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SORBONNE UNIVERSITÉ

Résumé
Institut d’Astrophysique de Paris - CNRS

Accélération et dissipation dans les sources astrophysiques relativistes

by Virginia BRESCI

Selon le paradigme usuel, le rayonnement non-thermique issu des sources astro-
physiques de haute énergie résulte in fine de la dissipation d’un réservoir d’énergie
en un gaz de particules accélérées. L’etude menée dans le cadre de ma thèse a
porté sur deux mécanismes génériques : l’accélération de particules autour de fronts
d’ondes de choc et l’accélération de particules dans les plasmas turbulents, dans
le régime relativiste. À cette fin, nous avons conduit des simulations numériques
particle-in-cell (PIC) à grande échelle, en parallèle de développements analytiques.
Dans une première partie, nous avons déterminé le mecanisme de saturation de
l’instabilité électromagnétique qui gouverne la physique des chocs relativistes, faible-
ment magnétisés. Dans une deuxième partie, nous avons testé à l’aide de simula-
tions cinétiques un modèle récent d’accélération non-résonante dans une turbulence
magnétisée. Enfin, dans une dernière partie, nous avons étudié l’interaction d’un
choc magnétisé relativiste avec un plasma turbulent ; cela nous a notamment per-
mis de montrer que cette interaction peut donner lieu à l’accélération de particules
dans un régime de magnétisation dans lequel l’accélération autour d’ondes de choc
semblait auparavant inefficace.
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Abstract

Acceleration and dissipation in relativistic astrophysical sources

It is generally accepted that the observed radiation from high-energy, powerful as-
trophysical sources fundamentally derives from the dissipation of the energy carried
by an outflow into a population of accelerated particles. The work conducted in this
PhD has focused on two generic mechanisms: particle acceleration at shock fronts
and particle acceleration in turbulent plasmas, in the relativistic regime. To do so,
we have conducted large-scale particle-in-cell (PIC) numerical simulations, which
we have combined with analytical developments. In a first part, we have deter-
mined the saturation mechanism of the electromagnetic instability that governs the
physics of weakly magnetised relativistic shocks. In a second part, we have tested
against kinetic simulations a recent model of non-resonant particle acceleration in
magnetized turbulence. Finally, in a last part, we have studied the interaction of a
relativistic magnetised shock with a turbulent flow; we demonstrate, in particular,
that this interaction can revive particle acceleration in a regime of magnetization in
which shock acceleration was thought to be inefficient.
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Chapter 1

Introduction

The non-thermal radiative spectra observed in a wide variety of high-energy astro-
physical sources are believed to result from the dissipation of a bulk energy reservoir
into accelerated particles. Magnetic reconnection, acceleration at flow discontinu-
ities and acceleration by scattering on magnetised turbulence, including in shear
flows, are likely underlying the physic of acceleration in those sources. In a nut-
shell, magnetic reconnection is the non-linear process whereby magnetic energy is
transferred into kinetic energy by rearranging the magnetic field topology; stochas-
tic Fermi acceleration, in its original formulation, ascribes the particles energy gain
through stochastic interactions with the convective electric field carried by magnetic
clouds moving in the interstellar space, head-on collisions resulting in an energy
gain and tail on interactions in an energy loss; shock acceleration is the way to an
efficient net energy gain throughout the same process as the advection of the scat-
tering centers towards the shock front makes all the magnetic field-particles interac-
tions head-on as seen by the particle reference frame, hence resulting in an efficient
acceleration; finally, in shear acceleration particles are energised by scattering off
(small-scale) magnetic field inhomogeneities embedded in a collisionless shear flow
moving with different local velocities.

As direct offsprings of the powerful outflows associated with high-energy sources,
collisionless shock waves emerge as natural dissipation agents. Correspondingly,
shock acceleration is one of the most studied acceleration mechanism. Yet, the cur-
rent understanding of the physics of shock waves indicates that the energy gain is
prohibited in most of the conditions such sources find themselves (e.g. [144]). In par-
ticular, as implied either by phenomenological modelling or by direct constraining
observations, the sources we have in mind here, gamma-ray bursts (GRBs), pulsar
wind nebulae (PWNe) or jets of active galactive nuclei (AGN), that will be briefly
introduced in the following, are expected to host relativistic shocks, embedded in a
strong magnetic field (magnetised hereafter).

GRBs are the most energetic electromagnetic sources in the Universe (Fig. 1.1).
Their prompt gamma-ray radiation lasts between a fraction of a second to several
thousands of seconds and corresponds to an energy release of 1051−52 erg. Given
their isotropic distribution in the sky, as first observed by the BATSE instrument,
these objects are of extra-Galactic origin and their temporal evolution associated to
the γ-ray luminosity is extremely diverse (Fig. 1.2). The time during which 90% of
the GRB energy is detected, the so-called T90 parameter, classifies two different pop-
ulations: one of long events, with typical T90 ≳ 2s, and one of short events, with
T90 ≲ 2s. The general consensus associates long GRBs to the collapse of a massive
star into a black hole with an accompanying relativistic polar outflow, powered by
an equatorial accretion disk [179]. The second class of short GRBs is instead linked
to the merger of compact objects, being two neutron stars or a neutron star with
a black hole [114]. Supporting this evidence, GRB170817A was detected only few
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FIGURE 1.1: Illustration of the most common type of gamma-ray burst: on
the left the core of a massive star has collapsed forming a black hole; the
accretion on the central object launches jets at a relativistic velocity; collisions
among shells of fast-moving gas within the jets and from the leading edge of
the jet as it sweeps up and interacts with the surroundings result in radiation.

Credit: NASA’s Goddard Space Flight Center

FIGURE 1.2: Left panel: Sky distribution of the 2704 GRB events detected by
BATSE (taken from https:/gammaray.nsstc.nasa.gov/batse/grb/skymap/).
Right panel: bimodal distribution of the T90 duration for the BATSE GRBs

catalogue (taken from [114]).

seconds after the gravitational wave GW170817 signal from the merger of two neu-
tron stars [1]. For most of GRBs the prompt emission is associated to a still unclear
mechanism of dissipation of the kinetic energy of ultra-relativistic particles or, pos-
sibly electromagnetic energy of a Poynting flux, into an initial flash of gamma rays
from an optically thin region. Prompt radiation across the spectrum arises from hot
plasma in the vicinity of the source, through collisions among shells of fast-moving
plasma within the jet (internal shock waves). An afterglow emission from X-ray to
optical-IR and radio through synchrotron-self Compton is then expected as the lead-
ing edge of the jet sweeps up and interacts with its surroundings (external shock, see
e.g. [127, 186] for a detailed review).

PWNe constitute another bright class of relativistic sources, made of a nebula of
non-thermal emission powered by the wind of a fast-spinning, highly magnetised
neutron star, often detected as a pulsar when the radiation intercepts the observer
line of sight. As commonly quite close objects, those represent an extremely use-
ful laboratory for the extreme physics of relativistic "plasmas". The neutron star
transfers most of its rotational energy into a relativistic outflow, made of electron-
positron pairs, whose energy is mainly carried in the form of Poynting flux in the
internal region of the wind and stored in the particles in the external nebula. Close
to the central object, the flow is cold and radiatively inefficient. At the termination
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FIGURE 1.3: Multi wavelength emission of the Crab Nebula. Taken from
https://www.cta-observatory.org. Credits: NRAO/AUI and M. Bietenholz;
NRAO/AUI and J.M. Uson, T.J. Cornwell (radio); NASA/JPL-Caltech/R.
Gehrz / University of Minnesota (infrared); NASA, ESA, J. Hester and A. Loll
/ Arizona State University (visible); NASA/Swift/E. Hoversten, PSU (ul-
traviolet); NASA/CXC/SAO/F.Seward et al.(X-rays); NASA/DOE/Fermi

LAT/R. Buehler (gamma rays).

shock, the interaction between the relativistic wind and the non-relativistic confining
medium converts the energy into particle acceleration, which eventually results in a
bright nebular emission. How this energy is transferred in between this two region
is still a puzzle. The Crab Nebula is one of the best studied object in our Universe,
its emission covers more than 20 decades in frequency from radio to high-energy
gamma rays [110] (Fig. 1.3). The main radiation mechanism is synchrotron emission
up to a few hundreds of (photons) MeV where the contribution of the Compton scat-
tering becomes important. A mean Lorentz factor of typically 106, with a maximum
value of 109, and a rather intense magnetic field of 0.1− 1 mG are the parameters in-
ferred from the modelling of the synchrotron and inverse Compton emissions. The
Crab Nebula is the only source in which we find a direct evidence of particle accel-
eration up to petaelectronvolt (1015 eV, PeV) energies, but the mechanism by which
such efficient particle acceleration is achieved is still mostly mysterious. It can not
indeed result, a priori, from the canonical diffusive shock acceleration because the
inferred shock parameters of 104 − 107 for the wind Lorentz factor and ∼ 1 for the
magnetisation, witness the presence of an ultra-relativistic and highly magnetised
shock, known to disfavour efficient particle acceleration. Alternative processes, as
relativistic reconnection in the equatorial current sheet, have recently been proven
to play a key role in particle acceleration and the emission of high-energy radiation
by PIC simulations [35]. Such models, however, depends on parameters, as the pul-
sar inclination, viewing angles or polarization, that are not easily or only partially
constrained by observations (see also [7] for a recent review on PWNe).

Another class of source candidates for particle acceleration to extreme energies
are active galactic nuclei (AGN). These correspond to a class of galaxies where the
mass accretion from the disk to the central supermassive black hole leads to the
launch of highly relativistic, collimated jets. Famous examples are, e.g., the elliptical
galaxy Messier 87 or Cygnus A (Fig. 1.4). The standard classification usually discerns
among two sub-classes of sources: radio-loud and radio-quiet objects. The first class
comprehends double radio sources continuously powered by jets emanating from
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FIGURE 1.4: Left: Radio (red), X-ray (blue), and optical images of the Cygnus
A FR-II radio galaxy (center). Credits: X-ray, NASA/CXC/SAO; Optical,
NASA/STScI; Radio, NSF/NRAO/AUI/VLA. Right: Spectral energy distri-
bution (SED) of the source S5 0716+714 and showing the wide separation of
the two peaks: the synchrotron peak is in the optical range, the IC peak at

several GeV. Taken from [73].

galactic nuclei. Their rapid radio variability is associated to a relativistic motion
with typical Lorentz factor of 10− 100 [132]. If the jet points toward the observer the
radio-loud AGN is also called blazar. Blazar emissions are thus highly beamed and
Doppler boosted, making them bright and variable at all frequencies, from radio to
gamma-rays. The spectral energy distribution is characterized by a double peak, the
first being commonly attributed to synchrotron radiation and the second to inverse
Compton scattering on photons either provided by the synchrotron emission itself or
originated from the dense radiation field generated by the direct and reprocessed ac-
cretion disk emission or molecular torus. Alternatively, hadronic mechanisms such
as proton synchrotron or photon-proton pion production can account for the second
peak if protons can be accelerated to sufficiently high energies (∼ 10 PeV). The vari-
ability in radio and optical bands has been successfully modeled by shocks moving
down the jets. According to theoretical models, the jets are launched as magnet-
ically dominated, hence the same, long-standing, open question rises again: how
and where is the jet converted from magnetically to particle dominated? Although
the shock model is able to account for the optical and radio variations of blazars, at
the highest energies and especially in very high energy gamma-rays the variations
are often too fast to be explained by shocks. Some solutions to the problem con-
sider jet-in-jet model where the variations are associated to mini-jets inside the jets
of blazars with bulk speed of the plasma faster than the ambient jet plasma. The
energy dissipation takes place in those models by means of magnetic reconnection.
The reader is redirected to [18, 73], and references therein, for a complete review.

Recently, collisionless (sub-relativistic) shocks and magnetic reconnection have
been explored also in laboratory experiments, thanks to the tremendous progress in
the development of high-energy and high-power laser systems over the past four
decades. The first theoretical investigations of laboratory collisionless shocks aimed
to reproduce electrostatic and Weibel-mediated (i.e., weakly magnetised) shocks.
Conducting a collisionless shock experiments requires a mean-free-path for colli-
sions, representing the length over which the particle sees its velocity deflected by
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90◦, much greater than the characteristic length of shock formation. Not only, inter-
nal collisions of particles of the same flow also can be of importance if the tempera-
ture of the flow is quite low: their impact on the shock formation or on the develop-
ment of the instability remains unclear. Shocks mediated by the Weibel instability,
of magnetic nature, are more difficult to reproduce with respect to electrostatic ones.
The main difficulty is indeed related to its growth rate: the flow densities need to
be, on the one hand, sufficiently small to ensure a collisionless regime and, on the
other hand, large enough for the ion Weibel instability to develop and the resulting
magnetic turbulence to build up. The development of Weibel-type ion filamentation
instability has yet been observed in the sub-relativistic regime [62].

Likewise, magnetic reconnection has been successfully tested in laser-plasma
experiments, in different physical settings from collisional (e.g., [118, 117, 192, 61,
134]) to collisionless (e.g., [53]) non-relativistic flows and in the collisionless regime
of relativistic reconnection (i.e., magnetic field energy greater than the electron rest
mass [131]), showing a general agreement with supporting PIC simulations.

Experimental campaigns strongly rely on numerical simulation, either fluid or
particle-in-cell (PIC) kinetic methods. Numerical simulations constitute indeed, by
themselves, a powerful tool to probe the extreme plasma physics of the sources
and the dissipation mechanisms, helping in the deep understanding of the complex
mechanism at play in such environments, not always accessible by observations.
Besides, if any, direct measurements probe length and time scales order of magni-
tude beyond the scales relevant to particle acceleration and injection. Particle-in-cell
simulations had a determinant role in, e.g., highlighting the non-linear connection
between turbulence and particles in the vicinity of the shock or the development of
a non-thermal power-law tail of accelerated particles in magnetised turbulence.

A comprehensive understanding of the microphysics behind the acceleration
processes that results in observable radiation from non-thermal particles become
more and more urgent especially nowadays in the emerging era of multi-messenger
astrophysics.

Outline

This thesis focuses on the dissipation of energy and the acceleration of particle in
relativistic astrophysical objects. Chapter 2 presents an overview of the accelera-
tion mechanisms in the high-energy sources this work dealt with. The first section
reviews the physics of particle acceleration at shock waves, in the sub-relativistic
and relativistic regime, putting some emphasis on the latter as the regime we are
interested in. The following section treats particle acceleration in turbulence. The
detailed mechanism that governs particle acceleration being still subject to debate,
it is first presented in the common framework of quasilinear theory and lately in an
alternative, non-resonant picture. An overview of the latest results from PIC simu-
lations in the field closes both sections. This chapter sets the stage for the original
contributions presented in § 4-5-6.

Chapter 3 describes standard techniques of state-of-the-art numerical simula-
tions (in particular particle-in-cell kinetic simulations) included in the numerical
code we made use of. The last section of the Chapter provides the additional im-
plemented modification specific to the study conducted in § 4.
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Chapter 4 reports on the test of the non-resonant model for particle acceleration
in strongly magnetised turbulence presented in the last section of Chapter 2. The
model predictions, in particular the predicted time histories of particle momenta, are
compared with the observed ones in 2D-PIC, 3D-PIC and 3D-MHD simulations. The
predicted history is reconstructed by extracting from the simulations, at each point
along the particle trajectory, the three force terms that control acceleration. Overall,
the finding of a clear correlation between the model predictions and the numerical
experiments, indicates that this non-resonant model can successfully account for the
bulk of particle energisation through Fermi-type processes in strongly magnetised
turbulence.

Chapter 5 presents the numerical investigation of the saturation of the current
filamentation instability (CFI) in (asymmetric) conditions relevant for astrophysical
sources, and in particular to the precursor of relativistic collisionless shock waves
in the weakly magnetized regime. Understanding this saturation level is of prime
importance as this instability controls the growth of the microturbulence, hence the
overall magnetisation of the blast. We first recall the properties of the instability,
and the saturation criteria known in literature. The magnetic fields extracted from
large-scale 2D particle-in-cell simulations of counterstreaming electron-positron pair
and electron-ion plasmas are compared with the theoretical limits. The results of this
study allowed us to identify the criterion among all relevant for saturation, as well as
the species which governs the halt of the magnetic field growth and the properties of
the instability, such as the growth rate and the maximum wave number. Our results
can be directly applied to the physics of relativistic, weakly magnetised shock waves,
but they can also be generalized to other cases of study.

The purpose of Chapter 6 is to revisit the problem of the acceleration efficiency of
relativistic magnetised shocks by performing the first PIC simulations of a relativis-
tic shock propagating in a turbulent plasma. We first present the numerical scheme
of turbulence adapted to the generation of the shock in the simulation domain: the
random magnetic fluctuations are set in motion to eventually reflect at one side of the
simulation domain to trigger the shock. Those fluctuations are nonetheless excited
isotropically in their rest frame. We then present the simulations we carried out in
different magnetisation regimes and our analysis on the particle spectra and on test
particles trajectories. Overall, our results indicate that the external, well-developed
turbulence can unlock Fermi cycles and promote shock acceleration in superlumi-
nal magnetised configurations in which it cannot operate otherwise. In addition, we
demonstrate that the acceleration becomes dominated by the turbulence upstream
of the plasma if the turbulent magnetisation is sufficiently high.
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Chapter 2

Particle acceleration in
astrophysical environments

Particle acceleration is ubiquitous in astrophysical plasmas and it results in the non-
thermal radiation that constitutes the vast majority of the observables at our dis-
posal. Some sources emit photons up to multi-TeV energies, a signature of the
presence, within them, of particles with extreme energies, much higher than those
achievable with the largest accelerators on Earth. Even more compelling evidence of
the acceleration efficiency of astrophysical sources comes from the study of cosmic
rays, namely, charged relativistic particles that reach the Earth. Indeed, their spec-
trum extends over at least 11-12 decades in energy showing an almost perfect power
law behaviour broken at the knee, ∼ 3 − 4 PeV and at the ankle, ∼ 3 − 4 × 103 PeV
(see Fig. 2.1). Sources capable of accelerating particles up to these energies are still
unknown.

Generally speaking, charged particles are accelerated by electric fields but they
are able to attain the highest energy because their residence time in the accelera-
tion zone is increased at the hands of magnetic fields. Particle acceleration can be
divided into three main categories: acceleration at flow discontinuities, diffusive ac-
celeration and acceleration by direct electric fields. The combination of the former
two makes up the Fermi processes responsible for particle acceleration at shocks,
while the mixture of the latter two is at play in turbulent environments.

The original idea proposed by Fermi in 1949 for cosmic-ray acceleration was
based on the fact that the interstellar medium (ISM) is filled with magnetic clouds
in motion with respect to the Galactic frame. As such, even if the ISM has globally
no mean electric field and is an almost perfectly conductor, transient electric fields
can be found as a result of locally varying magnetic fields according to the Maxwell-
Faraday equation ∇× E = −∂B/∂t. Said otherwise, as implied by Lorentz trans-
formations, a pure magnetic field B′ in a given reference frame is seen as a magnetic
field B plus an electric field E in another reference frame moving relative to it.

Let us consider, as in its original formulation by Fermi [60], a magnetic cloud
moving at normalized velocity to the speed of light c, βv ≪ 1, and a particle bounc-
ing on it at speed β. Assuming specular reflection, meaning an equal angle between
the cloud and the direction of incidence and of reflection, the double change of ref-
erence frame, Galactic frame → cloud frame → Galactic frame, gives

Eout

Ein
= γ2

v
[
1 + β2

v − 2βvβ µin
]

, (2.1)

with µin ≡ cos θin pitch-angle of incidence in the Galactic frame [60]. The second-
order term ∝ β2

v in Eq. (2.1), corresponds to the "Fermi II" mechanism of acceleration.
Note that the magnetic field carried by the cloud only mediates the reflection but



Chapter 2. Particle acceleration in astrophysical environments 8

FIGURE 2.1: Cosmic-ray energy spectrum measured by several experiments
from the year 2000 on. Taken from [57].

does not appear explicitly. Moreover, Eq. (2.1) corresponds to a net energy gain only
for head-on collisions µin < 0, if βv ≪ 1.

The details of Fermi acceleration in different regimes will be addressed in the
following and in particular in the context of shocks in §2.1 and in §2.2 for scattering
off magnetic turbulent fluctuations.

2.1 Acceleration in shock waves

Astrophysical shock waves, mediated by wave-particle interactions rather than Coulomb
collisions, constitute good environments for efficient Fermi processes because they
can provide head-on collisions between the carried magnetic field and the particles.
Shocks are found in a wide variety of settings in the universe. Major examples are
supernova remnants (SNRs), galaxy clusters (GCs), active galactic nuclei or gamma-
ray bursts. The shock waves arising in the two former systems propagate at sub-
relativistic speed in the background medium while they can move close to the speed
of light in the latter two. Figure 2.2 shows the landscape of astrophysical sources that
host shocks according to the propagation 4−velocity of the shock ush = γshβsh (βsh
shock velocity normalised to the speed of light) and the shock magnetisation, σ, i.e.
the ratio between the intensity of the magnetic fluctuations and the kinetic energy
of the flow, as it will be made explicit further or. As will be clear in the following, in
spite of the fact that the shock geometry favours head-on interactions between parti-
cles and magnetic fluctuations, the efficiency of acceleration is significantly different
according to the values of ush and σ.

In general, a shock forms from outflows propagating with velocities larger than
the local speed of sound. The background medium is unable to smoothly adjust
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FIGURE 2.2: Landscape of sources hosting shocks in the Universe.

to such perturbations, hence jumps in magneto-hydrodynamical quantities arise in
between the shocked and unshocked plasmas, also known as downstream and up-
stream regions respectively. The Rankine-Hugoniot conservation conditions connect
quantities across these two regions. The location where the jump appears is identi-
fied as the shock front.

The shocks that develop in astrophysical environments do have their own char-
acteristics, notably they are collisionless. This means that the dissipation process
that mediates the shock transition occurs via wave–particle interactions instead of
particle-particle interactions (referred to as binary Coulomb collisions). A common
feature is the generation of non-thermal radiation in the form of high-energy power-
law spectra, attributed to synchrotron or inverse Compton emission by the shock-
accelerated electrons. Yet, the processes by which the radiating electrons can reach
the extreme energies associated with the observed gamma-ray spectra is a linger-
ing puzzle, as is the origin of the strong magnetic fields, generated or amplified,
required to explain observations.

Depending also on the plasma beta (ratio of the plasma pressure to the magnetic
pressure), composition (e.g. electron-positron or electron-ion plasmas), shock Mach
number (ratio of flow velocity to the local speed of sound) and upstream magnetic
field orientation with respect to the direction of shock propagation, different types
of electromagnetic turbulence-driving instabilities can arise in the upstream region
of the shock and shape its structure. Non-relativistic, weakly magnetised (σ ≲ 10−3)
and low-Mach number shocks are believed to be mediated by electrostatic stream-
ing (electron two-stream or electron-ion Buneman) instabilities (e.g., [19]). With in-
creasing Mach number or going to relativistic velocities of shock propagation, the
Weibel-type current filamentation instability have been shown to mediate weakly
magnetised shock (e.g., [154]). By contrast, strongly magnetised shocks are typically
mediated by coherent magnetic reflection of particles on the shock barrier, under
which condition the shock front extends over a distance of the order of the particles
gyroradius. Most importantly, first-principles numerical simulations, based on the
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particle-in-cell technique (further detailed below), highlighted the non-linear con-
nection between turbulence and particles: accelerated particles trigger the microin-
stabilities that amplify or even self-generate the magnetic field in the shock precur-
sor, i.e. the region upstream populated by the most energetic particles. In turn, the
turbulence regulates the scattering of particles, hence the acceleration process (e.g.
[16, 144]). The acceleration process is then connected to the observable (or observ-
able in the near future) radiation, its investigation is thus of crucial importance.

In the following, we will briefly address first the sub-relativistic regime to focus
then on relativistic shocks, as the main topic of this thesis.

2.1.1 Sub-relativistic shocks

Non-relativistic shocks are the most commonly studied in the literature. The most
representative example is that of the external shocks in supernova remnants. In such
settings, when particles are efficiently reflected on the front, several instabilities can
develop in the precursor region (e.g., Buneman, firehose, whistler, Weibel, gyrores-
onant, Bell), depending on the Mach number, magnetic field strength and obliquity.
Hence, the phenomenology is more complex than in ultra-relativistic shocks, where
the most likely configuration is characterized by a near-perpendicular mean mag-
netic field as it will be shown in the next section, but particle acceleration is more ef-
ficient. For example, non-relativistic quasi-parallel configurations, where the shock
waves propagate along a mean magnetic field, are common and lead to efficient
magnetic field amplification through resonant and Bell instability in the shock pre-
cursor (see [105] and references therein).

Let us now present the basics of Fermi-type particle acceleration in a shock prop-
agating at sub-relativistic speed. If we concentrate only on the velocity discontinu-
ity, an observer at rest in the upstream frame (hereafter denoted as |u) will see the
shock and the shocked medium behind the shock (the downstream) approaching
with velocity v1 = vsh and ∆v = v1 − v2 = vsh(r − 1)/r respectively, where r is
the compression ratio of the shock. By contrast, an observer at rest with respect to
the downstream (|d hereafter), sees the shock going away with a velocity v2 and the
upstream medium approaching at the same relative velocity (in absolute value) as
before: v1 = vsh and ∆v = v1 − v2 = vsh(r − 1)/r. Since the undisturbed interstellar
medium is magnetised, a particle coming from the upstream medium and passing
through the shock would see the downstream medium as a magnetic cloud facing it
and vice-versa. In this configuration then, all the collisions will be head-on.

If we relax the assumption of specular reflection, in a cycle upstream → down-
stream → upstream across the shock, the ratio of the final, Ef|u, and initial, Ei|u,
energies of the particle in the upstream frame is

Ef|u
Ei|u

= γ2
sh|u(1 − βsh|uµu→d|u)(1 + βsh|uµd→u|d) , (2.2)

where βsh|u ≪ 1 is the non-relativistic shock front velocity of propagation in the up-

stream medium, γsh = 1/
√

1 − β2
sh|u the related Lorentz factor, µu→d|u and µd→u|d

the cosine of the angle of the particle momentum with respect to the shock front
normal as it crosses the front from upstream to downstream and viceversa in the up-
stream and downstream frame respectively. To obtain the mean energy gain we need
to consider the probability a particle has to cross the shock with an angle between
θ and θ + dθ. Assuming a particle density n0, the number of particles crossing the
shock with an angle between θ and θ + dθ through a surface dS in the infinitesimal
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time dt is n0

4π
v cos θdΩdSdt =

n0

2
v cos θ sin θdθdSdt. (2.3)

The probability is then ∝ cos θ sin θdθ and

⟨cos θ⟩ =
∫ θmax

θmin
cos2 θ sin θdθ∫ θmax

θmin
cos θ sin θdθ

. (2.4)

To cross the shock from downstream (upstream), a particle needs to have µ ≡ cos(θ) ≥
(≤)βsh|u which gives θmin = 0 (π/2) + O(βsh|u) and θmax = π/2(π) + O(βsh|u).
This trivially gives

⟨µd→u|d⟩ = 2/3, (2.5)

⟨µu→d|u⟩ = −2/3. (2.6)

Finally,
∆E
E

=
4
3

βsh|u

(
r − 1

r

)
+O(β2

sh|u) (2.7)

which is, as anticipated, an always positive gain of energy. The described process is
known as diffusive shock acceleration (DSA) or first-order mechanism.

The linear theory of diffusive particle acceleration for a sub-relativistic shocks
yields a power-law distribution for the accelerated particles of momenta p:

f (p) ∝
1
p2

dN
dp

∝ p−sp , (2.8)

with sp = s + 2 = 3βu|sh/(βu|sh − βd|sh), βd|sh being the fluid velocity of the down-
stream medium in the frame of the shock (see e.g. [54, 77, 104], for comprehensive
reviews). For strong shocks in an ideal gas with adiabatic index Γ = 5/3, this im-
plies sp = 4. The strength of DSA theory is to produce a power-law distribution
as a function of energy which is similar to the CR spectrum as observed from Earth
Nobs(E)dE ∝ E−2.7dE. Such particle spectrum is believed to arise from an (isotropic)
acceleration mechanism at the source able to return Nsource(E)dE = 4πp2 f (p)dp ∝
E−sdE with 2.1 ≲ s ≲ 2.4, which is then modulated by the diffusive transport in the
Galaxy.

It should be noted that even in the absence of fluctuations which scatter particles,
a shock front is able to energize particles through the convective electric field Ec =
−vsh|u/c × B upstream of the shock front, due to the motion of the flow at a speed
vsh|u. The particle guiding-center can undergo a drift motion along Ec due to the
effect of the electric field and to the gradient of the magnetic field close to the shock
front. Shock drift acceleration (SDA) takes place when an upstream field line intersects
the shock as the particle guiding center drifts along the shock; the particle can either
be transmitted or reflected at the shock front where the magnetic field is compressed
(e.g. [50, 32]). Shock surfing acceleration (SSA) is produced when a particle is trapped
between the shock electrostatic potential, which appears in the shock vicinity, and
the upstream Lorentz force along the shock normal, which carries the particle back
to the front (e.g. [138, 86]).
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2.1.2 Relativistic shocks

The study of particle acceleration in relativistic shocks is relevant to many astrophys-
ical systems such as gamma ray bursts [173, 63], jets in active galactic nuclei [133],
X-ray binaries [59], pulsar wind nebulae [82, 125, 146] and might be relevant for the
production of ultrahigh energy cosmic rays. The investigation of Fermi-type par-
ticle acceleration is more complicated when it comes to relativistic shocks, mainly
because the distribution function of particles near the shock front becomes highly
anisotropic and one must simultaneously determine the spectrum and the angular
distribution of the particles [65]. As a consequence, the diffusion approximation for
spatial transport does not apply and particle acceleration near relativistic shocks de-
parts from the DSA type because the propagation of accelerated particles near the
shock, and in particular ahead of the shock, cannot be described as spatial diffusion.

The relativistic shock jump conditions can be obtained from the conservation of
the four-courrent Jν = (γn, nu) and energy-momentum tensor Tµν = wuµuν + pηµν,
where w = p + e represents the fluid enthalphy, e, p and n the fluid energy den-
sity, pressure and proper density, and uµ = (γ, u) the fluid four-velocity in natural
units. Integration of the conservation equations across the shock front gives the
shock-crossing conditions, that we derive here following [96], in the downstream
rest frame. Clearly, the shock frame and the downstream/upstream frames are re-
lated by Lorentz transformations, e.g. βu|sh = (βu|d − βsh|d)/(1 − βsh|dβu|d). In the
downstream frame, if the velocity (in units of c) of the shock is βsh|d, the four-vector
normal to the shock surface is given by lν = (γsh|dβsh|d, γsh|d, 0, 0). The shock cross-
ing conditions hence read

[nuν]lν = 0 (2.9)
[Tµν]lν = 0 (2.10)

that break down in the unmagnetised case in

γu|dnu(βu|d − βsh|d) = −ndβsh|d, (2.11)

γ2
u|dwu(βu|d − βsh|d) + βsh|d pu = −βsh|d(wd − pd), (2.12)

γ2
u|dβu|dwu(βu|d − βsh|d) + pu = pd. (2.13)

In the case of a strong shock , for which pu ≪ wu, the shock jump conditions reduce
to [168]

nd

nu
= γu|d

(
1 −

βu|d
βsh|d

)
(2.14)

pd

num
= γ2

u|dβu|d
(

βu|d − βsh|d
)

, (2.15)

Td

m
= −γu|dβsh|dβu|d. (2.16)

For an ultra-relativistic shock propagating along +x, βu|d ∼ −1, and assuming a
3D relativistically hot plasma downstream (i.e. polytropic index Γ̂d = 4/3), one has
βsh|d ∼ +1/3 corresponding to γsh|d ∼ 3/(2

√
2). The compression ratio, defined

as the ratio of apparent densities in the shock frame, directly derives from current
conservation γsh|dndβsh|d = γu|shnuβu|sh, from which γsh|dnd/(γu|shnu) = 3. More
often, PIC simulations are restricted to 2D spatial geometries to save computational
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resources. In these case the most appropriate adiabatic index is that of a 2D relativis-
tic gas, Γ̂d = 3/2, and consequently one has βsh|d ∼ +1/2, γs|dnd/(γu|shnu) = 2
[168]. However, given that a 3D configuration is usually retained in momentum,
one usually expects values in between those aforementioned.

The relative energy gain as the particle completes a shock-crossing cycle (e.g.
up-down-upstream), ∆E/E ≡ (Ef|u − Ei|u)/Ei|u, can be derived from Eq. (2.2), as it
only contains a double Lorentz transformation on relativistic particles without any
assumption on the shock velocity. The mean energy gain is obtained by averaging
over the crossing angles of the particles from upstream to downstream and down-
stream to upstream with respect to the direction of the boost. As shown in [65,
4, 94], an accelerated particle only experiences an energy gain ∝ γ2

sh|u during the
very first cycle, in correspondence of which the initial distribution function in the
upstream medium is isotropic. The ultra-relativistic equivalent of the Fermi accel-
eration at a shock is affected, with respect to its non-relativistic counterpart, by the
occurrence of large anisotropies in the distribution of the accelerated particles near
the shock in subsequent cycles. Those anisotropies are due to the fact that, particles
re-crossing the shock into the upstream region are only those with µd→u|u > βsh|u,
hence with θd→u|u < θc ∼ 1/Γ2

sh|u. Upstream deflection or scattering must change
the upstream flight angle to a value θ > θc before a new crossing cycle can be-
gin. If we consider a complete cycle from upstream to downstream and back, in
the upstream frame the angle must hence satisfy the two constraints given above:
θd→u|u < 1/Γsh|u < θu→d|u. Using the small angle approximation, the expression for
the energy gain in subsequent cycles gives

Ef|u
Ei|u

≈
2 + Γ2

sh|uθ2
u→d|u

2 + Γ2
sh|uθ2

d→u|u
. (2.17)

Because of the constraints on the flight angle, the above average is always larger
than unity but only of the order of two on average, as demonstrated in [4], leading
to ∆E/E ∼ O(1) in the relativistic regime.

Concerning the particle energy spectrum, the formation of a power-law is the
result of the competition between the energy gain per shock-crossing cycle and the
chance of escaping the acceleration mechanism while downstream. A generalized
formulation in terms of shock speed gives an energy spectral index [80]:

s =
βu|sh − 2βu|shβ2

d|sh + β3
d|sh + 2βd|sh

βu|sh − βd|sh
, (2.18)

which converges to s = 4.222... in the relativistic limit, where |βu|sh| → 1 and
|βd|sh| → 1/3, in good agreement with numerical simulations (e.g. [12, 81, 4, 94]).
This spectrum is not properly universal as it depends on the geometry of the turbu-
lence and has been derived in the assumption of isotropic scattering in the down-
stream region [97].

Another limitation on the efficiency of Fermi acceleration at magnetised rela-
tivistic shocks derives from the fact that relativistic shocks are generally superlumi-
nal [49, 14]. In effect, for strongly magnetised shocks, the particle gyro-centers are
constrained to slide along the field lines, which are advected downstream from the
shock. There exists then a critical magnetic obliquity above which particles sliding
along the magnetic field should be moving faster than the speed of light in order to
return upstream. This critical angle of intersection between the upstream magnetic
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field and the shock direction of propagation divides the shock into two categories:
subluminal, if it is smaller than the critical magnetic obliquity, and superluminal
otherwise.

In a relativistic shock, the mean magnetic field can be considered as almost per-
pendicular in the shock front frame as its transverse component is amplified by a
factor ∼ γsh relative to the longitudinal component (i.e. along the shock normal)
with respect to the upstream frame. As a result of this Lorentz transformation to
the frame of the relativistic shock, the most generic configuration is hence quasi-
perpendicular and superluminal.

It can been shown that in this superluminal configuration, if the background tur-
bulence around the shock is absent or if its coherent length is larger than the parti-
cle gyroradius [95], before being advected downstream the particle cannot undergo
more than one cycle and a half while returning to the shock from downstream to
upstream. There are then two necessary conditions for both efficient scattering and
acceleration at relativistic shock fronts: the turbulence which develops around the
shock has to be 1) strong enough, δB/B ≫ 1, to unlock the particles off the fields
lines which would otherwise drive them away from the shock front, and 2) charac-
terized by spatial scales smaller than the particle gyroradius in the total magnetic
field [123].

2.1.3 Comparison with PIC simulations

Until the late 2000s, most progress on the underlying physics of particle acceleration
at relativistic shocks relied on Monte-Carlo (MC) techniques [11, 119, 13, 12]. In a
nutshell, this method integrates numerically the trajectory of test particles injected
upstream from the thermal plasma, which then develop a power-law suprathermal
tail as they undergo pitch-angle scattering on a prescribed micro-turbulence, accord-
ing to a Monte Carlo method. Momentum diffusion is neglected and only pitch-
angle scattering is considered. Another approach consists in 1) integrating exactly
the particles trajectory both upstream and downstream; 2) constructing by means of
Monte Carlo iteration the laws of probability of return to the shock both from up-
stream and downstream as a function of ingress and egress pitch-angle; 3) finally
combining these probability laws with the energy gain formula and simulate the
acceleration process [94].

The non-linear back reaction of the supra-thermal particles on the shock can be
incorporated in a phenomenological way in Monte Carlo simulations. If the pres-
sure exerted by the accelerated particles is strong enough to slow down the flow,
a subshock forms (see e.g. [55] for the relativistic case and [172, 8] for the sub-
relativistic regime). As a result, only the most energetic particles which penetrate
far across the shock, are able to experience the high velocity gradient of the original
shock, while the low energy ones only probe the smaller compression ratio associ-
ated to the subshock. However, this is expected to play a critical role only in the
sub-relativistic regime, where it leads to a softening of the spectrum. In the relativis-
tic case (γsh|u ≳ 3) the typical size of the subshock is short compared to the particle
mean free path and non-linear processes do not deeply affect the shape of the spec-
tra, at least in the parallel configuration [55]. Non-linear MC techniques have hence
been mainly developed for non-relativistic shocks.

At odds, kinetic particle-in-cell (PIC) simulations are better suited to tackle the
problem: they can capture the full non-linear relationship between particles and
fields; they have the considerable advantage of self-generating the magnetic micro-
turbulence, which plays a major role in the relativistic regime (e.g. [123, 129]) and
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of treating particles self-consistently. Kinetic methods advance in fact a collection of
particles through a grid where electric and magnetic fields are discretised; the de-
tailed technique will be presented further on. However they are more costly and not
adequate for studying large-scale processes due to their computational cost and their
limited spatiotemporal extent. Fully PIC simulations have though enabled much
progress on the microphysical side, in particular on the understanding of the inter-
play of turbulence generation, background plasma deceleration and suprathermal
beam transport, notably confirming major and recent analytical studies, e.g. [138,
26, 154, 136], as well as demonstrating the dominant role of small plasma instabilities
in forming and mediating collisionless shocks.

The ultra-relativistic regime was the first regime to be investigated by means of
PIC simulations because the higher energy gain (∆E/E ∼ 1 instead of ∆E/E ∼ βsh
of the sub-relativistic regime) and the short scattering time needed for particles to be
accelerated at the shock build, in principle, non-thermal power-laws faster than in
the non-relativistic case. Spitkovsky [151] first demonstrated in 2008 self-consistent
first-order Fermi acceleration in shocks for a 2D configuration of an unmagnetised
pair plasma with an upstream Lorentz factor of γ0 = 15. The electromagnetic micro-
turbulence generated by the Weibel-type current filamentation instability near the
shock, promotes particles from the thermal pool to the shock acceleration process,
with an energy gain consistent with the theoretical expectation of ∆E/E ≃ 1. The
analytical work of [95] anticipated this finding that Fermi acceleration can operate
in the ultrarelativistic shock waves only in association with the development of a
micro-turbulence, which amplifies the magnetic field on small scales, as it is the case
of the Weibel instability. In [152] the first study of electron-ion relativistic shock was
presented for an unmagnetised shock and different ion-to-electron mass ratios. The
most important result of this study is that electrons reach near equipartition (same
amount of energy fraction in the system) with ions in the precursor, with the electron
temperature reaching ∼ 50% of the ion temperature, while no non-thermal tail was
observed in particle distributions for the limited duration of the simulation. The
observation of a power-law tail in the ion distribution was made only one year later
by Martins et al. in 2009 [107].

An analysis on the efficiency of particle acceleration in relativistic shocks as a
function of the magnetisation and the shock geometry was first conducted in [148]
for a pair plasma and in [147] for an electron-ion plasma, using 2D and 3D PIC
simulations. In particular, it has been shown that in strongly magnetised (σ = 0.1)
parallel shocks (hence subluminal) the relativistic version of the Bell instability is
triggered and able to promote efficient first-order Fermi acceleration. In oblique but
still subluminal shocks, the shock drift acceleration mechanism competes with the
former and the power spectra index varies as a consequence between 2.2 and 2.8. In
superluminal shocks acceleration has been found to be completely inhibited, as an-
ticipated in [93]: at high magnetisation, the length of the shock precursor is too short
for the micro-instabilities to develop, and in the absence of micro-turbulence which
amplifies the small-scale magnetic power the acceleration is not possible. In [149]
it was shown that the critical magnetisation above which relativistic perpendicular
shocks are not accelerating particles is σcr ≈ 3 × 10−3 for electron-positron composi-
tion and σcr ≈ 3 × 10−5 for electron-ion composition (see Fig. 2.3). Weakly magne-
tised shock with σ ≲ σcr were found to be mediated by the Weibel-filamentation in-
stability that generates strong small-scale magnetic fields in the vicinity of the shock
front and an efficient acceleration. A more extended study was recently provided by
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FIGURE 2.3: Left: dependence of the post-shock particle spectrum on the up-
stream magnetization indicated in the legend, from a set of 2D simulations of
electron–positron shocks with γ = 15, showing the suppression of the Fermi
process in strong pre-shock fields. In the inset,maximum particle Lorentz fac-
tor evolution over time. Right: ions spectra for different magnetisation values
as in the left panel for a 2D simulations of electron–ion shocks with mass ratio

mi/me = 25 and γ = 15. Taken from [149].

Plotnikov et al. in 2018 [128]. The authors captured the transition from Weibel medi-
ated shocks (σ < 10−3) where particle acceleration is efficient to magnetic reflection-
shaped shocks (σ > 10−2) where particle acceleration is inhibited confirming previ-
ous findings. Moreover, the diffusion coefficient in momentum space was directly
extracted from the particle trajectories, yielding the scaling Dγ ∝ E2 in the weakly
magnetised regime.

The case of mildly relativistic shocks with γshβsh ≥ 1 where the energy gain per
Fermi cycle is large and the shock is easily subluminal has been little studied. A
recent work by Crumley at al. (2019) [45] found that the shock physics in quasi-
parallel configurations is similar to that of nonrelativistic shocks.

Anyhow, it is worth stressing that, as powerful as they are, current fully PIC sim-
ulations remain unable to probe the large astrophysical temporal or spatial scales:
they are of limited extent (typically a thousand of ion skin depth c/ωpi, where
ωpi = (4πne2/mi)

1/2 is the ion plasma frequency) and duration (the long simula-
tions of [148, 147] ran for ∼ 103 ω−1

pi , i.e. a fraction of a second for a typical in-
terstellar environment) compared to astrophysical sources hosting high-energy phe-
nomena (e.g. the comoving dynamical time scale of a gamma-ray burst external
shock wave is R/(γshc) ∼ 104 s, given the shock radius of the afterglow R ∼ 1017

cm and the shock Lorentz factor γsh ∼ 300 in the upstream medium). The fate of
the micro turbulence and, more generally, the long-term evolution of weakly mag-
netised shocks remain major unanswered questions in relativistic (but also in non-
relativistic) shock physics. For a comprehensive review on the weakly magnetised
limit see Vanthieghem et al. [168].

2.2 Acceleration in turbulence

High-energy astrophysical plasmas are often characterised by very low densities,
relativistically high temperatures, negligible collisionality and large-scale motions
driven by a variety of mechanisms (e.g. shear flows, shocks). Under most circum-
stances, turbulence is inevitable given the high magnetic Reynolds number found
in such environments, defined as Rm = uL/η at a typical scale L and for a fluid
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FIGURE 2.4: Schematic diagram of the turbulent magnetic energy spectrum
EB⊥ as a function of the perpendicular wavenumber k⊥ normalized to the
ion gyroradius ρi. The reported characteristic length scales are appropriate

for turbulence measured in the near-Earth solar wind. Taken from [159].

of velocity u and magnetic diffusivity η. As an example, the Reynolds number in
the solar wind varies in the range 105 − 106 at a distance of 1 − 10 AU from the sun
(e.g. [121]). As proven by high-resolution multi-wavelength images, systems as the
Crab nebula and the Messier 87 jet are manifestly turbulent [72, 150]. Magnetised
turbulence, as a source of scattering agent, also plays a central role in the process
of diffusive acceleration and its interaction with particles is modelled to explain the
non-thermal radiation of gamma-ray sources as GRBs, AGN and jets (e.g. [30, 85]),
PWNe (e.g. [180]) and blazars (e.g. [10]).

The basic properties of turbulence in astrophysical environments remain poorly
constrained by both theory and observations. Collisionless turbulence is commonly
described as a transfer of energy (cascade) by non linear processes from a large scale,
where energy resides, to small scales where dissipation mechanisms of kinetic origin
limit the transfer, dissipate the fluid motions and deposit heat (Fig. 2.4). If it is as-
sumed that in the intermediate range (the inertial range) between these two scales the
statistical properties of the turbulence do not depend on the macrophysics of injec-
tion or on the microphysics of dissipation, that those are spatially homogeneous and
isotropic and that the energy transfer is local in scale space, the flux of kinetic en-
ergy through any inertial-range scale is scale-independent. By simple dimensional
considerations, the cascade time can only be associated to the typical size of the
fluctuations and one readily obtains the well-known Kolmogorov spectrum of kinetic
energy fluctuations ∝ k−5/3, where k represents a wavenumber.

Yet, astrophysical plasmas are highly conducting and support magnetic fields
whose energy is generally comparable to the kinetic energy of the motions. In the
inertial range, turbulence is well described in the frame of magneto-hydro-dynamic
(MHD; e.g. [139]). As a fluid model which couples Maxwell’s equations with hydro-
dynamics, MHD is indeed appropriate to describe the macroscopic behavior of the
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FIGURE 2.5: Current modulations aligned with the external field in a 3D-
PIC simulation of forced turbulence (see Chapter 4 for more details on the

turbulence characteristics).

plasma on (large) scales greater than the electron/ion gyroradii and on timescales
longer than the inverse of the plasma frequency and the electron/ion cyclotron fre-
quencies. The presence of the magnetic field also introduces an additional length
scale and preferred direction, i.e. the typical scale of the fluctuation along the mag-
netic field line, besides that associated to the size of the fluctuation (hence, in the
transverse plane). The first theories of MHD turbulence assumed an isotropic, mean-
ing that the fluctuations size were associated to their scale along the field lines, cas-
cade of weakly interacting Alfvén wave-packets and obtained a k−3/2 spectrum [75,
83]. Not confirmed by observations, the isotropy assumption has soon been dis-
carded in favour of anisotropic MHD theories.

The modern phenomenology of strong (turbulent fluctuations greater than the
background magnetic field) incompressible MHD turbulence in the non-relativistic
regime is based on the theory of Goldreich and Sridhar [69]. This theory essentially
relies on the assumptions that: 1) the cascade of turbulent fluctuations in the mag-
netic field and fluid velocity from large scale to small scales is caused by interactions
between counterpropagating Alfvén wave packets travelling along the background
magnetic field; 2) the turbulence becomes anisotropic due to the presence of the
large-scale magnetic field: the wavevector is then decomposed in components par-
allel and perpendicular to the background field direction, and those are related one
to the other through k∥ ∼ k2/3

⊥ L−1/3, with L the scale at which the so-called critical
balance steps in (see below); the energy spectrum in the inertial range is predicted
to scale as E(k⊥) ∼ k−5/3

⊥ , and E(k∥) ∼ k−2
∥ ; 3) the interactions between the Alfvén-

wave packets are strong and at sufficiently small scales L the turbulence always ar-
ranges itself in such a way that the Alfvén timescale and the perpendicular nonlinear
interaction timescale are comparable to each other (critical balance assumption). Fig-
ure 2.5 is an example of how turbulent fluctuations become increasingly anisotropic
on, e.g., small-scale current sheets, as revealed by the current component parallel to
the external field.
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In spite of the fact that the theory of relativistic turbulence is substantially less de-
veloped, numerical investigations on the relativistic regime showed similarities with
the non-relativistic case for the energy spectra and the statistical properties of the tur-
bulence (e.g. [194, 193, 156, 157]). The Goldreich and Sridhar theory was extended to
the limit of ultra-relativistic strong MHD turbulence by Thompson and Blaes [162],
and more recently by TenBarge et al. [160]. The authors considered an highly mag-
netised plasma σ ≫ 1, or equivalently vA ≡ δB/

√
4πmn =

√
σ/(σ + 1) c ∼ c. In

this case the inertia of the plasma can be neglected and the system can be treated
in the force-free MHD framework. The nonlinear interaction is described for long-
wavelength, low frequency perturbations, corresponding to Alfvén, slow and fast
modes, and it leads, in the assumption of critical balance, to the production of a
magnetic energy spectrum identical to the non-relativistic regime.

The MHD Alfvénic cascade is believed to further continue developing through
the kinetic range, which begins as soon as k⊥ becomes of the order of the ion gyro-
radius [139]. On small scales, non-ideal effects might appear: sharp gradients of the
magnetic field can give rise to non-linear parallel electric field to the magnetic field
component (as in reconnection layers). Then, a large current and a finite resistiv-
ity that enables the plasma to move across the field lines break the Alfvén theorem,
milestone of the ideal MHD assumption, according to which the plasma is frozen
along the field lines. More importantly, the kinetic range extends to scales far be-
low the ion mean free path, deep into the collisionless regime where the density
and magnetic perturbations can be damped. This regime is hence more properly
described by kinetic theory rather than fluid equations. Here, the Alfvénic cascade
can continue as a kinetic Alfvénic cascade or as an entropy cascade, i.e. a nonlinear
phase mixing process whereby the collisionless damping occurring at the ion and
electron gyroscales is made irreversible and particles are heated. In the first case the
magnetic energy spectrum is predicted to scale as E(k⊥) ∼ k−7/3

⊥ and in the second
case as E(k⊥) ∼ k−16/3

⊥ .
The MHD turbulence phenomenology of the non-relativistic Goldreich-Sridhar

framework and the statistical properties of the turbulence are supported by recent
PIC simulations by Zhdankin et al. [191]. Their results also suggest that ultra-relativistic
plasma temperatures and near-relativistic turbulence motions do not substantially
alter the nature of the turbulent cascade. In the kinetic regime, those authors mea-
sured a slightly shallower spectra for magnetic fluctuations ∝ k−4.5

⊥ with respect to
the predictions from a steeper entropy cascade, but at small scales PIC simulations
suffer of particle noise and the kinetic scales were only minimally resolved as of the
order of the cell size.

At the dissipation scale energy is converted to plasma energy, and subsequently
to radiation, as attributed to synchrotron or inverse Compton scattering in turbu-
lent astrophysical environments. The main feature of turbulence we are interested
in here, is its capability of accelerating particles up to the formation of supra-thermal
power law energy distributions. In its original formulation, the interaction of parti-
cles with a moving magnetic center at βm results in second order Fermi-acceleration
on timescales, in the sub-relativistic regime, tacc ∼ tscatt/β2

m, with tscatt the scattering
time, roughly the time needed for a particle to change by one its pitch-angle. In mod-
ern theories, the acceleration is more related to stochastic wave-particles interactions
(see Fig. 2.6 for a schematic illustration). How particles gain energy in a turbulent
environment can be addressed analytically using quasi-linear theory (QLT) under
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FIGURE 2.6: Schematic illustration of stochastic particle-magnetic field inter-
action in the original idea by Fermi, on the left, and in its modern conception

including waves, on the right.

simplified assumptions. QLT provides the basics of the modeling and the interpre-
tation of particle transport and energisation due to interactions with the electromag-
netic fluctuations. The classic derivation allows one to describe the particle dynam-
ics and to derive the diffusion coefficients that account for the effect of the resonant
wave-particle interactions as a function of the particle dynamical quantities and the
electromagnetic wave spectral properties.

This will be addressed up to a certain level in the upcoming section (see e.g. [140]
for a complete and detailed derivation), to next give the way to an overview of recent
results obtained with PIC simulations and to an extended theory in the last part.

2.2.1 Quasi-linear theory

QLT provides an analytical estimates of the various diffusion tensor components to
first order in the spectrum of electromagnetic fluctuations which are commonly de-
scribed as a sum of linear eigenmodes of the plasma. In the ideal MHD approxima-
tion those are the incompressible Alfvén modes, the fast and the slow magnetosonic
modes. Since in astrophysical objects Alfvén waves propagating parallel or antipar-
allel to the ordered magnetic field have the shortest growth times [155] they have
been investigated at length. The quasilinear approximation is comparable to a first-
order perturbation theory in magnetic perturbations. The electromagnetic fields are
expressed as a sum of the coherent component and the turbulent fluctuations, in
the hypotesis (i) that the latter have small amplitudes so as to retain only first order
terms in the turbulent perturbation. Also the distribution function is divided into
an average value and a fluctuating part, on the assumption that (ii), as to discard
second order perturbative terms, once applying the propagator to follow its evolu-
tion, the temporal variation on the fluctuating part induced by the electromagnetic
turbulent perturbations remains much smaller than the variation induced on the av-
erage. Moreover, within the quasilinear approximation, the particle velocity and the
position of the particle are replaced by the unperturbed trajectory (iii), instead of
considering the true particle orbit. Because of the permanent interaction with the
turbulent fields, the deviation between the unperturbed orbit and the true motion
becomes larger during time. Therefore, for late times, the quasilinear approxima-
tion becomes less and less valid, meaning that QLT is correct only if later times are
unimportant.

In more detail, the starting point is the Vlasov equation, which describes the evo-
lution of the distribution function of a plasma (here expressed in the non-relativistic
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limit),
∂ f
∂t

+ v · ∂ f
∂x

+ ṗ · ∂ f
∂p

= S , (2.19)

with the equations of motion:

ṗ = q
[

E(x, t) +
v
c
× B(x, t)

]
, (2.20)

ẋ = v =
p
γ

, (2.21)

S denotes sources and sinks of particles; the magnetic field is expressed as sum of an
ordered component and plasma turbulence, (i) B = B0 + δB; the electric field only
contains the turbulent part, E = δE given the high conductivity of cosmic plasmas.
The fluctuations consist of transverse left- and right-hand polarized waves propa-
gating parallel or antiparallel to the homogeneous magnetic field:

δBL,R ≡ 1√
2
(δBx ± iδBy), δB∥ = δBz, (2.22)

δEL,R ≡ 1√
2
(δEx ± iδEy), δE∥ = δEz. (2.23)

Because of the gyration of the particles in the homogeneous background field the
actual position of the particles is replaced by the coordinate of the guiding center
(iii) R = (X, Y, Z) of their orbit, given by (e.g. [140]):

R = r +
v × ez

ϵΩ
,


X = x +

v
√

1−µ2

ϵΩ sin ϕ

Y = y − v
√

1−µ2

ϵΩ cos ϕ

Z = z

(2.24)

with ϵ = q/|q| and Ω = |q|B0/γmc, and having used spherical coordinates in mo-
mentum space (p, µ, ϕ) defined by

px = p cos ϕ
√

1 − µ2, py = p sin ϕ
√

1 − µ2, pz = pµ. (2.25)

In the new set of coordinates xσ = (p, µ, ϕ, X, Y, Z) Eq. (2.19) reads

∂ f
∂t

+ vµ
∂ f
∂Z

− ϵΩ
∂ f
∂ϕ

+
1
p2

∂

∂xσ
(p2gxσ f ) = S(x, p, t) , (2.26)
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with the components of the fluctuating force term gxσ given by

gp = ṗ =
mcγϵΩ

pB0
p · δE =

ϵΩpc
vB0

[
µδE∥ +

√
1 − µ2

2
(δELe−iϕ + δEReiϕ)

]
, (2.27)

gµ = µ̇ =
ϵΩ
√

1 − µ2

B0

[ c
v

√
1 − µ2δE∥ +

i√
2

[
eiϕ
(

δBR + iµ
c
v

δER

)
(2.28)

− e−iϕ
(

δBL − iµ
c
v

δEL

) ]]
, (2.29)

gϕ = −ϵΩ
δB∥
B0

+
Ω√

2(1 − µ2)B0

[
eiϕ
(

µδBR + i
c
v

δER

)
+ e−iϕ

(
µδBL − i

c
v

δEL

)]
,

(2.30)

gX = −v
√

1 − µ2 cos ϕ
δB∥
B0

+
ic√
2B0

[
δER − δEL −

iµv
c

(δBL + δBR)

]
, (2.31)

gY = −v
√

1 − µ2 sin ϕ
δB∥
B0

− c√
2B0

[
δER + δEL +

iµv
c

(δBL − δBR)

]
, (2.32)

gZ = 0. (2.33)

Since the knowledge about the fluctuations given in Eq. (2.23) is usually limited,
quasilinear theory considers an ensemble of possible fluctuating fields. The fluc-
tuations are assumed to be stationary homogeneous Gaussian random fields, fully
characterized by their power spectrum, i.e. ⟨δB⟩ = ⟨δE⟩ = 0, implying ⟨B⟩ =
B0, ⟨E⟩ = 0, where the brackets denote the ensemble averaging. From the homo-
geneity follows that there are space-independent correlation functions:

RPQ(ξ, t) = ⟨P(z + ξ, t + τ)Q(z, t)∗⟩ , (2.34)

with P, Q standing for either δBx, δBy, δBR or δBL. Different wave types are not
assumed to be correlated.

In order to find the evolution of the particle distribution function in the phase
space under the influence of such fluctuating perturbations to the electromagnetic
fields, it is convenient to consider also an ensemble of the distribution functions, all
equal at some initial time t0, such that the appropriate ensemble-averaging gives
f (x, p, t) = F(x, p, t) + δ f (x, p, t).

Using the above definitions in Eq. (2.26) and subtracting the resulting equa-
tion from the original form, it is possible to obtain an equation for the fluctuations
δ f (x, p, t). The latter further reduces to:

∂δ f
∂t

+ vµ
∂δ f
∂Z

− ϵΩ
∂δ f
∂ϕ

≃ −gxσ

∂F
∂xσ

, (2.35)

in the assumption (ii) of small amplitude fluctuations for which there exists a timescale
smaller than the timescale on which gxσ affects the evolution of the distribution func-
tion (see e.g. [140] for a complete derivation).
Solving by the method of characteristics one obtains

δ f (t) = δ f (t0)−
∫ t

t0

ds gxσ(X′
µ, s)

∂F
∂X′

σ

(X′
µ, s), (2.36)
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where the characteristics, i.e. an unperturbed particle orbit in the homogeneous
magnetic field, is given by the system of Eqs. (2.24) with the changing

Z′ = z0 + vµ(s − t) (2.37)
ϕ′ = ϕ0 − ϵΩ(s − t)

In order to get an useful equation for F after having inserted Eq. (2.36) into Eq. (2.26),
one needs to find a way to evaluate the integral.
Three more basic assumptions are made: 1) at the initial time t0 the particle’s space
density is completely uncorrelated to the turbulent field so that ⟨δ f (t0)gxσ⟩ = 0;
2) there exists a correlation time τc such that the correlation function RP,Q(ξ, τ), as
defined in Eq. (2.34), becomes negligible if τ > τc, which implies that the important
(finite) contribution to the integral comes from the interval t − τc → t; 3) during this
time interval the variation of ∂F(X′

µ, s)/∂X′
σ is so small that the value is nearly equal

to that at s = t.
With these rearrangements one finally obtains a diffusion equation, involving

only second-order correlation functions of the fluctuating field gxσ integrated along
the unperturbed orbit, referred to as the Fokker-Planck equation:

∂F
∂t

+ vµ
∂F
∂Z

− ϵΩ
∂F
∂ϕ

= S(x, p, t) +
1
p2

∂

∂xσ
(p2Dσ ν

∂F
∂xν

), (2.38)

with the Fokker-Planck coefficients

Dσ ν =
∫ t

0
ds ⟨ḡxσ(t)ḡxν(s)⟩ . (2.39)

The bar notation indicates that the force fields have to be calculated along the un-
perturbed orbit of the particles, given by combining Eqs. (2.37) with Eqs. (2.24),

x̄ = x0 −
v
√

1 − µ2

ϵΩ
sin ϕ′

ȳ = y0 +
v
√

1 − µ2

ϵΩ
cos ϕ′

z̄ ≡ z′ = z0 + vµ(s − t) (2.40)
p̄ ≡ p′ = p
µ̄ ≡ µ′ = µ

ϕ̄ ≡ ϕ′ = ϕ0 − ϵΩ(s − t) .

To further proceed on the computation of the Fokker-Planck coefficients one needs
to first determine the fluctuations on the unperturbed orbits. This is usually done
using the Fourier representation of the fluctuating electromagnetic fields and ap-
proximating the true orbit x with the unperturbed one x̄

δE(x, t) ≃
∫

d3k E(k, t)eik·x̄(t) , (2.41)

δB(x, t) ≃
∫

d3k B(k, t)eik·x̄(t) . (2.42)

Additional reductions require some assumptions on the properties of the plasma
turbulence. In the test-wave approach the Fourier transforms are represented as
superpositions of N individual plasma modes of frequencies ω = ωj(k) = ℜωj −
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iΓj, with Γj the damping of the wave, so that

B(k, t) =
N

∑
j=1

Bj(k)e−iωjt , (2.43)

E(k, t) =
N

∑
j=1

Ej(k)e−iωjt; (2.44)

the two coefficients being related by Maxwell’s induction law:

Bj(k) =
c

ωj
k × Ej(k). (2.45)

As a consequence of this representation the magnetic correlation tensor becomes

Pαβ(k, ξ) =
N

∑
j=1

Pj
αβ(k)e

iωjξ , Pj
αβ(k) = ⟨Bj

α(k)Bj∗
β (ks)⟩δ(k − ks), (2.46)

where Bj
α denotes the Cartesian components of the fluctuating magnetic field δB of

the j-th wave, and the magnetic energy density in wave component j is given by the
trace

(δBj)2 =
∫

d3k
(

Pj
11(k) + Pj

22(k) + Pj
33(k)

)
(2.47)

of the coefficients of the magnetic correlation tensor. Similar relations hold for the
correlation tensor involving the electric field and the mixed correlation tensors in-
volving the electric and the magnetic field. These equations contain the coupling of
the cosmic rays particles with the background plasma: the properties of the possi-
ble plasma modes of the electromagnetic turbulence affect the cosmic rays through
the Fokker-Planck equation. Using Eq. (2.46) and making the assumption that the
Fourier components of the different plasma modes are uncorrelated one can com-
pute the Fokker-Planck coefficients. The calculation of the Fokker-Planck coefficients
then is straightforward but lengthy. From the time integrated Fourier transform of
the correlation function (Eq. (2.39)) that connects the position of the particle at dif-
ferent times in the turbulent bath, one obtains the resonance function

Rj(k, ωj) =
1

2π

∫ +∞

−∞
dτei(k∥vµ−ℜωj+nΩ)τ, (2.48)

with µ = v∥/v, and ∥ indicates the uniform magnetic field direction, as before. In
standard quasi linear theory this resonance becomes a Dirac-function

Rj(k, ωj) ∝ δ(k∥vµ −ℜωj + nΩ) . (2.49)

For n ̸= 0 Eq. (2.49) describes gyroresonances, i.e. the resonant interaction of wave
and particle. Usually harmonics n = (−1, 1) dominate the interaction and are as-
sociated with wave polarization (left- and right-handed respectively). For n = 0
Eq. (2.49) describes the Landau resonance, also called transit-time damping (TTD)
resonance, which results from the interaction of the particle magnetic momentum
with the magnetic gradient parallel to the background magnetic field.

To progress further, the plasma wave spectrum needs to be specified and some
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assumptions made on the magnetic fluctuation tensor, possibly relying on observa-
tions. In-situ observations in the interplanetary medium suggests a Kolmogorov-
type power law dependence [9, 39] of the power spectrum

Pj
αβ(k) ∝ k−q (2.50)

with 1 ≤ q ≤ 2 in a finite wavevector range k1 ≤ k ≤ k2.
Low-frequency Alfvén waves and magnetosonic waves are of most interest due

to their short growth times in cosmic plasmas. In the simplified assumption that the
particle distribution function is only slowly varying in space (“diffusion approxima-
tion”) and that the scattering time is shorter than any other relevant time-scale of
the system, the distribution function can be assumed to be spatially isotropic and
uniform in momentum space, namely F(x, p, t) = F(p, t). In these conditions and
in the absence of any source or sink, the Fokker-Planck equation 2.38 reduces to the
most common momentum diffusion equation

∂F(p, t)
∂t

=
1
p2

∂

∂p

[
p2Dpp

∂F(p, t)
∂p

]
. (2.51)

The momentum diffusion coefficient can be then evaluated, for e.g. isotropic Alfvén
turbulence characterised by a magnetic correlation tensor of the form 2.50, as

Dpp ≈
(

δB
B0

)2 β2
A p2c

r2−q
g λ

q−1
max

∝ pq , (2.52)

where rg = pc/|q|B0, λmax = 2π/k1 and βA = B0/
√

4πmnc2 the normalised Alfvén
velocity [153]. This result is valid for particles with gyroradii smaller than the cor-
relation length of the field, while the diffusion coefficient of particles with larger rg
is basically independent of their momentum because they interact with the entire
spectrum (see [120] and references therein for further details). This finally allows
one to find the characteristic timescale of the acceleration process due to stochastic
wave-particle interactions

tacc ≡
p2

Dpp
∝

p2−q

β2
A

. (2.53)

Similarly, analogous formulae can be derived in the case of magnetosonic modes.

2.2.2 PIC results: an overview

Numerically, the physics of transport and acceleration in turbulence has long been
investigated by following test particles in a synthetic turbulence generated from a
sum of plane waves (e.g. [111, 102]) or following test particles in full MHD simula-
tions (e.g. [181, 46, 41]). More recently, kinetic particle-in-cell simulations addressed
similar studies (e.g. [191, 189, 190, 42, 188, 43, 178]). While MHD simulations pro-
vide a useful representation of the largest length scales with a potentially large dy-
namic range, PIC simulations offer a description from plasma length scales upward,
thus allowing, in particular, a self-consistent treatment of the early injection and ac-
celeration stages.

To the best of our knowledge, Zhdankin et al. [189] conducted the first PIC simu-
lation of driven turbulence in magnetised, collisionless, relativistically hot electron-
positron plasmas. The authors reported on the agreement of statistical properties
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FIGURE 2.7: PIC simulation of periodic turbulence of coherence lenght ℓc ∼
350c/ωp, magnetisation σ ∼ 1 and δB/B0 ∼ 1 at t ∼ 7ℓc/c. Current fluc-
tuations, on the left, showing the formation of intense small scale structures
where reconnection likely takes place, characterized by a null turbulent field,

as visible on the right. This agrees well with the findings of [43].

of turbulence between the 3D PIC simulations and the classical MHD phenomenol-
ogy. In a subsequent study [190] they analysed the acceleration process and showed
that the efficiency of non-thermal particle acceleration at the hands of turbulence
depends on turbulent fluctuating field strength. However, the power-law tail was
found to vary with the system size, with disappointing implications for large-scale
astrophysical systems. This study was extended to the electron-ion case confirming
that non-thermal particle acceleration is efficient for both species in the fully rela-
tivistic regime but revealing a lower efficiency for electron acceleration when the
initial temperature is decreased to the semirelativistic regime. To produce a hard
non-thermal electron radiative signatures, either a high magnetisation or ions with
near-relativistic temperature is demanded [188]. An additional word of caution was
raised by the authors themselves: the driving of turbulence applying a fluctuating
external current density in the form of an oscillating Langevin antenna [159] steadily
inputs energy in the system at each time step, hence increasing the fluid internal
energy linearly in time. In the absence of energy sinks, energy might pile up and
give rise to artificial heating and non-thermal particle acceleration. However, the
generation of a power-law particle energy spectrum as a by-product of relativis-
tic turbulence was also observed in a decaying turbulence setting by Comisso and
Sironi [42]. The decaying turbulent setup injects energy in the form of magnetic
fluctuations, perturbing the initial equilibrium, only at the beginning of the simula-
tion; turbulence starts from these strong magnetic field fluctuations and gradually
decays. The simulation domain of [42] was large enough to capture both the MHD
cascade at large scales and the kinetic cascade at small scales, and in astrophysically
relevant settings it has proven the spectral slope to attain an asymptotic value, in-
dependently on the size of the system. It has also been shown that the slope of the
energy spectrum gets harder for larger magnetisations and stronger turbulence fluc-
tuations. A detailed analysis of the acceleration process was presented by Comisso
and Sironi [43]. The results of our simulation nicely agree with their findings: 1) the
presence of small-scale strong fluctuations organised in structures, identified with
reconnection plasmoids, within narrow current sheets hosting nonlinear processes
(Fig. 2.7); 2) a two-stage acceleration process, first mediated by plasmoid-driven re-
connection, which is very efficient in accelerating particles, extracting them from the
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FIGURE 2.8: Temporal evolution of the energy of selected test particles, on the
left, showing a first kick in energy due to non-linear effects in narrow current
sheets and a slower energisation at later times due to stochastic encounter
with turbulent fields. These processes result in a non-thermal spectrum at t =
2376ω−1

p ∼ 7ℓc/c shown in the right panel. Similar findings were reported in
[43].

thermal pool, and further sustained by stochastic acceleration scattering off turbu-
lent fluctuations (Fig. 2.8).

The diffusive nature of non-thermal particle acceleration was first tested by Wong
et al. [178] (and later in [43]) by measuring the Fokker-Planck diffusion and advec-
tion coefficients as a function of the particle energy.

Further investigations to characterize stochastic non-thermal particle accelera-
tion are certainly needed, nevertheless it can be firmly stated that turbulence can
contribute to particle acceleration with important applications to astrophysical sys-
tems such as PWN, AGN accretion flows, AGN jets and gamma-ray bursts.

2.2.3 Beyond QLT

An important outcome of quasi-linear calculations is the existence of resonant particle-
wave interactions which provides possibly fast scattering rates, hence short accelera-
tion timescales. At odds, modern MHD turbulence theories show that Alfvén modes
reveal a scale-dependent Goldreich- Sridhar anisotropy [40], and that these intrinsic
anisotropies make the pitch-angle scattering due to particle-wave resonances ineffi-
cient [141, 182].

The idealized resonance of Eqs. (2.48)-(2.49) derives from the assumption of no
damping and uncorrelated plasma waves. It has long been appreciated, however,
that there is an actual broadening to some degree due to 1) finite lifetime of turbulent
modes (i.e. damping Γj ̸= 0) and 2) partial randomization of the pitch angle of the
particle. If these two effects are taken into account, the resonance function which
characterizes the interaction between the particles and the waves is not anymore
the Dirac peak in the infinite discrete set of resonances of the standard quasilinear
theory.

Concerning 1), if a finite lifetime is assigned to the linear eigenmodes with Γj > 0,
the resonance function takes the Breit-Wigner form

Rj =
1
π

Γj

(k∥vµ −ℜωj + nΩ)2 + Γ2
j

(2.54)

whose finite width is determined by Γj. The resonance broadening associated with
the finite lifetime of the modes is particularly important for an anisotropic cascade of
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Alfvén waves. Indeed, as shown in [51], this effect increase the scattering efficiency
of the Alfvénic cascade at low rgkmin.

Regarding 2), the randomization of the pitch-angle cosine allows one to make
the expansion

⟨ei(k∥µ−ℜωj+nΩ)∆t⟩ ≃ ei(k∥⟨µ⟩−ℜωj+nΩ)∆t− 1
2 k2

∥⟨∆µ2⟩∆t2
, (2.55)

and the resonance function becomes

Rj =
e
−

(k∥⟨µ⟩−ℜωj+nΩ)2

2k2
∥⟨∆µ2⟩

(2πk2
∥⟨∆µ2⟩)1/2

(2.56)

The effect of the resonance broadening that results from the partial randomization
of the pitch angle depends on the type of waves considered: it is quite narrow for
Alfvén waves, as they are not characterised by a magnetic perturbation parallel to
the mean magnetic field; it prevails on gyroresonances for an anisotropic cascade
of slow waves; fast modes generally preserve resonant interactions, the resonance
broadening effect associated to the pitch angle only prevails for small longitudinal
phase velocity of the wave for an isotropic cascade, and it becomes comparable to
gyroresonances only for particles with rgkmin ≪ 1 (see [51] for a detailed discussion).

When resonant broadening is taken into account, it can been shown that all scales
above the gyroradius equally contribute to the diffusion coefficient, hence restoring
the momentum diffusion dependency Dpp ∝ p2 up to logarithmic corrections [51],
in line with the numerical work of [178].

In general, whether collisionless turbulence can be realistically described as a
sum of waves is a long-standing debate [74]. MHD seems to be better represented
by a collection of structures rather than linear uncorrelated waves, as revealed by
in-situ measurements of the solar wind and numerical simulations. In addition, if
one is interested in the large-amplitude turbulent regime, in which the turbulent
fluctuations become as strong as the coherent field as it is the case for astrophysi-
cal turbulent environments, the waves can no longer be considered as uncorrelated
and non-interacting [106]. Essentially, a strong turbulent environment acts on the
particles’ propagation more as velocity and magnetic fluctuations than as waves
contributing to (non-resonant) wave-particle interactions. Yet, a definite theoreti-
cal model that connects the particle acceleration with the characteristic of a turbu-
lent bath as observed in numerical experiments is still lacking. Some progress has
recently been made on particle acceleration in strong turbulence considering non-
resonant interaction with velocity structures in [89, 90]. Both approaches rely on a
formalism that connects the source of energy gain and losses to the non-inertial na-
ture of the frame where the electric field vanishes. The first explored the isotropic
interaction between a particle and a random flow characterised by a single length
scale, which can be representative of a turbulent scenario where the particles gy-
roradius is comparable or greater than the coherence scale of the turbulence. The
second [90] focused on a regime rg ≪ ℓc of the turbulence bath, where ℓc denotes
the coherence scale of the turbulent power spectrum, i.e. the length scale on which
most of the turbulent power lies. This way, particles experience the anisotropy im-
posed by the magnetic field fluctuations and are influenced by all modes at scales
larger than rg. This so-called non-resonant wave-particle interaction will be detailed
in the following.
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FIGURE 2.9: Left: Schematic representation of the shear (teal), compression
(blue) and acceleration (yellow) of the field line which cause the particle ac-
celeration in the non-resonant model. Center and right: Magnetic turbulent
fluctuations and some test particles, as green circles, at two different times in
a 2D-PIC driven simulation of turbulence (more details in Chapter 4). The
size of each circle is proportional to the energy of the corresponding particle.
The energisation that is seen between the two panels results from the afore-

mentioned non-resonant heating processes.

2.2.4 Non-resonant acceleration in turbulence

Since a sum of linear plasma eigenmodes may not provide a faithful description of
the strong turbulence and gyroresonant wave-particle interactions may be removed
by anisotropy effects, non-resonant processes have been recently investigated as an
alternative, possibly more efficient, source of energy gain. On a general level the
problem at hand is that of the interaction of a charged particle with the fluctuat-
ing electric fields associated with the plasma velocity fluctuations through the ideal
Ohm’s law. The particles can then gain energy as they experience the compression,
the shear, the vorticity and the acceleration of the medium (see Fig. 2.9). In the
local rest frame where the electric field vanishes, the particle spatially diffuses by
pitch-angle scattering at hands of the Lorentz force, but its energy gain is deter-
mined by the inertial force associated to the change of velocity of the fluid which
determines its local frame. Because of the nonuniform velocity field, there is not a
global reference frame in which the electric field vanishes everywhere, a property
which ensures the particle energisation. The original idea of [89] is hence to track
the particle momentum in a sequence of comoving non inertial frames RE, defined
along the particle trajectories, in which the electric field is exactly zero. In general
relativistic kinetics, space variables and momenta are commonly described in two
different frames [174, 175]. The motion of the particle in physical space is hence
tracked in the lab-frame, while its evolution in momentum space is described in
the RE frame. The two frames are related by the tetrad which connects lab-frame
quantities to quantities evaluated in RE, which hence provides the instantaneous
Lorentz transform between the twos. The choice of this tetrad is not unique. In the
application of the model to relativistic turbulence, two directions essentially capture
the physics of particle acceleration: the direction of the magnetic field which scatter
particles, and the four-velocity of the non-inertial frame RE in the lab frame, whose
change in time results in the acceleration of particles. It is thus useful to expand the
tetrad along the two aforementioned directions plus their othogonal plane. Once
decomposing the equation of motion for the particle in the frame RE on this tetrad,
since by construction the temporal part of the Maxwell field strength tensor van-
ishes (null electric-field), the variation in the particle Lorentz factor is possible only
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if there is a variation in the velocity of the RE-frame. Note that, i) assuming that
ideal MHD is a good approximation, the local plasma rest frame coincides with the
frame where the electric field vanishes. The second assumption made at this point is
that ii), since the influence of turbulent fluctuations on scales smaller than rg on the
particles trajectories can be neglected, as they carry a small fraction of the magnetic
power, particle energisation is associated to interactions with moving magnetised
structures on scales larger than their gyroradius. Formally this means that the veloc-
ity of the frame RE, i.e. βE = (El × Bl)/B2

l , where El , Bl contain the coherent fields
and the turbulent-field perturbations on scales l > rg, differs from the effective one
by O(δB2

l /B2). The model hence do not capture the effects of higher order in rg/ℓc
or nonideal contributions to Ohm’s law. Finally, in order to simplify the calcula-
tions and directly identify the processes which govern the momentum history of the
particle, the last assumption considers that iii) particles undergo local gyromotion
around the perturbed field lines. Hence, averaging over a gyroperiod, the gradients
in the plane orthogonal to uE and Bl do not change significantly.

We report now the salient features of the calculations outlined above, while the
reader is redirected to [89, 90] for a detailed analysis.

In the comoving RE frame,

B′ = γEB − uE × E, B = γEB′ (2.57)
E′ = 0, E = −uE × B′ (2.58)

with γE = B/B′ = B/
√

B2 − E2 and uE = γEβE the Lorentz factor of the frame in
RE and the four-velocity in the lab frame in units of c. This tacitly assumed that the
frame RE exists (i), meaning that the Lorentz invariant quantity B2 − E2 is always
positive, which is satisfied in the MHD approximation. Primed (unprimed) quanti-
ties are then computed in the |E frame (laboratory frame) where latin (a, b, ..) (greek
(α, β, ..)) indices are used. The four-velocity of the particle in the locally inertial
frame RE, u′a evolves, in terms of proper time dτ = dt′/γ′, as

1
c

du′a

dτ
=

q
m

Fa
b u′b − Γ̂a

bcu′bu′c, (2.59)

with Fab the Maxwell field strength tensor in RE which is hence purely magnetic
(F0

b = 0). The connection between the two frames is expressed by

Γ̂a
bc = −ε

β
bε

γ
c

∂

∂xγ
εa

β (2.60)

where we choose the tetrad

ε
µ
a = {uµ

E, bµ, eµ
2 , eµ

3} (2.61)
εa

µ = {uEµ, bµ, e2µ, e3µ}, (2.62)

with eµ
2,3 in the plane orthogonal to both uµ

E and bµ. This choice is such that the
magnetic four-vector in RE is Ba = εa

µBµ = {0, B′, 0, 0} and the four-velocity of the
particle is ua = εa

µuµ = {γ′, u′
∥, u′

2, u′
3}. The space-like four vector bµ is defined as

bµ =
Bµ

√
BαBα

, with Bµ = −∗Fµ
ν uν

E = {0, B′}. (2.63)

The dual strength tensor is defined as ∗Fµν = 1
2 ϵµναβFαβ, with ϵ0123 = −1.
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The Lorentz-force in the comoving frame is purely magnetic and thus it does not
contribute to the evolution of γ′, where only the derivative of the velocity field uE
enters. The latter can be decomposed as:

∂βuα
E = σα

Eβ + ωα
Eβ +

1
3

ΘEhα
Eβ + aα

Eβ, (2.64)

in terms of the shear tensor σα
Eβ, the vorticity tensor ωα

Eβ, the expansion scalar ΘE
and the acceleration tensor aα

Eβ, defined by

hαβ
E = ηαβ + uα

Euβ
E, (2.65)

σα
Eβ =

1
2

hαµ
E hβν

E (∂νuEµ + ∂µuEν)−
1
3

ΘEhαβ
E , (2.66)

ω
αβ
E =

1
2

hαµ
E hβν

E (∂νuEµ − ∂µuEν), (2.67)

Θ∥ = bαbβ∂αuEβ, (2.68)

Θ⊥ = (ηαβ − bαbβ)∂αuEβ, (2.69)

ΘE ≡ ∂αuα
E = Θ∥ + Θ⊥, (2.70)

aα
Eβ = −uβ

Euµ
E∂µuα

E. (2.71)

The evolution of γ′ is given by Eq. (2.59)

1
c

dγ′

dτ
= −γ′u′

∥bβuγ
E∂γuEβ − u′2

∥ bβbγ∂γuEβ − u′2
2 eβ

2 eγ
2 ∂γuEβ − u′2

3 eβ
3 eγ

3 ∂γuEβ, (2.72)

where crossed terms including only one power of u′
2 and u′

3 have been neglected.
That is because turbulent modes of wavelengths much smaller than the gyroradius
of the particles weakly contribute to particle energisation. Hence, retaining only the
contributions of modes of scales l ≳ rg (ii), the gradients can be approximated to
their average over the gyroperiod of the particles and we assume that on such short
timescales ⟨u′

2⟩ = ⟨u′
3⟩ = 0 but ⟨u′2

2 ⟩ = ⟨u′2
3 ⟩ = u′2

⊥/2 (iii). In this approximation,
Eq. (2.72) can be eventually recast into [90]

1
c

dγ′

dτ
= −γ′u′

∥aE · b − u′2
∥ Θ∥ −

1
2

u′2
⊥Θ⊥, (2.73)

and the mean field direction b has to be interpreted now as the direction of the mag-
netic field composed of the coherent field, B0, and of all modes on scales larger than
the gyroradius making up the turbulent-field perturbations δBl>rg .

The components of the shear of the field line four-velocity parallel and perpen-
dicular to the magnetic field line are represented by Θ∥ and Θ⊥. The first term in
Eq. (2.73), proportional to aE, describes the effective gravity the particle suffers in
the direction of the magnetic field line as the field line accelerates or decelerates.
The second term, proportional to Θ∥, can be related to the projection on E of the
drift velocity, due to the curvature of the field line. It can be described as a form
of shear acceleration along the magnetic field line and formally corresponds to the
curvature drift contribution, or as a Fermi type-B interaction in the original Fermi
formulation. The third, proportional to Θ⊥, derives from the shear of the field line
velocity field in the plane transverse to the magnetic field line. It is related to the
compression or expansion in the plane transverse to the field line, it thus character-
ize the mirror force, or a Fermi type-A interaction, corresponding to the grad-B drift
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term.
In contrast to the original Fermi scenario, particles gain or lose energy in a non-

stochastic manner in every region where the gradients Θ∥ and Θ⊥ are different from
zero. Energy gain or losses are related to the sign of the terms instead of to the
head-on or tail-on angles of collisions. The force term associated to the curvature
of the field lines leads to an energy gain if negative and viceversa. For a transverse
compression, the mirror force results in an energy gain for the particle tied to the
magnetic field through its orbit, while a transverse expansion draws energy from
the particle.

It is possible to show (see [90] for further details) that the two gradients responsi-
ble for acceleration are related to the temporal evolution of the magnetic energy den-
sity, meaning that the net energy gain can be related to the net heating of the plasma
through large-scale motions; the particles that populate the non-thermal power law
are those that have had the chance to encounter more zones of heating than the rest
of the population. Yet, these sites have been proven numerically to be sparsely lo-
calised and highly intermittent, so that the filling fraction of these regions in the
overall turbulent volume plays an important role.
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Chapter 3

Particle-in-cell (PIC) kinetic
simulations

Particle-in-cell methods refer to a specific technique used to solve a certain class of
partial differential equations. PIC techniques were first used as early as 1955 and
gained popularity in the late ’50s-early ’60s as applied to plasma simulations by
Buneman [27] and Dawson [48]. The PIC method consists of coupling a Lagrangian
description of individual charged particles in continuous phase space with an Eule-
rian description of the moments of the distribution and of the electromagnetic fields
the particles are subjected to. At each iteration time the charge and current density
are projected on the grid nodes starting from the particle position. This allows the
electromagnetic fields to be computed from the Maxwell’s equations. The fields are
then interpolated again on the particle position in order to advance them through
the equation of motion (Fig. 3.1).

The (collisionless) Vlasov-Maxwell equation for the plasma species, s,

∂t fs +
p

msγ
· ∇ fs + qs

(
E +

p
msγ

× B
)
∇p fs = 0 (3.1)

where fs, ms, qs, γ, p, E, B, denote the particle distribution function, mass, charge,
Lorentz factor, momentum, electric and magnetic field, is hence coupled with Maxwell’s
equations

∇ · E = 4πρ (3.2)
∇ · B = 0 (3.3)
∇× B = 4πJ + ∂tE (3.4)
∇× E = −∂tB (3.5)

being ρ(t, x) = ∑s
∫

dp fs(x, p, t) and J(t, x) = ∑s qs
∫

dp p
msγ fs(x, p, t). Everything is

written in CGS Gaussian units with c = 1.
Note that the collisionless Vlasov-Maxwell description of the plasma provides a

set of natural units for length-scales (c/ωp), timescales (ω−1
p ) and electromagnetic

fields (mscωp/qs), based on the plasma frequency ωp =
√

4πne2/m, introduced be-
fore. Direct integration of the Vlasov equation 3.1, as a partial differential equation
in Nx ⊗ Np phase space, if Nx and Np are the position and momentum degrees of
freedom, has tremendous computational cost.

The PIC ansatz consists in representing the distribution function as an ensemble
of “macro-particles”, s, for each specie α, each characterised by a position, impulse,



Chapter 3. Particle-in-cell (PIC) kinetic simulations 34

FIGURE 3.1: Schematic time iterations of PIC-methods. Adapted from [6].

and statistical weight wα:

fs(x, p, t) =
Ns

∑
α=1

wαS(x − xα(t))δ(p − pα(t)) (3.6)

The shape function S(x − xα(t)) is symmetric and satisfies
∫
S(x − xα(t))dx = 1,

with x the coordinates of the grid and xα the location of the macro-particle. The
most commonly adopted shapes are spline functions of order n ≤ 4. Note that the
shape functions should extend on a sufficient number of grid points to minimize the
numerical noise and avoid numerical heating, but not too many not to be too com-
putationally costly. The Vlasov equation is then integrated by solving the trajectories
of these so-called macro-particles, which reduces to solve for all α

dpα

dt
= qα(Eα +

pα

mγ
× Bα) , (3.7)

dxα

dt
=

pα

γ
(3.8)

with the e.m. fields interpolated on the particle positions

Eα =
∫

dxE(x)S(x − xα(t)), (3.9)

and similarly for Bα. Particles are advanced solving the equation of motion 3.8. The
most common method is the Boris leap-frog pusher [20]:

xn+1 − xn

∆t
=

pn+1/2

mαγn+1/2 (3.10)

pn+1/2 − pn−1/2

∆t
= qα

[
En +

pn+1/2 + pn−1/2

2mαγn × Bn+1/2 + Bn−1/2

2

]
, (3.11)
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where the subscript n + 1 refers to updated quantities computed at time step tn+1 =
tn + ∆t.

If the charge is conserved (i.e ∂tρ +∇ · J = 0), and if at time t = 0 Poisson’s
and Gauss’ equations are satisfied, only Maxwell-Ampère’s and Maxwell-Faraday’s
equations need to be solved. The most common adopted charge-conserving current
scheme is Esirkepov’s scheme [56]:

(Jx,α)
n+1/2
i+1/2,j,k = (Jx,p)

n+1/2
i−1/2,j,k + qαwα

∆x
∆t

(Wx)
n+1/2
i+1/2,j,k (3.12)

(Jy,α)
n+1/2
i,j+1/2,k = (Jy,p)

n+1/2
i,j−1/2,k + qαwα

∆y
∆t

(Wy)
n+1/2
i,j+1/2,k (3.13)

(Jz,α)
n+1/2
i,j,k+1/2 = (Jz,p)

n+1/2
i,j,k−1/2 + qαwα

∆z
∆t

(Wz)
n+1/2
i,j,k+1/2 (3.14)

where the vector Wα is related to the charge density at two consecutive time steps,

(Wx)i,j,k + (Wy)i,j,k + (Wz)i,j,k =
ρn+1

i,j,k − ρn
i,j,k

∑α qα
(3.15)

= Si,j,k(x + dx, y + dy, z + dz)− Si,j,k(x, y, z) , (3.16)

with (x + dx, y + dy, z + dz) the shift of the particle due to the motion at time n + 1.
This vector can be written in a compact form [166] as

W =
8

∑
r=1

crSr, (3.17)

with the Sj functions defined as

S1 = S(x, y, z),S8 = S(x + dx, y + dy, z + dz) (3.18)
S2 = S(x + dx, y, z),S3 = S(x, y + dy, z),S4 = S(x, y, z + dz) (3.19)
S5 = S(x, y + dy, z + dz),S6 = S(x + dx, y, z + dz),S7 = S(x + dx, y + dy, z)

(3.20)

and

cr=


−1/3
−1/3
−1/3

,


1/3
−1/6
−1/6

,


−1/6
1/3
−1/6

,


−1/6
−1/6
1/3

,


−1/3
1/6
1/6

,


1/6
−1/3
1/6

,


1/6
1/6
−1/3

,


1/3
1/3
1/3

.

The knowledge of the current (Eqs. (3.12)-(3.14)) is necessary to compute the elec-
tric field in Maxwell-Ampère’s equation. That is solved commonly through a finite
difference time domain integration (FDTD)(see Fig. 3.2 for a schematic representa-
tion). The most popular FDTD scheme is the Yee scheme [184]. As an example, let us
restrict to a two dimensional plasma in the x − y plane and to transverse magnetic
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FIGURE 3.2: Schematic representation of the PIC simulation lattice for solving
Maxwell’s equations with the finite-difference time-domain method.
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modes which consist of (Ex, Ey, Bz). Maxwell’s equations are then solved as:

(Bz)
n+1/2
i,j − (Bz)

n−1/2
i,j

∆t
= −

(Ey)n
i+1/2,j − (Ey)n

i−1/2,j

∆x
+

(Ex)n
i,j+1/2 − (Ex)n

i,j−1/2

∆y
,

(3.21)

(Ex)
n+1
i,j+1/2 − (Ex)n

i,j+1/2

∆t
=

(Bz)
n+1/2
i,j+1 − (Bz)

n+1/2
i,j

∆y
− (Jx)

n+1/2
i,j+1/2, (3.22)

(Ey)
n+1
i+1/2,j − (Ey)n

i+1/2,j

∆t
=

(Bz)
n+1/2
i+1,j − (Bz)

n+1/2
i,j

∆x
− (Jy)

n+1/2
i+1/2,j. (3.23)

Due to the centered space-time differencing and the correlation between temporal
and spatial numerical derivatives, the electric and magnetic fields do not share the
same grid as the particles but are computed instead on a grid staggered by one-
half. Using this scheme the Courant-Friedrichs-Levy (CFL) condition for numerical
stability reads

1
c2∆t2 > ∑

j

1
∆x2

j
, (3.24)

meaning that light is not able to cross more than one cell in one time step (in one
dimension) which ensures that the scheme is able to access all the information re-
quired to form the solution. Another constraint on the integration time step over
space steps comes from the need of resolving the plasma frequency of the system:
∆t ≲ 1.5ω−1

p [17]. Moreover, to avoid numerical instabilities the simulation grid
should also resolve the Debye length of the plasma: ∆x ≲ λDe =

√
kBT/4πnq2.

In general PIC codes exhibit numerical artifacts due to their mixing of a La-
grangian framework associated to the particles and the Eulerian description em-
ployed for the fields. All the more so if the plasma is drifting at relativistic speeds.
Since we have been interested in relativistic plasma, we present in the following sec-
tions a few prescriptions that allow to get rid of, or reduce, some numerical spurious
modes which arise in this regime.

3.1 PIC simulations of relativistic plasmas

The FDTD solver is subject to numerical dispersion as the numerical light wave ve-
locity is found to depend on its wavenumber orientation. In particular the light
wave velocity is smaller than c with increasing wavenumbers, as shown in the top
left panel of Fig. 3.3, which displays the normalised phase velocity of the electromag-
netic fields for different methods. A small cell size would then be required to keep
minimum the error for the large wavenumber range. In contrast, such precaution is
not needed for the Cole-Karkkainen method (presented in the following) which is
dispersion free along the grid axis enabling numerical simulations with larger cell
size than the Yee solver. However, this scheme presents an error on the phase veloc-
ity for wave propagating along the diagonal axis. So, for laser studies for instance,
according if the laser pulse propagates along the longitudinal or the oblique axis, a
different Maxwell solver should be chosen, and more in general the scheme should
always be adequate to the problem under study.

The direct consequence of an inexact numerical dispersion relation, is the pos-
sible resonance of fast particles with light waves of matching phase velocity. This
produces a sever numerical instability known as numerical Cherenkov instability [67].
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FIGURE 3.3: Normalised phase velocity vϕ = ω/|k| of the numerical elec-
tromagnetic fields for a) Yee scheme, b) Cole-Karkkainen scheme, c) Cowan
(not discussed) scheme, d) Lehe scheme. Taken from Guillaume Bouchard’s

lecture @Smilei Workshop - March 2022

Due to spatial and temporal discretisation in the Yee scheme, the actual numerical
dispersion relation of electromagnetic waves reads

1
c2∆t2 sin2

(
ω∆t

2

)
=

1
∆x2 sin2

(
kx∆x

2

)
+

1
∆y2 sin2

(
ky∆y

2

)
+

1
∆z2 sin2

(
kz∆z

2

)
.

(3.25)
If we now consider a charged particle traveling e.g. along the x axis with velocity
βc, it may resonate and excite modes if its velocity equals the phase velocity of the
modes along the x-axis. The modes excited are then those with dispersion relation

1
c2∆t2 sin2

(
ckx∆t

2

)
=

1
∆x2 sin2

(
kx∆x

2

)
+

1
∆y2 sin2

(
ky∆y

2

)
+

1
∆z2 sin2

(
kz∆z

2

)
.

(3.26)
A number of solutions have been proposed to avoid numerical Cherenkov instabil-
ity: some of them consist in using digital filtering to damp high-energy radiation [70,
71, 169], others modify the discretisation of Maxwell equations [130, 84]. The first
class can not be used if the physics at study involves frequencies close to the filtered
ones. It is not adapted for instance in laser-wakefield acceleration studies, which
involve high-frequency lasers that would be damped along with the Cherenkov ra-
diation. The second set of solutions modify the discretisation of the Maxwell equa-
tions to allow an exact dispersion relation for modes aligned with the particles drift,
i.e. c∆t = ∆x. Yet, it has been shown that this solution triggers other spurious
oscillations at the Nyquist frequency ck = πc/∆x [169]. Consequently, the used pre-
scription has to be accurately chosen accordingly to the problem under study and
we present in the following two possibilities we made use of, well-suited for the
simulations we have run.
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3.1.1 The Lehe Maxwell solver

In the Lehe solver scheme high-frequency radiation is damped using digital filtering
[88], and it has been developed in particular for anisotropic grids.

The electric and magnetic fields are defined on the same lattices as in the Yee
scheme. For a field Fn

i,j,k defined on the nodes of the computational lattice, the dis-
cretized leap-frog operators as in the Yee scheme,

DtFn+1/2
i,j,k =

Fn+1
i,j,k − Fn

i,j,k

∆t
, (3.27)

∇xFn
i+1/2,j,k =

Fn
i+1,j,k − Fn

i,j,k

∆x
, (3.28)

(and similarly for ∇y and ∇z) enters Maxwell-Ampère equation DtE = ∇ × B −
4πJ. Maxwell-Faraday equation is instead modified as DtB = ∇∗ × E, where the
modified operator is:

∇∗
xFn

i+1/2,j,k =αx
Fn

i+1,j,k − Fn
i,j,k

∆x
(3.29)

+ βx,y
Fn

i+1,j+1,k − Fn
i,j+1,k

∆x
(3.30)

+ βx,y
Fn

i+1,j−1,k − Fn
i,j−1,k

∆x
(3.31)

+ βx,z
Fn

i+1,j,k+1 − Fn
i,j,k+1

∆x
(3.32)

+ βx,z
Fn

i+1,j,k−1 − Fn
i,j,k−1

∆x
(3.33)

+ δx
Fn

i+2,j,k − Fn
i−1,j,k

∆x
, (3.34)

βy,x = βz,x = 1/8; βz,y = βy,z = 0; (3.35)

βx,y = ∆x2/(8∆y2); βx,z = ∆x2/(8∆z2); (3.36)

δx =
1
4

(
1 − ∆x2

c2∆t2 sin2
(

cπ∆t
2∆x

))
; δy = δz = 0. (3.37)

As long as c∆t ≤ ∆x, this scheme is CFL-stable. This scheme comes along with the
Friedman filtering which replaces the electric field by

E f
n =

(
1 +

θ

2

)
En − θ

(
1 − θ

2

)
En−1 +

1
2
(1 − θ)2Ēn−2, (3.38)

with
Ēn−2 = En−2 + θĒn−3, (3.39)

and 0 ≤ θ < 1 is the chosen damping parameter of the filter. If the Friedman filter
is employed, the condition on the maximum time step is somewhat problematic to
derive. We hence redirect to [71], and references therein, for further details.
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3.1.2 The Cole-Karkkainen Maxwell solver

The Lehe scheme is by construction superluminal because Cherenkov radiation is
suppressed imposing that the modes aligned with the plasma propagate faster than
the light. It turns out that this scheme is not appropriate to the description of as-
trophysical relativistic shocks because it leads to the development of a nonphysical
electromagnetic precursor upstream. Moreover, Friedman filtering excessively cools
down and compress the downstream plasma [166].

The Cole-Karkkainen scheme [84] is similar to the Lehe scheme but it better pre-
serves the physic of relativistic shock systems. Similarly, a modified operator, based
on the usual leap-frog one defined in Eq. (3.28), is introduced in Maxwell-Faraday
equation and in the divergence-free constraint on the magnetic field. This reads

∇∗
x = (α + βS1

x + γS2
x)∇x, (3.40)

with

S1
xFn

i+1/2,j,k =Fn
i+1/2,j+1/2,k + Fn

i+1/2,j−1/2,k + Fn
i+1/2,j,k+1/2 + Fn

i+1/2,j,k−1/2 (3.41)

S2
xFn

i+1/2,j,k =Fn
i+1/2,j+1/2,k+1/2 + Fn

i+1/2,j−1/2,k+1/2 (3.42)

+ Fn
i+1/2,j+1/2,k−1/2 + Fn

i+1/2,j−1/2,k−1/2. (3.43)

The numerical stability of the solver is ensured if [169]

c∆tc =min
[

∆x, ∆y, ∆z, 1/

√
(α − 4γ)max

[
1

∆x2 +
1

∆y2 ,
1

∆x2 +
1

∆z2 ,
1

∆y2 +
1

∆z2

]
,

(3.44)

1/

√
(α − 4β + 4γ)

1
∆x2 +

1
∆y2 +

1
∆z2

]
. (3.45)

In the other directions the operators are obtained by cyclic permutation of the index.
The coefficients are bounded by the relation α + 4β + γ = 1, and if α = 1, β =
γ = 0 the original Yee solver is retrieved. The Cole-Karkkainen solver adopts, in its
original formulation, α = 7/12, β = 1/12, γ = 1/48, with cubic cells ∆x = ∆y = ∆z.

3.1.3 Binomial filtering

The filtering method reduces the impact of high wavenumber resonances. A wide-
band low-pass filtering is applied to the current densities [17, 169]. We make use of
a three-point digital filtering on the current,

ϕJ
j = αϕJ

j + β(ϕJ
j−1 + ϕJ

j+1), (3.46)

where ϕJ
j is the filtered quantity. The filter is called binomial if α = 0.5 and β = (1 −

α)/2. Given ϕ = exp(ikx), this transforms under filtering as ϕJ = gαβ(k) exp(ikx),
where the gain (g), using Eq. (3.46), is given by

gαβ(k) = α + 2βcos(k∆x) ≃ 1 − β(k∆x)2 +O(k4), (3.47)
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FIGURE 3.4: Gain versus wavelength for the bilinear filter without compen-
sation (g), with compensation (g · c3/2) and for n−pass bilinear filters with
compensation (gn · cαc ), for n = 4, 20, 50, 80 (see the text). Taken from [169].

For n successive applications of filters of coefficients α1, ..., αn, β1, ..., βn, the total at-
tenuation G is given by

G =
n

∏
j=1

gαjβ j(k) ≃ 1 −
n

∑
j=1

β(k∆x)2 +O(k4). (3.48)

A sharper cutoff in k space is obtained by using an additional step, called compen-
sation [17]. Following n application of the bilinear factors, αn, βn the compensation
factor is

αn+1 = αc =
n
2
+ 1 (3.49)

βn+1 = βc = −n
4

(3.50)

with associated gain

gα1,...,αn,β1,...,βn = gn
αβ(k) · gαc βc(k) ≃ +O(k4). (3.51)

The gain is plotted in Fig. 3.4 for the bilinear filter without compensation (G ≡ g =
g1/2,1/4(k)), with compensation (G ≡ g · c3/2 = g1/2,1/4(k) · g3/2,−1/4(k)) and for
n−pass bilinear filters with compensation (G ≡ gn · cαc = gn

1/2,1/4(k) · gn/2+1,−n/4(k))
for n = 4, 20, 50, 80 [169]. The bilinear filter provides complete suppression of the
signal at the grid Nyquist wavelength, i.e. twice the grid cell size λ = 2∆x [169].

3.1.4 The Godfrey-Vay filter

A straightforward approach for greatly reducing the numerical Cherenkov insta-
bility growth rates in FDTD-Esirkepov PIC simulations of relativistic beams and
streaming plasma was present in 2014 by B.B. Godfrey and J.L. Vay [68]. It can
be shown that employing the Esirkepov current-conserving algorithm (Eqs. (3.12)-
(3.17)) [56] in the Maxwell-Ampère equation gives the dispersion relation [76],

C0 + n ∑
mx

C1 csc
[
(ω − k′xβx)

∆t
2

]
+ C1 csc2

[
(ω − k′xβx)

∆t
2

]
= 0, (3.52)
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where n is the proper density of the beam, mx are the beam resonances, k′x = kx +
mx2π/∆x and we restricted to the 2D case of a beam propagating along x for tractabil-
ity. The coefficients C0, C1, C2 depend on (k′x, k′y, ω). The first one represents the
vacuum dispersion relation

C0 = [ω]2 −D∗
x [ky]

2 −D∗
y [kx]

2, (3.53)

where brackets indicate their finite difference representation in Fourier space: [k]i =
kisinc(ki∆t/2). Using the Cole-Karkkainen scheme described above, the differential
operator D∗

j reads

D∗
j = 1 − 1

2
sin2

(
k j

∆xj

2

)
. (3.54)

In the limit of infinitely small mesh sizes and time steps Eq. (3.52) reduces to C0 +
n = 0, as expected. All the beam modes in Eq. (3.52) are numerical artifacts, even the
mx = 0 mode. Coupling between these modes and electromagnetic modes roots of
C0 = 0 gives rise to the resonances referred as the numerical Cherenkov instability
at large wave numbers. The binomial filter presented above can be implemented to
quench them. At lower wavenumbers, unphysical growing modes appear due to
the mismatch in the coefficient C2 between transverse electric and magnetic fields,
resulting in

SEy

[ω]
|ω=kx ̸=

SBz

[kx]
, (3.55)

where S denotes the Fourier-transformed field interpolation functions. This non-
resonant instability can be suppressed by multiplying the interpolation functions
SEy and SBz by SBz /[kx] and SEy /[ω] respectively [68].

For our simulations we made use of a 4th-order interpolation function for the
shape function, the Esirkepov current-conserving algorithm combined with the Godfrey-
Vay filter, a modified Cole-Karkkainen solver, originally proposed in [130] with all
zero coefficients except β = 1/8, for Maxwell’s equations and up to 30 binomial
filtering passes per time step depending on the problem under study.
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3.2 Turbulence driving scheme

3.2.1 General Scheme

As in typical turbulent plasmas there are typically many orders of magnitude be-
tween the outer scales and the dissipation range (see Fig. 2.4), it is not possible to
capture in a single simulation both the large-scale process driving the turbulence
and the energy dissipation at the kinetic (small-scale) level. A promising strategy
is to focus on a sub-range of the complete turbulent cascade. As such, the oscillat-
ing Langevin antenna models the magnetic fluctuations at the domain scale as if they
were generated by the transfer of energy caused by nonlinear interactions between
counterpropagating Alfvén waves at scales larger than the simulation domain [159].
The antenna typically drives an external current parallel to the external magnetic
field and it is expressed as a sum of plane waves whose temporal profile satisfies a
Langevin equation in which the source is white noise.

To enter the details, let us restrict to a 2D plane x − y (i.e. ∂z = 0) and con-
sider an out-of-plane external magnetic field B = B0ẑ. Maxwell’s equations require
∇ · B = 0 which translates into k⊥ · δB⊥, where ⊥ refers to the orientation of B0.
This is true in general since the eigenfunction for the Alfvén wave has no magnetic
fluctuation aligned with the equilibrium magnetic field. In its original formulation,
the scheme imposes, on the plasma, an external current parallel to the initial mag-
netic field Jext = Jzẑ. This current can be re-expressed in terms of a vector potential
through the curl of the magnetic field Jext = c/(4π)∇× δB = −(c/4π)∇2Az, with
δB = ∇× Aext [159]. Yet, this neglects the current displacements and it is hence not
appropriate to the relativistic regime. As such, for our purposes, instead of making
use of the vector potential Aext

z in the external current to excite the perturbations, we
directly employed it to excite external magnetic fluctuations δBx and δBy. The vector
potential Aext

z has the form [159]

Aext
z (kx, ky, t) = an(t)eik·r, (3.56)

where the discrete complex value of the driving coefficient at time step n is an ≡
a(tn). The driving coefficient is initialised as a0 = A0 exp iϕ, with ϕ an arbitrary
phase, and it is evolved in time as

an+1 = ane−iωa∆t + Fa∆t, (3.57)

with Fa = A0
√

12|Γ0|/∆tξn; ξn a delta-correlated uniform complex random num-
ber with 1/2 ≤ ℜ(ξn) ≤ 1/2 and 1/2 ≤ ℑ(ξn) ≤ 1/2; ωa = ω0 + iΓ0, ω0 real
frequency and Γ0 < 0 decorrelation rate. In the continuous limit the temporal part
of the antenna satisfy the equation of a stochastically driven and damped harmonic
oscillator,

da
dt

= −iω0a + Γ0a + Fa, (3.58)

which reduces to the standard Langevin equation describing Brownian motion in
the absence of the oscillating term, hence the name.

In particular, in conjuction with Martin Lemoine, we modified the PIC CALDER

code [87, 166] to include a module of turbulence excitation with the characteristic
outlined above. The set of parameters, (k, A0, ω0, Γ0) determines the characteristic
length scales of the driving mode, the level of turbulence and its evolution in time.
The turbulence can be excited as periodic or not in the box.
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FIGURE 3.5: Magnetic energy density over plasma enthalphy on the left and
magnetic energy density vs total energy density on the right for the 2D sim-
ulations of decaying (dark blue) and forced (orange) turbulence over the first
20 000 time steps corresponding to t = 1980ω−1

p ∼ 6ℓc/c with ℓc ≃ 350c/ωp.

3.2.2 Periodic turbulence

When turbulence is studied in a periodic box, we excite magnetic fluctuations in
a finite time interval, starting at ti. Before an intermediate time t f r (with t f r > ti)
particles remain “frozen”, meaning they neither experience nor contribute to the
electromagnetic fields in the time interval ti < t < t f r. Resorting to this trick has
proven necessary to avoid the sudden and premature energisation of the particles
by the antenna’s electric fields, before the magnetic fluctuations could attain the de-
sired level. By construction, for ti < t < t f r, the electric and magnetic fields are
associated with the antenna only, while at later times they are made up by the cou-
pled contributions of the external antenna and the plasma. The magnetic field of the
antenna is computed at each time step as the (numerical) curl of the external vector
potential of Eqs. (3.56)-(3.57). The electric field follows from Maxwell’s equations.
The time at which the fluctuations start to be excited, ti, usually coincides with the
starting time of the simulation and particles are typically unfrozen after a few in-
verse plasma frequencies, (t f r − ti) ∼ 1 − 10 ω−1

p . The value of the parameter t f
determines the forced or decaying nature of the simulated turbulent scenario: if that
parameter is set so as to cover the duration of the whole simulation, the turbulence
is forced in the sense that the antenna keeps driving magnetic fluctuations through-
out the simulation, i.e. its temporal part is evolved at each time step until the end.
Otherwise, the antenna ceases to excite fluctuations for t > t f , the temporal coeffi-
cient are not advanced in time anymore and the energy injection in the turbulence is
halted.

Figure 3.5 compares the time evolution of the fluctuating magnetic energy in
forced (dashed dark blue lines) and decaying (solid orange lines) 2D turbulent sim-
ulations. The pair plasma, of initial temperature T = 1 MeV, is immersed in a mean
B field along z, B0/

√
mecωp/e = 5, and turbulence is driven, in this case, with the

parameters A0 ∼ 0.1 c/ωp
√

mecωp/e, ω0 ∼ 0, Γ0 ∼ 0.2 ωp. In the left panel, the
turbulent magnetic energy is normalized to the plasma enthalpy w, which at the be-
ginning of the simulation is w0 ∼ 8nmc2 while it is normalized to the total, plasma
+ field, energy in the right panel. In the decaying turbulence, the magnetic energy
density keep on decreasing, albeit with a time scale that gets longer and longer as
the decay proceeds, because the cascade/dissipation-time scales with ℓc/vA, and the
Alfvén velocity related to the turbulent field decreases as δB does.

The two configurations give rise to similar power magnetic spectra, with a gen-
eral Kolmogorov-like scaling in the inertial range and a steepening at kinetic scales
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FIGURE 3.6: Power spectra of the magnetic fluctuations associated to a tur-
bulent forced (right) and decaying (left) scheme.

(k ≳ 100/ℓc, Fig. 3.6). The main difference is the amplitude of the spectrum at the
stirring scale ℓc, defined in the simulations as the box size in the transverse direc-
tion divided by the mean wavenumber. This is not completely unexpected as in the
forced turbulence the energy is continuously injected at the stirring scale while the
spectrum moves in time to larger wavenumbers in a decaying scenario. Besides, ac-
cording to test runs, we adopted in our simulations a real frequency ω0 ≈ 0 to avoid
excessive heating of the plasma at early times caused by the rapid generation of non
ideal electric fields on large scales. For the same reason the condition ∇ · Aext = 0
is imposed. The choice of A0 is instead characteristic of each study. For the 2D and
3D simulations we used N = 24 wavenumbers k = 2πn/Lmax, with Lmax = Ly the
box extent along y, so that the typical scale of a turbulent eddie is not affected by the
relativistic motion in the case of moving turbulence. The coefficients n are reported
in Tab. 3.1. The potential vectors excites fluctuations in the plane transverse to the
external coherent field, i.e. δBx and δBy for the 2D configuration, and along all the
three dimension in the 3D case.

2D 3D
nx ny nz nx ny nz
+1 +1 0 +1 +2 0
+1 -1 0 +1 -2 0
+1 +2 0 +2 +1 0
+1 -2 0 +2 -1 0
+1 +3 0 +1 0 +2
+1 -3 0 +1 0 -2
+1 +4 0 +2 0 +1
+1 -4 0 +2 0 -1
+2 +2 0 +0 +1 +2
+2 -2 0 +0 +1 -2
+2 +3 0 +0 +2 +1
+2 -3 0 +0 +2 -1
... ... ... ... ... ...

... ... ... ... ... ...
+1 +1 0 +1 +1 +1
+1 -1 0 -1 +1 +1
+2 +1 0 +1 -1 +1
+2 -1 0 +1 +1 -1
+3 +1 0 +1 -1 -1
+3 -1 0 -1 +1 -1
+4 +1 0 -1 -1 +1
+4 -1 0 -1 -1 -1
+2 +2 0 +1 +1 +1
+2 -2 0 -1 +1 +1
+3 +2 0 +1 -1 +1
+3 -2 0 +1 +1 -1

TABLE 3.1
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FIGURE 3.7: Drifting (γ = 2) non-periodic turbulence A0 ∼ 0.03, ω0 ∼ 0,
Γ0 ∼ 0.25 and 24 wave numbers, at two different time steps and a magneti-
sation associated to the turbulent field σ ∼ 0.2. The dashed vertical yellow
line marks the position, x f where turbulence forcing is halted. The boundary
where the fluctuations start to be excited, xi coincides with the right hand-

side of the domain. Particles are “defrozen” at x < x f r = 2396c/ωp.

3.2.3 Non-periodic turbulence

Joint simulations of turbulence and shock (more details of this particular case will
be given in Chapter 6) contain non-periodic turbulence. Indeed, turbulence is set in
motion (see Fig 3.7) and the left boundary condition of the domain, which triggers
the shock, is turned into reflective. In this case, the parameters that determine where
the antenna is turned on depend on space rather than time. Namely, we specify an
initial, xi, and final, x f , coordinate which identify the region where fluctuations, as
they propagate, are excited, and an intermediate coordinate, x f r with x f < x f r < xi,
at which point the particles become unfrozen. The boundary where the fluctua-
tions start to be excited, xi, usually coincides with the right hand-side of the domain
where fresh plasma is continuously injected. A forced scheme is reproduced if the
parameter x f is set equal to the left hand-side of the domain x = 0. Contrarily, if
the parameter is set as to only cover a finite spatial domain, in the region x < x f
the turbulence decays freely in a decaying scenario. Fig 3.7 shows an example of
the magnetic fluctuations extracted from a non-periodic turbulent simulation at two
different time steps. The plasma drifts at γ = 2 from the right to the left of the
simulation domain in a mean out-of-plane magnetic field B0/

√
mecωp/e = 0.38. In

the region 1800 < x[c/ωp] < 2400, the driving of the turbulence is sustained by an
antenna made of 24 wavenumbers, amplitude A0 ∼ 0.03 c/ωp

√
mecωp/e, ω0 ∼ 0,

Γ0 ∼ 0.25 ωp.
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Chapter 4

Comparison of non-resonant
acceleration model with PIC and
MHD simulations

The goal of the following study is to test, using two different (PIC and MHD) simula-
tion frameworks, the recent model of non-resonant particle acceleration in strongly
magnetized turbulence depicted in 2.2.4, which ascribes the energisation of parti-
cles to their continuous interaction with the random velocity flow of the turbulence.
Building on the fact that if the flow velocity is not uniform there does not exists a
global unique frame in which the electric field vanishes, Fermi acceleration is de-
scribed as a continuous journey of the particle momentum through the instanta-
neous rest frames where the electric field is locally zero (if ideal MHD conditions
apply) [89]. At each point, the particle energy evolves due to the inertial forces
that result from the space-time dependence of the continuous inertial frames (see
Eq. (2.73)). At a given time t, the particle Lorentz factor can be expressed as

γ′
th(t) = γ′

obs(t0) +
∫ τ(t)

τ(t0)
dτ

dγ′

dτ

∣∣∣∣
th.

, (4.1)

where t0 represents some initial time, and (dγ′/dτ) |th. is given by Eq. (2.73). In or-
der to benchmark the model against numerical (PIC or MHD) experiments, a large
number of particles have been tracked in the simulations and the temporal evolution
of their energy γ′

obs(t) has been compared to the above prediction γ′
th(t). The theo-

retical histories, and in particular, (dγ′/dτ) |th., are reconstructed by extracting from
the numerical simulations at each point of the trajectory the various quantities that
enter the equation, namely uE

β and its gradients ∂αuE
β. This allows the quantities

aE · b, Θ∥ and Θ⊥ to be computed and to eventually predict, at each time step of the
trajectory, how γ′

th(t) evolves by integrating Eq. 4.1.
Before digging into the numerical details, it is important to stress the several

effects that affect the reconstruction of the trajectories and the underlying approxi-
mations. For one, the above model is an approximation obtained in the limit rg ≪ ℓc,
where ℓc denotes the coherence scale of the turbulent power spectrum, i.e. the length
scale on which most of the turbulent power lies. That is supported by the fact that
the particles are expected to be weakly affected on their trajectory by fluctuations
on scales smaller than their gyroradii as those fluctuations carry a small fraction of
the magnetic power and their effect averages out over a gyro-orbit. Though, some
effects of order rg/ℓc might alter the model predictions. Because numerical simu-
lations are restricted in their dynamic range (an effective rigidity ρ = 2πrg/ℓc ∼
0.03 − 0.1 is close to what can be currently achieved at best), such effects can be
significant, especially where rg can then take large values relative to its average at
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a given energy, e.g. in regions of low magnetic field strength. Likewise, particles
can experience substantial acceleration over a period of time, which also leads to an
increase in rg, and hence to a loss of accuracy of the model predictions.

Furthermore, for the same reason, the model assumes that the fields uE, E, B and
their gradients are coarse-grained quantities, meaning that sub-Larmor scales have
been filtered out (see section 2.2.4). Such a procedure would be overly expensive to
implement in PIC simulations, as the Larmor scale changes from particle to particle,
and even from time step to time step, since the energy of a particle itself varies in
time. We thus use the actual fields and gradients, as measured in the simulation
on the scale of the numerical grid, and discard any filtering. This introduces high-
frequency noise in the reconstruction of γ′

th, associated with small-scale effects. To
test how this may affect our comparison, we have also performed a reconstruction
of the trajectories including time filtering, in order to smoothen the temporal profile
of γ′

obs(t) over time scales ≃ rg/c. More explicitly, we smooth the fields uE, B′ and
their gradients that each particle encounters on its trajectory before performing the
reconstruction. While the reconstructed trajectory differs from that obtained in the
absence of this time filtering, the overall result remains similar.

Finally, the comparison with the model is made further complicated by non-ideal
MHD effects. Kinetic simulations have indeed demonstrated that particles of the
thermal pool initially gain energy through non-ideal parallel electric field compo-
nents in reconnection layers, then start to probe the large-scale turbulence once their
gyroradius exceeds the typical scale of those layers [42, 43]. The contribution of
non-ideal parallel electric fields is observed to decrease as the energy of the parti-
cle increases, in general agreement with the idea that on large scales, the physics
tends toward the ideal MHD regime, as assumed by the non-resonant acceleration
model. However, on the simulation scales, those non-ideal electric fields can affect
the energy gain process, and thus perturb the comparison. For this reason, we also
compare our model to a three-dimensional MHD simulation, in which we propagate
particles and follow their interaction with electric fields that are calculated using
ideal MHD Ohm’s law.

From the above considerations, we do not expect an exact match between γ′
obs

and γ′
th. To test the model, we thus calculate, for each particle i, a Pearson correlation

coefficient ri,

ri ≡
cov

[
γ′

obs(i); γ′
th(i)

]
cov

[
γ′

obs(i); γ′
obs(i)

]1/2 cov
[
γ′

th(i); γ′
th(i)

]1/2 , (4.2)

where cov [A(i); B(i)] represents the covariance of the histories of the quantities A
and B over the trajectory of particle i. The correlation coefficients have been com-
puted for the whole sample of tracked particles and represented together in the form
of histograms. A correlation coefficient in the vicinity of +1, denotes perfect corre-
lation, hence perfect reconstruction. At odds, a coefficient value of −1 stands for
anti-correlation; 0 for no correlation and a poor reliability of the model.

As will be detailed in the following, sub-Larmor effects related to non-ideal elec-
tric fields on small length scales can lead to a sharp departure in the history of γ′

obs,
and to a different departure in γ′

th. The acceleration due to non-linear events, as
reconnecting current sheets, is associated to short timescales, hence the deviation
between the predicted and observed particle Lorentz factors can be very sharp, yet
a strong correlation between the two histories can still be found before and after
this sudden event even if the global trajectory shows a lesser degree of correlation.
To avoid running into such small-scale effects, we compared both the whole time
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histories and chunks of trajectories at intermediate timescales. The duration of the
interval over which we follow the trajectories is written ∆t. Additionally, among all
tracked particles, in order to test Eq. (2.73), we follow only those particles undergo-
ing a large enough variation in energy, treating on an equal footing energy gains and
losses. We hence adopted arbitrarily a threshold gmin and consider those trajectories,
or chunks of trajectories, that satisfy ∆γ′/γ′ ≥ gmin with ∆γ′ = max (γ′)− min (γ′)
over the interval of duration ∆t.

In the following Section, I describe the numerical simulations and the results of
the reconstruction, including some details specific to each. The model was tested
against 2D and 3D PIC simulations, as well as 3D (incompressible) magnetohydro-
dynamic (MHD) simulations, of particle acceleration in turbulence. In addition, Ap-
pendix A reports the results on simulations that follow test particles in a synthetic
turbulence, meaning a turbulence that is constructed from a sum of non-interacting
linear eigenmodes (Alfvén, fast or slow magnetosonic modes) of the plasma, fol-
lowing the study of Ref. [51]. The interest of this numerical experiment is that the
physics of particle acceleration in such turbulence is relatively well understood, as it
follows the predictions of quasilinear theory, and that part of it (transit-time damp-
ing acceleration related to magnetic mirroring effects) can be captured by the above
model. It can therefore be used to gauge the amount of information contained in the
probability density of correlation coefficients that we reconstruct and the reliability
of the method.

In particular, the comparison between the histories predicted by the model and
those observed in several numerical experiments has been tested in: (i) a 2D decay-
ing turbulence PIC simulation; (ii) a 2D forced turbulence PIC simulation; (iii) a 3D
forced turbulence PIC simulation; and (iv) a 3D forced turbulence MHD simulation.
All PIC simulations assume a pair plasma composition and have been run in fully
periodic (2D or 3D) geometry. They have been conducted using the finite-difference
time-domain, relativistic PIC CALDER code [87], in which the turbulence stirring
module described in section 3.2.1, has been implemented. The MHD simulation is
that made available for public use on the Johns Hopkins Turbulence database1 [99,
58].

For the sake of clarity, I remark here that my role in this study has been to take
care of the analysis and comparison of PIC simulations.

4.1 2D decaying turbulence PIC simulation

We first analyse a 2D decaying turbulence PIC simulation with the following char-
acteristics: domain size Nx × Ny = 10 0002 cells, corresponding to physical size Lx ×
Ly = 1 0002 c2/ω2

p, integrated over a time T = 5 000 ω−1
p . Here, ωp =

(
4πn±e2/m

)1/2,
with n± the initial (uniform) proper density of positrons/electrons and e the elemen-
tary charge, represents the non-relativistic plasma frequency of one species, so 1/

√
2

of the total plasma frequency. The cell size is ∆x = ∆y = 0.1 c/ωp, and the time step
∆t = 0.099 ω−1

p . The plasma is initialized with temperature T0 = 1 MeV, with 10
particles per species per cell.

The initial magnetization (associated with the mean-field component) is σ0 =
1.6, and δB/B0 = 2.8, corresponding to an initial magnetization of the turbulent
component σδB ≃ 13. We define the magnetization parameters with respect to the

1available from:
http://turbulence.pha.jhu.edu/Forced_MHD_turbulence.aspx.

http://turbulence.pha.jhu.edu/Forced_MHD_turbulence.aspx
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FIGURE 4.1: On the left: Power spectrum of magnetic fluctuations for the 2D
decaying turbulence PIC simulation at t ≃ 1800 ω−1

p ∼ 5ℓc/c. The fuchsia
vertical dashed line marks the scale r−1

g for particles with Lorentz factor γ =

50. Wavenumbers are given in units of the inverse stirring scale ℓ−1
c ; units

on the y−axis are arbitrary; On the right: Energy distribution of the particles
in the 2D decaying turbulence PIC simulation at t ≃ 1800 ω−1

p ∼ 5ℓc/c. A
powerlaw tail emerges at γ ≳ 20 up to γ ∼ 103, with spectral index s ≃ 2,

defining s through dN/dγ ∝ γ−s

total enthalpy density of the plasma, i.e.

σ =
B2

4πw
, (4.3)

with w the enthalpy density and n = n+ + n−. The enthalpy density can be ex-
pressed as w ≃ 8nmc2 for an electron-positron pair plasma at a temperature of
1 MeV. For the present 2D simulations, we excite external current fluctuations along
the mean magnetic field (z−axis) only, with wavemodes oriented in the (x, y) plane.
We use 24 modes, with mean wavenumber ⟨k⟩ = (2π/Lx)× 2.9 and coefficient re-
ported in Tab. 3.1, corresponding to a stirring scale ℓc ≃ Lx/2.9 ≃ 350 c/ωp. The
square root of the average of the squared wavenumbers give a similar estimate,
⟨k2⟩1/2 = (2π/Lx) × 3.0. Here, we will not distinguish the stirring scale from the
coherence (or integral) scale; various definitions exist for the latter, which give val-
ues differing by a factor of order unity of ℓc. Those external currents generate δBx
and δBy. We then tune the amplitude of the antenna to reproduce the chosen initial
turbulent magnetization. The Langevin antenna is also characterized by a real fre-
quency ω0 and a damping term Γ0, as detailed in Section 3.2.1. We found it useful to
set the real frequency to low values, in practice ω0 ≈ 0, in order to avoid excessive
heating of the plasma at early times, caused by the rapid generation of non-MHD
electric fields on large scales. Regarding the damping term, we tune it in order to
ensure that the auto-correlation time of the turbulent magnetic field matches roughly
ℓc/c; in practice, we set Γ0 ≃ −0.6⟨k⟩ c. The modes initialized at time 0 excite δBx
and δBy fluctuations which are left to evolve freely with the plasma at time t > 0, as
described in Sec. 3.2.2 and similarly to Refs. [42, 43, 44], i.e. we simulate a decaying
turbulence.

The left panel of Fig. 4.1 shows the power spectrum of magnetic fluctuations as
measured in this 2D decaying turbulence PIC simulation. It reveals a general scaling
close to k−5/3 at large scales, i.e. the Kolmogorov scaling, followed by a steeper
spectrum characteristic of the dissipation range. This shape generally matches that
observed in previous PIC simulations of decaying turbulence [42, 43, 44].
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In that figure, the dashed line indicates the scale corresponding to the inverse
gyroradius of particles with initial – meaning, at the time t = 1500 ω−1

p ∼ 4ℓc/c
at which we initiate the test – Lorentz factor γ ∼ 50, which we follow in order to
compare the model to the data using the method described earlier2. We recall that
this model assumes rg ≪ ℓc, hence rg cannot be made arbitrarily larger. However, it
cannot be made arbitrarily small either, otherwise the particle gyroradius will lie out
of the range of the inertial (non-dissipative) spectrum. Furthermore, on small spatial
scales, corresponding to gyroradii of particles with energies in the thermal part of
the spectrum – γ ∼ 10 – particle energisation is mostly controlled by parallel electric
fields, as recalled above [42, 43]. We thus conclude that Lorentz factors in the range
∼ 20 − 60 provide a reasonable compromise to test the theoretical model of non-
resonant acceleration. In the present case, the effective rigidity 2πrg/ℓc of particles
with Lorentz factor γ ∼ 50 is of the order of 0.1, in the range anticipated earlier.
The right panel of Fig. 4.1 plots the energy spectrum of particles, dN/dγ, in this 2D
decaying turbulence simulation, at time t ≃ 5ℓc/c. A powerlaw tail, dN/dγ ∝ γ−s

with index s ≃ 2, has developed from Lorentz factors γ ∼ 20 up to γ ∼ 103, at
which point the gyroradius of particles becomes comparable to the maximal scale of
the turbulent cascade, implying less efficient acceleration at larger energies.

I now turn to the comparison between the model predictions and the PIC sim-
ulation. The trajectories of a sample/subset of particles are recorded from t =
1500 ω−1

p ∼ 4ℓc/c up to 5000 ω−1
p ∼ 14ℓc/c. The initial time ensures that the turbu-

lence has had time to cascade down to small scales by the time the test starts. In the
PIC simulations, both time and space derivatives are calculated using simple first-
order differences, i.e. from one cell to the next (or one step to the next for time). The
time derivatives are smoothed through 16 repeated applications of binomial filtering
(Sec. 3.1.3). The spatial derivatives are computed from fields that also underwent 16
successive applications of binomial filtering. This helps eliminate shot noise on the
scale of the mesh (here, ∼ 0.1 c/ωp) that would otherwise pollute the reconstruc-
tion of derivatives which, as discussed before, are meant to be calculated on scales
significantly larger than the grid size.

The test has been carried out for two typical durations: ∆t ≃ 1 ℓc/c, see left
panel of Fig. 4.2 and ∆t ≃ 10 ℓc/c, see right panel of Fig. 4.2. Those figures present
the probability density function (p.d.f.) of the correlation coefficients ri, as defined
in Eq. (4.2). To construct the histogram shown on the left of Fig. 4.2, we have se-
lected at random, for each test particle, chunks of trajectories in which the energy
of the particle changes by an amount at least equal to unity, i.e. ∆γ′/γ′ ≥ 1 with
∆γ′ = max (γ′) − min (γ′). We typically use 104 test particles to construct such a
histogram; each test particle history, extending over ≃ 10ℓc, is sampled at most 10
times to obtain a chunk of extent 1 ℓc/c. In the right plot of Fig. 4.2, the integration
is performed over the full particle trajectories, provided |∆γ′/γ′| ≥ 2.

The left histogram in Figure 4.2 indicates a genuinely positive degree of correla-
tion for the contribution of the Θ∥ force terms, and similarly when all contributions
(labeled as “All”) are summed together as in Eq. (2.73). More specifically, to plot
the probability density of the correlation coefficients for one force contribution, we
use Eq. (2.73) but set the contributions of the other two terms to zero. This figure
suggests that neither the force term Θ⊥ nor aE · b appear to contribute strongly to
the evolution of the particle energy. The dominance of Θ∥ is a common trait to our
PIC simulations, which will also hold in 3D as discussed further on.

2We select here a range in γ, not γ′, but this does not significantly influence our results, as we have
explicitly checked for the 2D PIC driven turbulence and the MHD simulations discussed further below.
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FIGURE 4.2: Histograms of correlation coefficients between the expected and
observed evolution of γ′ along chunks of test particle trajectories (on the left)
and considering the whole trajectory (on the right) of each test particle with
initial 25 < γ < 50, for the 2D decaying turbulence PIC simulation. The
chunks are selected at random among the whole of test particle histories,
provided they fulfill the following criteria: the duration ∆t ≃ 1 ℓc/c and
the energy change within that time interval verifies |∆γ′/γ′| > 1. Over the
whole trajectory test particles are selected with |∆γ′/γ′| > 2. Both histogram
shows that the parallel shear Θ∥ contribution, and more generally the non-
resonant model as described by Eq. (2.73), match relatively well the observed

variations.

The trend observed in the right panel of Fig. 4.2 is similar. The level of noise
is larger in that figure, because we can select only one trajectory for each tracked
particle instead of a number of distinct time intervals, and because our stronger
constraint on the amount of energy variation within the interval limits further the
number of test particles that are selected for the test.

We note that the above figures and results are relatively insensitive to the choice
of the threshold of energy variation |∆γ′/γ′|, as we have verified. It is also some-
what insensitive to the duration of the interval that we consider. The latter must be
large enough, obviously, to accommodate a large number of gyroperiods, since the
model considers only contributions from scales larger than rg.

4.2 2D forced turbulence PIC simulation

We now analyze a 2D driven turbulence PIC simulation with characteristics sim-
ilar to that for the decaying turbulence scenario: domain size Nx × Ny = 10 0002

cells, corresponding to physical size Lx × Ly = 1 0002 c2/ω2
p, integrated over time

T = 5 000 ω−1
p ; the cell and step size are, as before, ∆x = ∆y = 0.1 c/ωp and

∆t = 0.099 ω−1
p . The initial magnetisations are the same as for the decaying tur-

bulence scenario, σ0 ≃ 1.6 and σδB ≃ 13.
Turbulence is excited using a Langevin antenna scheme [159] in a forced configu-

ration, as described in sec. 3.2.1, similar to the implementation of Refs. [191, 190, 188,
178] and with the same antenna parameters of the previous section. Here, we use
as well 24 wavenumbers, with mean wavenumber ⟨k⟩ = (2π/Lx)× 2.9 (and similar
⟨k2⟩1/2), implying ℓc ≃ 350 c/ωp, as before. The mean field lies in the out-of-plane
direction (along z).

The power spectrum of magnetic fluctuations, shown in the left panel of Fig. 4.3,
reveals a shape similar to that seen in the decaying turbulence case, with a (roughly)
k−5/3 generic scaling over the inertial domain, followed by the steeper dissipative
range at kinetic scales. The spectrum amplitude is more pronounced at the stirring
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FIGURE 4.3: Left: Power spectrum of magnetic fluctuations for the 2D forced
turbulence PIC simulation at t ≃ 1800 ω−1

p ∼ 5ℓc/c. The fuchsia vertical
dashed line marks the scale r−1

g for particles with Lorentz factor γ = 50;
Right: Energy distribution of the particles in the 2D forced turbulence PIC
simulation at t ≃ 1800 ω−1

p ∼ 5ℓc/c. A powerlaw tail is clearly seen, extend-
ing from γ ∼ 10 up to γ ∼ 103, with spectral index s ≃ 2, defining s through
dN/dγ ∝ γ−s. The test particles that we study, with 25 < γ < 50, are located

in the powerlaw tail.

scale, a characteristic trend of forced turbulence PIC simulations (compare Refs. [43]
and [189]). This is expected insofar turbulence is continuously injected at the stirring
scale in forced turbulence, while the spectrum moves in time to larger k in decaying
turbulence.

As in the decaying turbulence scenario, the dashed line represents the inverse
gyroradius of particles with Lorentz factor γ ∼ 50. Again, their effective rigidity is
of the order of 0.1, which falls in the right range to test the non-resonant acceleration
model.

The right panel of Fig. 4.3 plots the particle energy distribution, which reveals a
powerlaw tail extending from γ ∼ 10 up to γ ∼ 103, as for the decaying turbulence
scenario. The best-fitting spectral index, s ≃ 2.2, is also close to that found previ-
ously. We note that in forced turbulence simulations, the spectrum evolves slowly
in time, as the energy that is continuously injected in the simulation maintains δB/B
(and, to a lesser degree, the overall magnetization) at values not far from its initial
state, thereby guaranteeing that acceleration can proceed at all times. In decaying
turbulence simulations, the drop in magnetization associated with magnetic dissi-
pation within ∼ 5 − 10 ℓc/c implies that acceleration becomes much slower, so that
the particle spectrum essentially freezes on those timescales [42, 43, 44].

To reconstruct the probability density distributions of the correlation coefficients
between observed and reconstructed histories, we follow test particles from t =
1 500 ω−1

p ∼ 4ℓc/c up to 5 000 ω−1
p ∼ 14ℓc/c, as for decaying turbulence. Those

probability densities are presented in Fig. 4.4. The parameters (duration, amount
of variation of the energy) are the same as in the decaying turbulence scenario. We
observe a similar trend, namely, the non-resonant model captures fairly well the
observed energy histories, and Θ∥ provides the dominant contribution among the
three force terms. The perpendicular contribution Θ⊥ and the inertial term do not
show such significant degrees of correlation, although that of Θ⊥ is skewed towards
positive values, at least for short ∆t ≃ 1 ℓc/c timescales.

Generally speaking, the degree of agreement between model and simulations
appears more satisfactory for the present forced turbulence scenario than for the
decaying one. In that respect, we note that the shape of the spectrum can impact
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FIGURE 4.4: Histogram of correlation coefficients between the expected and
observed evolution of γ′ along chunks of test particle trajectories (left panel)
and whole trajectory (right panel) with initial 25 < γ < 50, for the 2D forced
turbulence PIC simulation. This histogram shows that the non-resonant
model provides a satisfactory match to the observed variations, and that the
parallel shear term Θ∥ provides the dominant contribution to the force terms.

this comparison in the following way. The power spectrum of the forced simulation
shows a larger amplitude on the smallest k−modes, meaning on the largest length
scales, than the decaying turbulence one, all things being considered equal. This
difference can be read off left panels in Fig. 4.1 and 4.3, but it is actually more pro-
nounced at later times, since the power spectrum of the decaying turbulence shifts
to larger k as time progresses. This implies that, on the whole, particles experience
a turbulence on larger scales in the forced turbulence case than in the decaying tur-
bulence one, as measured relatively to their gyroradius. Since the model works to
order rg/ℓc, this larger degree of agreement is therefore not unexpected, at least at a
qualitative level.

4.3 3D forced turbulence PIC simulation

I will now discuss the results of 3D simulations. We have first performed a 3D
forced turbulence PIC simulation with domain size Nx × Ny × Nz = 1 0803 cells,
corresponding to physical size Lx × Ly × Lz = 5403 c3/ω3

p, integrated over 5 000
time steps, corresponding to a time t ≃ 1 500 ω−1

p ; the mesh size is now ∆x =

∆y = ∆z = 0.5 c/ωp, ∆t = 0.495 ω−1
p and we use 15 particles per species per cell.

This choice of parameters is motivated by the need to optimize the execution time,
while avoiding excessive shot noise associated with too few macro-particles per skin
depth volume. When measured in terms of the total relativistic plasma frequency,
Ωp =

[
4π(n+ + n−)e2/(w/n)

]1/2, the mesh size reads δx ≃ 0.25 c/Ωp; given that
the plasma further heats with time in the turbulence, this provides a relatively fair
sampling of the skin depth volume. Figure 4.5 offers a general view on the sim-
ulation at time t ≃ 600 ω−1

p : magnetic energy density (top panel), current density
component along the mean field direction (middle panel) and plasma bulk velocity
(bottom panel).

The initial mean field magnetization is σ0 = 1.6 as before, while σδB ≃ 8. The
forced turbulence is excited using the same Langevin antenna scheme as in 2D, with
the following parameters: in 3D, we generate 24 modes of external current den-
sity fluctuations along x, along y and along z separately, with mean wavenumbers
⟨k⟩ = 2π/Lmax × 2. (the coefficients are listed in Tab. 3.1); for reference, ⟨k2⟩1/2 ≃
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FIGURE 4.5: Visualisation of a cube of the 3D PIC simulation, showing the
magnetic energy density (in units of plasma rest-mass energy, top panel), the
current density component along the mean magnetic field component (mid-

dle panel) and the mean plasma velocity (in units of c, bottom panel).

2π/Lmax × 2. as well, guaranteeing a stirring scale ℓc ≃ Lmax/2 ≃ 270 c/ωp. We
use a real frequency ω0 = 0 to avoid the generation of external electric fields in the
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FIGURE 4.6: Left: Power spectrum of magnetic fluctuations for the 3D forced
turbulence PIC simulation at t ∼ 600ω−1

p ∼ ℓc/c. The fuchsia vertical dashed
line marks the scale r−1

g for particles with Lorentz factor γ = 50. The fall-off
of the spectrum in the dissipative range is not as prominent as in 2D due
to the data rebinning used (see main text); Right: Energy distribution of the
particles in the 3D forced turbulence PIC simulation at t ∼ 600ω−1

p ∼ 2ℓc/c.
A powerlaw tail with spectral index s ≃ 2.2 is clearly seen, extending from

γ ∼ 10 up to γ ∼ 100

forcing scheme, and a damping term Γ0 = −0.4⟨k⟩c.
As before, Fig. 4.6 shows the power spectrum of magnetic fluctuations on the left

and the particle energy distribution at t ≃ 600 ω−1
p ∼ 2.2 ℓc/c, on the right. To com-

pute the 3D power spectrum (and preserve memory usage), the field values have
been rebinned by ten, so that the minimum length scale plotted is 10δx = 5 c/ωp.
Consequently, the power spectrum shown in Fig. 4.6 lacks data at large wavenum-
bers (in the dissipative range); it covers about two decades, even though the grid
size contains 1 080 cells along each its axis.

That timescale t ∼ 2.2ℓc/c is shorter than that used in 2D PIC simulations for
plotting purposes, because of the shorter duration of that 3D simulation. Conse-
quently, the peak amplitude associated with the externally injected energy appears
more prominent in the 3D simulation, and the powerlaw tail of the energy distribu-
tion has not yet reached the maximum energy fixed by the coherence length, of the
order of several hundreds here.

To compute the probability density function of the correlation coefficients ri plot-
ted in Fig. 4.7, we have followed the test particle trajectories from t ≃ 500 ω−1

p ∼
2 ℓc/c up to 1 500 ω−1

p ∼ 6 ℓc/c, the final simulation time. As anticipated, the p.d.f.
is sharply peaked around +1 for this 3D simulation, indicating a nice match between
the energy variations predicted by the model and those observed in the simulation.
The parallel compression term Θ∥ provides as before the leading contribution; the
p.d.f. of the perpendicular force term is slightly biased toward positive values, as for
the 2D forced turbulence simulation, while the inertial term does not show any clear
signature, as in 2D. Interestingly, the correlation appears slightly enhanced when all
force terms are taken together as in Eq. (2.73), compared to when they are taken one
by one, at least for the case in which intervals of duration 1ℓc/c are examined.

In Fig. 4.8, I present the temporal evolution of the energy of two test particles,
which are fair representatives of their parent population. The dotted blue line shows
the evolution of γ(t), i.e., the Lorentz factor of the particle as measured in the sim-
ulation frame. It displays characteristic oscillations associated with the gyromotion
of the particle around magnetic field lines that move at velocity vE: depending on
the phase of that gyromotion, the particle motion is aligned or anti-aligned with
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FIGURE 4.7: Histogram of correlation coefficients between the expected and
observed evolution of γ′ along chunks of test particle trajectories (left) and
whole trajectory (right) with initial 25 < γ < 50, for the 3D forced turbulence
PIC simulation. This histogram shows that the combination of all force terms
provides a good match to the observed variations. Among the three force

terms, the parallel shear Θ∥ provides the dominant contribution.
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FIGURE 4.8: Example of the time evolution of the energy for two test parti-
cles, in the 3D forced turbulence simulation. In dashed blue: the energy of
the particle as measured in the simulation frame; in solid purple: the particle
Lorentz factor γ′

obs in the RE frame; in solid red: the Lorentz factor γ′
th, as

reconstructed using Eq. (2.73).
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vE, leading to a larger or smaller apparent energy in the simulation frame, see also
Refs. [178, 51]. The period of those oscillations thus provides an estimate of 2πrg/c,
which takes different values at different times, depending on the strength of the
magnetic field and of the particle energy. The solid purple line shows the evolution
of γ′

obs(t), in the frame RE in which the motional electric field vanishes. The oscil-
lations have disappeared and γ′

obs(t) evolves as the particle gains or loses energy
through Fermi processes. Finally, the dashed red line shows the reconstructed par-
ticle history γ′

th(t), using Eq. (2.73) with initial condition γ′
th(t0) = γ′

obs(t0) at the
initial time t0 = 1.8 ℓc/c.

In the upper panel, we observe that the match between the reconstructed and the
observed trajectories is rather tight in regions where the frequency of the oscillations
increases, e.g. 3 ℓc/c ≲ t ≲ 4ℓc/c. This is not unexpected, insofar as an increase in
the frequency of oscillations corresponds to a decrease in the particle gyroradius,
and the model works to order rg/ℓc. On the contrary, at later times t ≳ 5ℓc/c, the
particle has achieved a larger energy, and it seemingly propagates in a region of
lower-than-average magnetic strength, hence the ratio rg/ℓc is no longer small com-
pared to unity, as evidenced by the time scale of the oscillations. Deviations from the
observed trajectory can thus be expected at that stage, although they remain rather
mild.

In the lower panel, the energy history is well reconstructed at early times t ≲
3ℓc/c. We observe an offset in the vertical direction between the predicted and
observed trajectories at later times, although those two histories maintain a rather
strong degree of correlation. Had we chosen as initial time t0 ≃ 3 − 3.5 ℓc/c, we
would thus have obtained a nice match to the observed history at late times. In ef-
fect, the departure between the model and the simulation is limited to the interval
∼ 2.7 − 3.3 ℓc/c, and likely related to some small scale effect. As mentioned before,
this observation has motivated our choice to adopt two timescales for the compar-
ison of the model to the simulations: one reduced timescale of the order of 1 ℓc/c,
and one integrating over the whole history.

4.4 3D forced turbulence MHD simulation

Finally, we compare the model to trajectories of test particles that were tracked in the
3D forced MHD simulation of the JHU turbulence database [99, 58]. This 3D direct
numerical simulation solves the incompressible MHD equations on a 1 0243 periodic
grid with a time resolution ∆t ≃ 0.04 ∆x. The database output provides 1024 time
snapshots, with sampling interval 10 ∆t. The simulation is visco-resistive, with mag-
netic Prandtl number unity, and magnetic Reynolds number Rλ ∼ 140 at the Taylor
scale λ ∼ 1.05× 10−2 L; here, L represents the size of one side of the simulation cube
and the Taylor scale is defined as λ =

(
5
∫

dk Sk/
∫

dk k2Sk
)1/2, where Sk denotes

the one-dimensional power spectrum of magnetic fluctuations. The Alfvén velocity
is vA = 0.41c and the rms velocity ⟨δu2⟩1/2 ≃ 0.4c. The turbulence is excited through
an external force acting on the velocity field at a stirring wavenumber kf ≃ 12.6 L−1.
At the reference time t = 0, the simulation, as made available on the database, has
already achieved a steady state.

The integral scale of the turbulence, as defined in the database, is Lw ∼ 0.1 in
units of the cube size. The simulation volume thus comprises many coherence cells
of the turbulence, hence the effective dynamic range is restricted to Lw/δx ∼ 100.
The power spectrum of magnetic fluctuations is shown in Fig. 4.9, on the left. It
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FIGURE 4.9: Left: magnetic power spectrum of the 3D MHD simulation,
rescaled by k5/3, vs wavenumbers in units ℓ−1

c . The inverse gyroradius of
the test particles is indicated by a dashed red line. It lies at the transition
between the inertial and the dissipative range. Right: energy distribution of
test particles propagated in the 3D MHD simulation, at a time t ≃ 4 ℓc/c. At
the initial time t = 0, all particles shared a common Lorentz factor γ0, cor-
responding to a gyroradius rg ≃ 0.02 ℓc. The spectrum takes a power law
shape at large energies, with spectral index s ≃ 4, assuming dN/dγ ∝ γ−s.

correspondingly reveals a lack of power at wavenumbers k ≲ 3 ℓ−1
c followed by the

k−5/3 scaling in the inertial range. We adopt here ℓc = 0.1 L.
We follow test particles with a gyroradius rg ≃ 2∆x, in order to maintain rg/ℓc as

small as possible while preserving a reasonable reconstruction of the particle trajec-
tory. As can be seen from Fig. 4.9, the inverse gyroscale r−1

g lies at the transition be-
tween the inertial and the dissipative range. The effective rigidity is 2πrg/ℓc ∼ 0.1.
Experiments conducted with a gyroradius twice as large provide similar results. We
propagate 24 000 particles over 4.2 ℓc/c ∼ 200 rg; those particles were initialized with
a common Lorentz factor (in the simulation frame), corresponding to the desired gy-
roradius, at random positions and velocity orientations. For each test particle, we
integrate its trajectory over the duration of the simulation, using a numerical Monte
Carlo code which, at each time step, queries the database to retrieve the values of the
magnetic and velocity field at the particle location. The field values are determined
at the particle spatial location using high-order (4th or 6th) Lagrangian interpola-
tion. Although we sample the particle trajectory with a time step of 0.1 rg/c, we do
not seek to interpolate the field values at the corresponding intermediate times, and
rather use the values calculated from the nearest snapshot. Given that the typical
velocity on the grid size is of the order of (∆x/ℓc)

1/3 ⟨δu2⟩1/2 ∼ 0.050 c – assuming
a standard Kolmogorov scaling – this represents a reasonable approximation. This
also allows us to maintain the computational time within reasonable limits, since
computational time is here dominated by the queries to the database, which are per-
formed online.

The code computes the electric field at the particle location using the ideal Ohm’s
law, then advances the particle using a Boris pusher. All along the trajectories, we
record the time and space derivatives of the magnetic and electric fields; the latter is
computed from the magnetic and velocity derivatives. Those derivatives, provided
by the database as 4th-order centered finite differencing, are used to calculate the
quantities that enter the force terms in Eq. (2.73), as for the PIC simulation. The
database does not directly provide time derivatives; those are thus calculated using
first-order finite differencing from values obtained at consecutive times. We note
that the force terms that enter Eq. (2.73) are dominated by the spatial derivatives in
the sub- or mildly relativistic conditions of the present MHD simulation.
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FIGURE 4.10: Histogram of correlation coefficients between the expected and
observed evolution of γ′ along blocks of the energy histories of test particles
(left) and the whole history (right) that have been propagated in the 3D MHD
simulation. The initial Lorentz factor for all particles is γ(t = 0) = 10 (simu-

lation frame).

In the right panel of Fig. 4.9, we plot the resulting energy distribution after a time
t ≃ 4 ℓc/c. It reveals a powerlaw tail at large momenta, as in the PIC simulation.
To our knowledge, such a behavior had not been observed in time-evolving MHD
simulations before. The spectral index s ≃ −4 is somewhat larger (in absolute value)
than that observed in the PIC simulation, as expected for particle acceleration in a
turbulence of smaller magnetization level [42, 90].

Fig. 4.10, contains the histograms of the correlation coefficients. As duration of
integration and threshold of energy variation, we have adopted ∆t ≃ 1.7 ℓc/c and
|∆γ′|/γ′ > 0.5 in a first case (Fig. 4.10 on the left), ∆t ≃ 4.2 ℓc and |∆γ′|/γ′ > 1 in
a second one (Fig. 4.10 on the right). The lower threshold in energy variation and
longer duration of the interval, comparatively to the PIC simulations, are meant to
compensate for slower acceleration in the present simulation.

We recover here a high degree of correlation, as observed in the 3D PIC simu-
lation. Interestingly, that degree of correlation is, in the present case, substantially
higher when all force terms are combined together using Eq. (2.73) to reconstruct
γ′

th(t), than when they are taken individually. We also note that both Θ∥ and Θ⊥
seem to provide contributions with a net positive degree of correlation, when taken
individually, while the influence of aE · b is not visible here. Interestingly, the degrees
of correlation of Θ⊥ and Θ∥ appear to be of the same or order of magnitude, while
the PIC simulations showed a clear dominance of Θ∥. We cannot identify here the
exact reason why that is so, but we speculate that this difference may indicate that
their relative contribution depends on how the turbulence is driven: incompressible
turbulence driven by external velocity fluctuations in the MHD case vs compress-
ible turbulence driven by magnetic perturbations in the kinetic regime. Recent PIC
simulations have similarly demonstrated that the efficiency of acceleration depends
on the stirring procedure [187]. This difference may also be affected by the different
velocity regimes (sub-relativistic for MHD, relativistic for PIC).

As regards the test of our model, we stress here the significance of observing
such a significant degree of correlation for both 3D PIC and MHD simulations, up
to the above difference in individual contributions: on the “large” length scales that
we are interested in (comparatively to the kinetic scales), both should in principle
reproduce the same physics of acceleration; however, both rely on different schemes
of approximations. In particular, the MHD case neglects all kinetic effects and all
deviations of Ohm’s law that are inherently included in PIC simulations.
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4.5 Summary – conclusions

We have carried out a comprehensive benchmark of a recent model of non-resonant
particle acceleration in magnetized turbulence against PIC, both in 2D and 3D ge-
ometry, simulations and a 3D (incompressible) MHD simulation, subject of the pub-
lication [22] in Physical Review D. This model describes energisation as the contin-
uous interaction of the particle with the random velocity flow of the turbulence, in
the frame of ideal MHD; it can thus be regarded as the direct generalization to a
continuous turbulent flow of the original Fermi picture of discrete, point-like inter-
actions [89, 90]. It does so by following the evolution of the particle momentum in
the frame RE that moves with the magnetic field lines at velocity vE = E × B/B2,
and where the electric field vanishes. This allows the sources of energy gains and
losses to be related to the gradients of the velocity field vE, and more particularly to
three main contributions: an inertial term aE · b, a longitudinal shear term Θ∥ and
a perpendicular compressive mode Θ⊥, the notions of longitudinal/perpendicular
being defined relative to the mean magnetic field direction at that location. To lowest
order in the ratio of particle gyroradius to coherence scale of the turbulence, rg/ℓc,
the evolution of the particle energy is captured by Eq. (2.73).

To test this theoretical model, we have conducted PIC simulations of 2D decay-
ing turbulence, of 2D and 3D driven turbulence in the relativistic regime vA ∼ c, and
we have made use of the 3D forced MHD simulation of the JHU-database. We have
then followed the time histories of the energy for a large sample of particles and
compared the observed time histories to those reconstructed by the model. For what
regards the MHD simulation, we have propagated test particles through the simula-
tion, properly taking into account the time evolution of the fields. In all simulations,
we have selected particles whose inverse gyroradius corresponds to wavenumbers
at or below the transition between the inertial and the dissipative range of the tur-
bulence, in order to test the model in conditions in which it applies, namely a ratio
rg/ℓc as small as possible and near-MHD conditions. To obtain the reconstructed
particle histories, we have extracted from the simulations the quantities aE · b, Θ∥
and Θ⊥ then used Eq. (2.73) at each point along the particle trajectory to integrate
in time the particle energy using Eq. (2.73). As detailed in Section 2.2.4, those terms
correspond to, respectively, the acceleration of the non-inertial frame where the elec-
tric field vanishes projected on the magnetic field direction, shear acceleration along
the direction of the magnetic field line due to the curvature of the field, shear accel-
eration of the field line velocity field in the plane transverse to the magnetic field.
We have then computed for each particle trajectory a Pearson correlation test be-
tween the two histories (observed vs reconstructed), then derived from the sample
of particles a probability density of the correlation coefficients r. A perfect adequa-
tion of the model to the data would translate in a probability density sharply peaked
around +1, while an complete inadequacy would rather yield a featureless, roughly
uniform histogram over the interval [−1, +1]. We have verified the adequacy of this
procedure using Monte Carlo simulations of test-particle transport in a synthetic
turbulence composed of a sum of linear eigenmodes of the plasma, see App. A.

Our main result is that we observe a clear-cut correlation between the model pre-
dictions and the numerical experiments, with histograms of the Pearson correlation
coefficients distinctly peaked around +1, for all numerical simulations. This indi-
cates that the non-resonant model can successfully account for the bulk of particle
energisation through stochastic Fermi processes. Let us recall here that particle ac-
celeration in a magnetized turbulence appears to proceed in two distinct stages: an
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injection into the non-thermal population through non-ideal electric fields, then ac-
celeration à la Fermi up to much higher energies [42, 43]. The model and the tests
we have performed thus apply to the second stage, where the influence of non-ideal
electric fields can be neglected.

In our PIC numerical simulations, we observe that the longitudinal shear term
Θ∥ appears to provide the dominant contribution to particle energisation, because
the correlation histogram when neglecting the other two force terms in the theoreti-
cal reconstruction of the energy histories lies close to that obtained when considering
all force terms. This longitudinal shear term can be depicted as a form of slingshot
acceleration in a moving, curved magnetic field, as in the Fermi type-B interaction
of the original Fermi model [60]. Contrariwise, the MHD simulation reveals about
similar degrees of correlation of Θ⊥ and Θ∥, with a slight preference for the former,
which characterizes magnetic mirroring effects, or type-A Fermi interactions. This
MHD simulation also shows a significantly higher degree of correlation when all
contributions are summed together as in the model Eq. (2.73) than when only one
force term is considered individually, and the other two discarded.

This difference in contributions between the MHD and the PIC simulations sug-
gests that the physics of acceleration, in particular the dominant energisation pro-
cess, depends on the stirring process, on the nature of the turbulence and/or the
velocity regime: while the (sub-relativistic) turbulence of the MHD simulation is
by construction incompressible and forced through solenoidal velocity motions, the
(relativistic) turbulence in the PIC simulations is compressible and driven through
external magnetic perturbations. A dependence of the energy distribution of accel-
erated particles on the stirring process (solenoidal vs compressible) has been noted
before in Ref. [187].
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Chapter 5

Weibel-mediated relativistic shocks

We described in chapter 2 how particles are accelerated at shock fronts and how
the efficiency of acceleration varies with the magnetisation and the Lorentz factor
of the shock. For relativistic shocks, the accelerated particles moving upstream at
some angle with the shock front normal will be rapidly overtaken by the shock and
sent downstream [4]. The shock precursor is hence quite limited in extension and
the development of plasma instabilities is possible only if their growth rate is large
enough [95]. In the relativistic regime of weakly magnetised (σ ≪ 10−4 for the ambi-
ent medium) collisionless shocks, the dominant instability in the upstream precursor
is the current filamentation instability (CFI), e.g. [25, 23, 93, 92]. In weakly magne-
tised shock simulations, the magnetic energy density is generally observed to reach
a few percent of the available kinetic energy density, see Fig. 5.1 [91]. This suggests
that some form of saturation has been attained, and that the physics probed in such
precursors through PIC simulations could in principle be extrapolated over arbitrar-
ily long length scales, i.e. astrophysical scales. Yet, the saturation mechanisms are
still debated and their understanding is crucial as saturation controls the production
of high-energy particles and radiation in such environments. However, saturation
mechanisms have mostly been studied in symmetric configurations (characterized
by counterstrreaming flows of equal densities, temperatures and Lorentz factors)
that are irrelevant to relativistic shock precursors, where (as seen in the shock’s rest
frame) a dilute beam of relativistically hot, suprathermal particles interacts with a
colder and denser, inflowing background plasma.

In 1959 Weibel realized that within a plasma at rest characterised by a distribu-
tion function with anisotropic thermal velocities, purely transverse waves can grow
exponentially along the lower-temperature axis [176]. The same year, Fried showed
that counterstreaming cold plasma beams are also subjected to modulations grow-
ing normal to the flow distribution function [64]. An analogy then exists between
an anisotropic Weibel-unstable hot plasma and a cold filamentation-unstable two-
stream system, so that filamentation and "Weibel" instabilities are used almost inter-
changeably in the literature. To understand how the instability generally develops
let us consider for simplicity two cold electron flows initially moving along the +x
and −x directions in the presence of an oscillating seed magnetic field polarized
along the z-axis. The Lorentz force deflects the electron trajectories as shown by
the dashed lines in Fig. 5.2. As a result, the electrons moving to the right and those
moving to the left will concentrate in neighbouring magnetic nodes. Current sheaths
thus form and the magnetic field they induce add up onto the seed fluctuations.

In the context of astrophysical shocks, the CFI is triggered by the suprathermal
particles reflected at the shock counterstreaming against the background plasma in
the shock precursor. For a pair plasma, the electrons of one population (either the
beam of the suprathermal reflected component or the inflowing background plasma)
are pinched together with positrons of the other, making up alternating-sign current
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FIGURE 5.1: Spatial profiles of the Lorentz factor of the background plasma as
evaluated in the downstream frame (in blue), proper temperature (in green),
pressure of the suprathermal beam (in red) and energy density of the micro-
turbulence (in grey), for a 2D3V PIC simulation of γ∞|d = 100. Taken from

[91].

FIGURE 5.2: Schematic representation of the Weibel instability. Taken from
[109].
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density filaments which exert a positive feedback on the initial magnetic perturba-
tion, sustaining the development of the instability. The aim of the study conducted
in this Chapter has been to identify the relevant criterion of saturation in asymmet-
ric configurations, at present poorly investigated, where there is a further ambiguity
on which specie, the plasma or the background plasma, determines the end of the
magnetic field growth.

5.1 Basic features of the current filamentation instability

If we assume initial charge and current neutrality in the system, and we express
every quantity ξ, be it a vector or a scalar, as the sum of the equilibrium value ξ0 and
a perturbation ξ1 ≪ ξ0:

ξ = ξ0 + ξ1 exp (ik · r − iωt), (5.1)

the combination of Maxwell-Faraday’s and Maxwell-Ampère’s equations gives

k × (k × E1) +
ω2

c2

(
E1 +

4iπ
ω

J1

)
= 0. (5.2)

Perturbations of the form (5.1) spontaneously arise in a plasma possibly turning
unstable. Further linearising the distribution function, whose evolution is described
by the Vlasov equation (3.1), one can finally obtain the expression(

ω2

c2 ϵ(k, ω) + k ⊗ k − k2I
)
· E1 ≡ D(k, ω) · E1 = 0, (5.3)

where I is the unity tensor and k⊗ k the tensorial product ki, k j. The dielectric tensor
ϵij(k, ω) elements read

ϵij(k, ω) =δij + ∑
α

ω2
pα

ω2

∫ ∫ ∫
d3 p

pi

γ(p)
∂ f (0)α

∂pj (5.4)

+ ∑
α

ω2
pα

ω2

∫ ∫ ∫
d3 p

pi pj

γ2(p)
k · ∂ f (0)α /∂p

mαω − k · p/γ(p)
, (5.5)

where the (non-relativistic) plasma frequency of the species α ∈ (b, p) is defined as
ωpα = (4πnαe2/mα)1/2, with nα denoting the proper density. The dispersion relation
follows from Eq. (5.3) and is given by solving

det D(k, ω) = 0. (5.6)

If ωk are the complex roots of this equation, for a given real wave vector k the related
modes have their electric field lying in the linear subspace defined by D(k, ωk) · E1 =
0. Purely electromagnetic modes verify k · E1 = 0 and purely electrostatic modes are
characterised by k × E1 = 0.

Let us now consider a 2D3V (2D in space, 3D in momentum) problem where the
beam (subscript b) and the plasma (subscript p) flow along the +x and −x direc-
tions, respectively. The momentum distribution functions of both populations will
be assumed even along the py and pz directions. Without loss of generality, the wave
vector will be defined as k = (kx, ky) ≡ (k∥, k⊥). For such a wavevector, the solu-
tions of Eq. (5.6) belong to two branches [25]. The first one, fully electromagnetic in
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FIGURE 5.3: 2D maps of particle density (left) and magnetic field (right) in
the linear stage of the current filamentation instability extracted from PIC
simulations of counterstreaming asymmetric plasma along x. The parameters

of the beam-plasma system are those of run a) in Tab. 5.1.

nature, fulfills the dispersion relation,

ω2ϵzz − c2k2 = 0, (5.7)

and is characterized by E1 ∥ z. The second one, of mixed electromagnetic/electrostatic
nature, obeys the dispersion relation

(ω2ϵyy − c2k2
x)(ω

2ϵxx − c2k2
y)− (ω2ϵxy − c2kxky)

2 = 0, (5.8)

and is characterized by E1 in the x − y plane with k · E1 ̸= 0. We will concentrate on
this branch in the following.

In the relativistic regime, the dominant unstable modes pertain to two main
classes [24, 25]: (i) the quasi-electrostatic, propagating oblique two-stream instabil-
ity (OTSI) with k⊥ ≳ k∥ ≃ ωpp/c and ℜω ≃ ωpp; (ii) the quasi-magnetic, non-
propagating, current filamentation instability (CFI) with k∥ ≪ k⊥ and ℜω ≃ 0.
Taking k∥ ≡ kx = 0, the dispersion relation of the CFI reads:

ϵyy(ϵxx − c2k2
⊥/ω2) = ϵxy. (5.9)

The CFI is associated with an inductive E∥ field component (along the beam flow)
and an electrostatic E⊥ component (along the wave vector). Under conditions rele-
vant to relativistic shock precursors the inductive component can be neglected be-
cause its magnitude is of the order of |ℑω/k⊥c| ≪ 1 relative to the magnetic field
component. The density and field modulations generated in a beam-plasma system
governed by the CFI are illustrated by the PIC simulation results shown in Fig. 5.3:
the instability develops through the pinching of the counterstreaming plasmas into
filamentary structures oriented along x̂, each endowed with a net current. These
structures are surrounded by perpendicular (along z) magnetic fields δB⊥ and per-
pendicular (along y) electric fields δE⊥. The dominance of the magnetic component
means δB2

⊥− δE2
⊥ > 0 for each unstable wavenumber k⊥, and hence that there exists

a frame, moving at velocity (in units of c)

βw =
δE⊥ × δB⊥

δB2
⊥

, (5.10)
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in which the transverse electric field component vanishes. In this frame, which is
called the “Weibel frame”, the CFI can be regarded as purely magnetic, up to the
weak inductive component which cannot be erased by a Lorentz boost. This frame
is discussed in detail in Ref. [122], and we will recap in the following its most salient
features.

In the precursor of relativistic shocks, this frame gains special importance be-
cause the interaction between the beam of accelerated particles and the background
plasma is so asymmetric that, as seen by the beam reference frame, βw ≃ 1, meaning
δE⊥ ≃ δB⊥. It is crucial to properly characterize this frame, as it is where parti-
cles undergo elastic interactions in the course of their acceleration and it controls the
heating and slowdown of the background plasma [91]. Hence, the Weibel frame is
connected to acceleration processes and has direct phenomenological consequences.
In the limit of a symmetric configuration, the frame must coincide with the lab frame.

5.1.1 The Weibel frame

Let us now consider a set of initial beam
{

nb, Tb, ub|r
}

and plasma
{

np, Tp, up|r

}
parameters, where uα|r ≡ γα|rβα|r denotes the x−component of the four-velocity of
species α, and βα|r and γα|r are the associated normalized three-velocity (in units
of c) and Lorentz factor, all defined in some reference frame (subscript |r). We use
proper densities, nα, and proper temperatures, Tα unless explicitly specified other-
wise. By convention, the beam corresponds to the population with the lower rela-
tivistic plasma frequency. The latter is defined as (cgs-Gauss units are used through-
out, with c ̸= 1)

Ωpα =

(
4πnαe2

w̃α/c2

)1/2

, (5.11)

where e is the elementary charge and w̃α the enthalpy per particle of charged species
α ∈ {b+, b−, p+, p−} in its initial state. Note that, in our notations, nα refers to
a single charged species; it thus represents half of the initial total number density
of the corresponding component (beam or plasma). Introducing the correspond-
ing particle mass mα, adiabatic index Γ̂α and proper temperature Tα, one has w̃α =
mαc2 + Γ̂αkBTα/(Γ̂α − 1). This implies w̃α ≃ mαc2 for a plasma of subrelativistic
temperature, kBTα/mαc2 ≪ 1, and w̃α ≃ Γ̂αkBTα/(Γ̂α − 1) for a relativistically hot
plasma, kBTα/mαc2 ≫ 1. Given the inverse normalized temperature of species α,
µα ≡ mαc2/(kBTα), one has w̃α ≃ mαc2 and Ωpα ≃ ωpα for a plasma of nonrelativis-
tic temperature (µα ≫ 1), but w̃α ≃ Γ̂αkBTα/(Γ̂α − 1), and hence Ωpα ≃ ωpα

√
µα/2

(taking Γ̂α = 4/3) for a relativistically hot plasma (µα ≪ 1).
The corresponding Weibel frame velocity can be determined in the following two

ways.
In the linear phase of the CFI, one can define the Weibel frame as that in which the

electrostatic component of the dispersion relation vanishes. This has been done in
Ref. [136] in the subrelativistic regime, and in Refs. [122, 91] in the relativistic regime.
This is not a trivial step, as the dielectric tensor itself depends on the solution to the
dispersion relation, see Ref. [122] for a discussion of the procedure.

Alternatively, one can describe the nonlinear phase of the instability as a qua-
sistatic equilibrium between particles and fields, ordered along the transverse y−
direction in a periodic sequence of current filaments. In a four-fluid (isothermal) de-
scription, the density of each component at equilibrium can be written as a function
of the electromagnetic potentials, see Ref. [167] for details. Setting the electrostatic
contribution to zero imposes a relationship between the physical characteristics of
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the fluid, in the form
nbγ2

b|wβb|w

Tb
+

npγ2
p|wβp|w

Tp
= 0 , (5.12)

where the normalized x-velocities βα|w and Lorentz factors γα|w are here measured
in the Weibel frame. The above equation can be solved to obtain the velocity of
the Weibel frame in the reference frame. As it turns out, both linear and nonlinear
approaches give similar expressions for this velocity under conditions relevant to
the precursor of relativistic shocks. Here, we rely on the latter method and make the
result explicit, as follows.

Writing βα|w and γα|w in terms of βα|r and γα|r through standard Lorentz trans-
forms, one finds that the Weibel frame velocity, relative to the reference frame, can
be expressed as

βw|r =
Qw −

√
Q2

w − 4
2

, (5.13)

where

Qw =
nbγ2

b|r

(
1 + β2

b|r

)
/Tb + npγ2

p|r

(
1 + β2

p|r

)
/Tp

nbγ2
b|rβb|r/Tb + npγ2

p|rβp|r/Tp
. (5.14)

The minus sign in Eq. (5.13) reflects the fact that βw|r ≃ βp|r if the beam component
becomes negligible: the turbulence is then mostly magnetic in the rest frame of the
background plasma. Once βw|r is known, the velocity of each species in a given
reference frame can be Lorentz transformed to the Weibel frame.

In the remaining of this Chapter, all velocities or Lorentz factors that do not carry
a subscript |r are understood to be defined in the Weibel frame.

5.1.2 Linear stage of the CFI growth

In the early linear stage of the instability, oppositely charged particles from each
component of the system (beam or plasma), deflected by magnetic field fluctuations
with a polarity perpendicular to their initial drift velocity, focus in different regions,
forming “current filaments”. Particles of opposite charges concentrate in the same
filaments, their currents add up and the initial magnetic field perturbation is ampli-
fied, developing the instability. Each mode grows as

δBz(k⊥) = δB0(k⊥)eΓw(k⊥)t , (5.15)

where δB0(k⊥) is the seed magnetic field fluctuation and Γw the k-dependent growth
rate. Assuming that the magnetic spectrum ends up being dominated by modes
of similar growth rate and seeded by comparable fluctuations, one can infer the
instantaneous growth rate through

Γw =
1
2

d
dt

ln
[
⟨δBz(t)2⟩
⟨δBz(0)2⟩

]
. (5.16)

The quantity in the rhs can be easily extracted from numerical simulations and di-
rectly compared with analytic estimations of Γw. The latter involve rather heavy
calculations of the dielectric tensor (5.5) contained in the kinetic dispersion relation
of which we will summarize here only the general key points.

As shown in Ref. [122], approximate growth rates of the CFI can be obtained in
two asymptotic limits that depend on the value of the parameter χα = γα|ζ|/

√
1 − ζ2,
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where ζ = ω/k⊥c and ω = iΓw. For each plasma species, we define the hydro-
dynamic limit in which the thermal velocity spread of the distribution function is,
broadly speaking, smaller than the (imaginary) “phase velocity” of the waves, and
the opposite kinetic limit. More precisely, the hydrodynamic (resp. kinetic) limit for
the cold plasma component corresponds to χ̃p ≡ χp

√
µp/2 ≫ 1 (resp. ≪ 1). For the

relativistically hot beam component, the hydrodynamic (resp. kinetic) limit is rather
defined as χb ≫ 1 (resp. ≪ 1), see [122] for details.

We can thus derive two useful approximations of the maximum growth rate and
associated wave number in terms of the nonrelativistic plasma frequencies of the
plasma species, one in the fully kinetic regime – meaning the kinetic approxima-
tion for both species – and one in the combined hydrodynamical (beam) and kinetic
(plasma) regimes, respectively,

Γw,k−k ≃
(ω2

pbµb)
3/2γ3

b|pβ3
b|p√

2πµpω2
pp +

3π
2 ω2

pbµbγ3
b|p

,

k⊥,w,k−k ≃
√

2
3

µbγb|pωpb , (5.17)

and

Γw,k−h ≃
√

ω2
pbµb ,

k⊥,k−h ≃ (2πω2
pbµpµb)

1/6ω2/3
pp . (5.18)

The quantities βb|p and γb|p represent the normalized three-velocity of the beam rel-
ative to the plasma and its corresponding Lorentz factor. It is important to stress
that the above formulae have been derived solving the dispersion relation of the CFI
instability, Eq. (5.9), assuming a cold plasma (kBTp ≪ mαc2) and a relativistically
hot beam (kBTb ≫ mαc2) in the dielectric tensor. Furthermore, those approximations
assume that the plasma moves at subrelativistic velocities with respect to the Weibel
frame; consequently, it neglects terms of order O(βp|w). Those formulas encompass
the majority of the situations addressed by means of PIC simulations in the follow-
ing; if not, this will be made explicit.

5.1.3 Saturation of the CFI

The linear stage of the CFI corresponds to particle trajectories remaining ballistic to
leading order, an approximation which holds provided the growing fields remain
weak enough. When this is no longer true, the particle trajectories can be strongly
modified by the fields and saturation mechanisms take place, slowing or halting
the instability development. Ultimately, the CFI enters a strongly nonlinear stage,
in which secondary instabilities, such as the merging of filaments of equal polarity,
or the kink of current filaments, can arise, see Ref. [167] for a detailed discussion.
The transition between these two phases, i.e., saturation and the strongly nonlinear
stage, is fraud with ambiguities, as filaments can coalesce while the current filaments
keep building up through the CFI. The mechanisms that lead to the saturation of the
CFI are still debated and they will be presented in the following.

Transverse trapping

The widely used trapping-based saturation criterion, first proposed by Davidson in
the nonrelativistic regime [47], and later generalized to the relativistic regime [183,
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103, 5, 78], expresses the fact that, in the weakly nonlinear phase of the CFI, particles
quiver transversely around the center of the filament (i.e., around a magnetic field
node) in which they are focused. Assuming a harmonic B-field profile of amplitude
B and wavenumber k⊥, a particle of Lorentz factor γ and mass m oscillates at the
bounce frequency

ωB =

( ek⊥β∥B
γm

)1/2

. (5.19)

The onset of saturation can be viewed as when the assumption of zero-order ballis-
tic particle motion no longer holds. This occurs when ωB becomes comparable with
the instability growth rate, Γw. Introducing ⟨γ⟩ the typical Lorentz factor of the con-
sidered species, the corresponding saturation magnetic field can thus be expressed
as

Bt =
Γ2

w
k⊥

⟨γ⟩m
β∥e

. (5.20)

Magnetization limit

In the nonlinear phase of the CFI, the plasma can be modelled as an ensemble of
cylindrical filaments of radius r ≃ λ⊥/4 ≃ π/2k⊥, carrying a current density j. As
the B-field grows in amplitude, the Larmor radius of the particles, rL = γβmc2/eB,
shrinks, possibly up to the point where it becomes smaller than the filament radius.
Particles then become spatially trapped within the filaments in both the longitudinal
and transverse directions, while orbiting around the B-field extrema. In the liter-
ature, this limit is often referred to as the “Alfvén limit” [79]. Similarly, particles
gyrating at a Larmor frequency ωL = eB/mγ higher than the instability growth rate
can be regarded as temporally magnetized. In either case, the linear approximation,
which assumes rectilinear motion across the filaments, breaks down. The maximum
value of the magnetic field set by this condition is then given by

Bm = max (Bm, rL , Bm, ωL) , (5.21)

where

Bm, rL =
2
π

k⊥⟨γβ⟩mc2

e
(5.22)

satisfies the spatial constraint and

Bm, ωL = Γw⟨γ⟩
mc
e

(5.23)

the temporal one. Since the CFI is characterized by Γw ≪ k⊥c in relativistic shock
precursors [122], it follows that usually Bm ≡ Bm, rL if β ∼ 1. Similar saturation
criteria were considered in [113, 109, 103, 26].

Particle current limit

The magnetic field is also bounded by above by the maximum current density that
can sustain it [79]. This maximum current density corresponds to the current carried
by one of the two oppositely charged species making up the component (i.e., beam
or plasma) under study. This limit thus tacitly assumes that, at maximum magnetic
field, all the particles of a given component within a transverse length λ⊥/2 have
undergone complete spatial separation in two adjacent filaments. Assuming these
have a uniform current density, the B-field created by a charged species of initial
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apparent density γn (with γ characterizing here the drift motion) has a maximum
strength

Bp ≃ 2π2 eγn
k⊥

⟨β∥⟩ . (5.24)

In the case of complete spatial separation, the contributions of counterstreaming
species of opposite charge should add up within a filament. In an asymmetric con-
figuration, only the particle limit associated with the component that carries most, if
not all of the particle current density, matters.

Most studies on the saturation of the CFI, and, to our knowledge, all those related
to relativistic astrophysical systems, have considered symmetric configurations in
which the interpenetrating plasmas share similar characteristics (i.e., identical tem-
peratures, densities and drift velocities).

The hierarchy among the above saturation criteria depends on the characteristic
wave number of the instability and the growth rate, given that

Bt

Bp
∼
(

Γw

ωp

)2

, (5.25)

Bm

Bp
∼
(

k⊥c
ωp

)2

, (5.26)

where ωp represents here the nonrelativistic plasma frequency of the component to
which the saturation criterion is applied, and k⊥ denotes the dominant transverse
wavenumber. Considering first a cold symmetric counterstreaming configuration,
one has Γw ∼ ωpp and k⊥ ≫ ωpp/c to leading order, e.g. [177, 24]. As a conse-
quence, Bt ≃ Bp ≪ Bm, implying that the trapping and particle limits are equivalent
and determine saturation. For symmetric counterstreaming hot plasmas, Γw is re-
duced to values below ωpp, because it scales with the relativistic plasma frequency
Ωp = ωp

√
µ/2 and µ ≪ 1. Consequently, the trapping criterion is expected to be-

come more stringent than the other two. In addition, a relativistic temperature likely
prevents the oppositely charged species of a given component from fully segregat-
ing from each other within a filament, further weakening the particle limit in this
regime.

5.2 Saturation of the CFI in asymmetric plasma flows

The goal of our study, published in Physical Review E [21], is to determine which sat-
uration criterion for the CFI holds under asymmetric conditions typical of relativis-
tic shock precursors, and whether this criterion applies to the beam or to the back-
ground plasma. Indeed, a key difference with symmetric counterstreaming plasmas,
which are more commonly envisaged, is the ambiguity, arising in the asymmetric
configuration, of which component (beam or plasma) is eventually responsible for
the saturation, and through which mechanism.

In an asymmetric configuration, one has to identify distinct saturation limits for
the beam and the plasma, the respective superscripts b and p will be used in the
following. As a general trait of such configurations, we observe that the beam moves
at relativistic velocities in the Weibel frame, while the drift of the background plasma
is most often sub- or mildly relativistic. This can be read off Eq. (5.12), which relates
the quantities nb/Tb ∝ Ω2

pb and np/Tp ∝ ω2
ppµp. The beam is usually defined as

the component with the smaller plasma frequency of the two, hence Ωpb ≪ ωpp

suggests that γ2
b|w|βb|w| ≫ γ2

p|w|βp|w|. Therefore, one must expect Bb
t ≫ Bp

t .
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We anticipate that, for what concerns saturation through trapping, only the larger
of the two values Bb

t and Bp
t matters, and this trend will be confirmed by the simu-

lations.
We also expect, for the same reasons as above, that Bb

t < Bb
p and Bb

t ≪ Bb
m,

because of the large temperature of the beam. Consequently, we may anticipate that
the overall criterion for saturation will be set by the trapping limit of beam particles.

The saturation is defined as the point at which the growth of the magnetic en-
ergy density is halted, or at least significantly reduced. The temporal evolution of the
magnetic field as extracted from fully periodic particle-in-cell simulations of initially
unmagnetized, collisionless plasmas, is compared to the different criteria of satura-
tion presented above. For most of the study, we considered plasmas composed of
equal mass species, interpenetrating each other at a relativistic velocity. This config-
uration is typical of the precursor of a relativistic shock propagating in a pair plasma,
but it is also relevant for the study of the CFI in asymmetric electron-electron or ion-
ion flows. The study has also been extended to the case of electron-ion plasmas, in
the ultrarelativistic and mildly relativistic regimes.

The simulations are initialised in the Weibel frame associated with the initial
configuration of the plasma-beam system. As the beam-plasma parameters evolve
in time during the run, the simulation frame departs from the Weibel frame at time
t = 0. In any case, this frame still provides the most convenient choice to study the
development of the instability: in that frame, the CFI mode is essentially magnetic in
nature, meaning that the magnetic fluctuations overwhelm the electric ones, δB⊥ ≫
δE⊥. This provides a clear way to identify the CFI as the leading mode, and to define
the saturation point where δB halts or slows its growth. Furthermore, the saturation
criteria introduced above are all defined under the assumption that δB⊥ ≫ δE⊥. It
is easy to show that the center of mass (cm-) frame |cm (such that γ2

b|cmβ2
b|cmwb =

γ2
p|cmβ2

p|cmwp), generically moves at relativistic speeds with respect to the Weibel
frame. Therefore δB⊥ ∼ δE⊥ in that frame, making the identification of the CFI and
the notion of saturation less obvious. Finally in the cm-frame, the growth timescale
of the instability is enlarged by time dilation, requiring longer simulations.

5.2.1 PIC simulations results

I have performed a number of 2D3V (2D in space, 3D in momentum) PIC simulations
of counterstreaming electron-positron pair plasmas, which initially obey Maxwell-
Jüttner distribution functions, using the massively parallel CALDER code [87]. These
simulations resolve the direction parallel to the plasma flows and one transverse
direction, and use periodic boundary conditions in both directions. Such “in-plane”
2D configurations have been shown to reproduce more accurately the results of 3D
simulations than “out-of-plane” 2D simulations restricted to the transverse plane
[143, 158]. Good agreement between “ in-plane” 2D and 3D geometries was also
found in relativistic shock simulations, with plasma injection at one boundary of
the domain [149]. Moreover, because they capture both CFI and OTSI modes, “in-
plane” 2D simulations allow one to check the dominance of the CFI over electrostatic
modes, in which case their results on the dynamics of the CFI have a broader range
of validity than those of purely transverse simulations.

To resolve properly the initial CFI instability, the cell size is set to ∆x = ∆y =
0.1 c/ωpp and the simulations are run over 2 × 104 time steps of ∆t = 0.099 ω−1

pp on
a 2D (x, y) grid of 2000 × 2000 cells. Henceforth, ωpp represents the nonrelativis-
tic plasma frequency of each of the two charged species of the plasma component
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in its initial state, i.e., ωpp =
(
4πnpe2/me

)1/2 (me is the electron mass). Each cell
contains initially 100 macro-particles per species, yielding a total number of about
109 macro-particles. Time and length are normalized to the inverse nonrelativistic
plasma frequency ω−1

pp and the plasma inertial length c/ωpp. In order to suppress
the numerical Čerenkov instability (see Chapter 3), which affects simulations of rel-
ativistic drifting plasmas, we used the Godfrey-Vay filtering scheme combined with
the Cole-Karkkainnen finite difference field solver [68] and multiple passes of bi-
nomial filtering [17, 169] in order to quench non-resonant and resonant modes, re-
spectively. Our code has been extensively and successfully tested against Čerenkov
heating, up to large values of drift Lorentz factors, e.g. [167, 91].

As previously mentioned, we aim to investigate the saturation of the CFI in
an asymmetric interaction between a hot dilute beam and a cold, dense, inflowing
plasma as it happens in the precursor of astrophysical collisionless shock waves in
pair plasmas. For this reason, we initiate our study making use of parameters bor-
rowed from a large-scale shock simulation corresponding to a relative upstream to
downstream Lorentz factor of 10, as described in [91]. The parameters of the beam
and plasma populations, as measured in the downstream shock frame, are as fol-
lows: γb|d = 1.38, γp|d = 9.67, Tb = 45mec2/kB, Tp = 0.2mec2/kB, and nb/np = 0.1.
Those values are extracted from a region deep inside the precursor of the shock,
where the background plasma has been slightly slowed down and heated to mildly
relativistic temperatures. As announced, we then transform those initial parameters
from the downstream shock frame to the Weibel frame. This change of frame gives
the set of parameters indicated by (a) in Table 5.1, hereafter referred to as the ref-
erence run. Note that the plasma moves at subrelativistic velocities in this Weibel
frame, while the beam is now ultrarelativistic. This difference demonstrates the im-
portance of the Weibel frame regarding the development of the instability, and more
importantly, regarding its saturation, since the saturation criteria depend on the in-
ertia of the particles, which in turn depend on the reference frame. The parameters
of subsequent runs have been varied accordingly to fall in the region of the parame-
ter space dominated by the CFI over electrostatic and oblique modes. In particular,
we investigate a case where the initial beam proper density is tripled with respect
to the reference case [run (b)], one in which the initial beam proper temperature is
reduced by a factor of 1/3 [run (c)], one with an initial beam Lorentz factor reduced
by a factor of 1/3 [run (d)]. Finally, we examine two more extreme configurations
by reducing the initial temperature of the beam while increasing its initial Lorentz
factor and the initial plasma temperature by a factor of 10 each [run (e)] or 30 each
[run (f)]. The latter runs are of particular interest for the present study, because their
parameters are such that the roles of background plasma and beam are interchanged
with respect to other runs.

What we refer to as the beam is set in motion in the positive x−direction and
represents the hot cloud reflected by the shock, which encounters the cold incoming
plasma streaming along the negative direction. Correspondingly, the transverse CFI
generates an out-of-plane magnetic field component, Bz, aligned with the ẑ direction,
and its associated electrostatic component Ey, along ŷ. Since the simulation frame
initially coincides with the Weibel frame, Ey remains much smaller than Bz during
the initial development of the instability. A stronger Ey then emerges gradually, and
as time progresses, the physical conditions of the plasma and/or the beam change,
and so does the instantaneous Weibel frame. In particular, the filamentary structures
start to move along x̂ at an approximately coherent velocity corresponding to the
time-dependent value of βw. To discriminate between the various saturation criteria,
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Run γb γp Tb/γb Tp/γp γbnb/γpnp

(a) 18.9 1.01 2.4 0.2 1.9
(b) 16.7 1.05 2.9 0.2 4.6
(c) 16.7 1.05 0.95 0.2 1.5
(d) 40.8 1.2 1.09 0.2 3.5
(e) 25. 5.3 0.2 0.4 0.5
(f) 25. 15.4 0.06 0.4 0.2

TABLE 5.1: Summary of simulation parameters for pair plasmas. Run (a) is
the reference simulation. The parameters of the other runs differ from those
of run (a) as follows: (b) nb × 3; (c) Tb/3; (d) γb|d × 3; (e) γb|d/3,(e) γb|d × 10,
Tp × 10, Tb/10; (f) γb|d × 30, Tp × 30, Tb/30. The table gives the simulation
parameters once transformed to the Weibel frame. Temperatures are given in

units of mec2/kB. Taken from [21].

the magnetic field is directly extracted from PIC simulations and compared with the
theoretical estimates of the saturated B-field given in Sec. 5.1.3.

In what follows, I discuss the linear and saturation phases of the instability, while
the late-time evolution is left aside and treated in Sec. 5.2.3.

Reference run

The growth of the magnetic field during the linear and saturation phases of the ref-
erence case (a) can be clearly seen in Fig. 5.4 (thick black line). In this figure, and sub-
sequent similar ones, the mean B-field strength is expressed in dimensionless units,

Bz = eBz/mecωpp = Bz/
√

4πnpmec2. This value is directly computed from the total
magnetic energy contained in the system, output of the simulation. The expected
maximum growth rate is Γw ≃ 0.02 ωpp at k⊥ ≃ 0.6 ωpp/c, as obtained by solving
numerically the dispersion relation of the CFI [23]. This computation also yields
χ̃p ≃ 0.006 and χb ≃ 0.07, thus showing that the kinetic limit does apply for both
components. For reference, the approximations of Eq. (5.17) give Γw,k−k ≃ 0.01ωpp
and k⊥ ≃ 0.7 ωpp/c in that regime. These predictions fairly match the simula-
tions results: the growth rate evaluated using Eq. (5.16) between t = 200 ω−1

pp and
t = 450 ω−1

pp is ΓPIC
w ≃ 8 × 10−3 ωpp, while the dominant k⊥ in the Fourier spectrum

of Bz at saturation (t ≃ 500 ω−1
pp ) is measured to be kPIC

⊥ ≃ 0.8 ωpp/c. Considering
that the spectrum of the instability is rather broad and variable with time, the fac-
tor of ∼ 2 discrepancy between the theoretical and simulation results is not very
significant.

The measured value of Bz is compared to the saturation limits Bb
t and Bb

p in the
upper panel of Fig. 5.4, and to Bp

t and Bp
m in the lower panel. As explained earlier, the

plot only contains the maximum of the two “particle limit” criteria corresponding to
either component, since the lower one is not relevant for determining saturation. In
the present case, the current density carried by the beam largely dominates that of
the plasma because |βp| ≪ 1. Bb

m lies far above Bb
t , as expected from the discussion of

Sec. 5.1.3, and it is therefore not plotted. Recalling that the limits given in Eqs. (5.20),
(5.21) and (5.24) are upper bounds, saturation is expected to occur once the measured
B value exceeds one of the corresponding curves in Fig. 5.4. All limits shown in the
figures are computed from the instantaneous quantities measured in the simulation,
which explains their evolution in time. A word of caution thus appears necessary
regarding Bt: as it scales with Γ2

w, which is computed through Eq. (5.16), this limit
becomes meaningless outside the phase of linear growth of the CFI. In particular,
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FIGURE 5.4: Temporal evolution of the simulated mean B-field strength (Bz,
black curves) compared to various saturation criteria for reference run (a).
Top panel: particle (Bb

p, green dashed-dotted curve) and trapping (Bb
t , blue

dotted curve) limits as applied to the beam particles. Bottom panel: spatial
magnetization (Bp

m, red dashed curve) and trapping (Bp
t , blue dotted curve)

limits as applied to the plasma particles. All curves are in units of mecωpp/e.
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FIGURE 5.5: Comparison of the typical filament size, as extracted from sim-
ulation (black line), with the Larmor radius of plasma particles in the sim-
ulation frame (red dashed line) and of beam particles in the instantaneous
Weibel frame (orange dotted line). Both radii are computed using dynamical
quantities extracted from the reference run (a) as defined in Table 5.1. Taken

from [21].

the fact that Bb
t < Bz at early times (t ≲ 100 ω−1

pp ), does not mean that saturation has

occurred. On the other hand, the fact that Bb
t and B cross each other at t ≃ 400 ω−1

pp
is indicative of saturation through trapping.

Around t ≃ 400 ω−1
pp the magnetic field indeed becomes so strong that the quiver

frequency of the beam particles exceeds the growth rate of the instability. Beam par-
ticles can then be regarded as transversely trapped around the B-field nodes (Fig. 5.4
top panel). To quantify this, we consider the characteristic momentum and Lorentz
factor averaged over the Maxwell-Jüttner distribution as ⟨γbβb∥⟩ ≃ ⟨γb⟩ ≃ 4γb/µb.
Combining those values with the theoretical estimates of Γw, k⊥, and the parameters
of Table 5.1, we derive the trapping limit as Bb

t ≃ (Γw/ωpp)2(ωpp/k⊥c)⟨γb⟩/βb∥ ≃
0.5, which matches well the observed saturation value Bz ≃ 1. Bb

t is also close to the
estimate from the measured values of Γw, k⊥, ⟨γb⟩ and βb∥, that is, Bb,PIC

t ≃ 0.3.
As expected, the particle limit for the beam lies above those values,
Bb

p ≃ (π/2)(nb/np)(ωpp/k⊥c)⟨γbβb∥⟩ ≃ 50, and the magnetization limit lies well

above, Bb
m,rL

≃ (2/π)(k⊥c/ωpp)⟨γbβb∥⟩ ≃ 1.6× 103. As anticipated in Sec. 5.1.3, the
trapping limit for the beam thus appears to provide the relevant criterion for satura-
tion. Interestingly, Bp

t ≪ Bz at all times, even during linear growth, indicating that
the strong quiver motion of the plasma component does not prevent the CFI from
growing, neither does it matter from the point of view of saturation.

The large value of Bb
m confirms that magnetic trapping does not act longitudi-

nally, meaning that the Larmor radius of the beam particles remains much larger
than the characteristic radius of a filament; see in particular Fig. 5.5 which carries
out such a comparison. As already pointed out in Sec. 5.1.3, if the drift velocity is
relativistic, as is the case for the beam particles, the magnetization limit is deter-
mined by the spatial constraint rL ≲ r. We recall that the notion of Larmor radius
implies a constant B-field along with a null electric field, and hence has to be com-
puted in the instantaneous Weibel frame, which departs, given the development of
the instability, from the simulation frame. This change of frame is relevant for the
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FIGURE 5.6: Transverse profiles of the beam (blue curves) and plasma (yel-
low curves) longitudinal current densities at the time of saturation (t ≃
400 ω−1

pp ) in the reference run (a) listed, and in a limited region of the peri-
odic y-domain. For each species, the solid and dashed curves correspond to

positrons and electrons, respectively. Taken from [21].

beam, which moves relativistically in the simulation frame at ub ≃ 19 ≃ const, while
it can be neglected for the background plasma, given that its velocity and the Weibel
frame velocity remain sub-relativistic in the simulation frame (|βp|w| ≪ 1).

To better understand why the particle limit does not provide the relevant satu-
ration criterion here, we quantify the contribution of the beam to the total current
to this effect. Figure 5.6 shows the particle current density (n⟨γβ∥⟩) of each species
in a limited region of the periodic y-domain. One can see that the contributions of
the beam and the plasma to the electric current density fluctuations are comparable
in scale, although the beam dominates the total particle current density, which en-
ters Eq. (5.24). Importantly, charge separation is not complete and the filaments are
rather diluted than spatially split. For this reason, the magnetic field associated with
the maximum particle limit among the components remains always greater than the
simulated value (compare the green and black curves in Fig. 5.4), and therefore does
not account for saturation.

Concerning the background plasma, it remains sub-relativistic and relativisti-
cally cold in the Weibel frame, hence ⟨γp⟩ ∼ γp and ⟨up⟩ ∼ γpβp. As previ-
ously mentioned, the B-field associated with particle trapping inside the filaments
is nearly everywhere much smaller than measured in the simulation,
Bp

t ≃ (Γw/ωpp)2(ωpp/k⊥c)⟨γp⟩/βp∥ ≃ 0.001, as can be verified using the above
theoretical estimates for Γmax and k⊥. As a matter of fact, the bottom panel of Fig. 5.4
shows that the background plasma particles are rapidly trapped inside the filaments,
both transversely and longitudinally, since Bp

m,rL
≃ (2/π)(k⊥c/ωpp)γpβp ≃ 0.1 <

Bz. Actually, Bp
m,rL

rapidly approaches Bz (at ωppt ≃ 200) and stays remarkably close
to it at later times. We do not interpret this as a cause for saturation of the CFI, but
rather as a relaxation of the low-inertia background plasma into the strong magnetic
fields driven by the large-inertia beam particles. In runs (b), (c) and (d), Bp

m,rL
gets

even smaller than Bz during linear growth, indicating that plasma particles become
magnetically trapped inside the filaments without inhibiting the CFI growth.

Well beyond saturation, the characteristic filament radius r increases, roughly
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linearly in time (see Fig. 5.5), as a consequence of filament coalescence. However, the
B-field strength as measured in the Weibel frame, that is, (B2

z − E2
y)

1/2, remains ap-
proximately constant. The slow evolution of B in the simulation frame results from
the slow evolution of the Weibel frame velocity; it is therefore of kinematic origin.
Interestingly, Fig. 5.5 shows that the typical Larmor radius of background plasma
particles adjusts at all times to the filament radius, rL,p ∼ r, which increases from
r ∼ 3c/ωpp at saturation to r ∼ 10c/ωpp at the final time. This growth implies that
background plasma particles gain energy inside the filaments. Qualitatively, this
process can be related to the chaotic dynamics of particles trapped in an effective
potential characterized by the potential four-vector Ax ∼ rBz, which tends to bring
equipartition between kinetic ⟨p⟩ and potential eAx/c energies, under the approxi-
mate conservation of the canonical momentum Πx = px + eAx/c. Such equipartition
indeed corresponds to rL,p ∼ r.

We note that simulations were precisely stopped once the transverse direction
could not accommodate more than several filaments. Furthermore, saturation as we
define it occurs well before that stage, making the transverse size of the simulation
domain sufficient for our purposes.

Scan in parameter space

The parameters of the reference run (a) are such that the beam carries most of the en-
ergy density of the system, and its relativistic plasma frequency is the lower among
the two. The smaller inertia of the background plasma particles, which remain sub-
or mildly relativistic in the Weibel frame, explains why they relax rapidly in the
magnetized filamentary structures while the rigid beam current keeps driving the
instability. For this reference run, we thus find that the transverse trapping of beam
particles provides the relevant criterion for determining the saturation of the CFI.
This general picture proves robust (i.e., it applies from runs (a) to (e) in Table 5.1)
even if the initial parameters are pushed to extreme values, though always in the
CFI-dominated regime.

For instance, Fig. 5.7 compares the saturation criteria for run (e), in which the
initial γb and Tp have been multiplied by 10 and Tb divided by 10. The instability
grows fast, with a measured growth rate ΓPIC

w ≃ 0.3 ωpp, kPIC
⊥ ≃ 0.9 ωpp/c, saturating

at t ≃ 30 ω−1
pp . Here as well, transverse magnetic trapping of beam particles appears

to control the saturation level, while the Larmor radius of background plasma par-
ticles still adapts to the filaments size. The parameters of this simulation, though,
are such that Eq. (5.17) cannot be applied because the plasma is hot, and because it
moves at relativistic velocities in the Weibel frame. Solving numerically the disper-
sion relation of the CFI, we obtain Γw ≃ 0.3 ωpp at k⊥ ≃ 1.2 ωpp/c, which nicely

agrees with the PIC values. We then obtain Bb
t ≃ 37, a factor of a few above the sim-

ulated value Bz ≃ 10, and slightly below the theoretical particle limit Bb
p ≃ 44. The

time evolution of these limits, computed with the instantaneous measured values
and plotted in the top panel of Fig. 5.7, confirms that saturation results from trans-
verse trapping of the beam particles. Moreover, the closeness of the PIC field value
and plasma magnetization limit (compare Bz and Bp

m in the bottom panel of Fig. 5.7)
indicates that the plasma particles are fully trapped in the filaments, as before.

Case (f) of Table 5.1, where Tb is reduced by a factor of 30 while γb and Tp are
increased by the same amount, provides an exception to that general picture. In this
particular configuration, both the beam and the plasma become relativistically hot,
leading to comparable initial relativistic plasma frequencies, namely, Ωpb ≃ 0.14 ωpp
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FIGURE 5.7: Same as Fig. 5.4 for simulation run (e). Taken from [21].

and Ωpp ≃ 0.2 ωpp. One can then hardly discern which plays the role of the beam
and which plays the role of the background plasma. What matters for the (transverse
or longitudinal) trapping limits, however, is the inertia of the particles. Here, ⟨ub⟩ ≃
40 and ⟨up⟩ ≃ 100 initially, so that the background plasma particles will be trapped
later than the beam particles.

In detail, we measure ΓPIC
w ≃ 0.3 ωpp and kPIC

⊥ ≃ 3ωpp/c, in fair agreement
with the numerical solution to the CFI dispersion relation (Γw ≃ 0.4 ωpp at k⊥ ≃
1.6 ωpp/c) and which translates into a plasma trapping limit, Bp

t ≃ 38, exceeding

the beam trapping limit, Bb
t ≃ 15. Moreover, since the plasma now carries a larger

current density than the beam, it gives a greater particle limit: Bp
p ≃ 180 vs. Bb

p ≃ 38.
Those limits have been evaluated using the simulation parameters; they qualita-
tively match (yet overestimate by a factor of a few) the values obtained using the
instantaneous simulation parameters (as plotted in Fig. 5.8). We therefore expect
saturation to be determined by transverse plasma trapping as confirmed by Fig. 5.8.

In summary, we observe that the CFI growth rate is set by the species with the
lower (relativistic) plasma frequency, while the saturation level is determined by that
component with the larger inertia per particle, according to the transverse trapping
criterion. The expected overall B-field amplitude at saturation can thus be approxi-
mated as

Bsat.√
4πnpmc2

≃
(

Γw

ωpp

)2 ωpp

k⊥c
max

(
⟨γb⟩, ⟨γp⟩

)
. (5.27)

In the forthcoming section, we extend this analysis to electron-ion compositions.

5.2.2 The electron–ion case

The presence of ions introduces a new scale in the problem, associated with the
hierarchy mi/me (mi ion mass). If both ions and electrons are cold, the ratio of ion
to electron plasma frequencies scales in proportion to

√
me/mi. If the electrons are
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FIGURE 5.8: Same as Fig. 5.4 for simulation run (f). In the top panel is also
plotted the time evolution of the B-field associated with the spatial magneti-
zation limit as applied to the beam (Bb

m, red dashed curve). Taken from [21].

Run γb γp
Tbe
γb

Tbi
γb

Tpe
γp

Tpi
γp

γbnb
γpnp

(i1) 18.9 1.011 2.4 0.024 0.20 0.0020 1.9
(i2) 6.7 1.00075 4.5 0.15 0.2 0.002 1.3

TABLE 5.2: Parameters of the electron-ion simulations, once transformed to
the Weibel frame. Run (i1) is analogous to run (a) in which the positrons have
been replaced with ions. Run (i2) treats a mildly relativistic regime. Electron
and ion temperatures are given in units of mec2/kB and mic2/kB, respectively.

Taken from [21].

heated to such a degree that their effective inertia becomes similar to that of the ion
species, then the above hierarchy disappears: both species share a similar relativistic
plasma frequency, and hence the electron-ion component effectively behaves as a
pair plasma. Thus, one may expect to obtain results similar to those for the pair
systems examined in the previous section.

In the particular context of relativistic shock physics, it is known that electrons
are efficiently heated up to near equipartition in ultrarelativistic, weakly magnetized
conditions (see e.g. [144, 168] and references therein). By contrast, in the mildly
relativistic and magnetized regime, electron heating appears to be weak, implying
that some hierarchy between the response of electrons and ions remains preserved.
Both situations will be addressed in the following. In order to be able to capture the
physics of the instability for both electron and ion species, with a sufficient number
of macro-particles per cell and spatial extent, we will adopt an ion-to-electron mass
ratio mi/me = 100.

Ultrarelativistic regime

Let us first examine the saturation criteria for case (i1) described in Table 5.2. The pa-
rameters of this run are obtained from run (a) by replacing the positrons with ions of
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FIGURE 5.9: Temporal evolution of the simulated mean B-field strength
(black curves) compared to various saturation criteria for run (i1) defined
in Table 5.2. Top panel: particle (green dashed-dotted curve) and trapping
(blue dotted curve) limits as applied to the beam ions. Bottom panel: spatial
magnetization (red dashed curve) and trapping (blue dotted curve) limits as
applied to the plasma ions. All curves are in units of mecωpp/e. Taekn from

[21].

charge +e and mass mi = 100 me. The beam electrons and ions then have a compara-
ble inertia: ⟨pbe⟩/mec ≃ 4γbTbe ≃ 3430 and ⟨pbi⟩/mec ≃ γbβb(mi/me)K3(µbi)/K2(µbi) ≃
4520 (Kn is the modified Bessel function of the nth kind). Note that the beam ions
have a proper temperature Tbi/mic2 ≃ 0.45, so that they cannot be considered as
fully relativistic.

Accounting for the ion mass modifies the trapping and magnetization limits as

Bi
t =

Γ2
w

k⊥
⟨γ⟩mi

β∥e
(5.28)

and

Bi
m, rL

=
2
π

k⊥⟨γβ⟩mic2

e
. (5.29)

The time evolution of the simulated mean B-field is plotted in Fig. 5.9. Unlike
previous studies (e.g. [137]), the system does not experience an early phase governed
by electrons, in which the CFI grows faster, before moving to a regime ruled by the
slower ion-driven CFI. We ascribe this behavior to the similar inertia of the beam
ions and electrons. Solving the CFI dispersion relation in the presence of ions yields
a maximum growth rate Γw ≃ 0.025 ωpp for a wavenumber k⊥ ≃ 0.5 ωpp/c (as
before, ωpp denotes the electron plasma frequency of the background plasma). These
values are very close to the simulation values, namely, ΓPIC

w ≃ 0.024 ωpp (as obtained
by exponentially fitting Bz(t) over 300 < ωppt < 500) and kPIC

⊥ ≃ 0.4 ωpp/c (as
measured from the spatial Fourier spectrum of Bz).

As in run (a), the CFI saturates through transverse trapping of the beam parti-
cles (electrons and ions). This is consistent with the fact that the theoretical trapping
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FIGURE 5.10: Temporal evolution of the simulated mean B-field strength
(Bz, black curves) compared to various saturation criteria for run (i2) defined
in Table 5.2. Top panel: comparison of the spatial magnetization (Bbe

m , red
dashed curve), particle (Bbe

p , green dashed-dotted curve), trapping (Bbe
t , blue

dotted curve) limits as applied to the beam electrons, plus the trapping limit
applied to beam ions (Bbi

t , light-blue dotted curve). Also plotted is the satu-
rated B-field from Eq. (5.34) (Bc, magenta dotted line). Bottom panel: spatial
magnetization (Bpe

m , red dashed curve) and trapping (Bpe
t , blue dotted curve)

limits as applied to the plasma electrons. All curves are in units of mecωpp/e.
Taken from [21].

limit, Bb
t ≃ 6, is much smaller than the particle limit, Bb

p ≃ 75, both limits being com-
puted for the beam ions and using the initial simulation parameters. This estimate
of Bb

t matches well that evaluated at saturation time (t ≃ 400 ω−1
pp ) instantaneous

simulation parameters (see top panel of Fig. 5.9). At later times, again similarly to
run (a), the background plasma particles turn fully magnetized, with their typical
Larmor radius adjusting to the mean filament size (bottom panel of Fig. 5.9). A no-
table difference with run (a), however, is that the mean B-field strength here remains
quasi-constant following saturation (up to the final simulation time, t = 2400 ω−1

pp ),
rather than slowly increasing as in Fig. 5.4.

In short, in this asymmetric, relativistic electron-ion simulation, in which both
species share a similar inertia, we recover the general picture of the previous section.
Accordingly, the CFI saturation is determined by the trapping limit as applied to the
species with the largest inertia.

Mildly relativistic regime

We now address the case of two electron-ion plasmas counterstreaming with a mod-
erate Lorentz factor (∼ 3) in a reference frame. These two plasma flows mainly differ
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FIGURE 5.11: Out-of-plane magnetic field (Bz) generated by the counter-
streaming of mildly relativistic electron-ion flows (i2). The magnetic field
is plotted at two different times: in the early (ωppt = 594, top) and late
(ωppt = 990, bottom) phases of the CFI when cavities have started to form.

Taken from [21].

in their temperatures: the beam’s electron and ion populations are much hotter than
their plasma counterparts, and for each (beam or plasma) component, the electrons
are also much hotter than the ions. In particular, the difference in temperature be-
tween the beam ions and electrons is justified by the fact that, according to kinetic
simulations, the shock-reflected ions have a temperature at least three times larger
than their electronic counterpart in the downstream frame (see [31, 45, 100, 101] and
references therein). The initial parameters for this run (i2), as expressed in the corre-
sponding Weibel frame, are summarized in Table 5.2.

In this configuration, one has ⟨pbe⟩ ≃ 800 mec, while ⟨pbi⟩ ≃ 3000 mec. A hierar-
chy therefore persists between the beam electrons and ions, leading to a somewhat
different picture for the evolution of the instability and its saturation level.

Figure 5.10 shows that after a transient early phase ruled by oblique modes, the
CFI sets in at t ≃ 300 ω−1

pp and rapidly saturates at t ≃ 400 ω−1
pp with a measured

growth rate ΓPIC
w ≃ 5 × 10−3 ωpp and a dominant wave number kPIC

⊥ ≃ 0.35 ωpp/c.
During this short period, the B-field grows only by a factor of a few, likely because
the transverse trapping limit for beam electrons is already partially fulfilled, see top
panel of Fig. 5.10. This figure also suggests that the trapping of beam ions con-
tributes to the instability saturation, as would be expected from their larger inertia.

At later times (t ≳ 700ω−1
pp ), a secondary instability develops, leading the mean

B-field strength to rise by almost two orders of magnitude. As shown in Fig. 5.11,
this instability generates isolated, large-scale magnetic filamentary structures, which
are essentially filled with beam electrons and plasma ions, and devoid of beam ions
and plasma electrons.

Those structures, or “cavities”, have been observed in previous electron-ion sim-
ulations [135, 115] and studied recently in greater detail in Ref. [124]. Although
the latter paper considered a simpler setting consisting of an electron beam-plasma
system embedded in an ion background, the picture that it sketches can be readily
extended to the present problem. Specifically, the cavities are driven by the beam
electrons, which are initially overdense relative to the plasma (γbenbe/
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FIGURE 5.12: Top left panel: magnetic field profiles along the transverse di-
rection (y) and at successive times, as indicated, for simulation run (i2). The
figure reveals the growth of the magnetic field as the cavity expands. Bottom
left panel: transverse profiles of the number density of the beam and plasma
components at the onset of saturation, ωppt ≃ 1000. Right panel: (y, px)

phase space of the plasma ions at the same time. Taken from [21].

(γpenpe) ≃ 1.3 at t = 0). As a cavity expands due to the magnetic pressure ex-
erted by the beam electron current, more beam electrons join and add their contri-
bution to the current inside the cavity, thus feeding back positively on the magnetic
field. Meanwhile, the beam ions are expelled from the cavity by the growing field,
just as the plasma electrons. The background ions accumulate in the cavity, mainly
(initially) as a result of the confining force exerted by the Ey electric field compo-
nent. This scenario is illustrated in Fig. 5.12, in the case of the cavity formed at
(x, y) ≃ (450,−60) c/ωpp in the bottom panel of Fig. 5.11. The top left panel depicts
the time evolution of the B-field profile across the cavity, while the bottom left panel
plots the density profiles of the various populations of the system.

Interestingly, this secondary instability is essentially driven by one species, here
the beam electrons, and it leads to a sharp contrast between the beam electron den-
sity inside and outside the cavity. Thus, it is not surprising that the particle limit, as
evaluated for the beam electrons, nicely follows the evolution of the magnetic field
during this nonlinear phase1, yet this does not cause the instability to saturate.

We also note that a key factor for this secondary instability is a clear hierarchy
between the beam ions and the beam electrons. Were they of equal inertia, these
two species would react similarly in adjacent filaments, leading to the growth of all
filaments as in the standard CFI. A comparison of this simulation with the previous
one (i1) suggests that in order for the instability to develop, the beam electrons and
ions should differ in their inertia by at least a factor of a few.

This instability causes the magnetic field to grow rapidly, until saturation is
reached at t ≃ 1100 ω−1

pp . While in [124], the magnetic pressure pushes a “wall”
composed of background ions initially at rest, in the present case it evacuates the
beam ions, which are relativistic. We can thus adapt the calculation of the instability

1In Fig. 5.10 there is an offset of about an order of magnitude between the measured value Bz (black
solid curve) and the theoretical limit given by Eq. (5.24) (green dashed-dotted curve). This offset is
related to the overall geometry, in particular the fact that the structures are not space-filling while the
averages are taken over the simulation box. It is clear, however, that inside a cavity, the magnetic field
is mostly carried by the beam electrons.



Chapter 5. Weibel-mediated relativistic shocks 85

growth rate made in that study to our conditions by taking into account the inertia
of the beam ions, as follows.

Assuming that the B-field inside the cavity is mainly generated by the beam elec-
trons, the magnetic pressure acting on this wall can be expressed as

B2
z

8π
=

(4πenbeγbeβberc)2

8π
. (5.30)

The momentum per unit area of the wall is mainly carried by the expelled beam ions,
and so can be estimated as γbinbi⟨pbi⟩rc(t), where rc(t) is the instantaneous cavity
radius. Momentum balance in the transverse (y) direction then leads to

d
dt

(
γbinbi⟨pbi⟩rc

drc

dt

)
= 2π(enbeγbeβberc)

2 , (5.31)

The solution to this equation grows as rc ∝ eΓct, where the growth rate is given by

Γc =
Ωpbi

2
. (5.32)

In the present case, Ωpbi ≃ 0.02 ωpp and therefore, Γc ≃ 0.01 ωpp, which is in fair
agreement with the growth rate ΓPIC ≃ 0.015 ωpp measured in the simulation over
the interval 750 ≲ ωppt ≲ 960.

According to [124], saturation is reached once the background plasma ions are
accelerated by the inductive electric field (Ex) to a point where they become relativis-
tic (pi,x ≃ mic) and neutralize the electron beam current. The right panel of Fig. 5.12,
which displays the (y, px) phase space of the plasma ions at the onset of saturation
(ωppt = 990), confirms that they have indeed attained relativistic momenta by that
time inside the cavity. Adapting again the calculations in Ref. [124], the radius of the
cavity at saturation can be expressed as

rc,sat =
c

γ1/2
b ωpbi

=
c

⟨γbi⟩1/2Ωpbi
, (5.33)

recalling that ωpbi =
√

4πnbie2/mi. This gives rc,sat ≃ 10 c/ωpp, which agrees rela-
tively well with the size of the structures seen in Figs. 5.11 and 5.12.

The corresponding saturated value of the magnetic field is given by

Bc ≃ γ1/2
be

(
mi

me

)1/2 ωpbe

ωpp
(5.34)

in normalized units. One obtains Bc ≃ 11 in correct agreement with the observed
value Bz ≃ 6 (see top panel of Fig. 5.10). Note that in Ref. [124] an extra factor of 1/2
was added in the estimation of the saturated field, which is not included here.

5.2.3 Late–time evolution of the beam-plasma system

We conclude by investigating briefly the late-time evolution of the beam-plasma sys-
tem after the saturation of the magnetic field growth. It is worth noting that in this
final stage, both the beam and plasma components are expected to relax to isotropy
in the turbulence frame. This can be seen as a transition from the two-stream col-
lisionless system to a long-term hydrodynamical system in which everything has
been effectively mixed. In this respect, if we assume that the beam and plasma have
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relaxed to the same final velocity but with different temperatures, the conservation
of energy and momentum implies:

γ2
biwbi − pbi + γ2

piwpi − ppi = γ2
f (wbf + wpf) (5.35)

− pbf − ppf ,

γ2
biβbiwbi + γ2

piβpiwpi = γ2
f βf(wbf + wpf) , (5.36)

where the subscripts i and f here refer, respectively, to the initial and final states of the
beam (b) and plasma (p) components. As before, w denotes the enthalpy density and
p the pressure. Note that we have neglected the contribution of magnetic turbulence
in the final state, as it is expected to be subdominant.

In the case where the final states of the beam and plasma are relativistically hot,
and therefore share the same adiabatic index, Γ̂f = wf/(wf − pf) (wf and pf are the
total final enthalpy density and pressure), the final velocity βf satisfies

γ2
biwbi − pbi + γ2

piwpi − ppi

γ2
biβbiwbi + γ2

piβpiwpi
=

κf − 1 + β2
f

κfβf
, (5.37)

where κf ≡ Γ̂f/(Γ̂f − 1).
Consider for instance the case, exemplified by run (a) of Table 5.1, of an initially

sub-relativistic (βp,i ∼ 0) and cold (pp,i ∼ 0) plasma interacting with a relativistically
hot beam which carries most of the energy (i.e. γ2

b,i pb,i ≫ wp,i). We then have κf ≃ 4
(as in the initial state), so that

βf ≃ βb

(
1 − 1

2
wpi

γ2
bi pbi

)
,

γf ≃ γb

(
1 −

wpi

pbi

)
. (5.38)

The second equation further assumes wpi ≪ pbi. The Lorentz factors are evaluated
in the simulation frame of the two-stream system.

The above indicates that the asymptotic velocity of the relaxed components should
be close to the initial beam velocity. This behavior is illustrated in Fig. 5.13, which
plots the time evolution of various four-velocities as extracted from our reference
run (a). The beam four-velocity decreases steadily with time, slowly approaching
from above the predicted asymptotic four-velocity, uf = βfγf (magenta dashed line).
For detailed analyses of the late-time momentum and energy transfers in (nonrela-
tivistic) unstable beam-plasma systems, see Ref. [142]. Conversely, the plasma four-
velocity, up, is seen to increase steadily toward uf. Also overlaid is the instantaneous
four-velocity of the Weibel frame (green dotted line), computed from the simula-
tion data as uw = γwβw with βw = (⟨E2

y⟩/⟨B2
z⟩)1/2 (the average is taken over the

simulation domain). Note that this quantity is not defined at early times because of
the dominance of oblique modes characterized by ⟨E2

y⟩/⟨B2
z⟩ > 1. The four-velocity

of the Weibel frame tracks that of the background plasma quite well. We note that
the convergence to the hydrodynamical regime is not attained over the time scale
of the simulation. As a matter of fact, we expect the convergence to proceed at an
increasingly slower rate as time passes. This is because relaxation takes place in the
Weibel frame, hence time dilation effects associated with the relativistic velocity of
the Weibel frame relative to the simulation frame will decrease the apparent relax-
ation rate.
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FIGURE 5.13: Time evolution of various four-velocities as extracted from run
(a) defined in Table 5.1. Light-green dotted curve: four-velocity of the Weibel
frame. Yellow curve: four-velocity of the plasma. Blue curve: four-velocity
of the beam. Magenta dashed line: four-velocity of the relaxed plasma and

beam as given by Eq. (5.38). Taken from [21].

5.2.4 Conclusions

We have investigated the saturation mechanism of the current filamentation insta-
bility, or Weibel instability, in an asymmetric configuration, meaning in the case in
which the counterstreaming plasmas differ in terms of velocity, temperature and
density. This configuration is notably representative of the precursor region of electron-
positron or electron-ion shocks, although the implications of our results are not re-
stricted to such systems. Our study relies on large-scale periodic PIC simulations of
counterstreaming flows composed of a hot dilute population representing the beam
(e.g. the particles reflected at the shock front) and a relatively cold plasma (e.g. the
background plasma that is incoming toward the shock). The parameters of our fidu-
cial run have been directly borrowed from a large-scale relativistic shock simulation
at a position deep in the precursor; the parameters of subsequent runs have then
been varied in an ad hoc manner to explore different possible settings. We have dis-
cussed several theoretically motivated criteria for saturation and compared them to
the simulation results.

The asymmetric counterstreaming configuration departs from its symmetric coun-
terpart in two important ways: (1) there exists an ambiguity as to whether a given
criterion should be applied to the beam, or to the plasma component; (2) there exists
a preferred reference frame, dubbed here the “Weibel frame” [122], in which the in-
stability is purely magnetic; this reference frame does not a priori coincide with that
in which the total momentum flux vanishes, as happens for the symmetric config-
uration. Here, we pay particular attention to that latter point. We have set up our
simulations such that for each set of parameters characterizing the plasma flows, the
simulation frame initially coincides with the Weibel frame.

We have then compared different mechanisms as possible sources of saturation
of the magnetic field associated with the instability: magnetic trapping, particle
limit, Alfvén limit. Our general conclusion is that, for pair plasmas, the saturation
level is determined by the criterion of magnetic trapping as applied to the (beam
or plasma) component that carries the larger inertia of the two: the growth rate is
found to diminish strongly once the quiver frequency of that component becomes
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comparable with, or larger than the instability growth rate. For all studied cases,
our theoretical estimates of the instability properties, such as the maximum growth
rate and associated wave number, are consistent with those extracted from the sim-
ulations. Consequently, it is possible to obtain reasonable analytical approximations
for the strength of the magnetic field at saturation. Furthermore, we find that the
particle limit is never fulfilled, all the more so when the component of larger iner-
tia is relativistically hot, as its temperature then prevents its charged species from
being fully segregated in separate filaments. We have observed that the component
of smaller inertia becomes rapidly trapped inside the filaments, in some cases even
during the linear phase of the CFI. At late times, the Larmor radius of those particles
closely follows the characteristic filament radius and thus grows in time through co-
alescence. Asymptotically, the system tends to a final state where the two fluids are
effectively mixed, drifting at the same mean velocity. However, due to relativistic
time dilation effects, this ultimate regime could not be accessed from our simula-
tions.

We have also investigated the case of asymmetric electron-ion systems with a
mass ratio mi/me = 100. As long as there is not a clear hierarchy in inertia between
the electron and ions species of a given (beam or plasma) component at the begin-
ning of the simulation, the development of the instability and the saturation proceed
much as in the case of a pair plasma. The picture and saturation criterion discussed
above thus remain applicable. However, if the electron and ion inertia differ by a
factor of a few or more, a different instability eventually supersedes the CFI. It leads
to the formation of cavities in which the beam electrons and background plasma ions
accumulate and drive magnetic field growth, while the beam ions are pushed out-
wards along with the plasma electrons. This mechanism comes to an end when the
plasma ions inside the cavities, accelerated by the inductive electric field, become
capable of neutralizing the electron beam current, as discussed recently in Ref. [124].
This study has been published in [21].
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Chapter 6

Particle Acceleration at turbulent
shock fronts

As discussed in Sec. 2.1.2, in relativistic and substantially magnetised configurations,
acceleration appears to be strongly inhibited by the generic superluminal configu-
ration of the shock front [14, 95, 93, 149]. As the magnetisation parameter σ takes
values above 10−4, the extent of the powerlaw tail of nonthermal particles becomes
more and more restricted, until it vanishes at σ ∼ 10−2 [149, 144, 128]. Yet, such
a substantial magnetisation is expected in a wide class of high-energy astrophysi-
cal jets, as encountered in gamma-ray bursts, pulsar wind nebulae or active galactic
nuclei, this hence raises the question of the relevance and the role of shocks as dissi-
pation and acceleration agents [145].

One limitation of previous studies is to systematically consider laminar flow con-
ditions, i.e. a nonturbulent, homogeneous background with uniform magnetisa-
tion, in stark contrast with the generic turbulent conditions of astrophysical plasmas
with large Reynolds number. The presence of an intense turbulence upstream of a
fast shock front may have several consequences. Turbulence may pre-accelerate the
plasma particles via a stochastic Fermi process [178]; it may corrugate the shock front
and modify locally the superluminal or subluminal nature of the magnetic configu-
ration [98]. In turn, the corrugation will reprocess the turbulence between upstream
and downstream, meaning that turbulence will not be trivially transformed through
the shock, see e.g. [185, 28, 112, 163] in connection with the solar wind, or [96]
for a theoretical discussion of the relativistic magnetized regime. In the context of
PWNe, the work of [36] investigated the presence of a strong plasma turbulence in
the downstream flow of the wind termination shock, as induced by current-driven
instabilities in sharp velocity shear between strongly and weakly magnetized re-
gions. In this picture, current sheets in the equatorial plane and at the poles would
mix and lead to efficient nonthermal particle acceleration through magnetic recon-
nection.

Eventually, turbulence may in general well affect the dissipative properties, and
therefore the acceleration efficiency, of relativistic, magnetized shocks.

In this Chapter we will mainly investigate, through self-consistent PIC simula-
tions, the interaction between a relativistic shock and a turbulent magnetised plasma.
Particular emphasis will be put on analysing the acceleration efficiency of the shock+
turbulence system, notably by tracking a large number of particles in the simula-
tions. Given the central role of the turbulence in several astrophysical sources, such
simulations are the object of growing interest.

In our numerical setup, the shock is triggered by the interpenetration of two
plasmas: the one continuously injected from the right-hand (rhs) side of the simu-
lation domain, which propagates toward the left, and the plasma that, injected on
the right boundary, has travelled the whole domain to be reflected on the left-hand



Chapter 6. Particle Acceleration at turbulent shock fronts 90

FIGURE 6.1: Plasma density in two different shock-turbulence simulations.
Top panel, configuration (A): shock formation out of a non-turbulent plasma
at t ∼ 0. Bottom panel, configuration (B): the shock originates from a turbu-

lent plasma which travelled across the whole domain.

side (lhs), which plays the role of a contact discontinuity, and propagates towards
the right. The latter method is widely used in shock simulations [152]: it allows one
to save computational time as it only produces one shock wave instead of a double
system of forward and reverse shocks. The magnetic turbulence is driven using the
Langevin antenna technique described in the dedicated Sec. 3.2.3. Although, there
is a an important difference to consider: the reference frame of the simulation coin-
cides with the downstream of the shock while the turbulence is excited isotropically
in its proper rest frame. Given that the plasma is drifting at a relativistic speed, the
two frames do not coincide. As a consequence, the antenna has to be excited in the
frame where it is at rest and hence differently in different points of the numerical
grid connected to the rest frame of the turbulence by a Lorentz transform. This will
be detailed in the following.

We explored two different main configurations: one, referred to as configuration
(A) hereafter, where the shock suddenly originates from the injected plasma at t ∼ 0
everywhere in the simulation box (top panel of Fig. 6.1); the other, configuration (B),
where the shock originates only once the plasma, which had the time to couple with
the turbulence travelling over the whole domain, reaches the left reflective boundary
of the simulation box (bottom panel of Fig. 6.1). As already mentioned in Sec. 3.2.1,
we recall that the simulation domain is divided into three main regions: one region,
extending over a few cells, where the turbulence is initialised and sets the magnetic
and electric fields but the particles do not feel the fields nor act on them; an adja-
cent zone where the turbulent is forced (rightmost part of the domain, numbered
as “1”); next to it, the decaying turbulent part, where turbulence decays and evolve
freely (“2” in Fig. 6.1). These three regions make up the upstream of the shock in
configuration (A), along with the non-turbulent plasma populating the box at the
beginning of the simulation and drifting with a negative velocity (“3” in Fig. 6.1).
On the leftmost part, numbered as “4”, the either unperturbed (top panel for con-
figuration (A)) or turbulent (bottom panel for configuration (B)) shock downstream.
All the boundaries of these regions drift along with the plasma at a relativistic speed.

We aimed initially to study high plasma magnetisation levels (σ > 1) and ultra-
relativistic shocks. Unfortunately, this turned out to be unfeasible because the mag-
netic energy density decays away rapidly, even if on timescales which get longer
and longer because the dissipation-time is proportional to the Alfvén velocity and
hence to to the turbulent field which decreases along with the turbulent fluctua-
tions δB. It is thus hard to keep a high magnetisation level of σ ≳ 1 throughout
the simulation, and in particular by the time the turbulent plasma interacts with
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the shock. Such magnetisation cannot even be attained in simulations of forced tur-
bulence because of the rapid plasma heating (unless efficient cooling mechanisms
are considered [191]). We hence performed simulations with magnetisation level
σ ∼ 10−2 − 10−1 and δB/B ∼ 3 − 10. Moreover, to save computational resources,
we restricted ourselves to mildly relativistic shocks, adopting a shock Lorentz factor
of 2 − 3. Indeed, relativistic time dilation implies that, in the simulation frame, the
characteristic length over which the turbulence evolves non-linearly scales with the
drift Lorentz factor.

6.1 Numerical PIC simulations

In order to perform the simulation in the downstream frame of the shock, turbu-
lence is set in motion along with the injected plasma while maintaining its excitation
in its proper frame. In the following, primed quantities denote those evaluated in
the plasma/turbulence rest frame and unprimed quantities those evaluated in the
simulation (downstream) frame.

In the rest frame of the drifting plasma, which propagates at a normalized ve-
locity β∞ and Lorentz factor γ∞ in the simulation (downstream) frame, turbulence
is excited isotropically as a sum of Nw = 24 plane waves, with mean wavenum-
ber ⟨k′⟩ ≃ 2.9 × 2π/L′

max (the wavenumbers coefficients used for the 2D geome-
try are reported in Tab. 3.1), where L′

max = Ly, represents the extent of the sim-
ulation domain in the transverse (y) direction, the coherence length is defined as
ℓ′c = 2π/⟨k′⟩. The turbulence is driven through external δBx and δBy magnetic per-
turbations, which are seeded by the external vector potential Az = ∑Nw

i=1 ai(t′)eik′
i·r′

via a Langevin antenna schema [159], as described in Section 3.2.1. Numerically, the
excitation scheme is implemented so as to have it evolved in the simulation grid,
while the antenna external vector potential is evaluated on refined grids

t′ = γ∞[t − β∞(x − xL)] , (6.1)
x′ = γ∞[−β∞t + (x − xL)] , (6.2)

with xL the boundary of turbulence injection. Fluctuations decorrelate on timescales
ℓ′c/vA in their proper frame and hence on timescales γ∞ℓ′c/vA in the simulation
frame. Practically, the excitation scheme is numerically modified, for simulations
containing a shock, with the following adjustments:

1. As the time index in the simulation frame increases to j with timestep ∆t, in
the rest frame of the plasma/turbulence the time step is given by ∆t′ = ∆t/γ∞.
Accordingly, we build a finer grid in proper time that spans the range of val-
ues covered by the simulation grid. The time coordinate t′ also depends on
the position on the grid: the left-hand boundary of the turbulence zone is as-
sociated with time coordinate t′ = t/γ∞ (by using Eq.(6.2) with x′ ≡ 0 into
Eq.(6.2)), while the right-hand boundary has t′ = γ∞t (by using Eq.(6.2) with
x′ ≡ xL into Eq.(6.2)). As a result, the finer sub-grid in time, with index nj,
should span over ∆nj values with ∆nj = int(γ2

∞) + 1. The temporal part of the
antenna, ai(t′), is then advanced in proper time steps as

ai,nj+1 = ai,nj exp (−iω0∆t′ + γ0∆t′) + A0

√
12|γ0|∆t′ξnj ,

with nj ∈ [1, ∆nj].
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2. The temporal coefficient are further smoothed to get rid of high-frequency
noise which would translate in strong temporal gradients for the magnetic
field, hence in strong electric fields, hence in plasma heating. We are indeed
only interested in the frequencies such that the auto-correlation time of the
fluctuations is nearly ℓc/vA. We can thus discard higher frequencies smooth-
ing the temporal coefficients over more than a few coherence time scales.

3. At a given position in the space-time grid of the simulation, using Eq. (6.1),
we calculate the corresponding proper time in the turbulence rest frame on
which we interpolate the temporal coefficients of the antenna from the new
finer temporal array mentioned before.

4. All values of k′i and ω′
i remain defined in the proper frame of the turbulence, Az

is expressed in terms of proper quantities of Eqs. (6.1)-(6.2) as Az = ∑Nw
i=1 ai(t′)eik′

i·r′ .

This procedure allows an isotropic turbulence to be excited in the rest frame of
the leftward-moving, background plasma. Through nonlinear coupling with the
plasma, a fully turbulent flow propagates towards the left side of the box, either
to trigger a shock or to interact with a previously formed, nonturbulent shock, the
properties of which will then be modified.

Such simulations are computationally expensive; the choice of box size and inte-
gration time has to accommodate both the following requirements and the computa-
tional cost. An extended domain is needed so that 1) the region where turbulence is
driven covers at least one stirring scale for an effective coupling with the plasma, 2)
the evolution of the interaction between the turbulence and the triggered turbulent
shock can be followed in a sufficiently large part of the domain, before the shock
attains the boundary of sustained turbulence. As a consequence of turbulence injec-
tion in its proper frame, if the shock is relativistic, time dilation also requires a lon-
gitudinal box size large enough that the moving turbulence has the time to evolve
nonlinearly over ∆x > γ∞ℓ′cc/vA. These two latter reasons put some constraints on
the shock Lorentz factor, hence our choice to restrict to a mildly relativistic γ∞ of 2.
The transverse dimension must be large enough to accommodate ≳ 1 − 2 ℓ′c, and ℓ′c
itself must be large enough compared to the kinetic scale c/ωp. Last, if the shock
is triggered by the turbulent plasma, the first part of the simulation is devoted to
the building up of the turbulent flow and to its propagation all the way through the
simulation box to eventually reflect on the left hand side and create the shock.

The simulations of the interaction of a turbulent plasma and a relativistic shock
were performed in 2D3V geometry (2D in space, 3D in momentum) using the mas-
sively parallel, fully electromagnetic and relativistic CALDER code [87]. In each
simulation, described below, we adopted a box of 48 000 × 6 000 grid cells of size
∆x = ∆y = 0.1 c/ωp, ωp = (4πne2/me)1/2 representing the nonrelativistic plasma
frequency of each species (i.e. 1/

√
2 of the total plasma frequency). All simulations

ran over the order of 1.2 105 time steps ∆t = 0.099ω−1
p , hence corresponding to an

integration time of the order of t ≃ 1.2 104ω−1
p . In the downstream frame, the pair

plasma initially follows a Maxwell-Jüttner distribution function, drifting at a veloc-
ity vx = −0.87 (Lorentz factor γ∞ = 2) from the rhs of the domain with a (apparent)
temperature T = 2mec2/kB. Ten particles populate each cell and a uniform magnetic
guide field B0 is initialized along the out-of-plane z direction. Particles are frozen
over a few grid cells (x f r = 4796c/ωp) to avoid the sudden growth of the electric
field and the consequent sudden dissipation of energy before the turbulent cascade
can develop, as already discussed. With these box parameters, the coherence length
of the turbulence is ℓc = 2π/⟨k′⟩ = Ly/2.9 ≃ 200c/ωp in its rest frame (we drop
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Setup n′γ∞ β∞ kBT′/γ∞mec2 B0 ⟨σ0⟩ ⟨σδB⟩
*1) 1 −0.87 2 0.38 ∼ 2 · 10−3 ∼ 10−1

*2) 1 −0.87 2 0.19 ∼ 7 · 10−4 ∼ 2 · 10−2

TABLE 6.1: Parameters of the turbulent shock simulations: far-upstream
apparent density, normalized plasma drift velocity, apparent normalized
plasma temperature, normalized mean B field, spatially averaged coherent
magnetisation, spatially averaged turbulent magnetisation.Each set of pa-
rameters has been run in different configurations: in A1) the shock is trig-
gered at time t ∼ 0 by the nonturbulent plasma hitting the left boundary; in
B1 and B2) the shock originates from the turbulent plasma reflected on the
mirror (lhs of the domain); D1) and D2) are “shock-free” configurations con-
taining only a drifting periodic turbulence covering the whole domain with
the same antenna parameters; C2) is a “turb-free” setup with no turbulent

fluctuations.

hereafter the primed notation for simplicity). In order for the turbulent fluctuations
to have the time to decorrelate and evolve non linearly, the forcing of the turbulent is
applied in the region x f < x < x f r, with x f = 4200c/ωp. Elsewhere, i.e. x < x f , the
injection of energy in the system is halted and the turbulence decays freely initiating
the cascade.

To investigate the nature of acceleration, we performed different additional sim-
ulations with the same geometry but considering, respectively, the shock propagat-
ing in the external coherent field only (i.e. without turbulent fluctuations), referred
to as case (C), and a drifting periodic turbulence covering the whole domain (i.e.
without triggering any shock), referred to as case (D). We also considered two dif-
ferent levels of magnetisation associated with the turbulent component to test its
impact on the efficiency of the combined acceleration process. We essentially used
two set of parameters, 1) and 2), summarized in Tab. 6.1, the results of each will be
presented in the following.

6.1.1 Simulation cases 1)

These simulations ran over 105 000 time steps, corresponding to an integration time
t ≃ 10 400ω−1

p . The value of the turbulent magnetisation, as attained close to the
end of the simulation, is σδB ∼ 10−1 and δB/B0 ∼ 5. This is shown in Figs. 6.2-
6.3: the first represents configuration (A), where the shock is almost instantaneously
triggered by reflection of the non-turbulent plasma injected everywhere in the box at
the beginning of the simulation, it is present in the domain since the very beginning
(xsh ∼ 270c/ωp at ωpt = 594); the second figure corresponds to configuration (B)
where the shock is triggered by reflection of a turbulent plasma (xsh ∼ 1200c/ωp at
ωpt = 9306) and it has hence appeared in the box only at t = Lx/β∞ ∼ 5600ω−1

p .
The coherent magnetisation, i.e. associated to the coherent background component
B0, decreases in time due to heating of the plasma and the consequent increase of
plasma enthalphy. As expected, the turbulent magnetisation is clearly higher where
the turbulence is sustained (4200 < x[c/ωp] < 4800) and it reaches a stationary
regime and a roughly constant value, on average, elsewhere.

A simulation using the same parameters but with open-ended conditions at the
left boundary, hence without forming a shock and containing a drifting periodic
turbulence only, have also been run (sub-case D1).

Figure 6.4 shows the x − t diagram for the positron species of sub-cases (A1),
top panel, and (B1), bottom panel. The transition between the teal and sand zones
marks the shock position, in correspondence of which there is a density jump. In
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FIGURE 6.2: Longitudinal profiles of the (transversely averaged) coherent
(σ0) and turbulent (σδB) magnetisations at two different times for simula-
tion run A1). In orange the position of the shock and in lime the position
of the boundary of decaying turbulence. The value of σ0 varies, in particular

slightly decreases, in time/distance as a consequence of plasma heating.

FIGURE 6.3: Same as Fig. 6.2 for simulation run B1).
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FIGURE 6.4: x − t evolution of the transversely averaged positron density
in configurations A1), top, and B1), bottom. The compression ratio in the
downstream reference frame is R|d ∼ 3 − 4 and delimits the region of shock
propagation. Upstream, the turbulent drifting fluctuations are visible. See

the text for a complete description.

configuration A1), from time origin, one can see turbulent fluctuations propagate to
the left; the shock then originates from a non-turbulent plasma and there are indeed
no fluctuations either upstream or downstream until it encounters the turbulent in-
flowing plasma at t ∼ 3600ω−1

p , at which time its speed decreases from βsh|d ∼ 0.48
to βsh|d ∼ 0.25. Afterwards, in the downstream of the shock, magnetosonic waves
appear. In particular, fast waves visible as strong and wide modulations propagat-
ing at vF ∼ −max(cs, vA) ∼ −cs ∼ −0.6c (sound velocity of a plasma with adiabatic
index = 4/3) and slow waves, visible as weak perturbations propagating nearly
horizontally at vS ∼ −min(cs, vA) ∼ −vA ∼ −0.1c. Interestingly a secondary weak
shock (v′sh ∼ 0.6c ∼ cs), visible as a denser, darker region in the bottom right of the
top figure, appears when the turbulence injected through the initially non turbulent
shock has hit the reflective wall and propagates back toward positive x-directions
faster than the “original” shock. All the above features, with the exception that the
shock originates from the turbulent plasma and the downstream is thus turbulent
everywhere without the presence of a secondary weak shock, are present also in the
configuration B1).

In terms of apparent densities, as shown in Fig. 6.4, as the simulation frame co-
incides with the downstream frame, the compression ratio reads

R|d ≡ nd/nu|d = γu|shβu|sh/(γsh|dβsh|dγu|d), (6.3)

with βu|sh = (βu|d − βsh|d)/(1 − βu|dβsh|d).
As the energy density of the turbulence is comparable to the energy density of

the flow, the interaction with the turbulent flow slows down the shock to βsh|d ∼
0.25 (0.3) for case A1) (B1). At t ∼ 8300ω−1

p , we thus measure βu|sh ≃ −0.92, for
both, which translate in R|d ∼ 4. The expected compression ratio, as discussed in
Sec. 2.1.2, is R ∼ 2 − 3 assuming an adiabatic index of the plasma, Γ̂d = 4/3 (3D
geometry) or Γ̂d = 3/2 (2D), respectively. The small difference with the theoretical
value might be due to the mixed geometry of the simulation (2D in space and 3D in
velocity) and to the fact that due to the presence of turbulence in the downstream
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FIGURE 6.5: Plasma velocity averaged over the transverse y− direction for
simulation run A1), on the left, and B1) on the right at different time steps.
The simulation frame does not correspond anymore with the instantaneous

downstream frame of the shock once turbulence affects the downstream.

of the plasma the downstream frame is not everywhere at rest (i.e. the simulation
frame does not exactly coincide with the downstream frame, see Fig. 6.5).

Particle tracking

To probe the acceleration process, we follow a large number of test particles injected
in energy intervals, from (initial) γ0 = 10 to γ0 = 104, at different times and locations
with respect to the shock front in order to study different histories of interaction with
the upstream turbulence and the shock. We first build histograms for each energy
range counting the number of Fermi cycle performed by the particles. In particu-
lar, we extract the shock velocity from the x − t diagram during the time interval
where we inject and follow test particles to assign an analytical form to the shock
front trajectory. The latter is then compared with the position of tracked particles
as directly extracted from simulations to count the number of shock-crossings per-
formed by each particle. Note that the related histograms, shown in Fig. 6.6 for case
A1) and in Fig. 6.7 for case B1), are not cumulative, i.e. particles that cross the shock
n−times are not counted among those crossing the shock (n − 1)−times. A sin-
gle Fermi cycle corresponds to two shock-crossings, from upstream to downstream
(first shock crossing) and back upstream from downstream (second shock crossing).
An even n number of shock crossings hence corresponds to completed Fermi cycles,
while odd n shock crossings correspond to n − 1 Fermi cycles and a half, with the
particle lying in the downstream. The occupation of the bins hence shifts towards
lower values as the energy of the particles increases: larger energies correspond
to larger gyration radius, correspondingly particles are unable to cross the shock
more than a few times. For reference, given that ¯δB ≡ δB/(meωpc/e) ∼ 10B0 ∼ 4,
rg = γ/ ¯δB ∼ 750 − 2500c/ωp, in normalised units, for 3000 < γ < 10 000. In terms
of gyrotime the expectations for the acceleration timescales are given by tacc ∼ tscatt
[33], tscatt the scattering timescale given by

tscatt ∼


3rg

c
if rg ≲ ℓc

rg

c

(
rg

ℓc

)2

if rg > ℓc

(6.4)

which hence increases as the energy of the particle increases.
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FIGURE 6.6: Histograms of the number of shock-crossings in simulation case
A1) for different (initial) energy intervals of the tracked particles. An even
number of shock crossings correspond to completed Fermi cycles around the
shock front, while an odd number of shock crossings correspond to particles
ending up in the downstream. The last two bins are affected by the finite time

of the simulation.
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FIGURE 6.7: Same as Fig. 6.6 for run B1).
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FIGURE 6.8: Trajectories and Lorentz factor evolution for a few representa-
tive test particles of run A1) on the left and B1) on the right selected among
those in the energy bins of injection 100 < γ0 < 300. The dashed grey line

represents the shock-front trajectory.

In addition, since the test particles are not really injected as new particles but
only selected with a given probability from the plasma populating the box, the non-
thermal tail needs to be developed for the highest energy particles to be selected.
As a consequence, the highest-energy bin is almost entirely made up by particles
injected at the latest time t ∼ 9400ω−1

p which have had no time yet to cross the shock
more than once and to return upstream before the end of the simulation.

From the histograms we can infer the return probability as the ratio between
the number of particles experiencing at least one Fermi cycle and the number of
particles crossing the shock only once and remaining in the downstream. This gives
⟨Pret⟩ ∼ 9% for run A1) and ⟨Pret⟩ ∼ 15% for run B1). The mean energy gain per
cycle, ∆γ/γ0 computed with respect to the value γ0 at the begging of the cycle,
i.e. from upstream (downstream) to downstream (upstream) for odd (even) turns
around, is ∼ 60% averaging on all energy bins for run A1) and ∼ 30% averaging
on all energy bins for run B1). Yet, if we track the particle energy and position with
respect to the shock front, the energy variation results from both the interaction with
the shock front and the interaction with the turbulence experienced in the upstream.
This can be read off Fig. 6.8 where we plot the trajectories and the energy evolution
of a few test particles in the initial energy bin 100 < γ0 < 300. The plot on the right
also contains one particle for each of the three groups injected at different times and
positions with respect to the shock front. The Lorentz factor displays characteristic
oscillations associated with the gyromotion of the particle around the magnetic field
lines in a frame which is moving at large velocity relative to the simulation frame.
By comparing the initial and final particle energies, despite the energization at the
shock front associated with a completed Fermi cycle, the stochastic interaction with
turbulent islands upstream or downstream of the shock can result overall in both a
net energy gain (see e.g. cyan and orange particles in the left plot and red particle in
the right plot) or a net energy loss (see e.g. purple and olive particles in the left plot
and olive particle in the right plot).

Particle energy spectra

In Fig. 6.9, we show the time evolution of the overall particle energy spectrum
γ2dN/dγ. The spectra are computed over a moving window across the shock front:
at each time step where the spectra is evaluated, the shock position xsh is recovered
from the density map, then the energy distribution is obtained through averaging
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over a window of half-width ∆x = 200 c/ωp centred on xsh. Hence note that, given
the minimum separation between the primary and secondary shock of ∼ 1000cωp
at nearly the end of the simulation, the secondary wave, formed by the reflection of
the turbulent plasma, does not impact our analysis.

From the thermal distribution of injection, the spectra clearly acquire a power-
law tail extending at the end of the simulations to γmax ∼ 4 × 103. Acceleration is
expected to slow down above γ such that rg ∼ ℓc (see Eq. (6.4)), when the motion
of particles over the turbulent fluctuations becomes nearly ballistic. This is satisfied,
considering a mean field of B0 + δB ∼ B0 + 10B0, for γc ∼ 900, in nice agreement
with what we observe in Fig. 6.9.

The energy cut-off is not easy to identify and we interpret the shape of the spec-
tra as the result of the acceleration by the combined effect of Fermi processes and
turbulence. Indeed, a nonturbulent shock configuration is expected to produce a
suprathermal powerlaw spectrum with spectral index

s = 1 − ln (⟨Pret⟩) / ln (1 + ⟨∆γ/γ⟩) , (6.5)

in the assumption that the shock moves at sub-relativistic speed in the upstream,
and that all particles come back to the shock with a same probability ⟨Pret⟩, and
gain in a cycle a same relative amount ⟨∆γ/γ⟩. In our case, the return probabilities
and the mean energy gains estimated in the above section give s ∼ 6 (8), for case
A1) (B1)[15]. The discrepancy with the observed value of s ∼ 3, in Fig. 6.10, is

FIGURE 6.9: Time evolution of the particle energy spectrum across the shock
front of run A1) on the left and B1) on the right.

probably related to the fact that formula 6.5, valid for a sub-relativistic shock, is
employed outside its validity range. Assuming isotropic diffusion both upstream
and downstream of the shock, a generalized formula valid in the relativistic regime
leads to a slope, in our notations,

s = −2 + (3βsh|u − 2βsh|uβ2
sh|d + β3

sh|d)/(βsh|u − βsh|d), (6.6)

with βsh|u = vsh|u/c [80]. As mentioned above, in both cases the shock is slowed
down to βsh|d ∼ 0.3, βsh|u ∼ 0.92, which gives s ≃ 2.2 for the two configurations
A1) (B1). Those spectral indices are harder than those we measured, in both setups.
This suggests that the hypothesis of isotropic diffusion, or more generally the pitch-
angle diffusion underlying the above formula, fails here to reproduce the interaction
of particles with a strong turbulence.
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FIGURE 6.10: Particle energy distribution at t ≃ 8 000 ω−1
p in a simulation

with ambient magnetisation σ0 ≃ 0.01 and σδB ≃ 0.1. The blue and the
orange lines shows the spectra computed across the shock in run A1) and
B1) respectively (Fig. 6.9). The pink band represents the range of spectra
measured in a same simulation without shock (D1), as extracted in various

places and at various times in the interval 6 000 − 10 000 ω−1
p .

Discussion

We conclude that each observed spectrum hardly evolves in time because the non-
thermal particle acceleration that we observe in the present case is mostly the result
of stochastic acceleration in the mildly-relativistic turbulence. In support of this, we
have performed a similar simulation, with in particular the same turbulent fluctua-
tions, i.e. same random number sequence determining the turbulence, albeit with-
out triggering the shock as we left set to periodic the boundary condition on the left
hand-side of the domain. We do not observe a substantial difference between the
two energy distributions, measured with or without the shock: figure 6.10 shows the
spectrum of the shock simulation A1) in blue and B1) in orange at an intermediate
integration time, while the shadowed area indicates the range of spectra observed in
the simulation without shock (D1) at various times in the interval 6 000− 10 000 ω−1

p .
The similarity of those spectra suggests that the relativistic turbulence alone is able
to promote particles into a non-thermal distribution. The increase in magnetisation
reduces the acceleration timescale in the turbulence, defined as t′acc ∼ cℓc/v2

A in the
proper frame and tacc = γ∞t′acc in the simulation frame, which becomes of the order
of tacc ∼ 103ω−1

p , thus shorter than the time it takes for freshly injected particles on
the right hand side of the domain to reach and cross the shock. For σδB ∼ 0.1 and
δB/B ∼ 3 − 5, stochastic acceleration can produce spectra with slope s ≃ 3 − 4 [191,
42, 22], in agreement with what we found. Even though Fermi cycle are possible,
and observed by tracking test particles, given the high level of magnetisation of the
external fluctuations, acceleration in turbulence takes over Fermi acceleration at the
shock front.

6.1.2 Simulation results 2)

As the substantial level of turbulence of the previous set resulted in particle accel-
eration inside the turbulence taking over Fermi acceleration at the shock, we de-
creased, for the second set of parameters 2) in Tab. 6.1, the magnetisation down to
σδB ∼ 2 × 10−2 and the strength of turbulent fluctuations down to δB/B0 ∼ 5, as
shown in Fig. 6.11. The reference simulation, B2), has been run in a turbulent-shock
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FIGURE 6.11: Transversely averaged spatial profiles of the coherent and tur-
bulent magnetisations at two different times for simulation run B2) as a func-
tion of x. In orange the position of the shock and in lime the position of the

boundary of decaying turbulence.

FIGURE 6.12: x − t diagram of the positron density from run B2).

configuration, similar to B1), over 124 000 time steps, corresponding to an integra-
tion time t ≃ 12 300ω−1

p . On top, we conducted an additional simulation with the
same box and the shock propagating in the external coherent field only (C2), and a
shock-free simulation of drifting periodic turbulence, with identical random number
sequence determining the fluctuations covering the whole domain (D2).

At t ∼ 12 000 ω−1
p the shock has reached x ∼ 2 200 c/ωp, traveling toward the

right (see the x− t diagram of the positron density in Fig. 6.12). At that time, Fig. 6.13
shows 2D maps of plasma density, mean particle Lorentz factor and magnetic fluc-
tuations, from top to bottom panels.

As previous configurations, turbulence is sustained in a region of extent Lmax =
600 c/ωp near the right hand side boundary. Correspondingly, magnetic fluctuations
are more intense in that region (second panel of Fig. 6.13). At the final time, the dis-
tance between the shock and the boundary of sustained turbulence is ≃ 2200c/ωp,
just below the minimum distance γ∞ℓc/vA needed for nonlinear evolution of the tur-
bulence. This guarantees that over the simulation, this constraint was respected. As
shown in the bottom panel of Fig. 6.13, the turbulence amplitude reaches a roughly
stationary state by the time it reaches the shock; at larger values of x, correspond-
ing to earlier times in the history of the turbulence evolution, stronger variations
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FIGURE 6.13: From top to bottom: 2D maps of plasma electron density, mean
Lorentz factor and magnetisation at t ∼ 12 000ω−1

p for simulation case B2).
The lower bottom panel plots the transversely averaged magnetisation as a

function of the x−position.

are observed, as expected. Once the turbulence reaches the shock, the eddies are
compressed when crossing the shock front and they continue interacting until the
turbulence eventually relaxes further downstream. The general picture observed
here resembles that observed in MHD simulations of the interaction of a monochro-
matic, linear eigenmode of the plasma with a relativistic shock front [52]. There, it
was shown that the fast magnetosonic or entropy mode are able to induce the cor-
rugation of the shock front as they income from upstream and they interact with
the shock front. An unstable corrugated configuration was also observed in hy-
brid (PIC+MHD) simulations of non-relativistic shocks with different Alfvénic Mach
numbers, as induced by suprathermal particles produced via a pre-heating process
akin to shock drift acceleration [165].

Here, in addition to the shock front being corrugated, one can see modulations
in the incoming turbulence upstream of the shock, up to length scales ∼ 100c/ωp,
which indicate the presence of a precursor of accelerated particles able to dissipate
the energy of the turbulent plasma slowing it down before its encounter with the
shock. The interaction with the incoming turbulent flow progressively slows down
the shock front to βsh|d ≃ 0.4 in the simulation (downstream) frame at t ∼ 12 000ω−1

p .
Consequently, the shock moves at βsh|u ≃ 0.93 in the upstream frame, correspond-
ing to a shock Lorentz factor γsh|u ≃ 2.7. The upstream medium moves with respect
to the downstream at βu|d = −0.86 (γu|d ∼ γ∞ = 2, see Fig. 6.14) hence the ex-
pected compression ratio, as given by Eq. (6.3), is R|d ∼ 3.5, in good agreement with
Fig. 6.12. The level of turbulence attained once the turbulent fluctuations cover the
vast majority of the domain (t ∼ 25ℓc/c ∼ 5000ω−1

p ) is ⟨σδB⟩ ∼ 2 × 10−2, imply-
ing δB/B0 ∼ 5. The mean magnetic field, averaged on the transverse direction, is
thus roughly δB/(meωpc/e) ∼ 1.2, which means that particles with Lorentz factor
γ ∼ 100 − 300 have a gyroradius rg/(c/ωp) ∼ 80 − 250.

Particle tracking

The histograms of the number of shock-crossings by the tracked particles are shown
in Fig. 6.15. After shock formation at t ∼ 5600ω−1

p , new particles are injected, or,
more properly, extracted with a given probability from the existing ones populating
the simulation, every ∼ 1000ω−1

p until t ∼ 9500ω−1
p and at different positions with

respect to the shock front. Histograms are then built considering all groups divided



Chapter 6. Particle Acceleration at turbulent shock fronts 104

FIGURE 6.14: Plasma velocity averaged over the transverse y− direction for
simulation run B2) which shows the evolution of the shock position in time.
The simulation frame roughly corresponds to the instantaneous downstream
rest-frame of the shock and the upstream medium drifts at βu|d ∼ β∞ =
−0.86. In between the two medium the shock front is visible propagating at

βsh|d ∼ 0.4.

by the energy bin of injection in the simulation. As before, we extract the shock front
trajectory from the x − t diagram and we seek for where the difference between the
particle and the shock position change sign to keep track of the shock crossings.
As a reminder, a completed n− Fermi cycle upstream → downstream → upstream
correspond to even shock crossings.

In contrast to run 1), no particles have been energized to γ > 1000 and as a
consequence, there are no particles found in the energy bins associated with higher
energies. We have measured the mean energy gain per cycle ⟨∆γ/γ⟩, estimated as
the relative variation of the Lorentz factor within a Fermi cycle starting upstream
up → down → up: in the energy bins from γ0 = 30 to γ0 = 300, we find ⟨∆γ⟩/γ ≃
0.4. This value is slightly lower than the prediction ⟨∆γ/γ⟩ ≃ βsh|u (recalling
βsh|u ≃ 0.93 here) that pertains to the sub-relativistic regime [15], and lower than
the (relative) gain of order unity expected in fully relativistic shocks [4]. We also
measure the mean return probability to the shock, as before, defined as the ratio
between the number of particles that executed at least a full Fermi cycle starting
upstream to the total number of particles. We obtain ⟨Pret⟩ ≃ 0.15. This value is
slightly larger, yet comparable, to the prediction 1 − βsh|u for a sub-relativistic shock
in steady state [15], but lower than the value ≃ 0.4 measured in test particle Monte
Carlo simulations of relativistic shocks with isotropic scattering [94].

Figure 6.16 shows the trajectories and energy histories of some test particles rep-
resentative of the population able to undergo multiple shock crossings. The right
panel contains at least one particle of each group corresponding to different times of
injection. Most of them undergo reflections at grazing angles in the corrugated shock
layer, whose mean position is indicated by the dashed line in the upper panel. Those
interactions with the shock clearly give rise to energy gain, while particles maintain
a constant energy when escaping downstream, see e.g. the purple and ochre histo-
ries at late times in the right panel. Some other particles execute deep penetrating
orbits in the upstream, which are accompanied by large energy gains within one
Fermi cycle, e.g. the cyan trajectory on the left or the green and ochre trajectory on
the right. This might be due to the interaction with a turbulent island encountered
upstream, able to reflect the particle back to the downstream.

Finally, note that among all the test particles considered, only a small fraction (≲
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FIGURE 6.15: Histograms of the number of shock-crossings in simulation
case B2). Even shock crossings correspond to completed Fermi cycles around
the shock front, odd shock crossings correspond to particles in the down-

stream.
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FIGURE 6.16: Trajectories and Lorentz factor evolution for a few representa-
tive test particles of run ii) with initial energy of 30 < γ0 < 100 on the left

and 100 < γ0 < 300 on the right.
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FIGURE 6.17: On the left: time evolution of the particle energy spectrum
across the shock front for simulation case B2); the black dotted line indicates
the best-fitting powerlaw dN/γ ∝ γ−s, with s ≃ 3.5. On the right: time evo-
lution of the particle energy spectrum across the shock front, setup B2)-blue
lines, as compared with the spectra extracted from simulations containing
either a nonturbulent shock, setup C2)-ochre line, or a drifting turbulence,
setup D2)-dashed green line, as explained in the text. The red dotted line in-

dicates the best-fitting powerlaw.

1 %) of the selected test particles (O(105)) have returned to the shock after bouncing
specularly on the reflective wall; those orbits do not significantly alter our results.

Particle energy spectra

The energy spectrum f (γ), plotted in the left panel of Fig. 6.17, clearly shows a
powerlaw tail up to γmax ∼ 900 with an energy cutoff at γc ∼ 400 at the end of
the simulation. The slope of the nonthermal tail is measured to be s ≃ 3.5, defining
as before s through dN/dγ ∝ γ−s. As a reminder, for a sub-relativistic shock, the
spectral index can be expressed as s = 1 − ln (⟨Pret⟩) / ln (1 + ⟨∆γ/γ⟩), in terms of
the return probability and mean energy gain evaluated in the previous section. This
formula would predict a rather steep spectrum s ≃ 6.6, but, again, that is used here
outside of its range of validity as our case is typical of strong relativistic shocks for
which we have βsh|d = 0.35 and βsh|u = 0.93 as already cited above. If we apply the
generalized relativistic formula 6.6, valid under the assumption of isotropic diffu-
sion both upstream and downstream of the shock, we get s ≃ 2.5, harder than what
is measured here. Even for this second set of parameters 2), the pitch-angle diffu-
sion approximation used to compute the formula 6.6, fails to represent the particle
behavior in the strongly turbulent fluctuations. We recall also that we have mea-
sured a return probability and an energy gain which are both slightly lower than
those expected for fully relativistic shocks with isotropic scattering; hence, it is not
surprising that we observe a steeper spectral index.

Regarding the acceleration timescale, we observe that the cut-off Lorentz factor at
which the spectrum turns over from the powerlaw segment increases from γc ∼ 200
at t ≃ 6000 ω−1

p to γc ∼ 400 at t ≃ 12 000 ω−1
p . In terms of gyrotime, this corresponds

to an acceleration timescale tacc ∼ |∆γc/γc|−1∆t ∼ 6000 ω−1
p ∼ 20 − 30 rg/c, for

particles with a mean Lorentz factor ∈ [200 400] who have a typical Larmor radius
of rg ∼ 200− 300c/ωp. The expectation here is tacc ∼ tscatt for the relativistic regime,
and, for comparable values of Larmor radius and coherence length, tscatt ∼ 3rg/c
[33], hence the present value of tacc exceeds the theoretical estimate by a factor of
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FIGURE 6.18: Time evolution of the particle energy spectrum across the shock
front for the additional runs with the same parameters configuration 2) but
containing only the shock (left panel, setup C2) or only the turbulence (right

panel, run D2).

6 − 10. We note that, as the particle gyration radius becomes of the order of/greater
of the coherence length of turbulent structures, its motion becomes ballistic rather
than diffusive. Consequently, as the acceleration time scale in this regime as tscatt ∼
rg/c (rg/ℓc)2 (see Eq. (6.4)) we thus expect the evolution of γc beyond ∼ 300, at
which point rg ∼ ℓc, to slow down.

Comparison and additional runs

To be sure that the thermal tail originates from the joint effect of turbulence and
shock, we ran two additional simulations considering at a time only the shock or
only the turbulence. The distribution remains thermal in both configurations cited
above and no power law forms in either of the two spectra (see Fig. 6.18).

Indeed, for a (non-turbulent) shock propagating in a non-turbulent plasma, the
high magnetisation σ ≡ σ0 ≃ 10−3 of the coherent field is such that the particles are
simply advected downstream with the magnetic field lines and the self-generated
turbulence is not strong enough to trap a significant fraction of particles at the shock
for efficient acceleration. The high level of magnetisation inhibits particle accelera-
tion, preventing Fermi cycles and the development of a non-thermal tail, as expected
for a relativistic superluminal magnetized shock [148].

On the other side, in the configuration with turbulence but no shock, acceleration
is effective on timescales t′acc ∼ cℓc/v2

A in the proper frame of the turbulence, which
translates in tacc = γ∞t′acc ∼ 104 ω−1

p as measured in the simulation frame. Thus, the
magnetic fluctuations are simply not fast enough to accelerate particles within the
simulation timescale.

The right panel of figure 6.17 compares the spectra from the simulation contain-
ing only the fluctuations in the same conditions of turbulence (dashed green) and
from the simulation free of turbulence where the shock forms immediately in the
same external field B0 (solid ochre). We hence conclude that the development of the
nonthermal tail observed in our simulation arises through the combined action of
scattering off strong turbulent fluctuations, which allow multiple crossings of this
relativistic, magnetized shock.
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6.2 Discussion

We have performed the first ab initio particle-in-cell kinetic simulations of a rela-
tivistic shock propagating in a turbulent, magnetized pair plasma. The shock is
either initiated by a non-turbulent plasma, and later made to propagate in a tur-
bulent medium, or initiated by directly reflecting a turbulent plasma off a wall, so
that that two turbulent plasmas interpenetrate each other at super-Alfvénic speeds.
Those simulations allow us to study the interaction between the turbulence and the
shock and how that interaction modifies the properties of the relativistic shock wave
itself, its dynamics and particle acceleration efficiency. In our main simulation, corre-
sponding to the set of parameters 2) of table Tab. 6.1 and a turbulent shock, the shock
Lorentz factor with respect to the unshocked, turbulent plasma is vsh|u ≃ 0.93 c,
the background magnetisation level is σ0 ≃ 10−3 and the turbulent magnetisation
σδB ≃ 0.03. Our main result is to observe a clear signature of Fermi-type acceleration
at the shock front, even though the relativistic magnetized configuration is known
to prohibit acceleration in the absence of external turbulence. A non-thermal tail in
the particle spectrum develops only once both ingredients, shock and turbulence,
are present. Indeed, as one of the two is missing, and as long as the turbulence is
not sufficiently magnetised, particles remain thermally distributed: we do not ob-
serve evidence for particle acceleration in the magnetized shock simulation without
external turbulence, or in the magnetized turbulent simulation but without a shock.

In general, the acceleration properties strongly depend on the characteristic of
turbulence and on its natural spatio-temporal intermittency; increasing the average
magnetisation of the plasma inhibits the effect of the shock on the acceleration pro-
cess: at large σδB the spectral index due to turbulent acceleration simply becomes
harder than that due to the shock and hence dominates the behaviour of the spectra
(i.e. first set, 1), of parameters studied).

By following a large number of particles, we have verified that the shock-induced
acceleration is related to repeated shock crossings in which particles gain energy
through Fermi cycles. Particles, as they gain energy and increase their Larmor ra-
dius through multiple shock crossings, can penetrate deeper and deeper in the up-
stream where they can be randomly reflected by turbulent perturbations present
in the shock upstream back into the downstream. The observed spectral index,
s ≃ 3.5 in configuration B2), is larger than the usual prediction for relativistic shocks,
s ≃ 2.2, assuming isotropic pitch-angle diffusion. The isotropic assumption of scat-
tering off turbulence in the downstream, as commonly adopted in analytical works
[80], is not able to provide a good estimation for both the spectral index and the
return probability we observe in our simulations.

Interestingly, the steep spectral index we found, matches the experimental val-
ues collected in a large sample of gamma-ray bursts by [29]. Through a synchrotron
modeling of the time-resolved spectra observed by the Fermi-BGM instrument, those
authors reconstruct an injection powerlaw with index s ≃ 3.5, assuming an ambient
magnetisation of the order of 0.01 − 0.1, i.e. close to ours. This coincidence is all the
more intriguing as mildly relativistic shocks are naturally expected in such sources
from inhomogeneities launched at the base of the jet. Mildly relativistic, magnetized
shocks in conditions close to those explored here are similarly expected in blazars.
The compilation of parameters obtained from one-zone synchrotron plus inverse
Compton models by [34] indicates that magnetisation levels ∼ 0.01 − 0.1 are the
rule, and that the spectral indices range between s ∼ 2.5 and s ∼ 3.5. Acceleration
in reconnection regions generally leads to steeper spectra unless the magnetisation
takes larger values, e.g. σ0 ≳ 1 [126].
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FIGURE 6.19: Sky maps of anisotropy in momentum distribution for

suprathermal positrons of
√

p2
x + p2

y + p2
z/mc = p/mc = 300 at two different

times t = 9405ω−1
p on the left and t = 12376ω−1

p on the right, as a function of
the longitude ϕ ∈ [−π, π] and latitude ∈ [−π/2, π/2].

FIGURE 6.20: Same as 6.19 for the electron species.

The distribution of supra-thermal particles in (spherical) momentum space re-
veals the presence of time-dependent anisotropies. This feature is illustrated in
Fig. 6.19 for positrons and in Fig. 6.20 for electrons, which show the angular dis-
tributions in terms of longitude, ϕ = arctan (py/px) ∈ [−π, π], and latitude, ∈
[−π/2, π/2] defined as π/2 − θ, θ = arccos (pz/

√
p2

x + p2
y + p2

z), for momentum
directions at two different times for our main simulation. Accounting for Lorentz
boosting from the simulation (downstream rest) frame to the observer frame, such
anisotropy would lead to time variations on (comoving) timescale ℓc/c, behaving
much in the same way as jet-in-jet models [66]. Such effects could therefore pro-
duce small timescale variability, even though most of the dissipation and accelera-
tion would come from the shock itself.

Figures 6.19-6.20 suggests that particles are roughly aligned with the shock front,
i.e. y−direction (θ = π/2 hence zero latitude, ϕ = ±π/2), as in the shock drift accel-
eration process. Supra-thermal particles of γ > 300 have indeed a gyroradius larger
than the coherence length of the turbulence, hence they experience mainly the effect
of the external field B0 = B0ẑ, which implies a drift in the y-direction. Thus, they
are mostly accelerated by the electric field E = −q(βxB0)ŷ and concentrate around
a latitude ϕ ∈ [±90◦,±150◦] depending on their charge, as visible by comparing
Fig. 6.19 with Fig. 6.20. This also is a clue of the fact that particles momentum is
not isotropized by pitch-angle scattering on turbulence downstream of the shock.
More work is certainly needed to properly characterize the degree of variability, in
time of frequency, of the radiated spectra and the diffusion process of the particles
downstream.

Generally speaking, our results thus suggest that the interaction of a relativistic
shock with external turbulence may play a leading role in dissipation and particle
acceleration in a broad range of relativistic sources, up to moderate magnetisations.
This significantly extends the realm where shock acceleration can take place in the
absence of external turbulence. Interestingly, we observe that particle acceleration
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inside the turbulence takes over Fermi acceleration at the shock once the turbulence
level increases to values σδB ≃ 0.1 (sim. parameters (i)), leading to a non-thermal
powerlaw spectrum with index s ≃ 3. One is tempted to sketch a picture in which
shock, or shock plus turbulence, then turbulence, and eventually reconnection con-
trol dissipation and acceleration as the magnetisation increases from low to high
values.

The physical scenario we have in mind is relevant for various high energy astro-
physical systems, from PWNe to AGNs and GRBs, with potentially important con-
sequences on non-thermal signatures in such environments (e.g., synchrotron or in-
verse Compton). As an example, numerical simulations of collisionless pair plasma
reconnection, connected to turbulent regions, have already shown to be able to ex-
plain the flares and an acceleration over the synchrotron burn-off limit in the Crab
nebula [37]. Any anisotropy the energetic particles inherit from turbulence intermit-
tency directly translates into an anisotropy in their emission, focused in a narrow
cone along their ultra-relativistic direction of motion. Therefore, the varying spatio-
temporal nature of the magnetic turbulence near the shock should strongly affect the
observed radiation and flares could arise in the transiting of particles through the
compressed, large, coherent structures at the shock front if the scattering of particles
off turbulence behind the shock is not, as generally assumed in literature, isotropic.

The main findings and results of the first ab initio particle-in-cell (PIC) numerical
simulations of a turbulent relativistic shock propagating in a turbulent, magnetized
pair plasma (i.e. case (B2)) are the object of a letter submitted to Physical Review L
and currently under review.
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Conclusion and perspectives

From a broad perspective, the present thesis aimed at a better understanding of par-
ticle acceleration and energy dissipation processes in high-energy astrophysical en-
vironments, motivated by puzzling long-standing issues in the domain. The mech-
anisms of particle acceleration underlying the observed nonthermal emissions from
remote astrophysical sources remain widely debated. The acceleration mechanisms
likely at play in these sources are presented in Chapter 2. The most commonly in-
voked scenarios have long relied on Fermi-type acceleration processes at the front
of collisionless shock waves. On the one side, the numerical evidence provided by
self-consistent PIC simulations that such shock acceleration can indeed occur in rel-
ativistic shocks was a major breakthrough of the past decade. On the other, many
more questions remain open in the domain: how does the self-generated/amplified
turbulence in the precursor evolve in time and which is the mechanism that reg-
ulates its saturation; more generally how kinetic simulations can be extrapolated
to astrophysical spatiotemporal scales; in magnetised outflows, how energy can be
dissipated into particles and acceleration be efficient, as simulations reveal that ac-
celeration gets inhibited once the magnetic energy density exceeds σ ≳ 10−4, a com-
monplace condition of high-energy astrophysical sources; do alternative or mixed
scenarios, e.g. based on magnetic reconnection or turbulence, offer a valid option?
A comprehensive understanding of the microphysics behind the acceleration pro-
cesses that results in observable radiation and in secondary products, as neutrinos,
is even more important nowadays in the emerging era of multi-messenger astro-
physics. In addition, the physics of particle acceleration and radiation in astrophysi-
cal sources, and notably from collisionless shocks, have become extensively studied
topics in domains outside high-energy astrophysics, such as laboratory astrophysics
and laser-plasma physics.

This thesis has tackled some of the aforementioned aspects. On a theoretical
approach and by means of large-scale PIC simulations, we have studied: (1) the
physics underlying the precursor of a relativistic weakly magnetised (Weibel me-
diated) shock, (2) the acceleration of particles in magnetised turbulence and (3) the
interaction between a relativistic shock and a magnetized turbulent plasma, as a
significant magnetization is expected in a wide class of high-energy astrophysical
sources, as encountered in gamma-ray bursts, pulsar wind nebulae or blazars.

In the study presented in Chapter 4, we investigated the acceleration of particles
in a collisionless magnetized turbulence, as it offers a promising configuration for
generating nonthermal high-energy particles in various astrophysical sites. Previ-
ous PIC simulations had already made important findings: a fast, efficient, particle
acceleration in the relativistic regime; the formation of powerlaw-like spectra with
spectral index in between 2 − 3 depending on the magnetisation level; and an en-
ergy dependence of the diffusion coefficient that suggests non-resonant interplay
between waves and particles, at odds with the common scaling of resonant wave-
particle interactions recovered in the framework of quasi-linear theory. We tested a
recent model of non-resonant particle-wave interaction with numerical experiments.
The model ascribes the energisation of particles to their interaction with fluctuating
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electric fields connected to random velocity fluctuations via the ideal Ohm’s law. In
the local instantaneous rest frame where the electric field vanishes, the particle spa-
tially diffuses by pitch-angle scattering at hands of the Lorentz force, but its energy
gain is related to the inertial force associated with the change in the fluid velocity
which determines its local frame: the particle then gains energy as it experiences the
compression, the shear and the acceleration of the medium.

In particular, we carried 2D PIC simulations using two different schemes of tur-
bulence forcing, as detailed in the final section of § 3: a 3D PIC forced simulation
and a 3D MHD simulation, borrowed from the John Hopkins University database.
For each simulation, we compared those three contributions to the variations of par-
ticle momenta with the recorded momentum histories of tracked test particles. In
particular, we (i) extracted the particle spectra and the properties of the generated
turbulence, (ii) we sampled the Pearson correlation coefficients of the observed and
predicted trajectories (or chunk of trajectories) to reconstruct the probability dis-
tribution functions. Concerning the spectra, we found the formation of powerlaw
tails with spectral index consistent with what has already been observed in recent
analogous simulations. Concerning test particles, we observed a clear correlation
between the model predictions and the numerical experiments, indicating that the
non-resonant model can successfully account for the bulk of particle energisation
through Fermi-type processes in strongly magnetized turbulence. Moreover, we
found that, especially in PIC simulations, the parallel shear dominates in determin-
ing the trajectory, and hence likely the late-time particle spectrum. This is the subject
of the paper Non-resonant particle acceleration in strong turbulence: comparison to kinetic
and MHD simulations, to be published in Physical Review D [22].
Perspectives– We did not aim, on purpose, at a direct comparison between PIC and
MHD results under the same physical conditions. Our general goal was indeed to
test the model using different configurations and simulation frameworks. Retrieving
the same results with different forcing methods and turbulent properties allowed us
to probe the robustness of the model we tested. However, a difference in contribu-
tions between the MHD and the PIC simulations emerged from our results suggest-
ing a dependence of the physics of acceleration on the stirring process and on the
nature of the turbulence and/or the velocity regime, as already noted in [187]; those
aspects certainly need to be further investigated. In connection with this, it would
be useful to extend the non-resonant model and the random walk introduced in the
theoretical formalism to extract direct analytical predictions for the particle energy
spectrum, and to derive a kinetic equation for the distribution function. This work
could also be extended to the sub-relativistic regime and to electron-ion plasmas.

In Chapter 5 we investigated the saturation and the nonlinear evolution of cur-
rent filaments generated by the current filamentation instability (CFI), that is, the
leading mechanism for shock formation in weakly magnetised plasmas where it me-
diates the conversion of the free energy associated with the anisotropic momentum
distribution of particles into intense magnetic fields on skin-depth scales. Such mag-
netic fields close to near-equipartition are indeed required to explain the electromag-
netic counterpart of neutron star mergers, the afterglows of short gamma-ray bursts.
Understanding the long-term evolution of this instability is essential to bridge the
gap in scales between PIC simulations and the astrophysical phenomenology. The
aim of our project has been to examine the saturation mechanism(s) of the CFI in
asymmetric relativistic configurations, relevant to the precursor of a collisionless
shock wave where a hot, dilute beam of accelerated particles reflected at the shock
front propagates against a cold, dense inflowing background plasma. We conducted
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this study by means of PIC simulations in the so-called Weibel frame where the in-
stability is (initially) purely magnetic in nature [122]. Practically we (i) set up and
conducted the large 2D3V PIC simulations of asymmetric counter-streaming plasma
flows in the region of the parameter space dominated by the CFI, (ii) confronted
analytical predictions of saturation criteria with PIC simulations, and finally (iii) ex-
tended the study to mildly relativistic ion/electron cases. The results of this study
allowed us to pinpoint the plasma species controlling saturation and the underlying
mechanism, but also to identify the species mainly determining the linear properties
(growth rate and wave number) of the instability. The knowledge of the satura-
tion mechanism of the CFI is particularly important since this instability shapes the
structure of the shock: the saturation level of the resulting electromagnetic turbu-
lence therefore controls the production of high-energy particles and radiation from
powerful explosive transients, as GRB afterglows. This project has led to the article
Saturation of the asymmetric current filamentation instability under conditions relevant to
relativistic shock precursors, published in Physical Review E [21].
Perspectives – Magnetic fields amplified to scales larger than the ion gyroradius
have been inferred from the observations of non-thermal X-ray filaments (e.g., [171]),
the fast variability of X-ray hot spots in young SNRs (e.g., [164]) and the TeV gamma-
ray emission from Tycho’s SNR (e.g., [3]). The typical Alfvénic Mach number MA =
vsh/vA of the shocks encountered in those settings can reach values around a few
thousands; PIC simulations of quasi-perpendicular high-Mach-number shocks demon-
strate that the ion-ion CFI instability mediates the strong amplification of magnetic
fields upstream of the shock (e.g., [108]). Hence, it would be of particular impor-
tance to apply our study to the saturation mechanism of the magnetic fields to high
Mach number electron-ion sub-relativistic shocks (e.g., [116]). Our analysis could be
hence applied to PIC kinetic simulations of uniform, counterstreaming electron-ion
plasmas in the sub-relativistic, high Mach number regime to identify the relevant
mechanism of saturation in this configuration. The result could then be used to es-
timate the magnetic field attained by the saturated instability in the precursor of the
electron-ion shock wave and to compare with available observations.

Chapter 6 contains the main study of this thesis, which investigates the dissi-
pation of magnetic energy into particles through the interaction between a shock
wave and turbulence. To do so, we have developed a numerical scheme where
the turbulence is set into motion along with the injected plasma while maintain-
ing its excitation in its proper frame. This scheme has been implemented to study
two different configurations: one in which the propagating turbulent plasma is let
to reflect at one side of the simulation domain to trigger a turbulent shock, and
the other where a non-turbulent shock immediately originates in the domain from
the reflective boundary and later interacts with an incoming turbulent flow. Our
2D3V simulations, complemented by particle tracking indicate that the external,
well-developed turbulence is able to promote Fermi cycles at the front of relativistic
superluminal magnetized shock, in which it cannot operate otherwise. The accel-
eration properties strongly depend on the turbulence characteristics. We explored
two different levels of turbulence. We observed that particle acceleration inside the
turbulence takes over Fermi acceleration at the shock at high enough levels of mag-
netization (σδB ∼ 10−1), leading to a nonthermal powerlaw spectrum with soft index
s ≃ 3 that hardly evolves in time because it mainly originates from stochastic accel-
eration in the mildly relativistic turbulence. We indeed verified that acceleration
was controlled by turbulent fields magnetized by performing an additional simula-
tion with the same conditions of turbulence but without triggering the shock. We
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subsequently ran a new set of simulations with a reduced turbulence level. We con-
cluded that the development of the observed nonthermal tail in the particle spectra
extracted from simulations arises through the scattering off turbulent magnetic fluc-
tuations, which allow particles to cross repetitively the relativistic relativistic shock
front, i.e. the acceleration proceeds through the combined effect of turbulence and
Fermi cycles at the shock front. Remarkably, the observed spectral index, s ≃ 3.5, is
consistent with the typical value inferred from fitting a large sample of GRB data to a
synchrotron cooling model [29] or to single-zone synchrotron plus inverse Compton
models by [34], within a magnetisation range that covers our simulation parame-
ters. By contrast, PIC simulation investigations of acceleration in magnetic recon-
nection regions generally predict steeper spectra unless the magnetisation is larger
than unity [126].

Finally, another noteworthy outcome of our numerical study is to reveal sub-
stantial time-dependent anisotropy in the particle momentum distribution function
at high energy. These anisotropies vary on comoving timescales ∼ ℓc/c, and on
Lorentz-boosted timescales from the simulation (downstream) frame to the observer
frame. Such effects could therefore produce potentially small timescale variability,
while most of the dissipation and acceleration would remain connected to the shock
itself.

A crucial consequence of our results is to extend the range of astrophysical condi-
tions under which particle acceleration at relativistic shock fronts remains efficient.
The physical scenario we have in mind is potentially applicable to a wider class of as-
trophysical systems, depending on their Lorentz factor and magnetisation. This the
subject of a paper, Particle acceleration at magnetized, relativistic turbulent shock fronts,
submitted to Physical Review Letters (under review).
Perspectives – The degree of variability, in time or frequency, of the radiated spec-
tra is certainly of great interest and deserves further scrutiny. The anisotropy the
energetic particles inherit from turbulence intermittency translates directly into an
anisotropic synchrotron or inverse Compton emission. The maps of the particle mo-
mentum distribution extracted from simulations confirm such anisotropies. The nat-
ural spatiotemporal intermittency of the magnetic turbulence near the shock could
lead to the formation of flares as the particles transit through the compressed large
coherent structures at the shock front. It would be hence interesting to derive the
spectral energy distribution of photons resulting from synchrotron and inverse Comp-
ton radiation to investigate the phenomenology of the emission by direct compari-
son with observations of blazar jets, or flares in PWNe or GRBs. This would be
possible by direct implementation of synchrotron and IC losses in the kinetic code
to compute on the fly the photon energy spectra.

Albeit limited by computational costs and issues, a worthwhile (ideal) effort
would be to conduct a parameter study in the shock-turbulence setup, varying the
Lorentz factor and the magnetisation of the shock which both characterise different
astrophysical environments, from sub-relativistic but magnetised systems (as super-
nova remnants) to unmagnetised ultra-relativistic configurations (as GRBs), going
through highly magnetised and highly relativistic objects (as PWNe) and mildly rel-
ativistic, magnetised jets. Further numerical developments and optimizations are
yet needed in this direction to make the computational cost affordable.

In the sub-relativistic regime, massive star associations have recently gained in-
terest in the context of the gamma-ray emission of the Cygnus superbubble, pro-
posed as PeVatron candidate [2]. The behaviour of a superbubble in terms of parti-
cle acceleration critically depends on the magnetic turbulence and its ability to con-
fine particles. The dynamical range of this sources, i.e. the ratio of global length
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scale (L ∼ 10pc) to particles maximum gyroradius (rg,max ≲ 0.01pc), as limited
by the shock dimension assuming Bohm diffusion, covers more than three orders
of magnitude [170]. That makes the system unattainable to PIC simulations, thus
precluding a global fully kinetic description of particle injection, scattering, possi-
ble re-acceleration and propagation in the bubbles. However, our module of turbu-
lence could be used to study the interaction of an electron-ion shock with a turbulent
medium at the kinetic level to get the spectral shape of the accelerated particles in-
jected by the sources in the bubble. Again, this would be already quite challeng-
ing in terms of computational cost given the great disparity in dynamical scales
between electrons and ions. Specifically, PIC codes must resolve the electron skin
depth, which is orders of magnitude smaller than the scale required to probe ion
acceleration, namely, the ion gyroradius, at energies such that the latter equals the
system size. The spectrum extracted from kinetic simulations could then be used
to shape kinetic particles injected in MHD codes which would then deal with the
propagation of particles in the large scale turbulence of the superbubble.

Finally, we wish to emphasize that all of the simulations performed in this work
made use of the massively parallelized, fully relativistic particle-in-cell code CALDER

code and of the French high-performance computing TGCC facility. Under Grants
No. 2019-A0050407666, 2020-A0080411422 and 2021-A0080411422, our project ben-
efited from a total of ∼ 20 Mh CPU time to adapt the code to our needs and run
the many simulations underpinning our studies. In particular, we added a diag-
nostic to record the momentum distribution in spherical coordinates, allowing us
to explore anisotropy effects in turbulent shock-induced particle acceleration. More
importantly, we developed a module of turbulence forcing, either in a periodic box,
or in a drifting configuration in the presence of a reflective boundary for shock cre-
ation. The module was implemented with a large freedom of choice on the number
of excited waves, typical frequency and amplitude, as well as the possibility to create
both forced or turbulent configurations.
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Appendix A

Test on synthetic turbulence

For completeness, in this Appendix, we compare the non-resonant model to a con-
figuration whereby the turbulence is constructed as a sum of non-interacting linear
MHD eigenmodes. As detailed in Section 2.2.1, quasilinear theory predicts that par-
ticle energization takes place through two types of interactions: gyroresonant inter-
actions of the form k∥v∥ − ω ≃ n c/rg (n ∈ Z⋆) and Landau-synchrotron resonances
k∥v∥ − ω = 0. Gyroresonant interactions can take place for all modes, at least in
the absence of local anisotropy à la Goldreich-Sridhar [38, 182], while the Landau-
synchrotron (transit-time damping) are specific to fast magnetosonic modes. As the
transit-time damping interactions are related to magnetic mirroring effects, those are
captured by the non-resonant model as the Θ⊥ contribution. Yet no gyroresonant in-
teraction is described by the model. Moreover, we expect Θ∥ = 0 and Θ⊥ = 0 for
the Alfvén modes, while fast magnetosonic modes lead to Θ∥ = 0 but Θ⊥ ̸= 0 [90].

The numerical code used to build the synthetic turbulence and track particles
therein is presented in [51]. In brief, particle trajectories are integrated using a
Bulirsch-Stoer algorithm. At each timestep, the electromagnetic and velocity fields
at the location of particles are constructed as the sum of a background magnetic
field and the superposition of the fluctuations carried by a collection of waves with
dispersion relation and polarizations of (special relativistic) MHD eigenmodes. The
electric field is derived from the total magnetic field and total velocity field through
ideal Ohm’s law. The wavevectors and amplitudes of the waves are initialized
so as to achieve the desired power spectrum of turbulence over a range of scales
[Lmin, Lmax]. Particles are injected along random directions in different turbulence
realizations with the energy corresponding to the gyroradius of interest. To recon-
struct the energy histories using Eq. (2.73), we calculate the spatial and temporal
derivatives of the magnetic field and the velocity field, then derive those of the elec-
tric field through ideal Ohm’s law. In this synthetic turbulence, the derivatives can
be expressed analytically in terms of the plane wave expansion.

We conduct two experiments on such synthetic turbulence comprised of 256
modes, with wavelengths extending from Lmax = ℓc down to Lmin = Lmax/100.
In experiment (A), we simulate a turbulence of isotropic fast magnetosonic modes
with δB/B0 = 1, Alfvén velocity vA = 0.6 c, sound velocity vs ≪ vA, which implies
a phase velocity for each wave vF ≃ vA. Isotropic means here that the turbulent
magnetic power spectrum does not depend on the direction of the wavenumber;
its scaling is assumed to follow Kolmogorov Sk ∝ k−5/3. We inject particles with
a gyroradius outside the range of scales of the turbulence, rg = 0.1 Lmin. In that
configuration, gyroresonant interactions are suppressed because restricted to high
harmonics (large n) so that acceleration is dominated by transit time damping accel-
eration [161]. We thus expect the theoretical model to provide a fair reconstruction
of the trajectories, at least its Θ⊥ part. In a second experiment, (B), we simulate an
opposite situation, namely a turbulence of Alfvén modes with vA = 0.6 c, δB/B0 = 1
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FIGURE A.1: Power spectrum of synthetic turbulence, with locations of the
inverse gyroradii indicated by dashed lines for the two experiments (A), cor-

responding to fast mode turbulence, and (B), for Alvén modes.

and set the gyroradius of the particles to fall in the range of wavelengths of the tur-
bulence, rg = 0.1 Lmax = 10 Lmin, which thus permits gyroresonant interactions at
the first harmonic n = 1. We simulate here simple Alfvén waves, meaning that we
neglect any wave damping term and that we assume an isotropic Kolmogorov cas-
cade. Our aim indeed is to bring to light the effect of gyroresonances, or rather, the
lack of correlation between observed and reconstructed trajectories in a situation in
which most of energy gain is known to result from gyroresonant interactions; we
thus deliberately render those resonances sharp. We choose Alfvén waves in or-
der to erase any magnetic mirroring effect. Consequently, we expect the theoretical
model to behave poorly in that limit, given that it ignores such gyroresonances, by
construction.

Figure A.1 shows the power spectrum (normalized by k5/3) of magnetic fluctua-
tions in this synthetic wave turbulence, with the locations of r−1

g indicated as dashed
lines for both models: model (A) with rg below the minimum scale, and model (B)
with rg in the inertial range.

The histogram of the probability density of the Pearson correlation coefficients
between the observed and reconstructed trajectories is shown in the left panel of
Fig. A.2 for model (A). The concentration of the probability density of r around +1
indicates that, as anticipated, the model is highly successful in reproducing the tra-
jectories, most notably so for the magnetic mirror (Θ⊥) contribution. A closer in-
spection reveals that the non-resonant model, summing over the contributions of all
three force terms, provides a better match to the observed energy histories than the
contribution of magnetic mirrors alone, as its probability density is more sharply
peaked around +1. The difference comes from the inertial term aE · b, which pro-
vides a net contribution, as evidenced by its overall positive degree of correlation.
Within the frame of the model that we are testing, this is not altogether surprising,
insofar as this inertial term characterizes the influence of accelerations/decelerations
of the frame RE in which the notion of a magnetic mirror can be properly defined. In
that sense, the inertial term should not be left aside when considering the influence
of Θ⊥ (or Θ∥, for similar reasons).

Right panel of figure A.2 shows the corresponding histograms in the case of
model (B), which appear relatively structureless and uniformly distributed over the
interval [−1, +1]. There appears to be a slight bias toward positive values of the
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FIGURE A.2: Probability density of correlation coefficients. Left: case (A),
in which particle acceleration takes place through interactions with magnetic
mirror modes (transit-time damping in fast mode synthetic turbulence). The
model fully captures the energy gains, with a strongly dominant contribution
of Θ⊥, as expected. Right: case (B), in which particle acceleration now takes
place through gyroresonant interactions. In that case, the model is unable to
reproduce the energy gains, hence the pdf of correlation coefficients appears
devoid of structure, revealing no particular preference for values close to +1.

correlation coefficients, but nothing of the sort discussed previously in Chapter 4
for PIC or MHD simulations. This suggests that most of the energy gains/losses are
indeed not captured by the non-resonant model in the present case and that gyrores-
onant wave-particle interactions do not leave a strong signature in this histogram of
correlation coefficients. The positive correlations observed in Chapter 4 can thus be
interpreted as genuine evidence in favor of non-resonant acceleration.
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