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Résumé (en francais)

En statistique, |’ hypothese des variétés suppose que les données observées se répartis-
sent autour de structures de faible dimension, appelées variétés. Ce postulat permet
d’expliquer pourquoi les algorithmes d’apprentissage fonctionnent bien méme sur des
données en grande dimension, et est naturellement satisfait pour de nombreux jeux
de données issus de la vie réelle.

Nous présentons dans cette these quelques contributions aux problemes d’estimation
de deux quantités sous cette hypothese : la densité de la distribution sous-jacente, et le
reach de son support. Pour I'estimation du reach, nous élaborons des stratégies basées
sur des invariants géométriques, avec d'une part la fonction de défaut de convexité, et
d’autre part, des mesures de distortion métrique, desquels nous obtenons des vitesses
de convergence optimales au sens minimax. Concernant I’estimation de la densité,
nous proposons deux approches : I'une s’appuyant sur I’étude fréquentiste d'un esti-
mateur a noyaux, et une approche bayésienne non-paramétrique se reposant sur des
mélanges de gaussiennes. Nous montrons que ces deux méthodes sont optimales et
adaptatives en la régularité de la densité.

Enfin, nous examinons le comportement de certaines mesures de centralité dans
des graphes aléatoires géométriques, I'étude duquel, bien que sans lien avec '’hypothese
des variétés, a des implications méthodologiques et théoriques qui peuvent étre in-
téressantes dans tout cadre statistique.

Mots clés

Statistique non-parameétrique, statistique en grande dimension, apprentissage sur
variété, inférence géomeétrique, estimation de densité, théorie minimax, estimation
adaptative, estimation du reach, inférence bayésienne, mesure de centralité, pro-
fondeur statistique






Abstract

In high-dimensional statistics, the manifold hypothesis presumes that the data lie near
low-dimensional structures, called manifolds. This assumption helps explain why
machine learning algorithms work so well on high-dimensional data, and is satisfied
for many real-life data sets.

We present in this thesis some contributions regarding the estimation of two quan-
tities in this framework: the density of the underlying distribution, and the reach of its
support. For the problem of reach estimation, we suggest different strategies based
on important geometric invariants — namely the convexity defect functions, and
measures of metric distortions — from which we derive minimax-optimal rates of con-
vergence. Regarding the problem of density estimation, we propose two approaches:
one relying on the frequentist study of a kernel density estimator, and a Bayesian non-
parametric approach based on location-scale mixtures of Gaussians. Both methods
are shown to be optimal in most settings, and adaptive to the smoothness of the density.

Lastly, we examine the behavior of some centrality measures in random geomet-
ric graph, the study of which, although unrelated to the manifold hypothesis, bears
methodological and theoretical implications that can be of interest in any statistical
framework.

Keywords

Nonparametric statistics, high-dimensional statistics, manifold learning, manifold
hypothesis, geometric inference, density estimation, minimax theory, adaptive estima-
tion, reach estimation, Bayesian inference, centrality measure, data depth
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Chapter 1

General introduction

The present thesis tackles a few problems in nonparametric statistics formulated under
the manifold hypothesis, meaning that the data is assumed to lay on or near sub-
manifolds of the Euclidean space. More precisely, we aim at presenting contributions
regarding the estimation of two quantities: the density of the underlying probability
distribution, and the reach of its support. We will also discuss the behavior of centrality
measures in random geometric graphs, the study of which, although unrelated to our
manifold framework, bears general, methodological purposes that can transversally
apply to most statistical frameworks.

Section 1.1 seeks to motivate the research that has been carried out in the past
few years during the preparation of this thesis, and is designed to be understandable
without specific mathematical knowledge. Section 1.2 introduces more precisely the
statistical setting in which this work takes place. The main contributions are reviewed
in Section 1.3. They are stated in a non-rigorous fashion and we refer to the men-
tionned chapters for precise definitions and results. The overall organisation of the
manuscript is summarized in Section 1.4.

Contents

1.1 The manifold hypothesis ..........................

1.2 Structural assumptions . . ... ......oo vt et oo oooonos 5

1.3 Ourresults . .......0 ittt ittt ineeneenennns 9
1.3.1 Estimating the reach of a submanifold ............... 9
1.3.2 Manifold density estimation . . . ... ................ 11
1.3.3 Beyonddensityestimation . . . . ... ................ 15

1.4 Organizationofthemanuscript . ..................... 17




CHAPTER 1. INTRODUCTION

1.1 The manifold hypothesis

Modern applications of statistical learning often revolves around high-dimensional
data sets!, whether they be genomic data [MPRR04], images [BDSS21], texts [DGK02],
high-resolution time series [PVI"16], etc. This raises challenges not only in term of
computational resources, but also in term of designing efficient algorithms with solid,
established guarantees. Unfortunately, the performance of such algorithms should,
from a theoretical point of view, deteriorate as the number of dimensions grows large.
This phenomenon is widely known as the curse of dimensionality [VF05], and stems
from the degenerated geometric behavior of high-dimensional spaces: the volume
of the balls plummets and collapses toward their boundaries, Gaussian distributions
become heavy-tailed, etc — see for instance [Gir21, Chap. 1]. And yet, current al-
gorithms, and sometimes even the simplest ones, manage to performs very well on
high-dimensional data, highlighting an indisputable gap between the empirical perfor-
mance bounds of such algorithms and their theoretical counterparts.

Let’s take a very simple example to illustrate our point. In 1998, researchers LeCun
et al. [LBBH98] created the MNIST data set from the preexisting (but unfit to statistical
analysis) NIST data set. The new data set consisted of 60000 pictures of handwritten
digits normalized to 28x28-pixels, grayscale images, as shown in Figure 1.1.

FJ e /79066 al
6757863458
21790/ &A3¥6
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T 6l ¥éd /1560
17589265 %1 997
AZ222Ld344 80
03 807386857
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7/ 28 10n0b4gq 806/

Figure 1.1 — Examples taken from the MNIST data set. Since the image are grayscale,
the dimension D of the data is their number of pixels, which is D = 28 x 28 = 784.
Source: [LBBH98, Fig 4].

[LBBH98] then proceeded to test a number of different machine learning classi-
fication algorithms on this data set, aiming at automatically recognizing the digits

'"The dimension of a piece of data is the number of parameters that describe it. For instance, the
dimension of an image is its number of pixels (if it is a grayscale image) or three times its number of pixels
(if it is a RGB image).



CHAPTER 1. INTRODUCTION

from their handwritten forms. Among the methods that served as a baseline for com-
paring the efficiencies of the algorithms, a k-nearest neighbors classification (k-NN)
was performed. The £-NN algorithm is a very simple procedure that classifies a data
point by a majority vote among its k-nearest neighbors in the data. This method is
particularly interesting because it does not require any training to classify new data,
and because very precise performance bounds are known for this method, see for
instance [Sam12]. The last reference shows that, under mild assumptions, the optimal
classifying accuracy of k-NN under n observations is n~**") (up to a constant), with
D being the dimension of the data. Let us do a quick numerical application with the
MNIST data set:

n~Y4+D) _ 4 057, for n =60000 and D = 784.

The macroscopic value of n~%(4+P) indicates that the x-NN classifier should perform
poorly under such circumstances. This, however, comes in contradiction with the
95% accuracy observed by [LBBH98] for the same classifier. The theoretical number of

-4/(4+D)

observation n inferred from the bound n that we would need to get as close as

a 5% misclassification rate would be
Ntheo ® (100/5)(4+784)/4 _ 20197 N 102567

which, we can all agree, seems fairly larger than 60000 (and is an utterly unrealistic
number for the size of a data set). In the other direction, one could wonder what
would be the theoretical dimension of a data set of size 60000 that could achieve a
misclassification rate of 5% with a k-NN classifier. That dimension is

41og(60000)

4=10.690... ~ 11, 1.1
log(100/5) (-

Diheo

which is very far below the actual dimension D = 784. This motivates the following as-
sertion: the MNIST data, although living in a space of large dimension, is concentrated
near a low-dimensional subset of the ambient space. The dimension of that subset
will be called the intrinsic dimension of the data: it is the dimension that effectively
plays a part in the performance of the algorithms, and can be seen as the number of
implicit parameters that govern the data set. Regarding MNIST data set, [PZA"21] have
estimated its intrinsic dimension using the method of [LB04]. They found the intrinsic
dimension to lie between 7 and 13 depending on the tuning of some hyperparameter;
our (improper) estimate (1.1) of the intrinsic dimension appears to fall exactly within
that range.

Because we want to conduct an analysis in this framework, we need to add some
structure to the underlying subset around which the data is gathered. The idea of
assuming that this structure might be linear has been popular for a while, with the

3



CHAPTER 1. INTRODUCTION

rise of linear dimensionality reduction technics such as PCA [WEG87], or the study
of linear models such as that single index models [HJS01], or multi-indices models
[CHM11]. Going non-linear was thus only the next logical step. In the early 2000,
the groundbreaking publications of [TSL0O0] and [RS00], which described a non-linear
methods (Isomap and Local Linear Embedding) for reducing the dimensionality of
the data, paved the way for the development of manifold learning, whose funding
assumption is

MH The data lie near a smooth, low-dimensional structure: a manifold.

We will refer to Assumption (MH) as the manifold hypothesis. Ever since, many
other non-linear dimensionality reduction methods have seen the light of the day —
see for instance Laplacian Eigenmap [BN03], Maximum Variance Unfolding [WS06a],
Uniform Manifold Approximation and Projection [MHM 18] — see Figure 1.2 for a use
of UMAP on the MNIST data set. All these technics came with an impressive number

%
R
Ww e B WO

UMAP: n neighbors=15, min dist=0.1

Figure 1.2 — UMAP representation of the MNIST data set. Each point in
the graph represent one handwritten digit from the data set (see Figure 1.1),
with the color standing for its value. The fact that this data set can be
represented on a space of dimension two with a good inter-class separa-
tion certainly doesn't disprove the manifold hypothesis in this case. Source:
https://umap-learn.readthedocs.io/en/latest/densmap_demo.html.

of real-life applications, ranging, just to mention a few, from cosmology [BM21] (see
Figure 1.3), seismology [KLM*20], to biology, with low-dimensional mapping of either
cell trajectories [CSQ"19] or protein trajectories [VDL*21], or to medical science, with
tumoral cells segmentation [XY15].

Let us finally mention that the manifold hypothesis is readily satisfied for a number
of data set because of the geometric nature of the data itself. This concerns for instance
low-dimensional data sets such as 3D point clouds of real-life objects like body scans

4



CHAPTER 1. INTRODUCTION

[Cot12], other space located-data such that locations of markers at the surface of cells
[KPS14] — see Figure (1.4, Left) — or high-dimensional data in the case of sounds, texts
[BNO1], or images [DGO5], see for instance Figure (1.4, Right) for a visual example.

—> Informative metrics: EMD
Informative scales: 8, 16

index
ordered index

Figure 1.3 - Uncovering the one-dimensional structure of 1000 high-resolution spectra
of quasars with the Sequencer. Source: [BM21, Fig 4].

Figure 1.4 — (Left) Point cloud obtained using single-molecule localization microscopy.
Each dot represent the location of a protein at the surface of a cell. Source: [KPS14,
Fig 1]. (Right) Data from the COIL-20 data set [NNM96]. Although high-dimensional,
the data can be parametrized by the angle from which the picture is taken, and can
therefore be faithfully represented on a submanifold of dimension 1. Source: [S]F14,

Fig 3].

1.2 Structural assumptions

Statistical model Let us start with a few notations. For any closed subset K c RP,
and any ¢ > 0, we define the J-offset of K to be the set of all points of R” that are at
distance less than ¢ from K for the Euclidean distance, namely
K’:={zeRP |d(z,K) <3} = | B(2,9),
zeK
where = ~ d(z, K) is the distance function to K, and where B(z,0) denotes the Eu-

clidean open ball of center z and radius 6. If K has Hausdorff dimensiond € {1, ..., D},
we let ux be the restriction to K of the Hausdorff d-dimensional measure on R” (see

5



CHAPTER 1. INTRODUCTION

[Fed69, Sec 2.10.2] for precise definitions regarding the Hausdorff dimension and mea-
sures). In particular, if K is an open subset of R” (such as K°), then jux is simply the
restriction to K of the Lebesgue measure on R”.

We consider a n-sample of iid random variables X1, . .., X,, drawn from a probability
distribution P on RP. This distribution P will be always assume to satisfy one of the
following assumptions, which are the formal counterparts of (MH):

MH-0 There exists a closed submanifold M c RP such that P << jupy;
MH-6 There exists a closed submanifold M c RP such that P < jis.

The symbol « stands for absolute continuity of measures. The case (MH-0) corre-
sponds to the ideal case where the data X3, ..., X,, lie exactly on the submanifold M
and is very convenient as far as mathematical analysis is concerned, while the case
(MH-¢) encompasses the more realistic situation where the data lie 4-close to M and is
thus particularly applicable to real-life situations when the observations can be noisy.
See Figure 1.5 for a visual representation of this situation. Note that in this framework,
the submanifold M is unknown, so that its knowledge cannot be used in any estimation
procedure.

This model naturally comes with numerous statistical challenges: since now the
underlying distribution exhibit a rich geometric structure, it could seem particu-
larly relevant to estimate its main features. In Section 1.1, we already briefly men-
tioned the problem of estimating the intrinsic dimension as tackled in [LB04], see also
[FSA07, KRW16]. We could as well be interested in estimating the homology of the sup-
port [NSW08, BRS*12], its persistent homology [CGLM14], its boundary [AC20, AAL21],
the geodesic length [TSL00, ACC20] or the support itself [GPPVW12a, AL19, Div21al.

The minimax setting Most of the time, we will adopt a minimax perspective. This
means the following: given a quantity of interest 6(P) € © for some parameter space
O, given aloss /: © x © - R, that quantifies the accuracy of estimators, and given a
model ¥ of probability distributions that fulfils either (MH-0) or (MH-/), we want to
find an estimator § := (X1, ..., X,,) such that its worst case risk on %,

sup E pen [5(9: 0(P))],
PeX

is as small as possible. By that, we mean that we require the worst case risk to decrease,
as n grows large, at least as fast as the minimax risk, which is simply defined as the best
worst case risk on X:

inf sup Epen [E(g, 0(P))],
0 PeX
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Figure 1.5 — Examples of synthetic data generated from distributions fulfilling either
(MH-0) with intrinsic dimension 1 (Top Left) and 2 (Bottom Left) or (MH-0) with
dimension 1 and § = 0.3 (Top Right) and dimension 2 and ¢ = 0.5 (Bottom Right).

where the infimum is taken over all measurable estimators 6 of §( P). The general
strategy will be like this: first, we bound from above the worst case risk of our estimator
8. Then, we bound the minimax risk from below, using classical two-points or multiple-
points argument [Yu97, Tsy08]. If the two bounds decrease with n at the same speed,
our job is done.

Reach constraints Designing a relevant statistical model X is usually not an easy task.
We want ¥ to be general enough so that it covers a wide array of possibilities and yields
estimators that are not too specifically subordinated to its features while being not too
vast either so that doing statistical inference on ¥ is not trivially impossible (meaning
that the minimax risk is not bounded away from zero). To address that last issue we
need in particular to discard from our models probability measures that are supported
on manifolds that are too irregular, with the idea that no amount of observations will
ever be able to account for that irregularity if the latter is not constrained. For this
matter, we use the notion of reach as introduced by [Fed59], which is defined for any

7
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closed subset A c R” as
rch(A) :=sup{r>0|Vre A", Aac A, d(z,A) = |z -al}.

The reach will encapsulate the regularity of a submanifold M on two aspects: first, it
will measure how curved it is on a local level, and second, it will measure how close it
is from self-intersecting. See Figure 1.6 for a visual interpretation of the situation.

X

Figure 1.6 — A toy-example of point cloud X1, ..., X,, (Top Left) with three different
kinds of interpolating manifolds. A reach constraint will tend to discard the last two
(Bottom Left and Bottom Right) from the model.

Restraining the reach in our statistical models turns out to be unavoidable, with
many quantities becoming statistically intractable without the presence of such a
constraint. We show for instance in Chapter 4 (Theorem 4.2.10), that estimating the
density in a pointwise fashion is impossible without constraining the reach. See for
instance [AL19] for other impossibility results regarding the estimation of the support,
tangent spaces and curvatures in unconstrained models.

In what follows, we will consider, under either (MH-0) or (MH-¢), models of proba-
bility measures %¢ such that any P e ¢ typically fulfils these three conditions:

i) Its associated submanifold M is of dimension d;
ii) The reach of M is bounded from below by some constant;
iii) M is of regularity C*.
We refer to Chapters 2 to 5 for precise definitions of such models. Their definitions vary

8



CHAPTER 1. INTRODUCTION

slightly from one chapter to another, but we will use one notation in this introduction
for the sake of clarity.

1.3 Our results

In the remaining parts of this introduction, we will use the symbols ~, < and > to denote
equalities or inequalities up to constants and poly-log terms in n.

1.3.1 Estimating the reach of a submanifold

Because the reach is such an important quantity in our geometric framework, it may
seem relevant to be able to estimate it. To our knowledge, little has been done regarding
that matter. In their pioneering work, [AKC*19] show that, under (MH-0),

nd g inf sup Epen [[rch —rch(M)[] $ =y (1.2)
rch pexd
The estimator they proposed is based on an alternative definition of the reach, found in
[Fed59, Thm 4.18]. Its rate of convergence is only optimal for d = 1, and leaves the door
open for improvement in finding optimal estimators for arbitrary intrinsic dimensions
and for support regularity & > 4.

Contribution 1 Inspired by this challenge, we partly tackle this problem in

> [BHHS22] Clément Berenfeld, John Harvey, Marc Hoffmann, and Krishnan Shankar.
Estimating the reach of a manifold via its convexity defect function. Discrete &
Computational Geometry, 67(2):403—- 438, 2022,

by achieving the bounds (Theorems 2.2 and 2.35)

k=2 — n~a for k= 3,
n S inf sup Epen[[rch —rch(M)|] $ .
rch pexd n~2d for k>4.

under (MH-0) or under (MH-0) provided that §  n /¢, The lower-bound is a gener-
alization of the lower-bound (1.2) for £ > 4, while the upper-bound is a substantial
improvement of the upper-bound (1.2). The strategy is to take advantage of an elegant
reformulation of the reach found in [AKC*19]:

rch(M) = min {curv(M), wis(M)},

where curv(M) is the minimal curvature radius of M, and wfs(M), is the weak feature
size of M, a crucial geometric invariant introduced in [CL04]. The paired estimation of
this two quantities go through the exploitation of fine properties of the convexity defect

9
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function of M, as introduced in [ALS13]. The convexity defect function ¢ — hj;(t)
quantifies how far M is from being convex at scale ¢ > 0, and captures many geometric
features of M. For instance, we show (Proposition 2.12) that curv(M') appears in the
development of h; around zero:

2

t4Ak ]
2curv(M) +Ou™)

ha(t) =
We also show (Corollary 2.14), that ¢ = wfs( M) is a discontinuity point for ~,; whenever
wis(M) < curv(M), see Figure 1.7 for an illustration of that phenomenon. These two
properties makes the reach of M computable from its convexity defect function alone
and enable a plug-in strategy for the estimation of the reach.

b hoy(t)
curv(M) ¥,

.

wis(M) T.x

011rv(]\[ )

t

0 wis(M) curv(M)

Figure 1.7 — (Left) A curve M and (Right) its convexity defect function h,,(t), which,
since wis(M) < curv(M) in this diagram, presents a discontinuity at ¢ = wis(M).

Contribution 2 This last method however suffers two limitations. First, it fails at be-
ing optimal as soon as k > 5: this is because the estimator of curv(M') derived from the
convexity defect function is suboptimal. Second, it relies on an estimator of the weak
feature size, and this quantity is shown in Theorem 3.6 to be untractable statistically,
making this approach less powerful. We circumvent these two disadvantages in

> [ABL22] Eddie Aamari, Clément Berenfeld, and Clément Levrard. Optimal reach
estimation via metric learning. In revision, arXiv preprint arXiv:2207.06074, 2022,

by replacing the curvature estimator by an estimator stemming from the second fun-
damental form estimator of [ALL19], and by proposing a new surrogate scale in place
of the week feature size. This new scale, coined the spherical distortion radius (Defi-
nition 3.13) and inspired by the work of [BLW19] and [CFM21], still carries important
geometrical content regarding the geometry of the support. In short, this quantity

10
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compare how the intrinsic distance over the support relates to the spherical distances,
see Figure 1.8 for an illustration. The resulting estimator satisfies (Theorem 3.34)

) . — _k=2
n~ 4 < inf sup Epen[|rch —rch(M)|] < n
rch pesd

under (MH-0) or under (MH-6) provided that § < n=*/¢. This puts an end to the quest
of an optimal estimation procedure for the reach.

PTS — ——

dy(z,y)

Y 0 /225 Lwts (M) diam(M)

Figure 1.8 — (Left) Diagram of a submanifold M (a curve). In blue is the shortest path
between two points = and y. In green (resp. grey) is the cercle portion of radius r
(resp. r1) going through z and y. The spherical distortion radius sdra (M) find the
biggest r such that dj/(z,y) < ds¢)(z,y), for all 2,y € M that are A-apart. (Right)
Plot of A ~ sdra(M). We show (Proposition 3.14 and Theorem 3.22) that the SDR
interpolates smoothly between the reach and the weak feature size of M.

Along the way, we also provide with optimal estimation bounds for the maximal
curvature (Theorem 3.11), for the intrinsic metric (Theorems 3.25 and 3.28) and for the
spherical distortion radius (Theorem 3.31). The optimality at each step of the process
make our result adaptive to whether the value of the reach stems from a high curvarture
(curv(M) < wfs(M)) or a bottleneck effect (curv(M) < wfs(M)). On a submodel where
the bottleneck effect predominates, we show that the same estimator automatically
achieves the rate

_k . — _k
n~d < inf sup Epen[|rch —rch(M)|] $ n™d.
rch pexd

1.3.2 Manifold density estimation

Density estimation is perhaps one of the most fundamental problems in nonpara-
metric statistics. The stake is to find data-driven estimators of the underlying density
from which the data is sampled, and to do it in a way that is optimal with respect
to the regularity of the density. The practical purposes of density estimation are
extremely diverse, ranging from descriptive and predictive analysis on spatial data

11
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[Bit90, DNHTY14, And09] passing by a number of statistical learning tasks such as clas-
sification [CZ05], clustering [HGO07], anomaly detection [RLSMGO08], etc. See Figure 1.9
for a qualitative analysis of the density of a real-life data set in a manifold framework.

Intensity
Intensity

0 45 %0 135 180 225 270 315 360 0 45 %0 135 180 225 270 315 360
Direction Direction

Figure 1.9 — Scatter plots of extreme wind measurements at the airport of Carrasco,
Montevideo Uruguay during the hot season (Left) and the cold season (Right). The
data lives on the cylinder S; x R because the first coordinate (the orientation of the
wind) is periodic. In dotted lines are represented the level sets of the estimated densi-
ties, highlighting some crucial difference in the distributions of the winds between
hot and cold seasons. Source: [CFM22, Fig 7].

As along-established problem, density estimation has been studied in large and
breadth in the multivariate, Euclidean case where the underlying probability distri-
bution is absolutely continuous with respect the Lebesgue measure of the ambiant
space R”. Minimax estimators have been constructed for various regularity classes
in this setting, see for instance textbooks [Tsy08, GN16], and adaptive procedures
have been derived [LMS97, Low97, LMR17, BEM99, GL08, GN10], meaning that we
can find estimators that do not depend on the underlying regularity of the density, but
perform just as good as if they did. If the density is of regularity 8y > 0, the minimax
of estimation under reasonable losses has been shown to be n=%0/(2%+D)  This rate
is reminiscent of the rate that we studied in Section 1.1, and suffers indeed from the
curse of dimensionality, by becoming extremely slow as D grows large. That’s enough
to motivate an approach under the manifold hypothesis.

However, and surprisingly enough, little has been done in a manifold framework.
Some estimation procedures exist in an abstract manifold setting [Hen90, Pel05]
with sometimes involved adaptation results [KNP12], but these constructions always
strongly rely on knowing the manifold perfectly, through the use of Fourier bases,
needlet bases, volume density functions, etc.

12
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Only recently have we seen the rise of results regarding density estimation in a
framework where the supporting submanifold is unknown, see for instance [OG09,
BS17] and the many new and exciting developments in the noiseless [WW20, Div21b,
TY22] or noisy setting [HP21, CMG22], just to cite a few.

Contribution 3 We define in

> [BH21] Clément Berenfeld and Marc Hoffmann. Density estimation on an un-
known submanifold. Electronic Journal of Statistics, 15(1):2179-2223, 2021,

a new statistical model Z;i 5, On top of »¢ by asking that the underlying density be
Bo-Holder in a sense defined in Chapter 4, Definition 4.2.9. For a pointwise loss, we
find that, under (MH-0),

_Bo_ - __Bo
n %0t < inf  sup Epen[|f(z0) - f(w0)[] § n 70, (1.3)
F(wo) Pexf

provided that 5y < k — 1, see Theorems 4.3.1 and 4.3.2. Notice that the ambient dimen-
sion D has been replaced by the intrinsic dimension d in the minimax rate, recovering
the classical rate of estimating density in R, and thus curbing the curse of dimen-
sionality. This rate in achieved by a kernel estimator in the spirit of [Pel05, OG09] and
only depends on the intrinsic dimension d, see Figure 1.10 for numerical study of the
empirical perfomence of our estimator.

Figure 1.10 — (Left) A 2-dimensional submanifold in R3. It is endowed with a §,-
Holder density with 3; = 2, from which (Middle) a point cloud is sampled. (Right)
The loss of the estimator is computed repeatedly for various value of n, and the
averaged losses are represented in a double log;, ,-scale, highlighting the rate found
in (1.3).

A particular care has been given to the situation where the data is intrinsically
one-dimensional. In this case, we build an estimator (Theorem 4.3.3) relying on an
estimation of geodesic distances which achieves the rate (1.3) without the need of the
constraint Sy < k- 1.

13
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Finally, using Lepski’s method [LMS97] together with an estimator of the intrinsic
dimension d yields a fully data-driven bandwidth 7 and an estimator which achieves
the rates of (1.3) adaptively in d and 3, see Theorem 4.3.4.

Contribution4 Another method considered in this manuscript is a Bayesian take on
density estimation. The general idea behind Bayesian inference is to endow the space
of probability measures on R” with some carefully chosen prior II, and to update the
prior, through the Bayes rule, as new data are observed. The updated prior is called the
posterior distribution and is denoted I1(- | X1, ..., X,,). We will be interested in the con-
centration rates of the posterior distribution: it is the speed at which II(- | X1, ..., X,,)
concentrates around P, when the observations are sampled iid from F,.

As in the frequentist world, Bayesian density estimation has been extensively stud-
ied in a Euclidean setting. From the trailblaizing [Fer83] and [EW95], different methods
have been proposed, such as using mixtures of Gaussians [GVDV07, KRVDV10, STG13],
of Betas [Rou10], Gaussian processes [vdVvZ08], wavelet expansions [RR12], etc. And
like before, the manifold case has received only little attention. We mention the
existence of a Bayesian theory for abstract manifold developed in [CKP14] with con-
centration rates derived for density estimation, and the recent work of [MLD20] who
tackle the problem by using mixture of Fisher-Gaussian kernels, but with no proven
concentration rates.

We adress the problem of Bayesian density estimation in

> [BRR22] Clément Berenfeld, Paul Rosa, and Judith Rousseau. Estimating a density
near an unknown manifold: a Bayesian nonparametric approach. In revision,
ArXiv preprint arXiv:2205.15717, 2022.

by, first, introducing a new kind of priors that belong to the family of hybrid location-
scale mixtures of Gaussians. These priors are flexible enough so that they can catch
even very singular distributions (Theorem 5.3.7), while inheriting from the good con-
traction rates of the hybrid location-scale mixtures [NR17]. See Figure 1.11 for an
illustration of the efficiency of these priors.

To quantify the rate of convergence on our family of priors, we build a model of den-
sities under (MH-¢) that are informally 5y-Holder along the submanifold and 5, -Hélder
normal to the manifold, see Definitions 5.2.1 and 5.2.3. Such a model encompasses in
particular the real-life situation when a gy-Holder signal on the submanifold is blurred
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Density : observed data Density : predicted data
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Figure 1.11 — (Left) 500 points drawn from an even mixture of uniform distributions
on two circles with a noise of size § = 0.05 and (Right) 500 points sampled from the
(approximated) posterior distribution of our model. An asset of our method is that it
can handle finite mixtures of manifold-supported probability distributions, therefore
managing to capture densities supported on intricate geometric structures.

by an additive noise of regularity 3,. We obtain the concentration rate (Theorem 5.3.2)

II(Hf_f()“l >€n|X17"'7XTL) -0 in Pgn_prOb'

. 1 __B_
with ¢, » ———vn 25D,

D
nd 0oL
D—

where £ is the effective regularity, defined through % = % + B_ld’ and where o = 3/59
and «, = /.. For § not too small, this is the minimax rate for density estimation in a
anisotropic setting. In particular, when the noise is assumed to be much more regular

than the underlying 5y-Holder density, the contraction rates become

~ 1 - Ao
Epq — v n 26o0+d ,
1 —>00 néd

which, provided that § is not too small, is the minimax rate we found in (1.3) in a
frequentist, noiseless setting. One of the strengths of this result is that our method does
not depend on the knowledge of the regularities 5y and g, , neither on the underlying
manifold M, its dimension d, or the width of density J: the estimation is adaptive in
these parameters.

1.3.3 Beyond density estimation

Density is a special case of a depth, a standard notion in multivariate analysis used as a
mean to order multi-dimensional spaces — which typically lack unequivocal orderings
as opposed to the real line — in a way that takes into account the underlying probability
distribution. Typical depths includes the celebrated half-space depth [Tuk75], sim-
plicial depths [Oja83], lens depths [KVL17, CFGM20], see [LSS06] for other notion of
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depths. The density, also coined the likelihood depth [FM99], is a wonderful descriptor
but its intrinsic locality makes it, as a depth, fail at taking into account some global
features of the probability distribution.

Contribution5 Noticing that the density can be realized asymptotically as the rescaled
degree of the vertices of a neighborhood graph built on top of the data, one could
wonder what other kind of depths could emanate from taking large sample limits of
other features of such graphs. This is the topic of

> [AACB21] Eddie Aamari, Ery Arias-Castro, and Clément Berenfeld. From graph
centrality to data depth. In revision, arXiv preprint arXiv:2105.03122, 2021,

which aims at studying the asymptotic behavior of centrality measures [BE06] (to
which the degree belongs) in random geometric graphs. The focus is made on two well-
known notions of centrality, the H-index [Hir05] and the coreness [Sei83]. We prove
that they converge (Theorems 6.3.5 and 6.4.12) towards their asymptotic counterparts,
called the continuous H-index and coreness. The latter forms a spectrum of new depths
which interpolate between the very local likelihood depth and the much more global
continuous coreness. See Figure 1.12 for an illustration of this result.

degree

f H'
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Figure 1.12 — (Top Left) A density function f on R? and (Bottom Right) its associated
continuum coreness. In between are displayed the centralities (iterated H-indices
and coreness) computed in the neighborhood graph built on top of n = 20000 points
sampled from f, showing a clear interpolation between f and its continuum coreness.

16



CHAPTER 1. INTRODUCTION

1.4 Organization of the manuscript

The rest of the manuscript is organized in chapters, whose content is taken from the
aforementioned articles, written in the course of this thesis. The chapters, which are
summarized below, are functioning individually and are fully independent notation-
wise, and can therein be read in no particular order — although we might suggest that
Chapter 2 be read before Chapter 3, and Chapter 4 before Chapter 5. There might be
slight redundancies from one chapter to the others, for which we apologize in advance.

Chapter 2 is based on [BHHS22]. It focuses on the problem of estimating the reach
of a submanifold through the analysis of its convexity defect function. Non-asymptotic
rates of estimation are derived on generic C* models, and are shown to be optimal in
the very particular case of k = 3 and k = 4, but not for £ > 5.

Chapter 3 is based on [ABL.22] and bridges the gap left by the previous chapter by
exhibiting a minimax optimal estimator of the reach under any smoothness assump-
tion. It revolves around a new notion of geometric scale involving metric distortion.
Rates of convergence are derived for this new scale and, in the process, we obtain new
bounds for geodesic length estimation.

Chapter 4 is based on [BH21], and tackle the problem of estimating a density that
is singularly supported on a submanifold, in a pointwise fashion. We recover the usual
minimax rate of estimating Holder densities and we provide an adaptive kernel-based
estimator with a data-driven bandwidth selection procedure.

Chapter 5 is based on [BRR22] and lays some theoretical grounds for Bayesian
analysis of density supported near submanifolds. We define a new notion of regularity
for such densities and study the posterior contraction rates on these regularity classes
for a new kind of hybrid location-scale Dirichlet process mixtures of Gaussians.

Chapter 6 is based on [AACB21]. It studies the large-sample limits of well-known

centrality measures in neighborhood graphs, with a focus on the H-index and the

coreness.
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Chapter 2

Reach estimation via the convexity
defect function

The reach of a submanifold is a crucial regularity parameter for manifold learning and
geometric inference from point clouds. This chapter relates the reach of a submani-
fold to its convexity defect function. Using the stability properties of convexity defect
functions, we propose an estimator for the reach, based on a plug-in of an estimator of
the support. A uniform expected loss bound over a C*¥ model is found. Lower bounds
for the minimax rate for estimating the reach over these models are also provided. The
estimator almost achieves these rates in the C* and C* cases, with a gap given by a
logarithmic factor. This chapter has been published in [BHHS22].
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2.1 Introduction

2.1.1 Motivation

The reach of a submanifold M ¢ RP” is a geometric invariant which measures how
tightly the submanifold folds in on itself. Dating back to Federer [Fed59], it encodes
both local curvature conditions as well as global ‘bottlenecks’ arising from two regions
of the manifold that are far apart in the manifold’s intrinsic metric but are close in the
ambient Euclidean metric. The reach is a key regularity parameter in the estimation of
other geometric information. Methods and algorithms from topological data analysis
often use the reach as a ‘tuning parameter’. The correctness of their results depends on
setting this parameter correctly.

Statistical inference from point clouds has become an active area. In a probabilistic
framework, a reach condition, meaning that the reach of the submanifold under study
is bounded below, is usually necessary in order to obtain minimax inference results in
manifold learning. These include: homology inference [NSW08, BRS"12], curvature
[AL19], reach estimation itself [AKC*19] as well as manifold estimation [GPPVW12a,
KRW16, AL19]. In this context, there is a risk of algorithms being applied as ‘black
boxes’ without attention to their underlying assumptions. Efficient reach estimation
would be a vital addition to this field, providing a so-called sanity test of other results.

In this direction, Aamari, Kim et al. paved the way: in [AKC"19], under some
specific assumptions, an estimator of the reach has been proposed and studied when
the observation is an n-sample of a smooth probability distribution supported on
an unknown d-dimensional submanifold M of a Euclidean space R” together with
the tangent spaces at each sampled point. For certain types of C3-regularity models,
the estimator, based on a representation of the reach in terms of points of M and its
tangent spaces (Theorem 4.18 in [Fed59]) achieves the rate n~2/(?-1) A lower bound
for the minimax rate of convergence is given by n~/¢. In the special case when the
reach of M is attained at a bottleneck, the algorithm in [AKC"19] achieves this rate.
However, in general, one does not know whether this condition is satisfied a priori.

In this paper, we continue the study of reach estimation by taking a completely
different route: we use the relationship between the reach of a submanifold of R”
and its convexity defect function. This function was introduced by Attali, Lieutier and
Salinas in [ALS13] and measures how far a (bounded) subset X ¢ R” is from being
convex at a given scale. It is a powerful geometric tool that has other applications such
as manifold reconstruction, see the recent work by Divol [Div21a]. By establishing
certain new quantitative properties of the convexity defect function of a submanifold
M c RP that relate to both its curvature and bottleneck properties, we show that the
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convexity defect function can be used to compute the reach of a submanifold. From
this we obtain a method which transforms an estimator of M, along with information
on its error, into a new estimator of the reach.

The recent results of Aamari and Levrard in [AL19] provide an estimator of M
which is optimal, to within logarithmic terms. Transforming this into an estimator
of the reach, we obtain new convergence results over general C*-regularity models
(k > 3). These rates improve upon the previous work of [AKC" 19]. By establishing lower
bounds for the minimax rates of convergence, we prove that our results are optimal up
to logarithmic terms in the cases k£ = 3 and k = 4.

2.1.2 Main results

We present here one of several possible definitions of the reach. Given a submanifold
M c RP, consider its §-offset given by the open set M’ ¢ R”, where

M’ = U Bs(p).
peM
Here B;s(p) denotes the open Euclidean ball centered at p with radius ¢. For small
enough ¢ (a uniform choice for such ¢ exists in general only when M is compact), one
has has the property that for all y € M? \ M, there is a unique straight line from y to a
point in M realizing the distance from y to M. In other words, the metric projection
7 M® - M is well defined.

Definition 2.1 (Federer [Fed59]). The reach of a submanifold M is
sup {(5 > 0: The nearest point projection : M° - M is well deﬁned} .
We denote the reach by R(M) or simply R when the context is clear.

Other equivalent characterizations of the reach exist. For example, in Section
2.4.1 below, we use the characterization from Theorem 4.18 in [Fed59]. More recently
Theorem 1 in [BLW19] defined the reach in terms of the metric distortion.

Our main results are obtained for a statistical model which imposes certain stan-
dard regularity conditions on the manifolds being considered, requires that they are
compact and connected, and also imposes conditions on the distributions being con-
sidered which have support on those manifolds. The set of distributions satisfying
these constraints on C* manifolds is denoted in the results below by P* and these
constraints are elaborated upon in Sections 2.3 and 2.6.

Theorem 2.2. For d-dimensional submanifolds of regularity C* with k > 3, and for
sufficiently largen, there exists an estimator R explicitly constructed in Section 2.6 below
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that satisfies
1/d
M) / k=3
—~ -1
sup EP@nHR— RH <C " k/(2d)
Pepk log(n) k>4
n-1 o

where R denotes an estimator of the reach R = R(M) constructed from an n-sample
(X1,...,X,) of independent random variables with common distribution P ¢ P*. The
quantity C' > 0 depends on d, k and the regularity parameters that define the class P*
and the notation E pen [-] refers to the expectation operator under the distribution P®"
of then-sample (X1,...,X,).

We also provide a lower bound for the minimax convergence rate. In case & = 3,4,
our estimators are almost optimal, with a gap given by a log(n) factor.

Theorem 2.3. For certain values of the regularity parameters (depending only on d and

k), then
inf sup Ep®n[‘§— RH 2 cn_(k_2)/d,
R pepk
where the infimum is taken over all the estimators R = R(X1, ..., X,,) and ¢ > 0 depends

ond, k and the regularity parameters.

These results are of an entirely theoretical nature. The question of practical imple-
mentation remains, although it is not of primary interest for the paper. Starting from a
point cloud X7y, ..., X,,, one may implement the following protocol:

e Estimate M from the data X, ..., X,, by the best available manifold reconstruc-
tion method M, or, indeed, by any other method.

» Compute hg; (Definition 2.10) and derive R thanks to Definition 2.33.

The only inputs are M and the regularity parameters that define the class P*. Itis a
common practice in statistics to assume some prior knowledge of the class in order to

constrain the problem. However, the quantities Cy , r_,, and C in Theorem 2.34 are

unknown, which creates difficulties in deriving the accuracy of the estimator R and, for
example, calculating a confidence interval. This is common to every minimax result
and could in practice be treated by estimating the variance of the estimator via any
conventional computational method such as the bootstrap [ET94]. A more detailed

discussion lies outside the scope of the present paper.

2.1.3 Organization of the paper
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The paper is divided into two halves: a first half that is mainly geometric in flavor
and a second half which employs mainly statistical techniques. To that end Sections
2.2, 2.3 and 2.4 describe the geometric setting of this paper in some detail, Section 2.5
discusses the approximation of the reach in a deterministic setting, while Sections 2.6
and 2.7 are devoted to showing that the new algorithm proposed to estimate the reach
achieves the rates stated in Theorem 2.2 and to the proof of the lower bound for the
minimax rate stated in Theorem 2.3.

Section 2.2: We elaborate on the geometry of the reach. We recall a dichotomy
due to Aamari, Kim ef al. [AKC*19] in Theorem 2.4 and we study in particular the
distinction between global reach or weak feature size in Definition 2.5 and the local
reach in Definition 2.6, according to the terminology of [AKC" 19]. This is not apparent
in the classical Definition 2.1 of Federer.

Section 2.3: A geometrical framework is given for studying reach estimation. We
describe precisely a class Qlli?mm,L of submanifolds, following Aamari and Levrard [AL19].
Manifolds M in this class admit a local parametrization at all points p € M by the
tangent space 7,,M, which is the inverse of the projection to the tangent space and
satisfies certain C* bounds.

Section 2.4: This section is devoted to the study of the convexity defect function hyg
of M as introduced in [ALS13] and its properties. We show how the local reach can
be calculated from the values of hys near the origin in Proposition 2.12 and how the
weak feature size (the global reach) appears as a discontinuity point of hy; whenever
it is smaller than the local reach. This is done by proving an upper bound on hys in
Proposition 2.13. Proposition 2.12 and 2.13 are central to the results of the paper.

Section 2.5: When we attempt to estimate the reach in later sections, we will not
know M exactly. Instead, we will know it up to some statistical error coming from
an estimator. Propositions 2.24 and 2.26 give approximations of the local reach and
the weak feature size, respectively, calculated from some proxy M. The errors of the
approximations are given in terms of the Hausdorff distance H (M, M).

Section 2.6: Building on the definitions in Section 2.3, a statistical framework is
described within which we study reach estimation in a minimax setting. This defines
a class P* of admissible distributions P over their support M, the submanifold of
interest, which belongs to the class Qf’jéimimL. To apply the results of the previous section,
we may use the Aamari-Levrard estimator [AL19] M of M from a sample (X7, ..., X,)
as the proxy M for M. This estimator is almost optimal over the class P*. This yields
estimators of the local reach and finally of the reach R(M) in Section 2.6. We then
prove the upper bounds announced in Theorem 2.2 above in Theorems 2.31-2.34.

Section 2.7: Using the classical Le Cam testing argument we obtain minimax lower
bounds as announced in Theorem 2.3.
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2.2 Geometry of the reach

The reach of a submanifold M, which we will denote by R(M), or simply R, is an
unusual invariant. Definition 2.1 conceals what is almost a dichotomy - the reach of a
submanifold can be realised in two very different ways. This is made precise by the
following result.

Theorem 2.4. [AKC' 19, Theorem 3.4] Let M ¢ RP be a compact submanifold with
reach R(M) > 0. At least one of the following two assertions holds.

* (Global case) M has a bottleneck, that is, there exist qi,q2 € M such that (q1+q2)/2 €
Med(M) and |1 - go] = 2R(M).

* (Local case) There exists qy € M and an arc-length parametrized geodesic ~y such
that~(0) = qo and " (0)[ = 1/R(M).

Here, Med(M) is the medial axis of M, that subset of R” on which the nearest point
projection on M is ill-defined, namely

Med(M) ={zeR" | 3p,qe M, p#q, d(z,p) =d(z,q) = d(2,M)}.

We say that the result above is only ‘almost’ a dichotomy because it is possible for
both conditions to hold simultaneously. The curve v could be one half of a circle with
radius R(M) joining ¢; and g2, for example, in which case the term ‘bottleneck’ might
be considered a misnomer, or the points ¢; and ¢2 might not lie on  at all, so that the
two assertions hold completely independently.

This situation invites us to consider two separate invariants. One, the weak feature
size, Ryis, is a widely studied invariant encoding large scale information such as bot-
tlenecks. The second, which we will call the local reach, Ry, following [AKC*19], will
encode curvature information. Theorem 2.4 states that the minimum of these two
invariants is the reach,

R =min{Ry, Rys} -

Note that, in Riemannian geometry, the local reach is referred to as the focal radius
of M, while the reach itself is often referred to as the normal injectivity radius of M.

2.2.1 The weak feature size

The weak feature size is defined in terms of critical points of the distance function from
M (in the sense of Grove and Shiohama; see for instance [Gro94], p. 360).

Consider the function, dy; : RP — R defined by dyi(y) = infpem |y - p|.- Note that
M = dy;(0). Following [ALS13], let Tap(y) = {x € M : dp(y, M) = |z -y}, i.e., those =
in M realizing the distance between y and M. Then we define a generalized gradient as

_ y—Center(I'n(y))
- dM(yv M) ’

Vm(y) :

24



CHAPTER 2. REACH1I

where Center(o) is defined as the center of the smallest (Euclidean) ball enclosing the
bounded subset o ¢ R”. This generalized gradient vy, for dyj coincides with the usual
gradient where dy; is differentiable. We say that a point y € R \ M is a critical point
of dy if Vm(y) = 0.

For example, if y is the midpoint of a chord the endpoints of which meet the
submanifold perpendicularly, then from y there are two shortest paths to M which
travel in opposite directions. It follows that y is a critical point.

Definition 2.5. Given a submanifold M of RP letC denote the set of critical points of
the distance function d;. The weak feature size, denoted Ry(M) or simply Ry, is
then defined as Ry = inf {dy(y):y € C}.

By Theorem 2.4, if the reach is realised globally then the first critical point will be
the midpoint of a shortest chord which meets M perpendicularly at both ends, and so
the weak feature size is equal to the reach.

2.2.2 Thelocal reach

In the local case, Theorem 2.4 tells us that the reach is determined by the maximum
value of |y"| over all arc-length parametrised geodesics . This can be formulated more
concisely by considering instead the second fundamental form, 11, which measures how
the submanifold M curves in the ambient Euclidean space R”. We refer the reader to
a standard text in Riemannian geometry such as [DCFF92] for a precise definition of
the second fundamental form. Informally, the second fundamental form is defined
as follows. For a pair of vector fields tangent to M, the (Euclidean) derivative of one
with respect to the other is not usually tangent to M. In fact, the tangential component
is the Levi—Civita connection of the induced (Riemannian) metric on M. The normal,
or perpendicular, component yields a symmetric, bilinear form, namely, the second
fundamental form, denoted by II,,. In particular, if the norm of II,, is small then M is
nearly flat near p and if the norm is large then it is an area of high curvature.

Definition 2.6. Given a submanifold M of R” let11,, denote the second fundamental
form atp e M. The local reach of M, denoted R,(M) or simply R, is the quantity

Ry = inf { 1 }
peM (|11, [op

We use the term ‘local reach’ here to reflect the fact that this quantity is generated
entirely by the local geometry. In differential geometry literature the local reach is
referred to as the focal radius of the submanifold.
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2.3 Geometrical framework

We define a class of manifolds which are suitable for the task of reach estimation. This
class is the same as that considered by Aamari and Levrard [AL19] for other problems
in minimax geometric inference. The class is that of C k submanifolds, but with some
additional regularity requirements. These guarantee the existence of a Taylor expansion
of the embedding of the submanifold with bounded co-efficients, as well as a uniform
lower bound on the reach.

Definition 2.7. (see [AL19]) For two fixed natural numbers d < D and for some k >
3, Rmin >0, and L = (L, Ls,..., L), we let Q:};%mm,L denote the set of d-dimensional,
compact, connected submanifolds M of R” such that:

(i) R(M) > Ruin;
(ii) For allp € M, there exists a local one-to-one parametrization 1, of the form:

¢p: BTPM(Oa T) € TpM - M,

v p+v+Ny(v)
for somer > -, withN,, € C*(Br,m(0,7), R”) such that
Np(0) =0, doN,=0, [diN,[ <Ly,

forall|v| < 4,;;

(iii) The differentials d! N, satisfy deijHop <Liforall3<i<kand |v| < g

We define subclasses of @Ii%min,L as follows, using the gap Ry — Ry between the weak
feature size and the local reach. For fixed values of R,,;, and L, we define

Mg ={Me 1| Ryi(M) > R(M)}

and
ME={Mec}, | |Rys(M)<R/(M)-a}, a>0.

Note that

k _ k
Q:Rmin 7L - UQ)OMQ '

Manifolds in Qﬁ’j%mimL admit a second parametrization, one that represents the man-
ifold locally as the graph of a function over the tangent space so that the first non-zero
term in the Taylor expansion is of degree two and is given by the second fundamental
form. These parametrizations in general satisfy weaker bounds than L. The degree &
Taylor polynomial then gives an algebraic approximation of the manifold, which will
be very useful in later calculations. The following lemma from [AL19] describes the
Taylor expansion of a local parametrization at every point p € M.
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Lemma 2.8. [ALI9, Lemma 2] Letk >3, M € ¢}, | andr = ; min{Ruyn, L}'}. Then
for all p ¢ M there is a local one-to-one parametrization around p, ¢, : U - M, for
someU c T,M, which contains B(p,r) n M in its image, satisfies prp,n; o®p(v) = v on
its domain, and takes the form

1
(k-1)!

1 1
®,(v)=p+uv+ §T2(v®2) + ng,(v%) T Tioo1 (v¥F DY) 4 Ry (v),
where | Ry (v)| < C|v||*. Furthermore T =11, and | T;|op < L, where L; and C depends
ond, k, Ryin and L, and the terms Ty, . .., T;_1, Ry are all normal to T,,M.

Definition 2.9. We call the degree j truncation of the parametrization ¢, given in
Lemma 2.8 the approximation of degree j to M around p and write it

; 1 1 1 ;
P/ (v)=p+v+ “T(v®%) + ~T3(v®) +...+ =T (™).
2 6 j!

2.4 Convexity defect functions

The convexity defect function, originally introduced by Attali, Lieutier and Salinas
[ALS13], measures how far a subset X ¢ R” is from being convex at scale ¢. The goal of
this section is to establish a relationship between the convexity defect function and
the reach. The definition is valid for any compact subset of R”. In this section we will
principally consider the case of a closed submanifold M as before, but in the sequel
we will need to know that this function can be defined in greater generality.

We recall the definition. Given a compact subset o ¢ X, it is contained in a smallest
enclosing closed ball in RP. We define Rad (o) to be the radius of this ball. We denote
by Hull(¢) the convex hull of & in R”. Then we define the convex hull of X at scalet to
be the following subset of R”:

Hull(X,t)= |J Hull(o).
Rafi%z()st
For two compact subsets A and B of R”, we define the asymmetric distance H(A|B) =
Supge4 d(a, B) so that H (A, B) = max { H(A|B), H(B|A)} is the symmetric Hausdorff
distance.

Definition 2.10. Given a compact subsetX c RP, we define the convexity defect function
hx :Rso = Rso by hx (t) = H(Hull(X, ¢),X) = H(Hull(X, ) | X).

We recall here from [ALS13] some useful properties of hx.
1. hx(0)=0.

2. hx is non-decreasing on the interval [0, Rad(X)] and constant thereafter.
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Figure 2.1 — The convex hull at scale ¢, Hull(X,¢) (in blue), of a curve X (in black).
Enclosed between the dotted curves is the minimal tubular neighborhood around X
that contains Hull(X, t) — its width is the convexity defect function hx (¢).

3. If X c RP satisfies H(X,X) < ¢, where H is the Hausdorff distance, then hg(t -
€) —2e< hx(t) <hg(t+e€) +2eforanyt > e.

4. hx(t) < tforallt > 0. Moreover, hx(ty) = to if and only if ¢ is a critical value of
the distance function, dx.

5. If thereach, R = R(X) > 0, then on [0, R) the function hx(t) is bounded above
by a quarter-circle of radius R centered on (0, R). In other words, hx(t) < R -

VR?-t2forte[0,R).

From item 4 and the definition of the weak feature size in terms of critical points of
the distance function, the following proposition is immediate.

Proposition 2.11. IfM is a submanifold of RP then Ry, = inf {t > 0:hpg(t) = t}.

We can also relate the local reach to the convexity defect function with the following
proposition, which we will prove in Section 2.4.2.

Proposition 2.12. Let k > 4. There exists a constant C (depending on Ry, L,d and
k) such that, for any sufficiently small non-negative real t, t < tr_, 1.4k and any
Mee}, |, wehave

t2
‘hM(t) "3 <ot

In case k = 3, there exists a constant C' (depending on Ry, L, d) such that, for any
sufficiently small non-negative realt, t < tg,, 1.4, and anyM e €}, |, we have

ha(t) - s <Ot
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We will write, somewhat informally,
Ry =1/hy;(0).

The function hy is not actually twice differentiable; 4y, (0) here is a ‘pointwise second
derivative’. Since R = min { Ry, Ry}, these two propositions show how the convexity
defect function yields the reach.

Proposition 2.12 will be proven in Section 2.4.2, but first we need to refine the upper
bound given in item 5 of the properties of hx given after Definition 2.10 for the case
where X is a submanifold.

2.4.1 Upper bounds on the convexity defect function

The two aspects of the reach relate to the convexity defect function in quite different
ways, which naturally leads one to wonder which aspect of the reach is responsible for
item 5 of the properties of hx given after Definition 2.10. In this subsection we improve
the upper bound by increasing the radius of the bounding circle from R to Ry, though
the bound still only holds on the interval [0, R) (compare with Lemma 12 in [ALS13]).
See Figure 2.2 for an illustation.

Proposition 2.13. IfM ¢ (’Z'j?‘mimLand R = R(M) is its reach, then on [0, R) the function
ha(t) is bounded above by a quarter-circle of radius R, centered on (0, R;). In other
words, hav (t) < R —/R2 — 2.

hx(t)

A

Figure 2.2 — A curve X (left) and its convexity defect function hx (t) (right), which is
below the quarter-circle of radius R, for ¢t < R(X) = Ryzs. Since Ry < Ry, we observe
a discontinuity at ¢ = Rys.

For submanifolds in the class M’g (where Ry > Ry), this result does not have any
content. However, for manifolds in M¥ i.e., manifolds for which Ry < R, — o for some
« > 0, the bound is sharper, with the following consequence.
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Corollary 2.14. IfM € M¥ for some a > 0, then hy; is discontinuous at R(M).

Proof. Since o > 0, we have R(M) = Ry < Ry. Fort < Ryg the bound hp(t) <
Ry — /Rg - t2 from Proposition 2.13 holds. On the other hand, for ¢t = R, we have
hm(t) = t. Therefore the one-sided limit lim; » g, hnv(t) < hv(Rwis) and the function
is discontinuous. O

The proof of Proposition 2.13 will require a few steps. We can focus our attention on
the local reach by paying attention to sets of the form M’ = M n B(z,r), where z e R”,
0 <r < R(M) and B(z,r) is a closed ball. Lemma 2.15 will show that subsets of this
type have no bottlenecks. We would expect, then, that the reach of such a subset is
generated by the local geometry. Lemma 2.18 quantifies this point: the reach of M’ is
determined by the behaviour of the second fundamental form on M'. The principal
point of difficulty here relates to the boundary of the sets M'. The proposition then
follows from the fact that hp(¢) can be bounded using the functions Ay () and so the
bound is in fact determined by the second fundamental form, i.e. by R, in particular.

Lemma 2.15. Let A ¢ R” be a compact set. Let0 < s < R(A), z ¢ RP, and A’ =
An B(z,s), where B is a closed ball. If A’ + @, then A" cannot have any bottlenecks, i.e.
there is no pairp,q € A" with |p-q| =2R(A") and (p + q)/2 € Med(A").

Proof. Suppose for a contradiction that a bottleneck exists. Then it is a chord of length
2R(A"). Since diam A’ < 2s we obtain that 2R(A") < 2s < 2R(A) < 2R(A’), the last
inequality holding by [AL15, Lemma 5]. O

We now consider the case where A = M, a submanifold, and consider the intersec-
tions M'. Our goal is to find the reach of the intersections, M’, in order to bound hy
and hence hyg. We will use the following characterisation of the reach due to Federer

[Fed59]
1 2d(q-p,CpA)
R(A)  pgea lg -pl
where C), A is the tangent cone at p, which Federer showed always exists for a set of
positive reach. This quotient can be related to the second fundamental form as follows

(cf. [AKC*19, Lemma 3.3]; and also work of Lytchak [Lyt04] for more general results).

Lemma 2.16. Letk >3 andM e ¢}, . LetM’' = M n B(z,7), wherez ¢ RP,0 < r <
R(M) and B is a closed ball. Then, provided M’ contains more than a single point, for
anyp € M’ the norm of the second fundamental form is given by

2d(q-p,C,M")
lg - p||?

1L, | op = limsup
q-p

where C,M' is the tangent cone at p in M. In particular, 1/ R(M') > sup,enp |11 op-
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Proof. We claim that M’ is a C* submanifold of M. Consider the distance function to
the central point z € R, say f(y) = d(z,y). This function is smooth on R” \ z and its
pull-back fl,; is C¥ on M \ z. For any p € 9M/, f(p) = r. Note that r is a critical value of
[l precisely when the distance sphere 0B(z,r) is tangent to M at some p € M.

However, this cannot happen for » < R(M). This is because r is less than the
focal radius at p and so M must lie in the exterior of B(z,r). This in turn implies that
M’ = {p} which contradicts the assumption that it is not a singleton. Therefore, r is
a regular value of the C* function f on M and the pre-image M’ is an embedded
submanifold without boundary, as claimed.

As a consequence, M’ is an embedded submanifold of M of full dimension with
boundary. The tangent cone in R”, C,M/, is given by T, M for p in the interior of M’
and by a half-space of 7,M for p ¢ 9M’, namely

CyM' =T,Mn{u|(p-2z,u)<0},

where z is the center of the ball containing M’. We now consider some other point
q € M, ¢ # p, and show that the projection of ¢ to 7,M lies in C;,M'. Suppose p € M’ ¢
0B. Consider the affine hyperplane H”~! through p perpendicular to the line pz. Since
q € B, qlies on the same side of H as z and therefore the projection of ¢ to 7,,M lies in
Cp,M'. If p ¢ OM' then T, M = C,,M' and so this statement automatically holds.

Let us assume now that g is close to p, satisfying ¢ — p| < 3 min { Ryin, (L)™'}, so
that the projection of ¢ to C;, M’ satisfies the conclusion of Lemma 2.8. In particular, if
v is the projection of ¢ onto 7, M, we may write

g-p=v+ %Hp(v, v) + Rs(v),
where the remainder R3(v) is of order O(||v[?). Therefore
d(g - p,CpM) = |51, (v,v) + R (v)] -

We can then calculate the Federer quotient,

20(q-p,CoM) _ [TTy(v,0) + 2R4(v)]
lq - p]? ]2 + |31, (v, v) + Ra(v)]*
1

lv]?

Tzl * 1 (v, 0) + 2R (v)]

As ¢ —» p we see that v - 0. In order to compute the limsup, we may assume that a
sequence of points ¢; is chosen such that |II,(v;, v;)| is maximized. Then, since all

12
terms in the denominator go to zero except the ratio | il we have

Iy (viyvs) |

2d(q - p, C,M’ 1L, (v, v;
lim sup (g-p ;; ) - lim H p(vz 2”%)”
P P R S P
qeM
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We would like to claim that

ORI

= |II
iSoo ”UzHZ ” p”OP’

but recall that p may lie on the boundary of M’ and so we must check that a suitable
sequence of points ¢; € M’ can be found. Since C,M’ is a half-space and II, is a
symmetric, bilinear form, there is some unit vector w ¢ C;, M’ so that |II,(w,w)| =
|1L, |op- Then we can choose a sequence g; € M’ so that the projections of the ¢; are ¢;v;,
where the v; are unit vectors in C, M’ such that v; - w and the ¢; are positive numbers
with ¢; — 0. The existence of such a sequence is equivalent to the fact that w ¢ C,M’.
The final statement then follows from

2d(q -p, C,M') _ 2d(g-p,CpM’) 1

~NX

sup = .
lg - p|? paeM’ g =p[? R(M")

1L, |l op = lim sup O
q-p

Remark 2.17. The regularity assumption of £ > 3 in the previous lemma may possibly be
improved to k > 2. This stems from the assumption in Lemma 2.8 which in turn derives
from the regularity assumption in [AL19, Lemma 2]. However, this is not needed in the
sequel so we do not pursue this further.

Lemma 2.18. Letk >3 andM e ¢}, . LetM’' = Mn B(z,7), wherez e RP,0 < r <
R(M) and B is a closed ball. Then, provided M’ contains more than a single point, we
have 1/R(M') = supenp [T, op-

Proof. We have already shown in Lemma 2.16 that 1/R(M’) > sup,evp |11y op. By
Lemma 2.15, M’ does not contain any bottlenecks. It follows that the reach is attained
in one of two ways and we examine each case.

Case 1: The reach of M’ is attained by a pair of points ¢, € M’ but ||¢ - r| < 2R(M’).
In this case we apply [AKC* 19, Lemma 3.2] to obtain, in M’, an arc of a circle of radius
R equal to the reach of M. Note that that lemma is stated for manifolds, but in fact the
proof only requires a set of positive reach. Then, for any point p on the reach-attaining
arc, we obtain that .

RO < My lop < sup 1L .

Case 2: The reach of M’ is attained at a single point, say p, in M'. It follows, using

Lemma 2.16 that
: 2d(q - p, C,M')
= lim sup
R(M')  aop lq-pl?
qeM

= |1 op < sup [ILsop.
seM’

Combining the two cases, then, we also have that

completing the proof. O
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Proof of Proposition 2.13. Let M’ = M n B(z,r), where z e RP,0 <7 < R(M) and Bisa
closed ball. Recall that on [0, R(M')) we have

hMl(t) < R(M’) -/ R(M')2 -2,
By Lemma 2.18, if M’ is not a single point we have

1 1
- o > Mylop = ——r )
R, = S [Mslop > sup [ fop = s
and this entails the bound hyy (t) < Ry —/R? - t? on [0, R(M)). If M is a point then
ha (t) = 0 for all ¢t and so the same bound holds.
Recalling that R(M') > R(M) for every M’ with Rad(M') < R(M), we have, for

0<t<r<R(M),
sup hae (t) < Ry —+/RZ - t2.

M’=MnB(z,r)
Now for every ¢ ¢ M with Rad(o) < ¢ <r, there is some M’ = M n B(z,r) with o ¢ M’
and it follows that

hM(t) < sup hM/(t).
M’=MnB(z,r)

Setting ¢ = r and combining the two inequalities, we have, for 0 < t < R(M),
ha(t) < Rp—\/R2 - 2. O

2.4.2 The convexity defect function near zero

We have seen in the previous section how, for M ¢ R” a compact submanifold, the
function iy on [0, R) obeys an upper bound determined by R,. We now study hy in
greater detail in a neighborhood of zero to obtain a Taylor polynomial, identifying R,
as the reciprocal of the ‘pointwise second derivative’, 1/hy,(0). More formally, we prove
Proposition 2.12, which states that, for any sufficiently small ¢,

t2
‘hM(t) "R <Otk

Once more, we approach hy; by considering sets M, which are the intersection of
M with small closed balls.

We introduce a new function h{{)f, (p,r1,72;t), which contains information on the
convexity of M'. Lemma 2.19 shows how Ay can be determined from all the hk;f, (p,r1,72;t).
Recall from Lemma 2.8 that such sets M’ can be written as the graphs of functions over
T,M and that these functions have Taylor expansions.

Lemma 2.21 will set a lower bound on 7'°¢ for the degree 3 approximation to M
around p, which Lemma 2.23 translates to a lower bound on h}{jf, (p,r1,79;t) itself.
Varying M’ we obtain a lower bound on hy;(¢) for small ¢, which we combine with the

upper bound from Proposition 2.13 to prove the result.
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Lemma 2.19. Let B denote a closed ball, then, for any compact set X c RP and any
r1,72,t > 0 satisfyingry > 3t andre > t + 71, we have

hx () = sup KX (p,71,72; t)
peM
where

hC(p,r1,7231) :h( U Hu]lo"XﬂB(p,T’Q))'
ocXnB(p,r1)
Rad o<t

Proof. We have immediately, for any p € X and any r1,¢ > 0

hx (t) = H( U Huua\x)>H(chn%J( r )Hulla|X)
Rad o<t " Rad ag‘, '

and so all that is necessary is to check that

H( U Hulla‘X) :H( U Hulla‘XﬂB(p,rg)) = hC(p, 1,03 t).
occXnB(p,r1) ocXnB(p,r1)
Rad o<t Rad o<t

Let the asymmetric distance

h( U HulloX)
ocXnB(p,r1)
Rad o<t

be realized by the data o € X n B(p,r1), y € Hullo, p’ € X. We have d(p’,y) < t and
d(y,p) <7 sothatd(p’,p) < r1 +t < ro. For the converse, just notice that if p’ € X and
o c X, then, for any y € Hullo

ocB(p,d(p,y)+2Rad(0))
yielding for the optimal data o, y, p’ the inclusion o c B(p, 3t). O

For a bilinear map S : R?xR? - R”~¢ and a trilinear map 7 : R x R xR¢ - RP~¢,

we denote
M(S,T) = {(v, S(v®*) + T(v®*)) |[v e R} c RP

which is a C* submanifold of R? of dimension d.

By setting S and 7 to be the coefficients of be;, the approximation of degree 3 to a
manifold M around p € M (see Definition 2.9), we can easily see that, near p, M (S,T)
is Hausdorff close to M. This assumes that p = 0 and that 7,M is the subspace spanned
by the first d co-ordinates. This assumption, which is used in the statement of the
lemma below, is for convenience only. For each p € M there is an isometry of R” which
causes it to be satisfied.
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Lemma 2.20. LetM ¢ €}, . Suppose thatp =0eM and T,M = R? c R".
Ifk > 4, we have, for s < s1 with s depending only on Ry, L, k, d,

H(Mn B(0,s), M(S,T)n B(0,s)) < Cs*,

where S and T are obtained from the degree 3 approximation ®3 given in Definition 2.9
by S = 1d3®} =1y, T = ¢dj®3 and the constant C = Cg,,, Lk.d-
When k = 3 we can use the degree 2 approximation ®; and pick T = 0, to obtain

H(Mn B(0,s), M(S,0)nB(0,s)) < C's>

Proof. Let us initially take s; = min{Ry,in, L7'}/4. Then for any point g € M n B(0, s), if
v = prya(g) then

q=o(v) =v+S®) +T(1®) + R(v),

where @ is the expansion given in Lemma 2.8 and |R(v)| < % |v||*, unless k = 3. In
case k = 3, if we wish to control the remainder we can only use the degree 2 polynomial
approximation 3.

It is therefore clear that, for the point ¢ = ®o(v) €e M n B(0, s), there is a correspond-
ing point ®3(v) € M (.S, T") within the required distance and, conversely, for any point
®3(v) e M(S,T)n B(0,s), there is a corresponding point ®,(v) € M. The constant C
may be chosen to be C = é—fi.

However, the corresponding point is not guaranteed to lie in the ball B(0, s). In the
next paragraph we establish that there is a vector v’ very close to v, so that ®3(v") or
d((v"), as appropriate, will be sufficiently close.

Let us continue to assume & > 4, since the case k = 3 is essentially identical. We first
consider the possibility that |®3(v)| < s but [®¢(v)| > s . It is clear that, for sufficiently
small s, |[®q(v)|? < s + Cys®, where Cy depends on Ry, Ly, L3 and Ly. It follows that
[®o(v)| < s+ Cys°. Consider now a vector v’ = (1 — A\)v, with A ~ 0, chosen so that
|®o(v")| = s. For small enough s we have \ < Cys?. It follows immediately that ®q(v')
lies within C3s* of ®y(v), and hence within Cs* of ®}(v).

The case where |®(v)| < s but [®3(v)| > s is dealt with similarly. O

The utility of M (S, T) is that, since it is algebraic, we can compute explicit bounds
for hle¢, where X = M (S, T).

131/4

LT, and let X = M(S,T). Then for anyt <

Lemma 2.21. Letr; < rg <

min(%HSH;g, \/%rl) we have
loc 1 5 2 2 2 6 2
hx®(0,71,72;1) > (t -5t ”T”op) |Slop 2 715 lop = 1S llop 1T [[Gp-

35



CHAPTER 2. REACHI

Proof. Let v be a unit norm vector in R? such that |S(v®?)| = [S]op, and let z <
min( % |.S ||gé, %7‘1 ). Note that the upper bound on r; gives a third upper bound for z,

namely z < 13-4 T|op/* < |T|op/%. We set

p1 = (20,5((20)%%)) + T((20)*?))) and ps = (20, S((=20)®?) + T((-2v)*?))

and denote the two-point set containing them by o = {p1,p2}. In order to use o to
bound hlggc we must (1) check o € Xn B(0, ), (2) find the radius of ¢ and (3) determine
H (Hullo|X n B(0,73)).

Firstly, since o ¢ M (S, T), it is enough to show that ||p;||?, [pz2|?

< ri. Using all three
bounds on z, we can check

2 2 . ,2 L A4)q|2 672
I l?, o2l < 2% + 24815, +22° [ Slop [ Tllop + 2° T

op
<227 +22°| S op + 2*| S|2, by 2| T < 1
13 1
<2 by Sl < 5
2
2
<r; by z< r1.
1 by 3 1

Secondly, we obtain the radius as

Rado - gmzz)? ¥ 22T (=)])2

= 2/1+ 24| T(v%%)]2

1 . 1
<z(1+§z4||T||(2)p) since \/1+x<1+§x forz>0
.15 T2
_Z+2Z H Hop'

Thirdly, we place alower bound on H (Hullo|X n B(0,r2)). Letq = £(p1+p2) € Hullo.
For any p = (w, S(w®?) + T(w®?)) € X satisfying |w| < 72, we have

d(q,p)” = |w]? + |S(w®) + T(w®) - 225 (v*2)|”
> 2485 + lwl*(1 - 222|512, ~ 22°720Slop | T op)-

Since z|Sop < 1/2 we have 22%|S|2, < 5. The same condition also allows us to see that
22219 | S op [T lop < 272 T |lop < 5. It follows that

d(q,p)* > 2*|S|2, = d(q,0)?

from which we obtain the bound h (Hull¢|X n B(0,72)) > 22|S | op-

These three calculations yield h°(0,71,72; 2 + 32°|T2,) > 2%[S|op. Now we may
reparametrize the argument by setting ¢t = z + %25 HTng. Obviously ¢ > z so we can invert
to obtain z = t - 12°| T2, > t - 3¢°| T2, and so hR°(0,71,r2;t) > (t = 7| T(2,)%Slop >
(2 = t°|T)2,) IS ]op- If the bounds given in the statement hold for ¢ , then they will also
hold for the smaller value z and so the result is proved. O

36



CHAPTER 2. REACH1I

We are now in a position to convert this bound for an algebraic approximation to
M into one for the small patch of M itself.
We need a stability result first.

Lemma 2.22. LetX,Y be two subset of R” and letr,r5,t > 0. Then, ifp e X n'Y and
h(X nB(p,r2),Y nB(p,r2)) < €, we have

hl)gc((),rl,rg;t) < hl{}c(p, r1+ €1t +€) + 2€.

Proof. This is a straightforward adaptation of the proof of Lemma 5 in [ALS13]. Indeed
let 0 ¢ X n B(p,r1) be such that Rado < t. Let{ = Y n B(p,r2) no°. Since h(X n
B(p,7m2),YnB(p,r2)) <¢ & isnotempty and satisfies h({,0) < e. Thus & ¢ YnB(p, ri+e¢),
and furthermore, by Lemma 16 in [ALS13], we have Rad £ < t + e. We conclude using
that

Hullo c Hull(£°) = (Hull§)®
c (Y n B(p, TQ))hls?C(pvrl+€7T‘2;t+e)+e

c (X n B(p, 7«2))h%‘}c(p,m+e,r2;t+e)+25. -

Lemma 2.23. Letk > 4. There exists s3 > 0 depending only on Ry, L, k, d such that for
anyrq < so and for anyry,t > 0 such that

Corg <t <

2
r
Vi
for some constant C, depending on Run, L, k,d, we have, for all M Qlf%mm,L and all
peM,

1
hk)/f(p, r1,795t) > §t2 ”HpHOp - C"é

where C' is a constant depending on Ryn, L, k, d.
In case k = 3, we have, for all M ¢ qf%mm,L andallp e M,

Lo

hk/f(pﬂ"lﬂ"%t) z §t HIIPHOP - C,Tg

where C' is a constant depending on Ry, L, d.

Proof. By applying an isometry of R”, we may assume that p = 0 and that 7,M =
R? c RP. The result will then follow from Lemmata 2.20 and 2.21 in addition to the
Hausdorff stability property for h°° (Lemma 2.22). Take 7, > 0 smaller than s; (from

Lemma 2.20) and than ;L?’,—lf; (from Lemma 2.21). In the case k > 4, where @, is the
3

expansion described in Lemma 2.8, S = d3®,, = II,,, T = £dj®, and Cj is the constant
from the statement of Lemma 2.20, we have
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Ay (0,71, 25 t) > hlj\‘}[c(&T) (0,71 - Cos* o5t — C’or%) - 2Co75
2 6
> (1= Cord)” ISl ~ (¢ - Cor) 1S Jop | T, — 2Cur
1
> 5 [y opt” - Cr.

where C depends only on Ry, L, d, k. The first inequality only holds if C’orél <t.In
the case k = 3 the result is obtained similarly. O

We conclude with the proof of Proposition 2.12.

Proof of Proposition 2.12. By taking
1
AT (44Cp)13
(from Lemma 2.23), and setting r; = 3¢ and r, = 4¢, we have that

2
CoT%Stﬁ—Tl and t + 71 <1

V13

so that the hypotheses of both 2.19 and 2.23 hold. It is now immediate that if k£ > 4

hai(t) = sup bt (p, 71,723 1)
peM

1
2 sup (5 ”IIp“oth - CT%)
peM
£ 4
- o
2R,

where C'is a constant depending on Ry, L, d, k, while if £ = 3

1
ha(t) > —t2 - C't3,
M( ) 2R,

where C’ is a constant depending on R,,;,, L. On the other hand, Proposition 2.13
provides an upper bound which will hold for all ¢ < Ryyy:

12 t
havi(t) S Rp—\/R?2 —12< — + —
) ¢ 2R, 2R3

2 4
LA -
2R, 2R3,

2.5 Approximating the reach

Recall item 3 of the properties of hx given after Definition 2.10 which guarantees that
the convexity defect function is stable with respect to perturbations of the manifold
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which are small in the Hausdorff distance. This allows one to approximate the reach of
a submanifold M ¢ R” from a nearby subset M.

Given a submanifold M and another subset M (not necessarily a manifold) so that
H(M, M) < ¢, we can calculate the convexity defect function hgz. This can then be used
to approximate R, = (h{\’/I(O))f1 and Ry = inf {t:hpm () = t,t > 0}. We can approximate

the local reach via
hsi(A)

A2
for some choice of step size A. Proposition 2.12 gives the following bound on the error.

hyg(0) =~ 2

Proposition 2.24. LetM e Q:I;%min,L' Let0 < e < A <1 be such that e + A is small enough
to satisfy the hypotheses constraining the variablet in Proposition 2.12. Let M c R be
such that H(M, M) < e.

Then

o Ifk >4, |hy(0) - QhMA(QA) < AeA™2 + BA? and, in particular, if A = el
hyp(0) — 2hMA(2A) <(A+ B)e?

o Ifk =3, [n(0) - 2252 < AcA=2 + BA and, in particular, if A = /3,
I (0) - 2h’MA(2A) <(A+B)el?

where the constants A and B depend only on Ry, L.

Proof. Set k = hy;(0) and & = 2hM(2A). Comparing M to M, we obtain from stability

A
that
2hM(A —€)—2¢ <P 2hM(A+e) +26.
A2 A2
In the case k > 4, Proposition 2.12 states that [ha(t) - 4¢%| < Ct*, for some constant

C depending only on Ry, L. It follows that

k(A -€)?-2C(A-e)t - 4e <i< k(A +€)2+2C(A +€)* +4e

A2 A2

Expanding and using that ¢, A < 1, we obtain
|k — & < 20A% + (3k + 30C + 4)eA™2.
Similarly, in the case k = 3, we obtain

|k — 7| < 2C"A + (3K + 140" + 4)eA™2
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where C’ is again a constant depending only on R, L. Since « < 1/ Ry, the constants
may be chosen to be A = max{3/Ruin+30C +4, 3/ Ryin + 14C" +4} and B = max{2C,2C"}.
They depend only on R, L.

Now set A = ¢” and seek the p yielding the fastest rate of convergence of the error
bound to zero. Since the exponent in the first term increases with respect to p while
that in the second decreases, the fastest rate is obtained by requiring the two exponents
to be equal, so thatp=1/4fork>4andp=1/3for k = 3. O

At the weak feature size the convexity defect function satisfies hni(t) = t. The stabil-
ity given by item 3 of the properties of hx given after Definition 2.10 guarantees that the
graph of hgy lies close to that of hyy, but this alone cannot be used to approximate the
first intersection of the graph of hys with the diagonal. The graph of 2y could approach
the diagonal very slowly before intersecting it, so that the error in approximating an
intersection time based on the graph of hg; is not necessarily small.

However, we are only interested in approximating the weak feature size if it yields
thereach, i.e. when Ry < Ry. Corollary 2.14 guarantees the existence of a discontinuity
in hyp at Ry in this case the function Ay must jump at Ry from being bounded
above by a quarter circle of radius Ry to intersecting the diagonal. This feature makes
it possible to bound the error in an approximation. We begin with a simple lemma.

Lemma 2.25. Fix R > 0. Let the intersection points of the liney = x — 6e and the quarter-
circley = R -V R? - 22 be (x9,y0) and (x1,y1). Then there is some ¢y, which depends
only on R, so that for0 < € < ey the bounds x < %e andzx > R~ § hold.

Proof. The equation z - 6e = R — vV R? — 22 can be rearranged to give the quadratic
222 — (2R + 12¢)x + (36¢ + 12R)e = 0 with solutions

2R+ 12¢ + /(2R — 12€)2 — 288¢2
xXr = .
4

For sufficiently small values of ¢, we have the bound

2R - 13¢ < 2R - 12¢ - _288e® V(2R — 12€)2 — 288¢2
h AR - 24e

so that the solutions xy and x; are bounded by

2R+12¢— (2R-13¢) 25

To < €
4 4
x1>2R+126+4(2R—136):R_i 0

It is clear from the proof that for any ¢ > 0 there is an ¢ > 0 so that the bounds can
be taken to be (6 + 0)e and Ry — de. It is sufficient to proceed with ¢ = 1/4 and so we will
do so.
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Proposition 2.26. Let M be such that R(M) > Ry, and let e < %Rmm be a positive
number small enough that the conclusion of Lemma 2.25 holds for R = Ry,. Let
M c R” be such that H(M, M) < e.

Now suppose further that M is such that R; — Ryss > %e. Then the value r =
inf {t > Ze: hgz(t) > t - 3¢} satisfies the bound | Ry — | < e.

Proof. We first claim that r < Ry + €. To see this, suppose that Ry + € < r. Then, by
the definition of r, either Ry + € < %e, which by the assumption on € cannot happen,
or hgp(Ryts + €) < Rygs — 2¢ in which case Ry = hnvi(Rywss) < hgp(Ruwts + €) + 2€ < Ry,
which is a contradiction.

Now let us seek a lower bound for r, which relies on the fact that R = R,. Note
that hag(r + €) > hgp(r) — 2¢ > r - 5e. If the additional inequality

r—5€¢> Ry —\/R2 - (r+¢)?,

holds, so that hyi(r +€) > Ry —y/RZ - (r + €)?, then by Proposition 2.13 we would have
7+ € > R = Ry, providing the required lower bound r > Ry — € and completing the
proof. By Lemma 2.25, this additional inequality holds whenever

25
—EST+€<R5—E.
4 4

The first bound is true by the definition of . The second follows from the upper bound
for r and the gap between Ry and Ry: r < Rygs + € < Ry — %e. O

2.6 Minimax rates for reach estimators: Upper bounds

Every submanifold has a natural uniform probability distribution given by its volume
measure. We consider probability distributions with density bounded above and below
with respect to this volume measure. Recall the class of manifolds Q:]f%mm,L studied by
[AL19]: d-dimensional compact, connected, submanifolds of RP with a lower bound
on the reach and admitting a local parametrization with bounded terms in the Taylor
expansion (see Definition 2.7).

Definition 2.27. Fork > 3, Ryin >0, L = (L,,Ls,..., L) and 0 < fuin < fimax < 00, We
let ,Plk%min,L( fmin, fmax) denote the set of distributions P supported on someM ¢ ¢k,
which are absolutely continuous with respect to the volume measure ung, with density f

min 7L

taking values pn-a.s. in [ fuin, fmax]-

This will be abbreviated by P* where there is no ambiguity. We define the submod-
els P to be those distributions supported on elements of M (the classes defined in
Section 2.3). These submodels are such that P* = u@onj.
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The following lemma shows that the uniform lower bound, f.;,,, on the density of
elements of P* provides an upper bound R,,., for both R, and R, which we will use
in our estimators later in the section.

Lemma 2.28. There exists Ry.x depending ond, fuin, Rmin S0 that, if P € P* has support
M, then Ry, Ryt < Rmax.

Proof. Due to the relationship between curvature and volume, we have, by Point (3)
on [AIm86, p. 2] that Ry < (vol M /wg)'/* < (fminwas)~ /%, where w, is the volume of the
d-dimensional sphere of radius 1.

Furthermore, Aamari and Levrard have shown [AL18, Lemma 2.2] that for some
constant C' depending only on dimension, diam(M) < C(d)f;} R4, Since Ry, <
3 diam(M) we have Ry < 3C(d) fol, RL:2. Setting

1
Run 3= max{(fminwa) ™, SC(d) fida Ronin
we have the result. O

In [AL19] the authors construct an estimator M out of polynomial patches, from a
sample (X1,...,X,) of random variables with common distribution P ¢ P*, supported
on a submanifold M e ellﬁ%mm,L' That estimator has the following convergence property.
(Note that the T} referred to below are i-linear maps from 7,M to R” which are the
ith order terms in the Taylor expansion of the submanifold discussed in Section 2.3.)

Theorem 2.29 (Theorem 6 in [AL19]). Letk > 3. Set
10g(1) 2 | ™
0 = [ Capratme
’ (n - 1)fmin
for Cyy, large enough. Ifn is large enough so that 0 < 6 < %min {f%min, Lll} and 07* >
Cd e, Runin L. Z SUP2ic [ 17|, then with probability at least 1 - 2(1)4, we have

H(M,M) < C* 6"

for some C* > 0. In particular, for n large enough,

— log(n) |
sup Epen[H(M,M)] < C(—) ,
PePk n-1

whereC = Cqj r

min7L7fmin 7fmax *

Note that the estimator is dependent on the value of § ~ n~/? to within logarithmic
terms, which serves as a bandwidth. The convergence rate of this estimator is very
close to the currently established lower bound for estimating the reach R, which is
n~F/4; see Theorem 2.35 in Section 2.7 below.
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2.6.1 Estimating the local reach

Definition 2.30. We define an estimator for R;(M), the local reach of a submanifold M,
by

Ry = min {(2hMZ2A) )71, Rmax}

where M is the Aamari-Levrard estimator of M as discussed at the beginning of Section

2.6 above, ¢ = C*0* as in Theorem 2.29, A = €'? ifk = 3, or A = €'/* ifk > 4, and Ry is
as in Lemma 2.28.

Theorem 2.31. Let k > 3, let 0 be as in Theorem 2.29 and set ¢ = C*0*. Then with
probability at least 1 — 2(%)5, we have

D 1/3
Ry - Ro| < CaRnin L fuin€

1/2

and, where k > 4, the exponent is e /. Moreover, forn large enough, we have

k.
Bi- )< c(ﬂ)

n-1

sup E P®n[
Pepk

k
or, fork >4, C’(%)Qd, whereC = Cy g

min :vaminafmax *

A glance at the proof shows that we actually control |R;! - R, | rather than | R, - Ry|.
This has no impact since Ry < Rpax is uniformly bounded and we do not seek fine
control on C. Changing the parametrization R ~ 1/R in our statistical problem and
estimating 1/R instead of R would enable us to remove the projection onto [0, Ryax |
that we use to define R;.

Proof. By construction, Ry < Rmax, and it is also clear that

Lo Lyl tm®) L)
R@ RE A? R@

We derive

2

hz(A) 1 ’
A2 R,V

A ~ 011
Ry - Ry| = R4R4|§ - E’ <R?
0

max

The first statement of Theorem 2.31 is then a straightforward consequence of Proposi-
tion 2.24 together with Theorem 2.29. Next, we have

Epen[|R; - Rl]

< Cd,k,Rmin,fmin,Lel/g + 2RmaXP®n(‘§g - Rg‘ > Cd,k,R 61/3)

mirufminvL

1/3 —k/d
< Cd b, Runin frnin, LE /3 4 4Rpaxn ™
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thanks to the first part of Theorem 2.31. This term is of order (log n/n)k/ * Fork > 4,

1/2 )k/?d

we have the improvement to the exponent ¢/“ and the order becomes (logn/n

)

which establishes the second part of the theorem for all values of k£ > 3 and completes
the proof. O

For k = 3,4, then, the constructed estimator is optimal up to a log(n) factor as
follows from Theorem 2.35 below.

2.6.2 Estimating the global reach

By the earlier discussion, it is not possible to give a convergence guarantee when
estimating the weak feature size, i.e. the first positive critical value of dy;. However, in
the case where R = Ry, thatis, when Ry < Ry, this is possible. Accordingly, we now
define an estimator for R, and hence an estimator for the reach itself.

Definition 2.32. We define an estimator for R, the weak feature size of a submanifold
M, by
Ryt = min {inf {t eR: %6 <t, hgp(t) >t-3e}, Rmax} ,

where M is the Aamari-Levrard estimator of M as discussed at the beginning of Section
2.6 above, ¢ = C*6" as in Theorem 2.29 and R,. is as in Lemma 2.28.

Our estimator for the reach is then the lesser of the two individual estimators.

Definition 2.33. Let C*, 6 beas in Theorem 2.29 and sete = C*0*. We define an estimator
for R(M), the reach of a submanifold M, by

R = min {was, Rg} .

Note that we could just as well use Ryin place of R« to cap the value of Ry, since
we do not analyse the error in the case Ry < Rys. However, Definition 2.32 appears
more natural as a stand-alone estimator of R.

Theorem 2.34. Letk > 3, let C*,0 be as in Theorem 2.29, and sete = C* 0%, with ¢ such
that %e < min(Rmin, 1), which is always satisfied for large enough n > 1. Then with
probability at least1 — 4n~*/%, we have

‘E - R‘ < Cdk’RmimLél/B,

1/2

and, wherek > 4, the exponent is e'/*. In particular, for n large enough,

Kk
sup Epezm“ﬁ— RH < C(log(n))3d ,
PePk n—1

k.
or, for k > 4’ C (107%57;) ) * ’ Where C = Cd»k'»TminyL:fmimfmax .
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Proof. We will prove the result in three steps. In Step 1 we provide a bound in the case
Ry < Ry which holds with high probability. Then in Step 2 we provide a bound in
the complementary case Ry > Ryg. Finally, in Step 3, we combine the two bounds,
proving the first statement, and use it to obtain the bound on the expected loss. In the
following, we use the letters C' and C’ to denote positive numbers that do not depend
on n and that may vary at each occurence.

Step 1). We have

R = R[1(z,cp,.) = |Be - min(Re, Rut) 17,5, .}
€~ R < o Rl
< 2[Ry~ Ryl + [Re = Ruts|L(Ry<r) L Rpe R}
by triangle inequality. For C, Cs > 0, introduce the events
0 = {‘E@ - Rg‘ < 0161/3} and Q5 = {H(T\Z,M) < 6} .
On {Ry < Ry}, we have
Vit e [%6, Eg] hyp(t) <t -3,
therefore, on { Ry < Ry} 1 Qy, we infer that

forallt e [%e, R, - 0161/3] thgp(t) <t-3e.

By item 3 of the properties of the convexity defect function given after Definition 2.10,
on )y, we have
hyp(t) > ham(t - €) - 2e.

Putting the last two estimates together, we obtain on { R, < Ry} n Q1 n Q5 the bound
vte[%Fe, Ry~ 0161/3] chav(t—€) <t —3e+ 2

or equivalently
Vt e [ % - 1)€,Rg - 0161/3 - 6] : hM(t) <t.

Therefore hyi(t) < ¢ fort < Ry — C1e'/? - e and this implies in turn
Rygs > Rp— Cre'l® —e.
We have thus proved
|R, - was‘l(was<R4)1{§£<§Wfs}191092 <(Cre'P v e) < Ce'l,

Finally
B = RIL{7ch, ) boun, < O
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Step 2). We have
|§— R‘1{§Z>was} LT+ T+ T3,
with
Ty = [Bots = Rl 9 g\ H{RrRus)
T = ‘was - RWfS‘l(RWfS<R2<waS+%€)1{&%2&5\”{3}7
Ty = [Ruts = RelL(rp<ros) L Rs Rs}-
By Proposition 2.26, we have T} < € on 5. We turn to the term 75. We have

hii(Ruts) > Ryts — 3¢

on {Rg > was} by construction. Thanks to item 3 of the properties of the convexity
defect function given after Definition 2.10, we also have

hii(Rwis) < v (Rygs + €) +2€ on Qo

therefore
was -5e < hM(EWfS +¢€)

holds true on { Ry > Ry} n Q. Introduce now the event
Qg3 = {was +e< was} .

By Proposition 2.13, it follows that

—_

Ruts - 56 < Ry =/ B2 = (Rugs +€)?

on { Ry > Ryt } 2 n Q3. Solving this inequality when Ry > Ry + e yields Rygs > Ry — Ce
for some C > 0 that depends on Ry only. Otherwise, R, — ¢ < Rt directly. Replacing C
by max{1, C'}, we infer

Ry—Ce < Rygs < By < Ry + Crel?

on {Ry > Ryss} n Q1 n Qs n Q3 hence |Rygs — Ry| < Ce!/? on that event. Combining this
estimate with the condition |Ry — Rys| < %e in the definition of 75 implies

‘was - was| < 061/3 + %6.

We have thus proved
Tolps g, < Celd + %e <O,

On the complementary event Q) = { Ry +€2 was}, we have, on the one hand
Ryt — was SE.
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But on the other hand, on { Ry > Ry} n 1, we have

Ryts — Ryts < Ry — Rygs
SRy— Ry + 0161/3

<Ze+ 0161/3 < Cell3

=)

thanks to the condition | Ry — Rys| < %e in the definition of 7,. Combining these bounds,
we obtain
Ty(1-10,)1g, < Cel3,

Putting together this estimate and the bound 7, I o, < Ce'/? we established previ-
ously, we derive
T510,n0, € CEI/B.

We finally turn to the term T3. On { Ry > R/} intersected with { R > Ry} 0 4, we
have
O0<Ry< was < Rg < Rg+0161/3

which yields the estimate
[Ruts — Re| < C1e'® on {Rygs > R} n{Ry > Ry} n Q.

Alternatively, on the complementary event { Ry < R, } intersected with { Ry > Ry }n Qs

we have R — 5e < Ry — \/ Rf - (was + €)? in the same way as for the term 75, provided
Ry + € < Ry. This implies Ryts > Ry—Ce. Otherwise Ry + € > Ry holds true. In any
event, we obtain —Ce < Ry — Ry. Since Ry — Ry < Cre'/3 on O, we conclude

‘was - Rg‘ e+ 0161/3 < 061/3 on {was < Rg} n {E@ 2 was} NN Q.

Combining these two bounds for |§Wfs - Ry

, we finally derive
TnglmQQ < 061/3.
Putting together our successive estimates for 77, 7> and 73, we have proved

|E— R‘l{ﬁpﬁ }191092 <e+20eB <O,

wis
Step 3). Combining Step 1) and Step 2) yields
IR - R[1g,n0, < Ce%,

By Theorem 2.31, we have P®"(Q;) > 1 - 2n7¥/4 as soon as C; > Cyxr,.. fon L- BY
Theorem 2.29, we have P®"(Q,) > 1-2n"%/?, The first estimate in Theorem 2.34 follows
for k > 3. The improvement in the case k = 4 is done in exactly the same way and we
omit it.
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Finally, integrating, we obtain

Epo,[|R - R|] < Ce' + 2Rppan (P (Q5) + PO™(Q5))

<CeP 4 4Rmaxn_k/d <C'ef?

and the second statement of Theorem 2.34 is proved for k£ > 3. The improvement in the
case k = 4 follows in similar fashion. O

2.7 Minimax rates for reach estimators: Lower bounds

We fiX Ruin, L, &, fmin and fuax and recall the classes P* which were defined in Section
2.6, parametrized by the gap a < R;— Ry. These sub-models are such that P* = u,.oP~.

Theorem 2.35. If fuin is small enough and f..x, L are large enough (depending on
Ruin, and on « for the second statement), then we have the following lower bounds on
the reach estimation problem

liminf n®*2/4inf sup Epen[|[R-R[]>Co>0  and

n=eo R pepk
liminf n*/?inf sup Epen[|[R-R|]>Co>0  Va>0
nmee R pepk

with Cy depending on Ry, and C,, depending on R, and c.

In particular, the minimax rate on the whole model P* is of order n~"7. To show
the latter proposition, we will make use of Le Cam’s Lemma, restated in our context.

Lemma 2.36 (Le Cam Lemma, [Yu97]). For any two P,, P, € P, where P is a model of
manifold-supported probability measures, we have

= 1
inf supEpen[|R - R|] > —|R1 — R2|(1 - TV (P, P»))",
R PeP 2

where TV denotes the total variation distance between measures and R, (respectively
R») denotes the reach of the support of Py (resp P»).

Therefore, one needs to compute the total variation distance between two given
manifold-supported measures. When these measures are uniform over their support,
we have the following convenient formula.

Lemma 2.37. Let My, M be two compact d-dimensional submanifolds of R and let
Py, P, be the uniform distributions over M, and Ms. Then we have

HE( My ~ M)

TV(P, P) = ol

if  volMsy > vol My,

where H® denotes the d-dimensional Hausdorf{f measure on R”.
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Proof. First note that P, and P, are absolutely continuous with respect to #? with
densities -1, and 57 1, respectively. Therefore, we have the following chain

vol Mo
of equalities.
TV(Py, Ps)
1 1
=5 f 1 1o, | A

vol M, M7 Vol My

= HUM N My) +Hd(M2\M1) +lHd(M1ﬁM2)( T )
2V01M1 2V01M2 2 VOlMl V01M2
_ 1 {1 + Hd(Mg N\ Ml) —Hd(Ml n Mg)}
2 vol My
_HY (Mo~ M) -
- volMy

Before proving Theorem 2.35 we need to introduce the following technical result:

Lemma 2.38. Let @ : RY - R be a smooth function and let M = {(v, ®(v)) | ve R?} c
R be its graph. The second fundamental form of M at the pointx = (v, ®(v)) € M is
given by

_ () [pr(w), pr(w)]

Vit[ve@pP -

where pr is the linear projection to R ¢ R,

1L, (u, w) forallu,w e T, M

Proof. We define ¥ : v ¢ R? — (v, ®(v)) € R¥! so that M is the image of R through the
diffeomorphism ¥. Let = € M and let v € R? be such that z = ¥(v). The tangent space
T, M is given by T, M = {d¥(v)[h] = (h, {h, V®(v))) | h e R?}, so that a normal vector
field on M is given by

n(z) = - V(I)(U) 1 ERdH.
@ ( \/1+||V<I>(v)||2’\/1+IIV<I>(v)|I2)

For u € T,, M, where h = pru, we have

n(z),

()] = (_ H®(v)h )_ (H®(v)h, vO(v))

V1+[ve)]?’ L+ [ve(v)|?

where H® denotes the Hessian of ®. Now for w € T, M and n = pr w, we have

H®(v)h

I (u,w) = —(dn(x)|u],w) = )
() = —{dne)] ) (( S
_ ( Hd(v)h ) _ d2q)(v)[h,77]

Jislve2 | i Ve

concluding the proof. O

o) , <n,<n,v¢><v>>>)
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We are now ready to prove Theorem 2.35.

Proof of Theorem 2.35. Step 1: The case of P%. Let M be the d-dimensional sphere in

R¥! of radius r centered at —rey, 1, where eq,1 = (0,...,0,1). We choose r to be such

that » > 2R,,i,. Since M is smooth, there exists L* € R*~2? (depending on r) such that

M e Q’f,L* and thus the uniform probability P on M is in PﬁL* (a*,a”) (see Definition

2.27) with a* = (r%s;)~! and s, being the volume of the unit d-dimensional sphere.
Let us now perturb M to M., as illustrated in Figure 2.3. Define for any v > 0

Rdﬂ —>Rd+1
®, 3
2 24 U (2/7)ean,

where U(z) = ¢(]z|) and where ¢ : R — R is a smooth, even, non-trivial, positive map
supported on [-1, 1], decreasing on [0, 1], and with ¢”(0) < 0. The above map is a global
diffeomorphism as soon as v*!|d¥|,, . < 1. Moreover, we have [d®, - Ip|op.co =
AR AW | op.co and AP, [op.co < ¥¥77(|d7 W], so that, provided |d*¥| is chosen small
enough (depending on r) and that v is small enough (depending again on r), then we
can apply Proposition A.5 from the supplementary material in [AL19] to show that the
submanifold M., = &, (M) is in ¢* 1290+

Figure 2.3 - The submanifolds M and M, used in the proof of the first part of the
lower bound.

Then we have
volMV:f dvolMW(x):f | det d®. (2)] dvola(2).
M, M
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Since det d®- (2) = 1+ v*{egi1, VU(2/7)) with (eg.1, V¥(2/7)) > 0 (because (z, eg41) <
0), it follows that vol M < vol M, and that vol M, < 2vol M for v small enough (depend-
ing again on r) so that the uniform distribution P, on M, is in Pf/ZQL* (a*/2,a*). If we
assume that 2L* < L, fiin < ¢*/2 and a* < fiax (Which we do from now on) then we
immediately have P ¢ P¥ and P, € Pk, provided that Ry (M, ) > Ry(M.,). We claim
that the latter inequality holds.

Around 0, simple geometrical considerations show that M, can be viewed as the
graph of the function

RY - R
v»—n/rz—HUH2—T+’yk1/J(§\/2—2 = To/2).

Writing &, (v) = ¢,(Jv]) with ¢, : R - R, a series of computations shows that

g’y:

1
¢(0) ===+ 2" (0).

Setting ¢ = - (0) > 0 (which depends on r) we have, using Lemma 2.38,

Ro(M,) < IC;’EO)I -1 Cj“Vk_2 <r- %crz,ym
as soon as crr2y*~2 < 1. Now let us turn to the control of Ryts(M,). We will show that the
distance between any pair of bottleneck points is bounded below by 2r. Let (z,y) € M,
be a pair of bottleneck points. First notice that x and y cannot lie simultaneously
in B(0,v) because M., n B(0,~) can be seen as a graph. If z,y € M, \ B(0,7v), then
d(z,y) = 2r necessarily. If, say, z € B(0,v) and y € M, \ B(0,7), then the open segment
(z,y) cross M at a single point z € M. Therefore, we have that d(z,y) = d(z, z) + d(z,y).
But now since [z, y] is normal to M, at point y, we know that [z, y] is a diameter of M
so that d(z,y) = 2r and thus d(z,y) > 2r. We have shown that Ry (M) > r > R,(M,)
for v small enough and thus M., € Mk and P, € P%.

Now, by Lemma 2.37, we have that TV(P, P,) = H%(M, \~ M)/vol M., < C~? for
some constant C' depending on r. Applying now Le Cam’s Lemma (Lemma 4.A.4) and
noting that R(M) - R(M,,) > cr?/*~2, we obtain

= 1
inf sup Epen[|R - R|] > —er?y* 2 x (1 - Cyh)™.
R PEP(’)c 2

Setting v = 1/(Cn)'/¢, we know that for n large enough (depending on r), we have

= 1
inf sup Epen[|R - R|] > —cr?(Cn)~ k=24,
R pepk 8
0

Set r to be equal to 2 R,,;, and the first statement of Theorem 2.35 follows.
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Step 2: The case of P%. We next turn to the second part of the theorem. We fix a > 0 and
construct a manifold M e ¢* as follows. We consider the two parallel disks B(0,2r) ¢
RY c R and B(2req,1,2r) € 2req. +RY ¢ R with r > 2R, and link them together
so that M satisfies the following:

e M is a smooth submanifold of R%*!,
e M hasreach r, and (0, 2re41) is a reach attaining pair,
* Ry(M)2r+a.

See Figure 2.4 for a schematic notion of such M, visualized with d = 1.

Figure 2.4 — The submanifolds A/ and M, used in the proof of the second part of
the lower bound.

Furthermore, we know that there exists L* (depending on r and «) such that M ¢
QﬁfﬁL* and P € P,’f,L* (a*,a*) where a* = 1/ vol M and where P is the uniform probability
over M. We again consider the map

Rd+1 N Rd+1
D, : .
22+ U (z)7)eqn.

Similarly to the first part of the theorem, for v small enough (depending on « and ),

k
7/2,2L*

distribution P, over M, lies in Pf/2,2L* (a*/2,a*). Again, assuming that L > 2L*, fiin <
a*/2 and fuax > 2a*, we have that P € P¥ and, furthermore, that P, € P¥, provided that
Ry(My) > Ryts(My) + a. We claim that the latter inequality holds.

Since ¥ is maximal at 0, we know that (7¥1(0)eq, 1, 2req,1) is still a bottleneck pair,

we know that M, = ®., (M) is a smooth submanifold in & and that the uniform

and thus Ryg(M,) < r - cy* where we set ¢ = -2¢(0) (depending on a and 7). For
the curvature, notice that it is unchanged outside of B(0,~) and that ), is just the
graph of v — 7*W¥(v/v) within this ball. Using Lemma 2.38, we thus have R,(M,) >
min {(r + ), (C7*7?)7'}, with C depending on « and r, so that Ry(M,) > Rygs(My) + o
for  small enough (depending on a and r), and therefore M., e M and P, e P*.
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Using Lemma 2.37, we have that TV(P, P,) = H%(M, ~ M)/vol M., < 6v* for some
constant § depending on . Applying now Le Cam’s Lemma (Lemma 4.A.4) and noticing
that R(M) - R(M,) > cv*, we get

= 1
inf sup Epen[|R - R|] > =cv* x (1 -6y%)".
R PE’P(’;’ 2

Setting = 1/(dn)"/?, we know that for n large enough (depending on r and o), we have

= 1
inf sup Epen[|R - R[] > =c(dn)7*/4,
R Pe’P{f 8

Setting = 2Ryi, yields the result completing the proof of Theorem 2.35. O
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Chapter 3

Reach estimation via metric

learning

We study the estimation of the reach, an ubiquitous regularity parameter in manifold
estimation and geometric data analysis. Given an i.i.d. sample over an unknown
d-dimensional C*-smooth submanifold of R”, we provide optimal nonasymptotic
bounds for the estimation of its reach. We build upon a formulation of the reach in
terms of maximal curvature on one hand, and geodesic metric distortion on the other
hand. The derived rates are adaptive, with rates depending on whether the reach of M
arises from curvature or from a bottleneck structure. In the process, we derive optimal
geodesic metric estimation bounds. This chapter is the result of the collaboration

[ABL22], in revision.
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3.1 Introduction

3.1.1 Geometric Inference

Topological data analysis and geometric methods now constitute a standard toolbox
in statistics and machine learning [Was18, CM21]. In this family of methods, data
X, = {Xy,...,X,} are usually seen as point clouds in high dimension, for which
complex structural correlations give rise to an underlying structure that is neither
full-dimensional, nor even linear. Dealing with non-linearity is very well understood
through the prism of non-parametric regression. However, in absence of distinguished
“covariate” and “response” variables (i.e. coordinates), regression does not make sense
anymore. Hence, one needs to adopt a more global and coordinate-free approach: data
are naturally viewed as lying on a submanifold M c R” of dimension d « D, where d
corresponds to its frue number of degrees of freedom.

This approach opens the way to the estimation of numerous geometric and topo-
logical quantities to describe data. Central to it is the manifold itself [GPPVW12b,
GPPVW12a, KZ15, FILN19, Div21a, AS21, PS22], where error is most commonly mea-
sured in Hausdorff distance. Among many others, let us also mention the homol-
ogy [BRS"12], persistent homology [CGLM14], differential quantities [AL19], intrinsic
metric [ACC20] and regularity [AKC"19].

3.1.2 Reach and Regularity

Similarly to functional estimation, the theoretical study of nonparametric geometric
problems naturally comes with regularity conditions. By far, the most ubiquitous
regularity and scale parameter in this context is the reach. First introduced by H.
Federer’s seminal paper [Fed59] on geometric measure theory, the reach rch(K) € R,
of a set K c RP measures how far K is from being convex [ALS13]. It hence provides a
typical scale at which it shares most of the properties of a convex set. These properties
include — among others — uniqueness of the projection map, contractibility of balls,
and explicit formulas for the volume of thickenings (see [Fed59]). When K = M is a
submanifold, the reach also assesses quantitatively how it deviates from its tangent
spaces. Therefore, the reach also provides an upper bound on curvature (that is, a
bound in C?) and a minimal scale of possible quasi self-intersections [AL19].
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For all these reasons, the reach practically appears in all geometric inference
methods as a natural scale parameter, which either drives a bandwidth used in a
localization method [GPPVW12b, AKC"19], a minimal regularity scale in a minimax
study [KZ15], or a signal part in a signal-to-noise ratio [GPPVW12a, FILN19, AS21].
See [AKC"19] for more examples of its use. On the estimation side, the reach has
already been studied under several angles.

* The formulation of rch(A/) in terms of deviation to tangent spaces from [Fed59,
Theorem 4.18] has been put to use through a plugin in [AL19]. The authors
derived non-matching upper and lower bounds for the estimation of rch(A/) over
C? submanifolds. In addition to being suboptimal, the method of [AL19] requires
the knowledge of tangent spaces, and is very sensitive to uncertainty on them
(see [AL19, Section 6]).

e Extending the minimax study of [AL19], [BHHS22] took advantage of the so-
called convexity defect function introduced by [ALS13] to propose another plugin
strategy, with rates obtained over more general C*-smooth manifold classes.
Despite still deriving non-matching upper and lower bounds, [BHHS22] managed
to exhibit two different estimation rates, depending on whether the reach testifies
of a high curvature zone (the so-called local case, with slow rates) or of a narrow
bottleneck structure (global case, with faster rates). In this work, the derived rates
are only suboptimal when the reach is achieved by curvature.

* More recently, [BLW19, Theorem 1] gave a new formulation of the reach in terms
of geodesic distortion. Informally, they showed that rch(K) is the largest radius
r > 0 for which the geodesic distance dx is smaller than the geodesic distance
ds(ry on a Euclidean ball of radius r. Based on this purely metric statement,
[CEM21] proposed to plug-in a nearest-neighbor graph distance of the data in
this formulation. This method provides a consistent estimator under very weak
assumptions. Unfortunately, it fails to take advantage of high order regularity,
when the reach is achieved by curvature (again).

With this analysis of possible estimation flaws in mind, this article proposes a two-step
method. In short, we decouple the estimation of the local and global reaches [AKC*19],
and estimate them separately via max-curvature estimation and geodesic distance
estimation respectively.

3.1.3 Metric Learning

In the data analysis area, metric learning refers to the problem of finding a distance d
over the space of observations X,, x X,, that is relevant for a given task at stake [Y]J06,
SGH21]. For instance, in a supervised framework where one is provided with tuples of
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allegedly similar or dissimilar observations, the goal is to find a distance that is small
on the similar tuples and large on the dissimilar ones. There is a wide range of exist-
ing methods in the literature, ranging from parametric (LSI [XJRN02], MCML [GR05],
LDML [GVS09] among others) to nonparametric (DMLM] [NMDB17], kernel meth-
ods [KT03, CKTK10], to cite a few).

In an unsupervised setting, metric learning aims at finding a metric that takes into
account the underlying geometry of the data. That is, it amounts to estimating of
shortest path (or geodesic) distance. Often, this is done via a dimension reduction
technique: any low-dimensional embedding of the data gives rise to a new distance
over the data in the embedded space. Existing algorithms include PCA, t-SNE [HR02],
MDS [CCO08], Isomap [TSL00], or MVU [ACP13]. See [SGH21] for a thorough overview
of the field.

Astonishingly, despite the variety of existing methods, we are not aware of any
general minimax study of geodesic metric learning. Though, two major theoretical
references seem to stand out:

e In [TSAY19], the authors use a neighborhood graph to estimate distances and
derive convergence rates in the C? case, but only for nearby points.

e In [ACC20], estimation rates of geodesic distances are derived in the C? case using
a reconstructing mesh. Lower bounds are also obtained, but in a fixed-design
setting only.

We propose a simple plugin method, and show that estimating the geodesic metric
is no harder than estimating the manifold itself in Hausdorff distance. This general
strategy is also supported by a matching minimax lower bound.

3.1.4 Contribution and Outline

This article deals with the framework where data lies on an unknown d-dimensional
C*-submanifold of R” (Section 3.2). The main contribution consists of nearly-tight
minimax bounds for reach estimation (Section 3.6). Along the way, three major building
blocks, interesting in their own rights, are developed thoroughly:

* Section 3.3: We propose a general plug-in strategy for estimating the reach of a
manifold. It is based on curvature estimation on one hand, and on the estimation
of an intermediate scale (framed between the reach and the weak feature size)
on the other hand.

* Section 3.4: We define the so-called spherical distortion radius at scale 6 > 0 and
study its estimation. From the metric characterization of the reach from [BLW19],
we notice that this purely metric quantity can be used to play the role of an
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intermediate scale for reach estimation. We show that its stability properties
make it well-suited to play the role of the intermediate scale of Section 3.3.

* Section 3.5: We propose a general plugin strategy for metric learning, and derive
optimal geodesic metric estimation upper and lower bounds.

The proofs and the most technical points are deferred to the Appendix.

3.1.5 General Notation

In what follows, R” (D > 2) is endowed with the Euclidean norm |-||. The closed ball of
radius r > 0 centered at = ¢ R” is denoted by B(z, 7). If z ¢ T c R” is a linear subspace,
we write By (z,r) := T n B(x,r) for the same ball in 7. Throughout, ¢y, ¢, Cy,CL 2 0
denote generic constants that depend on 0, and that shall change from line to line
to shorten notation. Similarly, universal constants shall generically be denoted by
c,d,C,C" > 0.

3.2 Geometric and Statistical Model

Let us first present the models in which we will work throughout. As will be defined
and discussed at length in Section 3.3.1, we let rch( K) denote the reach of a subset
K c RP of the Euclidean space.

Building upon the standard regression setup, the following class is a good analog of
Holder classes of order £ > 2, that is well adapted to submanifolds for stability reasons
(see [AL19, Proposition 1]). Here, the analogy is to be understood as 7),M being the
(local) covariate space, and V¥, being the regression function.

Definition 3.1 ([AL19, Definition 1]). Let k > 2, rchyy, > 0, and L = (L, Ls, ..., Ly).
We let CfchmimL denote the set of d-dimensional compact connected submanifolds M
of RP with rch(M) > rchpyy,, such that for all p € M, there exists a local one-to-one
parametrization ¥, of the form:

\I’pi BTpM (0,7’) — M

vi— p+v+Np(v)
forsomer > gi—, with N, € C* (B, (0,7) ,R”) such that for all |v] < 7,
N,(0)=0, doN,=0, and Hdg;N,,Hop <Ljforallje{2,... k},

where d]N,, stands for the jth differential of N, atv, and |- lop for the Euclidean operator
norm over tensors.
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As explained in [AL19, Section 2.2], radii 1/(4L2) in local parametrizations have
only been chosen for convenience. For £ = 2, the existence of parametrizations V,, is
always guaranteed as soon as rchy,i, > 0 and Ly > 2/ rchy,;, (see [AL19, Lemma 1]).

Definition 3.2. We let P* L (fmin, fmax) denote the set of Borel probability distribu-

rchpin,

tions P onRY satisfying:

* Its support M := supp(P) belongstoCl, | ;

e It has a density f with respect to the volume measure on M, such that

fmin € f(2) € fmax forall x € M.

On the estimation side, the uniform smoothness of the parametrizations in Def-
inition 3.1 allows for estimation of the manifold via local polynomial fitting around
sample points in the models Pf(:hmin . (fmin, fmax ). Recall that the Hausdor{f distance

between two compact subsets K, K’ c R” is defined by

du(K, K') := max {supd(x,K'), sup d(x',K)}, (3.1)
zeK z'eK’
where for all v € R?,
d(u, K) :=min |z — u (3.2)
reK

stands for the distance function to K. The estimation rates over the models of Definition
3.2 have been studied in [AL19]. A key result that we will use is the following.

Theorem 3.3 ([AL19, Theorem 6]). There exists an estimator M such that for n large
enough,

logn)k/d

sup EP" [dH(]’\Z’ M)] < Cd,kerhminyLafminvfmax (
Pepk n

rchmin,]'_,(fmimfmax)
where in the supremum, M stands for supp(P).

This rate is minimax optimal up to logn factors [AL19, Theorem 7]. It can be
achieved by a local polynomial patch estimator M (see (3.7) below) that we will use
as a preliminary step towards reach estimation. Let us also mention here that these
fitted local polynomials also allow for estimation of differential quantities of M, such
as tangent spaces and curvature at sample points, with (minimax) convergence rates
of order O(n~(*-1/4) and O(n~(*-2)/?) respectively (see [AL19, Theorems 2 to 5]). This
fact will be of key importance in Section 3.3.3, where estimating the maximal curvature
of M will allow to estimate the so-called “local reach’.
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3.3 Reach and Related Quantities

3.3.1 Characterizations and Relaxations of the Reach

Let K be a compact subset of R”. Following the original definition of [Fed59], the reach
of K, denoted by rch(K'), may be thought of as the largest radius of a neighborhood of
K onto which the projection map 7k onto K is well-defined. More formally, define the
medial axis of K by

Med(K) :={ue RP |3z a0 e K u—a1| = Ju—-axs = d(u, K)}.
The reach of K is then defined as the smallest distance between K and Med (K).

Definition 3.4. For all closed K c R”, the reach of K is defined by
h(K) :=mind(z,Med(K)) = inf d(u,K).
rch(K) := mind(z, Med(K)) v (u, K)

Note that in full generality, the medial axis might not be a closed set, so that the
infimum in Definition 3.4 may not be attained (for instance in the case where K is one-
dimensional with a sharp edge). From a topological viewpoint, a key property of sets
with positive reach is that the projection onto K induces continuous retractions from
the offset K™ := {u e R” | d(u, K) < r} onto K, whenever r < rch(K) [Fed59, Theorem
4.8]. This property is at the core of topologically consistent reconstruction procedures
such as that of [BG14].

Sets with positive reach can also been thought of as generalizations of convex
sets, characterized by the smoothness of their distance function. Indeed, based on
the remark that z — d(z, K) is C! on R” \ K whenever K is convex, [CSW95] define 7-
proximally-smooth sets as the sets K such thatd(-, K') is C! over {u eRP|0<d(u, K) < r}.
Interestingly, for subsets of R”, r-proximally smooth sets are exactly sets with reach
rch(K) > r [PRT00], so that the reach may be alternatively defined in terms of gradients
of the distance function. To this aim, following [CL05], a generalized gradient function
can be defined over R” \ K. For all z ¢ RP \ K, we write

vd(z, K) = L) d_(;KI((g;), (3.3)

where ck (z) is the center of the smallest enclosing ball of the set 7x ({z}) of nearest
neighbors of z on K. Since cx (z) = mx (x) whenever z ¢ Med(K), the medial axis can
actually be characterized as

Med(K) = {z e RPN K | |[vd(z, K)| <1},
and the reach as
rch(K) =sup{r>0|0<d(z,K) <r=||vd(z,K)| =1}.
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This characterization of the reach allows for a straightforward relaxation. Namely, for
a parameter p € [0, 1], the seminal paper [CCSL09] introduces the so-called .-medial
axis as being

Med,(K) = {z e R\ K | |vd(z, K)| < u},
and the u-reach as

h, (K) := inf d K). 3.4
vehy (K) = fof o dK) (3.4)

It is clear that for all © < 1, rch(K) < rch,(K), with rch(K) corresponding to the
limit rchy- (K). Furthermore, this relaxation of the reach still yields enough regu-
larity guarantees that the offsets K" = {u e R” | d(u, K) < r} are isotopic for all r €
(0,rch,(K)) [CCSLO9, Lemma 2.1]. Hence, the condition that rch,(K) > 0 conveys
enough regularity properties for many topological estimators to work [CCSM11].

Through this lens, the largest radius that ensures the topological stability of the
offsets is the 0-reach, also called weak-feature size,

wis(K):= inf d(u,K), (3.5)
ueMedo (K)

that is the distance from K to the set of critical points of d(-, K'). As detailed in the
following section, the weak-feature size plays a special role in the case where K is a
manifold. Here come a few elementary properties of the weak feature size that we will
use later on.

Proposition 3.5. Let K c R” be compact.

(i) IfK is a closed submanifold of R”, then wfs(K) < +oo;

(ii) Ifwis(K) < +oo, then forall pu € [0,1),

rch(K) <rchy,(K) < wis(K) <4/ ﬁ diam(K).

A proofis given in Section 3.A.1. Proposition 3.5 thus ensures that wfs(M) is uni-
formly bounded over the classes CfchmimL introduced in Section 3.2. Since wfs(K') and
rch, (K') both measure a typical scale for topological stability, estimating them from
sample could be of practical interest for topological inference. Unfortunately, the
following negative result shows that this estimation problem is intractable, even over a
well-behaved model of closed C*-submanifolds such as P* L (fmin, fmax)-

I‘Chminv

Theorem 3.6. Assume that fuin < Cax/rchd, fnax > Cag/rchds  and L > Cyypfrehd =}
forallje{2,... k}. Then there exists ¢, > 0 such that foralln > 1 and j. € [0,1),

inf sup Epen [[F, — rchy, (M)]] > éqx rchmin > 0,
" Pepfchmin’]_‘(fmin7flnax)

whereT,, ranges among all the possible estimators based on n samples.
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An intuition behind Theorem 3.6 is that for all 1 < 1, the y-medial axis is an un-
stable structure. For certain manifolds My ¢ Cf, |, one can find arbitrarily small
perturbations of M, whose p-medial axes remain at a fixed Hausdorff distance from
Med,,(My). See the proof of Theorem 3.6 in Section 3.A.2 for a precise statement of this
intuition.

Despite the fact that rch(K) = rch;-(K), this negative result indicates that we
cannot leverage u-reach estimation to obtain quantitative bounds for reach estimation.
We shall hence turn towards other reach-related quantities. In fact, the particular case
where K = M is a manifold offers us several other characterizations of the reach, which
suggest other estimation strategies.

3.3.2 Reach of Submanifolds

In what follows, M stands for a d-dimensional closed submanifold of R”. Note
that [Fed59, Remarks 4.20 and 4.21] and [BLW19] assert that a closed submanifold
with positive reach is at least of regularity C'!, so that geodesics and tangent spaces
are always defined in the usual differential sense. For the manifold case, the intu-
ition of rch(M) as a generalized convexity parameter is further backed by [Fed59,
Theorem 4.8]. Indeed, the inequality (z — m¢(x), 7 () — ¢) > 0 valid for all ¢ € C' and
x € RP whenever C is convex, translates to (z — my(2), ma(2) = y) > |7 (2) - y|? |2 -
7 ()| /(2rch(M)) being valid for all y € R and = € R” such that d(x, M) < rch(M).
This leads to the following characterization of the reach, in the manifold case.

Theorem 3.7 ([Fed59, Theorem 4.18]). For a submanifold M c RP without boundary,

D)
rch(M) = inf w,
p#qeM 2d(q -p, TpM)

whereT),M denotes the tangent space of M at p.

This result provides a natural plugin estimator, proposed by [AKC*19], which con-
sists in replacing M and 7,,M by suitable estimators of them. A key result from [AKC"19]
is a description of how the infimum in Theorem 3.7 is achieved, possibly asymptotically.

Theorem 3.8 ([AKC*19, Theorem 3.4]). Let M c R? be a compact C* submanifold
without boundary. Then,

rch(M) = wis(M) A Ry(M),

where denoting by L, : T,M x T,M — T,M*" the second fundamental form of M at
peM,
M) :=min | I, |}
R@( ) g(el}\? H /4 ”op

stands for the minimal curvature radius of M.
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This result conveys the following intuition in the manifold case: the infimum in the
right-hand side of Theorem 3.7 may be attained:

* Local case: Asymptotically, for pairs of points (p,¢) converging to a maximal
curvature point in some direction, so that rch(M) = Ry(M).

* Global case: For a pair of points (p, ¢) belonging to parallel areas of M/, forming a
bottleneck zone, so that rch(M) = wis(M).

This local/global dichotomy of the reach may also be retrieved in the recent characteri-
zation given by [BLW19] in terms of metric distortion.

Theorem 3.9 ([BLW19, Theorem 1]). Let K c RY be a closed subset. Then
rch(K) = sup {r >0|Vp,qe K, |p-q| <2r=dg(p,q) < 2rarcsin (pz;qﬂ)} ,
”

wheredy : K x K — R, stands for the shortest-path (or geodesic) distance on K .

Recall that, for all p,q € K, the distance dx(p, ¢) is the infimum of the length of
all the continuous path in K between p and q. As will be detailed in Section 3.4, the
above result allows to characterize the reach in terms of metric distortion with respect
to metrics on spheres of radii r. In the same spirit as Theorem 3.8, when K = M is a
submanifold, the configurations of (p, ¢, ) in the supremum of Theorem 3.9 are limited
by the same two local and global layouts:

* Local case: When p and ¢ tend to a maximal curvature point in some direction,
the geodesic distance dx behaves like that of a sphere of radius R,(M) at this
point in this direction.

* Global case: When p and ¢ are in parallel areas, their geodesic distance must be
larger than the spherical distance of radius ||p — ¢| /2.

3.3.3 Plug-in Methods for Reach Estimation

The characterizations of the reach given in Section 3.3.2 all lead to their associate
plug-in estimators:

e Studying a C® model similar to Pf’chmimL( funin, fmax), [AKC*19] took advantage
of the characterization with tangent spaces (Theorem 3.7) to conceive a reach
estimator that converges at rate O(n~?(34-1)) in the local case (rch(M) = R,(M)),

and O(n~"/%) in the global case (rch(M) = wis(M)).

* Based on the metric distortion characterization of Theorem 3.9, [CFM21] propose
areach estimator that is consistent whenever M has positive reach.
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In light of Theorem 3.8, differences of convergence rates between the local and global
case are to be expected. To quantify this intuition, [BHHS22] introduces subclasses of
the model Prchmm

They obtain the following lower bounds.
Theorem 3.10 ([BHHS22, Theorem 7.1] and [AKC" 19, Proposition 2.9]). Leta € R, k > 2,
and write

,Pfchmm,L,a(fminy fmaX) = {P € ,Pfch L(fmina fmax) | RE(M) 2 WfS(M) + a} ’

where M denotes supp(P). Then, for all rchy,;, > 0 there exists small enough fui, and

(fmin, fmax ), parametrized by the gap between R,(M ) and wis(M).

min>

large enough fuax, L such that

1\ (k-2)/d
inf sup E |rch - rch(M)] 2 ¢ren,,, dik (—) , ifax0,
I‘Ch Pe,Pfch noLsa (fmin ,fmax) n

k/d
inf sup E |rch —rch(M)| 2 ¢rehy d ko ( ) , ifa>0.
rch PE'P L, o (fmin, fmax) n

hmins

These bounds indicate that estimating the reach is at least as hard as estimating
the curvature in the local case (rch(M) = Ry(M)), and at least as hard as estimating the
manifold in the global case (rch(M) = wis(M)). We will prove in Section 3.6 that these
rates are in fact minimax optimal up to log n factors. This means that reducing reach
estimation to curvature and manifold estimation is a good way to go, as it leads to
optimal rates. To do so, following the idea behind Theorem 3.8, estimating R,(M ) — or
some notion of local reach — and wfs(M ) — or some notion of global reach - separately
seems a sensible approach.

Local Reach Estimation For (max-)curvature estimation, the strategy that we adopt
follows from the polynomial patches estimator proposed in [AL19]. Given a localization
bandwidth 4 > 0, and a parameter ¢t > 0, foralli € {1,...,n}, welet #; : R” - R” be an
orthogonal projector of rank d and ng ) (RP )®j - R be symmetric tensors solutions

of the least squares problem
2

min P(Z) x-m(x)- Z T (7 (z)®) Lg(o, h)(a:)] (3.6)
1 =2
maxac et [T0)| 7T <t "
where P( ) 1 > p+i 0x,-x, denotes the empirical measure centered at point X;. Fol-

lowing [AL19, Sectlon 3], if b is taken to be of order © ((logn/n)'/?), that ¢ is chosen such
that t*h < 1, and that 7} := Im(7;) denotes the image of 7; — which is a d-dimensional
vector space by construction —, then the local patches

U;:B7.(0,7h/8) — R”

k-1 ,
vi— X; +v+ ZT?)(v@]) (3.7)
j=2
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are local O(h*) approximations of M whenever 7 is large enough. Furthermore, for
v € B; (0,h/4), we can estimate the curvature tensor at 7 (U;(v)) via the second
derivative of U; at v, expressed in local coordinates around ¥,(v) given by a basis of
Im(d, ;). To summarize, for all v € B (0,h/4), (3.7) provides a d-dimensional space
T;» == Im(d, ¥;), as well as a symmetric bilinear map

TR Ty x T > T,
thatis provably close to I g, (,))- The precise definition of Tf? is given in Section
3.A.3. A minimal curvature radius (i.e. maximal curvature) estimator may then be
computed as the minimal curvature radius of all the polynomial patches around
sample points, that is

-l (3.8)

R/:= min  min ||’ﬁ‘(2) op-

I<i<nveBy, (0,h/4) "
K2

Provided M is uniformly well approximated by U}, @i(BT (0,h/4)), the convergence
rate of R, towards R,(M) will follow from uniform curvature bounds, similar to the
pointwise ones from [AL19, Theorem 4]. We are able to prove the following.

_ ) 1/d
Theorem 3.11. Letk > 3 and P € PY, | (fuin, fnax). Write h = (Cdk%) :

Then forn large enough, with probability larger than 1 - 2n~%/, we have

|Ry = Re(M)| < Cgo Lxchynn R (M) @hk%

fmin
We refer to Section 3.A.3 for a proof of this result. In particular, the estimator R,

achieves the rate of the lower bound from Theorem 3.10 in the case where rch(M) =
Ry(M) (i.e. @ <0), up to logn factors.

Global Reach Estimation To complete the construction of an estimator of rch(M),
building an estimator of wfs(M) could be a possibility. However, Theorem 3.6 shows
that building an estimator of the weak feature size with a uniform convergence rates
over Prki:hmin,L( fmin, fmax) is hopeless. Nonetheless, it is important to note that a uni-
form estimation rate of wfs( 1) over P is not necessary to obtain uniform convergence
rate for rch(M). Indeed, an estimator wfs of wfs(1) that exhibits an optimal uniform
convergence rate whenever wfs(1) < R,(M ), and that is provably larger than R,(M)
otherwise, is enough to build an optimal reach estimator when combined with Ry. This
is the case, for instance, of the weak feature size estimator of [BHHS22] based on the
so-called convexity defect function.

Based on this remark, we adopt a more general strategy, by seeking for an interme-
diate geometric scale §(M ) (or feature size) such that for all M CfchmimL,

rch(M) <O(M) < wis(M).
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In such a case, Theorem 3.8 extends trivially, with wfs(M) replaced by 6(M).

Proposition 3.12. Assume that : Cfchmin — R, is such thatrch(M) < (M) < wis(M)
forallM e CZ,, . Then,

rch(M) = §(M) A Ro(M).

Given such an intermediate scale parameter of interest (M ), and assuming that a
consistent estimator & of #( M) is available, one can naturally consider the plugin rch :=
Ry AD. For free, Proposition 3.12 yields that §( M) L, (M)sren(ar) = TCh(M) L, (Ar)srch (M)
so that

| rch(M) - rch| < [ Ry = Ro(M)|1 g, (ary<ren(ar) + 10 = O(M)[L g, (arysren(an). (3.9)

assoon as |Ry(M)-Ry|+|0(M)-8] < |Ry(M)-6(M)|. In addition, such a quantity would
provide a local scale that is of interest for further topological inference, as exposed in
Section 3.3.1.

According to Theorem 3.6, taking (M) to be related to the medial axis characteri-
zation of the reach — such as the p-reach, or the A-reach defined in [CL05]) — is likely
to lead to an unsolvable statistical problem, because of the inherent instability of the
medial axis. Hence, we rather build upon the metric distortion characterization of the
reach given by Theorem 3.9, and provide a better-behaved intermediate scale (M ):
the spherical distortion radius.

3.4 Spherical Distortion Radius

3.4.1 Motivation and Definition

Based on Theorem 3.9, we now build a geometrically stable feature size that measures
the maximum radius (or scale) at which the geodesic distance can be compared to the
corresponding spherical distance. To be more precise, for z,y ¢ R” and r > 0, we define
the spherical distance ds,y(z,y) — or great-circle distance - as the distance between x
and y when seen as both lying on a sphere of radius r. That is,

2r arcsin (w) if o -y| <2r,

dS r ((L‘,y) =
™) +00 otherwise

Note that the map r ~ dg(,y(z,y) is decreasing on [|x - y| /2, c0) and that

1 -y
5oy (29) = Sl —y] for r= 1221

and ds((2,y) —— |z -yl
Then, Theorem 3.9 can be rewritten as

rch(K) = sup {r >0|Va,ye K, ||z —y| <2r = dg(z,y) < dS(r)(x,y)}.
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It should be noted that ds(, is not formally a distance on K (unless K is a subset of a
sphere of radius r), but this is of little importance in what follows.

Based on the same idea that motivates the introduction of the u-reach, we intend
to discard curvature effects to obtain some notion of global reach. In the metric
characterization of the reach from Theorem 3.9, this can be done by the supremum
restricting to points that are not too close.

Definition 3.13. Let K be a compact subset of R”, d a distance on K and é§ > 0. The
spherical distortion radius of the metric space (K,d) at scale ) is defined by

sdrs(K,d) :=sup{r>0|Vaz,ye K, < |z -y| <2r = d(z,y) <ds(z,y)}.

In words, the spherical distortion radius at scale § > 0 is the largest radius r for
which the distance d is bounded above by the spherical distance at radius r, when
restricted to points that are at least -apart for the Euclidean distance.

Figure 3.1 — A curve K in the plane. In blue is the shortest path between two points
and y, whose length is dx (z, y). In green (resp. grey) is the circle portion of radius r
(resp. r1) going through = and y. The layout is chosen so that ro < ry and ds(,,)(z,y) <

dK(Ivy) < dS(TO)(Ivy)'

By construction, sdrs(K,d) > 6/2 for all 6 > 0. Furthermore, whenever ¢ is strictly
greater than diam K, then no pairs of points in z,y € K satisfies |z — y| > ¢ so that
sdrs(K) = +o0. On the other hand, if 6 = 0, then the spherical distortion radius of
(K,dg), coincides with the reach of K (Theorem 3.9). In fact, Proposition 3.14 below
confirms that the spherical distortion radius interpolates between the reach and the
weak feature size.

Proposition 3.14. For all closed K c RP and all metricd on K, the map 6 + sdrs(K,d)
is non-decreasing. Furthermore, ford = dg,

2(D+1)

rch(K) <sdrs(K,dg) S wis(K) forall 0<6< wis(K).

A proof of Proposition 3.14 is given in Appendix 3.B.1.

Example 3.15. As a toy example, let us study the spherical distortion radius of the wedge
shape K, = £, u Ly where £; and £, are two half-line originated from a common point
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z e RP (see Figure 3.2). We let a € (0, 7) be the angle between these two lines. In this
context, we have rch(K,) = 0, and it is easy to see that wfs(K,) = co. Furthermore,
the usual interpolations between the reach and the weak feature size exhibit a very
degenerate behavior in the presence of an angular configuration such as this one, with
for instance

rehy (Ko) = 0 if u>sin(a/2),
oo if p<sin(a/2).
On the contrary, we show hereafter that the spherical distortion radius interpolates
non-trivially between rch( K, ) and wfs(/K,) in this case, giving rise to a new family of
relevant characteristic scales even for non-smooth subsets K.
To see this, take x € £; and y € L5, and denote by a := ||z - z| and b := |y — z||. The
intrinsic distance dg, (z, y) is given by a + b while |z - y|? = a® + b* - 2abcos(«). Now
the solution of the minimization problem

min{a2 +b? = 2abcos() |a+b=dg, (:U,y)}

isgiven by a = b = dg, (z,y)/2 and equals dﬁ(a (2,7) sin?(«/2). The spherical distortion
radius of K, at scale ¢ is thus the largest r such that

]

. 1)
m < 2r ar051n(2—). (3.10)

r

Since the right-hand side above ranges between ¢ and ¢7/2, we distinguish two cases:
e Ifsin(a/2) < 2/m, then no r can fulfill (3.10). Hence, sdrs(K,,dx,) = /2.

e Otherwise sin(a/2) > 2/m, in which case the largest r is given by the equality
©(2r/6) = 1/sin(«/2), where ¢(u) := uwarcsin(1/u) is a bijection between [1, o)
and (1,7/2].

All in all, it holds

5/2 if a<a.
sdrs(Kq,dk,) = .
(6/2)p~(1/sin(a/2)) it a>a.

where a, = 2arcsin(2/7) < /2. Note that compared to rch, (K, ), there is no disconti-
nuity in sdrs(K,, dg, ) as « varies.

Example 3.15 above carries the intuition that the spherical distortion radius seems
somehow stable with respect to Hausdorff perturbations, contrary to the u-reach. We
quantify this intuition in the following section.

69



CHAPTER 3. REACH II

sdrs (K, dk)

K

5/2 |

(@) (b)

Figure 3.2 — (a) Diagram of K, = £ u £, with an angle o between the two half-lines.
The shortest path between z and y is drawn in blue. In dashed the p-medial axis
for pu > sin(a/2), showing in particular that rch,, (K, ) = 0 in this case. (b) Plot of the
function a ~ sdrs(K,, dk, ), which operates a smooth interpolation between ¢/2 and

Q.

3.4.2 Stability Properties

In this section, we will be comparing different metric spaces on subsets of R”. Let
K and K’ be two subsets of R”, endowed with distances d and d’ respectively. We
intend to prove that sdrs( K, d) and sdrs(K’,d") are close whenever (K,d) and (K',d")
are close, and that (K, d) has good properties. The notion of proximity between K and
K’ will be measured in Hausdorff distance (see (3.1)). It remains to define a notion of
proximity between d and d’, which is called the mutual distortion.

Definition 3.16. Ler (K,d) and (K',d") be two metric subspaces of RP. The metric
distortion of d’ relative to d at scale§ > 0 is

&' y)

Ds(d’|d) :=  su ! .

()= s (@D pre (D)
'~y |58

where pr, is the (possibly multivalued) closest-point projection onto K for the ambient
Euclidean distance, and where

d(prx({2'}), pre({y'})) =inf {d(z,y) |z e pr({z'}), y e prx({¥' D}

We adopt the convention Ds(d’|d) = 0 if § > diam(K"). The mutual distortion ofd and d’
is then defined as

Ds(d,d") := max {Ds(d'|d), Ds(d[d")} .

The mutual distortion defined above allows to compare distances on different
spaces, while taking into account their respective embeddings in R”. A small distortion
Ds(d,d’) means that, if a,b ¢ K and z,y € K’ are two couples of points that are -
separated and such that x and «, and y and b are respectively close to each other,
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then d(a,b) and d’(z, y) should be close as well. This definition of mutual distortion
between metric subspaces of R” is related to the existing notion meitric distortion of
an embedding. See for instance [Bou85] or more recently [CVvL18] which deals with
distortion measures in a statistical framework. It is nonetheless significantly different,
in particular because the usual notion of distortion is invariant through re-scaling of
either d or d’. In our framework, invariance with respect to scaling is an undesirable
property, since we want to estimate the reach, which is itself a scale factor (or feature
size).

Remark 3.17. When K = K’, the mutual distortion can be seen as the bi-Lipschitz
coefficient of Id : (K,d) — (K,d") at scale §, meaning that for all z,y ¢ K

1
lz -yl >0 = Ed'(x,y) <d(z,y) < Ld'(z,y),

where L = Dg(d,d’). In particular, a mutual distortion that is close to 1 means that
(K,d) is quasi-isometric to (K,d"), at scale 0.

If the two subspaces K and K are too far apart, then it makes no sense to compare
two distances d and d’ defined on them, and one could expect the mutual distortion to
explode. This is will typically the case when dy (K, K') > 4.

It is clear from the definition that using the notion of relative metric distortion
defined above, the spherical distortion radius of K may be expressed as

sdrg(K,d) = sup {7“ >0 ‘ Ds(dlds(ry) < 1}.

This point supports the idea that the relative metric distortion we defined is a suitable
notion of proximity to assess stability of the spherical distortion radius, as exposed by
the following proposition.

Proposition 3.18. Let 6y > 0 and c,v > 0. Assume that both dy(K',K) < ¢ and
Ds,(d’|d) € 1+ v. Define

4
£(r) = 384(1 + TF)g—4 forallr 0.
0

Then, for all > éy, letting Y := (§v) v e andry := sdrgyo-(K',d"), if€(r1)Y <11, then
sdrs(K,d) < sdrgye-(K',d") + (1) Y.

A proof of Proposition 3.18 is given in Appendix 3.B.2. Note that the condition
dg(K', K) < € may be relaxed via dy(K'|K) < &, where dy(K'|K) = sup,x d(z, K).
Also, under the assumptions of Proposition 3.18, let us remark that if sdrs,o.(K’,d’) is
finite, then so is sdrs( K, d) with sdrs(K,d) < 2sdrge.(K',d").

Proposition 3.18 can be symmetrized to get the following two-sided control.
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Corollary 3.19. Let 0 < §y < 01 and e,v > 0. Assume that both dy(K',K) < € and
Ds,(d’,d) <1 +v. Then, for anyd € (69 + 2¢,01 — 2¢), it holds

sdrs_o. (K,d) — &Y < sdrg(K',d") < sdrgyo- (K, d) +&T
with &y := £(2sdrs, (K,d)) and Y := (vd) v ¢, provided that {,Y < 2sdrs, (K, d).

Corollary 3.19 is proven in Appendix 3.B.2. It ensures that the spherical distortion
radius enjoys an interleaving property. That is the SDR of (K, d) at scale 6 may be
framed by the SDR of an approximation (K’,d") at scales § + . This interleaving
property is a common thread with the u-reach (see, e.g., [CCSL09, Theorem 3.4]) and
the A-reach ([CLO5, Theorem 3]), that is not enough to ensure consistent estimation.
In fact, for the two aforementioned quantities, consistency may be proved with the
additional assumption of p ~ rch,(K) (resp. A — A-reach) are continuous at the
targeted p (resp. A).

As opposed to the p-reach the A\-reach, the SDR is also stable with respect to its the
scale parameter 6. Next, we prove that § — sdrs( K, d) is continuous over a fixed range
(0, A*) under mild structural assumptions on ( K, d). These assumptions will be easily
checked in the model Cfchmin,L’ hence ensuring consistency of the subsequent reach
estimator.

Assumption 3.20. We say that K c RP is spreadable if there exist Ay > 0, g9 > 0, and
Co > 0 such that for all z,y € K such that |x - y| < Ao and alle < <, there exists a point
a € K such that either

* la-yl<eand|x-al>|z-y|+Coe, or
* fa-z|<eand|y-al >z -y|+ Coe.

Assumption 3.20 requires that every point y of K may be locally pushed away from
any (close enough) point z € K. In particular, this means that K is nowhere discrete.
In the manifold case, this pushing may be carried out using the exponential map (see
Proposition 3.30).

Assumption 3.21. We say that (K,d) is sub-Euclidean if there exist C1 > 0 and A; > 0
such that for all z,y € K such that |z - y|| < Ay, we haved(z,y) < Cillz - y|.

Assumption 3.21 requires that the distance locally compares with the ambient
Euclidean distance. This essentially means that the identity map (K,d) — (K, |-|)
is locally Lipschitz. Such an assumption is automatically fulfilled whenever K has
positive reach and d = dx (see [Fed59]), with explicit constants in the manifold case
(see Proposition 3.30) Whenever these two conditions are met, the spherical distortion
radius of (K, d) can be proved to be locally Lipschitz in 4.
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Theorem 3.22. Assume that the metric space (K, d) fulfills Assumptions 3.20 and 3.21.
Then § — sdrs(K,d) is locally Lipschitz on (0, A*) where

A* = min {AO,Al,sup {5 2 O| sdrs(K,d) < oo}} :

More precisely, for all0 < 6y < 61 < A, the map § — sdrs(K,d) is Lo-Lipschitz on [, 01 ]

with
19213 ]
Lo = L (C —),
0 Cood 1T,

wherer; := sdrs, (K, d).

A proof of Theorem 3.22 can be found in Appendix 3.B.2. Not only does it ensure
that the spherical distortion radius at scale § is continuous with respect to 4, that is
enough to guarantee consistency, but it also allows to control its variation via an explicit
local Lipschitz constant. Combined with Corollary 3.19, this allows to convert a bound
between (K,d) and (K',d’) in terms of Hausdorff distance and metric distortion into
a bound on the SDR’s at scale 6.

Theorem 3.23. Let (K, d) fulfill Assumptions 3.20 and 3.21, and let (K',d") be such that
du(K,K") < e and Ds,(d,d") < 1 + v for some g < A*. Then, for all §, € (5o, A*) and
d € (0 + 2¢,01 — 2¢), provided that §,'Y < 2sdrs, (K,d), we have

‘sdrg(K, d) - sdrs(K', d')’ <GT,

withY = (6v) veand (o = & + 2Ly, where is defined in Corollary 3.19, Ly is defined in
Theorem 3.22.

We refer to Appendix 3.B.2 for a proof of this result and to Figure 3.3 for a diagram of
the scales at play. Note that the constant (; only depends on §; and features of (K, d),
that the assumptions are required on (K, d) only, and that the constraint on £ depends
only on (K, d) as well.

The estimation of K is a now well-understood in the manifold case (see [AL19]). To
obtain guarantees on the estimation of sdrs( K, d ), it hence remains to investigate the
estimation of dx. This is the aim of the following section.

3.5 Optimal Metric Learning

3.5.1 Unsupervised Distance Metric Learning

As explained in the introduction, various learning tasks lead to the problem of estima-
tion the shortest-pat distance d, via an estimator d on a sample of K ¢ R”. Though,
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A

sdrs(K, d)

0 do+e 1) 0p—e 01 A*

Figure 3.3 — Plot of § ~ sdr; for (K,d) and (K',d") in the context of Theorem 3.23. On
the interval (éy + ¢,0;1 — ¢), the two functions do not differ of more than ¢, Y. Even
though (K’,d") might not be well-behaved, the regularity of § — sdrs (K, d) (Theorem
3.22) is sufficient to insure stability.

there is no canonical choice of loss for measuring the proximity of d to d. One could
consider for instance the empirical sup-loss

lo(dldg) == sup |1- d@y)
r#yeXy, dK(l’, y)
or the global sup-loss

loo(d|d) := sup |1- A@y) .
z+yeK dK(Qj»y)

It might seem counter-intuitive to ask an estimator d of dg : K x K - R, to be
defined on the whole set K x K, while the this domain is unknown. It actually is easy
to extend any metric estimator to the whole space RP x RP. Indeed, given such a
metric estimation procedure d, : X, xX,, > R, that outputs a distance an[Xn] (z,y)
between any pair of points of X,,, we can define d,(z,y) := dps2[Xy, z,y](x,y) for all
(z,y) € RP x RP. Informally this means that one can treat any given tuple of points
(z,y) as actual data points in the estimation process, and that we are only interested in
the behavior of the later when z and y are in fact from K.

The losses ¢,, and /., are naturally multiplicative, in particular because the usual
notions of distortions are multiplicative by nature (see Section 3.4). Indeed, the sup-
loss £+, (d|dx ) being smaller than » means that

Va,ye K, (1-v)dg(z,y) <d(z,y) < (1+v)dg(z,y),

which is the usual way to quantify if the intrinsic metric is well-estimated. See for
instance [TSL00, ACC20]. When v is small, it yields that (K, a) is quasi-isometric to
(K,dxk).

Remark 3.24. We emphasize the fact that the global sup-loss /., and the mutual metric
distortion Ds from Definition 3.16 are different in essence. Indeed, while the mutual
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metric distortion Ds allows to compare different metrics on different subsets of R”,
the sup-loss /., compares two distances defined on the same subset.

However, the global sup-loss and the mutual distortion metric may be related as fol-
lows. Consider K endowed with either d or d . Denote by Do+ (d K,H) :=limg_0 Ds(dx, H).
Then, straightforward computation entails

&X,(Eﬂd;{) +1< D(ﬁ(d[(,H) < (1 —goo(a]d]());l

Hence, the global sup-loss /., (d|dx ) is somehow an additive counterpart to the mutual
distortion Dy: (d, dx ) in the case where K = K'. That is, when the support of the two
metrics coincide in Definition 3.16, as already noticed in Remark 3.17.

When K = M is a C? submanifold of R” of dimension d with reach bounded below,
methods using neighborhood graphs such as Isomap provably estimate d,, at rate
O(n~2/3%) [ACLG19]. As we will show in Theorem 3.28, this rate is far from being
optimal. To date, the best minimax lower bound in this setting is due to [ACC20], who
obtain a rate of order Q(n~?/¢) in the particular case of a deterministic design on C?
submanifolds. Actually, we can extend the result of [ACC20] to our random design
setting, and to general C* submanifolds with & > 2.

Theorem 3.25. Assume that fuin < cap/rchty, and fuax > Cap/rchly, and L; >
Cyr/reh’=! forallj e {2,...,k}. Then forn large enough,

min

. 1 k/d
inf sup E pen [foo (d|dM)] > édykerhmin (E) ,

d PG'PfCh <n,L(fmin7fmax)

mi

where the infimum is taken over all measurable estimator d of d,; based on n samples.

This theorem is proved in Appendix 3.C.1. As we shall prove shortly in Section 3.5.2,
this lower-bound can be provided with a matching upper-bound up to logn factors
(Theorem 3.27), and is thus optimal.

3.5.2 An optimal Approach of Metric Estimation

The existing unsupervised methods for metric learning are known to either have no

theoretical guarantees, or to have a sub-optimal rate for estimating the intrinsic metric.

As stated before, Isomap reaches a rate of n~2/3¢

~k/d

, which is very far from the theoretical
lower-bound n shown in Theorem 3.25. Other methods, such as taking the shortest
path distance over a Delaunay triangulation [ACC20], are shown to attain a precision of
n~2/¢ which is optimal for C2-model but not for k& > 3. We propose here a fairly general
approach that can output a family of minimax-optimal metric estimators. It relies on

the following bound.
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Proposition 3.26. Let KK c R” be a set of positive reach rch(K) > 0, and K' c R” be any
set such thatdy(K', K) < e <rch(K)/2. Then,

2e

Loo(d(peryeldr) < ,
((K)|K) rch(K)

where we recall that (K')* = {u e RP | d(u, K') < ¢}, so that K ¢ (K')".

Proposition 3.26 is proved in Appendix 3.C.2. It asserts that estimating geodesic
distances of sets of positive reach is never harder than estimating the sets themselves
in Hausdorff distance. Beyond the framework of closed manifold developed here, note
that for the convex case rch(K) = oo, dx coincides with the Euclidean metric, so that
estimating d x becomes trivial.

A significant consequence of Proposition 3.26 is that we can derive a consistent
estimator of the intrinsic distance from any consistent estimator of the support, and
with the same rate of convergence. In what follows, we write

5d
dmax = ————7» 3.11)
Wd fmin I"Ch?nii
where w, is the volume of the d-dimensional unit ball. In Lemma 3.C.2, the length
dmax is proved to be an upper bound on the geodesic diameter of the supports of any

distribution in the model P, 1 (fmin, fmax)-

Theorem 3.27. Letk > 2 and let M be an estimator satisfying

sup P (du (M, M) > &) <,
PG’Pk n7L(fmin,fmax)

rchy g
for some positive sequences ,, and n,, converging to 0. Then the metric estimator

a(x,y) = dmax A d(ﬁz y)en (33, y) with ]/\Z’c,y = MU {l’,y} 5

which is defined for all z,y € RP, satisfies

sup Epen [Eoo(a]dM)] <

PE/Pfchmin’L(fminyfmax) Irc min

( dmax)
ent+ |1+ ——|n,.
En

Theorem 3.27 is proved in Appendix 3.C.2. A particular advantage of this result
is that it does not require the estimator M to have any geometric structure, nor to
be regular in any sense. This contrasts sharply with [ACC20], which extensively uses
the structural properties of the intermediate estimator M. Theorem 3.27 is much
more versatile, since here, M/ could just as easily be anything as a point cloud, a
metric graph, a triangulation, or a union of polynomial patches. For instance, taking
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M = {Xi,...,X,} to be the observed data, we can take ¢, = C(logn/n)"/¢ for C large
enough yields 7, < 2 so that

logn)l/d
n 9y

sup E pon[Loo (Aldar)] < Crenpin.d, fmm(
PEPrQ(:hmin L (fminyfmax)

which is faster than the known rate of order O(n~?/3?) for Isomap (see for instance
[ACC20, Eq (1.2)]). Now, taking M to be a minimax optimal estimator of M for the
Hausdorffloss — as that of [AL19], for instance — and &,, = C'(logn/n)*/¢ for some large
constant C' > 0 yields 7,, < 5721 (see Lemma 3.A.4), and a metric estimator d that achieves
the following rate.

Theorem 3.28. Let d be the estimator described in Theorem 3.27 built on top of M
described in Lemma 3.A.4. Then forn large enough,

logn)k/d

sup EP@n [‘goo (aldM)] S CrChminvdvfmaxyfmin:ka ( n

PE'PfChmin L (fmin :fmax)

In virtue of Theorem 3.25, this rate is minimax optimal up to logn factors.

3.6 Optimal Reach Estimation

3.6.1 Optimal Spherical Distortion Radius Estimation

Interesting as it is in its own right, we now investigate the estimation rates of the
spherical distortion radius at scale ¢ > 0. To obtain a minimax lower bound, we simply
note that sdrs(M,dys) coincides with rch(M) whenever rch(M) = wis(M) (Proposi-
tion 3.14). Hence, any lower bound for the estimation of rch(A/) on a model over
which rch(M) = wfs(M) yields a lower bound for the estimation of sdrs(M,dy;). In
application of Theorem 3.10 with « > 0, this immediately gives the following lower
bound.

Theorem 3.29. Assume that fuin < cap/rcht,, and fuax > Cap/rchly., and L; >
Car/ rch’™! forallj € {2,...,k}. Then forn large enough, for all § € (0, rchmin),

min

inf sup Epe Hs/d\r(g —sdrs(M,dp)|] 2 Erchmil”d’kn_k/d.
sdrs Pelprkchmin.’]_‘(fmimfmax)

where the infimum is taken over all measurable estimators sdrs of sdrs(M,dy,) based
onn samples.

It turns out that this bound is optimal. To exhibit an estimator that achieves
this rate, we take advantage of the Hausdorff and metric stability of the spherical
distortion radius shown in Theorem 3.23. In order to apply it, we first need to check

that Assumptions 3.20 and 3.21 are fulfilled for every manifolds in our models CfchmimL.
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Proposition 3.30. Let M c RP be a submanifold with bounded reach rch(M) > 0. Then
M satisfies Assumptions 3.20 and 3.21 with parameters

go =rch(M)/4, Ap=rch(M), Cp=3/16, Ay=rch(M)/2 and C;=2.

Proposition 3.30 is proven in Appendix 3.D. In the vein of Theorem 3.27, and using
the stability of the spherical distortion radius with respect to the pair (K, d), we can
now build an estimator of sdr;(M,d,,) in a plug-in fashion over C* submanifolds.
Recall that when M isinCE, |, and§ € (0,\/2(D + 1)/Dwis(M)), then according to
Propositions 3.14 and 3.5, and to Lemma 3.C.2,

D
0 < rchpin < reh(M) < sdrs(M,dar) < wis(M) <4/ 3D+1) diam (M) < Spax < 00,

where spax ==/ D/(2(D + 1))dmax, With dpax being the constant introduced in (3.11).

Theorem 3.31. Givenk > 2, let M be an estimator satisfying

sup P®n(dH(M,]T[) Zé‘n) gnn
Peprkchmin,]_,(fminafmax)

for some positive sequences <,,,n, converging to 0. Then, for any 6 € (0,rchyiy), the
estimator s’cﬂa = sdr(s(]\’/f , a) A Smax, Whered is defined in Theorem 3.27, satisfies

— 4
S
Sub Epen[sdrs —sdrs(M,dy)| < C mzx €n t Smax"n | -
PG'Pfch . L(fminvfmax) 6

We refer to Appendix 3.D for a proof of this result.

Remark 3.32. In place of d = dgz.,,» one could actually plug any estimator d of the
metric intoTheorem 3.31. In light of the stability result of Theorem 3.23, as long as d
satisfies

sup P (Ds(@.ar) 1+ ) <

Pepk 0
the conclusion of Theorem 3.31 would still hold. This comes in handy, especially if one
wants to input a computationally efficient distance estimator, such as shortest-path
distance on a neigbhorhood graph [TSL00] or on Delaunay triangulations [ACC20].

Again, taking M to be a minimax optimal estimator for the Hausdorff loss [AL19]

outputs an estimator sdrs of the spherical distortion radius satisfying

Theorem 3.33. Forall§ € (0,rchyi, ), with the construction ofs/d\r(; above, we have that
forn large enough,

— 1 (logn kld
P 'pk Su(I:‘)f i )EP@n |Sdr6 - Sdré(M? dM)| S CrChminvdvfmaxyfmin7L7kg ( n ) )
€ rchyin L min,J/max

and this rate is optimal in regard of Theorem 3.29.
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Note the presence of the factor 1/6* in the bound, which makes the rate diverge
as § - 0. This blowup is to be expected for the following reason. As § goes to 0, the
spherical distortion radius goes to the reach rch(M') (Proposition 3.14). Since the

—(k-2)/d

estimation of rch(M) cannot be faster than n (Theorem 3.10), the estimation

rate of sdrs( M, dj;) must deteriorate in some way as 6 — 0.

3.6.2 Optimal Reach Estimation

In light of Proposition 3.12 and (3.9), it only remains to combine the maximal curvature
estimator and the spherical distortion radius estimator to obtain an estimator of the
reach. Naely, we let M be the minimax-Hausdorff estimator of Lemma 3.A.4. According

to the very same Lemma 3.A.4, there exiSts ¢ich,,, d, fuax, fuin, L.k > 0 SUCh that denoting
by
log n \ "/
En = CrChmin7d7fmaX7fminvL7k ( ,i ) ) (3'12)
there holds
sup P (du(M, M) > &,) < €. (3.13)

Pelpfchmin L (fmin :fmax)

We also let d be the estimator of the intrinsic distance of Theorem 3.27 from M and &,,.
We let sdrs := sdrs (M, d) A Smax for some 8 € (0, rchmin) as in Theorem 3.31. Finally, we
write

rch == Ry A sdrs.
The following Theorem 3.34 is a straightforward consequence of Theorems 3.11 and
3.31, inserted in the plugin strategy of Proposition 3.12 and (3.9).

Theorem 3.34. The estimatorrch described above with § = rchy, /2 satisfies

logn)(k—2)/d

sup Epen[rch — 1eh(M)] € Crohypind, frvans fonin, Lok ( -

k ;
PG'PrchminyL(fmmvfmax)

)

and, for all a > 0,

sup E pon|rch — 1ch(M)] € Crehpin d. frnos frnsn Lo (log n )k/d .
PPl Lo (fmin:fmax)

As a conclusion, Theorems 3.10 and 3.34 assert that rch is minimax optimal, and
that its rate of convergence adapts to whether rch( M) is attained by curvature (yielding
the slower rate O(n~(*-2)/4)) or by a bottleneck (yielding the faster rate rate O(n"*/¢)).

The computation of rch depends explicitly on the parameters of the models at two
levels. First, in tuning the value of ¢, as in (3.12). Second, in choosing ¢ € (0, rchy,iy ).
These two dependencies may be circumvented by picking

_ (logn)k/d
En =logn ,
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and ¢, = 1/logn. Then, for n large enough, both (3.13) and §,, € (0, rchy,;,) will be
fulfilled. The price to pay for this way-around to calibration of constants limits to
multiplicative log n factors in the upper-bound of Theorem 3.34.

3.7 Conclusion and Further Prospects

We developed a general strategy for estimating the reach of a manifold M. It relies on
two independent plugins, accountable for the estimation of the minimal curvature
radius R,(M ) and any another set-defined feature size #(M ) that lie between the reach
and the weak feature size. We then introduced and studied the spherical distortion
radius, the estimation of which reduces to geodesic distance estimation, itself reducing
to set estimation in Hausdorff distance. All the derived results are minimax optimal, as
testified by associated matching lower bounds up to log n factors.

Geometrically, one should note that this overall method relies heavily on the lo-
cal/global dichotomy of the reach for closed submanifolds [AKC*19]. Hence, it still
remains unclear how to extend it to manifolds with boundary, even though their curva-
ture and spherical distortion radius are likely to be estimated in a similar way [AAL21].

On the statistical side, a major extension of the results would consist in allow-
ing for additive noise. Recent works obtained Hausdorff estimation rates for the
support [FILN19, AS21, PS22] in such a noisy setting, so that the estimation of the
spherical distortion radius inherits the same rates straightforwardly. In the same spirit
as the iterated local polynomial fitting of [AS21], we expect that the same method could
likewise lead to maximal curvature estimation.

Finally, since the main goal of this work was of minimax nature, we did not focus on
the algorithmic properties of our estimators. As they stand, R, and sdr both require to
compute a supremum over the union of continuous patches M, which is computation-
ally prohibitive. Actually, one can easily show that taking the same supremum over a
discretization of M at scale O(n"%/?) -i.e. O(n?) points in total - yields estimation rates
of order O(n~¥"(:-2)/?) for R,(M), and O(n~(¥"®)/?) for sdrs(M,ds). This suggests
a possible estimation-computation tradeoff which one could take advantage of. Yet,
this is not a fully satisfactory solution, as sdr; still requires to compute costly geodesic
distances on a high-dimensional set. More globally, the quest for computationally
efficient — yet optimal — geometric estimators in high dimensions is still in its infancy.
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3.A Proofs of Section 3.3

3.A.1 Comparing Reaches, Weak Feature Size and Diameter
This Section is devoted to the Proof of Proposition 3.5, which goes as follows.

Proof of Proposition 3.5. For (i), recall that no closed compact submanifold can be
contractible [Hat02, Theorem 3.26]. Furthermore, [Fed59, Theorem 4.8] and [CCSL09,
Lemma 2.1] combined together yield that K" is isotopic to K for all » < wfs(K). On
the other hand whenever r > Rad(K') where Rad(K) is the radius of the smallest ball
enclosing K, K" is star-shaped with respect to any point of the non-empty intersection
NzensB(z, 7). We conclude that wis(/) < Rad(K'), Since Rad(K) < oo because K is
compact, we obtain wfs(K) < co.

For (ii), the first two inequalities come from the definition of rch, (K) (see (3.4)).
The rightmost comes Jung’s Theorem [Fed69, Theorem 2.10.41], which asserts that
Rad(K) <y /% diam(K'), and the fact that wfs(K) < Rad(K) whenever wfs(K) is
finite (same argument as for (i)). O
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3.A.2 Minimax Lower Bound for ;.-Reach Estimation

This Section is devoted to the proof of Theorem 3.6. It builds upon the possible
discontinuities of the map M ~ Med, (M) in Hausdorff distance. The exhibition of
such a discontinuity can be done in dimension d = 1 and D = 2, and can then be
generalized to arbitrary 1 < d < D by using symmetry and rotation arguments.

The building block of the construction is the following arc of curve. For all « €
(0,7/4], write R, := 1/sin(«). Let also C, : [0,1] - R, be defined as C,(t) := R, —
\/W, which graph is an arc of circle of radius R, and aperture « (see Figure 3.A.1).
To be able to glue up smoothly a-turns like C, with straight lines, we smooth it as
follows.

Lemma 3.A.1. There exists G, : [0, 1] — R, infinitely differentiable such that:

. G&Z)(O) =0foralll>0;

~

2. Ga(1) = Co(1), G (1) = C.(1) and GV (1) = 0 for all ¢ > 2;

3. |G e < Co/Ru forallt > 1;
4. Go(t) < Cu(t) forallt e (0,1);

5. G, is convex.

See Figure 3.A.1 for a diagram of such a G,. Let us first comment on the require-
ments on G,,. Items 1 and 2 say that G,, is a C* interpolation between the two tangent
lines of two points of C, who are a-apart in term of polar coordinate. Item 3 says that
the graph of G, once rescaled by 1/R,,, will be bounded in C¥-norm for all . Items 4
and 5 ensure well-behavior of the medial axes of our future construct (see Figure 3.A.2).

A3S

I
|
|
I
|
|
|
|
|
|
I
|
I
I
|
|
:
0

Figure 3.A.1 - Construction for Lemma 3.A.1: curves associated to C,, A, and G,.
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Proof of Lemma 3.A.1. The following construction applies to general convex functions,
although we restrict it to G, for simplicity. Consider the piecewise linear map A, given
by the tangent lines of C, at¢ = 0 and ¢ = 1. That is, define A,(¢) for all ¢ ¢ R by

Aq(t) =max {Cy(0) + CL(0)t,Ca(1) + (t-1)CL(1)}
=max {0, Co(1) + (t-1)C(1)}.

As C, is strictly convex, A, < C, on R\ {0, 1}. We also denote by ¢}, the (unique) point
of non-differentiability of A,, that is

Ca(1)
Co(1)

tr=1- = R, tan(a/2).

Note by now that for all a € (0,7/4), 1/2 <t} <2 -+/2 < 6/10. Given h > 0 to be chosen
later, write K, (t) := h 'K (t/h), where K (t) := coexp(-1/(1 - t2))1l|t|<1 is a non-negative
C*™ kernel, and ¢y is chosen so that [R K = 1. Finally, consider the convolution

Go(t) = fR Ky (2) Aa(t - z)dz.

By smoothness of K} and non-negativity of both K} and A,, G, = K}, * A, is infinitely
differentiable and non-negative. Also, since A, is convex and K} non-negative, G, is
convex (Item 5). Furthermore, one easily checks that outside the interval [t} — h,t} + h],
G, coincides with A,. Hence, if h < 1/4, we have [t - h,t> +h] c [1/2-1/4,6/10+1/4] =
[1/4,17/20], so that Items 1 and 2 holds directly.

To check that G, < C, on (0,1), fixt € (0,1). If ¢ ¢ [t} — h,t} + h], Ga(t) = Aa(t) <
C.(t) by construction. If ¢ € [t} — h, ¢}, + h], we have G, (t) < G, (¢ + h) = hC,(1). But
on the other hand, C,(¢) > C,(t; — h) > C,(1/4). Hence, we do have G, (t) < C,(t) as
soon as h < 1/100, since C,(1/4)/C. (1) > 1/100 for all v € (0, 7/4). This yields Item 4.

Finally, letting h = ho = 1/100, we obtain forall ¢ > 1 and ¢ € [0, 1],

GO @) =K+ Ca(t)] < [ K] [ Call . < CeCal1) < Co/Ra,
which yields Item 3 and concludes the proof. O

Given R > 0, we now let G, r be the curve obtained by dilating homogeneously
the graph of G, by a scale factor R/R,. We extend the construction of these smooth
a-turns for a € (7/4,7]: for this, we glue two G,  or four G, 4 j to define G, r.

Proposition 3.A.2. Assume that forallje{2,...,k}, L; > Cyy/ rchf;;l forCqy, >0 large

enough. Then forall € [0,1) and e > 0 small enough, there exist M, M’ € CfchmimL such
that:

* |rch, (M) —rch,(M")| > cq rchmin ;

o ¢y rehihy, <volg(M) Avolg(M') < volg(M) v volg(M') < Cff  rehihy,;

83



CHAPTER 3. REACH II

e volg(M & M") <Cy, rchd, e

Proof of Proposition 3.A.2. For small enough (and arbitrarily small) ¢ > 0, we let « €
[0, 7] be such that sin((a + 5)/2)2 =1 - 2. Such an « always exists since p? < 1. Given
A, Ry, R; > 0 to be chosen later, we glue smooth turns from Lemma 3.A.1 with straight
lines to create a C* closed curve in R?, as shown in Figure 3.A.2. Then, we obtain a ck
closed d-dimensional submanifold M, of R%*!, with a symmetry of revolution with
respect to the horizontal axis of Figure 3.A.2.

G?T/Q,Rl

Med(M,,)

Gro.r, 0/2 R | Goj2.Ry Gra.r,

Figure 3.A.2 - Construction of M, in the proof of Proposition 3.A.2.

By construction, if A > 8 Ry, then M, has local parametrizations on top of its tangent
spaces (see Definition 3.1) with L; < Cy /(A A Ry A Ry)?~! for all j > 2, and has volume
volg(M,) < Carx(A v Ry v Ry)?and voly(M,) > cqr(A A Ry A Ry)%.

We now examine the structure of the medial axis and the reach of M,. If u €
Med(M,) is a point on the medial axis, rotational symmetry yields that two of its
projections points must lie either:

* In a plane containing its horizontal axis of symmetry (i.e. Figure 3.A.2). As a
result, its distance to M,, cannot be smaller than the smallest reach of each of its
parts G o g, Gaj2,r, aNd G Ry, 80 that d(u, My) > cqxRo A Ri.

* In ad-plane orthogonal to the horizontal axis. By rotational invariance, this forces
u to be on this axis of symmetry. As aresult, d(u, M,) > A/2 - 3Ry > ¢4 A since
A > 8Ry.

In all, we get rch(My) > cq (A A Ro A Ry).

We now examine the p-reach of M,. By definition, if u € Med,(M,) has two
nearest neighbors z,y € M,, the angle between (u — z) and (u — y) must be at most
2 arcsin(m ). As a result, a single branch of 1, between the two arcs of G, g,
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cannot not generate any point of the y-medial axis, since o has been chosen so
that o < 2 arcsin(m). Hence, for A, Ry large enough compared to Rj, we have
rchy, (Ma) 2 ¢ (A A Ry).

Finally, we build M/, from M, by bumping the curve near G, g, as shown in Fig-
ure 3.A.3 (while still preserving the radial symmetry as before). The manifold M/,
satisfies the same regularity conditions at M,. Furthermore, M, and M/, only differ on
a set of volume voly (M, & M/) < Cyr(A v Ry)¥ 1 (Roe).

G(x Ro,

Figure 3.A.3 — Local bump of M/, for Proposition 3.A.2, in the boxed area of Fig-
ure 3.A.2.

With this extra bump, we create a point ug € Med (M) that has two nearest neigh-
bors zg,yo € M/, at distance Ry, with angle between (u¢ — z) and (ug - yo) equal to
o' = a + ¢, which satisfies sin(a//2)? = 1 - . As a result, up € Med,, (M), so that

rchy, (MY,) < |luo — yo| = Ro. In particular, we have
|1"Chu(Ma) - I‘ChM(M&)| > c&,k(A A Rl) - Ry.
The proof is hence complete by setting M = M, and M' = M, with By = A = Ro/cg .

and Ry = rchyin /cq 1, for small enough cq, ¢/, ;. > 0. O

Proof of Theorem 3.6. From Proposition 3.A.2, for £ > 0 small enough, take M, M’ €
Cl{CChmin ., such that |rch, (M) - rchy,(M")| > ¢4 tchumin , ¢, rchs < volg(M), volg(M') <
Cyprchd, , and voly(M & M') < Cx rché, e . Letus denote by P and P’ the uniform

min
distributions over M and M’ respectively. Elementary calculations directly yield that
ly(M & M’
TV(P,P') < — ol ) Cll .

VOld(M) \% VOld(M')
d

Furthermore, since c; rch? ;< voly(M) Avolg(M") < volg(M) v voly(M') < Cyprchd, |
we obtain that P, P’ ¢ P* L (fmin, fmax) @s soon as fyin < 1/(Cyk rchfnin) and fiax >

rchminu
1/(cqp rche. ). As aresult, for all n > 1, Le Cam’s Lemma [Yu97] yields
inf sup Epen [[7, — rch, (M)|]
Tu pepk

rchmimL(fminvfmax)
1
2 §| rChM(M) - rchM(M’)|(1 ~TV(P, P/))n

> ¢q rchmin (1 — €)™,
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As this construction is valid for all £ > 0 small enough, we obtain the result by letting ¢
tend to zero. O

3.A.3 Maximal Curvature Estimation

This section is devoted to the proof of Theorem 3.11. It is based on a careful investi-
gation of the local polynomial fitting procedure described in [AL19]. First, recall that
from [AL19, Lemma 2], if M ¢ CfchmimL, yeMandy' €B(y, Lz“TChm“) n M, we may write

yl —y= ﬂ_;— (yl _ y) 4 Tég)’*(ﬂ';(y, _ y)®2) T Ték—1)7>e(7_‘_;(yl _ y)®k—1)
RO ), 6.1

where 7 = 77, 01, Tl(,j )* are j-multilinear maps from T,M to RP, and Rék) satisfies

|R @ =) < ety -]

; 1
where ¢, = maxoj<k yens HTy(] )x I3p" < Ck doreny,, L- As assessed by [AL19, Lemma 2], the

polynomial decomposition expressed in (3.14) allows to recover the curvature tensor
viall, M = T§2)’*. Following [AL19], we estimate this curvature tensor via the second
term of the polynomial decomposition provided by local fit to data points (3.6). To this
aim, a slight adaptation of [AL19, Lemma 3] is needed, that allows to translate quality
of approximation in terms of Hausdorff distance to guarantees on the monomial terms.

Lemma 3.A.3. Set ho = (Tymin A Ly')[8 and h < ho. Let M € CE | g = yo + 20, with
Yo € M and |z

< o < h/4. Denote by m,, the orthogonal projection onto T,,M, and by
Té?’*, - ’]I‘gg_l)’* the multilinear maps given by (3.14).

Letx = y+z besuchthaty e M, |z| < o < h/4 and x € B(xo, h). We also let m be an
orthogonal projection, and T? ... T**~1) be multilinear maps that satisfy

Lo
( max ||’]I'(J)||(§pl)vt* <t

2<5<k-1
1
th < —,
4
for somet > 0. Then it holds
k=l . koo A X
z -z -7(x—30) — > T (n(x - 20)®) = > TZ%)’ (7 (y = 40)®7) + Réo)(x - 0),
j=2 J=1

where T are j-linear maps, and |R\" (z - z0)| < C (o + W5 (51 + 7)), where C
depends on d, k, rchyin, La,. . ., L. Moreover, we have

T = (m, ~ ),

2),’ * 2),* 2),% %
TZ(JO) = (7Ty0 - 7T) o T?SO) + (’]T?(JO) ° 7Ty() - T(2) © 7T),

and, ifm =, and TV = Té{;)’*forallj €{2,--,k -1}, then Té{;)” =0 forallje{l,- k}.
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The proof of Lemma 3.A.3 is deferred to Section 3.A.4. To ensure that our local
curvature estimators allow to approximate the maximal curvature of M, we have to
ensure that the sample covers M well enough. That is the aim of the following Lemma.

Lemma 3.A.4 ([AL19, Appendix, Lemma B.7 & Section 5.1.4]). Let P € P}, By L( fmins fmax)-

Write X,, for an i.i.d. n-sample drawn from P. Let h = (C’d ma" log”) , for Cy

n

large enough. Then, for n large enough so that h < rchy,y /4, wzth probability at least
1-2(L)* it holds

3+4
fmm n

k/d
- max’ logn
dH(M7 M) < Cd,k,rchmm, ( )k ! (f—g) )

where M denotes the union of local polynomial patches
-U W, (B, (0,7h/9))

defined by (3.6) and (3.7), andt, = maxyenr2<jck H’]T 9 H < Ck d.rehyy, L @S in Lemma 3.A.3.

Equipped with these two lemmas, we are in position to prove Theorem 3.11.

1
Proof of Theorem 3.11. Based on Lemma 3.A.4, for h = (Cdﬁf%?g#f) “ givenie {1,...,n},

we denote by ¥; the polynomial estimator around X; defined by

R k-1 oy )
U (v):=X;+v+ Z ']I‘gj)(v‘g’]),
i

for all v € T}. Setting
M =W, (B, (0,7h/8)),

1=1
2k

we have that with probability larger than1-2 (1),

f2+% logn ‘
iV, M) € C e (8 [ 250 | iy, (3.15)
fmin%n

for n large enough, according to Lemma 3.A.4. In what follows we settle on the proba-
bility event of Lemma 3.A.4. In particular, denoting by

#=max max HTU)H ,
1<isn 2€j<k-1

note that [AL19, Section 5.1.2] ensures that v, <t < 1/(4h), for some fixed ¢, provided
n is large enough.
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.,n}, v €Byg (0,h/4), and intend to approximate Il [ (i(0))- 1O do so
(3.16)

Weletie {1,.
we consider the followmg polynomlal expansion centered at v: for u € By, (0, h/4),
i Z ( ) T (1877 @ u®7).

J=2

k-1
Vi(v+u)-V;(v)=u+ Z sz(’]) ( ®j-1 ®u)
First we deduce from (3.16) an estimate for the tangent space at 75, (X; + v), as well as

a coordinate system. Namely, we let
Jii Ti — Jio(T5)

Ji,v
k-1
u— u+ Zj']l‘gj)(v@’j 1®u)
j=2

Note that since th < 1/4, we have
th\/ ™
i) =] < zy( ) al

< (zj (%) - 1) Ju]

j=1
2
]
2 )

1
<SlH——1 -1]|ul <
th
((1—1) )
[ J; Tiwi="7 . Wenow

so that J; ,, is full-rank. In what follows we write 7; ,, := Im(J; ,) and 7; , := 7,
(3.17)

may express (3.16) in terms of the coordinate system given by 7; ,,
Jin(u) + 2 T() (i ()™),

Ui(v+u) - U(v) =

where the symmetric tensor of order j centered at v TY) is defined by
—~ : . k_ . ~ -
T = 3 ()10 (0 @ J 1))

P = J )

, We may write

for w e T} - Aswell, since th <
k-1 ,
) (*)@/W* (3)

N(])

| ZU S
e
o0 r=j -
(Z( )(5) )(3/2)%]*
1 J
<( ) (312007 < (3/2)%5°"
1-2
R BV
T Te ()
) op
88
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In particular, the bilinear form T : 7}, x 7; , -~ R may be expressed by

) k
T( )(w ) Z( )T(J)( ®j— 2®J (w)®2)
7j=2
for all w € T} ,. Our second fundamental form estimator at 7;(¥;(v)) is then defined
by

2 T

~ N ~(2 ~
v " Oy~ Ty O Tz(,v) O Tiv,
where with a slight abuse of notation, T o 7(u) := T(7(u)®?). Note that composition
with 7; ,, is performed to ensure that ’]AI‘EQU) ranges into ij
Our final max-curvature estimator can now be defined as

RZI ‘= max Imax
1<z<nveBTi(h/4)

e

7,0

Op‘

First, we intend to show that, for a given v € By (R/4), ’ﬂ‘(i) is close to II,,, for some y €
M. To do so, we let u € B, (0,h/4), = = ¥;(v +u) 20 = ¥;(v), and POV = SEITY).
Then, we have the decomposmon

k-1 . R )
Jiw(w) = fip(z = 20) = 3 A 0 T (Ji 0 (w)®7)
§=2

k-1 L
iz = 10) = 3 i o T [ (i = 20) = 71 0 BEH D (@)
j=2

=Ti(z—x0) + Z']T(]) (730(x - x)®3)+R (x x0),

with ngv)’" = -7

” —~ .
Hp <CRP™1 < Cyt? ™!, and

remainder term HRE’? | < Ct*h**1. Plugging the above inequalities into (3.17) yields

k . . ,
&~ 20 = A2~ 20) + T2 (Fiw(@ —0)2) + 3. T (10 (x — 20)®7) + R (2 - 20),
j=3
(3.18)

with T = F3) _ 7,

<Gt and | RE) (2 - o) H < CitF Rk,
h) n M such that

op

Then, according to Lemma 3.A.4, there exists yy ¢ B(XZ, ]

lyo — xol|| < £1, where £; is defined by (3.15). We further have

”U - ﬁi(yo - Xz)H <er+ H\f/z(v) - (Xz + ’U)H
k-1 . )
Z TEJ)(U®])
j=2

<er+ h/16

< h/8,

<er+
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since th < 4,

M, we have

provided that ey < /16 (satisfied for n large enough). Next, if z € B (yo, 2) n

|7i(z = Xi) = vl <|17:(z = wo) | + |lv = 7 (yo - Xi) |
< h/4,

so that, writing z. := W;(#;(z - X;)), it holds |z - z.| < e; and (3.18) applies. Next,
provided Cyth < 1/4 and Cyt > t. (satisfied whenever n is large enough), Lemma 3.A.3
yields that

. —xg—(ww(xz—:co)+']l‘ ) (i (22 - 10)®%) + Zwr(J)(wi,v(xz-xo)@j))
u () i k
ZT] (Z—yo)®J)+Rg(,0)(9€z—$o),

so that

HZT“ (75 (2 = y0)®)

‘ HR(k) (z,—x0) - R (mz 330)” Clhodxeh LEL,

according to (3.18) and Lemma 3.A.3, since t*h < Cy gren,, - Using the develop-
ment (3.16) and the inclusion By, /(0,1/16) c 7 (B(yo,h/8) n M —yo) from [ALLS,
Lemma 2] then entails

Z T(J) w)@j)

< Ok d,rehpin, LET

for all w € Br, 1(0,h/16). Proceeding as in [AL19, Proof of Theorem 2], we get

ON -1
Tiw" | op S Crdirehun LEVR

v Hop < CkvdvrChmin,Lglh_Q'
In turn, following [AL19, Proof of Theorem 4] entails

2 _
T( ) o Mjy = T(2)’* o, < Ch direhyy, LEID

Yo
Since I, = ']I‘%)’* ([AL19, Lemma 2]), we deduce that

T o ;. Lelh 2. (3.19)

max max iw

1<isnveBy4 (0,h/4)
J

min>

op < DX Iy [l + Ch,dren

Conversely, since X1,---, X,, is a (h/4)-covering of M onto the probability event de-
scribed in Lemma 3.A.4, we deduce that for all y € M, there exists iy € {1,...,n} such
that | X;, — y|| < h/4. In particular, we have

v = i 0 (Y — Xiy) € By, (O h/4).
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Proceeding as above similarly leads to

~(2) ~ * -2
Tio,v o Tigw — 1l o, o < Ok dyrehyy LETR S,
so that
max |IL,| < max max T o Fiol  +Crdren.. LELh 2. (3.20)
yeM OP " l<i<nveBy, (0,h/4) I 1Y op 14T CAmin,
k2

Combining (3.19) and (3.20) yields that for »n large enough,

|Re = Re(M)| < Re(M)*Ch g vehpgn,LE1h 2,

mins

which concludes the proof. O

3.A.4 ProofofLemma3.A.3

Proof of Lemma 3.A.3. We follow the proof of [AL19, Lemma 3]. Without loss of gener-
ality we take yo = 0, so that |y| < 3h/2. Let 2’ = 2 — 2z, so that | 2’| < h/2. We write

k
x—xo—-7(xr—m0) — ZTU)(T((Q} —10)%)
=2

k . .
=y+2 -m(y+2) - Z;T(])((W(y) +m(2')®)
i

=y+2 —m(y+2)-> [T(])(W(y)®J) +JZ (i)T(J) (r(y)®" ® 7r(z')®J_T):| .

j=2 r=0
Since, forany j >2andr € {0,...,5 -1},
H']T(j) (r(y)®" ® 7T(z')®j_T) <t7'(3h/2)"(20)77"

< Crot!/ 1W< Co,

we may write

k . .
x—xo—7(xr—20) — ;T(])(T{'(l‘ -20)%)

k . . 7
=y-m(y) - LT (r()®) + R (- 0), (3.21)
j=2
where | R (z - z0)| < Cyo. Next, (3.14) entails

y =, (y)+ T?(Ji)’*(wgo ()®%) + -+ Tg’;—l),*(ﬁzo ()& 1)
+ R (y),
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with | R ()| < Crdsen,,. 1t~ LhE. Denoting by

min

k—
R (nr () =) (y)+ZT§g>’*(w;0<y>®r),

we deduce that

k
y-m(y) - > T (n(y)®) =

j=2
Py (s () + R () = 7 (P (g, () + B ()
k ‘ . o . 124 ®j
_ Z;]r(a) (Tr[(PyO’(““ D () + B (1)) )
-

Note that
H R(k)’ (y))H HR(k)’"(y)H < Chdurchys, Lo ThF.

Yo
Next, since |y| < 3h/2, it holds

HP;(;(lzkfl)(W;«O (y))H < kzjt:l (%)r

2
3h 1
< — 5 m&i%h,

so that, forall j € {2,...,k},

HTU)( (P*(lk 1)(7T (y))+R(k) (y))] ) ’]I‘(J)( [(P*(lk 1)( ()))] )

<! i ()| ny
t(k 1)rh(k 1)r

J-1p3
<derchmm ' h {E:—E;

k1 k+1
< Ckdrehpm LU RT

Thus, we may write

y-(y) - z;rm (7()®7) = Py0* D (s () = 7 (P %D (s ()
J

_jz:qr(j) (7T [(P;(;(lzk—l)(wgo (y)))]®J) . RZ(/;)7III(y)’

where HR(k) (y)H < Crodirehyy, LhE(t571 +t%h). Atlast, for j € {2,...,k}, and ry, -, 7;
{1,...,k-1} suchthatZizlrs > k+ 1, we have

H']I‘(j) (éﬂ (T?(Jgs)7* (W;O(y)®rs)))

s=1

) J
e ) AR O
s=1

< (th)(Zram) 1 gt
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where T?(Jé) =, , with a slight abuse of notation. Hence, it holds

Yo’

k
v () = ST r)™) = (x5, =7 o ) )+ T (s, (0)°) = (TR (7 (1))
2

k N/ . "
T ((rom,)%) + LIR (mo)™) + B ()
J=

where HR(k)’ (y)H < Ch.drehy,, LhT (51 + t°h). Plugging the above equation into (3.21)

gives the result. O

min,

3.B Proofs of Section 3.4

3.B.1 Comparing Reach, Weak Feature Size and Spherical Distortion Ra-
dius

Let us prove Proposition 3.14.

Proof of Proposition 3.14. The monotonicity follows trivially from the definition, and
since by [BLW19, Theorem 1], sdro(K,dg) = rch(K,dx), there holds immediately that
sdrs(K,dg) > rch(K) for any § > 0. Now take ¢ < \/mWfs(K), and take z a
critical point of K, so that z € convI' whereI' := {z € K | |z - z| = d(z, K)}. Using Jung’s
theorem [Fed69, Theorem 2.10.41], there holds

diam(T") > \/2(D+1)R d(F)-\/z(D+1)d( K) > \/Z(D”) wis(K) > 6

so that there exists two points z,y € I" such that |z — y| > §. Furthermore, since the
interior of B(z, wfs(K')) contains no point of K, there holds

di (z,y) 2 ds(wis(k)) (T, y) > ds(ry (,y), for all r > wis(K),

so that indeed sdrs( K, dg) < wis(K). O

3.B.2 Stability Properties of the Spherical Distortion Radius

We now move to the proofs of the stability properties of the SDR. As a first step, we will
need the following lemma on geodesic distances over spheres.

Lemma 3.B.1. Letr,e > 0 and take x,y,a,b € K such that |x - y| < 2r and

Ae
Ja-bl<(1+Z5) Jo-y
forsome A > 0. Forall \ >0, define

192s3

(= max{
la

—b”3()\+A7T),4A}
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Then, for all > ¢, such that (e < r, there holds
ds(rece)(a;b) <dgey (z,y) — Ae.
Proof of Lemma 3.B.1. Notice that, denoting by p = |z -y,
ds(ry(z,y) = 2rarcsin (2—[;) =pxp(2r/p) with ¢(u) = uarcsin(1/u).
The map ¢ is decreasing on [1, o) and, using the development of

arcsin(u) = i (2n) /(2212 (2n + 1)),
n=0

we find that “© (2n)1x2 ) .
N n)! x 2n 1
#(u) = nz::l 22np)2(2n + 1) u2ntl =~ 3u3’
Notice furthermore that, by assumption
2(r +Ce) . 2(r +Ce) _L+Cefr 2r

la—b] = (1+Ae/r)|z -yl 1+Ac/r |z —y]
S (1 N @) 2r
2r) |z -y

where we used that A < /4, (e <r,and that (1 +u)/(1 +u/4) > 1+ u/2 for |u| < 2. Now,
as ¢ < /2 and that |'| is decreasing, we can write

A
ds(rece)(a,b) < TEIIZC ~yle (2(r+Ce)/la-bl) + |z - yle (2(r +¢e)/la-b])

< Ame +dsr (2, y)

o 2(r+Ce) 2(r +Ce) 2r
o=yl ()« -

la-0] la=d]  Jz-y]

Ja-b]?
<d , Ame - ——F——

Ja-b]°
< dS(T)(xa y) + (Aﬂ- - 1927"3 C &,
and using ¢ > () ends the proof. O

We are now in position to prove Proposition 3.18 and Theorem 3.22.

Proof of Proposition 3.18. If r; = oo there is nothing to show. Otherwise, notice that
because r; > /2 by definition, there holds that

192R3 2R\ 8R
5(R)>max{ 3 (1+w6—0),6—0}>1

for all R > r;. Now, since {(r1)Y < ry, one can find R > r; such that {(R)Y < R. By
definition of r1, there exist 2,y € K’ such that § + 2 < |z - y| < 2R and dgg)(z,y) <
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d’'(x,y). Now, let a,b € K be two closest points (in Euclidean distance) from x and y
such thatd(a,b) =d (prg({z}),prg({y}). Then

§<a-b] < |z-y|+2 <2R+2YT <2(R+E(R)Y)

and
27
fambl < o=yl + 26 < (14 220 oyl

We now can apply Lemma 3.B.1 with A = 2R/dy and A = 1 to find that

1

1+v
1

1+v
1
> 15 (ds(rse(ryr)(a,b) + 1)

. 1+7/6

> ds(r+e(ryr)(asb),

d(a,b) > d'(z,y)

>

ds(r)(z,9)

where the last inequality uses that ds(r.¢(ryr)(a,b) > [a - b|| > 6. At the end of the day,
since Y > ov, we have d(a, b) > ds(r+¢(r)r)(a,b), so that sdrs(K,0) < R+ {(R)Y. Taking
R to r; yields the result. O

Proof of Theorem 3.22. We take ¢ > 0 such that
e < Cyep, €< (01 -00)/2, and e < rg/Ly,

and take § € [dp, 01 —¢). We write r; := sdrs(K,d) and ry,. := sdrs,. (K, d) for short. Recall
that rs < rs5,.. Now take r < 5, — Loe, and two points =,y € K such that 6 < |z - y| < 2r
(if there are none, then r < rs automatically). If [z - y|| > 6 + ¢, then d(x,y) < ds() (7, y)
because r < r5,.. If now |z —y| < § +¢, since |z - y|| < Ay, we can use Assumption 3.20
and find a point a € K such that |a - y|| < ¢/Cp and |z - al| > |z - y[| + > § + . Now,
since r + Log < 154¢, itholds d(z, a) < ds(r+14e) (7, a). Furthermore, notice that

e
Codor

1
r-al|<|r-y|+—=e< |1+
Jo-al < o=yl + ze <

)l - ol
Using Assumption 3.21 and Lemma 3.B.1 with A = r1/(Cydp) and X = C1/Cy, we find
Cy
d(l‘,y) < d(l" CL) + d(a,y) < dS(T+L0€) (x7 CL) + 805 < dS('r') (x,y),

so that in the end r < rs5. Taking r to r5,. — Loe yields that r5,. < rs + Loe, ending the
proof. O

Finally, Corollary 3.19 follows as a direct corollary of Proposition 3.18.
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Proof of Corollary 3.19. Since {oe < 2sdrs, (K, d), the radius sdrs, (K, d) is in partic-
ular finite so that, according to Proposition 3.18, sdrs(K’,d") < 2sdrs, (K,d) and,
consequently, &Y < sdrg(K',d") and &Y < sdrgyo. (K, d), where & = £(sdrs(K',d"))
and & = {(sdrsy2- (K, d)). Applying Proposition 3.18 twice — which is possible, since
T > ((0-2¢)v) ve)—, we thus find

Sdrg_ge(K, d) -&7T < Sdrg(K/, d,) < Sdr5+2€(K, d) + &7,
and we conclude by noticing that both &; and & are less than &. O
Proof of Theorem 3.23. Using Corollary 3.19 and Theorem 3.22, one find that

Sdr5(K,7d’) < Sdr5+2E(K7 d) + £OT
< SdI‘g(K, d) +2Lge + foT
<sdrg(K,d) + (Y,

and likewise for the lower bound. O

3.C Proofs of Section 3.5

3.C.1 Minimax Lower Bound for Metric Learning

We now turn towards the proof of Theorem 3.25. It relies on an adaptation of the
classical Le Cam’s argument [Yu97] to the asymmetric 10ss o

Lemma 3.C.1. Let z,y ¢ R? and let My and M, be two submanifolds of RP such
that x,y € My n M, and the uniform distribution Py (resp. P;) on My (resp. M) is

inPry 1 (fmin, fmax). Then if dag, (2, y) < dag, (,9),
: 7 1 dMo(x’y) n pen
inf sup Epen[lo(dldpr)] > = x |1 - —2—"| x (1 = TV(Fy", PP")), (3.22)
d pepk 2 dMl(l',y)

Proof of Lemma 3.C.1. For brevity, we write R,, be the minimax risk appearing in the
left-hand side of (3.22). First, we write

Rp>inf  sup  Epen[leo(d|dar)]

d Pe{Py,P1}
>inf sup Ep®n[ 1- MH
d Pe{Py,P} das(z,y)
>linf{EP®n[1—M ]+Ep®n[ 1_MH}
2a e dary (2, 9) 1 dar, (2, y)
>—infEP®n [(‘l—M +‘1_MDX(1A %@n)]
2 d 0 dMD(x7y) dM1($,y) dPO
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But now, using that dy, (z,y) < dag (2,y), a simple computation shows that the func-
tional
5»‘1——5 ‘+‘1_—(5 ‘
dMO($,y) dMl(va/)

is minimal for § = dz, (z, y) so that

dP®n
R, > EEPSM [ 1- M « (1/\ dplm)]
2 Ml(aj?y) 0

_ 1 % ‘1_ dM()(aj7y)

= — x(1-TV P®n,P®n ’
9 dMl(aj,y) ( ( 0 1 ))

which ends the proof. O

Proof of Theorem 3.25. Without loss of generality, we set the analysis in R*! ~ R%*! x
{O}D_(d+l) c RD

Submanifolds Construction We let M, c R%*! be a submanifold of Cé“rchmin L/2 such

that it contains the cylinder
{(s,2) e R*x R | |s| = Rand |z|| < 3R}.

Such a manifold always exists as soon as R > 2rchy,;, and L; is large enough compared
to 1/R’~!. For instance, one can design 1/, as a hypersurface of revolution obtained
based on patches the interpolating curves of Lemma 3.A.1.

In what follows, we denote any z ¢ R = R x R as z = (w, h) € R? x R. With this
notation, we define, for ¢ > 0 and ¢ > 0 to be chosen later,

®.(z) =z +csFK(w/e)eq1 where egyq = (0,...,0,1) e R4

where K (w) equals exp(-1/(1 - |w|?).) for |w| < 1 and 0 otherwise.

For ¢ < 1 and ¢ small enough, ®, is a diffeomorphism of R%*! with derivative
bounded up to the order k. Using [AL19, Proposition A.4], we get that M, := &.(M), the
image of M, by ®., belongs to CfchmimL provided that c is small enough (depending on
R)and € < cR.

Locally around the apex (0, R) € R%!, M can be seen as the graph of ¥(w) :=
VR? - w?, defined on (-R, R) x Bra-1(0,3R), while M, is the graph of

U, (w) == To(w) + ce" K (w/e).

Finally, we let . (w) = (w, ¥.(w)) and similarly define ¥,. We refer to Figure 3.C.1 for
a diagram of the situation.
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v Rd—l

(a) (b)

Figure 3.C.1 - (a) The cylindrical section of M, used in the proof of Theorem 3.25, and
(b) the perturbed submanifold M..

Shortest-Path Properties In this section, we seek to derive a lower bound on the
loss |1 — das, (z,y)/dar (x,y)|, so as to apply Lemma 3.C.1. For this, we will consider
well-chosen z,y € My n M, and derive a lower bound on d;/_(x,y) — dag, (2, y).

We let £ < R, and we pick x := Uo(~Le;) and y := ¥g(Le;) where e; = (1,0,...,0) e R%,
By construction, x and y belong to M,. Furthermore, provided that ¢ > ¢, there holds
that z = U_(~fe;) and y = U.(/e;) so that x and y are also in M.. We let v : [-1,1] - M.
be a shortest path in M. between = and y, parametrized at constant speed. We denote
paths

We = agey + be = PTrdx {0} ('75)3

where b. € {0} x R?"!, We refer to Figure 3.C.2 for a diagram of the situation. Several
observations are in order.

e Since w.(£1) = +fe;, we have a.(+£1) = +¢ and b.(+1) = 0. Also, because ~. is a
minimizing path, a. is nondecreasing, and ||b. || < ¢ (see Figure 3.C.2).

* Because 7. has constant speed on [-1, 1], there holds
()] = G (y) € (410, Axf], forall ¢e[-1,1], (3.23)
with A1, A» depending on R only, uniformly on small .

* a. and b, are smooth and . = V. (w.).

e Since M. is symmetric with respect to {0} x R?, so should be the shortest path
between x and y. This entails in particular that b. is even and that «. is odd;

* As 7. has constant speed and has a curvature bounded from above (as a shortest
path in a bounded-curvature space), the ratio |y”|/|~.|? is bounded in sup-norm
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(b)

Figure 3.C.2 — (a) Top view of M, and of one of the shortest path between = and y,
in blue. In light grey is represented the bump of size . (b) Same view of M. as (a),
illustrating the fact that any shortest path must go from left to right (otherwise one
can construct a shorter path, through s; in the figure) and cannot go outside the
shaded area (otherwise one can construct a shorter path, through s, in the figure).

by a constant depending on R only. Therefore, there exists a constant B > 0
depending on R only such that, uniformly on ¢ small enough,

max { [z oo/t |al oo /€%, [Vl ]oo /€, [0 | 0/€%} < B. (3.24)

By symmetry also, +. crosses the hyperplane {0} x R? orthogonally. As a conse-
quence (7.(0),eq:1) =0, bL(0) =0 and

az(0) = wl(0)] = |7(0)] € [Arf, A2f],
where A; and A, were introduced in (3.23).

e Finally, using (3.24), we deduce that there exists C' > 0 depending on R only such
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thatforallte[-1,1],

lac(t) —al(0)t] <O,

lal(t) —al(0)] < O, (3.25)
laz(t)ac(t) - al(0)%t] < CL2,

b (t) = b:(0)] < Clt.

Perturbative Expansion of the Geodesic Length We let vo(t) := ¥q(a:(t)e;). Al-
though not constant-speed, monotonicity of a. implies that ~ is the shortest path in
My between z and y, and we get, using (3.24) and (3.25), that for some constant A3

depending on R,
Ay

20°
which we will assume henceforth. Furthermore, the velocity of -, writes

%AIZ <) < Ast if €< (3.26)

L = AT () ] = Ao ()] + e* (VK (uefe), wldean
= w; + (V\I’o(wg), w;)ed+1 + Cek_1<VK(wE/€), w;>€d+1

= a;el + b; + ((V\Ifo(ag), a;) +C€k_1(VK(wE/5), w;))edﬂa

=Vo =V1
where we used the fact that ¥y depends only on its first variable. We write the last
term as (Vo + V1)eq+1. Using that each three terms in the preceding development are
orthogonal, we obtain

VL% = a + |12 + (Vo + V1)? = a2 + V2 + |0l + 2V V1 + V3, (3.27)
N——
=512 =Q-

and it only remains to study the last three terms, denoted by Q.. First, notice that
using (3.24), one can find two constants Dy depending on R such that Q. > —Dge?/¢2.
Together with (3.26), this yields that Q./||v5|? > -1 for £ small enough (depending on
R). Likewise, we can show that Q. < Dy (¢% + (2% + £*), for some constant D; depending
on R. This again yields

”fﬁ <Dy if e< D3, (3.28)

for some constants D, and D3 depending on R only. All in all, we have that Q./|~{| €
[-1, D2 ]. Using that

1+z if z¢[-1,0],

V1i+z2
1+ Dyz if z e [0, D,], with D4:Di2(\/1+D -1),

we can finally derive from (3.27) and (3.28) the following bound

‘ Q
0
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where

and where we also used (3.26) to bound 1/|~;|. In particular, integrating (3.29) over
[-1,1] yields that

1
A (2.9) > dary (. 9) + [ 7(Q0)Q-.

To obtain a more explicit bound, let us now study Q.. For this, first rewrite v, and
V1 more explicitly as

asa’

_ K(w/e) ,
Vo= -————=— and V;=-2cc"2— (. w!).
i = ey )

Hence, noticing that (w., w.) = a.a. + (b.,b.), one can write 2v(V; as Py + P; with

P _ k-2 . ’ 2T5
0 =&""(acal) with 7. := 4eK (wefe) '
Py =&""2T.a.a (b, bL) VER? = a2(1 - |we/e|?)?
For ¢ < A;/4C, condition (3.25) together with a’(0) > A;¢/2 imply that
4
lwe(®)| > |ac(t)| > & forallt| > t. with . := A_eé,
1

so that in particular, 7.(¢) = 0 for |¢| > t.. Furthermore, notice that, provided that / is
small before R, T; is bounded by some constant £ > 0 depending on R only. Using
again (3.25), we find that for ¢ < A% /8C, there holds
1 1
(alac)?(t) > 5a,;(o)%? - OS> 3—2A‘1*£4t2, (3.30)
and  |alac|(t) < al(0)?|t| + CLPt? < 5A32|t| forall te[-1,1].

In particular, we find that

1 te
[ 1Pt <52 EA R b oo [tk
= 5M 2B AT b | oo |02 ot
< 80BE|be oo <",
where we used (3.24) in the last inequality. On the other hand, letting ¢ty € (-1,1) be a
time at which |b-(¢9)| = | b:], notice that

1 to 1
bl 2:/ b/ 2+f b/ 2
L= P [
1 to 71
aenne

2

1
> + / bL
1+t 1-1ty to

1 1 9 9
= + — b t 22 b .
(1+t() 1—t0)” E( 0)” H EHoo
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Integrating (3.27) and using that V2 > 0 thus yields

1 1
L 7(Q2)Q > 2|be oo (71| be] oo — 402 BEC2ER) + 76572 [1 (a:d)?T..  (3.31)

where 7 is the smallest value of 7, and 7 its greatest value. Now we distinguish on the
value of ||b-(0)

o If |b-(0)| > £/2, then ||b.| > £/2 and for £ small enough, we get, noticing that the
last term in (3.31) is non-negative,

1
fl 7(Q2)Q: > cre(e)2 - £/4) [ > cre? /L.
* Otherwise, if |b-(0)| < £/2, then, using (3.25), we find that

[b=(D)] < 3¢/4,
lac(t)]  <e/2,

. . . 2A
forall |t| <t with ¢] := mln{ c = 2 }

4C0 8Axl" CY

For ¢ small before R, ¢} is of the form ¢} = Ge/¢ with G depending on R only.
Furthermore, notice that for [t| < ¢, there holds |w.(t)|? = |ac()]* + |b<(t)]? <
132/16. In particular, 7. is lower-bounded on [~t}, t*] by a constant H depending
on R only. Noticing that ¢} < t., we can use the inequality in (3.30) to obtain

t
iA;*f‘*H t2dt = 4—18Ai‘HG3653.

fl(a al)*T. >
T 30 —t

Finally, since z + z(z - v) is minimal on R, at z = v/2 with minimal value -1%/4,
we find the bound

1
f T(Qe)Q: > cre™! - c;%£352k 2 CR€k+1,
-1
provided that ¢ is small enough before R.

In both cases, we find that f_ll 7(Q:)Q: > cre®*!. Now integrating (3.29) gives

k+1

dMg($7y) >dMo(xay)""cg-ZE >dMo(x7y)'

Finally, (3.23) yields d s (z,y) > 242 and letting ¢ := (1vD3')e, which we can from (3.28),
finally gives
_ dMo (‘/Ea y)

k
> cpe”. (3.32)
Az~

i

Concluding with Le Cam’s lemma We apply Lemma 3.C.1 with M, and M, := M, for
e properly chosen. Their volumes are bounded from above and below by something
depending on R and d only, so that the uniform distribution on M, and M, are in
Pk . (fmin, fmax) provided that fui, and fnax are respectively small enough and

I‘Chminv
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large enough compared to 1/R?. Finally, we set R = 2rchy, and ¢ = (Cran,., an) /4.

For n large enough so that all previous controls are verified, Lemma 3.C.1 finally yields

. -~ 1 _
lrif Sup EP@” [eoo(d|dM)] > _CrChmingk(]‘ - CrChminydngd) 2 CrChminvdvkn k/d’
d Pepk 2
where the total variation was bounded using [BHHS22, Lemma 7]. O

3.C.2 Plug-in Estimation for Metric Learning
We start by giving the proof of Proposition 3.26.

Proof of Proposition 3.26. Let z,y € K. Notice that, since K c (K')¢, there holds triv-
ially that dx-(x,y) < dg(z,y). For the converse inequality, let v : [0,1] -~ R” be
a continuous path in (K')° between z and y. Since ¢ < rch(K)/2 the closest-point
projection on K is well-defined on (k') ¢ K¢ and we can consider g = pr o7, which
is a continuous path in K. For any subdivision 0 = ¢y < t; <--- < t;, = 1, there holds

rch(K)

Yo v Eiea) =) |

k-1
tinn) =0(t) | € e

where we used the fact that pr is rch(K)/(rch(K) - 2¢)-Lipschitz on K?¢ [Fed59, Thm
4.8 (8)]. Taking the supremum over all subdivision yields

rch(K)

< —— 2
dK(xvy) L(VD) I'Ch(K) — 2€L(7)
and then taking the infimum on all continuous path ~ finally gives
2e
e 2 - ——
ending the proof. O

To prove Theorem 3.27, an intermediate result that bounds the intrinsic diameters
of the supports in our statistical model is needed.

Lemma3.C.2. Forany P € Py | (fuin, fmax), if M = supp(P), then

sup dM($7 y) < dmax-
x,yeM

where dyax s defined in Theorem 3.27.

Proof of Lemma 3.C.2. We let x4, ...,z N be a rchy,, /4-packing of M. We let z,y € M,
and G be the neighborhood graph built on top of z, y, 1, ...,z with connectivity ra-
dius rchy, /2. Using [NSW08, Theorem 6.3], denoting zy = z, 21, . . ., 2 = y the shortest
path between x and y in G, there holds

k-1 k-1
da(z,y) < Y2 dar(zis 2ie1) < O 2] 21 = zisa | < krchmin -
i=0 =0
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Butnow k< N -1and
volg(M) < volg(M)
mingens volg(M N B(, rchmin /4)) ~ (1 - 1/82)%? wyrch?, /44’

min

N <

where we used [NSW08, Lemma 5.3]. Noticing that vol (M) < 1/ fmin, We easily con-
clude. O

We are now in position to prove Theorem 3.27.

Proof of Theorem 3.27. We let A,, := {du(M, M) < ¢,,} denote the event where M is ¢,,-
precise in Hausdorff distance, and we take =,y € M. On the event A,,, for n large enough
such that ¢,, < rchy,, /2, Proposition 3.26 applies to K’ = M u {z,y} and, together with
Lemma 3.C.2, yields

d(z,y)
dar(z,y)
On A¢, we distinguish whether |z -] < ¢, ornot. If so, then d(x,y) = |z -y| < da(z, ).

2e,

1- < .
‘ rchmin

In the other case, dy/(z,y) > ||z —y| > €, and d(z, y) < dmax SO that, in any case

‘1 _ d(l’,y) < d(.’L‘,y) dmax

< <1+ ——,
dM(.%', y) dM(:Uay) €n

for n large enough such that ¢,, < dmax. Patching these two bounds together yields

Epon [l @dar)] € = PP (Ay) + 1+ 2222 poncar),
r En

hmin

ending the proof. O

3.D Proofs of Section 3.6

We first prove that submanifolds of the model do fulfill Assumption 3.20 and Assump-
tion 3.21.

Proof of Proposition 3.30. Assumption 3.21 is a simple consequence of [NSW08, Propo-
sition 6.3] which yields fulfillment for A; = rch(A/)/2 and C = 2. For Assumption 3.20,
take 2,y € M such that |z~y[ <rch(M) and take ¢ < rch(M)/4. We consider a = exp, (v),

where
P, M (z-y)

= - )
I pro, a(z =)l
Thanks to [Fed59, Theorem 4.8 (7)], there holds

| prr,ar(z = y)|* = |2 ~y[* - d*(z ~y, T, M)

2” _ HZ_ ||x—yH4
4rch?(M)

v

3 2
z— - )
2o
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and
{(z =y, pre, (2 - y))

| pre, m(z =)l

1
(v,y-z)=¢ = el pry,p(z-y)I > gelz -yl

so that )
1
lo=y=vl*> -yl +ela -yl +<*> (lo-yl + 5¢) |
and thus |z -y -v| > |z - y|| + /2. Butnow |z -a| > |z -y - v| - |a -y —v| and

la -y —v]| < 5e%/4rch(M) according to [AL19, Lemma 1]. All in all, we get that

1 5) 3
lo=al > o -yl + 5o~ ———=e? > o -yl + e,
2 4rch(K) 16

ending the proof. O

To prove Theorem 3.31, a bound on the metric distortion between our distance
estimator and dj, is needed, that easily follows from Proposition 3.26.
Proposition 3.D.1. In the context of Proposition 3.26, we have that for all 6 > 4¢,

1+ ie
(6 —4e) Arch(K)’

Dg(dK, d(K’)E) <

Proof of Proposition 3.D.1. Proposition 3.26 already gives that Ds(dx|d(g7) < 1+
2e/rch(K). For the other control, notice that for any two z,y € (K’) that are d-apart
for the Euclidean distance, there holds denoting = = pry (z) and yo = prg (v),

d(gnye (w,y) < 4e + dk (w0, 90)

because the piecewise-defined path consisting of the segment [z, ] of the (or a near-
minimizing) shortest-path between z(, and y, in K, and of the segment [y, y], is a
continuous path in (K")¢ between z and y of length the RHS of the display above. Now
notice that

dg (20,%0) > [zo - yo| > 0 — 4e,

which immediately yields Ds(dgrye|dg) <1+ 575 O
The rate of the plug-in SDR estimator follows straightforwardly.

Proof of Theorem 3.31. Let A,, := {dH(M, M) < 5n}. On this event, we have Ds(d, d;) <
1+ 8¢,,/4 according to Proposition 3.D.1, so that applying Theorem 3.23 with § = 6/2,
e =, and v = 8¢,,/d yields |sdrs — sdrs(M, das)| < Coen With o < Cs? . /6*. We conclude
that

E pen [Sdrs — sdrs(M, dar)| < Goen P2 (An) + 28max P=" (A7),

which ends the proof. O
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Chapter 4

Pointwise density estimation on

submanifolds

In this chapter, we investigate density estimation from a n-sample in the Euclidean
space, when the data is supported by an unknown submanifold of possibly unknown
dimension. We study nonparametric kernel methods for pointwise loss, with data-
driven bandwidths that incorporate some learning of the geometry via a local dimen-
sion estimator. When the density has Hélder smoothness, our estimator achieves
an asymptotically minimax rate, provided that the underlying manifold is smooth
enough. Following Lepski’s principle, a bandwidth selection rule is shown to achieve
smoothness adaptation. Finally, a numerical implementation is conducted on some
case studies in order to confirm the practical feasibility of our estimators. This chapter

has been published in [BH21].
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4.1 Introduction

4,1.1 Motivation

Suppose we observe an n-sample (X3, ..., X,,) of size n distributed on an Euclidean
space R” according to some density function f. We wish to recover f at some ar-
bitrary point 2y ¢ R” nonparametrically. If the smoothness of f at 2o measured
in a strong sense is of order 5 — for instance by a Hélder condition or with a pre-
scribed number of derivatives — then the optimal (minimax) rate for recovering f(x¢)
is of order n~?/(2#*P) and is achieved by kernel or projection methods, see e.g. the
classical textbooks [Sil86, DG85] or [Tsy08, Sec. 1.2-1.3]. Extension to data-driven
bandwidths [Bow84, Chi91] offers the possibly to adapt to unknown smoothness, see
[GLO8, GL11, GL14] for a modern mathematical formulation. More generally, rec-
ommended reference on adaptive estimation is the textbook by [GN16]. In many
situations however, the dimension D of the ambient space is large, hitherto disqualify-
ing such methods for pratical applications. Opposite to the curse of dimensionality, a
broad guiding principle in practice is that the observations (X7, ..., X,,) actually live
on smaller dimensional structures and that the effective dimension of the problem is
smaller if one can take advantage of the geometry of the data [FMN16a]. This classical
paradigm probably goes back to a conjecture of [Sto82] that paved the way to the study
of the celebrated single-index model in nonparametric regression, where a structural
assumption is put in the form f(z) = g({(¢,x)), where (-,-) is the scalar product on
RP, for some unknown univariate function ¢ : R - R and direction ¥ ¢ R”. Under
appropriate assumptions, the minimax rate of convergence for recovering f(x) with
smoothness § drops to n~?/(25*1) and does not depend on the ambient dimension
D, see e.g. [GL0O7, LS14] and the references therein. Also, in the search for significant
variables, one postulates that f only depends on d < D coordinates, leading to the struc-
tural assumption f(z1,...,2p) = F(xi,,...r;,) for some unknown function F : R? - R
and {i1,...,iq} c {1,..., D}. In an analogous setting, the minimax rate of convergence
becomes n~#/(26+9) and this is also of a smaller order of magnitude than n~?/(26+D) see
[HLO2] in the white noise model.

The next logical step is to assume that the data (X7, ..., X,,) live on a d-dimensional
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submanifold M of the ambient space R”. When the manifold is known prior to the
experiment, nonparametric density estimation dates back to [DG85] when M is the
circle, and on a homogeneous Riemannian manifold by [Hen90], see also [Pel05].
Several results are known for specific geometric structures like the sphere or the
torus involved in many applied situations: inverse problems for cosmological data
[KK02, KKL09, KPNP11], in geology [HWC87] or flow calculation in fluid mechanics
[ES00]. For genuine compact homogeneous Riemannian manifolds, a general setting
for smoothness adaptive density estimation and inference has recently been con-
sidered by [KNP12], or even in more abstract metric spaces in [CGK*20]. See also
[BKMP09, CKP14] and the references therein. A common strategy adapts conventional
nonparametric tools like projection or kernel methods to the underlying geometry,
via the spectral analysis of the Beltrami-Laplace operator on M. Under appropriate
assumptions, this leads to exact or approximate eigenbases (spherical harmonics for
the sphere, needlets and so on) or properly modified kernel methods, according to the
Riemannian metric on M.

If the submanifold M itself is unknown, getting closer in spirit to a dimension
reduction approach, the situation becomes drastically different: M hence its geometry
is unknown, and considered as a nuisance parameter. In order to recover the density
f at a given point z € R” of the ambient space, one has to understand the minimal
geometry of M that must be learned from the data and how this geometry affects the
optimal reconstruction of f. This is the topic of the paper.

We consider in the paper a seemingly unusual framework where the support of
a distribution is unknown while the aim is to recover the density at a point zy € R”
which is known to be on the support. As mentioned above, this actually covers at least
two situations:

* The data are high-dimensional and it is reasonable to believe that they actually lie
on a smaller dimensional subset of the ambient space R”, which can be assumed
to be a submanifold. In that case, zy can be seen as an extraneous observation X
from the density f (extracted for instance from the point cloud), and the analysis
can be implicitly performed conditional on X = x;

* The data naturally lie on a submanifold, like a spheroid for geological application,
or a cell membrane in microbiology (see for instance [KPS14] who describe a
technique that yields such a point cloud). In this case, xy can be seen as an
observation X like above, but there is also the situation where the statistician can
know whether or not a given point x( is within the support (for instance a point
on a cell membrane, or a geographical location on the Earth surface) without
knowing the geometric features of the latter and without needing to estimate
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them.

4.1.2 Main results

We construct a class of compact smooth submanifolds of dimension d of the Euclidean
space R, without boundaries, that constitute generic models for the unknown support
of the target density f that we wish to reconstruct. We further need a reach condition, a
somehow unavoidable notion in manifold reconstruction that goes back to [Fed59]:
it is a geometric invariant that quantifies both local curvature conditions and how
tightly the submanifold folds on itself. It is related to the scale at which the sampling
rate n can effectively recover the geometry of the submanifold, see Section 4.2.3 below.
We consider regular manifolds M with reach bounded below that satisfy the follow-
ing property: M admits a local parametrisation at every point x € M by its tangent
space T, M, and this parametrisation is sufficiently regular. A natural candidate is
given by the exponential map exp, : T,M — M c R”. More specifically, for some
regularity parameter « > 0, we require a certain uniform bound for the (« + 1)-fold
differential of the exponential map to hold, quantifying in some sense the regularity of
the parametrisation in a minimax spirit, see Definition 4.2.4 below. Our approach is
close to that of [AL19, Def. 1] that consider arbitrary parametrisations among those
close to the inverse of the projection onto tangent spaces. Given a density function
f: M — [0, ) with respect to the volume measure on M, we have a natural extension
of smoothness spaces on M by requiring that f o exp, : 7, M — R is a smooth map in
any reasonable sense, see Section 4.2.2 below. This is line for instance with [Tri87] for
the characterisation of function spaces on a Riemannian manifold.

Our main result is that in order to reconstruct f(z) efficiently at a point zy € R”
when f has smoothness 5 and lives on an unknown submanifold of smoothness « and
unknown dimension d < D, it is sufficient to consider estimators of the form

-~ 1 " i) —Xz) D
20) = —— K220 2 eRP, 4.1
fn(zo) T ; ( . (4.1)
where K : R” - R is a certain kernel and d(zo) = d(xo, X1,...,X,) is an estimator

of the local dimension of the support of f in the vicinity of = based on a scaling esti-
mator as introduced in [FSA07]. We prove in Theorem 4.3.1 that following a classical
bias-variance trade-off for the bandwidth A, the rate n=2"8/(2ar5+d) jg achievable for
pointwise and global loss when the dimension of M is d, irrespectively of the ambient
dimension D. In particular, it is noteworthy that in terms of manifold learning, only
the dimension of M needs to be estimated. When « > 3, we also have a lower bound
(Theorem 4.3.2) showing that our result is asymptotically minimax optimal. Moreover,
by implementing Lepski’s principle [Lep92], we are able to construct a data driven
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bandwidth 7 = hi(z0, X1 . .., X,,) that achieves in Theorem 4.3.4 the rate n~®"8/(2ar8+d)
up to a logarithmic term — unavoidable in the case of pointwise loss due to the Lepski-
Low phenomenon [Lep90, Low92]. When the dimension d is known, the estimator (4.1)
has already been investigated in squared-error norm in [OG09] for a fixed manifold M
and smoothness g = 2.

A remaining issue at this stage is to understand how the regularity of M can affect
the minimax rates of convergence for smooth functions, i.e. when a < 5. We only have a
partial answer to that question, when we restrict our attention to the one-dimensional
case d = 1. When M is known, [Pel05] studied estimators of the form

RN dar (o, X;)
nhd;lﬁzo(Xi)K( h ) 2

where K : R — R is a radial kernel, d,, is the intrinsic Riemannian distance on M and
the correction term 9., (X;) is the volume density function on M [Bes78, p. 154] that
accounts for the value of the density of the volume measure at X; in normal coordinates
around z, taking into account how the submanifold curves around X;. By establishing
in Lemma 4.3.9 that 9, is constant (and identically equal to one) when d = 1, we have
another estimator by simply learning the geometry of M via its intrinsic distance d,
in (4.2). This can be done by efficiently estimating dj, in dimension d = 1 thanks to
the Isomap method as coined by [TSL0O0]. Therefore, in the special case when the
dimension d of M is known and equal to 1, we are able to construct an estimator that
achieves in Theorem 4.3.3 the rate n~?/(26+1)  therefore establishing that in dimension
d =1 at least, the regularity of the manifold M does not affect the minimax rate for
estimating f even when M is unknown. However, the volume density function 9,
is not constant as soon as d > 2 and obtaining a global picture in higher dimensions
remains an open and presumably challenging problem.

4.1.3 Organisation of the paper

In Section 4.2, we provide with all the necessary material and notation from classical
geometry for the unfamiliar reader. Section 4.2.1 together with the construction of
smoothness spaces — here Holder spaces on a submanifold in Section 4.2.2. We elabo-
rate in particular on the reach of a subset of the Euclidean space in Section 4.2.3 and
construct a statistical model for sampling n data from a density f with regularity
living on an unknown submanifold M of unknown dimension d and smoothness « in
an ambient space of dimension D in Section 5.2. In this setting, we establish in Section
4.2.5 that a reach condition, i.e. assuming that the reach of M is bounded below, is
necessary in order to reconstruct d. This is stated precisely in Theorem 4.2.10.
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We give our main results in Section 4.3 and more specifically in Section 4.3.1. When
the dimension d and the smoothness parameters « of the unknown manifold M and
the smoothness 3 of f are known, Theorem 4.3.1 states the existence of an estimator
that achieves the rate n~*"#/(2a28+d) jn expected pointwise loss, and Theorem 4.3.2 es-
tablishes that a minimax lower bound is n=#/(23*9) Theorem 4.3.3 shows the existence
of estimators in dimension d = 1 that achieve the rate n=%/(25*1) which is therefore
minimax in that case. Theorem 4.3.4 states the existence of smoothness and dimen-
sion adaptive estimators, when «, § and d are unknown. Section 4.3.2 elaborates on
special kernels upon which the estimators that achieve the aforementioned results
are constructed, and their properties with respect to bias and variance analysis. The
underlying geometry of M makes the usual orthogonality to non-constant polynomials
of a certain degree (the order of the kernel) irrelevant, and a specific construction must
be undertaken. Section 4.3.3 focuses on the case of one-dimensional submanifolds M
when d = 1, where we explicitly construct a kernel estimator that achieves the minimax
rate of convergence, revisiting the estimator (4.2) of [Pel05] and relying on the Isomap
algorithm. In Section 4.3.4, we implement Lepski’s algorithm on the bandwidth of our
kernel estimators, following [LMS97]; this achieves smoothness adaptation w.r.t. a A .
Finally, in Section 4.3.5, we build an estimator of the dimension d of M, following ideas
of [FSA07] and that enables us to obtain simultaneous adaptation w.r.t. a A § and d by
plug-in.

Finally, numerical examples are developed in Section 4.4: we elaborate on examples
of non-isometric embeddings of the circle and the torus in dimension 1 and 2 and
explore in particular rates of convergence on Monte-Carlo simulations, illustrating how
effective Lepski’s method can be in that context. The proof are delayed until Appendix
4.A.

4.2 Manifold-supported probability distributions

4.2.1 Some material from geometry

We endow R” with its usual Euclidean product and norm, respectively denoted by (-, -)
and | - |. We denote by B(z,r) the open ball of R” of center z and radius . For any
subspace H c R”, we set By (z,r) = H n B(x,r) for the open ball in H for the induced
norm.

We recall some basic notions of geometry of submanifolds of the Euclidean space
RP for the unfamiliar reader. We borrow material from the classical textbooks [GHL90]
and [Lee06]. In all the paper, we consider C* Riemannian manifolds (M, g) that we
informally call smooth, which is an abstract manifold M endowed with a C* altas
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[GHL90, Def 1.6 p.6] and a C* metric g [GHLI0, Def 2.1 p.52]. Such a manifold can
always be embedded isometrically into some Euclidean space [GR70], meaning that
the pull-back of the canonical Euclidean metric coincides with the metric of the mani-
fold. When we consider a smooth submanifold M c R”, we mean that M is the image
through such an embedding of a smooth abstract Riemaniann manifold.

Since we quantitatively compare the smoothness of manifolds within a large class
of models, we need to pick a canonical parametrisation. For this reason, we consider
the exponential map [GHL90, Def 2.86 p.85]; for any smooth submanifold A/ ¢ RP and
any x € M, it defines a smooth parametrisation

exp, : Br,a(0,6) > M

of M around z, provided that ¢ is chosen small enough [GHL90, Cor 2.89 p.86]. The
supremum of all such ¢ is called the injectivity radius at « and is denoted inj,;(z).
When M is a closed subset of R”, the exponential maps are well defined on the whole
tangent spaces. This is (one side of) the Hopf-Rinow theorem [Lee06, Thm 6.13 p.108].

Given a submanifold M of dimension d, the volume measure of M, denoted by 5/,
is the restriction of the d-dimensional Hausdorff measure H¢ to M, see [Fed69, Sec
2.10.2 p.171] for a definition. It can be shown [EG92, Ex D p.102] that this definition
coincides with the usual one of volume measure of a Riemaniann manifold: if ¢ : M —
R is a continuous function with support in exp_ (Br, 1/ (0,¢)) for e smaller than inj,,(z),
we have

= o exp,(v)y/det g*(v)dw,
i) = [ oo, (0)/det g (v)

with g (v) = (dexp,(v)[ei],dexp,(v)[e;]) and where (ei,...,eq) is an arbitrary or-
thonormal basis of T, M. We refer to [GHL90, Sec 3.H.1 and Sec 3.H.2] for further
details on the volume measure. The volume of M, denoted by vol M, is simply s (1).
It is finite when M is a compact submanifold of R”.

4.2.2 Holder spaces on submanifolds

Let M be a smooth submanifold of R” and let p > 0. We say that a vector-valued
function ¢ : M - R™ with m > 1 is y-Hoélder with > 0 if for all z € M, the map

poexp, : Br,m(0,p,) > R™ where p; =pAinjy () (4.3)
is yv-Holder in the usual sense, namely
(i) poexp, isk =[y - 1]-times differentiable;
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(ii) and verifies
Vo,we Br,a(0,p), [d"(¢oexp,)(v) —d*(woexp,)(w)]op < Rl —w]?’
with § = - k£ > 0 and for some R > 0.

We denote by H7(M,R™) the space of all such functions, and define for ¢ € H?(M,R™)
the Holder semi-norm

B |d¥ (¢ 0 exp,)(v) = d*( 0 exp,) (W) op
|l =sup ~ sup 5 .
zeM U,wgBTzM (0,/71) ”U - w”

The characterisation of the smoothness of a function ¢ : M — R™ through the expo-
nential maps is a classical way to define functional spaces over Riemannian manifolds,
see for instance [Tri87].

Remark 4.2.1. The functional set #” (M, -) also depends on the parameter p, merely
introduced for a technical reason and dropped from the notation. When the manifold
M has a reach (defined in the next Section 4.2.3) bounded from below by 7 > 0, a
natural choice for p is 77, in light of the results of Proposition 4.2.6 below.

Remark 4.2.2. This definition of Holder smoothness is also intrinsic, meaning that
it does not depend on the way M is embedded into R”. Ifindeed ) : N — M is an
isometry between N and M, then ||, = |p o 9|, for any ¢ : M - R% and v > 0.

4.2.3 The reach of a subset

One of the main concerns when dealing with observations sampled from a geometri-
cally structured probability measure is to determine the suitable scale at which one
should look at the data. Indeed, given finite-sized point cloud in RP, there are infinitely
many submanifolds that interpolate the point cloud, see Figure 4.2.1 for an illustra-
tion. A popular notion of regularity for a subset of the Euclidean space is the reach,
introduced by [Fed59].

Figure 4.2.1 — An arbitrary points cloud (Left) for D = 2, and two smooth one-
dimensional submanifolds passing through all its points (Middle, Right). A reach
condition tends to discard the Right manifold as a likely candidate among all
possible submanifolds the point cloud is sampled from.
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Definition 4.2.3. Let K be a compact subset of R”. The reach T of K is the supremum
of all r > 0 such that the orthogonal projection pry on K is well-defined on the r-
neighbourhood K" of K, namely

TKzsup{T>0|Vx€RD, d(z,K)<r=13yekK, d(z,K)=|z-y|}.

When M is a compact submanifold of R?, the reach 7,; quantifies two geometric
invariants: locally, it measures how curved the manifold is, and globally, it measures
how close it is to intersect itself (the so-called bottleneck effect). See Figure 4.2.2 for an
illustration of the phenomenon. A reach condition, meaning that the reach is bounded
below, is necessary in order to obtain minimax inference results in manifold learning.
These include: homology inference [NSW08, BRS*12], curvature [AL19] and reach
estimation itself [AKC*19] as well as manifold estimation [GPPVW12a, AL19].

Figure 4.2.2 — For the first manifold M (Left), the value of the reach ,; comes
from its curvature. For the second one (Right), the reach is equal to 7, because
itis close to self intersecting (a bottleneck effect). The blue area represents the
tubular neighbourhood over which the orthonormal projection on each manifold
is well-defined.

4.2.4 A statistical model for sampling on a unknown manifold

In the following, we fix a point zo € R” in the ambient space. See Section 4.1.1 for a
discussion on such a setting. Our statistical model is characterized by two quantities:
the regularity of its support and the regularity of the density defined on this support.
The support belongs to a class of submanifolds M, for which we need to fix some kind
of canonical parametrisation. This is what [AL19] propose by asking the support M to
admit a local parametrisation at all point = € M by 7, M, and that this parametrisation
is close to being the inverse of the projection over this tangent space. We follow this
idea by imposing a constraint on the exponential map. In the following, we take 7 > 0
and set p = 77 in the definition of the Hoélder spaces of Section 4.2.2.

Definition 4.2.4. Let1 < d < D be integers. We let Cy(7) define the set of submanifolds
M of RP that contain xy and satisfying the following properties:

(i) (Dimension) M is a smooth submanifold of dimension d without boundaries;
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(ii) (Compactness) M is compact;
(iii) (Reach condition) We have tp; > 7.

Fora>1andL >0, wedefineCy (7, L) as the set of M € Cy(7) that fulfill the additional
condition:

(iv) Theinclusion map vy, : M — R is (a + 1)-Hélder with |tys|o+1 < L.

Remark 4.2.5. The definitions above endow our model with global constraints, even
though most of them can be stated in a local fashion, with properties of the support
holding in a neighbourhood of our candidate point 2 ¢ R”. This meets two expecta-
tions:

- staying close to the existing manifold setting in statistics, like in [AL19];

- allowing for further developments, like estimation in global losses, such as LP-
norms, Wasserstein norms, or the sup-norm [WW20].

The reach condition 7, > 7 > 0 in (4i7) is essential in estimating consistently a den-
sity at a point in our setting, as shown in Theorem 4.2.10 in Section 4.2.5. Furthermore,
areach constraint enables one to benefit from several interesting geometric properties.

Proposition 4.2.6. Let M be a compact smooth submanifold of R” withty; > . Then
the injectivity radius inj,, is everywhere greater than «r.

This result is a corollary of [AB06, Thm 1.3], as explained in [AL19, Lem A.1]. Pick
M € C4(7). For any x € M, the map v ~ exp,(v) — = is bounded above by 77 on
B, 1 (0,77) , since for any v € By, 5,(0,77), we have | exp, (v) — z|| < das(exp,(v),z) =
|v|, where dj; is the intrinsic distance on M. This uniform bound along with the
Holder condition (iv) allows one to obtain a uniform bound on the first derivatives of
the exponential map.

Lemma 4.2.7. For M €Cy(7,L), anyx € M, and any 1 < j < [«], we have

sup ”dj exp, (V) |op < Lj,
UEBTI A/[(O,TFT/Q)

with L; depending ond, T, L and o only.

See Lemma 4.A.6 in the appendix for further details on the proof. In the light of this
result, the model of Definition 4.2.4 is thus quite close to the one proposed by [AL19].

Remark 4.2.8. There is no obvious equivalence between M having a reach greater than
7, and M being Holder, in particular because the reach is a global quantity, while the
Holder smoothness property, as defined in Section 4.2.2, is a local feature. However,
having a reach greater than 7 implies that ||d? exp,(0)| < 2/, in light of Proposition
4.A.1. For this reason, we always have that the submanifold M is at least 2-Holder.
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We are ready to define the class of density functions that we study, built upon
submanifolds in the class Cy4(7).

Definition 4.2.9. Let1<d<D-1,a21,8>0,7>0,L>0,R>0and0 < fmin < fmax-
We define Ein(T, L, fmin, fmax, R), or Eiﬁ for short, as the set of probability measures P
onRP (endowed with its Borel o -field) such that

(i) There exists Mp € Cq (T, L) such thatsupp P = Mp;

(ii) There exists a version of the Radon-Nikodym derivative
belongs to 1P (Mp,R);

dpP
diny,” denoted by fp, that

(iii) This version satisfies fmin < fp < fmax and|fp|g < R.

Some remarks: 1) The support of any P ¢ Ei’ B(T, L, fmin, fmax, R) contains the can-
didate point zy by construction, see Definition 4.2.4 where C; (7, L) is defined. 2)
Condition (i) discards the possibility that fp is zero on non-null subset of A/; in partic-
ular fp is non zero around z (but can be zero at 2y nonetheless). This ensures that x
does not lie too far from the data. An alternate definition is to impose a condition like
P <« pyy. This leads to the same results in the next sections, but with a slight ambiguity
in the choice of M. 3) The parameters in subscript or superscript (d, «, 5) control the
rate of convergence of the estimation, while the parameters (7, L, fiin, fmax, R) control
the pre-factor in the rates of convergence. For notational simplicity, we sometimes
omit them when no confusion can be made.

4.2.5 Choice of aloss function and the reach assumption

For P « Eiﬁ and a n-sample (X1,...,X,,) drawn from P, our goal is to recover the
value of fp(zp) thanks to an estimator f(x() built on top of the data (X3,..., X, ). We
measure the accuracy of estimation by the maximal expected risk or order p, forp > 1,
defined by

sup Epen[|f(z0) - fp(z0)P]"
Peziﬁ

We look for an estimator with the smallest possible maximal risk as the number of
observations n goes to co. We first show that if we let 7 = 0, i.e. if we do not impose a
reach condition, then it is impossible to estimate fp(x() consistently as n - oo for any
estimator, thus establishing that the reach assumption 7 > 0 is unavoidable.

Theorem 4.2.10. In the setting of Definition 4.2.9, if we let T = 0, the following lower
bound holds

. -~ 1
inf sup Epen[|f(20) = fr(20)P1"" > = (fmax = fmin) > 0,
f(w)PeEi!B 2

where the infimum is taken over all estimators f(zo) of fp(x0).
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The proof is given in Appendix 4.A.2. This result is in line with a reach condition 7 >
0, a customary necessary condition in a minimax reconstruction in geometric inference,
when the manifold is unknown, see [NSW08, GPPVW12a, BRS*12, KRW16, AL19] and
the references therein.

4.3 Density estimation at a fixed point

Recall that we fix a point o ¢ R” where we wish to estimate fp. Throughout the
section, the symbols < and > denote inequalities up to a constant that, unless specified
otherwise, depends on the parameters d, «, 3, 7, L, fmin, fmax, R and p. The expression
for n large enough means for n bigger than a constant that depends on the same
parameters.

4.3.1 Main results

LetD>2,7>0,L >0, R>0,0< fmin < fmax and p > 1. Recall that we write Eiﬁ for
short for Ei B(T, L, fmin, fmax, R) as defined in Definition 4.2.9. The main results of this
section are the following.

Theorem 4.3.1 (Upper bound). Foranyl1<d< D -1,«a > 1 and 3 > 0, there exists an
estimator f(xo) — explicitly constructed in Section 4.3.2 below — depending on «, 8 and
d, such that, forn large enough,
sup Epen[|f(w0) = fp(20)[P]VP 5 nenGendsd),
Pext g

The estimator of Theorem 4.3.1 is a kernel density estimator that depends on «, 8
and d through the choice of the kernel and its order (in a certain sense specified below),
together with its bandwidth. Its analysis is given in Section 4.3.2. The estimator is
indeed optimal in a minimax sense, as soon as « > f3.

Theorem 4.3.2 (Lower bound). Let1<d<D-1,a>1andp > 0. IfL and fy..x are large
enough and if f.i, is small enough (depending on 7), then

liminf D inf  sup Epen[|F(z0) - fr(z0)P]P > C, >0
n=ee f(zo) Pexd

where C, only depends on T and R.

See Appendix 4.A.3 for a proof. The rates from Theorem 4.3.1 and Theorem 4.3.2
agree, provided the underlying manifold M is regular enough, namely that « > 8. This
probably covers most cases of interest in practice. However, when « < 3 the question
of optimality remains. We investigate in Section 4.3.3 below the simpler case d = 1 and
show that it is then possible to achieve the rate n~P/(26+1) at the extra cost of learning
the geometry of M in a specific sense.
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Theorem 4.3.3 (One-dimensional case). Letd = 1 and 8 > 0. Assume that fun, > 0.
Then there exists an estimator f'P (x) — explicitly constructed in Section 4.3.3 below —
depending on 3, such that, for any o > 1 and forn large enough,

sup Epen (|17 (w0) = fp(wo)[P]P s n~ /2P,

1
PGEDL,ﬁ

The estimator described in Theorem 4.3.1 and Theorem 4.3.3 requires the speci-
fication of «,  and d, that are usually unknown in practice. We can circumvent this
impediment by building an adaptative procedure with respect to these parameters.
In Section 4.3.4 we adapt to the smoothness parameters « and § by implementing
Lepski’s method [Lep92]; in Section 4.3.5, we adapt to d by plugging-in a dimension
estimator. We obtain the following result:

Theorem 4.3.4 (Adaptation). Let ¢ > 0. Assume that funin > 0. Then, there exists an
estimator f292Pt(z) — explicitly constructed in Section 4.3.5 below — depending on { such
that, for any o, 8 in [0,¢] and any 1 < d < D - 1, we have, for n large enough,

aAB
N log n \ 2arB+d
sup. Epon[|f0" (a0) - fo(ao)]7 5 (£7) .
pexd | n

We were unable to obtain oracle inequalities in the spirit of the Goldenshluger-
Lepski method, see [GL08, GL11, GL14], due to the non-Euclidean character of the
support of fp: our route goes along the more classical approach of [LMS97]. Obtaining
oracle inequalities in this framework remain an open problem.

4.3.2 Kernel estimation

Classical nonparametric density estimation methods are based on kernel smoothing
[Par62, Sil86]. In this section, we combine kernel density estimation with the minimal
geometric features needed in order to recover efficiently their density. Since the intrin-
sic dimension d is not prone to change in this section, we further drop d in (most of)
the notation. The proofs of this section can be found in Appendix 4.A.4.

Let K : R” - R be a smooth function vanishing outside the unit ball B(0,1). Given
an n-sample (X1, ..., X,,) drawn from a distribution P on R?, we are interested in the
behaviour of the kernel estimator

F o) = - 3 i (Kiz o
fh(xo)—nhdj;l(( ; ) h > 0. (4.4)

Note that the normalisation here is 4% and not 4 as one would set for a classical kernel
estimator in R”. Our main result is that f, () behaves well when P is supported on a
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d-dimensional submanifold of R?.

We need some notation. For P ¢ Ei B define
fn(P,z0) = Epen[ fr(0)],

Bp(P,x0) = fa(P,z0) = fr(z0),
and
(P, o) = fn(zo) = fu(P,x0),
that correspond respectively to the mean, bias and stochastic deviation of the estimator

Tn(xo). We also introduce the quantity

2w [ Ko
nhd nhd

Q(n) = with w = 49| K% finax,

where (; is the volume of the unit ball in R?. The quantity Q(%) will prove to be
a good majorant of the stochastic deviations of f,(z). The usual bias-stochastic
decomposition of f,(z) leads to

Epen[|Fo(z0) - Fr(20) P17 < |Br(P,20)| + (Epan [[G(P,0)P]) . (4.5)

We study each term separately. The stochastic term can readily be bounded from
above.

Proposition 4.3.5. Letp > 1. There exists a constant c, > 0 depending on p only such
that or any P € X2 and any h < 7/2:

(Epen[[G (P, 20)P]) " < cp2(h).

Now we turn to the bias term. We need certain properties for the kernel K. More
precisely, we assume that

Assumption 4.3.6. The kernel K verifies
(i) K is smooth and supported on the unit ball B(0,1);
(i) For any d-dimensional subspace H of R”, we have [;; K (v)dv = 1.

One way to obtain Assumption 4.3.6 is to set A(z) = exp (- 1/(1 - |z]?)) for z €
B(0,1) and A(z) = 0 otherwise. Since A is rotationally invariant, its integral is the same
over any d-subspace H of R”. Thus, with \; = [, A(v)dv where Hy = RY x {Ogp-a}, the
function K (z) = \;'A(z) is a smooth kernel, supported on the unit ball of the ambient
space R” that satisfies Assumption 4.3.6. In the following, we pick an arbitrary kernel
K such that Assumption 4.3.6 is satisfied.
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Lemma 4.3.7. For P ¢ Eiﬁ and any h < 7/2, settingk = [a A B — 1], we have

k .
Sn(P,xo) = f(xo) + Y W G5(P,x0) + Ry (P, x0), (4.6)
j=1

with |Gj(P, af())| <1 Cll’ld|Rh(P, $0)| S hoNB,

The existence of such an expansion allows, by carefully choosing the kernel, to
cancel the intermediate terms. Starting from a kernel K satisfying Assumption 4.3.6,
we recursively define a sequence of smooth kernels (K (%), simply denoted by K ()
in this section, with support in B(0, 1) as follows (see Figure 4.3.1). For z e R”, we put

K(l)(z) = K(z)

4.7
KD (2) = 29/ (O (210 ) _ KO (2) Wes 1, (4.7)

A few remarks can be made: 1) In a classical kernel density estimation framework,
the integer ¢ — 1 plays the role of the order of the kernel. 2) The assumption that
K is compactly supported is seemingly quite strong. This is a way to make sure
that the support of 2 — K ((x - ¢)/h) is within the injectivity ball of the map exp,,
for any h < w7. 3) The construction of K is simply an example of a Richardson’s
extrapolation as coined by [Ric11]. 4) This construction somewhat differs from the
classical constructions than can be found in textbooks such as [Tsy08]. There is one
practical reason: we require that all the kernels satisfy Assumption 4.3.6; another reason
that appears to be more intrinsically related to our model: since the Euclidean distance
is only a second order approximation of the Riemannian distance on M, defining a
kernel through orthogonality relations with respect to a family of polynomials is not
sufficient in our framework.

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 4.3.1 — Plots of the kernel K (% ford=1and ¢ =1,2,3.

Proposition 4.3.8. Let( be an integer greater than o and j3, and let K©) be the kernel
defined in (4.7) starting from a kernel K satisfying Assumption 4.3.6. Then, for any
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Pexd , and any bandwidth h < /2, the estimator f,(xo) defined as in (4.4) using K
is such that
B (P, x0)| s h"P. (4.8)

Patching together Proposition 4.3.5 and Proposition 4.3.8 yields

sup Epon[|fn(w0) = fp(0)P]? s Q(h) + "7,
PeEaﬁ

for any h < 7/2. Therefore the estimator f(zo) = fj, (o) specified with h = n~1/(2n8+d)

indeed satisfies the conclusion of Theorem 4.3.1, for n large enough.

4.3.3 The special case of one-dimensional submanifolds

The gap we observe between the two rates in Theorem 4.3.1 and Theorem 4.3.2 leads to
the following question: does the regularity o > 1 of M have a genuine limiting effect in
the estimation of fp(x(), or does it rather reveal a weakness of the estimator described
in Section 4.3.2 ? We do not have a definitive answer to this question except ford =1 i.e.
when M is a closed curve in an Euclidean space. We can then show that the parameter
« does not interfere at all with the density estimation. The proofs of this section can be
found in Appendix 4.A.5.

If d = 1, any submanifold M in C;(7) is a closed smooth injective curve that can be
parametrized by a unit-speed path vy, : [0, Lys] - RP with v3,(0) = va7(Las) and with
Ly = vol M being the length of the curve. In that case, the volume density function is
trivial.

Lemma 4.3.9. For M € Ci(7), foranyx € M and anyv € T, M, we have det g” (v) = 1.

Thanks to Lemma 4.3.9, the estimator proposed by [Pel05] takes a simpler form,
which we will try to take advantage of. Indeed, in the representation (4.2) of [Pel05],
only dj; remains unknown. We now show how to efficiently estimate dj; thanks to
the Isomap method as coined by [TSL00]. The analysis of this algorithm essentially
comes from [BDSLT00] and is pursued in [ACLG19], but the bounds obtained there are
manifold dependent. We thus propose a slight modification of their proofs in order to
obtain uniform controls over C; (), and make use of the simplifications coming from
the dimension 1. Indeed, for d = 1, we have the following simple and explicit formula
for the intrinsic distance on M:

dyr (yar(8), 7 (8)) = [t = s| A (Lo = [t = s]) Vs, € [0, Lar].

The Isomap method can be described as follows: let ¢ > 0, and let G. be the e-
neighbourhood graph built upon the data (X1, ..., X,) and o — namely, G. = (V. F)
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where V' = (20, X1,...,X,), and where E = {(y,z) e V ||y - z| <e}. For a path in G,
(meaning: a sequence of adjacent vertices) s = (po, ..., pm ), we define its length as
Ls=|p1-po| +-+ |pm — pm-1/. The distance between = and a vertice y in the graph G.
is then defined as

d.(z,y) = min {L, | s path in G. connecting = to y} , (4.9)

and we set this distance to oo if z and y are not connected. We are now ready to describe
our estimators f'P(z,). For any h,e > 0, we set

~ 1 2 —~
FaP (o) = %;KID(da(xﬂuXi)/h), (4.10)

for some kernel K'° : R - R. Notice that the kernel K(:9(.) : RP? - R defined
in Section 4.3.2 starting from kernel K = A\{'A can be put in the form K9 (z) =
K®O (| z]) with K19 (.) denoting thus (with a slight abuse of notation) both functions
starting from either R or R”. We choose this kernel in the next statement.

Proposition 4.3.10. Assume that f,in > 0. The estimator defined in (4.10) above and
specified with K'P = K0 (.) satisfies the following property: for any j3 € [0, (] and any
a > 1, we have
2 g2 1
sup Epen[|fiP(x0) - fp(20)P]'P < = + Q(h) + h® + —,

h2
PEE}LB

with
32(p+1) logn
€= x

fmin n

forh < 7/4 andn large enough.

The proof of Theorem 4.3.3 readily follows from Proposition 4.3.10 using the esti-
mator f1P = fIP with h = n~1/(28+1),

4.3.4 Smoothness adaptation

We implement Lepski’s algorithm, following closely [LMS97] in order to automatically
select the bandwidth from the data (X3, ..., X,,). We know from Section 4.3.2 that the

—l/(20¢/\ﬁ)+d.

optimal bandwidth on Ei, s is of the form n Hence, without prior knowledge

of the value of « and 3, we can restrict our search for a bandwidth in a bounded interval
of the form [~7, 1] discretized as follow

H={27, for 0<j<logy(1/h7)}

We pick

(1K) 1
2w nl/d’
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this bandwidth is always smaller than the optimal bandwidth n~/(2*5+0) on ¢ _ for
n large, and is such that Q(h) < 2y/2w/(nh?) for all h > h~. For h,n € H, we introduce
the following quantities:

A(R) = 1v/Odlog(1/h),

P (hym) = Q(R)A(R) + Q(n)A(n) 4.11)

where O is a positive constant (to be specified). For h ¢ H we define the subset of
bandwidths H(h) = {n € H, n < h} The selection rule for & is the following:

(o) = max {h e H | ¥ e H(h), |Fi(z0) - Fy(z0)| < ¥(h,n)},

and we finally consider the estimator

F(@0) = Fr(ag) (%0)s (4.12)
where fj,(z0) is defined at (4.4).

Proposition 4.3.11. Assume® > p. Let{ € N, and let f(x) be the estimator defined in
(4.12) using K originated from a kernel K satisfying Assumption 4.3.6. Then, for any
a, f <L, we have, forn large enough

. lo anB/(2anf+d)
sup. Epen|lao) - fr(ao) P17 5 (<57 .

d
PEZ&,B

The proof of Proposition 4.3.11 can be found in Appendix 4.A.6. Some remarks:
1) Proposition 4.3.11 provides us with a classical smoothness adaptation result in
the spirit of [LMS97]: the estimator f has the same performance as the estimator
fn selected with the optimal bandwidth n~1/(222%+d) yp to a logarithmic factor on
each model Ei’ 5 without the prior knowledge of a A 3 over the range [0, ¢]. 2) The
extra logarithmic term is the unavoidable payment for the Lepski-Low phenomenon
[Lep90, Low92] when recovering a function in pointwise or in a uniform loss.

4.3.5 Simultaneous adaptation to smoothness and dimension

The estimators considered in Theorem 4.3.1 or Proposition 4.3.11 heavily rely on
the intrinsic dimension d through the choice a of kernel satisfying Assumption 4.3.6,
through the normalisation 4¢ and either through the choice of an optimal bandwidth
h, or the selection procedure (4.11)-(4.12). We now show how to adapt to d considered
as an unknown and nuisance parameter. The proofs of this section can be found in
Appendix 4.A.7.
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We redefine all the quantities introduced before as now depending on d. Namely,
for h,n > 0, and a given family of kernel K(d;-), we set

Faldiz) = 5 37 Kk (X = 20) ).

2wq [ K(d;) | o
nhd nhd
A(d; k) = 1v+/Odlog(1/h),
¥(d; h,n) = v(d; h)A(d; h) +v(d;n)A(d;n),
hg = (1K (d; )| oo /2wg) /*n /4,
Hy = {277, for 0<j <logy(1/hy)},

Q(d; h) = with wg = 4% K (d; )| 2, fmax

where O is a constant. We also define
h(d;xo) = max {h e Hy | Vn e Hy(h), |fu(d;z0) - Fy(dszo)l <¢(d;h,m)}  (4.13)

with Hy(h) = {n € Hy, n < h}. We are now left with the choice of kernel family K(d;-).
Forany1<d< D -1andh >0, we define

KW (d;z) = A7 Ax)

where A and )\; have been introduced in Section 4.3.2. We then pick an integer ¢ ¢ N
and choose

K(d;-) = K“49(d;) (4.14)

where K (49 (d;.) is defined by recursion in (4.7) starting from the kernel K (") (d;-).
We assume that we have an estimator d of the dimension d of M with values in
{1,..., D}. More precisely, we need the following property:

Assumption 4.3.12. Forany1 < d < D and all real numbers «, ( € [0, {], we have

sup P®" (c/l\;t d) S n_3p/2,
pexd

wherep is the exponent of the loss function.

If we are given such a estimator of the dimension d, then we can built a estimator
that adapts to this parameter.

Proposition 4.3.13. Let f(xg) = }%(cj\, 20) built with the kernel family (4.14), where d
is a estimator satisfying Assumption 4.3.12 and whereh = h(d, ) is defined at (4.13).
Then, forany1 <d< D -1, and any «, 8 < {, we have, for n large enough

logn anf/(2anf+d)
() -

sup Eper [|f(x0) = fp (o)1
pexd 4
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It only remains to show that there exists an estimator d satisfying Assumption 4.3.12
to obtain Theorem 4.3.4.

There are various way to define such an estimator, see [FSA07] or even [KRW16]
where an estimator with super-exponential minimax rate on a wide class of probability
measures is constructed. For sake of completeness and simplicity, we will mildly adapt
the work of [FSA07] to our setting. The resulting estimator will behave well as soon as
we add the assumption that f,;;, > 0.

Definition 4.3.14. For a probability measure P, we write P,, = P(B(xo,7)) for anyn > 0,
and P, = P,(B(xo,n)) where P, = n"' Y7, §x, denotes the empirical measure of the
sample (X4,...,X,). Define

/5\17 = 10g2 FQW - 10g2 Fn,

and set 5, = D when P, = 0. We define d,, to be the closest integer of {1,...,D} to?,,
namely d, = |5, +1/2].

Proposition 4.3.15. Assume that i, > 0. Then, foranyl <d< D -1,and anya > 1,
B >0, the estimator d = d,, forn = n~"?P*2) verifies forn large enough

sup P®" (cT:t d) <4dexp (_in—(d+1)/(D+1)) '
PEEZ,B

4.4 Numerical illustration

In this section we propose a few simulations to illustrate the results presented above.
The goal is two-fold

« To highlight the rate obtained in Theorem 4.3.1 using estimator fj,(z), in the
case where ( < a, on arbitrary submanifold and for a carefully chosen bandwidth
h;

* To show the computational feasability and performance of estimator f2d2Pt ()
described in Section 4.3.4.

For the sake of visualisation and simplicity, we focus on two typical examples of sub-
manifold of R”, namely non-isometric embeddings of the flat circle T! = R/Z and of
the flat torus T? = T! x T'. In particular, these embeddings will be chosen in such way
that their images, as submanifolds of RPL, are not homogeneous compact Riemannian
manifolds, so that the work of [KNP12] for instance cannot be of use here.

For a given embedding ® : N - M c RP where N is either T' of T2, we construct
absolutely continuous probabilities on M by pushing forward probability densities
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of N w.r.t. their volume measure. Indeed, if Q = g - ux, the push-forward measure
P = ®,Q has density f with respect to u, given by

9(2"! ()

VeeM, f(x)= |det dP (D1 (z))]

(4.15)

where the determinant is taken in an orthonormal basis of T-1(,) N and T; M, so that,
if ® is chosen smooth enough, f has the same regularity as g. If ® is an embedding of
T, we simply have |det d®(y)| = |®'(y)| for all y € T'. If now ® maps T? to M, we have

|det d®(y)| = \/det{d®(y)[ei], d®(y)[e;j])1<ij<2

= Vlde () er]|? [d2(y)[e2] | - (dD(y)[er]. d(y)[e2])? (4.16)

where (e1, e2) is an orthonormal basis of R? ~ T, T2

Strictly speaking, the probability measures P exhibited below are not elements of
the models Zi 5> but we know that they locally coincide with some Pe Ei 5 around
our candidate point x, meaning that

BB = ﬁB(m) for some r > 0.

This ensures that all the results displayed in Section 4.3 hold for P — see Remark 4.2.5
for a discussion on the local character of our setting.

4.4.1 Simulation on one-dimensional submanifolds

Let 5 €« N* and define the following function for v € [-1/2,1/2]

95(v) = Cg x (1= (=20)°) 12,0y (v) + C5 (1 = (20)7*1) Lg.179)- (4.17)

where Cj is an explicit normalisation constant. The function gg is positive and f01 gg(v)dt =
1; it defines a probability density over [-1/2,1/2]. Also, because the (5 — 1)-th derivative

of gg is 1-Lipschitz, but its 3-derivative is discontinuous at v = 0, the function gg is
B-Holder but not (8 + ¢)-Holder for any € > 0. See Figure 4.4.1 for a few plots of the
functions gg. We next consider the parametric curve

Tl —>R2
o :
t — (cos(27mv) + acos(2mwv), sin(27v) + asin(27wv)) .

Short computations show that ¢ is indeed an embedding as soon as aw < 1, in which
case M = ®(T) is indeed a smooth compact submanifold of R2. For the rest of this
section, we set a = 1/8 and w = 6. See Figure 4.4.2 for a plot of M with these parameters.
We are interested in estimating the density f3 with respect to du s of the push-forward
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g

Figure 4.4.2 - Plot of the submanifold M (Left) for parameters a = 1/8 and w = 6, and
500 points sampled independently from ®, g5 - um: for 8 = 3 (Right). The black cross
denotes the point x = ®(0).

measure Pg = ¢, g3 - up1, at point zg = (1 +a,0) € M. We use formula (4.15) to compute
fa(z0): We have ®!(z¢) = 0 and || ®’(0)| = 27(1 + aw) hence

C
fﬁ(xo) = Wfaw) at o = (1+a,0).

Our aim here is to provide an empirical measure for the convergence of the risk
n = Ep en[|fa(z0) - f3(w0)[P]'/? when h is tuned optimally (in an oracle way). We pick
p = 2. Our numerical procedure is detailed in Algorithm 1 below, and the numerical
results are presented in Figure 4.4.5.

4.4.2 Simulation on two-dimensional submanifolds

We consider a non-isometric embedding of the flat torus T2?. We first construct a
density function. For and integer 3 > 1, define

Gp: (v,u) €[-1/2,1/2]* = gg(v)gs(u) (4.18)
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Algorithm 1 MSE rate of convergence estimation

1:
2:

11:

Provide integers 5 > 1 and ¢ > 3.
Set a grid of increasing number of points n = (n1,...,n;) € N¥ and a number of
repetition V.
for n; endo
Sample n; points independently from P,
Compute f,, (o) with kernel K and bandwidth 7, = n; /@1,
Compute the square error (f,, () - f5(z))?,
Repeat the three previous steps N times,
Average the errors to get a Monte-Carlo approximation R(n;) of E Pyens [ 75 (z0) -

Fa(@o)P].

: end for
10:

Perform an Ordinary Least Square Linear Regression on the curve logn; ~
log R(n;).
return The coefficient of the linear regression.

where g5 is defined as in (4.17). Obviously, G defines a density function on T? that is
B-Holder (but not (3 + ¢)-Holder for any € > 0).

1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

-0.4
04 o2

0.0

0.2 -0.
0.4 0.4

Figure 4.4.3 - Plot of the probability density function G for 8 = 3.

We next consider the parametric surface

T? - R?
(b+ cos(2mv)) cos(2mu) + asin(2rwo)

(v,u) = | (b+ cos(27mv)) sin(27u) + a cos(2mwv)

sin(27v) + asin(2rwu)
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for some a, b,w € R. In the remaining of the section, we seta =1/8,b =3 and w = 5. We
show that ® indeed defines an embedding. See Figure 4.4.4 for a plot of the submanifold
M = ¥(T?). For an integer 3 > 1, we denote by Fj; the density of the push forward
measure Qg = ¥, G- u2 with respect to the volume measure p5;. Let z = (b+1,4a,0) be
the image of 0 by ¥. Simple calculations show that the differential of ¥ at 0 evaluated at

Figure 4.4.4 — Plot of the submanifold M (Left) for parameters a = 1/8, b = 3 and
w = 6, and 500 points sampled independently from ¥,Gg - pr= with 8 = 3 (Right).
The black cross marks the point z.

e1 = (1,0) e TyT? and ey = (0,1) € TpT? is equal to respectively d¥(0)[e] = 27(aw,0,1)
and d¥(0)[e2] = 27(0,b+ 1, aw). Hence formula (4.16) yields

1/2

det d¥(0) = (27)? ((1+ a2w2) ((b+ 1)% + a2w2) - a2w2) (4.19)

and we obtain

2 1
Fg(xo) = 4—'82 ((1+a*w?) ((b+1)* + a*w?) - a*w?) 2 .
™

In the same way as in the previous section, we aim at providing an empirical
measure for the rate of convergence of the risk Epﬁm[m(xo) ~ f5(z0)[*] when h is
suitably tuned with respect to n and 5. This is done using again Algorithm 1. The
results are presented in Figure 4.4.5.

4.4.3 Adaptation

In this section we estimate a density when its regularity is unknown, contrary to the
previous simulation where the regularity parameter g is pugged in the bandwidth
choice n~1/(28+4) This is performed using Lepski’s method presented in Section 4.3.4.
The rate is computed using Algorithm 1, for both the one-dimensional and the two-
dimensional synthetic datasets.

For the adaptive estimation on the two-dimensional manifold, we observe that the
corrective term det d¥(0) computed in (4.19) results in a density F(xo) that is quite
small, while the function ¢ defined at (4.11) and used to tune the bandwidth soars
dramatically because of the retained value of wg = 44| K (%9 |2, fuax, s0 that the values
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—244

—2.6

-2.8

—3.0

logio(mse)
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log1o(n)

Figure 4.4.5 — Plot of the empirical mean square error (blue) for a density sup-
ported by a one-dimensional submanifold (Left) and two-dimensional submani-
fold (Right) with parameter 5 = 2. We use a log-regular grid n of 21 points ranging
from 100 to 10%. Each experiment is repeated N = 500 times.

of f,(x0) and ¥ (h,-) (defined at (4.11)) are not of the same order anymore at this scale
(using maximum 10° observations). To circumvent this effect, we introduce a scaling
parameter \ as follows

Gpa = v,u = NG, \u).

Like before, we consider the push-forward probability measure ¥, Gg » - o2 which has
density Fjs , with respect to ;. For A = 4, we find that Fj3 5 (z0) is of order 1 for most
values of 3, and we use the function ™" (h,n) = Q"™ (h)A(h) + Q"™ (n)\(n) using
simply Q™™ (h) = \/l/n—hd. We have no theoretical guarantee that such a method will
work but we recover nonetheless the right rate in the estimation of the value of the
density, see Figure 4.4.6 for a plot of the estimated rate.

We find an empirical error with a relatively high dispersion, hence our choice to
represent the median of the squared error instead of the more traditional mean squared
error.
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Figure 4.4.6 — (Left) Plot of the empirical median square error for the one-
dimensional submanifold with g = 2. The bandwidth h is chosen adaptively
using Lepski’'s method of order ¢ = 3 as in Section 4.3.4. We used a log-regular grid
n of 11 points ranging from 100 to 10* and each experience was repeated N = 500
times. (Right) Same experiment but for the two dimensional manifold, with a grid
ranging from 10 to 10 and N = 100 repetitions.
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4.A Appendix of Chapter 4

4.A.1 Additional results of geometry

We first state a few classical results that we will need in the upcoming proofs. We start
with a quantitative bound that links the reach to the curvature of a submanifold. We

denote by I the second fundamental form.

Proposition 4.A.1 (Prp. 6.1 in [NSWO08]). Let M be a compact smooth submanifold of

RP. Then, for any x € M, we have | I, |op < 1/7as-

Since I, is the differential of order two of the mapping exp, at the 0 € T;, M, Propo-

sition 4.A.1 has several convenient implications. First, it gives a uniform lower bound

for the injectivity radii of M as stated in Proposition 4.2.6. Second, it also yields nice

bounds on how well the Euclidean distance on R” approximates the Riemannian

distance dy; on M x M.

Proposition 4.A.2. [NSWO08, Prp. 6.3] For any compact submanifold M of RP and any

x,y € M such that |z - y| < a/2, we have

2z -yl

lz—y| <dm(z,y) <Tm (1 -41/1
T™
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Proposition 4.A.2 allows in turn to compare the volume measure y;; to the Lebesgue
measure on its tangent spaces.

Lemma 4.A.3. For any d-dimensional compact smooth submanifold M of R”, for any
x € M and anyn < 7ar/2, we have

(1= f6m3) " Can” < par (B, m) < {1+ (€nfmar)n)* 30 (i man) ) G
where&(s) = (1 -/1-2s)/s and ( is the volume of the unit Euclidean ball in R%.

Proof. This result already appears in [Aam17, Lem II1.23] but we prove it here to make
constants explicit. Let us denote by Leb the Lebesgue measure on 7, M. Using [Aam17,
Prp I11.22.v], we know that, as long as £(n/7a;)n < 7as (Which holds if n < 73,/2),

(1-n°/67°)" Leb(Br,1(0,n)) < uas ( exp, (Br,2:(0,1)))
< par(expy (Br, 1 (0,€(n/ar)n)))
< (1+ (&(nfmar)n)?[3r) " Leb(Br,a1(0,£(n/mar)n)).

Thanks to Proposition 4.A.2, if n < 7)//2, then exp,, (BTIM(OJI)) c M nB(z,n) c
exp, (Br, 1(0,€(n/mar)n)). These inclusions combined with the last inequalities yield
the result. O

4.A.2 Proofof Theorem 4.2.10

We go along a classical line of arguments, thanks to a Bayesian two-point inequality by
means of Le Cam’s lemma [Yu97, Lem. 1], restated here in our context. For two proba-
bility measures Py, P, we write TV(Py, P») =supy |P1(A) — P»(A)| for their variational
distance and H*(Py, P,) = [ (\/dPy - \/dP, )2 for their (squared) Hellinger distance.

Lemma 4.A.4. (Le Cam) Forany P,, P € Ei 5 we have,
inf sup Epen[|f{z0) — fp(z0)P]"?
[ pexd P
1

> 5 |fei (20) = fu (o) (1= TV (PP, PF™)) (4.20)

1
> S\ (w0) = fru (o)l (1= V2 =201~ H2(P1, o) [2)").
Proof. The proof of (4.20) can be found in [Yu97, Lem. 1]. It only remains to see that

TV (PE™, P§") <+/2-2(1- H2(Py, P»)/2)". This comes from classical inequalities on
the Hellinger distance, see [Tsy08, Lem. 2.3 p.86] and [Tsy08, Prp.(i)-(iv) p.83]. O

Proof of Theorem 4.2.10. With no loss of generality, we pick z( = 0. We work in R%*! ¢
RP, and denote (ey,...,eq1) the canonical basis of R, We consider a family of
submanifolds M; c R%! such that

Ms M {(z,t) eRI xR | 2] <1} = O(5) U O(-5)
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where O(t) = {(z,t) | ¢ R?, ||z < 1}. We do not give the construction explicitly, but
refer instead to Figure 4.A.1 for a diagram of such a manifold.

Reqip:

RN M; SR

Figure 4.A.1 — Diagram of a candidate for Mj;.

We endow each M with a density f5 such that
Vze 0(5)7 fJ(z) = fmax and Vze O(—(S), f&(z) = fmin

and we denote Qs = fsdjs,. If fmin is small enough (due to the constraint vol supp P <
1/ fmin for any P ¢ Ziﬁ) we can always choose M; and fs so that |ty |a+1 < R/2 and
fsl < L/2.

Let now ® : R™! - R be a smooth, positive, radial function with support in B(0,1)
with ®(0) = 1. Because the exponential map smoothly depends on the metric, for any
h <1, there exists 6, € (0, h) sufficiently small such that the push-forward measures of
Qs through the mappings

U} (2) =1d -0, (H%) eqs1 and U5 () = Id +6;,® (%) €gil

are both in X3¢ ;. We write Nj: = U;:(Ms,), P = (¥3), (Qs,) and g for the continuous
version of the density dP; /du - See Figure 4.A.2 for a diagram of N; and V.
Using Lemma 4.A.4, we obtain

inf sup Epen [[F(0) - f(O)P177 > L1gi(0) - gy (O)] (1 - n TV (P}, ).

d
[ pesd

But now g; (0) = fs, (Sneas1) x | det d¥; (Speqs1)|™ = fmax and, likewise, g; (0) = fmin. AS
for the total variation distance, we have that TV (P}, P; ) is equal to

Py (U5(hO(0n)) + Py (hO(=0n)) + P, (¥}, (hO(=0p)) + Py, (hO())

= 2V01(h0(5h)) x (fmin + fmax) = Qthd (fmin + fmax)
where we recall that (; is the volume of the d-dimensional unit-ball. Putting all the

estimates together, we conclude

ll%f sup EP@’"H}?(O) - fP(O)’p]l/p 2 %(fmax - fmin) (1 - 2nthd (fmin + fmax)) .
Pexd 4

Letting h goes to 0 yields the result. O

135



CHAPTER 4. POINTWISE DENSITY ESTIMATION

Reqip:

Lt h e~

l' ~§~ e "‘ ‘\
1) ~ - - A
1 '_\ /_' Rd [
1 1
1 c 1
b 0 @Oh 4
[y - - ]
[} ‘," \v_ “~~ ’
‘~_.' “h ‘._o'

Regii

emy o PN

AR N N,
~. .-

. - —_— d \
1 @Oh R [
1 ]
. _/ 0 '
[} =" - '
[} e Y '
. P [ E— *o 4

L h P

Figure 4.A.2 — Diagram of manifolds IV, (Left) and N, (right).

4.A.3 Proof of Theorem 4.3.2

Proof of Theorem 4.3.2. Suppose without loss of generality that = 0 and consider a
smooth submanifold M of R*! c R” that contains the disk Bya(0,1) c R? x {Ogp-a}
with reach greater than 7, see Figure 4.A.3 for a diagram of such an M. By smoothness
and compacity of M, there exists L, (depending on 7) such that M € C;,(7,L.). Let
P be the uniform probability measure over M, with density f : z — 1/vol M. We have
Pe Zg 5 as longas L* < L and fuin < 1/ vol M < fiax an assumption we make from now
on. For0<¢d <1, let Ps = f5 - duys with

f(x)+6°G(z/8) if x e Bra(0,0)

f(z) otherwise

fs(z) =

with G : R? - R a smooth function with support in By.(0, 1) and such that [ G(y)dy =
0. We pick G such that fs5 € 75 for small enough 4, depending on 7. Such a G can be
chosen to depend on R only.

For § small enough (depending on 7), we thus have P; ¢ Ei saswell. ByLemma4.A.4,
we infer

inf sup Epon (|f(2) - fr(@)1'7 > 36°1G(O) (1-V2-20-H*(P, Py))")
Pex? 4
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Reqt

Figure 4.A.3 — Diagram of a candidate for M (Left) and of the densities f and f;
around 0 (Right).

so that it remains to compute H?(P, P5). We have the following bound

H2(P, P;) = fB (06)(1—\/1+v01M55G(x/6))2dx
rd\Ys

< vol M)2628 G2 (2/8)dx
[BRd INCERDRC D

<(Cv1)52+d

with C = vol M x fB]Rd(O,l) G(2)%dz depending on 7 and R only. Taking 6 = (1/(C v

1)n)"/(28+d) we obtain, for large enough n (depending on 7)

inf sup Epen[|f(2) - fp(2)]"

f pesd
>L((Cv 1)) D S To(T 1y > Cun P28
with C, = (C v 1)~'/2 depending on 7 and R. .

4.A.4 Proofs of Section 4.3.2

We set K,(x) = h™*K (z/h) and start with bounding the variance of K,(X - z) when
X is distributed according to P € ©¢ 5- Let first observe that

| K 0

K| oo
T:H'BD(ro,h)(X) <

(4.21)

Lemma 4.A.5. Forany P ¢ E‘iﬂ and foranyh < 7/2,
w
Varp(Kn(X =20)) < 35 where w = 49¢4| K| % b.

with (4 being the volume of the unit ball in R?.
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Proof. We have

K ZO 4d max K Zo
Varp(Kp(X - x0)) <Ep[Kn(X - 20)*] € H hZ‘Hd P(B(zo,h)) < %
where we used (4.21) and Lemma 4.A.3 with n = 7/2. =

Using Bernstein inequality [BLM13, Thm. 2.10 p.37], for any P ¢ Ei, pandanyt >0,

we infer
- [t Kot .
P||&, (P )| >/ 2= + =2 ) <207, 4.22
(\gh( )2\ =G+ 5 e (4.22)
where P is a short-hand notation for the distribution P®" of the n-sample X1, ..., X,

taken under P. The bound (4.22) is the main ingredient needed to bound the L,-norm
of the stochastic deviation of fj,.

Proof of Proposition 4.3.5. We denote by u, = max{u,0} the positive part of a real
number u. We start with

Epen [|6, (P, 20)[P] < 2271 (2(R)? + Epen[ (|&,(P,z0)| - 2(1))"]).

The first term has the right order. For the second one, we make use of (4.22) to infer
Epon[ ([E1(P,z0)] - 2(1))!]
- fom P (16,(P, z0)] > (h) + ) puP " du

:pQ(h)PfomP(@(P,xon > Q(R)(1+u)) uP~ du

<pﬂ(h>f’(1+ [ “P(@(Rxon -y K“Zgjw)upldu)

<pQ(h)P (1 + ﬂm 26_1_uup_1du)

<pQ(R)P(1+T(p))

which ends the proof. O

The proof of Lemma 4.3.7 partly relies on the following elementary lemma.

Lemma 4.A.6. Let~ > 0 be a real number and let g : R™ — R form € N* satisfying that
lglleo < b and that the restriction of g to B(0,r) (denoting here the open ball in R™) is
B-Holder, meaning that

Yo,we B(0,r), [d*g(v) - d*g(w)]op < Alv - w|’

forsome A>0 withk =[v - 1] and 6 = v — k. Then there exists a constant C (depending
onm,~,r,band A, and depending on m and~ whenr = o) such that, forall1 < j <k,

sup [ dlg(v)]op < COIT AT,
veB(0,r/2)
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Proof. Let v € B(0,r/2). Since g is yv-Holder on B(0,r), we know that there exists a
function R, such that, for any z such that v + z € B(0, ), we have

k .
o0+ %dfgw)[z@k] - Ry()

with | R, (2)| < A||z|?/k!. Let h = (2bk!/A)'/7, and z, € R™ be unit-norm. Pick a1, ..., ay €
(0,1) all distincts and small enough such that hayzo € B(0,7/2) for all k£ (if r = co, then
we can pick the a; independently from A, b and 7). Introducing the vectors of R¥

X = (hdg(v)[zo],.. —dkg(v)[ ]) and

Y =(g(v+hayzp) - g(v) = Ry(hai29), ..., g9(v+ haxzo) — g(v) — Ry(hagzo))

we have Y = VX with V being the Vandermonde matrix associated with the real
numbers (a1, ..., a;). The former being invertible, we have | X | < |V ™! op| Y || and thus,
forany1<j<k

A
<1V oy (204 5307)

R
Fdjg(v)[ngk] k!

Substituing the value of & and noticing that the former inequality holds for every
unit-norm vector zy, we can conclude.
0

Proof of Lemma 4.3.7. We set By, = B(x,h). Since 7/2 is smaller than the injectivity
radius of exp, (see Proposition 4.2.6) we can write

fi(Poao) = [ Ko (0=0) f@)dpn (o)

= f Kp(exp,, v - x0) f(exp,, v){(v)dv (4.23)
epr0 By,

with {(v) = \/detg®(v). Wesety = anfand k = [y - 1]|. Let F denote the map
f o exp,,. For h smaller than /2, we have exp; By, ¢ Br, u(0,2h) ¢ Br, m(0,7) (see
Proposition 4.A.2). We can thus write the following expansion, valid for all v € exp, By,
and all w € T, M,

k+1

exp,, (v) =z +v + Z ﬁdj expm(())[v®j] + Ri(v) with |Ri(v)| <Cy ||v||"’+1, (4.24)
j=2J"
k
F(v) = f(z0) + Y. i‘de(o)[v@j] + Ro(v) with |Ry(v)| < Cafv]”, (4.25)
j=1J-

k
Kw+w)=K(@v)+ ). l'de(v)[wg’j] + R3(v,w) with |R3(v,w)| < Cs|w|”, (4.26)
j=1J:
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with C depending on «, 7 and L, C5 depending on 3, 7, fiax and R (see Lemma 4.A.6),
and C3 depending on K. Since now we know that g;7? (v) = (dexp,, (v)[e;], dexp,, (v)[e;]),
we have a similar expansion for the mapping ((v) = \/det g%o(v)
k
1 . ,
C(v)=1+) ﬁdJC(O)[v@] + Ry(v) with |Ry(v)| < Cyfv]” (4.27)
j=1J"

with C4y depending on «, 7 and L. Making the change of variable v = hw in (4.23), we
get

k
Ju(P,xo) = Y. Gj(h, P,xo) + Ry (P,x0)
i=0

with G corresponding to the integration of the j-th order terms in the expansion
. hw)- )
around 0 of the function w —» K w) F(hw)((hw). In particular G can be

written as a sum of terms of the type
1= [, A (w)[6(w)® i (w)dw
%exp;é By,

where ¢ and ¢ are monomials in w satisfying mdeg¢ + degy) = j, with coefficients
bounded by constants depending on «, 7, L, 3, fmax and R (again, use Lemma 4.A.6
to bound the derivatives). Since now Br,, m(0,1) c % exp;; By, and since /K is zero
outside of B(0,1), we have that G; can actually be written G;(h, P,z) = h’G;(P, z)
with |G (P, z¢)| < C for some C depending on K, a, 7, L, 3, fmax and R. Similar reason-
ing leads to R, (P, z) < ChY with C depending again on K, «, 7, L, 3, fmax and R. To
conclude, it remains to compute Go( P, z¢). Looking at the zero-th order terms in the
expansions (4.24) to (4.27), we find that

Go(P,x0) = e (o) K(w)f(xo)dw = f(x0)

where we used Assumption 4.3.6. The proof of Lemma 4.3.7 is complete. O

Proof of Proposition 4.3.8. For a positive integer ¢ > 1, let ffgé) (P, z() be the mean of the
estimator f,(z9) computed using K(©). Lety = a A 8 and k = [y — 1]. We recursively
prove on 1 < £ < oo the following identity

ko
vh<r/2, fLO(Pxo) = f(wo) + Y. WG (P xg) + R (P o) (4.28)
j=t

where |R,(f) (P,z0)| < COn for some constant C¥) depending on 7,4, L, R, fax and
B. The initialisation step ¢ = 1 has been proven in Lemma 4.3.7. Let now 1 < ¢ < k. By
linearity of f;, (P, xo) with respect to K, we have

FE(Pag) =289, (PLao) = £ (Pao).
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Since 27'/*h < h, we can use our induction hypothesis (4.28) and find

(£+1)

k . .
FED(P,2g) = f(wo) + 32 - )WIG (P g) + 2R, (P.x0) - R (P, o).

2-1/tp
j=t

We conclude noticing that 2'-9/¢ — 1 = 0 for j = ¢, and setting G;“l)(P, xo) = (21791 -

)G (P, x0) and R\ (P, o) = 2R\’

o175, (P T0) = R,(f) (P, o). The new remainder term

verifies
RV (P, 20)| < (257 + 1)CORT < 30O (4.29)

ending the induction by setting C(“*1) = 3C(“), When ¢ > k + 1, the induction step is
trivial. O]

4.A.5 Proofs of Section 4.3.3

Proof of Lemma 4.3.9. Let v : [0,Ly;] — M be a unit speed parametrisation of M
and extend v to a smooth function on R by L,;-periodicity. Suppose without loss
of generality that v(0) = z. For any ¢ € R, there is a canonical identification between
T, M and R through the map v ~ (¥(¢),v). With such an identification, we can
write that for s € R ~ T, M, exp,(s) = 7(s) because  is unit-speed. We thus have
dexp,(s)[h] = h¥(s) forany h € T, ;) M =~ R. Tt follows that det g°(s) = |dexp,(s)[1]]?* =
|I5(s)|? = 1 and this completes the proof. O

We write V' = (x¢, X1, ..., X, ) for the vertices of G. and 77 = sup,.;; d(x, V'). For small
enough 7 we have that G. is connected, therefore the distance d. is well-defined on
V. We have in that case a good reverse control of dy; by dz, as shown in the next two
lemmata.

Lemma 4.A.7. Ife < 87 and 167 < ¢, then d.(z,y) < dy(z,y) foranyz,y e V.
Lemma 4.A.8. Ifc <7/2, thendy(x,y) < (1 + 478%52) d.(z,y) foranyz,yeV.

Proof of Lemma 4.A.7. We can take the shortest path in M between x and y as a unit-
speed path of the form v : [0,¢] - R with ¢ = dy;(z,y) < Ly /2. Welet 6 = £/(4]¢/¢))
and N = 4[//e]. Notice that /4 < § < ¢/2. Let us define p; = v(j9), so that py = = and
pn =y. Since 7< /16, for every 1 < j < N - 1, there exists among our vertices V' a point
denoted by p; such that ||p; - ;|| < £/16. We setZ; € [0, Ly,] for its coordinate, namely
Py =(%).

Let us show first that for 1 < j < N, we have 7; ¢ [0,/]. Indeed, thanks to Proposi-
tion 4.A.2, since /16 < 7/2, we have |t; - %;| < 2|p; - P;| < ¢/8. Since § > /4, we thus
have 0 <#; <--- <ty_1 < L. Furthermore, writing py = = and Py = y, we have

1D = Dje1ll <155 = pjll + |pj = pjsal + [pjsr =Dy ] <
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for any 0 < j < ¢. The sequence s = (pp, . .., pi) is thus a path in G. and so
dz(p,q) < Ls = |py — Dol + -+ + [P - Bv-a| <[ —Fol + -+ [iv —Tv-1| =T — o
where we set 7y = 0 and Ty = £ = dj;(,y), ending the proof. O

Proof of Lemma 4.A.8. Following the proof of [ACLG19, Lem. 5] if there exists § > 0
such that |z - y|| < § implies dys(x,y) < n7 for all z, y € M, then we must have that for
any z,y € M satisfying |z — y|| <4,

7T2

d |11+ ——
M(J:)y) ( +48’7'2

ra:—y||2) —

Thanks to Proposition 4.A.2, this must hold for 6 = 7/2. Now let py,...,p, be one
shortest path in G. between z and y. Since ¢ < 7/2, we have

m m 7T2 9
dv(z,y) < Y5 du(pj pi-1) < 35| 1+ —=lpj = pj-1l | [pj - pj1l
i i 4871

which ends the proof. O

In view of Lemma 4.A.7 and Lemma 4.A.8, we want to tune ¢ so that it is the smallest
possible and so that 167 < ¢ holds with high probability. This is achieved for ¢ of order
logn/n.

32(p+1)logn
fminn

Proof. Let § > 0, and let N = |Ly;/d]. We split [0, L,/] into N intervals Iy, ..., Iy of
length L,;/N. We denote A the event for which each I; contains at least one coordinate

Lemma 4.A.9. Settinge = , for everyn > 3, we haveP (1677<¢) > 1 - 1/nP.

among those of the sample of observations (X7, ..., X,). On.A, we have 77 < L, /N < 20.
Moreover,

P(A) =1-P (34, v(I;) contains no observation)

) n aLM n
21—N(1—1r<rj11<r]1\[P('y(Ij))) 21—N(1— I )
Using that N < L);/d and that Lj; < 1/a we infer
. 1 " e—aén
P(H<20)>1-—(1-ad)">1- .
ad ad
Setting § = (pi)% and ¢ = 326 yields
n 1

P(1677<e) >1

- 2
(p+1)nPtllogn np

assoonaslogn > 1, i.e. forn > 3. O
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Proof of Proposition 4.3.10. Recall thatwe set K'° = K (1) where K (1¥) is defined start-
ing from kernel A7 A. Let A be the event {1677 < ¢}. By triangle inequality, E penr [| 1P ()~
fp($o)|p]1/p SRAo+Rae, with

Roa = (Epen[|f3°(z0) - fP($0)|p]lA])1/p

and
R = (Epon[|FiP(z0) - f (o) 1ac]) ™.

On A, we have, for n large enough (depending on p, fi.;, and 7) such that ¢ < 7/2 holds,
]cTE(Xi,xO) —dy(X;,10)| < C1e2 with C; depending on 7 only. This is inferred from
Lemmas 4.A.7 and 4.A.8. We deduce that, on this event,

21D ~1D C’1HK1D'||005 h § AlD 1D
1faP (20) = 91" (20 )|<—h2 wit (20) = — ZK (da (X, 0))-

It follows that

C KlD’ 0062 . 1/
= (B 1317 (20) - T2 ])
e

hQ

Roa <
+ (Epon[[G(Pa0)P]) " +1B; (o)

with B; and E,’: denoting the bias and stochastic deviation of estimator §;° (z). Follow-
ing the same arguments as in proof of Proposition 4.3.5, we have

Epen[[&; (P.z0)P]'77 < ¢, R,
with ¢, depending only on p. For the bias term, as soon as i < 77, we have

B, (P,x) = Epen[g;” (20)] - f (w0) = '[M[KfllD(d(p,ajo))f(p)duM(p) ~ f (o)
_ fstmOAf<o,1> K™ (o)) (f o expy, (hv) - f(0)) dv.

Since now f o exp, is f-Holder on Br, (0, 77), we know that all the terms in the
development of B} (P,z¢) up to order [ - 1] cancels. We deduce |B; (P, zo)| < C2h”
with Cy depending on ¢ and R only. For the other term R 4, we write | f}D (z0) - f(x0)] <

1D
w + fmax, SO that, according to Lemma 6.2.1,

H 1D||<><> c\1/p 1
R.A fmax P(A ) < C’3
nh

with C3 depending on ¢ and fma.x. Putting all these estimates together yields the
result. =
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4.A.6 Proofs of Section 4.3.4
Lemma 4.A.10. Forany P ¢ Zgﬁ, and © > p, we have

Epon (| F(w0) = fr(x0)lP]'P S QA" (P,a0))A(h* (P, o))
up to a constant depending on p and ©, with

B (P, o) = max{h ¢ H| Vi e H(h), |f,(P,x0) - f(x0)] < %Q(h))\(h)}.

Proof. We fix P « E‘i 5 and write h and h* for h(zo) and h*(P,z) respectively. Let
A= {ﬁ > h*}. We can write Epen[|f(20) - fr(z0)[P] = Ra + R e, Where

Roa = Epen[|f(20) = fr(w0)["1a] and Rue = Epen[|f(20) - fr (o) Lac].
We start with bounding R 4. Firstly,

Roa <37 Y (Epen[|f(z0) = frr (20)[P1a] + Epon | For (w0) = frr (P 20)[PLA]
+ Epen[| far (P, 20) = fp(z0)[PLa]).

Next, by definition of 7 and A, we have
B (20) = Fae (20) |1 <90 (hy ) La < 20(R*)A(R).

By definition of ~*, we also have |f+(P,z¢) — f(z0)| < %Q(h*))\(h*). Finally, using
Proposition 4.3.5

Epon[|fir (20) = fir (P,ar0)PLa] € o QR < cp(URTIA(R))P
holds as well. Putting all three inequalities together yields
RA<CAQRHNR))P with Cyq =371 (2 +¢,+27F).
We now turn to R 4. Notice that for any & € H(A*), we have
F1(Pr0) = S (o) < ORI < SO(RAR),

hence 1
i (20) - f(z0)| < §Q(h*))\(h*) +1&n (P, z0).

We can thus write

Rac= Y Eponl[Talzo) - F(xo)PLiy]
heH(h*/2)

> Epm[(%sz(h*n(h*)+|5<P,xo>|])pﬂ{z:h}]-
heH(h*/2)
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Now, for any h € H(h*/2), we have

{h=n}c{3neH(h), |fan(z0) - Fy(z0)| > ¥(2h,n)}
c U {QrHAR) +&nn(Pozo)| > ¥(2h,0)}

neH(h)

where &y, , (P, o) = Eon(P, o) — En(P, x0), and where we used the triangle inequality
and the definition of 2*. Now, we have Q(h*)A\(h*) < Q(2h)A(2h) since 2h < h* and by
definition of ¢(2h,n), we infer

{h=n}c U {l&nn(Pwo)l>mA(n)}

neH(h)
so that
P(h=h)< 3 P(|&ny(Poxo)l> QmA(n)) (4.30)
neH(h)
~ [8wA(n) 2| K|eA(n)
< P P, > +
ndﬁzﬂ(:h) (K%m( ol n? n
<Y 2exp(-A(n)?). 4.31)
neH(h)

For (4.30) we use the fact that \(n) > 1 and Bernstein’s inequality on the random
variable &y, , (P, zo) for (4.31). Noticing now that A\(n)? > d© log(1/n), we further obtain

_ og lles2{/h7)] 6 2 od
P(h=h) <2h 27770 h=c.
( ) x j;) 1-92-6d

Forany h € H(h*/2), we thus get the following bound, using Cauchy-Schwarz inequality

Epm[(%ﬁ(h*)k(h*) + [ (P, 20)1) 1 gy

<B(h = 1) Epon [ (00 AR + B Po)]]) ]

_ 2 - * *
Y T (277 )P AR + el (h)?). (4.32)

We plan to sum over h € H(~*/2) the RHS of (4.32). Notice first that

1/2

Z h@d/Q < (h*)ed/2(1 _ 2—6d/2)—1‘
h<h*
Moreover, for any i > h~, we have Q(h) < 2v/2w/(nh?) by definition of ™. It follows
that

o\df
Q(h*) < Q(h) < 20(h") (%)d g
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for any h < h*. This enables us to bound the following sum
D ROU2Q(h)P < 2PQ(h*)ph*Pd/2 > 1,04/2-pd/2

heH(h* /2) heH(h* /2)

2P i\ 4 Od)2
ST aw e {h

where we used that © > p. Putting all these estimates together, using that 2* < 1 and
A(h*) > 1, we eventually obtain R 4o < C4cQ(h*)PA(R*)P, with

oP ( 2P /Cop2P )
CAC = .

V1-2-6d \1-2-9d/2 T 1= 202
In conclusion E pen[|F(20) — fp(20)P]? < (Cq + Cae )R )PA(R* )P which completes
the proof. O

Proof of Theorem 4.3.4. Let P e ©¢ s and let h = (plogn/n)**7*®) with v = a A 3 and
for some constant p to be specified later. By Proposition 4.3.8 we know that for » large
enough (depending on p, a, 3, d) such that h < 7/2, we have |f, (P, zo) — f(x0)| < C1n?
for all n < h with C; depending on K, ¢, «, 7, L, 3, fmax and R. Moreover, we also have

272Q(h)?A(h)? . dO2wlog(1/h)  dOw(2y+d) ! logn - loglogn —log p

C2h2v T 4CEnhd 2C%p logn
Thus, picking p = dOw(2y + d)™/(2C}) yields C1h” < 3Q(h)A(h) for n large enough
(depending on p), and therefore h < h*(P,z). By Lemma 4.A.10 this implies
Epon[|F(x0) = fp(20) P17 < CoQ(R)A(R)

where Oy depends on p and ©. But using that both & > A~ and A(h)? = dO© log(1/h) for n
large enough (depending on p, d, K and ©), we also obtain

o - d©log(1/h
nhd
_ 8wdO(2y + d) ! logn - loglogn — IngBQV <1602,
p logn
This last estimate yields
N 1 v/ (2v+d)
Epon[|F(a0) - fr(zo) 1 < (4C1Cap/ 2+ 0) (1)
n

for n large enough depending on p, o, 5, d, K and ©, which completes the proof. [

4.A.7 Proofs of Section 4.3.5

Proof of Proposition 4.3.13. By the triangle inequality, for any P Zi 5 We write
-~ o~ 1 —~ o~ 1/p
Epon [|F(d 20) = e (20)l']"" <(Epon || (@ 20) - fr(a0) 1iz] )

+ (Ep®n [‘}:E(EZ: xo) - fp(x0)|p l{c’l;d}:l )l/p.
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The first term in the right-hand side has the right order thanks to Theorem 4.3.4. For
the second one, using that |f(zg)| < fimax and

7 ”K(a(dv')Hoo
~(d,zg)| < sup —————— ¢
fa(dzo) 1<d<p  (h7)?

up to a constant that depend on D, K and ¢, we infer

(EP [‘}%(E[’ z0) - f(a:o)‘p lél}d] )l/p SP (c/l\qt d)l/p Xn.

Finally, since d satisfies Assumption 4.3.12, we have

-1/2

logn anB/(2anB+d)
) n

E pon | f(d: 20) - fP(xo)\p]l/p S (T

for n large enough depending on p,©, K, ¢, o, 7, L, 3, fimax, fmin and R, so that the result
indeed holds up to a constant depending on the same parameters and D. O

Proof of Proposition 4.3.15. Let P ¢ Ei 5 and 7 > 0. Assume that P, > 0. We have
16, — d| < |1ogy Pay, —10gs Pay| + |logy By —logy Py| + |logs Pay —log, Py — d|

1 (|Py - Ps| |B,-P
‘ (|A277 217| + |A77 77|) " |10g2 (Pzn/(2dp7)))|
log2\ Py,n P, P,AP,

We first consider the determinist term. For 7 < 7/2, we have, writing r, = £(n/7)n and
using Lemma 4.A.3,

L217(1 - 772/67-2)(277)2Cd < P217 < U277(1 + 7‘%77/7—2)7‘gv7gd

and
Ly(1 -0 /67%)n%Cq < Py < Uy(1+72/7%)ricy,

where L;, = inf y1np (a0, f @nd Uy = SUppsnp(ay ) f+ Using again Lemma 4.A.3, we have
that forn < 7/2, M n B(xo,n) < exp,, Br, m(0,27), and, since 2n < 77/2 and that f € F,
we know, using Lemma 4.A.6, that there exists R; > 0 (depending on f3, 7, fmax and R)
such that f(z) - Rin < L, < U, < f(x) + Rin. If n < 7/4, the same bounds apply for 2,
and we thus obtain

(f(x) = Ra2n) (1 =17 /67%)(20)*Ca < Pay < (f(2) + Ra20) (1 + 15, /7°)r8,Ca
and
(f(@) = Rim)(L=?/67)1%Ca < Py < (f () + Bam) (1 + 72 /77 1k, (4.33)

Using these two inequalities, and the fact thatr,,/n — 1 asn — 0, we find that | P, /(22 P,) -
1| $ nup to a constant that depends on R;, 7 and fin, for  small enough (depending
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on Ry, 7 and fu,;, as well). For the other terms, a simple use of Hoeffding’s inequality
yields for any n,¢ > 0,
P (|ﬁ77 - Pyl>¢)< 2exp(-2ne?).

On the event A, = {|P, - P;| < ¢}, we have moreover P, A P, > P, —¢. Setting ¢ = n?*1,

and using (4.33), we see that P, - ¢ 2 n? for n small enough (depending on R;, 7 and
fmin)- Thus, on the event A, n As,, with probability at least 1 — 4 exp(-2n,??*?), we
derive

3

- €
op—d| Sn+ + s, 4.34
[0 —d s 7 P, —c Py-c n ( )

for n small enough (depending on Ry, 7 and fu,i,), up to a constant that depends on
Ry, 7 and fiin. Now setting = n~/(2P+2) ' we have d = 3, = d on the event A, n A, as
soon as n is large enough so that the LHS of (4.34) is strictly smaller than 1/2, ending

the proof.
O
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Chapter 5

Bayesian manifold density

estimation

We study the Bayesian density estimation of data living in the offset of an unknown
submanifold of the Euclidean space. In this perspective, we introduce a new notion of
anisotropic Holder for the underlying density and obtain posterior rates that are mini-
max optimal and adaptive to the regularity of the density, to the intrinsic dimension
of the manifold, and to the size of the offset. Our Bayesian procedure appears to be
convenient to implement and yields good practical results, even for quite singular data.

This chapter is based on [BRR22].

Contents
5.1 Introduction . ... ......oii ittt tineetenneenneens 150
5.1.1 Manifold density estimation . . . ... ................ 150
5.1.2 Our approach and contributions . . . .. .............. 151
5.1.3 OrganisationoftheChapter . . . . ... ............... 153
5.1.4 Notations . . ... ... .. .. it 153
5.2 Model: distributions concentrated near manifolds . . ........ 154
5.2.1 General anisotropic Holder functions . . .. ............ 155
5.2.2 Manifold anisotropic Holder functions . .............. 156
5.2.3 Location-scale mixtures of normal priors . . . ... ........ 159
53 Mainresults ... ...... 00ttt ittt eonconcosas 162
5.3.1 Posterior contractionrates . . . . ... ... ... .. ... 162
5.3.2 Approximating M-anisotropic densities . . . . ... ........ 165
5.4 Numericalexperiments ... .......o o0ttt eeeeeeees 166
5.5 Proofsofthemainresults . ................... .. ..., 169
5.5.1 ProofofTheoremb5.3.2 .. ........... .. ... ....... 169
5.5.2 ProofofTheorem5.3.7 . ... ... ... ... ..... .. ....... 172
56 Discussion ............0 0ttt 178

149



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

5.1 Introduction

5.1.1 Manifold density estimation

In many high dimensional statistical problems it is common to consider that the data
has an intrinsic low dimensional structure. More precisely, statistics and computer
sciences have seen a growing interest in the so-called manifold hypothesis where the
data is believed to be supported (or near supported) on a low dimensional submanifold
M of an ambient space (see [MF12] for an introduction).

There are good intuitive reasons to believe that real world data (such as natural
images, sounds, texts, etc . . .) belong to the vicinity of a low dimensional submani-
fold, often due to physical constraints, see for instance [LV07] or [FMN16b]. Empirical
evidence has also been shown in a number of important cases such as texts data sets
[BNO1], sounds [KPP70, BNO1], images and videos [WS06b, KW13] or more recently
in Covid data [VSFD*22]. Analysing such data sets is often called manifold learning.
Manifold learning deal with either nonlinear dimension reduction techniques, man-
ifold estimation or the construction of generative models and the estimation of the
distribution on or near an unknown manifold. These problems are strongly connected.
Dimension reduction consists in finding low dimensional representations of the data.
This is typically done by constructing mappings as in Kernel PCA or graph based meth-
ods such as Isomap, Locally Linear Embeddings or Laplacian Eigenmaps.

Instead of estimating an embedding, the problem of reconstructing the manifold
is another popular aspect of manifold learning, see [GPPVW12b], [AL19], [Div21a] or
[DW21] among others. Finally the estimation of the distributions on or near manifolds
and the construction of generative models have received recent wide interests in the
statistics and machine learning community, specially with the developments of deep
learning algorithms. There is a growing literature on generative models under the
manifold hypothesis with many methodological developments around variational
autoencoders (see [GBC16, Sec 14.6] or [KW13]), Generative adversarial networks (see
[GPAM™*14, AB17, ACB17] among others) or recent versions of normalizing flows (see
[HP21]). The theoretical results associated to these approaches control the error be-
tween the true generative process and the estimated generative models typically under
adversarial losses such as the Wasserstein distance, as in [TY22], since the focus is
more on generating interesting samples than on estimating the distribution per se.

In this Chapter we study the estimation of the density in the vicinity of an unknown

150



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

submanifold M of the ambient space R”. Density estimation is an important class
of problems in statistics and machine learning and in addition to being of interest
in itself can be used as an intermediate steps in many tasks of unsupervize learning
such as clustering, prediction or in ridge estimation ([(GPPVW14, CGW15]). Density
or distribution estimation under the exact manifold hypothesis (assuming that the
data belong to a submanifold) has been studied theoretically for instance in [OG09] or
[Div21b] under Wasserstein losses and in [BH21] under the pointwise loss. Assuming
that the data belong exactly to a smooth manifold may be too restrictive since signals
are often corrupted by noise. Hence in this Chapter we assume that the data belong
to a neighbourhood M? = {z ¢ RP;d(z, M) < 6}, neither M nor d or the density f are
considered known. This problem is studied in[CKKL21] in the special case of data cor-
rupted with Gaussian noise and [MLD20] proposes a Bayesian nonparametric method
to estimate a density on M? based on mixtures of Fisher - Gaussian distributions for
which they prove consistency under the assumption that the width 6 of the tube M? is
fixed.

5.1.2 Our approach and contributions

As far as we are aware there is no theoretical results on convergence rates - either from
a frequentist or a Bayesian approach - for estimating a density on tubes 1/° when M
and ¢ are unknown and § is possibly small. In this Chapter we bridge this gap and
we propose a Bayesian nonparametric method based on specific families of location -
scale mixtures of Gaussian distributions. We study the posterior concentration rates
associated to these priors, i.e. the smallest possible ¢, such that

II(d(f()’f) < 5n|X1"”7Xn) - 17

in probability when the data X3, ---, X,, are an sample from f, and where IT(-| X3, -+, X;,)
denotes the posterior distribution, see [GGVDVO00]. As is well known, when the distance
d(.,.) is the Hellinger or the L; metric, this posterior concentration rates induces also
a convergence rate ¢,, for the posterior mean f, see for instance [GGVDV00]. Typcally
the rate ¢,, depends on regularity properties of the density f; and on the prior.

To do so we first define a general mathematical framework describing regularity
properties of densities defined on possibly small neighbourhoods M? of submanifolds
M, with the idea that the density has a given smoothness 3, along the manifold M
and another smoothness 3, along the normal to the manifold. This manifold driven
anisotropic smoothness is defined in Section 5.2.2 and is an extension to anisotropic
Holder functions along coordinate axes. Building on that we show that the posterior
concentration rate depends on fy, 5, together with the dimension d of M and the
width ¢ of the tube. Interestingly the prior II does not need to depend on fy, 3, ,d, d or

151



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

M which makes the approach fully adaptive and the rate we obtain, at least when § is
not too small is of order

Bo
260 +d+ (D -d)Bo/B.’

n~" with ~=
up to a logn term, which is minimax.

Nonparametric location mixtures of Gaussians are known to be flexible models for
densities, and adaptive minimax rates of convergence on Hoélder types spaces have
been obtained using Bayesian or frequentist estimation procedures based on location
mixtures of normals, see [KRVDV10], [STG13], and [GVDV07] for Bayesian methods
and [MRM13] for a penalized likelihood approach. However, location mixtures are not
versatile enough since the covariance matrix remains fixed across the components,
so we instead take advantage of the flexibility of location-scale mixtures of Gaussians.
In [CDB17] the authors derive a suboptimal posterior concentration rate for isotropic
positive Holder densities on R”, while [MRM13] obtained minimax convergence rates
for penalized maximum likelihood methods based on the same type of location-scale
mixtures and [NR17] obtained also minimax posterior concentration rates using a
hybrid location-scale mixture prior in the regression model. These results thus indi-
cate that one has to be careful in designing the prior in nonparametric location-scale
mixtures of Gaussians. The priors we consider in this Chapter are variants of location-
scale mixture priors, see Section 5.2.3, which are flexible enough to adapt to the non
linear or manifold driven smoothness of the class of densities studied here. This prior
construction can also be seen as tiling the manifold by low-rank Gaussian pancakes,
a method that is similar to mixtures of factors analyzers [GH96, DCS*10] or manifold
Parzen windows [VB02] where, however, no theoretical guarantees on the estimation
of the density were proven.

Hence our contributions are both methodological and theoretical. From a method-
ological point of view, we provide with a family of versatile priors (see 5.2) that are
shown empirically and theoretically to perform very well in modelling data that are
singularly supported near submanifolds. In particular we show empirically that these
variants or location scale mixtures of Gaussian priors behave much better than the
standard conjuguate location-scale mixture of Gaussian prior, see Section 5.4.

From a theoretical point of view, we introduce a new notion of Holder smoothness
along a submanifold (see Section 5.2.2) which is proving to be adequate for the study of
such almost-degenerated densities, and we derive posterior concentration rates for this
new model (Section 5.3.1). The rates are optimal if the data do not collapse too quickly
towards the manifold. These results rely on an intermediate result in approximation
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theory which has interests in its own right and is provided in Section 5.3.2.

5.1.3 Organisation of the Chapter

In Section 5.2, we define manifold-anisotropic Hélder function, together with the
families of priors we consider in the Chapter. Section 5.3 contains the main theoretical
results and Section 5.4 the empirical results, with a description of the algorithms
used to simulate from the posterior distribution. We provide in Section 5.5 proofs of
the main results, namely the contraction rate Theorem 5.3.2 and the approximation
Theorem 5.3.7. Some useful facts on manifolds are presented in Appendix 5.A. The
other Appendices contain additional proofs and lemmata, as well as details on the
numerical setting of Section 5.4.

5.1.4 Notations

For a multi-index k = (ky,...,kp) ¢ NP, we set |[k| = ky +---+ kp and k! = ky!...kp!.
For z € RP, we write z* = x’fl .. x’BD € R and xyax (resp. zmin) to be the maximal (resp.
minimal) value of its entries. For any two indices i,j € {1,..., D} with i < j, we set
x5 = (z4,...,2;) € RI7*1 Finally, for a sufficiently regular function f : R - R, we

define its k-th partial derivative as

okl ¢

k1 kp
Oxy"...0xp

DFf(x) = ().

If M c RP is a measurable subset with Hausdorff dimension d, one denote 1, for
the Borel measure y5; = He(-n M) where H is the d-dimensional Hausdorff measure
on RP. Forr > 0 and z € R?, one write By;(z,7) = B(z,r) n M where B(z,r) is the
usual Euclidean ball of R”. If M is closed, then pr,, defines the (possible multi-valued)
orthonormal projection from R” to M.

We will denote by | - | the usual Euclidean norm of R” for any k € N*. When £ is a
linear map between such spaces, we write | £ |, for the operator norm associated with
the Euclidean norms. The notation | - ||; (resp. | - |..) will refer to both the L!-norm
(resp sup-norm) for vectors of R¥ for any k € N*, and to the L!'-norm (resp sup-norm)
for measurable functions from R” to R for any k € N*. The brackets (-, -) will be used to
denote the usual Euclidean product in R* for any k € N*. For any matrix A ¢ R***, the
notation || - | 4 will refer to the quadratic form over R* defined by z — (Az, z), which
is a norm if A is positive. The set of orthogonal transform of R” will be denoted by
O(D,R), or sometimes simply O(D).
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For two positive functions f, g : R” - R we write the Hellinger distance as

o) = { [, (VI - Va@)as)

In this Chapter, M will designate a closed submanifold of R” of dimension 1 <
d < D - 1. For any point = € M, the tangent and normal spaces of M at x will be
denoted 7,,M and N,M, and the corresponding bundles 7'M and NM. We write
exp, : (TM,0) - (M,x) for the exponential map of M at point z. We let dy;(x,y)
denote the intrinsic distance between x and y in M.

Finally we will use throughout the symbols ~, < and > to denote equalities or in-
equalities up to a constant, when the constant is not important.

5.2 Model: distributions concentrated near manifolds

We assume that we observe X, ..., X, independent and identically distributed from
Py on R with density f, with respect to Lebesgue measure. We assume that there
is a low dimensional structure underlying our observations, i.e. that f; has support
concentrated near a low dimensional manifold M which is unknown. More precisely
there exists § > 0 unknown and typically small such that Py(M?) = 1, where M? is the
0-offset of M: it is the set of points that are at distance less than ¢ from M,

M°®:= | B(x,0) = {z e R” | d(2, M) < 6}
xeM

A typical example is when the observations are noisy versions of data whose support
isM: X =Y +ZwithY e M and |Z| < § almost surely. When the noise Z has a density
smoother than the density of Y on M (with respect to the Hausdorff measure), the
density of X is anisotropic with a smoothness along the manifold M smaller than
that along the normal directions. In this Chapter we thus aim at constructing priors
which are flexible enough to lead to good estimation of f; in situations where the
density has a complex anisotropic structure in that it has an unknown smoothness j
along an unknown manifold M and a different (larger) smoothness /,, also unknown,
along the normal spaces of the manifold. In this context, since the anisotropy varies
spatially, it is therefore important to consider priors which adapt spatially to such non
linear smoothness. In Section 5.2.3 below we consider certain families of location-scale
mixtures with a careful modelling of the prior on the variance of the components and
we show in Section 5.3 that these priors allow for manifold driven smoothness.

To begin with, we define what we think is a new notion of anisotropic Holder
spaces on the Euclidean space R”, and which happens to be a natural extension of the
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usual notion of (isotropic) Holder smoothness. We are aware that there exist various
notions of anisotropic smoothness, see for instance [KLP01, HL02, CL13, GL11, GL14],
with most of them stemming from the anisotropic smoothness as defined in [Nik12].
In all the aforementionned references, the anisotropy was consistently defined as a
control of the variations of the partial derivatives along each axis separately, with no
control of the cross-derivatives (and no guarantee that they, in fact, exist). While this is
enough in a Euclidean framework, we argue that, to the best of our effort, we could not
make such assumptions sufficient in our non-linear setting, as the proofs presented
in Section 5.5 or in the Appendices might highlight. Instead, we come out with a
new notion of Holder anisotropy, in the footsteps of what [STG13] already sketched
in their paper, that handles cross-derivatives in the same way that the usual notion of
(isotropic) Holder smoothness does, and which in fact coincides with the latter when
the anisotropy vector is isotropic. This new class is defined is the first subsection below,
and its main properties reviewed in Section 5.B.1.

5.2.1 General anisotropic Holder functions

An anisotropic Holder functions f : RP 5 Ris, informally, a function whose smooth-
ness is different along each axis of RP. Letting 8 = (f1,...,8p) € (R*)”, which will
represent the regularity indices along each axis, we define

a=(ay,...,ap) where «;=p/B;€[0,D] and 5‘1:%2@71.

The coefficient 3 acts as the effective smoothness of the function f. Notice that oy +---+
ap = D. In this section, we define the spaces of anisotropic functions over bounded
open subset of R”. We defer to Section 5.B.1 the introduction of the same class over
general open subsets. We let// c R” be a bounded open subset and L : U/ — R, be any
non-negative function.

Definition 5.2.1. The anisotropic Holder spaces H2, (U, L) is the set of all functions
f U - RP satisfying:

i) For any multi-index k € NP such that (k, o) < 3, the partial derivative D* f is well
defined onU and |D* f(x)| < L(z) forallz e U;

ii) For any multi-index k e NP such that  — caumax < (k, ) < 3, there holds

D B-(k,x)
|D*f(y) - D* f ()| SL(x) Y |y — x| i M Ve,yel. (5.1)
i=1

See Figure 5.2.1 for a graphical representation of the quantities at stake. The func-
tion L acts as an upper-bound for the localized and anisotropic version of the usual

155



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

Holder-norm:

| D*f(y) -D*f(2)|
B(b.a) 1

max |DFf(z)|} v max su
{ s 10 o1} o2
Z|yi—$i| i
i=1

) B_amax<<kva)<ﬁ yeld

[ohe

h \/ & \/ >
LN LN

0 31 0 ' T B

Figure 5.2.1 — An exemple in dimension D = 2. The vector « is the only vector of
1-norm D which has positive coordinates and which is orthogonal to the simplex of
vertices {3;€;},;<p- In black are the points k of N* such that (k, o) < .

Note that the constraint on the intermediate derivatives D* f(z) for 0 < (k, a) < 8
may seem superfluous since some Kolmogorov-Landau type inequalities would yield
some bounds on these derivatives, but we add them nonetheless to our functional class
to simplify some notations. We list and prove in Section 5.B.1 various useful properties
of functions in the anisotropic Holder class. Also the function L in the definition of
an U, L) can be constant, in which case we will typically denote it C, to make it more
explicit (leading to H2, (U, C)).

Remark 5.2.2. The usual isotropic Holder spaces are special case of our definition of
’an(u, L) corresponding to 3 = (3, ..., ) with 8 > 0. In this case we write
HP (U, L):=HP (U,L) for B=(B,...,H).

180

As a final remark, we will use the same notations for the spaces of multivalued
functions when their coordinate functions are all in the corresponding space. For
instance, if ¥ : i/ — RL, then

U= (Uy,...,0p) e HB (U, L) < ;e HB (U, L) forallie{1,..., D},

and the same holds for the other spaces defined in this subsection.

5.2.2 Manifold anisotropic Holder functions

We now consider functions whose smoothness directions at point = € R” are dependant
on the position of = with respect to a given submanifold M c R” of dimension 1 <

156



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

d < D - 1. More specifically, we extend the above notions of anisotropy to functions
with a given regularity in the tangential directions of M, and of another regularity in
the normal directions of M. We call such functions manifold-anisotropic Hélder, or
sometimes simply M-anisotropic. To define such a class of function, we assume that
M is a closed submanifold with reach bounded from below by 7 > 0 (see Appendix 5.A
for definition and properties of the reach) and we consider local parametrizations at
any zg € M
Voo Voo = M,

where V,, is a neighborhood of 0 in 7;; M. The maps ¥, can be taken in a wide class
of parametrizations of M. For instance, one could consider taking ¥, to be (close to)
the inverse projection over M — T, M where T}, M is seen as an affine subspace of R”
going through x, see for instance [AL19] or [Div21b]. For purely practical matter, we
choose ¥, to be the exponential map exp,,, although the results in this Chapter could
be carried out with other well-behaved parametrizations, such as the one mentioned
above. In particular, in the case of the exponential maps, we can define the domain of
Uy, to be Br, (0, 77), see Appendix 5.A. In the rest of this Chapter, we set

VCCO = BTZL‘OM(O’ 7—/8)7

with factor 1/8 being there for technical reasons. If all the maps ¥, are of regularity
Ba > 1, meaning that there exists a constant C; > 0 such that

oy € HM (Vyy, Cor), Vage M (5.2)

180

(in particular M is at least Ck with k = [Bar — 1)), then one can construct a map

- Vio X NygM — — RP
xo *
(v,m) = Way () + Na (v, 7).

where Ny, (v,-) is an isometry from Nz M to Ny, ()M and where v — Ng,(v,-) €
’Hiﬁf ' (Vay, C4,) for some other constant C%, depending on Cy, 7 and 3. We refer to
Appendix 5.A for further details concerning the construction of ¥, and the proof of its
regularity. When restricting the latter map, one get a local parametrization of the offset
M7/? around z

\ilxo : Vg X BNmoM(O7T/2) - M

as shown in Lemma 5.A.2. This parametrization is such that pr,, (¥, (v,7)) = ¥, (v)
forany (v,n) € Vi, xBn,,1(0,7/2) and v, is a diffeomorphism from V), *Bn,,m(0,7/2)
to its image which satisfies

1S0

\Tjﬂﬂ() € H'BM_l(VLUO X BNIOM(O,T/Q),C&) (53)
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M

o

T, M

Figure 5.2.2 — A visual interpretation of the parametrization ¥, .

for some C}; > 0 depending on C);, 7 and 3. See Figure 5.2.2 for a visual interpreta-
tion of this parametrizations.

For any 6 > 0, we define ¥, 5(v,n) := ¥, (v,dn) to be the rescaled version of
¥, in the normal directions. It is a well defined parametrization of M7/2 on the set
Weo s := Vo x By, m(0,7/25). We let B, 8, be two positive real numbers, and define
the vector

ﬁo,i = (/807"‘7/8076l7"'7/8L) ERD‘

d D-d

Now for any function L : R - R,, we define:

Definition 5.2.3. Let L : RP — R, be a function; the class 7—[?0’5 “(M,L) is the set of all
functions f : RP — R whcih satisfy:

i) f is supported on M?®;

ii) Foranyzge M, set f,,5:=6""Uf oV, sandL,,;s:=6P Lo, s then
— ﬂ N
fxo,(s € Hal(l)’ (Wmo,57 on,é)- (5-4)
Informally, such a function is 5y-Ho6lder along the manifold M, and 3, -Holder nor-
mal to the manifold /. The normalization 6”~¢ accounts for the scaling n ~ ¢7 along
the normal spaces (which are of dimension D - d) in the definition of ¥, 5. Its presence
is natural and can be understood as follows: when f is a density supported on M?, the
typical magnitude of its values is of order 1/6”~¢, and the absence of normalization
would whence make the above functional class irrelevant to describe the regularity of
such densities.

M-anisotropic functions happen to be a convenient way to describe the regularity
of a number of densities that are naturally supported around M. To illustrate this, take
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f++ M — R to be a fy-Holder density, meaning that there exists L : M — R such that
for any xg € M,
Fo o Way € HY (Vay, Lo 0 Uy

Now take K : R” - R to be a normalized positive smooth isotropic kernel supported
on B(0,1). We introduce c¢;! = [ K(e)dug(c) where E is any (through isotropy) (D - d)-
dimensional subspaces of R”. We also assume that K ¢ Hig(RD , L, ) for some function
L, which is also rotationally invariant.

Proposition 5.2.4. Let f be the density of a random variable Z = X + 0€ where X ~
fe(x)prr(de) and 0 < 6 < 7. Then,

1. (Orthonormal noise) If 8, < far — 1, and if E| X ~ ¢, K(e)un, m(de), then

fe 7_[6/807BL(M7L)7 with, L(z):=C5" P DLy(pryz) x L (z-pryz), C>O0.

2. (Isotropic noise) If§ < 7/32 and 5y < B, < Bp -1, and if € ~ K (e)de, independently
of X, then

feHPP (M, L), with L(z):= Cd‘D&LL(xgy)Lo(y)uM(dy), ¢>0.

In both cases C depends on Cyy, 7, By, Bos By

See Section 5.A.2 for a proof of this result.

Remark 5.2.5. Throughout the Chapter we assume that the true density fj ¢ 7—[? 0B (M, L),
which implies that Py(1/°) = 1. However it is enough to assume that Py(M?°) > 1-0(1/n)
where n is the number of observations. This makes no difference in terms of the results
presented in Section 5.3. The weaker assumption Py(M?) > 1 - o(1/n) is for instance
fulfilled in the additive noise model (see Proposition 5.2.4) with Z = X + #gng with
the Gaussian kernel K (z) := (27)P/? exp(=|z|?/2).

In the following section we describe the family of priors which we use to estimate
the above family of densities.

5.2.3 Location-scale mixtures of normal priors

We model the manifold-anisotropic Hélder densities using location-scale mixtures of
normals. We parametrize the covariances of the components by & = O AO where O is
a unitary matrix and A = diag(\y,---, A\p) is diagonal. Location-scale mixtures can then
be written as:

K
fP(:E) = AD QDOTAO(:’U - /‘L)dP(:u’ OvA)v P = Z pkd(,uk,Ok,Ak)a K eNu {+OO}’ (5.5)
k=1
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where, for any positive definite matrix ¥,

1 1,
ex(z) = detl/Q—(ZTrZ) €xp {—5\|Z”z—1} )

is the density of a centered Gaussian with covariance matrix . The two most well

known families of priors on P are Dirichlet process priors and mixtures with random

number of components, also known as mixtures of finite mixtures. Recall that if P

follows a Dirichlet process priors with parameters A and H where A > 0 and H is a

probability measure on some measurable space O , then

P=Y pdy, with pp=Vi[J(1-Vi), Vi'"“Beta(1,A) and 6 “ H.
k=1 i<k

If P follows a mixture of finite mixtures prior of parameters ax and 7 where o > 0
and 7 is a probability measure on N, then

K id

P = Zpkéek with KNWK, (pl,"',pK)|K~D(QK,...,QK) and Hk % H.

k=1
In both cases (Dirichlet process and mixture of finite mixtures) we call H the base prob-
ability measure. Obviously in the case of mixtures of finite mixtures the conditional
prior on (p1,...,px) and 6y,...,0x could be different but we consider this setup for
the sake of simplicity.

As shown empirically by [MLD20] location-scale Dirichlet process mixtures with
base measure constructed from the conjuguate prior of the Gaussian model are not
well adapted to the problem at hand. We show however that if particular care is given
to the choice of H, the posterior on manifold-anisotropic density is well behaved. In
particular we consider the two following types of location-scale mixtures:

e Partial location-scale mixtures: The eigenvalues A of the covariance of the Gaus-
sians are common accross components,

K
fap(r)= /RD eorao(x—p)dP(p,0), P=3 ppb,.0.), KeNU{+oo} (5.6)
k=1

where P is a probability distribution on R” x O(D) (where O(D) is the set of
unitary matrices in R”) and is either a Dirichlet process prior or a mixture of
finite mixtures.

* Hybrid location-scale mixtures: The density fp is written as (5.5) where P condi-
tionally on a probability Q, on R? follows a Dirichlet process mixture or a mixture
of finite mixtures with base measure Hy(du,dO,d)\) = H;(dp,dO) ® Q2(d)), and
Q- follows a distribution II,.
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We denote by II the prior on the parameter and we consider the following assump-
tions on II. These conditions differs wether II is assumed to come from a partial
location-scale mixture prior or a hybrid location-scale mixture prior.

Conditions on the partial location-scale mixtures. f is modelled as in (5.6) and P
follows either a Dirichlet process with base measure H or a mixture of finite mixtures
with base measure H and prior on K satisfying

—logllg (K =z) ~x(logx)", r=0,1. (5.7)

Here r = 0 corresponds to the geometric prior on K and r = 1 to the Poisson one. The
base measure H(du,dO) = h(p, O)dudO where di designates the Lebesgue measure
on R” and dO the Haar measure on O(D). and we further assume that there exists
c1,b1 >0and by > 2D - 1 such that

e li™ S h(p,0) s (1+ )™ with  vp,0. (5.8)

We also assume that A is drawn from a probability measure 11 that has a density 75
with respect to Lebesgue measure on R”, and that this density satisfies: there exists
c2,c3,b3 >0and by > D(D - 1)/2 such that

—d/2
e Zi Sma(A, - Ap) forsmall Aq,..., A\p e (Ri)D,
. _eax b3
. < ,—C3T
1T (1121;]5 A < .ZL‘) Se for small z > 0, (5.9)
and I, ( max \; > ac) <aph for large x > 0.
<<

Condition (5.8) is weak and is for instance satisfied as soon as x and O are independent
under H with positive and continuous density for O and positive density for x with
weak tail assumptions. Condition (5.9) is also weak and common in the case of location
Gaussian mixtures and is verified in particular if the \/)\;’s are independent inverse
Gammas under I, or if the )\;’s are independent inverse Gammas and d > 2.

Conditions on the hybrid location-scale mixtures. H; satisfies (5.8) and )2 is random
with distribution IT, which satisfies: for all b > 0 there exists By, ¢ > 0 such that for
211 < x2 both small,

dj2

I\ [Q2 ([z1,21(1 + )] x [xg, 22(1 + xlf)]D_d) > x?o] > e 2 (5.10)

Moreover we assume that for some positive constant cs, b3, ¢4, by > 0 such that for z > 0
small,

Eq, [Q2 ( min \; < ﬂv)] S e for small z,

) ) (5.11)
- R —cyqx’4

Eq, [Q2 (1%2(7 Ai > x)] Se for large =.
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Remark 5.2.6. One can view the partial location-scale mixture as a special instance
of the hybrid location-scale mixture defined above: take Q- to be the Dirac mass at a
value A where A ~ II,.

Conditions (5.10) and (5.11) are in particular satisfied if Q)2 comes from a Dirichlet
process. More precisely, if )2 is of the form

D
Q2(dN) = []Qo(dN;) with Qo ~DP(BH,),
=1

with B > 0, then (5.10) and (5.11) are satisfied for reasonable choices of probability
distribution H) on R,. We show in the next proposition that this is in particular true
when H, is a square-root- inverse Gamma.

Proposition 5.2.7. Assume that Qs = Q%P where Qy ~ DP(BH,), where B > 0 and
under Hy, \/\; follow a truncated inverse Gamma with parameters ay,as > 0, and
truncation parameter T' < n® for somew > 0. Then conditions (5.10) and (5.11) are
satisfied.

A proof of Proposition 5.2.7 can be found in Appendix 5.B.3.

Remark 5.2.8. Although the conditions on the prior: (5.9) and (5.10) depend on d, they
are satisfies for all d by setting d = 1 and in particular they are verified for all d > 1if \/\;
follow an inverse Gamma under the base measure, which is agnostic to d.

| MFM | DPM | Partial | Hybrid
Conditions | (5.7)+(5.8) | (5.8) | (5.9) | (5.10)+(5.11)

Table 5.2.1 — Summary table of the required conditions depending on the type of
mixture and the type of scale sampling.

5.3 Main results

5.3.1 Posterior contraction rates

Recall that X1,..., X, is an n sample drawn from a distribution P, with density fj. This
density is concentrated around a submanifold M, with a a given smoothness 5, along
the manifold and a typically much larger smoothness 3, along the normal spaces.
More precisely, we will assume:

* Conditions on M: the submanifold M is of dimension d and has a reach greater
than 7 > 0. Furthermore, there exists 5 > 2 and Cj; > 0 such that ¥, «
HOM (Y, Car), Vao € M. In particular, M also satisfies (5.3).

180
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* Conditions on fy: the density fj is in HfO’BL(M ,L). Furthermore, there exists
cs>0andk > 0,
fo(z) sel#l™ vz e RP, (5.12)

ka)

w/B

and for some w > 63 and Cj < oo,
DF £, _
D frus fouy <Co.  (5.13)

‘/Z05 f(E()($

for all § small, zp € M and all 0 < (k, a) < 3

xO:

me’

:506

* Conditions on11: the prior II is originating from a Partial / Hybrid location-scale
mixture of finite mixtures / Dirichlet process mixture satisfying the conditions
displayed in the Table 5.2.1.

Remark 5.3.1. Note that the conditions regarding the prior II do not involve M, ¢, L,
B, or 7: they are regarded as unknown in this framework. In fact, the only feature of
M or f, from which II seems to depend is the intrinsic dimension d, through (5.9) or
(5.10). However, as noted in Remark 5.2.8 we can choose priors which do not depend
on d and such that these aassumptions are verified for all d > 1.

In the rest of this Chapter the symbols ~, < and > denote equalities or inequalities
up to a constant depending on D, d, 7, S, Car, Bo, B and all the other parameters
appearing in conditions (5.7) to (5.13).

Theorem 5.3.2. Let Xy,..., X, be an-sample from f,. We assume thatw > 603 is large
enough so thatn 35D - o(6P~%) and that By < B, < By — 3. Then, under the conditions
stated above,

O (du(fp, fo) 2 en| Xn) — 0 in P§"-probability

where

en ~loghln x{ ————=vn 25D ;

n5 ag—og

withp > 0 depending on D, k and 3.

Remark 5.3.3. The case where §, is infinite is particularly of interest. Then, 8 — 5,
oo — D/d, a; — 0 and the rate ¢,, becomes

1 __bBo_
ey =logl(n) x { vn 2ﬁ0+d} ,
Vndd
which is, when ¢ is not too small (i.e § 3 n~'/(?%+4))  the minimax rate for estimating a
o Holder density in R?, up to a log term. Here the strength of our result lies in that the
manifold (and thus the support of f;) is unknown and the prior depends neither on 3
nor ¢ or d (or M).
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Since the class of densities contains the case where M is a d dimensional subspace
of RP, when § 3 n~(®0-2)/(28+D) the rate ¢, is the minimax estimation rate (up to a
logn term). Although no proof of a minimax bound exists in our framework, a careful
look at the proof of [GL14, Thm 4 (ii)] for p = 1, 7 = (c0,...,00), s = oo and # = 1 (tail
dominance from (5.12)) show that the lower-bound translates in our context. Indeed
the densities used to derived the lower bound are obtained from a smooth density with
additive perturbations of the form = — h® [T g(z;/h%?) where h > 0 and g is a smooth
and compactly supported function of zero-mean. Such a perturbations belong to
anisotropic Holder classes defined in Section 5.2.1.

Remark 5.3.4. A refinement of [STG13] shoxévs in fact that some location mixtures
_ 0

PPy
priors are able to achieve the rate of n *°**®*~93! (up to a In factor) in the models

5.2.4 when the manifold M is in fact a d-dimensional subspace of R¢, thanks to the
simple euclidian anisotropic smoothness property of the underlying density (up to an
orthogonal change of basis adapted to the linear subspace). Our result is a nonlinear
extension of this work.

Remark 5.3.5. Because the approximation results of Subsection 5.3.2 are stable under
finite mixtures, so do the results of Theorem 5.3.2. In particular, the support of f, can
be a finite union of submanifolds M; with non trivial intersections and with each M;
fulfilling (5.2). See Figure 5.3.1 for a diagram of such a situation. Hence the assumption
on the lower bound on the reach can be significantly weakened. We consider such an
example in the simulations of Section 5.4.

Figure 5.3.1 — (Left) An example of smooth submanifolds with a reach constrained
to be greater than 7 and (Right) a finite union of such manifolds. Both subsets are
admissible as the (near) support for a density f, satisfying the contraction rates
displayed in Theorem 5.3.2, as explained in Remark 5.3.5.

Assumptions (5.12) and (5.13) are common assumptions in density estimation
based on mixtures of Gaussians, see for instance [KRVDV10] or [STG13] for the Bayesian
approaches and [MRM13] for the frequentist approaches. They are rather weak ass-
sumptions. The difficulty with (5.13) is that it is expressed on fm(g, which is natural in
our context since the smoothness assumption on f; is expressed in terms of f,, 5, but
is not so intuitive. However, a careful examination of (5.13) show that this assumption
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is for instance implied by the stronger, but chart-independent assumption:

L(x) Wk
[RD {fo(ﬂf)} fo(z)dx < Co,

for some large w*. Moreover, to understand better what (5.13) means in terms of fj,

we illustrate it in our archetypal model where f; is the density of X = Y + §£ as in
Proposition 5.2.4. We then have the following result:

Lemma 5.3.6. Under the conditions of Proposition 5.2.4 and if

LO(x) - LJ_(77) W
-/M{f*(x)} fe(@)dpr(z) < 0o and fB(O,l){K(n)} K (n)dn < oo,

for somew, large. Then (5.13) is satisfied in both the orthonormal noise model and in

the isotropic noise model.

The proof of Lemma 5.3.6 can be found in Section 5.B.2. Note that the conditions
in Lemma 5.3.6 are fulfilled by a number of natural kernels or densities such as K (7) ~
(1 - [9]®)% and L, = (1 - 9% with large p or K(n) = exp(~(1 - |[2);!) and
L, (n) ~(1-|n|?)"P™K(n), see Lemma 5.A.6 for further details.

5.3.2 Approximating M-anisotropic densities

Theorem 5.3.2 is proved using the approach of [GVDV07], with a control on the prior
mass of Kullback-Leibler neighbourhoods of fy and on the entropy of the support of
the prior. The main difficulty in our setup is in proving the Kullback-Leibler prior mass
condition. To do so, we need to construct an efficient approximation of f; by mixtures
of Gaussian. This construction is of interest in its own as it sheds light on the behaviour
of such mixtures and on the geometry of M-anisotropic densities.
To explain the construction, we denote, for any z € M7, T, = Tory 2y M and N, =

vy (z) M. We also write ¥(x) = O;Ai 5Oz where O, is the matrix in the canonical

N,
P
basis of R? and in arbitrary orthonormal basis of 7;, and N, of the linear map z —

(prg, z,pry, 2) and where

@0 Id
As=|7 7 0 .
' 0 do% Idp_g4

Note that >, does not depends on the choice of an orthonormal basis of 7,, and N,
since for any orthonormal base change P that preserves 7T, one have PTA, ;P = A, ;.
For any function f : R” - R, we define

Ksf(o)i= [ engy@-n)f@)dy.
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where we recall that ¢, is the density of a centered Gaussian with variance ¥(y). The
idea behind the construction of the approximation of f; by a mixture of gaussians is to
show that Ky fy(x) is close to fy and then to define a perturbation f; of f, such that
Ks fi(z) - fo(z) = O(L(z)o”). Compared to the construction proposed by [KRVDV10]
in the univariate case or [STG13] in the multivariate case where Ky f = oy, * f, in our
construction X varies with the location y. Note that in particular [ 5, (= - y)dy may
be different from 1. This dependence in y is crucial to adapt to the geometry of the
manifold but considerably complicates the proof as the underlying kernel integral
operator can no longer be written as a convolution. We first show that f, can be
efficiently approximated pointwise.

Theorem 5.3.7. Assume thato, <1, that fj € ’H?‘)”BL(M, L) satisfies (5.12) and (5.13),
that c*°~*+ < § and that the manifold satisfies (5.2) with By < 5. < fm — 3. Then there
exists a function g : RP — R such that, for any H > 0,

|Ksg(z) - fo(@)] s 0” L(w) L + (Hlog(1/0))" o™ |L]ee Va e RP.

The function g has the form

J

0@ =for g Y oY diu(r,0,0) DEGG o), 5(z)
0<(k,a)<f Jj=1

where zj , = AI71(5\T/;;75(95), where (x ;)< is a partition of unity, defined in Section

5.C.1, of the set M™ n B(0, Ro(log(1/0))"/*) associated with a t/64-packing (x;)<; of

M7 nB(0, Ro(log(1/0))'/*) and where d; ;(x,0,8) are smooth and bounded functions

depending on x; and M.

We then establish that the previous bound translates to a control in terms of
Hellinger distance.

Corollary 5.3.8. In the context of Theorem 5.3.7, if fy also satisfies (5.13) and if o“ =67 =
o(6P7%) and 50°+ = o(|logo|™'/?), the probability density h o gl o + fo/21,<f,/
verifies

du(Ksh, 9)? s 02P|log o|165+P/x (5.14)

Theorem 5.3.7 is proven in Section 5.5.2 while the proof of Corollary 5.3.8, which
appears to be a non-trivial consequence of Theorem 5.3.7, is delayed to Section 5.C.1.

5.4 Numerical experiments

In this section, we provide a few numerical experiments using the Maximum A Posteri-
ori (MAP) to approximate the true distribution, as implemented in the python package
pyro [BCJ"19]. The goal of this section is not to check that the theoretical results of this
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Chapter hold numerically, but rather to give some visual examples as how suitable the
location-scale mixtures of Subsection 5.2.3 can be to describe in a relevant way data
that can be very singular. More precisely, we consider the hierarchical model:

(y)iy | iy Oy s A~ QN (i, O;A0]) with A = diag(M, ..., Ap),
=1

(pi; Oi)iey | P ~ PO,

D D
(M)l ()70 ~ (Xflnvf(%bj)v with (b;)7, ~ @EXP(KJ)'
J= J=

We set in our experiments the value of the hyperparametersas a = 1, a; = x; = 1 for
all1 <j<Dand g =0, X = Ip. We will restrict our numerical study to the ambiant
dimension D = 2 and D = 3, and use the partial location-scales mixture described in
Section 5.2 with exponential hyperpriors on the common eigenvalues A\; and \s of the
scales, and with the eigenvalue matrix A having the form

. M 0 0
A:(O1 A) for D=2, or A=[0 X 0] for D=3
2 0 0 X

We refer to Appendix 5.E for further details regarding the design of the prior. The
synthetic dataset we use are supported near four geometric shapes: the 2D-spiral
(D =2, d=1) the two circles (D = 2, d = 1); the 3D-spiral (D = 3, d = 1) and the torus
(D =3, d =2). We also refer to Appendix 5.E for the exact parametric equations of these
sets. For each shape, we generate between 500 and 10000 points for various values
of 4, and generate the same amount of data through the estimated posterior obtain
with SVI by predictive posterior sampling. The results are presented in Figures 5.4.1 to
5.4.4. As expected, the posterior does visually concentrate around the true distribution,
even when ¢ is very small (i.e the true probability measure is very singular) or when
the support of the density is based on two crossing manifolds as it is the case for the
two circles, see also remark 5.3.5.

One interesting observation is the fact that the prior naturally adapts to the intrin-
sic dimension d of the support: for the 3D spiral and the torus one notice that the
value of \; (which corresponds to the 1-dimensional side of the covariance matrix) is
predominant compared to \g, while it is automatically the other way around for the
torus — see Figure 5.4.5 for a visualisation of this fact.

We conclude this series of numerical experiments with the inspection of the de-
crease of contraction rate for the 2D spiral and the torus, with » ranging from 100 to
10000. As in [MLD20] we evaluate the risk using the histogram metric which is compu-
tationally much less expensive than the L; metric. It is computed as follow: take a new
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Figure 5.4.1 — The 2D spiral: For § = 0.1 (Left), we observed n = 500 data points (in
Blue) and predicted the same amount from the posterior distribution (in Orange). In
(Right), same experiment but with § = 0.01.
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Figure 5.4.2 — The circles: For § = 0.1 (Left), we observed n = 500 data points (in
Blue) and predicted the same amount from the posterior distribution (in Orange). In
(Right), same experiment but with § = 0.01.

N rbrns Y

C0oHrmm

Figure 5.4.3 — The 3D spiral: For 6 = 0.1 (Left), we observed n = 1000 data points (in
Blue) and predicted the same amount from the posterior distribution (in Orange). In
(Right), same experiment but with § = 0.01.
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Figure 5.4.4 — The torus: For § = 0.5 (Left), we observed n = 10000 data points (in
Blue) and predicted the same amount from the posterior distribution (in Orange). In
(Right), same experiment but with § = 0.05.

test sample X = {z1,...,2y} and, for any predictive n-sample Z,, := {z1,..., z,} built
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on a training sample, compute

1 N
hist. (Xy, Z,,) = N > IPxy (B(zi,€)) - Pz, (B(zi,¢))| (5.16)
i

where Py, (resp. Pz,) is the empirical distribution associated with X (resp. Z,). We
present the results in Figures 5.4.6 and 5.4.7.

Evolution of the scales Evolution of the scales
— — A
o »
-2
-2
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-a

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
eraons iterations

Figure 5.4.5 — The values of A\, and X, as functions of the number of iterations in the
SVI process for the 3D spiral with n = 1000 observations and § = 0.05 (Left) and the
torus with n = 10000 observations and ¢ = 0.05 (Right). Each value is initialized in the
same way but are seperated as soon as the first iteration.

Predicted data from 100 observations Predicted data from 999 observations Evolution of the Histogram-metric

-15 -10 -05 00 05 10 15 -15 -10 -05 00 05 10 15 20

Figure 5.4.6 — For the 2D-spiral with ¢ = 0.05 we sampled 1000 points from the predic-
tive distribution after observing (Left) 100 points and (Middle) 999 points. (Right) We
computed the histogram metric (5.16) for a new test sample of size V = 10000 and a
predictive n = 1000 sample, for € = 0.05. The experiment was repeated 30 times for a
training sample of size ranging from 100 to 999 on a log-regular grid of length 10. We
show the median value of the metric in orange and its 10 and 90 percentiles in gray.
Results are in double log,,-scale.

5.5 Proofs of the main results

5.5.1 Proofof Theorem 5.3.2

Theorem 5.3.2 is proven using [GVDV07, Thm 5], which relies on two things: making
sure that the prior probability distribution puts enough mass around the true density
fo, and ensuring that most of its probability mass is concentrated on a subset of

manageable entropy.
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Evolution of the Histogram-metric
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Figure 5.4.7 — Same experiment as in Figure 5.4.6 but for the torus with § = 0.05.
Prediction is made using (Left) 100 observed points and (Middle) 10000 points. (Right)
We computed the histogram metric (5.16) for a new test sample of size N = 10000 and
a predictive n = 1000 sample, for ¢ = 0.5. The experiment was repeated 10 times for a
training sample of size ranging from 100 to 10000 on a log-regular grid of length 5.

Proof of Theorem 5.3.2. We first check that our prior fulfils the entropic condition
of [GVDV07, Thm 5]. To do so we define, for any sequence ¢, going to 0, F, =
Fn(en, Ro, Hy,00,01) to be the set of all probability density function fp with P =
Y hs1 ThOu, Uy.A, SUch that

S 7w <en, Vh<Hy,pneB(O,R,) and Vh< HyApeQy=[ar,52]°,Uy e O(D)
h>H,,
where R,, = exp(Rone2), H, = |Ho(ne2)/logn], o2 = o2(ne2)~/* for some positive

constant Ry, Hy and ¢ and where, for some o1 > 0,

* 52 = exp(oine?) in the case of the Partial location-scale mixture

e 52 = 0?(ne2)'/* in the case of the Hybrid location-scale mixture.

We then show in Lemma 5.5.1 below that II(F¢) S exp (—cine?) as soon as neZ > n

for some w > 0, and that F,, satisfies the entropic bound of [GVDV07, Thm 5] with
partitions described in the aforementioned lemma.
We finally define for any ¢ > 0,

w

B(fo,€) = {f:RD —>R‘IP’0 (m?) <e? and P (10g2%) SEQ},
and introduce p = s v ¢/2 and
8 1/2
£, = 05001 A n_w% and ¢, := {CT~TLD/25 logt/Q(l/én)} v{é,log®(1/en)}
n

where s, t and C are introduced in Lemma 5.5.2. The sequence £,, goes to 0 and is such
that £20 < 6729+ so that Lemma 5.5.2 below applies and

1 (fp € B(fo,2n)) > IL(fp € B(fo, 8, 08" (1/2,)) 2 exp (~C&,”/ log! (1/¢.,))

2 exp(-ney,),
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so that the posterior contracts at rate ¢, so long as ns2 > n“ for some w > 0, which
allows application of Lemma 5.5.1 and in turn of [GVDV07, Thm 5]. We now distinguish
three cases:

D
1. Iffirst §@0-=r < n~! then the results of Theorem 5.3.2 is trivial and there is nothing
to show (because the contraction rate goes to oo instead of 0);

D __D __B . __B
2. If§oo-or > n 25+D, then &, = n 2+D and one easily get that ¢, ~ n” 25+D logf n. In

particular, ne2 » n* forw = D/(28 + D).

_D _B8
3. Iffinally n~! < §=0-a1 < n‘?ﬂ%, then &,, = §>0->1 and log(1/d) > logn so that

__ D D
ne? > C& PP logh(1/,) 2 6 0ot logt(n) > n2+D.

In particular, Lemma 5.5.1 applies and the conclusion follows again from [GVDV07,
Thm 5], to the last detail that we need to understand how ¢,, depends on §. By
assumption, there holds log(1/&,,) < log(1/6) < log(n) and &, < n~?/(26+P) and

thus
—D/28

1
Enslogpnx{ °

VnoDl(ao-a1)

vén} =logPn x
n
O

We now turn on the entropic condition on the sieve F,, introduced in the proof
below. We define, for j = (jj,, h < H,) € Ni»,

Frj={fpeFn|Vh<hy, jnv/n<|un| < (Gn +1)v/n}

along with the following refinement

max; A\;
- <n
min; \;

-1 Imax; \; ¢

270 (A2 } .

Fnj0 = {fP € Fnj

n

and V{21, Fpj0:= {fP € Fnj

min; \;

Lemma 5.5.1. Under assumptions of Table 5.2.1, for any sequence <,, -~ 0 such that
ne2 > n®, for somew > 0, and for all c; > 0, if Ry, Ho, 0% are large enough and o7 is small
enough, there exists My > 0 such that,

i) I(FS) s exp (—cine?);
ii) In the case of the partial location-scale prior

_ 2
S VI Fug )N Cn Fugn |- [)e Mm% = o(1);
j?e

iii) In the case of the hybrid location-scale prior

—Mone2
SV IFE N G P |- )07 = (1),
J
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The proof of Lemma 5.5.1 can be found in Section 5.D.1. The last elementary brick
in the proof of Theorem 5.3.2 is the control of the probability of small balls around Py,
which is stated below.

Lemma 5.5.2. Letc > 0 and assume that it is small enough so that *° < %< and that
e < log ' (1/¢). Then, in the context of Theorem 5.3.2, there holds

(fp € B(f0,8)) 2 exp {-Ce PP log! (1/¢)},

where the constant C depends on the parameters, where ¢ ~ log®(1/¢) and with s,t > 0
depending on D, [ and k.

The complete proof is given in Section 5.D.2 and is sketched as follow: the first
step is the Hellinger approximation of f, by Kxh as expressed in Corollary 5.3.8. Then
we exhibit an e-approximation of Kxh by a discrete location scale mixture with a
controlled number of atoms through the use of Lemma 5.5.3 below. The result then
follows from similar arguments as in [STG13, KRVDV10] or [NR17].

Lemma 5.5.3. Lete > 0 such that 60®* log(1/e) <« 1. For any density g on M° sat-
isfying (5.12), there exists a discrete probability measure G on R” with at most N ~
o PlogP(1/¢) atoms such that

|KsG - Kxg|loo S and |KxG - Kxg|1 s elogP?(1/e).

9
oDgD-d
The atoms of G are in M° and are 0>*c-apart.

The proof of Lemma 5.5.3 can be found in Section 5.D.3. We underline that although
it uses similar ideas to [GVDVO01, Lem 3.1], it is not a straightforward adaptation of it,
since in Ky, the covariances depend on the locations of the mixture in a complicated
way.

5.5.2 Proofof Theorem 5.3.7

As explained in Section 5.3.2 a key ingredient of the proof of Theorem 5.3.2 is the
pointwise approximation of f, by Kx,g where g is close to fy and is explicited in the
proof of Theorem 5.3.7 below.

Proof of Theorem 5.3.7. Let xg € M and define

6+

; 2+ )
Wi =Br,, (O, 1—67) x Bn,, (O, S 7') for j€{0,1,2},

and 0}, = ¥,,(0},) for j € {0,1,2}. We have W) c W) cW? and0 c Ol c O2.
Furthermore, the sets OY for z € M forms a covering of M 37/4 see Section 5.A.4 for
more details.
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We now drop the x, from the notation. Let f : R” - R be in 7—[?0’6 *(M, L) and sup-
ported on O — it is to be thought of as f, multiplied by a smooth function supported
on 0°. Take = € O' and compute

Ksf(z) = fRD P (@ —u) f(u)du = fM

We first prove that we can construct a function g such that Kyg is close to f and we

Ps(u) (=) f(u)du.

OO

then apply this result to f = fyx; with x; the partition of unity defined in Lemma 5.A.6.

The idea is to use the fact that () = o(1) and the smoothness of u — () so that
Ksf(@)s [ os(@-u)f(dus f(2).

We now write down the approximation rigorously and quantify the error, taking into

accound the geometry of the manifold M. In all that follows, we use the notation

z = (v,n) for points belonging to Br, 1(0,7/16) x BNxOM(O, 7/2), while throughout

w = (v,6n) € B, m(0,7/16) x By, 1(0,7/2). We first make the change of variable

w =¥ 1(u), yielding

Ky f(z) = 1 (Mn00) Px (T (wy) (@ = V(W) f(¥(w))|det A (w)|dw.

Then, denoting by w, = ¥~ (2), we write
w=Ap52+ Wy =Ny 52+ A 52p, Wy =(Vg,00;), 2g= Ail(;wm,

in the integral above, giving

1

Ksf(x) :W

/A;}I(WO_%) eiB"(x’z)ng(Agjlz +22)C(Ap sz +wy)dz,  (5.17)
with

1 _
B,(x,z) = §Hx -W(Agsz+ wI)H%-l(\P(A[,,(gzmz))

and ((A, 52 +wy) = |det dU (A, 52 +wy)),

and where we used the fact that |det X(u)| is constantly o”§”~¢ for v ¢ M". Since
2z fs(Ay1z + 2, ) is zero outside of A;}l(WO - 22 ), we can replace the latter set with
Ty M x Ny M ~ RP in the integral above. We now develop each term separately. First

(Aa,dz)k

C(Apsz+wy) =|det d¥ (w,)| + Z x

1<|k"<,31\4—2

D*¢(w,) + RS(z,2)

with RS (z,2) < |Ays2|°4~2, up to a constant that depends on C);. Secondly, there
holds

— k —
fi(Borztz)= fo(z) + 3 o™ D fi(z) + RY(x,2) (5.18)
—— 0<(k,a)<B k!
)
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with RS (2, 2) < DLs(2,)0?||1v 2| = D6P~AL(2)0? |1 v z|?™** in application of Corol-
lary 5.A.3. It remains to understand B, (z, z). Notice that

_ _ Ays2) - :
U(Apsz+wy) = +dW(w)[Agsz] + ). MDR\II(wx)JrR;P(x,z). (5.19)
) ) k!
2$|]€|<6]M—1

with again RY (,2) § | Ay 52| ~". Let write k = (ko, k, ) with ko € N¢ and k, e NP~%. We
know that W is affine with respect to its second variable, so that

D®0ED)F = 0 for ky| > 2. (5.20)

The sum in the RHS of (5.19) thus rewrites

k k
E O"k0|a0 Z_‘ Dkqj(wx) + Z O-‘k0|060 O.QL (SZ_' Dkq](wx) (5.21)
k=0 k! |kL|=1 k!
2<[kol<Brr-1 ind<|ko|<Bnr—2

and Rg’ is bounded by the more precise quantity

IR¥ @) s S |Aggelt|Aggz]fui-lu2]
|k|=[Brr—2]
LAS!
Furthermore, the first differential of ¥ reads

AW (wy)[Ags2] = 0%°d¥ (vy)[v] + 0 pry, d"N(wg)[v]

€Ty

(5.22)
+0* pry, d"N(wy)[v] + 50" N(ve,7).
€N,
Now recall that u = ¥ (A, 5z + w, ) and that
Bo(2,2) = 5l =l 10y = 5o |97, (2~ WP+ g e, (2 = )
2 B T 9200 1 262g20 ! e

Using the development of » that we have in (5.19,5.21), we find that, noting again
k= (ko,k,), for any y e R?,

prr, (v) =prr, (W) + Y. (Ags2)"®f (wy)[y] + RE (2., 2) (5.23)
1<|k|<Bnrr-1
|kol>1
with
RNz, ) syl Y |Aggsel*|Aggz] 2 18021,

|kl=[Brr—2]
|kol>1

and for some (B, - 1 - |k|)-Holder functions ®! (w,) (which are smooth functions of
D‘W(w,) for 1 < |¢| < ||, see for instance Lemma 5.A.2). Here the important fact is that
the sums in both displays above start at |kq| > 1. This is because:
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i) s~ pr,,(z+s)is constant over the fiber N,, so there is no sole contribution of the
normal part of u — = (only mixed contribution with the tangential part) in (5.23);

ii) The tangential part of d¥(w,)[A, 2] does not inherit the contribution of the
normal displacement in da*, as shown in (5.22);

iii) In (5.21), neither sums contain any term of type (0, &, ).
Pluggingy = u - x = V(A, 52 + w,) — z in (5.23) and using (5.22) yields

o prt, (.7} - u) = dq](vm)[v] + PTT, dUN(wx)[v]
+ Y 07(A,52) RL (wy) + RE (2, 2)

2<|k’|<6]y[—1
|kol>1

with &7 being a again smooth functions of D*¥ (w;, ) for |¢| < |k|, and where

IRS (@, 2) $07% 3 [Agg2lf| Agsz|um 12T g g2 Par=len | Far
|k|=[Brr~2]
kol>1
up to a constant that depends on C),. Now notice that
pry,(2) =z =prp, z=pry, 2= 3 (8052) @ (wi)[2] - Ry (2, 2)
1<|k|<Bpr-1
|kol>1

whence again plugging z = u — = and using (5.22)

5 pry, (@~ ) = Ny 1) + 0067 pryg, d* N (w,)[0]
+ Z a‘alé_l(AW;z)k@CV(wx) + R(],V(a?, z)

2<|k|<Brr-1
‘k0|21

where again &' (w;,) is polynomial in D*¥ () for £ < k and

IRS (z,2) 07870 30 |Ag g2l [Agz] 102

k|=[Br—2]
|k‘0|21

< §PM=3 ;o (Brm=3)+ag ” P ” Bum-1

Recall that by assumption 0“° < 60™* so that Ry is of greater order that R;. There thus
exists functions ®;, similar to ! and &}’ such that

1
Ba(fv7Z)=§HA(wz)[2]|l2+ > 076 (Ag52) p(ws) + R (2, 2)
1<|k|<Brr-1
[kol>1

with RZ (z, 2) 5 6%m 25 (Br=2)au | | Bm=1 and where
A(wz)[v,n] = d¥(vg)[v] + pre, d"N(wg)[v] + N (vz,n).
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We can rewrite the development of B,, up to a slight modification of the ®;, and of R”,
which we write again ®; and R with a slight abuse of notation, in the following form

By(r.2)+ %uA(wz)[z] 2

(5.24)
=logil+ > o6 N (A 52) Py (wy) + RE (2, 2)
1]kl<Bar-1
|%o|>1
or again
o~ Bo(@2) _ =5l Aw) 1% o ) 4 Z g‘O‘L(S‘l(AW;z)k@k(wm) + Rf(x, z)
1g]kl<Bar-1
|ko[>1
All in all, we obtain a development of Ky, f(x) of the form
Ksf(x)= ), > otEmadsimile o m (@)
0S(k,a)<6 0<\m\<61\472
+ Z Z Z O'(k+é+m’a>_ai(5|gl|+|mL‘_1§]€’g7m($) 4 Rg(l‘)
0<(k’,0¢)<ﬂ 1<|£|<B}u—1 0<|m|<BM—2
[€o[>1
(5.25)

with |Ry ()| § {0 + 0P Pu=2/BL55m=2} [ (1) s 0P L(x) as soon as By -2 > B,. The term
L(z) appears in the control of R, because every term in the remainder is multiplied by
one term of the development (5.18) of f5, and each one of this term is upper bounded
by L(z). The term & ¢ () (for both £ = 0 and ¢ > 0 with the convention &y = 1) is
exactly
- 1 1 2
k m - - —3 [ ACwa)[Z]]7 , (k+l+m)
D" f5(22) x ®¢(wy) x D™ ((wy) x (27)D/25D-4 [RDe 2 z dz.

The zero-th order term is equal to

1
(2)D/25D~d

1

F5(ze) x C(wq) x | det A(w.)]

fRD ezl Aw)=]1? g, = f(z) x| det ¥(w,)| x
But recall that
d¥ (w,)[2] = d¥ (v,)[v] + pry, AN (wg)[v] + pry, d"N(wz)[v] + N(ve,n)

which, written from an othonormal basis concatenated from orthonormal bases of T,
and N,, to an orthonormal basis concatenated from orthonormal bases of 7, and N,,
leads to a matrix which is block triangular inferior with diagonal blocks corresponding
to d¥ (v, )[v] + pry, VN (w,)[v] and N(vz,n) so that |det d¥(w,)| = |det A(w,)|. Now
for the higher-order terms, notice that the map

w > DMC(w) x Pp(w) x e—%I\A(w)[n]|\277(lc+£+m)(h7
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belongs, in application of Proposition 5.B.6 and Proposition 5.B.1, to Hif ~2imivid Wa,5:C)
for some C depending on C); and 7. Likewise, z — D* f;(z) belongs to 38" (W6, L)
according to Proposition 5.B.1. Using Proposition 5.B.6 once again and the definition

of manifold-driven Holder spaces, one get that

Bo = {Bo — (k,a)/ao} A {Bar =2~ |m| v |(]}

Ertm € HIOPH(M,CL) with
B =18 —(k,a)fa } A{Brr =2~ |m|V|{]}.
Looking at (5.25), if we were to prove that

(k+m,a)+3>p ife=0

(k+l+m,a)+B2a0+8 it >1

-1
where B:: D x {i + D: d} , (5.26)

0 1

then we would get, by induction, that there exists a function g, supported on OV, of the
form

1 _
9(2)=f(@) + 55 Y o di(2,0,6) D fi(z)
0<(k,a)<f

with dj uniformly bounded, such that
|Ksng(x) - f(x)| S L(x)a'g VoeOl

It only remains to prove (5.26). We start with ¢ = 0. Then |m| v |¢| = |m| and since
Bo = (k,a)/ag < B, — (k,a)/ay, there are three cases to cover: case 1.: Sy — 2 — |m| >
B.—(k,a)/ay; case2.: Byr—2—-|m| < Bo—(k, a)/ap and case 3: fo—(k, o) /g < Bar—2—|m] <
B —(k,a)]a,.

We start with case 1: in this case, 8 = 8 — (k, «) and (5.26) follows immediately. In
both case 2 and case 3, notice that denoting @, := 3/3,, we either have @, = 1 > o, (case
2)ora; = B'/Bl > o, because EL/B'Q < B1/Bo by assumption (case 3). This yields that

/BVZ (B —2—|m|ve)aL > By —2 - |m|)ar > (Bu —2)aL - (m, a)

B]\,él_ 2/8 - <m7 a)

ending the proof of (5.26) for ¢ = 0 since 3, — 2 > 5,. Now for the case |(y| > 1, if || < |m),
the previous reasoning still holds and we get

>

\

(k+0+m,a)+ B> (l,a)+(k+m,a)+3>ay+ 0.
If finally |¢| > |m/, then we can write ¢ = 7+ ¢; for some i € {1,...,d} so that|{| = |¢[+1 and

(k+l+m,a)+B>a0+(k+0,a)+0.

Now noticing that 8y, — 2 - |¢| = Sar - 3 - |{], we obtain, using the same reasoning as
above, that (k + / a) + B> pBassoonas Sy — 3> A3, ending the proof of (5.26).
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We are now ready to prove Theorem 5.3.7. We let
R = {Hlog(1/o)}"/"

and xi, ..., xs be the functions defined at Lemma 5.A.6 from a 7/64-packing of M n
B(0, R). Recall that we can always chose J of order less than R . In light of the point
(iv) of Lemma 5.A.6, the function f; := x; fo is still in ’H?‘J”Bi (M,CL) for some constant
C depending on 7 and §3,. Since supp f; c ogj (point (i) of Lemma 5.A.6), the first part
of this proof yields that there exists some functions g; supported on (’)gj, such that

|Ksg;(z) - f;(2)| s L(z)o” (5.27)

uniformly on O, . Now notice that for = outside of O; , we have d(z, 0}) > (0% v
§0°+)\/(H + D)log(o) so that

O'H H
[Kxg;(z)| < fogj o5 (u) (2 = u)g;(u)|du < (2m)D25Dd fogj lg; (w)ldu $ o %LEPL
J
and the equality (5.27) extends to the whole set R” with the bound o | L[| oo on R~ O .

Using the linearity of Ks;, we thus find that for g = ijl g;, and for any = € R”, there
holds,

J
IKzg(x)—fo(x)KZ;IKzgj(x)—fj(w)K > |Kxgi(@) - fi(@)l+ 3 |Ksg;(z)]
=

jeJ(x) jeJ(x)
$|I(@) x L(x)o? + (T = T (2)]) x o™ | L] oo
s o L(z) + {Hlog(1/o)}"" o1 | L] o

where we denoted J(z) = {1 <j<J|xe (’)}cj }, and used the fact that J(z) is bounded
from above by something depending on D and 7 only, ending the proof. O

5.6 Discussion

With the aim of developing Bayesian procedures in the framework of manifold learn-
ing, we exhibited a new family of priors based on location-scales of Dirichlet mixture
of Gaussians, and described a general setting for studying density supported near a
submanifold. The latter relies on two things: first, a parametrization of the offset of
the manifold and second, an anisotropic class of Holder functions. In this model, we
obtained concentration rates in Theorem 5.3.2 for the associated posterior distribution
that are adaptive to the regularity of the underlying density while being totally agnostic
of the underlying submanifolds and their main features. Our procedure is therefore
fully adaptive.
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An interesting feature of our theoretical framework is that it allows to express the
rate in terms of the smoothnesses of the density and the manifold together with the
thickness ¢ of the support around the manifold. When § is fixed, our results can be
viewed as an extension of minimax rates for regular anisotropic densities to manifold
driven anisotropic densities. But we are also considering the regime where 6 = o(1)
which corresponds to the manifold learning problem. The rates obtained in Theorem
5.3.2 have two regimes: one when ¢ is not too small with rate n~P/(26+D) (up to logn
terms) and the concentrated regime where ¢ is very small (§ = o(n~"/(?#*P)) ) where we
obtain the rate (nd?/(®0-21))=1/2 Tt is not clear if this latter rate is optimal or not. The
case 0 = 0 would correspond to the observations belonging to the manifold A (and for
which we would expect the rate n~%/(2%0+4)) but cannot be thought as a limiting case
of our problem since then the distribution has density with respect to the Hausdorff
measure on M and not with respect to the Lebesgue measure on R”. When M is un-
known the model is not dominated and our approach is not applicable. The problem
of posterior contraction rates when the distribution lives on an unknown manifold
remains open, although some interesting ideas in [TY22] or [CDFM22] could be used
to address it.

Another interesting output of our results is that if nonparametric mixtures of normal
densities define a versatile and flexible model for smooth densities, the structure of
the prior on the mixing distribution is crucial. In this Chapter we propose two classes
of priors which we believe enjoy many strong theoretical properties while remaining
reasonnably simple to implement. Moreover variational Bayes algorithms using pyro
can be easily implemented and for which the same theoretical guarantees hold. It is
quite possible that other nonparametric mixture models such as the Fisher-Gaussian
kernels of [MLD20] would enjoy the same theoretical guarantees and we believe that
our approximation result can be useful to study the theoretical properties of mixtures
of Fisher-Gaussian kernels which are stronly related to Gaussian kernels.
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5.A Some facts on submanifolds with bounded reach

5.A.1 The geometry of submanifolds with bounded reach

The reach 7x of a closed subset K c R?, initially introduced by [Fed59, Def 4.1 p.432],
is defined the supremum of all the r > 0 such that the orthogonal projection from the
r-offset K" = {z e RP | d(z, K) < r} to K is well-defined, namely

T =sup{r> 0| Ve e K"\ Vy,z ¢ K, d(z, K) = |v - y| = |z - 2| = y=2}.

When the reach of a closed submanifold M c R” is bounded away from zero, M enjoys
a number useful properties, that we list and prove below. In all the results stated
hereafter, the reach of M is bounded from below by some 7 > 0. Lemma 5.A.1 provide
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already existing results from the literature, sometimes slightly rephrased to better suit
our needs. We start off with a control of the exponential map over submanifold with
bounded curvature together with a comparison between the intrinsic distance on M,
denoted by d,(.,.), and the ambient Euclidean distance. Recall that for any z,y € M,
dps(z,y) is the infimum of the length of all continuous path between x and y in M and
if z and y are in two separate path-connected components, then dy;(x,y) = co.

Lemma 5.A.1. The following facts hold true

i) Foranyx € M, the exponential map exp,, is a diffeomorphism from Br, (0, 77)
10 exp, {BTIOM(Oa 777')}.

ii) It is double Lipschitz from B, (0, 7/4) to its image with

11

VU,MEBTIM(O,T/4), 1_6

21
[v-wl < [lexp,(v) =~ expy(w)] < Tellv-w].  (5.28)

iii) Lettingr : v~ 2(1—+/1=7)/y. If|lx - y| <y7/2 with~ < 1, then

|z -yl <dm(z,y) <r(y)|z -yl (5.29)
iv) Finally, if |z - y|| < 7/2, there holds

dM x,y 2
Iprr,as bty lop < 22D 2y 5:30)

-
Proof. The first result on exp,, is an application of [AB06, Thm 1.3] . For ii), denoting
R, (v) = exp,(v) — z — v, there holds that,

5
[ expy(v) = exp, (W) = v - wl < [ Be(v) = Ra(w)] < 7o llv - w]
where we used [AL19, Lem 1]. Finally iii) comes from the monotonicity of x and
[NSWO08, Prp 6.3], and using [BLW19, Lem 6], there holds | prp, 1s — pry, ar lop < dur(z,y) /7,
which, together with iii) for v = 1, leads to iv). O

We now wish to define the parametrization of the 7/2-offset of M that we introduced
in Subsection 5.2.2. This requires to identify in a non-ambiguous way every normal
fiber N, M to the base fiber N, M for x in the vicinity of z¢. A natural way to do that
would be to use parallel transport, and define

Ny, (U7 77) = t’)/(n)

wheret, : Ny M — NepoO (v)M is the parallel transport along the path y(s) := exp,, (sv).
We refer to [Lee06, Sec 4] for a formal introduction to parallel transport.

In order to make things more comprehensible for the reader who is unfamiliar
with parallel transports, and in order to have clear and quantitative controls and the
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quantity at stake, we suggest another, more elementary approach. We assert that the
two approaches yields similar regularity classes as introduced in Subsection 5.2.2. We
start off with a few notations. For a matrix A €e RP*P and 1 < k < D, we let Vi (A) be the
vector space spanned by the first k£ columns of A. We denote by Norm : z — z/|z|. We
let

G:GL(D,R) - O(D,R)

be the Gram-Schmidt process, defined recursively on the columns of any invertible
matrix A = (A1,...,Ap)asG(A) = (G1(A),...,Gp(A)) with

gl(A) = Norm(Al) and V1 £j<D-1, gj+1(A) := Norm (Qj+1(A))
where Gj+1(A) = Aj+1 — Z (Aj+1, gz(A»gz(A)
1<i<j
Because G is such that V. (A4) = Vi, (G(A)) for every 1 < k < D, there holds that G, 1(A) =
Pry, (a): (Ag+1), and that G;(A) is thus non zero everywhere, so that G is a well-defined,
smooth application. In order to bound its derivatives, we need to control how G, is far
away from zero. We introduce

GL.(D,R) = {A ¢ GL(D,R) | d(Ap1, Vi(A)) > € V1<k< D},

so that |Gx(A)| > ¢ for every k and any A € GL.(D,R), and thus straightforwardly
all the derivatives, up to any order, of G are bounded on GL.(D,R). We let By be an
arbitrary basis of 7,,, M, B, be an arbitrary basis of N,,M and let B = (By, B,). We
define, for v € By, 1(0,7/4), Az (B,v) := (d¥4,(v)[Bo], B.). Note that since ¥, is a
diffeomorphism, there holds

Vi Aay (B, v)) = Vect (AW, (v)[Bo]) = T, (M. (5.31)
Set
Nx'i) (U7 ) = g(Axo(B7v))[':|7 \ijo (v777) = \Iléro (U) + NxB(; (Ua 77)'

We show in Lemma 5.A.2 that Nfo and \T!fo are well defined and smooth, which com-
bined with (5.31) yields in particular that N (v,) is an isometry between N,, M and
N\I/xo (M.

Lemma 5.A.2. Foranyv € By, 1(0,7/4), there holds that A, (B,v) € GL.(D,R) with

e = 1/2¢. Consequently, the map v ~ NE(v,-) isin H.ﬁMfl(BTIOM(O,T),C) for some

1S0
constant Cyy, T, By and D (and not on B). Moreover for any basis B, it holds that

| det d\flfo (v,m)| > (3/16)d,

foranyv € By, 1 (0,7/4) andn € B, 1(0,7/2).
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Proof. First notice that ford < k < D -1 and v € By, n(0,7/4), there holds, letting
A = A, (B,v), and because of (5.31) and the fact that B, is an orthonormal frame of
Nz M,

d(Ags1, Ve(A)) = d(Ak+17T\I!m0(v)M) >1-| Py, M —PYT\I,ZO@)M ”op >3/4
where we used (5.30). Now we let1 < k£ < d -1 and let V,(A) = {0}. Letting Q =
(Aq,...,Ayq), here holds that

d—
I—IId(Ak+1, Vi(A))? = det QTQ = det AW, (v) d Wy, (v).
k=0

Using [AL19, Lem 1], it holds [d¥,(v) - t]op < 5/16 for v € Br, 1(0,7/4) where ¢ :
T.,M — RP is the inclusion so that for any h € T,,, M, |d¥,,(v)[R]]| > (1 -5/16)|h| =
11/16]A|. In particular det ¥, (v)Td¥,, (v) > (11/16)??. Since now

d(Agi, Vi(A))? < [ Apa |? < AW (0)[3, < (21/16)?
there holds that forany 1 < £ < d,
d(Age1, Ve(A)? > (16/21)20@ D (11/16) > (11/21)% » 1/2%.

Using that the Gram-Schmidt transform is smooth on GL.(D,R) with ¢ = 1/2¢ and
Proposition 5.B.7, we obtain that the map v — Nfo (v,-)isin Hiﬁrl(BTzoM(O, 7),C).
Also, in B and in orthonormal bases of Ty (, M and Ng_ (., the Jacobian of
_ IO( ) Io( )
\I’fo (v,n) write
AWy, (v) +prTq,w0(U)M°va£)(U,77) 0
prN\I,ZO(,U)MOdUNQE)(U7n) NxBi)(,l%)

so that [det dUZ (v, n)| = ‘det {d\l!xo (v) +prp, ()M od, N (v, 77)}‘- We saw earlier in the
zg (v
proof that |dV,, (v)|.p > 11/16. Furthermore, using (5.30), we find that for any small
wely, M,
[prry, o Nz (0 wm) = Nog (e} | = 1(0rry, vy =Py, ) Nag (v +w0,m)]

[w]
<— |l

<X

and consequently | prq, )ovag(v,n)Hop < |nl/7 < 1/2. Thus, for any h € T, M,
zg (v

|40 (0)[A] + Pry,, (01 odoN (v, m)[R]]op > (11/16 = 1/2)[[A] > 3/16]h] and thus
| det d\Ilfo (v,m)| > (3/16)%
O

An important feature of the parametrizations ¥ fo is that the subsequent Holder
classes as defined in Definition 5.2.3 do not depend, up to a universal constant, to the
choice of a collection of basis (B, ),eas- This is shown in Section 5.A.3.
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5.A.2 Taylor expansion of M-anisotropic Holder functions

In this section, we derive a Taylor expansion for manifold-anisotropic Hélder functions.
Recall from Section 5.3 that for any ¢,6 > 0,

@0 Id
A0'5 = 7 ! ! .
' 0 oo Idp_g4

Corollary 5.A.3. Let f ¢ HfO’BL(M,L). Then, for any xo € M, any w € W, 5, and any
2 € Ty M x Ny, M such thatw + Ay 12 € Wy, 5, there holds

k
froﬁ(w + Amlz) = ]F:ro,t;(w) + Z U(Iﬁa)% Dkfé,mo (w) + R(w> 2)7
0<(k,a)<B :

where the remainder R satisfies the following bound
[B(w, 2)| < Do |1V 2[[{™ Lay 5(w).

Proof of Corollary 5.A.3. Simply applying Proposition 5.B.2 to f,, s yields

. - Ag12)F -
f:vo,5(w+AU,lz) = fxo,é(w) + Z %Dk‘fé,xo(w) +Rxo,5(waw+Aa,lz)
0<(k,a)<p :

where R, 5(w, Ay 12) satisfies

|Aa 1Z| B Exkva)
|Rw0,6(w’w+Aa,1z)| < Lacg,é(w) Z |(A012)J J
J=

B_amaxg(kaa)<5

B=(k.)
:on’é(w) O' (k,ox) |Z| Z ’a>|zj‘ aj
B-amax S(k a)<ﬁ =
< Do Ly s(w)|1v 2] P
where we used the fact that k; + Btka) < Bj < Pmax forany 1< j < D. O

a;

5.A.3 Stability by a change of basis

We now show that a change of basis does not interfere with the anisotropic regularity
of a map seen through U2

Lemma 5.A.4. For any orthonormal basis B' = (B, B|) subordinated to T,,M and
Nz, M, and for anyé > 0, it holds that

(‘I’fo, )_1 ° ‘Tff;,g(v,n) = (v,Cp,p(v)n) (5.32)

where Cp p' is independent of 6 and is in Hiﬁ’_l (Br,,m(0,7),C) for some constant C
depending on Cyy, 7, By and D (and not on B and B’).
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Proof. Short and simple computations shows that Cg p(v) = N2 (v,-)TNE'(v,") so
that an application of Lemma 5.A.2 with Proposition 5.B.6 immediately yields the
result. O

Corollary 5.A.5. In the context of Subsection 5.2.2. Assume that By < 3, < fa — 1. Then,
there exists a constant C' depending on Cy;, 7, By and D such that, if there exists a
basis B such that f o U8 < ¢ HEH(WJ;O,(;, Lfo s), then, for any other orthonormal basis B’,

0

f o \i/f,,é € ’HEH(W:EO’(;, CLxB, 5).

0 0

Proof. Using the lemma above, there holds

foOl s=foll s(v,Cpp(w)n)=foTE joi(vn)

where J is defined through (5.32). We denote for short f5 = f o U5’

B T, B’
xo’é,f :fo\lfm 5 SO

05
that f%" = B o J. Taking (k, ) < 8 and using the multivariate Faa di Bruno formula

[CS96], we find that D¥ f2’ is a sum of product of the form
De(fB o J) y H(Dk(j)J)g(J’)

subject to |¢] < k|, ¥;¢9) = ¢ and ¥, [(W[k) = k with k0 # 0. Now notice that
(D* J), = 0 for 1 <i < d as soon as k) # 0. For a configuration of ¢, ) and k) such
that the above product is not zero, there thus holds

o] =S = T 1#D)< S 1Dk < kol
J k=0 k=0

which, together with || < |k and ag > «, yields that (¢, a) < (k, o) whenever the above
product is non zero. We conclude with a telescopic argument with Lemma 5.A.4. [

5.A.4 Partitions of unity and packings

The approximation result uses a particular covering of an offset of the manifold /7,
which we describe here. Take zg € M and define

; 2+3 6+7J .
W%O = BTIO (0, 1—67') X BNZO (0, T ) for ] € {0, 1,2},
and 0, = U, (03,) for j € {0,1,2}. We have
W2 c WL cW2 and 09 cO) cO?.

Furthermore, the sets O, for z € M forms a covering of M/37/4. See Figure 5.A.1 for an
illustration of these open sets.

In what follows, we will need the notion of packing. An -packing of a subset A c R”
isaset {y1,...,y s} of points of A such that |z; — x| >e forany 1< # j < J and such
that no set of J + 1 points has this property. We denote by pk(.A,¢) := J the e-packing
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' N, M “ .°
[] \~ ,'
' Cd
M Ny M
T. M ' @
o 0 ---. 0 ’
Wgﬂ
Wi, .
4
4

CSmm=

Figure 5.A.1 — A visual representation of the sets used in the proof of Section 5.3.

number of 4. By maximality of J, it is straightforward to see that a A is covered by
the union of the balls B(x;,¢). Furthermore, the balls B(z;,c/2) must be disjoint by
definition of a packing so that

pk(A,e) x mijlvol(.Am B(z,£/2)) < VO]{Aﬂ U B(:z:j,e/2)} < vol A.

INA)

In the case where A is a ball of radius R with R large before ¢, it is straightforward to
see that vol(A n B(z,£/2)) 2 e for any z € A so that pk(A, <) S (R/e)”. We now let

1
o= e |- |

which is an infinitely differentiable, radially symmetric function from R” to [0,1]
supported on B(0, 1). For any z¢ € M, we define

pag () 1= p(32$ _Txo)

For any large R > 0, one can take a 7/64-packing of M nB(0, R), say {z1,...,z;} with J
of order less than pk(B(0, R),7/64) s R”. We can define

Xj(x) = S Pa; ()

z‘J=1 Pz, () ‘
In a similar fashion as what is done in [Div21b], we first review a few properties satisfied
by the maps {x; },; ;» which forms a partition of unity associated with the covering
{B(z;,7/32)},j; of M nB(0, R). See Figure 5.A.2 for a geometric interpretation of the
situation.

Lemma 5.A.6. The following assertions hold true:
i) Forany1<j<J,suppx;cOp ;
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ii) There exists a numeric constant~ > 0 such that M"™ n B(0, R) c supp ¥; x;;
iii) There exists a numeric constantv > 0, such that for any x € M"™ n B(0, R), there
holds ¥, pa, () > v;
iv) Forany k| < K, there holds that | D* ;|| s < C < oo with C depending on K and t;
v) Forany|k| < K, there exists a non-negative function I i such that, forany1<j < J,
|D*x;(2)| < I (x = z)x;(x), VYoeM ™ nB(0,R)
with Ik being such that for anyw > 0

sup (I (2 -;))" x;(z) <C < oo

zeMT

where C dependson K, T and w.

We stress out that the constants appearing in Lemma 5.A.6 do not depend on R or
J at all, so that it can be applied for a family of covering {1, ...,z ;} indexed by R — oo,
as it will be the case in the proofs below.

7’
’

<" N, M

.
L4
hd .

1
1
I
’ 1

Figure 5.A.2 — A visual interpretation of the framework and results of Lemma 5.A.6.

Proof of Lemma 5.A.6. We start with proving i). Let z € B(x;,7/32) and let z = pr;, .
There holds that

Iz =251 = |z =2 + |2 - 250 + 20z 2,2 - 25) = |2 - 2|* - o - a5])* + 2z - 25,0 - x5).

But now using [Fed59, Thm 4.7 (8)], there holds that 2(z — x;,z — x;) < |z — 2|z - z| /7

so that in the end )
9 Hz—x”2 32 7

lz = 2| < —————=<{\/ o735 ( >
1-|z-z|/7 3132

where we used the fact that |z - z| < |z; — z| < 7/32. In particular, using Lemma 5.29,

one get
32 1 321\ /327
d R BV | PR YT RY et Ry fapup |
(2 2) ”( 3116)”Z i ”( 3116) 3132 <7/16
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where the last inequality was checked with a calculator, so that z = ¥, (v) with
v € BijM(O,T/lﬁ). Finally |z - z| < 7/32 so that x -~ z = N, (v,n) for some 7 ¢
By, m(0,7/32). In the, end z = ¥y, (v,n) with (v,7) € Wy, so € OF , ending the
proof of the assertion i).

We continue with proving ii) and iii) with v = 1/128 and v = exp {-16/7}. Take
z e M'" nB(0, R) and z = pr;, (). There exists z; such that ||z - x| < 7/64, leading to
|z — ;|| < 37/128 and thus z € supp x,. Furthermore,

1 1
(- @2, ||/T>2>+} "o { (1- <3/4>2>+} o
so that points ii) and iii) are proven.
We finish with the proof of iv) and v). We let R(z) = (37, px,(z))~!, which is well
defined on M"" nB(0, R) and bounded from above by ! so that x;(z) = R(z)ps, (2)
and

Pz; (z) = exp {

D) = 3 (§) DR Dl (o),
|¢|<k

Outside of B(z;, 7/32) one can take I = 0. Now if z € B(x;,7/32), one get that for any
|¢| < k, using the Faa Di Bruno formula yields that D pz; () is a sum of term of the form

1 S
and r;=40.
1- 2z - ;) 2

T2

(—1)SljDT‘iT(x)><p$j(x) with T (z) :=

In particular, we get that D’ pz,; () is bounded from above by some constant depending
on K and 7 on B(x;,7/32). Furthermore, for any |¢| < k, the derivative D‘R(x) is a sum
of terms of the form

R(z)"[]D"*R'(x) with Yori<land r+ ) |ri| =] +2,
i=1 i1 i=1

and D" R™!(z) = ¥, D" p,, (x) which is bounded from above by something depending
on 7 and K. All in all, we get the uniform boundedness of D* x; and that

D ()] < I (=) ()
392 -(K+1)
Ok =z lel® if z € B(0,7/32),
with IK(x) = K, { -2 .%'} x ( 7—/ )

0 otherwise,

where Ck ; depends on K and 7, ending the proof. O

5.B Appendix to Section 5.2

5.B.1 Auxiliary results on general anisotropic Holder functions

We first extend Definition 5.2.1 to functions defined on general open sets of R”. For
any open set{ c R”, any function L : &/ - R, and any positive real number ¢ > 0, we
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define the anisotropic Holder spaces #2, (U, L, ¢) as the set of functions f : i -~ R?
satisfying that

i) For any multi-index k ¢ N” such that (k, ) < 3 the partial derivative D” f is well
defined on ¢/ and |D* f ()| < L(xz) for all z € U;

ii) For any multi-index & ¢ NP such that 8 — amax < (k, ) < S, there holds

D B(k.ex) g
ID*f(y) -DFf(@)| < L(z) Y|y —ai| = Va,yeld, J[z-y|<¢  (5.33)
=1

(u? La C)) Hgn(u, C, C) and
Hgo (U, C, ) for some constant C' > 0. We now list a number of useful results which

Like in Subsection 5.2.1, we define in a similar fashion P

180

hold for our definition of anisotropy. The proofs of these results are provided below.

Proposition 5.B.1. Let f € H2 (U, L,¢). Then for any k € NP such that (k,a) < j3, the
k
partially differentiated function D f is in ’Haﬁé ) U, L,¢) with

(k, cx)
s = {1 - B
B
Anisotropic Holder functions enjoy the same convenient Taylor expansion as usual

Holder function.

Proposition 5.B.2. Let f ¢ H2.(U, L,¢). Then, for any z,y € U with |z - y| < ¢,
k
-
) =s@+ ¥ Dk s RGey),
0<(k,ax)<p :
where the remainder R satisfies the following bound
oot & e

Elyi - x4
kb=

|R(z, y)| < L(x) >

B_amaxg(kza><5

Proposition 5.B.3. Let f ¢ 12 (U, L, (). Then, for any k ¢ NP such that (k, o) < 3, and
any x,y € U with |z -y| <¢,

& & D B=(k.a) 1
DFf(y)-D f(x>|<cL<x>{z|yi—xi| }

i=1
with C depending on k,( and D.

Proposition 5.B.4. Let f € ’an (U,L,C). Then, forany3' <3, f € 7—[5;(2/{, CL,¢) withC
depending on (3, ¢ and D.

Proposition 5.B.5. Let f ¢ HE& (U, L1,¢1) and g € 7-[53 (U, Lo, &) withUy c RP and
Us c RP2, Then
f®ge Hégl’ﬁQ)(Ul x Uy, CL1 ® Ly, ()

where f ® g(x,y) = f(x)g9(y) and ¢ = (1 A (2, and where C depends on Dy, Ds,(, 3, and
Ba.
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Proposition 5.B.6. Let f ¢ Hg& (U,L1,¢)andg € ’Hfﬁ (U, L2,¢). Then fxg € ’an(u, L,¢)
with B = B, A B,, and where, for some constant C depending on ¢, 8 and D,

L(z) =CLy(x)La(x).
Proposition 5.B.7. Let f ¢ Hlﬁl (U, L) andg € o (Up, Co) where g takes its value inU;,

1SO

and wherelU is bounded. Assume furthermore that 5y > 1. Then f o g € P (Up, L109g)

1SO

where 3 = By A f1 and where C depends on Cy, C and diam Uy.

Proof of Proposition 5.B.1. Let k e NP such that (k a) < 5. Note that
- _ gk~
o= 5377 ﬁ<k>
Let ¢ e NP such that (¢, ) < 3%). Then (k+/, ) < 3 so that by definition, D D¥ f = D**f
exists and is bounded from above by L. If now ¢ is such that BE) — iy < (4, ) < B
then 8 — amax < (k + £, ) < B and for any z, y € U that are at most (-apart,

—(kt+l,cx 8K (¢, e 8" (e 4

D 5
|D@D’“f<y>—DfD’“f<x>|<L<x);|yi—xi|ﬁ%— —L<x>2|yz zf

ending the proof. O

Proof of Proposition 5.B.2. We letforany0<i< D,

Z(Z) = (y17°"7yi)xi+17"'7xD) ERD

so that 2(% = 2 and 2(”) = 5. We prove the results recursively on the integer N =
I[3-1]|. If N =0, then every coefficient j; are strictly less than 1, and the results
follow immediately from the definition of being 3-Holder (there are no k that satisfies
(k,a) < g except k =0). If N > 1, we can order without loss of generality and for ease of
notations

Br1<<Pr <1< B <..<PBp
with £ < D - 1 because N > 1. We write

D-1
F@) = f@) = FEP) - f@)+ Y FTD) - (D).

ik
The first term is simply bounded from above by

k
F M) = f(2)] < L(w) ; lyi — | .

Recall we write ¢; = (0,...,0,1,0,...,0) with 1 at the i-th position. For the other terms,
we do the Taylor expansion with integral remaining term:

i iy S (- ) e, i-1
FGDY - p(20D) = Z—'D Y+ Ri(y,x), Li=[Bi-1]>1

Rz‘(y, ) (yz l’z) f (1 t)L 1DL€Zf(Z z)( ))dt (5.34)

with Z(Z) (t) = tZ(i) + (1 - t)z(i—l)'
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Note that L;o; = miﬂzl]ﬁ and forall £ = (k1.;,0) # 0, Lia; +(k, ) > . Indeed, because

the coefficient of 3 are ordered, there holds

Lo + (k,a) = ﬁﬁ l[ﬁz’ 1]+ ijﬁi/ﬁj] > g([ﬂi -1]+1)> 8.
i j<i ¢
Therefore
] i B-Liag
DA O (1) - DR )| € D) Xl -l (5.35)
j=1
and in particular
)L ~
R g) = I e ) + Ry
. -l e
where |R;(z,y)| < L(IE)T Z lyj — ;|
7 7=1

Now we use the induction hypothesis on f; , = D f which belongs to HB" (U, L, ¢)
(according to Proposition 5.B.1):

o (i-1) ] _ (y—v’U)k Le;+k ]
FeG =gy = 8 D @)+ Rg(e,),
0<(k,a)<B—Loy; :
ki:p=0

where the remainder R satisfies the following bound

ly — zfF 2 Btk rlesse
|R’i,€(x7y)| < L(JJ) 2 k! Z |yj - xj| /
B_amaxs(k+£ei7a><ﬁ ’ i=1
ki.p=0
All in all, gathering all the developments yields
FED) = f(20D)
Lizl (o — )t 5 —a)E
g e @y 3 B et ) s Ryg(e) )
/=1 : 0<(k,a)<B—La; :
<< ki:giﬁo
L;-1 ( _ ) k+le; C_ )
Y- 1) lei+k (yi — i)
= —D g —Rl 3 R’L )
z; 0<(k+£ze;,a)<6 (ks le))] f(z)+ 7 o(y,2) t+ Ri(y,z)
ki:p=0
k Li-1 ‘
y-x > Yi — T4
-3t Rk & U R ()|
0<(k,ax)<p (=1

ki#0, k(i41).p=0
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so that

)k
) -s@ = Y Dk

0<(k,a)<f k
L;-1 l
S Yi — Ty
¢ SR 5 U R b Rato)
i2k+1 (=1 :

Z:R(y,l‘)

with Ro(y, z) = f(2®) - f(x), and with R(y, ) being exactly bounded from above by

_ k D B—(k,o)
Rul<p@ Y IS
ﬁ_amax<<k:a></3 : j:l
and Proposition 5.B.2 is proved. O

Proof of Proposition 5.B.3. Either (k, o) > 5 — aumax and then there is nothing to show,
or (k, &) < B — cumax, in which case (k + e;, a) < § for any i and thus d D* f is well defined.
There thus exist z € [z, y] such that D* f(y) - D* f(z) = dD¥ f(2)[y - ] leading to

D
D" f(y) - DF f ()| < 3 | DH F(2)] x lyi = wil.
=1
Using an induction argument, there exists C; > 0 such that

D Blk+eja)
ID** £(2) - D** f(2)| < C;L(z) {Z lyi — i 1} <CiD(1v ()L(x)
=1

leading the the right results with C' = 1 + D(1 v {) maxi<;<p C;. O
Proof of Proposition 5.B.4. Let 3’ be the harmonic mean of 3’ and o’ = 5’/3'. For any

k e NP such that (k, a’) < ', we have (k, o) < § so that D” f is well defined and bounded
from above by L. What’s more, using Proposition 5.B.3, we have

B—(k,ax
7

k nk D kel
|ID"f(y) -D"f(z)| < CL(x) ;L% 4] :

Now notice that

—(k,a "k, o
othoed g gk am)) > {1 - ) - )
so that
B(k.x) Blo(kal) \q
-zl oo <AV xlyi-m|
yielding the result. 0
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Proof of Proposition 5.B.5. Let k = (k1,ko) e NP1*P2_ Let 8 = (8,8,) and 3, 31, 32 be
the harmonic means of 3, 3, and 3,. Let also a = 5/3 and «; = 3;/3; fori € {1,2}. If
(k, ) < 3, then
(k1,1/B4) + (k2,1/B,) <1

so that both term is stricly less that one D*! f and D*2¢ are well defined and D*(f ® g) =
D*1 f ® D*2¢ is well defined as well. Furthermore, if = = (21, z2) and y = (y1,¥2), is such
that |z — y| < ¢, then |21 —y1| < ¢ < ¢ and |22 — y2| < ¢ < ¢,. Using Proposition 5.B.3,
one find that

ID¥(f ® g)(x) -D*(f @ 9)(»)]
<|DFg(w2)] x | DM f(a1) = D™ f(y1)| + | D* f(y1)| x| D*2g(22) - D*2 f (112))

Dy Biz{ki,e) g
< Cha(a)Taten) { Sl -on 5
i=1
& Ba—(kgen)
+C|D™ f(y1)|L2(22) Z|yzz 562z| o2, :
for some constant C' > 0 depending on D;, D, ( and 3. Now notice first that

|D* f(y1) < IDM f(y1) - D' f(a1)| + | D fz1)| < (CD(1v ) + 1)Ly (1),

and notice furthermore that of either j € {1, 2},

G ini) g (1t 118,) 2 85,01 - (g = ) ( Itho)y; 2)
b ? i+D1q
so that
ID*(f@g)(x) -D*(f & 9)(v)l
B=tka)
< OCLaelae) | K-l )
p-lhe)
+(1\/C)C(CD(].\/C)+1)L1(I‘1)L2(.’E2){Z|y21 $22| ®i+Dq 1}
i=1
D1+Do p-tke)
<(1VC)C(CD(1VC)+1)(L1®L2)(x){ Sy -] }
i=1
ending the proof. =

Proof of Proposition 5.B.6. We let a = /3 with 8 the harmonic mean of 3. Now for
any multi-index k such that (k, ) < 8, we have (¢, &) < 3 for any / < k so that D* fg is
indeed well-defined and

D*7g(e) = 3 () D) D)

<k
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so that | D fg(z)| < 2 L, (2) Lo (2) and
D fg(y) - D f9(@)] < L2(@) X ()07 () - D @)+ 240 X () D) - Dy o)l
<k <k

Using now Proposition 5.B.3, we find that there exists C' > 0 depending on 3, D and ¢
such that

|D* fg(y) - D" fg(x)| < 2C Ly (x) La() Z( )Zlyz nil

<k
<21y QOL (@) o) Bl -l
i=1
where we used again that
-l <AV -l
for ¢ < k, ending the proof. O

Proof of Proposition 5.B.7. A simple use of the multivariate Faa Di Bruno formula
[CS96] yields that, for any k € NP with |k| < 8, D¥(f o g)(x) for € Uy is a sum a term of
the form

D f(g(x)) H (D g())™”

with [¢] < |k[, s < ||, &, ¢9) = ¢, and ¥;|¢|k) = k. In particular, it is bounded by
CLi(g(x))where C depends on Cj and . Likewise, a telescopic argument would yield
that

D
ID"(f 2 9)(w) =D"(f o 9) (@)| € CLa(g(@)) [Tho —y/ 0™

where C depends on Cj, 5 and diam U, ending the proof. O
5.B.2 Proofs associated to the examples of Proposition 5.2.4

Proof of Proposition 5.2.4. Take z( € M. In the orthonormal noise model, the density f
takes the very simple form

_ B _ 3 (P 1
Fras (01 =67 0 Way  (07) = 87 (W () x5~ P D I (N (02 6) )
= fxo (U) X CLK (77)
where we used the isotropy of K. Thus, fxo,(; lies in an(WmO,(;, L,,s) where L was de-
fined in the statement of Proposition 5.2.4, through Proposition 5.B.5 and the isotropy
of L,.
In the isotropic noise model, one can write

fro5(vim) = 5D_d[M5_DK(w) fo(z)du(x).
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If |n| > 1, the integrand is trivially 0, so one may focus on || < 1. Now if x € M is at
least 24 apart from ¥, (v), there holds

|z = Vo s(v,m)] > 2 = Way (v)] =020

so that the integrand in the integral above is zero for x outside of B(¥,,(v),2d). Doing
the variable change = = ¥, (w), we can write

_ 1 Wa,5(v,1) = Vo ()
fzo,é(vyn) = 5_d f =l B(Wa (0),26) K( . S - fxo(w)ldetd\llxo(w)|dw
expz z0(v),

= fz K(\IIIO (v) - \gxo (v +9s) + Ny, (v, 77)) fuo(v+0s)|det d¥,, (v +ds)|ds

=:h5,s(v)
=:Kogs s(v,n)

where 1
Zs = 5 {expgé B(Uz,(v),20) - v} .

Now notice that, using the first inequality of (5.29), we have B(V,, (v),20) c B(xo,7/8 +
29) c B(zg, 37/16), so that, using the second inequality of (5.29) with - = 3/8, we find

expy, B(Wq, (v),26) € By, 41(0,5(3/8)37/16) € By, ar(0,7/4)

so that in particular, according to (5.28), exp,! is 16/11-Lipschitz on B(¥,, (v), 25) and

0
consequently, Zs c By, (0,32/11). Furthermore, notice that

v+ 6B, m(0,32/11) c By, ar(0,197/88)
with 197/88 being smaller than the injectivity radius, so that finally

fro,6(0,1) = K 0 gs.5(v,n) x hs s (v)d 5.36
Fand 0= Jo oy K2 90a001) b (0)ds (5.36)

It is straighforward to see that

_— Uy (0) = Uy (v +05)
o
has derivatives bounded from above, in virtue of Proposition 5.B.3, by something
depending on C), and /;; only (and not on ¢) and up to order [3y — 1] > 3,. Fur-
thermore, (v,n) = Ny, (v,n) is (B — 1)-Holder by construction. It so happens that
Gs.s € H.ig(WxW;, C,) for some g depending on C); and f3;. Using Proposition 5.B.7,

1

we get that K o g5 € H (Wa.6,C1Ly, © gs,5) for some constant C; depending on

1S0

Cy, Ck and f,. Similar reasoning and the use and Proposition 5.B.6 would lead to
hs.s € ’H;BS%(on, CyLg o ¥y, o 755) Where 755(v) = v + ds and for some constant C5 de-

pending on C}, 7 and fy. Now seeing h; s as a function of (v, ) would trivially lead to
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h5,s € Hgn(wxo,(% CaLgo \Ij:ﬂo ©Tss © 7Tl) with B = (ﬁ()v s 7607 ﬁlv s 761.) and 7T1(’U, 77) =0,
and an application of Proposition 5.B.6 together with the observation that 5y < 3,
yields

K 0 gs,s % hss € H,(Wa 5, C L1 0 g5 x Lo 0 Wy 0755 0 1)

for some constant C' depending on Cy, C; and o, 5,. We conclude by using the linearity
of the integral, so that integrating (5.36) gives fm(; € an (on,g, Z), where

L =C L ,8) x Loo U, (v+4ds)d
(v,m) By, (03211 10G55(v,8) x Loo Wy (v+ds)ds

< L, ogss(v,s)x Lo Wy (v+0s) x|detdW,, (v +ds)|ds

~

/|3T20M(0,32/11)

o [ L (%) « Lo(w)djung (2)

so that

L) =5 [ L (Y50) x Lo(@)duas (o)

where L was defined in the statement of Proposition 5.2.4, and where we used Lemma 5.A.2
to justify the introduction of | det d¥,, (v + ds)|. This ends the proof. O

Proof of Lemma 5.3.6. In the orthogonal noise model, recall (see proof of Proposi-
tion 5.2.4) that

fo(x) = fulpry(2)) x e8P DK ((x - pry «)/6)
L(x) = 06D Lo(pryy (x)) x Lo ((x —pry 2)/5),

for some C' > 0. There thus holds, letting O,, = ¥, 1(W,,.1), we a simple use of
Cauchy-Schwartz inequality

L(z) ’
{[Ozo {fo(a:)} fo(ﬂﬂ)div}

gfom{M} fo(fl,‘)d{l/“[oxo{Ll((x_per)/é)} fo()da.

fe(prar @) K((x —pry x)/6)

The first integral in the RHS is simply, up to the constant c,,

Lo(2) ©
Sor o {—f*(z) } £ ()i (=),

which is bounded by assumption. The second integral is exactly

L\
-[le()(vmo) fe(2)dpnr (2) x -[BRD_d(O,l) { 0 } K (n)da.
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which is also bounded by assumption. Hence (5.13) holds true in this case.
In the isotropic noise model, there holds this time

fo@) =07 [ K((y=2)/0)f-()dpuas(y)

MnB(z,d)
L)y =P [ L=/ Lo(y)dpar ).

for some C > 0. Using the fact that for any integrable function ¢, > 0 and any w > 1,

there holds y " -
el S o=
(which is simple consequence of the Holder inequality), one find that
w* /2
L(x)}
x)dx
[Ozo {fo(fl?) fol)

Li((y = 2)/0)Lo(y)
foof{ K((y- a:)/é)f*(y)} 0K ((y = 2)/8) f+ (y)dpas (y)d

<P,

where

_ L) |
= o SR Ko

sfﬁﬁﬂg}ﬂmwmwwﬁ

by assumption, and where

f f {%((((5_ x))//f))} E((y-2)/6) f«(y)dpr (y)dz

D Li(n) <
50 Mfm”ﬁL@U{Km>}*KW“m

so that indeed 6 "I, / 2121/ ? < 1, which ends the proof. O

5.B.3 Proof of Proposition 5.2.7

If Q = Q%P with Qo ~ DP(BH,) := lIpp then, for 0 < 21 < z2/2 and z; < 1, letting
Al = [$1,$1(1 +xl{)], A2 = [LEQ,I‘Q(l +.’L’Ii)] and A3 = (A1 @] AQ)C, we have

(Qo(A1),Qo(A2),Qo(A3)) ~D(BHA(A1), BH)(A2), BH)\(A3)),

and
Qa(Ad x AD=) = Qu( A1) Qo(A)P.
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Welety =T'(B)/ (I'(BH\(A1))T'(BH\(A2))I'(BH)(As)). Noticing that when 1, 25 are
small, H,(A3) =1-0(1), there holds

A[Q2 (ATAT™) > 21" ] > TIpp (Qo(Al) > 2P Qo(Az) > x'lgO/D)

Y f1/4 l,BH,\(Al)—ld$-[1/4 BHA(A2)-1 g

S EN Bo/D Bo/D

N I'(B) 4~ BHA(A1) _ le*(ﬁl)Bo 4-BH(42) _ %L*(DMBO
(1+0(1))2B -
F(B)4—QBH>\(A1) - —mlogﬂD/BOzl) 2

“Aro())2@ni [ € !

where we used the fact that for z; and x9 small, H)(A,) < H)(A2) and were both small.
Under the inverse Gamma assumption on H),

ap+l

-1/2 _a1t 12
2 x%+b < 027 /2

ai+l -1/2 _
a2y T g S HY (Ay) § e /\/5:1:1

e

so that for small 21,

_BH, (A1)By o 2 _aitl
D

—1/2 _a1+l -1/2
g 4D/Bo g —asx b) 1+b —2a0x
l1-e ( D 2em®2m T gl log(ay)] 2 67220

so that (5.10) holds. Condition (5.11) is verified similarly. First note that Q2 (min;<p A; < z) <
DQy((0,2]) and using the fact that Qy((0, z]) follows a Beta variable with parameters
BH,((0,z]), B(1+0(1)) we obtain that

] Cao—1/2
B, [Qz (172151)\1‘ < ZL’)] S H\((0,2]) S e /2’

for small x. Similar computation terminates the proof of (5.11)

5.C Appendix to Section 5.5.2: proof of Theorem 5.3.7

5.C.1 Technical Lemmata

We let x1,...,xs be the partition of unity defined in Section 5.A.4 associated with
a 7/64-packing of {z1,...,z;} of M n B(0,R). We recall that J $ R” and we take
R = (Hlog(1/0))Y*. We define

fi= cjflxj x fo where ¢; = /RD X;j(x) fo(z)dz.
Before we give the proof of Corollary 5.3.8 we need a few technical Lemmata.

Lemma5.C.1. Foralll<j<J, f; e " (M, L;) with Lj(z) := Oc; I (z-15) x;(2) L()
where C > 0 is a constant depending on T and where we took K = [f3,].

Proof. This is an easy corollary of Proposition 5.B.6 and Proposition 5.B.7 along with
the assertion iv) from Lemma 5.A.6. O]
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Welet L;;:=6""L; 0¥, sand
fio=fioWy 5: Wy, 5 >RY.

and also introduce the functions g; : R” — R from the proof of Theorem 5.3.7. Recall
that these functions are of the form

1 o - s
9i(2) = [i(2) + =5 > o™ (2,0,6) DF fi5(2) where 2z, = A5 ()
0<(k,a)<p

and satisfy
1. They are supported on Ogj;
2. The functions d; , are uniformly bounded by a constant C' depending on C)y;
3. |[Kxgj(x) - fij(z)| s 0’ Lj(z) on Oy ;
4. |Kxgj(z) - fj(2)| s 0" | Lj] o outside of O .

Lemma 5.C.2. Under (5.13), there holds, for anyc € (0,w - 2f3), any (k, &) < § and any
1<j<J,

2B+e 2,B+s

k > (ko A
f(—mf]{;(éz() )|) )fj,é(Z)szcj_-l and f(?é—()) fis(z)dz s ¢,

up to a constant depending on the parameters.

Proof. We denote by ;s = x; o Uy, 5 and I 5 := I (¥, 5(-) - x;). Writing that

0o (F ¢
Dkfm Z (k) ‘Dk EXM « D_f%‘» I_ D ij,
fj,é <k 14 >_(j,<5 fa:j,é facj7
we easily see that
kF 2B+e f B'*'E
DF f; 5| e . _ . _
= fis s¢; f Ljs 20 Xjo S8
/‘ Jis e z;g fx], e
D'f, 5 foar _
_]_ Z f -73]7 ijﬁ S Cj_l
<k f(E],

where we used both Lemma 5.A.6 iv) and (5.13) with the fact that (¢, a) < (k, a) for
¢ < k. The bound on the second integral follows from the same line of reasoning. [

Lemma 5.C.3. We let A; , be the event of all x € O?Cj such that

D f.
[D*fis(z)l <o~k log(1/0) k2 gng Ljs(2) x)
fio(z2) fio(ze

Then, the following assertions hold true for o small enough

V0 < (k,a) < 3, o log(1/a) .
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D) gj(x) > f;(2)/2 forallx e Ajo;
ii) Py, (AS,) s ;' {olog(1/o)}*7*;
iii) Forany (k,a) < 3, fAc |DF £ 5(22)|dx S .15D*d {olog(1/c)}2Pre-thal,

Proof. We start with proving i). For any z € A; ,, there holds, using the fact that the
functions d; ;. are uniformly bounded,

|gj (‘T) f]($)| 5D d Z 0<k’a)dk(y7076) Dkfj,(s(zy)

0<(k,a)<p
Sfj,éD(Zw) » (k) DFf; 5(22)
o~ 0<(k,a)<B fio(22)
—(k,« -y 1
ShH) X log(1fo) 2 S log (10} fi(2) < S £ ()
0<(k,a)<f

provided that o is chosen small enough. For ii), notice that

F Pl ="~ )log(1
fJ( O') o< (kgc:!)</8 fj ( f]a(zm) Og( /U)
2B+
kf. (k)
< 264¢ 1o (1 /o) 20+ M) g
<0<<]§)<ﬁa og(1/o) ng( Fo(ea) fi(z)dx

< C g2[3+£ log(l/o_)2,8+£
where we used Lemma 5.C.2 after a variable change =z = z,. Finally, for iii), there holds

[, 108 steania= [ PN g s

(k,x)

£ 2B+e 2B3+e
IDFF 5 ()] | T R
D {f {m fj,a(zx)llA;U(x)dm x {5D dej(Aj,a)} 5

(k,ot) 1_(k’a
—15D-d\ 35+ -15D-d 2 e
s{cloP 4} x {cj 57" {olog(1/o)} B+6} 2

< cj_-léD_d {alog(l/a)}2ﬁ+€_<k’a) )

ending the proof. O

5.C.2 Proof of Corollary 5.3.8

Let define
_ 1
hj =gl sp 2+ §fjﬂgj<fj/2
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and h; = h;/I; where I; = [ h;. The function h; is a probability measure on ogj and
furthermore, using the convexity of f — dQH( fs fo), there holds

J J
d%—[(KZ(h)afO) < Z Gy d%—I(KZ(hJ)va) where h = Z C]hj
j=1 j=1

We will control each term separately. First notice that

J
5 B () ) <o+ 3 cid(Kos(hy) Sy

cj 2028

Now take 1< j < J such that ¢; > 0?” and define Uf; , = {z e R” | f;(z) > o'} for some
H; > 0 to be specified later. Then there holds

d%(KEhﬁfj)g/M r]Ol‘(\/Kz(hj)—\/f_j)2Jf/(OII)CKZ(hj)Jffw [Kx(hy) + /5]
and

fomer, (RTIVEY'< [, G

o0k Ks(hj) + fj
<f Kxy(hj - hy)? +f Kx,(hj - g;)* +/ (Kx(g;) - [i)?
ijngalcj Kg(hj) + fj Z/{ijO}Dj Kg(hj) + fj ujygno;j Kg(hj) + fj

and therefore

(/i K (hi) < fm;j)c Kx(h;) (5.37)
" fm [Ks(hy) + fi] (5.38)
+(1-1)° (5.39)
KE ((f]/2 - gj):ﬂ-gj<fj/2)2
+ .[uj#amoglcj Kx(hj) + f; (5.40)
" /uj,(,mo;j ( 7, 7 (5.41)

where each term will be bounded independently.

1. For (5.37), notice that for any y € Ogj and any z ¢ (’)}E]_, there holds that |z - y|%_, >
Y
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C/(6%02*+) for some C depending on 7. We can thus write

‘/(Ol )e Kz(hj) - fOl )thj(y)<ﬁ2(y)($—y)dydx
Tj
GXp 2“$_y|’§] 1(y))

eXp “Hlo -yl )
<eXp{ 4020 2%}/@1 )e ]@0 (2m)DP/2D §D~d dydz

C C? 28
NGXP{ m}_/(oij)cKzz(hy)NeXP{ W}SU )

because do* = o(|log(o)|*/?) by assumption.

2. For (5.41), there holds

28

2B+e 2B+e
Es(g;) - 1;\ , Ljo’\* < 28 Liy ®
/z:{jﬂmO}cj( fj ) i< '/(;;Jj( i ) fise /(;ﬂlcj f_J s

2B

2[3+5 2B+e
<o f (ﬂ) f]6|detd‘1’x Kl
wi\ fis e

28
LA(S 256+€ B 2B+¢e 28
< o2 / “j, Fis < 7P 20 ¢ 6]710257
Wi\ fie !

where we used that |det ¥, 5| < 6°~¢ and Lemma 5.C.2.

3. For (5.39), notice that

f (/5 —29;)
Ij:fgjﬂ{fj<2gj}+/5]]1{fj>2gj}:fngr.[%]l{fj;zgj}

and that [ ¢g; = [ Kx(g;). Moreover

Joy Koo = [ v [, (o= 1) =1+ [ (Ka(g) - £y)

&

and since

fO;]. Kx(g5) - fj| <

I. J”B—U’B[ |detd\I/xJ 5|
(91 6D d

8
Lis 25[«;6 I S 1/2
sof f 3 fis Se; 70 5007,
Wi\ i ' J J

where we again used that |det d¥,_ 5| < 6”~% and Lemma 5.C.2, we have that

= -1/2_p
.[(9;: Kx(g;)=1+0(c; ""0”).

J
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We also have, as in (5.37) that

__c
Jion e Kslas) 5 T [ oyl

o 26 12,4
S e 182070 | Lo = o(cj'o ) =o(c; )

where the two last inequality comes from 6202 = o(1/log(1/s)) and ¢; > .
Therefore |1 - [ ¢;] < ¢; 0. Moreover, using this time Lemma 5.C.3

k)
S,y G200 8 P20+ 3 T [ DEf (e

fi>2g; 0<(kcx)<3 f3>2
<C 1 25+e

All in all, we find that
(1-1)? S exp {-C?(46%0%)} + {5 0™} v {5 {o log(1/0) }*+
S exp { C? /(46202 } + c_l 26
where the last inequality again holds because c; > 0.

. For (5.38), we start with taking (k, a) < 3. Notice that, thanks to Proposition 5.B.3,
there exists a constant C' > 0 such that forany z, y € Oxj, |DF £, 5(22) =D* fi 5(2y)] <
C6P~4L;(x). Then, using (5.17), together with |det d¥ (w)| < C,

[Ks(D fis(z0)) @) 5 ||

A;}l WO-24)

$oPL;(x) /;71 . e Bo(®2) 4 < 6P~L ().
o,1 z

e Br@D| DR s (Apr2 + 2,)|dz

Now notice that
[ 1D Fis(za)ld
7,0

25+8 2B+ k,o)

|D f J(Z:c)| B 1-550
: {/ﬁa {m} I 5(2‘”)‘15”} X {/uﬁg fj,é(zx)dx}

< Cj—_léD—dO_H1x{l—(k,a)/(26+e)} < C;15D_dUH1/2

and likewise, [, L;(z)dz § c;'6Pdgxt1-8/@B+2)} ¢ sD~d5H1/2 We thus have
7,0

shown that

| KD Fis(z0)) (@) 5 516702, (5.42)

J,0
Coming back to (5.38), there immediately holds that [,,. f; s o™, and further-
71,0
more, noticing that

~ 1 —
hjShijj'*'m Z U<k’a>|Dkfj,6(Z|:|)|

0<(k,a)<p

and using (5.42) and the monotonicity of K, we find that f,,. Kx(h;) s c;'o™/2.
2,0
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5. Finally, for (5.40), notice that f;/2-g; is a sum of terms of the form o) 5= (D= Dk £, 5(21)
for 0 < (k, ) < 8. The term Kx((f;/2 - gj)llgjsfj/z)2 is thus upper bounded by a
sum of terms of the form ok 5=2(P=d) [ (D f; 5(20) 1, < 1, 2)?. Now there holds

f KX(Dkfjﬁ(ZD)]lgﬁfj/Q)Q
Z/{jm-ﬁo;lcj

Ks(hj) + f;
S o M Ks (D fi.5(20) Lg,ep,2) | oo % fKE(VDkJFjﬁ(ZD)’ngSfj/ﬁ
—H, O'_H1

g R - —(k,«x
< - fol |Dkfj75(zy)|llgj<fj/2)dys = 5P d{alog(l/g)}w*s (k,cx)
J zj

J

where we used Lemma 5.C.3. Summing all the bounds in &, we obtain that (5.40)
is bounded from above, up to constant, by

mkaX 6520_25+€fH1+2<k,a)6f(D7d)log(1/0_)26+8 S C;léi(Did)O'EiHl log(l/o_)Qﬁ-FE
where we used that ¢; > 0.

Collecting all the bounds on (5.37-5.41) together with §%0>* = o(1/log(1/0)), we get
that

¢ df(Kn(hy), f;) § ¢ [0 1og(1/0) 7% 4 o112 1 0=~ 5= (D=Dlog(1/5)27].

Choosing H; = 43 and € > 6 + £; where ¢°! < §”~%, we obtain the result.

5.D Appendix to Section 5.5.1: proof of Theorem 5.3.2

For any probability distribution P on R” x S**(D,R), one defines the probability
density function on R”

fr@) = [ es(e-y)dP(y. D).
Note that when g is a probability distribution on R”, then
Ksg(z) = fp(z) with dP(y,X) = o5, (X)g(y)dy.

Lemma 5.D.1. LetVj,...,Vy be a partition of RP and let P = ij\il mj0., x,; Withz; € Vj.
Then, for any probability measure Q onR” x S**(D,R),

N

1 - . 3 _

||fQ—fP||1<22|Q1(V})—7rj|+§ sup ||Ej1/2||opd1amVj+§ sup sup tr(Zle—Id)2,
j=1 1<j<N 1<G<N Be§;

where Q1 is the first marginal of Q and S; is the support of the second marginal of
Iy, (y)dQ(y, 2).
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Proof. We write that fo(z) - fp(x) is
N
[ en@-1aQw. )+ Y. [ {es(e-y) s, (- 2)} Q%)
Vo j=17Vi
N
+2(Q1(Vy) - mj)ex, (- 2),
j=1
The last term can be readily bounded in L!-norm by
N N
> 1Qi(V) =il [ s, (- 2)de = Y 1Qu(V)) -l
j=1 j=1

and the first one by Q1(V5) = 1 - Zj]\il Q; < ij\il |Q1(V;) — m;|. For the second term,
notice that each term of the sum is upper-bounded in L!-norm by

fv_ les(-=y) = en; (= 2)[1dQ(y, )
< [ les, (=) =95, (= 2)110Qw D) + [ les(--1) -5, ~)14Q(w: )
<5 LIS P la@i) + 5 [ TS 1R, )

1 _
<=Q1(V)|Z7|op diam V; + §Ql(vj) sup \/tr(T51% - 1d)2,
2 J 2 EESJ' J

where we used Prp 2.1 and Thm 1.1 of [DMR18]. O

5.D.1 ProofofLemma5.5.1

Throughout the proof, C' denotes a generic constant whose value depends only on D.
We start with bounding the probability measure of F¢. There holds

I(FS) < {3h < Hy, pp ¢ B(O, Ry)} + II{ S > gn} +11(3h < Hy, Ay ¢ [02,52]7).
h>H,,

The first mass is bounded using (5.8):
I{3h < H,pp ¢ B(O,Rn)} S Hy f ||M||_b2]1\|u||>Rndu SH.R” < eemnen

as soon as be Ry > 2¢;. The second term is bounded in [STG13, p. 15] by

B i
IS > m2enp < {6— log(l/s)} < ememen,
h>H,, Hn

as soon as Hj is large enough. Finally, to bound the last probability, we consider
separately the partial and hybrid location-scale priors.
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e Partial location-scale: Aj, = A; for all 4 and using (5.9),

. _ Ly 203 2 _ 2
II(Aq ¢ Q) <11y {mmAi < gi} +1I4 {maxAi > ai} < e 3% e 4 5-2ba ¢ gmeney
K3 K2

n 9
as soon as o7 is large enough and o7 is small enough.

* Hybrid location-scale prior

1(3h < Hy, A € Q) < HyBy, [Qg(mjn A< gi)] H By [Qg(max A > 53)]

—03072’33 ne 70402,34 ne —cine?
< H,e % n+ H,e” %1 " <e n,

We then turn on bounding the entropy of the partions of 7,,. Note that on F,, min; \; >

iz
a2 so that
maXx; /\i

- <max A2 < 0522/ x max \;.
min; >\z 7 7

From [CDB17], the covering number of 7, ; , is bounded by
N(en, Frje |- 11)

< exp (CHn[logn +log(1/en)] + (D -1) > log(jn+1)+D(D - 1)2°2H,, log n) ,
h<Hn

and the covering number of 7, ; is bounded by

N(en, Fnjill- 1) <exp (C’Hn[logn +log(1/en)] + Z log(jn +1) + Hy log&i)
h<Hp,

S exp (C’Hn[logn +log(1/en)]+ . log(jn + 1)) .
h<Hp

We bound II(F, ; ¢) in the case of the partial location-scale prior, for £ > 1:

(Fnge) s T1 (Guv/n) @D linar1ny (max A > USnQH’M%)
h<Hp, 7

§ T /) Do)
h<Hp

) 1 _
= exp {—(bg -D) Z L,>110g(jn) — 5(62 -D)nH, - b4(2€ Lo 2w/bs)Hy, log n} .
h<H,

We bound II(F, ;) in the case of the hybrid location-scale prior:

W(Fng) s TT (/) P

h<Hp

. 1
= exp {—(bg — D) Z ﬂthl log(]h) — 5([)2 — D)an} .
h<H,,
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This implies in particular that for the partial location-scale prior

1
> VIFusON G Fagee[-12) < exp ( 5CHa[logn +1og(1/2,)])
it

1 , .
x 2 exp (5 LD = 1) log(jin + 1) = (b = D) (log(jn) L1 = 1)]
Jl h
+ 1592 Hogn[D(D ~ 1) /2 - ba])
Sexp (CHy[logn +log(1/e,)]/2) ,
since by > D(D -1)/2 and by > 2D - 1. Therefore, by choosing M, > 0 large enough

_ ne2
A IF N (Ens Fago | - [1)e 05 = 0(1).
j7£

We obtain a similar result for the hybrid location-scale prior.

5.D.2 ProofofLemma5.5.2

We let again R = (Hlog(1/¢)/C2)'* and define o := ¢'/#. Thanks to Corollary 5.3.8,
we know there exists a density function g supported on M? such that d(Kxg, fo) $
02 1og?(1/c) for some a > 0. We can in turn, thanks to Lemma 5.5.3, find a discrete
probability measure G on M? n B(0, R) with N atoms at least 0®'¢2-apart such that

|Ksg - KsG|1 s e2logP?(1/e) and N <o PlogP(1/e).

We thus have d%(KxG, fo) s 0%/ log?(1/o) + &2 logP?(1/e) s %1log? (1/e) with r :=
q/2v D/4. We let z1,...,zx be the atoms of G and denote by p; = G(z;). We let V;
be the ball centered around z; with radius ¢?*°¢?/2. We complete Vi,...,Vy with
sets V.1, ...,V that forms a partition of M7 n B(0, R) with Vj; included in balls of
the form {z ¢ R” | |z - zj|g-1(,;) < 1} for some z; € M7 nB(0, R), so that we can take
J SN+ (R/o)P s o PlogP/"(1/). We then set V; to be the complementary set of the
reunion of the V; and set further p; = 0 for j greater than IV + 1.

We write under the prior II, P = ¥7° m40,, v,.4, and X, = U; A,U,. We use the
convention that Ay = A for all 4 in the case of the Partial location scale prior and 7, = 0
for h > K for the mixture of finite mixtures prior. Set N = log(1/¢) x N, we consider the
following events

J
7>J={Zl\pj—Pu(Vj)\ <e? and min Pu(V;) %4}’
2 <<

<N, Ay € S(0™0) x S(60°+)P1}
where S(t) = {s| t2<s <t (1 + 025)} .
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We first show thatif P € P;n FiznOx n Ly, then

du(/fp, fo) s elog" (1/e).
Indeed, we have
du(fp, fo) <du(fp, KxG) + du(KxG, fo) <du(fp, fz) +du(fp, fp) +elog"(1/e),
where dG(y,X) = 65(,)dG(y) and P = %), my6, 5, with
Y, ifh< N

Sh=1{%(z) ifh> N and u, € V; with j < N;

0 otherwise,

where, conventionally, ox(- - z)dz = 6, when X = 0. Since P ¢ Fg, there easily holds
|fp - f51 < 2¢% and, using Lemma 5.D.1, we find that

115 - f&l
N
1 3 =
<2 Y |P.(Vj) - pjl + §J_a0 sup diam Vj + 5 Sup sup \/tr(E(zj)*lEh -1d)2,
j=1 1SN 1<GEN ppeVj

se?+ sup sup |2(z) 'S —Id |op.
1SN ppeV;

where we used that P € P; and that diam V; < 0%¢e? for j < N. In the last supremum,
if h > N and py, € V;, then &, = $(2;) so we only need to handle the case when h < N.
Moreover,

S(2) 'S - 1d = 0L AJ50., Uy AUy, - 1d
= 0L AJ%(0.,Uy —1d)AWUp + OL A5 AU, - 1d
= 0L AJ5(0.,U) —1d)ApUn + OL (AJ5A) ~ 1d) U, + OL U, ~1d,

so that

12(2) 'S = 1d Jop 5 A5 lop | Anllopll 102, Uy ~1d [op + 1AZ5AL ~1d [lop + |01, Un = 1d op

552+025 252,

where we used both that h < N and P ¢ OxnLg.
Using [STG13, Lem B2], we find that for A > 0 small enough

Py IOg;—IOD < A (fo, fp) (1 +1og(1/A)) + Py {1Og ff_iﬂfp/fo<)\}

2 2
P10 A1) 5 o )1 10800 + 7 {10892 ) ).
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up to numeric constant. Notice that by assumption, f; is bounded from above by | L||.
Letxz e M"nB(0,R), andlet 1 < j < J be such that = € V;. Notice that, since P € F3n Py,
there holds

<P, (V)= Y m< Y m+e® sothat > m,»e?/2.
1heV; HheV; HheV;
h<N h<N

Now we can write
4

S
fe(x)> Y mes, (x—pn) 2 $D-dgD’

HheVj

h<N
where we used that | det $[!/2 < (1 +¢02%)P/26P~4¢D P45 and that |2 - y[5-1(,) $ 1
for any z, y € V; with a similar line of reasoning as in the proof of Lemma 5.5.3, relying
on P € O n L. Furthermore, since fp(z) <%+ Y heN Thes, (T = py), there must be
some h < N such that both 7, > €2 and , € B(0, R) holds, otherwise one would get a
contradiction looking at the mass of f, since one would get

I follx = [ folso,r2)ll1 + | folg(o,r/2)c It
<[ fpleeo,rp2) 1+ [(fP = fo)Le(o,rs2) |1 + | folg(o,r/2)c 15

se2+eH Se+ob el

where the inequalities occurs up to log-term. For = ¢ B(0, R), notice that, for this
particular h < N, fp(x) 2 2px, (x — ). Taking A = Ce*/(6P~45P) for some small
constant C, one get forany ¢ > 1,

Py {(log j:—i)f ﬂfp/f0<>\} <P {(log j:—](i)z ]_B(O,R)c}

2

€ C
< log Dy~ Py(B(0,R)%) + B(O.R)* ch—uhlléélfo(x)dfv

&2 e 1/2 .
setog! o vo o [ el fow)da} - R(BO, R))M?

s e’log?(1/e),

where the last inequality holds for ¢ € {1, 2}, provided that we chose H > 8« + 4. This
shows that fp € B(fy,¢) for € ~ elog®(1/e) with s = r v 1. It only remains to lower bound
the prior mass of the event Py n Fy n Ox N L.

For this, one can use (5.8) and the fact that the scales are drawn independently to
rest to find that

(P nFynOxnLy) > T(PynFg)xc [T O{|UO, ~1d |op < 0206} x (L)
h<N
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We easily get that O {|UO,,, —1d |op < 0202} 3 (0220e2)P(P-D/2 For II(L 5), we use
(5.9) or (5.10) along with a simple Markov inequality to find that

1(C5) = En {Q2 ([020, (1 + %) 0?01 x [§202 (1 + 025)5202%]D-d)ﬁ}
> exp(—2a0Bylog(1/c)N) exp {—CQDO'_D} .
For II(P; n F5), we write
(Py N Fy) > T(Py) - T(FE) 2 e 7 10s01/) _ o~Nlog(V),

where we used [GVDV07, Lem 10] and the bound [STG13, p. 15]. We conclude by
noticing that e~ V108(V) « ¢=N1oa(1/2) 5o that in the end

I(PynFynOxnLy)2exp(-CNlog'(1/e))),

for some C depending on the parameters and ¢ = D/k + 2, ending the proof.

5.D.3 Proofof Lemma 5.5.3

Proofof Lemma 5.5.3. Let g : R” - R be a density supported on M? and satisfying
(5.12) and (5.13). Let R = (Hlog(1/¢)/C3)'*, so that g is less than C,¢! outside of
B(0, R). We consider the functions {y;},.; introduced in Lemma 5.A.6 associated with
a 7/64-packing {z;},.; of M n B(0, R). Recall that the number |Z| of functions is less
than of order R”. We can write

Kxg(x) = Ks(glge(o,.r))(x) + ) Kx(Xiglg(o,r)) (2) = Kx(glgeo,r)) (%) + ) ciKxgi(x)
i€ i€

where ¢; = [xiglg(o,r) |1 and g; = xig1lg(o,r)/c: is a density supported on 09 . Notice
that for any x € R”

K5 (glge(o,r)) (@) < Cre” K (1ge(o,p)) (2) < Cre”
and that
K5 (g1 0.m) 1 = lgTaeomyl < [

_ K _ K pD_
ol Cie Call=]” < f e~ G2 pD-1qy
z|2R r>R

< log(D—Q)//i+1(1/€) « EH,

where we used a NP-bound on the incomplete Gamma function in the last inequality.
Consequently, the term Ky (g1g-(o,r)) need not be discretized. Take now i € 7. As in
the proof of Theorem 5.3.7, there holds that

H
3
Px) (T -y) S ~DgDd Vo ¢O,,,ye0)
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provided that 7 2 Réc®*. This means that |Kxg;(z)| $ UD%—HD_d forall z ¢ O} . If now
x € O, , there holds

Ksgi() = [y #oca, o (@ = Tar(w))giCw)du

= e [, esttn (@ B )i (w)du

jeJi
where g;(w) = gz(‘i"azl (w)) x |det d‘ifxl (w)), Cij = fW” gi; and Gij = gi/éi,j- The sets Wi j
form a partition of WY, that are included in

d D
L 1 0
H wtg7wtg+1 H [wi, Wi, 1) N W,
=1 0=d+1
for (wy,,...,wy,, wf, ,...,wt, ) vary onagrid of size (6, ..., 0%, d0*,...,60*). No-

tice that

D-d
Card J; ~ ! X((;L) =0 P,

Uaod oo
Leti € Z and j € J; be fixed and denote for short ¥ = ¥,, and X = X o U. WeletT > 0
and we distinguish two cases: infyqy, ; |2 - ¥ (w) H%_l(w) > T'log(1/¢) and infyew, ; | -

U(w) H%_l(w) <T'log(1/¢). In the former,

T/2

f @z(w)(x U (w))gi,j(w)dw S —Dsp-d’
While ifinf ey, | [|2— \If(w)||2 L) S <T'log(1/e), we first show thatsup,,qy, | |20 (w)[%- L) S
I'log(1/e) for some I'" > T'. We let wy € W ; such that |z - ‘i’(wo)HQg-l(w) < 2IN'log(1/e)
and take w € W; ;. Using (5.30), we get that there | PITy 0y ™ P Ty lop € 2/7c?° and
the same holds for pr Nawy ™ PN () Furthermore, using (5.19) and (5.22) with the
same set of notations yields

I prry,,, (W (w) = ¥(wo))| < C'o™ and [ pry,  (¥(w)-¥(w))| <C'o0™,

for some other constant C’ > (0. All in all, there holds

1
o= B () 1B+ = =3 | PPy ) (2 = TP+ =g bty (= B ()P

<402 +

2
Z%Hpm@w¢x—w«wnﬁ+g;3;nmwﬂwxx—wownﬁ

4 4 _
<ACT 4802+ | prr, (@ = T (o)) P+ gy, (@ = T(w0)

“Aa-Fw) %,

<4C? +8C"2 + 8T log(1/e) < 9T log(1/¢),

for ¢ small enough. Denote Ry (u) = exp(u) - Y 1! ut/t!, then |Ry(u)| < e¥|u|T/T! and

L Elan 2 SN Tl 12
exp{—ﬂx - \I/(w)Hi,l(w)} Zg 51 |z = T (w)|2 Ly + BT (—Hx— \I/(w)Hi,l(w)/Q).
1=

= Ry (z,w)

212



CHAPTER 5. BAYESIAN DENSITY ESTIMATION

Note that Ry (z,w) is uniformly bounded by

sriog(1/e) (BT log(1/2))" e log” (1/e)

(B (2, w)l <e Tl ) T

Set,
Apj(w) = (e, 7 w)e;), Bi(w) = (e, & (w)¥(w)), and C(w) = [¥(w)[F1 ()

so that all functions 4; ;, B; and C are continuous functions of w and if x = (x1,...,zp),
_ _ _ _ t
2= T ()31 ) = {12131y = 202, 57 (@) T (w)) + [T (w)[Fr(,,) |

=2 ( ) kz{ >, wixin,j(w)}kl {i xiBi(w)}kQ C(w)*s

k=t 1<i,j<D
- 3 (Jeatews 3 (F) T @y (0 )H B (w)
|kl=t je=n N 1<ien ml=ks i=1
- Y Pum@xCwr [ A% @) 1 B W)
(p,£;m)eG: 1<i,j<D 1<i<D
::Qp,f,m

where P, ¢ ,,,(z) are polynomial functions of z, @), s ., (w) are continuous functions of
w, and where G, is the set {(p, ,m) | p +|¢| + |m| = t} ¢ NP**P+1_ According to [GVDVO1,
Lem 3.1], one can always find an atomic probability measure G; ; such that

pr,f,m(w)gi,j(w)dw:pr,é,m(w)Gi,j(dw)

for all p, ¢, m such that p+|¢| + |m| < T - 1. Since there are less than 72°*+P+! such triplets,
the probability measure G; ; can be taken to have less than 7P°*P*! atoms. Note that
then, this measure satisfies that

| fw RO U (w)) (i, (w)dw = Gy (dw))|

SFIO T 1
(QW)D/QéD d D‘/ Ry(z,w)(gi;(w)dw - G; j(dw ))’ ﬁD(T/!E)

Allin all, G ; is such that

| fwj P53y (& = ¥ (w)) g, (w)dw ~ fw] P50y (@ = T(w)) Gy (dw))|

1
oy if 2¢O ;
1 _
< —UD5D—d6F/2 if z € O}ci and inf.c; ||z - \I/(w)||22,l(w) >Tlog(1/e);
1 _
WT' Mot (1/e) if xe (’)1 and infy.cy ||z - \If(w)||E Lw) S <Tlog(1/e).
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Taking H > 1, > 2and T > 5I' log(1/¢) yields a bound of order /o6~ in every case.
Then the probability measure

G= aiy &i(Vs)4Gij,
i€l  jeJ;

is a discrete measure on M?° with at most

N. = TD?+D+1 Z Card J; » IOgD2+D+1(1/e)RDO_—D <o D logD2+D/(m\2)(1/€)
i€l

atoms and such that | K5G - Kxg|e S ¢/(aP6P79).
We now turn to bounding the L! norm. Let again pick i ¢ Z and j € J;. We let
z;; = Wy, (w; ;) for some w; ; € W; j and for T > 0 we define

Ha={zeR” ||z - 2i5l51(s,,) <A}

There holds that Leb# 4 ~ 6°~¢c”TP. Furthermore, we have, denoting respectively
P, j and Q; ; the push-forwards of g; ; and G; ; through ¥,

”KEPi,j_KEQi,julzf |K2Pi,j_KEQi,j|+/ |Ks P, j — K»Q; jl
Ha He,

$ 627 15P AP Py - KsQijlo |

Hg[

K5Q;j+ KxP, ]
< APe A [KsPi, + KsQi ). (5.43)
4
Recall that the support of P, ; and Q; ; are in ¥, (W, ;). Furthermore, since
diampry, Uy, (W) § 0%,

there holds, using (5.30), that | pry, - pry, lop S o for any two y,y’ € V... (W; ;). Let

y € U, (Wi;) and = € HS, we now show that |z - y[x-1(,) > (A is A is chosen large
enough, where zeta > 0 is a fixed constant. We have

1

lz = yls-10y) = || == Pre, (2 —y) +

o 0
1
= s pl"Tl.Z.J. (z-y)+

1 1
= | oag Pz, (@ —@ig) + =iy, (@ - i)

pr, (o - v)|

+O(Jlz - yl)

oLl

Sag PN, (z-y)

+O(Jlz -y[) +0(1),

=2 -2 j|51(2,,) + Oz —y[) + O(1). (5.44)
where the term O(1) comes from noticing that
Iorr,, (=) < prr,, (e, (0) = Ua, W) + [ prr,, No,(0,)]

Slo-vigl+ lpre,,  =prr, lop x Il s e,
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and

lorn, (= i)] < iy, (e, () = W, )|+ [ oo, (N (0,0) = Ne (i,

S v =g +n—mij s oo

The above inequalities also imply that |y — z; ;|| = O(1) so that |z - y|| = |z -z, ;| + O(1).

Decomposing z — z; j into pry, and pry, show that |z - z; ;|| = o(|2 - 2 j|£-1(a, ,))
] 2V B
so that finally
|z = yls-1(y) = |2 = ijl g1, (1 +0(1)) + O(1)
uniformly for x € H9 and y € W, ;. By choosing A larger than a fixed constant we then

obtain that
|z = yls-1(y) > A/2 uniformly onz e R” \H 4 and y € U, (W, ;).
This yields that

K B-=/ -y)dazP; ;(d
e, DEEN V., (Wi, Hi‘SDE(y)(x y) T ,j( y)

1 1 )
" (2m)PPgDgDd f%-(wm f%; P {_§m_y||2-1(y>}dmp(dy)
1 1, 9 )
9. \D/2 -— < -
S 2m)PP szH;A/Q eXp{ i }dz S exp(=A°/8),

where we made the variable change z = ©~'/2(y)(z - y) in the second to last inequality.
The same holds for K5Q; ;. Setting A = (8log(1/¢))"/? and combining with (5.43),
|KsP;j - KxQijli S log”/?(1/¢)e. We finally obtain that

|Kyg - KyG|1 S zai Z Cij logD/2(1/f—:)5 S logD/Q(l/s)s.
i jeJi

Also we can choose the atoms of G to be c*°¢ apart, thanks to Lemma 5.D.1 together
with the following bound on ¥(z)™'%(y) - Id when ||z - y|| < 0%e:

2(2)'E(y) - 1d = 0]A50.0, A% ;0, - 1d
= 0]A,%(0.0; -1d)AZ ;0, + 00, - 1d,

so that

Vir(Z(2)15(y) - 1d)?
VD -1 - S IAZE op |00 =1d | op ||| A2 0.0] -1d
SVD[XE(2) " E(y) -1d ||0p < a,5||0pH zUy H0p|| [ U,(SHOP +]0; Yy HOP

S 072002 = Oyllop $ 072 pre, ~pry Jop S 02 |2yl S e,

where we used (5.30) in the second to last inequality, ending the proof.
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5.E Appendix to Section 5.4

In this section, we give some details on the procedure we used in Section 5.4. The
prior we implemented is a version of the partial location-scale mixture described in
Section 5.2: for D € {2,3}, and n € N, we set

n
(@i)1<icn | (1) 1<i<ns (i) 1<icn ~ QN (14, Xi),
i1

(i)1<icn | P~ P",
(Zi)1<icn | A1, 22 ~ OBy, 5, (5.45)

P ~ DP (aUnif([-¢,c]”)),
/\1,)\2 ‘ bl,bg ~ IHVF(al,bl) ® IHVF(CLQ, bg),
b1, b2

2

2

Exp(k1) ® Exp(k2),

where k1, k2,a1,a2,« and ¢ are positive real number provided by the user. In all the
numerical experiments we did, we chose k1 = ko = land a; = as = a = ¢ = 10. It
only remains to describe the scale process (5.45). For this, we take advantage of the
low-dimensionality of D, although other solutions exists for high-dimensional data
UHD21]. For D =2, O3y, », is the law of O"AO where

—sind
A ()2)1 0 ) and O = (COSQ sin ) with 6 ~ Unif([0,277])'

9 sind@ cos6
For dimension D = 3, O3y, , is the law of Ao Id +(A1 — A2)uu" where

cos()
u =|sin(@)cos(¢) | with 6~ Unif([0,7]) and ¢ ~ Unif([0,27]).
sin(6) sin(¢)

The matrix Ao Id +(A\; — A\2)uu" can actually be put in the form OTAO with

A1 00
A=10 X 0
0 0 X

and with O being a matrix of the transform = ~ (pry,et,, ©, pr,: ) in orthonormal bases,
so that ), is associated with the 2-dimensional subspace u* and \; with the one di-
mensional subspace Vect u. Notice that we do not provide the algorithm with any prior
knowledge of the intrinsic dimension of the data, but rather let it decide wether density
is going to be 1-dimensional (\; > \2), 2-dimensional (\; <« Ag) or 3-dimensional
(A1~ A2).

We now described analytically the shapes we use for the experiments.
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* The two circles: it is the union of C; and Cs with equation (z — z;)% + (y — 3;)* = r?
fori e {1,2}. In the experiements, we chose (x1,y1) = (0,0), (z2,y2) = (2,0) and
ry=r9=2.

* The 2D-spiral: it is given by the parametric embedding

R(wt + 09) cos(wt + bp)

w2 :tef0,1] ~
R(wt + 6p) sin(wt + ).

In the numerical studies, we chose R = 1/27, w = 7r/2 and 6, = /2.

e The 3D-spiral: it is given by the parametric embedding

R(wt + 6y) cos(at + )
@p3:te[0,1] =1 R(wt+6p)sin(at +6y)

vt.

In the numerical studies, we chose R = 1/27, w = 77/2, 6y = 7/2 and v = 2.

e The torus: it is the set 7 given by the equation (\/(z — 20)2 + (y —y0)2 - R)* + (2 -
20)? = 2. In the experiements, we chose (zo, %0, 20) = (0,0,0), R=3and r = 1.

We finally briefly review how the data was generated around each of this shape.
The model we used was the additive isotropic noise model (as described in Proposi-
tion 5.2.4). The noise kernel we chose was

K, (z) o< (1= |22,

and the base densities f. on the shape were as follows: for the two-circles, we set
fe=1/2f1 +1/2f; where f; fori € {1,2} is the uniform distribution on C;. For the torus,
we chose a uniform distribution on 7 as well. For the 2D-spiral (resp. the 3D-spiral),
f+« was simply the push-forward through ¢, (resp. y3) of the probability distribution
g5, on [0,1] given by

9po () o< (1 - (1 - 275)50)]1&[0,1/2] +(1-(2t- 1)60+1)1te[1/2,1]-

In the experiments, the regularities were set to 5y = 2 and 3, = 6.
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Chapter 6

From graph centrality to data depth

Given a sample of points in a Euclidean space, we can define a notion of depth by
forming a neighborhood graph and applying a notion of node centrality. In the present
chapter, we focus on the degree, iterates of the H-index, and the coreness, which are
all well-known measures of centrality of a node in a graph. We study their behaviors
when applied to a sample of points drawn i.i.d. from an underlying density and with a
connectivity radius properly chosen. Equivalently, we study these notions of centrality
in the context of random neighborhood graphs. We show that, in the large-sample limit
and under some standard condition on the connectivity radius, the degree converges
to the likelihood depth (unsurprisingly), while iterates of the H-index and the coreness
converge to new notions of depth. This chapter is the subject of the prepublication

[AACB21], in revision.
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6.1 Introduction

6.1.1 From Node Centrality to Data Depth

In the context of multivariate analysis, a notion of depth is meant to provide an ordering
of the space. While in dimension one there is a natural order (the one inherited by
the usual order on the real line), in higher dimensions this is lacking, and impedes the
definition of such foundational objects as a median or other quantiles, for example. By
now, many notions of data depth have been proposed and the corresponding literature
is quite extensive. Most of the notions are geometrical in nature, as perhaps they should
be. Among these, for example, we find the half-space depth [Tuk75, DG92], various
notions of simplicial depth [Oja83, Liu90], or the convex hull peeling [Bar76, Edd82].
Other notions of depth are not motivated by geometry, in particular the likelihood
depth [FLM97, FM99], which is simply given by the values taken by the density (or an
estimate when it is unknown). Notions of depth are surveyed in [LPS99, LSS06, Mos13].

While the focus in multivariate analysis is on point clouds, in graph and network
analysis the concern is on relationships between some items represented as nodes
in a graph. There, the corresponding notion is that of node centrality. (There are
notions of centrality that apply to edges, but we will not consider these here.) Quite
a few notions have been proposed, including the degree, the H-index [Hir05], the
coreness [Sei83], and other notions including some based on graph distances [Fre78]
or on (shortest-)path counting [Fre77], and still other ones that rely on some spectral
properties of the graph [Kat53, Bon72, PBMW99, Kle99]. Notions of centrality are
surveyed in [Kol09, BEO6, Fre78].

Thus, on the one hand, notions of depth have been introduced in the context of
point clouds, while on the other hand, notions of centrality have been proposed in
the context of graphs and networks, and these two lines of work seem to have evolved
completely separately, with no cross-pollination whatsoever, at least to our knowledge.
The only place where we found a hint of that is in the discussion of [Alo06], who
mentions a couple of “graph-based approach|es]” which seem to have been developed
for the context of point clouds, although one of them — the method of [TF79] based
on pruning the minimum spanning tree — applies to graphs as well. We can also
mention the recent work of [CS20], who study the large-sample limit of the convex hull
peeling, relating it to a motion by (Gaussian) curvature. This lack of interaction may
appear surprising, particularly in view of the important role that neighborhood graphs
have played in multivariate analysis, for example, in areas like manifold learning
[TSLOO, WPS05, BN03], topological data analysis [Was18, CCSM11], and clustering
[NJW02, AC11, MHVL09, BCQY97]. The consideration of neighborhood graphs has
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also led to the definition of geometrical quantities for graphs inspired by Euclidean
or Riemannian geometry, such as the volume, the perimeter, and the conductance
[TSVB*16, ACPP12, MP20], and to the development of an entire spectral theory, in
particular the study of the Laplacian [Chu97, BN08, GK06, Sin06].

Inspired by this movement, we draw a bridge between notions of depth for point
clouds and notions of centrality for nodes in a graph. In a nutshell, we consider a
multivariate analysis setting where the data consist of a set of points in the Euclidean
space. The bridge is, as usual, a neighborhood graph built on this point set, which
effectively enables the use of centrality measures, whose large sample limit we examine
in a standard asymptotic framework where the number of points increases, while the
connectivity radius remains fixed or converges to zero slowly enough. In so doing, we
draw a correspondence between some well-known measures of centrality and depth,
while some notions of centrality are found to lead to new notions of depth. (A bridge
going in the other direction, namely from depth to centrality, can be built by first
embedding the nodes of a graph as points in a Euclidean space, thus making depth
measures applicable. We do not explore this route in the present paper.)

6.1.2 Setting and Notation

We consider a multivariate setting where

X, ={Xy,..., X, } isanii.d. sample from 6.1)
a uniformly continuous density f on R .

The bridge between point clouds and graphs is the construction of a neighborhood
graph. More specifically, for an arbitrary set of distinct points, z1,...,z; € R? and a
radius r > 0, let G.({x1,...,z;}) denote the graph with node set V = {1,...,k} and
edge set £ = {(4,7) : |z; — x| <}, where | - | denotes the Euclidean norm. Note that
the resulting graph is undirected. Although it is customary to weigh the edges by the
corresponding pairwise Euclidean distances — meaning that an edge (i, j) has weight
|x; — ;|| — we choose to focus on purely combinatorial degree-based properties of the
graph, so that it is sufficient to work with the unweighted graph.

In what follows, we fix a point z € R? and study its centrality C(z; G, (z, X)) in the
graph G, (z, X,,) := G.({x} U X},) as n - oo. This graph is random and sometimes called
a random geometric graph [Pen03]. The connectivity radius may depend on n (i.e.,
r =), although this dependency will be left implicit for the most part.

Everywhere, B(x,r) will denote the closed ball centered at = and of radius r. For
a measurable set A, |A| will denote its volume. In particular, we will let w denote the
volume of the unit ball, so that |B(x,r)| = wrd for all € R% and r > 0. We will let

N := nwr?, (6.2)

which, as we shall see, will arise multiple times as a renormalization factor.

221



CHAPTER 6. DATA DEPTH

6.1.3 Contribution and Outline

We study the large-sample (n — oo) limit of the centrality of x in the random neighbor-
hood graph G, (z, &,,), where the sample X, is generated as in (6.1). More specifically,
we focus on the degree deg, (z, X, ); on the kth iterate of the H-index H*(z, X,,); and on
the coreness C,.(z, X,,). As will be made clear, these notions of centrality can all be seen
as iterates of the H-index, since deg, (v, &,,) = H2(z,X,,) and C,(z,X,,) = H® (2, &,,).
Given their prominence in the literature [MGPV20], the degree and the coreness are
examined separately. The main limits are taken as the sample size n goes to infinity
while the neighborhood radius r remains fixed or converges to zero slowly enough. See
Figure 6.1.1 for a compact summary of the main results that we derive.

f(x)

Theorem 6.3.5
N (2, X,) —— = HE fo()

00 « Y

([T wyr ‘91sZZ1D)
00 « Y

AR ] UOIlISOdOld

Theorem 6.4.5
n —> oo

NCr(z, X)

CT’(x? f)

Figure 6.1.1 — These are the main relationships that we establish between notions of
centrality and notions of depth.

Section 6.2 is dedicated to the degree, Section 6.3 to the kth iterate of the H-index
for 1 < k < o0, and Section 6.4 to the coreness. In Section 6.5 we report on some
numerical simulations.

6.2 Degree

The degreeis arguably the most basic measure of centrality, and also one of the earliest
to have been proposed [Fre78]. In our context, the point set X, is an i.i.d sample with
common density f on RY, so that it is composed of n distinct points almost surely. The
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degree of z e R? \ X, in the graph G, (z, ,,) is!
deg, (z,X;,) := Z :H‘HI—Xi [[<r (6.3)
i1

Dealing with the degree centrality is rather standard (and very straightforward), but as
we will consider more complex notions of centrality below, it helps to draw intuition
from the continuum model where we effectively let the sample size diverge (n — o).

A Stochastic Convergence Result The analysis of the degree centrality — and of
the other centrality measures hereafter — relies on the following elementary lemma,
which will be used throughout to control stochastic terms. It involves the Vapnik-
Chervonenkis dimension of classes of subsets. Recall that given a class S of subsets of
R? and an integer m > 1, the scattering coefficient of S for m point is defined as

Ag(m) = max Rd#{(]lwles, RN ]lwmes), S € 8},

L1,y T €

which is the maximum number of different labelings of m points that S can produce.
The Vapnik-Chervonenkis (VC) dimension of S is then defined as the maximum number
of points that can be arbitrary labeled with S, that is,

VC(S) :=sup{m >1,As(m)=2"}eNu{co}.
Lemma 6.2.1. Let (S, ),-o be a family of classes of subsets of R? such that:

(i) The VC-dimension of S, is bounded from above by some v € N uniformly for all
r>0;

(i) Forallr >0 andS € S,, we have diam(S) < 2r.

Then, for any sequencer = r,, such thatnr® > logn, we have

1
n:=sup —|F(5) - P(S)| — 0 a.s.
wr n—o0

€or

Proof. We use [AST93, Thm 2.1] to get that for any » > 0 and any ¢ > 0

IP’(sup #|Pn(5) - P(9)|> 5) <4Ags,.(2n) exp (—igzn) ,

5¢5, 1/ P(S)

where Ag, (2n) is the scattering number of S, on 2n-points. Using Sauer’s lemma, we
find that as soon as 2n > v, we have Ag, (2n) < (2en/v)”. Furthermore, since diam(.S) <

'If z = X, € Xy, the degree of z in the graph G, (z, X,,) writes as ¥, Ljo-x,j<r = (21 Ljo-x,jer) — L,
and therefore only differs by 1 from the formula of (6.3). As this difference will be negligible after
renormalization by 1/ N, we will only consider the sum of indicators of (6.3) for simplicity.
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2r forall S € S, we have \/P(S) < /| f|eow(2r)4 and setting e = rv/w(2r)?/| f]  yields

P (Ld sup |P,(S) - P(S)| > H) <4(2en/v)’ exp (—#mznw(%)d)
wr? ses, A oo
< 4(2enjv)’e ( 2 %log )
enfv)’exp| - K nl,
A flloo

which yields the results when taking « of the form clog(n)~/* for ¢ large enough and
using Borel-Cantelli lemma. O

Note that in particular the result holds if » = ry is constant and if S,, has finite
VC-dimension.

Continuum degree: » > 0 fixed The continuous analog to the degree is naturally
obtained by replacing quantities that depend on X,, by their large-sample limit, after
being properly normalized. As we consider r-neighborhood geometric graphs, the
degree of = hence transforms into the convoluted density

1

fr(x) = W Bor) f(2)dz. (6.4)

More formally, we have the following well-known asymptotic behavior.

Theorem 6.2.2. Ifr > 0 is fixed, then almost surely,
1
N deg,(z,X,) —— fo(2) uniformlyinz e R%.

Proof. This comes from a direct application of Lemma 6.2.1to S, = {B(x, r)|xze Rd}.
O

Remark 6.2.3. We recover that for a neighborhood graph, the counterpart of the degree
is the convoluted density f,. This object satisfies some of the desirable properties
for a depth function identified by [ZS00]. It clearly satisfies P1 [‘affine invariance’] for
rigid transformations and also P4 [‘vanishing at infinity’] due to f, being a uniformly
continuous density. It also satisfies P2 [‘maximality at the center’] and P3 [‘monotonic-
ity relative to deepest point’], at least when the density is unimodal and rotationally
invariant with respect to its mode — the latter being a direct consequence of [And55,
Thm 1].

Continuum degree: » - 0 Now letting = r,, go to zero slowly enough naturally leads
us to recover the actual density.

Theorem 6.2.4. Ifr =, is such thatr — 0 and nr® > logn, then almost surely,
1
N deg, (z,X,) —— f(z) uniformly inz e R%
n—o00
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Thus, as a measure of depth, the degree is asymptotically (as the connectivity radius
tends to zero slowly enough) equivalent to the likelihood depth of [FM99].

Proof. This comes from a simple application of Lemma 6.2.1 to the collection of sets
{S:},50 With S, := {B(z,r) |z ¢ R?}, and of the fact that f, converges uniformly to f
since f is assumed to be uniformly continuous on R, O

Remark 6.2.5 (Kernel Density Estimator). Defining the kernel density estimator as

fla) = St (X0 € B, 1)) = 1 deg, (2,%), 65

Theorem 6.2.4 simply restates the well-known fact that this estimator is uniformly
consistent? over R? when r — 0 slowly enough that nr? — co.

Remark 6.2.6 (Eigenvector Centrality). Among spectral notions of centrality, PageRank
is particularly famous for being at the origin of the Google search engine [PBMW99].
This notion of centrality was first suggested for measuring the ‘importance’ of webpages
in the World Wide Web, seen as an oriented graph with nodes representing pages (URLs
specifically) and a directed edge from page i to page j representing a hyperlink on
page i pointing to page j. For an undirected graph, like the random geometric graphs
that concern us here, the method amounts to using the stationary distribution of the
random walk on the graph as a measure of node centrality. This is the walk where, at a
given node, we choose one of its neighbor uniformly at random. (The edge weights play
no role.) However, it is well-known that the stationary distribution is proportional to
the vector of degrees, so that in this particular case, PageRank as a measure of centrality
is equivalent to the degree. (Again, this is not true in general for directed graphs.)

6.3 H-Index

6.3.1 Definition of the H-Index

The H-index is named after [Hir05], who introduced this centrality measure in the
context of citation networks of scientific publications. For a given node in a graph, it
is defined as the maximum integer h such that the node has at least ~ neighbors with
degree at least h. That is, in our context, the H-index of = in G, (z, &},) writes as

H,(x, X, ) := largest h such that # { X; € B(z,r) : deg, (X;, X,,) > h} > h.

The H-index was put forth as an improvement on the total number of citations as a
measure of productivity, which in a citation graph corresponds to the degree. We show
below that in the latent random geometric graph model of (6.1), the H-index can be
asymptotically equivalent to the degree® (see Theorems 6.3.5 and 6.3.7).

2Recall that throughout, as defined in (6.1), f is assumed to be uniformly continuous over R4,
30f course, there is no reason why the underlying geometry of a citation graph ought to be Euclidean.
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6.3.2 Iterated H-Index

[LZZS16] consider iterates of the mechanism that defines the H-indices as a function
of the degrees: The second iterate at a given node is the maximum % such that the node
has at least h neighbors with H-index at least i, and so on. More generally, given any
(possibly random) bounded measurable function ¢ : RY — R, we define the (random)
bounded measurable function H,, ¢ : R? - R as

H, ,¢(z) :=largest h such that # {X; e B(x,r) : ¢(X;) > h} > h

= Nmax{h

1 n
N 2 L-xiter Logxoy/ven 2 h} : 6.6)
=1

The H-index H,.(z, &,,) can be simply written H,, ,deg,.(z, X, ), where deg,.(z, X,,) was
defined in the previous section. The successive iterations of the H-index H (z, X,,) are
simply HY | deg,. (2, X,,).

Given the variational formula (6.6), a natural continuous equivalent of the H-index
is the H, transform of the density f, where H, is defined for any non-negative bounded
measurable function ¢ : R - R as

1

H,¢(x) =sup {t 20 ‘ y
wr

1 dz>t;. 6.7
fB(x,r) o)zt f (2)dz } (6.7)

See Figure 6.3.1 for an illustration of this transform. The k-th iteration of H, applied
to ¢ is simply denoted by H*¢. The H, transform enjoys a few elementary properties,
such as monotonicity, Lipschitzness and modulus of continuity preservation, which
we now present. We recall that the modulus of continuity of a function ¢ : R? - R is
defined by wy(u) := sup{|g(z) - g(y)|: |z - y| <u}, for all u > 0. As in our framework
(see (6.1)), f is assumed to be uniformly continuous, lim,,_.ow¢(u) = 0. In what follows,
(> (R?) denotes the class of bounded measurable maps ¢ : R¢ - R.

Lemma 6.3.1. H, is monotonous, meaning that for any two functions ¢, € (> (R?)
such that ¢ <, we haveH, ¢ < H,1).

Proof. This result is trivial once noted that the functional

1
b wrd —/B(m,r) Ly(oystf(2)d2
that appears in the definition of H, is non-decreasing in ¢. .

Lemma 6.3.2. H, is 1-Lipschitz, meaning that for two functions ¢, € £=°(R%) we have
HHT’(ZS - Heroo < H¢ - w”oo

Proof. Lete = |¢ - 1| . We have

1 1
wrd JB(ar) Ly(ayoef (2)dz < —3 /I;(w) Ly(a)st-cf(2)dz
so that H,¢(x) < Hy1(x) + &, and the proof follows. O
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004 — S

Figure 6.3.1 - A density f, a function ¢, and its transform H,.¢ for r = 0.1. Both f and ¢
are smooth. H, ¢ does not appear to be continuously differentiable everywhere but
is nonetheless Lipschitz, with Lipschitz constant no bigger than that of f and ¢ (see
Lemma 6.3.3).

Lemma 6.3.3. If ¢ ¢ (*(R?) is uniformly continuous, then so is H,¢ and we have
wH, ¢ S Wy Awy. In particular, sincewy, <wy, we havewyr ; < wy forallk > 1.

Proof. Letz,y € R?, and denote u =y -z and ¢ = wy v wy(|z - y|). We have

1 1
ord B(zr) ]l¢(z)>tf(2)dz = B(yr) Il<z>(z+u)>tf(2' +u)dz < /B(y,r) ]lqs(z);t—af(z)dz +é
so that we immediately find that H,¢(z) < H,¢(y) + ¢, and the proof follows. O

Continuum H-indices: r > 0 fixed As intuited above, we have the following general
convergence result of the random discrete transform H,, , towards the continuum one
H,.

Lemma6.3.4. Let¢,,, ¢ € (*(R?) be random variables such that almost surely, %gﬁn —

n—oo

¢ uniformly. Then almost surely, %ngbn —— H, ¢ uniformly.

Proof. Notice that

Hy v ¢n(2) = sup {h > 0| Card{X; € B(z,7),p(X;) > h} > h}
= N xsup{t > 0| Card{X; € B(x,r),p(X;) > Nt} > Nt}

=N><sup{t>0

1 n
N z; ]1X¢EB(x,r)]1%¢n(Xi)>t 2 t} :
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Lete = | 1¢n — ¢] . We have

3

1

1 n
N & Ixeen o oo S iy 2. LxieB(ar) Lo(xste

i=1

]
—_

Note that the class of balls of R? is a VC-class, and so is the set of super-level sets of ¢.
As aresult, the class

Sy ={B(y,r)n{p>s},yeR% s> 0}
thus satisfies the assumptions of Lemma 6.2.1. Furthermore, using notation » from
Lemma 6.2.1, we get

1 & 1
N Z 1x,eB(z,r) Lo(Xi)st-e < fB(:C’T) Ly(z)st-ef(2)dz +1

i=1 wrd

uniformly in z and ¢. We thus have

1 1
NHn,r¢n(33) < sup {t 20 w -/B(;t,’r‘) Il(b(z)?t—ef(z)dz 2t~ 7’} )

yielding %Hn,rgbn(x) < H,¢(z) + e vn. The lower bound can be obtained in the same
fashion. We conclude by letting n — oo, so that n goes to 0 a.s. (Lemma 6.2.1) and ¢ as
well by assumption. O

When applied iteratively to the sequence of degree functions of G, (z, X,,), Lemma 6.3.4
yields the following result.

Theorem 6.3.5. Ifr > 0 and k € N* are fixed, then almost surely,
1
N H (2, X,) —— H*f,.(2) uniformly inz e R%.

Proof. Apply Lemma 6.3.4 recursively to find that Hf ¢, -~ HF'¢ forall k > 1. The
stated result follows readily starting from ¢,, = deg,.(-, X,,) and ¢ = f;. O

We note that H f, satisfies Properties P1 for rigid transformations and P4 of [ZS00],
and also P2 and P3 under the same conditions as in Remark 6.2.3. That being said, the
iterated continuum H-indices H” f, behave very differently from the likelihood depth,
as shown in Figure 6.4.1. Note also that for k > 1, H* f.(z) depends on f in an even less
local way than f,, since it depends on the values of f on B(x, (k + 1)r).

Continuum H-indices: » -~ 0 To gain insights on what the discrete H-indices con-
verge to as r = r,, - 0, let us first examine how their fixed-r continuous counterparts
H? f, behave in the same regime.

Proposition 6.3.6. Forallk > 1, H: f,(x) — f(«) uniformly inz € RY.
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Proof. On one hand, we have H¥ f,(z) < f,(z) < f(2) + w(r). On the other hand, we
get from the definition of H, f, that H, f, > f — w¢(r). Using this bound recursively
together with Lemma 6.3.3, we find that H* f, > f - kw;(r). At the end of the day, we
have proven that [HF f, - f| < kw;(r), which concludes the proof. O

Coming back to the discrete H-indices, we naturally get that the k-th iteration of
the H-index converges to f(x) as r = r, converges to 0 slowly enough, thus coinciding
with the likelihood depth.

Theorem 6.3.7. Ifr = r, is such thatr — 0 and nr® > logn, then for all k € N, almost

surely,
1 . .
v HE (z, X,) —— f(x) uniformlyinz e R%,
n—00
Hence, as for the degree (Section 6.2), we see that the iterated H-indices are asymp-

totically equivalent to the likelihood depth when r — 0 slowly enough.

Proof. First, decompose

HE (2, )~ 1) € |5 1S, )~ HE 7 )] + B 7 ) — 7o)

‘ 1
N
Proposition 6.3.6 asserts that the second (deterministic) term converges uniformly to

zero as r — 0. For the first (stochastic) one, we use expressions (6.6) and (6.7) of H,, ,
and H, respectively, and the proof of Theorem 6.3.5, to get that

[ )~ 1Ef )

1

<ni=sup —|P(S) - P(5)],
SeS, Wr
where P, (dz) =n ' ¥, 6x,(dz), P(dz) = f(2)dz, and

S ={B(y.r)n{p>s} |yeR,s>0,6e{fp,... . Hf}}.

As an intersection class of two VC classes, S, is also VC, with dimension uniformly
bounded in r. It is composed of sets of radii at most r, so that Lemma 6.2.1 applies and
yields n — 0 almost surely as n — oo. O

6.4 Coreness

The notion of coreness is based on the concept of core as introduced by [Sei83]. (Seid-
man does not mention ‘coreness’ and only introduces cores, and we are uncertain as to
the origin of the coreness.) For an integer ¢ > 0, an ¢-core of a given graph is a maximal
induced subgraph which has minimum degree ¢. To be sure, this means that any node
in an ¢-core is neighbor to at least ¢ nodes in that core. In a given graph, the coreness
of a node is the largest integer ¢ such that the node belongs to an ¢-core. For a recent
paper focusing on the computation of the ¢-cores, see [MGPV20].
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The coreness is closely related to the degree and H-index. In fact, [LZZS16, Thm 1]
shows that it arises when iterating the definition of the H-index ad infinitum, when
starting with the degree function. That is, in our context, we will study the random
coreness

Cp(z, X,) = H® (2, X,,). 6.8)

In particular, the coreness satisfies the following fixed-point property: The coreness of
node i is the maximum /¢ such that at least ¢ of its neighbors have coreness at least /.
Said otherwise, it is the maximal minimal degree of a subgraph H that contains x:

Cr(x,X,) = max {E ‘ there is a subgraph H of G, (z, &,,) with 2 € H and mgl degy (i) > é} :
(6.9)

The coreness was analyzed in the context of an Erdos-Rényi-Gilbert random graph
in a number of papers, for example, in [Luc91, JLO8, PSW96, Rio08, J1.07], and also in
the context of other graph models, for example, in [FKRD09]. We are not aware of any
work that analyzes the coreness in the context of a random geometric graph.

Remark 6.4.1. As the non-negative integer sequence (H*(x, &,,))150 is non-increasing,
it becomes stationary after some index £*° < co. Said otherwise, the naive algorithm
computing H*(z, X,,) by iterating the H-index terminates after a finite number of
iterations, so that bounding £ is of particular computational interest. Such a bound,
depending on the geometric structure of the graph, is discussed in Section 6.5.3.

Continuum coreness: r > 0 fixed As defined above in (6.8), the discrete coreness is
obtained by applying the H-index operator to the degree infinitely many times. Having
in mind Theorem 6.3.5, we naturally define the notion of continuum r-coreness by
taking the limit of the iterated continuum H-index H f,.(z) as the number of iteration
k goes to oo.

Proposition 6.4.2. H” f,(x) converges uniformly in x as k — oo. Its limit, denoted by
C,(z, f), is called the continuum r-coreness at x.

Remark 6.4.3. Note that since the convergence is uniform, C,(-, f) is uniformly con-
tinuous and its modulus of continuity is bounded from above by w; (Lemma 6.3.3).
See Figure 6.4.1 for an illustration of the convergence of the iterations H f, towards

CT('7 f)

Proof. Since forallt > 0and z ¢ R?,

1

o Jo(e ) Ll (2)d2 < fr(2),
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Figure 6.4.1 — The successive iterations of H’ﬁ f» (solid) for a given density f (dashed),
for k ranging from 0 to 100 with = 0.1. The hundredth iteration is very close to its
limit C,.(z, f).

so that H, f, < f,. Using monotonicity of the operator H, (Lemma 6.3.1) we find that
(HE £.)ren is @ non-increasing sequence of functions, bounded from above by f, and
from below by 0. In particular, it converges towards a function C, (-, f) pointwise.
Since |f,(z)| < supg(,,|f| and that the latter goes to 0 when z goes to oo (since f
is integrable and uniformly continuous over R%), we can focus on establishing the
uniform convergence of HY f, on a ball B(0, R) for an arbitrary large radius R. Having
done so, the sequence H’ji fr is equicontinuous (from Lemma 6.3.3), and the Arzela—
Ascoli theorem insures that the convergence towards C,.(+, f) is uniform over B(0, R).

O

By analogy with (6.9), we may also seek a variational characterization of C, (x, f)
in terms of subsets of R, which are the natural continuous counterparts of sub-
graphs. This formulation, besides offering additional geometrical insights, will help
with proving convergence from discrete to continuous r-coreness (see the proof of
Theorem 6.4.5).

Lemma 6.4.4. LetQ(x) be the class of measurable sets S c R that contain x. Then for
r > 0, the continuum r-coreness admits the following expression

Cy(x, f) =sup {t ‘ 3S € Q(x) such that inf Ld f f(z)dz > t} : (6.10)
yesS wr B(y,r)nS
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Proof. Let us write F(x) for the supremum on the right-hand side, and show that
C,(+, f) = F by considering their super-level sets. Lett > 0, and S = {F >t}. For all

y € R%, we define
1
- d
g(y) wrd ./;'OB(y,'r) f(Z) “

which, by definition of S, satisfies g(y) >t for all y € S. In particular, we get that for all

yes,
1

1
ord Joyy Tod ()22 =5 Lesf(2)dz = g(y) >,

wrd JB(y,r)
so that H,g(y) > t. By induction on & > 1, we find that H¥g(y) > t for all y € S, and
letting k — oo, that C,.(y, f) > tforally € S, so that S c {C,.(-, ) > t}.

For the converse inclusion, notice that since the operator H, is 1-Lipschitz (thanks
to Lemma 6.3.2) and that H £, converges uniformly towards C,.(-, f) (Proposition 6.4.2),
we have that H,C,.(-, /) = C,.(+, f). Therefore, if y € {C,.(-, f) > t}, meaning C,(y, f) > ¢,
by definition of H,, we get

1
— 1 dz>t
el Cr(zp)etf (2)dz
yielding, by maximality of S, that {C,.(-, f) > ¢t} c S, ending the proof. O]

By definition, the continuum r-coreness C,(-, f) behaves roughly like H £, for &
large enough, as shown in Figure 6.4.1. The variational formulation of Lemma 6.4.4
also highlights the fact that C,.(-, f) depends on f globally, as it depends on values
it takes in the entire space, at least in principle. That is, perturbing f very far away
from x may change C, (z, f) drastically. In Figure 6.4.1, this phenomenon translates
into the wider and wider plateaus that H*(-, f) exhibits as k grows, which eventually
approaches C,.(+, f). It is no surprise, then, that C,.(-, f) satisfies Properties P1 for rigid
transformations and P4 of [ZS00], and also P2 and P3 under the same conditions as in
Remark 6.2.3 — just like H f,..

We are now in position to prove the convergence of the renormalized discrete
coreness towards the r-continuum coreness, for a bandwidth parameter r > 0 being
fixed.

Theorem 6.4.5. Ifr > 0 is fixed, then almost surely,
1
NCr(x, X,) — C,(z, f) uniformly in z € R%. (6.11)

Proof. Let k > 1. By the decreasingness of the iterations of the H-index H(z, X,,)
and their convergence towards C, (z, &,,) [LZZS16, Thm 1], we have that C, (z, X,,) <
H”(z, X,,). Taking n to co and using Theorem 6.3.5, we find that almost surely,

1
lim sup —Cy (2, Xn) < H £ (v)

n—oo
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uniformly in z, so that letting £ — oo and using Proposition 6.4.2, we have

1
limsup NCT($7 Xn) < Cr(l',f)

n—o0

For the converse inequality, we will use the variational formulation of C,.(z, f) given
by Lemma 6.4.4. Lett < C,.(z, f) and S c R? be such that z € S and

1

— dz>t VyelS.
wrd B(y,r)ﬁSf(Z) : ye

Let H denote the subgraph of G, (z, A,,) with vertices in S, and degy the degree of the
vertices in this subgraph. We have, for all vertex s in 5,

degy(s) =nx Py(B(s,r)nS)-1>Nx (P(B(s,r)nS)-n)-1>Nx(t-n)-1,

where )
n:=sup —|Py(A) - P(A)], withS, := {S NnB(y,r)|ye Rd},
AeS, Wr

so that C,(z, &) > N(t—n) — 1. The class S, satisfies the assumptions of Lemma 6.2.1,
and applying that lemma with r > 0 fixed yields that, almost surely,

el
lim inf NCT(:E, X)) >t

n—>00

uniformly in € R?. Letting ¢ » C,(x, f) establishes

liminf%CT(x,Xn) > Cp(z, f),

n—oo

which concludes the proof. O

Continuum coreness: » - 0 Seeking to complete the construction above to include
asymptotic regimes where r — 0, we first opt for a purely functional approach. That is,
taking the limit of the continuum r-coreness as r goes to zero.

Proposition 6.4.6. C,.(z, f) converges uniformly inx ¢ R asr — 0. Its limit, denoted by
Co(x, f), is called the continuum coreness at x.

The proof of this result relies on an intermediary notion of coreness at scale « > 0.
Given K c R? and y € R?, we write d(y, K) := inf i |y — z|| for the distance from y to K.
Welet B, = {K*| K c R?}, where K := {y e R| d(y, K) < o} and define

C*(z, f)=sup{t>0|3SeB,withzeS, Sc{f>t} anddSc{f>2t}}.

Since (K%)% = K for all o, 3 > 0, the class B, is increasing as o — 0%, so is C*(z, f),
and since the latter in bounded from above by | f||, it converges to a finite limit. The
following lemma asserts that this limit actually coincides with the limit of C,(«z, f) as

r—0".
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Lemma 6.4.7. We havelim,_C,(z, f) = lim,_o C*(x, f).

This result thus asserts the existence of Cy(x, f) pointwise, as used in the proof of
Proposition 6.4.6. To show Lemma 6.4.7, we first need the following volume estimate.

Lemma 6.4.8. Forallr ¢ (0,c/2], z ¢ R? andy € B(z, ), we have
1
st o).
2 aY

where C' is a positive constant depending on d only.

Proof. The quantity [B(y,r) nB(z,«)|is a decreasing function of |y — |, so we can only
consider the case where |z - y| = a. Let now

pzr(l—L) and zo=z+ (a—-r+p)(y—x).
2a
Easy computations show that the half ball

B* = B(xo,p)ﬂ{zeRd|(z—:tg,x—xo) >0}

is a subset of B(y,r) n B(x, ) so that

1 1
IB(y,r) nB(x,a)| > |Bf| = §wrd(1 —r/2a)d > §wrd(1 -Crla),

with C = d/2. O

Proofof Lemma 6.4.7. Let 0 < r < o and let t = C%(z, f). Let K c R? be such that
KYc{f>t-e}and 0K c {f > 2t - 2¢} for some arbitrarily small ¢ > 0. For all y ¢ K¢
at distance at least r from 0K“, we have B(y,r) c K¢, so that

1

wrd

1
@ = — 2 — & —
f Liek ]]-zeB(y,r)f(z)dZ wrd B(y.r) f(z)dz t—¢ O.)f(T’),

where we recall that w; denotes the modulus of continuity of f. Otherwise if d(y, 0K“) <
r, we have for any v € B(y,r) that f(v) > 2t - 2¢ — w¢(2r). We then have, thanks to
Lemma 6.4.8,

B(y,r) n K| > [B(y,r) nB(20,a)| > wri(1/2 - O(r/a)),
where zy € K is such that y € B(zy, ). We hence deduce that
[ ke f 2 1= = O(rfa) - wp(20),
sothat C,(z, f) >t —e - O(r/a) = wys(2r). Taking r - 0 and ¢ - 0, we obtain
limrinfC,«(x,f) > CYx, f),
for any a > 0.

234



CHAPTER 6. DATA DEPTH

Conversely, let S be a set containing = such that

1
VyeS, o f Loes ep(y,mf(2)dz > t.

In particular, we have for any y € S, f(y) > t —w¢(r), so that for any y € 5S¢, we have
f(y) >t -ws(r) —ws(a). Let now take y € 05, and let 2, € S be a point at distance at
most « from y. We have

1

f(y) > f(z0) - Wf(a) 2 m [ ]]-zes]lzeB(zo,r)f(Z)dZ - wf(a) - wf(T)

d

wr
> - - .
SrBGo ) T

But now, Lemma 6.4.8 again yields
|5 1 B(20.7)| < [B(20,7) N B(y, )| =wr? = [B(20,7) N B(y, )| <wr? (1/2+ O(r/a)),

which gives
CHax, f)2t-0(r/a) —ws(r) —w(a)

and hence C%(z, f) + wy(«) > limsup, C,(z, ). We thus proved that

C%(x, f) <liminf C,(z, f) <limsup C,(z, f) < C%*(x, f) + wf(a), Ya >0,
which allows to conclude. O

Proof of Proposition 6.4.6. From Lemma 6.4.7, we get that C,.(-, f) converges pointwise
towards a limit Co(-, f). Since C,(z, f) < f-(z) < f(x) + wy(r), and since f — 0 at oo
(because f is integrable and is uniformly continuous), we can focus on the uniform
convergence of C,.(-, f) on a ball B(0, R) for some arbitrarily large R > 0. But now, the
uniform convergence on B(0, R) is only a consequence of the Arzela-Ascoli theorem
and the equicontinuity of C,.(, /) (Remark 6.4.3). O

As was shown to be the case for C,.(-, f) in Lemma 6.4.4, we also give a geometric
variational formulation of Cy(-, f), which is illustrated in Figure 6.4.2.

Lemma 6.4.9. Let () be the class of open sets S c R? with smooth boundaries* that
contain x. Then the continuum coreness admits the following expression

Co(z, f) =sup{t>0]|3S e X(x) suchthatSc{f >t} anddS c{f>2t}}.

“That is, dS is a disjoint union of smooth (d — 1)-dimensional submanifolds of R?.
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Figure 6.4.2 — An illustration of f (blue), f/2 (red) and Cy(-, /) (black) for a mixture
of 6 Gaussians in dimension d = 1. In the zones where Cy(-, f) does not coincide
with f/2, it exhibits plateaus over intervals [Zmin, Tmax]- FOr T € (Zmin, Tmax), the
supremum of Lemma 6.4.9 is attained for S = (Zmin, Zmax ). Otherwise, this supremum
is asymptotically attained for S = {z}.

Proof. Write C* for the supremum of the right hand side. We want to show that
C* = Cy(x, f). For this, take ¢t > 0 such that there exists S containing z, with smooth
boundary, and such that S c {f > ¢} and 9S c {f > 2t}. Then, for any « > 0, S“ satisfies

VyeS®, f(y) >t-wr(a) and VyedS?, f(y) > 2t —wr(a).

As aresult, C*(z, f) >t - ws(a) and thus, letting o — 0, we have Cy(z, f) > ¢, and thus
Co(l‘, f) 2 C*.

Conversely, denote t = Cy(z, f) and let > 0 and « > 0 such that C,(z, f) >t - «.
There exists K c R? containing = such that K satisfies K® c {f >t -2¢} and 9K* c
{f >2t-4e}. For ¢ > 0, let us define

1 Y-
i) = 5 [ (150 Leess (@)

where « is a smooth positive normalized kernel supported in B(0,1). The function
U5 : R? > R is a smooth function with values in [0,1], with ¥5 = 1 on K® and ¥s = 0
outside of K**?%, Using Sard’s lemma, we can find a regular value of ¥ in [1/4, 3/4], say
\. The set S = {¥s5 > \} is then an open set of R? with smooth boundary 95 = {¥s = \},
which contains K, so in particular, it contains z. Furthermore, any point of S (resp.
05) is at distance at most 20 from K¢ (resp. 0K“). We thus have

VyesS, f(y) 2t -2 -ws(20) and, YyedS?, f(y) > 2t —4e —wy(20),

so that C* > t — 2 — wy(26). Letting ¢,6 — 0, we find that C* > Cy(z, f), ending the
proof. O
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The above formulation clearly establishes that Cy(x, f) < f(z). On the other hand,
taking for S a ball centered around x with an arbitrary small radius, we find that
Co(z, f) = f(z)/2. The equality actually occurs whenever the homology of the super-
level sets of f is simple enough, as shown in Proposition 6.4.10. In particular, this is the
case when the super-level sets are contractible sets (such as star-shaped ones), or the
union of contractible sets.

Proposition 6.4.10. If all the super-level sets of f have a trivial (d — 1)-th homology
group over Z, then Co(z, f) = f(x)/2 for all z € R%. This is the case, for example, if f is a
mixture of symmetric unimodal densities with disjoint supports.

The proof of this proposition relies on the following topological result.

Lemma 6.4.11. Let X c RY be a compact subset with Hy_,(X;Z) = {0}. Then R\ X is
path-connected.

Proof. We introduce the Alexandrov compactification Y = R? U {co} of R?, which is
homeomorphic to the sphere S%. Using Alexander’s duality theorem [Hat02, Cor 3.45
p.255], we find that H°(Y \ X;Z) = Hy_1(X;Z) = Hy_1(X;Z) = {0} where H, and H*
denote respectively the reduced homology and cohomology groups. As pointed out
in [Hat02, Paragraph 2, p.199], the group H°(Y \ X;Z) is identified to the group of
functions Y \ X — Z that are constant on the path-connected componentof Y \ X,
quotiented by the group of constant functions. We conclude that Y \ X, and hence
R? \ X by boundedness of X, has only one path-connected component. O

Proof of Proposition 6.4.10. From the formulation of Lemma 6.4.9 applied with S rang-
ing within open balls centered at x and radius § - 0, we see that we always have
Cola, f) > f(2)/2.

Conversely, ift < Cy(z, f), there exists a smooth set S c {f > ¢} with9S c {f > 2t}
that contains x. Assume for a moment that S \ {f > 2t} is non-empty, and take a
point y in it. Since {f > 2t} is compact with a trivial (d — 1)-th homology group, we
have that R? \ {f > 2t} is path-connected thanks to Lemma 6.4.11, so that there exists
a continuous path from y to any point z € R? \ S that stays in R? \ {f >2t}. Such
a path necessarily crosses 0S c {f > 2t}, which is absurd. We hence conclude that
S c {f >2t}, sothat f(z) > 2t, and taking ¢t to Cy(f,x), we find that Co(f,x) < f(z)/2,
which concludes the proof. O

Hence, for densities f with simple enough landscapes, the continuum coreness
is, as a measure of depth, equivalent to the likelihood depth. Otherwise, generically,
Co(+, f) provides us with a new notion of depth that lies between f/2 and f (see Fig-
ure 6.4.2). As is the case for C,.(+, f), the continuum coreness Cy(-, f) depends on the
values f on the entire space, at least in principle. This is apparent in the variational
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formulation of Lemma 6.4.4 and is clearly illustrated by the plateau areas of Figure 6.4.2.
And just like C,.(-, f) for » > 0, Cy(-, f) satisfies Properties P1 for rigid transformations
and P4 of [ZS00], and also P2 and P3 under the same conditions as in Remark 6.2.3.

We finally address the large-sample limit of C,.(x, X,,) as r = r, — 0, which does
coincide with the continuum coreness Cy(z, f).

Theorem 6.4.12. Ifr =, is such thatr — 0 and nr® > logn, then almost surely,

1

NCT(ZL', X,) —— Co(z, f) uniformly inx e R%, (6.12)

The remaining results are directed towards the proof of Theorem 6.4.12, which
follows directly from Lemma 6.4.13 and Lemma 6.4.14. The usual decomposition in
term of variance and bias that we used for instance in the proof of Theorem 6.3.7 does
not work here, because the deviation term would be indexed by a class of subsets that
is too rich (and which would not satisfy the assumptions of Lemma 6.2.1). Instead, we
take advantage of the alternative definition of the coreness through C® introduced in
the beginning of this Section 6.4.

Lemma 6.4.13. Ifr = 1, is such thatr — 0 and nr® > logn, then almost surely,

1
lim sup NCT(x, X,) < Co(x, f) uniformlyinx e RY,
Proof. For short, write ¢,, = C,(z, X,,), and S, for the vertices of a subgraph of G, (z, X,)
containing « with minimal degree ¢,,. Let o > 0 and consider S¢ € B,,. For any y € S%,
there exists s € S, such that |s - y| < «. We deduce that
1 Cn

F) > 1(9) = wp(@) > = P(B(5,m) = wp(r) —wp(a) > S == wy(r) - wy(a).

where we denoted by

1
n=sup —[P,(S) - P(5)|,
SeS, Wr (6.13)
with S, = {B(y,r) NB(z,a) |y, z¢€ Rd} U {B(y,r) \B(z,a) |y, z¢€ Rd}.

The sets S, satisfy the assumptions of Lemma 6.2.1, so that n goes to 0 almost surely
asn — oo. Now, let y € 055, and take s € S,, among its nearest neighbors in S,,. This
neighbor s is at distance exactly « from y, so that |S,, n {B(s,r) \ B(y,«)}| = ¢,. Buton
the other hand, we have

1

f(s) +wy(r)
m ILB(s,r)\B(y,oz)(Z)f(z)dz < T [ ]]-B(s,r)\B(y,a)(Z)dZ

<(f(s) +wp(r)) (1/2+0(r/a))
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so that
f(y) 2 f(s) —wp(e) > (2- O(T/a))ﬁP(B(S’ r)NB(y, @) —wi(r) —wp(@)
> (2= 0(rfa)) (5 = ) = ws() - wy(e)
> 220 - O(rfa) - 20 - wy(r) - wy(a).
Putting the two estimates of f over 05S* and S together, we have shown that
C (2, £) > 3 = Orfa) == wy(r) - wy(a),
so that, using Lemma 6.2.1, we have almost surely,

lim sup CNTL < C%(x, f) +wy(e) uniformly in = € R

n—oo

Letting a — 0 then concludes the proof. O

Lemma 6.4.14. Ifr = r, is such thatr — 0 and nr?® > logn, then almost surely,

1
lim inf NC,«(.I‘, X,) > Co(z, f) uniformly inx e RY,

n—>00

Proof. Leta > 0and e > 0. Denotingt = C®(z, f), there is S € B, with x € S such that
VyeS, f(y)2t—e and VyedS, f(y) > 2t - 2e.

Let H be the subgraph of G, (z, X,,) with vertices in S, and let deg;; (s) be the degree of a
vertex s € S in H. If s is at distance more than r from 0.5, then, using again n introduced
in the proof of Lemma 6.4.13 at (6.13),

degy(s) =nx P,(B(s,7)) =12 N(f(s) —ws(r)-n)—1>N(t—e-ws(r)-n) - 1.

Now if s is at distance less that r than 0.5, we can take y € S such that s € B(y,«) ¢ S. The
volume of B(s, ) n B(y, ) is then at least wr?(1/2 — O(r/a)) according to Lemma 6.4.8.
We thus have,
degp(s) =nx P,(SnB(s,r)) -1
2 Mn X PTL(B(yva) N B(S,T)) -1

> N(ﬁP(B(y,a) A B(s, 1)) -77) 1
> N ((5 - 061 ) (s s (1) =) -1
>N (t-e-0(rla) —ws(r)-n) -1

where we used the fact that f(s) > 2t - 2 - ws(r) because s is r-close to 0S. We thus
have shown here that

Cr({L‘, Xn)

N >t-e-0(r/a) —we(r)-n-1/N.
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Now letting n — oo yields, almost surely,

lim inf —CT (z, &)
n—oo

>t—e=C%ax,f)-e uniformlyinz e R%

and letting «, ¢ — 0 yields the result. O

6.5 Numerical Simulations

We performed some small-scale proof-of-concept computer experiments to probe
into the convergences established earlier in the paper, as well as other questions of
potential interest not addressed in this paper.

6.5.1 Illustrative Examples

In the regime where r = r,, - 0 and nr? > log(n), Theorems 6.2.4, 6.3.7 and 6.4.12 show
that only f(x) and Cy(z, f) can be obtained as limits of H-index iterates H*(z, X,,),
when k € {0,1,...,00} is fixed. Figures 6.5.1a and 6.5.1b both illustrate, for d = 1 and
d = 2 respectively, the following convergence behavior:

o ~deg,(z,X,) —— /() (see Theorem 6.2.4);
o HE(z,4,) —— Cr(x, Xy) (see (6.8));
o +Cn(z,Xp) —— Co(, /) (see Theorem 6.4.12).

The density functions have been chosen to exhibit non-trivial super-level sets, so that
Co(+, f) # f/2 (see Proposition 6.4.10).

6.5.2 Convergence Rates

Intending to survey limiting properties of the degree, the H-index and the coreness,
the above work does not provide convergence rates. We now discuss them numerically
in the regime where r — 0.

A close look at the proofs indicates that only bias terms of order O(r vwy(r)) appear
in the centrality-to-depth convergences of Theorems 6.2.4, 6.3.7 and 6.4.12. For the
degree, the stochastic term is known to be of order O(1/ Vnrd ). If £ is Lipschitz (i.e.,
w(r) = O(r)), the bandwidth r,p; that achieves the best minimax possible convergence
rate in Theorem 6.2.4 is 7, = O(n~1/(%+2)), yielding a pointwise error |[N"'deg, (2, X,,) -
F(x)| = O(ropt) = O(n~Y(4+2)), Naturally, larger values r > 7,,; make the bias term lead,
and smaller values r < r,,; make the stochastic term lead. Although it remains unclear
how bias terms behave for H-indices and the coreness, simulations indicate a similar
bias-variance tradeoff depending on n and r. Indeed, the sup-norms | N 'deg,. (-, ;) -
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Degree, lterated H-index, Coreness
—— Degree — HM — H"5 — HMO0 — HM5 — H"20 —— Coreness

o

<

o

n

o

o

o

0

g

o

o

s

°h T T T T T T T
8 6 4 2 0 2 4 6

|— Density - Conlinuouscorenessl

(a) The mixture f of six Gaussians in dimension d = 1 from Figure 6.4.2 sampled n = 10000 times. On
the discrete side (solid), are displayed the degree (k = 0), iterated H-indices for & € {1, 5,10, 15,20}, and
coreness (k = 00). On the continuous side (dashed), the density f and the continuum coreness Cy (-, /) are
plotted. Here, r ~ 0.13 was picked proportional to the optimal kernel bandwidth rp; x n~/(4*2) = 71/3,

f degree H'

l 0.020 l 0.020 I 0.020
0.015 0.015 0.015
0.010 0.010 0.010

' 0.005 ' 0.005 ' 0.005
0.000 ’ 0.000 0.000

H5 H10 H15

I 0.020 I 0.020 I 0.020
0.015 0.015 0.015
0.010 0.010 0.010

' 0.005 ' 0.005 ' 0.005
0.000 0.000 0.000

H20 coreness Co( - ,f)
I 0.020 l 0.020 l 0.020
0.015 0.015 0.015
0.010 0.010 0.010

0.005 0.005 0.005
' 0.000 ' 0.000 ' 0.000
(b) A plot similar to Figure 6.5.1a for d = 2. The generating density function f exhibits a crater-like shape

enclosing a peak, yielding a continuum coreness Co (-, f) that plateaus, and in particular differs from f/2
within the crater area. Here, n = 20000, k € {0,1,5,10,15,20, 00} and r < rope x n~ /(@2 = 71/4,

Figure 6.5.1 — Illustrative examples in dimension d = 1 and in dimension d = 2.
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(a) Distribution of Figure 6.5.1a (d = 1). (b) Distribution of Figure 6.5.1b (d = 2).

Figure 6.5.2 - Scatterplot of values (| N~*deg,. (-, &) = flloo, [N 1 Cp- (-, X)) = Co (-, £) | o)
with data generated according to (a) the Gaussian mixture distribution depicted in
Figure 6.5.1a, and (b) the crater-like density of Figure 6.5.1b. Sample size values n
take 9 different values in [100, 10000], while connection radii r take 8 different values
within the interval [0.1,0.97] for (a) and [0.27,1.80] for (b). For each such pair (n,r),
simulations are repeated 10 to 20 times, depending on the value of n.

floo and |[N71C,.(-, &) = Co(+, f)| - appear to be linearly correlated (see Figure 6.5.2).
As a result, with a choice 7 2 7op; = O(n~"/(#2)), we anticipate

INTIC(z, &) - Co(z)| = O(INdeg, (z, X,) - f(z)]) (Rate Conjecture)
= O(n~1(@+2)y, (6.14)

with high probability. Furthermore, Figure 6.5.2 suggests that the slope relating
IN“tdeg, (-, &) = flloo and [ N71C,.(-, &) = Co(-, f)| e is of constant order, in fact be-
tween 1/2 and 1, which suggests very moderate constants hidden in the term O(|Ntdeg, (2, &;,)-

f(@)).

6.5.3 Iterations of the H-Index

Seen as the limit (6.8) of H-index iterations, the coreness C,(z, X},) = H>*(z, X,,) raises
computational questions. One of them resides in determining whether it is reasonable
to compute it naively, by iterating the H-index over the graph until stationarity at all
the vertices.

More generally, given a graph G = (V, F)) and a vertex v € V of G, and similarly as
what we did in Section 6.3 for random geometric graphs, we can study the H-index
Hg (v), its iterations Hf, (v) for k € N, and the coreness C(v). The max-iteration k™ (G)
of the H-index of G is then defined as the minimal number of iterations for which the
iterated H-index H’(“; coincides with the coreness Cg. That is,

k®(G) :=min{keN|VveV, Cs(v) = Hlé(v)}
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Known bounds for £°°(G) are of the form

k= (G) <1+ ) |degg(v) - Ce(v)] and k¥(G)< |V,
veV

and can be found in [MDPM13, Thm 4 & Thm 5]. For random geometric graphs, this
yields probabilistic bounds of order O(n?r%) and O(n) respectively, with one or the
other prevailing depending on whether we are in a sub-critical or super-critical regime.

However, for the random geometric graphs G(z, &, ), numerical simulations suggest
that an even stronger bound of order £°°(G,(z, X,,)) = O(nr?"!) may hold with high
probability (see Figure 6.5.3). Indeed, in the regime where r = r,, is large enough
that G, (z, X,,) is connected, this latter quantity appears to coincide with its diameter
— which is of order O(1/r) — multiplied by its maximal degree — which is of order
O(nr?).

Coming back to the general deterministic case, this observation leads us to conjec-
ture that

E*(GQ) < max diam(H) x max degq(v), (Max-Iter. Conjecture)
conncected v

where diam(H ) is the diameter of H seen a combinatorial graph (with edge weight 1).
This conjecture, clearly satisfied in simulations (see Figure 6.5.3), would shed some
light — if correct — on the dependency of the H-index iteration process with respect
to the graph’s geometry.

oooooooooo

diam x max,deg(v)/k”
-
diam x max,deg(v)/k”

(a) Distribution of Figure 6.5.1a (d = 1). (b) Distribution of Figure 6.5.1b (d = 2).

Figure 6.5.3 — Scatterplot of values (k°° (G,),diam(G,) x max, degg _(v)/k* (gr)) in log-
log scale, with data generated according to (a) the Gaussian mixture distribution of
Figure 6.5.1a, and (b) the crater-like density of Figure 6.5.1b. Values all appear to
satisfy £*° (G, ) < diam(G,) x max, degg _(v) widely (i.e., points with ordinate at least 1
in these plots), even for small values of r and n.
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6.6 Concluding Remarks and Open Questions

New Depths from Other Centralities We obtained limits for the centrality measures
given by the degree, H-index, and coreness. We noticed that they shared the desirable
properties of depths from [ZS00], but only in the specific cases where the likelihood is
itself a relevant notion of depth. This is not surprising, in the sense that we observed
here that degree-based centralities yield density-based ‘depths’. Seeking for new no-
tions of data depths, it would be interesting to study the limiting objects associated
to other notions of centrality, such as the closeness centrality of [Fre78], the between-
ness of [Fre77], and other ‘spectral’ notions [Kat53, Bon72, PBMW99, Kle99]. Similarly,
we only focused on a r-ball neighborhood graph construction, but there are other
graphs that could play that role, such as nearest-neighbor (possibly oriented) graphs
or Delaunay triangulations, possibly yielding new limiting objects.

Conjectures Beyond the first-order almost-sure convergence results that we ob-
tained, we could consider deriving convergence rates. In this regard, we left the conjec-
ture displayed in (Rate Conjecture), but all the convergence rates associated with the
results displayed in Figure 6.1.1 remain to be established. Another conjecture that we
leave open is the bound on £*°(G) displayed in (Max-Iter. Conjecture).
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RESUME

En statistique, I'hypothése des variétés suppose que les données observées se répartissent autour de structures
de faible dimension, appelées variétés. Ce postulat permet d’expliquer pourquoi les algorithmes d’apprentissage
fonctionnent bien méme sur des données en grande dimension, et est naturellement satisfait pour de nombreux jeux de
données issus de la vie réelle.

Nous présentons dans cette thése quelques contributions aux problémes d’estimation de deux quantités sous cette
hypothése : la densité de la distribution sous-jacente, et le reach de son support. Pour I'estimation du reach, nous
élaborons des stratégies basées sur des invariants géométriques, avec d’'une part la fonction de défaut de convexité, et
d’autre part, des mesures de distortion métrique, desquels nous obtenons des vitesses de convergence optimales au
sens minimax. Concernant I'estimation de la densité, nous proposons deux approches : I'une s’appuyant sur I'étude
fréquentiste d’'un estimateur a noyaux, et une approche bayésienne non-paramétrique se reposant sur des mélanges de
gaussiennes. Nous montrons que ces deux méthodes sont optimales et adaptatives en la régularité de la densité.

Enfin, nous examinons le comportement de certaines mesures de centralité dans des graphes aléatoires géométriques,
I'étude duquel, bien que sans lien avec I'hypothése des variétés, a des implications méthodologiques et théoriques qui
peuvent étre intéressantes dans tout cadre statistique.

MOTS CLES

Statistique non-paramétrique, statistique en grande dimension, apprentissage sur variété, inférence
géométrique, estimation de densité, théorie minimax, estimation adaptative, estimation du reach, inférence
bayésienne, mesure de centralité, profondeur statistique

ABSTRACT

In high-dimensional statistics, the manifold hypothesis presumes that the data lie near low-dimensional structures, called
manifolds. This assumption helps explain why machine learning algorithms work so well on high-dimensional data, and
is satisfied for many real-life data sets.

We present in this thesis some contributions regarding the estimation of two quantities in this framework: the density
of the underlying distribution, and the reach of its support. For the problem of reach estimation, we suggest different
strategies based on important geometric invariants — namely the convexity defect functions, and measures of metric
distortions — from which we derive minimax-optimal rates of convergence. Regarding the problem of density estimation,
we propose two approaches: one relying on the frequentist study of a kernel density estimator, and a Bayesian
nonparametric approach based on location-scale mixtures of Gaussians. Both methods are shown to be optimal in most
settings, and adaptive to the smoothness of the density.

Lastly, we examine the behavior of some centrality measures in random geometric graph, the study of which, although
unrelated to the manifold hypothesis, bears methodological and theoretical implications that can be of interest in any
statistical framework.

KEYWORDS

Nonparametric statistics, high-dimensional statistics, manifold learning, manifold hypothesis, geometric infer-
ence, density estimation, minimax theory, adaptive estimation, reach estimation, Bayesian inference, central-
ity measure, data depth




