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Introduction & Summary 1
1.1 Introduction

The rich physics and promising future as a quantum technology has lead to signif-
icant research focus on superconducting hybrid structures. Superconducting hybrid
mesoscopic or nanoscopic devices consist of a superconductor (S) in contact with
a non-superconducting material (X). The electronic pairs of the superconducting
state strongly influences the properties of the non-superconducting materials that
are in contact with the superconductor. This phenomenon, known as the proximity
effect, is understood as superconducting electronic pairs propagating into the non-
superconducting material and giving it superconducting-like properties. Over the re-
cent decades different architectures of superconducting hybrid structures with a vari-
ety of materials have been considered theoretically and realised experimentally.

By building a superconducting hybrid junction consisting of two superconduct-
ing leads coupled together through a non-superconducting weak-link, abbreviated as
S-X-S, the proximity effect can be exploited to induce supercurrent through the weak-
link. The most well known superconducting junction is the Josephson tunnel junction,
where the weak-link is an insulating layer. Josephson tunnel junctions are the build-
ing blocks of superconducting circuits and are employed in many quantum devices
including superconducting quantum bits [1], quantum limited traveling wave para-
metric amplifiers [2] and superconducting quantum interference devices (SQUIDs).
The weak-link can be achieved in a variety of ways beyond an insulating including
using a normal metal [3], a semiconductor [4] or even a constriction of the supercon-
ductor [5] and more recently carbon nanotubes [6] and graphene [7]. By introducing
a semiconductor as the weak-link, the extra degree of freedom provided by the tun-
ability of the semiconductor’s charge density up to a single charge state opens even
further avenues of physical investigation and applications.

One application of superconducting-semiconducting hybrid junctions is the Joseph-
son field effect transistor (JoFET) which was first proposed by T. D. Clark et al. in
1980 [8] a few decades after Josephson’s pioneering work on the Josephson effect [9].
A JoFET behaves similarly to the Josephson tunnel junction (JJ) having a non-linear
inductance and a Josephson current-phase relationship. However, a JoFET has an
additional feature; the supercurrent through the junction can be tuned using an elec-
trostatic field of a gate. This is equivalent to the way the current through a transistor
can be tuned, hence the inclusion of field effect transistor in the JoFET’s name. By

Link back to Table of contents →
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Chapter 1 Introduction & Summary

employing a JoFET, instead of a JJ, in a transom architecture one can use an electro-
static field to tune the resonance frequency of the transom qubit [10]. Such a device
is known as a gatemon and has been only recently realised [11, 12, 13, 14].

Other quantum systems, including Andreev spin qubits [15] have be realised using
superconducting hybrid junctions. Further, more exotic architectures have been the-
oretically proposed such as topologically protected quantum bits based on Majorana
fermions or multi-terminal junctions.

The demand for qubit architectures is due to the attractive technological advance-
ment that would be provided through effective quantum information processing (QIP)
for which the qubit is the unit of information. QIP covers the domain where quantum
entanglement is exploited to go beyond the limitations of classical computers [16].

Quantum simulation promises to solve the complex and computationally demand-
ing many-body problems arising in physics and chemistry [17]. Experiments per-
formed, in our group QuantECA, using Josephson junction chains coupled to a non-
linear oscillator has enabled the simulation of dissipation of a quantum system [18].

Potentially the most significant of the quantum information processing technolo-
gies is the quantum computer. The concept was first introduced by David Deutsch
who developed a model of a universal quantum computer in 1985 [19] that could
perfectly simulate any Turing machine, quantum computer or simulator. Quantum
computing exploits the superposition of states in qubits to carry out computational
processing in parallel, speeding up the processors considerably compared to the linear
nature of current computer processing. Recently, claims of quantum supremacy, where
a quantum processor outperforms a classical processor, have been published [20].

Though substantial progress in the realisation of quantum systems for QIP has
been made since the first proposals at the end of the 20th century, considerable chal-
lenges must be overcome before the promised technological breakthroughs of QIP can
be realised. Superconducting hybrid junctions could provide a solution to some of
these challenges including reducing qubit relaxation and dephasing through topolog-
ical protection, improved scalability through using electrically tuneable qubits and
CMOS compatible materials and finally the development of alternative qubit archi-
tectures such as the Andreev spin qubit and Majorana qubits.

In this thesis, we investigate the low temperature transport properties of super-
conducting hybrid junctions with a nanowire architecture using germanium (Ge) for
the semiconducting weak-link and aluminium (Al) for the superconducting leads. Ge
is a group IV semiconductor that has a long history in experimental physics. Ge was
used by J. Bardeen, W. Brattain and W. Shockley to demonstrate the first point-
contact transistor in 1947. Their ground-breaking discovery was acknowledge by the
Nobel committee who awarded them the 1956 Nobel Prize in Physics. Beyond its
useful semiconducting properties, Ge has many advantageous properties for quantum
devices. In particular, the strong spin-orbit coupling and strong g-factor make Ge
attractive for topologically protected qubits and spin qubits. These important charac-
teristics are further enhanced in Ge by the dominance of hole transport. Furthermore,
Ge can be purified to reduce the presence of nuclear spins, which reduce spin qubit
lifetimes. Importantly for scalability of quantum systems Ge is a CMOS compatible
material, thus well established techniques from the microelectronic industry can be
exploited. Finally, and crucially for this thesis Al and Ge are a diffusive match, which
enables thermal diffusion to be exploited to reliably fabricate monolithic Al-Ge-Al
nanowire heterostructures with unique high quality interfaces.
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1.2 Summary

Ge is predominantly integrated with Si in the form of Ge/Si core/shell NW junc-
tions [21, 22, 23, 24] or Ge hut wires [25] with Si caps and Ge/Si planar junctions
[26, 27, 28]. However, the adoption of intrinsic Ge (i-Ge) NWs for the development
of quantum devices, including superconducting hybrid junctions, has been limited.
The lack of adoption is mainly associated with the difficulty in overcoming the metal-
Ge Schottky barrier, which can prevent proximity induced supercurrent. Overcoming
the Schottky barrier requires the fabrication of high quality electrical contacts to Ge
nanostructures while simultaneously reducing the gate screening effect of the leads
[29, 30]. This tremendous challenge has been recently achieved through intense re-
search on the thermal diffusion of metals into semiconducting NWs, by our close
colaborators [31, 32, 33]. The absence of an intermetallic phase formation and com-
patible diffusion rates between Al-Ge have been exploited extensively to form true
metal-Ge heterostructures with abrupt interfaces [34] leading to the formation of self-
aligned monocrystalline Al NWs contacting the monolithically integrated Ge QD.

1.2 Summary

This thesis will document our investigations of the low temperature transport prop-
erties of monolithic Al-Ge-Al nanowire heterostructures with different Ge segment
lengths. We will also compare these novel i-Ge devices to the familiar Ge/Si core/shell
NWs, which are employed in quantum devices by multiple research groups. By using a
near identical fabrication technique for both Al-Ge-Al and Al-Ge/Si-Al core/shell de-
vices we can truly compare their transport similarities and differences. The following
is a summary that outlines the important aspects and results of this thesis.

Chapter 2 introduces the important theoretical concepts required to understand
and appreciate the results of this thesis.

1.2.1 Fabrication
The Al-Ge-Al and Al-Ge/Si-Al core/shell nanowire heterostructure studied in this
thesis were fabricated by our collaborators, Masiar Sistani and Alois Lugstein, at TU
Wien in Vienna. Using a novel thermal annealing technique, which induced the ex-
change of Ge and Al through diffusion, our collaborators could fabricate monolithic
Al-Ge-Al NW heterostructures with atomically precise interfaces. Figure 1.1 (a) shows
a scanning electron microscope (SEM) image of an Al-Ge-Al NW heterostructure after
the thermal annealing process. To enable investigations of their transport properties
the NW heterostructures were integrated in a back-gated field effect transistor archi-
tecture. The exceptional results of this fabrication technique are evident; we clearly
see the monolithic structure with a continuous NW consisting of two crystalline Al
(c-Al) leads separated by a Ge segment. High-resolution high angle annular dark field
(HAADF) scanning transmission electron microscopy (STEM) image of the Ge seg-
ment, shown in Figures 1.1 (b-c), reveals the uniform diameter and abrupt interface
of the heterostructure. A zoom on the Al-Ge interface 1.1 (c) shows that the interface
is nearly atomically sharp with the Ge lattice, orientated along the [110] direction,
transitioning into c-Al in a single atomic layer. In the Fabrication chapter (Chap-
ter 3) of this thesis, we will detail the fabrication process employed to achieve such
high quality devices and discuss their structural characterisation carried out by our
collaborators.
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Chapter 1 Introduction & Summary

Figure 1.1 – (a) False color SEM image of an Al-Ge-Al NW heterostructure
after the thermal annealing process. The NW is integrated in a back-gated field-effect
transistor architecture. (b,c) High-resolution high angle annular dark field (HAADF)
scanning transmission electron microscopy (STEM) image using a probe corrected
FEI Titan Themis working at 200 kV of (b) a 15 nm long Ge segment embedded in
an Al-Ge-Al NW heterostructure and (c) the abrupt Al-Ge interface of the Al-Ge-Al
NW heterostructure orientated along the [110] direction.

To investigate the low temperature transport properties of Al-Ge-Al and Al-Ge/Si-
Al core/shell nanowire heterostructures, we used a table-top pumped 3He cryostat de-
signed and built at Institut Néel. With a minimum working temperature of 350 mK,
we could use the cryostat to investigate the influence of the superconducting c-Al
leads on the NW transport. Further, these low working temperatures also enabled the
investigation of the quantum transport properties of the Ge segment, including deter-
mining its quantum dot properties such as charging energy and mean-level spacing.
The experimental set-up to realise these investigations is detailed in Chapter 4. As the
first PhD student to carry out systematic and extensive measurements on the pumped
3He cryostat, I present a detailed description of my optimal cool-down procedure that
I have developed over the many cool-downs.
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1.2 Summary

1.2.2 Transport Properties (Al-Ge-Al)
The results of the low temperature transport investigations are presented in detail
in Chapter 5. We show that the high quality Al-Ge-Al and Al-Ge/Si-Al core/shell
nanowire heterostructures shown through HAADF STEM and EDX analysis trans-
lates to rich transport physics that show quality interfaces. Our discussion will focus
on three Al-Ge-Al nanowire heterostructures; one device which has a Ge segment
length of LGe ≈ 162 nm, labeled Sample L1 and two samples which are on the limits
of the ballistic regime with LGe of 42 nm and 37 nm which are labeled Sample S1 and
Sample S2, respectively.

Figure 1.2 (a-b) shows the differential conductance, in units of quantum conduc-
tance, versus bias voltage (VD) of Sample S1 and S2 recorded at T = 390 mK and
410 mK respectively over an extended gate voltage (VG) region. The plots reveal that
the two devices display similar highly tuneable transport properties with four distin-
guishable regimes: 1) a full blockade regime for VG > 0.5 V, 2) a CB regime from the
first hole to a few tens of holes in the QD (-4.0 V < VG < 0.5 V), 3) an intermediate
regime with various sub-gap features (-15 V < VG < -4.0 V) and 4) a supercurrent
regime at very negative gate voltages. We also observe peaks in conductance due to
Andreev reflections at eV = 2∆/n, where n is the order of reflection and ∆ = 220
µeV.

Figure 1.2 – Transport Overview.Density plot of differential conductance
with respect to bias voltage VD and gate voltage VG of (a) Sample S1 recorded at 390
mK and (b) Sample S2 recorded at 410 mK. We observe four distinct regimes: A full
blockade regime for VG > 0.5 V. A Coulomb blockade regime (-4.0 V < VG < 0.5 V),
labeled an intermediate regime (-15 V < VG < -4.0 V) and a supercurrent regime (VG
< -15 V), labeled. Horizontal dashed lines show the expected position (eVD = 2∆/n)
of the first two conductance peaks due to Andreev reflection for ∆ = 220µeV.

The high gate tuneability of the Al-Ge-Al nanowire heterostructures is evident
by the multiple transport regimes observed in Figure 1.2. We associate this dynamic
transport to the band structure of the Al-Ge-Al NW heterostructure. At the two Al-
Ge interfaces, two Schottky barriers form back-to-back. However, in the Ge junction,
the valence band (VB) is pinned close to the Fermi energy (EF) of c-Al. This so
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Chapter 1 Introduction & Summary

called Fermi level pinning results in a weak Schottky barrier for holes compared to
a strong barrier for electrons. As such, hole states in the valence band dominate the
transport. The valence band, forms a quantum dot (QD), where the tunnel barriers are
defined by the back-to-back Schottky barriers. The QD hole states become available
for resonance tunneling as VB is pushed above EF by the electrostatic field of the
back-gate VG.

Coulomb Blockade

Figure 1.3 (a-b) shows a plot of ID versus VG of a Al-Ge-Al NW heterostructure with
a short Ge segment (Sample S1) and a longer, 162 nm Ge segment (Sample L1). The
curve is for a voltage bias of VD = 0.48 mV focused on the CB regime. The plots
reveal, for both samples, periodic current peaks separated by near-zero current regions
typical of Coulomb blockade. The current peaks occur when a hole state of the QD is
on resonance with the chemical potential of the c-Al leads and allows holes to tunnel
through the QD.

Analysis of the CB regime reveals that the characteristic QD energies of the sam-
ples, the charging energy EC and the tunnel rate Γ, are dependent on VG. For Sample
L1, EC decreases from approximately 4.8 meV to 0.8 meV as VG decreases from - 3
V to - 5 V. Whereas for Sample S1, EC decreases from approximately 32 meV near
pinch-off to 3 meV before the intermediate regime. The decrease in EC as VG becomes
more negative is understood to be due to the increasing size of the QD, which occurs
as the volume between the valence band (VB) and EF increases.

In addition to the EC variations, the evolution of Γ as VG decreases is evident in
Figure 1.3 (a-b) by the increasing magnitude of the current peaks. From the stability
diagrams of Sample S1, we estimated Γ to increase from 6.2 µeV near pinch-off to 250
µeV before the intermediate regime. We associate the increasing tunnel rate to the
decreasing strength of the Schottky barriers as VB is pushed above EF by the gate
field. The strong Fermi level pinning fixes the edges of VB to below EF of the c-Al
leads. As such, to compensate for the negative electrostatic field VB can only bend
above EF. This bending reduces the depletion region at the Al-Ge interfaces, that
defines the Schottky barriers, while simultaneously increasing the number of states
above EF, thus increasing the size of the QD. The intrinsic coupling of the charge
density and Schottky barrier strength is fundamental to the transport dynamics of
these Al-Ge-Al nanowire heterostructures and enables one to simultaneously tune EC
and Γ by modulating the back-gate voltage VG.

Moreoever, in the Coulomb blockade regime of Sample S1 & L1, we observe other
features typical of strongly confined quantum dots including the odd-even effect and
resonant tunneling through excited states. Details and analysis of these features can
be found in the Results chapter, Chapter 5
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(a) Sample S1
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Figure 1.3 – ID-VG slice at VD = 0.48 mV of (a) Sample S1 and (b) Sample
L1. (a) For Sample S1 Each color represents a different measurement taken during
the same cool-down. (Inset) zoom of ID (VG) for 0.25 V < VG < -1.45 V.
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Chapter 1 Introduction & Summary

Supercurrent Regime

At negative gate voltages, VG . -10 V, the short Ge segments samples (Samples S1 &
S2) enter the supercurrent regime. Figure 1.4 (a) shows a density plot of the differential
resistance (R = dVD / dID) with respect to the current bias (ID) and VG across Sample
S1 at 390 mK. A continuous region of zero differential resistance is observed for a
range of bias currents symmetric around ID = 0, indicating dissipationless transport
through the Ge segment. Figure 1.4 shows plots of VD versus ID at four gate voltages,
highlighting the gate tunability and the similar values of the retrapping and critical
current. For comparison, data of Sample S2 is plotted in orange. We observe gate
tunable critical current up to 10 nA for Sample S1 and 6 nA for Sample S2. However,
for Sample L1 we observe no evidence of supercurrent.

Outside this dissipationless current region of Figure 1.4 (a), we observe resonant
features that are continuous with respect to VG. We associate these features with
multiple Andreev reflection (MAR) that is often observed in superconducting hybrid
junctions with transparent interfaces. Figure 1.4 (c) shows G versus VD curves of the
same data as Figure 1.4 (b). We clearly see conductance peaks symmetric around
VD = 0 mV, which are consistent with MAR. Using the expected position of the con-
ductance peaks associated with MAR, VD = 2∆/ne, where ∆ is the superconducting
gap and n is the integer MAR order, we extracted an estimate for the effective su-
perconducting gap of ∆∗ = 185 µeV. This extracted gap is nearly 20% less than the
superconducting gap extracted in the Coulomb blockade regime of 220 µeV. We asso-
ciate the decrease of ∆ to the superconducting proximity effect, which induces a gap
in Ge that is smaller than the gap of the c-Al leads.

To estimate the transmission of the Ge nanowire’s conducting channels we fit the
MAR ID-VD curves using a Monte Carlo based fitting program, created by Gabino
Rubio (see Ref. [35]). The fits of ID-VD curves of VG = -8.6 V and VG = -15.5
V, reveal transport through multiple Ge conduction channels with the first channel
having exceptionally high transmission of 95 % and 96 %, respectively. The average
transmission of the first three channels obtained from the fitting program was 60 %
and 90 % for VG slices -8.6 V and -15.5 V, respectively. This average transmission
agrees quantitatively with transmission estimates obtained using the Blonder Tin-
kham and Klapwijk (BTK) model of 60 % and 80 %, respectively. The analysis of the
supercurrent regime is described in greater detail in Section 5.5 in Chapter 5.
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Ir
Ic

a)

b)

c)

Figure 1.4 – (a) Density plot of differential resistance (dVD/dID) with respect
to bias current (ID) and gate voltage (VG), of Sample S1, in the supercurrent regime
showing the gate-dependent supercurrent and MAR resonances. (b) VD versus ID
for four VG slices showing the onset of supercurrent. For comparison both Sample
1 (blue curves) and Sample 2 are shown (orange curve). Retrapping (Ir) and critical
current (Ic) are labeled. (c) G (VD) curves for the same VG slices of Figure 5.33; we
see clear conductance peaks which we associate with MAR. The vertical grey dashed
lines indicate the expected voltage position (Vn = 2∆/ne) of the first three MAR
peaks for ∆ = 185µeV.
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Intermediate Regime

Between the Coulomb blockade (CB) and superconducting regimes of Samples S1
and S2, we observe an intermediate regime. The onset of the intermediate regime is
marked by the fading of Coulomb blockade features as VG becomes more negative. The
transition from the Coulomb blockade regime to the intermediate regime is evident in
Figure 1.3 (a), where the current rapidly diverges from the periodic current peaks of
the CB regime. Figure 1.5 (b) shows the differential conductance versus VD and VG in
the intermediate regime. The intermediate regime occurs when Γ ∼ ∆, which results
in the observation of significant transport features within the superconducting gap.
The nature of the sub-gap transport features suggests that in the intermediate regime,
sub-gap transport does not solely occur by multiple Andreev reflection (MAR) but
by a combination of MAR and resonant tunneling through the QD. For VG < - 3.8
V, sub-gap conductance peaks appear with periodic modulation with respect to VG.
These resonances, forming arcs bending towards zero-bias at the charge degeneracy
points are interpreted as the experimental signature of single hole filling of the QD
in the intermediate coupling regime. Similar to the CB regime, we estimate Eadd
from ∆VG (see Figure 1.5 (a)) and observe a continuation of the even-odd filling with
comparable addition energies. In this VG range, we estimate the QD is filled by over
thirty holes. More detail of the intermediate regime can be found in Section 5.6 of
Chapter 5.

a)

b)

c)

d)

e)

Figure 1.5 – Intermediate regime(a) Eadd, calculated using |αG|∆VG, versus
VG. (b) Density plot of differential conductance with respect to bias voltage (VD) and
gate voltage (VG) in the intermediate regime. White dashed line shows eVD = +/-
2∆ for ∆ = 220 µeV. We observe sub-gap conductance features that evolve with VG.
(c) ID (VD) & (d) G (VD) slices at VG = -3.91 V (dark blue) and VG = -3.99 V (red).
The red ID (VD) curve has been offset by +5 nA for clarity. (e) G (VD) curve at VD
= -4.72 V.
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1.2 Summary

1.2.3 Transport Properties (Al-Ge/Si-Al core/shell)

Figure 1.6 – Scanning tunneling electron microscope image of a monolithic
Al-Ge-Al NW heterostructure core with a Si shell after the annealing process. Insets
show energy dispersive X-ray measurements of the Ge segment and c-Al segment.
Ge and Al cores with high purity are observed in the respective segments, which are
wrapped by a continuous SiGe and Si shell. The scale bar is 200 nm.

In this section, I will summarise the results of the transport measurements on
an Al-Ge/Si-Al core/shell nanowire heterostructure with a Ge/Si core/shell segment
length of 40 nm. Figure 1.6 shows a scanning tunneling electron microscope image
of a device. Energy dispersive X-ray measurements shown on the insets of Figure 1.6
reveal the purity of the c-Al and Ge components of the monolithic nanowire. Further,
the insets show the structural integrity of the Si shell. The equal Ge segment length
and similar fabrication process of the Al-Ge/Si-Al and Al-Ge-Al devices (Samples S1
and S2) enables a direct comparison of their transport properties.

The first distinction between the two devices is in the clear observation of quantised
conductance in the Al-Ge/Si-Al core/shell NW heterostructure. Figure 1.7 shows G-
VG characterisitc curves of the Al-Ge/Si-Al core/shell NW heterostructure for various
temperatures from 300 K to 5 K. In accordance with the i-Ge devices, the conduc-
tance increases as VG goes from positive to negative. Notably, at T = 150 K the
G-VG curve begins to reveal plateau-like features compared to the smooth curves at
higher temperatures. The plateaus become more pronounced as the sample is cooled
further. The position and nature of these features suggests that they relate to quan-
tised conductance, confirming that we are observing, in the Ge/Si core/shell, system
one-dimensional spin-degenerate sub-band-resolved quantum ballistic transport where
steps of conductance occur at G0 = 2e2/h. In the literature, the reported mean free
path of Ge/Si core/shell NWs ranges from 70 nm to 500 nm [36, 22], putting our Ge/Si
device firmly in the ballistic regime. This is in contrast to the i-Ge device where we do
not observe quantised conductance in the LGe ≈ 40 nm devices even though they are
near the ballistic limit given an estimated mean free path of approximately 45 nm.

Considering the Ge/Si core/shell segment is in the ballistic regime, we estimate
the interface transparency from the resistance (R) of the conductance plateaus (R =
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Figure 1.7 – G-VG characteristics of the Al-Ge/Si-Al heterostructure device with
a channel length of LGe/Si = 40 nm measured at different temperatures between T =
5 and 300 K. The conductance G was directly obtained from the measured current
as the VG is swept from -30 V to 30 V according to G = dID/dVD and is plotted
in units of G0. The black arrows indicate the quantised conductance plateaus. The
inset shows the resistance (R) of the quantised conductance plateaus vs the inverse of
the conducting channel number (1/n). The linear fit is used to estimate the interface
transparency.

1/G) retrieving an average transparency to be 96 %. This high transparency further
endorses the high quality of the devices and supports the results from the structural
analysis.

Low temperature transport measurements of the Al-Ge/Si-Al core/shell nanowire
heterostructure are shown in Figure 1.8. Indeed, Figure 1.8 (a) reveals that we observe
supercurrent at negative gate voltages in the Al-Ge/Si-Al core/shell devices. The top
inset of Figure 1.8 (a) highlights the gate tuneability of the critical current (Ic),
reaching a maximum Ic of 15 nA.

With a positive gate voltage, we enter the low conductance regime. Figure 1.8 (b)
shows a density plot of the differential conductance G = dID/dVD versus VD and VG,
for a positive gate voltage range. For 15 V < VG < 30 V, the transport is defined by
a suppression of transport within the superconducting gap. The suppression of sub-
gap transport has similarities to the superconducting gap observed in the Coulomb
blockade regime of the i-Ge devices. However, in the Ge/Si core/shell devices we do
not observe evidence of Coulomb blockade. As shown in the inset of Figure 1.8 (b), the
ID-VD curves are linear in the normal regime (|eVD| > 2∆) with a normal conductance
around 0.3G0. Figure 1.8 (b) also shows continuous conductance resonances that run
parallel to the VG axis. These features are symmetric around VD = 0 V and are similar
to those observed in the i-Ge devices (see Figure 1.2). As with the i-Ge devices we
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Figure 1.8 – (a) Density plot of differential resistance (R = dVD/dID) with respect
to bias voltage (VD) and gate voltage (VG), plotted in units of quantum resistance.
The upper inset shows VD-ID curves for four different VG (0 V, -10 V, -15 V, -29
V). The lower inset shows a slice of R = dVD/dID at ID = 0 nA with respect to
VG. (b) Density plot of differential conductance (G = dID/dVD) with respect to bias
voltage (VD) and gate voltage (VG), plotted in units of quantum conductance. The
inset shows ID versus VD curves for three different VG (10, 20, 28 V). (c) Differential
conductance slice (dID/dVD) with respect to VD for VG = -29.5 V and 28 V measured
at 450 mK.

associate these features with multiple Andreev reflection (MAR).
To better understand the conductance features due to MAR, we plot in Figure

1.8 (c) G-VD slices from the low conductance regime (VG = 28 V) and from the
high conductance regime (VG = -29.5 V) measured at T = 420 mK. The resonances
appear as conductance peaks symmetric around a large conductance peak at VD = 0
V. From the position of the first conductance peak at VD = 0.37 mV, we estimate a
superconducting gap of ∆ = 185 µeV. For ∆ = 185 µeV three conductance resonances
line up with the expected MAR position for consecutive MAR orders of n = 1, 2, 3.
Impressively, the first three Andreev peaks of the VG = -29.5 V curve align perfectly
with the observed peaks at VG = 28 V. The stability of the MARs through 60 V
of gate tuneing further endorses the exceptional interface quality of the Al-Ge/Si-
Al core/shell nanowire heterostructures. Further conductance peaks at lower energy,
VD < 0.1 mV, are observed in the VG = −29.5 V slice. These peaks line-up with
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expected MAR positions of order n = 7 and 12. However, as the peaks do not appear
consecutively after the first three peaks it is not possible to rule out other causes of
these lower energy features.

Applying the BTK model to the ID-VD curves in the supercurrent regime we re-
trieve an approximate transparency of 99%, which is consistent with the transparency
calculated from the quantized conductance plateaus. More details on the transport
properties of the Al-Ge/Si-Al NW heterostructures can be found in Section 6 of Chap-
ter 5.
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Chapter 2 Theoretical concepts

In this chapter, I will introduce the many physical quantities and concepts needed
to discuss and understand the transport properties in our germanium based nanowire
heterostructures. I will begin with an introduction to charge transport. This introduc-
tion incorporates aspects of an undergraduate (Honours) condensed matter course I
attendeda and the textbook Solid State Physics by Ashcroft and Mermin [37]. I was
motivated to begin from these fundamental concepts for a few reasons: to make a
connection between my previous studies and the knowledge that I have gained trough
my PhD research, to help consolidate that knowledge and finally, to provide an ap-
proachable introduction for future students embarking on this project.

From the introduction of charge transport I discuss the important concepts regard-
ing transport in nanowires. I will explain that in ballistic conductors it is possible to
observe quantised conductance if the contacts between the leads and the nanowire are
highly transparent. In the section that follows, I will consider a nanowire, which has
highly opaque contacts to the leads. In this case, the nanowire forms a quantum dot.
The key role a quantum dot plays in understanding our experimental observations
motivates a detailed discussion of their transport properties.

In the final section, I present the theoretical concepts of superconducting junctions.
The investigation of superconducting hybrid junctions based on germanium nanowire
heterostructures is a major component of this thesis. As such, a solid understanding
of superconducting junctions is necessary to appreciate the results. Before considering
superconducting junctions, I provide a brief introduction to superconductivity.

Throughout this chapter, I maintained my goal of consolidating my knowledge,
while providing a detailed introduction of the theoretical concepts required to follow
this project and more importantly, push it forward in the future.

2.1 Introduction to charge transport

Before discussing the important aspects of charge transport in nanowire devices, we
will first introduce the basics of charge transport in macroscopic systems. This intro-
duction will be made within an historical context in order to appreciate the evolution
of physcists’ understanding of electronic transport in the early 20th century. We will
begin with the Drude model, which explained Ohm’s law through a microscopic par-
ticle model. We will then introduce the free electron model, which expanded upon the
Drude model by considering electrons as quantum mechanical particles. Finally, we
will present Bloch’s theorem, which incorporates the effect of the periodic crystal lat-
tice of solids into the electron transport model. This semiclassical model successfully
explained some puzzling experimental observations of the time, including the existence
of semiconductors and insulators and the suggestion of positive charge transport. We
will conclude by describing the important electronic properties of germanium.

2.1.1 Drude Model
In 1900 Paul Drude introduced a microscopic model to describe the vast experiential
observations of charge transport in metals during the 19th century. The Drude model
applies the kinetic theory of gasses to metals. This simple "pinball" particle model
considers a sea of negatively charged electronsb that are continuously scattered by

aPHYS4030, 4th year course by Prof. Ross McKenzie, University of Queensland, Brisbane (2017)
bElectrons were recently discovered in 1897 by J. J. Thompson
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positively charged ions that form the solid. Though the atomic model had yet to
be proposed by Rutherford in 1909, Drude’s model successfully explained many of
the observations of the preceding decade. The Drude model is based on multiple
assumptions; electrons are non self-interacting particles that only interact with the
ions of the metal where collisions are instantaneous, collisions occur at a frequency of
1/τ where τ is the average time between each collision, known as the scattering time.

Fundamental to the Drude model is the electron charge density of n = N
V , where

N is the number of electrons and V is the volume. The charge density is commonly
defined in terms of the volume per single conduction electron 4Π

3 r
3
s , which has a radius

of rs. rs is of the order of the Bohr radius a0 = 4πε0 h̄2

mee2
≈ 0.5Å and is defined in terms

of the ratio r0 = rs/a0. With r0 ≈ 2− 5, the charge density of metals is of the order

n =
N

V
=

1
4Π
3 r

3
s

≈ 1023cm−3. (2.1)

By determining the equation of motion of electrons experiencing a constant elec-
tric field ~E in the microscopic model, Drude produced a general expression for the
conductivity σ of a metal,

σ =
ne2τ

m
, (2.2)

where m is the electron mass. Conductivity defines the current density ~J response
of a wire that experiences an electric field ~E, by ~J = σ ~E. Conductivity is related to
the resistivity ρ by σ = 1/ρ. The resistivity of a wire of length L and cross-sectional
area A is given by ρ = RA/L, where R is the resistance of the wire. We can retrieve
Ohm’s law by noting that ~J = I/A, where I is the current, and ~E = V /L, where V is
voltage applied to the wire. Substituting the aforementioned definitions into ~J = σ ~E,
we retrieve Ohm’s law V = IR.

Importantly, the microscopic Drude model justifies the empirical Ohm’s law. Drude’s
model was also succesful at explaining other experimental phenomenon including; the
Hall effect, the Drude peak in optical conductivity, the plasma frequency and the uni-
versal Lorentz number. However, this model has its shortcomings. The Drude model
incorrectly predicts the sign of the Hall effect of some metals, and does not explain
for the existence of insulators and semiconductors.

2.1.2 Free electron Model
Through treating the electrons as quantum mechanical particles obeying Fermi-Dirac
statistics Arnold Sommerfield expanded on the Drude model in 1927. This develop-
ment became the free electron model of charge transport in metals and is also known
as the Drude-Sommerfield model.

Fermi-Dirac statistics was developed by Enrico Fermi in 1926 to describe the be-
havior of fermions, such as electrons. These particles obey the Pauli exclusion prin-
ciple, which was formulated for electrons by Wolfgang Pauli in 1925 to explain the
electron distribution in atoms. The principle states that two electrons of a system,
such as an atom, can not exist in a state with the same quantum numbers.

As with any quantum system, treating electrons quantum mechanically requires
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the application of the Schrödinger equation:

i h̄
∂Ψ(~r, t)
∂t

=

[
− h̄2

2m∇
2 + V (~r)

]
Ψ(~r, t). (2.3)

Considering a system in equilibrium we will apply the time independent Schrödinger
equation

Ĥψ(~r) = Eψ(~r), (2.4)

to retrieve the eigenenergies and eigenstates of the electrons. Here, the Hamiltonian
operator will be defined in terms of the momentum operator, giving

p̂2

2mψ(~r) = − h̄2

2m∇
2ψ(~r) = Eψ(~r). (2.5)

To solve the differential equation we simplify the model by breaking the metal
conductor into cubes of volume L3 and applying boundary conditions of the electron
state being equal at each end of the cube which defines the volume of interest;

ψ(x, y, z) = ψ(x+ L, y, z), (2.6)

ψ(x, y, z) = ψ(x, y+ L, z), (2.7)

ψ(x, y, z) = ψ(x, y, z + L). (2.8)

Eq. 2.5 is solve by describing the electrons as plane waves with eigenstates and eigenen-
ergies of

ψ(~r) =
1√
V
ei
~k~r (2.9)

and

ε =
h̄2~k2

2m , (2.10)

respectively. Applying the boundary conditions the wavevectors of the allowed particle
states are

~k =
2π
L
~n, (2.11)

where

~n = (nx,ny,nz) n ∈ 0,±1,±2, ... (2.12)

Now that we have all the possible electron ground states, we can define important
quantities in condensed matter physics: the Fermi energy EF and Fermi wavevector
~kF . The Fermi energy is the largest microscopic energy an electron of a macroscopic
electronic system can have when it is in the ground state at T = 0 K. That is, the
highest occupied energy level of the system in the ground state. The Fermi wavevector
is defined by the Fermi energy using Eq. 2.10.

With EF we can define the Fermi surface, which is the surface in k-space where
ε(~k) = EF, for |k| ≤ kF. In the ground state the Fermi surface defines a boundary
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in k-space between occupied (ε ≤ EF) and unoccupied (ε > EF) states and aids in
predicting the transport properties of the metal.

At finite temperatures, electrons near the Fermi surface are excited to higher
energy levels. This leaves empty energy states near the Fermi surface where electrons
are free to transition between, thus allowing the transport of charge and heat. Given
that free electrons exist near the Fermi surface, they naturally have energy similar to
that of the Fermi energy. By defining the Fermi velocity vF = h̄kF

m , we can estimate
the velocity of these free electrons. In metals, typically vF ≈ 2× 106 ms−1, which is
significantly larger than Drude’s estimate.

Fermi-Dirac Statistics

The internal energy U of the electronic system can be determined by summing over
all the single-electron energy levels E(~k) multiplied by the mean number of electrons
in that level. In the ground state this is quite simple as all the states up to E(~k = kF)
are filled therefore the total energy is

U = 2
∑
k<kF

h̄2k2

2m . (2.13)

In the Drude model the classical Maxwell-Boltzmann distribution is used to de-
fine the electron filling. However, as the electrons are modeled as fermions which
obey Fermi-Dirac statistics the electron filling of states is defined by the Fermi-Dirac
distribution. Therefore the total internal energy at T > 0 K is given by

U = 2ΣE(~k)f(E(~k)), (2.14)

where

f(E) =
1

e
(E−µkBT

)
+ 1

, (2.15)

is the Fermi-Dirac distribution.
The occupancy distribution of Fermi-Dirac statistics changes the velocity distri-

bution of the free electron gas compared to the Drude model. Assuming an energy
independent relaxation time τ , the mean free path, thermal conductivity and ther-
mopower are adjusted by the new velocity distribution.

Characteristic lengths

The elastic mean free path (l) is the average length through which the electron
transverses before elastic scattering due to collisions. Given that at most common
temperatures free electrons have an energy similar to that of the Fermi energy the
mean free path can be estimated from the Fermi velocity

` = vFτ . (2.16)

If the dimensions of the system are larger than the elastic mean free path, then the
electron trajectories will experience many collisions during their propagation through
the system. This regime of transport is called diffusive. Whereas, if the dimensions of
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the system are smaller than the elastic mean free path, then the electron trajectories
will experience almost no collisions, this transport regime is called ballistic.

In addition to the elastic scattering, electrons can experience inelastic scattering
events, where energy is lost to the crystal. During such an event, the phase of the
wave function describing the electron is randomised. The phase coherence length
ξ, measures the distance that the electrons propagate before loosing their phase due
to inelastic collisions. The phase coherence length is the relevant length scale for
determining if coherent transport can be observed.

Density of States (DOS)

The density of states (g(E)) is an abstraction used to simplify the modeling of elec-
tronic systems and is defined as the density of single electron states per unit volume
per unit energy at energy E. Taking Ñ(E) to be the total number of energy levels
with energy less than E. The density of states (DOS) is defined as

g(E) =
dÑ(E)

dE
. (2.17)

Though simple the free electron model accounts for many metallic properties. The
use of Fermi-Dirac statistics, to account for the fermionic behavior of electrons, re-
solved some of the deficiencies of the Drude model. The Drude-Sommerfield model
successfully predicted the coefficients in some metals of the specific heat, mean free
path, thermal conductivity among other properties. However, the free electron model
makes significant assumptions that clearly oversimplify the model resulting in inade-
quate physical predictions.

2.1.3 Bloch’s Theorem
Though solids form different shapes, at the microscopic level they all share a crystalline
structure formed by the periodic arrangement of atoms or molecules. Significant model
improvements can be made by taking into account the effect of the metal’s crystalline
structure on electrons. The incorporation of the crystal structure into modeling a
material’s electronic properties is at the heart of Bloch’s theorem.

In Bloch’s theorem the complex interaction between the periodic lattice ions and
the electrons is modeled as a simple periodic potential given by

V (~r) = V (~r+ ~R), (2.18)

for all Bravais lattice points ~R.
Given the quantum mechanical nature of the system, the single electron states are

determined by solving the Schrödinger equation (Eq. 2.3) with the periodic potential
of Eq. 2.18. Bloch’s theorem provides conditions to the solutions of the Schrödinger
equation with a periodic potential. Stating that the eigenstates are of the form

ψ
n~k
(~r) = ei

~k·~ru
n~k
(~r), (2.19)

where

u
n~k
(~r) = u

n~k
(~r+ ~R), (2.20)
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for every ~R in the Bravais lattice. An equivalent form of the solution is that the
eigenstates satisfy

ψ(~r+ ~R) = ei
~k·~Rψ(~r), (2.21)

for every ~R in the Bravais lattice.
Combining Bloch’s theorem with von Karman boundary conditions, the expression

for the Bloch wavevectors of Eq. 2.19 can be determined for a 3D crystal

~k = Σ3
j=1

Mj

Nj
~bj , (2.22)

where Mj = 0,±1,±2... is the coefficient of the reciprocal lattice primitive vector ~bj ,
which represents the reciprocal lattice vector points. Whereas Nj = 0,±1,±2... is the
coefficient of the real space lattice vectors.

It must be noted that Bloch wavevectors ~k of Eq. 2.22 are not proportional to
momentum in the same way that the plane wave wavevectors of the free electron model
are. This is due to the periodic potential in the Hamiltonian Ĥ, which means that the
eigenstates of Ĥ are not eigenstates of the momentum operator p̂. The momentum
~p = h̄~k of Bloch wavevectors is called the crystal momentum.

Bloch bands and band structure

Comparing the wavefunction of Bloch’s theorem (Eq. 2.19) with the solutions of the
free electron model (Eq. 2.11) reveals that Bloch’s solutions have an extra quantum
number, n. In Bloch wavefunctions, n is an integer and iterates over the different
possible eigenstates for a given wavevector ~k. This range of eigenstates, results from
the periodic boundary conditions of Bloch’s theorem, which restricts the eigenvalue
problem to determine the eigenstates u

n~k
and eigenenergies ε

n~k
to a single primitive

cell. This condition results in an infinite set of discrete solutions labeled by the quan-
tum number n for a given ~k. Conversely, a set of solutions designated by n will vary
with ~k. For continuous ~k, restricted to a single primitive cell, we would expect a set
of continuous functions given by ε

n~k
, which are called Bloch bands or energy bands.

The eigensolutions of Bloch’s theorem can be extended to all k-space by exploiting
the periodicity of the reciprocal lattice giving the solutions

ψ
n,~k+ ~K

(~r) = ψ
n~k
(~r), (2.23)

ε
n,~k+ ~K

= ε
n~k

, (2.24)

where ~K is the reciprocal lattice vector. See Ref. [37] for details on the reciprocal
lattice.

This complete result of Bloch’s theorem shows that the energy states of an electron
in a periodic potential are a set of continuous functions which are periodic with the
reciprocal lattice. The combination of the single functions ε

n~k
for all of k-space is

referred to as the band structure of the solid.
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Electron Velocity

The mean velocity of an electron in a stationary state ψ
n~k
(~r) in a periodic potential

can be determined from the energy bands of Bloch’s theorem by

~vn(~k) =
1
h̄

∂ε
n~k

∂~k
. (2.25)

This result reveals that the electrons have a non-zero and non-vanishing velocity that
is not effected by static ions of the lattice. This is contrary to the predictions of the
Drude model and explains the long mean free paths observed in metals.

Fermi Surface

The ground state of a crystal with N Bloch electrons is constructed by filling the single-
electron energy states that are given by the Bloch band energies εn(~k). Furthermore,
the Bloch wavevectors must be restricted to a single primitive cell to ensure that
the ~k states are not double counted. The Fermi energy EF is defined, as in the free
electron case, as the energy below which all the single-electron states are filled by all
the available electrons, N.

However, the continuous nature of the band structure results in different filling
arrangements of the energy bands for different solids, which leads to different electronic
properties. In general there are two global arrangements:

1 The Bloch bands εn(~k) below the Fermi energy are completely full where as the
higher energy bands are empty. In this configuration the energy between the highest
energy filled Bloch band and the lowest energy empty Bloch band is called the band
gap. By definition the Fermi energy exists within the band gap.

2 Some Bloch bands are partially filled, this occurs when the Fermi energy lies
within the energy of multiple bands. This will result in occupied and unoccupied
regions in a single Bloch band. In k-space, the combined surfaces that border the
region of occupation of the Bloch band defines the Fermi surface. Each partially filled
band is referred to as a branch of the Fermi surface. The Fermi surface of the partially
filled Bloch bands can be described as a constant energy surface where

εn(~k) = EF. (2.26)

The occupancy of the bands in the ground state and the subsequent position of
the Fermi surface defines the conductive properties of the crystal. Figure 2.1 shows
how the band filling and EF position defines whether a crystal is a metal, insulator
or semiconductor. This is an important result of Bloch’s theorem and explained the
huge variation in conductive properties observed in different solid state crystals.

In this thesis we will investigate the transport properties of germanium (Ge) and
germanium/silicon (Ge/Si) core/shell nanowires. Germanium is a type IV semicon-
ductor with an indirect band-gap of EG = 0.66 eV and a direct band-gap at the Γ-point
of 0.8 eV[38]. Figure 2.2 shows the band structure of bulk Ge, showing the direct and
indirect band gaps. In the valence band Ge has light and heavy hole bands that are
degenerate near ~k = 0. This degeneracy can be lifted by confinement.

22 Link back to ToC →



2.1 Introduction to charge transport

Figure 2.1 – Schematic representation of the band filling of different crystals.
The electron filling of the bands and therefore the position of EF defines the con-
ductive properties of the crystal. In metals, EF lies within partially filled bands. In
semiconductors EF is inside the band-gap. The collection of bands below EF, which
are filled with electrons is called the valence band. The collection of bands above EF,
which are empty of electrons is called the conduction band. In insulators EF is also
in the band-gap. However, the band gap is too large for conduction to occur. Figure
taken from Nanite, CC0, via Wikimedia Commons.

Figure 2.2 – Band structure of bulk germanium at 300 K. We can see the indirect
band-gap labeled EG and the direct band gap labeled EΓ. We also observe light hole
and heavy hole bands, which are degenerate near ~k = 0. Figure taken from Ref. [39].

In intrinsic Ge, nanowires surface states result in EF being close to the valence
band. As suggested in Figure 2.1, this leads to p-type semiconducting behavior. In p-
type semiconductors electronic transport occurs through charges in the valence band.
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Unlike in metals and n-type semiconductors where transport occurs through electrons
in the conduction band, the charge carriers in the valence band are holes. Holes
are positive charge carriers, and can be thought of as the absence of electrons. The
description of charge transport through positive charge carriers (holes) was another
important break through of Bloch’s theorem.
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2.2 Transport in nanowires

In the previous section, we considered the transport properties of macroscopic solids.
Such systems are usually in the diffusive transport regime, where the dimensions of the
system are much greater than the mean free path. Diffusive transport is characterised
by charge carriers scattering with phonons, impurities, crystal defects and crystal
boundaries. The continuous scattering events leads to incoherent transport, where
the phase of the charge carriers is lost as they traverse the large conductor.

Nanostructures, such as nanowires, can reduce the conductorâĂŹs dimension to
limits where ballistic transport as well as coherent transport can be observed. As a
result, the wavefunction of the charge carriers has direct implications on the transport
properties of the conductor. The classical values describing the transport, such as the
Drude conductivity, must be corrected due to the impact of the quantum interference
between the charge carrier trajectories.

In the Landauer formalism, the conductance of a coherent sample is calculated as
a function of the transmission probability through the system. In the following, we
will first present the Landauer formalism in the particular case of a ballistic quasi-one
dimensional conductor. The Landauer formula explains the experimental observation
of quantised conductance that has been measured in quantum conductors, such as
quantum point contacts. Secondly, we will present how analysis of the conductance
quantisation enables one to estimate the transmission of the conductor.

2.2.1 Coherent ballistic conductor
Rolf Landauer studied the case of a one-dimensional coherent conductor connected to
two leads, which act as large reservoirs. In order to describe the system, using a scat-
tering approach, Landuaer considered the conductor to have an electron transmission
probability T and reflection probability R = 1− T . In this two probe measurement
configuration, the conductance of the sample is directly related to the transmission
through the system and is given by the Landauer formula [40]:

G =
2e2

h
T . (2.27)

For a perfect ballistic conductor, there in so scattering event, thus T=1 and the
conductance is equal to the quantum of conductance. Further, given that no collisions
occur in the ballistic conductor, we would expect there to be no dissipation and
therefore no resistance. However, measurements of ballistic conductors reveal a finite
resistance. This resistance comes from the contact, where the many channels of the
macroscopic leads must converge to the few channels of the ballistic contact. The
resulting resistance, referred to as the contact resistance, is given by

RC =
h

2e2 ≈ 12.9kΩ. (2.28)

This resistance is fundamental to all ballistic conductors. One can consider that a
ballistic conductor with a single conducting channel, has a fundamental minimum
resistance of R0 ≡= h

2e2 ≈ 12.9kΩ, which is called the resistance quantum. In the
literature, the conductance quantum is often used when investigating the transport of
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nanostructures, which is given by G0 ≡= 2e2
h ≈ 7.75−5 S. In this thesis, I will make

regular use of G0 and R0.
In the case of a quasi-one-dimensional conductor, the sample has M conduction

channels. The Landauer formula (Eq. 2.27), can be expanded to the case of a quasi-
one-dimensional conductor. This is achieved by summing over the transmission of each
channel Ti, giving

G =
2e2

h

∑
i

Ti. (2.29)

2.2.2 Conductance quantisation
In this thesis, I have performed transport measurements on Al-Ge-Al nanowire het-
erostructures. These unique hybrid junctions feature crystalline quasi-one-dimensional
Al leads which are connected to crystalline Ge segments by near atomically abrupt
interfaces. The nanowires studied have diameters of approximately 25-30 nm and the
Ge central segment can have a length down to 40 nm. In this paragraph, I want to
show that our Al-Ge-Al nanowires can be an experimental realization of a coherent
quasi-ballistic conductor.

Ballistic transport occurs when the dimensions of the conductor are shorter than
the mean free path `. The mean free path is given by,

` = vFτ . (2.30)

where vF is the Fermi velocity and τ is the average time between scattering events.
By taking

vF =
h̄

m∗
√

2πn, (2.31)

where m∗ = 0.041me is the effective mass of heavy holes and n = 5× 1013 cm−3 is
the charge density, the mean free path of Ge is estimated to be `Ge = 37.2 nm for
τ = 0.26 ps [41]. This puts the Al-Ge-Al nanowire heterostructures with Ge segment
lengths of 40 nm at the edge of the ballistic limit.

To observe conductance quantisation, the transverse dimensions of the conductor
such as its diameter, must be reduced such that the conductance or valence band
states are discrete rather than continuous. In this regime, the usually continuous
bands form discrete sub-bands. Each sub-band forms single conductance channel. To
achieve band discretisation, the width of the conductor must be of the order of the
Fermi wavelength λF. λF can be estimated from the Fermi energy EF by λF = h√

2m∗EF
. Taking the effective mass of holes in Ge to be m∗ = 0.041me we retrieve a λF = 10.7
nm. With a nanowire diameter of d = 25 nm, we are in the limit where quantum
ballistic transport can be observed.

By modeling the radial confinement of the nanowires (NWs) as a saddle potential,
an estimate of the maximum number of sub-bands N available in a NW of diameter
d is given by [39]

N =
πd

2λF
. (2.32)
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Using λF = 10.7nm and d = 25 nm, we retrieve N ≈ 7. Therefore, in an ideal Ge NW
sample within the quantum ballistic limit, which experiences radial confinement ac-
cording to a saddle potential, we would expect to observe the conductance saturate at
a final conductance plateau at 7G0. Therefore, we would expect our Al-Ge-Al nanowire
junctions with Ge segment lengths of 40 nm to be coherent ballistic conductors with
around 7 conducting channels.

As our nanowires are semiconductors, we can tune their charge density using an
electrostatic gate field. In a nanowire with discrete sub-bands, this translates to con-
trolling the number of active sub-bands by applying a gate voltage VG. The number
of active sub-bands then defines the conductance G of the system. To aid in the un-
derstanding of this phenomenon we will consider hole transport in an ideal quantum
ballistic nanowire (NW) with spin degeneracy. Figure 2.3 shows a schematic of G ver-
sus VG of hole transport in an ideal quantum ballistic NW with perfect transmission,
T = 1 (blue). For the ideal NW, by decreasing the gate voltage VG from 0 V, the
conductance increases in steps of G0 = 2e2

h . The conductance steps occur because
more sub-bands (conducting channels) become available for transport as VG becomes
more negative.

0
VG (a.u.)

0

1

2

3

4

G 
(2

e2 /h
)

T = 1
T = 0.9

Figure 2.3 – Schematic of G versus VG for hole transport in a quantum ballistic
nanowire with transmission T = 1 (blue) and T = 0.9 (orange).

However, observing conductance plateaus, especially up to its confinement defined
maximum G0, is experimentally quite challenging. Beyond having sufficient confine-
ment, the nanostructures are usually very sensitive to crystal defects and surface
states. These defects induce disorder, which in devices with strong radial confinement
often results in back-scattering of charger carriers that prevents the observation of
conductance plateaus [42].

In the Landauer model, the barrier transmission takes into account scattering
within the ballistic conductor due to defects and also finite barrier transparency. In
Figure 2.3, a G-VG curve of a non-ideal NW with T = 0.9 tranmission is plotted in
orange. G is determined using Eq. 2.29. The effect of non-ideal transmission is clearly
observable in the G-VG curve. The conductance of the plateaus is reduced compared
to the ideal NW. However, in most nanowire transport measurements, excessive de-
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fects that result in considerable back-scattering will prevent the observation of clear
conductance plateaus, rendering this conductance model futile.

Since our Ge segment is ballistic, we associate the transmission through the Al-
Ge-Al nanowire to the transparency of the Al-Ge interface for the samples showing
quantisation. Using an electrostatic gate, I have the possibility to tune the Al-Ge
interface of the Al-Ge-Al junctions from a quasi-ohmic behavior to the equivalent of
a tunnel barrier. In this last configuration, the Ge segment is equivalent to a dot with
a well define number of charges.
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2.3 Transport in quantum dots

Figure 2.4 – (a) Schematic of a quantum dot, which consists of a small metallic
island that is coupled to a source and drain through tunnel junctions with tunnel rates
of ΓL and ΓR, respectively. (b) Circuit diagram of a QD in the constant interaction
model. The QD has a charge QD and potential VCD. The QD is capacitively coupled,
by a gate capacitance CG, to a gate electrode with potential VG. The source and drain
reservoirs have defined potentials of VS and VD, respectively. The tunnel junctions
to the source and drain are modeled as leaky capacitors with a capacitance CS,D and
resistance RS,D.

In the previous section we discussed the interesting transport properties of bal-
listic nanowires (NWs) connected to macroscopic leads. In particular, we discussed
the possibility to observe conductance plateaus in quantum ballistic NWs. However,
their observation requires transparent interfaces between the leads and the NWs. In-
terestingly, if one reduces the transparency of the contacts such that opaque barriers
form between the source & drain and the NW one can form a quantum dot (QD).
In Chapter 5, it will be shown that the Al-Ge-Al nanowire heterostructures, studied
in this thesis, form QD devices. As such, we will introduce the important concepts of
QDs in this section.

A QD, depicted schematically in Figure 2.4, is a small metallic island that is
coupled to a source and drain through tunnel junctions. The tunnel coupling to the
source ΓS and drain ΓD must be sufficiently small that the tunnel junction resistance
is R� h

e2 ≈ 25.8kΩ [43]. If this criteria is met and the capacitance to the leads is
small enough, then a fixed and quantised charge is confined on the metallic island. By
introducing an electrostatic gate that is capacitively coupled to the metallic island,
the number of charges on the dot can be controlled. With sufficient control, the device
can be tuned such that only a single electron passes through the metallic island from
the source to the drain. Such a device is known as a single electron transistor (SET)
and was first demonstrated by Smith et al. [44] in 1988.

The size of the metallic region is also critical to its function. To observe artificial
atomic signatures, the region defining the QD must be of the order of λF of the trapped
charge. Another important consideration when designing QDs is the magnitude of the
charging energy EC. EC is the energy required to overcome the electrostatic repulsion
of the dot and is given by EC = e2

CΣ
, where CΣ is the total capacitance of the QD

device. To observe single electron tunneling it is necessary that EC � kBT , where T is
the system temperature, otherwise thermal fluctuations induce uncontrolled electron
tunneling. The total capacitance of the QD CΣ increases with QD volume, there-
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fore there is a maximum size the metallic island can have to observe single electron
tunneling. This size is defined by the working temperature of the system.

The confinement required to observe QD effects can be achieved by using electro-
static gates on a 2D electron gas (2DEG) [44, 45] or under a 1D nanowire [46, 47] or
carbon nanotube [48]. It can also be achieved by fabricating nanostructures where the
charge is confined by physical barriers such as a small NW segment [49], a molecule [50]
or nanocrystals [51]. QDs can be considered as artificial atoms as they have discrete
electronic states similar to that of actual atoms.

2.3.1 Tunnel junctions
Tunnel junctions that couple the QD to the source and drain are based on the tunnel
effect. The tunnel effect is a quantum mechanical phenomenon where particles, such
as electrons or holes, have a non-zero probability of tunneling through a potential
barrier. This phenomenon is due to the existence of wavefunction solutions to the
Schrödinger equation when the particles energy E is less than the potential barrier
V0. The wavefunctions are [52]

ψ(z) = ψ(0)e−
√

2m∗(V0−E)
h̄ z, (2.33)

where ψ(0) is the wavefunction at the edge of the barrier and z is perpendicular to the
barrier in real space. Though decaying rapidly, the wavefunction permits a particle
to pass through a barrier, which would not be possible in classical mechanics. The
tunnel effect is an important phenomenon in nanotechnology and will be referred to
throughout this thesis.

The tunnel junction can be represented in terms of a conventional circuit element,
through which a small current, such as a single electron passes. The tunnel junction
can be described as a leaky capacitor, with a capacitance C in parallel with a resistance
R. The resistance describes the opacity of the barrier, whereas the capacitance char-
acterises the capacitance between the conducting or semiconducting elements that are
separated by an insulating barrier. Like in a standard capacitor, charge accumulates
at the potential barrier, which justifies its decsription as a leaky capacitor

2.3.2 The constant interaction model
The constant interaction model is widely used to model a quantum dot in order to
describe its transport properties. This model has been described in detail in Refs.
[53, 43]. In the following, I will outline the constant interaction model. My discussion
is based on Refs. [54, 55].

Figure 2.4 (b) shows a circuit representation of the QD system. In this model,
the source and drain reservoirs have defined potentials of VS and VD, respectively.
Further, the QD is capacitively coupled, by a gate capacitance CG, to a gate electrode
with potential VG, which adjusts the electrostatic potential of the QD. The tunnel
junctions to the source and drain are modeled as leaky capacitors with a constant
capacitance CS,D and resistance RS,D. The resistance defines the tunnel rates ΓS,D
between the leads and the QD. Finally, the QD has a potential VCD and charge QD.

The major benefit of the constant interaction model is the simplification of the
complex electron-electron interactions. Electron-electron interactions occur not only
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between existing electrons on the dot but as well as between the charges of the QD and
the environment. In the constant interaction model this interaction is parameterised
by the total capacitance of the system CΣ, which is assumed to be constant. The total
capacitance is the sum of the three contributing capacitances:

CΣ = CS +CD +CG. (2.34)

In this model the QD is considered as a classical dot with a potential of VCD.
Applying the definition of charge on a capacitor to the respective capacitances and
fixed voltages of the leads and gate electrode, we can estimate the charge on the dot
by

QD = CS(VCD − VS) +CD(VCD − VD) +CG(VCD − VG). (2.35)

The electrostatic energy of a capacitor, defined as U = 1
2CV

2, is combined with Eq.
2.35 to determine the electrostatic energy of the dot, which is

UCD(N) =
1

2CΣ
[−|e| (N −N0) +CSVS +CDVD +CGVG]

2 , (2.36)

where the charge of the dot has been described in terms of the number of charges on
the dot N by QCD = −|e|(N −N0), where N0 takes into account background charges
from donors or acceptors in the dot’s structure.

Eq. 2.36 suggests that the electrostatic potential of the dot can be continuously
tuned by varying the source, drain and gate voltages. For instance, by increasing VG
UCD increases quadratically. However, to maintain the system in the ground state
the electrostatic potential must be minimised. At critical gate voltages, it becomes
energetically favorable to increase N by loading a charge onto the dot. This reduces
UCD by reducing the quadratic term by |e|, see Eq. 2.36, thus maintaining the ground
state. As such, VG can be used to tune the number of charges on the dot.

The discussion so far has only considered the QD system classically. The charging
energy is a classical parameter and is associated with the Coulomb interaction between
the charges of the QD, reservoirs and gate electrode. In the constant interaction
approximation, EC is modeled classically in terms of capacitances and is defined as

EC =
e2

CΣ
. (2.37)

This approach is sufficient to model classical dot systems such as single electron
transistors (SETs), however it does not take into account quantum effects associated
with confinement such as the atom-like quantised energy spectrum. The constant
interaction model incorporates such quantum effects by introducing the single-particle
energy levels of the QD EN . With this the total energy of the system becomes

UQD(N) = UCD(N) +
N∑
n=1

En. (2.38)

The electrochemical potential of the QD µQD(N) denotes the energy change of the
QD due to the transition between the N charge ground state and the N − 1 charge
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ground state. µQD(N) is defined as:

µQD(N) = UQD(N)−UQD(N − 1) (2.39)

= EC

(
N −N0 −

1
2

)
− EC
|e| (

CSVS +CDVD +CGVG) +EN . (2.40)

Charge tunneling through the QD depends on the alignment of the electrochemical
potential of the QD with respect to those of the source µS and drain µD. If µQD(N)
is smaller than µS, then a charge can tunnel from the source to the QD, giving rise to
a QD with N charges. If µQD(N) is larger than µD, then this charge can tunnel from
the QD to the drain giving rise to a QD with N − 1 charges. The number of charges
alternate between N − 1 and N . If µQD(N) does not satisfy these conditions, then
the number of charges in the dot is fixed.

The electrochemical potentials of the transition between successive ground states
form a ladder. The gate voltage can moved up or down the whole ladder. The difference
between two electrochemical potentials, so between two successive levels of the ladder
is constant and called the addition energy. With this, we introduce the addition energy
Eadd(N), the energy cost of adding an additional charge to the QD with N charges.
Eadd(N) is expressed by

Eadd(N) = µ(N + 1)− µ(N) = EC + δN , (2.41)

where δN = En+1 −En is the energy spacing between two discrete quantum levels,
known as the single-particle level spacing.

In the case of a classical dot, the addition energy is equal to the charging energy
EC, which is the electrostatic energy associated to the Coulomb repulsion between a
charge and the charges in the QD, the reservoir and the gate. If the dimension of the
dot is small enough to induce quantization of the energy of dot, then the addition
energy is the sum of the charging energy plus the energy spacing between two discrete
quantum level

In the spin-degenerate case, δN can be zero when consecutive electrons are added
to the same orbital. This is due to the Pauli exclusion principle, which permits two
electrons of opposite spin to exist in the same orbital. It should be noted that Eadd
incorporates both the classical electrostatic part, the charging energy EC and the
quantum effect, the single-particle level spacing δN .

Gate lever arm

The gate lever arm (αi) translates the gate voltage into the energy of the QD. Given
the capacitive coupling between the gate and the QD, the potential energy of the gate
electrode does not translate 1-1 to the energy applied to the QD. The gate lever arm
defines the translation between the gate voltage Vi and the electrochemical potential
µ(N) of the QD by

αi =
Ci
CΣ

. (2.42)
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2.3.3 Case of zero-bias (Coulomb oscillations)
To describe the transport properties of a QD, we will consider the system in terms
of electrochemical potential energies of the source µS, drain µD and dot µ(N). For
simplicity, we assume that the QD system is at zero temperature and µS,D = −|e|VS,D.
The electrochemical potentials of the reservoirs can be adjusted by applying a voltage
bias to the respective metallic leads. As discussed above a gate voltage is used to
adjust the electrochemical potential of the dot. By adjusting the voltages, different
transport effects can be obtained.

μS μD

eVG

μ(N)

μ(N+1)

source drainQD

b)

E
a
d
d

μS μD

eVG

μ(N)

μ(N+1)

source drainQD

a)
ΓS ΓD ΓS ΓD

Figure 2.5 – Energy diagram showing the quantum dot (QD) (a) when the
energy level µ(N + 1) is off resonance and no charge can transfer from the source
to the QD or from the QD to the drain. (b) By increasing the gate voltage VG, the
QD’s energy level µ(N + 1) is shifted down to be on resonance with the source and
drain. A charge can now tunnel from the leads into the QD and vice-versa. When
on resonance the QD is in a degenerate charge number state of N and N+1 charges,
hence this point is referred to as the charge degeneracy point. By applying a small
voltage bias, a measurable current through the QD will be induced.

First, we will consider the case when µS = µD, here the voltage bias across the
QD approaches zero, therefore VS = VD = 0. Figure 2.5 (a) shows a typical energetic
scenario of the QD system at zero-bias. Two consecutive energy levels of the QD
are labelled µ(N) and µ(N + 1). Energy levels that are below the electrochemical
potential of the leads µ(N) < µS,D are filled with charges. The filled orbitals below
µ(N) are represented collectively by the shaded blue region.

In Figure 2.5 (a) the quantised energy levels of the QD are misaligned with the
electrochemical potentials of the leads as µ(N) < µS,D < µ(N + 1). This misalignment
prevents charges from tunneling into the QD, thus blocking the flow of charge through
the dot. This phenomenon is referred to as Coulomb blockade.

By adjusting the potential applied to the electrostatic gate VG, the electrochemical
potential of the QD’s energy levels can be aligned with that of the leads. Figure 2.5 (b)
shows such alignment where µ(N) = µS,D. In this scenario charges can tunnel in and
out of the QD through resonant tunneling. By applying a small voltage bias current
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will be induced in a certain direction. We can generalise the loading and unloading
of charges on and off the QD by the following: for µS = µ(N) the QD will transition
from an N to N − 1 state whereas when µS = µ(N + 1) the QD will transition from
an N to N + 1 state. Given the tunneling of charge, we would expect to see current
peaks at certain gate voltages VG when the condition that,

µS = µ(N) = EC

(
N −N0 −

1
2

)
− EC
|e| (

CGVG) + δN (2.43)

is met. This condition is equivalent for µD. When this condition is met, the QD’s
energy level µ(N) is on resonance with the leads. The QD is in a degenerate charge
number state of N and N+1 charges. This point of resonance is referred to as the
charge degeneracy point.

Eq. 2.43 can be solved for VG, giving

VG =
1
eαG

[
EC

(
N −N0 −

1
2

)
+EN − µS

]
(2.44)

where we have introduced the gate lever arm αG = CG
CΣ

. With this we can conclude
that two consecutive current peaks of N and N + 1 have the gate voltage spacing of

∆VG(N) =
1
eαG

Eadd(N), (2.45)

where Eadd is the addition defined in Eq. 2.41.
The constant interaction model assumes that EC is constant with respect to charge

number. Though not completely valid for semiconductors, in the many-charge regime
such an assumption is reasonable. In the case of SETs, the conductance peaks are
generally equidistant in VG due to the dominance of EC over the single-particle level
spacing δN . As the single-particle level spacing of the QD becomes comparable to EC
the fluctuations in ∆VG are associated with fluctuations in δN .

2.3.4 Case of varying VG and VSD (Coulomb Diamonds)
By lifting the restriction on the voltage bias VSD richer transport features are observed
in QD systems. To understand such features, we will consider the conductance as a
function of VG and VS,D. To simplify the description the source lead is considered
to be grounded. As such, µS is constant and µD = µS − eVSD is tuned by an applied
voltage bias. From the discussion of the constant interaction model, we know that
current only occurs when the chemical potential of the dot is aligned with or within
the bias window of the leads i.e. µS ≥ µ(N) ≤ µD. As such, there is a boundary
that is dependent on VG and VSD ≡ VD, which defines a region of zero current. By
definition of conductance G = dI

dV , this boundary is a line of finite conductance.
To be in the Coulomb blockade region with fixed charge, a QD with N charges

must satisfy

µ(N) < µS − eVD (2.46)

and

µ(N + 1) > µS, (2.47)
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for VD > 0. From the conditions of Coulomb blockade, we can define an expression
for the border lines which mark out the blockade region. For positive bias we obtain

VG =
1
eαG

[
EC

(
N −N0 −

1
2

)
− µS + e(1− αDVD) + δN

]
, (2.48)

VG =
1
eαG

[
EC

(
N −N0 +

1
2

)
− µS − eαDVD + δN+1

]
. (2.49)

Figure 2.6 – Schematic describing transport in a QD under VG and VD bias. (a)
Energy diagram of QD with N electrons UQD(N) and with N+1 electrons UQD(N + 1).
Possible QD energy transitions are designated by arrows. (b) Schematic showing the
electropotential energy of the QD for the transitions shown in (a). (c) Schematic plot
of a typical QD stability diagram showing differential conductance dID/VD versus VG
and VD. The energy diagram of the QD associated with the observed conductance
feature is depicted at certain locations. Further, the way Eadd(N + 1) and ∆VG(N +
1) are extracted from the stability diagram is depicted in red.

Figure 2.6 (c) illustrates, schematically, a typical stability diagram of a QD, which
is biased by VD and VG. In Figure 2.6 (c) the conductance boundary lines given by
Eqs. 2.48,2.49 are plotted in black. Below the V-shaped boundary lines, the system is
in the Coulomb blockade regime where the charge on the QD is fixed.

When the V-shape boundary lines meet the VG axis, VD = 0 V, the QD electro-
chemical potential µ(N) is on resonance with the leads. This permits resonant tun-
neling between the QD and the leads. At this point, labeled GS(N) ←→ GS(N + 1)
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in Figure 2.6 (c), the QD is in a charge degeneracy state of GS(N) and GS(N + 1),
where GS is the ground state. The QD charge degeneracy state of GS(N − 1) and
GS(N) is also depicted in Figure 2.6 (c) and is labeled, GS(N − 1) ←→ GS(N).

The gate voltage difference between these two charge degeneracy points, labeled
∆VG, is related to Eadd by Eq. 2.45. As such, if one has an estimate for the gate lever
arm αG, one can estimate the addition energy Eadd(N). On the other hand, Eadd(N)
can be extracted directly from the stability diagram by reading off the VD at which
the V-shape boundary lines meet for VD > 0. See the Eadd(N) annotation on Figure
2.6 (c).

From the slopes of the boundary lines dVD/dVG, we can determine a ratio between
the source and drain capacitance and the gate capacitance. The derivative of the
positively sloped boundary gives the ratio

|e| αG
1− αD

= |e| CG
CS +CG

, (2.50)

whereas the negatively sloped boundary gives the ratio

− |e|αG
αD

= −|e|CG
CD

. (2.51)

The slopes are labeled on Figure 2.6 (c).

Tunneling through excited states

In QD systems charge tunneling can also occur through excited charge states of the
QD. These excited charge states can be accessed by increasing VD such that the ex-
cited charge state ES (N) falls within the bias window. The availability of another
channel, through which charge can tunnel, increases the probability of charge tunnel-
ing, which leads to an increase in current. This increase in current results in a finite
conductance that can be observed in stability diagrams.

Figure 2.6 (c) shows the expected conductance features due to excited state tun-
neling. The orange conductance curve that intersects the black boundary line of the
Nth fixed charge state results from the availability of the excited charge state of the
Nth charge ES(N). Along the orange conductance line charge can pass through ES
(N) and GS (N + 1). The energy diagram on Figure 2.6 (c) depicts the tunneling of
charge through the QD via two charge states. Here, there are two possible QD state
transitions; GS(N)←→GS(N+1) or ES(N) ←→ GS(N+1). The transitions between
the ground and excited states are depicted using an energy diagram in 2.6 (a). Figure
2.6 (b) shows the the electrochemical potential ladder of the QD. The three energy
levels through which tunneling occurs are shown with their associated QD transi-
tions. It should be noted that the electrochemical potential of the transition ES(N)
←→ GS(N+1) is smaller than GS(N)←→GS(N+1).

Above the stability region of the N+1 charge state another conductance feature is
observed (blue line) that intersects the positively sloped border line. This conductance
feature results from the availability of the excited charge state of the N+1th charge
ES(N+1). Along the blue conductance line transport can occur via charge tunneling
into the GS(N+1) state or into the additional ES(N+1) state. In this case, the possible
QD state transitions are either GS(N)←→GS(N+1) or GS(N) ←→ ES(N+1). At the
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point where the blue and orange lines cross; the large voltage bias window makes all
three channels available for transport.

Importantly, the energy difference between the ground and excited states can be
determined directly from the stability diagrams. By reading off the bias voltage, where
a conductance line that involves excited state tunneling (orange or blue) meets the
V-shape boundary (black), one can estimate energy spacing between the GS (N) and
ES (N), ∆E. Annotations on Figure 2.6 (c) show how ∆E can be retrieved.

In Chapter 5 we will show that at certain gate voltages the Al-Ge-Al nanowire
heterostructure behaves like a QD system. We will make use of the concepts that
have been described to characterise our system.
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2.4 Superconductivity

Superconductivity came as a surprise to the physics community when it was exper-
imentally discovered in 1911 by Heike Kamerlingh Onnes, while measuring the low
temperature conductivity of mercury. After its discovery, many other superconducting
solids, including Aluminium (Al), which was observed to transition into a supercon-
ducting state at 1.2 K in 1958 [56]. Another property of superconductors other than
zero resistance, is the expulsion of a magnetic field in a metal transitioning from a
normal to a superconducting state. This phenomenon was discovered by Meissner and
Ochsenfeld in 1933 [57]. This Meissner-Ochsenfeld effect could not be explained by
perfect conductivity, making it an important characteristic of superconductivity. In
light of these experimental discoveries, the London brothers adapted Maxwell equa-
tions to describe the superconducting electrodynamics [58]. This suggestive approach
assumed the existence of superconducting electrons that move within the lattice with-
out resistance. This understanding, evolved into a phenomenological theory in 1950
with the Ginzburg-Landau theory. A complete microscopic description of supercon-
ductivity arrived in 1957 when Bardeen, Cooper and Schrieffer proposed BCS theory
[59].

In Appendix A, I have provided an introduction to BCS theory, which is partly
based on Ref. [60]. I have written this introduction with the goal of improving my own
understanding of BCS theory and to provide an introduction useful to a master or PhD
student embarking on a project on superconducting hybrid junctions. In this section,
I will discuss the important concepts and formalism that are needed to understand
the discussion on superconducting junctions.

At very low temperatures it is possible for attractive interactions between electrons
to overcome the Coulomb repulsion and form a bound pair. This bound electronic
pair, known as a Cooper pair, is the basis of BCS theory of superconductivity. In BCS
theory, the superconductor is modeled using second quantisation and is defined by
the Hamiltonian

Ĥ =
∑

k,σ=↑,↓
ξ~kσ ĉ

†
~kσ
ĉ~kσ +

∑
~k,~k′

V~k~k′ ĉ
†
~k↑
ĉ†
−~k↓

ĉ~k′↑ĉ−~k′↓, (2.52)

where, ξ~k = ε~k − µ, is the energy of the particle state above the chemical potential µ.
µ is taken to be the point of zero kinetic energy. Here, V~k~k′ is the interaction potential
between the electron pair.

The Hamiltonian of Eq. 2.52 makes use of second quantisation operators, which
are defined as

— ĉ†~k↑
creation operator: Creates a fermion with momentum ~k and spin 1

2 (up).

— ĉ~k↓ annihilation operator: Destroys a fermion with momentum ~k and spin -1
2

(down).

— n̂~kσ = ĉ†~kσ
ĉ~kσ particle number operator: counts the number of particles with

momentum ~k and spin σ =↑, ↓.

Importantly, these fermionic operators must obey the anti-commutator relation

{ĉ~kσ, ĉ†~k′σ} = δ~k~k′δσσ′ , (2.53)
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where δi,j is the Kronecker delta, defined as

δi,j =

0 if i 6= j

1 if i = j.
(2.54)

By applying a mean field approximation to the attractive interaction the Ĥ of Eq.
2.52 can be simplified to

ĤBCS =
∑

~k,σ=↑,↓
ξ~kσ ĉ

†
~kσ
ĉ~kσ −

∑
~k

(
∆†~k ĉ−~k↓ĉ~k↑ + ∆~k ĉ

†
~k↑
ĉ†
−~k↓

)
. (2.55)

Here, the complex pairing term ∆~k has been introduced to describe the attraction
interaction that defines superconductivity. One can consider that ∆~k is the source of
the superconductivity.

The ground state of the BCS Hamiltonian is given by

|ψG〉 =
∏
~k

(u~k + v~k ĉ
†
~k↑
ĉ†
−~k↓

) |φ0〉 , (2.56)

where |v~k|
2 is the probability that a pair (~k ↑,−~k ↓) is occupied, whereas the prob-

ability of not being occupied is |u~k|
2. By the nature of probabilities, the condition

|u~k|
2 + |v~k|

2 = 1 must be met.
In order to determine the coefficients u~k and v~k ĤBCS is diagonliased using a

canonical transformation, known as the Bogoliubov transformation. In the canonical
transformation the particle creation ĉ†~k↑, ĉ

†
−~k↓

and annihilation ĉ~k↑, ĉ−~k↓ operators in

terms of creation γ†~kσ and annihilation γ~kσ operators of quasiparticle excitations, given
by:

ĉ~k↑ = u∗~kγ̂~k↑ + v~kγ̂
†
~k↓

ĉ−~k↓ = u∗~kγ̂~k↓ − v~kγ̂
†
~k↑

(2.57)

ĉ†
−~k↓

= −v∗~kγ~k↑ + u~kγ
†
~k↓

ĉ†~k↑
= v∗~kγ~k↓ + u~kγ

†
~k↑

. (2.58)

Using the canonical transformation, the diagonalised Hamiltonian becomes

Ĥ =
∑
~k

(E~kγ̂
†
~k↑
γ̂~k↑ +E~kγ̂

†
~k↓
γ̂~k↓) + Ξ, (2.59)

where E~k =
√
(ξ2
~k
+ |∆~k|2. Here, Ξ can be considered as a constant offset energy. From

the Bogoliubov transformation the coefficients are found to be

|v~k|
2 = 1− |u~k|

2 =
1
2

(
1−

ξ~k
E~k

)
, (2.60)

which is in agreement with the original variational method of BCS.
For superconductors with s-wave pairing, such as aluminium, the order parameter

is defined by ∆~k = |∆|e
iϕ, where ϕ is the superconducting phase. At T = 0 K, there are

no quasiparticle excitations and the order parameter reduces to the same expression
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as that in the variational method, given by

∆ =
h̄ωD

sinh (1/ρ(0)V ) ≈ 2 h̄ωDe−1/ρ(0)V . (2.61)

The order parameter is dependent on the state of the system, thus it depends on how
many quasiparticles exist. The number of quasiparticles depends on the temperature
of the superconductor. As the temperature increase, the number of quasiparticles
increases, which reduces the order parameter. The temperature at which ∆(T ) → 0
defines the critical temperature TC of the superconductor. According to BCS theory,
TC is given by

Tc =
∆(0)

1.764kB
. (2.62)

The temperature dependence of the gap can be determined numerically. The result,
which is universal for superconductors in the weak coupling regime, reveals that near
T = 0 the decay of ∆(T ) is exponentially slow and nearly insensitive to T. As T
approaches Tc, ∆(T ) decays rapidly, reaching a vertical tangent. In fact, near Tc,
∆(T ) is approximated by

∆(T )
∆(0) ≈ 1.74

(
1− T

Tc

)1/2
,T ≈ Tc. (2.63)

BCS Density of States

Now we have a definition for the superconducting gap, we can define the density of
states (DOS) of a superconductor. From our theoretical analysis, we understand that
there exists a region where no quasi-particles can exist. From the density of states
of a normal metal ρN(0), which we assume to be constant, we obtain the DOS of a
superconductor by introducing the energy states of the superconductor giving

ρS(E) =
1
2ρN(0)


|E|√
E2−∆2 if |E| > ∆

0 otherwise.
(2.64)

Figure 2.7 shows the DOS of a superconductor.
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2Δ
EF

DOS

E

Figure 2.7 – Quasiparticle spectrum of the superconducting ground state in the
one-particle representation. In the ground state, all the quasiparticle states below EF
are filled, whereas all states above EF are empty. Noteably, all quasiparticle states of
energy |E−EF| < ∆ are forbidden. This defines the superconducting gap.
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2.5 Superconducting Junctions

In the previous section, superconductors were considered in their isolated bulk form.
In this section, we will consider the effects of introducing non-superconducting ma-
terials in contact with superconductors. Superconducting hybrid junctions are cre-
ated by connecting two superconductors S via a weak-link X. S-X-S junctions are
a focus of extensive research thanks to their interesting physics and potential ap-
plication as quantum devices. In this thesis, we investigate the transport properties
of superconducting-semiconducting-superconducting junctions based on germanium
nanowires. Therefore, it is important that the reader has a good understanding of the
transport physics of such systems.

We will first introduce the superconducting proximity effect, which is the general
name used to describe the effect that superconductors have on non-superconductors
when in contact. Then, we will provide a microscopic description of the proximity
effect, which is based on Andreev reflection at the S-X interface. We will use this
phenomenon to describe the transport properties of superconducting hybrid junctions.
We will focus on two different junctions: S-N-S junctions, where the weak-link is a
normal metal and S-QD-S junctions, where the weak-link is a quantum dot (QD).

The considerable research conducted on superconducting hybrid junctions has pro-
duced a plethora of noteworthy theses and publications. The theses of Pillet, Bretheau
and Szombati [61, 62, 63] have been particularly useful in aiding my understanding
of this subject. These theses have provided motivation for parts of the following dis-
cussion.

2.5.1 Proximity Effect
When a superconductor is in contact with a non-superconducting material, such as
a normal metal, there is a leakage of Cooper pairs from the superconductor S to the
normal metal N and a leakage of quasiparticles from N to S [64]. The diffusion of
Cooper pairs into N results in a superconducting gap being induced in the region
of the normal metal near the superconductor. This is known as the superconducting
proximity effect. On the other hand, quasiparticle diffusion into S, reduces the mag-
nitude of the superconducting order parameter near the interface. This is referred to
as the inverse proximity effect. Furthermore, the transition temperature of an S-N
system is reduced by the presence of the contaminating normal charge states. It has
been shown, that by contacting normal metals with very thin superconducting films,
superconductivity can be completely suppressed by the non-superconducting metal
[65].

The proximity effect was first observed by R. Holm and W. Meissner in 1932, where
they observed zero resistance through superconducting-normal-superconducting layers
[66]. Before detailing the microscopic explanation of the proximity effect in terms of
Andreev states, I will provide a qualitative description of the proximity effect.

Figure 2.8 shows a schematic plot of the order parameter near an N-S interface. We
can see that the superconducting order parameter ∆ is non-zero in N. This describes
the leakage of Cooper pairs into N, which decay at length scales defined by the normal
metal’s coherence length ξN. Close to the N-S interface |x| < ξN, superconducting
properties are induced in the normal metal, this includes an induced superconducting
gap ∆∗. Furthermore, we observe the inverse proximity effect, the reduction of the
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order parameter in S due to the leakage of quasi particles from N. This reduction is
non-negligible at length scales less than the superconducting coherence length ξ0.

Figure 2.8 – Schematic plot showing the superconducting order parameter
∆ near a normal metal N and superconductor S interface. We observe the leakage
of ∆ in N, close to the N-S interface. Though not shown on the figure, ∆ exists in
N up to a distance of the normal coherence length ξN away from the interface. We
also observe the reduction of ∆ from the bulk superconducting order parameter ∆0,
near the N-S interface. This reduction is non-negligible at length scales less than the
superconducting coherence length ξ0.

2.5.2 Microscopic description of the proximity effect
To help model the dynamics near the interface between a normal metal and a su-
perconductor, we will first define the BCS variational coefficients u~k, v~k in terms of
electron-like and hole-like states. This new formalism means that normal charge states
and superconducting states can be defined using the same terms. This allows the use
of scattering methods to describe charge transport through a superconducting-metal
interface.

Superconducting states to electron-like and hole-like states

One-particle states of superconductors and normal metals share a four-fold degeneracy.
This four fold degeneracy stems from the wavevector degeneracy ±~k and the kinetic
energy degeneracy ±ξ. Recalling the plane wave solutions of electrons and holes in
normal metals, it is reasonable to consider superconducting solutions of the form ofue
ve

 e±ikex and

uh
vh

 e±ikhx for electron-line and hole-like states, respectively. Such

solutions would also be valid in the normal regime of a superconductor when ∆ → 0
or when |E~k| � ∆. In this description, electron-like states have positive excitation
energy Ee~k > 0, whereas hole-like states have negative excitation energy Eh~k < 0. The
adapted variational parameters are determined by expressing u~k and v~k in terms of
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excitation energy E~k, rather than in terms of wavevectors ~k, giving [62]


ue,h(E,ϕ) = ei
ϕ
2

(
1
2

[
1 + ηe,h

√
1−

(
∆
E

)2
])1/2

ve,h(E,ϕ) = e−i
ϕ
2 sgn(E)

(
1
2

[
1− ηe,h

√
1−

(
∆
E

)2
])1/2

ke,h(E) = kF

(
1 + ηe,h sgn(E)

√
E2−∆2
µ

)1/2


. (2.65)

Here, ηe,h = ±1, depending on whether an electron or hole is being described and ϕ
is the superconducting phase. Naturally, ηe,h is defined by the sign of the energies,
that is ηe,h = sgn(E~k)sgn(ξ), as E~k is negative for holes.

Defining the charge of an excitation as

qE
|e|

= u2
~k
− v2

~k
= −ηe,h

√√√√1−
(

∆
E

)2
, (2.66)

where e is the electron charge, helps reveal the electron-like and hole-like properties
of the variational parameters. As ∆

|E| → 0 (|E| � ∆ or ∆ → 0), the eigenstates
converge to pure electron-like or pure hole-like states, depending on η, as in a normal
metal. However, for an excitation near the superconducting gap edge (|E| ≈ ∆) the
eigenstate is a superposition of electrons and holes.

Analysing ke,h(E) of Eq. 2.65, we observe that for |E| > ∆, we have ke,h(E) ∈ R,
thus the eigenstates are purely propagating plane waves. Whereas for |E| < ∆, the
wavevectors are imaginary, resulting in exponentially growing or decaying solutions.
Such solutions are physically allowed in instances where the states are bounded by
domain walls, such as an interface with a normal metal. This results in inhomogeneity
of the order parameter ∆ in space.

By applying a first order Taylor expansion to ke,h(E), when |E| < ∆, Alexan-
der Andreev revealed that electrons can reflect as holes at an N-S interface. This
phenomenon is now known as Andreev reflection and is the basis of the microscopic
description of transport through superconducting junctions.

44 Link back to ToC →



2.5 Superconducting Junctions

2.5.3 Superconducting-normal junctions (S-N-S)
In this section, we will consider the transport properties of superconducting junctions,
where the weak-link is a normal metal N.

Transport through N-S interface: Andreev Reflection

Here, we will consider a normal metal N connected to a superconductor S. The inter-
face of the N-S junction, depicted in the schematic of Figure 2.9, is a thin barrier of
arbitrary transparency. The following discussion of this scenario is based on the BTK
model established by Blonder, Tinkham and Klapwijk in 1982 [68]. In the transport
domain, we will consider an incident electron e− traveling towards the superconductor.
At the N-S interface, at x = 0, the electron meets a thin barrier, which is represented
by a delta function of strength Z. At the N-S interface, there are multiple possible
outcomes depending on the electron’s incident energy:

— The electron can undergo full Andreev Reflection, where it reflects as a hole of
opposite spin and energy. This process is labeled A in Figure 2.9. By this process,
a Cooper pair is created in the superconductor, resulting in the transport of 2e
of charge.

— For a barrier of finite transparency, where Z > 0, there is a finite probability
that the electron undergoes normal reflection. This process is labeled B in Figure
2.9. Under normal reflection the incident electron reflects back into the normal
metal as an electron with energy E, thus no charge is transported.

— For |E| ≥ ∆, the electron enters the superconductor as a quasiparticle of energy
E. This process is labeled C in Figure 2.9. Taking into account the degeneracy of
~k, the newly created quasiparticle has either positive or negative k-momentum.
To maintain charge conservation partial Andreev reflection also occurs in this
scenario.

The BTK model provides a mechanism to estimate the probability of the various
processes, outlined above, with respect to the incident electron energy E and the
strength of the interface barrier Z. Here, I will provide a summary of the important
results of the BTK model. Figure 2.10 (a) presents the probability of each of the three
possible processes occurring, versus incident electron energy E for different barrier
strengths. The processes are labeled A, B, and C and are in agreement with Figure
2.9. The resulting conductance from the three processes are plotted in Figure 2.10
(b) in units of normalised conductance, RN

dI
dV . Here, RN is the normal resistance, the

resistance of the N-S devices at e|V| � ∆.
For a perfectly transparent barrier (Z = 0), there is no scattering at the inter-

face. As such, for |E| < ∆, Andreev reflection (process A) occurs with probability
equal to 1, resulting in a conductance of 2RN dI

dV . As |E| increases above ∆, the pro-
cess that creates quasiparticles (process C), begins to dominate, reducing the system
conductance until it plateaus at RN for |E| ≥ 2∆.

At intermediate barrier transparencies, Z = 0.3, normal electron reflection can
occur (process B). The probability of normal reflection occurring is at a minimum
at |E| = ∆. Further, at this point the probability of Andreev reflection peaks. This
results in a large conductance peak at eV = ∆. This feature is due to the peak in
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Figure 2.9 – Schemative showing Andreev reflection at the N-S interface. Depicted
is an incident electron e− of energy E travailing towards the N-S interface. At the
interface multiple processes can occur. The electron can undergo Andreev reflection,
where it reflects as a hole h+ and creates a Cooper pair in S (Process A). The electron
can undergo normal reflection and reflect back as an electron (Process B). Finally, for
energies |E| > ∆ the electron can enter the continuum of S as a quasiparticle pair
(Process C).

density of states at |E| = ∆. Therefore, there are many quasiparticle states available
for transport, thus reducing the probability of normal reflection. As |E| decrease below
∆ the probability of normal reflection increases, reducing the sub-gap conductance.
For very low barrier transparencies, Z ≥ 5.0, process B dominates for |E| < ∆, as
such we observe no sub-gap transport.

The BTK model can be used to estimate the transparency of the interface between
the superconductor and the normal metal. The I-V curve in the superconducting
regime of an N-S junction, is non-linear for voltages e|V| < ∆ and linear for voltages
e|V| � ∆. In the linear regime, the gradient is 1/RN. The difference in linearity
between the two regimes is highlighted by fitting the high voltage part of the I-V
curve by I = R−1

N V . The extrapolation of the linear fit reveals that, at V = 0 V, the
current is finite. It is defined as the excess current Iexc. The normalised excess current
eIexcRN

∆ can be used to estimate the interface transparency by directly mapping onto
the Z parameter, see Figure 2.10 (c). In Chapter 5 we make use of the BTK model to
estimate the transmission of our Al-Ge-Al nanowire heterostructures.
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a) b)

c)

Figure 2.10 – Results of the BTK model for charge transfer and reflection about
an NS interface. Figures taken from Ref. [68].
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Transport through S-N-S junctions

Andreev Bound States

In the previous section, we discussed the charge transport dynamics at an N-S bound-
ary. We showed that an electron in a normal conductor reflects as a hole at the super-
conducting interface through Andreev reflection. By adding a second S-N interface,
opposite to the original, such as to construct an S-N-S junction, a cycle of Andreev
reflections at each boundary would be expected. That is, an electron from the normal
conductor would reflect as a hole at the right N-S interface and then reflect back as
an electron at the left S-N interface, thus completing a cycle. This electronic cycle is
shown schematically in Figure 2.11. This process is analogous to a Fabry-Perot cavity,
where traveling waves reflect off two mirrors placed opposite to each other, resulting
in constructively interfering waves that form bound states with discrete energies.

To achieve bound states in an S-N-S junction, the phase gained after a full cycle
of two reflections, must be an integer multiple of 2π. Owing to the requirement of
Andreev reflection, these bound states are called Andreev Bound States (ABS). In
terms of charge transport, a single cycle results in the transfer of a charge of 2e from
the left (source) to the right (drain) lead.

The energies of ABS can be determined by different approaches, including match-
ing the phase of the incoming and outgoing electrons after a full cycle or a scattering
matrix approach [69].

Figure 2.11 – Schematic of the formation of an Andreev Bound State (ABS) in
an S-N-S junction. The ABS forms due to cycles of Andreev reflections (AR), which
causes the superposition of the propagating electrons and holes in N. Each cycle results
in the charge transfer of 2e, a Cooper pair.
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Calculating ABS

Developed by Beenakker and Van Houten, the scattering matrix technique to deter-
mine the dispersion relation of ABS [69] is an adaption of the Landauer-Büttinker
scattering approach that was used for normal conductors [70]. This approach treats
the weak link X of an S-X-S system, as a scatterer, which is described by matrices.
The superconductors are treated as reservoirs, which are sources and drains of electron
and hole modes.

The Beenakker and Van Houten differentiated the normal and Andreev scattering
events into separate matrices. The Andreev scattering probabilities, which are deter-
mined using the BTK model, are dependent on ∆ and the phase ϕL and right ϕR of
the left and right superconducting leads. By applying the condition that ABS occur
when the phase shift after a single cycle is an integer multiple of 2π, Beenakker and
Van Houten determined the ABS solutions. For a single conducting channel there are
two spin-degenerate solutions given by

±EA,σ = ±∆
√

1− τ sin2 ϕ

2 for 0 < τ < 1. (2.67)

For a system with perfect transmission τ = 1, the solutions reduce to

±EA,σ = ±∆ cos ϕ2 (2.68)

The energy solutions are dependent on the phase difference between the two su-
perconducting leads ϕ, the transmission of the weak link τ and the superconducting
gap ∆. Figure 2.12 shows the energy spectrum of ABS with respect to ϕ for different
transmissions. For each τ there are pairs of spin-degenerate ABS with energies +EA,σ
and −EA,σ. The positive and negative ABS carry current in opposite directions.

For transmissions of τ < 1, backscattering in the weak link causes coupling between
the ABS pairs resulting in an effective anti-crossing at ϕ = π. The resulting energy
gap between the ABS pairs at ϕ = π is 2∆

√
1− τ . The lack of backscattering for

τ = 1 leaves the ABS pairs decoupled, thus there is no anti-crossing and the energies
are equal at ϕ = π.

Outside the superconducting gap E > ∆, there exists a continuum of traveling wave
solutions. These solutions are delocalised and in the short junction limit independent
of ϕ compared to the localised and phase dependent ABS.

Supercurrent Through ABS

The Andreev description is the microscopic mechanism through which supercurrent
passes through a superconducting weak link. At high transmission and a phase differ-
ence of ϕ ∼ π one can consider the ABS to be isolated from the continuum as EA � ∆.
This simplifies the model Hamiltonian into the form of an Andreev two-level system.
The ABS of the two-level system are typically represented in the excitation picture,
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Figure 2.12 – ABS energy spectrum as a function of phase difference across the
junction for various transmission. Here, transmissions are labeled by t. Taken from
Ref. [63].

where the basis states are

|GS〉 ≡ |−〉 ,

γ†EA↑ |GS〉 ≡ |↑〉 ,

γ−EA↓ |GS〉 ≡ |↓〉 ,

γ†EA↑γ
†
−EA↓ |GS〉 ≡ |+〉 ,

(2.69)

which have energies relative to the ground state of 0, EA, EA and 2EA.
It can be shown that the current field operator restricted to an isolated ABS has

even eigenstates of |−〉 and |+〉, with current eigenvalues of IA and −IA, respectively.
IA is the Andreev current for a single channel and is given by [69]:

IA(ϕ, τ ) = −2e
h̄

dEA
dϕ

=
e∆
2 h̄

τ sin(ϕ)√
1− τ sin2(ϕ)

. (2.70)

On the other hand, the odd ABS of |↑〉 and |↓〉 produce no current. This can be
qualitatively understood by the fact that the even states are half filled. Therefore,
they have an available ABS through which transport can occur, whereas the odd
states have no available ABS (completely filled) or no particles available for transport
(completely empty), preventing transport.

These results reveal that at low energy there exists current through a supercon-
ducting junction without a voltage bias. The only requirement is a finite phase differ-
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ence ϕ and that the ABS is even; either in the ground |−〉 or the excited |+〉 state.
The absence of voltage means that the current is dissipationless. Therefore, under
certain conditions supercurrent passes through a normal weak link, this is known as
the dc Josephson effect.

The expression of Eq. 2.70 defines the Andreev current for a single conducting
channel. Thanks to the coherent nature of Andreev reflection, IA can be easily ex-
panded to N conducting channels by summing the contribution of each occupied
channel giving

I total
A (ϕ) =

e∆
2 h̄

N∑
i=1

τi sin(ϕ)√
1− τi sin2(ϕ)

, (2.71)

where τi is the transmission of conducting channel i.
This general approach, to the dc Josephson effect in superconducting weak-link

junctions of arbitrary transmission, can be reduced to the limit of the prominent tunnel
Josephson junction, where τ � 1. The tunnel Josephson junction is a superconducting
junction, where the weak-link is a thin insulating layer. Such junctions, labeled S-I-S,
are key components of quantum devices based on superconducting circuits.

The important and well known current-phase relationship of a Josephson junction
can be determined from Eq. 2.71, by taking the limit of N →∞ and τi → 0 giving

I(ϕ) =
e∆
2 h̄ sin (ϕ). (2.72)

The coefficient of the sinusoidal defines the critical current Ic of a tunnel Josephson
junction, Ic = e∆

2 h̄ . The critical current is the maximum dissipationless current that
can pass through a superconducting junction. A current that is larger than Ic will
result in a voltage drop across the junction that results in dissipation.

Dissipative current

In the previous section, we discussed how a superconducting junction can transport
dissipationless current. Nonetheless, it is important to understand the sub-gap trans-
port dynamics at finite voltage bias. In superconducting hybrid junctions, dissipative
sub-gap current requires non-negligible Andreev reflection at the superconducting in-
terfaces.

Given the existence of Andreev reflection requires non-negligible τ , it is correct to
expect minimal sub-gap current in tunnel Josephson junctions. Indeed, for a perfect
tunnel Josephson junction the current is vanishingly small for |eV | < 2∆. This results
in a large step current at eV = ±2∆, where the peak in the DOS induces a large
current due to the high density of quasiparticles available for tunneling across the
barrier.

For junctions with non-negligible transmission, dissipative sub-gap transport oc-
curs through either an equilibrium or a non-equilibrium process. The equilibrium
process occurs at low energy and involves the transport of current through ABSs and
is described as a "quasiparticle elevator". The non-equilibrium process occurs at higher
energies and involves the transport of current through repeated Andreev relfections
and is known as multiple Andreev reflection (MAR).
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Quasiparticle elevator

At low bias energies quasiparticles are transported through the junction via ABS pairs,
EA = ±∆

√
1− τ sin2

(
ϕ
2

)
. The transport mechanism relies on the time evolution of

the superconducting phase difference ϕ at fixed voltage bias, defined by

dϕ(t)

dt
= ϕ̇(t) =

V

ϕ0
, (2.73)

where ϕ0 = h̄/2e is the magnetic flux quantum. This characteristic of superconduct-
ing junctions results in the phase oscillating at the Josephson frequency (VJ) by

ϕ(t) = 2πVJt, (2.74)

where VJ = 2eV
h .

Thanks to their dependence on ϕ, the ABS energies migrate within the supercon-
ducting gap as ϕ evolves. If the energy is sufficiently small, this migration process
can be considered adiabatically. The system is initially in the ground state |−〉 with
energy −EA(ϕ), where a particle fills the lower ABS. The energy of the particle mi-
grates as a function of ϕ according to Eq. 2.68, see Figure 2.12. As ϕ approaches π
the energy difference between the ground |−〉 and excited |+〉 states decreases, thus
increasing the probability that a non-adiabatic Landau-Zener transition from ground
to excited state occurs. If the excited state is filled then the particle will decay into
the continuum of the ABS when ϕ = 2π. From there the particle will migrate into the
continuum of the superconducting drain as a quasiparticle. The now empty ground
state is available to be filled by a −k particle from the ABS continuum. The lost
particle is replaced by a quasiparticle from the −k continuum of the superconducting
source. This cyclical process transports quasiparticles from the source superconduc-
tor to the drain superconductor through a "quasiparticle elevator", thus providing a
mechanism for dissipative sub-gap current [62].

Multiple Andreev Reflection

At higher bias energies, dissipative sub-gap current is transported through super-
conducting hybrid junctions by Multiple Andreev reflection (MAR). MAR requires
sufficiently high transmission through the superconducting weak link. As the name
suggests, MAR involves Andreev reflections at the two opposing superconducting-
weak-link interfaces.

Figure 2.13 sketches out the MAR process in the semiconducting picture of super-
conductivity, which aids to describe this phenomenon qualitatively. Suppose a bias
voltage of V is applied across the junction; given the higher impedance of the weak
link compared to the superconducting leads, an electron (hole) gains (loses) energy
of eV when traversing left to right across the weak link. Suppose a quasiparticle of
energy E, from the lower and full quasiparticle band of the source superconductor,
enters the weak link as an electron. In the weak link, the quasiparticles behave as
an electron or hole. The probability of such an event is given by |P | =

√
1− |a(E)|2

where a(E) is the probability of Andreev reflection. The electron will traverse across
the weak link, gaining energy of eV , where it will experience a scattering event at the
boundary with the drain superconductor. As described by the BTK model, there is
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Figure 2.13 – Schematic representation of Multiple Andreev Reflection (MAR)
in a S-N-S junction. (a) Shows 2nd order MAR, where a single Andreev reflection
occurs (n = 1) at the right N-S interface. Here, ∆ ≥ eV < 2∆ and a charge of 2e is
transferred across the junction and a quasiparticle is excited to the upper continuum
of the source. (b) Shows 3rd order MAR, where two Andreev reflections occur (n = 2),
one at each N-S interface. Here, ∆/2 ≥ eV < ∆ and a charge of 4e is transferred across
the junction and a quasiparticle is excited to the upper continuum of the drain.

a finite probability that the scattering event will be an Andreev reflection. Andreev
reflection will result in the reflection of a hole and the creation of a Cooper pair in the
drain superconductor. The active particle, now a hole, traverses towards the source
superconductor, gaining further energy.

At the interface with the source superconductor, the active particle has gained
an energy of 2eV from its original energy of E. If 2eV < 2∆, then another Andreev
reflection is possible, which results in the hole reflecting as an electron and the anni-
hilation of a Cooper pair in the source superconductor. However, if 2eV > 2∆, then
the traversing hole will recombine as a quasiparticle and enter the upper and empty
branch of the source superconductor.

The number of reflections n required for a quasiparticle of energy E to reach
the upper band from the lower band is given by n(E,V ) =

⌊
∆−E
eV

⌋
. The parity of

n determines the final location of the excited quasiparticle. For even (odd) n an
electron (hole) recombines as a quasiparticle in the drain (source) superconductor.
The probability of recombination after n reflections is

√
1− |a [E + n(E,V )eV ]|2. The

MAR order M = n+ 1, allows one to track the charge transfer across the junction
with Q = Me. First order MAR is the transfer of a single quasiparticle across the
junction. Supposing that the energy of the introduced quasiparticle is E = −∆ (which
is justified given the peak of DOS at the gap edge) the lowest possible order of MAR
is

M(V ) =

⌈
2∆
eV

⌉
. (2.75)
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Considering current due to MAR

As discussed in the case of ABS, an electron or hole has a finite probability τ to be
transmitted across the weak link. Each trajectory across the weak link compounds this
probability, thus the intensity of a MAR process of orderM varies with τM . Generally
τ < 1, consequently the sub-gap current induced by a voltage |V | is dominated by
MAR of the lowest order. For a process at 2∆

M ≥ |eV | <
2∆

(M−1) the current is dominated
by the MAR process of order (M-1) as τM−1 > τM . In the limit of τ = 1, all MAR
orders contribute coherently to the current.

The MAR process can be considered in terms of the inelastic tunneling of Cooper
pairs from the source superconductor to the drain superconductor. For even M , M/2
Cooper pairs tunnel inelastically across the junction through which an energy ofMeV
is dissipated via the excitation of a quasiparticle from the lower continuum to the
upper continuum of the source superconductor. For consistency MeV > 2∆. For
odd M , (M + 1)/2 Cooper pairs tunnel inelastically across the junction through
which an energy of MeV is dissipated via the excitation of a quasiparticle from the
lower continuum of the source superconductor to the upper continuum of the drain
superconductor. For consistency MeV > 2∆− eV .

The I-V curve of a single channel S-N-S junction supporting MAR have been
calculated using a variety of techniques [71, 72, 73]. Their calculations, which are
beyond the scope of this thesis, allow one to determine the I-V curve for arbitrary
transmission τ of a single channel S-N-S junction.

As MAR is a coherent process, each conducting channel of the weak link con-
tributes independently to the total current. Therefore, the calculation of an I-V curve
due to MAR can be extended to an S-N-S junction with multiple conducting channels.
In this the current-voltage relation is given by

I(V ) =
N∑
i

i(τN ,V ), (2.76)

where i(τN ,V ) is the current response of the Nth channel with transmission τN .
i(τN ,V ) is calculated using the techniques cited above.

The coherent nature of MAR allows one to determine each channel transmission
of a S-N-S junction by fitting the measured MAR I-V curve. In this thesis we will
use a Monte Carlo based fitting program realised by the group of Gabino Rubio. For
more details about the program see Ref. [35]. The program allows one to estimate the
number of channels involved in the transport and the transmission of each channel.

54 Link back to ToC →



2.5 Superconducting Junctions

2.5.4 Superconducting Quantum Dot Junctions (S-QD-S)
In the previous section, we considered a general S-N-S junction where the weak-link
was a normal metal characterised by its transmission τ and number of channels. In the
following section, we will focus the discussion on S-QD-S junctions, where the weak-
link is a quantum dot (QD). In such a junction the properties of the QD, discussed in
Section 2.3, have a significant influence on the superconducting transport properties.
In writing this section I take inspiration from Refs. [74, 75, 63].

A QD with single-level spacing δN much larger than the tunnel coupling Γ and
the working temperature kBT , can be adequately modeled by an Anderson impurity
model [76]. This model has a Hamiltonian description of

ĤQD =
∑
σ
ε0d
†
0σd0σ + ECn0↑n0↓, (2.77)

where d†0σ creates an electron of spin σ on the orbital level ε0 and n0σ = d†0σd0σ is the
number operator. The second term, describes the Coulomb interaction characterised
by its charging energy EC. The Hamiltonian of Eq. 2.77, describes a system of a single
spin degenerate level of energy ε0.

To build a Hamiltonian of the complete S-QD-S system one combines ĤQD with the
BCS pairing Hamiltonian of Eq. 2.52, which represents the left ĤL and the right ĤL
superconducting leads and a tunneling Hamiltonian ĤT that describes the tunneling
of charge between the leads and the QD. This system Hamiltonian is given by,

Ĥsys = ĤL + ĤR + ĤT + ĤQD (2.78)

Assuming a pairing of ∆ = |∆|eiϕ, the Hamiltonians ĤL and ĤR are given by the
BCS Hamiltonian (Eq. 2.55),

Ĥv =
∑

~k,σ=↑,↓
ξ~k,v ĉ

†
~kσ,v

ĉ~kσ,v +
∑
~k

∆v ĉ
†
~k↑,v

ĉ†
−~k↓,v

∆†v ĉ~k↑,v ĉ−~k↓,v, (2.79)

where v = L,R defines the lead at which the Hamiltonian and its operators apply. ĉ†~kσ,v
creates an electron with spin σ in the leads at the single-particle energy level ξ~k,v. The
energy level is defined with respect to the lead’s chemical potential, ξ~k,v = ε~k,v − µv,
where ε~k,v is the electron energy.

The tunneling Hamiltonian ĤT, is given by

ĤT =
∑
~kσ,v

(
t~k,vc

†
~kσ,v

d0σ + h.c.
)

, (2.80)

where t~k,v is the hopping potential between the leads and the QD. To simplify ĤT, it is
assumed that the hopping potential is ~k independent, t~k,v ≈ tv. Further, by assuming
a constant normal density of states ρv(ω) around the Fermi energy, for energies of the
order of the gap, the tunneling rate Γ between the leads and the QD can be defined
in terms of tv by Γv = π|tv|2ρv.

The complexity of Ĥsys due to electron-electron interactions, leading to many body
physics, makes it very difficult to solve. In certain limiting cases, approximations can

Link back to ToC → 55



Chapter 2 Theoretical concepts

be made to enable analytical or numerical solutions. These approximations are depen-
dent on the energy scales of the system, which dictate the strength of the influence of
each component on the total dynamics of the system.

We can consider that the order parameter ∆, defines the "strength" of the super-
conducting condensate and the coherence of the Cooper pairs. Whereas, in the case
of the QD, the charging energy EC, defines the strength of the Coulomb repulsion of
adding an extra charge to the established QD. Finally, the tunnel coupling Γ, defines
the rate of exchange between these two opposing systems. For simplification, we will
consider identical tunnel coupling for the left and right leads. The difference between
these opposing systems is further highlighted by considering their respective uncer-
tainties with regard to charge number N . A superconductor has characteristically
delocalised charge, with the charge number N having a large variability. Whereas, a
QD is of the opposite nature, having highly localised charge with well defined N .

By considering the relative energy scales of ∆,EC and Γ, the transport dynamics
of an S-QD-S junction has been categorised into three regimes [74]:

— Weak coupling regime: Γ � ∆,EC. The large charging energy dominates the
system dynamics, preventing Cooper pairs from tunneling onto the QD. In this
regime, charge is transferred by the tunneling of single quasiparticles through
the QD, with a characteristic time scale of h/Γ. The dominance of the charac-
teristic tunneling time over the coherence time h/∆ of Cooper pairs, prevents
the recombination of the tunneling quasiparticles into Cooper pairs. Therefore,
in this regime, the observed transport consists of Coulomb blockade and no su-
percurrent. See Section 2.3 for details on transport in the Coulomb blockade
regime.

— Strong coupling regime: Γ � ∆,EC The dominance of Γ results in strong cou-
pling between the superconducting leads and the QD. Consequently, Cooper
pairs can resonantly tunnel across the QD, transporting supercurrent. The un-
certainty in N , associated with Cooper pair tunneling, breaks down the well
defined localised charge expected for a QD. This results in charge population
fluctuations in the QD. In this regime, Andreev bound states (ABS) can form
in the QD. However, in this case, the ABS have an extra degree of freedom; the
gate tuneable orbital energy ε0 of the QD. It will be shown that tuneing ε0 in an
S-QD-S system is equivalent to tuneing the transmission τ of an S-N-S junction.

— Intermediately coupled regime: Γ ∼ ∆ ∼ EC. The similar energy scales results in
a combination of the two aforementioned regimes, making it the most complex
regime. When the condition that Γ ∼ ∆ is met and the QD’s orbital ε0 is on
resonance with the leads, then a sizable supercurrent can be observed in the
system. Moreover, if the condition Γ ∼ EC is met, supercurrent can also be
observed when ε0 is off resonance. Here, supercurrent is transported by fourth-
order co-tunneling processes. In this process, single quasiparticle tunneling into
the QD from the left lead can recombine as Cooper pairs in the right lead.
Furthermore, the non-negligible EC means that the QD experiences Coulomb
blockade when ε0 is off resonance. Under the conditions of Coulomb blockade,
the quantum dot can have reasonably well-defined spin and charge states.

We will now discuss the equilibrium properties of QDs coupled to superconducting
leads. We will first consider the non-interacting approximation, where a QD with a
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single orbital at ε0 and EC = 0, is considered. In this approximation, we can examine
the effects of a QD orbital on ABS and make comparisons to the equilibrium states
of the S-N-S junction.

Δ

-Δ

x

E

EF
ε0

QD SCSC
ΓL ΓR

Figure 2.14 – Energy diagram of a S-QD-S junction in the non-interacting
approximation. In this approximation the QD is modeled as a single orbital with
position ε0 with respect to the Fermi energy EF.

The Non-interacting approximation (EC = 0)

The non-interacting approximation is valid when the QD system has a large single
particle level spacing δN that is much larger than the tunnel coupling Γ and the work-
ing temperature T. By neglecting electron-electron interactions, achieved by setting
EC = 0 in ĤQD. The S-QD-S system is modeled as a single QD orbital at energy ε0,
coupled to the left and right superconducting leads by ΓL and ΓR, respectively. This
scenario is depicted schematically in Figure 2.14.

In a QD system with EC = 0 the conductance due to resonant tunneling is given
by [77]:

G =
2e2

h

ΓLΓR
ε20 +

1
4Γ2 (2.81)

As expected, the conductance is maximum when the orbital is aligned with EF of the
leads, which corresponds to ε0 = 0.

In this approximation, the ABS in an S-QD-S junction can be determined by first
calculating the normal scattering probability through the QD due to finite Γ and ε0.
Secondly, by meeting the ABS condition that during a full cycle of Andreev reflections,
a quasiparticle gains a multiple of 2π in phase. Ref. [75] provides an expression for
ABS energy E, with respect to the phase difference between the superconducting leads
ϕ:

E ± ∆ cos
(
ϕ

2

)
+
E
√

∆2 −E2

Γ
= 0. (2.82)
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Here, the coupling is symmetric ΓL = ΓR and the orbital is on resonance ε0 = 0. In
the strong coupling regime Γ� ∆, Eq. 2.82 reduces to

E ≈ ±∆̃ cos
(
ϕ

2

)
, (2.83)

where ∆̃ = ∆
[
1− 2∆2

Γ2

]
is the reduced gap parameter.

When the orbital is off resonance and ∆/Γ → 0, the ABS spectrum of a QD can
be described similarly to the spectrum of a S-N-S junction, by defining a normalised
transmission of τ̃ = 1

1+(ε0/Γ2) , giving:

E ≈ ±∆

√
1− τ̃ sin2

(
ϕ

2

)
. (2.84)

In the off resonance case, there is a gap in the ABS energy spectrum, similar to the
ABS spectrum of a single channel S-N-S junction with finite transmission, see Figure
2.12.

Figure 2.15 shows the ABS energy spectrum of a S-QD-S junction with respect
to ϕ for various tunneling rates, where ΓL = ΓR = Γ for a QD on and off resonance,
in the non-interacting approximation. When the QD is on resonance, Figure 2.15 (a),
the ABS spectrum behaves similarly to that of a perfectly transmitting single channel
S-N-S junction, see Figure 2.12. Whereas, in the off resonance case, Figure 2.15 (b),
there is a gap in the ABS energy spectrum similar to the ABS spectrum of a single
channel S-N-S junction with finite transmission, see Figure 2.12. The main difference
of the S-QD-S ABS spectrum, is the reduced maximum amplitude of the ABS energy
at ϕ = 2nπ. The ABS energy is detached from the continuum due to the reduced gap
parameter ∆̃.

In the limit of ∆/Γ→ 0, the zero temperature current phase relation of the S-QD-S
superconducting junction is given by [75]

IA(ϕ) =
e∆
2 h̄

τ̃ sinϕ√
1− τ̃ sin2 ϕ/2

. (2.85)

This is identical to the current phase relation of a single channel S-N-S junction (Eq.
2.70), except here τ̃ is the effective transmission that is dependent on ε0 and Γ.

In conclusion, it has been shown that a S-QD-S junction, in the non-interacting
approximation, has qualitatively the same ABS behavior as a single channel S-N-S
junction. However, the main differences are the reduced Ic and the extra degree of
freedom provided by the position of the orbital ε0, which can be experimentally tuned
via electrostatic gates.

Co-tunneling approximation

The co-tunneling approximation, developed by Glazman and Mateev [78], provides a
way to estimate the supercurrent through a QD junction for finite ∆/Γ. By applying
perturbation theory to ĤT to the lowest order in Γ and finding the expectation values,
the supercurrent through the left lead is determined by the expectation:

I = e

〈
d

dt
ξ~k,Lĉ

†
~kσ,L

ĉ~kσ,L

〉
. (2.86)
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2.5 Superconducting Junctions

Figure 2.15 – Energy spectrum of ABS in a S-QD-S as a function of phase
across the junction for a QD orbital of (a) ε0 = 0, on resonance and (b) ε0 = 0.5∆,
off resonance. The tunneling coupling used were Γ = ∆ (yellow), Γ = 2∆ (green) and
Γ = 4∆ (red). Taken from Ref. [63].

By summing the co-tunneling events, that occur through virtual levels, which
contribute to the supercurrent and taking the limit EC →∞ the current is determined
to be

I(ϕ) = λ
e

h̄

ΓLΓR
∆

F

(
|ε0|
∆

)
sin (ϕ), (2.87)

where F (x) = 1
π2
∫ dt1dt2

(cosh t1+cosh t2)(x+cosh t1)(x+cosh t2) . The factor λ defines the direc-
tion of the supercurrent and depends on the occupation of the dot. For ε0 > 0 (empty
dot), λ = 2 and for ε0 < 0 (singly occupied dot), λ = −1. This dependence of the
supercurrent on the ground state of the QD reveals that the S-QD-S junction can
transition between a 0- and π- junction [79].

In this approximation the current-phase relation remains sinusoidal like the tunnel
Josephson junction (Eq. 2.72). However, the magnitude of Ic is proportional to Γ2.
Its dependence on ε0, allows Ic to be tuned by electrostatic gates.

There are other methods to determine the current phase relationship for a range
of Γ/∆. An overview of these methods with appropriate references can be found in
Ref. [75].

Voltage biased S-QD-S junction

In the previous discussion, we focused on the properties of S-QD-S junctions under
equilibrium conditions. We showed that S-QD-S junctions exhibit supercurrent at
energy scales of Γ � ∆ and finite ∆/Γ. Further, we observed significant similarities
between the S-N-S and S-QD-S junctions under equilibrium conditions, including a
similar current phase relationship. In the following, we will consider the transport
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properties of a voltage biased S-QD-S system. Under a voltage bias, we enter a non-
equilibrium transport regime. Here, the theory becomes more complex due to the
time dependence of the ac Josephson effect. The following discussion is based on the
article by A. Levy Yeyati et al, Ref. [80] and the review article by A. Martin-Rodero
and A. Levy Yeyati, Ref. [75]. I will introduce their main results because we will
consider them when interpreting the transport properties of our Al-Ge-Al nanowire
heterostructures in Chapter 5.

Resonant Tunneling

In 1997 A. Levy Yeyati et al. [80] theoretically investigated the voltage bias transport
characteristics of a S-QD-S junction. They considered the effects of resonant tunneling
in a small quantum dot. The analysis is nonperturbative in the coupling, contrary to
the co-tunneling approximation, as such the results can be extended to both the weak
coupling and the strong coupling regimes.

The energy regimes of the two studied cases are: in the weak coupling regime
δ1 � ∆ � Γ and in the strong coupling regime Γ � ∆. In their analysis they
assume that the orbital of the QD lies within the superconducting gap and Coulomb
blockade can be neglected, that is EC = 0. Similar to the study of S-QD-S junctions
in equilibrium, Yeyati et al. used a model Hamiltonian, equivalent to Eq. 2.78, based
on the Anderson impurity model.

To solve the Hamiltonian the authors use non-equilibrium Green function tech-
niques that were used in Ref. [72]. To take into account the applied bias voltage
across the superconducting leads Vv, the authors used a gauge that is equivalent to
time-dependent phase factors modulating the hopping potential tv. In this gauge,
tv → eieVvτ/ h̄, where τ is the device transmission. In terms of the hopping potential
the normal elastic tunneling rate is Γv = π|tv|2ρv(µ), where ρv(µ) are the normal
spectral densities of the leads. The detail of the calculations are outside the scope
of this thesis, nonetheless we will present their important conclusions, which will be
relevant for understanding the results presented in this manuscript.

In the weak coupling regime, where the energy scales are δN � ∆� Γ, the double
occupancy of a single resonant level is unlikely to occur, as such charge degeneracy can
be neglected. Further, the weak coupling strongly suppresses Andreev reflection, thus
only single quasiparticle processes need to be considered. The resulting expression for
dc current versus voltage is

I0(V ) =
4e
h

∫ ∞
−∞

dω
ΓS
L(ω)Γ

S
R(ω)

(ω− ε0)2 +
[
ΓS
L(ω) + ΓS

R(ω)
]2 × [nF (ω− eV /2)− nF (ω+ eV /2)] ,

(2.88)
where ΓS

L,R are the superconducting tunneling rates and nF(ω) is the Fermi distribu-
tion. Eq. 2.88 is similar to that of normal resonant tunneling. The superconducting
tunneling rates are defined in terms of the normal tunneling rates by ΓS

L,R(ω) =
ΓL,Rρ̃S (ω± eV /2), with ρ̃S being the dimensionless BCS spectral density given by
ρ̃S(ω) = |ω|/

√
ω2 − ∆2. Note that ε0 is the effective position of the resonant level of

the QD, with respect to EF of the leads.
Figure 2.16 shows the zero temperature I-V curves, determined using Eq. 2.88 for

a resonant level at ε0 = 5∆. Different tunneling rates are considered, with a constant
ratio of ΓR = 4ΓL, in the weak coupling regime. For comparison, systems with either
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normal or superconducting leads are considered. The results predict the existence of
superconducting resonances at a threshold voltage of eV = 12∆. The threshold voltage
in the superconducting regime is 2∆ larger than in the normal regime. This is due to
the gap, of 2∆, in the density of states of the superconducting leads. This gap must be
overcome for quasiparticles to tunnel from the source into the drain and through the
QD’s resonant level. The threshold voltage of the normal leads of eV = 10∆, maybe
surprising given that ε0 = 5∆. However, this is a consequence of the model used to
determine Eq. 2.88. In this model, the leads are assumed to be floating, as such a
voltage bias of eV shifts the chemical potential of the source and drain by eV /2 and
−eV /2, respectively. Therefore, for the source to reach the orbital ε0 and allow charge
transport, eV /2 must be equal to 5∆, which is equivalent to the threshold voltage of
eV = 10∆ in the normal regime.

The superconducting resonances have a finite height and width that are dependent
on ΓL rather than a phenomenological broadening parameter. As ΓL is reduced, the
resonant feature increasingly resembles that of a BCS spectral density, expected for
tunneling experiments on superconducting junctions. Of further note, is the difference
in threshold voltage of 2∆ between the superconducting and normal leads; this is
associated with the superconducting gap of the leads, where propagating states are
forbidden, thus no current is observed.

Figure 2.16 – Plot of calculated I-V curves for a resonant level of a QD
coupled to superconducting leads in the weak coupling regime, for various tunneling
rates: Full line for ΓL = 5× 10−3∆, dashed line for ΓL = 10−3∆ and dotted line for
ΓL = 2× 10−4∆. In all cases ΓR = 4ΓL and ε = 5∆.

Link back to ToC → 61



Chapter 2 Theoretical concepts

In the intermediate regime, the comparative energy scales of EC and Γ requires
that both Andreev reflection and single quasiparticle processes are considered when
calculating the current. The importance of Multiple Andreev reflection (MAR) is
highlighted in Figure 2.17, where sub-gap states become increasingly apparent as Γ
approaches ∆. In the simulation shown in Figure 2.17, ε is fixed at ε = 0 and the
coupling is symmetric (ΓL = ΓR).

Some important characteristics of the results should be noted. For strong coupling
Γ� ∆, the sub-gap features are smoothed out, and the dominate feature is the satu-
ration current as V → 0 of I0 ∼ 4e∆/h, for a single conductance channel. The curves
in the strong coupling regime resemble those of a superconducting junction where the
weak-link is a quantum point contact (QPC) and the contacts are highly transparent.
For weaker coupling Γ ∼ ∆, the sub gap features exhibit oscillations, which result in
the appearance of negative differential conductance. Such features are a consequence
of the combination of MAR and resonant tunneling through the orbital of the QD.
These features are not normally observed in standard S-N-S junctions. Furthermore,
the current jumps due to MAR occur most strongly at the condition eV = 2∆/n for
odd integer n. Whereas MAR processes at even integer n are suppressed.

Figure 2.17 – Plot of analytically and numerical calculated I-V curves for a
resonant level coupled to superconducting leads. We observe the combined effects of
resonant tunneling and multiple Andreev reflection.

The deviation from standard MAR, due to the presence of a resonant level, can be
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understood through the following explanation. In the energy regime |eV | < 2∆, the
current flows through the junction via MAR, as with S-N-S junctions, singularities,
observed as jumps in the I-V curves, occur at certain voltages when another Andreev
reflection can occur; i.e. at energies eV = 2∆/n. However, the presence of a resonant
level, rather than a continuum of states, modifies the current amplitude, resulting from
MAR processes, by filtering the possible MAR trajectories. Only MAR trajectories
that connect the resonant level to the spectral densities of the leads give a significant
contribution to the current.
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Figure 2.18 – Schematic showing resonant MAR processes of 2nd (a) and 3rd
(b) order MAR through a S-QD-S junction. The QD orbital ε0, defined by the thick
blue line, is on resonance with EF of the leads. In (a) the 2nd order MAR does not
align with ε0 as such the usual MAR current jump is supressed. However, in (b) the
3rd order MAR process does align with ε0 as such the current jump is enhanced and
we observe a current peak.

Figure 2.18 illustrates the trajectory of a quasiparticle undergoing 2nd (a) and 3rd
(b) order MAR processes. Figure 2.18 (a) shows a MAR trajectory under a voltage
bias in the range of ∆ ≤ eV < 2∆. The MAR trajectory, depicted by the arrows does
not align with the resonant level of the QD. This off resonance trajectory results in
a reduced current compared to the on resonance trajectory that is depicted in Figure
2.18 (b). Here, the third order MAR trajectory aligns with the QD orbital, resulting
in a peak in current at eV = 2∆/3, the onset of the third order MAR process.

The sub-gap features due to resonant MAR tunneling, shown in Figure 2.17, are
dependent on the orbital position. Figure 2.19 shows the variation of the sub-gap
features for different orbital positions ε0 in the QD. For ε0 = 5∆, far from the super-
conducting gap, the sub-gap features look like standard MAR for an S-N-S junction
with low transmission. However, as ε0 gets closer to ∆ the sub-gap features become
more pronounced and the current peaks depend on eV and ε0.
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Figure 2.19 – I-V characteristic curves of S-QD-S junction with ΓL = ΓR = ∆,
for different orbital positions: (a) 5∆, (b) 2∆, (c) ∆, (d) 0.5∆, (e) 0. Figure taken from
Ref. [81].
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Andreev Reflections and Kondo correlations

Figure 2.20 – Schematic showing the low bias charge transport through ABS, (a)
for a single channel S-N-S junction and (b) for S-QD-S junction in the Kondo regime.
Figure taken from Ref. [82].

Another non-equilibrium effect that must be considered in S-QD-S systems is the
interplay between MAR and Kondo correlations [75]. The Kondo effect is a magnetic
impurity effect, that can be observed in small QD systems. In a QD with large δN,
where an isolated resonant level can be considered, the single charge on the orbital
can behave like a magnetic impurity due to the charge’s spin.

In S-QD-S systems, the Kondo effect becomes important when TK � ∆, where TK
is the Kondo temperature. TK is related to the system energy scales by [83]

TK =

√
ECΓ

2 e
−π|ε0(ε0+EC)|

2ECΓ , (2.89)

where Γ = ΓL + ΓR.
Ref. [82] theoretically investigated the transport properties in a S-QD-S in the

Kondo regime. They showed that the sub-gap transport properties could be under-
stood due to Andreev states. Here, the ABS are to those in the non-interacting case,
except that here, the tunneling rate and orbital position are renormalised.

Figure 2.20 (b) shows a schematic of the ABS in a S-QD-S junction in the Kondo
regime. The low voltage charge transport occurs through a Landau-Zener transition
between the lower and upper ABSs. This is similar to the quaisparticle elevator of an
S-N-S junction, see 2.20 (a). However, in the S-QD-S case, a transition between the
continuum and the ABS must also occur. This is due to the detachment of the ABS
from the continuum by ∆− ∆̃.

We will show that under certain conditions we observe evidence of this effect when
the germanium quantum dot contains an odd number of holes.
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Chapter 3 Fabrication

3.1 Superconducting quantum devices: Architectures and their
challenges

The generic nature of the superconducting proximity effect that underscores the trans-
port properties of superconducting hybrid junctions, enables their realisation using a
diverse range of materials and architectures. There are two approaches to fabricating
mesoscopic and nanoscopic devices; the top down approach and the bottom-up ap-
proach. The former approach is employed in the fabrication of devices that use planar
2D electron/hole gases (2DEG/2DHG) in epitaxially grown heterostructures. Such
planar heterostructures have been realised in group III-V semiconductors including
GaAs/AlGaAs [84] and group IV semiconductors including SiGe/Ge/SiGe [26, 27, 28].
Quantum devices such as quantum dots and quantum point contacts are achieved by
electrostatic gates that are typically deposited on the surface of the heterostructure.
Through gate voltage tuneing confinement of the 2DEG/2DHG is induced and quan-
tum devices can be realised. To electronically probe these quantum devices metallic
contacts to the 2DEG/2DHG must be fabricated. By using superconducting metals
for these contacts superconducting hybrid junctions can also be realised.

The bottom-up approach uses grown nanostructures such as nanowires (NWs)
or carbon nanotubes which are placed on prepared substrates. Before the arrange-
ment of the nanostructures, substrates are typically prepared with a distribution of
metallic structures which are used for gating or electrical contacts. The superconduct-
ing contacts to the nanostructure weak-links are usually defined using electron beam
lithography and deposited onto the nanostructures using evaporative techniques. A
benefit of the bottom-up approach is that the nanowire weak-links already experi-
ence significant confinement due to the strong radial confinement provided by their
dimensions; typically having diameters of the order of tens to hundreds of nanometers.
To achieve a quantum dot, these quasi-1D systems require only confinement in the
longitudinal direction. This confinement can be achieved by electrostatic gates or by
reducing the length of the NW, which will be shown, in this chapter, to be possible
through thermal annealing induced diffusion.

However, the bottom up approach comes with significant challenges. One of the
major challenges is achieving transparent and impurity free superconducting- semi-
conducting interfaces. This implies etching the NW shell and/or the native oxide
that forms on the NW surface when exposed to ambient air, before depositing the
superconducting metal. This etching process is never perfect and can lead to poor
quality contacts with impurities which can lead to unintentional potential barriers
at the interfaces. The imperfect nature of this process reduces the reproducibility of
these devices. Devices fabricated under similar conditions can exhibit, unintention-
ally, significantly different transport features; from supercurrent in one device with
transparent interfaces to Coulomb blockade in another device with opaque interfaces
defined by strong potential barriers resulting from interface impurities [85]. Moreover,
this contact transparency issue is not limited to the bottom up approach. Devices fab-
ricated using the top down approach also face difficulties with contact transparency
and reliability [26].

Further, interface disorder can cause spurious transport states within the supercon-
ducting gap. These sub-gap states (SGS) are independent of superconducting Andreev
states and can form a continuum of SGS, resulting in a "soft" superconducting gap
[86]. The quest to observe non-trivial superconducting states such as Majorana zero
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modes requires minimal impurity induced SGS, which demands high quality super-
conducting contacts.

An important step forward was taken with the epitaxial growth of Al thin films
on pristine facets of InAs nanowires without breaking the vacuum [87]. Tunnel spec-
troscopy measurements of the InAs/Al devices revealed a "hard" superconducting gap,
suggesting minimal spurious SGS and high quality superconducting-semiconducting
contact. Beyond InAs nanowires (NWs) other group III-V high mobility compound
semiconductors such as InSb [88, 89], InP [90] and InAs/InP core/shell [91] NWs
have been employed in superconducting-semiconducting junctions with various levels
of success.

Group IV semiconducting nanostructures including carbon nanotubes (CNTs) [92,
6] and Si NWs [49] have also been used for the development of quantum devices.
However, more recently Ge based NWs have received significant attention due to
its exceptional material properties including large hole mobility, strong spin-orbit
coupling, and tuneable g-factors which are important traits for quantum devices. Until
now, Ge has been predominantly integrated with Si in the form of Ge/Si core/shell
NW junctions [21, 22, 23, 24] or Ge hut wires [25] with Si caps and Ge/Si planar
junctions. However, the adoption of intrinsic Ge (i-Ge) NWs for the development of
quantum devices, including superconducting hybrid junctions, has been limited. The
lack of adoption is mainly associated with the difficulty in overcoming the metal-Ge
Schottky barrier which, despite forming close to the valence band due to Fermi level
pinning [93], can prevent proximity induced supercurrent. Overcoming the Schottky
barrier requires the fabrication of high quality electrical contacts to Ge nanostructures
while simultaneously reducing the gate screening effect of the leads [29, 30]. This
tremendous challenge has been recently achieved through intense research on the
thermal diffusion of metals into semiconducting NWs [31, 32, 33]. The absence of an
intermetallic phase formation and compatible diffusion rates between Al-Ge have been
exploited extensively to form true metal-Ge heterostructures with abrupt interfaces
[34] leading to the formation of self-aligned Al NWs contacting the monolithically
integrated Ge QD.

In this thesis, we investigated the low temperature transport properties of Ge
NW and Ge/Si core/shell NW based quantum devices. In this chapter, I will outline
the fabrication processes undertaken by our collaborators Masiar Sistani and Alois
Lugstein, at TU Wien in Vienna, to construct these Ge NW devices. I will also discuss
the high resolution imaging and structural investigation of the devices carried out by
Masiar Sistani in collaboration with Minh Anh Luong and Martien den Hertog of
Institut Néel and Eric Robin of CEA, Grenoble.

3.2 Nanowire Growth Using VLS Growth

The myriad of applications and interesting physical properties of nanowires from single
photon sources to superconducting hybrid junctions has stimulated significant research
into a vast range of NW fabrication techniques including electron beam lithography
[94], laser ablation [95], template [96], vapor-liquid-solid (VLS) growth [97], and vapor-
solid-solid growth [98, 99].

The intrinsic germanium (i-Ge) nanowires used in this thesis were grown by our
collaborators in Vienna using the vapor-liquid-solid (VLS) growth mechanism, which
bears its name thanks to the phase evolution the semiconducting material experi-
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ences as it forms a NW. VLS growth, depicted schematically in Figure 3.1, was first
demonstrated by R.S Wagner and W.C. Ellis in 1964 [97]. Since its first demonstration
significant research interest has established VLS as a common fabrication technique
for growing semiconducting NWs.

Figure 3.1 – Schematic representation of the vapor-liquid-solid growth mechanism
used to grow Ge NWs nanowires. Left The Au nano-droplet that catalyses the Ge NW
growth forms after annealing. Once annealed the substrate is heated to 539 K and the
precursor gas, GeH4, is introduced. Middle Collision between Au nano-droplet and
GeH4 molecule causes the molecule to decompose into Ge and 2He2. The Ge atom
is absorbed into the Au-Ge liquid and solidifies at the liquid-solid interface driving
vertical Ge NW growth. Figure taken from Ref. [39].

3.2.1 Intrinsic Germanium Nanowires
The germanium nanowires are described as intrinsic because the Ge is not intentionally
doped during the growth process. As such the nature and density of the charge carriers
depends on the properties of the Ge NW. The ultra-scaled dimensions of the Ge NWs
results in surface states having a significant effect on its transport properties [100].
It will be shown in Chapter 5 that the accumulation of negative charges in these
interband trap levels combined with the Schottky barrier being pinned close to Ge’s
valence band leads to an overall p-type behavior.

The VLS growth process commences with the deposition of a thin film of gold
(Au) onto a silicon wafer. The Au layer is forced into forming nano-droplets, through
dewetting, by successive annealing procedures. The Au nano-droplets become the
catalysts for NW growth with their diameter defining the final NW diameter. Having
successfully sewed the Au nano seeds, the NW growth is initiated by heating the
substrate to 539 K and the introduction of the precursor gas, GeH4. The heating
temperature is not arbitrary and is chosen to be above the eutectic temperature of
an Au-Ge mixture. Critical to the success of VLS growth, the eutectic temperature
is the minimum temperature at which a heterogeneous mixture of chemicals (Au-Ge)
melts. Importantly, the eutectic temperature occurs at a critical concentration of the
constituents and is lower than the melting points of the individual constituents or a
differing concentration of the constituents.

In these conditions, collisions between the GeHe4 vapour molecules and Au nano-
droplets induces chemical decomposition of GeHe4 into its volatile components Ge and
2He2. The Ge diffuses through the liquid phase of the AuGe droplet until reaching
the liquid-solid interface between the droplet and Si substrate. This diffusion process
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concentrates Ge at the lower edge of the AuGe droplet. When the Ge concentration is
sufficient to shift the concentration ratio of the AuGe mixture away from the critical
concentration of the eutectic temperature, the Ge begins to solidify. This supersatu-
ration of Ge results in the formation of a Ge nanowire with a diameter equal to that
of the nano-droplet growing vertically. To improve their electrical properties and to
prevent oxidisation, the Ge NWs were passivated, just after growth, with a 20 nm
Al2O3 shell by atomic layer deposition (ALD).

The NW length can be tuned by the chamber conditions; temperature, partial
pressure and growth time [101]. There are multiple techniques to control and optimise
the NW growth process. The Ge NWs grown by our collaborators exhibit typical
lengths of approximately 7 µm and Ge diameters ranging between 25 nm and 75 nm.
See Masiar Sistani’s PhD thesis [39] for more details on Ge nanowire growth.

3.2.2 Germanium-Silicon core-shell nanowires
The Ge/Si core/shell nanowires used in this thesis were fabricated by the Lieber group
of Harvard University. They used a similar VLS technique to grow Ge NWs from Au
nano-droplets. After Ge NW growth, they deposited the Si shell by introducing SiH4
gas within the same reactor. For more details see Ref. [102]. The Ge/Si core/shell
NWs used in this thesis have a Ge core diameter of 30 nm and a Si shell thickness of
3 nm.

Figure 3.2 shows schematics of the two germanium based nanowires (NW) studied
in this thesis. Though having a similar i-Ge core, the implementation of a Si shell
results in significantly different transport properties compared to the Al2O3 shelled
Ge NWs. The first major difference between the NWs is the formation of a quantum
well in the Ge due to the valence band (VB) offset of ≈ 500 meV between Ge and Si
at the interface, see Figure 3.2 (a). The accumulation of free holes between EF and
VB of the Ge core induces a quasi-1D hole gas in the Ge/Si core/shell NWs. Whereas,
the inert Al2O3 shell of the i-Ge NWs has no effect on the band structure of the Ge
core, thus the i-Ge NWs behave according to its semiconducting properties.

The quasi-1D hole gas of the Ge/Si core/shell NWs leads to significantly higher mo-
bility µ and longer mean free path ` compared to the i-Ge NWs. The Ge/Si core/shell
NW has a reported mobility and mean free path of µGe/Si ≈ 730cm2V−1s−1 and
`Ge/Si ≈ 500 nm [36]. Whereas the i-Ge NWs have a mobility around half of µGe/Si
of µGe ≈ 370cm2V−1s−1 [103] and a mean free path orders of magnitude smaller
than `Ge/Si of `Ge ≈ 45 nm [104]. As will be shown in the Results chapters these
different electronic properties lead to differences in their transport properties at low
temperature.
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Figure 3.2 – Schematics of the (a) i-Ge and (b) Ge/Si core/shell nanowires used
to fabricate gate tuneable superconducting semiconducting hybrid junctions studied
in this thesis. (a) Upper Cross-section view of the i-Ge NW after VLS growth and
ALD deposition of Al2O3 shell. Below Band diagram of the cross section of the i-
Ge NW, the inert Al2O3 shell does not effect the band structure of the Ge core. The
Fermi level EF sits below the conduction band EC and just above the valence band EV
[103]. (b) Upper Cross-section view of the Ge/Si core/shell NW after VLS growth and
deposition of Si shell. Lower Band diagram of the cross-section of the Ge/Si core/shell
NW. The band offset between Ge and Si results in the formation of a hole-gas in the
Ge NW [105].

3.3 Field Effect Transistor FET

The grown Ge NWs with diameters between 20 nm and 30 nm with a 20 nm ALD
grown Al2O3 passivating shell are extracted from the Si substrate and stored in so-
lution. To enable electrical characterisation, the Al-Ge-Al heterostructures are fabri-
cated using a field effect transistor (FET) architecture where the electrostatic gate
field is established by a back-gate. The FET architecture was realised by drop-casting
Ge NWs on a highly p-type doped 500 µm thick Si <100> wafer with 100 nm of
thermally grown SiO2 insulating layer. The drop-casting was carried out using a mi-
cropipette.

Figure 3.3 shows schematically the fabrication process. Before drop casting the sub-
strate is prepared with macroscopic Ti/Au pads using photolithography techniques.
The pads provide bonding contacts for the source, drain and back-gate. To access the
p-doped layer that forms the global back-gate buffered hydrofluoric acid was used to
etch the Si02 layer.

After drop-casting, appropriate Ge NWs are selected and contacted to the Ti/Au
pads by the deposition of Al contacts, which are defined by electron-beam lithography.
To ensure transparent contacts to the Ge NWs a two step etching process is used before
the sputter deposition of Al. First, the Al2O3 shell is etched using buffered hydrofluoric
acid. However, this results in a native oxide forming on the exposed Ge. In order to
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improve contact transparency, the oxide layer is removed before Al sputtering using
14% diluted hydroiodic acid. For further details on the integration of Ge NWs into
FET including the etching process see Ref. [39].

Figure 3.3 – Schematic of the fabrication process used to integrate Ge NWs into
a FET architecture. (a) The highly p-doped Si substrate with a 100 nm SiO2 insulat-
ing layer on-top. (b) Etched SiO2 facilitating back-gate contact. (c) Au bonding pads
deposited on the substrate. (d) Ge NW transfer by drop-casting. (e) Al contacts de-
posited to connect Ge NW to Au pads. (f) Formation of Al-Ge-Al NW heterostructure
after thermal annealing process. Figure taken from Ref. [39]

To aid in the visualisation of the process outlined above, Figure 3.4 shows scan-
ning electron microscope (SEM) images of increasing magnification of a sample with
multiple Ge NWs integrated into a FET architecture. Figure 3.4(a) shows the large
Ti/Au pads, which dominate the substrate and form a circular pattern. Also visible
are the Al arms which make contact with the selected Ge NWs; in this SEM image,
three Ge NWs have been contacted. A zoom on the Al arms, Figure 3.4(b), reveals the
many NWs that are deposited by drop-casting and are unused. Figure 3.4(c) shows a
zoom on one contacted NW.
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Figure 3.4 – SEM image with different magnifications of the FET sample
illustrates the fabrication process. (a) shows the large Au pads fabricated using optical
beam lithography. (b) Zoom on the Al leads which connect to the Ge NW that are
fabricated using electron beam lithography (c) Zoom on the Ge NW and the Al leads.
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3.4 Diffusion through Thermal Annealing

Critical to achieving Al-Ge-Al nanowire (NW) heterostructures with Ge segment
lengths shorter than lithographic capabilities and highly transparent interfaces is the
thermal annealing process. This process exploits the asymmetric diffusion properties
of Al and Ge to realise monolithic Al-Ge-Al NWs.

Figure 3.5 – Schematics presenting the thermal annealing process (a) that
results in the diffusion of Ge out of the nanowire and into the Al pads. The diffused
Ge is replaced by Al (b), forming monolithic Al-Ge-Al and Al-Ge/Si-Al core/shell
NW heterostructures.

By heating the system to 624 K the controlled diffusion of Al from the contacts
into the Ge NW can be induced. This is thanks to the diffusion coefficients of Al-
Ge material systems, listed in Table 3.1. Inspecting Table 3.1 reveals the orders of
magnitude difference between the diffusion of Ge in Al and the diffusion of Al in Al
itself (self-diffusion) compared to the diffusion of Al in Ge and the self-diffusion of
Ge. This significant asymmetry has distinct effects on the diffusion processes under
thermal annealing conditions. The dominance of Ge diffusion through Al over the
contrary leads to Ge diffusing out of the Ge NW and into the macroscopic Al pads.
The displaced Ge is replaced by Al while the Al does not diffuse into the un-diffused
Ge. Continuing the thermal annealing process leads to the Ge NW being steadily
replaced by the Al. By controlling the thermal annealing time and temperature the
length of the Ge segment LGe can be tuned down to 10 nm. Advantageously, the
thermal annealing process can be repeated multiple times allowing greater control
of LGe. Furthermore, by adjusting the lithographically defined gap between the Al
contacts, Ge segment lengths between 500 nm and 10 nm can be achieved in a single
thermal annealing step[39].

To enable high detailed imaging and structural characterisation of the Al-Ge-Al
NW heterostructures’ crystal structure and interfaces, the devices were also fabricated

Table 3.1 – Al-Ge diffusion coefficients at 623 K including the inter-diffusion;
Al in Ge & Ge in Al as well as self-diffusion; Al in Al & Ge in Ge. The row labels
represent the diffusing material and the column labels are the material through which
it diffuses. From Ref. [106].

Diffusing in Al (cm2s−1) Diffusing in Ge (cm2s−1)

Al atoms 6.0× 10−12 1.3× 10−25

Ge atoms 3.2× 10−11 9.9× 10−25
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on Si3N4-membranes [39]. The membrane based devices enabled continuous in-situ
scanning tunneling electron microscopy (STEM) analysis of the thermal annealing
process of Al-Ge-Al heterostructures [107]. The thermal annealing was achieved by
in-situ joule heating The investigation revealed that the Ge segment shrank layer by
layer, while maintaining a sharp interface.

Structural characterisation was carried out by applying energy-dispersive X-ray
(EDX) spectroscopy to the Al-Ge-Al NW devices fabricated on membranes. A 3D
chemical reconstruction model based on these spectroscopy measurements revealed
that the Al NW leads formed a multi-shell structure. This NW structure consisted
of a crystalline Aluminium (c-Al) core with a 2 nm thick Ge shell, followed by 1 nm
thick Ge + Al2O3 shell and completed by the 3 nm Al2O3 shell that remained from
the i-Ge NW[107]. The analysis revealed that during thermal annealing the c-Al core
forms a diffusion front steadily replacing the depleting Ge via self-diffusion. The Ge
diffuses out of the NW, also via self-diffusion, through the thin Ge shell.

Figure 3.6 shows STEM images of the devices after the thermal annealing process.
The STEM images reveal that the Ge nanowire becomes an Al-Ge-Al NW heterostruc-
ture where the c-Al leads and Ge segment constitute a single NW. The formation of a
single NW is why we describe these devices as monolithic Al-Ge-Al NW heterostruc-
ture.

Figure 3.6 – (a) Schematic representation of the FET architecture after the
annealing process. (b) STEM image of the architecture after the annealing process
showing a monolithic Al-Ge-Al NW heterostructure coupled to large polycrystalline
pads. (c) STEM image showing various Ge segments lengths achieved through the
annealing process.

The thermal annealing process can also be deployed to Ge/Si core/shell NWs
achieving similar results. In this case the Si shell remains intact during the process
with only the Ge core being replaced by c-Al. As with Al-Ge systems, a thin Ge shell
around the c-Al provides the channel through which the Ge self-diffuses. The final
device then becomes a monolithic Al-Ge-Al NW heterostructure junction with a Si
shell. EDX measurements, shown in Figure 3.7, reveal the stability of the Si shell and
the purity of the respective segments.
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Figure 3.7 – STEM image of a monolithic Al-Ge-Al NW heterostructure core
with a Si shell after the annealing process. Insets shows EDX measurements of the Ge
segment and c-Al segment where Ge and Al cores with high purity are observed in
the respective segments, which are wrapped by a continuous SiGe and Si shell. The
scale bar is 200 nm.
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3.5 Interface Quality

In the previous section we discussed how the thermal annealing technique allows Al-
Ge-Al and Al-Ge/Si-Al core/shell nanowire heterostructures to be fabricated with
semiconducting segment lengths shorter than lithographic capabilities. The nature of
the diffusion that occurs under thermal annealing combined with the low probability of
Al-Ge forming intermetallic phases, thanks to their low intersolubility [108], suggests
that high quality semiconducting-metal interfaces should form.

3.5.1 i-Ge Interface
Figure 3.8 shows the results of high resolution imaging analysis of a Al-Ge-Al NW
heterostructure after the annealing process. The high quality of the junction is imme-
diately visible in Figure 3.8(a). This high junction quality is further endorsed by the
EDX chemical maps shown in Figures 3.8(c-e) which reveal the purity of the Al and
Ge segments and an absence of inter-metallic phases. Composition analysis showed
no Al inside the Ge within the resolution limits of %1. The specs of Ge observed in
the c-Al NW segments are attributed to the thin Ge shell that forms during ther-
mal annealing rather than contamination. Figure 3.8.b shows a high-angle dark-field
(HAADF) scanning transmission electron microscopy (STEM) image of the Al-Ge
interface. The high quality interface is evident by the near atomic precision at which
the NW transitions from c-Al to Ge.

Figure 3.8 – Analysis of Al-Ge-Al heterostructure interface: (a) HAADF STEM
image of an Al-Ge-Al NW heterostructure with an ultra-scaled Ge segment. (b) High-
resolution HAADF STEM images recorded at the Al-Ge interface. (c-e) EDX chemical
maps of the Al-Ge-Al NW heterostructure.

3.5.2 Ge/Si core/shell Interface
Figure 3.9 shows the results of high resolution imaging analysis of a Al-Ge/Si-Al
core/shell NW heterostructure after the annealing process. The Ge/Si core/shell de-
vice shares the same high quality attributes as the i-Ge system [32]. The EDX chemical
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maps shown in the inset of Figure 3.9 (a), which shows a schematic of the Al-Ge/Si-
Al NW, reveal the purity of the respective segments. Figure 3.9 (c) shows the high-
resolution HAADF STEM image at the Al-Ge interface of an Al-Ge/Si-Al NW, see
cyan dashed box in Figure 3.9 (b). The improved visibility of the c-Al lattice, thanks
to the strain induced by the Si shell, enables one to clearly observe the atomic preci-
sion of the interface . The sharpness of the interface is made further evident by the
intensity profile obtained across the interface, see Figure 3.9(c).

The HAADF STEM imaging and EDX material analysis was carried out for both
devices by our collaborators. More details of their material investigations of these
devices can be found in Refs. [32, 107, 109, 39, 33].

Figure 3.9 – (a) Schematic illustration of an axial Al-Ge-Al NW heterostruc-
ture with an ultrathin semiconducting shell wrapped around it. The insets show EDX
chemical maps at the respective positions along the heterostructure indicating an in-
tact semiconducting shell around the entire Al-Ge-Al heterostructure. (b) SEM image
of the actual heterostructure arrangement. Scale bar is 200 nm. (c) High-resolution
HAADF STEM obtained at the Al-Ge interface and corresponding intensity profile
obtained at the cyan dashed square shown in (b). Scale bar is 2 nm.

3.6 Conclusion

This novel fabrication technique developed and implemented by our collaborators in
Vienna enables the fabrication of germanium based nanowire FETs with ultra-scaled
Ge or Ge/Si core/shell segments. Moreover, the exploitation of aluminium, a transi-
tion metal, for the leads adds further applications of these devices including JoFETs,
Andreev Spin qubits, and the search for Majorana fermions. Beyond the high in-
terface quality and reproducibility, this technique enables the fabrication of devices
with semiconducting segment lengths down to 10 nm. Though devices with NW seg-
ment lengths of 30 nm to 50 nm can be achieved using electron-beam lithography
to define the leads, the macroscopic size of the contacts results in substantial gate
screening, which reduces the gate tuneability of the device[110]. As such NW FETs or
NW JoFETs with lithographically defined contacts have typical segments longer than
100 nm[21]. The use of diffusion through annealing has been used to reduce the gate
screening effect and achieve ultra-scaled semiconducting segments. F.A.Zwanenburg
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et al. contacted a Si segment of length between 25 and 30 nm to NiSi leads through
annealing[49]. More recently, Ridderbos et al. applied a similar annealing procedure
to Ge/Si core/shell NWs with Al contacts[111] achieving a Ge/Si core/shell segment
length of approximately 50 nm. However, asymmetric diffusion during the annealing
process resulted in their devices having one bulk Al lead and a second NW Al lead.

In this thesis, we investigate the low temperature transport properties of these
unique Al-Ge-Al nanowire heterostructures with various Ge segments lengths (LGe) of
162 nm and 40 nm. We consider the feasibility of these i-Ge devices as quantum devices
including quantum dots and gate tuneable superconducting hybrid junctions. To make
comparisons with the more prominent Ge/Si core/shell NWs we carry out and discuss
low temperature investigations of Al-Ge/Si-Al core/shell nanowire heterostructures
with Ge/Si segment lengths of 40 nm.
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Chapter 4 Experimental Set-Up

4.1 Cryogenics

The nature of our Al-Ge-Al and Al-Ge/Si-Al core/shell nanowire heterostructures,
which combine superconducting Al with highly confined Ge, motivates their investi-
gation at sub-Kelvin temperatures. In this thesis, we make use of a novel table-top
helium-3 cryostat, which was designed and built as a prototype at Institut Néel by
Pierre Brosse-Maron with the expertise of Philippe Gandit. Nicknamed by myself as
"Le Fridge", this unique refrigerator has a minimum working temperature of 350 mK
and is discussed in detail below.

There are multiple helium based solutions. Such solutions include liquid helium-4
(4He), which has a base temperature of 4 K. 4He was first liquefied by Heike Kamer-
lingh Onnes in 1908 who later used its cryogenic properties to observe the supercon-
ducting transition of mercury [60]. Measurements performed between 300 K and 4
K by our collaborators, to discuss some of the classical transport properties of the
Al-Ge-Al devices, will use a liquid helium-4 cryostat.

Favorably, it is possible to reduce the cooling temperature of liquid 4He down to
1.2 K by reducing its vapour pressure through pumping. The lower temperature of
pumped 4He is often exploited in pumped 3He systems to condense 3He. In pumped
3He cryostats the larger vapour pressure of 3He compared to 4He at the same temper-
ature is exploited to reach sub-Kelvin temperatures. In fact the evaporation of 3He is
the simplest way to reach temperatures between 0.3 K and 1 K[112]. More details of
the pumped 3He cryostat used in this thesis will be discussed below.

The most important cryogenic technique for sub-Kelvin (5 mK to 1 K) tempera-
tures exploits the cooling power of a 3He-4He mixture [113]. The principle development
of using a 3He-4He mixture compared to pumped 3He, the previous state of the art
refrigeration technique, gave these systems the name of dilution refrigerators. Dilu-
tion refrigeration has evolved tremendously since its first realisation in Leiden in 1965
where a temperature of 0.22 K was reached[113]. Typical base temperatures of around
25 mK are now easily reached. These even lower working temperatures provide a sig-
nificant reduction in thermal noise, which is necessary for many quantum experiments
including quantum transport, circuit quantum electrodynamics, and superconducting
qubits. Important for the advancement of these experiments is the successful commer-
cialisation of such systems which has made low temperature science more accessible
and helped the industrialisation of quantum technologies. More details of dilution
refrigerators can be found in Ref. [113].

4.2 Le Fridge: Table-top pumped helium-3 cryostat

Figure 4.1(a) shows the table-top 3He cryostat, nicknamed Le Fridge, used throughout
this thesis. The internals of the cryostat are shown and labeled in Figure 4.1(b). The
cryostat consists of two helium circuits: an open 4He circuit and a closed 3He circuit,
shown schematically in Figure 4.2. In the open circuit 4He flows from a 100 L reservoir
through the cryostat and finally into the recuperation line where it is returned to the
liquifier. The 4He circuit cools down the 80 K and 4 K stages, the 3He charcoal sorption
pump, and the 1 K pot, labeled in Figures 4.1(b) & 4.2.

To reach sub-Kelvin temperatures, 3He must be first condensed into its liquid
phase. 3He starts condensing at 3.19 K, which is below the temperature of liquid 4He.
To attain this temperature, the 1 K pot, which is strongly thermally coupled to the 3He
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circuit, is cooled below 4 K by the reduction in 4He vapour pressure through external
pumping. This technique achieves a minimum temperature of 1.2 K at which point
the rate of evaporation is too low to reduce the temperature further. The pumped 4He
is sent to the liquifier through the recovery line. The 3He condenses at the 1 K pot
where it drips down into the 3He pot, located below the 1 K pot. The 3He reservoir is
strongly thermally coupled to the sample stage by the cold finger. The condensation
of 3He is monitored by the pressure gauge labeled in Figure 4.1(a). At this step the
condensed 3He is at a temperature between 1.2 K and 2 K.

To achieve sub-Kelvin temperatures, the condensed 3He must be pumped to reduce
its vapour pressure. In our table-top cryostat, the 3He is pumped by an internal
sorption system consisting of activated charcoal enclosed in a neighboring container
that is thermally coupled to the 4He line. The vapour pressure of 3He becomes too
low at 300 mK for further cooling to occur. This defines the theoretical minimum
temperature of a pumped 3He cryostat. In our system, a bare temperature of about
300 mK was achieved when the measurement set-up was not yet mounted. In our
transport measurements, we have reached a minimum temperature of 350 mK.

4.2.1 Advantages & Disadvantages
Though the table-top 3He cryostat does not reach the base temperatures of dilution
refrigerators, it is sufficient to observe quantum transport and the superconducting
effects of Al and many other superconducting devices. The system has further advan-
tages including that it is significantly cheaper to operate; taking only approximately
10 L of 4He and has an optimized cool-down time of around 2.5 hours. However, once
cold Le Fridge consumes approximately 2 L of 4He per hour. Whereas, the Sionludi
dilution refrigerators in the laboratory, their consumption of 4He to cool-down ranges
from 30 L to 100 L and cool-down times range from 6 - 10 hours. However, advanta-
geously once cold their consumption is approximately 0.5 L per hour. Comparing the
consumption and cool-down time it is clear that the table-top 3He cryostat autho-
rises very short measurement campaigns of one day. Indeed, the system was originally
designed to quickly characterise superconducting tunnel junctions.

There are disadvantages to the table-top 3He cryostat beyond just the higher work-
ing temperature. The cool-down process is completely manual, therefore a competent
person must be present to manipulate the cryostat in order to achieve a succesful
cool-down. A detailed cool-down procedure is discussed below. Once cool the fridge
requires regular manipulation to maintain the base temperature. This is due to the
limited volume of 4He in the 1 K pot and 3He in the 3He reservoir (5 L). The 1 K pot
requires refilling every 2-3 hours depending on the temperature of the sample stage.
The reserve of liquid 3He is completely evaporated after approximately 8 hours, de-
pending on the temperature of the sample stage. Refilling the reserve requires heating
the activated charcoal to 40 K to release the 3He gas to enable re-condensation. This
procedure takes about half an hour before cooling down again. These aforementioned
aspects reduces the continuous measurement time and ease of use of the table-top
3He cryostat. Some of these limitations could be addressed by introducing automa-
tion procedures.

Another aspect of Le Fridge that further limits stable low temperature time is
that the 4He reservoir is a 4He dewer. We use a 100 L dewer, which after cool-
down provides approximately 40 hours of working time. Therefore, to continue low
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temperature measurements the 4He dewer must be replaced. This procedure is a race
against time, without the flow of 4He the cryostat quickly warms up. The 4He dewer
change process is outlined below. This limitation could be mitigated by using a larger
dewer or introducing an internal 4He reservoir that can be refilled without effecting
the flow of 4He. Such a system for example is used in the Sionludi dilution refrigerator.

4.2.2 Cool-down procedure
The temperature of the cryostat is monitored by five calibrated resistors, positioned
at the 80K stage, 4K stage, 3He charcoal pump, 1 K pot, and sample stage. The
resistances are measured by MMR3, a device designed and built at Institut Néel,
and a National Instruments fast voltage card. The respective temperatures are deter-
mined automatically through iMacRTa and LabView respectively. The temperatures
are recorded by LabView and presented as a real time plot. Heating of the sample
stage and 3He charcoal sorption pump is achieved by MGC3 a PID device that was
also designed and built at Institut Néel. MGC3 is controlled by iMacRT.

As mentioned above cooling down is a manual process which requires delicate and
timed adjustments of the valves. I was the first PhD student to carry out systematic
and extensive measurements on this 3He cryostat prototype. Over the many cool-
downs I have tuned the processes to optimise the cool-down time and admittedly
bonded to my dear Le Fridge. To aid future users of Le Fridge I have detailed a
description of my optimal cool-down procedure.

1. Pump the cryostat chamber for around 30 minutes such that the pressure is
bellow 4×10−2 mBar. Extended pumping time is important to degas the internal
surfaces of the cryostat.

2. Introduce 20 mBar of 4He exchange gas into the cryostat vacuum chamber and
pump until a pressure of 8×10−2 mBar to have a first rinse of the vacuum
chamber.

3. Reintroduce 20 mBar of 4He exchange gas and pump until a pressure of 0.24
mBar.

4. Close the cryostat pumping valve.

5. Ensure all valves of the 4He circulation line are fully open. Valves are labeled in
Figure 4.1(a). Introduce the transfer line first into 4He bottle then into cryostat.
Ensure to maintain a pressure of at least 250 mBar in the bottle after completion
of the introduction of the dip-stick. If needed the dewer pressure can be increased
using the compressor.

6. When 4 K shield reaches 100 K turn shield valve to 1/4 open.

7. When charcoal reaches 150 K turn charcoal valve to 1/4 open.

8. When the 80 K and 4 K shields are below 100 K and 50 K respectively the rate
of cooling of the sample stage slows. At this point the temperature of the 1 K
pot dictates the sample stage temperature. To increase the 4He flow to the 1 K
pot the shield and charcoal valves should be reduced to 1/8 open.

aA hardware and software package developed at Institut Néel.
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9. The reduced flow through the shield valve (as it is 1/8 open) reduces the total
draw of 4He from the reservoir into the cryostat. This reduced flow can reduce
the cooling rate of the 1 K pot. To increase the cooling rate one can increase
the flow of 4He through the crostat by opening the shield valve for one minute
and then re-closing to 1/8 open. This draws 4He into the distribution chamber
where it is forced through the 1 K pot.

10. Another tactic to increase the cooling rate of the 1 K pot is to turn on 1 K pot
pump. I try to do this once the 1 K pot and sample stage is below 150 K. It is
important that the temperature of the 1 K pot does not decrease too rapidly
ahead of the sample stage temperature. If the temperature difference between
the 1 K pot and sample stage is too great the cooling rate of the sample stage
slows.

11. When charcoal approaches 40 K open charcoal valve to minimum to maintain
charcoal above 40 K to prevent 3He adsorption at this point; when the sample
stage is too hot. It maybe necessary to use MGC3 to heat the charcoal container
to maintain the temperature above 40 K.

12. When the 4 K shield approaches 30 K open shield valve to a minimum to
maintain 4 K shield around 30 K.

13. When sample stage reaches near 30 K open shield valve to 1/4 open.

14. When 1 K pot reaches 2 K close the 1 K pot valve so the 4He vapour pressure
can be reduced. Note that the high temperature of the sample stage during the
cool down will cause the 4He of the 1 K pot to evaporate quickly. It is important
to refill the 1 K pot as quickly as possible. Refilling is achieved by opening 1 K
pot valve by 1/4 for 5 s and then re-closing the valve.

15. The 1 K pot should be kept stable around 1.2 K to ensure the condensation of
3He which drips down into 3He pot as it condenses at temperatures below 3.19
K.

16. Throughout the cool-down the pressure of the 4He bottle must be at least 200
mBar.

17. Now one must wait until the sample stage stablilises below 2 K. Once below 2 K
the sorption pumping of 3He can be started. To start the 3He pumping cycle the
3He charcoal must be cooled to 4 K. This is achieved by turning off the heating
element, if used, and opening the charcoal valve to 1/2 of a turn.

18. Once the sample stage’s temperature has stabilised at its minimum (350 - 450
mK), introduce the pressure regulator on the 4He bottle and adjust the shield
and charcoal valves to maintain a stable temperature of around 4.2 K for the 4 K
shield and 3He charcoal. I set the pressure valve to 40 mBar and the shield and
charcoal valves to around 1/5 of a turn. Adjustment should be made according
to the respective stage temperatures, fluctuations of the 4 K shield and the 3He
charcoal temperature of around 0.1 K are okay.

Figure 4.3 shows the temperature evolution of the sample stage with respect to
time during a cool-down using the procedure outlined above.
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4.2.3 Reducing cool-down time: Exchange Gas
To reduce cool-down time, we introduce 4He gas into the chamber after pumping the
cryostat and before inserting the 4He transfer line. The reasoning is that the 4He gas
acts as an exchange gas improving the thermal coupling between the sample stage
and the shields which receive the largest 4He flux. This increases the cool-down rate
of the sample stage as it does not rely solely on the thermal conductivity of the 3He
through the cold finger.

The 4He exchange gas looses its thermal conductivity as its temperature decreases.
To remove the 4He gas at low temperature, we introduced charcoal that is thermally
coupled to the sample stage. Once the sample stage reaches 40 K, the charcoal starts
to adsorb the exchange gas. This charcoal should not confused with the activated
charcoal of 3He sorption pump. The 4He charcoal is fixed underneath the sample
stage to which it is thermally coupled through a copper bracket (see Figure 4.4).

Redesigning the copper bracket

Upon my arrival in the lab there were issues with the cool-down of the fridge. We
were unable to reach sub-Kelvin temperatures after 3He condensation. The suspected
culprit was the copper bracket holding the 4He charcoal, which was touching the 4 K
shield. To alleviate this issue, I redesigned the copper bracket to have an arm which
couples thermally to the cold finger and bends downwards at an angle to avoid contact
with the 4 K shield. After the installation of the redesigned bracket, shown in Figure
4.4, cool-downs were successful and I was able to reach a base temperature of 380-400
mK.

4.2.4 Stabilising 4He flow
As discussed above, a 100 L 4He dewer taken from the liquifier is the 4He reservoir
of the table-top cryostat. The 4He flow rate into the cryostat is not only dependent
on the open area of the valves controlled by knobs labeled in Figure 4.1 (a), but
also dependent on the internal pressure of the dewer. Even without disturbance, the
pressure of the dewer increases overtime as 4He evaporates. To ensure optimal running
of the cryostat and prevent the waste of 4He, it is important that the 4He flow rate
is controlled. Too large, the 4He flux and ice begins to build up around the external
piping. Though in reasonable quantities it does not damage the system, it does block
the manipulation of the valves and is a waste of 4He. Too little the flux and the fridge
will warm up.

To regulate the pressure of the cryostat, I make use of a pressure valve. Figure
4.5 shows a picture of the pressure valve in action. By manipulating the knob, the
pressure at which the valve opens and 4He gas is released to the recuperation line is
set. I set a pressure of 40 mBar.

Using this pressure regulating technique, I have successfully kept the fridge cold
overnight (approximately 12 hours). Predictably, after this time the 3He has com-
pletely evaporated and the 1 K pot is empty of 4He. Indeed, in the morning recon-
densation of 3He is required. However, this procedure, of about half an hour, is much
shorter than a full cool-down that would be otherwise required.
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Figure 4.1 – Photos of the 3He Table-top cryostat (a) The internals of the cryostat
without the shields, the sample stage or outer vacuum seal with important internal
components labeled. (b) In place in the laboratory. The valves used to manipulate the
4He flow rate as well as other components are labeled.
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Figure 4.2 – Simplified schematic of the internal circuitry of the 3He Table-top
cryostat. The 4He line is is depicted in blue. Whereas, the 3He line is depicted in
orange. The 80 K shield and 4 K shield are depicted in red and green, respectively.
The sample stage and cold finger are depicted in purple. In this schematic the 3He
pot is labeled as the 3He reservoir. The 3He Figure taken from Ref. [114].
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Figure 4.3 – Sample stage temperature versus time for an optimal cooldown.
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Figure 4.4 – Copper bracket encapsulating the charcoal sample.

Figure 4.5 – Pressure valve used to stabilise the 4He flux.
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4.3 Measurement Set-up

4.3.1 Electronic measurements
To investigate the transport properties of the Al-Ge-Al and Al-Ge/Si-Al core/shell
nanowire heterostructures, two electrical measurement techniques were employed:
voltage biasing (V-bias) and current biasing (I-bias). The two measurement tech-
niques were employed in the same electrical set-up, which is shown schematically in
Figure 4.6. The grey box with a red border, labeled measurement circuit, represents
the electrical circuit used to carry out V-bias or I-bias measurements. As shown in
Figure 4.6 the voltage source and voltmeter was a National Instruments (NI) PCI
DAC/ADC high frequency card which has a range of ±10 V. The NI voltage card is
connected to the PC, where the DAC/ADC is installed, by a 68-pin I/O connector.
The gate voltage VG is provided by a Yokogawa programmable voltage source. BNC
cables make all the room temperature electrical connections. The measurement circuit
and the VG source are connected to channels of the switch-box. The channels of the
switch-box are connected to a Π-filter, which is connected to Le Fridge, through a
12-pin Jaeger connector. The switch-box enables each channel to switched between
the ground and signal. This feature is exploited to prevent electrical discharge when
installing the sample, see Section 4.5 for details.

In Figure 4.6 the red dashed line represents the boundary of the cryostat. This
outer-shield provides the vacuum seal of the cryostat. As such, the remaining stages
of the cryostat share the same pressure. The internal fridge wiring is well thermalised
at the 80 K, 4 K stages and at the 1 K pot. The wiring is then connected to the
copper box which houses the sample and thermocoax via pin connectors.
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Figure 4.6 – Schematic of the measurement set-up which includes the fridge
wiring which connects to the thermocoax that connects to the sample through micro-
bonds within the copper box. The fridge wiring is thermalised to the stages of the
fridge. At room temperature a π-filter with Jaeger connectors is used before entering
the fridge. The switch-box is connected to the π-filter through a short lead with Jaeger
connectors. The gate voltage VG source is a Yokogawa programmable voltage source
which is connected to line 1 of the switch-box through a BNC cable. The Yokogawa
is connected to the PC through GPIB. The measurement circuit is connected to
line 2 and line 3 of the switch-box through BNC cables. The measurement circuit
used depends on whether voltage biasing or current biasing is employed. In both
measurement cases, the voltage source and voltmeter is the NI instruments voltage
card, which is connected to the PC by a 68-pin I/O connector that connects to a
digital acquisition card installed in the PC.
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Voltage biasing

Figure 4.7 – Circuit diagram of the voltage biasing measurement circuit.

To carry out voltage biasing measurements, the sample is biased by applying a
voltage source to one terminal and grounding the second terminal through a current
amplifier, see Figure 4.7. At room temperature the applied voltage was scaled down
by 1000 using an in-house built voltage divider of 50 Ω/ 50kΩ providing a final V-
bias range of ±10 mV. The current that passes through the device is collected by
the current amplifier and converted into a measurable voltage. The measured voltage
is correlated to the current by Vout ∼ Gamp ∗ Iout, where Gamp is the gain of the
amplifier. The voltage is measured using the same National Instruments card as the
voltage source. The current amplifier used was a Femto variable gain transimpedance
amplifier (DCPCA-200)b.

This voltage biasing architecture provides reliable results when the resistance of the
sample (Rsample) is much larger than the resistance of the amplifier (Ramp � Rsample).
This condition ensures that the current circulates in the amplifier and the voltage bias
across the sample is well defined. The maximum gain of Gamp = 109 (Ramp = 10kΩ)
was only used at very low conductances (Rsample & 1MΩ). The gain of Gamp = 107,
(Ramp = 150Ω) was used for the more conductive regions (1kΩ < Rsample < 10kΩ).
Further, Rsample � 50Ω is required to ensure the voltage divider is working as rated.
Given that the minimum normal resistance that we will measure is RN ≈ 2.2 kΩ, we
estimate a voltage bias error of 3 % for a source bias of 1 V.

bMore details can be found at www.femto.de

92 Link back to ToC →



4.3 Measurement Set-up

Current Biasing

Figure 4.8 – Circuit diagram of the current biasing measurement circuit.

In the case of current biasing measurements, a voltage signal is applied to a polar-
ising resistance (Rpolarising) of 10 MΩ, which defines the current through the circuit,
see Figure 4.8. The current is applied to the sample which is grounded at one end. To
ensure the current is fixed and well defined, the polarising resistance must be chosen
such that Rpolarising � Rsample.

In the two-probe configuration, the voltage drop across the sample is determined
by measuring the voltage at the input of the cryostat. To increase the voltage signal
amplitude two differential amplifiers, each of gain 100, were used in series.

The voltage signal was provided and measured by the same National Instruments
card as the voltage biasing measurements. The differential amplifiers were NF Elec-
tronic Instruments low noise preamplifers (LI-75A) and have an input impedance of
Ramp = 100MΩ. To ensure the applied current reaches the sample, it is necessary
that Ramp � Rsample.

It is clear that the suitability of the two aforementioned measuring techniques
depends on the resistance/conductance of the sample. The high tuneability of our
devices, as will be demonstrated in the results chapter, requires both measuring tech-
niques to investigate the transport properties of Al-Ge-Al and Al-Ge/Si-Al core/shell
nanowire heterostructures over their full characteristic range.

In this thesis when discussing measurements and results, we use the symbols, VG
to define the back-gate voltage, VD to define the applied bias voltage or measured
voltage across the sample and ID to define the applied bias current or measured
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current through the sample.

4.3.2 Thermalisation & Filtering
When measuring devices at low temperature, it is necessary to consider the temper-
ature of electrons that traverse the sample. Even if the sample is well thermalised at
the base temperature, "hot" electrons coming from outside the cryostat can not only
heat up the sample but increase the noise level of the measurements. There are two
dominant mechanisms through which electron cooling occurs; the diffusion of electrons
through the leads and electron-phonon couplig [115]. The large size of the leads and
wiring means that they can be considered as thermal reservoirs where hot electrons
can thermalise with the system. Therefore, it is important to reduce the temperature
of the thermal reservoirs by well thermalising the electronic wiring to the cold stages
of the cryostat.

In Le Fridge, the electronic wiring is thermalised to the 80 K, 4 K stages and 1
K pot. The wiring is thermalised to the sample stage through the thermocoax and
sample holder, see discussion below.

Unfortunately, electron-phonon coupling is strongly diminished at low tempera-
ture, reducing the effectiveness of electron thermalisation. As a result, in most ex-
periments, the electron temperature is greater than the base temperature. It was not
possible to estimate the electron temperature in our set-up.

Outlined by many articles on experimental investigations of transport in mesocopic
and nanoscopic devices, it is critical to filter out parasitic electromagnetic radiation
which is a major source of measurement noise. In our measurement set-up, we em-
ployed a room temperature π-filter and approximately 1 m of thermocoax for noise
filtering. The thermocoax, with an outer grounded conductor of 1 mm in diameter,
contains two conductive lines insulated from each other by aluminum oxide powder.
Before measurements of nanowire heterostructures with ultra-short Ge segments, I
realised a sample holder using a copper box fabricated by the workshop at Institut
Néel. Figure 4.9 shows the finished sample holder positioned in the fridge. Three 1 m
cables of thermocoax are wrapped around the copper box. The internal conductive
lines are soldered to small boards; one next to where the sample is glued, inside the
box and one to the outside side of the box. The side board is used to electrically
couple, through soldering, the thermocoax to copper leads. The leads are soldered
to pin connectors that connect to the fridge wiring. The Au/Ti contact pads of the
device and the back-gate are micro-bonded to the internal sample board using Al wire
with a diameter of 25µm. The goal of the copper sample holder is that the sample is
enclosed in a small box in which all entrances are thoroughly filtered by thermocoax.
This prevents electromagnetic noise from tens of MHz to several hundreds of GHz to
enter inside the sample holder and affect the transport properties of the device.
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Figure 4.9 – Copper box sample holder

4.4 Performing Measurements & Data Processing

4.4.1 LabView Measurement Program
The measurement set-up was controlled by a Windows computer using a LabView
program first built by Roman B. G. Kramer, a researcher of the QuantECA team. I
modified this program to be more suitable for our needs. On the front panel of the
LabView program, shown in Figure 4.10, the measurement parameters are set.

The adjustable measurement parameters that concern the sample bias and mea-
surement include: the voltage source amplitude (V), the offset voltage (V), the mag-
nitude of the voltage divider (1000 for V-bias measurements) and the gain of the
current amplifier. The gate voltage VG parameters can also be set which include the
VG source range, the starting VG, the VG span, and the number of VG measurement
slices. The waiting time after VG has shifted and before I-V measurement can also be
adjusted.

The first modification I made to the LabView program was to force the Yokogawa
gate voltage source to increase the voltage amplitude from 0 V to the starting VG of
the measurement in intermediate VG steps. The LabView program also forces the gate
voltage source to decrease in voltage amplitude, from the final VG of the measurement
to 0 V, in intermediate VG steps. These procedures were introduced to prevent a sharp
change in VG destroying the sample.

The other modification of the LabView program was to introduce an averaging
method. I introduced two different averaging methods with the goal of reducing the
measurement noise. The first method uses a LabView Virtual Instrument (VI) called
Decimate single shot VI. The averaging occurs after the voltage source has been been
swept and the voltage response measured by the NI voltage card. The measured data
object is an array that is inputted into the Decimate single shot VI. The VI reduces
the number of samples from the initial sample number by a factor of decimation and
outputs a new array with reduced sample points. The sample points of the reduced ar-
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Figure 4.10 – Screen grab of the front panel of LabView measurement program.
Here the user can input measurement parameters

ray are calculated by averaging the sample points of the input array over the decimate
interval (dt) which is equivalent to the factor of decimation. The factor of decima-
tion and thus the decimate interval is determined by dt = samples/sub-samples. The
number of sample and sub-samples can be adjusted on the front panel of the measure-
ment LabView program. The sampling rate, the frequency at which data points are
measured can also be adjusted on the front panel. It is neccessary that the number
of samples is larger than the rate of sampling otherwise experimental artifacts are
observed.

The second averaging method uses standard averaging techniques. Instead of
sweeping the voltage source, the voltage source is fixed at each discrete voltage bias.
The voltage biases are defined by the bias range and the number of samples. At each
fixed voltage bias, the voltage is measured m number of times by the NI voltage
card and then averaged by the LabView program. The averaged data point is then
recorded by the program and the voltage source moves to the next voltage bias and
measurements recommence. This process continues until the end of the voltage bias
range. The number of averaged measurements is defined by the sub-samples input on
the front panel of the measurement LabView program.

For both averaging methods, the data after the averaging processes goes through
a Savitzky Golay filter. The smoothed data and its numerical derivative produced by
the Savitzky Golay filter are exported as .dat files. The raw data before the filter is
also exported as a .dat file.

The two aforementioned averaging methods were used depending on the goal of
the measurement and time constraints. The second averaging method though more
effective in reducing noise and measuring delicate transport features is considerably
time intensive compared to the first averaging method. If the measurement focused
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on a small VG range and required high precision then the second method was used,
otherwise the first method was used.

4.4.2 Measurement Feedback

Figure 4.11 – Graphical User Interface (GUI) produced by the python script
’diamonds.py’ showing a density plot of ID(VG with VG and VD slices plotted to the
right and top, respectively. A user can click on the density plot to select VG and VD
slices.

To provide immediate measurement feedback, I developed a python script that
enables a user to easily view, in the case of voltage biasing measurements, the density
plots of the measured current ID and numerical differential conductance G versus VD
and VG.

Figure 4.11 shows the graphical user interface (GUI) of the measured current. By
clicking on the density plot the user can select a (VG,VD) coordinate. The program
uses this coordinate to plot VG and VD slices to the right and top, respectively.
The user can select different coordinates freely. The GUI also provides the standard
functionality of a matplotlib plot such as saving the figure, changing the colorbar
scale, zoom, pan and more. The same functionality works in the conductance GUI.
This python script also works for current biasing measurements. Further details on
how to run the python script can be found in Appendix B.

4.4.3 Data Correction
The measurements carried out in Le Fridge were 2-probe measurements. As such
one must take into account the resistance of the wiring of the 3He set-up, Rfridge =
390 Ω, before analysing the measurement data. The finite resistance of the fridge
wiring causes a finite voltage drop across the fridge wiring. Therefore, for V-bias
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measurements, the applied voltage is not equal to the true voltage bias across the
sample VD. Whereas, for I-bias measurements the measured voltage is not equal to
the true voltage drop across the sample VD.

To correct the measured data, I adjusted the voltage response of I-bias measure-
ments and the applied voltage of V-bias measurements. Further, I corrected the data
to remove the zero-bias offset associated with the voltage source and the current off-
set associated with the current amplifier. By making these adjustments, I ensured
that the voltages discussed in these measurements is the true voltage drop across the
Al-Ge-Al nanowire heterostructures. Details of the procedure that I implemented are
discussed in Appendix B.

4.5 Sample Installation

The fragility of the Al-Ge-Al and Al-Ge/Si-Al nanowire heterostructures that were
measured during this thesis necessitates considerable care when installing them into
the 3He cryostat. Firstly, the sample must be carefully fixed to the sample holder
while maintaining electrical isolation between the highly doped silicon wafer and the
sample box. Secondly, due to the sensitivity of the device to static discharge a care-
ful bonding routine must be followed. Finally, care should be taken when installing,
the sample holder and sample into the cryostat. To ensure successful sample installa-
tion we developed a detailed routine which is described below in three stages: Fixing
sample to sample box, Bonding sample and Installation of the sample in the fridge.
To help explain the routine, Figure 4.12 shows the circuit diagram of the switch-
box and shortening-link used to mitigate electrical discharge. The implementation of
this procedure resulted in a sample installation success rate of approximately 90 %.
Throughout my thesis I successfully installed and measured five Ge nanowire devices.

Fixing sample to sample box

— Glue a piece of cigarette paper to the sample holder using resist and glue the
sample onto cigarette paper using the same resist. The cigarette paper is used
to electrically isolate the highly doped silicon wafer, which will be polarised by
the gate voltage, from the copper sample holder.

— Wait for 2 h for the resist to dry. One can use microscope lamp to speed up the
process.

Bonding Sample

— Wear antistatic wrist strap connected to the ground of the micro-bonder.

— Link the ground of the portable switch-box and the work-holder to the ground
of the bonding machine.

— Connect the switch-box to the sample using connector 1.

— Put in resistors (1 MΩ) to all used lines of the switch-box and switch to signal.

— First bond the back-gate.

— Second bond Ti/Au pads that contact the Al leads.
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— Switch the lines to ground using the switch-box.

— Insert shortening links to connector 2.

— Attached copper box lid.

— Disconnect the sample from the switch-box.

Installation of the sample in the fridge

— Wear antistatic wrist strap connected to the fridge.

— Do not use plastic gloves.

— Put in resistors to all used lines of switch-box installed in set-up and switch to
signal.

— Mount the sample holder to the fridge and connect cables to connector 1 of the
sample.

— Switch all used lines to ground.

— Remove shortening-links.

— Wrap all open connections with Teflon-tape.

— Install the first (4K) shield to the fridge.

— Start the measurement program.

— Remove the resistors from the switch-box.

— Connect the cables of the measurement systems to the switch-box.

— Switch all used lines to signal.

— Run the measurement program to check the device.

— Ground device before cool-down.

— Always wear antistatic wrist strap before touching the fridge or the switch-box.

— Ground switch box before disconnecting or connecting the cables.
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Figure 4.12 – Circuit diagram of the connections between the switch-box and
sample holder connectors. The switch box has switches, circled in blue, that allow
one to switch the input line between terminating through a short or a resistance of 1
MΩ. The lines of the switch box are connected to the switch box. The switch box is
grounded to the bonding machine during bonding.
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Chapter 5 Transport properties of Al-Ge-Al Nanowire
heterostructures

This chapter provides a detailed discussion of the transport properties of mono-
lithic Al-Ge-Al nanowire heterostructures. The exceptional quality of these novel NW
devices, highlighted in Chapter 3, motivates a detailed investigation of their transport
properties. The goal of this investigation is to examine and understand the transport
properties of these devices, while accessing their potential as quantum devices or
systems of interest for further experimental measurements.

The chapter will begin by the introduction of the Schottky barrier, a potential
barrier that forms at metal-semiconductor interfaces. The Schottky barrier plays an
important role in explaining the experimental transport results of the Al-Ge-Al NW
devices. We will show that the back-to-back Schottky barriers are key for the for-
mation of a quantum dot at low temperatures. We will then present the electrical
characterization of Al-Ge-Al NW heterostructures from room temperature down to 4
K. These measurements were carried out by our collaborators in Vienna.

The following sections, will focus on the low temperature transport properties,
down to 350 mK, based on measurements that were carried out at Insitut Néel. We
will show that at low temperature, the Al-Ge-Al NW heterostructures can be tuned
from a completely insulating regime, through a low conductive regime that exhibits
properties of a single-hole filling quantum dot, to a supercurrent regime resembling a
Josephson field effect transistor. We will describe in detail the properties of the three
major transport regimes: the Coulomb blockade regime, the supercurrent regime and
the intermediate regime.

5.1 Al-Ge-Al heterojunction: A back-to-back Schottky diode

The existence of a potential barrier at a metal-semiconducting contact was first re-
ported by Schottky, Strömer and Waibel in 1931 [116]. They observed that the en-
tire potential drop across a metal-semiconducting junction occurred at the interface.
The rectifying behaviour observed in previous metal-semiconducting contacts was ex-
plained by Schottky and Mott independently in 1938 to be due to electron passing over
the barrier through drift or diffusion, rather than quantum tunnelling which predicted
current flowing in the opposite direction.

Schottky’s significant involvement in the investigation of potential barriers at
metal-semiconducting interfaces has resulted in the term Schottky barrier being used
indiscriminately to describe most barriers at metal-semiconductor interfaces, indepen-
dent of their cause.

To improve my understanding of the Schottky barrier at the Al-Ge interface, I
have made particular use of Metal-semiconducting Contacts by Rhoderick [116] and
the Master thesis of Raphael Böckle [117]. Böckle, under the supervision of Masiar
Sistani, investigated the Al-Ge Schottky barrier in detail. This work has provided
further insight into the band structure of our Al-Ge-Al nanowire heterostructures.

5.1.1 Schottky-Mott rule
To explain the potential barrier at the interface, Mott (1938) proposed that the barrier
forms due to the necessary compensation of the difference between the work functions
of the metal and the semiconductor. He suggested that the barrier region had no
charged impurities as such the electric field was constant [118].
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Mott’s proposition enabled one to estimate the barrier height based on the dif-
ference between the respective work functions. This prediction for an ideal junction
became to be known as the Schottky-Mott rule of barrier formation and is based on
the following assumptions:

— The metal-semiconducting contact is ideal and intimate with no intermediary
layers such as an oxide.

— There is no interdiffusion of the metal and semiconductor and no mixing of
electronic states.

— There are no impurities at the interface.

Figure 5.1 shows schematically the Schottky barrier formation in the band diagram
formalism. The neutral and isolated crystals are depicted on the left side of Figure
5.1, with the metal work function (ϕm), electron affinity (χ) and semiconductor work
function labelled (ϕS). Isolated, the metal and semiconductor have differing Fermi
energies, which must be equilibrated when in contact. To achieve equilibrium excess
charge must flow between the metal and the semiconductor. The lowering (n-type)
and raising (p-type) of EF to achieve equilibrium induces a respective shifting of the
semiconducting bands to maintain a constant electron affinity which is an intrinsic
constant of the semiconductor. However, this band shift results in a discontinuity of
the resting energy of a particle in the vacuum at the surface of the solid Evac, which
is not physically possible. To compensate, the bands must bend upwards (n-type) or
downwards (p-type) to achieve Evac continuity while maintaining a constant electron
affinity, thus resulting in a parabolic potential, see right side of Figure 5.1. The contact
region with a parabolic potential are variously referred to as the barrier region, the
space-charge region, or the depletion region.

According to the Schottky-Mott rule the Schottky barrier height for electrons (Bn)
and holes (Bp) is given by

qϕBn = q(ϕm − χ) (5.1)

qϕBp = Egq(ϕm − χ), (5.2)

respectively. Here, Eg is the band gap energy. The difference in Evac between the
metal and semiconductor results in an internal potential difference (Vbi). It behaves
similarly to a threshold voltage and defines the minimum bias voltage required to
achieve a flat band in the semiconductor. In this ideal model Vbi is given by

Vbi = ϕm − ϕs. (5.3)

Experimental investigations of a diverse range of semiconductors revealed that the
barrier height was generally independent of the metalâĂŹs work function, exposing
the inaccuracy of the Schottky-Mott rule. On the other hand, Schottky (1939) sug-
gested that the barrier contained a high density of charged impurities which resulted
in a linearly increasing electric field. Therefore a quadratically increasing potential
in accordance with PoissonâĂŹs equation, contrary to the linearly increasing poten-
tial proposed by Mott. Though impurities have a significant effect on barrier height
measurements on high purity devices also revealed discrepancies.
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Figure 5.1 – Band diagrams depicting the formation of a Schottky barrier at an
ideal metal-semiconductor contact using the Schottky-Mott rule. (a) & (c) show the
band diagrams of the isolated metal and n-type & p-type semiconductors, respectively.
Whereas (b) & (d) show the band diagrams when the metal-semiconducting contact is
made for n-type & p-type semiconductors, respectively. (b) & (d) reveal the respective
band bending.

Bardeen explained the discrepancy of the Schottky-Mott rule in 1947 as resulting
from surface states which effectively screened the interior of the semiconductor from
the metal and compensating for the contact potential difference. Given a large density
of surface states, the Schottky barrier would be effectively independent of the metal
work function. To understand their effect on the metal-semiconductor contact barrier,
we will first introduce surface states.

5.1.2 Surface States
Surface states predicted by Tamm and Shockley in the 1930s [119] are a natural
consequence of the finite dimensions of crystals. The crystal edge (surface) interrupts
the perfect periodicity of an infinite crystal lattice. This interruption breaks down the
model of a solid as an infinite Bravais lattice, which is a key assumption of BlochâĂŹs
theorem (Section 2.1.3). The reduced validity of Bloch’s theorem near the surface leads
to the possibility of electronic states existing within the semicoductor’s band-gap. In
fact, electrons inside the surface region have solutions to SchrödingerâĂŹs equation
with band-gap energies. However, the eigenstates have imaginary wavevector values,
which decay exponentially in space similar to wavevectors of tunnelling charges. As
such, in a perfect but finite semiconductor, these states are localised near the surface
and do not affect the band structure of the bulk.

In accordance with maintaining a constant density of states (DOS), the âĂĲnewâĂİ
surface states are made up of wave functions that would otherwise constitute the va-
lence and conduction band states of an infinite crystal, as such the DOS in these bands
are diminished near the surface. It can be considered that the surface states form their
own band structure; a detailed three-dimensional treatment of surface states revealed
the formation of a two-dimensional band with a continuous range of energy states
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which can overlap the valence and conduction bands [120].
The filling of these surface states with electrons defines the net charge of the

surface. The charge neutral level (CNL), defines the energy level qϕ0 to which surface
states must be filled for the surface to be neutral. The CNL helps to determine the
charge on the surface: If states are filled with electrons above qϕ0 then the surface
is negatively charged (acceptor type), whereas if states are filled below qϕ0 then the
surface is positively charged (donor type).

Surface charges have a significant effect on the local band structure. If the surface
charges fill the surface states above or below the CNL then the charged surface will
express an electric field, which will induce local band bending. If the surface charge is
negative, then the bands will bend upwards, thus reducing the electron concentration
at the surface compared to the bulk. On the other hand, if the surface charge is posi-
tive, then the bands will bend downwards, thus increasing the electron concentration
at the surface compared to the bulk. In the case of very large density of surface states
such bending dominates the semiconductorâĂŹs band structure profile at the surface,
which effectively pins EF close to the CNL. This results in the metal-semiconducting
Schottky barrier strength being nearly independent of the metal.

In the case of a metal contact, the filling of the surface states occurs up to the
Fermi level of the metal, which, as described above, must be aligned with EF of the
semiconductor, see Figure 5.2. As without the contact, the filling with respect to
the CNL determines the charge of the surface states. To maintain electrical neutrality
between the metal and semiconductor, the positive charge of the semiconductor donors
(Qd) must compensate for the additional charge of the surface (Qss). For instance, in
Figure 5.2, the CNL is higher than EF resulting in a net positive surface charge, thus
Qd must be reduced. This is achieved by reducing the width of the depletion region,
which reduces the amount of band bending that would otherwise occur, decreasing
the barrier height. This has an overall effect of pushing qϕ0 towards EF.

Figure 5.2 – Band diagrams depicting the effect of surface states on the formation
of a Schottky barrier resulting in Fermi level pinning.

In the opposite case, if EF is above qϕ0 then the negative Qss must be compensated
by an increase in (Qd), which is achieved by increasing the depletion width. This leads
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to greater band bending as qϕ0 is pulled up towards EF, resulting in a larger barrier
height than without surface states.

5.1.3 Charge transport through a Schottky barrier

We can now consider the Schottky barrierâĂŹs effect on charge transport through
a junction. First, we will consider the transport across a single metal-semiconductor
junction where a Schottky barrier of height φBn has formed. There are multiple ways
charge can be transported across a Schottky barrier. Figure 5.3 shows schematically
the different transport mechanisms which are labelled by integers from (1) to (4). At
room temperature the principle mechanism of transport is thermionic emission, la-
belled by (1). Introduced theoretically by Bethe in 1942, thermionic emission current
is produced by thermal fluctuation which makes the electrons passing over the Schot-
tky barrier and into the metal. Secondly, quantum mechanical charge carrier tunneling
contributes to the current, labelled (2). The tunneling rate is dependent on the width
(a) and height (φBn) of the barrier, which can be expressed in terms of transmission
probability by T ∝ e−aφBn . Though of less significance, electron-hole recombination
(3) and diffusion (4) also contribute to the current across a metal-semiconductor junc-
tion.

Figure 5.3 – Schematic showing the possible transport mechanisms across a
Schottky barrier. Such as, thermionic emiision (1), tunneling (2), electron-hole recom-
bination (3) and diffusion (4).

Experimentally, it is difficult to distinguish between these different transport mech-
anism as only the total current is measured as a function of the bias voltage. However,
we can gain a general understanding of the current through a metal-semiconductor
interface by reviewing the expressions for current density J deduced from thermionic
emission theory:

J = J0e
qV /kBT − 1 (5.4)
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where J0 is defined as

J0 = A∗T 2e−q(ϕBn)/kBT , (5.5)

where A∗ is the Richardson constant and T is the temperature.
Inspecting the prefactor J0 given by Eq. 5.5 reveals that the current density de-

creases, hence the resistivity increases, with temperature. This can be understood in
terms of the energy of the charge carriers; as the temperature decreases, the reduced
thermal energy of the charge carriers reduces their chance of having sufficient energy
to overcome the Schottky barrier by thermionic emission, thus reducing the current
through the junction and increasing the resistivity.

Another consequence of the Schottky barrier is that it exhibits rectifying trans-
port characteristics. That is, current is more favourable under forward bias compared
to reverse bias. In Eq. 5.4 this directional dependence is represented by the current
density’ĂŹs exponential dependence on voltage bias V , resulting in highly non-linear
I-V curves which are asymmetric with respect to V . This directional dependence is
characteristic of rectifiers and gives metal-semiconductor contacts with Schottky bar-
riers the name of Schottky diodes. Figure 5.4 shows a typical I-V curve of a Schottky
diode. We can clearly see the characteristic features of the large potential barrier. An
exponential increase of current under forward bias and a suppression of current under
reverse bias resulting in a strong non-linear and asymmetric I-V curve. At sufficiently
large reverse bias junction breakdown occurs.

V

I

Forward
characteristic

Reverse
characteristic

Figure 5.4 – Schematic plot of the I-V characteristics of a Schottky diode.
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5.1.4 Modeling Al-Ge-Al as a back-to-back Schottky diode
From the introduction of the previous section, we can now consider Schottky barriers
in the context of Al-Ge interfaces and their influence on the transport properties of
Al-Ge-Al nanowire (NW) heterostructures. Figure 5.5 shows a characteristic ID-VD
curve, measured at 300 K with VG = 0 V by our collaborators in Vienna. Here the
Al-Ge-Al NW heterostructure has a Ge segment length of 550 nm fabricated using
the annealing process. Clearly, the curve is highly non-linear suggesting the influence
of a Schottky barriers on the NW transport properties. However, in combination with
the non-linearity the curve is symmetric with respect to VD. From the discussion
above we expect asymmetry for a single Schottky diode, whereas a symmetric non-
linear ID-VD curve is regularly associated with back-to-back Schottky diodes [121, 34].
This explanation is consistent with our Al-Ge-Al NWs if we consider that the two
Al-Ge interfaces form near identical back-to-back Schottky barriers as schematically
represented in inset of Figure 5.5.
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Figure 5.5 – Characteristic ID-VD curve of a Al-Ge-Al nanowire hetetrostructure
with a Ge segment length of 550 nm after the annealing process measured at room
temperature (T ≈ 300 K) and VG = 0 V. Figure taken from Ref. [39].

With evidence of back-to-back Schottky barriers we can begin to build a pre-
liminary band diagram of the device. Figure 5.6 shows a schematic of an Al-Ge-Al
nanowire heterostructure, below which an energy diagram reveals the band bending
expected for a Ge NW contacted by two Al leads. Fundamental to the band diagram
is the strong Fermi level pinning, which results in the valence band being pinned just
below the Fermi level of the Al leads. As discussed above, the Fermi level pinning is
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a consequence of surface states on the semiconductor. In the case of Ge, Thanailakis
and Northrop identified a density of surface states of 2× 1017 eV−1m−2 with a charge
neutral level (CNL) just 0.13 eV above the valence band [29]. Further investigations
of Ge endorsed the position of the CNL close to the valence band and the subsequent
strong Fermi level pinning of the Schottky barrier, which results in the dominance of
p-type transport in metal-Ge systems [93, 122].

Figure 5.6 – (a) Schematic of an Al-Ge-Al nanowire heterostructure implemented
into a back-gated field effect transistor (FET) with a band diagram (b) depicting the
back-to-back Schottky barriers associated with the two Al-Ge interfaces. The valence
band is pinned close to EF of the Al leads due to Fermi level pinning.
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5.1.5 Quantum dot formation
Interestingly and fundamental to this thesis, the band formation of the Al-Ge-Al
nanowire heterostructures, due to the back-to-back Schottky barriers over a very short
Ge segment, combined with the strong confinement, due to the ultra-small diameter
(25 nm), results in the formation of quantum dot (QD) devices. The integration of
these NW systems into a field effect transistor (FET) architecture enables the tuneing
of the QD size using a back-gate.

Figure 5.7 depicts schematically the increasing size of the QD, due to the evolution
of the valence band under more negative VG. The band bending occurs because the
Fermi level pinning forces EV to be pinned just below EF of the Al leads. As such
the whole valence band can not move above EF of Ge in a way that maintains a flat
band, as is usually depicted for bulk semiconductors. Therefore, to compensate for
the negative electrostatic field of the back gate, the Ge bands must bend away from
the back-gate forming a parabolic shape and pushing the parabola’s vertex above EF.
This band bending increases the volume of hole states above EF, thus increases the
size of the QD which explains the reducing EC as VG decreases.
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Figure 5.7 – Schematic of the QD formation in the Al-Ge-Al NW heterostructure

due to the band bending of the valence band EV resulting from the combination of
the negative electrostatic field of the back-gate and Fermi level pining. (a) At VG ≈
0 V there are no available states in the Ge as EV < EF, therefore blocking current,
pinch-off. (b) At VG ≈ -1.5 V, EV is bent just above EF forming a small QD and
providing hole states through which transport can occur. (c) As VG decreases the QD
becomes larger as the volume of hole states above EF increases. The large depletion
region formed by the Schottky barrier results in a very small tunnel rate and low
current. The band bending also effects the strength of the Schottky barrier. Increased
band bending reduces the width of the depletion region, reducing the strength of the
Schottky barrier, which in turn increases the tunnel rate and observed current.
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5.2 Transport properties at high temperature

5.2.1 Long vs short Ge segment lengths
As discussed in Section 2.2, the transport properties of a metallic system is also de-
pendent on its dimensions. The small diameter (≈ 25 nm) of the Ge NWs results in
significant radial confinement. Furthermore, the nature of the fabrication technique
allows one to tune the length of the Ge segment (LGe). Adjusting LGe has a consid-
erable effect on the transport properties of the device, some of which can be observed
at room temperature.

Figure 5.8 shows ID-VD curves of Al-Ge-Al devices with various Ge segment
lengths. The measurements were taken at room temperature with VG = 0 V by
our collaborators in Vienna. The plot reveals the significant effect LGe has on the
conductivity of the device, further emphasising the dominance of the Ge segment
on the transport properties of the device. As LGe becomes smaller, the strength of
the non-linearity of the ID-VD curve is reduced, becoming approximately linear for
LGe < 45nm. This reduction in non-linearity suggests a reduction in the strength of
the back-to-back Schottky barrier.

Figure 5.8 – ID-VD curves of Al-Ge-Al devices with a range of Ge segment
lengths at room temperature (T ≈ 300 K) with VG = 0 V. Right shows a zoom of the
ID-VD curves of the Al-Ge-Al devices with LGe < 45 n. Data taken from Ref. [39].

In accordance with Ohm’s law the resistance of the NWs decreases with decreasing
LGe. This behavior is clarified by Figure 5.9, which plots the resistance, calculated
from the ID-VD curves near zero-bias versus LGe. To account for variations in Ge NW
diameters effecting resistance, the calculated resistance is multiplied by the NW’s
cross-sectional area. Figure 5.9 reveals a near linear relationship between R and LGe,
consistent with Ohm’s law. However, notably, devices with LGe < 45 nm diverge from
this linear relationship converging to a fixed resistance independent of LGe. This pe-
culiarity, highlighted by the inset of Figure 5.9, is an indication of ballistic transport.
Ballistic transport occurs when the dimensions of a conductor are smaller than the
mean free path (`). Interestingly, the short devices converge to a resistance near the
quantum resistance RQ = h

2e2 = 12.9 kΩ. The concurrence of the converging resis-
tance and fundamental resistance quantum provides further evidence that the devices
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with ultra-short Ge segments are in the ballistic regime. As such, we approximate the
mean free path of our Ge NWs to be `Ge ≈ 45 nm.

provoke a distinct nonlinear I/V characteristic, the ohmic
behavior and higher conductivity for the passivated devices after
trap depletion indicates improved contact properties enabling
effective carrier injection (see the Supporting Information).
Two-terminal I/V measurements of passivated Al−Ge−Al

NW heterostructure devices with different Ge segment lengths,
shown in Figure 2a, revealed a clear transition from a nonlinear
behavior to an almost linear characteristic for devices with
channel lengths below LGe = 45 nm.
Essentially, one may assume that devices with Ge segment

lengths of LGe > 45 nm operate as back-gated Schottky barrier
FETs, with ID ∝ exp(eV/kT) due to two back-to-back Schottky
contacts, which is commonly addressed to explain nonlinear I/
V curves of semiconductor NW devices.38

Figure 2b shows further that the thereof calculated overall
resistance of longer devices is directly proportional to the Ge
segment length in accordance with Ohm’s law. In contrast,
heterostructure devices with Ge segment lengths below LGe =
45 nm reveal a linear I/V characteristic, with the resistance
being independent of the Ge segment length. Assuming a
square-well confining potential as well as periodic boundary
conditions for a Ge NW with a diameter of 25 nm, the current
from the continuous bands in the contact leads is redistributed

to a maximum of four conductance channels inside the Ge NW
(see the Supporting Information).39,40 According to Figure 2b,
we assume that under the given experimental conditions (VG =
0 V), we can only access one conductance channel. Thus,
Figure 2b actually illustrates the modification of the trans-
mission coefficient as a function of the channel length for the
first conductance channel. This is supported by the enlarged
view in the inset of Figure 2b, which shows that the resistance
of Al−Ge−Al NW heterostructures with ultrascaled Ge
channels is approaching the fundamental contact resistance of
RC = 12.9 kΩ, which is a first indication of ballistic transport.39

For thin Ge NWs with diameters of about 25 nm and, thus,
close to aGe, quantum confinement results in a band structure
being composed of multiple 1D sub-bands. According to the
schematic shown in Figure 3a with the NW axis being oriented
along the x-direction due to the quantum confinement in the
y−z direction, the respective dispersion relation E(k) for holes
of such a quantum wire provokes the corresponding
quantization of conductance,42,43 with each 1D sub-band
contributing a quantum unit of conductance of G0 = 2e2/h.41

Figure 3b shows the transient behavior of the measured
conductance of three Al−Ge−Al NW heterostructure devices
with Ge channel lengths of LGe = 15, 45, and 150 nm at VG =

Figure 2. (a) I/Vs of passivated Al−Ge−Al NW heterostructures with different Ge segment lengths integrated in back gated FET devices for VG = 0
V at ambient conditions and (b) thereof calculated resistance as a function of Ge segment length normalized with respect to the cross-section of the
NWs. The enlarged view depicts the resistance of the heterostructure devices with a Ge segment length smaller than LGe = 100 nm.

Figure 3. (a) Schematic illustration of the 1D dispersion relation E(k) and the corresponding density of states D(E) of an Al−Ge−Al NW
heterostructure with thin Ge NWs. The Fermi level as well as the expected G−VG characteristic for NWs with filled and depleted surface traps are
sketched. (b) Time-dependent G−VG behavior for Al−Ge−Al NW heterostructure devices with Ge segment lengths of LGe = 15 nm (blue), 45 nm
(green), and 150 nm (red) at ambient conditions. The upper left inset shows the G−VG characteristics recorded for different trap-filling levels of an
Al−Ge−Al NW heterostructure device with a 15 nm long Ge segment for VG = −15 V. Fast G−VG measurements were performed after the time
intervals given in the inset. The upper right inset shows the experimental G−VG behavior of Al−Ge−Al NW heterostructures with varying Ge
segment lengths with depleted traps. All measurement data were recorded for a bias of VD = 1 mV at T = 300 K in vacuum. The conductance was
directly obtained from the measured current G = ID/VD. The lower inset schematically depicts the discharging of traps due to an accumulation of
holes at negative VG.

Nano Letters Letter

DOI: 10.1021/acs.nanolett.7b00425
Nano Lett. 2017, 17, 4556−4561

4558

Figure 5.9 – Resistance, calculated from ID-VD curves of Figure 5.8 and
multiplied by the Ge NW’s cross sectional area, versus LGe. Inset shows a zoom of
actual resistance R versus LGe of devices with LGe < 100 nm. Figure taken from Ref.
[104].

Using this estimation of `Ge, we organise the Al-Ge-Al nanowire heterostructures
into two categories of short and long devices. We define long devices as Al-Ge-Al NWs
with Ge segment lengths of LGe � `Ge that are evidently in the diffusive transport
regime. Whereas short devices with Ge segment lengths of LGe . `Ge are thus at the
borderline between diffusive and ballistic transport or are completely ballistic.
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5.2.2 Temperature dependence on Al-Ge-Al transport (G-VG)
Temperature has a considerable effect on the physical properties of the germanium
NWs. Metallic systems experience a reduction in resistivity as temperature decreases.
This is owing to the electron’s increasing mean free path ` as electron-phonon coupling
is reduced by lowering the temperature. On the contrary, the resistivity of semicon-
ductors, including Ge, increases with temperature.

Figure 5.10 shows the resistivity ρ of Al-Ge-Al devices, measured by our collab-
orators in Vienna, with various Ge segment lengths LGe versus temperature T. The
resistivity of the Al-Ge-Al NWs increases as temperature decreases, contrary to the
resistivity of the c-Al NW device, a conductor, which is also plotted in Figure 5.10
(black line).

Figure 5.10 – Resistivity (ρ) versus temperature (T) of Al-Ge-Al devices with a
range of Ge segment lengths (LGe). The resistivity was calculated by taking a linear fit
of an ID-VD curve measured at VG = 0 V. Also plotted is ρ vs T for a fully exchanged
NW device (c-Al-NW).

Interestingly, the rate of increase in resistivity depends strongly on the Ge length
LGe. Devices near or within the ballistic limit (LGe < 45 nm) reveal little change in
resistivity, only experiencing a small increase at lower temperatures. Figure 5.11 high-
lights the change in resistivity of the short devices, showing the resistivity, normalised
by the resistivity at 300 K (ρ/ρ(300K)), in semilog and linear plots. For comparison,
the c-Al NW device is also plotted. It clearly shows the decrease in ρ as T decreases,
which is in stark contrast to even the shortest Al-Ge-Al device.

The increase in resistivity of the devices with long Ge segments is attributed to
semiconducting properties of the germanium. However, the increasing resistivity of
the devices with short Ge segments, which are in the ballistic regime, is understood
to be due to the Schottky barriers that define the Al-Ge contacts. As discussed in
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Section 5.1 the current density due to thermionic emission across a Schottky barrier,
defined by Eq. 5.5, decreases with decreasing temperature.
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Figure 5.11 – Normalised resistivity (ρ/ρ(300K)) versus temperature (T) of
selected Al-Ge-Al devices from Figure 5.10, highlighting the temperature evolution of
shorter devices. Upper Figure has a semilog scale whereas lower Figure has a linear
scale with the c-Al NW device plotted in black whose scale is on the right axis.

Beyond observing the characteristic change in resistivity, reducing the temperature
reveals physical features of mesoscopic systems that would be otherwise hidden by
thermal noise. More specifically one of the requirements to observe confinement effects
in a QD is to have a charging energy EC = e2/CΣ larger than the system’s thermal
energy kBT. We can make a rough estimate of EC of the QD and thus know the
maximum temperature at which quantised charge effects could be observed. Roughly
approximating the Ge NW segment to be a sphere of radius R = LGe/2 we can
estimate the total capacitance by C = 4πεrε0R, where εr is the dielectric constant of
the material [123], which we take as that of bulk germanium, 16.2. Considering an
Al-Ge-Al NW heterostructure with LGe = 250 nm; given an approximate charging
energy of EC ≈ 700µeV , one would require measurements below T = 8K to observe
transport features associated with charge quantisation such as Coulomb blockade.

Figure 5.12 shows the temperature dependent evolution of G-VG curves of Al-Ge-
Al devices; (a) in the diffusive limit (LGe = 250 nm) and (b) well within the ballistic
limit (LGe = 15 nm). Beyond decreasing conductivity and a shifting of the gate voltage
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response, features typical of semiconducting devices, little extra physics is revealed
in the diffusive device by the lower temperatures, down to 5 K. On the other hand,
the ballistic device reveals extra conductance features as the temperature decreases,
distinctly a feature at approximately 0.85G0, beyond the distinct conductance plateau
observed at 300 K. The causes of these features are beyond the scope of this thesis
and are briefly discussed in Ref. [104]. In addition, the slope and overall conductance
G-VG remains relatively constant with temperature, contrary to the diffusive device.
This independence with temperature combined with the clear conductance plateau
near G0 further reinforces that the device is in the ballistic limit.

Despite being below the temperature ceiling of 8 K, at which we expect to see
confinement effects, close inspection of the G-VG curves of both devices, down to 5
K, reveals a notable absence of Coulomb blockade effects such as conductance oscilla-
tions. The lack of conductance oscillations can be firstly associated with the relatively
high temperature of the measurement; 5 K is of the order of 8 K. Secondly, the mea-
surements presented here were carried out by our collaborators in a continuous flow
liquid 4He cryostat (Cryo Industries CRC-102) that was not designed for low noise
measurement of nanoscopic devices. As such the lack of sufficient wire thermalisation
and filtering could result in noise destroying the CB effects.
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Figure 5.12 – Characterisitc G-VG curves measured for VD = 1 mV over a range
of temperatures (T) of Al-Ge-Al devices with (a) long (LGe = 250 nm) and (b) short
(LGe = 15 nm) Ge segment lengths. Figure taken from Ref. [104].

In order to observe CB effects in the Al-Ge-Al nanowire heterostructure devices
it is necessary to improve the measurement set-up. Indeed, the anticipation of richer
physics and the possible observation of quantum transport by reducing the external
energy scales, in this case temperature kBT , improving thermalisation and filtering,
motivated our investigating of the Al-Ge-Al NW devices using our pumped 3He cryo-
stat. Given that the c-Al leads are transition metals, one would expect to see evidence
of superconductivity when reducing the temperature below the superconducting crit-
ical temperature TC of c-Al, further motivating measurements at sub-Kelvin temper-
atures.
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5.3 Transport Overview at 400 mK

The low temperature investigation of Al-Ge-Al nanowire heterostructures is the sig-
nificant focus of my thesis. In the following, we will discuss the transport properties
of Al-Ge-Al NWs with both long and short Ge segments measured using the pumped
He3 cryostat detailed in Chapter 4. In particular, for the long Ge device we will focus
our discussion on a device with a Ge segment length of LGe ≈ 162 nm, which is in the
diffusive regime. Whereas for the short Ge device we will consider two devices with
Ge segment lengths of LGe ≈ 40 nm, which is just within the ballistic regime.

The discussion will be organised into sections that reflect the different transport
regimes of the devices. We will begin by providing a transport overview of the devices.
Then we will discuss in the detail the different transport regimes, making comparisons
between the long and short devices where appropriate.

Investigations of long Ge devices involved measurements of multiple Al-Ge-Al NW
heterostrucutres with Ge segments lengths ranging from 100 nm to 800 nm. The
similar behavior of these devices permits us to represent their transport properties by
analysing a single long Ge device with a segment length of LGe ≈ 162 nm. This device
will be labeled Sample L1. Two short Ge devices with comparable Ge lengths of 42
nm and 37 nm were measured to investigate the transport properties of short devices.
The two samples will be labeled in the following sections as Sample S1 and Sample
S2, respectively. Samples S1 and S2 also behaved similarly to each other. Comparisons
between the short and long devices revealed both similarities and differences that will
be highlighted throughout the chapter.

Using a 2-probe configuration, outlined in Section 4.3, the current ID was measured
as a function of the back-gate voltage VG and source-drain bias voltage VD. Figure
5.13 shows the field effect on the conductance induced by the gate voltage for Sample
L1, a device with LGe = 162 nm (blue), and Sample S2 LGe = 37 nm (orange) for a bias
voltage, VD, of 0.5 mV and 1 mV at T = 350 mK and T = 400 mK, respectively. The
numerical differential conductance was obtained from the measured current according
to G = dID/dVD and is plotted in units of G0 = 2e2

h .
A characteristic of semiconducting devices is the ability to switch off the current

by tuneing the gate voltage such that the conductance band or, more applicable to
our devices, the valence band is pushed below the Fermi energy, see Figure 5.7 (a).
For Sample L1 the pinch-off gate voltage was estimated to be -1.5 V; this estimate
is based on additional measurements where it was observed that between VG = +5
V and -1.5 V the conductance is below the noise threshold of 10−5G0. On the other
hand the current pinch-off for the short devices was observed to be approximately
VG ≈ 0.274 V and measurements up to VG = + 5 V of both samples (S1 and S2)
revealed again the conductance below the noise threshold of 10−5G0, suggesting that
current is also completely blocked.

As the gate voltage decreases from the pinch-off region, peaks appear in the G-VG
curves. A zoom on this region depicted by the inset of Figure 5.13 reveals the nature
of these features. The oscillatory character of these conductance peaks combined with
them being separated by periods of near zero conductance suggests that they result
from the Coulomb blockade (CB) phenomenon (discussed in Section 2.3.4). With a
further decrease of the gate voltage, the conductance of the devices rises and the
periodic conductance peaks typical of CB, disappear.

The increase in conductance as VG becomes more negative is in clear agreement
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Figure 5.13 – Transport overview Conductance plotted in units of G0 as a
function of back-gate voltage (VG) of an Al-Ge-Al heterostructure with a Ge segment
of LGe ≈ 162 nm (blue) and LGe ≈ 37 nm (orange) for a bias voltage of 0.5 mV and 1
mV recorded at T = 350 mK and T = 400 mK, respectively. The inset shows a zoom
of the conductance features just after pinch-off (-5.0 V < VG < 0.5 V).

with the behavior of Al-Ge-Al devices at higher temperatures shown in Figure 5.12.
As such, we conclude that both short and long devices maintain their p-type semicon-
ductor behavior at cryogenic temperatures. Comparing the long and short devices, it
is notable that the conductance of the short Ge device diverges significantly from that
of the long Ge device as VG decreases. For instance, at VG = -20 V, G(LGe = 162
nm) is approximately half of G(LGe = 37 nm). This is likely due to Sample L1 being
in the diffusive regime.

Further insight into the general transport properties of the Al-Ge-Al devices can
be acquired by inspecting density plots, also referred to as colormaps, of G versus
VD and VG. Figure 5.14 shows the differential conductance (G), in units of quantum
conductance, versus bias voltage VD and VG of Samples S1 (a) and S2 (b) recorded at
T = 390 mK and 410 mK, respectively. The plots reveal that the two devices display
similar highly tuneable transport properties with four distinguishable regimes 1) a full
blockade regime for VG > 0.5 V, 2) a CB regime from the first hole to a few tens of
holes in the QD (-4.5 V < VG < 0.5 V), 3) an intermediate regime with various sub-
gap features (-15 V < VG < -4.5 V) and 4) a supercurrent regime at very negative
gate voltages. We also observe peaks in conductance due to Andreev reflections at
eV = 2∆/n, where n is the order of reflection (see Section 2.5.3).

To compare with the long Ge devices a density plot of Sample L1 is shown in
Figure 5.14 (c). Like the short Ge segment devices, after pinch-off, we observe Coulomb
blockade (CB) in the low conductance regime. As VG becomes more negative, the Ge
segment becomes more conductive. The CB features fade out and we begin to see
sub-gap transport. However, contrary to the short devices the sub-gap transport of
Sample L1 does not evolve into supercurrent, instead remaining suppressed compared

Link back to ToC → 117



Chapter 5 Transport properties of Al-Ge-Al Nanowire
heterostructures

to the normal conductivity.
Having presented an overview of the low temperature transport properties of the

devices, we will now focus on each of the multiple transport regimes listed above. The
regimes will be presented in the following order; first the Coulomb blockade regime,
second the superconducting regime and thirdly the intermediate regime.
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Figure 5.14 – Transport Overview. Density plot of differential conductance
(G) with respect to bias voltage (VD) and gate voltage (VG) of Sample S1 recorded
at 390 mK, Sample S2 recorded at 410 mK and Sample L1 recorded at 350 mK. The
dashed white lines mark VD = 0.44 mV and VD = 0.22 mV, 2∆ and ∆, respectively. In
Sample S1 & S2 we observe four distinct regimes: A full blockade regime for VG > 0.5
V. A Coulomb blockade regime (-4.5 V < VG < 0.5 V), an intermediate regime (-15
V < VG < -4.5 V) and a supercurrent regime (VG < -15 V). In Sample L1, similar to
Samples S1 & S2, we observe multiple regimes: a full blockade regime for VG > -1.5
V, a Coulomb blockade regime (-4 V < VG < -2 V), and an intermediate regime with
signs of sub-gap transport (-6 V < VG < -4 V) that evolves into a steady transport
regime without supercurrent.
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5.4 Coulomb Blockade

Figure 5.15 shows a color map representation of ID as a function of the back-gate
voltage VG and the applied source-drain voltage VD of Sample L1 measured at T =
350 mK. The gate voltage window has been selected to be in the center of the Coulomb
diamond regime described in the transport overview. Density plots revealing Coulomb
blockade are often referred to as stability diagrams in the literature as they depict
regions where charge on the QD is stable. In Figure 5.15 the regions of charge stability,
therefore zero current and consequently zero conductance, are represented by white in
the density plots. Clear diamond like shapes at the boundary between zero and non-
zero current can be observed. Such features, are character characteristic of Coulomb
blockade and are called Coulomb diamonds (see Section 2.3.3).

The density plot of Figure 5.15 (a). reveals richer physics than the standard
Coulomb blockade expected for a single electron transistor (SET). First, a global
decay of the Coulomb diamond height is observed as VG is decreased from -3.0 V to
-4.5 V. Superimposed on this general decay are periodic fluctuations of the height of
the diamonds.

When -4 V < VG < -3.4 V, we observe diamond pairing where the addition of a
hole from a 2N state to a 2N + 1 state requires additional energy beyond just the
charging energy EC due to the Pauli exclusion principle. This additional energy is
associated with the energy spacing of the QD’s energy levels (single level spacing δN ).
The different energies between odd and even charge filling gives this phenomenon the
name of odd-even filling.

When -4.5 V < VG < -4 V, we observe hints of a second periodicity with higher
diamond peaks at the 4N and 4N + 1 hole filling points. This extra periodicity maybe
associated with atomic-like electron/hole filling that is often observed in high quality
quantum dots [124, 125]. In the case of Ge, light-hole-heavy-hole (LH-HH) degeneracy
is known to be lifted by confinement or strain [126, 25]. Combined with the possible
lifting of spin degeneracy due to Coulomb repulsion results in a lifting of fourfold
degeneracy. Such a lifting would result in a large addition energy to fill the 4N+1
hole, thus explaining the periodic higher diamond energies.

Similarly, an investigation of Sample S1 near pinch-off reveals Coulomb blockade
features. Figure 5.16 a-b-c show stability diagrams of the differential conductance
versus VD over a VG range, in the low conducting regime, of -3.75 V < VG < 0.4 V at
390 mK. Indeed, we clearly observe Coulomb diamonds analogous to those of Sample
L1 suggesting that device also acts as a QD with single hole filling. In Sample S1, we
observe the first charge degeneracy point at VG = 0.224 V (see Figure 5.16 (a)).

We estimate the number of holes inside the QD by counting the number of charge
degeneracy points. The estimated number of holes on the QD is labeled on the sta-
bility diagrams of Figure 5.16. Although the occurrence of charge jumps during the
measurement causes uncertainty, we estimate that this number is accurate to +/- 2.

As described in Section 2.3.3, the characteristic parameters of the SET or SHT can
be determined from the periodicity of the diamonds and the slope of their edges. From
the periodicity of the diamonds as a function of VG, we extract a gate capacitance
(see Eq. 2.45) of CG = 3 × 10−18 F and CG = 2.1 × 10−18 F in the many hole
regime of Samples L1 and S1, respectively. This is in reasonable agreement with an
estimate of the gate capacitance of 7× 10−18 F and 2× 10−18 F for Samples L1 and S1,
respectively. This estimate is based on modeling the Ge NW segment as a microwave
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Figure 5.15 – Stability diagram Showing the measured current versus VD
and VG of an heterostructure device with LGe = 162 nm (Sample L1) recorded at T
= 350 mK.

microstrip with a width w and distance from the ground plane (d) through a medium
with a relative dielectric constant εr. When w/d > 0.06, a well defined expression gives
the capacitance per length between the microstrip and the ground[127]. Considering
the Ge NW segment as the microstrip of length 40 nm, we take the NW diameter of
25 nm to be the width and the SiO2, of thickness d = 100 nm and εr = 3.8 to be the
medium between the microstrip and the ground.

Figure 5.17 shows a zoom of the gate region -4.9 V < VG < -4.7 V of Sample
L1 in which we superimposed on the experimental data the extracted slopes of the
Coulomb diamonds. Within the constant interaction model of an SET, the slopes
of the diamonds give the ratio of the source CS and drain CD capacitances to the
gate capacitance CG, see Eqs. 2.50 and 2.51. CG is first calculated by CG = e/∆VG,
where ∆VG is determined from the periodicity of the Coulomb diamonds (see Figure
2.6 (c)). We then extracted the slopes of the diamonds from the stability diagrams
revealing that CS and CD increase from approximately 15× 10−18 F to 100× 10−18

F when VG decreases from -3 V to -5 V. In this VG range of Sample L1, an average
CG = 3× 10−18 F was determined.

For Sample S1, a strong VG dependence on the capacitances is also observed, CS
and CD increase from 2× 10−18 F and 3× 10−18 F, respectively for the first diamond
(N = 1) at VG = 0.224 V, to 37× 10−18 F and 67× 10−18 F for the N = 32 diamond
at VG = -3.645 V. A significant VG dependence on CG is also observed for Sample S1.
CG ranges from 0.5× 10−18 F in the few hole regime to 2.1× 10−18 F in the many hole
regime. In the few hole regime of Sample S1 we observe strong fluctuations in ∆VG,
which results in fluctuations of CG. These fluctuations are discussed in more detail
later. On the other hand, for Sample L1, the CG fluctuations are minimal. However,
we could not measure clear Coulomb diamonds in the few hole regime of Sample L1.

To further illustrate the CB in this regime, we show in Figure 5.18 (a) a plot of ID
versus VG of Sample S1, by taking voltage bias slices at VD = 0.48 mV. Each colour
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Figure 5.16 – Coulomb diamonds Stability diagram of the differential
conductance (G = dID/dVD) with respect to bias voltage (VD) and gate voltage (VG)
in the Coulomb blockade regime: (a) In the first hole QD regime, (b) the few hole
filling regime, (c) many hole filling regime. The numerical labels show the estimated
number of holes (N) on the quantum dot (QD) for a sample of stable charge states. The
black vertical dotted lines represent the charge degeneracy points where we estimate
that a new hole has been introduced to the QD, while considering the occurrence of
repeated or incomplete diamonds due to charge jumps.

of the plot represents independent measurements taken during the same cooldown.
The plot reveals periodic current peaks separated by near-zero current regions typical
of CB and in accordance with the conductance peaks observed in Figure 5.13. To
compare with Sample L1, ID versus VG is plotted in Figure 5.18 (b). We observe strong
similarities between the two devices; both showing periodic current peaks consistent
with CB as well as showing an overall increase in the current as VG decreases. Clearly
Sample L1 is more stable with respect to VG compared to Sample S1. This likely due
to the fact that the longer Ge segment is less sensitive to movement in surface charges,
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Figure 5.17 – Coulomb diamond zoom A zoom onto a few diamonds of Sample
L1 revealing with greater clarity the transport gap due to the superconducting leads.
The gap is traced by two grey dashed lines. Green lines that depict the extracted
slopes used to calculate the capacitances are superimposed on the stability diagram.

resulting in charge jumps compared to the shorter device. This effect is made more
acute by the fewer holes on the QD of Sample S1 compared to Sample L1 which is in
the many hole regime with approximately 50 holes on the QD at VG - 4 V.a

Figure 5.18 (a) also highlights the significant tunability of the QD’s conductance.
For Sample S1, the first current peak, at VG = 0.224 V, has a magnitude of approx-
imately 5 pA whereas the final current peak at VG = -3.645 V has a magnitude of
approximately 1 nA. In the blockade regions, the current increases from zero to 0.4 nA
around VG = -3.6 V. This dynamic is shared by Sample L1 with the first current peak,
of the plot, at VG = -3.014 V, has a magnitude of approximately 0.2 nA whereas the
penultimate current peak at VG = -4.916 V has a magnitude of approximately 7.0 nA.
In the blockade regions, the current increases from zero, below the noise threshold, to
1.1 nA around VG = -4.94 V.

The evolution of the current is explained by the decreasing strength of the Schottky
barrier as VG decreases. The decreasing strength occurs due to the band bending
induced by the back gate. This band bending reduces the width of the depletion
region that defines the Schottky barrier (see Figure 5.7). As discussed in Section 5.1,
the tunnel rate Γ, which regulates the current, is dependent on the Schottky barrier’s
width a and height φb, which defines the overall strength of the barrier. These barrier
properties determine the charge carrier transmission probability by T ∝ e−aφb , which
is related to Γ.

To estimate Γ experimentally, we used different techniques for few hole and many
hole regime. In the few hole regime, when 2∆ < eVD < δN and kBT � EC is satisfied,
the limiting current of the QD is bias independent. Given a spin degenerate QD,
the tunnel coupling of the left (ΓL) and right (ΓR) leads can be calculated from the
current limit of a charge degeneracy point [128]. We determine a tunnel coupling of
ΓL = 5.0µeV and ΓR = 7.4µeVfor the charge degeneracy point of N/N+1 =1/2.
Comparing to EC(N=2) of 32 meV and ∆ = 220µeV, we are thus clearly in the weak

aThis is estimated from the pinch-off gate voltage (1.5 V) using the average periodicity of the
Coulomb diamonds ∆VG
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coupling regime.
In the many hole regime, the limiting current becomes poorly defined and as a

result cannot be used to calculate the tunnel coupling. Alternatively, we estimate the
tunnel coupling from the width of the G peak of the diamond edge retrieving tunnel
couplings of Γ = 82, 102 and 250 µeV for the charge states N = 17, 24 and 31,
respectively. Notably, in the many hole regime (N≥ 24) we are no more in the weak
coupling regime with respect to superconductivity as Γ ∼ ∆. As a first conclusion, the
significant evolution of the tunnel coupling further endorses the strong gate tuneability
of the device.

(a) Sample S1
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Figure 5.18 – ID-VG slice at VD = 0.48 mV of (a) Sample S1 and (b) Sample
L1. (a) For Sample S1 Each color represents a different measurement taken during
the same cool-down. (Inset) zoom of ID (VG) for 0.25 V < VG < -1.45 V.

5.4.1 Addition Energy
The addition energy Eadd, first introduced in Section 2.3 of the theory chapter, is
the total energy cost of adding an additional charge to the QD. Eadd, defined by Eq.
2.41, is the sum of the energy to overcome the electrostatic Coulomb repulsion of the
dot, the charging energy EC and the spacing of the energy levels due to quantum
confinement, the single-particle level spacing δN .

Figure 5.19 shows αG versus the estimated hole number N and VG. Here, αG is
calculated by αG = Eadd/e∆VG, where Eadd is the addition energy and ∆VG is the
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Figure 5.19 – Gate lever arm αG versus VG & N for three independently
measured datasets. αG = 0.49 calculated by averaging αG in the gate region of (-3.75
V < VG < - 2 V)

periodicity of the charge degeneracy points. Eadd and ∆VG are extracted directly from
the stability diagrams, see Figure 2.6 and the related discussion in Section 2.3.4. With
many holes on the QD N > 20, αG is quite constant. However, we can not extract
αG from every Coulomb diamond due to the difficulty of determining Eadd from some
Coulomb diamonds. To estimate a constant αG for the QD system, we determined
the average value in the region where there are many holes on the QD (-3.75 V <
VG < - 2 V). Retrieving a ratio of 〈αG〉 = 0.049. With this estimate of 〈αG〉, we can
calculate Eadd for the whole Coulomb blockade regime from the measured ∆VG.

Figure 5.20 shows Eadd calculated using Eadd(N) = e〈αG〉∆VG(N) and Eadd ex-
tracted directly from the Coulomb diamonds versus VG. In the many hole regime
N > 20, there is good agreement between the two addition energies. However, in the
few hole regime, we observe a significant divergence between the addition energies.
This is due to the discrepancy of αG between the many and few hole regimes.

Figure 5.21 shows the calculated addition energy Eadd(N) versus the hole number
on the QD N . In the few hole regime (N < 10), Eadd is sporadic, moving between 3
and 17 meV. With approximately 10 holes on the QD, Eadd begins to decay steadily
until N ≈ 20 where it converges into an even-odd hole filling effect. We associate
the evolution of Eadd to the evolution of the charging energy EC. Similarly to the
long Ge segment heterostructures, the valence band bends further above the Fermi
energy when VG decreases. This induces an increase of the QD size (see Figure 5.7).
Consequently, the magnitude of CS and CD increases leading to a reduction of EC.
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Figure 5.20 – Eadd calculated using Eadd(N) = 〈αG〉∆VG(N) and Eadd extracted
directly from Coulomb diamonds versus VG.
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Figure 5.21 – Eadd calculated using Eadd(N) = 〈αG〉∆VG(N), versus hole
number (N).
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5.4.2 Odd-even filling effect
To investigate the even-odd filling effect in the short device (Sample S1), Figure 5.22
shows a zoom of Eadd versus VG in the many hole regime. Here, Eadd was calculated
using 〈αG〉 and ∆VG. The single level spacing δN can be estimated from the energy
difference between Eadd of the even-odd pairs. The spin degeneracy results in the even
hole number state only requiring an Eadd equal to the charging energy EC to be filled,
whereas filling the odd state requires Eadd = EC + δN . The orange data points of
Figure 5.22 show the calculated δN for the even-odd pairs, examples of such pairs are
circled in orange. Eadd values that are disrupted by charge jumps, circled in red, are
ignored when selecting even-odd pairs. Taking an average of the calculated δN gives
an estimate of the average single level spacing of 〈δN 〉 ≈ 1.0 ± 0.3 meV. Furthermore,
we can extract EC directly from 5.22 by the fact that Eadd = EC for the filling of
even holes. We retrieve an average EC of 3.5 ± 0.4 meV, which is in agreement with
the charging energy calculated from the capacitances of the QD system, in the many
hole regime, of approximately 3 meV.

Figure 5.22 – Even-odd effect. Eadd (blue) and single-level spacing, δN , (orange)
versus VG in the many hole (N > 20) Coulomb blockade regime and in the intermediate
regime. δN is calculated by finding the energy difference between Eadd of the even-
odd pairs. Examples of even-odd pairs are circled in orange. Eadd values that are
disrupted by charge jumps, are circled in red. The mean, 〈δ̄N 〉 is 1.0 meV with a
standard deviation of 0.3 meV.

Link back to ToC → 127



Chapter 5 Transport properties of Al-Ge-Al Nanowire
heterostructures

5.4.3 Excited charge state resonant tunneling
As discussed in Section 2.3.3, another way to extract the energy levels of a QD is to
analyse resonant tunneling through excited charge states, which manifest as conduc-
tance lines that run parallel to diamond edges. In the short Ge devices, we observe
such features throughout the stability diagrams. Figure 5.23 shows density plots fo-
cused on two Coulomb diamonds, as seen in Figure 5.16, revealing extra conductance
resonances which we associate with excited state charge transport. From the conduc-
tance features at VG = -1.53 V with N ≈ 12, we calculate the energy of the first
excited hole state to be ∆E = 2.0 meV. Whereas, in the many hole regime (N > 20),
the average energy of the observed first excited states is 1.2 ± 0.6 meV, which agrees
with 〈δ̄N 〉 estimated from the even-odd effect.

Assuming that the energy spacing is dominated by quantum confinement ∆E ∼
h2/meffL

2 [49], we coarsely estimate the effective mass meff of the holes given a QD
of L = 40 nm to be 0.9me, where me is the electron mass. This estimate is larger than
the reported values of 0.28me [102] for holes in Ge/Si core/shell NWs and 0.08me
[26] obtained from Hall measurements on SiGe/Ge/SiGe planar junctions. Further
experiments and analysis are required to more accurately determinemeff in our device,
which are beyond the scope of this thesis.
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Figure 5.23 – Density plots of Sample S1 focused on two Coulomb diamonds
showing extra conductance resonances due to excited state resonant tunneling.

Investigations of Sample L1, shown in Figure 5.24, reveal also possible evidence of
excited state resonant tunneling. However, the poor clarity of the measurement makes
it difficult to confirm the nature of these extra resonances.

5.4.4 Temperature evolution of Coulomb blockade
Figure 5.25 shows density plots in the VG range of the Coulomb blockade regime
of Sample L1 at different temperatures above 350 mK; T = 2 K, 5 K and 10 K.
Interestingly, the diamond like shapes typical of CB, seen at 350 mK (see Figure 5.15)
persist up to 10 K. In this long segment sample, the charging energy at VG ≈ −3 V
has been estimated to be EC ≈ 4.84 meV. This large value explains why we continue
to observe Coulomb blockade up to 10 K.
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Figure 5.24 – Density plot of Sample L1 focused on a few Coulomb diamonds
showing possible evidence of excited state resonant tunneling.
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Figure 5.25 – Stability diagrams showing Coulomb diamonds of the device
at different temperatures Showing the measured current versus VD and VG of an
heterostructure device with LGe = 162 nm recorded at T = 350 mK, 2 K, 5 K and 10
K. Green lines are iso-current curves extract from the 2D plots. For these curves the
current through the nanowire is equal to 0.5 nA.
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5.4.5 Coulomb blockade with superconducting leads
In the stability diagrams of Samples L1 and S1 measured at T = 350 mK and T =
390 mK (see Figures 5.15, 5.17 & 5.17) a clear gap is observed. The gap is symmetric
around VD = 0 V. This transport gap is due to the superconducting gap in the
density of states (DOS) of the c-Al leads of the heterostructure. It results in the
charge degeneracy resonances occurring at a non-zero bias voltage of eVD = ±2∆. In
Figure 5.25, the stability diagrams, which are measured above the critical temperature
of the c-Al NW Tc-Al

C = 1.46 K [129], exhibit no transport gap in the DOS of the c-Al
leads, leading to transport in the low energy, |e|V < 2∆, range.

For greater comparison between the superconducting and non-superconducting
regimes, ID-VD curves of Sample L1, measured at 350 mK and 2 K at the charge
degeneracy point of VG = -4.866 V, are plotted in Figure 5.26 (a). The numerical
differential conductance of the ID-VD curves is also plotted in Figure 5.26 (b). At
350 mK, in the superconducting regime, we observe a clear suppression of the current
for voltages |eV | < 2∆. Whereas, at 2 K the ID-VD remains approximately linear.
In conductance, the suppression of current translates to a region of low conductance
bounded by two peaks. This behavior can be explained by the suppression of quasi-
particles through the NW for |eV | < 2∆ due to the gap of the superconducting c-Al
leads. The separation between the two peaks is expected to be approximately 4∆,
from this we extract an estimate for the superconducting gap of ∆ = 202µeV , which
is consistent with the superconducting gap of Aluminium.

In the case of Sample S1, ∆ = 220± 10 µeV is extracted from the voltage gap
between the diamond peaks, which is consistent, though larger, with the observed
gap of Sample L1. Further, the measured ∆ agrees with the BCS gap of 222 µeV
derived from the critical temperature of TC = 1.46 K using Eq. 2.62. This TC was
determined for a pure c-Al nanowire sample. In this sample, the diffusion time had
been extended such that the Ge had diffused out of the nanowire and into the bulk
Al pads [129].
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Figure 5.26 – (a) ID-VD curves of Sample L1 taken from the density plots at
VG = -4.866 V at T = 350 mK (blue curve) and T = 2K (orange curve). (b) G-VD
curves, where G is the numerical differential conductance calculated from the ID-VD
curves.
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5.5 Supercurrent Regime

One of the significant differences between the Al-Ge-Al NW heterostructure devices
with short and long Ge segments is the observation of supercurrent in the short
devices. In order to investigate the supercurrent regime, current biasing measurements
were carried out. Figure 5.27 shows a density plot of the differential resistance (dVD /
dID) with respect to the current bias (ID) and VG across the device at 390 mK. This
provides an overview of the transport in this regime. For VG < - 10 V, a continuous
region of zero dVD / dID is observed for a range of bias currents symmetric around ID
= 0, indicating dissipationless transport through the Ge segment. Whereas for VG >
- 10 V this low ID bias window is dominated by regions of large resistance (resistance
peaks), which are periodically separated by regions of zero-resistance.
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Figure 5.27 – Overview of the superconducting regime: Colorplot of dif-
ferential resistance (R) vs bias current (ID) and back gate voltage (VG). We observe
the zero-bias resistance peaks due to low bias blockade evolving into low bias zero
resistance region due to superconducting transport as VG decreases. This supercon-
ducting region results from the proximity effect of the Al contacts and the removal of
Schottky barrier by the large negative back gate voltage.

5.5.1 Multiple Andreev Reflection (MAR)
Outside this dissipationless current region of Figure 5.27, we observe resonant features
that are continuous with respect to VG. These resonant features appear as fluctuations
in resistance that trace the density plot in a snake like fashion as VG is adjusted. To
further understand these features, G versus VD curves are plotted in Figure 5.28. The
numerical differential conductance (G = dID / dVD)) was calculated from the ID-
VD curves of Sample S1 (blue curves) and S2 (orange curve). The curves reveal that
the resonant features observed in Figure 5.27 are due to bias dependent conductance
peaks. They are symmetric around a large zero-bias conductance peak corresponding
to infinite conductivity of the supercurrent state. Further, the resonant features are
exceptionally consistent between Samples S1 and S2. Indeed, the curves of the two
samples present very nice reprehensibility in conductivity for similar VG ≈ -15 V.

These conductance peaks can be explained by Mutliple Andreev Reflection (MAR).
We superimpose on Figure 5.28 vertical dashed lines at the expected VD position of
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sub-gap conductance resonances associated with MAR. The peak positions are given
by VD = 2∆/ne, where ∆ is the superconducting gap at the Al-Ge interface and n is
the MAR order (see Section 2.5.3 of the Theory chapter). A superconducting gap of
∆∗ = 185µeV was determined by finding the ∆ that best aligned the dashed vertical
lines with the conductance peaks. The clear alignment of up to three consecutive MAR
conductance peaks with near constant VD positions over a large gate range and across
two independently measured samples highlights the quality of these heterostructures.

In Figure 5.28, we observe two extra conductance peaks beyond those associated
with the first three orders of MAR. In fact, the two remaining peaks line-up with higher
order MAR peaks of 5 and 14, however as the peaks are not consecutive it is unclear
to which order they truly belong. As such we have only shown the expected MAR
VD positions up to 3rd order. There has been similar observations of non-consecutive
higher order MAR conductance peaks [21]. However, the cause of such peaks is still
unknown.

The ∆∗ estimated from the fit of the MAR peaks of Figure 5.28 differs significantly
from the ∆ = 220± µeV and ∆ = 202± µeV extracted in the CB regime of the short
and long Ge segments, respectively. This difference is understood to be due to the
reduction of the induced superconducting gap at the Al-Ge interface resulting from
superconducting proximity effect, see Section 2.5.1. The absence of the Schottky bar-
rier in the strong coupling regime permits the proximity effect through the interaction
of the QD and superconducting leads, thus resulting in the observations of an induced
gap of ∆∗ = 185µeV, which is, as expected, less than the BCS gap of the c-Al leads.
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Figure 5.28 – G (VD) curves for four VG slices. For comparison both Sample 1
(blue curves) and Sample 2 are shown (orange curve). We see clear conductance peaks
which we associate with MAR. The vertical grey dashed lines indicate the expected
voltage position Vn = 2∆/ne of the first three MAR peaks for ∆ = 185µeV.
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MAR Fits

The stable and multiple MAR conductance peaks indicates that the Al-Ge interfaces
are highly transparent. As the Ge NW is a few channel device, due to the strong radial
confinement, we can estimate the transparencies of each of the conductance channels.
To acquire the transparencies, we use a Monte-Carlo based simulated annealing al-
gorithm, which fits the non-linear ID-VD curves. This program has been realised by
the group of Gabino Rubio, see Ref. [35] and used by a few groups to extract the
transparencies τ of few channel devices [130, 131, 132].

Before initialising the algorithm, the user must set an estimate of the number of
conducting channels N and an estimate of the superconducting gap ∆. The number
of channels should be overestimated to be sure to account for all the channels of
the weak-link. When the algorithm has converged it presents the unused channels as
having negligible transparency τ < 0.01. The fitting procedure starts with a random
set of transparencies {τn}. From this set of transparencies a random walk is performed,
where the transparencies are changed. At each fitting step, the error between the I-V
curve that is calculated from {τn} and the measured ID-VD curve, is determined by
the root mean-square of their deviation χ2. The resulting error is then compared to
the previous fit. If the new χ2 is smaller, then the fit is accepted and {τn} is adjusted
accordingly. The annealing algorithm continues until χ2 is within the error tolerance
or the maximum number of iterations has been reached. These quantities are set by
the user. Once finished, the set of channel transparencies of the final fit are reported
to the user.

To fit the non-linear ID-VD curves, an estimate of the superconducting gap ∆
must be supplied. Fortunately, the program provides a tool called "Gap search" that
determines an optimal gap to fit the ID-VD curve. The program works by carrying
out the simulated annealing fitting procedure for different gap values. In this case,
the algorithm stops after a set number of iterations and records the final fit error
χ2. Finally the tool produces a plot of fit error versus ∆. The optimal gap is then
supplied to the fitting algorithm that fits the non-linear ID-VD curves and determines
an estimate for the channel transparencies. See Appendix C for details on using the
fitting program.

We first applied the Gap search tool to the fits of the ID-VD curves of VG = -
8.6 V and VG = -15.5 V. Figure 5.29 shows the results of the Gap search where we
provided ∆ = 185 µeV as the estimate of the gap energy. The gaps with the minimum
fit error were ∆ = 181 µeV and ∆ = 185 µeV for VG = -8.6 V and VG = -15.5 V,
respectively. Inspection of the VG = -8.6 V fit error versus ∆ curve reveals a second fit
error minimum at ∆ = 113 µeV. Though the fit error of the two minimums is 0.002,
we took ∆ = 181 µeV for VG = -8.6 V as it is most reasonable.

Figure 5.30 shows the fits of the ID-VD using the respective gaps. The fits provide
similar high transparencies of the first channel of 95% and 96%, respectively. Figure
5.31 shows a bar chart of the respective channel transparencies obtained from the
fits of Figure 5.30. Consistent with the transport properties of a majority hole carrier
semiconductor, more conduction channels contribute to the transport at VG = -15.5
V than VG = -8.6 V. Further, the transparency of the mutually active channels (2,
3, 4) are significantly higher at VG = -15.5 V than VG = -8.6 V. This suggests that
the Schottky barrier strength decreases as VG decreases. In addition new conduction
channels appear as VG decreases. In conclusion, the high transparency of the first
and second channel in the case of VG = -15.5 V endorses the high quality of these

Link back to ToC → 135



Chapter 5 Transport properties of Al-Ge-Al Nanowire
heterostructures

100 150 200 250
 ( eV)

0.00

0.02

0.04

0.06

0.08

Fi
t e

rro
r (

a.
u.

)

VG (V)
-8.6
-15.5

Figure 5.29 – Plot of fit error versus ∆ for fits of ID-VD curves at VG = -8.6 V
and VG = -15.5 V. The data was obtained from the Gap search to of the Monte-Carlo
based fitting program.

heterostructures.
The transparencies extracted from the fitting algorithm can be compared to the

results of the BTK model presented in Section 2.5.3. To employ the BTK model the
normalised excess current, eIexcRN

∆ , where RN is the normal resistance and Iexc is the
excess current, must be calculated. The normal resistance RN is determined by fitting
VD-ID curves in the linear regime above the superconducting gap (VD > 2∆/e). The
excess current Iexc is extracted from the VD-ID by finding the x-axis intercept (VD
= 0 V) of the linear fit, see Figure 6.11. Once eIexcRN

∆ is calculated, an estimate of
the barrier strength (Z) can be determined using the curve of Figure 2.10 (c). The
transmission probability T is then determined by T = 1/(1 + Z2).

By this BTK method transparencies of 60 % and 90 % were extracted from VG
= -8.6 V and VG = -15.5 V, respectively. A quantitative agreement with the MAR
fits method is obtained by taking an average of the transparencies of the first three
channels, giving 60% for VG = -8.6 V and 80% for VG = -15.5 V. This is justified by
the fact that the BTK method gives an average transparency which is dominated by
the most transparent channels.
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Figure 5.30 – MAR fits Shows fits (black) of I-V curves (red) at selected gate
voltages. The fits were made using a program developed by Ref (AevCarlo) which uses
Monte Carlo to converge to a fit of smallest error. The program provides an estimate
of the number of conducting channels involved in the transport and the transparency
of each channel (see Figure 5.31).

Figure 5.31 – Estimated transparency (T) of each active conducting channel for
four different gate voltages. Note that VG = -15.5 V is of sample 2 and the remaining
are from sample 1.
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Figure 5.32 – Raw VD-ID curve at VG = -15.5 V and linear fit of the curve in
the normal regime VD > 2∆/e. From the linear fit, RN and Iexc is determined. RN =
4.16 kΩ is the gradient of linear fit and Iexc = 50 nA is the x-axis intercept.
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5.5.2 Supercurrent
Figure 5.33 shows plots of VD versus ID for Sample S1 and S2. The three gate voltages
of Sample S1 (blue curves) highlight the gate tunability of the supercurrent. Further,
the two samples present very similar behavior with the appearance of non-zero crit-
ical current for the same VG range with comparable tuneability. As discussed in the
supercurrent paragraph of Section 2.5.3, the critical current Ic is the maximum dissi-
pationless current that can pass through a superconducting junction. Current larger
than Ic will suppress the superconducting properties of the junction, thus giving the
junction its finite normal resistance. This transition at Ic manifests itself experimen-
tally as a measurable voltage drop across the junction as the current becomes dis-
sipative. In the density plot of Figure 5.27, the transition is visualised by a peak of
differential resistance that border the dissipationless region. The retrapping current Ir
is complimentary to Ic; defined as the minimum current at which a superconducting
junction transitions from a dissipative regime to a supercurrent regime. Ir is observed
when the current bias is swept from a high to low magnitude and Ic is observed in the
opposite sweep direction (from low to high magnitude). We observe that the critical
and retrapping currents are near equal in magnitude for all the VD-ID curves. We
observe gate tunable critical current up to 10 nA for Sample S1 and 6 nA for Sample
S2.

Ir
Ic

Figure 5.33 – VD versus ID for four VG slices showing the onset of supercurrent.
For comparison both Sample 1 (blue curves) and Sample 2 are shown (orange curve).
Retrapping Ir and critical current Ic are labeled.

The observation of supercurrent at very negative VG implies that in this regime
Γ � ∆, EC. This suggests that the back-to-back Schottky barriers that dominated
the transport characteristics in the Coulomb blockade regime are no longer present.
In accordance with our model of the Al-Ge-Al nanowire heterostructure, described in
Figure 5.7, we expect that at very negative gate voltages the valence band bending
due to the negative VG is sufficient to reduce the depletion region of the Schottky
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barriers. This makes the Schottky barriers negligible, thus resulting in a near Ohmic
contact at the Al-Ge interface.

In a superconducting-QD-superconducting junction, the resonant critical current
is given by Ic = (πe/h)Γ∆/(∆ + Γ/2) which holds for any Γ and ∆ ratio if EC can be
neglected [74]. In the case where Γ� ∆, it simplifies to Ic = (π∆/e)G0. We retrieve
here the supercurrent for a quantum point contact (QPC) superconducting junction.
This is equivalent to the IcRN product, which relates Ic to ∆ by eICRN = π∆/2 and is
often used in the literature as a figure of merit for accessing S-N-S junctions. Applying
this figure of merit, we obtain product values which are 20 and 30 times smaller than ∆.
This suggests that IC is considerably suppressed possibly due to residual measurement
noise and/or thermal fluctuation at T = 390 mK overcoming the Josephson energy
h̄
2eIC.

Superconducting coherence length

The coherence length of a junction is another important consideration when analysing
superconducting hybrid junctions. To introduce this discussion, we will first consider
coherence length of superconducting Aluminium.

Superconductors can be categorised into clean or dirty limits depending on the
relative scale of the superconducting coherence length ξs to the mean free path `s. The
clean limit is defined as ξs � `s whereas the dirty limit is defined as ξs � `s. In the
clean limit, the superconductor’s coherence length is given by the Pippard coherence
length ξ0

ξ0 = 0.18 h̄vF
kBTc

(5.6)

From measurements of the c-Al NW, a mean free path of `Al ≈ 15 nm was deter-
mined. Comparing to the coherence length of Al ξ0 = 1600 nm, we are clearly in the
dirty limit. In this limit the superconductor’s coherence length is approximated by

ξds =
√
ξ0`s. (5.7)

Therefore, we estimate the superconducting coherence length of the c-Al NW to be
ξAl ≈ 160 nm.

Superconducting junctions with normal metal or semiconducting weak-links
are categorised into short or long junction limits. These limits depend on the length
L of the weak-link compared to the coherence length of the junction ξN. The short
junction limit is achieved by having L � ξN, whereas for the long junction limit
L � ξN. However, coherence length that defines the limit depends on whether the
weak-link is in the diffusive or ballistic regime. The coherence lengths are expressed
as [133]

ξdN =

√
h̄DN

∆
=

√
h̄vF`N

3∆
(5.8)
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and

ξbN =
h̄vF
∆

, (5.9)

for the diffusive and ballistic regimes, respectively. The two regimes define the energy
scales of the Andreev bound states (ABS) and the junction’s critical current Ic [133].

Assuming the minimum Fermi energy EF of 10 meV to be the energy of the first
sub-band, which is estimated from the energy levels of the 1D modes in the Ge
nanowire due to radial confinement [102] and a maximum effective mass of heavy-
holes mHH of 0.28me, we estimate a minimum vF =

√
2EF/mHH of 1.1×105 ms−1.

Considering that the Ge segment is in the ballistic limit, we estimate a coherence
length for a single Ge channel to be approximately ξbN = 2500 nm. Whereas, in the
diffusive limit we estimate a coherence length of ξbN = 190 nm using `Ge = 45 nm.
This result confirms that Samples S1 and S2 are in the short junction limit.

The dependence of ξd,bN on vF means that ξN can be tuned by adjusting the carrier
density of the weak-link. In the case of semiconducting weak-links such as Ge, the
carrier density is readily tuned by an electrostatic gate field. The tuneability of ξ
is the basis of Josephson field effect transistors (JoFETs) which can be employed to
build a gatemon. A gatemon is a gate tuneable transmon. The critical current’s Ic
relationship with ξN enables Ic to be adjusted by tunning ξN through VG.
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5.6 Intermediate Regime

Between the Coulomb blockade (CB) and superconducting regimes of the Al-Ge-Al
nanowire heterostructures with short Ge segments, Samples S1 and S2, we observe an
intermediate regime. The onset of the intermediate regime is marked by the fading
of Coulomb blockade features as VG becomes more negative. The transition from the
Coulomb blockade regime to the intermediate regime is evident in Figure 5.34. The
ID-VG slice at VD = 0.48 mV shows a clear increase of current magnitude in the
sample. Though we continue to observe current oscillations, the current minimums
are now of the order of 10 nA. It is an order of magnitude larger compared to 0.4
nA in the many-hole CB regime. The observation of oscillations with the absence of
current blockade implies we have entered an intermediate coupling regime. Here, the
charging energy EC is no longer the dominant energy scale but is now comparable to
the tunnel rate Γ. From previous analysis, Γ is close to the superconducting gap ∆
when VG = -3.5 V (see Page 123).

5.0 4.5 4.0 3.5 3.0
VG (V)

0

20

40

I D
 (n

A)

CB
Intermediate

Figure 5.34 – ID-VG slice of Sample S1 at VD = 0.48 mV revealing the large
magnitude of the current oscillations at the beginning of the intermediate regime.

In Figure 5.35 (b) the differential conductance versus VD and VG is plotted. For
VG < - 3.8 V, sub-gap conductance peaks appear with periodic modulation with
respect to VG. These resonances forming arcs bending towards zero-bias at the charge
degeneracy points are interpreted as the experimental signature of single hole filling
of the QD in the intermediate coupling regime. Similar to the CB regime, we estimate
Eadd from ∆VG (see Figure 5.35 (a)) and observe a continuation of the even-odd filling
with comparable energies. In this VG range, we estimate the QD is filled by over thirty
holes.

As the QD is filled with more holes, the sub-gap features evolve: the magnitude of
the conductance resonances increases and new conductance peaks emerge at lower bias
voltages resulting in a reduction of the blockade region. This gate voltage dependence
of the conductance peaks shows that these resonances are not simple multiple Andreev
reflections (MAR) which should appear at constant bias voltage. In spectroscopy mea-
surements performed on carbon nanotube QDs contacted by superconducting leads,
such sub-gap facing bell-shaped resonances are associated with Andreev bound states
(ABS) which occur in a S-QD system in equilibrium through the coupling of discrete
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electronic states to the leads [6]. The similarity of these results to our measurements
suggests that the sub-gap features could be due to resonant coupling to the ABS.

a)

b)

c)

d)

e)

Figure 5.35 – Intermediate regime(a) Eadd, calculated using αG∆VG, versus
VG. (b) Density plot of differential conductance with respect to bias voltage (VD) and
gate voltage (VG) in the intermediate regime. White dashed line shows eVD = +/-
2∆ for ∆ = 220 µeV. We observe sub-gap conductance features that evolve with VG.
(c) ID (VD) & (d) G (VD) slices at VG = -3.91 V (dark blue) and VG = -3.99 V (red).
The red ID (VD) curve has been offset by +5 nA for clarity. (e) G (VD) curve at VD
= -4.72 V.

The blue curves of Figure 5.35 (c) and 5.35 (d) show the current and the con-
ductance as a function of the bias voltage for VG adjusted to the degeneracy points
(see vertical blue dashed line in Figure 5.35 (b)). The ID-VD measurements, shown
in Figure 5.35 (c) reveal a current peak at a bias voltage of about -160 µeV close
to 2

3∆ ≈ 147µeV, for ∆ = 220µeV. Related to this peak, negative conductance is
observed in Figure 5.35 (d). As discussed in Section 2.5.4 such resonances have been
predicted to occur in S-QD-S systems when Γ is of the order of ∆ [80] and result
from the interplay between MAR resonances (the 3rd order occurs at VD ∼ 2

3∆) and
resonant tunneling.

Further inspection reveals that the resonant peak is not symmetric with respect
to VD. Negative conductance shows up only at negative bias voltage and not at
positive bias (blue curve). More interestingly, this asymmetry is inverted when a
single hole is added inside the QD (red curve in Figure 5.35.c and Figure 5.35.d).
As previously, we observe a current and negative conductance peak but this time
at positive bias voltage. In combination, these individually asymmetric curves share
significant symmetry: by reflecting the red G-VD curve about the y-axis of VD = 0
V, we observe the underlying symmetry between the resonance features of the blue
and red G-VD curves (see Figure 5.36). The intriguing symmetry between the curves
of two consecutive charge degeneracy points, that is observed in both samples, needs
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further investigation and measurements with a magnetic field or interface gates to
confirm the nature of these transport characteristics.

Figure 5.36 – Differential conductance slices (G(VD)) at, VG = - 3.91 V and
VG = - 3.99 V, the charge degeneracy points of the sub-gap blockade of the QD in
the intermediate regime (see dashed lines in Figure 5.36.b of the main text). The G
(VD) slice at VG = - 3.99 V (red curve) is reflected about VD = 0 V. This reflection
is achieved by plotting the VG = - 3.99 V slice (red curve) with an independent VD
axis (red axis labels) which is inversed with respect to the VD axis (blue axis labels)
of the VG = - 3.91 V slice (blue curve). The alignment of the negative conductance
features reveals the underlying symmetry between the curves of two consecutive charge
degeneracy points.

The sub-gap bell-shaped resonances continue until VG = -4.72 V where the low
voltage blockade is replaced by a zero-bias conductance peak shown on Figure 5.35
(e). We associate this feature as superconducting transport across the QD.

Figure 5.37 shows the differential conductance versus VD and VG at lower gate
voltage. In this plot the intermediate regime shows regions of sub-gap features periodi-
cally separated by superconducting resonances until the supercurrent transport begins
to overcome the blockade and large zero-bias conductance is observed continuously
with respect to VG, marking the beginning of the supercurrent regime.
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Figure 5.37 – Intermediate regime transport overview: Colorplot of
differential conductance (G) vs bias voltage (VD) and back gate voltage (VG). We
observe large sub-gap conductance with Coulomb blockade like features at low VD
bias evolving into large zero-bias conductance peaks as VD decreases.

5.7 Sub-gap features in the Coulomb blockade regime

Closer inspection in the Coulomb blockade regime reveals also the appearance of sub-
gap states with only a few holes on the QD. Interestingly, as Γ becomes comparable to
the superconducting gap (Γ ∼ ∆ < EC), a zoom on the superconducting gap reveals
sub-gap conductance resonances that meet at eVD ≈ ±∆ and occur at the charge
degeneracy points. Given these features are within the superconducting gap, they are
likely mediated by Andreev reflections.

Figure 5.38 (a-b) shows the sub-gap features with a few holes on the QD. These
sub-gap features trace a triangle shape with a blockade region between the opposing
apexes spanning VD = 450 ± 20 µV. Comparing the VD width with the measured ∆ of
220 µV we conclude that the apex of the conductance resonances occur at eVD = ±∆.
This suggests that these sub-gap features are indeed related to Andreev states rather
than quasiparticle poisoning. Figure 5.38 (c-d) show ID-VD slices that cross the apex of
two sub-gap triangles: VG = -1.448 V and -0.82 V, respectively (see blue dashed lines
on Figure 5.38 (a-b). Both slices show current features at eVD ≈ ±∆, which results
in the observed conductance resonances. Interestingly, there is significant asymmetry
with respect to VD; the current feature at eVD ≈ −∆ is a well defined current peak
where as the current feature at eVD ≈ +∆ is a current jump. These ID-VD features
result in the conductance resonance of −2∆ < eVD ≤ −∆ being accompanied by
a region of negative differential conductance contrary to the conductance resonance
of ∆ < eVD ≤ +2∆, which is accompanied by a region of near zero differential
conductance.

Figure 5.39 shows the sub-gap features with about twenty to thirty holes on the
QD. We continue to observe the triangular sub-gap conductance resonances at the
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Figure 5.38 – (a-b, e) Colorplot of differential conductance (G) zoomed onto
the charge degeneracy points of the Coulomb blockade regime with few holes on
the quantum dot a-b showing sub-gap conductance resonances. In this case, G is
determined using the Savitzky-Golay filter with a smoothing window of 3 data points
which provides more sensitivity to the transport features. White horizontal dotted
lines show eVD = +/- 2∆, ∆ for ∆ = 220µeV. (c & d) shows I-V curves at the apex
of two sub-gap triangles: VG = -1.448 V & -0.82 V respectively (see blue dashed lines
on (a & b)). The VD position of the sub-gap apexes and the current peaks suggests
that these sub-gap features are due to Andreev reflection.

charge degeneracy points. However, around VG = -3.2 V with N ≈ 27 holes on the
QD, we begin to observe differences between the VD position of the conductance
resonances of the odd and even charge states. The resonance of the odd charge state
begins to pull away from the superconducting gap at eVD ≈ ±2∆ compared to the
even charge state which remains anchored to eVD ≈ ±2∆. This difference is most
notable for the charge state of N ≈ 27 around VG = -3.6 V. These odd charge state
features have similarities to the Andreev bound states of an S-QD-S junction in the
Kondo regime, see Figure 2.20. Using Eq. 2.89 and taking EC ≈ 3 meV and Γ =≈ 250
µeV, we estimate a Kondo temperature, assuming ε0 = 0 of TK ≈ 7 K. As such we
could expect to observe Kondo effects when there are an odd number of holes on
the QD. However, more investigation is required to confirm the observation of Kondo
effects.

Finally, we note that the VD position of the 2∆ and ∆ resonances in the colormaps
are slightly shifted from their expected position. We associate this shift with a bias
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offset in the measurement.

2732 29

Figure 5.39 – Colorplot of differential conductance (G) zoomed onto the
superconducting gap in the many hole Coulomb blockade regime. In this case, G is
determined using the Savitzky-Golay filter with a smoothing window of 3 data points
which provides more sensitivity to the transport features. Shows sub-gap conductance
and the progressive shifting of the conductance resonance from the VD = +/- 2∆ edge
in the odd charge state as VG decreases. White horizontal dotted lines show eVD =
+/- 2∆, ∆ for ∆ = 220µeV.

5.8 Conclusion

In this chapter, we have reported on the transport properties of monolithic Al-Ge-
Al NW heterostructures with intrinsic germanium (i-Ge) segments. In particular, we
have presented the low temperature (400 mK) transport properties of a device in the
diffusive regime and devices at the edge of the ballistic regime. The device in the
diffusive regime, labeled Sample L1, has an i-Ge segment length of approximately 162
nm. Whereas, the devices at the edge of the ballistic regime have i-Ge segment lengths
of 42 nm and 37 nm, labeled Sample S1 and Sample S2, respectively. We have shown
that by using a single back-gate, we can tune the devices from a completely insulating
regime, through a low conductive regime that exhibits properties of a single-hole filling
quantum dot, to a supercurrent regime, resembling a Josephson field effect transistor
[134].

We described how the dynamic transport observed in these devices is attributed
to the band structure of the Al-Ge-Al nanowire heterostructure. In Section 5.1.4, we
showed that the band structure of the Al-Ge-Al nanowire heterostructure is defined
by back-to-back Schottky barriers at the Al-Ge interfaces. Importantly, Fermi level
pinning results in a weak Schottky barrier to holes, allowing hole transport through
our device. We then showed, in Section 5.1.5, how this band structure leads to the
formation of a quantum dot. Here, the Schottky barriers define the tunnel junctions
between the Al leads and the Ge quantum dot. The quantum dot is defined by Ge’s
valence band. Moreover, the tunnel rate Γ between the leads and the quantum dot is
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dependent on the strength of the Schottky barriers. While the charging energy EC is
dependent on the size of the quantum dot [135].

We showed that by shifting the back-gate voltage VG to be more negative, we can
push the valence band above the Fermi energy. This valence band bending increases
the size of the quantum dot, while simultaneously decreasing the strength of the
Schottky barriers. This gate dependence explains our observation of multiple transport
regimes at low temperature.

In the Coulomb blockade regime (Section 5.4), we presented stability diagrams,
which displayed clear Coulomb diamonds. From the stability diagrams, we determined
the characteristics of the Ge quantum dot. Beyond discussing the characteristic ca-
pacitances, we showed that the addition energy Eadd decreases as VG becomes more
negative. We associated the evolution of Eadd with the decreasing EC due to the in-
creasing size of the quantum dot as VG becomes more negative. In Sample S1, we
estimated that EC ranges from approximately 32 meV in the few hole regime to 3
meV in the many hole regime. By comparing EC, Γ and the superconducting gap ∆
of the Al leads, we showed that the Coulomb blockade regime is defined, in terms of
energy, by EC � ∆ > Γ.

We also revealed evidence of the effects of strong confinement on Ge’s hole states.
This included, the observation of the even-odd filling effect, which suggests that we are
observing single hole filling of the Ge segment. From the even-odd effect, we estimated
the average single-level spacing of Sample S1 to be 〈δN 〉 ≈ 1.0 ± 0.3 meV. Further, we
discussed the observation of resonant tunnelling through excited charge states. In the
Coulomb blockade regime, we extracted the superconducting gap of the c-Al leads to
be ∆ = 220± 10 µeV and ∆ = 202 ± µeV for Samples S1 and L1, respectively. The
extracted ∆ is in good agreement with the BCS gap of 222 µeV, which was determined
using the critical temperature of a c-Al nanowire of 1.46 K [129].

In Section 5.5, we showed that by applying a large negative back-gate voltage, we
can tune Samples S1 and S2 to be in a supercurrent regime. In this regime, we observe
gate tuneable supercurrent up 10 nA. The observation of supercurent suggests that
in this regime, the tunnel coupling is the dominating energy scale, with Γ � ∆,EC.
Furthermore, we described the observation of sub-gap conductance peaks, which we
associated with multiple Andreev reflection (MAR). We revealed that three consec-
utive conductance peaks were well aligned with the expected VD position of MAR,
using an induced gap of ∆∗ = 185 µeV. The observation of stable MAR, up to third
order and over a large VG range, provides further evidence towards the high quality of
the Al-Ge interfaces. Using a Monte Carlo based fitting algorithm, to fit the non-linear
ID-VD curves measured in the supercurrent regime, we estimated the transmission of
Ge’s conducting channels. From these fits, we obtained a transmission above 90 % for
the first channel, which agreed with transmission estimates using the BTK model.

In Section 5.6, we discussed the intermediate regime, which is observed in the VG
range that is between the Coulomb blockade and superconducting regimes. Estimates
of Γ revealed that the intermediate regime occurs when the energy scales are Γ ∼
∆ . EC. This results in the observation of significant transport features within the
superconducting gap. We showed that the nature of these sub-gap transport features
suggests that, in the intermediate regime, sub-gap transport does not solely occur
by multiple Andreev reflection (MAR) but by a combination of MAR and resonant
tunneling through the quantum dot.

In conclusion, the results presented in this chapter, demonstrate the potential of
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these novel Al-Ge-Al nanowire heterostructures for the study of quantum phenomena
and their application as quantum devices. In particular, the impressive tuneability
and high quality of the Al-Ge interfaces enables the investigation of the rich physics
provided by the subtle interplay between Coulomb blockade and Andreev mediated
superconductivity.
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Chapter 6 Transport properties of Al-Ge/Si-Al core/shell
Nanowire heterostructures

6.1 Introduction

In this chapter, I will discuss the transport properties of Al-Ge/Si-Al core/shell NW
heterostructures with ultra-short Ge segments of approximately 40 nm. Though sim-
ilar in dimension to the Al-Ge-Al NW heterostructures, discussed in Chapter 5, the
1D hole gas created by the Si shell leads to significant differences between their re-
spective transport properties. We will present all the transport properties that this
new devices has revealed at low temperature.

6.2 Transport Overview

We begin by discussing the overall transport features of the measured device. Figure
6.1 shows a density plot of the differential conductance, in units of quantum con-
ductance (G0 = 2e2/h), versus bias voltage VD of the Ge/Si core/shell sample with
LGe/Si = 40 nm recorded at T = 390 mK over a full gate voltage VG range. The plot
reveals highly tuneable transport with similarities to that of the ultra-short intrinsic
Ge (i-Ge) NW devices of Figure 5.13. When VG is swept from positive to negative, the
conductance increases. In agreement with i-Ge, the Ge/Si core/shell device behaves
like a p-type accumulation FET. For the Al-Ge/Si-Al core/shell NW heterostructure
we split the transport properties into a low conductance regime at positive VG and
a high conductance regime at negative VG. The regimes are labeled in Figure 6.1.
Although charging and hysteresis effects should be significantly suppressed by passi-
vating a Ge NW with a Si shell [22], we note that a dependence on the VG sweep
direction for our Ge/Si core/shell NW heterostructure devices was found.

As with the i-Ge devices, we observe features resulting from the superconducting
property of the leads. In particular, continuous conductance resonances are observed
that run parallel to the VG axis. These features are symmetric around VD = 0 V and
are correspondingly associated with MAR. Interestingly, even in the low conductance
regime (15 V < VG < 30 V) we observe no evidence of Coulomb blockade or pinch-off.
The blockade occurs only at low energies within the superconducting gap (|eVD| <
2∆) where particle states are forbidden due to the superconducting leads. As VG is
reduced, the low energy blockade transitions disappear and a zero-bias conductance
peak emerges. It is associated with supercurrent through the Ge/Si core/shell segment.
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Figure 6.1 – Transport Overview. Density plot of differential conductance
(dID/dVD) with respect to bias voltage (VD) and gate voltage (VG) of (a) Ge/Si
core/shell NW sample recorded at 390 mK. We observe two distinct regimes: A low
conductance regime VG > 20 V and a supercurrent(high conductance) regime (VG <
10 V).
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6.3 Quantised Conductance

To investigate the Ge/Si core/shell nanowire’s transport properties, the conductance
was measured as VG was swept from -30 V to 30 V with an applied constant VD bias
of 1 mV at various temperatures from 300 K to 5 K. These measurements were made
by our collaborators in their 4He cryostat using a lock-in amplifier. Figure 6.2 shows
the resulting G-VG curves. As observed in Figure 6.1, the conductance increases as
VG goes from positive to negative. Notably, at T = 150 K the G-VG curve begins to
reveal plateau-like features compared to the smooth higher temperature curves. These
plateaus become more pronounced as the sample is cooled further. The position and
nature of these features suggests that they relate to quantised conductance. Further-
more, the G-VG measurement recorded at T = 5 K hints at a conductance anomaly
at 0.7G0, which is often observed in ballistic mesoscopic devices [136].

We discussed in Section 2.2.1 the conditions that must be met to observe quan-
tum ballistic transport. Firstly, the NW must be in the ballistic regime, where the
dimensions of the NW are smaller than the mean free path `. Secondly, the diame-
ter d of the NW must be of the order of the Fermi wavelength λF. In the literature
the reported mean free path of Ge/Si core/shell NWs ranges from 70 nm to 500 nm
[36, 22], putting our Ge/Si device firmly in the ballistic regime. This suggests that we
are indeed observing in the Ge/Si core/shell system one-dimensional spin-degenerate
sub-band-resolved quantum ballistic transport.

Figure 6.2 – G-VG characteristics of the Al-Ge/Si-Al heterostructure device with
a channel length of LGe/Si = 40 nm measured at different temperatures between T =
5 and 300 K. The conductance G was directly obtained from the measured current
as the VG is swept from -30 V to 30 V according to G = dID/dVD and is plotted in
units of G0. The black arrows indicate the quantised conductance plateaus, and the
blue arrow indicates the 0.7 G0 plateau at 5 K.

In Figure 6.3, the resistance of the conductance plateaus R = 1/G taken at the
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points marked by black arrows marked on Figure 6.2 are plotted against the inverse
of the conducting channel number, associated with that plateau 1/n. By applying a
linear fit to R versus 1/n the average transparency of the Al-Ge interfaces can be
estimated. The gradient of the linear fit gives a value of 1.04 R0, where R0 = h/2e2 is
the quantised resistance. From the gradient an average transparency of approximately
96 % is determined.

Figure 6.3 – Resistance (R) of the quantised conductance plateaus of Fig. 6.2 vs
the inverse of the conducting channel number (1/n). The linear fit is used to estimate
the interface transparency.

The procedure to estimate the transparency is based on Landauer’s formula (Eq.
2.29). Landauer’s formula can be expressed in terms of resistance R [40],

R = (R0 +R1) /n, (6.1)

where R1 = R0(1− T )/T is the excess resistance due to scattering resulting from
finite transmission of ballistic conductor T . By assuming that the excess resistance
in our Ge/Si core/shell NW is due to finite interface transparency, we can estimate
the transparency of the Al-Ge interface from the gradient of the linear R versus 1/n
curve. By Eq. 6.1 the gradient is equal to R0(1 + (1− T )/T ), therefore T can be
easily determined.

Investigations of quantised conductance continued in the low temperature regime
using the pumped 3He set-up. Figure 6.4 shows traces of the bias voltage dependent
differential conductance G = ID/VD for fixed gate voltages ranging from VG = 30
V to -30 V with a step size of 167 µV at T = 450 mK. The waterfall plot clearly
shows conductance traces bunching into five thick lines of constant conductance sepa-
rated by regions of low trace density. We associate each bunch to the opening of each
of the five conductance channels, observed as plateaus in Figure 6.2. Each bunch-
ing region occurs near an integer multiple of G0. The waterfall plot also reveals the
zero-bias conductance peaks associated with superconducting transport through the
Ge/Si core/shell segment. In accordance with Figure 6.1 zero-bias conductance peaks
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appear after a certain gate voltage. In addition we observe a drop in conductance in
the vicinity to the zero-bias peak. This drop could be related to the superconduct-
ing gap, which strongly reduces conductance. However, the voltage window does not
correspond to the expected 4∆/e.

Figure 6.4 – Differential conductance (G) with series resistance of 370 Ω
subtracted waterfall plot from VG = 30 V to -30 V in 167 µV steps measured at T =
450 mK.

As a last remark, these low-temperature measurements were performed two and a
half years after the measurements of Figure 6.2. Impressively, they still present con-
ductance plateaus with only a slightly lower transparency of 86 %. This endorses the
high quality of the devices. For easy comparison Figure 6.5 shows G-VG characteris-
tic curves of the Ge/Si NW heterostructure extracted from G (VD,VG) measurements
made in the pumped 3He set-up.
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Figure 6.5 – G-VG characteristic curves of the Al-Ge/Si-Al heterostructure device
measured in the pumped 3He set-up at T = 0.45 K and T = 0.5 K. The curves were
extracted from the G (VD,VG) measurements by taking an average of VD slices of G
(VD,VG) in the rage 4.95 mV < VD < 5.05 mV, scatter plot. The average interface
transparency of each conduction channel is approximately 86%. To smooth the data
a Savitztky-Golvay filter is applied (solid curve). In this measurement, VG was swept
from 30 V to -30 V.
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6.4 Low Conductance Regime

In this section, we will consider the transport properties of the Al-Ge/Si-Al core/shell
NW in the low conductance regime. The low conductance regime is reached by ap-
plying a large positive gate voltage VG (see Figure 6.1). This regime is characterised
by a small normal conductance GN, which is less than the conductance quantum
G0 = 2e2/h. However, in the low conductance regime, there is no evidence of Coulomb
blockade effects suggesting the absence of a QD. This is contrary to the transport
properties of the i-Ge NWs where clear Coulomb blockade was observed. This obser-
vation is supported by the significant conductivity outside the superconducting gap
at VG = 28 V of 0.3G0. Figure 6.6 shows ID-VD slices at VG = 28, 20 and 10 V
further revealing the transport dynamics in this regime. The linear nature of curve
outside the superconducting gap further suggests an absence of Coulomb blockade
with all non-linearities coming from the superconducting effects at low-energies, for
|VD| < 400 µV.

Figure 6.6 – ID versus VD for three different VG (10, 20, 28 V) slices taken from
Figure 6.1.

In the low conducting regime, 25 V < VG < 30 V, transport is significantly sup-
pressed for energies within the superconducting gap. Figure 6.7 shows a G-VD slice
at VG = 28 V. The conductance peaks seen in Figure 6.7 are associated with An-
dreev reflection and will be discussed in conjunction with the discussion of the high
conductance regime. At low bias voltage |VD| < 100 µV, we observe a suppression of
conductance compared to the normal conductance GN. The strength of this suppres-
sion, referred to in the literature as gap hardness is quantified by the ratio between the
normal and sub-gap conductance: 〈GG〉/〈GN〉 where 〈GG〉 is the average conductance
inside the gap and 〈GN〉 is the average conductance outside the gap. We calculate the
respective quantities by taking the average G across a VD range from -0.05 to 0.05
mV for 〈GG〉 and a VD range from -0.7 to -0.6 mV for 〈GN〉 for all the VG slices in
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the range 25 V < VG < 30 V. The rectangles overlayed on Figure 6.7 highlights the
averaged regions. We determine a minimum gap ratio of 〈GG〉/〈GN〉 = 0.03.Gap ratio at 450 mK

17

< GG >< GN >

VG = 28 V

Figure 6.7 – Differential conductance slice (dID/dVD) with respect to VD for
VG = 28 V measured at 450 mK. The highlighted regions show where the average
conductance is taken for each VG slice to calculate the gap hardness.

6.5 High Conductance Regime

To investigate the high conductance regime, we carried out current biasing measure-
ments in the range -30 V < VG < 0 V at T = 420 mK. Figure 6.8 shows a density
plot of the differential resistance R = dVD/dID versus ID and VG. For this measure-
ment ID was swept from -400 nA to 400 nA and the voltage drop across the device
measured for each VG. Similarly to the ultra-short i-Ge devices, a region of near-zero
resistance centred around ID = 0 nA begins to form as VG becomes more negative.
For VG < - 20 V, this region becomes continuous (i.e. is not separated by regions
of finite resistance) and extends through an extended VG range. This suggests that
there is a supercurrent regime where dissipationless supercurrent passes through the
Ge/Si core/shell segment, as observed in the i-Ge NW heterostructures.
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Figure 6.8 – Transport overview of superconducting regime. Density plots of
differential resistance R = dVD/dID plotted in units of the quantum resistance versus
ID and VG.
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To further investigate the supercurrent regime, measurements were made with
smaller ID ranges. Figure 6.9 shows the differential resistance density plot where ID
was swept from -50 nA to 50 nA. In this Figure, we more clearly see the onset of
supercurrent and the dependence of the critical current IC on VG.

These dynamics are illustrated further by insets of Figure 6.9. The lower inset
shows a resistance slice at ID = 0 nA. Between VG = 0 V and -3 V, a regime of
high zero-bias resistance, on the order of several quantum of resistance, is observed.
As VG decreases from -3 V, the zero-bias resistance of the device drops abruptly and
finally converges to a small finite resistance of 25 Ω. We attribute this finite resistance
to thermally activated phase slips. Such phase slips are of significance in Josephson
junctions, when the Josephson energy EJ ≈ 5× 10−24 J is on the order of the thermal
energy kBT ≈ 6× 10−24J [60]. The Josephson energy is estimated by EJ = ϕ0IC/2π,
where ϕ0 = h/2e is the magnetic flux quantum.

The upper inset highlights the dependence of IC on VG. It shows ID-VD charac-
teristics of the heterostructure device for a selection of gate voltages, revealing the
ability to tune IC with an electrostatic field. We observe a maximum critical current
of IC = 15 nA, which saturates at VG = -25 V.

Figure 6.9 – (a) Differential resistance (dVD/dID), with a wiring resistance of
370 Ω subtracted, plotted in units of the quantum resistance versus ID and VG. ID
was swept from negative to positive and VG from 0 V to -30 V measured at 420 mK.
The dark blue regions correspond to zero resistance and indicate superconductivity
induced into the Ge/Si core/shell channel. The upper inset shows VD versus ID for
four different VG (0, -10, -15, -29 V). The lower inset shows a slice of differential
resistance (dVD/dID) at ID = 0 nA with respect to VG.
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Outside the low ID bias region, clear resonant features that are continuous with
respect to VG are observed. The nature of these features that are symmetric about ID
= 0 nA and their similarities with those of Figure 5.27 suggests that they are due to
MAR. Figure 6.10 shows a G-VD slice at VG = -29.5 V taken from Figure 6.8. Indeed,
the features of the density plot appear as conductance peaks symmetric around a
large conductance peak at VD = 0 V. The main peak, which is larger than 200G0,
corresponds to the infinite conductivity of the superconducting state of the Ge/Si
core/shell channels. A comparison with the conductance peaks of the low conducting
regime is also made in Figure 6.10 by plotting the G-VD curve at VG = 28 V. The VD
position of the peaks are compared to the expected peak position given by VD = 2∆

ne . In
this case ∆/e is taken to be half of, VD = 0.37 mV, the position of the first conductance
peak (n = 1), giving ∆ = 185 µeV. Using this ∆, three consecutive conductance peaks
of both G-VD slices agree with their expected positions at n = 1, 2, 3 (see Figure
6.10). In the G-VD slice at VG = -29.5 V, further conductance peaks are observed
at lower energy, VD < 0.1 mV. These peaks line up with VD positions expected for
MAR of orders n = 7 & 12. However, as they do not appear consecutively after the
first three peaks it is not possible to rule out other causes of the lower energy features.
Interestingly, we observe a small conductance feature at 0.44 mV that would indicate
a slightly larger superconducting gap of 220 µeV.
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Figure 6.10 – Differential conductance slices (dID/dVD) with respect to VD for
VG = -29.5 V and 28 V measured at 450 mK. Vertical dashed lines at VD = 2∆

ne show
the expected position of conductance peaks due to MAR for ∆ = 185µeV.

Link back to ToC → 163



Chapter 6 Transport properties of Al-Ge/Si-Al core/shell
Nanowire heterostructures

The alignment of the MAR conductance peaks in Figure 6.10 agrees with the
stability of the conductance resonances, with respect to VG, shown in Figure 6.1.
The remarkable stability of the MARs through 60 V of gate tuning further endorses
the exceptional interface quality that has been achieved. To estimate the interface
transparency, we again make use of the BTK model. The normal resistance RN is
calculated by fitting VD-ID curves in the linear regime above the superconducting gap
(|eVD| > 2∆) with the excess current Iexc being determined as the x-axis intercept
(VD = 0 V) of the linear fit. This was carried out for all gate voltages satisfying
VG < 0 V where we observe RN converging to 2.98 kΩ at VG = −25 V. Figure 6.11
shows an example of the fitting procedure. Applying the BTK model, we retrieve a
barrier strength of Z = 0.1, giving an estimate of the transparency of 99 %, which is
consistent with the transparency calculated from the quantised conductance.
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Figure 6.11 – Raw VD-ID curve at VG = -29 V and linear fit of the curve in the
normal regime VD > 2∆/e. From the linear fit, RN and Iexc is determined. RN = 3.6
kΩ is the gradient of linear fit and Iexc = 66 nA is the x-axis intercept.

6.6 Conclusion

In this chapter, we have discussed the transport properties of a Al-Ge/Si-Al core/shell
nanowire heterostructure with a Ge/Si core/shell segment length of 40 nm. This work
has been published in ACS Nano, see Ref. [137]. In Section 6.3, we revealed the
observation of quantised conductance, which suggests that we are observing quantum
ballistic transport. Using the Landauer formula, we estimated an average interface
transparency greater than 96 %. Low temperature measurements at highly negative
VG, revealed similarities to the Al-Ge-Al devices, including gate tuneable supercurrent
up to 15 nA at 420 mK and stable MAR up to third order. High interface transparency,
estimated by applying the BTK model to the MAR ID-VD curves, further endorses the
great quality of these Al-Ge/Si-Al core/shell nanowire heterostructures. We showed
that by applying a large positive gate voltage, we could enter the low conductance
regime. In this regime, we observed a low energy transport gap with a gap ratio
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of 〈GG〉/〈GN〉 = 0.03, which is promising for the observation of sub-gap modes,
including Majorana zero modes [86]. Moreover, the absence of Coulomb blockade
effects in the transport properties of this device, suggests that there is an Ohmic
contact between the Al and Ge/Si core/shell. The existence of an Ohmic contact, not
only affirms the great device quality and high contact transparency, which is necessary
for quantum devices, but also demonstrates a significant divergence between the Ge/Si
core/shell and intrinsic Ge (i-Ge) devices.
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Conclusion & Perspectives 7
7.1 Conclusion

In this thesis, we have presented the results of our investigations of the low temper-
ature transport properties of novel superconducting hybrid junctions, based on ger-
manium nanowires. These impressive devices were fabricated by our collaborators in
Vienna using a selective, thermally induced Al-Ge substitution process [34]. This pro-
cess enables the fabrication of monolithic Al-Ge-Al nanowire heterostructures. These
nanowires feature crystalline Al (c-Al) leads connected to a crystalline Ge segment,
by near atomically abrupt interfaces [33]. Two kinds of Ge nanowire heterotructures
have been investigated in this thesis; intrinsic Ge (i-Ge) nanowires passivated by a
thin shell of Al2O3 and Ge/Si core/shell nanowires. Material characterisation of these
devices, carried out by our collaborators, has revealed the high purity of the c-Al leads
and Ge segment [32, 107]. Their demonstration of the high quality of these devices
was one of our motivations to carry out low temperature investigations.

Succinctly, we have demonstrated that these remarkable devices, do indeed have
promising transport characteristics. We have shown that the Al-Ge-Al nanowire het-
erostructures, with i-Ge segment lengths of 40 nm, can be tuned from a completely
insulating regime, through a low conductive regime that exhibits properties of a single-
hole filling quantum dot, to a supercurrent regime [134]. We attributed this dynamic
transport to the band structure of the Al-Ge-Al nanowire heterostructure. The band
structure, defined by a back-to-back Schottky barrier, is highly tuneable, allowing ac-
cess to multiple transport regimes. In this thesis, we reported on three major transport
regimes; the Coulomb blockade regime, the supercurrent regime and the intermediate
regime. We showed that these regimes can be defined in terms of the characteristic
energies of the device. In the Coulomb blockade regime, EC � ∆ > Γ, whereas in the
superconducting regime, Γ� ∆,EC and in the intermediate regime Γ ∼ ∆ . EC.

Analysis of the Coulomb blockade regime, revealed a significant gate dependence
on the addition energy of the Ge quantum dot [135, 134]. The decreasing addition
energy, as the back-gate voltage VG became more negative, was associated with the
decreasing charging energy EC. EC decreased as the size of the QD increased as VG
became more negative. In this regime, we also observed evidence of quantum confine-
ment on Ge’s hole states. This included the even-odd effect and resonant tunnelling
through excited states. These results demonstrate the strong confinement effects pro-
vided by the small diameter of the Ge nanowires of approximately 25 nm. These
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quantum features endorses the potential of Al-Ge-Al nanowire heterostructures as
quantum devices.

In the supercurrent regime, at large negative VG, we observed gate tuneable super-
current up to 10 nA, leading to a Josephson field effect transistor. The confirmation
of gate tuneable Josephson current in Al-Ge-Al nanowire heterostructures, makes
these devices, to the best of our knowledge, the first superconducting-semiconducting
Josephson junctions based on intrinsic germanium. Furthermore, we described the
observation of sub-gap conductance peaks due to multiple Andreev reflection (MAR).
Fits to the non-linear ID-VD curves, in this regime, revealed high interface transparen-
cies of up to 96 % for the first conducting channel. This high transparency suggests
that the Schottky barriers, which had a dominating effect on the transport in the
Coulomb blockade regime, have been tuned away by the back-gate.

Between the Coulomb blockade and superconducting regimes, we observed the
intermediate regime. Here, we observed significant transport features within the su-
perconducting gap. However, the bell-shape nature of these conductance features sug-
gested that they had more complex origins than standard MAR. We attributed these
features to a combination of MAR and resonant tunneling through the quantum dot.
The cause of the intriguing asymmetry with respect to VD and quantum dot parity,
observed in this regime, requires further investigation.

Transport investigations of a Al-Ge/Si-Al core/shell nanowire heterostructure with
a Ge/Si core/shell segment length of 40 nm [137], revealed similarities and differences
to the i-Ge devices. Observations of stable MAR and quantized conductance affirmed
the great quality of the interface and a high contact transparency, which was estimated
to be greater than 96 %. Similar to the i-Ge devices, we observed gate tuneable
supercurrent up to 15 nA, in the Ge/Si core/shell device. By applying a large positive
gate voltage, we could enter the low conductance regime. In this regime, we observed
a low energy transport gap, with a gap ratio of 〈GG〉/〈GN〉 = 0.03, which is promising
for the observation of sub-gap modes, including Majorana zero modes [86]. Contrary to
the i-Ge nanowire devices, we did not obverse Coulomb blockade in this regime. This
suggests that there is an Ohmic contact between Al and the Ge/Si core/shell nanowire.
An Ohmic contact implies that the Si shell has modified the Schottky barrier, to the
extent where it is unobservable in our measurements. Further investigation is required
to fully understand the effect of the Si shell on the Schottky barrier.

The results presented in this thesis, demonstrates the potential of these novel ger-
manium nanowire based superconducting-semiconducting hybrid junctions as quan-
tum devices and for the study of quantum phenomena. In particular, the impressive
tuneability and high quality of the Al-Ge devices enables the investigation of the rich
physics provided by the subtle interplay between Coulomb blockade and Andreev me-
diated superconductivity. These results add further weight to the growing evidence
that Ge has significant potential as a key material in future quantum experiments and
technologies [138].

7.2 Perspectives

The diverse transport properties of our germanium nanowire based superconducting-
semiconducting hybrid junctions motivates further experimental investigation. Future
investigations should include high magnetic field measurements at dilution refrigerator
temperatures (20 mK). By reducing the temperature, we would expect to observe an
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improvement on the signal to noise ratio due to the reduced electron temperature.
Furthermore, the device may become more stable due to the freezing out of surface
charges that result in charge jumps. A reduced temperature, would help towards
understanding if the relatively low critical current measured in the our devices is
suppressed due to the high working temperature of 400 mK.

The application of a high magnetic field would provide a mechanism to investigate
the effects of charge spin on the Ge quantum dot. By lifting the spin degeneracy, the
observation of single hole filling, suggested by the even-odd effect, could be confirmed.
Moreover, the magnetic field can be used to examine the origins of the higher energy
conductance resonances that were attributed to excited state tunnelling. In the inter-
mediate regime the magnetic field could be used to help understand the asymmetry
of the negative differential conductance, with respect to VD and quantum dot parity.
By using a magnetic field, we could investigate if spin-orbit coupling is responsible for
this asymmetry. Furthermore, we could use the magnetic field to remove superconduc-
tivity, allowing one to investigate the Kondo effect more easily. It is understood that
superconductivity strongly suppresses the Kondo effect [75]. Finally, a high magnetic
field could be used to investigate whether we can observe Majorana bound states in
these superconducting hybrid junctions [88].

Beyond further experimental investigations, we could integrate these Ge nanowire
based superconducting hybrid junctions into quantum devices such as a gate tuneable
transmon qubit, known as a gatemon. We have begun preliminary measurements on
a Ge/Si core/shell transmon, which was fabricated by our collaborators in Vienna.
The transmon consists of a Al-Ge/Si-Al core/shell nanowire heterostrucutre, with a
Ge/Si segment length of 20 nm, shunted by a capacitance provided by two large Al
contact pads. The device is fabricated on an un-doped Si wafer to reduce damping
of the resonator due to the wafer’s finite resistance. The device is installed in a 3D
cavity, which acts as the resonator, which couples to the transmon. Through the
microwave resonator qubit control and readout can be performed. In the current set-
up we do not have the ability to tune the density of charge carries in the Ge/Si
core/shell segment. However, preliminary measurements produced interesting results.
We observed an increase in the cavity resonance as the microwave drive power of the
single-tone spectroscopy was increased. This is evidence of the cavity interacting with a
non-linear element, possibly the transmon. Furthermore, we observed some evidence
of qubit transitions in two-tone spectroscopy measurements. However, extra cavity
resonances were observed near the estimated qubit frequency. These extra resonances
must be understood and further measurements carried out before a claim of a Ge/Si
core/shell transmon qubit can be made. Furthermore, I strongly suggest that a gate
field is introduced, which will enable the charge carrier density of the Ge/Si core/shell
segment to be tuned, which would improve future experiments.
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Introduction to BCS theory A
Leon Cooper’s discovery, in 1956, that the ground state of a Fermi sea is unstable in

the presence of an attractive electronic potential, became the basis of the microscopic
description of superconductivity (BCS theory) [60]. Defined as a Cooper pair, this
lower energy electron bound state, is guaranteed to form in an electronic system at T
= 0, with attractive interaction, irrelevant of its strength.

The formation of a lower energy ground state can be understood by considering two
electrons, with energies above the Fermi energy EF. Suppose these electrons experience
a small local attractive interaction between themselves and are added to the Fermi
sea. Further, it is assumed that the additional particles do not interact with the Fermi
sea, except for obeying Pauli’s exclusion principle. By Bloch’s theorem, the minimum
energy state must have net zero momentum. Therefore, the two new particles must
have equal and opposite momentum. By taking into account the antisymmetry of
electron exchange due to the Fermion statistics of electrons. A two-electron singlet
wavefunction can be built to describe the two particle system,

ψ(~r1 − ~r2) =

 ∑
~k> ~kF

g~k cos
(
~k · (~r1 − ~r2)

) (α1β2 − β1α2), (A.1)

where α and β represent the spin up and spin down configurations respectively. The
weighting coefficient g~k is related to the interaction potential V~k~k′ between the two
electrons by

(E − 2ε~k)g~k =
∑

~k′> ~kF

V~k~k′g~k, (A.2)

where, εk are the eigenergies of the unperturbed electron states. The electron eigen-
states are plane waves as discussed above. Whereas, E is the energy of the electron
pair. By solving this expression, one can determine g~k and E. Importantly, a bound-
pair state forms if there exists a set of g~k with E < 2EF.

To solve Eq. A.2, Cooper assumed a constant and attractive interaction potential
of V~k~k′ = −V , for all ~k states up to a cutoff energy of h̄ωD above EF and zero
otherwise. Here, ωD is the Debye frequency of the solid, which is the frequency of the
phonon whose wavelength is the size of the lattice unit cell. In aluminium, the Debye

Link back to Table of contents →

173



Appendix A Introduction to BCS theory

frequency is approximately 10 THz. This simplifies Eq. A.2 to

g~k = V

∑
g~k′

2ε~k −E
. (A.3)

This allows one to determine the eigenenergy of the bound state in the weak coupling
case ρ(0)V � 1, where ρ(0) is the density of states near EF, to be

E ≈ 2EF − 2 h̄ωDe−2/rho(0)V . (A.4)

This result reveals that two electrons with k > kF form a bound state with lower
energy than EF, independent of the magnitude of the attractive potential V . This
makes the normal ground state unstable.

Examination of the wavefunction, reveals that the probability of a bound state
forming, is proportional to the weighting factor (2ξ~k +E′)−1, where ξ~k = ε~k −EF is
the particle energy relative to the Fermi energy and E′ = 2EF−E > 0 is the binding
energy relative to 2EF. Therefore, the maximum probability (max weighting factor
= 1

E′ ) occurs for particles around EF. As E′ << h̄ωD for ρ(0)V < 1, the weighting
factor quickly decays for particles above EF. Therefore, there is a small window where
binding occurs, which justifies the approximation of the constant interaction potential.
Further, this small binding window agrees with Pippard’s description of the Cooper
pair size, with a minimum size of ∼ h̄vF/E′, where vF is the Fermi velocity. As kBTc ∼
E′, the size of the Cooper pair is ξ0 = a h̄vF/kBTc, where Tc is the temperature at
which the superconducting condensate forms, known as the critical temperature.

The source of the attractive potential between electrons, required for pairing,
was not obvious, especially given the strong repulsive nature of Coulomb interaction.
Frölich suggested in 1950 that electron-ion interactions could result in an attractive
potential sufficient to overcome Coulomb repulsion [60].

With the discovery of the existence of a Cooper pair and the possibility of having
an electronic system with an attractive interaction, the next challenge was expanding
this to many Cooper pairs. The number of Cooper pairs in a superconducting metal
must reach a finite maximum, after which there is no energy gain by the addition of
another pair. This large number of Cooper pairs would clearly change the Fermi sea,
thus treating bound pairs independently from the Fermi sea, could not be maintained.

To model this complex system, Bardeen, Cooper and Schrieffer exploited second
quantisation of quantum mechanics to develop the BCS wavefunction. Second quan-
tisation is a powerful tool when dealing with many-particle systems of bosons or
fermions. In the fermionic case; the anti-symmetry, must be maintained for an N-
electron system. Through the use of creation (annihilation) operators, the workhorse
of second quantisation, which create (destroy) particles, many-body quantum states
are built while maintaining their symmetric or anti-symmetric nature.

The key second quantisation operators used for electronic systems including su-
perconductors are as follows:

— ĉ†~k↑
creation operator: Creates a fermion with momentum ~k and spin 1

2 (up).

— ĉ~k↓ annihilation operator: Destroys a fermion with momentum ~k and spin -1
2

(down).

174 Link back to ToC →



— n̂~kσ = ĉ†~kσ
ĉ~kσ particle number operator: counts the number of particles with

momentum ~k and spin σ =↑, ↓.

Importantly, the fermionic operators must obey the anti-commutator relation

{ĉ~kσ, ĉ†~k′σ} = δ~k~k′δσσ′ , (A.5)

where δi,j is the Kronecker delta, defined as

δi,j =

0 if i 6= j

1 if i = j.
(A.6)

In the formalism of second quantisation, the two-electron singlet wavefunction of
Eq. A.1 is written as

|ψ0〉 =
∑
~k>~kF

g~k ĉ
†
~k↑
ĉ†
−~k↓
|F 〉 , (A.7)

where |F 〉 is the Fermi sea where all states are filled to ~kF. Expanding this to an
N-electron wavefunction

|ψN 〉 =
∑
~k

g(~ki...~k`)ĉ†~ki↑ĉ
†
−~ki↓

...ĉ†~k`↑ĉ
†
−~k`↓
|φ0〉 , (A.8)

where |φ0〉 is the vacuum state, the complexity becomes clear. Given the large number
of possible ways to achieve N/2 pairs, determining g(~ki...~k`) is a near impossible task.

This is where the ingenuity of BCS theory comes to light; by using the mean-
field approximation, where the occupancy of a ~k state is dependent on the average
occupancy of other states, the particle number N can be treated statistically and thus
Cooper pair occupancy can also be treated statistically. This approach results in the
BCS ground state of

|ψG〉 =
∏
~k

(u~k + v~k ĉ
†
~k↑
ĉ†
−~k↓

) |φ0〉 , (A.9)

where |v~k|
2 is the probability that a pair (~k ↑,−~k ↓) is occupied, whereas the prob-

ability of not being occupied is |u~k|
2. By the nature of probabilities, the condition

|u~k|
2 + |v~k|

2 = 1 must be met.
For finite u~k and v~k there is a finite probability of any number of free particles M

from 0 to 2N where N is the number of Cooper pairs. However the coefficients peak
at the average number of Cooper pairs given by

N̄ =
∑
~k

2|v~k|
2. (A.10)

Through the Heisenberg uncertainty principle an important relationship between
Cooper pair number N and superconducting phase ϕ can be made

∆N∆ϕ >
1
2 (A.11)
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To determine fully the ground state of Eq. A.9, one must calculate u~k and v~k.
This is achieved by minimising the expectation value of the "pairing Hamiltonian" or
"reduced Hamiltonian" with respect to the system in the ground state. That is

δ 〈ψG| Ĥ |ψG〉 = 0, (A.12)

where Ĥ is the pairing Hamiltonian, where the chemical potential µ is taken to be
the point of zero kinetic energy:

Ĥ =
∑

k,σ=↑,↓
ξ~kσ ĉ

†
~kσ
ĉ~kσ +

∑
~k,~k′

V~k~k′ ĉ
†
~k↑
ĉ†
−~k↓

ĉ~k′↑ĉ−~k′↓, (A.13)

where, ξ~k = ε~k − µ, is the energy of the particle state above µ.
In the original BCS paper, a variational method was taken to determine the co-

efficients: u~k and v~k. However, in this thesis I will take another approach, that was
developed after BCS theory but achieves the same result. This method uses a canon-
ical transformation.

In its current form, the pairing Hamiltonian of Eq. A.13 has a quartic term in the
interaction component, making it overly complex to solve. By introducing a mean-
field approximation, the interaction can be simplified into a bilinear form, where the
creation and annihilation of pairs of Bloch states (~k ↑,−~k ↓) are separated.

The mean-field approximation is justified by the phase-coherence of the BCS
ground state. For more details on the mean-field approximation, see Ref. [60]. In
this approximation, one defines the parameter,

∆~k = −
∑
~̀

V~k~̀
〈
ĉ−~k↓ĉ~k↑

〉
. (A.14)

∆~k has similarities to the order parameter introduced in Ginzburg-Landau theory of
superconductivity. For superconductors with s-wave pairing, such as aluminium, the
order parameter is defined by ∆~k = |∆|e

iϕ, where ϕ is the superconducting phase.
By introducing the order parameter into the quartic term of the pairing Hamilto-

nian and relabeling the subscripts, one gets a simpler BCS Hamiltonian

Ĥ =
∑

~k,σ=↑,↓
ξ~kσ ĉ

†
~kσ
ĉ~kσ −

∑
~k

(
∆†~k ĉ−~k↓ĉ~k↑ + ∆~k ĉ

†
~k↑
ĉ†
−~k↓
− ∆~k

〈
ĉ†~k↑
ĉ†
−~k↓

〉)
. (A.15)

The simplified Ĥ is then diagonalised using the canonical transformation. This
transformation was used by Bogliubov and Valatin independently but has become
to be known as the Bogoliubov transformation. In the canonical transformation the
particle creation ĉ†~k↑, ĉ

†
−~k↓

and annihilation ĉ~k↑, ĉ−~k↓ operators in terms of creation γ†~kσ
and annihilation γ~kσ operators of quasiparticle excitations, given by:

ĉ~k↑ = u∗~kγ̂~k↑ + v~kγ̂
†
~k↓

ĉ−~k↓ = u∗~kγ̂~k↓ − v~kγ̂
†
~k↑

(A.16)

ĉ†
−~k↓

= −v∗~kγ~k↑ + u~kγ
†
~k↓

ĉ†~k↑
= v∗~kγ~k↓ + u~kγ

†
~k↑

. (A.17)
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with the canonical transformation the diagonalised Hamiltonian becomes

Ĥ =
∑
~k

(E~kγ̂
†
~k↑
γ̂~k↑ +E~kγ̂

†
~k↓
γ̂~k↓) +

∑
~k

(ξ~k −E~k + ∆~k

〈
ĉ†~k↑
ĉ†
−~k↓

〉
), (A.18)

with the condition that

2ξ~ku~kv~k + ∆∗~kv
2
~k
− ∆~ku

2
~k
= 0, (A.19)

where E~k =
√
(ξ2
~k
+ |∆~k|2. By solving the conditional statement of the diagonalised

Ĥ the coefficients are found to be

|v~k|
2 = 1− |u~k|

2 =
1
2

(
1−

ξ~k
E~k

)
, (A.20)

which is in agreement with the original variational method of BCS. The order param-
eter ∆~k, defined in the mean-field approximation, is found self consistently using the
Bogliubov transformations

∆~k = −
∑
~̀

V~k~̀u
∗
~̀v~̀

(
1−

〈
γ̂†~̀↑
γ̂~̀↑

〉〈
γ̂†~̀↓
γ̂~̀↓

〉)
. (A.21)

At T = 0 K, when there are no quasiparticle excitations, the order parameter
reduces to the same expression as that in the variational method, given by

∆ =
h̄ωD

sinh (1/ρ(0)V ) ≈ 2 h̄ωDe−1/ρ(0)V . (A.22)

Eq. A.21 shows that the superconducting gap is dependent on the state of the system,
thus depends on how many quasiparticles exist.

Returning to the Hamiltonian of Eq. A.18, we can gain an understanding of how
it describes the system. The sum on the right of Eq. A.18 is a constant, which differs
from the normal state at T = 0 K, where ∆~k = 0, by the condensation energy of the
superconducting state. Therefore we can express Eq. A.18 as

Ĥ =
∑
~k

(E~kγ̂
†
~k↑
γ̂~k↑ +E~kγ̂

†
~k↓
γ̂~k↓) + Ξ, (A.23)

where Ξ can be considered as a constant offset energy. The Hamiltonian now describes
the superconducting system in terms of energy above the ground-state due to quasi-
particle like excitations of the system. These one-particle like excitations are referred
to as Bogoliubons, as they come from the Bogoliubov transformation.

The two possible Bogoliubons γ̂~k↑ and γ̂~k↓, each increase the system energy by

E~k =
√(

ξ2
~k
+ |∆~k|2

)
. A Bogoliubon introduces a linear superposition of electron and

holes into the system. However, their effect on the total momentum ∑
~k
~k and spin Sz

of the system is different. γ̂†~k↑ either creates a Fermion with momentum +~k and spin

1/2 (up) or destroys a Fermion with −~k and spin -1/2 (down). Therefore, γ̂†~k↑ has the
net result of increasing the system momentum by ~k and increasing Sz by h̄/2. On
the other hand γ̂†~k↓, has the opposite effect; reducing the system momentum and total
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spin by ~k and h̄/2, respectively. This shift is either achieved by creating a Fermion
with −~k and spin -1/2 (down) or destroying a Fermion with +~k and spin 1/2 (up).

For instance, γ̂†~k↑γ̂~k↑ counts the number of spin-up quasi-particles (excitations that

increase momentum and spin). Whereas, γ̂†~k↓γ̂~k↓ counts the number of spin-down quasi-
particles (excitations that decrease momentum and spin). However, both excitations
introduce the same additional energy to the system. Inspecting E~k, we see that ∆~k
acts as the minimum energy required for an excitation to occur. Supposing a quasi-
particle is created at the Fermi surface, where the minimum energy given all other
states are filled at T = 0. Then ξ~k = 0 and the eigenenergy is E~k = |∆~k| > 0, which
is the minimum energy.

At finite temperature, the order parameter can be derived using the Fermi-Dirac
function Eq. 2.15. The Fermi-Dirac equation defines the probability of quasi-particle
excitation at temperature T. For T > 0, ∆~k becomes,

∆~k = −
∑
~̀

V~k~̀u
∗
~̀v~̀

(
1−

〈
γ̂†~̀↑
γ̂~̀↑

〉〈
γ̂†~̀↓
γ̂~̀↓

〉)
(A.24)

= −
∑
~̀

V~k~̀u
∗
~̀v~̀

[
1− 2f(E~̀)

]
(A.25)

= −
∑
~̀

V~k~̀
∆~̀
2E~̀

tanh
βE~̀

2 , (A.26)

where β = kBT. Using the BCS approximation of a constant negative interaction
potential (V~k~̀ = −V ) which leads to ∆~k = ∆~̀ the self consistency equation at finite
temperature becomes

1
V

=
1
2
∑
~k

tanh βE~k
2

E~k
. (A.27)

Determination of Tc

The critical temperature (Tc) is defined as the temperature at which ∆(T ) → 0. By
substituting E~k = |ξ~k| into Eq. A.27 and solving by integrating over ξ~k, one resolves
an expression for Tc of

kTc = 1.13 h̄ωDe−1/N(0)V . (A.28)

Combining with Eq. A.22, we retrieve an expression for Tc in terms of ∆(0) of

Tc =
∆(0)

1.764kB
. (A.29)

The numerical factor of 1.764 has been reasonably well supported by various experi-
ments on standard superconductors, with measured factors ranging from 1.5 to 2.25,
with most accumulating around 1.75 [60].

The temperature dependence of the gap can be determined by numerically comput-
ing the intergral of Eq. A.27 over ξ~k. The result, which is universal for superconductors
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in the weak coupling regime, reveals that near T = 0 the decay of ∆(T ) is exponen-
tially slow and nearly insensitive to T. As T approaches Tc, ∆(T ) decays rapidly,
reaching a vertical tangent. In fact, near Tc, ∆(T ) is approximated by

∆(T )
∆(0) ≈ 1.74

(
1− T

Tc

)1/2
,T ≈ Tc. (A.30)

BCS Density of States

Now we have a definition for the superconducting gap, we can define the density of
states (DOS) of a superconductor. From our theoretical analysis, we understand that
there exists a region where no quasi-particles can exist. From the density of states
of a normal metal ρN(0), which we assume to be constant, we obtain the DOS of a
superconductor by introducing the energy states of the superconductor giving

ρS(E) =
1
2ρN(0)


|E|√
E2−∆2 if |E| > ∆

0 otherwise.
(A.31)

Figure 2.7 shows the DOS of a superconductor.

2Δ
EF

DOS

E

Figure A.1 – Quasiparticle spectrum of the superconducting ground state in the
one-particle representation. In the ground state, all the quasiparticle states below EF
are filled, whereas all states above EF are empty. Noteably, all quasiparticle states of
energy |E−EF| < ∆ are forbidden. This defines the superconducting gap.
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Measurement Feedback and Data
Correction Procedure B
B.1 Measurement Feedback

As discussed in Chapter 4 of the main text, I developed a python script to provide
immediate measurement feedback. The script enables a user to easily view, in the
case of voltage biasing measurements, the density plots of the measured current ID
and numerical differential conductance G versus VD and VG. In this section of the
Appendix, I will describe how to run the python script to observe the target data.

To use the python script, called ’diamonds.py’ it must be copied to the same
directory as the measurement data for which the user wishes to plot. Then the user
must run the python script that is produced by the LabView measurement program
when the target measurement was made. The name of the measurement python script
is defined by the time of the measurement e.g. 165903.py. Once run the measurement
python script calls the diamonds.py script and two graphical user interface (GUI)
panels will appear on the user’s screen. One GUI will show the measured ID(VG,VD)
and the second will show the measured G(VG,VD). Figure 4.11 shows the GUI of
the measured current. By clicking on the density plot the user can select a (VG,VD)
coordinate. The program uses this coordinate to plot VG and VD slices to the right
and top, respectively. The user can select different coordinates freely. The GUI also
provides the standard functionality of a matplotlib plot such as saving the figure,
changing the colorbar scale, zoom, pan and more. The same functionality works in
the conductance GUI. This python script also works for current biasing measurements.

B.2 Data Correction

As discussed in Chapter 4 of the main text I carried out a data correction procedure.
This procedure was implemented to ensure that the measured current and voltage was
the true current and voltage at the device under measure. Here, I detail, using technical
terms associated with the python packages used, the data correction procedures I used.

To correct the measured data, I adjusted the voltage response of I-bias biased
measurements and the applied voltage of V-bias measurements. Further, I corrected
the data to remove the zero-bias offset associated with the voltage source and the
current offset associated with the current amplifier. By making these adjustments, I
ensured that the voltages discussed in these measurements is the true voltage drop
across the Al-Ge-Al and Al-Ge/Si-Al nanowire heterostructures.
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Voltage Biasing

Correcting zero bias offset: To correct for the zero bias offset, I shifted the voltage
bias (V-bias) index such that I(V-bias = 0) = 0 A. To achieve this, I created a python
function, which calculates the offset and subtracts this value from the original voltage
index of the dataset. The offset is calculated by finding the V-bias value associated
with the minimum I-measured of each VG slice. Assuming that the offset is constant
with respect to VG, the V-bias values are averaged to obtain a single offset value. This
process is only carried out in the non-blockade region of the data set. Indeed, the zero
current over a finite V-bias makes finding the V-bias offset value from the minimum
I-measured unreliable.

Correcting current offset: To correct for the current offset of the current am-
plifier, I determined the current offset from an average of the measured current in
the blockade and/or pinch-off regions of the measurement. In these regions, I assume
that the measured current is an experimental artifact due to the amplifier. I then use
the determined current offset to correct the measured current in order to obtain the
true current through the device ID. Correcting for current offset was only possible for
datasets with a blockade or pinch-off region. On the other hand, in the more conduc-
tive regimes of the devices, the current offset is negligible compared to the measured
current.

Correcting wiring resistance: To correct for the wiring resistance of the fridge
Rfridge and determine the true VD across the devices, I subtracted from the V-bias
index values, that have already been corrected for the zero bias offset, ID×Rfridge
where ID is the measured current corrected for current offset and Rfridge = 390 Ω.
As ID is dependent on VD and VG, the new VD indexes are different for each VG
slice, thus expanding the index of Pandas DataFrame object through which I have
stored the data on python. As a result the function to remove the fridge resistance
called correct_fridge_R_V_bias returns a new DataFrame with each column being
the true VD indexes of the labeled VG slice. To improve the organisation of the data
I combined the true VD and ID values into a single DataFrame with a VD index using
the function called single_index_df. To reduce the size of the index I rounded the
VD values to three decimal places. In instances when there are duplicates of the VD
index in a single VG slice (which are illegal in the Pandas DataFrame object) I used
VD values rounded to four decimal places to replace the duplicates.

Current Biasing

Correcting voltage offset: To correct for the zero bias offset which results in the
measurement of a non-zero voltage at I-bias = 0 A. One should recall that the I-
bias is created by the same voltage card as the V-bias. To remove the zero bias
offset I subtracted the measured voltage at I-bias = 0 A from all the measured volt-
age values of that VG slice. This process is carried out by the function called cor-
rect_zero_bias_offset.

Correcting wiring resistance: To determine the true voltage drop across the
devices VD, I subtracted from the measured voltage values that have been corrected
for the zero bias offset ID×Rfridge where ID is the I-bias, index of the DataFrame. and
Rfridge = 393 Ω. This process is carried out by the function called correct_fridge_R.
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Using the Monte Carlo fitting
program C

In Chapter 5 of the main text we used the Monte Carlo fitting programme created
by Gabino Rubio to fit the IV curves in the superconducting regime of the Al-Ge-Al
nanowire heterostructures. Here, I explain in detail how I used the program.

Figure C.1 shows the GUI of the programme. There are multiple features of the
programme that I made use of: Fitting IV curves and simulating IV curves for arbitrary
channels and transmissions values.

Figure C.1 – Screenshot of AevCarlo programme.

Fitting IV Curves The raw data is uploaded to AevCarlo by pressing the Open
ASCII button and selecting the desired file which has two columns V(mV) & I(nA).
It is important that the data is adjusted to ensure that the V (mV) column is the true
voltage drop across the device ((i.e. removing voltage drop due to fridge resistance).
AevCarlo smooths the data into 600 points up to 6∆ where ∆ is the gap chosen by
the used using the scroll bar labeled ’Gap (µeV )’. The smoothed data is then plotted
on the first graph in blue. The input voltage factor and input current factor must be
set to ensure the data is in SI units before fitting takes place. The fitting procedure
has multiple parameters to adjust the fit: Initial channel distribution - Defines how
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the initial transmission will be set, N chn - Number of channels to be fitted, Target
error, Target iteration, Vmin (∆/e)- The minimum voltage to fit from loaded and
smoothed data, Vmin (∆/e)- The maximum voltage to fit from loaded and smoothed
data, Vpts - The number of data points of loaded and smoothed data. The button
"Start Fit" is clicked to initiate the fit; the Monte Carlo process ends when either
Target error or Target iteration is reached. The "Refine" button can be used to run
the fit continuously beyond the target iteration to reduce the error the fit must be
stopped manually. The fitting curve is plotted in red on both graphs; the second graph
shows the transmission Vs. channel number.

Gap Search: AevCarlo also provides a tool to find the optimum gap energy to
fit the IV curve. The tool can be selected by clicking "Quantro" then "Gap Search".
One can select the number of iterations either side of the provided gap energy and
the width of these iterations in µeV . Launching the search causes AevCarlo to fit the
IV curve for each gap value and record the Error of the fit producing data of Error
Vs. Gap which can be copy & pasted into a txtfile for saving.

Simulating Curves: To simulate IV curves one can copy the transmission values
of an arbitrary number of channels from a txtfile and pasting such channels by clicking
PasteChn (note decimals are separated by commas (",") not dot points (".")). One can
also choose different ways to generate channel transmission distributions; Random,
Linear, etc. This results in a normalized IV curve plot and channel distribution plot.

Saving Data: The theory (fitting) curve and experimental (loaded & smoothed)
curve can be saved by clicking "SaveTEO" and "SaveEXP" respectively. The channel
transmissions are saved by copying and pasting the Channels into an independent
textfile and saving such file.
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Article in Highlights 2019 D
The following page, is an article that I wrote in 2019 for Institut Néel’s annual

Highlights magazine. The magazine article is based on our transport investigations of
Al-Ge/Si-Al core/shell nanowire heterostructures, discussed in Chapter 6. The goal of
this article, is to explain our research to the scientific and non-scientific communities
inside and outside the institute.
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8

In collaboration with the Institute of Solid State Electronics at 
TU Wien, Vienna, Austria, and the Laboratoire d’Etude des 
Matériaux par Microscopie Avancée, CEA-Grenoble, we have 
fabricated and characterised hybrid nanowire heterostruc-
tures having extremely high quality interfaces. Developed 
in Vienna, a novel technique facilitates the fabrication of su-
perconducting-semiconducting hybrid nanowires (NWs) with 
atomically precise interfaces. We start with a 3 micron long 
nanowire consisting of a germanium (Ge) core with a diam-
eter of 30 nm and a silicon (Si) shell with a thickness of 3 nm. 
Then we apply two aluminium (Al) contact pads onto the two 
ends of the wire, using electron beam lithography. Through 
annealing, we can enable and control the replacement of 
germanium of the nanowire by aluminium from Al pads. The 
controlled substitution of Ge by Al results in a monolithic na-
nowire having the form of a short, central Ge segment, of 
desired length, connected on both sides by monocrystalline 
aluminium (c-Al) nanowire segments serving as leads, while 
maintaining its Si shell (Fig. 1a and inset of Fig. 2). A sub-
stantial breakthrough of this method is the atomically precise 
contacts between the Al and the Ge, which we can observe 
using a tunnelling electron microscope (Fig. 1b). 

To highlight the high quality of these devices and their quan-
tum phenomena we carried out temperature dependent 
electrical measurements on a nanowire with a Ge segment 
of length 40 nm between the two Al contact leads. By ap-
plying a voltage difference (VD) across the device and meas-
uring the current (ID), we can calculate its conductance (the 
inverse of its resistance) here G = ID/VD. As germanium is 
a semiconductor, we can control its conductivity, its ability 
to conduct charge, by applying an electric field, the gate 
field. The electric field is induced by applying a voltage bias 
(the gate voltage VG) to the highly doped underlying silicon 
wafer, see the inset of Fig. 2. Germanium in its natural state 
behaves like a p-type semiconductor, so it is easier for posi-
tive charges (holes) to transverse the Ge segment. As such, 
as shown in Fig. 2, applying a more negative gate voltage 
increases the conductivity of the device.

As we decrease the temperature of the sample from 300 K, 
we begin to observe structures within the conductance 

curves at temperatures as high as 150 K. These structures 
become more pronounced as the temperature is reduced 
to 5 K. The structures, indicated by black arrows (Fig. 2), are 
known as quantized conductance plateaux and are a phe-
nomenon of “one dimensional” nanostructures explained 
by quantum mechanics. The plateaux conductance is then 
given by two fundamental constants, e the electron charge 
and h the Planck constant: Gn= n2e2/h where n is an inte-
ger. The ability to observe such features up to 150 K demon-
strates the high quality of the sample and its interfaces. From 
the measured conductance of the plateaux, we estimate the 
transparency of the Al to Ge interface to be greater than 
96%.

Measurements below 1.2 K reveal that the aluminium con-
tacts become superconducting, resulting in the connected 
Ge segment experiencing «À�Ý���ÌÞ���`ÕVi`, supercon-
ducting transport properties, such as dissipationless current.

We have demonstrated the exceptional electrical transport 
characteristics of these high quality core/shell (Al-Ge/Si-Al) 
nanowires fabricated using a novel annealing technique. 
Having overcome the limitations of interface defects, these 
devices can be integrated into quantum devices and used 
for future investigations of superconducting-semiconduct-
ing phenomena.

Atomically precise interfaces reveal exceptional quantum effects

Hybrid superconducting-semiconducting systems are promising candidates for nano-electronic quantum devices including 
quantum bits (“qubits“) and quantum circuits. However, their successful realisation requires devices with very few defects. In 
these hybrid devices, significant defects result from poor quality interfaces between the superconductor and semiconductor. 
Reducing defects by improving the interface provides a significant challenge.
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