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x = [xi]

T
i deterministic column vector

X = [xij ]i,j deterministic matrix
x or X random scalar

x = [xi]
T
i random column vector

X = [xij ]
T
i,j random matrix

SPECIAL MATRICES

IN identitiy matrix of dimension N

0N×M all-zero matrix of dimension N ×M

1N×M all-one matrix of dimension N ×M

DISTRIBUTIONS

Bern(p) Bernoulli distribution with success probability p ∈ [0, 1]
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STATISTICS & RELATED
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tr(·) trace
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ABSTRACT

The new 5G’s wireless networks have recently started to be deployed all
around the world. With them, a large spectrum of services are about to
emerge, resulting in new stringent requirements so that 5G targets perfor-
mance exceeding that of 4G by a factor of 10. The services are centered
around the use cases of enhanced mobile broadband (eMBB), ultra reli-
able and low-latency communication (uRLLC) and massive machine-type
communication (mMTC) where each of which has required the ongoing
development of key new technologies. Many of these technologies will
also play an important role in the emergence of 6G.

In this thesis, the focus is on grant-free RA (GFRA) as an enabler
of uRLLC and mMTC. GFRA is a new protocol introduced in 5G new
radio (5G-NR) for reducing the data overhead of the random access (RA)
procedure. This results in a significant reduction in the latencies of the
user equipments (UEs) access to a connected medium via an access point
(AP).

Achieving efficient GFRA is of key importance for many 5G applica-
tions, e.g. for large scale internet of things (IoT) wireless networks. The
study of new non-orthogonal multiple access (NOMA) signal processing
techniques is then considered. Using tools from the theory of compressed
sensing (CS), and particularly from Bayesian CS, new algorithms within
the family of approximate message passing (AMP) are developed to ad-
dress the joint active user detection and channel estimation (AUDaCE)
problem. The active user detection is crucial to properly identify trans-
mitting UEs within the context of large-scale dense network; the channel
estimation is equally important so that an AP can reliably transmit back
data to the detected UEs.

1
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In this thesis, in contrast to existing work on this topic, the AUDaCE
is studied for wireless networks where the activity of the UEs is assumed
to be correlated, as is typical for many large-scale dense networks. To
this end, two new activity models are introduced. The first one assumes
that the activity of the UEs in the network can be modeled via group-
homogeneous activity (GHomA) where devices in the same group have
common pairwise correlations and marginal activity probabilities. The
second model accounts for more general dependence structure via group-
heterogeneous activity (GHetA).

Novel approximate message passing algorithms within the hybrid GAMP
(HGAMP) framework are developed for each of the models. With the aid
of latent variables associated to each group for modeling the activity
probabilities of the UEs, the GHomA-HGAMP algorithm can perform
AUDaCE for GFRA leveraging such a group homogeneity. When the
activity is heterogenous, i.e. each UE is associated with a latent variable
modeling its activity probability correlated with the other variables, it is
possible to develop GHetA-HGAMP using the copula theory.

Extensive numerical studies are performed, which highlight significant
performance improvements of GHomA-HGAMP and GHetA-HGAMP over
existing algorithms (modified generalized AMP (GAMP) and group-sparse
HGAMP (GS-HGAMP)), which do not properly account for correlation in
activity. In particular, the channel estimation and active user detection
capability are enhanced in many scenarios with up to a 4dB improvement
with twice less user errors.

As a whole, this thesis provides a systematic approach to AUDaCE
for wireless networks with correlated activities using tools from Bayesian
CS. We then conclude by showing how it could be used for multi-carrier
orthogonal frequency division multiplexing (OFDM) scenarios with possi-
ble extensions for grant-free (GF) data transmission leveraging joint data
recovery, active user detection and channel estimation (DrAUDaCE).

2 Abstract �
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A
INTRODUCTION

OVERVIEW OF NEW GENERATION WIRELESS NETWORKS

FROM 5G TO ENVISIONED 6G

I

Mobile wireless telecommunications has been standardized from the be-
ginning of the years 1990 up to now. The second generation (2G) (1991),
third generation (3G) (2001), 4G (2009) and now 5G (2018) form the
five milestones in the story of the telecommunication standards, orches-
trated by international actors such as the European Telecommunications
Standards Institute (ETSI), 3rd Generation Partnership Project (3GPP), In-
stitute of Electrical and Electronics Engineers (IEEE) and International
Telecommunication Union (ITU). Each standard was developed to enable
new telecommunication services brought by breakthrough technologies
and changing requirements.

In particular, the former 4G long-term evolution (4G-LTE) popularized
the celebrated OFDM waveform which is at the core of current wireless
networks. The use of OFDM for modern communication systems has
become so important and proved to be so efficient that 5G still relies on
it. Its pre-standardization has started in [1, Release 13] and [2, Release
14] with identification of its future applications before being considered
distinctly from 4G-LTE in [3, Release 15] and [4, Release 16]. The current

3
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(a) Timeline for Release 17 (b) Timeline for Release 18

Figure A.1: 5G standardization process is still ongoing.

3GPP’s standardization process for 5G is expected to release soon its 17th
(see Fig. A.1a) report while Release 18 is still it its infancy (see Fig. A.1b).

5G is then the most recent standard for wireless networks. It has
been conceived not only for the classical standard internet data trans-
mission but also with motivations from the industry. Thereby, the user
data-rate and the spectral efficiency are no longer the only prevalent key
performance indicator (KPI) as they are accompanied by considerations
on the network scalability and its connectivity density or the latency and
the reliability of the communications.

As of today, the deployment of commercial 5G networks is expanding
around the world, with a focus on mobile wireless networks on the side
of existing 4G, 3G, 2G networks. The two latter are expected to disappear
to give more frequency space to 5G1, even with the introduction of the
band of frequencies higher than 6GHz.

With the advent of 5G, the time has also come for the industry and
research communities to actively start thinking the future communication
needs, based on the current and envisioned technogical trends. Hence,
beyond 5G (B5G) and even 6G wireless networks have become hot dis-
cussions and research topics.

The remainder of this chapter is outlined as follows. In Sec. A.II, we
review the use cases of 5G, B5G and 6G. The focus is then given to what
the multiple access is within this context in Sec. A.III before mentioning
some key challenges in Sec. A.IV that will be studied in this thesis. A
summary of the contributions is provided in Sec. A.V.

1horizon of 2028 in France, see https://reseaux.orange.fr/actualites/
arret-2g-3g-en-france

4 A.I. Overview of new generation wireless networks from 5G to envisioned 6G �
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Figure A.2: 5G and its three use cases: eMBB, uRLLC and mMTC. Figure
has been inspired by the ones in [5].

REVIEW OF NEXT GENERATION USE CASESII

In order to introduce the reader to the technological context of this thesis,
we overview in this section the main use cases of 5G, but also those of
B5G and 6G since they are strongly related. The term use case will refer
to a family of technological applications.

5G and B5G use casesII.1

In the context of 5G and B5G, the three typical use cases are eMBB,
uRLLC and mMTC.

eMBB The use case of eMBB designates a pool of new high-rate driven
services including the following:

• high mobility internet connection to guarantee the connection of users
with high-speed mobility (highways, trains, planes) [6];

• mobile video streaming services, which is one of the most popular and
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key applications of eMBB with the explosion of the consumption of
streaming, video and livestream services [6];

• augmented reality (AR) and virtual reality (VR) (aimed to be natively
supported) with many applications in the domains of industry with
AR-assisted maintenance and assembly [7], education and training [8],
entertainment, advertising and gaming [9], virtual environment design
[10].

As a whole, eMBB is 5G’s use case with faster user-centric applications
improving on 4G-LTE mobile communications.

uRLLC It encompasses all the services with stringent requirements, both
in terms of latency and reliability [11]. Only these two KPI are considered
for services usually classified [12] into

• services where wireless replaces wired systems;

• native uRLLC services.

URLLC applications are numerous and all involve critical systems for
which a failure of any kind has serious consequences. Among others,
one can cite

• industrial IoT (IIoT), also named ”Industry 4.0”, where industrial plants
and their production units are reorganized and connected together via
wireless links to provide a flexible and fast adaptive industrial envi-
ronment [13];

• autonomous vehicles with vehicular-to-everything (V2X) terrestrial com-
munications [14] and unmaned aerial vehicle (UAV) communications
as an enabler of uRLLC [15].

• health where the typical scenario is telesurgery [16] where a physician
remotely operates a patient using medical equipments and gets reliable,
seamless, haptic and video feedbacks.

mMTC MMTC is the connectivity use case involving dense and massive
cellular networks, dominated by machine-to-machine communications,
namely IoT. Unlike eMBB, mMTC traffic is sporadic which is a conse-
quence of UEs only transmitting when they need it in order to save their
energy. Such low-power wide area network (LPWAN) networks represent
the core of mMTC including
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• smart cities where sensors and devices are spread over large urban
areas to enable their self sustainable management [17] by monitoring
physical constants, road traffic, urban infrastructure, power grids and
many other relevant data;

• health which leverages the increase in portable healthcare and body
sensors;

• IIoT with large-scale industrial plants equipped with wireless sensors
either for their monitoring (safety and security considerations) or their
control (anomaly detection, automatic decision taking, etc).

6G use casesII.2

For 6G, the use cases are not yet definitive. However, it seems that it
is commonly agreed that they will fill 5G’s failed promises or lie in the
intersections of the 5G’s use cases presented in Sec. A.II.1. Citing [18],
”the drivers of 6G will be a confluence of past trends (e.g., densification,
higher rates, and massive antennas) and of emerging trends that include
new services and the recent revolution in wireless devices (e.g., smart
wearables, implants, XR devices, and so on), artificial intelligence (AI),
computing, and sensing”. In other words, some of the 6G’s use cases can
be readily obtained by considering jointly 5G’s use cases.

Massive uRLLC This is one the two intersections of the 5G’s use cases
which is considered for 6G: uRLLC and mMTC [18]. Such an intersection
is natural, especially when considering IoT for reliable delay-sensitive
networks, but also new services enabling the so-called internet of every-
thing (IoE). Typical applications are the same as uRLLC but where the
considered networks scale is that of mMTC.

eMBBwith uRLLC The second interesection lies at the border of eMBB and,
once again, uRLLC [18]. This use case then aims at bringing reliability
and latency considerations to eMBB applications. In particular, AR, VR
and their combination will need to leverage these KPIs in order to produce
a real immersive user experience.

6G native use cases These use cases cannot be put under the umbrellas
of massive uRLLC or eMBB/uRLLC because of different technological
paradigms. Some of the envisioned applications are integration of satel-
lites as core components of communication systems [19], visible light
communications [20] and quantum-powered communications [21].

� A.II. Review of next generation use cases 7

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



Metrics Value (w.r.t. current networks)
5G B5G 6G

Connection density 1e6 devices/km2 (10×)
Latency 5 ms (0.5×) 1 ms (0.1×) < 1 ms (< 0.1×)
Mobility 500 km/h (+33%)

Peak data rate 10 Gbps (10×) 100 Gbps (100×) 1 Tbps (1000×)
Reliability 99.999% 99.9999% 99.99999%

Spectrum & energy efficiency 10× bps/Hz/m2/J (area) 100× bps/Hz/m2/J (area) 1000× bps/Hz/m3/J (volumetric)
User experienced data rate 100 Mbps (10×) 1 Gbps (100×) 10 Gbps (1000×)

Table A.1: KPIs from 5G to 6G w.r.t. current generation networks up to
4G [5], [18].

Key performance indicatorsII.3

From 5G to 6G, the use cases requirements are mainly articulated around
KPIs. As rules of thumb,

• 5G is 10 times 4G;

• B5G should be 100 times 4G;

• 6G should be 1000 times 4G.

The detail of some major KPIs is summarized in Tab. A.1.

Rate All the applications under the umbrella of eMBB aim at enhancing
the data rates, improving the spectrum efficiency and the network energy
efficiency, extending the connectivity coverage, supporting a higher area
traffic and allowing a faster connected mobility. Compared to 4G-LTE,
all these characteristics are expected to be improved by a large factor. For
example, the experienced user rate is expected to reach up to 100Mb/s (resp.
50Mb/s) in the downlink (DL) (resp. uplink (UL)) compared to the 10Mb/s
for 4G-LTE’s throughput, the area traffic capacity is expected to handle
rates per square meters a hundred times higher and the network energy
efficiency will be improved by a factor of 100. These enhancements are
supposed to answer the future needs of the aforementioned applications.

Reliability Different types of latency and reliability are considered. In [22],
a distinction is made between end-to-end, user-plane and control plane
latencies while the reliability can be considered at the layer 2, the node,
the metadata or the availability levels. Typical values of reliability and
latency constraints are 1 − 10−x (x ∈ {3, 4, 5, 6, 8, 9}) and c10−ems (where
e may be as low as 0 and c is a constant).

Scalability With the fast development of IoT, the number of devices per
area unit is expected to reach values as high as 1M devices/km2.
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MULTIPLE ACCESS FOR NEXT GENERATION WIRELESS NET-

WORKS

III

Now that the new generation use cases and their applications have been
presented, an important aspect is the access of devices to an AP so that
they can transmit their data.

Orthogonal multiple accessIII.1

From 2G to 4G, the following different multiple access (MA) schemes
were considered.

• Time division MA (TDMA) where the time is split into non overlapping
slots, each of them being exclusively allocated to a UE.

• Frequency division MA (FDMA) where the frequency spectrum is cut
into non-overlapping subbands onto which the UEs transmit without
interfering with each other.

• Code division MA (CDMA) where each UE is given a binary spread-
ing sequence which is pseudo-orthogonal with others UEs spreading
sequences.

• Orthogonal frequency division MA (OFDMA) which is a combination
of TDMA and FDMA where a time-frequency grid is formed of time-
frequency resource elements, separated in time and orthogonal between
frequency carriers.

A key design structure for each of this multiple access schemes is the
separation of the UEs over one or several elementary resources (time, fre-
quency, code). Such schemes are grouped under the category of orthogo-
nal MA (OMA) schemes, meaning that the number of dedicated resources
must scale linearly with the number of UEs to guarantee collision-free
access.

The sustainability of OMA is then compromised for long-term 5G net-
works as it was mentioned that an increase and densification of mobile
networks is expected, pushed by the developement of IoT with LPWAN.
The development of NOMA schemes has then been considered to over-
come the resource limitations.
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Non-orthogonal multiple accessIII.2

NOMA is then an important shift in the paradigm of MA. It encompasses
any MA techniques that share common resources between the UE. By
resources, we mean subcarriers, slots, antennas, power, codes or any
other relevant physical resources. Most of these techniques have been
extensively surveyed in [23]–[26] and we briefly review some of them
hereafter.

Power-domain NOMA Power-domain NOMA (P-NOMA) consists in mul-
tiplexing signals in the same resource block using different power levels.
At the receiver, the superimposed signals are separated by mitigating suc-
cessively the interfering signals from the highest power level to the lowest
one. This decoding process is known as succesive interference cancella-
tion (SIC). A variant of P-NOMA is also known as rate-splitting NOMA
where each signal source (i.e. UE) is split into multiple virtual sources
so that the messages encoding costs are reduced [27].

Code-domain NOMA Code-domain NOMA (C-NOMA) consists in multi-
plexing signals in the same resource block using unique spreading se-
quences (i.e. pseudo random binary or complex sequences) for each UE.
The spreading sequences are designed to be of low density, i.e. the num-
ber of non-zero elements is small w.r.t. the number of zeros. Such a
technique which consists in incorporating sparse code into the transmit-
ted signals to reduce the possible amount of interference is called low
density spreading (LDS).

Compressed sensing-based NOMA CS-based NOMA (CS-NOMA) consists
in leveraging the CS theory and the inherent sparsity in the activity
pattern of the UEs in mobile networks to enable an efficient MA. Par-
ticularly, this NOMA scheme has recently received a lot of interest in
the context of RA for IoT, where the low-power characteristic contributes
to the sparse activity of the devices. Typical tasks such as active user
detection, channel estimation and data recovery are the targeted applica-
tions of CS-NOMA, which can be addressed with CS techniques including
optimization-based, greedy or bayesian algorithms that will be reviewed
in C.I. CS-NOMA will be the chosen NOMA scheme of this thesis.
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CHALLENGESIV

It is now the time to open the discussion for the challenges that are con-
sidered in this manuscript. From Sec. A.II, uRLLC and mMTC are two
use cases which significantly differ from eMBB in that their applications
rely on KPIs which are not rate-centric2. For these use cases, there is
an important problem issued by MA previously introduced in Sec. A.III,
which consists in the RA procedure, that will be reviewed more exten-
sively in Sec. B.I.

RA is an important step in every wireless networks that allows UEs to
gain access to an AP for future data transmissions. It is therefore very
challenging to design it so that the KPIs (scalability, latency, reliability)
of uRLLC and mMTC can be met.

In particular, it will be justified in Chap. B that two important signal
processing tasks that can enable RA which can comply with uRLLC and
mMTC are

1. active user detection which allows a precise identification of UEs by
an AP;

2. channel estimation which allows an AP to acquire large-scale infor-
mation on the environment for improving the reliability of future DL
transmissions

These two problems will be studied simultaneously as special cases of
AUDaCE in Chap. D and Chap. E

CONTRIBUTIONSV

A summary of the contributions of this thesis is given hereafter

1. A comprehensive review of bayesian CS techniques that are useful to
AUDaCE is given in Chap. C.

2. Two new models of activity pattern for RA are introduced.

(a) Group-homogeneous activity in Sec. D.II which relies on latent
variables and assumed group structure;

2The rate can still be relevant though, but not with the same importance as for eMBB.
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(b) Group-heterogeneous activity in Sec. E.II which relies on a simple
application of the copula theory for flexible statistical dependence
structures in the activity pattern;

3. A systematic approach to AUDaCE is leveraged for efficient grant-free
RA within the framework of bayesian CS with the development of two
algorithms in the family of hybrid generalized approximate message
passing in Sec. D.III and Sec. E.III.
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B
STATE-OF-THE-ART

In modern telecommunications, users do not typically transmit data con-
tinuously. As such, a protocol is required to develop an initial connection
between each UE and AP. Since the time that this connection is required
is not known a priori, the time of connection is random and the protocol
is known as RA.

This chapter provides an overview of the state-of-the-art of RA. In
Sec. B.I, the RA protocols introduced in the 3GPP standard [3], [4] are
overviewed. In particular, GFRA is discussed, which will be the focus in
the remainder of the thesis. In Sec. B.II, a baseband model for GFRA
UL transmissions is then developed, including the preamble, channel
attenuation and noise, as well as activity of the UEs. This model will be
exploited for the main technical contributions in Chap. D and Chap. E.

The remainder of the chapter overviews the state-of-the-art for pream-
ble design in Sec. B.III, user identification and channel estimation in
Sec. B.IV, as well as further aspects such as resource allocation and pay-
load data decoding in Sec. B.V. Finally, Sec. B.VI concludes, highlighting
the key problems that will be addressed in Chap. D and Chap. E.
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RANDOM ACCESS FOR MMTC AND URLLCI

As discussed in Chap. A, an important aspect of 5G is RA of UEs to
the network. Its optimization is even crucial for enabling mMTC and
uRLLC where the requirements in terms of UE density support, latency
and reliability constraints are strong, either individually or jointly. This
section is dedicated to a general description of RA aspects in 5G-NR.

What is random access ?I.1

In 4G and 5G communication systems, each time a UE seeks to transmit
data to an AP (or access the network), it must agree with the AP that the
data can be successfully sent by completing a RA procedure. The access
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is said to be random as the time of the first transmission by the UE is
unknown to the AP. In 5G-NR, there are the three RA procedures which
are summarized in Fig. B.1 and are briefly described hereafter.

Contention-based and contention-free random accessI.1.a

As of [3, Release 15], 5G-NR RA protocol is split into two different
families: contention-based RA (CBRA) and contention-free RA (CFRA).

Contention-free random access As the names suggest, CFRA prevent con-
tentions, i.e. possible simultaneous accesses of UEs that cannot be dis-
criminated. This is made possible by assigning to each UE in each cell
a unique preamble such that when a RA request is made, the AP cannot
confuse the UE with any other UE. The number of unique preambles that
an AP can allocate is limited and therefore, when no unique preamble
can be allocated, the AP instructs the UE to use CBRA.

Contention-based random access When using CBRA, a UE tries to access
the AP by first sending a (possibly non unique) preamble (Msg1) and
waits for its RA response. In the case of a positive response (Msg2), the
UE sends scheduled information (Msg3), which are not useful data and
depends on its state. After some fixed duration, the UE receives a Msg4
from the AP which indicates whether a contention has been detected and
if not, the UE has successfully completed the CBRA procedure.

Grant-free random accessI.1.b

In [4, Release 16], a third RA protocol, known as GFRA, was introduced.
As illustrated in Fig. B.1c, GFRA is a 2-step RA protocol which simplifies
the CBRA by merging Msg1 with Msg3 to form MsgA. At the same time,
MsgB is similar to Msg2 combined with Msg 4.

Such merge of messages is desirable for many 5G applications, in
particular those of uRLLC and mMTC. With a 2-step approach, GFRA
allows a reduction of the control overhead which is significant when
the considered networks are densely and massively populated (mMTC)
or when the access and future data transmissions must meet stringent
latency requirements (uRLLC).

For these reasons, GFRA is expected to play a central role in 5G-NR
and will constitute the main topic of this manuscript.
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Uplink data transmissionI.1.c

A UE may attempt to transmit its data in three different ways, depending
on its needs. The first two methods, shown in Figs. B.2a and B.2b assumes
that one of the RA procedures described in Sections B.I.1.a and B.I.1.b
has been successfully completed. They differ by either waiting to receive
a grant access message from the AP meaning that the UE is allowed to
transmit its data or directly sending the data, with no granting from the
AP.

The last method assumes that no RA procedure has been followed.
The UE sends its data and its preamble without any grants (for access or
data). This last scheme referred to as GF transmissions.

Non-orthogonal multiple access for grant-free random accessI.2

Zadoff-Chu preamblesI.2.a

All the RA procedures described in Sec. B.I.1 rely on an identification step
based on the transmitted preamble. These preambles are built from Zadoff-
Chu (ZC) sequences [23] which are of unit euclidean norm and have low
cross correlations, or almost-zero inner products. This last property is
important since it makes ZC sequences quasi-orthogonal which is helpful
when the AP must discriminate and identify transmitting UEs.

However, since the number of UEs is supposed to be extremely large,
it is likely that the fixed number of ZC sequences will not be enough
to guarantee pseudo-orthogonal RA. Indeed, recall that if a collection of
Nseq orthogonal sequences, or vectors, is chosen to be the set of possible
identification sequences, then the AP can only discriminate up to Nseq

UE. In [3, Release 15], given the frequency range FR1 (resp. FR2), the
RA sequences are vectors of length 839 (resp. 139).

Non-orthogonal multiple accessI.2.b

In GFRA, a key problem is to ensure that the AP can identify which users
have communicated their preamble. As the number of UE precludes the
use of orthogonal preambles, it is desirable to utilize sophisticated signal
processing techniques in order to reliably identify the UEs.

Since dense and massive IoT networks are expected to experience
very sporadic traffic, due to power-saving system designs so that the UEs
composing them will be active a very small fraction of the time and
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remain idle during the large remainder fraction. By exploiting such a
sparse activity pattern, it is reasonable to consider that resources can
be commonly shared between UEs without significant degradations in
the RA success, since the resources are likely to not be simultaneously
utilized.

Such a sparsity characteristic is of prime interest in the CS theory.
Hence, In the context of NOMA for mMTC and uRLLC, the framework
of CS-NOMA (see Sec. A.III.2) appears to be very promising for GFRA.
In particular, the challenges exposed in Sec. A.IV will be addressed using
the framework of bayesian CS, that is introduced in Chap. C.

SYSTEM MODEL FOR GRANT-FREE RANDOM ACCESSII

As stated in Chap. A, the candidate RA policy for 5G is GFRA assisted
by NOMA. We describe a GFRA (2-step procedure) scheme based on
CS-NOMA for the detection part.

In this section, a general mathematical model for uplink transmission
in GFRA is introduced. This model will form the basis for optimizing
the design of GFRA in the main technical contributions in Chap. D and
Chap. E. The model is based on the 5G-NR physical layer in [3], which
is overviewed next.

We consider a cellular wireless network with a K-antennas AP serving
N single-antenna UEs. We focus on the UL communication direction.

A review of 5G New Radio physical layerII.1

In 5G-NR, the physical layer is based on OFDM waveforms where the
data are modulated onto orthogonal subcarriers across multiple OFDM
symbols. This form a so-called OFDM grid, illustrated in Fig. B.3 where
a resource element corresponds to a time-frequency rectangle indexed by
a subcarrier and an OFDM symbol.

In the frequency domain, 12 subcarriers corresponds to a resource
block. For 5G-NR, there are two operating frequency ranges, denoted
by FR1 (from 410MHz to 7.125GHz) and FR2 (24.25GHz to 52.6GHz, aka
the mmWave band). Each frequency ranges allows for different channel
bandwidths span by an integer number of RB.

In the time domain, the concatenation of 14 OFDM symbols (and their
cyclic prefix) corresponds to a slot. Following the principles of OFDM,
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it is well known that the subcarrier spacing ∆f and the duration of an
OFDM symbol TOFDM are related by

∆f =
1

TOFDM
(B.1)

where the choice of ∆f depends of the chosen numerology. From [3], the
different numerology modes are given by the formula:

∆f = 2µ × 15kHz for µ ∈ {0, 1, 2, 3, 4}. (B.2)

Depending on the numerology, a subframe contains 2n slots and 10 sub-
frames form a frame.

A transmission is performed over one or multiple antenna ports. An
antenna port is defined as the channel that can be infered from any
two symbols transmitted on this same antenna port [32]. An antenna
port can then correspond to multiple physical antennas. For simplicity,
we will assume that the term antenna implicitly refers to antenna port.
Combined with OFDM, each antenna has its own OFDM grid.

Equivalent baseband uplink transmissionII.2

In GFRA, the primary task is for the UEs to reliably transmit their pream-
ble to the AP. When the transmission of the preamble is performed over a
time window corresponding to M OFDM symbols, the nth UE may trans-
mit a (possibly random) complex signal denoted by xn ∈ CM . In what
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follows, all the UEs are assumed to transmit on the same subcarrier such
that M corresponds to the number of resource elements. This assumption
is relevant in the context of IoT, particularly when powered by protocols
such as NB-IoT [33] that may operate on a single carrier with narrowband
transmissions [34]. The random matrix of all the transmitted signals is
then

X =
[
x1 . . . xN

]
∈ CM×N . (B.3)

The signal matrix X is conveyed to the kth AP’s antenna over a nar-
rowband flat-fading channel. We denote by hnk the equivalent base-
band channel random coefficient between UE n and antenna k and by
hk = [hnk]

T
n∈[N ] the channel random vector. The equivalent baseband re-

ceived signal thus consists in the linear combination of the UEs’ signals

zk =
∑
n∈[N ]

xnhnk (B.4)

= Xhk (B.5)

in the absence of noise. When the channel is noisy, the signal received
by the AP is modeled by

yk =
∑
n∈[N ]

xnhnk + wmk (B.6)

= Xhk + wk (B.7)
= zk + wk (B.8)

where wk = [wmk]
T
m∈[M ] ∈ CM is the random vector of baseband noise

coefficients. Finally the random signal received over the K AP’s antenna
is the concatenation of the signals (B.8)

Z = XH (noiseless) (B.9)
Y = Z+W (noisy) (B.10)

where H = [hk]k∈[K] ∈ CN×K , W = [wk]k∈[K] ∈ CM×K , Z = [zk]k∈[K] ∈ CM×K

and Y = [yk]k∈[K] ∈ CM×K .
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(a) Independent (b) Group-sparse

Figure B.4: Independent and group sparse activity patterns. • indicates
active UE and • indicates inactive UE. In Fig. B.4a, the active UEs are
uniformly located on the grid whereas in Fig. B.4b it is possible to identify
groups of active UEs.

Model of the activity patternII.3

Activity states and patternII.3.a

During the RA window, the N UEs belong either to the sets of active or
inactive UEs, depending on whether UEs needs to initiate a RA procedure
before transmitting data payloads. The state, active or inactive, of the
UE n ∈ [N ] is denoted by a binary random variable sn ∈ {0, 1} wheresn = 0 ⇒ UE is inactive

sn = 1 ⇒ UE is active
(B.11)

The state of all the UEs during the RA window, is denoted by the binary
random vector

s =
[
s1 . . . sN

]T
. (B.12)

which is called the random activity pattern. The probability distribution
of s is described by its probability mass function (pmf) Ps.

The characterization of the pmf is of prime importance for GFRA since
the probability that a UE succeed its RA will depend on the joint activity
of all the UEs in the cell. A number of different models for the pmf Ps
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have been considered. While the most common model is independent
activity, this can be limiting, as it will be explained in the following
survey of relevant models.

Probabilistic considerationsII.3.b

Modeling properly the activity pattern is of a prime matter for uRLLC and
mMTC at different levels. The most natural consideration holds for activ-
ity detection of the UEs. If the considered network is heavily populated
but experiences sporadic traffic, detection of active UEs may leverage this
behavior. The same applies to resource allocation and channel estimation
that can benefit from a sparse activity pattern. It becomes then important
to known what kind of sparsity we must deal with.

In the following paragraphs, we review some existing models of the
activity pattern based on its pmf Ps(s) and the state pmfs of the UEs
{Psn(sn)}n∈[N ].

Independent activity states The activity pattern is generally considered to
be a collection of the independent random states sn. This suits well
networks where UEs’ activities are not related by any means and so may
be considered as mutually independent. It translates into the following
factorization

Ps(s) =
N∏

n=1

Psn(sn). (B.13)

A consequence of independent activity states is that the covariance, and
hence correlation, is zero

Cor[sn, sn′ ] = 0. (B.14)

An example of independent activity is shown in Fig. B.4a.

Independent group-sparse activity pattern A more general model assumes
that UEs’ activities is group-sparse. UEs depends on an underlying struc-
ture spliting them into groups. All the UEs that belong to the same group
will always be active all together during a RA window. Such a model
encapsulates networks in which multiple UEs share a common activity
trigger, turning on when an event of interest occurs, as illustrated in
Fig. B.4b.

Denotes by G ∈ N the number of groups and by {Gg}g∈[G] the block
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index sets such that

∀g ∈ [G], Gg ⊆ [N ], (index subset) (B.15)
G⋃

g=1

Gg = [N ], (union is index set) (B.16)

∀(g, g′) ∈ [G]2, g 6= g′,Gg ∩Gg′ = ∅ (no overlap). (B.17)

Denoting by sG = [sGg ]
T
g∈[G] the activity pattern of the groups, it formally

reads

Ps(s) =
G∏

g=1

PsGg
(sGg )

∏
n∈Gg

δ(sn − sGg ) (B.18)

or in a simpler form

Ps(s) = PsG(s
G) =

G∏
g=1

PsGg
(sGg ). (B.19)

From (B.18), it is clear that such factorization leads to a zero-probability
for an activity pattern s ∈ {0, 1}N that does not exhibit a block structure.
Also, the no-overlap condition enforces a group activity to be independent
from the other groups. Finally, when G = N , the independent group-
sparse model reduces to the independent activity model presented in the
previous paragraph.

In the reminder of this manuscript, we adopt the shorthand notation
sg = [s

i+
∑

g′<g

∣∣∣Gg′
∣∣∣]Ti∈[|Gg |] to denote the random subvector of s corresponding

to the gth group such that

s =



s1
...

s|G1|

...

s
1+

∑G−1
g′=1

∣∣∣Gg′
∣∣∣

...
s|GG|


=



s1

...

sG


(B.20)
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The pairwise correlation between two activity states is then

Cor[sn, sn′ ] = 0 if 6 ∃g ∈ [G], (n, n′) ∈ G2
g, (B.21)

Cor[sn, sn′ ] = 1 if ∃g ∈ [G], (n, n′) ∈ G2
g. (B.22)

General group-sparse activity pattern A direct generalization of the afore-
mentioned independent group-sparse model considers overlaps between
groups. With the same notations as above, consider the relaxed condi-
tions

∀g ∈ [G], Gg ⊆ [N ], (index subset) (B.23)
G⋃

g=1

Gg = [N ], (union is index set) (B.24)

to which we add the dual formalization

∀n ∈ [N ], ∃g ∈ [G], n ∈ Gg (index in at least 1 group) (B.25)
∀n ∈ [N ], Nn = {g ∈ [G] | n ∈ Gg} (set group index ) (B.26)

leading to a factorization of the activity pattern pmf into

Ps(s) =
∑

sG∈{0,1}G
Ps|sG(s | sG)PsG(s

G) (B.27)

=
∑

sG∈{0,1}G

(
N∏

n=1

Psn|sGNn
(sn | sGNn

)

)(
G∏

g=1

PsGg
(sGg )

)
(B.28)

=
∑

sG∈{0,1}G

(
N∏

n=1

δ(sn −max
g∈Nn

(sGg ))

)(
G∏

g=1

PsGg
(sGg )

)
(B.29)

The non-zero terms are decided by δ(sn − maxb∈Nn(s
G
g )) which cancels

when maxb∈Nn(s
G
g ) 6= sn i.e.

• one of the group states in Nn is active, maxb∈Nn(s
G
g ) = 1, but the UE

state is inactive sn = 0;

• all of the group states in Nn are inactive, maxb∈Nn(s
G
g ) = 0, but the UE

state is active sn = 1;

and equals 1 when maxb∈Nn(s
G
g ) = sn i.e.
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• one of the group states in Nn is active, maxb∈Nn(s
G
g ) = 1, and the UE

state is active sn = 1;

• all of the group states in Nn are inactive, maxb∈Nn(s
G
g ) = 0, and the UE

state is inactive sn = 0.

The main difference with the previous independent group-sparse model, is
the possibility to describe the activity states with an interleaved structure,
inducing thiner correlation design between the UE activity random states.
Practically speaking and building on this idea of common triggers, this
group-sparse model applies well to networks where UEs may have the
same underlying structure has in the independent group-sparse model
but with additional triggers at larger scales that can spans UEs from
different groups.

Multivariate Bernoulli model The multivariate Bernoulli model was studied
in [35] and requires no particular group structure. The random activity
pattern has support {0, 1}N and so its pmf may be written as

Ps(s) =
∏

s′∈{0,1}N
p(s′)

∏N
n=1 s

s′n
n (1−sn)(1−s′n) (B.30)

where {p(s′)}s′∈{0,1}N ∈ [0, 1]2
N is a collection of 2N probabilities, one for

each of the possible patterns in {0, 1}N . This model is the most general
one when it comes to modeling the activity pattern but is also the most
difficult to deal with since it requires the knowledge of parameters that
grow exponentially with the number N of UEs. Since the focus is on
mMTC and uRLLC, N will be large enough to make this model unusable,
although it is the one that captures the finest correlated activity structures.

A qualitative comparison of the multivariate Bernoulli model is sum-
marized in Fig. B.5 in terms of capability to capture correlated activity
w.r.t. to the complexity involved in the description of the underlying
model.

Correlated activityII.3.c

So far a review of some existing activity pattern statistical models has
been done. With next generation mMTC and uRLLC networks, a key
consideration is related to correlated activity. Applications involving
dense and large networks such as smart cities, (I)IoT or V2X are typically
concerned by correlated activity.
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In smart cities, urban areas are monitored by a network of wireless
sensors. Those sensors have been deployed about several locations of
interest. Each location may be monitored by a bunch of sensors such
that it is correctly covered.

For V2X, it may be expected that area with heavily loaded traffic,
especially during certain hours of a day, will produce correlated commu-
nications.

Large-scale facilities will benefit from IoT deployment for ensuring
the same type of tasks as smart cities, namely monitoring and sensing.
For instance, an industrial plant may be equipped with wireless sensors
monitoring automated machines and industrial robots. When an event of
interest occurs on an equipment, the sensors that monitor it will likelily
simultaneously initiate a RA procedure before sending sensored data.

In each of these three scenarios, the notion of correlated activity
naturally arises due to the physical nature of the network. From the
previous paragraphs we have seen that it is not an easy task to model
simple and not fully correlated activity states.

DESIGN OF THE PREAMBLE MATRIXIII

When a UE is active and attempts to access the AP, it transmits its
preamble pn ∈ CM ; when it is inactive it does not transmit anything. The
preamble matrix of all the preambles is known by the AP and is obtained
by concatenating them as

P =
[
p1 . . . pN

]
∈ CM×N (B.31)

Based on the transmission model in Sec. B.II.2, the AP receives

Y = P diag(s)H̃+W (B.32)
= P̃H̃+W with P̃ = P diag(s) (B.33)
= PH+W with H = diag(s)H̃ (B.34)

where the rows of the random channel matrix H are zero when the cor-
responding UEs are inactive.

As stated in Sec. B.I.2.a, ZC sequences are used for generating the RA
preambles. Other ways of constructing these preambles may be consid-
ered, especially when considering CS-NOMA. The preamble matrix P is

� B.III. Design of the preamble matrix 27

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



generally refered to a frame in frame theory and the sensing or measure-
ment matrix in CS.

An important criterium for designing good measurement matrix P ∈
CM×N is given from the CS theory and is known as the restricted isometry
property (RIP) [36], [37] and formalizes as

∀h ∈ CN , ‖h‖0 ≤ ν, (1− δν) ‖h‖22 ≤ ‖Ph‖22 ≤ (1 + δν) ‖h‖22 (B.35)

where ν ∈ [N ] is the sparsity level and δν > 0 is the restricted isometry
constant (RIC). If P satisfies the RIP for some ν and RIC δν , exact
recovery of ν ′-sparse signals with ν ′ ≤ ν can be achieved for some specific
ν and ν ′. Interpretations of the RIP includes that all the eigenvalues of
P must be contained in a disc centered at 1 with radius δν and that any
submatrices P ν formed with ν columns of P slightly deform the non-zero
subvector hν of h.

General deterministic constructions of RIP-matrices [38], [39], and
hence preambles, remains an open problem, especially because computing
the RIC is NP-hard. However, deterministic designs were considered
based on the less complex design criterium of coherence minimization.
The coherence of a matrix is defined as

µ(P ) = max
1≤n<n′≤N

∣∣pH
npn′

∣∣ (B.36)

and good matrices, namely Grassmannian frames [40], [41], attempts to
solve the following packing problem

P ? = argmin
P∈CM×N

µ(P ). (B.37)

Existing constructions of such Grassmannian frames are usually classi-
fied into equiangular (tight) frames [42]–[45]. Designs of such matrices
have received a lot of attention, formerly in the context multi-antenna
communication systems [41], [46]–[48] and more recently in the context
of multi-user detection [49], [50], i.e. data transmission in presence of a
known number of users (which should not be confused with active user
detection) and grant-free communications [51].

On the other hand, random designs of RIP-matrices have been proved
to satisfy the RIP with high probability, especially for subgaussian ma-
trices [37, and references therein]. Examples include but are not limited
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to gaussian (pmn ∼ CNorm(0, 1/M)), normalized gaussian (gaussian with
unit-norm columns) and Rademacher matrices (pmn ∼ Unif

(
{−1/

√
M,+1/

√
M}
)
).

ACTIVE USER DETECTION AND CHANNEL ESTIMATIONIV

We review in this section the different signal processing problems and
decision making that can be addressed within the transmission and RA
scheme described in Sec. B.II.

Active user detectionIV.1

Based on (B.33), if we assume that the channel H̃ is known to be H̃ ,
the problem of active user detection consists in estimating which UE
is active i.e. find the support of P̃, or equivalently, the support of the
activity pattern s. The theoretical optimal detector is well formulated as
the maximum a posteriori (MAP) detector

s? = argmax
s∈{0,1}N

Ps|Y,H̃(s | Y , H̃) (B.38)

where the posterior pmf, once the Bayes’ theorem is applied, factorizes as

Ps|Y,H̃(s | Y , H̃) = fY|H̃(Y | H̃)−1fY|s,H̃(Y | s, H̃)Ps(s). (B.39)

Note that Ps(s) is not conditioned on H̃ = H̃ since s and H̃ are indepen-
dent.

Complexity It is clear from (B.38), that there is O(2N) tests to find the
optimal activity pattern s?. When N becomes large, the number of tests
becomes prohibitive to be solved by classical computing means. Generally
this problem is known to be NP-hard.

Metrics In order to assess the performance of the activity detector, the
usual metrics of interest are the following.

• The user error rate (UER), which measures the probability to incorrectly
detect a UE’s state and is given by

Pue = E

[
1

N

N∑
n=1

1(ŝn 6= sn)

]
. (B.40)
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• The false alarm rate (FAR), which measures the probability to incor-
rectly detect an inactive UE, i.e. an inactive UE is detected active. It
is given by

Pfa = E

[
1

N − ‖s‖0

N∑
n=1

1(ŝn > sn)

]
. (B.41)

• The missed detection rate (MDR), which measures the probability to
incorrectly detect an active UE, u.e. an active UE is detected inactive.
It is given by

Pmd = E

[
1

‖s‖0

N∑
n=1

1(ŝn < sn)

]
. (B.42)

Channel estimationIV.2

The problem of estimating the channel is crucial for mMTC and uRLLC
systems for reliably transmitting data. Given an activity pattern s = s

and the corresponding realization Y = Y given by (B.34), a classical esti-
mator of the channel matrix the minimum mean squared error (MMSE)
estimator

H? = argmin
H∈CN×K

E
[
‖H − H‖22 | Y = Y , s = s

]
(B.43)

which is obtained by finding the matrix H? minimizing the expected
estimation error using euclidean distance, represented here by the `2-
norm of the difference. Under the assumptions that E[H | Y = Y ] and
E
[
HHH | Y = Y

]
exist, one can find such a minimum H?. Indeed,

E
[
‖H − H‖22 | Y = Y , s = s

]
= tr(HHH)

− tr(HHE[H | Y = Y ])

− tr(E[H | Y = Y ]HH)

+ tr(E
[
HHH | Y = Y

]
) (B.44)
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Differentiating w.r.t. HH and zeroing leads to the optimal H?

H? − E[H | Y = Y , s = s] = 0, (B.45)
H? = E[H | Y = Y , s = s] , (B.46)

which is nothing but the a posteriori expected value of H given Y = Y .
Its computation reads

H? = E[H | Y = Y , s = s] (B.47)

=

∫
CN×K

HfH|Y(H | Y , s)dH (B.48)

Using Bayes’ theorem, the posterior expectation becomes

H? = fY|s(Y | s)−1
∫
CN×K

HfY|H,s(Y |H , s)fH|s(H | s)dH (B.49)

=

∫
CN×K HfY|H,s(Y |H , s)fH|s(H | s)dH∫
CN×K fY|H,s(Y |H , s)fH|s(H | s)dH

(B.50)

Complexity Computing (B.50) can be achieved in a closed form if the
posterior or the prior and likelihood densities allow a tractable derivation.
If it is not the case, the high dimensional integral can be computed by
Monte-Carlo integration but the complexity scales prohibitively as the
number of samples {H i}i grows.

Metrics Measuring the quality of the MMSE estimation is often accom-
plished by evaluating the normalized mean squared error (NMSE)

E


∥∥∥H− Ĥ

∥∥∥2
2

‖H‖22

 =

∫∫
CN×K×CN×K

∥∥∥H − Ĥ
∥∥∥2
2

‖H‖22
fĤ|H(Ĥ |H)fH(H)dĤdH (B.51)

where the expectation is taken w.r.t. to the true channel random matrix
H and the estimated one Ĥ.
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Joint problem statementIV.3

The joint problem of AUDaCE is more difficult to setup. A natural for-
mulation of the problem would be under a MAP estimator of the form

s?,H? = argmax
s∈{0,1}N ,H∈CN×K

fs,H|Y(s,H | Y ) (B.52)

Another one would be to consider the proxy block matrix V(s,H) = [s,H]

and its MMSE estimator

V (s,H)? = E[V(s,H)] =
∫
CN×K

∑
s∈{0,1}N

V (s,H)fs,H|Y(s,H | Y )dH . (B.53)

Both estimators rely on the joint posterior density

fs,H|Y(s,H | Y ) = fY(Y )−1fY|H,s(Y |H)fH|s(H | s)Ps(s) (B.54)

=
fY|H,s(Y |H)fH|s(H | s)Ps(s)∫

CN×K

∑
s∈{0,1}N fY|H,s(Y |H)fH|s(H | s)Ps(s)dH

(B.55)

where we use the fact that the system variables s,H,Y form the following
Markov chain

s→ H→ Y. (B.56)

Note that, depending on the likelihood and priors densities, the optima
(B.52) and (B.53) may be different.

A final way for considering the AUDaCE problem consists in consid-
ering a variant of the density (B.55) given by

fs,H|Y(s,H | Y ;κ) =
fY|H,s(Y |H)κfH|s(H | s)κPs(s)

κ∫
CN×K

∑
s∈{0,1}N fY|H,s(Y |H)κfH|s(H | s)κPs(s)κdH

(B.57)

where κ = 1 corresponds to the density for the MMSE case and κ→ +∞
corresponds to the MAP since the density will concentrate about its mode
[52], [53].

Complexity The AUDaCE problem is a CS problem since it aims at jointly
estimating the support of some input signal (the channel matrix H?) and
its support (the activity pattern s?). Therefore, it is NP-hard and cannot
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be solved by any of the two methods above.

OTHER RELEVANT ASPECTS FOR GRANT-FREE RANDOM AC-

CESS

V

Even if the focus of this manuscript is on GFRA, there exist other relevant
problem strongly connected to it.

As mentioned in Sec. B.I.1.c, it is possible to consider grant-free uplink
data transmission which is very similar to GFRA except that the preamble
matrix P is changed to a random signal matrix X that may also contains
few information symbols. Hence, the problem of joint AUDaCE intro-
duced in Sec. B.IV requires a joint data recovery and AUDaCE where
the transmitted signal matrix X = X needs to be estimated along the
channel matrix and activity pattern based on the received signal Y . This
approach was considered in [54] with an independent activity pattern.

Another important problem is the optimization of resource allocation
in the context of GFRA with possibly correlated activity of the UEs. In
[55], the rate allocation of UEs is investigated and performed based on
some heuristics assuming their activity is correlated. The knowledge of
the underlying correlation structure is described based on the joint pmf of
the activity pattern. In [56], a similar problem is studied where a matrix
of pairwise activity probabilities is optimized to maximize the expected
throughput.

CONCLUSIONVI

Based on the review of RA in 5G, it appears that GFRA is a key enabler
to mMTC and uRLLC, especially to fasten further data transmissions by
reducing control overhead. In particular, AUDaCE plays an important
role in GFRA to reliably identify active UEs and preparing later transmis-
sion by estimating the channel between the AP and the UEs. However,
AUDaCE was only considered with independent and group-sparse activity
patterns due to tractability in their model. In Chapters D and E, we will
consider AUDaCE applied to GFRA with more flexible correlation model.
This will be made possible using CS-NOMA techniques overviewed in
Chap. C.
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Figure B.5: Qualitative comparison of different activity pattern models.
The independent model is the simplest one, both in terms of modeling
complexity (bernoulli distribution) and correlation (independence between
the activity states). The independent group-sparse activity pattern model
requires the introduction of group states variables, each of them con-
nected to non-overlapping subsets of the activity states. The more general
group-sparse model is similar but allows the group states to share com-
mon activity state leading to potentially very dependent and correlated
structure between the activity states. Finally, the multivariate bernoulli
is the most complete model since it theoretically allows for any depen-
dence structure between the activity states, at the cost of a very complex
modeling.
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C
ALGORITHMIC BACKGROUND OF

BAYESIAN COMPRESSED SENSING

This chapter provides an overview of the theoretical and algorithmic tools
that will be used to address the joint AUDaCE problem in the context of
GFRA based on CS-NOMA.

In Sec. C.I, an overview of the CS theory is presented emphasizing
non-bayesian methods. In Sec. C.II, we shift to the bayesian framework
introducing the belief propagation (BP) algorithm and the graphical mod-
els that will be essential in the understanding of the models of Chapters D
and E. Finally, the framework of AMP and its generalization, which is
at the heart of the solution proposed in Chapters D and E, is presented
in Sec. C.III.

NON-BAYESIAN COMPRESSED SENSINGI

A classical signal processing problem is CS [37], [57]. This problem con-
sists in the recovery of a sparse signal x ∈ CN from an observed signal
y ∈ CM . The transformation of x into y is described by the following
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generalized linear model:

y = f(Ax) (C.1)

where A ∈ CM×N is the so-called measurement matrix and f : CM → CN

is some non-linear mapping acting component-wisely on its argument. A
classical particular case is that of the noisy channel

y = Ax+w (C.2)

where w ∈ CM is a noise vector. Under the assumption that M < N ,
this problem is underdetermined and may be impossible to solve for a
general scenario. However, given that x is sparse, i.e. its support has few
non-zero entries, one can expect the recovery to be made possible using
this side information.

Let (N,M) ∈ N2
+ such that M ≤ N . Let (x?,y) ∈ CN ×CM , A ∈ CM×N

and f : CN → CM such that

y = Ax?. (C.3)

Denote by ‖x‖0 the `0 pseudo-norm which counts the number of non-zero
entries of x. The noiseless CS problem is thus generally formulated as
follows:

x? = argmin
x∈CN

‖x‖0 s.t. y = Ax. (C.4)

When the observation is noisy, one can relax the equality constraint to
rewrite the noiseless CS problem in its noisy version

x? = argmin
x∈CN

‖x‖0 s.t. ‖y −Ax‖p ≤ ε (C.5)

where p ∈ R+. In both the noiseless (C.4) and noisy cases (C.5), solving
such an constrained optimization problem is generally NP-hard and so
cannot be achieved exactly by classical means.

Optimization methodsI.1

Techniques have been developped to approximate the optimal solution to
(C.4) and (C.5) by relaxing the constraint on the `0 pseudo norm. All of
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these methods consider relaxed variants of the problem (C.5) where the
`0 pseudo-norm is replaced by a `q norm. Formally, let (p, q) ∈ N2

∗ and
ε > 0. The relaxed noisy CS problem thus reads

x̂ = argmin
x∈CN

‖y −Ax‖q s.t. ‖x‖p ≤ ε (C.6)

The case p = 1 and q = 2

x̂ = argmin
x∈CN

‖y −Ax‖2 s.t. ‖x‖1 ≤ ε (C.7)

is particularly famous and is known as the least absolute shrinkage and
selection operator (LASSO) [58] where the reconstructed signal is allowed
to have its `1-norm contained into the `1 ball {x ∈ CN | ‖x‖1 ≤ ε}.

Another approximation of (C.5) which is similar to LASSO, is basis
pursuit denoising (BPDN) [59]

x̂ = argmin
x∈CN

‖x‖1 s.t. ‖y −Ax‖2 ≤ ε (C.8)

where, contrary to LASSO, the objective function is the `1-norm of the
input signal that promotes sparsity with the constraint that the `2-norm
residual error lies in the `2 ball {x ∈ CN | ‖x‖2 ≤ ε}. There also exists
a version of BPDN, more tailored to Eq. C.4, which adopts a stricter
formulation

x̂ = argmin
x∈CN

‖x‖1 s.t. y = Ax (C.9)

where the constraint turns to be an equality [60], [61].
LASSO and BPDN benefit from turning the original CS problem into

a convex one that makes it solvable.

Greedy methodsI.2

Greedy methods applied to CS usually consist of algorithms where the
signal’s support is iteratively recovered by activating one or many compo-
nents at the same time given some criteria (maximum correlation, maxi-
mum absolute value, threshold exceeding, maximum likelihood) and the
signal is estimated using the updated support. Well known greedy meth-
ods derivate from the matching pursuit (MP) algorithm [62] (orthogonal
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MP (OMP) [63], stagewise OMP (StOMP) [64], multipath MP (MMP) [65],
compressive sampling MP (CoSaMP) [66], fast bayesian MP (FBMP) [67]).

Iterative thresholding methodsI.3

Iterative thresholding methods for CS are similar to greedy methods since
they update iteratively an estimate of the input signal. The update of such
algorithms can usually be written as

x̂i = T(x̂i−1 +AH(y −Ax)) (C.10)

where T is a thresholding operator.
In the case of iterative hard thresholding algorithm (IHTA) [68], [69],

the operator is hard and is given by

T(u;ns) = u� ( argmax
s∈{0,1}N ,‖s‖0=ns

‖u� s‖1) (C.11)

where it returns a sparse vector T(u;ns) equal to the vector with the ns

largest components of u and the others equal to 0.
In the case of iterative soft thresholding algorithm (ISTA) [69], [70],

it is soft and reads

T(u; t) = u

|u|
�max(|u| − t,0) (C.12)

where all the operations act component-wise on their input and t is a
vector of real thresholds. The soft operator may be seen as a rectified lin-
ear unit (ReLU) component-wisely applied to its input, so that it sets to 0

the components with magnitude lower than their corresponding threshold
and let the other unchanged. Another version of ISTA that fasten the
convergence rate of the algorithm can be found in [71].

Bayesian compressed sensingI.4

The methods presented so far roughly consists in recovering a signal
based on minimization problems involving objective with a constraint on
the fidelity w.r.t. to the output signal and a constraint related to the
signal sparsity.

One could also consider CS problems with additional constraints.
From the perspective of an optimization problem, this would translate
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into adding supplementary constraints or penaltys to the the original
problem Eq. C.5. As long as the new constraints explicitly depends on
the signal x and its sparsity, adding them may be done in a simple way
(e.g. consider group-LASSO [72]). However, when the new constraints
are more intricate, e.g. because latent variables are involved or the de-
pendence of the constraints on x is different from Eq. C.5, their inclusion
may become an issue.

In the context of wireless communications, and especially in the con-
text of GFRA and AUDaCE, problems are more naturally formulated in
the Bayesian framework as in Eq. B.52 and Eq. B.53.

In fact, it is possible in some cases to cast CS problems into the
Bayesian framework. For instance, equivalent MAP formulations of
BPDN and LASSO [53] are

x̂BPDN = argmax
x∈CN

∏
n∈[N ]

λ

2
e−λ|xn|

∏
m∈[M ]

δ(ym − [Ax]m) (C.13)

x̂LASSO = argmax
x∈CN

∏
n∈[N ]

λ

2
e−λ|xn|

∏
m∈[M ]

1

πτw
e−
|ym−[Ax]m|2

τw (C.14)

applying to Eqs. (C.7) and (C.9) monotonic mapping to their objective
functions and constraints. In these formulations, the objective is com-
posed of multiple factors, each corresponding to the LASSO and BPDN
constraints. This is reminiscent of Eq. B.55 so that in Sec. C.II, this
factorized structure is leveraged to introduce the framework of BP before
introducing Bayesian techniques for the CS problem in Sec. C.III.

BELIEF PROPAGATIONII

In this section, an introduction to graphical models and their use for BP
is proposed. Graphical models are powerful when it comes to describe the
dependency between the system variables and the factors that constitute
the objective function of a bayesian problem. The latter may be solved
using the framework of BP, which is a family of algorithms that relies
on these graphical models to approximate the optimal solution.

Factor graphsII.1

We start by introducing the graphical models.
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(a) fa1(a1)fa2(a2)fa3(a3)
fa1 a1

fa2 a2

fa3 a3

(b) fa1(a1)fa2,a3(a2, a3)
fa1 a1

fa2,a3

a3

a2

(c) fa1,a2,a3(a1, a2, a3)

fa1,a2,a3

a3

a2

a1

Figure C.1: Factor graphs based on the possible factorizations given in
(C.17).

FactorizationII.1.a

Consider a joint density function fa of the random vector a = [ai]i∈[I] and
assume it can be written into the following product

fa(a) =
∏
j∈[J ]

fj(aN(j)) (C.15)

where fj is the j-th factor of fa(a) and

N(j) = {i ∈ [I] | ai is a variable of fj} (C.16)

is its corresponding neighbor variable set. Note that such factorization
of fa

1. always exists since one can consider the case J = 1 with f1 = fa

2. may not be unique e.g. in the case I = 3 and {ai}i∈[I] are mutually
independent, one can write 5 different factorizations

fa1,a2,a3(a1, a2, a3) = fa1(a1)fa2(a2)fa3(a3) (C.17a)
= fa1(a1)fa2,a3(a2, a3) (C.17b)
= fa2(a2)fa1,a3(a1, a3) (C.17c)
= fa3(a3)fa1,a2(a1, a2) (C.17d)

Graphical modelII.1.b

A graphical model of the factorization (C.15) can be drawn in order to
represent the functional dependencies of each factor j to its variables i
and is named factor graph. Formally, a factor graph [73] G(F,V,E) is an
undirected multipartite graph with vertices split into
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fan an

(a) Factor subgraph fan

an fbn|an bn

(b) Factor subgraph
fbn|an

cmfcm|b

b1

b2

b3

(c) Factor subgraph
fcm|b

fa1 a1 fb1|a1 b1

fa2 a2 fb2|a2 b2

fa3 a3 fb3|a3 b3

c1fc1|b

c2fc2|b

Figure C.2: Factor graph of Eq. C.19.

1. the set of factor nodes F = {fj}j∈[J ];

2. the set of variable nodes V = {ai}i∈[I].

An edge in E connect the factor node fj ∈ F and the variable node ai if
and only if fj is a density depending on ai. As a convention, a factor
and variable node will be respectively drawn like and .

ExamplesII.1.c

Based on the definition given in Sec. C.II.1.b, we give some examples to
illustrate the concept of factor graph.

The first simple examples of factor graphs are drawn in Fig. C.1 after
Eq. C.17. A second and more complicated factor graph may be considered
based on the following Markov chain

a ∈ CN → b ∈ CN → c ∈ CM (C.18)

where M < N . Assume that the joint density of the N ×N ×M complex
random variables factorizes as

fa,b,c(a, b, c) =

 ∏
n∈[N ]

fan(an)

 ∏
n∈[N ]

fbn|an(bn | an)

 ∏
m∈[M ]

fcm|b(cm | b)


(C.19)

where one can identify 3 groups of factors {fan}n∈[N ], {fbn|an}n∈[N ] and
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{fcm|b}m∈[M ].

Factor fan Each factor in {fan}n∈[N ] depends only on one random variable
and would have the simple factor graph of Fig. C.2a.

Factor fbn|an Each factor in {fbn|an}n∈[N ] depends the random variable bn

but also on the conditioning random variable an. The corresponding
factor subgraph is then depicted as in Fig. C.2b.

Factor fcm|b Each factor in {fcm|b}m∈[M ] depends on the random variable
cm and the complete conditionning random vector b = [b]n∈[N ]. The cor-
responding factor subgraph is drawn in Fig. C.2c.

Complete factor graph The complete factor graph Fig. C.2 is finally ob-
tained by connecting each factor subgraphs based on the common variable
nodes they share.

Bayesian inferenceII.2

Factor graphs are very useful to describe the structure of bayesian in-
ference problems since, as in Eqs. (B.52), (B.53), (C.13) and (C.14), the
objective depends on some joint density on the system random variables.
We briefly summarize the different types of bayesian inference problems
that can be studied and explicitly show that all of them exhibit a factor-
ization structure that will be leveraged in Sec. C.II.3.

Note In what follows, the problems are optimized on the variable x that
belongs to any relevant set, the latter being implicit in the formulation.
This set can be unconstrained (e.g. RN ,CN ) or constrained (e.g. [0, 1]N )
depending on what would be a practical instance of the generic problems
presented in Sections C.II.2.a to C.II.2.c.

Maximum a posteriori inferenceII.2.a

For instance, consider a MAP estimation problem [74] where one aims at
estimating some hidden data x from the observation y. Such a problem
can be formalized as

x? = argmax
x

fx|y(x | y) (C.20)
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where the posterior density fx|y(x | y) is often unknown. After Bayes’
theorem, the MAP estimation problem can be rewritten as

x? = argmax
x

fy|x(y | x)fx(x) (C.21)

after removing the terms independent of the mute variable x. Contrary
to the posterior, the likelihood density fy|x(y | x) is assumed to be known
most of the time, e.g. with some experimental evidences, and so is the
prior density fx(x). If the prior is unknown, it is common to assume
uniformity in the hidden data, turning the MAP estimation problem into
a maximum likelihood (ML) one since the prior density in (C.21) becomes
independent of the mute variable x:

x? = argmax
x

fy|x(y | x). (C.22)

One can further consider that latent (hidden) variables z are involved in
the inference process, extending the MAP problem to

x? = argmax
x

∫
fx,z|y(x, z | y)dz (C.23)

= argmax
x

∫
fy|x,z(y | x, z)fx,z(x, z)dz. (C.24)

All of the proposed forms of the MAP estimation problem demand
maximization over the set of variables contained in x, and sometimes
additional computation steps induced by latent variables. When the do-
main of x (and sometimes z) is small, the maximization is acceptable.
However, when the domain is high-dimensional and subject to stringent
constraints, the MAP estimation problem turns out to be intractable and
requires heuristics methods in order to be adressed.

Minimum mean squared error inferenceII.2.b

Another very common inference problem is the MMSE estimation problem
[74]

x? = argmin
x

E
[
‖x− x‖22 | y = y

]
(C.25)
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which consists of estimation for the vector x? minimizing the expected
squared euclidian distortion given the observed data y. Provided that

E[‖x‖2 | y = y] <∞ (C.26a)
E
[
‖x‖22 | y = y

]
<∞ (C.26b)

we can write

E
[
‖x− x‖22 | y = y

]
= E

[
‖x‖22 + ‖x‖

2
2 − xHx− xHx | y = y

]
(C.27)

= E
[
‖x‖22 | y = y

]
− E

[
xH | y = y

]
x− xHE[x | y = y] + ‖x‖22 (C.28)

which is minimized by differentiating (in the sense of the Wirtinger
derivative, [75]) w.r.t. xH

∂xHE
[
‖x− x‖22 | y = y

]
= 0⇒ −E[x | y = y] + x = 0 (C.29)

and so

x? = E[x | y = y] . (C.30)

This last a posteriori expectation E[x | y = y] reads

E[x | y = y] =

∫
xfx|y(x | y)dx. (C.31)

As for the MAP estimation problem, the posterior density fx|y(x | y) is
generally unknown and replaced using the Bayes theorem by

E[x | y = y] =

∫
xfy|x(y | x)fx(x)dx.∫
fy|x(y | x)fx(x)dx.

(C.32)

where the likelihood and prior densities are made explicit. Considering
latent variables in the model leads to MMSE estimation of the form

E[x | y = y] =

∫∫
xfy|x,z(y | x, z)fx,z(x, z)dzdx∫∫
fy|x,z(y | x, z)fx,z(x, z)dzdx

. (C.33)

44 C.II. Belief propagation �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



Variational inferenceII.2.c

Some inference problems focus on estimating densities of the variables
rather than the variables themselves [76, see section ”Variational Meth-
ods”]. An example of such an inference problem is

g? = argmin
g∈D

KL
[
g
∥∥fx|y] s.t. y = y (C.34)

where one aims at approximating the posterior fx|y by a density g taken
from a space D, e.g. the exponential family of distributions (VI with expo-
nential family (VIEF)), and given the observed data y. A famous example
of such variational inference (VI) algorithms is expectation propagation
(EP) [77]–[80]. Since

KL
[
g
∥∥fx|y] = −Hg[x]− Xg,fx|y [x] (C.35)

using Bayes’ theorem on fx|y, leads to rewrite

g? = argmax
g∈D

Hg[x] + Xg,fy|x [x] + Xg,fx [x] s.t. y = y (C.36)

where the constant terms, i.e. those that do not depend on g, were re-
moved. This maximization problem thus formulated approximates the
posterior density by a density g which must satisfy the constraints con-
tained in the factors Xg,fy|x [x] and Xg,fx [x]. The constraints being imposed
simultaneously on g, the maximization may be too complicated. To relax
this constraint, one can consider a maximization of the form

(g?` , g
?
p) = argmax

(g`,gp)∈D2

Hg`gp [x] + Xg`,fy|x [x] + Xgp,fx [x] s.t. y = y (C.37)

where the maximization over g has been replaced by a joint maximization
over independent densities g` and gp for the likelihood and prior densities
respectively.

Approximation by belief propagationII.3

BP is an inference algorithm which was introduced in [81], [82] by Judea
Pearl as a technique to propagate belief about data in an acyclic directed
graph (e.g. hierarchical networks or trees). It was later considered for
more generic undirected graphs that may contain cycles or loops and is
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v
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...

fm ...
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M
fm→v

Figure C.3: Belief propagation update rules.

then refered to as loopy BP (LBP). BP has a wide spectrum of applica-
tions, especially in the domain of bayesian inference applied to signal
processing.

The MAP (Sec. C.II.2.a), MMSE (Sec. C.II.2.b) and VI (Sec. C.II.2.c)
estimation problems becomes intractable to solve with more complicated
factorization of the posterior and so requires the use of heuristic algo-
rithms to be solved. BP is one them and works as follows. Based on a
factorization of the posterior density and the corresponding factor graph,
BP iteratively approximates the posterior densities

{
fxn|y(xn | y)

}
n
of each

hidden variable xn with a local approach unlike the original problems
which seek for global solutions.

This process of approximation is described by a message-passing algo-
rithm based on the factor graph. Each node in the factor graph exchanges
messages with its neighbors, denoted by M

f↔v
, where the left index denotes

a factor, the right index denotes a variable and the arrow indicates the
propagation direction of the message (→ from factor to variable and ←
from variable to factor). The message rules described below apply to the
MAP, MMSE and VIEF problems.

Message from a factor node to a variable node The message sent by a factor
node f to a variable node n is a density which consists in the following
steps:

1. Aggregation of the messages coming from the neighbor variable nodes
{vn}n. ∏

n′∈[N ]

M
fv←vn′

(vn′) (C.38)
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2. Product with the local factor.

fv(v)
∏

n′∈[N ]

M
fv←vn′

(vn′) (C.39)

3. Marginalization of this product w.r.t. to all the variables except vn
(and projection for VIEF).

max
v\n

fv(v)
∏

n′∈[N ]

M
fv←vn′

(vn′) (MAP) (C.40a)∫
fv(v)

∏
n′∈[N ]

M
fv←vn′

(vn′)dvn′ (MMSE) (C.40b)

Proj

∫ fv(v)
∏

n′∈[N ]

M
fv←vn′

(vn′)dvn′

 (VIEF) (C.40c)

where Proj(f) = argming∈F KL[g‖f ].

4. Remove contribution of the message coming from the destination vari-
able node vn.

M
fv→vn

(vn) ∝



max
v\n

fv(v)
∏

n′∈[N ]\{n}

M
fv←vn′

(vn′) (MAP)∫
fv(v)

∏
n′∈[N ]\{n}

M
fv←vn′

(vn′)dvn′ (MMSE)

Proj
(∫

fv(v)
∏

n′∈[N ] M
fv←vn′

(vn′)dvn′
)

M
fv←vn

(vn)
(VIEF)

(C.41)

Note that for VIEF, the denominator is not included into the projection
operation.

Message from a variable node to a factor node A message sent by a variable
to a factor node simply consists in the aggregation of the incoming mes-
sages except the one coming from the target factor node as depicted in
Fig. C.3b. It reads

M
fm←v

(v) ∝
∏

m′∈[M ]\{m}

M
fm′→v

(v) (C.42)
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Algorithm C.1 Belief propagation
1 init:

2 Messages
{
M
f←v

}
for all factor and variable nodes.

3 end

4 repeat:

5 Select, e.g. at random, a variable node v ∈ F.

6 Compute the messages
{

M
f′→v

}
f ′∈N(v)

based on Eq. C.41.

7 Compute the belief B
v

at variable node v based on Eq. C.43.

8 Send for every neighboring factor f ∈ N(v) the message M
f←v

based on Eq. C.42.

9 until: convergence of the messages

10
Estimate independently each variable v ∈ F with their belief B

v

if MAP or MMSE is
considered.

Belief of a variable node The belief of a variable node consists of the same
of the message sent by the variable node to any factor node except that
all the impinging messages are considered.

B
v

(v) ∝
∏

m∈[M ]

M
fm→v

(v). (C.43)

Also, the belief is central in BP since it represents the approximate den-
sity of the variable’s posterior density. In the case of MAP and MMSE
estimations, the variable vn is finally estimated with

v̂n = argmax
v

B
vn

(v) (MAP), (C.44)

v̂n = E
[
v;B

vn

]
(MMSE). (C.45)

Complete algorithm The complete BP algorithm is described in Algo. C.1.
Notice that this is a very general suggestion of how BP can be applied
and that more optimized strategies in terms of message exchanging could
be considered, based on the structure of the factor graph. For instance
in Fig. C.2, instead of chosing randomly the variable nodes from which
to send messages, one can consider sending the messages starting from
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Algorithm C.2 AMP
1 input: y,A, τw, Imax and parameters of fx(x)

2 init:
3 i = 0

4 τw = τw1M×1

5 τx̂,i and x̂i (e.g. V[x; fx(x)] and E[x; fx(x)])

6 end

7 for i ∈ [Imax] do:

8 τp̂,i = A�2τx̂,i−1, p̂i = Ax̂i−1 − τp̂,i � (y − p̂i−1)� (τw + τp̂,i−1)

9 τr̂,i = (A�2(τw + τp̂,i)
�−1)�−1, r̂i = x̂i−1 + τr̂,i �

(
AH(y − p̂i)� (τw + τp̂,i)

)
10 τx̂,i = V[x; fx(x)CN (x; r̂i,diag(τr̂,i))] , x̂i = E[x; fx(x)CN (x; r̂i,diag(τr̂,i))]

11 end

12 return:
13 The last estimate x̂Imax

14 end

the factor nodes {fan}n, following the path fan → an → fbn|an → bn →
fcm|bn → cm before going the other way around.

The convergence of BP has been proven when the factor graph exhibits
a tree-like structure (see e.g. [83]). However, in the case of LBP, there
is no convergence guarantees in the general case although some few
works were done towards this direction [84], [85]. In the special case of
VIEF and EP with gaussian-based messages [77], numerical evidences of
convergence were found.

Remarks As stated in this subsection, the BP performs local approxima-
tions of the posterior densities of all the variables. This is typically visible
from (C.43) and (C.41) where the belief aggregates the messages from the
factor nodes which are local solutions of one of the original problems.

APPROXIMATE MESSAGE PASSING ALGORITHMSIII

AMPIII.1

With the advent of CS, Donoho, Maleki and Montanari brought a new
algorithm named AMP. Introduced in their seminal papers [53], [86], [87]
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Figure C.4: Channel models for BPDN-AMP, LASSO-AMP and Bayes
optimal-AMP.
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Figure C.5: Channel model for GAMP.
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and in the thesis of Maleki [88], AMP was shown to be a promising
algorithmic framework for studying CS problems through the eyes of
bayesian inference. By studying the relaxed versions of the original CS
problem that are BPDN and LASSO Sec. C.I.1, they derived a LBP, aka
message-passing, algorithm to address the estimation of a sparse system
input signal given the system output and its measurement matrix.

More precisely, they studied the problems under the MAP formulations
in Eqs. (C.13) and (C.14). In [53], Donoho et al even suggested a third
model, sometimes refered as Bayes optimal [89], that takes into account
general prior knowledge on the signal input:

x̂Bayes = argmax
x∈CN

∏
n∈[N ]

fxn(xn)
∏

m∈[M ]

1

πτw
e−
|ym−[Ax]m|2

τw . (C.46)

These three new optimization problems are reminiscent of MAP estima-
tors with Laplace (BPDN and LASSO) or general prior (Bayes optimal)
distribution for the input signal and with Dirac (for BPDN) or Gaussian
(LASSO and Bayes optimal) output channel. Their schematic represen-
tations are shown in Fig. C.4. Also, the objective functions exhibit a
factorized structure allowing to draw for each problem a factor graph
and derive a tailored LBP algorithm.

However, the loopy structures of the corresponding BP algorithms
produce message probability density functions (pdfs) that are still too
difficult to compute so that an approximation is needed. To do so, it is
assumed that:

1. subGaussian measurement matrices are used, i.e that the entries of A
are assumed to be i.i.d. random variables satisfying

∃(C, κ) ∈ R+,∗, ∀(m,n) ∈ [M ]× [N ], 1− Famn(a) ≤ Ce−κ|a|
2

; (C.47)

2. the input signal dimension N tends to infinity and the output signal
dimension M linearly scales with N , such that M(N)/N

N→+∞−−−−→ η

where η is finite and constant.

Based on these assumptions, they show that, using a variant of the
Berry-Esséen theorem, some of the BP messages can be approximated
by Gaussian pdfs.

Propagating the approximation in the other messages finally leads to
three versions of AMP, one for BPDN, one for LASSO and one for Bayes
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fxn xn fym|zm

Figure C.6: Underlying factor graph of GAMP.

optimal. This last version of AMP generalizes both BPDN-AMP and
LASSO-AMP since they are particular cases with respectively Dirac and
Laplace priors on the input signal. It is given in Algo. C.2. Since AMP
is a particular case of GAMP, presented in Sec. C.III.2, the derivation of
the updates is not given and could be infered from that of Algo. C.3. A
similar derivation can also be found in [90].

GAMPIII.2

A generalization of AMP is GAMP [91]. The main difference lies in the
fact that AMP was originally derived in the case of a (complex) Gaussian
output channel only whereas GAMP is more general by allowing any type
of output channel, both for an MMSE and MAP-based estimation. In fact,
it goes even further by approximating the distribution of the system input
x by a Gaussian random vector where the mean and variance are derived
in the rest of this subsection.

The first proof of GAMP equations is given in [91] with a focus on
the real (R) case although it was said that the result also applies to the
complex (C) case. This proof relies on Taylor expansions associated to
approximation by removing terms of higher order.

52 C.III. Approximate Message Passing Algorithms �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



Algorithm C.3 GAMP
1 input: y,A, Imax and parameters of fx(x), fy|z(y | z)

2 init:
3 i = 0

4 v̂i = 0N×1

5 τ̂ x,i and x̂i (e.g. V[x; fx(x)] and E[x; fx(x)])

6 end

7 for i ∈ [Imax] do:

8 τ̂ p,i = A�2τ̂ x,i−1, p̂i = Ax̂i−1 − τ̂ p,i � v̂i−1

9 τ̂ z,i = V
[
z; fy|z(y | z)CN (z; p̂i,diag(τ̂ p,i))

]
, ẑi = E

[
z; fy|z(y | z)CN (z; p̂i,diag(τ̂ p,i))

]
10 τ̂ v,i = (τ̂ p,i − τ̂ z,i)� (τ̂ p,i)

�2, v̂i = (ẑi − p̂i)� τ̂ p,i

11 τ̂ r,i = 1N×1 � (A�2τ̂ v,i), r̂i = x̂i−1 + τ̂ r,i � (AHv̂i)

12 τ̂ x,i = V[x; fx(x)CN (x; r̂i,diag(τ̂ r,i))] , x̂i = E[x; fx(x)CN (x; r̂i,diag(τ̂ r,i))]

13 end

14 return:
15 The last estimate x̂Imax

16 end

Another proof of GAMP is given in [92] where the focus was given to
the complex case for MMSE estimation. The proof is also ”simpler” in that
it does not require the use of Taylor expansions, that would be painful to
write for the complex case with the use of Wirtinger derivatives. In fact,
it uses the framework of VI presented in Sec. C.II.2.c with the particular
case of VIEF with Gaussian distribution, which is the framework of EP.

In order to provide a self-contained document to the readers, a more
detailed proof following [92] is written in Sec. G.III, without claiming
any novelty. The final algorithm is given in Algo. C.3 and is described
by the factor graph Fig. C.6.

The main outcomes of GAMP are the following. First, the a posteriori
distribution of the system input is approximated by

∀n ∈ [N ], fxn|y(xn | y) ≈ fxn(xn)CN (xn; r̂
i
n, τ̂

i
r,n) (C.48)

where the variables {(r̂in, τ̂ ir,n)}n∈[N ] corresponds to some of the GAMP
variables introduced in Sec. G.III. Based on this approximation, it is
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possible to compute analytically separate estimate of each variable (based
on a MAP or MMSE estimator), provided that the priors pdfs {fxn}n∈[N ]

are not too complicated.
Second, the initial inference problem which was intractable, has been

turned into a suboptimal yet simple algorithm, with tractable updates of
the intermediate variables ( {(r̂in, τ̂ ir,n)}n∈[N ], {(p̂im, τ̂ ip,m)}m∈[M ] and {(v̂im, τ̂ iv,m)}m∈[M ]

). When the priors {fxn}n∈[N ] and posteriors {fym|zm}m∈[M ] are tractable,
the principal variables updates ({(x̂in, τ̂ ix,n)}n∈[N ] and {(ẑim, τ̂ iz,m)}m∈[M ]) can
be performed analytically.

In [93], GAMP is enhanced with damped updates of the variables in
order to improve its convergence and robustness against ill-conditionned
measurement matrices A [94]. It consists in applying the following func-
tion component-wise to each GAMP variables (means and variances)

damp(χold, χnew; θ) = (1− θ)χold + θχnew (C.49)

where θ ∈ [0, 1] is the damping weight (0 no update and 1 no memory)
and χold (resp. χnew) denotes the value of a variable χ before (resp. after)
the update. For improved readibility of the algorithms, damped updates
will not be explicitly written although they are used. Based on our own
extensive numerical study, a value of θ = 0.9 gives stable convergence of
GAMP with normalized centered Gaussian mesurement matrix.

Hybrid GAMPIII.3

Both AMP and GAMP are very powerful algorithms to address CS prob-
lems as stated in Sec. C.I. However, more complicated structures may
arise in the system model such as

• more variables, different from y and x, may be required to best describe
the system;

• the factors depending on the system variables do not exhibit a nice
separable structure;

• the factors may be at the same time strongly dependent on a subset
of the system variables and weekly dependent on the reminder of the
variables.

In this situation, it becomes difficult to derive a GAMP instance that
would fit to the whole system with such structures. However, if the
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Psg sg fxn|sg xn fym|zm(x)

Figure C.7: Underlying factor graph of GS-HGAMP. Green edges indicate
strong edges and blue edges indicate weak edges.

system can be decomposed into multiple parts, one that fits GAMP and
the others with the difficult structures, it would be interesting to see if
one can still leverage GAMP benefits to simplify the estimation process.

This problem was studied in [95] where the authors considered the
CS problems where the factorization of the joint system variables v could
be written as

fv(v) =
∏
a

fa(v)
∏
b

fb(v) (C.50)

where the factors {fa}a are the factors that equally and linearly depend on
subsets of the system variables while the factors {fa}a strongly depend
on a subset of the variables contained in v. In other words, in the
factor graph associated with Eq. C.50, the factor nodes {fa}a are densely
connected to the variables nodes it depends with weak edges and the
factor nodes {fb}b only share strong edges with few variable nodes.

As mentioned in [95], this situation typically arises in the context of
CS with group-sparsity where the components xn of the the input signal
x depends on a binary random pattern s, so that the factorization of the
joint pdf of the system variables reads

fy,x,s(y,x, s) =
∏

m∈[M ]

fym|x(ym | x)
∏
n∈[N ]

fxn|s(x | s)Ps(s) (C.51)
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Figure C.8: Some relationships between AMP-based algorithms.

The corresponding factor graph is depicted in Fig. C.7 where one can see
that the factors fsg and fxn|sg strongly depend on the variables sg. For such
a problem, it would still be possible to use GAMP for the dense part of
the factor that involves weak edges but the strong edges and the messages
they convey will be treated with BP. The rationale of using GAMP for
weak edges only lies in the fact that, as seen in Sec. C.III.2, GAMP relies
on Gaussian approximations and the central limit theorem which are
valid approximations when the factors involve linear combination of the
system variables where the combination weights are of the same order.

A natural question that arises is the connection between GAMP and
BP messages. From Sec. C.II, BP messages are pdfs whereas GAMP mes-
sages are means and variances. Passing from GAMP to BP messages
is rather straightforward since one can replace the messsage means and
variances by the corresponding Gaussian pdf. Conversely, passing from
BP to GAMP messages is ensured through the computation of the means
and variances w.r.t. f in

xn
and fout

xn
since these two pdfs will depend on the

incoming BP messages. For mathematical details about such a connec-
tion, see [95, Sec. IV].

ExtensionsIII.4

In order to provide the reader with extensions of AMP, we shortly review
some of its variants.

AMP and GAMP depend on the knowledge of hyperparameters to
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compute their message means and variances, particularly the mean and
variances based on f in

xn
and fout

xn
. A well known framework for iterative

parameter estimation is expectation maximization (EM). It has been suc-
cessfully adapted to multiple instances of GAMP, named EM-GAMP to
estimate the noise variance, sparsity rates of the input signal or Gaussian
mixture weights [96]–[99].

Another version of AMP derived from EP with vector Gaussian mes-
sages was also considered. This vector AMP (VAMP) algorithm [100] has
been generalized as generalized VAMP (GVAMP) in [101] based on the
expectation consistent algorithm (similar to EP) [102].

Both GAMP and GVAMP were extended to the bilinear estimation
case [52], [103]–[108], i.e. considering that the measurement matrix A is
assumed to be random and must be estimated simultaneously with the
system random input x based on the system output y = y.

GAMP can also be applied to multi-layered, or nested, systems [109],
[110] that consist of a sequence of subsytems of the form Eq. C.5 where
the output of system ` is the input of system `+ 1.

Finally, work has been done to optimize some the operations of AMP
and VAMP using deep networks, e.g. [111], [112].
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D
HYBRID GENERALIZED APPROXIMATE

MESSAGE PASSING FOR AUDACE WITH

GROUP-HOMOGENEOUS ACTIVITY

INTRODUCTIONI

To improve efficiency and minimize economic losses, a key challenge in
large-scale industrial plants is rapid identification of faulty or degraded
machines. An increasingly popular approach is to place sensors with
wireless communication capability on as many machines as is economi-
cally feasible [113]. When a centralized access point sends a sync signal,
all sensors which detect faulty behavior of their machine then transmit
data to the access point.

An important challenge lies in the fact that each sensor only transmits
when it detects a fault. For applications with a relatively small number
of sensors, it would be reasonable to allocate distinct subcarriers to each
sensor, making the identification trivial since detecting a signal in a sub-
carrier would indicate which sensor is active. However, it will not be
the case when the—potentially very large—number of sensors that trans-
mit within a given frame can vary dramatically. It is therefore highly
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inefficient to allocate orthogonal resources for each sensor’s transmission
especially when sensors are inactive with a high probability. Doing so
would lead to high resource requirements, most of which is not utilized.
As a consequence, this scenario—known as random access—requires non-
orthogonal resource allocation (e.g., the same time-slots or subcarriers
are utilized by multiple sensors), often known as non-orthogonal multi-
ple access (NOMA) [25].

Another, less often accounted for, feature is that sensors on the same
or nearby machines often observe physical variables, such as the temper-
ature, that are similar. In particular, the observations by such sensors
are statistically correlated [56].

In order to transmit data, each sensor first transmits a pilot sequence
which provides a means of identifying active sensors (and hence faulty
machines) and estimating channels between the sensors and the access
point. There is presently a large body of work on sensor identification
and channel estimation in random access for uncorrelated sensors. For
example, a Bayesian estimation framework has been developed for the
user identification problem in [114], which attempts to identify the ac-
tive subset of sensors based on the posterior distribution informed by
observations at the access point.

Due to the nature of random access, active sensors typically form a
sparse subset of all sensors. As a consequence, the problem of channel
estimation has recently been attacked using compressed sensing, with
algorithms based on LASSO and OMP [115]–[117].

The problem of joint sensor identification and channel estimation in
random access based on NOMA has recently seen significant attention.
In [67], channel estimation is performed via a low complexity, but accu-
rate, variant of BP known as GAMP, with sensor identification obtained
through an ad hoc thresholding scheme. In [118], a GAMP-based sen-
sor identification and channel estimation algorithm has been proposed
for multi carrier communication systems, with activity probabilities es-
timated via expectation-maximization. In [119], expectation propagation
is used to address the joint active user detection and channel estimation
problem in a multi-user setup with inter-symbol interference introduced
by a faster-than-Nyquist signaling. While the correlation between the
symbols is considered, the activity of the users is assumed to be statisti-
cally independent. In [54], [99], [120], a systematic approach for the joint

60 D.I. Introduction �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



identification and channel estimation problem exploited a general frame-
work, known as the group-sparse model, where sensor activity—common
to all subcarriers—is treated as a latent variable. A GAMP-type method,
known as HGAMP, was then applied by exploiting the GS-HGAMP algo-
rithm in [95] tailored for the group-sparse model.

This existing work on joint identification and channel estimation has
largely focused on generic random access systems. For sensor networks
tailored to industrial fault detection, the probability a fault occurs is also
often dependent on physical variables, such as the temperature, for which
a noisy estimate may also be obtained at the access point. Indeed, when
the temperature deviates from standard operating levels, the probability
of a machine faults or degradation can increase. Such a scenario arises
in the context of semiconductor manufacturing [121]. As the access point
can locally measure the ambient temperature, this provides additional
information, which can potentially improve the performance of algorithms
for sensor identification and channel estimation.

In this chapter, we develop algorithms for sensor identification and
channel estimation in narrowband communication systems in presence
of fault probability, which depend on physical variables (such as the tem-
perature, which we will focus on in the remainder of the chapter) and
may be statistically correlated. The first step is to introduce a statistical
model relating observations at the access point (i.e., the ambient temper-
ature and received signal) to the channel, activity of each sensor, and
the probability each machine is faulty.

Based on our new model, we derive an identification and channel
estimation algorithm by exploiting GAMP. In particular, the model falls
into the framework of HGAMP [95]. The algorithm is obtained by devel-
oping a LBP algorithm for the model, and then applying GAMP for the
variables associated with the communication channel.

A key feature of the algorithm is that it explicitly accounts for uncer-
tainty and correlation in the probability sensors are active, as opposed
to existing approaches where the activity probability is fixed and sensor
transmissions are uncorrelated. In addition, our model accounts for the
impact of physical variables (such as temperature) on the probability of
a fault. We model the probability of a fault conditioned on temperature
observations at the access point via the beta distribution, a highly flexible
family of models. As such, we call the algorithm GHomA-HGAMP.
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Numerical results demonstrate that GHomA-HGAMP outperforms ex-
isting algorithms based on GAMP [91] and GS-HGAMP [95], [120]. In par-
ticular, GHomA-HGAMP outperforms these approaches by up to 5dB in
terms of the NMSE for channel estimation and for sensor identification,
the UER is approximately four times lower when the expected activity
probability is 0.35. Finally, unlike existing GAMP and GS-HGAMP algo-
rithms, GHomA-HGAMP yields a posteriori estimates of activity proba-
bilities. These estimates provide insight into the physical variables (e.g.,
temperature) at each machine that may be useful to detect degradation
without including measurements within the data transmission.

Main contributionsI.1

The main contributions in this work are summarized as follows:

1. We develop a new framework for wireless sensor networks for fault
detection, which incorporates knowledge of physical variables (e.g.,
temperature).

2. We introduce a new statistical model for device activity that allows
for correlated sensors, which generalizes the group-sparse model and
allows for features such as error-prone sensors.

3. We develop an algorithm within the HGAMP framework to estimate
the channel and identify active sensors.

4. We show via Monte Carlo simulations that significant performance
improvements can be obtained over existing algorithms in terms of
NMSE and UER.

OrganizationI.2

This chapter is organized as follows. In Sec. D.II, we introduce the
system model. We then derive in Sec. D.III new loopy belief propagation
and HGAMP algorithms tailored to our model. We assess and discuss
the performance of the new GHomA-HGAMP in Sec. D.IV. Finally, we
conclude and provide insights for future work in Sec. D.V.

SYSTEM MODEL AND PROBLEM FORMULATIONII

We consider a GFRA scenario based on Sec. B.II for a cellular wireless
network with N single-antennas UEs and 1 K-antennas AP.
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Figure D.1: Histogram of a Bernoulli-complex gaussian random variable.

Received signalII.1

Given the UE n is active, we assume that the fading coefficients hnk be-
tween this UE and the k-th access point’s antenna is Gaussian distributed
with mean µh and variance τh. When a UE is inactive, the fading coeffi-
cient is set to zero with probability one. The random signal received by
the AP reads

Y = PH+W = Z+W (D.1)

where we remember from Eq. B.10 that Z = XH in the particular case
X = P . The channel random coefficients are conditionnaly identically
and independently distributed (i.i.d.) given

∀(n, k) ∈ [N ]× [K], hnk | sn = s ∼

Dirac(0) if s = 0

CNorm(µh, τh) if s = 1
(D.2)
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and the noise is additive white gaussian with i.i.d. coefficients

∀(m, k) ∈ [M ]× [K], wmk ∼ CNorm(µw, τw) . (D.3)

The corresponding pdfs admit the factorizations

fH|s(H | s) =
N∏

n=1

K∏
k=1

fhnk|sn(hnk | sn) (D.4)

=
N∏

n=1

K∏
k=1

δ(hnk)
1−snCN (hnk;µh, τh)

sn (D.5)

and

fY|Z(Y | Z) =
M∏

m=1

K∏
k=1

fymk|zmk
(ymk | zmk) (D.6)

=
M∏

m=1

K∏
k=1

CN (ymk; zmk + µw, τw). (D.7)

Group homogeneous activity patternII.2

ModelII.2.a

As discussed in Sec. B.II.3.a, there is a need for modeling correlated
activity patterns which do not consists in (independent) group sparsity nor
multivariate bernoulli distributed activity pattern. We thus introduce a
new activity pattern model, named group homogeneous activity (GHomA)
pattern that is now described.

As for the independent GS model, the GHomA model assumes the UEs
spread over G ∈ N∗ independent groups where group g ∈ [G] contains the
UEs indexed by Gg ⊂ [G]. For a group g, the activity probability of the
state of the UE n ∈ Gg is assumed to be Bernoulli distributed as

sn | qg = qg ∼ Bern(qg) (D.8)

where qg is a common random variable describing the activity probability
of the UEs. We then have the Markov chains

∀g ∈ [G], qg → sg. (D.9)

64 D.II. System Model and Problem Formulation �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



0

2

4

f
(q

)

= 0.10, = 0.10 = 0.10, = 0.90 = 0.10, = 1.00 = 0.10, = 2.00 = 0.10, = 10.00

0

2

4

f
(q

)

= 0.90, = 0.10 = 0.90, = 0.90 = 0.90, = 1.00 = 0.90, = 2.00 = 0.90, = 10.00

0

2

4

f
(q

)

= 1.00, = 0.10 = 1.00, = 0.90 = 1.00, = 1.00 = 1.00, = 2.00 = 1.00, = 10.00

0

2

4

f
(q

)

= 2.00, = 0.10 = 2.00, = 0.90 = 2.00, = 1.00 = 2.00, = 2.00 = 2.00, = 10.00

0.0 0.5 1.0

q

0

2

4

f
(q

)

= 10.00, = 0.10

0.0 0.5 1.0

q

= 10.00, = 0.90

0.0 0.5 1.0

q

= 10.00, = 1.00

0.0 0.5 1.0

q

= 10.00, = 2.00

0.0 0.5 1.0

q

= 10.00, = 10.00

Figure D.2: Examples of probability density functions for the Beta distri-
bution.

We also assume that the entries of the random vector of the activity
probabilities q = [qg]

T
g∈[G] are mutually independent, and so are the groups,

and beta distributed as

∀g ∈ [G], qg ∼ Beta(αg, βg) with (αg, βg) ∈ R2
+,∗. (D.10)

The general form of the beta pdf is

fqg(q) = B(q;αg, βg) =
qαg−1(1− q)βg−1

B(αg, βg)
(D.11)

and has the following mean and variance

E[qg] =
α

α + β
, (D.12)

V[qg] =
αβ

(α + β)2(α + β + 1)
. (D.13)

The choice of the family of beta distributions is motivated by the
following remarks.
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• It is a continuous distribution.

• The support is [0, 1], which is ideal for modeling an activity probability.

• With only two parameters, it is possible to describe many types of
activity profiles with of some them depicted in Fig. D.2.

– When (αg, βg) ∈]0, 1[2, the beta pdf is ∪-shaped, concentrating the
activity probability about 0 and 1.

– When (αg, βg) ∈]1,+∞[2, the beta pdf is unimodal and concentrates
the activity probability about its mode.

– When αg = βg = 1 the pdf is that of the uniform distribution
Unif([0, 1]).

• When (αg, βg) ∈]0, 1[2 and αg + βg = 1, the expected activity probability
is E[qg] = αg.

The choice of the parameters α =
[
α1 . . . αG

]T
and β =

[
β1 . . . βG

]T
are assumed obtained based on some system considerations.

Activity correlationII.2.b

The correlation between any two states is

∀(n, n′) ∈ [N ]2, Cor[sn, sn′ ] =
E[snsn′ ]− E[sn]E[sn′ ]√

V[sn]V[sn′ ]
. (D.14)

For n = n′, it is obvious that Cor[sn, sn] = 1 and hence we assume in the
sequel that n 6= n′. Denote by gn (resp. gn′) the index of the group to which
belongs sn (resp. sn′). The expectation, variance and cross-expectation are
derived in the following.

Expectation We use the law of total expectation to compute the expected
state of UE n:

E[sn] = Eqgn
[Esn [sn | qgn ]] (D.15)

= Eqgn
[qgn ] (D.16)

=
αgn

αgn + βgn
. (D.17)
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Figure D.3: Correlation between two random activity states sn and sn′ of
the same group as stated in Eq. D.32.

Variance Building on Eq. D.17, we can derive the state variance as:

V[sn] = E
[
s2n
]
− E[sn]2 (D.18)

= Eqgn

[
Esn|qgn

[
s2n | qgn

]]
−
(

αgn

αgn + βgn

)2

(D.19)

= Eqgn
[qgn ]−

(
αgn

αgn + βgn

)2

(D.20)

=
αgn

αgn + βgn
−
(

αgn

αgn + βgn

)2

(D.21)

=
αgn

αgn + βgn

(
1− αgn

αgn + βgn

)
(D.22)

=
αgn

αgn + βgn

βgn
αgn + βgn

(D.23)

Cross-expectation To compute the cross-expectation between two states
sn and sn′ for n 6= n′ (otherwise the correlation is 1), once again we use

� D.II. System Model and Problem Formulation 67

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



the law of total expectations

E[snsn′ ] = Eq

[
Esn,sn′ |q[snsn′ | q]

]
(D.24)

where the conditionning is done w.r.t. the random vector q. Since the
states only depends on the group they belong to, we write

E[snsn′ ] = Eqgn ,qgn′

[
Esn|qn [sn | qgn ]Esn′ |qn′

[
sn′ | qgn′

]]
(D.25)

= E
[
qgnqgn′

]
. (D.26)

If gn 6= gn′ , the groups are independent and so we can separate the
expectation into

E[snsn′ ] = E
[
qgn′
]
E
[
qgn′
]

(D.27)

and write otherwise

E[snsn′ ] = E
[
q2g
]

(D.28)

which, after using Eqs. (D.12), (D.13), (D.17) and (D.23), summarizes as

E[snsn′ ] =


αgn

αgn+βgn

αgn′
αgn′+βgn′

if gn 6= gn′

αgβg

(αg+βg)2(αg+βg+1)
+
(

αg

αg+βg

)2
if gn = gn′ = g

. (D.29)

Correlation The correlation finally reads

Cor[sn, sn′ ] =
E[snsn′ ]− αgn

αgn+βgn

αgn′
αgn′+βgn′√

αgn

αgn+βgn

βgn

αgn+βgn

αgn′
αgn′+βgn′

βgn′
αgn′+βgn′

(D.30)

=


1 if n = n′

0 if gn 6= gn′
αgβg

(αg+βg)2(αg+βg+1)

αg
αg+βg

βg
αg+βg

if gn = gn′ = g

(D.31)

=


1 if n = n′

0 if gn 6= gn′

1
αg+βg+1

if gn = gn′ = g

. (D.32)
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When (αg, βg) → (0, 0), it is clear from Eq. D.32 and Fig. D.3 that
Cor[sn, sn′ ] → 1 i.e. the correlation is maximal. The explanation lies
in the interpretation of αg and βg as concentrations about 1 and 0 when
(αg, βg) ∈]0, 1[2; when they simulaneously tends to 0, the infinite branches
of the beta pdf approach their vertical asymptote (∪ (α,β)→(0,0)−−−−−−−→ t), allow-
ing to interprete αg as the probability of a UE’s state to be active and βg
the probability to be inactive (see Fig. D.2). Hence, the UEs may either
be all active or inactive together.

On the contrary, when αg → +∞, the pdf concentrates about its mode
m (βg > 1) or approaches the right asymptote (0 < βg < 1). Symetri-
cally, when βg → +∞, the pdf concentrates about its mode (αg > 1) or
approaches the left asymptote (0 < αg < 1). The consequence is that the
activity probability tends to a unique value q̄ and the states of the UEs
belonging to the same group may be seen as i.i.d. Bern(q̄).

These two remarks lead to the following result that the GHomA model
generalizes the independent GS one.

Active user detection and channel estimationII.3

The focus of the remainder of this chapter is to develop algorithms to
identify active UEs and estimate the channel coefficients, namely the joint
AUDaCE problem. It is stated in its general form in Sec. B.IV and is
now reformulated to account for the GHomA model of Sec. D.II.2. The
joint MMSE estimator is

s?,H? = E[[s,H ] | Y ]

=

∫
CN×K

∑
s∈{0,1}N

[s,H ]fs,H|Y(s,H | Y )dH . (D.33)

where the joint posterior pdf is

fs,H|Y(s,H | Y ) =

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dq∫
CN×K

∑
s∈{0,1}N

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dqdH
.

(D.34)

Different from Eq. B.55, Eq. D.34 includes the additional marginaliza-
tion w.r.t. the activity probability random vector q allowing to explicitly
introduce the GHomA model. The complexity of this estimator remains
prohibitive to be computed as is so that, building on Chap. C, we introduce
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Figure D.4: Underlying factor graph of GHomA-HGAMP.

a LBP and HGAMP algorithms in Sec. D.III.

ALGORITHMS FOR THE AUDACE PROBLEM WITH GHOMAIII

In this section, we derive algorithms for the MMSE-based AUDaCE prob-
lem (D.33). We first start by writing the LBP algorithm for the system
model derived in Sec. D.II. We then develop an algorithm within the
HGAMP framework called GHomA-HGAMP from LBP to reduce the
complexity of the algorithm with limited loss in performance.

Loopy belief propagation approachIII.1

From Sec. C.II, LBP is an algorithm which aims at solving inference
problems in a systematic fashion by exploiting the structure of the joint
density of the system variables. The idea is to factorize this joint density
into multiple subfactors, each depending on a subset of the system vari-
ables. It is then possible to build the factor graph corresponding to the
factorization that will be used to build the instance of LBP

From Sec. D.II, the system variables are the entries of q, s,H and Y.
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Noting that they form the following Markov chain

q→ s→ H→ Y, (D.35)

we can write their joint density as

fY,H,s,q(Y ,H , s, q) =fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q) (D.36)

where each term can be factorized as

fY|H(Y |H) =
K∏
k=1

M∏
m=1

fymk|xn(ymk | xn), (D.37a)

fH|s(H | s) =
K∏
k=1

N∏
n=1

fxnk|sn(xnk | sn), (D.37b)

Ps|q(s | q) =
G∏

g=1

∏
n∈Gg

Psn|qg(sn | qg), (D.37c)

fq(q) =
G∏

g=1

fqg(qg), (D.37d)

which follow from the description in Sec. D.II. The factor graph is detailed
in Fig. D.4 where the factor nodes, the variable nodes and the edges
between them are deduced from (D.36) and (D.37) using the rules in
Sec. C.II.

LBP provides a means of approximating the solution to Eq. D.33. In
order to develop the algorithm for the model in Sec. D.II, observe that

fH|Y(H | Y ) =

∑
s

∫
[0,1]G

fY,H,s,q(Y ,H , s, q)dq
fY(Y )

, (D.38a)

Ps|Y(s | Y ) =

∫
CN×K

∫
[0,1]G

fY,H,s,q(Y ,H , s, q)dqdH
fY(Y )

, (D.38b)

fq|Y(q | Y ) =

∫ ∑
s fY,H,s,q(Y ,H , s, q)dH

fY(Y )
. (D.38c)

The messages exchanged by LBP tailored to Eqs. (D.33), (D.36) and (D.37)
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are described in Tab. D.1 and lead to the beliefs

B
xnk

(x) = M
fxnk|sn

→xnk
(x)

∏
m∈[M ]

M
fymk|xk

→xnk
(x), (D.39a)

B
sn

(s) = M
fxnk|sn

→sn

(s) M
fsn|qgn

→sn

(s) (D.39b)

B
qg

(q) = M
fqg→qg

(q)
∏
n∈Gg

M
fsn|qg→qg

(q) (D.39c)

and LBP estimates

ĥink = E
[
hnk;B

hnk

]
, (D.40a)

ŝin = 1

(
logB

sn

(1) > logB
sn

(0)

)
. (D.40b)

q̂ig = E
[
qg;B

qg

]
. (D.40c)

at iteration i.

Remark This instance of LBP gives the opportunity to estimate the a
posteriori group activity probabilities with {q̂ig}g∈[G] as a byproduct of the
joint AUDaCE. However, the focus will not be given to the quality of
these estimates and so will be left for future work.

GHomA-HGAMP algorithmIII.2

LBP still suffers from the intractability of the computation of the messages
exchanged in the dense part of the factor graph. Indeed, one can see in
Tab. D.1 that the integrals required to compute the messages M

fymk|xk
→xnk

are

high dimensional, which means that LBP still has a very high complexity.
From Sec. C.III.2, this issue can be addressed by GAMP from which

we recall the gaussian approximation

M
fhnk|sn

←xnk

(h) ' CN (h; r̂ink, τ̂
i,r
nk ) (D.41)

where r̂ink and τ̂ i,rnk are mean and variance variables iteratively updated
by GAMP. This approximation is made possible by using the underlying
linear mixing structure PH under a large system limit assumptions i.e.
when both M and N are very large and the coefficients of the preamble
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Factor Variable Factor → Variable

Factor ← Variable

fymk|hk hnk
M

fymk|hk
→hnk

(hnk) ∝
∫
CN−1

fymk|hk(ymk | h:k)

 ∏
n′∈[N ]\{n}

M
fy

m′k|hk
←h

n′k
(hn′k)dhn′k


M

fymk|hk
←hnk

(hnk) ∝ M
fhnk|sn

→hnk

(hnk)
∏

m′∈[M ]\{m}

M
fymk|hk

→hnk

(hnk)

fhnk|sn hnk
M

fhnk|sn
→hnk

(hnk) ∝
1∑

s=0

fhnk|sn(hnk | s) M
fhnk|sn

←sn

(s)

M
fhnk|sn

←hnk

(hnk) ∝
M∏

m=1

M
fymk|hk

→hnk

(hnk)

fhnk|sn sn
M

fhnk|sn
→sn

(sn) ∝
∫
C
fhnk|sn(h | sn) M

fhnk|sn
←hnk

(h)dh

M
fhnk|sn

←sn

(sn) ∝ M
Psn|qg→sn

(sn)
∏

k′∈[K]\{k}

M
fh

nk′ |sn
→sn

(sn)

Psn|qg sn
M

Psn|qg→sn

(sn) ∝
∫ 1

0

Psn|qg(sn | q) M
Psn|qg←qg

(q)dq

M
Psn|qg←sn

(sn) ∝
K∏

k=1

M
fhnk|sn

→sn

(sn)

Psn|qg qg
M

Psn|qg→qg

(qg) ∝
∑
s

Psn|qg(s | qg) M
Psn|qg←sn

(s)

M
Psn|qg←qg

(qg) ∝ M
fqn→qg

(qg)
∏

n′∈Gg\{n}

M
Ps

n′ |qg
→qg

(qg)

fqn qg
M

fqn→qg

(qg) ∝ fqg (qg)

M
fqn←qg

(qg) ∝
∏

n∈Gg

M
Psn|qg→qg

(qg)

Table D.1: Belief propagation messages for the factor graph induced by
the joint density (D.36) and the factorizations (D.37).

matrix P scale as O(1/N).
Following the approach in [95], [120], this approximation is then prop-

agated successively in the messages of Tab. D.1, leading to the derivation
of an HGAMP algorithm, namely GHomA-HGAMP where the estimates
x̂ink, ŝin and q̂ig are computed from D.40. The full derivation given in
Sec. G.IV leads to the complete GHomA-HGAMP algorithm given in
Algo. D.1.

Interpretations and connections of the algorithm’s steps with the factor
graph are made in the following lines

• Lines 8 – 19: The updates of the mean variables p̂imk, ẑimk, ûimk, r̂imk and
their associated variances may be seen as messages sent by the factor
nodes associated to fymk|zmk

to the variable nodes hnk.
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Algorithm D.1 GHomA-HGAMP
Description: GHomA-HGAMP consists into two parts. The red lines cor-
responds to the updates of the GAMP variables for estimating the chan-
nel and the blue lines corresponds to the updates of the pattern vari-
ables with BP. Estimates of the system variables are given in yellow.

1 input: Y ,P , µh, τh, τw, Imax

2 init:
3 i = 0

4 ∀(n, k) ∈ [N ]× [K] ĥi
nk = µh, τ̂ ih,nk = τh

5 ∀(m, k) ∈ [N ]× [K] ûi
mk = 0

6 end

7 for i ∈ [Imax] do:

8 for (m, k) ∈ [M ]× [K] do:

9 τ̂ ip,mk =
∑N

n=1 |pmn|2 τ̂ i−1
h,nk

10 p̂imk =
∑N

n=1 pmnĥ
i−1
nk − τ̂ ip,mkû

i−1
mk

11 τ̂ iz,mk = τwτ̂
i
p,mk/(τ̂

i
p,mk + τw)

12 ẑimk = p̂imk + τ̂ ip,mk(ymk − p̂imk)/(τ̂
i
p,mk + τw)

13 τ̂ iu,mk = (1− τ̂ iz,mk)/(τ̂
i
p,mk)

2

14 ûi
mk = (ẑimk − p̂imk)/τ̂

i
p,mk

15 end

16 for (n, k) ∈ [N ]× [K] do:

17 τ̂ ir,nk = (
∑M

m=1 |pmn|2 τ̂ iu,mk)
−1

18 r̂ink = ĥi−1
nk + τ̂ ir,nk

∑M
m=1 pmnû

i
mk

19 end

20 for g ∈ [G] do:

21 for n ∈ Gg do:

22 φ0,n =
∏K

k=1 CN (0; r̂ink, τ̂
i
r,nk)

23 φ1,n =
∏K

k=1 CN (0; r̂ink − µh, τ̂
i
r,nk + τh)

24 q̂ig,n =

∫
[0,1]

qfqg (q)
∏

n′∈Gg\{n}
[
(1−q)φ0,n′+qφ1,n′

]
dq∫

[0,1]
fqg (q)

∏
n′∈Gg\{n}

[
(1−q)φ0,n′+qφ1,n′

]
dq

25 LLRn = log
(

q̂ig,n
(1−q̂ig,n)

φ1,n

φ0,n

)
26 ŝin = 1(LLRn > 0)

27 γn = (1 + exp(−LLRn))
−1

28 end

29 q̂ig =

∫
[0,1]

qfqg (q)
∏

n′∈Gg

[
(1−q)φ0,n′+qφ1,n′

]
dq∫

[0,1]
fqg (q)

∏
n′∈Gg

[
(1−q)φ0,n′+qφ1,n′

]
dq

30 end

31 for (n, k) ∈ [N ]× [K] do:

32 κnk = (1/τh + 1/τ̂ ir,nk)
−1

33 νnk = µh/τh + r̂ink/τ̂
i
r,nk

34 ĥi
nk = γnκnkνnk

35 τ̂ ih,nk = γn(κnk + |κnkνnk|2)−
∣∣∣ĥi

nk

∣∣∣2
36 end

37 end

1

• Lines 20 – 30: These lines correspond to the portion of the factor graph
where BP is applied. First, φ0,n and φ1,n represent likelihoods that
the variables hnk are active and inactive given Y and q̂ig,n estimates the
group activity probability without the information of UE n, i.e. without
the state information provided by φ0,n and φ1,n. ŝin then estimates the
states of the UEs computed based on the log-likelood ratios. Finally,
q̂ig is the local estimate of the group activity probability, accounting for
the state information of all the UEs in the group.

• Lines 31 – 37: Estimates of the channel coefficient ĥink are updated here,
which corresponds to the layer of variable nodes hnk. Note that the
final estimates ĥink will be set to 0 if the corresponding ŝin is 0 and left
untouched otherwise.
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Method Complexity

GAMP (modified) [91] O(MNK +NK)
GS-HGAMP [95] O(MNK +NK)
GHomA-HGAMP (Monte-Carlo) O(MNK +NK +NS)

GHomA-HGAMP (moments) O(MNK +NK +
∑G

g=1 U
2
g )

Table D.2: Complexity comparisons

To the best of our knowledge, Algo. D.1 is the first HGAMP algorithm re-
lying on the activity probability vector q. By viewing q as latent variables,
it is possible to incorporate correlation in the activity of the sensors.

Complexity analysisIII.3

We briefly address the complexity of the proposed GHomA-HGAMP algo-
rithm. It is clear that lines 7 to 19 requires O(MNK) floating operations
(multiplications and divisions) and lines 31 to 37 O(NK) operations,
which overall gives an order of O(MNK) operations.

The complexity bottleneck appears from lines 20 to 29 with the com-
putation of the estimates q̂ig,n and q̂ig, which requires the evaluation of
high-dimensional integrals.

One could use Monte-Carlo integration techniques to approximate the
4 integrals (2 for the numerators and 2 for the denominators). To this
end, consider that S samples {qg,j}j∈[S] are drawn (offline) for each of the
G beta distributions. Then,

q̂ig,n ≈
∑S

j=1 qg,j
∏

n′∈Gg\{n} [(1− qg,j)φ0,n′ + qg,jφ1,n′ ]∑S
j=1

∏
n′∈Gg\{n} [(1− qg,j)φ0,n′ + qg,jφ1,n′ ]

(D.42)

q̂ig ≈
∑S

j=1 qg,j
∏

n′∈Gg
[(1− qg,j)φ0,n′ + qg,jφ1,n′ ]∑S

j=1

∏
n′∈Gg

[(1− qg,j)φ0,n′ + qg,jφ1,n′ ]
(D.43)

where each fraction requires O(SUg) operations.

Another way of seing this calculation resorts to the following com-
putational trick to reduce the complexity of the integration. Observe that
the integrands are polynomials in the mute variable q weighted by the
density fqg(q). After developing each polynomial, it is thus possible to
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write

q̂ig =

∑Ug+1
j=0 πjE

[
qjg
]∑Ug

j=0$jE
[
q
j
g

] and q̂ig,n =

∑Ug

j=0 πn,jE
[
qjg
]∑Ug−1

j=0 $n,jE
[
q
j
g

] (D.44)

where the polynomial coefficients are obtained from

Pg(q) = q
∏
n∈Gg

[(1− q)ψ0,n + qψ1,n] =
S+1∑
j=0

πjq
j (D.45a)

Qg(q) =
∏
n∈Gg

[(1− q)ψ0,n + qψ1,n] =

Ug∑
j=0

$jq
j (D.45b)

Pg,n(q) = q
∏

n′∈Gg\{n}

[(1− q)ψ0,n′ + qψ1,n′ ] =

Ug∑
j=0

πn,jq
j (D.45c)

Qg,n(q) =
∏

n′∈Gg\{n}

[(1− q)ψ0,n′ + qψ1,n′ ] =

Ug−1∑
j=0

$n,jq
j (D.45d)

Since the polynomials’ coefficients {πj}, {$j}, {πn,j}, {$n,j} depends on
the intermediate variables {ψ0,n} and {ψ1,n}, they cannot be computed
offline. Each set of coefficients are computed using a recursive algo-
rithm1 with at most O(U2

g ) operations from the corresponding roots of
the polynomials. Since the computation of the moments E

[
qjg
]
may be

computed offline and so are assumed to be of constant complexity O(1),
the estimates can be computed in O(U2

g ) operations.
Hence, using Monte-Carlo integration, the computational complexity

of lines 20 to 30 is

O(NK +
G∑

g=1

SUg) = O(NK + S
G∑

g=1

Ug) = O(NK + SN) (D.46)

and that of the moment-based method grants

O(NK +
G∑

g=1

U2
g ) = O(NK +

G∑
g=1

U2
g ). (D.47)

1For a polynomial P (X) =
∑S

i=0 aiX
i =

∏S
i=1(X − ri), identify, for I ∈ [S], the

coefficients of each side of the recursion PI+1(X) = PI(X)(X − rI+1) where PI(X) =∏I
i=1(X − rj).
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Figure D.5: Example of the underlying factor graphs of the modified
GAMP, GS-HGAMP and GHomA-HGAMP

If we compare the Monte-Carlo and this moment-based method, the esti-
mation costs have similar expressions but very different scale. It is well
known that Monte-Carlo approximations converges with

√
S, which might

slow down the estimation process, resulting in a required large sample size
S. It is then likely that S � Ug and so O(NK+SN)� O(NK+

∑G
g=1 U

2
g )

which therefore motivates the use of the moment-based method. It is
worth noting that Ug would remain relatively small in the context of
large-scale industrial plant where it is the number G of machines that
would increase.

Finally, summing over each block leads to an overall complexity of

O(NMK +NK +NS) (Monte-Carlo) (D.48a)

O(NMK +NK +
G∑

g=1

U2
g ) (moments-based) (D.48b)

where the blue term is for GAMP and the red terms are for BP.
A complexity comparison with respect to GAMP and GS-HGAMP is

provided in Tab. D.2.

NUMERICAL RESULTSIV

FrameworkIV.1

In particular, the numerical study compares the following algorithms
whose the corresponding factor graphs are shown in Fig. D.5:
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Modified GAMP This algorithm corresponds to Sec. C.III.2 but was slightly
modified so that it can also perform activity detection. To do so, we
have considered a GAMP algorithm with Bernoulli-Gaussian prior for
the channel coefficients (see e.g. [118]) so that

fH(H) =
∏
n∈[N ]

∏
k∈[K]

(1− qn)δ(hnk) + qnCN (hnk;µh, τh) (D.49)

where the weights {qn}n∈[N ] ∈ [0, 1]N control the sparsity rate. For the pur-
pose of the simulations, those weights will be identified to the parameters
{αg}g ∈ [G] of the beta distributions, assuming that they verify

αg + βg = 1 (D.50)

which allows to inteprete αg as the average activity probability of UE
n ∈ Gg. Similar to Eq. apx.103, we then define log-likelihood ratios for
this GAMP as

LLRn = logαg + logφ0,n − log βg − logφ1,n (D.51)

that will be used for activity detection. Note that this modified GAMP
does not account for any activity correlation.

GS-HGAMP It was introduced in [95] and addresses the AUDaCE problem
with the assumption of group activity, i.e. that the UEs belonging to the
same group are either all active or all inactive. Hence this GS-HGAMP
will perform AUDaCE by detecting the UEs by groups and estimating the
channel coefficients accordingly. This algorithm thus assumes maximum
correlation regarding the states of the UEs. For the simulations, the
activity probability of the group g will be identified to

qg = αg (D.52)

GHomA-HGAMP It is the algorithm introduced in this chapter. It is briefly
reminded that the HGAMP algorithm tailored to the GHomA model intro-
duces correlation at the level of the activity probabilities and not directly
at the level of the states. Also, the activity probability of UEs belonging
to the same group is assumed to follow a beta distribution

qg ∼ Beta(αg, 1− αg) (D.53)
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Algorithm D.2 Transmission Protocol

1
step 0 (Downlink): Sync signal sent by the access point to indicate the beginning
of a frame.

2
step 1 (Local at Devices): The sensor on each machine detects whether or not
the machine is faulty.

3 step 2 (Uplink): Sensors on faulty machines transmit pilot sequences.

4

step 3 (Local at Access Point): The access point locally measures the room
temperature, then performs identification of active sensors and estimates of
channel coefficients.

5 step 4 (Uplink): Sensors on faulty machines transmit data.

for the simulations, leading to the state correlation Eq. D.32.

IIoT scenarioIV.2

A typical scenario involving GHomA is IIoT. Consider an industrial plant
consisting of G machines (= groups), each monitored via U sensors (=
UEs) equipped with a single antenna and utilizing a single subcarrier. The
total number of sensors is then N = GU . The sensors seek to transmit
information about the state of the machines they are watching, e.g. faulty
behavior, to an AP equipped with K antennas.

For many industrial processes, the machine states are temperature
dependent: when the local temperature of a machine is outside a partic-
ular range, a machine is very likely to experience a faulty behavior. The
probability of a fault thus depends on the temperature of the machine.
When a fault occurs, the sensors monitoring the machine wake up and
must inform the AP of the faulty state as soon as possible. This scenario
arises, for example, in semiconductor manufacturing [121]. Other physi-
cal variables, such as pressure or light intensity, may also have a similar
impact on faults. For the purpose of exposition, we focus on temperature
although our framework can also be applied to these alternative variables.

A typical communication protocol between the sensors and the AP is
given in Algo. D.2. In Step 0, the access point broadcasts a sync signal
to all sensors, which indicates the beginning of a frame. At this time,
each sensor detects whether or not the corresponding machine is faulty as
detailed in Step 1. In Step 2, each active sensor n transmits its preamble
pn using a GFRA procedure. In Step 3, the access point observes the
signal Eq. D.1 and performs active user detection in Step 4, as well as
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Figure D.6: Industrial IoT with group homogeneous activity.

channel estimation, namely AUDaCE.
Based on the AUDaCE outcomes, the AP is able to

1. identify faulty machines;

2. immediately send back control signaling to the sensors in a reliable
way based on the channel estimation assuming reciprocity between
UL and DL channels.

Let Tg ∈]−273.15,+∞[ be the temperature of machine g ∈ [G] in degrees
Celsius. We assume that probability that group g is faulty, denoted by
qg, is defined by the function Θg : Tg 7→ qg. Hence, each sensors on
this machine will share the same activity probability, inducing a GHomA
correlation in their activity as in Sec. D.II.2.b. In practice, the relationship
between Tg and qg is obtained via empirical tests at the design phase of
machine g.

On the other hand, the AP does not have direct access to measure-
ments of the temperature within machine g. Instead, as detailed in Step
3, the access point can only measure the room temperature locally, de-
noted by T0. The (possibly random) temperature, T0, measured at the
access point and the temperature, Tg, at group g are not in general the
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Parameter Description Value

IMC # of Monte-Carlo iterations 1000
Imax # of GAMP or HGAMP iterations 100
G # of machines 64
U # of sensors per machine 4
N # of sensors 256
M preamble length 128
K # of antennas 2
P Normalized gaussian N/A
T0 Temperature at the AP {26.5, 27.5, 28.5, 29.5}°C

α(T0) Beta distribution’s parameter {0.15, 0.25, 0.35, 0.45}
β(T0) {0.85, 0.75, 0.65, 0.55}

Table D.3: Simulation settings

same, but are statistically dependent. Hence, we may write

qg = Θg(Tg(T0)) (D.54)

and

qg|T0 = T0 ∼ Beta(αg(T0), βg(T0)), (D.55)

with parameters αg(T0), βg(T0), which depend on the temperature T0 = T0
observed by the access point. The motivations for modeling the activity
probabilities were given in Sec. D.II.2.a. Note that the precise functional
form of αg(T0), βg(T0) depends on the function Θg and the statistical
dependence between T0 and Tg(T0), which is established during the design
phase of the plant.

SettingsIV.3

We assess the performances of GAMP, GS-HGAMP and GHomA-HGAMP
through extensive Monte-Carlo simulations. As a baseline, GS-HGAMP
is evaluated with a machine-based and sensor-based modes consisting in
the following:

1. the machine-based mode performs active sensor detection taking into
account the underlying group structure induced by the machines;

2. the sensor-based mode performs individual detection ignoring the group
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structure; i.e., each sensor is assumed to be independent from the other
sensors on the same machine. In practice, this means that the number
of groups B is assumed to be equal to the number of sensors N (and
so S = 1).

Performance is assessed in terms of the NMSE and UER (see Sec. B.IV.2),
approximated by:

NMSE[X̂,X]dB ≈ 10 log10

 1

IMC

IMC∑
i=1

∥∥∥X̂ i −X i

∥∥∥2
2

‖X i‖22

 , (D.56)

UER[ŝ, s] ≈ 1

IMC

IMC∑
i=1

1

N

N∑
n=1

1(ŝin 6= sn). (D.57)

In particular, the NMSE is a good indicator to assess the ability of the
AP to reliably send back the control data to the sensors while the UER
provides a means to investigate the impact of the communication system
on the ability of the AP to correctly identify faults.

The corresponding results are given in Figs. D.7 to D.10. These figures
have been obtained using the settings described in Tab. D.3 where the
parameters of the beta distribution are computed using

α(T0) =
|T0 − 25|

10
and β(T0) = 1− α(T0) (D.58)

meaning that the more T0 deviates from 25°C, the larger the value of
α(T0), the larger the fault probability, and the number of active sensors
during the transmission time slot.

DiscussionIV.4

As noted in Chap. C, convergence guarantees of LBP and HGAMP are
not necessarily available. With the aid of damped updates for the GAMP
and HGAMP algorithms, the results obtained in Figs. D.7 and D.10 were
stable without observing divergence after extensive simulations.

UER and NMSEIV.4.a

Observe from Fig. D.7 that GHomA-HGAMP outperforms the modified
GAMP and GS-HGAMP. The same order is observed for the UER on
Fig. D.10. As the average activity probability α(T0) increases, the perfor-
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mance differences between the algorithms also increase. In more detail:

• Figures D.7 to D.10 (a), α(T0) = 0.15: GAMP, GS-HGAMP (sensor-
based) and GHomA-HGAMP have a similar NMSE. In terms of FAR,
MDR and UER, GHomA-HGAMP and the modified GAMP have nearly
the same performance.

• Figures D.7 to D.10 (b), α(T0) = 0.25: GHomA-HGAMP and the modi-
fied GAMP have the lowest NMSE, whereas GS-HGAMP has a sig-
nificant performance degradation with a 22dB gap. The UER for
GHomA-HGAMP and the the modified GAMP are comparable.

• Figures D.7 to D.10 (c), α(T0) = 0.35: each algorithm has a reduction
of approximately 10dB at a SNR of 20dB in the NMSE for the channel
estimate compared with the case of α(T0) = 0.25. The biggest loss
is observed for the modified GAMP with a decrease of around 14dB
leaving GHomA-HGAMP to have the best performance. For the UER,
two orders of magnitude have been lost for GHomA-HGAMP and the
modified GAMP with about a factor 2 to 3 difference between them.

• Figures D.7 to D.10 (d), α(T0) = 0.45: there is a significant degradation
in the NMSE and UER for all algorithms due to, on average, a larger
number of active devices.

From these observations, we see that GHomA-HGAMP outperforms
existing methods for the model described in Sec. D.II. We also observe
that despite incorporating some information about the positions of the
sensors, GS-HGAMP has poor performance even compared with the mod-
ified GAMP. This is due to the fact that the individual behavior of each
sensor cannot be accounted for.

However, the modified GAMP does not exploit the prior information
of shared activity probability among groups, unlike GHomA-HGAMP.
Hence, for larger average activity probability α(T0), the probability to
have multiple sensors of the same group to be active at the same time is
also larger. This information is leveraged by GHomA-HGAMP in order
to perform a joint detection for sensors belonging to the same group. In
contrast, the modified GAMP does not use this information and performs
independent detection for those sensors.

These explanations justify the UER of each algorithm and also the
values of the NMSE. Indeed, detection errors have a direct consequence
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on the channel estimates. When a sensor is detected to be inactive, the
corresponding channel estimates will be set to zero. Since GS-HGAMP
is subject to a large number of detection errors because of the block de-
tection, a large number of channel estimates will be zero, significantly
increasing the errors in channel estimates and, at the same time, degrad-
ing the NMSE. The same reasoning applies to the modified GAMP and
GHomA-HGAMP, with a weaker impact of the NMSE.

Finally, the performance degradation observed at α(T0) = 0.45 is ex-
plained by the potentially large number of devices which might be active
relatively to the length of the preambles. As a rule of thumb, an av-
erage of 45% of the sensors are active over each transmission meaning
that some transmissions may have more sensors active than the length
of the preambles. Note that considering larger values of M (i.e., longer
preambles) will prevent such an issue.

CONCLUSIONV

This chapter investigates the AUDaCE problem in the context of GFRA
with under a GHomA pattern model. Such a pattern model is shown to
generalize the independent group-sparsity activity with the introduction of
common latent variables associated with homogeneous activity probilities
for each group of UEs.

By means of Monte-Carlo simulations, it is shown that accounting
for GHomA with a dedicated HGAMP algorithm leads to significant im-
provements in both the activity detection and channel estimation w.r.t.
when a GS-HGAMP is used.

Motivated by these results, it is natural to push further this study
by considering more general and more flexible models of the activity
pattern. Indeed, although GHomA generalizes group-sparsity models, it
is still limited to latent variables per group, not per UE. More precisely,
the correlation between two activity states of the same group only depends
on this group (see Eq. D.32).

Hence, being able to cope with more heterogeneous models is an
interesting step forward that we are going to take in Chap. E.
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20 40 60 80 100

iteration

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

SNR [dB]

GAMP

0.0

5.0

10.0

15.0

20.0

GS-HGAMP

0.0

5.0

10.0

15.0

20.0

GHOMA-HGAMP

0.0

5.0

10.0

15.0

20.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

SNR [dB]

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

Iteration

GAMP

1

34

67

100

GS-HGAMP

1

34

67

100

GHOMA-HGAMP

1

34

67

100

(b) α = 0.25
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(c) α = 0.35
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(d) α = 0.45
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Figure D.7: NMSE for the channel estimation of GHomA-HGAMP against
different GAMP-based algorithms w.r.t. to the number of iterations and
the SNR.
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(a) α = 0.15
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(b) α = 0.25
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Figure D.8: FAR for the channel estimation of GHomA-HGAMP against
different GAMP-based algorithms w.r.t. to the number of iterations and
the SNR.
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Figure D.9: MDR for the channel estimation of GHomA-HGAMP against
different GAMP-based algorithms w.r.t. to the number of iterations and
the SNR.
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Figure D.10: UER for the channel estimation of GHomA-HGAMP against
different GAMP-based algorithms w.r.t. to the number of iterations and
the SNR.
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E
HYBRID GENERALIZED APPROXIMATE

MESSAGE PASSING FOR AUDACE WITH

CORRELATED GROUP HETEROGENEOUS

ACTIVITY

INTRODUCTIONI

In Chap. D, AUDaCE for GFRA was studied under the GHomA model
of Sec. D.II.2. This is suited for scenarios involving wireless networks
where UEs are spread over multiple groups within a cell. Within a
group, the UEs share the same probability to be active, assuming some
sort of homogeneity between them. The validity of this assumption highly
depends on the system considered. For instance, back to the IIoT scenario
of Sec. D.IV.2, if each machine is equiped with sensors of the same
quality, it may be reasonable to consider a GHomA pattern. However,
at some point, a part of the sensors may break and will be replaced
by others with the same applicative features. If the new sensors were
fabricated with cheaper components, the homogeneity of the group would
no longer hold since the sensors capability to detect the machine faults
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would not be the same. Such heterogeneity in the detection would lead
to heterogeneous activity states that cannot be properly captured by the
GHomA model.

However, modeling statistically dependent states in a flexible way is
a difficult task since the variables are discrete. In the literature, the
theory of copula is known to have been successfully leveraged for devel-
oping models where complicated statistical dependence arises. Originally,
copula-based models are used in the finance, economic or insurance fields
[122]. In the field of telecommunications, copula are popular in radar
analysis [123], interference modeling for IoT wireless networks [124] or
for heterogeneous data recovery from distributed wireless sensor networks
[125].

Hence we develop in this chapter a new model accounting for GHetA
pattern. Different from Chap. D, this is achieved by applying the copula
theory to the vector of latent activity probability random variables in order
to propose a general model allowing for flexible design in the dependence
structure of the UEs’ activity pattern.

The joint AUDaCE problem is then formulated under this new prior
information of heterogeneous and statistically dependent probabilities of
activity. Similarly to Chap. D, a GHetA-HGAMP algorithm fitting this
new model is developped.

It is then benchmarked against the other GAMP-based algorithms
and GHomA-HGAMP with extensive Monte-Carlo simulations, in differ-
ent activity correlation regimes. The results show the flexibility and the
gains of using a tailored HGAMP to GHetA-based GFRA for AUDaCE
compared to existing GAMP, GS-HGAMP and GHomA-HGAMP. Also, a
numerical study of the robustness of GHetA-HGAMP to mismatched cor-
relation is performed, spotlighting the importance of accurately knowing
a true high activity correlation to improve the detection and estimation
capability of the algorithm.

ContributionsI.1

The contributions of this chapter are summarized as follows:

1. The system model of Sec. D.II is generalized to consider group hetero-
geneous activity pattern leveraging the copula theory.

2. The corresponding activity correlation is semi-analytically derived.
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3. An instance of LBP is derived to address the joint AUDaCE problem.

4. This instance is approximated within the framework of HGAMP by
deriving a tailored GHetA-HGAMP algorithm.

5. GHetA-HGAMP is numerically evaluated and proved its superiority
for AUDaCE in all the studied scenarios against GHomA-HGAMP,
GS-HGAMP and GAMP.

6. It is also shown that GHetA-HGAMP is robust to mismatched correla-
tion in the low activity correlation regime and less robust in the high
correlation regime.

OrganizationI.2

In Sec. E.II, the system model as well as the new GHetA activity pattern
are described for this chapter. The next Sec. E.III tailors the HGAMP
framework to the new GHetA-based AUDaCE problem. The performances
are analyzed in Sec. E.IV and compared to others GAMP-based methods.
The chapter is concluded in Sec. E.V.

SYSTEM MODELII

We introduce in this section the system model based on Sec. B.II. The
transmission part is similar to Sec. D.II. However, the activity model is
changed to introduce heterogeneous patterns. This is where the theory
of copula will be leveraged to flexibly describe the activity of UEs for
correlated GFRA schemes.

Transmission modelingII.1

The received signal is still

Y = Z+W where Z = PH (E.1)

where we remind that Y ∈ CM×K , P ∈ CM×N , H ∈ CN×K and W ∈ CM×K .
The same channel distribution and noise distributions are assumed i.e.

∀(n, k) ∈ [N ]× [K], hnk | sn = s ∼

Dirac(0) if s = 0

CNorm(µh, τh) if s = 1
(E.2)
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and

∀(m, k) ∈ [M ]× [K], wmk ∼ CNorm(µw, τw) . (E.3)

The resulting factorizations are

fH|s(H | s) =
N∏

n=1

K∏
k=1

fhnk|sn(hnk | sn) (E.4)

=
N∏

n=1

K∏
k=1

δ(hnk)
1−snCN (hnk;µh, τh)

sn (E.5)

and

fY|Z(Y | Z) =
N∏

m=1

K∏
k=1

fymk|zmk
(hnk | zmk) (E.6)

=
N∏

m=1

K∏
k=1

CN (ymk; zmk + µw, τw). (E.7)

Group heterogeneous activity patternII.2

We aim at generalizing further the GHomA activity pattern from Sec. D.II.2
to provide a new characterization of its joint pmf Ps. To do so, we first
start by considering a similar pattern model

∀n ∈ [N ], sn | qn = qn ∼ Bern(qn) (E.8)

where the random states are independently Bernoulli distributed given
their activity probabilities q = [qn]

T
n are equal to q = [qn]

T
n ∈ [0, 1]N . The

first difference from the GHomA pattern is that each state depends on its
own activity probability.

Since our objective is to generalize GHomA, and so introduce a more
general correlated activity pattern model, we are going to characterize the
distribution of the random vector q in a way that allows flexibility in its
possible correlation structures. Copula are a handy mathematical tool to
achieve our goal that we briefly explain hereafter.
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CopulaII.2.a

A copula is a joint cumulative distribution function (cdf) of a random
vector u = [un]

T
n∈[N ] with uniform marginal cdfs on [0, 1]N . Now consider

the random vector q and, for n ∈ [N ], denote by Fqn the marginal cdf of
qn. We then have

qn = F−1qn
(un) (E.9)

for a continuous uniform random variable un ∼ Unif(0, 1). Denote the
joint cdf of u by

Fu(u) :

[0, 1]N → [0, 1]

u 7→ P(u1 ≤ u1, . . . , uN ≤ uN)
. (E.10)

It is easy to see that Fu is a copula for the random vector q since

Fu(u) = P(u1 ≤ u1, . . . , uN ≤ uN) (E.11)
= F(q1 ≤ F−1q1

(u1), . . . , qN ≤ F−1qN
(uN), ) (E.12)

= Fq(F
−1
q1

(u1), . . . , F
−1
qN

(uN)) (E.13)

or, differently said,

Fq(q) = Fu(Fq1(q1), . . . , FqN (uN)) (E.14)

which is a joint cdf on q with uniform marginals. This is in fact a
consequence of Sklar’s theorem which states that any multivariate cdf
can be expressed in terms of its marginals and a copula Cop as

Fq(q) = Cop(Fq1(q1), . . . , FqN (qN)). (E.15)

From Eq. E.13, the copula Cop is Fu. An interesting consequence of this
theorem is that if u is a correlated random vector, so will be q. One can
also write the corresponding copula pdf as

fq(q) = cop(Fq1(q1), . . . , FqN (qN))
N∏

n=1

fqn(qn). (E.16)

where cop(u) = ∂N Cop(u)
∂u1...∂uN

.
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However, modeling a correlated random uniform vector cannot be
achieved by a standard parametric model as it would be for, e.g. with
a correlated gaussian random vector. Using once again Sklar’s theorem
allows to make the connection between u and a random vector c with
a known statistical dependence structure. To summarize, the complete
chain of transform from c to q is then

c→ u→ q (E.17)

where

1. c is a correlated random vector with known parametric distribution;

2. u is a correlated uniform random vector obtained as ∀n ∈ [N ], un =

Fcn(cn);

3. q is a correlated beta random vector obtained as ∀n ∈ [N ], un = F−1qn
(un).

We denote the complete transform from c to q by

T (c) =

 T1(c1)...
TN(cN)

 =

 (F−1q1
◦ Fc1)(c1)
...

(F−1qN
◦ FcN )(cN)

 (E.18)

and the resulting copula cdf and pdf are

Fq(q) = Fc(T
−1
1 (q1), . . . , T

−1
N (q1)) (E.19)

fq(q) = fc(T
−1
1 (q1), . . . , T

−1
N (q1))

N∏
n=1

∂qnT
−1
n (qn) (E.20)

= fc(T
−1
1 (q1), . . . , T

−1
N (q1))

N∏
n=1

∂qn(F
−1
cn
◦ Fqn)(qn) (E.21)

= fc(T
−1
1 (q1), . . . , T

−1
N (q1))

N∏
n=1

fqn(qn)
1

(fcn ◦ F−1cn ◦ Fqn)(qn)
(E.22)

= cop(T−11 (q1), . . . , T
−1
N (q1))

N∏
n=1

fqn(qn) (E.23)

where

cop(T−11 (q1), . . . , T
−1
N (q1)) =

fc(T
−1
1 (q1), . . . , T

−1
N (qN))∏N

n=1(f
−1
cn ◦ T−1n )(qn)

. (E.24)
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Algorithm E.1 Sampling from copula
11 input:

12 sample size N

13 correlated distribution Dist(θ) on RN (or CN )

14 the cdf Fc and the marginal cdfs {Fcn}n∈[N ]

15 inverse marginal cdfs
{
F−1
qn

}
n∈[N ]

16 end

17 Generate S samples c ∼ Dist(θ).

18 Form the vector u = [Fcn(cn)]
T
n∈[N ]

19 Form the vector q = [F−1
qn

(un)]
T
n∈[N ]

20 return: q

Based on Eq. E.17 and the remarks above, we see that generating cor-
related random vectors for simulation purposes is rather simple, provided
that one has access to an efficient sampling of c, its joint and marginal
cdfs, and the inverse marginals cdfs of q. The pseudo-code to sample q

is given in Algo. E.1 and was used in the following example.

Example with gaussian copula We take the example of a correlated beta
random vector with gaussian copula. We start with the random vector c
that we assume to be correlated gaussian distributed as

c ∼ Norm(0N,1,Kc) where

Kc ∈ [−1, 1]N×N

Kc � 0
. (E.25)

Note that the covariance matrix Kc is restricted to be a correlation matrix
but can be semi-definite positive, i.e. possibly not invertible. The reason
is to allow some particular structures of the correlation matrix. For
instance, one can consider a correlation matrix of the form

Kc =

Kc,1

. . .
Kc,G

 ∈ RN×N (E.26)
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(a) Gaussian to beta
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Figure E.1: Copula transform as in Eq. E.18.

which is block diagonal. The, non-necessarily identical, block matrices
are

∀g ∈ [G], Kc,g = ρg1Ug×Ug + (1− ρg)IUg . and ρg > 0 (E.27)
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where N =
∑G

g=1 Ug. A consequence of such structure is that the marginals
are standard normal distributions

Fcn(c) =

∫ c

−∞

1√
2
exp

(
−c

2

2

)
dc. (E.28)

Next, we assume that the activity probability vector q has beta marginal
distributions such as

∀n ∈ [N ], qn ∼ Beta(αn, βn) (E.29)

where α and β are the parameter vectors. We then obtain the correlated
random vector q with the component-wise transform

q = T (c) =

 F−1q1
(Fc1(c1);α1, β1)

...
F−1qN

(FcN(cN);αN , βN)

 (E.30)

This leads to the gaussian copula pdf

cop(T−11 (q1), . . . , T
−1
N (q1)) =

N (T (c);0N×1,Kc)

N (T (c);0N×1, IN)
(E.31)

=
1√

det(Kc)
exp

(
−T (c)T(K−1

c − IN)T (c)
)

(E.32)

The copula transform of Eq. E.30 is plotted in Fig. E.1 as well as the
inverse transform. The complete process of generating correlated samples
of q from samples of c is shown in Fig. E.2.

Note that when one of the correlation block Kc,g is equal to 1Ug×Ug ,
the corresponding random variables of c will be equal and so will be that
of u and q. Hence, choosing a correlation matrix of the form

Kc =

1U1×U1

. . .
1UG×UG

 (E.33)

will lead to a model fully characterized by a single activity probability
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Figure E.2: Correlated beta random vector with (α, β) = (0.1, 0.9) using
gaussian copula.

random variable for each group since

∀g ∈ [G], q∑
g′<g Ug′+1 = · · · = q∑

g′≤g Ug′
= qg (E.34)

and so GHetA generalizes GHomA.
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Correlation of the activity statesII.2.b

The correlation of the activity states with GHetA can now be formally
derived, and similar to Sec. D.II.2.b, we write

∀(n, n′) ∈ [N ]2, n 6= n′, Cor[sn, sn′ ] =
E[snsn′ ]− E[sn]E[sn′ ]√

V[sn]V[sn′ ]
. (E.35)

where we assume that n 6= n′, removing the trivial case Cor[sn, sn] = 1.
Keeping the beta model for the activity probability, the expectation and
variance remains

E[sn] =
αn

αn + βn
and V[sn] =

αn

αn + βn

βn
αn + βn

. (E.36)

The expected cross-product is

E[snsn′ ] = E[qnqn′ ] (E.37)

Since q is modeled according to the component-wise copula transform of
Eq. E.18, a consequence is that if the underlying random variables cn and
cn′ were independent, so will be qn and qn′ and then

E[snsn′ ] = E[qn]E[qn′ ] =
αn

αn + βn

αn′

αn′ + βn′
(E.38)

However, if they are dependent, a closed-form expression of the expected
cross-product cannot be obtained in general and one could numerically
approximate the quantity

E[qnqn′ ] =
∫∫

[0,1]2
qq′fqn,qn′ (q, q

′)dqdq′ (E.39)

=

∫∫
[0,1]2

qq′fqn(q)fqn′ (q
′) cop(T−1n (q), T−1n′ (q

′))dqdq′ (E.40)

by monte-carlo integration

E[qnqn′ ] ≈
1

S

S∑
s=1

qn,sqn′,s (E.41)

where the sample pairs {(qn,s, qn′,s)}s∈[S] are generated based on Algo. E.1.
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The correlation between any two states is then

Cor[sn, sn′ ] =


1 if n = n′

0 if sn ⊥ sn′
E[qnqn′ ]−

αn
αn+βn

αn′
αn′+βn′√

αn
αn+βn

βn
αn+βn

αn′
αn′+βn′

βn′
αn′+βn′

otherwise
(E.42)

Using the identity

E[qnqn′ ] =Cor[qn, qn′ ]
√
V[qn]V[qn′ ] + E[qn]E[qn′ ] (E.43)

=Cor[qn, qn′ ]

√
αnβn

(αn + βn)2(αn + βn + 1)

αnβn′

(αn′ + βn′)2(αn′ + βn′ + 1)

+
αn

αn + βn

αn′

αn′ + βn′
(E.44)

one can also formulates the states correlation as

Cor[sn, sn′ ] =


1 if n = n′

0 if sn ⊥ sn′
Cor[qn,qn′ ]√

(αn+βn+1)(αn′+βn′+1)
otherwise

. (E.45)

This last formulation is interesting for two reasons.
First the state correlation will necessarily be smaller than the activity

probability correlation since the denominator is strictly greater than 1

since
αn > 0

βn > 0

αn′ > 0

βn′ > 0

⇒

αn + βn + 1 > 1

αn′ + βn′ + 1 > 1
⇒
√
(αn + βn + 1)(αn′ + βn′ + 1) > 1.

(E.46)

In the particular case αn = αn′ and αn+βn = 1, the correlation Cor[qn, qn′ ]
is halved.

Second, it explicitly generalizes the one in Eq. D.32. Indeed when qn

and qn′ are fully correlated, i.e. when Cor[qn, qn′ ] = 1, and (αn, βn) =

(αn′ , βn′) = (αg, βg) there exist underlying cn and cn′ such as they are also
fully correlated so that they belong to a common group g. Hence the
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states correlation coefficient then equals that of GHomA since we get

Cor[sn, sn′ ] =
Cor[qn, qn′ ]√

(αn + βn + 1)(αn′ + βn′ + 1)
(E.47)

=
1

αg + βg + 1
(E.48)

= Eq. D.32 (E.49)

which shows the generalization.

Example with gaussian copula An example of correlation matrix of the
activity states under beta activity probabilities correlated with a gaussian
copula is given in Fig. E.3. The same parameters are shared across all
the activity probabilities for the marginal beta distributions so that

∀n ∈ [N ], (αn, βn) = (α, β). (E.50)

For a pair n, n′ with n 6= n′, each correlation point in Fig. E.3 is computed
using Eq. E.42 and Eq. E.41 with S = 105 samples for each possible pairs
(α, β) ∈ [0, 2]2.

Consider another simpler example where the correlation matrix is

Kc =



1.0 0.5 0.0 0.0 0.0 0.0

0.5 1.0 0.0 0.0 0.0 0.0

0.0 0.0 1.0 0.0 0.0 0.0

0.0 0.0 0.0 1.0 0.9 0.9

0.0 0.0 0.0 0.9 1.0 0.9

0.0 0.0 0.0 0.9 0.9 1.0


(E.51)

suggesting that the activity states are split into 3 groups. The first group
has 2 states with correlation 0.5, the second group has only 1 state and
the last group has 3 states with correlation 0.9.

An important observation is that the estimated state correlation matrix
can be very different of Kc, even when the original correlation coefficient
are high. This is especially true when the parameters α and β have
high heterogeneity in their components. Indeed, even if two states sn

and sn′ are the result of a copula transform with correlation coefficient
Cor[sn, sn′ ] close to 1 but with very different beta parameters, say (αn, βn) =

(0.5αn′ , 0.5βn′), the marginal distribution of the states will be very diffent,
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Figure E.3: Example of correlation matrices obtained through a copula
transform from a correlated gaussian random vector c to a correlated state
random vector s. Each correlation matrix exhibits a group structure with 4
blocks determined by the correlation matrix of the initial gaussian random
vector. The correlation within each block is determined by the parameters
of the successive transformations applied to each vector component.

decreasing the states correlation.

AUDaCEII.3

The problem statement of joint AUDaCE with the transmission model of
Sec. E.II.1 and the GHetA model of Sec. E.II.2 is the same as in Sec. D.II.3.
The estimation of the channel matrix H and activity pattern s from an
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Figure E.4: Factor graph of the system presented in Sec. E.II with N = 5,
M = 3 and K = 2. Different from the factor graph of GS-HGAMP and
GHomA-HGAMP, this factor graph considers the correlation between the
variables {qn}n∈[N ].

observed noisy signal Y is formulated as the joint MMSE estimator

[Ĥ , ŝ] = E[[H , s] | Y = Y ] . (E.52)

where the expectation expands to

E[[H , s] | Y = Y ]

=

∫
CN×K

∑
s∈{0,1}N

∫
[0,1]N

[H , s]fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dqdH∫
CN×K

∑
s∈{0,1}N

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dqdH
.

(E.53)

We recall that the MMSE estimator is in general intractable so that we
will derive, as in Sec. D.III, a LBP and corresponding HGAMP algorithms
to address this issue and approximate the optimal estimates.
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ACTIVE USER DETECTION AND CHANNEL ESTIMATIONIII

Loopy belief propagationIII.1

The system’s variables form the following Markov chain

q→ s→ H→ Y (E.54)

which allows to write their posterior joint density as

fH,s,q|Y(H , s, q | Y ) =
1

fY(Y )
fY|H(Y |H)fH|s(H | s)fs|q(s | q)fq(q) (E.55)

Based on Sec. E.II.1 and Sec. E.II.2, we can factorize the joint density’s
factors as

fY|H(Y |H) =
∏
k∈[K]

∏
m∈[M ]

fymk|hk(ymk | hk) (E.56)

fH|s(H | s) =
∏
k∈[K]

∏
n∈[N ]

fhnk|sn(hnk | sn) (E.57)

fs|q(s | q) =
∏
n∈[N ]

fsn|qn(sn | qn) (E.58)

and we keep, in the general case, fq(q) unfactorized. This leads to the
factor graph depicted in Fig. E.4. Note that an alternative factorization
could be considered using the factorization of fq(q) in Eq. E.23 which
would change the factor graph by

• connecting the variable nodes {qn}n∈[N ] respectively to the factor nodes
{fqn}n∈[N ];

• connecting all the variable nodes {qn}n∈[N ] to the factor node cop.

The messages of LBP based on Fig. E.4 are derived using the rules
from Sec. C.II and are summarized in Tab. E.1. The posterior joint pdf
can then be approximated by the product of the following beliefs:
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∀n ∈ [N ],B
qn

= M
fq→qn

M
Psn|qn→qn

(E.59)

∀s ∈ [N ],B
sn

= M
fhnk|sn

→sn

M
Psn|qn→sn

(E.60)

∀(n, k) ∈ [N ]× [K], B
hnk

= M
fhnk|sn

→hnk

∏
m∈[M ]

M
fymk|h:k

→hnk

(E.61)

and then produce the estimates q̂, ŝ and Ĥ by computing them indepen-
dently based on the beliefs:

∀n ∈ [N ], q̂n = E
[
qn;B

qn

]
(E.62)

∀n ∈ [N ], ŝn = 1(B
sn

(0) < B
sn

(1)) (E.63)

∀(n, k) ∈ [N ]× [K], x̂nk = E
[
hnk; B

hnk

]
(E.64)

GHetA-HGAMP algorithmIII.2

As for Sec. D.III.2, a major downside of LBP resides in the fact that it
remains intractable since the messages that are exchanged are 1) densities
and 2) numerous, especially in the dense part of the factor graph.

From Sec. C.III.2 and similar to Sec. D.III.2, the derivation of the
HGAMP instance starts with the following approximation

M
fhnk|sn

←hnk

(hnk) ≈ CN (hnk; rnk, τr,nk) (E.65)

propagated in the LBP messages as it is described in the full deriva-
tion in Sec. G.V. If one compare the resulting GHetA-HGAMP algorithm
Algo. E.2 to GHomA-HGAMP Algo. D.1, there are obvious similarities
since the GAMP part is the same. We then focus on the differences that
arise in the range of lines 21 – 29, i.e. the BP part for updating the
activity-related variables.

1. Lines 22 and 23 remain the same with the computation of the activity
likelihoods φ0,n and φ1,n.

2. Line 24 consists in the estimation of a UE activity probability with
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Factor Variable Factor → Variable

Factor ← Variable

fymk|hk hnk
M

fymk|hk
→hnk

(hnk) ∝
∫
CN−1

fymk|hk(ymk | h:k)

 ∏
n′∈[N ]\{n}

M
fy

m′k|hk
←h

n′k
(hn′k)dhn′k


M

fymk|hk
←hnk

(hnk) ∝ M
fhnk|sn

→hnk

(hnk)
∏

m′∈[M ]\{m}

M
fymk|hk

→hnk

(hnk)

fhnk|sn hnk
M

fhnk|sn
→hnk

(hnk) ∝
1∑

s=0

fhnk|sn(hnk | s) M
fhnk|sn

←sn

(s)

M
fhnk|sn

←hnk

(hnk) ∝
M∏

m=1

M
fymk|hk

→hnk

(hnk)

fhnk|sn sn
M

fhnk|sn
→sn

(sn) ∝
∫
C
fhnk|sn(h | sn) M

fhnk|sn
←hnk

(h)dh

M
fhnk|sn

←sn

(sn) ∝ M
Psn|qn→sn

(sn)
∏

k′∈[K]\{k}

M
fh

nk′ |sn
→sn

(sn)

Psn|qn sn
M

Psn|qn→sn

(sn) ∝
∫ 1

0

Psn|qn(sn | q) M
Psn|qn←qn

(q)dq

M
Psn|qn←sn

(sn) ∝
K∏

k=1

M
fhnk|sn

→sn

(sn)

Psn|qn qn
M

Psn|qn→qn

(qn) ∝
1∑

s=0

Psn|qn(s | qn) M
Psn|qn←sn

(s)

M
Psn|qn←qn

(qn) ∝ M
fq→qn

(qn) M
Psn|qn→qn

(qn)

fq qn
M

fq→qn

(qn) ∝
∫
[0,1]N−1

fq(q)

 ∏
n′∈[N ]\{n}

M
fq←q

n′
(qn′)dqn′


M

fq←qn

(qn) ∝ M
Psn|qn→qn

(qn)

Table E.1: Loopy belief propagation messages for the factor graph of
Fig. E.4

the likelihood information corresponding to all the UEs except the nth
one. It is different from GHomA-HGAMP since the latter estimates a
group activity probability since all the UEs in a group share the same
activity probability.

3. Line 25 still consists in the computation of individual likelihood-ratios
that are used to perform state detection in line 26.

4. Line 27 is the update of an intermediate variable that will be used
later in line 33 to estimate the channel coefficient. Since γn only
depends on the corresponding individual log-likelihood ratio which
itself depends on the individual estimate of the activity probability,
the channel estimates can account for the information from all the
UEs and not only the information from the UEs in a group. Each UE
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Algorithm E.2 GHetA-HGAMP
Description: GHetA-HGAMP consists into two parts. The red lines cor-
responds to the updates of the GAMP variables for estimating the chan-
nel and the blue lines corresponds to the updates of the pattern vari-
ables with BP. Estimates of the system variables are colored in yellow.

1 input: Y ,P , µh, τh, τw, Imax

2 init:
3 i = 0

4 ∀(n, k) ∈ [N ]× [K] ĥi
nk = µh, τ̂ ih,nk = τh

5 ∀(m, k) ∈ [N ]× [K] ûi
mk = 0

6 end

7 for i ∈ [Imax] do:

8 for (m, k) ∈ [M ]× [K] do:

9 τ̂ ip,mk =
∑N

n=1 |pmn|2 τ̂ i−1
h,nk

10 p̂imk =
∑N

n=1 pmnĥ
i−1
nk − τ̂ ip,mkû

i−1
mk

11 τ̂ iz,mk = τwτ̂
i
p,mk/(τ̂

i
p,mk + τw)

12 ẑimk = p̂imk + τ̂ ip,mk(ymk − p̂imk)/(τ̂
i
p,mk + τw)

13 τ̂ iu,mk = (1− τ̂ iz,mk)/(τ̂
i
p,mk)

2

14 ûi
mk = (ẑimk − p̂imk)/τ̂

i
p,mk

15 end

16 for (n, k) ∈ [N ]× [K] do:

17 τ̂ ir,nk = (
∑M

m=1 |pmn|2 τ̂ iu,mk)
−1

18 r̂ink = ĥi−1
nk + τ̂ ir,nk

∑M
m=1 pmnû

i
mk

19 end

20

21 for n ∈ [N ] do:

22 φ0,n =
∏K

k=1 CN (0; r̂ink, τ̂
i
r,nk)

23 φ1,n =
∏K

k=1 CN (0; r̂ink − µh, τ̂
i
r,nk + τh)

24 q̂in,n =

∫
[0,1]N

qnfq(q)
∏

n′∈[N]\{n}
[
(1−qn′ )φ0,n′+qn′φ1,n′

]
dqn∫

[0,1]N
fq(q)

∏
n′∈[N]\{n}

[
(1−qn′ )φ0,n′+qn′φ1,n′

]
dqn

25 LLRn = log
(

q̂in,g

(1−q̂in,g)
φ1,n

φ0,n

)
26 ŝin = 1(LLRn > 0)

27 γn = (1 + exp(−LLRn))
−1

28 q̂in =

∫
[0,1]N

qnfq(q)
∏

n′∈[N]

[
(1−qn′ )φ0,n′+qn′φ1,n′

]
dqn∫

[0,1]N
fq(q)

∏
n′∈[N]

[
(1−qn′ )φ0,n′+qn′φ1,n′

]
dqn

29 end

30 for (n, k) ∈ [N ]× [K] do:

31 κnk = (1/τh + 1/τ̂ ir,nk)
−1

32 νnk = µh/τh + r̂ink/τ̂
i
r,nk

33 ĥi
nk = γnκnkνnk

34 τ̂ ih,nk = γn(κnk + |κnkνnk|2)−
∣∣∣ĥi

nk

∣∣∣2
35 end

36 end

1

activity probability benefiting from its own statistical distribution, the
heterogeneity is incorporated into the channel estimates.

5. Line 28 is similar to line 25 but the information of the nth UE is
included to perform an estimate of the activity probability.

Complexity analysisIII.3

A short analysis is given for the computational complexity. The com-
plexity from the GAMP part remains the same and still require O(NMK)

operations. The main difference once again appears in the BP part where
the computational bottleneck is risen by the estimates q̂in,n and q̂in. Differ-
ent from GHomA-HGAMP, each estimate requires the computation of a
multidimensional integral where the integration is over the mute vector
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variable q. The joint pdf put aside, the integrand is a multivariate poly-
nomial which constitutes the major difference, since the moment-based
trick that was used before cannot be used anymore.

Hopefully, the Monte-Carlo method is still valid so that it will be used
to approximate the 4 integrals, using S vector samples {qj}j∈[S] that can
be sampled offline before. Note that the samples must be obtained using
Algo. E.1, so that they are properly correlated which allow to approximate
the estimates by

q̂n,n ≈

∑
j∈[S] qn,j

[∏
n′∈[N ]\{n} ((1− qn′,j)φ0,n′ + qn′,jφ1,n′)

]
∑

j∈[S]

[∏
n′∈[N ]\{n} ((1− qn′,j)φ0,n′ + qn′,jφ1,n′)

] (E.66a)

q̂n ≈

∑
j∈[S] qn,j

[∏
n′∈[N ] ((1− qn′,j)φ0,n′ + qn′,jφ1,n′)

]
∑

j∈[S]

[∏
n′∈[N ] ((1− qn′,j)φ0,n′ + qn′,jφ1,n′)

] (E.66b)

leading to a computational complexity of the order of O(NS). As a
consequence, the overall complexity of GHetA-HGAMP is

O(NMK +NK +NS) (Monte-Carlo) (E.67)

where the blue term is for GAMP and the red terms are for BP.

NUMERICAL RESULTSIV

In this section, the performance of the proposed GHetA-HGAMP algo-
rithm is studied and compared to other GAMP-based algorithms.

FrameworkIV.1

In particular, the numerical study compares GHetA-HGAMP to the algo-
rithms from Sec. D.IV.1 whose the corresponding factor graphs are shown
in Fig. E.5.

Modified GAMP This modified GAMP (see Sec. C.III.2) differs from the
one in Sec. D.IV.1 where the weights {qn}n∈[N ] ∈ [0, 1]N are identified to
the parameters {αn}n∈[N ] of the beta distributions, still assuming that they
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Figure E.5: Example of the underlying factor graphs of the modified
GAMP, GS-HGAMP, GHomA-HGAMP and GHetA-HGAMP.

verify

αn + βn = 1. (E.68)

The log-likelihood ratios for this GAMP become

LLRn = logαn + logφ0,n − log βn − logφ1,n (E.69)

that will be used for activity detection. Again, this modified GAMP does
not account for any activity correlation.

GS-HGAMP For the simulations, the activity probability of the group g

will be identified to

qg =
1

Ug

Ug∑
n=

∑
g′<g Ug′+1

αn (E.70)

which consists in computing the average of {αn}n as a proxy for the group
activity probability
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Parameter Description Value

IMC # of Monte-Carlo iterations 1000
Imax # of GAMP or HGAMP iterations 100
G # of groups 64
U # of UEs per group 4
N # of UEs 256
M preamble length 128
K # of antennas 2
α Beta distribution’s parameters 0.35
β 1− 0.35 = 0.65
ρ correlation within each group with

gaussian copula Sec. E.II.2
{0.25, 0.50, 0.75}

Table E.2: Simulation parameters for the comparative study of GHetA
against modified GAMP, GS-HGAMP and GHomA-HGAMP

GHomA-HGAMP The activity probability of UEs belonging to the same
group is assumed to be the same and defined as for GS-HGAMP

α̃g =
1

Ug

Ug∑
n=

∑
g′<g Ug′+1

αn (E.71)

for the simulations and leads to the state correlation of Eq. D.32.

GHetA-HGAMP It is the algorithm introduced in this chapter. Different
from GAMP, GS-HGAMP and GHomA-HGAMP, it can deal with more
general dependence and correlation structures, still introduced at the level
of the activity probability that affects the state correlation as explained
in Sec. E.II.2.

Relative performances of GHetAIV.2

The first numerical study focuses on the relative performances of GHetA-HGAMP
against modified GAMP, GS-HGAMP and GHomA-HGAMP. The perfor-
mances of each algorithm (NMSE, FAR, MDR and UER) are assessed
through Monte-Carlo simulations.

The simulation parameters are given in Tab. E.2 and the corresponding
results have been drawn in Figs. E.6 to E.9.

Analysis The simulation model is that of GHetA, the important indicator
is the correlation coefficient ρ that fully describes the correlation matrix
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Kc of a gaussian copula. The latter is chosen to be block diagonal

Kc = IG ⊗ (ρ1U×U + (1− ρIU)) (E.72)

When ρ is close to 0 the matrix is close to IN and when ρ is close to
1 the matrix is block diagonal with 1-only blocks. Hence, three correla-
tion regimes, low ρ = 0.25, moderate ρ = 0.75 and high ρ = 0.75, have
been considered to assess the performances, for which we give a review
hereafter.

• In all the correlation regimes, GS-HGAMP always performs the worst
and GHetA-HGAMP always performs the best.

• In the low correlation regime, the activity of the UEs is close to be
independent (ρ = 0) so that the modified GAMP algorithm is as good as
GHetA-HGAMP over the whole SNR range. GHomA-HGAMP performs
by a factor of ∼ 2.5dB (cf. subfigure (a) in Fig. E.6) below GAMP and
GHetA-HGAMP. The reason is that GHomA-HGAMP still relies on
the underlying group structure of the UEs, which is responsible for a
higher number of false alarms (subfigure (a) in Fig. E.8) and missed
detections (subfigure (a) in Fig. E.9) for GHomA-HGAMP, leading to an
overall worse UER (subfigure (a) in Fig. E.7). Indeed, when the activity
correlation is low, the activity behavior of UEs within the same group
is very unlikely to be the same.

• In the moderate correlation regime, all the algorithms, except GS-
HGAMP, perform similarly for all the metrics (see subfigure (b) in
Figs. E.6 to E.9)

• In the high correlation regime, the trend observed in the low correlation
regime is reversed. Both GHomA and GHetA-HGAMP have the best
performance, making a 4dB gap with the modified GAMP algorithm in
subfigure (c) Fig. E.6. GAMP cannot leverage the correlation structure
which is favorable to similar activity probabilities within each group
of UEs to improve its detection capability (see subfigure (c) in Figs. E.7
to E.9)

The reasons justifying these performances are the same as those in
Sec. D.IV.4.a. An additional remark is that GHetA-HGAMP is able to
perform the best in all scenarios where GHomA-HGAMP and GAMP only
perform best when the correlation regime respectively approaches the high
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Parameter Description Value

IMC # of Monte-Carlo iterations 1000
Imax # of HGAMP iterations 100
G # of groups 64
U # of UEs per group 4
N # of UEs 256
M preamble length 128
K # of antennas 2
α Beta distribution’s parameters 0.35
β 1− 0.35 = 0.65
ρ correlation within each group {0.25, 0.75}
ρ̃ biased correlation given to GHetA {0.0, 0.5, 1.0}

Table E.3: Simulation parameters for the robustness study of GHetA to
biased correlation

and low correlation ones. The justification is that GHetA-HGAMP lever-
ages the inner correlation structure when computing the activity proba-
bility estimates. The consequence is an improvement in the estimation of
both the states and the channel coefficients since the log-likelihood ratios
are improved.

Robustness of GHetA to biased correlationIV.3

Another interesting aspect to study is then the robustness of GHetA-HGAMP
to mismatched or biased correlation coefficient. Simulation parameters
are described in Tab. E.3 and performance results are given in Figs. E.10
and E.12 for the NMSE and in Figs. E.11 and E.13 for the UER.

Analysis From Figs. E.10 and E.11, it can be seen that overestimating a
rather weak correlation of the underlying correlated gaussian random
vector seems to have little effects on the estimation and detection. The
mismatched correlation affects the sampling process used for the Monte-
Carlo integrations of Eq. E.66. If the true correlation is low, realizations
of the components of the activity probability random vector q are likely
to not be similar. However, if a mismatched high correlation is used,
the sampled vectors will have similar values per group in the considered
symmetric scenario. Then if the numbers of group is low, and so the
number of UEs per group is high, the approximations will simply involve
sums with little diversity in their terms; but in the considered scenario,
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the size of the groups is small compared to the total number of UEs so
that this loss in sampling diversity does not matters. Hence, systems with
small groups where the activity states are likely to be weakly correlated
do not require a precise estimate of the correlation for GHetA-HGAMP.

Although it can been seen in Figs. E.11 and E.12 that an accurate es-
timation of the correlation does not lead to significant gains in the cases
(0.25, ρ̃) for ρ̃ ∈ {0.25, 0.50, 0.75, 1}, from Figs. E.12 and E.13, underesti-
mating a strong correlation however leads to degraded performance.

1. From Fig. E.13, one can conclude that the less biased is the correlation
given to the algorithm, the better are the detection performances. An
order of magnitude is gained between the cases (0.75, 0) and (0.75, 0.75)

for the UER.

2. As a consequence, such additionnal errors account significantly in
terms of NMSE with a gain of about 5dB in favor of the unbiased
case compared to the biased case (0.75, 0.25).

3. The convergence rate of GHetA-HGAMP is similar in all scenarios.

The explanation for this is very similar to that of the bad performance of
GS-HGAMPs, i.e. that GHetAs-HGAMPs does not use the group structure
information when the given biased correlation is close to zero, leading to
bad estimates of the activity probability that affects the states detection
and channel coefficients estimation.

CONCLUSIONV

This chapter has studied the question raised in Sec. D.V regarding the
extension of GHomA to GHetA activty pattern in the context of GFRA.
To do so, the theory of copula has been shown to be helpful, allowing
to consider very general dependence structures at the level of the latent
activity probability random variables, one for each UE. Thanks to it, it
has been explicitly shown that GHetA can generalize GHomA in some
scenarios.

The AUDaCE problem has then been studied for GHetA where the
same systematic LBP approach was first considered before being approx-
imated thanks to HGAMP. The resulting GHetA-HGAMP algorithm has
been numerically evaluated, showing significant improvements against
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GHomA-HGAMP, GS-HGAMP and a modified version of GAMP. In par-
ticular, when GHomA-HGAMP and GAMP respectively perform well in
the high and weak correlation regimes, GHetA-HGAMP perfoms well in
both regimes, with an average channel estimation gain around 3dB and
with halved FAR, MDR and UER in the high SNR regime. Furthermore,
GHetA-HGAMP has been tested against mismatched correlation coeffi-
cient and proved to be robust when the true activity correlation is low.
In the high correlation regime, it is however important to provide an
accurate value of the correlation since a gain in the channel estimation
of up to 5dB and an order of magnitude in the UER can be achieved w.r.t
to an assumed mismatched zero correlation.

For future work, one can consider two different levels of improve-
ment. The first is from the point of view of algorithmic complexity with
the development of fast evaluation techniques for the computation of the
BP updates in Algo. E.2 which can significantly slow down the iterative
estimation process. The second aspect is the exploration of relevant sta-
tistical dependence structures induced by the copula so that they precisely
fit RA scenarios in order to improve AUDaCE performances.

Perspectives on applying this work are given in Chap. F, with a focus
on multi-carrier OFDM systems and grant-free data transmissions.

114 E.V. Conclusion �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



(a) ρ = 0.25

20 40 60 80 100

iteration

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

SNR [dB]

GAMP

0.0

5.0

10.0

15.0

20.0

GS-HGAMP

0.0

5.0

10.0

15.0

20.0

GHOMA-HGAMP

0.0

5.0

10.0

15.0

20.0

GHETA-HGAMP

0.0

5.0

10.0

15.0

20.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

SNR [dB]

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

Iteration

GAMP

1

34

67

100

GS-HGAMP

1

34

67

100

GHOMA-HGAMP

1

34

67

100

GHETA-HGAMP

1

34

67

100

(b) ρ = 0.50
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(c) ρ = 0.75
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Figure E.6: NMSE for the channel estimation of GHetA-HGAMP against
different GAMP-based algorithms w.r.t. to the number of iterations and
the SNR.
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(b) ρ = 0.50
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(c) ρ = 0.75
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Figure E.7: UER for the activity detection of different GAMP-based algo-
rithms w.r.t. to the number of iterations and the SNR.
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Figure E.8: FAR for the activity detection of different GAMP-based algo-
rithms w.r.t. to the number of iterations and the SNR.
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(c) ρ = 0.75
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Figure E.9: MDR for the activity detection of different GAMP-based al-
gorithms w.r.t. to the number of iterations and the SNR.
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(a) ρ = 0.25, ρ̃ = 0.25

20 40 60 80 100

iteration

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

SNR [dB]

GHETA-HGAMP

0.0

5.0

10.0

15.0

20.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

SNR [dB]

40

35

30

25

20

15

10

5

0

N
M

SE
 [

dB
]

Iteration

GHETA-HGAMP

1

34

67

100

(b) ρ = 0.25, ρ̃ = 0.50
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(c) ρ = 0.25, ρ̃ = 0.75
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(d) ρ = 0.25, ρ̃ = 1.00
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Figure E.10: NMSE for the channel estimation of GHetA-HGAMP with
biased correlation.
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(a) ρ = 0.25, ρ̃ = 0.25
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(b) ρ = 0.25, ρ̃ = 0.50
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(c) ρ = 0.25, ρ̃ = 0.75
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(d) ρ = 0.25, ρ̃ = 1.00
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Figure E.11: UER for the activity detection of GHetA-HGAMP with biased
correlation.
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(a) ρ = 0.75, ρ̃ = 0.00
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(b) ρ = 0.75, ρ̃ = 0.25
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(c) ρ = 0.75, ρ̃ = 0.50
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Figure E.12: NMSE for the channel estimation of GHetA-HGAMP with
biased correlation.
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Figure E.13: UER for the activity detection of GHetA-HGAMP with biased
correlation.
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F
CONCLUSION

THESIS OUTCOMESI

This thesis has studied the problem of GFRA in the context of mMTC and
uRLLC within 5G-NR. It was discussed the importance of the communi-
cation systems to leverage AUDaCE for enabling GFRA. Using CS-NOMA,
it is possible to deal efficiently with the structure of the system variables
involved in AUDaCE. In particular, it was shown the capability of the
HGAMP bayesian framework to cope with underlying correlated activity
of UEs.

First, a GHomA pattern model has been considered in Chap. D. It has
been shown to generalize the independent group-sparsity activity with the
introduction of latent group variables identified with the activity proba-
bilities of each UEs within the groups. Based on this new model, a LBP
has been derived before being approximated by an instance of HGAMP,
namely GHomA-HGAMP. The latter has numerically demonstrated its in-
terest for AUDaCE in some activity regimes against other GAMP-based
algorithms that do not account for the correlation induced by GHomA.

Second, a GHetA pattern model generalizing the GHomA pattern
model has been introduced. The generalization is carried by the copula
theory so that general dependence structures between the UEs’ activity
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independent

independent
group-sparse

GHomA GHetA group-sparse
multivariate
bernoulli

less
complex

more
complex

independent

fully correlated

Figure F.1: Qualitative comparison of activity pattern models, updated
with GHomA and GHetA. The location of GHomA on the complexity/-
correlation axes is justified by the fact it only adds few latent variables,
each being described with a simple distribution. For GHetA, latent vari-
ables are also added but they depend on a general copula structure for
which the complexity highly depends on the underlying dependence struc-
ture. In the case where the dependence structure is that of a correlated
gaussian random vector, it only requires a correlation matrix and the
parameters of the targeted distribution (e.g. beta).

states can be built. With a similar approach to GHomA, instances of
LBP and HGAMP have been developed, leading to GHetA-HGAMP. The
algorithm has shown its capability to deal efficiently with AUDaCE un-
der different scenarios of activivty correlation, whereas the algorithms
GHomA-HGAMP and modified GAMP have proved to be efficient only in
the cases of strong and weak activity correlation respectively.

Among other directions that could be considered, we introduce and
give in Sections F.II and F.III some insights of interesting future works
that could be done building on the work of this thesis.

124 F.I. Thesis outcomes �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



EXTENSION TO MULTI-CARRIER OFDMII

In Chapters D and E, the UL transmissions were performed on a single
carrier only. In order to extend the work of AUDaCE to an OFDM
scheme where the transmissions are conveyed over F ∈ N∗ frequencies,
one can consider a system where, at each time slot, the UEs are allowed
to transmit on subsets of this frequencies.

Formally, for the nth UE, denote by bn ∈ {0, 1}F the binary vector so
that

∀f ∈ [F ], bfn =

0 if the UE is not allowed to transmit on frequency f
1 otherwise

(F.1)

and form the allocated subbands matrix B such that

B = [b1, . . . , bN ] ∈ {0, 1}F×N . (F.2)

At each time slot, the UE n transmits on the frequency f if and only
if

bfn = 1 and sn = 1. (F.3)

Assume that the number of antennas is 1 and let H ∈ CN×F denote
the random channel matrix between the AP and the N UEs over the F
frequency subbands.

The channel distribution conditionned on the activity pattern s = s is
then

fH|s(H | s;B) =
∏
n∈[N ]

∏
f∈[F ]

fhnf |sn(hnf | sn; bnf ) (F.4)

assuming that the random channel coefficients are independent and where
we have highlighted the dependency on the allocated subbands we the
matrix B. If we keep the assumption of complex gaussian i.i.d. random
channel coefficients, we have

∀(n, f) ∈ [N ]× [F ], hnk ∼

Dirac(0) if sn = 0 or bnf = 0

CNorm(µh, τh) if sn = 1 and bnf = 1
. (F.5)
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Defining the new activity state s̃nf = snbnf , the channel coefficients dis-
tribution is characterized by the following pdf

∀(n, f) ∈ [N ]× [F ], fhnf |sn(hnf | s̃nf ) = δ(hnf )
1−s̃nfCN (hnf ;µh, τh)

s̃nf . (F.6)

The main differences between Eq. F.6 and the channel pdf used before in
Eq. E.5 are

1. the factorization over the antennas is swaped for a factorization over
the frequencies;

2. the activity states contain a deterministic component determined by
the subbands allocation that may force the channel coefficients to be
zero, no matter the UE states.

Based on these remarks, it is clear that the factor graph of Fig. E.4 can be
reused as is, and so is GHetA-HGAMP. If one wants to consider a multi-
antenna OFDM communication system, the factorization of the channel
tensor H ∈ CN×K×F would read as

fH|s(H | s;B) =
∏
n∈[N ]

∏
k∈[K]

∏
f∈[F ]

fhnkf |sn(hnkf | sn; bfn) (F.7)

and the factor graph of Fig. E.4 would be augmented with the appropriate
factor and variable nodes. Such a tensorization of the system model is
not an issue to the use of a proper HGAMP algorithm that would in fact
consist in parallel instances of GHetA-HGAMP along the antennas (or
frequencies).

DATA TRANSMISSIONIII

An important aspect of the next generation services is the possibility
to transmit small amount of data, skipping the traditional grant-based
approaches. This idea is very similar to GFRA and corresponds to the
scenario depicted in Fig. B.2c. As AUDaCE is a key enabler for GFRA,
joint DrAUDaCE would be a key enabler for GF data transmission.

Different from Sec. B.II where the transmitted signal X was fully de-
terministic and described by the preamble matrix P , it is now assumed
that this matrix may be partially or entirely unknown.

Formally, one could consider the following structure for the random
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BP

BiGVAMP

fq q Ps|q s fH|s H

fX X

δ(Z− XH) Z fY|Z

Figure F.2: Factor graph of Eq. F.11. The variable and factor nodes are
taken in the vector/matrix form. The factor graph is composed of two
parts: the right part includes the variable and factor nodes dedicated to
the data recovery and the channel estimation while the left part includes
the variable and factor nodes corresponding to the activity pattern. The
data recovery and channel estimation is performed by BiGVAMP and the
activity detection by BP.

signal matrix

X =

P
D

 ∈ C(Mp+Md)×N (F.8)

where the top part P of the matrix is deterministic (e.g. preambles)
and the bottom part D contains the random data. When the random
data are drawn from classical symbol constellations, DrAUDaCE shows
connection with multi-user symbol data detection in non-coherent com-
munications [126]–[128].

The lengths of the deterministic (Mp) and random (Md) parts are cho-
sen so that they fill M = Mp +Md OFDM symbols. Hence, the column
n ∈ [N ] of X corresponds to the signal of the nth UE with deterministic
(known) and random (unknown) components.

The rest of the transmission remains the same as in Sec. B.II

Y = Z+W with Z = XH (F.9)

where all the system variables are random. If the channel matrix is
known, DrAUDaCE reduces to joint data recovery and active user de-
tection and one can consider [129]. One can expand the Markov chains
Eqs. (D.35) and (E.54) in order to incorporate the new random signal
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such that

q s H

X

Z Y (F.10)

The factorization of the joint pdf follows and reads

fq,s,H,X,Z,Y(q, s,H ,X,Z,Y ) =fY|Z(Y | Z)δ(Z −XH) (system output)
fH|s(H | s)Ps|q(s | q)fq(q) (channel & activity)
fX(X) (input signal)

(F.11)

where a GHetA pattern is assumed.
The DrAUDaCE problem then consists in the following bayesian es-

timator

(s?,H?,X?) = E[[s,H,X] | Y = Y ] (F.12)

where the expectation relies on the joint factorized pdf above. Given
Chapters D and E, it would be natural to develop a similar LBP algorithm
with the factor graph represented (in a condensed form) in Fig. F.2 and
then approximate it using the framework of EP and HGAMP.

However, a quick look at the factorization in Eq. F.11 and to its fac-
tor graph shows that the studied inference problem is more difficult to
address because of the unknown X. In Sec. C.III and Chapters D and E,
the assumption that the measurement matrix A or signal matrix X = P

is known is crucial for the derivation of GAMP equations. This issue
was first addressed in [105], [107] within the framework of bilinear GAMP
(BiGAMP) where both the unknown signal and channel matrices are esti-
mated by approximating the underlying LBP instance. This technique has
successfully been applied to a communication scenario in [54], combining
BiGAMP and HGAMP, but without considering any group structures or
correlation structures that could be relevant for some scenarios.

Recently, this framework has been extended to bilinear GVAMP (BiG-
VAMP) [52], where the main difference lies in the fact that the algorithm
is derived based on EP and that the variables are no longer scalars (entries
of X and H) but are vectors (rows of X and columns of H). Unlike BiGAMP,
BiGVAMP should benefit from VAMP which has been proved to be more
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robust to potentially very ill-conditionned signal matrices [100]. To our
knowledge, there is no attempt at the time of writing this manuscript to
combine this more robust framework with BP for the activiy detection
and to apply it in the context of grant-free data transmission.
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G
APPENDIX

DEVELOPMENT ENVIRONMENTI

Typing and graphical contentI.1

This document has been typeset with LATEX. Graphical contents which do
not involve numerical simulations were generated using either TikZ [130]
(e.g Figs. B.3 and C.6) or Inkscape [131] (e.g Figs. A.2, D.6 and E.5).

Simulations and relatedI.2

Simulations were all implemented using the programming language Python
[132]. Along Python’s standard library, the scientific programming pack-
ages NumPy [133] and SciPy [134] are the core software bricks used to
develop the code of the simulations. All the figures were generated us-
ing Matplotlib [135]. I am also thankful to ENS Lyon for letting my
simulations run on the computing cluster of their Pole Scientifique de
Modélisation Numérique [136].
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MISCELLANIOUS RESULTSII

Gaussian product identityII.1

Let (z, µa, µb) ∈ C3 and (τa, τb) ∈ R2
+∗. Then the following identity holds:

CN (z;µa, τa)CN (z;µb, τb) = CN (0;µb − µa, τb + τa)CN (z;µc, τc) (apx.1)

where

τc =
1

1
τa

+ 1
τb

, µc = τc

(
µa

τa
+
µb

τb

)
. (apx.2)

Gaussian quotient identityII.2

Let (z, µa, µb) ∈ C3 and (τa, τb) ∈ R2
+∗. Then the following identity holds:

CN (z;µa, τa)

CN (z;µb, τb)
=

(
τb

τb − τa

)2

CN (0;µb − µa, τb − τa)CN (z;µc, τc) (apx.3)

where

τc =
1

1
τa
− 1

τb

, µc = τc

(
µa

τa
− µb

τb

)
. (apx.4)

PROOF OF GAMPIII

This section provides a proof of GAMPs (see Sec. C.III.2) based on EPs
following [92]. The proof is the same but written with more details.

Problem formulationIII.1

Precisely, the derivation of GAMPs is adapted to the following MMSE
estimation problem

x? = E[x | y = y] =

∫
CN x

∏
m∈[M ] fym|x(ym | x)

∏
n∈[N ] fxn(xn)dx∫

CN

∏
m∈[M ] fym|x(ym | x)

∏
n∈[N ] fxn(xn)dx

(apx.5)

given that

y = z+ w with z = Ax (apx.6)
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where x ∈ CN , z ∈ CM ,w ∈ CM , y ∈ CM and A ∈ CM×N for M ≤ N . This
MMSE estimator involves the factorization of the joint density

fx,y(x,y) =
∏

m∈[M ]

fym|x(ym | x)
∏
n∈[N ]

fxn(xn) (apx.7)

leading to the factor graph in Fig. C.6.

Derivation based on expectation propagationIII.2

We can write the EP messages using Sec. C.II.3 in the framework of
VIEF

M
fym|zm→xn

(x) =
Proj

(
fout
xn

(x)
)

M
fym|zm→xn

(x)
=CN (x;µfym|zm→xn , τfym|zm→xn)

(apx.8)

M
fxn←xn

(x) =
∏

m′∈[M ]

M
fym′ |zm′

→xn

(x) =CN (x;µfxn←xn , τfxn←xn)

(apx.9)

M
fxn→xn

(x) =
Proj

(
f in
xn
(x)
)

M
fxn←xn

(x)
=CN (x;µfxn→xn , τfxn→xn)

(apx.10)

M
fym|zm←xn

(x) = M
fxn→xn

(x)
∏

m′∈[M ]\{m}

M
fym|zm→xn

(x) =CN (x;µfym|zm←xn , τfym|zm←xn)

(apx.11)

where

f in
xn
(x) = fxn(x) M

fxn←xn

(x), (apx.12)

fout
xn

(x) = M
fym|zm→xn

(x)

∫
fym|zm(ym | amnx+

∑
n′∈[N ]\{n}

amn′xn′)
∏

n′∈[N ]\{n}

M
fym|zm→xn′

(xn′)dxn′ .

(apx.13)

Each of the message is approximated by a complex gaussian distribution
and we look at how they are computed in the next paragraphs.

Projection of fout
x Let n ∈ [N ] and m ∈ [M ]. We first start by computing the

projection of fout
xn

on the family of complex gaussian distribution according
to Sec. C.II.3. When N � 1, in virtue of the central limit theorem, one
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have

zm =
∑
n′

amn′xn′ ∼ CNorm(p̂m, τp̂m) with

p̂m =
∑

n′∈[N ] amnµfym|zm←xn′

τp̂m =
∑

n′∈[N ] |amn|2 τfym|zm←xn′

(apx.14)

and

zm | xn = x ∼ CNorm(amnx+ p̂mn, τp̂mn) with

p̂mn =
∑

n′∈[N ]\{n} hmn′µfym|zm←xn′

τp̂mn =
∑

n′∈[N ]\{n} |amn|2 τfym|zm←xn′

(apx.15)

Hence, the integral of fout
xn

now reads as

fout
xn

(x) = CN (x;µfym|zm←xn , τfym|zm←xn)

∫
fym|zm(ym | z)CN (z; amnx+ p̂mn, τp̂mn)dz

(apx.16)

=

∫
fym|zm(ym | z)CN (z; amnx+ p̂mn, τp̂mn)CN (x;µfym|zm←xn , τfym|zm←xn)dz

(apx.17)

where Eq. apx.15 has been used to approximate the density of zm | xn = x.
We now focus on the product of gaussian pdfs. First, note that

CN (z; amnx+ p̂mn, τp̂mn)CN (x;µfym|zm←xn , τfym|zm←xn)

= CN (amnx; z − p̂mn, τp̂mn)CN (x;µfym|zm←xn , τfym|zm←xn) (apx.18)

= CN
(
x;
z − p̂mn

amn

,
τp̂mn

|amn|2

)
CN (x;µfym|zm←xn , τfym|zm←xn) (apx.19)

where we used elementary properties of the gaussian pdf. Then, using
the gaussian product idendity

CN (x;µ1, τ1)CN (x;µ2, τ2) = CN (0;µ1 − µ2, τ1 + τ2)CN

(
x;

µ1

τ1
+ µ2

τ2
1
τ1
+ 1

τ2

,
1

1
τ1
+ 1

τ2

)
(apx.20)
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we can write

CN (z; amnx+ p̂mn, τp̂mn)CN (x;µfym|zm←xn , τfym|zm←xn)

= CN
(
0;
z − p̂mn

amn

− µfym|zm←xn ,
τp̂mn

|amn|2
+ τfym|zm←xn

)
CN (x;µxn,m, τxn,m)

(apx.21)

where the new variance is

τxn,m =

(
1

τfym|zm←xn

+
|amn|2

τp̂mn

)−1
(apx.22)

=
τp̂mnτfym|zm←xn

τp̂mn + |amn|2 τfym|zm←xn

(apx.23)

=
τp̂mnτfym|zm←xn

τp̂m
(apx.24)

and the new mean is

µxn,m = τxn,m

(
µfym|zm←xn

τfym|zm←xn

+
a∗mn(z − p̂mn)

τp̂mn

)
(apx.25)

=
τp̂mnµfym|zm←xn + τfym|zm←xna

∗
mn(z − p̂mn)

τp̂m
. (apx.26)

Using once again the properties of the gaussian pdf leads to

CN (z; amnx+ p̂mn, τp̂mn)CN (x;µfym|zm
xn, τfym|zmxn)

= CN
(
0; z − p̂mn − amnµfym|zm←xn , τp̂mn + |amn|2 τfym|zm←xn

)
CN (x;µxn,m, τxn,m)

(apx.27)
= CN (z; p̂m, τp̂m) CN (x;µxn,m, τxn,m) . (apx.28)
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The projection is then done by computing the mean and variance w.r.t.
fout
xn

(x):

E
[
xn; f

out
xn

(x)
]

=

∫
xfout

xn
(x)dx∫

fout
xn

(x)dx
(apx.29)

=

∫∫
xCN (x;µxn,m(z), τxn,m) fym|z(ym | z)CN (z; p̂mτp̂m)dxdz∫∫
CN (x;µxn,m(z), τxn,m) fym|z(ym | z)CN (z; p̂mτp̂m)dxdz

(apx.30)

=

∫
µxn,m(z)fym|z(ym | z)CN (z; p̂mτp̂m)dz (apx.31)

= E
[
µxn,m(zm); fym|z(ym | z)CN (z; p̂mτp̂m)

]
(apx.32)

=
τp̂mnµfym|zm

xn + τfym|zmxna
∗
mn(ẑm − p̂mn)

τp̂m
(apx.33)

and

V
[
xn; f

out
xn

(x)
]

= E
[
|xn|2 ; fout

xn
(x)
]
−
∣∣E[xn; fout

xn
(x)
]∣∣2 (apx.34)

= τxn,m + E
[
|µxn,m(zm)|

2 ; fym|z(ym | z)CN (z; p̂mτp̂m)
]

−
∣∣E[µxn,m(z); fym|z(ym | z)CN (z; p̂mτp̂m)

]∣∣2 (apx.35)
= τxn,m + V

[
µxn,m(z); fym|z(ym | z)CN (z; p̂mτp̂m)

]
(apx.36)

= τxn,m + V
[
τp̂mnµfym|zm←xn + τfym|zm←xna

∗
mn(zm − p̂mn)

τp̂m
; fym|z(ym | z)CN (z; p̂mτp̂m)

]
(apx.37)

=
τp̂mnτfym|zm←xn

τp̂m
+
τ 2fym|zm←xn

|amn|2 τẑm
τ 2p̂m

(apx.38)

=
τp̂mnτfym|zm←xnτp̂m + τ 2fym|zm←xn

|amn|2 τẑm
τ 2p̂m

(apx.39)

with

ẑm = E
[
zm; fym|zm(ym | z)CN (z; p̂mτp̂m)

]
, (apx.40)

τẑm = V
[
zm; fym|zm(ym | z)CN (z; p̂mτp̂m)

]
. (apx.41)
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Computation of message Eq. APX.8 To compute the message Eq. apx.8, and
so its mean and variance, we use the gaussian quotient identity

CN (x;µ1, τ1)

CN (x;µ2, τ2)
=

(
τ2

τ2 − τ1

)2 CN
(
x;

µ1
τ1
−µ2

τ2
1
τ1
− 1

τ2

, 1
1
τ1
− 1

τ2

)
CN (0;µ2 − µ1, τ2 − τ1)

. (apx.42)

It comes

τfym|zm←xn

=

(
1

V
[
xn; fout

xn
(x)
] − 1

τfym|zmxn

)−1
(apx.43)

=
τfym|zmxnV

[
xn; f

out
xn

(x)
]

τfym|zmxn − V
[
xn; fout

xn
(x)
] (apx.44)

=
τfym|zmxn

τp̂mτp̂mnτfym|zm
xn+τẑmτfym|zm

xn
2|amn|2

τ2p̂m

τfym|zmxn −
τp̂mτp̂mnτfym|zm

xn+τẑmτfym|zm
xn2|amn|2

τ2p̂m

(apx.45)

=
τp̂mτp̂mnτfym|zmxn + τfym|zmxn

2 |amn|2 τẑm
τ 2p̂m − τp̂mτp̂mn − τfym|zmxn |amn|2 τẑm

(apx.46)

=
τp̂m(τp̂m − τfym|zmxn |amn|2)τfym|zmxn + τfym|zmxn

2 |amn|2 τẑm
τ 2p̂m − τp̂m(τp̂m − |amn|2 τfym|zmxn)− τfym|zmxn |amn|2 τẑm

(apx.47)

=
τ 2p̂mτfym|zmxn + τfym|zmxn

2 |amn|2 (τẑm − τp̂m)
τfym|zmxn |amn|2 (τp̂m − τẑm)

(apx.48)

=
τ 2p̂m − τfym|zmxn |amn|2 (τp̂m − τẑm)

|amn|2 (τp̂m − τẑm)
(apx.49)
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for the variance and for the mean

µfym|zm
xn

= τfym|zmxn

(
E
[
xn; f

out
xn

(x)
]

V
[
xn; fout

xn
(x)
] − µfym|zm

xn

τfym|zmxn

)
(apx.50)

=
τfym|zmxnE

[
xn; f

out
xn

(x)
]
− V

[
xn; f

out
xn

(x)
]
µfym|zm

xn

τfym|zmxn − V
[
xn; fout

xn
(x)
] (apx.51)

=
τfym|zmxn

τp̂mnµfym|zm
xn+τfym|zm

xna∗mn(ẑm−p̂mn)

τp̂m
−

τp̂mτp̂mnτfym|zm
xn+τẑmτfym|zm

xn
2|amn|2

τ2p̂m
µfym|zm

xn

τfym|zmxn −
τp̂mτp̂mnτfym|zm

xn+τẑmτfym|zm
xn2|amn|2

τ2p̂m

(apx.52)

=
τp̂m

(
τp̂mnµfym|zm

xn + τfym|zmxna
∗
mn(ẑm − p̂mn)

)
−
(
τp̂mτp̂mn + τẑmτfym|zmxn |amn|2

)
µfym|zm

xn

τ 2p̂m − τp̂mτp̂mn − τẑmτfym|zmxn |amn|2

(apx.53)

=
τp̂mτfym|zmxna

∗
mn(ẑm − p̂mn)− τẑmτfym|zmxn |amn|2 µfym|zm

xn

τ 2p̂m − τp̂m(τp̂m − |amn|2 τfym|zmxn)− τẑmτfym|zmxn |amn|2
(apx.54)

=
τp̂mτfym|zmxna

∗
mn(ẑm − p̂m + amnµfym|zm

xn)− τẑmτfym|zmxn |amn|2 µfym|zm
xn

|amn|2 τfym|zmxn − τẑmτfym|zmxn |amn|2

(apx.55)

=
τp̂ma

∗
mn(ẑm − p̂m)− |amn|2 µfym|zm

xn(τp̂m − τẑm)
|amn|2 − τẑm |amn|2

. (apx.56)

A key step of GAMP is that it neglects terms of order O(|amn|2) so
that the following approximations can be made

τfym|zmxn =
1

|amn|2 τv̂m
+O(|amn|2) (apx.57)

µfym|zm
xn =

a∗mnv̂m + |amn|2 µfym|zm
xnτv̂m

|amn|2 τv̂m
(apx.58)

with

τv̂m =
τp̂m − τẑm

τ 2p̂m
, v̂m =

ẑm − p̂m
τp̂m

. (apx.59)
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Message from xn to fxn Remembering that

M
fxn←xn

(x) =
∏

m′∈[M ]

CN (x;µfym|zm→xn , τfym|zm→xn) = CN (x;µfxn←xn , τfxn←xn)

(apx.60)

where, based on Eq. apx.20, the variance is

τfxn←xn =

 ∑
m∈[M ]

1

τfym|zm→xn

−1 (apx.61)

=

 ∑
m∈[M ]

|amn|2 τv̂m

−1 (apx.62)

and the mean is

µfxn←xn , = τfxn←xn

∑
m∈[M ]

µfym|zm→xn

τfym|zm→xn

(apx.63)

= τfxn←xn

∑
m∈[M ]

(
a∗mnv̂m + |amn|2 µfym|zm

xnτv̂m

)
. (apx.64)

Projection of f in
x The projection of f in

x on a complex gaussian distribution
requires the computation of the mean and variance

x̂n = E
[
xn; f

in
xn
(x)
]
= E

[
xn; fxn(x)CN (x;µfxn←xn , , τfxn←xn)

]
(apx.65)

τx̂n = V
[
xn; f

in
xn
(x)
]
= V

[
xn; fxn(x)CN (x;µfxn←xn , , τfxn←xn)

]
(apx.66)

that will depend on the model.

Message from fxn to xn Similar to the message from fym|zm to xn, we use
Eq. apx.42 to compute the message variance

τfxn→xn =

(
1

τx̂n

− 1

τfxn←xn

)−1
(apx.67)

=

(
1

τx̂n

− |amn|2 τv̂m
)−1

(apx.68)

= τx̂n +O(|amn|2) (apx.69)
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and the message mean

µfxn→xn = τfxn→xn

(
x̂n
τx̂n

−
µfxn←xn

τfxn←xn

)
, (apx.70)

= τx̂n

(
x̂n
τx̂n

− a∗mnv̂m + |amn|2 µfym|zm←xnτv̂m

)
(apx.71)

= x̂n − τx̂na
∗
mnv̂m +O(|amn|2) (apx.72)

removing higher order terms.

Closing the loop The loop is finally closed by injecting the precedent mean
and variance in τp̂m , p̂m and µfxnxn to obtain the final approximations

τp̂m =
∑
n∈[N ]

|amn|2 τfxnxn (apx.73)

=
∑
n∈[N ]

|amn|2 τx̂n (apx.74)

p̂m =
∑
n∈[N ]

amnµfxn→xn (apx.75)

=
∑
n∈[N ]

amn(x̂n − τx̂na
∗
mnv̂m) (apx.76)

=
∑
n∈[N ]

amnx̂n − τp̂m v̂m (apx.77)

µfxn←xn = τfxn←xn

 ∑
m∈[M ]

(
a∗mnv̂m + |amn|2 (x̂n − τx̂na

∗
mnv̂m)τv̂m

) (apx.78)

= x̂n + τfxn←xn

 ∑
m∈[M ]

a∗mnv̂m

 (apx.79)

The resulting algorithm simply consists in the exchange of messages
that are means and variances, namely GAMP.
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DERIVATION OF GHOMA-HGAMPIV

This section provides a derivation of an instance of HGAMPs within the
GHomAs framework. The final algorithm is given in Sec. D.III.2.

In the sequel, we assume that n ∈ [N ], k ∈ [K],m ∈ [M ] and g ∈ [G].
When the indices n and g appear in the same expression, it is assumed
that n ∈ Gg.

From the channel output to the activity probabilitiesIV.1

We first consider the propagation of the messages from fY|H to fq given
the following chain

fq ← q← Ps|q← s← fH|s ← H← fY|H (apx.80)

where we already dealt with the subchain fH|s ← H ← fY|H using GAMP.
The message of the next link s← fH|s becomes

M
fhnk|sn

→sn

(sn) ≈


∫
δ(x)CN (x; rnk, τr,nk)dx if sn = 0∫
CN (h;µh, τ

x)CN (x; rnk, τr,nk)dx if sn = 1
(apx.81)

≈

CN (0; rnk, τr,nk) if sn = 0

CN (0; rnk − µh, τr,nk + τh) if sn = 1
. (apx.82)

The next link Ps|q← s collect all the messages for each antenna k′ ∈ [K]

given the rules of Sec. C.II.3:

M
Psn|qg←sn

(sn) ≈


∏

k′∈[K] CN (0; rnk, τr,nk) if sn = 0∏
k′∈[K] CN (0; rnk − µh, τr,nk + τh) if sn = 1

(apx.83)

≈

φ0,n
∆
= CN (0; rn,diag(τ r,n)) if sn = 0

φ1,n
∆
= CN (0; rn − µh1K×1,diag(τ r,n + τh1K×1)) if sn = 1

(apx.84)

where rn = [rnk′ ]
T
k′∈[K] and τ r,n = [τr,nk′ ]

T
k′∈[K]. Then it comes

M
Psn|qg→qg

(qg) ≈ (1− qg)φ0,n + qgφ1,n (apx.85)
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for the link q ← Ps|q after averaging over the state variable before being
propagated unchanged

M
fqg←qg

(qg) ≈
∏
n∈Gg

M
Psn|qg→qg

(qg) (apx.86)

with the last link fq ← q.

From the activity probabilities to the channel outputIV.2

The propagation is then conducted in the opposite direction from fq to
fY|H reversing the chain of Eq. apx.80 as

fq → q→ Ps|q→ s→ fH|s → H→ fY|H. (apx.87)

The first message corresponding to the link fq → q requires the computa-
tion of the marginalization

M
fqg→qg

(qg) = fqg(qg) (apx.88)

and is sent through q→ Ps|q

M
Psn|qg←qg

(qg) ≈ fqg(qg)
∏

n′∈Gg

((1− qg)φ0,n′ + qgφ1,n′) (apx.89)

The message of the link Ps|q→ s is obtained with

M
Psn|qg→sn

(sn) ≈
∫
[0,1]

Psn|qg(sn|qg)fqg(qg)

 ∏
n′∈Gg\{n}

((1− qg)φ0,n′ + qgφ1,n′)dqg


(apx.90)

≈

1− q̂g,n if sn = 0

q̂g,n if sn = 1
(apx.91)
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where

q̂g,n = E

[
qg; M

Psn|qg←qg

(qg)

]
(apx.92)

=

∫
[0,1]

qgfqg(qg)
[∏

n′∈Gg\{n} ((1− qg)φ0,n′ + qgφ1,n′)dqg
]

∫
[0,1]

fqg(qg)
[∏

n′∈Gg\{n} ((1− qg)φ0,n′ + qgφ1,n′)dqg
] (apx.93)

is the mean of the random activity probability given the state sn. Next,
the message is

M
fhnk|sn

←sn

(sn) ≈


(1− q̂g,n)

∏
k′∈[K]\{k}

CN (0; rn′k′ , τr,n′k′) if sn = 0

q̂g,n
∏

k′∈[K]\{k} CN (0; rn′k′ − µh, τr,n′k′ + τh) if sn = 1

(apx.94)

≈

(1− q̂g,n)
φ0,n

CN (0; rnk, τr,nk)
if sn = 0

q̂g,n
φ1,n

CN (0;rnk−µh,τr,nk+τh)
if sn = 1

(apx.95)

which consist in aggregating the messages for each antenna k for the
link s→ fH|s. The message of the subsequent link fH|s → H averages over
the state

M
fhnk|sn

→hnk

(hnk) ≈ (1− q̂g,n) δ(hnk)
φ0,n

CN (0; rnk, τr,nk)

+ q̂g,nCN (hnk;µh, τh)
φ1,n

CN (0; rnk − µh, τr,nk + τh)
(apx.96)

BeliefsIV.3

After the round trip of messages described by Eq. apx.80 and Eq. apx.87,
estimates of the posterior beliefs are obtained based on Sec. C.II.3.

After Eq. D.39, the beliefs at variables qg, sn and hnk are respectively

B
qg

(qg) ≈
∫
[0,1]

fqg(qg)

( ∏
n′∈[N ]

[
(1− qg)φ0,n′ + qgφ1,n′

]
dqg

)
(apx.97)
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B
sn

(sn) ≈

(1− q̂g,n)φ0,n if sn = 0

q̂g,nφ1,n if sn = 1
, (apx.98)

and

B
hnk

(hnk) ≈ CN (hnk; rnk, τr,nk)

[
(1− q̂g,n)φ0,n

CN (0; rnk, τr,nk)
δ(hnk)

+
q̂g,nφ1,n

CN (0; rnk − µh, τr,nk + τh)
CN (hnk;µh, τh)

]
.

(apx.99)

EstimatesIV.4

Once the beliefs are derived, one can compute estimates of the system
variables. We start with the estimates of the activity probabilities

q̂g = E
[
qg;B

qg

(qg)

]
=

∫
qgB

qg

(qg)dqg∫
B
qg

(qg)dqg
(apx.100)

where the normalization ensures that the belief is a pdf. Substituting the
belief inside the integrals leads to

q̂g ∝
∫
qgfqg(qg)

 ∏
n′∈[N ]

((1− qg)φ0,n′ + qgφ1,n′)

dqg. (apx.101)

The estimate of the states is performed using individual log-likelihood
ratio tests of the form

ŝn = 1 (LLRn > 0) (apx.102)

where

LLRn = log q̂g,n + logφ0,n − log (1− q̂g,n)− logφ1,n (apx.103)

Note that the dependence on the group index g is removed in the notation
LLRn since the groups do not overlap.
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Finally, the channel estimation is performed by computing

ĥnk =

∫
C hB

hnk

(h)dh∫
C B

hnk

(h)dh
(apx.104)

from Eq. apx.99. We start by computing the denominator as∫
C
B
hnk

(h)dh =
(1− q̂g,n)φ0,n

CN (0; rnk, τr,nk)

∫
C
δ(h)CN (h; rnk, τr,nk)dh

+
q̂g,nφ1,n

CN (0; rnk − µh, τr,nk + τh)

∫
C
CN (h;µh, τh)CN (h; rnk, τr,nk)dh

(apx.105)
=(1− q̂g,n)φ0,n + q̂g,nφ1,n (apx.106)

The numerator is∫
C
B
hnk

(h)dh =
(1− q̂g,n)φ0,n

CN (0; rnk, τr,nk)

∫
C
hδ(h)CN (h; rnk, τr,nk)dh

+
q̂g,nφ1,n

CN (0; rnk − µh, τr,nk + τh)

∫
C
hCN (h;µh, τh)CN (h; rnk, τr,nk)dh

(apx.107)

=q̂g,nφ1,n

τ−1h µh + τ−1r,nkrnk

τ−1h + τ−1r,nk

. (apx.108)

Finally

ĥnk =
1

1 + e−LLRn

τ−1h µh + τ−1r,nkrnk

τ−1h + τ−1r,nk

(apx.109)

For the purpose of the updates of the GAMP part of the algorithm, we
also compute the corresponding variance

τh,nk = V
[
hnk; B

hnk

]
= E

[
|hnk|2 ; B

hnk

]
−
∣∣∣∣E[|hnk| ; Bhnk

]∣∣∣∣2 = E
[
|hnk|2 ; B

hnk

]
−
∣∣∣ĥnk∣∣∣2

(apx.110)

The second moment of hnk computation is similar to the mean computa-
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tion, leading to

E
[
|hnk|2 ; B

hnk

]
=

1

1 + e−LLRn

∣∣∣∣∣τ−1h µh + τ−1r,nkµr

τ−1h + τ−1r,nk

∣∣∣∣∣
2

+
1

τ−1h + τ−1r,nk

 . (apx.111)

Finally, the variance reads

τh,nk =
1

1 + e−LLRnk

∣∣∣∣∣τ−1h µh + τ−1r,nkµr

τ−1h + τ−1r,nk

∣∣∣∣∣
2

+
1

τ−1h + τ−1r,nk

− ∣∣∣ĥnk∣∣∣2 . (apx.112)

DERIVATION OF GHETA-HGAMPV

This section provides a derivation of an instance of HGAMPs within the
GHetAs framework. The final algorithm is given in Sec. E.III.2.

In the sequel, we assume that n ∈ [N ], k ∈ [K],m ∈ [M ].

From the channel output to the activity probabilitiesV.1

We first consider the propagation of the messages from fY|H to fq given
the following chain

fq ← q← Ps|q← s← fH|s ← H← fY|H (apx.113)

where we already dealt with the subchain fH|s ← H ← fY|H using GAMP.
The message of the next link s← fH|s becomes

M
fhnk|sn

→sn

(sn) ≈


∫
δ(x)CN (x; rnk, τr,nk)dx if sn = 0∫
CN (h;µh, τ

x)CN (x; rnk, τr,nk)dx if sn = 1
(apx.114)

≈

CN (0; rnk, τr,nk) if sn = 0

CN (0; rnk − µh, τr,nk + τh) if sn = 1
. (apx.115)
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The next link Ps|q← s collect all the messages for each antenna k′ ∈ [K]

given the rules of Sec. C.II.3:

M
Psn|qn←sn

(sn) ≈


∏

k′∈[K] CN (0; rnk, τr,nk) if sn = 0∏
k′∈[K] CN (0; rnk − µh, τr,nk + τh) if sn = 1

(apx.116)

≈

φ0,n
∆
= CN (0; rn,diag(τ r,n)) if sn = 0

φ1,n
∆
= CN (0; rn − µh1K×1,diag(τ r,n + τh1K×1)) if sn = 1

(apx.117)

where rn = [rnk′ ]
T
k′∈[K] and τ r,n = [τr,nk′ ]

T
k′∈[K]. Then it comes

M
Psn|qn→qn

(qn) ≈ (1− qn)φ0,n + qnφ1,n (apx.118)

for the link q ← Ps|q after averaging over the state variable before being
propagated unchanged

M
fq←qn

(qn) ≈ M
Psn|qn→qn

(qn) (apx.119)

with the last link fq ← q.

From the activity probabilities to the channel outputV.2

The propagation is then conducted in the opposite direction from fq to
fY|H reversing the chain of Eq. apx.113 as

fq → q→ Ps|q→ s→ fH|s → H→ fY|H. (apx.120)

The first message corresponding to the link fq → q requires the computa-
tion of the marginalization

M
fq→qn

(qn) ≈
∫
[0,1]N−1

fq(q)

 ∏
n′∈[N ]\{n}

((1− qn′)φ0,n′ + qn′φ1,n′)dqn′

 (apx.121)

and is sent through q→ Ps|q

M
Psn|qn←qn

(qn) ≈ M
fq→qn

(qn). (apx.122)
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The message of the link Ps|q→ s is obtained with

M
Psn|qn→sn

(sn) ≈

1− q̂n,n if sn = 0

q̂n,n if sn = 1
(apx.123)

where we use the shorthand notation

q̂n,n = E
[
qn; M

fq→qn

]
(apx.124)

=

∫
[0,1]N−1 fq(q)

[∏
n′∈[N ]\{n} ((1− qn′)φ0,n′ + qn′φ1,n′)dqn′

]
∫
[0,1]N−1

[∏
n′∈[N ]\{n} ((1− qn′)φ0,n′ + qn′φ1,n′)dqn′

] (apx.125)

compute the mean of the random activity probability. Next, the message
is

M
fhnk|sn

←sn

(sn) ≈


(1− q̂n,n)

∏
k′∈[K]\{k}

CN (0; rn′k′ , τr,n′k′) if sn = 0

q̂n,n
∏

k′∈[K]\{k} CN (0; rn′k′ − µh, τr,n′k′ + τh) if sn = 1

(apx.126)

≈

(1− q̂n,n)
φ0,n

CN (0; rnk, τr,nk)
if sn = 0

q̂n,n
φ1,n

CN (0;rnk−µh,τr,nk+τh)
if sn = 1

(apx.127)

which consist in aggregating the messages for each antenna the pair k for
the link s → fH|s. The message of the subsequent link fH|s → H averages
over the state

M
fhnk|sn

→hnk

(hnk) ≈ (1− q̂n,n) δ(hnk)
φ0,n

CN (0; rnk, τr,nk)

+ q̂n,nCN (hnk;µh, τh)
φ1,n

CN (0; rnk − µh, τr,nk + τh)
(apx.128)

BeliefsV.3

After the round trip of messages described by Eq. apx.113 and Eq. apx.120,
estimates of the posterior beliefs are obtained based on Sec. C.II.3.

After Eqs. (E.59) to (E.61), the beliefs at variables qn, sn and hnk are
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respectively

B
qn

(qn) ≈
∫
[0,1]N−1

fq(q)

( ∏
n′∈[N ]

[
(1− qn′)φ0,n′ + qn′φ1,n′

]
dqn′

)
(apx.129)

B
sn

(sn) ≈


(
1− E

[
qn; M

fq→qn

])
φ0,n if sn = 0

E
[
qn; M

fq→qn

]
φ1,n if sn = 1

, (apx.130)

and

B
hnk

(hnk) ≈ CN (hnk; rnk, τr,nk)

[
(1− q̂n,n)φ0,n

CN (0; rnk, τr,nk)
δ(hnk)

+
q̂n,nφ1,n

CN (0; rnk − µh, τr,nk + τh)
CN (hnk;µh, τh)

]
.

(apx.131)

EstimatesV.4

Once the beliefs are derived, one can compute estimates of the system
variables. We start with the estimates of the activity probabilities

q̂n = E
[
qn;B

qn

(qn)

]
(apx.132)

=

∫
qnB

qn

(qn)dqn∫
B
qn

(qn)dqn
(apx.133)

where the normalization ensures that the belief is a pdf. Substituting the
belief inside the integrals leads to

q̂n ∝
∫
qnfq(q)

 ∏
n′∈[N ]

((1− qn′)φ0,n′ + qn′φ1,n′)

dq. (apx.134)

The computation of such integral cannot be done analytically and is
performed numerically, using Monte-Carlo integration. Hence, sampling
S correlated vectors {qs}s∈[S] with Algo. E.1, allows to approximate the
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estimate by

q̂n ≈
Num({qs}s∈[S], {φ0,n′}n′∈[N ], {φ1,n′}n′∈[N ])

Den({qs}s∈[S], {φ0,n′}n′∈[N ], {φ1,n′}n′∈[N ])
(apx.135)

where the numerator is

Num({qs}s∈[S], {φ0,n′ , φ1,n′}n′∈[N ]) =
1

S

∑
s∈[S]

qn,s

 ∏
n′∈[N ]

((1− qn′,s)φ0,n′ + qn′,sφ1,n′)


(apx.136)

and the denominator is

Den({qs}s∈[S], {φ0,n′ , φ1,n′}n′∈[N ]) =
1

S

∑
s∈[S]

 ∏
n′∈[N ]

((1− qn′,s)φ0,n′ + qn′,sφ1,n′)

 .
(apx.137)

The estimate of the states is performed using individual log-likelihood
ratio tests of the form

ŝn = 1 (LLRn > 0) (apx.138)

where

LLRn = log q̂n,n + logφ0,n − log (1− q̂n,n)− logφ1,n (apx.139)

The log-likelihood ratio requires the computation of

E
[
qn; M

fq→qn

]
∝
∫
[0,1]N

qnfq(q)

 ∏
n′∈[N ]\{n}

((1− qn′)φ0,n′ + qn′φ1,n′)dqn′ .


(apx.140)

which slightly differs from Eq. apx.134 since the product in the integral
does not account for the term indexed by n. This expectation is also
approximated using Monte-Carlo integration

E
[
qn; M

fq→qn

]
≈

Num({qs}s∈[S], {φ0,n′}n′∈[N ]\{n}, {φ1,n′}n′∈[N ]\{n})

Den({qs}s∈[S], {φ0,n′}n′∈[N ]\{n}, {φ1,n′}n′∈[N ]\{n})
(apx.141)
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with numerator

Num({qs}s∈[S], {φ0,n′ , φ1,n′}n′∈[N ]\{n}) =
1

S

∑
s∈[S]

qn,s
∏

n′∈[N ]\{n}

((1− qn′,s)φ0,n′ + qn′,sφ1,n′)

(apx.142)

and denominator

Den({qs}s∈[S], {φ0,n′ , φ1,n′}n′∈[N ]\{n}) =
1

S

∑
s∈[S]

∏
n′∈[N ]\{n}

((1− qn′,s)φ0,n′ + qn′,sφ1,n′) .

(apx.143)

Finally, the channel estimation is performed by computing

ĥnk =

∫
C hB

hnk

(h)dh∫
C B

hnk

(h)dh
(apx.144)

from Eq. apx.131. We start by computing the denominator as∫
C
B
hnk

(h)dh =
(1− q̂n,n)φ0,n

CN (0; rnk, τr,nk)

∫
C
δ(h)CN (h; rnk, τr,nk)dh

+
q̂n,nφ1,n

CN (0; rnk − µh, τr,nk + τh)

∫
C
CN (h;µh, τh)CN (h; rnk, τr,nk)dh

(apx.145)
=(1− q̂n,n)φ0,n + q̂n,nφ1,n (apx.146)

The numerator is∫
C
B
hnk

(h)dh =
(1− q̂n,n)φ0,n

CN (0; rnk, τr,nk)

∫
C
hδ(h)CN (h; rnk, τr,nk)dh

+
q̂n,nφ1,n

CN (0; rnk − µh, τr,nk + τh)

∫
C
hCN (h;µh, τh)CN (h; rnk, τr,nk)dh

(apx.147)

=q̂n,nφ1,n

τ−1h µh + τ−1r,nkrnk

τ−1h + τ−1r,nk

. (apx.148)

Finally

ĥnk =
1

1 + e−LLRn

τ−1h µh + τ−1r,nkrnk

τ−1h + τ−1r,nk

(apx.149)
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For the purpose of the updates of the GAMP part of the algorithm, we
also compute the corresponding variance

τh,nk = V
[
hnk; B

hnk

]
= E

[
|hnk|2 ; B

hnk

]
−
∣∣∣∣E[|hnk| ; B

hnk

]∣∣∣∣2 = E
[
|hnk|2 ; B

hnk

]
−
∣∣∣ĥnk∣∣∣2

(apx.150)

The second moment of hnk computation is similar to the mean computa-
tion, leading to

E
[
|hnk|2 ; B

hnk

]
=

1

1 + e−LLRn

∣∣∣∣∣τ−1h µh + τ−1r,nkµr

τ−1h + τ−1r,nk

∣∣∣∣∣
2

+
1

τ−1h + τ−1r,nk

 . (apx.151)

Finally, the variance reads

τh,nk =
1

1 + e−LLRnk

∣∣∣∣∣τ−1h µh + τ−1r,nkµr

τ−1h + τ−1r,nk

∣∣∣∣∣
2

+
1

τ−1h + τ−1r,nk

− ∣∣∣ĥnk∣∣∣2 . (apx.152)
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H
RÉSUMÉ EN FRANÇAIS

INTRODUCTIONI

Vue d’ensemble des réseaux sans-fil de nouvelles générations de

la 5G à la 6G

I.1

Les télécommunications électromagnétiques sont soumises à un proces-
sus de standardisation depuis le début des années 1990, orchestré par des
organismes internationaux tels que le 3GPP, l’ETSI, l’IEEE et l’ITU. Leur
histoire a été marquée par les arrivées successives des générations de
réseaux mobiles avec la 2G (1991), la 3G (2001), la 4G (2009) et, récem-
ment, la 5G, chacune permettant la mise en œuvre de nouveaux services
soutenus par des technologies de rupture.

La 5G s’appuie par exemple sur l’OFDM, une technologie introduite
pour la 4G qui s’est avérée être d’une telle efficacité qu’elle est présente
au sein de n’importe quel système de communication sans-fil. Dernière
génération à avoir été standardisée [3], [4], elle a été conçue avec l’ob-
jectif de développer à la fois les communications pour les particuliers et
l’industrie. Ainsi, les indicateurs de performances historiques tels que le
débit de donnée utilisateur ou l’efficacité spectrale ne sont plus les seuls
à être considérés comme étant de première importance.
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Avec l’avènement et le déploiement mondial des réseaux 5G, il est
également temps pour l’industrie et la recherche de commencer à penser
le futur des télécommunications, au-delà de la 5G, voire même de la 6G.

Nouveaux cas d’usagesI.2

Afin de familiariser le lecteur ou la lectrice avec le contexte technologique
de cette thèse, un panorama des cas d’usages de la 5G, B5G et 6G est
proposé dans ce qui suit.

Cas d’usage en 5G et B5GI.2.a

Les services technologiques de la 5G et B5G s’articulent autour de trois
grands cas d’usages: eMBB, uRLLC et mMTC.

Le premier, eMBB, est la suite direct de ce qui était déjà proposé en
4G-LTE, à savoir le dévelopemment et l’amélioration des systèmes de
communications à très haut débit. On y trouve des applications dans les
réseaux à très grande mobilité, les services de diffusion vidéo à très haute
résolution vers des appareils mobiles ou encore la réalité augmentée et/ou
virtuelle.

Le second cas d’usage est celui de la fiabilité. Ainsi, les services
estampillés uRLLC sont ceux pour lesquelles il est capital de garantir
des transmissions aux latences très faibles tout en diminuant leur taux
d’erreur à des niveaux extrêmement stricts. Les applications concernées
sont dites critiques et englobent l’IIoT, les véhicules autonomes (V2X et
UAV) ou encore l’haptique pour la télésanté.

Le troisième cas d’usage porte sur les mMTC où les applications sont
celles des communications massives entre machines. Contrairement à
l’eMBB, le trafic des équipements connectés est sporadique du fait de
communications opportunistes visant à économiser de l’énergie de fonc-
tionnement. Les villes intelligentes, l’IoT et les capteurs santé forment la
majorité du parc applicatif des mMTC.

Cas d’usage en 6GI.2.b

Bien que les cas d’usage de la 6G ne soient pas encore arrêtés, il semble
être communément accepté qu’elle consistera soit à pallier les manque-
ments technologiques de la 5G, soit à permettre le développement de
services hybridants les usages de la 5G.

En particulier, deux hybridations sont envisagées. La première est
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Indicateur Valeur (vs. réseaux actuels)
5G B5G 6G

Densité de connexion 1e6 périph./km2 (10×)
Latence 5 ms (0.5×) 1 ms (0.1×) < 1 ms (< 0.1×)
Mobilité 500 km/h (+33%)

Débit données max. 10 Gbps (10×) 100 Gbps (100×) 1 Tbps (1000×)
Fiabilité 99.999% 99.9999% 99.99999%

Efficacité spectrale et énergétique 10× bps/Hz/m2/J (surfacique) 100× bps/Hz/m2/J (surfacique) 1000× bps/Hz/m3/J (volumétrique)
Débit données utilisateur expérimenté 100 Mbps (10×) 1 Gbps (100×) 10 Gbps (1000×)

Table H.1: Indicateurs de performances de la 5G à la 6G par rapport aux
réseaux 4G actuels.

celle de l’uRLLC massif à l’intersection de l’uRLLC et des mMTC qui
permettra le développement de réseaux IoT critiques à des échelles bien
plus larges. La seconde hybridation possible combine l’eMBB et l’uRLLC
afin de fortement fiabiliser les applications eMBB susmentionnées pour
en améliorer l’expérience utilisateur.

Concernant les cas d’usage natif de la 6G, ils concernent principale-
ment le développement de télécommunications non-conventionnelles. On
peut citer pêle-mêle les communications satellitaires, les communications
par lumière visible et les communications quantiques. À cela s’ajoute une
intégration de l’intelligence artificielle comme composante essentielle au
fonctionnement des réseaux.

Indicateurs de performancesI.2.c

Le développement de la 5G jusqu’à la 6G est guidé par l’atteignabilité
d’indicateurs de performances. Très grossièrement, on peut retenir que
les 5G, B5G et 6G sont respectivement prévues pour être 10, 100 et 1000
fois la 4G, comme décrit dans Tab. H.1.

Accès multiple pour les réseaux sans-fil de nouvelle générationI.3

Maintenant que le contexte technologique est mis en place, le regard est
porté sur une facette importante des réseaux sans-fil, à savoir l’accès
multiple (MA) d’équipements connectés à un point d’accès (AP) dans le
but final de transmettre des données.

Accès multiple orthogonalI.3.a

De la 2G à la 4G, le MA a reposé sur un le principe fondamental des
communications dites orthogonales. Du domaine temporel au domaine
fréquentiel, en passant par des techniques d’accès par code, l’accès mul-
tiple orthogonal (OMA) exploite la séparation des ressources de commu-
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nication pour permettre aux UEs de transmettre sans interférer les uns
avec les autres.

Bien que cette approche soit très efficace pour séparer un nombre
raisonnable d’UEs, i.e. tant que les ressources sont suffisantes pour ne
pas être partagées entre plusieurs UEs, elle se heurte à l’augmentation
conséquente de ces derniers avec le déploiement des réseaux 5Gs. L’OMA
n’est donc pas taillé pour soutenir les cas d’usages de nouvelle génération,
rendant nécessaire le dévelopemment d’un accès multiple non-orthogonal
(NOMA).

Accès multiple non-orthogonalI.3.b

Le NOMA est un changement de paradigme important dans la conception
des réseaux sans-fil. Contrairement à l’OMA, certaines ressources de
communication peuvent être partagées entre les UEs. Il faut entendre
par là qu’une même ressource (intervalle de temps, fréquence, puissance
d’émission, codes, ...) peut être utilisée simultanément par plusieurs UEs.
Les techniques NOMA sont aussi nombreuses qu’il existe de ressources
de communication (ou de leurs combinaisons). On retiendra par exemple
les techniques basées sur

• la puissance de transmission des UEs associées à un décodage d’an-
nulation successive d’interférences;

• les codes ou séquences d’identification pseudo-aléatoires à faible den-
sité;

• la théorie de l’acquisition comprimée (CS).

Ce sont ces dernières techniques d’accès qui ont été retenues pour cette
thèse du fait de leur très bon couplage avec la théorie de l’estimation
bayésienne, centrale pour les problèmes qui seront étudiés.

DéfisI.4

Il est maintenant temps d’ouvrir la discussion sur les défis qui sont con-
sidérés dans ce manuscrit. D’après la Sec. H.I.2, l’uRLLC et la mMTC
sont deux cas d’usages qui diffèrent sensiblement de l’eMBB du fait que
leurs applications reposent sur des indicateurs de performance qui ne
sont pas centrés sur le débit2.

Pour ces cas d’usages, la procédure d’accès aléatoire (RA) est un prob-
lème important posé par le MA. Le RA est une étape importante dans

156 FR.I. Introduction �

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



tous les réseaux sans-fil qui permet aux UEs d’accéder à un APs pour de
futures transmissions de données.

Il est donc très difficile à concevoir de telle sorte à ce que les indi-
cateurs de performance (passage à l’échelle, latence, fiabilité) de l’uRLLC
et de la mMTC soient respectés. En particulier, il sera justifié dans la
Sec. H.II que deux tâches importantes de traitement du signal qui peuvent
permettre au RAs d’être plus efficace sont nécessaires:

1. la détection active des utilisateurs, qui permet une identification pré-
cise des UEs par un AP;

2. l’estimation du canal, qui permet à un APs d’acquérir des informations
à grande échelle sur l’environnement afin d’améliorer la fiabilité de
futures transmission en lien descendant.

Ces deux problèmes seront étudiés simultanément sous la dénomination
d’AUDaCE dans les Sections H.IV and H.V.

ContributionsI.5

Un résumé des contributions de cette thèse est donné ci-après:

1. Un panorama des techniques bayésiennes de CS utiles pour l’AUDaCE
est donné dans la Sec. H.III.

2. Deux nouveaux modèles d’activité pour le RA sont introduits.

(a) L’activité groupée homogène de la Sec. H.IV.2.b qui repose sur
des variables latentes induisant une structure de groupe;

(b) L’activité groupée hétérogène de la Sec. H.V.2.a qui repose sur
une application simple de la théorie des copules pour décrire des
structures de dépendance statistique flexibles d’activité;

3. Une approche systématique de l’AUDaCE est exploitée pour un RAs
spontané dans le cadre bayésien de la CS avec le développement de
deux algorithmes à passage de message approximé généralisé hybride
dans les Sections H.IV.3 and H.V.3.
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ÉTAT DE L’ARTII

Accès aléatoire pour la mMTC et l’uRLLCII.1

Chaque fois qu’un UE souhaite transmettre des données à un AP, il doit
s’accorder avec ce dernier pour s’assurer qu’il en aura le droit en com-
plétant au préalable une procédure de RA. L’accès est qualifié d’aléatoire
puisque le moment de la première transmission est inconnu de l’AP.

Pour la version New Radio de la 5G (5G-NR), il existe pour le moment
trois façons d’effectuer un RA. Les deux premières méthodes, que nous
qualifions de non-spontanées, nécessitent une procédure en 3 ou 4 étapes.
Elles sont initiées par l’envoi d’un signal préambule, unique (accès non-
contentieux) ou choisi aléatoirement parmi un ensemble de préambules
(accès contentieux). S’en suivent des échanges de messages avec l’AP qui
aboutiront à l’autorisation (ou non) de l’UE à transmettre des données.

Un inconvénient de ces deux méthodes est justement l’échange de ces
messages qui, dans le cadre de réseaux densément peuplés ou nécessitant
des temps de latence très faibles, génèrent une surcharge liée au trafic
de contrôle au détriment de la transmission de données utiles. Pour
cette raison, une troisième méthode de RA, dite spontanée (GFRA), est
possible et consiste à regrouper les 4 messages de l’approche contentieuse
en 2 messages (voir Fig. B.1).

Comme évoquer dans Sec. H.I.3.b, permettre le GFRA pour la mMTC
et l’uRLLC passera par l’utilisation de techniques NOMA. En particulier,
l’activité parcimonieuse des UEs est un terrain fertile pour l’utilisation
de CS-NOMA.

Modèle pour l’accès aléatoire spontanéII.2

Transmission en bande de baseII.2.a

On considère que la transmission du préambule de l’UE n ∈ [N ] se fait
pendant une fenêtre temporelle durant M symboles OFDMs. On suppose
que les N UEs transmettent sur la même fréquence, comme cela peut être
le cas dans les réseaux IoTs exploitant la technologie NB-IoTs. En notant
xn ∈ CM le signal en bande de base transmis par l’UE n, la matrice des
N signaux est notée

X =
[
x1 . . . xN

]
∈ CM×N . (fr.1)
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Cette matrice est transmise aux K antennes de l’AP au travers d’un canal
à évanouissement lent. En notant hkn le coefficient de canal entre l’UE
n et l’antenne k, wmk le coefficient de bruit sur l’antenne k pendant le
symbole OFDM m, l’équation de transmission en bande de base s’écrit

Z = XH ∈ CM×K (sans bruit), (fr.2a)
Y = Z+W ∈ CM×K (avec bruit). (fr.2b)

Modèles d’activitéII.2.b

États d’activité et motifs Pendant chaque intervalle de M symboles OFDM,
les N UEs peuvent être séparés selon leur état: actif ou inactif. Un UE
est dit actif s’il initie une procédure de RA, et inactif sinon. On associe
à chaque état une variable aléatoire binaire sn telle quesn = 0 ⇒ UE est inactif

sn = 1 ⇒ UE est actif
(fr.3)

L’état de tous les UEs est noté

s =
[
s1 . . . sN

]T
. (fr.4)

que l’on nommera motif d’activité.
Le motif étant supposé aléatoire entre chaque fenêtre de transmission,

la modélisation de sa pmf Ps est importante. La litérature en comporte
quelques exemples de caractérisation, brièvement décrits dans Tab. H.2.

Activité corrélée Nombre d’applications (V2X, IIoT, smart cities, etc) faisant
intervenir le GFRA devraient exhiber des motifs d’activité corrélés, sim-
plement dû au grand nombre d’UEs pouvant communiquer simultanément.
Cependant, les modèles existants d’activité ne sont pas toujours adaptés
à ces applications.

En effet, bien qu’ils permettent de couvrir des scénarios d’activité rela-
tivement différents, ils décrivent l’activité conjointe d’une façon paramétrique-
ment simple mais limitée dans la dépendance statistique des états ou au
contraire d’une façon paramétriquement très complexe pour des motifs à
très forte corrélation, ce qui n’est pas adapté pour des réseaux de grande
ampleur.

Il est donc intéressant de développer de nouveaux modèles qui pour-
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Modèle Probabilité Ps(s)

Description

Activité indépendante
∏

n∈[N ] Psn(sn)

Une variable d’état pour chaque UE, indépendante des
autres.

Activité de groupe
indépendant

∏G
g=1 PsGg

(sGg )
∏

n∈Gg
δ(sn − sGg )

Les UEs sont répartis dans G groupes indépendants les
uns des autres. L’état des UEs d’un groupe est régie par
l’état de ce dernier sGg .

Activité de groupe
∑

sG∈{0,1}G

(∏N
n=1 δ(sn −maxg∈Nn(s

G
g ))
)(∏G

g=1 PsGg
(sGg )

)
Les UEs sont répartis dans G groupes, pouvant avoir des
recouvrements. Un UE est actif si l’état d’un des groupes
desquels il dépend est actif; il est inactif sinon.

Activité de Bernoulli
multivariée

∏
s′∈{0,1}N p(s′)

∏N
n=1 s

s′n
n (1−sn)

(1−s′n)

Ce modèle est le plus général de tous mais nécessite de
spécifier les 2N probabilités correspondant à chaque motif
dans {0, 1}N .

Table H.2: Différentes caractérisations probabilistes du motif d’activité.

ront capturer efficacement ces motifs d’activité tout en assurant une flex-
ibilité et une relative simplicité dans leur paramétrisation.

Construction de la matrice des préambulesII.3

En notant pn le préambule de l’UE n ∈ [N ] et P = [pn]n∈[N ] la matrice des
préambules, on peut modéliser la réception du signal reçu pendant une
fenêtre de GFRA à l’aide de Eq. fr.2

Y = Z+W ∈ CM×K avec Z = PH. (fr.5)

Dans le contexte du CS-NOMA, la construction de P doit vérifier la
propriété d’isométrie restreinte (RIP)

∀h ∈ CN , ‖h‖0 ≤ ν, (1− δν) ‖h‖22 ≤ ‖Ph‖22 ≤ (1 + δν) ‖h‖22 (fr.6)

où ν ∈ [N ] est le niveau de parcimonie et δν > 0 est la constance
d’isométrie restreinte (RIC). Cependant, vérifier qu’une matrice vérifie
la RIP est connu pour être un problème NP-difficile, conduisant à plutôt
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considérer sa cohérence

µ(P ) = max
1≤n<n′≤N

∣∣pH
npn′

∣∣ . (fr.7)

En particulier, les matrices Grassmanniennes [40], [41], solutions du prob-
lème de conditionnement

P ? = argmin
P∈CM×N

µ(P ), (fr.8)

ont prouvée être de bonnes candidates dans de nombreux scenarios (com-
munications multi-antennes, multi-utilisateurs et spontanées), en appor-
tant une multitude de technique de construction déterministe.

Par opposition à ses constructions algorithmiques, des constructions
aléatoires peuvent être considérées tout en garantissant la RIP. On citera
les matrices (sous-)gaussiennes, uniformément sphériques ou de Rademacher.

Détection d’utilisateur actifs et estimation de canalII.4

Quand on considère le GFRA, deux problèmes se posent naturellement: la
détection d’utilisateur actifs et l’estimation de canal (AUDaCE). À partir
de l’observation du signal Y = Y et la connaissance des préambules P ,
l’AP doit déterminer quels sont les UEs qui effectuent un RA tout en
estimant les coefficients de canal entre les UEs et ses antennes.

Deux formulations conjointes de ces deux problèmes existent. La
première est celle d’une estimation MAP de la forme suivante

s?,H? = argmax
s∈{0,1}N ,H∈CN×K

fs,H|Y(s,H | Y ). (fr.9)

La seconde approche consiste à définir la matrice par blocs V(s,H) = [s,H]

et son estimateur MMSE

V (s,H)? = E[V(s,H)] =
∫
CN×K

∑
s∈{0,1}N

V (s,H)fs,H|Y(s,H | Y )dH . (fr.10)

Dans les deux cas, l’estimateur nécessite la connaissance de la pdf a
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posteriori

fs,H|Y(s,H | Y ) = fY(Y )−1fY|H,s(Y |H)fH|s(H | s)Ps(s) (fr.11)

=
fY|H,s(Y |H)fH|s(H | s)Ps(s)∫

CN×K

∑
s∈{0,1}N fY|H,s(Y |H)fH|s(H | s)Ps(s)dH

(fr.12)

dont la factorisation suppose que les variables du système s,H,Y forment
la chaîne de Markov suivante

s→ H→ Y. (fr.13)

Selon la nature de cette densité, les optimaux de (fr.9) et (fr.10) peuvent
être différents. En général, la résolution de ces problèmes de CS est NP-
difficile. Elle nécessite donc des méthodes sous-optimales approximant
les solutions idéales Eqs. (fr.9) and (fr.10).

ConclusionII.5

Il apparaît que le GFRA est un catalyseur essentiel à l’uRLLC et la mMTC
notamment pour accélérer les transmissions de données supplémentaires
en réduisant la surcharge de contrôle. En particulier, l’AUDaCE joue
un rôle important dans le GFRA pour identifier de manière fiable les
UEs actifs et préparer les transmissions futures en estimant le canal
entre l’AP et les UEs. Cependant, l’AUDaCE n’a été prise en compte
qu’avec des modèles d’activité individuelle indépendants indépendante
ou indépendante par groupe. Dans les Sections H.IV and H.V l’AUDaCE
appliquée au GFRA avec des modèles de corrélation plus flexibles sera
étudiée, tout en proposant des solutions algorithmiques à sa résolution.
Cela sera rendu possible grâce aux techniques de CS-NOMA qui sont
présentées dans la Sec. H.III.
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PRÉREQUIS ALGORITHMIQUES D’ACQUISITION COMPRIMÉE

BAYÉSIENNE

III

Acquisition comprimée non-bayésienneIII.1

Formulation du problèmeIII.1.a

Le problème d’acquisition comprimée consiste à reconstruire un signal
x ∈ CN à partir de l’observation d’un signal y ∈ CM . La transformation
de x vers y est la plupart du temps exprimée sous la forme générale
suivante:

y = f(Ax) (fr.14)

où A ∈ CM×N est une matrice dite de mesure et f : CM → CN est une
transformation non-linéaire des composantes de son argument. Le cas
particulier le plus étudié est le suivant

y = Ax+w (fr.15)

pour lequel la mesure du vecteur x par A est perturbée par un bruit
w ∈ CM . Intuitivement, lorsque la dimension de l’espace de mesure M
est plus petite que celle de l’espace du signal N , la reconstruction de
x à partir d’une observation (bruitée) semble compromise. Cependant,
lorsque x possède la particularité d’être parcimonieux, i.e. que certaines
de ces composantes sont nulles, l’utilisation de cette information peut
être exploitée pour reconstruire x. Formellement, cela revient à résoudre
le problème d’optimisation suivant:

x? = argmin
x∈CN

‖x‖0 tel que ‖y −Ax‖p ≤ ε (fr.16)

où p > 0 et ε > 0. Sa résolution est NP-difficile.

Inventaire de méthodes non-bayésiennesIII.1.b

La litérature sur la CS regorge de méthodes de résolution pour Eq. fr.16.
On peut citer les méthodes d’optimisation (BPDN, LASSO), les méthodes
gloutonnes (MP, OMP, StOMP, MMP, CoSaMP, FBMP) et les méthodes
itératives (IHTA, ISTA). Chacune de ces familles algorithmiques considère
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une version modifiée du problème de base, à savoir

x? = argmin
x∈CN

‖x‖1 tel que ‖y −Ax‖2 ≤ ε (fr.17)

qui a l’avantage de proposer une formulation convexe mais sous-optimale,
pour ε > 0.

Algorithme à propagation de croyanceIII.2

La propagation de croyance désigne un ensemble de techniques d’in-
férence bayésienne se basant sur l’échange de messages entre les sommets
d’un graphe de facteurs.

Graphe de facteursIII.2.a

Un graphe de facteurs G(F,V,E) est un graphe multipartite non-orienté
qui représente les dépendences fonctionnelles des facteurs d’une fonction
à ses variables.

Soit une fonction f dépendendant des variables v = [v1, . . . , vI ] et dont
une factorisation possible est

f(v) =
∏
j∈[J ]

fj(vj) (fr.18)

où les J sous-ensembles de variables {vj}j∈[J ] vérifient∀j ∈ [J ], vj ⊆ v⋃
j∈[J ] vj = v

(fr.19)

avec de possibles recouvrements entre les sous-ensembles. En notant F =

{fj}j∈[J ] l’ensemble des sommets facteurs et V = {vi}i∈[I] l’ensemble des
sommets variables, on peut construire l’ensemble des arêtes E = {(fj, vi) |
∀(i, j) ∈ [I]× [J ], vi ∈ vj}. Ces trois composantes essentielles forment le
graphe de facteurs de la fonction f , dans lequel deux sommets facteur fj et
variable vi sont reliés par une arête si et seulement si le facteur fj admet
vi comme l’une de ses variables. De façon général, une fonction peut
être représentée par autant de graphe qu’elle possède de factorisation,
le minimum étant nécessairement de un graphe, celui représentant la
fonction non-factorisée.
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Inférence bayésienneIII.2.b

S’il existe un domaine pour lequel les graphes de facteurs possède une util-
isation naturelle, c’est celui de l’inférence bayésienne. Elle englobe l’en-
semble des méthodes déterminant la validité d’hypothèses probabilistes
appliquées à un système à partir d’observation de ce dernier. Dans le
cadre du GFRA, deux problèmes d’inférence bayésienne ont été iden-
tifiés, à savoir l’estimation du canal de communication et la détection
d’utilisateurs actifs à partir de l’observation du signal reçu.

Parmi l’ensemble des méthodes d’inférence bayésienne, on en retiendra
trois.

Maximum a posteriori C’est la méthode d’inférence pour décider de l’hy-
pothèse la plus probable. Elle cherche donc à déterminer l’hypothèse qui
maximise la probabilité ou vraisemblance d’une observation selon cette
hypothèse. Formellement, elle s’écrit

x? = argmax
x

fx|y(x | y) (fr.20)

où x désigne la variable aléatoire de l’hypothèse et y celle de l’observation.

Erreur au carré moyenne minimum Cette méthode d’inférence cherche l’hy-
pothèse qui minimisera le carré de l’erreur en moyenne. En consid-
érant que la variable d’hypothèse est à valeur (scalaire, vectorielle ou
matricielle) dans C, l’hypothèse choisit sera celle vérifiant

x? = argmin
x

E[‖x− x‖2 | y = y] (fr.21)

qui, sous les conditions que E[‖x‖2] et E
[
‖x‖22

]
existent et sont finies, peut

s’écrire

x? = E[x | y = y] . (fr.22)

qui n’est rien d’autre qu’une moyenne a posteriori.

Inférence variationnelle Contrairement à l’estimation MAP ou MMSE, l’in-
férence variationnelle ne cherche pas à estimer directement la meilleure
hypothèse selon un critère particulier mais plutôt la vraisemblance de
toutes les hypothèses, i.e. la distribution a posteriori des hypothèses.
L’inférence variationnelle cherche donc la distribution qui sera la plus
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proche de la vraisemblance théorique en résolvant le problème suivant

g? = argmin
g∈D

KL
[
g
∥∥fx|y] telle que y = y. (fr.23)

Approximation par propagation de croyanceIII.2.c

Pour chacun des problèmes d’inférence présentés au-dessus, la distribu-
tion a posteriori des hypothèses fx|y intervient. Cette densité étant la
plupart du temps inconnue analytiquement, en utilisant le très célèbre
théorème de Bayes, il est possible de considérer les densités a priori et de
vraisemblance qui ont l’avantage d’être plus facilement connues en s’ap-
puyant sur la nature physique du système considéré. Ainsi, on préfera
effectuer le remplacement suivant

fx|y(x | y) =
fy|x(y | x)fx(x)∫
fy|x(y | x)fx(x)dx

. (fr.24)

Il est ensuite possible de construire le graphe de facteur basé sur la
factorisation de Bayes et de considérer l’algorithme à propagation de
croyance correspondant. Ce dernier consiste à échanger des messages
entre les nœuds variables et facteurs. Les messages sont proportionnels
à des densités de probabilité et s’écrivent comme suit:

Message d’un nœud facteur vers un nœud variable Il consiste en la marginal-
isation de l’agrégation de tous les messages des nœuds variables reçus
par le nœud facteurs excepté le message du nœud variable destinataire.
Selon la nature du problème d’inférence considéré (MAP, MMSE ou VI),
le message aura la forme suivante:

M
fv→vn

(vn) ∝



max
v\n

fv(v)
∏

n′∈[N ]\{n}

M
fv←vn′

(vn′) (MAP)∫
fv(v)

∏
n′∈[N ]\{n}

M
fv←vn′

(vn′)dvn′ (MMSE)

Proj
(∫

fv(v)
∏

n′∈[N ] M
fv←vn′

(vn′)dvn′
)

M
fv←vn

(vn)
(VIEF)

(fr.25)

où vn est la variable destinataire du message envoyé par le facteur fv(v).
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Message d’un nœud variable à un nœud facteur Ce message est simplement
le produit de tous les messages envoyés par les nœuds facteurs voisins
excepté celui provenant du facteur destinataire. Formellement, il s’écrit

M
fm←v

(v) ∝
∏

m′∈[M ]\{m}

M
fm′→v

(v). (fr.26)

Croyance d’une variable La croyance d’une variable est la pdf de cette
dernière construite à partir de tous les messages provenant des nœuds
facteurs voisins. Elle s’écrit donc

B
v

(v) ∝
∏

m′∈[M ]

M
fm′→v

(v) (fr.27)

où la normalisation est implicite. C’est à partir de cette croyance qu’il
est possible d’effectuer une estimation approximée MAP ou MMSE de la
variable correspondante.

Algorithmes à passage de messages approximésIII.3

L’algorithme AMP a été introduit pour la première fois par les chercheurs
Donoho, Maleki et Montanari pour étudié le problème de CS présenté dans
Eq. fr.16.

Il a été montré qu’il est une approximation de BP dans le cas où le
graphe de facteurs exhibe une structure dense, i.e. où une portion du
graphe de facteur consiste en une couche de nœuds variables tous reliés
aux nœuds d’une couche de nœuds facteurs. Ce caractère dense per-
met de faire l’approximation que les messages échangés entre les nœuds
correspondent à des pdf de distributions gaussiennes. En combinant ce
résultat avec la structure des messages échangés Eqs. (fr.25) and (fr.26),
on peut réduire BP à l’échange des moyennes et variances de ces pdf
((voir Algo. C.2), au lieu des distributions initiales.

L’avantage de cette approximation est double. D’une part, il permet
une réduction de la complexité de calcul puisqu’on peut se passer de l’étape
de représentation de distributions continues et d’autre part, il permet une
étude analytique des performances d’AMP dans le cas asymptotique du
système Eq. fr.16, i.e. quand M croit linéairement avec N et M(N)/N →
η <∞.

Originellement développé pour Eq. fr.16 avec fy|x gaussien, AMP a
été généralisé plus tard par Rangan pour donner GAMP (voir Algo. C.3).
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Cet généralisation d’algorithme est applicable avec fy|x d’une distribution
quelconque.

Dans le cas où le graphe de facteurs possède en plus de la partie
dense et de ses connexions entre sommets dite faibles des connexions
entre sommets dite fortes, il est possible de combiné BP et GAMP pour
donner un algorithme hybride du nom d’HGAMP. Cette hybridation est
particulièrement intéressante pour réaliser des tâches d’inférence bayési-
enne incorporant des contraintes fortes sur les variables concernées par
l’inférence. C’est donc cet algorithme qui sera utilisé tout du long des
Sections H.IV and H.V.

ALGORITHME HYBRIDE GÉNÉRALISÉ À ÉCHANGE DE MES-

SAGES APPROXIMÉS POUR L’AUDACE AVEC UNE ACTIVITÉ

HOMOGÈNE PAR GROUPE

IV

IntroductionIV.1

Le développement d’une industrie connectée nécessite le déploiement à
large échelle d’une multitude de capteurs sans-fil. Dans le cadre d’un
site industriel certains capteurs sont disséminés sur les différentes in-
frastructure techniques afin d’en surveiller le bon fonctionnement. Dans
ce genre de scénario, un des problèmes majeurs est la capacité d’identifier
les capteurs signalant des dysfonctionnements.

En effet, lorsque plusieurs capteurs détectent un comportement anor-
male de la structure observée, ils vont devoir initier une procédure de
RA. En particulier, c’est le GFRA qui sera privilégié afin de réduire la
latence de cette procédure pour obtenir une réponse rapide de la part d’un
système de décision centralisé relié à un AP.

Les équipements industriels étant surveillés par des groupes de cap-
teurs, il est naturel que leur dysfonctionnement entraîne des procédures
de GFRA simultanées, ou tout du moins corrélées en activité. C’est donc
motivé par ce type de scénario que nous allons étudié le problème d’AU-
DaCE en introduisant un nouveau modèle d’activité qui tient compte
d’une telle corrélation lorsque les capteurs d’un même équipement indus-
triel sont supposés homogènes.
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Modèle et formulation du problèmeIV.2

Signal reçuIV.2.a

Le signal reçu par l’AP du site industriel s’écrit

Y = PH+W (fr.28)

où on supposera les distributions suivantes des coefficients des matrices
de canal et de bruit

∀(n, k) ∈ [N ]× [K], hnk | sn = s ∼

Dirac(0) si s = 0

CNorm(µh, τh) si s = 1
(fr.29a)

∀(m, k) ∈ [M ]× [K], wmk ∼ CNorm(µw, τw) . (fr.29b)

qui donnent les factorisations suivantes des densités

fH|s(H | s) =
N∏

n=1

K∏
k=1

δ(hnk)
1−snCN (hnk;µh, τh)

sn (fr.30a)

fY|Z(Y | Z) =
N∏

m=1

K∏
k=1

CN (ymk; zmk + µw, τw). (fr.30b)

Motif d’activité homogène par groupeIV.2.b

Pour modéliser une activité homogène par groupe, nous considérons que
la distribution des états d’activité est décrite par

∀(n, g) ∈ [N ]× [G], sn | qg = qg ∼ Bern(qg) (fr.31)

où {qg}g∈[G] forme l’ensemble des probabilités d’activité par groupe. Ainsi,
tous les capteurs appartenant au groupe g auront la même probabilité
d’être actif, mais pas nécessairement le même état. Sous ces conditions,
on peut montrer que la corrélation entre les états de deux capteurs s’écrit

Cor[sn, sn′ ] =


1 if n = n′

0 if gn 6= gn′

1
αg+βg+1

if gn = gn′ = g

(fr.32)
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en supposant que

∀g ∈ [G], qg = Beta(αg, βg) où

αg > 0

βg > 0
. (fr.33)

Problème d’AUDaCEIV.2.c

Le problème d’AUDaCE est formulé ainsi

s?,H? = E[[s,H ] | Y ]

=

∫
CN×K

∑
s∈{0,1}N

[s,H ]fs,H|Y(s,H | Y )dH . (fr.34)

où la pdf a posteriori est

fs,H|Y(s,H | Y ) =

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dq∫
CN×K

∑
s∈{0,1}N

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dqdH
.

(fr.35)

Cette formulation permet d’explicitement faire apparaître le modèle GHomA
grâce à la pdf du vecteur des probabilités d’activité. La résolution de ce
problème étant trop compliquée, on utilisera une approximation HGAMP
pour approcher sa solution optimale.

Algorithme pour l’AUDaCE avec activité hétérogène de groupeIV.3

En utilisant la factorisation de la pdf conjointe des variables systèmes, il
est possible de déduire un graphe de facteurs associé au modèle de trans-
mission avec GHomA dont une représentation est donnée par la Fig. D.4.
S’en suit la construction de l’algorithme à propagation de croyance cor-
respondant dont les messages sont résumés dans la Tab. D.1.

En s’appuyant sur le fait que le graphe de facteurs se décompose
en deux parties, l’une dense pour la description du signal reçu et l’autre
fortement connectée pour la description de l’activité homogène par groupe,
il est possible d’approximer partiellement la propagation de croyance avec
HGAMP pour construire l’Algo. D.1. Ce dernier possède une complexité
de l’ordre de O(NMK+NK+

∑G
g=1 U

2
g ) où Ug indique la taille du groupe

de capteur d’indice g ∈ [G].
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Résultats numériquesIV.4

L’algorithme a été évalué par le moyen de simulations de Monte-Carlo
dont les paramètres sont décrits dans la Tab. D.3. Il en ressort que le nou-
vel algorithme GHomA-HGAMP performe mieux que d’autres algorithmes
similaires basés sur GAMP. Cela provient du fait que GHomA-HGAMP
bénéficie de l’information de corrélation a priori pour améliorer la détec-
tion des capteurs actifs dans le site industriel (2 à 3 fois moins d’erreur
de détection selon le scénario) ainsi que l’estimation du canal de com-
munication les séparant de l’AP (5dB de gain).

ConclusionIV.5

Cette section à introduit un nouveau modèle d’activité corrélée ainsi
qu’un algorithme efficace pour l’AUDaCE correspondant à ce modèle. Le
modèle repose sur l’utilisation de variables latentes par groupe de capteurs
décrivant la probabilité d’activité de chacun d’entre eux, supposant ainsi
une certaine homogénéité dans leur capacité de détection d’anomalie.
L’algorithme est quant à lui construit à partir des outils de CS bayésien,
en particulier HGAMP.

Motivé par les bons résultats de GHomA-HGAMP, il semble naturel
de pousser l’étude portant sur l’activité corrélée jusqu’à considérer des
réseaux d’UEs pouvant former des groupes d’activité mais cette fois-ci
hétérogène.

ALGORITHME HYBRIDE GÉNÉRALISÉ À ÉCHANGE DE MES-

SAGES APPROXIMÉS POUR L’AUDACE AVEC UNE ACTIVITÉ

HÉTÉROGÈNE PAR GROUPE

V

IntroductionV.1

Dans la précédente Sec. H.IV, l’AUDaCE pour le GFRA a été étudié
sous le modèle GHomA. Ce dernier est adapté aux réseaux sans-fil dans
lesquels les UEs forment des groupes homogènes d’activité. Une telle hy-
pothèse peut être valide selon le type de système considéré. Par exemple,
pour un site industriel équipé de capteurs sans-fil dont la qualité de fab-
rication est la même, l’hypothèse d’homogénéité serait raisonnable. En
revanche, il est naturel de penser que parmi l’ensemble de ces capteurs
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certains seront amenés à être remplacés à un moment donné par des
capteurs ayant les mêmes fonctionnalités mais dont la qualité de fabrica-
tion sera différente, entraînant une hétérogénéité dans le parc des UEs.
En effet, cette différence de qualité pourra se traduire par des change-
ments significatifs dans la capacité de détection de dysfonctionnement
de l’équipement industriel surveillé.

Une telle hétérogénéité dans l’activité des capteurs est difficile à mod-
éliser, motivant le développement d’un modèle à base de copules. Ces
dernières sont célèbres pour leur flexibilité et leur capacité à modéliser
efficacement des systèmes à dépendance statistique complexe entre ses
constituants. L’AUDaCE sera donc formulée dans ce cadre hétérogène
et, de nouveau, un algorithme de la famille de HGAMP sera proposé pour
la résoudre.

Modèle et formulation du problèmeV.2

Le modèle de transmission est le même que dans la Sec. H.IV.2.a. Nous
donnons ci-après les éléments importants permettant la mise en place
d’un modèle d’activité hétérogène par groupe (GHetA).

Motif d’activité hétérogène par groupV.2.a

La première différence avec le modèle GHomA réside dans la modélisation
des états qui seront supposés être distribués selon

∀n ∈ [N ], sn | qn = Bern(qn) (fr.36)

où chaque variable d’état sn est associée à sa propre variable latente de
probabilité d’activité qn ∼ Beta(αn, βn).

La théorie des copules permets de modéliser le vecteur des probabilités
d’activité selon la transformation suivante

c→ u→ q (fr.37)

où c désigne un vecteur dont la structure de corrélation est connue (par ex.
gaussien) et u est un vecteur aléatoire corrélée dont les composantes sont
uniformément distribuées sur [0, 1]. La conséquence d’une telle modélisa-
tion permet d’induire une dépendance statistique entre les composantes
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de q à partir de celle de c. La transformation de c à q s’écrit formellement

T (c) =

 T1(c1)...
TN(cN)

 =

 (F−1q1
◦ Fc1)(c1)
...

(F−1qN
◦ FcN )(cN)

 (fr.38)

où {Fcn}n∈[N ] et {Fqn}n∈[N ] désigne respectivement les ensembles des cdfs
marginales des composantes de c et q.

En considérant un tel modèle, il est possible de donner l’expression
de la corrélation entre deux états d’activité quelconque, à savoir

Cor[sn, sn′ ] =


1 if n = n′

0 if sn ⊥ sn′
Cor[qn,qn′ ]√

(αn+βn+1)(αn′+βn′+1)
otherwise

. (fr.39)

Formulation de l’AUDaCEV.2.b

Le problème d’AUDaCE est formulé ainsi

s?,H? = E[[s,H ] | Y ]

=

∫
CN×K

∑
s∈{0,1}N

[s,H ]fs,H|Y(s,H | Y )dH . (fr.40)

où la pdf a posteriori est

fs,H|Y(s,H | Y ) =

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dq∫
CN×K

∑
s∈{0,1}N

∫
[0,1]G

fY|H(Y |H)fH|s(H | s)Ps|q(s | q)fq(q)dqdH
.

(fr.41)

Comme pour la formulation avec GHomA, cette formulation permet d’ex-
plicitement faire apparaître le modèle GHetA grâce à la pdf du vecteur
des probabilités d’activité. De nouveau, on utilisera une approximation
HGAMP pour approcher la solution optimale.

Algorithme pour l’AUDaCE avec activité hétérogène de groupeV.3

Les variables du système forment la chaîne de Markov suivante

q→ s→ H→ Y (fr.42)

� FR.V. HGAMP pour l’AUDaCE avec GHetA 173

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI062/these.pdf 
© [L. Chetot], [2022], INSA Lyon, tous droits réservés



permettant d’écrire la pdf conjointe a posteriori comme

fH,s,q|Y(H , s, q | Y ) =
1

fY(Y )
fY|H(Y |H)fH|s(H | s)fs|q(s | q)fq(q). (fr.43)

Chaque terme au numérateur peut être factorisé comme

fY|H(Y |H) =
∏
k∈[K]

∏
m∈[M ]

fymk|hk(ymk | hk) (fr.44)

fH|s(H | s) =
∏
k∈[K]

∏
n∈[N ]

fhnk|sn(hnk | sn) (fr.45)

fs|q(s | q) =
∏
n∈[N ]

fsn|qn(sn | qn) (fr.46)

où fq(q) reste non-factorisé.
En utilisant le graphe de facteurs de la Fig. E.4 pour cette nouvelle

factorisation, il est possible d’écrire l’algorithme BP correspondant dans
Tab. E.1. Ce dernier comportant une partie à connexion dense et une
autre à connexions fortes, l’utilisation d’un algorithme de type HGAMP
est naturelle pour approximer les messages de la partie dense. Cela ré-
sulte en l’algorithme GHetA-HGAMP, décrit dans par l’Algo. E.2. La
complexité de cet algorithme est en O(NMK + NK + NS) où S est le
nombre d’échantillons de vecteur qj corrélés nécessaire aux calculs des
intégrales présentes dans Algo. E.2.

Résultats numériquesV.4

GHetA-HGAMP est évalué par simulations de Monte-Carlo, tout d’abord
en étant comparé à GHomA-HGAMP et d’autres algorithmes basé sur
GAMP, puis en testant sa robustesse avec corrélations biaisées par rapport
à la corrélation réelle des scénarios considérés. Les paramètres de chaque
simulation sont donnés dans les Tables E.2 and E.3 et les résultats dans
les Figs. E.6 to E.9 et Figs. E.10 to E.13.

Il en ressort que GHetA-HGAMP

• est une solution pouvant s’adapter à tous les scénarios de corrélation
en atteignant toujours les meilleures performances de détection et d’es-
timation vis-à-vis de ses concurrents;

• est robuste aux corrélations surestimant une faible vraie corrélation
d’activité;
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• nécessite de connaître la corrélation dans le cas où la vraie corrélation
d’activité est forte pour des gains pouvant monter à 5dB en estimation
de canal et diviser par 10 l’erreur de détection.

ConclusionV.5

Cette section a introduit un nouveau modèle de dépendance statistique
pour l’activité d’UEs dans le cas d’une procédure de GFRA. Ce modèle
est flexible de part l’utilisation qu’il fait de la théorie des copules tout
en proposant une approche systématique aux communications à activité
hétérogène corrélée. Cela est confirmé par l’évaluation de l’algorithme
GHetA-HGAMP qui a été proposé pour le problème d’AUDaCE.

Parmi les opportunités de travail à explorer suite à ce travail, on
notera l’amélioration de la complexité de l’algorithme et l’exploration des
différentes copules pour adapter les structures de dépendance statistique
aux différents cas d’usage de communication hétérogène dans les réseaux
sans-fil.

CONCLUSION ET PERSPECTIVESVI

Aboutissements de la thèseVI.1

Cette thèse a étudié le problème du GFRA dans le contexte des mMTC
et uRLLC au sein de 5G-NR. Il a été discuté de l’importance pour les
systèmes de communication de tirer parti d’AUDaCE pour permettre la
GFRA. En utilisant CS-NOMA, il est possible de traiter efficacement la
structure des variables du système impliquées dans AUDaCE. En parti-
culier, il a été démontré la capacité du cadre bayésien HGAMP à faire
face à l’activité corrélée sous-jacente des UEs.

Tout d’abord, un modèle de modèle GHomA a été considéré au chapitre
D. Il a été démontré qu’il permet de généraliser l’activité indépendante
par groupe avec l’introduction de variables de groupe latentes associées
aux probabilités d’activité de chaque UE au sein des groupes. Sur la base
de ce nouveau modèle, un algorithme LBP a été construit avant d’être
approximé par une instance de HGAMP, à savoir GHomA-HGAMP. Ce
dernier a démontré numériquement son intérêt pour AUDaCE dans cer-
tains régimes d’activité face à d’autres algorithmes basés sur GAMP qui
ne tiennent pas compte de la corrélation induite par GHomA.
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Deuxièmement, un modèle de motif GHetA généralisant le modèle de
motif GHomA a été introduit. Cette généralisation s’appuie sur la théorie
des copules, ce qui permet de construire des structures de dépendance
générales entre les états d’activité des UEs. Avec une approche similaire à
celle de GHomA, des instances de LBP et de HGAMP ont été développées,
conduisant à GHetA-HGAMP. L’algorithme a montré sa capacité à traiter
efficacement AUDaCE dans différents scénarios de corrélation d’activité,
alors que les algorithmes GHomA-HGAMP et GAMP modifié se sont
avérés efficaces uniquement dans les cas de forte et faible corrélation
d’activité.

Parmi les autres directions qui pourraient être envisagées, nous présen-
tons et donnons dans les sections suivantes un aperçu des travaux futurs
qui pourraient être réalisés sur la base des travaux de cette thèse.

Extension aux communications multi-porteuses OFDMVI.2

Pour porter le travail d’AUDaCE à des communications multi-porteuses
OFDM, on peut considérer la factorisation suivante du tenseur de canal
H ∈ CN×K×F

fH|s(H | s;B) =
∏
n∈[N ]

∏
k∈[K]

∏
f∈[F ]

fhnkf |sn(hnkf | sn; bnf ) (fr.47)

où B ∈ {0, 1}N,F est une matrice d’allocation des F fréquences aux N

UEs. Le graphe de facteurs de la Fig. E.4 serait alors pourvu de nouveau
sommets facteurs et variable dans la partie dense pour chaque nouvelle
fréquence ajoutée au modèle. La partie liée à l’activité resterait toutefois
la même. Cette tensorisation du modèle n’est donc pas un problème à
l’utilisation de GHomA-HGAMP ou GHetA-HGAMP.

Transmission de donnéesVI.3

Au lieu de considérer le GFRA, on pourrait considérer la transmission
de donnée spontanée, i.e. la transmission de données sans attendre une
autorisation de la part de l’AP. Un tel changement signifierait que la
matrice déterministe des préambules P serait remplacée par une matrice
aléatoire contenant des données X. Le problème d’AUDaCE est donc
transformé en un problème de DrAUDaCE dont on cherche à estimer
conjointement le canal et les données tout en détectant les UEs actifs à
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partir d’une transmission de la forme

Y = Z+W with Z = XH. (fr.48)

C’est donc un problème d’inférence bayésienne bilinéaire dans la mesure
où on cherche à retrouver le produit bruité de deux variables.

Il est donc possible de combiner GHetA-HGAMP avec l’algorithme
BiGVAMP pour ajouter la fonctionnalité d’estimation des données.
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