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Abstract

Modeling the acoustics of historic buildings such as the Cathédrale Notre-Dame de
Paris is of interest for historical and musicological research, in particular to study past
states that are no longer measurable today and to experience them through virtual recon-
struction. These spaces, with their often extraordinary architecture, present a challenge
from this point of view. The thesis is concerned with three aspects.

The first part focuses on the development and evaluation of experimental tools for
physical modeling using room acoustic scale models, a tool still widely used to study
complex spaces such as concert halls. Three source designs are evaluated in terms of
omnidirectionality, which is difficult to achieve at small scales over a wide frequency
range. On the receiver side, two approaches are tested to capture the directionality of the
sound field, which is crucial from the perspective of our perception.

These buildings can sometimes consist of several interconnected rooms, as is the case
with cathedrals composed of different liturgical spaces, which can lead to acoustic cou-
plings between them and thus to non-exponential sound decays. A round robin type study
is carried out involving the main numerical methods used today, in order to evaluate their
performance with respect to this phenomenon. A 1:20 scale model of a simplified coupled
volume system, representing a concert hall, was measured to serve as a physical realistic
reference.

The last part deals with the study of sound scattering by column and pier shafts used
in Ancient Greek and Gothic architecture. Typical fluted columns as well as some selected
geometries in the Cathédrale Notre-Dame de Paris are characterized and the audibility of
the reflections is discussed. For this purpose, a numerical tool has been developed using
the finite-difference time-domain method. To overcome the staircase approximation, the
space near the boundaries of complex geometries is discretized by an unstructured mesh to
fit them. The propagation is then treated together with the finite volume method in this
part. The method is validated by comparisons with analytic solutions, other numerical
methods, and by measurements on scale models of the piers of interest.
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Résumé

La modélisation de l’acoustique de bâtiments historiques tels que la Cathédrale Notre-
Dame de Paris présente un intérêt pour la recherche historique et musicologique, notam-
ment pour étudier des états passés qui ne sont plus mesurables aujourd’hui et pour en
faire l’expérience par une reconstruction virtuelle. Ces espaces, à l’architecture souvent
extraordinaire, représentent un défi de ce point de vue. La thèse s’intéresse à trois aspects.

La première partie se concentre sur le développement et l’évaluation d’outils expéri-
mentaux pour la modélisation physique à l’aide de maquettes acoustiques, un outil encore
largement utilisé pour étudier des espaces complexes comme les salles de concert. Trois
conceptions de sources sont évaluées en termes d’omnidirectionnalité, qui est difficile à
obtenir à petite échelle sur une large gamme de fréquences. Du côté du récepteur, deux
approches sont testées pour capturer la directionnalité du champ sonore, qui est cruciale
du point de vue de notre perception.

Ces bâtiments peuvent parfois être constitués de plusieurs volumes interconnectés,
comme c’est le cas des cathédrales composées de différents espaces liturgiques, ce qui
peut conduire à des couplages acoustiques entre eux et donc à des décroissances sonores
non exponentielles. Une étude de type round robin est réalisée impliquant les principales
méthodes numériques utilisées aujourd’hui, afin d’évaluer leurs performances vis-à-vis
de ce phénomène. Un modèle à l’échelle 1:20 d’un système de volumes couplés simplifié,
représentant une salle de concert, a été mesuré afin de servir de référence physique réaliste.

La dernière partie traite de l’étude de la diffusion du son par les fûts de colonnes et de
piliers utilisés dans l’architecture de la Grèce antique et gothique. Des colonnes cannelées
typiques ainsi que certaines géométries sélectionnées dans la Cathédrale Notre-Dame de
Paris sont caractérisées et l’audibilité des réflexions est discutée. À cette fin, un outil
numérique a été développé en utilisant la méthode des différences finies dans le domaine
temporel. Pour s’affranchir de l’approximation en escalier, l’espace proche des frontières
des géométries complexes est discrétisé par un maillage non structuré pour s’y adapter.
La propagation est alors traitée conjointement avec la méthode des volumes finis dans
cette partie. La méthode est validée par des comparaisons avec des solutions analytiques,
d’autres méthodes numériques, et par des mesures sur des modèles réduits des piliers
d’intérêt.
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Chapter 1

Introduction

1.1 Context

The heritage of certain historic buildings is intrinsically linked to their acoustics. An-
cient amphitheaters or Gothic cathedrals are striking examples. Thus, these important
spaces for historical or archaeological research have given rise to multidisciplinary fields of
research such as archaeoacoustics and music archaeology (Aletta et al., 2020; Blake et al.,
2015; Scarre et al., 2006). A typical problem is that the shape of a room and its materials
define its acoustics which will consequently influence the oral or musical practices that
took place there, and that, at the same time, such building can evolve in the course of
its history. This more holistic approach is consistent with recent UNESCO resolutions
to promote the protection and safeguarding of the world’s heritage, both tangible and
intangible (UNESCO, 2003, 2017), which are intimately linked for these spaces.

Several research projects have been interested in historic buildings of exceptional
acoustics and architecture. We can mention the ERATO (Identification, Evaluation,
and Revival of the Acoustical Heritage of Ancient Theatres and Odea) project (Rindel,
2011a; Yüksel et al., 2005), concerned with the study of Greek and Roman theaters and
odeons. The CAHRISMA (Conservation of the Acoustical Heritage by the Revival and
Identification of the Sinan’s Mosque’s Acoustics) project (Yüksel, 2000; Yüksel et al.,
2003) was focused on the study of Sinan’s Mosques and Byzantine Churches, includ-
ing Süleymaniye Mosque and Hagia Sophia. The recent EVAA (Experimental Virtual
Archaeological-Acoustics) program (EVAA program, 2021) coordinates several projects
interested in acoustic cultural heritage, studied with the help of simulations and vir-
tual reality environments (Katz et al., 2019). Among these is the PHE (Past Has Ears)
project (Katz et al., 2020a; PHE project, 2021), which focuses on the investigation of
methods to simulate and virtually experiment European cultural heritage monuments
where acoustics are an important parameter for historical and musicological research.

These historic buildings, crossing the centuries for some, can be completely destroyed,
partially deteriorated, or have evolved according to the renovations and architectural
tastes of the times. This is the case of two buildings of the PHE project, e.g. the
Teatro La Fenice opera house in Venice, Italy, and the Cathédrale Notre-Dame de Paris
in France. Both have experienced several fires, most recently in 1996 for the former, which
was then rebuilt identically in 2004, and in 2019 for the latter, which is also scheduled to
be returned to its state before the incident. Fortunately, they have been the subject of
room acoustic measurements to safeguard this part of the intangible heritage. However,
the measurements can only reflect the state of the building at the time and at the positions
they were carried out. In order to access the acoustics of these spaces in their past states,
it is necessary to use modeling methods to simulate them.
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Although having acquired a certain maturity, the physical or numerical methods em-
ployed for objective or subjective studies in this context still have many aspects that
remain to be improved. All the more so if one takes into account all the elements of the
transmission chain, i.e. the sources, the space, and the listener, that must be reproduced
in order to, in the end, achieve an auralization faithful to a real listening situation. The
thesis then focuses on different aspects that seem important to improve the modeling of
the acoustics of these spaces of exceptional architecture and history.

1.2 Scope of the thesis

1.2.1 Room acoustic scale modeling and coupled volumes

A physical modeling method commonly used in architectural acoustics is the acoustic
scale model. It allows to reproduce the physical phenomena occurring at real scale but
the performances are often limited by the material of measurements. In a first part we
are therefore interested in improving these methods for room acoustic studies. Among
our objectives, we wish to investigate some solutions to approach what can be done at
real size. First, our goal is to obtain sources that can be used at scale factors of 1:10 to
1:20, and thus operate in the ultrasonic domain while being omnidirectional. Secondly, we
evaluate two methods for making recordings that allow us to account for the directionality
of the sound field, which is crucial in the context of perception in rooms.

The rooms or volumes constituting the historic buildings can be coupled from an
acoustic point of view, such as cathedrals that are composed of different liturgical spaces.
It seems then relevant to evaluate the numerical methods used for their modeling with
respect to this phenomenon. A round robin study is then conducted for this purpose.
As in other studies of this type, a physical reference is obtained from measurements on a
1:20 scale model representing in this case a simple system of two volumes inspired by the
dimensions of an existing concert hall with a reverberation chamber, demonstrating the
interest of the method when it comes to accuracy for wave phenomena.

1.2.2 Sound scattering by Gothic piers and Classical columns

A feature that can be found in many historic buildings is the use of columns and
piers. This is necessary for structural reasons, in order to obtain closed rooms extended
in surface, and due to the knowledge and techniques of construction of each era, they can
sometimes be present in great number. Nevertheless, they are a challenge from the point
of view of some numerical methods used nowadays and their acoustic impact has not been
studied to our knowledge.

The impact of a set of circular columns on the acoustic parameters of a concert hall
has been studied (Suzumura et al., 2000), but here what interests us at first is the study of
the reflections of these objects in isolation. These obstacles to sound are presented in very
diverse shapes often reflecting the architectural style in which the building fits. We are
concerned with Gothic and Classical architecture. Consequently, like the contributions
that were made for the characterization of scattering surfaces, it seems relevant to propose
at first methods to evaluate the sound scattering from these objects. It is hoped that this
can be used to improve, evaluate, or invent approaches for the modeling of these elements
in numerical room acoustic simulations.

2



For this, it is necessary to use physically accurate methods. Thus, part of the work
is devoted to the development of a numerical simulation tool that can handle arbitrary
geometries and obtain reliable results efficiently over a wide frequency band. There are
methods in the frequency domain solving the Helmholtz equation, but since our objects
have a priori a very different behavior depending on the frequency, it seems relevant to
use a method in the time domain solving the wave equation. In addition, they allow to
visualize the propagation of transients more easily which offers an advantage. Here again
we use scale models to have a physical reference to measure and compare.

Instead of looking at the acoustics of rooms with columns as a whole, the audibility
of the reflections induced by these obstacles is discussed in relation to the audibility
thresholds reported in the literature for single reflections. We then place ourselves in the
situation where a source is far from the isolated column, and the listener relatively close
to the latter. This is a priori the most favorable case to hear the reflection of the object.

1.3 Thesis organization

Chapter 2 presents a state-of-the-art covering relatively different topics relevant to the
problems addressed in this thesis, with fundamentals of room acoustics, coupled volumes,
and the modeling methods, but also sound scattering in room acoustics. A review of the
literature on the audibility of reflections is given.

Part I focuses on the modeling methods used in room acoustics. In chapter 3, different
solutions are proposed to improve the measurements in room acoustic scale models. We
are concerned in sources and receivers, so that we aim to achieve the performance and
capabilities of full-scale measurements. Our proposals are evaluated accordingly. In chap-
ter 4, we present the round robin study that aims at evaluating numerical methods in the
context of the simulation of coupled volume acoustics. The results have been presented
at the 23rd International Congress on Acoustics at Aachen, Germany, in 2019 (Weber
et al., 2019).

Part II deals with the study of sound scattering by architectonic columns and piers.
Chapter 5 presents the hybrid numerical simulation tool employing the difference and
finite volume formalisms developed to conduct these studies. A large part of it concerns
its validation. Chapter 6 presents the work carried out to study the scattered reflections
from columns and piers found in Gothic and Ancient Greek architecture. The part of this
work on Gothic piers of Notre-Dame de Paris is published in the Special Issue “Acoustics,
Soundscapes and Sounds as Intangible Heritage” of the journal Acoustics (Weber et al.,
2022).
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Chapter 2

State-of-the-art

2.1 Fundamentals of room acoustics

2.1.1 Room impulse response
The propagation of sound in air, if we neglect the absorption phenomena, can be

described by the homogeneous wave equation. When a sound source emits a signal in an
enclosed space, the sound propagates in this way to a receiver, then reflections on the walls
will produce successive arrivals. The room will thus have an effect on the transmitted
signal, which can be characterized by the transfer function of the source-room-receiver
system, the room impulse response (RIR).

An example of a RIR is represented at the top of fig. 2.1 in the form of an echogram. It
is often conceptually decomposed into three parts. First there is the direct sound, whose
arrival time depends only on the relative position of the source and the receiver. A second
part is composed of the early reflections, which are more separated in time than the third

Figure 2.1 Example of a RIR, represented as an echogram (top), and
its energy decay curve (EDC) in dB (bottom).
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part, the late reverberation formed by a multitude of reflections arriving at very close
instants. This decomposition has an interest from a perceptive point of view because the
early reflections have an important impact on the perception of the space. The transition
time between the latter and the late part is not clearly defined. The “mixing time” has
been proposed by Polack (1988), defined as the moment the echo density has reached a
sufficient value over a certain time interval to consider the field as diffuse.

The reflections arrive with decreasing amplitudes as time progresses due to the spatial
spread of the wavefront, the absorption at the walls and in the air. Beyond the mixing
time, if we do not consider the frequency aspects, the impulse response can be seen as
one realization of a statistical process, a noise modulated by a decaying exponential.
Schroeder (1965) proposed to use the reverse integration of the squared RIR, h2room, to
estimate the ensemble average from only one single realization, resulting in the so-called
energy decay curve (EDC),

EDC(t) =

ˆ ∞

t

h2room(τ) dτ . (2.1)

The result for the example is given at the bottom of fig. 2.1. It appears to be roughly
linear with the vertical axis in dB, illustrating the exponential decay.

2.1.2 Room acoustic parameters
From a RIR, several so-called room acoustic parameters can be estimated. They are

defined and standardized in ISO 3382-1 (2009). They have been proposed based on their
correlation with perceptual attributes used to subjectively describe the sound perceived
in a room. They are used among practitioners to evaluate or as objective criteria to
be respected for spaces where good acoustics are of major importance, e.g. from the
concert hall for good experiences to the open space for acoustic comfort. Some of them
are described in the following.

The most known acoustic parameter is the reverberation time, being the first to be
introduced by Sabine (1922). It is defined as the duration required for the sound energy
level to decrease by 60 dB after the sound source is stopped. Measured RIRs usually
contain background noise which limits the dynamic range and prevents it from being
estimated directly over such an interval. ISO 3382-1 (2009) suggests to extrapolate it
from smaller intervals. They are then noted T20 or T30 for the times estimated with the
intervals from −5 dB to −25 dB or from −5 dB to −35 dB, respectively.

Early decay time, EDT, is similar but it evaluated using the first 10 dB range, i.e.
starting from the direct sound. It is actually more correlated with perceived reverberance
than the reverberation time. Contrary to the latter, it is strongly affected by the presence
or absence of early reflections, and, therefore, varies more in relation with the source and
receiver positions.

Strength, G, is defined as the ratio between the energy received at a position and that
emitted by the same source in free field at 10m, expressed in dB as

G = 10 log10

( ´∞
0
h2room(t) dt´∞

0
h2free,10m(t) dt

)
, (2.2)

It characterizes the amplification provided by the room and is perceptually correlated
with the perceived loudness that relates to our perception of sound intensity.

6



Clarity, Cte , is defined as the between early and late energy, expressed in dB as

Cte = 10 log10

( ´ te
0
h2room(t) dt´∞

te
h2room(t) dt

)
, (2.3)

where te can be equal to 50ms or 80ms, whether the signal of interest is speech or music,
respectively. It relates to the perceived clarity of sound. For speech, the early reflection
must arrive with shorter delays compared to music as in this case it relates to speech
intelligibility that starts to decreases with longer ones.

Definition, Dte , has also been proposed, calculated as

Dte =

´ te
0
h2room(t) dt´∞

0
h2room(t) dt

, (2.4)

mostly used with te = 50ms for speech signals. It is directly related to clarity as

Cte = 10 log10

(
Dte

1−Dte

)
. (2.5)

Center time, TS, is defined as the temporal barycenter of energy of the RIR, expressed
in s as

TS =

´∞
0
th2room(t) dt´∞

0
h2room(t) dt

. (2.6)

It can be used as an alternative to the previous energy ratios, providing an estimate for
the temporal energy distribution, less arbitrary.

All the parameters presented above can be estimated from omnidirectional RIRs and
do not account for our spatial perception of sound. Different parameters have been pro-
posed for this purpose. Early lateral energy fraction, JLF, originates from a proposition
of Barron et al. (1981), related to the perceived width of the source, expressed as

JLF =

´ 80ms

5ms
h2∞(t) dt´ 80ms

0
h2room(t) dt

, (2.7)

where h∞ is the RIR obtained with a figure-of-eight pattern microphone at the same
position as the omnidirectional RIR, hroom, with the null pointed towards the source.

The late lateral energy relative level, LJ, is related to listener envelopment and spa-
ciousness, expressed in dB as

LJ =

´∞
80ms

h2∞(t) dt´∞
0
h2free,10m(t) dt

. (2.8)

Similarly, binaural room impulse responses (BRIRs) measured with a dummy head can
be used to estimate a parameter called inter-aural cross correlation coefficient, IACCt1,t2 ,
describing the dissimilarity of the signal at the ears. It is defined as

IACCt1,t2 = max
−1ms<τ<1ms

|IACFt1,t2(τ)| , (2.9)

where IACFt1,t2 is the normalized inter-aural cross correlation function expressed as

IACFt1,t2(τ) =

´ t2
t1
hL(t)hR(t) dt√´ t2

t1
h2L(t)h

2
R(t) dt

, (2.10)
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where hL and hR are the binaural RIR at the left and right ear canal, respectively. The
time interval [t1, t2] can be adapted to early or late part of the BRIR to better correlate
with apparent source width or spaciousness, respectively.

In the course of research in auditory perception, just noticeable differences (JNDs),
defined as the smallest relative or absolute difference from which a difference is perceptible,
have been established for these parameters and are given in ISO 3382-1 (2009). While the
presented parameters cover a wide range of perceptual attributes, there are many others
that are not covered here or in the standard. These parameters are globally adapted and
intended for performance spaces. However, there are spaces where the sound field and its
decay are such that these are no longer appropriate, or even become misleading, such as
for spaces consisting of several sub-volumes called coupled spaces.

2.2 Acoustics of coupled spaces

When several rooms are connected to each other by partially or fully sound-transparent
openings, an exchange of acoustic energy is possible and this can lead to non-exponential
decays. This is referred to as coupled spaces or volumes. To better appreciate the condi-
tions under which this can happen, a statistical model for two connected rooms is given
in section 2.2.1. Although it may occur unintentionally in some environments such as in
worship spaces due to their internal layout for liturgy, it can be of interest especially for
concert halls. This is further detailed in sections 2.2.2 and 2.2.3. The acoustic parameters
and methods used to describe such sound decays are given in section 2.2.4.

2.2.1 Statistical models

A statistical-acoustics model of energy decay in a system of two coupled volumes was
first given by Davis (1925b), and later by Cremer et al. (1982). Kuttruff (2009) gives a
more general formulation for systems composed of any number of rooms. These models
are based on diffuse-field theory assumptions, according to which the reverberant energy
in each volume decays exponentially, as described by Sabine’s model, and rooms interact
through the exchange of diffuse energy. These models lead to the resolution of a system
of ordinary linear differential equations. This system for N rooms can be written

Vi
dEi

dt
= −cAiEi

4
+

N∑
j=1
j ̸=i

cSij(Ei − Ej)

4
(2.11)

where i = 1, ..., N , c is the speed of sound, Ei denotes the average energy density in
the ith room, Vi is the volume of the ith room, and Ai is the equivalent absorption of
the ith room calculated according to Sabine’s model as Siᾱi, where Si and ᾱi are the
total surface area and the averaged absorption coefficient of the ith room, respectively.
The coupling area between room i and an adjacent room j is denoted Sij. The resulting
system of first order ordinary differential equations, eq. (2.11), can be presented in matrix
form and solved by finding the corresponding eigenvalues and eigenvectors, determining
the constant terms from initial conditions.

Summers (2005) provides a revised derivation of Cremer et al. (1982) and Kuttruff
(2009) models in the case of two subspaces and it is summarized in the following. For a
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system of two coupled rooms, eq. (2.11) with sources can be written

V1
dE1

dt
=
cS12E2

4
− cS12E1

4
− 2V1δ1E1 + P1 , (2.12a)

V2
dE2

dt
=
cS12E1

4
− cS12E2

4
− 2V2δ2E2 + P2 , (2.12b)

where P1 and P2 are the source powers injected in the respective subrooms. δ1 and δ2 are
the decay rate for the uncoupled rooms, following Sabine’s theory,

δ1 =
cA1

8V1
, δ2 =

cA2

8V2
. (2.13)

For a system of linear differential equations, the solutions are linear combinations of
the two eigenfunctions of the system, resulting in solutions in the form

E1(t) = EI1e
−2δI t + EII1e

−2δII t , (2.14a)
E2(t) = EI2e

−2δI t + EII2e
−2δII t , (2.14b)

where

δI =
δ1 + δ2

2
−
√(

δ1 − δ2
2

)2

+ κ2δ1δ2 , (2.15a)

δII =
δ1 + δ2

2
+

√(
δ1 − δ2

2

)2

+ κ2δ1δ2 , (2.15b)

are the eigenvalues of the matrix describing the coupled differential equations, with κ the
mean coupling coefficient

κ =
√
k1k2 , (2.16)

calculated as the geometric mean of the coupling coefficients of the subrooms

k1 =
S12

A11

, k2 =
S12

A22

, (2.17)

where A11 and A22 are the total equivalent absorption surface area including the contri-
bution of the coupling surface area

A11 = A1 + S12 , A22 = A2 + S12 . (2.18)

The coefficients EI1, EII1, EI2, and EII2 are determined by considering the initial
energy densities

E1(0) = EI1 + EII1 , (2.19a)
E2(0) = EI2 + EII2 , (2.19b)

and by conservation of energy as it must be satisfied independently for the two decay
rates of the system, yielding to two systems of coupled equations( c

4
A11 − δIV1

)
EI1 −

c

4
S12EI2 = 0 , (2.20a)( c

4
A22 − δIV2

)
EI2 −

c

4
S12EI1 = 0 , (2.20b)( c

4
A11 − δIIV1

)
EII1 −

c

4
S12EII2 = 0 , (2.20c)( c

4
A22 − δIIV2

)
EII2 −

c

4
S12EII1 = 0 . (2.20d)

9



Figure 2.2 Energy densities for a system of two volumes in coupled
and uncoupled configuration.

After manipulations, the constants are expressed

EI1 =
E1(0)− E2(0)CII

1− CICII

, (2.21a)

EI2 = CI
E1(0)− E2(0)CII

1− CICII

, (2.21b)

EII1 = CII
E2(0)− E1(0)CI

1− CICII

, (2.21c)

EII2 =
E2(0)− E1(0)CI

1− CICII

, (2.21d)

with

CI =
c
4
S12

c
4
A22 − 2δIV2

, (2.22a)

CII =
c
4
S12

c
4
A11 − 2δIIV1

. (2.22b)

Eventually, the values E1(0) and E2(0) are determined considering the steady state
established with the presence of sources, resulting in

E1(0) =
4

c

A22P1 + S12P2

A11A22 − S2
12

, (2.23a)

E2(0) =
4

c

A11P2 + S12P1

A11A22 − S2
12

. (2.23b)

Figure 2.2 shows an example of a two-volume system with a hall and a reverberation
chamber, the latter more reverberant than the former. Their energy decay in the uncou-
pled case is indicated by a dash-dotted and dashed line, showing their reverberation times
of about 1.3 s and 4.8 s, respectively. In the coupled case, the source is present in the hall.
The nonlinear decay in this volume is clearly visible, with two slopes as predicted by the
model. In the reverberation chamber, the energy density increases first then decreases
following the same late decay.

2.2.2 Coupled volumes in concert halls
We have seen through the statistical model that a room coupled to a more reverber-

ating volume leads to a non-exponential sound decay. This effect has been applied in
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the design of some concert halls by coupling the main hall hosting the audience, i.e. the
receivers, and the musicians, i.e. the sources, with a more reverberating volume called
reverberation chamber. In this case, we have seen that the sound decay is fast at the be-
ginning of the response followed by a slower decay. This has the advantage of producing
both a high perceived clarity and reverberance, two characteristics that are contradictory
in single-volume rooms.

Concert halls were historically dedicated to a specific type of music, thus being able
to accommodate only certain musical ensembles (Beranek, 2004). Nowadays, some con-
cert halls integrate systems allowing variable acoustics in order to adapt the space to
the music of a soloist as well as to that of a symphonic orchestra or an intermediate
ensemble. For this purpose, several techniques have been developed, some of them are
referred to as active because they imply to control the sound field using electro-acoustic
transducers (Poletti, 2013). The others are called passive because they use architectonic
methods (Boone et al., 2008; Hyon et al., 2021). They have the advantage of preserving
the natural aspect of the sound propagation, without the intervention of microphones
and loudspeakers. Some coupled volume systems are part of this group and offer variable
acoustics by adjusting the coupling area between the main room and the reverberation
chamber.

Luizard (2013) lists about ten concert halls incorporating coupled volumes in their
design, with and without the possibility of variable acoustics. We can quote the hall of
the Kultur- und Kongresszentrum Luzern (Johnson et al., 1999) in Switzerland, that has
a large reverberation chamber coupled to the hall with multiple rotating doors.

2.2.3 Coupled volumes in worship spaces

Coupled volume effects have also reported in several worship spaces. This is favored
by the fact that they are often composed of several spaces of different liturgical functions
forming volumes more or less coupled (Pedrero et al., 2014). Martellotta (2009, 2016)
explained most of the anomalies he observed in the parameters measured in the Papal
Basilicas in Rome, Italy, by means of coupled volume theory. Anderson et al. (2000)
considered a coupled volume system to explain the acoustics of Saint Paul’s Cathedral
in London, the United Kingdom. The effect was measured in several churches (Boren
et al., 2013; Carvalho, 1995; Chu et al., 2009; Magrini et al., 2002; Zamarreño et al.,
2007). Hagia Sophia in Istanbul, Turkey, is a monumental building with several domes
and sub-spaces, which presents non-exponential sound decays (Sü Gül, 2021; Sü Gül et al.,
2018, 2016). Double slopes were found in other dome structures (Alberdi et al., 2019).
Bayesian analysis, described briefly in the next section, was performed on the energy
decays measured in Bristol Cathedral in the United Kingdom (Álvarez-Morales et al.,
2019), or in the crypt of the Catedral de la Santa Cruz de Cádiz in Spain (Martellotta
et al., 2018).

2.2.4 Acoustical coupling parameters

The parameters of ISO 3382-1 (2009) described in section 2.1.2 are not adapted to
non-exponential decays, especially the reverberation time. Several quantifiers have been
proposed to quantify a double slope effect. Some are based on ratios of decay times evalu-
ated on different energy intervals, such as T60/T15 (Ermann, 2005), LDT/EDT (Bradley
et al., 2009), or LDT/T10 (Bradley et al., 2010) where LDT is the late decay time esti-
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Figure 2.3 Double slope acoustical parameters estimated by March-
ing Line (Luizard et al., 2011) on an example of EDC.

mated from −25 dB to −35 dB on an EDC. Unfortunately, they do not allow a complete
description of the decay, and can not always been obtained when the signal-to-noise ratio
(SNR) is not high enough. Bradley et al. (2005, 2009) also proposed to use the decay
ratio, i.e. the ratio between the decay time of the first and the second slope. To fully
describe a double-slope non-exponential decay, they proposed to estimate conjointly ∆dB,
defined as the length of the interval between the intersections of the two slopes with the
vertical axis at t = 0, i.e. the direct sound.

Furthermore, in real spaces it is possible to observe energy decays with more than
two slopes (Sü Gül et al., 2018). The different decay times can then be estimated with
the help of Bayesian inference methods (Xiang et al., 2011, 2001, 2003). These methods
assume that the EDCs are modeled by a sum of decreasing exponential functions. They
are therefore said to be model-based.

Luizard et al. (2011) proposed a different method to estimate the different decay times.
It is called the Marching Line method. It is based on a direct comparison between the
decay curve and linear regressions. It provides the number of slopes and the corresponding
decay rates, as well as the time and level of the bending points between two consecutive
slopes. Figure 2.3 shows an example of the estimated parameters from a given EDC
presenting a double slope. The employed parameters are the equivalent reverberation
times DT1 and DT2 of the first and second slope, respectively, and the coordinates of the
bending point in time BPt and level BPL, defined on the EDC.

2.3 Modeling methods in room acoustics

As already mention, the first statistical model was proposed by Sabine (1922). Its
assumptions make it valid for rooms that are sufficiently mixing and weakly absorbing.
Eyring (1930) and Kuttruff (2016) proposed other models more adapted for rooms that
are more absorbing. Summers et al. (2004) proposed to improve the equivalent models
of Cremer et al. (1982) and Kuttruff (2009) for coupled volumes using their assumptions
to better account for the non-diffuse transfer of energy. Luizard et al. (2012) proposed a

12



model that account for the spatial dependency through an added term similarly to the
revised theory of Barron et al. (1988).

These statistical models can be used to simulate the late reverberation of the RIRs of
some spaces, and could be perceptually valid. However, they can not simulate the early
reflections, that strongly depend on the relative positions of the source, the receiver, and
the environment. In order to model the sound propagation in rooms for objective studies,
visualization, or auralization, different methods have been developed. We present in
section 2.3.1 the main numerical methods grouped into two families: the geometrical and
wave-based methods. In section 2.3.2 is presented the physical methods using acoustics
scale models, with their history, the principle, and some examples of studies involving
them.

2.3.1 Numerical methods

2.3.1.1 Geometrical methods

One family of methods that are used to model sound propagation in an enclosure is
based on the assumption that sound travels like rays, referred to as geometrical room
acoustic modeling techniques. The wave phenomena are neglected, which is valid at high
frequencies, where the wavelengths are small compared to the dimensions of the room and
the obstacles. An exhaustive overview of these methods is given by Savioja et al. (2015).
We briefly present a few of them in the following.

The image source method is a concept that can actually provide exact solutions for
certain spaces such as a shoe-box with Dirichlet or Neumann boundary condition. In the
latter case, the walls can be seen as perfect mirrors, analogously to optics, that create
mirrored images of the source called image sources. Allen et al. (1979) provided the
first numerical implementation for impedance boundary conditions. It is often used in
geometrical room acoustic software to model the first reflection orders directly in pressure
domain.

Another approach is the ray tracing, a stochastic method. In this case, a large number
of rays is shot in all directions, uniformly distributed in the case of an omnidirectional
source, from its position. As they are considered as infinitely thin, they are collected at a
receiver position that occupy some volume. Each ray carries some energy that decreases
along the propagation following the inverse square law. They also loose some energy
at each reflection according to the absorption coefficient attributed. The method can
accommodate with mixed reflections that are partially specular and diffuse with the help
of scattering coefficients that determine the proportions. It also possible to consider more
complicated behavior such as angle-dependent absorption and/or scattering. They are
overall strongly related to methods employing the concept of sound particles.

Beam tracing methods can be seen as generalizations of the previous one where the rays
are replaced with beams dividing the emitting sphere, with surfaces representing the wave
fronts. Approaches employ pyramidal beam (Farina, 1995; Noe et al., 2006) with a tri-
angular section defined by three rays, others use conical beams (CATT-Acoustic/TUCT,
2016). They allow to better account for curved surfaces using adaptive beam splitting
when reflecting on surfaces modeled in several plane elements (Noe et al., 2006).

These methods have been augmented to better account for wave-related phenomena
such as diffraction at edges (Calamia, 2009; Noe et al., 2006; Svensson et al., 1999).

The radiosity method is based on the assumption that the boundaries reflect the
sound in a diffuse manner according to Lambert’s cosine law (Kuttruff, 2016). In that
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case, the reflected energy is uniformly distributed and, therefore, the exchange of energy
between the boundaries, representing the reflections, is uniquely determined by their
relative positions. Siltanen et al. (2007) proposed a generalization called the room acoustic
rendering equation that can handle non-diffuse reflections.

The image source method directly delivers a pressure signal, while the other methods
are usually formulated as energy-based methods that lead to an echogram. Different
strategies are employed to reconstruct phase. Other alternatives such as the phased beam
tracing has been proposed to directly obtain the pressure rather than an echogram (Jeong,
2012).

2.3.1.2 Wave-based methods

Wave-based methods refer to the numerical methods that solve the wave equation. We
briefly present in the following different popular methods that have been used to solve the
complex problem that constitutes the propagation of sound in a room. They are usually
considered as more computationally expensive than the geometrical methods, but more
accurate.

Finite-difference methods are among the oldest methods to solve partial differential
equations. Applications to room acoustics were done by Botteldooren (1995), limited to
the low-frequency range. It has been shown to be equivalent to the digital waveguide
mesh, another family developed for room acoustic applications. More details are given in
section 5.1, as the method is used to solve our scattering problems. A rather exhaustive
review of the method and its development for room acoustic applications is given by
Hamilton (2016). Bilbao et al. (2017, 2016) provide a framework employing the finite
volume method to avoid the staircase approximation that is classically used for non-
conformal boundaries. It can be seen as a generalization of the finite-difference that can
be applied on unstructured meshes.

The finite element method is another popular method for solving partial differential
equations that also requires to discretize the spatial domain, but the elements do not have
to be regular, similarly to finite volume. The space is subdivide is finite elements, usually
tetrahedron, for a 3D space. The method may be applied in the frequency domain to
obtain the transfer function, reflecting the steady-state behavior. A RIR may be then
recovered by inverse Fourier transform (Nørgaard et al., 2021). But it also exists in the
time domain (Okuzono et al., 2010, 2016).

The boundary element method, as its name indicate, is based on the discretization of
the boundaries, reducing greatly the degrees of freedom of the problem compared to the
volumetric methods presented above. Similarly to the previous method, it exists in the
time (Hargreaves, 2007; Lam et al., 2012) and the frequency domain (Henriquez et al.,
2010; Li et al., 2022). A review of the method for general acoustic problems is given
by Liu (2019).

A lot of other methods exist that can not be detailed here. A brief non-exhaustive list
of promising approaches is nonetheless given: the discontinuous Galerkin method (Wang
et al., 2021), the pseudospectral time-domain method (Spa et al., 2010), the adaptive
rectangular decomposition (Antani et al., 2013; Raghuvanshi et al., 2009), and the spectral
element method (Pind et al., 2019).
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2.3.2 Physical methods - Acoustic scale model
In spite of the progress of numerical methods, physical scale models are still a

widespread tool in architectural acoustics, in particular for investigating the acoustics
of complex rooms such as concert halls or for characterizing sound scattering surfaces.
They offer the advantage of accounting for all wave phenomena occurring in full-scale
problems, provided that they are representative of them. In the case of airborne sound
scattering by a rigid object, if the thermo-viscous and molecular relaxation effects are
neglected, the full-scale results are obtained, depending on the domain considered, by
frequency transposition or time dilation of the scale model results. Moreover, they can
be used as validation tools by providing reference results from measurements.

2.3.2.1 History & principle

Historically, acoustic scale models were the first experimental devices to visualize the
propagation of wave fronts in a closed space (Orlowski, 2020; Rindel, 2002). Ripple tanks,
whose edges define a longitudinal section of the room, were used. They were filled with
water, and ripples on the surface were generated with a mechanical vibrator. Davis (1925a)
showed that despite some differences in dispersion, with enough water depth, the method
was able to reproduce the acoustic wave phenomena in a satisfactory manner. He even
considered different fluid such as mercury. Sabine (1922) used another method related to
schlieren photography, which he called a modification of the Teoppler-Boys-Foley method
of photographing air disturbances. Teoppler is the inventor of the technique in the 19th
century for the study of shock waves (Krehl et al., 1995) and Foley et al. (1912) adapted
it to sound waves. Similarly, the propagation was visualized in a back-illuminated 2D
section of interest. A pulse was generated with an electric spark. The wavefronts were
then visible on photographic papers or directly due to the refraction they induce on the
light (Knudsen, 1970). This was later developed by Davis et al. (1926), and also by
Osswald (1930b), as shown in fig. 2.4 where contact prints of photographs he obtained are
represented, used e.g. to study the acoustics of a hall with a variable volume represented
number 19 to 22.

Optical methods were also considered, similarly to geometrical acoustics. The models
could be in 2D section with polished metal edges to be more reflective. Light rays were
emitted with the help of a circular screen with holes in it, and the model was filled with
smoke so that they could be seen by diffusion (Knudsen, 1932). Three dimensional models
were also used with a similar technique (Vermeulen et al., 1936), or for the positioning of
certain elements such as reflectors (Knudsen, 1970).

Beyond visualization, Spandöck (1934) was the first, with the audio techniques of its
time, to propose the direct use of three-dimensional 1:5 scale models to hear how a signal
would sound in the full-scale spaces, becoming the precursor of auralization. He would
play it inside a model at accelerated speed, according to its scale factor, record it at
high speed, accordingly, and then listen to it at normal speed. Around the same period,
Dungen (1933) applied the similarity laws to room acoustics. This can be summarized by
considering the two fundamental relations

c =
d

t
= fλ , (2.24)

where c is the speed of sound, related to the distance traveled by a wave d over the time
of flight t, but also to its frequency f and its wavelength λ. When using a scale model,
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Figure 2.4 Photographs by Osswald (1930a) using the schlieren tech-
nique to study different hall sections.

with the dimensions reduced by a factor S, a wave will travel a distance dm and have a
wavelength λm that are reduced accordingly as

dm =
d

S
and λm =

λ

S
, (2.25)

and, as the speed of sound do not change, it follows that

tm =
t

S
and fm = Sf , (2.26)

where tm, and fm are the time and frequency in the scale model. Therefore, the smaller
the model, the higher the frequency.

2.3.2.2 Room acoustic scale models

With the advancement of technology, the use of scale models for room acoustic de-
sign and research began to gain acceptance (Burgtorf, 1967; Harwood et al., 1970, 1972,
1975; Jordan, 1973; Pallett et al., 1976). Brebeck et al. (1967) used 1:8 to 1:10 scale
models. Their sound sources were an electric spark for objective measurements, and
an electrostatic loudspeakers that could operate up to 100 kHz for subjective measure-
ments (Orlowski, 2020). Although this is sufficient to cover a large part of the audible
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spectrum, the similarity laws do not take into account the increased absorption of air at
high frequencies. For this, the air was dried to a very low relative humidity, being then
less absorbent, with a good match for these scales. Later, smaller scales were used with
this technique, up to 1:50 (Barron et al., 1979). However, it is not sufficient for accurate
scaling for frequencies above 50 kHz. Replacing air by nitrogen in airtight models was also
a practice, as its sound absorption is lower, but it is not convenient to access the inside
of the model. In that case, the relations given eq. (2.26) are modified in

tm =
t

KS
and fm = KSf , (2.27)

where K = cm/c, with cm the speed of sound in the fluid used in the model (Polack
et al., 1989). With the advent of digital technology, this excess of absorption could be
compensated numerically (Barron et al., 1979). This consists in time-varying filters with
increased gain over time. To avoid increasing the background noise at long time, it is
recommended to first perform an extension of the decay (Ćirić et al., 2012). Another
method was proposed by Hornikx et al. (2008) using the continuous wavelet transform.

The impedance of materials must also be scaled. For predominantly reflective rooms,
this is not too much of a problem. The most absorbent surface for a concert hall is the
area occupied by the audience, so special care must be taken to model it with correct
absorption (Day, 1968). Small-scale reverberation chamber measurements were also con-
ducted to find materials that satisfactorily reproduce full-scale materials used in room
acoustics (Jeon et al., 2009; Luizard, 2013).

Many projects of concert halls and auditoriums have used acoustic models for their
design (Barron, 1997; Boone et al., 1994; Orlowski, 2020) and still do today. We can men-
tion the Philharmonie de Paris (Katz et al., 2015) in France composed of curved surfaces,
Stavanger Konserthus (Jurkiewicz et al., 2015) in Norway, or the Elbphilharmonie (Qui-
querez et al., 2018) in Hamburg, Germany. Örgryte New Church, a neo-Gothic church
built at the end of the 19th century in Göteborg, Sweden, has been scale-modeled as
reported by Kleiner et al. (2010), probably during renovations.

In research, they are used to investigate the effect of diffusers on room acoustics in
an objective (Kim et al., 2011) and subjective way (Jeon et al., 2020; Ryu et al., 2008),
taking up Spandöck’s idea. Ouis (1999) investigated the effect of a long hard strip in a
room, and compared scale model measurements with an analytic diffraction model. They
allowed to study the sound fields in coupled volumes with some spatial resolution (Pu
et al., 2011; Xiang et al., 2018), or to study the effect of the coupled surface area and
shape on the double slope effect (Luizard et al., 2014a). They can indeed provide reference
measurements to test different algorithms (Aretz et al., 2009; Lam, 1996; Rindel, 2011b),
or their capability regarding the prediction of certain phenomena such as coupled volume
acoustics (Escolano et al., 2013; Luizard et al., 2013; Xiang et al., 2009).

They have also been useful for the study of historic buildings or sites that have suffered
degradation or even no longer exist. We can quote the study of Canac (1967) on the
acoustics of the Roman Theater of Orange, France, or the more general study of ancient
amphitheaters by Farnetani et al. (2005) with a modular model. Katz et al. (2011) used a
19th century model of a particular roof frame present in the collections of the Musée des
Arts et Métiers, Paris, France, to examine its acoustical impact. Recently, the acoustics
of the prehistorical site of Stonehenge has been investigated in its original state with
measurements on a 1:12 scale model (Cox et al., 2020).
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Figure 2.5 Coordinate system for a cylinder under plane wave or
cylindrical incidence.

2.4 Scattering by cylindrical obstacles

The obstacles that interest us in part II are cylindrical in shape. It therefore seems
relevant to first detail the existing analytic solutions for simple shapes such as the infinite
circular cylinder. Wave scattering by cylindrical objects has been of interest for a long
time and different methods have been applied to address different geometries, boundary
conditions and frequency ranges. Lord Rayleigh was the first to derive wave scattering by
small obstacles compared to the wavelength (Strutt, 1871). After him, analytic solutions
using partial wave series expansion method have been derived for simple shapes (Bowman
et al., 1988; Morse et al., 1986).

We provide in this section background on the sound scattering by cylindrical obstacles.
Section 2.4.1 details the derivation of the analytic solutions for the circular cylinder case
with plane wave, cylindrical, and spherical incidence. Section 2.4.2 recalls the scattering
quantities used to quantify the scattering strength and directivity of an obstacle. Sec-
tion 2.4.3 presents an exact analytic formulation for the problem of multiple scattering
by a set of parallel circular cylinders.

2.4.1 Series solutions for stationary circular cylinder

2.4.1.1 Plane wave incidence

First, we present the case of a harmonic incident plane wave traveling in a direction
perpendicular to the axis of a rigid and motionless infinite cylinder of radius a as shown
in fig. 2.5. The wave propagates along the x-axis and, using the complex notation, the
incident pressure Pi can be expressed

Pi(r, θ, t) = p0e
i(kx−ωt) = pi(r, θ)e

−iωt , (2.28)

with p0 its amplitude, k its wavenumber, and ω its angular frequency. The complex
amplitude of the incident wave pi can be decomposed on the basis of cylindrical harmon-
ics (Morse et al., 1986) as

pi(r, θ) = p0e
ikx = p0e

ikr cos θ = p0

∞∑
n=−∞

inJn(kr)e
inθ , (2.29)

where Jn are the Bessel functions of the first kind. The scattered pressure, defined as

ps = p− pi , (2.30)
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where p is the total pressure field, can also be decomposed as a series of cylindrical
functions as

ps(r, θ) =
∞∑

n=−∞
[AnH

(1)
n (kr) +BnH

(2)
n (kr)]einθ , (2.31)

where H(1)
n and H

(2)
n are respectively the Hankel functions of first and second kind, and

An and Bn are the unknowns to determine. With the chosen time dependence exp(−iωt),
H

(1)
n and H

(2)
n are representative respectively of an outgoing and incoming wave. Since

the scattered pressure must satisfy the Sommerfeld radiation condition, we must have
Bn = 0. And so, the total pressure in the fluid is

p(r, θ) = pi(r, θ) + ps(r, θ) =
∞∑

n=−∞
[p0i

nJn(kr) + AnH
(1)
n (kr)]einθ . (2.32)

The unknowns An are determined so that they satisfy the boundary conditions. In
the case of a rigid (or hard) and motionless cylinder, the radial component of the particle
velocity must be zero on the surface of the former, which is equivalent to

∂p

∂r

∣∣∣∣
r=a

= 0 . (2.33)

It follows that

An = −p0in
J ′
n(ka)

H
(1)′
n (ka)

∀n ∈ Z , (2.34)

where primes denote differentiation with respects to the argument.
It may be convenient to rearrange in the form

An = p0i
nTn(ka) ∀n ∈ Z , (2.35)

where Tn are called modal scattering coefficients (Swearingen et al., 2012) or partial-wave
scattering amplitudes (Überall, 1985) as they describe the amplitudes of each mode in
the infinite series. We finally obtain for the rigid case, noted with an exponent “hard” :

T hard
n (ka) = − J ′

n(ka)

H
(1)′
n (ka)

∀n ∈ Z . (2.36)

In the case of a cylinder with locally reacting boundary condition, the normal velocity
at a point on the surface depends only on the local pressure at this point (Pierce, 2019),
which is equivalent to

p(r = a, θ) = Zs
i

ωρ

∂p

∂r

∣∣∣∣
r=a

, (2.37)

where Zs = ρscs is defined as the specific acoustic impedance of the cylinder surface, with
ρs and cs being respectively the density and the sound velocity of the cylinder while ρ is
the density of the surrounding fluid medium.

It follows that for such an impedance cylinder the modal scattering coefficients T imp
n

are

T imp
n (ka) = −

Jn(ka)− iZs

ρc
J ′
n(ka)

H
(1)
n (ka)− iZs

ρc
H

(1)′
n (ka)

∀n ∈ Z . (2.38)
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This boundary condition is often used in room acoustics when the impedance of the
boundary is independent or weakly dependent on the angle of incidence of the wave (Morse
et al., 1944), such as surfaces of porous materials used as sound absorbents (Pierce, 2019).
It allows to take into account the vibration of the surface caused by a local external
pressure, but this first has no influence on the vibration of the neighboring points.

By observing the asymptotic behavior with respect to Zs of eq. (2.38), one can verify
that the hard case is retrieved in the limit of infinitely large impedance :

lim
Zs→+∞

T imp
n (ka) = T hard

n (ka) . (2.39)

Similarly, the scattering amplitudes T soft
n for a pressure-release (or soft) cylinder is re-

trieved for Zs = 0,

T soft
n (ka) = − Jn(ka)

H
(1)
n (ka)

∀n ∈ Z . (2.40)

Although the sounds sources encountered in the field of room acoustics undergo a
spherical divergence, a plane wave can be a good local approximation in the case of a
source at a large distance from the scatterer (Medwin et al., 1998). The common criteria
for this approximation to be valid is when the distance R between a spherical source origin
and a scatterer of characteristic size a meets the condition :

R ≥ 4a2

λ
and R ≥ λ . (2.41)

One can note that the first inequality is equivalent to the far-field region of any source or
object.

2.4.1.2 Cylindrical wave incidence

We now consider the case of a harmonic line source whose axis is parallel to the
cylinder. The line source is perpendicular to the xy-plane and located on the x-axis at
a distance r0 ≥ a from the origin of the coordinate system shown in fig. 2.5. In this
configuration, the problem is again invariant along the direction of the cylinder axis.

With the same time dependence as in the case of plane wave incidence, the complex
amplitude of the cylindrical wave generated by the line source located away from the
origin is given by

pi(r, θ) = H
(1)
0 (k|r− r0ex|) , (2.42)

where ex is the x-axis unit vector. Using the addition theorem for Hankel functions (Bal-
anis, 2012), the wave can be expressed as an infinite series of cylindrical functions origi-
nating at the origin of the proposed coordinate system. It gives

pi(r, θ) = p0

∞∑
n=−∞

einθ

{
Jn(kr)H

(1)
n (kr0) for r ≤ r0 ,

Jn(kr0)H
(1)
n (kr) for r ≥ r0 .

(2.43)

Compared to the previous problem, only the source term is modified and the scat-
tered wave can still be expressed as a series of cylindrical functions describing divergent
cylindrical waves as written eq. (2.32). Considering again the more general case of an
impedance cylinder with the boundary condition already given eq. (2.37), the scattered
wave is eventually written

ps(r, θ) = p0

∞∑
n=−∞

einθT imp
n (ka)H(1)

n (kr)H(1)
n (kr0) , (2.44)
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Figure 2.6 Coordinate system for a cylinder and a monopole source.

with T imp
n already given eq. (2.38). Thus the total field may be written :

p(r, θ) = p0

∞∑
n=−∞

einθ

H
(1)
n (kr0)

[
Jn(kr) + T imp

n (ka)H
(1)
n (kr)

]
for a ≤ r ≤ r0 ,

H
(1)
n (kr)

[
Jn(kr0) + T imp

n (ka)H
(1)
n (kr0)

]
for r ≥ r0 .

(2.45)

2.4.1.3 Monopole source

Acoustic sources encountered in room acoustics radiate in complex ways, and espe-
cially natural sources such as human voices (Pörschmann et al., 2021), talking or singing,
or musical instruments (Pätynen et al., 2010). In theory, such sources could be con-
structed by assembling simpler sources, which can also be qualified as elementary, such
as monopoles and dipoles with proper amplitudes, orientations and phases, so it seems
relevant to examine the problem in the case of a point source.

The complex pressure amplitude pi at an arbitrary point with coordinates (r, θ, z) as
shown in fig. 2.6 due to a harmonic monopole source located at a distance r0 ≥ a on the
x-axis with a unit vector ex can be expressed as

pi(r, θ, z) = p0
eik|r−r0ex|

|r− r0ex|
. (2.46)

Using the relation ((6.616.3) in Gradshteyn et al. (2007)) called the Weyrich’s formula

ˆ ∞

−∞
e−itxH

(1)
0 (r

√
α2 − t2) dt = −2i

eiα
√
r2+x2

√
r2 + x2

, (2.47)

with 0 ≤ arg
√
α2 − t2 ≤ π, 0 ≤ argα ≤ π, (r, x) ∈ R and the addition theorem for

Hankel function similarly to eq. (2.43), it is possible to write a monopole source in terms
of cylindrical functions, requiring however an integration over all axial wavenumbers, and
thus

pi(r, θ, z) = p0
i

2

∞∑
n=−∞

einθ
ˆ ∞

−∞

{
Jn(krr)H

(1)
n (krr0)e

ikzz dkz for r ≤ r0 ,

Jn(krr0)H
(1)
n (krr)e

ikzz dkz for r ≥ r0 ,
(2.48)

with kr =
√
k2 − k2z and kz being respectively the radial and axial wavenumbers.
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Given such expansion for the incident field, it seems convenient to look for the expres-
sion of the scattered field in the form

ps(r, θ, z) =
∞∑

n=−∞
einθ
ˆ ∞

−∞
AnH

(1)
n (krr)e

ikzz dkz , (2.49)

which ultimately leads to

An = p0
i

2
T imp
n (kra)H

(1)
n (krr0) . (2.50)

This solution and the previous ones are not in closed form as they are expressed
as infinite series. In practice, it is necessary to truncate the series and the solution
is computed numerically by summing a finite number of modes. While with modern
computers it would be possible to calculate the terms of the series until the value of
the last one reaches the machine epsilon, this would result in an excessive computation
time since, most of the time, such precision is not required depending on the intended
applications. For circular cylinders, a number of modes Nm with controlled truncation
error on the modal coefficients can be calculated with the formula

Nm =

[
ka+

(
1

2
√
2
log 2

√
2πkaϵ−1

) 2
3

(ka)
1
3 + 1

]
, (2.51)

where ϵ is the desired error bound, as derived by Antoine et al. (2008). [·] denotes the
integer part in this particular case.

The integration required in eqs. (2.48) and (2.49) can be computed numerically with
the trapezoidal method (Swearingen et al., 2012) or the Simpson’s rule (Fuller, 1989). In
the far field, it is possible to use the method of stationary phase (Lui et al., 2010; Skelton
et al., 1997). The asymptotic forms are given by Bowman et al. (1988).

2.4.2 Scattering characterization
The same modal coefficients are found whatever the incidence, they therefore charac-

terize the scattering from the obstacle. The characterization is also normally done with
plane wave incidence to remove the source distance parameter. In far field, the Hankel
functions have an asymptotic behavior such that ps in eq. (2.32) can be separated in the
general form

ps(r, θ) =
r→+∞

p0f∞(θs)
eikr√
r
+O

(
1

r

)
, (2.52)

where f∞ is the form function (Valier-Brasier et al., 2021) or the far-field pattern (Colton
et al., 2013) only dependent on the scattering angle θs = θ−θ0, where θ0 is the directional
angle of the incident plane wave. For the infinite circular cylinder, it is expressed as

f∞(θs) =
1− i√
πk

∞∑
n=−∞

Tne
inθs . (2.53)

The radial time-averaged scattered intensity in the far field is therefore expressed as

Is · er = Ii
|f∞(θs)|2

r
, (2.54)

22



where Ii is the incident intensity and Is is the time averaged scattered intensity, calculated
as

Is =
1

2
Re(psvs) , (2.55)

where vs is the scattered complex velocity, “ · ” denotes complex conjugation and Re(·) is
the real part. |f∞(θs)|2 is the differential scattering cross section that is the main quantity
to characterize the angular distribution and the strength of the scattering by an object.
For a circular cylinder,

|f∞(θs)|2 =
2

πk

∣∣∣∣∣
∞∑

n=−∞
Tne

inθs

∣∣∣∣∣
2

. (2.56)

The differential backscattering cross section is expressed on a logarithmic scale as the
monostatic target strength defined as the ratio between the differential scattering cross
section in the opposite direction to the incidence and a reference surface (Pierce, 2019).
The bistatic target strength is the measure for the other angles of scattering. Their
definition is suited for finite three-dimensional objects, but in this work we limit ourselves
to two-dimensions, and we define it

TS(θs) = 10 log10 |f∞(θs)|2 . (2.57)

The total scattering cross section (TSCS) σ is defined has the ratio between the scat-
tered intensity integrated over a contour (or suface in 3D) enclosing the objects, i.e. the
time-averaged scattered power, and the incident intensity. In the far field, the contour
can be a cylinder of large radius r (Medwin et al., 1998), resulting in

σ =

ˆ 2π

0

|f∞(θs)|2 dθs . (2.58)

In the near field, it can be expressed

σ =
1

Ii

˛
Γ

Is · n dΓ , (2.59)

where Γ is the integration closed contour, n is the unit normal vector oriented towards
the exterior (Hu et al., 2013). For a circular cylinder,

σ =
4

k

∞∑
n=−∞

|Tn|2 . (2.60)

It can be interpreted as the effective length intercepting part of the power carried by the
incident wave to be retransmitted as a scattered wave, as it can be seen by multiplying
eq. (2.59) by the incident intensity Ii.

The scattering phase function P (θs), defined as

P (θs) =
|f∞(θs)|2

σ
, (2.61)

describes the angular distribution of scattered sound over the scattering angles θs. Its
integral over the full circle is equal to 1, using the far-field definition of σ given eq. (2.58).

Therefore, the scattering directivity in the far-field can be further characterized by
computing the anisotropy or asymmetry factor g defined as

g =

ˆ 2π

0

P (θs) cos (θs) dθ , (2.62)
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Figure 2.7 Coordinate system for a configuration of parallel cylinders.

which corresponds to the first Legendre moment. This parameter is comprised between
−1 and 1 and it is used in light scattering to globally quantify preferential scattering
directions of sub-wavelength particles (Lorenzo, 2012). Values of g close to 0 are an
indication of symmetry between forward and backward directions. If g = −1 then it
indicates full backward scattering, while g = 1 is complete forward scattering.

In practice, these quantities are dependent on the plane wave incidence angle θ0 for
non-circular cylinders. In that case, they are noted TS(θ0, θs), σ(θ0), P (θ0, θs), and g(θ0).

2.4.3 Multiple scattering
The effect of multiple scattering involving circular cylinders has been studied in several

contexts. The problem of a single circular cylinder near a rigid plane (Bertrand et al.,
1976; Twersky, 1952) or a corner has been investigated (Hasheminejad et al., 2006).
Multiple scattering effects between arrays of parallel cylinders in front of a Schroeder
diffuser have been considered to improve diffusion (Pogson et al., 2010). Recently, array
of regularly spaced identical rigid cylinders on a rigid plane have shown to produce surface
wave corresponding to resonances of different origin depending on the cylinder spacing
and their radius (Berry et al., 2019). Clusters of parallel cylinders are also used to
design acoustic metamaterials for different applications such as acoustic cloaks (Jo et al.,
2015), sonic crystals as sound diffusers with regular (Redondo et al., 2013) and pseudo-
random (Hughes et al., 2010) configurations or for attenuation as sound barriers (Krynkin
et al., 2011; Sánchez-Pérez et al., 2002; van der Aa et al., 2015).

An exact solution can be formulated for a configuration of parallel cylinder as shown
in fig. 2.7 (Linton et al., 1990; Umnova et al., 2006). The total pressure field at a point
of coordinate r at the exterior of any of them can be expressed as

p(r) = pi(r) +
N∑
j=1

p(j)s (r− rj) , (2.63)

where rj, j = 1, . . . , N , are the coordinates of the centers of the N cylinders of radius
aj. The incident pressure pi can be a plane wave (eq. (2.29)) or a line source (eq. (2.42)).
The scattered pressure p(j)s by a cylinder j can be written

p(j)s (r− rj) =
∞∑

n=−∞
A(j)

n T (j)
n H(1)

n (k |r− rj|)einθj , (2.64)
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where A(j)
n are the unknown coefficients, and T

(j)
n = Tn(kaj), given eqs. (2.36), (2.38)

and (2.40) for rigid, impedance, and soft boundaries, respectively. Using the Graf’s
addition theorem, it can be further expressed

p(j)s (r− rj) =
∞∑

n=−∞
A(j)

n T (j)
n

∞∑
m=−∞


Jn−m(k |rj − rl|)ei(n−m)θjlH

(1)
m (k |r− rl|)eimθl

for |r− rl| ≥ |rj − rl| ,
H

(1)
n−m(k |rj − rl|)ei(n−m)θjlJm(k |r− rl|)eimθl

for |r− rl| ≤ |rj − rl| .
(2.65)

For a line source, the total field exterior to a cylinder l with |r− rl| ≤ |rj − rl| can
therefore be written

p(r− rl) =
∞∑

m=−∞
Jm(k |r− rl|)eimθlH(1)

m (k |rl − r0|)e−im(π+θ0l)

+
∞∑

n=−∞
A(l)

n T
(l)
n H(1)

n (k |r− rl|)einθl (2.66)

+
N∑
j=1
j ̸=l

∞∑
n=−∞

A(j)
n T (j)

n

∞∑
m=−∞

H
(1)
n−m(k |rj − rl|)ei(n−m)θjlJm(k |r− rl|)eimθl .

After application of the boundary conditions, and using the orthogonality of the functions
eimθl , it leads to an infinite system of equations

A(l)
m +

N∑
j=1
j ̸=l

∞∑
n=−∞

A(j)
n T (j)

n H(1)
n (k |rj − rl|)einθj = − i

4
H(1)

m (k |rl − r0|)e−imθ0l . (2.67)

Similarly to the previous solutions, the number of modes must be truncated. When
the configurations contain a large number of cylinders, close to each other, the system
can be very demanding to solve. Recently, Rohfritsch et al. (2019) developed a method to
solve such linear system based on an iterative method. The number of modes are limited
when a certain tolerance is attained. To limit the size of the system, they introduced a
cutoff radius for each cylinder that restricts the interactions considered to those with the
surrounding cylinders.

2.5 Scattering in room acoustics

As introduced in section 2.1, the early reflections are important as they are related to
our perception of the surrounding space through sound. When they are too strong, they
can be unpleasant and mislead us as to the location of the source. But they also can be
desirable in a concert hall, e.g. for the musicians on stage so they can hear themselves
and the others.

Acoustic treatments such as absorbers or diffusers are used to better control them. The
latter have the advantage to do so without removing energy. They aim do redistribute it
spatially and temporally (Cox et al., 2016).
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2.5.1 Surface diffusers
Acoustic surface diffusers are used in room acoustics planning to control the reflections

on the wall. Their functions are to spread spatially and temporally the wave front, change
the specular reflection in what is called a diffuse one in this field.

They are usually characterized in terms of scattering and diffusion coefficients. The
scattering coefficient is defined as the ratio between the energy scattered away from the
specular direction and the total reflected energy. It is used in geometrical room acoustic
simulations. The diffusion coefficient is the autocorrelation function of the scattered field,
that measure its uniformity. Their measurements are standardized procedures that are
described in ISO 17497-1 (2004) and ISO 17497-2 (2012) for the scattering and diffusion
coefficients, respectively.

Their effects on the sound field of concert halls have been evaluated perceptually and
objectively by examining the room acoustic parameters with scale (Jeon et al., 2020; Kim
et al., 2011; Ryu et al., 2008) and computer (Jeon et al., 2020; Shtrepi et al., 2015, 2017)
models.

2.5.2 Volume diffusers
In contrast to acoustic surface diffusers, obstacles in a room can scatter a wave in all

directions when it reaches it, if their size is comparable to the wavelength. In this case, the
term volumetric diffuser has been proposed (Cox et al., 2016). Examples of modern appli-
cation are the canopy of reflectors suspended above some concert hall stages (Rindel, 1991)
or hanging panels in reverberation chambers (Bradley et al., 2014). As they are finite-
sized objects they usually have less effect on long wavelengths (Rindel, 1986), and the
effect of curvature of reflector panels on this frequency limit has been considered (Szeląg
et al., 2014). Rathsam et al. (2010) studied the influence of the convexity of the edges of
planar reflector panels. They proposed a simplified audibility criterion to examine if they
provide audible reflections. For wavelengths of comparable size, the waves can propagate
around the obstacle and are strongly diffracted, notably in the shadow zone (Medwin
et al., 1998).

Hughes et al. (2010) studied different types of two-dimensional volumetric diffusers
such as arrays of slats or cylinders, and percolation structures. Their performance is
characterized similarly to surface diffuser with a diffusion coefficient that quantify the
omnidirectionality of the scattered field excluding the shadow region. The backscattered
intensity is compared to that of a rigid strip of equal width in order to evaluate their
scattering strength. They realized measures on scale models with a boundary layer tech-
nique and simulations with boundary element method (BEM) in the frequency domain.
Overall, they found that arrays of cylinders had great diffusing abilities compared to the
other tested structures, but with limited scattered strength at low-frequency.

Suzumura et al. (2000) studied the effect of circular columns placed close to the walls
of a concert hall on the room acoustic parameters, similarly to the studies with surface
diffusers.

2.5.3 Audibility of reflections
The audibility of early reflections is usually expressed in terms of detection threshold,

masked threshold, or audibility threshold, defined as the highest level of a reflection just
before it becomes inaudible, relative to the direct sound (Olive et al., 1988). It depends
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on many factors, including the direction of the reflection, its delay, the signal type, its
spectrum or the environment.

2.5.3.1 Specular reflection

Burgtorf (1961) studied the situation where the impulse response is composed of the
direct sound and a delayed peak, representing a specular reflection. The test signal
consisted of speech at 70 dB presented to the participants with frontal incidence. This led
to the establishment of an empirical linear relationship relating the threshold to the time
delay:

∆L = −0.575∆t− 6 , (2.68)

where ∆L is the audibility threshold in dB and ∆t is the time delay in ms. For longer
delays after the direct sound, the threshold decreases. Brunner et al. (2007) studied the
audibility of comb filter distortion, which is analogous to a single early specular reflection
in a diotic situation. They used different test signals including a piano phrase, speech
and a snare drum roll. They found for this latter, on average of all subjects, that a
reflection of a relative level of −18 dB was audible considering short delays from 0.1ms to
15ms. The thresholds were increased for the other test signals that are more continuous,
in agreement with previous studies (Burgtorf et al., 1964). Olive et al. (1988) found a
similar range of values for a single frontal coincident reflection and pink noise for the
same delay, as well as the same dependence on the signal type. They considered the
effect of direction and found that the thresholds were lowered when the delayed sound
was coming from lateral directions. Other studies led to the same conclusions (Begault
et al., 2001; Burgtorf et al., 1964; Zhong et al., 2018). The effect of reverberation is
similar to the difference existing between continuous and impulse signal (Olive et al.,
1988). Begault et al. (2003) proposed “rules of thumb” based on these results such that
early reflections will be inaudible if their levels are less than −22 dB relative to the direct
sound for a 3ms delay, lowered to −31 dB for 15ms to 30ms, and that a modest amount
of reverberation added in the stimuli increases the thresholds by up to 11 dB. All these
studies also reported large variations across participants.

In order to study more realistic configuration where the spectrum can be modified due
to surface absorption, the effect of spectral content of reflection has been considered. Olive
et al. (1988) have low-pass filtered the reflection signal at different cut-off frequencies.
They found overall higher thresholds for filtered reflections compared to broadband ones.
Walther et al. (2013) studied this effect on the echo suppression threshold, which does not
correspond directly to the detection threshold, but is strongly correlated with it. They
found a similar dependence for low-frequency filtering, while high-frequency overlaps led
to less echo suppression with the highest sensitivity around 2 kHz, that could indicate
that high-frequency reflection are more detectable. If this is the case, then it favors the
detection of the backscattering of the geometries studied, that is overall increased at high
frequencies.

2.5.3.2 Diffuse reflection

The effect of diffusion has been studied recently by Robinson et al. (2013a) on the echo
suppression thresholds. White Gaussian noise was multiplied with gamma distributions of
different parameters to emulate the temporal spreading and envelope of diffuse reflections.
In comparison to specular reflections with the same peak amplitude, diffuse reflections

27



were more detectable indicating that integrated power of the reflection is probably a better
indicator to predict its audibility. Wendt et al. (2021) considered reflections from a finite
wall modeled with Lambertian surface. They found similar results that they attributed
to the temporal position of the energy centroid for a diffuse reflection in relation to the
forward masking pattern of the direct sound. In addition, they provide relationships
linking the masking thresholds to the logarithm of the time differences of arrival with
excellent correlations to the experiments.

Our ability to perceptually discriminate between different reflections from surfaces
with respect to their topology inducing spectral coloration has been studied by Kleiner
et al. (1992) and with finite-difference time-domain method simulations by Meyer et al.
(2019). Kritly et al. (2021) also used this numerical method to perceptually evaluate
our ability to hear the difference of the reflected sound from different walls in a passive
echolocation task. They simulated reflections from a flat wall, with different curves, a
crenelated one, and a staircase. The latter produced diffuse reflection accompanied with
strong spectral variations distinct from the others, and, at large distance (5m), was the
one that the participants could discriminate the most.
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Part I

Room acoustic scale modeling &
coupled volumes
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Chapter 3

Investigations on experimental tools for acoustic scale
model

As already introduced in section 2.3.2, scale models are tools still used in the field of
room acoustics for complex projects such as concert hall design and research. They allow
physical modeling of space approaching reality and thus highlight phenomena difficult to
simulate numerically in large spaces. In addition, they offer a tangible support that can
be modified relatively easily to test different architectural elements and their effects on the
sound field. However, following the principle of similarity, the measurement equipment
has to operate partly in the frequency domain of ultrasound.

In this chapter, we investigate different solutions regarding the sources and receivers
used in architectural acoustic scale model. In section 3.1, we focus on the sources. In
the context of room acoustics parameter measurements, the international standard ISO
3382-1 (2009) recommends that the source be omnidirectional and provides a procedure
to evaluate their directivity. Following this objective, several types of sources have been
proposed in the literature for room acoustic scale models, presented in section 3.1.1. In
section 3.1.2, we present our three designs. Two of them are tweeter arrays, similar to
the sources traditionally used for room acoustics measurements. The number of elements
needed and their configuration, is estimated from the octave-band directivity measure-
ments of the individual elements expressed in the real spherical harmonic basis so that
they can be manipulated in space. Another one uses an inverted horn mounted on a
tweeter. A prototype is built for each and evaluated for omnidirectionality according to
the standard qualification procedure (ISO 3382-1, 2009) for 1:10 and 1:20 scale factors.
The results are presented in section 3.1.3.

In section 3.2, we investigate two receiver solutions that can capture the directionality
of the sound field. The idea of using this type of physical modeling to perform perceptual
studies is not new, but requires special receivers to account for the three-dimensional
character of the sound field. At full scale, the two main approaches are binaural or
ambisonic microphone array recordings. Different studies using these methods in scale
models are detailed in section 3.2.1. In section 3.2.2, we report the results of our 1:8 scale
artificial head design based on the Neumann KU 100 commercial model, compared to the
latter. In section 3.2.3, we present the Spatial Decomposition Method (SDM) proposed by
Tervo et al. (2013a), an alternative method to encode a set of impulse responses captured
in a small volume into a set of image-sources. These two techniques are evaluated in the
context of measurements in a 1:10 scale model of a future concert hall in section 3.2.4.
Eventually, discussions and conclusions are provided in section 3.3.
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3.1 Sources

3.1.1 Review of existing

Measurements in scale models require, depending on the scale factor, sources to cover
a wide range of frequencies, partly in the ultrasonic field. One of the first type of source
that has been used is the spark source (Burgtorf, 1967; Rindel, 2002). A spark is pro-
duced between two nearby electrodes. This solution is appealing for providing a point
source of limited size, with high power and a fairly omnidirectional radiation over a wide
frequency band (Ayrault et al., 2012; Hidaka et al., 1989; Polack et al., 1989). However,
powerful discharges can produce shock waves that are not suitable for the study of linear
acoustics (Hak et al., 2009). In addition, they tend to heat the surrounding air and the
pulses have waveforms that vary with each use, since they are dependent on the geometry
of the electric arc.

Recently, an optoacoustic source has been proposed (Gómez Bolaños et al., 2013). A
laser is used to induce a pressure pulse by focusing a beam at one point in space. It has
been shown to have good repeatability and offers the advantage of being non-invasive,
but also produces a non-linear propagating wave.

A miniature blank pistol was also used as an impulse source for the measurements
in the Philharmonie de Paris acoustic scale model (Katz et al., 2015). The barrel was
2mm large and the total size was about 4 cm. However, it is less repeatable and requires
manual triggering which makes it less practical to use and does not allow access to the
time of flight between the source and a receiver as is the case when they are synchronized.

Piezoelectric materials have been used to design dodecahedral sources similar to those
used in room acoustic measurements (Braun, 1984; Chojnacki et al., 2016; Tahara et
al., 2003). Piezoceramics, such as PVDF, resonate in the ultrasonic frequency range,
which makes them a good candidate, however, they may have difficulty in radiating in
the air (Saffar, 2021). Similarly, tweeter-based sources, based on spherical tweeter arrays,
have also been proposed (Aretz et al., 2009; Katz et al., 2015; Luizard, 2013; Luizard et
al., 2014b). Xiang et al. (1993) combined a dodecahedral source, consisting of 11 tweeters,
with a PVDF piezoelectric film stretched over a bi-conical shape for the higher frequencies.
They are more reproducible than the impulse sources. Moreover, they offer the advantage
of being able to emit certain signals and thus use classical measurement techniques of
room acoustics. Nevertheless, their radiation patterns may be less omnidirectional at
high frequencies due to the increased directivity of the individual elements.

3.1.2 Proposed designs

Leishman et al. (2006) studied different speaker arrangements based on platonic solids,
including the dodecahedron, and evaluated their omnidirectionality for room acoustics
measurements. He showed that a tetrahedral shape could offer equivalent performance
to a dodecahedron when considering the qualification procedure of the standard (ISO
3382-1, 2009). Another solution to obtain an omnidirectional source has been proposed
originally by Lahti (1985), and reconsidered recently (Cobo et al., 2013; Ibarra et al.,
2018; Ortiz et al., 2014; Polack et al., 2001). It consists in using an inverted horn, placed
on a loudspeaker, to concentrate the energy at one point. This principle has also been
used for studies involving acoustic scale models (Hornikx et al., 2008; Orlowski, 1981;
Ouis, 1999), but with a straight tube.
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(a) (b)

Figure 3.1 Normalized magnitude responses (a) and a photo-
graph (b) of the tweeters used for the designs: (left) Audax TM020G3
dome tweeter and (right) Taket Batpure “super tweeter”.

Three designs are tested here, two of them are tweeter arrays, and one uses a reversed
horn. The tweeters used for these sources are shown in fig. 3.1b. On the left, there is
an Audax TM020G3 tweeter dome with a 20mm diameter membrane. On the right, it
is the Taket Batpure, a “super tweeter”. It is so called because it is designed to emit
in the ultrasonic field. They work with piezoelectric films laminated to each side of a
wave-shaped ribbon of approximate dimensions 10mm by 20mm. By applying a voltage
difference, it moves like an accordion and radiates sound under the same principle as Oscar
Heil’s Air Motion Transformers (Heil, 1972). Hidaka et al. (2010) developed a miniature
dodecahedron using this particular piezoelectric transducer. Their magnitude responses
normalized to their maximum, measured on axis in non-baffled condition, are represented
in fig. 3.1a. The dome tweeter has a flat response from 2 kHz to 30 kHz. A large drop of
magnitude is observed around 32 kHz, above, it radiates a reasonable relative level. The
super-tweeter magnitude response is overall flat from 19 kHz to 78 kHz with variations
comprised in a 12 dB range.

In order to propose an arrangement for both elements that meets the requirements of
the standard, it is proposed to estimate a minimum arrangement based on the measured
directivities of the individual elements. By projecting these directivities onto the spherical
harmonic basis, it is possible to manipulate them in space and add them together to
estimate the directivity of an array.

3.1.2.1 Directivity of individual elements

Their far-field directivity patterns have been measured in the anechoic chamber or a
highly absorbing room of Sorbonne Université in a non-baffled configuration. The tweeter
was rotated with the help of a turntable (Brüel & Kjær Turntable System Type 9640),
and driven by an amplifier (Samson Servo 120a). The signals were recorded using a GRAS
40DP 1/8” microphone mounted on a 1/4” preamplifier (GRAS Type 26AC), connected to
a microphone conditioner (Brüel & Kjær Nexus 2690-A). All were connected to an audio
interface (RME Babyface) configured at a sample rate of 192 kHz. The exponential swept
sine method (Müller et al., 2001) was used with signal covering frequencies from 1 kHz to
95 kHz over 1 s. Impulse responses were obtained with a 5° angular step and the emission
and acquisition of signals as well as the control of the turntable were performed with
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(a) (b)

Figure 3.2 Average octave-band directivity patterns of the tweeter
TM020G3. (a) Polar diagrams. (b) Reconstructed 3D patterns with
spherical harmonics (order 6). Axisymmetry is assumed.

(a) (b)

Figure 3.3 Average octave-band directivity patterns of the Taket Bat-
pure “super tweeter” measured around the small and the long axis of the
radiating surface. (a) Polar diagrams. (b) Reconstructed 3D patterns
with spherical harmonics (order 6).

MATLAB 2018b through an automatic procedure. The dome tweeter is only measured
in a plane containing its axis, on a semicircle. The super tweeter is not circular. Its
directivity is, therefore, measured in the two planes containing the symmetry axes of the
radiating surface, over a full circle.

Figure 3.2a shows the results obtained for the dome tweeter for the octave bands
from 2.5 kHz to 40 kHz. Its behavior is similar to that of a rigid piston, with a more
directional radiation as the frequency increases. For the 2.5 kHz and 40 kHz bands, the
angular coverages at −3 dB are about 120° and 40°, respectively. We can see that the
tweeter appears a little less directional at 40 kHz compared to 20 kHz, probably due to
the reflections and diffraction at the edges.

Figure 3.3a shows the directivity patterns the super tweeter. It radiates in a usable
way on the bands from 20 kHz to 80 kHz. Note that for this last band, it only covers
the first two one-third octave bands, with an upper limit frequency at about 88 kHz.
Compared to the dome tweeter, the radiation does not seem to become more directional
as the frequency increases. However, there is a large variability between the different
octave bands and measurement planes. The beam appears to be more symmetrical in
the plane perpendicular to the long axis of the radiating surface, and is wider on average,
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compared to the other measurement plane. In the latter, the directivity patterns show that
some directions may be favored, probably due to geometric irregularities and deformations
present on the piezoelectric ribbon.

3.1.2.2 Spherical harmonic representation

The spherical harmonics form an orthogonal basis of functions defined on the surface
of a sphere. In the following, we want to determine a spherical harmonic representation
of the average octave-band directivities, that are obtained by quadratic mean. We then
use the real-valued spherical harmonic basis functions, defined as

Yn,m(θ, ϕ) =

√
2n+ 1

2π (1 + δm)

(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ)

{
sin |m|ϕ for m < 0 , n ≤ |m| ,
cos |m|ϕ for m ≥ 0 , n ≤ |m| , (3.1)

where (θ, ϕ) are the polar and azimuthal angles in a spherical coordinate system, δm is
the Kronecker delta function, P |m|

n are the associated Legendre polynomials. In this form,
the square root term ensures the orthonormality of the basis.

This basis is suitable to represent our average quantities since any real square-integrable
function ψ defined on a sphere can be expanded in the form

ψ(θ, ϕ) =
∞∑
n=0

n∑
m=−n

αn,mYn,m(θ, ϕ) , (3.2)

where αn,m are the real spherical harmonic coefficients (Driscoll et al., 1994). As the basis
is orthogonal, they can be obtained by projection,

αn,m =

ˆ
S2

ψ(θ, ϕ)Yn,m(θ, ϕ) dΩ , (3.3)

where dΩ = sin θdθdϕ is the differential surface area on the 2-sphere surface S2.
In practice, the order of decomposition is limited to a finite order N, and an approxi-

mation ψ̃ of ψ is

ψ̃(θ, ϕ) =
N∑

n=0

n∑
m=−n

αn,mYn,m(θ, ϕ) , (3.4)

where only the first (N + 1)2 modes are considered in the decomposition.
Moreover, the field is measured at discrete positions on a sphere centered on the

considered tweeter, so the continuous spherical harmonic transform given eq. (3.3) must
be expressed in a discrete form. Equation (3.4) can be written in matrix form

ψ = Yα , (3.5)

where
ψ =

[
ψ(θ1) . . . ψ(θj) . . . ψ(θL)

]T
, (3.6)

Y =

Y0,0(θ1) . . . YN,N(θ1)
... Yn,m(θj)

...
Y0,0(θL) . . . YN,N(θL)

 , (3.7)

α =
[
α0,0 α−1,0 . . . αN,N

]T
, (3.8)
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with θj the angular measurement positions of sampling points, j = 1, . . . , L. It is then
possible to estimate the coefficients with

α̃ = Y†ψ , (3.9)

where Y† is the Moore-Penrose pseudoinverse of Y, giving the optimal coefficients α̃ in
the least square sense.

The measurement positions of the receiver are limited to one plane for the dome tweeter
and two planes for the super tweeter. This can lead to a very bad conditioning of Y, since
in this case some functions of the truncated basis will sometimes be entirely or partially
defined null on these positions. A solution for the case of the dome tweeter is to use its
axisymmetry and add positions covering the sphere. Another, more general, solution is
to calculate the reduced row echelon form of Y using Gauss-Jordan elimination before
solving the system. This will discard the functions that cause the bad conditioning.

The average octave-band directivity patterns are represented using a truncation at
the order 6 (N = 6). The results of the decomposition are represented as 3D radiation
patterns in figs. 3.2b and 3.3b. It is now possible to perform rotation and translation
operations to orient them in any direction. We restrict ourselves to rotations for our
estimations. By adding the coefficients obtained for different orientations, we obtain the
directivity of the ensemble. Obviously, this gives a very rough estimate of the final result
since we are dealing with average quantities. This is equivalent to assuming that the
beams are incoherent. Furthermore, no translation is considered here although it may
have a detrimental effect on the omnidirectionality of the final design.

It was estimated that a set of 4 dome tweeters arranged in a tetrahedron could produce
an omnidirectional source according to the standard qualification procedure (ISO 3382-1,
2009). A box in the shape of a regular truncated tetrahedron, i.e. the faces with the
tweeters are regular hexagons, is then proposed, shown in fig. 3.5a. Its size is minimal,
and constrained by that of the tweeters, in particular to ensure the assembly and wiring.
For the super tweeter, it was estimated that an arrangement of 4 elements as shown in
fig. 3.5b was sufficient.

3.1.2.3 Inverted horn

An inverted horn was designed for the dome tweeter. Its profile is conical. Its di-
mensions are 34mm diameter at the base, 3.3mm at the aperture, and 87mm long. It
represents approximately a 1:2 scale version of one of the designs proposed by Ortiz et
al. (2014), adapted to the dimensions of the tweeter. The cone has been 3D printed in
polylactic acid with a Ultimaker S5. A photograph is shown in fig. 3.5c.

The presence of the cavity with a small opening in front of the tweeter will induce
resonances, as observed by Cobo et al. (2013), Ibarra et al. (2018), Orlowski (1981),
Ortiz et al. (2014), and Polack et al. (2001). Figure 3.4 shows the impulse and frequency
response of the tweeter with the horn measured on axis where the effect is clearly visible.
The time for the impulse to reach −20 dB relative to its maximum level is about 40ms and
the frequency response peaks are about 1900Hz apart. Inverse filtering techniques were
considered to obtain a shorter impulse and a flatter response by Cobo et al. (2013), Ibarra
et al. (2018), and Ortiz et al. (2014) constructed from the measured on-axis response,
which leads to a lesser benefit for the other directions.

These aspects are not addressed in the standard ISO 3382-1 (2009), but it seems le-
gitimate to consider that in this current state, without any processing to mitigate the
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Figure 3.4 Impulse response (top) and normalized frequency response
(bottom) with one-twelfth octave-band smoothing with the inverted
horn measured on axis with a Feichter M1 microphone.

resonances, the source is not the most suitable for subjective experiments as some col-
oration are introduced (Orlowski, 1981), or for some acoustical parameters such as C80

considering the duration of the impulse. It seems, however, usable for estimating octave-
band parameters that rely more on the late field such as the reverberation time.

3.1.3 Assessment of omnidirectionality

The standard (ISO 3382-1, 2009) describing the measurement procedures of the room
acoustical parameters presented in chapter 2 specifies that the source used should be as
omnidirectional as possible. It provides the maximum deviations from perfect omnidirec-

(a) (b) (c)

Figure 3.5 Photographs of the proposed source designs: (a) tetrahe-
dral, (b) super-tweeter array, and (c) inverted horn source.
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Table 3.1 Maximum deviations of directivity prescribed by ISO 3382-
1 (2009).

Octave band [Hz] 125 250 500 1000 2000 4000
Maximum deviation [dB] ±1 ±1 ±1 ±3 ±5 ±6

tionality allowed per octave band, given in table 3.1. The directivity of the source should
be measured in the far field at a distance greater than 1.5m, with an angular step of at
least 5°. The values must be then smoothed by “gliding” averaging over 30° arcs. They
are eventually normalized to the energetic average over the full circle, and the positive or
negative deviations in dB must remain within the prescribed limits.

Each design has been measured in agreement with the standard, similarly to the
measurement of the individual elements as described section 3.1.2.1. The measurement
plane for the tetrahedral source was perpendicular to one of its 2-fold axis and intersected
an edge at its half. The super-tweeter array is measured over two planes, the azimuthal
plane, considering its orientation in fig. 3.5b, and a median plane containing the long axes
of two of the four elements. For the source with an inverted horn, the measurement plane
contained its axis of symmetry and the open end was positioned on the axis of rotation
of the turntable.

3.1.3.1 Tetrahedral tweeter array

The octave-band directivity patterns of the truncated tetrahedron source are shown
in fig. 3.6a. It is visibly omnidirectional over the 2.5 kHz octave band. At 5 kHz, the
minimum relative level is around −9 dB in the direction between tweeters. Above, the
relative levels for these directions is not minimal, probably due to the reflections and
diffraction on the enclosure.

The results of the qualification procedure are represented in fig. 3.6b. The directional
deviations estimated using the spherical harmonic representation are also shown. They
are compared to the limits of the standard (table 3.1) transposed for 1:10 and 1:20 scale
factors. The source respects globally the limits of the standard except for the 500Hz octave
band for both scale factors and also for the 250Hz octave band at 1:20 scale. Contrary to
the estimations, the source is more impacted by the directivity of the individual elements
over the 2.5 kHz octave band. For the higher frequencies, it seems to benefit from the
reflections on the box as observed in the directivity patterns.

3.1.3.2 Super-tweeter array

The octave-band directivity patterns of the super-tweeter array in the two measure-
ment planes are shown in fig. 3.7a. The source appears to be more omnidirectional in
the azimuthal plane. However, we can notice a lack of energy in the direction at 180°,
that corresponds to the microphone facing one of the super tweeter. This could be due to
variability between elements which has not been determined here. In the median plane,
the minimal relative levels are found at the positions aligned with the stand, adding some
occlusion.

The results of the qualification procedure for the two planes are shown in fig. 3.7b. For
a 1:10 scale factor, the deviations in both planes are between the limits. For a 1:20 scale
factor, the deviations in the median are above the limits for the 1000Hz octave band.
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(a)

(b)

Figure 3.6 Measured average octave-band directivity patterns (a),
and measured and estimated directional deviations (b) compared to
the maximum acceptable deviations from ISO 3382-1 (2009) for 1:10
and 1:20 scale factors of the tetrahedral tweeter array.

3.1.3.3 Inverted horn tweeter

The octave-band directivity patterns of the tweeter coupled with an inverted horn
are shown in fig. 3.8a. Compared to the tweeter alone, the omnidirectionality is visibly
improved. It appears an increased directivity as the frequency increases, but the angular
coverage at −3 dB is more than 180°, except for the 40 kHz octave band. The minimum
relative levels are found near the back of the tweeter, around 180° but not on axis.

The measured deviations are shown in fig. 3.8b. The maximum positive deviations
comply with the standard for both scale factors. The negative deviation over the 5 kHz
octave band is the only one that is below the limits for the 1:20 scale factor. At 1:10, only
the 125Hz octave band is not respected, the negative deviation being −2 dB. Although
the directivity patterns appear to be omnidirectional, at least more than the previous
sources, the occlusion by the horn and tweeter body causes these deviations.
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(a)

(b)

Figure 3.7 Average octave-band directivity patterns (a) measured in
the azimuthal and median planes, and measured and estimated direc-
tional deviations (b) compared to the maximum acceptable deviations
from ISO 3382-1 (2009) for 1:10 and 1:20 scale factors of the super-
tweeter array.

3.2 Receivers

Room acoustic scale model measurements are often limited to omnidirectional impulse
responses, without the possibility to analyze the spatial parameters that are closely re-
lated to the acoustic qualities of spaces from a perceptual point of view. The intrinsically
spatial content of the sound field is accessible through directional (or spatial) room im-
pulse responses. They are useful for many applications such as the estimation of spatial
acoustic parameters (ISO 3382-1, 2009) or three-dimensional auralizations (Tervo et al.,
2013a), thus constituting a precious tool for the improvement or the study of room acous-
tics (Embrechts, 2016). They can be captured with spherical microphone arrays (Core
Sound, 2022; mh acoustics LLC, 2022) but they are not adapted to room acoustic scale
models with typical scale factors as their bandwidth do not make it possible to cover the
necessary frequency range and their large dimensions can disturb the sound field.

Another approach consists in capturing the sound field with an artificial human head
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(a)

(b)

Figure 3.8 Measured average octave-band directivity patterns (a),
and measured and estimated directional deviations (b) compared to
the maximum acceptable deviations from ISO 3382-1 (2009) for 1:10
and 1:20 scale factors of the dome tweeter with an inverted horn.

equipped with a microphone at each eardrum, known as binaural recording. Thus, by
rendering such a recording to each listener’s ear, it reproduces the natural human sound
perception. This technique captures certain cues that allow us to localize the provenance
of the sound such as the interaural level differences (ILDs), the interaural time differences
(ITDs), and spectral cues. They are included in what is called the head related transfer
function (HRTF) in the frequency domain or head related impulse response (HRIR) in
the time domain, specific to each morphology. It is actually a set of transfer functions or
impulse responses with a pair for each source position, covering a spherical grid. These
dummy heads are also used to measure IACC in BRIRs as presented in section 2.1.2.

We propose in the following two approaches to extend room acoustic scale modeling
to the spatial domain. First, a brief review of methods proposed in the literature is given
in section 3.2.1. Then, the first one presented is an artificial head at 1:8 scale based
on a commercial model, Neumann model KU 100, equipped with miniature microphones
designed for HRTFs measurements. The second one is based on the SDM (Tervo et al.,
2013a), adapted to small scales.
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3.2.1 Review of existing

As already introduced in section 2.3.2, Spandöck (1934) extended room acoustic scale
models to the perceptual domain by auralization for subjective auditory evaluations. He
was nevertheless limited by the analog equipment of his time. This idea was later revisited
by several authors as digital audio techniques developed (Grillon et al., 1996; Hidaka et al.,
1989; Polack et al., 1993). To use this technique with binaural receivers, it was proposed
to approximate a listener by a rigid sphere model or another simplified shapes, with two
microphones at the position of the ears, placed on a torso (Hidaka et al., 1989; Jurkiewicz
et al., 2015; Katz et al., 2015; Orlowski, 1981). More realistic scale dummy heads, based
on commercial (Robinson et al., 2013b; Xiang et al., 1993) or custom (Jeon et al., 2020;
Xiang et al., 1991) models, have also been used, notably to investigate the perceptual
effects of diffuse reflections (Jeon et al., 2020; Robinson et al., 2011; Ryu et al., 2008).

Suzuki et al. (2019, 2018) proposed to adapt the ambisonic recording technique to scale
models. At full scale, this technique employs microphone arrays that are not suitable for
small scales. Instead, they used a single microphone that they moved to several points
covering a small volume of space with the help of a motorized and a manual stage. A
RIR is measured at each of the points with an omnidirectional source at a fixed position.
This set of responses is then used to decompose the field arriving over this small volume
into plane waves, one for each time window, expressed using the spherical harmonic basis.
This representation can then be decoded, still using this basis of functions, to reproduce
the sound field with the estimated plane waves over a loudspeaker array, circular in their
case.

3.2.2 Scale “Fritz” dummy head

The miniature dummy head is designed based on the Neumann model KU 100, some-
times named “Fritz”. This artificial head model has been the subject of several inter-
laboratory studies in the context of measurements of HRTF (Andreopoulou et al., 2015),
and simulations (Greff et al., 2007; Gumerov et al., 2010). For these activities, a MRI
scan of the head was conducted to obtain a high resolution mesh of the head to be used
for BEM simulations. This mesh was imported in Blender and reduced by a factor 8
in dimensions. It was manufactured by 3D printing using a polyamide powder sintering
process, thus allowing good reproduction of the details of the outer ears. Nevertheless,
their thickness had to be increased for strength reasons. Only the back of the pinna is
modified. It is designed to open along the median plane. A Feichter M1 microphone,
previously inserted in a printed plug with a semi-rigid material, is positioned in each half
in a cavity designed for this purpose. The two halves are assembled with flexible pins in
the same semi-rigid material, allowing positioning and holding.

3.2.2.1 Measurements

The HRIRs were measured in the anechoic chamber of Sorbonne Université. They
were restricted to the azimuthal plane, with an Audax TM020G3 dome tweeter as a
source placed in far field, at approximately 3m from the head. The head was placed on
a turntable (Brüel & Kjær Turntable System Type 9640), with the rotation axis passing
through the median plane of the head and the axis between the ear drums, i.e. the micro-
phones. The exponential swept sine method (Müller et al., 2001) was used with a signal
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(a) (b)

Figure 3.9 Normalized magnitude response (a) of Feichter M1 micro-
phone with one-twelfth octave-band smoothing and a photograph (b)
of the scale “Fritz” head.

spanning frequencies from 1 kHz to 95 kHz over 5 s. Similarly to previous measurements,
the procedure was automatic and controlled with MATLAB 2018b.

3.2.2.2 Comparison with the full scale artificial head

The validation of the scale artificial head is done by comparing it with the full scale
Neumann KU 100. As already mentioned, this particular model has been used in an inter-
laboratory comparison of HRTF measurements providing results of ITDs of the multiple
participants. Different sets of HRIRs are also available in databases. The set chosen is
the one provided by Bernschütz (2013), consisting in a set of HRIRs measured every 1°
for a source at 3.25m in the azimuthal plane.

We compare in the following the magnitude of the directional transfer functions
(DTFs), defined as the frequency-dependent parts of the HRTFs (Bomhardt, 2017), cal-
culated as

|DTF(θi)| =
|HRTF(θi)|

D
, (3.10)

where D is the the surface-weighted arithmetic mean from all magnitudes of the set,
corresponding to the arithmetic mean in our case. This also makes it possible to eliminate
the response of the equipment.

Figure 3.10 shows the magnitude of the obtained DTFs for 4 azimuthal directions:
front, right, back, left. They are compared to those obtained from the measurements
conducted by Bernschütz (2013) on the real model. The frequency axis has been scaled
to represent the full-scale frequencies, and it is limited at 7 kHz that corresponds to the
edge frequency of the 40 kHz at the 1:8 scale. The results are in good agreement up to
about 4 kHz, with ±2 dB differences. The expected behavior of ILDs, i.e. no difference
for a source at the front or back, and similar differences for a source at the right and
the one diametrically opposite with small differences at low frequency, less than 1 dB
below 300Hz, is reproduced. The magnitudes of the two different ear canals for the front
and back azimuth are comparable on the considered frequency range. Above 4 kHz, the
limitations of the equipment appear with large deviations, in particular if we consider
the contralateral ear for a source localized on the right or the left, where the highest
deviations are observed.
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Figure 3.10 Measured DTFs of the 1:8 scale “Fritz” head compared
to full scale (Bernschütz, 2013) for a source localized at the (a) front,
(b) back, (c) left, and (d) right in the azimuthal plane. The frequency
axes correspond to the full scale.

Scale head

Round Robin results

Figure 3.11 Estimated ITDs of the scale “Fritz” head in µs compared
to the results of the inter-laboratory Round Robin on HRTF measure-
ments (Andreopoulou et al., 2015).

Figure 3.11 shows the ITDs estimated using the same threshold method as An-
dreopoulou et al. (2015) overlaid on the results of their study for comparison. The onset
of each HRIR is defined as the first sample greater than −10 dB relative to the peak value.
With this method, the results found are integer multiples of samples. When converted to
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full scale, i.e. the time is multiplied by 8, as presented here, ITDs are quantized in steps
of about 42 µs. The expected ITDs are reproduced and a good symmetry is observed
with respect to the median plane. In the inter-laboratory comparison of HRTF mea-
surements (Andreopoulou et al., 2015), a strong variability of ITDs was found between
the different submissions, up to 235µs for the lateral directions. Comparing our results
to all the submissions, the estimated ITDs are in general agreement if we consider the
quantization in our results.

3.2.3 Spatial decomposition method
The Spatial Decomposition Method (SDM) is a spatial encoding technique using

a parametric approach that can be applied to any compact microphone array geome-
try (Tervo et al., 2013a). It has been used for spatial analysis and auralization of concert
halls (Pätynen et al., 2016), and also for their graphical representation (Pätynen et al.,
2013; Tervo et al., 2013b). These tools are implemented in a MATLAB package, the SDM
Toolbox (Tervo, 2020). The method is based on the assumption that the sound field arriv-
ing on the compact microphone array can be described as a succession of plane waves and
thus a spatial impulse response can be decomposed into a set of discrete pressure values
and their corresponding direction of arrival (DOA), i.e. an image-source is attributed
at each time sample. The direction of each image-source is estimated using least square
solution for time difference of arrival (TDOA) and its pressure value is ideally provided
by the signal at the geometric center of the array.

For an array recording N RIRs h(k)i at locations ri, i = 1, . . . N , windowed around the
sample of interest k with a Hann window of size L, TDOA τ

(k)
i,j between the microphones

i and j for this time sample can be estimated by finding the delay that maximizes the
cross-correlation between the two signals, i.e.

τ̂
(k)
i,j = argmax

τ
{R(k)

i,j (τ)} , (3.11)

where
R

(k)
i,j (τ) = F−1{H(k)

i (ω)H̄(k)
j(ω)} (3.12)

with F−1 the inverse discrete Fourier transform, H(k)
i (ω) and H

(k)
j (ω) are the dicrete

Fourier transforms of the windowed RIRs, and “ · ” denotes complex conjugation. The
method uses interpolation on a Gaussian curve (Zhang et al., 2005) to refine the estimation
to subsample accuracy.

The average direction of the wave can then be estimated using the least square solution
for the slowness vector

mk = V†τ̂k , (3.13)

where V† is the Moore-Penrose pseudoinverse of V, the microphone position difference
vector,

V =
[
r1 − r2 r1 − r3 . . . rN−1 − rN

]T
, (3.14)

and τ̂k is the corresponding TDOA estimate vector,

τ̂k =
[
τ̂
(k)
1,2 τ̂

(k)
1,3 . . . τ̂

(k)
N−1,N

]T
. (3.15)

The DOA nk is obtained by
nk = − mk

|mk|
. (3.16)
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The image-source coordinates for the time sample k are eventually deduced considering
its distance dk = ck/fs to the compact array, and its amplitude is given by the pressure
value of an omnidirectional microphone of the array, ideally at the center but it has been
shown that choosing any of them did not have a great impact.

An image-source can be attributed to each time sample by sliding the window. Its
size is bounded by the size of the array, so that a wave has crossed the array entirely to
be able to estimate its direction. Using long windows results in considering several sound
waves arriving at the same time that can result in errors regarding the DOA estimation.
The optimal parameters for the method have been investigated by Amengual Garí et al.
(2021) with simulations using the image-source method. For a microphone array composed
with 7 omnidirectional capsules, one at the center and 6 arranged as pairs in orthogonal
directions, the optimal array diameters are 5 cm and 10 cm, resulting in the lowest and
similar DOA errors. Concerning the window length, for the 10 cm array, the optimal sizes
are around 36 and 64 samples for a sampling frequency of 48 kHz.

3.2.4 Measurements in a 1:10 concert hall scale model

These methods are tested in a 1:10 scale model of a concert hall. The model has
been constructed to plan the acoustics of the future concert hall of the Sinfonia Varsovia
Centrum in Warsaw, Poland, designed by Atelier Thomas Pucher. Its design is intended to
combine the shoe-box hall acoustics with the visibility that offers a vineyard hall seating
arrangement. To achieve this, the walls form a box that contains three levels of large
oval-shaped ribbon balconies surrounding the stage. It is planned to accommodate 1800
people. The particular reason to build a scale model in this case is that the balconies and
the suspended reflectors form curved surfaces that are difficult to model with geometrical
room acoustic simulation software.

The acoustic consultants in charge are Müller-BBM, Berlin, Germany, for the design
team and Kahle Acoustics, Brussels, Belgium, for the project owner. On behalf of the
latter, we have conducted a series of measurements. It constitutes a practical case to eval-
uate the viability of the proposed tools. We do not provide here a systematic comparison
of measurements with the acoustic criteria set for this hall. Results for the reverberation
time are nevertheless presented.

3.2.4.1 Scale model

The scale model is mainly made of wood, and the curved surface such as the fronts and
the undersides of the balconies, or the suspended ring reflectors are finished with plaster.
Figure 3.12 shows two spherical photographs from the top balcony from the back of the
stage (fig. 3.12a) and from the rear of the hall(fig. 3.12b). All the surfaces are painted
to make them more reflective, except the wall located behind the stage that is made of
glass. The absorption is provided by the chairs where a piece of felt is hung. The model
has been constructed by Pracownia Tryktrak (2020).

3.2.4.2 Measurements and methods

Four different sources were used during the measurement sessions. Figure 3.13a shows
one configuration of them on stage. From left to right, there are a Dr-Three1 dodecahedral

1http://www.dr-three.com/
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Figure 3.12 Spherical photographs of the Sinfonia Varsovia Centrum
concert hall scale model from the top balcony, from the back of the
stage (a) and the hall (b).

(a) (b)

Figure 3.13 Photographs of the sources. (a) One configuration on
stage, from left to right: dodecahedral, single tweeter, cubic, and tetra-
hedral source. (b) Detail of the cubic source with the rotating board.

source, a single dome tweeter, a custom piezoelectric cubic source, and the tetrahedral
source presented in section 3.1. The single tweeter is an Audax TM020G3 used in sec-
tion 3.1 to obtain a directive source that could represent the voice directivity, but it is
not exploited here. Figure 3.13b shows the piezoelectric cubic source in more detail. Six
piezoelectric chips are mounted on each face on a cube of about 3 cm edge. Each source
was installed on a rotating board to perform several source rotations when recording the
omnidirectional RIRs. They were driven by a Samson Servo 120a amplifier. The micro-
phone used for the latter, as well as for the set of RIRs for SDM is a Feichter M1, the same
as those which equip the scale dummy head. Source and receiver positions are indicated
in appendix A.

A set of 8 impulse responses was recorded to apply SDM, one at each corner of a
cube of 3.7mm edge, representing a 64mm diagonal at full scale. For this purpose, two
micrometric linear manual stages were mounted perpendicularly to move the microphone
attached to the end of a rigid arm in the horizontal plane as shown in fig. 3.14b. The
assembly was fixed on a support adapted to the seat of the model. The sources were
not moved or rotated between each measurement, and the configuration chosen is the
one shown in fig. 3.13a. To move the microphone in the vertical direction, a precision
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(a) (b)

(c) (d)

Figure 3.14 Photographs of the receivers. (a) Omnidirectional mi-
crophone. (b) Manual stages with an omnidirectional microphone.
Scale head in the parterre (c) and behind the stage (d) facing the
cubic piezoelectric source.

wedge of the correct thickness was installed between the support and the stages. However,
this proved to be too imprecise, introducing a rotation during reassembly, restricting the
analysis to the lateral plane.

The BRIRs were recorded with the head facing the piezoelectric cubic source positioned
at SP1 as shown in fig. 3.14d. The calculation of IACC is therefore only valid for the
latter.

All the RIRs have been obtained using the swept sine method. The logarithmic sweep
duration was a 1 s repeated twice for each source, spanning frequencies from 1.5 kHz to
90 kHz. All were connected to an audio interface (RME Fireface 802) configured at a
sample rate of 192 kHz, controlled with MATLAB 2018b. The temperature and humidity
were regularly measured to apply the proper numerical air absorption compensation.

3.2.4.3 Results

Counting the three presumed omnidirectional sources, their rotations, and the re-
ceiver positions, 144 RIRs were measured. Figure 3.15 represents the distribution of T20

that have been estimated for the 250Hz to 2000Hz octave band. The average at mid-
frequencies is around 2.1 s. The distributions appear centered, and half of the measured
positions are within ±1 JND from the mean in their respective octave band.

BRIRs have been measured at 12 positions across the hall. The interaural decorrelation
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Figure 3.15 Kernel density estimates and box plots of reverberation
time T20 obtained from 144 RIRs. Mean is indicated with a black cross.

Figure 3.16 Early interaural decorrelation coefficient, IADC0,80ms,
for 12 receiver positions and the piezoelectric cubic source at SP1, in-
dicated in appendix A. Bars represent ±1 standard error of the mean
(red) and ±1 standard deviation (blue). Solid and dotted (red) lines
represent means and medians, respectively.

coefficient for the early part defined as IADC0,80ms = 1− IACC0,80ms (Xiang et al., 2019),
for each one is represented in fig. 3.16. For this time interval, high values of the coefficient
correlate with greater values of subjective apparent source width (Beranek, 2008). At
mid-frequencies, more than half of the positions are below 0.5 which can be considered as
a satisfactory value regarding concert halls. Some positions such as RP42 and RP44 rank
high compared to the others. These particular positions were located close to the corners
of the rear of the hall (see appendix A), probably resulting in a strong lateral reflection.

As already mentioned the relative positions of the microphone during the spatial RIRs
measurements is know precisely in the horizontal plane only, the spatial analysis is there-
fore restricted to this one. The window length for DOA estimation is 100 samples at
44 100Hz sampling frequency, higher than the limit due to the array size, chosen to match
the average length of the impulse responses (in free field) produced by the sources. A
2 kHz low-pass butterworth filter of order 3 has been applied to all RIRs as a compromise
between bandwidth for the localization method and frequency band where the sources can
be considered as more omnidirectional. Figure 3.17 represents the cumulative energy dis-
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Figure 3.17 Cumulative energy distributions in the lateral plane ob-
tained by SDM at position RM3 for three different sources: (a) tetrahe-
dral, (b) dodecahedral, and (c) cubic source. Their position is indicated
with a red dot.

tributions over increasing time intervals from 0ms to 20ms, 50ms, 100ms, 200ms, 300ms,
500ms, and 1000ms. For all three sources, the direction of the direct sound seems to be
estimated satisfactorily considering the distributions for the first time interval. Lateral
reflections are observed in the early part, 50ms after the direct sound. These reflections
for the sources on the sides of the stage are in good correspondence, with nevertheless
some estimated directions with rather high relative levels for the dodecahedral source
(fig. 3.17b), from the back notably. Comparing our results with the energy distributions
provided by Tervo et al. (2013b) for several halls including shoebox-, vineyard-, and fan-
shaped concert halls, the present hall corresponds more to the shoe-box halls, where the
presence of lateral reflections results in more triangular distributions.

3.3 Discussions and conclusions

In this chapter we have reported our results of investigations concerning the design of
omnidirectional sources and spatial receivers for room acoustic scale models.
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3.3.1 Sources
Three source designs were proposed and evaluated according to the ISO 3382-1 (2009)

standard procedure for 1:10 to 1:20 scale factors. Among them, two were tweeter arrays
whose configuration was estimated from the directivity of the individual elements. The
estimation method was based on octave-band averages and did not take into account many
other factors such as reflections from the source body. It could be improved by working
with complex pressure or narrower bands, and by taking translations into account.

The tetrahedral source was found to be more adapted for low-frequency range. It
did not fully comply the standard but rotations could be envisaged to estimate room
acoustic parameters. Its enclosure is only a prototype and a more spherical design could
be envisaged. The super-tweeter array could be used in association to cover the high-
frequency range.

The latest design using an inverted horn visibly improved the omnidirectionality com-
pared to the tweeter alone, but introduced strong resonances. Further investigations on
methods to mitigate them to consider using it for perceptual studies is needed. However,
in this state, the source could be used for late field parameter measurements. Further-
more, only one horn geometry has been fabricated here, but other profiles and dimensions
associated with different tweeters could be tested.

3.3.2 Receivers
Using scale model for perceptual testing is not a new idea, but it is necessary to be

able to capture the spatiality of the sound field from a listener’s point of view. At full
scale, the most common methods are binaural or ambisonic recordings.

Artificial heads have already been adapted to scale models in different studies. Here we
have presented the first 1:8 reproduction of the Neumann KU 100 artificial head, a model
widely used in the community. The measurements showed that is satisfactorily reproduced
ITDs and ILDs of the full scale model. However, the microphones and especially the
sound source used only achieved a sufficient SNR up to about 4 kHz at full scale. It was
tested in the context of IACC measurements in a concert hall model built at a scale of
1:10, therefore not directly appropriate but could represent a larger than average person.
Preliminary listening by the author has shown that frequency extrapolation methods
should be considered.

SDM also tested in this model and had the advantage that it could be used at any
scale. It is an alternative to ambisonic recordings. The method was adapted by moving
an omnidirectional microphone to several points in a compact volume in space and a RIR
was measured at each. Only the visualization of the directionality of the sound field in
the lateral plane was possible. Measurements in a controlled space should be considered
to evaluate the method more precisely, with a third axis to access the three-dimensional
sound field.
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Chapter 4

A round robin on room acoustical simulations of a
coupled volume case

The advantages and limitations of most numerical methods in room acoustics have
to date been primarily evaluated in single-volume room conditions, placing emphasis on
early reflection components and the early part of the room acoustic impulse response. Few
studies have examined the capabilities of simulations to model correctly the case of coupled
volumes, where the late part of the impulse response is not a simple extension of the early
part and needs to be accurately represented. This chapter presents a round robin type
study comparing the results of different numerical simulation tools with measurements
carried out in an acoustic scale model of a coupled volume system.

The preliminary results of the study described in this chapter were the subject of a
publication in an international conference proceedings (Weber et al., 2019). However, in
the latter, the simulations were compared with the statistical model from coupled vol-
ume theory (Cremer et al., 1982; Summers, 2005) whose parameters have been defined
from measurements of the scale model to ensure its physical realism. In the following,
more direct comparisons between simulations and measurements will be made since the
statistical model does not allow the positions of sources and receivers to be taken into
account (Luizard et al., 2014b). In addition, similar studies have been published con-
comitantly with the one proposed here, allowing a more exhaustive review of the obtained
results.

First, the results of these similar studies are briefly presented in section 4.1. We then
present the methods chosen in this Round Robin in section 4.2, i.e. the scale model, the
measurements as well as the procedure that the participants had to follow are described.
A brief description of each software involved including their own parameter settings is
given in section 4.3. The results are finally presented and discussed in section 4.4 in the
light of similar published studies.

4.1 Previous studies

Three round robin type studies on room acoustical numerical simulations have been
conducted between 1994 and 2002 (Bork, 2000, 2005a,b; Vorländer, 1995), which com-
pared the results of different algorithms with measurements in single volume spaces. The
procedure followed was close to that encountered in acoustic planning in the field of build-
ing design and construction. First the acoustic materials were either described, later the
acoustic properties of the materials were prescribed according to measurements or data
tables for uniformity. These studies have highlighted some trends between simulation
tools, while also showing the importance of user variability and input data quality. The
last large study of this type (Brinkmann et al., 2019) was based on eleven scenarios.
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Eight scenes are simple configurations. They were designed to isolate specific acoustical
phenomena such as single and multiple reflections on finite and infinite plates, scattering,
diffraction, the seat dip effect, or a coupled room. The three other scenes are complex
rooms representing real-world listening environments. In addition they extended the study
to the evaluation in the perceptual domain through auralizations.

The coupled volume scenarios studied in Brinkmann et al. (2019) are more complex as
they are based on two real rooms separated by a large hinged door with inhomogeneous
absorption in the less reverberant space. Two different door opening angles have been
tested, 30.4° and 4.1°. While the double slope decay is clearly visible in the measured
data, their simulations exhibit only a strong coupling behavior, i.e. a small difference
between the two slopes of the decay. This results have been attributed to erroneous
boundary condition data (Aspöck et al., 2019). A similar procedure, to the one we
propose, has been applied in Aspöck et al. (2019) on these scenarios. After adjustment
of the boundary conditions, simulation are in good agreement with the measurements for
the strongly coupled case while it is not the case for the weakly coupled case (door slightly
opened). It could indicate that for more complicated geometries, when the sound field is
obstructed, geometrical acoustics methods have difficulties to accurately model coupled
volume acoustics in weak coupling conditions.

Luizard et al. (2013) compared numerical simulations with measurements made in the
same scale model as the one used here, apart from slight modifications of the configuration
and the materials of the main room. The numerical methods included two commercial
software based on geometrical acoustics (GA): CATT-Acoustic (Dalenbäck, 1996) and
ODEON (Naylor, 1993), as well as two wave-based methods: BEM and finite difference
time domain (FDTD) method. They observed that the geometrical methods were in
better agreement with the measurements. The large discrepancies found for the latter
were attributed to the approximations employed for the numerical mesh, i.e. staircase
approximation for FDTD and uniform element density for BEM, unrealistic boundary
conditions, lack of consideration of air attenuation, and the calibration procedure not
being sufficiently accurate.

4.2 Methods

4.2.1 Scale model
The physical scale model is a simplified coupled volume system of two rooms with

dimensions representing a 1:20 scale concert hall. It has been used in previous studies on
coupled spaces (Luizard et al., 2014a, 2013, 2014b), though the exact configuration of the
main room and its materials have been changed from those studies. The two rooms are
formed by two open boxes that can be joined around a common wall that can be solid
to obtain independent closed volumes or with an aperture when it is desired to achieve
an acoustic coupling. Photographs of the scale model are shown in fig. 4.1. The outer
structure is made of rigid polyvinyl chloride at the floor and the side walls while the
ceiling is in polymethyl methacrylate, a transparent material to allow visual observation
of the interior of the model during measurements. Moreover, in order to avoid flutter
echoes that can occur in such shoebox-shaped geometries, slightly tilted medium density
fiberboards are placed on the side and rear walls with an angle of 2°. This is apparent
in fig. 4.2 showing schematic views of the coupled volume system at full scale. The
main room (fig. 4.1a) has its lateral walls covered with a lightly absorptive and diffusive
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(a) (b)

Figure 4.1 Photographs of the scale models of the rooms: (a) Main
room and (a) reverberation chamber.

Figure 4.2 Schematic views of the coupled volume system

material made with braided seagrass while the floor is partly covered with artificial turf.
No additional material is added to the reverberation chamber (fig. 4.1b), the materials in
place ensuring greater reverberation than the main room despite its lower volume.

At full scale, the main room and the reverberation chamber are approximately 17 000m3

and 5400m3, respectively. These volumes are comparable to those constituting the exiting
concert hall of the Kultur- und Kongresszentrum of Luzern, Switzerland (Johnson et al.,
1999) built on the principle of coupled volumes to allow variable acoustics by adjusting
the coupling, as mentioned in section 2.2.2. The acoustic coupling is achieved with a
single centered rectangular aperture whose surface area is approximately 1% of the total
surface area of the main room’s walls. All the geometric data of the full-scale model can
be found in the invitation sent to the participants included in appendix B.
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4.2.2 Measurements
Measurements were conducted with a miniature dodecahedral loudspeaker (Dr-Three

3D-032) as a sound source, visible in fig. 4.1a, driven by an amplifier (Samson Servo 120a)
with several microphone receivers (DPA 4060). All were connected to an audio interface
(RME Fireface 800) configured at a sample rate of 192 kHz and controlled via MAT-
LAB 2018b. The exponential swept-sine technique was used to obtain the room impulse
responses. Frequencies spanned 200Hz to 60 kHz, covering the octave band of interest
centered on 1 kHz at full scale. Due to the directivy of the source at high frequency, three
source rotations are performed for each positions.

4.2.3 Calibration procedure
In order to avoid issues regarding different implementations of absorption and

impedance conditions across numerical methods, a calibration scheme was used. The
reverberation time in each room was prescribed according to scale model measurements
in the uncoupled configuration. For simplicity, participants were instructed to adjust ma-
terial properties of walls uniformly for each room (i.e. all walls of each volume have the
same material definitions) to match the prescribed reverberation times. Measurements
and simulations were carried out for 2 source and 2 receiver positions in the reverbera-
tion chamber and 2 source and 4 receiver positions in the main room (see appendix B).
Measured impulse responses were numerically compensated for scaled air attenuation in
the scale model. Prescribed average T30 in the main room and the reverberation chamber
was 1.26± 0.064 s and 4.52± 0.065 s, respectively.

4.3 Entry descriptions

Solicitations for participants in this study were done via requests over email to a num-
ber of persons involved in the research, development, or use of room acoustics simulations.
They were provided with all the geometrical data needed for the construction of the 3D
model, as well as the instructions concerning the calibration procedure based on the un-
coupled acoustic parameters. This invitation is included in appendix B. In total, there
were 11 different entries using 10 different numerical methods with 3 wave-based methods,
and 7 geometrical acoustic implementations. A short description of the programs used,
mostly provided by participants, and their parameters are presented in arbitrary order.

I-Simpa: Version 1.3.4 is an open-source graphical user interface developed to host
three-dimensional numerical codes for the modeling of sound propagation in complex
geometrical domains. The calculation code used was SPPS (from French “Simulation de
la Propagation de Particules Sonores”), version 2.2.1, based on a particle-tracing method
(Picaut et al., 2012). The radius of the receivers was set to 10 cm, 50 million particles
were used for each source and were collected using time slots of 20ms.1

Wave-based: Two academic participants used CE-FDTD methods with different
schemes. One used an implementation of the 3D standard rectilinear scheme, known as
standard leapfrog scheme (SLF) while the other used the interpolated wideband (IWB)
scheme. A description of those schemes may be found in Kowalczyk et al. (2010). The SLF
scheme used a c =344m s−1, fs =18 933Hz, a spatial grid of 31.5mm and ∆t =52.82 µs.

1The resulting data were echograms, not impulse responses. In consequence, no 1 kHz-octave band
filter was applied.
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The IWB scheme used c =340m s−1, spatial grid of 8.5mm, and ∆t =23.75 µs. The room
surface boundaries were assigned to be locally reacting and the impedance is frequency-
independent in both implementations. A third entry used a software developed at the
University of Edinburgh based on a hybrid finite difference and finite volume method.
A description of the finite volume method part used in this implementation is given in
Bilbao et al. (2017).

RAMSETE: Version 3.02 uses a Pyramid Tracing algorithm capable of solving the
sound propagation problems in large enclosures or outdoors (Farina, 1995). The method
employed was pyramid tracing with surface scattering and edge diffraction up to the
second order. Discrete paths were saved up to fourth order. The number of pyramidal
beams launched by each source was 32 768 and the energetic impulse responses were
computed with a resolution of 1ms.

CATT-Acoustic: TUCT v2.0e:1.01 algorithm 1 (CATT-Acoustic/TUCT, 2016) was
used. Ray split-up between diffuse and specular reflections are performed randomly with
a probability determined by the scattering coefficient (max split-order= 0). Calibration
of the main room used 716 486 rays, the reverberation chamber 638 082 rays, for each
source. The coupled configuration used 2 000 000 rays with auto-edge scattering applied
on the aperture edge planes.

ODEON: Simulations were performed using ODEON Combined version 15.13
(ODEON, 2018). The calculation model is hybrid, using image source method plus ra-
diosity for early reflections and ray tracing plus radiosity for late reflections. Reflections
of first and second order were treated as early reflections. A total of 16 000 rays were used
for late reflections for each source. Ray tracing was made using the method of reflection
based scattering.

RAVEN: The Room Acoustics for Virtual ENvironnements software, developed at
RTWH Aachen University (Schröder, 2011; Schröder et al., 2011), uses a hybrid algo-
rithm that combines Image Source Method for the direct sound and early reflections with
ray-tracing for the late reverberation, with ray tracing calculating an energy decay his-
togram based on specular reflections of order 3, diffuse reflections for order 1, and diffuse
energy based on the diffuse rain model. One participant used the 2018.v2 version with
500 000 rays for the calibration of the absorption coefficients and 1 000 000 rays for the
coupled rooms simulations. A second entry used 2019.v1 version with 500 000 rays for
all simulations. They both used image sources for specular reflections up to the second
order and ray-tracing parameters set to 1m for the radius of the detection sphere with
time slots of 10ms.

Path tracing: One entry employed a geometrical acoustics simulation method based
on unidirectional path tracing from the receiver position with next event estimation, a
computer graphics method of rendering images of three-dimensional scenes, also termed
“diffuse rain” in acoustics (Schröder, 2011). Materials are described by a glossy Phong
reflectance model, an empirical reflection model used in computer graphics, that is con-
trolled by the scattering coefficient. Energy decay histograms are computed for each band
at full sample rate, converted to pressure envelopes, then the per-band pressure envelopes
are multiplied by filtered white noise and summed to compute the pressure IR.

SoundPLANnoise: Version 8.2 using the Sound Particle Diffraction method (Stephen-
son, 2018) was used. It incorporates specular and diffuse reflections, transmission, room
scattering, and geometrical diffraction. Diffuse reflections are modeled according to the
Lambert cosine law and diffraction is performed according to the uncertainty-based diffrac-
tion theory (Stephenson, 2010), which allows for arbitrary diffraction orders. The ener-
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(a)

(b)

Figure 4.3 Reverberation times T30 from measured and simulated
RIRs for the main room (a) and the reverberation chamber (b) in
uncoupled configuration. Individual source-receiver pair data points are
represented with an attributed color. Mean is indicated with a red line,
and ±1 standard error of the mean and ±1 standard deviation with a
red and blue rectangle, respectively.

getic impulse responses were computed with a resolution of 1ms1.

The main room has a large surface area of diffusing materials with a characteristic
roughness depth of 6 cm at full scale, while the second room has smooth walls. For the
1 kHz octave-band, scattering coefficients of 20% and 10% were suggested for the two
rooms respectively. However, due to differences in implementations of such parameters,
this was not a controlled parameter. For example, in the wave-based methods, one par-
ticipant modeled wall roughness directly with a diffuser design.

Participants were asked to submit simulated room impulse responses in audio WAV
format in order to apply the same routine for acoustical parameter calculations and thus
avoid introducing another source of divergence from different implementations (Cabrera
et al., 2016; Katz, 2004). In the following results section, entries have been randomly
assigned identification letters from A to K, to ensure anonymity. The only grouping that
we can provide is that A to H are geometrical methods, while I to K are wave-based
methods.
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Figure 4.4 Statistical, measured, and simulated energy decay curves
of the coupled configuration for the 1 kHz-octave band for S1R3 posi-
tion. Entries are not specified, but geometrical and wave-based methods
are represented with common colors.

4.4 Results

4.4.1 Calibration of reverberation times

Figure 4.3 shows the reverberation times T30 for each source-receiver pair calculated
from measured and simulated RIRs. Each source-receiver position is represented with
an attributed color. For both rooms, the highest relative difference is 11%. Overall, the
calibration procedure was respected. The variances of the results from the simulations was
lower than the measurements except for entry J in the reverberation chamber shown in
fig. 4.3b. This can be explained by the fact that the physical has inhomogeneous boundary
conditions, contrary to the simulations. The participants had the choice to only use half
of the source-receiver positions due to computation time, this was only done by entry
K. These variances in the calibration stage exceeded expected differences resulting from
T30 calculations from RIRs, which were on the order of 3% to 5% (Katz, 2004), and
would be expected to be even less for noise-free RIRs. This also exceed the JND for the
reverberation time which is usually considered to be 5%. Entry I reported difficulties
with the calibration of the reverberation time of the chamber due to the sensitivity of the
results to the resolution of the absorption coefficients in their implementation.

Comparing the simulations between themselves, the spatial variations of T30 do not
correspond, although they consider a homogeneous absorption at the walls. Nevertheless,
we can mention the pair S2R4 in fig. 4.3a for which the reverberation time is relatively
high for each submission, except for H, but also in the measurement. This highlights the
important role of diffuse reflections on the spatial variation of the sound decays even in
simple rooms. Some methods lead to a low spatial variation compared to others, such as
B, E, F , G, and H, and this seems to be maintained from one room to another.

4.4.2 Coupled volumes acoustical parameters

The energy decay curves from the measured and simulated room impulse responses
for one source-receiver pair in the octave band of interest is presented in fig. 4.4. The
double-slope decay behavior expected for a coupled volume system is clearly visible for
all entries and, based on visual impression, they seem to be in good agreement with the
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Figure 4.5 Comparison of resulting acoustical parameters from ML
from measured and simulated RIRs. Individual source-receiver pair data
points are represented with an attributed color. Bars represent ±1 stan-
dard error of the mean (red) and ±1 standard deviation (blue). Dashed
lines represent the statistical model (blue) and the average measured
(red) results. Grey bars are ±1 standard deviation of the measure-
ments.

statistical model’s EDC in particular for the late decay time, but also in better agreement
with the measurement as expected because the statistical model can not reproduce the
spatial variation of double slope decays (Luizard et al., 2014b).

Figure 4.5 shows the coupled volume acoustic parameters obtained with the Marching
Line method (Luizard et al., 2011), as described in section 2.2.4, for the scale model
measurements and the simulations. and those using the statistical energy balance model.
The statistical model results are also indicated with blue dash lines. Comparing the
latter with the measurements, the decay rates DT1 and DT2 are in well agreement with
relative differences of 8% and 7%, respectively. The most notable difference between
the statistical model and the physical model concerns the bending point. The statistical
model predicts a transition occurring later and lower in level than was measured with
∆BPt=0.2 s and ∆BPL=7 dB, taking into account the margin of the standard deviation.
Of primary interest are the decay rates of the different simulations, which approach those
of both the statistical model and the measurements, considering the previous remarks.
For the main volume, DT1 of entries C, D, I, J , and K show good agreement with the
statistical model on average, while the remaining entries are in better agreement with the
measurements. The scale results are slightly higher than the statistical model, but not
to the same degree than E or G. In almost perfect contrast, those performing well for
DT1, with regard to the statistical model, as well as A, underestimated DT2, except J
and K that are in agreement with the measurements. The remaining entries, except H,
provided comparable values to the statistical model, and B falls in between it and the
measurements.

Regarding the bending point, those methods that are in better agreement with the
statistical DT2 also matched the statistical model of BPt, such as B, E, F , G, and H.
The remaining entries result tend more towards the results of the scale model. These
hold for BPL, all methods and all source-receiver positions resulted in higher values than
statistical model, with the same group A,C,D, I, J,K resembling more the results of the
scale model.
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The differences present for the uncoupled calibration phase are found in the coupled
decay times as a general trend, but it is noted that entries with the highest calibration
differences did not have the most extreme parameter predictions, e.g. entry I. In addition,
entry H appears to have a significantly stronger direct sound component (see fig. 4.4)
which accounts for it being a relative outlier for BPL.

Regarding trends across similar methods, while maintaining anonymity, it can be
said that wave-based methods were relatively consistent with respect to double-slope
parameter results. The commonalities of the remaining methods makes it difficult to
separate them further in any attempt to explain the observed data groupings. In addition,
further explaining the observed differences from the implementation of the boundary
conditions could lead to a breach of anonymity.

Variances for parameter DT1 are smaller than observed for the measured data, except
for entry J . For other parameters, numerical simulations exhibit larger variances, except
entries H and I; entries B and D have similar variances compared to measurements.
All entries simulated the 8 source-receiver pairs, except K that only used source S1.
Considering the same positions, this entry has a higher variance only for DT2. Similarly
to the observations made for the calibration of reverberation times, the spatial variation
of the parameters strongly differ between methods. For example, the positions with
maximum and minimum values, sometimes being outliers, are often different from one
method to another.

4.5 Discussions and conclusion

One limitation in the present study is that the model had inhomogeneous absorption,
while this was not the case for the simulations. This limits the validity of the comparisons
that we can make between the results of measurements and those of simulations. Further-
more, a comparison with the present statistical model is also limited by the fact that it
does not reproduce the spatial variation of decays that can exist for such a system. How-
ever, the measurements allowed to verify that the present system clearly exhibits double
slope decays, and thus provide a common case with realistic physical parameters to model
numerically, all methods then employing an assumption of homogeneous wall absorption
in each of the two rooms. Moreover, a calibration procedure was used to compare the
methods between them.

With respect to this point, although it was globally respected, there remain important
differences with respect to what could have been expected. It would have been convenient
to provide a calculation code allowing to estimate the reverberation time with a common
tool, and thus to get rid of this source of variations. The participant of method I reported
that the impedance parameter did not have enough resolution to reach the prescribed value
in the case of the reverberation chamber. This has since been resolved, however, and it
is likely possible that the results would have been slightly different.

Perceptual thresholds regarding double-slope decay parameters have been examined by
Luizard et al. (2015). For a system of coupled volumes with a configuration comparable to
the one used in the present work, just noticeable differences were around 10% for DT1 and
20% for DT2, BPt, and BPL. Overall, differences observed among simulations exceeded
these thresholds on average for at least one parameter compared with the statistical or
the physical model.

This study presented a simplified test case to compare the ability of various numerical
methods for room acoustic simulations to reproduce or predict classical coupled volume
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behavior. Contrary to the previous study of Luizard et al. (2013), these results show that
the tested methods are capable of representing coupled volume behavior, although not all
results are consistent with statistical theory or comparable to measurements. Compar-
isons of methods shows the range of values (variance) across the 8 source-receiver pairs
varies significantly, potentially highlighting issues regarding local variations being poorly
represented for some methods. Future study could provide a more detailed geometri-
cal model with specific material properties determined though laboratory measurements
similarly to the previous round robin studies (Aspöck et al., 2019; Bork, 2000, 2005a,b;
Brinkmann et al., 2019; Vorländer, 1995). Such input data should allow for direct com-
parisons of simulated results to the physical scale model, which is not appropriate in the
current study due to the simplifications in the model and homogeneous application of
material properties.
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Part II

Sound scattering by architectural piers
and columns
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Chapter 5
A hybrid finite difference and finite volume time
domain method

The sound scattering by complex geometries can be studied with the help of compu-
tational methods. They can be separated into two families: the frequency domain and
time domain methods. The former solves the Helmholtz equation and allows to obtain
the steady-state harmonic response. The latter solves the wave equation and offers the
advantage to give a broadband result with a single simulation using a pulse excitation
source. This is particularly interesting in our case, as our goal is to characterize the
scattering properties of obstacles over a large part of the audible spectrum. In this sense,
they can be seen as the computational equivalent of physical measurements.

In this chapter, we present the hybrid time domain method developed to study sound
scattering by cylindrical obstacles of complex geometries. They are considered to be im-
movable and their boundaries are locally reactive. The method is based on the generation
of a hybrid mesh with a regular structured part where the finite difference (FD) time
domain method applies and an unstructured mesh conforming to the boundaries of the
objects treated with a finite volume (FV) time domain method. The method is limited
to two dimensions of space. Since the characterization of acoustic scattering properties is
ideally done with an incident plane wave, it is possible to restrict ourselves to the plane
perpendicular to the cylinder axis. Moreover, as a scattering event happens on a short
time, absorption of the medium, air in our case, can be neglected.

First, we recall in section 5.1 basics of the FD methods applied to solve the wave
equation and we introduce the formalism used. Then, the FV method is presented in
section 5.2, based on recent works that formalize it for applications in room acoustics.
Then, we present in section 5.3 how the two methods are used together through the
generation of hybrid meshes adapted to the characterization of finite obstacles that interest
us. The proposed method is compared with analytic solutions for the rigid circular cylinder
case and other numerical codes such as BEM or developed to solve multiple scattering
problems in section 5.4. Finally, discussions and conclusions are given in section 5.5.

5.1 Finite Difference Method

FD methods form probably the oldest family of numerical methods for solving ordi-
nary differential equations and partial differential equations (Boole, 2009). The key idea
of these methods is to replace the derivatives appearing in a differential equation govern-
ing a physical system by finite differences that approximate them. The derivative of a
continuous and differentiable function f at x can be defined by

df

dx

∣∣∣∣
x

= lim
∆x→0

f(x+∆x)− f(x)

∆x
. (5.1)
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Using this definition, one could approximate the derivative by the so called Newton’s
difference quotient :

df

dx

∣∣∣∣
x

=
f(x+∆x)− f(x)

∆x
+ ε, (5.2)

where ε is an error term whose asymptotic behavior with respect to ∆x will be specified
in the following. Equation (5.2) is known as forward difference.

The common and general way to find the expressions of the derivative approxima-
tions is to write the Taylor series expansions of f (considered infinitely differentiable for
convenience) about x+∆x and x−∆x, two points neighboring of x, and thus

f(x+∆x) = f(x) +∆x
df

dx

∣∣∣∣
x

+
∆x2

2!

d2f

dx2

∣∣∣∣
x

+
∆x3

3!

d3f

dx3

∣∣∣∣
x

+ · · · , (5.3a)

f(x−∆x) = f(x)−∆x
df

dx

∣∣∣∣
x

+
∆x2

2!

d2f

dx2

∣∣∣∣
x

− ∆x3

3!

d3f

dx3

∣∣∣∣
x

+ · · · . (5.3b)

The forward difference is retrieved from eq. (5.3a) while the backward difference is
obtained from eq. (5.3b), giving respectively

df

dx

∣∣∣∣
x

=
f(x+∆x)− f(x)

∆x
+O(∆x), (5.4a)

df

dx

∣∣∣∣
x

=
f(x)− f(x−∆x)

∆x
+O(∆x), (5.4b)

with O(∆x) being the notation for the error term resulting from the truncation in the
series, meaning that the error is proportional to ∆x for those two approximations. They
are said to be first order accurate or consistent at the first order.

Otherwise, subtracting eq. (5.3b) from eq. (5.3a) and dividing by ∆x yields

df

dx

∣∣∣∣
x

=
f(x+∆x)− f(x−∆x)

2∆x
+O(∆x2), (5.5)

which is called the central difference. In this case the approximation is second order
accurate.

Obtaining an approximation of the second derivative of f is also feasible by adding
eqs. (5.3a) and (5.3b) and rearranging the terms, which results in

d2f

dx2

∣∣∣∣
x

=
f(x+∆x)− 2f(x) + f(x−∆x)

∆x2
+O(∆x2), (5.6)

which is also second order accurate. Another way to arrive at this approximation is to
apply a forward difference and then a backward difference (or the other way around).

We have presented the finite differences approximations for a one-variable function
but our problems are described by partial differential equations whose solutions are mul-
tivariate functions dependent of space and time. Furthermore, substituting the derivative
terms of a differential equation by these finite differences leads to discretize the solution
on a finite number of points. Considering a multidimensional continuous function f de-
pendent of time t and space x = (x, y) ∈ R2 with x and y being the coordinates in a
Cartesian system with two dimensions. The objective is to approach the exact solution
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in a finite number of points xj = j∆x and yl = l∆y with (j, l) ∈ Z2 in space and a finite
number of time steps tn = n∆t with n ∈ N. The value at these points is noted

fn
j,l = f(xj, yl, tn) = f(j∆x, l∆y, n∆t) , (5.7)

where ∆x and ∆y are the spatial sampling periods in respective direction x and y, while
∆t is the time sampling step. Thus the method leads us to build an algorithm that
compute an approximate value f̃n

j,l of fn
j,l. However, in the following, we will not specify

this distinction and the recurrence equations describing a FD time domain scheme for
updating quantities of interest are written with index notation.

In order to derive a FD scheme, it may be convenient to define these approximations
as finite difference operators as suggested by Bilbao (2009). For a multivariate function,
the forward, backward and central time difference operators can be written respectively
as

δt+f
n
j,l ≜

fn+1
j,l − fn

j,l

∆t
=
∂f

∂t

∣∣∣∣
xj ,yl,tn

+O(∆t) , (5.8a)

δt−f
n
j,l ≜

fn
j,l − fn−1

j,l

∆t
=
∂f

∂t

∣∣∣∣
xj ,yl,tn

+O(∆t) , (5.8b)

δt·f
n
j,l ≜

fn+1
j,l − fn−1

j,l

2∆t
=
∂f

∂t

∣∣∣∣
xj ,yl,tn

+O(∆t2) . (5.8c)

As mentioned above, the second order operator can be constructed by composition of the
non-centered first order operators as

δttf
n
j,l ≜

fn+1
j,l − 2fn

j,l + 2fn−1
j,l

∆t2
= δt+δt−f

n
j,l =

∂2f

∂t2

∣∣∣∣
xj ,yl,tn

+O(∆t2) . (5.9)

Similarly, the first order spatial difference operators for forward, backward and central
differences with regards to the x-axis can be written respectively as

δx+f
n
j,l ≜

fn
j+1,l − fn

j,l

∆x
=
∂f

∂x

∣∣∣∣
xj ,yl,tn

+O(∆x) , (5.10a)

δx−f
n
j,l ≜

fn
j,l − fn

j,l−1

∆x
=
∂f

∂x

∣∣∣∣
xj ,yl,tn

+O(∆x) , (5.10b)

δx·f
n
j,l ≜

fn
j+1,l − fn

j−1,l

2∆x
=
∂f

∂t

∣∣∣∣
xj ,yl,tn

+O(∆x2) (5.10c)

and also

δxxf
n
j,l ≜

fn
j+1,l − 2fn

j,l + 2fn
j−1,l

∆x2
= δx+δx−f

n
j,l =

∂2f

∂x2

∣∣∣∣
xj ,yl,tn

+O(∆x2) . (5.11)

5.1.1 Yee’s algorithm for linear acoustics
Yee (1966) is commonly cited as the first to implement a scheme for solving initial

boundary value problems involving Maxwell’s equations. This time stepping numerical
scheme is usually referred as Yee’s algorithm (Taflove et al., 2005) or Yee’s scheme. It
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∆y
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pn+1

(u, v)n−1/2

(u, v)n+1/2

∆t

(b)

Figure 5.1 Yee lattice adapted to linear acoustics. Staggered in
(a) space and (b) time.

has been since adapted to linear acoustics by several authors (Botteldooren, 1995; Schady
et al., 2014; Wang, 1996). They solve the system of partial differential equations derived
from the conservation of momentum and mass giving respectively

ρ
∂v

∂t
= −∇p , (5.12a)

1

ρc2
∂p

∂t
= −∇ · v , (5.12b)

with v and p the acoustic velocity and pressure fields, respectively, ρ the density of the
propagation medium, and c the speed of sound. ∇ and ∇· are respectively the gradient
and divergence operators. The analogy with electric and magnetic fields is clear. In a two
dimensional space, this system can be written

ρ
∂u

∂t
= −∂p

∂x
, (5.13a)

ρ
∂v

∂t
= −∂p

∂y
, (5.13b)

1

ρc2
∂p

∂t
= −

(
∂u

∂x
+
∂v

∂y

)
, (5.13c)

with x and y the Cartesian coordinates, u and v the velocity components. The space
is dicretized using a Yee lattice as shown in fig. 5.1 where p, u and v are evaluated on
staggered grids in space (fig. 5.1a) and time (fig. 5.1b). Using the difference operators
introduced earlier, the system can be approximated by

ρδt−u
n+1/2
j+1/2,l = −δx+pnj,l , (5.14a)

ρδt−v
n+1/2
j,l+1/2 = −δy+pnj,l , (5.14b)

1

ρc2
δt+p

n
j,l = −

(
δx−u

n+1/2
j+1/2,l + δy−v

n+1/2
j,l+1/2

)
. (5.14c)
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That leads to the following updates equations

u
n+1/2
j+1/2,l = u

n−1/2
j+1/2,l −

∆t

ρ

pnj+1,l − pnj,l
∆x

, (5.15a)

v
n+1/2
j,l+1/2 = v

n−1/2
j,l+1/2 −

∆t

ρ

pnj,l+1 − pnj,l
∆y

, (5.15b)

pn+1
j,l = pnj,l − ρc2∆t

(
u
n+1/2
j+1/2,l − u

n+1/2
j−1/2,l

∆x
+
v
n+1/2
j,l+1/2 − v

n+1/2
j,l−1/2

∆y

)
. (5.15c)

The staggering in time is represented by the fractional part in the time index, but in
practice the operations are performed at the same time when the recursion is implemented.

5.1.1.1 Numerical dispersion

The inherent approximations of the method introduce what is called numerical dis-
persion in the sense that, in the discretized problem, the phase velocity of the wave
will depend on its frequency. The common way to analyze this dispersion is to consider
monochromatic traveling plane waves. In the discrete space-time domain, such waves can
be expressed

pnj,l = p0e
i(k̂xj∆x+k̂yl∆y−ωn∆t), (5.16a)

unj,l = u0e
i(k̂xj∆x+k̂yl∆y−ωn∆t), (5.16b)

vnj,l = v0e
i(k̂xj∆x+k̂yl∆y−ωn∆t) , (5.16c)

where p0, u0, and v0 are real-valued amplitudes. k̂x = k̂ cos(θ) and k̂y = k̂ sin(θ) are
the components of the effective numerical wave vector k̂ and θ is the angle between the
direction of propagation and the x-axis.

After substituting the plane waves expressions eq. (5.16) into the system of discrete
equations eq. (5.15) and applying the correct substitutions in the resulting system of
equations, we obtain the numerical dispersion relation for this scheme :[

1

c∆t
sin

(
ω∆t

2

)]2
=

[
1

∆x
sin

(
k̂x∆x

2

)]2
+

[
1

∆y
sin

(
k̂y∆y

2

)]2
. (5.17)

On a regular grid, with a square lattice (∆x = ∆y), the dispersion relation may be
written

sin2

(
ω∆t

2

)
= C2

r

[
sin2

(
k̂ cos(θ)∆x

2

)
+ sin2

(
k̂ sin(θ)∆x

2

)]2
, (5.18)

with Cr = c∆t/∆x known as the Courant number. This number is dimensionless and, in
section 5.1.1.2, we will apply a similar method to deduce a condition on it that ensure
the stability of the scheme.

In addition to being frequency dependent, eq. (5.18) shows that the numerical phase
velocity varies with the propagation angle. To inspect this effect, it is possible to write k̂
as function of ω and θ, and thus calculate the ratio between the numerical phase speed
ĉ = ω/k̂ and the real wave speed c. One may refer to van Walstijn et al. (2008) for details
of the calculation. To illustrate this, we evaluate this ratio for Yee’s scheme on a square
grid with Cr =

√
2/2. Figure 5.2 shows the real part, noted with Re(·), and imaginary
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Figure 5.2 Real and imaginary parts of relative phase velocities in
diagonal (θ = π/4) and axial (θ = 0) directions for Yee’s scheme.

part, noted with Im(·), for the relative phase velocities in function of the normalized
frequency. They have been calculated for two propagation angles : θ = 0 being the axial
direction and θ = π/4 being the diagonal one.

For the diagonal direction, represented in dashed lines, the numerical wave speed is
purely real and and the effective numerical phase velocity equals the expected wave speed.
This is not the case for the axial direction. We observe that the curve has a discontinuity
at one point. Below this point, the effective phase velocity is real but the ratio decreases
with frequency. Beyond, it becomes complex and both real and imaginary parts increase.
The frequency where this occurs is defined as the numerical cutoff frequency (Kowalczyk
et al., 2010) from which the wave becomes evanescent. Although the real part increases
until it exceeds the real speed, at the same time, its imaginary part also increases, implying
an increasing attenuation (Schneider et al., 2001).

As a result, the FD method introduces a numerical anisotropy of the propagation
medium. In practice, the rule of thumb for Yee’s scheme often encountered is that the
shortest wavelength of interest should approximately be equal to one-tenth the spatial
step (Botteldooren, 1995). It actually comes from the limitation of the relative phase
velocity admissible error to 2%. Thus, despite a normalized cutoff frequency equal to
0.25/∆t as shown in fig. 5.2, the scheme is in fact considered accurate up to 0.1/∆t. Since
the phase velocity is exact in the diagonal directions for this scheme with Cr =

√
2/2,

this rule is the same for considering the scheme as isotropic according to the definition of
Kowalczyk et al. (2010), limiting the relative difference between the phase velocities for
the “best” and “worst” directions of propagation to 2%.
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5.1.1.2 Stability condition

The stability condition can be derived in a similar way, assuming a propagating discrete
plane wave, but with the difference that the pulsation ω can be complex-valued : ω =
ωreal + iωimag. Similarly to eq. (5.16), the discrete waves are thus written

pnj,l = p0ξe
i(k̂xj∆x+k̂yl∆y), (5.19a)

unj,l = u0ξe
i(k̂xj∆x+k̂yl∆y), (5.19b)

vnj,l = v0ξe
i(k̂xj∆x+k̂yl∆y), (5.19c)

where ξ = e−iωn∆t. With this notation, we can write the relation

pn+1
j,l = ξpnj,l, (5.20)

that shows that advancing by one time step in the numerical scheme is equivalent to mul-
tiplying the solution by ξ. For this reason, it is called the amplification factor (Strikwerda,
2004). The scheme will be unstable for |ξ| > 1, and so we are looking for a condition that
leads to |ξ| ≤ 1, ensuring its stability. Such a procedure is classically known as a von
Neumann stability analysis.

Again, substituting eq. (5.19) into eq. (5.15) and after some manipulations leads to

ξ2 + 2Bξ + 1 = 0, (5.21)

where

B = 2

[(
c∆t

∆x

)2

sin2

(
k̂x∆x

2

)
+

(
c∆t

∆y

)2

sin2

(
k̂y∆y

2

)]
− 1. (5.22)

The solutions of the polynomial eq. (5.21) are

ξ = B ±
√
B2 − 1, (5.23)

whose moduli are bounded by 1 if and only if B2 ≤ 1. This leads to the stability condition

c∆t ≤ 1√
( 1
∆x

)2 + ( 1
∆y

)2
, (5.24)

known as the Courant-Friedrichs-Lewy condition (Courant et al., 1928), linking the spatial
and temporal steps in order to ensure the stability of the numerical scheme. Considering
a regular grid with h = ∆x = ∆y, the stability condition for Yee’s scheme is reduced to

Cr ≤
1√
2
, (5.25)

with Cr = c∆t/h, the Courant number. This is consistent with the principle of causality,
i.e. the wave can not go faster than c, since the criterion indicates that the time step must
be less than the time required for the wave to travel a distance h/

√
2 in the diagonal on

a square lattice. In the previous example, we have shown the numerical dispersion when
the parameters are optimal, i.e. Cr is equal to the stability limit. If Cr is lower then it
also affects the dispersion of the scheme.
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5.1.2 Schemes for the scalar wave equation

5.1.2.1 Cartesian grid

Yee’s algorithm provides a method to calculate the pressure and particle velocity at
uncollocated grid points. If one is interested in calculating only the pressure then it
seems appropriate to construct a numerical scheme to solve the scalar wave equation.
Such a scheme can also be adapted to compute the acoustic velocity potential. With the
knowledge of this potential, it becomes more convenient to calculate, in a second step,
the pressure and the particle velocity at collocated points.

The homogeneous linear scalar wave equation in a two dimensional space for the
velocity potential Φ(x, t) is

∇2Φ− 1

c2
∂2Φ

∂t2
= 0 , (5.26)

with ∇2 = ∂2

∂x2 +
∂2

∂y2
the 2D Laplacian operator in a Cartesian coordinate system. Replac-

ing the derivatives by their corresponding difference operator leads to the approximation(
∂2

∂t2
− c2∇2

)
Φn
j,l =

[
δtt − c2 (δxx + δyy)

]
Φn
j,l +O(h2) +O(∆t2) . (5.27)

The update recursion is eventually

Φn+1
j,l = 2

(
1− 2C2

r

)
Φn
j,l + C2

r

(
Φn
j+1,l + Φn

j−1,l + Φn
j,l+1 + Φn

j,l−1

)
− Φn−1

j,l . (5.28)

This second order accurate scheme is usually referred as Standard Leap-Frog or Standard
Rectilinear. It is equivalent to Yee’s scheme in terms of stability condition and numerical
dispersion but more computationally efficient as, overall, less variables need to be stored.

It has been seen that dispersion limits the useful frequency bandwidth. A family of
explicit schemes, referred as compact-explicit (Kowalczyk et al., 2010) or interpolated (Bil-
bao, 2004b), has been proposed that approximates the Laplacian by extending the spatial
stencil and allowing the use of the first diagonal points. By introducing a parameter
b ∈ R+, the Laplacian may be approximated with

∇2 ≈ δxx + δyy + bδxxδyy , (5.29)

leading to the following update recursion :

Φn+1
j,l = C2

r (1− 2b)
(
Φn
j+1,l + Φn

j−1,l + Φn
j,l+1 + Φn

j,l−1

)
+ C2

r b
(
Φn
j+1,l+1 + Φn

j+1,l−1 + Φn
j−1,l+1 + Φn

j−1,l−1

)
+ 2

(
1− 2C2

r + 2C2
r b
)
Φn
j,l − Φn−1

j,l .

(5.30)

They are stable for

Cr ≤
√

1

2− 4b
, (5.31)

and their accuracy, dispersion and efficiency in the context of room acoustics simulation
has been studied deeply by Kowalczyk et al. (2010). For b = 1/4, the resulting scheme is
called Interpolated Wideband and constitutes a good compromise between isotropy and
cutoff frequency. It is accurate and isotropic up to 0.23/∆t according to the 2% error
criterion. Other schemes can be more isotropic but less accurate such as the Interpolated
Isotropic for b = 1/6, accurate and isotropic up to 0.18/∆t and 0.27/∆t, respectively. This
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Figure 5.3 Hexagonal grid with indexing.

family provides a way to mitigate numerical dispersion using a 9-point spatial stencil and
can be adapted with regards to the intended application. Other ways are to use implicit
formulations such as the alternating-direction implicit method (Bilbao, 2004a), wider
stencils (Dablain, 1986; Liu et al., 2009), or compact higher order schemes (Tuomela,
1994) but these come at the cost of increased complexity and memory requirements.

5.1.2.2 Hexagonal grid

As advised by Taflove et al. (2005), another strategy is to use the hexagonal spatial
grid. Triangular or hexagonal tilings are, with the square one, the only other two regular
tessellations of the plane and they are linked by reciprocity, one being the dual of the
other as shown in fig. 5.3. By connecting the center of each hexagon with the centers
of its neighbors, we obtain the triangular tilling. Thus the grid used for the scheme
presented here is sometimes described as triangular (Zingg et al., 1993) but more often as
hexagonal (Hamilton et al., 2013). On such a grid, it is more convenient to use the three
linearly dependent axes x1, x2 and x3 of respective unit vector

e1 =

[
1
0

]
= ex , e2 =

[−1/2√
3/2

]
, e3 =

[ −1/2

−
√
3/2

]
= − (e1 + e2) , (5.32)

whose components are given with respect to the Cartesian coordinate system. The 2D
Laplacian operator can then be expressed

∇2 =
2

3

(
∂2

∂x21
+

∂2

∂x22
+

∂2

∂x23

)
. (5.33)

A second order accurate approximation △hex of the Laplacian can be constructed by
using a 7-point spatial stencil (Kantorovich et al., 1958), i.e. the center point and its six
nearest neighbors, resulting in

△hex =
2

3
(δx1x1 + δx2x2 + δx3x3) = ∇2 +

h2

16

(
∇2
)2

+O(h4) (5.34)

and showing that this difference operator is also isotropic to the fourth order as the
second-order error term is independent of any direction of space. The update equation
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for Φn
j,l, (j, l) ∈ Z2, n ∈ N, approximating Φ (jhe1, lhe2, n∆t) with ∆t the time step, h

the grid spacing, is eventually

Φn+1
j,l = 2

(
1− 2C2

r

)
Φn
j,l − Φn−1

j,l

+
2

3
C2

r

(
Φn
j+1,l + Φn

j−1,l + Φn
j,l+1 + Φn

j,l−1 + Φn
j+1,l+1 + Φn

j−1,l−1

)
.

(5.35)

This scheme is stable for

Cr ≤
√

2

3
(5.36)

as derived by Fabero et al. (2001). Its dispersion properties has been studied by Liu (1996).
The 2% error is reached at about 0.25/∆t in accuracy and isotropy at the stability limit.
It has also been compared to the Interpolated Wideband scheme by Hamilton et al. (2013)
and it has been found to be more than 3 times more efficient when less than 1% relative
wave speed error is required using a relative computational efficiency measure proposed
by van Walstijn et al. (2008).

The grid points can be generated from a square grid whose coordinates are transformed
with a generator matrix Ghex for the hexagonal lattice composed here of the unit vectors
e1 and e2 as

Ghex =

[
1 −1/2

0
√
3/2

]
(5.37)

having the effect to skew the starting grid. Its has the advantage to give a natural indexing
to the grid points has shown in fig. 5.3. In practice, △hex can then be computed as a
spatial convolution with the appropriate stencil.

The gradient for such a grid can be computed at each time step using the second-order
accurate central differences

∇hex,xΦ
n
j,l =

Φn
j+1,l+1 − Φn

j,l+1 + 2Φn
j+1,l − 2Φn

j−1,l + Φn
j,l−1 − Φn

j−1,l−1

6h
, (5.38a)

∇hex,yΦ
n
j,l =

√
3
(
Φn
j+1,l+1 + Φn

j,l+1 − Φn
j,l−1 − Φn

j−1,l−1

)
6h

, (5.38b)

for a unstaggered, collocated hexagonal grid (Taflove et al., 2005).

5.1.3 Sources and grid excitation
We have derived the schemes for the homogeneous wave equations. When sources are

present, the inhomogeneous wave equation is

1

c2
∂2Φ

∂t2
−∇2Φ = qs(t)δ(x− xs) , (5.39)

where qs(t) is the added mass rate of the volume source at a point xs. More generally,
there are also external volume forces that can be a source of acoustic pressure, however
they are not considered here.

This can be modeled as a hard source, i.e. the source signal is imposed on the source
node

Φn+1
js,ls

= sn+1
p , (5.40)

where (js, ls) ∈ Z2 are the indexes of the source node and sn+1
p is a source signal discretized

in time. This type of source have the disadvantage to scatter any wave that pass through
the source node.
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To prevent that, another type of grid excitation is the soft source. In this case the
driving function is added at the source node after it has been updated. This can be
written

Φn+1
js,ls

=
{
Φn+1
js,ls

}
+ sn+1

p , (5.41)

where {·} on the right-hand side denotes the result after that the node has been updated
with one of the schemes for the homogeneous wave equation (eqs. (5.28), (5.30) and (5.35)).

When a soft source is used, the driving signal is modified by the grid’s response after
injection (Jeong et al., 2012). An approach to overcome that and prevent scattering at
the source node too is the transparent source model (Schneider et al., 1998). The field at
this node is updated with

Φn+1
js,ls

=
{
Φn+1
js,ls

}
+ sn+1

p −
n∑

p=0

In−p+1spp , (5.42)

where In is the grid impulse response obtained by exciting it with a unit pulse. In order
to characterize sound scattering, slight frequency shift between the injected signal and
the signal actually propagating on the grid is not particularly limiting, so a soft source
can be used.

Sheaffer et al. (2014) proposed a unified approach of these types of grid excitation in the
context of room acoustics, employing cascade filters, each of them addressing a particular
constraint required for these models, that are derived in part from the discretization of
eq. (5.39). A unit pulse is first filtered to limit its bandwidth, then a filter based on the
mechanics of a pulsating sphere is used as a DC blocker, finally the signal is introduced at
the node source using an injection filter meeting the scaling and superposition constraints.

As pulse-shaping filters, they proposed several types to design Blackman-Harris, Gaus-
sian, sine-modulated Gaussian, or Ricker pulses. This latter is particularly interesting as
it has a rather large bandwidth and it is time compact at the same time, which is useful
for the visualization of transient fields and scattering events.

Another approach to account for sources is to consider a Cauchy initial value problem.
For a second-order in time partial differential equation, such as the homogeneous scalar
wave equation, the initial conditions of the field and its first derivative are specified,

Φ(x, t = 0) = µ(x) ,
∂Φ

∂t
= ν(x) . (5.43)

For example, the scheme eq. (5.35) requires the two first states Φ0
j,l and Φ1

j,l to be specified.
The first one can be determined by the initial condition µ, discretized on the grid as

Φ0
j,l = µj,l , (5.44)

and the second one can be estimated with an initialization scheme that is also second-order
in time (Strikwerda, 2004), but only requires the first time step, such as

Φ1
j,l = Φ0

j,l +∆tνj,l +
c2∆t2

2
△hexΦ

0
j,l . (5.45)

This can be used for the other second-order schemes eqs. (5.28) and (5.30) by substituting
the Laplacian difference operator with the appropriate one.
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5.1.4 Boundary conditions
A boundary value problem requires a boundary condition to be well posed. In rooms

acoustics, the locally reactive boundary condition assumption is often used because the
propagation inside walls and obstacles can be neglected as soon as the impedance contrast
between air and wall material is important. However, if these elements are too thin,
the fluid-structure coupling can be strong and then the assumption in no longer valid,
requiring to solve the coupled problem (Junger et al., 1986). In the context of problems of
airborne sound scattering by immovable obstacles that interest us, the hypothesis seems
reasonable given the dense rocky materials constituting them. It is therefore not necessary
to discretize their interior but only the boundaries.

Examples of such boundary conditions often encountered are the Dirichlet condition
where the value of the field is known on the boundary contours ∂D. For a pressure field,
if

p(x) = 0 , x ∈ ∂D (5.46)

then the boundary condition is said soft or pressure-release. If the derivative of the field is
known then it is a Neumann condition. This results in a condition on the normal velocity
and if

v(x) · n(x) = 0 , x ∈ ∂D , (5.47)

with n(x) the outward normal vector at x on ∂D, then the boundary is hard or rigid.
The admittance boundary condition

v(x) · n(x) = Y (x)p(x) , x ∈ ∂D , (5.48)

where
Y (x) = Y0γ(x) (5.49)

is the specific acoustic admittance, with Y0 = 1/ρc the characteristic specific acoustic
admittance of air and γ(x) ∈ R+ the normalized specific acoustic admittance. If Y = 0,
the rigid case is retrieved.

The reciprocal impedance condition is

p(x) = Z(x)v(x) · n(x) , x ∈ ∂D , (5.50)

where
Z(x) = Z0ξ(x) (5.51)

is the specific acoustic impedance, with Z0 = ρc the characteristic specific acoustic
impedance of air and ξ = 1/γ the normalized specific acoustic impedance. The pressure-
release condition is then retrieved with Z = 0.

The case ξ = γ = 1 gives the Enquist-Majda first-order absorbing boundary condi-
tion (Engquist et al., 1977), theoretically fully absorbing at normal incidence, that can
be used to terminate a computational domain. Another approach to mitigate the effect
of reflections from the computational domain boundaries, and thus allowing to reduce
the grid size needed for the scattering simulation, is the perfectly matched layer (PML)
proposed by Berenger (1994).

With γ or ξ, a fixed positive real value, the behavior of the boundaries is independent
of the frequency. Kowalczyk et al. (2008) proposed a method to include complex frequency
behavior, e.g. as exhibited by porous materials. Locally reacting boundaries are modeled
with digital impedance filter included in the recursion with the help of auxiliary update
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equations. On a regular grid, the objects are described by a staircase approximation,
similarly to rasterization in computer graphics with the difference that only the border
is necessary here. It results different update equations regarding the boundary node
configuration, derived from the elimination of “ghost” points located on the interior of the
boundaries. They latter derived them for the compact interpolated schemes (Kowalczyk
et al., 2010).

Tornberg et al. (2008) inspected the effects of staircase approximation on reflection
of waves solved with 2D Yee’s scheme through numerical experiments on a tilted rigid
boundary and a circular cylinder. They found that the accuracy of the scheme is degraded
and local errors propagate in the domain. This has been confirmed by others (Häggblad
et al., 2014). Yamashita et al. (2015) evaluated the approximation on a rigid sphere with
the Interpolated Wideband scheme and centered boundary conditions. They found large
deviations compared to the theory. This was explained by the fact that a rasterized sphere
converges to the expected value in volume but not in surface area at the limit of small
spatial steps (Bilbao et al., 2016).

5.2 Finite Volume Method

Botteldooren (1994) extended the FD time domain method to what he called a quasi-
Cartesian grid, allowing to overcome the staircase approximation of boundaries. He ap-
plied it to the modeling of low frequency in room acoustic modeling (Botteldooren, 1995).
It has been further formalized in this context and termed the FV method (Bilbao, 2013).
The formulation employs an orthogonal unstructured mesh that restores the consistency
of the schemes when boundaries are involved and allows to model complex geometries. We
present in this section the method using the formalism developed along the last decade
by Bilbao et al. (2017, 2019).

5.2.1 Grid definition
The main advantage of the FV method is that it is formulated to accommodate un-

structured meshes. Figure 5.4 shows a part of a region of interest D and an object defining
a region ν. The boundary between the two is noted ∂D = D ∩ ν. The domain D is de-
composed into N polygons (in 2D) or polyhedra (in 3D), called cells in the following, Ω̄i,
with the associated index i = 1, . . . , N . Each cell has an interior Ωi and a boundary ∂Ωi,
such that Ω̄i = Ωi ∪ ∂Ωi . The set of cells forms a tiling or tessellation of D. Formally, it
means that there is not any gap between the cells and their union is equal to the domain
of interest :

N⋃
i=1

Ω̄i = D, (5.52)

and, furthermore, the cells do not overlap :

Ωi ∪Ωj = Ø ∀ (i, j) ∈ [1, . . . , N ]2 , i ̸= j. (5.53)

Such a tiling can be obtained from the Voronoi diagram of a set of points then called sites
or seeds. To each of them is associated a Voronoi cell, containing a single site, defined as
the set of points closer to it than any other. The tessellation in fig. 5.4 has been obtain
from the Voronoi diagram of the points represented with black dots. It results that the
boundaries between the cells are straight lines, each of which has the property of being on
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Figure 5.4 Part of an orthogonal unstructured grid near a scatterer
with variable definitions for a cell Ωi on a boundary and an adjacent
cell Ωj.

the bisector of the segment formed by two neighboring sites generating it. It also results
that the Voronoi cell of a site surrounded by other ones is a convex polygon such as Ωj.
A Voronoi cell such as Ωi may be concave as it is bounded by ν.

Each cell Ω̄i with its sites of coordinates xi has an associated surface (in 2D) or volume
(in 3D) noted Vi = |Ωi| . When a cell Ω̄i is adjacent to a cell Ω̄j, the shared edge or
surface is said internal noted Sij = Ω̄i ∩ Ω̄j. Its length or surface area is Sij = |Sij| and
Ω̄i has Ni such edges. The inter-cell distance between the two associated sites is noted
hij = ∥xi − xj∥. A cell Ω̄i in contact with the boundary ∂D is called a boundary cell
and the shared edge or surface is noted S(b)

i = Ω̄i ∩ ∂D. Similarly, its associated length
or area is noted S(b)

i =
∣∣∣S(b)

i

∣∣∣. A cell where Ω̄j ∩ ∂D = Ø is called an interior cell.

5.2.2 Finite Volume formulation
The principle of the method consists in approximating the integral forms of the con-

servation equations forming our problem. In the case of linear acoustics, these partial
differential equations are the conservation of momentum eq. (5.12a) and the conservation
of mass eq. (5.12b). Integrating the latter on cell Ω̄i gives

1

ρc2

ˆ
Ω̄i

∂p

∂t
dx+

ˆ
Ω̄i

∇ · v dx = 0 . (5.54)

Using the divergence theorem, the second term may be written
ˆ
Ω̄i

∇ · v dx =

ˆ
∂Ωi

v · n dx , (5.55)

with n the outward normal on ∂Ωi. In order to arrive at a numerical scheme operating
over a finite set of discrete values of pressure and velocities, we define the discrete pressure
of cell Ωi at its associated point xi as the spatial average pressure over its volume (or
surface) :

pni = p(xi, n∆t) ≈
1

Vi

ˆ
Ω̄i

p(x, n∆t) dx . (5.56)
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The time is discretized with a regular time step ∆t. To approximate the right-hand
term in eq. (5.55), we must discretize the normal velocity at edges of the cell. From the
perspective of cell Ω̄i, the normal velocity associated with Sij is approximated as

vnij ≈
1

Sij

ˆ
Sij

v(x, n∆t) · nij dx , (5.57)

where nij is the outward normal on Sij. Note that, from the perspective of the adjacent
cell Ω̄j, we have the symmetry

vji = −vij. (5.58)

Similarly, the velocity over S(b)
i is approximated as

vn(b),i ≈
1

S
(b)
i

ˆ
S(b)
i

v(x, n∆t) · n(x) dx , (5.59)

where the normal may vary on the boundary. S(b)
i in fig. 5.4 appears curved but, in

practice, it is approximated by a set of N (b)
i straight edges S(b)

il , with l = 1, . . . , N
(b)
i . The

approximate normal velocity vn(b),il of one subdividing edge is obtain from

vn(b),il ≈
1

S
(b)
il

ˆ
S(b)
il

v(x, n∆t) · nil dx , (5.60)

with nil the outward normal on S(b)
il , and thus

vn(b),i =
1

S
(b)
i

N
(b)
i∑

l=1

S
(b)
il v

n
(b),il. (5.61)

With these approximations, it is now possible to write eq. (5.54) in discrete form for
a cell Ω̄i :

Vi
ρc2

δt+p
n
i = −

Ni∑
j=1

Sijv
n+ 1

2
ij − S

(b)
i v

n+ 1
2

(b),i . (5.62)

We used a forward difference in time similarly to eq. (5.14c), but other choices are possible.
The gradient required in eq. (5.12a) is approximated by the following operator

δijp
n
i =

pnj − pni
hij

≈ ∇p(xi + nijhij/2, n∆t) . (5.63)

The second equation of the scheme is then

ρδt−v
n+ 1

2
ij = −δijpni . (5.64)

Alternatively, a FV scheme for the second order wave equation may be formulated
using the relations for the velocity potential. In discrete form, they may be written

pni = ρδt−Φ
n
i , v

n+ 1
2

ij = −δijΦn
i . (5.65)

Substituting them in eq. (5.62) gives

Vi
c2
δttΦ

n
i =

Ni∑
j=1

SijδijΦ
n
i − S

(b)
i v

n+ 1
2

(b),i . (5.66)
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5.2.3 Matrix form
The implementation of the scheme is done in practice using the matrix form as pro-

posed by Bilbao et al. (2019), where several tensors formalizing the adjacency relations
between the cells and their boundaries are introduced. The set of N cells tessellating
the domain has a finite number Ne of internal edges (for a two dimensional space) and a
finite number Nb of boundary cells. Thus, we assign to these geometric quantities, already
introduced as hij, Sij = |Sij| or S(b)

i , an index e = 1, . . . , Ne for variables associated to
internal edges and new variables Rb = |Rb| with index b = 1, . . . , Nb for boundary edges.
For variables referring to cell quantities, we assign an index l = 1, . . . , N .

A given internal edge with index e is shared by two and only two adjacent cells Ω̄i

and Ω̄j with i > j. We define then the oriented adjacency tensor Qle as

Qle =


1 if l = i ,

−1 if l = j ,

0 otherwise,
(5.67)

where l = 1, . . . , N and e = 1, . . . , Ne. Moreover, as a boundary edge Rb is a part of only
one cell Ω̄lb , we define similarly a non-oriented adjacency tensor Wlb as

Wlb =

{
1 if l = lb ,

0 otherwise,
(5.68)

where l = 1, . . . , N and b = 1, . . . , Nb. In matrix notation, they are noted Q and W of
sizes N ×Ne and N ×Nb, respectively.

We also define the following vectors for the discrete pressures and velocities at discrete
time n∆t :

pn =

p
n
1
...
pnN

 , vn =

 v
n
1
...
vnNe

 , (v′)n =

 (v′)n1
...

(v′)nNb

 , (5.69)

associated with the N cells sites, the Ne internal edges, and the Nb boundary edges,
respectively.

It is now possible to write eq. (5.62) and eq. (5.64) in matrix form as

1

ρc2
Vδt+p

n −QSvn+ 1
2 +WR(v′)n+

1
2 = 0 , (5.70)

ρHδt−v
n+ 1

2 +QTpn = 0 , (5.71)

where V is a diagonal matrix of size N × N with the cell areas Vl, l = 1, . . . , N as
elements. S and H are diagonal matrices of size Ne ×Ne with the internal edge lengths
Se and inter-cell distances he, e = 1, . . . , Ne as elements, respectively. Similarly, R is a
diagonal matrix of size Nb × Nb with the boundary edge lengths Rb, b = 1, . . . , Nb as
elements.

This system can be rewritten under a more tractable form

δt+p̃
n − cDT ṽn+ 1

2 + cBT
(
ṽ′
)n+ 1

2 = 0 , (5.72)

δt−ṽ
n+ 1

2 + cDp̃n = 0 , (5.73)
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introducing the scaled variables

p̃ =
1√
ρc

V1/2p , ṽ =
√
ρS1/2H1/2v , (5.74)

and the scaled boundary variables

p̃′ =
1√
ρc

R1/2p′ , ṽ′ =
√
ρR1/2v′ , (5.75)

with
D = S1/2H−1/2QTV−1/2 , B = R1/2WTV−1/2 . (5.76)

Similarly to eq. (5.66), this can be expressed under second-order form

δttΦ̃
n + c2DTDΦ̃n + cBT

(
ṽ′
)n+ 1

2 = 0 (5.77)

solving the scaled velocity potential Φ̃, linked respectively to p̃ and ṽ by

p̃n = δt−Φ̃
n , ṽn+ 1

2 = −cDΦ̃n . (5.78)

The matrices D and −DTD are ultimately the gradient and Laplacian approximations
in this formulation. It is straightforward to verify that eq. (5.77) simplifies to eq. (5.28)
or eq. (5.35) considering the Cartesian grid (Botteldooren, 1994) or the hexagonal grid,
respectively.

5.2.4 Stability condition
A detailed stability analysis has been realized for this scheme by Bilbao et al. (2019).

The stability condition they found is

∆t ≤ 2√
βmaxc

, (5.79)

where βmax is the largest eigenvalue of DTD. Previously, Bilbao (2013) derived the con-
dition for non-negative internal stored energy and found

∆t2 ≤ min
∀i∈[1,...,N ]

2Vi

c2
∑Ni

j=1 Sij/hij
. (5.80)

These conditions are equivalent to eq. (5.25) obtained through von Neumann stability
analysis for a square grid.

However, this is not the case for the hexagonal scheme whose von Neumann condition
is given by eq. (5.36). The eigen-decomposition for such a discrete operator gives a
maximum eigenvalue βmax = 16/3h2 (Sun, 2004), resulting in a less strict condition,
Cr ≤

√
3/2, using the first inequality. Surprisingly, it results in the unattainable value

required to obtain a fourth-order isotropic scheme (Tuomela, 1990). The second gives the
same condition as the Standard Rectilinear scheme, stricter than the one obtained by von
Neumann analysis for such a scheme.

Therefore, the condition used in a two-dimensional space is

∆t ≤ min

{
2√
βmaxc

,

√
2

3

h

c

}
, (5.81)

where h is the spatial step of the regular grid used to generate the FV mesh as it will be
seen in section 5.3.
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5.2.5 Boundary conditions

The boundary condition in this formulation are locally reactive since the velocity v(b),i
is only dependent on the potential or pressure of Ωi during the recursion. In the case of
rigid boundaries, eq. (5.47), ṽ′ = 0 and thus the recursion reduces to

Φ̃n+1 = 2Φ̃n − Φ̃n−1 − c2∆t2DTDΦ̃n , (5.82)

where the matrix R no longer intervenes.
The admittance boundary condition given eq. (5.48) can be written

(
ṽ′
)n+ 1

2 = Γp̃′n+
1
2 (5.83)

where Γ is a Nb × Nb diagonal matrix with γb the normalized specific admittance for
each boundary edge b = 1, . . . , Nb on its diagonal. Using the time averaging operator
µ+ = (e+ + 1) /2, such that e+Φ̃n = Φ̃n+1 and µ+Φ̃

n = Φ̃n+ 1
2 , this can be further

expressed (
ṽ′
)n+ 1

2 = µ+δt−ΓBΦ̃n . (5.84)

Substituting eq. (5.84) in eq. (5.77) results in the update for frequency-independent
impedance boundaries(

IN +
c∆t

2
BTΓB

)
Φ̃n+1 = 2Φ̃n +

(
c∆t

2
BTΓB− IN

)
Φ̃n−1 − c2∆t2DTDΦ̃n , (5.85)

where IN is the identity matrix of size N . Although the recursion is presented as a linear
system to be solved to determine Φ̃n+1, the matrix in factor is actually diagonal. It is
thus possible to multiply this update equation by the inverse matrix, precomputed only
once (Bilbao et al., 2019).

Frequency-dependent boundaries can be implemented similarly to the digital
impedance filters approach already mentioned in section 5.1.4, through auxiliary rela-
tions linking the derivatives of ṽ′ and p̃′. Details are given by Bilbao (2013) and Bilbao et
al. (2017, 2016), where a given complex frequency behavior can be prescribed estimating
the coefficients of the auxiliary equations with the Nelder-Mead simplex method.

Ultimately, a complete analogy can be made with RLC circuits of electronics or mass-
spring-damper systems of mechanics. Therefore, the stability condition given eq. (5.81)
holds if the boundary models are passive (Bilbao et al., 2019), i.e. they can not create
energy.

5.3 Hybridation

It has been seen that the FV formulation reduces to the FD one when applied on
regular grids. We propose here to use the two methods conjointly through the generation
of hybrid meshes. A regular grid is modified in close proximity to the boundaries of the
objects, resulting in an unstructured grid where the FV method is applied. The rest of
the domain is computed with the FD method that arises by simplification.
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Figure 5.5 Example of hybrid mesh in proximity to a curved bound-
ary with the Bounded Voronoi diagram method. FV cells and their cor-
responding generating sites are represented with blue edges and dots,
respectively. They are clipped by the boundary of the object shown
in cyan and bounded in the outer direction by the regular grid points
enclosing them shown with red dots. Regular hexagonal grid is shown
in black.

5.3.1 Bounded Voronoi diagram

The first approach is to modify only the grid points that enclose the object completely
as shown in fig. 5.5. The FV mesh is obtained from the Voronoi diagram of this set of
points represented by blue dots. The achieved polygons are, in a second step, clipped by
the boundaries of the scatterer represented in cyan. It results the Voronoi cells represented
with blue edges. The red dots, located on the hexagonal grid, are used to bound the
Voronoi diagram in the outer direction to the scattering object. Computing the Voronoi
diagram of both sets of points gives their adjacency relation. It is then possible to establish
the discrete Laplacian to link the two meshes when updating the equations. This method
is equivalent to other conformal methods already proposed, validated in the case of soft
and hard boundaries (Häggblad et al., 2012; Tolan et al., 2003).

It is worth noting that with this approach the inter-cell distance stays equal to the
regular grid spacing. The example is given with a hexagonal grid but it also applies
to rectilinear grids and probably others. All the other geometrical quantities necessary
to construct the discrete Laplacian are computed from the Voronoi cells obtained from
this bounded Voronoi diagram (BVD). In practice, it is interesting, when simulating a
scattering problem, to have the unperturbed incident field to normalize and take into
account the magnitude and phase of the source signal. Moreover, by subtracting it from
the total field, we obtain the scattered field in the time domain. For this, a simulation is
performed in parallel on the regular FD grid used at the beginning with strictly identical
parameters.

In the following, the boundaries of the cross section are discretized by a set of linear
elements using GMSH version 4.7.1 (Geuzaine et al., 2009) so that the error on the
perimeter is less than 0.1%.
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Figure 5.6 Centroidal Voronoi diagram after 10 iterations of Lloyd’s
method. Voronoi cells are shown with blue edges and their correspond-
ing generating sites with blue dots and square.

5.3.2 Centroidal Voronoi diagram

Depending on the geometry of the scatterer, i.e. whether it is smooth with respect
to the spatial step or sharp with re-entrant corners, the mesh with the BVD method can
result in very strict stability condition in the second case (Hamilton, 2014), which is not
computationally efficient. Therefore, if necessary, a new mesh can be generated from the
Voronoi diagram of the centroids of the previously obtained Voronoi cells and clipped
as before. This process is repeated to approximate a centroidal Voronoi diagram (CVD)
with Lloyd’s method (Du et al., 1999). Moreover, the locally reactive boundary conditions
imply that the normal velocity at a boundary cell is aligned with the generating site. This
approach is supposed to improve locally this requirement.

Figure 5.6 shows the FV mesh obtained after 10 iterations. Here, Lloyd’s method is
only applied on the points less than two spatial steps away from the boundary at the first
iteration and not on the sites marked with a blue square. In other words, these points
remain at their original position on the regular grid, ensuring complete regularity beyond
where the FD method applies. In practice, it is desirable that the spatial step is not much
larger than the smallest geometrical detail to avoid meshing errors. In our applications, a
spatial step of about 5mm is used, representing 10 points per wavelength at 7 kHz, which
is sufficient for the geometries of interest.

5.4 Verification

According to the Lax-Richtmyer theorem, the stability of the scheme is a necessary and
sufficient condition to guarantee its convergence, assuming that it is consistent with the
well-posed problem (Lax et al., 1956). The stability of the proposed method is validated
by verifying that the total acoustic energy is conserved in a closed system with lossless
boundaries.

Then, the convergence of the scheme is investigated by comparison with the series
solutions for sound scattering by rigid and impedance circular cylinders. It is also com-
pared with another computational code, already validated, that solves multiple scattering
problems (Rohfritsch et al., 2019), applied to one of the geometries of interest with this
feature.
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(a) (b) (c)

Figure 5.7 Hybrid meshes for energy conservation verification.
(a) Full view of the domain. (b) Details of BVD mesh. (c) Details
of CVD mesh.

The far field is computationally expensive to simulate with FD methods. We use here
a method that extrapolate it from the near field. The method is validated by comparisons
with analytic solutions for a circular cylinder and a BEM code simulating the far field of
one of our geometries of interest.

5.4.1 Energy conservation

Stability is verified through conservation of energy. Even if the FV method is conser-
vative by construction, it is a good way to verify the implementation. For that, a closed
domain is meshed using the proposed methods, the BVD and the CVD. The boundaries
are considered rigid, allowing to verify that the numerical acoustic energy, computed at
each time step with

En
int =

1

2

(
(p̃n)T p̃n +

(
ṽn+ 1

2

)T
ṽn− 1

2

)
, (5.86)

is constant over time after that the source signal is fully injected (Bilbao, 2013).
Figure 5.7a shows the domain considered. It consists of a closed square with 1.1m sides

with one of the scatterer of interest at its center. This geometry has been chosen because
of its convexity and, therefore, it is considered as the most problematic regarding the
BVD mesh with potential unstable boundary cells (Hamilton, 2014). The speed of sound
is set at c = 344m s−1 and the spatial step is h = 34.4mm. After generating a mesh from
the BVD method (fig. 5.7b), the time step is set to meet the stability condition eq. (5.81),
resulting here in dT = h/c

√
2/3 ≈ 8.09 × 10−5 s. For the CVD method (fig. 5.7c), the

resulting time step is dT ≈ 7.68× 10−5 s, slightly lower compared to the BVD. The grids
are excited using the initial conditions f = 1 at a random point of a regular part of the
domain and zero everywhere else, and g = 0 with the initialization scheme given eq. (5.45).

Figure 5.8 shows the variation of total internal acoustic energy 1 − En
int/E

1
int over

time. It is calculated over 200ms, or about 2470 and 2610 samples for the BVD (fig. 5.8a)
and CVD (fig. 5.8b) mesh, respectively. The numerical energies appear to be conserved
in both cases, as no increasing is observed on the time segment considered, and vary as
integer multiples of machine epsilon, 2−53 here, as already observed on other cases (Bilbao,
2013; Hamilton, 2016). The amplitude of the variations is more important for the BVD
compared to the CVD. This is attributed to the fact that Lloyd’s algorithm will tend
to subdivide the space more uniformly and thus each FV cell has more or less the same
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(a)

(b)

Figure 5.8 Normalized variation of numerical internal acoustic energy
1− En

int/E
1
int. (a) BVD. (b) CVD.

“weight” as the others, however it reduces the stability limit.
In the examples, the problem is treated entirely with the FV matrix formulation,

which allows to compute En
int efficiently. In practice, the regular parts of a hybrid mesh

are updated with the FD method, where the Laplacian can be computed using a spatial
convolution with the appropriate stencil. Therefore, the discrete velocities are difficult to
identify, especially at the junction of the grids. Nevertheless, it has been verified that the
discrete Laplacian reduces well to the stencil for the hexagonal scheme with differences
of the order of machine epsilon. Replacing them with the regular stencil, as we do for
our scattering problems in an “open” domain, could result in instability at long time in
a closed domain. However, it is verified in the convergence study and a cross validation
case, that these differences do not have an impact for our objectives.

5.4.2 Convergence study

In order to validate the proposed hybrid finite difference finite volume (FDFV) meth-
ods, a second step is to verify their convergence. They are compared with the series
solutions for sound scattering by circular cylinders under plane wave incidence given sec-
tion 2.4.1.1. Rigid and admittance boundary conditions with γ = 0 and γ = ρc/103 ≈
0.42, respectively, are investigated on a cylinder of 0.5m radius. The speed of sound is
346m s−1 and the air density is ρ = 1.2 kgm−3.

The pressure is evaluated at Nrec = 200 points regularly spaced on a circle of radius
1m centered on the axis of the cylinder. These positions on the discrete space are never
exactly on this circle but the closest point is used for each and the analytic solutions will
be calculated at these points. The source signal is a Ricker pulse with a center frequency
of 500Hz. It is injected as a soft source on a line of points located at the closest 1.1m
from the center of the cylinder. Periodic boundary conditions are used to extend the
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Figure 5.9 Magnitude of p/pi (top row) and magnitude and phase of
ps/pi (middle and bottom row) as functions of frequency for back, trans-
verse, and forward scattering, i.e. θs = 180°, 90° and 0°, respectively, by
a rigid cylinder for analytic and hybrid FDFV with BVD method with
h = 5mm.

domain infinitely in the directions perpendicular to that of the incident plane wave and
thus prevent edge effects. Each simulation is stopped after the wave traveled 15m, which
is about 43ms for a speed of sound fixed at c = 346m s−1. The two-dimensional domain
is large enough that, during this time, only the scattering by the cylinder is recorded.
The simulations are performed with 6 spatial steps ranging from h = 5mm to 17mm and
the time step is set using the condition given eq. (5.81).

The scattered field can be isolated by subtracting the incident field from the total
field. For that, a simulation without the cylinder is run for each spatial step. They are
performed in parallel to the total field simulation, on the regular grid used to generate the
hybrid mesh with, consequently, strictly identical parameters. The comparison is done
in the frequency domain. Each spectrum is calculated using the Fast Fourier Transform
(FFT) on the signal with zero padding. Series solutions for the scattered pressure are
calculated until double precision is reached. The incident plane wave is calculated with
pi = eikx.

Figures 5.9 and 5.10 show the magnitude and phase of normalized total and scattered
pressures obtained with series solutions and the hybrid FDFV method with BVD for a
rigid and an impedance circular cylinder from 20Hz to 2000Hz for the smallest spatial
step h = 5mm. This is the usable bandwidth for the Ricker pulse used. The results
are shown for three directions of scattering: back on the left, transverse in the middle
and forward on the right. Graphically, we find an excellent agreement between the two
on the considered frequency range for both boundary conditions. Although, the lack of
energy injected above 2 kHz is visible in fig. 5.10 where the magnitude ratio of back and
transverse scattered pressures starts to deviate around this frequency.

To further compare the results spatially, figs. 5.11a and 5.11b are the polar diagrams of
the magnitude ratios of total and scattered pressures, respectively, to the incident pressure
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Figure 5.10 Magnitude of p/pi (top row) and magnitude and phase
of ps/pi (middle and bottom rows) as functions of frequency for back,
transverse, and forward scattering, i.e. θs = 180°, 90° and 0°, respec-
tively, by an impedance cylinder (γ ≈ 0.42) for analytic and hybrid
FDFV with BVD results with h = 5mm.

in dB for the rigid cylinder. They are shown for the central frequencies of the octave bands
from 63Hz to 2000Hz. The incident wave goes from the left to the right. Figures 5.11c
and 5.11d show these results for the impedance cylinder. Again, the agreement between
simulated and analytic results is also found on all positions for both boundary conditions
with slight differences at 2 kHz for the impedance cylinder as already observed.

To quantify the convergence, we use the L2-norm of the absolute errors on the nor-
malized scattered pressures, evaluated on the Nrec positions, that is expressed

∥E∥2 =

√√√√Nrec∑
n=1

∣∣∣∣ps,sim(rn, θn)pi,sim(rn, θn)
− ps,ana(rn, θn)

pi,ana(rn, θn)

∣∣∣∣2 , (5.87)

calculated at the frequency 500Hz, where the subscripts “sim” and “ana” stand for simu-
lated and analytic results. This global error is calculated with a fixed number of positions.
Note that if the function chosen to evaluate a global error considers an increasing num-
ber of points as the spatial step is reduced, an appropriate scaling by

√
h should be

applied (LeVeque, 2002, 2007). The values obtained for each spatial step, hybrid mesh
and boundary condition are represented in fig. 5.12. The log-log linear fit for norms with
the same boundary condition and hybrid mesh method are given, as well as the slopes for
first and second-order convergence.

For all cases, the norm decreases with h showing that the proposed methods are
convergent. With identical boundary conditions, the norms show a similar convergence.
The slopes for rigid boundary conditions are about 1.7 and 1.1 for impedance boundaries.
The global errors for the rigid cylinder are lower than the impedance cylinder. Moreover,
the errors for the results with BVD are lower than with CVD. To examine if this is
due to increased dispersion resulting from the stricter stability condition of the CVD
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(a) (b) (c) (d)

Figure 5.11 Polar diagrams, as function of the scattering angle, of
(a, c) 20 log10 |p/pi| and (b, d) 20 log10 |ps/pi| for a (a, b) rigid and
(c, d) impedance (γ ≈ 0.42) cylinder at different central frequencies of
octave bands. The corresponding Helmholtz number ka is also indicated
with k the wavenumber and a the radius.
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Figure 5.12 ∥E∥2 with log-log linear fits as functions of the spatial
step h for convergence study for BVD and CVD meshes with rigid and
impedance boundary conditions. First and second-order slopes are rep-
resented with black dash-dotted and dashed lines, respectively.

method or the unstructured mesh itself, simulations are performed with the BVD method
and impedance boundaries setting the time step to match those resulting from the CVD
method. Their norms are represented with “+” signs in fig. 5.12. They are approximately
equal to those with an optimal Courant number, indicating that the CVD unstructured
orthogonal mesh results in a slight reduction of accuracy. Nevertheless, the order of
convergence is maintained between the two methods.

5.4.3 Multiple scattering

In order to verify that the method is suitable to simulate sound scattering by multiple
cylindrical bodies, it is compared with MuScat (Rohfritsch et al., 2019), a frequency do-
main method developed to solve multiple scattering problems as described in section 2.4.3.
The infinite linear system is truncated to a certain order and solved with iterative meth-
ods.

We compare the harmonic scattered field at 500Hz and 950Hz for one of our geometries
of interest. It is a type of column shaft present in the Cathédrale Notre-Dame de Paris,
formed by a circular cylinder surrounded by 12 relatively thin others, angularly evenly
distributed, as shown later in fig. 6.5g. They are all rigid. The speed of sound was set
at 346.6m s−1. For the hybrid method, the BVD mesh was employed with h = 5mm.
The excitation signal is a Ricker pulse with a central frequency of 1 kHz injected as a soft
source on a line of grid points at 0.8m from the cylinder axis at the closest.

Figure 5.13 shows snapshots of the simulated pressure field at different times. The
scale is in dB and the total field is normalized to the peak value of the incident field.
The last snapshot represents the state of the field at the end of simulation. This shows
that the monochromatic pressure fields have been calculated with impulses with sufficient
dynamics. Especially within the cluster where we can notice that the wave is in part
almost trapped and released over a long time, appearing as low amplitude resonance tails
in the pulse signals. At these positions, the ratios between the first and last peaks of the
signal are at least 25 dB, while for positions on the edge of the domain presented, they
are at least 45 dB.

Figure 5.14 shows the magnitude of the harmonic scattered pressure field relative to
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Figure 5.13 Snapshots of the total pressure field in time domain for
a set of parallel circular cylinders under plane wave incidence.

the incident field, a plane wave traveling in the direction of the x-axis, at these frequencies
for both methods in the near zone around the cluster. For the results figs. 5.14a and 5.14c
from MuScat, the field is displayed from a polar grid with 300 radial and angular steps
of about 10.4mm and 1.2°, respectively. The field for the hybrid method uses 1:4 and
1:6 points in the horizontal and vertical directions of the hexagonal grid, resulting in
a rectilinear grid with spatial steps 30mm and 23mm in the x and y-axis of figs. 5.14b
and 5.14d. The figures show excellent agreement between the two methods. All the points
in the FV mesh have been used for the maps, allowing to have the detailed field within
the cluster. The BVD method allows to access the scattered field more easily in this part
as the positions have their equivalent on the regular grid. If the CVD method is used,
it requires to interpolate the field on the regular grid prior to subtraction. This can be
achieved in time domain.

The polar diagrams shown in fig. 5.14e are derived from the positions represented by a
dashed circle in fig. 5.14. For our method we used the closest points on the hexagonal grid.
MuScat offers the possibility to compute the solution where the the wave scattered by a
cylinder does not interact with the others, i.e. the single scattering (SS) represented by
black dashed lines. The results for the multiple scattering (MS) are shown in black solid
lines. Again, the two methods agree very well with slight differences where the scattered
field is weak at 950Hz between 40° and 60°. For these positions, the late resonances
matter if an extreme accuracy is required.

This example provides eventually a cross-validation case of the two methods for the
simulation of sound scattering by rigid circular cylinders. MuScat has already been com-
pared to another method solving the wave equation in the case of scattering by soft
cylinders and the results were in agreement too (Rohfritsch et al., 2019).

91



(a) (b)

(c) (d)

(e)

Figure 5.14 20 log10 |ps/pi| at (a, b) 500Hz and (c, d) 950Hz for a
cluster of circular cylinders obtained with (a, c) MuScat and (b, d) hy-
brid FDFV. The dashed circle represent the positions used for the polar
diagrams (e) of 20 log10 |ps/pi| at 500Hz and 950Hz for MuScat with
multiple (MS) and single (SS) scattering, shown with black solid and
dashed lines, respectively, and hybrid method.
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5.4.4 Far field and scattering cross sections

5.4.4.1 Near-Field to Far-Field Transformation

We recalled in section 2.4.2, eq. (2.52), that the scattered field due to the presence
of an obstacle may be described by its scattering amplitude defined in the far field. To
simulate directly the far-field propagation with a FD method, it would be necessary to
discretize a large space which will increase the computational cost, moreover it suffers
from numerical dispersion, as previously shown section 5.1.1.1, which deteriorates the
signal as the propagation proceeds.

To avoid this and, nevertheless, benefit from one of the main advantages of the method
which is the possibility to obtain results over a wide frequency range from a single sim-
ulation, there exist extrapolation methods for estimating the far field from knowledge of
the near field. They are used in the field of electromagnetism for the characterization
of antennas radiation in numerical simulations or physical measurements (Johnson et al.,
1973) and are sometimes called near-field to far-field transform (NFFFT), near-to-far-
field (Taflove et al., 2005), near-field to far-field, or near-zone-to-far-zone transforma-
tion (Luebbers et al., 1991) in the literature. In architectural acoustics, such method has
been applied to characterize sound diffusers experimentally by Richard et al. (2019) or
numerically, from simulation using a FDTD method, by Redondo et al. (2007).

These methods are usually based on the Kirchhoff-Helmholtz integral that relates the
velocity potential at a given point to the velocity potential on a closed surface (or a closed
contour in a two-dimensional space) that does not contain any source, which is the case
for the scattered field. In this case

Φs(r) =

˛
Γ

(
Φs(r

′)
∂G(r, r′)

∂n
− ∂Φs(r

′)

∂n
G(r, r′)

)
dΓ (r′) (5.88)

where r′ is a point on the closed contour Γ , G is the Green’s function to the Helmholtz
equation, ∂/∂n denotes directional derivative in the normal direction n to the closed
surface.

5.4.4.2 Scattering cross sections

To validate the suitability and accuracy of the NFFFT to calculate differential scat-
tering cross sections, we compare the results obtained by transformation with analytic
solutions for a rigid circular cylinder.

The domain is similar to the one used in the convergence study, with the difference that
in this case we record pressures and velocities at positions localized on a closed hexagonal
contour centered on the axis of the cylinder. It is hexagonal here because the regular
grid is also hexagonal, and therefore it is the simplest closed contour if it is build with
adjacent points. Moreover, its roundness is higher than a equilateral triangle, which is the
other simple regular closed contour on such a grid. Figure 5.15 shows a schemtatic of the
computational setup used. The spatial step is h = 5mm and c = 346m s−1. The domain
is meshed using the BVD method, resulting in a Courant number Cr =

√
2/3. The grid

is excited with a Ricker pulse of central frenquency 2 kHz injected as a soft source on a
line of nodes represented by red dots. PMLs are used along the x-axis, in the directions of
propagation of the incident wave, and periodic boundaries are used to have a plane wave
of infinite extension and prevent edge effects. With such boundaries, the domain can be
seen as a flat torus. In the directions of the line of source nodes, along the y-axis, we do
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Figure 5.15 Computational setup for the numerical calculation of
differential scattering cross sections via NFFFT.

not use any PML. Therefore, the length of the signals is controlled by the domain width,
as the scattering event comes back from the other side when it encounters one where
a PML is absent. On the contrary, with these periodic boundaries, it is theoretically
possible to deal with periodic configurations of identical obstacles (Taflove et al., 2005),
whose period is controlled by the width in this case. We make sure that the domain is
long enough to record only one scattering event with sufficient dynamics on the contour
nodes.

The gradient required for the transformation and to calculate the total scattering cross
section σ by integrating the scattered intensity over a closed contour in near field, as given
eqs. (2.55) and (2.59) is computed using eq. (5.38) at each time step. The pressure at
200m around the cylinder is used to estimate the target strength.

Figure 5.16a shows the comparison of total scattering cross sections computed with the
series solution and by integrating the time-averaged scattered intensities on the hexagonal
closed contour. Graphically, the results are in agreement. Even with a band-limited pulse,
the method seems able to estimate σ at the limits of the bandwidth. Figure 5.16b shows
the relative absolute error of the hybrid method. Above 70Hz, the error is less than 1%.
At 20Hz, the relative error is about 33%, which is due to the too short length of the
signals to account for the complete scattering process at low frequency. However, this is
in part where humans are less perceptually sensitive and where the scattering is weak,
which make the characterization at these frequencies less critical for applications in room
acoustics.

Figure 5.17 shows the comparisons of target strengths obtained with series solutions
and the hybrid FDFV method via NFFFT. As the setup is symmetric, they are presented
on a semicircle only, as functions of the scattering angle θs from 0° to 180°, divided in 200
positions. From 63Hz to 2000Hz, the results are in strong agreement with the theory.
Consistently with the results for σ, we find some deviations at 32Hz, especially at the
minimum around θ = 62° where the difference is 0.9 dB. Similarly, at 4 kHz, 6 kHz, and
8 kHz, we find some differences at the minima up to 3 dB for the highest frequency. For the
latter two, the monostatic target strengths (θs = 180°) are poorly reproduced compared
to the other directions that do not coincide with a notch, with underestimations of 0.7 dB
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Figure 5.16 Total scattering cross section σ for a rigid circular cylin-
der. (a) Comparison between series solution and hybrid FDFV. (b) Rel-
ative absolute error.

and 1.8 dB, respectively.
Li et al. (2005) also observed such reduction of accuracy for strongly forward scatter-

ing objects that they attributed to the fact that small numerical errors in these directions
can pollute the results in the backscattering region. We examine to what extent this
effect is present when NFFFT is applied to non-circular geometries that interest us here.
For this, the monostatic target strengths of one of the studied cylinders are estimated
as before and compared to those obtained using BEM in the frequency domain, that has
the advantage of being able to simulate the far field directly without any impact on the
computational cost. The implementation used is openBEM (update 5-2020) (Henriquez
et al., 2010), a collection of open-source MATLAB functions allowing in particular to solve
two-dimensional problems. The cross section of the cylinder is composed of two intersect-
ing cylinders, one being smaller than the other, described in more detail in chapter 6
and represented in fig. 6.5b. The simulation parameters and the excitation source for the
hybrid FDFV method are identical to those for the circular cylinder case. The domain
is meshed using the CVD method resulting in a Courant number Cr = 0.75. NFFFT is
applied to extrapolate the backscattered pressure at 100m with respect to the centroid
of the cross section. For the BEM, the boundary is discretized with at least 6 points per
wavelength using linear elements. The pressure is simulated at the same distance as the
one extrapolated via NFFFT, at the central frequencies of octave-bands from 63Hz to
4000Hz and at 5657Hz, the upper band-edge frequency of the latter.

Figure 5.18 shows the monostatic target strengths obtained for two incidence angles
θ0 = 90° and 0° as functions of frequency. The results are in excellent agreement for both
methods with differences lower than 0.1 dB below 4000Hz for both incidences. For the
highest frequency considered, the results obtained via NFFFT are slightly lower than those
obtained with BEM with differences of 0.8 dB and 0.4 dB for θ0 = 90° and 0°, respectively.
Therefore, the proposed method with the chosen parameters allows to estimate far-field
quantities with a certain confidence on the considered frequency range.

5.5 Discussions and conclusion

This chapter presented a time domain method to study the scattering by cylindrical
obstacles in the context of airborne sound. The method is based on the joint use of FD
and FV through hybrid meshes. An explicit FD scheme operating on a hexagonal grid
is used for the main part of the domain for its good numerical performance in terms of
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Figure 5.17 Target strengths as functions of the scattering angle θs
at several frequencies for a rigid circular cylinder computed with series
solution and hybrid FDFV via NFFFT.
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Figure 5.18 Monostatic target strengths as functions of frequency

dispersion and isotropy for a reasonable computational cost. The grid is modified in close
vicinity of the obstacles to conform them, resulting in an unstructured mesh handled
using the FV method, allowing to overcome the staircase approximation.

Two meshing methods have been tested. They are based on the Voronoi diagrams of
the grid points surrounding the studied objects, bounded by their boundaries. To obtain
a more homogeneous orthogonal mesh, it was proposed to apply Lloyd’s algorithm to
approximate a CVD. The method is able to relax the stability condition to the expected
one if some cells of the mesh generated with the BVD method result in a stricter condition.

The methods were validated by comparisons with analytic solutions from scattering
theory in the case of rigid and impedance circular cylinders. In addition, one of our
geometries of interest, consisting of a cluster of parallel circular cylinders, served as a
model for cross-validation in the context of multiple scattering problems. Furthermore,
NFFFT was evaluated for the calculation of target strengths by comparison with analytic
results for a rigid circular cylinder and with BEM for a more complex geometry, whose
cross section consists of two intersecting circles, part of the cylinders studied in a more
complete way in the following chapter.
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Chapter 6
Sound scattering by Gothic piers and Classical columns

In old buildings, columns and piers1 can be present in a large number for structural
reasons. The elements that constitute them such as the capital and the shape of their
shafts are often representative of an architectural style. In this chapter, we are interested
in the sound scattering by different columns representative of two styles that have strongly
marked the history of Western architecture: Classical and Gothic architecture.

Classical architecture is divided into several orders. The Doric and Ionic orders are
studied to investigate the influence of the typical patterns they display on the column
shafts. They are the first two orders that appeared in ancient Greece, and, therefore, these
patterns are found in the later orders. The study of Gothic piers and columns is restricted
to a selection among those found in the Cathédrale Notre-Dame de Paris, France, following
historical-architectural criteria, since its construction lasted for several centuries. This is
reflected in the shafts of various geometries that constitute it, representative of different
styles following the long evolution of this architecture. They are also chosen for reasons
of room acoustics, depending on their positions in relation to a listener and a source, or
their frequency. This is further detailed in section 6.1, as well as background information
on Classical architecture and the history of Notre-Dame construction.

The study of the sound scattering they induce is restricted to that of the shaft, being
the major part of a column. They are considered to be rigid, which is consistent with
the strong impedance contrast that exists between the air and the rocky materials that
constitute the historic buildings. Measurements on scale models representing some of the
selected geometries, are conducted and presented in section 6.2. They are long cylinders
with scale factors ranging from 1:8.5 to 1:12. A subtraction method is used to isolate
the scattered pressure for positions completely surrounding the obstacle, validated by
comparisons with measurements on a rigid circular cylinder and the analytic solutions
presented in section 2.4.1. The results for the geometries of interest are compared with
that of simulations conducted with the numerical method presented in chapter 5. In
section 6.3, the objects are numerically characterized in the far field using the scattering
quantities to evaluate the scattering strength and its directionality. Eventually, the results
obtained are compared to the thresholds of audibility for single reflections that have been
reported in the literature in section 6.4.

6.1 Architectural cases

6.1.1 Classical columns
Classical architecture is derived from the architecture of ancient Greece and ancient

Rome. During the Renaissance, the work of the Roman architect Vitruvius (1999) has
1In art history, a column refers to a support based on a circular section, while a pier is a generic term.
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been rediscovered by Italian architects such as Alberti (2004) during the 15th century.
It is divided into several orders that are distinguished according to the proportions used,
but also by the type of column employed. In this work, to assess the influence of shapes
on the sound scattering by such columns, we are interested in the Doric and the Ionic
orders, as the particular patterns on the shafts of their columns, called the fluting, with
grooves or channels extending along the height, known as flutes, can be found in the other
later Classical orders.

In the Doric order, there are 20 flutes meeting continuously along an edge called the
arris as represented in figs. 6.1a and 6.1b. Different rules can be found for their shape.
Vitruvius (1999) indicates that the flutes describe arcs constructed as shown in fig. 6.1b
at right, i.e. from the quarter of the circle inscribed in the square of side equal to the
width of the fluting. This fluting is labeled D2 in this manuscript. Alberti (2004) reports
that this rule is more of a limit for the depth of the flutes. The flutes drawn in Vignola’s
plates are indeed less deep (Vignola et al., 2011). They are built from an arc of 60° as
shown in fig. 6.1a. This rule is found in other latter architectural handbooks (Nicholson,
1823; Ware, 1904). It is labeled D1.

Ionic columns’ shaft is characterized by its 24 flutes separated by a fillet as shown
in figs. 6.1c and 6.1d. The shape of these grooves according to Vitruvius (1999) is a
semicircle. He describes in fact Thales’s theorem as represented in fig. 6.1d. This fluting
is labeled I2. Plate 69 of Field et al. (1922) and Plate XV of Ware (1904) represent
the Ionic columns of the Temple of Ilissus (Barrett et al., 1975). The drawing method
described is the same that for a three-centered arch (Adams, 2015) as shown is fig. 6.1d.
This shape is sometimes qualified as pseudo-semielliptic even though the intention of such
a design was probably not to approach an elliptical arc (Huerta, 2007). It is labeled I1.
The angular sector occupied by a fillet is fixed to be equal to a quarter of that occupied by
a groove for both designs, but they can be found wider with a limit of one-third (Alberti,
2004; Perrault, 1996).

We give in the following some additional information on the history of these orders
with examples of use to demonstrate that these particular patterns have crossed the
millennia. The origins of the Greek Doric architecture, the oldest order, are a topic of
debate that has been present for a long time and is still ongoing among archaeologists
and art historians (Barletta, 2001; Howe, 2018; Jones, 2014). Influences from Egyptian
architecture have been advanced (Betts, 1936). Similarities are found with polygonal
columns such as those found at the site of Beni Hasan, which Champollion called proto-
Doric, suggesting this link (Rosellini et al., 2003). However, it is more likely that each of
the civilizations reached these patterns independently (Jones, 2014; Pratt, 1879).

Originally, these columns are present in the temples of ancient Greece, forming the
outer part, the peristyle, with their colonnades but also in the inner parts, the naos
and the sekos, of the largest temples. They were made from local stones, most often
with limestones and rarely in marble (Wycherley, 1974). We can mention the Parthenon,
representing the apogee of the Doric order, built around 440 BC, or any other temple of
the Athenian Acropolis such as the Erechtheion and the Temple of Athena Nike, which
are of Ionic style. The Romans were largely inspired by these orders to form their own,
the Tuscan and the Composite orders (Chitham, 2014; Ware, 1904). Beyond the temples,
others buildings integrated colonnades in their structure like the civil basilicas, multi-
purpose public buildings installed near a forum serving as a gathering place, business
negotiations, and the administration of justice in particular (Ginouvès et al., 1998). We
can give the example of the one of Aphrodisias (fig. 6.2), an archaeological site in Caria,
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Figure 6.1 Cross sections (left) and method of drawing for the fluting
(right) for (a) D1, (b) D2, (c) I1, and (d) I2.

Turkey, inscribed on the UNESCO World Heritage List in 2017 (Erim, 1988; Smith, 2019;
Stinson, 2016). The building was about 145m long in total and 30m large, with a long
main hall covering more than three quarters of the length composed of a central nave and
two side aisles separated by two-storey colonnades from Ionic and Corinthian orders.

The Renaissance is a period of transition between the Middle Ages and the modern era
in Europe, which began in Italy during the 14th century. The scholars rediscovered the
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Figure 6.2 Civil basilica of Aphrodisias. (a) Photograph by E. Küçük
of the site ca. 2012, reprinted with permission of New York Univer-
sity Excavations at Aphrodisias. (b) Reconstruction by Stinson (2016),
reprinted with his permission.

philosophy and the arts of the Greek and Roman Antiquity, which appeared to them as
a golden age. Its architecture succeeded the Gothic style and integrated the principles of
the ancient classical orders, interpreted and theorized by Alberti (2004) and Serlio (1560),
in particular. One of the most emblematic buildings is the Papal Basilica of Saint Peter
in the Vatican, whose construction began in 1506. It has Ionic columns in its narthex,
but not in its nave, however, Corinthian pilasters, that have the same fluting, are used to
decorate the piers and the responds2 (Lotz et al., 1995). Overall, this period participated
in the development of what is formally called Classical architecture that occupied the
17th and 18th centuries.

This style reappeared again in the second half of the 18th century in the form of what
is called Neoclassical architecture, succeeding the Baroque and Rococo styles. As famous
examples, there are the Pantheon and Église Sainte-Marie-Madeleine (La Madeleine) in
Paris, France, which both have Corinthian columns and pilasters. Église Saint-Philippe-
du-Roule was built at the end of the 18th century. It is designed according to a basilica
layout with a central nave covered by a barrel vault supported by Ionic colonnades. The
Église Saint-Symphorien in Versailles, France, was build during the same time and has a
similar design but with Doric colonnades. It is interesting to mention that many cathedrals
or churches renovated during this period incorporated fluted columns. The Nikolaikirche
in Leipzig, Germany was built in 1165 in a Romanesque style, but its interior was fully
redesigned in 1795 by the architect Johann Carl Friedricg Dauthe, who integrated Ionic
colonnades in the nave. The Catedral de la Santa Cruz de Cádiz in Spain was originally
designed in the Baroque style, but many Rococo and Neoclassical elements were added
during its construction from 1722 to 1838. In Paris, France, the Église Saint-Nicolas-
des-Champs was built during the 15th century in a Gothic style qualified as flamboyant,
but during the 18th century, Ionic columns replaced those of the choir, and some were
surmounted with Ionic pilasters. The Protestant Temple of Saint-Eloi of Rouen in France,
was a former Catholic church built in the 13th century in Gothic style. Its interior was
redesigned in a Baroque style by the architect Jean-Jacques Martinet, who changed the
nave columns with Doric ones during the 18th century. Beyond Europe, this style was

2Respond: Half-pier or half-column embedded in a wall.
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exported to the United States of America with a great success and gave birth to what is
sometimes referred to as the Federal order. References to antiquity are found in official
buildings, e.g. the Lincoln Memorial inaugurated in 1922 or the Capitol in Washington
D.C. The columns could then be immense and wide such as in the interior of the Old
Pennsylvania Railroad Station in New-York City, where Madison Square Garden is now
located.

6.1.2 Gothic columns of Notre-Dame de Paris
The Gothic piers and columns are studied through the Cathédrale Notre-Dame de

Paris that is of particular importance for the history of music. It was the cradle of what
is called by the historians the “École de Notre-Dame”, a polyphonic singing style that
was developed between 1170 and 1250 by various composers (Duhamel, 2010). Musical
manuscripts such as the Magnus Liber Organi (Roesner, 1993) or texts (Anonymous IV
et al., 1985) testify to this intense musical activity. The following period known as the
Ars Antiqua, until 1320, corresponds to the moment when it gradually lost its musical
supremacy to other places that were more attractive to the talented composers of the
time. During the Ars Nova, the period that followed until 1380, the episcopal school
refocused on teaching the liturgy and maintained eight choirboys to restore a certain
level of musical quality. A permanent choir organ was installed around 1334 according
to a historical document citing the name of Jean de Bruges as the first organist (Wright,
2008). The first tribune organ was built between 1403 and 1415 by Frederic Schambantz.
The choirmasters enjoyed a growing reputation, notably Antoine Brumel nominated in
1498, bringing with him Flamish influences. Moreover, the choirboys were increased to 12
members in 1550. Their reputation was such that the Cardinal of Guise tried to kidnap
the student Claude Ruffin in 1576, moved by his voice (Chartier, 1897). In the centuries
that followed, the reform of the liturgy relaxed the musical rules of the services. It allowed
the masters and the organists a freedom of style and creation. In the modern era, the
reigns of Louis XIII and Louis XIV were a period of prosperity for the arts in which the
cathedral was strongly involved. It offered musicians a listening space open to all, at a
time when public halls did not exist.

6.1.2.1 Architectural-historical description

The construction of the Cathédrale Notre-Dame de Paris began in 1163 under the
responsibility of Maurice de Sully, bishop of Paris. Figure 6.3 shows the principal phases
of construction. The first part to be built was the choir, completed in 1182. At this date,
the western wall of the transept was already erected. The choir had a double ambulatory
and tribunes like nowadays, but did not have its radiating chapels yet. The elevation of
the nave started in 1180 while the vaults were missing in the choir. Several construction
campaigns will have been necessary for the western part of the cathedral to be completed.
The first bay of the nave, connecting it to the facade composed of the bases of the towers,
was completed around 1220. While the construction of the towers continued, changes
were made to the building from 1225, following a fire between the roof and the vaults
according to Viollet-le-Duc (Sandron et al., 2020). At that time, the work had already
been going on for more than 60 years, a period during which the techniques of masonry
were refined at other sites. Thus, the hypothesis that, by rivalry with other dioceses
building cathedrals at the same time, the bishop would have decided to bring it up-to-
date has also been advanced (Sandron et al., 2020). The main roof was raised with the
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Figure 6.3 Plan of Notre-Dame de Paris with principal phases of
construction. Retrieved from Sandron et al. (2020).

addition of a wall around the entire perimeter, allowing a uniform height from the choir
to the nave and the windows of the clerestory3 were doubled in height. The towers were
completed around 1240, at the same time that the lateral chapels were added to the nave.
Around 1250, the rose window of the north arm of the transept, extended by one bay,
was built by the master mason Jean de Chelles and that of the south, added 10 years
latter, is attributed to his successor, Pierre de Montreuil. In the meantime, a wooden
spire was added above the crossing. The radiating chapels were built between 1290 and
1330 under the supervision of Pierre de Chelles and his successor, Jean Ravy. The latter
was responsible for the construction of the jubé surrounding the liturgical choir, later
completed by his nephew and successor, Jean le Bouteiller.

It took almost two centuries for the cathedral to reach a shape close to the one we
know today and it is only from the seventeenth century that modifications were made to
the interior, except maintenance operations. In 1622, Paris became a archbishopric and
for the occasion, Queen Anne of Austria commissioned François Mansart, king’s architect,
to rework the jubé with marble and include a Virgin and Child in niches. During the Vow
of Louis XIII in 1638, it was announced that the choir would be restored. It was only from
1708, under the reign of Louis XIV, that this work began. The design is attributed to the
king’s chief architect, Jules Hardouin-Mansart, but dying in 1709, the construction was
mostly undertaken by his successor and brother-in-law, Robert de Cotte who completed
it by 1723. The stone jubé was replaced by a gilded forged-iron fence. The piers of
the hemicycle were covered with panels of colored marble and the pointed arches were
transformed in round ones. The still present polychromatic marble pavement, Pietà and

3Clerestory: Upper row of bays of a nave located above the triforium and the tribunes.
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oak stalls are also from this period sometimes qualified as Baroque transformation.
After the French Revolution, the building was requisitioned and rededicated Temple

of Reason on November 10, 1793. It returned to the clergy less than 10 years later, on
April 10, 1802, in a more deteriorated state than it already was. During the 1830’s, the
historian and politician, François Guizot, aware that national history could be a powerful
means to federate the population, initiated a cultural heritage policy. He created the
position of inspector general of historical monuments. The inspector appointed in 1834,
Prosper Mérimée, entrusted the prefects to establish a list of historic buildings that they
considered to be priorities for protection and renovations in their department. In this
context, the Minister of Religious Affairs, Pierre Dessauret, received a petition to preserve
the cathedral which led to a tender for a renovation project. In 1843, Lassus and Viollet-
le-Duc won (Lassus et al., 1843), being the only ones to submit on time. Their wish was
to return to a state closer to the cathedral’s origins. They removed some of the additions
from the Baroque period but renovated some of them, such as the pavement. They rebuilt
a spire above the crossing in imitation of the 13th century one that had to be dismantled
at the end of the 18th century because it showed signs of fragility and was in danger
of collapsing. Oculi were introduced at the level of the triforium4 on the walls of the
transept, on the last bay of the nave and the first of the choir. These renovations, lasting
for almost 20 years, were conscientiously consigned in a daily work journal (MPP, 2021).

6.1.2.2 General acoustics

The cathedral suffered a major fire in April 2019. However, measurements were taken
almost 4 years earlier (Postma et al., 2016). The reverberation time T20 measured at
that time was about 7 s at 500Hz. We conducted additional measurements after the fire
in 2020 (Katz et al., 2020b). Among the damages, several vaults collapsed, including
the one at the crossing, leaving large openings. The reduction in reverberation time was
estimated to be 20% on average. These measurements have allowed the calibration of
a geometrical acoustic model that can be modified with historically informed data to
estimate the acoustics of the building in past states (Canfield-Dafilou et al., 2022; Mullins
et al., 2022), allowing then to study the influence that these could have on the musical
practices.

6.1.2.3 Columns and piers of interest

The many successive construction and renovation campaigns can be seen in part
through the geometry of the many piers and columns in the cathedral (fig. 6.3). The
study of the plinths, bases, and capitals contributed notably to the sequencing of the
building site (Bruzelius, 1987). In total, 7 geometries were retained according to archi-
tectural criteria such as their location or frequency and historical criteria such as their
place among the different Gothic styles or their links of influence with later or earlier
architectural styles. The groups of columns they define are shown in fig. 6.4 with a label
attributed to each. There are 5 compound piers, consisting of a core flanked by engaged
columns and/or pilasters. These elements extend the arches and ribs to take some of
their loads and articulate the structure vertically. These principles were already used in
Romanesque architecture (Hoey, 1989; Thurlby, 1998). Their section is formed of a single
closed shape. This distinguishes them from the piers with colonnettes where long thin

4Triforium: Narrow level below the clerestory.
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Figure 6.4 Floor plan with piers, columns, and responds locations
indicated by the row (A-F) and column (1-23) grid. The shafts of iden-
tical cross section from the selection are highlighted with a common
color. The columns of the nave with circular shafts are indicated with
a circle.

en-délit circular columns flank without contact a central part, in this case they have a
decorative function; 2 were selected. They are all located in the nave, except one. The
columns with circular sections present in this part of the cathedral are also indicated in
fig. 6.4 with their diameters. The piers that are not retained, i.e. not colored, are globally
formed with shafts of similar geometries. Their cross sections are included in appendix C.

The shafts are in Lutetian limestone. Although not perfectly smooth, Vázquez et al.
(2016) measured an average surface roughness of 40 µm on a sample from the Gothic
church Notre-Dame de Vetheuil, whose construction began in the 12th century. In the
cathedral, while the stones were bare during the first centuries like today, they were
actually painted from the middle of the 14th century until the end of the Baroque pe-
riod (Sandron et al., 2020), probably leading to an even smoother surface.

Figure 6.5 shows the cross sections of the studied shafts with their dimensions given
in cm. They were drawn based on orthoimages extracted from the interactive 3D visu-
alization environment developed by the working group of the scientific project for the
restoration of the cathedral5. This numerical tool integrates the 3D point clouds obtained
by several laser survey campaigns conducted notably by Andrew Tallon in 2010 (Sandron
et al., 2020) and also by the company Art Graphique et Patrimoine (AGP) just after the
fire of April 15, 2019.

Compound piers The first bay of the nave, connecting it with the frontispiece, was
built last (see fig. 6.3). It resulted in specificity on its columns because more stiffness
was needed in this part according to Bruzelius (1987). The shafts N1, located at C/D4,

5This tool was developed by members of the Modèles et simulations pour l’architecture et le patri-
moine (MAP) laboratory in the framework of the Données numériques working group of the scientific
project, supported by the Centre National de Recherche Scientifique (CNRS) and the Ministère de la
Culture (CNRS/MC, 2019).
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Figure 6.5 Cross sections of the selected shafts. Piers of the western
bay of the nave, (a) N1, (b) N2. Western crossing piers (c) C1 at the
arcade level. Piers (d) T, supporting the tribune between the towers.
Pier (e) Ch in the southern ambulatory. Piers with detached colon-
nettes (f) C2, western wall of the transept, and (g) N3, nave aisles.
Dimensions are given in cm.

are engaged with four circular colonnettes on a circular core as shown in fig. 6.5a. Just
besides, the piers N2, located at C/D5, are engaged with a single one (fig. 6.5b). Their
central parts are of the same diameter as the other columns of the nave arcades, except
the columns at C/D8 that follow the principle of strong and weak piers as their diameter is
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125 cm. The colonnettes are engaged by less than a quarter of their diameter, penetrating
11 cm and 15 cm, respectively. This type of circular lobe shaft is also found engaged in
every responds. They are piliers cantonnés, a type of pier already used in Romanesque
architecture where massive rectangular piers are flanked by semicircular columns as with
Église Saint-Étienne de Caen in France, Catedral de Santiago de Compostela in Spain, or
Hohe Dom St. Martin zu Mainz in Germany. Geometries similar to these two couples may
be found in other High Gothic cathedrals as with the naves of Notre-Dame de Chartres
and Notre-Dame de Reims, or in the choir of Notre-Dame de Noyon. They are more
robust variations of the columns known as “soissonnaises”, which first appeared in the
Cathédrale de Soissons, where a single colonnette is engaged in a circular core on the part
facing the nave and rises to the vault (Klein, 1999).

The transept crossing piers on the nave side C1, located at C/D11, are among the
selected geometries. They are actually the union of several pilasters, each one receiving
a transverse or diagonal rib of the nave or crossing vaults. At the arcade level, this
results in an asterisk-shaped section as shown in fig. 6.5c. They are the largest piers of
the selection, and, with the two previous ones, they directly surround the nave where
listeners are located.

Typical of Gothic architecture, it is also found in the cathedral, compound piers formed
by a cluster of coursed shafts shaped with relatively thin engaged circular parts that extend
vertically the arcs and the ribs of the vaults. The supports of the towers, located at C/D3,
are built with this method. Their sides facing the central vessel extend up to high capitals
at the base of the sexpartite vaults, forming a diffusing surface close to the Grand Organ.
This is also the case for its intermediate piers. The piers T, located at C/D2, are selected
to study the influence of such shafts. Figure 6.5d shows the cross section. At each corner
of the diamond shape is engaged a wider column of diameter 34 cm and, on the sides, there
are alternately right corners and engaged colonnettes of diameter 19 cm. This pattern is
repeated on the wall and outer aisle responds, between each chapels, of the choir (Murray,
1998).

The eastern transept crossing piers, located at C12 and D12, on either side of the
current altar, are the oldest of the building with such shafts. When the chapels of the
choir were nearly completed, Pierre de Chelles renewed the eastern wall of the transept
around 1315 (Davis, 1998), introducing foliate gables to the arcades of the ambulatory
entrance and the piers located at B12 and E12 were modified. The North and South
parts are different, the second, probably built in first, is less massive and less prismatic.
Their shapes are similar to those of the intermediate piers of the chapels, located from
A18 to A23, as well as the responds located in the outer direction to them, at the back
of the chapels, and their couterpart in the southern half. As in Early Gothic, the shafts
have engaged columns and colonnettes. However, we find some cross sections that reveal a
more advanced Gothic style, closer to the flamboyant Gothic style. Here the corners are no
longer all straight as de Chelles introduced curved faces between the flanking colonnettes.
The piers, located at B13 and E13 in the ambulatory, and the second one of the south side
arcade, located at D14, were also built around this moment, and are similar. Around this
time, structural problems led to ruptures in this region and circular piers were replaced.
It is not clear who led these repairs (Davis, 1998). The pier in the southern part of the
ambulatory is selected to study a shaft more representative of a latter Gothic style. It is
labeled Ch and its cross section is shown in fig. 6.5e.
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Piers with detached colonnettes en délit The use of colonnettes en délit is
widespread in the cathedral. They divide the tribune openings, in two in the choir and
in three in the nave, except in the first bay. They are in the responds of the nave, in the
central vessel from the clerestory to the tribunes, extending in a uniform way the ribs of
the sexpartite vaults and in the outer aisles. They are 17 cm in diameter. This principle
is found at the arcade level on the columns C2, located at B/E11, at the entrance of the
double aisles at the western wall of the transept. Their cross section is represented in
fig. 6.5f. The prismatic piers formed by the union of the arcades and vaults dosserets6 are
supplemented by detached colonnettes at each re-entrant corner separated by a distance
of 1 cm.

Separating the double aisles, every other circular pier N3, located at B/E5/7/9, is sur-
rounded by 12 detached colonnettes as shown in fig. 6.5g. Viollet-le-Duc (1859) explained
this difference with the single circular cylinder neighbors by considerations of structural
strength and stability. In particular, since these piers are in line with the most heavily
loaded columns of the nave, they had to take the load of the buttresses which existed
before 1220 and allowed to counter the thrust from the sexpartite vaults. However, this
has been challenged by Murray (1998), and Viollet-le-Duc (1859) himself acknowledged
that they have a decorative function when installed at the responds after settlement of
the building. A couple are also included among the coursed shafts that form the piers
supporting the towers located at B/E3. Many examples of such elements can be found in
other cathedrals at the time, including, not exhaustively, the cathedrals Notre-Dame de
Noyon, Saint-Étienne de Bourges, Notre-Dame de Dijon, and Notre-Dame de Laon (Fer-
nie, 1987). Their use facilitated the way in which the walls are vertically articulated with
the vaults compared to coursed shafts with circular shapes as in the choir responds. They
could be manufactured in mass by standard processes while the walls were built with
stones cut in regular rectangular shape (Olson, 2004). The piers surrounded by colon-
nettes are also at the origin of a whole architectural style in England (Bony, 1949). We
can give the examples of the Canterbury Cathedral, the Lincoln Cathedral, or the Salis-
bury Cathedral where the colonnettes are in marble of a different color from the central
part (Hoey, 1987).

6.2 Experimental measurements of scattering

We have seen in part I that physical scale modeling is a very useful tool for the vali-
dation of numerical methods. The different geometries of interest have been reproduced
to measure experimentally their scattering.

6.2.1 Methods

6.2.1.1 Scale models

The scattering of the different geometries was measured experimentally on 1:12 to
1:8.5 scale models. They are for the most part made of an assembly of long rigid PVC
tubes and/or dense wooden boards and cleats as shown in figs. 6.6c to 6.6f. The detached
colonnettes are positioned at the right distance from their core with the help of wedges.
Their total length is about 2m. Both models of compound piers with clustered engaged

6Dosseret: Pilaster used as a straight jamb for an arch.
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shafts, as well as the fluted columns, are made of staff. The fresh material is spread in
successive layers with a comb whose shape is the negative of one symmetric part of the
section. These parts are attached together to form the cylinder as shown in figs. 6.6a
and 6.6b. They are eventually painted to protect them from desiccation and crumbling,
as well as to further decrease the surface roughness. Those are 1m long. The scale of the
fluted columns is set so that the circle circumscribing their cross section is 1m in diameter
at full scale. The resulting scale factors for each is given in table 6.1. D2 has not been
built as it is not very different from D1, but it is numerically characterized.

(a) (b) (c)

(d) (e) (f)

Figure 6.6 Photographs of scale models of the piers and columns.
From left to right: (a) I2, D1, and I1. (b) Ch, and T. (c) N2, and
N1. (d) C1. (e) C2, (f) N3.

6.2.1.2 Measurements

The scattered pressure they induce is measured experimentally with a subtraction
method similarly to the procedure used to characterize surface diffusers. For each config-
uration tested, involving a geometry and an angle of incidence θ0, a series of measurements
with then without the cylinder have been made taking care not to change the positions
of the source and the receiver during the removal.

The measurements were carried out in the anechoic chamber of Sorbonne Université
(fig. 6.7). The sound field was measured on a circular arc around the cylinder. For
that, a microphone was attached to an articulated arm allowing for positioning in space,
which was mounted on a turntable (Brüel & Kjær Turntable System Type 9640). The
cylinders were positioned on a platform above the turntable that was not in contact with
it to allow the arm with the microphone to rotate around. In practice, the legs of the
support platform prevented measurement for about a quarter of a circle (fig. 6.7b). Since
all diffusers have at least one plane of symmetry, recording the signals on an arc greater
than a semicircle that includes the forward and backscattering positions allows for full
measurement of the scattering in the case where the source is included in this plane of
symmetry and orientated towards the center of the scatterer.

The source was a 20mm diameter dome tweeter (Audax TM020G3) driven by an
amplifier (Samson Servo 120a) positioned at a corner of the chamber as may be seen on
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(a) (b)

Figure 6.7 Photographs of the experimental set-up. (a) Overview
with the sound source on the right. (b) Close view with the platform,
the turntable and the microphone mounted on an articulated arm.

the right of fig. 6.7a. The signals were recorded using a miniature microphone (Feichter
Audio M1). Its axis was parallel to the cylinder axis to minimize variations due to its
directivity. All were connected to an audio interface (RME Babyface) configured at a
sample rate of 192 kHz. The exponential swept sine method (Müller et al., 2001) was
used with signal spanning frequencies from 2 kHz to 95 kHz over 3 s. The exploitable
frequency band has been identified from 2 kHz to 30 kHz, limited by the source, with
a drop in SNR at 20 kHz. The measurements were carried out with an angular step
of 5° and the emission and acquisition of signals as well as the control of the turntable
were performed with MATLAB 2020a through an automatic procedure. The source,
the microphone and the cylinder were positioned with the help of laser levels visible in
fig. 6.7a. The temperature and humidity have been measured in the experimental room
for each series to estimate the speed of sound using the formula of Rasmussen (1997). The
different set-ups and the estimated c are summarized in table 6.1. The shortest distance
from the source to the columns is nearly 3m, well beyond the Rayleigh distance of the
source, πa2sourcef/c, where asource is the source radius, at any frequency f .

6.2.1.3 Post-processing

For each configuration tested, involving a geometry and an angle of incidence, a series
of measurements with then without the cylinder have been made taking care not to
change the positions of the source and the receiver during the removal. Figure 6.8a shows
the impulse responses obtained for one position for a rigid circular cylinder present and
absent. It is then possible to isolate the scattered pressure by subtracting the incident
pressure to the total pressure recorded respectively without and with the cylinder present.
This method is very sensitive to variations of environmental conditions. Changes in
temperature and humidity in the chamber, microphone positioning or response of the
equipment due to electrical deviations and Joule heating cause disparities in time and

1Represented by a blue dot in figs. 6.5a to 6.5g
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Table 6.1 Experimental set-ups and parameters for the measurements
on scale models with the Courant number λ used in each corresponding
simulation.

Label (fig.) Scale
factor

Incidence
angle θ0

Distance from center1
c [ms−1] λSource [cm] Receiver [cm]

D1 (6.1a) 1:10 9° 31 291 346.0 0.746

I1 (6.1c) 1:10 0° 31 296 346.0 0.761

I2 (6.1d) 1:10 0° 31 289 346.2 0.744

N1 (6.5a) 1:12 90° 32 307 345.7 0.751
45° 32 307 345.8 0.731

N2 (6.5b) 1:12 90° 31 307 346.2 0.755

C1 (6.5c) 1:12 0° 32 306 345.7 0.753
90° 32 306 346.2 0.742

T (6.5d) 1:10 90° 31 319 346.1 0.744

Ch (6.5e) 1:10 0° 31 319 346.5 0.743

C2 (6.5f) 1:8.5 90° 33 307 346.1 0.753
0° 33 307 345.9 0.739

N3 (6.5g) 1:8.5 0° 33 338 346.6 0.745
15° 37 317 346.6 0.762

(a) (b)

Figure 6.8 Examples of impulse responses obtained for one position.
(a) With and without the cylinder. (b) Signals obtained by direct
subtraction and with the proposed time shift correction. Note that the
range of the vertical axis is different.

amplitude between measurements. Several methods have been proposed to compensate for
them in post-processing (Robinson et al., 2010). At low frequency, amplitude variation is
the dominant error factor, while at high frequency it is the time shift. Here, we compensate
only for difference of time of arrival. It is obtained by cross-correlation between the free-
field signal and the total pressure signal. As it is generally fractions of a sample, the
estimation is refined by interpolation on a Gaussian curve as proposed by Zhang et al.
(2005). The free-field signal is delayed using the MATLAB function delayseq with the
estimated time shift and it is subtracted to the total pressure signal to obtain eventually
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Figure 6.9 Example of estimated time shifts expressed in number of
samples as a function of the angular position. The positions in shadow
zone are shaded in gray.

the scattered pressure signal.
The measurements are compared to analytic solutions or simulations in the frequency

domain. The spectra of the scattered and free-field pressure signals are obtained by
Fast Fourier Transform with windowing to exclude any unwanted reflections, especially
from the metal grid forming the floor of the chamber (see fig. 6.7), and zero-padding
to increase the frequency resolution. No correction is made for excessive high-frequency
air absorption, as the scattering happens over a short time, but it is partly taken into
account and compensated for that occurring during the direct sound propagation when
normalizing by the free-field pressure signal for each position. Figure 6.9 shows the time
shift expressed in number of samples for each angular position estimated with the proposed
method. The positions in the shadow zone are shaded in gray. It is clear that this method
is not applicable to signals measured in this zone. These are therefore corrected using
an average of the estimated time shifts for the neighboring visible positions of the same
series.

The signals obtained with direct subtraction and with the correction method proposed,
for the total and free-field signals shown in fig. 6.8a. A residual part of the direct sound is
clearly visible if simple direct subtraction is employed, while using the proposed method
results in a significant reduction of the direct sound in comparison.

6.2.2 Validation using a rigid circular cylinder
In order to validate the proposed measuring system and post-processing to obtain the

scattered pressure, measurements have been made with a PVC tube of outer diameter
110mm to model an infinite rigid circular cylinder. The thickness of the pipe is 3.2mm,
which is sufficient to assume such a boundary condition in the case of airborne propaga-
tion (Krynkin et al., 2011). The scale factor is set to 1:9.1 in order that it represents a
cylinder of 2a = 1m in diameter at full scale. Three repetitions of the same measurement
have been made. The source and microphone positions are not changed between them.
They are at 310 cm and 42 cm from the cylinder axis, respectively. The humidity and
room temperature have been measured for each series. The average estimated speed of
sound for the three series was 345.47m s−1, with ±0.10m s−1 absolute differences. The
variations of c between the repeated series are small, so they are compared to the analytic
solutions for plane and spherical incidences presented in chapter 2 calculated using this
average value.
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(a)

(b)

(c)

Figure 6.10 Measured scattered fields (3 repetitions) for a rigid cylin-
der compared to analytic solutions. (a) Polar diagrams 20 log10 |ps/pi|
as functions of the scattering angle θs at different central frequencies of
octave bands with the corresponding Helmholtz numbers ka indicated,
where k is the wavenumber and a the radius. |ps/pi| from (b) measure-
ments (Meas. 3) with scaled frequency and (c) series solutions with
plane wave incidence.

Figure 6.10 compares measured and analytic results for the scattered sound in the
frequency domain. Figure 6.10a shows the polar diagrams as functions of the scattering
angle, θs = θ− θ0, of scattered pressure levels relative to the incident field at the discrete
scaled frequencies 250Hz, 500Hz, 1000Hz, and 2000Hz, compared to analytic solutions
with plane wave and spherical incidence. The corresponding Helmholtz number ka is also
indicated for generalization, where k is the wavenumber and a the cylinder radius. For
the source distance chosen, the scattered relative level for the plane wave incidence is
about 1.8 dB higher than the spherical incidence in the backscattering direction for all
the frequencies considered here. For other angular positions, the differences are lower.
In the forward scattering direction, the plane wave incidence leads to a relative scattered
level about 0.6 dB lower than the monopole source. Overall, the measurements are in a
better agreement with spherical incidence than the plane wave. A very good agreement
is observed at 500Hz and 1000Hz. At 250Hz, the back and transverse relative scattered
pressure levels are lower than the analytic solutions and the variations between series are
high. This is also the case at 2000Hz in the transverse direction. These frequencies are
close to the limit of the sound source where the signal-to-noise ratio is lower, degrading
the accuracy. Additionally, the proposed correction for positions in the shadow zone leads
to a good estimate, given the excellent agreement found for the forward scattering peak
and the observed repeatability between the series. Finally, the rigidity hypothesis for this
scale model seems acceptable.

Figure 6.10b shows the magnitude of the measured scattered pressure relative to the
incident pressure for Meas. 3 over all the available frequency range, scaled according to
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11 |ps/pi| for the fluted columns: D1 (a, b) with θ0 = 9°,
I1 (c, d) with θ0 = 0°, and I2 (e, f) with θ0 = 0°. Scale model
measurements (left) compared to simulations (right). The frequency
axis of the measurements is scaled according to the factors given in
table 6.1.

the factor, for each angular position. Comparing it to the plane wave solution represented
in fig. 6.10c confirms the underestimation in the backscattering region, and the slight over-
estimation in the forward direction. The interference pattern in the transverse direction is
less visible at high frequency in fig. 6.10b compared due to the low angular sampling. The
drop of signal-to-noise ratio around 20 kHz is visible at the scaled frequency of 2200Hz,
manifested by an horizontal line of high values, mainly over the backscattering positions
of the arc. The proposed method for time shift correction seems to be suitable for visible
and shaded positions. In the following, the measurements on the columns of interest are
compared to simulation results where the source is a plane wave. The present results
show that this assumption is likely to affect mainly the backscattering region.

6.2.3 Results and comparisons with numerical simulations

The measurements on the different scale models of the selected scatterer are compared
to simulations carried out with the hybrid method presented in chapter 5. They are
performed with a grid spacing about h = 5mm in the regular part, corresponding to 10
points per wavelength at 7 kHz. The hybrid mesh is obtained with the CVD method with
5 iterations of Lloyd’s algorithm. The speed of sound c is matched to that estimated for
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(a) (b)

(c) (d)

(e) (f)

Figure 6.12 |ps/pi| for the compound piers of the western bay of the
nave: N2 (a, b) with θ0 = 90°, N1 with θ0 = 90° (c, d), and θ0 =
45° (e, f). Scale model measurements (left) compared to simulations
(right). The frequency axis of the measurements is scaled according to
the factors given in table 6.1.

each cylinder and configuration, reported in table 6.1. The time step ∆t is set by the limit
value determined by the stability condition eq. (5.81). The resulting Courant number λ of
each simulation is given in table 6.1. The source signal is a Ricker wavelet with a central
frequency of 2 kHz injected as a soft source over a line of grid points to have a plane wave
incidence. The boundary conditions are considered to be rigid. The simulated total and
incident pressure fields are recorded on the grid positions closest to the circle describing
the arc of the microphone positions in the physical measurements, whose radius is given
in table 6.1.

Figures 6.11 to 6.14 show the magnitude ratio between the scattered pressure and the
incident pressure measured experimentally for each setup and their numerically simulated
counterpart. The results are compared in the frequency domain and the vertical axis of
the surface plots of the experimental results has been scaled according to the factor of each
given table 6.1. Overall, a good agreement between measurements and simulations can be
observed, with constructive and destructive interference appearing within the scattered
pressure in steady state match in frequency and space. In particular, the post-processing
method for obtaining the scattered pressure in the shadow area, based on neighboring
positions, is suitable as shown by the comparison of the figures around the direction
θs = 0°. In the backscattering region, the magnitude ratios are systematically slightly
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.13 |ps/pi| for the western crossing piers C1 with θ0 =
0° (a, b), and θ0 = 90° (c, d), tower piers T with θ0 = 90° (e, f),
and choir pier Ch with θ0 = 0° (g, h). Scale model measurements (left)
compared to simulations (right). The frequency axis of the measure-
ments is scaled according to the factors given in table 6.1.

lower for the measurements on scale models compared to simulations, in agreement with
the difference expected between a plane and a spherical incidence. The drop of SNR
around 20 kHz is visible in some of the measurement results, e.g. in fig. 6.12a around
2400Hz, or in fig. 6.14a around 1700Hz.

In addition to the error due to the nature of the incident field, other sources are that,
for certain configurations, the centering of the cylinder and the perpendicularity of the
measurement plane to the cylinder axis are not perfectly achieved. For this latter, a part
of the wave is thus scattered out of the plane corresponding to oblique incidence. This
can be seen when the measured backscattered and forward scattered pressures do not
exactly match the expected diametrically opposite directions θs = −180° and θs = 0°,

117



(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.14 |ps/pi| for the piers with colonnettes : C2 with θ0 =
0° (a, b) and θ0 = 90° (c, d), and N3 with θ0 = 0° (e, f) and θ0 =
15° (g, h). Scale model measurements (left) compared to simulations
(right). The frequency axis of the measurements is scaled according to
the factors given in table 6.1.

respectively, that are supposed to be symmetry lines in the figures for such configurations
as shown in the simulated results. This is particularly striking in fig. 6.13a compared
to fig. 6.13b where the cylinder is probably leaning in the transverse direction. If the
cylinder is slightly tilted forward or backward from the source then it is not visible in this
way but the deflection is still present.

Another one is the geometrical differences that can exist between a hand-made physi-
cal model and a perfect numerical model. For geometries with outward or inward corners,
the scale models will have rounded corners compared to their digital counterparts where
no rounding was introduced afterwards. The effect of rounding corners on the scattered
field by concave cylinders with one, two or four corners has been studied numerically
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by Markowskei et al. (2017) and they found that maximum differences occurred in the
backscattering region with expected dependencies on the radius of curvature, the wave-
length and the angle of incidence with respect to the position of the corners. Here, the
scale models made of staff (figs. 6.6a and 6.6b) have more rounded edges compared to
wooden models because of the viscosity of the material having a surface tension, also af-
fecting both outer and re-entrant corners. For manufacturing reasons, the angles existing
at the intersections of the circles for N2 and N1 (fig. 6.6c) are also rounded. In addition,
for geometries with several elements, a bad straightness and, therefore, positioning of
the small cylinders leads to a different scattering, such as in fig. 6.14e in comparison to
fig. 6.14f.

6.2.3.1 Fluted columns

The fluted columns are circular cylinders with parallel regular grooves on their surface
in the axial direction. It can be observed that below a certain frequency, approximately
1000Hz for the three tested fluting, the scattering is similar to that of a circular cylinder,
while lobes appear beyond. The backscattering is increased and the scattered pressures
in the forward region on both sides of the peak decrease. This is more pronounced for
the Ionic flutes, i.e. I1 and I2 as shown in figs. 6.11d and 6.11f, respectively, compared
to the Doric fluting shown in fig. 6.11b.

The first strong backscattering peak (θs = −180°) for D1, I1, and I2 is found at
about 1130Hz, 1280Hz, and 1320Hz with a simulated magnitude ratio of 0.56, 0.57,
and 0.55, respectively. It also appear in the measurements with respective differences
of about −1.6 dB, −1.9 dB, and −2.5 dB, in the range of what is expected given the
spherical incidence. A better agreement is overall observed on the forward scattering
region, especially around the forward scattering peak, for −90° ≤ θs ≤ −30°.

The positioning of the cylinders, i.e. their perpendicularity and centering, is less
ensured for D1, and I2, compared to I1, visible through the slight angular shifts for
the forward and backward directions supposed to be symmetry lines for these incidences,
clearly visible in the simulations. The arc angle between the maximum found in the
backward and forward peaks in the measurements is about 5° larger than a semicircle for
D1 and about 3° smaller for I2, and the difference is less than 1° for I1.

6.2.3.2 Compound piers

Figure 6.12 shows the comparisons for the columns N2 and N1, located at the western
bay of the nave. These cross sections are formed by intersecting circles. We observe
that the pressure they scatter has more peaks and notches of interference compared to a
simple circular cylinder, and even more so for N1 comprising four engaged circles on its
core against only one for N2. For this latter, the wave travel along the symmetry axis
of the cross section, hitting the small circle first. We observe that part of the wave is
scattered in the transverse directions, with high magnitude ratios for −135° ≤ θs ≤ −45°.
The differences between the measurements (fig. 6.12a) and the simulations (fig. 6.12b)
are less than 1 dB in this region. In the backscattering direction, peaks and notches
appear. They are regularly spaced in frequency, indicating interference between several
reflected sound paths. For N1, two incidence angles have been tested that correspond to
plane wave traveling along the symmetry axes of this cross section: θ0 = 90° (figs. 6.12c
and 6.12d) corresponding to a plane wave hitting a small engaged cylinder, and θ0 = 0°
(figs. 6.12e and 6.12f) corresponding to a plane wave hitting two engaged circular cylinders
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simultaneously. For both incidences, less energy is scattered in the transverse directions,
around θs = −60°, in comparison to N1, especially at low frequency around 250Hz.
Comparing the two incidences, we observe that for θ0 = 45°, more energy is backscattered
at low frequency, around 200Hz than for θ0 = 90°. On the other hand, a lobe is found in
the transverse directions for the latter, around θs = −100°, which does not appear for the
other incidence.

The results for the other compound piers are shown in fig. 6.13. The western crossing
piers C1 were measured and simulated for two angles of incidence normal to a flat face
of the cylinder. An increase in backscattering is observed as the frequency increases for
both in the simulations figs. 6.13b and 6.13d, and to a lesser extent in the measurements
figs. 6.13a and 6.13c. This is shown here with peaks and notches indicating interference
between the reflections from the different parts. The scattering in the transverse direction,
comparing the two incidence angles, seems similar up to about 1000Hz, beyond that the
tilted faces reflect the wave in the respective specular directions.

The tower piers T are measured and simulated for θ0 = 90° and the results are shown
in figs. 6.13e and 6.13f, respectively. We observe a good agreement up to 800Hz for all
directions. However, the simulation predicts a strong forward scattered pressure (θs = 0°)
around 290Hz with a magnitude approximately equal to 1.6 times that of the incident
pressure, while the measure gives a ratio of about 1.3. Beyond 800Hz, the agreement
remains good except for the backscattering region where the symmetry with respect to
θs = −180° is not visible unlike the simulation. For the pier Ch of the south ambulatory
of the choir, considering the remarks already made about the difference in the nature of
the sources, the agreement is good between the measurement and the simulation shown
in figs. 6.13g and 6.13h, respectively, over the envisaged frequency range, and a good
symmetry is observed in relation to the median plane.

6.2.3.3 Piers with colonnettes en délit

Figure 6.14 shows the comparisons for the piers C2 and N3 that include colonnettes
en délit. The piers C2 were measured and simulated for two angles of incidence normal
to a flat face of the cylinder, similarly to C1. The increase of backscattering is also
observed as the frequency increases for both in the simulations figs. 6.14b and 6.14d. In
the measurement results, the maxima are more visible for θ0 = 90° in fig. 6.14a than
for θ0 = 0° in fig. 6.14c. These maxima are spatially localized and we can observe in
the simulations that for the distance of the receiver, they occupy a small angular sector,
less than 5°, so a very good relative positioning of the different elements is necessary to
capture them. The results are overall similar comparing the two incidence angles, with a
weak scattering for −90° ≤ θs ≤ −30° above 2000Hz.

The piers N3 of the nave aisles have been measured and simulated for θ0 = 0° shown
in figs. 6.14e and 6.14f, respectively. We find a general agreement, e.g. the maximum
of forward scattering around 1300Hz present in both with a relative difference of less
than 5%. For θ0 = 15° shown in figs. 6.14g and 6.14h, the measurements appear more
symmetric with respect to the median plane compared to the other incidence angle.

6.2.4 Discussion

The comparisons between the measurements on scale model of the different architec-
tural columns and their simulated counterpart with the hybrid time domain method have

120



shown that both models are in general agreement, visible in particular through the inter-
ference patterns appearing in the scattered pressure which correspond in frequency. The
magnitude ratios in the backscattering region are slightly higher for the simulation results.
This is mainly explained by the nature of the sources, an infinite plane wave compared
to a single tweeter in the measurements. They are in better agreement for the transverse
directions. The other sources of error identified are the positioning of the cylinder, and
the geometrical differences existing in the scale models due to manufacturing constraints.
Differences are observed between the geometries of interest, and the scattering depends
strongly on the incidence angle.

Finally, these are other cases of cross-validation of the numerical method presented in
chapter 5. It allows us in the following to further characterize the geometries of interest
in far and near field on a wider frequency band, and other incidence angles with some
confidence, free from any experimental error.

6.3 Numerical characterization

To better identify the reasons for the observed differences, the columns and piers are
characterized in the far field using numerical simulations only. The quantities calculated
are those usually used in scattering studies, presented in section 2.4.2, namely the total
scattering cross section (TSCS) σ(θ0), the monostatic target strength TS(θ0, 180°), that
measure the overall scattered power and the backscattered one, and the asymmetry factor
g(θ0) to quantify globally preferential scattering directions.

The latter focus on the forward and backward directions. To account for transverse
directions, we propose to calculate the transverse anisotropy factor g⊥ conjointly that is
defined as

g⊥(θ0) =

ˆ 2π

0

P (θ0, θs) sin (θs)
2 dθs , (6.1)

where P is the scattering phase function defined eq. (2.61). It is comprised between 0
and 1. Values close to 0 indicate that the scattering is mainly distributed on the forward
and backward directions, while values close to 1 indicate full transverse scattering in the
perpendicular directions to the incidence. Moreover, if g and g⊥ are close to 0 and 0.5,
respectively, then it indicates isotropic scattering.

The average octave-band target strength 10 log10 < |f |2 > are also calculated with the
discrete equivalent of

< |f∞|2 >= 1

f2 − f1

ˆ f2

f1

|f∞(ω)|2 dω , (6.2)

where f1 and f2 are the edge frequencies of an octave band. We recall that |f∞|2 is the
differential scattering cross section.

6.3.1 Simulation parameters
The numerical characterizations are performed using the same parameters as for the

comparisons with the measurements, with the exception of the speed of sound c, which
is the same for all in this section, set at 344m s−1. As before, an incident plane wave is
used to model a far field wave, to get rid of the effect of the distance from the source.
The scattered far field is estimated using NFFFT presented and validated in chapter 5,
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on a circle of 100m radius centered on the centroid of each cross section at 300 regularly
spaced angular positions. A Ricker pulse of center frequency 2 kHz is also used here.
These parameters allow us to have results with a good accuracy from 20Hz to the limit
of the 4 kHz octave band, i.e. around 5700Hz.

6.3.2 Results
Figures 6.15 to 6.25 show TSCSs σ(θ0), the monostatic target strength TS(θ0, 180°),

defined as the differential basckscattering cross section expressed in dB, and the two
anisotropy factors for the geometries of interest and different angles of incidence θ0 as
functions of the frequency. They are compared with that of the circular cylinder of
equivalent cross-sectional area determined with classical series expansion (Morse et al.,
1986) and represented by a solid black line in each figure. The upper horizontal axis shows
the Helmholtz number kaeq with k the wave number and aeq the radius of the equivalent
cylinder. They allow comparison with scattering theory with a geometry independent of
the angle of incidence and supposed to exhibit a similar behavior at low frequency.

When the circular cylinder is small compared to the wavelength, scattering can be
modeled with Rayleigh scattering, dependent on the volume of the scatterer. TSCS and
the target strength are low, the scattering happens more in the backward direction as g
is negative and g⊥ is low. Then a resonant regime when it is of comparable dimensions.
TSCS increases and oscillations are observed in the target strength, due to the interfer-
ence with the Franz waves traveling around the boundary (Bowman et al., 1988). The
anisotropy factors increase, with g approaching 0 to become positive and g⊥ has its max-
imum value around 0.56 at kaeq = 1.4. Eventually, a geometric regime at high frequency
where σ tends to 4aeq, i.e. twice the shadow length. The Franz waves are attenuated and
become negligible. The target strength tends to the geometrical limit 10 log10(aeq/2). The
scattering happens more in the forward direction as a shadow beam is formed, g increases
and g⊥ decreases to the asymptotic values about 0.32 and 0.27, respectively.

6.3.2.1 Fluted columns

The results for the Doric columns D1 and D2 are shown in figs. 6.15 and 6.16 with
their respective mean octave-band target strengths in figs. 6.15e and 6.16e.

Their scattering behavior is very close to that of their equivalent circular cylinder
below 700Hz for both Doric flute depths. Above, TSCSs are not monotonic anymore
and local maxima appear. The first maxima for the shaft with 60°-arc flutes are at
about 1040Hz and 1100Hz for the incidence on arris and on flute, respectively, as shown
in fig. 6.15a. They are approximately at the value of the geometrical limit. On the
considered frequency range, maxima are found at higher frequencies, at about 2200Hz
and 4330Hz for θ0 = 0° representing slight overshoots of 3% and 5%, approximately,
and at about 3230Hz and 5510Hz for θ0 = 9° representing lower overshoots of 2% and
2.5%, respectively. For the other Doric fluting, the first maxima appear for slightly lower
frequencies, at about 1000Hz for both incidence, and represent the highest values for the
frequency range considered, overshooting the geometrical limit by 17% and 11% for the
incidence on arris and on flute, respectively, as shown in fig. 6.16a. Above, TSCSs vary
more than the other fluting with comparable incidence. The equivalent cylinder and the
real geometry are overall less in agreement at high frequency as, in this case, the cross
section is more concave and, therefore, the difference between the shadow length and the
equivalent radius is increased.
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Figure 6.15 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
as function of scattering angle, for different incidence angles θ0 for the
Doric shaft D1 compared to its equivalent cylinder with aeq = 48.2 cm.

The monostatic target strengths represented in figs. 6.15b and 6.16b are very close
to that of the equivalent cylinder below 800Hz for both incidences and both flutings.
Above, large differences appear with maximum values of 1.4 dB and 2.8 dB for D1 and
D2, respectively, for the incidence on the arris. The peaks and notches appearing for one
incidence are in opposition to that of the other tested incidence. This tendency is globally
visible until the upper frequency considered, except one notch at 3750Hz that exist for
D2 presents for both incidences.

The asymmetry factors g represented in figs. 6.15c and 6.16c show that the existing
similarities with the equivalent cylinder in terms of strength are also found in the scatter-
ing directions. The variations of g are overall correlated with that of σ. Above 1000Hz,
the values of g indicate that, overall, the increase of strength happens in the backscat-
tering direction, with slightly lower values for D2 of 0.1 at minimum compared to 0.15
for D1, around 1300Hz. The ascending parts of σ, where they strongly differ from the
equivalent cylinder is reflected in a slight increase of the forward scattering, especially
visible for D2 around 900Hz.

In terms of transverse directions, g⊥ represented in figs. 6.15d and 6.16d present lower
values compared to the equivalent cylinder between 1000Hz to 2500Hz approximately.
Similarly to g, the values are lower for D2, and the minimum is about 0.2 around the
same frequency. Above, the values are close to the equivalent cylinder with variations
comprised between 0.25 and 0.31 for D2, and 0.27 and 0.30 for D1, considering both
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Figure 6.16 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different in-
cidence angles θ0 for the Doric shaft D2 compared to its equivalent
cylinder with aeq = 47.3 cm.

incidences.
Figures 6.15e and 6.16e show the average octave-band target strengths from 500Hz

to 4000Hz. They are not represented for the lower ones as we have seen that differences
with regards to the incidence or comparing with the equivalent cylinder are not expected
there.

Figure 6.17 show the scattering results for I1. Globally, the behavior observed with
the Doric flutings is also found for this Ionic shaft in an even more visible way. The first
maxima are found around the same frequency for both tested incidences, at about 1100Hz,
representing higher overshoots of the geometrical limit of 39% and 33% for the incidence
on a flute and a fillet, respectively, as shown in fig. 6.17a. At high frequency, TSCSs
remain above their geometric limit in contrast to the Doric shafts. The backscattering is
even more increased as shown in fig. 6.17b, with a maximum value of 4.2 dB found in this
case for the normal incidence to a flute around 2700Hz. The anisotropy factors shown
in figs. 6.17c and 6.17d seem to be less dependent on the angle of incidence compared to
the Doric shafts. The increase of g correlated with the increasing part of TSCS before
they reach their maximum is more visible compared to the Doric flutings. Above, the
local minima are also present and lower, with values about 0.06 around 1600Hz for both
incidences. Similarly, the decrease of transverse scattering is also observed with lower
values of g⊥ compared to the equivalent cylinder from 1200Hz to 3000Hz, approximately.
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Figure 6.17 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
with the plane wave coming from the top, for different incidence angles
θ0 for the Ionic shaft I1 compared to its equivalent cylinder with aeq =
47.9 cm.

For the Ionic shaft with semicircular fluting I2, TSCSs shown in fig. 6.18a are globally
the highest among the tested Classical columns. They differ more strongly from the
equivalent cylinder and deviations appear visibly at lower frequencies. Around 150Hz,
TSCSs are approximately 10% higher than that of the equivalent cylinder. The global
maxima are around 960Hz for both incidences representing the highest overshoots of
about 68% and 63% for θ0 = 7.5° and 0°, respectively. Local maxima can be observed
around 2340Hz, representing in this case respective overshoots of 21% and 24%. Similarly
to I1, TSCSs remain above their geometrical limit after 500Hz. A second minimum can
be observed around 2340Hz, with 2 local minima of values 0.15 and 0.14 at 1750Hz and
2400Hz present for both incidences.

The monostatic target strengths represented in fig. 6.18b show also a substantial in-
crease in backscattering beyond the frequency of the global maxima of TSCS. The max-
imum value of 5.5 dB is found at about 2800Hz for the incidence on the flute. Below
900Hz, the oscillations representing interference with the Franz waves do not decrease in
amplitude as the frequency increases, unlike the circular cylinder.

We find a similar behavior to the other sections in terms of angular distribution but
even more accentuated. Figure 6.18c shows that g are higher than that of the equiva-
lent cylinder from 250Hz to 1200Hz with maximum values of 0.45 for both incidences,
approximately, representing the highest values among the Classical shafts. Above, g are
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Figure 6.18 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different inci-
dence angles θ0 for the Ionic shaft I2 compared to its equivalent cylinder
with aeq = 46.5 cm.

lower with minimum values of about 0.07. Figure 6.18d shows that g⊥ is overall very
similar to that of I1 with lower values compared to the equivalent cylinder over a slightly
wider frequency range until 3800Hz.

6.3.2.2 Compound piers

TSCSs for N2 shown in fig. 6.19a are also compared with that of the inscribed circular
cylinder, i.e. the core alone represented with a dash-dotted line. For θ0 = 90°, a plane
wave traveling along its symmetry axis hitting first the smaller of the two arcs, σ is
smaller than that of the equivalent cylinder, especially under 250Hz with a maximum
relative difference of −24% at 141Hz corresponding to ka = 0.63 with respect to the small
engaged circle. Above 250Hz, TSCSs are comparable, with relative differences between
±2%. The wave is thus partly deflected by scattering in the transverse directions prior to
its interaction with the large arc resulting in even less overall scattered energy compared
to the inscribed cylinder. This is also visible in the low target strength shown in fig. 6.19b
on this frequency range, as well as in fig. 6.12b. The peaks and notches above 400Hz are
explained by the constructive and destructive interference with the second wave front due
to the reflection on the core similarly to Varadan et al. (1982). The path difference for a
plane wave reflected on the small circle and at the intersection points of the circles is about
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Figure 6.19 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different
incidence angles θ0 for N2 compared to its equivalent cylinder with
aeq = 70 cm.

76 cm, which is in agreement with the frequency spacing of notches about 450Hz. The
deflection in the transverse directions is confirmed by the high values of g⊥ at frequencies
corresponding to the resonant regime of the small intersecting cylinder as shown fig. 6.19d,
accompanied by a maximum in g in fig. 6.19c, overshooting the asymptotic value.

For θ0 = 0°, the plane wave travels perpendicularly to the symmetry axis and scattering
is increased over the whole frequency range considered compared to the other configuration
and the equivalent cylinder. The target strength presents also peaks and notches above
300Hz that can also be explained by geometrical considerations. The path difference
between the reflection on the core and at the re-entrant corner formed at the intersection
is about 3.4m for this incidence, which agrees with the frequency spacing of notches which
is about 400Hz. The peaks are higher than the other angle of incidence or the equivalent
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Figure 6.20 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different
incidence angles θ0 for N1 compared to its equivalent cylinder with
aeq = 80 cm.

cylinder with a value of about 1.3 dB around 800Hz, as the intersection acts more as
a retroreflector, i.e. a dihedral corner reflector facing the plane wave. The asymmetry
factor g is quite close to that of the equivalent cylinder, while g⊥ appears flatter with a
lower maximum value of about 0.44 and an increase around the resonant regime of the
small intersecting cylinder. The scattering directions are overall constant above 600Hz
for both angles.

N1 exhibits greater scattering than its equivalent cylinder for any of the three inci-
dences considered as shown in fig. 6.20a. At 20Hz, the relative differences are around 43%
showing that Rayleigh scattering is not suitable for such geometry. At low frequencies,
the three curves are close but they separate beyond 65Hz and they converge to different
values at high frequencies in agreement with the respective lengths of the cast shadows.
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For θ0 = 90°, σ presents a large peak of value 5.4m at 288Hz, corresponding to an over-
shoot of 29% compared to the geometrical limit. The wave deflection is still present but
the additional engaged circles extend the geometry and interact with it eventually as we
have seen that forward and transverse directions were favored (figs. 6.19c and 6.19d). For
θ0 = 45°, σ has a maximum of value 4.6m at 106Hz, corresponding to a higher overshoot
of 41%. For the angle θ0 = 67.5°, σ appears as an intermediate value except from 570Hz
to 1100Hz.

As the geometries become more complicated, it becomes harder to explain the target
strength curves with geometrical considerations due to the overlapping of interference
from multiple path differences. Nevertheless, for θ0 = 90°, the target strength shown
in fig. 6.20b is high around 440Hz similarly to N2 for θ0 = 0° (fig. 6.19b), where the 4
corners at the intersections increase the basckscattering. The average value for the 500Hz
octave band is 3.2 dB against −4 dB for the equivalent cylinder. In contrast, for θ0 = 45°,
the overall geometry forms a larger retroreflector having more effect on the low frequency,
with an average value of 1.5 dB on the 125Hz octave band compared to −4.7 dB for the
equivalent cylinder. This is further confirmed by a low value of g⊥ shown in fig. 6.20d,
and a value close to 0 for g as shown in fig. 6.19c, as well as in the simulations comparing
figs. 6.12d and 6.12f. For θ0 = 90°, g and g⊥ have peak values at the same frequency than
σ. For θ0 = 0°, g⊥ appears flat compared to the resonance region of the equivalent cylinder
and N2. The scattering directions are overall constant above around 1200Hz indicating
the geometrical limit, yet they are dependent on the incident direction as expected.

Figure 6.21 shows the scattering cross sections and the anisotropy factors for C1 for
three different angles of incidence. They are compared with the results obtained for a
geometry where the 40° and 50° angle V-grooves are occluded to investigate the effect of
such features. Among the three incident directions tested, θ0 = 90° results the highest
value for σ as shown in fig. 6.21a of 7.1m at 360Hz or 32% more than the asymptotic
value. Moreover, σ is relatively high compared to the equivalent cylinder. For θ0 = 45°,
σ is maximum around 370Hz with a value of 7.0m, which corresponds to an overshoot of
38%. For θ0 = 0°, σ has two maxima at 220Hz and 320Hz of similar values about 5.7m,
representing overshoots of about 21%. In comparison, the maximum overshoot when the
V-grooves are occluded happens for θ0 = 90° at 320Hz with a value of 12%.

At low frequency, the target strengths shown in fig. 6.21b have average values of
−2.5 ± 0.7 dB for the 63Hz octave band, close to that of the equivalent cylinder about
−2.7 dB. When the V-grooves are occluded, the average values are −2.6 ± 0.5 dB. For
θ0 = 90° and 0°, the target strength increases linearly as the frequency doubles, while
it is not observed for θ0 = 45° on the frequency range considered. For the formers, the
differences of the averages on the 2 kHz and 4 kHz octave bands between the geometry
with and without grooves of are less than ±0.5 dB, compared to 2.5 dB and 3.1 dB for
the latter, indicating that, at high frequency, the backscattering is dominated by the
reflections on the flat sides normal to the propagation in these cases. The frequency
spacing of the notches for θ0 = 90° is approximately 200Hz, which is in agreement with
the path differences between a reflection on the long side and the other planar surfaces at
87 cm in the direction of propagation. Similarly, for θ0 = 0° the spacing between notches
is about 660Hz, which is consistent with the distance of 26 cm separating the sides normal
to the propagation. These observations hold when the V-grooves are occluded as these
sides are not modified. The highest difference between the actual and the simplified cross
section is found for θ0 = 0° on the 250Hz octave band with average values of 0.8 dB and
−6.5 dB, respectively.
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Figure 6.21 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different in-
cidence angles θ0 for C1 (solid lines) and with the V-grooves occluded
(dash-dotted) compared to its equivalent cylinder with aeq = 122 cm.

At low frequency, the asymmetry factors shown in fig. 6.21c are comparable to that
of the equivalent cylinder. For θ0 = 0°, g is maximum around 200Hz and has a local
maximum at 350Hz, also appearing for the other angles. They are accompanied by
local increases in transverse scattering as shown in fig. 6.21d, with a local minimum
around 310Hz. g⊥ is flatten around the resonant regime for θ0 = 90°. Above 100Hz, the
anisotropy factors g and g⊥ vary less overall for the geometry without V-grooves. At high
frequency, the incidence θ0 = 45° is overall more scattered in the forward and transverse
directions compared to the other angles, as the large flat sides reflect the wave in these
directions. Moreover, g⊥ varies around the equivalent cylinder values. The scattering
directions are influenced by the grooves from 100Hz to 1600Hz, above, the reflections
from the flat sides dominate overall. This is confirmed by the peaks appearing in the
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Figure 6.22 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different
incidence angles θ0 for T compared to its equivalent cylinder with
aeq = 84 cm.

average octave-band bistatic target strengths. The directions of scattering appear to be
globally constant. Nevertheless, oscillations are observed for θ0 = 90° and 0° in g and in
g⊥ for the latter, revealing the influence of the grooves at high frequency with oblique
incidence.

The scattering results for T are shown in fig. 6.22. For θ0 = 90°, σ, shown in fig. 6.22a,
is overall greater than the equivalent cylinder, with a maximum value of 6.7m at 256Hz,
representing an overshoot of 44%. For θ0 = 0°, σ follows the curve of the equivalent
cylinder at low frequency, then appears slightly smaller from 70Hz to 150Hz, to reach
its maximum of about 6.1m at 293Hz, representing an overshoot of 60% compared to
the geometrical limit. This is in agreement with the previous results where the effect of
the aspect ratio is similar, the wave will be globally more scattered for the configuration
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where the cast shadow is the longest.
The target strength shown in fig. 6.22b is higher for θ0 = 0° at low frequency, with

average values of −0.5 dB and −2.5 dB for the 63Hz and 125Hz octave bands, respectively.
In comparison, the respective average values are −3.9 dB and −7.3 dB for θ0 = 90° and
−3.9 dB and −4.5 dB for the equivalent cylinder. For both angles, a notch is present at
305Hz. At high frequency, the average values are increased. For the frequency range
covered by the 500Hz to 4000Hz octave bands, they are 2.0± 1.4 dB and 5.1± 0.5 dB for
θ0 = 90° and 0°, respectively, compared to −3.8 dB for the equivalent cylinder.

For frequencies above 400Hz, the anisotropy factors g and g⊥ shown in figs. 6.22c
and 6.22d are similar for the two angles. At low frequency, g⊥ appears flatter for θ0 = 0°.
This can be explained by the diamond shape of the geometry that can deflect more
energy in the transverse directions when the wave hits the acute angle and visible in
fig. 6.13f. Around the frequency range where TSCSs are maximum, i.e. from 150Hz to
350Hz, g is increased for both angles, indicating an increase of forward scattering. This
is accompanied by a slight increase in g⊥. This is attributed to the four circular cylinders
engaged at the corner of the cross section, increasing forward-transverse scattering as
already observed for N2 and N1.

The results for Ch are shown in fig. 6.23 for two angles θ0 = 90° and 0° and further
compared, for this latter, with the scattering simulated for the convex hull of the cross
section, represented with dash-dotted lines. As previously observed, σ is greater overall
for θ0 = 90° except around 450Hz as shown in fig. 6.23a, as it casts the longest shadow.
Its maximum value is 4.3m at 340Hz, representing an overshoot of 41%. For θ0 = 0°,
the maximum is 4.1m at 355Hz, representing an overshoot of 55%. The convex hull has
a TSCS very close to that of the equivalent cylinder.

At low frequency, below 150Hz, the target strengths represented in fig. 6.23b are overall
similar, with average values for the 63Hz and 125Hz octave bands of −3.9± 0.7 dB and
−5.7± 0.3 dB for Ch, respectively, compared to −4.5 dB and −5.6 dB for the equivalent
cylinder and −5.1 dB and −6.5 dB for the convex hull. In comparison to T, the shape
of Ch is rounder so the increase for θ0 = 0° compared to θ0 = 90° is smaller. At
high frequency, the backscattering is on average increased, compared to the equivalent
cylinder and the convex hull. This latter presents a obtuse wedge where the plane wave
hits, therefore, backward and transverse directions are favored in the geometrical limit.
On average, the target strength is −0.3 ± 1.4 dB on the 500Hz to 4000Hz octave bands
for θ0 = 0°, compared to −11.3± 1.5 dB for the convex hull.

This is confirmed by the higher values of g and g⊥ represented in figs. 6.23c and 6.23d,
respectively. The convex hull case appears almost as a bounding value compared to the
actual cross section with the same θ0. The curves separate at 350Hz and g has a local
minimum close to zero around 500Hz. On the other hand, g⊥ has also a minimum on this
frequency range, indicating an increase of backscattering, further confirmed by the peak
in target strength and visible in fig. 6.13h. This is not found for θ0 = 90°. Above 600Hz,
the anisotropy factors are comparable for both incidence angles and varies in a similar
fashion and amplitudes compared to the equivalent cylinder, similarly to T (figs. 6.22c
and 6.22d).

6.3.2.3 Piers with colonnettes en délit

Figure 6.24 shows the results for C2. They are compared additionally with the results
where the small circular cylinders are removed. TSCSs shown in fig. 6.24a are greater
without colonnettes compared to the actual geometry, except at very low frequency in
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Figure 6.23 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different inci-
dence angles θ0 for Ch (solid lines) compared to its equivalent cylinder
with aeq = 66 cm, and its convex hull (dash-dotted line).

agreement with Rayleigh scattering with a crossing of curves at different frequencies de-
pending on the angle of incidence; about 40Hz, 70Hz, and 130Hz for θ0 = 90°, 45° and 0°,
respectively. This trend is reversed above approximately 350Hz. For θ0 = 45°, TSCSs are
similar around 200Hz with or without cylinders. At low frequency, similarly to previous
results, σ is higher for the propagation along the small axis, i.e. for θ0 = 90°, and lower
than the equivalent cylinder for the propagation along the long axis, i.e. for θ0 = 0° below
170Hz. TSCSs are overall constant above 1700Hz.

The target strengths at low frequency are comparable to that of the equivalent cylinder
as show in fig. 6.24b. The average for the 63Hz octave band are −4.3 dB and −4.6 dB for
θ0 = 0° and 45°, respectively, compared to −4.0 dB and −4.9 dB without cylinders, and
−4.2 dB for the equivalent cylinder. The highest average values are found for θ0 = 90° with
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Figure 6.24 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different inci-
dence angles θ0 for C2 (solid lines) compared to its equivalent cylinder
with aeq = 76 cm, and without colonnettes (dash-dotted line).

−2.2 dB and −1.7 dB with and without cylinders, similarly to previous results. Around
200Hz, the target strengths are low for θ0 = 90° and 0° compared to their counterpart
without cylinders. The average values for the 125Hz and 250Hz octave bands are −4.3 dB
and −2.3 dB for θ0 = 90°, respectively, compared to −2.6 dB and −1.0 dB without cylin-
ders, and −8.5 dB and −4.9 dB for θ0 = 0°, compared to −5.9 dB and −3.8 dB. The values
are greater for θ0 = 45°, with averages of −1.4 dB and 0.7 dB for these octave bands, sim-
ilar to the case without cylinders of averages −0.4 dB and 1.9 dB. The presence of the
cylinders increase the backscattering for θ0 = 45° on the 1 kHz octave band, with average
values of 3.1 dB and 1.5 dB with and without, respectively. This corresponds to ka ≈ 1.5
with respect to the small cylinder radii, that falls in a peak region in the form function
amplitudes reported by (Hasheminejad et al., 2006). The target strengths increase lin-
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early on average above 600Hz as the frequency doubles, except for θ0 = 45°, reflecting
the dominance of the flat normal sides similarly to C1.

The asymmetry factors represented in fig. 6.24c are similar for θ0 = 90° and 0° above
70Hz. They are greater than the equivalent cylinder between 110Hz and 410Hz, and
lower above. On average, the values are higher for the geometry with the cylinders
compared to without, especially at high frequency. The similarity between θ0 = 90° and
0° is also found for g⊥ represented in fig. 6.24d, with the difference that the curve is
flatter compared to the resonant regime of the equivalent cylinder, as already observed
on previous results. In contrast, g is greater than the equivalent cylinder for θ0 = 45°
at low frequency, below 110Hz, and lower above. This is accompanied by a plateau of
minimum values for g⊥, confirming an increase in backscattering attributed in this case
to the dihedral corners. Compared to C1, the effect is greater since they both have
right angles and the incidence is normal on both for this angle. At high frequency, the
cylinders increase transverse scattering and they induce more oscillations in g and g⊥.
This is attributed to the multiple interactions of the scattered waves resulting in a more
variable directionality (Hasheminejad et al., 2006), or resonances of the volumes between
the core and the colonnettes.

Figure 6.25 shows the results for N3 for θ0 = 15°, i.e. the wave hits two colonnettes
simultaneously first, and for θ0 = 0°, the other symmetric setup. TSCSs shown in fig. 6.25a
are similar for both angles at low frequency, below 850Hz. Above, they vary in opposite
ways. They are maximum around the same frequency at 430Hz, corresponding to ka = 1.3
with a the small cylinder radius. For θ0 = 0° and 15°, the values are 3.9m and 3.6m,
representing overshoots of 90% and 70%, respectively. This is the highest ones of all the
geometries and incidence angles considered, as this particular one is propitious to multiple
scattering, having several cylinders and therefore more boundaries to interact with the
wave over a restricted area compared to the others. They are overall greater than that
of the equivalent cylinder, except for θ0 = 0° from 900Hz to 990Hz. Other plateau
values, overshooting the geometrical limit, are found on overlapping frequency ranges,
from 1050Hz to 1600Hz and from 1280Hz to 2160Hz for θ0 = 0° and 15°, respectively.

The target strengths shown in fig. 6.25b are similar to the equivalent cylinder below
300Hz for both angles, with average values of −6.0 dB and −6.1 dB on the 63Hz to 125Hz
octave-band frequency range for θ0 = 0° and 15°, respectively, compared to −6.3 dB.
Above the peaks and notches of respective curves appear in opposition. This is also visible
in figs. 6.14f and 6.14h for the backscattering over a rather large angular portion. The
average values for the 500Hz, 1000Hz, and 2000Hz octave bands are −3.1 dB, −0.6 dB,
and −0.4 dB for θ0 = 0°, and −0.9 dB, −5.2 dB, and 0.7 dB for θ0 = 15°, respectively.

The variations of g represented in fig. 6.25c are strongly correlated with those of σ
(fig. 6.25a). The peak and plateau values found in σ appear to be associated with an
increase of forward scattering. They are not correlated with an increase of g⊥ as shown in
fig. 6.25d, indicating transmission of sound in the shadow region. This is further confirmed
by the peak values found in figs. 6.14f and 6.14h in the direction θ0. At low frequency, the
factors are very similar to the equivalent cylinder as already seen for TSCSs and the target
strengths. Local increases of g⊥ are observed from 750Hz to 1100Hz for both angles.

6.3.3 Influence of the geometrical features

The scattering is influenced at different frequencies depending on the scales of the
geometrical features. At low frequency, the roundness or the elongation of the cross

135



(a)

(b)

(c)

(d)

(e)

Figure 6.25 Total scattering cross section σ (a), monostatic target
strength TS(θ0, 180°) (b), and anisotropy factors g (c) and g⊥ (d) as
functions of frequency, and average octave-band target strengths (e)
represented with the plane wave coming from the top, for different
incidence angles θ0 for N3 compared to its equivalent cylinder with
aeq = 76 cm.

sections are important factors for the strength and the directionality. The backscattering
will be increased when the incidence is normal to the long axis, reflected by higher TSCS
and target strength, and lower g⊥. The more it is elongated, the higher g is and g⊥ does
not grow as much in its ascending phase compared to equivalent cylinder and other angles
of incidence. For N1, the section is not elongated but it is not round. In this case, g is not
different but the observation for g⊥ holds. On the contrary, as expected, the sections that
are rounder are well modeled by their equivalent cylinder as seen for the fluted columns
or N3.

For wavelengths close to the characteristic size of a geometrical element of a section,
be it the radius of a circle, the distance between two corners or discontinuities in a
general way or the opening length of locally concave parts, the scattered wave will be
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the most impacted. Since it corresponds to the frequency band of the resonant regime of
these smaller elements where the direction of scattering varies strongly and its amplitude
increases, the wave scattered by one will interact with its neighbors and this multiple
times. In general, TSCS reaches its maximum and exceeds the geometric limit. Of
course for this to be true it is necessary that several size scales are identifiable. N2 for
example has a rather defined cross section, the reflected wave fronts have a clear origin
and the multiple interactions are limited. N1 has a few of the rather large engaged circles,
therefore the scattering will depend on the incidence angle. The maxima of TSCS seem
to be less dependent on this parameter when the geometrical details of a cross section are
numerous and, therefore, smaller, as seen for the fluted columns, and the Gothic piers T,
Ch, and N3, yet local features on the section can have an influence depending on their
size and their relative position to the incident wave.

At high frequency, the geometrical regime is reached if the wavelength is small com-
pared to the smallest element. But at the same time, the smaller it is and the less energy
is scattered. For example, N2 and N1 have a constant scattering behavior at high fre-
quency, while this is not the case for the others to some extent, nevertheless the oscillations
seems to decrease in amplitude. The scattering strength and its direction is overall domi-
nated by the larger elements, especially flat sides when they are under incidence and large
compared to the other elements, as seen for C1. For C2, the particular positions of the
colonnettes, near re-entrant corners, result in variations of scattering angular distribution
even at relatively small wavelengths. This is also observed for N3 and the geometries
with cavities formed by the multiple intersecting circles and corners such as Ch, and T.

The cross sections studied have relatively different geometrical features overall, never-
theless comparisons with simplified or elementary geometries have allowed us to propose
some explanations and to evaluate the differences with such approximations. It would
be necessary to conduct further scattering characterizations on parametric geometries to
better identify some mechanisms and verify some of our speculations.

6.4 Audibility of the scattering

In this section, the simulations results are presented in a perceptually relevant way to
discuss the audibility of the scattering from the obstacles with respect to the results of the
literature presented in section 2.5.3. The impulses are analyzed in time-frequency domain
using the continuous wavelet transform. This allows to compare the time spreading of
the reflections, restricted in the following to the backscattering direction. They are then
expressed in terms of reflected to direct level ratios, to be compared with the audibility
thresholds reported in the literature.

6.4.1 Time-frequency analysis

Figures 6.26 and 6.27 show the simulated pressure signals for some piers of Notre-
Dame de Paris and the fluted columns, respectively, at 4m from the centroid of different
cylinders in the backscattering direction and their wavelet scalograms in dB where each
scale has been normalized by the maximum value obtained for the incident pulse. The
continuous wavelet transform has been performed using the function cwt implemented in
the Wavelet Toolbox version 5.5 of MATLAB 2020a. It has been computed using Morse
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(e) (f)

Figure 6.26 Pressure signal and corresponding wavelet scalogram
normalized with the maximum of that of the free-field for (c) N1 with
θ0 = 45°, (d) N3 with θ0 = 15°, (e) C2 with θ0 = 90°, and (f) T with
θ0 = 0° at 4m from their center in the backscattering direction.

wavelets which can be expressed in the frequency domain

Ψβ,γ(ω) = H(ω)aβ,γω
βe−ωγ

, (6.3)

where H is the Heaviside step function, ω is the angular frequency, aβ,γ is a normalizing
constant, β is a compactness parameter, and γ characterizes the symmetry (Lilly et al.,
2009). The signals are transformed using 10 voices per octave with parameters set to
βγ = 25 and γ = 3.

As expected, the temporal structure of the backscattered pulses depends strongly on
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(a) (b)

(c) (d)

Figure 6.27 Pressure signal and corresponding wavelet scalogram
normalized with the maximum of that of the free field for (a) D1,
(b) D2, (c) I1, and (d) I2 with θ0 = 0° at 4m from their center in the
backscattering direction.

the geometry of the diffuser. Figure 6.26a represents the results obtained for a circular
cylinder of diameter 133 cm, corresponding to the columns of the nave arcade columns,
and to the central part of N1 and N2. In the time domain, the first arrival after the direct
sound has a relative peak level of −10.5 dB, which is approximately the value found in
the scalogram. A second arrival is visible in the scalogram at low frequency, 30ms after
the direct sound, corresponding to the creeping waves circumventing the cylinder that
are strongly attenuated at high frequency. It is not visible in the signal as its relative
peak level is −62 dB. For N2 with θ0 = 90° (fig. 6.26b), there are two visible arrivals,
corresponding to the reflections on the two circular parts constituting the cross section,
with relative peak levels of −14.5 dB and −18.9 dB. The arrival due to the creeping
waves is still visible in the scalogram and has a level and frequency range similar to the
circular cylinder. For N1 with θ0 = 45° (fig. 6.26c), the pressure signal is composed of a
three localized pulses between 18ms to 20ms after the direct sound with −9.5 ± 1.1 dB
relative peak levels. The latter arrivals are due to higher order reflections between the
different part of the cross section that account for about 4% of the cumulative energy
of the backscattered pulse. Its normalized wavelet scalogram also shows spreading of
low frequency similarly to the previous geometries. For C2 with θ0 = 90° (fig. 6.26e),
the wave packet has visible pulses at its onset and offset. They are attributed to the
reflections on the plane faces of the cylinder whose normal is colinear with the direction
of propagation. In comparison, those of N3 (fig. 6.26d) and T (fig. 6.26f) look more like
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diffuse reflections (Robinson et al., 2011).
This is also the case for the fluted columns shown in fig. 6.27, where their envelope

describes a fast growth followed by a slower decay like a reflection on a Lambertian sur-
face (Wendt et al., 2021) or the model using a Gamma function proposed by Robinson
et al. (2013a). As already observed in the previous section, D2 in fig. 6.27b backscat-
ters more than D1 in fig. 6.27a with respective maximum peak levels of −12.9 dB and
−14.4 dB. Comparing I1 in fig. 6.27c and I2 in fig. 6.27d, their maximum peak levels are
closer and respectively equal to −11.3 dB and −11.9 dB, however more energy seems to
be concentrated around the maximum of the envelope for the latter. The low-frequency
creeping waves are observable in each scalogram. At 500Hz, the maximum relative level
for these waves is −38.5 dB at 28.1ms after the direct sound for D1 compared to −29.4 dB
at 28.9ms forI2, in agreement with the observations made in the previous section.

Resonance tails are visible in the scalograms of the sections with smaller scale geo-
metrical features, i.e. for N3, C2, T, and I2 thus favoring multiple interactions during
scattering. The column N3 in fig. 6.26d has two resonances over the considered fre-
quency range. The first one occurs at around the same frequency as C2 in fig. 6.26e,
around 400Hz. The second one is around 850Hz and seems to decay slightly slower.
The resonance of T in fig. 6.26f is around 700Hz. For I2 in fig. 6.27d, a first resonance
is around 900Hz and second one seems to appear around 2500Hz. A resonance around
1000Hz can also be observed for I1 in fig. 6.27c but it decreases faster than that of I2 and
hardly appears for the considered range. They all have low amplitudes, so they hardly
appear on the linear scale of the pressure signals and account for a very small part of the
cumulative energy of the backscattered pulses, less than 0.2% for T for instance.

6.4.2 Reflected-to-Direct Level Difference
To analyze the reflected signals in a way that is relevant to our perception of sound, the

Reflected-to-Direct Level Differences (RDLDs) proposed by Pelegrín-García et al. (2016)
are calculated for each one-third octave band in order to better observed the spectral and
strength differences depending on the geometry of the cylindrical obstacle, the incidence
angle, and the direction of scattering. They are calculated in the frequency domain with
the discrete equivalent of

RDLDf = 20 log10

√
1

f2 − f1

ˆ f2

f1

∣∣∣∣ps(ω)pi(ω)

∣∣∣∣2 dω , (6.4)

where f1 and f2 are the edge frequencies of the fractional octave band f . Moreover, to
be compared with the audibility thresholds reported in the literature, a single-number
RDLD (Pelegrín-García et al., 2016) is also calculated, taking into account the spectral
sensitivity of the ear, with

RDLD = 10 log10

∑N
f=1 10

RDLDf+TW,f
10∑N

f=1 10
TW,f
10

 , (6.5)

where RDLDf are the one-third octave-band RDLDs, f = 1, . . . , N , and TW,f are the
weights obtained by inverting the equal loudness curve at 40 phons according to ISO
226:2003. Note that no additional weighting is applied, contrary to Pelegrín-García et al.
(2016), which is equivalent to considering a flat source magnitude spectrum.
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(a) (b)

Figure 6.28 One-third octave-band (a) and overall (b) RDLDs for
D1 and I2 for receivers at 3.1m from their center.

Figures 6.28 and 6.29 represent the results obtained for the fluted columns D1 and
I2 for θ0 = 0°, and the Gothic piers N2, C1, C2, and N3 for two incidence angles for
each one, respectively. We recall that they are derived from simulations representing the
experimental set-ups reported in table 6.1 where the distances of the receivers to the
center of the section are indicated for each one. The one-third octave-band RDLDs are
shown on a semicircle only, since the configurations are symmetrical. Moreover, RDLDs
for the positions located in shadow zone are also represented, however, they can not
be interpreted as such because of the interference between the incident and scattered
pressures occurring in this region.

We have noticed that among the fluted columns, D1 and I2 differ the most, so we
compare only these two in fig. 6.28. The RDLDs in fig. 6.28a in the bascattering region
are quite similar below the 800Hz one-third octave band with values around −11 dB. In
the transverse region, I2 seems to scatter more than D1, especially around θs = −45°
and the 630Hz one-third octave band. At high frequency, beyond the 800Hz one-third
octave band, this behavior is reversed. I2 scatters more in the backward directions and
less in the transverse directions compared to D1. This is also visible in fig. 6.28b as the
overall value weights favorably the high frequencies.

For the piers N2, the two incidence angles considered result in strong spectral and
strength differences across the scattering directions as shown in fig. 6.29a. For θ0 = 90°,
the overall RDLDs represented in fig. 6.29b are around 3 dB higher in the transverse
directions compared to θ0 = 45°. For the piers C1, the RDLDs are very similar up
to 1 kHz as shown in fig. 6.29c. Above, the large planar parts of the section favor some
directions according to ray acoustics. These particular directions are therefore highlighted
in the overall RDLDs, represented in fig. 6.29d, where they found their second maximum
around −4 dB and −6 dB for θ0 = 90° and 0°, respectively. Their maximum of about 2 dB
is found in the backscattering direction as these incidences are normal to large plane faces
of the cylinders. This is also the case for C2 as shown in fig. 6.29e where a positive value
of nearly 1 dB is found in the backscattering direction for θ0 = 0°. For the two incidences
considered, the overall RDLDs, represented in fig. 6.29f, differ mainly in this region, for
θs ≥ 150°. Compared to the other section, RDLDs for N3 seems to depend less on the
incidence angle as shown in fig. 6.29g.

Figures 6.30 and 6.31 represent the octave-band RDLDs from 63Hz to 4000Hz spa-
tially for D1 and I2, as well as N1 and C1. The delay between a reflection and the
direct sound is an important parameter to determine its audibility. The isochrones of
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Figure 6.29 One-third octave-band (left) and overall (right) RDLDs
for N2 (a, b), C1 (c, d), C2 (e, f), and N3 (g, h) for different plane
wave incidence angles θ0 as functions of the scattering angle θs. The
receiver positions are reported in table 6.1.
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time difference of arrival are thus represented with green dotted lines and are calculated
as the difference between the arrival time of the first reflection and that of the plane wave,
assuming that it can penetrate the obstacle at the same speed and when it has reached a
point on the boundary, it radiates as a monopole, resulting in the lowest estimate.

The similarity of the low frequency scattering behavior up to the 250Hz octave band
already observed for the fluted columns in fig. 6.30 is confirmed here. The influence of the
creeping waves is visible over the 500Hz and 1000Hz octave bands where higher levels are
found in the transverse-forward regions for I2 in fig. 6.30b compared to D1 in fig. 6.30a. At
high frequency, over the 1000Hz octave band and beyond, the backscattering is increased
for I2 as already observed.

The scattered near field of N1 is visibly high for the 250Hz octave band in fig. 6.31a,
between the engaged shafts, and this can also be observed for C1 in fig. 6.31b. Strong
specular reflections dominate for the latter at higher frequencies, as observed previously.

6.4.3 Discussions

6.4.3.1 Piers and columns as volumetric diffusers

The function of a surface diffuser is to redirect a sound wave in directions other than
the specular one and to spread it out in time. From these perspectives, a simple circular
cylinder alone achieve the spatial spreading but is not really a good diffuser as it produces
a high-pass strongly correlated reflection in the backscattering region (Cox et al., 2016).
Moreover, its finite size allows it to interact only in a limited way with the wave that
impinges on it. Even in its resonant regime, we have seen that the circumferential waves
have a very low level and only exist at low frequency. But as soon as discontinuities are
included in the geometry, they are potential sources of scattering that produce additional
wavefronts.

The compound piers and fluted columns studied here are all concave and some of them
are star-shaped. This allows potentially several interactions of a wave scattered by a part
of a shape with another of these parts. This is also true for the piers with colonnettes C2
and N3, especially as the small cylinders are close to the central part and to each other.
This effect is particularly visible through the existence of resonance frequencies revealed
for the latter, as well as for the compound piers with geometric elements of small size
such as T and the Ionic column I2. They are probably the result of coupling between the
small cavities formed on the surface of the cylinders creating surface waves as described by
Berry et al. (2019) and Farhat et al. (2016). They are by definition localized in frequency
and in the cases studied here count very little for the total energy of the reflections.
However, around these frequencies, where the wavelengths are of the order of magnitude
of the geometrical elements, i.e. up to about 1 kHz for the geometries considered here, the
scattered power is increased without strongly favoring any particular direction. Contrary
to beyond, in the limit of small wavelengths, the scattering directions can be determined
according to the acoustic ray model and the overall scattered power is related to the size
of the shadow.

We have considered here the obstacles alone, but one may wonder if volumetric diffu-
sion could be possible by multiple scattering between columns. In the cathedral Notre-
Dame de Paris, the piers of the nave are approximately 5.5m between centers. There-
fore, based on the RDLDs obtained, following the decreasing of intensity of a spherical
wavefront, the level of a re-scattered wave would be too low compared to the other wall
reflections. However, this is valid for a far field source and it would be interesting to study
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Figure 6.30 Octave-band RDLDs in dB for a plane wave going from
top to bottom for D1 (a) and I2 (b) for θ0 = 0°. Isochrones of time
difference of arrival in ms are represented with green dotted lines.

the effect of an obstacle near a source for a distant listener. Moreover, their influence on
the late reverberation, especially on the modes at low frequency, considering that, in this
case, an image-source of a high order of reflections has interacted with a lot of small
obstacles, similar to the propagation within a sonic crystal, could be a topic for future
investigations.
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Figure 6.31 Octave-band RDLDs in dB for a plane wave going from
top to bottom for N1 (a) and C1 (b). Isochrones of time difference of
arrival in ms are represented with green dotted lines.

6.4.3.2 Audibility of scattering by cylindrical obstacles

The simulations assumed a source positioned at infinity, however, they were shown
to be equivalent to the experiments where the source was in the far field, at about 30m
at full scale, and as the receiver is near the obstacle, about 3m from their center here.
This is even more true for the transverse directions which better correspond to a listening
situation with a listener facing the source and with an obstacle near him on its side.
In this case, the results presented in figs. 6.28 to 6.31 indicate that the reflections have
sufficient levels to be audible. For the geometries and configurations shown here, RDLDs
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Figure 6.32 Floor plan of Notre-Dame de Paris with time delay in ms
between direct sound and the reflection from a lateral wall for a source
located in the choir represented by a red dot.

in the direction θs = 90° are greater than −20 dB, which is approximately the thresholds
of audibility reported by Pelegrín-García et al. (2016) or the criterion used by Rathsam
et al. (2010). They are between −15 dB and −10 dB, except for C1, where values exist
up to −6 dB and −4 dB, for θ0 = 0° and 90°, and θs = 95° and 113°, respectively.

For such levels, the reflections are audible through changes in coloration rather than
loudness. Humans are more sensitive to spectral overlap below 1 kHz (Buchholz, 2011),
which is the range that is best scattered in all directions. Furthermore, in a binaural
context, it has been shown that a reflection coming from a lateral direction was more
audible than if it came from the same direction or from behind (Begault et al., 2003; Olive
et al., 1988; Zhong et al., 2018). However, as already mention, for positions more distant
in the transverse directions, the decreasing of intensity becomes important enough so that
the reflected wave becomes undetectable. Comparing the one-third octave-band RDLDs
between piers, the spectral differences seem significant enough to discriminate between
these reflections. With preliminary listening of the impulse responses, columns inducing
diffuse reflections are discernible from a simple circular cylinder, in agreement with the
results of Kritly et al. (2021), but these are monoaural responses and further perceptual
studies, e.g. using measurements on scale models or three-dimensional simulations of the
binaural responses, would be necessary to be able to conclude as to the other shapes
between them in scenarios approaching real conditions for isolated columns.

A listener in the cathedral receives several early reflections, from the columns but also
from the walls. The question arises of a possible masking happening systematically for
the positions considered here. For a source located in the choir between the stalls, the
reflection off the side wall arrives between approximately 25ms to 55ms for the receivers
located respectively from the back to the front of the nave as shown in fig. 6.32. This
leaves an interval before which these early column reflections can be significant if we
consider the isochrone values in the transverse directions for the corresponding piers N1
and C1 represented in fig. 6.31. Furthermore, if we consider a realistic source, the relative
positions will be decisive. Based on scattering theory, a spherical or cylindrical source
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will be scattered more in the forward and backward and less transversely compared to
a plane wave incidence, and the closer it is the greater the effect (Zitron et al., 1966).
However, such sources also imply a decay of intensity due to the spatial spread of their
wavefront, which could result in a lower relative level of the reflections (Rathsam et al.,
2010). Further investigations on RIRs and simulations could evaluate these effects.

6.5 Conclusion

The purpose of this chapter was to investigate the sound scattering by obstacles of
complex geometries that are the typical fluted columns of Classical architecture and the
Gothic piers of the Cathédrale Notre-Dame de Paris. This heritage monument has evolved
across the centuries and is marked by several Gothic styles, which allowed us to select typ-
ical geometries relatively different, reflecting the evolution of this medieval architecture.
Their scattering has been simulated up to 6 kHz using a low dispersion and anisotropy
finite difference scheme with a pulse excitation presented in chapter 5. It is modified
according to the formalism of finite volumes around the boundaries to conform to it and
avoid the staircase approximation. The geometries have been reproduced in scale mod-
els allowing to physically measure their scattering to be compared with the simulation
method. A plane wave incidence has been considered in the simulations and has been
shown to be close to the experimental measurements in the case of a far field source and
a receiver close to the cylinder.

The simulated scattered fields were consequently characterized in far field using the
NFFFT and analyzed in terms of perceptually relevant quantities. The main observations
from the numerical characterization could be summarized as follows:

• At low frequency, the scattering is well modeled by that of the circular cylinder
with equal cross-sectional area for geometries with a high roundness. For elongated
geometries or with a large scale concavity, high deviations in strength and angular
distribution are observed depending on the incidence angle;

• The scattering strength is greatly increased for wavelengths close to the sizes of the
smaller geometrical features of a cross section. When they are numerous, multiple
scattering between them result in a large overshoot of the geometrical limit of the
total scattering cross section;

• A geometric acoustic behavior is observed when the angular distribution does not
vary, for wavelengths sufficiently small compared to the smaller geometrical features.
For geometries with boundaries that form cavities due to a low convexity or the
presence of additional cylinders, the anisotropy factors nevertheless shows relatively
large variations at high frequency;

Similarly to reflectors, the reflections from columns and piers are limited by their finite
size. However, due to their early arrival before most wall reflection, the scattered field
at the evaluated positions revealed that these obstacles could produce audible reflections
over all scattering directions based on thresholds reported in the literature. The tempo-
ral spreading strongly depend on the scatterer, i.e. the piers’ form. Those with small
geometrical features have the ability to produce diffuse reflections similarly to surface
diffusers. Low level resonances have also been revealed, however, they represent a very
small part of the total reflected energy. Strong spectral differences were observed between
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piers, such that it is likely possible to be able to discriminate between their reflections.
Further studies could evaluate more realistic scenarios with a spherical source and differ-
ent relative distances between the latter, the obstacle and the listener, numerically and
with perceptual testings.
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Chapter 7

Conclusions and future works

7.1 Room acoustic scale modeling & coupled volumes

The study of the acoustics of historic buildings relies on modeling to study those that
have disappeared or past states, which can not be measured in-situ.

Physical methods such as acoustic scale models are a very powerful tool in the sense
that they can account for the same phenomena as at full scale. Nevertheless, this implies
experimental difficulties such as a larger frequency range to cover, partly extending over
the ultrasound domain. In chapter 3, we were then interested in two elements of the
measurement chain: the sources and the receivers.

We evaluated in terms of omnidirectionality three sources designed for scale factors
ranging from 1:10 to 1:20. Two of them are tweeter arrays, one is tetrahedral with 4
dome tweeters and the other is cuboidal with 4 super tweeters, able to cover respectively
low-mid and high frequencies. They remain limited with deviations exceeding the limits
of the standard but reasonable such that it is possible to consider rotations to mitigate
this. A third design used an inverted horn on a tweeter inspired by existing full-scale
proposals. It strongly improves the omnidirectionality compared to the tweeter alone but
introduces resonances producing a detrimental coloration for the auralizations and for the
temporal compactness of the impulse.

On the receiving side, we adapted two methods used at full scale to capture the
spatiality of the sound field from a listener’s point of view: binaural recordings with
artificial head and the Spatial Decomposition Method (SDM). The proposed artificial head
was a 1:8 scale version of the popular Neumann KU 100 model. The design integrated two
miniature microphones usually used for HRTF measurements. The measurements showed
that it globally reproduced the ILDs and ITDs of the full scale model, nevertheless limited
at high frequencies due to the equipment. It was used for measurements in a 1:10 scale
model of a future concert hall, unfortunately not directly adapted to the dimensions. In
order to propose a method that could be used at different scale factors, SDM was also
tested in this model. From the results obtained, restricted to the lateral plane, the method
seemed to be able to localize satisfactorily different source positions on stage, as well as
the early reflections.

The interest of this type of modeling was demonstrated in chapter 4 where a round
robin study was performed to evaluate the ability of different numerical methods used
today to model the phenomenon of coupled volumes in room acoustics. Measurements in
a 1:10 scale model of a concert hall with a reverberation chamber and a single aperture
were used as references for comparison with the simulations. In order to focus on the
phenomenon to be evaluated, the participants had to calibrate their simulations in decou-
pled configurations to match the reverberation times with corresponding measurements,
thus ensuring a common basis for the late field decays. Although globally respected, the
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results of this calibration procedure showed that it would be necessary to provide the
participants with a common tool to estimate the reverberation time and thus minimize
this source of variation. In the end, 11 participants sent us their simulated RIRs with 7
geometrical acoustic software and 3 FD time-domain methods. All exhibited the expected
double-slope decay, quantified using several suitable indicators. Compared to a previous
study (Luizard et al., 2013) using the same system and comparing similar methods, we
could show a clear improvement. Despite the calibration procedure and homogeneous sur-
faces in both rooms, the results of the methods still differed significantly between them
spatially.

7.2 Sound scattering by architectural piers and columns

In part II we were interested in the study of the scattered reflections from columns
and piers of two architectural styles: Gothic and Greek-Roman, as these elements can
appear in large numbers in historic buildings for structural reasons.

For this purpose, a numerical simulation tool has been developed, presented and val-
idated in chapter 5. The method employed the finite difference method in the time
domain and was restricted to two space dimensions, given the geometry of the problems,
discretized with a hexagonal grid. The studied sections being of complex geometry, the
method employed jointly the finite volume formalism on an unstructured mesh in the
vicinity of the boundaries, thus allowing to overcome the staircase approximation. It was
validated by comparisons with analytic solutions of the circular cylinder with rigid and
impedance boundary conditions, and also with a frequency method developed for multi-
ple scattering problems. In order to characterize our objects in the far field and to not
simulate it directly for computational reasons, a near-field to far-field transform (NFFFT)
has been implemented and validated by comparisons with analytic solutions and BEM.

In addition to this method, the different architectonic elements studied in chapter 6
have also been reproduced at reduced scales (1:8.5 to 1:12). Comparisons with measure-
ments showed that for distances close to the obstacle and a far field source, our two
dimensional numerical model reproduces satisfactorily the reflection levels relative to the
direct sound, especially for the transverse directions. For the fluted columns, it was re-
vealed that they could be the support of circumventing surface waves especially for the
one with the deepest grooves. In a similar way, Gothic piers with small geometrical ele-
ments of smaller scales on their cross section also presented such waves that manifested
themselves as resonance tails in the time domain. For the source pulse used, however, they
constituted only a small part of the total backscattered energy. Otherwise, the reflected
pulses had envelopes close to what has been described for diffuse reflections. Beyond the
localized resonances, around them, where the wavelengths are of comparable size to that
of the smaller geometric features, the scattering strength is increased without strongly fa-
voring any direction. It could be estimated that the reflections are likely to be heard with
respect to the reported reflection audibility thresholds considering a listening situation in
a cathedral, e.g. where the time interval between the direct sound and the first reflection
from the side walls is large enough to not be masked.
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7.3 Future works

7.3.1 Room acoustic scale modeling

Regarding the miniaturization of sources for scale models, the solution involving an
inverted horn is promising but requires future investigations to attenuate the resonances.
It could be by signal processing techniques in the manner of Cobo et al. (2013). Prelimi-
nary tests showed that the inverse filter method had a limited effect on directions other
than the one used to build it. The dimensions of the cone could be optimized and other
profiles considered.

Regarding the solutions tested to extend the scale model measurements for directional
parameters or auralizations, the artificial head still requires methods to extrapolate the
frequency band to obtain a satisfactory rendering for future perceptual studies. The same
is true for the fact that we are also limited by the 192 kHz sampling frequency of the audio
equipment used. For SDM, we were limited to visualizations in the lateral plane. Future
studies are planned to include the third axis. The two techniques could also be the object
of perceptual validation after frequency extrapolation, including the latest improvements
for the latter (Amengual Garí et al., 2021).

7.3.2 Coupled volumes

The round robin on numerical simulations was limited to the 1 kHz octave band so that
the procedure did not take too much time for the participants. It would be interesting
to evaluate a wider range of frequencies. Otherwise, it is regrettable that some of the
methods such as the diffusion equation or acoustic radiosity methods did not participate
to the round robin as they are particularly suitable for modeling the late field.

7.3.3 Sound scattering by architectural piers and columns

Our numerical method is limited to a two-dimensional space, and although similar rel-
ative levels were measured in our cases, this does not correspond to the real situation. An
implementation of the code for three-dimensional spaces might then be necessary for more
faithful perceptual studies. Otherwise, it would be possible to use the method described
by Duhamel (1996), using the invariance of the problem along a direction of space to trans-
form the solutions of the 2D problem into that of the 3D problem. The method was rather
used in the frequency domain being derived from the Helmholtz equation (Hornikx et al.,
2007; Salomons et al., 1997), but it has also been adapted for transient time solutions
obtained by the finite difference method (Sakamoto, 2009).

We estimated that the reflections from the obstacles could be audible and that from
preliminary listening that was done through the perception of a coloration. Only in this
case we are limited to a dichotic listening, with monaural impulse responses. Thus it seems
relevant to carry out future perceptual tests to determine if the obstacles are audible in
a binaural context, where it would be interesting to study the impact of the orientation
of the head with respect to the source and the obstacle. This could be achieved through
physical measurements using the scale models and the scale artificial head, similarly to
Kleiner et al. (1992), or with simulations using our numerical tools, similarly to Meyer
et al. (2019). Otherwise, it would also be interesting to determine if it is possible to
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perceptually discriminate these different reflections and under what conditions, similarly
to Kritly et al. (2021).

Beyond their study in isolation, it would also be relevant to study objectively and
perceptually their collective effects on the room acoustics as it has been done in several
studies for diffusing surfaces (Jeon et al., 2020; Kim et al., 2011; Ryu et al., 2008) but
also for columns (Suzumura et al., 2000) in concert halls using scale models, where the
variation of the room acoustics parameters was observed. Shtrepi et al. (2015, 2017) also
studied the impact of surface diffusers with geometrical acoustics software.

Finally, we studied the columns with solutions giving physically accurate results, and
the geometries were very detailed. In a context of numerical simulations of a full room,
such a level of detail will not be directly included in the geometrical model used in the
geometrical or wave-based methods. Our results are thus references for the validation of
modeling strategies for such finite objects, as it has been done for surfaces (Kowalczyk
et al., 2011). Another strategy to take into account finite objects for virtual acoustic
applications is to encode its scattering in a basis such as spherical harmonics to reduce
computational costs while ensuring some physical accuracy (Gonzalez et al., 2022; Gonza-
lez, 2021; Rungta et al., 2018). Our simulation method could then provide the solutions
before encoding. This strategy could also have an interest in perceptual tests which
could then be conducted using an interactive virtual environment where the object or the
scene could be more easily manipulated using the transformations (rotation, translation,
scaling) that this decomposition allows.
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Appendix A

Measurement positions of the Sinfonia Varsovia
Centrum concert hall scale model.
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Appendix B
Invitation to participants of the coupled volume case
Round Robin

Thank you for agreeing to participate in this room acoustical simulation study.  

The objective of the study is to compare various contemporary (2019) implementations of numerical 
simulation methods (Geometrical methods, BEM, FDTD, etc.) with physical measurements in the context of 
room acoustics. We have chosen to use a coupled volume scale model as reference, focusing on the late 
reverberation modeling capabilities of complex spaces. The scale model is a very simple shoebox-type coupled 
volume system composed of two rooms (a main room and a single reverberation chamber) with different 
reverberation times linked by a single large aperture.  

The measured results provided from the scale model have been corrected for scale to represent a full-scale 
room. Accordingly, each numerical method shall be implemented on a 3D-model representing the system 
resized at scale 1:1. All necessary geometrical data for model construction is provided below. 

In order to avoid issues regarding different implementations of absorption or impedance conditions, we have 
chosen to prescribe the un-coupled reverberation time in each room so that the material properties can be 
calibrated as best possible for each method.  

For simplicity, reverberation times shall be calibrated by adjusting material properties of walls uniformly for 
each room (i.e. the six walls of each room shall have the same material definitions) to match the prescribed 
reverberation times from the up-scaled scale model.  

In addition to the vertex/plane & coordinate/connectivity data provided below, two SketchUp models are also 
provided which you may find useful as well as several model images.  

 FullScaleModels.skp presents the two rooms independently, in the calibration condition. This also 
allows for the computation of surface areas and volumes if desired.  

 FullScaleModels_Coupled.skp presents the rooms in the coupled test configuration. The different 
parts can be hidden or displayed through layers in both files. 

 

Document Contents 

GENERAL MODEL CONDITIONS ............................................................................................................................ 2 
ROOM 1: MAIN/LARGE ROOM ............................................................................................................................. 2 

1. Vertex/Corners ......................................................................................................................................... 2 
2. Face/Planes............................................................................................................................................... 2 
3. Reverberation Time .................................................................................................................................. 2 
4. Sources ..................................................................................................................................................... 2 
5. Receivers................................................................................................................................................... 3 

ROOM 2: REVERBERATION CHAMBER/SMALL ROOM ......................................................................................... 3 
1. Vertex/Corners ......................................................................................................................................... 3 
2. Face/Planes............................................................................................................................................... 3 
3. Reverberation Time .................................................................................................................................. 3 
4. Sources ..................................................................................................................................................... 3 
5. Receivers................................................................................................................................................... 3 

ROOM 1+2 : COUPLED ROOM JOINT MODEL UNDER STUDY............................................................................... 4 
1. Vertex/Corners ......................................................................................................................................... 4 
2. Face/Planes............................................................................................................................................... 4 
3. Sources ..................................................................................................................................................... 4 
4. Receivers................................................................................................................................................... 5 

DATA SUBMISSION ............................................................................................................................................... 5 
 

  

179



GENERAL MODEL CONDITIONS 

Atmospheric conditions for the full-scale conditions are 20°C and a relative humidity of 50%. All coordinated 
are in meters.  

For comparison purposes, we have limited the study to 1 kHz octave band results. As such, the calibration 
procedure and subsequent simulations need only be carried out in this octave band.  

The aperture’s interior boundary surfaces should be attributed the same material properties as the 
reverberation chamber in the coupled model condition. Scattering coefficients of 20% in Room 1 and 10% in 
Room 2 are suggested.  

Measurements have been carried out in the model for two source and two receiver positions in the 
reverberation chamber and two source and four receiver positions in the main room, providing a spatial 
sampling of the acoustic field. The corresponding positions are provided below. If for any reason you must 
limit yourself to a single source/receiver in each room then please use the ones indicated with an asterisk (*).  

ROOM 1: MAIN/LARGE ROOM 

1. VERTEX/CORNERS 
   ID          x             y             z     

------------------------------------------------ 

   1         0.000         0.000         0.000 

   2         1.600        43.700         0.000 

   3        21.600        43.700         0.000 

   4        23.600         0.000         0.000 

   5         0.000         0.000        18.000 

   6         1.560        42.600        18.000 

   7        21.650        42.600        18.000 

   8        23.600         0.000        18.000 

2. FACE/PLANES 
   ID               Corner IDs        

-------------------------------------- 

   1          4     3     2     1 

   2          5     6     7     8 

   3          1     2     6     5 

   4          4     8     7     3 

   5          2     3     7     6 

   6          1     5     8     4 

-------------------------------------- 

3. REVERBERATION TIME 
                           1/1 octave band 

                           1kHz*     

--------------------------------------------- 

Rev. time T30 (s)           1.26   

Standard deviation (s)      0.070  

--------------------------------------------- 

4. SOURCES 
   ID          x             y             z   

------------------------------------------------ 

   S1*       14.8          7.00          3.60 

   S2        5.60          5.00          3.60 

------------------------------------------------ 

* If only one source is used 



5. RECEIVERS 
   ID          x             y             z   

------------------------------------------------ 

   R1         8.0           18             11 

   R2         14            24            6.4 

   R3         16            29            9.4 

   R4         8.0           36            5.0  

------------------------------------------------ 

 

ROOM 2: REVERBERATION CHAMBER/SMALL ROOM 

1. VERTEX/CORNERS 
   ID            x             y             z     

------------------------------------------------    

   101         0.000        -0.240         0.200 

   102         1.003       -12.600         0.200 

   103        23.800       -12.600         0.200 

   104        23.800        -0.240         0.200 

   105         0.000        -0.240        18.000 

   106         1.100       -13.800        18.000 

   107        23.800       -13.800        18.000 

   108        23.800        -0.240        18.000 

------------------------------------------------ 

2. FACE/PLANES 
   ID               Corner IDs          

------------------------------------ 

   101       101   102   103   104 

   102       108   107   106   105 

   103       105   106   102   101 

   104       103   107   108   104 

   105       106   107   103   102 

   106       101   104   108   105 

------------------------------------- 

3. REVERBERATION TIME 
                             1/1 octave band 

                             1kHz*  

--------------------------------------------------------------- 

Rev. time T30 (s)            4.52  

Standard deviation (s)       0.10  

--------------------------------------------------------------- 

4. SOURCES 
   ID          x             y             z   

------------------------------------------------ 

   S3*        6.00         -8.25          3.80 

   S4         5.20         -4.25          3.80 

------------------------------------------------ 

* If only one source is used 

5. RECEIVERS 
   ID          x             y             z   

------------------------------------------------ 

   R5         12          -8.25          10.2 

   R6         18          -6.25          8.2  

------------------------------------------------ 

 



ROOM 1+2 : COUPLED ROOM JOINT MODEL UNDER STUDY 

1. VERTEX/CORNERS 
   ID            x             y             z     

------------------------------------------------ 

     1         0.000         0.000         0.000 

     2         1.600        43.700         0.000 

     3        21.600        43.700         0.000 

     4        23.600         0.000         0.000 

     5         0.000         0.000        18.000 

     6         1.560        42.600        18.000 

     7        21.650        42.600        18.000 

     8        23.600         0.000        18.000 

   101         0.000        -0.240         0.200 

   102         1.003       -12.600         0.200 

   103        23.800       -12.600         0.200 

   104        23.800        -0.240         0.200 

   105         0.000        -0.240        18.000 

   106         1.100       -13.800        18.000 

   107        23.800       -13.800        18.000 

   108        23.800        -0.240        18.000 

   201        15.100         0.000         5.600 

   202         8.500         0.000         5.600 

   203         8.500         0.000        12.100 

   204        15.100         0.000        12.100 

   211        15.100        -0.240         5.600 

   212         8.500        -0.240         5.600 

   213         8.500        -0.240        12.100 

   214        15.100        -0.240        12.100 

------------------------------------------------ 

2. FACE/PLANES 
   ID               Corners            Associated room material 

--------------------------------------------------------- 

    1         4     3     2     1         Main room 

    2         5     6     7     8         Main room 

    3         1     2     6     5         Main room 

    4         4     8     7     3         Main room 

    5         2     3     7     6         Main room 

   101       101   102   103   104       Rev. chamber 

   102       108   107   106   105       Rev. chamber 

   103       105   106   102   101       Rev. chamber 

   104       103   107   108   104       Rev. chamber 

   105       106   107   103   102       Rev. chamber 

   201        4     1    202   201        Main room 

   202        1     5    203   202        Main room 

   203        5     8    204   203        Main room 

   204        8     4    201   204        Main room 

   211       211   212   101   104       Rev. chamber 

   212       212   213   105   101       Rev. chamber 

   213       213   214   108   105       Rev. chamber 

   214       214   211   104   108       Rev. chamber 

   221       201   202   212   211       Rev. chamber 

   222       203   204   214   213       Rev. chamber 

   223       202   203   213   212       Rev. chamber 

   224       201   211   214   204       Rev. chamber 

--------------------------------------------------------- 

3. SOURCES 
   ID          x             y             z 

------------------------------------------------ 

   S1*        14.8          7.00          3.60 

   S2         5.60          5.00          3.60 

------------------------------------------------ 

* If only one source is used 



4. RECEIVERS 
   ID          x             y             z 

------------------------------------------------ 

   R1         8.0           18             11 

   R2         14            24            6.4 

   R3         16            29            9.4 

   R4         8.0           36            5.0 

------------------------------------------------ 

DATA SUBMISSION 

Please submit calculated room impulse response data of the two uncoupled/calibration rooms and for the 
coupled room test condition. The first allows us to confirm a common understanding of the calibration 
method. Please use the Room, Source, and Receiver ID numbers in the file name 
(rm{1,2,1+2}_s{1,2}_r{1,2,3,4}.wav). Please provide data in audio WAV format.   

In addition, please provide a short description of the numerical method employed, and any pertinent 
parameters.  

All individual entry data and curves will remain anonymous, but will would like to present a list of the methods 
used and possible group similar methods if there are more than one. Please let us know if this poses a problem.  

It is fully our intention to submit the results of this study as a referred journal article (short format) before the 
end of the year.   

Please send your calculated RIRs in a single ZIP file to brian.katz@sorbonne-universite.fr.  

If you have any questions, please feel free to contact me at brian.katz@sorbonne-universite.fr.  
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Appendix C

Other piers of Notre-Dame de Paris

(a) (b) (c)

(d) (e)

(f) (g)

Figure C.1 (a) North choir ambulatory. (b) Radiating chapel.
(c) South-east crossing. (d) North-east crossing. (e) South choir aisle
entrance. Tower: (f) ambulatory and (g) nave.
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