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INTRODUCTION

Not so long ago, irregular objects were considered to be erratic and pathological, thus, unworthy
to be studied from a mathematical point of view. This changed drastically in the the 1970’s.

It was, first, Benoit B. Mandelbrot, who introduced, in 1975, the new word fractal, derived from
the Latin fractus, to qualify a class of irregular sets: according to him, an object is considered to
be fractal if its topological dimension is strictly lower than its fractal dimension [Many7a], a first
definition of a fractal dimension, by means of its Hausdorff-Besicovitch dimension. We will see below
that this definition does not always hold.

New improvements then came with the introduction, in 1981, of iterated function systems (LES.),
by John E. Hutchinson in [Hut81]. As explained in [Dav1g], an LES. is a finite set of contractive
maps, each defined on a compact metric set K of the euclidean space R?, d € IN*:

S:{Tl,...,TN} , N € N*

where IN* denotes the set of strictly positive integers, such that

N
K= [JTi(K)
i=1

The compact set K is then said to be “invariant” with respect to the set S (one often refer to this
result as the “Gluing Lemma”).

A prequel occurrence of such maps, under the form of similarities, can already be found in the
Mandelbrot books of 1977 [Manyyb], [Many7c].

The novelty of the work of John E. Hutchinson is to consider not the compact K itself, but the
set S = {Tj,..., Ty }: not only the invariant compact K is fully determined by this set, but it is, also,
the limit of a sequence of prefractal graphs that can be built, in an iterative way, thanks to the maps
that constitute the set S.

Iterated function systems were taken up and even more developed by Michael F. Barnsley et al.
(see, for instance, [BD85a]), as “a unified way of generating and classifying a broad class of fractals”.
As explained by the authors, fractals were “traditionally viewed as being produced by a process
of successive microscopic refinement taken to the limit”, which, of course, makes sense with the
geometric representation one may have of fractal sets, since, when looking at smaller and smaller
scales, one finds, again and again, the same form. Of course, at stake are specific and classical types
of fractals, as Sierpinski gaskets, dragon curves, Cantor sets, Julia curves, ... Michael F. Barnsley,
along with Stephen Demko, layed the emphazis upon the fact that those fractals are to be seen as the
attractors of iterated function systems.

The first fractal object to be formally studied was the Sierpiniski Gasket, originally, by physicists
— one may refer to the work of Rammal Rammal and Gérard Toulouse [RT83], or to the paper by
Rammal Rammal [Ram84], where the author investigates the density of states and the nature of
the eigenmodes of the vibrating d-dimensional Sierpiniski Gasket; very interestingly, and as is often
the case, both papers present results that would be later proved by mathematicians. Among them,
and non-exhaustively, Sheldon Goldstein [Gol87], Shigeo Kusuoka [Kus87], Martin T. Barlow and
Edwin A. Perkins [BP88], who developped a probabilistic approach, based on random walks across
prefractals (a sequence of finite graphs that converge towards the fractal). In this approach, the
Laplacian stands as the infinitesimal generator of the semigroup associated to the diffusion process.
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Those substantial advances were followed by a second kind of approach, an analytical one,
initiated by Jun Kigami [Kig89], [Kigg3]. It has been, then, taken up, developped and popularized
by Robert S. Strichartz (see, among numerous references, the book [Stro6]). New developments
came with the theory of Complex Dimensions, as laid by Michel L. Lapidus and his collaborators
in [Lapo1], [Lap9gz], [Lapg3], [LP93], [LMgs5], [LFoo], [LPo6], [Lapo8], [LPW11], [ELMR15] [LF13],
[LRZ17a], [LRZ18], [Lap19], [HL21] and [Lap22], in particular. The theory provides a very natural
and intuitive way to characterize fractal strings or drums, in relation with their intrinsic vibrational
properties.

Thus far, the definition of fractality by Benoit B. Mandelbrot is not widely accepted by mathemati-
cians. For instance, according to this definition, the Devil’s Staircase — or graph of the Cantor-Lebesgue
function (see Figure 1), would not be fractal.

Figure 1: The Devil’s Staircase.

To this point, an interesting point of view is the one of Kenneth Falconer [Fal14]:

“My personal feeling is that the definition of a “fractal’ should be regarded in the same way
as a biologist regards the definition of ‘life’. There is no hard and fast definition, but just a list of
properties characteristic of a living thing, such as the ability to reproduce or to move or to exist to
some extent independently of the environment. Most living things have most of the characteristics
on the list, though there are living objects that are exceptions to each of them. In the same way, it
seems best to regard a fractal as a set that has properties such as those listed below, rather than to
look for a precise definition which will almost certainly exclude some interesting cases. From the
mathematician’s point of view, this approach is no bad thing. ”

Kenneth Falconer claims that the name fractal should be usued to qualify a more general class of
sets F C IR?, which possess all or at most one of the following properties [Falg7]:

e F has a fine structure, that is irregular detail at arbitrarily small scales.

e F is too irregular to be described by calculus or traditional geometrical language, either locally
or globally.
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Often F has some sort of self-similarity or self-affinity, perhaps in a statistical or approximate
sense.

Usually the fractal dimension of F is strictly greater than its topological dimension.

¢ In many cases of interest F has a very simple, perhaps recursive, definition.

Often F has a natural appearance.

Recent work, by Michel L. Lapidus [LF13] and [LRZ17b], gave a more accurate definition of
fractality: a geometric object is then said to be fractal if it admits at least one nonreal Complex
Dimension.

Note that motivations to study fractals from a mathematical point of view appeared in the 1980’s-
1990’s, when physicists put the light on the strange diffusion and vibrational properties of disordered
media (one may refer to the works of the physicists Samuel H. Liu [Liu86], or Shlomo Havlin and
Daniel Ben-Avraham [HBAS87]). Recall that the Koch Curve was used as a model for chains of
polymers, and the Menger Sponge as a model for porous media.

The vibrational modes of those disordered media of R?, d > 2, seemed to satisfy an asymptotic
law of the form

2
A~ kD, k>

where, contrary to the Weyl law [Wey12], the spectral dimension Dg was not equal to the Euclidean
Dimension,

Ds #d-

The hint was that this unusual diffusion would come from “a ramification at all scales”, as
explained, this time, by the mathematician Umberto Mosco [Mosoz2].

As is explained by Robert S. Strichartz in [Stro1],“A theory of analysis on fractals is now emerging
and is perhaps poised for the kind of explosive and multilayered expansion that has characterized
analysis on manifolds ”. The natural question that one may ask then is: how can one define differen-
tial operators on fractals? Again, as also explained by Robert S. Strichartz in [Stro1], “The central
character in the theory of analysis on manifolds is the Laplacian. Thus the starting point for analysis
on fractals will be the construction of an analogous operator on a class of fractals”.

This is the starting point of this thesis, based upon the seminal work of Jun Kigami. Our work is
organized as follows:

i. Chapter one is a general introduction to J. Kigami’s theory, as presented by R. S. Strichartz in
his book [Stro6]. The notions of Dirichlet form, Laplacian, normal derivative ... are introduced
for the class of post critical finite sets. Spectral analysis of the Laplacian and an equivalent
Weyl formula are given. We present a result about general partial differential equations on
fractals, in particular, the solution of heat problem is described in terms of heat semigroup.

ii. In chapter two, we present numerical methods on fractals. The finite difference method, intro-
duced in [DSV9g], and rigorously analysed in [RD19] is exposed, as well as the finite volume



ii.
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method, which we developed in [RD21a]. We conclude the chapter by a breve presentation of
the finite element method.

Chapter three summarizes our articles [RD21d] and [RD21c]. In the first one, we give necessary
condition and a numerical algorithm to find extrema of functions on self-similar domains. The
second one establishes a controllability result for the heat equation on self-similar domains.

In chapter four we analyze a different type of problems, where the set is an open domain
with fractal boundary. By implementing the finite element method, we solve an optimal shape
problem on this domain.

Chapter five is an application of the general theory of Krein-Feller-Stieljes to finance, leading,
in particular, the Black-Scholes formula. Using the fractal Laplacian we construct a self-similar
Black-Scholes equation, and we establish the existence and uniqueness of the solution with
numerical simulations.

The Sierpinski Gasket. The Minkowski Island.

The Koch Snowflake. The Vicsek Set.

Figure 2: Examples of fractal sets.
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Fractal object

Sierpiriski gasket

Sierpinski tetrahedron
Sierpiniski simplex

Sierpiniski carpet

Minkowski curve

Koch curve

Koch Snowflake
Hausdorff-Besicovitch dimension - similarity dimension
Spectral dimension

Walk dimension

Self-similar measure

Dirichlet form

Energy normalization constant
Self-similar Laplacian

Normal derivative

Finite difference method
Finite volume method

Finite element method
Projected gradient algorithm
Black-Scholes operator
Self-similar Black-Scholes operator

Harmonic spline function of order m

NOTATIONS
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ANALYSIS ON FRACTALS

1.1 GENERAL CONSIDERATIONS

The Laplacian plays a major role in the mathematical analysis of partial differential equations.
Recently, the work of Jun Kigami [Kig89], [Kig93], taken up by Robert S. Strichartz [DSV9g], [Strgg],
allowed the construction of an operator of the same nature, defined locally, on graphs having a
fractal character: the Sierpiniski Gasket, the Sierpiniski Carpet, the Diamond Fractal, the Julia sets, the
Barnsley Fern.

Jun Kigami starts from the definition of the Laplacian on the unit segment of the real line. For a
double-differentiable function u on [0, 1], the Laplacian A u is obtained as a second derivative of u
on [0,1]. For any pair (1, v) belonging to the space of functions that are differentiable on [0, 1], such
that

v(0) =2(1) =0

he puts the light on the fact that, taking into account that
1 1 n %
/0 (Au) (x)v(x)dx = _/0 u'(x) o' (x)dx = — nl_i)r}r\m](; /k;l u'(x) o' (x)dx -
If ¢ > 0, the continuity of 4" and v’ shows the existence of a natural rank 1y such that, for any

k—1 k
integer n > np, and any real number x of [ p’ n} ,1<k<n

RO C RO

<e , |V(x 1
n

1
n

The relation

/01 (Au) (x)v(x)dx = —nlirfwn ké (u <f§> —u (k;1>> (v <:> -0 <k;1>> (1)

enables one to define, under a weak form, the Laplacian of 1, while avoiding first derivatives. It thus
opens the door to Laplacians on fractal domains.

Concretely, the weak formulation is obtained by means of Dirichlet forms, built by induction on a
sequence of graphs that converges towards the considered domain. For a continuous function on this
domain, its Laplacian is obtained as the renormalized limit of the sequence of graph Laplacians.

In this chapter, we present the foundation of the theory of Laplacian on fractals and related fields,
with examples from self-similar sets, starting from the spectral analysis of the induced Laplacian to
the general theory of partial differential equations on fractals.
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1.2 A FEW RECALLS

For the benefit of the reader who may not be familiar with mathematical notions devoted to
fractals, we shall first recall several definitions.

Definition 1.2.1. Hausdorff Measure [Fal14]

Let E C R” and s > 0. The s-dimensional Hausdorff measure #°(E) of E is defined as
H*(E) = lim H3(E)
6—0
= 1 i f |8 . L - f E .
limin {ZZ;|U1| {U;} is a é-cover o }

A é-cover of a set E is a countable collection of sets {U;} with diameter 0 < |U;| < ¢ that cover E.

Definition 1.2.2. Hausdorff-Besicovitch Dimension [Fal14]

Given E C R" and s > 0, the Hausdorff-Besicovitch dimension Dy (E) of E is defined as

Dy(E) =inf{s >0 : H(E)=0}
=sup{s>0 : H(E)=oo}-

Next, we present methods associated to a subclass of fractal sets, the so-called self-similar sets.
John E. Hutchinson [Hut81] was the first to give a rigorous study of those objects.

Theorem 1.2.1. Gluing Lemma [BD85a]

Given a complete metric space (E, ), a strictly positive integer N, and a set {f;},,\ of contractions
on E with respect to the metric J, there exists a unique non-empty compact subset K C E such that

N
K= fi(K) -
i=1

The set K is said self-similar with respect to the family {f1, ..., fn}, and called attractor of the iterated
function system (IFS) {f1,..., fn}.

10



1.3 POST-CRITICALLY FINITE FRACTALS

1.3 POST-CRITICALLY FINITE FRACTALS
Notation.

In the sequel, F denotes a fractal domain of Hausdorff dimension Dy (F) such that

F=UA), @)

where N denotes a strictly positive integer, and {fi, ..., fx} is a set of contractive maps, where, for
any integer i of {1,...,N}, R; €]0,1[ is the contraction ratio of f;, and P; € R? is the fixed point

of fi.

Jun Kigami’s analytic approach [Kigo1] consists in the construction of an increasing sequence
of finite graphs which approximate the self-similar set F; this enables the definition of Dirichlet
form as the limit of Dirichlet forms on the sequence of finite graphs that approximate the fractal, as
presented below.

Definition 1.3.1. Boundary (or initial) Graph

We denote by Vj the ordered set of the fixed points {Py, ..., Py, }.

The set of points V) — where, for any integer i in {1,..., Ny — 1}, the point P; is linked to the
point P11 — constitutes a finite graph, which we will denote by Fy. Then, V} is called the set of vertices

of the graph Fy.

The set V} is called the boundary of F.

Remark 1.3.1.

i. As pointed by Strichartz in [Stro6], the choice of the boundary is not necessarily unique.

Moreover, in some cases, Fy is not complete, but this choice is made to rule out finding a
non-degenerate solution to the renormalization equation as it will be detailed next.

ii. The topological notion of boundary is irrelevant in our case since Post-critically Finite fractals
have no interior in general.

iii. We will give below a systematic definition of the boundary.

Definition 1.3.2. Word

Given a strictly positive integer m, we will call number-letter any integer W, of {1,...,N}, and
word of length |VV| = m, any set of number-letters of the form

11



1.3 POST-CRITICALLY FINITE FRACTALS

W: (W1,;Wm) :

We will write

fWwalo"'Ome'

Definition 1.3.3. Edge Relation

For any m € IN, the prefractal graph I'yy,, is equipped with an edge relation ~, as follows: two
vertices X and Y of F, (i.e. two points belonging to V) will be said to be adjacent (i.e., neighboring
or junction points) if and only if the line segment [X, Y] is an edge of Ty, ; we then write X ~ Y.
Note that this edge relation depends on m, which means that points adjacent in V;, might not remain
adjacent in V1.

Note that, equivalently, two points X and Y are adjacent if and only if there exista word W = (W, . ..

of length m, such that X and Y both belong to the iterate

Vo= (fmo...ofw,) Vo

Definition 1.3.4. Addresses

Given a natural integer m, a word W of length m, a point P; € V), we will call address of the
vertex X an expression of the form

X = fw (B)

Definition 1.3.5. Prefractal Graph of Order m, m € IN*

For any strictly positive integer m, we set

N
Vin = Ufl (Vm—l) : (3)
i=1

The set of points V},, where the points of an m"-order cell are connected using the edge relation ~,
m
is called the prefractal graph of order m and will be denoted by F,.

By extension, we will write

N
Fu = fi (Fur) - (4)
i=1

We can prove that the sequence {V,, } men is increasing and that its limit is dense in F, as it can
be found in Jun Kigami’s book [Kigo1]:

12



1.3 POST-CRITICALLY FINITE FRACTALS

Property 1.3.1.

For any natural integer m,

Property 1.3.2. Density [Hut81]

The set V, = U Vi, is dense in F.
melN

Note that the graph F,, is the union of N copies f;(F,,—1) for some i € {1,..., N}. This gives an
alternative way to view this construction, as explained below.

Property 1.3.3. Subcell - Junction Points

Given a natural integer m, the graph JF,, can be written as the finite union of N™ subgraphs,

Wi=m

For any word W of length m, fyy (Fo) will be called m*-order cell, or subcell.

\ /// \\ ) ,/\f—\/\,\ . R;Q
p M/ // .
Figure 3: 6&; of the Sierpiriski Gasket Figure 4: 6&; of the Sierpiniski Gasket

Figure 5: 6% of the Sierpiniski Tetrahedron Figure 6: 6%, of the Sierpiriski Tetrahedron



1.3 POST-CRITICALLY FINITE FRACTALS

In the following, we give a rigorous definition of the central object of this thesis: Post-critically
finite sets. We refer the reader to the book of J. Kigami [Kigo1] for more details.

Notation.

i. Given a strictly positive integer m, we will denote by X,, to be the set of words W € {1,...,N}"
of length m.

1. We then set

o= Zu-

meN*

and we define X to be the collection of one-sided infinite words.

Notation.

For the sake of clarity, we will, from now on, refer to a self-similar set either by F or by the
self-similar structure

L= ("r's/ (fi)ies) )

Remark 1.3.2.

The index set S contributes to the identification of the structure £ by building sets of words and
addresses.

Notation.

We will denote by:

i. o, the shift map from X to X which, for any word W, deletes the first "letter", i.e.,

0(12233...) =2233...
ii. 7, the unique continuous surjective map from X to F defined for every infinite "word"

W=WW,... € Z,by:

W)= (N ., (F)

melN*

where fyy, w, = fw, 0...0 fw,.

14



1.3 POST-CRITICALLY FINITE FRACTALS

i
Cer= U (FnF)
(i) €22, i)

Remark 1.3.3.

i. We can think of a word W € X as a limit of some increasing sequence of finite words
Wn)men+ € L, this induce a decreasing sequence of compacts in the sense of inclusion
Wpis (F) C fw, (F) converging to a singleton. The definition of 77 follows

TW) = fw(F) = lim fw, (F)= [ fw.m,(F)

m——+oo
meIN*

ii. To visualize how the map 7 works, we use in the following figure the notation fyy(F) = Fyy

F: Fz
7 Faa Faz
F F:
F Faz F 7
F Fass
F Fas
F F Font\ [ F
F F Fi Fras 7 7
F Fi ¥ F
F F F Fizz Fan F Faa Foz

Figure 7: Topological structure of the Sierpiriski gasket.

iii. The set C r contains ramification points.

Definition 1.3.6. Critical Set, Post-Critical Set (See [Kigo1], Chapter 1, Section 1.3., Definition 1.3.13,
page 23.)

We define:

i. The critical set,

Ce=n"(Cer) -

ii. The post-critical set,

P = U O'W(Cg)'

melN*

15



1.3 POST-CRITICALLY FINITE FRACTALS

The critical set C, and the post-critical set P play an important role in the topology of (]-" X, (fi) Z]\i 1) ,
in so far as:

i. If the post-critical set P is finite, then the set (F, S, (fi);cs) is called post-critically finite or
sometimes finitely ramified. We have to notice that finitely ramified sets are post-critically
finite but the inverse is not true [Kigo1].

ii. finitely ramified fractal means that the fractal may become a disconnected set by removing a
finite number of points.

iii. The post-critically finite sets (P.C.F. sets) plays an important role in the theory of partial
differential on fractals and constitute the principal domain of applications.

iv. If C. is empty, then £ is homeomorphic to the Cantor set.

Property 1.3.4.

Vg =T ( U O'W(Cg)>
meIN*

In the sequel, we give an equivalent definition of neighborhood in the case of self-similar set:

Definition 1.3.7. System of Neighborhood [Kigo1]

Let us denote by (F, S, (fi),.s) a self-similar structure. For any X € F, and any natural integer m,
we set:

wex,, X € fw(F)

which will be called system of neighborhood of X.

Example 1.3.1. Sierpinski Gasket

Let us denote by && the Sierpiriski Gasket (see figure 8). It is defined as the self-similar set with
respect to the contractions family

A =2E0 =20 pao=tE0

where P, = (0,0), P, = (1,0), P; = (j,é) and S = {1,2,3}. &6 is a post-critical finite set
with CLr = {fa(P1), f5(P2), fi(Ps)}, Cc = {1222...,2111...,2333...,3222...,1333...,3111.. .},
P={111...,222...,333...} and Vo = {P\, P, Ps .

16
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v

3 A A A A A A A

Figure 8: The Sierpiniski Gasket.

v

Example 1.3.2. The Sierpiniski Carpet

Let us denote by &¢ the Sierpiriski Carpet (see figure 9). It is defined as the self-similar set with
respect to the contractions family

fl(X):X—ZZH fz(X):X—ZZPZ f3(X):X+32P3 f4(X):X—22P4
£5(X) = X+32P5 Fo(X) = X22P6 f7(X):X+32P7 fg(X):X—I—?)ZPg

where P; = (0,0), P, = (0,1), s = (0,1), P, = (},1), s = (1,1), Ps = (1,%), P, = (1,0),
0) and S = {1,...,8}. &¢ is a post-critical infinite set with Vj the boundary of the unit

Figure 9: The Sierpiniski Carpet.

In the sequel, we recall the notions of connectivity and arcwise connectivity.

17
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Definition 1.3.8 (Connected Set ([Kigo1], Chapter 1, Section 1.6., Definition 1.6.1, page 33)).

A metric space (E, d) is said to be connected if and only if any closed and open subset of E is E or
the empty set @.

Definition 1.3.9 (Arcwise Connected Set ([Kigo1], Chapter 1, Section 1.6., Definition 1.6.1, page 33)).

A subset A of a metric space (E,d) is said to be arcwise connected if and only if, for all (x,y) € A2,
there exists a path between x and y; i.e., there exists a continuous map 7 : [0,1] — A such
that v(0) = x and y(1) = y.

Theorem 1.3.5 ( [Kigo1] (Chapter 1, Section 1.6., Theorem 1.6.2, page 33)).

Arcwise connectivity and connectivity are equivalent in the case of self-similar sets.

Throughout this work, we exclusively deal with connected P.C.F. sets.

1.4 SELF-SIMILAR MEASURE

Differential operators on fractals are deduced from the integration by part formula, which calls
for the definition of an appropriate integration on fractals. To this purpose, we need to introduce an
appropriate measure theory on self-similar sets; see [Hut81].

Definition 1.4.1. Self-Similar Measure on F [Hut81]

Given a family of strictly positive weights (u;), ;<) such that

there exist a unique measure p with full support on RY which is called self-similar measure

N
on F = U fi (F)if,
i=1

Definition 1.4.2. The Open Set Condition — Similarity Dimension

The set of maps{ fi,..., fn} satisfies the open set condition if there exists a non-empty bounded
open set O such that
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UNLf(O)c O and f(O) Nfi(O)=0@ fori#j

Therefore, there exists a real number Dy (F) satisfying

N
Z RDH(]:) -1 (6)

which is called the similarity dimension of F (see [Fal14]); it is also the Hausdorff dimension of F.

Property 1.4.1. Building of a Self-similar Measure on F

We set, for any integer i belonging to {1,..., N}, where R; €]0,1] is the contraction ratio of f;,

Under the O.S.C. 1.4.2, one has, then,

which enables us to define a self-similar measure y on F through

p= Y pipofit

1

Il
A

Note that the measure y corresponds to the normalized Dy (F)-dimensional Hausdorff measure (HP#(F))
(we refer to [Fal85]):

HPuF)(ENF)
ME) = =57

for any subset E C RY.

Remark 1.4.1.

It is clear that u(F) = 1.

Definition 1.4.3. Integration on F [Stro6]

Given a self-similar measure y and a continuous function u# on F, we define the integral:

/fudy: Hm ) u(Xw)pu(fw(F))

m——+o0 Wex,

for Xy € fw(F). Moreover, using self-similarity of the measure we have that

/}_udyziyi/}_”ofildy' (7)

19
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Proof.

The function f is bounded on the compact F and by definition of u

0 < u(fw(F)) =Tliewp; <1
for all W € X, thus

m

Y, uXw)u(fw(F))| <l v ller ZmaXV]

Wex, i=1

The convergence of the integral is guaranteed by the geometric criterion. O

1.5 DIRICHLET FORMS ON P.C.F. SETS

Following the construction of the first section, given a natural integer m, and two real valued
functions u and v, defined on the set V,, of the vertices of F,,, we introduce the energy, on the
graph F,,, of the pair of functions (u,v), as

Er,(u,0) = Y,  @X)-u(¥)) (v(X)-v(Y))-
(X,Y) € V2, X~Y
For the sake of simplicity, we will write it under the form
Er,(u,0) =} (u(X) = u(Y)) (o(X) = o(Y)) -
XY

Moving from the order m to m + 1, there exists a unique harmonic extension ii of u to the graph
Fm+1 which minimize the energy Ef, ., (1) = Er, ,, (u,u) [Kigo1]. It may happen that

m

EF,. (@) =rEF,(u)- 8)

for some normalization constant 0 < r < 1 independent of m, which leads to the definition of
normalized energy £r ,

Er,(u) =r""EF,(u)-

This definition guarantees that the sequence {£r, } meN is an non-decreasing sequence for any
function u on F;,, and it can be shown that it is a sequence of Dirichlet forms:

Definition 1.5.1. Dirichlet Form, on a Finite Set (see [Kigo3])

Let us denote by V a finite set V, equipped with the usual inner product which, to any pair (u,v)
of functions defined on V, associates

v) =) u(p)v

peV

A Dirichlet form on V is a symmetric bilinear form &, such that:

20



1.5 DIRICHLET FORMS ON P.C.F. SETS

1. For any real valued function u defined on V: £(u, u) > 0.
2. &(u,u) = 0if and only if u is constant on V.

3. For any real-valued function u defined on V, if: u, = min (max(u,0),1), i.e.,

1 if  u(p)>1
VpeV: ulp)=<¢ ulp) si 0<u(p)<1
0 if u(lp)<oO

then: £ (uy, u,) < E(u, u) (Markov property).

Property 1.5.1.

Given a natural integer m, and a real-valued function u, defined on the set V,, of vertices of F,, the map,
which, to any pair of real-valued, continuous functions (u,v) defined on V,,, associates

Er, (o) =r" ) (u(X)—u(Y)) (o(X) —o(Y))

X~Y

m

is a Dirichlet form on F,.
Moreover,

Er, (u,u) =0 < u is constant

It makes sense to define

E(u) = lim Ex, (u)- (9)

m—+00

We can check that [Stro6]:

Theorem 1.5.2.

If u € domé& then uo f; € dom& forall i and

Notation.

We will denote by:

i. dom & the subspace of continuous functions defined on F, such that

E(u) < oo-

21



1.5 DIRICHLET FORMS ON P.C.F. SETS

ii. domg & the subspace of continuous functions defined on F, which take the value zero on V),
and such that:

E(u) < oo-

Let us now introduce the notion of Dirichlet form on a measured space.

Definition 1.5.2. Dirichlet Form on a Measured Space ([BD85b],[FOT94])

Given a measured space (E, ), a Dirichlet form on E is a bilinear symmetric form, that we will
denote by &, defined on a vectorial subspace D dense in Lf, (E), such that:

1. For any real-valued function u defined on D: £(u,u) > 0.

2. D, equipped with the inner product which, to any pair (u,v) of D x D, associates:

(u,0)e = (”:U)Lf,(E) +&(u,v)
is a Hilbert space.

3. For any real-valued function u defined on D, if

u, = min (max(u,0),1) € D

then, & (u,, u.) < E(u,u) (Markov property, or lack of memory property).

We refer to the book of Robert S. Strichartz [Stro6] for a proof of the following results:

Lemma 1.5.3.

We have that: dom & C C(F). Moreover, it can be shown that dom £ are the space of Holder continuous
functions on F.

Lemma 1.5.4.

The map:
dom & /Constants x dom € /Constants — R
(u,v) — E(u,0)

defines an inner product on dom € /Constants.

22
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Theorem 1.5.5.

The space (dom & /Constants, E(-,-)) is a complete Hilbert space.

Definition 1.5.3.

The space S(Ho, Vin) of piecewise harmonic splines of level m is defined to be the space of
continuous functions u such that u o fyy is harmonic for all |W| = m.

Definition 1.5.4.

We say that the sequence {u, },en converges to u in energy if these following two conditions
hold:

1. lim &(u—u,)=0.

n—+00

2. lim | u—uy [[cr)= 0.
Proposition 1.5.6.

Any function u € C(F) may be approximated uniformly by a sequence {u}nen C S(Ho, Vin), with
Un|y, = Uy, Moreover, if u € dom& then u,, converges to u in energy.

In more general cases, the normalized equality

E]:m_*_1 (ﬁ) =7r E]:m (u)

fails to be satisfied. This implies a general definition of the Dirichlet form if such a form exist.

Definition 1.5.5. Dirichlet Form on P.C.E. sets

Given the sequence of graphs (Fy),, N, and a pair (4, v) of continuous function defined on F,
we define the following Dirichlet form

Er(u,0) = lim Er,(u,0) (10)
= lim XZY en(X,Y) (u(X) = u(Y)) (0(X) = v(Y)) (11)

m

for some sequence {c,(X,Y)},,cn, satisfying

1. &7, ,(@1) = EF, (u), if i is the harmonic extension of u.

23



1.6 LAPLACIAN ON P.C.F. SETS 24

2. Ex,,(u) =) 17 EF, (uo f;), for suitable resistance renormalization factors r; satisfying 0 < r; < 1.

M=

Il
—_

A P.C.F fractal satisfying these conditions is said to have a regular harmonic structure.

1.6 LAPLACIAN ON P.C.F. SETS

The Dirichlet form &£ on P.C.F. sets can be seen as an analogous of the following Dirichlet form, in
the case of an open subset (2 C R”, and two smooth functions # and v on (),

E(u,v) :/ VuVovdx-
0

It is known via the integration by parts formula that

/Vqudx:—/Auvdx+ dyuvdx-
Q 0 a0

Now, if we consider the case u € C2(Q) and v € C}(Q) we get

/Vqudx:—/Auvdx
Q Q

We can use this correspondence to define the Laplacian using a suitable choice of v.

Theorem 1.6.1. Correspondence between Dirichlet Forms and Laplacians [FOT94]

Let us denote by H a Hilbert space, equipped with a scalar product (., .);, and by € a Dirichlet form on H.
There exists a natural correspondence between the Dirichlet form £ and the Laplacian A in the following way,

E(u,v) = — (Au, vy -

The above correspondence enables us to build a Laplacian (with respect to y) via the following
definition.

Definition 1.6.1. Laplacian on P.C.F. Sets
Let us consider u € dom&. Then, u belongs to domA,,, with A,u = f, if

S(u,v):—/ffvdy, Vv € domp&E

In the case where f ¢ L]?;(]: ), the same definition holds, this time with u € domL’zA Ay.

We have the following theorem:
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Theorem 1.6.2.

(u € domA and Au=0) ifand only if u is harmonic

For an appropriate choice of the function v, we can deduce the Laplacian formula, by exploiting
the nature of the Dirichlet form &:

Theorem 1.6.3. Pointwise Formula

Let us denote by m be a strictly positive integer, X € V, \ Vo, and ¢ € S (Ho, Vi) a spline function
such that

oxy V Y eV, 1 lf X=Y
m _ —
Px(Y) = { 0 VY¢V, ' where  dxy = { 0 else

i. For any function u of dom A, such that its Laplacian exists, the sequence

( {[ v dy}_l Amu<x>)

meN
converges uniformly towards
Ayu(X),

where

Ant(X) = Y (u(Y) — (X)),

Y~X

m

ii. Conversely, given a continuous function u on F such that the sequence

( {[ v d#}l Amu<x>)

converges uniformly towards a continuous function on V, \ Vo, we have that

meN

-1
u e domh, and Ayu(X)= lim r " {/ lp%dy} Apu(X) -
f

m—r+00

Corollary 1.6.4. [Stro6]

For an arbitrary point X € F and a sequence (X, )meN in Vi, converging to X, the pointwise formula of
theorem 1.6.3 holds by density (theorem 1.3.2) and uniform continuity extension, and it becomes:

m——+oo

-1
Ayu(X)= lim r " {/fr,b%m dy} Apu(Xy) - (12)

25
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Remark 1.6.1.

The extension described in the corollary is more complicated that it may seem, the process goes
through three stages:

i. Construct a (resistance) metric on V, (denoted by RM ) and establish Holder continuity: for
X,Y € Vyand u € dom(&)

1(X) = u(Y)| < \JE@RM(X,Y)

ii. Define (Q), RMf) the completion of the metric space (Vi,, RMx), extend u by uniform
continuity on (Q), RMr), then think of (dom&, £) as a subset of C(Q), RM ).

iii. Identify () with F in the case of regular harmonic structures (definition 1.5.5).

We refer the reader to [Kigo1] for a detailed proof.

Remark 1.6.2. Holder Continuity and dom&

The result of lemma 1.5.3 can be improved in light of remark 1.6.1: the Holder continuity exponent

with respect to the resistance metric RM r is 5 and according to [Stro6], it is equivalent to Holder

In(r)
21In(R)
maximum contraction ratio.

continuity constant & =

with respect to the euclidean metric, where R = max; R; is the

Integration by part induces a definition on the normal derivative on fractals, this definition is
valid either on boundary Vj or in the interior of the self-similar set /. In addition, we can deduce
an equivalent to the Gauss-Green formula:

Definition 1.6.2. Normal Derivative

Given a boundary point X = fyy(P;) of a cell fyy (F), 1<i< Np, W € {1,...,d}!, and a
continuous function u on F, we will say that the normal derivative d,u exists if the limit

onu(P;) = mlgﬂoo re Y;Pi (u(P;) —u(Y)) (13)
Yefi(F)

exists. The local normal derivative satisfies
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Theorem 1.6.5. Green-Gauss Formula

Given u € domp, for a measure p, d,u exists for all X € Vo, and

E(u,v) = —/fAP,uvdy—i— Y. 9u(X)o

XeVy

holds for all v € dom E.

Corollary 1.6.6.

Given u € domA,, for a measure pi:

/FAyuvdy—/quHvdy:%(anu(X)v—uanv(X))

holds for all v € dom E.

Theorem 1.6.7. Matching Condition

Given u € domA,, at each junction point

(14)

(15)

X=fwP) =P , (ij),€{l...N}* , WW) e {1..., N x{1,...,N}"

the local normal derivative exists, and

Intt(fw(P)) + Ot (fr (Py)) = 0
holds for all v € domE.

Example 1.6.1. Sierpiniski Gasket

(16)

3
In the case of Sierpiriski gasket &8, we can check that the normalization constant r = 5 the

Dirichlet form, the Laplacian and the normal derivative are given respectively by

27
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Example 1.6.2. Sierpiniski Tetrahedron

2
In the case of the Sierpinski Tetrahedron &%, the normalization constant equals to r = 3/ the
Dirichlet form, the Laplacian and the normal derivative are given respectively by

o) = Jim (3) L 00 =u() w00 ~2(v))
Ayu(X) = mlﬁinﬁw2 x 6™ Yix(u(Y) —u(X)),
() = tim (3)" L () - u(v))
Yefm(sT)

Example 1.6.3. Minkowski Curve

1
In the case of Minkowski Curve ¢, the normalization constant equals to r = 3 the Dirichlet

form, the Laplacian and the normal derivative are given respectively by

E(w,v) = lim 3" Y (u(X)—u(Y)) (v(X)—2o(Y))

m—y+oo XY
1 2m _
By u(X) = lim & (u(1)=u(X)
onu(P;) = lim 3" Y (u(P) —u(Y))
m——4c0 Y~P,
Y€ fyp(ame)

1.7 GENERALIZED COMBINATORIAL LAPLACIAN
The Laplacian can be represented in a different way, through discrete Laplacian matrix. For more

details we refer to [Shig6]. This combinatorial construction allows one to define Dirichlet form and
Laplacian on the general class of P.C.F. sets and to sketch out spectral results:

Definition 1.7.1. Real valued function on a graph
Let U and V denote two finite sets. The set of real valued functions on U is denoted by I(U) and
ZQ(V) = {f S I(U) : f(PZ) =0 forP e VO}
L(u,v)={A:1(U) = (V) and A is linear} -

We shall write L(U) = L(U, U).
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Let us denote by A be the Laplacian matrix on Fy. We consider the bijection

fw s Vo= fw(W)

for any word W € {1,...,N}". This allows one to identify V with fy(Vy) and hence regard
Ao € L(fw(Vo)). Let again define the restriction map to fyy(Vp):

IRW €L (Vm/fW(VO))
Ry (u) = 11, (vy)

Then the graph Laplacian matrix A,, € L(V,) is given by

Aw= Y RJ,ARy, -
WeZy

In the general case, one chooses p = <p1_1,...,p;]1) € I(S) with S = {1,...,N}. The num-

N
ber p, ! = Z p; ! is called measure factor.
i=1

We can then define (A, p), the generalized Laplacian with weight p on the graph F,, through

Aw=Y P RLARyy - (17)
WeL

= (Tw JL
A’”“(Jm Xm>

where Ty, € L(V()), Jm € L(V(), Vin \ V()) and X, € L(Vm \ Vo).

It can be discomposed into

We define next the discrete generalized measure on V,,,

fim =) ( ). Pwl]R%(—Tl)]Rw> ox

XeV, \WEeXL,, X, X

where J is the Dirac measure, and the normalized Laplacian on F,,,

~ A
Ay = .
" (X
m
Note that if we define p,, = trz:;(le(T) fim, then the sequence { i }men converges weakly to the
- 1

self-similar measure p with weights Sl [Shig6].
0
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1.8 SPECTRAL DECIMATION FUNCTION

In this section, we consider connected P.C.F sets F with

1. #£;(Vo) N Vo < 1 (Vp vertices are not neighbors in V,,, for m > 1).

2. F is connected.

We set

T=T, X=Xi, J=h1 M=-diag(X), D=Ap
where M = —diag(X) means that M is a diagonal matrix with M;; = —X; ;.

We are hereafter interested in the solution of the following spectral problems:

Ayu = Au Ayu = Au

The Dirichlet problem { and the Neumann problem {

Uy, =0 ntyy =0

The solution A of the first (resp. the second) problem is called the Dirichlet eigenvalue (resp.
Neumann eigenvalue) corresponding to the Dirichlet eigenfunction (resp. Neumann eigenfunc-
tion) u.

Set N(x) =#{i : A; <x}.

Definition 1.8.1. Strong harmonic structure [Shig6]

The generalized Laplacian (A, p) is said to have a strong harmonic structure if there exist
rational functions Kp(A) and Kr(A) such that X + AM is invertible; then,

T—JN(X+AM)'] =Kp(A)D + Kr(M)T

where Kp(0) is the energy renormalization constant. We denote by

F={A€R :Kp(A) =0 or det(X+AM) =0}

the set of forbidden eigenvalues. Moreover, we introduce

3x = {A €T : Ais an eingenvalue of — A}

as the set of forbidden eigenvalues at step k.

We define the spectral decimation through

(18)
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Remark 1.8.1.

i. In the general case, the Dirichlet form is given by

E(w) = lim - ( o) ) ", B (19)

By analogy to the previous section, it can be shown that ([Kumg3])

(Kp(0)p); ' Ex(uo f;)

I
™=

N
Il
—_

Er(u)

riler(uofi)

M=

N
Il
—_

ii. In the case of the Sierpiriski Gasket &&:

pr=p2=p3=1, po=3, KD(O):rzg
and
. 1 "
E(u) = lim — <KD(0)) (1, Ayt
—iim - (2 v Y — 1
= im - (3)" D0 T w0 -0

iii. Observe that the Laplacian A in the case of the Sierpiiski Gasket G& is just the limit

. 1 "
A (o) )
= Hm 7" (X)) 1A uu(X) -

m——+oo

Ayu(X) =

Theorem 1.8.1. Spectral Decimation Property [Shig6]

Suppose the generalized Laplacian has a strong harmonic structure. We have the following results:

i. If f is an eigenfunction of —A,, 1 with eigenvalue A, ie., —A,1f = Af, and A ¢ §, then
_Amf|vm = R(A)f
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ii. Conversely, If —A,, fiv, = R(A)f and A ¢ , then there exists a unique extension f of f such that
_Am—i-lf = )\f~

Proposition 1.8.2. [Shig6]

The spectral decimation function R satisfies

R(0)=0 and R’<0):KD<10)pO-

Thus, O is a repealing fixed point of R.

Proposition 1.8.3. [Zhoo7]

If a Laplacian has the strong harmonic structure and all p; = 1, then it admits spectral decimation.

1.9 EINSTEIN RELATION AND WEYL'S FORMULA FOR P.C.F. SETS

In order to establish an analogous result to the Weyl asymptotic law in smooth analysis, we need
to introduce some notions relatives to fractal analysis:
Definition 1.9.1. Spectral Dimension [Kigg8]

Let F be a self-similar set. We call spectral dimension the unique real number Dg(F) which
satisfies

(et T
-:1<I<D<o>> - (20)

1

Definition 1.9.2. Walk Dimension [HKKoz]

Let us denote by T(B(X, R)) the time taken for the diffusion, whose infinitesimal generator is the
Laplace operator A, on self-similar set F, to exit a ball centered at X with radius R. We call walk
dimension the limit Dy (F) of

Dy(F) = lim sup OBEX(FBX,R)))

R—+co log(R) (1)

when it exists independently of X, where Ex stands for expectation conditioned on starting at X € F.

Next, we present the Einstein relation which connects three fundamental numbers associated to
fractal objects.
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Theorem 1.9.1. Einstein Relation on Fractals [Bar9g8]

The similarity dimension Dy (F), the spectral dimension Dg(F) and the walk dimension Dy (F), of a
self-similar object F are related by the so called Einstein relation

2Dy (F) = Dg(F) x Dw(F) - (22)

We recall next the Weyl formula for ordinary Laplacians on bounded domains () in R".

Theorem 1.9.2. Weyl’s Formula [Kigo1]

Let Q) be a bounded domain in R". Let A; be the i-th eigenvalue of the Dirichlet eigenvalue problem of —A

on ), that is
{Au = Au
u|aQ =0

1
(277)"

where |.| is n-dimensional Lebesque measure and I3, is the Lebesgue measure n-dimensional ball.

Then, as x — o0,

N(x) = Bn\Q\nx% —l—o(x%)

In the case of fractal objects, the physicist Michael V. Berry made the following conjecture in [Ber8o]:

Dy (¥) Dy (¥)

N(x):C’HD”(]:)(Q)x 2 t4o(x 2 )-

By replacing n by the Hausdorff dimension Dy (F). Unfortunately, this is wrong. The right
formula is given by the theorem below:

Theorem 1.9.3. Weyl’s Formula [Kigo1]

In the case of self-similar set F, set 7y; = | /Tiji;, the eigenvalues counting function satisfies
N(x) _ N (x)

DSZ(F) < lim sup 557

xX— 400 7

0 < Iim inf < +o0

X—-+o00

for Dirichlet and Neumann Eigenvalues. Moreover,

N(x)

D) exists and
2

N
i. Non-lattice case : If ZZ log(1y;) is a dense subgroup of R. Then, the limit lim

= X—+00 x

is independent of the boundary conditions.
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N
ii. Lattice case : If ZZlog(’yi) is a discrete group of R, let us denote by T its generator. Then,
i=1
when x — +o0, we have that

Dg(F)

N(x) = (Glog (%) +o(1)) T

where Gdenotes a right-continuous, T-periodic function satisfying 0 < inf G(x) < sup G(x) < oo,
and o(1) a term which vanishes as x — +oco. Moreover, the periodic function G is independent of the
boundary conditions.

Example 1.9.1. Sierpiniski Tetrahedron

According to [RD17a], the Sierpinski Tetrahedron is characterized by Dy (6%) =2, Dg(6%) =2 ——<

In(4)
In(6)

In(6
and Dy (6%) =2 IEE 4§ according to Einstein’s relation. The spectral decimation function is given

by R(A) = A(6 — A) and the eigenvalues are given by the limit A =2 lim 6™ A,,. Moreover, the

m—r+o00
eigenvalue counting function follow the modified Weyl law:

Nt = (6 () o) ) 156

Example 1.9.2. Minkowski Curve [RD17b]

For the Minkowski Curve, we respectively have that Dy (9M¢€) = g, Ds(OM¢€) = 1and Dy (ME) = 3,
according to Einstein’s relation. The spectral decimation function is given by R(A) = —A (A —4) (A — 2)(A(A — 4

and the eigenvalues are given by the limit A = 2 1_1&1 82" \,y. According to the result of Jun Kigami
m 0o

in [Kigg8], one has the modified Weyl formula:

AT () = (G <1an> +0(1)> Xt

1.10 PARTIAL DIFFERENTIAL EQUATIONS ON FRACTALS

Nl

In this section, we deal with the construction of PDE’s on P.C.E. fractals. Since the Laplacian has
been formerly introduced, we are now able to ask the following questions:

1. Can we define PDE’s on fractals?
2. Can we establish existence and uniqueness of the solution?

3. The solution is it local or global?

We shall try next to answer these questions in the case of static and dynamical PDE’s.
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1.10.1  Solvability of partial differential equations

Let us denote by F a P.C.F. fractal with regular harmonic structure, and A, the Laplacian with
respect to the self similar measure . We consider the general partial differential equation on F

—Au(X) = F(X, u(X))

where F is a continuous function on F X R and u a real valued function. We state next local existence
and uniqueness of the solution.

Theorem 1.10.1. Local Solvability [Stros]

Let us assume that —A,u(X) = F(X,u(X)) holds on the m-cell fyy(F), for |W| = m, with boundary
fw (W), and that

i. F satisfies a local Lipschitz condition in the u-variable,

VT >0, IMyp < oo suchthat:
|F(X,u) — F(X,v)| < Mt |u—v| provided |u|, |v| < T-

ii. u satisfies the boundary condition

u(fw(P)) =a; fori=1,...,N-

Then, for every A > 0, there exists m such that for all choices of {a;} with |a;| < A, the equation has a
unique solution.

Theorem 1.10.2. Peano Existence Theorem [Stros]

Let us assume that —A,u(X) = F(X,u(X)) holds on the m-cell fy(F), for |W| = m, with boundary
fw (W), and that:

i. F is continuous.

ii. u satisfies the boundary condition

M(fw(Pi) = 4a; fOT"iZl,...,N-

Then, for every A there exists m such that for all choices of {a;} with |a;| < A, the equation has a solution.

Note that the global solvability can fail in some situation, even for linear constant coefficient like

—Au(X) = Au(X) + F(X)

where F is continuous, and A is an eigenvalue. We have the following counter-example in the case of
the Sierpinski Gasket &&:

35



1.10 PARTIAL DIFFERENTIAL EQUATIONS ON FRACTALS

Theorem 1.10.3. [Stros5]
The equation

—Au(X) = Au(X) + F(X)

is not solvable if and only if A is a joint Dirichlet-Neumann eigenvalue,.

We have the following result on open sets of F :

Theorem 1.10.4. Existence on Open Sets[Stros]
Let Q) be an open set of F not containing any points of Vy. The equation

—Duu(X) = F(X)

is solvable for any continuous function F.

1.10.2  The heat equation

As previously, given a P.C.F. set F with regular harmonic structure, and T > 0. We are interested
in the solution of

ou—Ayu=g in |0,T[x F
u(0,X) = up(X) inF

with Dirichlet (resp. Neumann) boundary conditions,

u=0onVy (resp.d,u=0onVp)-

Definition 1.10.1. Heat Kernel [Kigo1]

For the Dirichlet (resp. Neumann) case, let us define the heat kernel H on |0, +oo[ x F X F as

e M (X)pi(Y)

e

K(tX,Y) =

1

Il
—

where ¢; and A; are respectively Dirichlet (resp. Neumann) eigenfunctions and eigenvalues of the
Laplacian.

Definition 1.10.2. Heat Operator [Kigo1]

For g € L%l(]-"), let us define
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5i8(X) = [ K(tX,¥)g()dp(Y)

fort >0and X € F.

We recall that Lj;(F) C Lj,(F) for p € [1,+c0].
Theorem 1.10.5. Heat Semigroup [Kigo1]

1. Sy is a bounded operator from Ljj(F) — C(F) C Ly (F), forany t > 0 and p € [1, +o0].
2. 5085 = Sy for any s, t > 0.
3. St(L,(F)) C domA,, for any t > 0.
4. Let ug € LY(F,u) and u(t,X) = Siug(X) for 10,00[ x F, then u(.,X) € C(]0,+oo|) for any
X € F. Moreover,
ouu(t, X) = Ayu(t,X)  forany (t,X) € ]0,00[ X F

5. The semigroup (St)o is strongly continuous on L% (F), its generator is — Ay, and

lim | Systg — w0 |25 = 0

6. The Cy semigroup (St)=0 is a semigroup of contractions.

Proof.

1)2)3)4)5) See [Kigo1].
6)Note first that we can extend by continuity the semigroup (S¢);~o to zero. Let us then set

o0
up(x) = Z a; $;i(x) in the eigenfunctions base, we have, thus,
i=1

| Settp |12
| Smg || = sup L)

wer2(Fuzo |14 [z ()

1Y e aigi(x) ||z )
=

| 1o llr2(7)
<1
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Theorem 1.10.6. Weak Solution of the Heat Problem
Let us consider ug € Ly, (F).

1. For the homogeneous problem:

o There is a unique solution of the homogeneous heat problem (g = 0) given by

M(t,X) = St Up

:/flC(t,X,Y)uo(Y)dH(Y)
u(0,X) =up

where

lim [ — o [[ 137 = 0
u(t,P;) =0 (resp. 0,u(t,P;) =0) for P eV

e The reqularity of the solution is u € C'(]0, T[;L%,(]-")) N C(]o, T[;domL}zl(;)Ay).

2. For the Nonhomogeneous problem:

o There is a unique solution of the non-homogeneous heat problem given by the Duhamel formula,

t
u(t,X) =5 u0+/0 Si—sg(s)ds

:/JTIC(t,X,Y)uO(Y)dy(Y)—i—/ot/f/C(t—s,X,Y)g(s,Y) du(y)ds
u(0,x) = up(x)

where

lim [ g — o [| 127y = 0

u(t,P;) =0 (resp. 0,u(t,P;) =0) for P eV

e The regqularity of the solution is u € C'(]0, T[;L%, (F))nc(]o, T[;domL}zl(f)Ay).
Proof.

1. We refer to [Kigo1].

2. It is clear that the Duhamel formula solves the non-homogeneous problem, the uniqueness can
also be deduced by considering two solutions u; and uy, the difference Z = u; — u; leads to an
homogeneous problem
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WZ=N0,Z in]0,T[xF
Z=0 (resp. 0,u(t,P;) =0) on |0, T[ x VW
Z(0,X)=0 inF

with null solution Z = 0, which implies the uniqueness.

The regularity of the solution is a consequence of the homogeneous case.

Theorem 1.10.7. Parabolic Maximum Principle [Kigo1]

Let us denote by u : [0, 00[ x F — R the solution of homogeneous heat problem. Then, for any T > 0,

max u(t, X) = maxu(t, X)

Ur our
inu(t,X) =minu(t, X
620 = (%)

where Up = [0, T] x F and oUr = {0} x FU[0,T] x W,.



Chapter 2

Numerical Analysis on Fractals and Applications



NUMERICAL ANALYSIS ON FRACTALS AND APPLICATIONS

Following the seminal work of Jun Kigami [Kig89], [Kigg3], [Kigo1], [Kigo3] in the field of analy-
sis on fractals, the natural step was to explore the numerical related areas.

It has been initiated, in the case of he Sierpiniski gasket, by Kyallee Dalrymple, Robert S. Strichartz,
and Jade Vinson [DSVg9], who gave an equivalent method for the finite difference approximation.
More precisely, the authors use the spectral shape of the solution (heat kernel), which involves
eigenvalues and eigenvectors, an therefore calls for an approximation of the eigenvalues. This work
has been followed by the one of Nizare Riane and Claire David in [RD17b], [RD19], [RD20b], where
they establish numerical analysis of the finite difference method in the case of Sierpiriski simplices.

On the other hand, Michael Gibbons, Arjun Raj and Robert S. Strichartz [GRSo1] described how
one can build approximate solutions, by means of piecewise harmonic, or biharmonic, splines, again
in the case of 8. They go so far as giving theoretical error estimates, through a comparison with
experimental numerical data.

Finally, The finite volume method was introduced by Nizare Riane and Claire David [RD21a] by
exploiting the average method defined by Robert S. Strichartz in [Stro1].

2.1 THE FINITE DIFFERENCE METHOD

As in the smooth case, numerical methods can be used to approximate solutions of partial differ-
ential equations. The first method discussed in the fractal case is the finite difference method.

The principle of the method is simple: given the self-similar Laplacian with respect to the measure
i, on a self similar set 7, we exploit the pointwise formula

for some normalization constant d,,. The idea is to use the sequence of graph approximations (F,)
and the sequence of associated graph Laplacians, as an approximation of A, which can lead to:

me N/

Ayu(X) = 0 Apu(X) -

The goal is to prove that the induced scheme is consistent, stable and then convergent.

2.1.1  The Finite Difference Method, for the Heat Equation on Sierpifiski Simplices

In the sequel, we place ourselves in the Euclidean space of dimension d — 1 for a strictly positive
integer d, referred to a direct orthonormal frame. The usual Cartesian coordinates will be denoted
by (Xl,XQ, .. .,Xd,l).

Let us introduce the family of contractionsf;, 1 < i < d, of fixed point P, such that, for any X € R4-1,
and any integer i belonging to {1,...,d},
1

fi(X) = 5 (X+P)-
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According to [Hut81], there exists a unique subset & C R9-1 such that

66 = Oﬁ(@@)
i=1

which will be called the Sierpiniski Simplex.

Following the construction of chapter 1, we denote by Vj the boundary set of points

{Py,..., P} -
and the prefractal graph of order 0 to be the complete graph on Vj, that we will denote by 6&,.

For any strictly positive integer m, we set

The sequence of prefractal graphs (66,,),en+ is constituted according to definition 1.3.5. We
will denote, in the following, by N, the number of vertices of the graph §&,,.

Proposition 2.1.1.

Given a natural integer m, we will denote by Ny, the number of vertices of the graph &&,,. One has

No=d

and, for any strictly positive integer m,

Proof.

For any strictly positive integer m, the graph 66, is the union of 4 copies of the graph 66,,_;.

Each copy shares a vertex with the other ones. So, one may consider the copies as the vertices of a
d(d—1) d(d—1)
2 2

take into account. O

complete graph K;, the number of edges is equal to , which leads to vertices to

Remark 2.1.1.

dm+1 +d

One may check that NV, = 5
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Formulation of the Problem

Let us denote by T a strictly positive real number, by A the cardinal of Vj, and by N, the cardinal
of V;,. We may now consider a solution u of the problem:

aait‘(t,X) CAu(LX) = 0 V(5X) €]0,T[x 66
u(t, X) = 0 V(X)e|0T[x066
u(0, X) = g(x) VX € 66

In order to define a numerical scheme, one may use a first order forward difference scheme to

ou
approximate the time derivative —. The Laplacian is approximated by means of the sequence of

graph Laplacians (A, u),, c -, defined on the sequence of graphs (66,,),, -

To this purpose, we fix a strictly positive integer N, and set

T
h= N
One has, for any integer k belonging to {0,...,N —1}:
VX € 66 : aa”t‘(kh,X) = 1 (u((k+ 1), X) — u(kh, X)) + O(h)

According to [Stro6], the Laplacian on Sierpiriski simplices &G is given by

~1
VX € 66 : Au(t,X)= lim r—m< P dy) ( Y u(t,Y)u(t,Xm)>
66 m

m—r+oo szy

where, for any natural integer m, X,, € V,, \ W, 1/1%) a piecewise harmonic function as in theorem
1.6.3, 0 < r < 1 the normalization constant in equation 8, and where

lim X,, = X-
m—»o0

This enables one to approximate the Laplacian, at a m!"* order, m € IN*, using the graph
normalized Laplacian as follows:

Xm~Y
m

1
Vk{0,...,.N—1}, VX € 66 : Au(t,X)~r " (/ ¢§(m)dy) ( Z u(kh,Y) u(kh,Xm)> .
66 m

By combining those two relations, one gets the following scheme, for any integer k belonging
to {0,...,N — 1}, any point Piof Vo, 1<j < My, and any X in the set V,, \ Vb,

uZZ((kH)h,?}i)—u?(kh,X) _ em (1«661’,,%)@)‘1 (Zu;y(kh,y)ugl(kh,x)>

(Sw) XY
ul"(kh, P)) = 0
u" (0, X) = 8(X)

Let us define the approximate equation as
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2.1 THE FINITE DIFFERENCE METHOD

-1
w((k+1)h, X) = ul(kh, X) +hr " (/66 1p§(";)dy> (Z ul"(kh,Y) u,T(kh,X)) C (23)

X~Y
m

Vk € {0,...,N—1},VX € V,, \ Vo. We now fix m € IN, and consider any X € V, \ Vp in the
addresses form X = fy(P;) = {W, P;}, where W € %, = {1,...,d}" is a word of length m, and
where P;, 1 < i < N belongs to V.

This induce a natural ordering of the vertices in V;,;, and enables one to introduce, for any integer k
belonging to {0,..., N — 1}, the solution vector U(k) as

wr (kh, Xy)
uy' (k) = :
HZ1 (k h/ X/\/mfd)

which satisfies the recurrence relation:

Up (k+1) = AU (K) (24)

where

A=1Iy _4—hA, (25)

and where I _; denotes the (N, —d) x (N, — d) identity matrix, and A, the (N, —d) x (N, —d)
normalized Laplacian matrix.

Remark 2.1.2. Natural order

The natural order induced by the couple {W, P;} is perturbed by the fact that a point may
have multiple addresses, we solve the problem by assigning to a vertex an address of the lowest
lexicographic order.

Theoretical Study of the Error, for Holder Continuous Functions

In the spirit of the work of Robert S. Strichartz [Strgg], [Str12], it is interesting to consider the
case of Holder continuous functions. Why? First, Holder continuity implies continuity, which is a
required condition for functions in the domain of the Laplacian (we refer to our work [RD17b] for
further details).

Second, a Holder condition for such a function will result in fruitful estimates for its Laplacian,
which is a limit of difference quotients.
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Let us thus consider a function u in the domain of the Laplacian, and the nonnegative real
In(r)
2In(R)

V(X,Y) €685Vt >0: |u(t,X)—u(t,Y)|<CH)|X-Y]*

constant « = given in remark 1.6.2, such that

where C denotes a positive function of the time variable t.
Given a strictly positive integer m, due to

Apu(t, X)= Y. (u(tY)—u(t,X)) Vt>0,VX € Vu\V
Y€V, Y~X

thus, given a strictly positive integer m, its Laplacian is defined as the limit

Ayu(t,X) = lim rm<

m—»—+o00

-1
- ‘chﬁ)dﬂ) Apu(t,Xy) VE>0,VX € 66
where (X, € Viu \ Vo),,cn i @ sequence a points such that:

lim X, =X

m—+00

and where r denotes the normalization constant, lpg(";) a harmonic spline function, and where
Apu(t,X)= Y (u(t,Y)—u(tX)) VE>0,VX € Vy\ V-
Y€V, Y~X
Let us now introduce a strictly positive number d;; = |P; — P;j|, for any P; belonging to the set Vo,

and any P; such that P;~P;. On the one hand, we set: § = max;; J;;.

On the other hand, we define R as the maximum contraction ratio of the similarities f; (note that,

1
in the case of Sierpinski simplices, R = E)'

One has then, for any X belonging to the set V;, \ Vo, any integer k belonging to {0,...,N —1},
and any strictly positive number #,

-1
—m (’”)d> hAu(kh X)| <
o (L) | dwnten )| <

-1
—m (m)d
r </66 lljxm ;M)

YEVm,YZX
-1
< o ( ¢§g’)d;¢> hC(kh) Y [X—Y]*
66 YEVm,Y;;X
-1
< e ( lpg:}dy) hC(kn)y Y, &“R™®
66 m| Y€V, Yoo X
m -1 =
< 7 (feoe #X dn) ’hC(kh) 205“ RP®
p:
-1
—m (g ) hC(kh
o ([ )| neten

- o (1—R%)

We have used the fact that, for X ~ Y, X and Y have addresses such that:
m

ho Y |u(khY)—u(kh X)|
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X=fw(P) , Y=fw(P)
for some P; and P; in Vp and W € ¥;,. May one set

ROW) = Ry, Ry, ... Ryyy = R™

we then obtain that

X =Y| = [fw(P) — fw(P))| = ROWV) |P; = ;| < R™6-

The scheme (Sy) enables us to write

hC(kh)

-1
i (m) 4 )
r <661/’x,,, K

u((k+1)h,X) —u(kh,X)| < &

One may note that a required condition for the convergence of the scheme is

-1
—m (m) d
r ( . ¥x,, .”)

We take C = sup, C(kh), it reduces to the necessary condition

-1
—m (m) d
¥ < . P, ?‘)

According to [FS92], in the case of Sierpinski simplices, " =

lim hC(kh) =0-

m—s—+oo, h—0+t

lim
m——+oo0, h—0t

simple calculus as in [Stro6] shows that /6 (1[1;"1) dy) the relation reduces to
6 m

= gmt1

d(d+2)"

m
m—s—+o00, h—0+ 2

h=0- (27)

Consistency, Stability and Convergence

THE SCHEME ERROR

Let us consider a continuous function u defined on S. On the one hand, forall kin {0,...,N — 1},
we have that

VX € 66 : ?;;(kh,X) = 1 (u((k+ 1), X) — ulkh, X)) + O(h):
On the other hand, given a strictly positive integer m, X € V,,, \ Vo, and a harmonic function ll)g(m)

on the m'"-order cell, taking the value 1 on X and 0 on the others vertices (see [Strg9]):

[ 90 (3uX) — (1) () = 00000 - (122) a0
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Then,

d

Au(X) = 5 (

2+ 2" u(X) = S [ g 00(Bu(X) — Au(r) de(Y)
Let us now consider the case of Holder continuous functions, as in the above,

V(X,Y) €66%: |u(X)—u(Y)|<C|X-Y*

where C and « are nonnegative real constants.
Given a strictly positive integer m, since

Apu(X)= Y. (u(Y)—u(X)) Vt>0,YX € Vu\V
YEV,, Y~X

we obtain that
Auu(X)| S Y = X" VX € Vu\ W,
and, thus,
Au(X)| Sy =X|" VX € 66\ V-
One may note that

2 [ () (40 = du(r) )

is the mean value of Au(X) — Au(Y) over the m'-order cell containing X, and Au is a Holder-
continuous function, so we can apply the mean value formula for integrals; there exists c,, in the
m'"-order cell containing X such that :

‘AM(X) — ;l(d+2)m Amu(X)‘ = Au(X) — Au(cm)
SIX —ceml®
< <1> .
~A\2
In the end,
d m —mu
Au(x) = E(d—l—Z) Apu(x) +O27M%)
CONSISTENCY

Definition 2.1.1 (Consistency Error - Consistent Scheme).

The consistency error of our scheme is given by
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e, =0Mh)+02™™) 0<k<N-1,1<i<Ny—d-

The scheme is said to be consistent if the consistency error go to zero when h — 0 and m — +oo,

for some norm.

One may check that
lim ¢&;=0-
h—0,m—+oco "

The scheme is then consistent.

STABILITY

Definition 2.1.2.

Let us recall that the spectral norm p is defined as the induced norm of the norm || - ||o. Itis

given, for a square matrix A, by:

P(A) = 1/ Amax (AT A)

where Anax stands for the spectral radius.

Proposition 2.1.2.
Let us denote by R the spectral decimation function in definition 1.8.1 such that:

Vx#0: R(x)=x(d+2—x).

According to [FS92], the eigenvalues A, m € IN, of the discrete Laplacian A, are related recursively

Ym=1: Apq=R(An)-

Remark 2.1.3.

The eigenvalues A of the self-similar Laplacian A, are obtained as limits of the eigenvalues A, of

the discrete Laplacian A;:

-1
A= lim r’”( wggm)dy> Ay -
es

m—»+o00
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We deduce that, for any strictly positive integer m,

At — (d+2) £/ ([d+2)2 =41,
"o 2

d+2)?
We introduce the functions ¢~ and ¢ such that, for any x in ] —0o0, ( —Z ) },

b (x) = (12 (2d+z)2—4x gt = @2 éd+2)2—4x'

We have that:

2 2
o) =d+2 , <P‘<(d+42)>:d;2 ¢ (0)=0 and (P+<(d22)>:d42—2‘

The function ¢~ is increasing. Its fixed point is x ™ = 0.
The function ¢ is non increasing. Its fixed point is x** = (d +2) — 1.

One may also check that the following two maps are contractions, since:

1

i _ 11
ax? (0)’ @27 d+2°

and:

1 1
=-<1
Vd+22-4d+2)+4 d
In [Shig1], Tadashi Shima shows that the discrete Laplacien A; on V; has Dirichlet eigenvalues
d + 2 with multiplicity d — 1, and 2 with multiplicity 1, and gives the complete spectrum for m > 1.

FYCEEIERIE

The complete Dirichlet spectrum, for m > 2, is generated by the recurrent stable maps (convergent
towards the fixed points) ¢ and ¢~ with initial values 2, d + 2 and 24.

One may finally conclude that, for any natural integer m,

0< Ay <24 (28)

Definition 2.1.3.

The scheme is said to be:

e unconditionally stable if there exist a constant C < 1 independent of & and m such that:

po(Afy<C Vke{1,..., N}

e conditionally stable if there exist three constants « > 0, C; > 0 and C; < 1 such that:

h<C((d+2)") = p(A") < C Vke {1,...,N}
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Proposition 2.1.3.

Let us denote by 7y;, i = 1,..., N,y — d, the eigenvalues of the matrix A of equation 37. Then,

. 2
Vi=1,..., Ny —4d : h(d—|—2)m<ﬁ:>]'m<1-

We designate this result by Courant-Friedrichs—Lewy (CFL) stability condition.

Proof.

Let us recall our scheme can be written, for any integer k belonging to {1,...,N}:

Mmi(k+1)h,X;) —ul"(kh, X;
WA DR X XD gy Y (i, Y) — (ki X))
(Sn) oy
u,T(kh,Pj) = 0
i (0.X3) = 3(Xi)
i.e., under matrix form,
up(kh, Xy)
u(k) = : Vk €{1,...,N}.

I/l';f (k h, XNm,d)

It satisfies the recurrence relation:

Ur(k+1) = AUr(k) vk e{l,...,N}

where

A — I‘/\[mfd _hAm.'

One may use the recurrence to obtain

ur(k) = Auro)  vke {1,...,N}-

The eigenvalues 7y; of A are related to the discrete Laplacian eigenvalues A;, i = 1,.
the formula

d
vi=1-h(5(d+2)")A;-

Using the spectral bound in equation 28, one has, for any integer i belonging to {1,..., N, —d} :

d

1—hz(d+2)"(2d) <7 <1

which leads to

2
h(d+2)m<ﬁ:>!%'\<1-

oy N —

(29)

P]'EV(]

d, by
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Remark 2.1.4.

We can compare the CFL condition 29 on Sierpiriski simplices with the classical CFL condition on
a smooth domains of R?. To this purpose, we set 6t = h, 6x = 2™, we then have that

n@+2),
st<(d+2) =2 @) 7 = (5P (E6)

where Dy (66) designate the Walk dimension.

CONVERGENCE

Definition 2.1.4.

e The scheme is said to be convergent for the matrix norm | - || if:

lim | (u(kh, X;) = i kB, X < |l=0-

H—0, 11— +00 ( ( l) h ( l))ogng,1gz</\/m
e The scheme is said to be conditionally convergent for the matrix norm || - || if there exist two
real constants « and C such that :
lim | el X;) — ujt (kh, X; o |l=0-
h<C((d+2) )", m—s+oo (1 i)~ i Dosken, 1<i<ns,
Theorem 2.1.4. Lax-Richtmyer for linear scheme

If the scheme is stable and consistent, then it is also convergent for the norm || - ||2,c0, such that:

= max (d_m 2 |uZl(kh/Xi)’2)> :

2,00 0<k<N 1<i<N,y,

H (up (kh, X;) )ogng,lgigNm

Proof.
Let us set:

wf =u(kh, X;) —uly(kh,X;), 0<k<N,1<i<Ny-
One may check that,

Wh g = =W, =0 0<k<N
wW=0 1<i<N,—d

Let us now introduce, for any integer k belonging to {0,..., N},
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wy 5’111,1
Wk=1 , Ef=
k

Wi, —d €k N—d
One has then WY = 0, and, for any integer k belonging to {1,..., N —1}:

WA = AWk 4 hEF.
One finds recursively, for any integer k belonging to {0,..., N —1},

WL = AAWO 1 Y ATEF T = Y AVERT!

j=0 j=0

Since the matrix A is a symmetric one, the CFL stability condition & (d + 2)™ d2 yields, for any
integer k belonging to {0,..., N},

W < (Z ||A||f> (,max 1£4)
0<k<j—1
< hk ( max |Ek|>
0<k<j—1
<hN < max |EF ])
0<kgj—1
1

Np—d 2
<1 max (5 lepp

0<kgj—1 i1

One deduces, then,

0<k<N

et ke : z k
dim ) =qa 2
max ; |wi|?) d 212}2%\]“/\”

1
i3 S 2
“2) T max el
> 0<k<N—1 ; kil

d—%) T<(Nm—d)% max ye*,g,.|)

0<k<N-1,1<i<N;y—d

dm+1 —d
dam——| T max lex|
2 0<Kk<N—1, 1<i<Ny—d = "
(h) +0(27™)

((d+2)™)+02™)
(27").

N N
—~

Il
Q

1
S G C

The scheme is thus convergent. O
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Remark 2.1.5.

One has to bear in mind that, for piecewise constant functions u on the mth-order cells:

1
2
ruu7<khpx»>nz=:<dm L hﬂ%khpxﬂﬁ)> = ('l X)) (s
1<i<Ny

The Specific Case of the Implicit Euler Method

Let consider the implicit Euler scheme, for any integer k belonging to {0,..., N — 1}, any point P;
of Vo, 1 <j< Ny, and any X in the set V,, \ Vj :

ugf(kh,X)—ug((k—nh,X) - (feellf%’ﬁfdy)_l (Zu;y(kh,y)uzf(kh,x))

(Sn) XY
ul(kh, Py) - 0
up' (0, X) = g(X)

Let us define the approximate equation as:

-1
ul(kh, X) —h x r ™ ( Clpgg?dy) (2 ul(kh,Y) — u,T(kh,X)) = u'((k—1)h,X)-  (30)
66

X~Y
m

Vk € {0,...,N—1},VX € V,, \ Vp. As previously done, we fix m € IN, and we use the natural
order (remark 2.1.2) to obtain, for any integer k belonging to {0, ..., N — 1}, the solution vector U (k)
as before,

uf(k ]’l, Xl)
Uy’ (k) = :
ul'(kh, Xn,—a)

It satisfies the recurrence relation:

Aup (k) = up(k—1) G1)

where

A=y

m—

d—f—hXAm (32)

and where I, 4 denotes the (N, — d) x (N, — d) identity matrix, and A, the (N —d) x (N, — d)
normalized Laplacian matrix.

Notice that the scheme is well defined: using the spectral bound 28, and designate the eigenvalues
of the matrix A by 4;,i =1,..., N,y — d, we get:
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1<y <14+ = (2d)
Thus
1< [ (33)
and the matrix A is invertible and
7 <1 (34)

CONSISTENCY, STABILITY AND CONVERGENCE

i. The Scheme Error Let us denote by u a function defined on §&. On the one hand, for all k
in {0,...,N—1},

ou 1
= (K, X) = - (u(kh, X) — u((k = 1)k, X)) + O(h) -

On the other hand, for X € V,, \ V), we have that

VX € 66 :

Au(x) = g(d +2)"Apyu(x) +O27M) -
ii. Consistency The consistency error of the implicit Euler scheme is given by :

e =0()+02™) 0<Kk<SN-1,1<i<N,—d

i
We can check that

lim ¢, =0

h—0,m—o0

The scheme is then consistent.

iii. Stability Under the definition 2.1.3, the implicit scheme is unconditionally stable thanks to
the spectral bound 34.

iv. Convergence

Theorem 2.1.5.

The implicit euler scheme is convergent for the norm || . |2, of theorem 2.1.4.
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Proof.
Let us set

Why—gir = - =W, =0 0<k<N
w =0 1<i<Ny—d
We set
k
wy “3’1?,1
Wk = : , EF= :
k
W, —d XN —d

We find, by induction, for 0 < k < N —1, that

k—1
Wk+1 — A*ka_’_h ZA*jEkfjfl
j=0
k—1 ) )
e h Z A_]Ek_]_l .
j=0

Due to the stability of the scheme, for k = 0,..., N, we have that

k—1 ‘
W < (Y AT (m |E’f\)
= 0<k<j—1

< hk ( max ]Ek\>

0<k<j—1

<hN < max |Ek|>

0<k<j—1

Now—d
< T | max Y. \s’lgi|2

o<k<j-1 \ =

N|—=
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One deduces, then, that

0<k<N = 1<k<N

4 1/2
< (d_%) T| max e |?
0<k<N-1 \ '

1

Ny 2 .
max (dm Yo |k 2)) = (d)"? max |[WK|

=

I
—

< (d—%) T <(Nm —d)? max ek

0<k<N -1, 1<i<N,, —d
dm+1 —d
= dm— |T max ler;
2 0<kSN—1,1<i<Ny—d

= (0(m)+0@2™™)) -

)
)

The scheme is thus convergent thanks again to equation 27. O

Numerical Results - Gasket and Tetrahedron
RECURSIVE CONSTRUCTION OF THE MATRIX ASSOCIATED TO THE SEQUENCE OF GRAPH LAPLA-

CIANS

We describe next our recursive algorithm used to construct matrix, related to the sequence of
graph Laplacians, in the case of Sierpinski Gasket and Tetrahedron.

C1(n,m) C2(n.m)

Figure 10: m'"-order cell of the Sierpiriski Gasket.

i. The Sierpiniski Gasket. One may note, first, that, given a strictly positive integer m, a mth-

order triangle has three corners, that we will denote by C1, C2 and C3 ; the (m + 1)"-order triangle
is then constructed by connecting three m copies T(n) withn =1, 2, 3.

The initial triangle is labeled such that C1 ~ 1, C2 ~ 2 and C3 ~ 3 (see figure 10).
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C1(3.m) C2(3.m)

The third copy T(3)

C1d,m) C2(1.,m) C1(2,m) C2(2,m)

The first copy T(1 The second copy T (2
Py Py

Figure 11: The three copies.

The fusion is done by connecting C2(1,m) ~ C1(2,m), C3(1,m) ~ C1(3,m), and C3(2,m) ~
C2(3,m) (see figure 11).

The label of the corner vertex can be obtained by means of the following recursive sequence, for
any strictly positive integer m,

Cl(n,m) =1+ (n—1) Ny
C2(n,m) =12(m)+ (n — 1) Njy—q

C3(n,m) = nNpy—1

where

Nai=3 , I12(0)=0
2(m)=12(m—1) + Npy_2—1.

1. One may start with the initial triangle with the set of vertices V. The corresponding matrix is

given by:
2 -1 -1
Av=|-1 2 -1
-1 -1 2
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2. If m = 0, the Laplacian matrix is Ay, else, A, is constructed recursively from three copies of the
Laplacian matrices A,,_; of the graph V,,_;. First, we build, for any strictly positive integer m,
the block diagonal matrix:

0 0  Ap

3. One may then introduce, for any strictly positive integer m, the connection matrix as in [FLo4]:

_ (C2(1,m) C3(1,m) C3(2,m)
Cn = <C1(2,m) C1(3,m) C2(3,m)>

4. One has then to sum the rows (resp. the columns) C,(2,]) and Cy(1,j), and delete the row
and the column Cy, (2, j).

C4(n,m)

C3(n,m) C2(n,m)

Cl1(msm)

Figure 12: m'"-order cell of the Sierpiriski Tetrahedron.

ii. The Sierpifiski Tetrahedron. One may note, first, that, given a strictly positive integer m,
a m'"-order tetrahedron has four corners C1, C2, C3 and C4 (see figure 5), and that the (m + 1)th-order
triangle is constructed by connecting four m copies T (n), with n = 1,2,3,4 (see figure 6, 7, 8, 9).

As in the case of the triangle, the initial tetrahedron is labeled such that C1 ~1,C2 ~2,C3 ~ 3
and C4 ~ 4.

The fusion is done by connecting C2(1,m) ~ C1(2,m), C3(1,m) ~ C1(3,m), C4(1,m) ~ C1(4, m),
C3(2,m) ~ C2(3,m), C4(2,m) ~ C2(4,m), C4(3,m) ~ C3(4,m).
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C4(4,m)

C3(4,m) C2(4,m)

-

The fourth copy T(4).

C4(1,m) C4(2,m) C4(3,m)

-

C3(1,m) C2(1,m) C3(2,m) C2(2,m) C3(3,m) C2(3,m)
Cll(tsin) Clm) \‘)’“"/
The first copy T(1). The second copy T(2). The third copy T(3).

Figure 13: The four copies.

The number of corners can be obtained by means of the following recursive sequence, for any
strictly positive integer m,

Cl(n,m) =1+ (n—1)Ny_1
C2(n,m) = 12(m) + (n — 1) Npy_1
C3(n,m) = I13(m) + (n — 1) N1
Ca(n,m) = n N1

where:

N1=3
12(0) =0
12(m) =12(m —1) + Ny—2 — 1
13(1)
I3(m)

=3
3(m)=13(m—1)+2x Ny_>—3

1. One starts with initial tetrahedron with the set of vertices Vj. The corresponding matrix is
given by:
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3 -1 -1 -1

1 3 -1 -1
=11 1 3
1 -1 -1 3

2. If m = 0 the Laplacian matrix is Ay, else, for any strictly positive integer m, A, is constructed
recursively from three copies of the Laplacian matrices A,,_1 of the graph V,,_1. Thus, we
build the block diagonal matrix

Ap1 0 0 0
s | 0 Awa 0 0
m= 1 0 0 Ay O

0 0 0  Ap

3. We then write the connection matrix:

o _ (C2(Lm) C3(1,m) C3(2,m) C4(1,m) CA(2,m) CA(3,m)
’”_<c1(2,m) C1(3,m) C2(38,m) C1(4,m) C2(4,m) C3(4,m)>’

4. One then has to sum the rows (resp. the columns) Cy,(2,]) to Cx(1,]), and delete the row and
the column Cy,(2, f).

NUMERICAL RESULTS
i. The Sierpiniski Gasket

In the sequel, we present the numerical results for m =6, T =1and N = 2 x 10°.
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The graph of the approached solution of the heat equation for k = 0.

The graph of the approached solution of the heat equation for k = 10.
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The graph of the approached solution of the heat equation for k = 100.

0.010

uix, )
0.005

The graph of the approached solution of the heat equation for k = 500.
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0.8
Y o6
0.4
0.2
0.0
0.008 [T*#f#s,
L
0.006
ux. v 0.004
0.002
s » \
L
3
" .aii'.s dﬁ?!\\“ﬁ?‘
X W)
1.0

The graph of the approached solution of the heat equation for k = 1000.

ii. The Sierpiniski Tetrahedron

In the sequel, we present the numerical results form =5, T =1and N = 10°.

Our heat transfer simulation consists in a propagation scenario, where the initial condition is a
harmonic spline g, the support of which being a m-cell, such that it takes the value 1 on a vertex x,

and 0 otherwise.

The color function is related to the gradient of temperature, high values ranging from red to blue.
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=0.

The graph of the approached solution of the heat equation for k

The graph of the approached solution of the heat equation for k = 10.
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The graph of the approached solution of the heat equation for k = 100.

An interesting feature in our work is that, contrary to existing ones, we do not rely on heat kernel
estimates. Using a direct method has thus enabled us to discuss the choices of parameters as the
integer m, the step h, and the convergence.

As expected, the numerical scheme is unstable and diverges until one respects the stability
condition between h and m. Also, the propagation process evolves with time, directed from hot
regions, towards cold ones.
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The graph of the approached solution of the heat equation for k = 500.

2.2 THE FINITE VOLUME METHOD

The finite volume method on fractals consists on local integration of the partial differential
equation over a region fyy(F), and use matching conditions to glue the solution. The solution is
then given as a mean value over the region fyy(F).

2.2.1 The Finite Volume Method on Sierpiriski Simplices

In order to define the finite volume method on Sierpifiski simplices, we need to introduce a new
sequence of graphs.

Definition 2.2.1.

For any natural integer m, we introduce the graph SS,, built from &&,, in the following way:

i. acell in 66,, becomes a vertex in SS,;;
ii. two vertices are linked in §S,, if the corresponding cells in &, have a vertex in common.

iii. The vertices set of SS,, is V,; and their number is d™.
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Example 2.2.1. In the case of the Sierpiniski Gasket:

o
4 ®
@ @ L J
Figure 14: 66, Figure 15: S5
o
| 4  d
4 L 4 ®
[ 4 ) [ 4 )
@ @ @ @ \ ]
Figure 16: 66, Figure 17: §S,

Formulation of the Problem

Notation. Let us again denote by T a strictly positive real number, and by N a strictly positive
integer. We set:

h = , t,=nxh , n=01,..., N—1

zl=

We consider again the solution u of the problem:

‘Z‘(t,X) “MubX) = 0 V(LX) €0,Tx 6&
u(t, X) V(t,X) € [0,T] x 066
u(0, X) = g(X) VX € 66

I
o
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Definition 2.2.2.

Given a natural integer m, we define the mt"-control volume as the m!"-order cell
Ch=f(66) , Wes,={1,..,d"

where W/ is some word of length m, and whose m!"-order cells neighbors are

Cfrz(]):fW[(l)(GG) ’ Wé(])e{]-/rd}m 7 £<]>:1”d_1

Remark 2.2.1.

One may check that

d?’n )
U c,=66-
j=1
We define, then,
uj = = / g(x)du(x) -
V(Cil’l) C{n

The local version of Gauss-Green formula 15 enables one to write
/cf Ayudy = E 0,1 (x)
" xeaCl,

where 8C£Z stands for the boundary points Fy,;(Vp), and, given a natural integer n, to integrate the
heat equation over Cl, x 1tn, tnga[:

Fnt1
/C], U(tys1,x) —u(ty, x)dy = /t Z onu(t, x) dt (35)

xeadCl,

The boundary points admit a double writing

fwi(Pi) = fuyeo (Pe)

for some (i, k) € {1,...,d}% and £(j) € {1,...,d —1}. One may use the approximation
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Onut(t, X) = ™™ Y (u(t,X) —u(t,Y))

Y~X

m

YeC),

—r | (d—=Du(t,X)— Y u(tY)
Y~X

m

YeC),

=r " du(t,X)—u(t,X)— Y u(tY)
Y~X

m

Yec),
~r"d (u(t, X) — uf)

in conjunction with

1
E Z . u(t, Y) ~
YeaC),
We then introduce the matching condition 1.6.7

1 t
1(Ch) /cf u(t, x)dp(x) = uj-

Onu(t, fryi(P;)) = —0nu(t, fyen (Pr)),

r-"d (u(t,X) - u;) =—r"d (u(t,X) - ”2@) .
This implies that

(u” +u . )

j /
u(tn, X) — 5 (/) .
The normal derivative writes then

Thus, back to the equation 35, we have that

n+l _ . n
u]. —u]+

h] Z anu(tn, X) *
.”(Cm) Xeach,

One may now build the finite volume scheme:

h d
A N — = Y (ub — (36)
+ () j

! ! ,”(Cln) 2 j~L(j) ( ! )

where j ~ /(j) means that the cell f),,(6&) and f,(;) (6&) are neighbors.
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Remark 2.2.2.

i. One may note that we have found miraculously the finite difference scheme.

ii. We can also define the backward scheme:

Let us now fix m € N, and denote again any m'"* control volume C{n as Cln = fni(66),
Wiex,=1{1,..,4d"

This enables us to introduce, for any integer n belonging to {0, ..., N — 1}, the solution vector
U(n) as

Uy
by using the fact that the number of m'-order cells is d". It satisfies the recurrence relation:

U(n+1) = AlU(n) (37)
where

d .

and where I;» denotes the d™ x d™ identity matrix, and A,, the d" x d™ Laplacian normalized matrix.

Consistency, Stability and Convergence

THEORETICAL STUDY OF THE ERROR

Let us consider a continuous function u defined on &. On the one hand, forallnin {0,..., N — 1},
tn
VX € 66 : / T, X)dt = hu(ty, X) + O(?) -
t"l

On the other hand, given a strictly positive integer m, X € V,,, \ Vo, and a harmonic function wg(m)
on the m-order cell, taking the value 1 on X = Fy,;;(P;) = F;:(P;) and 0 on the others vertices (see
[Strgg]), and using the corollary of the Gauss-Green formula 15:

(m) _ —m
Ayu du =o,u(X) —r u(t, X) —u(t,Y
/J[W]_(GG) ph Py dp (X) Y;X (u(t, X) (t,Y))

Yef,  (66)
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We add the same relation on the neighbor cell f,,(6&) and we use the matching condition 1.6.7
to obtain

(m) . —m
A du = Aju(X
/66 pipydp=r u(X)

=0 <Wd>
< o6 Px ap
We just proved that

duu(X)—r ™ Y (u(t,X) —u(t,Y)) (/ e WO

Y~X
m
Yef, ;(66)

In the end, for the discrete average, on a m'-order cell f,,,;(6&):

1 1 1 1
G T S L LR N ML o == ASSLLCE SRt N ML

Yeof,;(66) Yeof, i (66)

1 1
_ W/fw@e) (d Yeafw;(%)u(t,X) u(t,Y)> dp(X)

< max u(t,X) —u(t,Y) ||
e o ) —ul ) |

— 51{ (27111)

where J,(-) is the continuity modulus of u (which is O(27%") if u is a-Holderian, « > 0).

CONSISTENCY

Proposition 2.2.1.

The scheme is consistent, because the consistency error tends towards zero when h — 0 and m — +oo,
for a given norm.

Proof.

For0 <n <N —1,1<i<d" the consistency error of our scheme is given by:

e = 0<h2> +o ([ vtan) o

O(K*)+ O (d™) +O0(2~*™)
om)+0( ant) if uecC'*(G6)

One may check that

h—0,m—+oco "

The scheme is then consistent.
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STABILITY

Proposition 2.2.2.
Let us denote by R the real valued function, defined on R, through:

Vx#0: R(x)=x(d+2—x)-

The eigenvalues Ay, m € IN of the discrete Laplace operator on the sequence of graphs (SSw)m>1 satisfy
the recurrence relation:

Remark 2.2.3.

The eigenvalues in Proposition 2.2.2 just above are not to be confused with the eigenvalues of the
Laplace operator on the considered fractal. See, for instance, [Stro6], Chapter 3, for further details.

Proof. of Proposition 2.2.2

Let us consider the sequence of graphs (SS;)m>1 related to the sequence of vertices (Vy,)p>1-

The initial graph &&; is just a d-simplex, and one may construct the next graph as the union of d
copies which are linked in the same manner as SS1; and so on.

We now fix m € IN, and choose a vertex X; of SS,, of neighbors X»,..., Xy, Y, such that Y
belongs to another m-simplex (we can remark that the graph SS,, is composed by d m-simplices).

We denote by u the eigenfunction related to the eigenvalue A,,. On the one hand, we have that

d—1

(d=Am)u(X) =Y u(X;) +u(Y)- (38)
i=1

On the other hand, with the same idea for the graph SS,,11: by considering the vertex af and
its neighbors alﬁ, eeey, affl, a;l in the graph $S,,41, where aél belongs to another m-simplex, we have for

every interior (non-boundary) vertex:
(d = Appsr)u(af) = Y u(af) +u(aj) -
j#
Using the mean property

1

d
u(Xe) = 5 ) u(af)
i=1

one obtains, by adding a¥ to both sides of the eigenfunction relation

QU

(d+1—Ap)u(a)) =du(X) +u(a,) , (d+1—Apr)u(a,) = du(Xy) + u(af)
which leads to
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X1

\ a9

a5
X2 X3 ¢ ®
¢ »
Figure 19: 66,,4; for the Sierpifiski trian-
Figure 18: &6, for the Sier- gle.

pinski triangle.

u(ak) _ <(d+ 1) - )\m—&-l)u(Xk) + u<Xh)
l (d+2—=Apr1)(d— Apy)

Now, given a boundary vertex c;, we have that

((d=1) = Aprn)u(cr) = Y u(cy)
i#i

(d—Ap)u(e) =du(X;),

_du(x)
M(Cl’) - (d_)\ml—‘,-l) )

Finally, by summation over all the u(a¥) and using the equation 38, we obtain that

)\m = /\m+1 (d+2—/\m+1) .

We deduce that, for any strictly positive integer m,
At — (d+2) £/ (d+2)2 =4,
" 2
With a similar argument to paragraph 2.1.1, we get for any natural integer m, the spectral bound:

0< Ay <2d

and the following CFL stability condition:
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Proposition 2.2.3.

Let us denote by «y;, i =1,...,d", the eigenvalues of the matrix A of the equation 37. Then:

. 2
Vi=1,...,d" : h(d+2)m<E:> l7i] < 1.

CONVERGENCE

Definition 2.2.3.

i. The scheme is said to be convergent for the matrix || - || if:
(s L) ]
’ #(Cp) /Co 0<k<N, 1<j<d™
ii. The scheme is said to be conditionally convergent for the matrix norm || - || if there exist two real

constants « and C such that :

1
li k__ 2 / ' o(x)d 0
h<C((d+2) ), s too (”J 2(Ch) c{,,g(x) H(X)>

0<k<N, 1<j<dm

Theorem 2.2.4.

If the scheme is stable and consistent, then it is also convergent for the norm || - ||2,c0, Such that
1
2 2
(uf) = max [d" )’ ui" -
0SSN |5 o, OSKSN L<iTm
Proof.
Let us set
1 .
wf:u;‘— - /’,g(x)dy(x), 0<k<<N, 1<j<dm-
#(Cn) 7 Con

We now introduce, for any integer k belonging to {0, ..., N}:

k m

wy €1

wk=1 : , Ef=| :
wh,, €l m

One has then WY = 0, and, for any integer k belonging to {1,...,N — 1},
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Wk+l:Awk+hEk_

One finds recursively, for any integer k belonging to {0,..., N —1}:

k-1 k-1
W = AAWO+n Y ATER T = Y ATERTT
j=0 i=0

2
Since the matrix A is a symmetric one, the CFL stability condition & (d +2)™ < 7z yields, for any
integer k belonging to {0,..., N —1},

W] < (Z HArv) ( max \E’w)
0<k<]
< hk ( max |Ek|>
0<kj—1

<hN < max |Ek|>

0<k<j—1
1

d"’l
<T 2
ST | fax, <E lefs] )

One deduces, then,

1

dr"
max (dmZ]wk]> —=d72 max |WK|

0<k<N-1 1<k<N-1

dWI
2
max 3
) 0<k<N—1 <Z| ’”’ )
) (d’” % max |£’,fz|)
0<k<N-1,1<i<dn

dm+1
T max ler|
0<k<N—1,1<igdm

O(h)+(’)(d ") 4 O27%m)
O((d+2) 2y L O(d™™) + 027

The last equality holds if we assume that the function u is Holder-continuous. The scheme is
thus convergent. O

The Specific Case of the Implicit Euler Method

Let consider the implicit Euler scheme, for any integer k belonging to {0,..., N —1}:
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where
A = Idm +h x Am

and where I;» denotes the (d™) x (d™) identity matrix, and A,, the (d") x (d™) normalized Laplacian
matrix.

CONSISTENCY, STABILITY AND CONVERGENCE
i. Consistency

For0 <n <N —1,1<i<d" the consistency error of our implicit Euler scheme is given by:

el =0Mm)+0 (d™) +02™"")
o) +0 (27 if ueC"™(66)-

We can check that

lim ¢f;=0-
h—0,m—o00 "’

The scheme is then consistent.

ii. Stability The arguments of the implicit finite difference method 2.1.1 are still valid: the matrix
A is invertible, its eigenvalues ¥; satisfies the spectral bound

771 <1

and the scheme is unconditionally stable.

iii. Convergence

Theorem 2.2.5.

The implicit Euler scheme is convergent for the norm || - ||2,co-
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Proof.
Let us set
1
k m
=uk— : Cg(x)du(x), 0<k<N,1<j<d
S u(ch) e
and
wk €51
wk=1 : Ef=|
wgm Eilgdm

Thus, WY = 0, and, for 0 < k < N — 1, we have that

W — A-lTWk L hEF 0<k<N-1-

We find, by induction, for 0 <k < N —1,

k—1
Wk-‘rl — A—kw0+h EA—] Ek—j—l
j=0
k—1 ) )
—n Y AE.
j=0

Due to the stability of the scheme, for k = 0,..., N, we have that

k-1 ,
W < (Y AT (m |E"\)
= 0<k<j—1

< hk < max |Ek|)
0<k<j—1

<hN ( max ]Ek\>
0<k<j—1
1

a" 2
<T | max (Z \sggi|2>
i=1

0<k<j—1

One deduces, then, that
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1

d”’l
max (d m2|wk| ) = (d)~? max |[WFK|

0<k<N 1<k<N

qm 1/2
d’%> el |?
( 0<rkr2\)l(1<z‘ kl| )

1

_m 1
(d 2 ) )2 max G
0<k<N—1, 1<i<dn '

dm+1 d
T max G
0<k<N—1,1<i<dm =

O(h )+(’)(d "y 4 Q27
O((d+2) 21y 1 O(d™) + 027%™

The last equality holds if one assumes that u is Holder-continuous. The scheme is thus convergent.
O

Numerical Results - Gasket and Tetrahedron
RECURSIVE CONSTRUCTION OF THE MATRIX ASSOCIATED TO THE SEQUENCE OF GRAPH LAPLA-

CIANS

In the sequel, we describe our recursive algorithm used to construct the matrices related to the
sequence of graph Laplacians, in the case of Sierpifiski Gasket and Tetrahedron.

C1(n,m) C2(n,m)

Figure 20: m'"-order cell of the Sierpinski Gasket.
i. The Sierpifiski Gasket. One may note, first, that, given a strictly positive integer m, a mth-
order triangle has three corners, that we will denote by C1, C2 and C3 ; the (m + l)th-order triangle
is then constructed by connecting three m copies T(n) withn =1, 2, 3.

The initial triangle is labelled such that C1 ~ 1, C2 ~ 2 and C3 ~ 3 (see figure 1).
The fusion is done by connecting C2(1,m) ~ C1(2,m), C3(1,m) ~ C1(3,m), and C3(2,m) ~
C2(3,m) (see figures 2, 3, 4).

78



2.2 THE FINITE VOLUME METHOD

C1(3.m) C2(3.m)

The third copy T(3)

C1d,m) C2(1.,m) C1(2,m) C2(2,m)

The first copy T(1) The second copy T(2)
Figure 21: The three copies.

The label of the corner vertex can be obtained by means of the following recursive sequence, for
any strictly positive integer m,

Cl(n,m) =1+ (n—1)3"!
C2(n,m) = 12(m) + (n — 1) 3"}
C3(n,m) = n3"1

where

2(1)=2
2(m) = 12(m — 1) +3™2.

1. One may start with the initial triangle with the set of vertices V. The corresponding matrix is
given by:

2 -1 -1
Ap=|-1 2 -1
-1 -1 2
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2. If m = 0, the Laplacian matrix is Ay, else, A, is constructed recursively from three copies of the
Laplacian matrices A,,_; of the graph V,,_;. First, we build, for any strictly positive integer m,
the block diagonal matrix:

0 0  Ap

3. One may then introduce, for any strictly positive integer m, the connection matrix as in [FLo4]:

_ (C2(1,m) C3(1,m) C3(2,m)
Cn = <C1(2,m) C1(3,m) C2(3,m)>

4. One has then to set Ac,, 2,),¢,,(1,j) = Ac,(1,j),Cu(2) = —L and Ac,2).c.(2)) = Acu(1),Cu(1) = 3
C4(n,m)
C3(n,m) C2(n,m)
Cl1(mym)

Figure 22: m"-order cell of the Sierpiriski Tetrahedron.

ii. The Sierpifiski Tetrahedron. One may note, first, that, given a strictly positive integer m,
a m'"-order tetrahedron has four corners C1, C2, C3 and C4 (see figure 5), and that the (m + 1)th-order
triangle is constructed by connecting four m copies T (n), with n = 1,2, 3,4 (see figure 6, 7, 8, 9).

As in the case of the triangle, the initial tetrahedron is labeled such that C1 ~1,C2 ~2,C3 ~ 3
and C4 ~ 4.

The fusion is done by connecting C2(1,m) ~ C1(2,m), C3(1,m) ~ C1(3,m), C4(1,m) ~ C1(4, m),
C3(2,m) ~ C2(3,m), C4(2,m) ~ C2(4,m), C4(3,m) ~ C3(4,m).

The number of corners can be obtained by means of the following recursive sequence, for any
strictly positive integer m,



C4(1,m)

C3(1,m) C2(1,m)

The first copy T(1).

where

2.2 THE FINITE VOLUME METHOD

C4(4,m)

-

C3(4,m) C2(4,m)

The fourth copy T(4).

C4(2,m) C4@3,m)

C3(2,m) \m) C3(3,m) C2(3,m)

ai;m) \‘)’m)/

The second copy T(2). The third copy T(3).

Figure 23: The four copies.

Cl(n,m) =1+ (n—1)4"!
C2(n,m) = 12(m) + (n — 1) 4™ !
C3(n,m) = I3(m) + (n —1)4™!
Ca(n,m) = n4™1
2(1) =2
12(m) = I2(m — 1) + 4™ 2
13(1) =3
13(m) = I3(m — 1) +2 x 4" 2

1. One starts with initial tetrahedron with the set of vertices Vj. The corresponding matrix is

given by:
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3 -1 -1 -1
-1 3 -1 -1
-1 -1 3 -1
-1 -1 -1 3

Ay =

2. If m = 0 the Laplacian matrix is Ay, else, for any strictly positive integer m, A, is constructed
recursively from three copies of the Laplacian matrices A,,_1 of the graph V,,_1. Thus, we
build the block diagonal matrix:

Ap1 0 0 0
s | 0 Awa 0 0
m= 1 0 0 Ay O

0 0 0  Ap

3. We then write the connection matrix

o _ (C2(Lm) C3(1,m) C3(2,m) C4(1,m) CA(2,m) CA(3,m)
’”_<c1(2,m) C1(3,m) C2(38,m) C1(4,m) C2(4,m) C3(4,m)>’

4. One then has to set

Ac,2),Cu(1j) = Acu(1j),Cu(2j) = —1

and

A, (1),Cu(1)) = AC,2))Cul2f) = 4

NUMERICAL RESULTS
i. The Sierpiriski Gasket
In the sequel, we present the numerical results for

m=6 , T=1 , N=705x10%-

Each point represents a m-cell of the Sierpiriski Gasket.
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7S

0.4 Y

The numerical solution for the initial condition n = 0.

0.02

ux,y)

.-‘
1

_..».,,»E. CAA
AT

A

4
Aaaahda
A

Y
x

o
Q
o

0.01

The numerical solution, in the case n = 100.
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The numerical solution, in the case n = 200.

The numerical solution, in the case n = 500.
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ii. The Sierpiniski Tetrahedron

In the sequel , we present the numerical results for

m=5 , T=1 , N=60x10%-

£
’%’5 2, 'l;.:r

sefeete Sttt 0 0

0.0 0.5 1.0

The numerical solution for the initial condition.

My 334

e i

0.5

The numerical solution, in the case n = 10.
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0N S H

0.0 0.5 1.0

The numerical solution, in the case n = 200.
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The numerical solution, in the case n = 500.

DISCUSSION

Our heat transfer simulation consists in a propagation scenario, where the initial condition is a
harmonic spline g, the support of which being an m-cell of &8, such that it takes the value 1 on a
vertex X, and 0 otherwise. This implies that g is everywhere null except the cell containing X, which
a vertex of the graph §S,,.

Each point represents a m-cell as before. The color function is related to the gradient of tempera-
ture, high values ranging from red to blue.

By comparing the explicit finite difference method (FDM) and the finite volume method (FVM),
one may deduce from the theoretical results that there are some similarities:

i. The FDM is based on the sequence of graphs (6&,,),,.n, and the FVM is based on the sequence
of graphs (SS,),,cn, but both generate the same spectral decimation function.

1. The theoretical errors of both methods are the same for Holder continuous functions.

iii. The time theoretical error is of order 4 in the case of the FDM, and of order /2 in the case of
the FVM (the convergence is faster).

iv. The stability conditions are the same.

v. Finally, the numerical simulation shows the same behavior in both approaches.

An interesting question is to compare the diffusion on the Sierpiniski Tetrahedron, and on a plain
three-dimensional one. In fact, following the results of Robert S. Strichartz in [Strgg] concerning
localization phenomena, a challenging and original experiment was conducted in summer 2009 in
Miraikan (Japan), where a rooftop, the so-called Sierpiriski Forest, was installed just outside the
National Museum of Emerging Science and Innovation. It appeared that this fractal shaped rooftop
was much more effective in heat dissipation than a flat one; i.e., the diffusion was slower than in
a non-fractal case. See [SNF'12]. This is in perfect agreement with the feeling that the presence
of many holes implies a slower diffusion. Hence, one could envision improving the insulation
properties of a given material by making it fractal.
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Sierpiniski Forest, National Museum of Emerging Science and Innovation,
Miraikan, Japan, Summer 2009. Source: [SNF " 12].
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Chapter 3

Optimal Control and Optimization on Fractals



OPTIMAL CONTROL AND OPTIMIZATION ON FRACTALS

In 1636, in a correspondence with Martin Mersenne, Pierre de Fermat established a necessary
condition for the existence of the minimum and the maximum of a function [dF36]:

“When a quantity, for example the ordinate of a curve, reached its maximum or its minimum, in a situation
infinitely close, his increase or decrease is null.”

Since then, many results have been obtained, ranging from free and constraint conditions, giving
birth to numerical algorithms that enable one to find the extrema of a function.

But, until now, optimization has mainly concerned regular domains, without there being really
specific results for fractal sets. The following citation of Godfrey H. Hardy [Har16], on a close subject,
and even if some may here call it a truism, perfectly reflects the fact that it was “in consequence of
the methods employed”.

As is evoked in the end of Chapter 2, fractal shaped roofs are very effective when it comes
to reduce surface temperature and provide a cool environment without strong heat radiation;
see [SNF*12], where Sierpinski tetrahedrons are involved. In these lines, it appears of great interest
to go further, in terms of optimization or control.

In the spirit of the Fermat paper, we have generalized the results of smooth analysis on extrema
to the case of fractals in [RD21d]. We present, next this analysis. Local extremas are obtained by
using the discrete gradient method.

Our results concerning optimization on fractals are followed by an extension of optimal control
theory of partial differential equations to fractal sets; it is similar to the classical one that can be

found in [Zuao6] or [Tré1s].

The mathematical framework is that of chapter 1, i.e. post-critically finite fractals with regular
harmonic structure (definition 1.5.5).

3.1 OPTIMIZATION ON FRACTAL SETS
3.1.1 Existence of Extrema
In the sequel, we present an equivalent theory to the smooth case, which enable one to study the
existence of extrema on fractal sets.
Definition 3.1.1. Extrema

Given a continuous function u defined on the fractal set 7, and X € F, we will say that u:

i. has a global minimum (resp. a global maximum) at X if:
VY € F: u(X)<u(Y) (resp. u(X)=>u(Y)) :
ii. alocal minimum (resp. a local maximum) at X if there exist a neighborhood V of X such that

VY e Vi u(X) <u(Y) (resp. u(X)=u(Y))-
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Theorem 3.1.1.

Given a continuous function u defined on the compact fractal set

N
F=Un7)
i=1
the Weierstrass extreme value theorem ensures the existence of

min ¥ and max u-
XeF XeF

Theorem 3.1.2. Laplacian test for fractals [Kigo1]

Given a continuous, real-valued function u defined on F, and belonging to domy, (definition 1.6.1):

i. If u admits a local maximum at Xo € F, then,

Ay (Xo) <0- (39)

ii. If u admits a local minimum at Xo € F, then,

Ayu(Xo) = 0- (40)

3.1.2  Numerical Algorithm and Dynamic Programming

In the sequel, we present a numerical algorithm, based on discrete gradient, to find a local
maximizer (resp. local minimizer) of a function continuous u on F.

The Algorithm

We recall that, given a natural integer m, F,, = (Vi, Ay) is the prefractal graph approximation of
F of order m (definition 1.3.5), where V), is the vertices set and A, is the oriented edge set. We can
check that the distance between two connected vertices is of order at most R”, where R = max; R;
the maximum contraction ratio.

In order to find the local maximizer, we will provide every oriented edge { XY} with the weight
Dxy = u(Y) — u(X). In order to find an appropriate approximation of the maximizer X*, we fix a
degree of tolerance ¢ = Jp R, for some m € IN, where Jy = max d(P;, P]-).

(P, P;)eVox Vo

Starting at an arbitrary point Xy in V;,, we follow the direction of the maximal positive gradient

at XO , ie. ,

D D 0} -
)I(I(}E);{ XOY‘ XY > }

m
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We replace the initial point by arg maxx,~y{Dx,y | Dx,y > 0}, with the smallest address WW(P;)
(definition 2.1.1) in the lexicographic order, and repeat the same operation until

}fg(}%{DXoY | Dx,y =20} =0

In this case, the algorithm stops and we have the approximation of X*. We can summarize the
algorithm in the following steps :

Discrete gradient algorithm

1. Fix m € IN, define the tolerance degree ¢ = Jp R and choose X = Xy € V}, for some address
Xo = fw(P).

2. While max {Dxy | Dxy =0} > 0:
Update X = ar min argmax{Dxy | Dxy > 0}.
P gW(Pj) | Y=fw(P)) & wa{ | J

m

3. Return X.

Numerical Analysis and Dynamic Programming

The algorithm presented above can be viewed as a dynamical programming algorithm on the
directed graph F;,, m € IN* (we refer to [BG15]). Values of the function can be calculated recursively,
as follows:

vg)( =0 , VX eV, u% :B<vm_1> = sup (DXY+0§(—1)
X yev,

where B denotes the Bellman operator:

B:R% - RV
B (v)x = sup (Dxy +vx)
YeV,

where Dxy is the weight associated to the oriented edge XY € A,, and Dxy = —o0 if XY & A,,.

As shown in [RD21d], #A,, = O(N,,) and #V,,, = O(N,,), where N, is the vertices number, the
number of possible transitions is at most of order #A,, = O(N,,). Since

#Vy = O(Nw),

we can deduce that the calculation time of the maximum is at most of order O(N32).
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Sierpitiski Simplices

Sierpifiski Simplices are sparse graph. Thus, the calculation time required for the gradient algo-
rithm can be optimized: each vertex has a finite number of neighbors, which ensures a calculation
time at any step m € IN* which is of order O(N,,).

Moreover, computations can be simplified using the fact that every vertex X has two addresses:

X = fwm (P) = fw, (D))
where (Wi, W;) € ¥%and (P, P;) € Vg, withi # j. Thus, the neighbors of X are given by

UM (P p U S U s (Pe)
kti A

THE SIERPINSKI GASKET

In the case of Sierpifiski Gasket, we can optimize the calculation time of the gradient algorithm.
Indeed, for any natural integer m,

3m+1 +3

2
and since every vertex X € V,, \ Vp has four neighbors, it follows that the calculation time of the
maximum at step m € IN* is thus of order O(3™).

#V, = and #A,, =2 x 3"

In the sequel, we present results of our algorithm in the case of Sierpiniski Gasket with vertices:

Py =(0,0) , P=(1,0) , p2:<;,\f>

for the value m = 6.

The color is related to the gradient of the function involved, high values ranging from red to blue.
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Figure 24: The graph of the function X — f(X) =|| X |

Figure 25: The algorithm path from Xy = (é, ﬁ) to X*.

5 V3
8 8
(red points), the algorithm converges to the local maximum 1 at (1,0).

For this first example, the algorithm starts with Xy = ( ), following the largest gradient

! i§> 3

Figure 26: The graph of the function X — ¢(X) = — || X — (E' 1
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Figure 27: The algorithm path from X, = (i, f) to X*.

, and converges to the global

25

In the second example, the algorithm starts with Xy = (i'

13
274 )

maximum 0 at (

THE STERPINSKI TETRAHEDRON

The Sierpinski Tetrahedron requires a calculation time for the maximum at step m € IN* which
is of order O(4™).

In the sequel, we present results of our algorithm in the case of Sierpiniski Tetrahedron, with

vertices:
13 1 1 \/E
Py = P =(1 P=|= — Py=|<, —— 4/=
0 (0/010) s 1 ( /010) s 2 (2/ 2 /0> 7 3 (2/2\/§/ 3>

for the value m = 6.

The color function is related to the gradient of the one at stake, high values ranging from red to
blue.
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Figure 29: The algorithm path from Xy = (41 L, V51 > to X*.

6161 56
a1 V3
64’64 8 64
gradient (red points), the algorithm converges to the local maximum 1 at (1,0,0).

For this first example, the algorithm start with Xy = , following the largest

Self-similar Curves

Self-similar curves require a calculation time which is, at a given step m € IN*, of order O(N,,),
due to the fact that every vertex has only two neighbors. In such cases: Vy = {Py, P, }. Thus, every
vertex X has exactly two addresses:

X = fw,(Po) = fw., (P1)
where (W;,W;) € X?. The neighbors of X are thus given by:

fwi,(Ry) and ij+1 (1)

where W 1 (resp. W;1) is the next (resp. the past) address of W; (resp. W) in the lexicographical
order.
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In the sequel (see figures 7 and 8), we present results of our algorithm in the case of the Minkowski
Curve, with Vy = {(0,0); (1,0)}, for the value m = 3.

The color function is related to the gradient of the one at stake, high values ranging from red to
blue.

Figure 30: The graph of the function X — f(X) =|| X |

Figure 31: The algorithm path from Xy = (0,0) to X*.

For this example, the algorithm starts with Xy = (0, 0) ; following the largest gradient (red points),
. . 5 1 1
the algorithm converges to the local maximum <—> at ( )
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3.2 OPTIMAL CONTROL OF PARTIAL DIFFERENTIAL EQUATION ON FRACTAL SETS
3.2.1 Distributed Control of the Heat Equation

Admissible control

Let us set () C F. We consider the general problem

XY —AY = 1qu in 0, T[ x F
(He) Y = 0 on |0, T[ x oF
Y0,x) = Y°x) in F

where 0F = Vyand u € Lft (Q)). Using Duhamel formula, we know that the solution of this problem
is given by

t
Y(t,x) = S+Yp +/ Si—s1qu(s)ds
0

:StYo+Ltu~

For the sake of simplicity, we will write Y(T) for Y (T, x), where x € F.

In order to have a solution Y € Li(]—" ), we now need to introduce the following definition:

Definition 3.2.1. Admissible Control

A control B is said to be admissible for the semigroup (S;);~o if there exists a time T such that

RangeLy C L%, (F)-

In our case, B = 1n, and following the solution existence theorem, the control is admissible.

Controllability

We introduce the following definitions (see [Zuao6]):

Definition 3.2.2. Reachable States

For any initial data Y° € Lf, (F), define the set of reachable states to be

R(T;Y®) = {Y(T) : Y is a solution of the control problem with u € L*((0,T) x (Q,u))}
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Definition 3.2.3. System Exactly Controllable in Time T

The control system is said to be exactly controllable in time T if for every initial data Y° € L’% (F),
the set of reachable states verify R(T;Y?) = L3, (F).

Definition 3.2.4. System Approximately Controllable in Time T

The control system is said to be approximately controllable in time T if for every initial data
Y0 e Li(}" ), the set of reachable states is dense in Lf,(]—' ).

Definition 3.2.5. System Null Controllable in Time T

The control system is said to be null controllable in time T if for every initial data Y? € L%,(]-" ),
the set of reachable states contains the element 0.

Remark 3.2.1. [Zuao6]

1. Null controllability in time implies approximate controllability.

2. The problem of approximate controllability may be reduced to the case Y° = 0.

Definition 3.2.6. Cost Function

Given a final target Y! € lel (F), and a strictly positive number ¢, we are presently looking for a
control u of our heat problem (%) such that:

SXN

HY(T) -Y L3(F)

To this purpose, for ur € L7 (F), we introduce the adjoint problem:

oiu+Au =0 in |0, T[x F
u =0 in o.F (Ay)
u(T) =ur in F

and introduce the cost function |, such that:
Je Lfl (F) — R

L L 2+ & P Ylurd
ur = 5/0 /Q“ Vt+§||uTHLI%(}')_/}_ urap
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Theorem 3.2.1. Variational Approach to the Approximate Controllability

Given a strictly positive number ¢, if it is a minimum of the cost function |, on the closed unit
ball Bz (r) = {veLi(F), HUHL%(}—) < 1}, and ii a solution of the adjoint equation (Ay) with initial
data fit, then the solution Y satisfies the following inequality

8.
~X
Li(F)

HY(T) e

Proof.
Thanks to Remark 3.2.1, we can take Y? = 0.

Let us suppose then that J; hits the minimal value at iit in S. Then, for any ¢y € Li(]—‘ ), and
any real number & such that ir +hypy € B 12(F)*

]s(ﬁT) < ]s (ﬁT + hl/JO) :

Moreover,

_ 10T £ _
]s(uTJrh'Po):E/o /Q|M+h¢|2dﬂdf+§HuT+hl/J0Hi§,(f)_/JTYl(uT+h¢0)dV

—1/T/|ay-’~d dt+1/T/yh 2d dt+h/T/a dudt
2Jo Ja K 2001’0 # 001’0#

€~ 2 -
+ 5 e+ hollz (x) — /]__Yl(uT + hpo) dp, -

This implies

i N )
Je(iir +hpo) = Je(iir) = 5 (H“T +hlp0||%%(}‘) - HuTH%%(]:))

h2 T s T

n ddth//~ddt—/y1ddt>
+2/0/QW?’P!+<OQWPV Y ody
=0

Now, since

(||ﬁT+h1p0|\%i(f) - ||ﬁT"%]§(f)> =2h /FﬁTllfodﬂﬂLh2 HlPOVﬁg(f)

we obtain, for 4, and ¢y,

_ h? 2 w7 2 T 1
eh [argodutes It +y [ [ 1w dwdt+h</0 | apdudr— [ v wodwit) >0.

In the case where I > 0, going through the limit when / tends towards 0 yields

T
irtod //~ddt—/y1ddt>>o-
E/fuﬂl’ol”r(() | apdpdt— | Y'gody
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In the case where h < 0, one obtains

T
irod //~ dﬂ—/w dm)go
S/IMT%PHL(O apdudt— | Y yody
Thus,

T
irgody = [ Y'godudt — [ [ apdudr-
e [argodu= [ Y'yoanat— [ [ apan @)
Given a solution ¥ of the adjoint problem (.Ay), i.e., such that,
P =0 in 0.F

»(T) =1 in F

multiplication term by term with ¢ of the initial heat equation

{8W+A¢ =0 in ]0,T[x F

Y —AY =1q 1

Integration, and the specially designed Gauss-Green formula for fractals 1.6.5 yield:

./(]T/Qﬁtpd‘udt:/oT/}-(atY—AY)lpdydt T
= —/OT/f<at¢+Alp) Y dpdt + [/fwdu]o +/OT/8f(anY¢_an¢y)dydt
— [ Y(podu-

After substitution in 41, one deduces, then, that

! = g 2
/; (Y - Y(T)> Podp = ¢ /f”ﬂbody Vipo € Ly, (F)
<elarllz i 19ollzr) -

Finally,

<e-

HY(T) - L3(F)

Theorem 3.2.2. Existence of a Minimum for the Cost Function

Given a strictly positive number €, the cost function J, reaches a unique minimum at some it € BL% (F)-

101
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Proof.

The proof requires the following preliminary results:

Theorem 3.2.3. [Bregg]

Given a Banach space E, a non-empty closed convex subset A of E, and a proper, convex, lower semi-
continuous function | : A — |—o0, +00], such that

li =
lim J(x) = oo

llx[|—e0

then, | reaches its minimum on A.

Lemma 3.2.4. [BC11]
Given a strictly positive real number B, a Hilbert space E, and a proper function f : E — |—o0, 40|, such

that f — g || - ||2 is convex.

Then, the function f is strongly convex.

Proposition 3.2.5. [BC11]

A strongly convex, lower semi-continuous, proper function | on E is also supercoercive, i.e.,

W _

lullg—oo [Juelg

and it has exactly one minimizer over E.

Back to our cost function
Jo : Ly(F) — R

L [ 2 aude + & ug? Ylurd
ur = 5/0 /Q“ Vt+§||uTHL]2‘(}')_/}_ urdap

The continuity is a consequence of the continuity of the solution operator of the adjoint equation
ur — u (see for example [LM68]):

T 2 € 2 1
|Je(ur)] ’2/0 /Q“ dﬂdtJFEH“THLg(f)—/FY urdy

2 € 2 2
S Cllurlliz iz + 5 lurllig ez + Ml 7 lurlls )

< Cllurllezz)

The strongly convexity follows from lemma 3.2.4 for f = €. Proposition 3.2.5 applied on the closed,
bounded, convex set B 13(F) yields the supercoercivity and the existence of a unique minimum.
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O]

Definition 3.2.7. Bang-bang Control

Given a final target Yl € L%‘(}" , 1), and a strictly positive number ¢, we are still looking for a
control u of our heat problem () such that the solution Y satisfies the following inequality:

<e-

HY(T) - L3(F)

The adjoint problem (Ay) is the same as previously introduced in Definition 3.2.6. We now
change the cost function J; into a new bang-bang cost one Jj; such that:

Joo : Ly(F) — R

&
Joo(ui1) (/ / |M|dﬂdf> 5 HMTHi,%(f)_/FYl”TdV'

The change from the previous one ] comes from the term - < / / |u| dy dt> instead of ~ / / u? dy dt.

Such a control is called bang-bang in so far that not only the control function is restricted between
a lower and an upper bound, but, also, that it only switches between those two extremes.

Remark 3.2.2.
The heat equation is a very well suited candidate for bang-bang controls. In every day’s life,

boiling milk when cooking and some bit in a hurry, one applies full heat and turn off just before the
milk spills all over the hob which was spotless before !

Theorem 3.2.6. Existence of a minimum for the bang-bang cost function

Given a strictly positive number €, the bang-bang cost function [y, reaches a unique minimum at
some ﬁTEBL%( F) whereBLz —{ZJEL (F), ||v||L%(]:) < 1}

Proof.

The proof is obtained in a similar manner as in the Lft case, using proposition 3.2.5.
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Theorem 3.2.7.

Given a strictly positive number ¢, if i is a minimum of the bang-bang cost function [y, on B 12(F)/ and il
a solution of the adjoint equation (Ay ) with initial data iit, then

u = sgn(il // |it|dpdt

and the solution Y of the heat problem satisfies the following inequality

HY(T) e

Proof.
As previously, we can take Y? = 0.

Let us suppose then that the bang-bang cost function [, hits its minimal value at iit € L]% (F).
Then, for any ¢ € L7,(F), and any real number / such that it +h o € B ()

Jop (1) < Jpp (7 + hipo) -

Moreover,

Joo (it + o) — Jow(d7) = (HﬁT +hpollzs r) — HﬁTHig(f)>

<</OT/Q!a+hlIJ!dydt)2_ (/OT/QW’dydt>2> —h /lel[JOdydt

+

S NI~ Nolm

=
Since

(I + 3 ollg )~ Nrlity ) =20 [ rgodi+ 12 4ol

we obtain that

3 2o (T (T ’ !
eh /fuTllJody—f—%—s?HlIJOHL%(f)-l-i ((/0 /Q|u—|—h1p|dydt> —</0 /Q|u|dydt) —h /;Y podpdt >0

In the case where h > 0, going through the limit when & tends towards 0 yields:

e/uTl/JOdy+</ / |u|dydt>sgn (/ / tpdydt)—/FYlt/Jod‘udtQO-

In the case where h < 0, we obtain that

s./fﬁﬂ/]ody%—(/ / |u|dydt>sgn (/ / ¢dydt>—/f¥llpod‘udt<0

We then deduce that
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E/}_ﬁTl[Jody:/}_Yll/JQd‘udl‘—</ / \u|dydt>sgn </ / 1/)dptdt>-

Given a solution ¥ of the adjoint problem (A ), i.e., such that

P =0 in oF
¥(T) = %o in F

multiplication term by term with ¢ of the initial heat equation

{at¢+A¢ =0 in J0,T[x F

Y —AY =1q 1

Integration using the Gauss-Green formula for fractals 1.6.5 yield:

<//|u|dydt>sgn </ /zpdydt>

/OT/f(atY—AY)Wﬂdt
T
:_/()T/fy(atww)dydw[/fywduh

+/T/ (On Y — 3upY) dyu dt

—/ T)ody -

We then deduce that

1_ _ ~ 2
/;(Y Y(T)) Podu = ¢ /FMTlPOdV Vi € LH(}')
<elltrlz ez 1$ollz

Finally,

HY(T) !

SN

L3 (F)

3.3 THE SPECIFIC CASE OF THE SIERPINSKI GASKET

Optimal control problems can be discretized according the following paradigms:

i. Discretization of the continuous control problem, and resolution in a finite dimensional space:

MODEL — DISCRETIZATION — CONTROL

ii. Solving of the continuous control problem, and discretization of the solution:

MODEL — CONTROL — DISCRETIZATION

We hereafter choose the second one, which appeared as best fitted to our study.
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3.3 THE SPECIFIC CASE OF THE SIERPINSKI GASKET

Formulation of the Problem

We hereafter consider the specific case when our fractal set F is the Sierpinski Gasket G&.

Further details on the gasket, and the related Laplacian can be found in [RD21a]. One simply
requires here to know that the boundary set V} is:

Vo = {P1, P, P3}
where:
2" 2

P =(0,0) , P,=(1,0) , p3:<1 ﬁ)

As for the contractive maps, they are defined, for any x of IR?, through

1
filx) =5 (x+P) , 1<i<3:
The coefficients of the self-similar measure are

1
,141—]42—,143—5'

One also requires the normalization factor. It is presently given by

3

1’:5

As for the Laplacian, it is approximated by means of the sequence of graph Laplacians (A;),,cne-

Since, for any strictly positive integer m,

(m) ;2
/G(’i lil]xm d‘u - 3m+l

this yields, for any sequence of points (x),,cp such that, for any natural integer m, x,, € Vi

-1
AY(t, lim x,)= lim r ™ </6(’5 1/)3(675)(71;4) Yo (Y(ty) = Y(txm))

m——+o0o m— 0o
xm’;l/y

— lim 25" Y (Y(hy) = Y(txm))

_)
m— 0o 2 X ;;y

The adjoint problem introduced in Definition 3.2.6 can be solved by means of the transformation
defined through:

V(t,x) € [0,T] x&6 : «(t,x) =u(T—tx)-

Notations.

i. In the following, T is the strictly positive real number. N7 is a non-zero natural integer. We
introduce:

T
h:N—T , th=kxh , k=0,1,...,Nr—1-
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3.3 THE SPECIFIC CASE OF THE SIERPINSKI GASKET 107

ii. For the sake of simplicity, we set:

Vx € 66 : u(T,x)=ur(x)-

Atagiven step m € IN* of the prefractal graph approximation, and a givenonek € {0,1,..., Ny — 1}
of the discretization, our scheme can be written, for any point P;, 1 < j < 3 of the boundary set Vj,
and any vertex x = fyy (P;) of Vi, \ Vo

LI NG g (Z Yh(y) - Y,ﬁ(x)) (1)

X~y
Yk (P) = 0
Y9 (x) = 0
and:
k+1( Y _ ok
B ()20 g (9 k) - ()
h Xy
Kfn(P]) = 0
K (x) - ur(x)
Let us set:
0 u(T,x1)
Yo =|[:|, K= :
0 u(T,xp;,—3)

This enables one to introduce, for k € {0,1,..., Ny — 1}, the solution vectors Y* and K

Y (kh,x1) w(kh,x1)
Yk = . Kk = .
Y(kh,xp,—3) k(kh, xp,—3)
They satisfy the linear system
Yk+1 — AYk + BX
(SH) { Kk+1 — A Kk

where

A=1Iy, 35— hA,

and where Iy, _3 denotes the (N, —3) x (N, — 3) identity matrix, A, the (N —3) X (Ny —3)
normalized Laplacian matrix, and B is the matrix of the form
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U (kh,x1)

um(kh, xpz,—3)

We hereafter describe a discrete iterative projected gradient algorithm (D.P.G.A.) with optimal
stepsize, starting with an initial control value:

and, for any strictly positive integers j:

Vi) = eu”T+y”(T) Y!
ﬁ(Hle = () p]V]( T)
" ~(J+ "
S|}

m, ]+1
0; = argmf]( )

Numerical Analysis

In the spirit of [EG67], we give a convergence proof of the D.P.G.A., let introduce the following
controls and the corresponding trajectories:

= Yo (t)
ﬁ,% Continuous Y* ( t)
= 0 (1)
u? Continuous Y* < t)

where u}, + and uf stand respectively for the optimal control of the discrete and continuous heat
problem, 7t is the piecewise constant control obtained from u}, 1, and i}, 1 is the discretized version
of u7. One has, Ve > 0

—e < J(uy,r) = J(7) < J(uy,r) = J(ur) < J(it,7) = J(u7) <€

Since 17 is not better than u7 and i}, 1 is better than u}, . The convergence of the both sides is
ensured by theorem 2.1.4.

The discrete projected gradient algorithm (DPGA) is based on the approximation scheme

~ FDM PGA_ (%)
MT ”m,T um,T
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3.3 THE SPECIFIC CASE OF THE SIERPINSKI GASKET

where j* is the optimal stopping iteration. Remark that

V] (1) = V()| = lle (91 = ¢2) + (Yo (T) = Y2(T))||
< Cllgr — ¢2|l

from the continuity of the solution operator in 1.10.5.

Theorem 3.3.1. [Allo7]

Suppose that | is differentiable and strongly convex for some constant B, and |’ is Lipschitz continuous for

2
some constant C. Then the projected gradient algorithm converge if 0 < p < C—D;.

The convergence of the DPGA follows since:

7 = 1@l D|| < ) = 10l + |10 = 100D |

Numerical Results

We hereafter expose the results obtained by applying a heat control to reach a target state Y! on
the Sierpiriski gasket. This is done with an approximation error e. The control is a L2-one.

Numerical results are given in the case where m =4, T =1, and Nt = 2850. Figures 32, 33
and 34 respectively display the target Y!, the controlled solutions and the control ur, obtained
after iMax = 2000 iterations.

I h

0.8
0.6
0.4

0.2

Figure 32: The target Y'. Figure 33: The controlled solution.
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Figure 34: The control ur.



Chapter 4

Domains with Fractal Boundaries



DOMAINS WITH FRACTAL BOUNDARIES

Analysis on domains with fractal boundaries constitute a different branch of analysis on
fractals. The set of interest is an open subset of R", but the frontier is supposed to be a fractal set.
The existence of the Laplacian is not problematic, but the smooth calculus results of trace theorem,
integration by parts and Poincaré inequality needs to be adapted.

This theory is older than the Kigami one, and has interested many authors, with a variety of
contributions, from related functional analysis [HNo92], [[W84], [Joh61], [CRW13], [Jon81] passing
by numerical analysis [LNRGg6] to the applications in the domains of wave propagation and heat
diffusion [LN10],[LV10] ... etcetera

In this chapter, we expose our non published results about the vibration of the Koch drum. We
present in the first section the theory of existence and uniqueness of the solution, and we present in
the next section a shape optimization problem, related to the choice of the membrane thickness that
minimizes an objective criterion.

4.1 THE MEMBRANE PROBLEM ON OPEN SUBSETS WITH FRACTAL BOUNDARIES

In the following, we deal with the elastic membrane problem, solution of the non-autonomous
Poisson equation :

—div(hVu) =f inQ
(Pr) { U =0 indQ

where () is an open subset of R? with fractal boundary 9Q) which is taken as a fractal curve.

In the classical case where () is a smooth domain, if we take 1 € L®(Q) such that min < 7 < Hmax,
this equation admits a weak solution in W}(Q)) = H'(Q) : we multiply the equation by v € D(Q)
and use integration by parts formula

/hVqudx:/ Fodx
Q Q

The existence and uniqueness of the problem can be established using Lax-Milgram theorem (see
[All12] for example), and the existence of weak solution can be used to prove the existence of the
strong one.

Next, we will be concerned with the existence and uniqueness of the solution of the variational
problem in the case of the Koch Snowflake. This require some results of the theory of analysis on
fractal sets, which will be introduced in the next section. We refer the reader to K. Falconer books
[Fal14], [Falgy] and [Fal8s5].

Let us consider a family of similarities f; for i € {1,..., N}, with contraction ratio R;, {Py, P; } two
(boundary) points of the two-dimensional Euclidean plane, and X & R2.
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We define the self-similar curve F to be the unique curve of IR? such that (see [Hut81])

N
F=UHF
i=1

Let Vo = {Py,P;}. Connect Py to P; to constitute a segment, that we will denote by Fy, as
before, Vj is the boundary set.

We then set, for any strictly positive integer m, V;, = U fi (Viu—1), and link the points of an m-cell
in the same way as Fy, to form the oriented graph F,. Agam Vin is the set of vertices of the graph F,.

We set V* = U V,,, and recall that
m=0

4.1.1  The Koch Snowflake

The Koch Snowflake as a Self-Similar Set

The Koch Snowflake R is the domain delimited by the union of three copies of Koch curves £¢,

each curve is a self similar set of the similarities family { f1, f2, f3, fa}, where

1 —L 1 0
fl(X):g RO,0X+< 1‘/§> , fz(X)=3Ro,gX+<2

3 3

) o A =3Rosx+(3)

1 1
fa(X) = 3Rop X+ <¢15>
3
and where R is the following rotation matrix,

cosf —sin6
Ros = (sin@ cos 0 > '

The two other copies are obtained by rotating the Koch curve, i.e.,

IRG = A U by (RE) U hy(RE)

where b; and b, are given by

b (X) = Ry 2 X

3

h2(X) = R 2 X-
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Figure 35: Koch Snowflake.

The Koch Snowflake has a very interesting property: it is itself self-similar for the family of

contractions {g1, ..., g7}, such that

1 _ 1
gl(X)=3Ro,0X+< \@) , £(X) 3

_1
3

1 _—
g5(X) = 3 Roo X + (

! ‘
—_
&

) , 36(X):;RO,OX+<(§)> , g7(X) 3

Proposition 4.1.1.

We have that

Proof.

This directly follows from the definition of the similarity dimension 1.4.2, since:
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Figure 36: Koch Snowflake as the union of seven copies.

ii.

The Koch Snowflake as a Limit Set

On the one hand, the Koch Curve R¢ can be considered as the limit of the sequence (R¢y,),, -
such that

A& = [PoPy]
Ry = |J fw(8€) , W e, ={1234}"
Wex,

where [PyP;] is the initial segment.

On the other hand, the Koch Snowflake is the limit of the sequence (RS&,,),,c Where 86, is the
so-called prefractal set delimited by the three copies {R€; h1 (R ); h2(REy)}.
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Figure 37: R6), A6 and RG;.

4.1.2  Integration and Function Spaces

Next, we will establish some analysis results on the Koch Snowflake. For the sake of clarity, we set

O = 16, O = KRGy, (42)
Q= ﬁcé, Qm == ﬁcém (43)
Q) = 0RG, 00, = 0RG,, - (44)

Integration on the Koch Snowflake

In order to define integration on K&, we will use properties of Jordan integrable sets. First, let us
note that, for any natural integer m,

area(R¢,) =0-

Moreover,

Re C | Rey, -

m=0

Then,

area (R¢) < area (m gNﬁ¢m> < ; area (R¢,,) =0-

m=0

Since the boundary 0Q) = £€ U b1 (RE€) U h(8RC) is Lebesgue negligible, the set () = &S is Jordan
measurable, and then Lebesgue measurable.

Accordingly, every characteristic function is integrable on R :

144X = A(AN £6)
RG

for any subset A C RR?> and Lebesgue measure A. Moreover, by the fundamental theorem of
approximation, we can define Lebesgue integrable functions over 86 if
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/ f|dX < oo
RG

The definition of L¥ (RS) spaces, p € [1, +o0]|, follows.

INTEGRATION BY PARTS FORMULA

Let us recall the following identity for smooth functions over a smooth domain (2

/div(u)dX:/ u-fdo
@) [0}

and its corollary

/VqudX:/ (Vu-ﬁ)vdo*—/AuvdX-
0 Ele} 0

Let us also recall that the set Q) := &G is a compact set. As a consequence, every continuous
function is bounded on it.

Let f be a continuous function on £6. We introduce the sequence of functions

(fm)mGIN = (1me)m€]N

where (), is the set introduced in 42. We can check that

m——+00

ol < f lley -

From the dominated convergence theorem, we have that

lim /fde: lim /Q de:/lgde:/Qde-

m——+oo n——+oo

Let us consider two C?(Q) functions u and v. The integration by parts formula on the prefractal
set enables us to obtain

/ VuVodX = (Vu-r)vdo — AuvdX-
m 0Oy (@P

We then apply the dominated convergence argument to obtain

/VqudX:/ (Vu-ﬁ)vda—/AuvdX (45)
0 90 0

Consequently, the classical formula holds, provided that we give a suitable definition of normal
derivative over R¢C.
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NORMAL DERIVATIVE

In order to derive the explicit normal derivative d,u = Vu - #i we use and recursive definition
!

of the Dirichlet form &(u,v) = [ Vu VovdX, to this end, we need the sequence of points (V;,),.cn
from a uniform discretization of the boundary (08G,,),,cn such that V;, = V,,, U h1 (Vi) U ba(Viy):

Figure 38: V], V; and Vj.

and a sequence of points (V")
the FEM section ):

neN from a uniform discretization mesh of the sets (8&,),,c (see

Figure 39: V"1, V"3 and V”3.

Every interior point has six neighbors forming a hexagon, where every point has a distance
Om = O(37™) with his neighbors:
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Ps™

P6”

Figure 40: Hexagonal neighbor of interior point Py.

We define the operator carré du champs as the limit:

(u(X) —u(Y)) (0(X) — o(Y))

S

where ) means the sum over the neighbors of X. If we take the example of the figure 40, and two
Y~X

m

differentiable functions # and v, we can show that

o (P = u(PP) (0(Po) = 0(PP)) _ . (u(Po) = u(P) (0(Py) — o(PY'))

m—s+o0 (5%1 m—+oo 5%1

= (Vu,&,) (Vv,é,)

Lo ((P0) = u(PE)) (0(Po) —o(PF)) | (u(Po) — u(PY)) (o(Po) — o(PY)

m—s+oco 52 Moo 52,
= (Vu,cos(a)é, + sin(a)e,) (Vv,cos(a)éx + sin(a)é,)

o (P = u(P) (0(Py) = 0(PY)) _ . (u(R) = u(P2) (0(Py) — o(PY))

m—+00 52 m—+00 52

= (Vu,cos(a)é, —sin(a)é,) (Vv,cos(a)é; — sin(w)é,)

. 7T . . cpe -
Since ® = —, we obtain, after simplification,

6
Y [Ll, U] (X) = ml_lfﬂoo % YZ:X (M(X) - M(Y)gzm(z)(X) _ U(Y))
3 (3{Vu(x), Vo(x)))

(Vu(X), Vo(X)) -
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Let us now introduce the Dirichlet form

E(u,v) = /Q'y[u,v] aX

:/Vu-VvdX-
@]

For a continuous function f, it is known that

/Qde: lim Y F(X)A(TE) -

m— 400 ==

for X € Ti, where T, is a triangle of the mesh and A the Lebesgue measure. To derive the limit
expression of £, we use the mean value over the vertices on the boundary of every triangle T,;,

. 13 i i
[ fax = lim L3 L DA

m—r—+oo

m—»—+oo

= lim Y f(X)d,

m——+0o XEV”,,

- 1g N
- Jim ¥ 5 3%
i =

52
by using the fact that the measure of every triangle T, is 7’”, and that every vertex X appears in six

triangles. Back to the Dirichlet form, we obtain that

S(u,v):/ﬂ'y[u,v]dX
= lim Y [u,0] (X) 62,

m—+00

X€Vi
o 1« (u(X)—u(Y)) (0(X)—o(Y))
= b ( 3.k % ) g
= Jim ¥ 2 Y ((X) - (V) (e(X) ~ o(Y)
XeVn Y;}X
= Jim 2 ¥ () = u(¥)) (0(X) ~o(Y))

where Z means the sum over the neighbours of X, and 2 the sum over all the couple (X,Y). In
Y~X X~Y

particular, we have that
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Let us now define the m!" Dirichlet form on Q,,, as

By splitting the terms, we can show that

Enli,0) = 5 T (0 —u(¥) (20X) —o(¥)
=2 L o0 T ) - u(x)
XeV”, XEV), YeX

+2 % o(x) YD (u(X) - u(Y))

3 XeV), Y~X

—— Y X (2 35z (u(Y) u(X))) S
XeV”, XEV}, m

Y~X

m

Ewo)=— lim Y oX) (Z 3%(u(y) u(X))) 2
XEV ) XZV!

m— 0o

R hm;zvm(zwgnm)am

Mt S yev, Y~X

m

:—/AuvdX+ dyuvdX-
o) 20

We have the following theorem:

Theorem 4.1.2. Normal Derivatives on a Fractal Boundary

If u € C2(Q)), then the normal derivative of u on the boundary exists as a linear continuous functional on
CH(Q)) defined by

/ anuvdX:/AuvdX~|— VuVovdX, YoeClQ)
a0 0 a0
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Proof.

The continuity follows from

[ 2 odX| < 18l ol + Vol Vol

< C (Il + 1Vull 20 ) Iollcray

4.1.3  Sobolev Spaces, Trace and Weak Formulation

(€,6)-Domains, John Domains and d-sets

To solve the weak formula, we need results from integration, Sobolev spaces, and traces of
functions on domains with fractal boundary. Since the boundary is not Lipschitz, we cannot apply
the traditional calculus, and especially the Gauss-Green formula.

Alf Jonsson and Hans Wallin give in [JW84] a panoply of theorems on so-called d-sets, including
self-similar curves:

Definition 4.1.1. (€,9)-Domains [Jon81]

An open connected subset () C R” is an (€, 6)-domain, 0 < €, 0 < § < oo, if whenever X,Y € Q)
and |X — Y| < 4, there is a rectifiable arc v € Q) with length /() joining X to Y and satisfying

Ly < X=X

€
elX—Z||ly -z
| X —Y|

2. d(Z,00) > forall Z € .

Definition 4.1.2. John Domains [Joh61]

An open connected subset () C R" is a John domain, if there exists a, § > 0, and a point X € ()
called the center of () such that for every Y € () we can find a rectifiable arc y € ) with length
I() < Bjoining X to Y and satisfying

d(Z,00) > al(y(Z,Y)) forall Z € -

Remark 4.1.1. [JW84]

(e,6)-domains are John domains.
The Koch Snowflake 86 is an (€, d)-domain, and a John domain.
See figure 41 for an illustration.
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(€,0) condition. John condition.

Figure 41: (€,0) domain and John domain.

Definition 4.1.3. d-Measure [JW84]

Let us denote by F be a closed non-empty subset of R" and d a real number such that 0 < d < n.

The closed ball with center X and radius r is denoted by B(x,r). A positive Borel measure y with
support F, is called a d-measure on F if, for some constants c1,c, > 0,

ar! <u(B(X,r)) <cor! forXeF, 0<r<1:

Definition 4.1.4. d-Set [JW84]

A closed, non-empty subset F of R" is a d-set (0 < d < n) if there exists a d-measure on F.

Theorem 4.1.3. [JW84]

The self-similar sets of R™ with Hausdorff dimension Dy are d-sets for the invariant measure yu, where
d = Dpy.

Function Spaces and Trace Theorem

In the following, we recall the definition of some functional spaces:

Definition 4.1.5. Sobolev spaces [Eva1o]

Let us denote by () an open subset of R", by a an integer. Let us consider 1 < p < co. The

Sobolev space W (Q2) is the space of locally summable functions f such that for each multi-index k
with |k| < a, D¥f exists in the weak sens and belongs to L7 (Q}).
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Definition 4.1.6. Holder Spaces [Evaio]

Let us denote by () an open subset of R”, « > 0 and k an integer such that k < « < k+ 1. The
Holder space C*~%(Q)) is the space of C*(Q) functions f for which the norm

IDIf(X+h) — DIf(X)|

H f HCk"‘ k= Z || D]f ||C + Z sup ‘h’a,k

ljI<k lil= thQ

is finite.

Definition 4.1.7. Besov Spaces [JW84]

Given an open subset (J of R”, « > 0, 1 < p,q < oo, along with an integer k such that
0 < k < a < k+1, the Besov space, or (Holder spaces in LP-norm) BI(Q) is the set of LP(Q)
functions f for which the norm

£ lyr= X 1 Df o + X ( [ AR D0 dh)

ljl<k ljl=k

is finite.

Proposition 4.1.4. [JW84]

The space By (Q)) is a Banach space for the norm || . || pra and if If | < p,q < oo, then D(QY), the space of
infinitely differentiable functions with compact support on Q, is dense in B} (Q).

Definition 4.1.8. Besov Spaces on d-Sets [JW84]

Let0 <a < 1,1 < p<oand F a d-set with respect to the d-measure u. A function f belongs to
the Besov space Bf/ p(F ) if and only if it has finite norm

1 =l £ g+ ([ P auadun) )

Theorem 4.1.5. Rellich Embedding Theorem for John Domains [CRW13]
If1 < p < oo and Q) a John domain of R", then the injection

W, (Q)—=LP(Q)

is compact.

As a consequence, we have the following Poincaré inequality (for a more general result, we refer
o [CDMP19]):
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Theorem 4.1.6. Poincaré Inequality for John Domains

Let us denote by ) a John domain of R". Then, there exists a constant C > 0 such that

| f @< Cll Vo)
for every f € H}(Q)).

Proof.

Let us assume that the Poincaré inequality is not verified, then we can find (1), in H}(Q)
such that, for every n € IN

| tn [|r200) = 1

| tn 20y 2= 1 || Vu [ 1200

On the one hand, || Vi, [|12(0)< Land Vu, — 0in L2(Q).

In particular, the sequence (u,),.p is bounded in H!(Q). By using the Rellich theorem, we can
extract a sub-sequence (i1, ). converging in L?(Q) to a function u € L*(Q).

In the other hand, by continuity of derivation in the distribution sense, this means that

U — u in D'(Q)
Vur, — Vu in D'(Q) -

By uniqueness of the weak limit Vu = 0, since () is connected and u € Hé (Q), we deduce that
u=020.
O

Now, we introduce a trace theorem theorem for d-sets. Let us recall that the trace operator of a
function f on a set F is the operator

Rif—)f‘F

and that the extension operator of a function g, defined on F, to R", yields

E:g—Eg suchthat (Eg)p=g-
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4.1 THE MEMBRANE PROBLEM ON OPEN SUBSETS WITH FRACTAL BOUNDARIES

Theorem 4.1.7. Trace of Sobolev Spaces on d-Sets [JW84]

n—d
p

Let us denote by F a d-set with respect to the d-measure y, o an integer, 0 < d <n,0 < f =a —

and 1 < p < oo. Then, the restriction operator

W (R") = B}Y(F)

where W (R") is the Sobolev space on R", is a linear bounded operator.

Theorem 4.1.8. Jones Extension Theorem of Sobolev Spaces [Jon81]
If Q) C R" is an (e, 8)-domain, then there exists a linear bounded extension operator

Wa(Q)— WS (R")

forl < p<ooandwa > 0.

Corollary 4.1.9. Trace operator [Walg1]

Let O C R" be an (€,0)-domain, o) a d-set with respect to a d-measure y, « an integer, 0 < d < n,
0<B=a— !

and 1 < p < co. If 9Q) preserves Markov'’s inequality, that is d > n — 1, Then

WE(Q2) o = B} (302)

and the trace operator is a linear bounded surjection; (see [Walg1], Proposition 4, page 120).

Integration by Parts Formula

Now, we have all the ingredients necessary to obtain the integration by parts. Recall from remark

In(4
4.1.1 that Koch snowflake () = K6 is an (¢, 6)-domain with a d-set boundary 9Q), with d = IEEB;

since

Dp(0Q)) =Dp (RC U b1 (KE) U h2(KRE))
= max (Dp (8¢€), Dy (b1(8¢€)), Du(h2(RE)))
= Dy (Re)
_ In(4)

In(3)

where we used countable stability of Hausdorff dimension [Fal14].

Theorem 4.1.10. Density

Let us denote by Q) the Koch Snowflake set introduced before. For every u € H'(Q), there exists a sequence

of functions (u)ren C C*(QY) such that
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kETw | u— ug HHl(Q): 0-

Proof.
From the Jones extension theorem, there exist an extension i € H'!(IR?) such that o = u and
| 7 |2y <|| # || (2. So we can choose a function p € C*(IR?) such that

p(x) =0 forx € R?
o(x) =0 for | x[>1

]Rzpdx:l-

and define the mollifier p; = k*p(kx), then the sequence of terms u; = (i % oy ) verify the theorem. [
P P q P y

Now, we obtain the main theorem of this section.

Theorem 4.1.11. Integration by Parts

Let us denote by u and v two functions in H'(Q) with fractal boundary 0Q), and Au € L?(Q). Then the
following integration by parts holds:

/ Auvdx = —/ Vqudx+/ Inllj0 Vjpn dx
o) o) a0

Proof.

It follows immediately from the density theorem 4.1.10 that there exists two sequences (ux)ren

and (vg)ken of C*(Q)) such that

lim = flpey=0,  lm o= 0 [mia)=0-

The integration by parts result 45 gives
/ Aup v dx = —/ Vuvakdx+/ Ol U dx -
Q Q a0

D
By using the trace theorem 4.1.9, for p =2, a =1and g = TH' passing through the limit using
dominated convergence, we obtain that

/Auvdx:—/ Vqudx—l—/ Inl|30 Vppqy A -
o) o) a0
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

Theorem 4.1.12. Normal Derivatives on a Fractal Boundary [Lanoz]

If u € HY(Q) and Au € L?(Q), then the normal derivative of u on the boundary exists as a linear
continuous functional on Béfl o (0Q)), where By is the Besov space introduced in definition 4.1.8 with

Dy(0Q)) = iig;, and defined by
(Ontt, Vo) = / AuvdX+/ VuVovdX, Yove H'(Q)-
0 0

4.1.4  Solution of the Membrane Problem on a Domain with Fractal Boundary

We can now consider the variational Dirichlet problem, by taking v € D(Q))

/QhVqudX:/vadX (46)

for h € L®(Q) such that Imin < 1 < hmax, and Q a (€, §)-domain delimited by a d-set, in particular,
the Koch Snowflake. We can now show that this equation admits a weak solution in H!(Q).

The bilinear form a(u,v) = [ hVuVvdX is symmetric and continuous:

a(u,v) = / hVuVovdX
0
< hmax || Vi [[ 2y || VO |12
<G u gl o o)

where C; = hmax, and coercive

a(u,u) :/ h|Vul*dX
0

= hmin || Vu ||%2(Q)
Z

Co [l u ||12L11(Q)

min

——— and C is Poincaré constant.
(C+1)

where C, =

It is clear that the form [, f vdX is linear and continuous. So we can deduce by Lax-Milgram
theorem that the problem admits a unique solution in the Hilbert space H}(Q).

4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

Let us again consider the Dirichlet membrane problem in the variational form:

/QhVqudX:/vadX (47)

For the benefit of the reader who may not be familiar with mathematical notions devoted to
Lagrange finite elements, we shall first recall several definitions (see [All12] for further details).
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

Definition 4.2.1. Lagrange finite element

A Lagrange finite element is a triplet (K, X, P) such that
e K is a compact, convex, and non empty interior.
o X ={ay,..,.an}, N € IN% is a finite set of (distinct) points of K.

e P is a function vector space of finite dimension defined on K, such that X is unisolvent in the
sens of definition 4.2.2.

Definition 4.2.2. Local Basic Function

Let us denote by (K, L, P) a Lagrange finite element. We call local basic functions the N functions
e; (i=1,...,N) of P such that

e,‘<[l]‘) = 5,] 1 < l,] < N
The N-uplet (ey, ..., en) is a base of P.

We call the P-interpolation operator on X the operator x which, for every function g on K,
gives 7g g defined as

N
kg =Y glaie;

i=1
This function (7tx §) is the unique element of P taking the same values as g on X.

Definition 4.2.3. Triangular Mesh

Given a polyhedral, connected, open (2 C R", a triangular mesh of Qisaset T; of N -simplices
(7?)1<1<N such that

e 7;CQand U T;=0Q.
1 N

<i<
e 7;N7;is an m-simplex, 0 < m < n — 1, whose vertices are vertices of 7; and 7;.

e 0 = max |7;|is the maximum diameter.
i=1,.,N

.....

Definition 4.2.4. Triangular Lagrange Finite Element

Given a triangular mesh 7; of a polyhedral, connected, open (3 C IR”. The Triangular Lagrange
finite element of k-order, associated to this mesh, is defined by the discrete spaces

V52{06C<6) ‘ Z)|77€]Pk V’];G’]:S}
VgZ{UEV(s | U‘aQZO}'

where Pk is the space of polynomials of order < k.
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

The problem of applying the triangular Lagrange finite element is that the boundary oQ) is a
self-similar set, which implies that the triangulation mesh is not an easy task. A solution of this
problem is to approximate d() by an increasing sequence of regular curves which converges towards
it.

4.2.1 [Py Finite Element on a Uniform Mesh

Let us start with a finite set of points:

LS = R R

Pi3=(0,1)

We then obtain the initial triangular mesh £6;; see Figure 42.

PA3

Figure 42: RG;.
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE 131

This provides us with the first set of vertices V.
Next, we use the successive discretization of the Koch Curve to fix the discretization diameter, so
we can construct a uniform triangulation mesh of the whole Koch Snowflake (we plot in the next

figure the vertices sequence V;, of this triangulation).

The Koch Curve discretization sequence (R¢;,),, .- is generated by starting with five points

V31 1 1 1 1 V3 1
P9—<—2,2 ’ Plo—(—m/2> ’ Pll—(m,2> , Pp= D) , P3=1(0,1)

and by using the similarities in section 4.1.1 to construct the recursion

REy = 1<U<4fi (R€p—1) -

RIS

PA3

0 Ptt

g
[y
NS

Figure 43: R¢;.

By using the two rotations h; and by, we obtain the sequence of boundary points (V;,),.cn-

Figure 44: V], V; and Vj.
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we obtain the points of the discretization of the

1
Using a uniform diameter § = J,, = i

Snowflake (V"i),,en -

Figure 45: V"1, V"3 and V”3.

Proposition 4.2.1. [LNRG96]

Given a natural integer m, let us denote respectively by N, the number of vertices of the triangulation of
the boundary, and by N'(8G),, and Ny, the numbers of triangles and vertices of the Snowflake triangulation.
We have that

N =12 , N(86); =12, N; =13,

and, for any strictly positive integer m:

N, =3 x4"
N(RS) = (9m Fom —4M)>
N — Nm+1\2/(ﬁ6)m +1.

First, we calculate the respective areas (|7;"|)1<i<n/(ss),, Of the m-order triangles (7;")1<i<n(ss),
(see Definition 4.2.3)

T = |PP5Prs| = <f+\2f> « (HD _ 3f

‘7-1|—@—£

12
" 7'0
7 = 12
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Given the discretization points V", m € N, let 7" = P,P,P., 1 <1 < N(88),,, be a triangle of
the mesh, we define the barycentric coordinates A}" ([Lucoy]), i = {a,b,c}, such that, for all X € R2

Y AMx=1, ¥ PAMX)=X
ie{a,b,c} ic{a,b,c}

For the initial triangle TO = P,P5P;3, we compute

1
VAP dXdy = —
-/To| ? V3
1
VA2 dXdy = —
/7,0’ 5| \@
1
VAL |ZdXdY = —
[ VA >
/ VATALdx dy = — V3
To 6
V3
VAIVAL dXdY = — X5
/76 2V /3 6
/ VAOVAL dX dy — — 3.
To 6

Next, we can compute the integrals on the triangle '7'21 = P, P3P, for P, = (— 73, — %) ,P3 = (— %

and Py = (—\%,0):

VAL(X,Y) =2V3 (__1% _01) = <_ﬁ> = 3VAY(X,Y)
VANX,Y) =2V3 (_%ﬁ . ) = <ﬁ> = 3VAY(X,Y)
2

1 1
= + =
VAL(X,Y) =2V3 (_ z +2ﬁ> = <g> =3VAY(X,Y)-
2

NI—
N——
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

Thus,

/ﬂ IVAL2dXdY = / IVAYR dX dY
2

7:
VAldedY-_g——:i/ VAR dX dY

/T;\ ] 7= 1v8
VA”dXdY—— VAL 12dX dY

/7?\ . 75 = [ 19%

/ YAV dXdy — V3 / VAOVAL X dY

AR ——? 2 VA5

/ V)LZV/\6dXdY——— / VAOVAY, dX dY
1 1 \/>

VAIVALdXdY = - ¥° VALY AL, dX dY
7 6 Jn

In general, given the set RG,, consider a triangle 7, = PiP;P, 1 < I < N (8G),,, for some
vertices P; = (X;, Y;), P; = (X;,Y;), P = (X, Yi). The barycentric coordinates are given by:

1
AP Y) = gy (XOY = Yi) Y (X = X)) 4 XY = YjX)
I
1
/\;n(X, Y) = W (X(Yk - Yl‘) + Y(Xl' — Xk) + X Y; — Yle‘)
1
A(XY) = ] (X(Y; = Y)) + Y(X; = Xi) + XY — VX))
1

and the corresponding gradients by

V)\m(XY) 1 <Y Yk>:2><9 <Y]—Yk):2><9 3_m<Y5—Y13)

2|7 Xj 3v3 \ Xk — X 3V3 X13 — X5
=3"VAY(X,Y)
1 Yk—Y' 2 x 9" Yk—Y' 2x9"m Y13—Y1>
VA’" X, Y ) = i) — 3-m
(XY)= 2|7, ( | — Xk) 3v/3 (Xi — Xk) 33 (Xl — X3
=3"VAYAX,Y)

1 Y=Y 2x9" (Y —Y; 2x9" . (Y1—Y5
m — 1 ] — 1 ] — m
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We can deduce that

1
V)J”dedY:T’“/ 9" VAR AX dY = —
S 1A [ om1vag e
1
VAm2dXdY=9—m/ 9" VAL AX dY = —
ﬁmr | 9" VA 7
/ ]VAZ1|2dXdY:9""/ 9" VAL P AX dY =
T 70 3
/ VAIVAT dX dY = 97" / oy AITALaX Y = — V3
- o 6
V3

VAMVAT X dY = 9" / IAVAY, dX dY = —
7;?7! 7'

@&ox

VAIVAL dXdY = 97" / 9MVALVAY dXdY = — V2.
7;”’1 TU

Now, we can compute the cross product involving the local basic functions. The function # is
taken as constant on every triangle 7, and given a local basic function e; (definition 4.2.2) associated
to a point P;, we designate by /(S) the triangle number ! containing vertex P;, i € S. The following
two configurations may occur:

1. The point P; is an interior point, in which case

6 6
1
h|Ve2dXdY =Y h i/ VALRAXAY = (Y hy | —
[ 11vel Yy [, 1A (121 1())\/5
_ —v3
(hl(i,j) +h2(i,j)> f,ﬁm V/\ZV)L] axdy = (hl(i,j) +h2(i,j)) gf

[ nVeveaxdy -
RG 0 If Supp(e;) N Supp(e;) = D

2. The point P; is a boundary point, two situations have then to be considered:

(a) The point P; has two adjacent vertices, in which case

1
h VeiZdXdY:h/ VA 2dXdY = hy—
[ 11vel yic 7
B [ VAV AXAY = by =3
hVeiVe dXdY = L I g
A6 0 If Supp(e;) N Supp(ej) = D

(b) The point P; has five adjacent vertices, in which case

5 5 1
I |VePdXdy =Y hy; / VARdxdy = (Y m | —
/% |Vei| l; 1(i) Tz’"| il k:Zl e
(i) +12(i, ) [ VAVA;AXAY = (I + ) =2 1 P; is an interior point
hVeiVejdXdY = q hy fT’m VA VA dXdY = hl@ If Pj is a boundary point
0 If Supp(e;) NSupp(e;) = @

RS



4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

4.2.2  Convergence and Error Estimates

o P J—

Recall the notations () = 86 and () = R6. Given an integer m, we consider (), = RG,, as the
uniform triangulation of the Koch snowflake at the order m. The main object of this section is to
estimate the convergence of the finite element method at the order m. We adopt the methodology of

[RTo4].

First, let us observe that

The triangulation is regular, since

V3
51’1’! - 37/
1
Pm = 37},”/
on _ /3, lim on =0,
pm m—»00
VX € 90, NT", d(X,00) < Coby - (48)

where J,, and p,, are respectively the triangle diameter and roundness (incircle diameter). Let us

consider the discrete spaces

V§ = {U S C(ﬁm), U|77m c ]Pk vﬁm c 7:5,”, U‘an = 0}

m

and the natural extension by zero on the unresolved features
ng = {77 € C(ﬁ)} 6\Qm € V(sm, 5|Q\Qm = 0} .
Now, let us consider the solution 7, of the variational Dirichlet problem defined in 4.1.4

It follows by symmetry of the bilinear form that

_ [Cy . 3
H U—Upm HH&(QM)< aﬁn}gééyn H O HH&(Q,,,) '

Indeed, by using the fact that
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4.2 THE FINITE ELEMENT METHOD FOR THE KOCH SNOWFLAKE

Vom € Vs,,  a(u, Oy — tly) = L(Fn — iim)
Vo € Vs, alflm, Om — ilm) = L(Tp — fim
we show that
Vo € Vs,,  a(u—tly, Op — 1) =0, (49)
ie.,
Vo € Vs, alu—fim,u—ily) =a(u— iy, u— 0y) - (50)

Using the regularity of the bilinear form a(-, -) we can write

. 1 "
|4 =t |53, < G |4 =0 |y a,) -
With this result and equation 49 we deduce that i, is the orhtogonal projection of u with respect
to the norm || . ||, the scalar product defined by the bilinear form on H}(Qy), ie. Vo, € V;,
e — i <] 0 = 7 -

We use the regularity of a(.,.) on this expression

Cr || u — dlm H%{é(gm)g Co || u—0m Hilé(ﬂm) : (51)
to finally obtain that
g G »
|t =t ||y, S \/ C*”mlé‘ém It —=0m |53,y - (52)

We take into account the fact that

Nl—

= gy= (%= T By + 1 Benrny) (53

We will get rid of the remainder term later, but let us prove first the following result:

Theorem 4.2.2.

If Q) C R" isan (€,6)-domain and if k > 5 then W,],f(()) is a subset of C°(Q)).
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Proof.

According to theorem 4.1.8, there exists a linear bounded extension operator E : W’;(Q)%Wg (R™)
such that

(Eg)n=¢
1By < 1181w

One can then use the following classical result to conclude:

Lemma 4.2.3. [Bregg]

The injection 1 : W]’,f(]R”)—>CO(]R”) is compact, for k > 4.

O

Now, let us consider the interpolation operator 7, on (), which for every continuous function
on (), associate the function 71,1 continuous on (), for which the restriction (7t,,u) T for 7" € T;,
is the Lagrange interpolation on 7,", and null on 90}, vertices.

Lemma 4.2.4. [RTo4]

Let ‘7™ be a triangle and an interpolation order k > 1. There exists a constant C independent of k, for
every function u € H*(Q) N HY(Q), such that, for all 0 < n < k+ 1, Vo € HFL(T™),

5k+1
m
H U — Ty 0 HHn(']?n) < CPT H (% HHS'H('E”’) .
m

e The case k = 1:

In that case, the function 7r,,u belongs to V;,. We have the following lemma:

Lemma 4.2.5. [RTo4]

138

Let us assume that k = 1. There exists a constant Cy independent of 6, for every function u € H*(Q)) N HY(QY),

such that

26 1= v g,y < Cad |l g -
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e The case k > 2:

In that case, the function 7r,,u & V5, . We need to prove the following lemma:

Lemma 4.2.6. [RTo4]

Let us assume that k > 2. There exists a constant Cz independent of 6, for every function
u € H3(Q) NHY(Q), such that

inf || u—om [[510,) < CVom |l ullgq)

Um€ Vém

Proof.

We give here an adaptation of the proof in [RTo4]. Let 71, be the interpolation function such
that 71,u € Vj,. The support of 7,,u — 7du is the set of boundary triangles 7," N97;, # @.
We can use the decomposition

i 0
vn};‘&&m (R ||H3(Qm) <[ u — myu ||H5(Qm)

<= 7wt lgya,y + N 7Tt = 7t g a,) -
In one hand, lemma 4.2.4 allows us to write

_ < O
| u— 7tmu HH(}(T,m)N

O | u HHS(77") :

Then

1w = 7ttt gz, S O 1 ey -
In the other hand, let 7" = P;P; Py be a triangle from the boundary such that {P, Pj} € (), let

P+ P,
P = ! 5 ! and Pjj, to be the intersection of the bisector of [P;, Pj] with 9Q) :

The edge {P;, P;} € 0Q) of the boundary triangle 7,".
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We get, given the basic function e; associated to 7,",

(nmu — 7'[9”1/[)‘771 = u(Pi]-)el

Using the mean value formula, theorem 4.2.2 and regularity 48

’u(P,‘j)‘ = |M(Pij) _M(Pij*)’
ou
a

S om |l u ||H3(Q)

< |Pyj — Py

Consequently, V7, € 0Q)y,

| 7ttt — o u ||H3(TZ’") Som | u HHg(Q)

Finally
1
2
| ot = 7t gy = | X0l 7ot = 7t 2y
77”/1680"1
S Vom || u HHg(Q)
The result follows. O

2
Hy (0\OQ)
boundary dQ),,, where {P;, P;} € 0Q), we can represent the open Q \ O, in the neighborhood of the

segment [P;, Pj] :

Now, we need to give an upper bound of || u || . Given a triangle 7" = P;P; Py from the

This boundary part is just a copy of the Koch self-similar curve, for a function v € H!(Q)), we can
exploit the density theorem 4.1.10 and choose v € D(Q)), then we write for some z(x) € 0Q)

v(x,y) =o(x,z(x))+ /Z(yx) dyv(x,s)ds

then,
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Pi Pj

The open set O; of )\ (), delimited by [P;, P;].

The open set Q \ Q, for m = 1.

Y
o?(x,y) < 20%(x,2(x)) + 2| /( )ayv(x,s)ds|2
y
< 20%(x,z(x)) + 2|y — z(x)| /( | |9y0(x, 5)|ds

y
< 20%(x,2(x)) + Co b /( : |0,0(x, s)|ds
z(x

by using the boundary regularity 48, and, by integration over O;, the subset of Q) \ (), delimited by
[Pi/ P]] ’

1010y S (6 110 0000y +03 1350 lE2(o) -
By summation, this yields

1o 22nam S (80 12 ooy +0% 12 12aaia,)
We conclude that

1o lzenan < (Vo 12 lzan) +6n 112 e )

by using the trace theorem 4.1.9
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| o ll2@0, S Vom0 llm@) -

By applying this inequality to d,u and d,u, we obtain the following lemma:

Lemma 4.2.7.

There exists a constant Cs independent of 8,,, for every function u € H?(Q)), such that

Il ava,) < GV | |2 q)

This lemma enables one to compute the solution on ), and ignore Q \ ), for m sufficiently
high. Now, by combining those results with equation 53 and 52, we obtain the following theorem
about the convergence of the finite element method:

Theorem 4.2.8.
There exist constants C independent of d,,, such that

CVom || u || p0) ifk=1 and uc H)(Q)NH*(Q)
C/bm || u | 1300) ifk>2 and uc H)(Q)NH(Q)-

|t = [ g3 <
<

|t = || g

4.2.3 Numerical Results

In the following, we report the finite element solution of the Dirichlet membrane problem

—div (hVu) = f in Q
u=20 in 0Q)

forh=1and f = ¢~ (%) The solution are generated by using the package NDSolve’FEM’ of
Mathematica:

Next, we report a IP; solution for m = 4 with a uniform mesh.
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! L L L "
-1op - 1 -05 0.0 05 -05 00 05

The contour plot of the so- The meshed solution. The solution.

lution.

Figure 47: The solution.
4.3 PARAMETRIC OPTIMIZATION
4.3.1  An Alternative Definition

Let us recall the Poisson equation with Dirichlet condition

—div (hVu) =f inQ
(Pr) { u =0 inadQ

for f € L*(Q)), h € L*(Q) such that hmin < h < Amax, and Q a (€,6)-domain delimited by a d-set
(The Koch Snowflake for example). As proved before, this equation admits a weak solution in
W3 (Q) = HY(Q).

Moreover, the bilinear form a(-, -) is symmetric, which enables us to deduce that [Bregg]:

u= min){d)(v):%/QthVvdX—/vadX}-

veH(Q

By taking e = Vv, this is equivalent to
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min {d)(v,e) :1/ he-edX — [ fvdX} .
0eHL(Q), eeL2(0)? 2 Ja o)

e=Vv

The intermediary Lagrangian of the problem is

L(e,u,A) = ®(v,e) —|—/ A-(Vo—e)dX-
0
The Lagrangian of the problem is then
L(v,A) = min L(e,v,A)-
(@)= min Le,0,)

The function e — £(e, v, A) is strongly convex, and then admits a unique minimum given by the
Euler equation e* = h~!A, which implies that

L(U,A):—;/ﬂh1A-AdX—/vadX+/QA.WdX
:—;/Qhu.Adx—/Qv(div(AHf)dx.

The dual problem is then

max {‘I’(/\) — 1/ h—lA-AdX} -
AEL2(Q)2 2Ja
—div(A)=f

Thus, we can establish the following theorem:

Theorem 4.3.1. [All12]
There exists a unique saddle point (u,c) of the Lagrangian L (v, ) on H}(Q) x LZ(Q)2

L(u,0) = max min L(v,A) = min max L(v,A)
Ael2(Q)? veHy(Q) veH(Q) AeL2(0)?

with o = hVu.

4.3.2  Optimization Thickness of an Elastic Membrane on Fractals

In the following, we consider the problem of the optimal thickness /1(X) of a membrane deformed
by a force f. We will proceed as in [Allo7] to prove the existence of a solution of this problem. The
thickness satisfy 0 < hy;; < h(X) < hygx and the behavior of the membrane is described by the
Dirichlet problem:
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—div(hVu) =f inQ
(Pr) { u =0 indQ

where () is a domain with a fractal boundary dQ). The problem is to find & € H which minimizes the
compliance

) = [ jw)dx (54)
= | fwax 55)

where

H = {h € L=(Q) such that 0 < hyy;, < h(X) < Mgy and / h(X)dX = h0|Q|}
0

and where uy, is the solution of the weak problem

/hVqudX:/ FodX -
QO Q

The operator T : h — uy is linear and continuous, indeed, let (1), n an L*(Q)-sequence
converging to some & in L®(Q2), by the reciprocate Lebesgue theorem, there exist a subsequence

(M) e such that k. — hae. on O and Vk € N, |, (X)| < C a.e. on Q, for some constant C.

Passing to the limit in the weak formula

lim/ hnkVqudX—/ fvdX:/ hVqudX—/ fodX
Q Q Q Q

k— o0

We conclude that lim T(h,) = T(h), since

n—oo

’(hm/ hnkVqudX—/ fvdX> - <lim/thqudX—/ fvdX)’
k—00 JO) Q n—oo J() Q

<| [, wuvodx] | im b, ~ fim b o

<0-

We can now conclude that the form | is continuous and linear: if f € L?(Q)), the function
u — [ fudX is continuous linear form from L?(Q) to RR, the continuity and linearity of | is a
consequence of composition of linear continuous applications.

In addition, the theorem of the last section allows us to write

1
/futh: min f/hflmzdx-
Q Ael2(0)? 2 J0

—div(\)=f

The optimization problem is then
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1 1
inf min 7/ FUARAX = inf 7/ hYAPRdX (56)
het rel2(0)? 2 Ja (WA )eHxT 2 Ja

—div(A)=f

where 7 = {A € L?(Q))?, —div(A) =f inQ}. Theset H x J is closed and convex as a product
of two closed convex sets, and the function ¥(h,A) = 3 [, h~1|A[? is convex, since the associated
Hessian matrix is positive, and coercive,

lim Y(h,A) =00
([ (A [[34x 7 —+o0

and since H is bounded. The existence of the solution is ensured by the following theorem:

Theorem 4.3.2. [Bregg]

Let us denote by E a reflexive Banach space, and by A C E a convex closed non-empty subset of E, and
by ] : A — ]|—o0,400] a convex function, lower semi-continuous with | # oo such that

2 =

Then, | reaches its minimum on A, i.e., 3xg € A such that J(xo) = minyec4 J(x).

We have the following result:

Theorem 4.3.3. [All12]

Given A € L2(Q))°, the problem

min 1/ Y A2dX
herH 2 .Jq

has a minimum h(A) in H given by

Alx .
h*(x) = | ( )| Uchmin <K < By
h(A = Vi
( )(x) o hmin ifh* < hmin
Rinax ifhmgx < h*

where | € Ry is the unique value such that [ hdX = ho|Q)|. This value is unique as I # 0.

4.3.3 Resolution by the Discrete Projected Gradient Algorithm (D.P.G.A.)

This section is based on the algorithm introduced by A. M. Toader in [Toag7] and described G.
Allaire in his book [Alloy]. Since the convergence of the finite element approximation has been proved,

146



4.3 PARAMETRIC OPTIMIZATION

we can build a projected gradient algorithm on this approximation. We give next a convergence

result for IP; approximation. Set

V5m = {’U € C(ﬁm), ’U"];Wl e Pq V'ﬁm S 775m, 0, = 0}

Vs, ={9€C(Q); Fjq, €V, Tonq, =0} -

W(hA) = ;/Qh‘lwzdx

Hu = {h € L®(Q) : 0 < hyin S h(X) < hypax on Oy, B(X) =00n Q\ Oy, /Q

HOOX = ol }

m

In={A=hVu, (hu)eHnxVs, —div(hVu)=f inQyu, u=0 indQy,}

Define the restriction operator

R:H—={hel”Q) :0<hyy<h(X) <hpyaron Qy, h(X)=00nQ\Qy}

h— 1th|0m

and the extension operator

E:H,—>H
h—h s.t. (fz) O = h and

where

Py (h) = max(hmin, min(Amax, 1 —

and [ is the solution of:

[ Prtn)ax = noly
Q
Let use the finite element discretization to define

min  ¥(h,A)
(hr/\) EHm X Tm

Given m € IN*, the D.P.G.A. is as follows:

(fl) 0\Q, — Py (h)

1)

(57)
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Numerical algorithm:
1. Fix hi! € Hy.
2. Forn >0:

(a) Compute A" = h]'Vu!!, where ul € Vs is the unique solution of:
p n n m q
—div(h'Vull) = f in Qy
(P { ult =0 in 9,
(b) Update h:
nt1 = Py, (hy' — p o ¥ (hy', A3))
where

Py, (h) = max(hmin, min(Amax, 1 —1)) -

[ is the solution of:

/ Py, (h) dX = ho| Q|

m

pu>0and

A2
Lol

oY (h,AY) =

3. Stop when

\hy — Py, (b — P‘T/(h?r/\zi)ﬂ < €t hmax -

The update can be written more explicitly

m S
nt1 = P, [y +:u(hm)2 ) (58)

The discrete projected gradient approximation is done in two steps:

FEM PGA
e T, e POA

where we denote respectively by h*, i*™ and h]%, the solutions of 56, 57 and 58. Let’s introduce

FEM,
o A
fl* Continuous ;\*
= FEM 3
h*,m /\*,m

Continuous
h* A*
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where 1*" and h* stand respectively for the optimal thickness of discrete and continuous problems,
h* = E(h*™) is the extension of /*" to Q, and I*" = Py, (R(h*)) is the projected restriction of h*
on H,,, we can check that

[ = B < [R5 = Py, (W)] + [Py, () — B
< [R(PY) = B*| + [Py, (") — h7|
—0
since h* = Py (h*), and
[ E*HLOO(Q) = HE*HL“(Q\QW)
—0

and we got L®(Q)) convergences. One has, Ve > 0
—e < W(IM, M) — W (I, ) <Y (R A — (5, AY) < P (R — ¥ (B, AY) < e

Since ¥ (h*, A*) < ¥(I*, A*) and ¥ (", A*™) < ¥ (h*™,A*™). To get convergence of the bounds,
consider the general case i € H,, and h € H such that K" — h in L*(Q), u™ € V;, the cor-
responding solution of (Py,,), through the variational equality by choosing v™ = u™, one can
write

i |90y < [ B9 2aX = [ pumdX <1 fll ey I iz

Using Poincaré inequality 4.1.6,

VUl 12(q) < HfHLz (59)
lel
u™ is bounded in H}(Q)), we can extract a subsequence u™ — u weakly in H}(Q)). Now let
v € H}(Q), there exists a sequence v € V; converging to v in H}(Q)), by the inequality 59 we
found

/hVqudX—/ hmwmwmdx‘ < ’/ h(Vu—Vu’”)VvdX‘Jr
(@) 0O Q

/ WV u" (Vo — Vo) dX
Q

+

(h — K™YV u" Vo™ dX'
Q

g hmax

1l = 1" o) 1V ) V0" 120

— 0

and
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/vade—>/vadX

Thus, u™ — u in H}(Q)), the unique solution of (P). To prove strong convergence, let ||-||, be
the norm on H}(Q) introduced in section 4.2.2, and defined for all v € H}(Q) by

loll, =/ [ nIVoPdx
Q

Then

"y = [ BV ax
:/(h—hm)\Vum\de+/ V2 dX
Q Q
= [ (=1 VurPax + [ furdx
| on=wmy v Pax+ [ fu
<=1 90 ey + [ F X

—>/fudX

Proposition 4.3.4. [Toa97]

For fixed domain Q,,,, m € IN, the projected gradient algorithm converges to the optimal solution h*™.

We have proved that

Corollary 4.3.5.
The discrete projected gradient algorithm 4.3.3 converges to the optimal solution h*.

Proof.

It follows from the decomposition

¥ (h™, A7) =¥ (b, A ) || < ¥ (R, A7) = F (R, A || 4 [[F (R, A7) = (hyk, A

where n* is the optimal stopping iteration.
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4.3.4 Numerical Results

In the sequel, we represent the optimal solution of the compliance problem for the Koch Snowflake
domain ():

min(h) = [ fu,dX

where

1
H = {h € L*(Q) such that 0.1 < h(X) < 1and / h(X)dX = 2’Q|}
o)

and u is the solution of

—div (hVu) = e~ ¥ in O
u=20 in 0Q) -

The approximation parameters are m = 4, ¢ = 0.05 and y = 0.05 :

Figure 48: The approximated domain £&,.
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Figure 49: Contour plot and 3D representation of the optimal thickness.
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Figure 50: Contour plot and 3D representation of the optimal solution.
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APPLICATION TO FINANCE

The Black-Scholes model arises as one of the most important application of mathematics to
economics and finance of the 20" century, allowing the emergence of the theory of financial partial
differential equations and the related numerical analysis.

Yet, despite its phenomenal success in the financial market, the model suffers from deficiencies,
for instance, when it comes to the modeling of real market options, with erratic behaviors.

Interestingly, the Black-Scholes equation can be transformed into a linear heat one (see, for
instance [Dav17]), which makes it a good candidate for techniques involving scale invariance. Know-
ing that stochastic behaviors, of erratic appearance, are involved, it was natural to consider an
alternative model, based on the theory of partial differential equations on fractals, as introduced by
J. Kigami (see [Kigo1], [Stro6]). So far, this had not been done. In [RDzoa], we thus introduced the
so called self-similar Black-Scholes equation, emerging from a transformation of the self-similar
heat equation. Our results showed that this model can handle a multitude of behaviors, and that the
associated solution can be non-standard, depending on the self-similar measure.

In this chapter, we give a direct derivation of the self-similar Black-Scholes model, based on the
theory of non-symmetric Dirichlet forms, and prove the existence of a self-similar Black-Scholes
operator and we give an explicit formula to calculate this operator for some function in his domain.

After establishing the CFL convergence condition for the finite difference scheme, we simulate
the solution as a function of the weights. The results confirm our previous ones exposed in [RD20a],
and we can detect some specific behaviors characteristic of risk aversion and risk loving.

5.1 THE SELF-SIMILAR BLACK-SCHOLES MODEL
5.1.1 The Black-Scholes Operator

Notation (Space of test functions).

Given a continuous subset E of R, we will denote by D(E) the space of test functions on E, i.e.
the space of smooth functions with compact support in E.

Definition 5.1.1 (Self-Similar Black-Scholes Equation).

We introduce the self-similar Black-Scholes equation [RD2oa], for European options, in the sense
of distributions:

u u o?
aa—t(t,x) dy = (—r(t)xgx(t,x) - Z(t) x? Au(t, x) +r(t) u(t,x)> dx ¥V (tx) € [0,T] x|L, M|
u(T,x) = h(x) Vx € [L,M]

where the variable 0 < L < x < M is the price of the underlying financial instrument, o denotes the
volatility, r the risk-free interest rate, T the maturity of the option, u a self-similar measure and u
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represents the option price. The real valued function / takes the values h(x) = (x — K)™ for a call’,
and h(x) = (K —x)" for a put?, given a constant K: “the strike".

In order to prove that the problem has a solution, technical results related to the classical
Black-Scholes model are required. We refer to [APos5] for the proof of the following assertions:

Notation (Black-Scholes Bilinear Form).

For any pair (1,9) € (D(Ry))?, we set:

o2x? 9u dv ) ou
B(u,v)_/]R+ Taadx—i— . (0> —7) xavdx—l— R+ruvdx-

Property 5.1.1.

The bilinear form B(-,-) is non-symmetric.

We define its symmetric part, for any pair (1,0) € (D(R.))?, through:

B(u,0) = % (B(u,v) + B(o, 1))
o2x% 9u v 1 ) ou v
—/R+2 agdx—ki ]R+((7 —r)x(axvntuax> dx + IR+ruvdx
—0—2 xza—ua—v x+3r_02/ uvdx
2 Jr.T Oxox 2 Jr,
Notations.
We set
2 v 2 2 2 0%0 2
V = UEL(IR+) P X$EL(IR+) , W = U€L<R+) P xaxZEL(R+) .

' The call is an option on a financial instrument, which consists in a right to buy. Concretely, it consists in a contract which

allows the subscriber to get the targeted financial product, at a price fixed in advance - the strike price - at a given date -
the expiry one, or maturity of the call.

2 As for the put, it is this time a right to sell - or not - at the maturity date.

155



5.1 THE SELF-SIMILAR BLACK-SCHOLES MODEL

Property 5.1.2.
The space
V= {v € L*(Ry) , xgz € LZ(IR+)}
endowed with the inner product

du dv
(u,0) = (u,0)y = (U, 0) 2k, ) + <xdx'xdx>L2(1R ) .

is a Hilbert space.

Definition 5.1.2 (Black-Scholes Weak Formula).

The Black-Scholes variational formula reads: find u € C([0, T]; L>(R)) N L?((0,T); V) such that
diu € L2((0, T); V*), satisfying:

where V* is the dual space of V.

Proposition 5.1.3 (Black-Scholes Operator).

There exists a unique linear bounded operator BS : V — V', which will be called Black-Scholes operator,
such that:

V(u,v) € V2: B(u,0) = <BS(u),v>L2(]R+) .

Definition 5.1.3.

The Black-Scholes operator is given, for any v in W, by

x202 9% v
rX—+ro-

BS(0) = =52 ~ " 5%

Proposition 5.1.4.

The set

2
wz{v €V , ng,;’ c L2(1R+)}

is dense in V.
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Theorem 5.1.5 (Black-Scholes Weak Solution).

For hin L2(R+.), the Black-Scholes problem has a unique weak solution.

Remark 5.1.1.

Given two strictly positive numbers L < M, replacing R, by [L, M] does not have a dramatic
effect on the mathematical nor the economical foundations of the model from two points of view:

1. Financial stability: One can suppose, in short run, boundedness of the underlying financial
instrument price.

2. Numerical analysis: It is well known that infinite boundaries are replaced with finite ones for
numerical simulations (See [KNo1] for error estimates).

5.2 NON-SYMMETRIC DIRICHLET FORMS AND THE SELF-SIMILAR BLACK-SCHOLES OPERATOR

Definition 5.2.1 (Self-Similar Measure on a Real Interval, Associated to a Set of Contractions [Stro6]).

We hereafter consider an arbitrary real interval M = |L, M[ C Ry, and denote by f; and f, the
contractions defined, for any real number x, by:

(x+M) -

N =

A =2 G+D) )=

A measure y with full support on M will be called self-similar measure on M, relatively to the set
of contractions (f1, f») if, given a family of strictly positive pounds (1, y2) such that

wr+u=1,

one has, then,

p=pipofi +uapofy

Notations.

In the sequel, we keep the notations introduced in Definition 5.2.1.

Remark 5.2.1.

i. u can be replaced by any positive finite Borel measure on M with full support included in M.

i1. This thus enable one to build more exotic self-similar behaviours.
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Notations.

We introduce the spaces:

Vpm = {v €L*M) , x— € LZ(M)} ,

L3 (M) = {v , /LMUZdy < 00}

The dual space of V( will be denoted by V, and the closure of D(M) in Vy by Vg u4.

Proposition 5.2.1.

The space D(M) is dense in L3, (M).

As in [HLNo06], the fundamental conditions under which the solution exist are obtained thanks
to the following assumptions:
Assumptions 5.2.2.

For any u in D(M), there exists a positive constant Cy:

ML (60)
ax LZ(M)

0% < 4r. (61)

[ellz2 () < Co

Proposition 5.2.3.

Under the first condition in conjecture 5.2.2, there exists a unique Li(/\/l)—representative il of each
equivalence class of functions u in V such that the above condition holds. There also exists a D(M)
sequence (i, )neN which converges towards ii both in Vg and in Lf,(/\/l), since D(M) is dense in V),

and L3, (M) [Kilg].

Let us consider the bilinear form B(-,-) with domain dom (B) on the Hilbert space V). We
introduce the bilinear form:

and the symmetric one:

B*(,-) =B(,-)+ () iz -

We refer to[MR92] for more details on the theory of non-symmetric Dirichlet forms.
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Definition 5.2.2 (Symmetric Closed Form).

A pair (B,dom (B)) is symmetric closed form (on H) if dom (B) is a dense linear subspace of H
and B : dom (B) x dom (B) — R is a positive definite bilinear which is symmetric and closed on H

(i.e., dom (B) is complete with respect to the norm B*(-, -)%).

Definition 5.2.3 (Sector Condition).

Let us denote by B a bilinear form on the Hilbert space H, and by dom (B)) its domain. The
pair (B, dom (B) is said to satisfy:

i. The weak sector condition if there exists K > 0 such that:

V(u,v) € dom(B) x dom (B): |B*(u,v)| < K\/B*(u,u) B*(v,v)- (62)

ii. The strong sector condition if there exists K > 0 such that

vV (u,v) € dom (B) x dom (B) : |B(u,v)| < K/B(u,u)B(v,v) -

Remark 5.2.2.

A coercive continuous bilinear form satisfies both conditions.

Definition 5.2.4 (Coercive Closed Form).

A pair (B,dom (B)) will be called a coercive closed form (on H) if dom (B) is a dense linear
subspace of H and B : dom (B) x dom (B) — R is a bilinear form such that the following two
conditions hold:

i. Its symmetric part (B, dom (B)) is a symmetric closed form on H.

ii. (B,dom (B)) satisfies the weak sector condition inequality 62.

Definition 5.2.5 (Symmetric Vs Non-Symmetric Dirichlet Form).

A coercive closed form (B,dom (B)) on Lft(./\/l), for a given measure y, will be called a Dirichlet
form if, for any u in dom (B), one has:

B(u+idu—i) > 0

ii € dom(B) and {B(u—ﬁ,u—i—ﬁ) > 0

where iI = max(0, min(u,1)). If (B,dom (B)) is in addition symmetric, this is equivalent to:

B(i, i) < B(u,u)-

B will be called a symmetric Dirichlet form.
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Theorem 5.2.4. [MRg2]

Let us denote by (B,dom (B)) a coercive closed form on H, and | a continuous linear functional on
dom (B). Then, there exists a unique u € dom (B) such that

Vv € dom(B): B*(u,v)=](v)-

Definition 5.2.6 (Non-Symmetric Dirichlet Forms).

Let us consider a coercive closed form on H, (B,dom (B)). There exists a one-to-one correspon-
dence with a pair of linear bounded operators (L, L):

V(u,v) € dom (L) x dom (L) : B(u,v) = (—Lu,v) = (u, —Lov)

where dom (L) is the domain of L. Also, dom (L) is a dense subset of dom (B).
The operator L (respectively L) is the generator of a strongly continuous contraction semi-group (T;);0
(respectively (T)¢=o).

The following result follows from [APos].

Proposition 5.2.5 (Poincaré Inequality ).

The space D(M) is dense in V4, and, for any v € D(M), the following inequality is satisfied:

do
ol <2 x5

L2 (M)

This inequality induces a second norm on Vy,, given, for any v in Va4, by:

dov

MVM = xﬂ

L2 (M)

Proposition 5.2.6. (Continuity and Gdrding Inequality)

The bilinear form B(-, -) is continuous on V., and satisfies the Gdrding inequality:

2
o
Vi € Vs Blu) > luly, —A | u i

(0 —3r)

where A = 5

. Moreover, B(-,-) is coercive under the second assumption 5.2.2.

Proof.
For any pair (1,0) € (D(M))?, using Poincaré inequality we get:
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M ¢2x2 9u ov Mo, du M
/L72 gadx-k/L (o —r)x—vdx-l—/L ruvdx

B(u,2)] = "

2
o
< Slulvilolva + (02 =) [lvy o 2oy +7 1w izl o o

< Cufulvy [olvy

502 . o . .
where C; = 2r + - For the coercivity, we use again Poincaré inequality:

_ o M du d 2
B(u) = ?|M|VM —|—/L (0> —7) xo_udx+r 2 132
o2 o2 —3r
=l — 3 g
> Cy |uly,,

2
where C, = 6r — 3%.

Definition 5.2.7.
We define the mapping ¢ : Vi — L3 (M) by

(u) =1

where i is the unique L%, (M)-representative of u, and the closed set:

N ={oe Vi ol =0} -

Theorem 5.2.7. The Black-Scholes Non-Symmetric Dirichlet Form

Under the conditions 5.2.2:
i. dom(B) = V) is dense in Ly, (M).
ii. (B*, V) is a Hilbert space.

itii. (B,dom(B)) is a (non-symmetric) Dirichlet form.
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Proof.

e Let us consider a sequence (it,)nen of D(M), which converges towards u in L7, (M).

We then consider two sequences, (a,)nen € NN, and (b,)en € VN such that, for any
natural integer n:

”n:an+bn'

Then, the sequence (by,),en converges towards u in Lf,(./\/l)

- 1
e Under the first condition 5.2.2, the induced norm B*(-,-)? is equivalent to the norm | - |y,,.

Hence, (B*,dom(B)) is complete.

e It follows from the coercivity of B that:

0< G |u? — [y, <B(uzi,u¥i)-

Theorem 5.2.8 (Self-Similar Black-Scholes Operator).

Under the conjecture 5.2.2, there exists a linear bounded operator BS, that we will call self-similar
Black-Scholes operator, such that, for any pair (u,v) € dom(BS,) x dom(B):

B(u,v) = <BSV(M)’U>L,%(M)
Moreover, we will say that u € dom(BS,) and BS,(u) = f if and only if

B(u,v):/vad]/t , Vo e Voum

Remark 5.2.3.

The self-similar Black-Scholes operator is bounded from V), to V}, since, Vo € Vy

‘<85ﬂ(”>rv>L§(M)‘ = |B(u, )|
< Crlulvy|olv,,

by continuity of B(-, ).

Notations (Sobolev Spaces). Given a strictly positive integer d, an open bounded subset E of R?, k €
IN, and p > 1, we recall that the classical Sobolev spaces on E are
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w;f(E):{f € LP(E),Vj<k:Dif e LP(E)}
and
HY(E) = Wi (E) = {f € L*(E) ,¥j<k: DIf € [2(E)} -

The subspace HE of functions which vanish on 9E is

H§ (E) = {f € 1*(E), fpr = 0and ¥j <k : DIf € L1*(E)} -

It directly comes form the abstract theory of partial differential equations [Zeigo], [Wlo87], [LM68]
that:

Theorem 5.2.9 (Self-Similar Black-Scholes Weak Solution).

Let us define the Gelfand triple (or equipped Hilbert space) Vg C L3, (M) C Vi. For hin L3, (M), the
self-similar Black-Scholes problem admits, under the assumption 5.2.2, a unique weak solution. Moreover,
for k > 1, the solution map:

Ly (M) = W3 ([0, T); Vi)
hw— u

is continuous.

5.3 POINTWISE FORMULA
Let us consider u € dom(BS,). We set: BS,(u) = f.

In order to compute the explicit formula of BS,, we set M = M — L and we recall the self similar
construction of M (chapter 1):

2
M=} filM)-
i=1
Definition 5.3.1 (Prefractal Graph Approximation).

We denote by Vj the ordered set of the (boundary) points:

{L, M}

We build the graph My by connecting the two extremities of V;.
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For any strictly positive integer m, we set:

2
Vo= U fi (V) -
i=1
The set of points V;;,, where consecutive points are connected, will be denoted by M,,.

The set V,, is called the set of vertices of the graph M,,. By extension, we will write that

2
M = fi M) -

i=1

One can prove that the sequence {V}, } ;e is increasing and its limit dense in M (property 1.3.2).

Proposition 5.3.1.
Given a natural integer m, we will denote by Ny, the number of vertices of the graph M,,. One has:

No=2

and, for any strictly positive integer m:

Nm:2m+1‘

We recall the following definitions:

Definition 5.3.2 (Word).

Given a strictly positive integer m, we will call number-letter any integer W; of {1,2}, and word
of length |W| = m, on the graph M,,, any set of number-letters of the form:

W: (Wl,...,Wm) .

We will write:

fw=fwo...ofw,"

Definition 5.3.3 (Addresses).

Given a natural integer m, and a vertex X of M,,, we will call address of the vertex X an
expression of the form

X = fW (L) or X = fW/ (M)
where W and W' denote words of length m. The vertex X has thus a double address.
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Property 5.3.2 (Space of Harmonic Splines [RD2oa]).

Given a strictly positive integer m, we introduce the space of harmonic splines of order m, denoted
by H™([L, M]), as the space of functions y%, X € [L, M|, such that:

Fork € {1,...,2" —1},and Y € [L, M]:

om k—1)M kM
(Y =1) = (k= 1) L+(2m)<Y<L+m
mo oy~ ) am kM (k+1)M
Prom () =9 2 (v )4 (k+1) Lt e YL

0 otherwise

and

2m M

——(Y—-L)+1 LLYLKL+ —
pry =4 MO B T

0 otherwise

2m M

—(Y—-M 1 M—-——<<Y<M
ny =M MF 2

0 otherwise

Proposition 5.3.3 (Integration of Harmonic Splines [RD2oa]).

Let us consider a strictly positive integer m. For k € {1,...,2™ — 1}, we denote by YV and Wi the
unique indices such that

k—1)M kM kM k+1)M
Foun (L, M]) = [L+( 2m) Lt S| and - fw, ([LM]) = L+ 2m,L+( +2m>
Then,
M s m-+1—s sy, +1 m—s
/L N T T T C A i
and

M m +1 M m +1
/L%duzm’” /meduzﬂz’” :

In addition, if y1 < %:

M m M m M m
/L ¢Ldﬂ</L ¢L+§%dﬂ</L P dp -
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Property 5.3.4. Given a strictly positive integer m, we set, for any integer k € {0,...,2"}:

M

and, for any u € dom(BS,,):

M 7/ g2x2 9%y ou
B(u,t/);?k) :/L (‘zaxz —rxg —i—ru) l/)Zj(dx

2”1

M
= mgrﬂw Z BS ., (u(t, xj)) ¢xk <2m>

= lim BSy (u(t,x)) @ﬁ)

m—>—+oo

where BS,y, is the Black-Scholes discrete operator defined, for any t in [0, T, by:

S|

BSuu(t, x) = —;xﬁ (u(t’ka) _ZL(‘]EVI)XZ k) + u(t, xe— 1))
2

. (“(fz xk+12)(—%1;(fz xk1)> FrC(t, %)
= — ’ k2 (u(t,ka) - ZM(t,Xk) + u(t/xk—l))

2
ok <M(t, Xkt1) ; u(t, xkl))

+7r C(t, Xk)

The mean value formula yields asymptotically

/ BSu 11’Jxk d]/l BS;{ xk / lpxk d]“l

Theorem 5.3.5 (Self-Similar Black-Scholes Operator Pointwise Formula).

Let us consider u € dom(BS,). Then, for any x € M, and any sequence (Xy)men of Vi \ Vo which
uniformly converges towards x:

-1

BS,(u)(x) = lim 27" </LM Py dy) BS . (u)(xm) -

m—r+00

Proof.
The uniform convergence directly comes from the fact that
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(50) (/) " Bunon) = e < s )

The extension to M is done according to remark 1.6.1.

1
For y1 = up = o one recovers the classical Black-Scholes operator, which implies that: C =
M. O

5.4 PROOF OF THE ASSUMPTION
5.4.1 First Assumption 5.2.2
Notation (Space of Weighted Continuous Functions).

We will denote by C(M) the space of weighted continuous functions on M endowed with the
norm

[[l,00 = max [xu(x)]-
xeM

Proof. of the first assumption

Let us consider u € Vj p4. In one hand:

|x 1 (x

t"\P\

u ds+/ su s)ds

VM ([lulz2 + [ulvy,)
VIMullv,,

We deduce the continuity of the injection ¢ : (Vg || - [lvy,) = (Cy(M), || - [l,00)- In the other
hand, for u € C,(M):

1 1 -\ 1
M 1 2 2 M 1 2 ‘M(M)f
llizean = (5 ot an) <Dl ([ )" < e U7

the injection ¢ : (C;(M), || - lly,e0) = (LZ(M), | - HL,%(M)) is continuous, so we got finally

V/AN/AN

ey < Collllvy,
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5.4.2 Commentary on the Second Assumption 5.2.2

The assumption 47 > 02 is not that restrictive as it may seem in the first sight, for example, if
we give a look to sample from Vance L. Martin data [LMMos]. The sample consist of N = 269
observations on the European call options written on the S&P500 stock index on the 4™ of April,
1995. We can calculate (see [RD21b])

e The interest rate r = 0.0591.

e The volatility o = 0.076675.

which means that

4r = 0.2364 > 0.00587906 = ¢ -

5.5 NUMERICAL SIMULATION OF SELF-SIMILAR EUROPEAN OPTIONS

Let us consider as in the above, the self-similar Black-Scholes equation, for a call European options,
defined by the system:

E(t,s) = BS,(O)(t,9) vVt € [0,T],VS € M
C(T,S) = h(S) VS eM
C(t,L)=0 vt € [0,T]
C(t,M) = g(t) Vte[0,T]

for a self-similar measure y on M, under the condition

4r > o2 -

where h(S) = (S —K)" and g(t) = M — K exp(—r(T — t)), and where the constant ¢ is the volatility,
r the risk-free interest rate, T the maturity of the option and C represents the call price.

We will use the following change of variables: T = T — ¢, which leads to the following equation
(with the same notations):

——t(t,S) =BS,(C)(t,95) vVt e [0,T],VS € M
C(0,S) = h(S) VS e M
C(t,L)=0 Vit e [0,T]
C(t,M) = g(t) vVt e [0,T]

for g(f) = M — K exp(—rt).
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Remark 5.5.1.

The results of section 5.2 still hold, if we write C = C — g, where §(t,x) = (x—L) (M — I;/IeipL(—r ) > ,

and replace the space V) by V) ¢, then we solve the non homogeneous problem

M aC ~ g
/L gvd‘u—l—B(C,v)— : —ovdu

applying abstract theory of partial differential equations [W1o87].

5.5.1 The Finite Difference Method
In the spirit of our previous work [RD19], we fix a strictly positive integer N, and set:

h—

8zl

We will write, for a function f,n € {0,...,N}and k € {0,...,2"}:

Flhk) = f(nh,L+k;Mm)-

We use the Euler implicit scheme, for any integer n belonging to {0,..., N —1}:

dC 1
5 (k) ~ 2 (C(n+1,k) = C(n,k))

The self-similar Black-Scholes operator for k = {0,...,2"} is approximated through

Vk € {0,...,2"} :

—m
,ulSVM ‘MQm_SVM +1 + Hlswjtlyszsw

BS, C(n,k) ~ (

~ 6 BSy C(n, k)

) BS,, C(n,k)

where BS,, is the Black-Scholes discretized operator given by

BS, C(n, k) = N <k2]1n\1/[)2 <C(n,k+1)—2(CH5:1),2k)+C(n,k—1)>
o
)

kMY [ C(nk+1)—C(nk—1
- () (g ) e

i

For0<n <N -—1,and 1 < k < 2" — 1, we define the following scheme:

_ Ch,m (TZ +1, k) - Ch,m(n/ k)

= O BSm Chm(n, k)

h
(S[gs) Ch,m(”/ 0) = 0
Chm(n,2™) = g(n)
Chm (0, k) = h(k) -

Forn € {0,...,N —1}, we set:
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Chm(n,1) Chm (1, frn (M)
C(n) = : - : ;Lo e
Ch,m (Tl, 2m 1) Ch,m(n,fwz’”—l (M))

We have the following recurrence relation:

C(n+1)=AC(n)+ B(n)
where the (2" — 1) x (2" — 1) matrix A is given by:

A=1Iw_1—h2"¥ 1BS,

and where In_1 denotes the (2" — 1) x (2" — 1) identity matrix, ¥,, and BS,, the (2" — 1) x (2" —1)
matrices:

. 0
Y = 1 VMM VM sty mesw
0
—0%—7r ‘772 + 0 0 0
202 —r —40%*—r 20%+7r 0
BSm = .
0 0 0 ~(2" - 2)0 ~r (2m —2)2% 4 (2™ —2)%
0 0 0 @"—12Z —@"—1)F  —(2"—1)22—r
and
0
—m ,, —(m+1) m 2 o m r
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5.5.2  Numerical Analysis

THE SCHEME ERROR AND CONSISTENCY

Let us consider a function V), defined on M. For any integer n in {0,...,N — 1}, and any X
in M:

9 (i, X) = L (o((n + 1), X) — o(nh, X)) + O(h)

ot h
As in [RD19], for any strictly positive integer m, and any X in Vj, \ Vi, one can prove that:
M -1 MBS,y d
27 m </ 1[]?61;4) BS,v(X) = —fL A p¥x
L
/L Px dp

and that there exists a vertex Z in the m-cell fyy ([L, M]) containing X such that

= |BS,v(X) — BS,v(Z)|

‘BSV o(X) =27 (/LM wdy) B BSwo(X)

S [o(X) —v(Z)]
S IX=Z|

using remark 5.2.3 and the uniform continuity of v € V4. Thus,

M -1
BS,v(X)=2"" (/ 1p§dy> BSyv(X)+02™™)-
L
The consistency error of our scheme is given by :
e =0(h)+02™) 0<n<N,0<k<2"
We can check that the scheme is consistent:
. hm
lim ¢7'=0-

h—0,m—c0

STABILITY

We hereafter prove that the scheme is conditionally stable for the || - || norm.

Let us recall that, for0 <n < N,and 0 < k < 2™:
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Chm(n+1,k) = Chm(n,k) (1 — héy o k?)

o2 r
+ Chm(n, k+1) <h§m 7k2+h(5m 2k>

2
T2 r
+ Ch(n, k — )(5 -k h5m2k>

—Cpm(n, k) héyr
= Cm(11,K) (1= ) + o (n, k1) (5 + Bi) + Com (k= 1) (5 = By
—Chm(i’l,k)

If we consider 7y = 0, this is just an affine combination. Moreover, we have:

h 22m K
1—a>1—02 - >0 , 7—5,(20 , 1—v>0-
2" < / 1#?61#)
JL
May we suppose that 0> > r and that the following CFL condition
h2m 1
Mo )
( /L ¢XdV>
is satisfied, the combination is then convex, and the scheme is stable for the norm || - ||co-

For 7 # 0, one has:

(1—79) min Cp,(n,j) <Cpm(n+1,k) < max Cp,(n,j)—v min Cjn,(n,j)

0<j<2m 0<j<2m 0<j<2m

< _ n
X 023)2("1 Chm(” ]) (1 7) og]lgz\m Ch m(o ])
<
<  max, Chm(n,7)

and the scheme is || - ||«-stable under the same conditions.

CONVERGENCE

Theorem 5.5.1.

If the above CFL condition holds, the scheme is convergent for the norm || - ||2,c0 given by:

1

| (Chm(n k)>o<n<N o<<k<2m ”200 = Inax ( Z Pl(fwk(M)) (Ch,m(nrk))2)>

OSSN\ g<k<om

where p (fyr (M) is the measure of the fiu(M).
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Proof.
ForO<n < Nand 0 <k <2™, we set:

w; = C(n,k) — Cpp(n, k)

and:

2?11

BSu C(nk) = _‘722 (k]M>2 (C(n k+1) - I&
2
. <k2]1;/[> <C(n k+ ;24)_ )

k) + C(n, k—l))

One may check that:

n+1 n 2

wl o
k?k—?kzém (i — 2w +wi_q) —rkém (Wi, —w}) + 78w} :sf’ﬁ:’ 0<n<N-1,1<kg2" -1
wy = wy =0 0<n<N
w) =0 1<k<2™—1-
Let us set, for any integer n in {0,..., N}:
n h,m
wl Sn,l
W' = : , E'= :
n h,m
Wam 1 Enom 1

One has:

W=0 and Vn € {0,...,N—1}: W'''= AW"+hE".
By induction, this yields, for any integer n in {0,..., N — 1}:

Wl = A"WO+h Y AE" T =h Y AE")
j=0 j=0

Since A is a symmetric matrix, the CFL stability condition yields, for any integer n in {0, ..., N}:

W < (Z HAW) (o mex 1)

<hn < max |Ej|>
0gj<n—1

ghN( max |E]|)
0g<j<n—1

2m_1 :
h,m )2
sT 0<Jm<anx—1 (kg &% | >
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By assuming y; > % (the same result holds for y; < % by changing y; into y2), we deduce then
that:

N|—

om_1 2
max (ZM(fWk(M))\wZIZ) < max (i (fwk(M)))* max [W]

o<n<N \ /= 1<k<2m 1 1<n<N

) om_1 1/2
< max (V(fwk(M)))2T< max <Z|€Z’f|2> )

1<k<2m—1 0<n<N-1 \ /=

NI=
NI—

max si’l'fﬂ
0<n<N—1,1<k<2m—1 "

< _max (p (fin(M)))

1<k2m -1

T ((2’” ~1)
< X 2 mT Sh,m
b (Vl ) <0<n<N—nil,%ék<2m_1 nk ’)

=/ (11 x2)" (O(h) + 0(27™"))
"
-o((V2))
The scheme is then convergent. O

5.5.3 Self-Similar Pricing

In the sequel, we give a numerical simulation of the self-similar pricing, in the case of a call:

%1,5) = BS,(C)(1,5) V€ [0,T],¥S € [L M|
C(T,S) = (S — K)* Vx € [LM]
C(tL) =0 Vi e o[0,T]
C(t,M) = M — Kexp(—r(T —t)) Vit e [0,T]

for a self-similar measure y on [L, M]. The solutions are generated using the finite difference method,
for

T'=1 , K=150 , ¢=03 , r=0.1-

1
1. The region x > 230: the option price records its lowest level for y; < 5 with slight difference
with the classical model.

1
2. The region 100 < x < 230: the alternative models overprice the option, p; < 5 records the

highest level.
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u(0, x)
Z .
L
150 - o .
L . : : °
L )
° b
L o . o o u=0.5
100 - R : ., * o =02
I o 11,=0.8
| i . ¢ Final condition
50 - e
i e o .
[ ] ' ° [ ]
et
I ® [ ] : o ° [ ]
b v o o olo s 8813 o 0 0 o 4 10w 1 X
50 100 150 200 250 300

Figure 51: Black-Scholes solution u(0, x) for different values of the weights.

3. The region x < 100: 1 < % is the highest price, followed by p; > %, then the classical model.

There are differences with the curves given in [RD2oa]: this is due to the exponential transforma-
tion of the solution in our previous study.

Figure 52: The call value for different values of the weights.

5.5.4 The Greeks

As in [Dav17y], we recall that, in finance, the sensitivity of a portfolio to changes in parameters
values can be measured through what commonly call “the Greeks", i.e.:

i. The Delta, A = ?)(5; € [0,1], which enables one to quantify the risk, and is thus the most

important Greek. It can also be interpreted as a probability that the option will expire in the
money.

2

ii. The Gamma, I = > 0, which measures the rate of the acceleration of the option price, with

952
respect to changes in the underlying price.
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iii. The Vega (the name of which comes from the form of the Greek letter v), v = g—g, which

measures the sensitivity to volatility.

iv. The Theta © = aa—f, which is the time cost of holding an option.

oC . . . .
v. The rho, p = —, which measures the sensitivity to the risk-free interest rate.
© or y

The good strategy, for traders, is to have delta-neutral positions at least once a day, and, whenever
the opportunity arises, to improve the Gamma and the Vega.

The Delta

o5 DELTA

WIN

Figure 53: The A, for different values of the weights.

The Gamma

Figure 54: The T, for different values of the weights.
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The Theta

o
-50

THETA -1
-150 02 T-t

THETA-® THETA

—200 -100

s

»
w
8
3

Figure 55: The ©, for different values of the weights.

The Vega

Figure 56: The v, for different values of the weights.

The rho

Figure 57: The p, for different values of the weights.
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5.5.5 Discussion

Let us make a few remarks about the behavior of the solution with respect to the weight u at
t =0:

1
i. For y; = 3 the premium is greater than that of the classical model under the strike and smaller

above. The Greeks value shows a drastic increase in the strike neighbor, and self-similarity
clearly affects in the money region. The Theta shows a slower premium expected decrease.

2
ii. For g = 3 the premium is everywhere greater than that of the classical model. The Greeks

value increases progressively in the strike neighbor, and self-similarity affects in the money
region. The Theta indicates a slower premium expected decrease in the money and a greater
decrease deep in the money.

The dynamic generated by the self-similar Black-Scholes model is exotic and enables the emer-
gence of non-standard behaviors, the parameter y; can capture the behavior of non confident
investors under uncertainty and other factors influencing their perception of future.

The self-similar Black-Scholes equation can be understood as a diffusion equation with a time

change through a self-similar probability y, where the cumulative distribution function satisfies for
x €10,1[, [0,x] = fw([0,1]) for some word W,

1[0, x] = Iieyy p

depending on the address (path) of x.

According to this remark, one can create more exotic behavior using a self-similar measure y
with many weights or enable the weights to change over time.

One last question remains: how to choose M and L ? to answer this question, one can use the
law of S;, the underlying asset price, then choose M(«) (respectively L(«)) using the rule:

1-P(L(e) <S<M(a))<a , 0<t<T

for some tolerance level «.
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APPENDIX

.1 THE FINITE ELEMENT METHOD

In the following, we present the works of Strichartz [SUoo] [GRSo1] for the construction of splines
and finite element method on fractals.

1.1 Multiharmonic splines

Multiharmonic function spaces

In order to approximate solutions on fractals as in [GRSo1], we need to introduce the space of
multiharmonic spline. To do this we follow the construction of [SUoo].

On the unit interval, the space of polynomials is the solution space of Afu = 0 for some k. In the
case of a self-similar set F, the solution of this equation is an harmonic function.

Let Hy = {u : A¥lu = 0} be the space of multiharmonic functions of level k + 1. Setting Ny = #(Vj),
the number of vertices in the initial graph Vj, we can verify that the dimension of #y is (k + 1)Np.
According to Strichartz and Usher [SUoo] there exist two basis for this space, the first type of basis is
the so called the easy basis.

Definition .1.1.

For 0 < jand 1 < k < Np, we define the easy basis of #; to be the family { fx }o<m<j1<k<n, solution
of AIH1 fix = 0 satisfying the boundary conditions :

A" fix(Py) = Omjbkn  forl<mn <Ny, m=>=0 and P, € Vp

Every f € H; has the explicit representation :

0

N
F= Y Y (AF(P)) fo

m=0k=1

>

Proposition .1.1.

The solution fj satisfies Afj = f(i_1) and is given by :

fie =~ / Gl y)fij-x(W)dpy  forj =1

where G(x,y) is the Green function.

We define a inner product for this basis :

Proposition .1.2.

Forall j, k, i, k', we have :
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.1 THE FINITE ELEMENT METHOD

0 0
I(0k,0k') = ) _ ZAkk’ nn')I(0n,0n')

n=1n'=

with A(kk',nn') = YN, u; for(F:(Py)) (F:(Py)). And we can verify that
I(jk, j'K') = 1((j + j)k, OK')

Theorem .1.3.

Assume that the matrix A(kk',nn’) is irreducible. If the values of f,,;(F;(Py)) are known for m <
max(j, j), then we can uniquely determine 1(jk, j'k") by imposing :

No No

ZZIOkOk’

k=0k'=

Proposition .1.4.

We can write the Green function explicitly as :

No
G(Fi(Pu), Fi(Py)) = ;lv(i/i’,”/”/)fow(y)

where y(i,i,n,n") = Gy for p = F;(Py) q = F;(Py), ans the matrix Gy, is given by G = —X 1, where
X denotes the restriction to (V4 \ V) x (V4 \ Vo) of the Dirichlet form & on V; x Vi.

Proposition .1.5.

For all j, k, i, n, we have :

0

N
Z ‘Ml/ 7’1/]/{1 l i/,n,n/)I(lk',On/)f(j/,l,l/)k(lfi/(Pk/))
kK=l

N ] 1 N(]
fie(F; "Ll L
=11=0n'=1
Proposition .1.6.

For every j, k, I, m, with | < j we have :

an(Alfjk(Pm)) = I((] —1- l)k,Om)
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.1 THE FINITE ELEMENT METHOD

The easy basis for H; don’t give an information about the normal derivatives, Strichartz and Usher
[SUoo] suggest a better basis involving it :

Theorem .1.7.

Consider the space H; of multiharmonic functions.

1. Case1: jisodd.

)

n

Forn < (j—1)/2and | < (j —1)/2, we construct a basis of H; consisting of functions frg() and g
satisfying :

A D () = S A fU (Py) =0 (63)
A'gU (Py) =0 3G () = 618 (64)

n n
2. Case 2 : j is even.

We construct a basis consisting of functions flg{) forn < j/2and g%g for n < j/2 satisfying :

Alfr(lgc)(Pm) = 5ln5km Algr(1]2 (Pm) =0

forn < j/2and

AP P =0 3,087 (D) = b1l

forn <j/2.

Splines

A multiharmonic harmonic spline is a continuous function that are multiharmonic on each m-cell.

Let denote by J,,(x) the set of all pairs (w, k) such that x = F,(v;). We reintroduce now the space of
multiharmonic splines S(H;, V) of functions belonging to #; when restricted to F,,K for all words
of length m, and satisfying matching conditions at junction points :

Definition .1.2.

We say f € S(H;, Vin) if f o F, € H; for all words with | w |= m, and for all junction points x in V,
the following matching conditions hold :

(rww) "' A (f o Fu) (P)
is the same for all (w, k) € J,;(x), for each I < j/2, and
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.1 THE FINITE ELEMENT METHOD

Y ot (repe) TN (fo Fy)(P) =0

foreach I <j/2.

Remark .1.1.

For each vertex y € V;,, we will have functions q‘)l(;) for j < 4, and l,lJl(;) forj < %

A function u € S(H;, V) can be written as :

u= 3 (ZAlu<y>¢§£+ZanAlu@)wf;))

YEVm \I<! 1<}

Definition .1.3.

We define 50(7{]-, Vi) the subspace of S(?—[j, Vin) consisting of function vanishing on Vj.

Theorem .1.8.
If the inner product for the easy basis is uniquely determined, the space S(H;, Vin) for j odd has dimension :

(1+[/2]) (#Vin) + [(G +1)/2] (N"No — #]m)
where ], denotes the set of junction points in V,,, and each element of S(H;, Vi) is uniquely determined by
specifying
ANf(x) forx eV, andl <j/2
and
A (foFy)(P) for |w|=m, PoeVy and 1<j/2
subject to the matching condition for all x € J,, and | < j/2.

The same result holds for j even when the construction of the better basis is possible.

In order to construct a finite element approximation to the solution of a partial differential equation
on fractal, we need some numerical properties about the approximation of a solution using the
splines space S(H;, Viu).
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.1 THE FINITE ELEMENT METHOD

Proposition .1.9.
If u € domp2(A) and u |yx= 0, then

E(uu) <cl| Aul

for some constant c.

Proposition .1.10.
Suppose u € dom2(A*), Au |jx= 0 and 3,A'u |3x= 0 for all | < 2"~ — 1. Then

E(u,u)t ey || A?u |

Proposition .1.11.

For j = 2" — 1 there exists a constant C; such that for any u € dom > (N*Y) and any m there exists
U € S(Hj, Vi) with :

E(u—ty,u— um)% <G N ||, p(J‘f%)m

where p = max{riy; : 1 <i< N},

Theorem .1.12.
According to the last proposition, and for u € dom2(ANT) we have:

| 16—t [Joo< G || A1t [|oo pUH 1™

1.2 The finite element method

Now that we are done with the multiharmonic spline space, we can transform the resolution of a
PDE to a problem of finite dimensional algebraic system, this is what we call Galerkin method.

In the sequel, we use the approach of [GRSo1]. Let recall a fundamental theorem :

Theorem .1.13. [All12]

Let (X, < .>) a Hilbert space. Let a : X x X — R a bilinear, continue and coercive form, and let | : X — R
a continuous linear function satisfying, for u € X :

a(u,v) =1(v) forall veX
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.1 THE FINITE ELEMENT METHOD
this problem has a unique solution via the Lax-Milgram theorem.

1. Let X}, a finite dimensional subspace of X. Then the variational problem :

uy € Xp,

a(up,vy) = Uovy) forall v, € X,

satisfies the Lax-Milgram theorem and has in consequence a unique solution uy,.

2. u and uy, satisfies :

. C ..
dist(u, Xp) <|| v —up, ||x< Edlst(u, Xy)

with C the constant of ellipticity and « the constant of continuity corresponding to a.

3. Let {e1,...,eq} a base of Xj,. Then:

Up,1
u, =
Up,d
satisfies the system AUy, = Fy, with :
aley,er) a(eyer) ... a(eger)
aler,ex) a(eyex) ... a(eg e)
Ay =
a(e,eq) a(eeq) ... aleseq)
and
I(e1)
F, =

This theorem the foundation of the finite element method. In the sequel we present the method for
two classes of PDE : a static PDE and a dynamical one.
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.1 THE FINITE ELEMENT METHOD

The Dirichlet problem

The first class of equation we consider is the Dirichlet problem :

—Au+qu=f
l/l|V0:0

where g and f are given continuous function. We multiply the first equation by a specific function v
such that Oy, =0 and integrate, we obtain the weak formulation :

E(u,v) +/ quody = / foduy Vv € domé&
K K

By choosing the spline space SQ(H]-, Vin) instead of dom&), we obtain the finite element approxima-
tion.

Recall that every function u of So(#;, Vix) has a unique representation : u = }7; ¢;¢; for ¢; the elements
of the better basis. We replace u by his expression in the weak formulation and we take v to be an
element ¢ of the basis, we obtain :

_Zci/I<(A¢i)¢de+Zci/Kq(Pi§bde = /Kfﬁbkdﬂ

which leads to the system of equations :

—EC+QC=F
where
Ewi = E(¢i, Pr)
Qu = /f qPipkdp
F = /J__f‘l’de
Ci = C

The heat equation

In a second time we consider the heat problem :

oru(t, x) = Au(t, x) V(t,x) €]0,T[ x F
u(t,x) =0 forx € 0F and Vte [0, T|
u(0,x) = g(x) Vx e F

Again, we multiply the first equation by a specific function v(x) such that v, = 0 and integrate, we
obtain :

Jruvd :/Auvd
/}'t H - H

using the fact that nor K or v depends on t we can write :
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.1 THE FINITE ELEMENT METHOD

d
¥ /Fuvdy = —&(u,v) Vv € domé&

We choose again the spline space So(#;, Vi) instead of dom&) to obtain the finite element approxi-
mation.

We look for a function u(t, x) in So(H;, Viu) of the form : u = Y, ¢;(t)¢; for ¢; the elements of the
better basis. We replace u by his expression in the weak formulation and we take v to be a element
¢x of the basis, we obtain :

Z dt / (Pl(l)kd‘u - ZCZ (Pl/ (Pk

which leads to the system of equations :

where

- 5 ¢Z/¢k)

/ Piprdp

Ci(t) = ci(t)

We can use a first finite difference in time to obtain a discrete version of the equation. So let fix

N € N and define h to be h := %, we know that :

au 1

We find the following scheme :

(u((k+1)h,x) —u(kh,x)) + O(h)

C(t+h)=(I—h+xQ 'E)C(t)

Assuming Q is invertible.
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Analyse sur les fractales et applications

Résumé :

Cette these explore la théorie et les applications de ’analyse sur les fractales. Dans le premier
chapitre, on présente la théorie générale, en particulier, les opérateurs différentiels spécifiques sur
une classe particuliere de ces objets singuliers (ensembles p.c.f., i.e., post-critiques finis : laplacien,
dérivée normale. Dans le second chapitre, on introduit des méthodes numériques pour la résolution
des équations aux dérivées partielles sur ces objets. Deux méthodes sont exposées : la méthode des
différences finies et la méthode des volumes finis. Le troisiéme chapitre traite dans un premier temps
du probléme de la recherche des extremas d’une fonction, définie sur un objet singulier/ fractal, et
I'obtention d’un résultat analogue a la regle de Fermat; dans un second temps, nous résolvons, sur
le plan théorique, et numérique, un probléme de contréle optimal de 1’équation de la chaleur. Le
chapitre quatre est une bréve introduction a la théorie des EDP sur des domaines a frontiere fractale.
Dans le cas particulier de ’équation de Poisson, nous démontrons 1’existence et 'unicité des solutions.
Nous présentons également la solution numérique. Le dernier chapitre présente de nouvelle pistes
de recherche, pour appliquer la théorie de Krein-Feller-Stieljes au modele de Black-Scholes, dans
le cas de mesures auto-similaires. Nos résultats montrent, en particulier, que le nouveau modéle
auto-similaire ainsi obtenu ne surestime pas le prix des options at the money (i.e., lorsque les options
commencent a avoir une certaine valeur intrinseque).

Mots-clefs: Fractales — Laplacien — Analyse Numérique — Optimisation — Contréle Optimal -
Evaluation des Options Financiéres.

Analysis on Fractals and Applications

Abstract:

This thesis explores the theory and applications of analysis on fractals. In the first chapter, we
present the general theory, in particular, the specific differential operators on a particular class
of these singular objects (p.c.f. sets, i.e., finite post-critical: Laplacian, normal derivative. In the
second chapter, numerical methods are introduced for solving partial differential equations on these
objects.Two methods are exposed: the finite difference method and the finite volume method.The
third chapter deals initially with the problem of finding the extrema of a function, defined on
a singular/fractal object, and obtaining a result analogous to Fermat’s rule; secondly, we solve,
theoretically and numerically, a problem of optimal control of the heat equation. Chapter four is
a brief introduction to the theory of PDEs on domains with a fractal boundary . In the particular
case of the Poisson equation, we prove the existence and uniqueness of solutions. We also present
the associated numerical solution. The last chapter presents new perspectives of research, where
we plan to apply the Krein-Feller-Stieljes theory to the financial Black-Scholes model, in the case of
self-similar measures. Our results show, in particular, that the new self-similar model thus obtained
does not overestimate the price of options at the money (i.e., when the options begin to have a certain
intrinsic value).

Keywords: Fractals — Laplacian — Numerical Analysis — Optimization — Optimal Control —
Option Pricing.
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