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Introduction

Context and motivation

The musculoskeletal system is not only composed of soft and hard tissues, such as
muscles, ligaments, tendons, cartilages, and bones, but also of specialized functional in-
terphases1 joining those tissues. Among these, the interphase connecting soft tissues
�tendon or ligament� to bone, called enthesis, ful�lls the challenging task of integrating
two highly dissimilar tissues over a submillimeter-wide region. From an engineering view-
point, when two materials having such a dissimilar mechanical nature meet, they typically
display highly non-uniform deformations upon loading, eventually leading to stress con-
centration at the interphase, which in turn increases the failure probability. Surprisingly,
the healthy enthesis shows a remarkable ability in minimizing stress concentration and
associated failure modes, thereby allowing it to withstand forces greater than the body
weight during millions of loading cycles.

Despite its outstanding endurance, the enthesis of elderly people and sporty individ-
uals is prone to failure due to pathology, disuse, or repeated overloading, with relevant
examples being the rupture of the rotator cu� tendons, the anterior cruciate ligaments, or
the Achilles tendons [1]. Such musculoskeletal injuries involving soft tissue rupture typ-
ically require surgical reattachment back to bone. Unfortunately, current reattachment
procedures still exhibit high failure rates that may vary from 20% to 97% depending on
the extent of the injury and the age of the patients [2]. This is mainly because the enthe-
sis, in contrast to soft tissues and bone, rarely regenerates during healing and remodeling
phases, and therefore does not recover its pristine anchoring properties [3]. This clinical
burden is, in part, due to the lack of understanding of the structure-function relation-
ship of the healthy attachment, as well as of the damage mechanisms that may occur
across this interphase. A prerequisite to improve clinical outcomes therefore relies on a
detailed knowledge of the mechanics of this interfacial region [4]. Nonetheless, although
the mechanical behavior of soft tissues and bone has been thoroughly explored, much
less is known about the mechanics of the enthesis, mainly because of its complex and
heterogeneous nature con�ned over a very small region.

From an anatomic viewpoint, entheses are typically categorized as �brous or �bro-

1In contrast to an interface (that has null thickness), the term �interphase� used over the course of
this manuscript designates a transition region of �nite dimension between two materials.
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Introduction

cartilaginous [5]. Fibrous (or indirect) insertions are usually found at the shafts of long
bones, where the collagen �bers of soft tissues extended straight into the bone, such as
the insertion of the deltoid tendon into the humerus or the tibial insertion of the medial
collateral ligament. Fibrocartilaginous (or direct) insertions are more common and found
at joint surfaces, such as the bony attachments of the rotator cu� tendon, the anterior
cruciate ligament and the Achilles tendons. At the tissue scale, �brocartilaginous en-
theses generally consist of four contiguous regions with di�erent compositions, functions,
and biomechanical properties (see Fig. 1): the tendon or ligament, a non-mineralized
�brocartilaginous region, a mineralized �brocartilaginous region, and bone.

Figure 1 � Illustrations of the four regions constituting �brocartilaginous entheses for
(a) the rotator cu� tendon and (b) the anterior cruciate ligament: tendon or ligament,
unmineralized �brocartilage, mineralized �brocartilage, and bone (images modi�ed with
permission from the Annual Review of Biomedical Engineering, Volume 15 c© 2013 by
Annual Reviews [6]).

Experimental studies based on di�erent imaging capabilities have been conducted
at di�erent length scales to evidence the space-dependent features of these transition
regions. For instance, their composition can be analyzed histologically through speci�c
staining procedures of the di�erent collagen types [7]. At the microscale, classical confocal
microscopy or polarized light microscopy can be applied to observe the organization,
orientation, and morphology of the collagen �bers [8]. Moreover, there is also a variety of
techniques for determining the degree of tissue mineralization at the nanoscale, such as
the Fourier-transform infrared spectroscopy, the Raman spectroscopy, or the transmission
electron microscopy [9�11]. Thereby, it has been shown that tendon and ligament consist
of well-aligned type I collagen �bers with small amount of non-collagenous proteins and
dispersed �broblasts. In contrast, the �brocartilaginous region is mainly characterized
by intermingled type II collagen �bers, whose diameter is small compared to that of the
soft tissue �bers, and areas of chondrocytes with cartilaginous matrix. This region gets
progressively reinforced by mineral crystals before reaching bone, which mostly contains
type I collagen. Overall, these investigations all have highlighted the presence of gradual
changes of the microstructural features (e.g., mineral and protein gradients, collagen
�bers organization, collagen types) across the interphase. Besides, the interdigitation
at the interphase between tendon and bone, which is a mesoscopic feature described as a
wavelike structure, was shown to allow a gain in toughness, as well as a better distribution
of the mechanical stresses across the interphase [12]. Altogether, these mechanisms are
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hypothesized to contribute to the mechanical e�ectiveness of the enthesis, but the direct
link between the elementary ingredients at lower length scales (e.g., collagen, mineral,
proteins), their spatial arrangement, and the mechanical performance of the enthesis at
the tissue scale is still elusive.

From a mechanical modeling viewpoint, two main families of models have been pro-
posed so far. The �rst family focused on elementary anchoring mechanisms at the mi-
croscopic scale, whereas the second family was more related to orthopedic applications at
the organ scale. The fundamental idea of the �rst family consisted in modeling a colla-
gen �bers as a composite made of randomly distributed units of collagen and minerals.
By applying stochastic �nite-element simulations, the mechanical properties of partially
mineralized collagen �bers could be recovered, which subsequently allowed deriving tissue
scale properties by taking the orientation of collagen �bers into account [13]. In a poste-
rior study by the same group, this approach was re�ned by considering di�erent sequences
of intra- and extra-�brillar mineralization pathways at the sub-microstructural level [14].
All these models predicted a sudden sti�ening of the tissue scale properties at a position
called the percolation threshold, which is believed to occur after minerals have accumu-
lated throughout the entire collagen �ber. The latter study also evidenced the existence
of a region that is more compliant than both the tendon and the bone, thus reducing
the stress concentration across the interphase. This compliant region was interpreted as
an energy absorbing component, which allows the presence of localized deformations and
thereby increases the resilience of the interphase [15, 16]. At the organ scale, studies rather
focused on understanding damage and failure mechanisms [17�20] or reattachment strate-
gies [21, 22] at the soft tissue-to-bone complex. In these models, however, the interphase
itself was generally greatly simpli�ed or even replaced by a sharp interface. Therefore,
there is still a need in developing computational multiscale models that bridge the gap
between these two families of models [23]. Such models could for instance be valuable for
triggering the development of novel bioinspired reattachment strategies [24], which would
re�ect to some extent the microscopic features of healthy entheses.

Therefore, improving our understanding of the mechanisms responsible for the me-
chanical e�ectiveness of these interfacial regions remains essential not only for clinical
purposes targeting relevant orthopedic issues but also for the development of biomimetic
strategies in engineering that aim at joining dissimilar materials together. In this way,
there is an unmet need in understanding the mechanics of this interfacial region by clar-
ifying the impact of the structural and compositional features at lower length scales on
the mechanical properties of this complex interphase at the tissue scale. The retrieved
e�ective properties could for instance be employed for developing computational models
at the organ scale targeting relevant orthopedic questions and for fabricating bioinspired
functionally graded soft-to-hard composites. Meanwhile, the development of characteriza-
tion methods for assessing the mechanics of such manufactured materials could represent
an appealing outcome. In this context, quantitative ultrasound is thought as a particu-
larly relevant nondestructive means to probe such materials, because it relies on the use of
mechanical waves and thus possesses intrinsic sensitivity to their mechanical properties.

Objectives

This doctoral thesis aims at mechanically characterizing biological multi-tissue in-
terphases, like the soft tissue-to-bone insertion. Without loss of generality, this thesis
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focuses on �brocartilaginous entheses, with particular emphasis on the tendon-to-bone
attachment. To tackle this goal, three speci�c objectives are proposed (see Fig. 2).

Figure 2 � Schematic representation of the three objectives addressed in this dissertation,
along with the proposed methods: (a) Development of a multiscale model to predict the
mesoscopic mechanical behavior of the tendon-to-bone interphase based on the knowledge
of the elementary constituents at lower length scales. The modeling results (so-called ef-
fective interphase model depicted in the central insert) will serve us as a baseline to de�ne
the two subsequent objectives; (b) Development of an equivalent model with speci�c in-
terface properties as an enriched computational strategy to bridge the gap between the
meso- and macroscales. The performance of this model will be evaluated in the con-
text of quantitative ultrasound; (c) Design and fabrication of bioinspired multi-material
samples using additive manufacturing. The characterization of these samples will be car-
ried out using ultrasound measurements and mechanical modeling of the wave-interphase
interactions (images adapted with permission from Refs. [11, 25�27]).

The �rst objective aims at establishing a quantitative relationship between the
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structure-composition of the enthesis and its mechanics at the tissue scale (see Fig. 2a).
This will be achieved by developing a multiscale model that, based on the knowledge of
the compositional features of the tendon-to-bone interphase at lower length scales (i.e.,
elementary constituents and �nely tuned gradients), will allow predicting its overall me-
chanical behavior at the mesoscopic scale. Such model will further serve us as a baseline
to address the two subsequent objectives. Indeed, in view of its future implementation
in numerical codes performed at the macroscale, the second objective aims at bridging
the modeling gap between the tissue scale and the organ scale (see Fig. 2b). This will be
carried out by developing an equivalent model with speci�c interface properties, which
retains information of the microstructural features of the interphase. The performance of
this enriched model will be evaluated in the context of elastic wave propagation. Based
on the results of the multiscale modeling, the third objective aims at replicating some
mesoscopic features adopted by this biological interphase towards the development of
biomimetic strategies in engineering (see Fig. 2c). This will be achieved by designing and
fabricating multi-material additively manufactured samples that possess an interphase
with bioinspired properties. These samples will be subsequently characterized using ul-
trasound measurements and mechanical modeling.

The originality of the proposed multiscale and multimodal approach is manifold.
First, although many di�erent experimental techniques and multiscale models have been
proposed to assess the mechanical performance of either the tendon or bone, themechan-

ics of this highly specialized interphase remains a largely unexplored topic, mainly
because of its complex and heterogeneous nature con�ned over a very small region. Sec-
ond, most studies in biomechanics that aimed to link material structure and composition
to function have been mainly conducted in the quasi-static regime, while the dynamic

regime (e.g., using mechanical waves) has been somewhat less investigated. Third, al-
though several studies have been devoted to the development of man-made materials

inspired by biological tissues, the fabrication and characterization of multi-material sys-
tems possessing bioinspired interphases have not received much attention so far. Fourth,
it should be noted that, for addressing the three objectives mentioned above, we are not
only taking advantage of the knowledge of the healthy enthesis, but also studying the

impact of damage mechanisms on its overall mechanical response.

Outline

To address the proposed objectives, this manuscript is organized in four chapters,
which are strongly interconnected. Based on earlier literature works, Chapter 1 pro-
vides an overview on the relationships between the structure and the composition of
the transitional tissues at the tendon-to-bone attachment, as well as on the mechanisms
governing their damage and regeneration. Brie�y, in healthy attachments, aligned, soft
�brous tendons attach to sti� bone via a very small intermediate �brocartilaginous region,
where the collagen �bers orientation is more disperse than in the tendon. This transitional
region also shows an increase in mineral distribution. The heterogeneous and hierarchi-
cal structure of the enthesis, which exhibits gradients in structural, compositional, and
biomechanical properties, is essential to ensure a smooth transfer of mechanical stresses
across the two surroundings tissues. In case of injury as a result of physical overload-
ing, systemic diseases or tissue degeneration, these gradients will not regenerate during
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healing and remodeling phases, thereby explaining the relatively high rupture recurrence
rates of surgical procedures. Based on these considerations, this chapter also provides an
overview of the modeling strategies that have been developed at di�erent length scales.
Finally, regarding the clinical vulnerability of the enthesis following an injury, a review
of the current interface tissue engineering approaches that attempt to supply biological
substitutes of this interphase.

Based on the information about the structural and compositional features at lower
length scales gathered in the former chapter, Chaper 2 focuses on the impact of these
features on the overall mechanical response of the enthesis at the macroscale. Towards
this goal, a key point of this thesis is to the develop a modeling strategy that accounts for
the multiscale and multi-tissue nature of the enthesis. The proposed multiscale model is
based on micromechanics homogenization methods that are commonly employed for the
assessment of hierarchical composite materials. This approach will allow (1) predicting
the e�ective anisotropic sti�ness tensor of the tendon-to-bone insertion by modeling its
elastic response at di�erent scales spanning from the nano- to the mesostructural levels,
and (2) studying the impact of key parameters (e.g., size of the compliant region and
location of the percolation threshold) by tailoring the input parameters (i.e., mechanical
properties of the elementary constituents, gradient in mineral content, collagen �bers
organization).

To overcome current limitations of computational models that aim at studying the
biomechanical behavior of the tendon-to-bone complex at the organ scale, Chaper 3

focuses on the modeling of dynamic phenomena in heterogeneous media that allows re-
placing the �nite heterogeneous interphase by an equivalent model with speci�c interface
conditions. The focus will be on a wave propagation problem across two dissimilar ho-
mogeneous and solid half-spaces (i.e., tendon and bone) separated by a �nite interphase
layer, whose heterogeneous properties are inspired by the results from the multiscale mod-
eling (recall Chaper 2). The performance of this model will be evaluated in the context of
quantitative ultrasound, by comparing the calculated power re�ection coe�cient to that
obtained using di�erent baselines.

Inspired by the results obtained from the multiscale modeling, Chaper 4 focuses on
the design, fabrication and characterization of bioinspired multi-material samples achieved
using additive manufacturing. Towards this goal, macroscopically homogeneous and het-
erogeneous samples will be fabricated using polyjet 3D printing technology. The character-
ization of these samples will be achieved by measuring longitudinal bulk waves. From the
measurements performed on the homogeneous samples, we will �rst identify relationships
between the mechanical properties and the material composition by solving a model-based
inverse problem. In a second part, these relationships will be used to feed a wave propa-
gation model that accounts for the structural and material complexity of the functionally
graded samples. This approach will allow extracting quantitative information from the
measured signals, by systematically comparing the measured and modeled characteris-
tics. Such results could pave the way for characterizing and optimizing multi-material
systems that display complex bioinspired features to improve the mechanical e�ciency of
man-made structures by taking advantage of the intriguing strategies adopted by nature.
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Chapter 1. Soft tissue-to-bone attachments

1.1 Introduction

The aim of this chapter is to provide the reader with an overview on the structure,
function and biomechanical properties of soft tissue-to-bone insertions. In the �rst sec-
tion, we brie�y describe of the relationship between the structure and function of soft
tissue and bone, and subsequently focus on the integration between them. The second
section is dedicated to the description of the pathologies and injuries that may a�ect the
enthesis, along with its mechanical response after healing. Based on the structure-function
relationship of the enthesis, the third section reviews the analytical and computational
models that have been proposed to study fundamental anchoring mechanisms at the mi-
croscale. Current organ scale models aiming at understanding the impact of damage and
at targeting reattachment procedures are also reviewed in this section. A fourth section
exposes the current approaches developed in the �eld of interface tissue engineering to
supply biological enthesis-like substitutes. Based on all these recent �ndings, a �nal sec-
tion recapitulates the underlying motivations for this thesis, as well as current routes that
are worth being explored.

1.2 Structure�function relationships of collagen-based

tissues

The support and movement of the musculoskeletal system not only depends on the
coordinated action of multiple types of collagen-based tissues such as tendon, ligament,
and bone, but also on the connective tissues that join them. Thereby this section is
dedicated to the description of the structure-function relationships of these collagen-based
tissues.

1.2.1 Tendon and ligament

Tendon and ligament are �brous connective tissues, which are respectively responsible
for the attachment of muscle-to-bone and bone-to-bone, in order to ensure the transmis-
sion of forces or to provide stability to the joints. Tendon and ligament have a rather
similar collagen-based hierarchical structure and show a low cellular heterogeneity from
the molecular- to the tissue-levels. At the molecular scale, the constitutional building
block of the tendon is tropocollagen. Five of these builiding blocks are further grouped
together to constitute a micro�bril and then aggregate to form �brils at the nanoscale,
which are themselves grouped into �bers at the microscale. The �bers are denoted as
primary bundles that are assembled in the next higher hierarchical structure, the fas-
cicle (secondary bundle) at the mesoscale. Finally, fascicles are bundled together by
a connective tissue sheath called the endotenon, which is itself surrounded by another
connective tissue layer, the epitenon, to �nally build up the whole tendon at the tissue
level (see Fig. 1.1) [1]. At each level, collagen is interspersed with a varying amount of
non-collagenous matrix rich in water and proteoglycans, which altogether contribute to
the mechanical properties of the tendon [2].
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1.2. Structure�function relationships of collagen-based tissues

Figure 1.1 � Hierarchical organization of the tendon: collagen molecules are bundled into
progressively larger subunits from �brils to fascicles, interspersed with a varying amount
of non-collagenous matrix (image reproduced with permission from Ref. [1]).

1.2.2 Bone

Bone is the main constituent of the skeletal system and has a very complex hier-
archical structure (see Fig. 1.2), which is optimized to achieve remarkable mechanical
performances [3]. At the nanoscale, the main elementary constituents are collagen, min-
eral, non-collagenous organic proteins and water, which are grouped together to form
collagen �brils with embedded minerals at the sub-nanoscale. Further, the �brils are
assembled into �bers that are arranged in geometrical patterns forming lamellae at the
sub-microscale, which are subsequently grouped together to form osteons, Haversian sys-
tems at the microscale. Two types of bone tissue can be distinguished at the macroscale.
Cortical bone, also known as compact bone, is a dense and low porosity solid medium,
which forms the outer wall of the bones and is mainly responsible for the supportive and
protective function of the skeleton. In contrast, trabecular bone, also known as cancellous
bone, is a highly porous network that is located in the inner parts of bones, which provides
strength to the skeleton and allows transferring mechanical loads.

Although collagen is the main building block of tendon and bone, their mechanical
response is signi�cantly di�erent and depends upon their anatomical locations. To serve
as an example, Figure 1.3 shows the di�erence in the stress-strain curves between mouse
tail tendon and parallel �bered bone. The light gray area shows the elastic region of the
stress�strain curve, which corresponds to the stored elastic strain energy density of tissue
during a loading cycle [5]. The dark gray area corresponds to the energy density in the
post-yield deformation, where damage and plastic deformation occur in the tissue. As
can be seen, bone has a higher sti�ness and strength compared to tendon, which prevent
excessive deformation upon loading. These characteristics are mainly achieved thanks
to the presence of mineral particles into the collagen-based structure at lower length
scales [6]. Nevertheless, smaller area under the stress�strain curve of bone indicates a

13



Chapter 1. Soft tissue-to-bone attachments

Figure 1.2 � Hierarchical organization of bone, from the mineral crystals and collagen
molecules at the sub-nanoscale to the whole organ at the macroscale (image reproduced
with permission from Ref. [4]).

lower toughness and small deformation rates compared to tendon, thereby allowing the
tendon to withstand tension during a loading cycle and providing rigidity combined with
�exibility to transmit the mechanical forces of muscle to bone.

Figure 1.3 � Example of stress�strain curves for mouse tail tendon (in red) [7] and
parallel �bered bone (in blue) [8]. Both tissues were loaded in tension in the direction
of the collagen �brils. The elastic region is highlighted by the light gray area, while the
plastic region is shaded in dark gray (image adapted with permission from Ref. [5]).

At the tissue level, the Young's modulus of tendon is about 0.4 GPa in the direction of
muscle force during physiologic loading conditions [9, 10], and around 20 GPa for cortical
bone with respect to the main bone axis (osteon direction) [11, 12]. In this way, the
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1.2. Structure�function relationships of collagen-based tissues

interphase joining tendon and bone plays a crucial role by achieving a trade-o� between
strength and toughness to e�ectively transfer stresses across these two tissues with a
mismatch in mechanical properties (see Tab. 2.1) [13].

Hierarchical level Collagen-based tissue Young's modulus, E (GPa) References

Nano Molecule 1.2− 9.6 [14]

Sub-micro
Non-mineralized �bril 0.43− 2.9 [15�17]
Mineralized �bril 2.4− 21 [6, 17]

Micro
Non-mineralized �ber 0.03− 1.1 [14]
Mineralized �ber 8.5− 16.7 [18, 19]

Macro
Non-mineralized tendon 0.04− 1.2 [9, 10]
Cortical Bone 18− 22 [11, 12]

Table 1.1 � Mechanical properties range of collagen-based tissues at multiple hierarchical
levels.

1.2.3 Soft tissue-to-bone enthesis

Entheses are multi-tissue interphases, whose composition, and therefore structure, is
continuously varying over a very small transition region from tendon to bone in response
to the mechanical environment (see Fig. 1.4a). In comparison to the vast body of lit-
erature on soft tissues and bone, much less is known about this biological interphase.
According to the musculoskeletal site of insertion, entheses can be classi�ed as �brous
or �brocartilaginous [20]. At �brous (or indirect) insertions, tendon or ligament attaches
to the bone through mineralized collagen �bers that directly extend into the bone at an
acute angle, as for example the insertion of the deltoid tendon into the humerus or the
tibial insertion of the medial collateral ligament. Fibrocartilaginous (or direct) insertions
attach tendon or ligament to bone through a transitional layer of �brocartilage. The fo-
cus here is on �brocartilaginous insertions, since they present a higher clinical relevance,
for instance regarding injuries at the rotator cu� tendon, the anterior cruciate ligament
and the Achilles tendons. Fibrocartilaginous insertions are generally divided into four
distinct regions with di�erent compositions, functions, and biomechanical properties (see
Fig. 1.4b): (1) the tendon or ligament, which consists of aligned type I collagen �bers
with a small amount of non-collagenous proteins (NCPs), including proteoglycans and
the remaining volume �lled with water. The cell types commonly found in this region are
�broblasts like stromal cells, commonly referred to as tenocytes [21]; (2) a non-mineralized
�brocartilaginous region, which is an avascular zone consisting of unmineralized types I,
II and III collagen �bers and proteoglycan aggrecan [22]; (3) a mineralized �brocartilagi-
nous region, which is mostly characterized by partially mineralized type II collagen �bers,
the proteoglycan aggrecan being produced by �brocartilage cells or �brochondrocytes be-
tween bundles of collagen �bers, which are suspected to be involved in the transmission
of mechanical loads [23]; and (4) the bone, which is a composite material that mainly
consists of highly mineralized type I collagen. Although these di�erent tissue regions are
compositionally distinct, they are structurally continuous. Moreover, �brocartilaginous
entheses are believed to dissipate di�erent types of mechanical stresses across the two
surrounding tissues depending on their anatomical locations (see Fig. 1.4c) [23, 24]. Be-
sides the tensile force generated as a result of stretching, entheses also are subject to local
compressive stresses, especially at the junction with bone at an oblique angle. It is also

15



Chapter 1. Soft tissue-to-bone attachments

Figure 1.4 � (a) Organ level illustration of the tendon-to-bone attachment at the in-
sertion site corresponding to the Achilles tendon; (b) Schematic of the attachment at
the microstructural level, highlighting the gradients in composition and structure across
the tendon-to-bone interphase; (c) Mechanical mechanical forces that can be exerted on
Achilles tendons, where tensile force is generated as a result of tissue stretching along
its longitudinal direction (�ber direction), compressive force is exerted on tendon in a
direction that is to a certain extent perpendicular to its longitudinal axis, and shear force
can occur at the insertion site. Note that additional mechanical forces can be expected
under varying loading conditions at di�erent anatomical locations (image adapted with
permission from Refs. [26, 27]).

acknowledged that internal shear forces take place between the deep part of the enthe-
sis and the bone during movement of the articulation [25]. In the following subsections,
we brie�y review the main compositional and structural features at di�erent hierarchical
levels that contribute to the mechanical e�ectiveness of the enthesis.

A. Fiber architecture and organization

Regardless of the considered medium �soft tissue, enthesis or bone�, all these regions
substantially have a similar hierarchical collagen-based structure starting with collagen
molecules at the nanoscale up to a pattern of collagen �bers surrounded by an extracellular
matrix at higher scales [28]. Non-mineralized collagen �bers are usually strong in tension,
but rather weak in compression [29]. However, when pervaded by mineral crystals, their
constitutive behavior results more brittle and sti�er (see next subsection for further details
on the mineralization). The spatial arrangement of collagen �bers largely depends on the
the anatomical location of the enthesis. Experimental approaches addressed to explore
the orientation of collagen �bers distribution indicated that, moving from the soft tissue
to bone, the insertion site shows a decrease in the organization of collagen �bers [30�32].
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Figure 1.5 � Collagen �bers organization at the soft tissue-to-bone attachment: (a) His-
tological image of the tendon-to-bone attachment of the rat supraspinatus. Polarized
light microscopy was used to quantitatively identify the collagen �bers orientation at two
locations, near the tendon end of the insertion site (T-INS) and near the bony end of the
insertion site (B-INS); (b) Statistical analysis showing that the angular distribution of
collagen �bers was wider in the bony insertion than in the tendon insertion, where 90◦-
orientation indicates the main tendon axis; (c) Angular deviation of the collagen �bers
measured with polarized light microscopy at di�erent locations of the �brocartilaginous
regions (A�E); (d) Angular deviation of the collagen �bers along the normalized position
from tendon (x = 0) to bone (x = 1), which was approximated by interpolating data from
two di�erent experimental studies. Red points were taken from the distributions (T-INS
and B-INS) in Fig. 1.4b, whereas blue points were directly obtained from measurements
performed in the �brocartilaginous regions in Fig. 1.4c. (e) Light microscopy images of
the anterior cruciate ligament-to-bone attachement at bovine tibiofemoral joints. Fourier
transform infrared spectroscopic imaging (FTIRI) showing collagen orientation as deter-
mined by the amide I:II ratio evolving from parallel (red) to randomly oriented (blue);
(f) Line pro�le analysis generated from the spectral data indicating the average collagen
�bers orientation becomes more random while progressing towards bone; blue and red
lines represent mean values and standard deviation, respectively (images adapted with
permission from Refs. [30, 33, 34]).
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For instance, polarized light microscopy was used to quantify the collagen �bers ori-
entation at the rotator cu� enthesis of rats, and the results indicated that, in the tendon
region, collagen �bers are rather parallely aligned, whereas their orientation becomes more
and more disorganized as they approach the bone (see Fig. 1.5a�c) [30, 33]. Similar results
were found using Fourier transform infrared spectroscopy at another anatomical location,
i.e., the knee joint, where the ligament attaches to bone [31, 34]. Collagen �brils were
shown to be initially parallely-oriented in the ligament region, while progressing across the
interphase, a more random orientation towards the mineralized �brocartilaginous region
was observed (see Fig. 1.5d�e).

In another related study based on confocal microscopy, it was shown that both the
geometry and composition of the tendon �bers changed before anchoring to bone. Thicker
tendon �bers, containing mostly type I splayed and unravel into thinner interphase �bers,
containing mostly type II collagen (see Fig. 1.6a). In a recent study, collagen �bers were
tracked in 3D at the tendon enthesis in mice using micro-computed tomography [32]. Go-
ing from the tendon to bone, the number of �bers is nearly constant but the �bers cross-
sectional area decreases and these start twisting towards the insertion site (see Fig. 1.6b).
The highest �ber curvatures were found in the non-mineralized �brocartilaginous region.
Overall, these branching and twisting mechanisms are supposed to contribute to a homo-
geneous distribution of stress among the �bers and to increase the shear sti�ness of the
tendon, thus preventing �bers from sliding relative to one another.

Figure 1.6 � Additional characteristics of the collagen �bers organization at the tendon-
to-bone attachement: (a) Confocal re�ection microscopy image at the pig's Achilles ten-
don revealing the geometrical and compositional transitions of �bers, where thicker ten-
don �bers, containing mostly type I collagen (magenta), splayed and unravel into thinner
interphase �bers, containing mostly type II collagen (cyan), before attaching to bone (im-
age adapted from Ref. [35]); (b) 3D �bers tracking at the Achilles tendon in mice using
micro-computed tomography evidencing the twisting of �bers from tendon to bone (image
adapted with permission from Ref. [32]).

B. Mineral grading

The interaction of collagen with mineral crystals plays a speci�c role in the mechan-
ical responses of partially mineralized tissues. Although there are some exceptions, like
the mineralized turkey leg tendon [36], the major di�erence between tendon and bone
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concerns mineralization. Mineralized tissues are usually providing higher sti�ness and
more strength compared to non-mineralized tissue during mechanical loading [6, 37]. Re-
garding bone, during the mineralization process, mineral crystals are nucleated and grow
within the hierarchal collagen structure [38]. Several experimental studies examined the
local distribution of minerals across soft tissue-to-bone insertions and underlined the spa-
tial increase in mineral content from soft tissue to bone at di�erent anatomical locations
[31, 34, 40]. Raman spectroscopy was used to quantify the distribution of minerals at
the rotator cu� enthesis of rats, and the results indicated that the mineralization gra-
dient from tendon to bone can be reasonably well �tted by a linear approximation (see
Fig. 1.7a�b) [40].

Figure 1.7 � Mineral distribution at soft tissue-to-bone attachments: (a) Light mi-
croscopy images of the tendon�bone insertion in the shoulders of rat used to track the
position of the Raman spectroscopic measurements (i.e., circles); (b) Relative mineral con-
tent obtained from Raman spectroscopy measurements across the insertion zone showing
an approximately linear increase from tendon (x = 0) to bone (x = 1); (c) Light mi-
croscopy images at the attachment of the anterior cruciate ligament to bone at bovine
tibiofemoral joints. FTIRI shows an increase in mineral content from ligament to bone
(blue and red colors indicate low and high mineral content, respectively); (d) Line pro�les
analysis generated from the spectral data depicting an exponential increase in mineral con-
tent across the �brocartilaginous region, where blue and red lines represent mean values
and standard deviation, respectively (images adapted with permission from Refs. [34, 39]).

Considering a di�erent anatomical location where the anterior cruciate ligament at-
taches to bone, i.e., the knee joint, results based on FTIRI revealed an exponential increase
in mineral content when going from the ligament to bone (see Fig. 1.7c�d) [34].
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C. Interdigitation mechanism

Other factors that are believed to play an important role in the mechanical per-
formance of soft tissue-to-bone attachements are the interdigitation mechanism and in-
terfacial roughness present at the transition between the mineralized �brocartilage and
bone [41]. The same is also expected for the interface between the non-mineralized and
mineralized �brocartilaginous regions. [42]. The interdigitation of the anteromedial bun-
dles at the attachment of the anterior cruciate ligament to bone has been shown to be
essential for increasing the resistance to multidirectional loading (see Fig. 1.8a) [43]. Such
adaptation to the complex loading environment has also been observed for meniscal at-
tachments of the knee joint (see Fig. 1.8b) [44]. Altogether, the interdigitation morphology
and the splaying of interface �bers increase the area of attachment over which forces could
be dispatched and thus result in an increase of toughness [45]. A numerical study has
further con�rmed that the interdigitation between the non-mineralized and mineralized
�brocartilaginous regions of the tendon-to-bone attachment at a mouse rotator cu� acts
as a toughening mechanism (see Fig. 1.8c) [42].

Figure 1.8 � Interdigitation morphology at the soft tissue-to-bone attachment: (a) Sagit-
tal view of the anteromedial bundles of the human anterior cruciate ligament showing a
signi�cant degree of interdigitation between the mineralized �brocartilage and bone (im-
age adapted from Ref. [43]); (b) Interdigitations morphology of the human meniscal at-
tachments, �rst between non-mineralized �brocartilage (stained in blue) and mineralized
�brocartilage (stained in black), and second with high levels of heterogeneity between
mineralized �brocartilage and bone (stained in brown) (image adapted from Ref. [44]);
(c) Light microscopy image of the interfacial roughness between the non-mineralized �-
brocartilage (stained in blue) and the mineralized �brocartilage (stained in black) at the
tendon-to-bone attachment of mouse. This roughness was modeled by a sinusoid with
varying wavelength λ and amplitude A (image adapted with permission from Ref. [42]).
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1.3 Injury, healing and regeneration

The injury of soft tissue-to-bone insertion sites is among the most common muscu-
loskeletal disorders, with more than 17 million injuries occurring each year, whose related
costs amount to tens of billions of dollars a year in the United States alone [46]. In con-
trast to bone, which has the ability to self-repair during healing, the interphase between
tendon and bone is not likely to regenerate, even in the long term.

1.3.1 Characteristics and locations of injuries

Generally, enthesis injuries can be categorized as acute or chronic [13]. Although sev-
eral factors can be common to all injuries, acute injuries are typically related to extrinsic
factors like environment, physical loading or training. Chronic injuries, however, also con-
tain intrinsic factors such as tissue degeneration, aging and systemic diseases. Regardless
of their origin (i.e., extrinsic or intrinsic factors), injuries a�ecting the enthesis generally
manifest through �ssures or tears at the insertion site. Benjamin et al. [47] evidenced
the presence of micro-holes, typically 100 − 400 µm wide, near the cortical shell, in a
region encompassing both the mineralized �brocartilage and bone. Moreover, Rufai et
al. [48] depicted distinct features at the Achille tendon enthesis, in particular so-called
longitudinal �ssures and transverse tears. Longitudinal �ssures (∼ 1 cm) extended from
the neighbouring tendon into the �brocartilaginous region, whereas transverse tears (∼
200− 600 µm) occurred at the tendon-bone junction.

Clinically, enthesis-related pathologies include rotator cu� disease, Achilles tendinosis
and sports injuries impacting for instance golfer's elbow and jumper's knee. The rotator
cu� disease is the most common pathology, which results particularly challenging because
it is associated with changes that may impact cells, vascularity, extracellular matrix com-
ponents and many other related factors [49]. Achilles tendinosis generally consists in a
degeneration of the tendon that inserts into the calcaneus. Tennis elbow occurs at the
humerus and is characterized by the formation of a disorganized collagen matrix at the
interphase [20], whereas jumper's knee typically a�ects the tendon-bone junction of the
lower portion of the patella or quadriceps tendons [20, 50]. Another group of pathologies
a�ecting the entheses are called enthesopathies [51]. These can be initiated by repeated
mechanical overloading, which results in microdamage and/or diseases such as arthri-
tis [52].

Entheses injury commonly take place both at intra-articular entheses like the rotator
cu�, the anterior cruciate ligament and at extra-articular entheses such as the Achilles
tendon, the medial collateral ligament [49]. Although these sites all consist of four well-
identi�ed regions, their geometry, structure, composition and disease susceptibility may
slightly di�er from each other [23, 43, 48, 53], which in turn may lead to di�erent failure
modes [54]. Regardless of the injury, pathology, or the a�ected musculoskeletal site, if
surgical repair is required, the tendon/ligament typically needs to be reattached back to
bone, which represents a major challenge due to the mismatch in mechanical properties
between tendon and bone.
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Chapter 1. Soft tissue-to-bone attachments

1.3.2 Mechanical response of the regenerated tissue during heal-

ing

The healing process following injuries usually consists of a number of overlapping stages
(e.g., in�ammatory, �broblastic, remodeling) (see Fig. 1.9a-b) [13]. During these, com-
plex interactions between a range of tissue growth factors and cells take place, whereby
the attachment site becomes more disorganized by developing scar-like tissue with in-
ferior mechanical properties than in the healthy conditions [45]. With time, healing is
characterized by a progressive re-establishment of the collagen link between the tendon
and bone, but there is still a lack of continuity between the collagen �bers [24]. More-
over, there is no evidence of mineral gradient across the interphase after healing (see
Fig. 1.9c). Altogether, these observations suggest that the enthesis does not recover its
pristine mechanical properties after the healing phase, which in turn lead to a high re-tear
incidence [55].

Figure 1.9 � Schematics of an injured tendon-to-bone attachement: (a) Insertion site
corresponding to the Achilles tendon; (b) Healing phase after microdamage, highlighting
the role played by blood vessels and immune cells in repairing the injured tissue; (c) Re-
modeled tendon-to-bone attachment, displaying highly disoriented collagen �bers with no
evidence of continuous mineral gradient content across the interphase.

1.4 Mechanical modeling

Based on the reported experimental evidences at lower length scales (e.g., organiza-
tion of the collagen �bers, mineral gradient) and at the tissue scale (interdigitation and
interfacial roughness), as well as on the mechanisms responsible for the di�erent types of
injuries, di�erent analytical and computational models have been proposed to investigate
the mechanical behavior of the enthesis.
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1.4.1 Modeling of fundamental anchoring mechanisms

Several models have been proposed to investigate the fundamental anchoring mech-
anisms of the enthesis responsible for an e�ective load transfer between the tendon and
bone. Among these, a few models were proposed to understand how the compositional
features at lower length scales a�ect the overall mechanical behavior of the enthesis at the
tissue scale [39, 56]. Biomechanical models were initially proposed by considering a gra-
dient in mineral concentration and �bers orientation at the microscale. In a pioneering
study [39], the sti�ness of partially mineralized �bers was calculated by randomly dis-
tributing mineralized and unmineralized collagen among a cylindrical collagen structure
using Monte Carlo simulations (see Fig. 1.10a). Combining these results with pro�les of
the mineral content and �bers organization across the interphase (see Fig. 1.10b), which
were extrapolated from measurements (recall Figs. 1.5d and 1.7b), allowed estimating the
mechanical properties of the partially mineralized tissue at the mesoscale (see Fig. 1.10c).

Figure 1.10 � Stochastic �nite-element models of tendon-to-bone insertion: (a) Mi-
croscale modeling of partially mineralized �bers with randomly distributed clusters of min-
eralized and unmineralized collagen among a cylindrical collagen structure using Monte
Carlo simulations; (b) Distributions of mineral content and mean collagen �bers orien-
tation across the interphase derived from experimental measurements; (c) Macroscale
estimation of the Young's modulus across the interphase. A small compliant region with
sti�ness lower than either tendon or bone can be observed; (d) Sub-microscale models of
the partially mineralized collagen �brils by accounting for di�erent scenarios for the inter-
action between minerals and collagen; (e) Partially mineralized �bers model, whereby the
random accumulations of extra�brillar bioapatite are modeled using the same approach
as in Ref. [39]; (f) Distributions of mineral content and mean collagen �bers orientation
across the interphase derived from experimental measurements; (d) Macroscale estimation
of the longitudinal Young's modulus (along the main �ber axis) for the di�erent mineral-
ization pathways. Note that, for these models, the compliant region is now larger, deeper,
and shifted towards the nonmineralized �brocartilaginous region (i.e., x = 0.35) (images
adapted with permission from Refs. [39, 56]).
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Chapter 1. Soft tissue-to-bone attachments

Later, the same group introduced a progressive sti�ening model for collagen �brils by
accounting for di�erent scenarios for the mineralization process to estimate the mechanical
properties of the partially mineralized tissue at the macroscale (see Fig. 1.10d�f) [56]. The
results indicated how combinations of speci�c sequences of mineralization and collagen
�bers organization at lower scales can provide a signi�cant sti�ening of the tissue (see
Fig. 1.10g). Apart from these models based on stochastic �nite-element simulations, a
few attempts based on micromechanical approaches also have been implemented. In this
vein, the e�ective sti�ness of a composite containing multiple classes of aligned ellipsoidal
inclusions with a relatively high volume fraction was estimated using a homogenization
method [57]. The potential application is related to the graded tissue interphase at the
soft tissue-to-bone attachment. However, this modeling accounted for a limited number
of length scales, only spanning from the sub-microscale to the microscale.

1.4.2 Organ scale modeling towards orthopedic applications

Musculoskeletal injuries are very common and, in case of rupture, the reattachment of
soft tissue to bone is necessary. Unfortunately, such surgical intervention exhibits a high
rate of failure due the lack of integrative solutions for restoring the pristine properties of
the enthesis. This clinical burden has, triggered the development of computational models
at the organ scale targeting relevant orthopedic challenges. Current organ scale models
were developed with the aim of understanding the damage and failure mechanisms, as
well as to improve the outcome of therapeutic procedures [58�64]. Towards these goals,
a two-dimensional �nite element model of the supraspinatus tendon-to-bone attachment
with geometrical information based on magnetic resonance images was developed (see
Fig. 1.11a) [60].

Figure 1.11 � (a) Finite element model of the supraspinatus tendon-to-bone attachment
using a geometrical con�guration based on magnetic resonance imaging; (b) Stress dis-
tribution at di�erent angles of abduction indicating that the stress peak shifted towards
the insertion when increasing the angle of abduction; (c�d) Finite element model of the
shoulder joint at angles of abduction equal to 0◦ and 90◦, respectively, using data ob-
tained from computed tomography scans. Results indicated that the stress concentration
increases at the insertion for increasing abduction angles (images adapted with permission
from Refs. [58, 60]).
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The material properties of the �brocartilaginous regions were taken as average values
between those of the tendon and bone and stress concentrations were estimated at di�erent
angles of abduction. At 0◦ of abduction, the principal stress peak was located at the
contact region between tendon and bone. As the arm was abducted, the contact area
between the supraspinatus tendon and the humeral head decreased and the stress peak
shifted towards the insertion (see Fig. 1.11b). Similarly, this behavior was con�rmed by
a re�ned three-dimensional �nite element model of the shoulder joint, which included
rotator cu� tendons obtained from computed tomography scans (see Fig. 1.11c, left) [58].
This model also showed an increase of peak stresses on the supraspinatus tendon with
the increase of the abduction angle (see Fig. 1.11d). Moreover, a di�erence in the stress
distribution between the bursal side (i.e., super�cial layer) and the articular side (i.e.,
deep layer) of the supraspinatus tendon during abduction was observed, which could cause
delamination and the appearance of partial thickness tears [65].

Apart from studying the healthy soft tissue-to-bone attachement, a few models ad-
dressed the impact of damage mechanisms on the overall mechanical response of the
enthesis at the organ scale [61, 63]. The potential for propagation of full-thickness tears
of di�erent sizes was studied using a three-dimensional �nite element model with a re�ned
geometry of the supraspinatus tendon-to-bone attachment including tendon, a thin layer
of �brocartilaginous region, cartilage and bone (see Fig. 1.12a) [63].

Figure 1.12 � (a) Three-dimensional �nite element model of the supraspinatus tendon-
to-bone attachment, where bone, cartilage, �brocartilaginous regions, and tendon are
shown in white, grey, blue, and orange, respectively; (b) Simulation of full-thickness
tears in the posterior, central, and anterior regions, whereby the maximum principal
strain �eld was computed for a 200 N load; high strains were typically located close to
the tears (images adapted from Ref. [63]); (c) Finite element model of supraspinatus
(Supra) and infraspinatus (Intra) tendons-to-bone attachment; the supraspinatus tendon
is displaced 5 mm to induce tear propagation and a physiological 22 N load is applied on
the infraspinatus tendon; (d) Tear position was selected based on experiments; (e) Stress
concentration was located at the edges of the tear and near the insertion (images adapted
with permission from Ref. [66]).
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The tendon was modeled as a transversely isotropic hyperelastic material, whereas the
cartilage and �brocartilage were modeled as hyperelastic Neo�Hookean materials. For the
latter, only the material properties of the non-mineralized �brocartilaginous were consid-
ered [61]. Tears were introduced at the interphase between tendon and bone at di�erent
positions by decreasing their area (see Fig. 1.12b). The propagation of tears was examined
by monitoring the distribution of principal strains. Regardless of its nature, the existence
of a tear not only exacerbated the strain peaks in the tendon, but also shifted some of the
load to the proximity of the tear. In the same spirit, a three-dimensional �nite element
model of supraspinatus and infraspinatus tendons-to-bone attachment was developed us-
ing subject-speci�c geometry and anisotropic material properties (see Fig. 1.12c) [66]. The
objective was to predict full-thickness tears propagation for various combinations of tear
size and location near the insertion site. The result indicated that larger tears with higher
strains are most at risk for propagation, since they require lower loads to propagate.

Furthermore, some computational models also have been developed to study the im-
pact of surgical reattachment mechanisms of soft tissue-to-bone for clinical purposes [59,
62, 67]. The objective was to evaluate the di�erences in stress distribution with respect
to the di�erent �xation techniques at the attachment site and how to minimize it.

1.4.3 Mesoscopic modeling of soft tissue-to-bone attachments

Mesoscopic computational models were also developed to provide a picture of the
stress and strain transfer from the tendon to bone. These models intend to establish a
link between the two previous families of models by taking into account certain charac-
teristics of the interphase, such as the shape of the attachment area [45], the local tissue
anisotropy [30] or the gradient in elastic properties across the interphase [68]. Using
an idealized plane stress �nite-element model of the tendon-to-bone attachment, along
with an optimization algorithm, it was demonstrated that an optimized shape of the out-
ward splay can minimize the principal stress associated with uniform axial loading of the
tendon, resulting in a better resistance to mechanical loads (see Fig. 1.13a�b) [45]. In
the same vein, the e�ect of collagen �bers orientation on the stress concentration at the
tendon-to-bone insertion was studied using an idealized two-dimensional plane stress �nite
element model with a highly simpli�ed geometry (see Fig. 1.13c). The results highlighted
that the spatial distribution of the collagen �bers had a large impact on the overall stress
and strain transfer at the insertion (see Fig. 1.13d�e) [30]. The e�ects of di�erent sti�ness
gradients on the stress �eld were investigated by studying a tissue scale mathematical
model of a rotator cu� insertion (see Fig. 1.13f). The model was associated with an ax-
isymmetric linear elasticity problem involving three concentric cylinders, consisting in an
isotropic bone core surrounded by an orthotropic cylindrical tendon plus an interphase
including di�erent transitions of mechanical properties between them. The results showed
that stress concentrations at the interphase can be reduced by using a biomimetic grading
of material properties between tendon and bone that was obtained through a numerical
optimization of the mathematical model (see Fig. 1.13g) [68]. Interestingly, a decrease in
elastic modulus to values lower than tendon and bone was identi�ed at the interphase (see
Fig. 1.13h), thereby con�rming earlier experimental evidences and modeling results of the
fundamental anchoring mechanisms (recall Fig. 1.10g).
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Figure 1.13 � Mesoscopic computational models of the tendon-to-bone insertion: (a) Ide-
alized �nite element model of the tendon-to-bone attachment in the shoulder; (b) Exam-
ples of selected geometries with optimized shape of the outward splay to minimize principal
stress (images adapted from Ref. [45]); (c) Idealized �nite element model of the tendon to
bone attachment in the shoulder comprising : (1) tendon, (2) the tidemark between the
non-mineralized and mineralized �brocartilaginous regions, and (3) the bone; (d) Example
of distribution of mean collagen �bers orientation based on experimental measurements;
(e) Stress and strain �elds evaluation, whereby peak values take place at the tendon and
the outward splay of the insertion (images adapted from Ref. [30]); (f) Side view of the
rotator cu� anatomy where tendons and their insertions are shown in white, muscles in
red, and bones in yellow. The proposed mathematical model consider an axisymmetric
geometry for the tendons and their bony insertions; (g) Variation of normalized radial
stress, where material properties of bone and tendon were �xed and di�erent transitions
of mechanical properties were considered for the transition region between them; (h) Dis-
tribution of radial elastic modulus, tangential elastic modulus and Poisson ratio following
numerical optimization of the mathematical model: a compliant region with a radial mod-
ulus lower than that of tendon and bone was found at the insertion site (images adapted
with permission from Ref. [68]).
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1.5 Current interface tissue engineering approaches

Regarding the clinical vulnerability of the tendon-to-bone attachment following an
injury, there is strong interest in regenerating such transition region with the goal of
achieving seamless integration of engineered musculoskeletal tissues. Within this context,
the past years have seen the emergence of interface tissue engineering procedures to de-
velop biological substitutes of these connective tissues. These procedures typically rely
on the study of four key parameters to replace or repair tissue function [69]: (1) scaf-
fold and biomaterials, (2) cells, (3) growth factors and (4) mechanical stimuli. While
an important number of studies have been dedicated to the regeneration of tendons or
ligaments, the regeneration of functional enthesis-like tissues has not been explored in the
same depth. Enthesis tissue engineering is challenging due to the complex structural and
cellular compositions of the native enthesis, which are particularly di�cult to replicate.

Most biomimetic approaches developed so far are based on cells and growth factors
embedded in a sca�old [70], which require a well-de�ned pattern of biochemical, structural
and mechanical gradients to obtain a smooth transition from tendon to bone displaying
the functionality of the native tissue [71, 72]. However, current enthesis-engineered proce-
dures do not often o�er e�cient solutions from a mechanical viewpoint [73]. For instance,
Kim et al. [74] elaborated a multilayer tendon-to-bone sca�old by combining di�erent
biomaterials that provided a gradual transition of the physical, chemical, and mechanical
environment (see Fig. 1.14a). A mechanical evaluation after compressive strength of each
layer showed an increase of the elastic modulus, along with a decrease of the elongation,
when going from the tendon to bone (see Fig. 1.14b). However, the reported proper-
ties were particularly low compared to their native counterparts at the microscale (see
Tab. 2.1).

Figure 1.14 � Scanning electron micrographs of (a) the tendon layer, (b) the uncalci�ed
�brocartilage layer, (c) the calci�ed �brocartilage layer, and (d) the bone layer; (e) me-
chanical properties of the di�erent layers measured by a universal tensile machine (image
adapted with permission from Ref. [74]).

A similar trend was reported in the work by Zhu et al. [75], which aimed to fabricate
a hierarchically structured sca�old for tendon-to-bone repair. The proposed sca�old was
composed of three regions with distinct functions (see Fig. 1.15a�c): (i) an array of
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channels to guide the in-growth of cells and aligned deposition of collagen �bers, as well
as the integration of the sca�old within the tendon side, (ii) a region with a gradient in
mineral content to ease the stress transfer between tendon and bone, and (iii) a mineralized
inverse opal region to promote the integration of the sca�old within the underlying bone.

Figure 1.15 � Sca�old with graded mineral content: (a) Energy-dispersive X-ray spec-
troscopy mapping of the mineral content obtained from the cross-section of the sca�old
with graded distributions of (i) calcium, (ii) carbon, and (iii) calcium + carbon; (b) quan-
ti�cation of the calcium content along the vertical direction where the longitudinal axis
indicates the distance from the location with the highest mineral content; (c) Scanning
electron microscopy images of the hierarchical structure of the sca�old; (d) Young's mod-
ulus obtained at seven locations along the mineral gradient from the unmineralized to the
mineralized regions (image adapted with permission from Ref. [75]).

The mechanical properties of the sca�old were evaluated using atomic force mis-
croscopy, and the authors reported a gradual increase for the elastic modulus from the
soft to the hard side (see Fig. 1.15d). However, the value for the hard side was much
lower than that typically reported for cortical bone at the sub-micoscale (see Tab. 2.1).

Recently, Xie et al. [76] developed a woven sca�old that displayed a continuous min-
eral gradient according to the characteristics of the native tendon-to-bone. Four types of
nano�ber yarns with di�erent volume fractions of mineral were prepared by electrospin-
ning and they were then weaved into a multiphasic mineral gradient woven sca�old (see
Fig. 1.16a).
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Figure 1.16 � Woven sca�old with continuous mineral gradients: (a) Schematic illustra-
tion of the preparation of the mineral gradient sca�old where the nano�ber yarns with a
core-sheath structure and di�erent contents of mineral were prepared using a custom-made
electrospinning apparatus. The non-mineralized nano�ber yarn (i.e., HA-0) considered
as a warp and three partially mineralized nano�ber yarns (i.e., HA-5, HA-10 and HA-
15) as weft; (b) Scanning electron microscopy and energy-dispersive X-ray spectroscopy
mapping images of micro�ber bundles containing nano�ber yarns with volume fractions
of mineral equal to 0%, 5% and 15%; (c) Macroscopic picture of the mineral gradient
sca�old; (d) Young's modulus of micro�ber bundles with di�erent volume fractions of
mineral; (e) Macroscale tensile stress-strain curves and (f) Macroscale Young's modulus
of the mineral gradient sca�old at warp direction, as well as its four incorporated seg-
ments at weft direction (image adapted with permission from Ref. [76]). All mechanical
properties derived by uniaxial tensile tests.

The sca�old was structurally anisotropic and shows a mineral gradient from the soft
to hard region (see Fig. 1.16b�c). Its mechanical properties were speci�cally related to
the arrangement of the yarns, whereby an increase in mechanical properties from the soft
to the hard region was observed. Nevertheless, such replacement still fails to meet the
mechanical requirements of the native interphase. Indeed, it has a su�cient mechanical
strength to achieve the mechanical response of the tendon and uncalci�ed �brocartilage
regions but the mechanical response of the calci�ed �brocartilage and bone were again
underestimated (see Fig. 1.16e�f). The decrease of the mechanical properties of sca�old at
the macroscopic level is basically due to the loose arrangement of the partially mineralized
�ber yarns as they considered as warps.

Overall, to the best of our knowledge, current enthesis-engineered replacements still
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fail in replicating the mismatch in mechanical properties across the interphase of their
native counterparts. They may be suitable as a patch for the injured tendon-to-bone
interphase for healing, repair or regeneration but are not ready yet to fully replace this
transitional interphase in the long-term [71, 72, 77]. In the same vein, those replacements
typically lack some features that contribute to the overall mechanical anisotropy of the
native tissue. Altogether, these moderate results could be, in part, explained by the fact
that most of the research focused on the biological aspects of the tissue culture (e.g.,
cells, growth factors) at the cost of the design and mechanical characterization of the
substitutes.

1.6 Synthesis

According to this review of the state-of-the-art, the variations in structural and com-
positional features across the soft tissue-to-bone interphase, in particular the organization
of the collagen �bers, mineral grading, and interdigitation, are believed to represent the
fundamental anchoring mechanisms that confer its exclusive mechanical performance to
the attachement site. Meanwhile, soft tissue-to-bone attachments are frequent sites of
injuries because of physical overloading, systemic diseases or tissue degeneration in the
elderly. During healing and remodeling phases, gradations in structure, composition, and
mechanical properties of these critical junctions are not regenerated, resulting in high
rupture recurrence rates of surgical procedures. Understanding the mechanics of the en-
thesis is therefore essential for many di�erent purposes including diagnosis, repair, and
regeneration, as well as to develop biomimetic strategies to join highly dissimilar mate-
rials. While most experimental studies have focused on the multimodal imaging of the
enthesis, thereby delivering valuable insights on its structure and composition at lower
length scales, there is still a need to relate these multiscale features to the mechanics
of this interfacial region. To date, several experimental approaches have been applied
to estimate the mechanical properties of either tendon or bone. However, experimental
measurements of the enthesis remain challenging due to di�culty in preparing and testing
samples at lower scales, which display an insertion site containing both non-mineralized
and mineralized tissues.

To circumvent this issue, computational and analytical models, such as multiscale
modeling could help predicting the e�ective sti�ness properties of the enthesis. Earlier
modeling approaches that included elementary anchoring mechanisms of the enthesis pro-
vided a general understanding of how compositional features at the lower length scales
a�ect the overall mechanical properties of the insertion site at the tissue scale. Fur-
thermore, macroscopic computational models also gave a picture of the stress and strain
transfer from tendon to bone. However, all these models usually neglected speci�c fea-
tures, such as the anisotropic and viscoelastic nature of the insertion [78�80], the gradient
in protein content, the di�erent collagen types across the interphase [33, 81], and interdig-
itation mechanisms [27, 42]. Moreover, current computational models that aim to study
the biomechanical behavior of the soft tissue-to-bone complex at the organ scale gener-
ally signi�cantly simpli�ed the mechanical behavior of the interphase. In particular, the
�nite size of the interphase, which is small compared to that of the surrounding tissues,
may cause computational burden. To bridge the gap between the organ scale (targeting
relevant orthopedic questions) and mesoscopic scale (suited to investigate basic anchoring
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strategies), the heterogeneous interphase could be substituted by an equivalent interface
with speci�c properties, which retains information of the microstructural features of the
original interphase layer [82�84]. The e�ective properties of the tendon-to-bone attache-
ment are not only valuable for modeling purposes, but also for designing and optimizing
bioinspired multi-material soft-to-hard composites achieved using additive manufactur-
ing [85]. However, to fully exploit the potential of these emerging composites, there is an
unmet need in developing methods for characterizing the quality of the printing process
and the mechanics of the manufactured samples. Among these, quantitative ultrasound
is thought as a particularly relevant nondestructive means to probe the quality of such
materials, because it relies on the use of mechanical waves and thus possesses intrinsic
sensitivity to their mechanical properties. Overall, the original combination of multi-
scale modeling, quantitative ultrasound and additive manufacturing could open new ways
for the development of characterization and repair strategies in biomechanics and tissue
engineering.
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Chapter 2. Assessing the e�ective elastic properties

Abstract

The interphase joining tendon to bone plays the crucial role of integrating soft to
hard tissues, by e�ectively transferring stresses across two tissues displaying a mismatch
in mechanical properties of nearly two orders of magnitude. The outstanding mechanical
properties of this interphase are attributed to its complex hierarchical structure, especially
by means of competing gradients in mineral content and collagen �bers organization at
di�erent length scales. The goal of this study is to develop a multiscale model to describe
how the tendon-to-bone insertion derives its overall mechanical behavior. To this end, the
e�ective anisotropic sti�ness tensor of the interphase is predicted by modeling its elas-
tic response at di�erent scales, spanning from the nanostructural to the mesostructural
levels, using continuum micromechanics methods. The results obtained at a lower scale
serve as inputs for the modeling at a higher scale. The obtained predictions are in good
agreement with stochastic �nite element simulations and experimental trends reported
in literature. Such model has implication for the design of bioinspired bi-materials that
display the functionally graded properties of the tendon-to-bone insertion.

Keyword: Tendon-to-bone insertion, Homogenization, Continuum micromechanics, Bi-
ological interphase, Functionally graded material, Partially mineralized tissue.

2.1 Introduction

The interaction between soft and hard tissues is essential to ensure good mobility to
the musculoskeletal system. Speci�cally, the integration between tendon (or ligament)
and bone occurs through a particular tissue interphase called enthesis, which derives from
the ancient Greek word referring to the insertion. According to their musculoskeletal site
of insertion, entheses can be characterized as �brous or �brocartilaginous [1]. Fibrous (or
indirect) insertions are usually found where tendons and ligaments attach to the shaft
of long bones, such as the insertion of the deltoid tendon into the humerus or the tibial
insertion of the medial collateral ligament. Fibrocartilaginous (or direct) insertions are
more common and present at the bony attachments of the rotator cu�, the anterior cruci-
ate ligament and the Achilles tendons. Fibrocartilaginous insertions are generally divided
into four distinct regions with di�erent compositions, functions, and biomechanical prop-
erties: (1) the tendon, which consists of aligned type I collagen �bers with a small amount
of non-collagenous proteins (NCPs), including proteoglycans and the remaining volume
�lled with water [2]; (2) a non-mineralized �brocartilaginous region, which is an avascu-
lar zone consisting of unmineralized types I, II and III collagen �bers and proteoglycan
aggrecan [3]; (3) a mineralized �brocartilaginous region, which is mostly characterized by
partially mineralized type II collagen �bers, the proteoglycan aggrecan being produced
by �brocartilage cells or �brochondrocytes between bundles of collagen �bers [4]; and (4)
the bone, which is a composite material that mainly consists of highly mineralized type I
collagen [5].

Although these di�erent tissue regions are compositionally distinct, they are struc-
turally continuous. Moreover, it is acknowledged that the mechanical environment of the
enthesis is complex and heterogeneous, as it is subject to tensile, compressive and shear
forces [6], in order to ensure an e�ective transfer of the mechanical stresses across the
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two surroundings tissues, which show a mismatch in mechanical properties of nearly two
orders of magnitude. Three main features contribute to the mechanical e�ectiveness of
the enthesis: (1) its geometry is characterized by a shallow attachment angle and an op-
timized shape of the outward splay, which improves its resistance to mechanical loads [7];
(2) the interdigitation of the bone within the tendon, described as a wave-like structure,
allows a gain in toughness, as well as a better distribution of stresses on the fraction of
tissue implied in this mechanism [8]; and (3) a compositional and structural gradient,
through a gradual increase in mineral content together with a corresponding reorgani-
zation of the collagen �bers from the tendon to the bone [9]. The combination of these
multiscale factors is hypothesized to lead to an intermediate zone more compliant than
either tendon or bone, thus ensuring an e�ective distribution of mechanical stresses, which
allows reducing the risk of rupture [10, 11].

Musculoskeletal injuries involving tendon rupture typically require surgical reattach-
ment back to bone. Such operations exhibit a high rate of failure because the enthesis
rarely regenerates and does not recover its mechanical properties. This clinical burden
is mainly due to the lack of understanding of the healthy attachment, as well as of the
damaging process that may occur at this interphase [12]. To date, studies on the tendon-
to-bone insertion have mainly focused on the rehabilitation methods to be implemented
after a tendon operation, as well as on the histology of the enthesis [13]. The targeted
parameters generally included compositional and structural features at lower length scales
(e.g., collagen types, organization and morphology of collagen �bers, degree of mineral-
ization), but seldom the mechanical properties at the tissue scale. Indeed, the direct
mechanical measurement of the tendon-to-bone insertion has been shown to be very com-
plicated, particularly because of its heterogeneity and small dimensions (typically a few
µm to some mm according to the insertion site) [10, 14]. The excellent mechanical prop-
erties of the enthesis are attributed to its complex hierarchical structure. Nonetheless,
understanding how this hierarchy and the resulting mechanical properties at the di�erent
scales a�ect its overall mechanical behavior and allow such an e�ective stress transfer
across this interphase represents a considerable challenge. To address this issue, tools
such as multiscale modeling could help predicting the e�ective sti�ness properties of the
enthesis at the tissue level, as well as studying the individual impact of lower-scale features
on its overall mechanical behavior at higher scales.

Regardless of the considered medium �tendon, enthesis or bone�, all these regions
substantially have a similar hierarchical collagen-based structure starting with collagen
molecules at the nanoscale up to a pattern of collagen �bers surrounded by an extracellu-
lar matrix at higher scales [15]. Several analytical and computational models have been
proposed to infer the mechanical properties of bone at di�erent scales, in particular using
homogenization methods [16�19]. In the same way, a few studies have been conducted
on the hierarchical modeling of (mineralized) tendon [20, 21]. However, little informa-
tion concerning the multiscale modeling of the tendon-to-bone insertion is available in
the literature. Biomechanical models were initially proposed by considering the collagen-
mineral interactions and the collagen �ber architecture at the microscale. In a pioneering
study, Genin et al. [22] estimated the sti�ness of partially mineralized �bers by randomly
distributing minerals among unmineralized cylindrical collagen �brils using Monte Carlo
simulations, which subsequently allowed determining the isotropic mechanical properties
of the partially mineralized tissue at the macroscale. Later, the same group introduced a
progressive sti�ening model for collagen, by accounting for di�erent sequences of mineral
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accumulation across spatial hierarchy levels spanning from the �bril to the tissue level,
to estimate the mechanical properties of partially mineralized collagen tissue [23]. In a
subsequent study, they presented an estimate for composites containing multiple classes of
aligned ellipsoidal inclusions with a relatively high volume fraction, which demonstrated
its potential application to the graded tissue interphase at the tendon-to-bone attachment
[24]. More recently, the micromechanical behavior of tendon-to-bone structures was stud-
ied and compared with a composite beam-bending model [25]. The beam was modeled
as a three-phase composite in series, in which the modulus of the transitional graded
interphase was de�ned as a linear extrapolation between those of the mineralized and un-
mineralized regions. All these models provided a general understanding on the mechanical
properties of the insertion site (i.e., average Young modulus) at di�erent structural lev-
els. However, to the best of our knowledge, these models only partially accounted for the
anisotropic nature of the interphase at the di�erent scales, and the transition between
di�erent hierarchies from the nanoscale to the mesoscale was not achieved. Moreover,
the impact of the individual nanoscale properties on the e�ective sti�ness tensor at the
mesoscale was not addressed so far.

To face these current limitations, this study aims at developing a hierarchical model to
predict the e�ective anisotropic sti�ness tensor of the tendon-to-bone insertion by model-
ing its elastic response at di�erent scales spanning from the nano- to the mesostructural
levels. To this end, a continuum micromechanics approach was proposed by distinguishing
six homogenization steps at four di�erent scales. First, we derived the e�ective sti�ness
properties of the enthesis at the mesoscale by accounting for gradients in mineral con-
tent and collagen �bers organization across the interphase at lower scales. Second, we
carried out a parametric study to evaluate the impact of the mechanical properties of
each nanoscale component on the overall mechanical behavior of the insertion site. Third,
based on the knowledge of the mechanical properties of the two surroundings tissues at the
mesoscale, an optimization procedure was solved to identify the nanoscale properties that
yield the best agreement between the model predictions and ultrasonic data reported in
the literature. Numerical results show that the e�ective mechanical properties predicted
by our multiscale model are in good agreement with earlier modeling approaches and ex-
perimentally observed trends. Moreover, our model is straighforward and could be readily
extended to account for damage characteristics of the interphase as a footprint of clinical
burden.

The paper is structured as follows: Sec. 2.2 recalls the fundamentals of micromechanics-
based models and introduces the proposed multiscale modeling of the enthesis. The model
parameters, i.e., the mechanical properties, volume fractions and gradients of the tendon-
to-bone insertion's components, are then described in Sec. 2.3. Finally, the numerical
results are presented in Sec. 2.4 and discussed in the light of the literature in Sec. 2.5.

2.2 Methods

In this section, a multiscale model of the tendon-to-bone insertion based on a hi-
erarchical modeling approach that consists of successive homogenization steps from the
nanostructural to the mesostructural levels is proposed. This multiscale model relies on
several hypotheses: (1) whereas mineral grading can occur at any length scale, it was
incorporated here at the nanoscale [26]; (2) the gradient in collagen �bers organization
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occured at the microscale [22]; (3) type I collagen was assumed to be the main organic
component across the interphase; and (4) the mechanical properties of the elementary
nanoscale components (collagen, hydroxyapatite (HA), water and NCPs), which were
used as input data in our model, were all assumed to have a linear elastic and isotropic
behavior.

2.2.1 Fundamentals of micromechanics-based models

Continuum micromechanics allows estimating the e�ective sti�ness properties of het-
erogeneous materials [27], which can generally be derived by solving the matrix-inclusion
problem according to Eshelby [28]. A basic concept of continuum micromechanics con-
sists in selecting a representative volume element (RVE) in the structure. Based on the
separation-of-scales requirement, the characteristic length ` of this RVE must be consid-
erably larger than the dimension of the heterogeneities d within the RVE and implicitly
smaller than the characteristic length of the structure L, so that d � ` � L. Useful in-
formation concerns volume fractions and elastic properties of phases, the existence of one
connected matrix phase in which one or several inclusion phases with di�erent shapes are
embedded or the disordered arrangement of all phases. Hence, the homogenized sti�ness
tensor of such RVE, Chom, can be stated as in [29]

Chom =
n∑
r=1

frcr :
[
I+P

0
r : (cr −C0)

]−1
:

{
n∑
s=1

fs
[
I+P

0
s : (cs −C0)

]−1

}−1

(2.1)

where : denotes the double contracted product of two tensors, n is the number of phases
in the RVEs, fr denotes the volume fraction of the phase r, I is the fourth-order identity
tensor, cr is the sti�ness tensor of phase r, C0 is the sti�ness tensor of the matrix phase,
and P0 is the so-called Hill tensor of phase r embedded in the matrix phase, whose form
depends on the shape of the inclusion and on the sti�ness tensor of the surrounding matrix
C

0. The Hill tensor can be related to the Eshelby tensor as P0 = S
0
Esh : (C0)−1. The

components of the Hill tensors for the di�erent inclusion shapes considered in this study
are provided in A.1.

Several approaches for determining C0 have been proposed in the literature. Among
these, two methods are particularly relevant to our context. First, the Mori-Tanaka
scheme can be applied when the inclusion phase consists of small particles surrounded
by a continuous homogeneous matrix [30]. In such a case, the matrix phase can be
directly identi�ed as the actual matrix phase (i.e, C0 = Cmatrix). Second, when no matrix
phase can be clearly identi�ed, it is convenient to apply the self-consistent scheme [31].
The underlying hypothesis of this second method consists in estimating the homogenized
properties of the e�ective medium by locating each inhomogeneity in the homogeneous
e�ective medium (i.e, C0 = Chom).

2.2.2 Multiscale modeling of the tendon-to-bone insertion

According to earlier studies applied to partially mineralized tissues, such as bone
[17, 32, 33] and mineralized tendon [20], we hierarchically modeled here the mechanical
behavior of the tendon-to-bone insertion by considering four relevant hierarchical lev-
els compound of six homogenization steps (see Fig. 3.1), and by assuming gradients in
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mineral content and collagen �bers organization across the interphase between the two
surroundings tissues [22, 23]. Across the enthesis, mineral crystals replace the water by
�lling the gap zones between collagen thereafter spreading through the �brils surface [34].
Extrapolating this consideration to our modeling approach, the �bril array was considered
as a hydrated collagen �bril at the nanoscale (i) without mineral particles in the tendon
region, (ii) with a functional grading of mineral across the insertion, and (iii) as a partially
mineralized collagen �bril in the bone region. The gradient of mineralization was intro-
duced in the model by means of a normalized mineral volume fraction, φ(x), de�ned as
the ratio of the overall mineral volume fraction fmineral(x) at a normalized position along
the insertion, x, to the overall volume fraction of mineral at the bone level, fbonemineral, so
that φ(x) = fmineral(x)/fbonemineral. The normalized position x across the interphase was thus
x = 0 at the end of the tendon (i.e., φ(x) = 0) and x = 1 at the beginning of the bone
(i.e., φ(x) = 1), so that φ(x) ≈ x. Moreover, the gradient in collagen �bers organization
was accounted for by considering the angular deviation of the collagen �bers distribution
at a normalized position x along the insertion [22]. At each scale, the homogenized sti�-
ness tensor of the enthesis, Chom(x), was therefore related to a precise description of the
geometric and mechanical properties of each of the subscales at any normalized position
x across the interphase.

A. Nanostructural level

At the nanostructural level, collagen molecules are attached to each other by crosslinks,
which transfer the stresses from one collagen molecule to another [35]. Water initially �lls
the spaces between collagen molecules. During the mineralization process, mineral crystals
are nucleated in the gap zones, thus progressively replacing the water. They then further
grow into the overlap zones during development and may be distributed throughout the
collagen molecules to form a partially mineralized collagen �bril [36]. To mimic this
physiological process, three homogenization steps were used to model the enthesis at the
nanostructural level: (1) combining collagen together with water and NCPs, (2) combining
HA crystals with water and NCPs, and (3) combining the collagen composite from step
1 with the HA foam from step 2 to form a partially mineralized collagen �bril.

Step 1: wet collagen composite

The wet collagen composite was modeled as a contiguous cross-linked collagen molecules
matrix with holes hosting water and NCPs, where the holes were considered as cylindrical
inclusions [33, 37]. Based on the assumption that a continuum approach can be applied
at the nanostructural level, the Mori-Tanaka scheme was used to estimate the e�ective
sti�ness tensor of the composite, Cwc, at this scale as

Cwc = (1− fwp)ccol + fwpcwp :
[
I+P

col
wp(cwp − ccol)

]−1

:
{

(1− fwp)I+ fwp
[
I+P

col
wp : (cwp − ccol)

]−1
}−1

,
(2.2)

where subscripts �wc�, �col� and �wp� are referred to the wet collagen composite, collagen,
and water-protein mixture, respectively.
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Figure 2.1 � Successive steps of our multiscale modeling approach: (0) elementary
nanoscale components; (1) wet collagen composite formed by a collagen molecules matrix
containing water and NCPs-�lled pores (image adapted from [35]); (2) HA foam formed
by HA crystals containing water and NCPs-�lled pores; (3) partially mineralized collagen
�bril made up from wet collagen and intra�brillar HA foam; (4) partially mineralized
collagen �ber formed by partially mineralized collagen �brils and extra�brillar HA foam;
(5) lamella and unit fascicle built up from a partially mineralized collagen �ber matrix
holding lacunae cavities and endotenon, respectively; and (6) cortical bone and tendon
formed by a continuous bone matrix (extravascular bone) and a bundle of parallel fascicles
matrix containing haversian canals and endotenon, respectively.

45



Chapter 2. Assessing the e�ective elastic properties

Step 2: hydroxyapatite foam

At the scale of a few hundred nanometers, HA crystals were assumed to be interpene-
trated by intercrystalline space �lled with water and NCPs [19]. Since no well-de�ned ma-
trix phase can be identi�ed at this scale, it results convenient to apply the self-consistent
scheme to estimate the e�ective sti�ness tensor of the HA foam, CHw(x), which depends
upon the mineral gradient across the insertion. Both the mineral phase and the water-
protein mixture were here assumed to be spherical in shape with a linear elastic and
isotropic behavior. Hence,

CHw(x) =
2∑
r=1

fr(x)cr :
[
I+P

0
r : (cr −CHw(x))

]−1

:

{
2∑
s=1

fs(x)
[
I+P

0
s : (cs −CHw(x))

]−1

}−1

,

(2.3)

with r, s ∈ [HA, wp]. The subscript �Hw� denotes the HA foam. The detailed calculation
of the sti�ness coe�cients is provided in B.1.

Step 3: partially mineralized collagen �bril

The collagen �bril structure was modeled as a composite consisting of a wet collagen
composite matrix reinforced with aligned needle-shaped inter�brillar minerals, which were
assumed to be distributed along the main axis of the collagen �bril [38]. Again, the
classical Mori-Tanaka method was applied to determine the e�ective sti�ness tensor of a
partially mineralized collagen �bril, C�b(x), as

C�b(x) = (1− fHw)cwc + fHwcHw(x) : [I+P
wc
Hw : (cHw(x)− cwc)]−1

:
{

(1− fHw)I+ fHw [I+P
wc
Hw : (cHw(x)− cwc)]−1}−1

,
(2.4)

where cwc and cHw(x) are the e�ective sti�ness tensors resulting from the application of
steps 1 and 2, respectively.

B. Sub-microstructural level � partially mineralized collagen �ber

At the scale of several micrometers (step 4), randomly dispersed extra�brillar minerals
with di�erent sizes and shapes strongly adhere to the outer parts of the collagen �brils
[34]. During the mineralization, these extra�brillar minerals are located around the �bril
surface and then start growing along the main �bril axis, therefore forming a sort of
reinforcing structure around the �bril. Consequently, a partially mineralized collagen �ber
can be modeled as an extra�brillar HA foam matrix pervaded by a cylindrical collagen
�bril inclusion. In this way, the e�ective sti�ness tensor of the partially mineralized
collagen �ber, Cfbr(x), can be estimated using the Mori-Tanaka scheme as

Cfbr(x) = (1− f�b)cHw(x) + f�bc�b(x) :
[
I+P

Hw
�b (x) : (c�b(x)− cHw(x))

]−1

:
{

(1− f�b)I+ f�b
[
I+P

Hw
�b (x) : (c�b(x)− cHw(x))

]−1
}−1

,
(2.5)

where cHw(x) and c�b(x) are the e�ective sti�ness tensors resulting from the application
of steps 2 and 3, respectively.
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Moving from the tendon to bone, apart from the gradual increase in mineral content
(already accounted for in step 2), the insertion site also shows a gradual decrease in
the organization of collagen �bers. At the tendon level, collagen �bers are aligned and
parallelly-oriented along the x3-axis. These then start bending and intercrossing along the
insertion, and become less organized near the bone [9]. Consequently, the e�ective sti�ness
tensor of an individual partially mineralized collagen �ber, Cfbr(x), can be related to the
microstructural level (i.e., �ber bundle or pattern) by averaging over the �bers orientation
at each position x of the insertion. Hence,

C̄fbr(x) =

∫
S

(
R(n)Cfbr(x)RT(n)

)
p(n, s(x))dS (2.6)

where the superscript T denotes the transpose operator; p(n, s(x)) is an axisymmetric
and spherical probability density function for �nding a �ber whose axis is parallel to
the unit vector n, with s(x) the angular deviation at a position x with respect to the
mean �ber direction x3; R(n) rotates a tensor from this coordinate system into the global
coordinate system; and n includes all directions over the unit sphere S [22]. Note that
the resulting sti�ness tensor of a partially mineralized �bers pattern, C̄fbr(x), retains the
symmetry class of that of an individual collagen �ber, but results more compliant along
the x3-direction.

C. Microstructural level � partially mineralized �bers pattern

At the microstructural level (step 5), the structure and composition of tendon and
bone are no longer identical, and therefore lead to a di�erent approach for modeling a
partially mineralized �bers pattern. At the tendon level, a bundle of aligned collagen �bers
forms a unit fascicle, which represents the basic unit of a tendon. A thin connective tissue
called endotenon surrounds each collagen �ber and binds the �bers together [39]. Since
the self-consistent and Mori-Tanaka methods are limited to an inclusion associated with
a low volume fraction, the interactions between neighboring �bers cannot be neglected
anymore [24]. To circumvent this issue, the so-called �inverse Mori-Tanaka� scheme was
applied here simply by inverting the matrix and inclusion phases [17]. In this regard,
by considering the connected bundle of collagen �bers as a matrix and endotenon as
a cylindrical inclusion, the e�ective sti�ness tensor of a unit fascicle can be estimated.
At the bone level, a lamella containing cavities �lled with osteocytes called lacunae is
enclosed by the continuous bone matrix holding a bundle of preferentially oriented collagen
�bers. In addition, the main axis of lacunae was assumed to be oriented along the
longitudinal direction of a lamella [40]. Therefore, similarly to the tendon region, the
e�ective sti�ness tensor of a lamella can be estimated by considering the lacuna as a
cylindrical inclusion coated with a continuous bone matrix. Hence, the e�ective sti�ness
tensor of a partially mineralized �bers pattern at the microstructural level, Cmic(x), was
estimated by considering C0 ≡ Cend ≡ Clac ≡ Cwp, so that

Cmic(x) = ffbr(x)c̄fbr(x) + (1− ffbr(x))cwp :
[
I+ P̄

fbr
wp(x) : (cwp − c̄fbr(x))

]−1

:
{
ffbr(x)I+ (1− ffbr(x))

[
I+ P̄

fbr
wp(x) : (cwp − c̄fbr(x))

]−1
}−1

.
(2.7)

In this way, the main di�erence between tendon and bone at this scale was accounted for
by considering a linearly varying volume fraction across the interphase (i.e., 1 − ffbr(x)
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with x ∈ {0, 1}) for their corresponding inclusion (endotenon for x = 0 or lacuna for
x = 1).

D. Mesostructural level � partially mineralized tissue

Similarly to the microstructural level, a di�erent modeling approach was used for
the tendon and bone to account for their di�erences in structure and composition at
the mesostructural level (step 6). On the one hand, a bundle of parallel fascicles with an
interfascicular matrix (endotenon) forms the tendon [41]. Considering a bundle of parallel
fascicles as a matrix and endotenon as a cylindrical inclusion, the e�ective sti�ness tensor
of tendon can be estimated. On the other hand, cortical bone hosts cylindrical pores called
haversian canals, which contain the bone's nerve and blood supplies being embedded
into the osteonal lamella matrix (extravascular bone) [37]. The e�ective sti�ness tensor
of cortical bone can thus be estimated by considering haversian canals as a cylindrical
inclusion coated with a continuous bone matrix.

As in step 5, the e�ective sti�ness tensors of a partially mineralized tissue, Cmeso(x),
can be estimated by considering C0 ≡ Cend ≡ Chav ≡ Cwp,

Cmeso(x) = fmic(x)cmic(x) + (1− fmic(x))cwp :
[
I+P

mic
wp (x) : (cwp − cmic(x))

]−1

:
{
fmic(x)I+ (1− fmic(x))

[
I+P

mic
wp (x) : (cwp − cmic(x))

]−1
}−1

.
(2.8)

Again, the variation across the interphase was here driven by the a linearly varying volume
fraction, 1− fmic(x), for their corresponding inclusion only.

2.3 Model parameters

Like for any other hierarchical material, the knowledge of the mechanical properties
and volume fractions of the tendon-to-bone insertion's elementary components, along with
the competing gradients in collagen �bers organization and mineral content, are required
to assess its overall mechanical behavior. A broad range of values for the mechanical
properties (e.g., Young's modulus E and Poisson's ratio ν) of the nanoscale components
has been reported in the literature, based on experimental testing facilities or molecular
dynamics (MD) simulations.

Earlier theoretical studies provided values of around 2 GPa for the Young's modulus
of collagen, but recent MD simulations reported higher values for the Young's modulus
of a single collagen molecule, ranging from 7 to 19 GPa [33]. The Poisson's ratio of
collagen has typically been chosen equal to 0.28 to deliver a Poisson's ratio of around
0.35 for the collagen-water composite (recall step 1) [17, 18]. Furthermore, HA minerals
were typically assumed to have a linear elastic and isotropic behavior, with a Young's
modulus ranging from 63 to 165 GPa, and a Poisson's ratio of around 0.23 [33]. To
date, little is known about the mechanical properties of NCPs. Nevertheless, water-
NCPs composite has generally been assumed to have isotropic properties with a Young's
modulus ranging from 1.3 MPa to 0.7 GPa, and a Poisson's ratio ranging from 0.4999 to
0.45, thus encompassing typical values for water (i.e., a nearly incompressible material
with a bulk modulus of 2.2 GPa) and soft polymers [17]. The mechanical properties range
of each nanoscale component used as input values in our multiscale model is summarized
in Tab. 2.1.
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Material Young's modulus, E (GPa) Poisson's ratio, ν (�)

Collagen molecules 1.2− 9.6 0.23− 0.33
HA minerals 63− 165 0.18− 0.28
Water-NCPs composite 0.0013− 0.7 0.4999− 0.45

Table 2.1 � Mechanical properties range of the nanoscale components used for modeling
the mesoscale e�ective sti�ness tensor of the tendon-to-bone insertion in this study.

A volume fraction of mineral fHA(x) varying linearly from 0 to 65% was considered (see
Fig. 2.2a), based on the experimentally observed mineral concentration gradient at the
tendon-to-bone insertion [26]. Moreover, the collagen �bers distribution s(x) was chosen
according to experimental data [42], which reported that the angular deviation values
for the tendon-to-bone insertion reached a peak in the non-mineralized �brocartilaginous
region and varied little beyond it (see Fig. 2.2b)
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Figure 2.2 � Spatially varying properties of the interphase from the tendon (T) to
bone (B) based on competing gradients in (a) mineral content and (b) collagen �bers
organization. The insert displays the distribution of collagen �bers near the region of
largest �bers disorganization (red dot). These trends are based upon data reported in
Refs. [22, 24].

The volume fractions of each phase, along with the di�erent homogenization methods
applied at each step, are summarized in Tab. 2.2. At the nanostructural level, the volume
fraction for the water-protein mixture, fwp, has been taken according to [17]. At the
nanostructural and sub-microstructural levels, we used the values for a mineralization
inside and outside the �brilsas a function of the total mineral content, i.e., fHw and
1 − f�b, following the work of Nikolov and Raabe [17]. In this way, these concurrent
variations lead to an overall volume fraction of mineral varying from 0 to 52% between
tendon and bone at the mesoscale, which is in good agreement with values reported in the
literature [16, 17]. Furthermore, to account for the di�erence in structure and composition
of the tendon and bone at the micro- and mesostructural levels, volume fractions that vary
linearly with respect to the normalized position x across the interphase, i.e., 1 − ffbr(x)
and 1− fmic(x), have been considered for their respective inclusions at each of these two
levels [16, 20].

49



Chapter 2. Assessing the e�ective elastic properties

Hierarchical
Steps

Homogenization
Phases Volume fractions (%) Relations

levels schemes

Nano

1 Mori-Tanaka
Inclusion Water-NCPs

fwp = 35 Eq. (2.2)
Matrix Collagen

2 Self-consistent
Phase 1 Water-NCPs

fHA(x) = 65x Eq. (2.3)
Phase 2 HA

3 Mori-Tanaka
Inclusion Intra-HA foam

fHw = 43 Eq. (2.4)
Matrix Wet collagen

Sub-micro 4 Mori-Tanaka
Inclusion Collagen �bril

f�b = 73 Eq. (2.5)
Matrix Extra-HA foam

Micro 5
Inverse Inclusion Endotenon � Lacunae

ffbr(x) = 8x+ 90 Eqs. (2.6�2.7)
Mori-Tanaka Matrix Collagen �ber

Meso 6
Inverse Inclusion Endotenon � Haversian

fmic(x) = 8x+ 90 Eq. (2.8)
Mori-Tanaka Matrix Fascicle � Lamella

Table 2.2 � Volume fractions of each phase along with the di�erent homogenization
schemes applied at each step of the multiscale modeling.

2.4 Numerical results

The e�ective sti�ness properties of the tendon-to-bone insertion from the nanostruc-
tural to the mesostructural levels were estimated using the six homogenization steps
described in Fig. 3.1. Three analyses were conducted to rate the performance of the pro-
posed multiscale model. First, several characteristics of the e�ective sti�ness coe�cients
obtained at the mesostructural level (step 6) were assessed. Second, a parametric study
was performed to evaluate the impact of the input parameters on the resulting e�ective
sti�ness tensor. Third, an optimization procedure was proposed to identify the model
parameters that yielded the best agreement between modeled and measured e�ective
sti�ness tensors.

2.4.1 E�ective sti�ness tensor at the mesostructural level, Cmeso(x)

Figure 2.3 depicts the e�ective sti�ness coe�cients of the tendon-to-bone insertion
obtained at the mesostructural level, together with the Voigt-Reuss bounds calculated
according to [43], using the average mechanical properties from Tab. 2.1. Note that Voigt
notation is adopted to de�ne the coe�cients of the fourth-order sti�ness tensor and that
the x3-axis denotes the longitudinal axis, which is aligned with the mean direction of the
collagen �bers distribution (recall step 4 of Fig. 3.1).

First, it is worth pointing out that our model led to a transversely isotropic elastic
behavior for the insertion site at the mesoscale, where the sti�ness coe�cients along the
�bers (i.e., C33(x) and C44(x)) were consistently larger than those normal to the �bers
(i.e., C11(x) and C66(x)), thus retaining the symmetry class of the two surroundings tis-
sues. Recalling that the main constituent properties at the nanoscale were all considered
as linear elastic and isotropic, the anisotropy at the di�erent scales was initially triggered
by the consideration of geometric features (i.e., the shape of the inclusion) in step 1.
Second, the derived e�ective sti�ness tensors at the extremities of the insertion, i.e.,
Cmeso(x = 0) and Cmeso(x = 1) from Eq. (2.8), were in good agreement with experimen-
tal values reported in the literature for the Achilles tendon [44, 45] and cortical bone,
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Figure 2.3 � E�ective sti�ness coe�cients (in Voigt notation) of the tendon-to-bone
insertion obtained at the mesostructural level (continuous lines), along with the Voigt-
Reuss bounds (yellow area), using the average mechanical properties from Tab. 2.1.

measured at the tibia mid-diaphysis [46] and femoral diaphysis [47]. Third, the derived
sti�ness pro�le across the interphase was nonlinear, displaying a smooth sti�ness increase
in the non-mineralized �brocartilaginous region (φ(x) < 50%) followed by a sudden rise
in sti�ness in the mineralized �brocartilaginous region (φ(x) > 50%). The fact that an
increase in mineral accumulation within collagen �bers can provide signi�cant sti�ening of
the enthesis, but only for concentration of minerals above a certain percolation threshold
(i.e., φ(x) ≈ 60%), corroborates earlier results and con�rms that our model can account
for e�ects of nonuniform mineral accumulation [22]. Finally, it should be noted that the
obtained sti�ness coe�cients all fall within the lower and upper limits de�ned by the
Voigt-Reuss bounds.

2.4.2 Parametric study

The predicted output values of our multiscale model strongly depend on the mechanical
properties of the nanoscale components, which showed a rather high dispersion among
di�erent studies (recall Tab. 2.1). We thus performed a parametric study to assess the
impact of these input parameters on the values of the resulting e�ective sti�ness tensor at
the mesostructural level. The obtained bounds for each of the �ve independent sti�ness
coe�cients are depicted in Fig. 2.4. As can be observed, the mechanical properties of
the water-NCPs composite inclusion were mostly responsible for relative variations of the
shear coe�cients (i.e., C44(x) and C66(x)) in the low-mineralized region, whereas they
barely a�ected the longitudinal coe�cients. The mechanical properties of the collagen
molecules matrix signi�cantly a�ected all sti�ness coe�cients over the entire tendon-
to-bone transition. As expected, the mechanical properties of HA minerals were only
responsible for variations of the sti�ness coe�cients in the highly mineralized region.

2.4.3 Identi�cation procedure

To further investigate the sensitivity of the e�ective sti�ness tensor across the inter-
phase, which, in turn, re�ects the ability of our model to predict experimentally observed
data, we proposed an optimization procedure to identify the model parameters θ (i.e.,
the six nanoscale properties from Tab. 2.1) that yielded the best agreement between
modeled and measured e�ective sti�ness tensors at the mesostructural scale, denoted by
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Cmeso(θ;x) and Cexp(x), respectively. Since experimental data for the interphase at the
tissue scale are not available in the literature, the optimization was conducted on data
from the two surrounding tissues only, i.e., Cexp(x = 0) and C

exp(x = 1), which are
summarized in Tab. 2.3.

Figure 2.4 � Sti�ness coe�cients bounds of the tendon-to-bone insertion at the
mesostructural level for a variation of the mechanical properties of the nanoscale compo-
nents: (a) water-NCPs composite; (b) collagen molecules; and (c) HA minerals. Black
arrows indicate the resulting trends in sti�ness with respect to increasing nanoscale prop-
erties.

Material Position
Sti�ness tensor Cexp(x)

Reference
Cexp

11 Cexp
33 Cexp

13 Cexp
55 Cexp

66

Tendon x = 0 3.08 4.51 3.10 0.04 0.02 [44]
Cortical bone x = 1 14.79 26.64 6.31 5.52 3.65 [46]

Table 2.3 � Reference sti�ness coe�cients (in GPa) for tendon and bone at the mesostruc-
tural scale.

Formally, the optimal model parameters θ̂ result from the minimization of an objective
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function F (θ) in a least-squares sense as,

θ̂ = arg min
θ∈Θ

F (θ) with F (θ) =
1

N

N∑
n=1

(
Cexp
n − Cn(θ)

Cexp
n

)2

, (2.9)

where Cexp and C(θ) are vectors that contain the measured and modeled sti�ness coef-
�cients, respectively, N is the number of sti�ness coe�cients, and Θ denotes the bounds
of the model parameters θ, which were taken according to Tab. 2.1. Genetic algo-
rithms were applied to solve Eq. (4.22) owing to their ability in �nding a near global
solution for non-convex multidimensional objective functions, without the need of an ac-
curate initial guess for the model parameters [48]. For this set of experimental data,
the identi�cation procedure delivered the following estimates for the model parameters,
θ̂ = [0.0153 0.4991 7.9 0.29 125.5 0.23], which pairwise correspond to the Young's mod-
uli (GPa) and Poisson's ratios of the water-NCPs composite, collagen molecules and HA
minerals, respectively. Figure 2.5 depicts the optimal matching between the modeled and
measured e�ective sti�ness tensors at the mesostructural scale. An excellent agreement
can be observed between the modeled and measured longitudinal sti�ness coe�cients,
with relative errors that are less than 5%. However, the agreement for the shear and
out-of-diagonal sti�ness coe�cients was moderate for the tendon region, thus indicating
that our model lacks some mechanical features that may account for a stronger anisotropy
in the transverse direction.
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Figure 2.5 � Optimal matching between the modeled and measured e�ective sti�ness
tensors at the mesostructural scale. Results were normalized with respect to the sti�ness
coe�cients of bone (Tab. 2.3).

2.5 Discussion

The tendon-to-bone insertion plays a crucial role in the musculoskeletal system, achiev-
ing an e�ective transfer of mechanical stresses across two tissues displaying a substantial
gap in mechanical properties of nearly two orders of magnitude. An accurate modeling
accounting for the mutiscale and composite nature of this interphase is essential to deepen
our understanding of complex biological interphases and has potential applications both
for clinical purposes and for the development of biomimetic strategies in engineering.
In this study, we proposed a multiscale model spanning four di�erent hierarchical lev-
els, from the nano- to the mesoscale, connected based on homogeneization procedures.
Starting from the mechanical properties of the elementary nanoscale components, this
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multiscale modeling strategy allowed deriving the e�ective sti�ness tensor of the enthesis
at the mesoscale. Since an analytical formulation was used at every step, the computa-
tional cost of modeling was very low.

The main �ndings from this study were as follows: (1) the e�ective sti�ness tensor
across the interphase was found to be transversely isotropic at the mesostructural level
(Fig. 2.3), thus retaining the symmetry class of the two surrounding tissues (i.e., tendon
and bone); (2) the mechanical properties of the elementary nanoscale components were
shown to impact the sti�ness coe�cients of the interphase at the mesoscale (Fig. 2.4),
and were subsequently optimized, by solving an inverse identi�cation procedure, to match
available ultrasonic data for the two surroundings tissues (Fig. 2.5); and (3) our modeling
results for the interphase were in qualitative agreement with stochastic �nite-element
estimates [22, 23] and reported experimental values for the insertional zones of human
meniscal attachments into underlying bone [49], thus supporting the hypothesis that the
tendon-to-bone insertion can be seen as a continuous functionally graded material.

Indeed, in accordance with these earlier models, our results indicated that the compet-
ing gradients in mineral concentration (at the nanoscale) and collagen �bers organization
(at the microscale) are important factors in determining the e�ective mechanical behavior
of the tendon-to-bone insertion at the mesoscale. On the one hand, the linear increase
in mineral content caused a sti�ening of the interphase that became signi�cant beyond a
certain percolation threshold. On the other hand, the decreasing collagen �ber organiza-
tion across the interphase led to a reduced tissue sti�ness along the main �bers direction.
The existence of a region that is more compliant than either tendon or bone (continuous
line in Fig. 2.6) was the result of these competing gradients. Moreover, it can be shown
that the dominant factors driving the width and depth of this compliant region are the
onset of mineralization and the angular deviation from the main collagen �bers direction
(dashed line in Fig. 2.6).
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Figure 2.6 � Mesostructural level estimates of the longitudinal elastic moduli. The
baseline (continuous line) displays the axial and transverse moduli obtained from the
optimal sti�ness coe�cients depicted in Fig. 2.5, whereas the tailored case (dashed line)
was obtained by delaying the onset of mineralization (to x ≈ 0.2) and reducing the
collagen �bers organization (angular deviation increased to 5◦).

Despite these promising results, mismatch observed between the model predictions and
experimental data (Fig. 2.5) could rise from simplifying hypotheses that were adopted at
di�erent stages of the modeling. First, the transition between di�erent hierarchies from
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the nanoscale to the mesoscale is continuous rather than discrete in real biological struc-
tures [33]. However, a limited number of length scales was accounted for in the modeling,
by assuming the existence of a RVE at each scale and each normalized position across
the interphase, in order to ful�ll the separation-of-scales requirements (i.e., features at
a previous scale are much smaller than those at the next scale). This is not necessar-
ily correct for the tendon-to-bone insertion because the features at a previous scale may
not be strictly in�nitesimal with respect to a larger scale. Although several continuum
micromechanics approaches have been used to model partially mineralized tissues with
a certain success [16�20, 29, 50], their use at the nanoscale has sparked important dis-
cussions among the homogenization community and is open to debate [51]. For instance,
the nano-sized dimensions of mineralized tissue components as well as their spatial ar-
rangements and interactions motivated alternative approaches based on discrete atomistic
simulations, speci�cally molecular dynamics [52]. A second challenging issue was the se-
lection of the mechanical properties of the nanoscale components, i.e., Young's moduli
and Poisson's ratios. In this study, all nanoscale components (i.e., water-NCPs composite,
collagen molecules and HA crystals) were assumed to have a linear elastic and isotropic
behavior. Wide range of values for these nanoscale properties have been reported in the
literature (recall Tab. 2.1) and di�erent choices of such properties may lead to very di�er-
ent results. For instance, atomistic modeling approach of collagen molecules revealed that
collagen may have a highly nonlinear viscoelastic behavior [53]. Likewise, the geometry
and properties of HA crystals are still subject to debate. This includes the shape of the
mineral particles, which have been considered both as needles [38, 54] or plates [5, 34].
Some evidences also shown that HA crystals may be oriented randomly around the min-
eralized collagen �brils [55], that their size can change during the mineralization from
the tendon to bone [56], or that their mechanical properties are anisotropic [57]. Third,
only a few studies di�erentiated between intra- and extra�brillar mineral volume frac-
tions. Indeed, the mineralization of �bril arrays, in particular the ratio between extra-
and intra�brillar mineral content, has sparked important discussions. Some authors men-
tioned a high intra�brillar mineral content [58, 59], whereas some others evidenced that
the mineral content is mainly located in the extra�brillar matrix [60, 61]. More recent
contributions underlined that mineralization pathways in bone are neither exclusively in-
tra�brillar nor extra�brillar [62], but rather form a continuous cross-�brillar phase [38],
but this feature remains largely unexplored for the tendon-to-bone insertion [23]. Fourth,
the pro�les of the competing gradients in mineral content and collagen �bers orientation
were selected according to earlier modeling strategies [22, 23], themselves based on Raman
spectroscopy [26] and polarized light microscopy [42]. Nevertheless, recent experimental
developments for measuring these �nely tuned gradients across the interphase are likely
to provide di�erent (nonlinear) pro�les [63, 64], which could be used as well to feed our
modeling approach. Fifth, based on the considered biological phases and their interactions
at each scale [34, 56], di�erent methods have been used to estimate the e�ective sti�ness
tensor at each homogenization step: The Mori-Tanaka method (steps 1, 3 and 4), the
self-consistent method (step 2), and the �inverse Mori-Tanaka� scheme (steps 5 and 6).
It is commonly ackowledged that the Mori-Tanaka method shows limited performance
for problems involving high volume fraction of inclusions over around 35% [65], since the
inclusions' distribution and interactions are not accounted for properly. Therefore, the
attributions of matrix and inclusions roles in our modeling steps 3 and 4 are open to
question, so that other homogenization methods could have been used. For instance, a
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rigorous approach has been proposed for composites containing multiple classes of aligned
ellipsoidal inclusions with a relatively high volume fraction [24], although this scheme can
violate the Hashin-Shtrikman bounds at low volume fraction for certain anisotropy of
the phases. Lastly, our modeling approach contains many steps, each of which should be
validated experimentally in the future. To date, little information is available in the litera-
ture concerning the experimental multiscale evaluation of the mechanical properties at the
tendon-to-bone attachment. Current imaging modalities have been used to map the local
content of the main constituents across the interphase [10, 26, 63], but a direct link with
the corresponding variations in mechanical properties is somehow still missing. Ongoing
developments of experimental techniques for measuring the local mechanical properties
of the interphase at di�erent scales, such as nanoscale dynamic mechanical analysis [66]
or scanning acoustic microscopy [67], are expected to provide means of comparing our
numerically obtained predictions.

All these uncertainties along with some other model parameters ignored in this work,
such as the gradient in protein content [68], the di�erent collagen types across the inter-
phase [4] or the unraveling of tendon �bers into smaller interphase �brils [10], make the
multiscale modeling of the tendon-to-bone insertion a challenging problem with much po-
tential for future works. As such, the modeling process proposed here is straightforwardly
extendable to account for damage characteristics as a footprint of clinical burden that
occur at the tendon-to-bone insertion, which may include for instance the multiscale ef-
fects of unloading (e.g., sti�ening of the HA foam at the nanoscale or �bers misalignment
at the microscale) [56]. Besides, such model paves the way to the design of bioinspired
bi-materials [69] that display the functionally graded properties of the enthesis, and their
characterization using quantitative ultrasound [70, 71].

2.6 Conclusion

We modeled the tendon-to-bone insertion as a hierarchical composite material and pre-
dicted its e�ective anisotropic sti�ness tensor at the tissue scale. Our multiscale analysis
involved a bottom-up approach, starting from the nanostructural level (partially mineral-
ized collagen �bril) and then moving up the scales through the sub-microstructural level
(partially mineralized �ber), the microstructural level (pattern of partially mineralized
�bers), up to the mesostructural level (partially mineralized tissue level). Our modeling
results supported the hypothesis that the tendon-to-bone insertion can be considered as a
continuous functionally graded material with respect to its mineral concentration and col-
lagen �bers organization, thus con�rming earlier results obtained using phenomenological
models (i.e., stochastic �nite element simulations) and experimentally reported trends.
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A.1. Hill tensor P0

Appendices

A.1 Hill tensor P0

A.1.1 Hill tensor for a cylindrical inclusion in a transversely isotropic

medium

The non-zero components of the Hill tensor P0 for a cylindrical inclusion embedded
in a transversely isotropic matrix of sti�ness C0 are given according to [72] using Voigt
notation, x3 being the axis of rotational symmetry,
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A.1.2 Hill tensors for a spherical inclusion in an isotropic medium

Considering the case of a spherical inclusion embedded in an isotropic matrix of sti�-
ness C0 [72], the components of the Hill tensor P0 now read as
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B.1 E�ective sti�ness tensor of the hydroxyapatite foam

CHw(x)

The self-consistent scheme for two interpenetrating (spherical) inclusion phases with
a linear elastic and isotropic behavior can be solved according to [32]. In such a case,
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the nonlinear system of equations (2.3) can be substituted by a system of two nonlinear
equations (note that the spatial variable x was omitted here for sake of clarity),

fHA(KHA −KHw)

1 + αHw(KHA −KHw)/KHw

+
(1− fHA)(Kwp −KHw)

1 + αHw(Kwp −KHw)/KHw

= 0 , (B.1)

fHA(GHA −GHw)

1 + βHw(GHA −GHw)/GHw

+
(1− fHA)(Gwp −GHw)

1 + βHw(Gwp −GHw)/GHw

= 0 , (B.2)

where the two unknowns KHw and GHw denote the bulk and shear moduli of the HA foam,
respectively. The parameters αHw and βHw are de�ned as

αHw =
3KHw

3KHw + 4GHw

, βHw =
6(KHw + 2GHw)

5(3KHw + 4GHw)
. (B.3)

Solving the aforementioned system yields the following components for the sti�ness tensor
of the hydroxyapatite foam,
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CHw
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Chapter 3. Wave propagation across a functionally graded interphase

Abstract

Joining soft to hard materials is a challenging problem in modern engineering ap-
plications. In order to alleviate stress concentrations at the interface between materials
with such a mismatch in mechanical properties, the use of functionally graded inter-
phases is becoming more widespread in the design of the new generation of engineered
composite materials. However, current macroscale models that aim at mimicking the me-
chanical behavior of such complex systems generally fail in incorporating the impact of
microstructural details across the interphase because of computational burden. In this
paper we propose to replace the thin, but yet �nite, functionally graded interphase by a
zero-thickness interface. This is achieved by means of an original model developed in the
framework of surface elasticity, which accounts for both the elastic and inertial behavior
of the actual interphase. The performance of the proposed equivalent model is evalu-
ated in the context of elastic wave propagation, by comparing the calculated re�ection
coe�cient to that obtained using di�erent baseline models. Numerical results show that
our dynamic surface elasticity model provides an accurate approximation of the reference
interphase model over a broad frequency range. We demonstrate application of this mod-
eling approach for the characterization of the graded tissue system at the tendon-to-bone
interphase, which ful�lls the challenging task of integrating soft to hard tissues over a
submillimeter-wide region.

Keyword: Functionally graded interphase, Equivalent interface model, Enriched surface
elasticity, Tendon-to-bone attachment, Elastic waves

3.1 Introduction

From a mechanical viewpoint, when materials having a dissimilar mechanical nature
(e.g., soft and hard) are attached together, they typically display highly non-uniform
deformations upon loading, eventually leading to stress concentration at their abrupt
interface, which in turn increase the failure probability. An appealing solution to im-
prove the integration between soft and hard materials consists in designing functionally
graded interphases, which are typically conceived as multilayers whose composition, mi-
crostructure and material properties gradually vary in space, in order to reduce mechanical
stresses [1]. Naturally present in the human body [2], graded materials represent a source
of inspiration that o�ers technological solutions for general engineering purposes as well
as for biomedical applications. This concerns for instance the skin, which is a complex
multilayered system, where each layer has a speci�c and age-related biomechanical behav-
ior [3], the cortex of long bones, which displays an increasing gradient of porosity from the
periosteum to the endosteum that is, in turn, related to a gradual change in mechanical
properties such as tensile strength and elasticity [4], and the so-called entheses, which are
specialized interfacial regions of the musculoskeletal system that allow joining connective
tissues, such as tendon, ligament or cartilage, to bone [5].

In particular, the tendon-to-bone interphase serves the challenging task of connecting
two highly dissimilar tissues over a very small region, which is typically a few hundreds
of micrometers wide (see Fig. 3.1a). This interphase has the remarkable ability to min-
imize stress concentration and related failure modes, with the possibility to withstand
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forces higher than the body weight for millions of loading cycles [6, 7]. These outstand-
ing features, achieved by means of �nely tuned gradients in structure, composition and
biomechanical properties at di�erent length scales (see Fig. 3.1b) [7, 8], are currently
playing a signi�cant role in the design of bioinspired interphases [9�11]. To unlock those

Figure 3.1 � (a) Organ level illustration of the tendon-to-bone attachment at the insertion
site corresponding to the Achilles tendon (image adapted from Ref. [12]); (b) Schematic
of the attachment at the microstructural level, highlighting the gradients in composition
and biomechanical properties across the tendon-to-bone interphase (image adapted from
Ref. [8]); (c) Finite thickness interphase model with varying mechanical properties across
the interphase; and (d) Equivalent interface model with speci�c properties.

mechanisms, computational models were developed both to investigate fundamental an-
choring strategies at the microstructural level [13�16] or to address applied orthopedic
strategies at the organ level [17�19]. Notwithstanding, from a modeling viewpoint, it is
highly challenging to bridge the gap between these two levels [20], and current models
targeting reattachment procedures of the tendon-to-bone interphase should be enriched
by including a more detailed description of the microstructure [21, 22]. Indeed, to ade-
quately capture the mechanical behavior of a graded interphase layer, the optimal choice
would be to consider its exact geometry and varying mechanical properties across the two
surrounding tissues [23]. However, this choice can be prohibitive when dealing with com-
plex heterogeneous interphases. In particular, the �nite size of such interphase, which is
very small compared to that of the surrounding tissues, may cause computational burden
when mesh re�nements are required for convergence purposes. In contrast, a too basic
model that would simplify the interphase to a large extent, or even ignore it, would fail in
capturing its mechanics. To face these limitations, a possible solution consists in replacing
the �nite heterogeneous interphase (see Fig. 3.1c) by an equivalent interface with speci�c
properties (see Fig. 3.1d) that retains the mechanical behavior of the original medium
over a certain range of validity.

It is commonly accepted that such modeling approach can be satisfactorily addressed
by enriching the equivalent model with additional �elds [24]. Initial attempts proposed
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to tackle this problem by replacing the interphase by an interface with null thickness and
purely elastic properties. A general framework for such general elastic interface model was
comprehensively described in [25, 26], and was subsequently extended to account for the
case where both the interphase and its surrounding media are anisotropic [27, 28] or the
case of an elasto-plastic interphase [29, 30]. In the case of dynamic problems, however, and
especially when dealing with wave propagation, a purely elastic surface model generally
fails in accounting for the local interactions between the mechanical perturbation (e.g.,
a wave) and the interphase, even if its dimensions are much smaller than the involved
mechanical characteristic length (e.g., the wavelength). Within this context, the inertial
behavior of the interphase can have a considerable impact on its macroscopic dynamic
response and should thus be included into the modeling strategy. This observation was
also at the basis of the concept of a structural interface that possesses a �nite thickness,
which was introduced in [31] and further developed in [32], where the role of its iner-
tial properties was highlighted. In the case of resonant meta-interfaces, an alternative
approach was to obtain e�ective jump conditions by applying a suitable homogenization
process [33, 34]. Moreover, some studies on elastic wave propagation showed that when
the interphase is located between two surrounding media with microstructure, inertial
properties also play a pivotal role in the modeling of the equivalent interface [35�37].

Following these recent �ndings, and in line with a former study by our group [38], we
introduce here an enriched equivalent interface model, whose properties are de�ned by
means of surface kinetic and potential energy densities. Furthermore, to account for the
nonlinear gradients in mechanical properties across the interphase found at the tendon-to-
bone attachement [39], we hypothesize that the displacement �eld can be approximated
using a piece-wise a�ne pro�le, whose characteristics depend upon an additional degree-
of-freedom within the interface. The performance of our modeling approach is evaluated
by calculating the frequency-dependent re�ection coe�cient of a plane pressure wave
under normal incidence. First, based on energetic concepts, the identi�cation of the spe-
ci�c surface properties of the equivalent interface model is achieved by comparison with
the reference interphase model. Second, an optimization procedure is conducted to in-
vestigate the impact of the additional degree-of-freedom. Third, the performance of the
optimal equivalent model is compared to di�erent models available in the literature, which
typically serve as a baseline in �nite element (FE) simulations at the organ scale. Our
numerical results show that this enriched model with speci�c interface conditions provides
a very accurate approximation of the reference model over a broad frequency range, thus
outperforming more simplistic models that fail in capturing the complex dynamics of the
interphase. As a by-product, the link between the position of the additional degree-of-
freedom and the microstructural features of the interphase (e.g., competing gradients in
mineral content and collagen �bers organization) is also discussed, thus opening promis-
ing perspectives for characterizing the tendon-to-bone attachment status. Elastic waves
indeed represent a relevant nondestructive means to probe the interphase quality, as they
possess intrinsic sensitivity to the mechanical properties contributing to the tendon-to-
bone attachment strength. Overall this modeling approach represents the �rst building
block for developing more sophisticated models targeting reattachment procedures at the
organ scale that incorporate a more detailed description of properties at lower length
scales.

The paper is structured as follows: Sect. 3.2 introduces the theoretical fundamentals
of our modeling approach. The numerical results are then presented in Sect. 3.3. Finally,
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the strengths and limitations of the proposed model are discussed in Sect. 4.6.

3.2 Theory

Based on the variational principles [40�42], this section �rst presents the governing
equations and boundary conditions for the two models depicted in Fig. 3.1c�d: (1) A
reference model, which consists in a �nite thickness interphase with a gradient in me-
chanical properties, surrounded by two homogeneous media (see Subsect. 3.2.1), and (2)
an equivalent model in which the interphase is replaced by speci�c interface conditions
between the two homogeneous media (see Subsect. 3.2.2). This general framework is then
reduced to the speci�c case of a pressure plane wave propagating under normal incidence
(see Subsect. 3.2.3). Finally, the strategy to identify the coe�cients of the equivalent
interface model is described in Subsect. 3.2.4.

3.2.1 Reference interphase model

Let us consider the Cartesian frame of reference with coordinates R(O; e1, e2, e3),
where O is the origin and (e1, e2, e3) is an orthonormal basis for the space. The coor-
dinates of a point M in R are speci�ed by (x1, x2, x3) and the time is denoted by t.
As depicted in Fig. 3.2, the reference model consists of two homogeneous half-spaces
Ω− = {(x1, x2, x3) | x2, x3 ∈ R and x1 < −h

2
} and Ω+ = {(x1, x2, x3) | x2, x3 ∈

R and x1 >
h
2
}, separated by an heterogeneous interphase layer of thickness h, namely

ΩI = {(x1, x2, x3) | x2, x3 ∈ R and− h
2
< x1 <

h
2
}, where R is the set of real numbers. In

Figure 3.2 � Modeling con�guration of the reference model: A �nite thickness interphase
ΩI with varying mechanical properties along the x1-direction is surrounded by two ho-
mogeneous half-spaces Ω±. Superscripts +, − and I denote the variables associated with
the domains Ω+, Ω−, and ΩI , respectively.

what follows, the equations of motion are derived according to the least action principle.
To this end, we introduce the action functional Aref of the considered system as in [36],

Aref =

∫
Ω×(0,tf )

[
T+ + T− + T I − U+ − U− − U I

]
dA, (3.1)
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where Ω = Ω± ∪ ΩI spans the complete domain of interest, (0, tf ) is a time interval and
dA represents the di�erential volume element. The kinetic and potential energy densities
per unit volume, T and U , associated with each domain of interest are de�ned as,

T± =
1

2
ρ±u̇±.u̇± and U± =

1

2
σ± : ε±, (3.2)

T I =
1

2
ρI(x1)u̇I .u̇I and U I =

1

2
σI : εI , (3.3)

where ρ± are the mass densities of the domains Ω±, and ρI(x1) is the mass density of the in-
terphase ΩI , which varies along the x1-direction. The displacement vector associated with
each domain is denoted by u, where the superimposed dot denotes the �rst derivative with
respect to time. The stress and in�nitesimal strain tensors associated with each domain
are denoted by σ and ε, respectively, the latter being de�ned as ε = (1/2)

(
∇u + (∇u)T

)
,

whereby ∇ and the superscript T denote the gradient and transpose operators, respec-
tively. The operators dot (.) and colon (:) denote the scalar product of two vectors and
the double contracted product of two tensors, respectively.

The least action principle implies that the variation of the action de�ned by Eq. (3.1)
should verify that δAref = 0. This condition, along with the consideration of kinematic
constraints on the boundaries, i.e., the continuity of displacements between the domains
Ω± and ΩI , leads to the following boundary value problem for the reference model,

∇.σ± − ρ±ü± = 0 ∀M ∈ Ω±

∇.σI − ρI(x1)üI = 0 ∀M ∈ ΩI

σ−n− + σInI− = 0
u− − uI = 0

}
for x1 = −h

2

σInI+ + σ+n+ = 0
uI − u+ = 0

}
for x1 =

h

2

, (3.4)

where ∇. denote the divergence operator. The constitutive relation associated with each
domain is de�ned in the frame of the linear elasticity, i.e., σ± = C±ε± and σI = CI(x1)εI ,
whereby C± is the fourth-order elasticity tensor of the domains Ω±, and CI(x1) is the
fourth-order elasticity tensor of the interphase ΩI , which varies with respect to the x1-
direction.

3.2.2 Equivalent interface model

This section introduces the equivalent model based on surface elasticity, in which
the �nite thickness heterogeneous interphase is replaced by speci�c interface conditions.
To this end, kinetic and potential energy densities of the interphase, T I and U I from
Eq. (3.3), are now substituted by surface energy densities. The action functional A for
the equivalent system can thus be de�ned in a similar manner as in Sect. 3.2.1,

A =

∫
Ω×(0,tf )

[
T+ + T− − U+ − U−

]
dA+

∫
∂Ω×(0,tf )

[
T S − US

]
dS, (3.5)

70



3.2. Theory

where ∂Ω is the mid-surface of the domain ΩI and dS represents the di�erential surface
element, so that

T S =

∫ xl

−h
2

T Idx1 +

∫ h
2

xl

T Idx1 and US =

∫ xl

−h
2

U Idx1 +

∫ h
2

xl

U Idx1, (3.6)

where −h
2
< xl <

h
2
. Owing to the continuity of displacements at the boundaries, we

can state that uI(−h
2
) = u−(−h

2
) and uI(h

2
) = u+(h

2
), where, for the sake of conciseness,

the dependence of the �elds on the spatial coordinates x2 and x3, as well as on time t, is
dropped. We furthermore assume that the integrals in Eq. (3.6) are quadratic forms of
the displacement and velocity �elds evaluated on the x2x3-plane for x1 equal to −h

2
, xl

or h
2
. Altogether, these hypotheses allow deriving a general form for the surface energy

densities as,

T S =
1

2

[
m+u̇+.u̇+ +mlu̇l.u̇l +m−u̇−.u̇− + 2γ1u̇

−.u̇l + 2γ2u̇l.u̇
+
]
, (3.7)

US =
1

2
K1

[
ul − u−

]
.
[
ul − u−

]
+

1

2
K2

[
u+ − ul

]
.
[
u+ − ul

]
, (3.8)

where ul = uI (xl). Note that, by abuse of notation, we dropped the dependence on
space for all displacements. These surface energy densities, which are concentrated in the
mid-surface ∂Ω between the domains Ω+ and Ω−, can be interpreted by means of the
generalized spring-mass system depicted in Fig. 3.3. Within this frame, the second-order
tensors m± and ml represent masses concentrated at both sides of the interface and at
position xl, respectively; the second-order tensorsK1 andK2 represent surface sti�nesses;
and �nally the second-order tensors γ1 and γ2 account for the kinetic interactions between
the displacement �elds.

Figure 3.3 � Modeling con�guration of the equivalent model with speci�c interface con-
ditions. The generalized spring-mass system illustrates the role played by the additional
degree-of-freedom l to account for the dynamic interactions across the interphase.

It is worth pointing out that, in the most general case, all these constitutive tensors
are function of space and time (or frequency in the harmonic regime). Nevertheless, for
the model to be exploitable, i.e., to link these tensors to the physical characteristics of the
interface rather than to its dynamic properties, a possibility is to turn them into constants.
Here the calculation of these tensors will be achieved by selecting speci�c pro�les for the
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displacement and velocity �elds across the interphase, uI(x1) and u̇I(x1), which ful�ll
the aforementioned constraints at the location x1 given by the values −h

2
, xl or h

2
. The

natural consequence of this choice is that all surface energy terms will be considered as
approximations only.

Again, the variation of the action δA should verify that δA = 0, thus leading to the
following boundary value problem,

∇.σ± − ρ±ü± = 0, ∀M ∈ Ω±

σ−n− −K1(ul − u−) +m−ü− + γ1ül = 0

σ+n+ +K2(u+ − ul) +m+ü+ + γ2ül = 0

K1(ul − u−)−K2(u+ − ul) +mlül + γ1ü
− + γ2ü

+ = 0

(3.9)

where the �rst equation retains the same form than that of Eq. (3.4), whereas the other
three now account for the speci�c interface conditions, in which, by abuse of notation,
the stress tensors are now stated as σ− = σI

(
−h

2

)
and σ+ = σI

(
h
2

)
. It should be noted

that this boundary value problem could be easily implemented in a standard FE code, as
it only involves a modi�cation of the boundary conditions.

3.2.3 Pressure plane wave propagation under normal incidence

We now consider the problem of a plane elastic wave propagating under normal in-
cidence across the considered functionally graded interphase. In this way, our modeling
approach is reduced to an incident and a re�ected longitudinal bulk wave in the domain
Ω− and a transmitted longitudinal bulk wave in the domain Ω+. By assuming a general
harmonic solution for the interphase ΩI , the general solution for a plane wave propagating
along the x1-direction reads as

u−(x1, t) =
(
Ai exp (jk−p x1) + Ar exp (−jk−p x1)

)
exp (−jωt)

u+(x1, t) = At exp (j(k+
p x1 − ωt))

uI(x1, t) = g(x1)exp(−jωt)
, (3.10)

where ω represents the angular frequency and j is the unit imaginary number. The
variable k±p = ω/c±p denotes the wave number, which depends upon the longitudinal bulk
wave velocity c±p in the domain Ω±. The variables Ai, Ar and At denote the amplitudes
of the incident, re�ected and transmitted plane waves, respectively. The function g(x1)
represents the unknown amplitude of the harmonic solution in the interphase, which
accounts for the material heterogeneity along the x1-direction. Substituting the wave
solutions from Eq. (3.10) into the boundary value problem from Eq. (3.4), and working
through these analytical equations to remove the variables Ar and At, yield the following
boundary value problem for the function g(x1) in strong form,

(
CI

11(x1)g,1(x1)
)
,1

+ ω2ρI(x1)g(x1) = 0

CI
11

(
−h

2

)
g,1

(
−h

2

)
+ jk−p C

−
11g

(
−h

2

)
− 2jk−p C

−
11Aiexp

(
−jk−p

h

2

)
= 0

CI
11

(
h

2

)
g,1

(
h

2

)
− jk+

p C
+
11g

(
h

2

)
= 0

,

(3.11)
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where the derivative with respect to x1 is denoted by (,1) and C11 is the sti�ness coe�cient
along the x1-direction (in Voigt notation) associated with each domain. The �rst relation
of Eq. (3.11) is an ordinary di�erential equation with respect to the coordinate x1, whereas
the two last relations account for the boundary conditions at positions x1 = −h

2
and

x1 = h
2
, respectively. Note that such boundary value problem in strong form must be

solved numerically.
In the same vein, the boundary value problem associated with the equivalent interface

model (recall Eq. (3.9)) can be simpli�ed as follows in the case of a pressure plane wave
under normal incidence,

C±11u
±
,11 − ρ±ü± = 0, ∀M ∈ Ω±

C−11u
−
,1 −K1(ul − u−) +m−ü− + γ1ül = 0

−C+
11u

+
,1 +K2(u+ − ul) +m+ü+ + γ2ül = 0

K1(ul − u−)−K2(u+ − ul) +mlül + γ1ü
− + γ2ü

+ = 0

, (3.12)

where it should be noted that the second-order tensors of the surface energy terms are now
all reduced to scalar coe�cients. Furthermore, we hypothesize that the general solution
for the displacement in the interface can be stated as

ul(t) = B exp(−jωt), (3.13)

where B represents the unknown amplitude of the harmonic solution in the interface.
Substituting Eq. (3.13), along with the wave solutions associated with the surrounding
domains Ω± from Eq. (3.10), into the boundary value problem from Eq. (3.12) leads to
the following linear equation system−jk−p C−11 +K1 − ω2m− −K1 − ω2γ1 0

0 −K2 − ω2γ2 −jk+
p C

+
11 +K2 − ω2m+

−K1 − ω2γ1 K1 +K2 − ω2ml −K2 − ω2γ2

ArB
At

 =

− (jk−p C−11 +K1 − ω2m−
)
Ai

0
(K1 + ω2γ1)Ai

 ,

(3.14)

whose solution allows determining the unknown amplitudes, Ar and At, of the re�ected
and transmitted waveforms. Note that, in contrast to the boundary value problem as-
sociated with the reference interphase model (recall Eq. (3.11)), the resulting system for
the equivalent interface can be solved analytically.

3.2.4 Identi�cation of the equivalent model coe�cients

This section presents the adopted strategy for identifying the coe�cients of the surface
kinetic and internal energy densities, i.e., m−, ml, m+, γ1, γ2, K1, and K2. Towards this
goal, we hypothesize that the displacement �eld is directed towards the surface normal,
i.e., uI = uI(x1) e1, and that it can be approximated using a piece-wise a�ne pro�le with
respect to the coordinate x1 (see Fig. 3.4).

In such a case, the kinetic and potential energy densities across the interphase (recall
Eq. (3.3)) can be written as

T I =
1

2

∫ h
2

−h
2

ρI(x1)
(
vI(x1)

)2
dx1 and U I =

1

2

∫ h
2

−h
2

CI
11(x1)

(
uI,1(x1)

)2
dx1, (3.15)
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Figure 3.4 � Illustration of the displacement �eld across the interphase for an arbitrarily
selected frequency: Comparison between the exact pro�le (continuous black line) used
in the reference model and the piece-wise a�ne pro�le (dashed red line) used in the
equivalent interface model. The a�ne pro�le (dashed blue line) proposed in [38] is shown
for comparison.

where

uI(x1) =


(

2 (ul − u−)

h+ 2xl

)
x1 +

(
ulh+ 2u−xl
h+ 2xl

)
for − h

2
< x1 < xl(

2 (u+ − ul)
h− 2xl

)
x1 −

(
2u+xl − ulh
h− 2xl

)
for xl < x1 <

h
2

, (3.16)

in which u−, ul and u+ are the values of the displacement �eld uI(x1) at the location x1

given by the values −h
2
, xl or h

2
. Note that, since we assumed a general harmonic solution

for the displacement �eld in the interphase, the velocity �eld vI(x1) will have the same
piece-wise form, modulo the constant complex factor jω, than that of Eq. (3.16), with
v−, vl and v+ being the values of the velocity �eld at the location x1 given by the values
−h

2
, xl or h

2
. According to the pressure plane wave assumption, the kinetic and potential

energies per unit surface, T S and US, can now be written as

T S =
1

2
[m+(v+)2 +ml(vl)

2 +m−(v−)2 + 2γ1v
−vl + 2γ2vlv

+] ,

US =
1

2
K1 (ul − u−)

2
+

1

2
K2 (u+ − ul)2

,

(3.17)

where the necessary conditions for the kinetic energy density, T S, to be a positive de�nite
quadratic form are that m± > 0, γ2

2 < 1
2
m+ml, and γ2

1 < 1
2
m−ml. By inserting the

displacement and velocity �elds, uI(x1) and vI(x1), into Eq. (3.15), the outcome can
then be compared to Eq. (3.17) by making use of the relations de�ned in Eq. (3.6),
thus allowing for the identi�cation of the coe�cients belonging to the surface kinetic and
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potential energy densities T S and US as

m− = 4

∫ xl

−h
2

ρI(x1)

(
x1 − xl
h+ 2xl

)2

dx1

m+ = 4

∫ h
2

xl

ρI(x1)

(
x1 − xl
h− 2xl

)2

dx1

ml =

∫ xl

−h
2

ρI(x1)

(
h+ 2x1

h+ 2xl

)2

dx1 +

∫ h
2

xl

ρI(x1)

(
h− 2x1

h− 2xl

)2

dx1

γ1 = 2

∫ xl

−h
2

ρI(x1)
(h+ 2x1)(−x1 + xl)

(h+ 2xl)2
dx1

γ2 = 2

∫ h
2

xl

ρI(x1)
(h− 2x1)(x1 − xl)

(h− 2xl)2
dx1

K1 =
1

x2
l

∫ xl

−h
2

CI
11(x1)dx1

K2 =
1

(h− xl)2

∫ h
2

xl

CI
11(x1)dx1.

(3.18)

In our earlier study [38], the equivalent interface model was associated with an a�ne
displacement �eld (dashed blue line in Fig. 3.4). To serve as a comparison with Eqs. (3.17)-
(3.18), the related expressions for the kinetic and potential energy densities per unit
surface, along with the identi�ed coe�cients, are brie�y recalled in A.1.

3.3 Numerical results

The performance of the proposed enriched model is assessed by evaluating the frequency-
dependent re�ection coe�cient in a re�ection/transmission problem between two homo-
geneous solid half-spaces, which are separated by a �nite thickness and heterogeneous
interphase. First, we identify the speci�c surface properties of the equivalent interface
by comparison with the reference interphase. Second, we perform an optimization proce-
dure to investigate the impact of the position xl of the additional degree-of-freedom on
the modeling performance. The optimal equivalent model is subsequently compared to
di�erent baselines.

Towards these goals, we consider here an interphase whose sti�ness and density vary
along the x1-direction. This con�guration is inspired by our recent multiscale modeling
results [39], which showed that the tendon-to-bone interphase can be seen as a continuous
functionally graded material. The selected model parameters for the two surroundings
tissues, i.e., tendon Ω− and bone Ω+, together with the �nite thickness h of the interphase,
are summarized in Tab. 3.1.

Mass density (g.cm−3) Sti�ness coe�cient (GPa) Thickness (µm)
ρ− ρ+ C−11 C+

11 h

1.22 1.88 4.37 27.48 300

Table 3.1 � Model parameters for the two surroundings tissues Ω± and the interphase ΩI .
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The gradients in mechanical properties across the interphase ΩI , which are used as fur-
ther input in the reference model, are depicted in Fig. 4.2. The e�ective sti�ness variation
at the mesoscale is the result of competing gradients in mineral content and collagen �bers
organization at lower length scales. Indeed, it has been shown that the linear increase
in mineral content caused a sti�ening of the interphase that became signi�cant beyond
a certain percolation threshold (approximately located between 0− 50 µm in Fig. 4.2a),
whereas the decreasing collagen �ber organization across the interphase led to a reduced
tissue sti�ness along the main �bers direction [14, 39]. In contrast, the e�ective mass
density evolves linearly between the two surrounding tissues (see Fig. 4.2b).

Figure 3.5 � Graded mechanical properties across the tendon-to-bone interphase: (a)
e�ective sti�ness coe�cient C11 and (b) e�ective mass density ρ. These trends are based
upon the multiscale model reported in [39].

3.3.1 Evaluation of the equivalent interface model

To validate the proposed equivalent interface model, we �rst evaluate the re�ection
coe�cient R = |Ar/Ai|2 as a function of frequency, in which the amplitude Ai of the
incident plane wave was set to unity. For a better interpretation, the re�ection coe�cient
R was calculated as well as a function of the ratio between the average wavelength λ̄ and
the thickness h of the interphase. The average wavelength λ̄ was de�ned as

λ̄ =
c̄Ip
f
, with c̄Ip =

√
C̄I

11

ρ̄I
, (3.19)

where c̄Ip, C̄
I
11 and ρ̄

I are the average phase velocity, the average sti�ness and the average
mass density, respectively.

The reference model from Eq. (3.11) is solved using a standard FE code such as Comsol
Multiphysics R©, from which the re�ection coe�cient, Rref can be derived as

Rref =

∣∣∣∣ArAi
∣∣∣∣2 =

∣∣∣∣∣∣∣∣
g

(
−h

2

)
− Ai exp

(
−jk−p

h

2

)
Ai exp

(
jk−p

h

2

)
∣∣∣∣∣∣∣∣
2

. (3.20)

In contrast, the re�ection coe�cient associated with the equivalent interface model can
be calculated analytically using Eq. (3.14). Note, however, that this enriched modeling
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approach now depends upon the position of the additional degree-of-freedom xl, whose
optimal location is a priori not known. To serve as an example, the coe�cients of the
kinetic and potential energy densities were �rst calculated for two arbitrarily selected
values of xl using Eq. (3.18). The numerical results are depicted in Fig. 3.6, in which the
proposed model (dashed red line) with di�erent values of xl is compared to the reference
interphase model (continuous black line), to a homogeneous interphase ΩI with averaged
mechanical properties (dashed gray line), and to an abrupt transition (continuous gray
line) corresponding to the case where the surroundings tissues Ω± are placed directly in
contact. As can be observed in the enlargement of Fig. 3.6, for a low frequency regime
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Figure 3.6 � Frequency-dependent re�ection coe�cient R obtained using: (1) the ref-
erence model (continuous black line); (2) a homogeneous interphase (dashed gray line);
(3) an abrupt transition (continuous gray line); and (4) the equivalent interface model
(dashed red lines) for two arbitrarily selected values of xl equal to −50 and 50 µm. The
black arrow indicates the resulting trend with respect to increasing values of xl.

below 0.3 MHz (i.e., high ratio λ̄/h), the equivalent interface model satisfactorily captures
the dynamics of the reference model, independently of the position of the additional
degree-of-freedom xl. At an intermediate frequency regime around 0.3�2.5 MHz, the
choice of xl has a signi�cant impact on the ability of our model to match the reference
one, and thus account for the gradient in mechanical properties, which in turn re�ect
microstructural features at lower length scales. As expected, when the ratio of the average
wavelength to the interphase thickness decreases towards values below 3, the deviation
from the reference model increases, and our approximated model fails in capturing the
complex dynamics of the interphase, which is associated with stronger wave-interphase
interactions. Nonetheless, it is worth mentioning that, overall, the deviation of this model
from the reference ones is much lower than that obtained using a simple abrupt transition
or a homogeneous interphase with averaged mechanical properties, which represent the
commonly used baselines in FE simulations at the organ scale [43�45].

3.3.2 Optimization of the equivalent interface model

Second, an optimization procedure was conducted to further investigate the impact of
the additional degree-of-freedom position xl on the performance of the proposed model.
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To this end, the relative cumulative error on the re�ection coe�cient (denoted by err)
between the one of the reference model (denoted by Rref) and the one of the equivalent
interface model (denoted by R) was calculated by sweeping the frequency and the position
of xl across the interphase as

err(xl, f) =
1

Nmax

Nmax∑
n=1

(
Rref(fn)−R(xl, fn)

Rref(fn)

)2

, (3.21)

where Nmax is an integer value corresponding to the maximal frequency position. Fig-
ure 3.7a represents the dynamics of the error as a function of the position of xl and the
frequency f . As can be observed, at a low frequency regime below 0.3 MHz, the equivalent

Figure 3.7 � (a) Relative cumulative error on the re�ection coe�cient (Eq. (3.21)) be-
tween the one of the reference model and the one of the equivalent interface model as a
function of the frequency and the position of the additional degree-of-freedom xl across
the interphase. The dashed red line represents the optimal xl-path as a function of the
frequency, whereas the black dots depict the local minima x(1)

l and x(2)
l . The region around

the second local minima is displayed in the insert. (b) Relative cumulative error along
the optimal xl-path as a function of the frequency (dashed red line). The error between
the reference model and the model presented in [38] is shown for comparison (dashed blue
line). The gray line represents the frequency threshold (0.3 MHz) below which the error
is independent of the position xl.

interface model provides an accurate approximation of the reference model independently
of the position of the additional degree-of-freedom xl. Towards higher frequencies, the
performance of the equivalent model slightly decreases, but there is a speci�c path along
xl (displayed as a dashed red line) for which the error remains reasonably low. Inter-
estingly, there are two local minima located at around 1 and 2.6 MHz along this path
(black dots), for which the optimal values of x̂l are equal to 32 and 1.2 µm, respectively
(i.e., thicknesses that fall within the range corresponding to the percolation threshold in
Fig. 4.2a). A more advanced insight is provided in Fig. 3.7b, which depicts the relative
cumulative error along the optimal xl-path as a function of the frequency, thus clearly
highlighting the presence of two local minima, i.e., x(1)

l and x(2)
l . It is worth mentioning

that the error associated with x
(2)
l at 2.6 MHz is of the same order than that obtained

using the model from [38] at 0.3 MHz (low frequency regime represented as a continuous
gray line). Therefore, �ne-tuning the position of the additional degree-of-freedom xl in
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our modeling approach allows enlarging nearly 8 times the validity range with respect to
that model.

To further assess the performance of our enriched model, Fig. 3.8 now depicts the
obtained frequency-dependent re�ection coe�cient R for the optimal position x(2)

l (dashed
red line), which is compared to the reference model (continuous black line), an abrupt
transition (continuous gray line), the equivalent model from [38] (dashed blue line) and
an equivalent model possessing only elastic properties (dotted red line), that is to say
non-inertial interface conditions (i.e., m+ = m− = ml = 0 kg.m−2 and γ1 = γ2 = 0
kg.m−2). As expected from the optimization, our equivalent model with speci�c interface

0 0.5 1 1.5 2 2.5 3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

15.5 7.7 5.2 3.9 3.1 2.6

Figure 3.8 � Frequency-dependent re�ection coe�cient R obtained using: (1) the refer-
ence model (continuous black line); (2) an abrupt transition (continuous gray line); (3)
a non-inertial equivalent interface model (dotted red line); (4) the model (dashed blue
line) associated with a displacement �eld with an a�ne pro�le (Ref. [38]); and (5) the
equivalent interface model (dashed red lines) for an optimal value of xl equal to 1.2 µm.

conditions provides a very accurate approximation of the reference model over a broad
frequency range up to around 2.6 MHz. It thus outperforms the results obtained with the
equivalent model from [38], which still remains valid but for a much narrower frequency
regime. In contrast, an equivalent model that only accounts for elastic interface conditions
totally fails in capturing the complex dynamics of the interphase.

3.4 Discussion

Computational modeling of functionally graded intephases between soft and hard ma-
terials has provided important insights on underlying anchoring mechanisms at the mi-
croscale and on surgical repair strategies at the macroscale. To unravel additional me-
chanical characteristics related to the functioning of such complex interphases, as well as
to enhance the characterization of bioinspired attachment procedures or tissue engineered
implants, current models should include a precise description of the graded mechanical
behavior of the interphase across several length scales. However, such modeling strategy
raises several challenges from a computational viewpoint, especially in the case of dynamic
loading.
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Chapter 3. Wave propagation across a functionally graded interphase

In this study, we proposed an equivalent model based on surface elasticity, in which the
�nite thickness, continuous functionally graded interphase between the tendon and bone
can be substituted by a zero-thickness interface. This was achieved by replacing the kinetic
and potential energies of the interphase by speci�c surface energy density terms, whose
coe�cients could be identi�ed in a straightforward manner using known pro�les for the
e�ective sti�ness and density across the interphase. With respect to previously reported
models, this novel formulation introduces an additional degree-of-freedom, which allows
for a more re�ned description of the mechanical �elds (e.g., displacements and velocities)
across the interphase. The performance of the model was evaluated in the context of wave
propagation.

The main �ndings from this numerical study were as follows: (1) as the performance
of enriched models generally depends upon a proper selection of the kinematics across the
interphase, our numerical results showed that the displacement �eld could be adequately
modeled as a two-piece pro�le associated with an additional degree-of-freedom; (2) the
assessment of the frequency-dependent re�ection coe�cient showed that our optimized
enriched model can provide a very accurate approximation of the reference model over a
broad frequency range up to around 2.6 MHz, thus outperforming the results obtained
with more simplistic models; and (3) this model has a much lower computational cost than
the reference one, as the interphase must not be incorporated (i.e., meshed) explicitly.
Overall, our numerical results showed that the proposed approach is well-suited for the
solution of a complete elastodynamics problem in the frequency-domain, as it captures
the complex mechanical behavior of the tendon-to-bone interphase over a broad frequency
range. Interestingly, all these signi�cant outcomes are reached based on the optimal posi-
tion of the additional degree-of-freedom, whose choice may depend on several parameters,
among which the underlying behavior of the gradient in mechanical properties across the
interphase is thought to be a determinant factor.

To test this hypothesis, we also investigated the impact of microstructural damage at
the tendon-bone interphase on the optimal position of the additional degree-of-freedom
(see Fig. 3.9). Clinical burden related to physical overloading, disuse or systemic diseases

Figure 3.9 � Graded mechanical properties across the tendon-to-bone interphase repre-
sentative of a damaged con�guration (dashed lines): (a) e�ective sti�ness coe�cient C11

and (b) e�ective mass density ρ. The nominal case from Fig. 4.2 is shown for comparison
(continuous lines).

may manifest as a delayed onset of mineralization and an increasing angular deviation
from the main collagen �bers direction across the tendon-to-bone insertion [46�48], which
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in turn lead to modi�ed graded mechanical properties at the macroscale [14, 39]. A can
be observed, for such a damaged con�guration the gradient in sti�ness displays a slightly
shifted percolation threshold with respect to the nominal case (see Fig. 3.9a), whereas the
gradient in mass density now has a piece-wise pro�le (see Fig. 3.9b).

Using these modi�ed graded pro�les as input of our enriched model and applying the
optimization procedure described in Subsect. 3.3.2 yield di�erent values for the optimal
position x̂l and for the identi�ed coe�cients associated with the surface energy density
terms (see Tab. 3.2). Interestingly, the optimal position x̂l has now raised to around 9
µm with respect to its nominal value, and this shift is of the same order than that related
to the percolation threshold observed in the sti�ness pro�le (see Fig. 3.9a). Beside the
shift of x̂l, the identi�ed coe�cients are also impacted, but their interpretation is not
straightforward and we postpone this analysis to future works. Nevertheless, our model

Case
Position Surface mass densities Kinetic interactions Surface sti�nesses

x̂l m− m+ ml γ1 γ2 K1 K2

µm kg.m−2 kg.m−2 kg.(s.m)−2 ×1013

Healthy 1.2 0.0653 0.0881 0.1525 0.0346 0.0418 3.08 8.05
Damaged 10.3 0.0658 0.0818 0.1427 0.0339 0.0384 2.72 7.57

Table 3.2 � Comparison between the optimal positions of the additional degree-of-
freedom and the coe�cients of the enriched model for the healthy and damaged cases.

proves to be sensitive to slight changes of the graded properties across the interphase (see
Fig. 3.10) and could potentially be used for characterization purposes.
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Figure 3.10 � Comparison between the reference model (continuous black lines) and
the optimal equivalent interface model (dashed red lines) for two di�erent gradients in
mechanical properties across the tendon-to-bone interphase (recall Fig. 3.9).

Although the proposed enriched framework was established to account for a general
3-D formulation, the investigated con�guration was subsequently reduced to the rather
simple case of a plane elastic wave propagating under normal incidence across a function-
ally graded interphase, whose mechanical properties vary with respect to a single direction
only. In a such case, the re�ection/transmission problem is limited to the analysis of lon-
gitudinal bulk waves. Therefore, to further tackle the complexity of the tendon-to-bone
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attachment, whose geometry, for instance at the Achilles tendon, is characterized by a
shallow attachment angle and an optimized shape of the outward splay, as well as by inter-
digitation mechanisms (recall Fig. 3.1a�b) [49, 50], future modeling e�orts should consider
2-D geometries using plane wave propagating under oblique incidence (i.e., both longitudi-
nal and shear waves) or surface waves [51]. As a further drawback, the performance of the
enriched model was here only assessed based on the analysis of the frequency-dependent
re�ection coe�cient, thus only displaying information on the amplitude spectrum of the
propagating waves. However, the phase of the waves plays a crucial role as well, especially
for the analysis of time-domain signals traveling across thin interphases. Further studies
are warranted to precisely address the impact of the equivalent modeling approach on the
phase spectrum. Overall this modeling approach represents the �rst critical step towards
the development of more sophisticated models targeting mechanical strategies for improv-
ing diagnostic and reattachment procedures, which will not only be valuable for evaluating
the tendon-to-bone insertion, but also other multiscale and graded biological attachments
such as the bone-implant interphase [52, 53] and new generations of engineered composite
materials [54].

3.5 Conclusion

The original equivalent interface model presented in this study aimed at mimicking the
elastodynamic behavior of a �nite heterogeneous interphase, while reducing the overall
computational burden related to the consideration of its complete geometry. It has been
shown that, in the case of a dynamic experiment, i.e., plane pressure waves under normal
incidence, the proposed enriched model remains valid over a broad frequency range and
outperforms more simplistic models that typically serve as a baseline in FE simulations at
the organ scale. The key feature of the model was the introduction of an additional degree
of freedom in the interface, which allowed for a �ner description of the kinematic �elds
within the interphase that accounted for both its inertial behavior and the kinetic inter-
actions with the surrounding media. Furthermore, it has been shown that the model was
sensitive to slight variations of the graded mechanical properties across the interphase,
thus opening potential applications in the �eld of nondestructive testing and character-
ization. Finally, it should be noted that such modeling approach is straightforwardly
extendable to account for more complex interphase geometries.
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Appendix

A.1 Equivalent interface model used for comparison

Here we brie�y recall the underlying equations of the equivalent interface model intro-
duced in [38]. In that study, the displacement �eld was associated with an a�ne pro�le.
As such, the general forms for the kinetic and potential energies per unit surface were
stated as

T S =
1

2

[
m+(v+)2 +m−(v−)2 + 2γv+v−

]
, (A.1)

US =
1

2
K
(
v+ − v−

)
.
(
v+ − v−

)
, (A.2)

where the coe�cients to be identi�ed are

m± =
M0

4
± M1

h
+
M2

h2
, γ =

M0

4
− M2

h2
, (A.3)

in which Mα represents the α-th order moment of the density pro�le of the interphase

Mα =

∫ h

0

xα1ρ
I(x1)dx1, for α = 0, 1, 2. (A.4)
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Abstract

Functional grading is a distinctive feature adopted by nature to improve the transi-
tion between tissues that present a strong mismatch in mechanical properties, a relevant
example being the tendon-to-bone attachment. Recent progress in multi-material addi-
tive manufacturing now allows for the design and fabrication of bioinspired functionally
graded soft-to-hard composites. Nevertheless, this emerging technology depends on sev-
eral design variables, including both material and mechanistic ingredients, that are likely
to a�ect the mechanical performance of such composites. In this paper, a model-based
approach is developed to describe the interaction of ultrasound waves with homogeneous
and heterogeneous additively manufactured samples, which respectively display a varia-
tion either of the material ingredients (e.g., ratio of the elementary constituents) or of
their spatial arrangement (e.g., functional gradients, damage). Measurements are per-
formed using longitudinal bulk waves, which are launched and detected using a linear
transducer array. The model is �rst calibrated by exploiting the signals measured on the
homogeneous samples, which allow identifying relationships between the model param-
eters and the material composition. Second, the model is validated by comparing the
signals measured on the heterogeneous samples with those predicted numerically. Over-
all, the reported results pave the way for characterizing and optimizing multi-material
systems that display complex bioinspired features.

4.1 Introduction

Joining soft-to-hard materials is a frequent requirement in modern engineering appli-
cations (e.g., aerospace, tissue engineering) that rises several challenges. Such attachment
generally needs to e�ectively transfer mechanical stresses and sustain large forces for sev-
eral millions of loading cycles without being damaged. To this end, di�erent strategies
can be found in nature to alleviate stress concentrations at the interface between mate-
rials with highly dissimilar properties, one of them being the use of functionally graded
interphases [1].

In this context, the development of bioinspired composite materials has been lim-
ited for many years by the ability of traditional manufacturing methods to synthesize
and assemble materials with di�erent properties. However, recent progress in additive
manufacturing [also known as three-dimensional (3D) printing] allowed unlocking this
technical burden and opened new ways to design and fabricate materials with dissimi-
lar properties [2]. In particular, material jetting is considered as a powerful process for
multi-material additive manufacturing. Similar to biological systems engineered by na-
ture through a bottom-up approach, this technique arranges dissimilar building blocks at
several length scales to build a �nal component with enhanced and adaptable mechanical
performance [3, 4]. Thanks to its high resolution (i.e., voxels with side lengths around
40 µm) and the possibility to locally tailor the material composition, numerous studies
used this strategy to prototype bioinspired heterogeneous structures [5�7], in particu-
lar functionally graded soft-to-hard composites [8�10]. The latter are typically designed
as multilayers whose material properties smoothly evolve along one or two dimensions,
overall resulting in materials with superior behavior and manifold functionalities.

However, to fully exploit the potential of these emerging composites, there is an un-
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met need in developing methods for characterizing the quality of the printing process and
the mechanics of the manufactured samples. Indeed, multi-material jetting typically de-
pends upon several characteristics, such as the properties of the elementary constituents,
their spatial arrangement, as well as the printing orientation and resolution, but their
impact on the overall mechanical performance is still elusive. Several characterization
techniques have been applied recently, including tensile testing [9, 11], dynamic mechani-
cal analysis [12, 13], and ultrasonic testing [14], altogether providing guidelines for process
modi�cations and subsequent design optimization. Among these, quantitative ultrasound
is thought as a particularly relevant nondestructive means to probe the quality of function-
ally graded soft-to-hard composites, because it relies on the use of mechanical waves and
thus possesses intrinsic sensitivity to their mechanical properties. Moreover, ultrasound
requires limited sample preparation and o�ers a very fast inspection capability.

Although several researchers proposed the use of ultrasound-based methods either
for the characterization of monolithic and graded materials [16�18] or for the detection
of defects such as pores, cracks and microstructural anomalies [19], most attention has
been given to metal-based additively manufactured products so far. Notwithstanding, a
few studies have explored its use for assessing the acoustic and mechanical properties of
multi-material inkjet-based products, which are becoming more widespread for the rapid
production of models for preoperative planning (e.g., medical implants, tissue-mimicking
phantoms) and of passive components for medical devices [20]. For instance, an ultrasound
through-transmission method was proposed to quantify the level of anisotropy induced
by the printing process, although the polymeric constituent was initially isotropic [21].
The phase velocity and attenuation characteristics could be determined along di�erent
directions, thereby providing a basis for �aw detection. Using a pulse-echo ultrasound
technique, Jacquet et al. [22] measured the phase velocity and attenuation of two di�er-
ent materials (i.e., a wax-like support material and a rigid glassy polymer), which were
subsequently exploited to design, print, and image multi-material phantoms including het-
erogeneities with arbitrary geometries. In another related study, Fariñas et al. [23] printed
multi-material samples by varying the ratio between the two deposited constituents (i.e., a
rigid glassy polymer and an elastomeric polymer) and subsequently measured their acous-
tic impedances as a function of the mass density using a non-contact ultrasound technique.
These earlier studies provided a valuable insight on the acoustic properties of additively
manufactured samples. However, to the authors' best knowledge, these were limited to
the study of macroscopically homogeneous samples lacking mechanistic ingredients, such
as the spatial arrangement of the elementary constituents.

This study therefore aims at understanding the interactions of ultrasound waves with
additively manufactured multi-material samples, featuring functional grading and pro-
grammed damage. Towards this goal, two sets of samples are fabricated using a polyjet
3D printing technology. The �rst set consists of macroscopically homogeneous samples
obtained by varying the ratio of the two elementary constituents, whereas the second set
consists of functionally graded soft-to-hard samples. The adopted biomimetic strategy to
design heterogeneous structures is based on the graded tissue system at the tendon-to-
bone interphase, which ful�lls the challenging task of integrating soft-to-hard tissues over a
submillimeter-wide region [24]. A pulse-echo technique using a multielement probe in the
MHz-regime is employed to characterize the samples. From the measurements performed
on the homogeneous samples, we �rst identify relationships between the mechanical prop-
erties and the material composition by solving a model-based inverse problem. In a second
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part, these relationships are used to feed a wave propagation model that accounts for the
structural and material complexity of the functionally graded samples. Overall, our mod-
eling results show an excellent agreement with the measured signals for cases where the
transition region is on the order of magnitude of the bulk wavelength, thereby provid-
ing a nondestructive means for characterizing and optimizing bioinspired multi-material
composites.

The remainder of the paper is organized as follows: Sec. 4.2 presents the methods used
to additively manufactured the samples and to perform the ultrasound measurements.
Section 4.3 introduces the theoretical fundamentals of our modeling approach, which relies
on the Szabo wave equation and the transfer matrix formalism. The model calibration and
validation results are then exposed in Secs. 4.4�4.5. Finally, the strengths and limitations
of the proposed approach are discussed in Sec. 4.6.

4.2 Samples and ultrasound measurements

Multi-material additive manufacturing of the samples was achieved using a commercial
polyjet 3D printer (Objet 260, Stratasys), which applies a layer-by-layer method where
multiple streams of UV-curable photopolymers are jetted through printing nozzles onto a
building tray [13]. At the microscale (voxel level), custom-made patterns can be obtained
by spreading two photopolymers with highly dissimilar properties, i.e., a rigid glassy poly-
mer (commercial name VeroWhitePlus, VW+) and an elastomeric polymer (commercial
name TangoBlackPlus, TB+), on a chessboard-like volume as depicted in Fig. 4.1. From a
macroscopic viewpoint, this process allows printing both homogeneous samples with any
intermediate volume fraction [see Fig. 4.1(a)] and heterogeneous samples with a functional
grading between the soft and hard photopolymers [see Fig. 4.1(b)].
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Figure 4.1 � Schematic representation of the polyjet 3D printing process, which allows
for the additive manufacturing of both (a) homogeneous samples (e.g., Vf = 50%) and
(b) heterogeneous samples with functional grading, obtained by locally spreading two
photopolymers with highly dissimilar properties.

Two sets of 3D-printed samples were investigated here. The �rst set consisted of 11
homogeneous plate-like samples displaying di�erent volume fractions of the compliant
photopolymer (TB+), denoted by Vf of TB+, which ranged from 0 to 100% with a step
of 10%. Their overall dimensions were 20× 16× 4 mm3, printed using random dithering
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patterns along the x, y, and z directions, respectively. The second set consisted of six
heterogeneous samples, which were all compound of a soft layer (i.e., TB+), a hard layer
(i.e., VW+), and an interphase in-between, which was inspired by the tendon-to-bone
attachment. For the latter, di�erent pro�les have been selected for the interphase layer
by adjusting the relative proportions of the two photopolymers along the z-direction [see
Fig. 4.2]. This printing direction was chosen to minimize photopolymer di�usion and
mixing between di�erent layers [13]. The �rst sample was a bilayer that displays a sharp
transition between the soft and hard layers, whose thickness amounts to 2.2 mm and
2.8 mm, respectively [Fig. 4.2(a)]. Likewise, the second sample was a trilayer with a 2
mm-thick soft layer, a 2.232 mm-thick hard layer, and a 768 µm-thick homogeneous inter-
phase in-between [Fig. 4.2(b)]. Apart from these two pro�les that served us as a reference,
two further pro�les highlighting functional grading have been printed, one with a linearly
varying interphase layer [see Fig. 4.2(c)], the other with a smoothly varying interphase
layer [see Fig. 4.2(d)]. It should be noted that these bioinspired pro�les were designed
based on recent multiscale modeling results [25, 26], which showed that the native tendon-
to-bone attachment can be seen as a continuous functionally graded material. Moreover,
to mimic local damage characteristics such as tears and �ssures, which are acknowledged
to be footprint of clinical burden related to physical overloading or pathology [27, 28],
slightly modi�ed versions of these two functionally graded pro�les were designed too [see
Fig. 4.2(e)�(f)]. Programmed damage was achieved by assigning a sudden and local varia-
tion of the volume fraction to a �nite-width layer, i.e., 64 µm wide, across the interphase.
The overall dimensions of the six heterogeneous samples were 20 × 16 × 5 mm3, printed
with a voxel size of 120 × 120 × 32 µm3 along the x, y, and z directions, respectively.
The thickness of the interphase (i.e., 768 µm) was chosen according to physiological ob-
servations found in the literature [29], which showed that the size of the tendon-to-bone
attachment typically ranges from a few hundred micrometers to some millimeters de-
pending on the insertion site. Besides, the dimensions of the two surrounding layers were
chosen based on a trade-o� between temporal resolution and attenuation of the recorded
signals, according to the ultrasound characteristics of the probe. Tables summarizing
the dimensions and speci�cities of the two sets of 3D-printed samples are included as
supplementary material.1

A pulse-echo con�guration was considered in this work, where longitudinal bulk waves
were launched normally through the samples along the z-direction (see Fig. 4.3). The
employed device consisted of a multielement probe (Imasonic, SAS, France), which was
driven by a programmable multi-channel electronics (Advanced OEM Solutions, West
Chester, USA). This type of device, initially dedicated to medical imaging, has recently
also been used for the mechanical characterization of materials, particularly for monitoring
the health status of aeronautical structures [30] or for reconstructing the anisotropic elastic
tensor of plate-like samples [31].

The measurements were carried out in a water tank by using a linear transducer array
that consisted of 32 elements. Each element had a width of 0.5 mm and a height of 12 mm,
resulting in a total emission surface of 16 × 12 mm2. The transducer array operated at
a central frequency fc = 2.25 MHz (-6 dB power spectrum spanning a frequency range
from 1.5 to 3 MHz) and the array pitch was 0.5 mm. This probe was used to transmit a

1See supplementary material for tables summarizing the dimensions and speci�cities of the two sets
of 3D-printed samples.
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Figure 4.2 � Overview of the spatial arrangement of the volume fractions for the six
heterogeneous samples: (a) Bilayer sample with a sharp transition, (b) Trilayer sample
with a homogeneous interphase, (c) Sample with a linearly varying interphase, (d) Sample
with a smoothly varying interphase, (e) Sample with a localized damage across the linearly
varying interphase, and (f) Sample with a localized damage across the smoothly varying
interphase. For each subplot, the upper panel represents a view of the sample in the
x− z plane, where the dashed blue line makes reference to the spatial arrangement of the
volume fraction Vf of TB+ along the z-direction depicted in the lower panel (continuous
blue line).
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wideband plane wave by concurrently �ring a pulse on all emitters. The received signals,
which were digitized at a sampling rate of 100 MHz and quantized with a 12-bit resolution,
were recorded during 20 µs. The advantage of using a linear transducer array in plane
wave mode was twofold. First, because the bulk wavelength was small compared to the
total width of the transducer array, beam di�raction e�ects were negligible and could be
neglected in the subsequent processing and modeling of the received signals. Second, it
allowed averaging the received signals across all the elements of the probe to enhance
the signal-to-noise ratio of the measurement. All measurements were performed under
controlled water temperature (20 ◦C). For the measurement of the heterogeneous samples,
it should be noted that the soft layer was always directed towards the transducer array
(as in Fig. 4.3).
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Figure 4.3 � Schematic representation of the pulse-echo con�guration used to record the
ultrasound measurements. The emitted signal, ue (in green), is a plane longitudinal wave,
whereas the recorded signal, ur (in red), is compound of the re�ections from the front and
back faces of the sample, plus that interacting with the interphase. The bulk wavelength
λ is of the order of magnitude of the interphase thickness I and much larger than the
typical size ` of the heterogeneities, i.e., λ ∼ I � `.

4.3 Mechanical modeling

The wave interactions with the functionally graded samples (recall Fig. 4.2) can be
approximated by a model based on the transfer matrix formalism [32]. This formalism was
here adapted to describe the wave propagation in a �nite multilayered viscoelastic medium
exhibiting a power-law attenuation. Several observations guided the choice of this model.
First, in the frequency bandwidth of interest, the wavelengths of the longitudinal bulk
wave, ranging from around 500 µm to 2.5 mm, were much larger than the typical size of the
heterogeneities (i.e., voxel size of 32 µm along the z-direction). The functionally graded
samples can thus be considered as successive piecewise homogeneous media. Second,
since the viscous behavior of the photopolymers exhibited dispersive losses that cannot
be accurately described by a rheological Voigt model (whose attenuation is proportional
to the square of the angular frequency ω2), we sought for a model that allowed describing
more complex attenuation mechanisms (e.g., relaxation phenomena). This can be achieved
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by means of the Szabo wave equation [35], which approximates power-law media with an
attenuation in the form:

α(ω) = α0ω
r , (4.1)

where α0 is a constant and the dimensionless exponent r typically ranges between 1 and
2 for materials belonging to the class of polymers and to some biomaterials [33, 34].

4.3.1 Szabo wave equation

Formally, the model introduced by Szabo and Wu [35] allowed such modeling approach
to be generalized to cases for which r 6= 2, by introducing a fractional derivative in the
wave equation as

∂2u(z, t)

∂z2
− 1

v2
0

∂2u(z, t)

∂t2
− 2α0

v0 cos
(π

2
r
) ∂r+1u(z, t)

∂tr+1
= 0 , (4.2)

where t is the time, v0 is a constant, and the third term accounts for dispersive losses. By
assuming a general harmonic solution for the displacement in the z-direction, u(z, t) =
exp (j(ωt− kz)), which satis�es the power-law Eq. (4.2), it can be shown that the disper-
sion relation between the complex wavenumber k(ω) and the angular frequency ω can be
written as

k(ω) =

√√√√ω2

v2
0

− (jω)r+1
2α0

v0 cos
(π

2
r
) , (4.3)

where j is the unit imaginary number. Note that Eq. (4.3) is valid for all r 6= 1. Under
the hypothesis of small wavelength λ = 2π/k(ω) and low attenuation α0, i.e., λα0 � 1,
the dispersion relation [Eq. (4.3)] can be simpli�ed according to Kelly et al. [36]:

k(ω) =
ω

v0

− j α0(jω)r

cos
(π

2
r
) . (4.4)

By invoking the de Moivre's identity for π/2, i.e., jr = cos (πr/2) + j sin (πr/2), the
imaginary part of Eq. (4.4) leads to the power-law attenuation given by Eq. (4.1), whereas
the real part allows expressing the phase velocity as

v(ω) =
ω

<(k(ω))
=

(
1

v0

+ α0 tan
(π

2
r
)
ωr−1

)−1

, (4.5)

where <(·) designates the real part of the quantity. Alternatively, Eq. (4.5) can be written
as

v(ω) =

(
1

v1

+ α0 tan
(π

2
r
) (
ωr−1 − 1

))−1

, (4.6)

where v1 is the phase velocity at a reference frequency ω0 = 1 Hz. Since Eq. (4.6) presents
a singularity when r is an odd integer number (e.g., r = 1), another expression for the
phase velocity can be derived in this particular case [35, 36],

v(ω) =

(
1

v1

− 2α0

π
ωr−1 ln(ω)

)−1

, (4.7)
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where ln(·) designates the natural logarithm of the quantity. Combining Eqs. (4.1) and
(4.7) yields a dispersion relationship for r = 1 as

k(ω) = −jα0ω +
ω

v1

− 2α0

π
ω ln(ω) . (4.8)

4.3.2 Transfer matrix formalism for a power-law medium

Let us consider a �nite multilayered system consisting of M + 1 homogeneous layers
with the same cross-sections, as shown in Fig. 4.4.

u1 . . . ui . . . uM+1uM

1 i M M + 1

Soft Hard

z0 = 0 z1 zi−1 zi zM−1 zM = L

zd1 di dM

Figure 4.4 � Schematic of the �nite multilayered system used to model the wave inter-
actions with the functionally graded soft-to-hard samples immersed in a water tank (in
blue).

Note that in this system, layer 1 represents the water path between the probe and the
investigated sample, whereas layer M + 1 is considered as a semi-in�nite water layer. A
general harmonic solution to the Szabo wave Eq. (4.2) can be stated in the frequency-
domain for each layer i, with i = 1, . . . ,M , as

ui(z, ω) = ufi (z, ω) + ubi(z, ω)
= Ai exp (−jki(ω)z) +Bi exp (jki(ω)z)

, (4.9)

where ufi (z, ω) and ubi(z, ω) stand for the forward- and backward-propagating components
of the displacement in each layer i, respectively. The complex wavenumber ki(ω) of layer
i is de�ned according to Eq. (4.4) for r 6= 1 and Eq. (4.8) for r = 1. In the case of
a perfectly bonded interface between two layers, the transmission conditions imply the
continuity of displacement and stress across this interface. Expressing these conditions at
an arbitrary interface position z = zi allows characterizing the transition from layer i to
layer i+ 1 as in Cretu and Nita [37],

ui+1(zi, ω) = Di(ω)ui(zi, ω) (i = 1, . . . ,M) , (4.10)

where ui(z, ω) =
[
ufi (z, ω) ubi(z, ω)

]T
is the state vector of layer i, with T being the

transpose operator, and Di(ω) is the discontinuity matrix, which is de�ned as

Di(ω) =
1

2

 1 +
Zi(ω)

Zi+1(ω)
1− Zi(ω)

Zi+1(ω)

1− Zi(ω)

Zi+1(ω)
1 +

Zi(ω)

Zi+1(ω)

 . (4.11)
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It should be noted that this matrix only depends on the complex acoustic impedance of
the two layers being in contact, which is de�ned by Zi(ω) = ρiω/ki(ω), where ρi is the
mass density of layer i. In the same way, by considering a harmonic wave propagating in
the same homogeneous layer i from position z = zi−1 to position z = zi, its transformed
displacement can be expressed by means of the propagation matrix Pi(ω) as

ui(zi, ω) = Pi(ω)ui(zi−1, ω) (i = 1, . . . ,M) , (4.12)

with

Pi(ω) =

(
exp (−jki(ω)di) 0

0 exp (jki(ω)di)

)
, (4.13)

where di = zi−zi−1 is the thickness of layer i. The relation between the input and output
state vectors for layer i can therefore be expressed as

ui+1(zi, ω) = Ti(ω)ui(zi−1, ω) (i = 1, . . . ,M) , (4.14)

where Ti(ω) = Di(ω)Pi(ω) is the transfer matrix of layer i. The total transfer matrix
T (ω), which describes the overall re�ections, transmissions, and losses of the wave prop-
agating across the graded structure from Fig. 4.4, can then be obtained as the product of
transfer matrices from successive layers,

T (ω) =
M−1∏
i=0

TM−i(ω) , (4.15)

which leads to a relation between the input and output state vectors as,

uM+1(L, ω) = T (ω)u1(0, ω) . (4.16)

Applying the radiation energy condition at position z = L, i.e., ubM+1(L, ω) = 0, al-
lows solving Eq. (4.16) for a pulse-echo con�guration and thus determining the backward
propagating displacement as a function of the imposed displacement at the transmitter
location as

ub1(0, ω) = −T21(ω)

T22(ω)
uf1(0, ω) , (4.17)

where T2m(ω), with m = 1, 2, denotes the components of the second row of the total
transfer matrix T (ω). It should be noted that uf1(0, ω) is the Fourier transform of the
emitted signal ue(t), which can in practice be measured by taking a delayed version of
the signal re�ected by a perfect re�ector. In the same way, the re�ected signal ur(t) can
be retrieved in the time-domain by calculating the inverse Fourier transform of ub1(0, ω).
To solve Eq. (4.17) for the functionally graded samples (recall Fig. 4.2), it is therefore
necessary to have a precise knowledge of the mechanical properties associated with each
layer i, namely, ρ, v1, α0, and r (if r 6= 1). Towards this goal, a model calibration strategy
is proposed in Sec. 4.4.

4.4 Model calibration

The set of homogeneous samples was �rst characterized to derive volume fraction-
dependent mechanical properties, which will in turn be used to feed the mechanical model
developed to predict the measurements obtained on the heterogeneous samples.
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4.4. Model calibration

4.4.1 Ultrasound characterization of homogeneous samples

To extract ultrasound characteristics, e.g., the phase velocity v(ω) and attenuation
α(ω), from the measurements performed on the homogeneous samples, a dedicated signal
processing approach has been developed. To serve as an example, Figure 4.5(a) depicts
the raw spatiotemporal signals measured on the sti�est homogeneous sample (i.e., volume
fraction Vf of TB+ equal to 0%), which contain plane wavefronts along with spurious
signals due to edge e�ects. A �rst step therefore consisted in �ltering these edge e�ects
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Figure 4.5 � Flowchart of the dedicated signal processing steps, which are illustrated on
the measurement performed on the sti�est homogeneous sample (i.e., Vf = 0%): (a) Raw
spatiotemporal signals; (b) 2D Fourier transform (2D-FT) of the recorded signals; (c) Re-
sulting spectrum in the Fourier plane after applying a spatial low-pass �ltering; (d) Re-
trieved spatiotemporal signals after applying a 2D inverse Fourier transform (2D-IFT); (e)
Processed measurement after spatial averaging; and (f)�(g) Frequency-dependent phase
velocity and attenuation obtained after applying a phase spectrum approach (PSA).

that could cause aliasing, in order to retain only the plane wavefronts for the posterior
determination of the amplitude and phase spectra. This was achieved by applying a
two-dimensional Fourier transform (2D-FT) to the recorded spatiotemporal signals [see
Fig. 4.5(b)]. Then, at each frequency f , a low-pass �nite impulse response �lter was
applied to the resulting signals in the Fourier plane [see Fig. 4.5(c)]. Finally, the plane
wavefronts were recovered in the time-domain by applying a 2D inverse Fourier transform
(IFT) to the �ltered spectra [see Fig. 4.5(d)]. The signals obtained on each element were
then averaged [see Fig. 4.5(e)]. As can be observed, the resulting re�ected signal ur(t)
is generally compound of at least two echoes corresponding to re�ections from the front
and back faces of the sample, denoted by ur1(t) and ur2(t). A second step consisted
in applying a phase spectrum approach (PSA) to these two re�ected echoes, in order
to retrieve the frequency-dependent phase velocity and attenuation of the sample. The
frequency-dependent phase velocity v(ω) was derived as in He and Zheng [38] and Rai²utis
et al. [33],

v(ω) =
2D

∆t+ ∆φ/ω
, (4.18)
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where D is the sample thickness, ∆φ is the phase spectra di�erence between the two
re�ected echoes, and ∆t = t2 − t1 is the time delay between the two re�ected echoes,
which was determined using the cross-correlation of ur1(t) and −ur2(t) [recall Fig. 4.5(e)].

In the same way, the frequency-dependent attenuation α(ω) was calculated as

α(ω) =
1

2D
ln

(∣∣∣∣A1(ω)T (ω)

A2(ω)

∣∣∣∣) , (4.19)

where A1(ω) and A2(ω) are the amplitude spectra of the two re�ected echoes, and T (ω)
is the power transmission coe�cient, which is de�ned as

T (ω) =
4ZwZs(ω)

(Zw + Zs(ω))2 , (4.20)

where Zw = ρwcw and Zs(ω) = ρsv(ω) are the acoustic impedances of water and of the
sample, respectively, with ρw and ρs being their respective mass densities. The latter was
determined based on a simple mixing rule,

ρs(Vf ) = ρTB+ · Vf + ρVW+ · (1− Vf ) , (4.21)

where ρTB+ = 1.143 g.cm−3 and ρVW+ = 1.177 g.cm−3 were measured using a micrometer
for the volume and a high accuracy balance for the mass. The sound speed in water, cw,
was set according to the water tank temperature [39].

Figures 4.5(f)�(g) depict the retrieved phase velocity v(ω) and attenuation α(ω) for
this sample. As can be observed, within the useful bandwidth (indicated as a gray area),
the phase velocity v(ω) increases with frequency, thus indicating that the sample is slightly
dispersive, whereas the attenuation α(ω) increases nearly linearly as a function of the
frequency.

These signal processing steps were applied to all homogeneous samples and the result-
ing evolution of the ultrasound characteristics as a function of the volume fraction Vf of
TB+ is depicted in Fig. 4.6 for three di�erent frequencies. As expected, the phase velocity
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Figure 4.6 � Evolution of the (a) phase velocity v(ω) and (b) attenuation α(ω) as a
function of the volume fraction Vf of TB+ for three di�erent frequencies f . Linear �ts
are plotted in dashed lines for comparison.

decreases with increasing Vf of TB+, whereas the attenuation increases with increasing
Vf of TB+. It should be noted that both ultrasound characteristics can be remarkably
explained by a linear approximation. These trends remain valid within the considered
useful frequency bandwidth (data not shown).
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4.4. Model calibration

4.4.2 Inverse problem

Altogether, our observations suggested that the experimental dispersion relation should
yield a frequency-dependent phase velocity and a power-law attenuation, which a posteri-
ori justi�ed the model approximation presented in Sec. 4.3.1. To further investigate the
ability of this model to predict experimentally observed data, we proposed an optimiza-
tion procedure to identify the model parameters θ = [v1 α0 r] that minimize the following
objective function F (θ) in a least squares sense as

F (θ) =

√√√√ 1

N

N∑
n=1

∣∣∣∣k(ωn)− k(ωn;θ)

k(ωn)

∣∣∣∣2 , (4.22)

where k(ωn) and k(ωn;θ) denote the measured and modeled complex wavenumbers at
the n-th frequency, respectively, while N is the length of the useful frequency bandwidth
on which the optimization is performed [recall the gray area in Fig. 4.5(f)�(g)]. As the
measurement of the attenuation α(ω) evidenced that most samples follow a power-law with
an exponent r close to 1, we hypothesized that its value was constant for all homogeneous
samples. Therefore, the minimization was performed by sweeping r from 1 to 1.5 with a
step of 0.01. For each r, the minimization of [v1 α0] was achieved with a gradient-based
method using the built-in sequential quadratic programming algorithm for constrained
nonlinear optimization from Matlab (The MathWorks Inc., Natick, MA). Formally, the
optimal model parameters result from

θ̂ = arg min
r

(
1

Nr

Nr∑
i=1

(
arg min

v1,α0,ri
Fi(θ)

))
, (4.23)

where Nr is the number of tested values for the power-law exponent r.
To serve as an example, Figure 4.7 depicts the optimal matching between the measured

and modeled phase velocity and attenuation for the homogeneous samples with a volume
fraction Vf of TB+ equal to 30%, 50%, and 70%, which shows an excellent agreement on
the useful frequency bandwidth. For these cases, the identi�ed model parameters were
v1 = [2.13 1.97 1.84] mm/µs, α0 = [0.59 0.76 0.94] dB/cm/(rad.MHz)r, and r = 1.17.

This minimization procedure was then applied to all homogeneous samples, in order
to assess the relationship between the volume fraction and the optimal model parameters.
Figure 4.8 depicts the evolution of the optimal mechanical characteristics v1 and α0 as a
function of the volume fraction Vf of TB+.

As can be observed, both mechanical characteristics are remarkably approximated by
a linear regression analysis (R2 = 0.99, p < 0.05), with root mean square errors for v1 and
α0 that are equal to 0.01 mm/µs and 0.02 dB/cm/(rad.MHz)r, respectively. The resulting
linear relationships are

v1(Vf ) = −0.725 · Vf + 2.343
α0(Vf ) = 0.899 · Vf + 0.333

, (4.24)

for a constant exponent r = 1.17.
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Figure 4.7 � Optimal matching between the measured and modeled (a) phase velocity
and (b) attenuation, for the homogeneous samples with a volume fraction Vf of TB+ equal
to 30%, 50%, and 70%. The gray area shows the useful frequency bandwidth on which
the inversion process was performed.
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Figure 4.8 � Evolution of the optimal model parameters θ, i.e., (a) v1 and (b) α0 (r =
1.17), as a function of the volume fraction Vf of TB+.

4.5 Model validation

The goal of this section was to compare the measurements performed on the hetero-
geneous samples with those predicted by the mechanical model presented in Sec. 4.3.2.
Towards this goal, the signals were directly compared in the time-domain. Therefore, the
signal processing steps (a)�(e) were applied to the measured signals (recall Fig. 4.5). On
the other hand, for each con�guration depicted in Fig. 4.2, the relationships [Eqs. (4.21)
and (4.24)] were used to feed the model and subsequently solve Eq. (4.17).

Figure 4.9 depicts the measured (continuous black line) and modeled (dashed red line)
signals for the six heterogeneous samples with di�erent graded pro�les. As can be ob-
served, these signals consist of two main invariant echoes, which correspond to re�ections
from the front and back faces of the samples (depicted by green arrows), respectively. The
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Figure 4.9 � Comparison between the measurement and the model for the six hetero-
geneous samples (recall Fig. 4.2): (a) Bilayer sample with a sharp transition, (b) Trilayer
sample with a homogeneous interphase, (c) Sample with a linearly varying interphase, (d)
Sample with a smoothly varying interphase, (e) Sample with a localized damage across the
linearly varying interphase, and (f) Sample with a localized damage across the smoothly
varying interphase. The inserts schematize the di�erent arrivals of the signal compo-
nents re�ected from the front and back faces of the immersed sample, as well as from the
interphase.

signal �uctuations in-between represent a signature of the re�ections from the interphase
(depicted by blue arrows), which di�er in time of arrival and amplitude across the dif-
ferent samples, thus indicating that the proposed measurement technique is sensitive to
di�erent functionally graded pro�les. As expected, the two reference pro�les highlighting
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a discontinuous transition [see Fig. 4.9(a)�(b)] present stronger re�ections in the form
of a single echo and two superimposed echoes, which are due to the presence of a sharp
interface and a homogeneous interphase, respectively. In contrast, for the two pro�les dis-
playing a continuous transition [see Fig. 4.9(c)�(d)], the re�ections are nearly completely
�ltered out. It can be noted that for the smoothly varying pro�le, the remaining signal
consists of lower frequency components than for the linearly varying one (evidenced by
the space between the multiple headed arrow). Interestingly, for the two damaged pro�les
[see Fig. 4.9(e)�(f)], the local and sudden drop in volume fraction induces a local decrease
in the mechanical characteristics as well, which lead to the presence of higher amplitude
�uctuations than for their undamaged counterparts.

Overall, there is an excellent agreement between the model and the measurements, thus
con�rming the choice of a modeling approach that incorporates a frequency-dependent
phase velocity and a power-law attenuation. Although the measurements alone could
allow discriminating di�erent graded pro�les to some extent [e.g., Fig. 4.9(a)�(d)], our
model-based approach allows quantifying �nely-tuned di�erences in the manufacturing
process [e.g., Fig. 4.9(e)�(f)]. Therefore, such a model could be further used as a guide
towards the design of speci�c con�gurations.

4.6 Discussion

In this study, we proposed a nondestructive method for the characterization of bioin-
spired functionally graded soft-to-hard composites by ultrasound. These were designed
and additively manufactured using a voxel-by-voxel multi-material 3D printing technique,
which allowed for a local and accurate control of the spatial arrangement of two phases
with highly dissimilar properties (i.e., a rigid glassy polymer and an elastomeric polymer).
Both homogeneous and heterogeneous samples with functional grading were obtained by
adjusting the relative proportions of these two photopolymers. All samples were then mea-
sured in the MHz-regime using a multielement probe driven by a multichannel electronics.
In a �rst part, the signals retrieved from the homogeneous samples were processed using
a spectral method to extract information about the phase velocity and attenuation dis-
persion. From these acoustic characteristics, relationships between the model parameters
and the material composition were identi�ed by solving a model-based inverse problem.
In a second part, these relationships were used to feed a multilayered model based on
the transfer matrix formalism, which could be validated by systematically comparing the
predicted signals to those measured on the heterogeneous samples with functional grading.

The main �ndings were as follows: First, for the considered photopolymers, the mea-
surements performed on the macroscopically homogeneous samples evidenced that the
dispersion relation exhibited a frequency-dependent phase velocity and a power-law at-
tenuation. Such behavior could be adequately modeled using the Szabo wave equation.
Second, the derived relationships between the mechanical characteristics (i.e., v1 and α0)
and the composition (i.e, volume fraction of the compliant polymer) were shown to be
linear. It should be noted that this is not necessarily the case for the elastic modu-
lus and strength, which were shown to follow a nonlinear trend with the volume frac-
tion [11, 13]. Third, although the 3D printing process, which delivers complex patterns at
the microscale, yields a rather continuous functional grading at the macroscale, the het-
erogeneous samples could be satisfactorily modeled as successive piecewise homogeneous
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layers. Fourth, the proposed model allowed discriminating di�erent pro�les displaying
slight variations of the material and mechanistic ingredients.

For the homogeneous samples, a direct quantitative comparison with earlier reported
acoustic characteristics is di�cult. Indeed, the applied ultrasonic measurement technique,
in particular the explored frequency regime, along with the investigated samples gener-
ally di�er from one study to another. For instance, by performing through-transmission
measurements on a 3 mm-thick sample using contact longitudinal transducers at 1 MHz,
Livings et al. [21] reported a value of 2.46 mm/µs for the phase velocity of VW+. By
carrying out pulse-echo measurements on a water-immersed 0.5 mm-thick sample using a
focused single-element transducer in the frequency range of 15�30 MHz, Jacquet et al. [22]
reported values of 2.63 mm/µs and 110 dB/cm for the frequency-dependent phase velocity
and attenuation of VW+ evaluated at 20 MHz, respectively. In another related study, by
performing through-transmission measurements on 16 µm-thick samples using air-coupled
transducers in the frequency range of 0.15�0.35 MHz, Fariñas et al. [23] reported values
of 1.9 and 2.8 MRayl for the acoustic impedances of TB+ and VW+, respectively. In
a recent study closely related to ours, by carrying out transmission measurements on a
water-immersed 4 mm-thick sample using a focused single-element transducer in the fre-
quency range of 1�3.5 MHz, Bakaric et al. [15] reported values of around 2.50 mm/µs and
9 dB/cm for the frequency-dependent phase velocity and attenuation of VW+, respec-
tively. Extrapolating our modeling results to these frequencies yield (1) values of 2.43,
2.45 and 2.52 mm/µs for the phase velocity of VW+ at 1, 2.25, and 20 MHz, respectively;
(2) values of 8.1 and 104 dB/cm for the attenuation of VW+ at 2.25 and 20 MHz, respec-
tively; and (3) values of 2.02 and 2.84 MRayl for the acoustic impedances of TB+ and
VW+ at 0.25 MHz, respectively. These are all in excellent agreement with the reported
literature values, thus indicating that our modeling assumptions are reasonable for a wide
frequency band. No comparison could be performed for the heterogeneous samples with
functional grading and programmed damage as, to the authors' best knowledge, there are
no studies in the open literature reporting such measurements. Nevertheless, the excellent
agreement between the measured and modeled signals reported in Fig. 4.9 allow us to be
con�dent in the proposed formalism.

Despite these promising results, several simpli�cations were adopted at di�erent stages
of the proposed methods: First, the dispersive loss was modeled here by introducing a
fractional derivative into the wave equation. Although such a phenomenological approach
allowed modeling the observed frequency-dependent phase velocity and power-law at-
tenuation in a suitable way, it prevents a proper identi�cation of the underlying loss
mechanisms. To this end, other routes could have been explored, such as the combi-
nation of hard and soft modeling [40], the incorporation of a continuum of relaxation
mechanisms [41], or the formulation of a constitutive equation within the strain-gradient
framework [42]. Second, it should be noted that we only solved the forward problem
for the heterogeneous samples by modeling the wave-interphase interactions based on the
knowledge of the mechanical properties of the individual constituents. A challenging but
necessary step towards the evaluation of such composites would be to solve the inverse
problem [43], i.e., reconstructing the shape of the graded pro�le or identifying the damage
location from the measured signals. Third, both sets of samples were characterized in nor-
mal incidence, thus delivering mechanical characteristics that are related to compression
waves only. However, it is expected that shear waves may carry valuable information as
well both for (i) recovering the engineering moduli (e.g., Young's modulus and Poisson's
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ratio) of the homogeneous samples under the assumption of mechanical isotropy, and (ii)
studying the impact of damage mechanisms across the interphase on the re�ected signals.
A last concern is related to the replicated bioinspired feature, which was limited to a
functional grading of properties along the z-direction. The latter is not the only feature
that contribute to the mechanical e�ectiveness of the tendon-to-bone attachment. Indeed,
the interdigitation at the interphase between tendon and bone, described as a wavelike
structure, was shown to allow a gain in toughness, as well as a better distribution of the
mechanical stresses on the fraction of tissue implied in this mechanism [44].

Altogether, these limitations make the ultrasound characterization of bioinspired func-
tionally graded soft-to-hard composites a challenging problem with much potential for
future works. As a next step, we will adapt our experimental setup to the double through-
transmission method in oblique incidence [45], which allows for measurement of the phase
velocity and attenuation of both longitudinal and shear waves. Future studies are also
warranted to incorporate more complex mechanisms (e.g., porosity, anisotropy, and in-
terphase roughness) in the 3D-printing and modeling processes. Overall, this research
will not only be valuable for manufacturing and characterizing graded soft-to-hard com-
posites inspired by the tendon-to-bone attachment, but also multi-material lattices and
brick-and-mortar arrangements [46], which can be found for instance at the bone-implant
interphase [47] or the dentine-enamel connection in teeth [48]. Given that 3D printing is
experiencing a wide dissemination, our approach should be considered as a rapid, accurate
and inexpensive quality inspection technique.
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Conclusion

In this dissertation, a multidisciplinary work has been carried out to better understand
the mechanics of the enthesis and investigate the interaction of ultrasound waves with
such functionally graded soft-to-hard interphase. A �rst chapter provided an overview on
the structure-function relationships of the tendon-to-bone attachement, as well as on the
mechanisms related to the injuries and healing phases at this transition tissue. Based on
these considerations, this chapter also reviewed the di�erent modeling strategies applied at
di�erent length scales, along with the current interface tissue engineering approaches that
aim at replicating this complex interphase. In a second chapter, a multiscale model has
been developed to describe how the tendon-to-bone insertion derives its overall mechan-
ical behavior at the tissue scale. In this way, the e�ective anisotropic sti�ness tensor of
the interphase was predicted by modeling its elastic response at di�erent scales spanning
from the nanostructural to the mesostructural levels, using continuum micromechanics
methods. The obtained results showed that the tendon-to-bone attachment can be con-
sidered as a continuous functionally graded medium at the tissue-scale, and the proposed
model consistently predicted features observed experimentally, such as the anisotropic
constitutive behavior, sti�ening mechanisms, and the presence of a compliant region. In
a second chapter, we proposed a modeling strategy to bridge the gap between the tissue
scale and the organ scale. This was achieved by substituting the heterogeneous interphase
by a an equivalent model with speci�c interface conditions, which retains information of
the microstructural features of the orginal medium. The obtained results showed that
our enriched model provided an accurate approximation of the reference interphase, thus
opening promising perspectives for developing more sophisticated dynamic models tar-
geting characterization or reattachment procedures at the organ scale. In a �nal chapter,
the e�ective properties delivered by our multiscale model were used as a source of in-
spiration for designing and fabricating multi-material functionally graded soft-to-hard
samples using additive manufacturing. The characterization of these samples was car-
ried out using ultrasound measurements and mechanical modeling of the wave-interphase
interactions. The results showed that the proposed approach may be valuable to discrim-
inate bioinspired interphases with di�erent pro�les, as well as to retrieve their mechanical
properties, altogether opening new ways for characterizing and optimizing multi-material
systems that display complex bioinspired features.

The work achieved during this thesis paves the way for further applications and ex-
tensions. This �eld of research is indeed essential both for clinical purposes and for the
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development of biomimetic strategies in engineering. Based on the results obtained during
this thesis, some envisaged perspectives are listed below:

• Multiscale modeling: We aim to re�ne the multiscale model by taking into ac-
count several features that have been neglected or simpli�ed so far, such as the
viscoelastic nature of the interphase (relaxation phenomenon due to the stretch-
ing and sliding of collagen �brils within the extracellular matrix) [1, 2], the protein
gradient [3], the di�erent types of collagen across the interphase [4] or even the inter-
penetration of �bers into bone, i.e., the so-called interdigitation mechanism [5, 6],
which all are believed to improve the fundamental anchoring mechanisms at the
tendon-to-bone interphase.

• Equivalent interface model: To further improve the link between the meso- and
macroscopic scales from a modeling viewpoint and to satisfactorily capture the rich
dynamic behavior of such complex interphase at the organ level, our actual equiv-
alent interface model should be extented to 2D. This will allow considering more
realistic interphase geometries [7], as well as studying the wave-tissue interactions
using both compression and shear waves.

• Ultrasound characterization of bioinspired samples: The methodology devel-
oped so far for characterizing the macroscopically homogeneous 3D-printed samples
was limited to the study of longitudinal plane waves. The extension of the experi-
mental setup to a double-transmission under oblique incidence is expected to deliver
a full characterization of the samples [8, 9], i.e., phase velocity and attenuation of
both compression and shear waves, thus allowing the estimation of the engineering
moduli as a function of varying volume fractions. Such procedure will in turn allow
the design and fabrication of more complex heterogeneous samples by incorporating
damage characteristics, porosity or anisotropic features at the insertion site, which
are aknowledged to be a footprint of clinical burden, such as in�ammation, �bers
misalignment or detachment.
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Résumé

Titre: Caractérisation ultrasonore de l'interphase tissu mou-os : modélisation, étude nu-
mérique et validation expérimentale.

La liaison entre les tissus mous et les tissus durs est essentielle a�n d'assurer une
bonne mobilité au système musculo-squelettique. En particulier, la liaison entre le tendon
et l'os a lieu par le biais d'une interphase tissulaire appelée enthèse. Cette interphase a
pour rôle de connecter ces deux tissus présentant des propriétés mécaniques fortement
dissimilaires sur une très petite région, et ce grâce à des caractéristiques spéci�ques de
structure, de composition et de propriétés biomécaniques à di�érentes échelles. Cepen-
dant, suite à une blessure en raison d'une surcharge physique, de maladies systémiques
ou de dégénérescence tissulaire chez les personnes âgées, cette interphase ne peut pas
correctement se régénérer. Le taux d'échecs des interventions chirurgicales pour réparer
ces lésions musculo-squelettiques reste particulièrement élevé, notamment en raison du
manque de solutions intégratives pour la réparation de cette interphase. Une meilleure
compréhension des mécanismes responsables de l'e�cacité mécanique de cette région in-
terfaciale est donc essentielle tant pour des objectifs cliniques que pour l'élaboration de
stratégies biomimétiques en ingénierie tissulaire.

Dans ce contexte, le présent travail vise à caractériser mécaniquement les interphases
biologiques, à l'image de l'enthèse tendon-os. Pour atteindre cet objectif, le chapitre 1
donne un aperçu des relations entre la structure et la composition de l'insertion tendon-os.
Sur la base de ces considérations, ce chapitre fournit également un aperçu des stratégies
de modélisation développées à di�érentes échelles. Le chapitre 2 développe un modèle
d'homogénéisation par champs moyens, à partir du célèbre problème d'Eshelby d'une
inclusion dans une matrice, basé sur la connaissance des caractéristiques de composition
de cette interphase aux petites échelles, permettant ainsi de prédire son comportement
mécanique e�ectif à l'échelle mésoscopique. Les résultats de ce modèle sont ensuite utilisés
comme données d'entrée dans les approches développées aux chapitres 3 et 4. Ainsi, le
chapitre 3 vise à combler le fossé entre l'échelle du tissu et l'échelle de l'organe à des
�ns de modélisation en développant un modèle équivalent d'interface avec des propriétés
spéci�ques qui préservent les informations sur les caractéristiques microstructurelles de
l'interphase. Ceci est réalisé au moyen d'un modèle original développé dans le cadre de
l'élasticité de surface, qui rend compte à la fois du comportement élastique et inertiel
de l'interphase réelle. Les performances de ce modèle enrichi sont évaluées dans le cadre
de la propagation des ondes élastiques. En�n, dans le chapitre 4, le modèle multi-échelle
est exploité pour reproduire certaines caractéristiques mésoscopiques adoptées par cette
interphase biologique pour le développement de stratégies biomimétiques en ingénierie.
Ceci est réalisé par fabrication additive d'échantillons présentant une interphase possédant
des propriétés bio-inspirées. Ces échantillons sont ensuite caractérisés mécaniquement à
l'aide de mesures ultrasonores et de modélisation mécanique.

En résumé, ce travail combine modélisation multi-échelle, simulations numériques et
validation expérimentale pour permettre une meilleure compréhension de la mécanique
des interphases biologiques et propose des stratégies de modélisation et caractérisation
innovantes ouvrant la voie à des applications en ingénierie tissulaire, en particulier, pour
l'orthopédie.

Mots-clés : Biomécanique, Interphase biologique, Enthèse, Modélisation multi-échelle,
Ondes élastiques, Simulations numériques, Mesures ultrasonores.



Abstract

Title: Ultrasonic characterization of soft tissue-to-bone interphase: modeling, numerical
study and experimental validation.

The interaction between soft and hard tissues is essential to ensure good mobility to
the musculoskeletal system. In particular, the integration between tendon and bone oc-
curs through a speci�c functionally graded interphase called enthesis. This transitional
tissue serves the challenging task of connecting these two highly dissimilar tissues with a
mismatch in mechanical properties of nearly two orders of magnitude over a submillimeter
wide region, by means of �nely tuned gradients in structure, composition, and biomecha-
nical properties at di�erent length scales. Nevertheless, this interphase is a frequent site
of injuries because of physical overloading, systemic diseases, or tissue degeneration in
the elderly. The failure rate of surgical procedures for the repair of musculoskeletal in-
juries involving multiple tissues remains particularly high, especially because of the lack
of integrative solutions for restoring such kind of interphases. In this regard, understan-
ding the mechanisms behind the mechanical e�ectiveness of interfacial regions is essential
for many di�erent purposes including diagnosis, repair, and regeneration, as well as to
develop biomimetic strategies in tissue engineering.

Within this context, the present thesis aims at mechanically characterizing biologi-
cal multi-tissue interphases, like the tendon-to-bone insertion. To tackle this objective,
chapter 1 provides an overview on the relationships between the structure and the com-
position of the transitional tissues at the tendon-to-bone attachment. Based on these
considerations, this chapter also gives an overview of the modeling strategies that have
been developed at di�erent length scales. Chapter 2 develops a mean-�eld homogenization
model relying on Eshelby's solution of a single-inclusion problem that, based on the know-
ledge of the compositional features of the tendon-to-bone interphase at lower length scales,
allows predicting its overall mechanical behavior at the mesoscopic scale. The results from
this model are then further used as an input to address the two subsequent approaches
developed in chapters 3 and 4. Thereby, chapter 3 aims at bridging the gap between the
tissue-scale and the organ scale for modeling purposes, by developing an equivalent in-
terface model with speci�c properties, which retains information of the microstructural
features of the interphase. This is achieved by means of an original model developed in the
framework of surface elasticity, which accounts for both the elastic and inertial behavior
of the real interphase. The performance of this enriched model is evaluated in the context
of elastic wave propagation. Lastly, in chapter 4, the multiscale modeling is exploited
for replicating some mesoscopic features adopted by this biological interphase towards
the development of biomimetic strategies in engineering. This is achieved by fabricating
additively manufactured samples that possess an interphase with bioinspired properties.
These samples are then mechanically characterized using ultrasound measurements and
mechanical modeling.

Overall, this multidisciplinary work, which combines multiscale modeling, numerical
simulations, and experimental validation, allows for a better understanding of the mecha-
nics of biological soft-to-hard interphases and proposes innovative modeling and charac-
terization strategies towards tissue engineering applications, in particular for orthopedics.

Keywords: Biomechanics, Biological interphase, Enthesis, Multiscale modeling, Elastic
waves, Numerical simulations, Ultrasound measurements.


