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Résumé

Les tests d’hypothéses distribués ont de nombreuses applications dans la sécurité, la surveillance de la
santé, le contréle automobile, la détection d’anomalies, ol les centres de décision, a l'aide des capteurs
distribués dans le systéme, doivent distinguer entre la situation normale (hypothése nulle) et la situation
d’alerte (hypothése alternative). A chaque centre de décision, on distingue deux types d’erreur : l'erreur
de type-1 (correspondant & une fausse alarme) et Uerreur de type-1I (correspondant & une détection man-
quée). L’objectif de ces problémes est de maximiser la décroissance exponentielle des probabilités d’erreur
de type-II tout en préservant les probabilités d’erreur de type-1 en dessous de seuils donnés. Plusieurs
travaux théoriques ont étudié les limites de performance de tels systémes des tests d’hypothéses distribués,
en se focalisant sur les tests contre I'indépendance ol les mesures aux différents terminaux sont censées
étre corrélées en situation normale et indépendantes en situation d’alerte. Dans la plupart des travaux
précédents, chaque systéme est supposé avoir des ressources réseau dédiées représentées par des contraintes
de taux maximum sur les liens de communication. Dans cette thése, nous supposons que différents systémes
ou applications partagent les ressources limitées du réseau et nous imposons des contraintes de taux plus

flexibles (taux prévu).

Notre travail établit la premiére extension du probléme de tests d’hypothéses binaires distribués sous
des contraintes de taux prévu a des capteurs multiples et/ou des centres de décision multiples. Nous
caractérisons de nouvelles limites fondamentales sur les exposants d’erreur de type-IT aux différents centres
de décision, sous réserve de contraintes fixes sur les probabilités d’erreur de type-I et de contraintes de taux
prévu sur la communication entre les différents terminaux, pour diverses configurations de réseau. Nous
considérons principalement un réseau avec deux capteurs coopérant entre eux et communiquant avec un seul
centre de décision, un réseau avec plusieurs capteurs communiquant de maniére multi-saut avec plusieurs
centres de décision, et un réseau avec un seul capteur communiquant sur un lien commun et deux liens

individuels avec deux centres de décision. Nous renforcons également certains résultats précédents sur les
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configurations étudiées sous des contraintes de taux maximal en prouvant des résultats de converse forte.
Plus précisément, nous étendons le gain de taux (1 — €)1, qui a été démontré pour la premiére fois
par Salehkalaibar et Wigger pour un seul lien, & tous les liens de communication lorsqu’un seul centre de
décision est présent ou que plusieurs centres de décision ont des probabilités d’erreur de type-I admissibles
égales, chaque fois qu’un seul terminal peut communiquer avec tous les autres terminaux. Nous montrons
que ce gain est réalisable en multiplexant deux sous-schémas : un schéma dégénéré qui déclenche toujours
une alerte en signalant des messages a un seul bit et un schéma de codage optimal pour la configuration sous
des contraintes de taux maximal et des probabilités d’erreur de type-I qui disparaissent. Sous ’hypothése
mentionnée de contraintes d’erreur de type-1 égales sur tous les centres de décision, nous montrons que les
exposants optimaux d’erreur de type-II a tous les centres de décision peuvent étre atteints en méme temps.
Pour les configurations avec plusieurs centres de décision qui ont des probabilités d’erreur de type-I
différentes, nous observons et caractérisons un compromis entre les exposants d’erreur de type-II réalisables
aux différents centres de décision qui découle des différentes marges a exploiter sous les contraintes de taux
prévu données par les différents seuils d’erreur de type-I aux divers centres de décision. Nous caractérisons
I’ensemble de tous les exposants d’erreur de type-II réalisables aux différents centres de décision, que nous
appelons la région des exposants d’erreur fondamentaux, pour ces configurations. Nous proposons également
une nouvelle stratégie de multiplexage et de partage de taux qui permet d’atteindre les régions d’exposants
fondamentaux dérivés. Cette stratégie n’est pas spécifique aux configurations étudiées et se généralise a
n’importe quelle configuration avec des contraintes de taux prévu avec des gains prometteurs par rapport
aux résultats sur la méme configuration sous des contraintes de taux maximum. Pour de nombreux cas
dans les configurations étudiées, nous simplifions davantage la caractérisation de la région des exposants
fondamentaux, ce qui permet de réduire la complexité du schéma de codage optimal pour y parvenir.
Dans cette thése, nous fournissons de nouvelles méthodes de preuve de converse que nous utilisons pour
prouver de nouveaux résultats de converse pour la caractérisation de la région des exposants fondamentaux
sous des contraintes de taux prévu et pour établir des résultats de converse forte pour les configurations
sous des contraintes de taux maximum. Alors que certaines de nos méthodes de preuve sont basées sur des
arguments de changement de mesure, des chaines de Markov asymptotiques et le lemme du blowing-up,
nous proposons une méthode de preuve plus simple utilisant uniquement des arguments de changement de
mesure et des chaines de Markov asymptotiques. Cette méthode s’avére étre applicable & des problémes
plus larges que les tests d’hypotheéses, tels que les converses fortes pour la compression avec et sans perte,

avec information additionnelle au niveau du décodeur.
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Abstract

Distributed hypothesis testing have many applications in security, health monitoring, automotive car con-
trol, anomaly detection, where the decision centers with the help of the distributed sensors in the system
need to distinguish between the normal situation (null hypothesis) and the alert situation (alternative hy-
pothesis). At each decision center (DC), two types of error are distinguished: type-I error (corresponding
to a false alarm) and type-1I error (corresponding to a missed detection). The objective of such prob-
lems is to maximize the exponential decay of the type-II error probabilities while preserving the type-I
error probabilities below given thresholds. Various information theoretic works studied the performance
limits of such distributed hypothesis testing systems with a focus on testing against independence where
the measurements at different terminals are expected to be correlated under normal situation and to be
independent under alert situation. In most of the previous works, each system is assumed to have dedicated
network resources represented by maximum-rate constraints on the communication links. In this thesis, we
assume that different systems or applications share the limited network resources and impose more flexible

expected-rate constraints.

Our work establishes the first extension of the distributed binary hypothesis testing problem under
expected-rate constraints to multiple sensors and/or multiple decision centers. We characterize new fun-
damental limits on the type-II error exponents at different decision centers subject to fixed constraints on
the type-1 error probabilities and to expected-rate constraints on the communication between the differ-
ent terminals, for various network setups. Mainly, we consider a network with two cooperating sensors
communicating with a single DC, a network with multiple sensors communicating in a multi-hop way with
multiple DCs, and a network with a single sensor communicating over a common link and two individual
links with two DCs. We further strengthen some previous results on the studied setups under maximum-rate

constraints by proving strong converse results.

More specifically, we extend the (1—¢)~! rate-boost, that was first shown by Salehkalaibar and Wigger for



a single link, to all communication links when a single DC is present or multiple DCs have equal permissible
type-1 error probabilities, whenever a single terminal can communicate with all the other terminals. We
show that this gain is achievable by multiplexing two subschemes: a degenerate scheme that always raises
an alert by signaling single-bit messages and an optimal coding scheme for the setup under maximum-rate
constraints and vanishing type-I error probabilities. Under the mentioned assumption of equal type-I error
constraints on all DCs, we show that the optimal type-II error exponents at all DCs can be achieved at the
same time.

For setups with multiple DCs that have different permissible type-I error probabilities, we observe and
characterize a tradeoff between the achievable type-1I error exponents at the different DCs that stems from
different margins to exploit under expected-rate constraints given by the different type-I error thresholds
at the various DCs. We characterize the set of all achievable type-1I error exponents at the different DCs,
which we call fundamental error exponents region, for these setups. We further propose a new multiplexing
and rate-sharing strategy that achieves the derived fundamental exponents regions. This strategy is not
specific to the studied setups and generalizes to any setup with expected-rate constraints with promising
gains compared to the results on the same setup under maximum-rate constraints. For many cases in the
studied setups, we further simplify the characterization of the fundamental exponents region which yields
reduced complexity in the optimal coding scheme to achieve it.

In this thesis, we provide new converse proof methods that we use to prove new converse results to
the characterizations of the fundamental exponents region under expected-rate constraints and to establish
strong converse results for the setups under maximum-rate constraints. While some of our proof methods
are based on change of measure arguments, asymptotic Markov chains, and the blowing-up lemma, we
propose a simpler proof method using change of measure arguments and asymptotic Markov chains only.
This method turns out to be applicable for wider problems than hypothesis testing such as strong converses

for lossless and lossy compression with side-information at the decoder.
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Chapter 1

Introduction

1.1 Background and Motivation

We live in a widely connected world where advanced technologies are integrating with all types of human
daily life needs such as health, security, mobility, household tasks, and work-related tasks. In this world,
future Internet of Things (IoT) systems are expected to be present ubiquitously with more than 10 billion
already installed IoT devices and a total of 25 billion devices estimated to be IoT-connected by 2030,
according to Statista. Accurate decision systems for health monitoring, security alerting, anomaly or
incident detection, automotive car control, and other highly sensitive applications are among the main
use cases of widely emerging IoT and sensor networks. With this tremendous number of connected IoT
devices and sensors which have limited network and energy resources, the various decision systems are
required to efficiently use and share the available resources to achieve the best possible accuracy in their
decisions. This explains the interest of information theoretic works in deriving fundamental limits of the
performance of these decision systems and to suggest optimal strategies for achieving these limits. These
theoretical findings also serve as a benchmark to assess the performance of practical implementations and

their margins to the fundamental limits.

Therefore, such future systems aim at maximizing the performance of decision systems with limited
resources. These decision systems are equipped with sensors collecting data and decision centers wishing to
accurately identify the occurring events based on the received information from the sensors. In Information
theory, such a problem is known as hypothesis testing where the decision center has to decide on the joint
distribution underlying the data observed at all terminals. Each event, called hypothesis in the following,

induces a different underlying joint distribution of the observations. In this thesis, we focus on binary



2 1.1. BACKGROUND AND MOTIVATION

hypothesis testing where the decision centers have to distinguish between two possible hypotheses (called
null hypothesis and alternative hypothesis). Our main objective is to characterize the performance of the

decision centers in terms of the error probabilities under the two hypotheses.

In alerting applications such as anomaly detection, security breach detection, health monitoring systems,
and automotive car control systems, the null hypothesis usually corresponds to a normal situation, while the
alternative hypothesis corresponds to an alert situation. There are two types of error to distinguish here:
type-1 error and type-II error. Type-1 error corresponds to a false alarm where the decision center decides
on the alternative hypothesis when the true hypothesis is the null hypothesis. Type-II error corresponds
to a missed detection where the decision center decides on the null hypothesis when the true one is the
alternative hypothesis. Since our interest is in alert systems where a missed detection is more critical than
a false alarm, we require the type-II error probability to decay to 0 exponentially fast, while the type-I error
probability is only required to stay below a given threshold. We aim at maximizing the decay-rate of the

type-1I error probability with the number of observed samples.

Most of the information theoretic works studied the binary hypothesis testing problem when there is
a single sensor and a single decision center [1-22]. When the sensor and the decision center (DC) are
co-located, the setup is called centralized hypothesis testing and the decision center has full access to all
measurements in the system. In a centralized setup, the Neyman-Pearson Lemma [23] characterizes the
fundamental tradeoff between the two types of error probabilities. It is achieved via a likelihood ratio
test with an appropriately chosen threshold, where the threshold increases with the desired type-1 error
probability and decreases with the type-II error probability. An exact characterization of the set of type-1I
and type-II error probabilities that are simultaneously achievable for finite number of samples (which in
this thesis we denote by n) is not yet available. The Chernoff-Stein Lemma [23, Theorem 11.8.3] however
exactly characterizes the optimal exponential decay-rate of the more critical type-II error probability when
the type-1 error probability stays below a given threshold ¢ > 0. It is given by the Kullback-Leiber
Divergence between the probability mass functions (pmfs) of the observations under the two hypotheses

and does not depend on the allowed type-I error probability e.

When the sensor and the DC are not co-located, we call the setup distributed hypothesis testing. In this
case, the sensor communicates with the DC over a communication link, which is often modeled as noise-free
but rate-limited link. The communication link can be subject either to a mazimum-rate constraint or to

an expected-rate constraint. Under maximum-rate constraint, which is the focus of most of the previous
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works, the mazimum length of any message sent over the communication link is limited. However, under
expected-rate constraint, which was introduced recently in [20], the ezpected length of the message sent over
the communication link is constrained. Extensions of the distributed hypothesis testing setup with a single
sensor and a single decision center were considered under maximum-rate constraints to setups with either
multiple sensors [6}|18},24-27], multiple decision centers [28-32], or both of them [33-35|. In this thesis, we
provide the first extensions of the distributed hypothesis testing setup under expected-rate constraints to

setups with multiple sensors and/or multiple decision centers.

Specifically, in this thesis we focus on the three network structures in Figure namely on: a) A
cooperative two-sensor single-DC multi-access-channel (MAC) setup (Figure where the sensors are
close to each other and thus can cooperate in their transmissions to the decision center. For simplicity,
cooperation is assumed to be unidirectional from the first sensor to the second sensor. b) A (K > 2)-
hop setup with K sensors and K DCs (Figure , where the communication is short-range and thus
only between neighbouring sensors. Such a scenario is motivated by the stringent battery constraints of ToT
devices. ¢) A single-sensor two-DC broadcast-channel (BC) setup (Figure[L.1¢) as relevant for systems where
sensors are reused to serve different DCs such as common traffic sensors broadcasting to multiple automotive
cars. Though simple, this scenario is interesting because it reveals the tradeoff in the communication from
the sensor to the DCs over a common BC that stems from the different needed information to decide (due

to the different local observations) at the two DCs.

All these setups have previously been studied, and the set of possible type-II error exponents that
are simultaneously achievable at the various DCs when testing against independence or testing against
conditional independence has been characterized under constraints on the maximum communication rates.
In the special case of testing against independence, under the alternative hypothesis, it is either considered
that the observations at the different terminals are independent of each other or that the observations at the
sensors are correlated together but are independent of the observations at the DC, with same marginals as
under the null hypothesis in both cases. For testing against conditional independence, the joint distribution
of the observations under the alternative hypothesis is equal to the product of the conditional marginal
distributions conditioned on a common random variable. Moreover, these works mostly rely on specific
Markov properties between the observations at the various terminals, which can be motivated by the
assumption that observations of sensors that are farther away are less correlated than observations of

neighbouring sensors. While in almost all these previous works, except for the two-hop setup [35], the
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type-1 error probability is required to vanish asymptotically, in this thesis we derive the optimal type-II

error exponents for arbitrary type-I error probability thresholds e € [0,1). We consider both maximum-

and expected-rate constraints.

(c) Single sensor communicating over BC (communi-
(a) Two sensors cooperating and communicating cation in red) and two individual links to two DCs
with a DC (automotive car). (automotive cars).

.
-,

FAVAYA

i b AVAY,

/

(b) Multi-hop network with multiple sensors (including sensors at cars) and multiple DCs (all cars).

Figure 1.1: Different network structure with multiple sensors and/or multiple DCs.




CHAPTER 1. INTRODUCTION 5

For maximum-rate constraints, our results show that the set of achievable type-II error exponents does
not depend on the permissible type-I error probability thresholds. Such a result is generally referred to as a
strong converse result in information theory. In contrast, for expected-rate constraints, the set of achievable
type-II error exponents depends on the various type-I error thresholds. Moreover, depending on the values
of the different thresholds at the various DCs in the network, our results illustrate tradeoffs between the
type-11 error exponents that can simultaneously be achieved at the different DCs. The resulting tradeoff
when different DCs have different type-1 error thresholds is first of its kind and we exactly characterize it

for the various setups we study.

To prove the achievability results under expected-rate constraints, we propose a new rate-sharing strat-
egy that generalizes the degenerate rate-splitting scheme in [20] to apply to more interesting sets of rates.
That means, we choose different sets of rates for the network and we apply an optimal coding and testing
scheme under maximum-rate constraints for each of the chosen rate-tuples with a certain probability. In
most of our setups, we manage to provide explicit characterizations of the probabilities that should be used

for the rate-sharing: they are determined by the type-I error probability thresholds at the various DCs.

The converse proof methods that we use in this thesis rely on a similar change of measure argument as
in [36-38], where we also restrict to jointly typical source sequences as [37]. No variational characterizations,
or hypercontractivity arguments 39| are required. Instead, we rely on arguments showing that certain
Markov chains hold in an asymptotic regime of infinite blocklengths and in some steps we resort also to
the blowing-up lemma [40]. Our method to circumvent variational characterizations, or hypercontractivity,
or blowing-up arguments seems to extend also to other converse proofs, see for example the simplified
proof of the well-known strong converses for lossless and lossy compression with side-information at the

decoder [41,42] presented in [43].

1.2 Main Contributions

We present in the sequel the main contributions of this thesis:

e For the Cooperative MAC setup with two sensors and a single decision center:

— We characterize the optimal error exponent of the setup under expected-rate constraints and
under a specific Markov chain. To achieve this error exponent, we propose an optimal coding

scheme using the technique of Salehkalaibar and Wigger [20] that chooses a subset of observations
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at the first sensor, under which the decision center always raises an alert by communicating a
single-bit over all links, and otherwise applies the optimal coding scheme under maximum-rate

constraints with vanishing type-I error probability.

— For the setup under mazimum-rate constraints, we re-establish the weak converse proof in general
and we show a strong converse result under the Markov chain. Under this result, the optimal

error exponent is shown to be independent of the type-I error probability.

— We show that our results extend the rate-gain factor of (1 —€)™! in [20] to all communication
links in the cooperative MAC setup. This implies a boost in the optimal type-II error exponent

under expected-rate constraints for any type-1 error threshold e > 0.
e For a network with K hops and K decision centers:

— We provide an exact characterization of the general fundamental exponents region under
expected-rate constraints showing a tradeoff between the exponents at all decision centers with
different type-I error thresholds. The proposed optimal coding scheme to achieve this region,
based on our multiplezing and rate-sharing strategy, combines 25 subschemes each with a certain
probability, and with given rates. To determine the optimal scheme, one needs to optimize over

the probabilities and the chosen rates subject to the available rate budgets.

— We prove that our results simplify for the special cases of K = 2 or K = 3 hops, where the sim-
plified optimal coding scheme is formed of K 4 1 subschemes only. In this simplified scheme, the
probabilities of the subschemes are determined by the type-I error thresholds and no optimization

over them is needed. A conjecture for the K hops is proposed.

— We further provide a strong converse result showing that the fundamental exponents region is of
a rectangular form under maximum-rate constraints, which means that all DCs can achieve their
optimal error exponents at the same time. For the converse proofs, we propose an alternative

method using change of measure arguments and asymptotic Markov chains.

— For K = 2, we also analyze the case when a more flexible sum-rate constraint (i.e. a constraint
on the total rate in the system R = R; + Rg) is considered instead of the strict individual rate

constraints.

e For a BC with a single sensor and two decision centers:
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— We provide an exact characterization of the general exponents region under expected-rate con-
straints. This region shows an additional tradeoff element, stemming from differences in the
admissible type-1 error thresholds at the DCs, compared to the tradeoff under maximum-rate
constraints, stemming from the competition on the resources of the common BC link to the two
DCs. The proposed optimal coding scheme to achieve this region consists of four subschemes,

where the available rate at each link is distributed among these subschemes.

— We further provide a strong converse result for the setup under maximum-rate constraints show-

ing that the fundamental exponents region is independent of the type-I error thresholds.

To summarize, in this thesis, we present the first results on the extended distributed binary hypothesis
testing setup under expected-rate constraints with multiple sensors and /or multiple DCs. We propose a new
rate-sharing strategy that multiplexes different subschemes with vanishing type-1 error probabilities. Each
subscheme is applied with a given probability and a rate choice, subject to the constraints on type-I error
probabilities and available rates, to serve a subset of the DCs and maximize their type-1I error exponents.
To the best of our knowledge, we are the first to observe a tradeoff between the type-1I error exponents at
the different DCs when they have different type-I error thresholds. We show that our strategy is optimal
when the applied subschemes resemble the optimal coding schemes for the targeted subset of the DCs under
maximum-rate constraints. However, our proposed strategy is not specific to any setup, nor to the case
when optimal coding schemes exist. As a result, this rate-sharing strategy can be generalized to other
setups under expected-rate constraints and can be applied with given generic coding schemes of vanishing
type-1 error probabilities under maximum-rate constraints, and it is still expected to introduce the same
comparable gains. Furthermore, we propose new proof methods for converse and strong converse results
which use change of measure arguments and asymptotic Markov chains with or without the blowing-up
lemma. Although these methods require certain setup-specific steps to establish our converse proofs, they

seem to be extendable to other setups, not necessarily related to hypothesis testing [43].

1.3 Organization of Thesis

In Chapter [2, we present the state of the art for the distributed binary hypothesis testing problem with a
single sensor and a single decision center (DC), and we review the main results and tools that exist in the

literature in the special case of testing against independence on which we focus in this thesis. In Chapter 3]
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we study the first extension of the problem under expected-rate constraint to multiple sensors and derive
the optimal coding schemes and error exponents for two variations of the multi-sensor setup with single
DC: cooperative MAC and two-hop networks. In Chapter [] we introduce multiple DCs into the problem,
first for the two-hop network and then for the extended K-hop network. A new rate-sharing strategy is
proposed for optimal coding schemes under expected-rate constraints. The fundamental exponents region
is exactly characterized for both models, and simplified for the special cases of two hops and three hops.
In addition, new converse and strong converse proof techniques are presented. In Chapter [f| we study the
setup with a single sensor communicating with two DCs over a common BC channel and two individual
links. The optimal coding schemes and the fundamental exponents region are characterized for the general

case and simplified for the special case of having only the common BC channel.

1.4 Notation

The set of all real numbers is denoted by R and the set of nonnegative real numbers is denoted by IRSF.
For other sets, we use calligraphic letters, e.g. J. Random variables are denoted by uppercase letters, e.g.
Y and their observations by lowercase letters, e.g. y. For the tuple of random variables (Y7,Ys,...,Y,,) we
write Y™ and y" for the tuple of n-samples of the observations (y1,y2,...,yn). We further use Ty and T
for Transmitters, Rj, Re, R3, and Rx for Receivers or Relays.

We use sans serif font for the bit-strings: M for a random and m for a deterministic bit-string. We let
len(m) and dec(m) denote the length and the corresponding positive integer of the bit-string m. For any
positive integer, we let bin(m) denote the length [logy(m)] binary (bit-string) representation of the index
m.

In addition, 7L(n) denotes the strongly typical set given by [44) Definition 2.8|, H(-) denotes the entropy
function, I(-) the mutual information quantity, h(-) the binary entropy function, and D(P||Q) the Kullback-
Leibler divergence between two probability mass functions (pmfs) on the same alphabet. For any positive
integer K, we denote by P(K) the power set of all subset of {1,..., K} excluding the emptyset which is
denoted by 0.




Chapter 2

Preliminaries: Single-Sensor Single-DC

Networks

2.1 Introduction

In this chapter, we review the previous results on binary hypothesis testing system with a single sensor and
a single decision center (DC), which are related to our work. We first present a general overview of the state
of the art for different setups. Then we describe the distributed hypothesis testing setup, when the goal is
to maximize the type-II error exponent for a given type-I error threshold and when the communication is
over a noiseless link. In Sections and [2.5] we review the ezisting optimal type-II error exponents and
coding schemes for the special case of testing against independence under maximum-rate constraints and

under expected-rate constraints, respectively.

2.2 State of the Art

Several information theoretic works investigated the problem of distributed binary hypothesis testing for
a single sensor and a single DC under various assumptions |[1H22]. In this section, we focus on the works
maximizing the type-II error exponent, in noiseless or noisy communication environments, and under various
rate constraints (single-bit, zero-rate, and positive-rate).

For the special case of testing against independence under mazimum-rate constraint over a noiseless link,
Ahlswede and Csiszar [1]| characterized the optimal type-II error exponent for testing against independence.

They also showed that the optimal error exponent is independent of the type-1 error threshold € > 0 for
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general hypothesis testing, i.e., for arbitrary pmfs underlying the two hypotheses, and provided a lower bound
to the optimal error exponent. Later, Han |2] and Shimokawa, Han, and Amari (SHA) [5] improved their
lower bound for general hypothesis testing. The coding scheme in [5] uses quantization and unstructured
binning at the encoder and a minimum empirical entropy decoder. The SHA scheme was shown to be

optimal in the special case of testing against conditional independence [6)].

The problem of general binary hypothesis testing for a single sensor and a single DC has been an open
problem for long time and the SHA scheme was known to be the best achievable scheme for this problem.
However, the very recent works of Haim and Kochman [9] and Watanabe [22] proved the suboptimality of
the SHA scheme in some cases. The work of Haim and Kochman [9] extended the results of the SHA scheme
and showed that using nested codes for the quantize and bin strategy in the special case of doubly-symmetric
binary sources (DSBS) at least recovers the performance of the SHA scheme and slightly improves over it
for specific values of correlation between the sources. Furthermore, Watanabe [22]| presented a sequential
scheme that clearly improves over the SHA scheme in the special case of having sources as a product of
DSBS. This sequential scheme is a modified version of the SHA scheme that no longer uses naive random

binning.

For zero-rate constraints in the general hypothesis testing problem, Han [2| characterized the optimal
type-11 error exponent when the sensor communicates a single-bit to the decision center. Shalaby and Papa-
marcou |4] extended the work of Han to messages consisting of a sublinear (in the number of observations)
number of bits. They proved that the optimal error exponent coincides with that obtained by Han [2],
that is if the sensor is subject to asymptotically zero-rate constraint, then single-bit messages are enough

to achieve the optimal exponent at the DC.

Moreover, for a positive-rate communication over a noisy discrete memoryless channel (DMC), Sreeku-
mar and Giindiiz [12|14,/17,26] and Salehkalaibar and Wigger [18] studied the setup for general hypothesis
testing and derived optimality results in the special cases of testing against independence, testing against
conditional independence, and generalized testing against conditional independence. The results are based
on joint source-channel coding and show that for generalized testing against conditional independence, the
optimal type-1II error exponent depends only on the capacity of the channel but not on its transition law.

This seems to be different for general testing.

Recently, Salehkalaibar and Wigger 20| introduced the distributed hypothesis testing setup under an

expected-rate constraint. They showed that this flexible rate constraint leads to a boost in the optimal error

10
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exponent as a function of the type-I error threshold e, in contrast to the result of [1] under maximum-rate
constraints where the optimal error exponent is independent of €. They also provided optimality results in
the special case of testing against independence when the communication is over a noiseless link or over a
noisy channel with a stop-feedback that informs the sensor to stop transmission. Their proposed scheme
uses variable-length coding in a simple manner — it either sends single-bit messages or uses the fixed-length
coding scheme as in the optimal coding scheme under maximum-rate constraint — which is proved to be

enough and optimal.

Related are also the variable-length coding works by Salehkalaibar and Tan [21] and by Inan et al. [45].
Salehkalaibar and Tan considered a sequential hypothesis testing problem with zero-rate communication
and showed that limiting the expected number of transmission requests from the DC does not increase the
error exponent compared to a fixed-length hypothesis testing setup with zero-rate compression as in the
work of Shalaby and Papamarcou [4]. Inan et al. derived a new lower bound on the feasible error exponents
region for a non-cooperative MAC setup with memoryless quantization. They showed that the bound can

be approached closely at high rates by lattice quantization.

In the following sections we present the system models, optimal coding schemes, and main results, under

maximum-rate and expected-rate constraints, on which we build our work in this thesis.

2.3 The Setup with Noiseless Links of positive Rates

M —
Yot — To *» Rt — H
Yzl_n

Figure 2.1: Single sensor node and single DC node.

Consider the distributed hypothesis testing problem in Figure In the general binary hypothesis
testing problem, depending on the binary hypothesis H € {0,1}, the pair of measurements (Yy", Y]") is

distributed as:

under H=0: (Y, Y]")iid. ~ Pyy;; (2.1a)

under H =1: (Y, Y") iid. ~ Qyyvs (2.1b)

for given probability mass functions (pmfs) Py,y, and Qy,y;.

11
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In the remainder of this thesis, we focus on testing against independence where

QYOY1 = PYOPY1 (22)

for Py, and Py, denoting the marginals of the pmf Py;y;.

The sensor node Tg observes Y*, while the decision node Ry observes Y/*. The sensor node informs
the decision node about its observations over a positive rate-limited communication link by sending the
bit-string message M = ¢() (Yg") to Ry, where the encoding function is of the form AOR i — {0,1}*.
Two types of rate constraint are distinguished: maximum-rate constraint and expected-rate constraint. For
a maximum-rate constraint, the maximum length of any communicated bit-string message M is upper-
bounded as

len(M) < nR, (2.3)
where R is the maximum available rate of communication. For an expected-rate constraint, as introduced
by Salehkalaibar and Wigger in [20], only the expected length of the communicated bit-string message M
is upper-bounded:

Eflen(M)] < nR. (2.4)

Receiver R; guesses hypothesis H using its observation Y|* and the received bit-string message M. lL.e.,
using a decision function g(™ : Y x {0,1}* — {0,1}, it produces the guess:

A~

H = g™ (Y",M) € {0,1}. (2.5)

The type-I error probability, which corresponds to a false alarm, is given by

an 2 Pr[H = 1[H = 0). (2.6)

Bn 2 Pr[H =0/H =1]. (2.7)

The goal is to design encoding and decision functions such that their type-1 error probability stays below
a given threshold € > 0 and the type-1I error probability decays to 0 with largest possible exponential decay

while respecting a given rate constraint on the bit-string message M.

Definition 1. Fix a maximum type-I error probability € € [0, 1] and rate R > 0. The type-II error exponent

0 is called e-achievable if there exists a sequence of encoding and decision functions {(j)(") , g(")}nzl satisfying:

12
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lim a, £ limsup o, < ¢, (2.8a)
n—00 n—oo0
1 1 1 1
lim —log — £ liminf —log — > 6, (2.8b)
n—oo0 T Bn n—oo N Bn
and
len(M) < nR, (2.8¢)

for the setup under maximum-rate constraint, or
E[len(M)] < nR, (2.84d)

for the setup under expected-rate constraint.

Definition 2. The supremum over all e-achievable type-II error exponents 6 is called the e-optimal error

*

* ax (R, €) for a maximum-rate constraint setup and 6*(R, €) for an expected-rate

exponent and is denoted 6
constraint setup.
2.4 Maximum-Rate Constraint

In this section, we present the optimal coding scheme [2] and the characterization of the optimal error

exponent for the distributed binary hypothesis testing problem of Figure[2.2] under maximum-rate constraint

[1].
len(M) < nR ~
gt — To " R1 — H
Yl‘n

Figure 2.2: Point-to-point setup under maximum-rate constraint |1].

2.4.1 Optimal Error Exponent

Theorem 1 (Theorems 2&3 in [1]). The e-optimal error exponent in the special case of testing against

*
max

independence under mazimum-rate constraint 0, (R, €) is independent of € and is given by

0! x(Rye) =m(R):= max I(U;Y1). (2.9)
PU\YOZ
R>I1(U;Yo)
U—=Yo—Y1
[U|<|Vol+1

13
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Lemma 1. The function n(+) is continuous, concave and monotonically non-decreasing on its entire domain

Ry
Proof: See Appendix [ |

2.4.2 Optimal Coding Scheme

We present this coding scheme, which we refer to as “Han’s scheme” in the rest of this manuscript. Han’s
scheme is based on quantization and typicality checks. The set of observations at the transmitter are first
quantized and compressed into a codebook of rate R. The transmitter selects the entry of the codebook
that best represents its observation and sends the binary representation of this entry to the receiver. The
receiver performs a typicality check between its local observations and the corresponding entry of the
received message in the codebook. Details of the coding scheme are as follows.

Fix a blocklength n and choose the following parameters:
e a small positive number p > 0; and
e 3 conditional pmf Puy, to generate Py,y,u = Pyyyy Puyys

where all mutual information quantities are evaluated according to the joint pmf Py y,v.

Randomly generate the codebook
Cy 2 {u”Qn):nze {1,..,2“U“ﬁ“ﬂ+ﬂ)}}, (2.10)

by drawing all entries i.i.d. according to the marginal pmf Py.

Transmitter: Assume it observes Y;' = y{'. Then, it looks for indices m satisfying the condition that
the pair (u™(m),yg) lies in the strongly jointly typical set 7L(n)(PUy0), randomly picks one of these indices,
and sends its corresponding bit-string

M = [bin(m)]. (2.11)
If no such index m exists, then T sends
M = [0]. (2.12)
Receiver: Assume it observes Y|" = y}' and receives the bit-string message M = m.
If m = [0], then it declares

H=1 (2.13)
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Else it sets m = dec(m), and checks if (u"(m),y}) € 7L(”)(PUYI). It declares H = 0 if the check succeeds,

and H = 1 otherwise.

2.5 Expected-Rate Constraint

2.5.1 Optimal Error Exponent

As mentioned earlier in this chapter, expected-rate constraints were first considered in the framework of
distributed hypothesis testing by Salehkalaibar and Wigger [20]. In their work, the authors derived the
e-optimal error exponents for testing against independence in the setup of a single-sensor node with a
single-decision node. They obtained a direct rate-boost by the factor (1 —€)~! showing thus that the type-
IT error exponent is dependent on the type-I error threshold ¢ under expected-rate constraint, in contrast

to the case under maximum-rate constraint. Their main result is stated in the following theorem.

Theorem 2 (Theorem 1 in [20]). The e-optimal error exponent 0* (R, €) in the special case of testing against

independence under expected-rate constraint is given by

R
0*(R,¢e) = = max I1(U;Y), 2.1
(ro=m(qig)= 1O (2.14)

R>(1-01(U;Y)

U—-Yo—Y:1

1<|Yol|+1

where m (R) is defined in (2.9)).

2.5.2 Optimal Coding Scheme

The optimal coding scheme achieving the optimal exponent in Theorem [2] multiplexes two subschemes,
depending on the observations Yj* of the transmitter Ty. In one subscheme, the decision center at R tries
to correctly guess the hypothesis H by applying Han’s scheme, which is reported in Subsection while
in the other subscheme, it directly declares H=1.

The structure of this coding scheme is illustrated in Figure The main idea is to choose a subset Dy

of the set of observations )jj with the following probability in the limit as n — oo
lim Pr[Yy' € Dy] =e. (2.15)
n—oo
Then whenever the observation Y{* lies in the set Dy, a degenerate subscheme is applied with

M=[0] and H=1. (2.16)

15
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. Scheme coincides with a, - 0

D,, with Prob. (1 — €) |puue— Han’s scheme 0 <nR/(1—€))
- - a, =1
S, with Prob. € M = [0] |~ T=1 =0
R=0

Figure 2.3: Structure of the optimal coding scheme for point-to-point setup under expected-rate constraint.

Otherwise, Han’s scheme is applied with a maximum-rate constraint R= R/(1—¢). Since in Han’s scheme,
the type-I error probability tends to 0 as n — oo, the type-I error probability of the overall scheme is
upper-bounded by € in the limit as n — oo. The expected-rate constraint is satisfied where a single-bit
does not change the communication rate as the blocklength n grows large. Note that the type-II error
probability in the degenerate subscheme is equal to 0, and thus the type-II error exponent of the overall
scheme is determined by that of Han’s scheme for a boosted maximum-rate R = R/(1 — €). This achieves

the desired error exponent in Theorem [2]

2.6 Numerical Comparison

The gain resulting from an expected-rate constraint compared to a maximum-rate constraint is illustrated

in the following example.

Example 1. Let Yy and T be independent Bernoulli random variables of parameters py, = 0.5 and pr = 0.9
and set Y1 =Yy T.

For this example, Figure[2.] shows the optimal error exponents under expected-rate and mazimum-rate
constraints, given by functions m (%) and n1(R), when € = 0.1 as a function of the rate R. The figure

illustrates the benefits of expected-rate constraints and the concavity and monotonicity of the function ny(-).

16
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Figure 2.4: Optimal exponents under expected-rate and maximum-rate constraints for Example |1| when
e=0.1.

2.7 Summary and Discussion

In this chapter, we surveyed the existing works in the literature on the problem of distributed binary
hypothesis testing for a single sensor and a single DC. We focused on testing against independence when
the communication is assumed noise-free, and presented the main existing results on the problem either
under maximum-rate constraint or under expected-rate constraint. We further highlighted the main gain of
expected-rate constraints for positive rate and type-I error threshold e is the rate-gain of the factor (1—¢)~*
as proved in [20]. We are thus interested in exploring if this rate-gain extends to other setups with multiple

sensors as we investigate in the next chapters.

17






Chapter 3

Multi-Sensor Single-DC Networks

3.1 Introduction

In this chapter, we address the testing-against-independence problem, for example to detect if the measure-
ments in a smart vehicle are independent from other measurements in the environment which might indicate
that the vehicle is failing or being hacked. For this problem, we consider two setups with two sensors and
a single decision center under expected-rate constraints which represent the first extensions of the work by
Salehkalaibar and Wigger in [20] to multi-sensor networks. In the first setup, illustrated in Figure , the
first sensor communicates over a shared link to both the second sensor and the DC, and after receiving its
message, the second sensor communicates with the DC. We refer to this setup as “Cooperative MAC”. The
two sensors observe the sequences Y* and Y{", respectively, and the DC observes Y;', where we assume that
the Markov chain

Yot = Y =Yy (3.1)
holds under the null hypothesis H = 0 whereas under the alternative hypothesis H = 1, Y3" is independent
of the pair (Y7",Y]"). In the second setup, illustrated in Figure the first sensor cannot communicate
directly with the distant DC (due to low energy constraints for instance) and the second sensor is also
acting as a relay to convey the first sensor’s message. The observations at the transmitter Y*, the relay Y},
and the DC Y3', form again the Markov chain under H = 0, while all observations are independent

from each other under H = 1.

For both setups, we characterize the optimal type-II error exponents under expected-rate constraints.
Similarly to the single-sensor result in [20], we show that the optimal error exponent depends on the accepted

type-1 error threshold e. Indeed, we show that the variable-length coding allows to boost the rates over all
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Figure 3.1: Cooperative MAC with two sensors and a single decision center.
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Figure 3.2: Two-hop setup with a single decision center.

the communication links in the network by the factor (1 —¢)~1

over an optimal fixed-length coding under
maximum-rate constraints. Furthermore, under maximum-rate constraints, we prove a strong converse
results for the two setups, i.e., we show that under maximum-rate constraints, the optimal type-1I error
exponents are independent of the accepted type-I error threshold €, and thus the best exponents can be

achieved with vanishing type-I error probabilities. The strong converse for the two-hop network was already

proved in [35]; our proof is shorter and seems simpler.

3.2 Related Works

Distributed binary hypothesis testing has been studied for various network scenarios. We review in this

section the prior works related to MACs and multi-hop networks.

3.2.1 MAC

In MAC networks, multiple sensors communicate directly with the single DC. In our cooperative MAC,
there is an additional shared link from one sensor to the other. In the sequel, we refer to the MAC setups
without this shared link as “Non-cooperative MAC” (Figure . This setup is the most widely studied

MAC setup in the literature.

The non-cooperative MAC, with or without local observations at the DC, was studied in [2,4,6,9,

24| under maximum-rate constraints. In [2|, Han first established a lower and an upper bound on the
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Figure 3.3: Non-cooperative MAC setup with two sensors and a single decision center.

optimal error exponent for general binary hypothesis testing. Rahman and Wagner [6] further highlighted
the benefits of using binning and improved the lower bound obtained by Han using a quantize-bin-test
scheme. In the special case of testing against conditional independence, they characterized the optimal
error exponent. Haim and Kochman [9] studied the setup for symmetric-rate constraints, where both
messages have equal rates, using Kérner-Marton coding [46]. Zhao and Lai [24] studied the special case of

testing against independence and provided a lower and an upper bound on the optimal error exponent.

In the special case of complete data compression, where communication is of a single bit, Han [2]
characterized the optimal error exponent. Shalabi and Papamarcou [4] extended this result of Han to the
more general case of asymptotically zero-rate compression. In this latter case, the messages sent by either
one or both of the two sensors do not necessarily need to be of a single-bit only, but their communication
rates tend to zero in the limit as the number of samples grows to infinity. Shalabi and Papamarcou proved
that the optimal error exponent region coincides with that of the complete data compression obtained by
Han [2], i.e., if one of the two sensors is subject to zero-rate data compression, then single-bit messages are
enough for both sensors to achieve the optimal error exponent at the decision center. Zhao and Lai [24]
extended the study to an arbitrary number of sensors with zero-rate compression under an exponential
constraint, instead of a constant constraint, on the type-1 error, i.e., when the type-I error is required to

decrease exponentially fast to 0, and characterized the optimal type-1I error exponent under such constraint.

For the non-cooperative MAC with noisy communication, Sreekumar and Giindiiz [26] studied the setup
when communication takes place over orthogonal DMCs and characterized the optimal error exponent
in the special case of testing against conditional independence. In addition, Salehkalaibar and Wigger
characterized in [27] the optimal error exponent in the special case when the observations of the sensors are

independent under both hypotheses for testing against independence and where the communication occurs
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over a general memoryless MAC. In [18], Salehkalaibar and Wigger derived similar results for generalized
testing against conditional independence when the communication occurs over a MAC that decomposes into
two DMCs. The general problem of testing against independence over memoryless MACs remains open

even for noiseless communication.

Our main interest in this thesis is on MAC setups with an additional communication link from one sensor
to the other. For such a cooperative MAC setup, Zhao and Lai [25] studied the problem of distributed binary
hypothesis testing under maximum-rate constraints. They proposed a coding scheme using superposition
coding and showed that it is optimal in the special case of testing against independence for vanishing type-I
error probability. We present the coding scheme and main result of [25] in Section . In our work on
the cooperative MAC setup, we prove a strong converse to this result under maximum-rate constraints

and derive the optimal error exponent under ezpected-rate constraints [47]. We present our results in

Sections [3.3.2.3] [3.3.3] B.3.4] and [3.4

3.2.2 Two Hops

Salehkalaibar, Wigger, and Wang [33| studied the two-hop relay network with two decision centers, where
the relay takes a decision too. They proposed a “decision forwarding” strategy where the relay performs a
joint typicality check between its observations and the decoded message received from the first sensor. Then
it forwards this decision with its message to the decision center. This strategy is proved to be optimal in the
special case of testing against independence under maximum-rate constraints and where a Markov chain
is formed between the observations at the sensor, the relay, and the decision center. In this chapter, we
consider a special case of the two-hop setup with only one decision center, see Figure|3.2l Thus, we present
a special version of the optimality results of [33] under maximum-rate constraints and the corresponding
strong converse result derived in [35] in Section In this thesis, we simplify the proof of the strong

converse result in [35]. We also provide the optimal coding scheme and the optimal type-II error exponent

under expected-rate constraints. We present our results in Sections [3.5.3] and [3.5.2.2]

3.3 The Cooperative MAC Model

3.3.1 The Setup

Consider the distributed hypothesis testing problem in Figure under the Markov chain (3.1) and in the

special case of testing against independence between the observations at the sensors and the observations
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22 3.3. THE COOPERATIVE MAC MODEL

at the decision center. Depending on the binary hypothesis # € {0,1}, the tuple (Y, Y{",Y3") is thus

distributed as:

under H = 0: (Yy", Y{", Y5") iid. ~ Pyy; - Pyyjyys (3.2a)

under H =1: (Y, Y",Yy") iid. ~ Pyy; - Py, (3.2b)

for given pmfs Py,y; and Py,z‘y1 and where Py, Py, and Py, denote the marginals of the joint pmf Pyyy vy, =
Pyovi Py, vy -

The system consists of two transmitters Ty and Ty, and a receiver Ro. The transmitter T observes the
source sequence Y;' and sends its bit-string message M; = ¢én) (Yg") to both Ty and Rg, where the encoding
function is of the form gbén) : Y§ — {0, 1}* and satisfies the rate constraint. For a maximum-rate constraint,
the maximum length of My satisfies

len(M;) < nRy, (3.3)

whereas for an expected-rate constraint, the expected length of My satisfies
E [Ien (Ml)] S an. (34)

The second transmitter T observes the source sequence Y}" and with the message M received from Ty, it
computes a bit-string message My = (bgn) (Y{", M1) using some encoding function ¢>§n) s VP x{0,1}* — {0,1}*

that satisfies the rate constraint. For a maximum-rate constraint, the maximum length of My satisfies
len(My) < nRy, (3.5)
whereas for an expected-rate constraint, the expected length of My satisfies
E [len (M2)] < nRa. (3.6)

Then, T sends M3 to the receiver Ra, which guesses hypothesis H using its observation Y3 and the received
messages M; and Ms, i.e., using a decision function g™ : Y5 x {0,1}* x {0,1}* — {0, 1}, it produces the
guess:

H = g™ (Y, M1, My) € {0,1}. (3.7)

The goal is to design encoding and decision functions such that their type-I error probability

22



CHAPTER 3. MULTI-SENSOR SINGLE-DC NETWORKS 23

decays to 0 with largest possible exponential decay.

Definition 3. Fix a maximum type-I error probability ¢ € [0,1] and rates Rj, Ry > 0. The type-II

error exponent # > 0 is called e-achievable if there exists a sequence of encoding and decision functions

lim o, <e, (3.10a)
n—oo
1 1
lim —log — > 6, (3.10b)
n—oo T Bn
and
len(M;) < nR;, ie€{1,2}, (3.10c¢)
for the setup under maximum-rate constraints, or
Ellen(M;)] < nR;, i€ {1,2}, (3.10d)

for the setup under expected-rate constraints.

Definition 4. The supremum over all e-achievable type-II error exponents 6 is called the e-optimal error ex-
ponent and is denoted 0y ¢ 1nax (1, R2, €) for the cooperative MAC setup under maximum-rate constraints

and O34 (R1, Re, €) for the cooperative MAC setup under expected-rate constraints.

3.3.2 Maximum-Rate Constraints
3.3.2.1 Optimal Coding Scheme under Maximum-Rate Constraints

The main feature in the optimal coding scheme proposed in [25] is the superposition coding where the
codebook at T; is superposed on the message M received from Tgy. Since T transmits its message M;
over the direct link to Ro, the receiver can decode M; using the adequate codebook. The coding scheme is
described as follows.

Fix a large blocklength n, small numbers p/ < p” <y, and conditional pmfs Py, y, and Py, iy,

satisfying the maximum-rate constraints

Ry > I(Uy; Yy) (3.11)

Ry > I(Uz; Y1|Un) (3.12)
where mutual information quantities are calculated with respect to

Puuyyovive = Pu v Posjvnys Provi Pralys - (3.13)
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24 3.3. THE COOPERATIVE MAC MODEL

Randomly generate a codebook
Cu, & {uf(my) :my € {1,---, 2" ]}}, (3.14)

by drawing all entries i.i.d. according to the marginal pmf Pp;,. For each codeword uf(m;), generate a
codebook

Cu,(my1) £ {u(ma|mi1) :mg € {1,..., LQ"RQJ}} , (3.15)
by drawing the j-th entry of each codeword according to the conditional marginal pmf Py, g, -

This superposition construction of the codebooks is illustrated in Figure [3.4]

w1l
@ | e
w2 .
: ul (|27 1)

urlm) - w2 (1jmy)

ugy (my|my)
up([2"%)) .

ugz ([2™%]|my)

Figure 3.4: Superposition construction of the coodebooks Cyy, and Cpy,(m1) with rates Ry and Ra respec-

tively.

To: Assume it observes the sequence Yj" = y{'. Then it looks for indices m; > 1 satisfying
(uy' (m1), y5) € T (Poyvo)s

randomly picks one of these indices, and sends its corresponding bit-string to both T; and Ro. Otherwise,

it sends
M; = [0]. (3.16)

Ty: Assume it observes the sequence Y{" = y}" and receives the message My = my from Ty. If m; = 0, then
q 1 Y1 g
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Ty forwards the message

My = [0] (3.17)
to Ra. Else, it sets m1 = dec(my) and looks for an index mgo > 1 satisfying

(uy (ma), ug (malma), yt') € T (Poyupy)-
It randomly picks one of these indices and sends the bit-string message
My = [bin(ms)] (3.18)

to Ro. Otherwise, it sends

My = [0]. (3.19)

Ry: Assume it observes the sequence Y;' = y3 and receives messages M1 = m; and My = my. If any of the

messages m; or me equals [0], it declares

H=1 (3.20)

Else, it sets m; = dec(my), mg = dec(my), and checks if

(ui (ma), uy (malma), yz) € Tjn (Pu,v,ys)

then it declares

L,
Il
o

(3.21)

Otherwise, it declares

~

H=1. (3.22)

This coding scheme achieves the following optimal exponent.

3.3.2.2 Optimal Error Exponent

Theorem 3 (Theorems 1&2 in [25]). The e-optimal error exponent under the mazimum-rate constraints

(3.10c) and for vanishing type-I error probability is

1im 0% A ¢ max (F1, B2, €) = 1 (R1, R2) = max I(U1U3;Ys) (3.23)
€l0 Puy vy Pusluy vy ¢
R1>1(U13Y0)
Ro>1(U2;Y1|Ur)
41| <[|Vo|+2
U <|U1]|P1]+1

where the mutual information quantities are calculated with respect to the joint pmf Py u,vovive

PU1|Y0PU2|U1Y1PYOY1Y2'

Proof: Achievability is proved in [25]. A converse proof, which corrects the converse in [25], is
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presented in Appendix E] The bounds on the cardinalities of U; and U, can be shown by standard

applications of Carathéodory’s theorem, see [48, Appendix C]. [ |

3.3.2.3 Strong Converse Result

Theorem [3[shows the optimal error exponent for the general cooperative two-sensor single-DC setup without
the Markov chain (3.1)) under maximum-rate constraints and vanishing type-I error probability. Here, we
strengthen that result in the special case when the Markov chain (3.1)) holds.

This is the first result of this thesis.

Theorem 4. The optimal error exponent under mazimum-rate constraints (3.10c) and in the presence of

the Markov chain (3.1) is independent of € € [0,1) and given by:

OMAC,max (F1, Ra, €) = n(R1, Ra) (3.24)

Proof: Achievability follows directly from Theorem[3] The strong converse is proved in Appendix[A.3]

It is similar to the converse under expected-rate constraints presented in Section ahead but where
inequality (3.72)), i.e., AH(M;) < nR; (1 + hy (RA&)), is replaced by the trivial inequality H(|\~/IZ) < nR;.
|

Notice that 03¢ yax (F1, 2, €) is independent of €, and thus we can abbreviate it as 03jxc yax (B1, R2).

In the following section, we present our optimal coding scheme under expected-rate constraints which

builds on the optimal coding scheme under maximum-rate constraints described in Subsection 3.3.2.1}

3.3.3 Expected-Rate Constraints
3.3.3.1 Optimal Coding Scheme under Expected-Rate Constraints

In the optimal coding scheme under expected-rate constraints, the three terminals Ty, T, Re multiplex two
different subschemes, and the choice of which subscheme to use depends on the transmitter Ty’s observations
Yy". In one subscheme, Ry attempts to correctly guess the hypothesis H, while in the other subscheme it

simply declares H = 1. The main structure of the coding scheme is illustrated in Figure

In the converse proof of [25, Theorem 2|, the second line in the lower bound to R; relies on the identity
H(Yo,:Y1,:|M1Yy~'Y{™!) = H(Yo,:Y1,:|M1Yy 'Y7{%,1) which does not necessarily hold. In fact, the "=" has to be replaced
with ">" and in some cases the inequality is strict, which poses problems in the converse. Note that we replace the notation
of X1 and X> in [25] by Yo and Y7 in this thesis.
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Optimal coding scheme

DI e e S G S > under maximum-rate an =0
{2} _ _
constraints Ryy; 1, Ryo} 2 0 =n(R /(1 —€),R/(1—¢))

Dy withProb.—» € pummmend DY RESNII]| |~ M, = [0] |mmm)
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—
R
|
]

R;,R,~ 0

Yo

Figure 3.5: Optimal coding scheme for Cooperative MAC setup under expected-rate constraints using the
optimal coding scheme under maximum-rate constraints with boosted rates on all links.

We partition the set )y into subsets Dy, Dyy C Yy so that under Py the probability of subset Dy is

as large as possible but satisfies
Pr[Y) € Dygy] <1—e (3.25)
As a consequence
Pr[Yy' € Dy] > e. (3.26)
Notice that as n — oo the above inequalities turn into an equalities.

Remark 1. The subscript of the subset D indicates the set of decision centers trying to correctly gquess
the hypothesis while the others directly declare H = 1. Since receiver Ry is the only decision center, the

subscript could be either the empty set or the single-element set containing 2 as the index of Ro.

Depending on whether Y lies in Dy or Dyyy, the three terminals follow a different subscheme.

If Yi* € Dy: In this case, Ty and Ty both send the single-bit string messages
My = Mg = [0] (3.27)

and Ry simply declares

H=1. (3.28)

This implies that the type-I and type-1I error probabilities in this case are given by o, = 1 and 3, = 0.
If Yy" € Dygy: In this case, Ry attempts to correctly guess H based on the transmitted messages. Specif-
ically, To, T1, Ro all apply the encoding/decision functions of the optimal hypothesis testing scheme in

Subsection @ with vanishing type-I error probability and respecting maximum-rate constraints Rys) ;
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28 3.3. THE COOPERATIVE MAC MODEL

and Ry9} 5 on the two links, where these rates are chosen to satisfy

(1-€)Rp1 < Ry (3.29a)

(1 - 6)R{2}72 S RQ. (329b)

Notice that as per Remark [I} the first subscripts in Ryy 1 and Ry o follow the subscript of the set Dyy;.

Analysis: By (3.25)), (3.27)), (3.29)), and since the transmission of a single bit hardly changes the rate for

sufficiently large blocklengths, the overall scheme satisfies the expected-rate constraints Ry and Ry on the
two links. Appendix[A.4]proves that when the hypothesis testing scheme in Subsection [3.3.2.1]with vanishing
type-I error probability [25] is employed for Y* € Dyyy, then the overall scheme meets the permissible type-I
error probability € and achieves the error exponent given by Equation of Theorem

3.3.3.2 Optimal Error Exponent
Theorem 5. For any € > 0, the e-optimal error exponent under expected-rate constraints (3.4)), (3.6)), is

Ovac (B, Rz €) = n(R1/(1—¢€), Ry /(1 —¢)) (3.50)

Proof: Achievability is based on the above scheme and is analyzed in Appendix The converse
is proved in Section ]

3.3.4 Numerical Comparison

By Theorems {] and [5) we can observe the gain in the optimal error exponent induced by the expected-rate

constraints:

QK/[AC(RM Ry, 6) = HK/[AC,maX(Rl/(l - 6)7 RQ/(l - 6)) (3'31)

This result shows that the rate-boost under expected-rate constraints reported in [20] (see Theorem
in this thesis) for a single-link setup extends to networks with multiple links, where all the communication

1

rates are boosted by the factor (1 — €)™ simultaneously.

We further examine this gain at considering example.

Example 2. Let Yy, S, T be independent Bernoulli random variables of parameters py, = 0.4,ps = 0.8, pr
and set Y1 =Yy 0T and Yo=Y, & S.

For this example, Figure shows the optimal error erponents under expected-rate and mazrimum-
rate constraints, Oy ac(Ri, Ra,€) and HK/IAQmaX(Rl,Rg), when pr = 0.8, € = 0.05 and both links are of

same rates Ry = Ra. Figure also presents the optimal error exponent under expected-rate constraints
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Oiiac(R1 = 0, Ra,€) when Ry = 0, i.e., when the first sensor is not present or cannot communicate. The
figure thus illustrates the benefits of expected-rate constraints (the gap between the solid blue line and the
dash-dotted red line) and of the first sensor Ty (the gap between the dashed green line and the solid blue
line).
0.28 -
0.26
0.24
0.22
0.2
0.18
0.16
0.14

0.12

Figure 3.6: Optimal exponents under expected-rate and maximum-rate constraints for Example |2| when
pr = 0.8 and € = 0.05.

Remark 2. Even under the Markov chain , the direct link between the first terminal Ty and the
decision center Rso is beneficial for the optimal error exponent. To wverify this fact, consider the case when
Y1 =Yy, then Ty and T1 can be seen as a combined terminal. In the absence of a direct link between Ty
and Ra, the resulting optimal error exponent is identical to that of a single sensor with a single decision
center and a communication rate Ro, i.e. n1(Ra/(1 —¢€)). In the presence of the direct link between Ty and

Ro, we can achieve an error exponent equal to m (%fff) by having a unified codebook at the combined

terminal with total communication rate Ry + Ry. By the non-decreasing monotonicity of the function n(-)

(see Lemma Appendiz , we can deduce that

For verification, a numerical simulation is presented in Figure [3.7 for Example [ when pr = 1, € = 0.05
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and Ry = Rs.
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Figure 3.7: Optimal exponents under expected-rate constraints for Example [2| when Y7 = Yy, pr = 1, and
€ = 0.05.

3.4 Converse Proof to Theorem [5

3.4.1 Outline of the Converse Proof

In this converse proof, we provide first an equivalent characterization of , then we propose a lemma
that uses the change of measure arguments, the blowing-up lemma, and one asymptotic Markov chain. In
addition, we use other arguments such as laws of probability on expectation and standard inequalities and
steps to derive lower bounds on the rate constraints and an upper bound on the optimal error exponent.

The proof is concluded with continuity and convergence arguments.

3.4.2 Equivalent Characterization

Notice first that the Markov chain Us — (Uy,Y7) — (Yo, Y2), used in Theorem |5, and defined in Theorem

for the characterization of the error-exponent (3.23), can be replaced by the weaker Markov chain Uy —
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(U1,Y1) — Ya because the right-hand side (RHS) of (3.23)) does not depend on the joint pmf of Us and Yj.

In other words, we have the equivalence

U 00U Y2), 10 Y), IUxYA0) = | [0 Y2), I(U; Yo), I(Us; Y |TY)).
U1,U2: U17U23
U1 %YQ‘)(YLYQ) U1 HYQ*)(YhYQ)
UQ—)(Ul,Yl)—)(YQ,YO) Us—(U1,Y1)— Y2
(3.33)

Since the two objective functions coincide and the constraints on the left-hand side (LHS) are more stringent,
it suffices to show that the RHS is included in the LHS. To this end, fix Uy, Uy satisfying the constraints
on the LHS, i.e., the Markov chains U; — Yy — (Y1,Y2) and Uy — (U, Y1) — Ya. Then, construct Uy, Uy

such that
Py ivoyay, (W1lyos y1,42) = Puypy, (ualyo) (3.34)
Pﬁ2|U1Y0YIY2 (U2|U]_, Yo, Y1, y2) = PUQ‘UlYl (U2|U1, yl)a (335)

and thus satisfying the Markov chains on the RHS: U; — Yy — (Y1, Ys) and Uy — (U1, Y1) — (Ya, Yp).

The proof is concluded by noting that

I(U1;Y0) = 1(Uy; Vo), (3.36)
1([Uy;Y1|Uh) = I(Ua; Y1 |UY), (3.37)
I(U,U;Ys) = I(U Uy; ), (3.38)

where equations (3.36) and (3.37) hold trivially by construction, and (3.38)) holds because Py y. = Puyvy
and PU2Y2|01Y1 = PU2\U1Y1 ’ PY2|Y1 = PU2Y2\U1Y1‘

We proceed to show that
0 <i(Ri/(1—¢€),R2/(1—¢)) (3.39)

where 7)(+, ) is defined as

ﬁ(Rl,RQ) = max I(UlUQ;YQ) (3.40)
Py, vy Puglu vy ¢
R1>1(U13Y0)
Ro>1(U2;Y1|Ur)
U1 <|Do|+2
[t <[] V1]|+1

with the auxiliary random variables U; and Uj satisfying the Markov chains U3 — Yy — (Y1,Y2) and

Uy = (U, Y1) = Ya.
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3.4.3 Change of Measure, Blowing Up, and Asymptotic Markov Chain

Consider a sequence (in n) of encoding and decision functions {( gn)’ gZ)gn), g™} satisfying the constraints
on the expected rates and error probabilities in (3.10). The following lemma is the heart of our converse

proof.

Lemma 2. Fiz a small number n > 0, a blocklength n, and a set D C Yy x Vi'. Let the tuple
(Mlu M275~/0n, 371”, 172”) follow the pmf

1{(yg,y1) € D}

n ,n ,n\y A n o,n ,n
By v vevy (M m2, ug, 91,92) = Pryyvpyy (Y0, 915 v2) -

Pynyn (D)
o () = mi}- 1ol (h o () = ma}. (3.41)
Further, define
Ui & (M, Yy Ly 1), (3.42)
Us 2 (Mo, T), (5.43)
Yi £ Yir, i€{0,1,2}, (5.44)
where T is uniform over {1,...,n} and independent of all previously defined random wvariables. Notice the

Markov chain Uy — (Uy,Y1) — Ya. The following (in)equalities hold

H(My) > nI(Uy;Yp) + log Pypyy (D), (5.45)
H(My) > nI(Uy; Y1|UL), (8.46)
I(Uy; Y1Ya|Yp) = o1(n), (3.47)

where p1(n) is a function that tends to 0 as n — oo.
If
Pr{H = 0H = 0,5 =y, V" =] > 0, V(u5,v}) € D, (3.48)

then
1 -
- log Bn, < I(U1Us;Y2) + g2(n), (3.49)

where pa(n) is a function that tends to 0 as n — oo.

Proof: See Appendix [ |

To obtain the above lemma, we condition on a joint set of observations at the two sensors that yield
a positive probability of avoiding type-1 error at the DC. We intersect this set with the set of jointly

typical sequences at the two sensors. For the intersection set, we apply change of measure arguments to
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restrict to random variables in this set, on which the blowing-up lemma is then applied to show that the
probability of avoiding type-I error tends to 1 under the blown-up set in the limit as n — co. A sequence
of standard inequalities is then used to upper-bound the type-1I error exponent under this set. The lower-
bound expressions on the rates are derived using the laws on expectation. For the desired Markov chains,
the first one is proved asymptotically in the limit as n — 0, while the second one holds by construction.

With this lemma, we can prove the desired outer bound on the exponents region as follows.

3.4.4 Bounds on Optimal Error Exponent and Rate Constraints
Fix a positive > 0. Set p,, = n~ /3, and define the sets
B(n) & {(y5 y1"): PriH = 0]Yg" = 5, YI" = 4", H = 0] = 1}, (3.50)
D(n) £ B(n) N T (Proyi ). (3:51)
Further define for each n the probability
A £ Pynyn(D(n)), (3.52)

and notice that by the constraint (3.10a) on the type-I error probability

L—e< > Pr[H =0¥]" =y, V" =y, H = 0] - Proyp(yi,y7) (3.53)
Yo YT
< > Pyvplugu)+ Y, PrH =00V = ug, Y = i H = 0] - Pypvp(yg,ut) (3.54)
(yg w1 )EB(n) (Y8 yT)EBn)
< Pypyp(B(n)) +n(1 = Pygyp (B(n)))- (3.55)

Thus we have

1—€—
Pypyp(B(n)) > Tﬁ” (3.56)

Moreover, by [44, Remark to Lemma 2.12|, the probability that the pair (Y;*, ¥7") lies in the strongly jointly

typical set 7;5: )(Pyoyl) satisfies

n n D’o\ D)II
1569 (T;f")(PYoYJ) >1- 2n (3.57)
and since for any two events A and B,
Pr(ANnB) > Pr(A) 4+ Pr(B) — 1, (3.58)

then by (3:51), (352), (3.56), and (B.57), we obtain

l—e—n [Dol[]
1—n duzn

A>

(3.59)
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We thus conclude that in the limit n — co and n | 0O:

lim lim A >1—¢ (3.60a)
nd0 n—oo
m [m A < 1. (3.60b)
nd0 n—oo

We proceed by applying Lemma [2| to the set D(n) with A > 7. This allows to conclude that there exists

a pair (Uy, Us) satisfying the Markov chain Uy — (U, )71) — Y, and the (in)equalities

H(My) > nI(Uy;Yp) + log Pypyy (D), (3.61)
H(Msy) > nI(Uy; Y1|UL), (3.62)
01(n) = I(U1; Y1Ya|Y), (3.63)
and
—% log By < I(UrUa; Y2) + 62(n), (3.64)

where the functions @1(n), @2(n) | 0 as n — oo and the random variables Yy, Y7, Ya, M1, My are defined as
in the lemma, when applied to the set D(n).
To simplify exposition, we assume 7 very small and A > 7. Otherwise the proof is similar but omitted here.

Further, define the following random variables
L; £ len(M;), i€{1,2}. (3.65)

By the rate constraints (3.4) and (3.6)), and the definition of the random variables L;, we obtain for i € {1, 2}

nR; > E[L;] > E[L;]A. (3.66)
Moreover,

H(M;) = H(M;, L;) (3.67)
=Y PrlLi = LIHM;|L; = ;) + H(L) (3.68)

l;
< Pr[L; =1]l; + H(L;) (3.69)

L
= R[L;] + H(L;), (3.70)

which combined with establishes
AH(M;) < AE[L;] + AH(L;) (3.71)
< nR; (1 + hy <n§>> (3.72)

where (3.72) holds by (3.66) and because the entropy of the discrete and positive random variable L; of
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mean E[L;] < “fi is bounded by

nR (%) see [23, Theorem 12.1.1].
Then by combining (3.72)) for i € {1,2} with (3.61)) and (3.62), noting (3.59)), and considering also
(3.64]), we have proved so far that for all n > 1 there exists joint pmf Py 0y 537, = PU1|}~,0}~/1 PU2|U1}~,1 Py vv,

(abbreviated as P("™) so that the following conditions hold (where Ip indicates that the mutual information

should be calculated according to a pmf P):

Ri > (Ipe (Ur; Yo) + 91(n)) - ga(n, m), (3.73a)
Ry > (Ipe (U2; Y1|UY)) - g2(n,m), (3.73b)

0 < Ipwy (UrUs; Ya) + g3(n), (3.73¢)
g4(n) = Ipe (Y1Ya; U1|Y), (3.73d)

for some nonnegative functions g1(n), g2(n,n), g3(n), g4(n) with the following asymptotic behaviors

Jim_gi(n) =0, (3.74)

Jim_g3(n) =0, (3.75)

nlgrolo ga(n) =0, (3.76)
lim lim go(n,n) > 1—e. (3.77)
nd0 n—oo

We next observe that by Carathéodory’s theorem [48, Appendix C] for each n there must exist random

variables Uy, Us satisfying (3.73)) over alphabets of sizes

Ui < Vol - D]+ 3, (3.78)

Us| < [Uh| - [D] + 1. (3.79)

Then we invoke the Bolzano-Weierstrass theorem and consider an increasing subsequence of positive num-

bers {n;}7°, such that the following subsequences converge:

: (nk) — p*
kli}n;)lo P?0§192U1U2 = PY0Y1Y2U1U2' (380)

Considering further an appropriate sequence of diminishing n-values, we conclude by (3.73a))—(3.73c) and
(3.60]) that:

Ry > (1— )lps(Us; Yo), (3.81)
R2 Z (1 — 6)IP*(UQ;Y1|U1), (382)
0 < Ip«(U1Us; Y2). (3.83)
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171(”’“)) lies in the jointly typical set T(::)(Py0y1>, we

Notice further that since for any k, the pair (}7()(”’“),
have ‘Pf/ofﬁ — Py,vy| < pn, and thus the limiting pmf satisfies Py, = Pyyy;. Moreover, since for each

ny, the random variable Ys is drawn according to Py,y, given Y7, irrespective of Yp, the limiting pmf also

satisfies P;;Q‘YOYI = Py,y;- We also notice that under Py y.y. 17, p, the Markov chain
Uy — (Ul,Yl) — YQ, (3.84)

holds because Uy — (U, )71) — Y, forms a Markov chain for any ny. Finally, by continuity considerations

and by (3.73d)), the following Markov chain must hold under Py y.y. ¢, -
U1 — Yb — (Yl,}/é). (3.85)

Using the definition of the function 7(-,-) in (3.40)), we thus proved that all achievable error exponents

6 are upper-bounded by the error exponent given in (3.39). This concludes our converse proof.

3.5 The Two-Hop Model

3.5.1 The Setup

Consider the distributed hypothesis testing problem for the two-hop setup with a single decision center in
Figure 3.2] It consists of a transmitter Ty, a relay Rj, and a receiver Ry. Unlike the Cooperative MAC
setup of Section [3.3] there is no direct link between Ty and Re. The communication occurs over two hops
from Ty to Ry, and from Ry to Ra. All the terminals To, Ry, and Ry have their own observations Y, "

and Y3', respectively, forming the Markov chain
Y=Y =Y (3.86)

under both null and alternative hypotheses. In this case, the testing problem is a testing-against-
independence of all observations. It differs from the previous Cooperative MAC setup where under the
alternative hypothesis the observations at the sensors T, T are correlated together but are independent
of the observations at the receiver Ro. This two-hop setup is motivated by systems in which terminals are
correlated in a serial manner. In this case, if the observations at any two adjacent terminals are independent
then all observations are independent from each other. In other words, in the two-hop setup, in the special
case of testing against independence, depending on the binary hypothesis H € {0, 1}, the tuple (Y, Y7, Y3")

is distributed as

under H = 0: (Yg, ¥, Y3") iid. ~ Pyy; - Pryjyas (3.87a)
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under H = 1: (Y, Y",Yy") iid. ~ Py, - Py, - Py, (3.87b)

for given pmfs Py;y, and Py,)y; and where Py, Py;, and Py, denote the marginals of the joint pmf Pyy;y, 1=

Pyyvy Pyy)y, -

The transmitter Ty observes the source sequence Y;* and sends its bit-string message M; = én) (Yg") to
Ri, where the encoding function is of the form gb(()n) : V¢ — {0,1}* and satisfies the rate constraint. For a

maximum-rate constraint, the maximum length of My satisfies
len(M;) < nRy, (3.88)
whereas for an expected-rate constraint, the expected length of M satisfies
E [len (M1)] < nR;. (3.89)

The relay R; observes the source sequence Y and with the message M; received from Ty, it computes
(n)

a bit-string message My = ¢7 "~ (Y7", M;) using some encoding function d)%n) s VP x {0,1}* — {0,1}* that
satisfies the second rate constraint. For a maximum-rate constraint, the maximum length of My satisfies

len(Mg) < TLRQ, (390)
whereas for an expected-rate constraint, the expected length of My satisfies

E [len (M2)] < nRs. (3.91)

Then R; sends Ms to the receiver Ro, which guesses hypothesis H using its observation Y5" and the received

message Mo, i.e., using a decision function gén) : Y3 x {0,1}* — {0, 1}, it produces the guess
Hy = g (Y, My) € {0,1}. (3.92)
The goal is to design encoding and decision functions such that their type-I error probability
Qo 2 Pr[H = 1/H = 0] (3.93)
stays below a given threshold e2 > 0 and the type-1I error probability
Bom 2 Pr[H = 0|H = 1] (3.94)

decays to 0 with largest possible exponential decay.

Definition 5. Fix a maximum type-I error probability es € [0,1] and rates Ry, R2 > 0. The type-II

error exponent Oy is called es-achievable if there exists a sequence of encoding and decision functions
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{60, '™, g5}, satistying

lim sy < €, (3.95a)
n—o0
1 1
lim * log —— > 0, (3.95b)
n—oo T 2,n
and
len(M;) < nR;, i€ {1,2}, (3.95¢)

for the setup under maximum-rate constraints, or
Ellen(M;)] < nR;, ie{1,2}, (3.95d)

for the setup under expected-rate constraints.

Definition 6. The supremum over all es-achievable type-II error exponents 65 is called the ey-optimal

*

Two-Hop max (21, R2, €2) for the two-hop one-DC setup under maximum-rate

error exponent and is denoted 0

constraints and Gf[\NO_HOp (R1, Ra, €2) for the two-hop one-DC setup under expected-rate constraints.

In the rest of this chapter, let € := €.

3.5.2 Maximum-Rate Constraints
3.5.2.1 Optimal Coding Scheme under Maximum-Rate Constraints

In this section, we present a simplified version of the optimal coding scheme suggested by [33| for the
two-hop setup. This coding scheme can achieve the optimal error exponent H:F[wo-Hop,max(Rla Ry, €) for any
€ > 0. The optimal coding scheme uses the Han’s scheme, described in the previous chapter in Section
[2.4.2] in the following manner.

Han’s scheme is first applied between Ty and R;. If R; decides locally on hypothesis H = 1, then Ry sends
the single bit My = [0] to Rg, and Ry declares Ho = 1. If Ry decides locally on hypothesis H = 0, then Ry
and Ro run a separate Han scheme, and Ry produces the guess H indicated by this second Han scheme.

Details of the coding scheme are as follows.

Fix a blocklength n and choose the following parameters:
e 3 small positive number p > 0; and

e conditional pmfs PU1|Y0 and PU2|Y1 leading to PY0Y1U1 = PY0Y1PU1\Y0 and Py1y2U2 = PY1Y2PU2\Y17

38



CHAPTER 3. MULTI-SENSOR SINGLE-DC NETWORKS 39

where all mutual information quantities are evaluated according to the joint pmfs Py, y,u, and Py,v,v,-

Randomly generate the codebooks

Cu, & {u’f’(ml) my € {1, . ,2"(I(U1;YO)+“)}} (3.96)

Cu, 2 {ug(m2>: ms € {1, .. ,2n<f<U2;Y1>+ﬂ>}}, (3.97)
by drawing all entries i.i.d. according to the marginal pmfs Py, and Pp,.
To: Assume it observes Y;* = y{'. Then, it looks for indices m; satistying
(up(m1), ) € T (Puiva),
randomly picks one of these indices, and sends its corresponding bit-string
M; = [bin(my)]. (3.98)
If no such index mq exists, then Tqsends
M; = [0]. (3.99)

Ri: Assume it observes Y = y7' and receives the bit-string message Mq = mj.

If m; = [0], then it forwards the single-bit message
My = [0]. (3.100)

Else it checks if
(uf(m1),y7) € T (Puyys). (3.101)
If the check fails, it sends Mg = [0]. If the check is successful, R; next looks for indices mq satisfying

(uf(ma),yt) € 7L(")(PUQYI), randomly picks one of them and sends
My = [bin(ms)] (3.102)

to RQ.

If no such index mq exists, R; directly sends the single-bit message
Mgy = [0]. (3.103)

Rp: Assume it observes the sequence Y3' = y5 and receives message My = ma.
If my = [0], it declares Hy = 1.

Else it sets mgy = dec(my), and checks if

(u (m2), y5) € T (Puyy,)-
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It declares 7:[2 = 0 if the check succeeds, and ”HQ = 1 otherwise.

3.5.2.2 Optimal Error Exponent

Recall the definition of the optimal error exponent of Han’s scheme in Theorem [I] considering a point-to-

point setup with a single Ty—R; link as

m (R1) = max [(U;Y7), (3.104a)
Py, vy
R1>1(U1;Y0)
Ui—Yy—Y:
L1 |<[Vol+1

and define similarly the optimal error exponent considering a point-to-point setup with a single R;—Rs link

as

2 (RQ) = max I (UQ; YQ) , (3.104b)
Py vy
Ry>1(Uz;Y1)
Us—Y1—Ys
2| <|V1]+1

where the mutual information quantities are calculated with respect to the joint pmfs Py,y,, and Py,v,v,,
respectively. As stated in [1], in above maximization problems it suffices to consider auxiliary random
variables Uy and U over alphabets of sizes |Mp|+1 and |Vi|+ 1 by standard applications of Carathéodory’s

theorem, see [48, Appendix C]J.

Lemma 3. The functions 11 and n2 are continuous, concave and monotonically nondecreasing on their

entire domain IR(T.

Proof: Analogous to the proof of Lemma [I] and thus omitted. [ |

Theorem 6. For any € > 0, the optimal error exponent under the mazimum-rate constraints (3.95c)) of the

two-hop setup is

e%wo—Hop,max (R17 Ry, 6) =m (Rl) + 12 (RQ) (3 105)

Proof: The achievability proof can be obtained as a special case of the proof in [33] by disregarding
the decision at the relay and thus removing the corresponding error probability analysis. The strong converse
can be obtained also as a special case of the strong converse of [35], or in a simplified manner as a corollary

of the simplified strong converse proof for the two-hop with two DCs setup (to be presented in the next
chapter) in Appendix [B.1] [

Notice that the optimal error exponent Oy tiop max (R1, Rz, €) does not depend on the permissible type-I

error probability €. Thus, we abbreviate it as 6% (R1, R2).

Two-Hop,max
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By definition, note that n;(R1) determines the optimal exponent in a point-to-point system where Ro
is not present and R; is a decision center, and 72(R2) determines the optimal exponent in a point-to-point
system where T is not present [1]. In the studied two-hop setup, the receiver Ry thus accumulates the
optimal exponents achieved over the two links. As we see next, the gains under expected-rate constraints,
that were shown for the setups of single sensor and of cooperative two sensors with a single DC, are extended
here for the two-hop setup with a single DC. First, we show the optimal coding scheme under expected-rate

constraints for the two-hop setup with a single DC.

3.5.3 Expected-Rate Constraints
3.5.3.1 Optimal Coding Scheme under Expected-Rate Constraints

The main idea of this optimal coding scheme is similar to that of Section where here the three
terminals Ty, Ry, Rs multiplex two different subschemes, and the choice of which subscheme to use depends
on the transmitter To’s observations Y'. In one subscheme, Ro attempts to correctly guess the hypothesis
‘H, while in the other subscheme it simply declares Ho = 1.

The structure of the coding scheme is illustrated in Figure 3.8l We partition the set ) into subsets

Dy, Dyay € Yy so that under Py the probability of subset Dyq) is as large as possible but satisfies
Pr[Yy' € Dygyy] <1—e (3.106)
As a consequence
Pr[Yy' € Dy| > e. (3.107)

Notice that as n — oo the above inequalities turn into equalities.
Depending on whether Y lies in Dy or Dyyy, the three terminals follow a different subscheme.

If Yy* € Dy: In this case, To and Ry both send the single-bit string messages
M; = My = [0] (3.108)

and Ry simply declares

H=1. (3.109)
Here, as, = 1,82, = 0 by (3.109), and R; = Rz ~ 0 by (3.108) since the transmission of single-bit

messages can hardly change the communication rate for large values of n.

If Y§* € Dygy: In this case, Ry attempts to correctly guess H based on the transmitted messages. Specif-

41



42 3.5, THE TWO-HOP MODEL

Optimal coding scheme

DI e e S G S > under maximum-rate an =0
{2} _ _
constraints Ryy; 1, Ryo} 2 0 =n(R /(1 —€),R/(1—¢))

Dy withProb.—» € pummmend DY RESNII]| |~ M, = [0] |mmm)

k)
I
—
R
|
]

R;,R,~ 0

Yo

Figure 3.8: Optimal coding scheme for two hops with a single decision center under expected-rate constraints
using the optimal coding scheme under maximum-rate constraints with boosted rates on all links.

ically, T¢, Ri, Ro all apply the encoding/decision functions of the optimal hypothesis testing scheme in
Subsection @ with vanishing type-I error probability and respecting maximum-rate constraints Ry} |
and Rygy 5 on the two links, where these rates are chosen to satisfy

(1-€)Rop1 < Ry (3.110a)

(1 — 6)R{2}72 S RQ. (3110b)

Analysis: By (3.106) and the choices of the rates in each of the two subschemes, the overall scheme

satisfies the expected-rate constraints Ry and Ry on the two links for large values of n. Following similar
steps as in Appendix [A:4] we can prove that when the hypothesis testing scheme in Subsection [3.5.2.1] with
vanishing type-I error probability is employed for Yi* € Dysy, then the overall scheme meets the permissible

type-1 error probability e and achieves the optimal error exponent given by Equation [3.111] of Theorem [7}

3.5.3.2 Optimal Error Exponent

Theorem 7. For any € > 0, the optimal error exponent under the expected-rate constraints (3.95d|) s

Q:%WO—HOP(R17R27 ‘5) = 771(R1/(1 - 6)) + 7]2(R2/(1 - 6)) (3.111)

Proof: Follows as a corollary from the more general result in Theorem [9] ahead. [ |
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3.6 Summary and Discussion

In this chapter, we studied testing against independence for two setups with two sensors and a single
decision center: the cooperative MAC and the two-hop network. We derived the optimal error exponents

1 on all communication links, thus extending

under expected-rate constraints showing a rate-gain of (1 —¢)~
the single-link result in [20]. To achieve this gain, we propose optimal coding schemes that multiplex
two subschemes, one of them is a degenerate scheme where the communication is of zero-rate and the
decision center always declares H = 1, and the other one is the optimal coding scheme for the setup under
maximum-rate constraints and for vanishing type-I error probability.

Notice that for the overall scheme to respect the expected-rate constraints, it suffices that the second
subscheme respects the rate constraints Ry 1 and Ry} 5 on expectation. However, as a consequence of our
main results in Theorem [5]and Theorem [7], under vanishing type-I error probabilities, the same type-II error
exponents are achievable under both expected- and maximum-rate constraints. There is thus no benefit
in multiplexing schemes with expected rates Ry9y 1 and Ryg) o, but possibly larger maximum rates. This
technical note holds also for the next two chapters.

The proposed multiplexing strategy can achieve a rate-boost of (1 —¢)~! on any generic network with a
single DC and where all terminals can coordinate the multiplexing, i.e., for example when one terminal can
send a zero-rate message to all other terminals in the network. This implies that the suggested strategy is
general, simple and practical with promising gains for setups with one DC, and it leads to optimal results
when the optimal coding scheme under maximum-rate constraints and vanishing type-I error probability
exists. For setups with more than one DC, as we show in next chapters, this strategy might not be sufficient
and thus we propose new strategies based on a rate-sharing concept.

In our converse proofs, we used change of measure arguments, the blowing-up lemma, asymptotic Markov
chains, and probability laws under expectation. Our proof methods can also be used to establish strong
converse results for the cooperative MAC setup under maximum-rate constraints and under the Markov
chain . Recall that strong converse results show that the optimal error exponent is independent of the
type-1 error probability threshold e (Theorem . For the two-hop network, a similar strong converse result

existed already in the literature [35] (Theorem [6]in this chapter). However as we show in the next chapter

(see Sections [4.3.2.2]4.4.2.3)), our strong converse proof method is simpler.
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Chapter 4

Multi-Hop Networks with Multiple DCs

4.1 Introduction

In this chapter, we consider multi-hop networks with multiple decision centers and derive the optimal type-
IT error exponents region that all DCs can simultaneously achieve under expected-rate constraints. We first
characterize the exponents regions for the special case of the two-hop network with two DCs and show that
the exponents region under expected-rate constraints is boosted compared to the region under maximum-
rate constraints. The exponents region has a rectangular shape under maximum-rate constraints, where
both DCs can achieve simultaneously their optimal error exponents. A similar exponents region shape is
obtained under expected-rate constraints if the two DCs have equal permissible type-1 error probabilities,
extending thus the rate-gain observed in previous setups with one DC to multiple DCs with equal type-I
error thresholds. However, when the DCs have different permissible type-I error probabilities, a tradeoff
appears between the different exponents at the DCs because all the DCs are competing for the same
communication resources. We generalize all these results to the K-hop network with K DCs. In the special
cases of two and three hops, we further simplify the characterizations of the fundamental exponents region.

This allows to propose optimal coding schemes with significantly reduced complexity.

4.2 Related Works

The problem of distributed hypothesis testing in a multi-hop network was considered in [33535]. The
authors in [33] focused on the special case of two-hop network with two DCs, while in [34] they presented

some extensions to the general K-hop network with K DCs. In addition, the authors in |35 established a
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strong converse proof to the optimality result in [33].

For the two-hop network, the authors in 33| proposed two coding schemes, one with binning and one
without binning. In the general hypothesis testing setup, binning was shown to improve the characterization
of the exponents region. Interestingly, the authors further showed that under a Markov chain between the
measurements at the sensor, the relay, and the DC, Y;* — Y|" — Y3, their coding schemes decouple into two
point-to-point coding schemes. Moreover, in the special cases of testing against independence and testing
against conditional independence, their schemes without and with binning, respectively, are optimal under
maximum-rate constraints and for vanishing type-I error probabilities. In [35], it was further proved that
the optimal error exponent for the two-hop network in the special case of testing against independence and
under maximum-rate constraints, is independent of the type-1 error probability. For the K-hop network,
the authors in [34] extended the no-binning scheme to K hops and showed that it is optimal under the
Markov chain Yj* — Y{* — Y — --- — Y2 in the special case of testing against independence under
maximum-rate constraints and for vanishing type-1 error probabilities.

In our work, we study testing against independence for the two-hop setup where the maximum-rate
constraints are replaced by expected-rate constraints [49,50]. For the K-hop setup, we derive a strong
converse to the previous result under maximum-rate constraints [43|. In addition, we describe the optimal
coding scheme and characterize the error exponents region under expected-rate constraints [51]. In the

sequel, we present our main results on the two-hop setup in Sectiond.3]and on the K-hop setup in Section [£.4]

4.3 The Two-Hop Model

4.3.1 The Setup

Consider the two-hop hypothesis testing setup of Section with a transmitter T, a relay R;, and a

receiver Ryp. Here, R1 also takes a decision H; as shown in Figure , 1.e., Ry observes the source sequence

5?“1
TO Ml = Rl MZ = Rz = j‘:fz
! ! !
Yy 4 68

Figure 4.1: Cascaded two-hop setup with two decision centers.

YY" and with the message M received from T, it produces a guess #, of the hypothesis H using a decision
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function ggn) s VP x{0,1} — {0,1}:
=g (V' M) € {0,1}. (4.1)
We define Ry’s type-1 error probability as
a1, 2 Pr[Hy = 1|H = 0] (4.2)
and its type-1I error probability as
61,n = Pr[?':[l = O‘H = 1]. (4_3)
Recall, from Section , that Ro produces a guess Hs of the hypothesis H using a decision function
g Yr X {0,131 = {0,1}:
Ha = 95" (Y3, My) € {0,1}, (44)
and its type-I and type-II error probabilities are defined as
azy & Pr[Hs = 1|1 = 0], (4.5)
ﬁgm =S Pr[']:lg = 0|7‘[ = 1]. (4_6)
Definition 7. Fix maximum type-I error probabilities €1,e2 € [0,1] and rates Ry, Ry > 0. The expo-

nent pair (01, 62) is called (€1, €2)-achievable if there exists a sequence of encoding and decision functions

{06", 61" 91" 95" Yz satisfying Vi € {1,2):

m 07%7) < €5, (4.7&)
n—o0
lim ~ log —— > 6 (4.7b)
im — — is .
n—oo N & Bi,n o
and
len(M;) < nR;, (4.7¢)

for the setup under maximum-rate constraints, or
Eflen(M;)] < nR;, (4.7d)

for the setup under expected-rate constraints.

Definition 8. The closure of the set of all (€1, €3)-achievable exponent pairs (61, 0) is called the fundamen-

tal (e1, €2)-ezponents region and is denoted &, (R1, R, €1, €2) for the setup under maximum-rate

o-Hop,max

constraints and &*

Two—Hop<R1’ Ra, €1, €2) for the setup under expected-rate constraints.
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4.3.2 Maximum-Rate Constraints

In this section, we review the fundamental exponents region E{WO_HOp,maX(Rl, Ry, €1, €2) derived in [33}35]

and the optimal coding scheme that can achieve it.

4.3.2.1 Optimal Coding Scheme under Maximum-Rate Constraints

Apply the same two-hop scheme as in Section [3.5.2.1 but where here, Ry produces H1 = 1 if M; = [0] or
the typicality check ([3.101) fails, and it produces H, = 0 otherwise.

4.3.2.2 The Exponents Region

Theorem 8 (Theorem 2 in [35]). Fiz €1, ez € [0,1]. The fundamental exponents region under the mazimum-

rate constraints (4.7¢) is
ETwo-Hop,max (L1, L2, €1, €2) = {(01,02): 61 < m1 (R1), 02 < mi(R1) + m2(R2)}, (4.8)

where the functions n1(-) and na2(-) were defined in Equations (3.104)) in Section [

Proof: Achievability is proved in 33|, and the strong converse in [35]. We present a simplified strong
converse proof in Appendix [B.I] [

We notice that the fundamental exponents region does not depend on the permissible type-1 error

probabilities €; and es. We will therefore abbreviate g’?‘wo—Hop,maX(Rl’ Ry, €1, €2) by EF, R1, Ry).

o—Hop,max(
In the studied two-hop setup, Ry thus accumulates the optimal exponents achieved over the two links.
Since the exponents region is a rectangle, each of the two DCs, Ry and Rg, can simultaneously achieve their

optimal exponents, no tradeoff occurs between the two exponents. We shall see that this is not always the

case under expected-rate constraints.

4.3.3 Expected-Rate Constraints
4.3.3.1 Optimal Coding Scheme under Expected-Rate Constraints

The optimal coding scheme under expected-rate constraints depends on whether €; = €2, €1 < €3, or
€1 > €2. The general idea of all the three schemes is that the three terminals Ty, Rq, Re multiplex two
or three different subschemes, and the choice of which subscheme to use depends on the transmitter Tqy’s
observations y{'. To inform all terminals about the choice of the subscheme, Ty adds one or two flag-bits

to its message, which the relay R; forwards to the receiver Ra.
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48 4.3. THE TWO-HOP MODEL

The main distinguishing feature of the different subschemes is the choice of the subset of terminals—
either only R; or only Ro, both Ry and Re, or neither of them—which exploit the information in the
transmitted messages to produce a guess of hypothesis H. The other terminals ignore this communication
and simply declare #H = 1. The different subschemes use different communication rates, and as we shall
see in Section [£.3.3.2] the allocation of the rates has to be chosen in function of the desired tradeoff
between the exponents 6 and 65. In this section, we formulate the subschemes based on the optimal
hypothesis testing schemes for the two-hop network [33] (see Section [4.3.2.1]in this thesis) and the single-hop
network [2] (see Section in this thesis) with vanishing type-I error probabilities and under maximum-
rate constraints, which attains the optimal error exponents presented in Theorem [ ahead. Note, however,
that this multiplexing and rate-sharing strategy can be applied for generic schemes with vanishing type-
I error probabilities and respecting given rate constraints and can still show improvement compared to

applying one version of the generic schemes alone.

4.3.3.1.1 The case ¢ = €9 = ¢

We combine two subschemes, where in one subscheme both R; and Ry attempt to correctly guess the
hypothesis H and in the other subscheme both simply declare % = 1. To this end, we partition the set )V
into subsets Dy, Dyy 21 € Y so that under Py the probability of subset Dy o is as large as possible but

satisfies
Pr[Yy' € Doy <1—e (4.9)

Notice that as n — oo the inequality turns into an equality.
Depending on whether Yi* lies in Dy or Dy oy, the three terminals follow a different subscheme. The
main structure of the optimal coding scheme is illustrated in Figure [4.2
If YJ* € Dy: In this case, none of the terminals attempts to correctly guess the hypothesis H. Specifically,
Ty and R; both send
M; = Mg = [0] (4.10)
and Rjand Rp simply declare
Hy=Hy = 1. (4.11)
If Yi* € Dy 9y: In this case, both Ry and Ry attempt to correctly guess H based on the transmitted
messages. Specifically, Ty, R, Rg all apply the encoding/decision functions of the optimal two-hop hy-

pothesis testing scheme with vanishing type-I error probabilities and respecting maximum-rate constraints
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Optimal coding scheme under @ =0
. . L7
D4 y with Prob. — (1 — ¢€) maximum-rate constraints 0p =n1(R/(1 —€))
Rp12),13nd Ry 2 62 =M (R /(1 —e))
(with additional flag-bit = [1]) +n,(Ry /(1 —€))
. Ain =
Dy with Prob. — € M; = [0] |- =1 Bin=0
R;~0

Yo

Figure 4.2: Optimal coding scheme for the two-hop network with two DCs of equal type-I error thresh-
olds, € = e = ¢, under expected-rate constraints using the optimal coding scheme under maximum-rate
constraints with boosted rates on both links.

Ry12y,1 and Ryy 9y 2 on the two links, where these rates are chosen to satisty

(1=€e)Rpgy1 < R (4.12a)

(1 —-€)Rp12y,2 < Ro. (4.12b)

To inform all the terminals about the event Yy € Dy 9y and consequently about the employed scheme, Ty
and R; append the [1]-flag at the beginning of their messages M; and M.

Analysis: By and , and because transmission of single bits hardly changes the communication
rate for large blocklengths, the overall scheme satisfies the expected-rate constraints Ry and Rs on the two
links. Appendix [B.2]proves that when the optimal two-hop hypothesis testing scheme with vanishing type-I
error probability is employed for Yj" € Dy 93, then the overall scheme meets the permissible type-I

error probability € and achieves the error exponent given by Equation (4.23)) of Theorem EI, page 53.

4.3.3.1.2 The case € < €2

We combine three subschemes, where in each subscheme either no terminal, only R;, or both R; and
Ry attempt to correctly guess H. To this end, we partition the set ) into three disjoint subsets
Dy, Dy1y, Dy1,2y € Vg so that under Py, the two sets Dyyy and Dy 9y have largest possible probabilities but

limited by

Pr[Yy € Dy <ea—e (4.13a)

Pr Y] € Do) <1— e (4.13b)
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30 4.3. THE TWO-HOP MODEL

As a consequence,
Pr[Y] € Dy] > . (4.13c)

Notice that as n — oo, the three inequalities (4.13)) can hold with equality.

Choose also nonnegative rates Ry 1, Ry 21,1, Ry 2)2 satistying

(62 - 61)R{1}71 + (1 — 62)R{1’2}’1 S Rl (4:].4:&)
(1 —e€2)Rp19y2 < Ro. (4.14b)

Depending on whether Y(" lies in Dy, Dy}, or Dy 9}, the three terminals apply a different subscheme
satisfying a different pair of maximum-rate constraints, where the subscript Z of set Dz indicates the set
of relays that attempt to correctly guess H in the event Y' € Dz. To communicate which of the three
subschemes is used, Ty adds a two-bit flag at the beginning of its message M; to Ry, which forwards this
flag at the beginning of its message My to inform Ro. The main structure of the optimal coding scheme is

illustrated in Figure {.3]

Optimal coding scheme under

Ain—0
. maximum-rate constraints 61 = 1, (Rey231)
D4 5) with Prob. - (1 — €5) Ri12y1 and Ry 55 02 = 11 (Rp123.1)
(with additional flag-bits = [1,1]) +12(Rp1,23,2)
Apply Han’s scheme
for Ty and R, under M. = 01 an— 0
D4, with Prob. — (€; — €;) maximum-rate j—) Z [01] ayn=1
constraint Ry 1 Hy, =1 01 <1 (Reiy 1)
(with flag-bits = [0,1]) Pon =0
. 3—? =1 — Ain = 1
Dy with Prob. — €4 M, = [0,0] - = 1_ 7, =1 Bfn:
2 [010] I?(:n 0
I' ~

Yo

Figure 4.3: Optimal coding scheme for the two-hop network with two DCs of smaller type-I error threshold
at the relay, €; < €2, under expected-rate constraints using Han’s scheme and the optimal two-hop scheme
under maximum-rate constraints.
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If Y* € Dy: Ty and Ry send only the flag-bits
M; = My = [0, 0] (4.15)

and R; and Ry decide on
Hi=Hy = 1. (4.16)
If Yg* € Dy1y: Tp and Ry apply Han’s scheme with vanishing type-I error probability and expected-rate
constraint Ry for the bit-string message My. Moreover, My is preceded by flag-bits [0, 1], and the relay
R, forwards these flag-bits to Rao:
My = [0, 1]. (4.17)

Upon reception of these flag-bits, Ro declares

Ho = 1. (4.18)

We observe that, as indicated by the subscript {1} of set Dyyy, only terminal R; attempts to correctly
guess H. Receiver Ro produces the trivial guess in because of its higher admissible type-I error
probability e > €;. Notice also that no communication rate is required for message My in the limit as
n — oo.

If Yy" € Dy193: To, R, Ro apply the optimal two-hop hypothesis testing scheme with vanishing type-I
error probabilities and satisfying the expected-rate constraints Ry 0y 1 and Ry 2y 9.

Analysis: By (4.13) and (4.14), and because transmission of two bits hardly changes the rate for suffi-

ciently large blocklengths, the proposed overall scheme respects the expected-rate constraints R; and R for
large values of n. Appendix proves that when the optimal single-hop and two-hop hypothesis testing
schemes under maximum-rate constraints Ry and (R 9y 1, Fq1,2),2) with vanishing type-I error proba-
bility [233] are used, then the overall scheme satisfies the type-I error constraints €; and ez and achieves

the error exponents in Equation (.24) of Theorem [9]

4.3.3.1.3 The case ¢ > ¢

We combine three subschemes, where in each subscheme either no terminal, only Ra, or both R; and
Ry attempt to correctly guess H. To this end, we partition the set ) into three disjoint subsets
Dy, Dy2y, Dy12y € Vg so that under Pyr the two sets Doy and Dyy oy have largest possible probabilities

but limited by

Pr [Yon S D{Q}] <€ —e€2 (4.19&)
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92 4.3. THE TWO-HOP MODEL

Pr Y] € Dyigy] <1—er. (4.19b)
As a consequence,
Pr[Yy' € Dy > €. (4.19¢)

Notice that as n — oo, the three inequalities (4.19)) hold with equality.

Choose also nonnegative rates Ryoy 1, Ry12).1, By2),2, and Ry 9y o satisfying

(e1—e)Rpuy1+ (1 —e)Rpuoy < R (4.20)

(61 — 62)R{2}72 + (1 — 61)R{1’2}’2 S RQ. (421)

Depending on whether Y{" lies in Dy, Dygy, or Dyy 9}, the three terminals apply a different subscheme.
The subscript Z of set Dz again indicates the set of terminals that attempt to correctly guess H in the
event Y' € Dz, and Rz, Rz indicate the maximum rates of the subscheme employed under Yj* € Dz.
(An exception is the event Y* € Dy, where both rates are 0.) Flag-bits are used at the beginning of the
messages M; and Mg to inform Ry and Rg about which of the subschemes is employed. The main structure

of the optimal coding scheme is illustrated in Figure £.4]

Optimal coding scheme under ain—0
maximum-rate constraints 6, < ,}1(3[1 1)
D{Lz} with Prob. — (1 — 61) R{LZ},l and R{llzlz 62 < nl(R[l,Z},l}
(with additional flag-bits = [1,1]) +12(Rp1,23,2)
Optimal coding scheme under an=1
. maximum-rate constraints ayn — 0
D¢, with Prob. — (¢; — € — ’
2 (€1~ €2) Rzy1 and Rygy, with 7y = 1 Pin=0
(with additional flag-bits = [0,1]) 02 = M (Rza)
+12(Ri23,2)
. 0 = in—=1
D with Prob. - ¢, M. =00 Hi=1 - %in ~
1= [0.0] - M, = [0,0] =1 Pin _00

Yo

Figure 4.4: Optimal coding scheme for the two-hop network with two DCs of larger type-1 error threshold
at the relay, e; > €2, under expected-rate constraints using two versions of the optimal two-hop scheme
under maximum-rate constraints.
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If YJ* € Dp: All three terminals, To, Ry, and Ry apply the degenerate scheme in f.

If Yy" € Dygy: As indicated by the subscript of set Dygy, only Ry makes a serious attempt to correctly
guess H, while Ry always declares

Hy =1, (4.22)
irrespective of the received message and its observations. This implies that under this subscheme, a1, =1
and (1, = 0. Besides this decision, Ty, Ry, and Ra apply the optimal two-hop distributed hypothesis testing
scheme with vanishing type-I error probabilities and respecting the maximum-rate constraints Ry and
Ry} o for messages My and My. Moreover, both To and Ry append the two-bit flag [0,1] at the beginning
of these two messages to inform all the terminals about the employed scheme.

Notice that in the optimal two-hop hypothesis testing scheme (see Section, the relay Ry computes
a tentative decision based on My and Y7*, which influences the message My sent to Ry and allows the latter
to improve its type-I error probability. Here we propose that Ry itself ignores its tentative decision, because
the naive decision is sufficient to satisfy the constraint €¢; on its type-1 error probability and is also
the most-favorable decision to maximize the type-1I error exponent.

If Yy" € Dy 9y: Both DCs at Ry and Ry attempt to correctly guess H. Specifically, To, R1, and Rg apply
the optimal two-hop hypothesis testing scheme with vanishing type-I error probabilities and respecting the
maximum-rate constraints R 91 and Ry 9} 2 for messages My and My. Moreover, both Ty and Ry append
the two-bit flag [1,1] at the beginning of these two messages to inform all the terminals about the employed
scheme.

Analysis: Similarly to the case €1 < €, it can be shown that the described scheme respects the expected-
rate constraints on both links. Appendix[B.4|further shows that when the optimal two-hop scheme [33]

is employed, then the described scheme achieves the error exponents in Equation (4.25) of Theorem @

4.3.3.2 The Exponents Region

The fundamental exponents region &7,

WO_Hop(Rl,RQ,Gl,Gg) has a different form, depending on the three

cases €] = €9, €1 < €2, Or €] > €9.

Theorem 9. Given €1,¢€, R, Ro > 0.

If 1 = €2 =€, then &}

i Ry, Ra,€,¢€) is the set of all nonnegative (01,02) pairs satisfying
‘wo-Hop
01 <m(R1/(1—¢)) (4.23a)

O <m(R1/(1 =€) +na(R2/(1 - €)). (4.23b)
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If €1 < €9, then S{WO_HOP(Rl, Ro, €1, €2) is the set of all nonnegative (01,02) pairs satisfying

01 < min {n (Rpy1)m (Rygpa)} (4.24a)

02 <m (Rpiy1) +m2 (Re/(1 - e2)), (4.240)

Jor some rates Ryyy 1, Ry12y,1 > 0 s0 that

R1 > (e2 —e1)Rypy1 + (1 —e2) Ryy oy (4-24¢)

If €1 > €9, then c‘%WO_HOp(Rl, Ro, €1, €2) is the set of all nonnegative (01,02) pairs satisfying
01 < m(R12y1) (4.25a)
02 < min {n1(Ry12y.1) + m2(Rpi23.2), m(Ryzya) +m2(Rezy2) } (4.250)

for some rates Ry 9y1, Ry2y1, Ri12y,2, Ryoy2 > 0, so that

R1 > (61 —e2)Ryay 1 + (1 — 1) Ry 031 (4.25¢)

Ry > (e1 — €2)Rygy 2 + (1 — €1) Ry1 93 2- (4.25d)

Proof: Achievability is based on the schemes in Section {.3.3.1] see Appendices for
their analyses. The converse is proved in Section [.3.5] ]

4.3.4 Comparison between Maximum- and Expected-Rate Constraints

We observe from Theorem EI, that for €7 = €5 = ¢, the fundamental exponents region ‘%wo-Hop(Rl’ Ra,€€)
is a rectangle. Also, compared to the fundamental exponents region under maximum-rate constraints, here

the rates are boosted by a factor (1 — €)1

i 2 ) . (4.26)

gjl:vvo—Hop(Rlv Ry, €,€) = gik“wo—Hop,maX ((1—6)7 m

In particular, for e, = €2 = 0 the fundamental exponents regions under maximum- and expected-rates

coincide:
E’T‘WO—Hop(Rlv Ry, 0, 0) = S”}{‘vvo—Hop,max(Rlv RQ)' (4'27)

For €1 # €2, the fundamental exponents region &

WO_HOp(R17R2,€1,€2) is not a rectangle, as can be

verified by the numerical results in Figures [4.0], and [£.7] in the next subsection. In fact, one observes
a tradeoff between the two exponents 6 and 6, which is driven by the choice of the rates Rz 1, Rz

for T € P(2) where P(2) is the power set of all subsets of {1,2} excluding the emptyset, i.e. P(2) =
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{{1},{2},{1,2}}. More specifically, for €; < e5 the choice
Ry = Ri/(1 - e) (4.28a)
Ri1y1=0 (4.28b)
maximizes exponent s, which then evaluates to

92 = eg’max =m (Rl/(l — 62)) + 19 (RQ/(l — 62>) , (4.29)

but completely degrades 6; to #; = 0. However, such a choice is not necessarily needed to maximize

exponent 0y, if we can find a smaller rate Rfl 211 such that
Rflg},l =min{R: N1 (R) = Nimax} < R1/(1 —e€2), (4.30)
where

1,max ‘= m}%x m (R)

In this case, we can still have a positive rate choice for Ry, given by

R —(1- 62)R?172}71

Ry = Rygy o= —— (4.31)
This leads to a positive degraded exponent 61 given by
01 = Or0g == m (Rpyy,) > 0. (4.32)
On the other hand, the choice
Rpya = Ry = Ba/(1—e) (4.33)
maximizes exponent 61, which then evaluates to
01 = 01 max == N1 (R1/(1 —€1)), (4.34)
but it degrades 65 to
02 = 02,deg := M (R1/(1 — €1)) +n2 (R2/(1 — €2)) < 02 max- (4.35)

Varying the rate Ry 2y, between the choices in (4.28) and (4.33), (and accordingly varying also rate
R1y,1 to meet (4.24c))) achieves the entire Pareto-optimal boundary of the fundamental exponents region

g*

TWO—Hop(R17 Ry, €1, 62)-

For €1 > €5 the choice

Rioy1 = Ri/(1—e) (4.36a)
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Riy1 =0 (4.36b)
maximizes exponent 1, which then evaluates to
01 = 01 max, (4.37)
and degrades 65 to

02 = 03 geg := min {m (R1/(1 — €1)) + m2(Ry1,21,2), M2 (Ry2y.2) }» (4.38)

for Ryg) 2 and Ry 9y o satisfying (4.25d)). In a similar manner to the case €; < €3, sometimes we might find

a smaller rate R?1,2},1

that maximizes exponent 61, such that
R?M}J :=min{R: N1 (R) = M max} < R1/(1 —e€1). (4.39)

In this case, we can still have a positive rate for Ry ;:

Ry —(1— 61)R?1,2},1

Rpgy1 =Ry = p—— (4.40)
This leads to a degraded but possibly better exponent 65 given by
b2 = eg,deg = min {771 (R?{H,Q},l) + 772(R{1,2},2)7 m (R{{2},1) + 772(3{2},2)}7 (4.41)
> min {771 (R1/(1—€1)) + 772(R{1,2},2), 772(R{2},2)}7 (4.42)
_ 9§7deg: (4.43)

for Ryo) 0 and Ry 9y o satisfying (4.25d)). Here, (4.42) holds by the monotonicity of the function 7;(-), and
(ET3) holds by (E35).
On the other hand, the choice
Rpy1 =Ry =Ri/(1—e) (4.44a)

R{2}72 = R{LQ}Q = RQ/(l — 62) (444b)
maximizes exponent 2, which then evaluates to 6 = 62 max, but it degrades 6; to
91 = Hl,deg =m (Rl/(l — 62)) . (4.45)

Varying the rate Ryj9y, between the choices in (4.36) and (4.44) (and varying the rates
Ry 1, Ry 2, Ry 2 accordingly), achieves the entire Pareto-optimal boundary of the fundamental ex-

ponents region &}, (R1, Ra,€1,€2).

‘wo-Hop

Notice that in our two-hop system with expected-rate constraints, exponents 01 max and 02 max defined in

(4.34) and (4.29), are the largest possible exponents achievable at the two DCs, irrespective of the ordering
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of €; and e3. By Theorem [§| they coincide with the optimal exponents under maximum-rate constraints
R1/(1—e1) and Ra/(1 — €) for the two links in case of (4.34)), and maximum-rate constraints Ry /(1 — e2)
and Ry/(1 — €2) in case of . We thus observe that whenever €; # €9, the rate-boosts that ezpected-
rate constraints allow to obtain over mazimum-rate constraints depend on the permissible type-1 error
probabilities and also on the tradeoff between the two exponents 61 and 5. In this view, notice that when
the focus is on maximizing 69, then for ¢; < ez one might have to entirely sacrifice 8;, whereas for ¢; > e
positive f1-exponents are possible but the rate-boost experienced by 6 is reduced from (1 — ¢;)~!, which

is the boost experienced for its maximum 60 yax, to the smaller factor (1 — €2) L.

4.3.4.1 Numerical Simulations

We illustrate the benefits of exploiting the relaxed expected-rate constraints in compared to the
more stringent maximum-rate constraints at hand of some examples. We also show for €1 < e,
the benefits of “Rate-sharing” on the first link and the corresponding tradeoff, where the rate Rj is split
into (€2 — €1)Ry1y,; and (1 — e2) Ry 93,1 as in ([.24), instead of restricting to a single rate choice for the
communication on the first link R 91 = R1/(1 - €1). For €1 < €2, “Rate-sharing” on the second link does
not have any added value. However, for the case €; > €3, we illustrate the benefits of “Rate-sharing” on
both links and the resulting tradeoft from varying the choices of the rates Ry 9 1, Ry2).1, B{12},2 and Ry} o
that satisfy , which stems from multiplexing three coding subschemes among which we have two full
versions of the basic two-hop scheme and one degenerate subscheme as explained in Subsection

Throughout this section we consider the following example.

Example 3. Let Yy, S, T be independent Bernoulli random variables of parameters py, = 0.4,ps = 0.8,pr =
08 and set Y1 =Yy T and Yo=Y, ® S.

We first consider the case €1 = 0.05 < e = 0.15, and plot the fundamental exponents region
iﬁWO_HOp(Rl,RQ,q,eg) in Figure for symmetric rates Ry = Ro = 0.5. We note a tradeoff between
the type-1I error exponents #; and 6o, which is not present neither for the case e; = €2, nor for the same
setup under maximum-rate constraints. (This tradeoff occurs because both exponents have to be optimized
over the same choices of rates Ryy1, 1 2),1-) The figure also shows a sub-optimal version of the exponents
region in Theorem @ where we set Ry1y1 = Ry2y,1 but still optimize over all choices of Ry 9y,. We
observe that using two different rates Ry} and Ry 9y (i.e., two different versions of the basic two-hop

scheme) allows to obtain a better tradeoff between the two exponents. Finally, for comparison, Figure
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also shows the exponents region &, R1, Ry) under maximum-rate constraints, so as to illustrate

o—Hop,max(

the gain provided by having the relaxed {expected}-rate constraints instead of maximum-rate constraints.

0.38
0.37

0.36

0.35

< 0.34

0.33

0.32

0311 - ;‘wo—Hop(Rlv R27 €1, 62)~
' o I}ax,Two—Hop (Rl/(l - 61): R2/<]— - 62))

max, Two-Hop \* 115 RQ)

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
01

0.3

Figure 4.5: Exponents regions for Example |3[ when ¢; = 0.05 < e2 = 0.15 and Ry = Ry = 0.5.

We then consider the case €; = 0.15 > €5 = 0.05. Here we distinguish two categories for the rates of
the two links: symmetric rates Ry = R, and asymmetric rates Ry # Ro. For the first category we consider
the sub-case R} = Ry = 0.5R, while for the second category we consider a sub-case when R; has the larger
portion of the total rate R (we consider Ry = 0.75R and Ry = 0.25R), and a sub-case when Rs has the
larger portion of the total rate R (here we consider Ry = 0.25R and Ry = 0.75R). In the three mentioned
sub-cases, we set the total rate R = Ry + Ry = 1.

We plot the optimal exponents region E{WO_HOP(Rl, Rs, €1, €2) in Theorem |§|, for the first sub-case, in Fig-

ure and we compare it with the exponents region under maximum-rate constraints &7, (R1, R2)

o-Hop,max
together with sub-optimal regions that are achievable under expected-rate constraints. In these sub-optimal
regions, we either set Ry 211 = Ry9),; for which the exponents region coincides with the rectangular region

%WO_HOP(RLRQ,GQ,EQ) = Elwo-Hop,max ((1%2), (11%2)), or Rgj919 = Rygy for which we have a tradeoff
between the type-II error exponents due to rate-sharing on the first link. We observe that rate-sharing on
both links (i.e., having two full versions of the basic two-hop scheme) allows to further improve the tradeoff

between the two exponents.
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Figure 4.6: Exponents regions under expected- and maximum-rate constraints for Example |3| when ¢; =

0.15 > €2 = 0.05 and R; = Ry = 0.5.
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Figure 4.7: Exponents regions under symmetric and asymmetric expected-rate constraints for Example

when €; = 0.15 > €5 = 0.05 and R = 1.
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60 4.3. THE TWO-HOP MODEL

For the other sub-cases corresponding to the asymmetric rates, we plot their optimal exponents region

Fwo-top (0-75R, 0.25R, €1, €2) and Ef,

O_Hop(0.25R,0.75R, €1,€2) in Figure where we compare them to

the optimal exponents region for symmetric rates £,

O_HOP(O.SR, 0.5R, €1, €2). It is clear that having larger
portion of the total rate R dedicated for R; leads to larger 61 values. However, having larger portion of the
total rate R dedicated for Ry does not necessarily lead to larger 0o values.

We mainly observe that in the second sub-case 6; values are boosted compared to both other sub-
cases and o values are very close to those of the third sub-case, but are degraded compared to the
ones of symmetric rates. In addition, the whole exponents region corresponding to the third sub-

case, &t

WO_HOP(O.QE)R,O.?E)R, €1,€2) is totally included in the exponents region of the symmetric rates

{WO_HOP(O.E)R,O.BR, €1,€2). These observations are in fact justified by the assumed parameters in this
example, where one can verify that 7,(-) is only slightly larger than 7;(-). Thus, allocating the larger por-
tion of the total rate (0.75R) to the second link will only lead to a slight increase in the 62 values compared
to the second sub-case. In fact, the maximum achievable exponents given by the each communication link
are given by 07 (R1) = I(Yo; Y1) = 0.26766 and n5(R2) = I(Y1;Ys2) = 0.27433, see Figure Recall also
that the 0y error exponent is an accumulation of the error exponents given by both functions 71 (-) 4+ n2(+).
The very close values of the two functions for the same rate r, n1(r) and n2(r) (r € [0, 1]), together with the
concavity and monotonicity of these functions, induce that to obtain the largest 6> values in this example,
the total rate needs to be distributed almost equally between both links. In addition, 8, error exponent
is only dependent on rate R; and thus the higher R; we have, the higher the values of 61 can be. All of
the above explains the superiority of the error exponent region obtained when Ry = Rs = 0.5 over the

one obtained when R; = 0.25, Ry = 0.75, and the tradeoff between the exponents regions of the sub-cases

R1 = R2 = 0.5 and R1 = 0.75,R2 = 0.25.

Remark 3. Note that when n1(r) > n2(r), one would expect that both exponents will be boosted by having
higher available rate at the first link Ry, but that might not be true due to the concavity of the functions
m () and na(-). In this case, the error exponent at the relay 61 will be boosted because it only depends on R .
Howewver for the error exponent at the receiver 0o, distributing the total rate between Ry and Ry is better
than allocating all the rate to Ry in some cases. See Figures[4.9 and[{.10] for an example when ni(r) > na(r)
but distributing the total rate into Ry = Ro = 0.5R or Ry = 0.TR, Ry = 0.3R yields larger error exponents

Oy than allocating all of the rate to Ry.

As we can see in the above remark, an interesting question arises when we have freedom to arbitrarily
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Figure 4.8: Functions 7;(r) and n2(r) for Example .
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Figure 4.9: Functions n;(r) and n2(r) for Example 3| when py, = 0.6, ps = 0.75, and pr = 0.8.
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Figure 4.10: Exponents regions under expected-rate constraints subject to different distributions of the
total rate R = Ry + Ry = 1 for Example When Py, = 0.6,ps = 0.75,pr = 0.8 and €; = 0.15 > e = 0.05.

distribute the total rate to the two links: “What is the best rate distribution to maximize the error exponents
01 and 627" While the answer for maximizing 6; is obvious in allocating all the rate to R, the answer is

not obvious for #> and requires solving the following optimization problem when €; > €

max min R + (R , R +n2(R . 4.46
R R R aze MM B G20 F e (Bpzye) m(Beep) +m(Riaya) b (446)

Ri1+R2=R
Ri>(e1—e2)Rygy 1+(1—€1) Ry 231
Ro>(e1—€2)Roy ot (1—€1)Ry1 93 2

However when €1 < €9, the optimization problem simplifies into:

pmax o (Ri/(1= e2)) + 1 (Re/(1 = €2). (4.47)
Ri+Ra=R

Remark 4. In the special case when n1(r) = n2(r) for all v € [0,1], allocating the total rate R to Ry allows
to mazimize 01, while distributing the total rate R equally between Ry and Rs, i.e. R1 = R = 0.5R allows
to mazimize 6a. Varying the rate distribution between these two choices of total rate distribution yields
the entire Pareto-optimal boundary of the fundamental exponents region when optimizing over sum-rate

constraints. These observations follow by concavity and monotonicity arguments of the functions m () and

n2(°) -
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4.3.5 Converse Proof to Theorem [9]
4.3.5.1 Outline of the Converse Proof

The main idea of this proof is to divide the set of strongly jointly typical sequences 7;}: ) (Py,y; ) into four
subsets by conditioning on whether the probability of correctly guessing the null hypothesis H = 0 at each
decision center is greater or smaller than a small positive number 7 , and then to apply parallel change of
measure arguments under each subset to obtain different lower and upper bounds on the rates and error
exponents, see Figure [f.11] To obtain the lower bounds on the rates, we use single-letterization steps
under each subset followed by probability laws on expectation to combine the different terms. For the
upper bounds on the error exponents, under each subset, we use the blowing-up lemma for each DC with
probability of correctly guessing H = 0 larger or equal to 7 followed by standard single-letterization steps.
Then the general upper bound at each DC is given by the minimum between the resulting expressions at each
DC. During the process, we choose auxiliary random variables to map the mutual information quantities
with the n(-) functions, where the auxiliary random variables need to satisfy some Markov chains. However,
the change of measure arguments lead to the loss of the initial i.i.d.ness properties that are usually used to
prove the required Markov chains. In fact, one Markov chain still holds by construction while we prove the

other one holds asymptotically in the limit as n — oc.

Pr[Hf; =0|H =0] <7
Pr[ff; = 0| =0] <7

g "‘\\ Pr[H; = 0| = 0]
~ >
e =0 =0y, =7
- \Pr[#T, = 0|7 = 0]
Pr[H, = 0|H '
=1
— O_ z
0, = ’?1(R{2},1) + ’?z(R{Z},z) R{il;;}l
« Rpz)2
8-]_ = TRL(R{]_E}]_}) .L( ) 81 = r}l(R{l},l)
~ T
0, =m (R{_l.Z_}.l) + N2 (R1,23,2) j;;,n (PYoYl)

Figure 4.11: Sketch of partitioning 775: )(Pyoyl) and applying parallel change of measure arguments in the
converse proof to Theorem [9]

To simplify the presentation of the proof, we first propose, in Subsection [£.3.5.2] the auxiliary Lemma [4]
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64 4.3. THE TWO-HOP MODEL

(proved in Appendix that uses the change of measure arguments and the blowing-up lemma to get the
bounds on the rates and exponents. Then we apply this lemma under the different subsets of 7;(: )<Py0y1)
to derive a general outer bound on the exponents region (this lemma does not apply to the set in which
both DCs have probability of guessing correctly H = 0 below n). This general bound is valid for all values
of €1, €2 and is characterized in Proposition [Il In Subsection [£.3.5.3] we simplify the general outer bound
depending on the three cases €] = €2, €1 < €2, or €1 > €2 by showing the optimal values of the probabilities
of the different subsets. Indeed, the subset where the DC with larger e-margin is the only one that guesses
correctly H = 0 with non-vanishing probability (as n — 0), vanishes (see Figure for an illustration in

the special case when €; > €3).

Pr[H, =0|H =0] <7
Pr[H, =0|H =0] <7

Pr[#; = 0|H = 0]

, -
R <n l, Pl[ L= 0|H _ .‘\\\ ) >
2= = ! = \Pr[H, = 0|H = 0]

Figure 4.12: Sketch of the simplification in the converse proof to Theorem @ when €1 > €.

4.3.5.2 An Auxiliary Lemma and a General Outer Bound

Consider a sequence (in n) of encoding and decision functions {(qﬁgn), gbgn), ggn) ) gén))} satisfying the con-

straints on the expected rates and error probabilities in (4.7)).

Lemma 4. Fiz a small number n > 0, a blocklength n, and a set D C Y x Vi of probability exceeding 7).
Let the tuple (M, |\~/|2,170”,17'1”,172") follow the pmf

H(yy,y1) € D}

Pmlmzyonyln?; (ml, mao, yg, y?, yg) é PYO"Y1"Y2” (yga Z/{L, y;) . Pynyn (D)
(0] 1
1\ () = my} - {68 (2, o (u)) = ma). (4.48)
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Further, define

U £ (M, Yy LY L T) (4-49)
Uy & (Mo, Y L Y1 T) (4.50)
;2 Yr, i€{0,1,2}, (4.51)
where T is uniform over {1,...,n} and independent of all previously defined random variables. Notice the

Markov chain Uy — Yy — Yo. The following (in)equalities hold:

H(My) > nl(Uy; Yo) + log Pypyn (D), (4.52)
H(My) > nI(Us; Y1) + log Pypyn (D), (4.53)
I(U1; Y1|Yo) = o (n), (4-54)

where g1(n) is a function that tends to 0 as n — oo.

If
Pr[Ho = 0/H = 0,Y] =y, Y" = 4] >0, V(v y}) €D, (4.55)
then
1 ~ .
_EIOgBZn < I(Ur; Y1) + 1(Uz; Ya) + 02(n), (4.56)
and if
Pr[Hy = 0[H = 0,Y]" =y, Y = yl] >0, Y(y,y}) € D, (4.57)
then
1 N
- log Bi,n < I(U1; Y1) + #3(n), (4.58)

where ga(n), p3(n) are functions that tend to 0 as n — co.

Proof: See Appendix [

With this lemma, we can prove the desired general outer bound on the exponents region.

Proposition 1. Given €1,e9, R1, R > 0. The fundamental exponents region €%O_HOP(R1,R2,61,62) 28

included in the set of all (01, 02) pairs satisfying

01 < min{n (Rg1y,1), m(Rpa1)} (4.59a)

02 < min {11 (R 2y,1) + 12(R1,21.2), m(Ray1) + m2(Ryay2) } (4.59b)

Jor rates Ryyy 1, R12y,15 Ri12y,2, Byoy 1, B2y 2 > 0 and numbers o(1y,021,0(12y > 0 so that o1y + oq9y +
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66 4.3. THE TWO-HOP MODEL

o2y <1 and
oy topgy 2 l-a
oy topo =21—e€
01,2y = max{l — €1 — €2,0},
and so that the following rate constraints are satisfied:
Ry > omyRuy1 ooy RBiagya + oy Ry,

Ry > 019y R12y 2 + 021 Ry2) 0

(4.59c¢)
(4.59d)
(4.59¢)

(4.59f)
(4.599)

It can be shown that the outer bound on the fundamental exponents region given in this proposition is

tight. We however only need and prove the converse result here.

Proof: Fix a positive n > 0. Set p, = n~Y3, and define the sets

Bi(n) = {(ygay?) € 7;(:)(PY0Y1): Pr[,]:[l = OD/OR =y, Y' =y  H = 0] > n},

Ba(n) £ {(y5,91) € T (Prov): PrHz = 0)Yg" =y, Y{" = yi', 7 = 0] = n},

D123 (n) = Bi(n) N Ba(n),
D{l}(n) = 31(77)\7){1,2}(77)7
D{Q} () £ 52(77)\D{1,2}(77>-
Further define for each n the probabilities
Ar = Pyayp(Dz(n)), ZeP(2),
and notice that by the laws of probability

Aoy +Apy = Prpyp(Bi(n)
Aq1gy + Aggy = Pypyp (B2(n))
A9y = Pypyp (Bi(n) + Pypyyp (Ba(n)) — 1.

Now by the type-1 error probability constraints (4.7a)), we have for j € {1, 2}:

L—e; < > Pr[H; = 0¥ =8, Y{" =yl H = 0] Prpyr(yg, o)
Yo YT
= Y PrH; =0 =y Y =yl H = 0] Prpyn (5 )
vy e
+ Z Pr[;':[j = O‘YOn = ygv Yln = y?v}l = O] ’ PY()"Yln (ygu y?)
(g ) ETA

(4.60)
(4.61)
(4.62)
(4.63)

(4.64)

(4.65)

(4.66)
(4.67)

(4.68)

(4.69)

(4.70)
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< > Pr[H; = 0]Y]" = yg, Y = yi',H = 0] - Pypyy (u5 u7)
W2y €T NB; (n)
Y Byl + (1- By () (4.71)
(Y& yT)EB; ()
< (1 = Pypyp (Bi(m)) + Pypyve (B;(n) + Py, (TO). (4.72)

Moreover, by [44, Remark to Lemma 2.12], the probability that the pair (Y{*, Y]") lies in the jointly strong

typical set ’EL(: )(Pyoyl) satisfies

n n |y0| D)1|
Pyv, (ﬁn)(PYoYJ) >1- T42n (4.73)
Thus, by (E72) and (E73):
l—¢j—n Yol 1] ,
Pynyn(B; > J — 1,2 4.74
Y Yy (Bj(n))— 1_77 (1_77)4/%21”’ ]6{ ) }7 ( 7 )
and we thus conclude that in the limit n — oo and n | O:
lim lim (Apoy+Amy) >1—6 (4.75a)
n0 n—o0
lim lim (A o) +Apgy) 21— e (4.75b)
n0 n—o0
lim lim Ay 9y > max{1l — € — €2,0} (4.75¢)
nd0 n—oo
lim lim Az < 1. 4.75d
i B, 2, Az (4.754)

ZeP(2)

We proceed by applying Lemma {4 to subset Dz for all Z € P(2) with Az > n. This allows to conclude that
for any 7 € P(2) with Az > n there exists a pair (Uz 1, Uz2) satisfying the Markov chain Uz » — }71,1 — )71,2

and the (in)equalities

H(Mz,) > nl(Uzy; Yz,0) + log Pypyn(Dz), T € P(2), (4.76)
H(Mzz) > nl(Urs; Yz,1) + log Pypyn(Dr), 7 e {{1,2},{2}}, (4.77)
o7.1(n) = I(Uz.1;Yz1|Y70), TeP(2), (4.78)
and
— 108 B < I(Uz¥2.) + o72(0), Te{{1}.{1.2}}, (.79
—% log Ban < I(Uz.1: V1) + I(Uz: Vi) + 07.3(n), Te {{2},{1,2}}, (4.80)

where for each 7 the functions g7 1(n), oz2(n), ¢7,3(n) — 0 as n — oo and the random variables 17170, }71,1,
}7172, l\~/II,1, |\~/II72 are defined as in the lemma, when applied to the subset Dz.

To simplify exposition, we assume 71 very small and Az > 7 for all sets Z € P(2). Otherwise the proof
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is similar but omitted here.

To summarize:

1 , ) )
s log B1,, < min {I (U{l},l; Y{l},l) i1 <U{1,2},1§ Y{l,Q},l)} + d2(n), (4.81)
1 . - -
- log 2, < min {I(U{l,z},l; Yiioy1) + 1(Uqi23,2; Y121 ,2)5
1(Up2y5 Viop) + LUz oy 0) | + 03(n), (4.82)

where g2(n) and g3(n) are functions tending to 0 as n — oc.

Further, define the following random variables
Lz;j #len(Mz;), je€{1,2}, TP (2). (4.83)

By the rate constraints (4.7d)), and the definition of the random variables f}z,j, we obtain by the total law

of expectations:

nRi > E[Li] > > E[Lzi]Ar. (4.84)
ZeP(2)
Moreover,

H(Mz1) = H(Mz1,Lz1) (4.85)

= Pr[lzy =Iz]HMza|Lzy = Iz) + H(Lz)) (4.86)

< Prlzy =lz)iz + H(Lz,) (4.87)

Iz
=E[Lz.1] + H(Lz,), (4.88)

which combined with (4.84) establishes

> ArH(Mzp) < Y AzE[Lzi] + ArH(Lz:) (4.89)
ZeP(2) ZeP(2)
<nRi |1+ > h Az (4.90)
1 b an ) .
TeP(2)

where (£.90) holds by (#84) and because the entropy of the discrete and positive random variable Lz of
mean E[Lz,] < TZ—P; is bounded by % - hy <nARI ) see [23, Theorem 12.1.1].

In a similar way, we obtain

) A
ST AfH(Mzp) <aRs |1+ Y Iy <an ) . (4.91)
rettnan (125423} i

Then by combining (.90 and (4.91) with (4.76)) and (4.77)), noting (4.66) and (4.74), and considering
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also and (| -, we have proved so far that for all n > 1 there exist joint pmfs P, Uz VeoVz, =
: (n) —

PUz,llf/z,on’z,o?m (abbreviated as PITLl) for Z € P(2), and PUI VraTis = PU1,2|Y1,1P171,1Y1,2 (abbreviated

as PI(nQ)) for T € {{1,2},{2}} so that the following conditions hold (where Ip indicates that the mutual

information should be calculated according to a pmf P):

Ry =z Z Iy (Uz, 15Y2,0) + 9z.0(n)) - 9z2(n M), (4.92a)
TeP(2
Ry > Z ( L Uz Yz,1) +97,1(n)) - gz2(n,n), (4.92b)
Ze{{1,2},{2}}
01 < min {I {< }> (Ugiy s ?{1},17[P<n) (U{1,2},13Y{1,2},1)} + g1,3(n), (4.92¢)
o < min {1_1(:{) 12y, (U231 Y{1 23,1) + 1—1(3{1 21, ,(U,23 25 17{1,2},2)7
I}{i} (U Yioya) + 1, e (Ug2y,23 57{2},2)} + g2,3(n), (4.92d)
gra(n) = Pénl)(YIJ; Uz1|Yz0), ZeP(2), (4.92¢)

for some nonnegative functions gz,1(n), gz,2(n,n), gr.3(n), gz,4(n) with the following asymptotic behaviors:

71152091 1(n) =0, VIeP(2), (4.93)

nli_{glogk,g(n) =0, Vke({1,2}, (4.94)

nh_)m grza(n) =0, VIeP(2), (4.95)

nhiﬂo (9013.2(nsm) + gg1,03,2(n, 1)) > L= 61 — 777 (4.96)
Lim (gp120,2(nm) + gg2y.2(nm) = L= 62;77, (4.97)
lim lim g 9y2(n, 1) > max{1l — e — €2,0}. (4.98)

n0 n—oo

We next observe that by Carathéodory’s theorem [48, Appendix C] for each n there must exist random
variables Ug1y,1, Ug1,9y,1, Ug2y,1, Ugi 23,25 Ugay 2 satisfying (4.92) over alphabets of sizes

Uza| < Vol - [ + 2, ZeP(2), (4.99)

Uzl < D1 +1, T e {{1,2},{2}}. (4.100)

Then we invoke the Bolzano-Weierstrass theorem and consider an increasing subsequence of positive num-

bers {n;}7°, such that the following subsequences converge:

: (nk) _ p*
k;li)HOlO P?I,IC()YIJUIJ = PYI,OYI,IUI,I’ I S P(2)7 (4101)
lim szlkl)YI2UI2 =P, viaursr L€ {{1,2},{2}). (4.102)

Considering further an appropriate sequence of diminishing n-values, we conclude by (4.92al)—(4.92d) and
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that:
Ry > oy Ipy, (Unyas Yoyo) +oqey - Iey o, Uy Yoeyo) T ogey - Iy, (Uggya; Yioyo),  (4-103)
Ry > oppy-Ipy o (Unoy i Yoya) + ogey - Iy, (Upay 2 Yioya), (4.104)
61 < min {IPE‘I}J(U{I},l; Yia), IP{*LQ}’I(U{LQ}J Y{1,2},1)} ; (4.105)
f2 < min {IP{*IQ}J(U{LQ}J; Yaoya) +1py (U2 2 Yiaeye),
IP{*QM (U{z},1§ Y{Z},l) + IP{*z}AVQ(U{z},z; Y{z},z)} (4.106)

for some numbers o1}, 02y, 071 2y > 0 satisfying o1y + ooy + 012y < 1 and

oy topgy 2 1—e, (4.107a)
01,2y = max{l — € — €2,0}, (4.107b)
02} T+ 012} >1—eo. (4.107¢)

Notice further that since for any Z € P(2) and any k the pair (}72("’“),}71(7;’“)) lies in the jointly typical

set ﬁnk)(Pyoyl), we have |Py.

ng 7,0Y7,1

— Pyyvy| < pn, and thus the limiting pmfs satisfy Py

* _
ToYr,1 PYOYl :

Moreover, since for each ny the random variable Yz 5 is drawn according to Py,|y, given Y71, irrespective

of }7170, the limiting pmfs also satisfy Py

*
7.2|Yz,0YZ1

= Py,)y;. We also notice for all Z € {{1,2},{2}} that

under P{;IJYI,QULQ the Markov chain
Uz2 — Yz1 — Y120, (4.108)

holds because Uz o — }7171 — 57172 forms a Markov chain for any ng. Finally, by continuity considerations

and by (4.92¢), the following Markov chain must hold under Py . | for all Z € P(2):
Uzq — Y0 — Y71. (4.109)

Using the definitions of the functions n;(-) and 72(+), we thus proved that for any pair of achievable exponents

(91, 02) there exist rates R{l},17 R{172}717 R{Z},l? R{LQ}:Q’ R{Q}Q >0 Satisfying
61 < min {n(Rpy1),m(Rpzya)} (4.110a)
0o < min {n1(Ry123,1) + m2(Rp123,2), m(Ryoy 1) + m2(Ryzy2) } (4.110Db)

and numbers o1y, 019y, 01 2y > 0 satisfying oy + o9y + 01 2y < 1, Inequalities (4.107)), and the following

two rate constraints:

Ry > opy - Raya+oggy - Rugya oy Ry, (4.110c)
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R2 > 0'{172} . R{LQ}’Q + 0'{2} . R{Q}yg. (4:].]_0d)

4.3.5.3 Simplification of the Outer Bound in Proposition

We proceed to simplify the outer bound in Proposition [I]depending on the cases €; = €3, €1 < €2, or €1 > €.
To this end, fix an exponent pair (61, 62) in £*(R1, Rz, €1, €2), rates Ryyy 1, Ry 23,1, RBi2y,2, Ryay 15 Ryay 0 > 0

and numbers o1y, 072},0¢1,2) > 0 summing to less than or equal to 1 and satisfying constraints (14.59).
4.3.5.3.1 The case ¢ = €3 = ¢

By (L.59):

01 < min{m (Rya). m(Rgp1)} (4.111)
(2 oym(Rpy) + oqr2ym (R )
B o1} T 0{1,2}

(b) R R
v <a{1} (111 + 01,2} {1,2},1> (4.113)
o{1} + 012}

(4.112)

(2 m (Ri/(1—e)), (4.114)

where (a) holds because the minimum is never larger than any linear combination; (b) holds by the concavity
of the function 7;(+); and (¢) holds by the monotonicity of the function 7;(-) and because by (4.59) we have
oyRiy+opy Ry < Biand oy o9y 21— €

Following similar steps, one can prove that

6> < min {771 (Rpi231) +m2 (Rpa2y2) »m (Rygya) + 12 (Ryzp ) } (4.115)
@ oym (Bpya) +opym (Bye) | opam (Buaya) +oazm (Russ) (4.116)
N (2} +0(12) (2} + 012} '
(e) onR +o R onR +o R
2 ( {2} 4%2},1 T 0{1,2} {1,2},1) + 1 ( {21 42},2 T 9{1,2} {172}72> (4.117)
0{2} + 01,2} Of2} T 01,2}

Lo (Ru)(1— ) +ma (Re/(1— €)). (4.118)

where (d) holds again because the minimum is never larger than any linear combination; (e) holds by the
concavity of the functions 7; (-) and n2(+); and (f) holds because by we have o0y Ryay i+0q1,2) Ry1210 <
R;, fori € {1,2}, and o9y +0q1 9y > 1 — €

This concludes the converse proof to .
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4.3.5.3.2 The case ¢1 < €9

Choose nonnegative numbers ai, aq2, b1, b1 2, c1 2 satisfying

a1 +ars < ogyy (4.119a)

b+ b1 < o(12) (4.119b)

cro < oy (4.119¢)

a2 +bi2=bia+tci2=1—¢e (4.119d)
a1+ by =€ — €. (4.119e)

Notice that this set of (in)equalities is equivalent to the two equalities aj2 = c12 = 1 — €2 — by 2 and

a1 = € — €] — by and the three inequalities:

1— €1 — 1)172 - b1 < 0{1} (4.120&)
by + b172 < 0{1,2} (4.120b)
1 —e2—b12 <oy (4.120c¢)

Through the Fourier-Motzkin Elimination (FME) Algorithm it can be verified that above three inequalities

(4.120) have a nonnegative solution pair (by, by 2) with corresponding nonnegative values for a2, c12, a1,

whenever
0 <oz, ZeP(2), (4.121a)
1—e€ <oy +op2), ie€{1,2}, (4.121b)
0<e—ey, (4.121c¢)

which hold by assumption, see (4.59). The existence of the desired nonnegative numbers a1, a1,2,b1,b1,2,¢1,2

satisfying (4.119]) is thus established.

With the chosen numbers, we form

- aroRiy 1 +b12R 931 biaRyioy 1 +c12R910
Ry = max{ { }1 — .2} 7127 }1_ - 2t (4.122a)
- bi2R12y2 + c12R2) 2
R 912 = { }1_ o 232 (4.122b)
- a1 R + bR
Ry 1= —— R (4.122¢)

€2 — €1

We show that exponents (61,602) and rates R{l}ﬂ, R{172}71 and R{172}72 satisfy constraints (4.24). To this
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end, notice that

01 < min{m(Ry1), m(Rp)} (4.123)

(%) arm (Rgya) +oim(Ryy 1) (4.124)
€2 — €1

(b) R bR

2 <6L1 {131+ 01 {1,2},1> (4.125)
€ — €]

(c) -

<m (R{l},l) ) (4.126)

where (a) holds because the minimum is smaller than any linear combination and because aj +b; = €3 —€y;
(b) holds by the concavity of the function 7:(-); and (c) holds by the definition of rate Ry} ;. In a similar

way we have:

01 < min {n (Rpy1)m (Ryiopa)} (4.127)
< GL2m (Rpiy1) +bram (Ryi2y1) (4.128)
- 1—¢9 '
< (a1,23{1},11t:23{1,2},1> (4.129)
<m (R{l,Q},l) : (4.130)

where the last step holds by the monotonicity of the function 7;(-) and because by definition R{LQ}’I >

D2l 20211 Thyg, by ({126) and @130):

1 < min {771 (R{l},l) i (R{1,2},1>} . (4.131)
We continue to notice
b2 < min {m (Rp121.) + 72 (Ruy2) o (Beopa) + 12 (Rpzp ) | (4.132)
d
(S) brom (Rgi2y1) + brane (Ryi2y.2) N crom (Ryzy1) + crame (Ryoy2) (4.133)
1-— €2 1-— €2
(2 " (b1,2R{1,2}1,1_+6261,2R{2},1> o (b1,23{1,2}1,2_-%620172}3{2},2) (4.134)
(f) - -
<m (R{LQ},l) + 12 (R{l,z},Q) ) (4.135)

where (d) holds because the minimum is smaller than any linear combination and because by 24c12 = 1—e€g;
(e) holds concavity of the functions 7;(-) and 72(-); and (f) holds by the definitions of rates Ry; 2y and
Ry 21,2 and by the monotonicity of the function 7y (-).

From the rate constraints in (4.59), we further obtain

Ry > oy Riy1 + oy Rgy1 t ooy Rgya (4.136)
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(? (a1 +a12) Ry 1 +c12Rgy1 + (b1 + b12) Rpigy 1 (4.137)
—(a—a) (a1R{1},€12+_b€11R{1,2},1> (e <a1,2R{1},1 + cl,i]i{i}; + b172R{172},1> (4.138)

(h) - .
> (e2 — )Ry + (1 —e)Rgya (4.139)

and

Ry > o1ayRiioya + 0y Rz (4.140)
(g) bi2R{1212 + c12R2) 2 (4.141)
—(1-e) <b1,2R{1,2}1,2_+€201,2R{2},2) (4.142)
® (1- 62)R{172},27 (4.143)

where inequalities (g) hold because a1 +a12 < o1y, c12 < 09y, and by + b1 2 < 0y 93, see (4.119); and (h)

holds by the definitions of rates R{l}’l, R{ljg}’l, and R{LQ}’Q and because

ar1p2Ry 0+ 1Ry +b12R 011 > max{a1 o Ryyy 1 +b12R1 0y 1, 0121231 + 2Ry 1} (4.144)

The desired converse result to ({.24]) then follows by combining (4.131)), (4.135)), (4.139)), and (4.143)),

and by noticing that by the monotonicity of the function 7,(-) there is no loss in optimality to restrict to

rates R{1:2}72 = Rg/(l — 62).

4.3.5.3.3 The case ¢ > ¢
The proof is similar to the case €1 < eo. We present it here for completeness.

Choose nonnegative numbers a1 2, b2, b1 2, 2, ¢1 2 satisfying

a19 < op1y (4.145a)

by + bis < 041y (4.145b)

ca+c12 <oy (4.145¢)

a2 +big=bio+cio=1-¢ (4.145d)
bo + ¢co = €1 — €9, (4.145¢)

which is equivalent to the three equalities a12 = c12 =1 — €1 — b1 2 and co = €1 — €2 — by and the three
inequalities
1-— €1 — b172 < 0{1} (4.146&)

by + bLQ < 0{1,2} (4.146b)
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1—€e—by—b1p< O{2}- (4.146¢)

Through FME it can be shown that a nonnegative pair (b, b1 2) satisfying (4.146) exists and the corre-

sponding values for aq 2, ¢1 2, c2 are nonnegative whenever

0 < o7, TeP(2), (4.147a)
1—¢ < O} + 0{1,2}> 1€ {1, 2}, (4:].47b)
0 <e€ — €9, (4.147c¢)

which hold by assumption, see (4.59).

Define the new rates

- aroRpy 1 +b12R1 9y biaRyioy 1 +c12R931
Ri10y1 = max{ ;i I —e 1.2} ; { }1 o 2 ; (4.148)
- bi2R19y2 + c12R9)1 0
Ry = { }1_ - 232 (4.149)
- baRygy 9y, + 2Ry .
Ry 1= —— 6}1 — 2 ie{1,2} (4.150)

We show that the exponents 61, 05 and the rates R{Q}J,R{Q}727 R{LQ}J and R{Lg},g satisfy constraints (4.25]).

To this end, notice that by similar arguments as in the preceding subsections:

f; < min {7]1 (R{1}71),771 (R{1,2},1)} (4.151)
R b R
< a1,2771( {1},1) + 1,2"71( {172}71) (4.152)
1-— €1
R +b19R
<m <a1,2 13,1 + 01,2 {172},1) (4.153)
1-— €1
<m (R{1,2},1> : (4.154)
Moreover,

92 < min {771 (R{l,Z},l) + 72 (R{LQ},Z) , M (R{Q},l) + 772(R{2},2)} (4155)
_ biom (Rp12y1) + 012m2(Ry1,2).2) | G2 (Re2)1) +c12m (Rpap.0) (4.156)

- 1—¢ I—ea .

bioR +e1aR biaR tagl
< (Pr2ftnz ity | ny 27H0,2)-2 12742} 2 (4.157)
1—¢ -6
<m <R{172}71> + 12 <R{172}72) (4.158)
and

0, < 2 (Bagp) +bom(Rpeys) | com(Bppa) +com(Bizy o) (4.159)

2= €] — €9 €1 — €2 .
< baRy10y1 + 2Ry + el Rt (4.160)

>N €1 — €9 "2 €1 — €2 .
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<m (R{z},1) +m2 (R{z},z) . (4.161)

Combining (4.158) and (4.161]) we obtain:

02 < min {771 (R{I,Q}J) +m (R{I,Q},Z) il (R{2},1> +m (R{z},z) } (4.162)
From the rate constraints in (4.59), inequalities (4.145), and the definitions of the rates

R{z},la R{2},27 R{l,Z},lv R{l,Q},Qa we obtain:

Ry > oyRpy ooy Rugyg + o By (4.163)
> a1oRy 1+ (2 +c12)Rygyq + (b2 + b12) Ryp 2y 1 (4.164)
boR 4+ coR R + R + bi1oR
(e —e) ( 2011 9} 1 T+ C2 {2},1) - e) (CLLQ M1+ 2Ry + 012 {1,2},1) (4.165)
€1 — €9 1-— €1
> (a1 =€) Ry 1 + (1 —e1) Ry oy 1 (4.166)
and
Ry > 019y Ri1212 + 02y Ri2} 2 (4.167)
> (b2 +b12)Ry19y,2 + (ca + c12) Rygy 2 (4.168)
bi1oR + R bR + R
e (R ), (Rt )
— 6 1—¢
=(1—e)R1p0+ (1 — €2) Ry 0. (4.170)

Combining (4.154)), (4.162)), (4.166]), and (4.170) establishes the desired converse result in (4.25)).

4.4 A system with K-hops

We generalize our two-hop setup and results to K hops, i.e., to K — 1 relays. We first describe the setup
in Section Then, we review the optimal coding scheme and exponents region under maximum-
rate constraints in [34] for vanishing type-I error probabilities and we give our strong converse result in
Section In Section we present our results on the general optimal coding scheme and exponents
region under expected-rate constraints followed by simplification results for the special case K = 3 in

Section
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4.4.1 The Setup

Consider a system with a transmitter Ty observing the source sequence Y{', K — 1 relays labeled
R1,...,Rx—1 and observing sequences Y7",..., Y _,, respectively, and a receiver Rg observing sequence
Yg.

The source sequences (Yy', Y)",...,Y2) are distributed according to one of two distributions depending

on a binary hypothesis H € {0, 1}:

under H =0: (Yy",Y{",...,Yg) iid. ~ Pyyyy.vi; (4.171a)
fH=1:(Y"Y",....Yg)iid. ~ Py, - Py, - --- - Py, (4.171b)
for a given pmf Py,y,...y, and where Py, Py,,..., Py, denote the marginals of the joint pmf Pyy;..v;-
o ?Tk Fy
M T M M M M T
T, 1=R1 2 .. k=Rk k41 o, ., K Ry
Y v v Y

Figure 4.13: Cascaded K-hop setup with K DCs.

Communication takes place over K hops as illustrated in Figure [4.13] The transmitter Ty sends a
message My = qb(()n)(YO") to the first relay Ry, which sends a message My = d)@ (Y{*,M1) to the second relay

and so on. The communication is thus described by encoding functions

o0 Vg = {0,1)" (4.172)
oM Y x {013 = {0,1}, ke{l,..., K -1}, (4.173)

so that the produced message strings

My = 65" (Yg") (4.174)
Mrs = o0 (Vi My), ke {l,.... K —1}, (4.175)

satisfy either the maximum-rate constraints
len (M) < nRy, ke{l,...,K}, (4.176)
or the expected-rate constraints

E[len (Mg)] < nRg, ke{l,...,K}. (4.177)
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78 4.4. A SYSTEM WITH K-HOPS

Each relay Ry, ..., Rxg_1 as well as the receiver Ry, produces a guess of the hypothesis H. These

guesses are described by guessing functions
g™y x {0,113 = {0,1}, ke {l,..., K}, (4.178)

where we request that the guesses

Him = g0 (VP My), ke {l,... K}, (4.179)
have type-I error probabilities
g 2Pr[Hy=1H=0], ke{l,...,K}, (4.180)
not exceeding given thresholds €1, €2, ...,ex > 0, and type-1I error probabilities
Brm EPr[H =0H =1], ke{l,...,K}, (4.181)

decaying to 0 exponentially fast with largest possible exponents.

Definition 9. Given maximum type-I error probabilities €1, €2, . .., ex € [0, 1] and rates Ry, Ra,... Rx > 0.
The exponent tuple (61,02, ...,0k) is called (€1, €2, ..., €x)-achievable if there exists a sequence of encoding

and decision functions {(;5(()”), gbgn), . gbg?)_l, gin),gén), .. ,ggg)}n>1 satisfying for each k € {1,..., K}:

H Afn < €k, (4.182&)
n—0o
lim 1 log 1 > 04, (4.182b)
n—oo T kmn
and
Ien(l\/lk) < an, (4.182C)

for the setup under maximum-rate constraints, or
E[len(My)] < nRy, (4.182d)

for the setup under expected-rate constraints.

Definition 10. The fundamental exponents region is defined as the closure of the set of

all (e, e€9,...,€x)-achievable exponent pairs (01,09,...,0k) for given rates Ry, Ro,...,Rx >
0. It is denoted Sﬁ_HopymaX(Rl, Rs,...,Rk,€1,€9,...,€x) under maximum-rate constraints, and
Eﬁ_Hop(Rl, Ry, ..., Rk, €1,€2,...,€x) under expected-rate constraints.
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4.4.2 Maximum-Rate Constraints

In this section, we present the optimal coding scheme suggested by [34] for the K-hop setup. This
coding scheme can achieve the optimal error exponent 6y y, max (1, Ra, ..., R, €1,€2,...,€) for all

€1,€2,...,€x € [0,1]. Our strong converse result is presented in Section [4.4.2.3

4.4.2.1 Optimal Coding Scheme under Maximum-Rate Constraints

In a similar manner to the two-hop network, the optimal coding scheme for K-hops uses Han’s scheme in
the following manner.

Han’s scheme is first applied between Ty and R;. If Ry declares 7:[1 = 1, then it informs Rs of this event
by sending the single-bit message Mo = [0], and Ry declares H> = 1. However if Han’s scheme between T
and Ry results in Ry declaring 7:[1 = 0, then R; and Ry run a separate Han’s scheme, and Rs produces the
guess H, indicated by this second Han’s scheme.

The same strategy applies to all next relays Ry (k € {2,..., K — 1}). If the decision taken by Ry is
Hy, =1, the single-bit message My, = [0] is forwarded to Ry informing it to declare 7:Lk+1 =1, otherwise a
separate Han’s scheme is run between Ry and Ry41. Note that for k = K — 1, the next node is the receiver
Rxk.

For completeness, we describe the details of the coding scheme as follows. Fix a blocklength n and

choose the following parameters:
e a small positive number p > 0; and
e conditional pmfs Py, |y, | for all k € {1,..., K} leading to Py, ,v,u, = Pyi_,vi, Pu,|vi 15

where all mutual information quantities will be evaluated according to the joint pmfs Py, v,v, as defined
above.

Randomly generate the codebooks for all k € {1,..., K}
Cu, 2 {ug(mk): My € {1, . ,2"U<Uk?Yk71)+#>}} (4.183)

by drawing all entries i.i.d. according to the marginal pmfs Py, .

To: Assume it observes Yj* = y{. Then, it looks for indices m; satisfying

(u’f(m1), yg) S wn)(PUﬂ/o)v
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randomly picks one of these indices, and sends its corresponding bit-string
My = [bin(m1)]. (4.184)
If no such index mq exists, then Tqsends
M; = [0]. (4.185)

Ry (Vk € {1,..., K — 1}): Assume it observes Y;" = y and receives the bit-string message My = my.

If mg = [0], then it produces
Mps1 = [0], and  Hj =L (4.186)
Else it sets my = dec(my) and checks if
(uft(m), yit) € T (Puy,)- (4.187)

If the check fails, it follows the degenerate scheme in (4.186]). However, if the check is successful, Ry declares
H;, = 0, looks for indices my satisfying (uzﬂ(mkﬂ),y,’j) € 7L(n)(PUk+1Yk)7 randomly picks one of them,
and sends

Mj1 = [bin(my1)] (4.188)
to Rk+1.
If no such index my4 1 exists, it directly sends the single-bit message

Mgr1 = [0]. (4.189)
Rk : Assume it observes the sequence Y} =y} and receives message Mg = mg.

If mg = [0], it declares Hy = 1.

Else it sets myg = dec(mp), and checks if

(ufe(mi), yi) € T (Pugevie)-

It declares 7:[[( = 0 if the check succeeds, and 7:11( = 1 otherwise.

4.4.2.2 Optimal Exponents Region

The fundamental exponents region of this setup was only established for vanishing type-I error probabilities,
i.e.,, when all type-I error thresholds €j,...,ex | 0 in [34]. This result is presented in this subsection and

we strengthen it by our strong converse result in Section 4.4.2.3]
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Definition 11. For any ¢ € {1,..., K}, define the function

ne: Ry — Ry (4.190)
R— max I(U;Yy). (4.191)
PU|Y£—1 :
R>1(U;Ye-1)
The functions 7, ...,nKx are concave and monotonically non-decreasing. The proof is analogous to

the proof of Lemma [I] presented in Appendix [A.I] and omitted for brevity. Notice further that in the
maximization determining ny(R) it suffices to consider distributions Pyy,_, on alphabets of sizes |Ve—1|+1,
see [1]. In the following, we abbreviate the expression lime, 10,10, ex 10 EX Hop max (B1, -  Ric €1, €K)

by & Ri,...,Rg,0,...,0).

Hop,max(
Theorem 10 (Proposition 5 in [34]). The fundamental exponents region under the mazimum-rate con-
straints (A.182c)) and vanishing type-1 error constraints satisfies

k
gfk(—Hop,max(Rla" . ,RK,O,...,O) = {(91,.. . ,9[(): Qk < an(Ry), ke {1,... ,K}} (4192)
(=1

Notice that in this K-hop setup, each decision center accumulates all the error exponents on the various
links from the transmitter to the decision center. The fundamental exponents region is thus given by a
K-dimensional hyper-rectangle. That means, each decision center can simultaneously achieve its optimal

error exponent independently from the other DCs in the system.

4.4.2.3 Strong Converse Result

Theorem 11. The fundamental exponents region under the mazrimum-rate constraints (4.182c) is indepen-

dent of the tuple (e1,€2,...,€x) for all €1,€a,...,ex € [0,1]:

gf;—Hop,max(Rla <y Riyer, .. 76K) = EI*(—Hop,max(Rlv .y RK, 0, 70) (4-193)
Proof: Achievability follows by setting e = e = --- = ex = 0. The strong converse proof is in
Appendix [

Due to the above theorem, we abbreviate £ _y,, max (B1, -  Ric,€1,...,€x) by EX Hop max (B1, -, Ri).

4.4.3 Expected-Rate Constraints
4.4.3.1 Optimal Coding Scheme under Expected-Rate Constraints

Similarly to the two-hop scheme, the terminals multiplex different subschemes depending on the sequence Y{"

observed at the transmitter To. To this end, partition the set ) into disjoint subsets Dy and {Dz}zep(x)
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so that the probabilities
oz = Pr[Yy' € D1 (4.194)

satisfy

1—Zek < Z o1, Sc{l,... K}, (4.195a)

keS IeP(K):
SCT
> or<i (4.195b)
TeP(K)

ag = — 0 agn =1
) 3{51 ﬁe; O/nvlyflag-bits e =1
o M T M M T Moy I \M T
. ‘EH * |
: b R 10=R:l R o R IO=R€? R€I+1=‘UHR KU' R
1> 1,2>0 £ LEi+1 ™~ LK =
on | ] I o |
: Y Y Yy YZ
011,..K}
I1€{1,..,K}
4= r}rcl‘éxk Optimal multi-hop scheme under

maximum-rate constraints with Sffk; =1,Vk' &1

Figure 4.14: Tllustration of the general optimal coding scheme for the K-hop setup with K DCs under
expected-rate constraints using the optimal coding scheme under maximum-rate constraints.

In our multiplexed schemes, the index Z of Dz indicates that if T’s observation Y{* lies in Dz, then all
terminals Ry, for k € Z, attempt to correctly guess hypothesis H, while all terminals Ry, for k ¢ Z, simply
declare Hy = 1. If Yy' € Dy, then all terminals Ry, ..., Rg simply declare H=1.

The transmitter Ty adds K flag-bits to its message M; to inform R; about the set Dz containing its
observation Y’, and thus about the choice of the employed coding scheme. These flag-bits are forwarded
by all relays Ri,..., Rx_1 at the beginning of their messages Mo, ..., Mg so as to pass the information to
all terminals in the network.

We describe the different multiplexed coding schemes in more detail. Let £7 be the largest index in set

e
07 = max k, (4.196)
and choose a set of rates
{Rzy: ZeP(K) te{l,....07}} (4.197)
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satisfying

Ry > Z o1 - Rz, tefl,... K} (4.198)

IeP(K):
e5>0
We will see that the choice of the various rates determines the tradeoff between the different exponents
61,...,0k. Rates {Rz¢: £ € {1,...,¢5}} are used in the subscheme employed when Y € Dz, where under

this event only the messages on the first £ links have positive rates, while messages on the last K — /7

links are of zero rate. The reason is that terminals Rz 11,. .., Rk simply declare # =1 and thus messages
Mgz 41, ..., Mg only have to convey the zero-rate information that Yj" € Dz.
Subscheme for YJ' € Dy: All terminals T and Ry, ..., Rk_1 send the length-K all-zero bit string over the

respective communication links:

My =---=Mg =10,0,...,0]. (4.199)
Upon receiving this all-zero flag, relays Ry, ..., Rx_1 and receiver R all declare
Hi=-=Hg=1 (4.200)

Communication is thus only used to inform the relays and the receiver about the scheme to employ, or

equivalently the event Y € Dy, without providing any further information about the correct hypothesis.

Subscheme for Yi* € Dz, for T € P(K): In this case, only terminals Ry, for & € Z, attempt to correctly

guess hypothesis #H; all other terminals Ry, for k& ¢ Z, directly declare Hy = 1.

Terminals To, Ri, ..., Rex apply a given ¢7-hop hypothesis testing scheme with vanishing type-I error
probabilities and respecting the maximum-rate constraints Rz 1, ... 7RI,Z} on the first £7 links. To inform
all relays and the receiver about the scheme to use, terminals Ty, Ry,..., Rxk—1 append a K-length flag
sequence describing set Z at the beginning of their messages. We propose that this flag sequence shows bit
1 at all positions k € Z and bit 0 at all positions k ¢ Z. Notice that Messages M@H, ..., Mg consist of
only the flag sequence.

All terminals Ry with & € Z declare the hypothesis indicated by the employed multi-hop hypothesis

testing scheme. The remaining terminals Ry with k& ¢ Z simply declare

Hy =1, k¢ (4.201)

Analysis: By (4.194)) and (4.198)), and because transmission of K bits hardly changes the rate for suffi-

ciently large blocklengths, the proposed overall scheme respects the expected-rate constraints Ry, ..., Rx on
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the K links for large values of n. Appendix proves that when the optimal multi-hop hypothesis testing
schemes with vanishing type-I error probability [34] are used as the various subschemes, then the overall

scheme satisfies the type-I error constraints €j,...,ex and achieves the error exponents in the following

Theorem

4.4.3.2 Optimal General Exponents Region

Theorem 12. The fundamental exponents region E*(R1, ..., Rk, €1,...,€x) is equal to the set of all non-

negative tuples (01,...,05k) satisfying

(R 202
Ief;llﬂ . ZW 7.0) (4.202a)
kEI t=
for some nonnegative rates {Rz 1, ..., Rz e }zep(i) and nonnegative numbers {oz}zep (k) satisfying
Ry> Y or-Rpp ke{l,... K}, (4.202b)
IeP(K):
k<t
maX{O,l—Zek}S Z oz, SCA{1,...,K}, (4.202c)
keS TeP(K)
SCT
Y or<i (4.202d)
TZeP(K)

Proof: Achievability is based on the coding scheme presented in the previous subsection and analyzed

in Appendix The converse is proved in Section [4.4.3.4] [

4.4.3.3 Discussion of the Benefits of Expected-Rate Constraints

Similar observations apply to the general Theorem as for K = 2. In particular, irrespective of the
ordering of the permissible type-I error probabilities, the largest exponent achievable at a decision center k

is given by

= 4.2
Hk,max Z Ne <1 — €k> ( 03)

which intuitively can be obtained when we have to satlsfy only the type-I error constraint at the decision
center k£ and utilize the available resources to maximize its exponent as if it is the only DC in the system.
It coincides with the optimal exponent under maximum-rate constraint and vanishing type-I error proba-

bilities, see Theorem but where the rates are boosted by the factor (1 — ek)_l. In fact, 0 = Ok max is
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achieved by choosing the first & rates as{l]

R
Ry,=—* Ik te{l,... K} (4.204)
’ 1— e
This choice imposes that oz Rz, = 0 for all Z not containing k£ and all £ € {1,...,k}. As a consequence,

the optimal performance for a decision center Ry, for ¥ < k, is

0, = an (1 . ) , if epr > € (4.205)
0, = O, if e < €, (4.206)

where the performance in is obtained by setting o7z = 0 for all Z containing an index k¥’ < k with
€, > € and by setting the corresponding rates to infinity. Notice that oz cannot be chosen equal to 0 for all
sets Z containing index k' < k when €, < €5 because Constraint implies that at least one of these
o-values is positive, which by oz Rz = 0 implies that the corresponding rates Rz, = 0, forall £ =1,... k,
causing 0y to degrade to 0. We conclude that under (£.203), for any k' < k, when €, > ¢ then exponent
0y is degraded from its maximum value because all rates are only boosted by the factor (1 —¢;)~! and not
by the larger factor (1 — ex)~!, and when €. < € the exponent 6;s completely degrades to 0.

With appropriate choices for the rates on the last (K —k) links, different tradeoffs between the exponents
011, ...,0k can be achieved. In particular, it is possible that an exponent 6y, for k' > k, experiences its

-1

maximum rate-boost (1 — €)™ on some of these links. On the first &k links, any exponent € 1,...,0k

experiences a rate-boost of (1 — ¢)~! if the corresponding e > €, whereas the contributions of the first

k links completely degrade to 0 if e < €.

Further notice the following property of the region in Theorem

Lemma 5. Consider a set of nonnegative numbers {Rz1,..., Rz e }repx) and {oz}zepk) satisfying

[4.202) for exponents (01,...,0k). Let T, 7" € P(K) and T € [0,07/] be so that
7 CcT (4.207)

and

max{O 1—Zek}+f‘< Z SCI"S¢T. (4.208)

kes IeP(K):
SCT
Then, the new nonnegative numbers
o =op + T (4.209)

!This choice assumes that the ordering (4.216)) is strict, i.e., no two e-values coincide. Moreover, when some of the available
rates Ry,..., Ry are sufficiently large so as to saturate the functions n¢(R;), then other choices are possible.
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51” = oz -T (4210}
o1 = o7, T e P(K)\{T, 1"}, (4.211)
and rates,
- '+« R ' Rz
Ry = T BT R Ce 1, ), (4.212)
UI/
Rzy = Rz, T e P(E)\{T'}, Le{l,.... 05} (4.213)

also satisfy (4.202)) for exponents (01,...,0k).

Proof: Above rate-definitions essentially only shift the term I' - Rzvy from ozvRzr g to 61/1?1/,@,
and therefore the rate-constraints remain valid also for the new numbers. Similarly, constraint
remains valid since the sum of all o-values is preserved. Notice further that the o-values included
in Constraint for S Q 7" remain unchanged by and for & C 7’ their sum is preserved
by and ([£.210). For S ¢ 7’ but S C Z”, Constraint is satisfied by Assumption (4.208)).
It remains to check the validity of for the new rate-values. By the constraint remains
unchanged for all k ¢ Z'. For k € 7', we notice that by the minimum in includes both sets
7' and Z” and this minimum cannot be smaller for the new rates because:

k

k k k
min {Z ne (R g) Z e (RI”,Z)} < min {Z (UI: ne (Rorg) + &FZ,W (RI”,£)> 72 e (RI”,E)} (4.214)
—1

=1 =1 9T =1
k _ k ~
< in {3 (o). Yo ()} (1o15)
(=1 (=1

where the first inequality holds because the minimum of two numbers cannot exceed any convex combination
of the numbers, and the second inequality holds by the concavity and monotonicity of the functions {n(-) }.
|

Above lemma indicates that when evaluating the fundamental exponents region
E*(Ry,...,Rk,€1,...,€x) in Theorem one can restrict to sets of parameters {oz} that satisfy
some of the constraints with equality and set certain o-values to 0. In fact, we conjecture that the
simplified expression for the exponents region £*(Ri,...,Rk,¢€1,...,€x) in Conjecture ahead holds,

where we define a permutation 7: {1,..., K} — {1,..., K} that orders the e-values in decreasing order:
€r(1l) = €x(2) = " 2 Ex(K)s (4.216)
and sets €,(g) := 1. We observe that the expression in Conjecture is obtained from Theorem by setting

O(n(i),m(K)} = En(i—1) — Ex(i)s ie{l,...,K}, (4.217)
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and all other o-values to 0, and by renaming rates Ryq(;),... r(x)},¢ t0 R;¢ and E?ﬂ( ) em(K)} O ¢, The region

)

in Conjecture [13]is thus an achievable exponents region, but we conjecture it is optimal.

Conjecture 13. The fundamental exponents region E*(Ry,..., R, €1,...,€x) is the set of all exponent

tuples (01, ...,0) that satisfy

k

0 <  min Rio)l, ked{l,...,K}, 4.218a
e LZ:; ne (Rie) { } ( )

for some nonnegative rates {R; ¢} satisfying
Re> Y (eno1) — €x(i)) Rivs te{l,...,K}, (4.218b)

ie{l,....K}:
0>t
where

0= m?x{ﬁ: Ce{n(i),...,m(K)}}. (4.218c)

Linking this conjecture to the coding scheme in the previous Subsection [£.4.3.1] we observe that if it
holds, then the optimal coding scheme only multiplexes K + 1 coding schemes (instead of 2% schemes as
implied by Theorem , where the i-th scheme is applied with probability €;_1) — €x(;) and is intended
only for the DCs with (K —i+1)-th smallest type-I error constraints. The structure of the simplified coding

scheme is presented in Figure 4.15

En(K) R Aim = 0 . gn=1
En(k—1) — €n(K) }Tfl }Tf%’? /?/Tyﬂig-tg Hy T: 1
€n(i 1}5—6 o | To " * Ry Mo > Ve Ry Mei >t ‘lll ' M Rg

o : = T R;1>0 T R;»>0 Ri¢:>0 T Ripp1x0  Rig=0 T
ey || v 7 Y

0 = max {t: £ € {m(i),.., n(K)}}

Optimal multi-hop scheme under maximum-rate
constraints with 7, = 1,Vk’ ¢ {m(i), ..., (K)}

Figure 4.15: Illustration of the conjectured simplified optimal coding scheme for the K-hop setup with K
DCs under expected-rate constraints using the optimal coding scheme under maximum-rate constraints.
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4.4.3.4 Converse Proof to Theorem

Here we propose a new proof method that has some differences compared to the proof method that we
presented in Section The main difference is that this new proof method does not require the
blowing-up lemma as we now partition the set of strongly jointly typical sequences among all observa-
tions ﬁf)(PyOyl...yK) into 2 subsets by considering all possible combinations of the decisions taken at the
different DCs. This indicates that the probabilities are now either 1 or 0 and thus there is no need for the
blowing-up lemma, see Figure for an illustration when K = 2. Another difference in this method is
that now by conditioning on all sequences we lose all the i.i.d.ness properties and thus we need to prove
that all the Markov chains hold asymptotically in the limit as n — co. We next present the technical details

of the proof.

H,=1 J \ H,=0
f‘fz:(} ,’ “_}:tfl =0 \\‘7{2:1

01 < n1(Ri1y1)
02 <11 (Rp231) + M2(Ry2)2)

61 < n1(Rp12y1y)
02 < n1(Rp12y1) + M2(Rp12)2)

Figure 4.16: Sketch of partitioning 775: ) (Pyv,v,v,) and applying parallel change of measure arguments in the
converse proof to Theorem [12| when K = 2.

Fix an exponent-tuple (01, ...,0x) in the exponents region £*(R1,..., Rk, €1,...,€x), and a sequence
(in n) of encoding and decision functions {(qﬁ(()n), (bgn), ey (ﬁ%),ggn), .. ,g&?))}nzl achieving this tuple, i.e.,

satisfying constraints (4.182).

Our proof relies on the following lemma (which generalizes Lemma 4| to K > 2).

Lemma 6. Given a small number n > 0. Fiz a blocklength n and a set D C V) x V' X --- x Vg of
probability exceeding §, and let the tuple (|\7|1, My, ..., Mgk, 170”,}71”, e ,}7;}) follow the pmf

n o, n ny A
P|\~/|1|\~/|2...|\~/|Kf/0n§/1n,,,}7£(mlam27 e MYy Yy e - 7yK) -

(v, vt yk) €D}
Pyayp yp(D)

-Hoi(yy) = mi}

n n n
PYOanLmY}? (yO YY1 yK)

88
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{2y, 1(yg)) = ma} - -+ - H{or (Yi—1, dx—1(Yk—2 K2+, 1(¥0))) = mx}.  (4.219)

Further, define the auziliary random variables
Up 2 (M, YLVt VAL T, ke {l,... K}, (4.220)
Vi, 2 Yir, ke{o,1,...,K}, (4.221)

where T is uniform over {1,...,n} and independent of the tuple (|\~/I17 My, ..., Mg, 17'0",}71", e ,}7[?).

For any k € {1,..., K}, the following (in)equalities hold:
H(Mg) > nl(Uy; Yi1) + log Pypyp vz (D), (4.222)
I(Ug; Yi|Yi1) = o1k(n), (4.223)
where gy (n) is a function that tends to 0 as n — cc.
If
Pr(He = 0/H =0,Y5" = yi,..., Vi = yik] > n, Y(yg, ... yk) €D, (4.224)
then

k
1 N
——log Prl#y = 0[H = 1,(¥§',....YR) € D) < Y I(Us: Yi) + s2,(n), (4.225)
/=1

where g (n) are functions that tend to 0 as n — oo.

Proof: See Appendix [

We continue to prove Theorem . Fix a small positive number > 0 and set y, = n~1/3. Define for

each index k € {1,..., K} the set
Br(n) 2{W5,- - yk) € T (Pyyvie): Pr(Hp =0/H =0,Y3" =yg,..., YR =yl =n},  (4.226)
and for each subset Z € P(K) the set
Dr(n) 2 { Wb vic) € TS (Pryeovic):
VkET, Prifp=0[H =0,Y"=y,..., Y=y} >n,

and Vk ¢ T, Pr[Hs = 0/H = 0, Y0 =y, ..., Y2 = y}t] < 77}. (4.227)
Notice that the sets {Dz(n)}z are disjoint and

U Dz =Br(m). (4.228)

ZeP(K):
kel

We continue to notice in a similar manner to steps [{.69)—(£.74) that by [44, Remark to Lemma 2.12]
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90 4.4. A SYSTEM WITH K-HOPS

and the type-I error probability constraints in (4.182al), for any k € {1,..., K}:

l—e,—n Dol - | VKl
Pypyp.yn_ (Bk(n)) > 1—n (1 —n)(4u2n)

(4.229)

Defining

Az = Pypyp..yp(Dz(n)), (4.230)
we conclude by , by standard laws of probability, and the disjointness of the sets {Dz(n)}z, that in
the limit as n — oo and 1 | 0, for any subset S C {1,..., K}:

lim lim Z Azzmax{l—Zek,()}. (4.231)

MO0 7o p (). keS
SCT

We now apply Lemma @] to every subset Dz, for Z € P(K) with Az > n. This allows to con-
clude that for any such Z there exist random variables {Uz 1, .. .,ULg}} so that the random variables

(|\~/IZ71,I\~/II,2,--- aMI,Zg»onanp'” ,?I”K) defined in the lemma satisfy for any & € {1,...,K} the

(in)equalities
H(Mz) > nl(Uz ;Y 1) + log Az, (4.232a)
I(Uzp; Yz [Yz-1) = 017(n), (4.232b)
and for indices k € Z moreover:
k
—% log Pr[#, = 0/ = 1, (Y ..., Vi) € Dz < 31Uz V2s) + 02 24(n), (4.232¢)
=1

where for each (Z, k) the functions ¢; 7 (n) and g2 7 x(n) — 0 as n — oo.
In the sequel we assume that 7 is very small and Az > n for any Z. Otherwise the proof is similar but
omitted for brevity.

We continue with the total law of probability to obtain:
k

—71 < [(Uz s Vie) + 4.233
og Bk.n _Zegl;l(ln | ; 1.0 Y7.0) + 03(n), ( )
kel

where g3 (n) is a function that tends to 0 as n — co. We further define the following random variables for
ZeP(K)and ke {1,...,0}:
f/I,k = 1en(|\~/|1’k). (4.234)

By the rate constraints (4.177)) and the total law of expectations:

nRy > Z E[Lz 1] Az, (4.235)

IeP(K
2 >k;
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and, similarly to (4.91)), we obtain

) A
Y AzH(Mzg) <nRp |1+ > h,,(nRIk)

IeP(K): IeP(K):
>k >k
(4.236)
Then combining (4.236]) with (4.232a)) and (4.233)), and taking n — oo and 7 | 0, we obtain that
Re> Y Ap-I(Uzp Vi), (4.237a)
ZeP(K):
5>k

k
0, < mi I(U: . Y3 4.237b
kS min (Uz.6: Y1) ( )

ke (=1

for some random variables (Y, ...,Y%) ~ Pyy;..v, and U1+, U}@}I that by (4.232b)) satisfy the
Markov chains
Uz = Y = Yy (4.238)

and nonnegative numbers {A%}7 that by ({.231) satisfy for any subset S C {1,..., K}:

> A7 >max {1 — Zek,()} . (4.239)

IeP(K): keS
SCT

4.4.4 The Special Case K =3

4.4.4.1 Simplified Optimal Coding Scheme and Exponents Region under Expected-Rate

Constraints

In this simplified coding scheme, the terminals multiplex four different subschemes depending on the se-
quence ygy observed at the transmitter Tg instead of eight subschemes as in the general coding scheme in
Section 4.4.3.1] To this end, partition the set V' into four disjoint subsets Dy, D1, D2, D3 so that the subsets

D1, Do, D5 are of largest possible probabilities but not exceeding
Pr[Yy' € Di] < eriim1) — €xi), 1 €1{1,2,3}. (4.240a)
Since Dy, ..., D3 form a partition:
Pr[Yy" € Do] > €x(3)s (4.240b)

where all inequalities (4.240]) turn into equalities as n — co.

We describe the coding scheme in detail, and in particular the employed subschemes for the various sets
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92 44. A SYSTEM WITH K-HOPS

Dy, ..., Ds. To this end, choose a set of rates
{Riy: 1€{1,2,3}, Le{l,....(}} (4.241)
satisfying
Ry > Z (eﬂ.(i,l) - eﬂ(i)) Ri,g, { e {1, 2, 3}, (4.242)
ie{1,2,3}:
r>e

where recall that ¢} is the largest index in the set {m(4),...,7(3)}.

Subscheme for YJ' € Dy: All terminals Ty, Ry, and Rs send the two-bit zeros-string over the respective

communication links:
M; = Mg = M3 = [0, 0]. (4.243)
Upon receiving this all-zero flag, terminals Rj, Ry, and Rg all declare
Hi=Ho=Hz=1. (4.244)

Subscheme for Yi' € Dy, for i € {1,2,3}: In this case, only terminals Ry, ..., Ry ) attempt to correctly

guess hypothesis H; all other terminals directly declare H=1.

Terminals To, R, ..., Rer apply the optimal £7-hop hypothesis testing scheme with vanishing type-1
error probabilities and respecting the maximum-rate constraints R;1,.. - Rjgr on the first ¢; links. To
inform all relays and the receiver about the scheme to use, terminals Ty, Ri,Re append the two-length
binary description of the index i to their messages. In particular, Messages Mg:1,..., Mg contain only
these flag-bits.

Terminals with indices {m(7),...,m(3)} declare the hypothesis indicated by the employed multi-hop

hypothesis testing scheme. All other DCs simply declare

A~

Hey == Hapio1y = L. (4.245)

The overall scheme, by (4.240f), (4.242) and because transmission of two bits hardly changes the rate for
sufficiently large blocklengths, satisfies the expected-rate constraints, the type-I error constraints €1, €, €3,

and achieves the error exponents in the following proposition.
Proposition 2. Conjecture [15 holds for K = 3.

Proof: As already mentioned in Section [4.4.3.3| achievability of the region in (4.218)) for any value
of K follows by specializing the region in Theorem [12| to the parameter choice in (4.217)) and setting all

other o-values to 0, and by renaming rates Ry () . x(x)},e 88 Ri¢. The converse for K = 3 is proved in

g
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Section 4.4.4.2 [ |

4.4.4.2 Converse Proof to Proposition

We start with two auxiliary lemmas.

Lemma 7. Let K = 3. In Theorem it suffices to consider values {01 }1ep(3) so that

001,23} T O (1) r(@2)} T Ofx(1)r(3)} T O{x(1)} = 1 — €x(1) (4.246)
O{n(1)x(2)} T O{x(2)} = T{n(1)7(3)} (4.247)
Proof: See Appendix -

We thus continue with nonnegative numbers {07 }7ep(3), and {Rz1, ..., Rz e fzep(3) satisfying (4.202)
for K = 3 as well as (4.247). The proof of the desired proposition follows by the next lemma (which holds

for any positive integer K) and by an appropriate choice of parameters {cs}, see (4.268]) ahead.

Lemma 8. Let

{cg: T e P(K)}, (4-248)
{0z.7: T,J € P(K) and TN J # 0} (4.249)
be sets of nonnegative integers satisfying
Y brg <o, 7 € P(K), (4.250)
JEP(K):
INJ#0D
and
Z 6r.7 > ¢, Vke J, J € P(K). (4.251)
IeP(K
kEI
Then, the rates
5 07,7 .
Ryj:=max > L Rz 1, k<5,J € P(K), (4.252)
je (4
j>k IGP( )
JET
satisfy the following inequalities:
R ke{l,...,K}, 4.253
‘7égul jg:7w ( ;7&) { } (4.253)
kEJ -
and
Re> > cg Ry ke{l,...,K}. (4.254)
JEP(K):
k<t?,
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Proof: We start by proving (4.253)). By (4.202a)), for any k& € {1,..., K} and any set J C P(K)

containing index k:

(R 4.255
< Juin Z_:nz 70) (4.255)
kel -
(a) 5Ij k
< > —— > m(Bzy) (4.256)
Tere). LIEPU): 01T i
kel kEI
b) k 5
< Zm Z 2 s Rz (4.257)
TeP . 2TeP(K): 017
kEI kel
(0 & 517
< ZW Z » Rz (4.258)
=1 \zerx). 7
kel
(d) &
<> m(Ryy), (4.259)

(=1

where (a) holds because the minimum of a set of numbers is never larger than any convex combination of
these numbers; (b) holds by the concavity of the functions 7;(-),...,nx(+); (¢) holds by assumption
and by the monotonicity of the functions 7 (-),...,nk(-); and (d) holds by the definition of R in
because k > ¢ and k € J thus £ < Ef}.

To prove ([4.254)), fix k € {1,..., K} and for each subset J C P(K) with £%, > k pick an index j; € J

so that j7 > k. Then, by (4.202b)):

Ry > Y or- Ry (4.260)
IeP(K):
k<t:
(e)
> Y Z 07,7 - R (4.261)
TeP(K): JEP(K
k<ex ij;é@
= > > 1.5 Rz (4.262)
JEP(K) TeP(K):
k<tr
ij;é@
()
=Y > b5 Rrk (4.263)
JEP(K): TeP(K):
k<es k<ts
Imj;éw
()
=Y Z 0z, Rz k (4.264)
JEP(K): TeP(K
k<t k<£*
ijI
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2SS GrsRu (4.265)

JEP(K): I€EP(K):
k<er Jjg €L

> 1eP(K): 01,7 Rz K

= Y e , (4.266)
TeP(K): J
k<t?,

where (e) holds by Assumption (4.250)); inequalities (f) hold because we consider less summands and each

summand is nonnegative (recall that j7 € J); and finally (g) holds because the two conditions j7 > k and
Jjg € T imply that €7 > k.

The proof of the lemma is concluded by recalling the definition of rate R 7k 1D and noting that
Inequality holds for any set J containing k& whereas Inequality holds for any index j7 € J
larger than k. [ |

To obtain the desired simplification in Proposition [2| from Theorem define the subsets
Te = A{n(k),...,m(K)}, ke{l,...,K}, (4.267)
and the values 7(0) := 0 and ¢y := 1. Applying above Lemma |8 to the choice

€x(k—1) — Ex(k)s J = Tk,
P (4.268)

0, otherwise,

establishes the converse to Conjecture for general values of K, if one renames rates R Tl S Rk,f- The

proof is concluded by showing that above parameter choice is permissible, i.e., that there exist nonnegative

numbers {d7 7} satisfying conditions (4.250) and (4.251)) for {cs} in (4.268]). For general values of K this

seems cumbersome.
For K = 3, this can be achieved by means of the Fourier-Motzkin Elimination algorithm [52|, which

shows the existence of nonnegative numbers {4z 7} satisfying conditions (4.250) and (4.251)) for {cs} in
(4.268]), whenever (redundant conditions are omitted)

0(1,2,3} T Or(1) 72} + Ofn(1)x(3)} T O{r ()} = 1 — €x1) (4.269a)
0(1,2,3} T O{r ()22} T O{r(@)x(3)} T O{n(2)} = 1 — €x(2) (4.269b)
0(123} T O{r(1)2(3)} T T{n(2),n(3)} T O{x(3)} = 1 — €x(3) (4.269¢)

and

2001,2,3) T 20{x(1)x(2)} T O {r ()73} T Or @ (3)} T O{x ()} T 0{r(2)} T 0{x3)} 2 1 = €x1) + 1 = €x(3)-
(4.269d)
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Since Conditions (4.269al)—(4.269¢)) are satisfied by Assumption (4.202c) and Condition (4.269d)) is implied
by (4.269a), (£.269b)), and (4.247)), this concludes the proof for K = 3 and thus establishes Proposition [2]

4.5 Summary and Discussion

Introducing multiple decision centers to the multi-hop network in this chapter led to exploring another
dimension of the distributed hypothesis testing problem: the tradeoff between the maximum simultaneously
achievable error exponents at different centers. While no tradeoff appears neither in the setup under
maximum-rate constraints nor under expected-rate constraints with identical type-1 error constraints, we
show in this chapter that an interesting tradeoff arises in the setup under expected-rate constraints between
the decision centers that have different type-1 error constraints. The expected-rate constraints give an
additional dimension with different margins to exploit for positive acceptable type-I error thresholds at the
different decision centers.

In order to obtain the best tradeoff between all decision centers, we proposed a multiplexing and
rate-sharing strategy that can achieve the fundamental exponents region under expected-rate constraints.
The idea is to multiplex different versions of the best available coding schemes for the same setup under
maximum-rate constraints, while varying the distribution of the available rate for the communication links
between these different versions depending on the favorable decision centers and on the allowed type-I error
probabilities. Since the optimal coding schemes for any number of hops under maximum-rate constraints
with vanishing type-I error probabilities already exist, we showed that this proposed strategy achieves the
fundamental exponents region. However this strategy can still be applied with generic schemes and it can
still achieve remarkable gains compared to the achievable exponents region by the given generic schemes.

Moreover, to prove that the achievable region by our proposed strategy is the fundamental exponents
region for the two-hop network, a novel converse proof method is proposed that builds up on the techniques
used in the previous chapter such as change of measure arguments, asymptotic Markov chains, blowing-up
lemma, and laws of probability on expectation, but also applies other new features. The distinguishing
feature here is dividing the set of all observations at all terminals (except the receiver) into disjoint sets
where each set corresponds to the observations that yield a positive probability of avoiding type-1 error
at a certain subset of the decision centers. Change of measure arguments are then applied to restrict to
random variables in the given set with positive probability, on which the blowing-up lemma is then applied

along with standard inequalities that yield the minimization expressions in the upper-bounds on the error
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exponents of the related DCs. For the lower bounds on the rates of any given link, the laws of probability on
expectation for all the related sets (i.e. the sets that require communication over the given link) are applied.
Finally for the desired Markov chains, the first one is proved asymptotically in the limit as n — oo, while
the second one holds by construction. These techniques can also be used under maximum-rate constraints
for a simpler strong converse proof than the existing one in [35].

For the K-hop setup, we can generalize the same proof method for the desired converse and strong con-
verse results under expected-rate and maximum-rate constraints, respectively. However, we further provide
an alternative and simpler proof without using the blowing-up lemma. In this case, the set conditioning
is done over all observations at all terminals including the receiver. Thus, we do not need the blowing-up
lemma but yet we do not directly get the last Markov chain, but we still can prove this Markov chain
asymptotically. Notice that since we already need the same proof steps to prove the K — 2 previous Markov
chains which are different from the proof of the first Markov chain, then for the K hops it is definitely
simpler to consider this alternative proof. As we show in our very recent work in [43], this method can be

promising for the strong converse proofs of other setups even in the source coding problems.

97



Chapter 5

Single Sensor to Multiple DCs

5.1 Introduction

In this chapter, we consider an instance of the distributed binary hypothesis testing problem with multiple
DCs. A single sensor communicates to the DCs over a common broadcast link and over individual links
to each of them. This problem has been studied under various assumptions in the literature, and we re-
view these previous results in the next section. The work most related to ours is [28] that establishes the
fundamental type-1I error exponents region under maximum-rate constraints and for testing against inde-
pendence when the type-I error probabilities vanish. In this chapter, we establish a strong converse result
to this problem and also characterize the fundamental exponents region under expected-rate constraints.
In the special case of having only a common broadcast link, we provide a simplified representation of the

exponents region which also simplifies the required optimal coding scheme to achieve it.

Our main results in this chapter, which are presented ahead in Section [5.5.2] show that the fundamental
exponents region is boosted under expected-rate constraints in comparison with the region under maximum-
rate constraints, and where a tradeoff is present between the type-II error exponents at the different DCs.
The main difference to the multi-hop setup in the previous chapter is that a tradeoff was already present in
the setup under maximum-rate constraints. This tradeoff is induced by the common BC channel which has
to serve all DCs at the same time. The other type of tradeoff that is present in this chapter is similar to
that of the previous chapter, and stems from having different type-I error thresholds resulting in competing
margins to be exploited by the different DCs. The findings in this chapter are shown for two DCs for

simplicity, however they can be extended to any number of DCs.
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5.2 Related Works

Distributed hypothesis testing with a single sensor communicating to multiple DCs has been studied in
several works [28-32| under the assumption of maximum-rate constraints. The work in 28| is most related
to ours [53], and we review it at the end of this section. We first present an overview of other related
works under two instances of the problem: “coherent detection” and “concurrent detection” as termed by
the authors in [32]. Under coherent detection, the different DCs need to maximize their error exponents
under the same hypothesis; they share the same goal and classification of critical events. However under

concurrent detection, different DCs have to maximize their error exponents under different hypotheses.

For coherent detection, the work of [28] focused on having a single sensor communicating with two DCs
over three noise-free links: one common broadcasting link to both DCs, and two individual links dedicated
for each decision center. In the special case of testing against independence, the authors in |28| exactly
characterized the fundamental error exponents region which shows a tradeoff between the type-II error
exponents of the two DCs. Their work is extended in [29] to testing against conditional independence when
the communication occurs over one common and two individual noise-free links or over a noisy broadcast
channel. Under noise-free communication, the authors in 29| derived the fundamental error exponents
region for some special cases of the problem where a tradeoff also arises between the type-II error exponents
at the DCs. The setup was further studied with a cooperative link from the first decision center to the
second decision center in [31,32]. In addition to the derivation of inner bounds to the exponents region,
the authors provided an exact characterization of the exponents region when testing against independence
with zero-cooperation rate between the two DCs [31,132]; a tradeoff arises in this case between the error
exponents at the two decision centers. The authors also characterized the fundamental exponents region
for the general binary hypothesis testing setup when the communication from the sensor to the two DCs is
limited by asymptotically zero-rate constraints; in this case, the exponents region is rectangular and thus

both DCs can maximize their type-II error exponents simultaneously.

For the setup with concurrent detection, the authors in [30-32|, considered only noise-free communica-
tion links in their works with and without a cooperative link. In the absence of the cooperative link under
concurrent detection, the setup is extended to K decision centers in |30] where both simple and composite
M-ary hypothesis testing are studied. In addition to the derivation of inner bounds to the exponents region
for all the mentioned scenarios, their main results include exact characterizations of the exponents region

when the communication from the sensor to the decision centers is limited by asymptotically zero-rate con-
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straints. In this case, a tradeoff between the error exponents arises whenever the number of communicated
bits is not larger than logy |#H|, where |H| denotes the number of possible hypotheses, and otherwise all
decision centers can maximize their error exponents simultaneously. In [32], the authors derived another
optimality result for a special case under the cooperative concurrent detection with two DCs. In this special
case, the marginal distribution of the sensor’s observations is different under the two hypotheses and no

tradeoff is present between the error exponents of the two DCs.

As mentioned in the beginning of this section, the most related work to ours is the work of Wigger
and Timo |28]. The main difference in our work is having the expected-rate instead of the maximum-rate
constraints for the setup of distributed binary hypothesis testing against independence. We consider a
single sensor communicating over a common BC channel and two private links with two decision centers
under coherent detection, i.e. both decision centers wish to maximize their error exponents under the same
hypothesis. While a tradeoff already arises in the work of Wigger and Timo [28] under maximum-rate
constraints, mainly due to broadcasting common information to both decision centers at the same time, the
different type-1 error thresholds contribute to an additional tradeoff under expected-rate constraints. We
present the system model under both types of rate constraints in the next section followed by the existing
optimal coding scheme and exponents region under maximum-rate constraints, see Sections [5.4.1} [5.4.2] In
Section [5.4.3] we provide a strong converse result to the main result of [28]. Our work and main results

under expected-rate constraints are then presented in Section

5.3 The Setup

Consider the distributed hypothesis testing problem in Figure in the special case of testing against
independence, i.e., depending on the binary hypothesis # € {0, 1}, the tuple (Y, Y]",Y5") is distributed

as:
under H = 0: (Yy", Y{", Y5") iid. ~ Py - Pyiyvyjves (5.1a)
under H = 1: (Y, Y{",Yy") iid. ~ Py, - Pyyy, (5.1b)

for given pmis Py, and Py y,|y, and where Py;y, denotes the marginal of the joint pmf Py,yy, =

PYOPY1Y2\Y0‘
The system consists of a transmitter Tp, and two receivers R; and Re. Transmitter T observes the

source sequence Y{* and computes three bit-string messages (Mg, My, M) = ¢ (Y2), where the encoding
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Figure 5.1: Distributed hypothesis testing with a single sensor and two remote decision centers with inte-
grated sensors.

function is of the form ¢(™ : Y& — {0,1}* x {0,1}* x {0, 1}*. Message My is sent to both receivers Ry, Ra,
while message M; only to receiver R; and message Mg only to receiver Ra. The messages have to satisfy the

given rate constraints. For maximum-rate constraints, the maximum length of any message should satisfy
len (M;) < nR;, i€{0,1,2}, (5.2)

whereas for expected-rate constraints, the expected length of the messages should satisfy
E [len (M;)] < nR;, i€ {0,1,2}. (5.3)

Receiver R;,i € {1,2}, observes the source sequence Y;” and with messages Mo, M; received from Ty, it

produces a guess H; of the hypothesis # using a decision function gin) : Y x {0,1}* x {0,1}* — {0, 1}:
i = g™ (Y7, Mo, My) € 40,1},  ie{1,2}. (5.4)
The goal is to design encoding and decision functions such that their type-1 error probabilities
Qip EPr[H;=1H=0], ie{1,2}, (5.5)
stay below given thresholds ¢; > 0,7 € {1, 2}, and the type-II error probabilities
Bin £ Pr[H; = 0[H = 1], i€ {1,2}, (5.6)

decay to 0 with largest possible exponential decay.

Definition 12. Fix maximum type-I error probabilities €1,e2 € [0,1] and rates R;, Ry > 0. The expo-

nent pair (01, 62) is called (€1, €2)-achievable if there exists a sequence of encoding and decision functions
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{¢(Tl) 9 ggn)a gén) }nzl Satlsfylng

hjm Qin < €, i€{1,2} (5.7a)
1
n—oo 1 i,n
and
len(l\/li) <nR;, 1€ {0, 1, 2}, (5.7C)

for the setup under maximum-rate constraints, or
E[len(M;)] < nR;, i€ {0,1,2}, (5.7d)

for the setup under expected-rate constraints.

Definition 13. The closure of the set of all (€1, e2)-achievable exponent pairs (61, 62) is called the fundamen-
tal (€1, €2)-exponents region and is denoted E5n ax (R0, R1, Ro, €1, €2) for the setup under maximum-rate

constraints and Ej(Ro, R1, Ra, €1, €2) for the setup under expected-rate constraints.

5.4 Maximum-Rate Constraints

In the following subsection, we present the optimal coding scheme suggested by [28] that can achieve the

fundamental exponents region £f Ry, R1, Ro, €1, €2). Wigger and Timo [28] have derived a tight upper

O max
bound for this region in the limit €1, €3 | 0. Their result is reported in Subsection [5.4.2] However, as we
show later in Theorem [15]in Subsection [5.4.3] we strengthen this result by providing a strong converse that
shows that this exponents region is independent of the type-I error probability thresholds €1, €2, and thus

it is tight even for non-vanishing type-I error probabilities.

5.4.1 Optimal Coding Scheme under Maximum-Rate Constraints

The optimal coding scheme proposed by 28| for single-sensor two-DCs setup communicating over a common
broadcast link and two individual links applies superposition coding on the common message Mg sent to both
decision centers. Three codebooks are present at T, a common codebook and two superposed codebooks
for which, each one intended to a DC. The details of the coding scheme are as follows.

Fix a large blocklength n, small numbers p/ < p", and conditional pmfs Py vy, Pu,u,|v,,y, satisfying
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the maximum-rate constraints

Ro > I(Up; Yo) (5.8)
Ry > I(Us; Yo|U) (5.9)
Ry > I(Uz; Yo Uy) (5.10)

where mutual information quantities are meant with respect to

A
Poyuivayoviva = Puolys - Povsjveys - Pro - Privalyve- (5.11)

Randomly generate a codebook
Cuy & {uf(mo) : mg € {1,--- 2" |} } (5.12)

by drawing all entries i.i.d. according to the marginal pmf Py,. For each codeword u((my), generate the
codebooks
Cu,(mo) £ {ul(ms|mo) : m; € {1,...,[2"%]}}, i€ {1,2}, (5.13)
by drawing the j-th entry of each codeword according to the conditional marginal pmf Py, |y, -
All codebooks are revealed to all terminals.

n

Ty: Assume it observes the sequence Yj' = yi. Then it looks for a tuple of indices (mg,mi,ma)

satisfying
(ug (mo), ui (mamo), ug (malmo), o) € Ty (Puotnvaye)
randomly picks one of these tuples, and sends the corresponding bit-string messages Mg, My to Ry, and Mg,

My to Re. Otherwise, it sends over all links
Mo = M1 = Mg = [0]. (5.14)

Ri: Assume it observes the sequence Y{" = y7' and receives the messages Mg = mg and My = m; from Ty.
If mg = 0, then R; declares the decision
Hi = 1. (5.15)
Else, it sets mg = dec(mg), m1 = dec(m;) and performs the typicality check
(ug(m0)7 uf(mi|mo),yi') € 777’ (PU0U1Y1)'

If the check is successful, then it declares

Hi =0, (5.16)
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and otherwise it declares
Hi=1. (5.17)

Rg: Assume it observes the sequence Y;' = y5 and receives messages Mg = mg and My = mg. If

mo = [0], it declares the decision
Hy = 1. (5.18)
Else, it sets mo = dec(mg), mg = dec(mg), and performs the typicality check
(ug (mo), uz (malmo), y5) € Ton(Puyusys)-
If the check is successful, then it declares
Hy =0, (5.19)
and otherwise, it declares

Hy=1. (5.20)

In the next subsection, we recall the fundamental exponents region obtained by this coding scheme for

the setup under maximum-rate constraints.

5.4.2 The Exponents Region

Under the maximum-rate constraints (5.2)), the exponents region E&jw,..(Ro,Ri,Ro,€1,€) in the
limit as e€;,e2 J 0 was given by the following theorem. In the following, we abbreviate

hmq,@iO 5]§c,max(307 R17 R27 €1, 62) by 5]§c,max(307 R17 R27 07 O)

Theorem 14 (Theorem 1 in [28|). In the limit as e, ea | 0, the fundamental exponents region

*
gmax

(Ro, R1, R2,0,0) is the set of all exponent pairs (01,02) satisfying:
0; < I(UUUZ';}/I‘), 1€ {1,2}, (5.21@)
Jor some conditional pmfs Py, y,, Pu,v, satisfying

Ro > I(Up; o), (5.210)

R; ZI(UHYE”UO)? S {132}7 (5216)
and where mutual information quantities are meant with respect to the joint pmf

A
Puouivayvoviva = Puglyy - Poitnueye - Pro - Priva)vo- (5.21d)
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Proof: See |28]. ]

Notice that the auxiliary random variable Uy is present in the upper bound expressions for both error
exponents. This indicates that a tradeoff might arise between the two error exponents depending on the
choice of Uy in the codebook construction for the communication over the common BC link. The intuition
behind this tradeoff stems from the fact that there are different observations present at the two DCs, and
thus choosing Uy in a way that maximizes the mutual information quantity I(UpU;;Y;) for one DC might
lead to a compromise in the quantity at the other DC depending on the problem parameters. We provide

a numerical example later in Section where we can visualize this tradeoff.

5.4.3 Strong Converse Result

In the limit €, €2 | 0, the exponents region & .. (Ro, R1, R2, €1, €2) was determined in [28] and is presented
here in this thesis in Section In our work, we strengthen this result by providing a strong converse

result.

Theorem 15. Under the mazimum-rate constraints (5.2), the exponents region &

max

(Roa R17 R27 €1, 62) is

independent of (e, €2) for all €1 + €2 < 1, and equals the set of (01,02) pairs satisfying:

for some conditional pmfs Py, y,, Pu,|y, satisfying

Ry > I(Uo; Yo), (5.22b)
Proof: Achievability is proved in [28]. The converse is proved in Appendix [C.3] [

5.5 Expected-Rate Constraints

We present in the next subsection our optimal coding scheme followed by the fundamental exponents region
for the setup under expected-rate constraints. The scheme is based on multiplexing different versions of
the optimal coding scheme of the previous section that achieves the fundamental exponents region under

maximuin-rate constraints, and by the rate-sharing strategy proposed in the previous chapter.
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5.5.1 Optimal Coding Scheme under Expected Rate Constraints

In the optimal coding scheme under expected-rate constraints, the three terminals Tg, Ry, Ry multiplex four
different subschemes, and the choice of which subscheme to use depends on the transmitter Ty’s observations
Yy'. To inform all terminals about the choice of the subscheme, T adds two flag-bits to its messages.

The main distinguishing feature of the different subschemes is the choice of the subset of terminals—
either only Ry or only Ry, both R; and Rs, or neither of them—which exploits the information in the
transmitted messages to produce a guess on the hypothesis H. The other terminals ignore this communica-
tion and simply declare 7 = 1. The different subschemes occupy different communication rates, and as we
shall see in Section the allocation of the rates has to be chosen in function of the desired tradeoff
between the exponents 61 and 6.

To this end, we choose random variables Uy 9y0,Uf12y,1,Ug1,2,2: Ug1y,00 Ugiy,1: Ugay 0, Uz 2, rates
Ri19v0, Rii2y1, Rpi2y2, Ryo, Ry, Ry2yo. Rygy2, and probabilities oy 9)y,0¢1y,02), so that

01,2y + 01y + ogey < 1, and the following conditions are satisfied for i € {1,2} and Z € P(2):

Ro > (123 R12y,0 + o3 Ry + 023 B2y 0, (5.23)

R > ooy Ry oyi + oy Ry i (5.24)

Rzo > I(Uz,0;Y0), (5.25)
Ry = I(Uq 23,45 Yol Ugn 23.0) (5.26)
Ryyi = I(Ugy i YolUgiy 0), (5.27)

of2y oy > 1 -6, (5.28)
01,2y = max{l — €1 — €2,0}. (5.29)

Then we partition the set ) into four disjoint subsets Dy, Dy1y, Doy, Dy1,2y € Yy so that under Py,

the three sets Dyyy, Dyg) and Dyy 9y have largest possible probabilities but limited by

Pr[Y§' € Dpyy] <oqy (5.30a)
Pr[Y]' € Dygy] < oy (5.30b)
Pr Yy € Dpy 93] < o193 (5.30¢)
As a consequence,
PrYy" € Dyl > 1 — (013 +0q2) +0q1,23)- (5.30d)
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Notice that as n — oo, the four inequalities ((5.30]) can hold with equality.
Depending on whether Y" lies in Dy, Dyqy, Dyay, or Dy 9y, the three terminals apply a different
subscheme, where the subscript Z of set Dz indicates the set of receivers that attempt to correctly guess H

in the event Yj* € Dz. To communicate which of the four subschemes is used, To adds a two-bit flag at the

beginning of its common message Mg to R; and Rs. The main structure of the coding scheme is illustrated

in Figure 5.2

Special case of Optimal Coding Scheme @, =1 )
D(2) with Prob. - a3 under maximum rate constralnts ﬂz:n 50
R{z}'o and R{z},z and M]_ = G;H]_ =1 ﬁl,ﬂ. =0

(with additional flag-bits = [1,1]) 0, < 1(Ugy0U¢212i o)

Optimal Coding Scheme under
= . . . 0

D1 2y with Prob. — a4 maximum rate constraints %in =
R{l,Z},Ol R{ljz}'l,and R{l,Z},Z B 61 = I(U{J,Z]:UU[I,Z},IJ' Yl) -
(with additional flag-bits = [0,1]) | | 2 =1WuzolUnz2¥2) |

Special case of Optimal Coding Scheme

. . ajn,—0
. under maximum rate constraints azjﬂ 1
D[l} with Prob. — 011} R{l},ﬂ and R{1}11 and M2 = Q)'j'{z =1 0, < I(U{'l},UU{l}'l;Yl) —
(with additional flag-bits = [1,0]) Bon =0 )
.?'Tl =1 — Ain = 1
D with Prob. — (1 — Ya;) M; = [0,0] () M, = [0,0] —) A, =1 Bin=10
! Ri ~ 0

Figure 5.2: Optimal coding scheme for the setup with a single-sensor and two decision centers under
expected-rate constraints using the optimal coding scheme under maximum-rate constraints.

If Yi* € Dy: Transmitter To sends only the flag-bits
Mo = [0, 0] (5.31)
over the common link and nothing over the individual links My = My = (). Upon receiving these messages,
both decision centers R; and Ry decide on
Hi=Ho = 1. (5.32)

It Yo" € Dy19y: To, Ri, and Rg all follow the coding scheme with vanishing type-I error prob-
ability as described in Section with the choice of auxiliaries Uy 93,0, U1,2y,1, Ug1,2),2 and rates

R1.2y,0, R{1,23,1 By12y,2.  Additionally, T adds [0,1]-flag bits to the common messages My to indicate
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to Ry and Ro that Y§" € Dyy 9.

If Yy" € Dy1y: Tp and R; follow a special case of the coding scheme with vanishing type-I error probability
described in Section where no message is sent over the individual link to Ra, i.e., My = (). This coding
scheme is applied with the choice of auxiliaries U{1y 9, Uf1y,1 and rates Ry1y o, Ry1y,1. Additionally, To adds
[1,0]-flag bits to its common messages Mo to indicate to Ry and Ry that Y§' € Dyyy. We observe that, as
indicated by the subscript {1} of set Dyy), only terminal Ry attempts to correctly guess H. Receiver Ry
produces the trivial guess

Hy = 1. (5.33)

If Yy" € Dygy: Now, Ty and Ry follow another special case of the coding scheme with vanishing type-I
error probability described in Section [5.4.1] where no message is sent over the individual link to Ry, i.e.,
M; = (. This coding scheme is applied with the choice of auxiliaries Uj2y,0, Uq2y,2 and rates Rygy o, Ryay 2.
Additionally, Ty adds [1,1]-flag bits to its common messages My to indicate to Ry and Ry that Y € Dygy.
As indicated by the subscript {2} of set Dyyy, only terminal Ry attempts to correctly guess H, thus Ry

produces the trivial guess

A~

Hy =1 (5.34)

In summary, this means that for each set Dz (Z € P(2)), we apply the optimal coding scheme under
maximum-rate constraints in [28] as described in Section [5.4.1] but for each set Dz we construct different
codebooks and use different auxiliaries Uz 0, Uz1, Uz 2. In particular, we chose Uyqy 5 and Uyg) 1 constants,
indicating that when Y € Dy;, then only messages (Mg, M;) are sent, for i € {1,2}. When Y§' € Dy o3,

then all three messages Mgy, M1, Mg are sent.

5.5.2 The Exponents Region

Our main results are a complete characterization of the fundamental exponents region E5(Ro, R1, R, €1, €2)
under the ezpected-rate constraints in (5.3]) which is presented in this section, in addition to a strong converse
result under the mazimum-rate constraints , which was presented in Section A main observation
to our results, is the new element in the tradeoff between the error exponents of the decision centers 67 and
0. While in the previous chapter we highlight the resulting tradeoff from having multiple decision centers
with different type-I error constraints, here we have an additional tradeoff due to the common broadcast link
from the transmitter to both decision centers. Asshown in the previous results presented in Section[5.4.2] in

this case even under maximum-rate constraints with vanishing type-I error probabilities, there is a tradeoff
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between the decision centers. In the following two subsections, we present our results on the exponents
region in the general case with individual and common communication links, and in the special case of
having only a common communication link. In the later case, the fundamental exponents region is denoted
by €5 (Ro,0,0, €1, €2), for which we prove that the expression of its characterization simplifies and thus the

optimal coding scheme simplifies as well.

5.5.2.1 Individual and Common Communication Links

Theorem 16. The fundamental (€1, €2)-exponents region E*(Ry, R1, Ra, €1, €2) is the set of all (01, 02) pairs
satisfying

0; < min {I(Uyg191,0U¢1,21,63 Vi), L (Ugir oUgay.i: Yi) ie{1,2} (5.35a)
for some nonnegative numbers oy 9y, 01}, 02y with sum < 1 and conditional pmfs PU{l,z},o\Yof PU{1}7O|YO,

PU{Q},0|YO’ PU{1,2},1|U{1,2},0Y07 PU{l},l\U{l},OYW PU{1,2},2\U{1,2},0Y0’ PU{2},2|U{2},0Y0 satisfying

Ro > 041,931 (Ug1,23,05 Yo) + 0130 (Ugay,0: Yo) + 0423 L (Ugay 05 Yo)s (5.35b)
Ri > 001,931 (Ug1,21,55 Yol Ug1.21,0) + oy L (Ugiyis Yol Uiy o), i€{1,2}, (5.35¢)
and 0{1,2} + 03} >1—¢, 1€ {1,2}, (5.356[)

0‘{172} > maX{l — €1 — €9, 0}, (5.356)

and where the mutual information quantities are calculated according to the joint pmfs
A
PYOY1Y2U{1,2},0U{1,2},1U{1,2},2 = PYOYIY2PU{1,2},0|YOPU{1,2},1U{1,2},2\U{1,2},0Y0 (5.56)
A .
Pyoyi¥aUpiy oUpiys = PYoviva Pugy oo PU gy UGy 000 i€ {1,2}. (5.37)

Proof: The achievability is based on the coding scheme presented in Section [5.5.1] and analyzed in
Appendix [C.I] The converse is proved in Section ]

5.5.2.2 Only a Common Communication Link

For Ry = Rs = 0, i.e., without individual communication links, we can simplify the expression for

E*(Ro, Ry, Ro, €1, €2).
Definition 14. Define the two functions

Ui (R{z‘}p) = P max I (U{z‘},o;Yz’) ) i€{1,2}, (5.38)
Utiy,olYo-
Ryiy,021(Ugiy,0:¥0)
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where the mutual information quantities are calculated with respect to the joint pmf PU{i}0y0y1y2 =

Py oo Provivs-

Corollary 1. Let 7: {1,2} — {1,2} be a permutation ordering the e-values in decreasing order:
€x(1)>En(2)- (5.39)

Then £*(Ro,0,0,€1,€2) is the set of all (61,602) pairs satisfying

01y < I (Uo; Yz()) (5.40a)

97r(2) < min {I (UO; Y7r(2)) y The(2) (R{W(Q)},O) }7 (540b)

Jor some condilional pmf Py |y, and rate Ry (2)y,0 salisfying
Ry > (1= ex1)) I(Un; Yo) + (€x(1) = €x(2)) Rin2)}.0- (5.40c)

Proof: See Appendix [C.4] [ |

5.6 Comparison between Maximum and Expected Rate Constraints

Theorem [16|shows a tradeoff between the two achievable exponents 6 and 6,. (Figure ahead illustrates
this tradeoff at hand of a numerical example in the special case Ry = Re = 0.) The tradeoff stems
technically from the common random variable Uy o) ¢ that is included in the exponent constraint
for both i € {1, 2}, and from the rate-sharing of the optimal coding scheme under maximum-rate constraints
presented in Subsection for three different choices of (o, Uz, Uz,1,Uz2), for T € P(2).

To see the effect of the expected-rate constraint in (5.3), we compare the fundamental exponents
region E5~(Ro, Ri, Ro,€1,€2) with the fundamental exponents region S§C7maX(R0,R1,R2,61,62) under
the more stringent maximum-rate constraints . To this end, notice that is obtained from
by setting of12) = 1 and thus o(;y = o9y = 0, which allows us to freely choose the aux-

iliaries Uy1y,0, Ug2y,0, Uq1y,1, Ug2),2 to maximize the exponent terms corresponding to them by setting

Ugiyo = Uiy = Yi. This is feasible because setting o1y = o9y = 0 in (5.35b) and (5.35c) removes

any constraints on the choice of the auxiliaries Uf1y,0, Utay,0, Ug1},1, Uf2},2- The notation is then updated by
removing the subscript “{1,2}” from the remaining terms. Now, due to the strong converse result in The-
orem [I5] we notice that the fundamental exponents region under maximum-rate constraints for any values
of (e1,€2) is equal to the fundamental exponents region under expected-rate constraints with zero type-I
(Ro, R1, Ra,€1,€2) = E*(Rop, R1, R2,0,0). Since £*(Ro, R1, R, €1,€2) is

error thresholds (e, €2) , ie. &
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generally increasing in (e, €2), we conclude that expected-rate constraints allow to boost the exponents re-
gion compared to maximum-rate constraints. This conclusion is illustrated in the next subsection at hand
of an example for a special case when only the common link between the transmitter and both receivers is

present.

5.6.1 Numerical Simulation

The following example illustrates the benefits of expected-rate constraints versus maximum-rate constraints,

and the tradeoff between the two exponents in the special case when Ry = Ry = 0.

Example 4. Consider the following joint pmf Py,y,y,:

(Y1,Y5)
Yo (0,0) [ (0,1) | (1,0) | (1,1
0 0.05 0.05 0.15 0.083325
1 0.05 0.15 0.05 0.08335
2 0.15 0.05 0.05 0.083325

For this pmf, Figure shows the optimal exponents regions under maximum- and expected-rate con-
straints when Rg = 0.1 and ¢ = 0.15 > €2 = 0.05. The figure illustrates the boost in the exponents region
due to the expected-rate constraints. It also emphasizes the benefits of sharing the rate in between
two summands, which relate to the fact that depending on the observation Y' we use two variants of the
coding scheme in [28](see Section W’ one with auziliary Uy and the other with an auziliary Uiy (a)y 0 that
satisfies 1(Utr(2)1,05 Y0) < Rire2)y0 and I(Ugr2)1,05 Y1) = Nr2)(Rin2)y,0)- Restricting to a single auwiliary
Up n (i.e., no rate-sharing is applied and setting Rr2y1,0 = 1(Uo; Y0)) results in an exponents re-
gion, denoted Eno-rs (Ro,0,0, €1, €2) which coincides with Ef-(Ro, 0,0, €2, €2) (i.e. when the type-I threshold

€1 is restricted to be equal to ex and thus to be smaller) and with Ef ((1 —€2) 'Ry, 0,0, 61,62) which

C,max

corresponds to the optimal error exponent under a boosted mazimum-rate constraint by the factor (1 —e)~ L.

Note that in this example, w(2) = 2 since €1 > €3.

5.7 Converse Proof to Theorem

Fix an exponent pair in £} (Ro, R1, Ra,€1,€2) and a sequence (in n) of encoding and decision functions
{(¢™, g%n), gén))} satisfying the constraints on the rate and the error probabilities in (5.7). Our proof relies

on the following lemma:
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""" gEC,max(R()u 0,0, €, 62)
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Figure 5.3: Optimal error exponents regions of the BC setup under expected- and maximum-rate constraints
for Ry = 0.1,¢; = 0.15, €2 = 0.05.

Lemma 9. Fiz a blocklength n and a set D C Y of positive probability, and let the tuple
('\7'07 My, |\~/|2,170",171",1~/2") follow the pmf

{yg € D}
Pitomy iy vy (Mo, mi, ma, yg, ut' y5) = Proypyy (vg, 01 ) - W - 1{6" () = (mo, m1, ma)}.
0

(5.41)

Further, define Uy & (I\N/Io,?OT_l,T), Uy 2 My, Uy 2 My, Y; 2 f@T for i € {0,1,2}), where T is uniform
over {1,...,n} and independent of all other random variables. Notice the Markov chain (Uy,Uy,Us) —

Yy — (Y1, Y2). Then the following inequalities hold:
H(Mp) > nI(Ug; o) + log Pyp (D), (5.42)
H(M;) > nI(Us YolUp), i€ {1,2}. (5.43)
Let n > 0 be arbitrary. For i € {1,2}, if

Pr[H; = 0|H = 0,Y = y3] > n, Vyb € D, (5.44)
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then
1 N
- log Bin < I(UoU;; Ys) + gi(n), (5.45)

where g;(n) is a function that tends to 0 as n — oo.

Proof: See Appendix [C.2] [ |

We now proceed to prove the converse to Theorem [} Fix a positive n > 0. Denote for each blocklength

n, the set of strongly typical sequences in ) by ﬁ:)(Pyo). Set ji, = n~%/% and define for i € {1,2}, the

sets
Bi(n) & {y € T (Py,): Pr[H; = 0]V = yg, H = 0] > n}, (5.46)
Dy1.23(n) £ Bi(n) N Ba(n), (5.47)
D{i}(n) £ Bi(n)\D{l,z}(n)' (5.48)

Further define for each n the probabilities
AI £ Pyon (Df(n))v Te P(Q)v (549)
and notice that by the laws of probability

A{LQ} + A{z} = Pyon (BZ(’I?)), 1€ {1, 2}, (550)

Aq1,9y > max{ Py (B1(n)) + Pyp(B2(n)) — 1,0} (5.51)

By (5.74), it can be shown that

1— e < (1 — Pyp(Bi(n))) + Py (Bi(n)) + P& (T4, (5.52)

Hn

Thus, by (5.52) and [44, Lemma 2.12]:

. l—e¢—n I :
Pya(Bi(n)) > T 0= ) 2pmn’ ie{1,2}, (5.53)

and we conclude that in the limit n — oo and n | 0:

lim lim (A{LQ} + A{Z}) >1—e, 1€ {1, 2} (554&)
nd0 n—oo
an h7m A{L?} > max{l — €1 — 62,0} (5.54b)
n0 n—o0
im lim > Azr<1 (5.54c¢)
70 n—oo TeP(2)

We proceed by applying Lemma 9| to the set Dz for any Z € P(2) with Az > 0, and conclude that there
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exists a tuple (Uz, Uz,1, Uz 2) satisfying

H(Mz,0) > nl(Uz; Yz,0) + log Pyn(D1), ZeP(2), (5.55)

H(MI,Z') > nI(UI,i; ?I,0|UI,O)7 (A {17 2}7 AS ,P(2)¢ (556)
and for i € {1,2}, T € {{1,2},{i}}:
1 -
—log Bin< I(UzoUz;; Y1) + 01,i(1), (5.57)

where all for all i € {1,2} and Z € {{1, 2}, {i}}, the function ¢7;(n) | 0 as n — oo and the random variables
YZ,O, )7171, Mz,o, MI,Z' are defined as in the lemma applied to the subset Dz.

To summarize:

1 . - -
T log Bin < mln{I(U{1,2},0U{1,2},i§ Y{l,Q},z‘) ) I(U{i},oU{i},z'§ Y{z}z)} + @i(n), (5.58)

where ¢;(n) is a function tending to 0 as n — oo.

Define the following random variables for i € {1,2} and Z € P(2)}

Lz; 2 len(Mz;). (5.59)

)

By the rate constraints (5.3)), and the definition of the random variables I\N/IIJ', we obtain by the total law

of expectations

nRy > E[Lo) > > E[Lzo]Az, (5.60)
ZeP(2)
Moreover,

H(Mzp) = H(Mz0, Lz,) (5.61)
= Z PI‘[ELQ = ZI]H(MZ70|£I70 =l7)+ H(ELQ) (5.62)

Iz
< Prllro=lz)iz + H(Lz,) (5.63)

Iz
= E[Lz] + H(Lzp), (5.64)

which combined with (5.60) establishes

Z AIH(MI’O) < Z AIE[EI,()} + AZH(iI,O) (565)
IeP(2) TeP(2)
<nRo[1+ > & Az (5.66)
> 0 b nR() ) .
TZeP(2)

where (5.66]) holds by (5.60) and because the entropy of a discrete and positive random variable E/I,o of
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mean E[Lz ] < "RO is bounded by ‘% "RO - hy (ﬁTIO), see |23, Theorem 12.1.1].
In a similar way we obtain for i € {1,2}

> AzHMzy) <nRi [1+ ) hb<nA]§> : (5.67)
Te{{1.21.{i}} Te{{1.21{i}}

Notice that when Az = 0, the trivial choice Uz; = )7{I,z'} satisfies the inequalities (5.58)), (5.66)), and

(5.67). Therefore, above conclusions hold for (Uz,,Uz,1,Uzz) for any Z € P(2).

Combining (5.66) and (5.67) with (5.55) and (5.56)), noting (5.50) and (5.53), and considering also

(5.58), we have proved so far that for all n > 1 there exist joint pmfs P, Uz 0Uz1Uz V2.0V Va2

P, (abbreviated as P. pi )) for Z € P(2) so that the following conditions hold

Y/I,OPY/ZJY/IQ\Y/I,OPUI,OUIJ Uz 2|Yz,0

for i € {1,2} (where Ip indicates that the mutual information should be calculated according to a pmf P):

Ry > Z Ipem (Uz,0; Yz0) + 9z1(n)) - 97.2(n, M), (5.68a)
TeP(2

Fiz Z (T (Uz,33 Yr,0Uz,0)) - 97,2(n, 1), (5.68b)
Te{{1.2}.{i}}

0; < min{[png} (Ugr,23,0U11,2).6 Yi1,23,4) » IP{@}) (UgiyoUgiy,is Yiay) b+ 9giy 3(n), (5.68¢)

for some nonnegative functions gz.1(n), gz,2(n, 1), ggi},3(n) with the following asymptotic behaviors:

ILm gz,1(n) =0, VI € P(2), (5.69)
. 1—¢— .
lim (g123,2(n,m) + g{i},z(n,n)) > max {1_777’ 0} : vi € {1,2}. (5.71)

By Carathéodory’s theorem [48, Appendix C], there exist for each n, random variables

U{LQ}»O’ U{l},Oa U{Q},O? U{LQ}J’ U{1}71, U{172}72’ U{2}72 satisfying ‘) over alphabets of sizes

U1,23.00 < Dol +3, (5.72)
|u{z},0| < |y0| + 2, (S {172}7 (573)
|UI,z‘| < |UI,0| Mol + 1, 1€ {1,2},7 € {{1,2},{i}}. (5.74)

Then we invoke the Bolzano-Weierstrass theorem and consider for each Z € P(2) a sub-sequence

P(nk) _ B _
Uz,0Uz,1Uz2Y7,0Y7,1Y72

which we abbreviate by Py, we conclude by (5.68a)—(5.68¢c) and (5.54) that for all ¢ € {1,2}:

that converges to a limiting pmf Py For these limiting pmfs,

7,0Uz,1Uz,2Y10Y71Y71 2"

Ry > 0{1,2} " Ip: (U{1,2},0; Y{1,2},0) +oqy - IP{*U(U{1},0; Y{l},o) + 02} IP{*Q}(U{Q},O; Y{2},0)» (5.75)

{1 2}
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Ri > opoy - Ipy o (Unoyas YiorolUnieyo) +ogiy - Ier (Ugiyis YiapolUgiy o), (5.76)
0; < min{IP{*l’Q}(U{1,2},OU{1,2},Z'; Yi1,21.0)5 IP{*i}(U{z‘},oU{z'},z‘;Y{z’},z‘)}a (5.77)

where numbers 0{1,2},0{1}, 042} >0 satisfy o(12) oy +oqey <1 and

ooy topy 21 -6, i€ {1,2}, (5.78a)

01,2y > max{l — e — 2,0} (5.78b)

Notice further that since for any Z € P(2) and any k, the sequence ffzn ¢ lies in the typical set 7, )(Pyo), we

Hng,

have for all Z € P(2), |P;.

o T Py,| < pn, and thus the limiting pmf satisfies Py, , = Py,- Moreover, since

for each ny the pair of random variables (YIJ, }71,2) is drawn according to Py,y,|y, given 17170, the limiting
pmf also satisfies P;;I YrolVio = Py, v,|v,- We also notice for all Z € P(2) that under P7 the Markov chain

(Uz,0,Uz1,Uz2) = Yo — (Y1,Y2) holds. This concludes the converse proof.

5.8 Summary and Discussion

In this chapter, another network architecture for multiple DCs was studied where a single sensor commu-
nicates with two DCs. Communication is assumed to be over two types of noiseless links: common BC
and individual links. Due to the competition between both DCs on the communicated information from
the sensor over the common BC, the available resources at the sensor have to be distributed between the
two DCs and a tradeoff arises between their error exponents even under maximum-rate constraints or for
equal type-1I error thresholds. This tradeoff is different from the tradeoff that arises due to the rate-sharing
strategy that we proposed in the previous chapter. However, both types of tradeoff are shown to be present
for the setup when expected-rate constraints are considered with different type-I error thresholds at the
two DCs.

The optimal coding scheme to achieve the fundamental exponents region for the above setup is also
based on the rate-sharing strategy as in the previous chapter, where here we multiplex four subschemes
using one degenerate scheme and three different versions of the optimal coding scheme under maximum-rate
constraints for vanishing type-I error probabilities. The probabilities of these subschemes are subject to
some optimization. In the special case of having only the common BC, we showed that the characterization
of the fundamental exponents region simplifies and thus the optimal coding scheme simplifies too; it suffices
to use only three subschemes with already given probabilities. We conjecture that similar simplifications

are possible in the general case. The general results (without simplification) are also extendable to the
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setup with K DCs, one common BC, and K individual links.
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Chapter 6

Summary and Outlook

6.1 Summary

In this thesis we focused on deriving the fundamental limits for distributed hypothesis testing against
independence for networks with multiple sensors and /or multiple decision centers. In addition to establishing

new optimality results, we highlight the following conclusions:

e We extended the rate-gain factor of (1 —¢)~! to all communication links in multiple-sensors single-DC
networks, where there is a single terminal that can communicate directly or through multiple hops to

all other terminals in the network.

e The same conclusion holds for networks with multiple DCs that have identical type-I error thresholds

equal to e.

e For networks with multiple DCs that have different type-1 error thresholds, we can obtain different
rate-boosts on the different communication links. In fact, the different type-I error thresholds lead to
different margins for the multiple DCs to exploit in order to increase their type-1I error exponents. We
thus observe and characterize a tradeoff in the fundamental exponents region between the different
DCs. This tradeoff is the first of its kind. We propose a new rate-sharing and multiplexing strategy

to achieve this tradeoff.

e For some networks with K DCs, we can show that it suffices to multiplex only K + 1 schemes, with
one scheme being the degenerate scheme of sending single-bit messages and raising alert at all DCs,

instead of 2% schemes as in the general case. We can further identify the multiplexing probabilities
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as a function of the given type-I error thresholds. This simplifies the optimal coding schemes and the

expressions of the characterizations of the fundamental exponents regions for these networks.

e For BC networks with multiple DCs, a tradeoff was already observed as the different DCs are com-
peting for the shared information over the BC. Our new tradeoff adds up on this tradeoff when the

DCs have different type-I error thresholds under expected-rate constraints.

e 'To prove our converse results, we propose new proof methods combining change of measure arguments
with blowing-up lemma and/or our new tool “asymptotic Markov chains”. We observe that in some
cases, this new tool suffices and the blowing-up lemma is not required. In addition, our method can
be used to prove converse results for other problems that are not necessarily related to hypothesis

testing.

e Qur converse proof methods also allow one to prove new strong converse results under maximum-rate

constraints, or to simplify existing proofs.

6.2 Outlook on Interactive Communication

The single-sensor single-DC setup was studied under interactive communication and maximum-rate con-
straints in |7,8,[L0]. In these works, an optimal error exponent is derived when testing against independence
under vanishing type-I error probability. As we explained previously, under expected-rate constraints, a
(1 — €)~! rate-gain can be obtained on all links when a type-I error probability of € is tolerated. While
this gain is achievable, with our converse proof methods we could not establish the corresponding converse.
The problem here is that we could neither use the blowing-up lemma, after applying the change of measure

arguments, nor prove the desired asymptotic Markov chains.

6.3 Outlook on Non-Cooperative MAC

The non-cooperative MAC setup remains open even for the special case of testing against independence
under maximum-rate constraints. Many works obtained partial results in [2|4-6/9,18.24/26/,27]. Our interest
is in the maximum gain achievable under expected-rate constraints compared to results under maximum-
rate constraints. Using our converse proof methods, we can establish a converse result showing that no
better gain than (1 — €)' factor could be achieved. However, as we explained before, in order to achieve

this rate-gain on all links, we need at least one terminal that communicates with all other terminals in the
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network informing them when to apply or not the degenerate scheme, which is not the case in this setup.
We thus conjecture for the setup with two sensor-DC links, that the best achievable rate-gain is (1 —¢;) !
and (1 — e3)~! where €; and ez correspond to the probabilities of two arbitrary subsets of the observations
at the first and the second sensor, respectively, such that their joint probability is less than or equal to e.
The question would be then, “what are the highest individual probabilities that can be obtained by each
set and the impact of the tradeoff between them?”. A new converse proof method is needed to prove this

is the best possible gain.

6.4 Extensions to Noisy Communication Channel

The studied setups in this manuscript are of main interest to establish their fundamental limits and un-
derstand the gains from expected-rate constraints. However, it is important to build up on them for more
practical scenarios where the communication between the different nodes in the system could be over noisy
channels. Salehkalaibar and Wigger [20] had proved such an extension for the point-to-point setup over
noisy DMC under an expected-rate constraint. The multi-sensor setups studied in this thesis have previously

been considered with noisy communication channels but only under maximum-rate constraints [18,26,29].

6.5 Extensions to General Hypothesis Testing

The special case of testing against independence in a binary hypothesis testing environment is of significant
relevance in distributed control and anomaly detection systems, where observations are correlated in normal
situation, but become uncorrelated in case of incident or system failure. However, in other decision systems,
used for instance for binary classification, observations are not independent under the alternative hypothesis
but follow some other arbitrary distribution. This problem of “general distributed hypothesis testing” seems
much more challenging, and as we have mentioned previously is even open in the single-sensor single-DC
setup under the standard maximum-rate constraint. Another interesting direction for future research is the
study of M-ary hypothesis testing problems, which is widely open except for zero-rate communication. We
conjecture that under expected-rate constraints, the proposed multiplexing and rate-sharing strategies can
achieve similar gains for general binary hypothesis testing and for M-ary hypothesis testing as we proved for
binary hypothesis testing in the different communication scenarios. However it would be very challenging
to prove optimality of such strategy under expected-rate constraints without having the optimality results

for the analogous setups under maximum-rate constraints.
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6.6 Setups with Privacy and Security Constraints

In this thesis, our focus was on maximizing the error exponent at a given DC. In decision systems with
sensitive data observed at the sensors, another goal is to protect the privacy of this data from the legitimate
DC which is expected to learn only the joint distribution of the data at other terminals but not their private
sensitive information. Several works exist on the distributed hypothesis testing problem with privacy
constraints and under maximum-rate constraints (for instance, see [54]/55| and references therein). An
interesting perspective would be to investigate this problem when expected-rate constraints are considered
instead of maximum-rate constraints. One would like to check if the same gains could be achieved as without
the privacy constraints or if any new type of tradeoff could arise. Another aspect of the problem under
security constraints is studied when an eavesdropper or an adversary attacker try to learn the hypothesis
test carried out by a given DC as in [56]. In this case, several security and privacy metrics can be studied
and one main concern would be to determine the maximum achievable error exponent at the DC when the
error exponent at the attacker should be minimized under expected-rate constraints on the communication

links.

6.7 Finite-Blocklength and Machine Learning

Establishing the fundamental limits for the problem of distributed hypothesis testing in the asymptotic
regime (as the blocklength n — 00), as we do in this thesis for various setups, is essential to understand
the impact of different constraints on the optimal performance of the decision centers in a given setup.
However when it comes to applications, the sensors in some IoT networks are expected to have limited
number of samples, and thus the optimal strategy in the infinite-blocklength regime might not necessarily
remain optimal in the finite-blocklength regime. Establishing the fundamental limits for the problem of
hypothesis testing in the finite-blocklength regime is very challenging as an exact characterization of the
optimal error exponent even in the centralized or simplest point-to-point setup remains an open problem
for all kinds of hypothesis testing.

In general, two types of problems have to be solved in distributed hypothesis testing problems: compress
the information at the sensors and take a decision at the DCs. To achieve desired compression rates, one
could use existing quantization algorithms which might be limited for small rates (in scalar quantization),
or computationally infeasible for non-short blocklengths (very long running time in vector quantization).

An alternative approach would be to explore deep learning algorithms such as Autoencoders to perform
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such compression. Then for the decision rules, typicality checks are shown to be optimal in the infinite-
blocklength regime, which we can substitute with correlation tests between the received message(s) at the
DC and its local observations in finite-blocklength regime. A simple test would rely on a data-driven
correlation factor under null hypothesis, and whenever the testing correlation factor differs by an arbitrary
margin from the data-driven one, an alert would be raised. But what if deep neural networks could learn
better testing criteria or correlation factor? Intuitively, replacing the whole coding scheme with a neural
network responsible for quantization, compression, and decision-rule making, seems to be a promising
research topic.

Other interesting research directions that could be analyzed with machine learning tools arise in sequen-
tial hypothesis testing problems or in multi-hop multi-DC networks. For example, in sequential hypothesis
testing problems, machine learning could be used to determine at which number of observations a sensor
should stop sampling and start communicating with the sensor. In multi-hop systems, machine learning
could help in identifying in the finite-blocklength regime after how many hops to take the decision so as
to save communication bandwidth for other applications. For example, if a certain lower bound on the
fundamental exponents region is required and is enough, then “what is the required number of samples to
stop sampling and take a final decision?” Or in the case of a multi-hop setup, “at which relay testing should
stop and the final decision should be forwarded to the receiver?”, so that the available rate at the next

communication links would be saved for other applications sharing the same bandwidth.
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Appendix A

Proofs for Chapters [2| and

A.1 Proof of Lemma [I} Concavity and Monotonicity of the Function 7

The function 7, (R) is monotonically non-decreasing because larger values of R imply larger optimization
domains. Continuity follows simply by the continuity of mutual information.

The concavity of n1(R) follows by the following arguments. Consider rates R and R, and let U* and
U* be the corresponding solutions to the optimizations in the definition of n;. Pick any A € [0, 1], define
Q ~ Bern()\) independent of (Yp, Y1, U*, U*), and set

) U ifQ=0

U* ifQ=1.

Defining the random variable V' := (Uf), Q), we obtain

A-mi(R)+ (1= A)-m(R) = M(U* Y1) + (1 = MI(U* 1) (A.2)
= I(Up: Y1|Q) (A.3)
= I(U}, Q: Y1) (A.4)
=I(V;Y) (A.5)
<m((V;Yp)) (A.6)
<mAR+ (1 -A)R) (A7)

where (A.4) holds because Q is independent of Y7, (A.6) holds by the definition of the function 7;, and

(A.7) holds by the monotonicity of the function n; and the following set of (in)equalities:
I(V:Yo) = I(Ug, Q; Yo) = 1(Ug; ¥0lQ) (A.8)
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= M(U*;Yp) + (1 = NI(U*; Yp) (A.9)
< AR+ (1-MNR. (A.10)
|

A.2 Converse to Theorem [3

In this proof, we replace the notation of serif font for the messages M; used in |25] by the sans-serif font M;
(for i = 1,2) and the notation of X1, X2 in [25] by Yo, V1.

Following the weak converse in [25], we can obtain the upper bound for the error exponent as

1
1ii89maX(R17R2a€> S lim *I(MlMQ;}/Qn) (All)

n—oo N

Moreover, we can lower bound the rate constraints as

= I(M Yy Y Yo ny) (A.13)
i=1

2 ZI(Ul,i;YO,i)7 (A14)
i=1

where Uy ; = (My, Yi 1, Y7 ™1). We note that the Markov chain Uy ; — Yp; — (Y1, Y2,;) holds. Similarly,

nRy > H(Mg) > I(Ma; Y'Y |M1) (A.15)
= Z[(MQ;YOVZ'YLz"Ml)/bi_lYf_I) (AlG)

=1
> ZI(U2,i;Y17i|U17i)7 (A.17)

=1

where Uy ; = My and we also note that the Markov chain Us; — (Y14, U1,i) = (Y04, Y2,;) holds.

Then we single-letterize the upper bound of the error exponent as follows:

I(MiMg; Yy') = Zn:I(Mll\AQY;—l;YQ,Z-) (A.18)
=1
< iI(MlMWJ*lYf’lYZ”%ﬂ (A.19)
=1
= Zn:f('\"l'\"ﬂ[f_lyf_l; Y2,) (A.20)
=1
- zn:I(UuUm Y2), (A.21)
1=1
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where (A-20) holds by the Markov chain Y3 — (My, Mg, Y71, ¥/~ 1) — Ya,;. Our proof is then concluded
by defining the time-sharing random variable @ uniform over {1,...,n} independent of all other random

variables, and by defining U; £ (U1g, Q), Uz £ (U2, Q), Yo = Yog, Y1 = Yig, and Yz £ Yoq.

A.3 Strong Converse Proof to Theorem

Notice first that the Markov chain Uy — (U1, Y1) — (Y0, Y2) needed for the validation of the distribution
of the joint pmf Py, u,v,viv, = Pu, v Pusjvnvi Provive, can be replaced by the weaker Markov chain Us —
(U1,Y1) — Ys because the right hand-side of does not depend on the joint pmf of Us and Yjp.
We proceed to show that
0 < (R, R2) (A.22)

where 7)(+, ) is defined as follows

ﬁ(Rl,Rz) = max I(UlUg;YQ) (A23)
Puy vy Pug|uy vy *
R1>1(U1;Y0)
Ry>I1(U2;Y1|Ux)

with the auxiliary random variables U; and Uj satisfying the Markov chains U3 — Yy — (Y1, Y2) and
Us — (Ul,}/i) — Y5,
Consider a sequence (in n) of encoding and decision functions {( g"), gbgn), g™} satisfying the con-
straints on the rates and error probabilities in (3.10) for maximum-rate constraints setup.
In the following, we use Lemma [2| which is presented in the main text, specifically in the converse proof
of Theorem [5]in Section [3.4] in order to prove the desired outer bound on the exponents region.
Fix a positive 7 > 0. Set p,, = n~ /3, and define the sets
B(n) = {(y5,y1): Prify = 0)Yg" =y, Y{" = o', H = 0] > n}, (A.24)
D(n) £ B(n) N T2 (Pyyyy). (A.25)
Further define for each n the probability

and notice that by the constraint (3.10a)) on the type-I error probability:

1—e< > PrH=0Y]"=yg,Y" =y, H =0] Pypyr(yf, y7) (A.27)
Yo Y1
< > Pypve(ug, vt + PriH = 0|Y5" = yg, Yi* =y, H = 0] - Pyrpve(yf, ut) (A.28)
vy y1)EB(N) (yg-y1)EB(n)
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< Pypyp (B(m) +n(1 = Pypyp (B(n)). (A.29)

Thus we have

1—€e—n
1—n

Moreover, by [44, Remark to Lemma 2.12], the probability that the pair (Yj", ¥7") lies in the strongly jointly

Pypyp(B(n)) = (A.30)

typical set ’775: )(Pyoyl) satisfies

n n |y0‘ |yl|
PY0Y1 <7:L(n)(PYOY1)) >1- 4#%” ) (A.31)
and since for any two events A and B,
Pr(AnB) > Pr(A) + Pr(B) — 1, (A.32)

then by (A.25), (A.26), (A.30)), and (A.31)), we obtain

l—e—n D[]
1—1n dpn

A> (A.33)

We proceed by applying Lemma [2| to the set D(n) with A > . This allows to conclude that there exists

a pair (Uy, Us) satisfying the Markov chain Uy — (U, 171) — Y, and the (in)equalities

nRy > H(My) > nI(Uy; Yp) + log Pypyn (D), (A.34)
nRy > H(Mg) > nl(Uy; Y1|Uy), (A.35)
o1(n) = I(Uy; 1Ya|Y), (A.36)
and .
n log By, < I(U1U2; Y2) + 62(n), (A.37)

where the functions @1(n), v2(n) — 0 as n — oo and the random variables Yy, Y1, Yo, My, My are defined
as in the lemma, when applied to the set D(n).

To simplify exposition, we assume 7 very small and A > 7. Otherwise the proof is similar but omitted
here.

For all n > 1, we abbreviate the joint pmf PUleYofo/z = PU1|}~,0)~,1 PU2|U13~,1 Py as P and observe

OyI?Q
that by Carathéodory’s theorem [48, Appendix C| for each n there must exist random variables Uy, Us
satisfying (A.34)—(A.37)) over alphabets of sizes
L] < Vol - |V1| + 3, (A.38)
Us| < [tha] - (D] + 1. (A.39)

Then we invoke the Bolzano-Weierstrass theorem and consider an increasing subsequence of positive num-
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bers {ny}32, such that the following subsequences converge:

(nk)

klg]go JDY/O%YQUIU2 = Y. v,v,0,0,- (A.40)
Considering further an appropriate sequence of diminishing n-values, we conclude that:
Ry > Ip-(Uy; YD), (A.41)
Ry > Ip«(Uy; Y1|UY), (A.42)
0 < Ip«(U1Us;Ys), (A.43)

where Ip- indicates that the mutual information should be calculated according to the pmf Py y. v 7 /.-
Notice further that since for any k the pair (}70("’“),171(”’“)) lies in the jointly typical set 775: :)(Pyoyl), we
have |P}~,O}~,1 — Py,v;| < pn,, and thus the limiting pmf satisfies P{"/OYI = Py,y,. Moreover, since for each

ni the random variable Y5 is drawn according to Py, |y, given Y;, irrespective of Yy, the limiting pmf also

satisfies P}Z\Y()Yl = Py,|y;. We also notice that under Py y.y, 17, the Markov chain
UQ — (Ul,Yl) — }/2, (A.44)

holds because Uy — (U, 171) — Y, forms a Markov chain for any ng. Finally, by continuity considerations

and by (A.36), the following Markov chain must hold under P¥. .y, 1,
Ui — Yo — (Y1, Ya). (A.45)

Using the definition of the function 7(-,-) in (A.23), we thus proved that all achievable error exponents

0 are upper-bounded by the error exponent given in (A.22). This concludes our converse proof.

A.4 Analysis of the coding scheme in Subsection [3.3.3.1

Consider the cooperative two-sensor single-DC scheme employed when Y" € Dygy, and let ?:[{2} denote the
guess produced at Ro when employing this scheme for any Y;' € )jj. Notice that by assumption the type-I

error probability of this scheme tends to 0 as n — oo:
lim Pr[f) = 1|1 = 0] = 0. (A.46)

Noticing that when Y{' € Dy, then H = 1, and applying the total law of probability, we can have for

the type-I error probability of the overall scheme

a, =Pr[H =1/H = 0] (A.A47)
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~ ~

=Pr[H = 1,Y]" € Dy|H = 0] + Pr[H = 1,Yy" € Dy [H = 0] (A.48)
= Pr[Y]" € Dy|H = 0] + Pr[Ha) = 1, Yy € Doy |H = 0] (A.49)
< Pr[Y]" € Dy|H = 0] + Pr[Hz) = 1|H = 0] (A.50)

Combining these inequalities with (A.46)), and because in the limit n — oo Inequality (3.25)) turns into

an equality, we conclude that the overall scheme satisfies the type-1 error constraint:

lim a, <e. (A.51)

n—oo

For the type-1I error probability of the overall scheme, we have

By =Pr[H = 0[H = 1] (A.52)
=Pr[H =0,Y]" € Dy|H = 1] + Pr[H = 0,Y]" € Dyoy|H = 1] (A.53)
=Pr[H = 0,Y]" € Dy |H = 1] (A.54)
= Pr[Hsy = 0,Yy" € Dpy|H = 1] (A.55)
< Pr[Hz = 0|H = 1]. (A.56)

The type-1I error exponents of the overall scheme are thus given by the error exponents of the cooperative
two-sensor single-DC scheme employed under Yi* € Dygy. By [25], for vanishing type-I error probability

and under the rate-constraints Ryoy 1 and Ryay o, the exponents in (3.30) are proved achievable.

A.5 Proof of Lemma

Note first that by :
D(Pypy | Py,) < log Ay, (A.57)
where we define A,, £ Pypyp (D).
Further define
Uz 2 My (A.58)
U 2 (My, Yy LY, (A.59)
and notice that
H(M) > IV T3 ¥7) + D(Pryga| Py, ) +log A, (A.60)
= HYJY\") + D(Pyyn||PYy,) — H(YS'Y{' M) +log A, (A.61)
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> n[HYorYir) + D(Pg, 5, . |1Provi)] - > H(Yo Yiu|Ur) +log A, (A.62)
t=1

= n[H(YorY1,r) + D(Py, 3, o |[Provi) — H(YorYa,r|U1r, T)] +log Ay, (A.63)

> n[H(YorYir) — HYorY1,r|Uir,T)] + log Ay (A.64)

=n[I(YoY1;U1)] +log A, (A.65)

>n |1(Yo; Uy) + %log Anl. (A.66)

Here, (A.60) holds by (A.57)); (A.62)) holds by the super-additivity property in [36, Proposition 1], by the

chain rule, and by the definition of ULt and by defining 7" uniform over {1,...,n} independent of all other
random variables; (A.65)) holds by the non-negativity of the Kullback-Leibler divergence; and (|A.65)) by the
definitions of Uy, Yp, Y7 in the lemma.

We can lower bound the entropy of My as follows

H(Mg) > I(My; Y§'Y7*[My) (A.67)
= 1(Ua; YouY1,|U10) (A.68)
=1
= nl(UsrT; YorYar|U17T) (A.69)
> nl(Ug; Y1|UY). (A.70)

Here, 1} holds since M is function of 171" and |\7|1; 1} holds by the chain rule, the definitions of Ul,t
and Uy ; and (A.70) holds by the definitions of Uy, Uy, Y7 in the lemma.
We next upper bound the error exponent at the receiver. To this end, fix a sequence of real numbers

{€n}52 satistying limy, o0 £ /n = 0 and limy, o0 £, /+/n = 00. Define

Ay, (m1,ma) £ {y5: g™ (my, my, y5) = 0}, (A.71)
and its Hamming neighborhood
/lffg(ml, mo) 2 {75 : 3yh € Ay, (m1,ma) s.t. dg(yy, 75) < £,}. (A.72)
Since by Condition (3.48)),
Py gmyn (Avy (M1, ma)lyg, u1) 2 1, Yy, 91) €D, (A.73)

the blowing-up lemma [40] yields

A~

P}7 |f/0”}71" (A%(mla m2)|y87 y?) >1- Cn) V(yga y?) € D7 (A74)

n
2

for real numbers (, > 0 such that lim ¢, = 0.
n—oo
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Define
Ay, £ U {(m1,m2)} x Ay, (m1, ma),
(m1,m2)EM1XMs
Ag}; é U {(ml) m2)} X Ai};(mlu m2)7

(ml,mg)GMl X Mo
and notice that

(A.75)

(A.76)

Ponigsy (A%) = 30 Praya 08, 98) - Prpisars (Ava(01 (), 02(01 ), Dl i) (ATT)

(v5 w1 )ED
2 (1 - Cn)

Then we can write
100 n 100 —2
PI\7I1I\7|2P372" <"4Yg,n) < PM1M2PY2 (‘AYg,n) An

= Z Py, (M1, mo) Py, (A@Z(ml,mgw A2
(ml,mg)GMl X Mo

(A.78)

(A.79)

(A.80)

< > Puiymy (M1, ma) PR (Ay, (my, mg)) - e En/m |y, fnfin AZ2 (A81)

(mim2)EM x Mo

= ﬁ?,nenén )

where 6, 2 hy(£,,/n)+ 2 log(|Va|-kn) — 2 log Ay, and k, £ min Prw) Here,
n " vay 202

Py2 (yé)>0
of Lemma 5.1].

A.82

(A.82)

holds by |44}, Proof

Combining (A.82)) with (A.78) and standard inequalities (see |20, Lemma 1]), we then obtain

1 1 Al
—Elogﬁn < n log (PM1I\7I2P572" (AY2)> +n
1

1
n(l — Cn)D<P'\7'1'\7'2?2”HP'\7'1'\7|2P572”) +0n + n
1 o~ o 1
g mI(MlMQ,Y2 ) + 5% + E

We further upper-bound the term I(M;My; Y) as follows

IN

n
I(MiM2; Y3") <3 T(MiMo Yy 'Yy 71 Yy
t=1

n
=D I(MIMY 1Y Yo )
t=1

= Z I(ﬁl,tUQ,t; f/Qt)

t=1

= nl(U1,rUs,1; Yo,r|T)

< nI(UyUs; Ya),

(A.83)

(A.84)

(A.85)

(A.86)

(A.87)

(A.88)

(A.89)

(A.90)

130



APPENDIX A. PROOFS FOR CHAPTERS[4 AND|[4 131

where (A.87) holds by the Markov chain Yy~' — (MiMy, YI'V[™1) — Yoy, (A.88) follows by the
definitions of Ul,t and Ugjt; and (A.90)) follows by the definitions of T', Uy, Us, and Y, in the lemma.

We observe that the Markov chain ﬁz}t — (Ul’t, }7”) — }72,15 holds for any ¢, and thus Uy — (U1, 171) —Y,
holds as mentioned in the lemma.
Finally, we proceed to prove the Markov chain U; — Yy — (Y1, Y3) in the limit as n — oo. To this end,

notice the Markov chain My — Y* — (Y7%, Y3"), and thus

0 = (i VT (a.91)
> H(}Nfln}}2n|%n) _ H(?1"?2n|)70n|\~/|1) + D(P?O"?1"?2”||PQ)Y1Y2) +log A, (A.92)
> nlH (T g YarlTor) + D(Py, g 1 Provivs)] +log A — H(VPYEITIH,) (4.93)

n
> nlHY1rYor|Yor) + D(Py 13, 3, 1 Proviva)] +10g An — D H(Y1 Yo Yo Yo'V TIMy) (A94)

t=1
n
= n[HY1rYor|Yor) + D(Py, 5, 19, ||Proviva)] +1og Ay = D~ H(Y1,:Ya, Yo, Un ) (A.95)
t=1
> n[H V1Yo |Yor) — HVirYor|Yor, Unr, T)] + log A, (A.96)
> nl(Y1Ya; U1|Yp) + log Ay, (A.97)

where holds by the super-additivity property in [36, Proposition 1]; by the chain rule and
since conditioning reduces entropy; by the definition of Ulﬁt and by recalling that T is uniform over
{1,...,n} independent of all other random quantities; by the non-negativity of the Kullback-Leibler
divergence; and finally holds by the definitions of Uy, Yp, Y7 in the lemma.
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Appendix B

Proofs for Chapter

B.1 Alternative Strong Converse Proof to Theorem

Notice that this proof depends on Lemma [4] stated in Section and proved ahead in Appendix [B.5]

Fix an exponent pair in &} R, Ro,€1,€2) and a sequence (in n) of encoding and decision

Wo—Hop,max(

functions {( gn), qbg"), gln),gén))} satisfying the constraints on the rate and the error probabilities in (4.7a)),

), {@79.

Fix a positive 7 > 0 and a blocklength n andchoose p,, = n~ /3. Define for i € {1,2}, the sets
Bi(m) 2 {(u.y1) € T (Pyow )t Pr[Hi = 0)Y]" =y, Y1" = yI', H = 0] > n}, ie{1,2}, (B.I)
D(n) £ Bi(n) N Ba(). (B.2)
Further define the probability
A £ Pynyn(D(n)), (B.3)
and notice that by the laws of probability
A = max{Pypy;(Bi1(n)) + Pyyyy (Ba(n)) — 1,0} (B.4)

By (4.74), it can further be shown that for i € {1,2}:

L—e < Y PrH = 0]Yg" = yg, Y{" = o', H = 0] - Prpyy(yg,y7) (B.5)
Yo YT
< > Pr[H; = 0Yg" =y, 7" =4I, H = 0] - Proyp (u5, o)
(y{},y?)eﬁfﬁ) (Pyyyy)
+ > Pr[H; = 0]Y]" = y§, V" =y, 1 = 0] - Pypyn (yih, y7) (B.6)

(W ) ETA (Pryyy)
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< > Prfl; = 0|Yg" =y, Y =y, H = 0] Pypvy (y5, u7)
W8P ETn (Prgyy )NBi(n)
+ Y Prval, oy + (1= Prpva (T8 (Pyon))) (B.7)
(Y5 Y1) EBi(n)
<n(1 = Pypyp(Bi(n))) + Pypyp (Bi(n)) + Prpyp (7£Z)(PYOY1))- (B.8)

Thus, by (B.8) and [44, Lemma 2.12]:

1— €1 — €0 —
A> max{ a-ezh_ D)OHyl‘Q ,0} (B.9)
1—mn (1 —n)2uzn
and we conclude that in the limit as n — oo and 7 | 0:
lim lim A > max{l — ¢ — €2,0}. (B.10)

n0 n—o0

We proceed by applying Lemma to the set D(n) when it has positive probability A > 0, otherwise the
proof is similar and omitted for brevity. By this Lemma [ and using also the maximum-rate constraints

(4.7¢), alongside the trivial inequality nR; > H(M;), for all i € {1,2}, we conclude that there is a pair

(U1, Us) satisfying the Markov chain Uy — Y; — Y, and the (in)equalities

nRy > H(My) > nl(Uy; Vo) + log Pypyn (D(n)), (B.11)
nRy > H(Msy) > nl(Uy; Y1), +log Pyryn(D(n)), (B.12)
01(n) = I(U; Y1|Yp) (B.13)
and
2 log fin< I T4) + 02(n), (B.14)
—%logﬁgmg I(U; Y1) + 1(Us; Ya) + 03(n), (B.15)

where the functions ¢1(n),02(n) | 0 as n — co and the random variables Yy, Y7, Y2, M1, My are defined as

in the lemma (Lemma {)) applied to the set D(n).

Thus we have proved so far that for all n > 1 there exist joint pmfs Py, v v (abbreviated as Pl(n)) and

(n)

Prviv, = Pov, Puyw, (abbreviated as P, ') so that the following conditions hold
Ry > I (Ur; Yo) + g1 (n), (B.16a)
Ry > IP2<n>(U2;171) + g1(n), (B.16b)
92(n) = Ipfm(Ul; 0 (B.16¢)
01 < Ipl(n)(Ul;Y/l)a +g3(n), (B.16d)
02 < Ipow (Ut 1), H pem (U2 Y2) + ga(n), (B.16e)
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for some nonnegative functions gi(n), g2(n), gs(n), ga(n) tending to 0 in the limit as n — oo.
The rest of the proof follows the same steps as the proof of the converse in Section [4.3.5]

By Carathéodory’s theorem [48, Appendix C], there exist for each n random variables Uj, U satisfying
(B.16)) over alphabets of sizes

Us| < [Yol|In] + 2, (B.17)

Us| < [D1] + 1. (B.18)

Then we invoke the Bolzano-Weierstrass theorem and consider an increasing subsequence of positive num-

bers {n;}7°, such that the following subsequences converge:

3 (nk) — p*

klggo PffogﬁUl o PY0Y1U17 (Blg)
. (TL ) _ *

klglolo Pf/lerz = PY1Y2U2' (B20)

Considering further an appropriate sequence of diminishing n-values, and noticing that since the pair
(170(”’“),171(”1“)) lies in the jointly typical set ﬂ::)(Pyoyl), we have |Py g — Pyyy;| < fin, and thus the
limiting pmfs satisfy Py y, = Py,y,. Moreover, since for each ny the random variable Y5 is drawn according
to Py,y; given Y:, irrespective of Yy, the limiting pmfs also satisfy P;2|Y0Y1 = Py,|y;. We also notice that

under P;%YQUQ the Markov chain
U2 — Y1 — YQ, (B.Zl)

holds because Uy — Y; — Y3 forms a Markov chain for any nj. Finally, by continuity considerations and

by (B.16c)), the following Markov chain must hold under Py .y,
Ui — Yb — Y. (B.22)

By the above observations, by (B.16al)—(B.16€), and using the definitions of the functions n;(:) and na(-),

we thus conclude the strong converse proof.

B.2 Analysis of the coding scheme in Subsection 4.3.3.1.1| for ¢; = €5 = ¢

Consider the two-hop scheme employed when Yi* € Dy 9y, and let ?%{1,2},1 and 7:[{1,2},2 denote the guesses
produced at R; and Rz when employing this scheme for any Y' € ). Notice that by assumption the

type-1 error probabilities of this scheme tend to 0 as n — oc:

lin Pr(foye=1H=0=0, ke{1,2}. (B.23)
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Noticing that when Yj' € Dy, then = Ho = 1, and applying the total law of probability, we can

write for k € {1, 2}:

g = Pr[Hp = 1/H = (] (B.24)
= Pr[H), = 1,Y]" € Dy|H = 0] + Pr[Hy = 1,Y§" € Dy 93 |H = 0] (B.25)
= Pr[Y]" € Dy|H = 0] + Pr[H1 0y = 1, Yy € Doy |H = 0] (B.26)
< Pr(Yy" € Dy|H = 0] + Pr[H 12, = 1|H = 0] (B.27)

Combining these inequalities with (B.23), and because in the limit n — oo Inequality (4.9) turns into

an equality, we conclude that the overall scheme satisfies the type-1 error constraints:

lim ag, <e, ke {1,2}. (B.28)

n—oo

For the type-1II error probabilities of the overall scheme we observe for k € {1,2}:

~

Bin = Pr[Hy = 0|H = 1] (B.29)
= Pr[H = 0,Y]" € Dy|H = 1] + Pr[Hy = 0,Y" € Dy 9y |H = 1] (B.30)
= Pr[H), = 0,Y]" € Dy oy [H = 1] (B.31)
= Pr[H{ oy = 0,Yg' € Doy |H = 1] (B.32)
< Pr[Hpox = 0[H =1]. (B.33)

The type-1I error exponents of the overall scheme are thus given by the error exponents of the two-
hop scheme employed under Yj* € Dy 9y. By [33| and because the two-hop scheme has vanishing type-I
error probabilities and respect the rate constraints Ry gy1 and Ry 9} 2, the exponents in (4.23)) are proved

achievable.

B.3 Analysis of the coding scheme in Subsection 4.3.3.1.2| for e; > €;

Consider the two-hop scheme employed when Y§" € Dyy oy, and let 7:1{172}71 and 7:[{172}72 denote the guesses
produced at R; and Ry when employing this scheme for any yj € ). Similarly, let 7:[{1},1 and 7:1{1},2
denote the guesses produced at Ry and Ry when employing the scheme for Yj* € Dyyy, where we again
extend the scheme to the entire set ).

By assumption, the type-I error probabilities of these schemes tend to 0 as n — oco:

lim Pr(fy s =1H =0=0, ke{1,2} (B.34a)
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Tim Pr{Hpp=1H=0]=0, ke{l,2}. (B.34b)
Notice that for Y]’ € Dy both R; and Ry decide on o =Hoy = 1. Applying the total law of probability,

we can write
a1, =Pr[H; = 1/H =0 (B.35)
=Pr[H; = 1,Y" € Dy|H = 0] + Pr[H1 = 1,Y" € Dy |H = 0] + Pr[H1 = 1Y € Dyy 93|H = 0](B.36)
= Pr[YJ' € Dy|H = 0] + Pr[H1y1 = 1,YJ € Dyyy[H = 0] + Pr[H1 0y = 1, Y7 € Dyy oy [H = 0] (B.37)
< Pr[Yg' € Dy|H = 0] + Pr[Hyy 1 = 1/H = 0] + Pr[H 031 = 1[H = 0] (B.38)

Combining this inequality with (B.34), and because in the limit n — oo Inequality (4.13c) turns into an

equality, we conclude that the overall scheme satisfies the type-I error constraint:

n@ ai g, < €. (B.39)

Similarly we have:
ag, = Pr[Hy = 1|1 = 0] (B.40)
=Pr[fly = 1,Y]" € (Dy UDy1y)|H = 0] + Pr[Ho = 1,Y]" € Dy 9y |H = 0] (B.41)
= Pr[Yg' € (DyUDy1y)[H = 0] + Pr[H{1 010 = 1, Y5 € Dy oy|H = 0] (B.42)
< Pr[Yg" € (Dy UDy)[H = 0] + Pr[Hy 0y 0 = 1|/H = 0]. (B.43)

Combining this inequality with (B.34)), and because in the limit n — oo Inequalities (4.13a)) and (4.13c)

turn into equalities, we conclude that the overall scheme satisfies the type-1 error constraint:

lim s, < €. (B.44)

n—oo

For the relay’s type-1I error probability in the overall scheme we observe:

Bin = Pr[Hy = 0|H = 1] (B.45)

= Pr[H1 = 0,Yg" € Dy|H = 1] + Pr[Hy = 0,V € Dy [H = 1]+ Pr[Hy = 0,V € Dyyoy|H = 1] (B.46)

=Pr[H1 = 0,Yy" € Dpyy|H = 1] + Pr[H1 = 0,Yy' € Dy oy [H = 1] (B.47)
= Pr[Hy1 = 0,Y5" € Dy [H = 1]+ Pr{H1 971 = 0,Y]" € Dy oy [H = 1] (B.48)
< Pr[Hiy1 = 0[H = 1] + Pr[Hy 0, = 0K = 1. (B.49)

The relay’s type-11 error exponent of the overall scheme is thus given by the minimum of the error exponents

of the single-hop scheme employed under Yj" € Dyqy and of two-hop scheme employed under Y* € Dy 3.
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By |2] and [33] and because these schemes have vanishing type-I error probabilities and respect the rate
constraints Ry and (R 231, Ry12),2), respectively, the exponent 61 in (4.24)) is proved achievable.

It remains to analyze the receiver’s type-lI error exponent:

A~

Bon = Pr[Ha = 0|H = 1] (B.50)
=Pr[Hs = 0,Yy" € (DyUDyyy)[H = 1] + Pr[Hy = 0,Y]" € Dy 0y |H = 1] (B.51)
=Pr[Hy = 0,Y" € Dy o3| H = 1] (B.52)
= Pr[H{12p2 = 0,¥7" € Doy |H =1 (B.53)
< Pr[H{1 952 = O[H = 1]. (B.54)

The receiver’s type-Il error exponent of the overall scheme is thus given by the error exponent of the
two-hop scheme employed under Yj' € Dy 0. By [33] and because this scheme has vanishing type-I
error probabilities and respects the rate constraints (R{LQ},I, R{LQ}’Q), the exponent 6y in (4.24) is proved

achievable.

B.4 Analysis of the coding scheme in Subsection 4.3.3.1.3| for ¢; > ¢

Now consider the two-hop scheme employed when Yj* € Dy gy, and let 7:1{172}71 and 7—1{1’2}’2 denote the
guesses produced at Ry and Ry when employing this scheme for any yg € ). Similarly, let 7:[{2},2 denote
the guess produced at Ry when employing the scheme for Y" € Dyoy, where we again extend the scheme to
the entire set Jjj. Note that in this case, i.e. when Y* € Dygy, the guess produced by Ry is 7:[{2}71 =1

By assumption, the type-I error probabilities of these schemes have the following limits:

lim Pr(flis 1 = 1/H =0] =1, (B.55a)
Tim Pr(fs0 = 1|1 =0] =0, (B.55b)
lim Pr[Hoyr =1H=01=0, ke{1,2}. (B.55¢)

Notice that for Y;;" € Dy both R; and Ry decide on Hi=Ho = 1. Applying the total law of probability,

we can write
a1, = Pr[H; =11 =0 (B.56)
=Pr[H; = 1,Yy" € Dy|H = 0] + Pr[H1 = 1,Y]" € Dy |H = 0] + Pr[H1 = 1,Y]" € Dyy 9y|H = 0](B.57)

= PI‘[YOn € 'DQ)”H = O} + PI‘[Yon S D{Q}’H = 0] + Pr[?jl{l’z}’l = l,YOn S 'D{l’g}’fH = O] (B.58)
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< Pr[Yy" € Dg|H = 0] + Pr[Y]" € Dyoy[H = 0] + Pr[H(19y,1 = 1|H = 0] (B.59)

Combining this inequality with (B.55)), and because in the limit n — oo Inequalities (4.19a) and (4.19¢)

turn into equalities, we conclude that the overall scheme satisfies the type-I error constraint:

H a1n S €1. (BGO)

n—o0

Similarly we have:
g = Pr[Hy = 1|1 = 0] (B.61)
=Pr[fy = 1,Y]" € Dy|H = 0] + Pr[Ha = 1, Yy € Doy |H = 0] + Pr[Ha = 1, Yy € Dyy o|H = 0] (B.62)
= Pr[YJ' € Dy|H = 0] + Pr[Hi9y0 = 1, Y] € Dygy[H = 0] + Pr[Hy 0y 0 = 1, Y7 € Dyy oy [H = 0] (B.63)
< Pr[Yg" € Dy|H = 0] + Pr[Hzy 2 = 1|1 = 0] + Pr[H{1 9y 0 = 1|H = 0] (B.64)
Combining this inequality with , and because in the limit n — oo Inequality (4.19¢) turns into an

equality, we conclude that the overall scheme satisfies the type-I error constraint:

E a2 n S €9. (B65)

n—0o0

For the relay’s type-1I error probability in the overall scheme we observe:

Bin=Pr[H; = 0[H = 1] (B.66)
=Pr[Hy = 0,Yy" € (Dy UDyoy)|H = 1] + Pr[Hy = 0,Yy" € Dyy oy [H = 1] (B.67)
=Pr[H1 = 0,Yy € Dyy oy |H = 1] (B.68)
=Pr[H{101 = 0,Yy" € Dyyoy|H = 1] (B.69)
< Pr[H{i 051 = 0[H = 1]. (B.70)

The relay’s type-11 error exponent of the overall scheme is thus given by the error exponent of the two-
hop scheme employed under Y € Dy 9. By [33] and because this scheme has vanishing type-I error
probabilities and respects the rate constraint Ry o) 1, the exponent 6; in (4.25a)) is proved achievable.

It remains to analyze the receiver’s type-II error exponent:

Ban = Pr[Hy = 0|H = 1] (B.71)
= Pr[Hy = 0,Y" € Dy|H = 1] + Pr[Ha = 0,Y§" € Dyoy|H = 1] + Pr[Ho = 0,Y]" € Dyy oy [H = 1] (B.72)
= Pr[Hy = 0,Yg" € Dyoy[H = 1] + Pr[Ha = 0, Yy € Dy oy |H = 1] (B.73)

= Pr[H{o)2 = 0,Yg" € Dyoy|H = 1] + Pr[H{1 930 = 0,5 € Dy oy H = 1] (B.74)
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< Pr[Hg)0 = 0[H = 1] + Pr[H {1 212 = 0/H = 1]. (B.75)

The receiver’s type-II error exponent of the overall scheme is thus given by the minimum of the error
exponents of the two-hop schemes employed under Y € Dyyy and under Yi* € Dy 53. By [33] and because

these schemes have vanishing type-I error probabilities and respect the rate constraints (Ryay,1, R{2},2) and

(Rg1,21,1, Ry1,21,2), the exponent 6 in (4.25b)) is proved achievable.

B.5 Proof of Lemma {4

Note first that by ({@.48):
D(Pgpninl|Plyy,) < log ALY, (B.76)
where we defined A,, £ Pynyp(D).
Further define
Uy 2 (Mo, V{1 Vi) (B.77)
U 2 (Mg, YL v, (B.78)
and notice:
H(My) > I(My; YY) + D(PynyallPryy;) +10g An (B.79)
= H(Y§'VT") + D(Pynynl|Pyy,) — H (YY" My) + log A, (B.80)
> nl[H(YorYir) + D(Py, 5, [1Provi)] = D H(Yo,V1|U1e) +log Ay (B.81)
t=1
= n[H(YorYir) + D(Py, 5, ,[1Pvovi) — H(YorYir|Uir, T)] + log A, (B.82)
> n[H(YorYir) — HYorYir|Uir, T)] 4 log A, (B.83)
= n[I(YoY1;U1)] + log A, (B.84)
>n |I(Yo; Uy) + %log Ayl . (B.85)

Here, (B.79) holds by (B.76); (B.81) holds by the super-additivity property in [36, Proposition 1], by the

chain rule, and by the definition of U’Lt and by defining T uniform over {1,...,n} independent of all other
random variables; and (B.84) holds by the definitions of Uy, Yy, Y] in the lemma.

We can lower bound the entropy of My in a similar way to obtain:
~ ~ 1
H(Mg) >n |I(Y1;U2) + —log A, | . (B.86)
n

We next upper bound the error exponent at the receiver. To this end, fix a sequence of real numbers
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{0, }22 satistying lim,, o0 £, /1 = 0 and lim,,_,o £, /+/n = 00. Define

Ay, (m2) £ {y5+ ga(ma, y3) = 0},

and its Hamming neighborhood:
Ay (m2) £ {55 < 3yh € Ayy(m2) st dpr(y3, 55) < b}
Since by Condition ,
Py gmyn (Avy (m2)lyg, 1) = n, - V(g yt) € D,

the blowing-up lemma [40] yields

‘e,
P?2n|}70"§71n (‘AYQ(mQ)‘ygv y?) >1—(n, V(yg, y?) €D,

for real numbers (,, > 0 such that ILm (n =0.

Define

A, 2 | {ma) x Ay (mo),

maEMo

il .
Ag & | {m2} x Al (mo),
moEMo
and notice that

Pagsp (A2) = 30 PragpWhovl) - Popisprp (Ava (0261 (58) vl u7)
(yo:y1)€D

- (1 - Cn)
Defining
£ 3" Py, (M) Pra () - 1{ga(mi,u7) = ma},

yl ;M1
we can write

QMQPY2n (Ai};n) < Qwm, Py, (/lg}; n) A3
= Z Qm,(m PY2 (AY2(m2)> A;3

maEMo

< > Qua(m2) P (Ayy(mg)) - e /™|y fnln AL

maEMo
no,
= ﬁ?,ne "

(B.87)

(B.88)

(B.89)

(B.90)

(B.91)

(B.92)

(B.93)

(B.94)

(B.95)

(B.96)

(B.97)
(B.98)

(B.99)

where 6,, £ hb(ﬁn/n)—i—% log(|Va| kn)— % log A, and k, £ min Dy, (y?). Here, (B.99)) holds by [44], Proof

oy Tr22)

of Lemma 5.1].

Combining (B.99) with (B.94) and standard inequalities (see [20, Lemma 1]), we then obtain:

140



APPENDIX B. PROOFS FOR CHAPTER 141

| 1 .
~—log o < - log <Q,\~,|2P?2n (AY2>> 44, (B.100)
1
< -
~n(l—¢)

We continue to upper bound the divergence term as

1
D(P,\/I Y”HQM Yn)—l—é —i—— (B.101)

D(Pg, i, |1Q, Prp) = I(M2;Y3") + D(Py, Q) (B.102)
< I(M2; Y3") + D(Pyy, || Py Py, ) (B.103)
= I(Mg; Y5") + I(My; Y7") (B.104)
:Z T(Ma; Yo [ Y3~ ) + T(My; Va4V (B.105)

t=1
gzn: I(MoYEY 1 Yo ) + I(M YT Y v y) (B.106)
t=1
:Z I(Usy; Yau) + I(Ur4 Ya,0) (B.107)
t=1
= n[I(Us,r; Ya,r|T) + (U1 7 Y1 7| T)) (B.108)
nlI(Uy T3 Yar) + 1(UL 2T Ve 1) (B.109)
= n[I(Uz; Y2) + I(Uy; V1)) (B.110)

Here is obtained by the data processing inequality for KL-divergence; by the chain rule;
by the Markov chain Yy~' — (Y{'Y{™") — Ya4; and (B.107)-(B-I10) by the definitions of
Ui, Uat, Ur, Us, Y1, Ya.

Following similar steps, we now prove the desired upper bound on the relay’s error exponent. Define

the acceptance region at Ry as
vi £ {(m1,97): g1(m,y7) = 0} (B.111)
Notice that for any given (yi,y}) the pair (m; = ¢o(y(),y7) lies inside the acceptance region Ay, with
probability either 0 or 1. Thus, for any n > 0 Condition (4.57) implies that for all pairs (yi,y]') € D the
corresponding pairs (my,y}) lie in Ay, with probability 1:
By yp(Avy) = 1. (B.112)
Following similar steps as in the analysis of the receiver’s error exponent:
Py, Py (Ay,) < P, Py (Ayy) A2 (B.113)

= B1nl,2 (B.114)
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Combining (B.112) and (B.114)) with standard inequalities (see |20, Lemma 1]), we further obtain

1 1 2
——log B0 < ——log ( Py, Py (Avin)) = log A,

1 /
< ED(PI\~/I1)71””PI\~/I1P~1") + 671

A

where §/, —% log A, + % and tends to 0 as n — oo.

We continue to upper bound the divergence term as

D(P|\~/|1371"||PI\7I1P171") = I(MU an)
n

D I(My; Y[V
t=1

I(M Y Y vay,)

NE

<

I
.

t

I(Ul,t; 171,t)

I
M§

w
I
—

=n

I(Uy ;Y17 |T))

—

< n[[(UyrT;Y17))

= n[[(Ul; }71)]

Here ([B.118) holds by the chain rule and (B.120)(B.123) hold by the definitions of Uy ¢, Uy, Y;.

(B.115)

(B.116)

(B.117)

(B.118)

(B.119)

(B.120)
(B.121)
(B.122)

(B.123)

Finally, we proceed to prove the Markov chain U; — Yy — Y7 in the limit as n — co. To this end,

notice the Markov chain M; — 370" — 171", and thus:

0= I(My; Y|V

> H(YP V) — HV V5L + D(Pypl| Py, ) + log Ay

> n[H(Yir|Yor) + D(Py, v, |1Prvi)] +log Ay — H (Y [Yg'M1)

n
> n[H(Yir|Yor) + D(Py, Ly, |1Provi)] +log Ay = > H (V1Yo Yy ™'Y My)

t=1

n
= n[HYir[Yor) + D(Py, 5, [1Provi)] +1og Ay — > H(Y14[Y0,014)

=1
> n[HY1 7|Yor) — HYi7|Yor, Uiy, T)] +log A,

> nl(Y1;Up|Yo) +log A,

(B.124)
(B.125)

(B.126)

(B.127)

(B.128)

(B.129)

(B.130)

where (B.126)) holds by the super-additivity property in [36, Proposition 1]; (B.127)) by the chain rule and
since conditioning reduces entropy; (B.128)) by the definition of UM and by recalling that T is uniform over
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{1,...,n} independent of all other random quantities; (B.129)) by the non-negativity of the Kullback-Leibler
divergence; and finally (B.130)) holds by the definitions of Uy, Yy, Y;.

B.6 Strong Converse Proof of Theorem

This strong converse proof relies on the method of change of measure arguments and asymptotic Markov
chains similarly to the one explained in more detail in Section [£.4.3.4 The main idea here is to apply the
change of measure arguments at each DC by restricting to observations in the intersection set between the
jointly typical sequences (of all observations until the current DC) and the acceptance region at the DC.
This leads to lower bounds on the rates of all links prior to the DC and to an upper bound on the error
exponent of the current DC. Since the different bounds have different distributions, the proof is concluded
by continuity and convergence arguments in the limit as n — co where the required Markov chains are also
shown to hold asymptotically. The technical proof is presented below.

Fix an exponent-tuple (01, ...,0k) in the exponents region £*(R1,..., Rk, €1,...,€x), and a sequence

(n) ((n) (n) _(n)
0

(in n) of encoding and decision functions {(¢y ', &1 ', ..., Py’ 1,91 - -- ,g%))}n21 achieving this tuple, i.e.,

satisfying constraints (4.182)) for maximum-rate constraints.

Fix an arbitrary k € {1,..., K} and set u, = n~1/3. Let Aj, denote the acceptance region of Rg, i.e.,
A= {090 9 (mi ) = 0}, (B.131)
where we define recursively my := d)(()n) (yy) and
me = 60" (me_1,5e1), e{2,... k) (B.132)
Define also the intersection of this acceptance region with the typical set:
Dy 2 A N T (Pyyvy)- (B.133)

By [44, Remark to Lemma 2.12] and the type-I error probability constraints in (4.182al),

Vol - - V]

Ap = Pynyn.yn(Dg) > 1 —¢ — ———— B.134
K Yovyve (Dr) > 1 — e iZn ( )

and thus lim, . Ap >1—¢;, >0asn— oo.

Let (}70”, 171”, R ?k”) be random variables of joint pmf
- ~ - PY",Y”,...,Y" (g87 g?u .. 7@]?) - ~ ~

Pf/on,)?ln ..... f/k"(ygvy?uvyl?) = I . A ]l{(y6L7y71177yl’2) € Dk} (B135)
Let also M, = qﬁg@l(lf/lg,l, Y7,) and T be uniform over {1,...,n} independent of
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(Y3, Y, ..., Y My, ..., My), and define Yy := Yy 1 for £ € {1,...,k}.

Lemma 10. There exist random variables {Un, ..., Uy} satisfying the (in)equalities
TLRKZH(MK) ZnI(Ufab—l)—i_lOgAkv te {Lak}’ (31360’)
I(Ug; Yol Ye1) = o16(n), (B.136b)
and
) ) k
—logPr{Hy = 0K =1, (Yg", ... ¥y') € Dy] < > I(Uy Yy) + g2(n), (B.136c)
=1

where the functions {01 ¢(n)}s_| and ga(n) all tend to 0 as n — occ.

Proof: Similar to the proof of Lemma [6] which is presented later in Appendix in addition to the

trivial inequality nRy > H(My). ]
The desired bound on 6 in is then obtained from above lemma by taking n — oo, as we explain

in the following. By Carathéodory’s theorem [48, Appendix C|, for each n there must exist random variables

Ui, ..., Uy satisfying (B.136]) over alphabets of sizes
Ul < |Ve1| - |Ve| + 2, te{l,... k}. (B.137)

We thus restrict to random variables of above (bounded) supports and invoke the Bolzano-Weierstrass

0)

theorem to conclude the existence of a pmf P)(,Z L Y,U, Over Y1 X V¢ X Uy, also abbreviated as P(Z), and an

increasing subsequence of positive numbers {n;}3°, satisfying

J4
lim Py g =P o Ce{l,... k), (B.138)

where Py o VoUsins denotes the pmf at blocklength n;.

By the monotone continuity of mutual information over finite pmfs, we can then deduce that

Ry > IP([)(UZ;ngfl)a te {17--~7k}7 (B139)
k

Ok <D Ipw (Up Yy), (B.140)
=1

where the subscripts indicate that mutual informations should be computed according to the indicated
pmfs.
Since for any blocklength n; the pair (Ye 1 Y”Z) lies in the jointly typical set ﬁ:fi'i)(Pw_lyg), we have

|Py271yé;m — Py, ,v,| < pn, and thus the limiting pmfs satisfy Px(/f),lyg = Py, ,v,. By similar continuity
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considerations and by (B.136b)), for all £ € {1,...,k} the Markov chain
U — Y1 =Y, (B.141)

holds under Pl(/f )71Y/z U

By the definitions of the functions {n¢(-)} and by (B.139)-(B.141):
k

Ok <> me(Ry), (B.142)
=1

which concludes the proof.

B.7 Analysis of the coding scheme in Section 4.4.3.1

Consider the £%-hop hypothesis testing scheme employed when Y{* € Dz, for Z € P(K). For any Z € P(K),
let /}:[:[71, cee 7—11,43 denote the guesses produced at terminals 1,...,¢; when employing this scheme, where
0% is defined in (4.196).

By assumption, the type-I error probabilities of these decisions tend to 0 as n — oo for any Z € P(K):
lim Pr[Hz, =1 =0,Y'€D7] =0, kel (B.143)
n—oo

Recalling that decision center k declares Hi, = 1 whenever YJ' € Dy or Yy' € Dz for a set T not containing

k, and applying the total law of probability, we can write

g = Pr[Hp = 1/H = 0] (B.144)
= Y Prfy=1Y €Dr[H =0 (B.145)
Ze(P(K)UD)
=PrlY7 €DyH =0+ > PrY7€DrfH =01+ > Prfy=1Y7eD[H=0] (B.146)
TeP(K): TeP(K):
k¢T kez
<SPrYJ €Dyl =01+ > PrYfeDrH =0+ Y Pr[Hz,=1/H=0Y] €D (B.147)
IeP(K): IeP(K):
k¢T kez

Combining this inequality with (B.143]), and by Inequalities (4.195]), we conclude that the overall scheme

satisfies the type-1 error constraints:

lim ap, <e, ke{l,...,K} (B.148)

n—oo

For the type-II error exponent at a decision center k we observe:

Brn = Pr[Hy, = 0/H = 1] (B.149)
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= ) Prfp=0,Yy €Dr[H =1] (B.150)

= > Pr[Hz,=0,Yy € DrlH =1] (B.151)
< Y Pr[Hzr=0H=1Y€Dy] (B.152)

Defining

1 .
0].371 = lim ——log PI”[HLk = O"H = 1,)/0” S DI], (B.153)
n

n—oo

we conclude by (B.152) that the exponent

min gk,I (B.154)
IeP(K):
kel
is achievable at decision center k. This proves in particular that when applying an instance of the multi-hop

scheme in [34] for each set Z € P(K), the exponents 01,...,0k in are proved achievable.

B.8 Proof of Lemma

Note first that by (4.219)):
D(Pyp..yp||PY, v ) < log A, (B.155)
where we defined A,, £ Pyp..yn (D).
Further define Uz}t = (|\~/Il, ffot_l, e Y}{l) for i € {1,..., K} and notice:

H(M) > IV Y3 V) + D(Prp g 1P ) + log A, (B.156)
= H( - YR) + D(Pyp 5| Py ye) — HT - VREIM) +log A, (B.157)

n
znlHXor - Yir) + D(Py gy |1 Pyovie)] = ZH(Yb,t < Ygt|Uit) +log Ay, (B.158)
=1

= n[H()}QT cee ?KvT) + D(P}} HPYO"'YK) — H(Y/O’T ce ?K,T’Ui,Ty T)] + IOg A, (B159)

o0 YrT
>n[HYor-Yir)— HYor - Yr|Uir,T)] + log A, (B.160)
=n[I(Yo--Yi;Up)] +log A, (B.161)
>n |1(Yio1; Uy) + %log Ayl (B.162)

Here, (B.156) holds by (B.155)); (B.158)) holds by the super-additivity property in |36, Proposition 1|, by the
chain rule, by the definition of f]i,t and by defining T" uniform over {1,...,n} independent of the previously

defined random variables; and (B.161)) by the definitions of U;, Y;, Y;—1 in the lemma. This proves Inequality

146



APPENDIX B. PROOFS FOR CHAPTER 147

(4.222)) in the lemma.

We next upper bound the type-II error exponent at Ry, for & € {1,..., K}. To this end, define the
acceptance region at Ry

Ay, 2 () gi(mi, ) = O}, (B.163)

Since for any tuple of sequences (yg, - - ,y%_4), the corresponding pair (my, y}) either lies inside or outside

the acceptance region Ay, , for any k € {1,..., K — 1}, Condition (4.224)) implies
Bayp (Avi) = 1, (B.164)
Define for any k € {1,...,K}:

Qu (M) 2 > Pral) Py (1) L{mi = ox(dp-1(-- (61(56) ), wi-1)},  (B.165)

Yo YT s Y1

and

Qui(mr) £ > Prp(yl) - Prp (Wioy) - L{mi = 6u(ma (- (61(98) ) wior)}. (B.166)

Yo YT Y1

We then have:

@, Prp (Avy) < Qu P, (Ayy) A+ (B.167)

= BenA, FHD, (B.168)

n

By (B.164)), (B.168)), and standard inequalities (see |20, Lemma 1), we further obtain

1 (k+1)
——log B < ——log (QMkPYkn (Ayk)> - log A, (B.169)
1
< —D(Pyg, 30 1Qw, Pyn) + o7, (B.170)
where 8/ £ —% log A, + 1 and tends to 0 as n — cc.
We continue to upper bound the divergence term as
D(Py, 7 |1Q, Prp) = I(Mi; i) + D(Py, [1Qg,) (B.171)
< I(Mk, Yk") —+ D(P?£71Mk71 Hp?ﬁ_lQqu) (B172)
< I(Mg; i) + I(My—13 Y32 ) + D(Pf/kn_gmk—Q | |P171372ka_2) (B.173)
k ~ ~
<Y (MY (B.174)
i=1
k n o ~
=3 1My ViV (B.175)
i=1 t=1
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k n
ZZ Vi Vi) (B.176)
k n
ZZ_: i1 Y (B.177)

k
Z Uir: Yir|T) (B.178)
=1
k
<n) I(U;Y)). (B.179)
=1

Here is obtained by the data processing inequality for KL-divergence; by the chain rule;
and f by the definitions of f]z-,t, Ui, ffz and T.

Combined with this establishes Inequality for any k € {1,..., K}. Finally, we proceed
to prove that for any k € {1,..., K} the Markov chain Uy — Yi_1 — Y, holds in the limit as n — co. We

start by noticing the Markov chain My — Yg* — (Y{%,--- ,Y}%), and thus:
0=TI(My; Y- YRV (B.180)
> H(Y\" - YRIVG) = HYP - YRIVIM) + D(Py gl | Py ) +log Ay (B.181)

n[HYir- - Yir|Yor) + D(Py,

o7 YK,T

[Pryyie)] +log Ay — HE - YRYIMY)  (B.182)

nlHYr - Yir|Yor) + D(Py,

o,T--YK,T |

‘PYO'”YK)] + 10g A,

n
= HMi - Yiea[You g ViV M) (B.183)
= n[H(ffl,T YKTD/() T) + D(PYO 7Y, T||PYO"'YK)] + log Ay
—nH(Yir - Yer|[YorYy - Y Yo MiT) (B.184)
>nl(Yig---Yir; Yy 'Y Y MiTYor) + log A, (B.185)
> nl(Yi---Yi; Up|Yo) + log Ay, (B.186)

where (B.182) holds by the super-additivity property in [36, Proposition 1]; (B.183) by the chain rule;
(B.185)) by the non-negativity of the Kullback-Leibler divergence.

Since A,, is bounded, %log A, tends to 0 as n — 0o, and we can conclude that

lim I(Y;---Yi;Ui|Yp) =0, (B.187)

n—oo

thus proving (4.223)) for k = 1.
Notice next that for any k € {2,...,K}:

I(Uk,?k’ffkfl) S I(Uk%?kf%}}kpjkal) (B188)
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= I(Up; Yi|Yo - Yie1) + I(Yy -+ - YVie_o; Vi Yie1). (B.189)
In the following we show that both quantities I(Ug; ffklffo e ffk_l) and I(ffo Yl ?k\?k_l) tend to 0 as
n — oo, which establishes (4.223)) for k € {2,..., K}.
To prove that I(Yy--- Yj_o; Yi|Yi_1) tends to 0 as n — oo, we notice that for any k € {2,..., K}:
D(Py . ¢, |1 Pyo-vic)
> D(Py, 5 ||Pyyi) (B.190)
= D(P;, .5, |Pyo-viy Privi ) (B.191)

- D(Pyo“'f/k"P370~~~37k—1p37k\57k—1) + ]EPY/kfl [D(Pf/klf/k_1 HPY/;QW;C_l)} + D(P?Om?k_l 1Pyvo-viy) (B.192)

2 D(Py, 5 |1Py. 5, Pry,) (B.193)
= I(Yo -~ Vio; Yi|Vi1). (B.194)

Since the tuple (Yp - - - Yx) lies in the jointly typical set ﬁ:)(PyoA..yK):
1Py, v, — Proviel < pine (B.195)

Recalling that u, | 0 as n — oo, and by the continuity of the KL-divergence, we conclude that
D(Pf,OUYKHPyO...yK) tends to 0 as n — oo, and thus by (B.194)) and the nonnegativity of mutual infor-

mation:
lim I(Yy--- Yy o;Yi|Ye 1) = 0. (B.196)
n—oo
Following similar steps to (B.180)—(B.185|), we further obtain:
0= I ¥ TR Vi) (B.197)

> H(Y - YRIVE Vi) = HY - YRYG - Y M) +log A,

+ D(Pyy 5 1P v, (B.195)
>n[HYer - Yer|Yor - Yioir) + D(PY/O,T...}}K’THPYO'“YK)] +log A,
—HY - YRV Y M) (B.199)
> n[H Y YerYor - Yieir) + D(Py, .5 2 [1Pro-vic )] 4108 A
n
S HT g Vil Vo Ve T Vi VM) (B.200)
=1

>nH(Yyr- Yir|Yor - Yioir) +log A,

—nH(Yyr - Yier|Yor - YierrYy b Y Yon o Y o M T) (B.201)
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>nl(Yer- Yer; Yy L YEIMTYor- Yio1r) +log A, (B.202)

=nI(Yy - Yi; Upl[Yo - Yio1) +log A,,. (B.203)
Since A, is bounded, %logA tends to 0 as n — oo, and we can conclude that

lim I(Y;-- Yi; Ui —1) =0. (B.204)

n—o0

Combined with (4.66)), (B.196]), and the nonnegativity of mutual information, this proves (4.223)) for k €
{2,...,K}.

B.9 Proof of Lemma [Tl

To show sufficiency of (4.246), start by fixing any set of nonnegative numbers {oz}zcp(3), and
{Rz1,... ,Rl',g;}zefp(g) satisfying (4.202)) for K = 3, (and possibly violating (4.246])). Choose new nonneg-

ative numbers 5{17273}, 6{7‘.(1)7“2)}, 5’{”(1),#(3)}, 6{71'(1)} satisfying

51 < o7, VI:n(l) €T, (B.205)
0(123) T Ofr()m(2)} = 1 — €r1) — €x(2) (B.206)
0{123) T 0(x(1)r(3)} = 1 — €x(1) — €x(3) (B.207)
and
0{123) T O (1)m(@} T O{r(1)x(3)} T O{r(1)} = 1 — €x(1)- (B.208)

The existence of the desired numbers can be checked by applying the Fourier-Motzkin Elimination algorithm
[52] and by noting Constraints (4.202). Further choose for any set Z containing 7(1) and ¢ € {1,...,¢;}

the rate:
Rz = Ry, (B.209)

and for any set 7 not containing 7(1) and £ € {1,...,05}:

07 =07+ 01,4 — 07, (B.210)
Rre:= %Ru + UI”(”&_ZUIWRZW(U,E, (B.211)

where we defined Z.(;) := Z U {m(1)}.
By Lemma the new set of numbers {61}167;(3), and {Rz,l, . ,Rz7g%}zep(3) also satisfies Constraints

(4.202), which proves that one can restrict to numbers {o7}zcp(3) satisfying (4.246). Since er(1) > er(2)
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and
o128} T Or() @)} T Tm@) @)} T @) 21— €x2)s (B.212)
this further implies that one can restrict to numbers {07 }7cp(3) satisfying
Tin(@2)m(3)} 2 Tr()m(@)} T O{m()} ~ {x(2)} (B.213)
Z Oln()m(3)} ~ T{r()} ~ T{n();m(2)} (B.214)
We next show that one can further restrict to nonnegative numbers satisfying also (4.247)). To this end,
assume that (4.247) is violated and define
@ = 0r(1)m(3)} ~ On(2)} ~ Ofm(1)m(2)} > O- (B.215)

Define also the new parameters

123 7= 01,28 Ta (B.216)
o) = Oln(m) + 0 (B.217)
Tla(a(3) = Fr)x(3) ~ @ (B.218)
Olr@)m(@)} = Fln(@)m(3)) @ (B.219)
or = 01, m(3) ¢ I, (B.220)

and the new rates

a (AZR{wu)m(a},e +(1- Ae)R{w@)m(z)},e) . G123 Riasye

(12310 = = = . fe{1,23},  (B22la)
{1,2,3} {1,2,3}
a (1= X)Rin()n(@)he + AeRin@)m(3)1.0 5 R
e = ( Sk (r9)) 4 HE@OITHEELE o r(3)) (B.221b)
e Tlr(@) O ln()
Ry, =Rz, T e PB3\{{1,2,3}{m(3)}}. (B.221c)

Notice that by the definition of a in and by (B.214), the parameters {0%} are all nonnegative, and
it is easily verified that they continue to satisfy for any choice of A\, A2, A3 € [0, 1].

We next choose the parameters A1, A2, A3 € [0,1] in function of the rates {Rz,} and the ordering 7(-),
and show that for the proposed choice of rates in , the exponents 601, 02, 03 are only increased. We
distinguish three cases.

For notational simplicity we assume 7(1) < 7(2). (The proof for 7(1) > m(2) is analogous.) This implies
that

1=7(1) <m(3) or 1=7(3)<m(2)=2 (B.222)
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and
2=7(2)<7(3)=3 or m(3) < m(2) =3. (B.223)
Case 1: If
m (R{nu),w(s)};) <m (R{n(z),w(s)}g) : (B.224)
choose
A =0, te{l,...,m(3)}, (B.225)
N =V Rinr@pe 2 Rinra@pe s L€ {r(3) 1,03}, (B.226)

Using the same proof steps as in Lemma [f] it can be shown that for this choice of the As the new rates in

(B.221) still satisfy Constraint (4.202a)) for 6,(3) because Ay = -+ = Ay(3) = 0.

To see that they satisfy also for 0 (1), notice that:
(1) ~ (1) 3
min ZW (R{W(U,w(s)},e) : ZW (R{1,2,3},z)
=1 =1
(1) B (1) {1 2.3} (1) .
<min{ > (R{W(I)Jr(?))},[) > e <R{7r (1),7(3)}, z) o > e (R{1,2,3},e) (B.227)

=1 {1 2,3} ¢=1 {1,2,3} ¢=1

f:]_ {17273}

(1)
< min {Z e (R{wuws)},e) - S (R{W(Q)m(i%)}vl)

a =~ -~
+0h 2.3} 1{m(1) =2} - max {’72 (R{w(l)nr(s)}g) 772 (R{n(2),ﬂ(3)},2) }
{1 2,3} Z ul (R{l 2,3}, Z) } (B228)
T3} o1

(1) (1)
< min {Z e (Rf{n(n,n(:a)},z) Z Me ( /{1,2,3},e> } : (B.229)
=1

where the second inequality holds by Assumption (B.224]) and the third inequality holds by the definitions
of the rates {Rj[17273}7£} and by the concavity and monotonicity of the functions {n(-)}.

Similarly, we notice for 6 (o):

7(2) m(2)
min {Z il (R{W(Q)Jr(g)}’[) ) Z Te (R{1,2,3},€> }
(=1 =

=1 T11,2,3} =1 {1,2,3} y=1

@ m(2)
< min {Z e (R{ﬂ 2).7(3) },e) = Z e ( Rix)n(3)), Z) 051,2,3} S ( 1%{1,2,3}1) } (B.230)

a

7(2) ) a min{n(2),7(3)} ~
< min Z Ne <R{7r(2)77r(3)}7g> y 7 Z e (R{W(Q),W(S)},Z)
(=1 {1,2,3} (=1
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m(2)
a
+

(1,23} = (3 )+1

+—F {123} ZW <R{123} e)} (B.231)

{123}8 1

max {W (R{m),w(a)},e) ) e (R{w(2),7r(3)},4)}

w(2) m(2)
< min {Z e (Rl men ) 2 (Rose) } ) (B.232)
=1 =1

where notice that the sum in the second line of (B.231)) is empty when 7(2) < 7(3). Here, the last
inequality holds by the definitions of the rates {Rf{l,z,s},z} and by the choice of the As and the concavity

and monotonicity of the functions {n,(-)}s.

Case 2: If 2 2
> (R{Tr(z),w(s)},e) <> m <R{w<1)m(3>}x> : (B.233)
choose ! !
A =1, Ce{l,... max{2,7(3)}}, (B.234)
=1 {R{W( D@ > Rin@, (3)}1} , ¢ e {max{2,7(3)} +1,...,3}. (B.235)

Using similar arguments as in the previous case, one can conclude that the new rates in still satisfy
. More specifically, since Ay = --- = Ay3) = 1 by , similar proof steps as in Lemma [5| can
be used to show that holds for 0 3).

To see that holds for 05y, recall that 7(2) > 2 and notice:

7(2) m(2)
min {Z Ne (R{W( 2),7(3)}, z) ) Z e (R{1,2,3},é> }

(=1

=1 911,23} =1 {1,2,3} ¢=1

7(2) ~ m(2)
< min { Me (R{w( 2),7(3) }z) = ZW (R{w }e) + % > e (R{m,g},e) } (B.236)

w(2) 2
< mi R (2).7 y R m(1l),m
< min 2 772( {r(2), (3)}7g> = ;W( {m(1), (3)},12>
+af{1 . I{n(2) = 3} - max {773 (R{m)ﬂr(s)},s) ;13 (R{ﬂ(2),7r(3)},3)}
(1)
+@ S ( R{m}ye) } (B.237)
{1 23} =1

m(2)
< min {im (R{W 2).7(3) }z) ZW (R{1 3},z> } : (B.238)

E_

where the second inequality holds by our assumption (B.233]) and since 7(2) > 2.
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Finally, (4.202al) holds for Gﬂ(l), because:
m(1)

min Z uli (R{ﬂu) ) Z e ( {1,2,3} 13)
=1

w(1) (1) ~

(1)
< min Z ne (R{n(n,w(g)},z) Z Ne (R{w (1),7(3)}, z) 051’2’3} Zm (R{Lz,s},e) (B.239)
=1 {1 2,3} ¢=1 {1,2,3} p=1

(1) m(1)
< min {Z e (Blaymone) - D (Riizape) } . (B.240)
/=1 /=1

where the second inequality holds by the assumption (1) < 7(2) and thus 7(1) < 2.

Case 3: Else, i.e., if

n (R{ﬂ(l)m(S)}J) > m (R{n(z),w(g)},1> (B.241)
and
2 _ 2 .
ZW (R{ﬂ(l)m(S)},ﬁ) < ZW (R{ﬂ(z),n(g)},e) . (B.242)
{=1 (=1
Choose
)\1 = 1, )\2 = /\, and )\3 = 0, (B.243)

for a value of A € [0, 1] so that the auxiliary rates

Rix()(3)}.2 = Ay x@)).2 + (1= N Rin()x(3)}.2 (B.244)
Riz@)x@}2 = (1= NRir1)x(3)).2 + ARx(2).7(3)).2 (B.245)
satisfy
m (R{nm (3)}, 1) +12 (Rixq), Zm (R{W(z 3} ) (B.246)
n (R{N(Z) m(3)}, 1) + 12 (Rin@)7(3)).2) ZW (R{nu) 3)},¢ ) (B.247)

Existence of the desired choice of A can be seen as follows. Notice first that for A = 0, relation (B.246]
holds with a “ > 7 sign because of Assumption . For A = 1, relation holds with a “ <7
sign because of Assumption (B.242)). By the continuity of the functions {n,(:)} and the intermediate value
theorem, there is thus a value A € (0, 1) such that holds with equality. Let A be this value and

notice that by the concavity of the functions {n,(-)}:

M (Rix @) + 12 (Rix(r)n(a) 2) + 0 (Rir@e@1) + 2 (Rpro mio).2)
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[\

2 i e (R{ﬂ(l),w({i)},ﬂ) + Z ul (R{w(g),ﬂ(za)},e) ; (B.248)

=1 =1
which combined with (B.246[) implies (B.247]).

Now that we established the existence of the desired value A, we continue to show that for the choice in
(B.243)), Constraints (4.202a)) remain valid. For 0, (;) this can be verified through the following steps, where

recall that 7(1) < 2:

m(1) (1)
min {Z Ne (R{W(l),W(S)},Z) ) Z Te (R{1,2,3},e) }
(=1 =1

(1) m(1) ~ m(1)
<min¢ > (R{m),w(g)},e) R > e <R{7r(1),7r(3)},ﬂ> + w > e <R{1,2,3},4) (B.249)
=1 {123} =1 {123} =1

m(1)
= min {ZW (R{w(l),w(z)},g) - a (m (R{ﬂ(l)ﬂr(g)},l) + 1{n(1) =2} - m2 (R{z(1),m(3)}.2) )
=1 {1,2,3}

~ m(1)
+M Z e (R{1,2,3},£> } (B.250)

g
{1,2,3} ¢=1

m(1) w(1)
< min {Z e (Biet mone) « 2o Bz e) } ) (B.251)
=1 =1

where the second inequality holds since 7(1) < 2, and by (B.242)) and (B.246]), and the last inequality holds

by the definitions of the rates {Rf{13273}7 /) the choice of the \s, and the concavity and monotonicity of the
functions {n(-)}.
To verify that Constraint (4.202a)) remains valid for 6 (), recall that 7(2) > 2 and notice:

7(2) m(2)
min {Z Ne (R{ﬂ(2)7ﬂ(3)}7£> ) Z e (R{l,z,B},e) }
_ (=1

m(2) m(2) - 7(2)
~ ~ g ~
<min{ Y n (R{w(z),ﬂ(g)},e> , > e <R{w(2),ﬂ(3)},z> + 2N, <R{1,2,3},z) (B.252)
=1 (12,3} 1= {123} 1=
w(2) ~ a 2 R B
= min Z ul; (R{ﬂ-(g)ﬂr(g)}’[) ) ﬁ <Z e (R{ﬂ(Q)nr(?’)},E) +1{m(2) =3} 13 (R{w(2),7r(3)},3>>
=1 1,2,3} \¢=1
0{1,2,3} L
+—— ZW (R{l,z,s},e> (B.253)
(1,23} =1
w(2) ~ a ~ B
= min Z Ne <R{W(2)7W(3)}74> , 0%1 va) (771 <R{7r(1)77l'(3)}71) + 12 (R{w(l),w(fi)},?))
2:1 1<y
+—1{n(2) = 3} -ms (R ) Jprea %2:)774 (Rerom.)
=9y 7(2),7(3)},3 P 1,2,3},¢
0%17273} {m(2),7(3)} 0%1,273} v {1.2,3}
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(B.254)

~(2)
<m1n{277g (Rir@)mone) s an( ’{17273}0}. (B.255)

Here, the second equality holds by (B.246]).
Finally, to see that Constraint (4.202a)) is also satisfied for 0 (3), we distinguish two cases. If 7(3) = 1,

the proof is similar to the proof of Lemma [5| because Ay = 1. For the proof in the case 7(3) > 2, notice

first:

7(3) m(3)
min {Z e (R{W(Q)Jr(g)}’f) ) Z Ne (R{1,2,3},£) }
(=1

7(3) m(3) m(3)
< min {Z e <R{7r(2),w(3)},€> : > e (R{w 2).7(3)}, z) 0{1’ = > e (R{1 2,3}, e)} (B.256)

(=1 {123}e 1 {1,2,3} ¢=1

~(3)

. ~ a a

= min { > e (R rone) - —m (s + M2 (Rix(1)2(3)} 2)
=1 {1 2,3} {1 2,3}

- m(3)

N 0{1,2,3 ~

+——Un(3) =3} - me <R{7r(2),7r(3)},€> 123 > e (R{1,2,3},z>
T(1,2,3} 9123} 11

(B.257)

~(3) ~(3)
< min {ZW (Rr)mane) ZW (Riuoaye) } (B.258)

where the equality holds by Assumption ([B.246|).

Notice further that

7(3) (3)
min {Z Ne <R{7r 1),7(3) }g) Z ne (R{7r }E) }

(=1

/
=1 Tin(3)} =1 Tlx(3)}) 1

(3) (3) ~ (3)
< min {ZW <R{7T(1),7r(3)},€> - > e (R{W(l),w(fi)},f) 4 Zr@) > e (R{W(S)} e)} (B.259)

w(3)

. ~ a ~ a —

<ming Y (R{n(l),w(3)}7€> ) (R{N(Q)Jr(?))},l) T (Rir(@).m(3).2)
— {(3)} {=(3)}

~ w(3)

a 5 Oix(3 ~

o {m(3) =3} -ms (R{w(l),ﬂ(?;)},?)) +Uf ) > e (R{W(B)},E>
{m(3)} {m(3)} ¢=1

(B.260)

w(3) m(3)
< min {Z e (Rioy miony o) + D2 (R ) } : (B.261)
/=1

where the second inequality holds by (B.247)).
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Appendix C

Proofs for Chapter

C.1 Analysis of the coding scheme in Subsection [5.5.1

Let 7:[11» denote the hypothesis guessed by Ry, for ¢ € {1,2}, and Rz; the maximum rate of message M;,
for i € {0,1,2}, when the scheme in 28] is employed with auxiliaries (Uz,Uz,1,Uz2), for Z € P(2), to the

present setup. By assumption, the type-1 error probabilities of these schemes tend to 0 as n — oc:

Tim Pr[f;y, = 1/H =0] =0, (C.1a)
lim Pr(fs 0 = 1|1 = 0] =0, (C.1b)
Tim Pr(flop =1H=0=0, ke{1,2}. (C.1c)
We can then write:
a1, = Pr[Hy = 1|1 = 0] (C.2)

=Pr[H; = 1,Yy' € Dy|H = 0] + Pr[H, = 1,Y7" € Dy [H = 0]
+Pr[Hy = 1,Y]" € Dy oy [H = 0] + Pr[H1 = 1, Y € Dygy|H = 0] (C.3)
= Pr[Y]" € Dy|H = 0] + Pr[H1y1 = 1,Y§" € Dyyy[H = 0]
+Pr[Y]" € Doy H = 0] + Pr[H(1 01 = 1, Y] € Dyy oy H = 0] (C4)
< Pr[Yg" € Dy] + Pr[Yy" € Dygy] + Pr[H 1 = 1/H = 0] + Pr[H1 0y, = 1|/H = 0] (C.5)
Combining this inequality with , and because in the limit n — oo Inequalities (5.30) turn into

equalities, we conclude by (5.28)) that the overall scheme satisfies the type-I error constraint:

H a1 n S 1-— 0'{1’2} — 0'{1} § €1. (CG)

n—o0
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Analogously, we have

aan = Pr[Hy = 1/H = 0] (C.7)
=Pr[Hy = 1,Y]" € Dy|H = 0] + Pr[Ha = 1, Yy € Dy |H = 0]
+Pr[Hy = 1,Y" € Dyy oy [H = 0] + Pr[Ho = 1, Y] € Dygy|H = 0] (C.8)
= Pr[Y" € Dy|H = 0] + Pr[H {19y 0 = LY € Dpy o[ H = 0]
+Pr[Y]' € Dyyy|H = 0] + Pr[Hyoy 0 = 1, Yy € Dygy [H = 0] (C.9)
< Pr[Yy' € Dg] + Pr[Yy € Dyyy] + Pr[Hyay 0 = 1/H = 0] + Pr[H1 0y 2 = 1[H = 0] (C.10)
Again combining this inequality with , and because in the limit n — oo Inequalities (5.30) turn into

equalities, we conclude by (5.28)) that the overall scheme satisfies the type-I error constraint:

lim ag, <1-— of1,2) — 0f2y < €. (C.11)

n—o0

For the type-II error probabilities we obtain

Bin = Pr[H1 = 1|H = 0] (C.12)

=Pr[f1 = 1,Y]" € Dy|H = 0] + Pr[H1 = 1, Yy € Dy op|H = 0]

+Pr[Hy = 1,Y]" € Dy [H = 0] + Pr[Hy = 1,Y]" € Dygy|H = 0] (C.13)
=Pr[H{9y1 = LYy € Dy oy|H = 0]+ Pr[Hyy 1 = 1,Y]" € Dy |[H = 0] (C.14)
< Pr[Hpo1 = 1H = 0]+ Pr[Hy, = 1/H = 0] (C.15)
and analogously
B < Pr[Hi0y0 = 1/H = 0] + Pr[H a0 = 1|H = 0]. (C.16)

Taking logarithms, dividing by the blocklength n, and letting n — oo, we then obtain for i € {1,2}:

lim —llogﬁm = min{ lim 1 log Pr[H 10y, = 1/H = 0], lim ! log Pr[H iy, = 1|/H = 0]} (C.17)

n—oo N {nﬂoo n nooo N
= min {I(Ug123,0U11.2}.45 i), T(UgiyoUsy,i3 Yi) } s (C.18)
where the last equality holds by the error exponents derived in [28] for each employment under the event
Yy € Dz (Z € P(2)) of the optimal scheme with vanishing type-I error probabilities and respecting
maximum-rate constraints (Rzo, Rz 1, Rz2). Note that we set Ri1y2 and Rygy 1 to be approximately 0

(two bits do not impact the communication rate as the blocklength n grows largely).
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In fact, the expected lengths of the messages are given by

Eflen(Mo)] <24 Y o7 -nRro (C.19)
TeP(2)
and for i € {1,2}
E[len(l\/ll)] S U{I,Q}nR{l,Z},i —+ U{z}nR{Z}’Z (020)

Since the chosen random variables Uy oy .0, Uq1,2),1, Ug1,2),2: Ug1y,0, Ug1y,1, Ug2),0: Ugey 2 and probabilities

01,2}, 01}, 02y satisfy Conditions (5.23)(5.24), and since by [28] , for i € {1,2} and T € P(2)

Rz = 1(Uz,0;Y0) + p, (C.21)
Ry = I(Up 23,6 Yol Upiay.0) + 1, (C.22)
Ry = I(Upyi YolUgyo) + iy (C.23)

for an arbitrary small u > 0, we conclude that in the limit n — oo and p | 0 the expected lengths of the

messages satisfy the rate constraints (5.3]).

C.2 Proof of Lemma
Throughout this section, let hy(-) denote the binary entropy function, and D(P||Q) the Kullback-Leibler
divergence between two pmfs on the same alphabet. Note first that by (5.41)):

D(Py||Py,) <log ALY, (C.24)

where we defined A,, £ Pyy (D).
Further define ont = (|\7|0, }7(;71) and ULt = |\7|1, 02,t £ M, and notice:

H(Mo) > I(Mo; Y§'") + D(Pya | Py) + log A, (C.25)
= H(Y§") + D(Py, | P) — H(Yi'|Mo) + log Ay, (C.26)
> n[H(Yor) + D(Py, |Pyy)] = Y H(Yo.|Uoy) +log A, (C.27)
t=1
= n[H(Yor) + D(Py, ,||Py,) — H(Yo,r|Uor,T)] +log Ay, (C.28)
> n[H(Yo,r) — HYo,r|Uor, T)] + log Ay (C.29)
= n[I(Yo; Up) + %mg Ayl (C.30)

Here, ((C.25) holds by (C.24)); (C.27) holds by the super-additivity property in [36, Proposition 1], by the
chain rule, and by the definition of Up,; (C.28) by defining T uniform over {1,...,n} independent of all
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other random variables; and (C.30) by the definitions of Uy and Yp in the lemma.

We lower bound the entropy of My and My for i € {1,2}:

H(M;) > I(M;; Y Mo) (C.31)
> Y I(Mg; Yo [MoYg™h) (C.32)
= ;:Il Us; Yor|Uor, T) (C.33)
= nl (U Y5|Us) (C.34)

where holds since conditioning can only reduce entropy and since M, is a function of 170", and
(C33)(C-34) hold by the definitions of Uy, U1, Us, Yo, and Up.
We next upper bound the error exponents at the decision centers. In the following, we note that the
pair (mg, m;) is always determined as a function of yj.
Define for i € {1,2}
Ay, n(mo,mi) £ {y7": g™ (mo, mi, ') = 0}, (C:35)

and its Hamming neighborhood:
Ay (mo,my) £ {G7 < 3yl € Ay, n(mo, mi) st dir(yf', 37°) < b} (C.36)

for some real number £, satisfying lim,, o £, /n = 0 and lim,,_, £, /+/n = oo, and where dg (-, -) represents

the hamming distance between two sequences. Since by Condition ((5.44]),

Py g (Ay;n(mo, mi)lyg) = n,  Vyg € D, (C.37)

by the blowing-up lemma [40]:

Pynigp (A2 u(mo,moly ) 21— Gy Vi €D, (C.38)
for a real number ¢, > 0 such that lim ¢, = 0.

n—oo

Define

Ay = U {mo, m;} x Ay, n(mo, m;) (C.39)

(mo,mi)GMoXMi

and

Ay, & U {mo, mi} x Afr | (mo, my), (C.40)
(mo,m;)EMox M;
and notice that

Paoi v (A% ) = D~ Poo(yt) - Py (A7, (mo. my) lyg) (C.41)
yy €D
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> (1 - (n) (0'42)
Finally, we can write

Pagia, P (A52.,) < Paow P32 (Afz,) A2 (C.43)
Z PMOMi(m(], mZ)P{}L (Ag};n(mo, m2)> AT_LQ (044)

(mo,mi)e

MUX./\/M,
< ST Pugm, (mo, mi) P (Ay, (mo, my)) - e /M|y okl A2 (C.45)

(mo,m;)€

MOXM»L'
= Bine™", (C.46)

where 6,, = hy(€n/n) —1—%” log(|V;] - kn) — 2log A, and k, £ min Prilw), Here, (C.46
y

e PYZ-(Z/D

of Lemma 5.1].

Combining (C.46) with (C.42)) and standard inequalities (see |20, Lemma 1]), we then obtain:

—%logﬁm < —llog (P <A )) + o,

1 1
= n(l — Cn)D<PM0M Y"” MOM ) + On + -

where (, and J, both tend to 0 as n — co. We continue to upper bound the divergence term as
D (P, | Piagin, Prn) = 1(MoMi Y/")

n
= I(MoMg; Vi, [V )
=1

<ZI (MoM; Y7177 ,)
=1
[l (UoxUs; Yir|T))]
n[l(UoxTUs; Yir)]
= n[[(UpU;; Y;)].
Here, (C.50) holds by the chain rule; (C.51) by the Markov chain Y™
(C52)(C.54) by the definitions of T, Uy, Uy, U, Yi.

C.3 Strong Converse Proof to Theorem

Fix an exponent pair in &}

holds by [44, Proof

(C.47)

(C.48)

(C.49)

(C.50)

(C.51)
(C.52)
(C.53)

(C.54)

— (Yy'MoM;) — Yis; and

(Ro, R1, R2,€1,€2) and a sequence (in n) of encoding and decision functions

max
{(¢p™, g™

,g2 )} satisfying the constraints on the rate and the error probabilities in (5.7a)), (5.7bf), (5.7c).
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Fix a positive 7 > 0 and a blocklength n and choose p,, = n=%/3. Define for i € {1,2}, the sets
Bi(n) £ {yg € T (Py,): Pr[Hi = 0]Yg" = yg, 1 = 0] > n}, ie{l,2}, (C.55)
D(n) = Bi(n) N Ba(n). (C.56)
Further define the probability
A2 Py (D)), (C.57)
and notice that by the laws of probability
A > max{ Py (Bi()) + Pyp(Ba(n)) — 1,0}, (C58)
By (5.74a), it can further be shown that for i € {1,2}:

1—e <> Pr[H; = 0]Yg" = yg', H = 0] - Pyp () (C.59)

Yo
< > P =07 =yg, H =00 Pyp(yg)+ Y Pr[Hi=0]Y]" =yg, H =0]-Pyp(ys)(C.60)

ypeET yp g

< ) PHi=0Y =y, H=01-Po)+ > Pplp)+0-Pp(T)  (C61)
yneT NB;(n) e EB;(n)

< (1 — Py (Bi(n)) + Pyp (Bi(m)) + PR (T, (C.62)

Thus, by (C.62) and |44, Lemma 2.12]:

1— €1 — €y —
A > max{ a-e-n_ ,0} : (C.63)
I (1 =n)pnn

and we conclude that in the limit as n — oo and 7 |} 0:

lim lim A > max{l —¢; — €2,0}. (C.64a)

77¢0 n—oo

We proceed by applying Lemma @]to the set D(n) with positive probability A > 0. By initial condition,
€1 + €2 < 1, and thus for n > 0 sufficiently small and n sufficiently large, by A is positive and
we can apply Lemma (4] to the set D(n). By this Lemma @], and using also the maximum-rate constraints
, alongside the trivial inequality nR; > H(|\~/Iz), for all 7 € {0,1,2}, we conclude that there is a tuple

(Uo, Ul, Ug) satisfying

nRy > H(Mo) > nl(Us; o) + log Pyy (D(n)), (C.65)
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and for i € {1,2} :
1 -
- log Bin< I(UgUs; ;) + @i(n), (C.67)

where for each i, the function g;(n) | 0 as n — oo and the random variables Yo, Y, I\N/Io7 M; are defined as in
the lemma applied to the set D(n).

Thus we have proved so far that for all n > 1 there exists joint pmf Pyt o v, 1

Py Py w15, Poon v 9, (abbreviated as P(™) so that the following conditions hold for i € {1, 2}
Ro > Ipw) (Up; Yo) + g1(n), (C.68a)
R; > I (Ui Yo |Up), (C.68b)
0i < Ipw (UoUi; i), +g2.4(n), (C.68¢)

for some nonnegative functions g;(n), g2,i(n) with the following asymptotic behaviors:

Jim_gi(n) =0, (C.69)
ILm g2.i(n) =0, Vi € {1,2}. (C.70)

The rest of the proof follows the same steps as the proof of the converse in Section By Carathéodory’s
theorem [48, Appendix C], there exist for each n random variables Uy, Uy, Us satisfying (C.68)) over alphabets

of sizes

’Uo‘ < ’y()‘ + 3, (0.71)

Ui| < |tho| - [ Vo] + 1, i€ {1,2}. (C.72)

Invoke the Bolzano-Weierstrass theorem and consider a sub-sequence plw)
UoU1U3YpY1Y2

limiting pmf P 17, 17,v0v,y,- For this limiting pmf, which we abbreviate by P*, we conclude by (C.68a)-
(C.68c) that for all i € {1,2}:

that converges to a

Ry > Ip+(Uo; Yo), (C.73)
R; > Ip-(U;; Yo|Up), (C.74)

Notice further that since for any k, the sequence Yj** lies in the typical set ﬂf: :) (Py, ), we have \Pg”“) —Py| <
0

pin,, and thus the limiting pmf satisfies Py, = Py,. Moreover, since for each ny the pair of random variables

(171, }72) is drawn according to Py, y,y, given Yo, the limiting pmf also satisfies P;IYQ\YO = Py v,|yv,- We also

notice that under P* the Markov chain (Uy, U, Us) — Yy — (Y1, Y2) holds.
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This concludes the strong converse proof.

C.4 Proof of Corollary

By Theorem [16], £*(Ro, 0,0, €1, €2) is the set of all (61,6,) pairs satisfying

0; < min {I(Uo;Yz‘),m(R{i},o)}, 1€ {1,2}. (C.76a)

for some nonnegative numbers oy 9y, 01}, 02}, with sum < 1 and satisfying (5.35d)) and (5.35¢]), a condi-

tional pmf Py |y,, and nonnegative rates Ry} o, Ry2},0 such that
Ro > 041,941 (Uo; Yo) + 013 Ry1y0 + 023 Rizy0- (C.76b)
Notice that without loss in optimality, in the evaluation of above region, we can restrict to tuples
(PUO|YO7 R{l},07 R{Q},O) satisfying
I(Uo; i) > ni (Rgiyo) » (C.77)
which by the maximum in the definition and by the non-decreasing monotonicity of function 7;(-) implies

In fact, if (C.77) is violated, rates Ry, and/or Ry can be reduced without changing (C.76a)) and so

that (C.77) holds.
We next show that any exponent pair (61, 62) and tuple (Py,|v;, R{1y,0, R2},0) satisfying (C.76), (C.77),

and
I(Uo; Yo) < Rizyyo + Rzt 0 (C.79)
also satisfies (5.40). The constraints on the exponents (5.40al) and (5.40b)) are easily verified. To verify
(5.40c), notice that when oy 2y > 1 — erq):
Ro > 001,231(Uo; Y0) + 0z} Riz(1)1,0 + 0= Rir2)1.0 (C.80)
= (1 = &)1 (U0; Yo) + 0z} Rin()y0 + (0112) — 1+ €x(1)) L (Uo; Y0) + 0 r2)y Rir2)3,0 (C-81)
> (1 = ex(1)) I (Uo; Yo) + (€x(1) — €x(2)) Rix(2)1.0 (C.82)
where ((C.82)) holds since o (x(1)} Rx(1)},0 = 0, 1(Uo; Yo) > Ryr(2)3,0 by (C.78), and o1 2y +0r(2)y > 1—€x(2)
by (535d).

For 05191 <1 — €.y, the rate constraint ((5.40c)) can be verified as follows:
{1.2} (1)

Ro > 001,231(Uo; Y0) + 0z} Rin(1)1,0 T 02} Bir2)1.0 (C.83)
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> oq1,201(Uo; Yo) + (1 = €x1) — 01,21 Rir(1)1.0 + 02 Bin(2)1.0 (C.84)
> 0019y 1(U0: o) + (1 = €x(1) — o1.2)) (Bir()}.0 + Bix@3.0) + (€x(1) = €x2)) Biz@30  (C.85)

2 (1 = ex1))I(Uo; Yo) + (€x(1) — €x(2)) Bin(2)1.0 (C.86)

where (C.84) holds by (5.35d), indicating oyr1yy > 1 — €x(1) — 01,23 (C.85) holds because o(r2) >
1 — €x(2) — 01,2y by (6.35d)), and (C.86) holds by (C.79) and by oy 93 < 1 — €x(1). This establishes that
(C.76)) holds under condition (C.79).

The proof is concluded by showing that for any tuple (01,02, Pyy|v,, R{1},0, Ry2},0) satisfying (C.76),

, and
I(Uo; Yo) > Rizy}0 + Rir2)}1,00 (C.87)
we can find a pmf PUO\Y()’ satisfying when Uy is replaced by Uo.
To this end, choose a bivariate Uy = (U{l}yo, U{z},o) such that U{l},o - Yy — U{Q}p forms a Markov

chain and for each i € {1,2} the new random-variable ﬁ{i}p achieves n; (R{i}@), ie.,
Reyo =1(Ugy0:Yo)  and i (Riiy0) = (U0 Yi)- (C.88)

Since for any i € {1,2} we have I(Up;Y;) > I(U{i}@; Y;) = ni(Rgiy,0), the exponents satisfy

01y < min {1 (Uo; Y1), 1) (Rir(iy10) b = 1) (Riz()10) < I(Uy; Yra)) (C.89)
Or(2) < min {I(Uo; Ya(2)): (2 (Rir(2)),0) } = M2) (Bim2)1,0) (C.90)
= min {I(To; Yr(2)), @) (Riz@1.0) (C.91)

where the equalities in (C.89) and (C.90) hold by (C.77)). Similarly,

Ry > 011931 (Uo; Yo) + o (xR (1)1.0 T o (@) Rin(2)}.0 (C.92)
> (1= ex) Rizypo + (1 = €r(2)) Rix2)}.,0 (C.93)
= (1= ez (Ugr(1.0: Y0) + (1 = €2 (Ugn2)y.0: Yo) (C.94)
> (1= ex) I (Ugr(a)y.0: Y0) + (1 = €x0)1 (Ugri2)}.03 YolUgr(a)y.0) + (en(1) = €n@) 1 (Ugn(2y.0: Yo) (C.95)
= (1 = ex)) 1 (U0; Y0) + (ex() — €x(2)) I (Ugn(2)3,03 Y0) (C.96)

where inequality (C.93)) holds by the assumption that I(Uo; Yo) > Ryiy,0 + Ry2},0 and by condition (5.35d));

equality (C.94) holds by (C.88)); inequality (C.95) holds by the Markov chain 0{1}70 — Yy — (?{2}70; and
(C-96) holds by the chain rule and by the definition of U.
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Résumé: Les tests d’hypothéses distribués ont de
nombreuses applications dans la sécurité, la surveil-
lance de la santé, le controle automobile ou la détec-
tion d’anomalies. A l’aide de capteurs distribués, les
centres de décision de ces systémes visent & distinguer
une situation normale (hypothése nulle) d’une situa-
tion d’alerte (hypothése alternative). Nous nous con-
centrons sur la maximisation de la décroissance ex-
ponentielle des probabilités d’erreur de type-1II (corre-
spondant aux détections manquées), avec un nombre
croissant d’observations, tout en maintenant les prob-
abilités d’erreur de type-I (correspondant aux fausses
alertes) en dessous de seuils fixés. Dans cette thése,
nous supposons que différents systémes ou applica-
tions partagent les ressources limitées du réseau et
imposent des contraintes de taux moyen sur les liens
de communication. Nous caractérisons les premiéres
limites fondamentales de la théorie de l'information
sous des contraintes de taux moyen pour les systémes

avec capteurs multiples et centres de décision multi-
ples. Notre caractérisation révéle un nouveau compro-
mis entre les exposants maximaux d’erreur de type-II
aux différents centres de décision qui découle des dif-
férentes marges a exploiter sous des contraintes de taux
moyen correspondant aux différents seuils d’erreur de
type-1 des centres de décision. Nous proposons une
nouvelle stratégie de multiplexage et de partage du
taux pour atteindre ces exposants d’erreur. Notre
stratégie se généralise également & toute configuration
avec des contraintes de taux moyen et permet d’obtenir
des gains prometteurs par rapport aux résultats sur la
meéme configuration avec des contraintes de taux max-
imal. La méthode de preuve de "converse" que nous
utilisons pour caractériser ces limites théoriques peut
également étre utilisée pour dériver de nouveaux résul-
tats de "converse forte" sous des contraintes de taux
maximal. Elle est méme applicable & d’autres prob-
lémes tels que la compression ou le calcul distribué.

Title: Sharing Resources for Enhanced Distributed Hypothesis Testing

Keywords: Distributed hypothesis testing; Error exponents; Expected-rate constraints; Sensors; Decision

centers; Rate-sharing

Abstract: Distributed hypothesis testing has many
applications in security, health monitoring, automo-
tive car control, or anomaly detection. With the help
of distributed sensors, the decision centers (DCs) in
such systems aim to distinguish between a normal sit-
uation (null hypothesis) and an alert situation (alter-
native hypothesis). Our focus will be on maximizing
the exponential decay of the type-II error probabilities
(corresponding to missed detections), with increasing
numbers of observations, while keeping the type-I er-
ror probabilities (corresponding to false alarms) below
given thresholds. In this thesis, we assume that dif-
ferent systems or applications share the limited net-
work resources and impose expected-rate constraints
on the system’s communication links. We character-
ize the first information-theoretic fundamental limits

under expected-rate constraints for multi-sensor multi-
DC systems. Our characterization reveals a new trade-
off between the maximum type-II error exponents at
the different DCs that stems from different margins to
exploit under expected-rate constraints corresponding
to the DCs’ different type-I error thresholds. We pro-
pose a new multiplexing and rate-sharing strategy to
achieve the error-exponents. Our strategy also gen-
eralizes to any setup with expected-rate constraints
with promising gains compared to the results on the
same setup under maximum-rate constraints. The con-
verse proof method that we use to characterize the
information-theoretic limits can also be used to derive
new strong converse results under maximum-rate con-
straints. It is even applicable to other problems such
as distributed compression or computation.
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