=1 (h)

to 0.
Lemma [2.8.17|ensures the convergence of the term

O TC R Ie7C 0 | L ——
(Nﬂpo Y(m) ZWmB))((me-;v)" mg)
(mmvena o) (5t )
(4 N ¢

2
to _#ﬂ Y(me) <w° U(r,lg’d)a 'u®n>_
Lemma [2.8.18| ensures the convergence of the term

n <w°U(7115,d)’ H®n>

- (NﬁpéV ¥(m) - fwme))

. <(<me _1§)n,N e g ;V)") ] ((ml)N _ ”ll>>

(e vim + S rmo)
(me + %)n’N (me + ﬁ)n (me)n’N m¢
to 0.

Finally, Lemma [2.8.19|ensures the convergence of the term

, 1
: <N/3péV wm)+ Dy <me>> oo

n <w° U(%,d)’ H®n>

n Ul g 1" )

- (s v - S rmo)

(me)n’N

0 5 (2aB9(m) + B (m0) { U a7 *
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LEMMA 2.8.16 (see [[GI613])
Letne€ N, n =2, w€ Cy(U") and ¥ € C(R+). Then, for each § > 0,

1 n nN
<on(%)d), N Z ®(p)> -n <(,¢)0U'(’é,d)’ﬂ®n>

sup
e€TN([8,+oo[nsupp(y)))

—> 0.
N—+c0

L=1 (L)

LEMMA 2.8.17
Letne€e N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

- (NﬁpéV Y(me) - ﬁwme)) ((ml) i r;)
e TN ¢

(st vim + £ rim) (1),,11> B

(me+ﬁ

sup
e€ TN ([, +oo[nsupp(1)))

Proof of Lemma|2.8.17, We follow the proof of Lemma 5.5.15 of [GI513].

Assume ¢ = [E, d, u] € TN([68, +oo[nsupp(1))). As in the proof of Lemma a first order Taylor

expansion of — 1 and of — < makes it possible to conclude. We have:
(me=x) (me+x)

ﬂ ’ 1 1 ,B , 1 1
NBpy y(me) + =y (m») (ln - ) - (NﬂpéV Y(me) =y <me>> (1,1 - )
< 2 (me+ﬁ) me 2 (me—ﬁ) me
<Nﬂp§¢(me) ' gWW) (_N;Znﬂ +0 (;))

- (st vimo - L) (e 0 () )

n

B + o pim) + 0 ()

T n+l
me
n

By +0 ()

- n+1
m,

%

7 Y
LEmMA 2.8.18
Letne N, n =2, w € Cp,(U") and ¥ € CZ(R+). Then, for each § > 0,

sup
e€ TN ([, +co[nsupp(1)))

- (s vimo - S rmo)

9 (((me _lgj)n,N " (e : ;V)”) ) ((mel)”’N _ "l)>

(Nﬁpé“ y(me) + §¢’<me>>
X ! - ! —( ! —1) — 0
(me+ )™ (mex )" ) Nm™™ - m) J [N
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Proof of Lemma|2.8.18 We follow the proof of Lemma 5.5.16 of [GI513].

Assume ¢ = [E, d,p] € TN([8, +oo[nsupp(y))). The same function f;, is used as in the proof of
Lemma[2.8.14]

We have:

(mtvena= ) (G ) (o)
et N e TN m. e

)
- (NﬁpéV y(m) - fw(me))

() - )-s

"N
(Nﬁpo v~y (m») (5o (me - ) - fotma).

Hence, a first order Taylor expansion of f; (me - %) and of fj (me + %) gives:

SR ()
<ﬁp Vo« g vm <<(me+)"N (me+ )" ) \my™™ m

y
- (B vimo - St <( o _1§)H,N . Ilv)n) (- ,,1))
: <Nﬂp§ Y(m) + fzp’(me)) (5sitmo+0 (7))
- (s v - S urmg) (- oma -0 (1))
= Fmapel + ppm) + 0 ().
= mapiim) + 0 ().
Finally, expression allows to conclude. S

LEMMA 2.8.19
Letne N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

1
(me)™™

sup
e€ TN ([8,+oo[nsupp(1)))

- (o pom) - B ) L (N pom B mg )

~ (2aBy(me) + By (me) —| — o,

me N—+c0

Proof of Lemmal[2.8.19 Assume ¢ = [E, d, u] € TN([8, +eo[nsupp(y))).
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We have:

(s vma - Surmg ) o (Wt vma + Brmg )

(me)n’N
1

(me)"

= e (NB (B = ) m) ¢/ m0)

(2.53)

(
1
= ™ (2aBy(me) + B/ (me)) .
(4
So, to prove this lemma, it suffices to prove:
1 1 0
sup — N .
e€T'N ([8,+00[nsupp(1))) (me)n’N mg | N—+oo
In order to do this, we first prove that the function:
1 1
Jon(x) = fon(x) = fin(x) = (x)ﬁ T

is decreasing for each n € IN, n = 2 and for all x € [, +oo[nsupp(y/) when N € N is large enough to

ensure that § - 2 > 0.

N
We can note that for each n € N, n = 2 and for all x € [, +oo[nsupp(y),
fO,n(x) > 0.
# Forn =2,
foalx) = fua) = fiae) = g = 5 =~
X) = x) = fro(x) = - =—
TN x (x-f)

Hence, we have:

B e e

1 1 2
N (x i (x-%) )fm(x) + i),

_ <2 o1 : >f2,2(x) + Efl,z(x) - Efz,z(x),
f) X X

X-N

2| =
—_
=
|
z|-
~

)fzz(x) - ;fo,z(x) <0.

So, the function f;; is decreasing.

s We assume that:

We can note that: )

fon(x) = mfz,n—l(x) - %

‘N
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Hence, we have:

Jon(®) = ~————5fon-1(x) + (x

1 1 1 n
) < IERCEE e m)fz’”(x" )

1 1 1 1 n
= - - 1 teetl - -7y Jon(x) = —fon(x) < 0.
((X (X‘N)> <x <x‘N)>> R

By induction, the function f; , is decreasing for each n € IN, n = 2 and for all x € [J, +oo[nsupp(y/) when
N € N is large enough. In particular, as m, = §, we have:

1 1

hm sup W - ﬁ
(4 ¢

N—+oo e€TN([8,+oo[nsupp(¥))

O

< m
N—+oc0

\'/

b2

LEmMA 2.8.20
Letne€ N, n =2, w€ C,(U") and ¥ € Cg(R+). Then, for each § > 0,

n,N

(N,Bpé\]gb(me) >y me)) ZE Q)OU(%’d),(ll)M\, Z ® (;1, ;] >>
x€ me -y

1<li<b=n (L,b)

1 N
+<N,BP2 Eb(me)"'* (me>z Ed),m Z ®(;1,N )>

1
x€E ﬁ) 1sh<b=n (I,k)

sup
e€TN([8,+co[nsupp(y))

— 0.
N—+oc0

1
mg+1;8¢(me) Z <0)0rll lon(Ed y >

1<li<b<n

where r;; is defined in (2.45).

Proof of Lemma|2.8.20, We follow the proof of Lemma 5.5.17 of [GI513].
Assume ¢ = [E, d, ] € TV ([8, +oo[nsupp()). We have:

)y w"‘f('é,d)’w )y ®(F"— )>

x€E (m N 1<h<bsn (I,b)

1 12 nN
e on(}g,d),(iﬁ) >, D Rws) y,

1<li<hb=n x€E (I, lz)

ot T T Busy

1sll<lzsn x€E (I,h)
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Hence,
(NﬁpéV wm) - Ly mo) Sty — e 3 ® (/1,—15x)>
x€E (me B ﬁ) " ish<hsn (i) N
n,N 1
<Nﬁpz Y(me) "' Y me)) Z 0)°U(’]15,d 1 TN Z ® (/1, N5x>>
x€E (m + ﬁ 1sh<hsn (h,k)
B 1

) [(Nﬁpévtﬁ(me)— 2¢/(me)) Nmg (m - &)™
¢ e~ N

B 1

2¢/(me)>

+ <Nﬁpﬁv¢(me) +

nN
<on&,@, > N ®<u,6x>>-

nN
) 1<h<b<n x€E (I,k)

Nme (me+ %

Moreover, we have:

<”°U<%,d>’ PIREDY ®(l” >
lsll<l2<n x€E (I,k)

m m °
<<U( > Y @ x>>—<wo%d>, ICD) ®<u,5x>>>
1<h<bsn x€E (I,k) 1<hi<bsn x€E (I,k)

+<on(’]E,d), D Me Z ® 1 x)>

1<ll<lg<n x€E (I,k)

And thanks to Lemma 2.8.21] (which corresponds to Lemma 5.5.18 of [Gl613])), we have:

1
<‘0°U('J§,d), Z N ®(IJ, > <w°U(Ed)’ e (rlllz) >
1<li<b<n x€E (I,b) 1<h<bs<n

Z <C‘)OU(E,d)Orll,12Hu > 4

1<li<b<n

Z <w0rl1,120[](%’d):)u®n>'

1<li<b<n

The last equality being obtained thanks to expression (2.47). We also have:

Hence,

(NﬂpéV Y(my) - /jxp’(me)) — (Nﬂpév Y(me) + gsb'(me))

= | NBpY e_é / e> 1 1 L
( ﬁp() lﬁ(m) Zw(m) ng <<me_§1)n,N m;l
+ (Nﬂpév¢(me)+§¢/(me)) Nine <(m 11)n,N - ni")
Q+N (4

(s vima - Burimg ) s (e ma B

1

Nmg (me + %)n’N

1
Nmer“'l :
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And,

1 1

s Nl ~ Wﬁ‘//(me)

(N:Bpé\]')b(me) - g@bl(me)> ﬁ + (Nﬂpé\]')b(me) + ZEV(me))

[4

Lemma [2.8.22| (which corresponds to Lemma 5.5.19 of [[Gl613]]) ensures convergence of term

[ (6 vimo - §yrtma) e (NBY g+ g )
Nme ——) Nme(me+ﬁ

m n
(ot 5, 25 Buay-(oty T %3 Guoy)
1<h<hk<n x€E (k) 1shi<hsn x€E (L.k)
to 0.

Lemma |2.8.23| ensures convergence of term

B, 1 1 1
Nﬁleﬁ(me) - (me)) ( WN n>
( 0 2 Nme \ (m, - 1) N mp

+(Nﬁp§¢<me>+f¢’<me>) Nfﬂ( = +11)H,N—,;n>] Y {oon o Ug g ™)

) n,N

to 0.

Therefore, all that remains is the term

Bu(me) Y. {wor o Ul g 1" -

n+1
m 1<li<b<n

LEmMA 2.8.21 (see [Gl613]])
Lete = [E,d,y] € MY, n€ N,n=2and I}, , € Nsuchthat 1 < [, < L, < n. Then,

Z ® (1, 6x) "o (711,12)_1,

x€E (h.k)

where 7, is defined in (2.46).

NA

LEMMA 2.8.22 (see [[GI613]])
Letne€ N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,

< DY meZ ®'”’ x>>
1<li<b=<n x€E (I,h)

sup
e€TN([8,+co[nsupp(y))
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LEMMmaA 2.8.23
Letne N, n =2, w € Cp(U") and ¢ € CZ(R.). Then, for each § > 0,
i 1 1 1
sup (Nmﬁ¢0m>—2¢%ma < N o
e€TN([8,+00[nsupp(¥)) Me (me - ﬁ) e
B, ) 1 1 1
+ [ NBpN y(m,) + me) -— — 0.
( ﬂp2 lI//( ?) 2¢( ¢ Nme (me + %)"’N mg’ N—+oo

Proof of Lemma We have:

o) -5
¢~ N

lim sup
N=400 N (5, +o0[nsupp(1))

(4

+ (Nﬁpévl#(me) + gl//(me)> Nlmg <<m +11 )n,N - 1)

1 B .., 1 . 1 1 1

< ﬁ||¢||o<, hrn sup v~ ol Sl les lim = g+
T e TN ([, +00[nsupp(1))) (me - %)’LN me 2 O N+ N (5 - ﬁ)”’N o

1 B ., 1 1 1 1

+/3||¢||m Jim sup — P IV lles fim | —— =g
= N (B eslnsupp(y) | (me + &)™ e IN=we N (54 4)"" 0"

Clearly,

Moreover, we have:

S S U S
N = N
(me— 1) " mg " (N my

and we can show that the function x — (( 11),,,N - xl,,> is decreasing as we have done for the function
XN

X ((x)ln, - i) in the proof of Lemma|2.8.19

So, since m, = 8, we have:

1 1
< Bl¥llors mﬁ(@u;vN‘w>:“

1

Bl lim sup o -
(me= )"

§ N—+eo e€TN([8,+00[nsupp(y))

Finally, we have:

v 1 1 1 . 11
(me+%)n’N me| (me+;,)"’N (me+ﬁ>n (me+%) m?
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As in the proof of Lemma [2.8.19] we have:

1 . .
BllYllo—  lim sup -
G N=+ (s seclosupp() | (me + )" (me+ )"

1
< fllYllo lim
S N—+oo (5+

Z= | =
~
=
P4
|
—
s 53
+ —_
zZ|=
~
El
SN—
Il
o

And for every x € [J, +oo[nsupp(y), we have:

fan(x) = i m

1 1
v
f3’"(x) =n (xn+1 - 1 n+1> <0.
(x+ %)

Therefore, the function x — ﬁ - ﬁ is decreasing and we have:
N

1 1 1
< BlYllos Jim | = - —— | =0.
By 5Ngrgw<5,, (5%)) 0

and

1 1
\* T n

1
ﬁlllﬁllwg lim sup — ]\
(me + N)

N—+09 TN (8 +oo[n5upp(1)) ¢

8.4 - Convergence of the Tree-Valued Process

Now that we have found the limits for the growth generator and for the binding generator, we can

define the limit of the infinitesimal generator of the process TV,

DEFINITION 2.8.24 (Limit of Generator of TV) R

Lete =[E,d,ul€e T,neN,n=2 we€ C;bc(U”) and ¢ € CZ(IR,). The limit of the generator of the
tree-valued process applied to the ¥-polynomial ¥7, g is given by:

gmqj(r}u//(e) = g?rowq’g,w(e) + g(l?inleZ,z//(e),

where Gy, and G, ; are defined respectively in (2.48) and (2.49).
L &

THEOREM 2.8.25 (Convergence of Generator of TV)
LetnelN,n=2, we€ C;bC(U”) and ¢ € CZ(R.). Then, for each § > 0,

N\yn,N 0o\ 1
(AR N

N4

Proof of Theorem This proof is direct by using Proposition and Proposition m %

In Section , we have proved that the family of stopped process (’QC%) Nen s tight. Hence, by
Prokhorov’s theorem, every sequence contains a convergent subsequence. The uniform convergence
stated in Theorem [2.8.25| proves that every such convergent subsequence solves a certain martingale
problem. To summarize what we have obtained in this chapter, we have the following result.
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THEOREM 2.8.26
c
Let R € N*. Assume limsup E [m{;j] < oo and @:&]R eavdid € My(T) where v(IM.y) = 1. Then,

N—+o0
(@Zi\%) Nen 18 relatively compact on Dp[0, +oof and the limit of any convergent subsequence solves the
martingale problem for:
(goo’ SHR’ V) b

where °Hp is the linear span of:

Hy = {¥ €Iy (C}"*,CT) | G*¥ =00onT([0,1/R])}.

Moreover, Theorem 1 of [DG19] (and remarks 3.7, 5.8 and 5.13 suggesting that this theorem and its
proof can be adapted to the non-critical case) ensures that the above martingale problem is well-posed
(i.e. the solution of the martingale problem is unique). Therefore, we can prove that the accumulation
point of (QE,{‘%) Nen 1S unique and consequently prove that our stopped tree-valued branching process
converges in distribution. This theorem also provides properties of the limit, detailed in the following
theorem.

THEOREM 2.8.27
c
Let R € N*. Assume limsup [ [mf)v] < co and '@a]R NV € M(T) where v(IM.) = 1.

N—+o00

Then the stopped process TR converges in distribution in D[0, +co[ as N — +co to T = (T)ier., -
Moreover, the limit has the Feller property (which means that for every continuous and bounded
function ® on T, the function v — E, [® (T7’)] is continuous in the weak topology on M, (T)), the
strong Markov property and almost surely there exists a version with continuous paths.

We can also note that Definition 7.3.1 (and the following comment at the top of page 219) and Propo-
sition 7.4.1 of [GI613] ensures the convergence in law of the scaled number of extremities (XV);cRr, to
a Feller branching diffusion. That is,

PRoPOSITION 2.8.28 (see [Gl613]])
- ~ c
Assume that lim sup [E [Xé\] ] < M < +c0. Assume moreover that vN = Law [Xé\] ] N VE M(R,).

N—+o0 —>+00
Then,

N—+o00

on Dpg_[0, +oo[, where X is a Feller branching diffusion solution to:

dZ[ = 2aﬂtht + ’\'ﬁthBts

and such that, Law [)N((‘)X’ ] = .

9 - Perspectives

This model may seem naive in view of the complexity of actin dynamics, but it is in fact relevant at
least in particular situations. The first thing we can notice is that in this model, the number of available
monomers is not assumed to be bounded (unlike previous models). Therefore, the elongation rate does
not depend on the concentration of free monomers and is assumed to be constant. We made this choice
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because we further assume that our polymer has a large number of extremities (of the order of N) and
short branches (of the order of 1). This type of actin polymers is mainly found in protrusions, which
allow cells to move, and in which the concentration of free monomers is very high.

We can also note that the choice of the offspring distribution was motivated by mathematical con-
siderations. Indeed, by choosing py = % + §» we chose a slightly sub-/super-critical case which is
quite simple to study but had not yet been considered. Moreover, this assumption is consistent with
biological considerations since it allows to give an advantage to one of the accessory proteins over the
other.

This model takes into account the following phenomena:

s# spontaneous elongation of the extremities,
s branching due to the Arp2/3 complexes,

s fragmentation by cofilins.
To this we could add:

s depolymerisation of the main branch, which then only takes place at the root of the tree since
the pointed ends of the secondary branches are attached to an Arp2/3 complex,

s detachment of an Arp2/3 complex, resulting in the loss of a branch,

s effect of capping proteins, which inhibits the elongation of the capped ends.

We have chosen not to take depolymerisation into account because its effect seems negligible com-
pared to fragmentation. Indeed, depolymerisation releases monomers one at a time from a single ex-
tremity whereas fragmentation can take place on all extremities and can result in the release of several
monomers at once. In addition, we are considering here a polymer with a number of extremities of the
order of N, therefore the phenomenon described above is exacerbated.

Detachment of an Arp2/3 complex and fragmentation having the same result — the loss of one
extremity and its branch — we can consider that our current rate of fragmentation is in fact an average
rate of “loss of a branch” taking into account the effect of cofilin as well as the detachment of Arp2/3.

The effect of capping proteins has not been taken into account in this model in order to keep the
dynamics relatively simple. This allowed us to focused on the introduction of a framework, already
known in population genetics but not in the field of molecular biology (to our knowledge) that will
later allow us to model a wide range of interactions between branched polymers and other proteins
present in the cellular cortex. As the effect of capping proteins seems to be very important in the dy-
namics of branched actin polymers, this is the first improvement to be made to this model. To take
capping proteins into account, we would have to define a new process (YN);cr,, defined in the same
way as process (X )R, but which would represent the evolution of the (scaled) number of free ex-
tremities (i.e. uncapped) instead of the total (scaled) number of extremities. As capping proteins inhibit
elongation but not the binding of an Arp2/3 complex or a cofilin, the operators defined for the binding
event will not change. The operator encoding the elongation will also remain the same, however it will
no longer apply to the NXV extremities, but only to the NYY free extremities.

A second relatively simple improvement would be not to choose the branch on which a binding will
take place according to a uniform law. Indeed, Arp2/3 complexes or cofilin can bind to any monomer
in a branch. Thus, the longer a branch is, the greater the probability that a binding event will take place
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on that branch. For example, we could choose the following probability:
t;
NXN )’
ijl i

where ¢; is the length in number of monomer of the i-th branch. The difficulty would then be to
determine the length of each branch from the distance matrix. As the lexicographical process (IN)cr.
keeps the structure of the tree over time, this is still possible by adding the distance between the root
and each extremity to the distance matrix. Indeed, when there are NX" extremities, there are NXN - 1
branching (internal node) and therefore there are 2(N )2{‘] - 1) branches (since our tree is binary). So, we
have 2(NXY - 1) unknowns and the modified distance matrix gives % + NXN > 2(NXN - 1)
equations. We can note that we need to modify the distance matrix (by adding the distance between the

SN (NN _ ~ - -
root and each extremity) because we have w > 2(NXN - 1) only when NXN > 4. If NXN < 4,
then the distance matrix (without modification) does not provide enough equations.

P (binding on the i-th branch) =

A final improvement, difficult this time, would be to take into account the fact that binding can
occur on all branches of the tree and not only on the leaves. Thus, fragmentation (or detachment of
an Arp2/3 complex) could make an entire sub-tree disappear, not just a branch. This could therefore
lead to a severe decrease in the number of extremities. Similarly, a branching event could lead to the
modification of an entire sub-tree. In the regime of many extremities/short branches that we considered,
“internal” binding seems less relevant as the proteins could have to reach the central part of a dense
polymer for such an event to occur. However, it may be an important phenomenon to take into account
in other biological situations where we expect long but less bushy branched polymers.

We now present some ideas to add this last improvement to the model. As we want to keep the
same modelling, we want to continue working with leaves only. So we have to find a way to reach the
internal branches when we only have information about the leaves.

When a binding event occurs, we start by choosing the leaf i that will be impacted. This can be
done by using:

# the uniform distribution (as we did in Section [3.2.2),

s# a probability distribution that depends on the heigh of the leaf (for example, we may choose the
probability:
]

P (binding on the i-th branch) = Ao
ijlt |’(])|

where [)] is the heigh of the leaf i),

s a probability distribution that depends on the distance (in number of monomers) between the
leaf and the root (in that case, the distance between the root to each extremity should be added
to the distance matrix as proposed previously).

We then choose on which branch under the leaf i the binding will take place. As the heigh of leaf i,
noted |i?] corresponds to the number of internal nodes under the leaf i, we choose the branch b €
{0,1,2,-, |l(i)|} using either:

# the uniform distribution,

s a probability distribution that depends on the length of the branches (in the same way as we
proposed in the previous improvement).
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To define the new state of the lexicographic process, we will use a truncation of the element /(. Since
the heigh of leaf UBTS |l(i)|, for any k € {0,1,2, -, |l(i)|}, we can find two elements tg) and t}(l;refix with

|l§(i)| = k, and two elements l;(i) and ‘;ci)suffix with |l;(i)| = k such that:

y () G\ _ (i) (i)
W= (lk,prefix’ b ) =¢ (‘k ”k,suffiX> ’

where c is the concatenation defined in Section We can then define a prefix truncation function
tprefix such that, for each k € {0, 1,2, -, |l(i)|},

i ()
tprefix (l( )’ k) = lkl,prefix’

and a suffix truncation function f,ff;, such that, for each k € {0,1,2,-, |l(i)|},

tsuffix (l(i)’ k) = lgci,)suffix'

If a binding event occurs on the branch b, under the leaf i, the element t,,¢f;x (l(i), b) and all its offspring
will be modified. We group the elements that will be impacted in a space O;; defined by:

Oip = { leaf 1 | 10 tyrefix (l(i), b) = prefix (l(i), b) } .

To describe the evolution of the different processes, we will use the discrete time construction of the
processes presented in Section 3]

For n € N, at the n-th binding of a protein on branch b under leaf i,

s if it is a fragmentation, we assume here that the whole branch (and its offspring) disappears,

therefore we have:
XN = xN, - 20,
N = IV \Oyy,

and columns and rows of the distance matrix that correspond to elements of I, n O;; are
removed.

s# If it is a branching, we assume here that the binding occurs on the first monomer of the branch
and create a new branch on the right. Therefore, we have:

XY =X+ 1,
InN = Irllv_l\ai,b u {C (tprefix (l(i): b) P 2)} u O/i,bs
where:

Oy = {l |3/ € InN,l nO;psuchthat:=c (c (tp,efix (l(i), b) , 1) s Lsuffix (l’, |l(i)| - b)) } .

The pseudo-distance matrix can be updated since we can deduce the structure of the tree from
the leaf indices (or at least an equivalent class) and we can find the length of each branch of the
tree.

ExamPLE 2.9.1
Let’s see an example. We use Examples and
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If the branched actin polymer is as follows:

o 0® @ =< 2,1,1> 1) =< 2,1,2>
. o 0°
0...0..... - [(1) =<1> .:.l.. TEaa>
e %0g0°
[ ] [
[ ] [ ]

[ ]
there are X = 4 extremities, the set of extremities is:

I={<1><211><21,2><2,2>}= {l(l),l(z),l(3), 1(4)},
and the pseudo-distance matrix with the distance between the root and each extremity is given by:

0 6 13 14 11
6 0 12 13 10
D=(13 12 0 4 9
14 13 4 0 10
11 10 9 10 0

If we choose i = 3, then the binding event will occurs on leaf ) =<21,2>.

1| = 3, so there are 3 internal nodes (and so 4 branches) under (). If we choose b = 1, the binding

will occurs on the first branch under /%, in other words, just after the node torefix (1(3), b+ 1) =<2 >,
The elements that will be impacted are therefore:

0Os, = { leaf ¢ | 10 tprefin(< 2,1,2 >,1) = tprefin(< 2,1,2 >,1) =< 2,1 >} ={<2,1,1><2,1,2 >}.
# If a fragmentation occurs, we have:

@ —c21,1-=<212>

oe® ) =<2,2>
o @
o (4 _ W =< 1> g0°
SV IS .%.l.. <2.2> - ®oq0® *
®oq0® °
e .
°

After this fragmentation, there are X = X - #I n O3; = 4 - 2 = 2 extremities, indexed by
7’ =1\O;; = {< 1 >,< 2,2 >} and the pseudo-distance matrix becomes:

0 6 13 14 1

6 0 12 13 10

0 6 11
D=|[13 12 0 4 9 — D = 0 10
14 13 4 0 10 11 10 0

1 10 9 10 0

s# If a branching occurs, we have:

@ —cp 1110 =<212>

. ¥ =<2,1,1,2>
*° @ =<2,1,1,138 “
4) _ ®eoq0 I =< 2,1,2
W ocqs XM =<22> — W=<1> Neee 77
o, o0° %, 0°
00 ® 1(5) =< 22>
(] [ ] 5
(]
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After this event, there are X’ = X + 1 = 5 extremities, indexed by:
I/ = 1\03,1 U {C (tprefix (< 25 13 2 >, 1) H 2) } u (9/3,1
with:

< 1\03’1 = {< 1 >, < 2,2 >},
# ¢ (tprefin (< 2,1,2>,1),2) = (< 2,1 >,2) =< 2,1,2 >,
&
O3, = {l |3/ € TnOs;suchthat:=c (c (tprefix (<2,1,2 >, 1),1) s Lsuffix (1’, 2))}
={<21,1,1><21,1,2>}.

The pseudo-distance matrix becomes:

0 6 13 14 9 11
6 0 12 13 8 10
13 12 0 4 5 9
D= .
14 13 4 0 6 10
9 8 5 6 0 5
11 10 9 10 5 O
L L]

10 - Simulations

In this section, we present some simulations in order to visualise the evolution of a tree defined
by the model described in this chapter. We also consider the modifications presented in Section[9] (on
perspectives), one by one, in order to determine which ones have a significant impact and should be
considered first. These few simulations also allow us to check that our assumptions are appropriate.

For each simulation, we start with a simple initial tree chosen arbitrarily and represented in Fig-
ure In addition to the tree representation (graph on the left), we plot the height function associated
with the initial tree (graph in the middle) and the length (in number of monomers) of each branch
(graph on the right).

As the number of events that occur in a time interval is random and can vary significantly, we will
observe each simulation after 1000 events. For each set of parameter values, we ran the simulation about
ten times and chose the one that seemed to corresponds to an average behaviour. In the following, only
one behaviour is presented, but it should be noted that, depending on the parameter values, the results
are more or less variable.

10.1 - Influence of the Parameters

Firstly, we want to observe the influence of the parameters on the polymer and more precisely
on its topology, on the number of monomers included in the polymer and on the number of Arp2/3
complex attached to the polymer. We recall that there are three parameters in the model developed in
this chapter:
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Tree repr i Depth Length in ber of monomers
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FIGURE 2.2 Initial tree, chosen arbitrarily. Left: representation of the tree as a graph. Middle: height
function associated to the tree. Right: length in number of monomers of each branch (the branch i
corresponds to the branch that connects node i to its parent).

# A*: rate of spontaneous elongation
s f: binding rate of accessory proteins (which leads to branching or fragmentation)

# a: advantage for one of the accessory proteins, if a > 0 (resp. a < 0) branching (resp. fragmenta-
tions) have an advantage.

Figure [2.3| presents a case where elongation and binding of proteins take place at the same rate.
Since a = 0, when a protein binding occurs, there is as much chance for it to be a branching as to be a
fragmentation.

This figure (and the following ones) is divided into six graphs. On the top three graphs we plot
the representation of the tree as a graph, the height function associated with the tree and the length in
number of monomers of each branch. These three graphs provide an idea of the topology of the tree.
On the bottom three graphs, we plot the evolution of the number of monomers included in the polymer,
the evolution of the number of internal nodes, which corresponds to the number of Arp2/3 complexes
attached to the polymer and the evolution of the rescaled number of extremities, which corresponds to
the evolution of the rescaled process XN. These three graphs provide information on the dynamics of
actin and accessory proteins.

After 1000 events, we observe that the tree has about 350 monomers and 250 nodes. The majority of
the branches have a length between 0 and 1; the rest are between 2 and 4. The majority of the extremities
appear to be at depth 10. This case is defined as the base case for this section. In the following, we will
note within parentheses the variations between this base case and the observed case.

In Figure[2.4] we choose a = 100, which means that the branching has an advantage (the probability
of branching is then 0.7). We choose a large enough value for a to observe a significant change after a
time of the order of 107%. If we choose a = 1, we will have to wait a time of the order of 1072 to observe
a similar variation. After 1000 events the tree has about 400 (+50 compared to base case) monomers
and 300 (+50) nodes. Elongation also has an advantage in this case as there are more extremities.
The distribution of branch lengths is similar to the previous case. However, the average depth of the
extremities is slightly higher.

In Figure we now choose a = —100, which means that the fragmentation has an advantage
(the probability of fragmentation is then 0.7). After 1000 events the tree has about 300 (-50) monomers
and 200 (-50) nodes. Thus, we find the same variation as in the previous case where branching had
an advantage. It can also be noted that it took longer to achieve this result. As fragmentation limits
the number of extremities, events become less frequent and it takes longer for the advantage given to
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FiGUrE 2.3 Evolution of the polymer with N = 1000, A* = 10, f = 10 and a = 0. Observation after
1000 events, corresponding to t = 7.28 x 107*. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of XV the rescaled number of leaves.
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FiGure 2.4 Evolution of the polymer with N = 1000, A* = 10, § = 10 and a = 100. Observation
after 1000 events, corresponding to ¢t = 6.02 x 10™%. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of XN the rescaled number of leaves.
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fragmentation to become significant. The majority of branches still have a length between 0 and 1 but
longer branches (with a length between 3 and 7) appear. Fragmentation therefore limits the amount of
actin polymerised but allows the appearance of longer branches by limiting branching.
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FiGUre 2.5 Evolution of the polymer with N = 1000, A* = 10, # = 10 and a = -100. Observation
after 1000 events, corresponding to ¢t = 8.98 x 10™%. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of XN the rescaled number of leaves.

In Figure[2.6] elongation is favoured (x2). After 1000 events, the tree has about 500 (x1.4) monomers
and 150 (x0.6) nodes. The fact that there are fewer nodes here is related to the fact that we are looking
at a fixed number of events. If we look at this case at time t ~ 7.28 x 10™* as in Figure we observe
that there is twice as much polymerised actin and the same number of branches. The branches are
therefore on average twice as long. Elongation does not influence the topology of the tree.

10.2 - Effect of Capping Proteins

We now consider the first improvement proposed in Section [9 which is the inclusion of capping
proteins. A capping protein binds to a free extremity of the tree at a constant rate ®c,, and blocks
elongation (branching and fragmentation remain possible).

Figure [2.7) presents a case where elongation and capping take place at the same rate. After 1000
events, the tree has about 200 (-150) monomers and 250 (=) nodes. Although the tree appears less
bushy, the height function (and average depth) remains similar. This is due to the fact that many of the
capped branches have a zero length. Regarding the distribution of branch lengths, it can be seen that
the large majority of branches have a zero length. We can also note that when capping takes place at
the same rate as elongation, about half of the extremities are capped.

Our first idea to limit the number of zero-length branches was to forbid the binding of a capping
protein to a zero-length branch. This seems biologically relevant since these proteins bind to actin and
not to Arp2/3 complexes. We can see in Figure[2.§|that the tree obtained with this constraint appears a
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FIGURE 2.6 Evolution of the polymer with N = 1000, A* = 20, f = 10 and a = 0. Observation after
1000 events, corresponding to t = 6.33 x 107*. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of XV the rescaled number of leaves.
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FIGURE 2.7 Evolution of the polymer with N = 1000, A" = 10, § = 10, a = 0 and ®¢cq = 10.
Observation after 1000 events, corresponding to t = 6.39 x 10~*. Top left: representation of the tree as a
graph. Top middle: height function associated with the tree. Top right: length in number of monomers
of each branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom
middle: evolution of the number of internal nodes. Bottom right: evolution of XV the rescaled number
of leaves and evolution of free ends (not capped).
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little more bushy than in Figure|2.7|and that there are fewer internal branches of zero length, however
the tree is still not homogeneous. This must be due to the fact that branching can occur on a zero length
extremity. In this case, about one third of the extremities are capped.
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FIGURE 2.8 Evolution of the polymer with N = 1000, A" = 10, = 10, a = 0 and ®¢,p = 10 forbidding
the capping of branches of zero length. Observation after 1000 events, corresponding to t = 7.27 x 1074,
Top left: representation of the tree as a graph. Top middle: height function associated with the tree.
Top right: length in number of monomers of each branch. Bottom left: evolution of the number of
monomers included in the polymer. Bottom middle: evolution of the number of internal nodes. Bottom
right: evolution of XN the rescaled number of leaves and evolution of free ends (not capped).

As this first idea did not allow us to obtain a dense tree, we tried to limit the capping by choosing
a rate lower than the elongation rate (while keeping the rate large enough for the capping to have a
significant effect). We can see in Figure 2.9 that by dividing the capping rate by half, we obtain a tree
that seems more bushy than in Figure[2.7] more homogeneous than in Figure[2.8] and whose distribution
of branch lengths is similar to the base case. In this case, about one third of the extremities are capped.

10.3 - Non-uniform Choice of Branches

This time, the capping proteins are no longer taken into account, but the model is slightly modified
so that the choice of branch during branching or fragmentation is no longer uniform but depends on
the branch length. The longer the branch of an extremity, the more likely it is that a protein will bind to
it. It can also be noted that this non-uniform choice makes branching or fragmenting of a zero length
branch impossible unless all branches are of length zero.

In Figure using the same parameter values as in the base case, we obtain after 1000 events a
tree that has about 300 (-50) monomers and 250 (=) nodes. It can be seen that the non-uniform choice
limits the amount of polymerised actin by favouring the fragmentation of long branches (which implies
a greater loss of monomers). It also results in a fairly dense and uniform tree: almost all the non-zero
length branches are of length 1. The average depth seems similar.
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FIGURE 2.9 Evolution of the polymer with N = 1000, A* = 10, # = 10, a = 0 and ®¢,, = 5. Observation
after 1000 events, corresponding to t = 7.71 x 10~%. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of XN the rescaled number of leaves
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FIGURE 2.10 Evolution of the polymer with N = 1000, A* = 10, # = 10, a = 0 and ®¢,, = 0 with non-
uniform choice of branches. Observation after 1000 events, corresponding to t = 6.74 x 10~%. Top left:
representation of the tree as a graph. Top middle: height function associated with the tree. Top right:
length in number of monomers of each branch. Bottom left: evolution of the number of monomers
included in the polymer. Bottom middle: evolution of the number of internal nodes. Bottom right:
evolution of XV the rescaled number of leaves and evolution of free ends (not capped).
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10.4 - Branching and Fragmentation Allowed on Internal Branches

Finally, we consider the last case proposed in Section[9| where branching and fragmentation do not
only take place at the extremities but are possible on all branches of the tree. We keep the choice of
branch that depends on the length of the branches, we then choose the monomer on which the binding
will take place uniformly at random among the monomers of the chosen branch. Capping proteins are
not taken into account in this case.

We can see in Figure[2.11]that using again the same parameter values as in the base case, we obtain
after 100 events a tree with only about 10 monomers and about 5 nodes. The branches are mainly of
length 1 and the tree is straggly. As fragmentation can occur anywhere in the tree, the number of actin
monomers and the number of branches fluctuate a lot. We have seen with the previous case that the
non-uniform choice of branch leads to a uniformity of branch length. After some time, all the branches
of non-zero length are then of size 1 and the choice of branch is still uniform: there is therefore as much
chance to choose a branch close to an extremity (and therefore of losing few monomers) as to choose
a branch close to the root (and therefore lose almost the entire tree). In order for this improvement to
obtain a tree of reasonable length and to be biologically relevant, branching must therefore be favoured.
The values in the literature (see Table suggest that the branching rate is about 10* times greater
than the fragmentation rate, so we choose a value for a that is large enough to reach this order of
magnitude.
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FIGURE 2.11 Evolution of the polymer with N = 1000, A* = 10, 8 = 10, a = 0 and ®¢,p = 0 with
branching and fragmentations allowed on internal branches. Observation after 1000 events, corre-
sponding to ¢ = 1.15 x 1072, Top left: representation of the tree as a graph. Top middle: height function
associated with the tree. Top right: length in number of monomers of each branch. Bottom left: evo-
lution of the number of monomers included in the polymer. Bottom middle: evolution of the number

of internal nodes. Bottom right: evolution of XN the rescaled number of leaves and evolution of free
ends (not capped).

By choosing a = 499, which corresponds to a probability of branching equal to 0.999, we obtain in
Figure a very dense polymer. After 1000 events, the tree has 600 (+250) monomers and 400 (+150)
nodes. The large majority of the branches are of length 1.
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FIGURE 2.12 Evolution of the polymer with N = 1000, A* = 10, § = 10, a = 499 and ®¢,y = 0
with branching and fragmentations allowed on internal branches. Observation after 1000 events, cor-
responding to ¢ = 4.98x107%. Top left: representation of the tree as a graph. Top middle: height function
associated with the tree. Top right: length in number of monomers of each branch. Bottom left: evo-
lution of the number of monomers included in the polymer. Bottom middle: evolution of the number
of internal nodes. Bottom right: evolution of XN the rescaled number of leaves and evolution of free
ends (not capped).

10.5 - Conclusion

The model proposed in this chapter seems to produce satisfactory trees: dense with relatively short
branches. The amount of polymerised actin can be regulated by the rate of elongation, but this also
affects the length of the branches. In order to better limit polymerisation, the capping proteins must be
taken into account. The non-uniform choice of branches allows for a more uniform branch length. To
obtain a truly homogeneous tree, with as many branches at the root as close to the leaves, it is necessary
to take the branching on the whole tree into account. In addition, the inclusion of capping proteins and
non-uniform branching throughout the tree significantly modifies the amount of polymerised actin and
the number of branches; so it is important to take these into account too.
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1 - Overview

This chapter proposes a numerical exploration of the models of Chapter[[| In Section [2] we present
a qualitative study of the different behaviours that can be encountered when observing a single actin
polymer. This allows us to learn a lot about the role of the different proteins involved. In Section
we take up the cases encountered in the previous section, but this time considering a population of
polymers, and we observe the differences. This allows us to identify the effects of competition between
polymers for free monomers.

Section[4]is devoted to a new model, corresponding to an adaptation of the model for a population
of polymers of Chapter [[] and taking into account all the accessory proteins introduced in this work.
This later model, which is more complex, is studied only through simulations and aims to understand
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the interactions between linear and branched polymers. A qualitative study, left for future work, would
also allow us to determine which parameters are robust and what is the influence of each parameter on
our variables of interest such as: the average length of polymers, the distribution of polymer lengths,
the amount of polymerised actin, the amount of branched polymers, the average number of branches
per polymer or the average number of free extremities per polymer.

2 - Model for a Single Linear Actin Polymer

In this section, we present the numerical exploration that led to the results of Section [5.1| of Chap-
ter [l These additional simulations allow us to present the different behaviours of the process but also
to better understand the role of formins and profilin.

2.1 - Behaviour without Accessory Proteins

When there is no accessory protein (i.e. ®p = 0, &5 = 0 and & = 0) the system is very simple since
the only possible events are spontaneous elongation and depolymerisation. Using Theorem [1.2.1] we
find the fluid limit and the equilibrium state given by:

i_ 1 —)L_ 0 if t) = +o0
pa— =
A+’ A’+’ 3 1 0 bl

(1,0,0), otherwise.

In this case, we can note thatif A~ = A*, then 1 - ﬁ— < 0 and therefore #; < +o0. As we want to obtain
a non-zero polymer length at equilibrium, we only consider the supercritical case (i.e. A" > A7).

Figure|3.1|displays the evolution of the length of a single actin polymer in two supercritical cases.
In addition to the convergence of the polymer length to 1 - jll— we can observe that the closer A" - A~
is to 0, the greater the oscillations around the fluid limit, and therefore the more the system is subject

to stochasticity.

In the following, we have chosen A" = 10 and A~ = 2 in order to get the simulations close to the
fluid limit. However, it can be highlighted that if we want a result closer to biological results, about
30% of actin monomers should be in a polymerised form (filaments or complexes) in the limit and for
that, we should choose A* = 10 and A~ = 7.

2.2 - Effect of Profilin

In order to observe the effect of the profilin, we now choose ®p > 0. Two cases can be distinguished
here:

1. The polymer is simple (i.e. without formin), the system therefore remains in normal mode.

2. The polymer is associated with a formin, the system therefore remains in fast mode.
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FIGURE 3.1 Evolution of the length of the polymer with N = 1000, A" = 10, Az = 0, ®p = 0, & = 0
and ®; = 0 for two values of A™. Initially, there are a (unique) polymer of length 334, 333 free monomers

and 333 G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system
for N = 1000 and the fluid limit given in Theorem(i.e. N times [;(t)).

2.2.1 - Normal mode

In presence of profilin, if the system remains in the normal mode, there is only one possible end: the
disappearance of the polymer. Indeed, when the polymer is simple, it does not consume G-actin/profilin
complex. The profilin therefore sequesters the free monomers and the polymer does not have enough
resources to survive. This behaviour is depicted in Figure This result is proved in Section [5.1]in
Chapter [l It can be noted that the larger ®p is, the faster the disappearance. In the left-hand graph of
Figure the rupture corresponds to the time f, at which the polymer “size” cancels. It can also be
noted that despite the depolymerisation (decreasing polymer length in the middle graph), the number
of free monomers does not increase since the creation of G-actin/profilin complexes is too fast.
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FiGure 3.2 Evolution of the system described by the model for a single actin polymer with N = 1000,
AT =10, A7 = 2, A = 0, ®p = 10, &y = 0 and ®; = 0. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/profilin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000 and the fluid limit given in Theorem (i.e. N times [;(2)).
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2.2.2 - Fast mode

If the system remains in fast mode, there are this time two possible outcomes:

s If the creation of complex is too slow, there is not enough resource and the polymer disappears
in the same way as the previous case. We have found in Chapter [[|a sufficient condition for this
case (given by ®p < A7). This case is shown in Figure[3.3a]

s On the other hand, as soon as ®p is large enough, the polymer length reaches a non-zero equi-
librium similar to the case without protein. This case is shown in Figure
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FIGURE 3.3 Evolution of the length of the polymer with N = 1000, A* = 0, 1™ = 2, Az = 10, ®; = 0 and
@ = 0 for two values of ®p. Initially, there are a (unique) polymer of length 334, 333 free monomers
and 333 G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system

for N = 1000 and the fluid limit given in Theorem (i.e. N times [;(t)).

2.3 - Effect of the Switching Mode

When the system switches modes, five behaviours can be observed.

s# If @p is small enough (i.e. satisfies condition (1.56)), an equilibrium is obtained where the length
of the polymer at equilibrium is greater than if the system remains in the fast mode. This corre-
sponds to the case presented in Chapter ]| However, we can distinguish two behaviours.

+« If ®p > A~. We have just seen in Section that, in this case, if the system remains in
the fast mode then the polymer length reaches a non-zero equilibrium. As condition
ensures that the length at equilibrium with mode switching is greater than the length at
equilibrium if the system remains in fast mode, the length of polymer necessarily reaches
a non-zero equilibrium. This behaviour is depicted in Figure

+ If ®p < A7. We have seen in Section that if the system remains in the fast mode then
the length of the polymer goes to 0. When the system can switch between the two modes,
we can distinguish two cases.

« If A* — A~ is large enough, the length of the polymer with mode switching reaches a
non-zero equilibrium. The effect of the switching mode described in Chapter [[is then
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more apparent since the length of the polymer at equilibrium is non-zero (and quite
large) while the length at equilibrium is zero if the system remains in fast mode. This
case is illustrated in Figure
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FiGure 3.4 Evolution of the system described by the model for a single actin polymer with N = 1000,
A" =10, A7 = 2, Af =10, Pp = 1, &y = 1 and ®; = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/profilin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem|[L.2.1|(i.e. N times /i(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.

« If A* is small, we can observe in Figure (3.5 that the mode switching does not allow
to compensate the depolymerisation and the polymer length goes to 0. By increasing
Ar significantly, Figure shows that this behaviour occurs for a slightly lower ®p.
Therefore, we can conclude that A; has a small impact in this case.
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FIGURE 3.5 Evolution of the length of the polymer with N = 1000, A* =3, 1" = 2,z = 1 and &, = 1
for two values of (A;,®p). Initially, there are a (unique) polymer of length 334, 333 free monomers and
333 G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem (i.e. N times [;(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.

s If @p is large, the profilin sequesters free monomers and we can observe two behaviours.
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+ If Az-A" is large enough, elongation induced by formins is fast enough to use G-actin/profilin
complexes produced and an intermediate state is obtained. Indeed, the equilibrium length
with mode switching is between the equilibrium length when the system stays in fast mode
and the equilibrium length when the system stays in normal mode (which is always zero).
This case is illustrated in Figure
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F1GURE 3.6 Evolution of the system described by the model for a single actin polymer with N = 1000,
AT =10, A7 = 2, A = 10, ®p = 100, ®; = 1 and & = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/profilin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem[1.2.1|(i.e. N times /i(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.

+ If A; is small, G-actin/profilin complexes are not used fast enough and profilin sequesters
too many free monomers, therefore the polymer length at equilibrium is zero. This be-
haviour is depicted in Figure As when ®p is large there are very few free monomers,
increasing spontaneous elongation (i.e. A7) does not allow a better use of the different pools
of monomers.
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FIGURE 3.7 Evolution of the length of the polymer with N = 1000, A* = 10, A” = 2, Ay = 3, ®p = 100,
®;. = 1 and ®; = 1. Initially, there are a (unique) polymer of length 334, 333 free monomers and 333
G-actin/profilin complexes. On this graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem (i.e. N times [;(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.
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2.4 - Conclusion

This section has allowed us to determine the different effects of mode switching and to identify the
role of each parameter. In particular, it can be noted that in order to obtain a non-zero polymer length at
equilibrium, the elongation rates A* and A must be sufficiently large compared to the depolymerisation
rate A”. The rate of creation of complexes ®p determines whether the mode switching will lead to a
better use of the different pools of monomers. This parameter can therefore be used to adjust the
amount of actin polymerised at equilibrium. Finally, parameters ®; and @ influence the behaviour in
an intuitive way. As shown in Figure when @ > @y (resp. & < @), the behaviour with mode
switching is more similar to the behaviour when the system remains in the fast (resp. normal) mode.
It can also be noted that the slower the formin exchange, the more stochastic the system is.
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FIGURE 3.8 Evolution of the length of the polymer with N = 1000, A" = 10, A = 2, A; = 10, ®p = 100
for two values of (@}, ®). Initially, there are a (unique) polymer of length 334, 333 free monomers and
333 G-actin/profilin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the fluid limit given in Theorem (i.e. N times [;(t)), the fluid limit one would obtain by
assuming that the system stays in normal mode and the fluid limit one would obtain by assuming that
the system remains in fast mode all the time.

3 - Model for a Population of Linear Actin Polymers

In this section, we aim to understand the impact of the competition between polymers for monomers
on actin dynamics. For this purpose, we have taken up and compared all the cases from the previous
section (Section [2). However, we will only present the differences with the case of a single polymer.
We can already note that when there is no accessory protein, the large population limit has the same
behaviour and the same limit as the fluid limit because the competition between polymers impacts
elongation and depolymerisation in the same way.

3.1 - Effect of Profilin

As in the previous section, two cases can be distinguished:

1. All polymers in the population are simple (i.e. without formin), which corresponds for the pre-
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vious model to remain in the normal mode.

2. All polymers in the population are associated with a formin, which corresponds for the previous
model to remain in the fast mode.

When all the polymers are simple, we find the same behaviour as before: all the polymers in the
population finally disappear because the profilin sequesters the monomers.

When all polymers are associated to a formin, there are always two possible issues, but the case
analogous to that presented in Figure seems, in the case of a population, biologically not very
relevant. Indeed, to ensure that the amount of polymerised actin tends to 0, ®p must be very small. The
sufficient condition ®p < A~ is written in the case of a population: ®p = A™f,, where f,, represents the
limiting amount of “real” polymers (defined in Chapter[[| page[66). As f. is very small, this condition is
only respected for ®p which is very small compared to A~, and this does not correspond to biological
values (see Table [3.2).

More intuitively, competition between polymers for monomers (represented here by f,) primarily
impacts elongation. Competition for monomers makes elongation difficult and thus leads to the dis-
appearance of polymers. There is therefore a reduction in the number of ends that can depolymerise.
Depolymerisation is therefore also affected by this competition. As for profilin, it is not slowed down
by the competition since it only interacts with the free monomers, so we are still in a case similar to
the one presented in Figure
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F1GURE 3.9 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, A* = 0, A" = 2, Az = 10, ®p = 100, &5 = 0 and ®; = 0, starting with 33,4% of
free monomers, 33, 3% of G-actin/profilin complexes and 33, 3% of monomers included within polymers
(associated with a formin) of length 30. Left: evolution of the proportion of free monomers. Middle:
evolution of the proportion of monomers included in a polymer. Right: evolution of the proportion
of G-actin/profilin complexes. On each graph, we plot a single rescaled realisation of the stochastic
system for N = 1000, the large population limit given in Theorem and the fluid limit given in

Theorem

Figure 3.9 therefore presents the only relevant case when all polymers are associated with a formin.
This case is analogous to the one presented in Figure It would therefore seem that, in a population
of actin polymers associated to a formin, the amount of polymerised actin always tends to a non-zero
equilibrium. Moreover, we can also note that the amount of actin polymerised at equilibrium in the
fast mode is greater in the population than for a single polymer.

This can be easily proven by using results from Chapter|[] By fitting equation to the case where
the system remains in the fast mode, we know that the length of the polymer at equilibrium is:
A A

T 1- —-—,
o A

single, fast —
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Using the assumption F(t) . fe introduced on page 66| and system (1.58), we obtain the amount
—>+00

of actin polymerised at equilibrium given by:

o Mo A7
Cpop, fast =1~ T
’ Op AF
We therefore want to show that:
o o AT A
fsingle, fast = Ypop, fast < 1- ap - T; <1-

which is obvious since f, € [0, 1].

3.2 - Effect of the Switching Mode

As explain in Chapter [ the condition ensures that for small values of ®p, we can find cases
where the mode switching improves the use of the different pools of monomers. However, such small
values for ®p seem to have limited biological relevance. We therefore consider that, in the case of a
population of linear polymers, there is always more actin polymerised if all the polymers are associated
with a formin and so switching modes does not improve the use of the different pools of monomers.

We consider the five behaviours depicted in Section

e

Figure [1.5]showing the analogous case to Figure[1.3]is discussed in Chapter[| We can add that in
this case, the equilibrium of the fluid limit is significantly lower than the equilibrium of the large
population limit. This result can be proven in a similar way as in the previous section. Using
equation (1.7), we know that the length of the polymer at equilibrium is:

AT A ®p

£ =1- -
v (0)AY + @p (A (0)AT + q)p)ﬂ'M(l)A;

single

Using once again the assumption F®(t) o fe and system (1.58), we obtain the amount of actin
—>+00

polymerised at equilibrium, given by:

72 = A_foo _ A_fooq)P
pep M)A fo + @p (T (0)A* foo + Pp) (1) A} foo
We have:
fsol?ngle = [pop
Pe A-®p 1 1 fuup
T O+ (O + S (DA i (OA o+ p - (002 foo + @) ar(D AR
a(1)Ap + @p . (1) ARfeo + Pp
ap(0)AT + @p  mp(0)A* foo + Pp
= (DA + mn(0)A" foo = mn(0)A" + mar(1)Axfoo
= my(DAr = mp(0)A" = (mp(1D)AF — ma(0)A) feo

which is obvious since fi € [0, 1].

s As explained earlier, the cases presented in Figure [3.4/and Figure [3.5|are considered irrelevant for

a population of polymers.
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s Figure presents the analogous case to Figure We notice this time that if ®p and Ay are
sufficiently large, the equilibrium of the fluid limit and the equilibrium of the large population
limit are close. Competition between polymers therefore seems to have a minor impact on the
“intermediate” cases. This can be explained on the one hand by the fact that when ®p is large,
there are always enough complexes available, so the amount of actin polymerised is limited by the
rate of polymerisation with formin. On the other hand, only a part of the polymer population is
associated with a formin, so there are fewer polymers competing for a large amount of complexes.
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FiGURE 3.10 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, A" = 10, A~ = 2, Az = 10, p = 100, ®; = 1 and ;. = 1, starting with 33,4% of
free monomers, 33, 3% of G-actin/profilin complexes and 33, 3% of monomers included within polymers
of length 30. Left: evolution of the proportion of free monomers. Middle: evolution of the proportion
of monomers included in a polymer. Right: evolution of the proportion of G-actin/profilin complexes.
On each graph, we plot a single rescaled realisation of the stochastic system for N = 1000, the large
population limit given in Theorem [1.2.2} the large population limit one would obtain by assuming that
the system remains in normal mode, the large population limit one would obtain by assuming that the
system remains in fast mode and the fluid limit given in Theorem|1.2.1}

# If Ap = A7 > 0 is small enough, we find the same behaviour as in Figure

3.3 - Conclusion

From this section we can conclude that competition between polymers for monomers affects poly-
merisation and depolymerisation in the same way but does not affect the creation of complexes. Com-
plex creation is therefore always faster than other events and there are always enough complexes avail-
able not to slow down the polymerisation with a formin. Consequently, in a population of actin poly-
mers, the more formins there are, the more actin is polymerised. In a population, ®p can no longer limit
the amount of actin polymerised, and this regulation is therefore ensured by the difference in speed be-
tween elongation and depolymerisation and/or by another accessory protein (causing fragmentations
for example).

4 - Model Considering all Accessory Proteins

In this section, we present a model for a population of actin polymers which takes into account spon-
taneous elongation and depolymerisation, nucleation, formins and profilin, capping proteins, fragmen-
tation and branched polymers. To obtain this new model, we added nucleation, capping, fragmentation
and branching to the model of Chapter[l] After introducing the model, we relate our parameters to the
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measured biological quantities. Using these values, we present a random realisation in order to show
some possibilities offered by the implementation. We finish by introducing some perspectives.

4.1 - Biological Phenomena Considered and Assumptions

Profilin and Formins - Fast elongation. Profilin is a protein that binds to a free actin monomer
to create G-actin/profilin complexes. These complexes can not be use to elongate simple polymers but
are the resource for the elongation with a formin. A profilin does not release the G-actin until this
monomer is polymerised.

A formin can be attached to the plus end of a polymer. Formins can accelerate elongation by work-
ing conjointly with profilin. Indeed, when a polymer elongates with a formin, the elongation does not
consume a free actin monomer but a G-actin/profilin complex. A polymer associated with a formin
can not be branched and since the plus end is bound, a polymer associated with a formin can not be
capped. The formin associated with a polymer can be released. In this case, the polymer returns to
being a simple polymer.

Arp2/3 complexes - Branching. The Arp2/3 protein complex can bind to each actin monomer
of an actin polymer (as long as there is no Arp2/3 on that monomer, we do not consider steric effects or
geometric restrictions for branching). After this binding, a secondary actin polymer (called secondary
branch) grows on the polymer (called primary branch) and the polymer is branched. The presence of
Arp2/3 on the polymer has no impact on the elongation-depolymerisation dynamics of the primary
branch of the polymer. To simplify the model, we assume that the elongation rate is the same for the
primary and secondary branches. Furthermore, each secondary branch can be capped but can not de-
polymerise. An Arp2/3 can be released in two ways. Firstly, an Arp2/3 protein can release the polymer
spontaneously. Secondly, a monomer of the primary branch associated with an Arp2/3 can be depoly-
merised. In both cases, a split occurs and the branched polymer is split into two. A branched polymer
can not be bound with a formin.

Cofilin - Fragmentation. As Arp2/3, cofilin can bind to each actin monomer of an actin polymer
(as long as that monomer is not already bound to a protein). Cofilin binds mainly to ADP monomers
of the polymer. When a sufficient amount of cofilin is bound to the polymer, the mechanical properties
of the ADP part and of the ATP part are different and fragmentation takes place at the boundary of
these parts. The ADP part is then completely depolymerised while the ATP part remains and can elon-
gate again. We will assume that if fragmentation occurs for a simple filament or a filament associated
with a formin, a random proportion of the length remains; if the filament is capped, the majority of its
monomers are ADP (as it can no longer elongate) and it is assumed that the polymer will depolymerise
entirely when fragmentation occurs. Finally, if a branched filament fragments, it loses all of its capped
branches and only a randomly selected portion remains. As mentioned in [BBPSP14] and Figure |11} if
there is a very large amount of cofilin on the filament, it becomes flexible and fragmentation does not
occur. We will try to take this phenomenon into account when choosing the fragmentation rate.

Capping proteins - Capping. A capping protein can bind the plus end of a polymer. After cap-
ping, the polymer can no longer elongate. A capping protein cannot detach from a polymer. Since the
plus end is already bound, a formin can not bind to a capped filament.

Nucleation. Nucleation is the process by which a new polymer is created. Nucleation can be
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initiated by several proteins but in order to simplify this process, we consider that nucleation is the
meeting of three actin monomers to create a single polymer of length three. We also consider that
polymers of length two do not exist since a polymer must have at least three monomers to be stable.

4.2 - The Model

4.2.1 - State space and variables of interest

In order to describe the model, the same approach as for the population model in Chapter]is used.
We assume that the total number of monomers on the system is fixed, equal to N € IN. Since we are
now considering branched polymers and capping proteins, we describe every element of the population
by its type, its number of branching, its length and its number of free extremities (i.e. without capping
protein at the plus end). More precisely, free monomers are denoted by M, G-actin/profilin complexes
by P, simple actin polymers by S, actin polymers bound with a formin by F, branched actin polymers
by B and linear (i.e. not branched) capped actin polymer by C. As in Chapter | we again consider that
free monomers and G-actin/profilin complexes are two types of actin polymers. Therefore, polymers
of type M and P can only be of length 1 and have 0 branching and 0 free extremity (since elongation
is impossible from a single monomers). Other types of polymers S, F, C and B can have any length in
{3,4,--,N}. Note that the “length” of a branched polymer corresponds to the number of monomers
that compose this polymer. As polymers of type S, F and C are linear, they have 0 branching and 1 free
extremity for types S and F, 0 free extremity for type C. Polymers of type Boflength ¢ € {3,4,---, N} can
have any number of branching b € {1,2,---, £} and any number of free extremities e € {0,1,---,b + 1}.
We will therefore work in the state space *1 defined by:

7 {(M,0,1,0),(P,0,1,0)} u ({(S,0), (F,0)} x Nas x {1}) u ({(C, 0)} x N3 x {0})
U(B} xN'x Nos xN),  (3.1)

and for every quadruplet (T, b, ¢,e) € S and every t € R, we define *K;V (T, b, ¢, e) as the number of
polymers of type T, length ¢, with b branching and e free extremities present in the system at time ¢.
Here we use notation: N* = {1,2,---}, N = N u {0} and N3 = {3,4, ---}. The system at every time ¢ is
described by its empirical distribution *Z¥ defined by:

* dEf,, *
ZN ZPKN(M,0,1,0)801010) + KN (P,0,1,0)8p.0.1.0)

N N N
+ 3 KN(S,0,L )00 + Y, KN (F0,L1)Sroun) + Y, KN (C,0,1,0)8c0.0)
1=3 =3 =3

b+

—_

M-
MN

K (B,b,1,e)3pp1e (3:2)
=0

I
w
oy
i

1

o

where 6, denotes a Dirac mass at x. Each *th\l is thus a random measure on *I. We write M7 for the
space of all finite measures on *Z, endowed with the topology of weak convergence.

Let us now introduce some variables of interest. First, let *p; denote the projector (T, b, 1, e) +— I
that returns the third coordinate of an element in *Z. Since, the total number of monomers is N, for
every t = 0, we have *KtN(-, 1,)=0if [ > N and

Z¥.'m) = N. (3.3)
The total number of “real” polymers at time ¢ (i.e. that are not free monomers or complexes) is denoted
by *PN(t) with:
def
PN ( "2V, Usonn + Lronn + Licon0) + Lis., )> (3.4)
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and the amount of polymerised actin at time ¢ (i.e. total number of monomers inserted in a polymer) is
denoted by *MN ,(t) with:

) bl \
mP < Zt i ( 0.1 + Lo + Lico.0 + IL(B,-,-,-))> . (3.5)

The total number of simple polymers (respectively polymers bound with a formin, linear capped
polymers, branched polymers) at time ¢ is denoted by *S™(t) (resp. *FN(t), *CN(t), *BN(t)) with:

N
* d * *
sV L 2 sy = Y KN S0, 2,1), (3.6)
£=3
def N
FN() 2 Lpon) = Y, KN (F,0,6,1), (3.7)
r=3
def N
N N o) = Z *KN(C,0,¢,0), (3.8)
£=3
def N ¢ b+l
2V gy = D0 D) Y K (B, b, e). (3.9)
=3 b=1 e=0

The total number of actin monomers polymerised within simple polymers (respectively polymers
bound with a formin, linear capped polymers, branched polymers) at time t is denoted by *MN(#) (resp.
M), "M (1), "M} (1)) with:

N

MY G 2N (Lson) ) = 3 KN(S,0,6,1) x £, (3.10)

£=3

def N N

mF(t < Zt > Pl( FO,-,I))> = Z Kt (F’ 0, [:1) x £, (3.11)

£=3

def N
Mhe(t) = 2V (Liconn) ) = Y, KN (C,0,6,0) x £, (3.12)

=3

def N ¢ b+1* N
Myp(t) = 20 (L)) = Y, D, D KN (B, b, t,e) x £. (3.13)
=3 b=1 e=0

4.2.2 - Description of all possible events

The process (*Z{V ) evolves according to the following transitions.

telR,
# Elongation.

+ Simple polymers. Each simple polymer can elongate by catching a free monomer at rate
A", independently of the other polymers. For each length ¢ € {3,4,--,N — 1}, the rate
at which spontaneous elongation happens on simple polymers of length ¢ at time t is

*1-N
A*W*K}V(S, 0, ¢,1) and the new state of the system is:

ZN Zt— so,m) - 5(M,0,1,o) + 5(5,0,[+1,1),
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or equivalently:
*KN(S,0,2,1) = *KN(S,0,2,1) - 1,
*KN(S,0,¢+1,1) = *KN(S,0, ¢ +1,1) + 1,
*KN(M,0,1,0) = *KN(M,0,1,0) - 1.
« Polymers associated with a formin. Each polymer associated with a formin can elongate

by absorbing a G-actin/profilin complex at rate A; independently of the other polymer. For
each length £ € {3,4,--,N — 1}, the rate at which elongation with a formin happens on

polymers of length ¢ at time ¢ is A}W*K{V (F,0,¢,1) and the new state of the system
is:
*Zf] = *Z]t\i = 8ro.1) = 8p0.10) + O(F0.£+11)s
or equivalently:
*KN(F,0,¢,1) = *KN(F,0,¢,1) - 1,
*KN(F,0,¢+1,1) = *KN(F,0,£ +1,1) + 1,
*KN(P,0,1,0) = *KN(P,0,1,0) - 1.
+ Branched polymers. Each free extremity of a branched polymer can elongate by catching
a free monomer at rate A*, independently of the other extremities and the other polymers.

For each length ¢ € {3,4,--,N - 1}, for each number of branching b € {1,2,---, ¢} and for
each number of free extremities e € {0, 1,---, b + 1}, the rate at which elongation happens
*1 N

on polymers of type (B, b, ¢, e) at time ¢ is FW*K{V (B, b, t, e)e and the new state of
the system is:

"ZY = "ZN - SBbre) — Smo10) + OB b1 e)
or equivalently:

*KN(B,b, t,e) = *KN(B, b, £,e) - 1,

*K;V(B, bt +1,e) = *K;Y(B, bt +1,e) +1,

*KN(M,0,1,0) = *KN(M,0,1,0) - 1.

% Depolymerisation.

+ Linear polymers. Each linear polymer (i.e. simple polymer, polymer associated to a formin
and linear capped polymer) can release a monomer at rate A~ and this monomer becomes
“free”. When a polymer of length 3 depolymerises, it depolymerises completely and releases
3 monomers (this is because actin dimers are unstable). For each type T € {S,F, C}, for
each length ¢ € {3,4,---, N} and for each number of extremity e € {0, 1}, the rate a which
depolymerisation happens on polymers of type (T,0, ¢, e) at time t is A~*KN(T,0, ¢, ¢) and
the new state of the system is:

ZY ="ZN - 1030 *+ 3000 if € =3,

*thv = *Zﬁ = &T0,0,e) + IM0,1,0) + §T0,0-1,¢) If € >3,

or equivalently:

*KN(T,0,3,e) = *KN(T, 0,3, e) - 1,
{ r ( ) = K ) if ¢=3,

*KN(M,0,1,0) = *KN(M,0,1,0) + 3,

*KN(T,0,¢,e) = *KN(T,0,¢,e) - 1,
*KN(T,0,¢ -1,e) = *KN(T,0,£ -1,e)+1, if £ >3,
*KN(M,0,1,0) = *KN(M,0,1,0) + 1.
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+ Branched polymers. Each branched polymer can release a monomer at rate A~, we recall that
only the primary branch can depolymerise. In the same way as in the previous case, if the
polymer is of length 3 and is depolymerised, then the polymer disappears and 3 monomers
are released. When a branched polymer depolymerises, the detaching monomer may be
bound to an Arp2/3 complex, in which case a split occurs.

For each length ¢ € {3,4,--,N}, for each number of branching b € {1,2,---,¢} and for
each number of free extremities e € {0,1,---,b + 1}, the rate at which depolymerisation
happens on polymers of type (B, b, £, €) at time t is A=*KN(B, b, ¢, ). To determine whether
a split occurs, we take a Bernoulli random variable s such that s ~ Ber (%); if s = 0 the
depolymerisation is simple (as in the previous case) and if s = 1 a split occurs. This means
that there is a high probability of splitting if b ~ £, in other words, when the polymer is
very branched with very short branches. On the contrary, if the polymer is weakly branched
with long branches (b « ¢), splits will be rare.

When a split occurs, two new polymers are created from the (B, b, £, €) type polymer. As a
whole, one monomer of the polymer is released, one branching is lost and the number of
free extremities is unchanged. As the topology of the (B, b, ¢, e) type polymer is not known,
the two new polymers will be constructed randomly according to the following procedure:

+ We randomly choose the length of the first polymer #; according to a uniform distri-
bution: ¢ ~ Unif ({0,1,---,¢ - 1}).

» As depolymerisation leads to the release of a monomer, we have: #; + £, = £ - 1 and we
set the length of the second polymer £, by: £, = £ -1 - #;.

+ We randomly choose the number of branching of the first polymer b; according to a
uniform distribution: b; ~ Unif ({max (0,5 -1 - £;),--,min (b - 1, £;)}) which ensures
bl = [1 and b2 = [2.

« As split results in the loss of a branching, we have: by + b, = b—1 and we set the number
of branching of the second polymer b, by: b, = b -1 - b;.

+ We randomly choose the number of free extremities of the first polymer e; accord-
ing to a uniform distribution: e; ~ Unif ({max (0,e - b, - 1), ---, min (e, b; + 1)}) which
ensures e; < by + land e; < by + 1.

« We finally set the number of free extremities of the second polymer e, by: e, = e - e;.

The new state of the system is then:

ZY ="ZY - Spbse + 300mo,n0) if £=3,

ZN =N SBbte) + On01,0) + OB pe-1,) if £>3ands =0,

ZN = 2N Smbee) * S0n0) F OBbnte) * OBitrey) if £>3, 5=1, & >3and & = 3,
ZN = 2N S + (b2 + Dnr010) + SBbytre) if £>3,5=1, 6 >3and & < 3,
ZN = "ZN ~ Spee + (B + 1)Or010) + OBty if £>3,5=1, £ <3and & = 3,
ZN = 2N Sbee + Euon0) if €>3,5=1, & <3and & <3,
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or equivalently:

*KN(B,b,3,¢) = *KN(B, b,3,¢) - 1,
[t< &)= KX (B.b.3.¢) oo

*KN(M,0,1,0) = *KN(M,0,1,0) + 3,

*KN(B,b,t,e) = *KN(B, b, t,¢) - 1,
*KN(B,b,t - 1,¢) = *KN(B,b,t - 1,e)+1, if £>3ands =0,
KN (M, 0,1,0) = *KN(M,0,1,0) + 1,

[“KN(B, b, ¢,¢) = *KN(B, b, £, ¢) - 1,
*KN(B, by, t1, 1) = *KN(B, by, £1, €1) + 1,
*KN(B, by, £z, €2) = *KN(B, by, £5, €5) + 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + 1,

if £>3,5=1, ¢ =3and ¥, = 3,

*KN(B,b,t,e) = *KN(B, b, t,€) - 1,

*KN(B, by, t1, 1) = *KN(B, by, £1, €1) + 1, if £>3,5=1,¢ >3and , <3,
KN (M, 0,1,0) = *KN(M,0,1,0) + 1 + £,

*KN(B,b,t,e) = *KN(B, b, t,¢) - 1,

*KN(B, by, £, €2) = *KN(B, by, £5, €5) + 1, if £>3,5=1, ¢ <3and £ =3,
KN (M, 0,1,0) = *KN(M,0,1,0) + 1+ £,

*KN(B,b,t,e) = *KN(B, b, t,¢) - 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + ¢,

if £>3,5s=1, {4 <3and £, <3.

# Production of G-actin/profilin complexes. Each free monomer can bind with a profilin and
create a G-actin/profilin complex at rate ®p, independently of the others. Therefore, the total rate
of creation of complexes at time ¢ is fbp*K}\_] (M,0,1,0) and the new state of the system is:

*thv = *th\i - 5(M,o,1,0) + 5(P,0,1,o),

or equivalently:
*KN(P,0,1,0) = *KN(P,0,1,0) + 1,
*KN(M,0,1,0) = *KN(M,0,1,0) - 1.

# Binding of a formin. Each simple polymer can bind with a formin at rate ®} and therefore
change category independently of the other polymers. For each length ¢ € {3,4,---, N}, the rate
at which binding of a formin happens on simple polymers of length ¢ at time ¢ is ®3*K}¥(S, 0, £, 1)
and the new state of the system is:

2N =7ZY = 85001 + SF0c)s

or equivalently:
*KN(F,0,¢,1) = *KN(F,0,¢,1) + 1,
*KN(S,0,¢,1) = *KN(S,0,¢,1) - 1.

# Release of a formin. Each polymer associated with a formin can have this association broken
at rate @y, independently of the other polymers. For each length ¢ € {3,4,---, N}, the rate at
which release of a formin happens on polymers of length ¢ at time ¢ is ®z*KN(F, 0, £, 1) and the
new state of the system is:

*Z?] = *Zﬁ = O 0.0.1) + 850,015
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or equivalently:

*KN(S,0,¢,1) = *KN(S,0,£,1) + 1,
*KN(F,0,¢,1) = *KN(F,0,¢,1) - 1.

# Binding of an Arp2/3 complex.

<

Simple and linear capped polymers. An Arp2/3 complex can bind to each monomer of each
single polymer or each capped linear polymer at rate ®}, and create a branched polymer. For
each type T € {S, C}, for each length ¢ € {3,4,--, N} and for each number of extremities
e € {0, 1}, the rate at which binding of an Arp2/3 happens on polymers of type (T,0, ¢, €) at
time t is CIDZ*KgV (T,0,¢, e)t and the new state of the system is:

*~N *~N
Zy =2 - 5(T,0,f,e) + 5(B,1,f,e+1),

or equivalently:
*KN(B,1,¢,e+1) =*KN(B,1,¢,e+ 1) + 1,
*KN(T,0,¢,e) = *KN(T,0,¢,¢) - 1.

Branched polymers. An Arp2/3 complex can bind to each monomer that is not already
attached to a complex of each branched polymer at rate &), and create a new branch. For
each length ¢ € {3,4,--,N}, for each number of branching b € {1,2,---,¢ - 1} and for
each number of free extremities e € {0, 1, -, b + 1}, the rate at which binding of an Arp2/3
happens on polymers of type (B, b, £, €) at time ¢t is ®,*"KN(B, b, £, e)(¢ - b) and the new state
of the system is:

"ZY = 2N - 8Bt + OBber 1)

or equivalently:

*KgV(B,b+ 1,t,e+1) = *Kg\_](B,b+ 1,fe+1)+1,
*KN(B, b, t,e) = *KN(B, b, t,¢) - 1.

# Release of an Arp2/3 complex. Each Arp2/3 complex of a branched polymer can be released
at rate &, and cause the polymer to split. Asa whole, there is no release of monomer, one branch-
ing is lost and the number of free extremities is unchanged. The same approach is used as for
depolymerisation with splitting. For each length ¢ € {3,4,---, N}, for each number of branching
b € {1,2,-, ¢} and for each number of free extremities e € {0,1,--+, b + 1}, the rate at which
release of an Arp2/3 happens on polymers of type (B, b, £, e) at time t is ®,*KN(B, b, £, e)b. As the
topology of the (B, b, £, €) type polymer is not know, the two new polymers will be constructed
randomly according to the following procedure:

<

We randomly choose the length of the first polymer #; according to a uniform distribution:
£ ~ Unif ({0,1, -, £}).

We set the length of the second polymer ¢, by: £, = £ — £;.

We randomly choose the number of branching of the first polymer b, according to a uniform
distribution: b; ~ Unif ({max (0,6 -1 - &), -, min(b - 1, £;)}).

As arelease of an Arp2/3 results in the loss of a branching, we have: b; + b, = b - 1 and we
set the number of branching of the second polymer b, by: b, = b -1 - b;.

We randomly choose the number of free extremities of the first polymer e; according to a
uniform distribution: e; ~ Unif ({max (0, e - by — 1), ---,min (e, b; + 1)}).

We finally set the number of free extremities of the second polymer e, by: e, = e - e;.
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The new state of the system is then:

*Z]tv = *th\f = 8Bbre) * ST bute) * O Tobptre,) if €123 and & =3,
*ZI[V = *th\f - 8Bbre) + L20M0.10) + KT btre If €1 =3and & < 3,
ZN = "ZN - SBhee + 100010) + STybptre) if 1 <3and £ = 3,
ZN =*ZN - 8o + €800 if £ <3and £ <3,

with T1|2 = Bif b1|2 = 1, TI\Z =S lf(b1|2 =0 and €1|2 = 1) or TI\Z =C lf(b1|2 = 0 and €1|2 = 0), or
equivalently:

*KN(B,b,t,e) = *KN(B, b, t,€) - 1,

*KtN(T by, t1,e1) = *K;\_](Tl, by, b1, e1) + 1, if £ =23andf =3,
*KiN(T by, by, €5) = *KN(Ty, by, £, €2) + 1,
(*KN(B,b,t,e) = *KN(B, b, £,¢) - 1,

(Ty, by, b1, e1) = *KN(Ty, by, 61, e1) +1,  if & 23 and 6, < 3,
(M,0,1,0) = *KN(M,0,1,0) + £,
(
(
(
(
(

o
Tz Tz

K
(*KN(B, b, ¢,e) = *KN(B, b, t,¢) - 1,
T bz,fz, ez) = *KN(Tz, bg, fg, 62) +1, if fl <3 and [2 >3,

KN (M, 0,1,0) = "KY(M,0,1,0) + £,

o
~z

if £{ <3and¢#, <3.

*KN(B, b, t,e) = *KN(B, b, t,e) - 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + ¢,

# Capping.

« Simple polymers. Each simple polymer can bind with a capping protein at rate ®¢ and there-
fore change category independently of the other polymers. For eachlength ¢ € {3,4,--,N},
the rate at which binding of a capping protein happens on polymers of length ¢ at time ¢ is
<I>c*KtN(S, 0, ¢,1) and the new state of the system is:

ZN Zt_ 8s.0,6.1) + 6(C,0,0,0)5

or equivalently:

*KN(C,0,¢,0) = *KN(C,0,¢,0) +1,
*KN(S,0,¢,1) = *KN(S,0,2,1) - 1.

+ Branched polymers. Each free extremity of a branched polymer can bind with a capping
protein at rate ®¢ independently to the other extremities and the other polymers. For each
length ¢ € {3,4,---, N}, for each number of branching b € {1,2, -, £} and for each number
of free extremities e € {1, 2, ---, b+1}, the rate at which binding of a capping protein happens
on polymers of type (B, b, £, €) at time t is ®-*KN (B, b, £, )e and the new state of the system
is:

ZY ="ZY — SBbre) + OBbre1)

or equivalently:

*KgV(B,b,[,e—l)= *Kg\_](B,b,t’,e—l)+1,
*KN(B,b,t,e) = *KN(B, b, t,e) - 1.
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## Nucleation. When 3 free monomers meet, a new polymer of length 3 is created at a rate A,,.
. . . *x7-N *KN(M,0,1,0)-1 *KN(M,0,1,0)-2
Therefore, the total rate of nucleation at time t is 1,”K;"(M, 0,1, 0)— N = and

the new state of the system is:

2N =ZN - 380m0.10) *+ 4503.1),

or equivalently:
*KN(S,0,3,1) = *KN(S,0,3,1) + 1,
*KN(M,0,1,0) = *KN(M,0,1,0) - 3.

# Fragmentation. Fragmentation is more complex to model, firstly because the total fragmen-
tation rate must be carefully chosen to take into account the effects of cofilin (Figure and
secondly because it must be determined which portion of the polymer will be retained and which
portion will be completely depolymerised.

As cofilin binds mainly to ADP monomers we are interested in the ADP portion of the polymer
which we assume to be of length ) at time t with D > 1 and where L(t) is the length of the
polymer at time ¢. Assuming that coﬁhn binds at rate ¢ to an ADP monomer, the amount of cofilin
bound to a polymer at time ¢ is on average CL(t . Finally, Figure |11| ensures that fragmentation
occurs when there is an average amount of coﬁhn bound to the polymer. We then assume that

the fragmentation rate at time t is of the form CL(t ( (1) - X t)) £(1-5)L(t)* = rL(t)-

We now want to determine the length of the portion that will remain. The smaller the depoly-
2t KN (M,0,1,0) pE: *KN(P,0,1,0)
N or Ap—"—y

merisation rate (A7) compared to the rate of elongation ( ), the more

ADP monomers there are in the polymer and the smaller the portion that will remain. We then
-

rate of elongation ) to determine

choose to use a truncated geometric law of parameter max (0, 1-

the length of the remaining portion.

+ Simple polymers. For each length ¢ € {3,4,---, N}, the rate at which fragmentation happens
on simple polymers of length ¢ at time ¢ is ®7*KN(S, 0, £, 1)¢2. The fragmentation of a simple
polymer of length ¢ leads to the creation of a simple polymer of length ¢’ = g + 3 where g
is chosen randomly according to a geometric distribution on {0, 1, -, ¢ — 4} of parameter
p=1- W, and the release of £ — £ monomers. The new state of the system is:

PAE A 8s0.e1) + 80,001 + (£ = €)8w01,0),

or equivalently:
*KN(S,0,¢,1) = *KN(S,0,¢/,1) + 1,
*KN(S,0,¢,1) = *KN(S,0,¢,1) - 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + £ - £'.

+ Polymers associated with a formin. For each length ¢ € {3,4,---, N}, the rate at which
fragmentation happens on polymers associated with a formin of length ¢ at time ¢ is
®7*KN(F,0,¢,1)¢%. The fragmentation of a polymer associated with a formin of length ¢
leads to the creation of a polymer associated with a formin of length ¢’ = g + 3 where g
is chosen randomly according to a geometric distribution on {0, 1, -+, £ — 4} of parameter

p=1- %, and the release of £ - £ monomers. The new state of the system is:
F K (50,1,

Zy =z - 8roen) + 0oy + (€ =€) 8mo10)
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or equivalently:

*KN(F,0,¢,1) = *KN(F,0,¢/,1) + 1,
*KN(F,0,¢,1) = *KN(F,0,¢,1) - 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + £ - ¢’

Capped polymers. For eachlength ¢ € {3,4,---, N}, the rate at which fragmentation happens
on capped polymers of length ¢ at time ¢ is ®7*KN(C, 0, £,0)¢2. Since when the polymer is
capped elongation is impossible, we assume that all momomers of the polymer are ADP and
that the polymer depolymerises entirely when fragmentation occurs. The new state of the
system is:

zZy=rzy - 80,600 + £I,0,1,0)»

or equivalently:

*KN(C,0,¢,0) = *KN(C,0,£,0) - 1,

*KN(M,0,1,0) = *KN(M,0,1,0) + ¢.
Branched polymers. For each length ¢ € {3,4,--,N}, for each number of branching b €
{1,2,--, ¢} and for each number of free extremities e € {0, 1,--, b + 1}, the rate at which
fragmentation happens on branched polymers of type (B, b, ¢, e) at time ¢ is
Or*KN(B, b, ¢, e)(¢ - b)? (since we assume that cofilin is unable to bind to a monomer that
is already bound to an Arp2/3 complex).

As in the previous case, we assume that the capped branches depolymerise completely. The
polymer will therefore lose at least max(1, ¢) monomers with ¢ = b + 1 — e the number of
capped extremities. We now need to find a way to determine n, the number of polymers
obtained from the fragmentation. If e = 0, then all extremities are capped and the polymer
depolymerizes entirely, so n, = 0. If e > 0, we randomly choose n, according to a uniform

distribution: n, ~ Unif({l,Z, -+, min (e, l%x(lc)J ) }) The condition n, < l%x(lc)J

ensures that we can create n, “real” polymers of length greater than or equal to 3. We then
determine ¢’ the number of monomers that will remain polymerised after fragmentation.
Since the polymer loses its ¢ capped branches, there are still b — ¢ = e - 1 branching to dis-
tribute after fragmentation; but as n, polymers are created, n,~1branching (of these e-1) are
already distributed and b’ = e - n, branching remains. Therefore, we must have ¢/ > e - n
and using the same idea as before, we choose ¢’ = g+max(3n,, e-n,) where g is chosen ran-
domly according to a geometric distribution on {O, 1, ¢ - max(1, ¢) - max(3n, e - np)}
% We could randomly choose the length ¢; and number of
branching b; of each of the n, polymers according to a uniform distribution, but this would
add a lot of randomness and make the model difficult to study. We then decide to create n,
similar polymers by choosing:

of parameter p = 1 -

, _ | _ | ¥
* Vi€ {1,2’...’np—1}, [i = {npr and bi = \‘TTPJ,
o = € = (np = 1) and by, = b~ (np - Dby,
« Vie{l,z,"',np}>ei=bi+1'

The new state of the system is:

"ZY =2 = Smbee) + (Mg = DT, byter) ¥ KTy byt en) + (€= £)0010,10)s
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with Ty, = Bif by, 2 1 or Tyjn, = Sif by, = 0, or equivalently:

KN(Th, by, by, e1) = KN (Ty, by, b, eg) + mp — 1,
*KtN(Tnp, b, tn,, €n,) = *Kﬁ(Tnp, bn,s tn,, €n,) + 1,
*KN(B,b,t,e) = *KN(B, b, t,€) - 1,
*KN(M,0,1,0) = *KN(M,0,1,0) + £ - £’

Figure summarizes all the events described above.

4.3 - Implementation

Since we want to study this model through simulations only, we have implemented this model in
C++. We then adapted the code developed for the first model (presented in Appendix[A); however, this
did not allow us to produce satisfactory simulations. Indeed, in the case of the model in Chapter
we use an array of size O(2N) (corresponding to the two types of polymers — simple and associated
with a formin — for all lengths from 1 to N) to collect the quantity of each type of polymer. In the
case of the model that takes into account all accessory proteins, we consider branched polymers and
therefore need an array of size O(N?) (corresponding to each possible combination (b, ¢, e) for all length
[, number of branches b and number of free extremities e from 1 to N). This space complexity then
limits our simulations to values of N = 100 not large enough to obtain satisfactory results.

We were able to solve this problem by noticing that our array was sparse. We then rewrote the C++
code by replacing arrays with maps. Thanks to the class std :: map, we are able to store only the non-zero
amounts of polymers and the associated types and thus reduce considerably the space complexity. The
code presented in Appendix [C|allows us to obtain simulations for large enough and relevant values of
N.

4.4 - Link between Model Parameters and Biological Values

One of the objectives of this model and its implementation is to answer biological questions. We
then noted, for each phenomenon considered in our model, the values presented in the literature. These
values are listed in Table

In order to relate our parameters to these values, we used homogeneity checks. As all our param-
eters correspond to a number of events occurring in one unit of time, they must all be expressed in
s™L. In the literature, dissociation rates are already expressed in s™! but association rates are mostly
expressed in uM~'s™! where the unit M corresponds to the molar concentration (1uM = 10°mol/L).
When several particles are involved in the association (as in nucleation or association of an Arp2/3

comlpex with a polymer), the corresponding rates are expressed in pM2s™! or uM3s71,

% Spontaneous elongation. As we neither differentiate ADP and ATP monomers nor the pointed
and barbed end of the filament, a weighted average is made to obtain an average elongation speed
for a single polymer. This average elongation speed being expressed in uM~1s!, we multiply it
by the G-actin global cytoplasmic concentration to obtain our parameter A*.

AT = ((kZT + k;T) Pearp + (ng + ;D) (1 - PcATP)) [Gact] ~ 130 st

## Elongation with a formin. As the elongation speed with a formin in the presence of profilin
is expressed in uM~1s™!, we multiply this value by the G-actin global cytoplasmic concentration
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FIGURE 3.11 Schematic representation of the model considering all accessory proteins. The black
arrows represent potential protein binding. The result of the transformation is indicated by the blue
double arrow. The protein binding rates are shown in black. In the case of fragmentation, the rate of
realisation of the event is specified in blue. For the branching event (binding of an Arp2/3 complex),
the transparent unit corresponds to a site that can receive a monomer but there is no monomer yet on
the new Arp2/3 complex. In cases where polymers are created randomly, the procedures are indicated
in grey.
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DESCRIPTION SymBoL VALUE REFERENCES
G-actin global cytoplasmic concentration [Gact] 10 uM
Filament length increment per monomer At 22nm [MEKO02b]
Average length of filament 14 6 um
ATP-G-actin association at barbed ends kyr 11.6 uM 1571 [BODMO04] ([Pol86])
ATP-G-actin association at pointed ends T 1.3 uM 157! [BODMO04] ([Pol86])
ADP-G-actin association at barbed ends kyp 3.8 uM1s7! [BODMO04] ([Pol86])
ADP-G-actin association at pointed ends k;D 0.16 uM 157! [BODMO04] ([Pol86])
Proportion of ATP-G-actin in cytoplasm Pearp 99%

ATP-G-actin dissociation at barbed ends kyr 1.4 571 [BODMO04] ([Pol86])
ATP-G-actin dissociation at pointed ends k;;T 0.8 s7! [BODMO04] ([Pol86])
ADP-G-actin dissociation at barbed ends kyp 7.2 57! [BODMO04] ([Pol86])
ADP-G-actin dissociation at pointed ends k;:D 0.3 s7! [BODMO04]
Proportion of ATP-G-actin in filaments Prarp 10%

Formin-initiated association at barbed ends kg 660 pM 1571 [HNM*09] [NSK08]
(in the presence of profilin) [CPGP*21] ([RLCD*04])
Spontaneous nucleation of filaments knue 21078 pM 2571 [HNM*09] ([SMo1])
Profilin-ATP-G-actin association rate Py ofT  1HM “lgl [BODMO04]
Profilin global cytoplasmic concentration [Prof] 10 uM [MEKO02b]
Association of formin to barbed ends Kform 50 uM~1s7 [CS17] ([RLCD*04])
Detachment of formin from barbed ends Kporm ~ 7.5-1071 57! [CPGP*21] [HNM09]
Formin global cytoplasmic concentration [Form] 0.04 uM [WP05]
Arp2/3 association to F-actin k;‘srp 54-107* uM3s7!  [HNM*09] ([CWC04])
Dissociation of Arp2/3 from pointed ends Karp 1.8-1073 57! [HNM709] ([CWC04])
Arp2/3 global cytoplasmic concentration [Arp]  4uM [WPo05]
Capping of barbed ends kéap 3.0 uM 1571 [HNM*09] ([SJC96])
Capping protein global cytoplasmic conc. [Cap] 119 uM [WP05]
Severing rate kirag 107 pm7's7! [CP11]
ADF/Cofilin global cytoplasmic conc. [Cof] 10 uM [MEKO02b]

# Nucleation. As the rate of spontaneous nucleation of filaments is expressed in pM2s

TaBLE 3.1 Biological values for each protein and phenomenon considered in the model.

to obtain our parameter Ay.
A} = ki[Gact] = 6600 s,

# Depolymerisation. As for elongation, we consider that our depolymerisation rate is global. To

obtain our parameter A-, we then calculate a weighted average of the different depolymerisation
rates.

AT = (kle + k‘;T) Prarp + (k;D + k;D) (1= Prarp) = 7 sL

1 to
obtain our parameter A,, we multiply this value by [Gact]* where [Gact] is the G-actin global

cytoplasmic concentration.

A = knuet[Gact]* = 2x107¢ 571,

% Production of G-actin/profilin complexes. As the rate of association of profilin with G-actin

is expressed in uM~1s™!, we multiply this value by the profilin global cytoplasmic concentration
to obtain our parameter ®p.
®p = kp,op r[Prof] = 10 sTh
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+ Binding of an Arp2/3. As the rate of association of Arp2/3 to F-actin is expressed in yuM 357!,

# Binding of a formin. As the rate of association of formin to barbed ends is expressed in

puM™'s™!, we multiply this value by the formin global cytoplasmic concentration to obtain our
parameter ®j.

®f = kfoym[Form] =257

# Release of a formin. As the rate of detachment of formin from barbed ends is already expressed

1

in s, we have:

@7 = kppp = 7.5x 1071 571
1

to obtain our parameter @, we multiply this value by [Arp]®> where [Arp] is the Arp2/3 global
cytoplasmic concentration.

@} = ki, [Arp) = 3.5x 107 571

# Release of an Arp2/3. As the rate of dissociation of Arp2/3 from F-actin is already expressed

1

in s7', we have:

@, = ky,, = 18x107° 57

# Capping. As the rate of capping of barbed ends is expressed in uM~'s™!, we multiply this value

by the capping protein global cytoplasmic concentration to obtain our parameter ®c.

®c = kip[Cap] = 3.6 57"

+ Fragmentation. As the severing rate is expressed in um™'s™! and our total fragmentation rate

already takes into account the length of the polymer, we multiply this value by the filament length
increment per monomer (length of a monomer) to obtain our parameter ®r.

1 = kpragAl =2,2x107° 571,

Table [3.2| summarises the approximate values of each parameter.

DESCRIPTION SymMBOL VALUE
Rate of spontaneous elongation A 130 s7!

Rate of elongation with a formin Ap 6600 57!
Rate of depolymerisation A 757!

Rate of nucleation An 2-107% 7!
Rate of production of G-actin/profilin complexes Op 10 57!

Rate of binding of a formin (38 257!

Rate of release of a formin o 75-1071 57!
Rate of binding of an Arp2/3 iy 35-1072 57!
Rate of release of an Arp2/3 o, 1.8-107 57!
Rate of capping ®c 3.6 57!

Rate of fragmentation O 2.2-107° 57!

TABLE 3.2 Approximate values for the model parameters, obtained from the biological values.
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4.5 - Observation of a Random Realisation

In this section we present the results obtained using the parameters found in the previous section.
The objective of this section is more to illustrate the possibilities offered by the implementation than
to draw conclusions on the behaviour of the model. Indeed, we are only considering one random
realisation and we have seen that the results obtained using the same parameters and initial values are
very variable.

Free monomers Monomers in simple polymers G-actin/profilin complexes
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F1GURE 3.12 Evolution of the system (into 6 sub-populations) described by the model with all acces-
sory proteins with N = 10000, A* = 130, A~ = 7, Ay = 6600, A, = 2 - 107, @p = 10, Or =2, dp = 0.75
, @) = 0.035, &, = 0.0018, ¢ = 3.6 and 7 = 2.2 - 107, starting with 20% of free monomers, 16%
of G-actin/profilin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
evolution of the number of free monomers. Top middle: evolution of the number of monomers in-
cluded in a simple polymer. Top right: evolution of the number of G-actin/profilin complexes. Bottom
left: evolution of the number of monomers included in a polymer bound with a formin. Bottom middle:
evolution of the number of monomers included in a linear capped polymer. Bottom right: evolution of
the number of monomers included in a branched polymer. On each graph, we plot a single realisation
of the stochastic system in color, the average value in black and the error interval around the mean in
grey (see text).

Figure shows the repartition of the N monomers over time in the six sub-populations consid-
ered. For all the simulations presented in the following, we chose N = 10000, which seems to be a good
trade-off between a sufficiently large number of monomers and a not too long execution time.

Figure[3.12]is divided into six graphs. On the top left (in red), we plot the number of free monomers
t— *Kfv (M,0,1,0). In the middle top row (in blue), we plot the number of monomers polymerised
within simple polymers ¢ — *MN¢(¢). On the top right (in light green), we plot the number of G-
actin/profilin complexes t — *KN(P, 0, 1,0). On the bottom left (in dark green), we plot the number of
monomers polymerised within polymers bound with a formin ¢ + *M(#). In the middle bottom row
(in yellow), we plot the number of monomers polymerised within linear capped polymers ¢ — *MN (¢).
On the bottom right (in purple), we plot the number of monomers polymerised within branched poly-
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mers ¢t — *MN,(t). On each graph, the average value is plotted in black. This value is calculated using
only the last two thirds of the time interval (the dotted part is therefore not included in the calculation).
We also show the error interval [m - o, m + o] (Where m is the average value and ¢ is the standard
deviation) of this value in grey.

In this realisation, it would seem that an equilibrium is reached with 50% of the monomers within
polymers bound with a formin, 40% of the monomers within G-actin/profilin complexes, and the rest
distributed equally between branched polymers and free monomers. On many other realisations, we
observed a different equilibrium in which all polymers had disappeared (*MX,, = 0) and all monomers
were in G-actin/profilin complexes. However, by choosing a larger N, we have noticed that this “null”
equilibrium is only very rarely achieved.

Figure shows the percentage of G-actin (free monomers + G-actin/profilin complexes) and the
percentage of F-actin (¢ — *M} (1)) over time. By grouping the quantities of monomers like this, the
equilibrium that seemed to exist in Figure 3.12]is no longer so clear. It would appear that in this case
about 60% of the actin is in polymerised form. This is a little high, according to the biological data,
there would be only 30% of polymerised actin.

Proportion of G-actin Proportion of F-actin

%

T T
0 10 20 30 40 50 0 10 20 30 40 50

Time Time

FIGURE 3.13 Percentage of G-actin and F-actin over time with N = 10000, A* = 130, A” = 7, A7 = 6600,
Ap = 2-107° ®p = 10, ®f = 2, ®p = 0.75, @}, = 0.035, &, = 0.0018, ¢ = 3.6 and 1 = 2.2 - 107°,
starting with 20% of free monomers, 16% of G-actin/profilin complexes and 64% of monomers included
within polymers (equitably distributed between simple polymers, polymers bound with a formin, linear
capped polymers and branched polymers) of length 40 (and with 6 branching and 3 free extremities for
branched polymers). Left: percentage of G-actin. Right: percentage of F-actin. On each graph, we plot
a single realisation of the stochastic system in color, the average value in black and the error interval
around the mean in grey.

Figure [3.14]is divided into eight graphs. For each four sub-populations of polymers (simple, bound
with a formin, linear capped and branched), we plot on the top graph the percentage of polymerised
actin in this sub-population (*MN¢(£)/*M¥p(#) in blue ,*MN.(£)/*M}p(t) in green , *MN (t)/*M}p(t) in
yellow and *MNp(¢)/*MN,(t) in purple) and on the bottom graph the percentage of polymers in this
sub-population (*SN(£)/*PN(¢), *FN(t)/*PN(¢t), *CN(t)/*PN(t) and *BN(t)/*PN(t)). The average value and
its error interval are also plot on each graph. This figure allows us to compare the four sub-populations
but also to deduce whether the polymers of each sub-population are rather long or short.

We observe on this realisation that the monomers are mainly in polymers bound with a formin and
branched polymers (about 90 % in polymers bound with a formin and about 10 % in branched polymers).
We also observe that about 70% of the polymers are bound with a formin, 25% are branched and 5% are
linear capped. We then deduce that polymers bound with a formin are rather long while the others are
rather short.
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FIGURE 3.14 Percentage of polymerised actin and polymers in each of the 4 polymer sub-populations
over time with N = 10000, A" = 130, A~ = 7, Az = 6600, A, = 2 - 107, ®p = 10, O = 2,9 =075,
@5 = 0.035, &, = 0.0018, P¢ = 3.6 and O = 2.2 - 1076, starting with 20% of free monomers, 16%
of G-actin/profilin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
percentage of polymerised actin (top) in simple polymers and percentage of simple polymers (bottom).
Top right: percentage of polymerised actin (top) in polymers bound with a formin and percentage of
polymers bound with a formin (bottom). Bottom left: percentage of polymerised actin (top) in lin-
ear capped polymers and percentage of linear capped polymers (bottom). Bottom right: percentage of
polymerised actin (top) in branched polymers and percentage of branched polymers (bottom).

Figure shows the distribution of polymer lengths at final time. For this realisation, there are
very few polymers left, this is probably due to a too small value of N. Nevertheless, it seems that
polymers bound with a formin are quite long (up to 1000 monomers), whereas branched polymers
have a medium length (up to 350 monomers).

Finally, Figure gives information on the topology of branched polymers. On the left, we plot
(in purple) the evolution of the average number of branching per polymer over time. On the right, we
plot (in yellow) the evolution of the average number of free extremities per polymer over time. In this
case, the polymers appear to have few branching (less than 10 on average) with less than half of the
extremities free (2-3 on average).

As mentioned earlier, there is significant variability in the results for this set of parameters. It
would therefore be very useful to determine an average behaviour as we did in Chapter|[] Based on this
realisation, the results obtained are different from those expected and observed in biology. It would
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FiGure 3.15 Distribution of the polymer length in each of the 4 polymer sub-populations at final
time with N = 10000, A* = 130, A" = 7, A5 = 6600, A, = 2- 1075, ®p = 10, D} = 2, &7 = 0.75,
@} = 0.035, &, = 0.0018, ¢ = 3.6 and o7 = 2.2 - 107, starting with 20% of free monomers, 16%
of G-actin/profilin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
distribution of the simple polymer length. Top right: distribution of the polymer bound with a formin
length. Bottom left: distribution of the linear capped polymer length. Bottom right: distribution of the
branched polymer length.
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FIGURE 3.16 Average number of branching and of free extremities per polymer over time with
N = 10000, A* = 130, A~ = 7, A} = 6600, A, = 2-107°, ®p = 10, D} = 2, @5 = 0.75 , &} = 0.035,
®, =0.0018, &¢ = 3.6 and o7 = 2.2 - 1079, starting with 20% of free monomers, 16% of G-actin/profilin
complexes and 64% of monomers included within polymers (equitably distributed between simple poly-
mers, polymers bound with a formin, linear capped polymers and branched polymers) of length 40 (and
with 6 branching and 3 free extremities for branched polymers). Left: average number of branching
per polymer. Right: average number of free extremities per polymer. On each graph, we the average
value in black and the error interval around the mean in grey.
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therefore also be useful to conduct a numerical exploration of this model. This would allow us to
determine which parameters are robust and possibly adapt the rounding value for the most sensitive
parameters. It would also allow us to determine the impact of each protein on the dynamics of the
system.

4.6 - Perspectives

4.6.1 - Qualitative study of behaviour and concrete biological applications

The main objective of this model and its implementation was to answer concrete biological ques-
tions. In particular, we intended to study the following three topics:

1. During cell division, there is a modulation of actin polymerisation. We would like to determine
the effects of a switch from a mixed population — composed of linear polymers (mainly polymers
bound with a formin) and branched polymers — to a population composed exclusively of linear
polymers. In our model, this would correspond to a switch from ®} > 0 to &} = 0, and our
implementation would answer the following questions:

ote
%

How long does it take to lose all the branched polymers?

What is the resilience time?

o
%

o
%

What is the impact on polymer length?

s What is the impact on the amount of polymerised actin?

2. During pulsed contractions in C. elegans, there is a periodic modulation (as a square wave) of the
concentration of formin, which implies a periodic modulation of the rate of binding of a formin
to a polymer. There is also a modulation of the concentration of capping proteins and thus of the
rate of capping.

(a) If we are only considering the modulation of the formin concentration, this corresponds in
our model to alternating between the normal value of ®r. for about 30 seconds and a higher
value (e.g. 10 - ®y) for about 5-10 seconds.

(b) In a second step, we could take into account the modulation of the capping protein con-
centration. This would then correspond to alternating between normal ®; and ®¢ values
for about 30 seconds and higher values (e.g. 10 - @ and 10 - ®¢) for about 5-10 seconds,
with a delay between the modulation of the formin concentration and the modulation of
the capping protein concentration of about 2-5 seconds.

Our model would answer the following questions:

ot
e

Is there a new steady state?

ofe
%

What is the impact on polymer length?

o
%

What is the impact on the amount of polymerised actin?

Although we have tried to answer these questions, we have not been able to draw any conclusions
because the results obtained are not consistent. This can be due to various causes, such as a value of N
that is too small or parameter values that are too approximate. While taking a larger value for N may
be difficult due to the complexity in time of the implementation, a qualitative study of the behaviour
should allow the parameters to be adapted.
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4.6.2 - Mathematical conjecture

We also intended to use our implementation to validate the following mathematical conjecture.
Conjecture states that if we study the large population limit, the measure-valued process (% ZN ) /R,
converges in distribution to a deterministic limit which can be characterised by a system of ordinary
differential equations.

CONJECTURE 3.4.1 1
Suppose that the initial condition %*Zf)v converges in distribution to a deterministic limit *Z as

N — +co. Then the process (%*th\r ) R, converges in distribution as N — +o0, to a deterministic limit
(*Z+t)ter, Which can be characterised as follows.

If for every (T, b, I, e) € *T we write *k;(T, b, I, e) for the mass *Z; ({(T, b, [, e)}) given by *Z; to the
point (T, b, I, ), then:

ko(T,b,1,e) = "Zo ({(T, b, L, e)}),
and

d + I b+l
a*kt(M, 0, 1,0) = —/‘V—*kt(M, 0, 1,0)*500( ) /1+*kt M 0 1 0 e kt(B b l e
1=3 b=1 e=1

8

1}
w
)

b=1 e=0

3 b+l
+ 207 (*kt(s,o,3,1)+*kt(F,0,3,1) *k(C,0,3,0) +ZZ*ktB b, 3, e)

+ 1 (* () + "F7(8) + *C™(t) + *B°°(t))

oo | b+l
+A” Z Z “ki(B, b, 1, e) Z - 1)P (release m monomers by depolymerisation with split of a (B, b, [, €))
=4 b=1 e=0

+dr Z lz*kt(S, 0,,1) Z mP (release m monomers by fragmentation of a (S, 0, [, 1))

+®r Z 12*k,(F,0,1,1) Z mP (release m monomers by fragmentation of a (F, 0, [, 1))
=3

+ @7 Z P*k,(C,0,1,0)
=3

+00

[u

+

I
+®r Z Z Z (I - b)**ki(B, b, 1, ) Z P (release m free monomers by fragmentation of a (B, b, , e))

=3 b=1 e=0

Y

d
E*kt(P: Oa 1’ 0) = q)P*kt(M: Oa 1a 0)_/1;*kt(P> Oa 1a 0)*F°°(t)
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d
VL =3, —"k(S,0,L,1
(8,0, )

= An*kt(M, 0, 1, 0)3]]_{1;3} + /1+*kt(M, O, 1, 0)*kt(5, 0, L- 1, 1)]]'{L>3} + A_*kt(S, 0, L+ 1, 1) + (D;**kt(F, O, L, 1)
+00 [ b+1
+ A Z Z Z *k+(B, b, I, e)IP (create a (S, 0, L, 1) by depolymerisation with split of a (B, b, [, ¢))
I=L+1 b=1 e=0

+o0 | b+l

+ 0 ,Z]; bz_; ZO b*ki(B, b, I, e)IP (create a (S, 0, L, 1) by releasing an Arp2/3 from a (B, b, I, e))

+ o7 Z I? *ki(S, 0,1, 1)P (create a (S, 0, L, 1) by fragmentation of a (S, 0, [, 1))
I=L+1
+oo | b+l
+®r Z Z Z(l - b)z*K;V(B, b, 1, e)P (create a (S, 0, L, 1) by fragmentation of a (B, b, I, e))

I=L+1 b=1 e=0
- A17k:(M, 0,1,0)k4(S, 0, L, 1) = 17 *k:(S, 0, L, 1) = 5:*k«(S, 0, L, 1) — L&% *k,(S, 0, L, 1)
- ®c*ki(S,0,L,1) - L*®1*k,(S, 0, L, 1),

d
VL > 3, E*kt(F, O, L, 1) = A;*kt(P, 0, 1, O)*kt(F, O, L- 1, 1)]]'{L>3} + A_*kt(F, O, L+ 1, 1) + q);*kt(s, 0, L, 1)

+Pr Z 12*k,(F,0,1,1)P (create a (F,0, L, 1) by fragmentation of a (F, 0, [, 1))
=4
- A:*k:(P,0,1,0)k(F, 0, L, 1) = A~ *k;(F, 0, L, 1) - @z *k;(F, 0, L, 1) - L*®7*k:(F, 0, L, 1),

d
VL =3, —"k;(C,0,L,0
2 k(C.0.L,0)
= )L_*kt(c, 0, L + 1, O) + CDc*kt(S, 0, L, 1)

+00 | b+l
+A” Z Z Z *ki(B, b, L, e)IP (create a (C, 0, L, 0) by depolymerisation with split of a (B, b, [, €))
I=L+1 b=1 e=0
+oo [ b+l
+d, Z Z Z b*ki(B, b, 1, e)P (create a (C, 0, L, 0) by releasing an Arp2/3 from a (B, b, L, e))
I=L b=1 e=0
- A7"k(C,0,L,0) - L&} *k:(C, 0, L, 0) - L*®7*k:(C, 0, L, 0),

d,
VB=1Bs LVE=1E<B+1, — k(B B LE)

= Eﬂ**kt(M, 0,1, 0)*kt(B, B, L- 1:E):H-{L>3,B>1,Ezl} + (L - B+ 1)q);}*kt(B>B -1, L,E _ 1)]]-{B>1,Esl}
+ (Drﬁ*kt(c: 0: L: O)R{B:I,E:I} + (D:x*kt(sa O, L, 1)11{3:1’]5:2} + (E + 1)q)c*kt(B, B, L, E+ 1)1{553}
+ A7 ki(B, B, L + 1, E)IP (depolymerisation without split of a (B, B, L + 1, E))
+00 [ b+1
+A” Z Z Z *ki(B, b, I, e)IP (create a (B, B, L, E) by depolymerisation with split of a (B, b, , ¢))
I=L+1 b=B+1 e=E
+00 I b+l
+d Z Z Z b*ky(B, b, I, e)IP (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, I, €))
I=L b=B+1 e=E
+oo | b+l
+ @7 Z Z Z(l - b)**KN (B, b, , e)P (create a (B, B, L, E) by fragmentation of a (B, b, I, €)) Ligs0)
I=L+1 b=B e=E
- EA"ky(M,0,1,0)*k;(B, B, L,E) - A" *k(B, B, L, E) - (L - B)®}, *k:(B, B, L, E)

- B®,*k/(B, B, L, E) - E®¢*ky(B, B, L, E) - (L - B)*®1*k:(B, B, L, E),
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with:

s P (depolymerisation without split of a (B,B,L + 1,E)) = P (Ber (%) = O) =1- %.

s P (create a (B, B, L, E) by depolymerisation with split of a (B, b, 1, e))

b
=P (Ber (l> = 1) P (create a (B,B,L,E) by depolymerisation from a (B, b, L, €))

'IP((Z1=L,I71=B,€1=E) or (l2=l—l—ll=L,b2=b—1—b1=B,€2=€—€1=E))

-]P((ZI:L,blzB,ele) or (l1:l—1—L,b1:b—l—B,elze—E))

‘P((h=Lb =Be=E)+P((L=1-1-Lb=b-1-Be=e-E) if2L#Il-1,
‘P ((l =L b = B, e, = E) if2L =1-1,

Il
——— >~
~l —~I

with:
IP(ll =L,b1=B,€1=E)=]P(€1=E|ll =L,b1 =B)]P(b1=B|ll =L)]P(11=L),

and:

P -py- 1 HLEO -1}
0 otherwise.
P =BlhL=L1)= min(b—1,L)—rnlax(0,b—l+L)+1 if B € {max(0,b -1 +1L),~,min(b - 1,1)},
1= 1=1L)=
0 otherwise.
1 . .
Pley=F|L =L b =B)- (e BT a0 e BB if E € {max(0,e - b+ B),---,min(e, B+ 1)},
’ 0 otherwise.

s P (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, 1, e))

=P((ly=L,by=B,ey=E) or (L=1-L,by=b-1-B,e; =e—-E))

[P =Lb=Be=E)+P(lLi=l-Lb=b-1-Be=e-E) if2L#l
P((l, = L b, = B, e; = E)) if 2L = I,

with:
P(h=Lb=Be=E)y=P(esy=E|L=Lbj=B)P(bi=B|L=L)P(=1L),

and:

0 otherwise.

L fLe{o,1},
IP(11=L)=[I+1 Le {0, 1)

1 . .
P (b =B =1)= [min(bLL)mw(o,bM1)+1 if Be {max(0,b-1+L-1),--,min(b-1,L)},
0

otherwise.

1 . .
Plei=E|b=Lb=B)- [““in<e,B+1>—max<o,e_b+3>+1 ifE € {max(0,¢ - b+ B), -~ min(e. B+ )},

0 otherwise.
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s IP (create a (B, B, L, E) by fragmentation of a (B, b, [, €))

=P ((h=Lb =Be =E) or (I, =L by =Be, =E))

=§]P(np=n)IP<<llr:j =L,V;"J - B, e;"J +1=E>
or (l’—(n—l)ll,J :L,e—n—(n—l)le_nJ :B,e—n—(n—l)le_nJ +1:E>

n

n n
with:
n - min (e’ll—max(l,b+1—e) )
3

and

lP(np—n)znl
We have: "
P25l e)
or <l’—(n—l) lr:J=L,e—n—(n—1)r;nJ=B,e—n—(n—1)r_nJ+1=E) np=n>
e ([E]-n ) - m [0 1= - )
+P(l’—(n—1)[lr:j=L,e—n—(n—1)rnnJ=B,e—n—(n—1)r; J+1=E np=n>
—P(llr;]:l/—(n—l)[/J=L,r;nJ=e—n—(n—1)r;nJ=B,

r;nJ+1=e—n—(n—l){e;nJ+1=E np=n>,

with:

np=n>
np=n>IP<[e;an =B,le;"J +1=E

npzn)

n
=]P(anl’<n(L+1)|np=n)]P<[€_nJ =B np=n>]P<B+1=E npzn,le_nJ =B>,
n n
=1P(nL—max(3n,e—n)sgB< n(L + 1) - max(3n,e - n) | n, = n)

IP(nBse—n<n(B+1)|np=n)IP(B+1=E npzn,r_ngB),

n(L+1)-max(3n,e-n)-1

= Z P (gB = kl np = n) ]]-{nBse—n<n(B+1)}:H-{B+1=E}a

k=nL-max(3n,e-n)
where:
8Bmax = | - max(1,b + 1 - e) - max(3n, e - n),
pB(l _PB)IFI ifk e {L"';gBmax},
P (gs=k|my=n)=1(1-ppims ifk=0,

0 otherwise,
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and
. AN
eA™*KN(M,0,1,0)

pp=1-
We also have:

e—n

J+1=E
n

np=n>

P(l'—(n—l) [lr:J =Le-n-(n-1) le;nnJ =B,e—n—(n—1)[

=P<l’—(n—1)[lr:j =L np=n>ﬂ3(e—n—(n—l)le;n] =B

npzn)

]P<B+1=E np=n,e—n—(n—1)le_nJ=B)
n
&Bmax
= ]P gB = k | np,=n :H' +max(3n,e-n :H' e-n-(n- e-n|_ :H' B+1=E}»
; ( P ) {k+max(3n,e—n)—(n—1){%J:L} { (n-1)| &2 ]=B} }
and
’ ’ _ _
P([IJ =lI'-(n-1) llj =L,r nJ =e—n—(n—1)le nJ = B,
n n n n

e—n

+1=e—n—(n—1){ J+1=E

e-n
=
]P(l’:nL,e—n:nB,B+1:E|np:n),
]P(l’=nL|np=n)]P(e—n=nB|np=n)]l{B+1=E},
P

(gB = nL - max(3n,e - n) | np = n) ﬂ{e—n:nB}]l{BH:E}-

np = n),

# [P (create a (C, 0, L, 0) by depolymerisation with split of a (B, b, [, e))
= IP (create a (B, B, L, E) by depolymerisation with split of a (B, b, l, €)) with B=0,E = 0.
s P (create a (C, 0, L, 0) by releasing an Arp2/3 from a (B, b, , €))
= IP (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, 1, e)) with B=0,E = 0.
s P (create a (F,0, L, 1) by fragmentation of a (F, 0, [, 1))

=P (I'=gr+3=L)=P(gr=L-3),

with:
pr(1-pp) ! ifke{1,-,1-4},
P(gr =k =14(1-pp)™* if k = 0,
0 otherwise,
and
AN
pr=1

- AKN(P,0,1,0)
# IP (create a (S, 0, L, 1) by depolymerisation with split of a (B, b, [, e))

= IP (create a (B, B, L, E) by depolymerisation with split of a (B, b, I, €)) with B=0,E = 1.

s P (create a (S, 0, L, 1) by releasing an Arp2/3 from a (B, b, 1, e))

= IP (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, 1, e)) withB=0,E = 1.
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s P (create a (S, 0, L, 1) by fragmentation of a (S, 0, [, 1))
=1P(l’=g5+3=L) =P(gs=L-3),

with:
ps(1-ps)t ifke{1,-,1-4},
P(gs=k) = {(1-ps)"™ if k = 0,
0 otherwise,
and
AN
Ps =

1- .
A*KN(M,0,1,0)
# IP (create a (S, 0, L, 1) by fragmentation of a (B, b, [, €))
= IP (create a (B, B, L, E) by fragmentation of a (B, b, [, ¢)) with B=0,E = 1.

# Y. (m—1)P (release m monomers by depolymerisation with split of a (B, b, L, e))

P23 b=1)+2P (L 23,L=2+P(h=1L<3)+2P( =2k <3)
sP(L=0L=1)+2P(L=0kL=2)+P(=1L=0+2P(L=1L=1)+3P( =1k =2)
2P (L =2 =0)+3P(L=2L=1)+4P (L = 2L = 2)

P =1-21-223)+2P(=1-31-3>3)+P(L=11-2<3)+2P(, =2 1-3<3)
P =0,1-1=1)+2P (L =0,1-1=2)

s P(h=1,1-2=0)+2P(=1,1-2=1)+3P (=1, -2 = 2)

4P (L =2,1-3=0)+3P(L=21-3=1)+4P (4 =2,1-3=2)

= %1{l25}+;1{126}+%1{l:3}+%1{l:4} +;]1{1:5}

# Y. mlP (release m monomers by releasing an Arp2/3 from a (B, b, 1, e))

+P(h=1L=0+2P(,=1L=1)+3P(, =11 = 2)
+2P(L=2L=0)+3P(L=21L=1)+4P (L =21, = 2)
“PLh=1-11-123)+2P(h=1-21-223)+P(L=1,1-1<3)+2P (L, =2,1-2<3)
+P(L=01=1)+2P( =0,1=2)
+P(=11-1=0)+2P(,=1,1-1=1)+3P( =1,1-1=2)
2P (L =21-2=0)+3P (L =21-2=1)+4P(, =2,1-2 =2)

2 4

4 6
= mﬂ{lzz;} + mﬂ{lzs} + m1{1=3} + m]l{lﬂ;}

# Y. mlP (release m monomers by fragmentation of a (S, 0, [, 1))

-
mlP(l/:g5+3=l—m):Zm]P(gS:l—m—3).

I-

Il
w

_

1

3
il

# . mlP (release m monomers by fragmentation of a (F, 0, [, 1))

-
mlP(l':gF+3=l—m): mP (gp=1-m-3).

w

I-

w

3
N

1

3
il
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# Y. mlP (release m free monomers by fragmentation of a (B, b, [, e))

Nmax I-max(3n,e-n)
=ZIP(np=n) Z mP (I = gp + max(3n,e—n) = - m|n, = n)
n=1 m=max(1,b+1-e)

Nmax 1-max(3n,e-n)

ZZ Z nm IP(gB=l—m—max(3n,e—n)|np=n).

n=1 m=max(1,b+1-e)
L _I

This deterministic system would allow us to eliminate the variability of the results obtained with the
stochastic model. This would then allow us to improve the results of a qualitative study of behaviour.

This system of differential equations has been implemented, but unfortunately we were unable
to exploit the code. Indeed, by solving the problem of complexity in space, we created a problem of
complexity in time. The execution of this code is extremely slow. On the other hand, this code does
not allow us to retrieve the results verified in Chapter 1, so there must be an error or a rounding error
problem.
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1- Model for a Single Linear Actin Polymer

Fonction C++ prenant en arguments :

int Loinit : le nombre initial de monomeéres libres

o
%

%
%

int Liinit : la taille initiale du filament (en monomeére)

# int L2init : le nombre initial de complexes actin-G/profilin

# int N :le nombre total de monomeres

# double tmax : le temps final

s double lambda_plus : le taux d’élongation spontanée

s double lambda_moins : le taux de dépolymérisation

s# double lambdaF_plus : le taux d’élongation avec une formine

s double phiP : le taux de création de complexes actin-G/profilin

s double phiF_plus : le taux de fixation d’une formine sur un polymere

% double phiF_moins : le taux de libération d’'une formine

créant et remplissant un fichier contenant le vecteur
(Lo(8), L1 (1), La(2), M(2), £)

pour chaque temps t € [0, tmax]-

1 void ModeleSingleFil(int LOinit, int L1linit, int L2init, int N,
2 double tmax, double lambda_plus, double lambda_moins, double lambdaF_plus,
3 double phiP, double phiF_plus, double phiF_moins) {

K181 R
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FILE+ outparametre = fopen("Parameters.txt","w");
fprintf(outparametre ,"N = %i", N);
fprintf (outparametre, "\n");
fprintf(outparametre, "lambda_plus = %f", lambda_plus);
fprintf(outparametre, "\n");
fprintf (outparametre , "lambda_moins = %f", lambda_moins);
fprintf(outparametre, "\n");
fprintf(outparametre, "lambdaF_plus = %f", lambdaF_plus);
fprintf (outparametre, "\n");
fprintf(outparametre, "phiP = %f{", phiP);
fprintf(outparametre, "\n");
fprintf(outparametre, "phiF_plus = %f", phiF_plus);
fprintf(outparametre, "\n");
fprintf(outparametre, "phiF_moins = %f", phiF_moins);
fclose (outparametre);

FILE+ output = fopen("Data.txt","w");
int LO_0 = LOinit;

fprintf (output, "%i ", L0_0);
int L1_0 = Llinit;

fprintf (output, "%i ", L1_0);
int L2_0 = L2init;

fprintf (output, "%i ", L2_0);
int M0 = 0; // Initialiser a M_0=1 pour commencer dans le
fprintf (output, "%i ", M_0);
double T 0 = 0;

fprintf (output, "%f ", T_0);
fprintf (output, "\n");

int LO_1;

int L1_1;

int L2_1;

int M_1;

double T_1;

double taux_elongation_simple;
double taux_elongation_formine;
double taux_depolymerisation;
double taux_creation_complexe;
double taux fixation formine;
double taux_liberation_formine;
double taux_total;

int IfContinue 1;

int des4faces;

int des3faces;

double p;

bool des_pipe;

L0 1 = L0 O;

L11 =1L110;

L2 1 = L2 0;

M1 =M0oO;

while (T_0 < tmax && IfContinue == 1 ) {

if(L1_0 > 0) {

if (M0

= 0) {
taux_elongation_simple = lambda_plus«double (L0O_0)/N;
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taux_depolymerisation = lambda_moins;
taux_creation_complexe = phiP»double(L0_0)/N;
taux_fixation_formine = phiF_plus;

taux_total = taux_elongation_simple+taux_depolymerisation

+taux_creation_complexe+taux_fixation_formine;

if (taux_total == 0) {
IfContinue = 0; }
else {
while (L0 1 == L0 0 && L1 1 == L1 0 && L2 1 == L2 0

&& M1 == M 0) {
desd4faces = floor (4»rand01 () +1);

if (desd4faces == 1) {
p = taux_elongation_simple/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {

L0 1 = L0 0-1;
L1_1 = L1 0+1; } }

else if(des4faces == 2) {
p = taux_depolymerisation/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {

LO 1 = LO_0+1;
L1_1 =1L10-1; } }

else if(des4faces == 3) {
p = taux_creation_complexe/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {

LO 1 = L0 0-1;
L2_1 = L2_0+1; } }

else {
p = taux_fixation_formine/taux_total;
des_pipe = (rand01() <= p);

if (des_pipe == 1) {
M1 =MDO0+1; } } }

T_1 = T_O+rand_exp(taux_total);

else {

fprintf (output, "%i ", L0_1);

fprintf(output, "%i ", L1_1);

fprintf (output, "%i ", L2_1);

fprintf (output, "%i ", M_1);

fprintf (output, "%f ", T_1);

fprintf (output, "\n");

LO 0 = LO 1;

L10 = L1 1;

L2 0 = L2 1;

M_0 = M_1;

T O ="T_1; } }
taux_elongation_formine = lambdaF_plus+double(L2_0)/N;
taux_depolymerisation = lambda_moins;
taux_creation_complexe = phiP»double(L0_0)/N;
taux_liberation_formine = phiF_moins;
taux_total = taux_elongation_formine+taux_depolymerisation

+taux_creation_complexe+taux_liberation_formine;

if (taux_total == 0) {
IfContinue = 0; }
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else {

while (L0O_1 == L0_0 && L1_1 ==
&& M_1 == M 0) {
des4faces=floor (4«rand01 () +1);

if (des4faces

= 1)

{

L1_0 && L2_1 ==

L2_

longation_formine/taux_total;

p = taux_e
des_pipe = (rand01() <= p);
if (des_pipe == 1) {
L1 1 = L1 _0+1;
L2 1 =L20-1; } }
else if (des4faces == 2) {
p = taux_depolymerisation/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {
LO 1 = LO_0+1;
L1.1 =1L10-1; } }
else if (desd4faces == 3) {
p = taux_creation_complexe/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {
Lo 1 = L0 0-1;
L2 1 = L2 0+1; } }
else {
p = taux_liberation_formine/taux_total;
des_pipe = (rand01() <= p);
if (des_pipe == 1) {
M1 =MoO0-1; } } }

T_1 = T_O+rand_exp(taux_total);

fprintf (output, "%i ", L0_1);
fprintf (output, "%i ", L1_1);
fprintf (output, "%i ", L2_1);
fprintf (output, "%i ", M_1);
fprintf (output, "%f ", T_1);
fprintf (output, "\n");

LO_O0O = L0o_1;
L10 = L1 1;
L2_0 L2_1;
MO0 = M1;
T 0 =T_1; }

else {

I

taux_creaﬁon_conqﬂexe =
taux_total = taux_creation_complexe;

if (taux_total == 0)
IfContinue = 0;
else {
Lo 1 = L0 0-1;
L2 1 = L2 0+1;

{
}

phiP+double (LO_0) /N;

T_1 = T_O+rand_exp(taux_total);

fprintf (output,
fprintf (output,
fprintf (output,
fprintf (output,
fprintf (output,
fprintf (output,

"%1
nei
neri
"%1
"%f "
“\n")

L0 1)
L1 1)
L2 1)
M_1);
T_1);

5

5

5
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187 L0O_0 = Lo_1;

188 L1 0 = L1_1;

189 L2_0 = L2_1;

190 M0 = M_1;

191 T 0 ="T_1; } } }
192 fclose (output); }

2 - Model for a Population of Linear Actin Polymers

Fonction C++ prenant en arguments :

std :: string type_filament : le(s) type(s) de filaments a I’état inital parmi :

%
S

+ "simple" : 100 % de filaments simples (sans formine)
+ "formine” : 100 % de filaments associés a une formine

« "both" : 50% de filaments simples et 50% de filaments associés a une formine

ot
%

int lmax : la longueur maximale des filaments

ot
%

double« K0 : un tableau (vide) de réels de taille 2«Imax+2

(a initialiser dans main.cpp : double K0[2+lmax+2];)
demandant via la console :

la taille des filaments initiaux

o
%

s

la proportion de monomeéres libres a I’état initial

ote
%

la proportion de complexes actin-G/profilin a I’état initial

et modifiant le tableau K0 afin d’avoir 1’état initial souhaité.

1 void Genelnit(std::string type_filament, int lmax, doubles K0) {

2

3 for(int j=0; j<2+«lmax+2; j++) {

4 Ko[j]=0.0; }

6 printf (" Quelle est la taille des filaments initiaux (< %i) ? \n", lmax);
8 int 10;

9 scanf ("%d",&10);

11 printf (" Quelle est la proportion de monoméres a 1’état initial ? \n");

13 double propo0;
14 scanf("%1f" ,&prop0);

16 printf("Quelle est la proportion de complexes actine/profiline a 1’état
17 initial ? \n");

19 double propi;
20 scanf("%1f" ,&propl);
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Ko[0]=prop0;
Ko[1]=propl;

if (type_filament=="simple") {
Ko[l0+1]=(1-K0[0]-KO[1])/double(1l0); }

//Départ avec prop0 monomeéres libres , propl complexes et le reste de

// filaments SIMPLES de taille 10
else if(type_filament=="formine") {
KOo[10+1+lmax]=(1-K0[0]-KO[1])/double(l0); }

//Départ avec prop0 monomeres libres , propl complexes et le reste de

// filaments FORMINES de taille 10

else if(type_filament=="both") {
Ko[10+1]=(1-K0[0]-KO0[1]) /(2 double(10));
KOo[10+lmax+1]=(1-KO0[0]-KO[1]) /(2= double(l0)); }

//Départ avec prop0 monomeéres libres , propl complexes et le
// reste = 50% filaments SIMPLES + 50% filaments FORMINES de taille 10
else {
printf("Le type choisi doit appartenir a la liste suivante \n");
printf(" « simple = départ avec des filaments simples uniquement \n");
printf(" « formine = départ avec des filaments associés a une formine
uniquement \n");
printf(" « both = départ avec 50% de filaments simples
et 50% de filaments associés a une formine \n"); } }

Fonction C++ prenant en arguments :

s double tmax : le temps final
s# double dt : le pas de temps pour la méthode d’Euler explicite
s double lambda_plus : le taux d’élongation spontanée

s double lambda_moins : le taux de dépolymérisation

%
¥

double lambdaF_plus : le taux d’élongation avec une formine
double phiP : le taux de création de complexes actin-G/profilin

double phiF_plus : le taux de fixation d’'une formine sur un polymere

%
%

double phiF_moins : le taux de libération d’une formine

%
%

int Imax : la longueur maximale des filaments

%
%

créant et remplissant un fichier contenant le vecteur

double« KO : le tableau de réels de taille 2«lmax+2 modifié par la fonction Genelnit

(t, ke(M, 1), ke(P, 1), ki (S, 1), ..., ki(S, Imax), ke(F, 1), ..., k:(F, Imax))

pour chaque temps ¢t € [0, tyqx]-

void ModelePopFil (double tmax, double dt, double lambda_plus,
double lambda_moins, double lambdaF_plus, double PhiP, double
double PhiF_moins, int lmax, doublex KO ) {

FILE+ outparametre = fopen("Parameters pop.txt", "w");
fprintf(outparametre ,"dt = %f", dt);
fprintf(outparametre, "\n");

fprintf(outparametre, "lambda_plus = %f", lambda_plus);

PhiF_plus,
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fprintf(outparametre, "\n");

fprintf(outparametre, "lambda_moins = %f", lambda_moins);
fprintf(outparametre, "\n");

fprintf(outparametre, "lambdaF_plus = %f", lambdaF_plus);
fprintf(outparametre, "\n");

fprintf(outparametre ,"PhiP = %f", PhiP);
fprintf(outparametre, "\n");
fprintf(outparametre, "PhiF_plus
fprintf(outparametre, "\n");

%t", PhiF_plus);

fprintf(outparametre ,"PhiF_moins = %f", PhiF_moins);
fprintf(outparametre, "\n");
fprintf(outparametre, "Imax = %i", lmax);

fprintf(outparametre, "\n");

fclose (outparametre);

FILE+ output = fopen("Data_pop.txt","w");
double t=0.0;

int cpt=0;

int next_print=1;

fprintf (output, "%.5e¢ ", t);

for (int j=0; j<2«lmax+2; j++) {
fprintf (output, "%.5¢ ", KO[j]

fprintf (output, "\n");

)}

double Ki[2+Imax+2];

while (t<tmax) {
// Pour que la somme pondérée soit toujours égale a 1,
// et donc éviter les erreurs
//numérique , on normalise a chaque pas de temps.
double sp=0.0;
//On approche la solution du systeme au temps dt par une méthode
//d’Euler explicite

double NbPolySimple=0.0;
for(int j=2; j<lmax+2; j++) {
NbPolySimple=NbPolySimple+K0[j]; }

double NbPolyFormin=0.0;
for(int j=lmax+2; j<2+lmax+2; j++) {
NbPolyFormin=NbPolyFormin+K0[j]; }
K1[0]=dt«(lambda_moins +( NbPolySimple+NbPolyFormin)
-lambda_plus«K0[0]+« NbPolySimple -PhiP«K0[0])+K0[0];
Ki1[1]=dt+(PhiP+K0[0] -lambdaF_plus+K0[1]+ NbPolyFormin)+K0([1];
Ki[2]=dt«(lambda_moins+K0[3]+ PhiF_moins+«KO0[lmax +2]
-lambda_plus«K0[0]«K0[2] -lambda_moins«K0[2] - PhiF_plus«K0[2])+K0[2]
for(int j=3; j<lmax+1; j++) {
Ki[j]=dt+(lambda_plus«K0[0]+KO[j-1]+lambda_moins«KO[j+1]
+PhiF_moins«KO[j+lmax]-lambda_plus«K0[0]«KO[j]
-lambda_moins+«KO0[j]-PhiF_plus«K0[j])+K0[j]; }
Ki[lmax+1]=dt«(lambda_plus+«K0[0]+KO[lmax]+PhiF_moins«KO0[2«Imax+1]
-lambda_plus+K0[0]+KO0[lmax+1]-lambda_moins«KO0[lmax+1]
-PhiF_plus+K0[lmax+1])+K0[lmax +1];
Ki[lmax+2]=dt+«(lambda_moins+«KO0[lmax+3]+PhiF_plus«K0[2]
-lambdaF_plus«KO0[1]+«KO0[lmax+2]-lambda_moins+KO0[Imax+2]
-PhiF_moins+«K0[Ilmax +2])+K0[lmax +2];
for(int j=Imax+3; j<2«lmax+1; j++) {
Ki[j]=dt«(lambdaF_plus+«K0[1]+KO0[j-1]+lambda_moins«KO[j+1]
+PhiF_plus+KO0[j-lmax]-lambdaF_plus«K0[1]+KO0[j]
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-lambda_moins+«KO0[j]-PhiF_moins«K0[j])+K0[j]; }
Ki[2+lmax+1]=dt«(lambdaF_plus+«K0[1]+KO0[2+Imax]+PhiF_plus+K0[lmax+1]
-lambdaF_plus«K0[1]«KO0[2+]lmax+1]-lambda_moins«KO0[2«Imax+1]
-PhiF_moins+K0[2+Imax+1])+K0[2+lmax +1];

sp=sp+K1[0]+K1[1];

for(int j=2; j<lmax+2; j++) {
sp=sp+K1[j]+(j-1); }

for(int j=lmax+2; j<2+«lmax+2; j++) {
sp=sp+K1[j ]+ (j-1-Imax); }

fOI'(iIlt j=0; j<2*lmax+2; j++) {
Ko[j]=Ki[j1/sp; }

t=t+dt;

cpt=cpt+1;

if (cpt<100000000) {
//On écrit le résultat dans le fichier seulement toutes les 1000

//itérations pour limiter le temps d’exécution

if (cpt==next_print) {
fprintf (output, "%.5e¢ ", t);
for(int j=0; j<2«Imax+2; j++) {
fprintf (output, "%.5e¢ ", K0[j]); }
fprintf (output,"\n");
next_print=next_print+1000; } }
else {
if (cpt==next_print) {
fprintf (output, "%.5e¢ ", t);
for(int j=0; j<2«lmax+2; j++) {
fprintf (output, "%.5e¢ ", KOo[j]); }
fprintf (output,"\n");
next_print=next_print+1000000; } } }

fclose (output); }
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1 - Trace and Colour Segments

Fonction R prenant en arguments :

# A :un vecteur contenant les coordonnées d’'un point

# B :un vecteur contenant les coordonnées d’un point

s color : une chaine de caractére ou un entier définissant la couleur
# X : un vecteur définissant les limites de ’axe des abscisses

# v : un vecteur définissant les limites de ’axe des ordonnées

permettant de tracer le segment entre les points A et B dans la couleur donnée.

X189 B
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1 PlotSegPt=function (A,B, color ,x,y) {
2 plot(c(A[1],B[1]),c(A[2],B[2]),"0" ,xlim=x,ylim=y, col=color,
3 ylab="",xlab="",xaxt="n",yaxt="n" ,cex=0.8,lwd=1.5,bg=color) }

Fonction R prenant en arguments :

A : un vecteur contenant les coordonnées d’un point

o
%

ot
%

B : un vecteur contenant les coordonnées d’un point

ofe
%

style : un vecteur dont la premiére coordonnée définie une couleur

X : un vecteur définissant les limites de I’axe des abscisses

%
%

# y: un vecteur définissant les limites de ’axe des ordonnées

permettant de tracer le segment entre les points A et B dans la couleur donnée et avec une des extrémités
cappés.

1 PlotSegPtCap=function (A,B, style ,x,y) {

2 plot(c(A[1],B[1]),c(A[2].,B[2]),"0" ,xlim=x,ylim=y, col=style[1],
3 ylab="",xlab="",xaxt="n",yaxt="n",cex=0.8,lwd=1.5,pch=style [2],
4 bg=style [1] ,main="Tree representation") }

Fonction R prenant en arguments :

# S :une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

color : une chaine de caractére ou un entier définissant la couleur

3%
¥

x : un vecteur définissant les limites de I’axe des abscisses

ofe
%

# v : un vecteur définissant les limites de ’axe des ordonnées

permettant de tracer le segment entre les deux points dans la couleur donnée.

1 PlotSeg=function (S, color ,x,y) {
2 PlotSegPt(S[1,],S[2,],color ,x,y) }

Fonction R prenant en arguments :

S : une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

o
%

style : un vecteur dont la premiere coordonnée définie une couleur

ot
%

X : un vecteur définissant les limites de I’axe des abscisses

%
%

%
*

y : un vecteur définissant les limites de I’axe des ordonnées

permettant de tracer le segment entre les deux points dans la couleur donnée et avec une des extrémités
cappés.

1 PlotSegCap=function (S, style ,x,y) {
2 PlotSegPtCap(S[1,],S[2,],style ,x,y) }
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Fonction R prenant en arguments :

ote
%

A : un vecteur contenant les coordonnées d’un point

ot
%

B : un vecteur contenant les coordonnées d’un point

color : une chaine de caractére ou un entier définissant la couleur

ot
%

permettant de tracer le segment entre les points A et B dans la couleur donnée sur un graphique existant.

1 LineSegPt=function (A,B, color) {
2 lines (c(A[1],B[1]),c(A[2].,B[2]),"0",col=color ,cex=0.8,lwd=1.5,bg=color) }

Fonction R prenant en arguments :

# A :un vecteur contenant les coordonnées d’un point
# B :un vecteur contenant les coordonnées d’un point

# style : un vecteur dont la premiere coordonnée définie une couleur

permettant de tracer le segment entre les points A et B dans la couleur donnée et avec une des extrémités
cappés sur un graphique existant.

i1 LineSegPtCap=function (A,B, style) {
2 lines (c(A[1],B[1]) ,c(A[2],B[2]),"0" ,col=style[1],cex=0.8,lwd=1.5,
3 pch=style [2],bg=style[1]) }

Fonction R prenant en arguments :

# S :une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

# color : une chaine de caractére ou un entier définissant la couleur

permettant de tracer le segment entre les deux points dans la couleur donnée sur un graphique existant.

i1 LineSeg=function (S, color) {
2 LineSegPt(S[1,],S[2,],color) }

Fonction R prenant en arguments :

# S :une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

s# style : un vecteur dont la premiere coordonnée définie une couleur

permettant de tracer le segment entre les deux points dans la couleur donnée et avec une des extrémités
cappés sur un graphique existant.

1 LineSegCap=function (S, style) {
2 LineSegPtCap(S[1,],S[2,],style) }

Fonction R prenant en arguments :

# L :une liste de matrice 2x2 correspondante aux coordonnées de 2 points

# color : une chaine de caractére ou un entier définissant la couleur
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permettant de tracer les segments entre les paires de points définies par les matrices dans la couleur
donnée.

1 PlotListeSeg=function (L, color) {

> maxX=L[[1]][1,1]

3 maxY=L[[1]][1,2]

4 minX=L[[1]][1,1]

s minY=L[[1]][1,2]

6 for (i in 1:length (L)) {

7 maxX=max (maxX,L[[i]][,1])

8 maxY=max (maxY,L[[i]][.,2])

9 minX=min(minX,L[[1]][,1])

10 minY=min(minY ,L[[i]][,2]) }
11 x=c (minX , maxX)

12 y=c (minY , maxY)

13 PlotSeg (L[[1]], color ,x,y)

14 if (length(L)>1) {

15 for (i in 2:length (L)) {

16 LineSeg (L[[i]],color) } } }

Fonction R prenant en arguments :
# L :une liste de matrice 2x2 correspondante aux coordonnées de 2 points

permettant de tracer les segments entre les paires de points définies par les matrices avec un choix de
couleur automatique.

PlotListeSegColor=function (L) {

1

2 color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,

3 “darkturquoise’, ’deepskyblue3’,’blue’, purple3’, darkorchidl’, magenta’)
4 palette(color)

5 maxX=L[[2]][1

6 maxY=L[[2]][1
7 minX=L[[2]][1
8 minY=L[[2]][1

1]
2]
1]
2]

9 for (i in 1.(length(L)/2)) {
10 maxX=max (maxX,L[[2+1]][,1])
1 maxY=max (maxY,L[[ 111,2])
12 minX=min(minX,L[[2+1]][,1])
13 minY=min (minY ,L[[ 110,2]) }

14 x=c (minX , maxX)

15 y=c (minY , maxY)

16 PlotSegCap (L[[2]],L[[1]].x,y)

17 for (i in 1:(length(L)/2)) {

18 LineSegCap (L[[2+i]],L[[2+i-1]]) } }

2 - Place Segments

Fonction R prenant en arguments :

# L : une liste de matrice 2x2 correspondante aux coordonnées de 2 points

# v :un vecteur de translation (de taille 2)

permettant de translater une liste de segments et renvoyant une liste de matrices 2x2 contenant les
nouvelles coordonnées.
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1 TranslateListeSeg=function (L,v) {

2 L2=1list ()

3 if (length (L) >0) {

4 for (i in 1:length (L)) {

5 L2[[i]]=matrix(c(L[[1]][,1]+v[1],L[[i]][.,2]+Vv[2]),ncol=2) } }
6 return (L2) }

Fonction R prenant en arguments :

# L :une liste de matrice 2x2 correspondante aux coordonnées de 2 points

# v :un vecteur de translation (de taille 2)

permettant de translater une liste de segments et renvoyant une liste de matrices 2x2 contenant les
nouvelles coordonnées avec gestion automatique des couleurs.

1 TranslateListeSegColor=function(L,v) {
2 L2=list ()

3 if (length (L) >0) {

4 for (i in 1:(length(L)/2)) {

5 L2[[2+i]]=matrix(c(L[[2+1]][,1]+v[1],L[[2+i]][,2]+Vv[2]).,ncol=2)
6 L2[[2~i-1]]=L[[2~i-1]] } }

7 return (L2) }

3 - Trace and Colour a Tree

Pour coder un arbre, on utilise une liste de listes. Afin d’avoir toutes les informations nécessaires a
notre modele, un arbre correspond a une liste de longueur 5 contenant (dans 'ordre) :

1. un entier correspondant a la longueur de la racine

2. 0,10u2:0siil s’agit d’'un nceud interne ou d’une extrémité cappées, 1 si il s’agit d’une extrémité
libre, 2 si il s’agit de Pextrémité de la branche principale

3. 0 ou 1: 1 siil s’agit de la branche principale (partant de la racine) ; 0 sinon
4. une liste de taille 5 codant le sous arbre de gauche

5. une liste de taille 5 codant le sous arbre de droite

Par exemple, I’arbre initial utilisé pour les simulations du chapitre [Il} tracé a la figure [2.2| est codé
de la maniére suivante :

1 AO11=1list (2,1,0,list (),list())
2 A0101=1ist (1,1,0,1list (),list ()
3 A0100=1list (1,1,0,1list (),list ()
4+ A010=1ist (2,0,0,A0100,A0101)

s A0l=1list (3,0,0,A010,A011)

)
)

6
7 A001=1ist (1,1,0,1list () ,list())
s A000=1list (3,2,1,list(),list())
o A00=1list (4,0,1,A000,A001)

10 A0=1list (8,0,1,A00,A01)
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All=1list (3,1,0,list(),list())
A10=1list (2,1,0,list(),list())
Al=1list (4,0,0,A10,A11)

A=1i

st(5,0,1,A0,Al)

Fonction R prenant en arguments :

ot
%

%
¥

%
%

ofe
%

%
¥

L : une liste définissant un arbre

a : 'angle de la branche partant de la racine

da : I'angle du sous arbre de gauche

ia: Pangle entre le sous arbre de gauche et le sous arbre de droite

r € [0,1] : coefficient permettant de réduire I’angle entre la branche de gauche et la branche de
droite a chaque génération

créant et renvoyant une liste de matrices 2x2 correspondant aux différents segments de I’arbre.

CreationArbre=function(L,a,da,ia,r) {

S=
if
el

re

list ()
(length (L)==0) { }
se {
A4=CreationArbre(L[[4]].,da,(da-r+(ia/2)) ,(ia-r+ia),r)
A5=CreationArbre (L[[5]] ,da-ia ,(da-r«(ia/2)) ,(ia-r~ia),r)
1=L[[1]]
v=c(l+cos(pixa/180),l+sin(pixa/180))
S5=TranslateListeSeg (A5,v)
S4=TranslateListeSeg (A4,v)
if (length (S4)>0) {
for(i in 1:length(S4)) {
S[[length(S)+1]]=S4([[1i
if (length (S5)>0) {
for(i in 1:length(S5)) {
S[[length(S)+1]]=S5[[1]
S[[length(S)+1]]=matrix(c(c
turn(S) }

1113

IR
(0,0),v) ,byrow=TRUE, nrow=2) }

Fonction R prenant en arguments :

o
%

e

o
P

ofe
%

o
%

s

%

e

L : une liste définissant un arbre

a : 'angle de la branche partant de la racine

da : ’angle du sous arbre de gauche

ia : I'angle entre le sous arbre de gauche et le sous arbre de droite

r in [0,1] : coefficient permettant de réduire I’angle entre la branche de gauche et la branche de
droite a chaque génération

col : un entier définissant la couleur de la racine

créant et renvoyant une liste de matrices 2x2 correspondant aux différents segments de ’arbre avec
gestion automatique des couleurs.
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1 CreationArbreColor=function(L,a,da,ia,r,col) {

2 S=1list ()

3 if (length (L) >0) {

4 A4=CreationArbreColor(L[[4]].,da,(da-r+(ia/2)) ,(ia-r+ia),r,col)

5 A5=CreationArbreColor (L[[5]] ,da-ia ,(da-r=(ia/2)) ,(ia-r+ia),r,col+1)
6 1=L[[1]]

7 v=c(l«cos(pi+a/180),l«sin(pi~xa/180))

8 S5=TranslateListeSegColor (A5,v)

9 S4=TranslateListeSegColor (A4,v)

10 if (length (S4)>0) {

11 for(i in 1:length(S4)) {

12 S[[length(S)+1]]=S4[[i]] } }
13 if (length (S5) >0) {

14 for(i in 1:length(S5)) {
S[[length(S)+1]]=S5[[i1] } }
16 if(L[[2]]==0) {

17 S[[length(S)+1]]=c(col,23) }
18 else {

19 S[[length(S)+1]]=c(col,5) }

20 S[[length(S)+1]]=matrix(c(c(0,0),v),byrow=TRUE, nrow=2) }

21 return(S) }

4 - Analyse a Tree

4.1 - Number of Extremities, Number of Branches and Length of Poly-
mer

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant le nombre d’extrémités de 1’arbre.

1 NbExt=function (L) {
2 E=0

3 if (length (L) >0) {
4 E5=NbExt(L[[5]])
5 E=E+E5

6 E4=NbExt(L[[4]])
7 E=E+E4

8 if (length(L[[4]])==0 & length(L[[5]])==0) {
9 E=E+1 } }

10 return(E) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant le nombre d’extrémités libres (sans protéine de coiffe) de arbre.

i NbExtLibre=function (L) {
2 E=0
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if (length (L) >0) {
E5=NbExtLibre (L[[5]])
E=E+E5
E4=NbExtLibre (L[[4]])
E=E+E4
if (L[[2]]==2)
E=E+L[[2]] -1
else {
E-E+L[[2]] } }
return(E) }

Fonction R prenant en arguments :
# L :une liste définissant un arbre

renvoyant le nombre d’extrémités libres dont la branche n’est pas de taille nulle de ’arbre.

NbExtLibreNonNulle=function (L) {
s=SizeFeuille (L)
cpt=0
for (i in (1l:length(s))) {
if (s[[i]]>0) {
cpt=cpt+1 } }
return(cpt) }

Fonction R prenant en arguments :
s L : une liste définissant un arbre

renvoyant le nombre de branches de I'arbre.

NbBranche=function (L) {

B=0

if (length (L) >0) {
B5=NbBranche (L[[5]])
B=B+B5
B4=NbBranche (L[[4]])
B=B+B4
B=B+1 }

return(B) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant le nombre de branchement (nceuds) de I'arbre.

NbBranchement=function (L) {
B=NbBranche (L)
Bt=floor (B/2)
return (Bt) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant le nombre total de monomeres dans 'arbre.
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TailleFil=function (L) {
Lfil=0
if (length (L) >0) {
Lfil5=TailleFil (L[[5]])
Lfil=Lfil+Lfil5
Lfil4a=TailleFil (L[[4]])
Lfil=Lfil+Lfil4
8 Lfil=Lfil+L[[1]] }
9 return (Lfil) }

[= R T TR RN

<

4.2 - Numbering Nodes and Leaves

Fonction R prenant en arguments :

# L :une liste définissant un arbre
s ¢ : une liste de longueur NbBranchement(L) (complétée par la fonction)

# 1:un entier fixant la génération dans 'arbre

permettant de numéroter les noeuds (internes) de 'arbre (suivant une numérotation préfixe) et renvoy-
ant la liste ¢ complétée de telle maniére que le j-ieme éléments de la liste correspond au chemin pour
atteindre le j-iéme noeud.

1 NumNodel=function(L,c,i) {

2 v=c

3 TNode=NbBranchement (L)

4 LNode=NbBranchement(L[[4]])
5 RNode=NbBranchement (L[[5]])

if (LNode>0) {

8 for (j in (i+1) : (i+LNode)) {
9 v[i[jll=c(v[[j]].0)

10 c=v }

1 v=NumNodel (L[[4]],c,i+1) }

13 if (RNode>0) {

14 for (j in (i+LNode+1) : (i+TNode-1)) {
15 vi[jll=c(v[[j]].1)

16 c=v }

17 v=NumNodel (L[[5]],c,i+LNode+1) }

18 return(v) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre
permettant de numéroter les noeuds (internes) de I’arbre (suivant une numérotation préfixe) et ren-

voyant une liste telle que le j-iéme éléments de la liste correspond au chemin pour atteindre le j-iéme
neeud.

1 NumNode=function (L) {

2 c=list ()

3 c[[NbBranchement(L)+1]]=2
4 v=NumNodel(L,c,1)
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5 vv=1list ()
6 for (i in 1 : NbBranchement(L)) {
7 vv[[i]]=v[[i]] }

return(vv) }

Fonction R prenant en arguments :

# L :une liste définissant un arbre
# c: une liste de longueur NbBranche(L) (complétée par la fonction)

# 1:un entier fixant la génération dans I’arbre

permettant de numéroter les branches de ’arbre (suivant une numérotation préfixe) et renvoyant la liste
c complétée de telle maniére que le j-ieme éléments de la liste correspond au chemin pour atteindre la
j-iéme branche suivi de la taille de la branche.

1 NumBranchl=function(L,c,i) {
2 v=c

3 TBranch=NbBranche (L)

4 LBranch=NbBranche (L[[4]])

5 RBranch=NbBranche (L[[5]])

7 if (LBranch >0) {

8 for (j in (i+1) : (i+LBranch)) {
9 v[i[jll=c(v[[j]].0)

10 c=v }

1 v=NumBranch1 (L[[4]],c,i+1) }

13 if (RBranch >0) {

14 for (j in (i+LBranch+1) : (i+TBranch-1)) {
15 v[i[jll=c(v[[j]].1)

16 c=v }

17 v=NumBranch1(L[[5]],c,i+LBranch+1) }

s v[[i]]=c(v[[i]].L[[1]])

19 return(v) }

Fonction R prenant en arguments :
s L : une liste définissant un arbre
permettant de numéroter les branches de ’arbre (suivant une numérotation préfixe) et renvoyant une

liste telle que le j-ieme éléments de la liste correspond au chemin pour atteindre la j-ieme branche suivi
de la taille de la branche.

NumBranch=function (L) {

2 c=list ()
3 c[[NbBranche (L) +1]]=2
4+ v=NumBranch1(L,c,1)
5 vv=1list ()
for (i in 1 : NbBranche(L)) {
7 vw[il]]l=v[[i]] }
8 return(vv) }

Fonction R prenant en arguments :

# L : une liste définissant un arbre
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s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

# 1:un entier fixant une position sur le chemin ch

renvoyant la liste définissant le sous arbre au bout du chemin ch.

IsFeuillel=function(L,ch,i) {
Lfeuille=L
if (length(ch)>1) {
if (i<length(ch)) {
if (ch[i]==1) {
Lfeuille=IsFeuillel (L[[5]],ch,i+1) }
else {
Lfeuille=IsFeuillel1 (L[[4]],ch,i+1) } } }
return(Lfeuille) }

Fonction R prenant en arguments :

%
%

L : une liste définissant un arbre
s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

# 1:un entier fixant une position sur le chemin ch

renvoyant TRUE si la branche au bout du chemin porte une feuille.

IsFeuille=function(L,ch,i) {
ssArb=IsFeuillel1 (L,ch,1i)
if (length(ssArb[[4]])==0 & length(ssArb[[5]])==0) {
i{sF=TRUE }
else {
isF=FALSE }
return (isF) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant un vecteur de longueur NbBranche(L) telle que la j-iéme coordonnée vaut 1 si la j-iéme
branche porte une feuille, 0 sinon.

NumFeuillel=function (L) {
v=NumBranch (L)
I=c(1:length(v))
for (i in 1:length(v)) {

vv=IsFeuille (L,v[[i]],1)
Ii]=vv[[1]] }

return(I) }

Fonction R prenant en arguments :
# L :une liste définissant un arbre
permettant de numéroter les feuilles de arbre (de gauche a droite) et renvoyant une liste telle que le

j-iéme éléments de la liste correspond au chemin pour atteindre la j-ieme feuille suivi de la taille de la
branche portant cette feuille.
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NumFeuille=function (L) {
v=NumBranch (L)
I=NumFeuillel (L)
f=1list ()
cpt=1
for (i in 1:length(v)) {

if (Ifi]==1) {
fllept]]=v[[i]]
cpt=cpt+1 } }
return(f) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant de numéroter les branches de l'arbre (suivant une numérotation préfixe) et renvoyant une
liste telle que le j-iéme éléments de la liste correspond a la taille de la branche.

SizeBranch=function (L) {
s=1list ()
v=NumBranch (L)
for (i in 1:length(v)) {
s[[ill=v[[i]]l[length(v[[i]])] }

return(s) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant de numéroter les feuilles de Iarbre (de gauche a droite) et renvoyant une liste telle que le
j-iéme éléments de la liste correspond a la taille de la branche portant cette feuille.

SizeFeuille=function (L) {
s=1list ()
v=NumFeuille (L)
for (i in 1:length(v)) {
s[[ill=v[[i]l]l[length(v[[i]])] }

return(s) }

5 - Transform a Tree

5.1 - Choose Randomly a Leaf or a Branch

Fonction R prenant en arguments :

# L : une liste définissant un arbre

s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

permettant de tirer une feuille uniformément au hasard et renvoyant une liste de taille 2 contenant :
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1. le chemin a suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste définissant un arbre).

RandomLeaf=function (L,ch) {
RandL=1ist ()
RandL[[1]]=ch
RandL[[2]]=L
if (length(L[[4]])>0 | length(L[[5]])>0) {
TLeaf=NbExt (L)
RLeaf=NbExt(L[[5]])
Rp=RLeaf/TLeaf
p=1+(runif(1,0,1)<=Rp)
ch=c(ch,p)
if(p==1) {
RandL=RandomLeaf(L[[5]],ch) }
else {
RandL=RandomLeaf(L[[4]],ch) } }
return (RandL) }

Fonction R prenant en arguments :

# L : une liste définissant un arbre

# ch : un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

permettant de tirer une extrémité libre uniformément au hasard et renvoyant une liste de taille 2 con-
tenant :

1. le chemin a suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste définissant un arbre).

RandomLeafLibre=function (L,ch) {
RandL=1ist ()
RandL[[1]]=ch
RandL[[2]]=L
if (length(L[[4]])>0 | length(L[[5]])>0) {
TLeaf=NbExtLibre (L)
RLeaf=NbExtLibre (L[[5]])
Rp=RLeaf/TLeaf
p=1«(runif(1,0,1)<=Rp)
ch=c(ch,p)
if (p==1) {
RandL=RandomLeafLibre (L[[5]],ch) }
else {
RandL=RandomLeafLibre (L[[4]],ch) } }
return (RandL) }

Fonction R prenant en arguments :

# L : une liste définissant un arbre

s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

permettant de tirer une extrémité libre dont la branche n’est pas de taille nulle uniformément au hasard
et renvoyant une liste de taille 2 contenant :
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1. le chemin a suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste définissant un arbre).

RandomLeafLibreNonNulle=function (L,ch) {
I=RandomLeafLibre (L,c())
s=SizeFeuille (L)
sums=0
for (i in (1:length(s))) {

sums=sums+s [[1]] }

if (sums == 0) {
return(l) }
else {

while (1[[2]][[1]]==0) {
l=RandomLeafLibre(L,c()) }
return(l) } }

5.2 - Elongation

Fonction R prenant en arguments :

s L : une liste définissant un arbre
s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

# 1:un entier fixant une position sur le chemin ch

permettant d’allonger extrémité ciblée par le chemin et renvoyant la liste L modifiée.

Elongationl=function(L,ch,i) {
LElong=L
if (length(ch)>0) {
if (i<length(ch)) {
if (ch[i]==1) {
LElong [[5]]=Elongation1 (L[[5]],ch,i+1) }

else {
LElong [[4]]=Elongation1 (L[[4]],ch,i+1) } }
else{
if (ch[i]==1) {
LElong [[5]][[1]]=LElong [[5]][[1]]+1 }
else {
LElong [[4]][[1]]=LElong [[4]][[1]]+1 } } }
else {

LElong [[1]]=L[[1]]+1 }
return (LElong) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant d’allonger une extrémité choisie uniformément au hasard et renvoyant la liste L modifiée.

Elongation=function (L) {
I=RandomLeaf(L,c())
EL=Elongation1 (L,1[[1]],1)
return (EL) }
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Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant d’allonger une extrémité libre choisie uniformément au hasard et renvoyant la liste L mod-
ifiée.

ElongationLibre=function (L) {
I=RandomLeafLibre (L,c())
EL=Elongation1 (L,1[[1]],1)
return (EL) }

T

5.3 - Branching

Fonction R prenant en arguments :

# L : une liste définissant un arbre
s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)
# 1:un entier fixant une position sur le chemin ch

# 1: un entier définissant une position sur la branche

permettant d’ajouter un branchement sur le l-iéme monomeére de la branche ciblée par le chemin et
renvoyant la liste L modifiée.

1 Branchementl=function(L,ch,i,1l) {
LBranch=L

3 if (length(ch[[1]])>1) {

4 if (i<length(ch[[1]])-1) {

5 if (ch[[1]][i]==1) {

6 LBranch[[5]]=Branchement1 (L[[5]],ch,i+1,1) }
7 else {

8 LBranch[[4]]=Branchement1 (L[[4]],ch,i+1,1) } }
9 else {

10 if (ch[1]][i]==1) {

11 LBranch [[5]][[1]]=1

12 LBranch [[5]][[2]]=0

13 LBranch [[5]][[4]]=L[[5]]

14 LBranch [[5]][[4]][[1]]=L{[5]][[1]]-1

15 LBranch [[5]][[5]]=1list(0,1,0,1list (),list()) }
16 else {

17 LBranch [[4]][[1]]=1

18 LBranch[[4]][[2]]=0

19 LBranch [[4]][[4]]=L[[4]]

20 LBranch [[4]][[4]][[1]]=L[[4]][[1]]-1

21 LBranch [[4]][[5]]=1ist(0,1,0,1list (),list()) } } }
22 else {

23 LBranch[[1]]=1

2 LBranch[[4]]=L

25 LBranch [[4]][[1]]=L[[1]]-1

2 LBranch[[2]]=0

27 LBranch[[5]]=1list (0,1,0,list(),list()) }

28 return (LBranch) }
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Fonction R prenant en arguments :

L : une liste définissant un arbre

ot
%

# ch : un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

# 1:un entier fixant une position sur le chemin ch

ot
%

1 : un entier correspondant a la longueur de la branche portant la feuille

permettant d’ajouter un branchement a la feuille ciblée par le chemin et renvoyant la liste L modifiée.

1 BranchementFl=function(L,ch,i,l) {
LBranch=L

3 if (length(ch)>1) {

4 if (i<length(ch)) {

5 if (ch[i]==1) {

6 LBranch[[5]]=BranchementF1(L[[5]],ch,i+1,1) }
7 else {

8 LBranch[[4]]=BranchementF1(L[[4]],ch,i+1,1) } }
9 else {

10 if (ch[i]==1) {

11 LBranch [[5]][[1]]=1

12 LBranch [[5]][[2]]=0

13 LBranch [[5]][[4]]=L[[5]]

14 LBranch [[5]][[4]][[1]]=L[[5]][[1]] -1

15 LBranch [[5]][[5]]=1list(0,1,0,1list(),list()) }
16 else {

17 LBranch [[4]][[1]]=1

18 LBranch [[4]][[2]]=0

19 LBranch [[4]][[4]]=L[[4]]

20 LBranch [[4]][[4]][[1]]=L[[4]][[1]] -1

21 LBranch [[4]][[5]]=1list(0,1,0,list(),list()) } } }
22 else {

23 LBranch[[1]]=1

2 LBranch[[4]]=L

25 LBranch [[4]][[1]]=L[[1]]-1

26 LBranch[[2]]=0

27 LBranch[[5]]=1list (0,1,0,list(),list()) }

28 return (LBranch) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant d’ajouter un branchement sur une branche et a une position choisie uniformément au hasard
(n’importe ou dans I’arbre) et renvoyant la liste L modifiée.

1 Branchement=function (L) {
2 v=NumBranch (L)

3 s=SizeBranch (L)

4 des=0

5 if (length(s)>1) {
6 tot=0

7 snonl=s[(s>1)]

8 if (length(snonl) >0) {

9 for (i in 1:length(snonl)) {
10 tot=tot+snonl [[i]][1] }

11 i=1
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while (s[[i]]==1) {
i=i+1 }
sp=s[[i]]
p=runif(1,0,1)
des=i«(p<(sp/tot))
if (des == 0) {
for (j in (i+1):NbBranche(L)) {
if (s[[j1]!=1){
des=des+j« (sp/tot<=p & p<(sp+s[[j]])/tot)
sp=sp+s[[j]] } } }
cheminb=v[des] }
else {
vv=NumFeuille (L)
ss=SizeFeuille (L)
tt=0
for (i in 1:length(ss)) {
tt=tt+ss[[i]] }
ssp=ss [[1]]
p=runif(1,0,1)
des=1«(p<(ssp/tt))
if (length(ss)>1){
for (i in 2:NbExt(L)){
des=des+ix(ssp/tt<=p & p<(ssp+ss[[i]])/tt)
ssp=ssp+ss [[i1] } }
cheminb=vv[des] } }
else {
cheminb=v

}
]

[1]
Imax=cheminb [[1]][length (cheminb [[1]])]
if (lmax==2 | lmax==1) ({
=1 }
else {

I=floor ((lmax -2)+runif (1,0,1)+2) }
LB=Branchementl (L, cheminb,1,1)
return (LB) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant d’ajouter un branchement a une feuille choisie uniformément au hasard et renvoyant la
liste L modifiée.

BranchementFeuille=function (L) {
I=RandomLeaf(L,c())
cheminb=1[[1]]
long=1[[2]][[1]]
LB=BranchementF1 (L, cheminb,1,long)
return (LB) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre
permettant d’ajouter un branchement a une feuille choisie au hasard suivant une loi (non uniforme)

selon laquelle plus une branche est longue, plus elle a de chance d’étre choisie et renvoyant la liste L
modifiée.
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BranchementFeuilleNonUnif=function (L) {
v=NumFeuille (L)
s=SizeFeuille (L)
if (length(s)=>1) {
t=0
for (i in 1:length(s)) {
t=t+s[[i]] }
if (t=0) {
sp=s[[1]]
p=runif(1,0,1)
des=1«(p<(sp/t))
if (length(s)>1){
for (i in 2:length(s)) {
des=des+ix(sp/t<=p & p<(sp+s[[i]])/t)
sp=sp+s[[i1] } }
cheminb=v[des] }
else {
I=RandomLeaf(L,c())
I[[1]]=c(1[[1]],0)
cheminb=1[1] } }
else {
cheminb=v[1] }
Imax=cheminb [[1]][length (cheminb [[1]])]
LB=Branchementl (L, cheminb ,1,lmax)
return (LB) }

5.4 - Fragmentation

Fonction R prenant en arguments :

L : une liste définissant un arbre

ofe
%

s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)
# 1: un entier fixant une position sur le chemin ch

# 1: un entier définissant une position sur la branche

permettant de fragmenter arbre sur le l-iéme monomeére de la branche ciblée par le chemin et renvoy-
ant la liste L modifiée.

Fragl=function(L,ch,i,1) {
LFrag=L

if (length(ch[[1]])>1) {
if (i<length(ch[[1]])-1) {
if (ch[1]][i]==1) {
LFrag [[5]]=Fragl (L[[5]].,ch,i+1,1) }
else {
LFrag [[4]]=Fragl (L[[4]].ch,i+1,1) } }
else {
if (ch[1]][i]==1) {
LFrag [[5]][[1]]=1
LFrag [[5]][[3]]=L{[5]][[3]]
if (LFrag[[5]][[3]]==1) {
LFrag [[5]][[2]]=2 }
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16 LFrag [[5]][[2]]=1 }

17 LFrag [[5]][[4]]=1list ()

18 LFrag [[5]]1[[5]]=1list () }

19 else {

20 LFrag [[4]][[1]]=1

21 LFrag [[4]]1[[3]1]=L[[4]][[3]]
22 if (LFrag[[4]][[3]]==1) {

2 LFrag [[4]][[2]]=2 }

24 else {

25 LFrag [[4]][[2]]=1 }

2 LFrag [[4]]1[[4]]=1list ()
LFrag [[4]11[[5]]=list O } } }
28 else {

29 LFrag=list (1,2,1,1list(),list()) }

30 return (LFrag) }

Fonction R prenant en arguments :

# L : une liste définissant un arbre

s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

# 1: un entier fixant une position sur le chemin ch

# 1: un entier correspondant a la longueur de la branche portant la feuille

permettant de faire tomber la feuille ciblée par le chemin et renvoyant la liste L modifiée.

1 FragFl=function(L,ch,i,l) {

2 LFrag=L

3 if (length(ch)>1) {

4 if (i<length(ch)) {

5 if (ch[i]==1) {

6 LFrag [[5]]=FragF1(L[[5]].,ch,i+1,1) }
else {

8 LFrag [[4]]=FragF1(L[[4]],ch,i+1,1) } }

9 else {

10 if (ch[i]==1) {

1 LFrag [[5]][[1]]=1

12 LFrag [[5]]1[[3]]=L[[5]][[3]]

13 if (LFrag([[5]][[3]]==1) {

14 LFrag [[5]][[2]]=2 }

15 else {

16 LFrag [[5]][[2]]=1 }

17 LFrag [[5]][[4]]=1list ()

18 LFrag [[5]][[5]]=1ist () }

19 else {

20 LFrag [[4]][[1]]=1

21 LFrag [[4]]1[[3]]=L[[4]][[3]]

22 if (LFrag([[4]][[3]]==1) {

23 LFrag [[4]][[2]]=2 }

24 else {

2 LFrag[[4]][[2]]=1 }

2 LFrag [[4]][[4]]=1list ()

27 LFrag [[4]]1[[5]]=1ist () } } }

28 else {

29 LFrag=1list(l,2,1,list(),list()) }

30 return (LFrag) }
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Fonction R prenant en arguments :
s L : une liste définissant un arbre

permettant de fragmenter I’arbre sur une branche et a une position choisie uniformément au hasard
(n’importe ou dans I'arbre) et renvoyant la liste L modifiée.

Fragmentation=function (L) {
v=NumBranch (L)
s=SizeBranch (L)
if (length(s)=>1) {
t=TailleFil (L)
sp=s[[1]]
p=runif(1,0,1)
des=1«(p<(sp/t))
if (length(s)>1){
for (i in 2:NbBranche(L)) {
des=des+ix (sp/t<=p & p<(sp+s[[i]])/t)
sp=sp+s[[i]] } } }
else {
des=1 }
cheminf=v[des]
Imax=cheminf[[1]][length (cheminf[[1]])]
I=floor (Imax+runif(1,0,1)+1)
LF=Fragl (L, cheminf,1,1)
return (LF) }

Fonction R prenant en arguments :
s L : une liste définissant un arbre

permettant de faire tomber une feuille choisie uniformément au hasard et renvoyant la liste L modifiée.

FragmentationFeuille=function (L) {
I=RandomLeaf(L,c())
cheminf=1[[1]]

LF=FragF1 (L, cheminf,1,0)
return (LF) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

Permettant de faire tomber une feuille choisie au hasard suivant une loi (non uniforme) selon laquelle
plus une branche est longue, plus elle a de chance d’étre choisie et renvoyant la liste L modifiée.

FragmentationFeuilleNonUnif=function (L) {
v=NumFeuille (L)
s=SizeFeuille (L)
if (length(s)>1) {

t=0

for (i in 1:length(s)) {
t=tas[[i1] }

if (t>0) {
sp=s [[1]]
p=runif(1,0,1)
des=1«(p<(sp/t))
if (length(s)>1) {
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for (i in 2:length(s)) {
des=des+ix (sp/t<=p & p<(sp+s[[i]])/t)
sp=sp+s[[i]] } }
cheminf=v[des] }
else {
I=RandomLeaf(L,c())
I[[1]]=c(I[[1]],0)
cheminf=1[1] } }
else {
cheminf=v[1] }
LF=Fragl (L, cheminf,1,0)
return (LF) }

5.5 - Capping

Fonction R prenant en arguments :

s L : une liste définissant un arbre

s ch: un vecteur de 0 et de 1 définissant un chemin (0=gauche, 1=droite)

o
%

i: un entier fixant une position sur le chemin ch

permettant de capper 'extrémité ciblée par le chemin et renvoyant la liste L modifiée.

Cappingl=function (L,ch,i) {
LCap=L
if (length(ch)>0) {
if (i<length(ch)) {
if (ch[i]==1) {
LCap [[5]]= Cappingl (L[[5]],ch,i+1) }
else {
LCap[[4]]=Cappingl(L[[4]].ch,i+1) } }
else {
if (ch[i]==1) {
LCap[[5]][[2]]=0 }
else {
LCap[[4]][[2]]=0 } } }
else {
LCap[[2]]=0 }
return (LCap) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

permettant de capper une extrémité choisie uniformément au hasard et renvoyant la liste L modifiée.

Capping=function (L) {
I=RandomLeafLibre(L,c())
EL=Cappingl1 (L, 1[[1]].,1)
return (EL) }

Fonction R prenant en arguments :

# L : une liste définissant un arbre
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permettant de capper une extrémité choisie uniformément au hasard parmi les extrémités dont la
branche n’est pas de taille nulle et renvoyant la liste L modifiée.

i1 CappingNonNulle=function (L) {

2 I=RandomLeafLibreNonNulle (L, c())
3 EL=Capping1 (L,1[[1]],1)

4 return (EL) }

5.6 - Actin Dynamics

Fonction R prenant en arguments :

ofe
%

t0 : le temps initial

AO : une liste définissant ’arbre inital

%
%

lambda_plus : le taux d’élongation

3%
¥

ofe
%

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

%

< a: avantage pour le branchement si positif, pour la fragmentation si négatif

N : parametre d’échelle

o
%

permettant de faire évoluer ’arbre selon le modeéle du chapitre [II| et renvoyant la liste A0 modifiée.

1 EvolutionListeFacile=function (t0 ,A0,lambda_plus, beta,a,N) {

2 event=0

3 while (event==0) {

4 Taux_Elongation=lambda_plus«N«NbExt(A0)
5 Taux_Binding=beta N+ NbExt(A0)

6

7 Taux_total=Taux_Elongation+Taux_Binding
8

9 des2=1+(runif(1,0,1) <=0.5)

1 if (des2==1) {

12 p=1+(runif(1,0,1)<=Taux_Elongation/Taux_total)
13 if(p==1) {

14 Al=Elongation (A0)

15 event=1 } }

16 else {

17 p=1+(runif(1,0,1)<=Taux_Binding/Taux_total)
s if(p==1) {

19 p2=1+(runif(1,0,1) <=(0.5+a/N))

20 if (p2==1) {

21 Al=BranchementFeuille (A0) }

22 else {

23 Al=FragmentationFeuille (A0) }

24 event=1 } } }

25 tl1=t0+rexp (1,Taux_total)
26 Li=list (t1,Al)
27 return(L1) }

Fonction R prenant en arguments :

# 10 : le temps initial
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AO : une liste définissant ’arbre inital

ot
%

ofe
%

lambda_plus : le taux d’élongation

ofe
%

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

o
%

a : avantage pour le branchement si positif, pour la fragmentation si négatif

o
%

phiCap : le taux de fixation des protéines de coiffe

N : parametre d’échelle

3%
¥

permettant de faire évoluer ’arbre selon le modéle du chapitre [, prenant en compte les protéines de
coiffe et renvoyant la liste A0 modifiée.

1 EvolutionListeFacileCapping=function (t0,A0,lambda_plus, beta ,a, phiCap ,N) {
2 event=0

3 while (event==0) {

4 Taux_Elongation=lambda_plus«N« NbExtLibre (A0)

Taux_Binding=beta N« NbExt(A0)

Taux_Capping=phiCap+N« NbExtLibre (A0)

Taux_total=Taux_Elongation+Taux_Binding+Taux_Capping

10 des3=floor (3+runif (1,0,1)+1)

12 if (des3==1) {

13 p=1+(runif(1,0,1)<=Taux_Elongation/Taux_total)
14 if (p==1) {

15 Al=ElongationLibre (A0)

16 event=1 } }

17 else {

18 if(des3==2) {

19 p=1+(runif(1,0,1)<=Taux_Binding/Taux_total)
20 if (p==1) {

21 p2=1+(runif (1,0,1) <=(0.5+a/N))

22 if (p2==1) {

23 Al=BranchementFeuille (A0) }

24 else {

25 Al=FragmentationFeuille (A0) }

2 event=1 } }

27 else {

28 p=1+«(runif(1,0,1)<=Taux_Capping/Taux_total)
if(p==1) {

30 Al1=Capping (A0)

31 event=1 } } } }
32 tl1=t0+rexp (1, Taux_total)
33 Li=list (t1,A1)

34 return(L1) }

Fonction R prenant en arguments :

t0 : le temps initial

3%
¥

AO : une liste définissant ’arbre inital

3%
¥

lambda_plus : le taux d’élongation

%
¥

s# beta : le taux de fixation d’une protéine (branchement ou fragmentation)
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a : avantage pour le branchement si positif, pour la fragmentation si négatif

ot
%

phiCap : le taux de fixation des protéines de coiffe

o
%

%

< N : parameétre d’échelle

permettant de faire évoluer I'arbre selon le modeéle du chapitre [l prenant en compte les protéines de
coiffe, considérant que celles-ci se fixent uniquement sur les extrémités dont la branche n’est pas de
taille nulle et renvoyant la liste A0 modifiée.

1 EvolutionListeFacileCappingNonNulle=function (t0,A0,lambda_plus , beta ,a,
2 phiCap ,N) {

3 event=0

4 while (event==0) {

Taux_Elongation=lambda_plus+«N« NbExtLibre (A0)
Taux_Binding=beta N« NbExt(A0)

Taux_Capping=phiCap+N+ NbExtLibreNonNulle (A0)

© 9 o w

9 Taux_total=Taux_Elongation+Taux_Binding+Taux_Capping
11 des3=floor (3+«runif(1,0,1)+1)

13 if (des3==1) {

14 p=1+(runif(1,0,1)<=Taux_Elongation/Taux_total)
15 if (p==1) {

16 Al=ElongationLibre (A0)

17 event=1 } }

18 else {

19 if (des3==2) {

20 p=1+«(runif(1,0,1)<=Taux_Binding/Taux_total)
21 if (p==1) {

22 p2=1+(runif(1,0,1) <=(0.5+a/N))

23 if (p2==1) {

24 Al=BranchementFeuille (A0) }

25 else {

26 Al=FragmentationFeuille (A0) }

27 event=1 } }

28 else {

29 p=1+«(runif(1,0,1)<=Taux_Capping/Taux_total)
30 if (p==1) {

31 Al=CappingNonNulle (A0)

32 event=1 } } } }

33 tl1=t0+rexp (1,Taux_total)
34 Li=list (t1,A1)
35 return(L1) }

Fonction R prenant en arguments :

ot
%

t0 : le temps initial

A0 : une liste définissant I’arbre inital

ofe
%

lambda_plus : le taux d’élongation

%
¥*

%
%

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

a : avantage pour le branchement si positif, pour la fragmentation si négatif

ot
%

phiCap : le taux de fixation des protéines de coiffe

%
¥
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# N : parametre d’échelle

permettant de faire évoluer 'arbre selon le modéle du chapitre [l prenant en compte les protéines
de coiffe, choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation de
maniére non uniforme et renvoyant la liste A0 modifiée.

EvolutionListeFacileCappingNonUnif=function (t0 ,A0,lambda_plus, beta ,a,
phiCap ,N) {
event=0
while (event==0) {
Taux_Elongation=lambda_plus+«N« NbExtLibre (A0)
Taux_Binding=beta N« NbExt(A0)
Taux_Capping=phiCap«N« NbExtLibre (A0)

Taux_total=Taux_Elongation+Taux_Binding+Taux_Capping
des3=floor (3+runif (1,0,1)+1)

if (des3==1) {
p=1+(runif(1,0,1)<=Taux_Elongation/Taux_total)
if (p==1) {
Al=ElongationLibre (A0)
event=1 } }
else {
if(des3==2) {
p=1+(runif(1,0,1)<=Taux_Binding/Taux_total)
if (p==1) {
p2=1+«(runif(1,0,1) <=(0.5+a/N))
it (p2==1) {
Al=BranchementFeuilleNonUnif (A0) }
else {
Al=FragmentationFeuilleNonUnif (A0) }
event=1 } }

else {
p=1+«(runif(1,0,1)<=Taux_Capping/Taux_total)
if(p==1) {

Al=Capping (A0)

event=1 } } } }
t1=t0+rexp (1,Taux_total)
Li=list (t1,A1)
return(L1) }

Fonction R prenant en arguments :

ofe
%

t0 : le temps initial

AO : une liste définissant ’arbre inital

%
¥

%
%

lambda_plus : le taux d’élongation

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

o
%

# a: avantage pour le branchement si positif, pour la fragmentation si négatif

ot
%

phiCap : le taux de fixation des protéines de coiffe

# N :parametre d’échelle
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permettant de faire évoluer I’arbre selon le modele du chapitre [l prenant en compte les protéines de
coiffe, autorisant les branchements et les fragmentations sur toutes les branches de I’arbre, choisissant
la branche sur laquelle va avoir lieu un branchement ou une fragmentation de maniére non uniforme
et renvoyant la liste A0 modifiée.

EvolutionListeCapping=function (t0,A0,lambda_plus , beta ,a,phiCap ,N) {
event=0
while (event==0) {
Taux_Elongation=lambda_plus+N« NbExtLibre (A0)
Taux_Binding=beta«N«( TailleFil (A0)-NbBranchement (A0))
Taux_Capping=phiCap «N« NbExtLibre (A0)

Taux_total=Taux_Elongation+Taux_Binding+Taux_Capping
des3=floor (3«runif(1,0,1)+1)

if(des3==1) {
p=1+(runif(1,0,1)<=Taux_Elongation/Taux_total)
if(p==1) {
Al=ElongationLibre (A0)
event=1 } }
else {
if(des3==2) {
if (Taux_Binding==Taux_total) {
p=1}
else {
p=1«(runif(1,0,1)<=Taux_Binding/Taux_total) }
if (p==1) {
p2=1+(runif(1,0,1) <=(0.5+a/N))
it (p2==1) {
Al=Branchement (A0) }
else {
Al=Fragmentation (A0) }
event=1 } }

else {
p=1«(runif(1,0,1)<=Taux_Capping/Taux_total)
if (p==1) {

Al1=Capping (A0)

event=1 } } } }
tl1=t0+rexp (1,Taux_total)
Li=list (t1,A1)
return(L1) }

6 - Plot Results

6.1 - High Function

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant la fonction hauteur de I'arbre L sous forme d’un vecteur.
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1 HauteurGene=function (L) {

2 v=NumBranch (L)

3 Hg=matrix (0,1,length(v))
4 for (i in 1 : length(v)) {
5 Hgli]=length(v[[i]])-1 }
6 return (Hg) }

Fonction R prenant en arguments :
# L : une liste définissant un arbre

renvoyant un vecteur de couleurs permettant de colorier automatiquement la fonction hauteur de la
méme maniere que 'arbre.

1 ColorHg=function (L) {

2 Hg=HauteurGene (L)

3 color=matrix (0,1,length (Hg))
4

4 color[1]=1

5 i=2

6 while (i< length(Hg)+1) {

7 if (Hgli]==Hg[i-1]) {

8 color[i]=color[i-1]+1
9 i=i+1 }

10 else if (Hg[i-1]>Hg[i]) {
11 j=i-1

12 while (Hg[i] != Hg[j]) {
j=i-1 )

14 color[i]=color[j]+1

15 i=i+1 }

16 else {

17 while (Hg[i-1]<Hg[i]) {
18 color[i]=color[i-1]
19 i=i+1 } } }

20 return(color) }

Fonction R prenant en arguments :
# L :une liste définissant un arbre

permettant de tracer la fonction hauteur de 'arbre L avec gestion automatique des couleurs.

1 PlotHg=function (L) {

2 color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen , green4’,

3 “darkturquoise’,’deepskyblue3’,’blue’, ’purple3’, darkorchidl’, ’magenta’)
4 palette (color)

s Hg=HauteurGene (L)

6 color=ColorHg (L)

7 plot(c(0:(length(Hg)-1)) ,Hg,"1",color="black’ ,main="Depth’,

8 xlab="Index i’ ,ylab="Depth of node i”)

9 for (i in 1 : length(color)) {

10 lines (c(i-1),c(Hg[i]),col=color[i], p ,pch=19,cex=0.7+8/length(Hg)) } }

6.2 - Length of Branches

Fonction R prenant en arguments :
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# L : une liste définissant un arbre

permettant de tracer la taille des branches de ’arbre L avec gestion automatique des couleurs.

PlotSizeB=function (L) {
color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,
“darkturquoise ’, deepskyblue3’, blue’, ’purple3’,’darkorchidl’, magenta’)
palette (color)
S=SizeBranch (L)
color=ColorHg (L)
plot(c(0:(length(S)-1)),S,"1",color="black ",
main="Length in number of monomers’,
xlab="Index i’ ,ylab="Length of edge i7)
for (i in 1 : length(color)) {
lines(c(i-1),c(S[i]),col=color[i], p ,pch=19,cex=0.7+8/length(S)) } }

6.3 - Temporal Evolution

Fonction R prenant en arguments :

%
%

Tmax : le temps final

t0 : le temps initial

3%
¥

AO : une liste définissant ’arbre inital

e
%

%
%

lambda_plus : le taux d’élongation

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

3%
¥

ot
%

a : avantage pour le branchement si positif, pour la fragmentation si négatif

%
%

N : parametre d’échelle

faisant évoluer I'arbre selon le modéle du chapitre [l jusqu’au temps Tmax et permettant de tracer (a
chaque itération) une graphique possédant 6 vignettes représentant : I’arbre, la fonction hauteur, la
taille des branches, le nombre de monomeéres dans ’arbre, le nombre de branchements de 1’arbre et le
nombre d’extrémités. Les graphiques sont automatiquement sauvegardés dans un dossier créé par la
fonction.

EvolutionTempsFacile=function (Tmax, t0 ,A0,lambda_plus ,beta ,a ,N) {
color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,
“darkturquoise ’, deepskyblue3’, blue’, purple3’, darkorchidl’, magenta’)
palette (color)

T=c(t0)

Arb0=CreationArbreColor (A0,175,175,170,0.1,1)
L=c(TailleFil (A0))

B=c (NbBranchement (A0))

E=c (NDbExt(A0))

e0=E/N

NumPlot=1

dir.create (°Chap2evolutionPNG ")

titre=paste0( Chap2evolutionPNG/ , paste0(NumPlot,".png"))
png(file=titre ,width = 1024, height = 576, units = "px")
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par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1,

cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)
PlotListeSegColor (Arb0)
PlotHg (A0)
PlotSizeB (A0)
plot(T,L, p’ ,main = ’Number of monomers in the polymer’ , xlab = ’Time t’,
ylab="L(t) ,lwd=2,co0l=7,pch=20,xlim=c(0,Tmax))
plot(T,B, 'p’ ,main = ’Number of branch nodes’, xlab = 'Time t,
ylab="B(t) ,lwd=2,co0l=9,pch=20,xlim=c(0,Tmax))
plot(T,E/N, 'p’ ,main = 'Scaled number of extremities , xlab = 'Time t’,
ylab="X(t) ,lwd=2,col=2,pch=20,xlim=c (0 ,Tmax))
par (mfrow=c(1,1))
mtext(text = substitute (paste( Evolution with ",N == pl L0,
lambda*"+"== p2 , °, ° , beta== p3 , ", " , a== p4 , ", " t== p6),
list (p1=N,p2=lambda_plus ,p3=beta ,p4=a,p6=t0)), side = 3, line = 0,
outer = FALSE, padj=-2.2, cex=1.5)
dev. off ()
while (t0 <Tmax) {
Listel=EvolutionListeFacile (t0 ,A0,lambda_plus,h beta,a,N)
tl1=Listel [[1]]
Al=Listel [[2]]
T=c(T,t1)
Arbl1=CreationArbreColor (A1,175,175,170,0.1,1)
L=c(L, TailleFil (A1))
B=c (B, NbBranchement (A1l))
E=c(E,NbExt(Al))
NumPlot=NumPlot+1
titre=paste0( Chap2evolutionPNG/ ', paste0(NumPlot,".png"))
png(file=titre ,width = 1024, height = 576, units = "px")
par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,
cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)
PlotListeSegColor (Arbl)
PlotHg (A1)
PlotSizeB (A1)
plot(T,L,’ 1’ ,main = ’Number of monomers in the polymer’,
xlab = 'Time t ', ylab="L(t) ,lwd=2,co0l=7,xlim=c(0,max(Tmax,t1l)))
plot(T,B, 1’ ,main = ’Number of branch nodes’, xlab = 'Time t,
ylab="B(t) ,lwd=2,col=9,xlim=c(0,max(Tmax, t1)))
plot(T,E/N, "1’ ,main = ’'Scaled number of free ends’, xlab = ’Time t’,
ylab="X(t) ,lwd=2,col=2,xlim=c (0 ,max(Tmax, t1)))
par (mfrow=c(1,1))
mtext(text = substitute (paste( Evolution with "N == s L,
lambda*"+"== p2 , °, ’ , beta== p3 , ", " , a== p4 , ", , t== p6),
list (p1=N, p2=lambda_plus ,p3=beta ,p4=a,p6=t0)), side = 3, line = 0,

outer = FALSE, padj=-2.2, cex=1.5)
dev. off ()

to=t1
A0=A1 } }

Fonction R prenant en arguments :

# t0 : le temps initial

s AO : une liste définissant I’arbre inital
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ofe
%

lambda_plus : le taux d’élongation

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

s

a : avantage pour le branchement si positif, pour la fragmentation si négatif

ot
%

%

< phiCap : le taux de fixation des protéines de coiffe

s N : parametre d’échelle

faisant évoluer 'arbre selon le modéle du chapitre [l jusqu’au temps Tmax, prenant en compte les
protéines de coiffe et permettant de tracer (a chaque itération) une graphique possédant 6 vignettes
représentant : ’arbre, la fonction hauteur, la taille des branches, le nombre de monomeres dans l’arbre,
le nombre de branchements de I’arbre et le nombre d’extrémités. Les graphiques sont automatiquement
sauvegardés dans un dossier créé par la fonction.

1 EvolutionTempsFacileCapping=function (Tmax, t0 ,A0,lambda_plus , beta ,a,

2 ph

3

42
43

44

iCap ,N) {

color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,
“darkturquoise ’, deepskyblue3’, blue’, purple3’, darkorchidl’, magenta’)
palette (color)

T=c(t0)

Arb0=CreationArbreColor (A0,175,175,170,0.1,1)
L=c(TailleFil (A0))

B=c (NbBranchement (A0))

E=c (NDbExt(A0))

Elibre=c(NbExtLibre (A0))

NumPlot=1

dir.create (" Chap2evolutionPNG ")

titre=paste0( Chap2evolutionPNG/ , paste0(NumPlot,".png"))
png(file=titre ,width = 1024, height = 576, units = "px")

par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,

cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

PlotListeSegColor (Arb0)

PlotHg (A0)

PlotSizeB (A0)

plot(T,L, 'p’ ,main = ’Number of monomers in the polymer’ , xlab = ’Time t’,
ylab="L(t) ,lwd=2,col=7,pch=20,xlim=c(0,Tmax))

plot (T,B, 'p’ ,main = ’Number of branch nodes’, xlab = 'Time t’,
ylab="B(t) ,lwd=2,co0l=9,pch=20,xlim=c(0,Tmax))

plot(T,E/N, 'p’ ,main = 'Scaled number of extremities’, xlab = 'Time t’,
ylab="X(t) ,lwd=2,col=2,pch=20,xlim=c (0 ,Tmax) ,

ylim=c (min(Elibre /N) ;max(E/N)))

lines (T, Elibre /N)

legend ("topleft",c("All extremities","Free extremities"),

col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

par (mfrow=c(1,1))

mtext(text = substitute (paste( Evolution with : °* N == p1 , °, °,
lambda*"+"== p2 , 7, , beta== p3 , ", " , a==p4 , ", ",
phi[Cap]== p5 , ", " , t== p6), list(pl=N,p2=lambda_plus,6 p3=beta,h pd=a,

p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
dev. off ()

while (t0 <Tmax) {
Listel=EvolutionListeFacileCapping (t0,A0,lambda_plus,beta,a,phiCap ,N)
ti=Listel [[1]]
Al=Listel [[2]]
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T=c(T,t1)

Arbl1=CreationArbreColor (A1,175,175,170,0.1,1)
L=c(L, TailleFil (A1))

B=c (B, NbBranchement (Al))

E=c(E,NbExt(A1l))

Elibre=c(Elibre , NbExtLibre (Al))

NumPlot=NumPlot+1

titre=paste0( Chap2evolutionPNG/’, paste0(NumPlot,".png"))

png(file=titre ,width = 1024, height = 576, units = "px")

par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,
cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)
PlotListeSegColor (Arb1)

PlotHg (A1)

PlotSizeB (A1)

plot(T,L,’ 1’ ,main = ’Number of monomers in the polymer’,

xlab = 'Time t ', ylab="L(t) ,lwd=2,col=7,xlim=c(0,max(Tmax,t1)))
plot(T,B, "1’ ,main = ’Number of branch nodes’, xlab = 'Time t’,
ylab="B(t) ,lwd=2,col=9,xlim=c (0 ,max(Tmax, t1)))
plot(T,E/N, "1’ ,main = ’'Scaled number of free ends’, xlab = ’Time t’,

ylab="X(t) ,lwd=2,col=2,xlim=c(0,max(Tmax, t1)),

ylim=c (min(Elibre /N) ;max(E/N)))

lines (T, Elibre /N)

legend ("topleft",c("All extremities","Free extremities"),
col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

par (mfrow=c(1,1))

mtext(text = substitute (paste( Evolution with : >N == p1 , *, |
lambda*"+"== p2 , , beta== p3 , ", " , a==p4 , ", ",

phi[Cap]== p5 , ", " , t== p6),list (pl=N,p2=lambda_plus ,p3=beta ,p4=a,
p5=phiCap ,p6=t0)),side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
dev. off ()

to=t1

A0=A1 } }

Fonction R prenant en arguments :

s

t0 : le temps initial

%
%

AO : une liste définissant ’arbre inital

%
%

lambda_plus : le taux d’élongation

%
%

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

ofe
%

a : avantage pour le branchement si positif, pour la fragmentation si négatif

ot
%

phiCap : le taux de fixation des protéines de coiffe

ot
%

N : parametre d’échelle

faisant évoluer 'arbre selon le modele du chapitre [II| jusqu’'au temps Tmax, prenant en compte les
protéines de coiffe, considérant que celles-ci se fixent uniquement sur les extrémités dont la branche
n’est pas de taille nulle et permettant de tracer (a chaque itération) une graphique possédant 6 vignettes
représentant : 'arbre, la fonction hauteur, la taille des branches, le nombre de monomeéres dans I’arbre,
le nombre de branchements de ’arbre et le nombre d’extrémités. Les graphiques sont automatiquement
sauvegardés dans un dossier créé par la fonction.
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1 EvolutionTempsFacileCappingNonNulle=function (Tmax, t0 ,A0,lambda_plus , beta ,a,
2 phiCap ,N) {

3 color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,

4 “darkturquoise ’, deepskyblue3’, blue’, ’purple3’, darkorchidl’, magenta’)
5 palette (color)

Arb0=CreationArbreColor (A0,175,175,170,0.1,1)
L=c(TailleFil (A0))

10 B=c(NbBranchement(A0))

11 E=c (NDbExt(A0))

12 Elibre=c(NbExtLibre (A0))

S5
6
7 T=c(t0)
8
9

14 NumPlot=1
15 dir.create (" Chap2evolutionPNG ")
16 titre=paste0( Chap2evolutionPNG/ , paste0(NumPlot,".png"))

17 png(file=titre ,width = 1024, height = 576, units = "px")
18 par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,
19 cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

20 PlotListeSegColor (Arb0)
21 PlotHg (A0)
22 PlotSizeB (A0)

23 plot(T,L, 'p’ ,main = ’Number of monomers in the polymer’ , xlab = ’Time t’,
24 ylab="L(t) ,lwd=2,col=7,pch=20,xlim=c(0,Tmax))

25 plot (T,B, 'p’ ,main = ’Number of branch nodes’, xlab = 'Time t’,

26 ylab="B(t) ,lwd=2,co0l=9,pch=20,xlim=c(0,Tmax))

27 plot(T,E/N, 'p’ ,main = 'Scaled number of extremities’, xlab = 'Time t’,

28 ylab="X(t) ,lwd=2,col=2,pch=20,xlim=c (0 ,Tmax) ,

29 ylim=c (min(Elibre /N) ,max(E/N)))

30 lines (T, Elibre /N)

31 legend ("topleft",c("All extremities","Free extremities"),
32 col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

33 par (mfrow=c(1,1))

34 mtext(text = substitute (paste( Evolution with : °,N == p1 , °, °,
35 lambda*"+"== p2 , °, ° , beta== p3 , ", " , a== p4 , ", ",
36 phi[Cap]== p5 , ", " , t== p6),list(pl=N,p2=lambda_plus ,p3=beta ,p4=a,

37 p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
38 dev. off ()

40 while (t0 <Tmax) {

41 Listel=EvolutionListeFacileCappingNonNulle (t0 ,A0,lambda_plus , beta ,a,
42 phiCap ,N)

43 tl=Listel [[1]]

44 Al=Listel [[2]]

45

46 T=c(T,t1)

47 Arbl1=CreationArbreColor (A1,175,175,170,0.1,1)

48 L=c(L, TailleFil (A1))

49 B=c (B, NbBranchement (A1l))

50 E=c(E,NbExt(Al))

51 Elibre=c(Elibre ,NbExtLibre (A1))

52

53 NumPlot=NumPlot+1

54

55 titre=paste0 ( Chap2evolutionPNG/’ ', paste0(NumPlot," .png"))
56 png(file=titre ,width = 1024, height = 576, units = "px")
57 par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,
58 cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

59 PlotListeSegColor (Arbl)

60 PlotHg (A1)
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PlotSizeB (A1)

plot(T,L, 1’ ,main = ’Number of monomers in the polymer’,

xlab = 'Time t ', ylab="L(t) ,lwd=2,col=7,xlim=c(0,max(Tmax,tl)))
plot(T,B, "1’ ,main = ’Number of branch nodes’, xlab = 'Time t’,
ylab="B(t) ,lwd=2,col=9,xlim=c (0 ,max(Tmax, t1)))
plot(T,E/N, "1’ ,main = ’'Scaled number of free ends’, xlab = ’Time t’,
ylab="X(t) ,lwd=2,col=2,xlim=c(0,max(Tmax, t1)),

ylim=c (min(Elibre /N) ;max(E/N)))

lines (T, Elibre /N)

legend ("topleft",c("All extremities","Free extremities"),
col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

par (mfrow=c(1,1))

mtext(text = substitute (paste( Evolution with : >N == p1 , *, |
lambda®"+"== p2 , ’, , beta== p3 , ", " , a==p4 , ", ",

phi[Cap]== p5 , ", " , t== p6),list (pl=N,p2=lambda_plus ,p3=beta ,p4=a,
p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
dev. off ()

to=t1

A0=A1 } }

Fonction R prenant en arguments :

ot
%

t0 : le temps initial

AO : une liste définissant ’arbre inital

o
%

A
%

lambda_plus : le taux d’élongation

s

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

% a:avantage pour le branchement si positif, pour la fragmentation si négatif

ote
%

phiCap : le taux de fixation des protéines de coiffe

N : parametre d’échelle

%
¥

faisant évoluer I’arbre selon le modele du chapitre [ll|jusqu’au temps Tmax, prenant en compte les pro-
téines de coiffe, choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation
de maniere non uniforme et permettant de tracer (a chaque itération) une graphique possédant 6 vi-
gnettes représentant : I’arbre, la fonction hauteur, la taille des branches, le nombre de monomeres dans
Parbre, le nombre de branchements de I’arbre et le nombre d’extrémités. Les graphiques sont automa-
tiquement sauvegardés dans un dossier créé par la fonction.

EvolutionTempsFacileCappingNonUnif=function (Tmax, t0 ,A0,lambda_plus , beta ,a,
phiCap ,N) {
color=c(’red’,’darkorangel’, goldenrodl’,’yellowgreen’, green4’,
“darkturquoise’,  deepskyblue3’,’blue’, purple3’, darkorchidl ', ’magenta’)
palette (color)

T=c(t0)

Arb0=CreationArbreColor (A0,175,175,170,0.1,1)
L=c(TailleFil (A0))

B=c (NbBranchement (A0))

E=c (NbExt (A0))

Elibre=c(NbExtLibre (A0))

NumPlot=1
dir.create (' Chap2evolutionPNG ")
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16 titre=paste0( Chap2evolutionPNG/’, paste0(NumPlot,".png"))

17 png(file=titre ,width = 1024, height = 576, units = "px")
18 par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,
19 cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

20 PlotListeSegColor (Arbo)
21 PlotHg (A0)
22 PlotSizeB (A0)

23 plot(T,L, p’ ,main = ’Number of monomers in the polymer’, xlab = ’Time t’,
24 ylab="L(t) ,lwd=2,col=7,pch=20,xlim=c(0,Tmax))

25 plot(T,B, 'p’ ,main = ’Number of branch nodes’, xlab = 'Time t’,

26 ylab="B(t) ,lwd=2,co0l=9,pch=20,xlim=c (0 ,Tmax))

27 plot(T,E/N, 'p’ ,main = ’'Scaled number of extremities’, xlab = 'Time t’,

28 ylab="X(t) ,lwd=2,col=2,pch=20,xlim=c(0,Tmax) ,

29 ylim=c (min(Elibre /N) ,max(E/N)))

30 lines (T, Elibre /N)

31 legend ("topleft",c("All extremities","Free extremities"),
32 col=c(2, black’),lty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

33 par (mfrow=c(1,1))

34 mtext(text = substitute (paste( Evolution with : >N == p1 , *,
35 lambda*"+"== p2 , °, ° , beta== p3 , ", " , a==p4 , ", ",
36 phi[Cap]== p5 , ", " , t== p6),list(pl=N,p2=lambda_plus ,p3=beta ,p4=a,

37 p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
38 dev. off ()

40 while (t0 <Tmax) {

41 Listel=EvolutionListeFacileCappingNonUnif (t0 ,A0,lambda_plus, beta ,a,
42 phiCap ,N)

43 t1=Listel [[1]]

44 Al=Listel [[2]]

45

46 T=c(T, t1)

47 Arbl1=CreationArbreColor (A1,175,175,170,0.1,1)

48 L=c(L, TailleFil (A1))

9 B=c (B, NbBranchement (A1l))

50 E=c(E,NbExt(Al))

51 Elibre=c(Elibre , NbExtLibre (Al))

52

53 NumPlot=NumPlot+1

54

55 titre=paste0( Chap2evolutionPNG/ , paste0(NumPlot,".png"))

56 png(file=titre ,width = 1024, height = 576, units = "px")

57 par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,

58 cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

59 PlotListeSegColor (Arb1l)

60 PlotHg (A1)

61 PlotSizeB (A1)

62 plot(T,L,’ 1’ ,main = ’Number of monomers in the polymer’,

63 xlab = 'Time t ', ylab="L(t) ,lwd=2,col=7,xlim=c(0,max(Tmax,t1)))
64 plot(T,B, 1’ ,main = ’Number of branch nodes’, xlab = 'Time t’,

65 ylab="B(t) ,lwd=2,col=9,xlim=c(0,max(Tmax, t1)))

66 plot(T,E/N, 1’ ,main = ’'Scaled number of free ends’, xlab = ’Time t’,
67 ylab="X(t) ,lwd=2,col=2,xlim=c(0,max(Tmax, t1)),

68 ylim=c (min(Elibre /N) ,max(E/N)))

69 lines (T, Elibre /N)

70 legend ("topleft",c("All extremities","Free extremities"),

7 col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

72 par (mfrow=c(1,1))

73 mtext(text = substitute (paste( Evolution with : °,N == p1 , °, °,
74 lambda*"+"== p2 , °, ° , beta== p3 , ", " , a== p4 , ", ",

75 phi[Cap]== p5 , ", " , t== p6),list(pl=N,p2=lambda_plus ,p3=beta ,p4=a,

76 p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
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dev.off ()
to=t1
A0=A1 } }

Fonction R prenant en arguments :

%
%

t0 : le temps initial

%
%

AO : une liste définissant ’arbre inital

s

lambda_plus : le taux d’élongation

s

beta : le taux de fixation d’une protéine (branchement ou fragmentation)

# a: avantage pour le branchement si positif, pour la fragmentation si négatif

s

phiCap : le taux de fixation des protéines de coiffe

s N :parametre d’échelle

faisant évoluer I’arbre selon le modeéle du chapitre [lI| jusqu’au temps Tmax, prenant en compte les
protéines de coiffe, autorisant les branchements et les fragmentations sur toutes les branches de l’arbre,
choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation de maniére non
uniforme et permettant de tracer (a chaque itération) une graphique possédant 6 vignettes représentant :
Parbre, la fonction hauteur, la taille des branches, le nombre de monomeéres dans ’arbre, le nombre de
branchements de I’arbre et le nombre d’extrémités. Les graphiques sont automatiquement sauvegardés
dans un dossier créé par la fonction.

EvolutionTempsCapping=function (Tmax, t0 ,A0,lambda_plus , beta ,a,phiCap ,N) {
color=c(’red’,’darkorangel’, goldenrodl’, yellowgreen’, green4’,
"darkturquoise ’, deepskyblue3’,’blue’, purple3’, darkorchidl’, ’magenta’)
palette (color)

T=c(t0)

Arb0=CreationArbreColor (A0,175,175,170,0.1,1)
L=c(TailleFil (A0))

B=c (NbBranchement (A0))

E=c (NDbExt(A0))

Elibre=c(NbExtLibre (A0))

NumPlot=1

dir.create (" Chap2evolutionPNG ")

titre=paste0( Chap2evolutionPNG/ ', paste0(NumPlot,".png"))
png(file=titre ,width = 1024, height = 576, units = "px")

par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,

cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

PlotListeSegColor (Arb0)

PlotHg (A0)

PlotSizeB (A0)

plot (T,L, p’ ,main = ’Number of monomers in the polymer’,6xlab = 'Time t’,
ylab="L(t) ,lwd=2,co0l=7,pch=20,xlim=c(0,Tmax))

plot(T,B, 'p’ ,main = ’Number of branch nodes’, xlab = 'Time t,
ylab="B(t) ,lwd=2,co0l=9,pch=20,xlim=c (0 ,Tmax))

plot(T,E/N, 'p’,main = ’'Scaled number of extremities’, xlab = 'Time t’,
ylab="X(t) ,lwd=2,col=2,pch=20,xlim=c (0 ,Tmax) ,

ylim=c (min(Elibre /N) ,max(E/N)))

lines (T, Elibre /N)

legend ("topleft",c("All extremities","Free extremities"),
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31 col=c(2, black’),lty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)
32 par (mfrow=c(1,1))

33 mtext(text = substitute (paste( Evolution with : ~ N == p1 , *, °,
34 lambda*"+"== p2 , ~’ >, beta== p3 , ", " , a==p4 , ", ",
35 phi[Cap]== p5 , ", " , t== p6),list (pl=N,p2=lambda_plus ,p3=beta ,p4=a,

36 p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
37 dev.off ()

39 while (t0 <Tmax) {

140 Listel=EvolutionListeCapping (t0 ,A0,lambda_plus,beta ,a, phiCap ,N)

41 tl=Listel [[1]]

42 Al=Listel [[2]]

43

44 T=c(T,t1)

45 Arbl1=CreationArbreColor (A1,175,175,170,0.1,1)

46 L=c(L, TailleFil (A1))

47 B=c (B, NbBranchement (Al))

48 E=c(E,NbExt(Al))

9 Elibre=c(Elibre ,NbExtLibre (Al))

50

51 NumPlot=NumPlot+1

52

53 titre=paste0 ( Chap2evolutionPNG/’, paste0(NumPlot,".png"))

54 png(file=titre ,width = 1024, height = 576, units = "px")

55 par (mfrow=c(2,3) ,oma=c(1,1,3,1)+0.1 , mar=c(4,4,2,1)+0.1 ,

56 cex.axis = 1.2, cex.lab=1.4, cex.main=1.5)

57 PlotListeSegColor (Arbl)

58 PlotHg (A1)

59 PlotSizeB (A1)

60 plot(T,L,’ 1’ ,main = ’Number of monomers in the polymer’,

61 xlab = 'Time t ,ylab="L(t) ,lwd=2,col=7,xlim=c(0,max(Tmax,t1l)))
62 plot(T,B, 1’ ,main = ’Number of branch nodes’, xlab = 'Time t,

63 ylab="B(t) ,lwd=2,col=9,xlim=c(0,max(Tmax, t1)))

64 plot(T,E/N, "1’ ,main = ’'Scaled number of free ends’, xlab = ’Time t’,
65 ylab="X(t) ,lwd=2,col=2,xlim=c(0,max(Tmax, t1)),

66 ylim=c(min(Elibre /N) ,max(E/N)))

67 lines (T, Elibre /N)

68 legend ("topleft",c("All extremities","Free extremities"),

69 col=c(2, black’),1ty=c(1,1),lwd=c(1.5,1.5) ,cex=1.2)

70 par (mfrow=c(1,1))

71 mtext(text = substitute (paste( Evolution with : * N == p1 , °, °,
72 lambda*"+"== p2 , °, ° , beta== p3 , ", " , a== p4 , ", ",

73 phi[Cap]l== p5 , ", " , t== p6),list(pl=N,p2=lambda_plus,p3=beta,pd=a,
74 p5=phiCap ,p6=t0)), side = 3, line = 0, outer = FALSE, padj=-2.2, cex=1.5)
75 dev.off ()

76 to=t1

77 A0=A1 } }




APPENDIX C

C++ CODE FOR THE MODEL

CONSIDERING ALL ACCESSORY PROTEINS
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1 - Main Functions

1.1 - Stochastic Model

Fonction C++ prenant en arguments :

o
%

# int

% int

s int

# int

s int

s int

# int

s int

% int

nl :

n2:

n3:

n4 :

n5
10
b0

el

vi:

int N : le nombre total de monomeéres dans le systéme

le nombre de monomeéres inclus dans les filaments simples

le nombre de complexes actine-G/profiline

le nombre de monomeéres inclus dans les filaments associés a une formine
le nombre de monomeéres inclus dans les filaments linéaires cappés

: le nombre de monoméres inclus dans les filaments branchés

: la taille initiale des filaments

: le nombre initial de branchements (pour les filaments branchés)

: le nombre intial d’extrémités libres (pour les filaments branchés)

entier permettant de numéroter le fichier résultat

et créant une map contenant I’état initial souhaité.

IE 225 R



226 C - C++ CopE FOR THE MODEL CONSIDERING ALL ACCESSORY PROTEINS

1 std ::map<std :: string ,int > GenelnitMapParam(int N,int nl,int n2,int n3,
2 int n4,int n5,int 10,int b0, int e0, int vi) {

3
4

5

21
22
23
24
25
26
27
28
29
30

31

33

34

36
37

39

40

std ::map<std :: string ,int> KO;

std :: string slo
std:: string sbo0
std :: string se0

std :: to_string (10);
std :: to_string (b0);
std:: to_string (e0);

std :: string svi = std::to_string(vi);

if (N-n1-n2-n3-n4-n5>0) {
KO["M;0;1;0;"]=N-n1-n2-n3-n4-n5; }

if (n1>0) {
KO["S;0;"+sl0o+";1;"]=n1/10; }

if (n2>0) {
KOo["P;0;1;0;"]=n2; }

if (n3>0) {
KO["F;0;"+slo+";1;"]=n3/10; }

if (n4>0) {
KOo["C;0;"+sl0+";0;"]=n4/10; }

if (n5>0) {
KO["B; "+sb0+";"+sl0+";"+se0+";"]=n5/10; }

std:: string NomFichier = "ValeursInitiales"+svi+".txt";
FILE+« outlnit = fopen(NomFichier.c_str(),"w");

fprintf(outlnit, "Libres = %d \n", (N-nl-n2-n3-n4-n5));
fprintf(outlnit, "Simples = %d \n", nl);
fprintf(outlnit, "Complexes = %d \n", n2);
fprintf(outlnit, "Formine = %d \n", n3);
fprintf(outlnit, "Cappes = %d \n", n4);
fprintf(outlnit, "Branchants = %d \n", n5);
fprintf(outlnit, "Longueur = %d \n", 10);
if (n5>0) {
fprintf(outlnit, "Branchements = %d \n", b0);
fprintf(outlnit, "Extremites = %d \n", e0); }
fclose (outlnit);

return KO0; }

Fonction C++ prenant en arguments :

% std :: map<std:: string , int > KO : map initiale obtenue grace a la fonction GenelnitMapParam

s double t0 : le temps initial

# int N :le nombre total de monomeres dans le systéme

s# double tmax : le temps final

s# double lambda_plus : le taux d’élongation spontanée

s double lambda_moins : le taux de dépolymérisation

# double lambdaF_plus : le taux d’élongation avec une formine

s double lambdaN : le taux de nucléation

s double phiP : le taux de création de complexes actin-G/profilin

s double phiF_plus : le taux de fixation d’une formine sur un polymere



40

41

42

43

44

45

46
47
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% double phiF_moins : le taux de libération d’'une formine

s# double phiA_plus : le taux de fixation d'un Arp2/3 sur un polymere
3% double phiA_moins : le taux de libération d’un Arp2/3

s double phiC : le taux de capping

s# double phiT : le taux de fragmentation

# int vi : entier permettant de numéroter le fichier résultat

et modifiant la map selon le modéle décrit dans la Section [4.2]du Chapitre

std ::map<std :: string ,int > PopulationTotaleMap (std ::map<std ::string ,int > KO,

double t0, int N, double tmax, double lambda_plus, double lambda_moins,
double lambdaF_plus, double lambdaN, double phiP, double phiF_plus,
double phiF_moins, double phiA_plus, double phiA_moins, double phiC,
double phiT, int vi) {

std :: string svi = std::to_string(vi);

std :: string NomFichier = "ValeursParametres"+svi+".txt";
//On crée un fichier pour récupérer la valeur des paramétres
FILE+ outparametre = fopen(NomFichier.c_str(),"w");

//On écrit la valeur des parametres
fprintf(outparametre , "N = %i", N);

fprintf(outparametre, "\n");

fprintf(outparametre, "lambda_plus = %e", lambda_plus);
fprintf(outparametre, "\n");

fprintf(outparametre, "lambdaF_plus = %e", lambdaF_plus);
fprintf(outparametre, "\n");

fprintf(outparametre, "lambda_moins = %e", lambda_moins);
fprintf(outparametre, "\n");

fprintf(outparametre , "lambdaN = %e", lambdaN);
fprintf(outparametre, "\n");

fprintf(outparametre ,"PhiP = %e", phiP);
fprintf(outparametre, "\n");

fprintf(outparametre, "PhiF_plus = %e", phiF_plus);
fprintf(outparametre, "\n");

fprintf(outparametre ,"PhiF_moins = %e", phiF_moins);
fprintf(outparametre, "\n");

fprintf(outparametre, "PhiA_plus = %e", phiA_plus);
fprintf(outparametre, "\n");

fprintf(outparametre , "PhiA_moins = %e", phiA_moins);
fprintf(outparametre, "\n");

fprintf(outparametre , "PhiC = %e", phiC);
fprintf(outparametre, "\n");

fprintf(outparametre , "PhiT = %e", phiT);
fprintf(outparametre, "\n");

//On ferme le fichier pour les parameétres
fclose (outparametre);

//On crée un fichier pour 1’évolution du systeme

NomPFichier = "DistributionS "+svi+".txt";

FILE+« outputS = fopen(NomFichier.c_str(),"w");
NomPFichier = "DistributionF "+svi+".txt";

FILE+« outputF = fopen(NomFichier.c_str(),"w"
NomFichier = "DistributionC "+svi+".txt";

FILE+« outputC = fopen(NomFichier.c_str(),"w");



48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
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91
92
93
94
95
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101
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103
104
105
106
107
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NomPFichier = "DistributionB "+svi+" . txt";
FILE+« outputB = fopen(NomFichier.c_str (), "w"
NomFichier = "MoyennesBE"+svi+" . txt";
FILE+« outputMoy = fopen(NomFichier.c_str(),"w");
NomPFichier = "DistributionBranche "+svi+".txt";
FILE+« outputBranche = fopen(NomFichier.c_str(),"w"
NomPFichier = "DistributionExtremite "+svi+".txt";
FILE+« outputExtremite = fopen(NomFichier.c_str (), "w"
// et un fichier pour les proportions de filaments dans chaque
// sous -—population
NomFichier = "Proportions"+svi+".txt";
FILE+ outputprop = fopen(NomFichier.c_str (), "w"
//On initialise le temps
double TO = t0;
//On écrit 1’état initial dans le fichier résultat sous la forme

// temps;type ;# branchements;longueur ;# extremites ; quantité
std ::map<std :: string , int >::iterator it;
//On initialise de monoméres

// sous —population

les nombres presents dans chaque

int NO=KO["M;0;1;0;"]; //monoméres libres

int N1=0; //filaments simples

int N2=KO["P;0;1;0;"]; // complexes G-actin/proilin

int N3=0; // filaments +formin

int N4=0; // filaments linéaires cappés

int N5=0; // filaments branchés

int NL; //Longueur en cours

int BL; //Branchement en cours

int EL; //Extremite en cours

int NbFilS=0; //Nb de filaments simples

int NDbFilF=0; //Nb de filaments formine

int NDbFilC=0; //Nb de filaments cappé

int NDbFilB=0; //Nb de filaments branchants

int DistS[N+1]; //Dans case i, nombre de filaments simples de taille i
int DistF[N+1]; //Dans case i, nombre de filaments formines de taille i
int DistC[N+1]; //Dans case i, nombre de filaments cappés de taille i
int DistB[N+1]; //Dans case i, nombre de filaments branchants de taille i
int Bran[N+1]; //Dans case i, nombre de filaments avec i branchements
int Ext[N+1]; //Dans case i, nombre de filaments avec i extremites libres
int ExtB[N+1]; //Dans case i, nombre de filaments branchants avec i

// extremites libres

for (int i=0; i<N+1; i++) {

DistB[i]=0;
Bran[i]=0;
Ext[i]=0;
ExtB[i]=0; }
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109 double MoyBranch=0.0; //Nb moyen de branchements parmi filaments

110 // branchants =somme[b+«nb fil. avec b branchements/nb fil. branchants]
111 double MoyExt=0.0; //Nb moyen d’extremite libres parmi filaments

112 // branchants

113

114 for(it=KO0.begin(); it!=K0.end(); ++it){

115 NL=findL (it ->first.c_str());

116 BL=findB (it ->first.c_str());

117 EL=findE (it ->first.c_str());

118 if (it->first.c_str()[0]!="M && it->first.c_str()[0]!="P°
119 && it ->first.c_str()[0]!="¢e") {

120 Ext[EL]=Ext[EL]+it ->second;

121 Bran[BL]=Bran[BL]+it ->second; }

122 if (it->first.c_str()[0]=="S") {

123 N1=N1+it ->second «NL;

124 NbFilS=NbFilS+it ->second ;

125 DistS[NL]=it ->second; }

126 else if(it->first.c_str()[0]=="F") {
127 N3=N3+it ->second «NL;

128 NbFilF=NbFilF+it ->second ;

129 DistF [NL]=it ->second; }

130 else if(it->first.c_str()[0]=="C") {
131 N4=N4+it ->second «NL;

132 NbFilC=NbFilC+it ->second ;

133 DistC[NL]=it ->second; }

134 else if(it->first.c_str()[0]=="B") {
135 N5=N5+it —>second «NL;

136 NbFilB=NDbFilB+it ->second ;

137 DistB [NL]=it ->second;

138 ExtB[EL]=ExtB[EL]+it ->second; } }
139

140 if (NDbFilB == 0) {

141 MoyBranch=0.0;

142 MoyExt=0.0; }

143 else {

144 for (int j=1; j<N+1; j++) {

145 MoyBranch=MoyBranch+j«Bran[j ];

146 MoyExt=MoyExt+j«ExtB[j]; }

147

148 MoyBranch=MoyBranch/double (NbFilB) ;
149 MoyExt=MoyExt/double (NbFilB); }

150

151 fprintf (outputprop, "%f ; ", T0);

152 fprintf (outputprop, "%d ; ", NO);

153 fprintf (outputprop, "%d ; ", N1);

154 fprintf (outputprop, "%d ; ", N2);

155 fprintf (outputprop, "%d ; ", N3);

156 fprintf (outputprop, "%d ; ", N4);

157 fprintf (outputprop, "%d ; ", N5);

158 fprintf (outputprop, "%d ;" ,NO+N1+N2+N3+N4+N5);
159

160 fprintf (outputprop, "%d ; ", NDbFilS);
161 fprintf (outputprop, "%d ; ", NbFilF);
162 fprintf (outputprop, "%d ; ", NbFilC);
163 fprintf (outputprop, "%d ;\n ", NDbFilB);

164
165 fprintf (outputS, "%f ; ", T0);
166 fprintf (outputfF, "%f ; ", T0);
167 fprintf (outputC, "%f ; ", TO)
168 fprintf (outputB, "%f ; ", TO0)

169

>

>
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fprintf (outputBranche, "%f ; ", TO0);

fprintf(outputExtremite , "%f ; ", T0);

for (int i=0; i<N+1; i++) {
fprintf (outputS, "%d ; ", DistS[i]);
fprintf (outputF, "%d ; ", DistF[i]);
fprintf (outputC, "%d ; ", DistC[i]);
fprintf (outputB, "%d ; ", DistB[i]);
fprintf (outputBranche, "%d ; ", Bran[i]);

fprintf(outputExtremite, "%d ; ", Ext[i]);
fprintf (outputS, "\n");
fprintf (outputF, "\n");
fprintf (outputC, "\n");
fprintf (outputB, "\n");
fprintf (outputBranche, "\n");
fprintf(outputExtremite, "\n");
fprintf (outputMoy, "%f ; ", T0);
fprintf (outputMoy, "%f ; ", MoyBranch);
fprintf (outputMoy, "%f ;\n ", MoyExt);
//On initialise 1’état suivant

double T1=t0;
printf("%f\n", T1);

std :: map<std ::
std ::map<std ::

// On
double
double
double
double
double
double
double
double
double
double
double
double

initialise

string ,int > Ki;
string , int >::iterator itl;

le taux de chaque évenement
taux_elongation;
taux_depolymerisation;
taux_nucleation;
taux_creation_complexe;
taux_fixation_ formine ;
taux _liberation formine;
taux_fixation_arp;
taux_liberation_arp ;
taux_capping;
taux_fragmentation;
taux_total filament;

taux_total_pop;

bool event = 0;
bool evolution =
double alea;

int filaments;
int somme;

char population;
branchement;
longueur;
extremite ;

1;

int
int
int
int
int
int

positionSep [4];
pos;
pospos;

LastPrint=0;
PrintT;

int
int

}

possible
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231 int LastPrint2=0;

232 int PrintT2;

233

234 // Tant que le tmax choisi n’est pas atteint , on laisse évoluer le
235 // systeme

236 while (T0 < tmax && evolution == 1) {

237 //On calcule le taux total d’ évenement dans la population

238 //i.e. la somme de tous les taux

239 taux_total_pop = TauxTotalPop(KO,N,lambda_plus, lambda_moins,

240 lambdaF_plus, lambdaN, phiP, phiF_plus, phiF_moins, phiA_plus,
241 phiA_moins, phiC, phiT);

242 //On vérifie qu’il peut se passer quelque chose

243 //(e.g. si il n’y plus aucun filament et que tous les monoméres sont
244 //en complexe avec de la profiline alors il ne peut rien se passer)
245 if (taux_total_pop == 0) {

246 evolution = 0; }

247 else {

248 // Tant qu’aucun évenement n’a eu lieu

249 while (event == 0) {

250 //On tire le type de filament qui va tenter sa chance

251 // (en jeu : simple ,formine ,cappé, ,branchant)

252 filaments =0;

253 for(it=KO0.begin(); it!=K0.end(); ++it) {

254 filaments=filaments+it ->second; }

255 filaments=filaments -KO[ "M;0;1;0; "]-KO["P;0;1;0;"];

256

257 alea=rand01 () ;

258 somme=0;

259 longueur =0;

260

261 if (filaments == 0) {

262 K1=EvolM (K0,N, lambdaN , phiP ) ;

263 event=K1["event"]; }

264 else {

265 std ::map<std :: string , int >::iterator it2;

266 it2=K0.begin () ;

267 while (it2!=K0.end () && longueur==0) { // Tirage du filaments
268 if (it2->first.c_str()[0]!="M && it2->first.c_str()[0]!="P"
269 && alea > (double (somme)/double(filaments))

270 && alea <= (double (somme+it2 ->second)/double(filaments))) {
271 pospos=0;

272 pos=0;

273 while (pospos<4) {

274 if (it2 ->first.c_str()[pos]==";") {

275 positionSep [pospos]=pos;

276 pospos=pospos +1;

277 pos=pos+1; }

278 else {

279 pos=pos+1; } }

280

281 population=it2 ->first.c_str () [0];

282

283 branchement=0;

284 for (int j=positionSep[0]+1; j<positionSep [1]; j++) {
285 branchement=branchement«10+(it2 ->first.c_str () [j]-"0"); }
286

287 longueur =0;

288 for (int j=positionSep[1]+1; j<positionSep[2]; j++) {
289 longueur=longueur+10+(it2 ->first.c_str()[j]-"0"); }
290

291 extremite =0;
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for (int j=positionSep[2]+1; j<positionSep[3];

i+ A

extremite=extremite«10+(it2 ->first.c_str()[j]-"0"); }

else {

if (it2->first.c_str()[0]=="M"||it2->first.c_str()[0]==
++it2; }

else

{

somme=somme+it2 —>second ;

++1t2 ;

//On tire
if (population

K1=EvolS (K0,N, lambda_plus ,lambda_moins ,lambdaN, phiP , phiF_plus,

l’évenement

bobod

- s7) |

phiA_plus , phiC, phiT,longueur);
event=K1["event"];
else if (population
K1=EvolC (K0 ,N, lambda_moins ,lambdaN, phiP , phiA_plus , phiT,
longueur);
event=K1["event"];
else if (population
K1=EvolF (K0,N, lambda_moins ,lambdaF_plus ,lambdaN, phiP ,
phiF_moins , phiT , longueur) ;
event=K1["event"];

else if (population ==
K1=EvolB (KO0,N, lambda_plus ,lambda_moins ,lambdaN, phiP , phiA_plus,

}

== ) |

}

}

) A

B7) A

qui va potentiellement se produire

phiA_moins, phiC, phiT ,longueur , extremite ,branchement);
event=K1["event"];

//On tire un

// 1’ évenement
T1 = TO+rand_exp (taux_total_pop);
printf ("%f\n", T1);
PrintT=floor (T1);
if ( PrintT%10==0 && LastPrint!=PrintT) {
printf("%f \n",T1);
LastPrint=PrintT;

Ko = Ki1;

for(it1=K1.begin () ;

temps

a

eu

if (itl->second

//On écrit les
fprintf (outputprop,
NO=K1["M;0;1;0;"];//No
N2=K1["P;0;1;0;"];//N2

N1=0; //N1 =
N3=0; //N3 =
N4=0; //N4 =
N5=0; //N5 =

NbFilS =0;
NbFilF =0;
NbFilC =0;
NbFilB =0;

for (int i=0
DistS[i]=0
DistF[i]=0

>

>

>

nb
nb
nb
nb

i<N+1;

proportions

de
de
de
de

>

exponentiel

lieu

}

b

}

correspondant au temps

it1!=Kl.end(); ++itl) {

= 0 && itl->first.c_str()[0]!="M’

&& itl ->first.c_str()[0]!="P ) {
KO.erase (itl ->first.c_str()); } }

"o f

mono
mono
mono

mono

.o
5 >

initiales

T1);

nb mono libres

nb

dans
dans
dans

dans

i++) {

complexes

filaments
filaments
filaments

filaments

dans le fichier

simples
formine
lineaire cappe

branchants

auquel

proportion

P

{
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DistC[i]=0;
DistB[i]=0;
Bran[i]=0;
Ext[i]=0;
ExtB[i]=0; }

MoyBranch=0.0;
MoyExt=0.0;

for (it=K0.begin (); it!=K0.end(); ++it){
NL=findL (it ->first.c_str());
BL=findB (it ->first.c_str());
EL=findE (it ->first.c_str());

if (it->first.c_str()[0]!="M && it->first.c_str()[0]!="P"

&& it ->first.c_str()[0]!="¢e ) {
Ext[EL]=Ext[EL]+it ->second;
Bran[BL]=Bran[BL]+it ->second; }

if (it->first.c_str()[0]=="S") {
N1=N1+it ->second «NL;
NbFilS=NbFilS+it ->second ;

DistS[NL]=1it ->second;

}

else if(it->first.c_str()[0]=="F") {
N3=N3+it ->second «NL;
NbFilF=NbFilF+it ->second;

DistF [NL]=it ->second ;

}

else if(it->first.c_str()[0]=="C") {
N4=N4+it ->second «NL;
NbFilC=NbFilC+it ->second ;

DistC [NL]=it ->second;

}

else if(it->first.c_str()[0]=="B") {
N5=N5+it ->second «NL;
NbFilB=NbFilB+it ->second ;

DistB [NL]=1it ->second;

ExtB[EL]=ExtB[EL]+it ->second; } }

if (NDbFilB == 0) {
MoyBranch=0.0;
MoyExt=0.0; }
else {

for (int j=1; j<N+1; j++) {
MoyBranch=MoyBranch+j«Bran[j ];

MoyExt=MoyExt+j«ExtB[j ];

}

MoyBranch=MoyBranch/double (NbFilB) ;
MoyExt=MoyExt/double (NbFilB); }

fprintf (outputprop
fprintf (outputprop
fprintf (outputprop
fprintf (outputprop
fprintf (outputprop
fprintf (outputprop
fprintf (outputprop

fprintf (outputprop
fprintf (outputprop
fprintf (outputprop
fprintf (outputprop

PrintT2=floor (T1);

>

>

>

>

>

>

>

>

>

>

>

"%d
"%d
"%d
"%d
"%d
"%d
"%d

"%d
"%d
"%d
"%d

5

5

;\n

", NO);

, N1);

", N2);

, N3);
, N4);

", N5);

", NbDbFilS

"

"

" ,NO+N1+N2+N3+N4+N5) ;

)
, NbFilF);
, NbFilC)
", NbFilB);
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414 if ( (PrintT2%100==0 && LastPrint2!=PrintT2) || Tl>=tmax) {
415 fprintf (outputS, "%f ; ", T1);

416 fprintf (outputF, "%f ; ", T1);

417 fprintf (outputC, "%f ; ", T1);

418 fprintf (outputB, "%f ; ", T1);

419

420 fprintf (outputBranche, "%f ; ", T1);
421 fprintf(outputExtremite , "%f ; ", T1);
422

423 for (int i=0; i<N+1; i++) {

424 fprintf(outputS, "%d ; ", DistS[i]);
425 fprintf (outputF, "%d ; ", DistF[i]);
426 fprintf (outputC, "%d ; ", DistC[i]);
427 fprintf(outputB, "%d ; ", DistB[i]);
428 fprintf (outputBranche, "%d ; ", Bran[i]);
429 fprintf(outputExtremite , "%d ; ", Ext[i]); }
430

431 fprintf (outputS, "\n");

432 fprintf (outputF, "\n");

433 fprintf (outputC, "\n");

434 fprintf (outputB, "\n");

435

436 fprintf (outputBranche, "\n");

437 fprintf(outputExtremite , "\n");

438

439 LastPrint2=PrintT2; }

440

441 fprintf (outputMoy, "%f ; ", T1);

442 fprintf (outputMoy, "%f ; ", MoyBranch);
443 fprintf (outputMoy, "%f ;\n ", MoyExt);
444

445 //On réinitialise le tableau

446 To = T1;

447

448 //On repart pour un nouvel évenement

449 event = 0;

450 KO["event"]=0; } }

451 //On ferme le fichier résultat

452 fclose (outputS);

453 fclose (outputF);

454 fclose (outputC);

455 fclose (outputB);

456 fclose (outputBranche);

457 fclose (outputExtremite);

458 fclose (outputMoy) ;

459 fclose (outputprop);

460

461 return K1; }

1.2 - Biological Applications

Fonction C++ prenant en arguments :

o
%

int N : le nombre total de monomeéres dans le systéeme

%
%

double tmax : le temps final

%
¥

double dt1 : la durée pendant laquelle le systéme est soumis au premier jeu de parametres
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s double dt2 : la durée pendant laquelle le systéme est soumis au second jeu de parameétres
# int nl:le nombre de monomeres inclus dans les filaments simples
# int n2 : le nombre de complexes actine-G/profiline
# int n3 : le nombre de monomeéres inclus dans les filaments associés a une formine
# int n4 : le nombre de monomeres inclus dans les filaments linéaires cappés
# int n5:le nombre de monomeres inclus dans les filaments branchés
# int 10 : la taille initiale des filaments
% int bo : le nombre initial de branchements (pour les filaments branchés)
% int e0 : le nombre intial d’extrémités libres (pour les filaments branchés)
s double lambda_plus1 : le taux d’élongation spontanée du premier jeu de paramétres
# double lambda_moins1 : le taux de dépolymeérisation du premier jeu de parameétres
s double lambdaF_plus1 : le taux d’élongation avec une formine du premier jeu de parameétres
s# double lambdaN1 : le taux de nucléation du premier jeu de paramétres
s# double phiP1 : le taux de création de complexes actin-G/profilin du premier jeu de paramétres
s# double phiF_plust : le taux de fixation d’une formine sur un polymeére du premier jeu de parameétres
s# double phiF_moins1 : le taux de libération d’une formine du premier jeu de parameétres
s double phiA_plusl : le taux de fixation d’un Arp2/3 sur un polymeére du premier jeu de parametres
s double phiA_moins1 : le taux de libération d’'un Arp2/3 du premier jeu de parametres
s double phiC1 : le taux de capping du premier jeu de parameétres
s double phiT1 : le taux de fragmentation du premier jeu de parameétres
s double lambda_plus2 : le taux d’élongation spontanée du second jeu de parametres
# double lambda_moins2 : le taux de dépolymeérisation du second jeu de parameétres
s double lambdaF_plus2 : le taux d’élongation avec une formine du second jeu de parametres
s# double lambdaN?2 : le taux de nucléation du second jeu de paramétres
s# double phiP2 : le taux de création de complexes actin-G/profilin du second jeu de paramétres
s# double phiF_plus2 : le taux de fixation d’une formine sur un polymére du second jeu de paramétres
s# double phiF_moins2 : le taux de libération d’une formine du second jeu de parametres
s# double phiA_plus2 : le taux de fixation d’un Arp2/3 sur un polymeére du second jeu de parametres
s double phiA_moins2 : le taux de libération d’un Arp2/3 du second jeu de parametres
s double phiC2 : le taux de capping du second jeu de parameétres
s double phiT2 : le taux de fragmentation du second jeu de paramétres
créant une map contenant I’état initial souhaité et modifiant cette map selon le modele décrit dans

la Section du Chapitre [[II| jusqu’au temps tmax en oscillant entre le premier et le second jeu de
parametres.
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1 void SwitchParametres (

2 int N, double tmax, double dt1, double dt2,

3 int nl,int n2,int n3,int n4,int n5,int 10 ,int b0 ,int e0,

4 double lambda_plusl, double lambda_moinsl, double lambdaF_plusl,

5 double lambdaN1, double phiP1, double phiF_plusl, double phiF_moinsl,
6 double phiA_plus1l, double phiA_moins1, double phiCl, double phiT1,

7 double lambda_plus2, double lambda_moins2, double lambdaF_plus2,

8 double lambdaN2, double phiP2, double phiF_plus2, double phiF_moins2,
9 double phiA_plus2, double phiA_moins2, double phiC2, double phiT2) {

10 int cpt=0;

11 double t0=0.0;

12 double T=0.0;

13

14 std ::map<std :: string ,int> K0 =

15 GenelnitMapParam (N,nl1,n2,n3,n4,n5,10 ,b0,e0, cpt);
16 std ::map<std :: string ,int> K1 = PopulationTotaleMap (KO0, t0 ,N, t0+dt1,
17 lambda_plusl ,lambda_moinsl ,lambdaF_plusl ,lambdaN1,

18 phiP1, phiF_plusl ,phiF_moinsl, phiA_plusl, phiA_moinsl, phiC1,phiT1, cpt);
19

20 T=t0+dt1;

21 t0=T;

22 cpt=cpt+1;

23 std ::map<std :: string ,int> K2;

24 while (T<tmax) {

25 K2 = PopulationTotaleMap (K1,t0 ,N, t0+dt2,

26 lambda_plus2 ,lambda_moins2 ,lambdaF_plus2 ,lambdaN2,

27 phiP2, phiF_plus2 ,phiF_moins2 , phiA_plus2 ,phiA_moins2 ,phiC2, phiT2, cpt);
28

29 T=t0+dt2;

30 t0=T;

31 cpt=cpt+1;

32

33 if (T < tmax) {

34 K1 = PopulationTotaleMap (K2,t0 ,N, t0+dt1,

35 lambda_plus1 ,lambda_moinsl ,lambdaF_plusl ,lambdaN1,

36 phiP1, phiF_plusl , phiF_moinsl, phiA_plusl,phiA_moinsl , phiC1, phiT1, cpt);
37

38 T=t0+dt1;

39 to=T;

40 cpt=cpt+1; } } }

Fonction C++ prenant en arguments :

# int N :le nombre total de monomeres dans le systeme

s double tmax : le temps final

s# double dt1 : la durée pendant laquelle le systéme est soumis au taux de fixation de formines et au

taux de capping normaux

%
%

taux de capping modifiés

double dt2 : la durée pendant laquelle le systéeme est soumis au taux de fixation de formines et au

s# double retard : la durée pendant laquelle le taux de fixation de formines est déja modifié alors que

le taux de capping est normal
# int nl: le nombre de monomeéres inclus dans les filaments simples
# int n2 : le nombre de complexes actine-G/profiline

# int n3: le nombre de monomeéres inclus dans les filaments associés a une formine
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% int n4 : le nombre de monomeres inclus dans les filaments linéaires cappés
# int n5 : le nombre de monomeéres inclus dans les filaments branchés
# int 10 : la taille initiale des filaments
% int b0 : le nombre initial de branchements (pour les filaments branchés)
% int e0 : le nombre intial d’extrémités libres (pour les filaments branchés)
s double lambda_plus : le taux d’élongation spontanée
s double lambda_moins : le taux de dépolymérisation
s double lambdaF_plus : le taux d’élongation avec une formine
s double lambdaN : le taux de nucléation
s double phiP : le taux de création de complexes actin-G/profilin du premier jeu de parameétres
s# double phiF_plust : le taux de fixation d’une formine normal
s double phiF_plus2 : le taux de fixation d’une formine modifié
s double phiF_moins : le taux de libération d’une formine
s# double phiA_plus : le taux de fixation d'un Arp2/3 sur un polymere
s# double phiA_moins : le taux de libération d’un Arp2/3
s# double phiC1 : le taux de capping normal
s# double phiC2 : le taux de capping modifié
s# double phiT : le taux de fragmentation
créant une map contenant I’état initial souhaité et modifiant cette map selon le modéle décrit dans la

Section du Chapitre [l jusqu’au temps tmax en oscillant entre deux valeurs de ®; et deux valeurs
de CI)c.

void SwitchParametres2 (
int N, double tmax, double dtl1, double dt2, double retard,
int nl,int n2,int n3,int n4,int n5,int 10,int b0, int e0,
double lambda_plus, double lambda_moins, double lambdaF_plus,
double lambdaN, double phiP, double phiF_plusl, double phiF_plus2,
double phiF_moins, double phiA_plus, double phiA_moins, double phiC1,
double phiC2, double phiT) {
int cpt=0;
double t0=0.0;
double T=0.0;

std ::map<std :: string ,int> KO = GenelnitMapParam (N,nl,n2,n3,n4,n5,
10 ,b0,e0,cpt);

std ::map<std :: string ,int> K1 = PopulationTotaleMap (K0, t0 ,N, t0+dt1,
lambda_plus ,lambda_moins ,lambdaF_plus ,lambdaN,
phiP, phiF_plusl ,phiF_moins, phiA_plus ,phiA_moins, phiC1, phiT, cpt);

T=t0+dt1;

t0=T;

cpt=cpt+1;

std ::map<std :: string , int > K2;
std ::map<std :: string ,int > K3;
std ::map<std :: string ,int > K4;
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while (T<tmax) {

K2 =

PopulationTotaleMap (K1,t0 ,N, tO+retard ,

lambda_plus ,lambda_moins ,lambdaF_plus ,lambdaN,

phiP ,

phiF_plus2 , phiF_moins , phiA_plus , phiA_moins, phiC1, phiT, cpt);

T=tO0O+retard;

t0=T;

cpt=cpt+1;

K3 =

PopulationTotaleMap (K2, t0 ,N, t0+dt2 -retard ,

lambda_plus ,lambda_moins ,lambdaF_plus ,lambdaN,

phiP,

phiF_plus2 , phiF_moins , phiA_plus , phiA_moins, phiC2, phiT, cpt) ;

T=t0+dt2-retard ;

to=T;

cpt=cpt+1;

K4 =

PopulationTotaleMap (K3,t0 ,N, tO+retard ,

lambda_plus ,lambda_moins ,lambdaF_plus ,lambdaN,

phiP ,

phiF_plus1 , phiF_moins , phiA_plus , phiA_moins, phiC2, phiT, cpt) ;

T=tO0O+retard;

t0=T;

cpt=cpt+1;

if (T <
K1

tmax) {

= PopulationTotaleMap (K4,t0 ,N, t0o+dt1,

lambda_plus ,lambda_moins ,lambdaF_plus ,lambdaN,
phiP, phiF_plusl , phiF_moins, phiA_plus,phiA_moins, phiC1, phiT, cpt);

T=t0+dt1;
t0=T;

cpt

=cpt+1; } } }

1.3 - Large Population Limit

Fonction C++ prenant en arguments :

% int lmax : la longueur maximale des polymeéres a considérer

% double p1
% double p2 :
# double p3 :
s double p4 :

s double p5:

: la proportion de monomeéres inclus dans les filaments simples

la proportion de complexes actine-G/profiline
la proportion de monomeres inclus dans les filaments associés a une formine
la proportion de monomeéres inclus dans les filaments linéaires cappés

la proportion de monomeres inclus dans les filaments branchés

s int 10 : la taille initiale des filaments

% int bo : le nombre initial de branchements (pour les filaments branchés)

% int e0 : le nombre intial d’extrémités libres (pour les filaments branchés)

ofe
%

int vi : entier permettant de numéroter le fichier résultat

et créant une map contenant I’état initial souhaité.
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1 std ::map<std :: string ,double > GenelnitMapLimiteParam (int lmax,
double p1,double p2,double p3,double p4,double p5,

int

std

std ::
std ::
std ::

std ::

if

10 ,int bO,int e0,int vi) {
::map<std :: string , double > Klim0;

string slo0 std:: to_string (10);
string sbo0 std:: to_string (b0);
string se0 = std::to_string(e0);

string svi = std::to_string(vi);

(1-pl-p2-p3-p4-p5>0) {

KlimO["M;0;1;0; "]=1-pl-p2-p3-p4-p5; }

if

(p1>0) {

Klim0O["S;0;"+sl0+";1;"]=p1/double(l0); }

if

(p2>0) {

KHmO["P;0;1:0;"]=p2; }

if

(p3>0) {

KlimO["F;0; "+sl0+";1;"]=p3/double(10); }

if

(p4>0) {

Klim0["C;0; "+sl0+";0;"]=p4/double(10); }

if

(p5>0) {

KlimO["B; "+sb0+";"+sl0+";"+se0+";"]=p5/double (10); }

std ::

string NomFichier = "ValeursInitialesLimite "+svi+".txt";

FILE+« outlnit = fopen(NomFichier.c_str (), "w"

fprintf(outlnit, "Libres = %f \n", (1-pl-p2-p3-p4-p5));
fprintf(outlnit, "Simples = %f \n", pl);

fprintf(outlnit

"Complexes = %f \n", p2);

fprintf(outlnit, "Formine = %f \n", p3);
fprintf(outlnit, "Cappes = %f \n", p4);
fprintf(outlnit, "Branchants = %f \n", p5);
fprintf(outlnit, "Longueur = %d \n", 10);

if

(p5>0) {

fprintf(outlnit, "Branchements = %d \n", b0);
fprintf(outlnit, "Extremites = %d \n", e0); }
fclose (outlnit);

return Klim0; }

Fonction C++ prenant en arguments :

ote
%

3%
¥

3%
¥

%
%

std :: map=<std:: string , int> K0 : map initiale obtenue grace a la fonction GenelnitMapLimiteParam
double t0 : le temps initial

int Imax : la longueur maximale des polymeres a considérer

double tmax : le temps final

double dt : le pas de temps pour la méthode d’Euler explicite

double lambda_plus : le taux d’élongation spontanée

double lambda_moins : le taux de dépolymérisation

double lambdaF_plus : le taux d’élongation avec une formine

double lambdaN : le taux de nucléation
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s double phiP : le taux de création de complexes actin-G/profilin

s double phiF_plus : le taux de fixation d’une formine sur un polymere
s double phiF_moins : le taux de libération d’une formine

s double phiA_plus : le taux de fixation d’un Arp2/3 sur un polymeére
# double phiA_moins : le taux de libération d’un Arp2/3

s double phiC : le taux de capping

s double phiT : le taux de fragmentation

%
%

int vi : entier permettant de numéroter le fichier résultat

et modifiant la map selon le systéme d’équations différentielles ordinaires de la Conjecture [3.4.1]

std ::map<std :: string , double > PopulationTotaleMapLimite

(std ::map<std :: string ,double> Klim0,double t0,int lmax, double tmax,
double lambda_plus, double lambda_moins, double lambdaF_plus,
double lambdaN, double phiP, double phiF_plus, double phiF_moins,
double phiA_plus, double phiA_moins, double phiC, double phiT,int vi) {

double dt,

std :: string

std ::
//On crée
FILE+ outparametre =

un fichier

//On écrit la valeur
fprintf(outparametre ,
fprintf(outparametre ,
fprintf (outparametre ,
fprintf(outparametre ,
fprintf (outparametre ,

fprintf(outparametre ,

string NomFichier =

pour

svi = std::to_string(vi);

récupérer la v

des

aleur

fopen (NomFichier.c_str (), "w");

des
"dt = %f",
"\n");

"lambda_plus =

"\n");

"lambdaF_plus =

)

parametres

dt);

%f", lambda_plus);

"ValeursParametresLimite "+svi+" . txt";
parametres

%t", lambdaF_plus);

fprintf(outparametre, "lambda_moins = %f", lambda_moins);
fprintf(outparametre, "\n");

fprintf(outparametre , "lambdaN = %f", lambdaN);
fprintf(outparametre, "\n");

fprintf(outparametre , "PhiP = %f", phiP);
fprintf(outparametre, "\n");

fprintf(outparametre, "PhiF_plus = %f", phiF_plus);
fprintf(outparametre, "\n");

fprintf(outparametre ,"PhiF_moins = %f", phiF_moins);
fprintf(outparametre, "\n");

fprintf(outparametre, "PhiA_plus = %f", phiA_plus);
fprintf(outparametre, "\n");

fprintf(outparametre ,"PhiA _moins = %f", phiA_moins);
fprintf(outparametre, "\n");

fprintf(outparametre, "PhiC = %f{", phiC);
fprintf(outparametre, "\n");

fprintf(outparametre , "PhiT = %f", phiT);
fprintf(outparametre, "\n");

fprintf(outparametre, "lmax = %i", lmax);
fprintf(outparametre, "\n");

//On ferme le fichier pour les parameétres

fclose (outparametre);

//On crée un fichier

pour

l1’évolution du

syst eme
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NomPFichier = "DistributionSlim"+svi+".txt";

FILE+« outputS = fopen(NomFichier.c_str (), "w"

NomFichier = "DistributionFlim"+svi+".txt";

FILE+ outputF = fopen(NomFichier.c_str(),"w"

NomPFichier = "DistributionClim"+svi+".txt";

FILE+« outputC = fopen(NomFichier.c_str(),"w"

NomPFichier = "DistributionBlim"+svi+".txt";

FILE+« outputB = fopen(NomFichier.c_str (), "w"

NomFichier = "MoyennesBElim"+svi+" . txt";
FILE+« outputMoy = fopen(NomFichier.c_str () ,"w"
NomPFichier = "DistributionBranchelim"+svi+".txt";

FILE+« outputBranche = fopen(NomFichier.c_str(),"w"
NomFichier = "DistributionExtremitelim"+svi+".txt";
FILE+ outputExtremite = fopen(NomFichier.c_str(),"w");

// et un fichier pour les prortions de filaments

// chaque sous-population
NomFichier = "Proportionslim"+svi+".txt";
FILE+« outputprop = fopen(NomFichier.c_str ()

//On initialise le temps
double t=t0;
printf("%f\n", t);

int cpt=0;

int next_print=1;

std ::map<std :: string , double >::iterator it;

//On initialise les proportions de monomeres

// dans chaque sous-population

double p0=KlimO["'M;0;1;0;"]; // monomeéres

double p1=0; // filaments simples

double p2=KlimO["P;0;1;0;"]; // complexes G-actin/proilin
double p3=0; // filaments+formin

double p4=0; // filaments linéaires cappés

double p5=0; // filaments branchés

int NL; //Longueur en cours
int BL; //Branchement en cours
int EL; //Extremite en cours

double pFilS=0; //Prop de filaments simples
double pFilF=0; //Prop de filaments formine
double pFilC=0; //Prop de filaments cappé

f—
s, W

libres

double pFilB=0; //Prop de filaments branchants

double DistSlim [lmax+1]; //Dans case i,
// prop de filaments simples de taille i
double DistFlim [lmax+1]; //Dans case i,
// prop de filaments formine de taille i
double DistClim[lmax+1]; //Dans case i,
// prop de filaments cappés de taille i
double DistBlim [lmax+1]; //Dans case i,
// prop de filaments branchants de taille i

double pBran[lmax+1]; //Dans case i,
// prop de filaments avec i branchements
double pExt[lmax+1]; //Dans case i,

// prop de filaments avec 1 extremites libres

double pExtB[lmax+1]; //Dans case i,

// prop de filaments branchants avec i extremites

dans

presents

libres
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105

106 for (int i=0; i<lmax+1; i++) {

107 DistSlim [i]=0;

108 DistFlim [i]=0;

109 DistClim [i]=0;

110 DistBlim[i]=0;

111 pBran[i]=0;

112 pExt[i]=0;

113 pExtB[i]=0; }

114

115 double MoyBranchLim=0.0;

116

117 for (it=Klim0.begin(); it!=Klim0O.end(); ++it) {
118 NL=findL (it ->first.c_str());

119 BL=findB (it ->first.c_str());

120 EL=findE (it ->first.c_str());

121 if (it->first.c_str()[0]!="M && it->first.c_str()[0]!="P"
122 && it ->first.c_str()[0]!="e") {

123 pExt[EL]=pExt[EL]+it ->second;

124 pBran[BL]=pBran[BL]+it ->second; }
125 if (it->first.c_str()[0]=="S") {

126 pl=pl+it ->second«NL;

127 pFilS=pFilS+it ->second;

128 DistSlim [NL]=it ->second; }

129 else if(it->first.c_str()[0]=="F") {
130 p3=p3+it ->second=NL;

131 pFilF=pFilF+it ->second;

132 DistFlim [NL]=it ->second; }

133 else if(it->first.c_str()[0]=="C") {
134 p4=p4+it ->second«NL;

135 pFilC=pFilC+it ->second;

136 DistClim [NL]=it ->second; }

137 else if(it->first.c_str()[0]=="B") {
138 p5=p5+it ->second«NL;

139 pFilB=pFilB+it ->second;

140 DistBlim [NL]=it ->second;

141 pExtB[EL]=pExtB[EL]+it ->second; } }
142

143 if (pFilB == 0) {

144 MoyBranchLim=0.0;

145 MoyExtLim=0.0; }

146 else {

147 for (int j=1; j<lmax+1; j++) {

148 MoyBranchLim=MoyBranchLim+j«pBran[j ];
149 MoyExtLim=MoyExtLim+j«pExtB[j]; }
150

151 MoyBranchLim=MoyBranchLim/double (pFilB) ;
152 MoyExtLim=MoyExtLim/ double (pFilB); }
153

154 fprintf (outputprop, "%f ; ", t);

155 fprintf (outputprop, "%f ; ", p0);

156 fprintf (outputprop, "%f ; ", pl);

157 fprintf (outputprop, "%f ; ", p2);

158 fprintf (outputprop, "%f ; ", p3);

159 fprintf (outputprop, "%f ; ", p4);

160 fprintf (outputprop, "%f ; ", p5);

161 fprintf (outputprop, "%f ;" ,pO0+pl+p2+p3+p4+p5);

162 fflush (outputprop);

164 fprintf (outputprop, "%f ; ", pFilS);
165 fprintf (outputprop, "%f ; ", pFilF);
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fprintf (outputprop, "%f
fprintf (outputprop, "%f

fprintf (outputS, "%f ;
fprintf (outputF, "%f ;
fprintf (outputC, "%f ;
fprintf (outputB, "%f ;

fprintf (outputBranche,
fprintf (outputExtremite

for (int i=0; i<lmax+1;
fprintf (outputS, "%f
fprintf (outputF, "%f
fprintf (outputC, "%f
fprintf (outputB, "%f

; ", pFilC);
;\n ", pFilB);

",ot)s

"Lot);

u, t),

"Lot)s

u%f ; u’ t),
"%ttt
i++) {

. ", DistSlim[i]);

[
; ", DistFlim[i]);
; ", DistClim[i]);
. ", DistBlim[i]);

fprintf (outputBranche, "%f ; ", pBran[i]);
fprintf(outputExtremite , "%f ; ", pExt[i]); }
fprintf (outputS, "\n");
fprintf (outputF, "\n");
fprintf (outputC, "\n");
fprintf (outputB, "\n");

fprintf (outputBranche,
fprintf(outputExtremite

fprintf (outputMoy, "%f
fprintf (outputMoy, "%f
fprintf (outputMoy, "%f

//On initialise 1 etat

)
)
st t)s
; ", MoyBranchLim) ;
;\n ", MoyExtLim) ;

suivant du systeme

std ::map<std :: string , double > Klim1;
std ::map<std :: string , double >::iterator itl;

double creation_complexe;

double nucleation ;
double mapP=0;
double mapM=0;

std ::map<int ,int > mapSLong; //Longueurs existantes

// pour les filaments simples
std ::map<int ,int >::iterator itSlong;
std ::map<int ,int > mapFLong; //Longueurs existantes

// pour les filaments formine
std ::map<int ,int >::iterator itFlong;
std ::map<int ,int > mapCLong; //Longueurs existantes

// pour les filaments cappes
std ::map<int ,int >:: iterator itClong;

std :: map<std :: string ,std :: string > mapAType; // Types existants

// pour les filaments branché
std ::map<std :: string ,std :: string >::iterator itAtype;
std ::map<int ,double > mapS; //taux total de changement

// pour les filaments simples

std ::map<int , double >::

iterator itS;

std ::map<int ,double > mapF; //taux total de changement

// pour les filaments formine

std ::map<int, double >::

iterator itF;

std ::map<int ,double > mapC; //taux total de changement

// pour les filaments cappés
std ::map<int , double >::iterator itC;
std ::map<std :: string , double > mapA; //taux total

changement
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227 // pour les filaments arp
228 std ::map<std :: string , double >::iterator itA;
229 std :: string sL;

230 std :: string sLm;

231 std :: string sLp;

232 std :: string sB;

233 std :: string sE;

234 std :: string sBp;

235 std :: string sEp;

236 std :: string sBm;

237 std :: string sEm;

238

239 std ::string sl;

240 std :: string sb;

241 std :: string se;

242

243 double sp;

244

245 // Tant qu 'on a pas atteint le tmax,

246 //on continue a faire evoluer le systeme

247 while (t<tmax) {

248 sp=0.0;

249

250 //On approche la solution du systeme au temps dt par
251 //une methode d’Euler explicite

252 //Le systme d’EDO s’ecrit

253 // Klim1 []=dt «()+KlimO0 [];

254

255 std ::map<std :: string , double >::iterator ite;
256

257 //on remplit Klim1l

258 creation_complexe = phiP+«Klim0["M;0;1;0;"];

259 nucleation = 3+lambdaN«KlimO["M;0;1;0; "]

260 *KIimO[ "M;0;1;0; "]« KlimO[ "M;0;1;0; " ];

261

262 mapM=mapM-creation_complexe -nucleation ;

263 mapP=mapP+creation_complexe ;

264 mapS[3]=mapS[3]+nucleation;

265

266 for (it=Klim0.begin(); it!=Klim0.end(); ++it) {
267 if (it->first.c_str()[0]=="S") {

268 NL=findL (it ->first.c_str());

269 mapSLong [NL]=NL; }

270 if (it->first.c_str()[0]=="F") {

271 NL=findL (it ->first.c_str());

272 mapFLong [NL]=NL; }

273 if (it->first.c_str()[0]=="B") {

274 mapAType[it ->first.c_str()]=it->first.c_str(); }
275 if (it->first.c_str()[0]=="C") {

276 NL=findL (it ->first.c_str());

277 mapCLong [NL]=NL; } }

278

279 for (itSlong=mapSLong.begin () ;itSlong!=mapSLong.end () ;++itSlong) {
280 sL = std::to_string (itSlong ->second);

281 sLm = std::to_string (itSlong ->second -1);

282 sLp = std::to_string (itSlong ->second+1);

283 if (itSlong->second == 3){

284 mapS[itSlong ->second]=mapS[itSlong ->second]
285 +lambda_moins«Klim0["S;0; "+sLp+";1;"]

286 -lambda_plus«Klim0["M;0;1:0; "]« KlimO["S;0; "+sL+";1;"]

287 -lambda_moins+«Klim0["S;0; "+sL+";1;"]



K 1 - MAIN FUNCTIONS 245

288 -phiF_plus«KlimO["S;0; "+sL+";1; "]

289 -phiA_plus«Klim0["S;0; "+sL+";1;"]«3

290 -phiC«KlimO["S;0; "+sL+";1;"]

291 -phiT+«Klim0O["S;0; "+sL+";1;"]«itSlong ->second=itSlong ->second;
292 mapM=mapM-lambda_plus«Klim0[ "M;0;1;0; " ]+ Klim0O["S;0; "+sL+";1;"]
293 +3xlambda_moins« Klim0["S;0; "+sL+";1;"]

294 +3+phiT+Klim0["S;0; "+sL+";1; "]« itSlong ->second«itSlong ->second; }
295 else {

296 mapS[itSlong ->second ]=mapS[itSlong ->second]

297 +lambda_plus«Klim0O["M;0;1;0; "]« Klim0["S;0; "+sLm+";1; "]

208 +lambda_moins«Klim0["S;0; "+sLp+";1;"]

299 -lambda_plus+«KIimO["M;0;1;0; "]« Klim0O["S;0; "+sL+";1;"]

300 -lambda_moins+«Klim0O["S;0; "+sL+";1;"]

301 -phiF_plus+«Klim0["S;0; "+sL+";1;"]

302 -phiA_plus+«Klim0["S;0; "+sL+":;1;"]«itSlong ->second

303 -phiC+Klim0O["S;0; "+sL+";1;"]

304 -phiT+«KlimO0["S;0; "+sL+";1;"]«itSlong ->second~itSlong ->second;
305 mapM=mapM-lambda_plus«Klim0[ "M;0;1;0; " ]« KlimO["S;0; "+sL+";1;"]
306 +lambda_moins«Klim0["S;0; "+sL+";1;"];

307 mapS[itSlong ->second -1]=mapS[itSlong ->second -1]

308 +lambda_moins« Klim0["S;0; "+sL+";1;"];

309

310 for(int 1=3; l<itSlong ->second; 1++){

311 mapS[1]=mapS[1]

312 +phiT+KlimO["S;0; "+sL+";1;"]~itSlong ->second+itSlong ->second
313 +*ProbaGeom (itSlong ->second -4,fmax (0,

314 1-(lambda_moins/(lambda_plus«Klim0["M;0;1:0;"]))),1-3);

315 mapM=mapM

316 +phiT«Klim0["S;0; "+sL+";1;"]«itSlong ->second+«itSlong ->second
317 +ProbaGeom (itSlong ->second -4,fmax (0,

318 1-(lambda_moins /(lambda_plus+Klim0[ "M;0;1;0;"]))),1-3)

319 «(itSlong ->second-1); } }

320 mapS[itSlong ->second +1]=mapS[itSlong ->second +1]

321 +lambda_plus«Klim0["M;0;1;0; " ]« Klim0O["S;0; "+sL+":1;"];

322 mapF[itSlong ->second ]=mapF[itSlong ->second ]

323 +phiF_plus«Klim0["S;0; "+sL+";1;"];

324 mapC[itSlong ->second]=mapC[itSlong ->second]

325 +phiC+KlimO["S;0; "+sL+";1;"1];

326 mapA["B;1;"+sL+";2;"]=mapA["B;1;"+sL+":;2;"]

327 +phiA_plus«Klim0["S;0; "+sL+";1;"]«itSlong ->second; }

328

329 for (itFlong=mapFLong.begin (); itFlong!=mapFLong.end(); ++itFlong) {
330 sL = std::to_string (itFlong ->second);

331 sLm = std::to_string (itFlong ->second -1);

332 sLp = std::to_string (itFlong ->second +1);

333 if (itFlong->second == 3){

334 mapF[itFlong ->second ]=mapF[itFlong ->second]

335 +lambda_moins« KlimO[ "F;0; "+sLp+";1;"]

336 -lambdaF_plus+«Klim0["P;0;1;0;" ]+ KlimO["F;0; "+sL+";1;"]

337 -lambda_moins+KlimO [ "F;0; "+sL+";1; "]

338 -phiF_moins«KlimO["F;0; "+sL+";1;"]

339 -phiT+«KlimO["F;0; "+sL+";1;"]«itFlong ->second~itFlong ->second;
340 mapP=mapP-lambdaF_plus+«KlimO["P;0;1;0; "]« KlimO["F:0; "+sL+";1;"];
341 mapM=mapM+3+«lambda_moins+«KlimO["F;0; "+sL+";1;"]

342 +3+phiT+KlimO["F;0; "+sL+";1; "]« itFlong ->second+«itFlong ->second; }
343 else {

344 mapF[itFlong ->second ]=mapF[itFlong ->second]

345 +lambdaF_plus«Klim0O["P;0;1;0; " ]+KlimO["F;0; "+sLm+" ;1; "]

346 +lambda_moins«KlimO["F;0; "+sLp+";1;"]

347 -lambdaF_plus«KlimO["P;0;1:;0;" ]« KlimO["F;0; "+sL+";1;"]

348 -lambda_moins+*KlimO [ "F;0; "+sL+";1; "]
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-phiF_moins«KlimO[ "F;0; "+sL+";1;"]

-phiT+«KlimO["F;0; "+sL+";1;"]«itFlong ->second+itFlong ->second;
mapP=mapP-lambdaF_plus+«KlimO["P;0;1;0; " ]« KlimO["F;0;"+sL+";1;"];
mapM=mapM+lambda_moins+KlimO["F;0; "+sL+";1;"];

mapF[itFlong ->second -1]=mapF[itFlong ->second -1]
+lambda_moins« KIimO["F;0; "+sL+";1;"];

for(int 1=3; l<itFlong->second; l++) {
mapF[1]=mapF[1]
+phiT«KlimO["F;0; "+sL+";1; "]~ itFlong ->second+itFlong ->second
+*ProbaGeom (itFlong —->second -4,fmax (0,
1-(lambda_moins/(lambdaF_plus«Klim0O["P;0:1;0;"]))),1-3);
mapM=mapM
+phiT«KlimO["F;0; "+sL+";1;"]«itFlong ->second+«itFlong ->second
+ProbaGeom (itFlong ->second -4,fmax (0,
1-(lambda_moins/(lambdaF_plus«Klim0["P;0;1;0;"]))),1-3)
«(itFlong ->second-1); } }
mapF[itFlong ->second +1]=mapF[itFlong ->second +1]
+lambdaF_plus«KlimO["P;0;1;0; "]« KlimO["F;0; "+sL+";1;"];
mapS[itFlong ->second ]=mapS[itFlong ->second ]
+phiF_moins+«KlimO["F;0; "+sL+";1;"]; }

for (itClong=mapCLong. begin () ; itClong!=mapCLong.end(); ++itClong) {
sL = std::to_string (itClong->second);
sLlm = std::to_string (itClong ->second -1);
sLp = std::to_string (itClong ->second +1);
if (itClong->second == 3){
mapC[itClong ->second]=mapC[itClong ->second]
+lambda_moins«Klim0["C;0; "+sLp+";0; "]
-lambda_moins+«Klim0["C;0; "+sL+";0; "]
-phiA_plus«Klim0["C;0; "+sL+";0; "]+ itClong ->second
-phiT+«Klim0["C;0; "+sL+";0; "]« itClong ->second«itClong ->second;
mapM=mapM+3+lambda_moins+«Klim0["C;0; "+sL+";0; "]
+3+phiT+Klim0["C;0; "+sL+";0; "]« itClong ->second«itClong ->second; }
else {
mapC[itClong ->second ]=mapC[itClong ->second ]
+lambda_moins«Klim0["C;0; "+sLp+";0; "]
-lambda_moins+Klim0O["C;0; "+sL+";0; "]
-phiA_plus+«Klim0["C;0; "+sL+";0;"]«itClong ->second
-phiT+Klim0["C;0; "+sL+";0; "]«itClong ->second+itClong ->second ;
mapM=mapM+lambda_moins*Klim0["C;0; "+sL+";0; "]
+itClong ->second« phiT+«Klim0["C;0; "+sL+";0; "]
+itClong ->second«itClong —->second ;
mapC[itClong ->second -1]=mapC[itClong ->second -1]
+lambda_moins«Klim0["C;0; "+sL+";0;"]; }
mapA["B;1;"+sL+";1;"]=mapA["B;1;"+sL+";1;"]
+phiA_plus+Klim0["C;0; "+sL+";0; "]« itClong ->second; }

for (itAtype=mapAType.begin (); itAtype!=mapAType.end(); ++itAtype) {

NL=findL (itAtype->first.c_str());
BL=findB (itAtype ->first.c_str());
EL=findE (itAtype ->first.c_str());
sL = std::to_string (NL);

sLm = std::to_string (NL-1);

sLp = std::to_string (NL+1);

sB = std::to_string (BL);

sBp = std::to_string (BL+1);

sBm = std::to_string (BL-1);

sE = std::to_string (EL);

sEp = std::to_string (EL+1);

sEm = std::to_string (EL-1);
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if (
if

el

mapM=mapM
-lambda_plus+KIimO["M;0;1;0; "]« KlimO[ "B; "+sB+"; "+sL+"; "+sE+";
+3+lambda_moins+«KlimO[ "B; "+sB+";"+sL+";"+sE+":"]; }

else {

if

el

- 3) {

(BL>1 && EL>0) {
mapA[itAtype->first.c_str () ]=mapA[itAtype->first.c_str ()]
+lambda_moins+KlimO [ "B; "+sB+"; "+sLp+"; "+sE+"; "]
+phiA_plus+Klim0["B; "+sBm+"; "+sL+"; "+sEm+"; " ]« (NL-(BL-1))
+phiC+«KlimO [ "B; "+sB+"; "+sL+"; "+sEp+";" ]« (EL+1)

-lambda_plus+«Klim0O[ "M;0;1;0; "]« KlimO["B; "+sB+"; "+sL+";"+sE+" ;" ]+EL

-lambda_moins«KlimO[ "B; "+sB+"; "+sL+"; "+sE+" ;"]
-phiA_plus+KlimO[ "B; "+sB+"; "+sL+"; "+sE+" ;" ]« (NL-BL)
-phiC+Klim0["B; "+sB+"; "+sL+"; "+sE+";" ]«EL
-phiA_moins*KlimO["B; "+sB+";"+sL+";"+sE+";" ]+BL
-phiT+«KlimO [ "B; "+sB+"; "+sL+";"+sE+";" ]«NL«NL; }

se {

mapA[itAtype->first.c_str () ]=mapA[itAtype->first.c_str ()]
+lambda_moins«KlimO [ "B; "+sB+"; "+sLp+"; "+sE+" ;"]
+phiC«Klim0 [ "B; "+sB+"; "+sL+"; "+sEp+";" ]« (EL+1)

-lambda_plus+«Klim0["M;0;1;0; " ]« KlimO["B; "+sB+";"+sL+";"+sE+"; " ]+EL

-lambda_moins«KlimO["B; "+sB+"; "+sL+"; "+sE+"; "]
-phiA_plus+Klim0O["B; "+sB+";"+sL+";"+sE+";" ]« (NL-BL)
-phiC+KlimO [ "B; "+sB+"; "+sL+";"+sE+" ;" ]+EL
-phiA_moins*KlimO["B; "+sB+";"+sL+";"+sE+";" ]+«BL
-phiT+Klim0 [ "B; "+sB+"; "+sL+"; "+sE+";"]«NL«NL; }

(BL>1 && EL>0) {
mapA[itAtype ->first.c_str () ]=mapA[itAtype->first.c_str ()]
+lambda_plus
*KlimO [ "M;0;1;0; " ]«KlimO["B; "+sB+"; "+sLm+"; "+sE+" ;" ]« EL
+lambda_moins«KlimO["B; "+sB+"; "+sLp+"; "+sE+"; "]
+phiC+KlimO [ "B; "+sB+"; "+sL+"; "+sEp+";" ]« (EL+1)
+phiA_plus«Klim0["B; "+sBm+"; "+sL+"; "+sEm+"; " ]« (NL-(BL-1))
—-lambda_plus
*KIimO["M;0;1;0; "]« KlimO["B; "+sB+";"+sL+";"+sE+" ;" ]+EL
-lambda_moins«KlimO[ "B; "+sB+"; "+sL+"; "+sE+"; "]
-phiA_plus«Klim0O["B; "+sB+";"+sL+";"+sE+";" ]« (NL-BL)
-phiC+KlimO["B; "+sB+"; "+sL+";"+sE+" ;" ]«EL
-phiA_moins«Klim0["B; "+sB+";"+sL+";"+sE+";" ]+«BL
-phiT+«KlimO["B; "+sB+";"+sL+";"+sE+";"]+NL«NL; }
se {
mapA[itAtype->first.c_str () ]=mapA[itAtype->first.c_str ()]
+lambda_plus
*KIimO["M;0;1;0; "]« KlimO["B; "+sB+"; "+sLm+"; "+sE+"; " ]« EL
+lambda_moins«KlimO[ "B; "+sB+"; "+sLp+"; "+sE+" ;"]
+phiC+KlimO [ "B; "+sB+"; "+sL+"; "+sEp+";" ]« (EL+1)
-lambda_plus
*KlimO["M;0;1;0; "]« KlimO["B; "+sB+";"+sL+";"+sE+"; " ]+EL
-lambda_moins«KlimO [ "B; "+sB+"; "+sL+"; "+sE+"; "]
-phiA_plus+«KlimO["B; "+sB+";"+sL+";"+sE+" ;" ]+ (NL-BL)
-phiC+«KlimO [ "B; "+sB+"; "+sL+";"+sE+" ;" ]«EL
-phiA_moins+KlimO["B; "+sB+";"+sL+";"+sE+";" ]+BL
-phiT+«KlimO["B; "+sB+"; "+sL+";"+sE+" ;" ]+«NL«NL; }

mapM=mapM-lambda_plus

*KIimO[ "M;0;1;0; "]« KlimO["B; "+sB+";"+sL+";"+sE+" ;" ]+EL
+lambda_moins«KlimO["B; "+sB+"; "+sL+"; "+sE+";"];
mapA["B; "+sB+";"+sLm+";"+sE+";"]=mapA["B; "+sB+";"+sLm+"; "+sE+" ;"]
+lambda_moins+ KlimO [ "B; "+sB+"; "+sL+"; "+sE+"; "]

*

fo

1-(BL/double (NL)));

r(int 1=1; 1<NL; l++) {

"1+EL



480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508

510
511
512
513

514

516
517
518
519

520

522
523
524
525

526

528
529
530

531

248

C - C++ CopE FOR THE MODEL CONSIDERING ALL ACCESSORY PROTEINS

mapA["B; "+sB+";

for (int b=0; b<=min_int(BL-1,1); b++) {
for (int e=0; e<=min_int(EL,b+1); e++) {

std :: to_string (1) ;

std:: to_string (b);

std :: to_string(e);

if (1==1) {
mapM=mapM+phiA_moins+«Klim0[ "B; "+sB+"; "+sL+"; "+sE+"; "]
+*BL+ ProbaDepoSplit (1l ,NL,b,BL,e,EL); }

if (1==2) {

mapM=mapM+ 2+ phiA_moins« Klim0 [ "B; "+sB+"; "+sL+"; "+sE+" ;"]

*BL+ ProbaDepoSplit (1l ,NL,b,BL,e,EL); }

sl =
sb =

se =

else

else

el

{

(b==0) {

if (e==0) {

mapC[1l]=mapC[1]

+phiA_moins+KlimO [ "B; "+sB+"; "+sL+"; "+sE+";"]
+*BL+ ProbaDepoSplit (1l ,NL,b,BL,e,EL); }

else if (e==1) {

mapS[1]=mapS[1]

+phiA_moins«Klim0O["B; "+sB+";"+sL+"; "+sE+"; "]
+BL+ ProbaDepoSplit(l ,NL,b,BL,e,EL); } }

se {

mapA["B; "+sb+";"+sl+";"+se+";"]=

mapA[ "B; "+sb+"; "+sl+"; "+se+" ;"]

+phiA_moins«KlimO [ "B; "+sB+"; "+sL+";"+sE+"; "]
+BL+« ProbaDepoSplit(l ,NL,b,BL,e,EL); } } } } } }

"+sLp+";

"+sE+" : "]:mapA["B; "+sB+" ; ”+SLp+" : "rsE+" : u]

+lambda_plus+«Klim0O["M;0;1;0; "]+« KlimO["B; "+sB+"; "+sL+"; "+sE+" ;" ]+EL;
mapA["B; "+sBp+";"+sL+";"+sEp+";"]=mapA["B;"+sBp+";"+sL+";"+sEp+";"]
+phiA_plus+«KlimO["B; "+sB+";"+sL+";"+sE+" ;" ]«(NL-BL) ;

mapA["B; "+sB+";"+sL+";"+sEm+" ;" ]=mapA[ "B; "+sB+"; "+sL+"; "+sEm+" ;"]
+phiC+KlimO [ "B; "+sB+"; "+sL+";"+sE+" ;" ]+EL;

// on
/] si
/] si
// si
// si

for (
fo

cree un (b,l,e) a partir de notre (BL,NL,EL)

1=0 rie
I=1 on
1=2 on

1=3 on

int 1=1;

n ne

gagne
gagne
gagne

I<NL+1;

se

passe

un monomere (qq soit b et e)
2 monomere (qq soit b et e)
un filament dont le type dépend de b et e

1++) {

r (int b=0; b<=min_int(BL-1,1); b++) {
for (int e=0; e<=min_int(EL,b+1); e++) {
sl = std::to_string(l);
sb = std::to_string(b);
se = std::to_string(e);
if (1==1) {
mapM=mapM+phiA_moins«Klim0O["B; "+sB+";"+sL+"; "+sE+" ;"]
+BL+ProbaLibA (1,NL,b,BL,e ,EL); }
else if (1==2) {
mapM=mapM+ 2+ phiA_moins«Klim0 [ "B; "+sB+"; "+sL+"; "+sE+" ;"]
+BL+ProbaLibA (1,NL,b,BL,e ,EL); }

else {

el

else

mapA["B; "+sb+";"+sl+";"+se+";"]=mapA["B;"+sb+";"+sl+";"+se+";"

"

[1]+phiA_moins+KlimO["B;"+sB+";"+sL+";"+sE+";"

+BL»ProbaLibA (1 ,NL,b,BL,e ,EL); }
se if (e==1) {

mapS[1]=mapS[1]+phiA_moins+KlimO["B; "+sB+";"+sL+";"+sE+";"

*BL+ProbaLibA (1,NL,b,BL,e,EL); } }

{

]

]

]
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+phiA_moins«KlimO [ "B; "+sB+"; "+sL+"; "+sE+"; "]

+BL»ProbaLibA (1 ,NL,b,BL,e ,EL);} } } } }

mapM=mapM+phiT«KlimO [ "B; "+sB+"; "+sL+"; "+sE+"; " ]+ NL«NL

«»ProbaFragA (1,NL,0,BL,0,EL,
lambda_moins ,lambda_plus+KlimO[ "M;0;1;0; "]«EL) ;
for(int 1=1; 1<NL; l++) {
for(int b=0; b<=min_int(BL,1);b++) {
sl = std::to_string(1l);
sb = std::to_string(b);
se = std::to_string (b+1);

if (b==0) {
mapS[1]=mapS[1]+phiT«KlimO["B;"+sB+";"+sL+";"+sE+";"]+NL«NL
+»ProbaFragA (1l ,NL,b,BL,b+1,EL,
lambda_moins ,lambda_plus«Klim0["M;0;1;0; "]«EL); }
else {
mapA["B; "+sb+";"+sl+";"+se+";"]=mapA[ "B;"+sb+";"+sl+";"+se+";
+phiT+«KlimO [ "B; "+sB+";"+sL+";"+sE+" ;" ]«NL«NL
«ProbaFragA (1 ,NL,b,BL,b+1,EL,
lambda_moins ,lambda_plus+Klim0["M;0;1;0; "]+«EL); } } } }

Klim1["M:0;1;0; "]=dt*mapM+KlimO0 [ "M;
Klim1["P;0:;1;0; "]=dt+«mapP+Klim0["P ;

o o

for (itS=mapS.begin(); itS!=mapS.end(); ++itS) {
sL = std::to_string (itS->first);

Klim1["S;0; "+sL+";1;"]=dt+mapS[itS ->first ]+ KlimO["S;0; "+sL+";1;"

for (itF=mapF.begin(); itF!=mapF.end(); ++itF) {
sL = std::to_string (itF->first);

Klim1["F;0; "+sL+";1;"]=dt+mapF[itF ->first ]+ KlimO["F:0; "+sL+";1;"

for (itC=mapC.begin (); itC!=mapC.end(); ++itC) {
sL = std::to_string (itC->first);

1;

1;

Klim1["C;0; "+sL+";0;"]=dt+mapC[itC->first ]+ Klim0O["C;0; "+sL+";0;"];

for (itA=mapA.begin(); itA!=mapA.end(); ++itA) {

Klim1 [itA->first.c_str()]=dt+mapA[itA->first.c_str ()]

+KlimO [itA->first.c_str()]; }

//On calcule la somme ponderee de Kliml
for (it1=Kliml.begin (); itl1!=Kliml.end(); ++itl) {
NL=findL (itl1 ->first.c_str());

if (itl ->second > 0.000000000001||itl ->first.c_str()[0]=="M"

|| itl->first.c_str()[0]=="P" ) {
sp=sp+(itl ->second)«NL; } }
printf("sp %f\n", sp);

Klim0 . clear () ;
for (it1=Klim1.begin(); itl1!=Kliml.end(); ++it1) {

if (itl ->second >= 0.000000000001]||itl ->first.c_str()[0]=="M"

[| itl->first.c_str()[0]=="P") {
Klim0[itl ->first.c_str()]=itl ->second/sp;

//On vide les maps
mapM=0;
mapP=0;
mapS. clear () ;
mapF. clear () ;

b

']

}

}

}
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mapC. clear () ;
mapA. clear () ;
mapSLong. clear () ;
mapFLong. clear () ;
mapCLong. clear () ;
mapAType. clear () ;
Klim1.clear () ;

//On avance le temps
t=t+dt;
printf("%f\n", t);
cpt=cpt+1;

// Tant qu’on a pas fait 100 millions d’iterations ,
//on ecrit dans le fichier 1’ evolution toutes les 1000 iterations
if (cpt<100000000) {
if (cpt==next_print) {
p0=KlimO[ "M;0;1;0;"];
p2=Klim0["P;0;1;0;"];

pl1=0;
p3=0;
p4=0;
p5=0;

pFilS =0;
pFilF =0;
pFilC =0;
pFilB =0;

; i<lmax+1; i++) {
i]=0
i]=0;
1=0
1=0

5

double MoyBranchLim=0.0;
double MoyExtLim=0.0;

for (it=Klim0.begin(); it!=Klim0.end(); ++it){

NL=findL (it ->first.c_str());

BL=findB (it ->first.c_str());

EL=findE (it ->first.c_str());

if (it->first.c_str()[0]!="M’

&& it->first.c_str()[0]!="P && it->first.c_str()[0]!="¢e") {
pExt[EL]=pExt[EL]+it ->second;
pBran[BL]=pBran[BL]+it ->second; }

if (it->first.c_str()[0]=="S") {
pl=pl+it ->second=NL;
pFilS=pFilS+it ->second;

DistSlim [NL]=it ->second; }

else if(it->first.c_str()[0]=="F") {
p3=p3+it —>second«NL;
pFilF=pFilF+it ->second;

DistFlim [NL]=it ->second; }

else if(it->first.c_str()[0]=="C") {
p4=p4+it ->second«NL;
pFilC=pFilC+it ->second;
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DistClim [NL]=it ->second; }

else if(it->first.c_str()[0]=="B") {
p5=p5+it ->second=+NL;
pFilB=pFilB+it ->second;
DistBlim [NL]=it ->second ;
pExtB[EL]=pExtB[EL]+it ->second; } }

if (pFilB == 0) {
MoyBranchLim=0.0;
MoyExtLim=0.0; }
else {
for (int j=1; j<lmax+1; j++) {
MoyBranchLim=MoyBranchLim+j «pBran[j ];
MoyExtLim=MoyExtLim+j«pExtB[j]; }

MoyBranchLim=MoyBranchLim/double (pFilB) ;
MoyExtLim=MoyExtLim/double (pFilB); }

fprintf (outputprop, "%f ; ", t);
fprintf (outputprop, "%f ; ", p0);
fprintf (outputprop, "%f ; ", pl);
fprintf (outputprop, "%f ; ", p2);
fprintf (outputprop, "%f ; ", p3);
fprintf (outputprop, "%f ; ", p4);
fprintf (outputprop, "%f ; ", p5);
fprintf (outputprop, "%f ;" ,pO0+pl+p2+p3+p4+p5);
fflush (outputprop);

fprintf (outputprop, "%f ; ", pFilS);
fprintf (outputprop, "%f ; ", pFilF);
fprintf (outputprop, "%f ; ", pFilC);
fprintf (outputprop, "%f ;\n ", pFilB);
fprintf (outputS, "%f ; ", t);

fprintf (outputF, "%f ; ", t);

fprintf (outputC, "%f ; ", t);

fprintf (outputB, "%f ; ", t);

fprintf (outputBranche, "%f ; ", t);
fprintf(outputExtremite , "%f ; ", t);

for (int i=0; i<lmax+1; i++) {

fprintf (outputS, "%f ; ", DistSlim[i]);
fprintf (outputF, "%f ; ", DistFlim[i]);
fprintf (outputC, "%f ; ", DistClim[i]);
fprintf (outputB, "%f ; ", DistBlim[i]);
fprintf(outputBranche, "%f ; ", pBran[i]);
fprintf(outputExtremite , "%f ", pExt[i]

fprintf (outputS, "\n");

fprintf (outputF, "\n");

fprintf (outputC, "\n");

fprintf (outputB, "\n");

fprintf (outputBranche, "\n");

fprintf(outputExtremite, "\n");

fprintf (outputMoy, "%f ; ", t);

fprintf (outputMoy, "%f ; ", MoyBranchLim) ;

fprintf (outputMoy, "%f ;\n ", MoyExtLim);
next_print=next_print+1; } }
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{

// Ensuite on ecrit uniquement toutes les 1 000 000 iterations
if (cpt==next_print) {

p0=Klim0 [ "M;0;1;0; " ];
p2=Klim0["P;0;1:0;"];

pl=0;
p3=0;
p4=0;
p5=0;
pFilS =0;
pFilF =0;
pFilC =0;
pFilB =0;

for (int i=0; i
DistSlim[i]=0;
DistFlim[i]=0;
DistClim[i]=0

1=0

<lmax+1; i++) {

>

>

double MoyBranchLim=0.0;
double MoyExtLim=0.0;

for (it=Klim0.begin (); it!=Klim0.end(); ++it) {
NL=findL (it ->first.c_str());
BL=findB (it ->first.c_str());
EL=findE (it ->first.c_str());
if (it->first.c_str()[0]!="M'&& it->first.c_str()[0]!="P"
&& it->first.c_str()[0]!="¢e") {
pExt[EL]=pExt[EL]+it ->second;
pBran[BL]=pBran[BL]+it ->second; }
if (it->first.c_str()[0]=="S") {
pl=pl+it ->second=NL;
pFilS=pFilS+it ->second;
DistSlim [NL]=it ->second; }
else if(it->first.c_str()[0]=="F") {
p3=p3+it ->second«NL;
pFilF=pFilF+it ->second;
DistFlim [NL]=it ->second; }
else if(it->first.c_str()[0]=="C") {
p4=p4+it ->second«NL;
pFilC=pFilC+it ->second;
DistClim [NL]=it ->second; }
else if(it->first.c_str()[0]=="B") {
p5=p5+it -—>second«NL;
pFilB=pFilB+it ->second;
DistBlim [NL]=it ->second ;
pExtB[EL]=pExtB[EL]+it ->second; } }

if (pFilB == 0) {
MoyBranchLim=0.0;
MoyExtLim=0.0; }
else {
for (int j=1; j<lmax+1; j++) {
MoyBranchLim=MoyBranchLim+j«pBran([j ];
MoyExtLim=MoyExtLim+j«pExtB[j]; }
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MoyBranchLim=MoyBranchLim/double (pFilB) ;
MoyExtLim=MoyExtLim/double (pFilB); }

fprintf (outputprop, "%f ; ", t);
fprintf (outputprop, "%f ; ", p0);
fprintf (outputprop, "%f ; ", pl);
fprintf (outputprop, "%f ; ", p2);
fprintf (outputprop, "%f ; ", p3);
fprintf (outputprop, "%f ; ", p4);
fprintf (outputprop, "%f ; ", p5);
fprintf (outputprop, "%f
fflush (outputprop);

fprintf (outputprop, "%f ; ", pFilS);
fprintf (outputprop, "%f ; ", pFilF);
fprintf (outputprop, "%f ; ", pFilC);

fprintf (outputprop, "%f ;\n ", pFilB);

fprintf (outputS, "%f ; ", t);

fprintf (outputF, "%f ; ", t);

fprintf (outputC, "%f ; ", t);

fprintf (outputB, "%f ; ", t);

fprintf (outputBranche, "%f ; ", t);
fprintf(outputExtremite , "%f ; ", t);

for (int 1=0; i<lmax+1; i++) {

fprintf (outputS, "%f ; ", DistSlim[i]);
fprintf (outputF, "%f ; ", DistFlim[i]);
fprintf (outputC, "%f ; ", DistClim[i]);
fprintf (outputB, "%f ; ", DistBlim[i]);
fprintf (outputBranche, "%f ", pBran[i]
fprintf(outputExtremite , "%f ; ", pExt[i

fprintf (outputS, "\n");

fprintf (outputF, "\n");

fprintf (outputC, "\n");

fprintf (outputB, "\n");

fprintf (outputBranche, "\n");

fprintf (outputExtremite, "\n");

fprintf (outputMoy, "%f ; ", t);

fprintf (outputMoy, "%f ; ", MoyBranchLim);

fprintf (outputMoy, "%f ;\n ", MoyExtLim) ;
next_print=next_print+1000000; } } }

//On ferme le fichier résultat
fclose (outputS);

fclose (outputF);

fclose (outputC);

fclose (outputB);

fclose (outputBranche);

fclose (outputExtremite);
fclose (outputMoy) ;

fclose (outputprop);

return Klim0; }

,pO+pl+p2+p3+pd+p5);

)
1)
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2 - Auxiliary Functions

s Fonction pour calculer le taux total d’événement dans la population.

1 double TauxTotalPop (std::map<std::string ,int> K, int N,

2 double lambda_plus, double lambda_moins, double lambdaF_plus,

3 double lambdaN, double phiP, double phiF_plus, double phiF_moins,
4 double phiA_plus, double phiA_moins, double phiC, double phiT) {
5 double taux_total_pop = 0;

6 std ::map<std :: string , int >::iterator it;

8
9

int longu;
int branch;

10 int extre;

12 for(it=K.begin(); it!=K.end(); ++it){

13 longu=findL (it ->first.c_str());

14 branch=findB (it ->first.c_str());

15 extre=findE (it ->first.c_str());

16 //a - Simple

17 if (it->first.c_str()[0]=="S") {

18 taux_total_pop=taux_total_pop

19 +lambda_plus+K["M;0;1;0; "]« it ->second/double (N)

20 +lambda_moins« it ->second+phiF_plus«it ->second+phiA_plus+it ->second+longu
21 +phiC+« it ->second+phiT«it ->second+longu=longu; }

22 //b - Formine

23 else if(it->first.c_str()[0]=="F") {

24 taux_total_pop=taux_total_pop

25 +lambdaF_plus+«K["P;0;1;0; "]« it ->second/double (N)

26 +lambda_moins« it ->second+phiF_moins+it ->second

27 +phiT+«it ->second«longu=«longu; }

28 // ¢ - Branchant

29 else if(it->first.c_str()[0]=="B") {

30 taux_total_pop=taux_total_pop

31 +lambda_plus+K["M;0;1;0; "]« it ->second«extre/double (N)

32 +lambda_moins«it ->second+phiA_plus=it ->second«(longu-branch)
33 +phiA_moins«it ->second+branch+phiC«it ->second+«extre

34 +phiT+it ->second «(longu-branch) «(longu-branch); }

35 //d - Cappé

36 else if(it->first.c_str()[0]=="C") {

37 taux_total_pop=taux_total_pop+lambda_moins+it ->second

38 +phiA_plus+it ->second+longu+phiT+it ->second+longu=longu; }
39 //e - Profiline

40 else if(it->first.c_str()[0]=="P ) {

41 taux_total_pop=taux_total_pop+phiP«K["M;0;1;0;"]; } }

42 taux_total_pop=taux_total_pop

43 +lambdaN+«K[ "M;0;1;0; " ]«(K["M;0;1;0;"]-1)+«(K["M;0;1;0;"]-2)/double (N«N) ;

45 return taux_total_pop; }

ofe
%

Fonction permettant de faire évoluer un filament simple.

std ::map<std :: string ,int> EvolS(std ::map<std ::string ,int> KO0, int N,
double lambda_plus, double lambda_moins, double lambdaN,
double phiP,double phiF_plus,double phiA_plus, double phiC,
double phiT,int longueur) {
std ::map<std :: string ,int > K1=KO0;
Ki["event"]=0;

Bw e =

“ o v
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double taux_elongation=lambda_plus+KO["M;0;1;0;"]/N;
double taux_depolymerisation=lambda_moins;

double taux_creation_complexe=phiP+KO0["M;0;1;0;"];
double taux_fixation_formine=phiF_plus;

double taux_fixation_arp=phiA_plus«longueur;

double taux_capping=phiC;

double taux_fragmentation=phiT«longueur«longueur;

double taux_nucleation=lambdaN+«K0O["M;0;1;0;" J«(KO["M;0;1;0;"]-1.0)

*(KO["M;0;1;0;"]-2)/double (N«N);

double taux_total_filament=taux_elongation+taux_depolymerisation+
taux_creation_complexe+taux_fixation_formine+taux_fixation_arp+

taux_capping+taux_fragmentation+taux_nucleation;

int aleal;
bool alea2;

int T;

int G;

std :: string slongeur = std::to_string (longueur);

std:: string slongeur_plusl = std::to_string (longueur+1);
std:: string slongeur_moinsl = std::to_string (longueur -1);

aleal=floor (8+rand01() +1);
if (aleal== 1) {
alea2 = (rand01() <= (taux_elongation/taux_total_filament));
if (alea2 == 1 && longueur<N) {

K1["S;0; "+slongeur+";1;"]=KO0["S;0; "+slongeur+";1;"]-1;
']

K1["S;0; "+slongeur_plus1+";1;"]=K0["S;0; "+slongeur_plusl+";1;"]+1;
Ki["M;0;1;0;"]=KO["M;0;1;0;"]-1;
Ki["event"]=1; } }
else if (aleal== 2) {
alea2 = (rand01() <= (taux_depolymerisation/taux_total_filament));

if (alea2 == 1) {
if (longueur >3) {
K1["S;0; "+slongeur+";1;"]=K0["S;0; "+slongeur+";1;"]-1;

"S;0; "+slongeur_moins1+";1;"]=K0["S;0; "+slongeur_moinsl+";1;"

"

K1[
Ki["M;0;1;0;"]=KO["M;0;1;0;"]+1;
Ki["event"]=1; }
else {
K1["S;0; "+slongeur+";1;"]=K0["S;0; "+slongeur+";1;"]-1;
K1["M;0;1;0;"]=KO["M;0;1;0;"]+longueur;
Ki["event"]=1; } } }
else if (aleal== 3) {

alea2 = (rand01() <= (taux_creation_complexe/taux_total_filament));
if (alea2 == 1) {
Ki["M;0;1;0;"]=KO["M;0;1;0;"]-1;
Ki["P;0;1;0;"]=KO["P;0;1;0;"]+1;
Ki["event"]=1; } }

else if (aleal== 4) {

alea2 = (rand01() <= (taux_fixation_formine/taux_total_filament));

if (alea2 == 1) {
K1["S;0; "+slongeur+";1;"]=K0["S;0; "+slongeur+";1;"]-1;
Ki["F;0; "+slongeur+";1;"]=KO["F;0; "+slongeur+";1;"]+1;
Ki["event"]=1; } }
else if (aleal== 5) {

alea2 = (rand01() <= (taux_fixation_arp/taux_total_filament));

if (alea2 == 1) {
K1["S;0; "+slongeur+";1;"]=K0["S;0; "+slongeur+";1;"]-1;
Ki["B;1;"+slongeur+";2;"]=K0["B;1; "+slongeur+";2;"]+1;
Ki["event"]=1; } }
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69 else if (aleal== 6) {
70 alea2 = (rand01() <= (taux_capping/taux_total_filament));
71 if (alea2 == 1) {
72 K1["S;0; "+slongeur+";1;"]=KO["S;0; "+slongeur+";1;"]-1;
73 K1["C;0; "+slongeur+";0;"]=K0["C;0; "+slongeur+";0;"]+1;
74 Ki["event"]=1; } }
75 else if (aleal== 7) {
76 alea2 = (rand01() <= (taux_fragmentation/taux_total_filament));
77 if (alea2 == 1) {
78 K1["S;0; "+slongeur+";1;"]=KO["S;0; "+slongeur+";1;"]-1;
79 if (longueur >= 4) {
80 G=rand_geom (longueur -4,
81 fmax (0,1 -(taux_depolymerisation/taux_elongation)));
82 T=G+3;
83 std:: string sT = std::to_string(T);
84 Ki["S;0;"+sT+";1;"]=KO["S;0; "+sT+";1;"]+1;
85 K1["M;0;1;0;"]=KO["M;0;1;0; "]+longueur-T; }
86 else {
87 Ki["M;0;1;0;"]=KO["M;0;1;0; "]+longueur; }
88 Ki["event"]=1; } }
89 else if (aleal== 8) {
90 alea2 = (rand01() <= (taux_nucleation/taux_total_filament));
91 if (alea2 == 1) {
92 Ki["M;0;1;0;"]=KO["M;0;1;0;"]-3;
93 Ki["S;0:3;1;"]=K0O["S;0;3;1;"]+1;
94 Ki["event"]=1; } }
95 return K1; }
s Fonction permettant de faire évoluer un filament associé a une formine.
1 std ::map<std :: string ,int> EvolF(std ::map<std ::string ,int> KO0, int N,
2 double lambda_moins, double lambdaF_plus, double lambdaN,
3 double phiP, double phiF_moins, double phiT, int longueur) {
4 std ::map<std :: string , int > K1=K0;
5 Ki["event"]=0;
6
7 double taux_elongation=lambdaF_plus«KO["P;0;1;0;"]/N;
8 double taux_depolymerisation=lambda_moins;
9 double taux_creation_complexe=phiP+KO["M;0;1;0;"];
10 double taux_liberation_formine=phiF_moins;
1 double taux_fragmentation=phiT«longueur~longueur;
12 double taux_nucleation=lambdaN«K0O["M;0;1;0;" ]+«(KO["M;0;1;0;"]-1)
13 *(KO["M;0;1;0;"]-2)/double (N«N) ;
14
15 double taux_total_filament=taux_elongation+taux_depolymerisation+
16 taux_creation_complexe+taux_liberation_formine+
17 taux_fragmentation+taux_nucleation;
18
19 int alea;
20 bool alea2;
21 int T;
22 int G;
23
24 std :: string slongeur = std::to_string(longueur);
25 std :: string slongeur_plusl = std::to_string (longueur+1);
2 std:: string slongeur_moinsl = std::to_string (longueur -1);

27

28

29

alea=floor (6+rand01 () +1);
if (alea == 1) {
alea2 = (rand01() <= (taux_elongation/taux_total_filament));
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31 if (alea2 == 1 && 10ngueur<N) {
32 K1["F;0;"+slongeur+";1;"]=KO["F;0; "+slongeur+";1;"]-1;
33 Kl["F;O;"+slongeur_plus1+ ;15 "]=KO["F;0; "+slongeur_plusl+";1;"]+1;
34 Ki["P;0;1;0;"]=KO["P;0;1;0;" ] 1;
35 Ki["event"]=1; } }
36 else if (alea == 2) {
37 alea2 = (rand01() <= (taux_depolymerisation/taux_total_filament));
38 if (alea2 == 1) {
39 if (longueur >3) {
40 Kl["F*O-"+slongeur+";1;"]:KO[”F;O;"+slongeur+”;1;"]—1;
41 Ki["F "+slongeur7moinsl+” ;1;"]=KO["F;0; "+slongeur_moinsl1+";1;"]+1;
42 Ki[" M 0;1;0;"]=KO["M;0;1;0;"]+1;
43 Ki["event" ]—1; }
44 else {
45 K1["F;0; "+slongeur+";1;"]=KO["F;0; "+slongeur+";1;"]-1;
46 Ki["M;0:;1;0;"]=KO["M;0;1;0; "]+longueur;
47 Ki["event"]=1; } } }
48 else if (alea == 3) {
49 alea2 = (rand01() <= (taux_creation_complexe/taux_total_filament));
50 if (alea2 == 1) {
51 K1["M;0;1:0;"]=KO["'M;0:1;0;"]-1;
52 K1[P01o, 1=K [P,o,1,0, ]+1;
53 Ki["event"]=1; } }
54 else if (alea == 4) {
55 alea2 = (rand01() <=(taux_liberation_formine/taux_total_filament));
56 if (alea2 == 1) {
57 K1["F;0;"+slongeur+";1;"]=KO["F;0; "+slongeur+";1;"]-1;
58 K1["S;0; "+slongeur+";1;"]=K0["S;0; "+slongeur+";1;"]+1;
59 Ki["event"]=1; } }
60 else if (alea == 5) {
61 alea2 = (rand01() <= (taux_fragmentation/taux_total_filament));
62 if (alea2 == 1) {
63 K1["F;0;"+slongeur+";1;"]=KO["F;0; "+slongeur+";1;"]-1;
64 if (longueur >= 4) {
65 G=rand_geom (longueur -4,
66 fmax (0,1 -(taux_depolymerisation/taux_elongation)));
67 T=G+3;
68 std:: string sT = std::to_string (T);
69 Ki["F;0;"+sT+";1;"]=KO["F;0;"+sT+";1;"]+1;
70 Ki["M;0;1;0;"]=KO["M;0;1;0; "]+longueur-T; }
71 else {
72 K1["M;0;1;0;"]=KO["M;0;1;0;"]+longueur; }
73 Ki["event"]=1; } }
74 else if (alea == 6) {
75 alea2 = (rand01() <= (taux_nucleation/taux_total_filament));
76 if (alea2 == 1) {
7 K1["M;0;1;0; "]=K0["M~0-1-0-"] 3,
78 KI[SO31']KO["5031 "1+1;
79 Ki["event"]=1; } }
80 return Ki1; }

3%
S

2

Fonction permettant de faire évoluer un filament linéaire cappé.

std ::map<std :: string ,int> EvolC(std ::map<std :: string
double lambda_moins, double lambdaN, double phiP,double phiA_plus,

double phiT, int longueur) {
std ::map<std :: string ,int > K1=K0;
Ki["event"]=0;
double taux_depolymerisation=lambda_moins;
double taux_creation_complexe=phiP+K0["M;0;1;0;

"1

,int > KO,

int N,
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8 double taux_fixation_arp=phiA_plus«longueur;

9 double taux_fragmentation=phiT«longueurlongueur;

10 double taux_nucleation=lambdaN«K0O["M;0;1;0;" ]«(KO["M;0;1;0;"]-1)
11 «*(KO["M;0;1;0;"]-2)/double (N+N) ;

13 double taux_total_filament=taux_depolymerisation+

14 taux_creation_complexe+taux_fixation_arp+taux_fragmentation+taux_nucleation;
15 int alea;

16 bool alea2;

17 std:: string slongeur = std::to_string (longueur);

18 std :: string slongeur_moinsl = std::to_string (longueur -1);

19 alea=floor (5+rand01 () +1);

21 if (alea == 1) {

22 alea2 = (rand01() <= (taux_depolymerisation/taux_total_filament));
23 if (alea2 == 1) {

24 if (longueur >3) {

25 Kl["C 0; "+slongeur+”; ;"]=KO["C;0; "+slongeur+";0;"]-1;

26 Ki["C "+slongeur_ m01nsl+ ;0;"]=K0["C;0; "+slongeur_moinsl+";0;"]+1;
27 [1\4010]1(0[1\1010 "141;

28 Ki["event"]=1; }

29 else {

30 K1["C;0; "+slongeur+";0;"]=K0["C;0; "+slongeur+";0;"]-1;

31 K1["M;0;1;0;"]=KO["M;0;1;0;"]+longueur;

32 Ki["event"]=1; } } }

33 else if (alea == 2) {

34 alea2 = (rand01() <= (taux_creation_complexe/taux_total_filament));
35 if (alea2 == 1) {

36 Ki["M;0;1;0;"]=KO["M;0;1;0;"]-1;

37 Ki["P;0;1;0;"]=KO["P;0;1;0;"]+1;

38 Kl['event 1=1; } }

39 else if (alea == 3)

40 alea2 = (rand01() <= (taux_fixation_arp/taux_total_filament));
41 if (alea2 == 1) {

42 K1["C;0; "+slongeur+";0;"]=K0["C;0; "+slongeur+";0;"]-1;

43 Ki["B;1;"+slongeur+";1;"]=KO["B;1;"+slongeur+";1;"]+1;

44 Ki["event"]=1; } }

45 else if (alea == 4) {

46 alea2 = (rand01() <= (taux_fragmentation/taux_total_filament));
47 if (alea2 == 1) {

48 K1["C;0; "+slongeur+";0;"]=K0["C;0; "+slongeur+";0;"]-1;

149 Ki[' M,O,l;();"]:KO["M;O;I;O;"]+10ngueur;

50 Ki["event"]=1; } }

51 else if (alea == 5) {

52 alea2 = (rand01() <= (taux_nucleation/taux_total_filament));

53 if (alea2 == 1) {

54 Ki["M;0;1;0;"]=KO["M;0;1;0;"]-3;

55 Ki["S;0;3;1;"]=K0["S;0;3;1;"]+1;

56 Ki["event"]=1; } }

57 return Ki1; }

s# Fonction permettant de faire évoluer un filament branché.

1 #include "Fragl.cpp"
2 #include "Frag2.cpp"

+ std ::map<std :: string ,int> EvolB(std::map<std::string ,int> KO0, int N,
5 double lambda_plus, double lambda_moins, double lambdaN,

6 double phiP, double phiA_plus, double phiA_moins, double phiC,

7 double phiT,int longueur, int extremite, int branchement) {
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std ::map<std :: string , int > K1=K0;
Ki["event"]=0;

double taux_elongation=lambda_plus«KO["M;0;1;0; "]« extremite /N;

double taux_depolymerisation=lambda_moins;

double taux_creation_complexe=phiP+KO0["M;0;1;0;"];

double taux_fixation_arp=phiA_plus=«(longueur-branchement);

double taux_liberation_arp=phiA_moins*branchement;

double taux_capping=phiC+extremite;

double taux_fragmentation=phiT+(longueur-branchement) «(longueur -branchement);
double taux_nucleation=lambdaN«KO["M;0;1;0;" ]+«(KO["M;0;1;0;"]-1)
+(KO["M;0:;1;0;"]-2)/double (N«N) ;

double taux_total_filament=taux_elongation+taux_depolymerisation+
taux_creation_complexe+taux_fixation_arp+taux_liberation_arp+
taux_capping+taux_fragmentation+taux_nucleation;

int alea;
bool alea2;
double BsurL;
double EsurB;
bool bernoulli;
int L1;

int L2;

int B1;

int B2;

int E1;

int E2;

alea=floor (8+rand01 () +1);

std :: string slongeur = std::to_string (longueur);

std :: string slongeur_plusl = std::to_string (longueur+1);

std:: string slongeur_moinsl = std::to_string (longueur -1);

std :: string sextremite = std::to_string (extremite);

std:: string sextremite_plusl = std::to_string (extremite +1);

std :: string sextremite_moinsl = std::to_string(extremite -1);
std:: string sbranchement = std::to_string (branchement);

std:: string sbranchement_plusl = std::to_string (branchement+1);
std :: string sbranchement_moinsl = std::to_string (branchement-1);

if (alea == 1) {
r

alea2 = (rand01() <= (taux_elongation/taux_total_filament));

if (alea2 == 1 && longueur<N) {
K1["B; "+sbranchement+"; "+slongeur+";"+sextremite+";"]
=KO["B;"+sbranchement+";"+slongeur+";"+sextremite+";"]-1;
K1["B;"+sbranchement+";"+slongeur_plusl+";"+sextremite+";"]
=KO0["B;"+sbranchement+";"+slongeur_plusl+";"+sextremite+";"]+1;

K1["M;0;1:05 "]=KO["M;0;1:0; "] -1;
Ki["event"]=1; } }

else if (alea == 2) {
alea2 = (rand01() <= (taux_depolymerisation/taux_total_filament));
if (alea2 == 1) {
K1["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]
=KO["B;"+sbranchement+";"+slongeur+";"+sextremite+";"]-1;
if (longueur == 3) {

Ki["M;0;1;0;"]=KO["M;0;1;0;"]+3;
Ki["event"]=1; }
else {
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69 Ki["M;0;1;0;"]=KO["M;0;1;0;"]+1;
70 BsurL = double(branchement)/double(longueur);
71 EsurB = double(extremite)/double (branchement+1);
72 bernoulli = (rand01() <= BsurL);
73 if (bernoulli == 0) {
74 K1["B;"+sbranchement+";"+slongeur_moinsl+";"+sextremite+";"]
75 =KO[ "B; "+sbranchement+";"+slongeur_moinsl+";"+sextremite+";"]+1; }
76 else {
77 Li=rand_unif(0,(longueur -1));
78 L2=longueur -1-L1;
79 Bl=rand_unif(max_int(0,branchement-L2-1),
80 min_int (branchement -1,L1));
81 B2=branchement-1-B1;
82
83 if (max_int(0,extremite -B2-1)==0) {
84 if (extremite == branchement + 1) {
85 El=rand_unif(1,min_int(extremite ,B1+1)); }
86 else {
87 El=rand_unif (0, min_int(extremite ,B1+1)); } }
88 else {
89 if (extremite-B2-1 > B1+1) {
90 if (extremite == branchement + 1) {
91 El=rand_unif(1,min_int(extremite ,B1+1)); }
92 else {
93 El=rand_unif (0, min_int(extremite ,B1+1)); } }
94 else {
95 El=rand_unif(extremite -B2-1, min_int(extremite ,B1+1)); } }
96
97 E2=extremite -E1;
98
99 std:: string sL1 = std::to_string (L1);
100 std::string sL2 = std::to_string(L2);
101 std :: string sB1 = std::to_string (B1);
102 std:: string sB2 = std::to_string(B2);
103 std:: string sE1 = std::to_string (E1);
104 std :: string sE2 = std::to_string (E2);
105
106 if (L1 == L2 && B1==B2 && E1==E2) {
107 if (L1 >= 3) {
108 if (B1 > 0) {
109 Ki["B;"+sB1+";"+sL1+";"+sE1+" ;"]
110 =KO["B; "+sB1+";"+sL1+";"+sE1+";"]+2; }
11 else {
112 if (E1==1) {
113 Ki["S;0;"+sL1+";1;"]=KO["S;0; "+sL1+";1;"]+2; }
114 else {
115 Ki["C;0; "+sL1+";0;"]=KO["C;0; "+sL1+";0;"]+2; } } }
116 else {
117 Ki["™™;0;1;0;"]=K1["M;0;1;0; "]+longueur -1; } }
118 else {
119 if (L1 == 3) {
120 if (L2 = 3) {
121 if (B1 > 0) {
122 Ki["B;"+sB1+";"+sL1+";"+sE1+" ;"]
123 =KO["B;"+sB1+";"+sL1+";"+sE1+";"]+1; }
124 else {
125 if (El==1) {
126 K1["S;0;"+sL1+";1;"]=KO["S;0;"+sL1+";1;"]+1; }
127 else {
128 K1["C;0;"+sL1+":0:"]=KO["C:0: "+sL1+":0;"]+1; } }

129
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if (B2 > 0) {
Ki["B;"+sB2+";"+sL2+";"+sE2+" ;"]

=KO["B; "+sB2+";"+sL2+";"+sE2+";"]+1; }
else {
if (E2==1) {
K1["S;0; "+sL2+";1;"]=KO["S:0; "+sL2+";1;"]+1; }
else {
KI["C;0;"+sL2+":0:"]=KO["C:0: "+sL2+":0;"]+1; } } }
else {
if (B1 > 0) {
Ki["B;"+sB1+";"+sL1+";"+sE1+";"]
=KO["B; "+sB1+";"+sL1+";"+sE1+";"]+1; }
else {
if (E1==1) {
K1["S;0; "+sL1+";1;"]=KO["S:0; "+sL1+";1;"]+1; }
else {
KI["C;0;"+sL1+":0:"]=KO["C:0:"+sL1+":0:"]+1; } }
Ki["™M;0;1;0;"]=K1["M;0;1;0;"]+L2; } }
else {
if (L2 »= 3) {
KI["M;0:1:0;"]=K1["M:0:1;0; "]+L1;
if (B2 > 0) {
Ki["B;"+sB2+";"+sL2+";"+sE2+" ;"]
=KO["B; "+sB2+";"+sL2+";"+sE2+";"]+1; }
else {
if (E2==1) {
Ki["S;0;"+sL2+";1;"]=KO["S;0; "+sL2+";1;"]+1; }
else {
KI["C;0;"+sL2+":0:"]=KO["C:0: "+sL2+":0:"]+1; } } }
else {
Ki["™M;0;1;0;"]=K1["M;0;1;0;"]+longueur -1; } } } }
Ki["event"]=1; } } }
else if (alea == 3) {
alea2 = (rand01() <= (taux_creation_complexe/taux_total_filament));
if (alea2 == 1) {
Ki["M;0;1;0;"]=KO["M;0;1;0;"]-1;
Ki["P;0;1;0;"]=KO["P;0;1;0;"]+1;
Ki["event"]=1; } }
else if (alea == 4) {
alea2 = (rand01() <= (taux_fixation_arp/taux_total_filament));
if (alea2 == 1 && branchement<longueur) {
K1["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]
=KO0["B;"+sbranchement+";"+slongeur+";"+sextremite+";"]-1;
K1["B;"+sbranchement_plusl+";"+slongeur+";"+sextremite_plusl+";"]
=KO["B;"+sbranchement_plusl+";"+slongeur+";"+sextremite_plusl+";"]+1;
Ki["event"]=1; } }
else if (alea == 5) {
alea2 = (rand01() <= (taux_liberation_arp/taux_total_filament));
if (alea2 == 1) {
K1["B;"+sbranchement+";"+slongeur+";"+sextremite+";"]
=KO["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]-1;

Li=rand_unif(0,longueur);
L2=longueur -L1;

Bl=rand_unif(max_int(0,branchement-L2-1) ,min_int (L1, branchement-1));

B2=branchement-1-B1;

if (max_int(0,extremite -B2-1)==0) {
if (extremite == branchement + 1) {
El=rand_unif (1, min_int(extremite ,B1+1));

}
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191 else {
192 El=rand_unif (0, min_int(extremite ,B1+1)); } }
193 else {
194 if (extremite-B2-1 > B1+1) {
195 if (extremite == branchement + 1) {
196 El=rand_unif(1,min_int(extremite ,B1+1)); }
197 else {
198 El=rand_unif (0, min_int(extremite ,B1+1)); } }
199 else {
200 El=rand_unif(extremite -B2-1, min_int (extremite ,B1+1)); } }
201
202 E2=extremite -E1;
203
204 std::string sL1 = std::to_string (L1);
205 std:: string sL2 = std::to_string(L2);
206 std::string sB1 = std::to_string (B1);
207 std:: string sB2 = std::to_string (B2);
208 std:: string sE1 = std::to_string (E1);
209 std::string sE2 = std::to_string (E2);
210
ot if (L1==L2 && B1==B2 && E1==E2) {
212 if (L1 >=3) {
213 if (B1>0) {
214 Ki["B;"+sB1+";"+sL1+";"+sE1+";"]
215 =KO["B;"+sB1+";"+sL1+";"+sE1+";"]+2; }
216 else {
217 if (E1==1) {
218 K1["S;0;"+sL1+";1;"]=KO["S;0;"+sL1+";1;"]+2; }
219 else {
220 Ki["C;0; "+sL1+";0;"]=KO["C;0; "+sL1+";0;"]1+2; } } }
221 else {
222 K1["M;0;1;0;"]=KO["M;0;1;0; "]+longueur; } }
223 else {
224 if (L1 »= 3) {
225 if (L2 >= 3) {
226 if (B1>0) {
227 Ki["B;"+sB1+";"+sL1+";"+sE1+";"]
228 =KO["B; "+sB1+";"+sL1+";"+sE1+";"]+1; }
229 else {
230 if (E1==1) {
231 Ki["S;0;"+sL1+";1;"]=KO["S;0;"+sL1+";1;"]+1; }
232 else {
233 K1["C:0; "+sL1+":0;"]=KO["C;0; "+sL1+";0;"]+1; } }
234
235 if (B2>0) {
236 Ki["B;"+sB2+";"+sL2+";"+sE2+" ;"]
237 =KO["B; "+sB2+";"+sL2+";"+sE2+";"]+1; }
238 else {
239 if (E2==1) {
240 Ki["S;0;"+sL2+";1;"]=KO["S;0;"+sL2+";1;"]+1; }
241 else {
242 Ki["C;0; "+sL2+";0;"]=K0O["C;0; "+sL2+";0;"]+1; } } }
243 else {
244 if (B1>0) {
245 Ki["B;"+sB1+";"+sL1+";"+sE1+";"]
246 =KO["B; "+sB1+";"+sL1+";"+sE1+";"]+1; }
247 else {
248 if (E1==1) {
249 Ki["S;0;"+sL1+";1;"]=KO["S;0; "+sL1+";1;"]+1; }
250 else {
251 Ki["C;0; "+sL1+";0;"]=K0O["C;0; "+sL1+";0;"]+1; } }
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Ki["M;0;1;0;"]=KO["M;0;1;0;"]+L2; } }
else {
if (L2 >= 3) {
Ki["™M;0;1;0;"]=KO["M;0;1;0; "]+L1;

if (BZ >0) {
Ki["B;"+sB2+";"+sL2+";"+sE2+" ;"]
=K0[HB;“+SB2+H;H+SL2+";H+SE2+H;ﬂ]+l; }

else {
if (E2==1) {
K1["S;0;"+sL2+";1;"]=KO["S;0; "+sL2+";1;"]+1; }
else {
KI["C:0; "+sL2+":0:"]=KO["C:0: "+sL2+":0:"]+1; } } }
else {

Ki["™M;0;1;0;"]=KO["M;0;1;0; "]+longueur; } } }
Ki["event"]=1; } }

else if (alea == 6) {
alea2 = (rand01() <= (taux_capping/taux_total_filament));
if (alea2 == 1 && extremite >0) {
K1["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]
=KO[ "B; "+sbranchement+";"+slongeur+";"+sextremite+";"]-1;
K1["B; "+sbranchement+";"+slongeur+";"+sextremite_moinsl+";"]
=KO0["B;"+sbranchement+";"+slongeur+";"+sextremite_moins1+";"]+1;
Ki["event"]=1; } }
else if (alea == 7) {
alea2 = (rand01() <= (taux_fragmentation/taux_total_filament));
if (alea2 == 1) {

K1=Frag2 (K0,K1,longueur , extremite ,branchement,
taux_depolymerisation, taux_elongation); } }

else if (alea == 8) {
alea2 = (rand01() <= (taux_nucleation/taux_total_filament));
if (alea2 == 1) {
Ki["M;0;1;0;"]=KO["M;0;1;0;"]-3;
Ki["S;0:3;1;"]=K0O["S;0:3;1;"]+1;
Ki["event"]=1; } }

return Ki1; }

Fonction permettant de faire évoluer le nombre de monomeres libres.

std ::map<std :: string ,int > EvolM(std :: map<std :: string ,int> KO, int N,
double lambdaN, double phiP) {
std ::map<std :: string , int > K1=K0;
Ki["event"]=0;

double taux_creation_complexe=phiP+KO["M;0;1;0;"];
double taux_nucleation=lambdaN+«K0O["M;0;1;0;" ]«(KO["M;0;1;0;"]-1.0)
*(KO["M;0;1;0;"]-2)/double (N«N);

double taux_total_filament=taux_creation_complexe+taux_nucleation;

int aleal;
bool alea2;

aleal=floor (2+rand01() +1);
if (aleal== 1) {

alea2 = (rand01() <= (taux_creation_complexe/taux_total_filament));
if (alea2 == 1) {
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20 Ki["M;0;1;0;"]=KO["M;0;1;0;"]-1;

21 Ki["P;0;1;0;"]=KO["P;0;1;0;"]+1;

22 Ki["event"]=1; } }

23 else if (aleal== 2) {

24 alea2 = (rand01() <= (taux_nucleation/taux_total_filament));
25 if (alea2 == 1) {

26 Ki["M;0;1;0;"]=K0O["M;0;1;0;"]-3;

27 Ki["S;0:;3;1;"]=K0O["S;0:3;1;"]+1;

28 Ki["event"]=1; } }

29

30 return Ki1; }

s# Fonction permettant d’appliquer une fragmentation a un filament branché (comme décrit dans

le modéle Section [4.2)).

1 std ::map<std :: string ,int> Frag2(std::map<std::string ,int> KO,

2 std ::map<std :: string ,int> KI1,int longueur, int extremite,

3 int branchement,double taux_depolymerisation, double taux_elongation) ({
4 std :: string slongeur = std::to_string(longueur);

5 std ::string sextremite = std::to_string (extremite);

6 std :: string sbranchement = std::to_string (branchement);

7

8 K1["B;"+sbranchement+";"+slongeur+";"+sextremite+";"]

9 =KO0["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]-1;

10

11 int nf;

12 int cap; //Nombre d’extremités cappées a |l origine

13 cap = branchement+l-extremite;

14 if (min_int(extremite ,(longueur-max_int(1,cap))/3)>1) {

15 nf=rand_unif (1, min_int(extremite ,(longueur -max_int(1,cap))/3)); }
16 else {

17 nf=0; }

19 if (nf==0) {

20 K1["M;0;1;0;"]=KO["M;0;1;0; "]+longueur; }

21 else {

22 if (extremite -nf==0) {

23 // Nombre de branchement qu’ il reste a distribuer
24 int G=rand_geom (longueur -max_int(1,cap) -3+nf,
25 fmax (0,1 -(taux_depolymerisation/taux_elongation)));
26 int T=G+3«nf;

27

28 int L{nf];

29 int SumL=0;

30

31 for(int j=0; j<(nf-1); j++) {

32 L[j]=T/nf;

33 SumL=SumL+L[j]; }

34 L[nf-1]=T-SumL;

35 SumL=SumL+L[nf-1];

36

37 std :: string sNewL;

38

39 K1["S;0; "+sNewL+";1;"]=K0["S;0; "+sNewL+";1;"];
40

41 for (int j=0; j<nf; j++) {

42 sNewL = std::to_string (L[j]);

43 K1["S:;0; "+sNewL+";1;"]=K1["S;0; "+sNewL+";1;"]+1; }
44 Ki["M;0;1;0;"]=KO["M;0;1;0; "]+longueur-T; }

45 else {
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int B[nf];
int SumB=0;

for (int j=0; j<(nf-1); j++) {
B[j]=(extremite -nf)/nf;
SumB=SumB+B[j ]; }

B[nf-1]=extremite —nf-SumB;

SumB=SumB+B[nf -1];

int G=rand_geom ((longueur -max_int(1,cap)-max_int(3+nf, extremite -nf)),
fmax (0,1 -(taux_depolymerisation/taux_elongation)));
int T=G+max_int (3= nf, extremite -nf);

int L[nf];
int SumL=0;

for(int j=0; j<(nf-1); j++) {
L[j]=T/nf;
SumL=SumL+L[j]; }
L[nf-1]=T-SumL;
SumL=SumL+L [nf -1];

std :: string sNewL;
std :: string sNewB;
std :: string sNewE;

K1["B;"+sNewB+";"+sNewL+";"+sNewE+" ;"]
=KO["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; " ];
K1["S;0; "+sNewL+";1;"]=K0["S;0; "+sNewL+";1;"];

for (int j=0; j<nf; j++) {
sNewB std :: to_string (B[j]);
sNewL = std::to_string (L[j]);
sNewE = std::to_string (B[j]+1);

if (B[j] = 0) {
K1["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; "]
=K1["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; " ]+1; }

else {
K1["S;0; "+sNewL+";1;"]=K1["S;0; "+sNewL+";1;"]+1; } }
K1["M;0;1;0;"]=KO0["M;0; ,0 ]+10ngueur -T; } }

Ki["event"]

=1;
return Ki1; }

Fonction permettant d’appliquer une fragmentation a un filament branché (version ou la longueur,
le nombre de branchements et le nombre d’extrémités libre de chaque filament créé aprés la frag-
mentation est choisi aléatoirement selon une loi uniforme).

std ::map<std :: string ,int> Fragl(std ::map<std::string ,int> KO,
std ::map<std :: string ,int> Kl1,int longueur, int extremite,
int branchement,double taux_depolymerisation, double taux_elongation) {

std:: string slongeur = std::to_string (longueur);

std :: string sextremite = std::to_string (extremite);

std :: string sbranchement = std::to_string (branchement);
K1["B;"+sbranchement+";"+slongeur+";"+sextremite+" ;"]
=KO0["B; "+sbranchement+";"+slongeur+";"+sextremite+";"]-1;

int nf;
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12 int cap;

13 cap = branchement+l-extremite;

14 if (min_int(extremite ,(longueur-max_int(1,cap))/3)>1) {

15 nf=rand_unif(1,min_int(extremite ,(longueur -max_int(1,cap))/3)); }
16 else {

17 nf=0; }

19 if (nf==0) {

20 K1i["™M;0;1;0;"]=KO["M;0;1;0;"]+longueur; }

21 else {

22 if (extremite -nf==0) {

23 int G=rand_geom (longueur -max_int(1,cap) -3+nf,
24 fmax (0,1 -(taux_depolymerisation/taux_elongation)));
25 int T=G+3=nf;

26

27 int L[{nf];

28 int SumL=0;

29

30 for(int j=0; j<(nf-1); j++) {

31 L{j]=rand_unif(3,T-3+(nf-(j+1))-SumL);

32 SumL=SumL+L[j]; }

33 L[nf-1]=T-SumL;

34 SumL=SumL+L[nf -1];

35

36 std :: string sNewlL;

37

38 K1["S;0;"+sNewL+";1;"]=K0O["S;0; "+sNewL+";1;"];
39

10 for (int j=0; j<nf; j++) {

41 sNewL = std::to_string (L[j]);

42 K1["S;0; "+sNewL+";1;"]=K1["S;0; "+sNewL+";1;"]+1; }
43 K1["M;0;1;0;"]=KO["M;0;1;0;"]+longueur-T; }
44 else {

45 int B[nf];

46 int SumB=0;

47

48 for (int j=0; j<(nf-1); j++) {

49 B[j]=rand_unif (0,(extremite -nf-SumB) ) ;

50 SumB=SumB+B[j]; }

51 B[nf-1]=extremite —nf-SumB;

52 SumB=SumB+B[nf -1];

53

54 int G=rand_geom ((longueur-max_int(1,cap)-max_int(3+nf, extremite -nf)),
55 fmax (0,1 -(taux_depolymerisation/taux_elongation)));
56 int T=G+max_int (3+nf, extremite —-nf) ;

58 int L[nf];

59 int SumL=0;

60

61 for(int j=0; j<(nf-1); j++) {

62 L[j]=rand_unif(max_int(3,B[j]),

63 T-max_int (3+(nf-(j+1)) ,SumB-B[j])-SumL) ;

64 SumL=SumL+L[j ];

65 SumB=SumB-B[j]; }

66 L[nf-1]=T-SumL;

67 SumL=SumL+L[nf-1];

68

69 std:: string sNewL;

70 std:: string sNewB;

71 std:: string sNewE;

72
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73 Ki["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; "]

74 =KO["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; " ];

75 K1["S;0; "+sNewL+";1;"]=K0O["S;0; "+sNewL+";1;"];
76

77 for (int j=0; j<nf; j++) {

78 sNewB = std:: to_string (B[j]);

79 sNewL = std::to_string (L[j]);

80 sNewE = std::to_string (B[j]+1);

81

82 if (B[j] = 0) {

83 K1["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; "]

84 =K1["B; "+sNewB+"; "+sNewL+"; "+sNewE+"; " ]+1; }
85 else {

86 K1["S;0; "+sNewL+";1;"]=K1["S;0; "+sNewL+";1;"]+1; } }
87 Ki["M;0;1;0;"]=K0["M;0; 0,"]+10ngueur -T; } }

88

89 Ki["event"]=1;

90 return K1; }

3 - Helpers Functions

s Fonction qui renvoie la longeur a partir d'une chaine de caractéres de la forme "T;b;1;e;"

1 int findL(std::string s) {
2 int positionSep [4];

3 int pospos=0;

4 int pos=0;

5 int L=0;

7 while (pospos<4) {

o if(slposl==":") |

9 positionSep [pospos]=pos;

10 pospos=pospos +1;

1 pos=pos+1; }

12 else {

13 pos=pos+1; } }

14 for (int j=positionSep[1]+1; j<positionSep [2]; j++) {
15 L=L«10+(s[j]-"0"); }

16 return L; }

s Fonction qui renvoie le nombre de branchements a partir d’'une chaine de caracteres de la forme
"T;bsLse;"

1 int findB(std::string s) {
2 int positionSep [4];
3 int pospos=0;
4 int pos=0;
int B=0;

6
7 while (pospos<4) {
8

if (s[pos]==":;") {
9 positionSep [pospos]=pos;
10 pospos=pospos+1;
11 pos=pos+1; }
12 else {

13 pos=pos+1; } }
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14 for (int j=positionSep[0]+1; j<positionSep [1]; j++) {
15 B=B«10+(s[j]-"0"); }
16 return B; }

%
%

Fonction qui renvoie le nombre d’extrémités libres a partir d’'une chaine de caractére de la forme
"T;b;1;e;".

1 int findE(std::string s) {
2 int positionSep [4];

3 int pospos=0;

4 int pos=0;

5 int E=0;

7 while (pospos<4) {

¢ if(s[posl==":") {

9 positionSep [pospos]=pos;

10 pospos=pospos +1;

1 pos=pos+1; }

12 else {

13 pos=pos+1; } }

14 for (int j=positionSep[2]+1; j<positionSep [3]; j++) {
15 E=E«10+(s[j]-"0"); }

16 return E; }
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Résumé : Cette thése porte sur la compréhension
de la dynamique du réseau de polymeres d'ac-
tine constituant I'enveloppe mécanique d’une cellule.
Nous avons élaboré différents modéles, prenant en
compte différentes échelles, afin de comprendre les
différents mécanismes.

Les propriétés mécaniques des cellules embryon-
naires, responsables d’'un grand nombre de com-
portements cellulaires sont largement définies par
la dynamique d’'un réseau de polyméres, le cortex
d’actomyosine. Cette dynamique est soumise a une
forte stochasticité, encore peu considérée dans les
modeles existants. Afin de comprendre comment les
propriétés mécaniques des cellules émergent de la
biochimie de l'actine, il faut comprendre comment
la dynamique d’assemblage de ces polymeres fonc-
tionne dans la cellule, et ce a différentes échelles.

La premiere partie de cette thése est consacrée
a Jlétude de la dynamique d’élongation-
raccourcissement de I'actine.

Dans un premier temps, nous considérons un
seul polymere d’'actine. La dynamique d’élongation-
raccourcissement des polyméres est entierement

décrite par un processus markovien de sauts. Afin
d’obtenir un comportement moyen, nous avons étudié
la limite de champs moyen. Dans un second temps,
nous nous plagons a I'échelle d’une population de po-
lyméres. La dynamique de la population est cette fois
décrite par un processus de Markov a valeurs mesure.
L'étude de la limite en grande population nous permet
d’obtenir une distribution des tailles des polymeres
mais surtout de constater qu'il existe une compétition
entre les polymeres pour les monoméres libres.

La deuxieme partie se concentre sur I'étude de la
dynamique de branchement d’'un polymere d’actine.
Afin de modéliser un polymére ramifi€, nous utilisons
le formalisme des espaces métriques mesurés. Cette
partie a pour but de mieux comprendre la structure
des polymeres ramifiés.La dynamique du polymere
ramifié est alors entierement décrite par un processus
a valeurs arbre. Nous avons prouvé que le proces-
sus décrivant le nombre d’extrémités (renormalisé)
converge en distribution vers une diffusion de Feller.
La troisieme partie est dédiée a [I'exploration
numérique des différents modeles.

Title : Multi-Scale Modelling of the Intra-Cellular Actin Dynamics

Keywords :

Mathematical modelling of actin, Measure-valued Markov processes, Tree-valued processes,

Convergence theorems, Homogenisation theorem, Metric measure spaces

Abstract : This thesis focuses on understanding the
dynamics of the actin polymer network constituting the
mechanical envelope of a cell. We have developed
different mathematical models, considering different
scales, in order to understand the different mecha-
nisms.

The mechanical properties of embryonic cells, which
are involved in many cellular behaviours, are largely
defined by the dynamics of a network of polymers,
the actomyosin cortex. These dynamics are subject
to a high degree of stochasticity, which is not yet fully
considered in existing models. In order to understand
how the mechanical properties of cells stem from ac-
tin biochemistry, it is necessary to understand how the
assembly dynamics of these polymers operate in the
cell, and this at different scales.

The first part of this thesis is focused on the study of
the elongation-shortening dynamics of actin. Initially,
we consider a single actin polymer. The elongation-
shortening dynamics of the polymers is then entirely

described by a jump Markov process. In order to ob-
tain an average behaviour, we studied the average
field limit. Secondly, we consider a population of po-
lymers. The dynamics of the population is this time
described by a measure-valued Markov process. The
study of the large population limit allows us to obtain
a distribution of polymer lengths and specially to ob-
serve that there is competition between the polymers
for free monomers.

The second part deals with the study of the bran-
ching dynamics of an actin polymer. In order to mo-
del a branched polymer, we use the formalism of me-
tric measure spaces. The aim of this part is to better
understand the structure of branched polymers. The
dynamics of the branched polymer is then fully des-
cribed by a tree-valued process. We proved that the
process describing the number of extremities (renor-
malized) converges in distribution to a Feller diffusion.
The third part is focused on numerical exploration of
the different models.
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