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Résumé : Cette thése se décompose en trois par-
ties basées sur des résultats de stabilisation et de
contréle des EDP non linéaires dispersives. Dans
la premiére partie, nous considérons |'équation de
KdV-BBM non-linéaire sur le tore avec un dissipa-
teur localisé en espace. Nous montrons |'existence
globale de la solution, ainsi que sa convergence
en temps vers une fonction analytique. Cette pro-
priété d'analyticité permet |'application de résul-
tats de prolongement unique pour montrer que la
fonction limite est une constante. Ensuite, nous
en déduisons que I'approche que nous avons faite
sur KdV-BBM est applicable pour |'équation de
BBM pour un certain type de dissipateur dépen-

dant du temps. La premiére partie est donc un ré-
sultat de stabilisation par un dissipateur localisé
en espace. La deuxiéme partie présente deux ré-
sultats de contrélabilité en fréquences pour I'équa-
tion de BBM non linéaire sur le tore. Nous utilisons
des contrdles trigonométriques prenant des valeurs
dans un espace de dimension finie pour montrer
que l'équation est approximativement contrélable
dans H!, et n'est pas exactement contrélable dans
H*® pour s compris entre 1 et 2. Dans la troisiéme
partie, nous donnons un résultat de contrélabilité
approchée pour I'équation KP-1 non linéaire sur le
tore 2d. Nous utilisons le méme type de controle
trigonométrique considéré dans la seconde partie.

Title : Stabilization and control of nonlinear partial differential equations
Keywords : Stabilization, control, nonlinear PDE, unique continuation, dispersive equations.

Abstract : This thesis is divided into three parts
based on results of stabilization and control of dis-
persive nonlinear PDEs. In the first part, we consi-
der the nonlinear KdV-BBM equation on the torus
with a localized damping. We show the global exis-
tence of the solution, as well as its convergence
in time towards an analytical function. This pro-
perty of analyticity allows the application of unique
continuation results to show that the limit function
is a constant. Then, we deduce that the approach
we made on KdV-BBM is applicable for the BBM
equation for a certain type of damping depending
on time. The first part is therefore a result of sta-

bilization by a dissipator localized in space. The
second part is through control terms localized in
frequencies. We present two controllability results
for the nonlinear BBM equation on the torus. We
use trigonometric controls taking values in a finite
dimensional space to show that the equation is ap-
proximately controllable in H!, and is not exactly
controllable in H® for s between 1 and 2. In the
third part, we give an approximate controllability
result for the nonlinear KP-I equation on the 2d to-
rus. We use the same type of trigonometric control
considered in the second part.
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CHAPTER

Introduction

Plusieurs phénomenes dans la nature sont modélisés par des équations
aux dérivées partielles (EDP). Parmi les questions importantes dans ce domaine :

Peut-on exercer sur un systétme d’EDP une force pour amener les tra-
jectoires des solutions a un état souhaité ? Et peut-on controler le temps que
prennent ces trajectoires pour atteindre l’état ?

Nous parlons ici de la stabilisation et du controle, et la réponse a ces
questions nous permettent de mieux comprendre le comportement dynamique
des systemes d'EDP et d’avoir des prévisions. Parmi les exemples connus on
peut citer 'équation des ondes

Otu — *Au =0,

qui modélise la propagation d’'une onde avec une vitesse c. En physique quan-
tique I'équation de Schrodinger

0,0 + AW — V(t,2)¥ = 0,

permet de trouver la probabilité pour qu'une particule dans un atome soit proche
d’un certain état. En mécanique des fluides I'équation d’Euler

atu+<uav>u+vp:()a

5



6 CHAPTER 1. INTRODUCTION

qui modélise I'écoulement d’un fluide parfait incompressible sous une pression
intérieure p. L'équation de la chaleur

o — Au = f,

qui décrit la diffusion de la chaleur et I'évolution de la température en consid-
érant une source f.

Nous intéressons dans la partie principale de cette these a 'équation de
Benjamin-Bona-Mahony (BBM)

Oy + 0yt — Oyt + udzu = 0.

Cette équation a été traitée en 1972 par Benjamin, Bona et Mahony dans [BBM72]
comme une nouvelle version de I'équation de Rorteweg-de Vries (KdV)

Ot + Opgptt + udyu = 0,

introduite par Korteweg et de Vries [RAV95] en 1895. Pour les détails sur les dif-
férences entre les équations de BBM et RdV nous renvoyons le lecteur a I'article

d'Olver [Olv79).

Cette these se décompose de six chapitres. Dans ce premier chapitre
nous donnons une introduction générale et des préliminaires sur les résultats
principaux. Nous introduisons le probleme que nous allons étudier dans chaque
chapitre et nous présentons les travaux dans la littérature liés a notre cas, ainsi
que la démarche détaillée qu'on considere dans les chapitres suivants.

Dans le deuxieme chapitre, nous introduisons des outils mathématiques
ainsi que le cadre fonctionnel dans lequel nous allons se placer. Nous définis-
sons les espaces usuels et nous donnons des définitions et des résultats connus.

Dans le troisieme chapitre nous présentons un résultat de stabilisation
pour I'équation de RdV-BBM non-linéaire, ot nous montrons I'existence globale
de la solution, ainsi que sa convergence en temps vers une fonction analytique.
Cette propriété d’analyticité permet d’appliquer des résultats de prolongement
unique pour montrer que la fonction limite est une constante.

Nous étudions apres la controlabilité de I'équation de BBM dans le qua-
trieme chapitre. Plus précisément nous montrons qu’on peut controler approxi-
mativement dans H! 'équation en utilisant des termes de contrdles appartenant
a des espaces de dimensions finis. Ensuite nous montrons la non controlabilité
exacte de I'équation dans H* lorsque s € [1,2].

Dans le cinquieme chapitre, nous appliquons la méthode de contréle du
quatrieme chapitre a I'équation de Kadomtsev—Petviashvili I (KP-I) en dimension



Dans le sixieme chapitre nous démontrons quelques points techniques.

Définition 1 On dit qu'une EDP de la forme O,u + Au = 0 est stable si la
solution converge vers un état stationnaire quand t tend vers +oc.

Définition 2 On dit qu'une EDP de la forme

ou+ Au=f
u(0) = uyp,

est exactement controlable en un temps 1" si pour toute fonction v, il existe f
telle que la solution u vérifie u(T') = v. LEDP est dite approzimativement
contrélable en un temps T' si pour toute fonction v et pour € > 0, il existe f
telle que la solution u vérifie ||u(T) — v|| < e.

Le point de départ était la conjecture de Rosier [Ros16] suivante :

Conjecture de prolongement unique. Il existe une constante § > 0 telle que
pour toute donnée initiale vy € H*(T) vérifiant ||vo || () < 0, sila solution

v de
O + 0p¥ — Oy + 00,0 = 0, (t,2) €]0, T[xT
(1.1)
v(+,0) = vy,

vérifie v(z,t) = 0 pour tout (z,t) € wx]0, T, ot w est un ouvert non vide
de T etT > 0, alors vg = 0, et ainsi, v = 0.

Cette conjecture est utilisée pour montrer des résultats de stabilisation
pour 'équation de BBM sur le tore en considérant différents types de dissipa-
tions. Pour montrer des résultats de stabilisation, nous n’avons pas besoin de
démontrer cette conjecture pour toute solution v, mais seulement pour des so-
lutions qui vérifient des propriétés supplémentaires permettant d’appliquer le
théoreme de Hale et Raugel [HR03).

Théoréeme 1 (Hale et Raugel) Soit Y un espace de Banach complexe. Soient
P, € L(Y) une suite d’opérateurs continus linéaire et ),, = Id— P,. Notons
par A : D(A) — Y le générateur infinitésimal du semi-groupe {e'};>¢ et
soit G € C1(Y). Supposons que V est une solution forte dans Y de l'équation

VI(t)=AV(t)+ G(V(t)), t € R.
On suppose que
1. {V(t); t € R} est contenu dans un ensemble compact K de'Y.

2. Pour tout y € Y, (P,y), converge vers y quand n — +oo et (P,) et
(Qn)n sont des suites de L(Y') bornés par une constante K.
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3. L'opérateur A s’écrit A = A, + By ot B est borné et A; commute avec
P,

4. Il existe M, c > 0 tels que |H6At|H£(Y) < Me et

H!e(A”Q”BB*)tH}E(Qnyy) < Me= pour tout t > 0.

5. G est analytique dans la boule By (0, ), ot r vérifier > 4sup ||V (¢)||y-
teR

6. {DG(V(t))Z ; t € R,||Z||y, < 1} est relativement compact dans Y.
Alors la solution V (t) est analytique en t.

Rappelons la définition d'une fonction analytique dans le cadre d'un es-
pace de Banach.

Définition 3 Une fonction w est dite analytique sur un espace de Banach
X si elle est développable en série entiere en tout point de son domaine de
définition. D’'une maniére équivalente, elle est analytique si elle est de classe
C™ et il existe ¢ > 0 et o > 0 tels que pour tout o > 0,

H(?tau(-,t)HX < calo®.

Le théoreme de Hale et Raugel donne I'analyticité de la solution par
rapport au temps. Ensuite, l'idée était de le combiner avec un autre théoreme
qui donne un résultat de prolongement unique a partir de 'analyticité. Le cas
de I'équation de BBM était assez problématique. En effet, le comportement
de la solution de I'équation de BBM ne permet pas d’avoir une décroissance
exponentielle évidente de I'énergie quand nous considérons -comme dans le cas
du papier de Rosier [Ros16]- un dissipateur localisé en espace. Plus précisément,
la solution de I'équation de BBM n’a pas un caractéere de transport, ce qui fait que
lorsque le dissipateur est localisé en espace, il n’est pas évident de démontrer
la décroissance exponentielle de I'énergie, qui elle, est une hypothese dans le
théoreme de Hale et Raugel. Ce comportement peut étre vu directement sur
'équation. En effet, 'équation

Oy + 0,0 — Qg + 00, = 0,

est équivalente a
O = Av,

avec Av = —(1 — Opp) ! ((9,,31) + U@xv). Nous voyons ici que 'opérateur A
est régularisant d’ordre 1, c’est-a-dire que si v € H*(T) alors Av € H*(T).
En écrivant formellement

v(t, ) = vo(x) +/0 Av(s, z)ds, (1.2)
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nous pouvons voir que si vy € H'(T) par exemple, et ¢ une fonction de
troncature réguliere vérifiant supp vg N supp ¢ = 0, alors

pu(t,z) = /Ot wAv(s,x)ds € H*(T).

Donc la fonction v n’a pas un caractere de transport car la partie peu réguliere

vient purement de vy. Autrement dit, la régularité de v a l'instant ¢ va étre la

méme que celle de v, puisque I'écriture (1.2) décompose I'expression de v a un
t

instant ¢ en une partie irréguliere vy () et une partie réguliere / Av(s,z)ds,
0
par suite les singularités H! sont portées seulement par vy.

Nous avons décidé d’étudier le modele de I'équation de RdV-BBM

O + Ot — Oppyth + Opzt — Op(a(x)0pu) + udpyu =0, x €T,
u(.,0) =uy € HY(T), zeT,
(1.3)
ol @ > 0 est une fonction bornée de classe C* telle que {a > 0} # 0. Nous
verrons que les résultats sur RKdV-BBM ont des conséquences sur I'équation BBM.
Cette équation est une "combinaison” de I'équation de RdV:

O + Oppptt + udyu = 0,
avec 'équation de BBM:
Oyt + 0yt — Opgpth + udzu = 0.

L'équation (1.3) est hyperbolique, en effet, en écrivant 'équation linéaire
sous la forme

Ou = Au, (1.4)

A= (1= 040) " (0s + Orw — Bx(a()y))- (1.5)

En appliquant la transformée de Fourier en z et en ¢ a (1.4), la partie imaginaire
du terme dominant est 7 — (1 — £2)71¢3. Or

T-(1-) ¢ =r (1) EE - 1+1) =7+~ (1)

Ceci veut dire que le symbole principale est 7 + £. Autrement dit I'équation est
de méme type que I'équation de transport, d’ot le caractere hyperbolique.

1.1 Premiere partie

Dans la littérature on peut trouver plusieurs modeles d’équations aux
dérivées partielles décrivant le mouvement de I'eau dans des faibles profondeurs
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suivant une propagation dans une seule direction, voir par exemple [BCPS18] et

[CPS16). En particulier I'équation de KdV-BBM sur le tore
Ot 4 Optt — Oyt + Opzpt — Op(a(x) 0z )u 4+ udyu = 0, (1.6)

ol @ > 0 est une fonction bornée de classe C*™ telle que {a > 0} # 0.

A notre connaissance, I'équation de KdV-BBM a été traitée pour la pre-
miere fois sous la forme d’un systeme dans [BCS02] par Bona, Chen et Saut.
Cette équation a été récemment considérée dans [BNS17], [DP14] et [MR17] pour
des résultats de simulations numériques. La stabilisation n’a pas été étudiée
pour I'équation de KdV-BBM mais a été étudiée pour RdV dans [BCV19| par
Baudouin et Crépeau, et dans [LRBY10] par Laurent, Rosier et Zhang. Il existe
des résultats de stabilisations pour I'équation de BBM dans [AC19] par Ammari
et Crépeau, et dans [Ros16| par Rosier.

Un résultat de prolongement unique pour I'équation de RdV-BBM peut
étre trouvé dans le papier de Rosier [Ros16] en utilisant des inégalités de Carle-
man. La particularité de I'équation KdV-BBM est qu’elle admet un opérateur non
local et non borné d’ordre 1, ce qui introduit quelques difficultés dans I'analyse.
Notre résultat principal est une propriété de stabilisation des solutions de
sur le tore.

Théoréme 2 Pour tout ug € H'(T), il existe une unique solution u = u(t, )
de globale en temps telle que

t—+00

lim u(t,) = 2i / wo(x)dz, dans H(T).
T Jr

La vérification des hypotheses du théoreme de Hale et Raugel fait I'objet
des proposition [I} exprimant la compacité des trajectoires de la solution, ainsi
que les théoremes [ et [8] exprimant deux différents types de décroissance ex-
ponentielles.

Donnons maintenant le plan de la preuve. Dans la Section nous
montrons l'existence de la solution du probleme linéaire. Plus précisément
nous utilisons le théoreme de Lumer-Phillips et nous associons a 'opérateur de
I'équation linéaire un groupe {S(t) }+cr construit a partir de deux semi-groupes
{S+(t) }+>0 et {S_(t)}+<0, ot le semi-groupe sur R est de contraction.

Dans la Section [3.3| nous obtenons un résultat de décroissance exponen-
tielle pour le semi-groupe donné par le théoreme suivant.

Théoreme 3 Il existe § > 0 et M > 0 tels que

SN 2 e ey < Me™, vt > 0. (1.7)
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Nous utilisons ici le résultat de Huang [Hua85].

Théoréme 4 Soit H un espace de Hilbert, et A : D(A) C H — H le
générateur infinitésimal d’un semi-groupe {T'(t) };>0. Supposons que

1. Il existe ¢1 > 0 tel que || T(t)[| py < 1, VE 20,

2. A+ i est inversible pour tout y dans R,

3. Il existe co > 0 tel que |[|(A + iﬂ)_1|’|g(H) < ¢q pour tout j dans R.
Alors il existe M > 0 et ¢ > 0 tels que

T Oy < Me™, ¥¢ > 0. (1.8)

Nous remarquons que le nogau de I'opérateur A donné par (1.5) contient
les constantes, ce qui fait que la deuxieme hypothese du théoreme de Huang

nest pas vérifiée quand 4 = 0. Nous se plagons donc dans le sous-espace
fermé de H'(T)

HY(T) = {u e H(T) 5 (u,1) p) = 0}

muni de la norme H!(T). La troisitme hypothése du théoréme de Huang con-
siste a estimer la norme de la résolvante avec une constante c, uniforme par
rapport a j. Pour démontrer cette estimation, nous raisonnons par I'absurde.
Cela revient a construire une mesure semi-classique dont les différents propriétés
conduisent a une contradiction. Cette technique a été utilisée pour la stabilité
de I'équation des ondes, voir [Bur02], [BG97], [GL93], [GE91h)], [Leb94], [Mil00] et
[RZ09]. La construction des mesures semi-classiques repose sur le théoreme de
Burq [Bur97| suivant.

Théoréme 5 Soient (hy), une suite de nombres réels qui converge vers 0 et
(v"*) une suite bornée dans L?(T) qui converge faiblement vers 0. Il existe
une sous-suite de (v"*) -qu’on continue de la noter (v"*)- et une mesure de
Radon positive v définie sur T x R telle que pour tout b € C3°(T x R; C)

hl,jgo (b(z, th)vh’“,Uhk)LQ(T) = /TXR bz, §)dv(z, §).

v est appelée mesure semi-classique associée a la suite (v"**).

Dans la Section a partir du théoreme de point fixe de Picard, nous
prouvons l'existence locale et l'unicité de la solution pour le probleme non
linéaire:

Ot 4 Optt — Oyt + Opgot — Op(a(x)Opu) + udyu =0, = €T,

u(.,0) =uy € HY(T).
(1.9)

Par une estimation a priori sur I'énergie, nous déduisons I'existence globale
pour le probléme non linéaire. Ainsi qu’une certaine continuité par rapport a la
donnée initiale:
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Théoréeme 6 Il existe une unique solution de définie sur tout R. De plus,
pour T' > 0, l'application

HYT) — C ([—T, 1], Hl(qr))
Ug — u,

ot u est la solution du probleme non linéaire admettant u, comme donnée
initiale, est Lipschitzienne.

Dans la Section nous montrons que la solution converge vers une
solution bornée pour tout ¢ dans R. Pour démontrer cela, nous prenons une
suite croissante (t,) de temps qui tend vers +oo, et nous montrons que la
suite (u(tn))n est bornée dans H?(T). Donc elle converge faiblement -apres
extraction d’'une sous suite- vers une fonction qu’on appelle ... Nous obtenons
alors le résultat suivant.

Théoréme 7 Soient (t,,),, une suite croissante qui tend vers +o0, ug une
donnée initiale réelle dans H'(T), et u est la solution correspondante de
(L.9). Alors, il existe une sous-suite (t4(,))n de (t,)y, et une fonction un(-) €

C° (R, H! (T)) telles que
VI >0, Hm ultyu +) = () dans C° ([—T, T],Hl(T)). (1.10)
n——+00

La fonction u, admet des propriétés particulieres qui permettent d’appli-
quer le théoreme de Hale et Raugel contrairement a une solution quelconque du
probléeme non linéaire. En effet, la proposition suivante montre que la solution
Uso, qui elle, va jouer le role d'une donnée initiale dans la suite, est bornée sur
R. Ce qui permet de vérifier la premiere hypothese du théoreme de Hale et
Raugel, car nous ne partons pas de n'importe quelle donnée initiale mais d'une
donnée initiale qui est une limite de solutions.

Proposition 1 Soit te = e (0) la fonction obtenue par le Théoreme [7] et
Uno (t) la solution correspondante. Il existe une constante ¢ > 0 telle que

SUp [tioo ()| g2y < € (L.11)
teR

L'hypothese intéressante suivante est, dans un sens a préciser plus en
détails, une décroissance exponentielle du semi-groupe linéaire sur les hautes
fréquences.

Théoréme 8 Il existe M > 0 et ¢ > 0 tels que pour toutt > 0etn € N

220 g 1y < D™ (112)
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Pour montrer cela, nous utilisons la décroissance exponentielle vue précé-
demment ainsi que le résultat de Haraux [Har89)] qui énonce le théoreme suivant.
Rappelons le contexte du théoreme, Soient les deux équations

¢'(t) + Arp(t) = 0, (1.13)

et
y'(t) + Ay(t) + BB*y(t) = 0. (1.14)

Théoreme 9 Les deux propriétés suivantes sont équivalentes

1. Il existe Ty > 0 et ¢ > 0 tels que toute solution ¢ de (1.13) vérifie
2 o 2
e < [ 1B el ds. (1.15)

2. Il existe Ty > 0 et 6 > 0 tels que toute solution y de (1.14) vérifie
Vo € D(A1),t = T1, y()ll = 1Sl < e llyollyr, (1.16)
ott {S(t)}1>0 est le semi-groupe généré par A; + BB*.

La raison de I'application du théoréme [J] est la suivante, il est aisé¢ de
démontrer I'inégalité d’obseravilité associée a 'opérateur A; + @, BB* a
partir de celle associée a 'opérateur A; + B B*. Ensuite, nous montrons que la
décroissance exponentielle associée au semi-groupe de 'opérateur A, +Q,, BB*
est équivalente a I'inégalité d’oservabilité pour A; + BB*.

Les autres hypotheses du théoreme de Hale et Raugel sont plus faciles a
vérifier. Cette démarche pour montrer I'analyticité a été utilisée dans 'article
de Joly et Laurent [JL13| qui I'on appliquer a I'équation des ondes. L'intérét
d’avoir une solution analytique est qu’elle permet d’appliquer le théoreme de pro-
longement unique de Tataru [Tat95], voir aussi d’autres théoremes dans l'article
d’'Hérmander [H&97] et le papier de Robbiano et Zuily [RZ98].

Le prolongement unique consiste a démontrer qu'une solution nulle d'un
coté d'une surface est nulle localement de l'autre coté. Les résultats de pro-
longement unique reposent sur la notion de pseudo-convexité des surfaces. Le
théoreme de Tataru est un résultat intermédiaire entre les théoremes d’Hérman-
der et celui dHolmgren. Plus précisément, dans le théoreme d’'Hormander, les
coefficients de 'opérateur sont supposés de classe C! et doivent vérifier les con-
ditions de la pseudo-convexité sur un certain ensemble. Holmgren suppose que
les coefficients sont analytiques. Tataru donne un résultat intermédiaire entre
les deux dans le sens ou si le symbole principale de l'opérateur est de classe
C! et les coefficients d’ordre inférieurs sont analytiques en temps, alors nous
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pouvons affaiblir les hypotheses d'Hormander et vérifier les conditions de la
pseudo-convexité sur un ensemble plus petit que celui ' Hérmander. Autrement
dit, Tataru et Hormander utilisent tous les deux une notion de pseudo-convexité
mais la définition de Tataru est posée sur un ensemble strictement plus petit que
celui considéré par Hormander. Dans le résultat d’'Holmgren, les coefficients
sont supposés analytiques et les surfaces sont supposées non caractéristiques.
Cette technique de déformation de surfaces dans le but d’avoir des résultats de
prolongement unique peut étre trouvé (avant Tataru et Hormander) dans John
[Joh49).

Lidée de la démonstration dans ce cas consiste a montrer d’abord que
la fonction ., est une constante (en temps et en espace) sur le support de a.
Puis d’utiliser un argument de déformation de surfaces pour montrer que .
est une constante sur une partie de la forme |z*, z* + 27[x{t = 0}, avec
x* € T. Ceci implique que la donnée initiale (qu’on peut noter ., (0)) est égale
a une constante ¢* sur un intervalle en x de longueur 27. Donc, en regardant
I'équation vérifiée par v := u,, — ¢* nous trouvons que v(0) = 0 partout, et
par unicité de la solution, v(¢) = 0 partout et ainsi, u, est une constante pour
tout (z,t) € T x R.

A noter que le théoréme standard d’Hérmander [H585] ne s'applique pas
dans notre cas. La démonstration de I'analyticité en temps de la solution est
donc cruciale pour l'utilisation du résultat de Tataru et cela conduit au résultat
de stabilisation.

Dans la Section nous déduisons que I'approche faite sur I'équation
de RdV-BBM est applicable pour I'équation de BBM dans un cas particulier. En
effet, la conjecture de prolongement unique que Rosier a énoncé dans [Ros16]
est vraie avec un dissipateur a dépendant du temps et de la forme a(z + ct)
avec ¢ > 0.

Nous considerons I'équation de BBM suivante

O + 030 — Oy — Op(a(x 4 ct)0p)v +v0,v =0, z €T, t >0,
v(-,0) = v, xeT.
(1.17)

Nous montrons que modulo un changement de variable, I'étude faite sur
I'équation de KdV-BBM reste valable pour I'équation (1.17). Ce type de dissi-
pateur a été utilisé dans [CC18| pour montrer des résultats de contrdlabilité de
I'équation de Boussinesq. Selon nos connaissances, le taux de décroissance de
I'énergie de la solution du probleme non linéaire de RdV-BBM est encore une
question ouverte.
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1.2 Deuxiéme partie

Dans le quatrieme chapitre, nous étudions la controlabilité approchée et
la non-controlabilité exacte de 'équation de BBM non-linéaire

Ot + Optt — Oyt + u0yu = 0,

introduite par [BBM72], pour décrire un phénomene de propagation d’ondes
longues unidirectionnelles de faibles amplitudes dans le cas dispersif non linéaire.
Il a été prouvé dans [BT09 et [Rosl6| que I'équation de BBM est bien posée
lorsque la donnée initiale 1o appartient a H*(T) avec s > 0, et avant cela,
dans [BBM72] quand s € N*. De plus, 'application wy — wu(t) est analytique.
Nous savons aussi que I'équation est mal posée dans le cas s < 0 dans des sens
différents (voir [BT09] et [Pan10] pour un énoncé précis). Dans cette partie nous
intéressons a la controlabilité de I'équation de BBM sur le tore

{ Opu + Oyt — gy + udyu = n(t, ), (t,z) €]0, T[xT. (1.18)

u(+,0) = up.

Micu [Mic01] a étudié la controlabilité de I'équation de BBM linéarisée sur
0, 1] avec un terme de contréle sur le bord. Il a montré que I'équation n’est pas
spectralement contrélable mais approximativement controlable avec un controle
dans L?(0,T). I a également montré que pour tout N > 0 et 7' > 0, il existe
un controle tel que la projection de la solution sur I'espace de dimension finie
généré par les 2N premieres fonctions propres de I'opérateur de BBM est égale a
zéro a l'instant ¢ = T Rosier et Zhang [Ros16] donnent un résultat controlabilité
exacte pour I'équation de BBM avec une contréle mobile pour un temps grand,
ainsi que des estimations du terme de contréle en fonction des données initiales
et des données finales. Ils considerent d’abord I'équation linéaire, puis ils dé-
duisent le résultat sur I'équation non linéaire a 'aide d’'un argument de point
fixe. Zhang et Zuazua ont montré la controélabilité approximative de I'équation
de BBM avec un terme de contréle localisé, voir la Section 7 dans [ZZ03]. On
peut aussi trouver la contrdlabilité approchée de I'équation de BBM en 1-d avec
retard par Leiva [Leil7].

'équation (1.18) préserve les constantes, nous introduisons donc pour
s > 0 le sous-espace fermé de H*(T)

Ho(T) = {u € H'(T): (1) = 0

muni de lanorme H*(T). Nous appliquerons une méthode basée sur I'utilisation
du terme non linéaire. Le type de contrdle que nous considérons est celui des
fonctions trigonométriques. Lintérét d’un tel choix de controle est que le terme
non linéaire ud,u laisse les espaces engendrés par les cosinus et les sinus in-

variants. Nous partons d'une donnée initiale dans H1(T) et d’un contréle qui
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appartient a un espace de dimension finie donné pour I C Z* par
H(I) = vect{cos(kx),sin(kz) ; k € I}. (1.19)

Définition 4 On dit que l'équation (1.18) est approximativement contrélable
dans H'(T) par des valeurs dans H(I) si pour tout T > 0, € > 0 et tout
ug,v € HY(T), il existe un contréle constant par morceaux a valeurs dans

H(I) et une solution u de (1.18) telle que ||u(T) — v|| ;1 <.

Définition 5 On dit que l'équation (1.18) est exactement controlable dans
H#(T) par des valeurs dans H(I) si pour tout T' > 0 et tout ug, v € H*(T), il
existe un contréle constant par morceaux a valeurs dans H (1) et une solution

u de (1.18) telle que u(T) = v.

Théoreme 10 L'équation (T.18) est approzimativement controlable dans H'(T)
par des contréles constants par morceauz a valeurs dans H (1) si et seulement
si I est un générateur de 7.

Théoreme 11 L'équation (T.18) n'est pas exactement contrélable dans H*(T)
par des controles constants par morceaux a valeurs dans H(I) lorsque s € [1, 2].

Le théoreme [11] est donc un résultat qui dit que nous ne pouvons pas
faire mieux que le théoreme dans le sens ot, avec des controles de dimen-
sions finie, 'équation ne peut étre que contrdlable approximativement. L'idée
de la preuve du théoreme [[0]est de commencer par considérer un contréle dans
H (1), et de montrer que la solution atteint un espace H.(/;) dans un temps t,
ou I; 2 Iy. Puis nous recommencons a partir de /; ce qui permet de construire
un /5 de la méme facon, et ainsi de suite. Le but est de montrer que I'union de
H(I,) est dense en H'(T), ce qui revient a montrer que l'union des 7, est Z.
La suite d’ensemble (7,,) joue le role des nouveaux modes de Fourier que I'on
obtient apres chaque étape. Il faut donc que linclusion de I,, dans I,,,; soit
stricte, sinon la suite (/,,) sera stationnaire a un certain rang n et dans ce cas,
I'espace atteignable serait de dimension finie.

Une remarque intéressante est de voir que pour atteindre a la fin un es-
pace dense de H'(T), il faut partir d'un contréle dans (1), ot Iy est généra-
teur de 7Z, cest-a-dire que tout entier de Z peut étre écrit comme une com-
binaison linéaire avec des coefficients entiers d’éléments de [y. Remarquons
que le contréle repose sur un phénomene non linéaire ou le terme u0,u génere
de nouvelles fréquences, néanmoins, 'hypothese sur I, est purement linéaire.
En d’autres termes, en partant d'un Iy qui génere linéairement 7Z, nous défini-
ssons une suite (7,,) construite a partir d'un procédé non linéaire. Il est impor-
tant de voir que dans ce raisonnement, nous ne perdons jamais d’informations
puisqu’apres chaque étape, nous montrons que le cible sera dans un espace plus
riche en fréquences. En répétant cette procédure suffisamment de fois, nous
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pouvons atteindre un espace dense dans H'(T).

Nous commencons par utiliser un contréle avec une treés grande norme
H! (T) en un temps petit, avec cela, nous montrons que la solution va converger
vers une quantité dans laquelle le terme non linéaire de I'équation apparait. Cette
limite que 'on retrouve peut jouer le role d'une donnée initiale dans la suite. En
appliquant a nouveau l'équation, le terme non linéaire donnera de nouvelles
droites vectorielles qui peuvent étre utilisées comme données initiales. Une fois
que nous montrons que nous pouvons aller de n'importe quel point a n'importe
quel point approximativement en un temps petit, nous pouvons généraliser cela
pour conclure que le résultat est également vrai en un temps fixe.

Cette technique est inspirée de l'article de Nersesyan [Ner21], ou il app-
lique le méme type de contrdle sur I'équation de la chaleur, et dans [Nerl5]
pour les systemes de Navier-Stokes. Nous renvoyons également le lecteur aux
travaux d’Agrachev et Sarychev |[AS05] [AS06] ou ils utilisent des polynomes
trigonométriques pour controler les systemes de Navier-Stokes/Euler en 2-d et
3-d. Nersisyan [Ner10, Ner{1] utilise cette méthode de controle avec des espaces

de dimensions finies pour I'équation d’Euler. Voir aussi les travaux de Shirikyan
[Shi06) [Shi07} [Shi14} Shi18] pour les équations de Burger et Navier-Stokes.

Lorganisation du quatrieme chapitre est la suivante. Dans la Section
nous étudions I'existence de la solution du probleme non linéaire en utilisant un
argument de point fixe sur 'équation de BBM modifiée suivante

O+ Oy (u+0729) — Oy + (u+3729) 0, (u+77¢) = 671 f, (1.20)

avec u(0) = wug, & > 0 et ¢ une fonction réguliere. Lintérét d’ajouter la
constante ¢ est de mesurer la taille du terme de contréle qu'on va mettre a la
premiere étape de notre raisonnement par récurrence, et de mesurer le temps
d’existence de la solution avec un terme de contrédle sous la forme 6~ f. La fonc-
tion ¢ joue ici le role d'une deuxieme donnée initiale injectée dans I'équation. La
solution de a linstant ¢ va étre notée u(t) = Ry(uo, 6 2,81 f). Nous
établissons des estimations de continuité de la solution par rapport a la donnée
initiale, a la fonction ¢ et du terme de controle. Nos résultats de continuité sont
les suivants.

Proposition 2 Il existe des constantes positives ¢, co et c3 telles que pout t < 9§
_1 1 _1 1
[ R0, 675,671 ) = Ra(wo,87345,5719) | < e lluo = woll
+ e |[f = gllpiog -1y T eslle =l (121)

Lemme 1 Soient ¢ > 0, v € Hl(']T) et ug € B (v, E) , alors il existe
C' > 0ett, > 0 telle que la solution u(t,) = Ry, (ug,0,0) € By (v,¢€) et
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pour tout t € [0, t.]
|u(t) — ||, < Ct. (1.22)

Nous posons

d
C(I) = {n — (1 = Opa) " Zgoiﬁx(pi ;0 € H(I),Vd > 1} :

i=1
Le résultat principal de la section [4.2] est la limite suivante.
Proposition 3 Soit u(t) = R¢(uo, 52, 67'no) la solution de (1.20), alors

(lsin% u(8) = uo + (1 — 9pe) " (0 — 90up) , dans H'(T). (1.23)
—

Cette proposition dit que lorsque o tend vers 0, nous pouvons atteindre
approximativement I'espace C (/) ou on voit le terme non linéaire de I'équation
apparaitre dans la limite.

Dans la Section nous partons d'un ensemble /y qui génere Z, puis
nous définissons une suite d’ensembles (7,,) liés aux coefficients de Fourier do-
nnés par le terme non linéaire, et nous prouvons que leur union forme un espace
dense dans H'(T). Ce qui revient au lemme suivant.

Lemme 2 Si I est un générateur de 7, alors

U=z (1.24)

neN

Ensuite, on fait le lien entre la suite (7,,) et I'espace C(I) a travers le
résultat suivant.

Lemme 3 Pour toutn € N, on a
H(I41) C C(1,).

Autrement dit, ce qu’on peut atteindre en partant de ¢ et n dans H (1)
va étre une quantité dans un certain espace atteignable C(I).

Dans la Section 4.4} nous montrons que nous pouvons appliquer un con-
trole pour passer d’'une donnée initiale 1o a un certain 1 + #H approximative-
ment, ou H est un espace de dimension finie que nous allons enrichir jusqu'a
obtenir un espace dense dans H'(T). Ensuite, en utilisant un raisonnement
par récurrence et une propriété de densité, nous montrons que nous pouvons

atteindre approximativement n’importe quel point en un temps 7" > 0. Ceci
conclut la preuve du Théoreme
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Dans la Section nous donnons une preuve du Théoreme Nous
commengcons par le cas le plus simple, la non controlabilité exacte dans H H(T).
Nous raisonnons par contradiction pour montrer avec le théoreme de Baire que
I'espace atteignable dans H'(T) ne peut pas contenir un ouvert, donc son com-
plémentaire est dense.

Le cas s €]1,2[ est plus technique. Nous utilisons un argument de
I'e-entropie pour compter le nombre de boules nécessaires pour recouvrir un
certain ensemble. Plus précisément, nous estimons le nombre de boules de
HY(T) qu'il faut pour recouvrir la boule unité de H*(T) lorsque s €]1, 2], puis
nous montrons que I'application 7 +— u ne peut pas nous donner assez de boules
pour couvrir une boule de H%(T). Cela signifie que nous n’avons pas assez de
contrdles pour obtenir une controlabilité exacte dans H*(T).

Cette technique a été utilisée pour montrer que I'équation d’Euler n’est pas
exactement controlable en 2-d par Shirikyan [Shi08] Dans les travaux de Ner-
sesyan et Nersisyan on peut aussi trouver le raisonnement de 'e—entropie pour
prouver la non controlabilité exacte dans [NN12] pour I'équation de Schrodinger,
et dans [Ner10] pour I'équation d’Euler en 3-d.

1.3 Troisieme partie

Nous intéressons dans le cinquieme chapitre a I'équation de RP-I en 2-d

u(-,-,0) = uo, (x,y) € T2 (1.25)

{ Oy + Oyt + udpu — 9, 0pu =m,  (z,y) € T? t > 0,
Cette équation, vue comme une généralisation des équations de type RdV
en dimensions supérieurs, est introduite par Radomtsev et Petviashvili [RP70).
Renig [Ren04] a montré que I'équation de KP-I est bien posée sur des espaces
ayant une certaine régularité (voir aussi Bourgain [Bou93] et Saut [Sau93]). Un
travail de Saut et Tzvetkov [ST99] montre que pour des espaces de Sobolev in-
homogene avec une faible régularité par rapport a la variable x, 'équation de
KP-I est mal posée.

La controlabilité a été étudiée pour I'équation de KP-II
Ot + Oyttt + U0, u + @Zlﬁyyu =0,

dans l'article de Rivas et Sun [RS20]. Un résultat de contrdlabilité pour I'équation
de KP-I linéaire peut étre trouvé dans l'article de Sun [Suni8].
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Dans la Section [5.2 nous commencons par introduire les espaces

H(T?) =Qu= > ™™ e L*(T?);

(k,n)EZ* X7

S Jura A+ K2+ 02 < oo g, (1.26)

(k,n)EZ*XZ

et

0% (TQ) —du= Z ukmei(kx—‘rny) e L2 <T2> :

(k,n)EZ* X7

9 (k4+n2)2 .
> |k (T“ (1+ k2 +n?)* <ooyp, (1.27)
(kn)eZ* X7

dans lesquels nous allons étudier I'existence et les propriétés de la solution.
L'espace Q° est le domaine de la partie linéaire vue comme opérateur non
borné sur H*. Nous considérons I'équation de RP-I avec un terme de con-
trole n = n(t, z,y) comme dans le probleme étudié au quatrieme chapitre.

Lidée pour montrer 'existence est de regarder directement I'équation non
linéaire en remplacant le terme u0,u par v0,u pour définir un semi-groupe ass-
ocié a 'opérateur A(v) et ensuite prendre v = u. Nous donnons également des
estimations nécessaires pour le théoreme d’existence.

Le résultat d’existence n’est pas optimale du point de vue de la régularité
des données initiales, mais suffisent pour le probleme du contréle approché. Le
résultat principal de la Section [5.3| est le théoréme suivant.

Théoréme 12 Il existe une unique solution u € C ([0, T"]; W)NC* ([0, T"]; H*)
de (1.25), ou W est une boule ouverte (bornée) de Q°.

Lopérateur A(v) de I'équation de KP-I est un opérateur qui dépend du
temps, 'équation (1.25) est donc équivalente a

Oyu = A(u(t))u + f,
{ =0 (1.28)

A(v(a)) = _(amﬂcu + v(a)0pu — ax_layyu)'
La preuve du théoréme [[2] est basée sur le théoréme de Kato [Kat75] The-
orem 6| suivant.
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Théoreme 13 Soient X un espace de Banach reflexif, Y C X un autre es-
pace de Banach reflexif qui s'injecte avec une injection dense dans X. Soit W
une boule ouverte de Y contenant 0, T > 0 et S : Y — X un isomorphisme.
Supposons que

1. A = A(v(a)) est le générateur infénitisimal d’un semi-groupe {e*A®@)} -
tel que pour tout s > 0

[le*A@@D|| . < e, W(a,v) € [0,T] x W-

2. Pour tout (o,v) € [0,T] x W, lopérateur SA(a,v)S™! — A(a, v) est
uniformément borné sur X.

3. Pour tout v € W, a — A(a,v) est continue sur L(X,Y) et pour
a € 1[0,T], v— A(a,v) est Lipschitzienne.

4. Pourtoutv € W, ac — f(a, v) est continue de [0, T'] dans X, pour tout

a € 1[0,T), v — f(a,v) est Lipschitzienne et f est une fonction bornée
de [0,T] x W dans Y.

Alors (1.28) admet une unique solution u € C([0,T"}; W) N C*([0,T"]; X)
pourun T" € [0, T7.

Comme nous allons considérer un contrdle avec des fonctions trigonomé-
triques. La premiere étape, apres avoir montrer I'existence, est de modifier
I'équation en introduisant une constante § > 0 et ¢ € C*. Nous regardons
I'équation

Ot + Opar (4 0720) + (w4 0720)0(u+ 67 20) — 0719y (u+ 67 2)
=0,
u(-,-,0) = up.
(1.29)
Nous donnons des estimations de continuité pour la solution de (1.29).
Ensuite, nous faisons tendre ¢ vers 0 dans H*® pour obtenir la limite suivante.

Proposition 4 La solution u(t) = R (uo, 5z, 67'no) de (1.29) vérifie

(lsin% u(8) = ug +no — w0y, dans H*(T?). (1.30)
%

Cette proposition est 'équivalente de la proposition

Dans la Section[5.4} Nous prouvons le résultat de contrélabilité approchée
donné par le théoreme suivant. Soit [; = {(1,1);(1,0);(1,—1)}. Nous
posons pour I C Z* x Z 'espace

H(I) = Vect{ cos(pzx + qy), sin(px + qy); pour (p,q) € ]},
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Théoréme 14 L'équation (1.25) est approzimativement controlable dans H*
avec des controles constants par morceaux a valeurs dans H(I,) pour s >
2. Clest-a-dire, pour tout T > 0, € > 0 et tout ug,v € H?, il existe un
contréle n(t, z,y) constant par morceaux en temps a valeurs dans H(Iy) et

une solution u de (1.25) telle que
[u(T) = vl s < e

Pour cela, nous énongons un résultat analogue au lemme [3] pour conclure
qu’avec une suite (1) définie a l'aide des produits des fonctions trigonométriques,
nous pouvons, a partir du choix de Iy, créer toutes les fréquences de Z* x Z.
Cela conduit par suite a un résultat de contréle approché.



CHAPTER

I

Preliminaries

This chapter is a presentation of the mathematical notions and definitions
that we will use in the following. Some results in this chapter are known in the
context of a real or complex space. Since we are going to deal with equations
in the torus

T :=R/277Z,

for the next chapters, we give equivalent versions of the known results in the
case where the variable x is in the torus using the fact that there is a bijection
between the functions defined on the torus and the 27-periodic functions de-
fined on R.

Let (E,]|| - ||g) and (F, || - || ) be two Banach spaces.

2.1 Usual spaces

For 1 < p < oo, we denote by L£P(T, C) the space of measurable func-
tions f : T — C such that u(|f|P?) < oo, where u is a measure on T. The
Lebesgue space LP(T, C) is defined as LP(T, C) = LP(T, C)/~, where ~ is
the equivalence relation defined by f ~ ¢ if and only if f = ¢ almost every-
where in T for the Lebesgue measure. For f € LP(T,C), the norm of f is

23
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11 = ([ If(x)|pda:);-

When p = +00, we define the space of bounded measurable functions L>°(T, C)
equiped with the norm

given by

[fll e = super| f(2)]-

In a similar way, we define for 1 < p < oo the space ¢(Z) of sequences ()

such that )
[(@k)klle = <Z |l‘k|p> < 00,

kEZ

and the space (>°(Z) the space of sequences () such that

(@8 k]l oo 1= SUPyeplTR| < 00.

The Sobolev spaces are defined for s € R by

H*(T) = {u = Zuneim : T — C; Z(l +n2)® up)® < oo} . (2.1)

ne”Z nez

The space H*(T) is equiped by the inner product

(+,-), : H(T)x H(T) — C
(u,v) — Z(1+n2)5unm (22)

where u,, and v,, are the Fourier coefficients of v and v respectively.
WenOte<'7 >:<7 '>1'

Definition 1 1. A bounded operator from E to F' is a linear continuous
map from E to F.

2. An unbounded operator from E to F'is the given of a vector subspace of
E, denoted D(A) and called domain of the operator, and of a continuous
linear operator A from D(A) in F.

L(E, F) denotes the space of bounded linear operators from £ to F', equiped
with the norm

|14,

lell

For k € N*, C*(T) denotes the space of functions defined on the torus
whose derivatives up to k exists and continuous. When & = 0, C%(T) (or

WAl 2z ) = SUPHUHE§1
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C(T)) denotes the space of the continuous functions on the torus. The space
C(T) equiped with the norm || - || is a Banach space. The space C* is the
space of functions infinitely differentiable, and C§® when moreover the functions
are with compact support.

We denote by BV ([0, T, X) the space of functions in L*([0,77], X)
with bounded variations from [0, 7' with values in X, equiped with the norm

Jolly = el + | 23
X

where du(s) = u'(s)ds is the derivative of  in the sense of distributions that
can assumed to be a Radon measure. See Chapter 1 in [Giu84] for more details.

2.2 Some definitions

We give in this subsection some definitions and well-known results. Let
p,q,r > 1. We define the convolution f g between two functions f € LP(T)
and g € LY(T) by

fgla) = / fWgle —y) dy.

The function f * ¢ belongs to L"(T), where r satisfy the relation
1 1 1
- =14-= (2:4)
p g r

Moreover, we have the estimation

1f* gl < W Alo lgll o -

The same result holds true for sequences. The sequence (z * )y, is define in
("(Z) when (xy)g € (P(Z) and (yx)x € (4(Z) by

(@5 Yk =Y Tnlints

nez

where 7 satisfy , and we have

1z %yl < N2l 19l o - (2.5)

Definition 2 An operator A of L(E, F') is compact if the image by A of the
unit ball of E has a compact closure in F.

We can see the compact property with using sequences.
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Proposition 5 An operator A of L(E, F') is compact if and only if for any
bounded sequence (u,,), in E, the sequence (Au,,), contains a converging
subsequence in F.

Definition 3 Let (x,,) be a sequence in a Hilbert space H and x an element
of H. We say that the sequence (x,) converges weakly to x and we note
Ty — xif

Vhe H,Ji_)lgo (:En,h)H = (x,h)H.
Definition 4 We say that a family {S(t)}+>o of bounded linear operators is
a semigroup on E if
1. S(0) = Idg,
2. S(t1 + tz) = S(t1)S(t2), for all t1,t5 > 0.

If moreover the application t — S(t)x is continuous in 0 for all x in E, then
{S(t) }e>0 is called a C%-semigroup. And if these properties extend for t < 0,
we talk about a group or a C°-group.

Definition 5 We call infinitesimal generator of a semigroup {S(t)}:>o the
unbounded linear operator (A, D(A)) defined by

D(A) = {u € E; lim Sty =

t—0t

u
exists in £/ } ,

and for u € D(A)
Au = lim M

t—0+ t

Definition 6 (Fredholm operator) Let E and F' be two Banach spaces. We
say that an operator A : E — F is Fredholm if

1. dim Ker A < oo,
2. codimIm(A) < oo.
The index of A is defined by Ind(A) = dim Ker A — codim Im(A).

Lemma 1 Let {S(t)}+>0 be a C%-semigroup, then, there exist M > 1 and
¢ > 0 such that for all t > 0

IS < Me.
Ifforallt >0, [||S(?)|| < 1, we say that it is a semigroup of contraction.

Lemma 2 Let F and F be two Banach spaces. If A : E — F'is a Fredholm
operator of index Ind(A) and T : E — F is a compact operator then A+T
is a Fredholm operator of index Ind(A).
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Theorem 1 (Picard) Let A C X be a closed set and ® : A — A be a map of
contraction, that is to say there exists 6 €0, 1] such that for all u,v € A

@ — Dol < 0 [lu— v
Then, there exists a unique u € A such that du = u.

Definition 7 (Dissipative operator) Let (H, (-, -)) be a Hilbert space. An
operator A : D(A) C H — H is called dissipative if for all uw € D(A),

Re (Au,u) <0.
We will prove the existence of the solutions using the two following theorems.

Theorem 2 Let A be a linear operator. Then A is dissipative if and only if
forallu € D(A) and A > 0, we have

1A = Aull < Affu]-

Theorem 3 (Lumer-Phillips) Let A be a linear operator of dense domain in
a Hilbert space H. If A is dissipative and if there exists Ay > 0 such that
Im(\g/ — A) = H, then A is the infinitesimal generator of a C°-semigroup
of contraction.

See [Paz83] for a proof.

If the infinitesimal generator A of a C°-semigroup {S(¢)};>o verifies the
assumptions of Theorem [3] then the solution of the equation

owu = Au
u(0) = o,

is noted u(t) = S(t)up.

Theorem 4 (Hille-Yosida) We have an equivalence between the two assump-
tions.

1. Aistheinfinitesimal generator of a C%-semigroup of contractions {S(s)}s>o.
1
2. Ais closed, of domain dense and ||R(X, A(t))]| < Xfor Rel > 0.

Theorem 5 (Banach) If T € L(E, F) is bijective, then T~ is continuous.
Definition 8 (Hamiltonian field) We call Hamiltonian field associated with
a function f € C* the operator H; defined by

n

Hy = <85f, 0x) — (0:f, a£> = Z (aﬁjfaxj B 8wjfa§j) :

Jj=1



28 CHAPTER 2. PRELIMINARIES

Definition 9 (Poisson bracket) Let f, g : R*™ — R be two functions in C'.
We define their Poisson bracket by

{f7g} = Hfg - <a§f7 axg> - <amf7 aﬁg> .

We denote by D = —10,.
A differential operator P of order m is an operator defined by

where o, are regular functions. The symbol of P is the functiona : TxR — C
such that
(&) = Y oulr)(i)"
Im|<a

This definition can be extended to other classes of operators in which the symbol
is no longer necessarily a polynomial in &. In this case, we speak of pseudo-
differential operators.

Definition 10 Let a = a(x,&) be a symbol of C*°(T x R). The pseudo-
differential operator of symbol a, noted Op(a) is defined for all u € C*>°(T)

by

Opla)ua) = " (aler, ) Fu©) = 5 [ [ e ala, puir)dyde
(26)

Definition 11 Let h > 0. We define the semiclassical Fourier transform by

Fupl€) = / e k€ p(a)dr,

and its inverse

Flo(o) = 57 [ ebtulene

Definition 12 Let u(x Zuj 4t ¢ L*(T)and a(x,§) = Za] et ¢
JEL JEZ
C5° (T x R) such that a is 2m-periodic on x and

() = 57 [ alw. e,

Then the semi-classical pseudo-differential operator of a is defined by
1 - 1 .
_ xé ~ _ ) ) -\ _ilx
Op,,(a)u = o /Re a(x, h&)u(§)dE = gy E uj(x)a—;(hy)e™. (2.7)

JlEZ
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We use here the standard quantification known in the literature. By an
analogous calculation that in [HPS14], we show that Opj(a) is well defined.
And by applying [HPS14, Lemma 6.4] and [HPS14} Proposition 6.5] we have that
Opy,(a) is a bounded operator in L?(T). See also [Zwo12} Section 5.3.1]

Theorem 6 Let a € C3°(T x R). The operator Op, (a) extends to a contin-
uous operator on L*(T), and there exists a constant ¢ > 0 (which does not
depend on h) such that

IOPA (@)l z2ry < €

The character bounded on £? is necessary to be able to write the exis-
tence theorem of semi-classical measure in the case where the space variable of
the symbol belongs to the torus.
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CHAPTER

Stabilization of the RdV-BBM equation

3.1 Introduction

In the literature we can find several models of partial differential equations
to describe the movement of water in shallow depths following a unidirectional
propagation, see for instance [BCPS18], [BC99] and |[CPS16]. In this work, we
study the stabilization for the damped nonlinear RdV-BBM equation

Oy + Optt — Oyt + Opzzt — Oz (a() 0y )u + udpu = 0, (3.1)

where a, the damping, is non negative. This equation mixes the KdV equation
Oyu+0yzeu+udu = 0, with the BBM equation 0,u+0,u— 0, u+ud,u = 0.
To our knowledge the RdV-BBM equation was treated for the first time as a
system in [BCS02] to study its properties. This equation has been recently con-
sidered in [BNS17], [DP14] and [MR17] from numerical analysis point of view.
Stabilization was not considered for KdV-BBM equation but was considered for

KdV in [BCV19] and [LRBY10], and for BBM equation in [AC19] and [Ros16].

The particularity of the RdV- BBM equation, is that it admits a nonlocal
unbounded operator of order 1, that introduces some difficulties in the analysis.
Our main result is a stabilization property for the solutions of on the torus.
The principal theorem is the following.

31
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Theorem 7 For all uy € H'(T), there exists a unique solution u = u(t, )

of global in time such that

1
i u(t,) = 5- / wo(x)dz, in HY(T).
T Jr

t—-+o0

Now we give the outline of the proof. In Section [3.2] we show the exis-
tence of the solution of the linear problem. In Section [3.3] we obtain the expo-
nential decay result on the semigroup by an estimation of the resolvent. This
estimate comes from semiclassical measures and the technic was used for the
stability of the wave equation. This method can be found for the wave equation,
see [Bur02], [BGI97], [GL93], [GE91b], [Leb94], [Mil00] and [RZ09).

In Section [3.4] from the fixed point theorem we prove local existence and
the uniqueness for the nonlinear problem. By an a priori estimate on the energy,
we deduce global existence for the nonlinear problem.

In Section from energy decay dynamical system technics, we prove
first that solution converges to a bounded solution for all ¢ in R. Second, from
result of [HR03] we prove that this particular solution is analytic in time. This
allows to apply uniqueness results (see [H397], [Ho85], [RZ98| and [Tat95]) and
we deduce that this particular solution is in fact a constant.

The result of unique continuation which we will arrive at in Section
is therefore a result which says that if the solution is a constant on an open
set, then it is constant over the whole domain. The unique continuation gives
stabilization at the end in the sense that some solutions will goes to a constant
as t goes to infinity. This technique can be found in [JL13] where the authors
consider the wave equation. They show that they can found an analytical solu-
tion in time and then use an unique continuation result to prove the stabilization.

In Section [3.7| we give a quick deduction that the approach we made on
RdV-BBM is applicable for the equation of BBM in a particular case. More pre-
cisely we say that the unique continuation conjecture that Rosier has stated in
[Ros16] is true with a dissipator a which depends on time. This type of dissipa-
tor was used in [CC18] to show controllability results for the Boussinesq equation.

According to our knowledge, the rate of decay of the energy of the RdV-
BBM nonlinear problem solution is still an open question.
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3.2 Linear equation

We consider the linear KdV-BBM equation
O+ Optt — Oyt + Opzpt — Op(a(x)0p)u =0, z €T, t >0,
u(-,0) =ug € H*T), zeT,
(3.2)
where a > 0 is a bounded C* function such that {a > 0} # (.

We start by showing the existence of the solution. The operator (1 —
Ope) ! is defined as follow
(1—0.,)"': H¥(T) — H**T)
o=

the unique solution of the equation (1 — 0,,)u = f, defined by its Fourier

fn- We have u € H*?(T) when f € H*(T)

coefficients u,, = T
n

s+2 2
since ((1 + nQ)% un> = (14 n2)?|f,|*, which have a finite sum. The
undounded operator (A, D(A)) in H'(T) is defined by D(A) = H*(T) and
A: H*T) — H(T)
u > —(1 = O4) (Ot + Oppet — Op(a(x)0,)u)).
(3.3)
The operator A has values in H*(T) since

(1 = 0pe) t0,u € H3(T), (1 — Ope) *0pueu € H(T) and
(1 = 0ype) ' 0u(a(2)d,)u € HY(T).
We prove now that A is a Fredholm operator.

Proposition 6 The operator A -considered as operator on H?(T) with values
in H'(T)- is a Fredholm operator of indez 0.

Proof Let § > 0, A can be written as sum of Ay and B with

and
B=—(1—04) ' (=0.(a(x)d,) — 9).

, i —in+in® — 4§

Note that if u(x,t) = %un(t)e , then Agu = % i

The operator Ay is bijective from H?(T) to H'(T), indeed, the equation Aqu =
f written with the Fourier coefficents is

—1
1+n?

Uy (t)e™.

(in —in® + 8)u, = fo.
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So we can write w,, in respect of f,

 —(1+n?)
tn = d +in(1 —n?)

-

Note here that the denominator cannot be equal to 0, hence the interest in adding
and subtracting § in A. We thus have the injectivity and the surjectivity of Ay,
in other words

dim Ker Ay = codim Im(Ay) = 0.

This prove that Ay is Fredholm of index 0.
The operator B is bounded from H?(T) in itself scince

[ Bu()|| g2ry < 10:(a0z)u(t) + 0ult)| 2(r)
< Naduul)| g opy + 0 ()] 2y (3.4)
< (||a||, +9) ()] g2y -

So B is a compact operator from H?(T) in H'(T) thanks to the compact
injection of H2(T) in H*(T). By applying Lemma2]on Ay And B, we obtain
that A is a Fredholm of index 0. O

Theorem 8 The operator A generates a C°-semigroup {S. (t)}>o of contrac-
tion.

Proof We start by checking that A is dissipative. Note that D(A) = H?(T) is
dense in H*(T). For 1 € R and u € H?*(T), we have

(A+imuu) = ((A+ i, (1 - O)u) 2
= —(0xu, u) + (Opgtt, Opuu) — (aOpu, Opur) + wHuHHI

The quantity (0, u, w) is pure imaginary since 9
Re(Dyu, 1) = % /T Ot + WDy uds % (Du, 1) + (u, Dotr)) = 0.
By the same way we show that Re(0,,u, u) = 0. Then
Re (A + i), u) — —/Ta 0,u]? dz < 0. (36)

So A is dissipative.
Nouw it suffices to prove that A — X is injective for some A > 0. Let u € H?(T)
such that Au — Au = 0. We have

0 = Re (Au — Mu, u) = — /Ta Bl da—N[u]% > (=l o — ) [Jul|.
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This give us that A — \ is injective.

Since A is Fredholm of index 0, and v — Aw is an operator compact from
H?*(T) in H'(T), then A — X is also Fredholm of index 0, since it is injective,
it is therefore surjective. We apply Theorem [3|and the proof is complete. [

We now prove that we have a semigroup on R_.

Theorem 9 The operator —A generates a C-semigroup {S_(t)}+>o.

Proof Let u € H?(T). For A > 1 + Ha”iwm we have
(A = Nu,u) = (Opgats + Opu — 0z (a0z)u — AN(1 — Opp)u,u).  (3.7)

Thus
2
Re (A — Nu,u) = /Ea‘ameHl(T) - /\HuHHl(T) <0. (3.8)

By the same way as the previous proof, we show that the operator A + A is
surjective. This proves that —A — A generates a contraction semigroup that we
denote by {S_(t) }+>o.

We pose now S_ : t — eMS_(t).

S_ defines a semigroup with infinitesimal generator —A. Indeed, for u €
H'(T) we have

S_(thu —u MS_(Hu —u
t K
M (S(Wu—u) (3.9)

t t
— (—A = Nu+ Au = —Au,

when ¢ — 0, and this was to be demonstrated. O

We use now a result of [Paz83] to define a group from two semigroups on R,
and R_.

Theorem 10 Let A and — A be the generators of two semigroups {S(t) }+>0
and {S_(t) };>o respectively, then the operator A generates a group {S(t) }+cr

defined by
s0-{ SO0, oo

Proof We start by checking that {S(¢)}+cr given by (3.10) is a group. Let us
first show that for all ¢ € R we have

S(t)S(—t)u = u, Yu € H*(T). (3.11)
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Let t > 0 and uw € H?(T). If t = 0 we have the equality by definition of S, ..
We calculate now the derivative of (3.11)

(S()S(=tw) = (S, (H)S-(t)u)
= ASL(HS_(Hu — S, (H)AS_(t)u

= (AS,(1) = S, (1)4) S_(t)u 1
since A commutes with Sy. If ¢ < 0 we have by the same way
(S®)S(=t)u)" = (S (=)S;(~t)u)’
=AS_ (—t)Si()u — S_(—t)AS, (t)u (3.13)
= (AS_(=t) = AS_(=1)) 54 (D)u '
=0.
From the density of H2(T) in H(T) we obtain (3.11). Let us now show that
S(s+1t)=S5(s)S(t),Vs,t € R. (3.14)

Several cases arise. Note thatif s > 0,# > 0,s+t > 0ors < 0,t < 0,s+t <
0 we have (3.14) from the definition of S, and S_ respectively.
Ifs>0,t<0,s+t>0then

S(s)S(t) = Sy (s)S_(—t)

= S(s+1)S(—t)S(1)
= S(s+1).
Ifs>0,t<0,s+t<0then
S(5)S(t) = S4(5)S_(—t)
=5:(s)9-(s—s—1)
= 5;(5)S-(s)S-(=(s+1))
= 5(s)S(—s)S(s+1)
= S(s+1).
Likewise, if t > 0,5 < 0,s +t > 0 then
S(s)5(t) =5 (=s)5(t)
=S5 _(—5)Si(—s+s+t)
=S5 (=5)S1(=5)5 (s +1)
= S5(s)S(—s)S(s +1)
= S(s+1).
Ift>0,s<0,s+t <0 then
S(s)5(t) = S5-(=s)5(f)
=S (—(s +6)S_(1)S, (1)
= S(s+1)S(—1)S(t)
=S(s+1t)
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Hence we get (3.14). Now let ¢, s € R and u € H*(T). we have

S(t)u — uS(s) _ S(t+s)u—S(s)u _ S(8>S(t)u —u (3.15)
t t t
When ¢ goes to 0, we obtain AS(s) = S(s)A. O

We finish the subsection by giving this remark.
Remark 1 Taking A = 0 in the proof of Theorem [§] we can see that A is the

infinitesimal generator of a Cy semigroup of contractions {S(t) }+>o. Moreover,
for w solution of (3.2), we have that ||u(t) ||§{1(1r) is nonincreasing. Indeed

% (% Hu@)”iﬂ) - (8?5”’ (1 - 81’96)“’)112 + (U, (1 - axl’)atu)LQ

= (_axu - azxxu + ar(aax)u, U)LQ
+ ('U/, _axu - agjxxu + 8x(aax)u)L2

= —2/@(93) |0,u(t,z)|> de < 0. (3.16)

3.3 Exponential stability

The goal of this subsection is to prove the exponential stability of {.S() }+>o.
More precisely, we will prove the following result.

Theorem 11 There exists 6 > 0 and M > 0 such that
ISl yy < Me™™, ¥t 0. 317
We will use the following theorem.

Theorem 12 Let H be a Hilbert space, and A : D(A) C H — H a

generator infinitesimal of a semigroup {T'(t) }+>0. Assume that

1. There exists ¢ > 0 such that ||T(¢) || ;) < 1, VE >0,

2. A+ i is inversible for all p in R,

3. There exists c > 0 such that [[|(A + ip) ™| oz < c2 forall pin R.
Then, there exists M > 0 and ¢ > 0 such that

7@l gy < M, Ve > 0. (3.18)

See [Hua85, Theorem 3] for more details.
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We cannot apply this theorem to A since it is not injective, the second
assumption is not verified when ¢ = 0. For that, we introduce the closed
subspace of H'(T)

HY(T) = {u € H\(T); (u,1) ) = o}.

We equip H'(T) and H(T) N H'(T) with the norms of H'(T) of H*(T)
respectively. _
Note that the space H'(T) can be equiped by the norm ||0,,

the following proposition.

: H L2(m) 8 shows

Proposition 7 The norms H : and H&E are equivalent on H'(T).

HHl(’JI‘) ' HL2(T)

See Annex for the proof.
We say that Au € HY(T) for u € H*(T) since

(AU, 1)L2(T) == (_(1 - aa:x)il (axxl’u + 85!:“ - al‘(aaxu)) ) 1)L2(T)
= <—8x(1 - 8x)_1 (arwu +u— aaxu) ) 1)L2(’]I‘)

Ifu(t,z) = Z ub(t)e™ ¢ H'(T), we can write u(t, z) = u’(t) + u(t, z),
keZ

with @& € HY(T). It is easily checked that if d;u = Au, then u°(t) is indepen-

dent of ¢ since

Owu(t, r) = Ol (t) + Ou(t, z) = Au(t, x).
Thus

(B0 (L), 1)L2(T) + (Opu(t, x), 1)L2(’[[‘)J = \(Au(t,a:), 1) oy -

=0 =0

Then d,u’(t) = 0. So for u € H(T) we write u(t,x) = u® + u(t, ).

The space H'(T) is then invariant by {S(t) }4>o, then it is also a semi-
group of contraction on H'(T). We thus define A with D(A) = H2(T) N
HY(T) and Au = Au for u € D(A). The operator A is injective, indeed,
for u € H'(T) such that Au = 0, we can adapt the proof of Theorem
to obtain &,u = 0 on T. As u € H'(T), then v = 0. Furthermore,
A : H(T) N HY(T) — H'(T) is a Fredholm operator of index 0, so it is
bijective. Then we have the second assumption of Theorem [[2] for all © € R.
Using bounded inverse theorem, A~! is continuous. The third assumption of
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Theorem [12]is thus checked for p = 0.
We define now the resolvent of A by

R(\): HYT) — HYT)

PR (3.19)

solution of (A — \)u = f.

Proposition 8 There exists ¢ > 0 such that for all f € H'(T) we have
Ve R a®) gy < ellf ey »
where 1 is solution of (A + ip)u = f.

Proof Let 149 > 0. We distinguish two cases.

1% case : |p| < po.

The resolvent 1 — (A+ip) ™" is well defined from R to E(Hl (T), H! (T)).
Indeed, let u be such that Au + ipu = 0. Using the same arguments seen in

and we obtain
Re (A +ip)u,u) = — / a|0ul* dz = 0.
T

This give us that 9,u = 0 on {a > 0}. The equation Au + ipu = 0 becomes
then
—Opzatt — Oz + ipu = 0. (3.20)

Now let 2y € {a > 0}. The function J,u is solution of (3.20) with the condi-
tions

O, (o) = Opptt(0) = Opuapti(zo) = 0,

which means that ,u = 0. So u is constant. Since u belongs to H(T), we
deduce that © = 0. Hence the operator A + i is injective. Since it is Fredholm
of index 0, it is bijective. Furthermore, we know that the resolvent is continuous
from R to E(Hl(T), Hl(']I')) So there exists ¢ = ¢,,, > 0 such that

Vi € [~ o, o), <ec

| (A+ip) lmc HY,HY)

2" case : || > puo.

Without loss of generality, we may consider from now on the operator A in
H'(T) to simplify the notation instead of A in H' (T). By an argument of sym-
metry, we know that R (i) f = R(—ip)f for f € H'(T). Indeed, Let u such
that (A + ip)u = f, with g < —po. On the one hand (A +ip)u = £, so
(A—ip)u = f. Thenw = R(ip)f. On the other hand, v = R(—iu) f. Thus

@ = R(—ip)f, and hence |[|R(—in)f| = HR(—m)fH = |[R(ip)F]| - So it
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is sufficient to prove the result for > .

We will prove by contradiction the resolvente estimate. Assume that

VkeN, 3 f e HN(T), I >k / ||u > k|| f* , (321)

k”Hl(’H‘) HHl(’]I‘)

where u* is solution of (A+iuy)u* = f*. We can assume that Huk”Hl('H‘) =1

and (f*), _, — 0in H'(T), when k — +o0.

We notice that the sequence (py) goes to +o0o. Indeed, suppose that
(1x) stay bounded. We know that the map p — [[(A + i) [l oy s

continuous, so [||(A + ip) 7| ¢y 1s bounded. In this case we have
||ukHH1(T) < |[l(A+ Zﬂk)*lmﬁ(m) ka“Hl(T) —0,

when £ goes to +00, which contradicts the fact that Hu =1

e

We consider the equation

(1— am)—l (Dpzat” + 0pl® — 0,(ad,)u”) + i = f*. (3.22)

We note (u”), = Zuk e = Z fren® and a = Zanem“. We
neZ nez neZ
know that if ad,u* = Z(aaxuk)le”z then (ad,u*); = ij<l B j)uf,j.
leZ jez
So we define @ when (1 — 8,,) 10, (ad,u* Z ak e by
neL

ak = {(1 - 0,0)" (0u(adsu?))} = %(a@muk)n

1+n22 (n—j)ub_,. (3.23)

JEZ

The equation (3.22) written with Fourier coefficients is

1
1+ n?

(—z’n?’ + m) uf

—ak 4 it = fF. (3.24)

Let § €]0, 1[. Let us first take the frequencies n such that [n — x| > 6. We
have

—in® +in) + g = i(—n —.
So we can write (3.24) under the form
-9 k k
ut = n T S SV

(=n+p)(X+n?) " di(=n+ ) i(=n+ )
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1 1
Since < , we have

I — g ~ Spk

2

Z —2n k ina Z A(1+n?) n? ’ k
U, e = U,

(=n + ) (1 +n?) (=n+ ) (14n2)

[n—ppl>0n Hlin—rgl=dng N——

ST @) ulf

[n—pg|>dpg

W

— (Op)?
4 k1l2 B
= e 11 e = G
(3.26)
The operator (1 — 9,,)~" (9,(ad,)) is bounded on H'(T). Indeed

2
~ 2

1 N ’
S (JGZZ <1+j)g(n_j)}un—j|> :

This is true for all 0 > 1 from the regularity of a. So (

1
(1+7)°
(nu,), € (% From (2.5), we deduce that

S+ <
nez

Thus

ak 4 1 -2
S ot - Y e
[n—pig|>0p Z( n—i_'uk) 1 \n*#k\ztﬂtk( n—i_'uk)
1 ~ 12 &
1+ n?)|ak|” < -
e 2N S
(3.27)

We have also
f?lf nT 1 + TL2 2 c
> il = X S s e
[n—pp| >0k Hl [n—pp|>0pg
(3.28)

since f — 0 in H(T). Combining, (3.25), (3.26), (3.27) and (3.28), we obtain

C
1+ n?) [uf]” <
|§|:( )l < Gy

— 0, when k — oo0. (3.29)
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We conclude that
Z (1+n2) ’uﬁ|2% 1.
(1=0) pr <n<(14-6) e

For the part where 7 is of the order of y, we introduce a smooth fonction W
such that 0 < ¥ < 1 and

f Lifs—1]<9¢
(s) = { 0, if [s — 1] > 26 (3:30)

1
Let h = i The operator W(—ih0,) is defined by
k

U(—ihd,)u® = Z U (hn)ukeme,

neEL

Note that W(hn) # 0 for n € [(1 — 26) g, (1 + 29) 1] since

i |n — k| < Spk

, if [ — k| > 20y, (331)

W(hn) = { ;

WEe can divide the frequencies which are of the order of y and the frequencies
which remain by the sum

uf = (uF — Wuk) + Uk (3.32)
Indeed, when |n — py| < dpy we have
In| <|n— pe| + [ < (14 6)|pl,

and
| < |px — | + [n] < 0lpk| + |n].

Hence
(1 =0)|pel < [nf| < (1 + 9)|prl-

Since ¥(hn) = 1 when n € [(1 — §)ug, (1 + ) px), we have

[t = (iRt [y = D (14021 = U(hn))? [uf]’

neZ c
(Opr)?
(3.33)

< Y @+ <

[n—pig| >0

N | —

So for pu, large enough, we can assume that H\I'(—zham)ukn H(T) >
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U(—ihd, )uk

_ , and we have
(- zh@x)u’“llmm

Now let v* =

(1 = 02e) ™ (Opae + Op — 0p(ay)) V" + ipug0®

U(—ihd,) f* . ( . Byl >
= , +(1—0,p 0, |V (—ih0,),a , )
A P e TR o
(3.34)
We can easily check that
[O(=ihdo)u"|| oy & 1 [[O(=ihDu)u"|| s ) & . (3.35)

Indeed
1= || W(=ihd)ut % = || W(—ihd,) k}| + 110, (U(=ihd,)u®) ||2,
= || (—iho,) k|| + h™2 Hh@x( —ih0,) )||L2
= 3" (1+n?) ¥ hn)|2 ||
hn~1
1 1 _
~ 3 Z |\If(hn)|2 }uff =73 H\I/(—zhax)ukH;.

hn=1

U (—ihd,) f*

The term - tends towards 0 in L?(T) when & coes to +00
[EEaT () when ke
since
[ (=ihdz) f*]| oy AL oy

: ~ 1) s oy — 0. (3.36)
H\IJ(—zhax)uk”LzT ||\IJ(—zhax)uk||L2(T) H HH(’]I‘)

We apply h3(1 — 0,.) to (3.34), we obtain
(hd,)* v + 1% (hd,) v* — h (h,) (a (hdy)) v* — i (hd,)? v* + k%"

h3(1 = Ope) h (ho,)

= : U(—ihd,) f*+ .
T A P A TS Y R

[U(—ihd,), a] (hd,) u*
(337)

We will show now with the two following lemmas that we have

_. k
Hu ) ukuLz U(=ihon)f

h (hoz)

W (—2h0y Ju¥||

Lemma 3 There exists ¢ > 0 such that
h3(1 — Oyz)

W (=ihdy)u*|| 12,

[U(—ihd,),a] (hd,) uF|| = o(h). (3.38)

L2

U (—ihdy) f* <ch||f* (3.39)

sz -

(1)
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Proof Let U : s — —s2U(s). From (3.35) we have

o k < 2 12 o k
HH o) uk||L2 U(—iho,) f , |(h? = h20ys) W (—ihdy) f¥|
< B2 ||U(—ihd,) f*| . + || (hD )
<12 |74 + b TODI 4]
< e[ 5l
O
Lemma 4 There exists ¢ > 0 such that for z € L*(T)
10 (=ih,), 0] 2l sy < el|2]
Proof Note that if [¥(—ihd,),a] u* = ka " then
nez
¥ = W(hn) Zan ]u Zan Y (hj)u; —Zan —j ‘I’(h]))
JEZL JEZ JEZ

We want to prove that

S+l =) (1+n?) <Z an—j W (hn) — W(hj)| |Zj|>

neZ neZ JEZ

< CZ |2a|? -

ne”Z

(3.40)
The constant ¢ is the one used in (3.30).
We write Z2 =Ty U, U3 UL, UT5, where

I ={(nj)€Z®; n<0and |hj — 1] <20},
Ty ={(n,j) €2*; 0<hn<1-35and |hj — 1] <25},
Ty ={(n,j) €Z®; hn>1+35and |hj — 1] <25},

Iy={(nj)ez®; |hn—1| <36},

and
Ts = {(n,j) €Z*; |hn— 1] > 36 and |hj — 1] > 26} .
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In I';, we have ¥(hn) = 0 and |n — j| = |n| + j. We know also that for all

o we have |a,| < —————. Thus
(1+ n))

V1 + n?
L+ [n|+7 (1+|n—j[)
————

<c

1 : ) 2 1
= (; (1+ In—jl)"‘1> <JZ€; (1+ |n_j|)a_1|2j! )
1 L\’
§C<Z (1—|—|n—j‘)a1yzj‘> .

JEZ.

VItnml <c) e
jez >

Then

2 2 2 1
> (e nt) < e 1al Y g e

nez JEZ nez

1
The term Z A5 =) converges and it does not depend on j.
nez

We deduce the estimate (3.40) on I';.
In [y, U(hn) = 0, and we have
h+4|hn —hj| > h+|hn —1] = |hj — 1| > h +35 — 26 > 6.

It follows that ; < ch, thus
1+ n—j|

hv/1 4 n?
\/1+n2|%|§cz( o

= (Lt n—gh

Since in 'y we have hn < 1 — 34, the term hv/1 + n? is bounded indepen-
dently of n. We obtain with the same Holder inequality as in I'; the estimate
(3.40).

InI'3, U(hn) = 0 and we have also
h+4|hn—hj|>h+hn—hj>h+14+35—(26+1) > 0.

So |
— S h (3.41)
1+ |n—j|
Furthermore )
nSin—gl+ il Sin—idl++. (342)

h
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By multiplying (3.41) and (3.42) we get

n

— Shln—j|+ 1
T+ n—g] ~ =l

Hence we estimate

— hln —j|+1 1
1+n2‘7n| SZ . |Zj| Z(1+|TL |)g 2‘ J|

2t

and we use again Holder inequality as in I'; to obtain (3.40).

In I'y, we use the mean value theorem to write
(W (hn) — (hj)| < chln — j].
Then

v 1'+'n2|7n|<< C:E: 1—F|n/ ’ J‘——‘jjz: 1-%’TL U 1| J

JEZL JEZ

As in I'y, we obtain (3.40).
In I's, we have W(hn) = W(hj) = 0. The result follows directly. ~ O

We deduce from Lemma@ taking 2z = 9, u* (€ L*(T)) that

h3
H [ (—2h0y Juk|| 2

Oy [U(—ihd,),a] Opu*|| < h?||[¥(—ihd,),a] O

< ch? 8$uk}
< ch? ||lu

L2

L2
=ch

2

(3.43)

N

Then (3.39) and (3.43) give (3.38). Furthermore

HihzkaLQ(T) = o(h), and HhQ(hax)kaLz(T) = o(h), (3.44)
since HkaLQ(T) =1
We give also the following lemma.

Lemma 5 There exists ¢ > 0 such that

[(hd.) (a (hD,)) 0] 1oy < - (3:45)

Proof We recall that

L [han—1]<§
¥ (hn) = { 0, if |hn — 1] > 24,

k
aU HHl
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L )uf ||, &~ h.
) + [hO,, ah0,]. Thus

and for £ large enough, H\I! —ih
a(hd
< [|alhoe)*o* || agry + 170z, @helo®|[ gy

We have (h0,) (a (h0,)) =
[(h0s) (a (hdy)) v

Nz

We estimate the first quantity.

lathoe) o o, < 100 oy

2 k)2
4 a V7 (hn)(uy)
< Z h*n %
nez

< CZ n? h*n*y?(hn)(uf)?

nez <e
<3 )’

nez 9
sc ||ukHH1(’]T) =C

Now we write
[hO,., ahd,] = hd,(ahd,)—a(hd,)?* = ha'hd,+a(hd,)*—a(hd,)? = ha'ho,.
Then

U (—ihd, )uk

ha'ho, ;
(- @h&c)u’“llm)

H [h,, ahd,|v* Hi?(qr) —

k\2 L2m
4 zw (hn)(uy,)

S CZh n T

neEL
< e REn2(hn) (ub)?

neL
< Ch2zn2(uk 2

neE”L

< ch? ||u = ch?.

Nen

This give us (3.45). O

We can write ||k (h9,) (a (hax))UkHLZ(T) = O(h). Now (3.37) be-
comes

(hD)3v* — (hD)*v* = hgF, (3.46)

where ¢ is a bounded function in L?(T). We can now give the theorem of
existence of semiclassical measure, which is a classical theorem and may be
found in [Bur97, Theorem 2] or [Gé91a| Proposition 3.1].

Theorem 13 Let (hy);, be a sequence of reals which converges to 0 and (u")
a bounded sequence in L*(T) which converges weakly to 0. There exists a
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subsequence from (u*) -which we called also (u"*)- and a non negative
Radon measure v on T x R such that for every b € Cg°(T x R; C)

lim (b(x, beD)u"*, u"*) 1, o —/T Rb(x,é)dl/(:v,ﬁ)-

hkeo

v is called the semiclassical measure associated to the sequence (u"*).

We will apply this theorem to the sequence (v"*), so we check first that
it converges weakly to 0.

Proposition 9 The sequence (v"*) converges weakly to 0.

Proof We know that (v"*) converges weakly since th’“ =1

(e

U(hn)ul .
We write v/ = Z Ve = Z ( n)zn e and we pose
nezZ nez H\I’(hn)u g

= pne"™ € C(T).
nez
1 :
So we have [, | < -————— forallo > 0. Let © be a C* function such that

(1+mn?)
0<O<1and

B if s —1] <20
o) ={ o i 155 (47

Note that O = ¥. We have

= uPn

<Uhk ) (‘0>L2,L2

nez
R
=N 0(hn)¥(hn)—n o
; (hn) ¥ (hn) Hq,(hnw Lf
(Z@Q (hn) |y >2 (Z\vhk )
nez nez

~- (3.48)

2

neL

1
1 1\’
< -
~ (1+%)2"{1 \(%th?)

J/

Z@ ihn 1~|—n2)

~~
<oo
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1
since n is of the order of 7 when ©(hn) # 0. This quantity goes to 0 as
h — 0, and the proof is complete. O

Remark 2 We can prove that the mesure v is bounded using Garding in-
equality, more precisely

/ dv(z,€) < 1. (3.49)

Let us study where the measure v is supported.

Proposition 10 We have
v(x,&) =7(r) @ bezy. (3.50)
Proof We multiply the equation by a function b € C°(T x R; C)
b(z, hD) ((hD)* — (hD)*) v* = hb(z, hD)g" = O(h).

Note that the symbol of b(z, hD) ((hD)? — (hD)?) is b(x, £) (€2 — £2) which
belongs to C5°(T x R; C). According to Theorem [13] we have on the one hand

(b(z,hD) ((hD)* — (hD)*) V", %), — bz, &) (€8 = &%) dv(x, ),

TxR
and on the other hand
(O(n), u’f)LQ(T) — 0. (3.51)
Then
[ o€ -¢)anwe) =o. (35

Now we want to show that
supp(rv) C T x {& =1}.
Let b € C3°(R; C) independent of x and x € C*(R) such that

_ Lt <é
x(©) ‘{ 0, if |¢] > 25,

where the constant § is the same one used in (3.30).
We want to prove that

| o -gane.g o (353)
TxR
We write b = by + by with by = xb and by = (1 — x)b. Clearly

supp(b1) C {R \ supp(¥)} . (3.54)
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On the one hand

(1- hD)bl(hD)vk,vk)L2 =

((1 — hD) by (hD)¥(hD) o qf(hp)“—k) = 0.

—_— W (hD)uk|” [ U (hD)u*||
(3.55)
From Theorem [[3] we have
| a-om©dvee =o (356)
TxR
for every b; such that (3.54).
On the other hand
| m©a-gaiz - / (L - vz, &)
TxR 'J1‘><]R b(g)
- [ E=EME e -
_ OTXR

(3.57)
1—
from (3.52) by replacing b(z, §) with (Xéw This give us (3.53) for

every b € C3°(R; C). Then (1 — &)v = 0 and hence we obtain (3.50). ad

Proposition 11 The measure v = 0 everywhere.

Proof We first show that v is an uniform measure on {{ = 1}, ie. v(z,§) =
U ® O¢=1, that is 7 does not depend on . We start by giving the following
lemma.

Lemma 6 Let a; and ay be two symbols in C*, then

h
[Opy,(a1), Opy(a2)] = =Op;, ({ar, as}) + 1*O(1). (3.58)
See [Zwo12| Theorem 4.12] for a proof.

We come back to the equation (3.37). From (3.38) and (3.44) we have
(RD)*v* — (WD)*v* + ih(hD) (a(x)(hD)v ) =o(h), (359

where o(h) is a function going to 0 in L?(T) when A goes to 0.
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We first prove that v = 0 on {a > 0}. Let b € C;°(T x R;R) such
that b(x, &) = b(§). Since b is real and does not depend on x, we know from
[Zwo12, Theorem 4.1] that the operator b(hD) is self adjoint, and the operator
hD is also self adjoint. Taking the imaginary part of the inner product of
with b(hD)vk we get

hJm (ib(hD)(hD) (a(z)(hD)v") >""'“)L2<T> = Jm (o(h), Uk)mr) .

Thus
Jm (ib(hD) (kD) (a(z)(hD)v"*) v

By Theorem [13] we know that

k) L2(T)

(b(hD)(hD) (a(z)(hD)v*) ,0*),, — a(x)E*b(&)dv(z,€) = 0.

TxR

That means v = 0 in {a > 0}.
Nowletb = b(z, &) € C°(TxR; R), P = (hD)3—(hD)?+ih(hD) (a(z)(hD)),
and p = & — €2 its principal symbol. We have

((Pb(:v, WD) — b(z, hD)P)o", v?
k pP*
k

= (b(z, hD)v*, P ) — (b(x hD)ka,vk)

= (bla KD)", (HD)’ ~ ih(hD) (alx) (D)) v*)
— (b(x, kD) Pv*, v")

(b(x hD)v*, ((hD )* +ih(hD) (a(x)(hD))) zk)

— (b(z, hD)v", 2ih(h )( ( )( D))v"*) = (b(x, kD) Pv*, v*) .
On the one hand

%((Pb(m,h'D) — b(z, hD)P)v*, %) =

1
according to (3.58), and converges to — {p,b} dv(z, &) by Theorem
i

TxR
On the other hand

= (O, ({01 0,0 + o(1),

(b(z, hD)Pv*, v¥)

S

=% b(x,hD) ((hD)* — (hD)” + ih(hD) (a(z)(hD))) v*,o* | — 0.

J/

—o(h)
(3.60)

The term

%(b(;v, hD)v*, 2ih(hD) (a(z)(hD)) v*) — —2i /T Ra(z)g%(x,g)du(x,g).
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Then
1 | ,
L pwaeg =2 [ a@eie oz =0 G
v JTxR TxR
Now we have
0= {p,b}dv = (v, H,b) = — (Hpv,b) = — (0cpO,v — 0yp0ev, b)

TxR

= — ((38* = 28)0,1,b) . (362)

This is true for every b. Thus (3£ — 2£)9,v = 0. Since v is supported
in {& = 1} and (3§? —2€)e=1 = 1, we get d,v = 0. So, ¥(z) does not depend
of . Since v = 0 on the support on a, we deduce that v = 0 everywhere. O

To finish we verify at the same time that v # 0. For that, we recall that
U(hD)uf

H‘Ij(hp)umﬂ(?r) '

Let © be a function in C* such that 0 < © < 1 and

Lt s =11 <26
o) ={ o i L 155 (56

k _
Up, =

Note that ©U = WU. On the one hand
tim (O, (©)ck,f) sy = [ OE)(a. ),
and on the other hand

1
(Oph(@)vﬁ, Uﬁ)m(qr)

= ” \IJ(hD)quH (Oph(@>0Ph(\I’)uﬁ7 Uilf)Lz(qr)
L2
1

- ko k
= ey, O

2
= ||UZHL2(’]T) =L
Thus O(§)dv(x, &) = 1. This means that v cannot be identically 0. This

TxR

is absurd, so the assumption (3.21) is false.
We can now return to the operator A. From the above, we have

Vu#0,Vf € H(T), 3u € D(A); (A+iu)u = f.
Furthermore, there exists ¢ > 0 which does not depend on g such that

Hu(t)”Hl(’]I‘) <c ||f”H1(’]I‘) :
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In particular, if f € H'(T), we have u € H'(T) since
ZIU“ (U, 1)L2 = (f7 1)L2 - (AU, 1)L2 =0.
In this case, we can write for all ;1 # 0
||u(t)||1jl(qr) = ||u(t)||H1('J1‘) <c ||f||H1(']1‘) =cC ”f”}jl(qr) :
So (A+ip)™t = (A+ i,u)‘_H}l. From Theorem we have for all ¢ > 0,

H‘S<t)’”£(H1’H1) S Me_ét.
U

We finish this subsection by showing the exponential stability in H?(T),
which will be useful later.

Lemma 7 There exist M, > 0 such that for all t > 0 we have

|||S(t)|||£(32) < Me™. (3.64)

Proof Let u(t) € H*(T) N H'(T) and ¢ > 0. We have

ISOull goery = TASOull gagry + 1S @l oy
= [1S(&) Aul| ga gy + 1S @)ull g1y
< Mem || Aul| g oy + Me™ [l g
5t
< Me Hu”H?(’H‘)'

O
3.4 Nonlinear equation
We consider now the nonlinear equation
0w + Oyt — Oppyth + Opzzt — Op(a(x)O0pu) + udpu =0, x €T,
u(.,0) =uy € HY(T), reT.
(3.65)

We show in this paragraph that this equation admits a unique solution
defined over all R. The principal theorem of this subsection is the following
result.

Theorem 14 Let R > 0. There is a unique solution of (3.65) that exists on
R. Moreover, for T' > 0, the map

HYT) — C ([—T, il Hl(qr))
Ug — u,
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where w is the solution of the nonlinear problem with the initial data wy, is

Lipschitz on By (0, R).

The first equation of (3.65) is equivalent to yu = Au—(1—03,,) 'ud,u.
The local existence is a consequence of the Picard fixed point theorem. Let
R>0and 0 < T < 1. We define

BR,Tz{uec([—T,T],H%T)); sup ||u<s>HH1(T)SR}-

s€[-T,T)
We equip C ([—T, T, H' (T)) with the distance

d(u,v) = sup |[u(s) = v(s)l| () -
SE[-T,T)

The space (C ([—T, T), H 1(']1')) ,d) is a complete metric space. For
ug in HY(T) and t € [T, T, we introduce

D - C([—T,T],Hl(T)> — c([—T,T],Hl(T)>

u

— S(t)UO
—/0 St — 8)(1 — Ope)tu(5)0pu(s)ds.

Itis clear that ®(u) € C ([—T, T, Hl(’]I‘)> whenu € C ([—T, T], Hl(T)> C

C([-T,T],L>(T)) since d,u € C ([T, T], L*(T)), then
ud,u € C ([-T,T], L*(T)), which implies

(1= 0,0) "udyu € C ([—T, T], HX(T) N Hl(qr)) .

So the quantities S (#)ug and S(t—5)(1—0ps) ‘ud,u € C ([—T, T, Hl(T)> :
Lemma 8 There exists Cy > 0 such that

WM >0, 3R,T > 0; RT < Co, ¥||uolls1p) < M, ® : Brr — Brr,
is a contraction.

Proof It is easy to show that for every g € C ([—T,T], L*(T)) we have for
everyt € [T, T

/0 S(t = 5)(1 = Bua)~"g(s)ds

< Te? sup ||9(3)||L2(11‘)'
Hl(T) SG[*TvT}
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Let u,v € Brp. We have

O(u)(x,t) — P(v)(z,t) = —/0 S(t —5)(1 — 0e) ™" (u(s)0pu(s)
—v(s)0,v(s)) ds

)
= [ St )1 ) {(uls) - v(s)) D)
’ + (Dauls) — Dyv(s)) v(s)} ds.
As H'(T) < L*°(T) continuously, we have
[@(u)(t) = @(0) ()1 < T’ sup  (Jlu(s) = v(8)]l oo 10xtul(s) |2

se[-T,T]
+10pu(s) = 0zv(s)ll 2 [[v(s)]] 1< )

< T sup (Juls)— o(s) s IOl
s€[-T,T]

+ [|0zu(s) — xv(s)|| 2 [v(s)]l g )
< 2c€TRe’ sup |lu(s) — v(s)llm
se[-T,T]
= 2cTRe‘d(u,v).
(3.66)
Taking the supremum on ¢ we get

d(®(u), ®(v)) < 2¢TRe’d(u,v).
-5
So, for T' < min e_’ 1 ¢, ® is a contraction.
4cR

Let us now show that if w € B then ®(u) € Bg 1. From (3.66) and taking
v = 0 we obtain

@@ @)1 = 12O) Ol | < [@(w)(t) = 2O)(E)]] 1
< 2cTRe? e?PZIF)T] lu(s)]| 1 -

Let M > 0 and ug € H'(T) be such that [[wol| gr1(py < M. We can write
[P (w) )] gropy < e’ [[woll groery + 2cTR%° < (M +2¢TR*) ¢’ (367)

d e—¢

Choosing R > 4Me® + 64_0 we get || (u) ()| g1(p) < R. Since R > ™

this estimate is valid when 7" < j_]%’ and the proof is complete. O
c

Before showing the global existence, we give the following result of the
semigroup.

Proposition 12 There exists ¢ > 0 which depends only on the function a(x)
such that the solution u of the nonlinear problem which exists on | — T, T
verifies

)l ry < ltoll sy €, Wt €] = T, TT. (3.68)
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Proof Lett €] — T, 0[, we write

t
@)z ry = N (0) sy /at (o) 51z do

:—4// ) |0, u(0)|? dedo
<ol ey [ I e
Then o
Oy < [ 100 ey dor + [0
Using Gronwall inquality
) ry < (O (zy e, Wt €] = T, 0.

We can repeat the same arguments for ¢ € [0, 7°[. This was to be demonstrated.
O

We can now prove Theorem
Proof (of Theorem [14) Let u and v be two solutions of (3.65) admitting the

same initial data. The function w = u — v verifies
Oyw + Opw — OpptW + Opgpw — Oz(a()0y)w + wOpu + vO,w = 0.
We know that

w(t) = /0 St —5)(1 — 0pe) ! (w(5)0pu(s) + v(s)Dpw(s)) ds.

According to (3.68) we can deduce that |9, ul[ 2¢p) < c1 and [[o(s)|| p2(p) < co.
It follows for £ >0
t

ol = ; S(t = 5)(1 = 0us) " (w(s)0u(s) + v(s)0sw(s)) ds

t
< [ maxer,ca} o)l s
0

By Gronwall’s inequality, we obtain ||w(t)|| 1y = 0. We can do the same

calculus for ¢ < 0, so that we have uniqueness.

To prove that the solution is global, we recall that for the local existence of the
o0

solution, by taking R and 7" such that RT" < 4— we found a solution which
c

exists on [0, 1.

Now let 7% = sup{t > 0 ; wexists on [0,¢]} and 0 < T3 < T™.

Suppose that T* < oo. From Proposition [T2} if

Hl

||U(T1)||H1(T) < ||U0||H1(1r) " = Ry,
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-5
then we have a solution which exists on [T, 7] as soon as (T —T7) Ry < 64—6.
That means
o9 -5
T<—+4+T1=—————+T1 = f(T).
<iem Th o] T +T = f(Th)

Itis clear that f(7*) > T, since f is continuous, there exists 7" < 7™ such that
f(T') > T*. This means that the solution starting from 7} will exist beyond
T, which is absurd. This implies 7™ = +o0.

The same argument can be repeated for ¢t < 0.

Once we know that the solution of the nonlinear problem exists on all R, we
can repeat the same proof as that of Proposition [[2 with all 7 > 0 to write

w1y < N0l oy €M, VE € R, (3.69)

where w is the solution of the nonlinear problem which exists on all R. Now we
finish the proof by proving that the map ¢ — w is locally Lipschitz continuous

from H2(T) N H'(T) to C <[—T, T], Hl(T)> Let w and v be two solutions

of the nonlinear problem with initial data 4y and v, respectively, and 7" > 0.

We have Vt € [T, T],
u(t) —v(t) = S(t)(uo — vo)
—/ St —8) (1 —0pp) " (u(s)@iu(s) — v(s)0,v(s)) ds.

0
=(Fu—Fv)(s)

But

[(Fu = Fo)(s)][ = [[((uls) = v(s))0euls) = (Oru(s) — Orv(s))v(s))| 2
< c(llu(s) = v(s)ll o 105u(s)]l 2
+ [102u(s) — Ozv(8) |2 lv(s)ll o )
< c(llu(s)llz + o)l ) luls) = v(s) - (3:70)
Then there exists ¢ > 0 which depend on 7" such that

Ju) = vl < cIIUo—voHHQl
+c /0 () 2 + NvS) ) luls) = v(s)[| 2 ds
¢ |luog — vol| g

+e([luoll gr + [lvoll 1)

IN

/0 lu(s) — v(s) 1 ds|

By Gronwall inequality

Ju(t) — U(t)”Hl(’]I‘) < Cllug — UOHHl(T) ) (3.71)
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with O = T (luoll g1 +lvoll 1) -

3.5 Convergence of the solutions

We start by introducing a function called w+,, which is a limit in a certain
way of the solution given in the following theorem. The advantage of u, is that
it is an analytic function in time, this property will be used later to show that
Uso IS a constant.

Theorem 15 Let (t,), be a nondecreasing sequence of times which goes to
+00, and ug a real valued initial data in H'(T) with u the corresponding

solution of . Then, there exists a subsequence (t4(,)), and an analytic
function in time u, such that

YT >0, lim u(tom +-) = te() in C° ([—T, 1], Hl(T)> . (372)

n—-+00

We can easily prove the convergence of u(t4(,)) towards a function .
We start by giving this remark.

Remark 3 If ug real valued, the corresponding solution u of is bounded
for t > 0. Moreover

[ 1y < Mol gy » V¢ =0, (3.73)

Indeed, note that u is real when wy is real. We recall that the norm || - ||§{1(T)

of the solution of the linear problem is nonincreasing. Since Re(ud,u,u) =
0, the same calculus as in Remark gives us that [|u(t)| g () is nonincreasing

where u(t) is the solution of nonlinear problem.

Now let (,,),, be a sequence which goes to 400, according to Duhamel’s
formula

tn
u(ty) = S(t o — / S(5)(1 = D)~ ultn — $)Duti(tn — )ds.
0
When ¢, — +00, the term S(¢,)ug goes to 0 from (3.17).
Since u € L*> <[O, +o0], Hl(T)) C L*> ([0, +00[xT), and
dyu € L ([0, 4o00[, L*(T)), then ud,u € L> ([0, +ooc[, L*(T)). Which
implies (1 — 0,,) 'ud,u € L™ <[O, +oo[, H*(T) N Hl(T)) From (H) we

have thus

/O " S(5)(1 = Dpe) Mty — 8)uulty — )ds

tn
< [ NS einyds
H? 0

—+00
< c/ e %ds < 00.
0
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tn
The sequence (/ S(8)(1 — Ope) tu(ty, — 5)Opu(t, — s)ds) is uniformly
0

bounded in H%(T), and then, it converges weakly in H*(T) up to aZubsequence
(¢n)n and so, strongly in H*(T) to Ue.

Now let § S (t)} be the nonlinear semigroup, in other words u(t) = S(t)uq.
teR
On the one hand, for s € R we have

S(s)u(ty,) =S (ts, +5)ug = ulte, + s).

On the other hand, we use the continuity property of u seen in Theorem [14]to
write R R
lim S(s)u(ty,) = S(5)us = Uno(s).

n—-+00

This give us the limit (3.72).

Remark 4 The function u., given by Theorem (15| will be now considered
as initial data. We will write it down u.,(0), and we write down u, the
corresponding solution.

Now let us prove the analyticity of u.,. To do that we shall apply the
following theorem, see [HR03, Theorem 2.20] with assumptions (H3mod) and
(H5).

Theorem 16 Let Y be a complex Banach space. Let P, € L(Y') be a se-
quence of continuous linear maps and let Q,, = Id—P,,. Let A: D(A) - Y
be the generator of a continuous semigroup {e*},5 and let G € C*(Y). We
assume that V' is a complete mild solution in Y of

VI(t) = AV(t) + G(V (1)), t € R. (3.74)
We further assume that
1. {V(t), t € R} is contained in a compact set K of Y.

2. Foranyy € Y, (P,y), converges to y when n — +o00 and (P,) and
(@Qn)n are sequences of L(Y') bounded by K.

3. The operator A splits in A = Ay + By where B, is bounded and A,
commutes with P,.

4. There exists M, A > 0 such that |He‘4t|H£(Y> < Me  and
‘He(AHQ"BB*)t < Me “ forall t > 0.

HLZ(QHY,Y)
5. Glisanalyticin the ball By (0, ), where r is such that v > 4 sup ||V (¢) ||y
teR

(@)

ADG(V()Z ; t e R,||Z]|y < 1} is relatively compact set of Y.
Then, the solution V' (t) is analytic fromt € R into Y.
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We use this theorem taking
A ur— —(1 = 04p) (00t + Oppeut — Op(a(x)0,)u)
and
G:ur— —(1 = 0pp) H (udyur).

Note that u, verifies the same equation as u. We deduce from this the existence
of u, on all R as well as the first part of the assumption 4.
We check the rest of the assumptions.

Proposition 13 Let u.(0) be the function obtained by Theorem|[15]and u(t)
the corresponding solution. Then there exists ¢ > 0 such that

SUp [[tioo () || g2 () < € (3.75)
teR

Proof Lett € R and (t4(n))n the subequence given by Theorem Using
Proposition there exists N; > 0 be such that for all n > N; we have
Huoo(t) — u(tgm) +1) ||H1 < 1. On the other hand, there exist Vo > 0 such
that for n > Ny we have t4,) +t > 0. We deduce from that for
n > Ny + Ny

ltoe @)ll1 < [Jtoe (&) = ultogny + )| s + [ultain) + )]
< 1 [[u0)] g
<e.
It follows the estimate (3.75). a
Proposition 14 Let u.(0) be the function obtained by Theorem|[I5|and u«(t)

the corresponding solution. Then there exist ¢ > 0 such that

sup Hu00<t)||H2(’]1‘) <c (3.76)
teR

Proof Lett € R, n € N and v a solution of the nonlinear problem such that
v(-) = U (- +t — n). We can write

v(o) = S(o)v(0) — /00' S(o— 5)(1 — 0pe) '0(8)Dpv(s)ds.

Note that v(n — t) = ux(0). Thus, we can use a simple change of variables
to get

Uso(t) = S(n)uco(t — ) + /0 " S()(1 = Oua) Mt — 7)Dutn(t — )
(3.77)
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We know that || S (1) tee (t — 1) || g1y < ce ™" U (t — ) || i gry < Ceom,
Then, when n goes to 400, (3.77) becomes

Uso(t) = /0 h S(T)(1 = Ope) Moo (t — T)Optine (t — T)dT.

Since the operator u +—— (1 — Opz) 'ud,u is bounded from H I(T) into
H?*(T) N H(T), using Lemma and Proposition we obtain

+00 +oo
Ol S ¢ [ unlt = ipar < [ i<
0 0

{uco(t) ; t € R} is then a bounded set of H*(T) N H'(T), and consequently
it is a relatively compact set of H*(T). 4

We deduce that u., satisfies the first assumption of Theorem [16] with
K = {ux(t), t € R}.
We define (P,),, and (@), for u = Z ure’™ € H'(T) with

keZ*

P,(u) = Z upe™ and Q,(u) = Z upe™.

|k|<n [k|>n

Clearly || Pall zogn gy < 1 and [|Qnll g gy < 1, as well as (P(w))y con-
verges towards u for all u € H'(T).
We denote by
Al = _(1 - aa:x)_l (ax + 89690:5)
and . .
B = (1—0y) "0,a2(1 — 0,z)2.

It is clear too that A; commutes with P,. The assumption 2 and 3
of Theorem [16[ are verified. We can easily check that the adjoint of B in
H'(T) is given by B* = —(1 — 0,,) 2 a28,. Furthermore, BB* = —(1 —
Ope) 10,a0,. We can write A = A;+ BB*. The operator BB* is nonnegative
and (BB*u,u); = /a(m)|axu(t,x)|2dx.

We will now prove the following result.

Theorem 17 There exists M > 0 and ¢ > 0 be such that for every t > 0
and for everyn € N

‘He(Al'FQnBB*)t"}ﬁ(@nHl,Hl) < MG_Ct. (378)

Let us start by giving an abstract result following the same approach as
[Har89]. We consider a complex Hilbert space H, A; an unbounded skew-
adjoint, m-dissipative linear operator on H and B a bounded linear operator
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such as BB* > 0.

We also consider these two equations
¢'(t) + Arp(t) =0, (3.79)

and
y'(t) + Ay(t) + BB y(t) = 0. (3.80)

Theorem 18 The following properties are equivalent.

1. There exists Ty > 0 and ¢ > 0 such that every solution ¢ of (3.79)
satisfies

To
@I <c [ 1B el ds B81)
0
2. There exists Ty > 0 and 0 > 0 such that every solution y of (3.80)
satisfies

Vyo € D(A1), Yt > T, [yl = 1S@wollr < e lyollr» (382)

where {S(t) }1>0 is the semigroup generated by A; + BB*.

See Annex for the proof.

Proposition 15 Let u € H'(T), and let v be a solution of

o = (A1 + Q,BB*)v
v(0) = @nu

and w a solution of

ow = Q, (A + BB*) Q,w
w(0) = Qnu.

Then v = w.

Proof Let z = Q,,w. We have
Oz = Qniyw = Qn (Qn(A; + BB Q,w) = Q, (Ay + BB*) Q2.
Since z(0) = w(0), by uniqueness w = z = Q,w, and we have

ow =Q, (A + BB*)Q,w
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Then w = v. O
We prove now Theorem

Proof According to Proposition[15] it suffices to show that we have an exponen-
tial decrease for the semigroup associated with the operator @, (A, + BB*) Q.
For this, we will use Theorem |18 So we must prove that

To
el < [ 1QuB(s) I s 289
0
where ¢ is solution of

{ ¢'(t) = QnAi1Quep(t)
©(0) = Qne(0).

We consider the problem

{ V() = Ar(t)
#(0) = @ne(0).

From (3.18) and Theorem 18] v satisfies

To
Hw(o)‘ﬁ{l < 02/ HB*w(S)Hip ds.
0

Note that the constant ¢, depends only on the operator A;. So the estimate is
uniform in n. Since (), commutes with A;, we can take ¥ = @Q,,. Thus we

have (3.83) and then (3.78). O

The two last assumptions of Theorem [16]are satisfied with the following
proposition.

Proposition 16 The map G is holomorphic from H'(T) to itself. Moreover,
the set { DG (uco(t))h 5 t € R, [[h]| g1 gy < 1} is a bounded set in H*(T).

Proof We recall that for u € HY(T), G(u) = —(1 — 0yp) *(udpu). We
know that G(u) € H'(T) since
(G(u), )2 = — %(1 = Ouo) ™! (u0zu), 1) 12
= _5 ((1 - a:c)_lﬁx (u2) ) 1>L2
= 0.

We give the following definition of a holomorphic function on a Banach
space. See [Har04] for more details.
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Definition 13 Let X and Y be complex Banach spaces and let D be an open
subset of X. A function G : D — Y is holomorphic if for each u € D, there
exists a continuous complex-linear mapping DG(u) : X — Y such that

i 1G(+ 1) = Glw) = DGR,

= 0. (3.84)
h—0 172/l

Let u and / be two functions in H(T). We have

Glu+h) =—(1—04)" 1((u+h) (u+h))
=G(u) — (1 — Ope) Y (udph + hd,u) + G(h)
The map DG(u) : h — —(1 — Opy)
uous, indeed
DG (w)h|| gy < [[DG ()R] g2y
<|u ||L<>° oy Wl gy + 1M oo oy 1Ol oy (3.85)
< 2/l s ||h||H1(T

“Yudyh + hd,u) is linear and contin-

Furthermore
|G(u+ h) — G(u) = DG(u)h|| ;= (|G|l g1 < 1Bl oo 10:h]l 2 < IR 70 -

We have then (3.84). Now let uo, be the solution of the nonlinear problem with
the initial data u«(0), and h € H'(T) such that HhHHl(T < 1. We know that

Uso € L™ (]R H 1(T)> from Proposition Estimation (3.85) shows that
{DG(u(t)h; t € R, |[h|| g1y < 1} is a bounded set in H2(T)

Thanks to the compact injection H 2(T) — H'(T), we deduce the assumption
6 of Theorem [16] O

All the assumptions of Theorem |16 are verified, the solution u., of the
nonlinear problem is an analytical function.

3.6 Unique continuation

We will show in this last part that u., is constant for all (z,t) € T x R.
Proposition 17 There exists ¢* > 0 such that for all (z,t) € T x R,
Uso(T, ) = .

Let —27 < o < 8 < 0 be two real numbers such that o, 5[C {a > 0}.
We first give the following proposition.

Proposition 18 There exists ¢* > 0 such that for all (z,t) €]a, B[XR,

Uso (T, 1) = .
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Proof Let u be a solution of the non linear problem. From Remark u(t)||3: 1)
is nonincreasing to a constant ¢ > 0, and we have with the notation of Theorem

I
lim |u(tn +1) = veo(O) | gary — 0, VE ER,

n——+oo

80 ||uoo(t)HH1(T) = cforall t € R. Now

t
HUOO(t)”?{l(T) - ||u00(0)||§{1(11‘) = _2/0 a(z) |8ccu00(x70)|2d0'7 VieR.

Then ,
/ a(z) |Optie(z,0) " do = 0, V t € R.
0

This implies that us(z, t) is a constant on x for x € |, 5].
Now, since u., satisfies

and O u, = 0, we deduce that we have also O;us, = 0. O

The function v = u., — ¢* verifies the equation
(1 = 022) 040 + Oz + (1 + o) 0,0 =0, (z,t) € TXR
v(z,0) = Uo € HY(T),
v(x,t) = (z,1) € o, B[XR.
(3.86)
Let P(z,t, 0y, 0r) = Opzz — 0wy + 0 +w(t, )0y, where w = 14+ uy.
The principal symbol is given by p(x,t,&,7) = £2(€ — 7).
let * €], 5. We denote by

Yo (@) — (v —at)’ =

and

P - {(x7t7€70) ; x e T7t7£ E R}'
We recall the following definition (see [Tat95, Definition 1.2])

Definition 14 (Pseudo-convex surface) Let P be a differential operator of or-
dre m, with a principal symbol p, S a level set of a smooth function v, and
(x0,t9) € S such that Vi)(xzg,ty) # 0. We say that S is strongly pseudo-

convex in (xg, to) with respect to P on T if

L. Re{p, {p, ¥} }(x0, 10, €,0) > 0, on
{(Zﬂo,to,f,O) € Fa p(l‘g,to,f, O) = {p,¢}($0,t0,§,0) = 0’ with 5 7é 0}
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2. % Pz, t,§ — vl 7 — i), p(x, 1, § + iy, 7+ iv)) } (o, fo, &, 0)
> (&2 +~%)™1, on
{(z0,t0,¢,0) € T's p(xo, to, & + vy, ivi)y) =
{p(a, t, E+iydy, THivR), ¥ }H(zo, 20, €, 0) = 0, with v > O}
We will use this theorem given in [Tat95| Theorem 2]

Theorem 19 Let K be an open set of R™ and P a differential operator of
ordre m such that

1. The principal symbol of P is real and whose coefficients are independent
of t and assumed to be in C*(T),

2. The coefficients of lower order terms of P are analytic from I C R into
Le(T),
Let (xg,tg) € T x R and v a smooth function such that Vi)(xg,tg) # 0.
Assume that the level surface {1)(x,t) = 1)(xq, to)} is strongly pseudo-convex
in (xo, to) with respect to P on I'. Then there exists an open neighbourhood
V' of (o, to) such that if w is solution of P(x,D)u = 0in K and u = 0 in
{p > ¥(xg,t0)}, thenu =0in V.
Clearly P verifies the first assumption of the theorem. The second as-

sumption is also verified due to Proposition {[3|and Theorem |15 We will show

now that the level surfaces of the function ¢ are strongly pseudo-convex on I'.

Proposition 19 Let \; = (o +27,0) = (a+ 27 — x*)%. The level surfaces
{ = A} for X €]0, \] are strongly pseudo-convex with respect to P on I".

Proof We will show that the sets
{([Eo,to,f,O) S r ; p(x07t0a§70) = {p7¢}(x07t07§70) = 07 UJlth € 7& 0}7

and

{(x(]?t())éao) € I ) p(x())thf + W‘?;JW%)
= {p(,t,§ + iy, T+ ivyy), ¥} (2o, to, €, 0) = 0, with v > 0}

are empty. For the first set, we already notice that the case p(xg, t9,&,0) =
&* = (0 give necessarily £ = 0, which is impossible. For the second one, we have
v > 0, then p(wo, to, §+ivily, i) = (§+2iv(x—27))*(§+2iy(t+a—27))
is equal to O when £ =0 and z = 2*, or when { = 0 and t +x —2* = 0. The
first case is impossible since z = z* means that ¢ = —t* < 0, but we want
that the surfaces {¢) = A} are stongly pseudo-convex for A €]0, A;]. For the
same reason, the second one is also impossible since ¢ + 2 — x* = 0 correspond
forall ¢ € R to {¢p = 0}. O

The assumptions of Theorem |19 are satisfied. So we can use it to show
the following result.
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Theorem 20 Let T be the triangle of vertices
{(z*,0); (z* + 27, 2m); (" + 27, —27) },
then the function v is identically zero on T.
Proof Let
Ao = inf{)\ € }0, (2%)2[ s o(x,t) =0, Yz, t) € {op > A} ﬂT}.
We give the following figure.

I

I
] I i i
(x"+2m,

w=A,

e — — ——— — — —

Here the green part corresponds to a connex part of {a > 0}, on which
we know that v = 0. The idea is to use this information to show that v = 0 on
a set slightly larger than {a > 0} using a surface deformation technique.

It is sufficient to prove that A\g = 0. Assume that Ay > 0.
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We know that v = 0 on {¢ > A;} N7 from Remark [5| By applying
Theorem [19|to each point (z,t) € {p = Ao} N'T =: Ty, there exists an open
neighborhood B(x,t) of (z,t) such that v = 0 on B(x, ).

So, if Ty C U B(z;,t;), there exists B(x1,t1), ..., B(xp,t,) by a
(zisti)€To

P
compactness argument such that 7o C U B(z;, t;).
i=1

We will show that there exists A € [0, A\g[ such that {tp = A} N T C
P

B, t).

i=1

1 P
Suppose that for all n € N*, {w =Ny — ﬁ} NT ¢ U B(z;, ;).
i=1
1
Let (yn, s5) € {w =N — —} N7T. We know that for all n € N* (y,, s,,) €
n

1
supp(v). Since {¢ =X — —}ﬂTis a compact set, there exists (Y,(n), Sp(n))
n

a subsequence of (¥, s,) such that y,,y — y and s,y — s. This give
us that ©(y,s) = Ag. Hence, there exists i € {1,..,p} such that (y,s) €
B(x;,t;). So for n large enough, we have (Y, (), Spn)) € B(i,t;), and then,
(Yip(n)> Sp(n)) & supp(v), which reach a contradiction. We deduce that Ay = 0
and then v =0on 7. O

Remark 5 The constant \; is chosen so that
{v>M}NT) C ({a>0} xR).

So combinning this with the last line of equation (3.86), we have clearly that
v=0on{Y>M}NT.

The proof of Proposition [17|is easy now.

Proof We conclude from the preceding result that v is equal to zero everywhere
since v = 0 on |z*, z* + 27| X {t = 0}, and then, the function v, in (3.86) is
equal to 0. Thus we obtain v(z, t) = ux(x,t) —c* = 0 forall (z,t) € T xR.
|:|

Remark 6 Note that [H685 Theorem 28.3.4] is not applicable here since the
level sufaces of 1 are not strongly pseudo-convex with respect to P in the
sense of the theorem. Indeed, by a simple calculus we can prove that the
assumption

%e {ﬁ7 {p7/l/}}} (x07t07€77—) > O’
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in the definition of pseudo-convezity in [H685) is not verified on the set

{(577—) 7£ (O’O) € RQ ; p(I07t07€77—) = <p/(§,7—)($07t07577—)a¢Ez7t)(x07t0)>

- 0},
since the choice £ = 0 and T # 0 vanish the two quantities
<p’(€77) (o, t0,&,7), wzx,t) (o, t0)>, p(zo, to, &, 7) and vanish also the term
%e {p7 {p7 ¢}}

We give finally a proof of Theorem

Proof Letu = Z u® ()€™ be the solution of the nonlinear problem. Com-

kEZ
bining Theorem |15/ and Proposition [17| we can write for all 7" > 0

lim sup ||u(t,+s)—c = 0.
Jim s fu(t+9) = gy

Thus

N |=

lim  sup (( O(t, + s) +Z (14 &%) ( t—i—s))) = 0.

oo SE[—T,T] keZx*

We already know that u°(¢,, + s) is constant in time, in particular u°(t, + s) =

u°(0), and since the term 5 (1+K%) (u¥(t, + s))2 goes to 0, we deduce that
kez*
c* = u°(0). We finish by proving that tliI+n u(t,-) = ¢*. Suppose that there
—+00

exists (s,,), a sequence of times which goes to +oc and ||u(s,) — ¢*|| H(T) 2

€, for some € > 0. From Theorem |15 there exists a subsequence (54(,))n such
that lim ||u(sgm)) — C*HHl(’E) = 0, which is absurd. O

n—-+00

3.7 A remark on the BBM equation

We consider this BBM equation

OV + 0p¥ — Oy — Op(a(x + ct)0p)v +v0,v =0, z €T, t >0,
v(-,0) = v, reT,
(3.87)

where ¢ > 0 and a > 0 is assumed to be a bounded function in C**(T) such

that {a > 0} # 0.
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We can prove the result of stabilization by following the same approach in
the preceding paragraphs. After a change of variables we can write the equation
under the form

O — €OV — Opzt¥ + (¢ + 1)0pv — Oy (a(x) 0y )v + vOv = 0.
We prove that if v is the solution of the linear equation then

4 (% ||U(t)||§{1> — —2/Ta(x) O,0(t,2)Pde < 0. (388)

dt
Except that there are different constants that appear in the equation com-
pared to what we did previously, the results are essentially the same, and we
give the following theorem.

Theorem 21 For all vy € H'(T), there ezists a unique solution v = v(t, r)

of (3.87) global in time such that

1
lim o(t,) = —
t—g-noov(,) 27T T

vo(z)dz, in H'(T).

We can see in this figure the difference between considering a dissipator
of the form a(z) and another of the form a(z + ct).

{a(x+ct)>0}
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Remark 7 As we saw in the introduction chapter, the mass of the solution of
the BBM equation will remain around the initial data. This is why when we
put a dissipator a(z) localized in space, the intersection between the solution
and the dissipator will be negligible. The result becomes different when the
dissipator is localized in space but of the form a(x + ct). In this case, even if
the solution remains around a single place, the dissipator can move over time

to touch the solution sufficiently in order to obtain the decreasing of energy
(3.88).
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CHAPTER

IV

Controllability of the BBM equation

4.1 Introduction

The nonlinear BBM equation d;u + 0,u — Opprtt + u0,u = 0, in-
troduced by [BBM72], seen as a regularized counterpart of the nonlinear RdV
equation Oy + 0, U + Opyztt + u0,u = 0, is a model to describe a propagation
phenomenon of one-dimensional unidirectional small amplitude long waves in
nonlinear dispersive case. It was proven in [BT09] and [Ros16| that the BBM
equation is well posed when the initial data uo belongs to H*(T) with s > 0,
and before that, in [BBM72] when s € N*. Furthermore, the map g — u(t) is
real analytic. It is also known that the equation is ill-posed in the case s < 0 in
different senses (see [BT09] and [Pan10)] for precise statement).

In this chapter, we are interested in the approximate controllability of the
BBM equation on the torus

{ Ot + Oyt — Oyt + udzu = n(t, x), (t,x) €]0, T[xT. (1)

u(-,0) = ug.

Micu [Mic01] studied the controllability of the linearized BBM equation
on [0, 1] with a control term on the boundary. He showed that the equation

is not spectrally controllable but approximately controllable with a control in
L*(0,T). He also showed that for all N > 0 and T > 0, we can find a

73
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control such that the projection of the solution on the finite dimensional space
generated by the first 2V eigenfunctions of the BBM operator is equal to zero
at t = T. Rosier and Zhang [Ros16] give an exact controllability result for the
BBM equation with a moving control for a large time, as well as estimates of the
control term in combination of the initial data and the final data, by considering
first the linearized equation, then deduce the result on the nonlinear equation
using a fixed point argument. Zhang and Zuazua have shown the approximate
controllability for the BBM equation with a localized control term, see Section 7
in [ZZ03|]. We can also find the approximate controllability for the equation of
BBM in 1-d with delay in [Leil7).

The equation (4.1) preserves the constants, so we introduce the closed
subspace of H'(T)

HY(T) = {u e H(T) 5 (1) r) = 0},

equiped with A (T)—norm. We will apply a method based on the use of the
nonlinear term. The type of control we consider is trigonometric functions. The
interest of such a choice of control is that our nonlinear term u0,u leaves the
cosines and the sines invariant. We start with an initial data in H'(T) and a
control which belongs to a finite dimension space given for I C Z* by

H(I) = span{cos(kx),sin(kx); for k € I}. (4.2)

Definition 15 We say that the equation (4.1) is approzimately controllable in
H'Y(T) by values in H(I) if for any T' > 0, € > 0 and any ug,v € H'(T),
there is a piecewise constant control with values in H(I) and a solution u of

such that

[u(T) = vl <e.

Definition 16 We say that the equation is exactly controllable in Hs(T)
by values in H(I) if for any T" > 0 and any ug,v € H*(T), there is a
piecewise constant control with values in H(I) and a solution u of such
that

w(T) = wv.

Our two main results are the following theorems.

Theorem 22 The equation (1) is approzimately controllable in H'(T) by
piecewise constant controls with values in H(I) if and only if I is a generator
of Z.

Theorem 23 The equation is not exactly controllable in H*(T) by piece-
wise constant controls with values in H(I) when s € [1,2].
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The idea of the proof of Theorem [22|is to start by considering a control
in H(Iy), and show that the solution reaches a space H () in a time ¢, where
I, 2 Iy. Then we start again from I; which allows us to construct an /5, and
so on. The goal is to show that the union of #(I,,) is dense in H*(T), which
amounts to show that the union of I,, is Z. The sequence (1,,) plays the role
of the new Fourier modes that we obtain after each step. So it is necessary that
the inclusion of 1, in I,,;; is strict, because otherwise the sequence (7,,) will
stop at a certain moment and we cannot reach a dense space, since the goal
is to have an infinite dimension space from finite dimension spaces. Another
interesting remark is to see that to reach at the end a dense space in H'(T),
we must start from a control in H(Iy), where /; is generator of Z, ie. any
integer of Z can be written as a linear combination with integer coefficients of
elements of /5. So in fact, we can say that a nonlinear phenomenon gives a
linear phenomenon in the sense that it is the term «0,u which generates new
frequencies. In other words, we have that I, generates Z and we define a se-
quence (1,,) constructed from with linear combinations while the product u0,u
is not linear. It is important to see that in the reasoning, we never lose informa-
tions since after each step, we show that the target will be in a larger space. By
repeating this procedure enough times, we can reach a dense space in H L(T).
We start by using a control with a very large norm H!(T) in a small time,
with that, we show that the solution will converge to a quantity in which the
nonlinear term of the equation appears. This limit that we find can play the role
of an initial data in the following. By applying the equation again, the nonlinear
term will give new vector lines that can be used as initial data and so on. Once
we show that we can go from any point to any point approximately in a small
time, we can generalize that to conclude that the result is also true in a fixed time.

This technique is inspired by the paper of Nersesyan [Ner2il, where
he applies the same type of control on the heat equation, and in [Neri5] for
Navier-Stokes systems. We refer the reader also to the works of Agrachev and
Sarychev [AS05} IASO6] where they use trigonometric polynomials as a control
over the equation of Navier-Stokes/Euler systems in 2-d and 3-d. Nersisyan
[Ner10, Ner11] uses this method of controlling with spaces of finite dimensions
for the Euler equation. See as well works of Shirikyan [Shi06} Shi07, Shi14}Shi{8]
for the Burger and Navier-Stokes equations.

The organization of the chapter is as follows. In Section .2} we study the
existence of the solution of the nonlinear problem using a fixed point argument.
Then we establish some estimations of continuity of the solution with respect
to the initial data and to the control term.

In Section [4.3] we start from a set I which generates Z, then we define a
sequence of sets (I,,) related to the Fourier coefficients given by nonlinear term,
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and we prove that their union forms a dense space in H'(T).

In Section [4.4} we prove that we can apply a control to go from an initial
data ug to some ug + H approximately, where H is a finite dimension space
that we will enrich until we have a dense space in H'(T). Then, arguing by
induction and density, we show that we can reach approximately any point for
any time 7" > 0.

In Section we give a proof of Theorem 2. We start with the easiest
case, the non exact controllability in H'(T). We argue by contradiction to show
with the Baire’s theorem that the attainable space in H'(T) cannot contain an
open set, therefore its complement is dense. The case s €]1, 2] is more technical.
We use an e—entropy argument to count the number of balls needed to cover a
certain set. More precisely, we estimate the number of balls it takes to cover the
unit ball of /¢(T) when s €]1, 2], then we show that the application 7 — u
cannot give us enough balls to cover a ball of /7¢(T). This means that we do not
have enough controls to achieve exact controllability in H*(T). This technique
is inspired by Shirikyan in [Shi08] who used it to show that the Euler equation
is not exactly controllable in 2-d. We can also find the reasoning of e—entropy
to prove the non exact controllability in [NN12| for the Schrodinger equation,
and in [Ner10] for the Euler equation in 3-d.

4.2 Existence and properties

For technical reasons that we will see below, we introduce a function
¢ € HYT) in the equation. So we consider the following nonlinear BBM
equation on the torus

Ou~+ 0p(u+ @) — Opmu + (u+ 9)0p(u + @) = 7(t, x), (t,z) €]0, T[T,

(4.3)
where 7j(t) € L'(T). Note that the function v = u+ ¢ is solution of with
the initial condition uy + . For ug € H'(T), the solution of (4.3) at time ¢,
with a control term 7, is noted u(t) = R¢(uo, ¢, 77). The equation (4.3) can be
written under the form

Ou=n—+Alu+e) —(1—082,) (u+)0:(u+ ), (4.4)

where A = —(1 — 9%,)7'0, and n = (1 — 9%,)7'7). We know that since
A is bounded then it is the infinitesimal generator of a uniformly continuous
semigroup {e'} _ .

We start by studying the existence of the solution as well as some esti-
mations that we will use in the following. Let 6 > 0, ¢ and f two smooth



4.2. EXISTENCE AND PROPERTIES 77

functions, we consider the equation

{ Oyu+ 0, (u+ 5‘%0) — Qg+ (u+ 5_%g0)8x (u+ 5_%@ =617,
u(-,0) = uy € HY(T).
(45)

Lemma 9 For all ug, ¢, f € H'(T), there exists R > 1 and & €]0, 1] such
that for all § < ¢, there exists a unique solution u € C <[O, 20, Hl(T)) of

satisfiying
[(t) 11y < R, ¥ € [0,23]. (46)

Proof For R > 1and 0 < 7T < 1, we define

BR,T = {u eC ([OvT]>H1(T)> ; Sup HU(S)HHl(T) < R} :

s€[0,7T
The space C ([0, T), H 1(T)> equiped with the distance

d(u,v) = sup [[u(s) — v(s)m
s€[0,T]

is a complete metric space. For 6 > 0, up € H'(T) and ¢t € [0,T], we
introduce

®: C([0,T), HV(T)) — C ([O,T],Hl(T))
U — €tAU0 + te(tis)A(l — &m)*l <(571f — 57% )

— &L(s) + 6‘%g0) Ou <u(5) + 5_%<p)> ds.

Let u,v € Brp. We have

=

(P(u)—P@(v))(z,t) = — /Ot et (1-0,,) 7" (u(s) +4- g0> O (u(s) + 5_%go)
- (v(s) + 57%<p> Oy (v(s) + (57%gp> } ds
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Thus, since the norm of A is bounded by 1, we have for ¢ < 26

I(®() = () Ol < 7" sup (Jlas) = v(s) o [0 () + 572,

+l0su(s) = dre(s)ll 2 ||os) + 54| )
< 20T (R+57% gl ) sup_[Ju(s) = o(s)

s€(0,T

< 405’ (5’%R+H30HH1) sup [[u(s) — v(s)| 1 -

s€[0,7

Taking the supremum on ¢ we get

A(®(u), &(0)) < 4CH* (§R+ ]y er) ) d(u,v).

We choose ¢ such that d(®(u), P(v)) < —d(u,v).

N | —

1

1
BCR™ (8C || oll 1)
that if u € Brr then ®(u) € Bryp. Taking v = 0, and using the fact that
|w(t)]| ;1 < R we obtain

1w (Ol g1 = 12O) )11 | < (1P (u)(E) = D0) (1) ]| o
<20TR (R+67% ¢ )

So for ¢’ < min { 5 }, ® is a contraction. Now we show

Since t < 2§ < 26’ we see that

1 1 2
19005 luals -+ et (67 1Al + 4 el + (R + 874 el )

2
< cluals + 2 (Il + 8%l + (32R + el )

(4.8)
So we can choose R large enough such that we estimate each term in by

R 1 R
3 and the term 2CT R <R +072 Hg0||H1> by 7 Thus we obtain

R R R R R
O (u)(t <—+—+=-4+=4+==R
| <u>()l|H1_2+8+8+8+8 R

We give now an estimation of continuity.

Proposition 20 For all u, vy € H'(T), ¢, € H'(T) and
f,g € L*([0,8]; H~(T)), there are positive constants 6" < 1, ¢y, 3 = c»(R)
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and cs = cs( ||¢ll -1 5 |¥]l -1 » R) such that if § < &”, then for all t < &

|Ri(uo,072 0,671 ) = Ra(vo, 67 5,672) | < ex lluo = woll
+ollf - 9||L1([0,5];H—1) +eslle—vllg . (49

Proof Let u(t) = Ry (uo, 520, 671 f) and v(t) = Ry (v, 5729, 67 1g). We
have

Ou(u—v) = (1= 0" (57(f =) — (w+ 03 +1) 0, (w+57¥0)
+ (v 5+ 1) 0, (u + 5-%)) . (4.10)
We can see that
<u 1520+ 1) 0, <u + 5—%90) - (v WU o PV 1) 0, (v + 5‘%)
= (u—0)Bpu 07 (0 — ) Dt (140) D (u—0) +-6~ 3 (1 + 57%1/;) 3, (¢ — )
+0720, (u—v)p+ (¢ —P)v). (4.11)
So, by integrating between 0 and ¢, we obtain for all ¢ < §"

u(t) = v@llr < e o = voll s +2¢ (IF = gl o)
+26"(1+ B) [lu(®) = v(®)ll 2 + (Il + 1ol s + 650+ B)) o = @l

8" el lult) = (@) ) - (412

We can choose §” small enough such that 1—4¢8” (14 R) —2¢6"2 ||| ;-1 > 0,
which complete the proof. O

From now on, we take 0, = min{d’, 0" }. Using the same estimations as
in the previous proposition, we have the following corollary.

Corollary 1 For all uy € H'Y(T) and f,g € L'([0,0,]; H), there is a
positive constant ¢ = ¢(R) such that for all t < 6,

| Rt (0,0, f) = Ri(u0,0,9)|| o < ellf = 9ll 1 osgmr—) - (4.13)

Remark 8 From uniqueness of the solution, we have the equality for all t €
[0,6.]
Rt(UOa 2 77) = Rt(UO + 2 07 77) - . (414)

We will also use the continuity in time given by the following lemma.
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Lemma 10 Let ¢ > 0, v € HY(T) and uyg € By <v, %) , then there ex-

ists C' = C (e, UHHl) > 0 and t, > 0 such that the solution u(t,) =
R+, (ug,0,0) € Byi(v,€) and for all t € [0,t,] we have

||u(t) — UOHHI < Ct. (4.15)

Proof Since A is a bounded operator, it is sufficient to estimate u in the expres-
sion dyu = Au — (1 — 0%,) " 'ud,u, and we get

s€[0,t]

3€ 3€ 2
<t <5+ loll, + (5+ HUHHI) > <Ct. (416)

O

u(t) —ugH L <ct| sup ||u(s)H .+ sup ||u(:3)H21
o) ol s o),

Let 7([) defined in (4.2). We set

d
CI) = {77 - (1- @m)_lZ%@x% ;0,0 € H(IT),Vd > 1} .

i=1
The following proposition shows that the nonlinear term of the equation

appears in the limit of the solution as ¢ goes to 0. In other words, we can
approximately reach the elements of C(I). Let us set

O(uo, ¢, 8,) = {n € L([0,6.); H™Y) ; Ry(ug. 6 ¢, 67 ')

exists and continuous for ¢ € [0,4.]}.

Proposition 21 For ug € HY(T), € H™'(T) and ny € O(ug, p,d.), the
solution u(t) = Ry (uo, 572, 6~ o) of verifies
(lsiH(l) u(8) = ug + (1 — 9pe) " (0 — 00,p) , in H'(T). (4.17)
—
Proof Fort € [0,4,], let v(t) = u(dt), where u is the solution of {.5), then v

satisfies
O + 00,0 — Oygyv + 00,0 = 5 1)p.

So
O = =0(1=0,) ™ (0uv + 5730) + (v + 0730) 0 (v + 67 30) — 67 ).

Let w(t) = up + t(1 — Op) ™ (no — ©0,¢) and z = v — w. We have

Oz =—0(1 — Ope) " (Ou(z +w+ 5_%90) + (2 +w)0y (2 +w + (5_%gp)
07 200,(2 + w)). (418)
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Taking the inner product in H'(T) with z we have
]_ 2 . 7%
50 (I=(0)]17n) = =0 {(0: (s +w+07b) ,z)L2
+ <(z +w) 0, (z +w+ 5_5<p> ,Z)L2 + 072 (pd(z + w), Z)LQ} . (419)

We claim

%at (=@13) <8 (Cr+Cao%) (1) s + I2) (4.20)
< Co(1+[l=(07) -

Indeed, as / %0,z dr = 0 for k = 1,2, we estimate the quantities
T

= (@)l 12024872 [l o 1) 2

/Tzax (z +w +(57%<p) dx

< (Il +675 el ) 12Ol s @20

< +

/z(z + w)0, (z +w+ 5_%g0) dx
T
+ /wz@xw dx
T

/,2'2&E (w + 6_%90> dx /wzaxz dx
T T
/wz@xgp dx
T

< 2|2(8) | oo N ()l 2 120 s + 2677 1ol 2 12015
()]s 1205+ Nl 124672 (@l 12O s ol
< (G4 Co672) (12Ol + 120)30) , (422)

+52

and

< llellz 12Ol (=@l + 1w @)l ),

/ 020, (2 +w) dx
T

which give us (4.20). By integrating it between 0 and ¢ we have

t
lz()]7n < 2C (5t+/0 [EO] ds) .
By Gronwall estimation
l20)]3 < 6C1e,

Since t < 1, we have ||z(t)[|5: < 6C1e“> = 0as § — 0.
In particular, u(0) = v(1) — w(1) as 0 — 0, and then we obtain (4.17). O
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4.3 Some algebric results
Let Iy C Z be a symmetric set. We define by induction for all n € N

Lnyw={j+p; forj,pel,}

This sequence of sets will play a role in the proof of the main theorem.
More precisely, we claim that the union of (/,,) will be equal to Z, which will
correspond afterwards to showing that we can reach all the Fourier modes to
achieve the approximate controllability.

Lemma 11 If Iy is a generator of Z, then

Un=z (4.23)
Proof For n € N*, we define

J d
r,= {ijkj ; for p; € Z, k; € Iy such that Z|pj| <n, Vd > 1}'

j=1 j=1

Since I, is a generator of Z, it is clear that

U r,=17.

neN*

Now we will show by induction that for all n € N*, T, C I,,_;.

As I is symmetric, Iy = {+k / k € Iy} = I,.
d

Suppose that I';, C I,,_; for some n € N* and let ¢ = ijk:j el

J=1

J d

If Z Ipjl < n, then ¢ € I,, and the result follows directly. If Z Ipj| =
j=1 =t

n + 1, note that we can suppose p; # 0 forall j = 1,..,d. Let ¢ = (p1 £

d

Dk + ijkj be such that |p; + 1| = |p1| — 1. We see that ¢ € T,

=2

d
since |p; £ 1| + Z |pj| = n. According to the induction hypothesis we have
=2

q € I,_1, and we know that k; € Iy C I,_,. Hence, from the definition of
I,,, we have

d
In = /ﬁ:Fq/:kl:F(plj:1>kl+ijkj =gq.

Jj=2
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SoT',, C I,,_; for all n € N*, thus Z* C U I,,, which completes the proof. O

neN
We can deduce from the previous lemma that if /; is a generator of Z,
the space Ho := U H(I,) is dense in H1(T). Since for all

neN

Z ay cos(kz) + by sin(kz) € H(T),

k=1
N
we can find N large enough and n € N such that Z ay cos(kx)+by sin(kx) €
H(I,) and o
N
z— Z a, cos(kx) + by sin(kx) < e.
k=1 Hl

Now we show that the elements of space H (/) formed by trigonometric
polynomials are in fact elements of space C(/) that we have already shown that
we can reach according to Proposition

Lemma 12 For all n € N, we have the inclusion
H(lnt1) C C(1y).

Proof Let n € Nand ny € H(I,41). From , 7)o is a linear combination of
terms ¢, of the following form

§ip = acos(jz)+bsin(jr)+ccos((j+p)z)+dsin((j+p)r)+ecos((j—p)z)
+ feos((4 — p)x),

where j,p € I,,.
Casel: j+p+#0

We look for n, @1, ..., pq in H(I,,) such that §;, = n—(1—04,)~ Z% i

We notice that the two terms a cos(jx) + bsin(jx) in expression of 5 j,p are in
H(I,), so we take 7 = a cos(jx) + bsin(jz). Now we set
1 = acos(jz) + fsin(jz) + cos(px) + sin(pz),
w9 = —fcos(jx) + asin(jz) — cos(pzr) + sin(pzx),
w3 = o cos(jx) + B sin(jz) + cos(pzr) + sin(pz),

and
o4 = —0 cos(jz) + o' sin(jx) + cos(px) — sin(pz).
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The functions ¢1, 2, 3 and 4 are in H(I,,), and we obtain

010201 + 20202 + 30503 + 4004
= (p—J){(a—=B)cos((j — p)x) + (a + B)sin((j — p)x)}
+ P+ ) {8 +a)cos((j +p)r) + (8" —a')sin((j +p)z)}. (4.24)

Since the map

(v, B,0", 8) = ((p—3)(@=B), (p—j)(a+B), (p+5)(B'+d'), (p+5) (B =)

is bijective (since the determinant of the associated matrix is equal to 4(p —
7)%(p+7)* # 0), then we can write the quantities ¢ cos((j +p)z) +dsin((j +
p)x) +ecos((j —p)x) + fcos((j — p)x) in the expression of &, under the
form ¢10,01 + 20,02 + ©30:03 + ©40:p4. We deduce that ng € C(1,).

Case2:7+p=0
Without lost of generalities we can suppose that 7 = p > 0.
In this case, {;, take the following form

&ip =& = acos(jz) + bsin(jz) + ccos(2jx) + dsin(2jx), where j € I,,.
Note that we can suppose (¢,d) # (0,0) (if not,ny € H(I,)). Let ¢1 =
acos(jz)+pFsin(jz). Wehave 910,91 = jafs cos(2jx)+%(52—a2) sin(2jz).
We can check that a solution of

is (a,B) = < ,L\/d%—\/c?—l—d? . As in the first
ViVad+VE+ & Vi

case, we can write a cos(jz) + bsin(jz) = n € H(I,) and ccos(2jx) +
dsin(2jx) = p10,¢1. Hence ny € C(1,,). O
We finish this section by giving an algebraic property of R;.
Lemma 13 Let R;(uo, 0,7) be the solution of {.3), where n is given by
ni(s), s € [0,t]

n(s) =4 m(s), s € [t1, 2]
773(8), S € [tg,tg].

For all t1,t5,t3 > 0, we have the equality

Rt1+t2+t3 (u07 07 7]) - Rtg (Rtg (Rtl (Uo, 07 771()) ) Oa 772(_t1)) ) 07 773(_t2—t1)) .
(4.25)
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Proof We denote by 7%(75, s,v,n) the solution of at the instant ¢, when ¢ =
0 and with initial data R (s, s, v,n) = v. That means R;(ug, 0,1) = R(t,0, ugp, n).
From the uniqueness of solutions, we can see that for all o > 0

7@(15,0,7@(0, s,uo,n),n) = 7?,(75, S, U, M) (4.26)
Using (4.26) we can write

~

Rty + ta + t3,0,u9,7)
= R(t1+ta+t, tr+ta, R(ti+Ha, b, R, 0,u0,m (), m2(—t1)), ma(-—ta—t1))
= R(t3,0,R(t1 + ta, t1, R(t1, 0,u0,m (), 12 (- — 1)), m3(- — to — 11))
= Riy (R(t1 + ta, t1, R(t1, 0,0, m (), (- — 1)), 0,m3(- — ta — 1))
=Ry (Riy (Rey (w0, 0,1m1()), 0,m2 (- — £1)),0,m3(- — t2 — 1)) (4.27)
O

44 Proof of Theorem 22|

We can know give a proof of Theorem 22| For I C Z and k € N*, we
set

i=1

Proof Let v € H(T). Suppose I is generator of Z*. This means that H.. is
dense in H'(T). For all € > 0 there exist n > 0 and © € ug + H(l,+1) such

that ||v — || ;1 < €. So in the rest of the proof, we will call w the element
which belongs to H(1,4+1) C C(I,,).

Step 1: Controllability in small time. We prove by induction the following
property

P : Vug € HY(T), Ye > 0, Yo > 0, Yw € Cx(I,,), 3t €]0, 0],
n € O(ug, ,t) N H(1p) st.||Re(uo, 0,m) — (ug + w)| ;1 <e.

The property PY follows from Proposition [23] We give a double induction on
both index k£ and n. Suppose that P} is true for some £ € N* and n € N*.

Let ug € HY(T), € >0, 0 > 0, w € C(I,) and
v=w— (1= 0u) 00y € Crp1(L,),
where ¢ € H(1,).
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We know from Propositionthat Rs uo,é’%go,()) — ug—(1—0,) L0000,
when 0 — 0. Combinning this with (4.14), we can found 4; > 0 small enough
such that

HRgl (uo +w + 5;%@,0,0) — (o +w— (1 — Op) "' p0p + 51_%@) HHl

< o, (428)
361

1
where ¢ is the constant given by Proposition Since w46, ¢ € C(I,), we
use the fact that P}’ is true to found ¢; > 0 and 1y € O(ug, @, t1 +01) NH (1)
such that

€
S_

)~ o 20 < .

(4.29)

Thus, using the property of the nonlinear semigroup in Lemma 13| with ¢; and
01 we have

_1
HRt1+61 (UO, 0, ]l[o,tl]nl) - (Uo +w—(1- am)fapasc%@ + 4, 290)’

<]

Hl

R (Ruy (0, 0,11),0,0) = R, (g + w0+ 6 *,0,0)|

o

(4.30)

From the continuity of R, with respect to the initial data seen in Proposition
€

and from (4.29), we can estimate the first term on the right by o By the
€1

same method applied to the second one using (4.28), we can write

— -1 2e
HRtlJr& (UO; 0, ]l[o,tl]nl) - (Uo +w — (1= 0p) 'p0pp + 6, 2@)‘ - < 30
1
(4.31)

This means that starting from wu, after a time ¢; + ¢; and using the control

_1
Ljo+,)m we can reach ug + w — (1 — 9yy) 'y + 6, 2. Now we take
this quantity as initial data and we apply P;’ again, there exist o > 0 and
N2 € O(ug, v, ts +t1 + 61) N H(Iy) such that

<

1 €
HRt2 (UO +w— (1 - axm)_lgpargp + 51 2307 07 T]Q) - (U’O + U) g
(4.32)
Letn:s— 1 0t1 771 + Ly 461,00 +61+12)72(8 — 1 — 01). As in (4.30), we
use Lemma 13} {#.31), (4.32) and the continuity of R, with respect to the 1n1t1al
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data, we obtain

||Rt2+t1+51 (UOJ 0, 77) - (uo + U) HH1
< HRtQ (Rt1+51 (UOa 07 ]l[O,tl]TIl) ) Oa 772)

—Re, (uo + w — (1 — 9ua) '0uip + 6, 20,0, 12) HH

1
1
+ HRt? (uo +w — (1 — Opa) " 00uip + 6, 20, 0,m2) — (uo + U>HH1
< 2e n €
—+-=e
-3 3

Note that we can always take d1,¢; and ¢5 small enough such that
to + 11+ (51 < 0.

This proves that P}, ; is true. So we have that P} is true for all & € N. From
Lemma Pl is true. We can repete the same reasoning in this first step of the
proof to deduce that P} is true for all & € N, and then, P3 is true from Lemma
and so on. In the end, P} is true for all £, n € N.

Step 2: Controllability in fixed time. Once we have approximate controllabil-
ity in a small time, we can generalize this for any 7" > 0. Indeed, we know from
what precedes that for all v € C(1,,), starting from any u, the solution will be

in a neighborhood of v in a time shorter than o. We use the same notation R
seen in the proof of Lemma [[3]
Let T > 0, from the first step, there exist ¢t; < T and 1, € H(Iy) such that

|ug — v < %, where u; = Ry, (10, 0,71). Now we set

ty = inf{t € [t T[; [|R(t. t, w1, 0) — o], > e}.

Suppose that ¢, exists (if not, the proof is complete).

We know that if H?%(t, t1,u1,0) — UHHl = e thent > %, indeed, we can

use Lemma [10] to write
Hﬁ(t,tl, uy,0) — UHHI

~

< ||R(t,t1,u1,0) — U1HH1 + Hu1 - UHHl
€
< Ct+

5.
T —t

At t = t5, we use the first step taking o = , so we can find ¢3 and 73

such that A )
IR (ts, ta, R(ta, 11, ur, 0), 1) — ]| <

DN

We can introduce ¢4 by the same way as ¢,
t4 = inf {t € [t?nT[ ; ||7§'(t7t37ﬁ(t37t277€<t27tlaulao)vnf’))ao) - UHHl > 6} ’

and repeate the same process until we reach 7.
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Note that the sequence (¢;) will not converge since the “waiting time" inside the

ball B(v, €) is always greater than -

2C

Step 3: Necessity of the condition on /. Suppose that [, is not a generator
of Z, and let u be an initial data in H .. As the product u0,u leaves the space
H . invariant, then we can apply the argument of the fixed point seen in Lemma
Elin C ([0,T), Hoo). By uniqueness of the solution we will have u(t) € Heo.
This means that since j is not a generator of Z we can found a set I; C Z

such that H(1;) is orthogonal to H, s0 Heo cannot be dense in H(T). O

4.5 Proof of Theorem 23|

We prove in this section that we cannot do exact controllability of the
BBM equation in H*(T) for s € [1,2].

Definition 17 Let A be a set of a Banach space X and ¢ > 0. We say
that a family of sets (A;)i=1, n is an e-covering of A if A C U A; and

i=1
diam(A;) < 2¢, for all i = 1,..,n. The e-entropy of A for the topology of X
is the number H, given by the logarithm of the minimal number N, of sets
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A; so that it forms an e-covering of A. So we write

H,(A,X) =In (N.(A, X)).

N
Remark 9 It is known that if A = H Ay, then

H(A,X) <> H_ (A, X).

See inequality (7) in Section 10.1 of [Lor6] for details.

Proposition 22 Let J = [0, T, E a finite dimensional vector space and B a
closed ball in BV (J, E). Then there exists ¢ > 0 such that

H.(B.I'(J,E)) < c* In <1> . (4.33)

€ €

See Annex for the proof.
We will use the following Lemma (Lemma 2.1. in [Shi08]).

Lemma 14 Let X,Y be two Banach spaces, K C X a compact set and
f: X — Y a function such that

/() = £ @)l < Lfu = of| -
Then for all € > 0 we have

Proof (of Theorem [23) Case 1: s = 1. Let Q be an open set in H'(T) and
(B )nen afamily of closed balls with center 0 and radius nin BV ([0, 6.], H(Iy)).

Suppose that we have exact controllability in H'(T), then

Q c | Ri(uo,0, By).
neN
We recall that R (ug, 0,-) : BV ([0, d.], H(Iy)) — H'(T). Since H () isa
finite dimension space, the injection BV ([0, 8], H (1)) < L' ([0,6.], H(lo))
is compact (see Theorem 1.19 in [Giu84] for the proof). So from the continuity
result of Corollary |I{ we can deduce that the family (R¢(uo,0, B;,)),,oy is rela-

tively compact in H(T). This is absurd because the interior of U R (uo, 0, By)

neN
is empty from Baire’s theorem, so it cannot contain ().

Case 2 : s €]1,2[. We say that z ~ y if there are ¢;,co > 0 such that
a1y < o < coy. We start by giving another version of the e-entropy definition
then we will give the link between them.
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Definition 18 Let Ay, Ay two Banach spaces, T € L( A1, As) and
U, = {ac 4 |fa], <1}

The k-th entropy of T is defined by

ok—1

en(T) =1nf § € > 0; T(Us,) C | (bj + €Us,), b, byis € Ay

J=1

This definition describe the same thing as Definition (17} Indeed, Defini-
tion [17| says that we need at least N (A, X) balls of size € to cover a set A. In
Definition [18] (Definition 1 in [ET96]) we fix the radius of the balls e, = ¢, and
we say that we need 28~ balls, in other words N, ~ 2+,

We have the following Lemma.

Lemma 15 Let B be a ball of H*(T) for s €]1,2|, then

1

H.(B,H"(T)) ~ e+1. (4.34)

Proof We know from Theorem 2 of the Section 3.3.3. in [ET96] that if we take
T =id : H5(T) — H'(T) then e,(T) ~ k=Y. So for k large enough,
if we set € = k=1, we have N.(B, H'(T)) ~ 2"~! which give us (£34). O

From Lemma [{4 and Propostion 22} we have

H,(Ry(u0,0.B). H') < H-(B.L') < C1 1o (1) .

€

This means that the solution R;(ug,0,-) cannot create more than the order

1 1

—In <—> of balls in H!. But from Lemma |15 we see that we need the order

€ €

¢+ of balls in H* to cover a ball in H*. Soif s €]1,2[and B C H*, we have
H.(Ri(uo,0,B),H") < cH.(B,H")

and thus, the exact controllability result is not possible. O



CHAPTER

V

Controllability of the KP-I equation

5.1 Introduction

We consider the Radomtsev—Petviashvili I equation on the torus

Oy + Oyt + udpu — 9, 0pu = m,  (x,y) € T? t > 0,
9 (5.1)
u('a'70) = Uo, (ZL‘,y) e T~,
where the operator 9! is defined for u = Z Up, e R by
(kn)EZ* XL
a;lu _ Z iuk nei(kz+ny).
(k,n)€L* XL

This equation, seen as a generalization of KdV type equations in higher
dimensions, is introduced by Kadomtsev and Petviashvili [RP70]. Kenig [Ren04
showed that the RP-I equation is well posed on spaces with a certain regularity
(see also Bourgain [Bou93| and Saut [Sau93]). A work by Saut and Tzvetkov
[ST99] shows that for inhomogeneous Sobolev spaces with weak regularity with
respect to the variable x, the KP-I equation is ill-posed. A controllability result
for the linear KP-I equation can be found in Sun’s article [Sun18].

91
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We define for s > 1 the spaces

Hs (T2) ={u= Z ukmei(k””y) e L? (']I‘Q) :

(kn)€Z* X7

ST fuka O+ E 02 <oop, (52)

(kn)eZ* X7

and Q¢, the domain of the operator 9y, — 9,9, is given by

s (TQ) —du= Z ukmei(kz—o—ny) c 1.2 (T2) ;

(kn)EZ* X7

> \uk,nf(wﬂ) (1+ k2 4+n?) <oop. (53)

L2
(k,n)EZ* X7,

We consider the KP-I equation with a control term 7 = n(t, z,y) as in
the problem studied in the fourth chapter. The idea to show the existence is to
look directly at the nonlinear equation by replacing the term u0,u by vd,u to
define a semi-group associated with the operator A(v) and then take v = w.
We also give necessary estimates for the existence theorem. The existence re-
sult is not optimal from the point of view of the regularity of the initial data, but
is sufficient for the approximate control problem.

We write the equation (5.1) under the form

{ O = A(u)u +n, (54)

u(0) = o,
where A(v) is defined for v € Q*(T?) by

Alw): Q(T?) — Hs(T?)
u — —(Opzott + v0;u — O Oyyu).

For a proof that A(v) operates from Q° to H*, we refer to Lemma |16{ and
Lemma 18] The operator A(v) can be written as the sum A(v) = 4; + As(v)
with

Aju = =0yt + 8;18yyu + 1,

and
As(v)u = —v0u — 1.
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Ifu= Z ukmei(k“”y) € Q’ (TQ), then the operator A, is given by
(k,n)EZ*XZ

- k’4 2
(Au)gn = (% + 1) Uk,

where ((Aju)y,,) are the coefficients of A;u. We see that the space Q° is made
so that A; is bijective, and A; " is given by

2
A ), =
(A, ik )+ ke

We give the principal theorem of this chapter.
Let I; = {(1,1);(1,0); (1,—1)}. We define for I C Z* x Z the space

H(I) = span{ cos(pz + qy), sin(pz + qy); for (p,q) € I},

Theorem 24 The equation is approzimately controllable in H*(T?) by
piecewise constant controls with values in H(Iy) for s > 2. In other words,
forall T > 0, € > 0 and all ug,v € H?, there exist a control n(t,z,y)
piecewise constant in time with values in H([;) and a solution u of
such that

[u(T") = v

HSSE'

5.2 Some estimations

We give some useful estimations that we will need in the next section.

Lemma 16 We have the injection
Q*(T2) « H**3(T?). (5.5)
Moreover, if u € Q*(T?), then for a € {0,1,2,3}
0%u € HF5* | u € H**2, 0,0,u € H® and 0;'0,yu € H*. (56)

Proof Letu € Q¢ (TQ). We write

looul?ame = S0 R gl (1 k2 )

Ht ™2
(k,n)€Z* X Z

3

(k4—|—n2)2 ) ) ) /{24_20‘(1—{—/{}24—”2)%&
— 14 TR P14k s .
<>Z( P el O T ey
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24+2a

Now it is all about estimating the term 1+k%+n? 5% We
8 k2 + (k’4+n2)2( )
see that
( k.2+2a+3—o¢
=k <O if k> 0,
k8
k2+2a(1 + k:2 +n2)3_70‘ k2+2an3fa
< 4 —3+a, 3—«a . 2 2 4
2+ (Kt n2)? Sy T <n n°”* < C)ifk* <n® < k",
24+2a,,3—«
k—n < p'tep~l-o <. ifn?® > k*
\ nd ’
So ||8§‘U‘ ZH?’_TQ < C’Hu‘ 29 and hence we obtain and 0%u € He+3" (T?).

We prove the second statement of (5.6).

losullfees = D2 0 lunal® (14 K2 4%
(k,n)EZ* XZ

(k' +n?)? 2 2 oy TORA(1 4 A% + HZ)%
= 1+ -— nl” (14K B :
<>Z( NI Ry o e

As previously, we estimate
1 k=3 < C, it k* > n?
21.2(1 4 12 4 2 <G, = ns,
nEATR )R ) ko <0 iR <2 < kY,
k2 + (k* +n?) n~1k? < O, if n? > kL

Thus 0,u € H s+3 (T2). For the third one

o= 2 Rrtlu (R %)
(k,n)EZ* XL
k4 2\2 1 /{32 2 S/{Z4 2
_ Z (1+< +n))‘u]€’n|2( + —|—n) n.

k2 k2 + (k% +n?)?

1020, ul

(k,n)EZ* X

We estimate

kin? < B <O iR >0,
k24 (K4 +n2)2 ~ | K'n 2 <C,ifn® > k.

Then 0,0,u € H*(T?), and for the last one

10,10y

4
2 n 2 s
s = E ﬁ ’UJC’”| (1 + k2 + n2>
(k,n)EZ* XZ

(k,n)€EZ* XZ k2 R (k* +n?)?
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We have
nt < n‘k=8 < C, if k* > n?,
k2 4 (K4 +n2)2 ~ | C, ifn® > k"
Then 8,'0,,u € H*(T?), which completes the proof of (5.6). O

Lemma 17 Let sy > 1 and w = Z wkmei(k”"y) e H?° (Tz). Then
kneZ?
there exists ¢ = ¢(sp) > 0 such that

[wknllp < e llwll g -

Proof From Cauchy-Schwarz inequality we have

N

N

s0 1
Z |wk7n| < Z|U}]€’n|(1 + |]g|2 + |n|2) 20 Z %O

k,neZ2 k,neZ? k,neZ? (1 + k]2 + |n|2)
< Q0.

O

Lemma 18 Let s > sy > 1 and f, g in H*(T?). There exists ¢ = c(s, so) >
0 such that

19l s < ¢ (U[f s 19l oo + 1F a0 g1l ) - (5.7)
Proof We write || fg||5. = Z q,in with
k,n€Z?
Ak = Z flcfll,nflggll,lg(l + k> + \n|2)5.
l1,l2€Z2

Now we see that

|Qk,n|§ Z |fk—l17n—l2Hgl1,l2

l1,l2 €72

S

2 2\ 2
—1 _
(L+ k=Ll +n— L)

+ Z |fk—l17n—l2||gl17l2|(1 + |l1|2 + |l2|2)§' (58)

l1,lp€22

By setting ay, = |frnl(1+ K[> + ]n]2)§ and by, = |gr.n|, we can deduce
that (ay,) € ¢? since f € H*® and (by,,) € ¢* from Lemma Moreover,
larnlle = [|fl gs and ||brnlln < cllg]l 5. This means that the two sums
in the right side of , which are actually ay, ,, * by, each, are in ¢? and the
proof is complete. O
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Lemma 19 If v, w € QF, then there exists a constant ¢ = ¢(s) > 0 such that

H [Oyy(?;l, v]@xw‘

e < elfoll [l

Hs Hs®

Proof We use the equality [0, !, v] = =8, 1(0,v); ! to write

0,071, v]0,w = 0,0, (v, w) — VI W
= 9,1 (0 v0pw + 20,00 w + VO W) — VOyW
= 0,w0; 'Oyyv + [0, 1, O,w]Oyyv + 20, (9yvOy,w)
+00yyw + [0, 1, v]0yyew — VO w
= 0,w0; '0yyv — O, (Opewy 1 yyv) + 20,1 (900 w)
—0, 1 (8,v0,yw)
= Qw8 Oyyv — O, (Dpewd  Oyyv) + 20, (9,00, w)
— 0,00, 0yyw — (071, 0] Oy w
= D, w8, Oyyv — O, (Dpew0;  Oyyv) + 20, (9,00, w)
—0,00; ' Oyyw + 07 (Dyav 0y ' Oyyw)

Now we use Lemma [16] to say that both terms 9, w3, 'y, v and 0,09, D, w
belong to H*. The other terms belong at least to H* since they have 9, ! which
is bounded in H*. So all the quantities are bounded in H® and the proof is
complete.

|:|

Lemma 20 Let s > 1, v,z € Q% and A* = (1 — A)g. There exists ¢ =
c(s) > 0 such that

A% 0]AT2]] o < o]

e[l

Proof Let [A% v]A1™52 = Z Vi Writing [A*, v]AT™52 = AS(vA52)—
k,neZ?
vA'z, we have

(RO b= Y (LK 40230y (L4 B+ B)F 2y,

l1,l2€72

and
1
(oA 2 i = D Okt (L+ 15 +13)22,0,.

l1,l0€72

Thus

Yen = 3 (HEHE)Z (LK + 07 — (1+ B +13)%) 0ty o210

l1,l2€22
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We set
Iy = _ I+ |l
1 {(ll,lz)GZQ; |k‘ l1|+|n—l2|<L2’2’}’

l l
>|1|+|2|

I'y = {(ll,lg) < Z2 ; |k§ —l1| + |n—l2| and |]€’ —+ |n| > |l1| + |l2|},

and

) )
F3:{<ll,lg)EZ2; |k:—l1|—|—|n—l2| >L2|2|

and || + |n| < |1] + |12|}.

On I'; we estimate

1-—s
Vel < e Z L+ |0+ )=

l1,la€2?

<e D= klven izl

l1,l2€22

s—1
n—k|(1+ L]+ |12?) 7 [vk—tsn-ta] 20005

So, from Lemma [17] we can write

I(vemdinllewy =1 Do 17— Fveimn-nzm
I ,lo€72 bl o
<c H(kvk,n)k,nuel H(Zk,n)k,nuﬁ
SCHleerl ¥ ‘LQ

On I'y we estimate

1—s S
|'7k:,n‘ sc Z <1 + |l1’2 + |l2|2> 2 (1 + |k|2 + |n|2)2 vk—ll,n—l2||zl1,l2|
Iyl €72
<e Y U+ [E=LP+ 0= )2 ok n-nll2 0]
Iyl €72
So
(Vs )kl g2 ) = S @1k =1Ll + n— L) vk, met 20
Iyl €72 P
S c ‘ ((1 + kg + HQ)%Uk,n)k,nugl H(%c,n)k,n”gz
< Clfolll=]l 2
And on I'; we estimate
1—s s
enl < D (L4 L+ P2 A+ AP+ 112172 [Vt |21,
ll,lgeZQ
1
<e 30 (0P + 1) ortn-tall .l
ll,l2€Z2

1
sc Z (1 + |k - l1|2 + |7’L - l2|2)§|Uk—l17n—l2||zl1,l2|v

l1,l2€Z2
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and we obtain

(Ve )kl 2 grg) < Cllv| H5+1||ZHL2’

following the argument of proof on I's. O

Lemma 21 There exists ¢ > 0 such that for a € H*™ and z € H* with
s > 1, we have

[Re(A%(a0,2), A%2) | < (ellall e + cllall o) 23 (59)

Proof We know that
Re (As(aﬁxz), Asz) 2= ﬂ%e([As, a0, z, Asz) 12+ JRe (a@xAsz, Asz) 1a-
We use Lemma 20 to estimate the first term

}([As,a]axz,Asz)LQ} = |([AS,a]Al’sAS’lﬁxz,Asz)LQ‘ < clal| st HéHl%; .
For the second term, we write .
(a@xAsz, Asz)L2 = ([As, a0, z, Asz)L2 + (&c(aAsz), Asz)L2
= ([AS, a]@xz,Asz)LQ — (Asz,axaAsz)Lz.
So
Q%e(a@:/\sz, Asz) 2= 9%([/\5, a0, z, Asz)

and it is easy to see that

L2

([0, 0u)A%2, A°2) | < el |A°2 72 < cllall ove |21l - (510)

From (5.10) and (5.11) we deduce (5.9). O

z|

Lemma 22 Let so > 1, s > sqg+ 1, v,z € Q°. Then

1A%, 0)0s2]l 2 S o]

(5.12)

g+ ol g2

Hs Hs®

In particular

1A%, 202l 12 < || 2] (5.13)

2
Hs®

e l# o S 12|

Proof The proof is similar to the proof of Lemma [20] We write
[A°,0]0,2 = A°(v0,2) — VA0, 2.

We know that

{AS(UaxZ)}km = Z (1 + k’2 + n2)%vk_l17n_l2’il12’l17lz,

l1,l2€Z2



5.2. SOME ESTIMATIONS 99

and
{UAsaacZ}k,n = Z Uk—ll,n—lQ(l + l% + l%)gillzhh'
l1,lo€Z2
So
{[AS, v]@mz}km = Z ((1 + k2 + ?”LQ)% — (1 + l% + l%)%) 'kall,nflgillzll,lg-
llJQEZQ

We use the same sets ', I'y and '3 seen in the proof of Lemma OnT'y we
have

S(k=hl+In—bL)Q+E2+B)7.

Nl w

[(1+ K> +n%)2 — (L+15+15)

So

A% 0]0c2Yienl S Y (k= ll + 0= Lol) [ok—ty nein| (1HE+15)

l1,l2€Z2

Rl1,la | :

The sequence ((|k| + [n]) vgn), . belongs to ¢* if v € H**, and the se-
quence ((1+ 1% + l%)%zllh)ll ,, belongs to £2 if z € H*. Then

A% 0)0sz el S | (URL+ In]) ki), % (LB 4 B)2200),, 4, 0

Uk,n|
vl

<
S [|okallellznnle
<

Hso+1 Z‘ Hs"®

On I'y we have

L+ k2 +02)5 — (L + L2 +B)50L] < (1+k+n?)2 |1 5
SA+k=4LP+In =" L]

Hence

A% 0)0ezbinl S D (L4 1k =0l 40— 1) okt nnllhl]2 0]

I1,l2€72
Sl el g

And on I'; we have

L+ k24023 — (L4+ B+ 250 SA+B+13)7 ] s
S A+ k=L +In—BL")2 L],

and the estimation of {[A*, v]0, 2} is the same as on I'y, which complete the

proof of (5.12). O
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5.3 Existence

We consider the equation

Ot + Opzztt + udy — 0y 1 Oyyu = 0, (z,y) € T2, ¢ > 0,
{ u(-, -t =0o) = uy, (z,y) € T?, (5.14)
We recall that we write this equation under the form
ErC—
where
Aw(a)): Q5(T?) — Hs (T?)

u — —(&cmu + v(a)dpu — 8;18yyu).

The semigroup associated with the operator A(v(«)) will be noted
{etA®@)1, -, and the solution of the equation (5.14) at time ¢ will be noted
S(t, O')UO.

Here the parameter ¢ describe at what time we look at the solution and the
parameter o describe at what time the initial data is taken. For the existence of

the solution of (5.15) we shall apply the following theorem. (See [Rat?5, Theorem
6)).

Theorem 25 Let X be a reflexive Banach space, Y C X another reflexive
Banach space continuously and densely embedded in X. Let W be an open

ball in' Y which contains 0, T > 0and S : Y — X an isomorphism. Assume
that

1. A = A(v(a)) is a generator of a semigroup {e*A*(®)} - such that for
all s >0

HefsA('u(a))HX < G’BS, V(Oé,v> € [O,T] x W.

2. For each (a,v) € [0,T] x W, the operator SA(v(a))S™! — A(v(a))

is uniformally bounded in X.

3. For each v € W, a — A(v(«)) is continuous in L(X,Y’) and for each
t €10,T], v — A(v(«)) is Lipschitz-continuous.

4. For eachv € W, a — f(a,v) is continuous from [0, T to X, for each

a € [0,7], v — f(a,v) is Lipschitz continuous and f is a bounded
function on [0,T] x W to Y.

Then (5.15) has a unique solution u € C([0,T"; W) N C*([0,T"]; X) for
some T" € [0, 7.
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We recall the two following theorems to prove the existence.

Theorem 26 (Lumer-Phillips) Let A be a linear operator of dense domain in
a Hilbert space H. If A is dissipative and if there exists Ay > 0 such that
Im(\g/ — A) = H, then A is the infinitesimal generator of a C°-semigroup
of contractions.

Theorem 27 (Hille-Yosida) We have an equivalence between the two as-
sumptions.

1. Aisthe infinitesimal generator of a C°-semigroup of contractions {S(s) } s>o.

1
2. Ais closed, of domain dense and ||R(\, A(t))|| < Xfor Re > 0.

Theorem 28 There exists an unique solution u € C([0,T"]); W)NC* ([0, T"]; H?)

of (6:4), where W is a bounded open set of Q°.

Proof We use Theorem [25) taking X = H*®, Y = Q% and S = A;. The
operator A, : Q° — H? is inversible, it is thus Fredholm of index 0.

The operator Ay(v) : Q° — H?® (when v € QF) is compact since
vO,u € H' — H* from (5.6). So A(v) = Ay + Ay(v) is also Fredholm of
index 0.

To prove that A is dissipatif, let A > 0 and )¢ large enough. As 0., — 9,9y,
is skew-adjoint since Re (Dyppu — O, 10y, u, u> = 0, we have

Re (Ao + A — A, u>HS

. + Re (vV0,u, w) 4.
.t %e(AS (vOpu), A®u) |,
.+ Re ([N, 0]0pu, Au) |,
1
—éiﬁe(@v/\su,/\s w)2

1
> (AOH ol = 30wl ) el
> ( v Hs) Hu| ZS'

(5.16)
Hence A is dissipative. Now we estimate

JOu+ 3= Al e (O A= A
= (N + )\)HuHi2 + Re(vOpu, ),

1
= o+ Wl — 5 /T By |uf? dedy

1
= (o Sl ) I 2 s

This mean that A\g + A\ — A is injective, since it is a Fredholm operator
of index 0, it is also surjective, then inversible. From Theorem N — A
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is a generator of a C%-semigroup of contractions. In other words, for Ay >
C ||v|| s , we have

e, < et 617
This give us the first assumption of Theorem 25 with 8 = C' [|v[ ;.. To
prove now the second assumption, let u € H* (']I‘Q). Since the terms 0, and
9,19, commute with A;, we note w = Aj " d,u (which belongs to Q*~1) and
we have
AVAAT U — Au = A0, AT — vO,u
= [Ala U}TI]
= —[Opaar, V] — [0 layy’ vjw
= —(Opga0) W — 305,00, — 30,000 — [0 1Dy, V]

We use results from Lemma [[6{and Lemma [19]to estimate each quantity.
14144 — Al mer |21 HH2+W\\

V)| s || 0

gets 1Y H | HS+1

Hs
u

M

Hs

So the operator A; AA;' — A is bounded in H*.
For the third assumption, we take v, and vy in Q°, and it is sufficient to use
Lemma [{8 to write

[A(v1)u — A(va)

oo+ [[or =]

U1

Y

Hso

u os V1 — VU2 os

Y

Since we will use trigonometric function to be the control term f, which do not
depends on v, the last assumption of Theorem [23]is verified. O

We give the following theorem, which is a particular case of the [Paz83)
Theorem 3.1} in chapter 5.

Theorem 29 Let T > 0 and A(t) be the infinitesimal generator of a C°-
semigroup {e*4®} 5 on a Banach space X for t € [0,T]. Assume that

1. The domaine of A(t) does not depend on t,
2. There exists ¢ € R such that |c, +00[C p(A(t)),

3. There exists M > 1 such that Hﬂ R\ At H k,forO <t <
<ty < T

Then, for t > s, there exists a unique solution u(t, s) of
Ou = A(t)u
u(s) = uo,

such that
u(t, s)|| < Met=). (5.18)
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Remark 10 The assumptions of [Paz83) Theorem 3.1]in chapter 5 are satis-
fied in our case since we take (under the notations of [Paz83|) A(t) = A(t),
Y = D(A(t)) = Q° and t — A(t) is continuous from the continuity of the
function u. From Theorem |27} we can deduce that M = 1. We know also
that using the arguments seen in the proof of Theorem 28| we have Ao — A is
inversible for all Ay > C'||v|| . . This means that there are no eigenvalues
of Aon |C ||v||ys , +00|, which gives us the second assumption of Theorem
R9with ¢ = C ||v]| .. So the solution of

{ du = A(v(t))u,

u(s) = uo,

verifies
ut, s)|| < e“Ilelu=tt=9), (5.19)

Note that to return to the nonlinear equation, we can take v = u (since we
know from Theorem 28|that u exists) and we obtain

Ju(t, )| < s, (5.20)
Let 6 > 0 and ¢ € C*. We consider the equation

Ot 4 D (u + 0720) + (1 + 6729) 0 (u 4 67 2) — 8510y, (u + 672 )

=0""n,
U(', ) 0) = Uo,
(5.21)
Remark 11 Let @ be the solution of (5.21) and u(t) the solution of
_ a1 _ 51
Ot + Ozt + u0zu — O " Oy = 071, (5.22)
U(', ) O) = Uo,

Then (t) = u(t) + 6 2¢.

It is easy to see from Theorem [25[that the function

t
u(t) = S(t,0)ug +/ S(t,0)0 'ndo,
0

is the unique solution of

O+ Opgztt + 0(1)Opu — O, 1 0yu =671,  (z,y) € T2, ¢ >0,
u(-,t =) = u, (z,y) € T?,

on an interval [0, 75]. The following Lemma gives an estimation of continuity
on u.
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Lemma 23 Let ¢, > 0. There exists 69 > 0 such that for all § €]0, &o], if

the initial data uy satisfies ||ug|| ;s < ¢1672, then there exist a solution u of
(5.21) on [0, 26] such that

w(t)|| e < 41672 (5.23)

Proof Let

T = sup {tl € [0,26] ; wexists and |Ju(o)|| s < 4c,62 foro € [O,tl]}
(5.24)
We prove that if ¢ < T, then ||u(t)|| 5 < 2¢1 2. From the continuity

of u, there exists € > 0 such that if ¢ < T"+ ¢, then ||u(t)|| ;. < 4015%1, and
hence T = 26.

From Duhamel formula we can write
t
u(t) = S(t,0)ug +/ S(t,0)6 tndo.
0

So using (5.20) and the estimation of w in (5.24)

1 t
Ol < ol + [ 61T o
0

-1 t _
< 01640015 2 t571 + 5—1 HnHHs/ €4Cc167ydy
0

—1
640016715 -1

—1 _
< etCed T igs 4§ 2 S — —
400167

Since t < 20 we have

< cie 86’615?5 i ||77HH95; (680015% _ 1>.

Ol - < o

We choose 9y small enough so that

:_3 720 5 : c1
8Cc14; < = d H 8Cc1; 1) < =%
‘ < g and S0 (¢ ) <5
So for all & €]0, dp| we obtain
()| e < 20167 . (5.25)

So we can extend the time over which the solution w satisfies (5.25) from 7" to
T + €. From this we can deduce that 7" = 2. O
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5.4 Approximate controllability

We note the solution of (5.21) at time ¢ by u(t) = Ry(uo, 62,5 1n).
We want to have a limit in H* of R, (uo, (5’590, (5‘177) when ¢ goes to 0, for

s large enough, of the solution in small time. Let d, € [0, 2] and © the space
defined by

O(uo, ¢, 6,) = {n € L*[0,T); H*) ; Ri(uo, 6 2,6 'n)

exists and continuous for ¢ € [0,4,]}.

Proposition 23 Fors > 1, uq € H*(T?), p € C®(T?)and ny € O(ug, ¢, d.),
the solution u(t) = Ry (uo, 52, 67 no) of (B.21) verifies

(lsin% u(8) = ug + no — dpp, in H*(T?). (5.26)
—

Proof Fort € [0,4,], let v(t) = u(dt), where u is the solution of (5.1), then v

satisfies
00 = =0 (D (v + 6730) + (0 + 630 (v + 07 3p)
—9.10,, (v + 5_%gp)> + no-
Let w(t) = up + t (no — pdr) and z = v — w. We have

Oz = —0(0paa(z +w+ 5720) + (2 + w)u(z + w + 5 2¢)
+ 5’%3081(2 +w) — 0,10,y (z +w + (5’%@)). (5.27)

Taking the inner product in H*(T?) with z we have

59 (1201%) = ~0 {98 (M0rue (2 10 +573g) A%2)
e (A (2 4+ w) 0 (2 4w+ 7F0) A%2) |+ (A0, (2 + w), A2)

e (Asaglayy(z Fw 03y, Asz) LQ} . (5.28)

We claim

%at (12(0))2%.) < €52 (1+ =) - (5.29)

We know that Re (A*0ygp2, A*2) = Re (A*0; 1022, A°z) = 0. So we esti-
mate the quantities

‘fﬁe <A58$m (z +w + 5‘%gp> ,Asz> ‘,S (H
<o

1

pera +072 [l

(el

w‘ Hs

) I

L2
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‘%e <AS (w@x (w + 5_%90>> ,ASz>L2
(P = ey [

STRICEEAE

‘Sﬁe <As (z@x (w + 5_%go)> ,A52>L2

(Il +57 el 11
02

1)

(|w||Q + 6 Hlgllg: ) 121
072

P+ Dl

S
S

‘9% <A38 10y, <z~|—w+5 2(,0) )

[9Re (A (90, (= +w)), A%2) 12 | < |23,
and

|Re (A (20,2) , N°2) 2 | < | ([A°,2]002, A%2) a2 | + | (2A°0,2,A°2) 12 |

The term ([A®, 2]0,2, A®z) ;> can be estimated by ||ZH?;I from (5.13). And for
the term (2A®0, 2, A°2) ;. we can see that

2Re (z@xAsz, Asz) 12 (zaxAsz, Asz) 2t (Asz, z@xAsz) 12

— (Asz, O (2A°2) )L2 + (Asz, z@xASz) 12

— (A2, 0,(2)N0z2) , — (N2, 20,M°2) |,
+ (Asz, z@IAsz) 12

= —(Asz,8,,3(,2)/\52)L2
So 5 s 2 3 3
[(A° (2002) A%2) o | S =] + (2 S 14 (21

which give us (5.29).
Integrating it between O and ¢, we have

t t
l= )1l < C5} / (1+ [12(s)[%.) ds = €6 + o / ()| ds.

0
Note that the inequality (5.23) holds also for z (with a different constant), so

t
l=()%. < C8% +C / ()1 ds.
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By Gronwall inequality
l2(0)7s < C82e =0,
as 0 — 0. In particular, u(6) = v(1) — w(1) in H®* as § — 0, and then we

obtain (5.26). O

To define a sequence (1) of sets as we did in section we use the
nonlinear term u0,u to find out which frequencies can be reached.

For I C Z* x 7 we set

H(I) = span{ cos(pr + qy), sin(pz + qy); for (p,q) € I},

and

d
C(I) = {U‘Z%ﬁx%; n.pi € H(I), d = 1}-

i=1
Let I; = {(1,1);(1,0); (1,—1)}, and for N > 2 we set

In={(p,g) €Z°xZ; 0<p< Nand|g| <N -1},
and

Gy={(p,q) €Z*xZ; 0<p<N-+Tlandl|g <NNJ{(1,+N)}.

(1,11) e o
(1,0)® e o

—_
l,_
|
[t
o —

e & o o
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Lemma 24 For N > 2 we have the three inclusions

H([N+1) C C(GN), (531)
and
(L) C C(Iy). (532)

Proof The idea to prove (5.30) here is to advance in p and ¢ by making products
of the form ¢0,¢. Let f € H(Gx) and for (a,b) # (£1,F1)

¢1(z,y) = sin(z + y) + cos(z + y) + csin(pz + qy) + d cos(px + qy),
and
o(z,y) = asin(x +y) + beos(z + y) + dsin(pzr + qy) — ccos(pz + qy).

By symmetry arguments, we can consider just the case ¢ > 0.
d

We want to write f under the form f = n— Z ;0 p; where n, p; € H(Iy).
i=1

We have
fle,y)= Y acos(pr +qy) + Bsin(pr + qy)
(P.29)€GN
= Z acos(pr + qy) + Bsin(pr + qy)
(p.a)ElN

+ Z acos(pr + qy) + Bsin(pr + qy)
{(N+1,q); [gI<N}

+ Z acos(pr + qy) + Bsin(pz + qy) (5.33)
{(p,9); 2<p<N, |q|=N}

Note that the numbers o and [ depend of p and g.
We call

n = Z acos(px + qy) + Bsin(pr + qy) € H(In). (5.34)
(p.a)€In
Now we prove that

1
3 ((b* — @®) sin(2z + 2y) + 2(1 + ab) cos(2z + 2y)

+(p+ D(c(1+0b) +d(1 —a))sin((p+ )z + (¢ + 1)y)
+(p+1)(c(l —a)+d(1+0b))cos((p+ 1)z + (¢g+ 1)y)
+ (1 =p)(c(l =) +d(1 +a))sin((p — 1)z + (¢ — 1)y)

+ (1 =p)(—c(l4a) +d(1 —b))cos((p — )z + (¢ — 1)y)). (5.35)

010201 + 20,02 =
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By replacing p with N and g with ¢ — 1 in (5.35), and since the map
(c,d) = (c(1—a)+d(1+0b),c(1+b)+d(1l—a)),
is bijective, we can take

SOV 1) (e~ a) +d(1+5) = o, LN+ 1)(e(1+5) +d(1—a)) =

and

1
=y ((b2 — a®)sin(2x + 2y) + 2(1 + ab) cos(2z + 2y)

+(1—=N)(c(1—=0b)+d(1+a))sin((N—1)x+ (¢ —2)y)
+ (1 =N)(—c(I1+a)+d(l—="0))cos((N—1)x + (q — 2)y))

We can see that
acos(pr + qy) + Bsin(pr + qy) = 02 + P10:01 + P20:02.  (5.36)

For the third sum of (5.33), we replace p with p+ 1 and ¢ with N — 1 in (5.35),
and we take

%p(c(l —a)+d(14b) = a, %p(c(l +B) +d(1—a) = B,
and

1
ns = —5((a" = b%) sin(22 + 2y) + 2(1 + ab) cos(2z + 2)

+ (2 =p)(c(1 =b) +d(1 4+ a))sin((p — 1)z + (N —2)y)
+ (2= p)(—c(1+a) +d(1 = b)) cos((p — D)z + (N — 2)y)),

to obtain

acos(pr +qy) + Bsin(pz + qy) = 13 + 191 + p20z02. (5.37)
Combining (5.34),(5.36) and (5.37), we deduce that f € C(Iy).

To prove the inclusion (5.31), let

g = Z acos(pr + qy) + Bsin(pr + qy) € H(In11),
(p.9)€H(IN+1)

o1(x,y) = cos(z) + sin(z) + ccos(2x + qy) + dsin(2z + qy),

and

wa(x,y) = acos(x) — bsin(x) — dcos(2x + qy) + csin(2x + qy).
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We prove that
010,01 + 20,2 = %((b2 — a?)sin(2z) + 2(1 + ab) cos(2z)
+3(c(b—1) 4+ d(1+ a))sin(3z + qy)
+3(c(1+a) +d(1 — b)) cos(3z + qy)
—(c(1+b)+d(1 —a))sin(z + qy)

+ (cla—1) +d(1+b))cos(z + qy)). (5.38)

Now we take

%(C(a —1)+d(1+0b)) =q, _%(C“ +b)+d(l-a) =5

and
n = —%((b2 — a?)sin(2x) + 2(1 + ab) cos(2z)

+3(c(b—1) 4+ d(1 + a)) sin(3z + qy)
+3(c(1 + a) + d(1 — b)) cos(3z + qy)).

Hence, g = + 01001 + 20,02 € C(G ).

For the inclusion (5.32). Let ug = a cos(z) + bsin(z). Then
upOyup = abcos(2x) + %(b2 — a?) sin(2z).

Now let

v1(z,y) = cos(x) + sin(x) 4+ ccos(z + y) + dsin(z + y),

and
oo(x,y) = cos(z) — sin(x) — dcos(z + y) + csin(z + y).
We prove that

010,01 + 20,02 = 2(d — ¢) sin(2x + y) + 2(d + ¢) cos(2x + y).

1
Since the two maps (a, b) — (ab, E(bQ — a2) and (¢, d) — (2(d — ¢),2(c+ d))
are bijective, we obtain (5.32) by the same way as the two first inclusions. O
We can now prove Theorem [24]
Proof For J C Z* x 7Z, let

=1
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We prove the following property

Pr(J) : Vug € Q%(T?), Ve > 0, Vo > 0, Yw € C(J), 3t €)0,0],
dn € O(up, p,t) N H(LL) st [|[Re(uo, 0,m) — (o + w)|| gn < €.

We show the result by induction on the variable k. The proof is essen-
tially the same as we did to prove Theorem [22] We recall that in the first stage
of the proof, we reasoned by induction to prove that if ;! is true, then Py, ; is

true. We keep the property (4.14) and Lemma [[3]in this proof.

By repeating the same arguments as in the first step of the proof of The-
orem [22} we can say that we have Py (.J) is true for all & € N. This is due to
Proposition [23] In other words

Pi(J) = Pr41(J). (5.39)

Taking J = I, we can deduce from (5.32), that Py(1s) is true. Now
we use (5.39) again with J = I, to obtain that Py (1l5) is true for all k. From

we have Py(Gs) is true. So applying (5.39) with J = G5 we deduce that

Pr(Gy) is true for all k. Now we use (5.31) to say that Py(I3) is true, and so
on, we can start again to write

Po(In) = Po(In11),

for all N € N*. Soif Py(Iy) is true, then Po(In1) is true, and from (5.39),

Pr(In+1) is true for all k. Finally, the fact that U In = Z* X 7 give us

NeN~
the approximate controllability in small time. The second step of the proof of

Theorem [22] also remains valid for having controllability in a fixed time. O
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VI

Annex

2m
Proof (of Proposition i Let w € HY(T). We know that / u(z)dx = 0.
0
Now let z,y € [0, 27|, we have

u(z) = u(y) + /I O u(o)do.

By integrating in y between 0 and 27

271 x
21 (x) :/ / Oy u(o)dody.
0 y
We can estimate
27 2 27
oli(z)] < / / 10,i(0)|dody = 2 / 10,(0)|do-
o Jo 0

From Holder inequality

27 %
li(z)| < V2 ( / |8xu(a)|2da) |
0
By taking the square and then integrating with respect to x we find
2 12
||U||L2(’]T) < 4n’ ||8JCUHL2(’]I‘) :
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Hence for all & € H'(T) we have
1020l p2(my < Mttll gragry < (27 4+ 1) (|02 12
|:|

Proof (of Theorem [18) We suppose (3.81). Let y(t) = S(t)yo be a solution of
1
B.80) and E(t) = ()5 -
We have for every t > 0
W' (8),y(0) g + (Ary(8), y(1)) g = — (BB y(t), y(t)) s -
Since A; is skew-adjoint, we obtain
E'(t) = —||B"y(t)ll; < 0. (6.1)

Thus E is nonincreasing. Now let 7" = kT, where & is to be chosen further,
by integrating between 0 and 7" we get

1 1 o
5 19D = 5 1w = - / 1By (sl ds.

Then .
| 1B w1 ds < BO) (62
0
This implies that there exists p € {0, ..., kK — 1} such that
(p+1)To ) 1
[ B s < pEO), (63)
pTo
Let v be the solution of
v'(t) + Ayo(t) =0
6.4
Lot 2aigt) o4

The function w = y—wv satisfy w'(t) + Ayw(t) = —BB*y(t), and w(pTp) =
0. Thus .
w(t) = —/ V(t — s)BB*y(s)ds,
pTo
where {V(t) };>¢ is the semigroup generated by A;, which is a semigroup of

contractions by the Hille-Yosida Theorem.
We set M = || B|| ;- For t € [pTh, (p + 1)To] we have

(p+1)To
fw®lly; <M 1B"y(s)|| g ds

pTo

(p+1)To ) %
<M, / 1By (s)|% ds
pTo

ToE(0)

<M
- k
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It follows
(p+1)To (p+1)To E
[ i <o [T ) ds < B
pTo pTo k (6 5)
As we have

1B ()l = 1B y(t) — B w(®)lz < 2 (IB*y(@)lz + 1B w(®)]) .

combinning and we get

(p+1)To E(0
/ | B*v(s)|[5, ds < 2(1 + M4T02)%. (6.6)
p

To

Since v verifies (6.4), we have from (3.81) and

E(0
2B(6Ty) = [o(eT)} < 2(1 + AT O,

Since FE is nonincreasing, then
E(0
E(KTp) < c(1+ M4T02)%.

1
So, for k > 4c(1 + M*T}) and T = kT, we obtain ||y(T)|l,; < 5 llvoll &

and it is classical that this implies (3.82).
Reciprocally, suppose that we have (3.82). Since E decreases towards 0, we can
find T > 0 such that every solution y of (3.80) verifies

[ 1B s = B0 - By
> 1E(O) (6.7)

= 3 lwolly
Now let ¢ be a solution of and y a solution of with the initial data

©(0) = y(0). The function z = y— verifies 2’ (t)+ A2+ BB*z = —BB*p.
Then

A(t) = — /O " S(t— ) BB p(s)ds.

For all ¢ € [0, T5] we have

1)1l < C/O B p(s)| ds (6:8)
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Since ||B*y(s)|ly < [|1B*¢(s)|l 5 + |B*2(8)|| g, using and the fact that
B* is bounded

Ty ) Ty ,
/ 1Boy(s)|% ds < c / 1B ()|l ds.
0 0
From (6.7), we get (3.81). a

Proof (of Proposition 22) We recall that the norm on BV is given by (2.3). To
simplify we take J = [0, 1], and without lost of generalities, we can suppose
from Remark [J] that dim(F) = 1.

Lete > 0and B C L'(J) aclosed ball of radius 1. Letalso L, M € N* be two
constants to choose later. We define ¢, = 7 and the intervals I, = [t;_1, tx].
We set F a finite family of functions f of L'(.J) constant on each Jj; which

cover B such that every f is worth one of the values M‘] forj =—-M,... M

on each ;. The number of elements of F is given by (2M + 1)*.
For t € I, we have

ut) = u(tr)| < [ (o).

Thus
L L t
Z/ u(t) — uty—r)|dt < Z/ / |du(o)|dt
k=1 "1k k=1 Tk /th1
L th
< Z/ / dt |du(o)]
k=1 "1k Jo
1 < 1
< — < —.
<13 [ lduto)l <
k=11
2
We know that there exixts f € F such that | f(t) — u(tj_1)| < o SO we

can write

Mh

ey = slat <3 [ Juo) = utteon) + futeon) = 10t
Yor

A
ST

+ 37

2L
Now we choose L and M so that the quantities 17 and 5V have the same
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2 4L
order of magnitude. Hence we take L = {—1 +1land M = {—] + 1. So
€ €

the number of element of F is

L C1 % 1 1
< (&) < (=),
(2M + 1)~ < <62> < exp <c€1n <€>>

We take the logarithm and the proof is complete. O
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