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Professeur, Université d’Évry Val d’Essonne (LaMME) Examinateur

Anne-Cécile Reymann
Chargée de recherche CNRS, Université de Strasbourg (IGBMC) Examinatrice
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Abstract

Title: Multi-Scale Modelling of the Intra-Cellular Actin Dynamics

Keywords: Mathematical modelling of actin, Measure-valued Markov processes, Tree-valued pro-
cesses, Convergence theorems, Homogenisation theorem, Metric measure spaces

This thesis focuses on understanding the dynamics of the actin polymer network constituting the
mechanical envelope of a cell. We have developed di�erent mathematical models, considering di�erent
scales, in order to understand the di�erent mechanisms.

The mechanical properties of embryonic cells, which are involved in many cellular behaviours,
such as cell division or cell shape changes, are largely de�ned by the dynamics of a network of bio-
logical polymers, the actomyosin cortex. Each of these polymers, consisting of actin monomers, has
a dynamic of elongation, shortening and potentially branching. These dynamics are subject to a high
degree of stochasticity, which is not yet fully considered in existing models. In order to understand
how the mechanical properties of cells stem from actin biochemistry, it is necessary to understand how
the assembly dynamics of these polymers operate in the cell, �rst at the scale of a single polymer, then
at the level of a population of actin polymers.

This thesis is divided into three parts. The �rst part is focused on the study of the elongation-
shortening dynamics of actin in the presence of two proteins, formin and pro�lin, which accelerate the
elongation of the actin polymer. Initially, we consider a single actin polymer, formed by a number of
monomers that �uctuates over time. The main idea of our model is to see an actin polymer as a queue;
this allows us to introduce a stochastic component, inherent to the randomness of the encounters and
�xations between the di�erent entities involved. The elongation-shortening dynamics of the polymers
is then entirely described by a jump Markov process. In order to obtain an average behaviour, we stud-
ied the limit when the total number of monomers tends to in�nity (average �eld limit). The study of
the deterministic limit process obtained allows us to obtain an average polymer length but also to ob-
serve the in�uence of the change in elongation rate on the use of the resource, namely free monomers.
Secondly, we consider a population of polymers. Each polymer evolves with the dynamics described
in the previous model. The dynamics of the population is this time described by a measure-valued
Markov process. The study of the large population limit allows us to obtain a distribution of polymer
lengths and specially to observe that there is competition between the polymers for free monomers.
The size distribution of the polymers is particularly important since the mechanical properties of the
cells depend directly on the length of the actin polymers.

The second part deals with the study of the branching dynamics of an actin polymer. In order to
model a branched polymer, we use the formalism of metric measure spaces. The aim of this part is to
better understand the structure of branched polymers, which could, for example, help to better under-
stand the formation of protrusions. In this model, we consider two proteins that can interact with actin:
the Arp2/3 protein complex, which creates a new branching, and co�lin, which causes the fragmenta-
tion of the polymer and thus the loss of branches. The dynamics of the branched polymer is then fully
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6 Abstract Q

described by a tree-valued process. We proved that the process describing the number of extremities
(renormalized) converges in distribution to a Feller di�usion.

The third part is focused on numerical exploration of the di�erent models. The simulations for the
models studying the elongation-shortening dynamics allowed us to understand the role of each protein
and to obtain a qualitative study of the average behaviours. The simulations for the model studying
a single branched polymer allowed us to compare structures obtained by testing di�erent hypotheses.
Finally, we extended the model for a population of polymers (and the corresponding code) to consider
more proteins interacting with actin.



Résumé

Titre : Modélisation multi-échelle de la dynamique intra-cellulaire de l’actine

Mots-clefs : Modélisation mathématique de l’actine, Processus de Markov à valeurs mesure, Processus
à valeurs arbre, Théorèmes de convergence, Théorème d’homogénéisation, Espaces métriques mesurés

Cette thèse porte sur la compréhension de la dynamique du réseau de polymères d’actine con-
stituant l’enveloppe mécanique d’une cellule. Nous avons élaboré di�érents modèles mathématiques,
prenant en compte di�érentes échelles, a�n de comprendre les di�érents mécanismes.

Les propriétés mécaniques des cellules embryonnaires, responsables d’un grand nombre de com-
portements cellulaires, comme la division cellulaire ou les changements de forme des cellules, sont
largement dé�nies par la dynamique d’un réseau de polymères biologiques, le cortex d’actomyosine.
Chacun de ces polymères, constitué de monomères d’actine, a une dynamique d’élongation, raccour-
cissement et potentiellement de branchement. Cette dynamique est soumise à une forte stochasticité,
encore très peu prise en compte dans les modèles existants. A�n de comprendre comment les propriétés
mécaniques des cellules émergent de la biochimie de l’actine, il faut comprendre comment la dynamique
d’assemblage de ces polymères fonctionne dans la cellule, d’abord à l’échelle d’un seul polymère, puis
au niveau d’une population de polymères d’actine.

Cette thèse s’articule en trois parties. La première est consacrée à l’étude de la dynamique d’élon-
gation-raccourcissement de l’actine en présence de deux protéines, la formine et la pro�line, qui per-
mettent d’accélérer l’élongation du polymère d’actine. Dans un premier temps, nous considérons
un seul polymère d’actine, formé d’un nombre de monomères qui �uctue au cours du temps. La
dynamique d’élongation-raccourcissement des polymères est entièrement décrite par un processus
markovien de sauts. A�n d’obtenir un comportement moyen, nous avons étudié la limite quand le
nombre de monomères total tend vers l’in�ni (limite de champ moyen). L’étude du processus limite
déterministe obtenu nous permet d’obtenir une longueur moyenne de polymère mais aussi d’observer
l’in�uence du changement de vitesse d’élongation sur l’utilisation des monomères libres. Dans un sec-
ond temps, nous nous plaçons à l’échelle d’une population de polymères. La dynamique de la population
est cette fois décrite par un processus de Markov à valeurs mesure. L’étude de la limite en grande pop-
ulation nous permet d’obtenir une distribution des tailles des polymères mais surtout de constater qu’il
existe une compétition entre les polymères pour les monomères libres. La distribution des tailles des
polymères est particulièrement importante puisque les propriétés mécaniques des cellules dépendent
directement de la taille des polymères d’actine.

La deuxième partie se concentre sur l’étude de la dynamique de branchement d’un polymère d’actine.
A�n de modéliser un polymère rami�é, nous utilisons le formalisme des espaces métriques mesurés.
Cette partie a pour but de mieux comprendre la structure des polymères rami�és, ce qui pourra par
exemple permettre de mieux comprendre la formation des protrusions. Nous considérons dans ce mod-
èle deux protéines pouvant interagir avec l’actine : le complexe protéique Arp2/3, permettant de créer
un nouveau branchement et la co�line, entrainant la fragmentation du polymère et donc la perte de
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branches. La dynamique du polymère rami�é est alors entièrement décrite par un processus à valeurs
arbre. Nous avons prouvé que le processus décrivant le nombre d’extrémités (renormalisé) converge
en distribution vers une di�usion de Feller.

La troisième partie est dédiée à l’exploration numérique des di�érents modèles. Les simulations
pour les modèles étudiant la dynamique d’élongation-raccourcissement nous ont permis de comprendre
le rôle de chaque protéine et d’obtenir une étude qualitative des comportements moyens. Les simula-
tions pour le modèle étudiant un unique polymère branché nous ont permis de comparer les structures
obtenues en testant di�érentes hypothèses. Finalement, nous avons élargi le modèle pour une popula-
tion de polymères (et le code correspondant) a�n de prendre en compte plus de protéines interagissant
avec l’actine.
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Les propriétés mécaniques des cellules embryonnaires sont responsables d’un grand nombre de
comportements cellulaires, comme la division cellulaire ou les changements de forme des cellules. Ces
comportements cellulaires jouent un rôle critique au cours du développement embryonnaire puisqu’ils
permettent aux cellules, et aux organes, de se positionner dans l’organisme. Ces propriétés mécaniques,
et a fortiori les comportements cellulaires, sont largement dé�nies par la dynamique d’un réseau de
polymères biologiques, le cortex d’actomyosine [LL07]. Chacun de ces polymères, constitué de mono-
mères d’actine, a une dynamique d’élongation, raccourcissement et potentiellement de branchement.
Cette dynamique est soumise à une forte stochasticité, encore très peu prise en compte dans les modèles
existants. L’objectif de cette thèse est de comprendre la dynamique du réseau de polymères d’actine
constituant l’enveloppe mécanique d’une cellule, à l’échelle d’un �lament puis à l’échelle du réseau
entier, a�n de comprendre comment les propriétés mécaniques des cellules émergent de la biochimie
de l’actine.

1 - Contexte biologique

Le cytosquelette est un système de �laments protéiques dans le cytoplasme d’une cellule eucaryote,
qui donne à la cellule la capacité, entre autres, de changer de forme et de se mouvoir dans l’organisme.
Ses composants les plus abondants sont les �laments d’actine, les microtubules et les �laments inter-
médiaires. L’actine joue donc un rôle essentiel dans la cellule. Les �laments d’actine ont des propriétés
mécaniques et une dynamique particulière ; il est donc intéressant d’étudier cette dynamique pour
mieux comprendre le fonctionnement de la cellule. Sauf mention contraire, les informations de cette
section sont issues du livre Molecular Biolology of the Cell [AJL+15].
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1.1 - Description de l’actine

La protéine d’actine est un monomère possédant un site de liaison pour un nucléotide de type
ATP (Adénosine Tri-Phosphate) ou ADP (Adénosine Di-Phosphate) selon l’état de phosphorylation
du nucléotide (Figure 1). Sous cette forme, on parle d’actine globulaire ou Actine-G et on parlera de
monomères ADP (respectivement ATP) lorsque l’actine globulaire est associée à un nucléotide ADP
(respectivement ATP). Ces sous-unités d’actine s’assemblent pour produire des polymères d’actine, on
parle alors de �laments d’actine ou Actine-F. Les �laments d’actine sont des polymères hélicoïdaux à
deux brins. Ils apparaissent comme des structures souples, d’un diamètre de 5 à 9 nm. Dans les cellules
non-musculaires, ces �laments sont principalement présents dans le cortex cellulaire, juste en dessous
de la membrane plasmique.

Figure 1 tirée de [PB09], reproduite avec permis-
sion. Structure d’un monomère d’actine et d’un �l-
ament d’actine. Les monomères d’actine ont un
nucléotide (ATP ou ADP) attaché au coeur de la
molécule. Les monomères d’actine s’assemblent
suivant une double hélice.

Figure 2 tirée de [mec], reproduite avec per-
mission. Évolution en fonction du temps de la
polymérisation de l’actine.

In vitro, la création d’un polymère d’actine s’e�ectue en trois phases (Figure 2). Le processus don-
nant naissance à un �lament est appelé nucléation : pour qu’un nouveau �lament se forme, les sous-
unités doivent s’assembler en un agrégat initial ou noyau. Cette phase peut être assez longue car les
dimères d’actine sont instables. L’addition d’un troisième monomère d’actine pour former un trimère
stabilise l’ensemble du groupe. Une fois le noyau créé et stabilisé par de nombreux contacts entre les
sous-unités, on observe la phase d’élongation, où les �laments s’allongent rapidement. On atteint en-
suite une phase d’équilibre : les �laments ne s’allongent plus, chaque polymérisation est suivie d’une
dépolymérisation. Les �laments gardent donc une taille constante alors que les monomères du �lament
sont sans cesse renouvelés.

Figure 3 tirée de [NDHH05], reproduite avec permission. Nucléation
et élongation spontanée d’un �lament d’actine.

L’orientation régulière des
monomères donne aux �la-
ments d’actine une polarité
structurelle. Cette orientation
di�érencie les deux extrémités
de chaque polymère, ce qui a
des conséquences importantes
sur la vitesse d’élongation.
L’extrémité où la croissance
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est la plus rapide est appelée extrémité plus ou barbée. L’autre est appelée extrémité moins ou pointue.
Les vitesses d’élongation et de dépolymérisation dépendent également de la nature du monomère : un
monomère associé à un nucléotide ATP s’accroche plus rapidement à l’extrémité plus du �lament qu’un
monomère ADP. À l’inverse, un monomère ATP se détache plus lentement de l’extrémité moins du �la-
ment qu’un monomère ADP (Figure 3). Cette dynamique admet un état d’équilibre appelé treadmilling.
Cet équilibre est atteint lorsque la concentration de monomères libres atteint une valeur critique appelée
concentration critique. À chaque extrémité, le polymère va cesser de grandir lorsque la concentration
de monomères libres atteint la valeur C = kDof f

kTon où kDof f est le taux de dépolymérisation d’un ADP et
kTon est le taux de polymérisation d’un ATP. La valeur de C étant di�érente à l’extrémité plus (C+) et à
l’extrémité moins (C−), il existe une concentration critique comprise entre C− et C+ où les sous-unités
subissent à la même vitesse, un assemblage sous forme ATP à l’extrémité plus, et un désassemblage sous
forme ADP à l’extrémité moins. Le �lament garde alors une longueur constante alors qu’il y a un �ux
de monomères à travers le polymère : on parle de « vissage par vis sans �n ». La durée pendant laquelle
un monomère reste dans un �lament est appelée temps de turnover. La dynamique d’assemblage et de
désassemblage de l’actine permet une modi�cation rapide du cytosquelette.

Figure 4 tirée de [mec], reproduite avec permis-
sion. Di�érentes dispositions de l’actine dans la
cellule. Les �laments d’actine sont représentés en
rouge.

Les �laments d’actine des cellules animales
sont organisés en deux types de motifs : des
faisceaux et des réseaux de type gel. Il est
possible de passer dynamiquement d’un type
à l’autre. Ces di�érentes structures sont ini-
tiées par l’action de protéines de nucléation dis-
tinctes et apportent des propriétés mécaniques
di�érentes à la cellule. La Figure 4 mon-
tre ces di�érentes dispositions. Les �bres de
stress sont contractiles et exercent une ten-
sion. Le cortex d’actine se trouve sous la mem-
brane plasmique et se compose de réseaux de
type gel ou de réseaux dendritiques d’actine qui
permettent la protrusion de la membrane au
niveau des lamellipodes (large extension mem-
branaire). Les �lopodes sont des projections
en pointe de la membrane plasmique qui per-
mettent à la cellule d’explorer son environ-
nement.

1.2 - Rôle de l’actine

Les �laments d’actine déterminent la forme de la surface cellulaire et sont nécessaires pour la loco-
motion des cellules entières. À l’échelle de la cellule, les �laments d’actine sont des structures presque
droites mais ils peuvent se déformer [BBPSP14]. La force à exercer pour courber le �lament dépend de
la longueur totale du polymère (Figure 5). Les propriétés mécaniques et structurelles des cellules sont
donc directement in�uencées par la longueur des �laments d’actine.

Associée à la myosine, l’actine fournit la force de contraction aussi bien aux cellules musculaires
(cellules dont la fonction est de se contracter) qu’aux cellules non-musculaires (Figure 6). Le mécan-
isme de contraction-extension induit par l’actomyosine est à la base des déplacements cellulaires, de la
division cellulaire et de la morphogénèse [MOLG15]. Dans les cellules des muscles striés, la myosine-II
s’associe aux �laments d’actine pour former des structures �breuses appelées sarcomères. Le cortex
d’actomyosine des cellules non-musculaires et les cellules des muscles lisses sont organisées de dif-
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Figure 5 tirée de [BMB+07], reproduite avec permission. La force à exercer pour courber un �lament
d’actine varie en fonction de sa longueur. (BC1, BC2 et BC3 correspondent à 3 conditions initiales sur
les forces exercées sur le polymère.)

férentes manières qui ne sont pas observées dans les sarcomères. Ces structures contractiles appelées
�bres de stress, sont plus �nes et moins organisées que les sarcomères.

Figure 6 tirée de [MOLG15], reproduite avec permission. Contraction induite par l’actomyosine. a.
L’actine-F (en rouge) possède une extrémité barbée et une extrémité pointue indiquées respectivement
par le sens ouvert et fermé des chevrons d’actine qui constituent le polymère. Les taux d’association plus
élevés de l’actine-G à l’actine-F sont indiqués par une �èche plus grande. Les �laments de myosine (en
vert) sont bipolaires avec une zone centrale sans tête moteur et sont obtenus par assemblage de dimères
de myosine-II. b. Les �laments de myosine entraînent le déplacement des �laments d’actine vers leur
extrémité barbée. Il peut en résulter une contraction ou une extension de deux �laments d’actine liés,
selon la position de la myosine.

Les �laments d’actine forment plusieurs types de projections cellulaires de surface. Certaines
d’entre elles sont des structures dynamiques, comme les lamellipodes et les �lopodes que certaines
cellules utilisent pour explorer leur environnement et y progresser. La Figure 7 explique comment les
�laments d’actine et la création d’un lamellipode par la polymérisation permettent à la cellule de se
déplacer : la protrusion et la �xation ferme du lamellipode font avancer le bord de la cellule et étirent
le cortex d’actine, la contraction à l’arrière de la cellule propulse alors le corps de la cellule vers l’avant
pour relâcher une partie de la tension.

Comme le montre la Figure 8, l’actine (représentée en rouge), joue un rôle essentiel dans la division
cellulaire puisque l’anneau contractile, qui se resserre jusqu’à couper la cellule mère en deux cellules
�lles, est constitué de �laments d’actine.
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Figure 7 tirée de [AE07], reproduite avec per-
mission. Modèle montrant comment les forces en-
gendrées dans le cortex riche en actine peuvent
déplacer une cellule. La protrusion et la �xa-
tion ferme du lamellipode, qui dépendent de la
polymérisation de l’actine, font avancer le bord
de la cellule et étirent le cortex d’actine. La con-
traction à l’arrière de la cellule propulse le corps
de la cellule vers l’avant pour relâcher une partie
de la tension (traction). À mesure que la cellule
avance, de nouveaux contacts ponctuels sont étab-
lis à l’avant et les anciens sont défaits à l’arrière.
L’actine corticale nouvellement polymérisée est
représentée en orange.

Figure 8 tirée de [MBS+07], reproduite avec per-
mission. Changements de l’organisation du cy-
tosquelette lors de la division cellulaire. Lorsque la
cellule se divise, le réseau de microtubules polar-
isés (en vert) se réorganise pour former un fuseau
mitotique bipolaire, responsable de l’alignement
puis de la ségrégation des chromosomes dupliqués
(en bleu). Les �laments d’actine (en rouge) for-
ment un anneau contractile au centre de la cellule
qui pince la cellule en deux. Une fois la division
cellulaire achevée, les deux cellules �lles réorgan-
isent à la fois les microtubules et le réseau d’actine
pour reformer la structure du cytosquelette de la
cellule mère (en version réduite), ce qui leur per-
met de poursuivre leur chemin séparément.

1.3 - Protéines accessoires

Plusieurs protéines interagissent avec l’actine et modi�ent sa dynamique. On ne présente dans cette
partie que les protéines que nous prendrons en compte dans notre étude.

Figure 9 tirée de [mec], reproduite avec permis-
sion. Nucléation par le complexe Arp2/3.

Le complexe Arp2/3 (formé notamment des
protéines Arp2 et Arp3) facilite la nucléation, se
�xe sur les �laments d’actine et permet de créer
un branchement (Figure 9). Il en résulte une ram-
i�cation qui croît à un angle de 70◦ relativement
au �lament originel [PC09]. Des cycles répétés de
nucléation par rami�cation forment un réseau ar-
borescent de �laments d’actine. L’activité régulée



24 Introduction Q

du complexe Arp2/3 dans les cellules animales tend à conduire à l’assemblage de réseaux d’actine ram-
i�és en forme de gels. Dans la cellule, on trouve aussi de grandes structures d’actine constituées de
faisceaux parallèles de �laments non branchés. Ces faisceaux d’actine sont créés par d’autres ensem-
bles de protéines de nucléation : les formines.

Les formines sont une grande famille de protéines dimériques qui interviennent dans la polymérisa-
tion de l’actine et qui s’associent avec l’extrémité plus du �lament. Chaque sous-unité de formine a un
site de liaison pour l’actine monomérique. La formine permet d’accélérer l’élongation en capturant les
monomères. Tant que le �lament s’allonge, le dimère de formine reste associé à l’extrémité barbée qui
grandit rapidement, tout en permettant la liaison de nouvelles sous-unités d’actine pour allonger le �l-
ament (Figure 10). Certains membres de la famille des formines possèdent des domaines non structurés
qui contiennent plusieurs sites de liaison pour la pro�line. Si une telle formine est liée à un �lament,
l’élongation n’est possible qu’avec un complexe actine-G/pro�line. La pro�line est une protéine qui se
�xe aux monomères libres d’actine. Une fois le complexe �xé au �lament, la pro�line se détache du
monomère.

Figure 10 tirée de [PB09], reproduite avec permission. Elonga-
tion de l’actine par l’intermédiaire des formines. A. Deux voies
d’addition des monomères d’actine. Dans la voie supérieure, une
sous-unité d’actine s’associe à l’extrémité plus avant que le do-
maine FH2 de la formine ne se �xe sur la nouvelle sous-unité. Dans
la voie inférieure, la formine s’écarte de l’extrémité avant que la
nouvelle sous-unité ne se lie. B. Transfert de l’actine ancrée par la
pro�line sur le domaine FH1 de la formine sur l’extrémité plus du
�lament, suivi par la dissociation de la pro�line.

Figure 11 tirée de [BBPSP14],
reproduite avec permission. Frag-
mentation par la co�line. La frag-
mentation du �lament se produit
à la limite entre les parties nues et
les parties décorées par la co�line.

La co�line est une protéine qui peut se �xer sur chaque monomère d’un �lament d’actine. Cette
protéine recouvre le �lament et change ses propriétés mécaniques. Les zones recouvertes de co�line
étant moins souples, le �lament casse et les deux parties étant instables, se dépolymérisent totalement.
La co�line accélère donc la dépolymérisation. On peut noter que les cassures ont lieu aux transitions
entre les parties recouvertes de co�line et les parties sans [BBPSP14]. Il en résulte donc qu’à partir
d’une certaine quantité de co�line �xée sur le �lament, celui-ci redevient moins cassant (Figure 11).

Les protéines de coi�e se �xent à l’extrémité plus des �laments et empêchent la polymérisation.
Elles ralentissent donc considérablement la vitesse d’élongation. Ces protéines ne se détachent qu’après
dépolymérisation complète du �lament.

1.4 - De l’actine à la morphogénèse

Comme nous l’avons déjà mentionné, l’actine intervient à di�érentes échelles. Les monomères
d’actine s’assemblent pour former les �laments d’actine, principaux constituant du cortex cellulaire.
Le cortex dé�nit les propriétés mécaniques des cellules constituant les embryons. A�n de mieux com-
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prendre la morphogénèse, nous devons donc étudier les mécanismes de la cellule et pour cela, nous
cherchons à comprendre comment la biochimie de l’actine in�uence la structure et la dynamique du
cortex cellulaire.

Figure 12 Molécule d’actine marquée
avec une GFP formant un réseau de �la-
ments visible par �uorescence dans un em-
bryon de C. elegans au stade deux cellules
(une cellule mesure environ 50�m). On ob-
serve la myosine (en rouge) et le réseau de
�laments d’actine (en vert) formant le cor-
tex cellulaire.

L’équipe CADMO (Cortical Actomyosin Dynamics in
Development and Morphogenesis) du laboratoire de bi-
ologie de développement de l’IBPS (Institut de Biologie
Paris-Seine) avec qui j’ai collaboré tout au long de mon
doctorat se concentre sur l’étude d’un système biologique
spéci�que et assez simple : l’embryon de ver nématode
C. elegans au stade d’une cellule. Les concentrations des
protéines intervenant dans la dynamique de l’actine sont
mesurées par microscopie de �uorescence dans des em-
bryons exprimant la protéine endogène marquée avec
une GFP (Green Fluorescent Protein) par la technolo-
gie CRISPR/Cas9 (Courtes répétitions palindromiques
groupées et régulièrement espacées) (Figure 12).

Au cours de ma première année de doctorat, j’ai réal-
isé un stage de quatre mois au sein de cette équipe. J’ai
ainsi pu apprendre à utiliser le microscope de �uorescence
par ré�exion totale interne (TIRF microscopy, Figure 13)
qui permet d’observer les protéines marquées d’une GFP
se situant dans le cortex cellulaire. J’ai également décou-

vert comment ces images (obtenues grâce à la microscopie de �uorescence) étaient traitées a�n de
récupérer des données telles que des concentrations ou des vitesses de réaction. Ceci m’a permis
de savoir quelles sont les données disponibles et celles qui sont potentiellement mesurables et ainsi
d’adapter ma modélisation.

Figure 13 La microscopie TIRF permet la
détection de molécules individuelles �uores-
centes. La microscopie TIRF utilise la lumière
laser excitatrice pour éclairer la surface de la
lamelle à l’angle critique auquel toute la lu-
mière est ré�échie par l’interface verre-eau.
Une partie de l’énergie électromagnétique tra-
verse l’interface sur une courte distance sous
la forme d’une onde évanescente qui n’excite
que les molécules �xées à la lamelle ou très
proches de sa surface.

2 - Modèles existants

Plusieurs modélisations de la dynamique d’assemblage de l’actine ont déjà été développées [BODM04,
EKE98, EEK98, YB09, YDB08]. La majorité de ces modèles sont soit déterministes et se concentrent sur
un état d’équilibre, soit stochastiques et sont étudiés par des simulations de Monte-Carlo [Bin10, PB09].
La plupart des modèles prenant en compte une population de polymères d’actine reposent sur des
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hypothèses très spéci�ques et ne sont pas développés dans un contexte général. En e�et, beaucoup
d’entre eux se concentrent sur la motilité cellulaire et donc sur la dynamique de l’actine dans les pro-
trusions [BODM04, MEK02a] ou sur l’organisation géométrique du réseau d’actine [CEK94]. Les mod-
èles plus généraux, comme ceux de [EKE98, EEK98], ne prennent pas en compte l’élongation rapide
des polymères liés à une formine ni l’e�et du changement de vitesse, entre l’élongation spontanée
et l’élongation avec une formine. Les travaux [HO11] et [MLH+17] utilisent la même approche que
la nôtre pour étudier la longueur moyenne d’un polymère d’actine et la distribution des longueurs
de polymères. Cependant, [HO11] ne considère pas la limite en grande population de leur modèle et
[MLH+17] se concentre davantage sur l’importance d’avoir deux types de monomères (ATP et ADP) que
sur les e�ets des protéines accessoires. En dehors des approches de population énumérées ci-dessus,
la plupart des modèles existants dans la littérature tendent à se concentrer sur un seul polymère, ou
sur deux polymères concurrents, avec l’idée que de très grandes populations de polymères seront alors
bien décrites par la loi d’un polymère « moyen ».

Certains modèles s’intéressent particulièrement à la corrélation entre les propriétés mécaniques
des cellules et la longueur des polymères d’actine. Dans [LGD12], ils s’intéressent à la contractilité
des faisceaux d’actomyosine et utilisent pour cela la longueur de persistance des polymères (propriété
mécanique permettant de caractériser la rigidité d’un polymère linéaire).

Les modélisations de la dynamique des polymères d’actine rami�és sont rarement étudiées de
manière analytique. En général, il s’agit de modèles étudiés par simulations comme [Car01] qui propose
un modèle stochastique prenant en compte l’élongation spontanée, la dépolymerisation, le branche-
ment, le détachement des branches et les protéines de coi�e. Cette étude permet d’observer la structure
en 3D du réseau d’actine et d’obtenir la vélocité de croissance, l’espacement des branches et la densité
du réseau de polymères d’actine. Les modèles analytiques existants ne permettent pas d’obtenir des
informations sur la topologie d’un polymère d’actine rami�é (e.g. nombre de branchements, tailles des
branches) et se concentrent souvent sur la force exercée par le réseau d’actine sur la membrane cel-
lulaire. Par exemple, dans [MB01] un polymère d’actine rami�é est modélisé à l’aide d’un processus
d’évolution mais cela ne permet d’obtenir que l’orientation de l’actine au bord de la cellule et la force
exercée par le réseau.

3 - Modèles préliminaires

3.1 - Modélisation d’ununique polymère d’actine : première approche

J’ai découvert l’actine et ses problématiques dans le cadre de mon projet de premier semestre de
master 2 (en binôme avec Laura Hedon). Au cours de ce projet, nous avons cherché comment modéliser
la dynamique d’un unique polymère d’actine. Nous nous sommes alors concentrées sur la dynamique
d’élongation-raccourcissement spontanée sans di�érencier les monomères ATP et ADP. Pour introduire
une composante stochastique, inhérente à l’aléa des rencontres et �xations entre les di�érentes entités
en jeu, nous avons choisi d’utiliser la théorie des �les d’attente. L’idée principale de notre modèle
consiste à voir un polymère d’actine comme une �le d’attente (Figure 14).

⇔
Figure 14 Modèle préliminaire pour la dynamique d’élongation-raccourcissement spontanée d’un
unique polymère d’actine.
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Le taux d’élongation �+ correspond alors au taux d’arrivée des clients alors que le taux de dépolyméri-
sation �− correspond au taux de service. La longueur du polymère en nombre de monomère correspond
au nombre de clients dans la �le d’attente et le temps de turnover correspond à la somme du temps
d’attente et du temps de service d’un client. Ce premier modèle nous a permis de déterminer l’espérance
et la variance de la longueur du polymère et du temps de turnover dans les trois cas : sous-critique
(�+ < �−), critique (�+ = �−) et sur-critique (�+ > �−). Bien que le cas sur-critique soit acceptable pour
modéliser la dynamique d’élongation rapide de l’actine en réponse à un signal extérieur, ce modèle reste
très limité. A�n de l’améliorer, il faudrait tout d’abord prendre en compte que l’élongation semble être
limitée par la quantité de monomères d’actine. Pour cela, il faudrait choisir un taux d’élongation pro-
portionnel à la quantité de monomères disponibles mais aussi considérer plusieurs polymères d’actine ;
la dynamique sera modi�ée s’il existe une compétition entre les polymères pour les monomères. Ces
améliorations ont fait l’objet de mon stage de second semestre de master 2.

3.2 - Modélisation d’une population de polymères d’actine : première
approche

L’objectif de mon stage de master 2 était de modéliser la dynamique d’une population de polymères
d’actine en prenant en compte uniquement l’élongation, la dépolymérisation et la nucléation (Fig-
ure 15).

Figure 15 Modèle préliminaire pour une population
de polymères d’actine prenant en compte l’élongation,
la dépolymérisation et la nucléation.

Pour modéliser une population de poly-
mères, j’ai utilisé un processus à valeurs
mesure. A�n que ce modèle soit davan-
tage cohérent avec la biologie, j’ai choisi
cette fois des taux d’élongation et de nucléa-
tion proportionnels à la concentration en
monomères d’actine disponibles. J’ai alors
étudié la tension de ce processus et obtenu
une limite en grande population. J’ai de plus
remarqué que cette limite déterministe ad-

met un état d’équilibre qui coïncide avec le résultat de [EKE98]. Ceci nous a permis d’obtenir la distri-
bution en taille de polymères à l’équilibre et de conclure que les polymères courts, présents en grande
quantité, jouent un rôle signi�catif dans la dynamique d’élongation-raccourcissement de l’actine.

4 - Dynamique d’élongation-raccourcissement

Le premier chapitre de cette thèse est consacré à l’étude de la dynamique d’élongation-raccourcisse-
ment de l’actine en présence de deux protéines, la formine et la pro�line, qui permettent d’accélérer
l’élonga-tion du polymère d’actine. Cette étude s’intéresse à deux échelles : dans un premier temps on
se place à l’échelle d’un unique polymère et dans un second à l’échelle d’une population de polymères.
L’ensemble de ce travail fait l’objet de la publication [RVGV21].
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4.1 - Dynamique d’un polymère d’actine

Le premier modèle du chapitre I prend en compte un unique polymère d’actine pouvant s’allonger
ou se raccourcir spontanément ou à l’aide de la formine et de la pro�line. Il y a donc deux vitesses
d’élongation et deux types de ressources : les monomères d’actine disponibles permettant l’élongation
spontanée et les complexes actine-G/pro�line permettant l’élongation à l’aide d’une formine (Fig-
ure 1.1). Ce problème peut être vu comme une �le d’attente à deux vitesses de service [BR19] mais
nous avons préféré utilisé le formalisme des problèmes d’homogénéisation.

L’objectif de cette partie est de trouver un comportement moyen a�n de déterminer s’il y a une
compétition pour les monomères d’actine, de déterminer pour quels jeux de paramètres la longueur
du polymère atteint un état d’équilibre et dans ces cas, déterminer quelle est la longueur moyenne du
polymère à l’équilibre. A�n de simpli�er la dynamique, nous avons émis plusieurs hypothèses :

h On ne prend pas en compte la nucléation. On démarre avec un polymère de longueur supérieure
ou égale à 3 et on regarde uniquement la phase de croissance et la phase d’équilibre. Si le polymère
disparaît, il ne peut pas être recréé ; 0 est donc un état d’équilibre pour la longueur du polymère.

h A�n de simpli�er la dynamique, on suppose que la polymérisation a lieu uniquement au bout
barbu et la dépolymérisation au bout pointu. Cela nous permet de voir un polymère d’actine
comme une �le d’attente (comme nous l’avons fait dans notre modèle préliminaire). Nous ne
di�érencions pas les monomères ATP et ADP.

h Les protéines accessoires (formines et pro�lines) ne sont pas considérées comme un facteur lim-
itant.

h Tant qu’une formine est �xée à l’extrémité barbée du polymère, on suppose que l’élongation ne
peut pas avoir lieu avec un monomère libre, il faut nécessairement un complexe actine-G/pro�line.
On suppose également que le taux de dépolymérisation est le même avec ou sans formine.

h Un polymère de taille 1 n’est pas un monomère libre et peut donc s’allonger.

Nous nous intéressons dans cette partie à un seul polymère d’actine, formé d’un nombre de mono-
mères qui �uctue au cours du temps. Les �uctuations de la longueur du polymère dépendent de la
concentration en monomères libres et de la présence éventuelle de deux protéines — la formine et la
pro�line — qui agissent conjointement pour accélérer l’élongation des polymères et ce uniquement
durant la période où une formine est �xée au polymère.

Dans ce modèle, nous considérons qu’il y a un nombre �xe et �ni N de monomères disponibles
et deux modes, correspondant aux deux vitesses d’élongation (avec ou sans formine). La dynamique
d’élongation-raccourcissement des polymères est alors entièrement décrite par le processus markovien
de sauts (LN (t), M(t))t∈R+ = (LN0 (t), LN1 (t), LN2 (t), M(t))t∈R+

où LN0 (t), LN1 (t) et LN2 (t) sont respectivement
le nombre de monomères libres, la longueur du polymère et le nombre de complexes protéiques actine-
G/pro�line au temps t et où (M(t))t∈R+ est un processus Markovien sur {0, 1} déterminant le mode
d’élongation .

A�n d’obtenir un comportement moyen, nous avons étudié la limite quand le nombre de monomères
N tend vers l’in�ni, ce qui correspond alors à une limite de champs moyen. Après avoir prouvé que
notre processus (renormalisé) est tendu (Proposition 1.3.2) et admet une unique limite (Chapitre I Sec-
tion 3.2), nous avons prouvé que notre processus, dépendant de N , converge en loi pour la topologie
de Skorokhod vers un processus déterministe quand N tend vers l’in�ni (Théorème 1.2.1).
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Théorème 1.2.1
Soit Δ =

{
(x1, x2, x3) ∈ [0, 1]3 | x1 + x2 + x3 = 1

}
.

On suppose que la condition initiale LN (0) ∈ Δ converge en distribution vers un vecteur déterministe
(l0(0), l1(0), l2(0)) ∈ Δ.
Alors, lorsque N → ∞, le processus (LN (t))t∈R+ converge en distribution dans DΔ[0,∞[ vers le pro-
cessus déterministe (l(t))t∈R+ = (l0(t), l1(t), l2(t))t∈R+ véri�ant : pour tout t ≤ t0,

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

l0(t) = (l0(0) −
�−
C0)e

−C0t + �−
C0

l1(t) = 1 − l0(t) − l2(t)

l2(t) = l2(0)e−C2t + ΦP
C2−C0(l0(0) −

�−
C0)(e

−C0t − e−C2t ) + ΦP�−
C0C2 (1 − e

−C2t ),

et pour tout t > t0, ⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

l0(t) = l0(t0)e−ΦP (t−t0)

l1(t) = 0

l2(t) = 1 − l0(t)

où t0 = min{t ∈ R+ | l1(t) = 0} est le temps auquel la longueur du �lament atteint 0 (par convention,
t0 = +∞ si l1 n’atteint pas 0).

Tout d’abord, nous avons remarqué qu’il s’agissait d’un problème d’homogénéisation puisque la
limite obtenue correspond à la somme des limites de chaque mode pondérée par la probabilité d’être
dans ce mode. Finalement, l’étude du processus déterministe obtenu nous permet d’obtenir une longueur
moyenne de polymère mais aussi de déterminer le rôle du changement de mode dans l’utilisation de la
ressource, à savoir ici les monomères libres.

4.2 - Dynamique d’une population de polymères

Pour le second modèle du chapitre I, nous nous plaçons désormais à l’échelle d’une population
de polymères. Chaque polymère évolue avec la dynamique décrite dans le modèle précédent (Fig-
ure 1.2). Les �uctuations de la longueur des polymères dépendent alors toujours de la concentration en
monomères libres et en di�érentes protéines mais aussi des interactions entre les di�érents polymères.

L’objectif de cette partie est de trouver un comportement moyen a�n de savoir s’il existe une com-
pétition entre les polymères pour les monomères libres, de déterminer la quantité d’actine polymérisée
et de déterminer la distribution en longueur des polymères d’actine à l’équilibre. Nous avons émis les
mêmes hypothèses que pour le modèle précédent.

Dans ce modèle, nous considérons comme dans le cas précédent que le nombre de monomères est
�xe et �ni égal à N et nous ne prenons en compte que les protéines formine et pro�line. La dynamique
de la population est cette fois décrite par le processus de Markov à valeurs mesure :

(N
t )t∈R+

=
(
KN
t (M, 1)�(M,1) + KN

t (P, 1)�(P,1) +
N
∑
l=1

KN
t (S, l)�(S,l) +

N
∑
l=1

KN
t (F , l)�(F ,l))

t∈R+

où KN
t (T , � ) est le nombre de polymères de type T et de longueur � au temps t ; les di�érents types

étant : les monomères libres (M ), les polymères simple (S), les polymères associés à une formine (F ) et
les complexes actine-G/pro�line (P ).
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Cette fois encore, nous avons cherché un comportement moyen. En considérant qu’il y a un nombre
de polymères de l’ordre de N dans la population et en étudiant la limite quand N tend vers l’in�ni, nous
avons obtenu une limite en grande population. Après avoir prouvé que notre processus (renormalisé)
est tendu (Proposition 1.4.1), nous prouvons en utilisant le théorème 4.8.10 de [EK86] que nous avons
de nouveau une convergence en loi pour la topologie de Skorokhod quand N tend vers l’in�ni, cette
fois vers un processus déterministe à valeurs mesure (Théorème 1.2.2).
Théorème 1.2.2
Soit  = {(M, 1), (P, 1)} ∪ ({S, F} ×ℕ) et soit (1)

 =
{
Z ∈ | ⟨Z, 1⟩ ≤ 1

}
.

On suppose que la condition initiale N
0 converge en distribution vers une limite déterministe

0 ∈(1)
 lorsque N → +∞, et qu’il existe K0 ∈ N tel que pour tout N su�samment grand,

⟨N
0 ,1{l≥K0}⟩ = 0.

Alors le processus (N
t )t∈R+

converge en distribution dans D(1)

[0,∞[ lorsque N → +∞, vers une

limite déterministe (t )t∈R+ qui peut être caractérisée de la façon suivante : si pour tout (T , l) ∈  on
écrit kt (T , l), la masse t ({(T , l)}) donnée par la mesure t au point (T , l), alors

k0(T , l) = 0({(T , l)}),

et
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt kt (M, 1) = �−∑+∞

l=1 (kt (S, l) + kt (F , l)) − �+kt (M, 1)∑+∞
l=1 kt (S, l) − ΦPkt (M, 1)

d
dt kt (P, 1) = ΦPkt (M, 1) − �+Fkt (P, 1)∑

+∞
l=1 kt (F , l),

d
dt kt (S, 1) = Φ−Fkt (F , 1) + �−kt (S, 2) − (�+kt (M, 1) + �− + Φ+F )kt (S, 1)
d
dt kt (F , 1) = Φ+Fkt (S, 1) + �−kt (F , 2) − (�+Fkt (P, 1) + �− + Φ−F )kt (F , 1)

et ∀l ≥ 2,
d
dt kt (S, l) = �+kt (M, 1)kt (S, l − 1) + Φ−Fkt (F , l) + �−kt (S, l + 1) − (�+kt (M, 1) + �− + Φ+F )kt (S, l)
d
dt kt (F , l) = �+Fkt (P, 1)kt (F , l − 1) + Φ+Fkt (S, l) + �−kt (F , l + 1) − (�+Fkt (P, 1) + �− + Φ−F )kt (F , l).

L’étude de ce comportement moyen nous permet d’obtenir la distribution en longueur des polymères
mais surtout de constater qu’il existe une compétition entre les polymères d’actine pour les monomères
libres. La distribution en longueur des polymères est particulièrement importante puisque les propriétés
mécaniques des cellules dépendent directement de la taille des polymères d’actine.

5 - Polymères rami�és

En plus de la dynamique d’élongation-raccourcissement, les polymères ont également la capacité de
se rami�er. Le modèle du chapitre II prend en compte un unique polymère d’actine pouvant s’allonger
spontanément, se rami�er à l’aide du complexe Arp2/3 ou se fragmenter à l’aide de la co�line (Fig-
ure 2.1). Le polymère d’actine n’est donc plus rectiligne mais rami�é et pour le modéliser nous avons
besoin d’un processus à valeurs arbre.

Trouver le bon cadre de travail pour modéliser la dynamique des polymères rami�és s’est révélé
être une tâche di�cile. Notre première idée fut de modéliser les branchements et les fragmentations en
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s’inspirant des modèles utilisant les sous-arbres “prune and re-graft”. Nous avons trouvé assez rapide-
ment comment étudier la convergence de tels processus [EW06, HW14] mais la question de comment
modéliser un arbre est longtemps rester en suspend. Dans la majorité des cas, comme dans [HMPW08],
la croissance des branches n’est pas prise en compte. A�n de prendre en compte l’élongation, chaque
branches menant à une feuille doit pouvoir croître de manière aléatoire. Le modèle présenté dans
[EPW06] prend en compte une croissance déterministe des branches. Ils montrent par ailleurs que le
processus répétant : choix uniforme d’un point de coupe puis croissance déterministe d’une nouvelle
branche au point de coupe, est équivalent au processus répétant : choix uniforme d’un point de coupe
puis “prune-o�” de la partie au dessus du point de coupe puis “re-graft” de ce sous-arbre à la racine puis
croissance déterministe de la racine. Ceci facilite donc le processus d’élongation puisque seule la racine
peut croître. Cependant, s’il est simple de rendre le processus d’élongation aléatoire, nous n’avons pas
trouver comment conserver la taille de chaque branche au cours du temps. C’est �nalement la thèse de
P.K Glöde [Glö13] (utilisant le formalisme des espaces métriques mesurés introduit dans [GPW13]) et
l’idée de prendre en compte uniquement les feuilles et la distance généalogique entre elles qui nous a
permis de développer notre modèle.

Le modèle développé dans le chapitre II de cette thèse a pour but de mieux comprendre la structure
des polymères rami�és, ce qui pourra par exemple permettre de mieux comprendre la formation des
protrusions : extensions membranaires qui permettent aux cellules de se déplacer. Dans cette optique,
nous avons décidé de limiter notre cadre d’étude à la dynamique des polymères rami�ées dans les
protrusions.

Nous considérons alors que deux protéines peuvent interagir avec l’actine : le complexe protéique
Arp2/3 et la co�line. Alors que Arp2/3 permet de créer un nouveau branchement, la co�line entraine
la fragmentation du polymère et donc la perte de branches. Par ailleurs, l’élongation peut avoir lieu à
chaque extrémité du polymère.

La concentration de monomères libres dans les protrusions étant élevée, les monomères libres ne
semblent pas être une quantité limitante dans ce cas. Notre paramètre d’échelle N correspond dans ce
modèle à l’ordre de grandeur du nombre d’extrémités du polymère (feuilles de l’arbre). Nous supposons
de plus que notre polymère est tou�u, c’est à dire qu’il a de nombreuses branches très courtes, et dans
un premier temps, que les �xations de protéines (et a fortiori les branchements et les fragmentations)
n’ont lieu qu’aux extrémités du polymère.

La dynamique du polymère rami�é est alors entièrement décrite par le processus à valeurs arbre
(Dé�nition 2.4.6):

(TNt )t∈R+
= ([INt , r

N
t , u

N
t ])t∈R+

où :

h INt correspond à l’ensemble des indices des feuilles au temps t ,

h (rNt )t∈R+
est un processus à valeurs distance correspondant à la distance généalogique (i.e. le

long des branches de l’arbre) entre les feuilles,

h (uNt )t∈R+
est un processus à valeurs mesure donnant une masse 1

N à chaque feuille de l’arbre.

Nous notons également (X̃N
t )t∈R+

= (uNt (INt ))t∈R+
la masse totale de (uNt )t∈R+

, qui correspond aussi
au nombre de feuilles renormalisé. Ce processus (X̃N

t )t∈R+
correspond à un processus de naissance

et de mort. Chaque feuille s’associe à un complexe Arp2/3 ou à une co�line à taux N� (avec � > 0),
indépendamment des autres feuilles. Lorsqu’une telle �xation de protéine se produit, il s’agit d’un
branchement (�xation d’un complexe Arp2/3) à probabilité pN2 = 1

2 +
a
N (avec a ∈ R), ou d’une frag-

mentation (�xation d’une co�line) à probabilité pN0 = 1
2 −

a
N . Un branchement entraine la création d’une

nouvelle feuille alors que la fragmentation entraine la disparition d’une feuille.
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Nous avons prouvé que le processus arrêté associé à (TNt )t∈R+
est tendu (Proposition 2.7.1). A�n

de prouver la convergence en loi de notre processus à valeurs arbre, nous avons prouvé que (TN⋅ )N∈N
admet une sous-suite convergente et que cette sous-suite véri�e un certain problème de martingale
(Théorème 2.8.26), puis que ce problème de martingale est bien posé (Théorème 2.8.27).

Théorème 2.8.26
Soit R ∈ N∗.

On suppose lim sup
N→+∞

E [X̃N
0 ] < ∞ et TN0,R


⟶
N→+∞

� ∈1(T) où �(M>0) = 1.

Alors, (TN⋅,R)N∈N est relativement compact surDT[0, +∞[ et la limite de chaque sous-suite convergente
est solution du problème de martingale :

(∞, HR , �) ,

où :

h ∞ est la limite quand N → +∞ du générateur in�nitésimal du processus TN ,

h
HR est l’espace vectoriel engendré par :

HR =
{
Ψ ∈ ΠΨ (1bcb ,∞K ) | ∞Ψ ≡ 0 on T ([0, 1/R])

}
.

Théorème 2.8.27
Soit R ∈ N∗.

On suppose lim sup
N→+∞

E [X̃N
0 ] < ∞ et TN0,R


⟶
N→+∞

� ∈1(T) où �(M>0) = 1.

Alors, le processus arrêté TNR converge en distribution dans DT[0, +∞[ quand N → +∞ vers
T∞ = (T∞t )t∈R+

. De plus, la limite véri�e la propriété de Feller (ce qui signi�e que pour toute fonc-
tion continue et bornée Φ sur T, la fonction � ↦ E� [Φ (T∞t )] est continue pour la topologie faible
sur 1 (T)), la propriété de Markov forte et il existe presque sûrement une version à trajectoires
continues.

Par ailleurs, nous avons prouvé que le processus (X̃N
t )t∈R+

converge en distribution vers une dif-
fusion de Feller (Proposition 2.8.28).

Proposition 2.8.28
On suppose que lim sup

N→+∞
E [X̃N

0 ] < M < +∞.

On suppose de plus que �N = oi [X̃N
0 ]


⟶
N→+∞

� ∈1(R+).

Alors
X̃N 

⟶
N→+∞

X̃∞

sur DR+[0, +∞[, où X̃∞ est une di�usion de Feller solution de :

dZt = 2a�Ztdt +
√
�ZtdBt ,

et telle que oi [X̃N
0 ] = � .
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Finalement, nous détaillons les améliorations qu’il serait intéressant de prendre en compte — ainsi
que quelques pistes de mise en œuvre — a�n de rendre notre modèle plus pertinent biologiquement et
plus innovant mathématiquement.

6 - Exploration numérique des modèles

Chaque modèle que nous avons développé a été implémenté en C++ et/ou R a�n de pouvoir réaliser
des simulations. La Section 5 du Chapitre I se concentre sur un exemple intéressant de comportement
obtenu pour un polymère simple puis pour une population de polymères. Cet exemple permet en-
tre autres d’observer l’e�et du changement de vitesse d’élongation. En e�et, lorsqu’on considère un
unique polymère d’actine, on observe que le changement de vitesse d’élongation permet une meilleure
utilisation des monomères libres. Nous avons ensuite déterminé le critère (1.56) qui assure que ce
phénomène se produit dès lors que ΦP est su�samment petit. Lorsqu’on considère une population
de polymères d’actine, nous avons constaté que le changement de vitesse ne permet pas d’améliorer
l’utilisation des monomères libres mais permet d’obtenir des polymères plus long. Les Sections 2 et 3
du Chapitre III présentent l’exploration numérique qui nous a conduit a cet exemple particulièrement
intéressant. Cette étude qualitative des di�érents comportements pouvant être rencontrés nous permet
également d’identi�er le rôle des paramètres et donc de chaque protéine. Nous étudions dans la Sec-
tion 3 les mêmes cas que dans la Section 2 mais dans une population de polymères. Cela nous permet
d’exhiber l’e�et de la compétition entre les polymères. Le code utilisé pour réaliser l’ensemble de ces
simulations est disponible en Annexe A.

La Section 10 du Chapitre II présente succinctement l’e�et des di�érents paramètres sur la topolo-
gie du polymère branché. Dans cette partie, une seule réalisation est présentée alors qu’il existe une
variabilité plus ou moins importante selon les cas ; l’objectif est donc de donner un caractère concret au
modèle et non de proposer une étude qualitative. Dans un second temps, nous observons l’e�et des dif-
férentes améliorations proposées dans la Section 9 dédiée aux perspectives. Cela nous permet de tester
nos hypothèses et de déterminer quelles améliorations in�uencent signi�cativement le comportement.
Le code utilisé pour réaliser l’ensemble de ces simulations est disponible en Annexe B.

Finalement, dans la Section 4 du Chapitre III nous présentons un dernier modèle prenant en compte
plus de protéines accessoires : formine, pro�line, Arp2/3, co�line et protéines de coi�e. La dynamique
est alors complexe puisque beaucoup de phénomènes sont considérés : élongation et dépolymérisation
spontanée, élongation rapide par la formine et la pro�line, création de complexe actine-G/pro�line,
attachement et détachement des formines, attachement et détachement des complexes Arp2/3, capping,
nucléation et fragmentation. Ce dernier modèle a pour but d’explorer, par simulations uniquement,
les interactions entre les polymères linéaires et les polymères branchés. Dans la volonté d’obtenir des
résultats particulièrement proches de la réalité, nous avons fait le lien entre nos paramètres et les valeurs
observées en biologie.

L’implémentation de ce modèle (disponible en Annexe C) ayant été plus délicate que prévu, nous
n’avons pas eu le temps d’explorer ce modèle autant que nous l’aurions souhaité. Nous présentons
toutefois les résultats obtenus pour une réalisation aléatoire en utilisant les paramètres déterminés à
partir des données biologiques. Ceci permet entre autres de montrer l’étendue des possibilités o�erte
par cette implémentation. Nous terminons en présentant une application biologique concrète ainsi
qu’une conjecture mathématique que nous avions l’ambition d’étudier mais que nous laissons en per-
spective.
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This chapter corresponds to article [RVGV21] “The role of mode switching in a population of actin
polymers with constraints” in collaboration with Amandine Véber and François Robin, published in
Journal of Mathematical Biology.

Corollary 1.4.3 appears here with a minor correction. Indeed, in the published version there is an
unwanted coe�cient F∞(t) multiplying the elongation rates (spontaneous and with a formin). Sys-
tem (1.58) and condition (1.59) (resulting from this corollary) have been corrected too. This mistake has
no impact on our discussion and conclusion.

1 - Abstract

In this paper, we introduce a stochastic model for the dynamics of actin polymers and their in-
teractions with other proteins in the cellular envelop. Each polymer elongates and shortens, and can
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switch between several modes depending on whether it is bound to accessory proteins that modulate
its behaviour as, for example, elongation-promoting factors. Our main aim is to understand the dy-
namics of a large population of polymers, assuming that the only limiting quantity is the total amount
of monomers, set to be constant to some large N .

We �rst focus on the evolution of a very long polymer, of size (N ), with a rapid switch between
modes (compared to the time-scale over which the macroscopic �uctuations in the polymer size appear).
Letting N tend to in�nity, we obtain a �uid limit in which the e�ect of the switching appears only
through the fraction of time spent in each mode at equilibrium. We show in particular that, in our
situation where the number of monomers is limiting, a rapid binding-unbinding dynamics may lead to
an increased elongation rate compared to the case where the polymer is trapped in any of the modes.

Next, we consider a large population of polymers and complexes, represented by a random measure
on some appropriate type space. We show that as N tends to in�nity, the stochastic system converges
to a deterministic limit in which the switching appears as a �ow between two categories of polymers.
We exhibit some numerical examples in which the limiting behaviour of a single polymer di�ers from
that of a population of competing (shorter) polymers for equivalent model parameters.

Taken together, our results demonstrate that under conditions where the total number of monomers
is limiting, the study of a single polymer is not su�cient to understand the behaviour of an ensemble
of competing polymers.

2 - Introduction

2.1 - Actin Cytoskeleton and Cell Mechanics

During the embryonic development, cell mechanics plays a central role in many cell behaviours,
from cell shape changes to cell division, cell migration and cell rearrangements [LL07]. In animals,
these mechanical properties are largely determined by the cortical actomyosin cytoskeleton, a 200-500nm
thick network of actin and myosin polymers assembled beneath the cell membrane. Several parameters
play a key role in determining the properties of this 2d active gel, including its turnover rate, density,
crosslinking and its �ne architecture. In particular, the distribution of polymer lengths in the cytoskele-
ton has a strong impact on the mechanical properties of the gel and the cell. In this paper, we focus on
the dynamics of actin polymer assembly in the presence of two classes of proteins that modulate the
assembly dynamics, formins and pro�lins. Our main assumption is that the total number of monomers
in the system is �xed to some (large) N , re�ecting the fact that this quantity is a limiting factor in the
evolution of the population of polymers.

In cells, actin exists in two forms: monomers (or G-actin) and polymers (or F-actin). The G-actin
monomer addition is coupled to an ATP hydrolysis. Along with the structural polar organisation of the
F-actin �lament, this causes both extremities of a polymer to display distinct kinetic properties: one
with fast kinetics, or plus end, and one with slow kinetics, or minus end. In vitro actin assembly can
reach a steady state where polymerisation, occurring at the plus end, is balanced by depolymerisation,
occurring at the minus end. Note that in this work we are not interested in the spatial conformation
of the polymers or their spatial organisation in the cellular cortex: provided there are available free
monomers, a polymer can grow irrespective of its size.

A large number of accessory proteins interact with actin polymers and modify their dynamics, thus
contributing to the shaping of the actin network in a cell- and tissue-speci�c manner. Here we consider
only two such interactors: formins and pro�lins. Formins form a large family of dimeric proteins with
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a wide range of biochemical properties associated with their function in the cell. These proteins bind to
the plus end of actin �laments, drive a processive �lament elongation and modulate the actin elongation
rate [Kov06, KHM+06]. Pro�lin is an abundant protein which regulates the actin dynamics by promot-
ing ADP-to-ATP exchanges on G-Actin, renewing the ATP-actin pool. Importantly, pro�lin has been
shown to a�ect di�erently distinct actin sub-networks, increasing the elongation rate by formins up to
15-fold, while decreasing the branching of branched networks [BCB+14, RWH+15, SCB+15]. In order
to disentangle the di�erent mechanisms underlying the composition in distinct polymer structures of
the whole population of actin polymers, in this work we do not consider the sub-network of branched
�laments (i.e. tree-like structures induced by another protein called Arp2/3) and instead focus on the
positive e�ect of formins and pro�lins on the elongation rate of the sub-network of simple polymers.
Taking branching into account is signi�catively more di�cult and will be the object of future work.
Each formin can thus bind to or unbind from a polymer at a given rate. We shall say that a polymer is
in “fast” mode if it is associated with a formin and therefore polymerises faster. When it is not bound
with a formin, we say that it is in “normal” mode. To account for the role of pro�lin balancing the two
network populations, we formally assembled �laments in “normal” mode from a G-actin complexes,
while �laments in “fast” mode were assembled from G-actin/pro�lin (Figure 1.1 and [SK16]). Finally,
note that our simple model, we also ignore the e�ect of the formins on actin nucleation.

Our main interest is twofold: understand the consequences of the fact that monomers are in lim-
ited numbers (being free, in a complex with a pro�lin or inserted in a polymer), and characterise the
impact of the switching between two modes on the distribution of polymer lengths and on the frac-
tion of monomers incorporated in a polymer. Several models for actin assembly have already been
developed [BODM04, EKE98, EEK98, YB09, YDB08]. The majority of these models are either determin-
istic and focus on a steady-state equilibrium, or are stochastic and are studied by Monte-Carlo simula-
tions [Bin10, PB09]. Most of the models taking into account a population of actin polymers rely on very
speci�c assumptions and are not developed in a general context. Indeed, many of them concentrate on
cell motility and therefore focus on the dynamics of actin in protrusions [BODM04, MEK02a] or in
the geometrical organisation of the actin network [CEK94]. More general models like [EKE98, EEK98]
do not take into account the faster elongation of polymers bound with a formin, and neither do they
consider the e�ect of the switching between spontaneous elongation and elongation with a formin.
The works [HO11] and [MLH+17] use the same approach as ours to study the average length of an
actin polymer and the distribution of the polymer lengths. However, [HO11] does not consider the
large population limit of their model and [MLH+17] focuses more on the importance of having two
types of monomers (ATP and ADP) than on the e�ects of accessory proteins. Apart from the popu-
lation approaches listed above, most of the existing literature tends to focus on a single polymer, or
on two competing polymers, with the idea that very large populations of polymers will then be well-
described by the law of an “average” polymer. Importantly, we wanted to explore the e�ect of the
competition between di�erent sub-populations of polymers, elongated by distinct factors, for a unique,
limited monomer pool.

To this end, we �rst consider a single polymer and its interactions with formins and pro�lins in Sec-
tion 2.2. Taking a particular limit as the total number of monomers in the system tends to in�nity, we
show that if we allow this polymer to “live” for a very long time (by taking its initial length to be of order
(N )), then its interactions with formins average out and the resulting asymptotic polymerisation rate
is a weighted average between the polymerisation rate in fast and in normal mode (i.e. when bound or
not with a formin). In Section 2.3, we instead consider a large population of short competing polymers
and show that, because short polymers never reach such a long lifetime, the intuitive homogenisation
result of Section 2.2 does not apply and the competition for free monomers or G-actin/pro�lin com-
plexes has a strong impact on the size distribution within the population of polymers. In Section 5,
we show by simulation that the characteristics of a single polymer considered on its own can di�er
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signi�cantly from the distribution in polymer lengths in a large population even for equivalent model
parameters.

2.2 - Switching Dynamics of a Single Actin Polymer

2.2.1 - The model

We �rst focus on the e�ect of the switching between di�erent modes on the evolution of a single
polymer. We restrict our attention to two modes (fast and normal), but our result would easily carry
over to the case of �nitely many modes under some natural ergodicity conditions.

The model we propose below takes into account the spontaneous elongation of the polymer as
well as the e�ects of formins and pro�lins. If there are no formins attached to the plus end of the
polymer, elongation is spontaneous and consumes free monomers. In contrast, if there is a formin on
the polymer, elongation is induced by the formin and G-actin/pro�lin complexes are integrated into
the polymer instead of free monomers. Only one formin can be bound to the polymer at a time. Recall
that in the �rst case we say that the polymer is in “normal” mode, while the second case is called the
“fast” mode. For every t ≥ 0, we write M(t) = 0 (resp. M(t) = 1) if the polymer is in normal (resp. fast)
mode at time t .

As we want monomers to be a limiting factor, we assume that the total number of monomers in
the system is �xed through time to some N ∈ ℕ. These monomers can be in three states: free, in the
polymer or held in a G-actin/pro�lin complex (each involving only one monomer). At any given time
t ≥ 0, the current number of free monomers is denoted by LN0 (t), the length of the polymer by LN1 (t)
and the number of G-actin/pro�lin complexes by LN2 (t). We also de�ne:

LN (t) def= (LN0 (t), L
N
1 (t), L

N
2 (t)) . (1.1)

Writing [N ] for the set {0, 1, 2,… , N}, we thus have for any i ∈ {0, 1, 2} and any t ∈ R+: LNi (t) ∈ [N ]
and

LN0 (t) + L
N
1 (t) + L

N
2 (t) = N . (1.2)

The model incorporates six types of events, illustrated in Figure 1.1:

1. Spontaneous elongation. If the polymer has positive length and is in normal mode, elongation
(at the plus end) is spontaneous, and we assume that the rate at which it occurs is proportional to
the current density of free monomers. That is, the instantaneous rate of spontaneous elongation
a time t is given by 1{M(t−)=0}1{LN1 (t−)>0}�

+LN0 (t−)/N , for some constant �+ ≥ 0 and where we
denote by 1S the indicator function of a set S. The new value of the vector describing the system
is then:

LN (t) = (LN0 (t−) − 1, L
N
1 (t−) + 1, L

N
2 (t−)) .

2. Elongation with a formin. If the system is in fast mode and the polymer has positive length,
elongation (also at the plus end) is induced by a formin and consumes G-actin/pro�lin complexes.
Therefore, in this case we suppose that the instantaneous rate of polymerisation is proportional
to the density of available complexes, i.e. is equal to 1{M(t−)=1}1{LN1 (t−)>0}�

+
FLN2 (t−)/N for some

constant �+F ≥ 0. The vector LN then jumps to:

LN (t) = (LN0 (t−), L
N
1 (t−) + 1, L

N
2 (t−) − 1) .
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3. Depolymerisation. In both modes, the polymer can release a monomer (from the minus end) if
its length has not already reached 0. We write 1{LN1 (t−)>0}�

− for rate of depolymerisation, where
�− is a non-negative constant, and the new value of LN is then:

LN (t) = (LN0 (t−) + 1, L
N
1 (t−) − 1, L

N
2 (t−)) .

4. Production of complexes. Independently of the mode of the polymer, a free monomer and a
pro�lin can react and produce a G-actin/pro�lin complex. Assuming that pro�lin is not a limiting
factor, the instantaneous rate of production of G-actin/pro�lin complexes at time t is given by
ΦPLN0 (t−)/N , for some constant ΦP that takes into account the concentration in pro�lin in the
cellular cortex. The new value of LN after such an event is:

LN (t) = (LN0 (t−) − 1, L
N
1 (t−), L

N
2 (t−) + 1) .

5. Binding of a formin. If the polymer is in normal mode, a formin can bind to its plus end and
the polymer switches to the fast mode. We write Φ+F for the constant rate of occurrence such a
switch from normal to fast mode. This event does not modify the value of LN , but corresponds
to a jump from 0 to 1 for M(t).

6. Release of a formin. If the polymer is in fast mode, the formin bound to it can be released
and the polymer switches to the normal mode. We denote Φ−F the constant rate of such a switch.
Again, this event only a�ects the process M , which jumps from 1 to 0.

Observe that monomers cannot spontaneously detach from a G-actin/pro�lin complex. However, when
a complex is integrated into a polymer, its depolymerisation results in the separation of the complex into
a free monomer and a (free) pro�lin. Once the length of the polymer has reached 0, for mathematical
convenience we suppose that (M(t))t∈R+ keeps on jumping from 0 to 1 at rate Φ+F and from 1 to 0 at rate
Φ−F for all times, even if this assumption has no biological meaning.

Figure 1.1 Schematic representation of the model for the dynamics of a single actin polymer and its
interaction with formins and pro�lins. Red single units represent monomers, red-green units represent
G-actin/pro�lin complexes and the strand of red units at the top of each box represents the polymer.
The green oval depicts a formin bound to the polymer.

The system is fully described by the Markov process (LN (t), M(t))t∈R+ . From the above, we see that
(M(t))t∈R+ is a Markov jump process with values in {0, 1}, switching from 0 to 1 at rate Φ+F and from
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1 to 0 at rate Φ−F . We assume that Φ+F + Φ−F > 0 to ensure the presence of mode switching. It evolves
independently of the process (LN (t))t∈R+ , while the dynamics of (LN (t))t∈R+ depends on (M(t))t∈R+ .
Since (M(t))t∈R+ is an irreducible Markov process on a �nite state space, it has a unique stationary
distribution �M given by:

(�M (0) , �M (1)) = (
Φ−F

Φ+F + Φ−F
,

Φ+F
Φ+F + Φ−F )

. (1.3)

This stationary distribution will appear in the homogenisation result presented in the next section.

2.2.2 - Large-N limit

In order to understand the �rst order �uctuations of the system, we let the total number of monomers
tend to in�nity and look for a �uid limit as N tends to in�nity. That is, we consider the scaled (non-
Markovian) process,

LN (t) = (L
N
0 (t), LN1 (t), LN2 (t))

def= (
LN0 (Nt)
N

,
LN1 (Nt)
N

,
LN2 (Nt)
N ) , (1.4)

and we want to prove that LN = (L
N (t))t∈R+

converges to a deterministic limit as N → +∞.

Let us write:
Δ def=

{
(x1, x2, x3) ∈ [0, 1]3 | x1 + x2 + x3 = 1

}
(1.5)

for the compact set in which LN takes its values for every N and Δ[0, +∞[ for the space of all càdlàg
Δ-valued paths, which we endow with the standard Skorokhod topology. Let

C0
def= �M (0)�+ + ΦP and C2

def= �M (1)�+F , (1.6)

where �M (0) and �M (1) are de�ned in (1.3). The constants C0 and C2 are respectively the rate of
consumption of free monomers and of G-actin/pro�lin complexes when the processM is at stationarity.
To avoid trivialities, we suppose that these two quantities are positive.

We can now formulate the main result of this section.
Theorem 1.2.1 (Fluid Limit)
Suppose that the initial condition LN (0) ∈ Δ converges in distribution to some deterministic vector
(l0(0), l1(0), l2(0)) ∈ Δ. Then as N → +∞, the process LN converges in distribution in DΔ[0, +∞[ to the
deterministic process (l(t))t∈R+ = (l0(t), l1(t), l2(t))t∈R+ satisfying: for every t ≤ t0,

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

l0(t) = (l0(0) −
�−
C0) e

−C0t + �−
C0 ,

l1(t) = 1 − l0(t) − l2(t),

l2(t) = l2(0)e−C2t + ΦP
C2−C0 (l0(0) −

�−
C0) (e−C0t − e−C2t) + ΦP�−

C0C2 (1 − e
−C2t) ,

and for every t > t0, ⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

l0(t) = l0(t0)e−ΦP (t−t0),

l1(t) = 0,

l2(t) = 1 − l0, (t)

where t0 = min{t ∈ R+ ∶ l1(t) = 0} is the time at which the polymer “size” cancels (by convention,
t0 = +∞ if l1 does not reach 0).
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We easily see from Theorem 1.2.1 that the system obtained in the limit has a unique equilibrium,
which depends on whether t0 < +∞ or not. If t0 < +∞ then the system converges to (0, 0, 1) and
every monomer ends up associated with a pro�lin. In contrast, if t0 = +∞, the limiting distribution of
monomers into the three di�erent categories is given by:

(
�−

C0
, 1 −

�−

C0
−
�−ΦP
C0C2

,
�−ΦP
C0C2)

. (1.7)

Observe that the limiting amount of free monomers corresponds to the ratio of the asymptotic rate
of increase of the free monomer pool, �−, by the asymptotic rate C0 = �M (0)�+ + ΦP at which free
monomers are consumed by the polymer elongation in normal mode and the creation of G-actin/pro�lin
complexes. Likewise, since complexes can only be created by the reaction of a free monomer with
a pro�lin, the limiting amount of complexes can be read as the ratio of their creation rate from the
pool of free monomers at equilibrium, (�−/C0) × ΦP , by the rate of consumption of complexes through
polymerisation in fast mode, C2.

A natural question, on which we shall not dwell, is of course to ask when t0 is �nite. An obvious
su�cient (but not necessary) condition for t0 < ∞ is:

1 −
�−

C0
−
�−ΦP
C0C2

< 0. (1.8)

Theorem 1.2.1 pertains to the family of stochastic homogenisation results such as [PP15]. Indeed,
although most reactions occur on a similar time-scale, the time it takes to the polymer to see its length
change by (N ) units (so that this change may be visible after our rescaling of LN1 by N ) is of the
order of (N ) original time units, and is therefore much larger than the time of order (1) that the
binding and release of formins take. What our result shows is that, in the limit as N tends to in�nity,
the fast dynamics of mode switching equilibrates and only its stationary distribution �M impacts the
slow dynamics of the polymer elongation and shortening. Recalling that �M (0) (resp. �M (1)) can be
interpreted as the fraction of time spent in the normal mode (resp. fast mode) over the very long
time-scale considered here (by ergodicity), we see that, as mentioned earlier, C0 (resp. C2) corresponds
to a global rate of consumption of free monomers (resp. of G-actin/pro�lin complexes) when M is at
stationarity, and the average behaviour described by the equations stated in Theorem 1.2.1 corresponds
to the barycenter between the behaviour of the system when it is in normal mode and the behaviour
of the system when it is in fast mode.

Notice that our approach is similar to that of [PP15, RS17], in which each individual switches state
(or spatial location) independently, but it di�ers from many stochastic homogenisation results such
as [BV17] or [BL16], in which it is the environment where all individuals evolve which switches fast,
a�ecting the population as a whole. More precisely, in our study �uctuations are not on the scale of the
population but on the scale of the individuals since each polymer can be in several modes independently
of the others. This kind of random individual state switching seems less studied than the long-term
averaging e�ect of environmental switches.

The limiting process (l(t))t∈R+ allows us to understand the impact of the restriction on monomers
and of the interaction with formins and pro�lins on the dynamics of a single polymer. However, our
model does not take into account the competition between the numerous polymers which are present
in the cellular cortex. As a consequence, we now build on our model for a single polymer to construct
and analyse a more complex model for a population of actin polymers.
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2.3 - Switching Dynamics for a Population of Actin Polymers

2.3.1 - The model

We now consider a population of actin polymers undergoing the same reactions as in the previous
section. Recall that we assume that the total number of monomers in the system is �xed, equal toN ∈ ℕ.
Again, these monomers can be free, in a G-actin/pro�lin complex, in a polymer bound with a formin or
in a simple polymer (with no formin attached). As earlier, if an actin polymer is simple its elongation
consumes free actin monomers, and if the polymer is associated with a formin, its elongation consumes
only G-actin/pro�lin complexes. To ease the exposition, we shall consider that free monomers and G-
actin/pro�lin complexes are two types of actin polymers.

Since we want to understand the distribution of polymer lengths within the population as well as
the amounts of monomers contained in each category of polymers, we describe every element of the
population by its type and its length. More precisely, free monomers are denoted byM , G-actin/pro�lin
complexes by P , simple actin polymers by S and actin polymers bound with a formin by F . Polymers of
type M and P can only be of size 1, while polymers of type S and F can be of any length in {1, 2,… , N}.
By convention, we distinguish between polymers of length one and free monomers as polymers made
of a single monomer can grow again. Other conventions are possible and similar results to the ones
presented below can be obtained using the same arguments as in the proof of Theorem 1.2.2.

Later it will be more convenient to have a state space independent of N , we thus let

 def= {(M, 1), (P, 1)} ∪ ({S, F} ×ℕ) , (1.9)

and for every pair (T , l) ∈  and every t ≥ 0, we de�ne KN
t (T , l) as the number of polymers of type T

and length l present in the system at time t . Here we use the convention ℕ = {1, 2,…}. The system at
every time t is described by its empirical distribution N

t :

N
t

def= KN
t (M, 1)�(M,1) + KN

t (P, 1)�(P,1) +
N
∑
l=1

KN
t (S, l)�(S,l) +

N
∑
l=1

KN
t (F , l)�(F ,l), (1.10)

where �x denotes a Dirac mass at x . Each N
t is thus a random measure on . We write  for the

space of all �nite measures on , endowed with the topology of weak convergence.
Let us make a few remarks. First, let pl denote the projector (T , l) ↦ l that returns the second

coordinate of an element in . For every Z ∈  and every measurable function f ∶  → ℝ, we use
the standard notation:

⟨Z, f ⟩ = ∫

f (i)Z (di),

whenever this integral makes sense. Since the total number of monomers is N , for every t ≥ 0we have
KN
t (⋅, l) = 0 if l > N and

⟨N
t , pl⟩ = KN

t (M, 1) + KN
t (P, 1) +

N
∑
l=1

lKN
t (S, l) +

N
∑
l=1

lKN
t (F , l) = N . (1.11)

The total number of “real” polymers (i.e. that are not free monomers or complexes) is denoted by FN (t):

FN (t) def=
N
∑
l=1

(KN
t (S, l) + K

N
t (F , l)) = ⟨N

t ,1(S,⋅) + 1(F ,⋅)⟩ . (1.12)
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Observe that the quantity KN (M, 1) corresponds to what we called LN0 in the model with one poly-
mer and KN (P, 1) corresponds to what we called LN2 . The other quantities are not quite comparable to
those introduced in the previous model, but an analogue of L1 would be the total number of monomers
inserted in a polymer:

MN
inF (t)

def=
N
∑
l=1

l (KN
t (S, l) + K

N
t (F , l)) = ⟨N

t , pl(1(S,⋅) + 1(F ,⋅))⟩ . (1.13)

The process (N
t )t∈R+ evolves according to the same six types of transitions as in the single polymer

model.

1. Spontaneous elongation. Each simple polymer can elongate by catching a free monomer, inde-
pendently of the other polymers. As in the �rst model, �+KN

t−(M, 1)/N is the constant rate at which
a given polymer captures a free monomer. Consequently, the total rate at which a spontaneous
elongation happens at time t is �+(KN

t−(M, 1)/N )∑l≥1 KN
t−(S, l) and conditionally on this polymer

being of size � just before the event (which happens with probability KN
t−(S, � )/∑l KN

t−(S, l)), this
corresponds to a transition to:

N
t = N

t− − �(S,� ) − �(M,1) + �(S,�+1),

or equivalently to:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

KN
t (S, � ) = KN

t−(S, � ) − 1,
KN
t (S, � + 1) = KN

t−(S, � + 1) + 1,
KN
t (M, 1) = KN

t−(M, 1) − 1.

2. Elongation with a formin. Each polymer associated with a formin can elongate by absorb-
ing a G-actin/pro�lin complex (again, independently of the other polymers). As in the previ-
ous type of transition, the total rate at which an elongation with a formin happens at time t is
�+F (KN

t−(P, 1)/N )∑l KN
t−(F , l) and conditionally on this polymer being of size � just before the event

(which happens with probability KN
t−(F , � )/∑l KN

t−(F , l)), this corresponds to a transition to:

N
t = N

t− − �(F ,� ) − �(P,1) + �(F ,�+1),

or equivalently to:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

KN
t (F , � ) = KN

t−(F , � ) − 1,
KN
t (F , � + 1) = KN

t−(F , � + 1) + 1,
KN
t (P, 1) = KN

t−(P, 1) − 1.

3. Depolymerisation. Each polymer of length l ≥ 1 (bound or not with a formin) can release a
monomer at rate �− and this monomer becomes “free”. The (total) instantaneous rate at which
depolymerisation occurs to a polymer of length � at time t is thus �−(KN

t−(S, � ) + KN
t−(F , � )), and if

T ∈ {S, F} is the type of this polymer, the new value of the empirical measure at time t is:

N
t = N

t− − �(T ,� ) + �(M,1) + �(T ,�−1)1{�≥2}.

or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

KN
t (T , � ) = KN

t−(T , � ) − 1,
KN
t (T , � − 1) = KN

t−(T , � − 1) + 1,
KN
t (M, 1) = KN

t−(M, 1) + 1.
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4. Production of complexes. Each free monomer can bind with a pro�lin and create a G-actin/pro�lin
complex at rateΦP , independently of the others. Therefore, the total rate of creation of complexes
at time t is ΦPKN

t−(M, 1) and the new state of the system after such an event is:

N
t = N

t− − �(M,1) + �(P,1).

or equivalently: {
KN
t (P, 1) = KN

t−(P, 1) + 1,
KN
t (M, 1) = KN

t−(M, 1) − 1.

5. Binding of a formin. Each simple polymer of length l can bind with a formin and therefore
change category (or “mode”), independently of the other polymers. If we write again Φ+F for the
rate at which a given simple polymer becomes bound with a formin, the total rate at which such
an event occurs is Φ+FKN

t−(S, l) and conditionally on the length of the polymer concerned being � ,
the new state of the system is:

N
t = N

t− − �(S,� ) + �(F ,� ).

or equivalently: {
KN
t (S, � ) = KN

t−(S, � ) − 1,
KN
t (F , � ) = KN

t−(F , � ) + 1.

6. Release of a formin. Each polymer associated with a formin can have this association broken
at rate Φ−F , independently of the other polymers. Hence, the total rate of release of a formin by a
polymer of length � at time t is Φ−FKN

t−(F , � ), and the new state of the system after such an event
is:

N
t = N

t− − �(F ,� ) + �(S,� ).

or equivalently: {
KN
t (F , � ) = KN

t−(F , � ) − 1,
KN
t (S, � ) = KN

t−(S, � ) + 1.

Figure 1.2 summarises all the events described above.

2.3.2 - Large-N limit

We now look for a large population limit, describing the �rst order behaviour of our population of
polymers. More precisely, for every N ∈ N and t ∈ R+, we set:

N
t

def=
1
N

N
t . (1.14)

By construction, each N
t takes its values in the set ∗

 de�ned by:

∗
 = {Z ∈ | ⟨Z, pl⟩ = 1} , (1.15)

where we recall that  is the set of all �nite measures on  (see (1.9)), and ⟨Z, pl⟩ is de�ned as in
(1.11). In particular, since the length l of every monomer/polymer is at least one, we have

∗
 ⊂ (1)


def= {Z ∈ | ⟨Z, 1⟩ ≤ 1} . (1.16)
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Figure 1.2 Transitions in the model for a population of polymers. Simple polymers can elongate by
catching a free monomer, release a monomer that becomes free, or switch to the “fast” mode by binding
with a formin. Polymers bound with a formin can elongate by catching a G-actin/pro�lin complex,
release a monomer that becomes free, or switch to the “normal” mode by releasing the attached formin.
Finally, free monomers and pro�lins can bind to form G-actin/pro�lin complexes.

We now let N tend to in�nity, assuming that the sequence of initial values N
0 converges to some

measure in (1)
 and that the support of N

0 is bounded uniformly in N . Note that we do not scale time
by a factor N as we did to obtain the �uid limit for a single polymer in Section 2.2. Our main result is
the following. We denote the space of all càdlàg trajectories with values in (1)

 by D(1)

[0, +∞[ and

we endow it with the standard Skorokhod topology.

Theorem 1.2.2 (Large Population Limit)
Suppose that the initial condition N

0 converges in distribution to a deterministic limit 0 ∈ (1)
 as

N → +∞, and that there exists K0 ∈ N such that for every N su�ciently large,

⟨N
0 ,1{l≥K0}⟩ = 0. (1.17)

Then the process N converges in distribution in D(1)

[0, +∞[ as N → +∞, to a deterministic limit

 = (t )t∈R+
which can be characterised as follows.

If for every (T , l) ∈  we write kt (T , l) for the mass t ({(T , l)}) given by t to the point (T , l),
then:

k0(T , l) = 0({(T , l)}),
and
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt kt (M, 1) = �−∑+∞

l=1 (kt (S, l) + kt (F , l)) − �+kt (M, 1)∑+∞
l=1 kt (S, l) − ΦPkt (M, 1)

d
dt kt (P, 1) = ΦPkt (M, 1) − �+Fkt (P, 1)∑

+∞
l=1 kt (F , l),

d
dt kt (S, 1) = Φ−Fkt (F , 1) + �−kt (S, 2) − (�+kt (M, 1) + �− + Φ+F )kt (S, 1)
d
dt kt (F , 1) = Φ+Fkt (S, 1) + �−kt (F , 2) − (�+Fkt (P, 1) + �− + Φ−F )kt (F , 1)

and ∀l ≥ 2,
d
dt kt (S, l) = �+kt (M, 1)kt (S, l − 1) + Φ−Fkt (F , l) + �−kt (S, l + 1) − (�+kt (M, 1) + �− + Φ+F )kt (S, l)
d
dt kt (F , l) = �+Fkt (P, 1)kt (F , l − 1) + Φ+Fkt (S, l) + �−kt (F , l + 1) − (�+Fkt (P, 1) + �− + Φ−F )kt (F , l).

Remark 1.2.3 q
i - Ideally, we would like to replace the assumption that 0 ∈ (1)

 by 0 ∈ ∗
 and obtain the

convergence of the sequence (N )N≥1 in D∗

[0, +∞[. However, the fact that t ∈ ∗

 for all
t ≥ 0 is not guaranteed by the convergence in distribution of N

t seen as a �nite measure on
, since the function pl ∶ (T , l) ↦ l is not bounded continuous on  and so the property that
⟨t , pl⟩ = 1 needs not hold in the limit. In Remark 1.4.2, we argue that in the limiting system,
at any time t ≥ 0 we have ⟨t , pl⟩ < ∞. Unfortunately, we were not able to prove that this
integral is actually equal to 1. For this, one would have to be able either to compute the dynamics
of (⟨t , pl⟩)t∈R+

from the system of equations stated in Theorem 1.2.2, or to �nely control the
total length of polymers in the stochastic pre-limiting system, and in particular to control the
amount of polymers of length larger than a given m ∈ ℕ uniformly in N (for each given time
t ≥ 0). Indeed, although the probability that very long polymers form in a �nite time t is very
small (see the paragraph surrounding Equation (1.47)), a vanishing proportion of the polymer
lengths may drift to in�nity fast enough for their contribution to ⟨N

t , pl⟩ (which is equal to
1 by construction, for �nite N ) to remain lower bounded by some � > 0 as N → +∞. Since in
the limiting measures t all polymers of “in�nite length” are lost (recall that t is a measure on
 ⊂ {M, P, S, F} ×ℕ), this would lead to ⟨t , pl⟩ ≤ 1 − �. Numerical experiments tend to show
that indeed (t )t∈R+

lives in ∗
 for a large range of parameter values, with the caveat that very

long polymers must also be very rare (by (1.47)) and therefore they are very di�cult to capture
by numerical simulations.

ii - Notice that the assumption that the measures N
0 should have uniformly bounded supports im-

poses that N
0 should asymptotically give no weight to polymers whose sizes tend to in�nity

with N , so that no mass is lost on in�nitely long polymers in the limit. If for instance the initial
population was made of a few polymers of size (N ) (and free monomers, so that (1.11) would
be satis�ed), we would rather have to scale time and polymer lengths by N as in Section 2.2 to
obtain a non-trivial limit and this limit would be the obvious analogue for several polymers of
the homogenisation result stated in Theorem 1.2.1 for a single polymer. Since our main moti-
vation for this work was to understand the dynamics of the distribution in lengths and types
of the large population of polymers of length (1) present in the cellular cortex under stan-
dard conditions, we chose to focus on initial populations with many (1)-long polymers. But
in this regime, a single “short” polymer is liable to disappear before having reached the time-
scale on which the homogenisation e�ect of the switching dynamics appears, and to be able to
compare the long-term e�ect of mode switching on a single polymer and on a population of
polymers competing for resources, in Section 2.2 we had to impose that the polymer of interest
should initially be long enough for the switching to have enough time to act before the polymer
length reaches 0. This explains the discrepancy between the set-ups of Sections 2.2 and 2.3. Note
however that experimental approaches to measure the length of actin �laments, based on elec-
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tron micrographs (e.g. [SVMB97]) or more recently on cry-electron tomography (e.g. [MSC+20]),
typically yield estimates that vary from a few hundreds nanometers [BSK+02, CLZ91] to a few
micrometers [SHA95, XCP99], covering at least one order of magnitude.

x D

The rest of the paper is organised as follows. In Section 3, we prove Theorem 1.2.1 on the asymptotic
behaviour of a single (long) polymer. In Section 4, we prove Theorem 1.2.2 on the asymptotic behaviour
of a population of actin polymers. Corollary 1.4.3 allows to compare these two results and highlights
the e�ects of the competition between polymers for G-actin on the evolution of the population. Finally,
some simulations are discussed in Section 5.

3 - Homogenisation Result for a Single Actin Polymer

In this section, we prove Theorem 1.2.1. To this end, in Section 3.1 we prove that the sequence of
processes (LN )N≥1 is C-tight, and in Section 3.2 we show that any limit point satis�es the deterministic
system of equations stated in Theorem 1.2.1. Before proceeding to these proofs, we establish some
useful preliminary properties.

Let us consider the evolution of LN for some �xed N . Each of its coordinates takes its values in
the �nite set [N ], and so (LN (t), M(t))t∈R+

is a Markov jump process with values in a �nite state space.
This allows us to write that for every t ≥ 0,

LN0 (t) = L
N
0 (0) + ∫

t

0
1{LN1 (s)>0}�

−ds − ∫
t

0
1{M(s)=0}1{LN1 (s)>0}�

+LN0 (s)
N

ds − ∫
t

0
ΦP

LN0 (s)
N

ds + XN
0 (t),

(1.18a)

LN1 (t) = L
N
1 (0) + ∫

t

0
1{M(s)=0}1{LN1 (s)>0}�

+LN0 (s)
N

ds − ∫
t

0
1{LN1 (s)>0}�

−ds

+ ∫
t

0
1{M(s)=1}1{LN1 (s)>0}�

+
F
LN2 (s)
N

ds + XN
1 (t), (1.18b)

LN2 (t) = L
N
2 (0) + ∫

t

0
ΦP

LN0 (s)
N

ds − ∫
t

0
1{M(s)=1}1{LN1 (s)>0}�

+
F
LN2 (s)
N

ds + XN
2 (t), (1.18c)

where XN
0 , XN

1 and XN
2 are mean-zero martingales with respective predictable quadratic variations

⟨XN
0 ⟩ (t) = ∫

t

0
1{LN1 (s)>0}�

−ds + ∫
t

0
1{M(s)=0}1{LN1 (s)>0}�

+LN0 (s)
N

ds + ∫
t

0
ΦP

LN0 (s)
N

ds, (1.19a)

⟨XN
1 ⟩ (t) = ∫

t

0
1{M(s)=0}1{LN1 (s)>0}�

+LN0 (s)
N

ds + ∫
t

0
1{LN1 (s)>0}�

−ds

+ ∫
t

0
1{M(s)=1}1{LN1 (s)>0}�

+
F
LN2 (s)
N

ds, (1.19b)

⟨XN
2 ⟩ (t) = ∫

t

0
ΦP

LN0 (s)
N

ds + ∫
t

0
1{M(s)=1}1{LN1 (s)>0}�

+
F
LN2 (s)
N

ds. (1.19c)

Remark 1.3.1 q
Notice that, for simplicity, we use the same process (M(t))t∈R+ to de�ne the evolution of every (LN (t))t∈R+ .
It has no impact on the result of Theorem 1.2.1 since the convergence result we obtain for (LN )N∈ℕ is
in distribution.
x D
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If we now accelerate time by a factor N and scale down the coordinates of LN by the same quantity
(see (1.4)), a simple change of variables gives us that:

LN0 (t) = LN0 (0) + ∫
t

0
1{LN1 (u)>0}

�−du − ∫
t

0
1{M(Nu)=0}1{LN1 (u)>0}

�+LN0 (u)du − ∫
t

0
ΦPLN0 (u)du + XN

0 (t),

(1.20a)

LN1 (t) = LN1 (0) + ∫
t

0
1{M(Nu)=0}1{LN1 (u)>0}

�+LN0 (u)du − ∫
t

0
1{LN1 (u)>0}

�−du

+ ∫
t

0
1{M(Nu)=1}1{LN1 (u)>0}

�+FLN2 (u)du + XN
1 (t),

(1.20b)

LN2 (t) = LN2 (0) + ∫
t

0
ΦPLN0 (u)du − ∫

t

0
1{M(Nu)=1}1{LN1 (u)>0}

�+FLN2 (u)du + XN
2 (t), (1.20c)

where for i ∈ {0, 1, 2} and t ≥ 0,

XN
i (t) =

XN
i (Nt)
N

.

We now have all the ingredients to prove Theorem 1.2.1.

3.1 - Tightness

The precise result that we prove in this section is the following.
Proposition 1.3.2 (Tightness)
The sequence of processes (LN )N≥1 is C-tight in DΔ[0, +∞[.

Proof of Proposition 1.3.2. The proof is rather standard. Since Δ is compact, all we have to check is that
for every T > 0 and every " > 0, there exists � > 0 such that

lim sup
N→∞

P(! (L
N , � , T) > ") ≤ ", (1.21)

where
! (L

N , � , T) = sup
0≤s<t≤T
|t−s|≤�

|||L
N (t) − LN (s)||| .

Theorem 15.1 in [Bil99] will then enable us to conclude.
We proceed coordinate by coordinate, starting with LN0 . Let thus T > 0, " > 0 and � > 0. Using

(1.20a) and the fact that LN0 (t) ≤ 1 for all t ≥ 0, it is straightforward to show that for every 0 ≤ s < t ≤ T
such that |t − s| ≤ � , we have:

|||L
N
0 (t) − LN0 (s)

||| ≤ (�
− + �+ + ΦP )� +

|||X
N
0 (t)

||| +
|||X

N
0 (s)

||| . (1.22)

Choosing �0 = "/(9(�− + �+ + ΦP )) and � < �0, we obtain that the �rst term on the r.h.s. of (1.22) is less
than "/9 with probability one. Next, by the Markov inequality we have:

P
(
sup
u∈[0,T ]

|||X
N
0 (u)

||| >
"
9)

≤
81
"2N 2 E [

sup
u∈[0,T ]

(XN
0 (Nu))

2

]
.
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Using Doob’s maximal inequality and (1.19a), we can then write that:

E
[
sup
u∈[0,T ]

(XN
0 (Nu))

2

]
≤ 2E [(XN

0 (NT ))
2] = 2E [⟨XN

0 ⟩ (NT )] ≤ 2(�− + �+ + ΦP )NT .

Combining the above, we obtain that:

P
(
sup
u∈[0,T ]

|||X
N
0 (u)

||| > "/9)
≤
162(�− + �+ + ΦP )T

"2N
, (1.23)

which converges to 0 as N → ∞. Consequently, with our choice of � < �0, we obtain that:

lim sup
N→∞

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||L
N
0 (t) − LN0 (s)

||| >
"
3

⎞
⎟
⎟
⎠
= 0.

The same reasoning applies to the two other coordinates LN1 and LN2 and yields similar thresholds �1, �2 >
0, which is more than enough to prove that if we take � < min(�0, �1, �2),

lim sup
N→∞

P(! (L
N , � , T) > ") = 0.

This shows (1.21) and the proof of Proposition 1.3.2 is therefore complete. \

3.2 - Uniqueness of the Limit

Now that we have proved that the sequence of normalised processes is tight, it remains to show
that the deterministic system described in Theorem 1.2.1 is its only possible limit as N → +∞. This is
what we do in this section. To do so, we shall use the following lemmas, whose proofs are postponed
until the end of the section.
Lemma 1.3.3
For every t > 0, we have

∫
t

0
(1{M(Ns)=0} − �M (0))LN0 (s)ds

ℙ
⟶
N→+∞

0.

Lemma 1.3.4
For every t > 0, we have

∫
t

0
(1{M(Ns)=1} − �M (1))LN2 (s)ds

ℙ
⟶
N→+∞

0.

Proof of Theorem 1.2.1. Suppose that the sub-sequence (LNk )k∈N converges weakly to a process

(l0(t), l1(t), l2(t))t∈R+ .

By Proposition 1.3.2, we know that this process has continuous paths a.s. Furthermore, the esti-
mates (1.23) (and their analogues for XN

1 and XN
2 ) guarantee that the limit of the quadratic variation

process of each LNi is zero and (l0(t), l1(t), l2(t))t∈R+ is therefore deterministic.
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For every N ∈ N, let tN0 be the �rst time at which the polymer has length 0:

tN0 = min
{
t ∈ R+ | LN1 (t) = 0

}
.

Similarly, let us de�ne t0 as the �rst time at which l1(t) takes the value 0. In both cases, if the process
considered does not reach 0, we set the corresponding t (N )0 to +∞. Since 0 is an absorbing state for the
process (LN1 (t))t∈R+

, we have:
{
LN1 (t) > 0 if t < tN0 ,

LN1 (t) = 0 if t ≥ tN0 .

Therefore, the system of equations (1.20) can be rewritten as follows: for all t < tN0 ,

LN0 (t) = LN0 (0) + �
−t − �+ ∫

t

0
1{M(Nu)=0}LN0 (u)du − ΦP ∫

t

0
LN0 (u)du + XN

0 (t),

LN1 (t) = LN1 (0) − �
−t + �+ ∫

t

0
1{M(Nu)=0}LN0 (u)du + �

+
F ∫

t

0
1{M(Nu)=1}LN2 (u)du + XN

1 (t),

LN2 (t) = LN2 (0) + ΦP ∫
t

0
LN0 (u)du − �

+
F ∫

t

0
1{M(Nu)=1}LN2 (u)du + XN

2 (t),

and for all t ≥ tN0 ,

LN0 (t) = LN0 (0) + �
−tN0 − �+ ∫

tN0

0
1{M(Nu)=0}LN0 (u)du − ΦP ∫

t

0
LN0 (u)du + XN

0 (t),

LN1 (t) = 0,

LN2 (t) = LN2 (0) + ΦP ∫
t

0
LN0 (u)du − �

+
F ∫

tN0

0
1{M(Nu)=1}LN2 (u)du + XN

2 (t).

Splitting the integral ∫ min(t,t
Nk
0 )

0 into ∫ t
0 − ∫

t
min(t,tNk0 ) and decomposing

1{M(Nku)=0} = �M (0) + (1{M(Nku)=0} − �M (0)),

we can rewrite the above system of equations for t < t0 as:

LNk0 (t) = L
Nk
0 (0) + �

−t − (�+�M (0) + ΦP ) ∫
t

0
LNk0 (u)du + X

Nk
0 (t)

− �−(t − min(t, tNk0 )) + �+�M (0) ∫
t

min(t,tNk0 )
LNk0 (u)du − �

+
∫

min(t,tNk0 )

0
(1{M(Nku)=0} − �M (0))L

Nk
0 (u)du,

LNk1 (t) = L
Nk
1 (0) − �

−t + �+�M (0) ∫
t

0
LNk0 (u)du + �

+
F�M (1) ∫

t

0
LNk2 (u)du + X

Nk
1 (t)

+ �−(t − min(t, tNk0 )) + �+ ∫
min(t,tNk0 )

0
(1{M(Nku)=0} − �M (0))L

Nk
0 (u)du

+ �+F ∫
min(t,tNk0 )

0
(1{M(Nku)=1} − �M (1))L

Nk
2 (u)du − �

+�M (0) ∫
t

min(t,tNk0 )
LNk0 (u)du

− �+F�M (1) ∫
t

min(t,tNk0 )
LNk2 (u)du,

LNk2 (t) = L
Nk
2 (0) + ΦP ∫

t

0
LNk0 (u)du − �

+
F�M (1) ∫

t

0
LNk2 (u)du + X

Nk
2 (t)

+ �+F�M (1) ∫
t

min(t,tNk0 )
LNk2 (u)du − �

+
F ∫

min(t,tNk0 )

0
(1{M(Nku)=1} − �M (1))L

Nk
2 (u)du.
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First, for every t < t0 we have the convergence in probability:

t − min(t, tNk0 )
ℙ

⟶
k→+∞

0, (1.24)

and

∫
t

min(t,tNk0 )
LNk0 (u)du

ℙ
⟶
k→+∞

0 and ∫
t

min(t,tNk0 )
LNk2 (u)du

ℙ
⟶
k→+∞

0. (1.25)

Indeed, since for any i ∈ {0, 2} and any u ≤ t we have LNki (u) ≤ 1, then,

0 ≤ E [∫
t

min(t,tNk0 )
LNki (u)du] ≤ tP(t

Nk
0 < t) .

But
lim sup
k→∞

P(t
Nk
0 < t) = lim sup

k→∞
P(L

Nk
1 (t) = 0) ≤ inf

">0
P (l1(t) ≤ ") = 0,

where the last but �rst inequality comes from the fact that (LNk1 (t))k≥1 converges in distribution to
l1(t) and the last equality uses our assumption that t < t0. This last result proves (1.24). The Markov
inequality then gives us the two convergence results stated in (1.25).

Second, by assumption we have the convergence in distribution of (LNk )k≥1 to the deterministic
process (l0(t), l1(t), l2(t))t∈R+ and therefore,

(L
Nk
0 (0), L

Nk
1 (0), L

Nk
2 (0))

ℙ
⟶
k→+∞

(l0(0), l1(0), l2(0)) ,

and

(∫
t

0
LNk0 (u)du , ∫

t

0
LNk2 (u)du)

ℙ
⟶
k→+∞ (∫

t

0
l0(u)du , ∫

t

0
l2(u)du) . (1.26)

Thirdly, by (1.23) the sequence (XN
0 (t))N≥1 converges in probability to 0 (in fact this convergence is

uniform over [0, t]) and equivalent results hold for (XN
1 (t))N≥1 and (XN

2 (t))N≥1.
Finally, Lemmas 1.3.3 and 1.3.4 ensure the convergence in probability:

∫
t

0
(1{M(Ns)=0} − �M (0))LN0 (s)ds

ℙ
⟶
N→+∞

0

and

∫
t

0
(1{M(Ns)=1} − �M (1))LN2 (s)ds

ℙ
⟶
N→+∞

0.

Combining the above and using Slutsky’s theorem, we can conclude that for every t < t0,

l0(t) = l0(0) + �−t − (�+�M (0) + ΦP ) ∫
t

0
l0(u)du,

l1(t) = l1(0) − �−t + �+�M (0) ∫
t

0
l0(u)du + �+F�M (1) ∫

t

0
l2(u)du,

l2(t) = l2(0) + ΦP ∫
t

0
l0(u)du − �+F�M (1) ∫

t

0
l2(u)du.
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By the same type of arguments, we can prove that for every t > t0,

l0(t) = l0(0) + �−t0 − �+�M (0) ∫
t0

0
l0(u)du − ΦP ∫

t

0
l0(u)du,

l1(t) = 0,

l2(t) = l2(0) + ΦP ∫
t

0
l0(u)du − �+F�M (1) ∫

t0

0
l2(u)du.

As l0 and l2 are two continuous functions, the functions t ↦ ∫ t
0 l0(u)du and t ↦ ∫ t

0 l2(u)du are
di�erentiable and for any t ≤ t0, we have:

l′0(t) = �− − �M (0)�+l0(t) − ΦP l0(t),
l′1(t) = �M (0)�+l0(t) + �M (1)�+F l2(t) − �

−, (1.27)
l′2(t) = ΦP l0(t) − �M (1)�+F l2(t),

while for any t > t0,
l′0(t) = −ΦP l0(t), l′1(t) = 0, l′2(t) = ΦP l0(t).

Solving these systems of equations, we obtain that the limiting process is necessarily the one given
in Theorem 1.2.1 and therefore this limit is unique. Since (LN )N≥1 is tight by Proposition 1.3.2, we can
conclude that the full sequence converges in distribution and Theorem 1.2.1 is proved. \

It remains to prove Lemmas 1.3.3 and 1.3.4. As the proofs are similar, we only give the proof of
Lemma 1.3.3.

Proof of Lemma 1.3.3. Let t > 0. We split the interval [0, t] into intervals of length " > 0. This gives us:

|||||
∫

t

0
(1{M(Ns)=0} − �M (0)) LN0 (s)ds

|||||

≤
||||||

⌊ t" ⌋

∑
k=1

∫
k"

(k−1)"
(1{M(Ns)=0} − �M (0)) LN0 (s)ds

||||||
+
|||||
∫

t

⌊ t" ⌋"
(1{M(Ns)=0} − �M (0)) LN0 (s)ds

|||||
,

≤
⌊ t" ⌋

∑
k=1

|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0)) LN0 ((k − 1)") ds

|||||

+
⌊ t" ⌋

∑
k=1

|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0)) (L

N
0 (s) − LN0 ((k − 1)")) ds

|||||
+
|||||
∫

t

⌊ t" ⌋"
(1{M(Ns)=0} − �M (0)) LN0 (⌊t/"⌋") ds

|||||

+
|||||
∫

t

⌊ t" ⌋"
(1{M(Ns)=0} − �M (0)) (L

N
0 (s) − LN0 (⌊t/"⌋")) ds

|||||
. (1.28)

Now since LN0 ((k − 1)") ∈ [0, 1] for every k, we have:

|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0))L

N
0 ((k − 1)") ds

|||||
≤
|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0)) ds

|||||
, (1.29)

and likewise:
|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0)) (L

N
0 (s) − LN0 ((k − 1)")) ds

|||||
≤ ∫

k"

(k−1)"

|||L
N
0 (s) − LN0 ((k − 1)")

||| ds. (1.30)
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We now control each of these terms.
First, since M is an irreducible Markov jump process on a �nite state space, the ergodic theorem

applies and gives us that for every 0 < s1 < s2, we have the almost sure convergence:

∫
s2

s1
1{M(Ns)=0}ds =

1
N ∫

Ns2

Ns1
1{M(s)=0}ds

a.s.
⟶
N→+∞

�M (0)(s2 − s1).

Applying this result with s1 = (k − 1)" and s2 = k" (or s2 = t when k = ⌊t/"⌋ + 1) for each of the
�nitely many values of k of interest, we obtain that:

⌊ t" ⌋

∑
k=1

|||||
∫

k"

(k−1)"
(1{M(Ns)=0} − �M (0)) ds

|||||
+
|||||
∫

t

⌊ t" ⌋"
(1{M(Ns)=0} − �M (0)) ds

|||||

a.s.
⟶
N→+∞

0. (1.31)

Second, recall from (1.20a) that for every 0 ≤ s′ ≤ s, we have:
|||L
N
0 (s) − LN0 (s

′)||| ≤ (�
− + �+ + ΦP )(s − s′) +

|||X
N
0 (s) − XN

0 (s
′)||| .

Applying this result with s′ = (k−1)" and s ∈ [(k − 1)", k"] and combining them with (1.23) (with T = t),
we obtain, by choosing  = �− + �+ + ΦP + 2/9,

lim
N→∞

P(∫
k"

(k−1)"

|||L
N
0 (s) − LN0 ((k − 1)")

||| ds ≥ "2) = 0.

Consequently,

lim
N→∞

P

⎛
⎜
⎜
⎝

⌊ t" ⌋

∑
k=1

∫
k"

(k−1)"

|||L
N
0 (s) − LN0 ((k − 1)")

||| ds + ∫
t

⌊ t" ⌋"

|||L
N
0 (s) − LN0 (⌊t/"⌋")

||| ds ≥ "2 (⌊
t
" ⌋
+ 1)

⎞
⎟
⎟
⎠

≤ lim
N→∞

⎛
⎜
⎜
⎝

⌊ t" ⌋

∑
k=1
P(∫

k"

(k−1)"

|||L
N
0 (s) − LN0 ((k − 1)")

||| ds ≥ "2) +P
(∫

t

⌊ t" ⌋"

|||L
N
0 (s) − LN0 (⌊t/"⌋")

||| ds ≥ "2
)

⎞
⎟
⎟
⎠

= 0 (1.32)

Coming back to (1.28), combining (1.29), (1.30), (1.31) and (1.32), and observing that:

"2 (⌊
t
" ⌋
+ 1) = ("t),

as " tends to 0, we obtain that:

lim
N→∞

P
(

|||||
∫

t

0
(1{M(Ns)=0} − �M (0)) LN0 (s)ds

|||||
≥ (t + 1)"

)
= 0.

Since " was arbitrary, this proves Lemma 1.3.3. \

4 - Large Population Asymptotics

In this section, we prove Theorem 1.2.2. Recall that for every N ∈ N, the Markov process N takes
its values in the space ∗

 ⊂ (1)
 , respectively de�ned in (1.15) and (1.16). Let  be the set of all

functions on (1)
 of the form:

'f ∶ Z ↦ ' (⟨Z, f ⟩) , (1.33)
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with f a bounded measurable function on  and ' a function of class 1 onR.

Since the rescaled process (N
t )t∈R+

is a Markov jump process with bounded rates for everyN ∈ ℕ,
its in�nitesimal generator N applied to any 'f ∈  is given by: for every Z ∈(1)

 ,

N'f (Z ) = �+Z (M, 1)
N−1
∑
l=1

NZ (S, l)('f (Z +
�(S,l+1)
N

−
�(S,l)
N

−
�(M,1)

N ) − 'f (Z ))

+ �+FZ (P, 1)
N−1
∑
l=1

NZ (F , l)('f (Z +
�(F ,l+1)
N

−
�(F ,l)
N

−
�(P,1)
N ) − 'f (Z ))

+ �− ∑
T∈{S,F}

N
∑
l=1

NZ (T , l)('f (Z +
�(T ,l−1)
N

1{l≥2} −
�(T ,l)
N

+
�(M,1)

N ) 'f (Z ))

+ ΦPNZ (M, 1)('f (Z +
�(P,1)
N

−
�(M,1)

N ) − 'f (Z ))

+ Φ+F
N
∑
l=1

NZ (S, l)('f (Z +
�(F ,l)
N

−
�(S,l)
N ) − 'f (Z ))

+ Φ−F
N
∑
l=1

NZ (F , l)('f (Z +
�(S,l)
N

−
�(F ,l)
N ) − 'f (Z )) , (1.34)

where for simplicity we have written Z (T , l) for Z ({(T , l)}). Furthermore, (N
t )t∈R+

satis�es the prop-
erty that for every 'f ∈ , the process (N

t ('f ))t∈R+
de�ned by:

(N
t ('f ))t∈R+

def= ('f (
N
t ) − 'f (N

0 ) − ∫
t

0
N'f (N

s )ds)t∈R+

(1.35)

is a mean-zero martingale with predictable quadratic variation given for all t ≥ 0 by

⟨N ('f )⟩ (t) = ∫
t

0
yNs ('f )ds, (1.36)

where, writing this time KN
t (T , l) for N

t ({(T , l)}),

yNt ('f ) =�
+KN

t (M, 1)
N−1
∑
l=1

NKN
t (S, l)('f (N

t +
�(S,l+1)
N

−
�(S,l)
N

−
�(M,1)

N ) − 'f (N
t ))

2

+ �+FKN
t (P, 1)

N−1
∑
l=1

NKN
t (F , l)('f (N

t +
�(F ,l+1)
N

−
�(F ,l)
N

−
�(P,1)
N ) − 'f (N

t ))

2

+ �− ∑
T∈{S,F}

N
∑
l=1

NKN
t (T , l)('f (N

t +
�(T ,l−1)
N

1{l≥2} −
�(T ,l)
N

+
�(M,1)

N ) − 'f (N
t ))

2

+ ΦPNKN
t (M, 1)('f (N

t +
�(P,1)
N

−
�(M,1)

N ) − 'f (N
t ))

2

+ Φ+F
N
∑
l=1

NKN
t (S, l)('f (N

t +
�(F ,l)
N

−
�(S,l)
N ) − 'f (N

t ))

2

+ Φ−F
N
∑
l=1

NKN
t (F , l)('f (N

t +
�(S,l)
N

−
�(F ,l)
N ) − 'f (N

t ))

2

.
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Hence, the semi-martingale decomposition of 'f (N ) reads:

'f (
N
t ) = 'f (

N
0 ) + N

t ('f ) + N
t ('f ), t ≥ 0 (1.37)

with
N
t ('f )

def= ∫
t

0
N'f (N

s ) ds.

4.1 - Tightness

As a �rst step in the proof of Theorem 1.2.2, we show the tightness of (N )N∈N.
Let Δ be the one-point compacti�cation of . In this subsection, we use the classical trick of seeing

our sequence of processes as taking values in the space Δ of all �nite measures on Δ. In the next
subsection, we shall show that any limit point actually takes its values in (1)

 .

Proposition 1.4.1 (Tightness)
The sequence (N )N∈N is tight in DΔ

[0, +∞[.

Proof of Proposition 1.4.1. Since the total mass of each N
t is bounded by 1 and since the set of all mea-

sures on Δ with total mass bounded by 1 is compact (hence the fact that we consider the one-point
compacti�cation of ), the compact containment condition holds for (N )N≥1 seen as a sequence in
DΔ

[0, +∞[. By Theorem 3.9.1 in [EK86], tightness of (N )N≥1 will follow from the tightness of

('f (N ))N≥1
for every 'f ∈ .

Let thus f be a bounded measurable function on Δ and ' ∈ 1(ℝ). We use the standard Aldous-
Rebolledo criterion [Ald78, Reb80]. First, the tightness of ('f (

N
t ))N≥1

for every t ≥ 0 is obvious from

the boundedness of f and the fact that the total mass of N
t is bounded by 1.

Second, we have to prove that for any T > 0, any sequence of stopping times (TN )N≥1 bounded by
T and for every " > 0, there exists � > 0 and N0 ∈ ℕ such that for all ∀N ≥ N0 and � ∈ [0, �],

P
(

|||||
∫

TN +�

TN
N'f (N

t )dt
|||||
> "

)
≤ ", (1.38)

and

P
(

|||||
∫

TN +�

TN
yNt ('f )dt

|||||
> "

)
≤ ". (1.39)

Plugging the de�nition of 'f (Z ) = '(⟨Z, f ⟩) in the expression for N'f , Taylor expanding ' and
writing ||'′||f for the supremum of '′ over [−||f ||∞, ||f ||∞], we obtain that:

|||
N'f (N

t )
||| ≤||'

′||f ||f ||∞(3�
+KN

t (M, 1)
N−1
∑
l=1

KN
t (S, l) + 3�

+
FKN

t (P, 1)
N−1
∑
l=1

KN
t (F , l)

+ 3�− ∑
T∈{S,F}

N
∑
l=1

KN
t (T , l) + 2ΦPKN

t (M, 1) + 2Φ+F
N
∑
l=1

KN
t (S, l) + 2Φ

−
F

N
∑
l=1

KN
t (F , l)) + o(1),

(1.40)
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where the remainder term tends to 0 uniformly in N and t . By construction (since the total mass of
each N

t is bounded by 1), for every type T ∈ {S, F} we have:

KN
t (M, 1) ≤ 1, KN

t (P, 1) ≤ 1,
N
∑
l=1

KN
t (T , l) ≤ 1,

and hence, there exists a constant C1 > 0 such that:

|||
N'f (N

s )
||| ≤ ||'′||f ||f ||∞ (3�+ + 3�+F + 6�

− + 2ΦP + 2Φ+F + 2Φ
−
F ) + o(1) = C1 + o(1). (1.41)

Therefore, taking � = "/(2C1), we see that there exists N0 ∈ N such that for every N ≥ N0 and � ∈ [0, �],

P
(

|||||
∫

TN +�

TN
N'f (N

t )dt
|||||
> "

)
= 0

and (1.38) is satis�ed.
We prove (1.39) in exactly the same way, noticing that the squared increments in the expression for

yNt ('f ) give rise to a bound on ||y
N
t ('f )|| of the form C2/N + o(1/N ), where again the remainder term is

uniform in t . Proceeding this way, we obtain a stronger result than (1.39), namely that the predictable
quadratic variation of 'f (N ) vanishes as N → ∞, uniformly over compact time intervals: by the
Markov inequality and then Doob’s maximal inequality,

P
(
sup
t∈[0,T ]

|||
N
t ('f )

||| > ")
≤
1
"2
E

[
sup
t∈[0,T ]

|||
N
t ('f )

|||
2

]

≤
2
"2
E [⟨N ('f )⟩ (T )]

≤
2C2T
N"2

+ o (
1
N ) , (1.42)

which tends to 0 as N → +∞. As a corollary to this result, we obtain that any potential limit for
(N )N≥1 must be deterministic. Since (1.42) implies (1.39), all the points in the Aldous-Rebolledo cri-
terion have now been checked and we can conclude that ('f (N ))N≥1

is tight in DR[0, +∞[ for every

'f ∈ , and �nally that the sequence (N )N≥1 is tight in DΔ
[0, +∞[. \

4.2 - Large Population Limit

We now complete the proof of Theorem 1.2.2 by checking that all the assumptions of Theorem 4.8.10
in [EK86] are met.

Proof of Theorem 1.2.2. Tightness in DΔ
[0, +∞[ was obtained in the previous subsection and we now

want to prove that, if we de�ne the operator ∞ on  (the set of all functions of the form '(⟨⋅, f ⟩) with
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' ∈ 1(R) and f ∶  → R bounded measurable) by: for every Z ∈ ,

∞'f (Z )
def= '′(⟨Z, f ⟩)(�

+Z (M, 1)
+∞
∑
l=1

Z (S, l) (f (S, l + 1) − f (S, l) − f (M, 1))

+ �+FZ (P, 1)
+∞
∑
l=1

Z (F , l) (f (F , l + 1) − f (F , l) − f (P, 1))

+ �− ∑
T∈{S,F}

+∞
∑
l=1

Z (T , l) (f (T , l − 1)1{l≥2} − f (T , l) + f (M, 1))

+ ΦPZ (M, 1) (f (P, 1) − f (M, 1))

+ Φ+F
+∞
∑
l=1

Z (S, l) (f (F , l) − f (S, l)) + Φ−F
+∞
∑
l=1

Z (F , l) (f (S, l) − f (F , l))),

(1.43)

then for every 'f ∈  and t, s > 0, every k ∈ N, 0 ≤ t1 < ⋯ < tk ≤ t < t + s and �i ∈ b(), we have:

lim
N→∞

E
[(

'f (N
t+s) − 'f (N

t ) − ∫
t+s

t
∞'f (N

u )du)(

k
∏
i=1

�i(N
ti ))]

= 0. (1.44)

Once this result is shown, we shall prove that any potential limiting process takes its value in (1)
 ,

on which every ∞'f is a continuous and bounded function, which will also prove that tightness of
(N )N≥1 holds in D(1)


[0, +∞[ (by Corollary 3.9.3 in [EK86]). Finally, we shall prove that there is at

most one possible limit for (N )N≥1, which is the deterministic solution to the D(1)

[0, +∞[-martingale

problem associated to (∞, �0) or, equivalently, the (1)
 -valued solution to the system of equations

stated in Theorem 1.2.2. Combining these arguments, we shall be able to use Theorem 4.8.10 in [EK86]
to conclude that the limiting process exists and (N )N≥1 indeed converges to it in D(1)


[0, +∞[.

Let us thus start by showing (1.44). Using the decomposition (1.37), we have for every N ∈ N,

E
[(

'f (N
t+s) − 'f (N

t ) − ∫
t+s

t
N'f (N

u )du)(

k
∏
i=1

�i(N
ti ))]

= 0. (1.45)

It thus remains to prove that:

lim
N→∞

E [∫
t+s

t

|||
N'f (N

u ) − ∞'f (N
u )

||| du] = 0, (1.46)

since then,

||||||
E

[(
'f (N

t+s) − 'f (N
t ) − ∫

t+s

t
∞'f (N

u )du)(

k
∏
i=1

�i(N
ti ))]

||||||

=
||||||
E

[(∫
t+s

t
(

N'f (N
u ) − ∞'f (N

u )) du)(

k
∏
i=1

�i(N
ti ))]

||||||

≤
(

k
∏
i=1

||�i ||∞)
E [∫

t+s

t

|||
N'f (N

u ) − ∞'f (N
u )

||| du] ⟶
N→+∞

0

and we obtain (1.44).
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Coming back to the de�nition of N'f and performing a Taylor expansion of ', it is straightforward
to obtain that there exists a sequence ("N )N≥1 tending to 0 such for any Z ∈(1)

 ,

|||
N'f (Z ) − ∞'f (Z )

||| ≤ "N .

Using this result, the fact that for every N ∈ N and t ≥ 0 we have ⟨N
t , 1⟩ ≤ 1, the bound (1.41) and

the dominated convergence theorem, we can conclude that (1.46) holds true and the proof of (1.44) is
complete.

Second, let us show that any potential limit point (zt )t∈R+ for (N )N≥1 satis�es that zt ∈ (1)
 for

every t ≥ 0. We already know from the subsection on tightness that each zt is deterministic and that
its total mass is bounded by 1. It only remains to show that zt gives no mass to the “in�nity” point of
Δ (i.e. to polymers of in�nite length). Let thus t ≥ 0 and N large enough for (1.17) to hold. Since the
elongation rate of each polymer is bounded by �∗ = max (�+, �+F), the probability that at time t a given
polymer is of length at least K0 + k is bounded by the probability that the sum of k i.i.d exponential
random variables with parameter �∗ is less than t , that is:

P
(

k
∑
i=1

Ei < t)
= P

(
exp

(
−

k
∑
i=1

Ei)
> e−t

)
≤ et (

�∗

�∗ + 1)

k

, (1.47)

where the last inequality uses the Markov inequality. Since by construction N
t has at most N atoms

(or “polymers”), another use of the Markov inequality gives us that for every k ∈ N, " ∈ (0, 1) and N
large enough (independently of k and "),

P(⟨N
t ,1{l≥K0+k}⟩ > ") ≤

1
"
E [⟨N

t ,1{l≥K0+k}⟩] ≤
1
"N

Net (
�∗

�∗ + 1)

k

.

Since we suppose that N
t converges in distribution to zt , we can take the limit as N → +∞ in the

above to obtain:

P (⟨zt ,1{l≥K0+k}⟩ > ") ≤
1
"
et (

�∗

�∗ + 1)

k

. (1.48)

Together with the fact that zt is not random, we obtain that for every " ∈ (0, 1), there exists k(") ∈ N
such that "−1et (�∗/(�∗ + 1))k(") < 1 and so:

⟨zt ,1{l≥K0+k(")}⟩ ≤ ".

Taking " to 0, we can conclude that zt puts no mass on in�nitely long polymers, i.e. zt ∈(1)
 .

Remark 1.4.2 q
The estimate (1.47) allows us to argue that for every t ≥ 0, we have:

⟨zt , pl⟩ < ∞.

Indeed, in the stochastic pre-limiting model, the length of each of the at most N polymers is stochas-
tically bounded by a pure birth model with birth rate �∗, started at K0, and therefore by (1.47) we have
for every t ≥ 0 and m ∈ ℕ,

E [⟨N
t ,1{l=K0+m}⟩] ≤ e

t
(

�∗

�∗ + 1)

m

.



q 4 - Large Population Asymptotics 59

Passing to the limit as N → +∞ yields:

kt (S, K0 +m) + kt (F , K0 +m) = ⟨t ,1{l=K0+m}⟩ ≤ et (
�∗

�∗ + 1)

m

.

Summing over m for a �xed t , we obtain that:

⟨t , pl⟩ = kt (M, 1) + kt (P, 1) + ∑
T∈{S,F}

K0
∑
l=1

lkt (T , l) +
∞
∑
m=1

(K0 +m) (kt (S, K0 +m) + kt (F , K0 +m)) < ∞.

(1.49)

Note however that these arguments are not su�cient to conclude that ⟨t , pl⟩ = 1 and therefore that
the convergence in Theorem 1.2.2 holds in ∗

 rather than in (1)
 .

x D

Thirdly, let us check that any potential limit  for (N )N≥1 satis�es the system of equations stated
in Theorem 1.2.2. As recalled earlier, we know from (1.42) that  is deterministic (since we assumed
that the limit of the initial value N

0 was deterministic). Using (1.44) along the subsequence of (N )N≥1
converging to , we can conclude that for every bounded measurable function f on  (taking ' = Id),

(⟨t , f ⟩ − ⟨0, f ⟩ − ∫
t

0
∞Idf (s)ds)t∈R+

is a martingale, which is thus constant equal to 0. Taking now f = 1{(T ,l)} for (T , l) ∈ , we obtain the
integrated version of the di�erential equation for

kt (T , l) = t ({(T , L)})

given in Theorem 1.2.2, namely:

kt (T , L) = k0(T , l) + ∫
t

0
∞Id1(T ,l)(s)ds. (1.50)

Since the integrand in the above expression is bounded, the function t ↦ kt (T , l) is di�erentiable and
we can therefore di�erentiate it to obtain the corresponding line in the system of Theorem 1.2.2.

Finally, let us prove that this system has at most one solution with trajectories in (1)
 . Let thus

(zt )t∈R+ and (z̃t )t∈R+ be two solutions to the limiting system of equations in Theorem 1.2.2 such that
z0 = z̃0 and zt , z̃t ∈(1)

 for all t ≥ 0. Let f be a bounded measurable function on  such that ||f ||∞ ≤ 1.
From the above, for every t ≥ 0, we have:

|⟨zt , f ⟩ − ⟨z̃t , f ⟩| =
|||||
∫

t

0
(∞Idf (zs) − ∞Idf (z̃s)) ds

|||||
. (1.51)

Let us consider each term in ∞Idf (zs) − ∞Idf (z̃s) separately to obtain a bound on the integral on the
r.h.s. of (1.51). We have:

||||||
�+ ∫

t

0 (

∞
∑
l=1

(zs(M, 1)zs(S, l) − z̃s(M, 1)z̃s(S, l)) f (S, l + 1))
ds

||||||

= �+
||||||
∫

t

0 (

∞
∑
l=1

(zs(M, 1)(zs(S, l) − z̃s(S, l)) + (zs(M, 1) − z̃s(M, 1))z̃s(S, l)) f (S, l + 1))
ds

||||||

= �+
||||||
∫

t

0 (
zs(M, 1)⟨zs − z̃s ,1(S,⋅)f (S, ⋅ + 1)⟩ + ⟨zs − z̃s ,1(M,1)⟩

∞
∑
l=1

z̃s(S, l)f (S, l + 1))
ds

||||||
.

(1.52)
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By assumption, the total mass of zs and z̃s is bounded by 1, and so:

0 ≤ zs(M, 1) ≤ 1 and
|||||

∞
∑
l=1

z̃s(S, l)f (S, l + 1)
|||||
≤ ||f ||∞ ⟨z̃s , 1⟩ ≤ 1.

As a consequence, the r.h.s. of (1.52) is bounded by:

�+ ∫
t

0
(
|||⟨zs − z̃s ,1(S,⋅)f (S, ⋅ + 1)⟩

||| +
|||⟨zs − z̃s ,1(M,1)⟩

|||) ds ≤ 2�
+
∫

t

0
sup

||�||∞≤1
|⟨zs , �⟩ − ⟨z̃s , �⟩| ds.

Proceeding in the same way for all the other terms in the generator, we obtain that:

|⟨zt , f ⟩ − ⟨z̃t , f ⟩| ≤ (6�+ + 6�+F + 6�
− + 2ΦP + 2Φ+F + 2Φ

−
F ) ∫

t

0
sup

||�||∞≤1
|⟨zs , �⟩ − ⟨z̃s , �⟩| ds,

and since this inequality holds for every bounded measurable f such that ||f ||∞ ≤ 1, we can write that
for every t ≥ 0,

sup
||�||∞≤1

|⟨zt , �⟩ − ⟨z̃t , �⟩| ≤ (6�+ + 6�+F + 6�
− + 2ΦP + 2Φ+F + 2Φ

−
F ) ∫

t

0
sup

||�||∞≤1
|⟨zs , �⟩ − ⟨z̃s , �⟩| ds.

By Gronwall’s lemma,

sup
||�||∞≤1

|⟨zt , �⟩ − ⟨z̃t , �⟩| ≤ (
sup

||�||∞≤1
|⟨z0, �⟩ − ⟨z̃0, �⟩|)

e(6�
++6�+F+6�

−+2ΦP+2Φ+F+2Φ
−
F )t = 0.

Since every bounded measurable function can be written as a multiple of a function � such that ||�||∞ ≤
1, we obtain that ⟨zt , f ⟩ = ⟨z̃t , f ⟩ for every bounded measurable f , and hence zt = z̃t for all t ≥ 0 and
the system of Theorem 1.2.2 has at most one solution with trajectories in (1)

 .
We have now checked that all the conditions of Theorem 4.8.10 in [EK86] are satis�ed and we can

therefore conclude that, as N tends to in�nity, (N )N≥1 converges in distribution in D(1)

[0, +∞[ to

the unique solution with values in (1)
 of the system stated in Theorem 1.2.2. \

We end this section with some heuristics that are con�rmed by the simulations discussed in the next
section. In order to compare the large population limit of Theorem 1.2.2 with the �uid limit of Theo-
rem 1.2.1, recall that informally, for a givenN , LN0 in the single polymer model corresponds to KN (M, 1),
LN2 corresponds to KN (P, 1) and LN1 corresponds to MN

inF (de�ned in (1.13)). The same correspondence
can be made between the limiting objects, if we de�ne:

minF (t)
def=

+∞
∑
l=1

l(kt (S, l) + kt (F , l)).

(This quantity is �nite by Remark 1.4.2.) Moreover, writing for any t ≥ 0,

F∞(t) def= lim
N→+∞

FN (t) =
+∞
∑
l=1

kt (S, l) +
+∞
∑
l=1

kt (F , l)

for the amount of “real” polymers at time t in the limiting population process, we see that the quantity
∑+∞
l=1 kt (S, l)/F∞(t) corresponds to the proportion of those polymers which are simple and we expect it

to be close to �M (0) when t is large (recall that �M (0) is the proportion of time that a single polymer
spends not bound with a formin at stationarity). Although we have no proof of this fact, Figures 1.6
and 1.7 show two examples where this convergence happens.

Finally, summing the corresponding equations in the system of ODE stated in Theorem 1.2.2, we
obtain the following system which can be more easily compared with the result of Theorem 1.2.1.
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Corollary 1.4.3 (Limit distribution in 3 sub-populations)
In the limit as N → +∞, the distribution of monomers among the di�erent sub-populations (free
monomers, inserted in a polymer or in a G-actin/pro�lin complex) is described by the following system
of ODE:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

d
dt kt (M, 1) = �−F∞(t) − �+kt (M, 1)∑+∞

l=1 kt (S, l) − ΦPkt (M, 1)
d
dtminF (t) = �+kt (M, 1)∑+∞

l=1 kt (S, l) + �+Fkt (P, 1)∑
+∞
l=1 kt (F , l) − �−F∞(t)

d
dt kt (P, 1) = ΦPkt (M, 1) − �+Fkt (P, 1)∑

+∞
l=1 kt (F , l).

5 - Simulations

5.1 - Single Actin Polymer

In this section, we exhibit an interesting example of behaviour for a single long polymer, that high-
lights the role of the di�erent proteins. The parameters chosen in these simulations are fairly arbitrary
and do not come from biological measurements. Investigating more biologically-driven examples and
the e�ect of sudden parameter changes on the behaviour of the system will be the object of future work.

Figure 1.3 shows the evolution of the system with N = 1000, �+ = 10, �− = 2, �+F = 100, ΦP = 10,
Φ+F = 1 and Φ−F = 1, starting with a unique actin polymer of length 334, 333 free monomers and 333
G-actin/pro�lin complexes. That is, initially a third of the monomers in the system are free, another
third are associated with a pro�lin and the rest sits in the polymer.

Figure 1.3 Evolution of the system described by the model for a single actin polymer withN = 1000,
�+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 1 and Φ−F = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/pro�lin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.

Figure 1.3 is divided into three graphs. On the left, we show the evolution in time of the number
of free monomers, LN0 (t). The graph on the middle presents the evolution of the length of the poly-
mer, LN1 (t), and the graph on the right corresponds to the evolution of the number of G-actin/pro�lin
complexes, LN2 (t). Each graph displays four plots. The oscillating solid line shows a single realisation
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of the stochastic system of Section 2.2.1 with N = 1000 and the parameters expounded above. The
smooth solid line represents N times the �uid limit described in Theorem 1.2.1 (so that we compare
numbers instead of proportions of monomers). The dashed line represents (N times) the �uid limit that
we would obtain if we assumed that the polymer was constantly in normal mode. Finally, the alternated
dashed line represents (N times) the �uid limit that we would obtain if we assumed that the polymer
was always in fast mode.

In this particular example, we observe that if the system stays in normal mode, the length of the
polymer converges quickly to 0 because the polymer looses monomers faster than it can gain them.
This can be explained by the fact that the polymer and pro�lins compete for the same pool of free
monomers with density dependent rates while the polymer also looses monomers through depoly-
merisation at a constant rate, so that once the pool of free monomers has fallen below a certain level
because some fraction of monomers have been captured in G-actin/pro�lin complexes, polymerisation
happens more slowly than depolymerisation. In fact, this is a general result, valid for any parameter
values: if the polymer stays in normal mode all the time, then t0 < +∞. Indeed, in this case the system
of equations (1.27) reads:

l′0(t) = �− − �+l0(t) − ΦP l0(t),
l′1(t) = �+l0(t) − �−, (1.53)
l′2(t) = ΦP l0(t),

for all t ≤ t0. Solving the above, we obtain that for every t ≤ t0,

l0(t) = (l0(0) −
�−

�+ + ΦP )
e−(�

++ΦP )t +
�−

�+ + ΦP
,

l1(t) = 1 − l0(t) − l2(t), (1.54)

l2(t) = l2(0) +
ΦP

�+ + ΦP (l0(0) −
�−

�+ + ΦP )
(1 − e−(�

++ΦP )t) +
�−ΦP
�+ + ΦP

t.

Supposing that t0 = +∞ would imply that lim
t→+∞

l2(t) = +∞, which is absurd since l2(t) ≤ 1 for all t ≥ 0.

Coming back to the example in Figure 1.3 we see that if, on the other hand, the polymer is constantly
in fast mode or if it switches modes, then its length converges to a non-zero equilibrium. For other
parameter values, it is possible to observe that the length of the polymer converges to a non-zero
equilibrium when mode switching is allowed, while it converges to 0 if the system stays in fast mode.
Writing the analogue of Condition (1.8) when the polymer is always in fast mode, we obtain:

1 −
�−

ΦP
−
�−

�+F
< 0, (1.55)

which tells us that, for instance, ΦP ≤ �− is a su�cient condition for t0 < +∞ in this regime. Our
numerical exploration did not enable us to �nd biologically reasonable parameter values for which the
length of the polymer with mode switching converges to 0.

Noticeably, the polymer length at equilibrium is longer in the case of mode switching than in the
case when the polymer remains in the state with the highest rate of polymerisation. As can be remarked
on the two other graphs, this phenomenon is due to the fact that the switching between modes enables
the polymer to use the two types of “resources” (free monomers and G-actin/pro�lin complexes) more
e�ciently, allowing the pool of free monomers not to be depleted (so that they can be consumed dur-
ing the elongation of the polymer in normal mode, or be used to replenish the pool of complexes).
More generally, in cases where t0 = +∞, the length of the polymer at equilibrium is larger with mode
switching than in fast mode if and only if:

ΦP ∈ [0,
1
2 (�M (1)�

+ +
√
�M (1)�+(�M (1)�+ + 4�+F ))] . (1.56)
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Indeed, using Equation (1.7), we see that the length at equilibrium is l∞S = 1− �−
C0 −

�−ΦP
C0C2 and l∞F = 1− �−

ΦP −
�−
�+F

respectively with mode switching and in fast mode. This gives us

l∞S > l∞F ⇔ −Φ2P + �M (1)�
+ΦP + �M (1)�+�+F > 0, (1.57)

and since by assumption ΦP ≥ 0, we �nd Condition (1.56).
Figure 1.4 illustrates this criterion. Using the same parameters as in Figure 1.3, Condition (1.56)

reads ΦP ∈ [0, 25]. In Figure 1.4a we set ΦP = 25 and we observe that the two limiting polymer lengths
(in fast and alternating modes) are identical. In Figure 1.4b, we setΦP = 30 and the length at equilibrium
is larger if the system stays in fast mode.

(a) ΦP = 25 (b) ΦP = 30

Figure 1.4 Evolution of the length of the �lament with N = 1000, �+ = 10, �− = 2, �+F = 100, Φ+F = 1
andΦ−F = 1 for two values ofΦP . Initially, there are a (unique) polymer of length 334, 333 free monomers
and 333 G-actin/pro�lin complexes. On each graph, we plot the �uid limit given in Theorem 1.2.1 (i.e.
N times li(t)) and the �uid limit assuming that the system stays in fast mode all the time.

5.2 - Population of Actin Polymers

Figure 1.5 displays the evolution of a population of actin polymers with the same set of parameters
as in Figure 1.3, namely �+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 1 and Φ−F = 1. In order to
compare the limiting models for a single polymer and for a population of competing polymers, we start
with an analogous initial distribution of monomers into free monomers, and monomers sequestered in
polymers or complexes: 33, 3% of free monomers, 33, 4% of monomers included in a polymer and 33, 3%
of monomers in G-actin/pro�lin complexes. Moreover, to match the conditions of Theorem 1.2.2 we
start with 50% of the polymers being simple and 50% being associated with a formin, all of them being
of length 30. Finally, we use the Euler explicit method with a time pitch dt = 0.001. Note that here
we only compare the limits obtained in Theorems 1.2.1 and 1.2.2, and therefore we directly consider
N = +∞.

In Figure 1.5, the same quantities are shown as in Figure 1.3, but for a population of actin polymers.
Figure 1.5 is divided into three graphs. On the left, we show the evolution in time of the proportion
of free monomers in the population, kt (M, 1). The graph on the middle presents the evolution of the
proportion of monomers included in a polymer,

minF (t) =
+∞
∑
l=1

l(kt (S, l) + kt (F , l)),
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Figure 1.5 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, �+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 1 and Φ−F = 1, starting with 33% of
free monomers, 33% of G-actin/pro�lin complexes and 34% of monomers included within polymers of
length 30. Left: evolution of the proportion of free monomers. Middle: evolution of the proportion of
monomers included in a polymer. Right: evolution of the proportion of G-actin/pro�lin complexes. On
each graph, we plot the �uid limit given in Theorem 1.2.1, the large population limit given in Theo-
rem 1.2.2, the large population limit obtained by assuming that the system stays in normal mode and
the large population limit obtained by assuming that the system stays in fast mode.

and the graph on the right gives the evolution in time of the proportion G-actin/pro�lin complexes
available in the population, kt (P, 1). On each graph, we display four plots. The solid line represents the
large population limit described in Theorem 1.2.2. The coloured dashed line (resp. coloured alternated
dashed line) represents the large population limit that we would obtain if we assumed that all polymers
were stuck in normal mode (resp. fast mode — in these cases, initially all the polymers are simple, resp.
associated with a formin). Finally, the thin black dashed line represents the equilibrium state in the
�uid limit obtained in the single polymer model and shown in Figure 1.3.

In this particular example, we can observe that the qualitative behaviour of a population of polymers
bears some similarity with the �uid limit for a single long polymer. Indeed, if all polymers are blocked
in normal mode, the proportion of monomers inserted in a polymer converges quickly to 0 because a
large fraction of free monomers is quickly captured by pro�lins and cannot be converted again into
free monomers (since there is no accelerated polymerisation), so that they can no longer be used in
polymer elongation. In contrast, when the polymers can switch modes or when they all remain in fast
mode, the proportion of monomers inserted in a polymer stabilises to a non-zero value. However, this
time the “equilibrium” is lower in the case with switching than in the constantly fast mode. This can be
explained by the fact that the large number of polymers in the system compete for the same order of
magnitude of free monomers (themselves also captured by pro�lins) and so the pool of free monomers
is constantly kept at a low level, which impedes the elongation of the simple polymers. In this case,
mode switching does not allow a better use of the di�erent pools of monomers.

Although we are not able to prove analytically that, in the limiting process obtained in Theo-
rem 1.2.2, the proportion of polymers bound with a formin approaches the stationary probability �M (1)
that a single polymer is in “fast” mode (in the terminology of the single polymer model of Section 2.2),
we checked this intuition by simulation. In Figure 1.6, we plot the evolution of the quantities:

∑+∞
l=1 kt (S, l)
F∞(t)

and ∑+∞
l=1 kt (F , l)
F∞(t)

,

where as earlier,

F∞(t) =
+∞
∑
l=1

kt (S, l) +
+∞
∑
l=1

kt (F , l)



q 5 - Simulations 65

is the total amount of “real” polymers (thus excluding monomers and complexes) in the system at
time t . The parameters and initial state are the same as before. Since Φ+F = Φ−F , in this case we have
�M (0) = 0.5 = �M (1) and the initial proportion of polymers bound with a formin is also 0.5. As we see
in Figure 1.6, after an initial very small shift (whose origin is not clear), the proportion of polymers
converges again to the value 0.5, which con�rms our intuition.

Figure 1.6 Convergence of the proportion of simple polymers (resp., polymers bound with a formin)
towards �M (0) (resp. �M (1)) with dt = 0.001, �+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 1 and Φ−F = 1,
starting with 33% of free monomers, 33% of G-actin/pro�lin complexes and 34% of monomers included
in polymers. Initially, we start with 50% of simple polymers and 50% of polymers bound with a formin,
all of length 30.

Using this approximation, the system of ODE proposed in Corollary 1.4.3 can be rewritten for large
times as:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

d
dt kt (M, 1) = �−F∞(t) − �+�M (0)F∞(t)kt (M, 1) − ΦPkt (M, 1)
d
dtminF (t) = �+�M (0)F∞(t)kt (M, 1) + �+F�M (1)F∞(t)kt (P, 1) − �−F∞(t)
d
dt kt (P, 1) = ΦPkt (M, 1) − �+F�M (1)F∞(t)kt (P, 1).

(1.58)

If we compare this system to the limiting evolution obtained in (1.27) for a single polymer, we observe
that in the above, the elongation rates (spontaneous or with a formin) and the depolymerisation rate are
multiplied by the amount of polymers F∞. Therefore, it appears that elongation and depolymerisation
are slowed down by the competition between polymers whereas the production of G-actin/pro�lin
complexes is not impacted.

Since in Figure 1.6 the initial proportion of polymers bound with a formin was set to be equal
to its (supposed) equilibrium value, we explored what happens in other cases by choosing a di�erent
set of parameters. Figure 1.7 displays the same quantities as Figure 1.6 but with the following set of
parameters: �+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 8 and Φ−F = 2. We start again with the
same initial state (33% of free monomers, 34% of monomers included in a polymer, 33% of monomers
in G-actin/pro�lin complexes, 50% of polymers being simple, 50% being associated with a formin and
all polymers being of length 30). By (1.3), this time we have (�M (0), �M (1)) = (0.2, 0.8) and Figure 1.7
con�rms again the suspected convergence (with another initial overshoot by a very small amount that
we cannot explain).

Since the main di�erence between the systems (1.27) and (1.58) lies in the presence of the coe�cient
F∞ in the latter, it is natural to investigate the evolution in time of the amount of “real” polymers in
the limiting population model. In Figure 1.8, we plot (F∞(t))t∈R+

using the same parameter values as
in Figure 1.5. We observe in particular that the amount of polymers seems to decrease towards a limit
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Figure 1.7 Convergence of the proportion of simple polymers (resp. polymers bound with a formin)
towards �M (0) (resp. �M (1)) with dt = 0.001, �+ = 10, �− = 2, �+F = 100, ΦP = 10, Φ+F = 8 and Φ−F = 2,
starting with 33% of free monomers, 33% of G-actin/pro�lin complexes and 34% of monomers included
in polymers. Initially, we start with 50% of simple polymers and 50% of polymers with formin, all of
length 30.

of the order of 10−3. Of course this (empirical) stabilisation to a non-zero value is only one example
of potential limit for the decreasing process F∞ and other sets of parameters may lead to a limiting
amount of “real” polymers equal to 0.

Figure 1.8 Evolution of the amount of “real” polymers F∞ with dt = 0.001, �+ = 10, �− = 2, �+F = 100,
ΦP = 10, Φ+F = 1 and Φ−F = 1, starting with 33% of free monomers, 33% of G-actin/pro�lin complexes
and 34% of monomers included within polymers of length 30.

As in the previous section, we can also try to use the approximation (1.58) to compare the amount
of monomers inserted in a polymer (as a proxy for the average polymer length) when the polymers can
switch modes and when they are always in fast mode. We only proceed heuristically, assuming that
F∞(t) ⟶

t→∞
f∞ > 0. Finding an analogue of the criterion (1.56) to characterise the set of parameters for

which the fraction of monomers included in a polymer at equilibrium is larger with mode switching
than if the system stays in fast mode is trickier than in the case of a single polymer. Indeed, the limit f∞
itself depends on the value of ΦP . However, noticing that the system (1.58) can be obtained from (1.27)
by replacing �− by �−f∞, �+ by �+f∞ and �+F by �+F f∞, the candidate criterion derived from (1.56) can be
written:

ΦP ∈ [0,
1
2 (�M (1)�

+f∞ +
√
�M (1)�+f 2∞(�M (1)�+ + 4�+F ))] . (1.59)

In particular, we see that when the limiting amount of “real” polymers f∞ is small, the proportion of
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monomers included in a polymer at equilibrium is greater with mode switching than if the system stays
in the fast mode only when ΦP is itself very small. Figure 1.9 con�rms that such a regime is numerically
possible, but it is not clear that values of ΦP that are so low compared to other parameter values are
biologically relevant.

(a) ΦP = 0.001 (b) ΦP = 0.01

Figure 1.9 Time evolution of the proportion of monomers included in a polymer with dt = 0.001,
�+ = 10, �− = 2, �+F = 100, Φ+F = 1 and Φ−F = 1 for two values of ΦP , starting with 33% of free monomers,
33% of G-actin/pro�lin complexes and 34% of monomers included within polymers of length 30. On
each graph, we plot the large population limit given in Theorem 1.2.2 and the large population limit
obtained by assuming that the system stays in fast mode.

Let us now consider the polymer lengths in our large population limit to see what is the impact
of mode switching on their distribution. Figure 1.10 presents the evolution of the distribution of the
polymer lengths with the same set of parameters as in Figure 1.5. We start with the same proportion
as previously, 33, 3% of free monomers, 33, 3% of G-actin/pro�lin complexes and 33, 4% of monomers
included in a polymer. In Figure 1.10a we start with polymers of length 30, whereas on Figure 1.10b we
start with polymers of length 3. In each graph, we plot the distribution of the polymer lengths obtained
in Theorem 1.2.2 at di�erent times and in dashed line we plot the distribution at which the system
seems to stabilise (in the simulations) when we assume that all polymers are blocked in fast mode.

First, comparing Figure 1.10a and Figure 1.10b, we see that the distribution in length depends on
the initial condition. Indeed, if the polymers are initially shorter, at later times they are globally shorter
but more numerous. In contrast, if we start with longer polymers, at later times they are longer, the
variance in polymer length is larger but there are fewer polymers.

Second, let us compare the distributions of the polymer lengths at di�erent times, the distribution
after stabilisation (in red) and the distribution assuming that all polymers remain in fast mode (red
dashed line) in Figure 1.10a. As in Figure 1.5, we see that the proportion of polymers is larger when
the polymers are blocked in fast mode. But we can also observe that the polymer lengths are globally
shorter than when polymers switch modes. We can therefore conclude that mode switching allows to
have longer polymers but limits the proportion of monomers included in polymers, and thus it limits
the number of polymers.
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(a) Initial polymers of length 30 (b) Initial polymers of length 3

Figure 1.10 Evolution of the distribution of the polymer lengths with dt = 0.001, �+ = 10, �− = 2,
�+F = 100, ΦP = 10, Φ+F = 1 and Φ−F = 1, starting with 33% of free monomers, 33% of G-actin/pro�lin
complexes and 34% of monomers included in polymers. In each graph, we plot the distribution at
di�erent times. The red dashed line represents the distribution after stabilisation when assuming that
all polymers are blocked in fast mode. To ease the comparison between the two graphs, the black
dashed line in (b) corresponds to the red solid line in (a).
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This chapter presents an adaptation of the model developed by Patric Karl Glöde in his PhD thesis
entitled Dynamics of Genealogical Trees for Autocatalytic Branching Processes [Glö13]. Some passages
are thus very similar, but others have been completely revised. We can note two main changes. Firstly,
our elongation process is not deterministic. As each extremity can grow randomly and independently
of each other, the genealogical distance is no longer an ultrametric. Our framework is therefore quite
di�erent. Secondly, we consider an o�spring distribution whose mean is not equal to 1. Choosing
pN = 1

2 ±
a
N for the o�spring distribution (de�ne in Section 3.1.1 page 74) is a very small change in the

model but it implies several changes in the results. For example, the total mass is no longer a martingale
and we had to revise the proof of tightness as N tends to in�nity. It also implies some modi�cations
in the expression for the generator describing the binding dynamics. So, we need to rewrite all the
technical lemmas in order to prove our convergence result. In most cases, we could use similar tricks
as those of [Glö13], but we had to adapt the model and rewrite the majority of the proofs.

1 - Overview

In this model, we consider a single branched polymer of actin that interacts with two accessory
proteins: Arp2/3 and co�lin. As a reminder, an Arp2/3 complex can bind to any monomer of an actin
polymer and then create a new branch. Co�lin also binds to actin polymers but causes the fragmenta-
tion of the polymer.

LetN be the order of magnitude of the total number of monomers in the population. In this chapter,
we will not assume that the total number of monomers in the system is constrained. Let �+ > 0 be a
positive constant that characterises the rate of spontaneous elongation, � > 0 be a positive constant
that characterises the binding rate of accessory proteins and a ∈ R be a constant that will allow us to
give an advantage to one of the accessory proteins over the other. A priori, the constants de�ned above
are individual rates of events occurring to a given branch of the polymer. Because we want to consider
very large polymers (containing of the order of N monomers), in what follows we will be interested in
a time-scale of the form (Nt)t∈R+ on which events will therefore happen N times faster.

We see the branched polymer as a tree, modelled thanks to a metric measure triple (see De�ni-
tion 2.2.2). In this chapter, we will consider a polymer with a large number of extremities (of the order
of N ) and short branches (of the order of 1). Thereby, we can assume that Arp2/3 complexes and co�lin
do not have enough space to bind to an internal branch. Therefore, we assume that binding of proteins
occurs only on the extremities.

Three types of events can occur, illustrated in Figure 2.1:

1. Elongation: Each branch can elongate by catching a free monomer at rate N�+, independently
of each other.

2. Binding of a protein: Each branch can become bound to an Arp2/3 complex or a co�lin at
rate N� , independently of each other. A binding event changes the structure of the polymer by
creating a new branch or removing the chosen branch.

(a) Branching: With probability pN2 = 1
2 +

a
N , the protein which binds to the polymer is an
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Arp2/3 complex and a new branch of length 0 is created. In that case, a new extremity is
created.

(b) Fragmentation: With probability pN0 = 1
2 −

a
N , the protein which binds to the polymer is a

co�lin and an extremity as well as its entire branch disappear.

Figure 2.1 Schematic representation of the model for the dynamics of a single branched actin poly-
mer and its interaction with Arp2/3 and co�lin. Red single units represent monomers, blue squares
represent Arp2/3 complexes and pairs of orange triangles represent co�lin. Sets of red units and blue
squares represent branched polymers which can be seen as trees. For each possible event (elongation,
branching and fragmentation), the rate is recalled on the left-hand-side and the event a�ects one of
the branches on the r.h.s. For the branching event, the transparent unit corresponds to a site that can
receive a monomer (but there is no monomer yet on the new Arp2/3 complex — see the second branch
starting from the left in the tree on the r.h.s.).

2 - Basic De�nitions

In this whole chapter, we will use the formalism of metric measure spaces — introduced by A.
Greven, P. Pfa�elhuber and A. Winter in [GPW09] and studied by P.K. Glöde [Glö13] and later by A.
Depperschmidt et al. [DGP12, DG19] — to study tree-valued Markov processes. We therefore begin
by recalling the notions that are essential to understand what follows. We also introduce some basic
de�nitions and general notation that will be useful in de�ning our tree-valued process.

If (E,) is a topological space, we denote the set of �nite non-negative measures on the Borel-�-
algebra (E) on E by f (E). The set of probability measures are denoted by 1(E).

Let us �rst recall the de�nition of the image measure in order to �x the notation.
Definition 2.2.1 (Image Measure of �) q
Let � ∈f (E). If (E′,′) is another topological space and if ' ∶ E → E′ is a measurable function, the
image measure of � with respect to ', denoted by �◦'−1, is de�ned, for all B ∈ (E′), by:

�◦'−1(B) = � ('−1(B)) .x D
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We can now de�ne a metric measure triple and metric measure spaces that we will use throughout
this chapter.
Definition 2.2.2 (Metric Measure Triple) q

i - Assume E ⊆ RN. Let (E, d) be a complete and separable metric space and � ∈ f (E). Then, the
triple (E, d, �) is called a metric measure triple (also write mm-triple).

ii - Let (E, d, �) and (E′, d′, �′) be metric measure triples. Then (E′, d′, �′) is said to be isomorphic to
(E, d, �) if there exists an isometry i ∶ supp(�)→ supp(�′) such that the image measure of � with
respect to i is equal to �′:

�◦i−1 = �′.

We then write:
(E, d, �) ∼i (E′, d′, �′).

x D

Definition 2.2.3 (Metric Measure Space) q
i - Let (E, d, �) be a metric measure triple. We denote the isomorphism class of (E, d, �) by [E, d, �].

Moreover, we de�ne:

M
def= {e | ∃(E, d, �) a mm-triple such that [E, d, �] = e} , (2.1)

and the elements of M are called metric measure spaces (or mm-spaces).

ii - We denote the null-measure by 0 and the null space inM by:

0M
def= [{1}, d1, 0], (2.2)

where d1 is the trivial metric on {1}.

iii - We also set:
M>0

def= {e = [E, d, �] ∈M | �(E) > 0}, (2.3)

and
M1

def= {e = [E, d, �] ∈M | �(E) = 1}. (2.4)

If �(E) = 1, we call (E, d, �) a metric probability measure triple (also write mp-triple) and [E, d, �]
a metric probability measure space (or mp-space).

iv - Finally, if #supp(�) < ∞, we call e = [E, d, �] ∈M a �nite metric measure space and we de�ne:

#e def= #supp(�),

where we have used the notation #S to denote the cardinality of the set S.
x D

Remark 2.2.4 q
If (E, d, �) is a metric measure triple, we assume that E = supp(�) (that is, no Borel subset of E with

non-empty interior has �-measure 0).
x D

To study convergence of metric measure spaces, we will use the Gromov-Prokhorov metric. This
metric includes the idea of the Gromov-Hausdor� distance (to take into account the metric aspect) as
well as the idea of the Prokhorov metric (to take into account the measure aspect). Let us recall a few
useful de�nitions.
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Definition 2.2.5 (Gromov-Hausdor� Distance) q
i - Let E1 and E2 be two subsets of a metric space (E, d). The Hausdor� Distance between E1 and E2

is de�ned as:
dH (E1, E2)

def= inf {" > 0 | E1 ⊆ V"(E2) and E2 ⊆ V"(E1)} , (2.5)

where
V"(B)

def=
{
e ∈ E | inf

e′∈B
d(e, e′) < "

}
.

ii - Let (E, d) and (E′, d′) be two metric spaces. The Gromov-Hausdor� Distance between these two
spaces is de�ned as:

dGH (E, E′)
def= inf

{
dH ('E(E), 'E′(E′)) | 'E ∶ E ↪ Z and 'E′ ∶ E′ ↪ Z are isometries

}
, (2.6)

where the in�mum is taken over all isometric embeddings 'E and 'E′ of E and E′ into some
common metric space (Z, dZ ) and dH is the Hausdor� metric.

x D

Intuitively, we will represent a tree as a metric space (E, d), where the space E is the set of leaves
and the distance, d , corresponds to some genealogical distance between the leaves. Therefore, to obtain
the Gromov-Hausdor� distance between two trees, we transform the two trees to �nd the best way to
make them coincide and we take the Hausdor� distance between the two transformations. However,
we also need to put a mass on each leaf. To take the measure aspect into account while keeping the
idea of the Gromov-Hausdor� distance, we use the Gromov-Prokhorov distance.
Definition 2.2.6 (Gromov-Prokhorov Distance) q

i - Let (E, d) be a metric space with its Borel-�-algebra (E). For � and �′, two probability measures
on the measurable space (E,(E)), the Prokhorov distance is de�ned as:

dP (�, �′)
def= inf

{
" > 0 | �(B) ≤ �′(V"(B)) + " and �′(B) ≤ �(V"(B)) + " for any closed set B

}
,

(2.7)

where V"(B) =
{
e ∈ E | inf

e′∈B
d(e, e′) < "

}
is the "- neighbourhood of B de�ned earlier.

ii - For e = [E, d, �] ∈M1 and e′ = [E′, d′, �′] ∈M1, the Gromov-Prokhorov distance is de�ned as:

dGP (e, e′)
def= inf

{
dP (�◦'−1E , �◦'

−1
E′ ) | 'E ∶ E ↪ Z and 'E′ ∶ E′ ↪ Z are isometries

}
, (2.8)

where the in�mum is taken over all isometric embeddings 'E and 'E′ of E and E′ into some
common metric space (Z, dZ ) and dP is the Prokhorov metric.

x D

Now that we have set our framework, we can build our process.

3 - Construction of the Tree-Valued Process

To build our tree-valued process, we need to de�ne three processes:

1. the total mass process, which represents the evolution of the number of extremities (or leaves)
in the tree over time,
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2. the lexicographic process, which allows to number the extremities,

3. the metric-valued process, which provides a distance over the set of indices of extremities.

We describe these three processes in the next three sections. In what follows, we shall see the extrem-
ities of the branches of the polymer as individuals in a population, and we will use “extremities” and
“individuals” interchangeably.

3.1 - The Total Mass Process

3.1.1 - Basic branching system

Let pN = (pNk )k∈N be the probability distribution onN such that:

pNk =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1
2 −

a
N if k = 0,

1
2 +

a
N if k = 2,

0 otherwise.

We use this distribution in order to determine whether a given “binding” event is a branching event
due to Arp2/3 or a fragmentation event due to co�lin.

Let ΞN1 = {�Nn , �Nn , �Nn | n ∈ N} be a family of independent random variables on a probability space
(Ω,,P) such that:

�N0 ∈ {1, 2,⋯ , N} a.s. and �N0 ∼ Exp(�),

and, for all n ∈ N∗,
�Nn + 1 ∼ pN , �Nn ∼ Exp(�) and �Nn ∼ Unif([0, 1]).

The variable �N0 is the initial number of individuals (i.e. the initial number of extremities in the branched
polymer). (�Nn + 1) determines the number of o�spring at the n-th binding. In other words, the variable
�Nn ∈ {−1, 1} is the increment of the total number of individual during event n. The sequence (�Nn )n∈N
will be used to determine the sequence of times of binding. Finally, we will use the variable �Nn to choose
on which extremity the n-th binding will occur. In the following, we will call branch i, the branch which
carries the extremity i, that is the edge between the leaf i and its parent.

3.1.2 - Total number of extremities

We let XN
n denote the total number of extremities (individuals) after the n-th binding. The sequence

(XN
n )n∈N is easily de�ned by induction by:

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

XN
0 = �N0 ,

XN
n = XN

n−1 + �Nn if XN
n−1 > 0,

XN
n = 0 if XN

n−1 = 0.

So, by writing n0 = min{n ∈ N | XN
n = 0}, we have for every n ∈ N:

XN
n =

{
∑n
i=0 �Ni if n < n0,

0 if n ≥ n0.
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Let (ΘN
n )n∈N be our notation for the sequence of times of binding. As we will later scale down the

total number of extremities by the factor N , we assume that the number of extremities evolves at a
speed proportional to N . Therefore, each extremity of the branched polymer is subject to a binding
event at the rate N� . Without this assumption, the rescaled process for the total number of extremities
would not allow us to observe an non-trivial behaviour in the limit as N → ∞.

The total rate of binding after the n-th event is �NXN
n and ΘN

n+1 − ΘN
n ∼ Exp(�NXN

n ). By property
of the exponential distribution, we have, conditionally on XN

n ,

�̃Nn =
�Nn
NXN

n
∼ Exp(�NXN

n ).

We then de�ne the sequence (ΘN
n )n∈N by induction by:

{
ΘN
0 = 0,

ΘN
n = ΘN

n−1 + �̃Nn−1.

So, we have for every n ∈ N:

ΘN
n =

n−1
∑
i=0

�̃Ni .

We can now de�ne the continuous process which represents the evolution of the scaled number of
extremities of the polymer X̃N = (X̃N

t )t∈R+ by, for every t ∈ R+:

X̃N
t

def=
XN
n
N

when t ∈ [ΘN
n ,Θ

N
n+1[ . (2.9)

Since 0 is an absorbing state for X̃N , we also de�ne �Nex
def= inf{t ≥ 0 | X̃N

t = 0} the time of extinction
of the population which corresponds to the disappearance of the polymer.

3.2 - The Lexicographic Process

3.2.1 - Tree structure

The binding of a protein leads either to the creation or to the disappearance of a branch. This then
leads to a renumbering of extremities. We therefore need to retain the genealogical structure repre-
sented here by a plane binary tree.

Consider the set of labels:

I =
∞
⋃
n=0
N
n,

with convention N0 = ∅. An element � of I is a sequence � = <�1,⋯ , �n> of elements of N where |�| = n
is the length of � and represents the “generation” of �. A plane binary tree is therefore a subset of I.
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Example 2.3.1 q
This plane binary tree,

∙∅
∙∙1 2

∙∙21 22

∙∙211 212

is represented by the set:

 = {∅, < 1 >, < 2 >, < 2, 1 >, < 2, 2 >, < 2, 1, 1 >, < 2, 1, 2 >} ⊂ I,

and the set of alive individuals (or extremities, in our application) is:

 = {< 1 >, < 2, 2 >, < 2, 1, 1 >, < 2, 1, 2 >} ⊂ I.
x D

For �, �′ ∈ I, we de�ne:

s(�, �′) = max{k ∈ N | ∀j ∈ N, j ≤ k, �j = �′j }.

For example, s(<2, 1, 1>,<2, 2>) = 1 and we can notice that s(�, �′) represents the generation at which the
“lineages” of � and �′ diverge.

The intersection of �, �′ ∈ I is de�ned by:

� ∩ �′ =

{
< �1, �2,⋯ , �s(�,�′) > if s(�, �′) > 0,
∅ if s(�, �′) = 0,

and the concatenation of � = <�1,⋯ , �n>∈ I and �′ = <�′1,⋯ , �′m>∈ I is given by:

c(�, �′) =< �1,⋯ , �n, �′1,⋯ , �′m > .

For example, <2, 1, 1> ∩ <2, 2> = <2> and c(<2, 1, 1>,<2, 2>) = <2, 1, 1, 2, 2 >.
Finally, we will need an order on I which is de�ned by:

� C �′ ⇔ �s(�,�′)+1 < �′s(�,�′)+1.

For instance, <2, 1, 1> C <2, 2> and visually, � C �′ means that the node � is to the left of node �′.

3.2.2 - Indexing the leaves

As for the process X̃N , we start by constructing a discrete-time process (Nn )n∈N by induction.

h For n = 0, let
N0 = {�(1), �(2),⋯ , �(X

N
0 )} = {< 1 >, < 2 >,⋯ , < XN

0 >}.

h For n ∈ N, at the n-th binding of a protein, we proceed as follows:
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D If XN
n−1 = 0, then Nn−1 = ∅ and Nn = ∅.

D If XN
n−1 > 0, then, after ordering the individuals according to C, we can write

Nn−1 = {�(1), �(2),⋯ , �(X
N
n−1)}

where �(1) C �(2) C⋯C �(XN
n−1).

We now need a random variable to chose on which extremity the n-th binding will occurs.
Let �̃Nn = ⌈�Nn ⋅ XN

n−1⌉ where �Nn was de�ned in section 3.1.1. As �Nn ∼ Unif([0, 1]), �̃Nn is
uniformly distributed on the set {1, 2,⋯ , XN

n−1} and the next binding will occur on the branch
�̃Nn .
Nn is then de�ned as follows:

∗ If �n = −1, it is a co�lin that binds to the polymer and a fragmentation occurs. So, the
individual ��̃n is removed from the population without producing o�spring and

Nn = Nn−1⧵{�(�̃n)}.

∗ If �n = 1, it is an Arp2/3 that binds to the polymer and a branching occurs. So, the
individual ��̃n is replaced by two o�spring and

Nn = Nn−1⧵{�(�̃n)} ∪
{
c(�(�̃n), < 1 >), c(�(�̃n), < 2 >)

}
.

We can now de�ne the continuous lexicographic process ̃N = (̃Nt )t∈R+ by, for every t ∈ R+:

̃Nt
def= Nn when t ∈ [ΘN

n ,Θ
N
n+1[ . (2.10)

We can also de�ne ancestors at time s of individuals from ̃Nt .
Definition 2.3.2 (Ancestor) q
Let 0 ≤ s ≤ t < �Nex . An individual � ∈ ̃Ns is an ancestor of �′ ∈ ̃Nt if and only if � ∩ �′ = �. In this case,

we write:
̃N
s (�

′, t) = �.

Moreover, the number of ancestors at time s of individuals from ̃Nt is denoted by:

#̃N
s (t) = #

{
̃N
s (�

′, t) | �′ ∈ ̃Nt
}
.

x D

Example 2.3.3 q
If at time t we have:

h NX̃N
t = 5,

h ̃Nt = {< 1, 1, 1 >, < 1, 1, 2 >, < 1, 2 >, < 2, 1 >, < 2, 2 >}.

Then we have the following binary tree:
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∙∅
∙

∙
∙

∙ ∙ ∙∙∙

� =<1>

�(1) =<111>�(2) =<112>�(3) =<12> <21> <22>

<2>

<11>

−0

time

−s

−t

× ×

and:

h ̃N
s (�(1), t) = ̃N

s (�(2), t) = ̃N
s (�(3), t) = �,

h #̃N
s (t) = 2.

x D

3.3 - The Metric-Valued Process

3.3.1 - The Pseudo-metric-valued process

Now that the tree structure is built, we can de�ne a pseudo-metric on it. The pseudo-distance be-
tween two individuals of ̃N corresponds to the genealogical distance expressed in number of monomers.
This is a pseudo-distance since, immediately after a branching event, the two new extremities are not
distinguishable. We must �rst de�ne the process of elongation of alive branches. As before, we start
by constructing a discrete-time process.

Let ΞN2 = {'Nn , �Nn | n ∈ N} be a family of independent random variables on a probability space
(Ω,,P) such that, for all n ∈ N,

'Nn ∼ Exp(�+) and �Nn ∼ Unif([0, 1]).

The sequence ('Nn )n∈N will be used to determine the sequence of times of elongation and we will use
the variable �Nn to choose on which extremity the n-th elongation will occur.

We denote by m ∈ N, the number of bindings of protein that occurred when the n-th elon-
gation takes place. Therefore, there are XN

m extremities and the structure of the tree is given by
Nm = {�(1), �(2),⋯ , �(XN

m )} with �(1) C �(2) C ⋯ C �(XN
m ) just before the n-th elongation. We will use this

notation and this order for Nm throughout this section. We let �Nm,n denote the pseudo-metric on Nm at
the n-th elongation such that �Nm,n(�(i), �(j)) is the number of monomers between extremities �(i) and �(j)
along the tree.
Remark 2.3.4 q
In an equivalent way, we can de�ne N

m,n = (dNi,j (m, n))1≤i,j≤XN
m
∈ XN

m the pseudo-distance matrix after
m bindings of protein and n-th elongation such that:

dNi,j (m, n) = �
N
m,n(�

(i), �(j)).
x D
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Example 2.3.5 q
If the branched actin polymer is as follows:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙∙∙

∙∙ ⟶

∙∙∙
∙∙∙∙∙∙∙∙

< 2, 2 >∙∙∙
∙∙∙< 2, 1, 2 >∙< 2, 1, 1 >

∙∙< 1 >

there are X = 4 extremities, the set of extremities is:

 = {< 1 >, < 2, 1, 1 >, < 2, 1, 2 >, < 2, 2 >} = {�(1), �(2), �(3), �(4)},

and the pseudo-distance matrix is given by:

 =

⎛
⎜
⎜
⎜
⎜
⎝

0 12 13 10
12 0 4 9
13 4 0 10
10 9 10 0

⎞
⎟
⎟
⎟
⎟
⎠

We can notice that the root branch is not taken into account. As we have chosen a model with a
lot of short branches ((N ) branches of length (1)), this will have no impact on the mean behaviour.
With one color per branch, the polymer must be represented like this:

◦∅∙∙∙
◦<2>∙∙⋄ �(4) =<22>∙∙∙
◦<21>∙⋄ �(3) =<212>⋄�(2) =<211>

∙⋄�(1) =<1>

x D

Let �N0,0 be a pseudo-metric on the space N0 . We de�ne the process (�Nm,n)m,n∈N by induction on
m ∈ N, the number of bindings of protein and on n ∈ N, the number of elongation.

h At the (n+1)-th elongation, by assuming that m bindings of protein have occurred, we de�ne the
pseudo-metric �Nm,n+1 as follows:

D Let �̃Nn+1 = ⌈�Nn+1 ⋅ XN
m ⌉. The next elongation will occur on the extremity �̃Nn+1.

D When the extremity �̃Nn+1 grows, the branch �̃Nn+1 gains a monomer and thus the distance
between this extremity and any other increases by 1 (while the others distances remains un-
changed). If we consider this transformation on the pseudo-distance matrix, this is equiva-
lent to adding 1 to the �̃Nn+1-th row and to the �̃Nn+1-th column except to the element (�̃Nn+1,�̃Nn+1)
which stays null. The pseudo-distance matrix after the (n +1)-th elongation, N

m,n+1, is then
de�ned by:

N
m,n+1 = N

m,n +
XN
m

∑
i=1
Ji,�̃n+1 +

XN
m

∑
j=1
J�̃n+1,j − 2J�̃n+1,�̃n+1 ,

where Ji,j is the single-entry matrix with a one on the i-th row and j-th column and zeros
everywhere else.
In an equivalent way, we can de�ne �Nm,n+1, the pseudo-distance associated with the matrix
N
m,n+1, for �(i), �(j) ∈ Nm by:
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�Nm,n+1(�
(i), �(j)) =

{
�Nm,n(�(i), �(j)) + 1 if (i = �̃n+1 or j = �̃n+1) and i ≠ j
�Nm,n(�(i), �(j)) otherwise.

h At the (m + 1)-th binding, by assuming that n elongations have occurred, we de�ne the pseudo-
metric �Nm+1,n as follows:

D As described in Section 3.2.2, the next binding will occur on the branch �̃m+1.
D If �m+1 = −1, it is a fragmentation and the individual �(�̃m+1) is removed from the population.

We then obtain the pseudo-distance matrix N
m+1,n by removing the �̃m+1-th row and the

�̃m+1-th column of the matrix N
m,n.

The pseudo-distance �Nm+1,n is de�ned for �(i), �(j) ∈ Nm+1 with 1 ≤ i ≤ j ≤ XN
m − 1 by:

�Nm+1,n(�
(i), �(j)) =

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

�Nm,n(�(i), �(j)) if i < j < �̃m+1,
�Nm,n(�(i), �(j+1)) if i < �̃m+1, j ≥ �̃m+1 and i < j,
�Nm,n(�(i+1), �(j+1)) if �̃m+1 ≤ i < j,
0 if i = j.

D If �m+1 = 1, it is a branching and the individual �(�̃m+1) is removed from the population and
replaced by c (�(�̃m+1), < 1 >) and c (�(�̃m+1), < 2 >). In this case, we obtain the pseudo-distance
matrix N

m+1,n from N
m,n by duplicating the �̃m+1-th row and the �̃m+1-th column and by

setting the element (�̃m+1,�̃m+1 + 1), and the element (�̃m+1 + 1,�̃m+1) to zero. The pseudo-
distance �Nm+1,n is then de�ned for �(i), �(j) ∈ Nm+1 with 1 ≤ i ≤ j ≤ XN

m − 1 by:

�Nm+1,n(�
(i), �(j)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

�Nm,n(�(i), �(j)) if i < j ≤ �̃m+1,
�Nm,n(�(i), �(j−1)) if i < �̃m+1, j > �̃m+1 and i < j,
0 if i = �̃m+1 and j = �̃m+1 + 1,
�Nm,n(�(i), �(j−1)) if i = �̃m+1 and j > �̃m+1 + 1,
�Nm,n(�(i−1), �(j−1)) if �̃m+1 < i < j,
0 if i = j.

Example 2.3.6 q
We return to Example 2.3.5. Our branched actin polymer is as follows:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙∙∙

∙∙

and the pseudo-distance matrix is given by:

 =

⎛
⎜
⎜
⎜
⎜
⎝

0 12 13 10
12 0 4 9
13 4 0 10
10 9 10 0

⎞
⎟
⎟
⎟
⎟
⎠
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h If an elongation occurs on the third extremity, we have:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙∙∙∙

∙∙ ′ =

⎛
⎜
⎜
⎜
⎜
⎝

0 12 14 10
12 0 5 9
14 5 0 11
10 9 11 0

⎞
⎟
⎟
⎟
⎟
⎠

h If a fragmentation occurs on the third extremity, we have:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙

∙∙ ′ =
⎛
⎜
⎜
⎝

0 12 10
12 0 9
10 9 0

⎞
⎟
⎟
⎠

h If a branching event occurs on the third extremity, we have:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙∙◦◦∙

∙∙ ′ =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

0 12 13 13 10
12 0 4 4 9
13 4 0 0 10
13 4 0 0 10
10 9 10 10 0

⎞
⎟
⎟
⎟
⎟
⎟
⎠

x D

We can now proceed in the same way as for X̃N . Let (ΦNn )n∈N be our notation for the sequence of
times of elongation and,

'̃Nn =
'Nn
NXN

m
∼ Exp(�+NXN

m ) conditionnally on XN
m .

We have for every n ∈ N:

ΦNn =
n−1
∑
i=0

'̃Ni ,

and we can now de�ne the continuous process which represents the evolution of the pseudo-metric
�̃N = (�̃Nt )t∈R+ by, for every t ∈ R+:

�̃Nt
def=

�Nm,n
N

when t ∈ [ΘN
m,Θ

N
m+1[ ∩ [Φ

N
n ,Φ

N
n+1[ . (2.11)

3.3.2 - Metric on equivalent classes

In order to have a metric instead of a pseudo-metric, we need to consider two undistinguishable
points as a single point. For this, we pass to the quotient space with respect to �̃Nt . More precisely, for
t ∈ [0, �Nex [ and � ∈ ̃Nt , we de�ne the equivalent class of � by:

[�]0 =
{
�′ ∈ ̃Nt | �̃Nt (�, �

′) = 0
}
,

and we de�ne the quotient space process IN = (INt )t∈R+by, for all t ∈ R+:

INt
def= ̃Nt /�̃Nt =

{
i = [�]0 | � ∈ ̃Nt

}
. (2.12)
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Hence, the lexicographic order on INt is that of the smallest representatives of each equivalent class.
For every t ∈ R+, we can now de�ne a metric rNt on INt by:

rNt ([�]0, [�
′]0)

def= �̃Nt (�, �
′) ∀�, �′ ∈ ̃Nt , (2.13)

and �nally, we write rN = (rNt )t∈R+ for the metric-valued process.
Remark 2.3.7 q
In the following, we will need the notion of ancestors in the quotient space INt , for every t ∈ R+. We
adapt de�nition 2.3.2 as follows:

Let 0 ≤ s ≤ t < ∞. An individual i ∈ INs is an ancestor of i′ ∈ INt if and only if there are � ∈ i and
�′ ∈ i′ such that � ∩ �′ = �. In this case, we write:

A
N
s (i

′, t) = i. (2.14)

Moreover, the number of ancestors at time s of individuals from INt is denoted by:

#ANs (t) = #
{
A
N
s (i

′, t) | i′ ∈ INt
}
. (2.15)

Note that by an abuse of terminology, we refer to the elements of INt as “individuals” rather than
as “classes of individuals”.

Also note that for t ≥ �Nex , INt = ∅. Hence, there is no i′ ∈ INt and so, no ancestors either. In
particular, for all t ≥ �Nex , #ANs (t) = 0.
x D

3.4 - The Tree-Valued Process

By construction, for every t ∈ [0, �Nex [, (INt , rNt ) is a metric space. We now want to add a measure
on INt in order to obtain a metric measure triple as de�ned in De�nition 2.2.2.(i).

We simply construct a �nite measure that give the same mass to each extremity of the polymer.
As we want a non-trivial asymptotic behaviour when N → +∞, we need to give a mass 1

N to each
individual in order to control the total mass. Such a measure on the extremities (and thus on the set
̃Nt ) is written 1

N ∑�∈̃Nt
�� . As we want a measure on classes of individuals (i.e. on the set INt ), we need

to multiply the Dirac mass of a class of individuals i ∈ INt by the number of individuals in this class.
Thus, we de�ne the measure uNt on INt by, for all t ∈ [0, �Nex [:

uNt
def=

1
N

∑
i∈INt

#i ⋅ �i, (2.16)

where #i is the cardinal of the equivalence class i, and we write uN = (uNt )t∈[0,�Nex [ the measure-valued
process.

At last, for all t ∈ R+, (INt , rNt , uNt ) is a metric measure triple and by passing to the isomorphism
class of (INt , rNt , uNt ) (according to de�nition 2.2.2.(ii)), we have constructed a process which take values
inM.

The tree-valued branching process at scale N derived from (Ξ1,Ξ2, N ) is denoted byTN = (TNt )t∈R+

and de�ned by, for every t ∈ [0, �Nex [:
TNt = [INt , r

N
t , u

N
t ] , (2.17)
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where INt , rNt and uNt are respectively de�ned in (2.12), (2.13) and (2.16).

In order to de�ne TN overR+ as a whole, we need to �nd the right metric space in which to study
our tree-valued process. In particular, we need to �nd a null state for TN after the extinction time, and
have a metric space suitable for studying the convergence when N goes to in�nity. This is the point of
the next section.

For the entire de�nition of the process TN , see De�nition 2.4.6 page 86.

4 - State-Space of the Tree-Valued Process

As seen in Section 2, the metric space (M, dGP ) is the appropriate framework to de�ne our tree-
valued process. However, this metric space is not convenient to study the convergence of the process
as N goes to in�nity. In this section, we introduce some de�nitions, notation and the main results
needed to �nd the right state-space for TN to study this convergence.

Firstly, we will see that metric probability spaces are adequate spaces to study a tree-valued process.
However, the measure associated with a tree-valued process is not necessarily a probability measure.
In the second subsection, we use the polar decomposition (decomposition of a mm-space as a positive
constant and a mp-space) to extend the results of the �rst subsection. Finally, we introduce �nite metric
measure spaces to study discrete tree-valued processes.

4.1 - Metric Probability Measure Spaces

4.1.1 - Distance matrix distributions

The �rst important result is a theorem due to Gromov [Gro99] that ensures that a metric probability
measure triple (E, d, �) may be characterised through the distribution of the distances between points
which have been randomly sampled according to �. In order to formulate this Gromov’s result, we need
�rst to de�ne the distance matrix map.
Definition 2.4.1 (Distance Matrix Map) q

i - For all n ∈ N and n ≥ 2, let

U
n def= {un = (uni,j)1≤i<j≤n | uni,j ∈ R+, uni,j ≤ u

n
i,k + u

n
k,j , ∀1 ≤ i < j ≤ n}.

Intuitively,Un is the set of (upper-triangular) distance matrices of size n.

ii - Let (E, d, �) be a mp-triple and n ∈ N, n ≥ 2. We de�ne the distance matrix map of degree n by:

U n
(E,d) ∶ En → U

n

(e1, e2,⋯ , en) ↦
{
d(ei , ej)

}
1≤i<j≤n

Therefore, U n
(E,d) maps a random sample of points of E of size n to its distance matrix.

x D
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Theorem 2.4.2 (see [Gro99])
Let [E, d, �], [E′, d′�′] ∈M1. Then

[E, d, �] = [E′, d′, �′]⇔ ∀n ∈ N, n ≥ 2, �⊗n◦ (U n
(E,d))

−1 = �′⊗n◦ (U n
(E′,d′))

−1 .

In other words, an element e = [E, d, �] ∈M1 is uniquely determined by the distributions of distance
matrices of random samples.

It is now clear that distance matrix distributions have a key role in the study of mp-spaces, and so,
we will need some more notation.

For e = [E, d, �] ∈M1 and n ∈ N, n ≥ 2, we note:

�ne
def= �⊗n◦ (U n

(E,d))
−1 . (2.18)

the distance matrix distribution for a random sample of size n.

We have seen that a mp-space e ∈ M1 is uniquely determined by its distance matrix distributions.
By the separation property of bounded continuous functions on 1(Un), distance matrix distributions
are uniquely determined by the �rst moment of bounded continuous functions. In order to use this
property, we need to introduce polynomials.

4.1.2 - Polynomials onM1

Recall that, for a function f ∶ S1 → S2 and for a measure � , we note:

⟨f , �⟩ = ∫
S1
f (s)d�(s),

the integral of f with respect to �.

For n ∈ N, n ≥ 2, and for a real-valued bounded continuous function ! ∈ b(Un), we de�ne
Ωn
! ∶M1 → R, by:

Ωn
!(e)

def= ⟨!, �ne ⟩,

= ∫
Un

!(un)d�⊗n ((U
n
(E,d))

−1 (un)) ,

= ∫
En
! (

{
d(ei , ej)

}
1≤i<j≤n) d�⊗n(e1, e2,⋯ , en), (2.19)

where (E, d, �) ∈ e.
We refer to functions of this form asΩ-polynomials of degree n and we denote the set of polynomials

by:
ΠΩ

def= {Ωn
! | n ∈ N, n ≥ 2 and ! ∈ b(Un)} .

If we restrict ! to some subclass C(Un) ⊂ b(Un), we indicate this by writing:

ΠΩ(C)
def= {Ωn

! ∈ ΠΩ | ! ∈ C(Un)} .

We also let ΠΩ(C) denote the linear span of ΠΩ(C) and ΠΩ(C) the algebra generated by ΠΩ(C).
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The next proposition, which corresponds to Proposition 2.3.4 of [Glö13], ensures that an element
e = [E, d, �] ∈ M1 is uniquely determined by Ω-polynomials restricted to class C(Un), if this class
C(Un) ⊆ b(Un) is separating for 1(Un).
Proposition 2.4.3 (see [Glö13])
Assume C(Un) ⊆ b(Un) is separating for 1(Un). Then, ΠΩ(C) separates points onM1.

Since the measure-valued process uN of our tree-valued process TN is not a probability measure-
valued process, the space M1 can not be a state-space for TN , and we must generalise the previous
result.

4.2 - Metric Measure Spaces

The main idea of this section is that we can transform each metric measure space with a posi-
tive total mass into a metric probability measure space by normalising its measure. Conversely, we
can transform each mp-space into a mm-space with a positive total mass by multiplying the prob-
ability measure by a positive constant. This shows that every mm-space with positive mass can be
uniquely represented by a mp-space (containing the information about the distribution of distances)
and a positive constant (representing the mass of the space). We refer to this representation as polar
decomposition.

4.2.1 - Polar decomposition

Definition 2.4.4 (Polar Decomposition Map) q
For e = [E, d, �] ∈M>0, we de�ne the total mass by:

me
def= �(E),

the normalised measure by:
�̂ def=

�
me

(2.20)

and the normalised metric measure space by:

ê
def= [E, d, �̂] ∈M1.

Finally, we de�ne the polar decomposition map by:

� ∶ M>0 → R
∗
+ ×M1

e ↦ (me, ê)x D

Thanks to this decomposition, we can easily �nd a distance on M>0. Indeed, considering the Eu-
clidean metric, deucl , onR∗

+ and the Gromov-Prokhorov metric, dGP , onM1, we can de�ne a metric on
the product spaceR∗

+ ×M1 as follows: for m, m′ ∈ R∗
+ and for e, e′ ∈M1,

deucl ⊗ dGP ((m, e), (m′, e′))
def= |m −m′| + dGP (e, e′).

Moreover, since � is a bijection (see Lemma 2.4.1 of [Glö13]), we can de�ne a distance, dM>0
GP , on M>0

by: for e, e′ ∈M>0,

dM>0
GP (e, e′) def= deucl ⊗ dGP (� (e), � (e′)) = |me −me′ | + dGP (ê, ê′).
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However, the metric space (M>0, dM>0
GP ) does not contain the limits of sequences ofM>0 with a total

mass which tends to 0. To take into account mm-spaces with null total mass, we construct a spaceM0
which contains all the elements ofM1 (i.e. with a total mass equal to 1) but associated with the constant
0 (instead of 1). To be more precise, we have seen previously that an element e1 ∈ M1 is associated
with the pair (1, e1). Thus, the elements ofM0 are the elements associated with the pair (0, e1) for each
e1 ∈M1.

We then consider the space T de�ne by:

T
def= M>0 ⊔M0,

and we can adapt the distance dM>0
GP to have a distance, dTGP , on T by writing, for e, e′ ∈ T:

dTGP (e, e
′) def=

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

dM>0
GP (e, e′) if e, e′ ∈M>0,
me + dGP (ê, e′) if e ∈M>0 and e′ ∈M0,
dGP (e, e′) if e, e′ ∈M0.

Finally, we extend the bijection � by setting:

� (e) def= (0, e) if e ∈M0

and � becomes an isometry between (T, dTGP) and (R+ ×M1, deucl ⊗ dGP ).
This lead to the next proposition, which corresponds to Proposition 2.4.3 in [Glö13], and which

�nishes to convince us that (T, dTGP) is the right state-space for our tree-valued process TN .

Proposition 2.4.5 (see [Glö13])
The metric space (T, dTGP) is Polish.

Now that we have found the right space for TN , we can de�ne the null state and give a complete
de�nition of our tree-valued branching process.
Definition 2.4.6 (Tree-Valued Branching Process) q

i - We de�ne the special null-space by:

n
def= �−1( (0, [{1}, d1, �1]) ) ∈ T (2.21)

where d1 is the trivial metric on {1} and � is de�ned in De�nition 2.4.4.

ii - The tree-valued branching process at scaleN derived from (Ξ1,Ξ2, N ) is denoted byTN = (TNt )t∈R+

and de�ned by:

TNt
def=

{
[INt , rNt , uNt ] if t ∈ [0, �Nex [,
n if t ∈ [�Nex , +∞[,

(2.22)

where INt , rNt and uNt are respectively de�ned in (2.12), (2.13) and (2.16), and the special null-space
is de�ned in (2.21).

iii - The process mN = (mN
t )t∈R+

de�ned by:

mN
t

def=

{
uNt (INt ) if t ∈ [0, �Nex [,
0 if t ∈ [�Nex , +∞[,

(2.23)

is called the total mass process of TN .
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iv - The normalised process
T̂
N def= (T̂

N
t )t∈R+

(2.24)

is called the genealogical process of TN .

x D

Remark 2.4.7 q
1. By construction, TNt ∈ T and T̂

N
t ∈M1 for all t ∈ R+.

2. By de�nition of the processes X̃N , IN and uN , we have, for all t ∈ R+,

mN
t = X̃N

t
x D

In the same way as before, we will now de�ne classes of functions on T that separates points on
T.

4.2.2 - Polynomials on T

For n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ b(R+), we de�ne Ψn!, ∶ T→ R, by:

Ψn!, (e)
def=  (me)Ωn

!(ê),

=  (me) ∫
En
! (

{
d(ei , ej)

}
1≤i<j≤n) d�̂⊗n(e1, e2,⋯ , en), (2.25)

where (E, d, �̂) ∈ ê.
We refer to functions of this forms as Ψ-polynomials of degree n and we denote the set of polyno-

mials by:
ΠΨ

def=
{
Ψn!, | n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ b(R+)

}
.

If we restrict! to some subclass C1(Un) ⊂ b(Un) and  to some subclass C2(R+) ⊂ b(R+), we indicate
this by writing:

ΠΨ(C1, C2)
def=

{
Ψn!, ∈ ΠΨ | ! ∈ C1(Un) and  ∈ C2(R+)

}
.

We also let ΠΨ(C1, C2) denote the linear span of ΠΨ(C1, C2) and ΠΨ(C1, C2) the algebra generated by
ΠΨ(C1, C2).

The next proposition, which corresponds to Proposition 2.4.9 (i) of [Glö13], gives a su�cient con-
dition on classes C1(Un) and C2(R+) for ΠΨ(C1, C2) to separates points on T. We denote by 1S the
indicator function of a set S.
Proposition 2.4.8 (see [Glö13])
Let C1(Un) ⊆ b(Un) and C2(R+) ⊆ b(R+). Assume that C1(Un) is separating for 1(Un) and C2(R+)
separates points on R+. Moreover, assume that 1Un ∈ C1(Un) or 1R+ ∈ C2(R+). Then, ΠΨ(C1, C2)
separates points on T.

We now have all the notation and results necessary to study a tree-valued process, but only when the
number of individuals is in�nite. Indeed, the results of Sections 4.1 and 4.2 are based on the sampling
of n elements of E according to �⊗n. When the support of � is �nite, we shall modify the sampling
procedure to sample without replacement. This is the subject of the next section.
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4.3 - Finite Metric Measure Space

For N ∈ N, we de�ne:

M
N
>0

def= {[E, d, �] ∈M>0 | #supp(�) ∈ N and ∀e ∈ E, N�({e}) ∈ N}

and
T
N def= MN

>0 ∪ {n},

where n is the special null space de�ned in (2.21).

Finite metric measure spaces have simple representation. If [E, d, �] ∈ MN
>0, then by de�nition

supp(�) is a �nite set and we can assume that E = {1, 2,⋯ , #supp(�)}. The sampling measure can then
be written:

� = ∑
e∈E

�({e})�e .

This representation amounts to thinking of [E, d, �] as an urn containing Nme balls of #E colors.

As in the previous case, distance matrix distributions have a key role in the study of �nite metric
measure spaces. The di�erence in this �nite case is that we have to make sure that each e ∈ E is sampled
at most N�({e}) times. Using the urn analogy, this corresponds to a sampling without replacement of
balls.

Let e = [E, d, �] ∈ TN and n ∈ N. We de�ne the n−fold measure without replacement on En by:

d�⊗n,N (e1, e2,⋯ , en)
def=

{
⨂n

i=1 (� −
1
N ∑i−1

j=1 �ej) (de1, de2,⋯ , den) if me > 0,
0 if me = 0.

(2.26)

For x ∈ R and n, N ∈ N, let

(x)n,N def= x (x −
1
N )(x −

2
N )⋯(x −

n − 1
N ) . (2.27)

Then the normalised n−fold measure without replacement on En is given by:

d�̂⊗n,N (e1, e2,⋯ , en)
def=

{
d�⊗n,N (e1,e2,⋯,en)

(me)n,N
if me > 0 and n ≤ Nme

0 otherwise.
(2.28)

For e = [E, d, �] ∈ TN and n ∈ N, n ≥ 2, we de�ne the distance matrix distribution without replacement
of degree n by:

�n,Ne
def= �̂⊗n,N ◦ (U n

(E,d))
−1

Remark 2.4.9 q
We can note that �̂⊗n,N ∈ 1(En) ∪ {0} and �n,Ne ∈ 1(Un) ∪ {0}. Moreover, �⊗n,N = �̂⊗n,N = 0
if n > Nme.
x D

All that remains is to introduce polynomials for �nite mm-spaces, which will once again form
classes of function that separates points, but this time on TN .
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For n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ b(R+), we de�ne Ωn,N
! ∶ TN → R by:

Ωn,N
! (e) def= ⟨!, �n,Ne ⟩ ,

= ∫
En
! (

{
d(ei , ej)

}
1≤i<j≤n) d�̂⊗n,N (e1, e2,⋯ , en), (2.29)

and Ψn,N!, ∶ TN → R by:

Ψn,N!, (e)
def=  (me)Ωn,N

! (e),

=  (me) ∫
En
! (

{
d(ei , ej)

}
1≤i<j≤n) d�̂⊗n,N (e1, e2,⋯ , en). (2.30)

where (E, d, �) ∈ e.
We refer to functions of this forms as Ω−polynomials without replacement and Ψ−polynomials

without replacement, respectively. We denote these sets by:

ΠNΩ
def=

{
Ωn,N
! | n ∈ N, n ≥ 2 and ! ∈ b(Un)

}
∪ {1TN } ,

and
ΠNΨ

def=
{
Ψn,N!, |  ∈ b(R+) and Ωn,N

! ∈ ΠNΩ
}
.

If we restrict! to some subclass C1(Un) ⊂ b(Un) and  to some subclass C2(R+) ⊂ b(R+), we indicate
this by writing:

ΠNΩ (C1)
def=

{
Ωn,N
! | n ∈ N, n ≥ 2 and ! ∈ C1(Un)

}
∪ {1TN } ,

and
ΠNΨ (C1, C2)

def=
{
Ψn,N!, |  ∈ C2(R+) and Ωn,N

! ∈ ΠNΩ (C1)
}
.

We also let ΠNΩ (C1) denote (respectively ΠNΨ (C1, C2)) the linear span of ΠNΩ (C1) (resp. of ΠNΨ (C1, C2))
and ΠNΩ (C1) (resp. ΠNΨ (C1, C2)) the algebra generated by ΠNΩ (C1) (resp. by ΠNΨ (C1, C2)).
Remark 2.4.10 q
The function1TN is added to the set ofΩ−polynomials without replacement to ensure thatΠNΨ separates
n from �−1 (( 1

N , [1, d1, �1])). This makes it possible to distinguish a space whose total mass tends to 0
when N goes to in�nity from the special null space n.
x D

We �nish this section with a statement, which correspond to Proposition 2.5.12 of [Glö13], about
subclasses of polynomials which separates points on TN .

Proposition 2.4.11 (see [Glö13])
Let C1(Un) ⊆ b(Un) and C2(R+) ⊆ b(R+). Assume that C2 satis�es either of the following assump-
tions:

i - C2 separates points on 1
NN.

ii - For each K ∈ N, there exists  ∈ C2 such that  (x) = 1 for all x ∈ [0, K ]. Moreover, for each
x ∈ 1

NN, there exists  ∈ C2 such that  (0) ≠  (x).

Assume that C1 is separating for 1(Un). Then, ΠNΨ (C1, C2) separates points on Tn.
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5 - Generators of the Discrete Tree-Valued Process

In order to study the convergence of the tree-valued processTN as N goes to in�nity, we �rst need
to establish the convergence of its in�nitesimal generator. This generator corresponds to the sum of the
“growth” generator and the “binding” generator. As explained in Section 4.3, Ψ-polynomials without
replacement are the right class of functions to study the discrete tree-valued process. However, it is
necessary to restrict this class of functions in order to be able to study the convergence of the growth
and binding generators. We write 1bcb for the set of continuous bounded functions with �rst partial
derivatives bounded and continuous and ∞K for the set of smooth functions with compact support. For
these functions, the generator of TN can be written as follows:
Definition 2.5.1 (Generator of TN ) q
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ ∞K (R+). The in�nitesimal generator of the
discrete tree-valued process applied to the Ψ-polynomial without replacement Ψn,N!, is given by:

NΨn,N!, (e) = NgrowΨ
n,N
!, (e) + 

N
bindΨ

n,N
!, (e),

where Ngrow and Nbind are de�ned respectively in (2.34) and in (2.40).
x D

In this whole section, when we choose a mm-space e = [E, d, �] ∈ TN , we also implicitly choose a
mm-triple (E, d, �) ∈ [E, d, �] which is a representative of the isomorphism class [E, d, �]. We assume
that each point of this representative x ∈ (E, d, �) (also written x ∈ E) has a mass �({x}) = 1

N , duplicating
some of the points to account for multiplicities if necessary. As mentioned in Remark 2.2.4, we recall
that the space E of the representative (E, d, �) satis�es E = supp(�).

Let us now de�ne the growth generator and the binding generator.

5.1 - Growth Generator

Since the genealogical distance between extremities has been scaled down by the factor N in (2.11),
we assume that each extremity (more precisely each branch attached to an extremity) grows at a speed
proportional to N . Thus, each extremity of the branched polymer can grow at rate N�+.

Since the state-space of our discrete tree-valued process is TN , we need to de�ne the growth rate
of an element of TN . For e = [E, d, �] ∈ TN , the total mass is denoted by me and so, there are Nme

extremities that can be elongated. Therefore, the total rate of elongation is N 2�+me.
When an elongation occurs, the extremity that will grow is chosen uniformly at random from the

Nme extremities and the distance between the chosen extremity and all the others increases by 1
N . So,

for x, e, e′ ∈ (E, d, �), where (E, d, �) is the representative of the class [E, d, �], if there is an elongation
of the branch x , the distance between e and e′ becomes:

ΔNx (e, e
′) def=

{
d(e, e′) + 1

N if e ≠ e′ and (e = x or e′ = x),
d(e, e′) otherwise.

(2.31)

and the element [E, d, �] ∈ TN becomes [E,ΔNx , �]. Moreover, the jump kernel for the growth process,
denoted by QN

grow , is de�ned for e ∈ TN as follows:

QN
grow (e, dv)

def=
1

Nme
∑
x∈E

�[E,ΔNx ,�](dv). (2.32)
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The term 1
Nme

corresponds to the uniform choice of the extremity and �[E,ΔNx ,�] gives a mass 1 to the
new metric measure space [E,ΔNx , �] created by the elongation (and a mass 0 to all other spaces ofTN ).

We now have all the elements to write the in�nitesimal generator Ngrow for the elongation. For a
suitable function f and for e = [E, d, �] ∈ TN , we have:

Ngrowf (e)
def= N 2�+me ∫

TN
(f (v) − f (e))QN

grow (e, dv),

= N�+∑
x∈E

(f ([E,ΔNx , �]) − f (e)) . (2.33)

By applying this expression to a Ψ−polynomial without replacement, we have �nally:
Definition 2.5.2 (Growth Generator) q
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ b(R+). The growth generator applied to

the Ψ-polynomial without replacement Ψn,N!, is given by:

NgrowΨ
n,N
!, (e) =

n
∑
k=1

N�+ (me) ∫
En

(! ((Δ
N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)) d�̂

⊗n,N (e1,⋯ , en),

(2.34)
where ΔN is de�ned in (2.31).
x D

Remark 2.5.3 q
The sum over x ∈ E in expression (2.33) becomes a sum over x ∈ En in expression (2.34) since if x is
not in En, the elongation of the branch x does not change the distance matrix (d(ei , ej))1≤i<j≤n.
x D

Since ! ∈ 1bcb (Un), we can use a �rst order Taylor expansion of ! ((Δ
N
ek (ei , ej))1≤i<j≤n) to obtain

an easier expression for the growth generator de�ned in (2.34).

Lemma 2.5.4
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ b(R+). Then

NgrowΨ
n,N
!, (e) = Ψ

n,N
2�+∇!, (e) + (

1
N ) , (2.35)

where:
∇! = ∑

1≤i<j≤n

)!
)d(ei , ej)

. (2.36)

Proof of Lemma 2.5.4. A �rst order Taylor expansion of ! ((Δ
N
ek (ei , ej))1≤i<j≤n) gives us:

! ((Δ
N
ek (ei , ej))1≤i<j≤n) = ! ((d(ei , ej))1≤i<j≤n) +

1
N

∑
1≤i<j≤n
i=k or j=k

)!
)d(ei , ej) (

(d(ei , ej))1≤i<j≤n) + (
1
N 2) .
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Using this expression in (2.34), we obtain:

NgrowΨ
n,N
!, (e) =

n
∑
k=1

N�+ (me) ∫
En (

1
N

∑
1≤i<j≤n
i=k or j=k

)!
)d(ei , ej) (

(d(ei , ej))1≤i<j≤n) + (
1
N 2))

d�̂⊗n,N (e1,⋯ , en),

= N�+ (me) ∫
En (

1
N

n
∑
k=1

k−1
∑
i=1

)!
)d(ei , ek) (

(d(ei , ej))1≤i<j≤n)

+
1
N

n
∑
k=1

n
∑
j=k+1

)!
)d(ek , ej) (

(d(ei , ej))1≤i<j≤n) + (
1
N 2))

d�̂⊗n,N (e1,⋯ , en),

= N�+ (me) ∫
En (

2
N

∑
1≤i<k≤n

)!
)d(ei , ek) (

(d(ei , ej))1≤i<j≤n) + (
1
N 2))

d�̂⊗n,N (e1,⋯ , en),

=  (me) ∫
En
2�+∇! ((d(ei , ej))1≤i<j≤n) d�̂

⊗n,N (e1,⋯ , en) + (
1
N ) .

We conclude with expression (2.30) which de�nes Ψ-polynomials without replacement. \

Remark 2.5.5 q
As  is bounded and �̂⊗n,N is a probability measure, we have:

|||�
+ (me)�̂⊗n,N (En)

||| ≤ �
+|| ||∞,

where || ||∞ = sup
x∈R+

| (x)| and

�+ (me)�̂⊗n,N (En)(
1
N ) = (

1
N ) .

x D

5.2 - Binding Generator

As explained in Section 3.1.2, we assume that the individual rate of binding is N� . So, as for the
rate of elongation, the total rate of binding is N 2�me for e = [E, d, �] ∈ TN .

When a binding event occurs, the branch to which the protein will bind is chosen uniformly at
random from the Nme extremities. Then, the type of protein is chosen using the distribution pN . It is
therefore a fragmentation with probability pN0 and a branching with probability pN2 .

When a fragmentation occurs on the branch x ∈ (E, d, �), the measure � loses a mass 1
N in x and

the mm-space e = [E, d, �] becomes:

FNx (e)
def=

{
[E, d, � − 1

N �x] if me > 1
N ,

n otherwise.
(2.37)

Note that the metric space (E, d) is implicitly modi�ed since the mass in x is now null and when dealing
with representative of an mm-space, we always assume that E = supp(�).

When a branching occurs on the extremity x ∈ (E, d, �), the measure � gains a mass 1
N in x and the

mm-space e = [E, d, �] becomes:
BNx (e)

def= [E, d, � +
1
N
�x] . (2.38)
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Once again, the representative (E, d, �) is implicitly modi�ed and the point x is duplicated in E.
The jump kernel for the binding process, denoted by QN

bind , is de�ned for e ∈ TN as follows:

QN
bind (e, dv)

def=
1

Nme
∑
x∈E

(pN0 �FNx (e)(dv) + p
N
2 �BNx (e)(dv)) , (2.39)

where 1
Nme

corresponds to the uniform choice of the extremity, �FNx (e) gives a mass 1 to the space FNx (e)
created by fragmentation with probability pN0 and �BNx (e) gives a mass 1 to the space BNx (e) created by
branching with probability pN2 .

We can now de�ne the in�nitesimal generator Nbind for the binding. For a suitable function f and
for e = [E, d, �] ∈ TN , we have:

Nbind f (e)
def= N 2�me ∫

TN
(f (v) − f (e))QN

bind (e, dv),

= N�pN0 ∑
x∈E

(f (FNx (e)) − f (e)) + N�p
N
2 ∑

x∈E
(f (BNx (e)) − f (e)) .

By applying this expression to a Ψ−polynomial without replacement, we have �nally:
Definition 2.5.6 (Binding Operator) q
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). The binding generator applied to the
Ψ-polynomial without replacement Ψn,N!, is given by:

NbindΨ
n,N
!, (e) = N�p

N
0 ∑

x∈E
( (mFNx (e))Ω

n,N
! (FNx (e)) −  (me)Ωn,N

! (e))

+ N�pN2 ∑
x∈E

( (mBNx (e))Ω
n,N
! (BNx (e)) −  (me)Ωn,N

! (e)) , (2.40)

where FNx and BNx , are respectively de�ned in (2.37) and in (2.38).
x D

Once again, by using Taylor expansions, we can obtain an easier expression for the binding gener-
ator de�ned in (2.40).
Lemma 2.5.7
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then

NbindΨ
n,N
!, (e) = (2a�me ′(me) +

�me

2
 ′′(me))⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩
(2.41)

+(N�p
N
0  (me) −

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
(2.42)

+(N�p
N
2  (me) +

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
(2.43)

+ (
1
N ) .
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Proof of Lemma 2.5.7. Recall that U n
(E,d) denotes the distance matrix map de�ned in De�nition 2.4.1.

By de�nition of FNx , we have:

 (mFNx (e)) =  (me −
1
N ) ,

and
Ωn,N
! (FNx (e)) = ⟨!, (� − 1

N �x)
⊗n,N

⋀

◦ (U n
(E,d))

−1

⟩ = ⟨!◦U n
(E,d), (� −

1
N �x)

⊗n,N
⋀

⟩ .

Moreover, Lemma 2.5.9 gives:

Ωn,N
! (FNx (e)) = ⟨!◦U n

(E,d), (� −
1
N �x)
⋀⊗n,N

⟩ =
⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
.

By doing the same for BNx , expression (2.40) can be denoted by:

NbindΨ
n,N
!, (e) = N�p

N
0 ∑

x∈E (
 (me −

1
N )⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩

−  (me)⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩)

+ N�pN2 ∑
x∈E (

 (me +
1
N )⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩

−  (me)⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩)
.

By rearranging terms of this expression and by noticing that #E = Nme, we obtain:

NbindΨ
n,N
!, (e) = N

2me� (p
N
0 ( (me −

1
N ) −  (me)) + p

N
2 ( (me +

1
N ) −  (me)))

×
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩

+ N�pN0  (me −
1
N )∑

x∈E (⟨
!◦U n

(E,d),(
� − 1

N �x
me − 1

N
)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

+ N�pN2  (me +
1
N )∑

x∈E (⟨
!◦U n

(E,d),(
� + 1

N �x
me + 1

N
)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
.

Finally, by using a second order Taylor expansion of  (me ± 1
N ), we have:

N 2me� (p
N
0 ( (me −

1
N ) −  (me)) + p

N
2 ( (me +

1
N ) −  (me)))

= 2a�me ′(me) +
�me

2
 ′′(me) + (

1
N ) ,
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since pN2 − pN0 = 2a
N and pN2 + pN0 = 1. This time using a �rst order Taylor expansion of  (me ± 1

N ), we
have:

N�pN0  (me −
1
N ) = N�p

N
0  (me) −

�
2
 ′(me) + (

1
N ) ,

and
N�pN2  (me +

1
N ) = N�p

N
2  (me) +

�
2
 ′(me) + (

1
N ) .

\

Remark 2.5.8 q
1. As ! is bounded and (

�
me)

⊗n,N
is a probability measure, we have:

||||||⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩

||||||
≤ ||!||∞ and

⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩
× (

1
N ) = (

1
N ) .

2. For the other two terms, we use Lemma 5.5.23 of [Glö13] that can be immediately adapted to our
generator.

x D

Lemma 2.5.9
Let e = [E, d, �] ∈ TN , n ∈ N,n ≥ 2 and f ∶ En → R such that f ∈ b . Then

⟨f , �̂⊗n,N⟩ = ⟨f , �̂⊗n,N⟩ .

Proof of Lemma 2.5.9. Since, �̂⊗n,N = �⊗n,N = 0 when me = 0 or n > Nme, we only need to prove the
equality when me > 0 and n ≤ Nme. We also recall that:

(me)n,N = me (me −
1
N )(me −

2
N )⋯(me −

n − 1
N ) =

n
∏
i=1 (me −

i − 1
N ) .

We have:
⟨f , �̂⊗n,N⟩ = ⟨f , �̂⊗n,N⟩ +⟨f , �̂⊗n,N − �̂⊗n,N⟩ ,

and by using expression (2.28) for �̂⊗n,N and expression (2.26) for �̂⊗n,N , we have:

�̂⊗n,N − �̂⊗n,N =
1

(me)n,N
n

⨂
i=1 (

� −
1
N

i−1
∑
j=1

�ej)
(de1, de2,⋯ , den) −

n
⨂
i=1 (

�
me

−
1
N

i−1
∑
j=1

�ej)
(de1, de2,⋯ , den),

=
n

⨂
i=1 (

�
me − i−1

N
−

1
N ∑i−1

j=1 �ej
me − i−1

N
−

�
me

+
1
N

i−1
∑
j=1

�ej)
(de1, de2,⋯ , den),

= 0
n

⨂
i=2 (

�
me − i−1

N
−

1
N ∑i−1

j=1 �ej
me − i−1

N
−

�
me

+
1
N

i−1
∑
j=1

�ej)
(de1, de2,⋯ , den).

Therefore, we have:

⟨f , �̂⊗n,N − �̂⊗n,N⟩ = 0,

which proves this lemma. \

The last lemma of this section will be useful in the proof of the tightness.
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Lemma 2.5.10
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ ∞K (R+). Then there exists two constants
C,1 > 0 and C,2 > 0 such that, for every N ∈ N∗,

|||
NΨn,N!, (e)

||| ≤ meC,1 + C,2.

Proof of Lemma 2.5.10. By de�nition 2.5.1, we have:

|||
NΨn,N!, (e)

||| ≤
|||
N
growΨ

n,N
!, (e)

||| +
|||
N
bindΨ

n,N
!, (e)

||| ,

so, we are going to prove that both |||
N
growΨ

n,N
!, (e)

||| and |||
N
bindΨ

n,N
!, (e)

||| are bounded.

Lemma 2.5.4 ensures that there exists a constant c1 > 0 such that:

|||
N
growΨ

n,N
!, (e)

||| ≤
||||
 (me) ∫

En
2�+∇! ((d(ei , ej))1≤i<j≤n) d�̂

⊗n,N (e1,⋯ , en)
||||
+
c1
N
,

≤ 2�+|| ||∞ ||||∇!||||∞ + c1.

Lemma 2.5.7 ensures that there exists a constant c2 > 0 such that:

|||
N
bindΨ

n,N
!, (e)

||| ≤
||||
2a�me ′(me) +

�me

2
 ′′(me)

||||
×
||||||⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩

||||||

+
||||
N�pN0  (me) −

�
2
 ′(me)

||||

×
||||||
∑
x∈E (⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

||||||

+
||||
N�pN2  (me) +

�
2
 ′(me)

||||

×
||||||
∑
x∈E (⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

||||||
+
c2
N
.

Moreover, expression (5.382) page 195 of [Glö13] ensures that:

∑
x∈E (⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
= (

1
N ) ,

and

∑
x∈E (⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
= (

1
N ) .
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Therefore, there exists two constants c3 > 0 and c4 > 0 such that:

|||
N
bindΨ

n,N
!, (e)

||| ≤ (2|a|�me|| ′||∞ +
�me

2
|| ′′||∞) ||!||∞ +

||||
N�pN0  (me) −

�
2
 ′(me)

||||
×
c3
N

+
||||
N�pN2  (me) +

�
2
 ′(me)

||||
×
c4
N
+ c2,

≤ me (2|a|� || 
′||∞ +

�
2
|| ′′||∞) ||!||∞ +(�p

N
0 || ||∞ +

�
2
|| ′||∞) c3

+(�p
N
2 || ||∞ +

�
2
|| ′||∞) c4 + c2.

So, we have:

|||
NΨn,N!, (e)

||| ≤ +me (2|a|� || 
′||∞ +

�
2
|| ′′||∞) ||!||∞ + 2�+|| ||∞ ||||∇!||||∞ + c1 +(�p

N
0 || ||∞ +

�
2
|| ′||∞) c3

+(�p
N
2 || ||∞ +

�
2
|| ′||∞) c4 + c2.

Since ! ∈ 1bcb and  ∈ ∞K , functions !, ∇!,  ,  ′ and  ′′ are bounded and the result is proved. \

6 - Martingale Problem

Thanks to the generator N of the discrete tree-valued process TN de�ned in the previous section,
we can de�ne a martingale MN

	 and prove that our process solves a martingale problem.

Proposition 2.6.1
Let Ψ ∈ ΠNΨ (1bcb ,∞K ) and de�ne, for t ∈ R+:

MN
Ψ (t)

def= Ψ(TNt ) − Ψ(T
N
0 ) − ∫

t

0
NΨ(TNs )ds.

Then MN
	 = (MN

Ψ (t))t∈R+ is a martingale.

Proof of Proposition 2.6.1. The proof is essentially the same as that of the Proposition 3.2.17 of [Glö13].
Indeed, even if our generators Ngrow and Nbind are slightly di�erent, they have the same characteristics.

\

The next theorem is immediate from Proposition 2.6.1 and Theorem 3.2.2 of [Glö13].

Theorem 2.6.2
The process TN solves the martingale problem for (N , ΠNΨ (1bcb ,∞K )) and has sample paths in
DTN [0, +∞[.

The following results give expressions for the quadratic variation of the martingale MN
	 and the

semi-martingale decomposition of the process (Ψ (TNt ))t∈R+
. This will be useful in the next section

where we will prove that our stopped tree-valued process is tight.
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Proposition 2.6.3
Let n ∈ N, n ≥ 2, ! ∈ 1bcb and  ∈ ∞K . To simplify the notation, we denote Ψn,N!, by Ψ. For each
t ∈ R+, the predictable quadratic variation of MN

	 is:

⟨MN
Ψ ⟩ (t)

def= ∫
t

0
gNΨ (TNs ) ds,

where, for every e = [E, d, �] ∈ TN :

gNΨ (e) = N�
+

n
∑
k=1(

 (me) ∫
En

(! ((Δ
N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)) d�̂

⊗n,N (e1,⋯ , en))

2

+ N�pN0 ∑
x∈E

( (mFNx (e))Ω
n,N
! (FNx (e)) −  (me)Ωn,N

! (e))
2

+ N�pN2 ∑
x∈E

( (mBNx (e))Ω
n,N
! (BNx (e)) −  (me)Ωn,N

! (e))
2

with ΔN , FNx and BNx , respectively de�ned in (2.31), in (2.37) and in (2.38).

Lemma 2.6.4
Let e = [E, d, �] ∈ TN , n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ ∞K (R+). Then there exists two constants
Cg,1 > 0 and Cg,2 > 0 such that, for every N ∈ N∗,

|||g
N
Ψ (e)

||| ≤ meCg,1 + Cg,2.

Proof of Lemma 2.6.4. The expression given in Proposition 2.6.3 yields the bound:

|||g
N
Ψ (e)

||| ≤ N�
+

n
∑
k=1

||||
 (me) ∫

En
(! ((Δ

N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)) d�̂

⊗n,N (e1,⋯ , en)
||||

2

+ N�
|||||
∑
x∈E

( (mFNx (e))Ω
n,N
! (FNx (e)) −  (me)Ωn,N

! (e))
2|||||

+ N�
|||||
∑
x∈E

( (mBNx (e))Ω
n,N
! (BNx (e)) −  (me)Ωn,N

! (e))
2|||||
.

We will treat the �rst and second terms on the right-hand-side separately. Note that we can bound the
third term in exactly the same way as the second.

For the �rst term, we have:

N�+
n
∑
k=1

||||
 (me) ∫

En
(! ((Δ

N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)) d�̂

⊗n,N (e1,⋯ , en)
||||

2

≤ N�+
n
∑
k=1

|| ||∞ ∫
En

||||
! ((Δ

N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)

||||

2
d�̂⊗n,N (e1,⋯ , en),

thanks to the Jensen’s inequality. In the same way as in the proof of Lemma 2.5.4, we have:

||||
! ((Δ

N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)

||||

2
=

||||||||

1
N

∑
1≤i<j≤n
i=k or j=k

)!
)d(ei , ej) (

(d(ei , ej))1≤i<j≤n) + (
1
N 2)

||||||||

2

,

= (
1
N 2) ,
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where the bound is uniform in e.
Therefore, as ! ∈ 1bcb and  ∈ ∞K , we have:

N�+
n
∑
k=1

|| ||∞ ∫
En

||||
! ((Δ

N
ek (ei , ej))1≤i<j≤n) − ! ((d(ei , ej))1≤i<j≤n)

||||

2
d�̂⊗n,N (e1,⋯ , en) = (

1
N ) .

For the second term, we use the same rearrangement as in Lemma 2.5.7. We have:

( (mFNx (e))Ω
n,N
! (FNx (e)) −  (me)Ωn,N

! (e))
2

= ([ (mFNx (e)) −  (me)]Ωn,N
! (e) +  (mFNx (e)) [Ω

n,N
! (FNx (e)) − Ω

n,N
! (e)])

2 ,

= ([ (mFNx (e)) −  (me)]Ωn,N
! (e))

2 + ( (mFNx (e)) [Ω
n,N
! (FNx (e)) − Ω

n,N
! (e)])

2

+ 2 [ (mFNx (e)) −  (me)]Ωn,N
! (e) (mFNx (e)) [Ω

n,N
! (FNx (e)) − Ω

n,N
! (e)] .

Therefore,

N�
|||||
∑
x∈E

( (mFNx (e))Ω
n,N
! (FNx (e)) −  (me)Ωn,N

! (e))
2|||||

≤ N�∑
x∈E

|||[ (mFNx (e)) −  (me)]Ωn,N
! (e)|||

2
+ N�

|||||
∑
x∈E

 (mFNx (e)) [Ω
n,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||

2

+ N�
|||||
∑
x∈E

2 [ (mFNx (e)) −  (me)]Ωn,N
! (e) (mFNx (e)) [Ω

n,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||
,

≤ N 2�me

||||
 (me −

1
N ) −  (me)

||||

2
||!||2∞ + N� || ||

2
∞

|||||
∑
x∈E

[Ωn,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||

2

+ 4N� || ||∞||!||2∞
|||||
∑
x∈E

[Ωn,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||
.

Once again, we treat these three terms separately. We have:

N 2�me

||||
 (me −

1
N ) −  (me)

||||

2
||!||2∞ = N

2�me

||||
−
1
N
 ′(me) + (

1
N 2)

||||

2
||!||2∞

= �me||!||2∞ (| 
′(me)|2 + (

1
N )) ,

≤ �me||!||2∞|| 
′||2∞ + (

1
N )me,

where the term  ( 1
N ) can be chosen to be independent of e.

For the third term, we use expression (5.382) page 195 of [Glö13] that ensures that:

∑
x∈E

[Ωn,N
! (FNx (e)) − Ω

n,N
! (e)] = (

1
N ) .

So, we have:

N� || ||2∞
|||||
∑
x∈E

[Ωn,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||

2

= (
1
N ) ,

and

4N� || ||∞||!||2∞
|||||
∑
x∈E

[Ωn,N
! (FNx (e)) − Ω

n,N
! (e)]

|||||
=  (1) .
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Finally, there exists two constants c1 > 0 and c2 > 0 such that, for N large enough,

N�
|||||
∑
x∈E

( (mFNx (e))Ω
n,N
! (FNx (e)) −  (me)Ωn,N

! (e))
2|||||
≤ mec1 + c2.

\

Proposition 2.6.5
The semi-martingale decomposition of Ψ(TN ) is for each t ∈ R+:

Ψ(TNt ) = Ψ(T
N
0 ) +M

N
Ψ (t) + V

N
Ψ (t),

with:
V N
Ψ (t) = ∫

t

0
NΨ(TNs )ds.

7 - Tightness

The last step before proving that our tree-valued process converges in law is to prove that it is
tight. Because of technical problems due to the many ways our process may approach the value n
representing an extinct population, to prove the tightness, we must restrict TN to its non-zero values.
We will therefore study the process before the extinction time.

In this section, we de�ne the stopped process TNR and then we quote the two criteria we will use to
prove that this stopped process is tight. It is interesting to note that these criteria are “classical” even
though our state-space of interest is rather unusual. The second subsection focuses on the proof.

For � ≥ 0, we denote by:
�N� = inf{t ≥ 0 | mN

t = X̃N
t ≤ �},

the �rst time the total mass reaches � or drops below this level. Let R ∈ N∗, we de�ne the stopped
process TNR = (TNt,R)t∈R+

, where for all t ∈ R+,

TNt,R
def= TN (min (t, �N1/R)) .

We wish to show the following result.
Proposition 2.7.1 (Tightness)
Assume the following conditions :

1. lim sup
N→+∞

E [mN
0 ] < ∞,

2. ∃� ∈1(R+) such that mN
0


⟶
N→+∞

� ,

3. �({0}) = 0,

4.
{
aw [T̂

N
0 ] | N ∈ N

}
is tight in 1(M1).

Then, for each R ∈ N∗, the family (TN⋅,R)N∈N is tight.

This proposition will be proved in Section 7.2.
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7.1 - Tightness Criteria

The �rst criterion allows to prove the tightness of a process with non-real values on the basis of
three elements: a convenient class of functions, the compact containment condition and the weak tight-
ness. For our tree-valued process, we will consider the linear span of Ψ-polynomials ΠΨ(1bcb ,∞K ),
introduced in Section 4.2.2.
Theorem 2.7.2 (Jakubowski’s Tightness Criterion [Jak86])
Let (S,  ) be a completely regular topological space with metrisable compacts. Let  be a family of
real-valued continuous functions on S. Suppose that:

i -  separates points in S,

ii -  is closed under addition.

Then, the following holds:

1. A sequence of stochastic processes (Yn(⋅))n∈N with sample paths in DS[0, +∞[ is tight if and only
if the following two conditions hold:

iii - For each " > 0 and T > 0, there exists a compact K",T ⊆ S such that:

lim inf
n→+∞

P (∀t ∈ [0, T ], Yn(t) ∈ K",T ) ≥ 1 − ".

iv - The sequence (Yn(⋅))n∈N is  -weakly tight, i.e. for each f ∈  , the sequence (f (Yn(⋅)))n∈N
is tight on DR[0, +∞[.

2. If (Yn(⋅))n∈N is tight, then it is relatively compact in the weak topology.

To prove the weak tightness (condition iv of the previous theorem), we use the following theorem
due to Aldous [Ald78] and Rebolledo [Reb80]. We cite here the version of [Eth00]. This is actually the
same criterion as the one used in Chapter 1.

Theorem 2.7.3 (Aldous-Rebolledo Tightness Criterion [Eth00])
Let (Yn(⋅))n∈N be a sequence of real valued semi-martingale with càdlàg paths.
Let Yn(t) = Yn(0) + Mn(t) + Vn(t) be the canonical decomposition of Yn, where Mn is a locally square
integrable local martingale withMn(0) = 0 and Vn is a predictable �nite variation process with Vn(0) =
0. Let ⟨Mn⟩ denote the unique predictable increasing process such thatM2

n−⟨Mn⟩ is a local martingale.
Suppose that the following conditions are satis�ed:

i - For each t ≥ 0, (Yn(t))n∈N is tight.

ii - For each T > 0, for each sequence of stopping times (�n)n∈N bounded by T , and for each " > 0,
there exists � > 0 and n0 such that:

(a) sup
n≥n0

sup
�∈[0,�]

P (|Vn(�n + �) − Vn(�n)| > ") ≤ ",

(b) sup
n≥n0

sup
�∈[0,�]

P (|⟨Mn⟩ (�n + �) − ⟨Mn⟩ (�n)| > ") ≤ ".
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Then, (Yn(⋅))n∈N is tight.

7.2 - Proof of the Tightness of the Stopped Tree-Valued Process

Proof of Proposition 2.7.1. We use Jakubowski’s Tightness Criterion.

h Proposition 2.4.5 ensures that T is a Polish space, so T is completely regular.

h The class ΠΨ(1bcb ,∞K ) is closed under addition and Proposition 2.4.8 ensures that this function
class separates points on T.

h By Proposition 2.6.2, the process TN has sample paths in DT[0, +∞[.

h We prove in Proposition 2.7.4 that the family (TN⋅ )N∈N satis�es the compact containment con-
dition.

h We prove in Corollary 2.7.8 that for all Ψ ∈ ΠΨ(1bcb ,∞K ), the family (Ψ (TN⋅,R))N∈N is tight for
each R ∈ N∗.

Therefore, by point 1 of Theorem 2.7.2, the family (TN⋅,R)N∈N is tight for each R ∈ N∗. \

7.2.1 - Compact containment condition

Proposition 2.7.4 (Compact Containment)
Assume the four conditions of Proposition 2.7.1. Then, for every " > 0 and T > 0, there is a compact
set K",T ⊆ T, such that:

inf
N∈N

P (∀t ∈ [0, T ], TNt ∈ K",T ) ≥ 1 − ".

Proof of Proposition 2.7.4. We follow the proof of Proposition 4.5.1 of [Glö13]. Recall that � denotes the
polar decomposition map de�ned in De�nition 2.4.4.

As � is a continuous bijection between (T, dTGP ) and (R+ ×M1, deucl ⊗ dGP ), we can note that a
compact set K ⊂ T is compact if and only if � (K ) ⊆ R+ ×M1 is compact in (R+ ×M1, deucl ⊗ dGP ).

Let T > 0 and " > 0. Proposition 2.7.5 ensures that there are compact setsKmass
",T ⊂ R+ andK gen

",T ⊂M1
such that, for all N ∈ N,

P (∀t ∈ [0, T ], mN
t ∈ Kmass

",T ) ≥ 1 −
"
3
,

and
P(∀t ∈ [0, T ], T̂

N
t ∈ K gen

",T ) ≥ 1 −
"
3
.

De�ning
K",T = �−1 (Kmass

",T × K gen
",T ) ,

K",T is compact in T (thanks to the previous remark) and we have, for all N ∈ N,

P (∀t ∈ [0, T ], TNt ∈ K",T ) = P(∀t ∈ [0, T ], (m
N
t , T̂

N
t ) ∈ K

mass
",T × K gen

",T ) ,

= P((∀t ∈ [0, T ], m
N
t ∈ Kmass

",T ) ∩ (∀t ∈ [0, T ], T̂
N
t ∈ K gen

",T )) .

Finally, we conclude this proof with Lemma 2.7.6. \
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Proposition 2.7.5
Assume the four conditions of Proposition 2.7.1. Then for every T > 0 and " > 0, there are a compact
set Kmass

",T ⊂ R+ and a compact set K gen
",T ⊂M1 such that:

1. inf
N∈N

P (∀t ∈ [0, T ], mN
t ∈ Kmass

",T ) ≥ 1 − ".

2. inf
N∈N

P(∀t ∈ [0, T ], T̂
N
t ∈ K gen

",T ) ≥ 1 − ".

Proof of Proposition 2.7.5.

1. To prove that the total mass satis�es the compact containment condition, we study its dynamics.
The process (mN

t )t∈R+
is a�ected by two events: fragmentation and branching. When a fragmen-

tation occurs, the total mass loses a mass 1
N whereas when a branching occurs, the total mass

gains a mass 1
N . As these events are the same that de�ned a binding event, we can proceed in

the same way as in Section 5.2. So, the generator Nmass of the total mass process is de�ned for a
bounded continuous function f ∶ R+ → R, by:

Nmassf (m) = N 2m�pN0 (f (m −
1
N ) − f (m)) + N

2m�pN2 (f (m +
1
N ) − f (m)) .

Assuming that f ∈ 2(R+), a second order Taylor expansion gives:

Nmassf (m) = N 2m�pN0 (−
1
N
f ′(m) +

1
2N 2 f

′′(m) + (
1
N 3))

+ N 2m�pN2 (
1
N
f ′(m) +

1
2N 2 f

′′(m) + (
1
N 3)) ,

= Nm� (pN2 − p
N
0 ) f

′(m) +
m�
2 (pN0 + p

N
2 ) f

′′(m) + (
1
N ) ,

= 2a�mf ′(m) +
�
2
mf ′′(m) + (

1
N ) .

We recognize a birth-death process which converges in law to a Feller’s branching di�usion. So,
the family (mN

⋅ )N∈N is tight and the compact containment condition is checked.

2. We follow the proof of Proposition 4.5.3 (ii) of [Glö13]. Recall that, for all t ∈ R+, #ANs (t) denotes
the number of ancestors at time s of individuals from INt de�ned in (2.15). We also recall that the
process T̂

N
contains the information about the genealogical structure of the population (while

the total mass encodes its size). Therefore, to prove the compact containment condition for T̂
N

,
we need to control the number of ancestors and the number of descendants these ancestors will
produce.
Let T > 0 and " > 0. In order to control the number of ancestors, we need to show that for all
0 < 2" ≤ t ≤ T , the family (#ANt−2"(t))N∈N is tight. For this, we use the decomposition proposed
in Proposition 4.6.6 of [Glö13]. Adapting this result to our model, we have: for all k ∈ N and
0 < 2" ≤ t ≤ T ,

P (#ANt−2"(t) = k) =
+∞
∑
j=k
P (#INt−2" = j)(

j
k)(fN�2")

k
(1 − fN�2")

j−k ,

where for all u ≥ 0,
fu = P (Y (u) > 0)
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and Y is a continuous time, rate one Galton-Watson process with Y (0) = 1 and o�spring distri-
bution pN .

h If a = 0 (critical case), the only di�erence between our model and the one of [Glö13] is
that we do not assume that � = 1. So, Proposition 4.6.2 of [Glö13] ensures that the family
(#ANt−2"(t))N∈N is tight in the critical case.

h If a < 0 (sub-critical case), the probability of survival at time u of the Galton-Watson pro-
cess fu in this case is smaller than in the critical case. Since the proof of Proposition 4.6.2
of [Glö13] is based on the equivalent: for all u > 0, fNu ∼

N
2

Nu�2 where �2 is the o�spring

variance, this proof can be adapted and this ensures that the family (#ANt−2"(t))N∈N is tight
in the sub-critical case.

h If a > 0 (super-critical case), we need to �nd the equivalent of fNu in this case.
We see here Y , the continuous time rate one Galton-Watson process with Y (0) = 1 and
o�spring distribution pN as a binary birth and death process, where each individuals, in-
dependently, gives birth to a o�spring at rate b = 1 × pN2 = 1

2 +
a
N and dies naturally at rate

d = 1 × pN0 = 1
2 −

a
N .

Let q(t) = P1 (Y (t) = 0) = 1 − ft . Since q(t) = (Pt1{0}) (1), the Kolmogorov equation for the
function 1{0} gives:

d
dt (

Pt1{0}) (1) = Q (Pt1{0}) (1),

= b (Pt1{0}) (2) + d (Pt1{0}) (0) − (b + d) (Pt1{0}) (1),

= bP2 (Y (t) = 0) + dP0 (Y (t) = 0) − (b + d)q(t),
= b(q(t))2 + d − (b + d)q(t),

since each individual evolves independently.
This gives the di�erential equation:

q′(t) = b(q(t))2 + d − (b + d)q(t),

which is also written when b ≠ b:
q′(t)
1 − q(t)

−
bq′(t)

d − bq(t)
= d − b.

This gives us:

ln(
1 − q(0)
1 − q(t))

+ ln(
d − bq(t)
d − bq(0))

= (b − d)t,

and as q(0) = 0, we have:

q(t) =
d (1 − e(d−b)t)
b − de(d−b)t

=
( 12 −

a
N ) (1 − e

−2a
N t

)

( 12 +
a
N ) − ( 12 −

a
N ) e

−2a
N t

.

Therefore, we have:

fNu = 1 − q(Nu) = 1 −
( 12 −

a
N ) (1 − e−2au)

( 12 +
a
N ) − ( 12 −

a
N ) e−2au

,

= 1 − (1 −
2a
N ) ×

1
1 + 2a(1+e−2au)

N (1−e−2au)

= 1 − (1 −
2a
N )(1 −

2a(1 + e−2au)
N (1 − e−2au)

+ (
1
N )) ,

=
2a
N
+
2a(1 + e−2au)
N (1 − e−2au)

+ (
1
N ) =

4a
N (1 − e−2au)

+ (
1
N ) .
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This gives:
fNu ∼

N

4a
N (1 − e−2au)

.

Since this equivalent still is of the order of 1
N , the proof of Proposition 4.6.2 of [Glö13] can

be adapted and we proved that the family (#ANt−2"(t))N∈N is tight in the super-critical case.

De�ne
SN2"(t) = inf

{
#
{
A
N
t−2"(i, t) | i ∈ 

}
|  ⊆ INt with # ≥ (1 − 2") ⋅ #INt

}
.

Thus, SN2"(t) is the size of the smallest sub-population of ancestors at time t−2" whose descendants
make up at least a fraction of 1 − 2" of the population INt at time t . By de�nition, we have:

SN2"(t) ≤ #A
N
t−2"(t),

and so the family (SN2"(t))N∈N is tight for all 0 < 2" ≤ t ≤ T .

Proposition 4.5.6 of [Glö13] ensures that the probability that a sub-population of INt descending
from a small sub-populations  ⊂ INs becomes dominant at some later time is small. So, with a
high probability, the relative share of sub-populations does not increase over time.
Applying Proposition 2.22 of [GPW13], the second point is proved.

\

Lemma 2.7.6
Let (Ω,,P) be a probability space. Let A, B ∈  and " > 0. If P(A) > 1 − " and P(B) > 1 − ", then
P(A ∩ B) ≥ 1 − 3".
In particular, considering a product space (Ω1 × Ω2,1 ⊗2,P) and A1 ∈ 1, A2 ∈ 2,
if P(A1 × Ω2) ≥ 1 − " and P(Ω1 × A2) ≥ 1 − ", then P(A1 × A2) ≥ 1 − 3".

Proof of Lemma 2.7.6. We follow the proof of Lemma 4.5.2 of [Glö13]. We have:

P(A ∩ B) = P(A ∪ B) −P(A⧵B) −P(B⧵A),
≥ P(A ∪ B) −P({B) −P({A),
≥ (1 − ") − " − ",
≥ 1 − 3".

The �rst statement is therefore proved. For the second, it is su�cient to note that:

A1 × A2 = (A1 × Ω2) ∩ (Ω1 × A2),

and to apply the �rst result to (A1 × Ω2) ∩ (Ω1 × A2). \

7.2.2 - Weak tightness

In order to apply the Jakubowski’s criterion we need to prove that for all Ψ ∈ ΠΨ(1bcb ,∞K ), the
family (Ψ (TN⋅,R))N∈N is tight for each R ∈ N∗. However, as explained at the beginning of Section 5,
Ψ−polynomials without replacement are the right class of functions to study the discrete tree-valued
process. So, we �rst prove the tightness of (ΨN (TN⋅,R))N∈N for all ΨN ∈ ΠNΨ (1bcb ,∞K ) and for each
R ∈ N∗ and extend the result to Ψ−polynomials (in order to have a class of functions that do not depend
on N ).
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Proposition 2.7.7 (Weak Tightness)
Assume the four conditions of Proposition 2.7.1. Let ΨN ∈ ΠNΨ (1bcb ,∞K ).
Then, the family (ΨN (TN⋅,R))N∈N is tight, for each R ∈ N.

Proof of Proposition 2.7.7. The weak tightness is proved thanks to Aldous-Rebolledo criterion (Theo-
rem 2.7.3).

Let Ψn,N!, ∈ ΠNΨ (1bcb ,∞K ). To simplify the notation, we denote Ψn,N!, by ΨN . We prove the result only
for ΨN , the extension to the linear span is immediate.

By Proposition 2.6.1,

MN
ΨN (t) = Ψ

N (TNt ) − Ψ
N (TN0 ) − ∫

t

0
NΨN (TNs )ds,

is a martingale. The optional stopping theorem implies that

MN
ΨN ,R(t) = M

N
ΨN (min(t, �N1/R)) = Ψ

N (TNt,R) − Ψ
N (TN0 ) − ∫

min(t,�N1/R)

0
NΨN (TNs )ds,

is a martingale too. Denoting

V N
ΨN ,R(t) = ∫

min(t,�N1/R)

0
NΨN (TNs )ds,

we have the semi-martingale decomposition as in Proposition 2.6.5.

i - By Proposition 2.7.4, the family (TN⋅ )N∈N satis�es the compact containment condition. There-
fore, the stopped process (TN⋅,R)N∈N satis�es this condition too and, as ΨN is continuous, this is
also true for the mapped process (ΨN (TN⋅,R))N∈N. So, for each t ∈ R+, (ΨN (TNt,R))N∈N is tight.

ii - Let T > 0, (�N )N∈N be a sequence of stopping times bounded by T and " > 0.

(a) For every N ∈ N∗ and for every � ≥ 0, we have:

E [
|||V

N
ΨN ,R(�N + �) − V

N
ΨN ,R(�N )

|||] ≤ E [∫
min(�N +�,�N1/R)

min(�N ,�N1/R)

|||
NΨN (TNs )

||| ds]
,

and by Lemma 2.5.10, there exists two constants C,1 > 0 and C,2 > 0 such that:

E [
|||V

N
ΨN ,R(�N + �) − V

N
ΨN ,R(�N )

|||] ≤ C,1E [∫
min(�N +�,�N1/R)

min(�N ,�N1/R)
mN
s ds]

+ C,2�.

As we have seen in the proof of Proposition 2.7.5, the process (mN
t )t∈R+

is a classical birth-
death process for which we know that (mN

t − 2a�t)t∈R+
is a martingale. This then allows

us to control the term involving the integral of mN
s in the right-hand term of the inequality

just above and thus to prove that there exists �1 > 0 such that for every � ∈ [0, �1],

P(
|||V

N
ΨN ,R(�N + �) − V

N
ΨN ,R(�N )

||| > ") ≤ ".
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(b) We do exactly the same for the condition ii-(b). For every N ∈ N∗ and for every � ≥ 0, we
have thanks to Proposition 2.6.3:

E [
|||⟨M

N
ΨN ,R⟩ (�n + �) − ⟨MN

ΨN ,R⟩ (�n)
|||] ≤ E [∫

min(�N +�,�N1/R)

min(�N ,�N1/R)

|||g
N
ΨN (T

N
s )

||| ds]
,

and by Lemma 2.6.4, there exists two constant Cg,1 > 0 and Cg,2 > 0 such that:

E [
|||⟨M

N
ΨN ,R⟩ (�n + �) − ⟨MN

ΨN ,R⟩ (�n)
|||] ≤ Cg,1E [∫

min(�N +�,�N1/R)

min(�N ,�N1/R)
mN
s ds]

+ Cg,2�,

≤ (Cg,1M + Cg,2) �.

Choosing �2 = "
Cg,1M+Cg,2 > 0, we have for every � ∈ [0, �2],

P(
|||⟨M

N
ΨN ,R⟩ (�n + �) − ⟨MN

ΨN ,R⟩ (�n)
||| > ") ≤ ".

Finally, choosing � = min(�1, �2), the two inequalities are satis�ed for every � ∈ [0, �] and all
conditions of the criterion are veri�ed.

\

Corollary 2.7.8
Assume the four conditions of Proposition 2.7.1. Let Ψ ∈ ΠΨ(1bcb ,∞K ).
Then, the family (Ψ(TN⋅,R))N∈N is tight, for each R ∈ N∗.

Proof of Corollary 2.7.8. We only consider Ψ ∈ ΠΨ(1bcb ,∞K ) since the extension to the linear span is
direct. Let R ∈ N∗. We assume (without loss of generality) N ≥ 2R and mN

0 > 1
R . Therefore, as

downward jumps of the total mass process are of size 1
N , we have:

mN
�N1/R

∈ ]
1
R
−
1
N
,
1
R ]

⊆ ]
1
2R

,
1
R ]

and ∀t ≥ 0, mN
t,R

def= mN
min(t,�N1/R) >

1
2R

.

For every  ∈ ∞K (R+), we can �nd  R ∈ ∞K (R+) such that, supp( R) ⊂ ] 1
4R2 , +∞[ and  R =

 |||[ 1
2R ,+∞[

. We then write:

ΨR = Ψn!, R and ΨNR = Ψn,N!, R

By de�nition of TN⋅,R , we also have:

Ψ◦TN⋅,R = ΨR◦T
N
⋅,R and ΨN ◦TN⋅,R = Ψ

N
R ◦T

N
⋅,R .

Proposition 2.7.7 ensures the tightness of (ΨN ◦TN⋅,R)N∈N and so the last equality in the above implies
the tightness of (ΨNR ◦TN⋅,R)N∈N.

By Proposition 2.8.1, we have the convergence:

lim
N→+∞

sup
{
|||Ψ

N
R (e) − ΨR(e)

||| | e ∈ T
N and me ≥

1
4R2

}
= 0.
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Moreover, by de�nition of  R we also have, for every e ∈ TN such that me < 1
4R2 ,

ΨNR (e) = 0 and ΨR(e) = 0.

Hence, we have:
lim

N→+∞
sup

{|||Ψ
N
R (e) − ΨR(e)

||| | e ∈ T
N
}
= 0,

and in particular:
lim

N→+∞
sup

{|||Ψ
N
R ◦T

N
t,R − ΨR◦T

N
t,R

||| | t ∈ R+

}
= 0 a.s. (2.44)

As Proposition 2.7.4 ensures that the family (TN⋅ )N∈N satis�es the compact containment condi-
tion, we also know that (ΨR◦TN⋅,R)N∈N veri�es this condition since ΨR is continuous. So, to prove that
(ΨR◦TN⋅,R)N∈N is tight, we have to check that for every T > 0 and every " > 0, there exists � > 0 such
that:

lim sup
N→+∞

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
t,R − ΨR◦T

N
s,R

||| > "
⎞
⎟
⎟
⎠
≤ ".

Let thus T > 0, " > 0 and � > 0. We have for every N ∈ N,

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
t,R − ΨR◦T

N
s,R

||| > "
⎞
⎟
⎟
⎠

≤ P
⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
t,R − Ψ

N
R ◦T

N
t,R

||| + sup
0≤s<t≤T
|t−s|≤�

|||Ψ
N
R ◦T

N
t,R − Ψ

N
R ◦T

N
s,R

||| + sup
0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
s,R − Ψ

N
R ◦T

N
s,R

||| > "
⎞
⎟
⎟
⎠

≤ P
⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||Ψ
N
R ◦T

N
t,R − Ψ

N
R ◦T

N
s,R

||| + 2 supt∈[0,T ]

|||ΨR◦T
N
t,R − Ψ

N
R ◦T

N
t,R

||| > "
⎞
⎟
⎟
⎠

Equation (2.44) ensures that there exists N0 ∈ N such that, for every N ≥ N0,

sup
t∈[0,T ]

|||Ψ
N
R ◦T

N
t,R − ΨR◦T

N
t,R

||| ≤
"
4
a.s.

Hence, for every N ≥ N0 we have:

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
t,R − ΨR◦T

N
s,R

||| > "
⎞
⎟
⎟
⎠
≤ P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||Ψ
N
R ◦T

N
t,R − Ψ

N
R ◦T

N
s,R

||| >
"
2

⎞
⎟
⎟
⎠

Moreover, as (ΨNR ◦T
N
⋅,R)N∈N is tight, we have:

lim sup
N→+∞

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||Ψ
N
R ◦T

N
t,R − Ψ

N
R ◦T

N
s,R

||| >
"
2

⎞
⎟
⎟
⎠
≤
"
2
,

and so:

lim sup
N→+∞

P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||ΨR◦T
N
t,R − ΨR◦T

N
s,R

||| > "
⎞
⎟
⎟
⎠
≤ lim sup

N→+∞
P

⎛
⎜
⎜
⎝
sup

0≤s<t≤T
|t−s|≤�

|||Ψ
N
R ◦T

N
t,R − Ψ

N
R ◦T

N
s,R

||| >
"
2

⎞
⎟
⎟
⎠
≤
"
2
≤ ".

This implies the tightness of (ΨR◦TN⋅,R)N∈N. Finally, by de�nition of ΨR , we have the tightness for
(Ψ◦TN⋅,R)N∈N. \
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8 - Convergence

Now that we have proved that the stopped process (TN⋅,R)N∈N is tight, Prokhorov’s theorem ensures
that every sequence contains a convergent subsequence. In this section, we �nd the potential limit
of (TN⋅,R)N∈N by �nding the limit of the in�nitesimal generator of TN . Finally, we prove that this
accumulation point is unique and so, we prove the convergence in law of (TN⋅,R)N∈N in DT[0, +∞[.

In this section, we start by giving some useful de�nitions and results to prove the convergence of
the generators. Next, as the generator of TN corresponds to the sum of the growth generator and the
binding generator, we successively prove the convergence of each of these two generators. Finally, we
give the limit of the in�nitesimal generator of TN .

8.1 - Some Useful De�nitions and Results

To prove the convergence of the generators, we need the total mass to remain above a certain
threshold. We therefore start by de�ning restricted versions ofTN andT as well as a supremum norm
with a constraint on the total mass.

For Γ ⊆ R+, denote:

T
N (Γ) def=

{
e ∈ TN | me ∈ Γ

}
,

and

T(Γ) def= {e ∈ T | me ∈ Γ} .

Moreover, for f ∶ F ⊆ T→ R and � > 0, de�ne:

||f ||N ,�
def= sup

{
|f (e)| | e ∈ TN ([�, +∞[) ∩ F

}
.

The next proposition, which corresponds to Proposition 5.5.1 (i) of [Glö13], is very important and
useful for what follow since it proves the convergence of a Ψ−polynomial without replacement to the
corresponding Ψ−polynomials.

Proposition 2.8.1 (see [Glö13])
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ b(R+). Then, for each � > 0,

|||
|||Ψ

n,N
!, − Ψ

n
!, 

|||
|||N ,� ⟶

N→+∞
0.

As explained in Section 5.2, a binding event implies a modi�cation of the measure �, and since we
assume E = supp(�), this implies a modi�cation of E. Therefore, we need an operator to modify the
distance matrix correspondingly.
Definition 2.8.2 (Replacement Operator) q
For i, j, k, l, n ∈ N, n ≥ 2 and 1 ≤ k < l ≤ n, the replacement operator acting on distance matrices
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rk,l ∶ Un → U
n is de�ned by: for every 1 ≤ i < j ≤ n and for every (up,q)1≤p<q≤n ∈ Un,

(rk,l ((up,q)1≤p<q≤n))i,j
def=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎩

umin(k,j),max(k,j) if i = l and j ≠ k,
0 if i = l and j = k,
umin(k,i),max(k,i) if i ≠ k and j = l,
0 if i = k and j = l,
ui,j otherwise.

(2.45)

x D

Intuitively, applying rk,l to a distance matrix is equivalent to copying the k-th row (resp. column)
of this matrix and pasting the copy into the l-th row (resp. column). Since individuals k and l coincide
after this transformation, they are at null distance from each other, so

(rk,l ((up,q)1≤p<q≤n))k,l
= (rk,l ((up,q)1≤p<q≤n))l,k

= 0.

This transformation corresponds to what we did in Example 2.3.6 in the case of a branching event.
In the case of fragmentation, we do not need to de�ne a speci�c operator. Indeed, if a fragmentation
occurs on the element x ∈ E, this element will lose a mass of 1

N . After this transformation, either x
keeps a non-zero mass and the distance matrix does not change. Or x has a zero mass and as E =
supp(�), x automatically disappears from the set E, which implies that the row/column corresponding
to x automatically disappears from the distance matrix. Moreover, according to the de�nition of the
lexicographic process (page 77), the indices of the leaves are not modi�ed after a fragmentation, the
index of the fragmenting leaf is simply removed from the space.

We also de�ne the replacement operator acting on En, rk,l ∶ En → En by: for every i ∈ {1,⋯ , n}
and for every (e1,⋯ , en) ∈ En,

(rk,l (e1,⋯ , en))i =

{
ek if i = l,
ei if i ≠ l.

(2.46)

Note that:
U n
(E,d)◦r i,j = ri,j◦U

n
(E,d) (2.47)

Finally, we introduce some notation and a lemma concerning sampling with or without replace-
ment.

Let e = [E, d, �] ∈ TN , n ∈ N, N ≥ 2, �0 ∈ f (E), n0 ∈ {1,⋯ , n} and 1 ≤ l1 < ⋯ < ln0 ≤ n. For all
(e1,⋯ , en) ∈ En, we de�ne for every i ∈ {1,⋯ , n} measures �i and �Ni by:

�i({ei})
def=

{
�({ei}) if i ∈ {1,⋯ , n}⧵{l1,⋯ , ln0},
�0({ei}) if i ∈ {l1,⋯ , ln0}.

And

�Ni ({ei})
def=

{
�({ei}) − 1

N ∑i−1
j=1 �ej ({ei}) if i ∈ {1,⋯ , n}⧵{l1,⋯ , ln0},

�0({ei}) if i ∈ {l1,⋯ , ln0}.

We also denote:
n

⨂
(m1,⋯,mn0 )

(�, �0)
def=

n
⨂
i=1

�i and
n,N
⨂

(m1,⋯,mn0 )
(�, �0)

def=
n

⨂
i=1

�Ni .
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These two measures allow to apply the measure �0 to the elements (m1,⋯ , mn0) and the measure � (with
or without replacement) to the other elements. Moreover, if �0 is such that �0({e}) = 1 for all e ∈ E, we
simply write:

n
⨂

(m1,⋯,mn0 )
(�) and

n,N
⨂

(m1,⋯,mn0 )
(�).

The following lemma correspond to Lemma 5.5.4 of [Glö13] and will be very useful for us to �nd the
limit of the binding generator.

Lemma 2.8.3 (see [Glö13])
Let � > 0, e = [E, d, �] ∈ TN ([�, +∞[), n ∈ N, n ≥ 2, x ∈ E. Moreover, assume that N ∈ N is large
enough to ensure that � − n

N > 0. Then,

(
� ± 1

N �x
me ± 1

N
)

⊗n,N

=
1

(me ± 1
N )

n,N (
�⊗n,N +

n
∑
n0=1

∑
1≤l1<⋯<ln0≤n

n,N
⨂

(l1,⋯,ln0 )
(�, ±

1
N
�x))

.

This lemma is quite intuitive if we make the analogy with a product. Indeed, by observing that
(a+b)n = an+∑n

n0=1 (
n
n0)a

n−n0bn0 , we can easily identify the role of each term of the right-hand side term
of the equality of Lemma 2.8.3. As the term an is analogous to the term �⊗n,N , which means applying
the measure � without replacement to the n elements of the sample, the term an−n0bn0 means applying
the measure ± 1

N �x to n0 elements of the sample and � to the remaining n − n0 elements; this is exactly
what the measure ⨂n,N

(l1,⋯,ln0 ) (�, ±
1
N �x) allows to do.

We now have all the elements to �nd the limit and prove the convergence of the growth generator
and the binding generator.

8.2 - Limit of the Growth Generator

Definition 2.8.4 (Limiting Growth Generator) q
Let e = [E, d, �] ∈ T, n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ b(R+). The generator ∞grow applied to the
Ψ-polynomial Ψn!, is given by:

∞growΨn!, (e) = Ψn2�+∇!, (e), (2.48)

with ∇! de�ned in (2.36).
x D

The next proposition ensures that the generator ∞grow is the limit of the growth generator Ngrow
when N goes to in�nity.

Proposition 2.8.5 (Convergence of the Growth Generator)
Let n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ b(R+). Then, for each � > 0,

|||
|||
N
growΨ

n,N
!, − 

∞
growΨ

n
!, 

|||
|||N ,� ⟶

N→+∞
0.

Proof of Proposition 2.8.5. Assume e = [E, d, �] ∈ TN ([�, +∞[). Using Lemma 2.5.4, we have:

NgrowΨ
n,N
!, (e) = Ψ

n,N
2�+∇!, (e) + (

1
N ) , (2.35)
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where the error term is uniform in e ∈ TN ([�, +∞[).
Since ! ∈ 1bcb (Un), 2�+∇! ∈ b(Un), Proposition 2.8.1 gives:

|||
|||Ψ

n,N
2�+∇!, − Ψ

n
2�+∇!, 

|||
|||N ,� ⟶

N→+∞
0.

\

8.3 - Limit of the Binding Generator

Definition 2.8.6 (Limiting Binding Generator) q
Let e = [E, d, �] ∈ T, n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). The generator ∞bind applied to the
Ψ-polynomial Ψn!, is given by:

∞bindΨn!, (e) = (2a�me ′(me) +
�me

2
 ′′(me))Ωn

!(ê) +
� (me)
me

∑
1≤i<j≤n

(⟨!◦ri,j , �nê ⟩ − ⟨!, �nê ⟩) ,

(2.49)

where ri,j is the replacement operator acting on distance matrices de�ned in (2.45), ê = [E, d, �̂] with �̂
the normalised measure de�ned in (2.20) and where �nê is the distance matrix distribution for a random
sample of size n of ê de�ned in (2.18).
x D

Remark 2.8.7 q
In the generator ∞bindΨn!, (e), the term (2a�me ′(me) + �me

2  ′′(me))Ω
n
!(ê) corresponds to the transfor-

mation of the total mass (and thus of the number of leaves in the tree) by fragmentations and branching
events. The term � (me)

me
∑1≤i<j≤n (⟨!◦ri,j , �nê ⟩ − ⟨!, �nê ⟩) corresponds to the transformation of the tree

structure (indexing of the leaves) by branching events. As explained after De�nition 2.8.2, fragmenta-
tion is not involved in this term since tree transformations caused by fragmentation are automatically
taken into account by the de�nition of the space e.
x D

The next proposition ensures that the generator ∞bind is the limit of the binding generator Nbind
when N goes to in�nity.

Proposition 2.8.8 (Convergence of the Binding Generator)
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

|||
|||
N
bindΨ

n,N
!, − 

∞
bindΨ

n
!, 

|||
|||N ,� ⟶

N→+∞
0.
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Proof of Proposition 2.8.8. Assume e = [E, d, �] ∈ TN ([�, +∞[). Using Lemma 2.5.7, we have:

NbindΨ
n,N
!, (e) = (2a�me ′(me) +

�me

2
 ′′(me))⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩
(2.41)

+(N�p
N
0  (me) −

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
(2.42)

+(N�p
N
2  (me) +

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)
(2.43)

+ (
1
N ) .

Lemma 2.8.9 ensures convergence of the term (2.41) to:

(2a�me ′(me) +
�me

2
 ′′(me))⟨!◦U n

(E,d), �̂
⊗n⟩ = (2a�me ′(me) +

�me

2
 ′′(me))Ωn

!(ê).

Lemma 2.8.10 ensures that the sum of the terms (2.43) and (2.42) converges to:

� (me)
me

∑
1≤l1<l2≤n

(⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ − ⟨!◦U n
(E,d), �̂

⊗n⟩) ,

which is also written (using (2.18)).

� (me)
me

∑
1≤i<j≤n

(⟨!◦ri,j , �nê ⟩ − ⟨!, �nê ⟩) .

\

Lemma 2.8.9
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[)

||||| (
2a�me ′(me) +

�me

2
 ′′(me))⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩

−(2a�me ′(me) +
�me

2
 ′′(me))⟨!◦U n

(E,d), �̂
⊗n⟩

|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.9. We follow the proof of Lemma 5.5.7 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[). Using Lemme 2.5.9, we have:

⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩
= ⟨!◦U n

(E,d), �̂
⊗n,N⟩ = ⟨!◦U n

(E,d), �̂⊗n,N⟩ = Ωn,N
! (e).
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Moreover, the function  1 de�ned onR+ by:

 1(x) = 2a�x ′(x) +
�x
2
 ′′(x)

is a bounded continuous function since  ∈ ∞K . So, by de�nition of Ψ−polynomials without replace-
ment, we have:

(2a�me ′(me) +
�me

2
 ′′(me))⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩
=  1(me)Ωn,N

! (e) = Ψn,N!, 1(e).

Finally, Proposition 2.8.1 gives:
|||
|||Ψ

n,N
!, 1 − Ψ

n
!, 1

|||
|||N ,� ⟶

N→+∞
0.

\

Lemma 2.8.10
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[)

||||| (
N�pN0  (me) −

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� − 1
N �x

me − 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),(

� + 1
N �x

me + 1
N

)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

−
� (me)
me

∑
1≤l1<l2≤n

(⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ − ⟨!◦U n
(E,d), �̂

⊗n⟩)
|||||
⟶
N→+∞

0.

Note that because of the presence of factor  (me) (or  ′(me)) in each of the three terms, we can
replace the supremum over e ∈ TN ([�, +∞[) by the supremum over e ∈ TN ([�, +∞[∩supp( )). This is
important since supp( ) is assumed to be compact.

Proof of Lemma 2.8.10. We follow the proof of Lemma 5.5.8 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[). Using Lemme 2.5.9, we have:

⟨
!◦U n

(E,d),(
�
me)

⊗n,N

⟩
= ⟨!◦U n

(E,d), �̂
⊗n,N⟩ = ⟨!◦U n

(E,d), �̂⊗n,N⟩ = ⟨!◦U n
(E,d),

1
(me)n,N

�⊗n,N⟩ .

Moreover, using Lemma 2.8.3, we have:

(
� ± 1

N �x
me ± 1

N
)

⊗n,N

=
1

(me ± 1
N )

n,N �
⊗n,N +

1

(me ± 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, ±
1
N
�x)

+
1

(me ± 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, ±
1
N
�x) + �n,N ,
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where �n,N = 1
(me± 1

N )
n,N ∑n

n0=3 ∑1≤l1<⋯<ln0≤n
⨂n,N

(l1,⋯,ln0 ) (�, ±
1
N �x). So, we have:

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),(
� − 1

N �x
me − 1

N
)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),(
� + 1

N �x
me + 1

N
)

⊗n,N

⟩
−
⟨

!◦U n
(E,d),(

�
me)

⊗n,N

⟩)

= (N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

+(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�,
1
N
�x)⟩

+(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�,
1
N
�x)⟩

+ �′n,N ,

where �′n,N corresponds to terms that result from the term �n,N of the measure (terms of order greater
than or equal to 3).

Lemma 2.8.11 ensures convergence of the term of order 0,

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

to (−
n
mn

e
(2a� (me) + � ′(me)) + n(n+1)

2mn+1
e
� (me))⟨!◦U n

(E,d), �
⊗n
⟩.

Lemma 2.8.15 ensures convergence of the term of order 1,

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�,
1
N
�x)⟩

to (
n
mn

e
(2a� (me) + � ′(me)) − n2

mn+1
e
� (me))⟨!◦U n

(E,d), �
⊗n
⟩.
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Lemma 2.8.20 ensures convergence of the term of order 2,

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�,
1
N
�x)⟩

to 1
mn+1

e
� (me)∑1≤l1<l2≤n ⟨!◦rl1,l2◦U n

(E,d), �
⊗n
⟩.

Finally, Lemma 5.5.21 of [Glö13] ensures convergence of terms of order greater than or equal to 3
to 0. Indeed, even if our generators are not identical, all the arguments of the proof remain valid since
the terms introduced by the term ± a

N in the probability distribution pN vanish in the limit due to the
integration with respect to the term �n,N of the measure.

Therefore, the limit is written:

( −
n
mn

e
(2a� (me) + � ′(me)) +

n(n + 1)
2mn+1

e

� (me)

+
n
mn

e
(2a� (me) + � ′(me)) −

n2

mn+1
e

� (me))⟨!◦U n
(E,d), �

⊗n⟩

+
1

mn+1
e

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �

⊗n⟩

= (
n2

2me
� (me) +

n
2me

� (me) −
n2

me
� (me))⟨!◦U n

(E,d), �̂
⊗n⟩

+
1
me

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ ,

= −
1
me

� (me)(
n2

2
−
n
2)⟨!◦U n

(E,d), �̂
⊗n⟩ +

1
me

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ ,

= −
1
me

� (me)(
n
2)⟨!◦U n

(E,d), �̂
⊗n⟩ +

1
me

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ ,

=
� (me)
me

∑
1≤l1<l2≤n

(⟨!◦rl1,l2◦U
n
(E,d), �̂

⊗n⟩ − ⟨!◦U n
(E,d), �̂

⊗n⟩) .

\
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Lemma 2.8.11
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

||||| (
N�pN0  (me) −

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),

1

(me − 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))

×∑
x∈E (⟨

!◦U n
(E,d),

1

(me + 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

−(−
n
mn

e
(2a� (me) + � ′(me)) +

n(n + 1)
2mn+1

e

� (me))⟨!◦U n
(E,d), �

⊗n⟩
|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.11. We follow the proof of Lemma 5.5.9 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )), since #E = Nme, we have:

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E (⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N �
⊗n,N

⟩
−⟨!◦U n

(E,d),
1

(me)n,N
�⊗n,N⟩)

=
[
Nme (N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n,N −
1

(me)n,N )

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n,N −
1

(me)n,N )]⟨
!◦U n

(E,d), �
⊗n,N⟩ .

Moreover, we have:

⟨!◦U n
(E,d), �

⊗n,N⟩ = (⟨!◦U n
(E,d), �

⊗n,N⟩ − ⟨!◦U n
(E,d), �

⊗n⟩) + ⟨!◦U n
(E,d), �

⊗n⟩ ,

and
1

(me ± 1
N )

n,N −
1

(me)n,N

=
(

1

(me ± 1
N )

n −
1
mn

e )
+
((

1

(me ± 1
N )

n,N −
1

(me ± 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))
.

Lemma 2.8.12 (which corresponds to Lemma 5.5.10 of [Glö13]) ensures the convergence of the term

[
Nme (N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n,N −
1

(me)n,N )

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n,N −
1

(me)n,N )] (⟨
!◦U n

(E,d), �
⊗n,N⟩ − ⟨!◦U n

(E,d), �
⊗n⟩)
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to 0.
Lemma 2.8.13 ensures the convergence of the term

[
Nme (N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )]⟨
!◦U n

(E,d), �
⊗n⟩

to (−
n
mn

e
(2a� (me) + � ′(me)) + n(n+1)

2mn+1
e
� (me))⟨!◦U n

(E,d), �
⊗n
⟩.

Lemma 2.8.14 ensures the convergence of the term

[
Nme (N�p

N
0  (me) −

�
2
 ′(me))

×
((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))

×
((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))]⟨
!◦U n

(E,d), �
⊗n⟩

to 0.
Therefore, the next three lemmas allow us to �nish this proof. \

Lemma 2.8.12 (see [Glö13])
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||⟨!◦U
n
(E,d), �

⊗n,N⟩ − ⟨!◦U n
(E,d), �

⊗n⟩
||| ⟶
N→+∞

0.

Lemma 2.8.13
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||
Nme (N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )

−(−
n
mn

e
(2a� (me) + � ′(me)) +

n(n + 1)
2mn+1

e

� (me))

|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.13. We follow the proof of Lemma 5.5.11 of [Glö13].
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Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). A second order Taylor expansion of 1
(me− 1

N )
n and of

1
(me+ 1

N )
n gives:

Nme (N�p
N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )

= Nme (N�p
N
0  (me) −

�
2
 ′(me))(

n
Nmn+1

e

+
n(n + 1)
2N 2mn+2

e

+ (
1
N 3))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(−

n
Nmn+1

e

+
n(n + 1)
2N 2mn+2

e

+ (
1
N 3)) ,

=
n
mn

e
(N�(pN0 − p

N
2 ) (me) − � ′(me)) +

n(n + 1)
2mn+1

e

�(pN0 + p
N
2 ) (me) + (

1
N ) ,

=
n
mn

e
(−2a� (me) − � ′(me)) +

n(n + 1)
2mn+1

e

� (me) + (
1
N ) .

\

Lemma 2.8.14
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||
Nme (N�p

N
0  (me) −

�
2
 ′(me))

×
((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))

×
((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.14. We follow the proof of Lemma 5.5.12 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). For x ≥ � , we de�ne:

f1(x) =
1
xn
, f2(x) =

1
(x)n,N

and f0(x) = f2(x) − f1(x).
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Then, we have:

Nme (N�p
N
0  (me) −

�
2
 ′(me))((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

= Nme (N�p
N
0  (me) −

�
2
 ′(me))(f0 (me −

1
N ) − f0 (me))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(f0 (me +

1
N ) − f0 (me)) .

Hence, a second order Taylor expansion of f0 (me − 1
N ) and of f0 (me + 1

N ) gives:

Nme (N�p
N
0  (me) −

�
2
 ′(me))((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

= Nme (N�p
N
0  (me) −

�
2
 ′(me))(−

1
N
f ′0 (me) +

1
2N 2 f

′′
0 (me) + (

1
N 3))

+ Nme (N�p
N
2  (me) +

�
2
 ′(me))(

1
N
f ′0 (me) +

1
2N 2 f

′′
0 (me) + (

1
N 3)) ,

= f ′0 (me)me (N�(pN2 − p
N
0 ) (me) + � ′(me)) + f ′′0 (me)

me

2
�(pN0 + p

N
2 ) (me) + (

1
N ) ,

= f ′0 (me)me (2a� (me) + � ′(me)) + f ′′0 (me)
me

2
� (me) + (

1
N ) . (2.50)

Moreover, expression (5.235) page 183 of [Glö13] ensures that:

sup
e∈TN ([�,+∞[∩supp( ))

f ′′0 (me) ⟶
N→+∞

0. (2.51)

And with expression (5.228) page 182 of [Glö13], we can show that, uniformly in x ≥ � :

f ′2 (x) = −
∑n−1
i=0 (n − i)ci (

1
N )

i xn−i−1

(∑
n−1
i=0 ci (

1
N )

i xn−i)
2 ⟶

N→+∞
−
nc0xn−1

(c0xn)2
= −

n
c0xn+1

= f ′1 (x),

since c0 = 1 (see (5.128) page 172 of [Glö13]). So, this ensures:

sup
e∈TN ([�,+∞[∩supp( ))

f ′0 (me) ⟶
N→+∞

0. (2.52)

Finally, expressions (2.50), (2.51) and (2.52) allow to conclude the proof. \
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Lemma 2.8.15
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

||||| (
N�pN0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�,
1
N
�x)⟩

−(
n
mn

e
(2a� (me) + � ′(me)) −

n2

mn+1
e

� (me))⟨!◦U n
(E,d), �

⊗n⟩
|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.15. We follow the proof of Lemma 5.5.13 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). We have:

∑
x∈E ⟨

!◦U n
(E,d),

1

(me ± 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, ±
1
N
�x)⟩

=
1

(me ± 1
N )

n,N ⟨
!◦U n

(E,d), ±
1
N

n
∑
l1=1

n,N
⨂
(l1)

∑
x∈E

(�, �x )⟩
,

=
±1

(me ± 1
N )

n,N ⟨
!◦U n

(E,d),
1
N

n
∑
l1=1

n,N
⨂
(l1)

(�)
⟩

.

Hence,

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N

n
∑
l1=1

n,N
⨂
(l1)

(�,
1
N
�x)⟩

=
[
−(N�p

N
0  (me) −

�
2
 ′(me))

1

(me − 1
N )

n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1

(me + 1
N )

n,N ]⟨
!◦U n

(E,d),
1
N

n
∑
l1=1

n,N
⨂
(l1)

(�)
⟩

.

Moreover, we have:

⟨
!◦U n

(E,d),
1
N

n
∑
l1=1

n,N
⨂
(l1)

(�)
⟩

=
(⟨

!◦U n
(E,d),

1
N

n
∑
l1=1

n,N
⨂
(l1)

(�)
⟩

− n⟨!◦U n
(E,d), �

⊗n⟩)
+n⟨!◦U n

(E,d), �
⊗n⟩ ,

and,

1

(me ± 1
N )

n,N =
(

1

(me ± 1
N )

n,N −
1

(me)n,N )
+

1
(me)n,N

.
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So, using the same decomposition as in the proof of Lemma 2.8.11, we have:

1

(me ± 1
N )

n,N =
(

1

(me ± 1
N )

n −
1
mn

e )
+
((

1

(me ± 1
N )

n,N −
1

(me ± 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+
1

(me)n,N
.

Lemma 2.8.16 (which corresponds to Lemma 5.5.14 of [Glö13]) ensures the convergence of the term

[
−(N�p

N
0  (me) −

�
2
 ′(me))

1

(me − 1
N )

n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1

(me + 1
N )

n,N ](⟨
!◦U n

(E,d),
1
N

n
∑
l1=1

n,N
⨂
(l1)

(�)
⟩

− n⟨!◦U n
(E,d), �

⊗n⟩)

to 0.
Lemma 2.8.17 ensures the convergence of the term

[
−(N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

+(N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )]
n⟨!◦U n

(E,d), �
⊗n⟩

to − n2
mn+1

e
� (me)⟨!◦U n

(E,d), �
⊗n
⟩.

Lemma 2.8.18 ensures the convergence of the term

[
−(N�p

N
0  (me) −

�
2
 ′(me))

×
((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

+(N�p
N
2  (me) +

�
2
 ′(me))

×
((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))]
n⟨!◦U n

(E,d), �
⊗n⟩

to 0.
Finally, Lemma 2.8.19 ensures the convergence of the term

[
−(N�p

N
0  (me) −

�
2
 ′(me))

1
(me)n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1
(me)n,N ]

n⟨!◦U n
(E,d), �

⊗n⟩

to n
mn

e
(2a� (me) + � ′(me))⟨!◦U n

(E,d), �
⊗n
⟩. \
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Lemma 2.8.16 (see [Glö13])
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

||||||⟨
!◦U n

(E,d),
1
N

n
∑
l1=1

n,N
⨂
(l1)
(�)

⟩
− n⟨!◦U n

(E,d), �
⊗n⟩

||||||
⟶
N→+∞

0.

Lemma 2.8.17
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||
−(N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

+(N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )
+

n
mn+1

e

� (me)
|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.17. We follow the proof of Lemma 5.5.15 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). As in the proof of Lemma 2.8.13, a �rst order Taylor

expansion of 1
(me− 1

N )
n and of 1

(me+ 1
N )

n makes it possible to conclude. We have:

(N�p
N
2  (me) +

�
2
 ′(me))(

1

(me + 1
N )

n −
1
mn

e )
−(N�p

N
0  (me) −

�
2
 ′(me))(

1

(me − 1
N )

n −
1
mn

e )

= (N�p
N
2  (me) +

�
2
 ′(me))(−

n
Nmn+1

e

+ (
1
N 2))

−(N�p
N
0  (me) −

�
2
 ′(me))(

n
Nmn+1

e

+ (
1
N 2))

= −
n

mn+1
e

�(pN2 + p
N
0 ) (me) + (

1
N )

= −
n

mn+1
e

� (me) + (
1
N )

\

Lemma 2.8.18
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||
−(N�p

N
0  (me) −

�
2
 ′(me))

×
((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

(N�p
N
2  (me) +

�
2
 ′(me))

×
((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

|||||
⟶
N→+∞

0.
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Proof of Lemma 2.8.18. We follow the proof of Lemma 5.5.16 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). The same function f0 is used as in the proof of

Lemma 2.8.14.
We have:

(N�p
N
2  (me) +

�
2
 ′(me))((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

−(N�p
N
0  (me) −

�
2
 ′(me))((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

= (N�p
N
2  (me) +

�
2
 ′(me))(f0 (me +

1
N ) − f0(me))

−(N�p
N
0  (me) −

�
2
 ′(me))(f0 (me −

1
N ) − f0(me)) .

Hence, a �rst order Taylor expansion of f0 (me − 1
N ) and of f0 (me + 1

N ) gives:

(N�p
N
2  (me) +

�
2
 ′(me))((

1

(me + 1
N )

n,N −
1

(me + 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

−(N�p
N
0  (me) −

�
2
 ′(me))((

1

(me − 1
N )

n,N −
1

(me − 1
N )

n)
−(

1
(me)n,N

−
1
mn

e ))

= (N�p
N
2  (me) +

�
2
 ′(me))(

1
N
f ′0 (me) + (

1
N 2))

−(N�p
N
0  (me) −

�
2
 ′(me))(−

1
N
f ′0 (me) + (

1
N 2)) ,

= f ′0 (me)�(pN0 + p
N
2 ) (me) + (

1
N ) ,

= f ′0 (me)� (me) + (
1
N ) .

Finally, expression (2.52) allows to conclude. \

Lemma 2.8.19
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||
−(N�p

N
0  (me) −

�
2
 ′(me))

1
(me)n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1
(me)n,N

− (2a� (me) + � ′(me))
1
mn

e

|||||
⟶
N→+∞

0.

Proof of Lemma 2.8.19. Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )).
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We have:

−(N�p
N
0  (me) −

�
2
 ′(me))

1
(me)n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1
(me)n,N

=
1

(me)n,N
(N� (pN2 − p

N
0 ) (me) + � ′(me)) ,

=
1

(me)n,N
(2a� (me) + � ′(me)) .

So, to prove this lemma, it su�ces to prove:

sup
e∈TN ([�,+∞[∩supp( ))

|||||

1
(me)n,N

−
1
mn

e

|||||
⟶
N→+∞

0.

In order to do this, we �rst prove that the function:

f0,n(x) = f2,n(x) − f1,n(x) =
1

(x)n,N
−
1
xn

(2.53)

is decreasing for each n ∈ N, n ≥ 2 and for all x ∈ [�, +∞[∩supp( ) when N ∈ N is large enough to
ensure that � − n

N > 0.
We can note that for each n ∈ N, n ≥ 2 and for all x ∈ [�, +∞[∩supp( ),

f0,n(x) > 0.

h For n = 2,
f0,2(x) = f2,2(x) − f1,2(x) =

1
(x)2,N

−
1
x2

=
1

x (x − 1
N )

−
1
x2

> 0.

Hence, we have:

f ′0,2(x) = −
1

x2 (x − 1
N )

−
1

x (x − 1
N )

2 +
2
x3
,

= −
(
1
x
+

1

(x − 1
N ))

f2,2(x) +
2
x
f1,2(x),

=
(
2
x
−
1
x
−

1

(x − 1
N ))

f2,2(x) +
2
x
f1,2(x) −

2
x
f2,2(x),

=
(
1
x
−

1

(x − 1
N ))

f2,2(x) −
2
x
f0,2(x) < 0.

So, the function f0,2 is decreasing.

h We assume that:

f ′2,n−1(x) = −(
1
x
+

1

(x − 1
N )

+⋯ +
1

(x − n−2
N ))

f2,n−1(x).

We can note that:
f0,n(x) =

1

(x − n−1
N )

f2,n−1(x) −
1
xn
.
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Hence, we have:

f ′0,n(x) = −
1

(x − n−1
N )

2 f2,n−1(x) +
1

(x − n−1
N )

f ′2,n−1(x) +
n

xn+1

= −
1

(x − n−1
N )

f2,n(x) −(
1
x
+

1

(x − 1
N )

+⋯ +
1

(x − n−2
N ))

1

(x − n−1
N )

f2,n−1(x) +
n

xn+1

= −
(
1
x
+

1

(x − 1
N )

+⋯ +
1

(x − n−2
N )

+
1

(x − n−1
N ))

f2,n(x) +
n
x
f1,n(x)

=
(
n
x
−
1
x
−

1

(x − 1
N )

−⋯ −
1

(x − n−1
N ))

f2,n(x) −
n
x
f0,n(x)

=
((

1
x
−

1

(x − 1
N ))

+⋯ +
(
1
x
−

1

(x − n−1
N )))

f2,n(x) −
n
x
f0,n(x) < 0.

By induction, the function f0,n is decreasing for each n ∈ N, n ≥ 2 and for all x ∈ [�, +∞[∩supp( )when
N ∈ N is large enough. In particular, as me ≥ � , we have:

lim
N→+∞

sup
e∈TN ([�,+∞[∩supp( ))

|||||

1
(me)n,N

−
1
mn

e

|||||
≤ lim
N→+∞

|||||

1
(�)n,N

−
1
�n

|||||
= 0.

\

Lemma 2.8.20
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

||||| (
N�pN0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�,
1
N
�x)⟩

−
1

mn+1
e

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �

⊗n⟩
|||||
⟶
N→+∞

0.

where ri,j is de�ned in (2.45).

Proof of Lemma 2.8.20. We follow the proof of Lemma 5.5.17 of [Glö13].
Assume e = [E, d, �] ∈ TN ([�, +∞[∩supp( )). We have:

∑
x∈E ⟨

!◦U n
(E,d),

1

(me ± 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, ±
1
N
�x)⟩

=
1

(me ± 1
N )

n,N ⟨
!◦U n

(E,d),(±
1
N )

2
∑

1≤l1<l2≤n
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩
,

=
1

Nme (me ± 1
N )

n,N ⟨
!◦U n

(E,d), ∑
1≤l1<l2≤n

me

N
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩
.
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Hence,

(N�p
N
0  (me) −

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me − 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�, −
1
N
�x)⟩

+(N�p
N
2  (me) +

�
2
 ′(me))∑

x∈E ⟨
!◦U n

(E,d),
1

(me + 1
N )

n,N ∑
1≤l1<l2≤n

n,N
⨂
(l1,l2)

(�,
1
N
�x)⟩

=
[(

N�pN0  (me) −
�
2
 ′(me))

1

Nme (me − 1
N )

n,N

+(N�p
N
2  (me) +

�
2
 ′(me))

1

Nme (me + 1
N )

n,N ]⟨
!◦U n

(E,d), ∑
1≤l1<l2≤n

me

N
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩
.

Moreover, we have:

⟨
!◦U n

(E,d), ∑
1≤l1<l2≤n

me

N
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩

=
(⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩
−
⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x )⟩)

+
⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x )⟩
.

And thanks to Lemma 2.8.21 (which corresponds to Lemma 5.5.18 of [Glö13]), we have:

⟨
!◦U n

(E,d), ∑
1≤l1<l2≤n

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x )⟩
=
⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n
�⊗n◦ (r l1,l2)

−1

⟩
,

= ∑
1≤l1<l2≤n

⟨!◦U n
(E,d)◦r l1,l2 , �

⊗n⟩ ,

= ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �

⊗n⟩ .

The last equality being obtained thanks to expression (2.47). We also have:

1

(me ± 1
N )

n,N =
(

1

(me ± 1
N )

n,N −
1
mn

e )
+

1
mn

e

.

Hence,

(N�p
N
0  (me) −

�
2
 ′(me))

1

Nme (me − 1
N )

n,N +(N�p
N
2  (me) +

�
2
 ′(me))

1

Nme (me + 1
N )

n,N

= (N�p
N
0  (me) −

�
2
 ′(me))

1
Nme (

1

(me − 1
N )

n,N −
1
mn

e )

+(N�p
N
2  (me) +

�
2
 ′(me))

1
Nme (

1

(me + 1
N )

n,N −
1
mn

e )

+(N�p
N
0  (me) −

�
2
 ′(me))

1
Nmn+1

e

+(N�p
N
2  (me) +

�
2
 ′(me))

1
Nmn+1

e

.
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And,

(N�p
N
0  (me) −

�
2
 ′(me))

1
Nmn+1

e

+(N�p
N
2  (me) +

�
2
 ′(me))

1
Nmn+1

e

=
1

mn+1
e

� (me).

Lemma 2.8.22 (which corresponds to Lemma 5.5.19 of [Glö13]) ensures convergence of term

[(
N�pN0  (me) −

�
2
 ′(me))

1

Nme (me − 1
N )

n,N +(N�p
N
2  (me) +

�
2
 ′(me))

1

Nme (me + 1
N )

n,N ]

×
(⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n,N
⨂
(l1,l2)

(�, �x )⟩
−
⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x )⟩)

to 0.
Lemma 2.8.23 ensures convergence of term

[(
N�pN0  (me) −

�
2
 ′(me))

1
Nme (

1

(me − 1
N )

n,N −
1
mn

e )

+(N�p
N
2  (me) +

�
2
 ′(me))

1
Nme (

1

(me + 1
N )

n,N −
1
mn

e )]
∑

1≤l1<l2≤n
⟨!◦rl1,l2◦U

n
(E,d), �

⊗n⟩

to 0.
Therefore, all that remains is the term

1
mn+1

e

� (me) ∑
1≤l1<l2≤n

⟨!◦rl1,l2◦U
n
(E,d), �

⊗n⟩ .

\

Lemma 2.8.21 (see [Glö13])
Let e = [E, d, �] ∈MN

>0, n ∈ N, n ≥ 2 and l1, l2 ∈ N such that 1 ≤ l1 < l2 ≤ n. Then,

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x ) = �⊗n◦ (r l1,l2)
−1 ,

where r i,j is de�ned in (2.46).

Lemma 2.8.22 (see [Glö13])
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

|||||⟨
!◦U n

(E,d), ∑
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me

N
∑
x∈E

n,N
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(�, �x )⟩

−
⟨

!◦U n
(E,d), ∑

1≤l1<l2≤n

me

N
∑
x∈E

n
⨂
(l1,l2)

(�, �x )⟩

|||||
⟶
N→+∞

0.
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Lemma 2.8.23
Let n ∈ N, n ≥ 2, ! ∈ b(Un) and  ∈ ∞K (R+). Then, for each � > 0,

sup
e∈TN ([�,+∞[∩supp( ))

||||| (
N�pN0  (me) −

�
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�
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|||||
⟶
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0.

Proof of Lemma 2.8.23. We have:

lim
N→+∞

sup
e∈TN ([�,+∞[∩supp( ))
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1
N (
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N )
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1
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1
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N )
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Moreover, we have:
1
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e
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(me)n,N
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1
mn
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and we can show that the function x ↦ (
1

(x− 1
N )

n,N − 1
xn) is decreasing as we have done for the function

x ↦ (
1

(x)n,N
− 1

xn) in the proof of Lemma 2.8.19. So, since me ≥ � , we have:
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As in the proof of Lemma 2.8.19, we have:

� || ||∞
1
�
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And for every x ∈ [�, +∞[∩supp( ), we have:
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and
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Therefore, the function x ↦ 1
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n is decreasing and we have:
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\

8.4 - Convergence of the Tree-Valued Process

Now that we have found the limits for the growth generator and for the binding generator, we can
de�ne the limit of the in�nitesimal generator of the process TN .
Definition 2.8.24 (Limit of Generator of TN ) q
Let e = [E, d, �] ∈ T, n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ ∞K (R+). The limit of the generator of the
tree-valued process applied to the Ψ-polynomial Ψn!, is given by:

∞Ψn!, (e) = ∞growΨn!, (e) + ∞bindΨn!, (e),

where ∞grow and ∞bind are de�ned respectively in (2.48) and (2.49).
x D

Theorem 2.8.25 (Convergence of Generator of TN )
Let n ∈ N, n ≥ 2, ! ∈ 1bcb (Un) and  ∈ ∞K (R+). Then, for each � > 0,

|||
|||
NΨn,N!, − 

∞Ψn!, 
|||
|||N ,� ⟶

N→+∞
0.

Proof of Theorem 2.8.25. This proof is direct by using Proposition 2.8.5 and Proposition 2.8.8. \

In Section 7, we have proved that the family of stopped process (TN⋅,R)N∈N is tight. Hence, by
Prokhorov’s theorem, every sequence contains a convergent subsequence. The uniform convergence
stated in Theorem 2.8.25 proves that every such convergent subsequence solves a certain martingale
problem. To summarize what we have obtained in this chapter, we have the following result.
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Theorem 2.8.26
Let R ∈ N∗. Assume lim sup

N→+∞
E [mN

0 ] < ∞ and TN0,R

⟶
N→+∞

� ∈ 1(T) where �(M>0) = 1. Then,

(TN⋅,R)N∈N is relatively compact on DT[0, +∞[ and the limit of any convergent subsequence solves the
martingale problem for:

(∞, HR , �) ,

where HR is the linear span of:

HR =
{
Ψ ∈ ΠΨ (1bcb ,∞K ) | ∞Ψ ≡ 0 on T ([0, 1/R])

}
.

Moreover, Theorem 1 of [DG19] (and remarks 3.7, 5.8 and 5.13 suggesting that this theorem and its
proof can be adapted to the non-critical case) ensures that the above martingale problem is well-posed
(i.e. the solution of the martingale problem is unique). Therefore, we can prove that the accumulation
point of (TN⋅,R)N∈N is unique and consequently prove that our stopped tree-valued branching process
converges in distribution. This theorem also provides properties of the limit, detailed in the following
theorem.
Theorem 2.8.27
Let R ∈ N∗. Assume lim sup

N→+∞
E [mN

0 ] < ∞ and TN0,R

⟶
N→+∞

� ∈1(T) where �(M>0) = 1.

Then the stopped process TNR converges in distribution in DT[0, +∞[ as N → +∞ to T∞ = (T∞t )t∈R+
.

Moreover, the limit has the Feller property (which means that for every continuous and bounded
function Φ on T, the function � ↦ E� [Φ (T∞t )] is continuous in the weak topology on 1 (T)), the
strong Markov property and almost surely there exists a version with continuous paths.

We can also note that De�nition 7.3.1 (and the following comment at the top of page 219) and Propo-
sition 7.4.1 of [Glö13] ensures the convergence in law of the scaled number of extremities (X̃N

t )t∈R+ to
a Feller branching di�usion. That is,

Proposition 2.8.28 (see [Glö13])
Assume that lim sup

N→+∞
E [X̃N

0 ] < M < +∞. Assume moreover that �N = aw [X̃N
0 ]


⟶
N→+∞

� ∈1(R+).

Then,
X̃N 

⟶
N→+∞

X̃∞

on DR+[0, +∞[, where X̃∞ is a Feller branching di�usion solution to:

dZt = 2a�Ztdt +
√
�ZtdBt ,

and such that, aw [X̃∞
0 ] = � .

9 - Perspectives

This model may seem naive in view of the complexity of actin dynamics, but it is in fact relevant at
least in particular situations. The �rst thing we can notice is that in this model, the number of available
monomers is not assumed to be bounded (unlike previous models). Therefore, the elongation rate does
not depend on the concentration of free monomers and is assumed to be constant. We made this choice
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because we further assume that our polymer has a large number of extremities (of the order of N ) and
short branches (of the order of 1). This type of actin polymers is mainly found in protrusions, which
allow cells to move, and in which the concentration of free monomers is very high.

We can also note that the choice of the o�spring distribution was motivated by mathematical con-
siderations. Indeed, by choosing pN = 1

2 ±
a
N , we chose a slightly sub-/super-critical case which is

quite simple to study but had not yet been considered. Moreover, this assumption is consistent with
biological considerations since it allows to give an advantage to one of the accessory proteins over the
other.

This model takes into account the following phenomena:

h spontaneous elongation of the extremities,

h branching due to the Arp2/3 complexes,

h fragmentation by co�lins.

To this we could add:

h depolymerisation of the main branch, which then only takes place at the root of the tree since
the pointed ends of the secondary branches are attached to an Arp2/3 complex,

h detachment of an Arp2/3 complex, resulting in the loss of a branch,

h e�ect of capping proteins, which inhibits the elongation of the capped ends.

We have chosen not to take depolymerisation into account because its e�ect seems negligible com-
pared to fragmentation. Indeed, depolymerisation releases monomers one at a time from a single ex-
tremity whereas fragmentation can take place on all extremities and can result in the release of several
monomers at once. In addition, we are considering here a polymer with a number of extremities of the
order of N , therefore the phenomenon described above is exacerbated.

Detachment of an Arp2/3 complex and fragmentation having the same result — the loss of one
extremity and its branch — we can consider that our current rate of fragmentation is in fact an average
rate of “loss of a branch” taking into account the e�ect of co�lin as well as the detachment of Arp2/3.

The e�ect of capping proteins has not been taken into account in this model in order to keep the
dynamics relatively simple. This allowed us to focused on the introduction of a framework, already
known in population genetics but not in the �eld of molecular biology (to our knowledge) that will
later allow us to model a wide range of interactions between branched polymers and other proteins
present in the cellular cortex. As the e�ect of capping proteins seems to be very important in the dy-
namics of branched actin polymers, this is the �rst improvement to be made to this model. To take
capping proteins into account, we would have to de�ne a new process (ỸN

t )t∈R+ , de�ned in the same
way as process (X̃N

t )t∈R+ , but which would represent the evolution of the (scaled) number of free ex-
tremities (i.e. uncapped) instead of the total (scaled) number of extremities. As capping proteins inhibit
elongation but not the binding of an Arp2/3 complex or a co�lin, the operators de�ned for the binding
event will not change. The operator encoding the elongation will also remain the same, however it will
no longer apply to the NX̃N

t extremities, but only to the N ỸN
t free extremities.

A second relatively simple improvement would be not to choose the branch on which a binding will
take place according to a uniform law. Indeed, Arp2/3 complexes or co�lin can bind to any monomer
in a branch. Thus, the longer a branch is, the greater the probability that a binding event will take place
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on that branch. For example, we could choose the following probability:

P (binding on the i-th branch) = �i

∑NX̃N
t

j=1 �j
,

where �i is the length in number of monomer of the i-th branch. The di�culty would then be to
determine the length of each branch from the distance matrix. As the lexicographical process (̃Nt )t∈R+

keeps the structure of the tree over time, this is still possible by adding the distance between the root
and each extremity to the distance matrix. Indeed, when there are NX̃N

t extremities, there are NX̃N
t −1

branching (internal node) and therefore there are 2(NX̃N
t −1) branches (since our tree is binary). So, we

have 2(NX̃N
t − 1) unknowns and the modi�ed distance matrix gives NX̃N

t (NX̃N
t −1)

2 + NX̃N
t > 2(NX̃N

t − 1)
equations. We can note that we need to modify the distance matrix (by adding the distance between the
root and each extremity) because we have NX̃N

t (NX̃N
t −1)

2 > 2(NX̃N
t − 1) only when NX̃N

t > 4. If NX̃N
t ≤ 4,

then the distance matrix (without modi�cation) does not provide enough equations.
A �nal improvement, di�cult this time, would be to take into account the fact that binding can

occur on all branches of the tree and not only on the leaves. Thus, fragmentation (or detachment of
an Arp2/3 complex) could make an entire sub-tree disappear, not just a branch. This could therefore
lead to a severe decrease in the number of extremities. Similarly, a branching event could lead to the
modi�cation of an entire sub-tree. In the regime of many extremities/short branches that we considered,
“internal” binding seems less relevant as the proteins could have to reach the central part of a dense
polymer for such an event to occur. However, it may be an important phenomenon to take into account
in other biological situations where we expect long but less bushy branched polymers.

We now present some ideas to add this last improvement to the model. As we want to keep the
same modelling, we want to continue working with leaves only. So we have to �nd a way to reach the
internal branches when we only have information about the leaves.

When a binding event occurs, we start by choosing the leaf i that will be impacted. This can be
done by using:

h the uniform distribution (as we did in Section 3.2.2),

h a probability distribution that depends on the heigh of the leaf (for example, we may choose the
probability:

P (binding on the i-th branch) = |�(i)|

∑NX̃N
t

j=1 |�(j)|
,

where |�(i)| is the heigh of the leaf i),

h a probability distribution that depends on the distance (in number of monomers) between the
leaf and the root (in that case, the distance between the root to each extremity should be added
to the distance matrix as proposed previously).

We then choose on which branch under the leaf i the binding will take place. As the heigh of leaf i,
noted |�(i)| corresponds to the number of internal nodes under the leaf i, we choose the branch b ∈
{0, 1, 2,⋯ , |�(i)|} using either:

h the uniform distribution,

h a probability distribution that depends on the length of the branches (in the same way as we
proposed in the previous improvement).
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To de�ne the new state of the lexicographic process, we will use a truncation of the element �(i). Since
the heigh of leaf �(i) is |�(i)|, for any k ∈ {0, 1, 2,⋯ , |�(i)|}, we can �nd two elements �(i)k and �(i)k,pref ix with
|�(i)k | = k, and two elements �′(i)k and �(i)k,suf f ix with |�′(i)k | = k such that:

�(i) = c (�
(i)
k,pref ix , �

(i)
k ) = c (�

′(i)
k , �(i)k,suf f ix) ,

where c is the concatenation de�ned in Section 3.2.1. We can then de�ne a pre�x truncation function
tpref ix such that, for each k ∈ {0, 1, 2,⋯ , |�(i)|},

tpref ix (�(i), k) = �
(i)
k,pref ix ,

and a su�x truncation function tsuf f ix such that, for each k ∈ {0, 1, 2,⋯ , |�(i)|},

tsuf f ix (�(i), k) = �
(i)
k,suf f ix .

If a binding event occurs on the branch b, under the leaf i, the element tpref ix (�(i), b) and all its o�spring
will be modi�ed. We group the elements that will be impacted in a space i,b de�ned by:

i,b =
{

leaf � | � ∩ tpref ix (�(i), b) = tpref ix (�(i), b)
}
.

To describe the evolution of the di�erent processes, we will use the discrete time construction of the
processes presented in Section 3.

For n ∈ N, at the n−th binding of a protein on branch b under leaf i,

h if it is a fragmentation, we assume here that the whole branch (and its o�spring) disappears,
therefore we have: {

XN
n = XN

n−1 − #i,b ,
Nn = Nn−1⧵i,b ,

and columns and rows of the distance matrix that correspond to elements of Nn−1 ∩ i,b are
removed.

h If it is a branching, we assume here that the binding occurs on the �rst monomer of the branch
and create a new branch on the right. Therefore, we have:

{
XN
n = XN

n−1 + 1,
Nn = Nn−1⧵i,b ∪

{
c (tpref ix (�(i), b) , 2)

}
∪ ′

i,b ,

where:

′
i,b =

{
� | ∃�′ ∈ Nn−1 ∩ i,b such that � = c (c (tpref ix (�(i), b) , 1) , tsuf f ix (�′, |�(i)| − b))

}
.

The pseudo-distance matrix can be updated since we can deduce the structure of the tree from
the leaf indices (or at least an equivalent class) and we can �nd the length of each branch of the
tree.

Example 2.9.1 q
Let’s see an example. We use Examples 2.3.5 and 2.3.6.
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If the branched actin polymer is as follows:

∙∙∙
∙∙∙∙∙∙∙∙
∙∙∙
∙∙∙∙

∙∙ ⟶

∙∙∙
∙∙∙∙∙∙∙∙

�(4) =< 2, 2 >∙∙∙
∙∙∙
�(3) =< 2, 1, 2 >
∙�(2) =< 2, 1, 1 >

∙∙�(1) =< 1 >

there are X = 4 extremities, the set of extremities is:

 = {< 1 >, < 2, 1, 1 >, < 2, 1, 2 >, < 2, 2 >} = {�(1), �(2), �(3), �(4)},

and the pseudo-distance matrix with the distance between the root and each extremity is given by:

 =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

0 6 13 14 11
6 0 12 13 10
13 12 0 4 9
14 13 4 0 10
11 10 9 10 0

⎞
⎟
⎟
⎟
⎟
⎟
⎠

If we choose i = 3, then the binding event will occurs on leaf �(3) =< 2, 1, 2 >.
|�(3)| = 3, so there are 3 internal nodes (and so 4 branches) under �(3). If we choose b = 1, the binding
will occurs on the �rst branch under �(3), in other words, just after the node tpref ix (�(3), b + 1) =< 2 >.
The elements that will be impacted are therefore:

3,1 =
{

leaf � | � ∩ tpref ix (< 2, 1, 2 >, 1) = tpref ix (< 2, 1, 2 >, 1) =< 2, 1 >
}
= {< 2, 1, 1 >, < 2, 1, 2 >} .

h If a fragmentation occurs, we have:

∙∙∙
∙∙∙∙∙∙∙∙

�(4) =< 2, 2 >∙∙∙
∙∙∙
�(3) =< 2, 1, 2 >
∙�(2) =< 2, 1, 1 >

∙∙�(1) =< 1 > ⟶

∙∙∙
∙∙∙∙∙
∙∙∙
�(2) =< 2, 2 >

∙∙�(1) =< 1 >

After this fragmentation, there are X ′ = X − # ∩ 3,1 = 4 − 2 = 2 extremities, indexed by
′ = ⧵3,1 = {< 1 >, < 2, 2 >} and the pseudo-distance matrix becomes:

 =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

0 6 13 14 11
6 0 12 13 10
13 12 0 4 9
14 13 4 0 10
11 10 9 10 0

⎞
⎟
⎟
⎟
⎟
⎟
⎠

⟶ ′ =
⎛
⎜
⎜
⎝

0 6 11
6 0 10
11 10 0

⎞
⎟
⎟
⎠

h If a branching occurs, we have:

∙∙∙
∙∙∙∙∙∙∙∙

�(4) =< 2, 2 >∙×∙∙
∙∙∙
�(3) =< 2, 1, 2 >
∙�(2) =< 2, 1, 1 >

∙∙�(1) =< 1 > ⟶

∙∙∙
∙∙∙∙∙∙∙∙�(5) =< 2, 2 >

◦ �(4) =< 2, 1, 2 >∙∙∙∙
∙∙

�(3) =< 2, 1, 1, 2 >

∙�(2) =< 2, 1, 1, 1 >

∙∙�(1) =< 1 >
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After this event, there are X ′ = X + 1 = 5 extremities, indexed by:

′ = ⧵3,1 ∪
{
c (tpref ix (< 2, 1, 2 >, 1) , 2)

}
∪ ′

3,1

with:

D ⧵3,1 = {< 1 >, < 2, 2 >} ,
D c (tpref ix (< 2, 1, 2 >, 1) , 2) = c(< 2, 1 >, 2) =< 2, 1, 2 >,
D

′
3,1 =

{
� | ∃�′ ∈  ∩ 3,1 such that � = c (c (tpref ix (< 2, 1, 2 >, 1) , 1) , tsuf f ix (�′, 2))

}

= {< 2, 1, 1, 1 >, < 2, 1, 1, 2 >} .

The pseudo-distance matrix becomes:

 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 6 13 14 9 11
6 0 12 13 8 10
13 12 0 4 5 9
14 13 4 0 6 10
9 8 5 6 0 5
11 10 9 10 5 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

x D

10 - Simulations

In this section, we present some simulations in order to visualise the evolution of a tree de�ned
by the model described in this chapter. We also consider the modi�cations presented in Section 9 (on
perspectives), one by one, in order to determine which ones have a signi�cant impact and should be
considered �rst. These few simulations also allow us to check that our assumptions are appropriate.

For each simulation, we start with a simple initial tree chosen arbitrarily and represented in Fig-
ure 2.2. In addition to the tree representation (graph on the left), we plot the height function associated
with the initial tree (graph in the middle) and the length (in number of monomers) of each branch
(graph on the right).

As the number of events that occur in a time interval is random and can vary signi�cantly, we will
observe each simulation after 1000 events. For each set of parameter values, we ran the simulation about
ten times and chose the one that seemed to corresponds to an average behaviour. In the following, only
one behaviour is presented, but it should be noted that, depending on the parameter values, the results
are more or less variable.

10.1 - In�uence of the Parameters

Firstly, we want to observe the in�uence of the parameters on the polymer and more precisely
on its topology, on the number of monomers included in the polymer and on the number of Arp2/3
complex attached to the polymer. We recall that there are three parameters in the model developed in
this chapter:
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Figure 2.2 Initial tree, chosen arbitrarily. Left: representation of the tree as a graph. Middle: height
function associated to the tree. Right: length in number of monomers of each branch (the branch i
corresponds to the branch that connects node i to its parent).

h �+: rate of spontaneous elongation

h � : binding rate of accessory proteins (which leads to branching or fragmentation)

h a: advantage for one of the accessory proteins, if a > 0 (resp. a < 0) branching (resp. fragmenta-
tions) have an advantage.

Figure 2.3 presents a case where elongation and binding of proteins take place at the same rate.
Since a = 0, when a protein binding occurs, there is as much chance for it to be a branching as to be a
fragmentation.

This �gure (and the following ones) is divided into six graphs. On the top three graphs we plot
the representation of the tree as a graph, the height function associated with the tree and the length in
number of monomers of each branch. These three graphs provide an idea of the topology of the tree.
On the bottom three graphs, we plot the evolution of the number of monomers included in the polymer,
the evolution of the number of internal nodes, which corresponds to the number of Arp2/3 complexes
attached to the polymer and the evolution of the rescaled number of extremities, which corresponds to
the evolution of the rescaled process X̃N . These three graphs provide information on the dynamics of
actin and accessory proteins.

After 1000 events, we observe that the tree has about 350 monomers and 250 nodes. The majority of
the branches have a length between 0 and 1; the rest are between 2 and 4. The majority of the extremities
appear to be at depth 10. This case is de�ned as the base case for this section. In the following, we will
note within parentheses the variations between this base case and the observed case.

In Figure 2.4, we choose a = 100, which means that the branching has an advantage (the probability
of branching is then 0.7). We choose a large enough value for a to observe a signi�cant change after a
time of the order of 10−4. If we choose a = 1, we will have to wait a time of the order of 10−2 to observe
a similar variation. After 1000 events the tree has about 400 (+50 compared to base case) monomers
and 300 (+50) nodes. Elongation also has an advantage in this case as there are more extremities.
The distribution of branch lengths is similar to the previous case. However, the average depth of the
extremities is slightly higher.

In Figure 2.5, we now choose a = −100, which means that the fragmentation has an advantage
(the probability of fragmentation is then 0.7). After 1000 events the tree has about 300 (-50) monomers
and 200 (-50) nodes. Thus, we �nd the same variation as in the previous case where branching had
an advantage. It can also be noted that it took longer to achieve this result. As fragmentation limits
the number of extremities, events become less frequent and it takes longer for the advantage given to
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Figure 2.3 Evolution of the polymer with N = 1000, �+ = 10, � = 10 and a = 0. Observation after
1000 events, corresponding to t = 7.28 × 10−4. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves.

Figure 2.4 Evolution of the polymer with N = 1000, �+ = 10, � = 10 and a = 100. Observation
after 1000 events, corresponding to t = 6.02 × 10−4. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves.
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fragmentation to become signi�cant. The majority of branches still have a length between 0 and 1 but
longer branches (with a length between 3 and 7) appear. Fragmentation therefore limits the amount of
actin polymerised but allows the appearance of longer branches by limiting branching.

Figure 2.5 Evolution of the polymer with N = 1000, �+ = 10, � = 10 and a = −100. Observation
after 1000 events, corresponding to t = 8.98 × 10−4. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves.

In Figure 2.6, elongation is favoured (×2). After 1000 events, the tree has about 500 (×1.4) monomers
and 150 (×0.6) nodes. The fact that there are fewer nodes here is related to the fact that we are looking
at a �xed number of events. If we look at this case at time t ≈ 7.28 × 10−4 as in Figure 2.3, we observe
that there is twice as much polymerised actin and the same number of branches. The branches are
therefore on average twice as long. Elongation does not in�uence the topology of the tree.

10.2 - E�ect of Capping Proteins

We now consider the �rst improvement proposed in Section 9, which is the inclusion of capping
proteins. A capping protein binds to a free extremity of the tree at a constant rate ΦCap and blocks
elongation (branching and fragmentation remain possible).

Figure 2.7 presents a case where elongation and capping take place at the same rate. After 1000
events, the tree has about 200 (-150) monomers and 250 (=) nodes. Although the tree appears less
bushy, the height function (and average depth) remains similar. This is due to the fact that many of the
capped branches have a zero length. Regarding the distribution of branch lengths, it can be seen that
the large majority of branches have a zero length. We can also note that when capping takes place at
the same rate as elongation, about half of the extremities are capped.

Our �rst idea to limit the number of zero-length branches was to forbid the binding of a capping
protein to a zero-length branch. This seems biologically relevant since these proteins bind to actin and
not to Arp2/3 complexes. We can see in Figure 2.8 that the tree obtained with this constraint appears a



140 II - Model for a Single Branched Polymer Q

Figure 2.6 Evolution of the polymer with N = 1000, �+ = 20, � = 10 and a = 0. Observation after
1000 events, corresponding to t = 6.33 × 10−4. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves.

Figure 2.7 Evolution of the polymer with N = 1000, �+ = 10, � = 10, a = 0 and ΦCap = 10.
Observation after 1000 events, corresponding to t = 6.39 × 10−4. Top left: representation of the tree as a
graph. Top middle: height function associated with the tree. Top right: length in number of monomers
of each branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom
middle: evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number
of leaves and evolution of free ends (not capped).
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little more bushy than in Figure 2.7 and that there are fewer internal branches of zero length, however
the tree is still not homogeneous. This must be due to the fact that branching can occur on a zero length
extremity. In this case, about one third of the extremities are capped.

Figure 2.8 Evolution of the polymer with N = 1000, �+ = 10, � = 10, a = 0 and ΦCap = 10 forbidding
the capping of branches of zero length. Observation after 1000 events, corresponding to t = 7.27 × 10−4.
Top left: representation of the tree as a graph. Top middle: height function associated with the tree.
Top right: length in number of monomers of each branch. Bottom left: evolution of the number of
monomers included in the polymer. Bottom middle: evolution of the number of internal nodes. Bottom
right: evolution of X̃N the rescaled number of leaves and evolution of free ends (not capped).

As this �rst idea did not allow us to obtain a dense tree, we tried to limit the capping by choosing
a rate lower than the elongation rate (while keeping the rate large enough for the capping to have a
signi�cant e�ect). We can see in Figure 2.9 that by dividing the capping rate by half, we obtain a tree
that seems more bushy than in Figure 2.7, more homogeneous than in Figure 2.8, and whose distribution
of branch lengths is similar to the base case. In this case, about one third of the extremities are capped.

10.3 - Non-uniform Choice of Branches

This time, the capping proteins are no longer taken into account, but the model is slightly modi�ed
so that the choice of branch during branching or fragmentation is no longer uniform but depends on
the branch length. The longer the branch of an extremity, the more likely it is that a protein will bind to
it. It can also be noted that this non-uniform choice makes branching or fragmenting of a zero length
branch impossible unless all branches are of length zero.

In Figure 2.10, using the same parameter values as in the base case, we obtain after 1000 events a
tree that has about 300 (-50) monomers and 250 (=) nodes. It can be seen that the non-uniform choice
limits the amount of polymerised actin by favouring the fragmentation of long branches (which implies
a greater loss of monomers). It also results in a fairly dense and uniform tree: almost all the non-zero
length branches are of length 1. The average depth seems similar.
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Figure 2.9 Evolution of the polymer withN = 1000, �+ = 10, � = 10, a = 0 andΦCap = 5. Observation
after 1000 events, corresponding to t = 7.71 × 10−4. Top left: representation of the tree as a graph. Top
middle: height function associated with the tree. Top right: length in number of monomers of each
branch. Bottom left: evolution of the number of monomers included in the polymer. Bottom middle:
evolution of the number of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves
and evolution of free ends (not capped).

Figure 2.10 Evolution of the polymer with N = 1000, �+ = 10, � = 10, a = 0 and ΦCap = 0 with non-
uniform choice of branches. Observation after 1000 events, corresponding to t = 6.74 × 10−4. Top left:
representation of the tree as a graph. Top middle: height function associated with the tree. Top right:
length in number of monomers of each branch. Bottom left: evolution of the number of monomers
included in the polymer. Bottom middle: evolution of the number of internal nodes. Bottom right:
evolution of X̃N the rescaled number of leaves and evolution of free ends (not capped).
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10.4 - Branching and Fragmentation Allowed on Internal Branches

Finally, we consider the last case proposed in Section 9 where branching and fragmentation do not
only take place at the extremities but are possible on all branches of the tree. We keep the choice of
branch that depends on the length of the branches, we then choose the monomer on which the binding
will take place uniformly at random among the monomers of the chosen branch. Capping proteins are
not taken into account in this case.

We can see in Figure 2.11 that using again the same parameter values as in the base case, we obtain
after 100 events a tree with only about 10 monomers and about 5 nodes. The branches are mainly of
length 1 and the tree is straggly. As fragmentation can occur anywhere in the tree, the number of actin
monomers and the number of branches �uctuate a lot. We have seen with the previous case that the
non-uniform choice of branch leads to a uniformity of branch length. After some time, all the branches
of non-zero length are then of size 1 and the choice of branch is still uniform: there is therefore as much
chance to choose a branch close to an extremity (and therefore of losing few monomers) as to choose
a branch close to the root (and therefore lose almost the entire tree). In order for this improvement to
obtain a tree of reasonable length and to be biologically relevant, branching must therefore be favoured.
The values in the literature (see Table 3.2) suggest that the branching rate is about 104 times greater
than the fragmentation rate, so we choose a value for a that is large enough to reach this order of
magnitude.

Figure 2.11 Evolution of the polymer with N = 1000, �+ = 10, � = 10, a = 0 and ΦCap = 0 with
branching and fragmentations allowed on internal branches. Observation after 1000 events, corre-
sponding to t = 1.15 × 10−2. Top left: representation of the tree as a graph. Top middle: height function
associated with the tree. Top right: length in number of monomers of each branch. Bottom left: evo-
lution of the number of monomers included in the polymer. Bottom middle: evolution of the number
of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves and evolution of free
ends (not capped).

By choosing a = 499, which corresponds to a probability of branching equal to 0.999, we obtain in
Figure 2.12 a very dense polymer. After 1000 events, the tree has 600 (+250) monomers and 400 (+150)
nodes. The large majority of the branches are of length 1.
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Figure 2.12 Evolution of the polymer with N = 1000, �+ = 10, � = 10, a = 499 and ΦCap = 0
with branching and fragmentations allowed on internal branches. Observation after 1000 events, cor-
responding to t = 4.98×10−4. Top left: representation of the tree as a graph. Top middle: height function
associated with the tree. Top right: length in number of monomers of each branch. Bottom left: evo-
lution of the number of monomers included in the polymer. Bottom middle: evolution of the number
of internal nodes. Bottom right: evolution of X̃N the rescaled number of leaves and evolution of free
ends (not capped).

10.5 - Conclusion

The model proposed in this chapter seems to produce satisfactory trees: dense with relatively short
branches. The amount of polymerised actin can be regulated by the rate of elongation, but this also
a�ects the length of the branches. In order to better limit polymerisation, the capping proteins must be
taken into account. The non-uniform choice of branches allows for a more uniform branch length. To
obtain a truly homogeneous tree, with as many branches at the root as close to the leaves, it is necessary
to take the branching on the whole tree into account. In addition, the inclusion of capping proteins and
non-uniform branching throughout the tree signi�cantly modi�es the amount of polymerised actin and
the number of branches; so it is important to take these into account too.
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1 - Overview

This chapter proposes a numerical exploration of the models of Chapter I. In Section 2 we present
a qualitative study of the di�erent behaviours that can be encountered when observing a single actin
polymer. This allows us to learn a lot about the role of the di�erent proteins involved. In Section 3,
we take up the cases encountered in the previous section, but this time considering a population of
polymers, and we observe the di�erences. This allows us to identify the e�ects of competition between
polymers for free monomers.

Section 4 is devoted to a new model, corresponding to an adaptation of the model for a population
of polymers of Chapter I and taking into account all the accessory proteins introduced in this work.
This later model, which is more complex, is studied only through simulations and aims to understand

q 145Q
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the interactions between linear and branched polymers. A qualitative study, left for future work, would
also allow us to determine which parameters are robust and what is the in�uence of each parameter on
our variables of interest such as: the average length of polymers, the distribution of polymer lengths,
the amount of polymerised actin, the amount of branched polymers, the average number of branches
per polymer or the average number of free extremities per polymer.

2 - Model for a Single Linear Actin Polymer

In this section, we present the numerical exploration that led to the results of Section 5.1 of Chap-
ter I. These additional simulations allow us to present the di�erent behaviours of the process but also
to better understand the role of formins and pro�lin.

2.1 - Behaviour without Accessory Proteins

When there is no accessory protein (i.e. ΦP = 0, Φ+F = 0 and Φ−F = 0) the system is very simple since
the only possible events are spontaneous elongation and depolymerisation. Using Theorem 1.2.1, we
�nd the �uid limit and the equilibrium state given by:

(
�−

�+
, 1 −

�−

�+
, 0) , if t0 = +∞,

(1, 0, 0) , otherwise.

In this case, we can note that if �− ≥ �+, then 1− �−
�+ ≤ 0 and therefore t0 < +∞. As we want to obtain

a non-zero polymer length at equilibrium, we only consider the supercritical case (i.e. �+ > �−).
Figure 3.1 displays the evolution of the length of a single actin polymer in two supercritical cases.

In addition to the convergence of the polymer length to 1 − �−
�+ , we can observe that the closer �+ − �−

is to 0, the greater the oscillations around the �uid limit, and therefore the more the system is subject
to stochasticity.

In the following, we have chosen �+ = 10 and �− = 2 in order to get the simulations close to the
�uid limit. However, it can be highlighted that if we want a result closer to biological results, about
30% of actin monomers should be in a polymerised form (�laments or complexes) in the limit and for
that, we should choose �+ = 10 and �− = 7.

2.2 - E�ect of Pro�lin

In order to observe the e�ect of the pro�lin, we now choose ΦP > 0. Two cases can be distinguished
here:

1. The polymer is simple (i.e. without formin), the system therefore remains in normal mode.

2. The polymer is associated with a formin, the system therefore remains in fast mode.
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(a) �− = 8 (b) �− = 2

Figure 3.1 Evolution of the length of the polymer with N = 1000, �+ = 10, �+F = 0, ΦP = 0, Φ+F = 0
and Φ−F = 0 for two values of �−. Initially, there are a (unique) polymer of length 334, 333 free monomers
and 333G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system
for N = 1000 and the �uid limit given in Theorem 1.2.1 (i.e. N times l1(t)).

2.2.1 - Normal mode

In presence of pro�lin, if the system remains in the normal mode, there is only one possible end: the
disappearance of the polymer. Indeed, when the polymer is simple, it does not consume G-actin/pro�lin
complex. The pro�lin therefore sequesters the free monomers and the polymer does not have enough
resources to survive. This behaviour is depicted in Figure 3.2. This result is proved in Section 5.1 in
Chapter I. It can be noted that the larger ΦP is, the faster the disappearance. In the left-hand graph of
Figure 3.2, the rupture corresponds to the time t0 at which the polymer “size” cancels. It can also be
noted that despite the depolymerisation (decreasing polymer length in the middle graph), the number
of free monomers does not increase since the creation of G-actin/pro�lin complexes is too fast.

Figure 3.2 Evolution of the system described by the model for a single actin polymer withN = 1000,
�+ = 10, �− = 2, �+F = 0, ΦP = 10, Φ+F = 0 and Φ−F = 0. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/pro�lin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000 and the �uid limit given in Theorem 1.2.1 (i.e. N times l1(t)).
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2.2.2 - Fast mode

If the system remains in fast mode, there are this time two possible outcomes:

h If the creation of complex is too slow, there is not enough resource and the polymer disappears
in the same way as the previous case. We have found in Chapter I a su�cient condition for this
case (given by ΦP ≤ �−). This case is shown in Figure 3.3a.

h On the other hand, as soon as ΦP is large enough, the polymer length reaches a non-zero equi-
librium similar to the case without protein. This case is shown in Figure 3.3b.

(a) ΦP = 2 (b) ΦP = 100

Figure 3.3 Evolution of the length of the polymer with N = 1000, �+ = 0, �− = 2, �+F = 10, Φ+F = 0 and
Φ−F = 0 for two values of ΦP . Initially, there are a (unique) polymer of length 334, 333 free monomers
and 333G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system
for N = 1000 and the �uid limit given in Theorem 1.2.1 (i.e. N times l1(t)).

2.3 - E�ect of the Switching Mode

When the system switches modes, �ve behaviours can be observed.

h If ΦP is small enough (i.e. satis�es condition (1.56)), an equilibrium is obtained where the length
of the polymer at equilibrium is greater than if the system remains in the fast mode. This corre-
sponds to the case presented in Chapter I. However, we can distinguish two behaviours.

D If ΦP > �−. We have just seen in Section 2.2.2 that, in this case, if the system remains in
the fast mode then the polymer length reaches a non-zero equilibrium. As condition (1.56)
ensures that the length at equilibrium with mode switching is greater than the length at
equilibrium if the system remains in fast mode, the length of polymer necessarily reaches
a non-zero equilibrium. This behaviour is depicted in Figure 1.3.

D If ΦP ≤ �−. We have seen in Section 2.2.2 that if the system remains in the fast mode then
the length of the polymer goes to 0. When the system can switch between the two modes,
we can distinguish two cases.
∗ If �+ − �− is large enough, the length of the polymer with mode switching reaches a

non-zero equilibrium. The e�ect of the switching mode described in Chapter I is then
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more apparent since the length of the polymer at equilibrium is non-zero (and quite
large) while the length at equilibrium is zero if the system remains in fast mode. This
case is illustrated in Figure 3.4.

Figure 3.4 Evolution of the system described by the model for a single actin polymer withN = 1000,
�+ = 10, �− = 2, �+F = 10, ΦP = 1, Φ+F = 1 and Φ−F = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/pro�lin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.

∗ If �+ is small, we can observe in Figure 3.5 that the mode switching does not allow
to compensate the depolymerisation and the polymer length goes to 0. By increasing
�+F signi�cantly, Figure 3.5b shows that this behaviour occurs for a slightly lower ΦP .
Therefore, we can conclude that �+F has a small impact in this case.

(a) �+F = 10, ΦP = 0.8 (b) �+F = 100, ΦP = 0.5

Figure 3.5 Evolution of the length of the polymer with N = 1000, �+ = 3, �− = 2, Φ+F = 1 and Φ−F = 1
for two values of (�+F ,ΦP ). Initially, there are a (unique) polymer of length 334, 333 free monomers and
333 G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.

h If ΦP is large, the pro�lin sequesters free monomers and we can observe two behaviours.
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D If �+F−�− is large enough, elongation induced by formins is fast enough to use G-actin/pro�lin
complexes produced and an intermediate state is obtained. Indeed, the equilibrium length
with mode switching is between the equilibrium length when the system stays in fast mode
and the equilibrium length when the system stays in normal mode (which is always zero).
This case is illustrated in Figure 3.6.

Figure 3.6 Evolution of the system described by the model for a single actin polymer withN = 1000,
�+ = 10, �− = 2, �+F = 10, ΦP = 100, Φ+F = 1 and Φ−F = 1. Initially, there are a (unique) polymer of
length 334, 333 free monomers and 333 G-actin/pro�lin complexes. Left: evolution of the number of
free monomers. Middle: evolution of the length of the polymer. Right: evolution of the number of
G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.

D If �+F is small, G-actin/pro�lin complexes are not used fast enough and pro�lin sequesters
too many free monomers, therefore the polymer length at equilibrium is zero. This be-
haviour is depicted in Figure 3.7. As when ΦP is large there are very few free monomers,
increasing spontaneous elongation (i.e. �+) does not allow a better use of the di�erent pools
of monomers.

Figure 3.7 Evolution of the length of the polymer with N = 1000, �+ = 10, �− = 2, �+F = 3, ΦP = 100,
Φ+F = 1 and Φ−F = 1. Initially, there are a (unique) polymer of length 334, 333 free monomers and 333
G-actin/pro�lin complexes. On this graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.
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2.4 - Conclusion

This section has allowed us to determine the di�erent e�ects of mode switching and to identify the
role of each parameter. In particular, it can be noted that in order to obtain a non-zero polymer length at
equilibrium, the elongation rates �+ and �+F must be su�ciently large compared to the depolymerisation
rate �−. The rate of creation of complexes ΦP determines whether the mode switching will lead to a
better use of the di�erent pools of monomers. This parameter can therefore be used to adjust the
amount of actin polymerised at equilibrium. Finally, parameters Φ+F and Φ−F in�uence the behaviour in
an intuitive way. As shown in Figure 3.8, when Φ+F > Φ−F (resp. Φ+F < Φ−F ), the behaviour with mode
switching is more similar to the behaviour when the system remains in the fast (resp. normal) mode.
It can also be noted that the slower the formin exchange, the more stochastic the system is.

(a) Φ+F = 0.4, Φ−F = 0.1 (b) Φ+F = 0.1, Φ−F = 0.4

Figure 3.8 Evolution of the length of the polymer with N = 1000, �+ = 10, �− = 2, �+F = 10, ΦP = 100
for two values of (Φ+F ,Φ−F ). Initially, there are a (unique) polymer of length 334, 333 free monomers and
333 G-actin/pro�lin complexes. On each graph, we plot a single realisation of the stochastic system for
N = 1000, the �uid limit given in Theorem 1.2.1 (i.e. N times li(t)), the �uid limit one would obtain by
assuming that the system stays in normal mode and the �uid limit one would obtain by assuming that
the system remains in fast mode all the time.

3 - Model for a Population of Linear Actin Polymers

In this section, we aim to understand the impact of the competition between polymers for monomers
on actin dynamics. For this purpose, we have taken up and compared all the cases from the previous
section (Section 2). However, we will only present the di�erences with the case of a single polymer.
We can already note that when there is no accessory protein, the large population limit has the same
behaviour and the same limit as the �uid limit because the competition between polymers impacts
elongation and depolymerisation in the same way.

3.1 - E�ect of Pro�lin

As in the previous section, two cases can be distinguished:

1. All polymers in the population are simple (i.e. without formin), which corresponds for the pre-
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vious model to remain in the normal mode.

2. All polymers in the population are associated with a formin, which corresponds for the previous
model to remain in the fast mode.

When all the polymers are simple, we �nd the same behaviour as before: all the polymers in the
population �nally disappear because the pro�lin sequesters the monomers.

When all polymers are associated to a formin, there are always two possible issues, but the case
analogous to that presented in Figure 3.3a seems, in the case of a population, biologically not very
relevant. Indeed, to ensure that the amount of polymerised actin tends to 0, ΦP must be very small. The
su�cient condition ΦP ≤ �− is written in the case of a population: ΦP ≤ �−f∞ where f∞ represents the
limiting amount of “real” polymers (de�ned in Chapter I page 66). As f∞ is very small, this condition is
only respected for ΦP which is very small compared to �−, and this does not correspond to biological
values (see Table 3.2).

More intuitively, competition between polymers for monomers (represented here by f∞) primarily
impacts elongation. Competition for monomers makes elongation di�cult and thus leads to the dis-
appearance of polymers. There is therefore a reduction in the number of ends that can depolymerise.
Depolymerisation is therefore also a�ected by this competition. As for pro�lin, it is not slowed down
by the competition since it only interacts with the free monomers, so we are still in a case similar to
the one presented in Figure 3.9.

Figure 3.9 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, �+ = 0, �− = 2, �+F = 10, ΦP = 100, Φ+F = 0 and Φ−F = 0, starting with 33, 4% of
free monomers, 33, 3% of G-actin/pro�lin complexes and 33, 3% of monomers included within polymers
(associated with a formin) of length 30. Left: evolution of the proportion of free monomers. Middle:
evolution of the proportion of monomers included in a polymer. Right: evolution of the proportion
of G-actin/pro�lin complexes. On each graph, we plot a single rescaled realisation of the stochastic
system for N = 1000, the large population limit given in Theorem 1.2.2 and the �uid limit given in
Theorem 1.2.1.

Figure 3.9 therefore presents the only relevant case when all polymers are associated with a formin.
This case is analogous to the one presented in Figure 3.3b. It would therefore seem that, in a population
of actin polymers associated to a formin, the amount of polymerised actin always tends to a non-zero
equilibrium. Moreover, we can also note that the amount of actin polymerised at equilibrium in the
fast mode is greater in the population than for a single polymer.

This can be easily proven by using results from Chapter I. By �tting equation (1.7) to the case where
the system remains in the fast mode, we know that the length of the polymer at equilibrium is:

�∞single, f ast = 1 −
�−

ΦP
−
�−

�+F
.
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Using the assumption F∞(t) ⟶
t→+∞

f∞ introduced on page 66 and system (1.58), we obtain the amount
of actin polymerised at equilibrium given by:

�∞pop, f ast = 1 −
�−f∞
ΦP

−
�−

�+F
.

We therefore want to show that:

�∞single, f ast ≤ �∞pop, f ast ⇔ 1 −
�−

ΦP
−
�−

�+F
≤ 1 −

�−f∞
ΦP

−
�−

�+F
,

which is obvious since f∞ ∈ [0, 1].

3.2 - E�ect of the Switching Mode

As explain in Chapter I, the condition (1.59) ensures that for small values of ΦP , we can �nd cases
where the mode switching improves the use of the di�erent pools of monomers. However, such small
values for ΦP seem to have limited biological relevance. We therefore consider that, in the case of a
population of linear polymers, there is always more actin polymerised if all the polymers are associated
with a formin and so switching modes does not improve the use of the di�erent pools of monomers.

We consider the �ve behaviours depicted in Section 2.3.

h Figure 1.5 showing the analogous case to Figure 1.3 is discussed in Chapter I. We can add that in
this case, the equilibrium of the �uid limit is signi�cantly lower than the equilibrium of the large
population limit. This result can be proven in a similar way as in the previous section. Using
equation (1.7), we know that the length of the polymer at equilibrium is:

�∞single = 1 −
�−

�M (0)�+ + ΦP
−

�−ΦP
(�M (0)�+ + ΦP )�M (1)�+F

.

Using once again the assumption F∞(t) ⟶
t→+∞

f∞ and system (1.58), we obtain the amount of actin
polymerised at equilibrium, given by:

�∞pop = 1 −
�−f∞

�M (0)�+f∞ + ΦP
−

�−f∞ΦP
(�M (0)�+f∞ + ΦP )�M (1)�+F f∞

.

We have:

�∞single ≤ �∞pop

⇔
�−

�M (0)�+ + ΦP
+

�−ΦP
(�M (0)�+ + ΦP )�M (1)�+F

≥
�−f∞

�M (0)�+f∞ + ΦP
+

�−f∞ΦP
(�M (0)�+f∞ + ΦP )�M (1)�+F f∞

⇔
�M (1)�+F + ΦP
�M (0)�+ + ΦP

≥
�M (1)�+F f∞ + ΦP
�M (0)�+f∞ + ΦP

⇔ �M (1)�+F + �M (0)�
+f∞ ≥ �M (0)�+ + �M (1)�+F f∞

⇔ �M (1)�+F − �M (0)�
+ ≥ (�M (1)�+F − �M (0)�

+)f∞

which is obvious since f∞ ∈ [0, 1].

h As explained earlier, the cases presented in Figure 3.4 and Figure 3.5 are considered irrelevant for
a population of polymers.
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h Figure 3.10 presents the analogous case to Figure 3.6. We notice this time that if ΦP and �+F are
su�ciently large, the equilibrium of the �uid limit and the equilibrium of the large population
limit are close. Competition between polymers therefore seems to have a minor impact on the
“intermediate” cases. This can be explained on the one hand by the fact that when ΦP is large,
there are always enough complexes available, so the amount of actin polymerised is limited by the
rate of polymerisation with formin. On the other hand, only a part of the polymer population is
associated with a formin, so there are fewer polymers competing for a large amount of complexes.

Figure 3.10 Evolution of the system described by the limiting model for a population of actin poly-
mers with dt = 0.001, �+ = 10, �− = 2, �+F = 10, ΦP = 100, Φ+F = 1 and Φ−F = 1, starting with 33, 4% of
free monomers, 33, 3% of G-actin/pro�lin complexes and 33, 3% of monomers included within polymers
of length 30. Left: evolution of the proportion of free monomers. Middle: evolution of the proportion
of monomers included in a polymer. Right: evolution of the proportion of G-actin/pro�lin complexes.
On each graph, we plot a single rescaled realisation of the stochastic system for N = 1000, the large
population limit given in Theorem 1.2.2, the large population limit one would obtain by assuming that
the system remains in normal mode, the large population limit one would obtain by assuming that the
system remains in fast mode and the �uid limit given in Theorem 1.2.1.

h If �+F − �− > 0 is small enough, we �nd the same behaviour as in Figure 3.7.

3.3 - Conclusion

From this section we can conclude that competition between polymers for monomers a�ects poly-
merisation and depolymerisation in the same way but does not a�ect the creation of complexes. Com-
plex creation is therefore always faster than other events and there are always enough complexes avail-
able not to slow down the polymerisation with a formin. Consequently, in a population of actin poly-
mers, the more formins there are, the more actin is polymerised. In a population, ΦP can no longer limit
the amount of actin polymerised, and this regulation is therefore ensured by the di�erence in speed be-
tween elongation and depolymerisation and/or by another accessory protein (causing fragmentations
for example).

4 - Model Considering all Accessory Proteins

In this section, we present a model for a population of actin polymers which takes into account spon-
taneous elongation and depolymerisation, nucleation, formins and pro�lin, capping proteins, fragmen-
tation and branched polymers. To obtain this new model, we added nucleation, capping, fragmentation
and branching to the model of Chapter I. After introducing the model, we relate our parameters to the
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measured biological quantities. Using these values, we present a random realisation in order to show
some possibilities o�ered by the implementation. We �nish by introducing some perspectives.

4.1 - Biological Phenomena Considered and Assumptions

Pro�lin and Formins - Fast elongation. Pro�lin is a protein that binds to a free actin monomer
to create G-actin/pro�lin complexes. These complexes can not be use to elongate simple polymers but
are the resource for the elongation with a formin. A pro�lin does not release the G-actin until this
monomer is polymerised.

A formin can be attached to the plus end of a polymer. Formins can accelerate elongation by work-
ing conjointly with pro�lin. Indeed, when a polymer elongates with a formin, the elongation does not
consume a free actin monomer but a G-actin/pro�lin complex. A polymer associated with a formin
can not be branched and since the plus end is bound, a polymer associated with a formin can not be
capped. The formin associated with a polymer can be released. In this case, the polymer returns to
being a simple polymer.

Arp2/3 complexes - Branching. The Arp2/3 protein complex can bind to each actin monomer
of an actin polymer (as long as there is no Arp2/3 on that monomer, we do not consider steric e�ects or
geometric restrictions for branching). After this binding, a secondary actin polymer (called secondary
branch) grows on the polymer (called primary branch) and the polymer is branched. The presence of
Arp2/3 on the polymer has no impact on the elongation-depolymerisation dynamics of the primary
branch of the polymer. To simplify the model, we assume that the elongation rate is the same for the
primary and secondary branches. Furthermore, each secondary branch can be capped but can not de-
polymerise. An Arp2/3 can be released in two ways. Firstly, an Arp2/3 protein can release the polymer
spontaneously. Secondly, a monomer of the primary branch associated with an Arp2/3 can be depoly-
merised. In both cases, a split occurs and the branched polymer is split into two. A branched polymer
can not be bound with a formin.

Co�lin - Fragmentation. As Arp2/3, co�lin can bind to each actin monomer of an actin polymer
(as long as that monomer is not already bound to a protein). Co�lin binds mainly to ADP monomers
of the polymer. When a su�cient amount of co�lin is bound to the polymer, the mechanical properties
of the ADP part and of the ATP part are di�erent and fragmentation takes place at the boundary of
these parts. The ADP part is then completely depolymerised while the ATP part remains and can elon-
gate again. We will assume that if fragmentation occurs for a simple �lament or a �lament associated
with a formin, a random proportion of the length remains; if the �lament is capped, the majority of its
monomers are ADP (as it can no longer elongate) and it is assumed that the polymer will depolymerise
entirely when fragmentation occurs. Finally, if a branched �lament fragments, it loses all of its capped
branches and only a randomly selected portion remains. As mentioned in [BBPSP14] and Figure 11, if
there is a very large amount of co�lin on the �lament, it becomes �exible and fragmentation does not
occur. We will try to take this phenomenon into account when choosing the fragmentation rate.

Capping proteins - Capping. A capping protein can bind the plus end of a polymer. After cap-
ping, the polymer can no longer elongate. A capping protein cannot detach from a polymer. Since the
plus end is already bound, a formin can not bind to a capped �lament.

Nucleation. Nucleation is the process by which a new polymer is created. Nucleation can be
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initiated by several proteins but in order to simplify this process, we consider that nucleation is the
meeting of three actin monomers to create a single polymer of length three. We also consider that
polymers of length two do not exist since a polymer must have at least three monomers to be stable.

4.2 - The Model

4.2.1 - State space and variables of interest

In order to describe the model, the same approach as for the population model in Chapter I is used.
We assume that the total number of monomers on the system is �xed, equal to N ∈ N. Since we are
now considering branched polymers and capping proteins, we describe every element of the population
by its type, its number of branching, its length and its number of free extremities (i.e. without capping
protein at the plus end). More precisely, free monomers are denoted by M , G-actin/pro�lin complexes
by P , simple actin polymers by S, actin polymers bound with a formin by F , branched actin polymers
by B and linear (i.e. not branched) capped actin polymer by C . As in Chapter I, we again consider that
free monomers and G-actin/pro�lin complexes are two types of actin polymers. Therefore, polymers
of type M and P can only be of length 1 and have 0 branching and 0 free extremity (since elongation
is impossible from a single monomers). Other types of polymers S, F , C and B can have any length in
{3, 4,⋯ , N}. Note that the “length” of a branched polymer corresponds to the number of monomers
that compose this polymer. As polymers of type S, F and C are linear, they have 0 branching and 1 free
extremity for types S and F , 0 free extremity for typeC . Polymers of type B of length � ∈ {3, 4,⋯ , N} can
have any number of branching b ∈ {1, 2,⋯ , �} and any number of free extremities e ∈ {0, 1,⋯ , b + 1}.
We will therefore work in the state space ⋆ de�ned by:

⋆ def= {(M, 0, 1, 0), (P, 0, 1, 0)} ∪ ({(S, 0), (F , 0)} ×N≥3 × {1}) ∪ ({(C, 0)} ×N≥3 × {0})
∪ ({B} ×N∗ ×N≥3 ×N) , (3.1)

and for every quadruplet (T , b, � , e) ∈  and every t ∈ R+, we de�ne ⋆KN
t (T , b, � , e) as the number of

polymers of type T , length � , with b branching and e free extremities present in the system at time t .
Here we use notation: N∗ = {1, 2,⋯}, N = N∗ ∪ {0} and N≥3 = {3, 4,⋯}. The system at every time t is
described by its empirical distribution ⋆N

t de�ned by:
⋆N

t
def= ⋆KN

t (M, 0, 1, 0)�(M,0,1,0) + ⋆KN
t (P, 0, 1, 0)�(P,0,1,0)

+
N
∑
l=3

⋆KN
t (S, 0, l, 1)�(S,0,l,1) +

N
∑
l=3

⋆KN
t (F , 0, l, 1)�(F ,0,l,1) +

N
∑
l=3

⋆KN
t (C, 0, l, 0)�(C,0,l,0)

+
N
∑
l=3

l
∑
b=1

b+1
∑
e=0

⋆KN
t (B, b, l, e)�(B,b,l,e), (3.2)

where �x denotes a Dirac mass at x . Each ⋆N
t is thus a random measure on ⋆. We write ⋆ for the

space of all �nite measures on ⋆, endowed with the topology of weak convergence.
Let us now introduce some variables of interest. First, let ⋆pl denote the projector (T , b, l, e) ↦ l

that returns the third coordinate of an element in ⋆. Since, the total number of monomers is N , for
every t ≥ 0, we have ⋆KN

t (⋅, ⋅, l, ⋅) = 0 if l > N and

⟨⋆N
t ,

⋆pl⟩ = N . (3.3)

The total number of “real” polymers at time t (i.e. that are not free monomers or complexes) is denoted
by ⋆PN (t) with:

⋆PN (t) def= ⟨⋆N
t ,1(S,0,⋅,1) + 1(F ,0,⋅,1) + 1(C,0,⋅,0) + 1(B,⋅,⋅,⋅)⟩ , (3.4)
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and the amount of polymerised actin at time t (i.e. total number of monomers inserted in a polymer) is
denoted by ⋆MN

inP (t) with:

⋆MN
inP (t)

def= ⟨⋆N
t ,

⋆pl (1(S,0,⋅,1) + 1(F ,0,⋅,1) + 1(C,0,⋅,0) + 1(B,⋅,⋅,⋅))⟩ . (3.5)

The total number of simple polymers (respectively polymers bound with a formin, linear capped
polymers, branched polymers) at time t is denoted by ⋆SN (t) (resp. ⋆FN (t), ⋆CN (t), ⋆BN (t)) with:

⋆SN (t) def= ⟨⋆N
t ,1(S,0,⋅,1)⟩ =

N
∑
�=3

⋆KN
t (S, 0, � , 1), (3.6)

⋆FN (t) def= ⟨⋆N
t ,1(F ,0,⋅,1)⟩ =

N
∑
�=3

⋆KN
t (F , 0, � , 1), (3.7)

⋆CN (t) def= ⟨⋆N
t ,1(C,0,⋅,0)⟩ =

N
∑
�=3

⋆KN
t (C, 0, � , 0), (3.8)

⋆BN (t) def= ⟨⋆N
t ,1(B,⋅,⋅,⋅)⟩ =

N
∑
�=3

�
∑
b=1

b+1
∑
e=0

⋆KN
t (B, b, � , e). (3.9)

The total number of actin monomers polymerised within simple polymers (respectively polymers
bound with a formin, linear capped polymers, branched polymers) at time t is denoted by ⋆MN

inS(t) (resp.
⋆MN

inF (t), ⋆MN
inC (t), ⋆MN

inB(t)) with:

⋆MN
inS(t)

def= ⟨⋆N
t ,

⋆pl (1(S,0,⋅,1))⟩ =
N
∑
�=3

⋆KN
t (S, 0, � , 1) × � , (3.10)

⋆MN
inF (t)

def= ⟨⋆N
t ,

⋆pl (1(F ,0,⋅,1))⟩ =
N
∑
�=3

⋆KN
t (F , 0, � , 1) × � , (3.11)

⋆MN
inC (t)

def= ⟨⋆N
t ,

⋆pl (1(C,0,⋅,0))⟩ =
N
∑
�=3

⋆KN
t (C, 0, � , 0) × � , (3.12)

⋆MN
inB(t)

def= ⟨⋆N
t ,

⋆pl (1(B,⋅,⋅,⋅))⟩ =
N
∑
�=3

�
∑
b=1

b+1
∑
e=0

⋆KN
t (B, b, � , e) × � . (3.13)

4.2.2 - Description of all possible events

The process (⋆N
t )t∈R+

evolves according to the following transitions.

h Elongation.

D Simple polymers. Each simple polymer can elongate by catching a free monomer at rate
�+, independently of the other polymers. For each length � ∈ {3, 4,⋯ , N − 1}, the rate
at which spontaneous elongation happens on simple polymers of length � at time t is
�+

⋆KN
t (M,0,1,0)

N
⋆KN

t (S, 0, � , 1) and the new state of the system is:

⋆N
t = ⋆N

t− − �(S,0,� ,1) − �(M,0,1,0) + �(S,0,�+1,1),
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or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (S, 0, � , 1) = ⋆KN

t−(S, 0, � , 1) − 1,
⋆KN

t (S, 0, � + 1, 1) = ⋆KN
t−(S, 0, � + 1, 1) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) − 1.

D Polymers associated with a formin. Each polymer associated with a formin can elongate
by absorbing a G-actin/pro�lin complex at rate �+F independently of the other polymer. For
each length � ∈ {3, 4,⋯ , N − 1}, the rate at which elongation with a formin happens on
polymers of length � at time t is �+F

⋆KN
t (P,0,1,0)
N

⋆KN
t (F , 0, � , 1) and the new state of the system

is:
⋆N

t = ⋆N
t− − �(F ,0,� ,1) − �(P,0,1,0) + �(F ,0,�+1,1),

or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (F , 0, � , 1) = ⋆KN

t−(F , 0, � , 1) − 1,
⋆KN

t (F , 0, � + 1, 1) = ⋆KN
t−(F , 0, � + 1, 1) + 1,

⋆KN
t (P, 0, 1, 0) = ⋆KN

t−(P, 0, 1, 0) − 1.

D Branched polymers. Each free extremity of a branched polymer can elongate by catching
a free monomer at rate �+, independently of the other extremities and the other polymers.
For each length � ∈ {3, 4,⋯ , N − 1}, for each number of branching b ∈ {1, 2,⋯ , �} and for
each number of free extremities e ∈ {0, 1,⋯ , b + 1}, the rate at which elongation happens
on polymers of type (B, b, � , e) at time t is �+

⋆KN
t (M,0,1,0)

N
⋆KN

t (B, b, � , e)e and the new state of
the system is:

⋆N
t = ⋆N

t− − �(B,b,� ,e) − �(M,0,1,0) + �(B,b,�+1,e),

or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (B, b, � + 1, e) = ⋆KN
t−(B, b, � + 1, e) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) − 1.

h Depolymerisation.

D Linear polymers. Each linear polymer (i.e. simple polymer, polymer associated to a formin
and linear capped polymer) can release a monomer at rate �− and this monomer becomes
“free”. When a polymer of length 3 depolymerises, it depolymerises completely and releases
3 monomers (this is because actin dimers are unstable). For each type T ∈ {S, F , C}, for
each length � ∈ {3, 4,⋯ , N} and for each number of extremity e ∈ {0, 1}, the rate a which
depolymerisation happens on polymers of type (T , 0, � , e) at time t is �−⋆KN

t (T , 0, � , e) and
the new state of the system is:

⋆N
t = ⋆N

t− − �(T ,0,3,e) + 3�(M,0,1,0) if � = 3,
⋆N

t = ⋆N
t− − �(T ,0,� ,e) + �(M,0,1,0) + �(T ,0,�−1,e) if � > 3,

or equivalently:
{
⋆KN

t (T , 0, 3, e) = ⋆KN
t−(T , 0, 3, e) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 3,
if � = 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (T , 0, � , e) = ⋆KN

t−(T , 0, � , e) − 1,
⋆KN

t (T , 0, � − 1, e) = ⋆KN
t−(T , 0, � − 1, e) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 1.
if � > 3,
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D Branched polymers. Each branched polymer can release a monomer at rate �−, we recall that
only the primary branch can depolymerise. In the same way as in the previous case, if the
polymer is of length 3 and is depolymerised, then the polymer disappears and 3 monomers
are released. When a branched polymer depolymerises, the detaching monomer may be
bound to an Arp2/3 complex, in which case a split occurs.

For each length � ∈ {3, 4,⋯ , N}, for each number of branching b ∈ {1, 2,⋯ , �} and for
each number of free extremities e ∈ {0, 1,⋯ , b + 1}, the rate at which depolymerisation
happens on polymers of type (B, b, � , e) at time t is �−⋆KN

t (B, b, � , e). To determine whether
a split occurs, we take a Bernoulli random variable s such that s ∼ Ber ( b� ); if s = 0 the
depolymerisation is simple (as in the previous case) and if s = 1 a split occurs. This means
that there is a high probability of splitting if b ≈ � , in other words, when the polymer is
very branched with very short branches. On the contrary, if the polymer is weakly branched
with long branches (b ≪ � ), splits will be rare.

When a split occurs, two new polymers are created from the (B, b, � , e) type polymer. As a
whole, one monomer of the polymer is released, one branching is lost and the number of
free extremities is unchanged. As the topology of the (B, b, � , e) type polymer is not known,
the two new polymers will be constructed randomly according to the following procedure:

∗ We randomly choose the length of the �rst polymer �1 according to a uniform distri-
bution: �1 ∼ Unif ({0, 1,⋯ , � − 1}).

∗ As depolymerisation leads to the release of a monomer, we have: �1 + �2 = � − 1 and we
set the length of the second polymer �2 by: �2 = � − 1 − �1.

∗ We randomly choose the number of branching of the �rst polymer b1 according to a
uniform distribution: b1 ∼ Unif ({max (0, b − 1 − �2) ,⋯ ,min (b − 1, �1)}) which ensures
b1 ≤ �1 and b2 ≤ �2.

∗ As split results in the loss of a branching, we have: b1+b2 = b−1 and we set the number
of branching of the second polymer b2 by: b2 = b − 1 − b1.

∗ We randomly choose the number of free extremities of the �rst polymer e1 accord-
ing to a uniform distribution: e1 ∼ Unif ({max (0, e − b2 − 1) ,⋯ ,min (e, b1 + 1)}) which
ensures e1 ≤ b1 + 1 and e2 ≤ b2 + 1.

∗ We �nally set the number of free extremities of the second polymer e2 by: e2 = e − e1.

The new state of the system is then:

⋆N
t = ⋆N

t− − �(B,b,3,e) + 3�(M,0,1,0) if � = 3,
⋆N

t = ⋆N
t− − �(B,b,� ,e) + �(M,0,1,0) + �(B,b,�−1,e) if � > 3 and s = 0,

⋆N
t = ⋆N

t− − �(B,b,� ,e) + �(M,0,1,0) + �(B,b1,�1,e1) + �(B,b2,�2,e2) if � > 3, s = 1, �1 ≥ 3 and �2 ≥ 3,
⋆N

t = ⋆N
t− − �(B,b,� ,e) + (�2 + 1)�(M,0,1,0) + �(B,b1,�1,e1) if � > 3, s = 1, �1 ≥ 3 and �2 < 3,

⋆N
t = ⋆N

t− − �(B,b,� ,e) + (�1 + 1)�(M,0,1,0) + �(B,b2,�2,e2) if � > 3, s = 1, �1 < 3 and �2 ≥ 3,
⋆N

t = ⋆N
t− − �(B,b,� ,e) + ��(M,0,1,0) if � > 3, s = 1, �1 < 3 and �2 < 3,
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or equivalently:
{
⋆KN

t (B, b, 3, e) = ⋆KN
t−(B, b, 3, e) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 3,
if � = 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (B, b, � − 1, e) = ⋆KN
t−(B, b, � − 1, e) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 1,
if � > 3 and s = 0,

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (B, b1, �1, e1) = ⋆KN
t−(B, b1, �1, e1) + 1,

⋆KN
t (B, b2, �2, e2) = ⋆KN

t−(B, b2, �2, e2) + 1,
⋆KN

t (M, 0, 1, 0) = ⋆KN
t−(M, 0, 1, 0) + 1,

if � > 3, s = 1, �1 ≥ 3 and �2 ≥ 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (B, b1, �1, e1) = ⋆KN
t−(B, b1, �1, e1) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 1 + �2,
if � > 3, s = 1, �1 ≥ 3 and �2 < 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (B, b2, �2, e2) = ⋆KN
t−(B, b2, �2, e2) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + 1 + �1,
if � > 3, s = 1, �1 < 3 and �2 ≥ 3,

{
⋆KN

t (B, b, � , e) = ⋆KN
t−(B, b, � , e) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + � ,
if � > 3, s = 1, �1 < 3 and �2 < 3.

h Production of G-actin/pro�lin complexes. Each free monomer can bind with a pro�lin and
create a G-actin/pro�lin complex at rate ΦP , independently of the others. Therefore, the total rate
of creation of complexes at time t is ΦP⋆KN

t−(M, 0, 1, 0) and the new state of the system is:
⋆N

t = ⋆N
t− − �(M,0,1,0) + �(P,0,1,0),

or equivalently: {
⋆KN

t (P, 0, 1, 0) = ⋆KN
t−(P, 0, 1, 0) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) − 1.

h Binding of a formin. Each simple polymer can bind with a formin at rate Φ+F and therefore
change category independently of the other polymers. For each length � ∈ {3, 4,⋯ , N}, the rate
at which binding of a formin happens on simple polymers of length � at time t is Φ+F ⋆KN

t (S, 0, � , 1)
and the new state of the system is:

⋆N
t = ⋆N

t− − �(S,0,� ,1) + �(F ,0,� ,1),

or equivalently: {
⋆KN

t (F , 0, � , 1) = ⋆KN
t−(F , 0, � , 1) + 1,

⋆KN
t (S, 0, � , 1) = ⋆KN

t−(S, 0, � , 1) − 1.

h Release of a formin. Each polymer associated with a formin can have this association broken
at rate Φ−F , independently of the other polymers. For each length � ∈ {3, 4,⋯ , N}, the rate at
which release of a formin happens on polymers of length � at time t is Φ−F ⋆KN

t (F , 0, � , 1) and the
new state of the system is:

⋆N
t = ⋆N

t− − �(F ,0,� ,1) + �(S,0,� ,1),
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or equivalently: {
⋆KN

t (S, 0, � , 1) = ⋆KN
t−(S, 0, � , 1) + 1,

⋆KN
t (F , 0, � , 1) = ⋆KN

t−(F , 0, � , 1) − 1.

h Binding of an Arp2/3 complex.

D Simple and linear capped polymers. An Arp2/3 complex can bind to each monomer of each
single polymer or each capped linear polymer at rateΦ+A and create a branched polymer. For
each type T ∈ {S, C}, for each length � ∈ {3, 4,⋯ , N} and for each number of extremities
e ∈ {0, 1}, the rate at which binding of an Arp2/3 happens on polymers of type (T , 0, � , e) at
time t is Φ+A⋆KN

t (T , 0, � , e)� and the new state of the system is:

⋆N
t = ⋆N

t− − �(T ,0,� ,e) + �(B,1,� ,e+1),

or equivalently: {
⋆KN

t (B, 1, � , e + 1) = ⋆KN
t−(B, 1, � , e + 1) + 1,

⋆KN
t (T , 0, � , e) = ⋆KN

t−(T , 0, � , e) − 1.

D Branched polymers. An Arp2/3 complex can bind to each monomer that is not already
attached to a complex of each branched polymer at rate Φ+A and create a new branch. For
each length � ∈ {3, 4,⋯ , N}, for each number of branching b ∈ {1, 2,⋯ , � − 1} and for
each number of free extremities e ∈ {0, 1,⋯ , b + 1}, the rate at which binding of an Arp2/3
happens on polymers of type (B, b, � , e) at time t is Φ+A⋆KN

t (B, b, � , e)(� −b) and the new state
of the system is:

⋆N
t = ⋆N

t− − �(B,b,� ,e) + �(B,b+1,� ,e+1),

or equivalently:
{
⋆KN

t (B, b + 1, � , e + 1) = ⋆KN
t−(B, b + 1, � , e + 1) + 1,

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1.

h Release of an Arp2/3 complex. Each Arp2/3 complex of a branched polymer can be released
at rate Φ−A and cause the polymer to split. As a whole, there is no release of monomer, one branch-
ing is lost and the number of free extremities is unchanged. The same approach is used as for
depolymerisation with splitting. For each length � ∈ {3, 4,⋯ , N}, for each number of branching
b ∈ {1, 2,⋯ , �} and for each number of free extremities e ∈ {0, 1,⋯ , b + 1}, the rate at which
release of an Arp2/3 happens on polymers of type (B, b, � , e) at time t is Φ−A⋆KN

t (B, b, � , e)b. As the
topology of the (B, b, � , e) type polymer is not know, the two new polymers will be constructed
randomly according to the following procedure:

D We randomly choose the length of the �rst polymer �1 according to a uniform distribution:
�1 ∼ Unif ({0, 1,⋯ , �}).

D We set the length of the second polymer �2 by: �2 = � − �1.
D We randomly choose the number of branching of the �rst polymer b1 according to a uniform

distribution: b1 ∼ Unif ({max (0, b − 1 − �2) ,⋯ ,min (b − 1, �1)}).
D As a release of an Arp2/3 results in the loss of a branching, we have: b1 + b2 = b − 1 and we

set the number of branching of the second polymer b2 by: b2 = b − 1 − b1.
D We randomly choose the number of free extremities of the �rst polymer e1 according to a

uniform distribution: e1 ∼ Unif ({max (0, e − b2 − 1) ,⋯ ,min (e, b1 + 1)}).
D We �nally set the number of free extremities of the second polymer e2 by: e2 = e − e1.
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The new state of the system is then:

⋆N
t = ⋆N

t− − �(B,b,� ,e) + �(T1,b1,�1,e1) + �(T2,b2,�2,e2) if �1 ≥ 3 and �2 ≥ 3,
⋆N

t = ⋆N
t− − �(B,b,� ,e) + �2�(M,0,1,0) + �(T1,b1,�1,e1) if �1 ≥ 3 and �2 < 3,

⋆N
t = ⋆N

t− − �(B,b,� ,e) + �1�(M,0,1,0) + �(T2,b2,�2,e2) if �1 < 3 and �2 ≥ 3,
⋆N

t = ⋆N
t− − �(B,b,� ,e) + ��(M,0,1,0) if �1 < 3 and �2 < 3,

with T1|2 = B if b1|2 ≥ 1, T1|2 = S if (b1|2 = 0 and e1|2 = 1) or T1|2 = C if (b1|2 = 0 and e1|2 = 0), or
equivalently:

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (T1, b1, �1, e1) = ⋆KN
t−(T1, b1, �1, e1) + 1,

⋆KN
t (T2, b2, �2, e2) = ⋆KN

t−(T2, b2, �2, e2) + 1,
if �1 ≥ 3 and �2 ≥ 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (T1, b1, �1, e1) = ⋆KN
t−(T1, b1, �1, e1) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + �2,
if �1 ≥ 3 and �2 < 3,

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (T2, b2, �2, e2) = ⋆KN
t−(T2, b2, �2, e2) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + �1,
if �1 < 3 and �2 ≥ 3,

{
⋆KN

t (B, b, � , e) = ⋆KN
t−(B, b, � , e) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + � ,
if �1 < 3 and �2 < 3.

h Capping.

D Simple polymers. Each simple polymer can bind with a capping protein at rateΦC and there-
fore change category independently of the other polymers. For each length � ∈ {3, 4,⋯ , N},
the rate at which binding of a capping protein happens on polymers of length � at time t is
ΦC⋆KN

t (S, 0, � , 1) and the new state of the system is:

⋆N
t = ⋆N

t− − �(S,0,� ,1) + �(C,0,� ,0),

or equivalently: {
⋆KN

t (C, 0, � , 0) = ⋆KN
t−(C, 0, � , 0) + 1,

⋆KN
t (S, 0, � , 1) = ⋆KN

t−(S, 0, � , 1) − 1.

D Branched polymers. Each free extremity of a branched polymer can bind with a capping
protein at rate ΦC independently to the other extremities and the other polymers. For each
length � ∈ {3, 4,⋯ , N}, for each number of branching b ∈ {1, 2,⋯ , �} and for each number
of free extremities e ∈ {1, 2,⋯ , b+1}, the rate at which binding of a capping protein happens
on polymers of type (B, b, � , e) at time t is ΦC⋆KN

t (B, b, � , e)e and the new state of the system
is:

⋆N
t = ⋆N

t− − �(B,b,� ,e) + �(B,b,� ,e−1),

or equivalently: {
⋆KN

t (B, b, � , e − 1) = ⋆KN
t−(B, b, � , e − 1) + 1,

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1.
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h Nucleation. When 3 free monomers meet, a new polymer of length 3 is created at a rate �n.
Therefore, the total rate of nucleation at time t is �n⋆KN

t (M, 0, 1, 0)
⋆KN

t (M,0,1,0)−1
N

⋆KN
t (M,0,1,0)−2

N and
the new state of the system is:

⋆N
t = ⋆N

t− − 3�(M,0,1,0) + �(S,0,3,1),

or equivalently: {
⋆KN

t (S, 0, 3, 1) = ⋆KN
t−(S, 0, 3, 1) + 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) − 3.

h Fragmentation. Fragmentation is more complex to model, �rstly because the total fragmen-
tation rate must be carefully chosen to take into account the e�ects of co�lin (Figure 11) and
secondly because it must be determined which portion of the polymer will be retained and which
portion will be completely depolymerised.

As co�lin binds mainly to ADP monomers, we are interested in the ADP portion of the polymer
which we assume to be of length L(t)

D at time t with D > 1 and where L(t) is the length of the
polymer at time t . Assuming that co�lin binds at rate c to an ADP monomer, the amount of co�lin
bound to a polymer at time t is on average cL(t)

D . Finally, Figure 11 ensures that fragmentation
occurs when there is an average amount of co�lin bound to the polymer. We then assume that
the fragmentation rate at time t is of the form cL(t)

D (L(t) −
cL(t)
D ) =

c
D (1 − c

D ) L(t)
2 = ΦTL(t)2.

We now want to determine the length of the portion that will remain. The smaller the depoly-
merisation rate (�−) compared to the rate of elongation (�+

⋆KN
t (M,0,1,0)

N or �+F
⋆KN

t (P,0,1,0)
N ), the more

ADP monomers there are in the polymer and the smaller the portion that will remain. We then
choose to use a truncated geometric law of parameter max(0, 1 −

�−
rate of elongation) to determine

the length of the remaining portion.

D Simple polymers. For each length � ∈ {3, 4,⋯ , N}, the rate at which fragmentation happens
on simple polymers of length � at time t isΦT ⋆KN

t (S, 0, � , 1)� 2. The fragmentation of a simple
polymer of length � leads to the creation of a simple polymer of length � ′ = g + 3 where g
is chosen randomly according to a geometric distribution on {0, 1,⋯ , � − 4} of parameter
p = 1 − �−N

�+⋆KN
t (M,0,1,0) , and the release of � − � ′ monomers. The new state of the system is:

⋆N
t = ⋆N

t− − �(S,0,� ,1) + �(S,0,� ′,1) + (� − �
′)�(M,0,1,0),

or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (S, 0, � ′, 1) = ⋆KN

t−(S, 0, � ′, 1) + 1,
⋆KN

t (S, 0, � , 1) = ⋆KN
t−(S, 0, � , 1) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + � − � ′.

D Polymers associated with a formin. For each length � ∈ {3, 4,⋯ , N}, the rate at which
fragmentation happens on polymers associated with a formin of length � at time t is
ΦT ⋆KN

t (F , 0, � , 1)� 2. The fragmentation of a polymer associated with a formin of length �
leads to the creation of a polymer associated with a formin of length � ′ = g + 3 where g
is chosen randomly according to a geometric distribution on {0, 1,⋯ , � − 4} of parameter
p = 1 − �−N

�+F ⋆K
N
t (P,0,1,0)

, and the release of � − � ′ monomers. The new state of the system is:

⋆N
t = ⋆N

t− − �(F ,0,� ,1) + �(F ,0,� ′,1) + (� − �
′)�(M,0,1,0),
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or equivalently:
⎧⎪⎪⎪
⎨⎪⎪⎪⎩

⋆KN
t (F , 0, � ′, 1) = ⋆KN

t−(F , 0, � ′, 1) + 1,
⋆KN

t (F , 0, � , 1) = ⋆KN
t−(F , 0, � , 1) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + � − � ′.

D Capped polymers. For each length � ∈ {3, 4,⋯ , N}, the rate at which fragmentation happens
on capped polymers of length � at time t is ΦT ⋆KN

t (C, 0, � , 0)� 2. Since when the polymer is
capped elongation is impossible, we assume that all momomers of the polymer are ADP and
that the polymer depolymerises entirely when fragmentation occurs. The new state of the
system is:

⋆N
t = ⋆N

t− − �(C,0,� ,0) + ��(M,0,1,0),

or equivalently:
{
⋆KN

t (C, 0, � , 0) = ⋆KN
t−(C, 0, � , 0) − 1,

⋆KN
t (M, 0, 1, 0) = ⋆KN

t−(M, 0, 1, 0) + � .

D Branched polymers. For each length � ∈ {3, 4,⋯ , N}, for each number of branching b ∈
{1, 2,⋯ , �} and for each number of free extremities e ∈ {0, 1,⋯ , b + 1}, the rate at which
fragmentation happens on branched polymers of type (B, b, � , e) at time t is
ΦT ⋆KN

t (B, b, � , e)(� − b)2 (since we assume that co�lin is unable to bind to a monomer that
is already bound to an Arp2/3 complex).
As in the previous case, we assume that the capped branches depolymerise completely. The
polymer will therefore lose at least max(1, c) monomers with c = b + 1 − e the number of
capped extremities. We now need to �nd a way to determine np the number of polymers
obtained from the fragmentation. If e = 0, then all extremities are capped and the polymer
depolymerizes entirely, so np = 0. If e > 0, we randomly choose np according to a uniform
distribution: np ∼ Unif(

{
1, 2,⋯ ,min(e, ⌊

�−max(1,c)
3 ⌋)

}
). The condition np ≤ ⌊

�−max(1,c)
3 ⌋

ensures that we can create np “real” polymers of length greater than or equal to 3. We then
determine � ′ the number of monomers that will remain polymerised after fragmentation.
Since the polymer loses its c capped branches, there are still b − c = e − 1 branching to dis-
tribute after fragmentation; but as np polymers are created, np−1 branching (of these e−1) are
already distributed and b′ = e − np branching remains. Therefore, we must have � ′ > e − np
and using the same idea as before, we choose � ′ = g+max(3np , e−np)where g is chosen ran-
domly according to a geometric distribution on

{
0, 1,⋯ , � − max(1, c) − max(3np , e − np)

}

of parameter p = 1 − �−N
�+⋆KN

t (M,0,1,0)e . We could randomly choose the length �i and number of
branching bi of each of the np polymers according to a uniform distribution, but this would
add a lot of randomness and make the model di�cult to study. We then decide to create np
similar polymers by choosing:

∗ ∀i ∈ {1, 2,⋯ , np − 1}, �i = ⌊
� ′
np ⌋ and bi = ⌊

b′
np ⌋,

∗ �np = � ′ − (np − 1)�1 and bnp = b′ − (np − 1)b1,
∗ ∀i ∈ {1, 2,⋯ , np}, ei = bi + 1.

The new state of the system is:

⋆N
t = ⋆N

t− − �(B,b,� ,e) + (np − 1)�(T1,b1,�1,e1) + �(Tnp ,bnp ,�np ,enp ) + (� − �
′)�(M,0,1,0),
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with T1|np = B if b1|np ≥ 1 or T1|np = S if b1|np = 0, or equivalently:
⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

⋆KN
t (T1, b1, �1, e1) = ⋆KN

t−(T1, b1, �1, e1) + np − 1,
⋆KN

t (Tnp , bnp , �np , enp ) = ⋆KN
t−(Tnp , bnp , �np , enp ) + 1,

⋆KN
t (B, b, � , e) = ⋆KN

t−(B, b, � , e) − 1,
⋆KN

t (M, 0, 1, 0) = ⋆KN
t−(M, 0, 1, 0) + � − � ′.

Figure 3.11 summarizes all the events described above.

4.3 - Implementation

Since we want to study this model through simulations only, we have implemented this model in
C++. We then adapted the code developed for the �rst model (presented in Appendix A); however, this
did not allow us to produce satisfactory simulations. Indeed, in the case of the model in Chapter I,
we use an array of size (2N ) (corresponding to the two types of polymers — simple and associated
with a formin — for all lengths from 1 to N ) to collect the quantity of each type of polymer. In the
case of the model that takes into account all accessory proteins, we consider branched polymers and
therefore need an array of size (N 3) (corresponding to each possible combination (b, � , e) for all length
l, number of branches b and number of free extremities e from 1 to N ). This space complexity then
limits our simulations to values of N ≈ 100 not large enough to obtain satisfactory results.

We were able to solve this problem by noticing that our array was sparse. We then rewrote the C++
code by replacing arrays with maps. Thanks to the class std :: map, we are able to store only the non-zero
amounts of polymers and the associated types and thus reduce considerably the space complexity. The
code presented in Appendix C allows us to obtain simulations for large enough and relevant values of
N .

4.4 - Link between Model Parameters and Biological Values

One of the objectives of this model and its implementation is to answer biological questions. We
then noted, for each phenomenon considered in our model, the values presented in the literature. These
values are listed in Table 3.1.

In order to relate our parameters to these values, we used homogeneity checks. As all our param-
eters correspond to a number of events occurring in one unit of time, they must all be expressed in
s−1. In the literature, dissociation rates are already expressed in s−1 but association rates are mostly
expressed in �M−1s−1 where the unit M corresponds to the molar concentration (1�M = 10−6mol/L).
When several particles are involved in the association (as in nucleation or association of an Arp2/3
comlpex with a polymer), the corresponding rates are expressed in �M−2s−1 or �M−3s−1.

h Spontaneous elongation. As we neither di�erentiate ADP and ATP monomers nor the pointed
and barbed end of the �lament, a weighted average is made to obtain an average elongation speed
for a single polymer. This average elongation speed being expressed in �M−1s−1, we multiply it
by the G-actin global cytoplasmic concentration to obtain our parameter �+.

�+ = ((k+bT + k
+
pT ) PcATP + (k+bD + k

+
pD) (1 − PcATP )) [Gact] ≈ 130 s

−1.

h Elongation with a formin. As the elongation speed with a formin in the presence of pro�lin
is expressed in �M−1s−1, we multiply this value by the G-actin global cytoplasmic concentration
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Figure 3.11 Schematic representation of the model considering all accessory proteins. The black
arrows represent potential protein binding. The result of the transformation is indicated by the blue
double arrow. The protein binding rates are shown in black. In the case of fragmentation, the rate of
realisation of the event is speci�ed in blue. For the branching event (binding of an Arp2/3 complex),
the transparent unit corresponds to a site that can receive a monomer but there is no monomer yet on
the new Arp2/3 complex. In cases where polymers are created randomly, the procedures are indicated
in grey.
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Description Symbol Value References
G-actin global cytoplasmic concentration [Gact] 10 �M
Filament length increment per monomer Δ� 2.2 nm [MEK02b]
Average length of �lament � 6 �m
ATP-G-actin association at barbed ends k+bT 11.6 �M−1s−1 [BODM04] ([Pol86])
ATP-G-actin association at pointed ends k+pT 1.3 �M−1s−1 [BODM04] ([Pol86])
ADP-G-actin association at barbed ends k+bD 3.8 �M−1s−1 [BODM04] ([Pol86])
ADP-G-actin association at pointed ends k+pD 0.16 �M−1s−1 [BODM04] ([Pol86])
Proportion of ATP-G-actin in cytoplasm PcATP 99%
ATP-G-actin dissociation at barbed ends k−bT 1.4 s−1 [BODM04] ([Pol86])
ATP-G-actin dissociation at pointed ends k−pT 0.8 s−1 [BODM04] ([Pol86])
ADP-G-actin dissociation at barbed ends k−bD 7.2 s−1 [BODM04] ([Pol86])
ADP-G-actin dissociation at pointed ends k−pD 0.3 s−1 [BODM04]
Proportion of ATP-G-actin in �laments Pf ATP 10%
Formin-initiated association at barbed ends k+F 660 �M−1s−1 [HNM+09] [NSK08]
(in the presence of pro�lin) [CPGP+21] ([RLCD+04])
Spontaneous nucleation of �laments kNucl 2 ⋅ 10−8 �M−2s−1 [HNM+09] ([SM01])
Pro�lin-ATP-G-actin association rate k+Prof T 1 �M−1s−1 [BODM04]
Pro�lin global cytoplasmic concentration [Prof ] 10 �M [MEK02b]
Association of formin to barbed ends k+Form 50 �M−1s−1 [CS17] ([RLCD+04])
Detachment of formin from barbed ends k−Form 7.5 ⋅ 10−1 s−1 [CPGP+21] [HNM+09]
Formin global cytoplasmic concentration [Form] 0.04 �M [WP05]
Arp2/3 association to F-actin k+Arp 5.4 ⋅ 10−4 �M−3s−1 [HNM+09] ([CWC04])
Dissociation of Arp2/3 from pointed ends k−Arp 1.8 ⋅ 10−3 s−1 [HNM+09] ([CWC04])
Arp2/3 global cytoplasmic concentration [Arp] 4 �M [WP05]
Capping of barbed ends k+Cap 3.0 �M−1s−1 [HNM+09] ([SJC96])
Capping protein global cytoplasmic conc. [Cap] 1.19 �M [WP05]
Severing rate kFrag 10−3 �m−1s−1 [CP11]
ADF/Co�lin global cytoplasmic conc. [Cof ] 10 �M [MEK02b]

Table 3.1 Biological values for each protein and phenomenon considered in the model.

to obtain our parameter �+F .
�+F = k

+
F [Gact] = 6600 s

−1.

h Depolymerisation. As for elongation, we consider that our depolymerisation rate is global. To
obtain our parameter �−, we then calculate a weighted average of the di�erent depolymerisation
rates.

�− = (k−bT + k
−
pT ) Pf ATP + (k−bD + k

−
pD) (1 − Pf ATP ) ≈ 7 s

−1.

h Nucleation. As the rate of spontaneous nucleation of �laments is expressed in �M−2s−1, to
obtain our parameter �n, we multiply this value by [Gact]2 where [Gact] is the G-actin global
cytoplasmic concentration.

�n = kNucl[Gact]2 = 2 × 10−6 s−1.

h Production of G-actin/pro�lin complexes. As the rate of association of pro�lin with G-actin
is expressed in �M−1s−1, we multiply this value by the pro�lin global cytoplasmic concentration
to obtain our parameter ΦP .

ΦP = k+Prof T [Prof ] = 10 s
−1.
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h Binding of a formin. As the rate of association of formin to barbed ends is expressed in
�M−1s−1, we multiply this value by the formin global cytoplasmic concentration to obtain our
parameter Φ+F .

Φ+F = k
+
Form[Form] = 2 s

−1.

h Release of a formin. As the rate of detachment of formin from barbed ends is already expressed
in s−1, we have:

Φ−F = k
−
Form = 7.5 × 10−1 s−1.

h Binding of an Arp2/3. As the rate of association of Arp2/3 to F-actin is expressed in �M−3s−1,
to obtain our parameter Φ+A, we multiply this value by [Arp]3 where [Arp] is the Arp2/3 global
cytoplasmic concentration.

Φ+A = k
+
Arp[Arp]

3 ≈ 3.5 × 10−2 s−1.

h Release of an Arp2/3. As the rate of dissociation of Arp2/3 from F-actin is already expressed
in s−1, we have:

Φ−A = k
−
Arp = 1.8 × 10

−3 s−1.

h Capping. As the rate of capping of barbed ends is expressed in �M−1s−1, we multiply this value
by the capping protein global cytoplasmic concentration to obtain our parameter ΦC .

ΦC = k+Cap[Cap] ≈ 3.6 s
−1.

h Fragmentation. As the severing rate is expressed in �m−1s−1 and our total fragmentation rate
already takes into account the length of the polymer, we multiply this value by the �lament length
increment per monomer (length of a monomer) to obtain our parameter ΦT .

ΦT = kFragΔ� = 2, 2 × 10−6 s−1.

Table 3.2 summarises the approximate values of each parameter.

Description Symbol Value
Rate of spontaneous elongation �+ 130 s−1

Rate of elongation with a formin �+F 6600 s−1

Rate of depolymerisation �− 7 s−1

Rate of nucleation �n 2 ⋅ 10−6 s−1

Rate of production of G-actin/pro�lin complexes ΦP 10 s−1

Rate of binding of a formin Φ+F 2 s−1
Rate of release of a formin Φ−F 7.5 ⋅ 10−1 s−1

Rate of binding of an Arp2/3 Φ+A 3.5 ⋅ 10−2 s−1
Rate of release of an Arp2/3 Φ−A 1.8 ⋅ 10−3 s−1

Rate of capping ΦC 3.6 s−1

Rate of fragmentation ΦT 2.2 ⋅ 10−6 s−1

Table 3.2 Approximate values for the model parameters, obtained from the biological values.
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4.5 - Observation of a Random Realisation

In this section we present the results obtained using the parameters found in the previous section.
The objective of this section is more to illustrate the possibilities o�ered by the implementation than
to draw conclusions on the behaviour of the model. Indeed, we are only considering one random
realisation and we have seen that the results obtained using the same parameters and initial values are
very variable.

Figure 3.12 Evolution of the system (into 6 sub-populations) described by the model with all acces-
sory proteins with N = 10000, �+ = 130, �− = 7, �+F = 6600, �n = 2 ⋅ 10−6, ΦP = 10, Φ+F = 2, Φ−F = 0.75
, Φ+A = 0.035, Φ−A = 0.0018, ΦC = 3.6 and ΦT = 2.2 ⋅ 10−6, starting with 20% of free monomers, 16%
of G-actin/pro�lin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
evolution of the number of free monomers. Top middle: evolution of the number of monomers in-
cluded in a simple polymer. Top right: evolution of the number of G-actin/pro�lin complexes. Bottom
left: evolution of the number of monomers included in a polymer bound with a formin. Bottom middle:
evolution of the number of monomers included in a linear capped polymer. Bottom right: evolution of
the number of monomers included in a branched polymer. On each graph, we plot a single realisation
of the stochastic system in color, the average value in black and the error interval around the mean in
grey (see text).

Figure 3.12 shows the repartition of the N monomers over time in the six sub-populations consid-
ered. For all the simulations presented in the following, we chose N = 10000, which seems to be a good
trade-o� between a su�ciently large number of monomers and a not too long execution time.

Figure 3.12 is divided into six graphs. On the top left (in red), we plot the number of free monomers
t ↦ ⋆KN

t (M, 0, 1, 0). In the middle top row (in blue), we plot the number of monomers polymerised
within simple polymers t ↦ ⋆MN

inS(t). On the top right (in light green), we plot the number of G-
actin/pro�lin complexes t ↦ ⋆KN

t (P, 0, 1, 0). On the bottom left (in dark green), we plot the number of
monomers polymerised within polymers bound with a formin t ↦ ⋆MN

inF (t). In the middle bottom row
(in yellow), we plot the number of monomers polymerised within linear capped polymers t ↦ ⋆MN

inC (t).
On the bottom right (in purple), we plot the number of monomers polymerised within branched poly-
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mers t ↦ ⋆MN
inB(t). On each graph, the average value is plotted in black. This value is calculated using

only the last two thirds of the time interval (the dotted part is therefore not included in the calculation).
We also show the error interval [m − �,m + �] (where m is the average value and � is the standard
deviation) of this value in grey.

In this realisation, it would seem that an equilibrium is reached with 50% of the monomers within
polymers bound with a formin, 40% of the monomers within G-actin/pro�lin complexes, and the rest
distributed equally between branched polymers and free monomers. On many other realisations, we
observed a di�erent equilibrium in which all polymers had disappeared (⋆MN

inP = 0) and all monomers
were in G-actin/pro�lin complexes. However, by choosing a larger N , we have noticed that this “null”
equilibrium is only very rarely achieved.

Figure 3.13 shows the percentage of G-actin (free monomers + G-actin/pro�lin complexes) and the
percentage of F-actin (t ↦ ⋆MN

inP (t)) over time. By grouping the quantities of monomers like this, the
equilibrium that seemed to exist in Figure 3.12 is no longer so clear. It would appear that in this case
about 60% of the actin is in polymerised form. This is a little high, according to the biological data,
there would be only 30% of polymerised actin.

Figure 3.13 Percentage of G-actin and F-actin over time withN = 10000, �+ = 130, �− = 7, �+F = 6600,
�n = 2 ⋅ 10−6, ΦP = 10, Φ+F = 2, Φ−F = 0.75 , Φ+A = 0.035, Φ−A = 0.0018, ΦC = 3.6 and ΦT = 2.2 ⋅ 10−6,
starting with 20% of free monomers, 16% of G-actin/pro�lin complexes and 64% of monomers included
within polymers (equitably distributed between simple polymers, polymers bound with a formin, linear
capped polymers and branched polymers) of length 40 (and with 6 branching and 3 free extremities for
branched polymers). Left: percentage of G-actin. Right: percentage of F-actin. On each graph, we plot
a single realisation of the stochastic system in color, the average value in black and the error interval
around the mean in grey.

Figure 3.14 is divided into eight graphs. For each four sub-populations of polymers (simple, bound
with a formin, linear capped and branched), we plot on the top graph the percentage of polymerised
actin in this sub-population (⋆MN

inS(t)/
⋆MN

inP (t) in blue ,⋆MN
inF (t)/

⋆MN
inP (t) in green , ⋆MN

inC (t)/
⋆MN

inP (t) in
yellow and ⋆MN

inB(t)/
⋆MN

inP (t) in purple) and on the bottom graph the percentage of polymers in this
sub-population (⋆SN (t)/⋆PN (t), ⋆FN (t)/⋆PN (t), ⋆CN (t)/⋆PN (t) and ⋆BN (t)/⋆PN (t)). The average value and
its error interval are also plot on each graph. This �gure allows us to compare the four sub-populations
but also to deduce whether the polymers of each sub-population are rather long or short.

We observe on this realisation that the monomers are mainly in polymers bound with a formin and
branched polymers (about 90 % in polymers bound with a formin and about 10 % in branched polymers).
We also observe that about 70% of the polymers are bound with a formin, 25% are branched and 5% are
linear capped. We then deduce that polymers bound with a formin are rather long while the others are
rather short.
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Figure 3.14 Percentage of polymerised actin and polymers in each of the 4 polymer sub-populations
over time with N = 10000, �+ = 130, �− = 7, �+F = 6600, �n = 2 ⋅ 10−6, ΦP = 10, Φ+F = 2, Φ−F = 0.75 ,
Φ+A = 0.035, Φ−A = 0.0018, ΦC = 3.6 and ΦT = 2.2 ⋅ 10−6, starting with 20% of free monomers, 16%
of G-actin/pro�lin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
percentage of polymerised actin (top) in simple polymers and percentage of simple polymers (bottom).
Top right: percentage of polymerised actin (top) in polymers bound with a formin and percentage of
polymers bound with a formin (bottom). Bottom left: percentage of polymerised actin (top) in lin-
ear capped polymers and percentage of linear capped polymers (bottom). Bottom right: percentage of
polymerised actin (top) in branched polymers and percentage of branched polymers (bottom).

Figure 3.15 shows the distribution of polymer lengths at �nal time. For this realisation, there are
very few polymers left, this is probably due to a too small value of N . Nevertheless, it seems that
polymers bound with a formin are quite long (up to 1000 monomers), whereas branched polymers
have a medium length (up to 350 monomers).

Finally, Figure 3.16 gives information on the topology of branched polymers. On the left, we plot
(in purple) the evolution of the average number of branching per polymer over time. On the right, we
plot (in yellow) the evolution of the average number of free extremities per polymer over time. In this
case, the polymers appear to have few branching (less than 10 on average) with less than half of the
extremities free (2-3 on average).

As mentioned earlier, there is signi�cant variability in the results for this set of parameters. It
would therefore be very useful to determine an average behaviour as we did in Chapter I. Based on this
realisation, the results obtained are di�erent from those expected and observed in biology. It would
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Figure 3.15 Distribution of the polymer length in each of the 4 polymer sub-populations at �nal
time with N = 10000, �+ = 130, �− = 7, �+F = 6600, �n = 2 ⋅ 10−6, ΦP = 10, Φ+F = 2, Φ−F = 0.75 ,
Φ+A = 0.035, Φ−A = 0.0018, ΦC = 3.6 and ΦT = 2.2 ⋅ 10−6, starting with 20% of free monomers, 16%
of G-actin/pro�lin complexes and 64% of monomers included within polymers (equitably distributed
between simple polymers, polymers bound with a formin, linear capped polymers and branched poly-
mers) of length 40 (and with 6 branching and 3 free extremities for branched polymers). Top left:
distribution of the simple polymer length. Top right: distribution of the polymer bound with a formin
length. Bottom left: distribution of the linear capped polymer length. Bottom right: distribution of the
branched polymer length.

Figure 3.16 Average number of branching and of free extremities per polymer over time with
N = 10000, �+ = 130, �− = 7, �+F = 6600, �n = 2 ⋅ 10−6, ΦP = 10, Φ+F = 2, Φ−F = 0.75 , Φ+A = 0.035,
Φ−A = 0.0018, ΦC = 3.6 and ΦT = 2.2 ⋅ 10−6, starting with 20% of free monomers, 16% of G-actin/pro�lin
complexes and 64% of monomers included within polymers (equitably distributed between simple poly-
mers, polymers bound with a formin, linear capped polymers and branched polymers) of length 40 (and
with 6 branching and 3 free extremities for branched polymers). Left: average number of branching
per polymer. Right: average number of free extremities per polymer. On each graph, we the average
value in black and the error interval around the mean in grey.
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therefore also be useful to conduct a numerical exploration of this model. This would allow us to
determine which parameters are robust and possibly adapt the rounding value for the most sensitive
parameters. It would also allow us to determine the impact of each protein on the dynamics of the
system.

4.6 - Perspectives

4.6.1 - Qualitative study of behaviour and concrete biological applications

The main objective of this model and its implementation was to answer concrete biological ques-
tions. In particular, we intended to study the following three topics:

1. During cell division, there is a modulation of actin polymerisation. We would like to determine
the e�ects of a switch from a mixed population — composed of linear polymers (mainly polymers
bound with a formin) and branched polymers — to a population composed exclusively of linear
polymers. In our model, this would correspond to a switch from Φ+A > 0 to Φ+A = 0, and our
implementation would answer the following questions:

h How long does it take to lose all the branched polymers?
h What is the resilience time?
h What is the impact on polymer length?
h What is the impact on the amount of polymerised actin?

2. During pulsed contractions in C. elegans, there is a periodic modulation (as a square wave) of the
concentration of formin, which implies a periodic modulation of the rate of binding of a formin
to a polymer. There is also a modulation of the concentration of capping proteins and thus of the
rate of capping.

(a) If we are only considering the modulation of the formin concentration, this corresponds in
our model to alternating between the normal value of Φ+F for about 30 seconds and a higher
value (e.g. 10 ⋅ Φ+F ) for about 5-10 seconds.

(b) In a second step, we could take into account the modulation of the capping protein con-
centration. This would then correspond to alternating between normal Φ+F and ΦC values
for about 30 seconds and higher values (e.g. 10 ⋅ Φ+F and 10 ⋅ ΦC ) for about 5-10 seconds,
with a delay between the modulation of the formin concentration and the modulation of
the capping protein concentration of about 2-5 seconds.

Our model would answer the following questions:

h Is there a new steady state?
h What is the impact on polymer length?
h What is the impact on the amount of polymerised actin?

Although we have tried to answer these questions, we have not been able to draw any conclusions
because the results obtained are not consistent. This can be due to various causes, such as a value of N
that is too small or parameter values that are too approximate. While taking a larger value for N may
be di�cult due to the complexity in time of the implementation, a qualitative study of the behaviour
should allow the parameters to be adapted.
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4.6.2 - Mathematical conjecture

We also intended to use our implementation to validate the following mathematical conjecture.
Conjecture 3.4.1 states that if we study the large population limit, the measure-valued process ( 1

N
⋆N

t )t∈R+
converges in distribution to a deterministic limit which can be characterised by a system of ordinary
di�erential equations.
Conjecture 3.4.1 q
Suppose that the initial condition 1

N
⋆N

0 converges in distribution to a deterministic limit ⋆0 as
N → +∞. Then the process ( 1

N
⋆N

t )t∈R+
converges in distribution as N → +∞, to a deterministic limit

(⋆t )t∈R+
which can be characterised as follows.

If for every (T , b, l, e) ∈ ⋆ we write ⋆kt (T , b, l, e) for the mass ⋆t ({(T , b, l, e)}) given by ⋆t to the
point (T , b, l, e), then:

⋆k0(T , b, l, e) = ⋆0 ({(T , b, l, e)}) ,

and

d
dt

⋆kt (M, 0, 1, 0) = −�+⋆kt (M, 0, 1, 0)⋆S∞(t) − �+⋆kt (M, 0, 1, 0)
+∞
∑
l=3

l
∑
b=1

b+1
∑
e=1

e⋆kt (B, b, l, e)

+ 2�−
(
⋆kt (S, 0, 3, 1) + ⋆kt (F , 0, 3, 1) + ⋆kt (C, 0, 3, 0) +

3
∑
b=1

b+1
∑
e=0

⋆kt (B, b, 3, e))

+ �− (⋆S∞(t) + ⋆F∞(t) + ⋆C∞(t) + ⋆B∞(t))

+ �−
+∞
∑
l=4

l
∑
b=1

b+1
∑
e=0

⋆kt (B, b, l, e)∑
m
(m − 1)P (release m monomers by depolymerisation with split of a (B, b, l, e))

− �n (⋆kt (M, 0, 1, 0))
3 − ΦP⋆kt (M, 0, 1, 0)

+ Φ−A
+∞
∑
l=3

l
∑
b=1

b+1
∑
e=0

b⋆kt (B, b, l, e)∑
m
mP (release m monomers by releasing an Arp2/3 from a (B, b, l, e))

+ ΦT
+∞
∑
l=3

l2⋆kt (S, 0, l, 1)∑
m
mP (release m monomers by fragmentation of a (S, 0, l, 1))

+ ΦT
+∞
∑
l=3

l2⋆kt (F , 0, l, 1)∑
m
mP (release m monomers by fragmentation of a (F , 0, l, 1))

+ ΦT
+∞
∑
l=3

l3⋆kt (C, 0, l, 0)

+ ΦT
+∞
∑
l=3

l
∑
b=1

b+1
∑
e=0
(l − b)2⋆kt (B, b, l, e)∑

m
mP (release m free monomers by fragmentation of a (B, b, l, e))

d
dt

⋆kt (P, 0, 1, 0) = ΦP⋆kt (M, 0, 1, 0)−�+F
⋆kt (P, 0, 1, 0)⋆F∞(t)
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∀L ≥ 3,
d
dt

⋆kt (S, 0, L, 1)

= �n⋆kt (M, 0, 1, 0)31{L=3} + �+⋆kt (M, 0, 1, 0)⋆kt (S, 0, L − 1, 1)1{L>3} + �−⋆kt (S, 0, L + 1, 1) + Φ−F
⋆kt (F , 0, L, 1)

+ �−
+∞
∑
l=L+1

l
∑
b=1

b+1
∑
e=0

⋆kt (B, b, l, e)P (create a (S, 0, L, 1) by depolymerisation with split of a (B, b, l, e))

+ Φ−A
+∞
∑
l=L

l
∑
b=1

b+1
∑
e=0

b⋆kt (B, b, l, e)P (create a (S, 0, L, 1) by releasing an Arp2/3 from a (B, b, l, e))

+ ΦT
+∞
∑
l=L+1

l2⋆kt (S, 0, l, 1)P (create a (S, 0, L, 1) by fragmentation of a (S, 0, l, 1))

+ ΦT
+∞
∑
l=L+1

l
∑
b=1

b+1
∑
e=0
(l − b)2⋆KN

t (B, b, l, e)P (create a (S, 0, L, 1) by fragmentation of a (B, b, l, e))

− �+⋆kt (M, 0, 1, 0)⋆kt (S, 0, L, 1) − �−⋆kt (S, 0, L, 1) − Φ+F
⋆kt (S, 0, L, 1) − LΦ+A

⋆kt (S, 0, L, 1)
− ΦC⋆kt (S, 0, L, 1) − L2ΦT ⋆kt (S, 0, L, 1),

∀L ≥ 3,
d
dt

⋆kt (F , 0, L, 1) = �+F
⋆kt (P, 0, 1, 0)⋆kt (F , 0, L − 1, 1)1{L>3} + �−⋆kt (F , 0, L + 1, 1) + Φ+F

⋆kt (S, 0, L, 1)

+ ΦT
+∞
∑
l=4

l2⋆kt (F , 0, l, 1)P (create a (F , 0, L, 1) by fragmentation of a (F , 0, l, 1))

− �+F
⋆kt (P, 0, 1, 0)⋆kt (F , 0, L, 1) − �−⋆kt (F , 0, L, 1) − Φ−F

⋆kt (F , 0, L, 1) − L2ΦT ⋆kt (F , 0, L, 1),

∀L ≥ 3,
d
dt

⋆kt (C, 0, L, 0)

= �−⋆kt (C, 0, L + 1, 0) + ΦC⋆kt (S, 0, L, 1)

+ �−
+∞
∑
l=L+1

l
∑
b=1

b+1
∑
e=0

⋆kt (B, b, l, e)P (create a (C, 0, L, 0) by depolymerisation with split of a (B, b, l, e))

+ Φ−A
+∞
∑
l=L

l
∑
b=1

b+1
∑
e=0

b⋆kt (B, b, l, e)P (create a (C, 0, L, 0) by releasing an Arp2/3 from a (B, b, l, e))

− �−⋆kt (C, 0, L, 0) − LΦ+A
⋆kt (C, 0, L, 0) − L2ΦT ⋆kt (C, 0, L, 0),

∀B ≥ 1, B ≤ L, ∀E ≥ 1, E ≤ B + 1,
d
dt

⋆kt (B, B, L, E)

= E�+⋆kt (M, 0, 1, 0)⋆kt (B, B, L − 1, E)1{L>3,B>1,E≥1} + (L − B + 1)Φ+A
⋆kt (B, B − 1, L, E − 1)1{B>1,E≤1}

+ Φ+A
⋆kt (C, 0, L, 0)1{B=1,E=1} + Φ+A

⋆kt (S, 0, L, 1)1{B=1,E=2} + (E + 1)ΦC⋆kt (B, B, L, E + 1)1{E≤B}
+ �−⋆kt (B, B, L + 1, E)P (depolymerisation without split of a (B, B, L + 1, E))

+ �−
+∞
∑
l=L+1

l
∑
b=B+1

b+1
∑
e=E

⋆kt (B, b, l, e)P (create a (B, B, L, E) by depolymerisation with split of a (B, b, l, e))

+ Φ−A
+∞
∑
l=L

l
∑
b=B+1

b+1
∑
e=E

b⋆kt (B, b, l, e)P (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, l, e))

+ ΦT
+∞
∑
l=L+1

l
∑
b=B

b+1
∑
e=E
(l − b)2⋆KN

t (B, b, l, e)P (create a (B, B, L, E) by fragmentation of a (B, b, l, e))1{E>0}

− E�+⋆kt (M, 0, 1, 0)⋆kt (B, B, L, E) − �−⋆kt (B, B, L, E) − (L − B)Φ+A
⋆kt (B, B, L, E)

− BΦ−A
⋆kt (B, B, L, E) − EΦC⋆kt (B, B, L, E) − (L − B)2ΦT ⋆kt (B, B, L, E),
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with:

h P (depolymerisation without split of a (B, B, L + 1, E)) = P (Ber ( B
L+1) = 0) = 1 −

B
L+1 .

h P (create a (B, B, L, E) by depolymerisation with split of a (B, b, l, e))

= P(Ber(
b
l )

= 1)P (create a (B,B,L,E) by depolymerisation from a (B, b, l, e))

=
b
l
⋅P ((l1 = L, b1 = B, e1 = E) or (l2 = l − 1 − l1 = L, b2 = b − 1 − b1 = B, e2 = e − e1 = E))

=
b
l
⋅P ((l1 = L, b1 = B, e1 = E) or (l1 = l − 1 − L, b1 = b − 1 − B, e1 = e − E))

=

{
b
l ⋅P ((l1 = L, b1 = B, e1 = E)) +P ((l1 = l − 1 − L, b1 = b − 1 − B, e1 = e − E)) if 2L ≠ l − 1,
b
l ⋅P ((l1 = L, b1 = B, e1 = E)) if 2L = l − 1,

with:

P (l1 = L, b1 = B, e1 = E) = P (e1 = E | l1 = L, b1 = B)P (b1 = B | l1 = L)P (l1 = L) ,

and:

P (l1 = L) =

{
1
l if L ∈ {0,⋯ , l − 1},
0 otherwise.

P (b1 = B | l1 = L) =

{
1

min(b−1,L)−max(0,b−l+L)+1 if B ∈ {max(0, b − l + L),⋯ ,min(b − 1, L)},
0 otherwise.

P (e1 = E | l1 = L, b1 = B) =

{
1

min(e,B+1)−max(0,e−b+B)+1 if E ∈ {max(0, e − b + B),⋯ ,min(e, B + 1)},
0 otherwise.

h P (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, l, e))

= P ((l1 = L, b1 = B, e1 = E) or (l1 = l − L, b1 = b − 1 − B, e1 = e − E))

=

{
P ((l1 = L, b1 = B, e1 = E)) +P ((l1 = l − L, b1 = b − 1 − B, e1 = e − E)) if 2L ≠ l,
P ((l1 = L, b1 = B, e1 = E)) if 2L = l,

with:

P (l1 = L, b1 = B, e1 = E) = P (e1 = E | l1 = L, b1 = B)P (b1 = B | l1 = L)P (l1 = L) ,

and:

P (l1 = L) =

{
1
l+1 if L ∈ {0,⋯ , l},
0 otherwise.

P (b1 = B | l1 = L) =

{
1

min(b−1,L)−max(0,b−l+L−1)+1 if B ∈ {max(0, b − l + L − 1),⋯ ,min(b − 1, L)},
0 otherwise.

P (e1 = E | l1 = L, b1 = B) =

{
1

min(e,B+1)−max(0,e−b+B)+1 if E ∈ {max(0, e − b + B),⋯ ,min(e, B + 1)},
0 otherwise.



q 4 - Model Considering all Accessory Proteins 177

h P (create a (B, B, L, E) by fragmentation of a (B, b, l, e))

= P ((l1 = L, b1 = B, e1 = E) or (lnp = L, bnp = B, enp = E))

=
nmax
∑
n=1
P (np = n)P((⌊

l′

n ⌋
= L, ⌊

e − n
n ⌋ = B, ⌊

e − n
n ⌋ + 1 = E)

or (l
′ − (n − 1) ⌊

l′

n ⌋
= L, e − n − (n − 1) ⌊

e − n
n ⌋ = B, e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E)

||||
np = n)

with:
nmax = min(e, ⌊

l − max(1, b + 1 − e)
3 ⌋) ,

and
P (np = n) =

1
nmax

.

We have:

P((⌊
l′

n ⌋
= L, ⌊

e − n
n ⌋ = B, ⌊

e − n
n ⌋ + 1 = E)

or (l
′ − (n − 1) ⌊

l′

n ⌋
= L, e − n − (n − 1) ⌊

e − n
n ⌋ = B, e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E)

||||
np = n)

= P(⌊
l′

n ⌋
= L, ⌊

e − n
n ⌋ = B, ⌊

e − n
n ⌋ + 1 = E

||||
np = n)

+P(l
′ − (n − 1) ⌊

l′

n ⌋
= L, e − n − (n − 1) ⌊

e − n
n ⌋ = B, e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E

||||
np = n)

−P(⌊
l′

n ⌋
= l′ − (n − 1) ⌊

l′

n ⌋
= L, ⌊

e − n
n ⌋ = e − n − (n − 1) ⌊

e − n
n ⌋ = B,

⌊
e − n
n ⌋ + 1 = e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E

||||
np = n),

with:

P(⌊
l′

n ⌋
= L, ⌊

e − n
n ⌋ = B, ⌊

e − n
n ⌋ + 1 = E

||||
np = n)

= P(⌊
l′

n ⌋
= L

||||
np = n)P(⌊

e − n
n ⌋ = B, ⌊

e − n
n ⌋ + 1 = E

||||
np = n)

= P (nL ≤ l′ < n(L + 1) | np = n)P(⌊
e − n
n ⌋ = B

||||
np = n)P(B + 1 = E

||||
np = n, ⌊

e − n
n ⌋ = B) ,

= P (nL − max(3n, e − n) ≤ gB < n(L + 1) − max(3n, e − n) | np = n)

P (nB ≤ e − n < n(B + 1) | np = n)P(B + 1 = E
||||
np = n, ⌊

e − n
n ⌋ = B) ,

=
n(L+1)−max(3n,e−n)−1

∑
k=nL−max(3n,e−n)

P (gB = k | np = n)1{nB≤e−n<n(B+1)}1{B+1=E},

where:
gBmax = l − max(1, b + 1 − e) − max(3n, e − n),

P (gB = k | np = n) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

pB(1 − pB)k−1 if k ∈ {1,⋯ , gBmax},
(1 − pB)gBmax if k = 0,
0 otherwise,
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and
pB = 1 − 1 −

�−N
e�+⋆KN

t (M, 0, 1, 0)
.

We also have:

P(l
′ − (n − 1) ⌊

l′

n ⌋
= L, e − n − (n − 1) ⌊

e − n
n ⌋ = B, e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E

||||
np = n)

= P(l
′ − (n − 1) ⌊

l′

n ⌋
= L

||||
np = n)P(e − n − (n − 1) ⌊

e − n
n ⌋ = B

||||
np = n)

P(B + 1 = E
||||
np = n, e − n − (n − 1) ⌊

e − n
n ⌋ = B)

=
gBmax
∑
k=0

P (gB = k | np = n)1{k+max(3n,e−n)−(n−1)⌊ k+max(3n,e−n)n ⌋=L
}1{e−n−(n−1)⌊ e−nn ⌋=B}1{B+1=E},

and

P(⌊
l′

n ⌋
= l′ − (n − 1) ⌊

l′

n ⌋
= L, ⌊

e − n
n ⌋ = e − n − (n − 1) ⌊

e − n
n ⌋ = B,

⌊
e − n
n ⌋ + 1 = e − n − (n − 1) ⌊

e − n
n ⌋ + 1 = E

||||
np = n),

= P (l′ = nL, e − n = nB, B + 1 = E | np = n) ,

= P (l′ = nL | np = n)P (e − n = nB | np = n)1{B+1=E},

= P (gB = nL − max(3n, e − n) | np = n)1{e−n=nB}1{B+1=E}.

h P (create a (C, 0, L, 0) by depolymerisation with split of a (B, b, l, e))

= P (create a (B, B, L, E) by depolymerisation with split of a (B, b, l, e)) with B = 0, E = 0.

h P (create a (C, 0, L, 0) by releasing an Arp2/3 from a (B, b, l, e))

= P (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, l, e)) with B = 0, E = 0.

h P (create a (F , 0, L, 1) by fragmentation of a (F , 0, l, 1))

= P (l′ = gF + 3 = L) = P (gF = L − 3) ,

with:

P (gF = k) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

pF (1 − pF )k−1 if k ∈ {1,⋯ , l − 4},
(1 − pF )l−4 if k = 0,
0 otherwise,

and
pF = 1 −

�−N
�+F ⋆K

N
t (P, 0, 1, 0)

.

h P (create a (S, 0, L, 1) by depolymerisation with split of a (B, b, l, e))

= P (create a (B, B, L, E) by depolymerisation with split of a (B, b, l, e)) with B = 0, E = 1.

h P (create a (S, 0, L, 1) by releasing an Arp2/3 from a (B, b, l, e))

= P (create a (B, B, L, E) by releasing an Arp2/3 from a (B, b, l, e)) with B = 0, E = 1.
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h P (create a (S, 0, L, 1) by fragmentation of a (S, 0, l, 1))

= P (l′ = gS + 3 = L) = P (gS = L − 3) ,

with:

P (gS = k) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

pS (1 − pS)k−1 if k ∈ {1,⋯ , l − 4},
(1 − pS)l−4 if k = 0,
0 otherwise,

and
pS = 1 −

�−N
�+⋆KN

t (M, 0, 1, 0)
.

h P (create a (S, 0, L, 1) by fragmentation of a (B, b, l, e))

= P (create a (B, B, L, E) by fragmentation of a (B, b, l, e)) with B = 0, E = 1.

h ∑m(m − 1)P (release m monomers by depolymerisation with split of a (B, b, l, e))

= P (l1 ≥ 3, l2 = 1) + 2P (l1 ≥ 3, l2 = 2) +P (l1 = 1, l2 ≤ 3) + 2P (l1 = 2, l2 ≤ 3)
+P (l1 = 0, l2 = 1) + 2P (l1 = 0, l2 = 2) +P (l1 = 1, l2 = 0) + 2P (l1 = 1, l2 = 1) + 3P (l1 = 1, l2 = 2)
+ 2P (l1 = 2, l2 = 0) + 3P (l1 = 2, l2 = 1) + 4P (l1 = 2, l2 = 2)
= P (l1 = l − 2, l − 2 ≥ 3) + 2P (l1 = l − 3, l − 3 ≥ 3) +P (l1 = 1, l − 2 ≤ 3) + 2P (l1 = 2, l − 3 ≤ 3)
+P (l1 = 0, l − 1 = 1) + 2P (l1 = 0, l − 1 = 2)
+P (l1 = 1, l − 2 = 0) + 2P (l1 = 1, l − 2 = 1) + 3P (l1 = 1, l − 2 = 2)
+ 2P (l1 = 2, l − 3 = 0) + 3P (l1 = 2, l − 3 = 1) + 4P (l1 = 2, l − 3 = 2)

=
2
l
1{l≥5} +

4
l
1{l≥6} +

6
l
1{l=3} +

6
l
1{l=4} +

4
l
1{l=5}

h ∑mmP (release m monomers by releasing an Arp2/3 from a (B, b, l, e))

= P (l1 ≥ 3, l2 = 1) + 2P (l1 ≥ 3, l2 = 2)
+P (l1 = 1, l2 ≤ 3) + 2P (l1 = 2, l2 ≤ 3)
+P (l1 = 0, l2 = 1) + 2P (l1 = 0, l2 = 2) +P (l1 = 1, l2 = 0) + 2P (l1 = 1, l2 = 1) + 3P (l1 = 1, l2 = 2)
+ 2P (l1 = 2, l2 = 0) + 3P (l1 = 2, l2 = 1) + 4P (l1 = 2, l2 = 2)
= P (l1 = l − 1, l − 1 ≥ 3) + 2P (l1 = l − 2, l − 2 ≥ 3) +P (l1 = 1, l − 1 ≤ 3) + 2P (l1 = 2, l − 2 ≤ 3)
+P (l1 = 0, l = 1) + 2P (l1 = 0, l = 2)
+P (l1 = 1, l − 1 = 0) + 2P (l1 = 1, l − 1 = 1) + 3P (l1 = 1, l − 1 = 2)
+ 2P (l1 = 2, l − 2 = 0) + 3P (l1 = 2, l − 2 = 1) + 4P (l1 = 2, l − 2 = 2)

=
2

l + 1
1{l≥4} +

4
l + 1

1{l≥5} +
6

l + 1
1{l=3} +

4
l + 1

1{l=4}

h ∑mmP (release m monomers by fragmentation of a (S, 0, l, 1))

=
l−3
∑
m=1

mP (l′ = gS + 3 = l −m) =
l−3
∑
m=1

mP (gS = l −m − 3) .

h ∑mmP (release m monomers by fragmentation of a (F , 0, l, 1))

=
l−3
∑
m=1

mP (l′ = gF + 3 = l −m) =
l−3
∑
m=1

mP (gF = l −m − 3) .
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h ∑mmP (release m free monomers by fragmentation of a (B, b, l, e))

=
nmax
∑
n=1
P (np = n)

l−max(3n,e−n)

∑
m=max(1,b+1−e)

mP (l′ = gB + max(3n, e − n) = l −m | np = n)

=
nmax
∑
n=1

l−max(3n,e−n)

∑
m=max(1,b+1−e)

m
nmax

P (gB = l −m − max(3n, e − n) | np = n) .

x y

This deterministic system would allow us to eliminate the variability of the results obtained with the
stochastic model. This would then allow us to improve the results of a qualitative study of behaviour.

This system of di�erential equations has been implemented, but unfortunately we were unable
to exploit the code. Indeed, by solving the problem of complexity in space, we created a problem of
complexity in time. The execution of this code is extremely slow. On the other hand, this code does
not allow us to retrieve the results veri�ed in Chapter 1, so there must be an error or a rounding error
problem.



Appendix A

C++ Code for the Simulations in
Chapter I
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1 - Model for a Single Linear Actin Polymer

Fonction C++ prenant en arguments :

h int L0init : le nombre initial de monomères libres

h int L1init : la taille initiale du �lament (en monomère)

h int L2init : le nombre initial de complexes actin-G/pro�lin

h int N : le nombre total de monomères

h double tmax : le temps �nal

h double lambda_plus : le taux d’élongation spontanée

h double lambda_moins : le taux de dépolymérisation

h double lambdaF_plus : le taux d’élongation avec une formine

h double phiP : le taux de création de complexes actin-G/pro�lin

h double phiF_plus : le taux de �xation d’une formine sur un polymère

h double phiF_moins : le taux de libération d’une formine

créant et remplissant un �chier contenant le vecteur

(L0(t), L1(t), L2(t), M(t), t)

pour chaque temps t ∈ [0, tmax ].

1 vo id M o d e l e S i n g l e F i l ( i n t L 0 i n i t , i n t L 1 i n i t , i n t L 2 i n i t , i n t N ,
2 doub le tmax , doub le lambda_plus , doub le lambda_moins , doub le lambdaF_plus ,
3 doub le phiP , doub le p h i F _ p l u s , doub le phiF_moins ) {

q 181Q
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4 FILE ∗ o u t p a r a m e t r e = fopen ( " P a r a m e t e r s . t x t " , "w" ) ;
5

6 f p r i n t f ( ou tparamet re , "N = % i " , N) ;
7 f p r i n t f ( ou tparamet re , " \ n " ) ;
8 f p r i n t f ( ou tparamet re , " l ambda_p lus = % f " , l ambda_p lus ) ;
9 f p r i n t f ( ou tparamet re , " \ n " ) ;

10 f p r i n t f ( ou tparamet re , " lambda_moins = % f " , lambda_moins ) ;
11 f p r i n t f ( ou tparamet re , " \ n " ) ;
12 f p r i n t f ( ou tparamet re , " l ambdaF_p lus = % f " , l ambdaF_p lus ) ;
13 f p r i n t f ( ou tparamet re , " \ n " ) ;
14 f p r i n t f ( ou tparamet re , " phiP = % f " , phiP ) ;
15 f p r i n t f ( ou tparamet re , " \ n " ) ;
16 f p r i n t f ( ou tparamet re , " p h i F _ p l u s = % f " , p h i F _ p l u s ) ;
17 f p r i n t f ( ou tparamet re , " \ n " ) ;
18 f p r i n t f ( ou tparamet re , " phiF_moins = % f " , phiF_moins ) ;
19

20 f c l o s e ( o u t p a r a m e t r e ) ;
21

22 FILE ∗ o u t p u t = fopen ( " Data . t x t " , "w" ) ;
23

24 i n t L0_0 = L 0 i n i t ;
25 f p r i n t f ( output , "% i " , L0_0 ) ;
26 i n t L1_0 = L 1 i n i t ;
27 f p r i n t f ( output , "% i " , L1_0 ) ;
28 i n t L2_0 = L 2 i n i t ;
29 f p r i n t f ( output , "% i " , L2_0 ) ;
30 i n t M_0 = 0 ; / / I n i t i a l i s e r à M_0 =1 p o u r c o m m e n c e r d a n s l e mode r a p i d e
31 f p r i n t f ( output , "% i " , M_0 ) ;
32 doub le T_0 = 0 ;
33 f p r i n t f ( output , "% f " , T_0 ) ;
34 f p r i n t f ( output , " \ n " ) ;
35

36 i n t L0_1 ;
37 i n t L1_1 ;
38 i n t L2_1 ;
39 i n t M_1 ;
40 doub le T_1 ;
41

42 doub le t a u x _ e l o n g a t i o n _ s i m p l e ;
43 doub le t a u x _ e l o n g a t i o n _ f o r m i n e ;
44 doub le t a u x _ d e p o l y m e r i s a t i o n ;
45 doub le t a u x _ c r e a t i o n _ c o m p l e x e ;
46 doub le t a u x _ f i x a t i o n _ f o r m i n e ;
47 doub le t a u x _ l i b e r a t i o n _ f o r m i n e ;
48 doub le t a u x _ t o t a l ;
49

50 i n t I f C o n t i n u e = 1 ;
51 i n t d e s 4 f a c e s ;
52 i n t d e s 3 f a c e s ;
53 doub le p ;
54 b o o l d e s _ p i p e ;
55

56 L0_1 = L0_0 ;
57 L1_1 = L1_0 ;
58 L2_1 = L2_0 ;
59 M_1 = M_0 ;
60

61 whi l e ( T_0 < tmax && I f C o n t i n u e == 1 ) {
62 i f ( L1_0 > 0 ) {
63 i f ( M_0 == 0 ) {
64 t a u x _ e l o n g a t i o n _ s i m p l e = lambda_p lus ∗ doub le ( L0_0 ) /N ;
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65 t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;
66 t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗ doub le ( L0_0 ) /N ;
67 t a u x _ f i x a t i o n _ f o r m i n e = p h i F _ p l u s ;
68 t a u x _ t o t a l = t a u x _ e l o n g a t i o n _ s i m p l e + t a u x _ d e p o l y m e r i s a t i o n
69 + t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ f i x a t i o n _ f o r m i n e ;
70

71 i f ( t a u x _ t o t a l == 0 ) {
72 I f C o n t i n u e = 0 ; }
73 e l s e {
74 whi l e ( L0_1 == L0_0 && L1_1 == L1_0 && L2_1 == L2_0
75 && M_1 == M_0 ) {
76 d e s 4 f a c e s = f l o o r ( 4 ∗ rand01 ( ) +1 ) ;
77

78 i f ( d e s 4 f a c e s == 1 ) {
79 p = t a u x _ e l o n g a t i o n _ s i m p l e / t a u x _ t o t a l ;
80 d e s _ p i p e = ( rand01 ( ) <= p ) ;
81 i f ( d e s _ p i p e == 1 ) {
82 L0_1 = L0_0 −1 ;
83 L1_1 = L1_0 + 1 ; } }
84 e l s e i f ( d e s 4 f a c e s == 2 ) {
85 p = t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l ;
86 d e s _ p i p e = ( rand01 ( ) <= p ) ;
87 i f ( d e s _ p i p e == 1 ) {
88 L0_1 = L0_0 + 1 ;
89 L1_1 = L1_0 −1 ; } }
90 e l s e i f ( d e s 4 f a c e s == 3 ) {
91 p = t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l ;
92 d e s _ p i p e = ( rand01 ( ) <= p ) ;
93 i f ( d e s _ p i p e == 1 ) {
94 L0_1 = L0_0 −1 ;
95 L2_1 = L2_0 + 1 ; } }
96 e l s e {
97 p = t a u x _ f i x a t i o n _ f o r m i n e / t a u x _ t o t a l ;
98 d e s _ p i p e = ( rand01 ( ) <= p ) ;
99 i f ( d e s _ p i p e == 1 ) {

100 M_1 = M_0 + 1 ; } } }
101

102 T_1 = T_0+ rand_exp ( t a u x _ t o t a l ) ;
103

104 f p r i n t f ( output , "% i " , L0_1 ) ;
105 f p r i n t f ( output , "% i " , L1_1 ) ;
106 f p r i n t f ( output , "% i " , L2_1 ) ;
107 f p r i n t f ( output , "% i " , M_1 ) ;
108 f p r i n t f ( output , "% f " , T_1 ) ;
109 f p r i n t f ( output , " \ n " ) ;
110

111 L0_0 = L0_1 ;
112 L1_0 = L1_1 ;
113 L2_0 = L2_1 ;
114 M_0 = M_1 ;
115 T_0 = T_1 ; } }
116 e l s e {
117 t a u x _ e l o n g a t i o n _ f o r m i n e = lambdaF_p lus ∗ doub le ( L2_0 ) /N ;
118 t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;
119 t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗ doub le ( L0_0 ) /N ;
120 t a u x _ l i b e r a t i o n _ f o r m i n e = phiF_moins ;
121 t a u x _ t o t a l = t a u x _ e l o n g a t i o n _ f o r m i n e + t a u x _ d e p o l y m e r i s a t i o n
122 + t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ l i b e r a t i o n _ f o r m i n e ;
123

124 i f ( t a u x _ t o t a l == 0 ) {
125 I f C o n t i n u e = 0 ; }
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126 e l s e {
127 whi l e ( L0_1 == L0_0 && L1_1 == L1_0 && L2_1 == L2_0
128 && M_1 == M_0 ) {
129 d e s 4 f a c e s = f l o o r ( 4 ∗ rand01 ( ) +1 ) ;
130

131 i f ( d e s 4 f a c e s == 1 ) {
132 p = t a u x _ e l o n g a t i o n _ f o r m i n e / t a u x _ t o t a l ;
133 d e s _ p i p e = ( rand01 ( ) <= p ) ;
134 i f ( d e s _ p i p e == 1 ) {
135 L1_1 = L1_0 + 1 ;
136 L2_1 = L2_0 −1 ; } }
137 e l s e i f ( d e s 4 f a c e s == 2 ) {
138 p = t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l ;
139 d e s _ p i p e = ( rand01 ( ) <= p ) ;
140 i f ( d e s _ p i p e == 1 ) {
141 L0_1 = L0_0 + 1 ;
142 L1_1 = L1_0 −1 ; } }
143 e l s e i f ( d e s 4 f a c e s == 3 ) {
144 p = t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l ;
145 d e s _ p i p e = ( rand01 ( ) <= p ) ;
146 i f ( d e s _ p i p e == 1 ) {
147 L0_1 = L0_0 −1 ;
148 L2_1 = L2_0 + 1 ; } }
149 e l s e {
150 p = t a u x _ l i b e r a t i o n _ f o r m i n e / t a u x _ t o t a l ;
151 d e s _ p i p e = ( rand01 ( ) <= p ) ;
152 i f ( d e s _ p i p e == 1 ) {
153 M_1 = M_0−1 ; } } }
154 T_1 = T_0+ rand_exp ( t a u x _ t o t a l ) ;
155

156 f p r i n t f ( output , "% i " , L0_1 ) ;
157 f p r i n t f ( output , "% i " , L1_1 ) ;
158 f p r i n t f ( output , "% i " , L2_1 ) ;
159 f p r i n t f ( output , "% i " , M_1 ) ;
160 f p r i n t f ( output , "% f " , T_1 ) ;
161 f p r i n t f ( output , " \ n " ) ;
162

163 L0_0 = L0_1 ;
164 L1_0 = L1_1 ;
165 L2_0 = L2_1 ;
166 M_0 = M_1 ;
167 T_0 = T_1 ; } } }
168 e l s e {
169 t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗ doub le ( L0_0 ) /N ;
170 t a u x _ t o t a l = t a u x _ c r e a t i o n _ c o m p l e x e ;
171

172 i f ( t a u x _ t o t a l == 0 ) {
173 I f C o n t i n u e = 0 ; }
174 e l s e {
175 L0_1 = L0_0 −1 ;
176 L2_1 = L2_0 + 1 ;
177

178 T_1 = T_0+ rand_exp ( t a u x _ t o t a l ) ;
179

180 f p r i n t f ( output , "% i " , L0_1 ) ;
181 f p r i n t f ( output , "% i " , L1_1 ) ;
182 f p r i n t f ( output , "% i " , L2_1 ) ;
183 f p r i n t f ( output , "% i " , M_1 ) ;
184 f p r i n t f ( output , "% f " , T_1 ) ;
185 f p r i n t f ( output , " \ n " ) ;
186
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187 L0_0 = L0_1 ;
188 L1_0 = L1_1 ;
189 L2_0 = L2_1 ;
190 M_0 = M_1 ;
191 T_0 = T_1 ; } } }
192 f c l o s e ( o u t p u t ) ; }

2 - Model for a Population of Linear Actin Polymers

Fonction C++ prenant en arguments :

h std :: string type_�lament : le(s) type(s) de �laments à l’état inital parmi :

D "simple" : 100 % de �laments simples (sans formine)
D "formine" : 100 % de �laments associés à une formine
D "both" : 50% de �laments simples et 50% de �laments associés à une formine

h int lmax : la longueur maximale des �laments

h double∗ K0 : un tableau (vide) de réels de taille 2∗lmax+2

(à initialiser dans main.cpp : double K0[2∗lmax+2];)

demandant via la console :

h la taille des �laments initiaux

h la proportion de monomères libres à l’état initial

h la proportion de complexes actin-G/pro�lin à l’état initial

et modi�ant le tableau K0 a�n d’avoir l’état initial souhaité.

1 vo id G e n e I n i t ( s t d : : s t r i n g t y p e _ f i l a m e n t , i n t lmax , doub le ∗ K0 ) {
2

3 f o r ( i n t j = 0 ; j <2 ∗ lmax + 2 ; j ++) {
4 K0 [ j ] = 0 . 0 ; }
5

6 p r i n t f ( " Q u e l l e e s t l a t a i l l e des f i l a m e n t s i n i t i a u x ( < % i ) ? \ n " , lmax ) ;
7

8 i n t l 0 ;
9 s c a n f ( "%d " ,& l 0 ) ;

10

11 p r i n t f ( " Q u e l l e e s t l a p r o p o r t i o n de monomè r e s à l ’ é t a t i n i t i a l ? \ n " ) ;
12

13 doub le prop0 ;
14 s c a n f ( "% l f " ,& prop0 ) ;
15

16 p r i n t f ( " Q u e l l e e s t l a p r o p o r t i o n de complexes a c t i n e / p r o f i l i n e à l ’ é t a t
17 i n i t i a l ? \ n " ) ;
18

19 doub le prop1 ;
20 s c a n f ( "% l f " ,& prop1 ) ;
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21

22 K0 [ 0 ] = prop0 ;
23 K0 [ 1 ] = prop1 ;
24

25 i f ( t y p e _ f i l a m e n t == " s i m p l e " ) {
26 K0 [ l 0 +1]=(1 −K0 [0] −K0 [ 1 ] ) / doub le ( l 0 ) ; }
27 / / Dé p a r t a v e c p r o p 0 monom è r e s l i b r e s , p r o p 1 c o m p l e x e s e t l e r e s t e d e
28 / / f i l a m e n t s S IMPLES d e t a i l l e l 0
29 e l s e i f ( t y p e _ f i l a m e n t == " formine " ) {
30 K0 [ l 0 +1+ lmax ]=(1 −K0 [0] −K0 [ 1 ] ) / doub le ( l 0 ) ; }
31 / / Dé p a r t a v e c p r o p 0 monom è r e s l i b r e s , p r o p 1 c o m p l e x e s e t l e r e s t e d e
32 / / f i l a m e n t s FORMINES d e t a i l l e l 0
33 e l s e i f ( t y p e _ f i l a m e n t == " both " ) {
34 K0 [ l 0 +1]=(1 −K0 [0] −K0 [ 1 ] ) / ( 2 ∗ doub le ( l 0 ) ) ;
35 K0 [ l 0 +lmax +1]=(1 −K0 [0] −K0 [ 1 ] ) / ( 2 ∗ doub le ( l 0 ) ) ; }
36 / / Dé p a r t a v e c p r o p 0 monom è r e s l i b r e s , p r o p 1 c o m p l e x e s e t l e
37 / / r e s t e = 50% f i l a m e n t s S IMPLES + 50% f i l a m e n t s FORMINES d e t a i l l e l 0
38 e l s e {
39 p r i n t f ( " Le type c h o i s i d o i t a p p a r t e n i r à l a l i s t e s u i v a n t e \ n " ) ;
40 p r i n t f ( " ∗ s i m p l e = dé p a r t avec des f i l a m e n t s s i m p l e s uniquement \ n " ) ;
41 p r i n t f ( " ∗ fo rmine = dé p a r t avec des f i l a m e n t s a s s o c i é s à une formine
42 uniquement \ n " ) ;
43 p r i n t f ( " ∗ both = dé p a r t avec 50% de f i l a m e n t s s i m p l e s
44 e t 50% de f i l a m e n t s a s s o c i é s à une formine \ n " ) ; } }

Fonction C++ prenant en arguments :

h double tmax : le temps �nal

h double dt : le pas de temps pour la méthode d’Euler explicite

h double lambda_plus : le taux d’élongation spontanée

h double lambda_moins : le taux de dépolymérisation

h double lambdaF_plus : le taux d’élongation avec une formine

h double phiP : le taux de création de complexes actin-G/pro�lin

h double phiF_plus : le taux de �xation d’une formine sur un polymère

h double phiF_moins : le taux de libération d’une formine

h int lmax : la longueur maximale des �laments

h double∗ K0 : le tableau de réels de taille 2∗lmax+2 modi�é par la fonction GeneInit

créant et remplissant un �chier contenant le vecteur

(t, kt (M, 1), kt (P, 1), kt (S, 1), . . . , kt (S, lmax), kt (F , 1), . . . , kt (F , lmax))

pour chaque temps t ∈ [0, tmax ].

1 vo id Mode lePopF i l ( doub le tmax , doub le dt , doub le lambda_plus ,
2 doub le lambda_moins , doub le lambdaF_plus , doub le PhiP , doub le Ph iF_p lus ,
3 doub le PhiF_moins , i n t lmax , doub le ∗ K0 ) {
4

5 FILE ∗ o u t p a r a m e t r e = fopen ( " Parameters_pop . t x t " , "w" ) ;
6 f p r i n t f ( ou tparamet re , " d t = % f " , d t ) ;
7 f p r i n t f ( ou tparamet re , " \ n " ) ;
8 f p r i n t f ( ou tparamet re , " l ambda_p lus = % f " , l ambda_p lus ) ;
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9 f p r i n t f ( ou tparamet re , " \ n " ) ;
10 f p r i n t f ( ou tparamet re , " lambda_moins = % f " , lambda_moins ) ;
11 f p r i n t f ( ou tparamet re , " \ n " ) ;
12 f p r i n t f ( ou tparamet re , " l ambdaF_p lus = % f " , l ambdaF_p lus ) ;
13 f p r i n t f ( ou tparamet re , " \ n " ) ;
14 f p r i n t f ( ou tparamet re , " PhiP = % f " , PhiP ) ;
15 f p r i n t f ( ou tparamet re , " \ n " ) ;
16 f p r i n t f ( ou tparamet re , " P h i F _ p l u s = % f " , P h i F _ p l u s ) ;
17 f p r i n t f ( ou tparamet re , " \ n " ) ;
18 f p r i n t f ( ou tparamet re , " PhiF_moins = % f " , PhiF_moins ) ;
19 f p r i n t f ( ou tparamet re , " \ n " ) ;
20 f p r i n t f ( ou tparamet re , " lmax = % i " , lmax ) ;
21 f p r i n t f ( ou tparamet re , " \ n " ) ;
22 f c l o s e ( o u t p a r a m e t r e ) ;
23

24 FILE ∗ o u t p u t = fopen ( " Data_pop . t x t " , "w" ) ;
25

26 doub le t = 0 . 0 ;
27 i n t c p t = 0 ;
28 i n t n e x t _ p r i n t = 1 ;
29

30 f p r i n t f ( output , " % .5 e " , t ) ;
31 f o r ( i n t j = 0 ; j <2 ∗ lmax + 2 ; j ++) {
32 f p r i n t f ( output , " % .5 e " , K0 [ j ] ) ; }
33 f p r i n t f ( output , " \ n " ) ;
34

35 doub le K1 [ 2 ∗ lmax + 2 ] ;
36

37 whi l e ( t <tmax ) {
38 / / P o u r q u e l a somme p o n d é r é e s o i t t o u j o u r s é g a l e à 1 ,
39 / / e t d o n c é v i t e r l e s e r r e u r s
40 / / num é r i q u e , on n o r m a l i s e à c h a q u e p a s d e t e m p s .
41 doub le sp = 0 . 0 ;
42 / / On a p p r o c h e l a s o l u t i o n du s y s t è me au t e m p s d t p a r u n e mé t h o d e
43 / / d ’ E u l e r e x p l i c i t e
44

45 doub le NbPolySimple = 0 . 0 ;
46 f o r ( i n t j = 2 ; j < lmax + 2 ; j ++) {
47 NbPolySimple = NbPolySimple +K0 [ j ] ; }
48

49 doub le NbPolyFormin = 0 . 0 ;
50 f o r ( i n t j =lmax + 2 ; j <2 ∗ lmax + 2 ; j ++) {
51 NbPolyFormin=NbPolyFormin+K0 [ j ] ; }
52 K1 [ 0 ] = d t ∗ ( lambda_moins ∗ ( NbPolySimple +NbPolyFormin )
53 − l ambda_p lus ∗K0 [ 0 ] ∗ NbPolySimple −PhiP ∗K0 [ 0 ] ) +K0 [ 0 ] ;
54 K1 [ 1 ] = d t ∗ ( PhiP ∗K0 [0] − l ambdaF_p lus ∗K0 [ 1 ] ∗ NbPolyFormin ) +K0 [ 1 ] ;
55 K1 [ 2 ] = d t ∗ ( lambda_moins ∗K0 [ 3 ] + PhiF_moins ∗K0 [ lmax +2]
56 − l ambda_p lus ∗K0 [ 0 ] ∗ K0 [2] − lambda_moins ∗K0 [2] − P h i F _ p l u s ∗K0 [ 2 ] ) +K0 [ 2 ] ;
57 f o r ( i n t j = 3 ; j < lmax + 1 ; j ++) {
58 K1 [ j ]= d t ∗ ( l ambda_p lus ∗K0 [ 0 ] ∗ K0 [ j −1]+ lambda_moins ∗K0 [ j +1]
59 + PhiF_moins ∗K0 [ j +lmax ]− l ambda_p lus ∗K0 [ 0 ] ∗ K0 [ j ]
60 − lambda_moins ∗K0 [ j ]− P h i F _ p l u s ∗K0 [ j ] ) +K0 [ j ] ; }
61 K1 [ lmax +1]= d t ∗ ( l ambda_p lus ∗K0 [ 0 ] ∗ K0 [ lmax ]+ PhiF_moins ∗K0 [ 2 ∗ lmax +1]
62 − l ambda_p lus ∗K0 [ 0 ] ∗ K0 [ lmax +1]− lambda_moins ∗K0 [ lmax +1]
63 −P h i F _ p l u s ∗K0 [ lmax + 1 ] ) +K0 [ lmax + 1 ] ;
64 K1 [ lmax +2]= d t ∗ ( lambda_moins ∗K0 [ lmax +3]+ P h i F _ p l u s ∗K0 [ 2 ]
65 − l ambdaF_p lus ∗K0 [ 1 ] ∗ K0 [ lmax +2]− lambda_moins ∗K0 [ lmax +2]
66 −PhiF_moins ∗K0 [ lmax + 2 ] ) +K0 [ lmax + 2 ] ;
67 f o r ( i n t j =lmax + 3 ; j <2 ∗ lmax + 1 ; j ++) {
68 K1 [ j ]= d t ∗ ( l ambdaF_p lus ∗K0 [ 1 ] ∗ K0 [ j −1]+ lambda_moins ∗K0 [ j +1]
69 + P h i F _ p l u s ∗K0 [ j − lmax ]− l ambdaF_p lus ∗K0 [ 1 ] ∗ K0 [ j ]
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70 − lambda_moins ∗K0 [ j ]− PhiF_moins ∗K0 [ j ] ) +K0 [ j ] ; }
71 K1 [ 2 ∗ lmax +1]= d t ∗ ( l ambdaF_p lus ∗K0 [ 1 ] ∗ K0 [ 2 ∗ lmax ]+ P h i F _ p l u s ∗K0 [ lmax +1]
72 − l ambdaF_p lus ∗K0 [ 1 ] ∗ K0 [ 2 ∗ lmax +1]− lambda_moins ∗K0 [ 2 ∗ lmax +1]
73 −PhiF_moins ∗K0 [ 2 ∗ lmax + 1 ] ) +K0 [ 2 ∗ lmax + 1 ] ;
74

75 sp=sp+K1 [ 0 ] + K1 [ 1 ] ;
76 f o r ( i n t j = 2 ; j < lmax + 2 ; j ++) {
77 sp=sp+K1 [ j ] ∗ ( j −1 ) ; }
78 f o r ( i n t j =lmax + 2 ; j <2 ∗ lmax + 2 ; j ++) {
79 sp=sp+K1 [ j ] ∗ ( j −1− lmax ) ; }
80

81 f o r ( i n t j = 0 ; j <2 ∗ lmax + 2 ; j ++) {
82 K0 [ j ]= K1 [ j ] / sp ; }
83 t = t + d t ;
84 c p t = c p t + 1 ;
85

86 i f ( cpt < 1 0 0 0 0 0 0 0 0 ) {
87 / / On é c r i t l e r é s u l t a t d a n s l e f i c h i e r s e u l e m e n t t o u t e s l e s 1 0 0 0
88 / / i t é r a t i o n s p o u r l i m i t e r l e t e m p s d ’ e x é c u t i o n
89

90 i f ( c p t == n e x t _ p r i n t ) {
91 f p r i n t f ( output , " % .5 e " , t ) ;
92 f o r ( i n t j = 0 ; j <2 ∗ lmax + 2 ; j ++) {
93 f p r i n t f ( output , " % .5 e " , K0 [ j ] ) ; }
94 f p r i n t f ( output , " \ n " ) ;
95 n e x t _ p r i n t = n e x t _ p r i n t + 1 0 0 0 ; } }
96 e l s e {
97 i f ( c p t == n e x t _ p r i n t ) {
98 f p r i n t f ( output , " % .5 e " , t ) ;
99 f o r ( i n t j = 0 ; j <2 ∗ lmax + 2 ; j ++) {

100 f p r i n t f ( output , " % .5 e " , K0 [ j ] ) ; }
101 f p r i n t f ( output , " \ n " ) ;
102 n e x t _ p r i n t = n e x t _ p r i n t + 1 0 0 0 0 0 0 ; } } }
103 f c l o s e ( o u t p u t ) ; }
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1 - Trace and Colour Segments

Fonction R prenant en arguments :

h A : un vecteur contenant les coordonnées d’un point

h B : un vecteur contenant les coordonnées d’un point

h color : une chaine de caractère ou un entier dé�nissant la couleur

h x : un vecteur dé�nissant les limites de l’axe des abscisses

h y : un vecteur dé�nissant les limites de l’axe des ordonnées

permettant de tracer le segment entre les points A et B dans la couleur donnée.
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1 P l o t S e g P t = f u n c t i o n (A , B , c o l o r , x , y ) {
2 p l o t ( c (A[ 1 ] , B [ 1 ] ) , c (A[ 2 ] , B [ 2 ] ) , " o " , x l im =x , y l im =y , c o l = c o l o r ,
3 y l a b = " " , x l a b = " " , x a x t = " n " , yax t = " n " , cex = 0 . 8 , lwd = 1 . 5 , bg= c o l o r ) }

Fonction R prenant en arguments :

h A : un vecteur contenant les coordonnées d’un point

h B : un vecteur contenant les coordonnées d’un point

h style : un vecteur dont la première coordonnée dé�nie une couleur

h x : un vecteur dé�nissant les limites de l’axe des abscisses

h y : un vecteur dé�nissant les limites de l’axe des ordonnées

permettant de tracer le segment entre les points A et B dans la couleur donnée et avec une des extrémités
cappés.

1 P l o t S e g P t C a p = f u n c t i o n (A , B , s t y l e , x , y ) {
2 p l o t ( c (A[ 1 ] , B [ 1 ] ) , c (A[ 2 ] , B [ 2 ] ) , " o " , x l im =x , y l im =y , c o l = s t y l e [ 1 ] ,
3 y l a b = " " , x l a b = " " , x a x t = " n " , yax t = " n " , cex = 0 . 8 , lwd = 1 . 5 , pch= s t y l e [ 2 ] ,
4 bg= s t y l e [ 1 ] , main= " Tree r e p r e s e n t a t i o n " ) }

Fonction R prenant en arguments :

h S : une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

h color : une chaine de caractère ou un entier dé�nissant la couleur

h x : un vecteur dé�nissant les limites de l’axe des abscisses

h y : un vecteur dé�nissant les limites de l’axe des ordonnées

permettant de tracer le segment entre les deux points dans la couleur donnée.
1 P l o t S e g = f u n c t i o n ( S , c o l o r , x , y ) {
2 P l o t S e g P t ( S [ 1 , ] , S [ 2 , ] , c o l o r , x , y ) }

Fonction R prenant en arguments :

h S : une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

h style : un vecteur dont la première coordonnée dé�nie une couleur

h x : un vecteur dé�nissant les limites de l’axe des abscisses

h y : un vecteur dé�nissant les limites de l’axe des ordonnées

permettant de tracer le segment entre les deux points dans la couleur donnée et avec une des extrémités
cappés.

1 Plo tSegCap = f u n c t i o n ( S , s t y l e , x , y ) {
2 P l o t S e g P t C a p ( S [ 1 , ] , S [ 2 , ] , s t y l e , x , y ) }
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Fonction R prenant en arguments :

h A : un vecteur contenant les coordonnées d’un point

h B : un vecteur contenant les coordonnées d’un point

h color : une chaine de caractère ou un entier dé�nissant la couleur

permettant de tracer le segment entre les points A et B dans la couleur donnée sur un graphique existant.
1 L i n e S e g P t = f u n c t i o n (A , B , c o l o r ) {
2 l i n e s ( c (A[ 1 ] , B [ 1 ] ) , c (A[ 2 ] , B [ 2 ] ) , " o " , c o l = c o l o r , cex = 0 . 8 , lwd = 1 . 5 , bg= c o l o r ) }

Fonction R prenant en arguments :

h A : un vecteur contenant les coordonnées d’un point

h B : un vecteur contenant les coordonnées d’un point

h style : un vecteur dont la première coordonnée dé�nie une couleur

permettant de tracer le segment entre les points A et B dans la couleur donnée et avec une des extrémités
cappés sur un graphique existant.

1 LineSegPtCap = f u n c t i o n (A , B , s t y l e ) {
2 l i n e s ( c (A[ 1 ] , B [ 1 ] ) , c (A[ 2 ] , B [ 2 ] ) , " o " , c o l = s t y l e [ 1 ] , cex = 0 . 8 , lwd = 1 . 5 ,
3 pch= s t y l e [ 2 ] , bg= s t y l e [ 1 ] ) }

Fonction R prenant en arguments :

h S : une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

h color : une chaine de caractère ou un entier dé�nissant la couleur

permettant de tracer le segment entre les deux points dans la couleur donnée sur un graphique existant.
1 L ineSeg = f u n c t i o n ( S , c o l o r ) {
2 L i n e S e g P t ( S [ 1 , ] , S [ 2 , ] , c o l o r ) }

Fonction R prenant en arguments :

h S : une matrice 2x2 correspondant aux coordonnées de 2 points (en ligne)

h style : un vecteur dont la première coordonnée dé�nie une couleur

permettant de tracer le segment entre les deux points dans la couleur donnée et avec une des extrémités
cappés sur un graphique existant.

1 LineSegCap = f u n c t i o n ( S , s t y l e ) {
2 LineSegPtCap ( S [ 1 , ] , S [ 2 , ] , s t y l e ) }

Fonction R prenant en arguments :

h L : une liste de matrice 2x2 correspondante aux coordonnées de 2 points

h color : une chaine de caractère ou un entier dé�nissant la couleur
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permettant de tracer les segments entre les paires de points dé�nies par les matrices dans la couleur
donnée.

1 P l o t L i s t e S e g = f u n c t i o n ( L , c o l o r ) {
2 maxX=L [ [ 1 ] ] [ 1 , 1 ]
3 maxY=L [ [ 1 ] ] [ 1 , 2 ]
4 minX=L [ [ 1 ] ] [ 1 , 1 ]
5 minY=L [ [ 1 ] ] [ 1 , 2 ]
6 f o r ( i i n 1 : l e n g t h ( L ) ) {
7 maxX=max ( maxX , L [ [ i ] ] [ , 1 ] )
8 maxY=max ( maxY , L [ [ i ] ] [ , 2 ] )
9 minX=min ( minX , L [ [ i ] ] [ , 1 ] )

10 minY=min ( minY , L [ [ i ] ] [ , 2 ] ) }
11 x=c ( minX , maxX )
12 y=c ( minY , maxY )
13 P l o t S e g ( L [ [ 1 ] ] , c o l o r , x , y )
14 i f ( l e n g t h ( L ) >1) {
15 f o r ( i i n 2 : l e n g t h ( L ) ) {
16 L ineSeg ( L [ [ i ] ] , c o l o r ) } } }

Fonction R prenant en arguments :

h L : une liste de matrice 2x2 correspondante aux coordonnées de 2 points

permettant de tracer les segments entre les paires de points dé�nies par les matrices avec un choix de
couleur automatique.

1 P l o t L i s t e S e g C o l o r = f u n c t i o n ( L ) {
2 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
3 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
4 p a l e t t e ( c o l o r )
5 maxX=L [ [ 2 ] ] [ 1 , 1 ]
6 maxY=L [ [ 2 ] ] [ 1 , 2 ]
7 minX=L [ [ 2 ] ] [ 1 , 1 ]
8 minY=L [ [ 2 ] ] [ 1 , 2 ]
9 f o r ( i i n 1 : ( l e n g t h ( L ) / 2 ) ) {

10 maxX=max ( maxX , L [ [ 2 ∗ i ] ] [ , 1 ] )
11 maxY=max ( maxY , L [ [ 2 ∗ i ] ] [ , 2 ] )
12 minX=min ( minX , L [ [ 2 ∗ i ] ] [ , 1 ] )
13 minY=min ( minY , L [ [ 2 ∗ i ] ] [ , 2 ] ) }
14 x=c ( minX , maxX )
15 y=c ( minY , maxY )
16 Plo tSegCap ( L [ [ 2 ] ] , L [ [ 1 ] ] , x , y )
17 f o r ( i i n 1 : ( l e n g t h ( L ) / 2 ) ) {
18 LineSegCap ( L [ [ 2 ∗ i ] ] , L [ [ 2 ∗ i − 1 ] ] ) } }

2 - Place Segments

Fonction R prenant en arguments :

h L : une liste de matrice 2x2 correspondante aux coordonnées de 2 points

h v : un vecteur de translation (de taille 2)

permettant de translater une liste de segments et renvoyant une liste de matrices 2x2 contenant les
nouvelles coordonnées.
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1 T r a n s l a t e L i s t e S e g = f u n c t i o n ( L , v ) {
2 L2= l i s t ( )
3 i f ( l e n g t h ( L ) >0) {
4 f o r ( i i n 1 : l e n g t h ( L ) ) {
5 L2 [ [ i ] ] = m a t r i x ( c ( L [ [ i ] ] [ , 1 ] + v [ 1 ] , L [ [ i ] ] [ , 2 ] + v [ 2 ] ) , n c o l =2 ) } }
6 r e t u r n ( L2 ) }

Fonction R prenant en arguments :

h L : une liste de matrice 2x2 correspondante aux coordonnées de 2 points

h v : un vecteur de translation (de taille 2)

permettant de translater une liste de segments et renvoyant une liste de matrices 2x2 contenant les
nouvelles coordonnées avec gestion automatique des couleurs.

1 T r a n s l a t e L i s t e S e g C o l o r = f u n c t i o n ( L , v ) {
2 L2= l i s t ( )
3 i f ( l e n g t h ( L ) >0) {
4 f o r ( i i n 1 : ( l e n g t h ( L ) / 2 ) ) {
5 L2 [ [ 2 ∗ i ] ] = m a t r i x ( c ( L [ [ 2 ∗ i ] ] [ , 1 ] + v [ 1 ] , L [ [ 2 ∗ i ] ] [ , 2 ] + v [ 2 ] ) , n c o l =2 )
6 L2 [ [ 2 ∗ i −1] ]= L [ [ 2 ∗ i −1 ] ] } }
7 r e t u r n ( L2 ) }

3 - Trace and Colour a Tree

Pour coder un arbre, on utilise une liste de listes. A�n d’avoir toutes les informations nécessaires à
notre modèle, un arbre correspond à une liste de longueur 5 contenant (dans l’ordre) :

1. un entier correspondant à la longueur de la racine

2. 0, 1 ou 2 : 0 si il s’agit d’un nœud interne ou d’une extrémité cappées, 1 si il s’agit d’une extrémité
libre, 2 si il s’agit de l’extrémité de la branche principale

3. 0 ou 1 : 1 si il s’agit de la branche principale (partant de la racine) ; 0 sinon

4. une liste de taille 5 codant le sous arbre de gauche

5. une liste de taille 5 codant le sous arbre de droite

Par exemple, l’arbre initial utilisé pour les simulations du chapitre II, tracé à la �gure 2.2 est codé
de la manière suivante :

1 A011= l i s t ( 2 , 1 , 0 , l i s t ( ) , l i s t ( ) )
2 A0101= l i s t ( 1 , 1 , 0 , l i s t ( ) , l i s t ( ) )
3 A0100= l i s t ( 1 , 1 , 0 , l i s t ( ) , l i s t ( ) )
4 A010= l i s t ( 2 , 0 , 0 , A0100 , A0101 )
5 A01= l i s t ( 3 , 0 , 0 , A010 , A011 )
6

7 A001= l i s t ( 1 , 1 , 0 , l i s t ( ) , l i s t ( ) )
8 A000= l i s t ( 3 , 2 , 1 , l i s t ( ) , l i s t ( ) )
9 A00= l i s t ( 4 , 0 , 1 , A000 , A001 )

10 A0= l i s t ( 8 , 0 , 1 , A00 , A01 )
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11

12 A11= l i s t ( 3 , 1 , 0 , l i s t ( ) , l i s t ( ) )
13 A10= l i s t ( 2 , 1 , 0 , l i s t ( ) , l i s t ( ) )
14 A1= l i s t ( 4 , 0 , 0 , A10 , A11 )
15

16 A= l i s t ( 5 , 0 , 1 , A0 , A1 )

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h a : l’angle de la branche partant de la racine

h da : l’angle du sous arbre de gauche

h ia : l’angle entre le sous arbre de gauche et le sous arbre de droite

h r ∈ [0, 1] : coe�cient permettant de réduire l’angle entre la branche de gauche et la branche de
droite à chaque génération

créant et renvoyant une liste de matrices 2x2 correspondant aux di�érents segments de l’arbre.
1 C r e a t i o n A r b r e = f u n c t i o n ( L , a , da , i a , r ) {
2 S= l i s t ( )
3 i f ( l e n g t h ( L ) ==0) { }
4 e l s e {
5 A4= C r e a t i o n A r b r e ( L [ [ 4 ] ] , da , ( da− r ∗ ( i a / 2 ) ) , ( i a − r ∗ i a ) , r )
6 A5= C r e a t i o n A r b r e ( L [ [ 5 ] ] , da− i a , ( da− r ∗ ( i a / 2 ) ) , ( i a − r ∗ i a ) , r )
7 l =L [ [ 1 ] ]
8 v=c ( l ∗ cos ( p i ∗ a / 1 8 0 ) , l ∗ s i n ( p i ∗ a / 1 8 0 ) )
9 S5= T r a n s l a t e L i s t e S e g ( A5 , v )

10 S4= T r a n s l a t e L i s t e S e g ( A4 , v )
11 i f ( l e n g t h ( S4 ) >0) {
12 f o r ( i i n 1 : l e n g t h ( S4 ) ) {
13 S [ [ l e n g t h ( S ) +1] ]= S4 [ [ i ] ] } }
14 i f ( l e n g t h ( S5 ) >0) {
15 f o r ( i i n 1 : l e n g t h ( S5 ) ) {
16 S [ [ l e n g t h ( S ) +1] ]= S5 [ [ i ] ] } }
17 S [ [ l e n g t h ( S ) +1] ]= m a t r i x ( c ( c ( 0 , 0 ) , v ) , byrow=TRUE , nrow =2) }
18 r e t u r n ( S ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h a : l’angle de la branche partant de la racine

h da : l’angle du sous arbre de gauche

h ia : l’angle entre le sous arbre de gauche et le sous arbre de droite

h r in [0,1] : coe�cient permettant de réduire l’angle entre la branche de gauche et la branche de
droite à chaque génération

h col : un entier dé�nissant la couleur de la racine

créant et renvoyant une liste de matrices 2x2 correspondant aux di�érents segments de l’arbre avec
gestion automatique des couleurs.



q 4 - Analyse a Tree 195

1 C r e a t i o n A r b r e C o l o r = f u n c t i o n ( L , a , da , i a , r , c o l ) {
2 S= l i s t ( )
3 i f ( l e n g t h ( L ) >0) {
4 A4= C r e a t i o n A r b r e C o l o r ( L [ [ 4 ] ] , da , ( da− r ∗ ( i a / 2 ) ) , ( i a − r ∗ i a ) , r , c o l )
5 A5= C r e a t i o n A r b r e C o l o r ( L [ [ 5 ] ] , da− i a , ( da− r ∗ ( i a / 2 ) ) , ( i a − r ∗ i a ) , r , c o l +1 )
6 l =L [ [ 1 ] ]
7 v=c ( l ∗ cos ( p i ∗ a / 1 8 0 ) , l ∗ s i n ( p i ∗ a / 1 8 0 ) )
8 S5= T r a n s l a t e L i s t e S e g C o l o r ( A5 , v )
9 S4= T r a n s l a t e L i s t e S e g C o l o r ( A4 , v )

10 i f ( l e n g t h ( S4 ) >0) {
11 f o r ( i i n 1 : l e n g t h ( S4 ) ) {
12 S [ [ l e n g t h ( S ) +1] ]= S4 [ [ i ] ] } }
13 i f ( l e n g t h ( S5 ) >0) {
14 f o r ( i i n 1 : l e n g t h ( S5 ) ) {
15 S [ [ l e n g t h ( S ) +1] ]= S5 [ [ i ] ] } }
16 i f ( L [ [ 2 ] ] = = 0 ) {
17 S [ [ l e n g t h ( S ) +1] ]= c ( co l , 2 3 ) }
18 e l s e {
19 S [ [ l e n g t h ( S ) +1] ]= c ( co l , 5 ) }
20 S [ [ l e n g t h ( S ) +1] ]= m a t r i x ( c ( c ( 0 , 0 ) , v ) , byrow=TRUE , nrow =2) }
21 r e t u r n ( S ) }

4 - Analyse a Tree

4.1 - Number of Extremities, Number of Branches andLength of Poly-
mer

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre d’extrémités de l’arbre.
1 NbExt= f u n c t i o n ( L ) {
2 E=0
3 i f ( l e n g t h ( L ) >0) {
4 E5=NbExt ( L [ [ 5 ] ] )
5 E=E+E5
6 E4=NbExt ( L [ [ 4 ] ] )
7 E=E+E4
8 i f ( l e n g t h ( L [ [ 4 ] ] ) ==0 & l e n g t h ( L [ [ 5 ] ] ) ==0) {
9 E=E+1 } }

10 r e t u r n ( E ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre d’extrémités libres (sans protéine de coi�e) de l’arbre.
1 NbExtL ib re = f u n c t i o n ( L ) {
2 E=0
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3 i f ( l e n g t h ( L ) >0) {
4 E5= NbExtL ib re ( L [ [ 5 ] ] )
5 E=E+E5
6 E4= NbExtL ib re ( L [ [ 4 ] ] )
7 E=E+E4
8 i f ( L [ [ 2 ] ] = = 2 ) {
9 E=E+L [ [ 2 ] ] − 1 }

10 e l s e {
11 E=E+L [ [ 2 ] ] } }
12 r e t u r n ( E ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre d’extrémités libres dont la branche n’est pas de taille nulle de l’arbre.
1 NbExtL ibreNonNul le = f u n c t i o n ( L ) {
2 s = S i z e F e u i l l e ( L )
3 c p t =0
4 f o r ( i i n ( 1 : l e n g t h ( s ) ) ) {
5 i f ( s [ [ i ] ] > 0 ) {
6 c p t = c p t +1 } }
7 r e t u r n ( c p t ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre de branches de l’arbre.
1 NbBranche= f u n c t i o n ( L ) {
2 B=0
3 i f ( l e n g t h ( L ) >0) {
4 B5=NbBranche ( L [ [ 5 ] ] )
5 B=B+B5
6 B4=NbBranche ( L [ [ 4 ] ] )
7 B=B+B4
8 B=B+1 }
9 r e t u r n ( B ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre de branchement (nœuds) de l’arbre.
1 NbBranchement= f u n c t i o n ( L ) {
2 B=NbBranche ( L )
3 Bt= f l o o r ( B / 2 )
4 r e t u r n ( Bt ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant le nombre total de monomères dans l’arbre.
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1 T a i l l e F i l = f u n c t i o n ( L ) {
2 L f i l =0
3 i f ( l e n g t h ( L ) >0) {
4 L f i l 5 = T a i l l e F i l ( L [ [ 5 ] ] )
5 L f i l = L f i l + L f i l 5
6 L f i l 4 = T a i l l e F i l ( L [ [ 4 ] ] )
7 L f i l = L f i l + L f i l 4
8 L f i l = L f i l +L [ [ 1 ] ] }
9 r e t u r n ( L f i l ) }

4.2 - Numbering Nodes and Leaves

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h c : une liste de longueur NbBranchement(L) (complétée par la fonction)

h i : un entier �xant la génération dans l’arbre

permettant de numéroter les nœuds (internes) de l’arbre (suivant une numérotation pré�xe) et renvoy-
ant la liste c complétée de telle manière que le j-ième éléments de la liste correspond au chemin pour
atteindre le j-ième nœud.

1 NumNode1= f u n c t i o n ( L , c , i ) {
2 v=c
3 TNode=NbBranchement ( L )
4 LNode=NbBranchement ( L [ [ 4 ] ] )
5 RNode=NbBranchement ( L [ [ 5 ] ] )
6

7 i f ( LNode >0 ) {
8 f o r ( j i n ( i +1 ) : ( i +LNode ) ) {
9 v [ [ j ] ] = c ( v [ [ j ] ] , 0 )

10 c=v }
11 v=NumNode1 ( L [ [ 4 ] ] , c , i +1 ) }
12

13 i f ( RNode >0 ) {
14 f o r ( j i n ( i +LNode +1 ) : ( i +TNode −1 ) ) {
15 v [ [ j ] ] = c ( v [ [ j ] ] , 1 )
16 c=v }
17 v=NumNode1 ( L [ [ 5 ] ] , c , i +LNode +1 ) }
18 r e t u r n ( v ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de numéroter les nœuds (internes) de l’arbre (suivant une numérotation pré�xe) et ren-
voyant une liste telle que le j-ième éléments de la liste correspond au chemin pour atteindre le j-ième
nœud.

1 NumNode= f u n c t i o n ( L ) {
2 c= l i s t ( )
3 c [ [ NbBranchement ( L ) +1 ] ]=2
4 v=NumNode1 ( L , c , 1 )
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5 vv= l i s t ( )
6 f o r ( i i n 1 : NbBranchement ( L ) ) {
7 vv [ [ i ] ] = v [ [ i ] ] }
8 r e t u r n ( vv ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h c : une liste de longueur NbBranche(L) (complétée par la fonction)

h i : un entier �xant la génération dans l’arbre

permettant de numéroter les branches de l’arbre (suivant une numérotation pré�xe) et renvoyant la liste
c complétée de telle manière que le j-ième éléments de la liste correspond au chemin pour atteindre la
j-ième branche suivi de la taille de la branche.

1 NumBranch1= f u n c t i o n ( L , c , i ) {
2 v=c
3 TBranch=NbBranche ( L )
4 LBranch=NbBranche ( L [ [ 4 ] ] )
5 RBranch=NbBranche ( L [ [ 5 ] ] )
6

7 i f ( LBranch >0 ) {
8 f o r ( j i n ( i +1 ) : ( i +LBranch ) ) {
9 v [ [ j ] ] = c ( v [ [ j ] ] , 0 )

10 c=v }
11 v=NumBranch1 ( L [ [ 4 ] ] , c , i +1 ) }
12

13 i f ( RBranch >0 ) {
14 f o r ( j i n ( i +LBranch +1 ) : ( i +TBranch −1 ) ) {
15 v [ [ j ] ] = c ( v [ [ j ] ] , 1 )
16 c=v }
17 v=NumBranch1 ( L [ [ 5 ] ] , c , i +LBranch +1 ) }
18 v [ [ i ] ] = c ( v [ [ i ] ] , L [ [ 1 ] ] )
19 r e t u r n ( v ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de numéroter les branches de l’arbre (suivant une numérotation pré�xe) et renvoyant une
liste telle que le j-ième éléments de la liste correspond au chemin pour atteindre la j-ième branche suivi
de la taille de la branche.

1 NumBranch= f u n c t i o n ( L ) {
2 c= l i s t ( )
3 c [ [ NbBranche ( L ) +1] ]=2
4 v=NumBranch1 ( L , c , 1 )
5 vv= l i s t ( )
6 f o r ( i i n 1 : NbBranche ( L ) ) {
7 vv [ [ i ] ] = v [ [ i ] ] }
8 r e t u r n ( vv ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre
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h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

renvoyant la liste dé�nissant le sous arbre au bout du chemin ch.
1 I s F e u i l l e 1 = f u n c t i o n ( L , ch , i ) {
2 L f e u i l l e =L
3 i f ( l e n g t h ( ch ) >1) {
4 i f ( i < l e n g t h ( ch ) ) {
5 i f ( ch [ i ] = = 1 ) {
6 L f e u i l l e = I s F e u i l l e 1 ( L [ [ 5 ] ] , ch , i +1 ) }
7 e l s e {
8 L f e u i l l e = I s F e u i l l e 1 ( L [ [ 4 ] ] , ch , i +1 ) } } }
9 r e t u r n ( L f e u i l l e ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

renvoyant TRUE si la branche au bout du chemin porte une feuille.
1 I s F e u i l l e = f u n c t i o n ( L , ch , i ) {
2 ssArb = I s F e u i l l e 1 ( L , ch , i )
3 i f ( l e n g t h ( ssArb [ [ 4 ] ] ) ==0 & l e n g t h ( ssArb [ [ 5 ] ] ) ==0) {
4 i s F =TRUE }
5 e l s e {
6 i s F =FALSE }
7 r e t u r n ( i s F ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant un vecteur de longueur NbBranche(L) telle que la j-ième coordonnée vaut 1 si la j-ième
branche porte une feuille, 0 sinon.

1 NumFeui l l e1 = f u n c t i o n ( L ) {
2 v=NumBranch ( L )
3 I =c ( 1 : l e n g t h ( v ) )
4 f o r ( i i n 1 : l e n g t h ( v ) ) {
5 vv= I s F e u i l l e ( L , v [ [ i ] ] , 1 )
6 I [ i ]= vv [ [ 1 ] ] }
7 r e t u r n ( I ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de numéroter les feuilles de l’arbre (de gauche à droite) et renvoyant une liste telle que le
j-ième éléments de la liste correspond au chemin pour atteindre la j-ième feuille suivi de la taille de la
branche portant cette feuille.
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1 NumFeui l l e = f u n c t i o n ( L ) {
2 v=NumBranch ( L )
3 I = NumFeui l l e1 ( L )
4 f = l i s t ( )
5 c p t =1
6 f o r ( i i n 1 : l e n g t h ( v ) ) {
7 i f ( I [ i ] = = 1 ) {
8 f [ [ c p t ] ] = v [ [ i ] ]
9 c p t = c p t +1 } }

10 r e t u r n ( f ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de numéroter les branches de l’arbre (suivant une numérotation pré�xe) et renvoyant une
liste telle que le j-ième éléments de la liste correspond à la taille de la branche.

1 S i z e B r a n c h = f u n c t i o n ( L ) {
2 s = l i s t ( )
3 v=NumBranch ( L )
4 f o r ( i i n 1 : l e n g t h ( v ) ) {
5 s [ [ i ] ] = v [ [ i ] ] [ l e n g t h ( v [ [ i ] ] ) ] }
6 r e t u r n ( s ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de numéroter les feuilles de l’arbre (de gauche à droite) et renvoyant une liste telle que le
j-ième éléments de la liste correspond à la taille de la branche portant cette feuille.

1 S i z e F e u i l l e = f u n c t i o n ( L ) {
2 s = l i s t ( )
3 v= NumFeui l l e ( L )
4 f o r ( i i n 1 : l e n g t h ( v ) ) {
5 s [ [ i ] ] = v [ [ i ] ] [ l e n g t h ( v [ [ i ] ] ) ] }
6 r e t u r n ( s ) }

5 - Transform a Tree

5.1 - Choose Randomly a Leaf or a Branch

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

permettant de tirer une feuille uniformément au hasard et renvoyant une liste de taille 2 contenant :
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1. le chemin à suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste dé�nissant un arbre).

1 RandomLeaf= f u n c t i o n ( L , ch ) {
2 RandL= l i s t ( )
3 RandL [ [ 1 ] ] = ch
4 RandL [ [ 2 ] ] = L
5 i f ( l e n g t h ( L [ [ 4 ] ] ) >0 | l e n g t h ( L [ [ 5 ] ] ) >0) {
6 TLeaf =NbExt ( L )
7 RLeaf =NbExt ( L [ [ 5 ] ] )
8 Rp= RLeaf / TLeaf
9 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Rp )

10 ch=c ( ch , p )
11 i f ( p ==1) {
12 RandL=RandomLeaf ( L [ [ 5 ] ] , ch ) }
13 e l s e {
14 RandL=RandomLeaf ( L [ [ 4 ] ] , ch ) } }
15 r e t u r n ( RandL ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

permettant de tirer une extrémité libre uniformément au hasard et renvoyant une liste de taille 2 con-
tenant :

1. le chemin à suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste dé�nissant un arbre).

1 RandomLeafLibre = f u n c t i o n ( L , ch ) {
2 RandL= l i s t ( )
3 RandL [ [ 1 ] ] = ch
4 RandL [ [ 2 ] ] = L
5 i f ( l e n g t h ( L [ [ 4 ] ] ) >0 | l e n g t h ( L [ [ 5 ] ] ) >0) {
6 TLeaf = NbExtL ib re ( L )
7 RLeaf = NbExtL ib re ( L [ [ 5 ] ] )
8 Rp= RLeaf / TLeaf
9 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Rp )

10 ch=c ( ch , p )
11 i f ( p ==1) {
12 RandL= RandomLeafLibre ( L [ [ 5 ] ] , ch ) }
13 e l s e {
14 RandL= RandomLeafLibre ( L [ [ 4 ] ] , ch ) } }
15 r e t u r n ( RandL ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

permettant de tirer une extrémité libre dont la branche n’est pas de taille nulle uniformément au hasard
et renvoyant une liste de taille 2 contenant :
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1. le chemin à suivre pour atteindre la feuille choisie,

2. les informations de la branche portant la feuille choisie (liste dé�nissant un arbre).

1 RandomLeafLibreNonNul le = f u n c t i o n ( L , ch ) {
2 l = RandomLeafLibre ( L , c ( ) )
3 s = S i z e F e u i l l e ( L )
4 sums=0
5 f o r ( i i n ( 1 : l e n g t h ( s ) ) ) {
6 sums=sums+ s [ [ i ] ] }
7 i f ( sums == 0 ) {
8 r e t u r n ( l ) }
9 e l s e {

10 whi l e ( l [ [ 2 ] ] [ [ 1 ] ] = = 0 ) {
11 l = RandomLeafLibre ( L , c ( ) ) }
12 r e t u r n ( l ) } }

5.2 - Elongation

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

permettant d’allonger l’extrémité ciblée par le chemin et renvoyant la liste L modi�ée.
1 E l o n g a t i o n 1 = f u n c t i o n ( L , ch , i ) {
2 LElong=L
3 i f ( l e n g t h ( ch ) >0) {
4 i f ( i < l e n g t h ( ch ) ) {
5 i f ( ch [ i ] = = 1 ) {
6 LElong [ [ 5 ] ] = E l o n g a t i o n 1 ( L [ [ 5 ] ] , ch , i +1 ) }
7 e l s e {
8 LElong [ [ 4 ] ] = E l o n g a t i o n 1 ( L [ [ 4 ] ] , ch , i +1 ) } }
9 e l s e {

10 i f ( ch [ i ] = = 1 ) {
11 LElong [ [ 5 ] ] [ [ 1 ] ] = LElong [ [ 5 ] ] [ [ 1 ] ] + 1 }
12 e l s e {
13 LElong [ [ 4 ] ] [ [ 1 ] ] = LElong [ [ 4 ] ] [ [ 1 ] ] + 1 } } }
14 e l s e {
15 LElong [ [ 1 ] ] = L [ [ 1 ] ] + 1 }
16 r e t u r n ( LElong ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant d’allonger une extrémité choisie uniformément au hasard et renvoyant la liste L modi�ée.
1 E l o n g a t i o n = f u n c t i o n ( L ) {
2 l =RandomLeaf ( L , c ( ) )
3 EL= E l o n g a t i o n 1 ( L , l [ [ 1 ] ] , 1 )
4 r e t u r n ( EL ) }
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Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant d’allonger une extrémité libre choisie uniformément au hasard et renvoyant la liste L mod-
i�ée.

1 E l o n g a t i o n L i b r e = f u n c t i o n ( L ) {
2 l = RandomLeafLibre ( L , c ( ) )
3 EL= E l o n g a t i o n 1 ( L , l [ [ 1 ] ] , 1 )
4 r e t u r n ( EL ) }

5.3 - Branching

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

h l : un entier dé�nissant une position sur la branche

permettant d’ajouter un branchement sur le l-ième monomère de la branche ciblée par le chemin et
renvoyant la liste L modi�ée.

1 Branchement1= f u n c t i o n ( L , ch , i , l ) {
2 LBranch=L
3 i f ( l e n g t h ( ch [ [ 1 ] ] ) >1) {
4 i f ( i < l e n g t h ( ch [ [ 1 ] ] ) −1) {
5 i f ( ch [ [ 1 ] ] [ i ] = = 1 ) {
6 LBranch [ [ 5 ] ] = Branchement1 ( L [ [ 5 ] ] , ch , i +1 , l ) }
7 e l s e {
8 LBranch [ [ 4 ] ] = Branchement1 ( L [ [ 4 ] ] , ch , i +1 , l ) } }
9 e l s e {

10 i f ( ch [ [ 1 ] ] [ i ] = = 1 ) {
11 LBranch [ [ 5 ] ] [ [ 1 ] ] = l
12 LBranch [ [ 5 ] ] [ [ 2 ] ] = 0
13 LBranch [ [ 5 ] ] [ [ 4 ] ] = L [ [ 5 ] ]
14 LBranch [ [ 5 ] ] [ [ 4 ] ] [ [ 1 ] ] = L [ [ 5 ] ] [ [ 1 ] ] − l
15 LBranch [ [ 5 ] ] [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) }
16 e l s e {
17 LBranch [ [ 4 ] ] [ [ 1 ] ] = l
18 LBranch [ [ 4 ] ] [ [ 2 ] ] = 0
19 LBranch [ [ 4 ] ] [ [ 4 ] ] = L [ [ 4 ] ]
20 LBranch [ [ 4 ] ] [ [ 4 ] ] [ [ 1 ] ] = L [ [ 4 ] ] [ [ 1 ] ] − l
21 LBranch [ [ 4 ] ] [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) } } }
22 e l s e {
23 LBranch [ [ 1 ] ] = l
24 LBranch [ [ 4 ] ] = L
25 LBranch [ [ 4 ] ] [ [ 1 ] ] = L [ [ 1 ] ] − l
26 LBranch [ [ 2 ] ] = 0
27 LBranch [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) }
28 r e t u r n ( LBranch ) }
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Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

h l : un entier correspondant à la longueur de la branche portant la feuille

permettant d’ajouter un branchement à la feuille ciblée par le chemin et renvoyant la liste L modi�ée.
1 BranchementF1= f u n c t i o n ( L , ch , i , l ) {
2 LBranch=L
3 i f ( l e n g t h ( ch ) >1) {
4 i f ( i < l e n g t h ( ch ) ) {
5 i f ( ch [ i ] = = 1 ) {
6 LBranch [ [ 5 ] ] = BranchementF1 ( L [ [ 5 ] ] , ch , i +1 , l ) }
7 e l s e {
8 LBranch [ [ 4 ] ] = BranchementF1 ( L [ [ 4 ] ] , ch , i +1 , l ) } }
9 e l s e {

10 i f ( ch [ i ] = = 1 ) {
11 LBranch [ [ 5 ] ] [ [ 1 ] ] = l
12 LBranch [ [ 5 ] ] [ [ 2 ] ] = 0
13 LBranch [ [ 5 ] ] [ [ 4 ] ] = L [ [ 5 ] ]
14 LBranch [ [ 5 ] ] [ [ 4 ] ] [ [ 1 ] ] = L [ [ 5 ] ] [ [ 1 ] ] − l
15 LBranch [ [ 5 ] ] [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) }
16 e l s e {
17 LBranch [ [ 4 ] ] [ [ 1 ] ] = l
18 LBranch [ [ 4 ] ] [ [ 2 ] ] = 0
19 LBranch [ [ 4 ] ] [ [ 4 ] ] = L [ [ 4 ] ]
20 LBranch [ [ 4 ] ] [ [ 4 ] ] [ [ 1 ] ] = L [ [ 4 ] ] [ [ 1 ] ] − l
21 LBranch [ [ 4 ] ] [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) } } }
22 e l s e {
23 LBranch [ [ 1 ] ] = l
24 LBranch [ [ 4 ] ] = L
25 LBranch [ [ 4 ] ] [ [ 1 ] ] = L [ [ 1 ] ] − l
26 LBranch [ [ 2 ] ] = 0
27 LBranch [ [ 5 ] ] = l i s t ( 0 , 1 , 0 , l i s t ( ) , l i s t ( ) ) }
28 r e t u r n ( LBranch ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant d’ajouter un branchement sur une branche et à une position choisie uniformément au hasard
(n’importe où dans l’arbre) et renvoyant la liste L modi�ée.

1 Branchement= f u n c t i o n ( L ) {
2 v=NumBranch ( L )
3 s = S i z e B r a n c h ( L )
4 des =0
5 i f ( l e n g t h ( s ) >1) {
6 t o t =0
7 snon1= s [ ( s >1 ) ]
8 i f ( l e n g t h ( snon1 ) >0) {
9 f o r ( i i n 1 : l e n g t h ( snon1 ) ) {

10 t o t = t o t +snon1 [ [ i ] ] [ 1 ] }
11 i =1
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12 whi l e ( s [ [ i ] ] = = 1 ) {
13 i = i +1 }
14 sp= s [ [ i ] ]
15 p= r u n i f ( 1 , 0 , 1 )
16 des = i ∗ ( p < ( sp / t o t ) )
17 i f ( des == 0 ) {
18 f o r ( j i n ( i +1 ) : NbBranche ( L ) ) {
19 i f ( s [ [ j ] ] ! = 1 ) {
20 des = des + j ∗ ( sp / t o t <=p & p <( sp+ s [ [ j ] ] ) / t o t )
21 sp=sp+ s [ [ j ] ] } } }
22 cheminb=v [ des ] }
23 e l s e {
24 vv= NumFeui l l e ( L )
25 s s = S i z e F e u i l l e ( L )
26 t t =0
27 f o r ( i i n 1 : l e n g t h ( s s ) ) {
28 t t = t t + s s [ [ i ] ] }
29 s sp = s s [ [ 1 ] ]
30 p= r u n i f ( 1 , 0 , 1 )
31 des =1 ∗ ( p < ( s sp / t t ) )
32 i f ( l e n g t h ( s s ) >1) {
33 f o r ( i i n 2 : NbExt ( L ) ) {
34 des = des + i ∗ ( s sp / t t <=p & p <( s sp + s s [ [ i ] ] ) / t t )
35 s s p = ss p + s s [ [ i ] ] } }
36 cheminb=vv [ des ] } }
37 e l s e {
38 cheminb=v [ 1 ] }
39 lmax=cheminb [ [ 1 ] ] [ l e n g t h ( cheminb [ [ 1 ] ] ) ]
40 i f ( lmax ==2 | lmax ==1) {
41 l =1 }
42 e l s e {
43 l = f l o o r ( ( lmax −2 ) ∗ r u n i f ( 1 , 0 , 1 ) +2 ) }
44 LB=Branchement1 ( L , cheminb , 1 , l )
45 r e t u r n ( LB ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant d’ajouter un branchement à une feuille choisie uniformément au hasard et renvoyant la
liste L modi�ée.

1 B r a n c h e m e n t F e u i l l e = f u n c t i o n ( L ) {
2 l =RandomLeaf ( L , c ( ) )
3 cheminb= l [ [ 1 ] ]
4 l ong = l [ [ 2 ] ] [ [ 1 ] ]
5 LB=BranchementF1 ( L , cheminb , 1 , long )
6 r e t u r n ( LB ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant d’ajouter un branchement à une feuille choisie au hasard suivant une loi (non uniforme)
selon laquelle plus une branche est longue, plus elle a de chance d’être choisie et renvoyant la liste L
modi�ée.
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1 B r a n c h e m e n t F e u i l l e N o n U n i f = f u n c t i o n ( L ) {
2 v= NumFeui l l e ( L )
3 s = S i z e F e u i l l e ( L )
4 i f ( l e n g t h ( s ) >1) {
5 t =0
6 f o r ( i i n 1 : l e n g t h ( s ) ) {
7 t = t + s [ [ i ] ] }
8 i f ( t >0 ) {
9 sp= s [ [ 1 ] ]

10 p= r u n i f ( 1 , 0 , 1 )
11 des =1 ∗ ( p < ( sp / t ) )
12 i f ( l e n g t h ( s ) >1) {
13 f o r ( i i n 2 : l e n g t h ( s ) ) {
14 des = des + i ∗ ( sp / t <=p & p <( sp+ s [ [ i ] ] ) / t )
15 sp=sp+ s [ [ i ] ] } }
16 cheminb=v [ des ] }
17 e l s e {
18 l =RandomLeaf ( L , c ( ) )
19 l [ [ 1 ] ] = c ( l [ [ 1 ] ] , 0 )
20 cheminb= l [ 1 ] } }
21 e l s e {
22 cheminb=v [ 1 ] }
23 lmax=cheminb [ [ 1 ] ] [ l e n g t h ( cheminb [ [ 1 ] ] ) ]
24 LB=Branchement1 ( L , cheminb , 1 , lmax )
25 r e t u r n ( LB ) }

5.4 - Fragmentation

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

h l : un entier dé�nissant une position sur la branche

permettant de fragmenter l’arbre sur le l-ième monomère de la branche ciblée par le chemin et renvoy-
ant la liste L modi�ée.

1 Frag1 = f u n c t i o n ( L , ch , i , l ) {
2 LFrag =L
3 i f ( l e n g t h ( ch [ [ 1 ] ] ) >1) {
4 i f ( i < l e n g t h ( ch [ [ 1 ] ] ) −1) {
5 i f ( ch [ [ 1 ] ] [ i ] = = 1 ) {
6 LFrag [ [ 5 ] ] = Frag1 ( L [ [ 5 ] ] , ch , i +1 , l ) }
7 e l s e {
8 LFrag [ [ 4 ] ] = Frag1 ( L [ [ 4 ] ] , ch , i +1 , l ) } }
9 e l s e {

10 i f ( ch [ [ 1 ] ] [ i ] = = 1 ) {
11 LFrag [ [ 5 ] ] [ [ 1 ] ] = l
12 LFrag [ [ 5 ] ] [ [ 3 ] ] = L [ [ 5 ] ] [ [ 3 ] ]
13 i f ( LFrag [ [ 5 ] ] [ [ 3 ] ] = = 1 ) {
14 LFrag [ [ 5 ] ] [ [ 2 ] ] = 2 }
15 e l s e {
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16 LFrag [ [ 5 ] ] [ [ 2 ] ] = 1 }
17 LFrag [ [ 5 ] ] [ [ 4 ] ] = l i s t ( )
18 LFrag [ [ 5 ] ] [ [ 5 ] ] = l i s t ( ) }
19 e l s e {
20 LFrag [ [ 4 ] ] [ [ 1 ] ] = l
21 LFrag [ [ 4 ] ] [ [ 3 ] ] = L [ [ 4 ] ] [ [ 3 ] ]
22 i f ( LFrag [ [ 4 ] ] [ [ 3 ] ] = = 1 ) {
23 LFrag [ [ 4 ] ] [ [ 2 ] ] = 2 }
24 e l s e {
25 LFrag [ [ 4 ] ] [ [ 2 ] ] = 1 }
26 LFrag [ [ 4 ] ] [ [ 4 ] ] = l i s t ( )
27 LFrag [ [ 4 ] ] [ [ 5 ] ] = l i s t ( ) } } }
28 e l s e {
29 LFrag = l i s t ( l , 2 , 1 , l i s t ( ) , l i s t ( ) ) }
30 r e t u r n ( LFrag ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

h l : un entier correspondant à la longueur de la branche portant la feuille

permettant de faire tomber la feuille ciblée par le chemin et renvoyant la liste L modi�ée.
1 FragF1 = f u n c t i o n ( L , ch , i , l ) {
2 LFrag =L
3 i f ( l e n g t h ( ch ) >1) {
4 i f ( i < l e n g t h ( ch ) ) {
5 i f ( ch [ i ] = = 1 ) {
6 LFrag [ [ 5 ] ] = FragF1 ( L [ [ 5 ] ] , ch , i +1 , l ) }
7 e l s e {
8 LFrag [ [ 4 ] ] = FragF1 ( L [ [ 4 ] ] , ch , i +1 , l ) } }
9 e l s e {

10 i f ( ch [ i ] = = 1 ) {
11 LFrag [ [ 5 ] ] [ [ 1 ] ] = l
12 LFrag [ [ 5 ] ] [ [ 3 ] ] = L [ [ 5 ] ] [ [ 3 ] ]
13 i f ( LFrag [ [ 5 ] ] [ [ 3 ] ] = = 1 ) {
14 LFrag [ [ 5 ] ] [ [ 2 ] ] = 2 }
15 e l s e {
16 LFrag [ [ 5 ] ] [ [ 2 ] ] = 1 }
17 LFrag [ [ 5 ] ] [ [ 4 ] ] = l i s t ( )
18 LFrag [ [ 5 ] ] [ [ 5 ] ] = l i s t ( ) }
19 e l s e {
20 LFrag [ [ 4 ] ] [ [ 1 ] ] = l
21 LFrag [ [ 4 ] ] [ [ 3 ] ] = L [ [ 4 ] ] [ [ 3 ] ]
22 i f ( LFrag [ [ 4 ] ] [ [ 3 ] ] = = 1 ) {
23 LFrag [ [ 4 ] ] [ [ 2 ] ] = 2 }
24 e l s e {
25 LFrag [ [ 4 ] ] [ [ 2 ] ] = 1 }
26 LFrag [ [ 4 ] ] [ [ 4 ] ] = l i s t ( )
27 LFrag [ [ 4 ] ] [ [ 5 ] ] = l i s t ( ) } } }
28 e l s e {
29 LFrag = l i s t ( l , 2 , 1 , l i s t ( ) , l i s t ( ) ) }
30 r e t u r n ( LFrag ) }
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Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de fragmenter l’arbre sur une branche et à une position choisie uniformément au hasard
(n’importe où dans l’arbre) et renvoyant la liste L modi�ée.

1 F r a g m e n t a t i o n = f u n c t i o n ( L ) {
2 v=NumBranch ( L )
3 s = S i z e B r a n c h ( L )
4 i f ( l e n g t h ( s ) >1) {
5 t = T a i l l e F i l ( L )
6 sp= s [ [ 1 ] ]
7 p= r u n i f ( 1 , 0 , 1 )
8 des =1 ∗ ( p < ( sp / t ) )
9 i f ( l e n g t h ( s ) >1) {

10 f o r ( i i n 2 : NbBranche ( L ) ) {
11 des = des + i ∗ ( sp / t <=p & p <( sp+ s [ [ i ] ] ) / t )
12 sp=sp+ s [ [ i ] ] } } }
13 e l s e {
14 des =1 }
15 cheminf =v [ des ]
16 lmax= cheminf [ [ 1 ] ] [ l e n g t h ( cheminf [ [ 1 ] ] ) ]
17 l = f l o o r ( lmax ∗ r u n i f ( 1 , 0 , 1 ) +1 )
18 LF= Frag1 ( L , cheminf , 1 , l )
19 r e t u r n ( LF ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de faire tomber une feuille choisie uniformément au hasard et renvoyant la liste L modi�ée.
1 F r a g m e n t a t i o n F e u i l l e = f u n c t i o n ( L ) {
2 l =RandomLeaf ( L , c ( ) )
3 cheminf = l [ [ 1 ] ]
4 LF= FragF1 ( L , cheminf , 1 , 0 )
5 r e t u r n ( LF ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

Permettant de faire tomber une feuille choisie au hasard suivant une loi (non uniforme) selon laquelle
plus une branche est longue, plus elle a de chance d’être choisie et renvoyant la liste L modi�ée.

1 F r a g m e n t a t i o n F e u i l l e N o n U n i f = f u n c t i o n ( L ) {
2 v= NumFeui l l e ( L )
3 s = S i z e F e u i l l e ( L )
4 i f ( l e n g t h ( s ) >1) {
5 t =0
6 f o r ( i i n 1 : l e n g t h ( s ) ) {
7 t = t + s [ [ i ] ] }
8 i f ( t >0 ) {
9 sp= s [ [ 1 ] ]

10 p= r u n i f ( 1 , 0 , 1 )
11 des =1 ∗ ( p < ( sp / t ) )
12 i f ( l e n g t h ( s ) >1) {
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13 f o r ( i i n 2 : l e n g t h ( s ) ) {
14 des = des + i ∗ ( sp / t <=p & p <( sp+ s [ [ i ] ] ) / t )
15 sp=sp+ s [ [ i ] ] } }
16 cheminf =v [ des ] }
17 e l s e {
18 l =RandomLeaf ( L , c ( ) )
19 l [ [ 1 ] ] = c ( l [ [ 1 ] ] , 0 )
20 cheminf = l [ 1 ] } }
21 e l s e {
22 cheminf =v [ 1 ] }
23 LF= Frag1 ( L , cheminf , 1 , 0 )
24 r e t u r n ( LF ) }

5.5 - Capping

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

h ch : un vecteur de 0 et de 1 dé�nissant un chemin (0=gauche, 1=droite)

h i : un entier �xant une position sur le chemin ch

permettant de capper l’extrémité ciblée par le chemin et renvoyant la liste L modi�ée.
1 Capping1= f u n c t i o n ( L , ch , i ) {
2 LCap=L
3 i f ( l e n g t h ( ch ) >0) {
4 i f ( i < l e n g t h ( ch ) ) {
5 i f ( ch [ i ] = = 1 ) {
6 LCap [ [ 5 ] ] = Capping1 ( L [ [ 5 ] ] , ch , i +1 ) }
7 e l s e {
8 LCap [ [ 4 ] ] = Capping1 ( L [ [ 4 ] ] , ch , i +1 ) } }
9 e l s e {

10 i f ( ch [ i ] = = 1 ) {
11 LCap [ [ 5 ] ] [ [ 2 ] ] = 0 }
12 e l s e {
13 LCap [ [ 4 ] ] [ [ 2 ] ] = 0 } } }
14 e l s e {
15 LCap [ [ 2 ] ] = 0 }
16 r e t u r n ( LCap ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de capper une extrémité choisie uniformément au hasard et renvoyant la liste L modi�ée.
1 Capping= f u n c t i o n ( L ) {
2 l = RandomLeafLibre ( L , c ( ) )
3 EL=Capping1 ( L , l [ [ 1 ] ] , 1 )
4 r e t u r n ( EL ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre
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permettant de capper une extrémité choisie uniformément au hasard parmi les extrémités dont la
branche n’est pas de taille nulle et renvoyant la liste L modi�ée.

1 CappingNonNulle= f u n c t i o n ( L ) {
2 l = RandomLeafLibreNonNul le ( L , c ( ) )
3 EL=Capping1 ( L , l [ [ 1 ] ] , 1 )
4 r e t u r n ( EL ) }

5.6 - Actin Dynamics

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h N : paramètre d’échelle

permettant de faire évoluer l’arbre selon le modèle du chapitre II et renvoyant la liste A0 modi�ée.
1 E v o l u t i o n L i s t e F a c i l e = f u n c t i o n ( t0 , A0 , lambda _ p lus , be ta , a , N) {
2 eve n t =0
3 whi l e ( eve n t ==0) {
4 Taux_ E l o n g a t i o n =lambda _ p l u s ∗N∗ NbExt ( A0 )
5 Taux_ Bind ing = b e t a ∗N∗ NbExt ( A0 )
6

7 Taux_ t o t a l =Taux_ E l o n g a t i o n +Taux_ B ind ing
8

9 des2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) < = 0 . 5 )
10

11 i f ( des2 ==1) {
12 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ E l o n g a t i o n / Taux_ t o t a l )
13 i f ( p ==1) {
14 A1= E l o n g a t i o n ( A0 )
15 eve n t =1 } }
16 e l s e {
17 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ B ind ing / Taux_ t o t a l )
18 i f ( p ==1) {
19 p2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) <= (0 . 5+ a /N) )
20 i f ( p2 ==1) {
21 A1= B r a n c h e m e n t F e u i l l e ( A0 ) }
22 e l s e {
23 A1= F r a g m e n t a t i o n F e u i l l e ( A0 ) }
24 eve n t =1 } } }
25 t 1 = t 0 + rexp ( 1 , Taux_ t o t a l )
26 L1= l i s t ( t1 , A1 )
27 r e t u r n ( L1 ) }

Fonction R prenant en arguments :

h t0 : le temps initial
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h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

permettant de faire évoluer l’arbre selon le modèle du chapitre II, prenant en compte les protéines de
coi�e et renvoyant la liste A0 modi�ée.

1 E v o l u t i o n L i s t e F a c i l e C a p p i n g = f u n c t i o n ( t0 , A0 , lambda _ p lus , be ta , a , phiCap , N) {
2 eve n t =0
3 whi l e ( eve n t ==0) {
4 Taux_ E l o n g a t i o n =lambda _ p l u s ∗N∗ NbExtL ib re ( A0 )
5 Taux_ Bind ing = b e t a ∗N∗ NbExt ( A0 )
6 Taux_ Capping=phiCap ∗N∗ NbExtL ib re ( A0 )
7

8 Taux_ t o t a l =Taux_ E l o n g a t i o n +Taux_ B ind ing +Taux_ Capping
9

10 des3 = f l o o r ( 3 ∗ r u n i f ( 1 , 0 , 1 ) +1 )
11

12 i f ( des3 ==1) {
13 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ E l o n g a t i o n / Taux_ t o t a l )
14 i f ( p ==1) {
15 A1= E l o n g a t i o n L i b r e ( A0 )
16 even t =1 } }
17 e l s e {
18 i f ( des3 ==2) {
19 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ B ind ing / Taux_ t o t a l )
20 i f ( p ==1) {
21 p2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) <= (0 . 5+ a /N) )
22 i f ( p2 ==1) {
23 A1= B r a n c h e m e n t F e u i l l e ( A0 ) }
24 e l s e {
25 A1= F r a g m e n t a t i o n F e u i l l e ( A0 ) }
26 even t =1 } }
27 e l s e {
28 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ Capping / Taux_ t o t a l )
29 i f ( p ==1) {
30 A1=Capping ( A0 )
31 even t =1 } } } }
32 t 1 = t 0 + rexp ( 1 , Taux_ t o t a l )
33 L1= l i s t ( t1 , A1 )
34 r e t u r n ( L1 ) }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)
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h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

permettant de faire évoluer l’arbre selon le modèle du chapitre II, prenant en compte les protéines de
coi�e, considérant que celles-ci se �xent uniquement sur les extrémités dont la branche n’est pas de
taille nulle et renvoyant la liste A0 modi�ée.

1 E v o l u t i o n L i s t e F a c i l e C a p p i n g N o n N u l l e = f u n c t i o n ( t0 , A0 , lambda _ p lus , be ta , a ,
2 phiCap , N) {
3 eve n t =0
4 whi l e ( eve n t ==0) {
5 Taux_ E l o n g a t i o n =lambda _ p l u s ∗N∗ NbExtL ib re ( A0 )
6 Taux_ Bind ing = b e t a ∗N∗ NbExt ( A0 )
7 Taux_ Capping=phiCap ∗N∗ NbExtL ibreNonNul le ( A0 )
8

9 Taux_ t o t a l =Taux_ E l o n g a t i o n +Taux_ B ind ing +Taux_ Capping
10

11 des3 = f l o o r ( 3 ∗ r u n i f ( 1 , 0 , 1 ) +1 )
12

13 i f ( des3 ==1) {
14 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ E l o n g a t i o n / Taux_ t o t a l )
15 i f ( p ==1) {
16 A1= E l o n g a t i o n L i b r e ( A0 )
17 eve n t =1 } }
18 e l s e {
19 i f ( des3 ==2) {
20 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ B ind ing / Taux_ t o t a l )
21 i f ( p ==1) {
22 p2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) <= (0 . 5+ a /N) )
23 i f ( p2 ==1) {
24 A1= B r a n c h e m e n t F e u i l l e ( A0 ) }
25 e l s e {
26 A1= F r a g m e n t a t i o n F e u i l l e ( A0 ) }
27 eve n t =1 } }
28 e l s e {
29 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ Capping / Taux_ t o t a l )
30 i f ( p ==1) {
31 A1=CappingNonNulle ( A0 )
32 eve n t =1 } } } }
33 t 1 = t 0 + rexp ( 1 , Taux_ t o t a l )
34 L1= l i s t ( t1 , A1 )
35 r e t u r n ( L1 ) }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e
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h N : paramètre d’échelle

permettant de faire évoluer l’arbre selon le modèle du chapitre II, prenant en compte les protéines
de coi�e, choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation de
manière non uniforme et renvoyant la liste A0 modi�ée.

1 E v o l u t i o n L i s t e F a c i l e C a p p i n g N o n U n i f = f u n c t i o n ( t0 , A0 , lambda _ p lus , be ta , a ,
2 phiCap , N) {
3 eve n t =0
4 whi l e ( eve n t ==0) {
5 Taux_ E l o n g a t i o n =lambda _ p l u s ∗N∗ NbExtL ib re ( A0 )
6 Taux_ Bind ing = b e t a ∗N∗ NbExt ( A0 )
7 Taux_ Capping=phiCap ∗N∗ NbExtL ib re ( A0 )
8

9 Taux_ t o t a l =Taux_ E l o n g a t i o n +Taux_ B ind ing +Taux_ Capping
10

11 des3 = f l o o r ( 3 ∗ r u n i f ( 1 , 0 , 1 ) +1 )
12

13 i f ( des3 ==1) {
14 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ E l o n g a t i o n / Taux_ t o t a l )
15 i f ( p ==1) {
16 A1= E l o n g a t i o n L i b r e ( A0 )
17 even t =1 } }
18 e l s e {
19 i f ( des3 ==2) {
20 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ B ind ing / Taux_ t o t a l )
21 i f ( p ==1) {
22 p2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) <= (0 . 5+ a /N) )
23 i f ( p2 ==1) {
24 A1= B r a n c h e m e n t F e u i l l e N o n U n i f ( A0 ) }
25 e l s e {
26 A1= F r a g m e n t a t i o n F e u i l l e N o n U n i f ( A0 ) }
27 even t =1 } }
28 e l s e {
29 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ Capping / Taux_ t o t a l )
30 i f ( p ==1) {
31 A1=Capping ( A0 )
32 even t =1 } } } }
33 t 1 = t 0 + rexp ( 1 , Taux_ t o t a l )
34 L1= l i s t ( t1 , A1 )
35 r e t u r n ( L1 ) }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle
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permettant de faire évoluer l’arbre selon le modèle du chapitre II, prenant en compte les protéines de
coi�e, autorisant les branchements et les fragmentations sur toutes les branches de l’arbre, choisissant
la branche sur laquelle va avoir lieu un branchement ou une fragmentation de manière non uniforme
et renvoyant la liste A0 modi�ée.

1 E v o l u t i o n L i s t e C a p p i n g = f u n c t i o n ( t0 , A0 , lambda _ p lus , be ta , a , phiCap , N) {
2 eve n t =0
3 whi l e ( eve n t ==0) {
4 Taux_ E l o n g a t i o n =lambda _ p l u s ∗N∗ NbExtL ib re ( A0 )
5 Taux_ Bind ing = b e t a ∗N∗ ( T a i l l e F i l ( A0 ) −NbBranchement ( A0 ) )
6 Taux_ Capping=phiCap ∗N∗ NbExtL ib re ( A0 )
7

8 Taux_ t o t a l =Taux_ E l o n g a t i o n +Taux_ B ind ing +Taux_ Capping
9

10 des3 = f l o o r ( 3 ∗ r u n i f ( 1 , 0 , 1 ) +1 )
11

12 i f ( des3 ==1) {
13 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ E l o n g a t i o n / Taux_ t o t a l )
14 i f ( p ==1) {
15 A1= E l o n g a t i o n L i b r e ( A0 )
16 eve n t =1 } }
17 e l s e {
18 i f ( des3 ==2) {
19 i f ( Taux_ B ind ing ==Taux_ t o t a l ) {
20 p=1 }
21 e l s e {
22 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ B ind ing / Taux_ t o t a l ) }
23 i f ( p ==1) {
24 p2 =1 ∗ ( r u n i f ( 1 , 0 , 1 ) <= (0 . 5+ a /N) )
25 i f ( p2 ==1) {
26 A1=Branchement ( A0 ) }
27 e l s e {
28 A1= F r a g m e n t a t i o n ( A0 ) }
29 eve n t =1 } }
30 e l s e {
31 p=1 ∗ ( r u n i f ( 1 , 0 , 1 ) <=Taux_ Capping / Taux_ t o t a l )
32 i f ( p ==1) {
33 A1=Capping ( A0 )
34 eve n t =1 } } } }
35 t 1 = t 0 + rexp ( 1 , Taux_ t o t a l )
36 L1= l i s t ( t1 , A1 )
37 r e t u r n ( L1 ) }

6 - Plot Results

6.1 - High Function

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant la fonction hauteur de l’arbre L sous forme d’un vecteur.
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1 HauteurGene= f u n c t i o n ( L ) {
2 v=NumBranch ( L )
3 Hg= m a t r i x ( 0 , 1 , l e n g t h ( v ) )
4 f o r ( i i n 1 : l e n g t h ( v ) ) {
5 Hg[ i ]= l e n g t h ( v [ [ i ] ] ) −1 }
6 r e t u r n ( Hg ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

renvoyant un vecteur de couleurs permettant de colorier automatiquement la fonction hauteur de la
même manière que l’arbre.

1 ColorHg= f u n c t i o n ( L ) {
2 Hg=HauteurGene ( L )
3 c o l o r = m a t r i x ( 0 , 1 , l e n g t h ( Hg ) )
4 c o l o r [ 1 ] = 1
5 i =2
6 whi l e ( i < l e n g t h ( Hg ) +1 ) {
7 i f ( Hg[ i ]==Hg[ i − 1 ] ) {
8 c o l o r [ i ]= c o l o r [ i −1]+1
9 i = i +1 }

10 e l s e i f ( Hg[ i −1] >Hg[ i ] ) {
11 j = i −1
12 whi l e ( Hg[ i ] ! = Hg[ j ] ) {
13 j = j −1 }
14 c o l o r [ i ]= c o l o r [ j ]+1
15 i = i +1 }
16 e l s e {
17 whi l e ( Hg[ i −1] <Hg[ i ] ) {
18 c o l o r [ i ]= c o l o r [ i −1]
19 i = i +1 } } }
20 r e t u r n ( c o l o r ) }

Fonction R prenant en arguments :

h L : une liste dé�nissant un arbre

permettant de tracer la fonction hauteur de l’arbre L avec gestion automatique des couleurs.
1 PlotHg = f u n c t i o n ( L ) {
2 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
3 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
4 p a l e t t e ( c o l o r )
5 Hg=HauteurGene ( L )
6 c o l o r =ColorHg ( L )
7 p l o t ( c ( 0 : ( l e n g t h ( Hg ) −1) ) ,Hg , " l " , c o l o r = ’ b l a c k ’ , main= ’ Depth ’ ,
8 x l a b = ’ Index i ’ , y l a b = ’ Depth o f node i ’ )
9 f o r ( i i n 1 : l e n g t h ( c o l o r ) ) {

10 l i n e s ( c ( i −1 ) , c ( Hg[ i ] ) , c o l = c o l o r [ i ] , ’ p ’ , pch =19 , cex = 0 . 7 + 8 / l e n g t h ( Hg ) ) } }

6.2 - Length of Branches

Fonction R prenant en arguments :
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h L : une liste dé�nissant un arbre

permettant de tracer la taille des branches de l’arbre L avec gestion automatique des couleurs.
1 P l o t S i z e B = f u n c t i o n ( L ) {
2 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
3 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
4 p a l e t t e ( c o l o r )
5 S= S i z e B r a n c h ( L )
6 c o l o r =ColorHg ( L )
7 p l o t ( c ( 0 : ( l e n g t h ( S ) −1) ) , S , " l " , c o l o r = ’ b l a c k ’ ,
8 main= ’ Length i n number o f monomers ’ ,
9 x l a b = ’ Index i ’ , y l a b = ’ Length o f edge i ’ )

10 f o r ( i i n 1 : l e n g t h ( c o l o r ) ) {
11 l i n e s ( c ( i −1 ) , c ( S [ i ] ) , c o l = c o l o r [ i ] , ’ p ’ , pch =19 , cex = 0 . 7 + 8 / l e n g t h ( S ) ) } }

6.3 - Temporal Evolution

Fonction R prenant en arguments :

h Tmax : le temps �nal

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h N : paramètre d’échelle

faisant évoluer l’arbre selon le modèle du chapitre II jusqu’au temps Tmax et permettant de tracer (à
chaque itération) une graphique possédant 6 vignettes représentant : l’arbre, la fonction hauteur, la
taille des branches, le nombre de monomères dans l’arbre, le nombre de branchements de l’arbre et le
nombre d’extrémités. Les graphiques sont automatiquement sauvegardés dans un dossier créé par la
fonction.

1 E v o l u t i o n T e m p s F a c i l e = f u n c t i o n ( Tmax , t0 , A0 , lambda _ p lus , be ta , a , N) {
2 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
3 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
4 p a l e t t e ( c o l o r )
5

6 T=c ( t 0 )
7 Arb0= C r e a t i o n A r b r e C o l o r ( A0 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
8 L=c ( T a i l l e F i l ( A0 ) )
9 B=c ( NbBranchement ( A0 ) )

10 E=c ( NbExt ( A0 ) )
11 e0=E /N
12

13 NumPlot =1
14 d i r . c r e a t e ( ’ Chap2evolut ionPNG ’ )
15 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
16 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
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17 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
18 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
19 P l o t L i s t e S e g C o l o r ( Arb0 )
20 PlotHg ( A0 )
21 P l o t S i z e B ( A0 )
22 p l o t ( T , L , ’ p ’ , main = ’ Number o f monomers i n the polymer ’ , x l a b = ’ Time t ’ ,
23 y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , pch =20 , x l im =c ( 0 , Tmax ) )
24 p l o t ( T , B , ’ p ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
25 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , pch =20 , x l im =c ( 0 , Tmax ) )
26 p l o t ( T , E /N , ’ p ’ , main = ’ S c a l e d number o f e x t r e m i t i e s ’ , x l a b = ’ Time t ’ ,
27 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , pch =20 , x l im =c ( 0 , Tmax ) )
28 par ( mfrow=c ( 1 , 1 ) )
29 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
30 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " , t == p6 ) ,
31 l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 ,
32 o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
33 dev . o f f ( )
34

35 whi l e ( t0 <Tmax ) {
36 L i s t e 1 = E v o l u t i o n L i s t e F a c i l e ( t0 , A0 , lambda _ p lus , be ta , a , N)
37 t 1 = L i s t e 1 [ [ 1 ] ]
38 A1= L i s t e 1 [ [ 2 ] ]
39

40 T=c ( T , t 1 )
41 Arb1= C r e a t i o n A r b r e C o l o r ( A1 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
42 L=c ( L , T a i l l e F i l ( A1 ) )
43 B=c ( B , NbBranchement ( A1 ) )
44 E=c ( E , NbExt ( A1 ) )
45

46 NumPlot=NumPlot +1
47

48 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
49 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
50 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
51 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
52 P l o t L i s t e S e g C o l o r ( Arb1 )
53 PlotHg ( A1 )
54 P l o t S i z e B ( A1 )
55 p l o t ( T , L , ’ l ’ , main = ’ Number o f monomers i n the polymer ’ ,
56 x l a b = ’ Time t ’ , y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
57 p l o t ( T , B , ’ l ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
58 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
59 p l o t ( T , E /N , ’ l ’ , main = ’ S c a l e d number o f f r e e ends ’ , x l a b = ’ Time t ’ ,
60 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
61 par ( mfrow=c ( 1 , 1 ) )
62 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
63 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " , t == p6 ) ,
64 l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 ,
65 o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
66 dev . o f f ( )
67

68 t 0 = t 1
69 A0=A1 } }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital
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h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

faisant évoluer l’arbre selon le modèle du chapitre II jusqu’au temps Tmax, prenant en compte les
protéines de coi�e et permettant de tracer (à chaque itération) une graphique possédant 6 vignettes
représentant : l’arbre, la fonction hauteur, la taille des branches, le nombre de monomères dans l’arbre,
le nombre de branchements de l’arbre et le nombre d’extrémités. Les graphiques sont automatiquement
sauvegardés dans un dossier créé par la fonction.

1 E v o l u t i o n T e m p s F a c i l e C a p p i n g = f u n c t i o n ( Tmax , t0 , A0 , lambda _ p lus , be ta , a ,
2 phiCap , N) {
3 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
4 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
5 p a l e t t e ( c o l o r )
6

7 T=c ( t 0 )
8 Arb0= C r e a t i o n A r b r e C o l o r ( A0 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
9 L=c ( T a i l l e F i l ( A0 ) )

10 B=c ( NbBranchement ( A0 ) )
11 E=c ( NbExt ( A0 ) )
12 E l i b r e =c ( NbExtL ib re ( A0 ) )
13

14 NumPlot =1
15 d i r . c r e a t e ( ’ Chap2evolut ionPNG ’ )
16 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
17 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
18 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
19 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
20 P l o t L i s t e S e g C o l o r ( Arb0 )
21 PlotHg ( A0 )
22 P l o t S i z e B ( A0 )
23 p l o t ( T , L , ’ p ’ , main = ’ Number o f monomers i n the polymer ’ , x l a b = ’ Time t ’ ,
24 y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , pch =20 , x l im =c ( 0 , Tmax ) )
25 p l o t ( T , B , ’ p ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
26 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , pch =20 , x l im =c ( 0 , Tmax ) )
27 p l o t ( T , E /N , ’ p ’ , main = ’ S c a l e d number o f e x t r e m i t i e s ’ , x l a b = ’ Time t ’ ,
28 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , pch =20 , x l im =c ( 0 , Tmax ) ,
29 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
30 l i n e s ( T , E l i b r e /N)
31 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
32 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
33 par ( mfrow=c ( 1 , 1 ) )
34 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
35 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
36 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
37 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
38 dev . o f f ( )
39

40 whi l e ( t0 <Tmax ) {
41 L i s t e 1 = E v o l u t i o n L i s t e F a c i l e C a p p i n g ( t0 , A0 , lambda _ p lus , be ta , a , phiCap , N)
42 t 1 = L i s t e 1 [ [ 1 ] ]
43 A1= L i s t e 1 [ [ 2 ] ]
44
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45 T=c ( T , t 1 )
46 Arb1= C r e a t i o n A r b r e C o l o r ( A1 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
47 L=c ( L , T a i l l e F i l ( A1 ) )
48 B=c ( B , NbBranchement ( A1 ) )
49 E=c ( E , NbExt ( A1 ) )
50 E l i b r e =c ( E l i b r e , NbExtL ib re ( A1 ) )
51

52 NumPlot=NumPlot +1
53

54 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
55 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
56 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
57 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
58 P l o t L i s t e S e g C o l o r ( Arb1 )
59 PlotHg ( A1 )
60 P l o t S i z e B ( A1 )
61 p l o t ( T , L , ’ l ’ , main = ’ Number o f monomers i n the polymer ’ ,
62 x l a b = ’ Time t ’ , y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
63 p l o t ( T , B , ’ l ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
64 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
65 p l o t ( T , E /N , ’ l ’ , main = ’ S c a l e d number o f f r e e ends ’ , x l a b = ’ Time t ’ ,
66 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , x l im =c ( 0 , max ( Tmax , t 1 ) ) ,
67 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
68 l i n e s ( T , E l i b r e /N)
69 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
70 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
71 par ( mfrow=c ( 1 , 1 ) )
72 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
73 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
74 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
75 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
76 dev . o f f ( )
77 t 0 = t 1
78 A0=A1 } }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

faisant évoluer l’arbre selon le modèle du chapitre II jusqu’au temps Tmax, prenant en compte les
protéines de coi�e, considérant que celles-ci se �xent uniquement sur les extrémités dont la branche
n’est pas de taille nulle et permettant de tracer (à chaque itération) une graphique possédant 6 vignettes
représentant : l’arbre, la fonction hauteur, la taille des branches, le nombre de monomères dans l’arbre,
le nombre de branchements de l’arbre et le nombre d’extrémités. Les graphiques sont automatiquement
sauvegardés dans un dossier créé par la fonction.
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1 Ev o l u t ion Te mp sFa c i l eC ap p i ngN on Nu l l e = f u n c t i o n ( Tmax , t0 , A0 , lambda _ p lus , be ta , a ,
2 phiCap , N) {
3 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
4 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
5 p a l e t t e ( c o l o r )
6

7 T=c ( t 0 )
8 Arb0= C r e a t i o n A r b r e C o l o r ( A0 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
9 L=c ( T a i l l e F i l ( A0 ) )

10 B=c ( NbBranchement ( A0 ) )
11 E=c ( NbExt ( A0 ) )
12 E l i b r e =c ( NbExtL ib re ( A0 ) )
13

14 NumPlot =1
15 d i r . c r e a t e ( ’ Chap2evolut ionPNG ’ )
16 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
17 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
18 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
19 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
20 P l o t L i s t e S e g C o l o r ( Arb0 )
21 PlotHg ( A0 )
22 P l o t S i z e B ( A0 )
23 p l o t ( T , L , ’ p ’ , main = ’ Number o f monomers i n the polymer ’ , x l a b = ’ Time t ’ ,
24 y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , pch =20 , x l im =c ( 0 , Tmax ) )
25 p l o t ( T , B , ’ p ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
26 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , pch =20 , x l im =c ( 0 , Tmax ) )
27 p l o t ( T , E /N , ’ p ’ , main = ’ S c a l e d number o f e x t r e m i t i e s ’ , x l a b = ’ Time t ’ ,
28 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , pch =20 , x l im =c ( 0 , Tmax ) ,
29 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
30 l i n e s ( T , E l i b r e /N)
31 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
32 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
33 par ( mfrow=c ( 1 , 1 ) )
34 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
35 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
36 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
37 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
38 dev . o f f ( )
39

40 whi l e ( t0 <Tmax ) {
41 L i s t e 1 = E v o l u t i o n L i s t e F a c i l e C a p p i n g N o n N u l l e ( t0 , A0 , lambda _ p lus , be ta , a ,
42 phiCap , N)
43 t 1 = L i s t e 1 [ [ 1 ] ]
44 A1= L i s t e 1 [ [ 2 ] ]
45

46 T=c ( T , t 1 )
47 Arb1= C r e a t i o n A r b r e C o l o r ( A1 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
48 L=c ( L , T a i l l e F i l ( A1 ) )
49 B=c ( B , NbBranchement ( A1 ) )
50 E=c ( E , NbExt ( A1 ) )
51 E l i b r e =c ( E l i b r e , NbExtL ib re ( A1 ) )
52

53 NumPlot=NumPlot +1
54

55 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
56 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
57 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
58 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
59 P l o t L i s t e S e g C o l o r ( Arb1 )
60 PlotHg ( A1 )
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61 P l o t S i z e B ( A1 )
62 p l o t ( T , L , ’ l ’ , main = ’ Number o f monomers i n the polymer ’ ,
63 x l a b = ’ Time t ’ , y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
64 p l o t ( T , B , ’ l ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
65 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
66 p l o t ( T , E /N , ’ l ’ , main = ’ S c a l e d number o f f r e e ends ’ , x l a b = ’ Time t ’ ,
67 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , x l im =c ( 0 , max ( Tmax , t 1 ) ) ,
68 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
69 l i n e s ( T , E l i b r e /N)
70 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
71 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
72 par ( mfrow=c ( 1 , 1 ) )
73 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
74 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
75 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
76 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
77 dev . o f f ( )
78 t 0 = t 1
79 A0=A1 } }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

faisant évoluer l’arbre selon le modèle du chapitre II jusqu’au temps Tmax, prenant en compte les pro-
téines de coi�e, choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation
de manière non uniforme et permettant de tracer (à chaque itération) une graphique possédant 6 vi-
gnettes représentant : l’arbre, la fonction hauteur, la taille des branches, le nombre de monomères dans
l’arbre, le nombre de branchements de l’arbre et le nombre d’extrémités. Les graphiques sont automa-
tiquement sauvegardés dans un dossier créé par la fonction.

1 Evo lu t ionTempsFac i l eCapp ingNonUni f = f u n c t i o n ( Tmax , t0 , A0 , lambda _ p lus , be ta , a ,
2 phiCap , N) {
3 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
4 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
5 p a l e t t e ( c o l o r )
6

7 T=c ( t 0 )
8 Arb0= C r e a t i o n A r b r e C o l o r ( A0 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
9 L=c ( T a i l l e F i l ( A0 ) )

10 B=c ( NbBranchement ( A0 ) )
11 E=c ( NbExt ( A0 ) )
12 E l i b r e =c ( NbExtL ib re ( A0 ) )
13

14 NumPlot =1
15 d i r . c r e a t e ( ’ Chap2evolutionPNG ’ )
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16 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
17 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
18 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
19 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
20 P l o t L i s t e S e g C o l o r ( Arb0 )
21 PlotHg ( A0 )
22 P l o t S i z e B ( A0 )
23 p l o t ( T , L , ’ p ’ , main = ’ Number o f monomers i n the polymer ’ , x l a b = ’ Time t ’ ,
24 y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , pch =20 , x l im =c ( 0 , Tmax ) )
25 p l o t ( T , B , ’ p ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
26 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , pch =20 , x l im =c ( 0 , Tmax ) )
27 p l o t ( T , E /N , ’ p ’ , main = ’ S c a l e d number o f e x t r e m i t i e s ’ , x l a b = ’ Time t ’ ,
28 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , pch =20 , x l im =c ( 0 , Tmax ) ,
29 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
30 l i n e s ( T , E l i b r e /N)
31 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
32 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
33 par ( mfrow=c ( 1 , 1 ) )
34 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
35 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
36 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
37 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
38 dev . o f f ( )
39

40 whi l e ( t0 <Tmax ) {
41 L i s t e 1 = E v o l u t i o n L i s t e F a c i l e C a p p i n g N o n U n i f ( t0 , A0 , lambda _ p lus , be ta , a ,
42 phiCap , N)
43 t 1 = L i s t e 1 [ [ 1 ] ]
44 A1= L i s t e 1 [ [ 2 ] ]
45

46 T=c ( T , t 1 )
47 Arb1= C r e a t i o n A r b r e C o l o r ( A1 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
48 L=c ( L , T a i l l e F i l ( A1 ) )
49 B=c ( B , NbBranchement ( A1 ) )
50 E=c ( E , NbExt ( A1 ) )
51 E l i b r e =c ( E l i b r e , NbExtL ib re ( A1 ) )
52

53 NumPlot=NumPlot +1
54

55 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
56 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
57 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
58 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
59 P l o t L i s t e S e g C o l o r ( Arb1 )
60 PlotHg ( A1 )
61 P l o t S i z e B ( A1 )
62 p l o t ( T , L , ’ l ’ , main = ’ Number o f monomers i n the polymer ’ ,
63 x l a b = ’ Time t ’ , y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
64 p l o t ( T , B , ’ l ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
65 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
66 p l o t ( T , E /N , ’ l ’ , main = ’ S c a l e d number o f f r e e ends ’ , x l a b = ’ Time t ’ ,
67 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , x l im =c ( 0 , max ( Tmax , t 1 ) ) ,
68 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
69 l i n e s ( T , E l i b r e /N)
70 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
71 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
72 par ( mfrow=c ( 1 , 1 ) )
73 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
74 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
75 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
76 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
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77 dev . o f f ( )
78 t 0 = t 1
79 A0=A1 } }

Fonction R prenant en arguments :

h t0 : le temps initial

h A0 : une liste dé�nissant l’arbre inital

h lambda_plus : le taux d’élongation

h beta : le taux de �xation d’une protéine (branchement ou fragmentation)

h a : avantage pour le branchement si positif, pour la fragmentation si négatif

h phiCap : le taux de �xation des protéines de coi�e

h N : paramètre d’échelle

faisant évoluer l’arbre selon le modèle du chapitre II jusqu’au temps Tmax, prenant en compte les
protéines de coi�e, autorisant les branchements et les fragmentations sur toutes les branches de l’arbre,
choisissant la branche sur laquelle va avoir lieu un branchement ou une fragmentation de manière non
uniforme et permettant de tracer (à chaque itération) une graphique possédant 6 vignettes représentant :
l’arbre, la fonction hauteur, la taille des branches, le nombre de monomères dans l’arbre, le nombre de
branchements de l’arbre et le nombre d’extrémités. Les graphiques sont automatiquement sauvegardés
dans un dossier créé par la fonction.

1 Evolut ionTempsCapping = f u n c t i o n ( Tmax , t0 , A0 , lambda _ p lus , be ta , a , phiCap , N) {
2 c o l o r =c ( ’ red ’ , ’ da rkorange1 ’ , ’ g o l d e n r o d 1 ’ , ’ y e l l o w g r e e n ’ , ’ g reen4 ’ ,
3 ’ d a r k t u r q u o i s e ’ , ’ d e e p s k y b l u e 3 ’ , ’ b l u e ’ , ’ p u r p l e 3 ’ , ’ d a r k o r c h i d 1 ’ , ’ magenta ’ )
4 p a l e t t e ( c o l o r )
5

6 T=c ( t 0 )
7 Arb0= C r e a t i o n A r b r e C o l o r ( A0 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
8 L=c ( T a i l l e F i l ( A0 ) )
9 B=c ( NbBranchement ( A0 ) )

10 E=c ( NbExt ( A0 ) )
11 E l i b r e =c ( NbExtL ib re ( A0 ) )
12

13 NumPlot =1
14 d i r . c r e a t e ( ’ Chap2evolutionPNG ’ )
15 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
16 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
17 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
18 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
19 P l o t L i s t e S e g C o l o r ( Arb0 )
20 PlotHg ( A0 )
21 P l o t S i z e B ( A0 )
22 p l o t ( T , L , ’ p ’ , main = ’ Number o f monomers i n the polymer ’ , x l a b = ’ Time t ’ ,
23 y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , pch =20 , x l im =c ( 0 , Tmax ) )
24 p l o t ( T , B , ’ p ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
25 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , pch =20 , x l im =c ( 0 , Tmax ) )
26 p l o t ( T , E /N , ’ p ’ , main = ’ S c a l e d number o f e x t r e m i t i e s ’ , x l a b = ’ Time t ’ ,
27 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , pch =20 , x l im =c ( 0 , Tmax ) ,
28 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
29 l i n e s ( T , E l i b r e /N)
30 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
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31 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
32 par ( mfrow=c ( 1 , 1 ) )
33 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
34 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
35 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
36 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
37 dev . o f f ( )
38

39 whi l e ( t0 <Tmax ) {
40 L i s t e 1 = E v o l u t i o n L i s t e C a p p i n g ( t0 , A0 , lambda _ p lus , be ta , a , phiCap , N)
41 t 1 = L i s t e 1 [ [ 1 ] ]
42 A1= L i s t e 1 [ [ 2 ] ]
43

44 T=c ( T , t 1 )
45 Arb1= C r e a t i o n A r b r e C o l o r ( A1 , 1 7 5 , 1 7 5 , 1 7 0 , 0 . 1 , 1 )
46 L=c ( L , T a i l l e F i l ( A1 ) )
47 B=c ( B , NbBranchement ( A1 ) )
48 E=c ( E , NbExt ( A1 ) )
49 E l i b r e =c ( E l i b r e , NbExtL ib re ( A1 ) )
50

51 NumPlot=NumPlot +1
52

53 t i t r e = p a s t e 0 ( ’ Chap2evolut ionPNG / ’ , p a s t e 0 ( NumPlot , " . png " ) )
54 png ( f i l e = t i t r e , width = 1 0 2 4 , h e i g h t = 5 7 6 , u n i t s = " px " )
55 par ( mfrow=c ( 2 , 3 ) , oma=c ( 1 , 1 , 3 , 1 ) + 0 . 1 , mar=c ( 4 , 4 , 2 , 1 ) + 0 . 1 ,
56 cex . a x i s = 1 . 2 , cex . l a b = 1 . 4 , cex . main = 1 . 5 )
57 P l o t L i s t e S e g C o l o r ( Arb1 )
58 PlotHg ( A1 )
59 P l o t S i z e B ( A1 )
60 p l o t ( T , L , ’ l ’ , main = ’ Number o f monomers i n the polymer ’ ,
61 x l a b = ’ Time t ’ , y l a b = ’ L ( t ) ’ , lwd =2 , c o l =7 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
62 p l o t ( T , B , ’ l ’ , main = ’ Number o f branch nodes ’ , x l a b = ’ Time t ’ ,
63 y l a b = ’B ( t ) ’ , lwd =2 , c o l =9 , x l im =c ( 0 , max ( Tmax , t 1 ) ) )
64 p l o t ( T , E /N , ’ l ’ , main = ’ S c a l e d number o f f r e e ends ’ , x l a b = ’ Time t ’ ,
65 y l a b = ’X( t ) ’ , lwd =2 , c o l =2 , x l im =c ( 0 , max ( Tmax , t 1 ) ) ,
66 yl im =c ( min ( E l i b r e /N) , max ( E /N) ) )
67 l i n e s ( T , E l i b r e /N)
68 l e g e n d ( " t o p l e f t " , c ( " A l l e x t r e m i t i e s " , " F r e e e x t r e m i t i e s " ) ,
69 c o l =c ( 2 , ’ b l a c k ’ ) , l t y =c ( 1 , 1 ) , lwd=c ( 1 . 5 , 1 . 5 ) , cex = 1 . 2 )
70 par ( mfrow=c ( 1 , 1 ) )
71 mtext ( t e x t = s u b s t i t u t e ( p a s t e ( ’ E v o l u t i o n with : ’ ,N == p1 , ’ , ’ ,
72 lambda ^ " + " == p2 , ’ , ’ , b e t a == p3 , " , " , a== p4 , " , " ,
73 phi [ Cap ]== p5 , " , " , t == p6 ) , l i s t ( p1=N , p2= lambda _ p lus , p3= beta , p4=a ,
74 p5=phiCap , p6= t 0 ) ) , s i d e = 3 , l i n e = 0 , o u t e r = FALSE , p a d j = −2 . 2 , cex = 1 . 5 )
75 dev . o f f ( )
76 t 0 = t 1
77 A0=A1 } }
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C++ Code for the Model
Considering all Accessory Proteins
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1 - Main Functions

1.1 - Stochastic Model

Fonction C++ prenant en arguments :

h int N : le nombre total de monomères dans le système

h int n1 : le nombre de monomères inclus dans les �laments simples

h int n2 : le nombre de complexes actine-G/pro�line

h int n3 : le nombre de monomères inclus dans les �laments associés à une formine

h int n4 : le nombre de monomères inclus dans les �laments linéaires cappés

h int n5 : le nombre de monomères inclus dans les �laments branchés

h int l0 : la taille initiale des �laments

h int b0 : le nombre initial de branchements (pour les �laments branchés)

h int e0 : le nombre intial d’extrémités libres (pour les �laments branchés)

h int vi : entier permettant de numéroter le �chier résultat

et créant une map contenant l’état initial souhaité.

q 225Q
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1 s t d : : map< s t d : : s t r i n g , i n t > GeneInitMapParam ( i n t N , i n t n1 , i n t n2 , i n t n3 ,
2 i n t n4 , i n t n5 , i n t l 0 , i n t b0 , i n t e0 , i n t v i ) {
3 s t d : : map< s t d : : s t r i n g , i n t > K0 ;
4

5 s t d : : s t r i n g s l 0 = s t d : : t o _ s t r i n g ( l 0 ) ;
6 s t d : : s t r i n g sb0 = s t d : : t o _ s t r i n g ( b0 ) ;
7 s t d : : s t r i n g se0 = s t d : : t o _ s t r i n g ( e0 ) ;
8

9 s t d : : s t r i n g s v i = s t d : : t o _ s t r i n g ( v i ) ;
10

11 i f (N−n1−n2−n3−n4−n5 >0 ) {
12 K0 [ "M; 0 ; 1 ; 0 ; " ]=N−n1−n2−n3−n4−n5 ; }
13 i f ( n1 >0 ) {
14 K0 [ " S ; 0 ; " + s l 0 + " ; 1 ; " ]= n1 / l 0 ; }
15 i f ( n2 >0 ) {
16 K0 [ " P ; 0 ; 1 ; 0 ; " ]= n2 ; }
17 i f ( n3 >0 ) {
18 K0 [ " F ; 0 ; " + s l 0 + " ; 1 ; " ]= n3 / l 0 ; }
19 i f ( n4 >0 ) {
20 K0 [ "C ; 0 ; " + s l 0 + " ; 0 ; " ]= n4 / l 0 ; }
21 i f ( n5 >0 ) {
22 K0 [ " B ; " + sb0 + " ; " + s l 0 + " ; " + se0 + " ; " ]= n5 / l 0 ; }
23

24 s t d : : s t r i n g NomFichier = " V a l e u r s I n i t i a l e s " + s v i + " . t x t " ;
25

26 FILE ∗ o u t I n i t = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
27

28 f p r i n t f ( o u t I n i t , " L i b r e s = %d \ n " , (N−n1−n2−n3−n4−n5 ) ) ;
29 f p r i n t f ( o u t I n i t , " S i m p l e s = %d \ n " , n1 ) ;
30 f p r i n t f ( o u t I n i t , " Complexes = %d \ n " , n2 ) ;
31 f p r i n t f ( o u t I n i t , " Formine = %d \ n " , n3 ) ;
32 f p r i n t f ( o u t I n i t , " Cappes = %d \ n " , n4 ) ;
33 f p r i n t f ( o u t I n i t , " B ranchan t s = %d \ n " , n5 ) ;
34 f p r i n t f ( o u t I n i t , " Longueur = %d \ n " , l 0 ) ;
35 i f ( n5 >0 ) {
36 f p r i n t f ( o u t I n i t , " Branchements = %d \ n " , b0 ) ;
37 f p r i n t f ( o u t I n i t , " E x t r e m i t e s = %d \ n " , e0 ) ; }
38 f c l o s e ( o u t I n i t ) ;
39

40 r e t u r n K0 ; }

Fonction C++ prenant en arguments :

h std :: map<std:: string , int> K0 : map initiale obtenue grâce à la fonction GeneInitMapParam

h double t0 : le temps initial

h int N : le nombre total de monomères dans le système

h double tmax : le temps �nal

h double lambda_plus : le taux d’élongation spontanée

h double lambda_moins : le taux de dépolymérisation

h double lambdaF_plus : le taux d’élongation avec une formine

h double lambdaN : le taux de nucléation

h double phiP : le taux de création de complexes actin-G/pro�lin

h double phiF_plus : le taux de �xation d’une formine sur un polymère
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h double phiF_moins : le taux de libération d’une formine

h double phiA_plus : le taux de �xation d’un Arp2/3 sur un polymère

h double phiA_moins : le taux de libération d’un Arp2/3

h double phiC : le taux de capping

h double phiT : le taux de fragmentation

h int vi : entier permettant de numéroter le �chier résultat

et modi�ant la map selon le modèle décrit dans la Section 4.2 du Chapitre III.

1 s t d : : map< s t d : : s t r i n g , i n t > P o p u l a t i o n T o t a l e M a p ( s t d : : map< s t d : : s t r i n g , i n t > K0 ,
2 doub le t0 , i n t N , doub le tmax , doub le lambda_plus , doub le lambda_moins ,
3 doub le lambdaF_plus , doub le lambdaN , doub le phiP , doub le p h i F _ p l u s ,
4 doub le phiF_moins , doub le phiA_plus , doub le phiA_moins , doub le phiC ,
5 doub le phiT , i n t v i ) {
6 s t d : : s t r i n g s v i = s t d : : t o _ s t r i n g ( v i ) ;
7

8 s t d : : s t r i n g NomFichier = " V a l e u r s P a r a m e t r e s " + s v i + " . t x t " ;
9 / / On c r é e un f i c h i e r p o u r r é c u p é r e r l a v a l e u r d e s p a r a m è t r e s

10 FILE ∗ o u t p a r a m e t r e = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
11

12 / / On é c r i t l a v a l e u r d e s p a r a m è t r e s
13 f p r i n t f ( ou tparamet re , "N = % i " , N) ;
14 f p r i n t f ( ou tparamet re , " \ n " ) ;
15 f p r i n t f ( ou tparamet re , " l ambda_p lus = %e " , l ambda_p lus ) ;
16 f p r i n t f ( ou tparamet re , " \ n " ) ;
17 f p r i n t f ( ou tparamet re , " l ambdaF_p lus = %e " , l ambdaF_p lus ) ;
18 f p r i n t f ( ou tparamet re , " \ n " ) ;
19 f p r i n t f ( ou tparamet re , " lambda_moins = %e " , lambda_moins ) ;
20 f p r i n t f ( ou tparamet re , " \ n " ) ;
21 f p r i n t f ( ou tparamet re , " lambdaN = %e " , lambdaN ) ;
22 f p r i n t f ( ou tparamet re , " \ n " ) ;
23 f p r i n t f ( ou tparamet re , " PhiP = %e " , phiP ) ;
24 f p r i n t f ( ou tparamet re , " \ n " ) ;
25 f p r i n t f ( ou tparamet re , " P h i F _ p l u s = %e " , p h i F _ p l u s ) ;
26 f p r i n t f ( ou tparamet re , " \ n " ) ;
27 f p r i n t f ( ou tparamet re , " PhiF_moins = %e " , phiF_moins ) ;
28 f p r i n t f ( ou tparamet re , " \ n " ) ;
29 f p r i n t f ( ou tparamet re , " Ph iA_p lus = %e " , ph iA_p lus ) ;
30 f p r i n t f ( ou tparamet re , " \ n " ) ;
31 f p r i n t f ( ou tparamet re , " PhiA_moins = %e " , phiA_moins ) ;
32 f p r i n t f ( ou tparamet re , " \ n " ) ;
33 f p r i n t f ( ou tparamet re , " PhiC = %e " , phiC ) ;
34 f p r i n t f ( ou tparamet re , " \ n " ) ;
35 f p r i n t f ( ou tparamet re , " PhiT = %e " , phiT ) ;
36 f p r i n t f ( ou tparamet re , " \ n " ) ;
37

38 / / On f e r m e l e f i c h i e r p o u r l e s p a r a m è t r e s
39 f c l o s e ( o u t p a r a m e t r e ) ;
40

41 / / On c r é e un f i c h i e r p o u r l ’ é v o l u t i o n du s y s t è me
42 NomFichier = " D i s t r i b u t i o n S " + s v i + " . t x t " ;
43 FILE ∗ outpu tS = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
44 NomFichier = " D i s t r i b u t i o n F " + s v i + " . t x t " ;
45 FILE ∗ outpu tF = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
46 NomFichier = " D i s t r i b u t i o n C " + s v i + " . t x t " ;
47 FILE ∗ outputC = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
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48 NomFichier = " D i s t r i b u t i o n B " + s v i + " . t x t " ;
49 FILE ∗ outputB = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
50

51 NomFichier = " MoyennesBE " + s v i + " . t x t " ;
52 FILE ∗ outputMoy = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
53

54 NomFichier = " D i s t r i b u t i o n B r a n c h e " + s v i + " . t x t " ;
55 FILE ∗ outputBranche = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
56 NomFichier = " D i s t r i b u t i o n E x t r e m i t e " + s v i + " . t x t " ;
57 FILE ∗ o u t p u t E x t r e m i t e = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
58

59 / / e t un f i c h i e r p o u r l e s p r o p o r t i o n s d e f i l a m e n t s d a n s c h a q u e
60 / / s o u s − p o p u l a t i o n
61 NomFichier = " P r o p o r t i o n s " + s v i + " . t x t " ;
62 FILE ∗ outpu tprop = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
63

64 / / On i n i t i a l i s e l e t e m p s
65 doub le T0 = t 0 ;
66

67 / / On é c r i t l ’ é t a t i n i t i a l d a n s l e f i c h i e r r é s u l t a t s o u s l a f o r m e
68 / / t e m p s ; t y p e ; # b r a n c h e m e n t s ; l o n g u e u r ; # e x t r e m i t e s ; q u a n t i t é
69 s t d : : map< s t d : : s t r i n g , i n t > : : i t e r a t o r i t ;
70 / / On i n i t i a l i s e l e s n o m b r e s d e monom è r e s p r e s e n t s d a n s c h a q u e
71 / / s o u s − p o p u l a t i o n
72

73 i n t N0=K0 [ "M; 0 ; 1 ; 0 ; " ] ; / / monom è r e s l i b r e s
74 i n t N1 = 0 ; / / f i l a m e n t s s i m p l e s
75 i n t N2=K0 [ " P ; 0 ; 1 ; 0 ; " ] ; / / c o m p l e x e s G− a c t i n / p r o i l i n
76 i n t N3 = 0 ; / / f i l a m e n t s + f o r m i n
77 i n t N4 = 0 ; / / f i l a m e n t s l i n é a i r e s c a p p é s
78 i n t N5 = 0 ; / / f i l a m e n t s b r a n c h é s
79

80 i n t NL ; / / L o n g u e u r en c o u r s
81 i n t BL ; / / B r a n c h e m e n t en c o u r s
82 i n t EL ; / / E x t r e m i t e en c o u r s
83

84 i n t N b F i l S = 0 ; / / Nb d e f i l a m e n t s s i m p l e s
85 i n t N b F i l F = 0 ; / / Nb d e f i l a m e n t s f o r m i n e
86 i n t NbFi lC = 0 ; / / Nb d e f i l a m e n t s c a p p é
87 i n t NbFi lB = 0 ; / / Nb d e f i l a m e n t s b r a n c h a n t s
88

89 i n t D i s t S [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s s i m p l e s d e t a i l l e i
90 i n t D i s t F [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s f o r m i n e s d e t a i l l e i
91 i n t Dis tC [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s c a p p é s d e t a i l l e i
92 i n t D i s tB [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s b r a n c h a n t s d e t a i l l e i
93

94 i n t Bran [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s a v e c i b r a n c h e m e n t s
95 i n t Ext [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s a v e c i e x t r e m i t e s l i b r e s
96

97 i n t ExtB [N+ 1 ] ; / / Dans c a s e i , n o m b r e d e f i l a m e n t s b r a n c h a n t s a v e c i
98 / / e x t r e m i t e s l i b r e s
99

100 f o r ( i n t i = 0 ; i <N+ 1 ; i ++) {
101 D i s t S [ i ] = 0 ;
102 D i s t F [ i ] = 0 ;
103 DistC [ i ] = 0 ;
104 Dis tB [ i ] = 0 ;
105 Bran [ i ] = 0 ;
106 Ext [ i ] = 0 ;
107 ExtB [ i ] = 0 ; }
108
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109 doub le MoyBranch = 0 . 0 ; / / Nb moyen d e b r a n c h e m e n t s p a r m i f i l a m e n t s
110 / / b r a n c h a n t s = somme [ b ∗ nb f i l . a v e c b b r a n c h e m e n t s / nb f i l . b r a n c h a n t s ]
111 doub le MoyExt = 0 . 0 ; / / Nb moyen d ’ e x t r e m i t e l i b r e s p a r m i f i l a m e n t s
112 / / b r a n c h a n t s
113

114 f o r ( i t =K0 . beg in ( ) ; i t != K0 . end ( ) ; ++ i t ) {
115 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
116 BL= f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
117 EL= f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
118 i f ( i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’ && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’
119 && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ e ’ ) {
120 Ext [ EL ]= Ext [ EL ]+ i t −> second ;
121 Bran [ BL ]= Bran [ BL ]+ i t −> second ; }
122 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
123 N1=N1+ i t −> second ∗NL ;
124 N b F i l S = N b F i l S + i t −> second ;
125 D i s t S [NL]= i t −> second ; }
126 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
127 N3=N3+ i t −> second ∗NL ;
128 N b F i l F = N b F i l F + i t −> second ;
129 D i s t F [NL]= i t −> second ; }
130 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
131 N4=N4+ i t −> second ∗NL ;
132 NbFi lC = NbFi lC + i t −> second ;
133 DistC [NL]= i t −> second ; }
134 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
135 N5=N5+ i t −> second ∗NL ;
136 NbFi lB = NbFi lB + i t −> second ;
137 Dis tB [NL]= i t −> second ;
138 ExtB [ EL ]= ExtB [ EL ]+ i t −> second ; } }
139

140 i f ( NbFi lB == 0 ) {
141 MoyBranch = 0 . 0 ;
142 MoyExt = 0 . 0 ; }
143 e l s e {
144 f o r ( i n t j = 1 ; j <N+ 1 ; j ++) {
145 MoyBranch=MoyBranch+ j ∗ Bran [ j ] ;
146 MoyExt=MoyExt+ j ∗ ExtB [ j ] ; }
147

148 MoyBranch=MoyBranch / doub le ( NbFi lB ) ;
149 MoyExt=MoyExt / doub le ( NbFi lB ) ; }
150

151 f p r i n t f ( outputprop , "% f ; " , T0 ) ;
152 f p r i n t f ( outputprop , "%d ; " , N0 ) ;
153 f p r i n t f ( outputprop , "%d ; " , N1 ) ;
154 f p r i n t f ( outputprop , "%d ; " , N2 ) ;
155 f p r i n t f ( outputprop , "%d ; " , N3 ) ;
156 f p r i n t f ( outputprop , "%d ; " , N4 ) ;
157 f p r i n t f ( outputprop , "%d ; " , N5 ) ;
158 f p r i n t f ( outputprop , "%d ; " , N0+N1+N2+N3+N4+N5 ) ;
159

160 f p r i n t f ( outputprop , "%d ; " , N b F i l S ) ;
161 f p r i n t f ( outputprop , "%d ; " , N b F i l F ) ;
162 f p r i n t f ( outputprop , "%d ; " , NbFi lC ) ;
163 f p r i n t f ( outputprop , "%d ; \ n " , NbFi lB ) ;
164

165 f p r i n t f ( outputS , "% f ; " , T0 ) ;
166 f p r i n t f ( outputF , "% f ; " , T0 ) ;
167 f p r i n t f ( outputC , "% f ; " , T0 ) ;
168 f p r i n t f ( outputB , "% f ; " , T0 ) ;
169
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170 f p r i n t f ( outputBranche , "% f ; " , T0 ) ;
171 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , T0 ) ;
172

173 f o r ( i n t i = 0 ; i <N+ 1 ; i ++) {
174 f p r i n t f ( outputS , "%d ; " , D i s t S [ i ] ) ;
175 f p r i n t f ( outputF , "%d ; " , D i s t F [ i ] ) ;
176 f p r i n t f ( outputC , "%d ; " , Dis tC [ i ] ) ;
177 f p r i n t f ( outputB , "%d ; " , D i s tB [ i ] ) ;
178 f p r i n t f ( outputBranche , "%d ; " , Bran [ i ] ) ;
179 f p r i n t f ( o u t p u t E x t r e m i t e , "%d ; " , Ext [ i ] ) ; }
180

181 f p r i n t f ( outputS , " \ n " ) ;
182 f p r i n t f ( outputF , " \ n " ) ;
183 f p r i n t f ( outputC , " \ n " ) ;
184 f p r i n t f ( outputB , " \ n " ) ;
185

186 f p r i n t f ( outputBranche , " \ n " ) ;
187 f p r i n t f ( o u t p u t E x t r e m i t e , " \ n " ) ;
188

189 f p r i n t f ( outputMoy , "% f ; " , T0 ) ;
190 f p r i n t f ( outputMoy , "% f ; " , MoyBranch ) ;
191 f p r i n t f ( outputMoy , "% f ; \ n " , MoyExt ) ;
192

193 / / On i n i t i a l i s e l ’ é t a t s u i v a n t
194 doub le T1= t 0 ;
195 p r i n t f ( "% f \ n " , T1 ) ;
196

197 s t d : : map< s t d : : s t r i n g , i n t > K1 ;
198 s t d : : map< s t d : : s t r i n g , i n t > : : i t e r a t o r i t 1 ;
199

200 / / On i n i t i a l i s e l e t a u x d e c h a q u e é v e n e m e n t p o s s i b l e
201 doub le t a u x _ e l o n g a t i o n ;
202 doub le t a u x _ d e p o l y m e r i s a t i o n ;
203 doub le t a u x _ n u c l e a t i o n ;
204 doub le t a u x _ c r e a t i o n _ c o m p l e x e ;
205 doub le t a u x _ f i x a t i o n _ f o r m i n e ;
206 doub le t a u x _ l i b e r a t i o n _ f o r m i n e ;
207 doub le t a u x _ f i x a t i o n _ a r p ;
208 doub le t a u x _ l i b e r a t i o n _ a r p ;
209 doub le t a u x _ c a p p i n g ;
210 doub le t a u x _ f r a g m e n t a t i o n ;
211 doub le t a u x _ t o t a l _ f i l a m e n t ;
212 doub le t a u x _ t o t a l _ p o p ;
213

214 b o o l ev en t = 0 ;
215 b o o l e v o l u t i o n = 1 ;
216 doub le a l e a ;
217 i n t f i l a m e n t s ;
218 i n t somme ;
219 char p o p u l a t i o n ;
220 i n t branchement ;
221 i n t l ongueur ;
222 i n t e x t r e m i t e ;
223

224 i n t p o s i t i o n S e p [ 4 ] ;
225 i n t pos ;
226 i n t pospos ;
227

228 i n t L a s t P r i n t = 0 ;
229 i n t P r i n t T ;
230
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231 i n t L a s t P r i n t 2 = 0 ;
232 i n t P r i n t T 2 ;
233

234 / / T a n t q u e l e t m a x c h o i s i n ’ e s t p a s a t t e i n t , on l a i s s e é v o l u e r l e
235 / / s y s t è me
236 whi l e ( T0 < tmax && e v o l u t i o n == 1 ) {
237 / / On c a l c u l e l e t a u x t o t a l d ’ é v e n e m e n t d a n s l a p o p u l a t i o n
238 / / i . e . l a somme d e t o u s l e s t a u x
239 t a u x _ t o t a l _ p o p = TauxTota lPop ( K0 , N , lambda_plus , lambda_moins ,
240 l ambdaF_plus , lambdaN , phiP , p h i F _ p l u s , phiF_moins , phiA_plus ,
241 phiA_moins , phiC , phiT ) ;
242 / / On v é r i f i e qu ’ i l p e u t s e p a s s e r q u e l q u e c h o s e
243 / / ( e . g . s i i l n ’ y p l u s a u c u n f i l a m e n t e t q u e t o u s l e s monom è r e s s o n t
244 / / en c o m p l e x e a v e c d e l a p r o f i l i n e a l o r s i l ne p e u t r i e n s e p a s s e r )
245 i f ( t a u x _ t o t a l _ p o p == 0 ) {
246 e v o l u t i o n = 0 ; }
247 e l s e {
248 / / T a n t qu ’ a u c u n é v e n e m e n t n ’ a eu l i e u
249 whi l e ( eve n t == 0 ) {
250 / / On t i r e l e t y p e d e f i l a m e n t q u i v a t e n t e r s a c h a n c e
251 / / ( en j e u : s i m p l e , f o r m i n e , c a p p é , b r a n c h a n t )
252 f i l a m e n t s = 0 ;
253 f o r ( i t =K0 . beg in ( ) ; i t != K0 . end ( ) ; ++ i t ) {
254 f i l a m e n t s = f i l a m e n t s + i t −> second ; }
255 f i l a m e n t s = f i l a m e n t s −K0 [ "M; 0 ; 1 ; 0 ; " ]−K0 [ " P ; 0 ; 1 ; 0 ; " ] ;
256

257 a l e a = rand01 ( ) ;
258 somme = 0 ;
259 l ongueur = 0 ;
260

261 i f ( f i l a m e n t s == 0 ) {
262 K1=EvolM ( K0 , N , lambdaN , phiP ) ;
263 eve n t =K1 [ " eve n t " ] ; }
264 e l s e {
265 s t d : : map< s t d : : s t r i n g , i n t > : : i t e r a t o r i t 2 ;
266 i t 2 =K0 . beg in ( ) ;
267 whi l e ( i t 2 != K0 . end ( ) && longueur ==0) { / / T i r a g e du f i l a m e n t s
268 i f ( i t 2 −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’ && i t 2 −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’
269 && a l e a > ( doub le ( somme ) / doub le ( f i l a m e n t s ) )
270 && a l e a <= ( doub le ( somme+ i t 2 −> second ) / doub le ( f i l a m e n t s ) ) ) {
271 pospos = 0 ;
272 pos = 0 ;
273 whi l e ( pospos <4 ) {
274 i f ( i t 2 −> f i r s t . c _ s t r ( ) [ pos ]== ’ ; ’ ) {
275 p o s i t i o n S e p [ pospos ]= pos ;
276 pospos = pospos + 1 ;
277 pos=pos + 1 ; }
278 e l s e {
279 pos=pos + 1 ; } }
280

281 p o p u l a t i o n = i t 2 −> f i r s t . c _ s t r ( ) [ 0 ] ;
282

283 branchement = 0 ;
284 f o r ( i n t j = p o s i t i o n S e p [ 0 ] + 1 ; j < p o s i t i o n S e p [ 1 ] ; j ++) {
285 branchement = branchement ∗ 1 0 + ( i t 2 −> f i r s t . c _ s t r ( ) [ j ]− ’ 0 ’ ) ; }
286

287 l ongueur = 0 ;
288 f o r ( i n t j = p o s i t i o n S e p [ 1 ] + 1 ; j < p o s i t i o n S e p [ 2 ] ; j ++) {
289 l ongueur = longueur ∗ 1 0 + ( i t 2 −> f i r s t . c _ s t r ( ) [ j ]− ’ 0 ’ ) ; }
290

291 e x t r e m i t e = 0 ;
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292 f o r ( i n t j = p o s i t i o n S e p [ 2 ] + 1 ; j < p o s i t i o n S e p [ 3 ] ; j ++) {
293 e x t r e m i t e = e x t r e m i t e ∗ 1 0 + ( i t 2 −> f i r s t . c _ s t r ( ) [ j ]− ’ 0 ’ ) ; } }
294 e l s e {
295 i f ( i t 2 −> f i r s t . c _ s t r ( ) [0 ]== ’M’ | | i t 2 −> f i r s t . c _ s t r ( ) [0 ]== ’ P ’ ) {
296 ++ i t 2 ; }
297 e l s e {
298 somme=somme+ i t 2 −> second ;
299 ++ i t 2 ; } } }
300

301 / / On t i r e l ’ é v e n e m e n t q u i v a p o t e n t i e l l e m e n t s e p r o d u i r e
302 i f ( p o p u l a t i o n == ’ S ’ ) {
303 K1= EvolS ( K0 , N , lambda_plus , lambda_moins , lambdaN , phiP , p h i F _ p l u s ,
304 phiA_plus , phiC , phiT , l ongueur ) ;
305 even t =K1 [ " eve n t " ] ; }
306 e l s e i f ( p o p u l a t i o n == ’C ’ ) {
307 K1=EvolC ( K0 , N , lambda_moins , lambdaN , phiP , phiA_plus , phiT ,
308 l ongueur ) ;
309 even t =K1 [ " eve n t " ] ; }
310 e l s e i f ( p o p u l a t i o n == ’ F ’ ) {
311 K1= EvolF ( K0 , N , lambda_moins , lambdaF_plus , lambdaN , phiP ,
312 phiF_moins , phiT , l ongueur ) ;
313 even t =K1 [ " eve n t " ] ; }
314 e l s e i f ( p o p u l a t i o n == ’B ’ ) {
315 K1=EvolB ( K0 , N , lambda_plus , lambda_moins , lambdaN , phiP , phiA_plus ,
316 phiA_moins , phiC , phiT , longueur , e x t r e m i t e , branchement ) ;
317 even t =K1 [ " eve n t " ] ; } } }
318

319 / / On t i r e un t e m p s e x p o n e n t i e l c o r r e s p o n d a n t au t e m p s a u q u e l
320 / / l ’ é v e n e m e n t a eu l i e u
321 T1 = T0+ rand_exp ( t a u x _ t o t a l _ p o p ) ;
322 p r i n t f ( "% f \ n " , T1 ) ;
323 P r i n t T = f l o o r ( T1 ) ;
324 i f ( P r i n t T %10==0 && L a s t P r i n t != P r i n t T ) {
325 p r i n t f ( "% f \ n " , T1 ) ;
326 L a s t P r i n t = P r i n t T ; }
327

328 K0 = K1 ;
329

330 f o r ( i t 1 =K1 . beg in ( ) ; i t 1 != K1 . end ( ) ; ++ i t 1 ) {
331 i f ( i t 1 −> second == 0 && i t 1 −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’
332 && i t 1 −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’ ) {
333 K0 . e r a s e ( i t 1 −> f i r s t . c _ s t r ( ) ) ; } }
334

335 / / On é c r i t l e s p r o p o r t i o n s i n i t i a l e s d a n s l e f i c h i e r p r o p o r t i o n
336 f p r i n t f ( outputprop , "% f ; " , T1 ) ;
337 N0=K1 [ "M; 0 ; 1 ; 0 ; " ] ; / / N0 = nb mono l i b r e s
338 N2=K1 [ " P ; 0 ; 1 ; 0 ; " ] ; / / N2 = nb c o m p l e x e s
339

340 N1 = 0 ; / / N1 = nb d e mono d a n s f i l a m e n t s s i m p l e s
341 N3 = 0 ; / / N3 = nb d e mono d a n s f i l a m e n t s f o r m i n e
342 N4 = 0 ; / / N4 = nb d e mono d a n s f i l a m e n t s l i n e a i r e c a p p e
343 N5 = 0 ; / / N5 = nb d e mono d a n s f i l a m e n t s b r a n c h a n t s
344

345 N b F i l S = 0 ;
346 N b F i l F = 0 ;
347 NbFi lC = 0 ;
348 NbFi lB = 0 ;
349

350 f o r ( i n t i = 0 ; i <N+ 1 ; i ++) {
351 D i s t S [ i ] = 0 ;
352 D i s t F [ i ] = 0 ;
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353 DistC [ i ] = 0 ;
354 Dis tB [ i ] = 0 ;
355 Bran [ i ] = 0 ;
356 Ext [ i ] = 0 ;
357 ExtB [ i ] = 0 ; }
358

359 MoyBranch = 0 . 0 ;
360 MoyExt = 0 . 0 ;
361

362 f o r ( i t =K0 . beg in ( ) ; i t != K0 . end ( ) ; ++ i t ) {
363 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
364 BL= f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
365 EL= f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
366 i f ( i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’ && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’
367 && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ e ’ ) {
368 Ext [ EL ]= Ext [ EL ]+ i t −> second ;
369 Bran [ BL ]= Bran [ BL ]+ i t −> second ; }
370 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
371 N1=N1+ i t −> second ∗NL ;
372 N b F i l S = N b F i l S + i t −> second ;
373 D i s t S [NL]= i t −> second ; }
374 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
375 N3=N3+ i t −> second ∗NL ;
376 N b F i l F = N b F i l F + i t −> second ;
377 D i s t F [NL]= i t −> second ; }
378 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
379 N4=N4+ i t −> second ∗NL ;
380 NbFi lC = NbFi lC + i t −> second ;
381 DistC [NL]= i t −> second ; }
382 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
383 N5=N5+ i t −> second ∗NL ;
384 NbFi lB = NbFi lB + i t −> second ;
385 Dis tB [NL]= i t −> second ;
386 ExtB [ EL ]= ExtB [ EL ]+ i t −> second ; } }
387

388 i f ( NbFi lB == 0 ) {
389 MoyBranch = 0 . 0 ;
390 MoyExt = 0 . 0 ; }
391 e l s e {
392 f o r ( i n t j = 1 ; j <N+ 1 ; j ++) {
393 MoyBranch=MoyBranch+ j ∗ Bran [ j ] ;
394 MoyExt=MoyExt+ j ∗ ExtB [ j ] ; }
395

396 MoyBranch=MoyBranch / doub le ( NbFi lB ) ;
397 MoyExt=MoyExt / doub le ( NbFi lB ) ; }
398

399 f p r i n t f ( outputprop , "%d ; " , N0 ) ;
400 f p r i n t f ( outputprop , "%d ; " , N1 ) ;
401 f p r i n t f ( outputprop , "%d ; " , N2 ) ;
402 f p r i n t f ( outputprop , "%d ; " , N3 ) ;
403 f p r i n t f ( outputprop , "%d ; " , N4 ) ;
404 f p r i n t f ( outputprop , "%d ; " , N5 ) ;
405 f p r i n t f ( outputprop , "%d ; " , N0+N1+N2+N3+N4+N5 ) ;
406

407 f p r i n t f ( outputprop , "%d ; " , N b F i l S ) ;
408 f p r i n t f ( outputprop , "%d ; " , N b F i l F ) ;
409 f p r i n t f ( outputprop , "%d ; " , NbFi lC ) ;
410 f p r i n t f ( outputprop , "%d ; \ n " , NbFi lB ) ;
411

412 P r i n t T 2 = f l o o r ( T1 ) ;
413
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414 i f ( ( P r i n t T 2 %100==0 && L a s t P r i n t 2 != P r i n t T 2 ) | | T1>=tmax ) {
415 f p r i n t f ( outputS , "% f ; " , T1 ) ;
416 f p r i n t f ( outputF , "% f ; " , T1 ) ;
417 f p r i n t f ( outputC , "% f ; " , T1 ) ;
418 f p r i n t f ( outputB , "% f ; " , T1 ) ;
419

420 f p r i n t f ( outputBranche , "% f ; " , T1 ) ;
421 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , T1 ) ;
422

423 f o r ( i n t i = 0 ; i <N+ 1 ; i ++) {
424 f p r i n t f ( outputS , "%d ; " , D i s t S [ i ] ) ;
425 f p r i n t f ( outputF , "%d ; " , D i s t F [ i ] ) ;
426 f p r i n t f ( outputC , "%d ; " , Dis tC [ i ] ) ;
427 f p r i n t f ( outputB , "%d ; " , D i s tB [ i ] ) ;
428 f p r i n t f ( outputBranche , "%d ; " , Bran [ i ] ) ;
429 f p r i n t f ( o u t p u t E x t r e m i t e , "%d ; " , Ext [ i ] ) ; }
430

431 f p r i n t f ( outputS , " \ n " ) ;
432 f p r i n t f ( outputF , " \ n " ) ;
433 f p r i n t f ( outputC , " \ n " ) ;
434 f p r i n t f ( outputB , " \ n " ) ;
435

436 f p r i n t f ( outputBranche , " \ n " ) ;
437 f p r i n t f ( o u t p u t E x t r e m i t e , " \ n " ) ;
438

439 L a s t P r i n t 2 = P r i n t T 2 ; }
440

441 f p r i n t f ( outputMoy , "% f ; " , T1 ) ;
442 f p r i n t f ( outputMoy , "% f ; " , MoyBranch ) ;
443 f p r i n t f ( outputMoy , "% f ; \ n " , MoyExt ) ;
444

445 / / On r é i n i t i a l i s e l e t a b l e a u
446 T0 = T1 ;
447

448 / / On r e p a r t p o u r un n o u v e l é v e n e m e n t
449 eve n t = 0 ;
450 K0 [ " even t " ] = 0 ; } }
451 / / On f e r m e l e f i c h i e r r é s u l t a t
452 f c l o s e ( ou tpu tS ) ;
453 f c l o s e ( ou tpu tF ) ;
454 f c l o s e ( outputC ) ;
455 f c l o s e ( outputB ) ;
456 f c l o s e ( ou tpu tBranche ) ;
457 f c l o s e ( o u t p u t E x t r e m i t e ) ;
458 f c l o s e ( outputMoy ) ;
459 f c l o s e ( ou tpu tprop ) ;
460

461 r e t u r n K1 ; }

1.2 - Biological Applications

Fonction C++ prenant en arguments :

h int N : le nombre total de monomères dans le système

h double tmax : le temps �nal

h double dt1 : la durée pendant laquelle le système est soumis au premier jeu de paramètres
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h double dt2 : la durée pendant laquelle le système est soumis au second jeu de paramètres

h int n1 : le nombre de monomères inclus dans les �laments simples

h int n2 : le nombre de complexes actine-G/pro�line

h int n3 : le nombre de monomères inclus dans les �laments associés à une formine

h int n4 : le nombre de monomères inclus dans les �laments linéaires cappés

h int n5 : le nombre de monomères inclus dans les �laments branchés

h int l0 : la taille initiale des �laments

h int b0 : le nombre initial de branchements (pour les �laments branchés)

h int e0 : le nombre intial d’extrémités libres (pour les �laments branchés)

h double lambda_plus1 : le taux d’élongation spontanée du premier jeu de paramètres

h double lambda_moins1 : le taux de dépolymérisation du premier jeu de paramètres

h double lambdaF_plus1 : le taux d’élongation avec une formine du premier jeu de paramètres

h double lambdaN1 : le taux de nucléation du premier jeu de paramètres

h double phiP1 : le taux de création de complexes actin-G/pro�lin du premier jeu de paramètres

h double phiF_plus1 : le taux de �xation d’une formine sur un polymère du premier jeu de paramètres

h double phiF_moins1 : le taux de libération d’une formine du premier jeu de paramètres

h double phiA_plus1 : le taux de �xation d’un Arp2/3 sur un polymère du premier jeu de paramètres

h double phiA_moins1 : le taux de libération d’un Arp2/3 du premier jeu de paramètres

h double phiC1 : le taux de capping du premier jeu de paramètres

h double phiT1 : le taux de fragmentation du premier jeu de paramètres

h double lambda_plus2 : le taux d’élongation spontanée du second jeu de paramètres

h double lambda_moins2 : le taux de dépolymérisation du second jeu de paramètres

h double lambdaF_plus2 : le taux d’élongation avec une formine du second jeu de paramètres

h double lambdaN2 : le taux de nucléation du second jeu de paramètres

h double phiP2 : le taux de création de complexes actin-G/pro�lin du second jeu de paramètres

h double phiF_plus2 : le taux de �xation d’une formine sur un polymère du second jeu de paramètres

h double phiF_moins2 : le taux de libération d’une formine du second jeu de paramètres

h double phiA_plus2 : le taux de �xation d’un Arp2/3 sur un polymère du second jeu de paramètres

h double phiA_moins2 : le taux de libération d’un Arp2/3 du second jeu de paramètres

h double phiC2 : le taux de capping du second jeu de paramètres

h double phiT2 : le taux de fragmentation du second jeu de paramètres

créant une map contenant l’état initial souhaité et modi�ant cette map selon le modèle décrit dans
la Section 4.2 du Chapitre III jusqu’au temps tmax en oscillant entre le premier et le second jeu de
paramètres.
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1 vo id S w i t c h P a r a m e t r e s (
2 i n t N , doub le tmax , doub le dt1 , doub le dt2 ,
3 i n t n1 , i n t n2 , i n t n3 , i n t n4 , i n t n5 , i n t l 0 , i n t b0 , i n t e0 ,
4 doub le lambda_plus1 , doub le lambda_moins1 , doub le lambdaF_plus1 ,
5 doub le lambdaN1 , doub le phiP1 , doub le p h i F _ p l u s 1 , doub le phiF_moins1 ,
6 doub le phiA_plus1 , doub le phiA_moins1 , doub le phiC1 , doub le phiT1 ,
7 doub le lambda_plus2 , doub le lambda_moins2 , doub le lambdaF_plus2 ,
8 doub le lambdaN2 , doub le phiP2 , doub le p h i F _ p l u s 2 , doub le phiF_moins2 ,
9 doub le phiA_plus2 , doub le phiA_moins2 , doub le phiC2 , doub le phiT2 ) {

10 i n t c p t = 0 ;
11 doub le t 0 = 0 . 0 ;
12 doub le T = 0 . 0 ;
13

14 s t d : : map< s t d : : s t r i n g , i n t > K0 =
15 GeneInitMapParam (N , n1 , n2 , n3 , n4 , n5 , l 0 , b0 , e0 , c p t ) ;
16 s t d : : map< s t d : : s t r i n g , i n t > K1 = P o p u l a t i o n T o t a l e M a p ( K0 , t0 , N , t 0 + dt1 ,
17 l ambda_plus1 , lambda_moins1 , lambdaF_plus1 , lambdaN1 ,
18 phiP1 , p h i F _ p l u s 1 , phiF_moins1 , phiA_plus1 , phiA_moins1 , phiC1 , phiT1 , c p t ) ;
19

20 T= t 0 + d t 1 ;
21 t 0 =T ;
22 c p t = c p t + 1 ;
23 s t d : : map< s t d : : s t r i n g , i n t > K2 ;
24 whi l e ( T<tmax ) {
25 K2 = P o p u l a t i o n T o t a l e M a p ( K1 , t0 , N , t 0 + dt2 ,
26 l ambda_plus2 , lambda_moins2 , lambdaF_plus2 , lambdaN2 ,
27 phiP2 , p h i F _ p l u s 2 , phiF_moins2 , phiA_plus2 , phiA_moins2 , phiC2 , phiT2 , c p t ) ;
28

29 T= t 0 + d t 2 ;
30 t 0 =T ;
31 c p t = c p t + 1 ;
32

33 i f ( T < tmax ) {
34 K1 = P o p u l a t i o n T o t a l e M a p ( K2 , t0 , N , t 0 + dt1 ,
35 l ambda_plus1 , lambda_moins1 , lambdaF_plus1 , lambdaN1 ,
36 phiP1 , p h i F _ p l u s 1 , phiF_moins1 , phiA_plus1 , phiA_moins1 , phiC1 , phiT1 , c p t ) ;
37

38 T= t 0 + d t 1 ;
39 t 0 =T ;
40 c p t = c p t + 1 ; } } }

Fonction C++ prenant en arguments :

h int N : le nombre total de monomères dans le système
h double tmax : le temps �nal
h double dt1 : la durée pendant laquelle le système est soumis au taux de �xation de formines et au

taux de capping normaux
h double dt2 : la durée pendant laquelle le système est soumis au taux de �xation de formines et au

taux de capping modi�és
h double retard : la durée pendant laquelle le taux de �xation de formines est déjà modi�é alors que

le taux de capping est normal
h int n1 : le nombre de monomères inclus dans les �laments simples
h int n2 : le nombre de complexes actine-G/pro�line
h int n3 : le nombre de monomères inclus dans les �laments associés à une formine
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h int n4 : le nombre de monomères inclus dans les �laments linéaires cappés

h int n5 : le nombre de monomères inclus dans les �laments branchés

h int l0 : la taille initiale des �laments

h int b0 : le nombre initial de branchements (pour les �laments branchés)

h int e0 : le nombre intial d’extrémités libres (pour les �laments branchés)

h double lambda_plus : le taux d’élongation spontanée

h double lambda_moins : le taux de dépolymérisation

h double lambdaF_plus : le taux d’élongation avec une formine

h double lambdaN : le taux de nucléation

h double phiP : le taux de création de complexes actin-G/pro�lin du premier jeu de paramètres

h double phiF_plus1 : le taux de �xation d’une formine normal

h double phiF_plus2 : le taux de �xation d’une formine modi�é

h double phiF_moins : le taux de libération d’une formine

h double phiA_plus : le taux de �xation d’un Arp2/3 sur un polymère

h double phiA_moins : le taux de libération d’un Arp2/3

h double phiC1 : le taux de capping normal

h double phiC2 : le taux de capping modi�é

h double phiT : le taux de fragmentation

créant une map contenant l’état initial souhaité et modi�ant cette map selon le modèle décrit dans la
Section 4.2 du Chapitre III jusqu’au temps tmax en oscillant entre deux valeurs de Φ+F et deux valeurs
de ΦC .

1 vo id S w i t c h P a r a m e t r e s 2 (
2 i n t N , doub le tmax , doub le dt1 , doub le dt2 , doub le r e t a r d ,
3 i n t n1 , i n t n2 , i n t n3 , i n t n4 , i n t n5 , i n t l 0 , i n t b0 , i n t e0 ,
4 doub le lambda_plus , doub le lambda_moins , doub le lambdaF_plus ,
5 doub le lambdaN , doub le phiP , doub le p h i F _ p l u s 1 , doub le p h i F _ p l u s 2 ,
6 doub le phiF_moins , doub le phiA_plus , doub le phiA_moins , doub le phiC1 ,
7 doub le phiC2 , doub le phiT ) {
8 i n t c p t = 0 ;
9 doub le t 0 = 0 . 0 ;

10 doub le T = 0 . 0 ;
11

12 s t d : : map< s t d : : s t r i n g , i n t > K0 = GeneInitMapParam (N , n1 , n2 , n3 , n4 , n5 ,
13 l 0 , b0 , e0 , c p t ) ;
14 s t d : : map< s t d : : s t r i n g , i n t > K1 = P o p u l a t i o n T o t a l e M a p ( K0 , t0 , N , t 0 + dt1 ,
15 l ambda_plus , lambda_moins , lambdaF_plus , lambdaN ,
16 phiP , p h i F _ p l u s 1 , phiF_moins , phiA_plus , phiA_moins , phiC1 , phiT , c p t ) ;
17

18 T= t 0 + d t 1 ;
19 t 0 =T ;
20 c p t = c p t + 1 ;
21 s t d : : map< s t d : : s t r i n g , i n t > K2 ;
22 s t d : : map< s t d : : s t r i n g , i n t > K3 ;
23 s t d : : map< s t d : : s t r i n g , i n t > K4 ;
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24 whi l e ( T<tmax ) {
25 K2 = P o p u l a t i o n T o t a l e M a p ( K1 , t0 , N , t 0 + r e t a r d ,
26 l ambda_plus , lambda_moins , lambdaF_plus , lambdaN ,
27 phiP , p h i F _ p l u s 2 , phiF_moins , phiA_plus , phiA_moins , phiC1 , phiT , c p t ) ;
28

29 T= t 0 + r e t a r d ;
30 t 0 =T ;
31 c p t = c p t + 1 ;
32

33 K3 = P o p u l a t i o n T o t a l e M a p ( K2 , t0 , N , t 0 + dt2 − r e t a r d ,
34 l ambda_plus , lambda_moins , lambdaF_plus , lambdaN ,
35 phiP , p h i F _ p l u s 2 , phiF_moins , phiA_plus , phiA_moins , phiC2 , phiT , c p t ) ;
36

37 T= t 0 + dt2 − r e t a r d ;
38 t 0 =T ;
39 c p t = c p t + 1 ;
40

41 K4 = P o p u l a t i o n T o t a l e M a p ( K3 , t0 , N , t 0 + r e t a r d ,
42 l ambda_plus , lambda_moins , lambdaF_plus , lambdaN ,
43 phiP , p h i F _ p l u s 1 , phiF_moins , phiA_plus , phiA_moins , phiC2 , phiT , c p t ) ;
44

45 T= t 0 + r e t a r d ;
46 t 0 =T ;
47 c p t = c p t + 1 ;
48

49 i f ( T < tmax ) {
50 K1 = P o p u l a t i o n T o t a l e M a p ( K4 , t0 , N , t 0 + dt1 ,
51 l ambda_plus , lambda_moins , lambdaF_plus , lambdaN ,
52 phiP , p h i F _ p l u s 1 , phiF_moins , phiA_plus , phiA_moins , phiC1 , phiT , c p t ) ;
53

54 T= t 0 + d t 1 ;
55 t 0 =T ;
56 c p t = c p t + 1 ; } } }

1.3 - Large Population Limit

Fonction C++ prenant en arguments :

h int lmax : la longueur maximale des polymères à considérer
h double p1 : la proportion de monomères inclus dans les �laments simples
h double p2 : la proportion de complexes actine-G/pro�line
h double p3 : la proportion de monomères inclus dans les �laments associés à une formine
h double p4 : la proportion de monomères inclus dans les �laments linéaires cappés
h double p5 : la proportion de monomères inclus dans les �laments branchés
h int l0 : la taille initiale des �laments
h int b0 : le nombre initial de branchements (pour les �laments branchés)
h int e0 : le nombre intial d’extrémités libres (pour les �laments branchés)
h int vi : entier permettant de numéroter le �chier résultat

et créant une map contenant l’état initial souhaité.
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1 s t d : : map< s t d : : s t r i n g , double > GeneIn i tMapLimi teParam ( i n t lmax ,
2 doub le p1 , doub le p2 , doub le p3 , doub le p4 , doub le p5 ,
3 i n t l 0 , i n t b0 , i n t e0 , i n t v i ) {
4 s t d : : map< s t d : : s t r i n g , double > Klim0 ;
5

6 s t d : : s t r i n g s l 0 = s t d : : t o _ s t r i n g ( l 0 ) ;
7 s t d : : s t r i n g sb0 = s t d : : t o _ s t r i n g ( b0 ) ;
8 s t d : : s t r i n g se0 = s t d : : t o _ s t r i n g ( e0 ) ;
9

10 s t d : : s t r i n g s v i = s t d : : t o _ s t r i n g ( v i ) ;
11

12 i f (1 −p1−p2−p3−p4−p5 >0 ) {
13 Klim0 [ "M; 0 ; 1 ; 0 ; " ]=1−p1−p2−p3−p4−p5 ; }
14 i f ( p1 >0 ) {
15 Klim0 [ " S ; 0 ; " + s l 0 + " ; 1 ; " ]= p1 / doub le ( l 0 ) ; }
16 i f ( p2 >0 ) {
17 Klim0 [ " P ; 0 ; 1 ; 0 ; " ]= p2 ; }
18 i f ( p3 >0 ) {
19 Klim0 [ " F ; 0 ; " + s l 0 + " ; 1 ; " ]= p3 / doub le ( l 0 ) ; }
20 i f ( p4 >0 ) {
21 Klim0 [ "C ; 0 ; " + s l 0 + " ; 0 ; " ]= p4 / doub le ( l 0 ) ; }
22 i f ( p5 >0 ) {
23 Klim0 [ " B ; " + sb0 + " ; " + s l 0 + " ; " + se0 + " ; " ]= p5 / doub le ( l 0 ) ; }
24

25 s t d : : s t r i n g NomFichier = " V a l e u r s I n i t i a l e s L i m i t e " + s v i + " . t x t " ;
26

27 FILE ∗ o u t I n i t = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
28

29 f p r i n t f ( o u t I n i t , " L i b r e s = % f \ n " , (1 −p1−p2−p3−p4−p5 ) ) ;
30 f p r i n t f ( o u t I n i t , " S i m p l e s = % f \ n " , p1 ) ;
31 f p r i n t f ( o u t I n i t , " Complexes = % f \ n " , p2 ) ;
32 f p r i n t f ( o u t I n i t , " Formine = % f \ n " , p3 ) ;
33 f p r i n t f ( o u t I n i t , " Cappes = % f \ n " , p4 ) ;
34 f p r i n t f ( o u t I n i t , " B ranchan t s = % f \ n " , p5 ) ;
35 f p r i n t f ( o u t I n i t , " Longueur = %d \ n " , l 0 ) ;
36 i f ( p5 >0 ) {
37 f p r i n t f ( o u t I n i t , " Branchements = %d \ n " , b0 ) ;
38 f p r i n t f ( o u t I n i t , " E x t r e m i t e s = %d \ n " , e0 ) ; }
39 f c l o s e ( o u t I n i t ) ;
40

41 r e t u r n Klim0 ; }

Fonction C++ prenant en arguments :

h std :: map<std:: string , int> K0 : map initiale obtenue grâce à la fonction GeneInitMapLimiteParam

h double t0 : le temps initial

h int lmax : la longueur maximale des polymères à considérer

h double tmax : le temps �nal

h double dt : le pas de temps pour la méthode d’Euler explicite

h double lambda_plus : le taux d’élongation spontanée

h double lambda_moins : le taux de dépolymérisation

h double lambdaF_plus : le taux d’élongation avec une formine

h double lambdaN : le taux de nucléation
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h double phiP : le taux de création de complexes actin-G/pro�lin

h double phiF_plus : le taux de �xation d’une formine sur un polymère

h double phiF_moins : le taux de libération d’une formine

h double phiA_plus : le taux de �xation d’un Arp2/3 sur un polymère

h double phiA_moins : le taux de libération d’un Arp2/3

h double phiC : le taux de capping

h double phiT : le taux de fragmentation

h int vi : entier permettant de numéroter le �chier résultat

et modi�ant la map selon le système d’équations di�érentielles ordinaires de la Conjecture 3.4.1.

1 s t d : : map< s t d : : s t r i n g , double > P o p u l a t i o n T o t a l e M a p L i m i t e
2 ( s t d : : map< s t d : : s t r i n g , double > Klim0 , doub le t0 , i n t lmax , doub le tmax , doub le dt ,
3 doub le lambda_plus , doub le lambda_moins , doub le lambdaF_plus ,
4 doub le lambdaN , doub le phiP , doub le p h i F _ p l u s , doub le phiF_moins ,
5 doub le phiA_plus , doub le phiA_moins , doub le phiC , doub le phiT , i n t v i ) {
6 s t d : : s t r i n g s v i = s t d : : t o _ s t r i n g ( v i ) ;
7

8 s t d : : s t r i n g NomFichier = " V a l e u r s P a r a m e t r e s L i m i t e " + s v i + " . t x t " ;
9 / / On c r é e un f i c h i e r p o u r r é c u p é r e r l a v a l e u r d e s p a r a m è t r e s

10 FILE ∗ o u t p a r a m e t r e = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
11

12 / / On é c r i t l a v a l e u r d e s p a r a m è t r e s
13 f p r i n t f ( ou tparamet re , " d t = % f " , d t ) ;
14 f p r i n t f ( ou tparamet re , " \ n " ) ;
15 f p r i n t f ( ou tparamet re , " l ambda_p lus = % f " , l ambda_p lus ) ;
16 f p r i n t f ( ou tparamet re , " \ n " ) ;
17 f p r i n t f ( ou tparamet re , " l ambdaF_p lus = % f " , l ambdaF_p lus ) ;
18 f p r i n t f ( ou tparamet re , " \ n " ) ;
19 f p r i n t f ( ou tparamet re , " lambda_moins = % f " , lambda_moins ) ;
20 f p r i n t f ( ou tparamet re , " \ n " ) ;
21 f p r i n t f ( ou tparamet re , " lambdaN = % f " , lambdaN ) ;
22 f p r i n t f ( ou tparamet re , " \ n " ) ;
23 f p r i n t f ( ou tparamet re , " PhiP = % f " , phiP ) ;
24 f p r i n t f ( ou tparamet re , " \ n " ) ;
25 f p r i n t f ( ou tparamet re , " P h i F _ p l u s = % f " , p h i F _ p l u s ) ;
26 f p r i n t f ( ou tparamet re , " \ n " ) ;
27 f p r i n t f ( ou tparamet re , " PhiF_moins = % f " , phiF_moins ) ;
28 f p r i n t f ( ou tparamet re , " \ n " ) ;
29 f p r i n t f ( ou tparamet re , " Ph iA_p lus = % f " , ph iA_p lus ) ;
30 f p r i n t f ( ou tparamet re , " \ n " ) ;
31 f p r i n t f ( ou tparamet re , " PhiA_moins = % f " , phiA_moins ) ;
32 f p r i n t f ( ou tparamet re , " \ n " ) ;
33 f p r i n t f ( ou tparamet re , " PhiC = % f " , phiC ) ;
34 f p r i n t f ( ou tparamet re , " \ n " ) ;
35 f p r i n t f ( ou tparamet re , " PhiT = % f " , phiT ) ;
36 f p r i n t f ( ou tparamet re , " \ n " ) ;
37 f p r i n t f ( ou tparamet re , " lmax = % i " , lmax ) ;
38 f p r i n t f ( ou tparamet re , " \ n " ) ;
39

40 / / On f e r m e l e f i c h i e r p o u r l e s p a r a m è t r e s
41 f c l o s e ( o u t p a r a m e t r e ) ;
42

43 / / On c r é e un f i c h i e r p o u r l ’ é v o l u t i o n du s y s t è me
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44 NomFichier = " D i s t r i b u t i o n S l i m " + s v i + " . t x t " ;
45 FILE ∗ outpu tS = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
46 NomFichier = " D i s t r i b u t i o n F l i m " + s v i + " . t x t " ;
47 FILE ∗ outpu tF = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
48 NomFichier = " D i s t r i b u t i o n C l i m " + s v i + " . t x t " ;
49 FILE ∗ outputC = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
50 NomFichier = " D i s t r i b u t i o n B l i m " + s v i + " . t x t " ;
51 FILE ∗ outputB = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
52

53 NomFichier = " MoyennesBElim " + s v i + " . t x t " ;
54 FILE ∗ outputMoy = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
55

56 NomFichier = " D i s t r i b u t i o n B r a n c h e l i m " + s v i + " . t x t " ;
57 FILE ∗ outputBranche = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
58 NomFichier = " D i s t r i b u t i o n E x t r e m i t e l i m " + s v i + " . t x t " ;
59 FILE ∗ o u t p u t E x t r e m i t e = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
60 / / e t un f i c h i e r p o u r l e s p r o r t i o n s d e f i l a m e n t s d a n s
61 / / c h a q u e s o u s − p o p u l a t i o n
62 NomFichier = " P r o p o r t i o n s l i m " + s v i + " . t x t " ;
63 FILE ∗ outpu tprop = fopen ( NomFichier . c _ s t r ( ) , "w" ) ;
64

65 / / On i n i t i a l i s e l e t e m p s
66 doub le t = t 0 ;
67 p r i n t f ( "% f \ n " , t ) ;
68 i n t c p t = 0 ;
69 i n t n e x t _ p r i n t = 1 ;
70

71 s t d : : map< s t d : : s t r i n g , double > : : i t e r a t o r i t ;
72 / / On i n i t i a l i s e l e s p r o p o r t i o n s d e m o n o m e r e s p r e s e n t s
73 / / d a n s c h a q u e s o u s − p o p u l a t i o n
74 doub le p0=Klim0 [ "M; 0 ; 1 ; 0 ; " ] ; / / monom è r e s l i b r e s
75 doub le p1 = 0 ; / / f i l a m e n t s s i m p l e s
76 doub le p2=Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ; / / c o m p l e x e s G− a c t i n / p r o i l i n
77 doub le p3 = 0 ; / / f i l a m e n t s + f o r m i n
78 doub le p4 = 0 ; / / f i l a m e n t s l i n é a i r e s c a p p é s
79 doub le p5 = 0 ; / / f i l a m e n t s b r a n c h é s
80

81 i n t NL ; / / L o n g u e u r en c o u r s
82 i n t BL ; / / B r a n c h e m e n t en c o u r s
83 i n t EL ; / / E x t r e m i t e en c o u r s
84

85 doub le p F i l S = 0 ; / / P r o p d e f i l a m e n t s s i m p l e s
86 doub le p F i l F = 0 ; / / P r o p d e f i l a m e n t s f o r m i n e
87 doub le p F i l C = 0 ; / / P r o p d e f i l a m e n t s c a p p é
88 doub le p F i l B = 0 ; / / P r o p d e f i l a m e n t s b r a n c h a n t s
89

90 doub le D i s t S l i m [ lmax + 1 ] ; / / Dans c a s e i ,
91 / / p r o p d e f i l a m e n t s s i m p l e s d e t a i l l e i
92 doub le D i s t F l i m [ lmax + 1 ] ; / / Dans c a s e i ,
93 / / p r o p d e f i l a m e n t s f o r m i n e d e t a i l l e i
94 doub le D i s t C l i m [ lmax + 1 ] ; / / Dans c a s e i ,
95 / / p r o p d e f i l a m e n t s c a p p é s d e t a i l l e i
96 doub le D i s t B l i m [ lmax + 1 ] ; / / Dans c a s e i ,
97 / / p r o p d e f i l a m e n t s b r a n c h a n t s d e t a i l l e i
98

99 doub le pBran [ lmax + 1 ] ; / / Dans c a s e i ,
100 / / p r o p d e f i l a m e n t s a v e c i b r a n c h e m e n t s
101 doub le pExt [ lmax + 1 ] ; / / Dans c a s e i ,
102 / / p r o p d e f i l a m e n t s a v e c i e x t r e m i t e s l i b r e s
103 doub le pExtB [ lmax + 1 ] ; / / Dans c a s e i ,
104 / / p r o p d e f i l a m e n t s b r a n c h a n t s a v e c i e x t r e m i t e s l i b r e s
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105

106 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
107 D i s t S l i m [ i ] = 0 ;
108 D i s t F l i m [ i ] = 0 ;
109 D i s t C l i m [ i ] = 0 ;
110 D i s t B l i m [ i ] = 0 ;
111 pBran [ i ] = 0 ;
112 pExt [ i ] = 0 ;
113 pExtB [ i ] = 0 ; }
114

115 doub le MoyBranchLim = 0 . 0 ;
116

117 f o r ( i t =Klim0 . beg in ( ) ; i t != Klim0 . end ( ) ; ++ i t ) {
118 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
119 BL= f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
120 EL= f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
121 i f ( i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’ && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’
122 && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ e ’ ) {
123 pExt [ EL ]= pExt [ EL ]+ i t −> second ;
124 pBran [ BL ]= pBran [ BL ]+ i t −> second ; }
125 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
126 p1=p1+ i t −> second ∗NL ;
127 p F i l S = p F i l S + i t −> second ;
128 D i s t S l i m [NL]= i t −> second ; }
129 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
130 p3=p3+ i t −> second ∗NL ;
131 p F i l F = p F i l F + i t −> second ;
132 D i s t F l i m [NL]= i t −> second ; }
133 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
134 p4=p4+ i t −> second ∗NL ;
135 p F i l C = p F i l C + i t −> second ;
136 D i s t C l i m [NL]= i t −> second ; }
137 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
138 p5=p5+ i t −> second ∗NL ;
139 p F i l B = p F i l B + i t −> second ;
140 D i s t B l i m [NL]= i t −> second ;
141 pExtB [ EL ]= pExtB [ EL ]+ i t −> second ; } }
142

143 i f ( p F i l B == 0 ) {
144 MoyBranchLim = 0 . 0 ;
145 MoyExtLim = 0 . 0 ; }
146 e l s e {
147 f o r ( i n t j = 1 ; j < lmax + 1 ; j ++) {
148 MoyBranchLim=MoyBranchLim+ j ∗ pBran [ j ] ;
149 MoyExtLim=MoyExtLim+ j ∗ pExtB [ j ] ; }
150

151 MoyBranchLim=MoyBranchLim / doub le ( p F i l B ) ;
152 MoyExtLim=MoyExtLim / doub le ( p F i l B ) ; }
153

154 f p r i n t f ( outputprop , "% f ; " , t ) ;
155 f p r i n t f ( outputprop , "% f ; " , p0 ) ;
156 f p r i n t f ( outputprop , "% f ; " , p1 ) ;
157 f p r i n t f ( outputprop , "% f ; " , p2 ) ;
158 f p r i n t f ( outputprop , "% f ; " , p3 ) ;
159 f p r i n t f ( outputprop , "% f ; " , p4 ) ;
160 f p r i n t f ( outputprop , "% f ; " , p5 ) ;
161 f p r i n t f ( outputprop , "% f ; " , p0+p1+p2+p3+p4+p5 ) ;
162 f f l u s h ( ou tpu tprop ) ;
163

164 f p r i n t f ( outputprop , "% f ; " , p F i l S ) ;
165 f p r i n t f ( outputprop , "% f ; " , p F i l F ) ;
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166 f p r i n t f ( outputprop , "% f ; " , p F i l C ) ;
167 f p r i n t f ( outputprop , "% f ; \ n " , p F i l B ) ;
168

169 f p r i n t f ( outputS , "% f ; " , t ) ;
170 f p r i n t f ( outputF , "% f ; " , t ) ;
171 f p r i n t f ( outputC , "% f ; " , t ) ;
172 f p r i n t f ( outputB , "% f ; " , t ) ;
173

174 f p r i n t f ( outputBranche , "% f ; " , t ) ;
175 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , t ) ;
176

177 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
178 f p r i n t f ( outputS , "% f ; " , D i s t S l i m [ i ] ) ;
179 f p r i n t f ( outputF , "% f ; " , D i s t F l i m [ i ] ) ;
180 f p r i n t f ( outputC , "% f ; " , D i s t C l i m [ i ] ) ;
181 f p r i n t f ( outputB , "% f ; " , D i s t B l i m [ i ] ) ;
182 f p r i n t f ( outputBranche , "% f ; " , pBran [ i ] ) ;
183 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , pExt [ i ] ) ; }
184

185 f p r i n t f ( outputS , " \ n " ) ;
186 f p r i n t f ( outputF , " \ n " ) ;
187 f p r i n t f ( outputC , " \ n " ) ;
188 f p r i n t f ( outputB , " \ n " ) ;
189

190 f p r i n t f ( outputBranche , " \ n " ) ;
191 f p r i n t f ( o u t p u t E x t r e m i t e , " \ n " ) ;
192

193 f p r i n t f ( outputMoy , "% f ; " , t ) ;
194 f p r i n t f ( outputMoy , "% f ; " , MoyBranchLim ) ;
195 f p r i n t f ( outputMoy , "% f ; \ n " , MoyExtLim ) ;
196

197 / / On i n i t i a l i s e l ’ e t a t s u i v a n t du s y s t e m e
198 s t d : : map< s t d : : s t r i n g , double > Klim1 ;
199 s t d : : map< s t d : : s t r i n g , double > : : i t e r a t o r i t 1 ;
200

201 doub le c r e a t i o n _ c o m p l e x e ;
202 doub le n u c l e a t i o n ;
203 doub le mapP = 0 ;
204 doub le mapM= 0 ;
205 s t d : : map< i n t , i n t > mapSLong ; / / L o n g u e u r s e x i s t a n t e s
206 / / p o u r l e s f i l a m e n t s s i m p l e s
207 s t d : : map< i n t , i n t > : : i t e r a t o r i t S l o n g ;
208 s t d : : map< i n t , i n t > mapFLong ; / / L o n g u e u r s e x i s t a n t e s
209 / / p o u r l e s f i l a m e n t s f o r m i n e
210 s t d : : map< i n t , i n t > : : i t e r a t o r i t F l o n g ;
211 s t d : : map< i n t , i n t > mapCLong ; / / L o n g u e u r s e x i s t a n t e s
212 / / p o u r l e s f i l a m e n t s c a p p e s
213 s t d : : map< i n t , i n t > : : i t e r a t o r i t C l o n g ;
214 s t d : : map< s t d : : s t r i n g , s t d : : s t r i n g > mapAType ; / / T y p e s e x i s t a n t s
215 / / p o u r l e s f i l a m e n t s b r a n c h é
216 s t d : : map< s t d : : s t r i n g , s t d : : s t r i n g > : : i t e r a t o r i t A t y p e ;
217 s t d : : map< i n t , double > mapS ; / / t a u x t o t a l d e c h a n g e m e n t
218 / / p o u r l e s f i l a m e n t s s i m p l e s
219 s t d : : map< i n t , double > : : i t e r a t o r i t S ;
220 s t d : : map< i n t , double > mapF ; / / t a u x t o t a l d e c h a n g e m e n t
221 / / p o u r l e s f i l a m e n t s f o r m i n e
222 s t d : : map< i n t , double > : : i t e r a t o r i t F ;
223 s t d : : map< i n t , double > mapC ; / / t a u x t o t a l d e c h a n g e m e n t
224 / / p o u r l e s f i l a m e n t s c a p p é s
225 s t d : : map< i n t , double > : : i t e r a t o r i t C ;
226 s t d : : map< s t d : : s t r i n g , double > mapA ; / / t a u x t o t a l d e c h a n g e m e n t
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227 / / p o u r l e s f i l a m e n t s a r p
228 s t d : : map< s t d : : s t r i n g , double > : : i t e r a t o r i t A ;
229 s t d : : s t r i n g sL ;
230 s t d : : s t r i n g sLm ;
231 s t d : : s t r i n g sLp ;
232 s t d : : s t r i n g sB ;
233 s t d : : s t r i n g sE ;
234 s t d : : s t r i n g sBp ;
235 s t d : : s t r i n g sEp ;
236 s t d : : s t r i n g sBm ;
237 s t d : : s t r i n g sEm ;
238

239 s t d : : s t r i n g s l ;
240 s t d : : s t r i n g sb ;
241 s t d : : s t r i n g se ;
242

243 doub le sp ;
244

245 / / T a n t qu ’ on a p a s a t t e i n t l e tmax ,
246 / / on c o n t i n u e a f a i r e e v o l u e r l e s y s t e m e
247 whi l e ( t <tmax ) {
248 sp = 0 . 0 ;
249

250 / / On a p p r o c h e l a s o l u t i o n du s y s t e m e au t e m p s d t p a r
251 / / u n e m e t h o d e d ’ E u l e r e x p l i c i t e
252 / / Le s y s t m e d ’ EDO s ’ e c r i t :
253 / / K l i m 1 [ ] = d t ∗ ( ) + K l i m 0 [ ] ;
254

255 s t d : : map< s t d : : s t r i n g , double > : : i t e r a t o r i t e ;
256

257 / / on r e m p l i t K l i m 1
258 c r e a t i o n _ c o m p l e x e = phiP ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ;
259 n u c l e a t i o n = 3 ∗ lambdaN ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ]
260 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ;
261

262 mapM=mapM− c r e a t i o n _ c o m p l e x e − n u c l e a t i o n ;
263 mapP=mapP+ c r e a t i o n _ c o m p l e x e ;
264 mapS [ 3 ] = mapS [ 3 ] + n u c l e a t i o n ;
265

266 f o r ( i t =Klim0 . beg in ( ) ; i t != Klim0 . end ( ) ; ++ i t ) {
267 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
268 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
269 mapSLong [NL]=NL ; }
270 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
271 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
272 mapFLong [NL]=NL ; }
273 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
274 mapAType [ i t −> f i r s t . c _ s t r ( ) ]= i t −> f i r s t . c _ s t r ( ) ; }
275 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
276 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
277 mapCLong [NL]=NL ; } }
278

279 f o r ( i t S l o n g =mapSLong . beg in ( ) ; i t S l o n g != mapSLong . end ( ) ;++ i t S l o n g ) {
280 sL = s t d : : t o _ s t r i n g ( i t S l o n g −> second ) ;
281 sLm = s t d : : t o _ s t r i n g ( i t S l o n g −>second −1 ) ;
282 sLp = s t d : : t o _ s t r i n g ( i t S l o n g −> second +1 ) ;
283 i f ( i t S l o n g −> second == 3 ) {
284 mapS [ i t S l o n g −> second ]= mapS [ i t S l o n g −> second ]
285 +lambda_moins ∗ Klim0 [ " S ; 0 ; " +sLp+ " ; 1 ; " ]
286 − l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
287 − lambda_moins ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
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288 − p h i F _ p l u s ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
289 −phiA_p lus ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ 3
290 −phiC ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
291 −phiT ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ∗ i t S l o n g −> second ;
292 mapM=mapM− l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
293 +3 ∗ lambda_moins ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
294 +3 ∗ phiT ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ∗ i t S l o n g −> second ; }
295 e l s e {
296 mapS [ i t S l o n g −> second ]= mapS [ i t S l o n g −> second ]
297 + lambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sLm+ " ; 1 ; " ]
298 +lambda_moins ∗ Klim0 [ " S ; 0 ; " +sLp+ " ; 1 ; " ]
299 − l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
300 − lambda_moins ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
301 − p h i F _ p l u s ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
302 −phiA_p lus ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second
303 −phiC ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
304 −phiT ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ∗ i t S l o n g −> second ;
305 mapM=mapM− l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ]
306 +lambda_moins ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ;
307 mapS [ i t S l o n g −>second −1]=mapS [ i t S l o n g −>second −1]
308 +lambda_moins ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ;
309

310 f o r ( i n t l = 3 ; l < i t S l o n g −> second ; l ++) {
311 mapS [ l ]= mapS [ l ]
312 +phiT ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ∗ i t S l o n g −> second
313 ∗ ProbaGeom ( i t S l o n g −>second −4 , fmax ( 0 ,
314 1 − ( lambda_moins / ( l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ) ) ) , l −3 ) ;
315 mapM=mapM
316 +phiT ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ∗ i t S l o n g −> second
317 ∗ ProbaGeom ( i t S l o n g −>second −4 , fmax ( 0 ,
318 1 − ( lambda_moins / ( l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ) ) ) , l −3 )
319 ∗ ( i t S l o n g −>second − l ) ; } }
320 mapS [ i t S l o n g −> second +1]= mapS [ i t S l o n g −> second +1]
321 + lambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ;
322 mapF [ i t S l o n g −> second ]= mapF [ i t S l o n g −> second ]
323 + p h i F _ p l u s ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ;
324 mapC[ i t S l o n g −> second ]=mapC[ i t S l o n g −> second ]
325 +phiC ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ;
326 mapA[ " B ; 1 ; " +sL+ " ; 2 ; " ]=mapA[ " B ; 1 ; " +sL+ " ; 2 ; " ]
327 + phiA_p lus ∗ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t S l o n g −> second ; }
328

329 f o r ( i t F l o n g =mapFLong . beg in ( ) ; i t F l o n g != mapFLong . end ( ) ; ++ i t F l o n g ) {
330 sL = s t d : : t o _ s t r i n g ( i t F l o n g −> second ) ;
331 sLm = s t d : : t o _ s t r i n g ( i t F l o n g −>second −1 ) ;
332 sLp = s t d : : t o _ s t r i n g ( i t F l o n g −> second +1 ) ;
333 i f ( i t F l o n g −> second == 3 ) {
334 mapF [ i t F l o n g −> second ]= mapF [ i t F l o n g −> second ]
335 +lambda_moins ∗ Klim0 [ " F ; 0 ; " +sLp+ " ; 1 ; " ]
336 − l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
337 − lambda_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
338 −phiF_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
339 −phiT ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t F l o n g −> second ∗ i t F l o n g −> second ;
340 mapP=mapP− l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ;
341 mapM=mapM+3 ∗ lambda_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
342 +3 ∗ phiT ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t F l o n g −> second ∗ i t F l o n g −> second ; }
343 e l s e {
344 mapF [ i t F l o n g −> second ]= mapF [ i t F l o n g −> second ]
345 + lambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sLm+ " ; 1 ; " ]
346 +lambda_moins ∗ Klim0 [ " F ; 0 ; " +sLp+ " ; 1 ; " ]
347 − l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
348 − lambda_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
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349 −phiF_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ]
350 −phiT ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t F l o n g −> second ∗ i t F l o n g −> second ;
351 mapP=mapP− l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ;
352 mapM=mapM+lambda_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ;
353 mapF [ i t F l o n g −>second −1]=mapF [ i t F l o n g −>second −1]
354 +lambda_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ;
355

356 f o r ( i n t l = 3 ; l < i t F l o n g −> second ; l ++) {
357 mapF [ l ]= mapF [ l ]
358 +phiT ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t F l o n g −> second ∗ i t F l o n g −> second
359 ∗ ProbaGeom ( i t F l o n g −>second −4 , fmax ( 0 ,
360 1 − ( lambda_moins / ( l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ) ) ) , l −3 ) ;
361 mapM=mapM
362 +phiT ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ∗ i t F l o n g −> second ∗ i t F l o n g −> second
363 ∗ ProbaGeom ( i t F l o n g −>second −4 , fmax ( 0 ,
364 1 − ( lambda_moins / ( l ambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ) ) ) , l −3 )
365 ∗ ( i t F l o n g −>second − l ) ; } }
366 mapF [ i t F l o n g −> second +1]= mapF [ i t F l o n g −> second +1]
367 + lambdaF_p lus ∗ Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ;
368 mapS [ i t F l o n g −> second ]= mapS [ i t F l o n g −> second ]
369 + phiF_moins ∗ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ; }
370

371 f o r ( i t C l o n g =mapCLong . beg in ( ) ; i t C l o n g != mapCLong . end ( ) ; ++ i t C l o n g ) {
372 sL = s t d : : t o _ s t r i n g ( i t C l o n g −> second ) ;
373 sLm = s t d : : t o _ s t r i n g ( i t C l o n g −>second −1 ) ;
374 sLp = s t d : : t o _ s t r i n g ( i t C l o n g −> second +1 ) ;
375 i f ( i t C l o n g −> second == 3 ) {
376 mapC[ i t C l o n g −> second ]=mapC[ i t C l o n g −> second ]
377 +lambda_moins ∗ Klim0 [ "C ; 0 ; " +sLp+ " ; 0 ; " ]
378 − lambda_moins ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ]
379 −phiA_p lus ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second
380 −phiT ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second ∗ i t C l o n g −> second ;
381 mapM=mapM+3 ∗ lambda_moins ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ]
382 +3 ∗ phiT ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second ∗ i t C l o n g −> second ; }
383 e l s e {
384 mapC[ i t C l o n g −> second ]=mapC[ i t C l o n g −> second ]
385 +lambda_moins ∗ Klim0 [ "C ; 0 ; " +sLp+ " ; 0 ; " ]
386 − lambda_moins ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ]
387 −phiA_p lus ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second
388 −phiT ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second ∗ i t C l o n g −> second ;
389 mapM=mapM+lambda_moins ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ]
390 + i t C l o n g −> second ∗ phiT ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ]
391 ∗ i t C l o n g −> second ∗ i t C l o n g −> second ;
392 mapC[ i t C l o n g −>second −1]=mapC[ i t C l o n g −>second −1]
393 +lambda_moins ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ; }
394 mapA[ " B ; 1 ; " +sL+ " ; 1 ; " ]=mapA[ " B ; 1 ; " +sL+ " ; 1 ; " ]
395 + phiA_p lus ∗ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ∗ i t C l o n g −> second ; }
396

397 f o r ( i t A t y p e =mapAType . beg in ( ) ; i t A t y p e != mapAType . end ( ) ; ++ i t A t y p e ) {
398 NL= f i n d L ( i tA type −> f i r s t . c _ s t r ( ) ) ;
399 BL= f i n d B ( i tAtype −> f i r s t . c _ s t r ( ) ) ;
400 EL= f i n d E ( i tA type −> f i r s t . c _ s t r ( ) ) ;
401 sL = s t d : : t o _ s t r i n g ( NL ) ;
402 sLm = s t d : : t o _ s t r i n g ( NL−1 ) ;
403 sLp = s t d : : t o _ s t r i n g ( NL+1 ) ;
404 sB = s t d : : t o _ s t r i n g ( BL ) ;
405 sBp = s t d : : t o _ s t r i n g ( BL +1 ) ;
406 sBm = s t d : : t o _ s t r i n g ( BL−1 ) ;
407 sE = s t d : : t o _ s t r i n g ( EL ) ;
408 sEp = s t d : : t o _ s t r i n g ( EL +1 ) ;
409 sEm = s t d : : t o _ s t r i n g ( EL −1 ) ;
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410 i f ( NL == 3 ) {
411 i f ( BL>1 && EL >0 ) {
412 mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]=mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]
413 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]
414 + phiA_p lus ∗ Klim0 [ " B ; " +sBm+ " ; " +sL+ " ; " +sEm+ " ; " ] ∗ ( NL− ( BL−1 ) )
415 +phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sEp+ " ; " ] ∗ ( EL +1 )
416 − l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
417 − lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
418 −phiA_p lus ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ ( NL−BL )
419 −phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
420 −phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ BL
421 −phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL ; }
422 e l s e {
423 mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]=mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]
424 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]
425 +phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sEp+ " ; " ] ∗ ( EL +1 )
426 − l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
427 − lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
428 −phiA_p lus ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ ( NL−BL )
429 −phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
430 −phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ BL
431 −phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL ; }
432 mapM=mapM
433 − l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
434 +3 ∗ lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ; }
435 e l s e {
436 i f ( BL>1 && EL >0 ) {
437 mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]=mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]
438 + lambda_p lus
439 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sLm+ " ; " +sE+ " ; " ] ∗ EL
440 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]
441 +phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sEp+ " ; " ] ∗ ( EL +1 )
442 + phiA_p lus ∗ Klim0 [ " B ; " +sBm+ " ; " +sL+ " ; " +sEm+ " ; " ] ∗ ( NL− ( BL−1 ) )
443 − l ambda_p lus
444 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
445 − lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
446 −phiA_p lus ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ ( NL−BL )
447 −phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
448 −phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ BL
449 −phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL ; }
450 e l s e {
451 mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]=mapA[ i tAtype −> f i r s t . c _ s t r ( ) ]
452 + lambda_p lus
453 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sLm+ " ; " +sE+ " ; " ] ∗ EL
454 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]
455 +phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sEp+ " ; " ] ∗ ( EL +1 )
456 − l ambda_p lus
457 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
458 − lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
459 −phiA_p lus ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ ( NL−BL )
460 −phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
461 −phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ BL
462 −phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL ; }
463 mapM=mapM− l ambda_p lus
464 ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL
465 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ;
466 mapA[ " B ; " +sB+ " ; " +sLm+ " ; " +sE+ " ; " ]=mapA[ " B ; " +sB+ " ; " +sLm+ " ; " +sE+ " ; " ]
467 +lambda_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
468 ∗ ( 1 − ( BL / doub le ( NL ) ) ) ;
469

470 f o r ( i n t l = 1 ; l <NL ; l ++) {
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471 f o r ( i n t b = 0 ; b<= min_ in t ( BL−1 , l ) ; b ++) {
472 f o r ( i n t e = 0 ; e <= min_ in t ( EL , b +1 ) ; e ++) {
473 s l = s t d : : t o _ s t r i n g ( l ) ;
474 sb = s t d : : t o _ s t r i n g ( b ) ;
475 se = s t d : : t o _ s t r i n g ( e ) ;
476 i f ( l ==1) {
477 mapM=mapM+phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
478 ∗BL ∗ P r o b a D e p o S p l i t ( l , NL , b , BL , e , EL ) ; }
479 e l s e i f ( l ==2) {
480 mapM=mapM+2 ∗ phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
481 ∗BL ∗ P r o b a D e p o S p l i t ( l , NL , b , BL , e , EL ) ; }
482 e l s e {
483 i f ( b ==0) {
484 i f ( e ==0) {
485 mapC[ l ]=mapC[ l ]
486 +phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
487 ∗BL ∗ P r o b a D e p o S p l i t ( l , NL , b , BL , e , EL ) ; }
488 e l s e i f ( e ==1) {
489 mapS [ l ]= mapS [ l ]
490 +phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
491 ∗BL ∗ P r o b a D e p o S p l i t ( l , NL , b , BL , e , EL ) ; } }
492 e l s e {
493 mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]=
494 mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]
495 +phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
496 ∗BL ∗ P r o b a D e p o S p l i t ( l , NL , b , BL , e , EL ) ; } } } } } }
497 mapA[ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]=mapA[ " B ; " +sB+ " ; " +sLp+ " ; " +sE+ " ; " ]
498 + lambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL ;
499 mapA[ " B ; " +sBp+ " ; " +sL+ " ; " +sEp+ " ; " ]=mapA[ " B ; " +sBp+ " ; " +sL+ " ; " +sEp+ " ; " ]
500 + phiA_p lus ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ ( NL−BL ) ;
501 mapA[ " B ; " +sB+ " ; " +sL+ " ; " +sEm+ " ; " ]=mapA[ " B ; " +sB+ " ; " +sL+ " ; " +sEm+ " ; " ]
502 +phiC ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗ EL ;
503

504 / / on c r e e un ( b , l , e ) a p a r t i r d e n o t r e ( BL , NL , EL )
505 / / s i l =0 r i e n ne s e p a s s e
506 / / s i l =1 on g a g n e un monom è r e ( qq s o i t b e t e )
507 / / s i l =2 on g a g n e 2 monom è r e ( qq s o i t b e t e )
508 / / s i l =3 on g a g n e un f i l a m e n t d o n t l e t y p e d é p e n d d e b e t e
509

510 f o r ( i n t l = 1 ; l <NL + 1 ; l ++) {
511 f o r ( i n t b = 0 ; b<= min_ in t ( BL−1 , l ) ; b ++) {
512 f o r ( i n t e = 0 ; e <= min_ in t ( EL , b +1 ) ; e ++) {
513 s l = s t d : : t o _ s t r i n g ( l ) ;
514 sb = s t d : : t o _ s t r i n g ( b ) ;
515 se = s t d : : t o _ s t r i n g ( e ) ;
516 i f ( l ==1) {
517 mapM=mapM+phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
518 ∗BL ∗ ProbaLibA ( l , NL , b , BL , e , EL ) ; }
519 e l s e i f ( l ==2) {
520 mapM=mapM+2 ∗ phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
521 ∗BL ∗ ProbaLibA ( l , NL , b , BL , e , EL ) ; }
522 e l s e {
523 i f ( b ==0) {
524 i f ( e ==0) {
525 mapC[ l ]=mapC[ l ]+ phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
526 ∗BL ∗ ProbaLibA ( l , NL , b , BL , e , EL ) ; }
527 e l s e i f ( e ==1) {
528 mapS [ l ]= mapS [ l ]+ phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
529 ∗BL ∗ ProbaLibA ( l , NL , b , BL , e , EL ) ; } }
530 e l s e {
531 mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]=mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]
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532 +phiA_moins ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ]
533 ∗BL ∗ ProbaLibA ( l , NL , b , BL , e , EL ) ; } } } } }
534

535 mapM=mapM+phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL
536 ∗ ProbaFragA ( 1 , NL , 0 , BL , 0 , EL ,
537 lambda_moins , l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ EL ) ;
538 f o r ( i n t l = 1 ; l <NL ; l ++) {
539 f o r ( i n t b = 0 ; b<= min_ in t ( BL , l ) ; b ++) {
540 s l = s t d : : t o _ s t r i n g ( l ) ;
541 sb = s t d : : t o _ s t r i n g ( b ) ;
542 se = s t d : : t o _ s t r i n g ( b +1 ) ;
543 i f ( b ==0) {
544 mapS [ l ]= mapS [ l ]+ phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL
545 ∗ ProbaFragA ( l , NL , b , BL , b +1 , EL ,
546 lambda_moins , l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ EL ) ; }
547 e l s e {
548 mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]=mapA[ " B ; " + sb + " ; " + s l + " ; " + se + " ; " ]
549 +phiT ∗ Klim0 [ " B ; " +sB+ " ; " +sL+ " ; " +sE+ " ; " ] ∗NL ∗NL
550 ∗ ProbaFragA ( l , NL , b , BL , b +1 , EL ,
551 lambda_moins , l ambda_p lus ∗ Klim0 [ "M; 0 ; 1 ; 0 ; " ] ∗ EL ) ; } } } }
552

553

554 Klim1 [ "M; 0 ; 1 ; 0 ; " ]= d t ∗mapM+Klim0 [ "M; 0 ; 1 ; 0 ; " ] ;
555 Klim1 [ " P ; 0 ; 1 ; 0 ; " ]= d t ∗mapP+Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ;
556

557 f o r ( i t S =mapS . beg in ( ) ; i t S != mapS . end ( ) ; ++ i t S ) {
558 sL = s t d : : t o _ s t r i n g ( i t S −> f i r s t ) ;
559 Klim1 [ " S ; 0 ; " +sL+ " ; 1 ; " ]= d t ∗mapS [ i t S −> f i r s t ]+ Klim0 [ " S ; 0 ; " +sL+ " ; 1 ; " ] ; }
560

561 f o r ( i t F =mapF . beg in ( ) ; i t F != mapF . end ( ) ; ++ i t F ) {
562 sL = s t d : : t o _ s t r i n g ( i t F −> f i r s t ) ;
563 Klim1 [ " F ; 0 ; " +sL+ " ; 1 ; " ]= d t ∗mapF [ i t F −> f i r s t ]+ Klim0 [ " F ; 0 ; " +sL+ " ; 1 ; " ] ; }
564

565 f o r ( i t C =mapC . beg in ( ) ; i t C !=mapC . end ( ) ; ++ i t C ) {
566 sL = s t d : : t o _ s t r i n g ( i tC −> f i r s t ) ;
567 Klim1 [ "C ; 0 ; " +sL+ " ; 0 ; " ]= d t ∗mapC[ i tC −> f i r s t ]+ Klim0 [ "C ; 0 ; " +sL+ " ; 0 ; " ] ; }
568

569 f o r ( i t A =mapA . beg in ( ) ; i t A !=mapA . end ( ) ; ++ i t A ) {
570 Klim1 [ i tA −> f i r s t . c _ s t r ( ) ]= d t ∗mapA[ itA −> f i r s t . c _ s t r ( ) ]
571 +Klim0 [ i tA −> f i r s t . c _ s t r ( ) ] ; }
572

573 / / On c a l c u l e l a somme p o n d e r e e d e K l i m 1
574 f o r ( i t 1 =Klim1 . beg in ( ) ; i t 1 != Klim1 . end ( ) ; ++ i t 1 ) {
575 NL= f i n d L ( i t 1 −> f i r s t . c _ s t r ( ) ) ;
576 i f ( i t 1 −> second > 0 . 0 0 0 0 0 0 0 0 0 0 0 1 | | i t 1 −> f i r s t . c _ s t r ( ) [0 ]== ’M’
577 | | i t 1 −> f i r s t . c _ s t r ( ) [0 ]== ’ P ’ ) {
578 sp=sp +( i t 1 −> second ) ∗NL ; } }
579 p r i n t f ( " sp % f \ n " , sp ) ;
580

581

582 Klim0 . c l e a r ( ) ;
583 f o r ( i t 1 =Klim1 . beg in ( ) ; i t 1 != Klim1 . end ( ) ; ++ i t 1 ) {
584 i f ( i t 1 −> second >= 0 . 0 0 0 0 0 0 0 0 0 0 0 1 | | i t 1 −> f i r s t . c _ s t r ( ) [0 ]== ’M’
585 | | i t 1 −> f i r s t . c _ s t r ( ) [0 ]== ’ P ’ ) {
586 Klim0 [ i t 1 −> f i r s t . c _ s t r ( ) ]= i t 1 −> second / sp ; } }
587

588 / / On v i d e l e s maps
589 mapM= 0 ;
590 mapP = 0 ;
591 mapS . c l e a r ( ) ;
592 mapF . c l e a r ( ) ;
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593 mapC . c l e a r ( ) ;
594 mapA . c l e a r ( ) ;
595 mapSLong . c l e a r ( ) ;
596 mapFLong . c l e a r ( ) ;
597 mapCLong . c l e a r ( ) ;
598 mapAType . c l e a r ( ) ;
599 Klim1 . c l e a r ( ) ;
600

601 / / On a v a n c e l e t e m p s
602 t = t + d t ;
603 p r i n t f ( "% f \ n " , t ) ;
604 c p t = c p t + 1 ;
605

606 / / T a n t qu ’ on a p a s f a i t 1 0 0 m i l l i o n s d ’ i t e r a t i o n s ,
607 / / on e c r i t d a n s l e f i c h i e r l ’ e v o l u t i o n t o u t e s l e s 1 0 0 0 i t e r a t i o n s
608 i f ( cpt < 1 0 0 0 0 0 0 0 0 ) {
609 i f ( c p t == n e x t _ p r i n t ) {
610 p0=Klim0 [ "M; 0 ; 1 ; 0 ; " ] ;
611 p2=Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ;
612

613 p1 = 0 ;
614 p3 = 0 ;
615 p4 = 0 ;
616 p5 = 0 ;
617

618 p F i l S = 0 ;
619 p F i l F = 0 ;
620 p F i l C = 0 ;
621 p F i l B = 0 ;
622

623 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
624 D i s t S l i m [ i ] = 0 ;
625 D i s t F l i m [ i ] = 0 ;
626 D i s t C l i m [ i ] = 0 ;
627 D i s t B l i m [ i ] = 0 ;
628 pBran [ i ] = 0 ;
629 pExt [ i ] = 0 ;
630 pExtB [ i ] = 0 ; }
631

632 doub le MoyBranchLim = 0 . 0 ;
633 doub le MoyExtLim = 0 . 0 ;
634

635 f o r ( i t =Klim0 . beg in ( ) ; i t != Klim0 . end ( ) ; ++ i t ) {
636 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
637 BL= f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
638 EL= f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
639 i f ( i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’
640 && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’ && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ e ’ ) {
641 pExt [ EL ]= pExt [ EL ]+ i t −> second ;
642 pBran [ BL ]= pBran [ BL ]+ i t −> second ; }
643 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
644 p1=p1+ i t −> second ∗NL ;
645 p F i l S = p F i l S + i t −> second ;
646 D i s t S l i m [NL]= i t −> second ; }
647 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
648 p3=p3+ i t −> second ∗NL ;
649 p F i l F = p F i l F + i t −> second ;
650 D i s t F l i m [NL]= i t −> second ; }
651 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
652 p4=p4+ i t −> second ∗NL ;
653 p F i l C = p F i l C + i t −> second ;
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654 D i s t C l i m [NL]= i t −> second ; }
655 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
656 p5=p5+ i t −> second ∗NL ;
657 p F i l B = p F i l B + i t −> second ;
658 D i s t B l i m [NL]= i t −> second ;
659 pExtB [ EL ]= pExtB [ EL ]+ i t −> second ; } }
660

661 i f ( p F i l B == 0 ) {
662 MoyBranchLim = 0 . 0 ;
663 MoyExtLim = 0 . 0 ; }
664 e l s e {
665 f o r ( i n t j = 1 ; j < lmax + 1 ; j ++) {
666 MoyBranchLim=MoyBranchLim+ j ∗ pBran [ j ] ;
667 MoyExtLim=MoyExtLim+ j ∗ pExtB [ j ] ; }
668

669 MoyBranchLim=MoyBranchLim / doub le ( p F i l B ) ;
670 MoyExtLim=MoyExtLim / doub le ( p F i l B ) ; }
671

672 f p r i n t f ( outputprop , "% f ; " , t ) ;
673 f p r i n t f ( outputprop , "% f ; " , p0 ) ;
674 f p r i n t f ( outputprop , "% f ; " , p1 ) ;
675 f p r i n t f ( outputprop , "% f ; " , p2 ) ;
676 f p r i n t f ( outputprop , "% f ; " , p3 ) ;
677 f p r i n t f ( outputprop , "% f ; " , p4 ) ;
678 f p r i n t f ( outputprop , "% f ; " , p5 ) ;
679 f p r i n t f ( outputprop , "% f ; " , p0+p1+p2+p3+p4+p5 ) ;
680 f f l u s h ( ou tpu tprop ) ;
681

682 f p r i n t f ( outputprop , "% f ; " , p F i l S ) ;
683 f p r i n t f ( outputprop , "% f ; " , p F i l F ) ;
684 f p r i n t f ( outputprop , "% f ; " , p F i l C ) ;
685 f p r i n t f ( outputprop , "% f ; \ n " , p F i l B ) ;
686

687 f p r i n t f ( outputS , "% f ; " , t ) ;
688 f p r i n t f ( outputF , "% f ; " , t ) ;
689 f p r i n t f ( outputC , "% f ; " , t ) ;
690 f p r i n t f ( outputB , "% f ; " , t ) ;
691

692 f p r i n t f ( outputBranche , "% f ; " , t ) ;
693 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , t ) ;
694

695 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
696 f p r i n t f ( outputS , "% f ; " , D i s t S l i m [ i ] ) ;
697 f p r i n t f ( outputF , "% f ; " , D i s t F l i m [ i ] ) ;
698 f p r i n t f ( outputC , "% f ; " , D i s t C l i m [ i ] ) ;
699 f p r i n t f ( outputB , "% f ; " , D i s t B l i m [ i ] ) ;
700 f p r i n t f ( outputBranche , "% f ; " , pBran [ i ] ) ;
701 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , pExt [ i ] ) ; }
702

703 f p r i n t f ( outputS , " \ n " ) ;
704 f p r i n t f ( outputF , " \ n " ) ;
705 f p r i n t f ( outputC , " \ n " ) ;
706 f p r i n t f ( outputB , " \ n " ) ;
707

708 f p r i n t f ( outputBranche , " \ n " ) ;
709 f p r i n t f ( o u t p u t E x t r e m i t e , " \ n " ) ;
710

711 f p r i n t f ( outputMoy , "% f ; " , t ) ;
712 f p r i n t f ( outputMoy , "% f ; " , MoyBranchLim ) ;
713 f p r i n t f ( outputMoy , "% f ; \ n " , MoyExtLim ) ;
714 n e x t _ p r i n t = n e x t _ p r i n t + 1 ; } }
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715 e l s e {
716 / / E n s u i t e on e c r i t u n i q u e m e n t t o u t e s l e s 1 0 0 0 0 0 0 i t e r a t i o n s
717 i f ( c p t == n e x t _ p r i n t ) {
718 p0=Klim0 [ "M; 0 ; 1 ; 0 ; " ] ;
719 p2=Klim0 [ " P ; 0 ; 1 ; 0 ; " ] ;
720

721 p1 = 0 ;
722 p3 = 0 ;
723 p4 = 0 ;
724 p5 = 0 ;
725

726 p F i l S = 0 ;
727 p F i l F = 0 ;
728 p F i l C = 0 ;
729 p F i l B = 0 ;
730

731 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
732 D i s t S l i m [ i ] = 0 ;
733 D i s t F l i m [ i ] = 0 ;
734 D i s t C l i m [ i ] = 0 ;
735 D i s t B l i m [ i ] = 0 ;
736 pBran [ i ] = 0 ;
737 pExt [ i ] = 0 ;
738 pExtB [ i ] = 0 ; }
739

740 doub le MoyBranchLim = 0 . 0 ;
741 doub le MoyExtLim = 0 . 0 ;
742

743 f o r ( i t =Klim0 . beg in ( ) ; i t != Klim0 . end ( ) ; ++ i t ) {
744 NL= f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
745 BL= f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
746 EL= f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
747 i f ( i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’M’&& i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ P ’
748 && i t −> f i r s t . c _ s t r ( ) [ 0 ] ! = ’ e ’ ) {
749 pExt [ EL ]= pExt [ EL ]+ i t −> second ;
750 pBran [ BL ]= pBran [ BL ]+ i t −> second ; }
751 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
752 p1=p1+ i t −> second ∗NL ;
753 p F i l S = p F i l S + i t −> second ;
754 D i s t S l i m [NL]= i t −> second ; }
755 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
756 p3=p3+ i t −> second ∗NL ;
757 p F i l F = p F i l F + i t −> second ;
758 D i s t F l i m [NL]= i t −> second ; }
759 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
760 p4=p4+ i t −> second ∗NL ;
761 p F i l C = p F i l C + i t −> second ;
762 D i s t C l i m [NL]= i t −> second ; }
763 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
764 p5=p5+ i t −> second ∗NL ;
765 p F i l B = p F i l B + i t −> second ;
766 D i s t B l i m [NL]= i t −> second ;
767 pExtB [ EL ]= pExtB [ EL ]+ i t −> second ; } }
768

769 i f ( p F i l B == 0 ) {
770 MoyBranchLim = 0 . 0 ;
771 MoyExtLim = 0 . 0 ; }
772 e l s e {
773 f o r ( i n t j = 1 ; j < lmax + 1 ; j ++) {
774 MoyBranchLim=MoyBranchLim+ j ∗ pBran [ j ] ;
775 MoyExtLim=MoyExtLim+ j ∗ pExtB [ j ] ; }
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776

777 MoyBranchLim=MoyBranchLim / doub le ( p F i l B ) ;
778 MoyExtLim=MoyExtLim / doub le ( p F i l B ) ; }
779

780 f p r i n t f ( outputprop , "% f ; " , t ) ;
781 f p r i n t f ( outputprop , "% f ; " , p0 ) ;
782 f p r i n t f ( outputprop , "% f ; " , p1 ) ;
783 f p r i n t f ( outputprop , "% f ; " , p2 ) ;
784 f p r i n t f ( outputprop , "% f ; " , p3 ) ;
785 f p r i n t f ( outputprop , "% f ; " , p4 ) ;
786 f p r i n t f ( outputprop , "% f ; " , p5 ) ;
787 f p r i n t f ( outputprop , "% f ; " , p0+p1+p2+p3+p4+p5 ) ;
788 f f l u s h ( ou tpu tprop ) ;
789

790 f p r i n t f ( outputprop , "% f ; " , p F i l S ) ;
791 f p r i n t f ( outputprop , "% f ; " , p F i l F ) ;
792 f p r i n t f ( outputprop , "% f ; " , p F i l C ) ;
793 f p r i n t f ( outputprop , "% f ; \ n " , p F i l B ) ;
794

795 f p r i n t f ( outputS , "% f ; " , t ) ;
796 f p r i n t f ( outputF , "% f ; " , t ) ;
797 f p r i n t f ( outputC , "% f ; " , t ) ;
798 f p r i n t f ( outputB , "% f ; " , t ) ;
799

800 f p r i n t f ( outputBranche , "% f ; " , t ) ;
801 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , t ) ;
802

803 f o r ( i n t i = 0 ; i < lmax + 1 ; i ++) {
804 f p r i n t f ( outputS , "% f ; " , D i s t S l i m [ i ] ) ;
805 f p r i n t f ( outputF , "% f ; " , D i s t F l i m [ i ] ) ;
806 f p r i n t f ( outputC , "% f ; " , D i s t C l i m [ i ] ) ;
807 f p r i n t f ( outputB , "% f ; " , D i s t B l i m [ i ] ) ;
808 f p r i n t f ( outputBranche , "% f ; " , pBran [ i ] ) ;
809 f p r i n t f ( o u t p u t E x t r e m i t e , "% f ; " , pExt [ i ] ) ; }
810

811 f p r i n t f ( outputS , " \ n " ) ;
812 f p r i n t f ( outputF , " \ n " ) ;
813 f p r i n t f ( outputC , " \ n " ) ;
814 f p r i n t f ( outputB , " \ n " ) ;
815

816 f p r i n t f ( outputBranche , " \ n " ) ;
817 f p r i n t f ( o u t p u t E x t r e m i t e , " \ n " ) ;
818

819 f p r i n t f ( outputMoy , "% f ; " , t ) ;
820 f p r i n t f ( outputMoy , "% f ; " , MoyBranchLim ) ;
821 f p r i n t f ( outputMoy , "% f ; \ n " , MoyExtLim ) ;
822 n e x t _ p r i n t = n e x t _ p r i n t + 1 0 0 0 0 0 0 ; } } }
823

824 / / On f e r m e l e f i c h i e r r é s u l t a t
825 f c l o s e ( ou tpu tS ) ;
826 f c l o s e ( ou tpu tF ) ;
827 f c l o s e ( outputC ) ;
828 f c l o s e ( outputB ) ;
829 f c l o s e ( ou tpu tBranche ) ;
830 f c l o s e ( o u t p u t E x t r e m i t e ) ;
831 f c l o s e ( outputMoy ) ;
832 f c l o s e ( ou tpu tprop ) ;
833

834 r e t u r n Klim0 ; }
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2 - Auxiliary Functions

h Fonction pour calculer le taux total d’événement dans la population.
1 doub le TauxTota lPop ( s t d : : map< s t d : : s t r i n g , i n t > K , i n t N ,
2 doub le lambda_plus , doub le lambda_moins , doub le lambdaF_plus ,
3 doub le lambdaN , doub le phiP , doub le p h i F _ p l u s , doub le phiF_moins ,
4 doub le phiA_plus , doub le phiA_moins , doub le phiC , doub le phiT ) {
5 doub le t a u x _ t o t a l _ p o p = 0 ;
6 s t d : : map< s t d : : s t r i n g , i n t > : : i t e r a t o r i t ;
7

8 i n t longu ;
9 i n t branch ;

10 i n t e x t r e ;
11

12 f o r ( i t =K . beg in ( ) ; i t !=K . end ( ) ; ++ i t ) {
13 longu = f i n d L ( i t −> f i r s t . c _ s t r ( ) ) ;
14 branch = f i n d B ( i t −> f i r s t . c _ s t r ( ) ) ;
15 e x t r e = f i n d E ( i t −> f i r s t . c _ s t r ( ) ) ;
16 / / a − S i m p l e
17 i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ S ’ ) {
18 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p
19 + lambda_p lus ∗K[ "M; 0 ; 1 ; 0 ; " ] ∗ i t −> second / doub le (N)
20 +lambda_moins ∗ i t −> second + p h i F _ p l u s ∗ i t −> second + phiA_p lus ∗ i t −> second ∗ longu
21 +phiC ∗ i t −> second +phiT ∗ i t −> second ∗ longu ∗ longu ; }
22 / / b − F o r m i n e
23 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ F ’ ) {
24 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p
25 + lambdaF_p lus ∗K[ " P ; 0 ; 1 ; 0 ; " ] ∗ i t −> second / doub le (N)
26 +lambda_moins ∗ i t −> second + phiF_moins ∗ i t −> second
27 +phiT ∗ i t −> second ∗ longu ∗ longu ; }
28 / / c − B r a n c h a n t
29 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’B ’ ) {
30 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p
31 + lambda_p lus ∗K[ "M; 0 ; 1 ; 0 ; " ] ∗ i t −> second ∗ e x t r e / doub le (N)
32 +lambda_moins ∗ i t −> second + phiA_p lus ∗ i t −> second ∗ ( longu −branch )
33 +phiA_moins ∗ i t −> second ∗ branch +phiC ∗ i t −> second ∗ e x t r e
34 +phiT ∗ i t −> second ∗ ( longu −branch ) ∗ ( longu −branch ) ; }
35 / / d − Capp é
36 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’C ’ ) {
37 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p + lambda_moins ∗ i t −> second
38 + phiA_p lus ∗ i t −> second ∗ longu +phiT ∗ i t −> second ∗ longu ∗ longu ; }
39 / / e − P r o f i l i n e
40 e l s e i f ( i t −> f i r s t . c _ s t r ( ) [0 ]== ’ P ’ ) {
41 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p + phiP ∗K[ "M; 0 ; 1 ; 0 ; " ] ; } }
42 t a u x _ t o t a l _ p o p = t a u x _ t o t a l _ p o p
43 +lambdaN ∗K[ "M; 0 ; 1 ; 0 ; " ] ∗ ( K[ "M; 0 ; 1 ; 0 ; " ] −1 ) ∗ ( K[ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
44

45 r e t u r n t a u x _ t o t a l _ p o p ; }

h Fonction permettant de faire évoluer un �lament simple.
1 s t d : : map< s t d : : s t r i n g , i n t > EvolS ( s t d : : map< s t d : : s t r i n g , i n t > K0 , i n t N ,
2 doub le lambda_plus , doub le lambda_moins , doub le lambdaN ,
3 doub le phiP , doub le p h i F _ p l u s , doub le phiA_plus , doub le phiC ,
4 doub le phiT , i n t longueur ) {
5 s t d : : map< s t d : : s t r i n g , i n t > K1=K0 ;
6 K1 [ " even t " ] = 0 ;
7
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8 doub le t a u x _ e l o n g a t i o n = lambda_p lus ∗K0 [ "M; 0 ; 1 ; 0 ; " ] /N ;
9 doub le t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;

10 doub le t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ;
11 doub le t a u x _ f i x a t i o n _ f o r m i n e = p h i F _ p l u s ;
12 doub le t a u x _ f i x a t i o n _ a r p = phiA_p lus ∗ l ongueur ;
13 doub le t a u x _ c a p p i n g =phiC ;
14 doub le t a u x _ f r a g m e n t a t i o n =phiT ∗ l ongueur ∗ l ongueur ;
15 doub le t a u x _ n u c l e a t i o n =lambdaN ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] − 1 . 0 )
16 ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
17

18 doub le t a u x _ t o t a l _ f i l a m e n t = t a u x _ e l o n g a t i o n + t a u x _ d e p o l y m e r i s a t i o n +
19 t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ f i x a t i o n _ f o r m i n e + t a u x _ f i x a t i o n _ a r p +
20 t a u x _ c a p p i n g + t a u x _ f r a g m e n t a t i o n + t a u x _ n u c l e a t i o n ;
21

22 i n t a l e a 1 ;
23 b o o l a l e a 2 ;
24 i n t T ;
25 i n t G ;
26

27 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
28 s t d : : s t r i n g s l o n g e u r _ p l u s 1 = s t d : : t o _ s t r i n g ( longueur +1 ) ;
29 s t d : : s t r i n g s lo ngeur_m oins1 = s t d : : t o _ s t r i n g ( longueur −1 ) ;
30

31 a l e a 1 = f l o o r ( 8 ∗ rand01 ( ) +1 ) ;
32 i f ( a l e a 1 == 1 ) {
33 a l e a 2 = ( rand01 ( ) <= ( t a u x _ e l o n g a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
34 i f ( a l e a 2 == 1 && longueur <N) {
35 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
36 K1 [ " S ; 0 ; " + s l o n g e u r _ p l u s 1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r _ p l u s 1 + " ; 1 ; " ] + 1 ;
37 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
38 K1 [ " even t " ] = 1 ; } }
39 e l s e i f ( a l e a 1 == 2 ) {
40 a l e a 2 = ( rand01 ( ) <= ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
41 i f ( a l e a 2 == 1 ) {
42 i f ( longueur >3 ) {
43 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
44 K1 [ " S ; 0 ; " + s longeur _moins1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s longe ur_moins 1 + " ; 1 ; " ] + 1 ;
45 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] + 1 ;
46 K1 [ " even t " ] = 1 ; }
47 e l s e {
48 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
49 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ;
50 K1 [ " even t " ] = 1 ; } } }
51 e l s e i f ( a l e a 1 == 3 ) {
52 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
53 i f ( a l e a 2 == 1 ) {
54 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
55 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] + 1 ;
56 K1 [ " even t " ] = 1 ; } }
57 e l s e i f ( a l e a 1 == 4 ) {
58 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f i x a t i o n _ f o r m i n e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
59 i f ( a l e a 2 == 1 ) {
60 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
61 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] + 1 ;
62 K1 [ " even t " ] = 1 ; } }
63 e l s e i f ( a l e a 1 == 5 ) {
64 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f i x a t i o n _ a r p / t a u x _ t o t a l _ f i l a m e n t ) ) ;
65 i f ( a l e a 2 == 1 ) {
66 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
67 K1 [ " B ; 1 ; " + s l o n g e u r + " ; 2 ; " ]= K0 [ " B ; 1 ; " + s l o n g e u r + " ; 2 ; " ] + 1 ;
68 K1 [ " even t " ] = 1 ; } }
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69 e l s e i f ( a l e a 1 == 6 ) {
70 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c a p p i n g / t a u x _ t o t a l _ f i l a m e n t ) ) ;
71 i f ( a l e a 2 == 1 ) {
72 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
73 K1 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ] + 1 ;
74 K1 [ " even t " ] = 1 ; } }
75 e l s e i f ( a l e a 1 == 7 ) {
76 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f r a g m e n t a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
77 i f ( a l e a 2 == 1 ) {
78 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
79 i f ( l ongueur >= 4 ) {
80 G=rand_geom ( longueur −4 ,
81 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
82 T=G+ 3 ;
83 s t d : : s t r i n g sT = s t d : : t o _ s t r i n g ( T ) ;
84 K1 [ " S ; 0 ; " +sT+ " ; 1 ; " ]= K0 [ " S ; 0 ; " +sT+ " ; 1 ; " ] + 1 ;
85 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; }
86 e l s e {
87 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; }
88 K1 [ " even t " ] = 1 ; } }
89 e l s e i f ( a l e a 1 == 8 ) {
90 a l e a 2 = ( rand01 ( ) <= ( t a u x _ n u c l e a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
91 i f ( a l e a 2 == 1 ) {
92 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −3 ;
93 K1 [ " S ; 0 ; 3 ; 1 ; " ]= K0 [ " S ; 0 ; 3 ; 1 ; " ] + 1 ;
94 K1 [ " even t " ] = 1 ; } }
95 r e t u r n K1 ; }

h Fonction permettant de faire évoluer un �lament associé à une formine.

1 s t d : : map< s t d : : s t r i n g , i n t > EvolF ( s t d : : map< s t d : : s t r i n g , i n t > K0 , i n t N ,
2 doub le lambda_moins , doub le lambdaF_plus , doub le lambdaN ,
3 doub le phiP , doub le phiF_moins , doub le phiT , i n t l ongueur ) {
4 s t d : : map< s t d : : s t r i n g , i n t > K1=K0 ;
5 K1 [ " even t " ] = 0 ;
6

7 doub le t a u x _ e l o n g a t i o n = lambdaF_p lus ∗K0 [ " P ; 0 ; 1 ; 0 ; " ] /N ;
8 doub le t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;
9 doub le t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ;

10 doub le t a u x _ l i b e r a t i o n _ f o r m i n e = phiF_moins ;
11 doub le t a u x _ f r a g m e n t a t i o n =phiT ∗ l ongueur ∗ l ongueur ;
12 doub le t a u x _ n u c l e a t i o n =lambdaN ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −1 )
13 ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
14

15 doub le t a u x _ t o t a l _ f i l a m e n t = t a u x _ e l o n g a t i o n + t a u x _ d e p o l y m e r i s a t i o n +
16 t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ l i b e r a t i o n _ f o r m i n e +
17 t a u x _ f r a g m e n t a t i o n + t a u x _ n u c l e a t i o n ;
18

19 i n t a l e a ;
20 b o o l a l e a 2 ;
21 i n t T ;
22 i n t G ;
23

24 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
25 s t d : : s t r i n g s l o n g e u r _ p l u s 1 = s t d : : t o _ s t r i n g ( longueur +1 ) ;
26 s t d : : s t r i n g s lo ngeur_mo ins1 = s t d : : t o _ s t r i n g ( longueur −1 ) ;
27

28 a l e a = f l o o r ( 6 ∗ rand01 ( ) +1 ) ;
29 i f ( a l e a == 1 ) {
30 a l e a 2 = ( rand01 ( ) <= ( t a u x _ e l o n g a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
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31 i f ( a l e a 2 == 1 && longueur <N) {
32 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
33 K1 [ " F ; 0 ; " + s l o n g e u r _ p l u s 1 + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r _ p l u s 1 + " ; 1 ; " ] + 1 ;
34 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] −1 ;
35 K1 [ " even t " ] = 1 ; } }
36 e l s e i f ( a l e a == 2 ) {
37 a l e a 2 = ( rand01 ( ) <= ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
38 i f ( a l e a 2 == 1 ) {
39 i f ( longueur >3 ) {
40 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
41 K1 [ " F ; 0 ; " + s longeur _moins1 + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s longe ur_moins 1 + " ; 1 ; " ] + 1 ;
42 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] + 1 ;
43 K1 [ " even t " ] = 1 ; }
44 e l s e {
45 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
46 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ;
47 K1 [ " even t " ] = 1 ; } } }
48 e l s e i f ( a l e a == 3 ) {
49 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
50 i f ( a l e a 2 == 1 ) {
51 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
52 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] + 1 ;
53 K1 [ " even t " ] = 1 ; } }
54 e l s e i f ( a l e a == 4 ) {
55 a l e a 2 = ( rand01 ( ) <=( t a u x _ l i b e r a t i o n _ f o r m i n e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
56 i f ( a l e a 2 == 1 ) {
57 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
58 K1 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " S ; 0 ; " + s l o n g e u r + " ; 1 ; " ] + 1 ;
59 K1 [ " even t " ] = 1 ; } }
60 e l s e i f ( a l e a == 5 ) {
61 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f r a g m e n t a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
62 i f ( a l e a 2 == 1 ) {
63 K1 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " F ; 0 ; " + s l o n g e u r + " ; 1 ; " ] −1 ;
64 i f ( l ongueur >= 4 ) {
65 G=rand_geom ( longueur −4 ,
66 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
67 T=G+ 3 ;
68 s t d : : s t r i n g sT = s t d : : t o _ s t r i n g ( T ) ;
69 K1 [ " F ; 0 ; " +sT+ " ; 1 ; " ]= K0 [ " F ; 0 ; " +sT+ " ; 1 ; " ] + 1 ;
70 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; }
71 e l s e {
72 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; }
73 K1 [ " even t " ] = 1 ; } }
74 e l s e i f ( a l e a == 6 ) {
75 a l e a 2 = ( rand01 ( ) <= ( t a u x _ n u c l e a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
76 i f ( a l e a 2 == 1 ) {
77 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −3 ;
78 K1 [ " S ; 0 ; 3 ; 1 ; " ]= K0 [ " S ; 0 ; 3 ; 1 ; " ] + 1 ;
79 K1 [ " even t " ] = 1 ; } }
80 r e t u r n K1 ; }

h Fonction permettant de faire évoluer un �lament linéaire cappé.

1 s t d : : map< s t d : : s t r i n g , i n t > EvolC ( s t d : : map< s t d : : s t r i n g , i n t > K0 , i n t N ,
2 doub le lambda_moins , doub le lambdaN , doub le phiP , doub le phiA_plus ,
3 doub le phiT , i n t longueur ) {
4 s t d : : map< s t d : : s t r i n g , i n t > K1=K0 ;
5 K1 [ " even t " ] = 0 ;
6 doub le t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;
7 doub le t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ;
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8 doub le t a u x _ f i x a t i o n _ a r p = phiA_p lus ∗ l ongueur ;
9 doub le t a u x _ f r a g m e n t a t i o n =phiT ∗ l ongueur ∗ l ongueur ;

10 doub le t a u x _ n u c l e a t i o n =lambdaN ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −1 )
11 ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
12

13 doub le t a u x _ t o t a l _ f i l a m e n t = t a u x _ d e p o l y m e r i s a t i o n +
14 t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ f i x a t i o n _ a r p + t a u x _ f r a g m e n t a t i o n + t a u x _ n u c l e a t i o n ;
15 i n t a l e a ;
16 b o o l a l e a 2 ;
17 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
18 s t d : : s t r i n g s lo ngeur_mo ins1 = s t d : : t o _ s t r i n g ( longueur −1 ) ;
19 a l e a = f l o o r ( 5 ∗ rand01 ( ) +1 ) ;
20

21 i f ( a l e a == 1 ) {
22 a l e a 2 = ( rand01 ( ) <= ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
23 i f ( a l e a 2 == 1 ) {
24 i f ( longueur >3 ) {
25 K1 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ] −1 ;
26 K1 [ "C ; 0 ; " + s longeur _moins1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s longeu r_moins1 + " ; 0 ; " ] + 1 ;
27 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] + 1 ;
28 K1 [ " e ven t " ] = 1 ; }
29 e l s e {
30 K1 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ] −1 ;
31 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ;
32 K1 [ " e ven t " ] = 1 ; } } }
33 e l s e i f ( a l e a == 2 ) {
34 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
35 i f ( a l e a 2 == 1 ) {
36 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
37 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] + 1 ;
38 K1 [ " even t " ] = 1 ; } }
39 e l s e i f ( a l e a == 3 ) {
40 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f i x a t i o n _ a r p / t a u x _ t o t a l _ f i l a m e n t ) ) ;
41 i f ( a l e a 2 == 1 ) {
42 K1 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ] −1 ;
43 K1 [ " B ; 1 ; " + s l o n g e u r + " ; 1 ; " ]= K0 [ " B ; 1 ; " + s l o n g e u r + " ; 1 ; " ] + 1 ;
44 K1 [ " even t " ] = 1 ; } }
45 e l s e i f ( a l e a == 4 ) {
46 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f r a g m e n t a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
47 i f ( a l e a 2 == 1 ) {
48 K1 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ]= K0 [ "C ; 0 ; " + s l o n g e u r + " ; 0 ; " ] −1 ;
49 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ;
50 K1 [ " even t " ] = 1 ; } }
51 e l s e i f ( a l e a == 5 ) {
52 a l e a 2 = ( rand01 ( ) <= ( t a u x _ n u c l e a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
53 i f ( a l e a 2 == 1 ) {
54 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −3 ;
55 K1 [ " S ; 0 ; 3 ; 1 ; " ]= K0 [ " S ; 0 ; 3 ; 1 ; " ] + 1 ;
56 K1 [ " even t " ] = 1 ; } }
57 r e t u r n K1 ; }

h Fonction permettant de faire évoluer un �lament branché.

1 # i n c l u d e " Frag1 . cpp "
2 # i n c l u d e " Frag2 . cpp "
3

4 s t d : : map< s t d : : s t r i n g , i n t > EvolB ( s t d : : map< s t d : : s t r i n g , i n t > K0 , i n t N ,
5 doub le lambda_plus , doub le lambda_moins , doub le lambdaN ,
6 doub le phiP , doub le phiA_plus , doub le phiA_moins , doub le phiC ,
7 doub le phiT , i n t longueur , i n t e x t r e m i t e , i n t branchement ) {
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8 s t d : : map< s t d : : s t r i n g , i n t > K1=K0 ;
9 K1 [ " even t " ] = 0 ;

10

11 doub le t a u x _ e l o n g a t i o n = lambda_p lus ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ e x t r e m i t e /N ;
12 doub le t a u x _ d e p o l y m e r i s a t i o n = lambda_moins ;
13 doub le t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ;
14 doub le t a u x _ f i x a t i o n _ a r p = phiA_p lus ∗ ( longueur −branchement ) ;
15 doub le t a u x _ l i b e r a t i o n _ a r p =phiA_moins ∗ branchement ;
16 doub le t a u x _ c a p p i n g =phiC ∗ e x t r e m i t e ;
17 doub le t a u x _ f r a g m e n t a t i o n =phiT ∗ ( longueur −branchement ) ∗ ( longueur −branchement ) ;
18 doub le t a u x _ n u c l e a t i o n =lambdaN ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −1 )
19 ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
20

21 doub le t a u x _ t o t a l _ f i l a m e n t = t a u x _ e l o n g a t i o n + t a u x _ d e p o l y m e r i s a t i o n +
22 t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ f i x a t i o n _ a r p + t a u x _ l i b e r a t i o n _ a r p +
23 t a u x _ c a p p i n g + t a u x _ f r a g m e n t a t i o n + t a u x _ n u c l e a t i o n ;
24

25 i n t a l e a ;
26 b o o l a l e a 2 ;
27 doub le BsurL ;
28 doub le EsurB ;
29 b o o l b e r n o u l l i ;
30 i n t L1 ;
31 i n t L2 ;
32 i n t B1 ;
33 i n t B2 ;
34 i n t E1 ;
35 i n t E2 ;
36

37 a l e a = f l o o r ( 8 ∗ rand01 ( ) +1 ) ;
38

39 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
40 s t d : : s t r i n g s l o n g e u r _ p l u s 1 = s t d : : t o _ s t r i n g ( longueur +1 ) ;
41 s t d : : s t r i n g s lo ngeur_m oins1 = s t d : : t o _ s t r i n g ( longueur −1 ) ;
42

43 s t d : : s t r i n g s e x t r e m i t e = s t d : : t o _ s t r i n g ( e x t r e m i t e ) ;
44 s t d : : s t r i n g s e x t r e m i t e _ p l u s 1 = s t d : : t o _ s t r i n g ( e x t r e m i t e +1 ) ;
45 s t d : : s t r i n g s e x t r e m i t e _ m o i n s 1 = s t d : : t o _ s t r i n g ( e x t r e m i t e −1 ) ;
46

47 s t d : : s t r i n g sbranchement = s t d : : t o _ s t r i n g ( branchement ) ;
48 s t d : : s t r i n g s b r an che me nt _p l us 1 = s t d : : t o _ s t r i n g ( branchement +1 ) ;
49 s t d : : s t r i n g sbranchement_moins1 = s t d : : t o _ s t r i n g ( branchement −1 ) ;
50

51 i f ( a l e a == 1 ) {
52 a l e a 2 = ( rand01 ( ) <= ( t a u x _ e l o n g a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
53 i f ( a l e a 2 == 1 && longueur <N) {
54 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
55 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;
56 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r _ p l u s 1 + " ; " + s e x t r e m i t e + " ; " ]
57 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r _ p l u s 1 + " ; " + s e x t r e m i t e + " ; " ] + 1 ;
58 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
59 K1 [ " even t " ] = 1 ; } }
60 e l s e i f ( a l e a == 2 ) {
61 a l e a 2 = ( rand01 ( ) <= ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
62 i f ( a l e a 2 == 1 ) {
63 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
64 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;
65 i f ( l ongueur == 3 ) {
66 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] + 3 ;
67 K1 [ " even t " ] = 1 ; }
68 e l s e {
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69 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] + 1 ;
70 BsurL = doub le ( branchement ) / doub le ( l ongueur ) ;
71 EsurB = doub le ( e x t r e m i t e ) / doub le ( branchement +1 ) ;
72 b e r n o u l l i = ( rand01 ( ) <= BsurL ) ;
73 i f ( b e r n o u l l i == 0 ) {
74 K1 [ " B ; " + sbranchement + " ; " + s longeu r_moins1 + " ; " + s e x t r e m i t e + " ; " ]
75 =K0 [ " B ; " + sbranchement + " ; " + s l ongeur_m oins1 + " ; " + s e x t r e m i t e + " ; " ] + 1 ; }
76 e l s e {
77 L1= r a n d _ u n i f ( 0 , ( longueur −1 ) ) ;
78 L2= longueur −1−L1 ;
79 B1= r a n d _ u n i f ( max_int ( 0 , branchement −L2 −1 ) ,
80 min_ in t ( branchement −1 , L1 ) ) ;
81 B2=branchement −1−B1 ;
82

83 i f ( max_int ( 0 , e x t r e m i t e −B2 −1 ) ==0) {
84 i f ( e x t r e m i t e == branchement + 1 ) {
85 E1= r a n d _ u n i f ( 1 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; }
86 e l s e {
87 E1= r a n d _ u n i f ( 0 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
88 e l s e {
89 i f ( e x t r e m i t e −B2−1 > B1 +1 ) {
90 i f ( e x t r e m i t e == branchement + 1 ) {
91 E1= r a n d _ u n i f ( 1 , m in_ in t ( e x t r e m i t e , B1 +1 ) ) ; }
92 e l s e {
93 E1= r a n d _ u n i f ( 0 , m in_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
94 e l s e {
95 E1= r a n d _ u n i f ( e x t r e m i t e −B2 −1 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
96

97 E2= e x t r e m i t e −E1 ;
98

99 s t d : : s t r i n g sL1 = s t d : : t o _ s t r i n g ( L1 ) ;
100 s t d : : s t r i n g sL2 = s t d : : t o _ s t r i n g ( L2 ) ;
101 s t d : : s t r i n g sB1 = s t d : : t o _ s t r i n g ( B1 ) ;
102 s t d : : s t r i n g sB2 = s t d : : t o _ s t r i n g ( B2 ) ;
103 s t d : : s t r i n g sE1 = s t d : : t o _ s t r i n g ( E1 ) ;
104 s t d : : s t r i n g sE2 = s t d : : t o _ s t r i n g ( E2 ) ;
105

106 i f ( L1 == L2 && B1==B2 && E1==E2 ) {
107 i f ( L1 >= 3 ) {
108 i f ( B1 > 0 ) {
109 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
110 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 2 ; }
111 e l s e {
112 i f ( E1 ==1) {
113 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 2 ; }
114 e l s e {
115 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 2 ; } } }
116 e l s e {
117 K1 [ "M; 0 ; 1 ; 0 ; " ]= K1 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −1 ; } }
118 e l s e {
119 i f ( L1 >= 3 ) {
120 i f ( L2 >= 3 ) {
121 i f ( B1 > 0 ) {
122 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
123 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 1 ; }
124 e l s e {
125 i f ( E1 ==1) {
126 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 1 ; }
127 e l s e {
128 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 1 ; } }
129
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130 i f ( B2 > 0 ) {
131 K1 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ]
132 =K0 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ] + 1 ; }
133 e l s e {
134 i f ( E2 ==1) {
135 K1 [ " S ; 0 ; " + sL2 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL2 + " ; 1 ; " ] + 1 ; }
136 e l s e {
137 K1 [ "C ; 0 ; " + sL2 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL2 + " ; 0 ; " ] + 1 ; } } }
138 e l s e {
139 i f ( B1 > 0 ) {
140 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
141 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 1 ; }
142 e l s e {
143 i f ( E1 ==1) {
144 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 1 ; }
145 e l s e {
146 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 1 ; } }
147

148 K1 [ "M; 0 ; 1 ; 0 ; " ]= K1 [ "M; 0 ; 1 ; 0 ; " ]+ L2 ; } }
149 e l s e {
150 i f ( L2 >= 3 ) {
151 K1 [ "M; 0 ; 1 ; 0 ; " ]= K1 [ "M; 0 ; 1 ; 0 ; " ]+ L1 ;
152

153 i f ( B2 > 0 ) {
154 K1 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ]
155 =K0 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ] + 1 ; }
156 e l s e {
157 i f ( E2 ==1) {
158 K1 [ " S ; 0 ; " + sL2 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL2 + " ; 1 ; " ] + 1 ; }
159 e l s e {
160 K1 [ "C ; 0 ; " + sL2 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL2 + " ; 0 ; " ] + 1 ; } } }
161 e l s e {
162 K1 [ "M; 0 ; 1 ; 0 ; " ]= K1 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −1 ; } } } }
163 K1 [ " even t " ] = 1 ; } } }
164 e l s e i f ( a l e a == 3 ) {
165 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
166 i f ( a l e a 2 == 1 ) {
167 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
168 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] + 1 ;
169 K1 [ " even t " ] = 1 ; } }
170 e l s e i f ( a l e a == 4 ) {
171 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f i x a t i o n _ a r p / t a u x _ t o t a l _ f i l a m e n t ) ) ;
172 i f ( a l e a 2 == 1 && branchement < longueur ) {
173 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
174 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;
175 K1 [ " B ; " + sb ra nch em en t_p lu s1 + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e _ p l u s 1 + " ; " ]
176 =K0 [ " B ; " + s b r an che me nt _p l us 1 + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e _ p l u s 1 + " ; " ] + 1 ;
177 K1 [ " even t " ] = 1 ; } }
178 e l s e i f ( a l e a == 5 ) {
179 a l e a 2 = ( rand01 ( ) <= ( t a u x _ l i b e r a t i o n _ a r p / t a u x _ t o t a l _ f i l a m e n t ) ) ;
180 i f ( a l e a 2 == 1 ) {
181 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
182 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;
183 L1= r a n d _ u n i f ( 0 , l ongueur ) ;
184 L2= longueur −L1 ;
185 B1= r a n d _ u n i f ( max_int ( 0 , branchement −L2 −1 ) , m in_ in t ( L1 , branchement −1 ) ) ;
186 B2=branchement −1−B1 ;
187

188 i f ( max_int ( 0 , e x t r e m i t e −B2 −1 ) ==0) {
189 i f ( e x t r e m i t e == branchement + 1 ) {
190 E1= r a n d _ u n i f ( 1 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; }
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191 e l s e {
192 E1= r a n d _ u n i f ( 0 , m in_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
193 e l s e {
194 i f ( e x t r e m i t e −B2−1 > B1 +1 ) {
195 i f ( e x t r e m i t e == branchement + 1 ) {
196 E1= r a n d _ u n i f ( 1 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; }
197 e l s e {
198 E1= r a n d _ u n i f ( 0 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
199 e l s e {
200 E1= r a n d _ u n i f ( e x t r e m i t e −B2 −1 , min_ in t ( e x t r e m i t e , B1 +1 ) ) ; } }
201

202 E2= e x t r e m i t e −E1 ;
203

204 s t d : : s t r i n g sL1 = s t d : : t o _ s t r i n g ( L1 ) ;
205 s t d : : s t r i n g sL2 = s t d : : t o _ s t r i n g ( L2 ) ;
206 s t d : : s t r i n g sB1 = s t d : : t o _ s t r i n g ( B1 ) ;
207 s t d : : s t r i n g sB2 = s t d : : t o _ s t r i n g ( B2 ) ;
208 s t d : : s t r i n g sE1 = s t d : : t o _ s t r i n g ( E1 ) ;
209 s t d : : s t r i n g sE2 = s t d : : t o _ s t r i n g ( E2 ) ;
210

211 i f ( L1==L2 && B1==B2 && E1==E2 ) {
212 i f ( L1 >=3) {
213 i f ( B1 >0 ) {
214 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
215 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 2 ; }
216 e l s e {
217 i f ( E1 ==1) {
218 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 2 ; }
219 e l s e {
220 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 2 ; } } }
221 e l s e {
222 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; } }
223 e l s e {
224 i f ( L1 >= 3 ) {
225 i f ( L2 >= 3 ) {
226 i f ( B1 >0 ) {
227 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
228 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 1 ; }
229 e l s e {
230 i f ( E1 ==1) {
231 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 1 ; }
232 e l s e {
233 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 1 ; } }
234

235 i f ( B2 >0 ) {
236 K1 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ]
237 =K0 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ] + 1 ; }
238 e l s e {
239 i f ( E2 ==1) {
240 K1 [ " S ; 0 ; " + sL2 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL2 + " ; 1 ; " ] + 1 ; }
241 e l s e {
242 K1 [ "C ; 0 ; " + sL2 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL2 + " ; 0 ; " ] + 1 ; } } }
243 e l s e {
244 i f ( B1 >0 ) {
245 K1 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ]
246 =K0 [ " B ; " +sB1+ " ; " + sL1 + " ; " +sE1+ " ; " ] + 1 ; }
247 e l s e {
248 i f ( E1 ==1) {
249 K1 [ " S ; 0 ; " + sL1 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL1 + " ; 1 ; " ] + 1 ; }
250 e l s e {
251 K1 [ "C ; 0 ; " + sL1 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL1 + " ; 0 ; " ] + 1 ; } }
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252

253 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ L2 ; } }
254 e l s e {
255 i f ( L2 >= 3 ) {
256 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ L1 ;
257

258 i f ( B2 >0) {
259 K1 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ]
260 =K0 [ " B ; " +sB2+ " ; " + sL2 + " ; " +sE2+ " ; " ] + 1 ; }
261 e l s e {
262 i f ( E2 ==1) {
263 K1 [ " S ; 0 ; " + sL2 + " ; 1 ; " ]= K0 [ " S ; 0 ; " + sL2 + " ; 1 ; " ] + 1 ; }
264 e l s e {
265 K1 [ "C ; 0 ; " + sL2 + " ; 0 ; " ]= K0 [ "C ; 0 ; " + sL2 + " ; 0 ; " ] + 1 ; } } }
266 e l s e {
267 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; } } }
268 K1 [ " even t " ] = 1 ; } }
269 e l s e i f ( a l e a == 6 ) {
270 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c a p p i n g / t a u x _ t o t a l _ f i l a m e n t ) ) ;
271 i f ( a l e a 2 == 1 && e x t r e m i t e >0 ) {
272 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
273 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;
274 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e _ m o i n s 1 + " ; " ]
275 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e _ m o i n s 1 + " ; " ] + 1 ;
276 K1 [ " even t " ] = 1 ; } }
277 e l s e i f ( a l e a == 7 ) {
278 a l e a 2 = ( rand01 ( ) <= ( t a u x _ f r a g m e n t a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
279 i f ( a l e a 2 == 1 ) {
280 K1= Frag2 ( K0 , K1 , longueur , e x t r e m i t e , branchement ,
281 t a u x _ d e p o l y m e r i s a t i o n , t a u x _ e l o n g a t i o n ) ; } }
282 e l s e i f ( a l e a == 8 ) {
283 a l e a 2 = ( rand01 ( ) <= ( t a u x _ n u c l e a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
284 i f ( a l e a 2 == 1 ) {
285 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −3 ;
286 K1 [ " S ; 0 ; 3 ; 1 ; " ]= K0 [ " S ; 0 ; 3 ; 1 ; " ] + 1 ;
287 K1 [ " even t " ] = 1 ; } }
288

289 r e t u r n K1 ; }

h Fonction permettant de faire évoluer le nombre de monomères libres.

1 s t d : : map< s t d : : s t r i n g , i n t > EvolM ( s t d : : map< s t d : : s t r i n g , i n t > K0 , i n t N ,
2 doub le lambdaN , doub le phiP ) {
3 s t d : : map< s t d : : s t r i n g , i n t > K1=K0 ;
4 K1 [ " even t " ] = 0 ;
5

6 doub le t a u x _ c r e a t i o n _ c o m p l e x e = phiP ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ;
7 doub le t a u x _ n u c l e a t i o n =lambdaN ∗K0 [ "M; 0 ; 1 ; 0 ; " ] ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] − 1 . 0 )
8 ∗ ( K0 [ "M; 0 ; 1 ; 0 ; " ] −2 ) / doub le (N∗N) ;
9

10 doub le t a u x _ t o t a l _ f i l a m e n t = t a u x _ c r e a t i o n _ c o m p l e x e + t a u x _ n u c l e a t i o n ;
11

12 i n t a l e a 1 ;
13 b o o l a l e a 2 ;
14

15 a l e a 1 = f l o o r ( 2 ∗ rand01 ( ) +1 ) ;
16

17 i f ( a l e a 1 == 1 ) {
18 a l e a 2 = ( rand01 ( ) <= ( t a u x _ c r e a t i o n _ c o m p l e x e / t a u x _ t o t a l _ f i l a m e n t ) ) ;
19 i f ( a l e a 2 == 1 ) {
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20 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −1 ;
21 K1 [ " P ; 0 ; 1 ; 0 ; " ]= K0 [ " P ; 0 ; 1 ; 0 ; " ] + 1 ;
22 K1 [ " even t " ] = 1 ; } }
23 e l s e i f ( a l e a 1 == 2 ) {
24 a l e a 2 = ( rand01 ( ) <= ( t a u x _ n u c l e a t i o n / t a u x _ t o t a l _ f i l a m e n t ) ) ;
25 i f ( a l e a 2 == 1 ) {
26 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ] −3 ;
27 K1 [ " S ; 0 ; 3 ; 1 ; " ]= K0 [ " S ; 0 ; 3 ; 1 ; " ] + 1 ;
28 K1 [ " even t " ] = 1 ; } }
29

30 r e t u r n K1 ; }

h Fonction permettant d’appliquer une fragmentation à un �lament branché (comme décrit dans
le modèle Section 4.2).

1 s t d : : map< s t d : : s t r i n g , i n t > Frag2 ( s t d : : map< s t d : : s t r i n g , i n t > K0 ,
2 s t d : : map< s t d : : s t r i n g , i n t > K1 , i n t longueur , i n t e x t r e m i t e ,
3 i n t branchement , doub le t a u x _ d e p o l y m e r i s a t i o n , doub le t a u x _ e l o n g a t i o n ) {
4 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
5 s t d : : s t r i n g s e x t r e m i t e = s t d : : t o _ s t r i n g ( e x t r e m i t e ) ;
6 s t d : : s t r i n g sbranchement = s t d : : t o _ s t r i n g ( branchement ) ;
7

8 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
9 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;

10

11 i n t n f ;
12 i n t cap ; / / Nombre d ’ e x t r e m i t é s c a p p é e s a l ’ o r i g i n e
13 cap = branchement +1− e x t r e m i t e ;
14 i f ( m in_ in t ( e x t r e m i t e , ( longueur −max_int ( 1 , cap ) ) / 3 ) >1) {
15 nf = r a n d _ u n i f ( 1 , m in_ in t ( e x t r e m i t e , ( longueur −max_int ( 1 , cap ) ) / 3 ) ) ; }
16 e l s e {
17 nf = 0 ; }
18

19 i f ( n f ==0) {
20 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; }
21 e l s e {
22 i f ( e x t r e m i t e −nf ==0) {
23 / / Nombre d e b r a n c h e m e n t qu ’ i l r e s t e a d i s t r i b u e r
24 i n t G=rand_geom ( longueur −max_int ( 1 , cap ) −3∗ nf ,
25 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
26 i n t T=G+3 ∗ nf ;
27

28 i n t L [ nf ] ;
29 i n t SumL = 0 ;
30

31 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
32 L [ j ]=T / nf ;
33 SumL=SumL+L [ j ] ; }
34 L [ nf −1]=T−SumL ;
35 SumL=SumL+L [ nf − 1 ] ;
36

37 s t d : : s t r i n g sNewL ;
38

39 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K0 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] ;
40

41 f o r ( i n t j = 0 ; j < nf ; j ++) {
42 sNewL = s t d : : t o _ s t r i n g ( L [ j ] ) ;
43 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] + 1 ; }
44 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; }
45 e l s e {
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46 i n t B [ nf ] ;
47 i n t SumB = 0 ;
48

49 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
50 B [ j ] = ( e x t r e m i t e −nf ) / n f ;
51 SumB=SumB+B [ j ] ; }
52 B [ nf −1]= e x t r e m i t e −nf −SumB ;
53 SumB=SumB+B [ nf − 1 ] ;
54

55 i n t G=rand_geom ( ( longueur −max_int ( 1 , cap ) −max_int ( 3 ∗ nf , e x t r e m i t e −nf ) ) ,
56 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
57 i n t T=G+ max_int ( 3 ∗ nf , e x t r e m i t e −nf ) ;
58

59 i n t L [ nf ] ;
60 i n t SumL = 0 ;
61

62 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
63 L [ j ]=T / nf ;
64 SumL=SumL+L [ j ] ; }
65 L [ nf −1]=T−SumL ;
66 SumL=SumL+L [ nf − 1 ] ;
67

68 s t d : : s t r i n g sNewL ;
69 s t d : : s t r i n g sNewB ;
70 s t d : : s t r i n g sNewE ;
71

72 K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ]
73 =K0 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ] ;
74 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K0 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] ;
75

76 f o r ( i n t j = 0 ; j < nf ; j ++) {
77 sNewB = s t d : : t o _ s t r i n g ( B [ j ] ) ;
78 sNewL = s t d : : t o _ s t r i n g ( L [ j ] ) ;
79 sNewE = s t d : : t o _ s t r i n g ( B [ j ] + 1 ) ;
80

81 i f ( B [ j ] > 0 ) {
82 K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ]
83 =K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ] + 1 ; }
84 e l s e {
85 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] + 1 ; } }
86 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; } }
87

88 K1 [ " even t " ] = 1 ;
89 r e t u r n K1 ; }

h Fonction permettant d’appliquer une fragmentation à un �lament branché (version où la longueur,
le nombre de branchements et le nombre d’extrémités libre de chaque �lament créé après la frag-
mentation est choisi aléatoirement selon une loi uniforme).

1 s t d : : map< s t d : : s t r i n g , i n t > Frag1 ( s t d : : map< s t d : : s t r i n g , i n t > K0 ,
2 s t d : : map< s t d : : s t r i n g , i n t > K1 , i n t longueur , i n t e x t r e m i t e ,
3 i n t branchement , doub le t a u x _ d e p o l y m e r i s a t i o n , doub le t a u x _ e l o n g a t i o n ) {
4 s t d : : s t r i n g s l o n g e u r = s t d : : t o _ s t r i n g ( longueur ) ;
5 s t d : : s t r i n g s e x t r e m i t e = s t d : : t o _ s t r i n g ( e x t r e m i t e ) ;
6 s t d : : s t r i n g sbranchement = s t d : : t o _ s t r i n g ( branchement ) ;
7

8 K1 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ]
9 =K0 [ " B ; " + sbranchement + " ; " + s l o n g e u r + " ; " + s e x t r e m i t e + " ; " ] −1 ;

10

11 i n t n f ;
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12 i n t cap ;
13 cap = branchement +1− e x t r e m i t e ;
14 i f ( m in_ in t ( e x t r e m i t e , ( longueur −max_int ( 1 , cap ) ) / 3 ) >1) {
15 nf = r a n d _ u n i f ( 1 , m in_ in t ( e x t r e m i t e , ( longueur −max_int ( 1 , cap ) ) / 3 ) ) ; }
16 e l s e {
17 nf = 0 ; }
18

19 i f ( n f ==0) {
20 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur ; }
21 e l s e {
22 i f ( e x t r e m i t e −nf ==0) {
23 i n t G=rand_geom ( longueur −max_int ( 1 , cap ) −3∗ nf ,
24 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
25 i n t T=G+3 ∗ nf ;
26

27 i n t L [ nf ] ;
28 i n t SumL = 0 ;
29

30 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
31 L [ j ]= r a n d _ u n i f ( 3 , T− 3 ∗ ( nf − ( j +1 ) ) −SumL ) ;
32 SumL=SumL+L [ j ] ; }
33 L [ nf −1]=T−SumL ;
34 SumL=SumL+L [ nf − 1 ] ;
35

36 s t d : : s t r i n g sNewL ;
37

38 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K0 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] ;
39

40 f o r ( i n t j = 0 ; j < nf ; j ++) {
41 sNewL = s t d : : t o _ s t r i n g ( L [ j ] ) ;
42 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] + 1 ; }
43 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; }
44 e l s e {
45 i n t B [ nf ] ;
46 i n t SumB = 0 ;
47

48 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
49 B [ j ]= r a n d _ u n i f ( 0 , ( e x t r e m i t e −nf −SumB ) ) ;
50 SumB=SumB+B [ j ] ; }
51 B [ nf −1]= e x t r e m i t e −nf −SumB ;
52 SumB=SumB+B [ nf − 1 ] ;
53

54 i n t G=rand_geom ( ( longueur −max_int ( 1 , cap ) −max_int ( 3 ∗ nf , e x t r e m i t e −nf ) ) ,
55 fmax ( 0 , 1 − ( t a u x _ d e p o l y m e r i s a t i o n / t a u x _ e l o n g a t i o n ) ) ) ;
56 i n t T=G+ max_int ( 3 ∗ nf , e x t r e m i t e −nf ) ;
57

58 i n t L [ nf ] ;
59 i n t SumL = 0 ;
60

61 f o r ( i n t j = 0 ; j < ( nf −1 ) ; j ++) {
62 L [ j ]= r a n d _ u n i f ( max_int ( 3 , B [ j ] ) ,
63 T−max_int ( 3 ∗ ( nf − ( j +1 ) ) , SumB−B [ j ] ) −SumL ) ;
64 SumL=SumL+L [ j ] ;
65 SumB=SumB−B [ j ] ; }
66 L [ nf −1]=T−SumL ;
67 SumL=SumL+L [ nf − 1 ] ;
68

69 s t d : : s t r i n g sNewL ;
70 s t d : : s t r i n g sNewB ;
71 s t d : : s t r i n g sNewE ;
72
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73 K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ]
74 =K0 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ] ;
75 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K0 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] ;
76

77 f o r ( i n t j = 0 ; j < nf ; j ++) {
78 sNewB = s t d : : t o _ s t r i n g ( B [ j ] ) ;
79 sNewL = s t d : : t o _ s t r i n g ( L [ j ] ) ;
80 sNewE = s t d : : t o _ s t r i n g ( B [ j ] + 1 ) ;
81

82 i f ( B [ j ] > 0 ) {
83 K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ]
84 =K1 [ " B ; " +sNewB+ " ; " +sNewL+ " ; " +sNewE+ " ; " ] + 1 ; }
85 e l s e {
86 K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ]= K1 [ " S ; 0 ; " +sNewL+ " ; 1 ; " ] + 1 ; } }
87 K1 [ "M; 0 ; 1 ; 0 ; " ]= K0 [ "M; 0 ; 1 ; 0 ; " ]+ longueur −T ; } }
88

89 K1 [ " even t " ] = 1 ;
90 r e t u r n K1 ; }

3 - Helpers Functions

h Fonction qui renvoie la longeur à partir d’une chaine de caractères de la forme "T;b; l ; e ; ".
1 i n t f i n d L ( s t d : : s t r i n g s ) {
2 i n t p o s i t i o n S e p [ 4 ] ;
3 i n t pospos = 0 ;
4 i n t pos = 0 ;
5 i n t L = 0 ;
6

7 whi l e ( pospos <4 ) {
8 i f ( s [ pos ]== ’ ; ’ ) {
9 p o s i t i o n S e p [ pospos ]= pos ;

10 pospos = pospos + 1 ;
11 pos=pos + 1 ; }
12 e l s e {
13 pos=pos + 1 ; } }
14 f o r ( i n t j = p o s i t i o n S e p [ 1 ] + 1 ; j < p o s i t i o n S e p [ 2 ] ; j ++) {
15 L=L ∗ 1 0 + ( s [ j ]− ’ 0 ’ ) ; }
16 r e t u r n L ; }

h Fonction qui renvoie le nombre de branchements à partir d’une chaine de caractères de la forme
"T;b; l ; e ; ".

1 i n t f i n d B ( s t d : : s t r i n g s ) {
2 i n t p o s i t i o n S e p [ 4 ] ;
3 i n t pospos = 0 ;
4 i n t pos = 0 ;
5 i n t B = 0 ;
6

7 whi l e ( pospos <4 ) {
8 i f ( s [ pos ]== ’ ; ’ ) {
9 p o s i t i o n S e p [ pospos ]= pos ;

10 pospos = pospos + 1 ;
11 pos=pos + 1 ; }
12 e l s e {
13 pos=pos + 1 ; } }
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14 f o r ( i n t j = p o s i t i o n S e p [ 0 ] + 1 ; j < p o s i t i o n S e p [ 1 ] ; j ++) {
15 B=B ∗ 1 0 + ( s [ j ]− ’ 0 ’ ) ; }
16 r e t u r n B ; }

h Fonction qui renvoie le nombre d’extrémités libres à partir d’une chaine de caractère de la forme
"T;b; l ; e ; ".

1 i n t f i n d E ( s t d : : s t r i n g s ) {
2 i n t p o s i t i o n S e p [ 4 ] ;
3 i n t pospos = 0 ;
4 i n t pos = 0 ;
5 i n t E = 0 ;
6

7 whi l e ( pospos <4 ) {
8 i f ( s [ pos ]== ’ ; ’ ) {
9 p o s i t i o n S e p [ pospos ]= pos ;

10 pospos = pospos + 1 ;
11 pos=pos + 1 ; }
12 e l s e {
13 pos=pos + 1 ; } }
14 f o r ( i n t j = p o s i t i o n S e p [ 2 ] + 1 ; j < p o s i t i o n S e p [ 3 ] ; j ++) {
15 E=E ∗ 1 0 + ( s [ j ]− ’ 0 ’ ) ; }
16 r e t u r n E ; }
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Titre : Modélisation multi-échelle de la dynamique intra-cellulaire de l’actine

Mots clés : Modélisation mathématique de l’actine, Processus de Markov à valeurs mesure, Processus à
valeurs arbre, Théorèmes de convergence, Théorème d’homogénéisation, Espaces métriques mesurés

Résumé : Cette thèse porte sur la compréhension
de la dynamique du réseau de polymères d’ac-
tine constituant l’enveloppe mécanique d’une cellule.
Nous avons élaboré différents modèles, prenant en
compte différentes échelles, afin de comprendre les
différents mécanismes.
Les propriétés mécaniques des cellules embryon-
naires, responsables d’un grand nombre de com-
portements cellulaires sont largement définies par
la dynamique d’un réseau de polymères, le cortex
d’actomyosine. Cette dynamique est soumise à une
forte stochasticité, encore peu considérée dans les
modèles existants. Afin de comprendre comment les
propriétés mécaniques des cellules émergent de la
biochimie de l’actine, il faut comprendre comment
la dynamique d’assemblage de ces polymères fonc-
tionne dans la cellule, et ce à différentes échelles.
La première partie de cette thèse est consacrée
à l’étude de la dynamique d’élongation-
raccourcissement de l’actine.
Dans un premier temps, nous considérons un
seul polymère d’actine. La dynamique d’élongation-
raccourcissement des polymères est entièrement

décrite par un processus markovien de sauts. Afin
d’obtenir un comportement moyen, nous avons étudié
la limite de champs moyen. Dans un second temps,
nous nous plaçons à l’échelle d’une population de po-
lymères. La dynamique de la population est cette fois
décrite par un processus de Markov à valeurs mesure.
L’étude de la limite en grande population nous permet
d’obtenir une distribution des tailles des polymères
mais surtout de constater qu’il existe une compétition
entre les polymères pour les monomères libres.
La deuxième partie se concentre sur l’étude de la
dynamique de branchement d’un polymère d’actine.
Afin de modéliser un polymère ramifié, nous utilisons
le formalisme des espaces métriques mesurés. Cette
partie a pour but de mieux comprendre la structure
des polymères ramifiés.La dynamique du polymère
ramifié est alors entièrement décrite par un processus
à valeurs arbre. Nous avons prouvé que le proces-
sus décrivant le nombre d’extrémités (renormalisé)
converge en distribution vers une diffusion de Feller.
La troisième partie est dédiée à l’exploration
numérique des différents modèles.

Title : Multi-Scale Modelling of the Intra-Cellular Actin Dynamics

Keywords : Mathematical modelling of actin, Measure-valued Markov processes, Tree-valued processes,
Convergence theorems, Homogenisation theorem, Metric measure spaces

Abstract : This thesis focuses on understanding the
dynamics of the actin polymer network constituting the
mechanical envelope of a cell. We have developed
different mathematical models, considering different
scales, in order to understand the different mecha-
nisms.
The mechanical properties of embryonic cells, which
are involved in many cellular behaviours, are largely
defined by the dynamics of a network of polymers,
the actomyosin cortex. These dynamics are subject
to a high degree of stochasticity, which is not yet fully
considered in existing models. In order to understand
how the mechanical properties of cells stem from ac-
tin biochemistry, it is necessary to understand how the
assembly dynamics of these polymers operate in the
cell, and this at different scales.
The first part of this thesis is focused on the study of
the elongation-shortening dynamics of actin. Initially,
we consider a single actin polymer. The elongation-
shortening dynamics of the polymers is then entirely

described by a jump Markov process. In order to ob-
tain an average behaviour, we studied the average
field limit. Secondly, we consider a population of po-
lymers. The dynamics of the population is this time
described by a measure-valued Markov process. The
study of the large population limit allows us to obtain
a distribution of polymer lengths and specially to ob-
serve that there is competition between the polymers
for free monomers.
The second part deals with the study of the bran-
ching dynamics of an actin polymer. In order to mo-
del a branched polymer, we use the formalism of me-
tric measure spaces. The aim of this part is to better
understand the structure of branched polymers. The
dynamics of the branched polymer is then fully des-
cribed by a tree-valued process. We proved that the
process describing the number of extremities (renor-
malized) converges in distribution to a Feller diffusion.
The third part is focused on numerical exploration of
the different models.
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