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Abstract ix

SOME EXISTENCE RESULTS FOR SYSTEMS OF PHASE TRANSITION TYPE
Abstract

In this thesis, we prove several new existence results for gradient systems of phase transition type. Besides
mathematics, these systems are also of interest in mechanics, material sciences as well as biology and
population dynamics.

In Chapter [T} we give a general introduction on the subject and describe the historical context of this thesis.
Chapter [2] contains some results regarding the existence of non-minimizing connecting orbits for multi-well
systems.

In Chapter [3] we prove the existence of heteroclinic traveling wave solutions for two-dimensional parabolic
Allen-Cahn systems. The main novelty of these solutions is that their speed of propagation is positive and
they connect at infinity heteroclinic orbits with different energy.

In Chapter [4, we focus on the problem of existence of heteroclinic traveling waves for parabolic gradient
systems in one space dimension. These traveling waves have been shown to exist in several previous works,
under non-degeneracy assumptions on the minimizers of the potential. The methods developed in Chapter
allow, as a byproduct, to revisit this problem and treat some situations in which the minimizers are
degenerate.

All proofs are based on the use of techniques from the calculus of variations.

Keywords: phase transitions, multi-well potentials, allen-cahn systems, connecting orbits, variational
methods

QUELQUES RESULTATS D’EXISTENCE POUR DES SYSTEMES DU TYPE TRANSITION DE PHASE
Résumé

Dans cette these, nous démontrons quelques nouveaux résultats d’existence pour des systémes gradient du
type transition de phase. Autre que’en mathématiques, ces systemes sont aussi importants en mécanique,
sciences des matériaux ainsi qu’en biologie et dynamique des populations.

Dans le Chapitre [1} nous introduisons le sujet et décrivons le contexte historique de cette thése. Nous
donnons aussi une description bréve des résultats de cette these ainsi que quelques perspectives de recherche.
Le Chapitre 2] contient quelques résultats d’existence des orbites de connexion non-minimisantes pour des
systémes de type multi-puits.

Dans le Chapitre [3] nous démontrons l’existence des ondes progressives pour des systemes Allen-Cahn
paraboliques en dimension deux. La nouveauté principale de ces solutions est que leur vitesse de propagation
est strictement positive et qu’elles connectent a I'infini des orbites héteroclines avec des énergies différentes.
Dans le Chapitre [4, on consideére le probleme d’existence des ondes progressives hétéroclines pour des
systemes gradient paraboliques en dimension un. Ces ondes progressives ont été établies dans plusieurs
travaux précédents, sous des hypotheses de non-dégénérescence sur les minimiseurs du potentiel. Les
méthodes développées au Chapitre 3| permettent de revisiter ce probléme et de traiter certaines situations
ot les minimiseurs sont dégénérés.

Toutes les preuves sont basées sur 1'usage des techniques du calcul des variations.

Mots clés : transitions de phase, potentiels multi-puits, systéemes allen-cahn, orbites de connexion, mé-
thodes variationnelles

Laboratoire Jacques-Louis Lions (UMR 7598)
Sorbonne Université — 4 Place Jussieu — 75005 Paris Cedex — France
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Preliminary considerations

This thesis has been prepared in Laboratoire Jacques-Louis Lions, Sorbonne Université, located in
Paris (France). The thesis supervisor is Fabrice Bethuel. The author has been a PhD student since
the 1st of October of 2019.

We should make the reader aware of the following:

* Chapter[I]does not contain any new results. Its purpose is to contextualize the thesis. The
main contributions of this thesis can be found in several papers by the author.

» Chapter |2|is an extended version of the article [131]], published in Calculus of Variations
and Partial Differential Equations. The author is indebted to the referee, which provided
very useful suggestions and bibliographic references which improved the paper. Chapters
and [4 correspond to the preprints [130] and [129]], respectively, with modifications on the
presentation.

* Each of the Chapters and [3is self-contained. This is not the case for Chapter [4} in
which we refer consistently to material already presented in Chapter [3in order to reduce
repetitions. Each chapter is preceded by its own abstract both in English and French.
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Considérations préliminaires

Cette these a été préparée au Laboratoire Jacques-Louis Lions, Sorbonne Université, situé a Paris.
Le directeur de these est Fabrice Béthuel. L'auteur a été doctorant depuis le ler d’octobre de 2019.
L’auteur souhaite prévenir au lecteur de ce qui suit:

* Le Chapitre [1| ne contient aucun résultat nouveau. Il est consacré a mettre la these en
contexte. Les contributions principales de cette theése peuvent étre trouvées dans plusieurs
papiers écris par l'auteur.

* Le Chapitre [2]est une version étendue de l'article [131]], publié dans Calculus of Variations
and Partial Differential Equations. L'auteur remercie le rapporteur pour des suggestions,
remarques et références qui ont amélioré le papier. Les Chapitres 3| et [4] correspondent a les
prépublications [[130]] et [129], respectivement, avec des modifications dans la présentation.

* Chacun des Chapitres[I} 2 et [3| est essentiellement auto-contenu. Ceci n’est pas le cas pour le
Chapitre |4, ou nous faisons souvent référence a des contenus déja présentés au Chapitre
pour réduire des répétitions. Chaque chapitre est précédé par son propre résumé en francais
et anglais.
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Abstract. We begin by a general historical introduction and a overview of mathematical areas
underlying this thesis. Subsequently, we review the literature most directly related to this thesis
and give a brief description of our main results. Finally, we present some open problems and
perspectives for future research.

Résumé. Nous commencons par une introduction historique générale et un apergu sur les
domaines des mathématiques sous-jacentes a cette theése. Ensuite, nous révisons la littérature plus
directement liée a cette theése et nous donnons une bréve description de nos résultats principaux.

Finalement, nous présentons quelques problemes ouverts et quelques perspectives de recherche.

1.1 Historical background

The description of the motion of physical objects is certainly one of the oldest problems of the
natural sciences. The ancient Greek philosophers were already concerned by this question and so
were the astronomers of the Old and Middle ages (Ptolemy, Brahe, Kepler, Galileo, etc). A major
breakthrough, which is often considered to be the birth of classical mechanics, was the publication
of the book Principia Mathematica by Isaac Newton in the late 17th century. Newton proposed
general principles with the aim of describing the motion of physical objects, which supposed a
major unification of many previous scientific observations. These principles were indeed thought
to be universal until the emergence of more modern physical theories (relativity theory, quantum
physics) and still essentially valid in a wide range of common situations, such as the description of
the motion of macroscopic objects which move at not extremely high speed.

The remote motivation of this thesis can be traced back to Newton’s mechanics. However,
there are other important links between the mathematical problems that we consider in this
thesis and the natural sciences (physics, chemistry, biology). Despite the previous fact, we have
chosen to begin the presentation of our thesis by a succinct overview on classical and analytical
mechanics, starting from Newton. In particular, we will describe the elementary model of the
simple pendulum, which is a particular case of the systems of ordinary differential equations
which are central in this thesis. Remarkably enough, these classical theories and models already

contain most of the essential principles that lie in the (sometimes remote) foundations of our work
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as well as most of the basic mathematical objects we are interested in. From this point, we will
establish the link with more modern theories (functional analysis, partial differential equations,

calculus of variations) and, finally, with the contributions of this thesis.

1.1.1 Newton’s laws

The well-known Newton’s laws state that the motion of an object (to simplify, a point mass with
infinitesimal size) is caused by the action of a force (e. g. gravity) on such object. The previous can

be synthesized by means of the so-called Newton’s second law:
E(t) = m(1)a(t), (1.1.1)

where, at some time t, a(t) is the acceleration of the object, m(t) is its mass and ﬁ(t) is the force
acting on the object.

The language of differential calculus allows to conveniently rewrite (1.1.1). Indeed, if g(t)
represents the position of the object at time t (we drop the arrow), which is a vector in some

configuration space M, we can then write
q”(t)=a(t) (1.1.2)

for all time t. In other words, (1.1.2)) is the mathematical description (through the differential
calculus due to Newton and Leibniz) of the physical notions which state that the speed is the
(infinitesimal) variation of the position and the acceleration is the variation of the speed. Plugging
(1.1.2) into we obtain the system of ordinary differential equations

q"(t) = E(t), (1.1.3)

where we have assumed that the mass of the object does not change with time, so that we can

renormalize and set m = 1. Equation (1.1.3) is in fact the main starting point for the present thesis.

1.1.1.1 Conservative and non-conservative forces

An important subcase of (L.1.3) is that in which F is a conservative force, i. e., the work done for
moving the object between two end-points does not depend on the chosen path. Equivalently,

there exists a real-valued function U defined in the configuration space such that

—

E(t) = -VU(q(1)), (1.1.4)

where V stands for the gradient and U is the potential. That is, conservative forces are those for
which there exists a potential function. The simplification (1.1.4) allows us to rewrite (1.1.3)) as

q"(t)=-VU(q(t)). (1.1.5)

System ([L.1.5)) in particular is central this thesis. We will be also interested in the (more realistic)

system (T.1.3) with F chosen as
F(t) = -VU(q(t) + F(1)
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where F represents the friction, a non-conservative force. With this choice, we obtain the following

particular case of
q”(t) = -VU(q(t)) + F(t). (1.1.6)

1.1.2 The simple pendulum

One of the most elementary models which can be described with equations (1.1.3) and (1.1.5) is

the simple pendulum. The study of the pendulum problem can be traced back to Galileo in the
16th century, we refer to Mawhin [117,|116 for a historical review on the simple pendulum. Its
particular relevance for us lies on the fact that it already contains most of the mathematical objects

which are fundamental in our work.

1.1.2.1 Setting and immediate properties

We quickly recall the setting of the simple pendulum, inspired by [117}|116]. Consider a point
particle of mass 1 attached to a center by a rigid bar of negligible mass and length L > 0. We
consider that the motion of the particle takes place on a plane, which we identify with R?. Let
O be the angle between the particle and the vertical axis. We wish to use Newton’s law in
order to describe the evolution of 8, assuming that the only effect on the particle is that caused
by gravity, which is a conservative force. From the physical point of view, the simple pendulum
represents a highly restrictive situation, as in most situations plenty of other, non-conservative,
forces come into play. However, the simple pendulum is already very interesting for us from the
mathematical point of view.

Notice that the system describes the evolution of the position of the particle q. However,
the position can be written as a function of the angle, which means that can be transformed

into a single equation for 6, which will be simpler. Indeed, at time ¢, the position g writes
q(t) = (LsinO(t),LcosO(t)) (1.1.7)
and the gravity force ﬁg, independent on time, is
Fy(t) = (0,~g), (1.1.8)

where g > 0 is the constant of gravitation. See Figure for a graphical description of the
pendulum. Plugging (1.1.7) and (1.1.8) into (1.1.3) we get a second order differential equation for
O which writes as follows:

0”(t) = —a’sin O(t), (1.1.9)

where a := \/gﬁ The simplest solutions to (1.1.9) are those that are constant and coincide
identically with a number in Pg := {kmt};cz. Those correspond to the equilibrium states of the
physical system, in which the pendulum does not move. Moreover, we have Pg := Ps LI Py, where
Ps :={2kmnt}kez and Py := {(2k + 1)1t}kcz. The elements in Ps correspond to the stable equilibria
while the elements in Py correspond to the unstable equilibria. That is, if we start with an angle
close to an element of Ps and say, zero speed, the angle will remain close for all time. The opposite
will happen for initial angle close to an element of P;; and zero speed. We represent graphically
stable and unstable equilibrium states in Figure
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q(t)
Fy(t) = (0,—9)

Figure 1.1: Depiction of the simple pendulum at a time ¢. The gravity force l_fg causes a motion
on the particle which follows the tangent line of the circle centered at the end of the pendulum
and radius L, in which the particle moves.

Another important basic fact is that for any 6 solving we have the relation
Loy 2
59 (t)"—a“(cosO(t)+1)=Eg (1.1.10)
for some real constant Eg € R. Notice that if we set
V:ueR—a*(cosu+1)€eR, (1.1.11)

then we have that for all u € R, V'(u) = —a?sinu. According to this means that V = -U,
with U a potential function for the conservative force (gravity) acting on the angle 6, see (1.1.4).
Therefore, the left-hand side in (1.1.10) is the sum between the kinetic energy and the potential
energy, i. e. the mechanical energy of the system, which is independent on time. From the
mathematical point of view, notice that implies that (9’)2 is bounded by 2(Eg +2a?), which,
by elementary ODE theory, means that any solution to (1.1.9) on an interval (t1, t,) can be extended
to a solution defined on R. Hence, we will suppose on the latter that all the solutions are defined
on RR.

The definition of V in deserves a comment. Recall that, according to , one can
choose the potential up to a constant. We chose U such that its global maxima are attained at zero
and then inverted its sign to define V, which is hence non-negative and vanishing exactly on Py.
The reason for this (a priori arbitrary) choice, will become fully clear later, but at this point it
already allows to classify the qualitative behavior of solutions of according to the sign of
the mechanical energy Ey, as we show in the following paragraph.

1.1.2.2 Classifying solutions according to their mechanical energy

Elementary arguments of ODE theory allow to classify the solutions of (1.1.9) according to the sign
of Eg. Recall that for any pair (0, Eg) € R? there exists a solution 6 of (I.1.9) such that 6(0) = 0,

and (1.1.10) holds with Eg = Ej.
Case 1: Eg > 0. By (I.1.10) we have that inf;cg 0'(t)? > VEg, which in particular means that
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Figure 1.2: Graphical representation of the stable and unstable equilibrium states of the simple
pendulum.

lim;_,,o O(t) = +c0 if 6" > 0 and lim;_,,, O(t) = Foo otherwise. Therefore, this case corresponds

to the situation in which the particle turns indefinitely around the center of the pendulum. See
Figure|[L[.3]

Case 2: Ey = 0. There are two possible sub-cases. If we take 6y = (2kg + 1)t € Py and
impose 0(0) = 6, we then have that 0(t) = (2kg + 1)r for all t € R. If for k € Z we take 6, €
((2k + 1)7, (2k + 3)m), then Cauchy-Lipschitz Theorem and other ODE results imply that the

associated solution O verifies
O(R) = ((2k + 1)1, (2k + 3)m), 0¢ O6'(RR) (1.1.12)

and, in particular,
lim;_,,,0(t)=(2k+2+1) if60'>0,
lim;,,0(t)=(2k+2F 1) if 6’ <0.

(1.1.13)

According to the solution O is called a heteroclinic orbit, terminology which is motivated
by the fact that it connects (at infinity) the two different equilibrium states (2k + 1)7 and (2k + 3)7,
with orientation determined by the sign of 6’. However, since 6 is an angle, one might very well
argue that the equilibrium states (2k + 1)t and (2k + 3)7 are in fact the same one. In other words,
it makes sense to rather look at p,, o 0, where p,, : R — {r} + R/(27tZ) is the standard covering
map. Projecting a function by p,, might provoke a loss of continuity, as it would happen for the
solutions considered in Case 1. But here we have by that 6(IR) is contained in a single
sheet of {rt} + R/(21tZ), so that p,; 0 6 = 0 solves in R. Furthermore, by we have

tl_i)?oopn oO(t)=m.
Hence, the solution p, o 8, which is essentially O seen in a different configuration space, is called
a homoclinic orbit, meaning that it connects at +oco the same equilibrium state. According to the
terminology we adopt in this thesis, heteroclinics and homoclinics are the two different types of
connecting orbits. See Figure
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L 0(ts)

Figure 1.3: Solution corresponding to Case 1 in Section [1.1.2.2| This type of solution turns
indefinitely around the center of the pendulum, going trough all the equilibrium states.

Case 3: Eg < 0. In this case, the solutions are periodic and oscillate around a stable equilibrium

state. This can be seen by observing that for all € R
Eg
2>cos0(t)+12—-—>0.
a

In particular, if Ey = —2a2, then for some k € Z and for all real ¢ it holds 6(t) = 2k € Ps, so that
the solution is constant. In general, it is an exercise to show that for any Eg € [-2a?,0), if O solves
(1.1.9) and has energy Eg then O(R) = [2k7t — Oppay, 2kT0 + Opax | for some k € Z, with 6., € (0, 70)
such that
€08(£0max) = -1 — E—g.
a

Moreover, 0’(t) = 0 whenever O(t) € {2k7t — O a5, 2k 70+ Oy} and for all € > 0 small enough we have
that 0'(t+¢)0’(t—¢) <0, i. e., 6" changes sign around ¢. In other words, 6 is a periodic solution
of (1.1.9), corresponding to a pendulum oscillating with a maximal angle 6,,,, around a stable

equilibrium at 2k. See Figure

1.1.2.3 Extensions to more general conservative equations and systems

As the previous discussion shows, the pendulum model possesses periodic solutions and
heteroclinic solutions connecting equilibrium states. More precisely, for any k € Z there exists a
heteroclinic connecting (2k + 1)r and (2k + 3)n, and conversely by inverting the time. Using the
mechanical energy formula (1.1.10), it follows that such a heteroclinic is unique up to translations
(notice that is translation invariant). Moreover, if m_ and m, are two odd integers, such
that m_—m, > 2, then the uniqueness result for ODEs implies that there is no 6 solving
and such that

lim O(t) = m,m.

t—+oo
The reason behind this is that there are other equilibrium states between m_m and m, 7 which

obstruct the existence of a heteroclinic between m_m and m_ 7.
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Figure 1.4: Heteroclinic solution which goes from (2k + 1)7 at —co to (2k + 3)7t at +oo. Notice that
by time reversibility of (1.1.9), we can invert the sign of this solution and obtain an heteroclinic
from (2k + 3)m to (2k + 1)m.

0

Figure 1.5: Periodic solution that oscillates around the stable equilibrium 0 with maximal angular
distance 6,y.
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The previous discussion extends to more general ODEs of the type
q”=V'(g)in R, (1.1.14)

where V is a (smooth) scalar multi-well potential. That is, we have for all u € R that V(u) and,
moreover, the set
Y:={ueR:V(u)=0} (1.1.15)

contains at least two elements, which we call wells. By choosing V as in (1.1.11]), we recover the
simple pendulum model. However, in this thesis we assume that ¥ is finite for simplicity. One

standard example in the Allen-Cahn (or scalar Ginzburg-Landau) potential:

1= 2\2
Vaic:ueR— &,
4
which was introduced in Cahn and Hilliard [62] and also in Allen and Cahn [14] as a model for

phase transitions of materials.

We find that for all g solving (1.1.14) it holds

gy )= E, in R (1.1.16
5 (q)=E;in R, .1.16)

for some E;eR. Identity (1.1.16) is the equivalent of (1.1.11)) for the pendulum. Using (1.1.16) and

the same ODE arguments, one also shows the existence and uniqueness of heteroclinics between

consecutive wells. More precisely, if we write
Yi={o;:ie{l,... 1}, :=#%},

where for all i € {1,...,] -1} it holds
0; < 0j41, (1.1.17)

then, for any (i,j) € {1,..., l}2 there exists a solution g of connecting o; and of if and only if
li —j| <1, that is, the wells are either equal or consecutive. Moreover, such solution is unique up to
translations. Notice that in the case i = j we are referring to the homoclinic-type solution which is
a constant equal to o0;. If i # j, we have a heteroclinic solution. Therefore, the picture regarding
existence and uniqueness of connecting orbits is quite complete for the equation (1.1.14) and it

follows from very classical ODE arguments.

The picture is quite different if one considers the system
qg” =VV(q) in R (1.1.18)

where V is a smooth multi-well potential from R¥, k > 2, to IR. That is, we assume that V is smooth
and that its set of zeros ¥ (see (1.1.15)) is finite. From the physical perspective, (1.1.18) can be
seen as a model for a multiple pendulum.

It is clear that (1.1.16) still holds for system (1.1.18). However, essentially two new complica-
tions arise:

1. There is no notion of consecutiveness for elements of R when k > 2. Therefore, there is no
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Figure 1.6: A picture of a multi-well potential V defined on R?. We have depicted four wells,
01, 03, 03 and o0y, as well as heteroclinics and homoclinics connecting them. The super-indexes
indicate which wells are connected by the connecting orbit and the arrow its orientation. Notice
that we have two heteroclinics, g>#! and g?*? between o, and o0y, as well as a non-constant
homoclinic, %3, to 3. These type of situations, forbidden in the scalar case, are expected in
the vector-valued case. One of the goals of this thesis is to improve our understanding of this
question.

way of ordering the elements of ¥ as in (1.1.17).

2. While there is essentially only one path (up to reparametrizations) that connects two points

of IR, this is no longer true in R¥.

These two new features imply in particular that the uniqueness argument provided in the scalar
case does no longer hold for systems. However, as shown for instance by Alikakos, Betelt and
Chen [9]], one can still have non-existence of heteroclinic solutions for a fixed pair of wells. Hence,
even if the notion of consecutive wells does not exist in the case of vector potentials, one still finds
obstruction phenomena as in the scalar case. More details will be given later.

In general, one expects that that systems possess more solutions than the scalar
equations (1.1.14). For instance, one might wonder if multiple heteroclinics between two given
wells or non-constant homoclinics (which do not exist in the scalar case) exist for some multi-well
systems. See Figure This is one of the questions that we pose in this thesis, providing new
existence results in this direction. We tackle this problem by means of the calculus of variations.
We introduce the setting in Section

1.1.2.4 Extension to non-conservative systems

Going back to the simple pendulum problem, one can aim at studying the more realistic situation
in which there is a friction force acting on the particle as in (1.1.6). We assume moreover that the
friction force is proportional to the speed of the particle through a constant ¢ > 0. In this case, the

equation for the angle 6 writes
0" (t)+cO’(t) = —a’sin O(t).

The analysis of this ODE is more difficult than in the conservative case, the main reason being the
absence of a formula as the mechanical energy formula (1.1.10) for the conservative model. Notice
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however that it possesses exactly the same equilibrium states. One can also consider the more
general systems
9" +cq’ =VW(q) (1.1.19)

where W : R¥ — IR is a smooth potential which is bounded from below. The equilibrium states of
(1.1.19) are exactly the critical points of W and one can study the existence of heteroclinic and
homoclinic solutions between such equilibrium states. This question is also posed in this thesis,
which is addressed in the more general setting of possibly infinite-dimensional configuration

spaces. We again rely on tools from the calculus of variations to treat these problems.

As a first elementary observation for (1.1.19), let g be a solution of on R for some ¢ >0
which it is heteroclinic in the following sense
tl_i){(nooq(t) =a*. (1.1.20)
In (T.1.20), a* € R* are two local minimizers of W. We can then easily obtain a formal expression
for c. Indeed, if we multiply by q’ and integrate on IR neglecting the limits at infinity we
obtain Wi(a*) - W)
c=— 1" (1.1.21)
Jgla'?
The formula (1.1.21)) suggests that we must have W(a") > W(a™). Therefore, heteroclinics should
join stable states with different potential energy. From the physical point of view, the previ-
ous means that some energy is lost due to the friction term acting on the particle. From the
mathematical point of view, one can give a rigorous justification of the previous fact, see Section
.27
To conclude this section, we point out that one can consider further generalizations of the
pendulum. For instance, the case of the forced pendulum, in which there also exists an external
force acting on the particle. The corresponding equation or system is then non-autonomous, in
contrast with the systems we consider in this thesis, which are autonomous. For more details, see
Mawhin [117,/116] as well as Mawhin and Willem [118]].

1.1.3 Lagrangian formulation of mechanics: The birth of the calculus of variations

For extensive material related to this section, we refer for instance to Dubrovin, Fomenko and
Novikov [76[, Mawhin and Willem [118]. It is an old idea that some laws of physics can be described
in terms of minimization problems. For instance, in the XVII century, Fermat claimed that light
reflects following the shortest path. These ideas were generalized and unified by Lagrange in the
18th century, who introduced the action or energy

b
sh(q) ::f L(t, (1), 4'(1))dt, (1.1.22)

where, as before, q: (a,b) - M (one can have a = —oo or b = +00) is the position of a point mass in

the configuration space M and

L:(t,q,&)e(a,b)xTM —L(t,q,&) € R,
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is the (smooth) Lagrangian. Here T M denotes the tangent bundle of M, so that T M is diffeomor-
phic to R x RF when M = R¥, which, unless otherwise stated, we will assume for the rest of this
section for simplicity. Lagrange’s theory, known as analytical or Lagrangian mechanics, states that
the position g of the particle must be an extremal of the functional SL. That is, the first variation
of SY (i. e. the differential) at ¢ must vanish. This last condition is equivalent the well known
Euler-Lagrange equations, which read

G St awa o) = S uta.q o), 1< a . (1.1.23)
dt\d& dq

These ideas gave rise to the calculus of variations, as it was shown that the description of physical
principles can be accomplished by studying extremals (called critical points in the contemporary
terminology) of functionals. Despite the clarity and functionality of this physical interpretation, the
basic ideas of the calculus of variations would not be rigorously established from the mathematical
point of view up until the beginning of the 20th century, when the fundamentals of functional

analysis and differential geometry emerged as we know them today.

In order to conclude this paragraph, we particularize to the framework of conservative mechan-
ical systems. In this case, one has L = K — P, where K is the kinetic energy and P is the potential
energy. More precisely, L is defined as

_ P

L(g,&):==--Ulq) (1.1.24)

where U : R — R, is the potential. With such a choice, one recovers the second Newton’s law for

conservative forces, written in (1.1.5) above.

1.1.3.1 The Lagrangian formalism for the simple pendulum and multi-well systems

In this thesis, we will look for solutions of multi-well systems (1.1.18]) and non-conservative systems
as (1.1.19) by studying the associated Lagrangian action. According to (1.1.11) as introduced in
Section as well as the identity (1.1.24), we have that the Lagrangian for the simple pendulum

model writes 5

L:(q,&)eR* > L(q,&) = %+a2(cosq+1) eR.

This gives the Lagrangian action

b ,
HOE f ['8 (2t)|2 +a’(cosO(t)+1)|dt, 6:[a,b] >R

It turns out that the different solutions of the simple pendulum problem, described and classified
in Section [1.1.2.2] can be characterized as extremals for S. For instance, periodic solutions of
period T > 0 are critical points of S/ in the class

H;er’T :={ueHY([0,T]): u(0) = u(T)},
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where H!([0, T]) stands for the usual Sobolev space. Regarding heteroclinic solutions, they are
critical points (in fact, global minimizers) of E := S*$ on the classes

th— {MEHl

loc

(R): tlir_n u(t)=(2k+1)m, tli&n u(t) = (2k + 3)m}
for k € Z. As before, the previous discussion can be extended to multiple pendulum systems as
discussed in Section|1.1.2.3| That is, for V a multi-well potential, following (1.1.24) one considers

the Lagrangian

2
L:(q,é)em%_)%H/(q)elR

and the corresponding action

b "Tig' (1) 1 k

Sq(q) = 5 +V(q(t)|dt, q€H (R R").
a

As before, one can find periodic and connecting orbits as critical points of the action, in a analogous

functional setting. In particular, heteroclinic orbits can be found by minimizing E := S*$ in the

spaces

X(0,6):={q¢€ 10C(]R RF): E E(q) < +oo, hm g(t)=0 and lim g(t) =6},

—00 t—+00

where o and 6 are two different wells in . Recall (see Section[1.1.2.2) that in the scalar case we
had existence and uniqueness of heteroclinic orbits between two consecutive wells by purely ODE
arguments. However, as discussed in Section such arguments do not extend to multi-well
systems. Besides the fact that one might not have uniqueness (up to translations), one still needs
to tackle the problem of existence. As it will be described later, the methods of the calculus of
variations allow to successfully treat these questions.

Finally, we point for the non-conservative problem described in Section we will look at
the family of Lagrangians given by

2
L:(t,q,&) e R* - eff(% + W(q)) €R.

It is immediate to check that the Euler-Lagrange system (1.1.23) for a L as above is exactly a system
of the type (1.1.19). Notice however that L is time dependent, which poses several problems and,

in particular, does not allow for the simplifications described in the following paragraphs.

1.1.3.2 The Hamiltonian formalism

Given a unit mass particle under a conservative force, its momentum p is defined as p(t) = q’(t).

According to (1.1.24), one has
p(t) = agL( q(t),q'(t)). (1.1.25)

In the 19th century, Hamilton reformulated Lagrangian mechanics by replacing the velocity of the
particle by its momentum. Moreover, notice that identity ((1.1.26) suggests a way of generalizing
the notion of momentum for particles under autonomous non-conservative forces. Indeed, one

can set

d
P=7z L(q,<). (1.1.26)



14 CHAPTER 1. General Introduction

If, moreover, it is possible to smoothly invert (1.1.26) and find &£ given p, the Hamiltonian is then
defined as

H(q,p)=(p,&)-L(q,€) (1.1.27)

where (-,-) denotes the Euclidean inner product in IR¥ and ¢’ is obtained from p by inverting (T.1.26).
Notice that (1.1.26) and (1.1.27) state that, under the proper conditions, the Hamiltonian and the

Lagrangian can be each obtained from the other via the Legendre-Fenchel transform. Assuming that

the Euler-Lagrange equations hold for g : (a,b) — R¥ and choosing p as in (I.1.25), one
obtains that i

Z;H(a(0),p(1) =0, t€(ab),
that is, the Hamiltonian is constant on the trajectories of the solutions. Notice that this is the
generalization of the conservation of the mechanical energy, which we wrote in for the
simple pendulum and in for the more general case of multiple well systems. Notice that

combining (1.1.26)) and (1.1.27) we obtain

J d
—a—qH - a—qL
and 5
ap e

Therefore, for the trajectories, and using again (1.1.23) and (1.1.25), we obtain the first order ODE
system

q'(t) = £-H(q(t), p(1)),
p'(t) = ~5:H(q(t), p(1)).

Therefore, in this paragraph we have recalled that any Lagrangian system (as the ones we study

(1.1.28)

in this thesis) can be seen as a Hamiltonian system in a canonical way. Hamiltonian formalism is
more general than the Lagrangian one, as we can choose a Hamiltonian H and write the system
(1.1.28) without referring to a Lagrangian. It is worth mentioning here that the study of existence
and multiplicity of periodic orbits for the system (1.1.28), where H is defined on a symplectic
manifold, is a question of major importance in calculus of variations and symplectic geometry

which originated deep contributions in the late 20th century. Some more details are given later.

1.1.3.3 The Maupertuis principle

Prior to Hamilton, Maupertuis already formulated the action principle in terms of the momentum
in the mid 18th century. The ideas of Maupertuis relied (as those of Fermat and others) on the
least action principle. From the mathematical perspective, one of the most interesting features of
the Maupertuis principle is that it provides, in the conservative case, a one to one correspondence
between the extremals of Lagrangian theory and the geodesics of a certain Riemannian manifold
(with possibly degenerate metric).

In order to introduce the Maupertuis principle, we do as in [76] and go back to the Hamiltonian
formalism. Recall that the Hamiltonian is constant on the trajectories. Therefore, using
and neglecting the constant terms, we find that finding extremals for the Lagrangian action defined
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n (1.1.22) is equivalent to finding extremals for the functional

SH’(q,p J (p(1),q'(t))dt, (q,p)€H. ((a,b),R*), (1.1.29)

under the constraint 5
p (f)=—a—qH( q(t),p(t)), te(a,b).

This transformation is essentially the Maupertuis principle.

We now focus on the particular case of conservative systems. Let L be as in (1.1.24]) and g be an
extremal of the corresponding action S!. According to (T.1.26), the momentum writes p = ¢’ and
hence the Hamiltonian action defined in (1.1.29)) verifies

b
SH!(q,p) = f p()llg'(D)ld. (1.1.30)

Moreover, recall the choice of Lagrangian (1.1.24) and the identity (1.1.27) for H. These facts
imply that
lp(O) = V2(Er - U(q(£))) (1.1.31)

where Et stands for the total mechanic energy of g, that is, the value of the Hamiltonian on the

trajectory of g. Plugging (1.1.31) into (1.1.30) we get
b b
SHLq.p) = [ V2= Ulalg (1ds
a

and this expression is independent on the parametrization of the curve of the particle as well as

the momentum p. This justifies the choice (a,b) = (0,1) and the definition

1
:L l9'(t)]gdt (1.1.32)

where lg(t) = \JZ5_, g;9/(1)q;(1), with
g q€R" - 2(Er - U(q))5;j € R. (1.1.33)

The correspondence g defined in induces a Riemannian structure on the set Uy " := lqe
Rk : U(q) < E7} (here R¥ can be replaced by a manifold M). The critical points of the functional
SM defined in (which are in bijective correspondence with the extremals of the Lagrangian
action) are geodesics for the Riemannian manifold (U(f5 ’,g). Hence the link between mechanics

and the theory of geodesics.

However, in some cases of interest one might allow U(gq) = E7, so that the metric degenerates.
For instance, consider the setting of the connecting orbits of multi-well systems. According to the
discussion in (1.1.2.2)), one has in this case that any connecting orbit g must satisfy E; = 0 and

hence the Maupertuis functional writes

J V2V(q(1)lq'(t)ldt
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so that the metric degenerates if and only if V(q(t)) = 0, i. e., when g goes trough a well. This
implies that the metric does not degenerate on the orbits, but it does on some other cases, e. g.
curves formed as concatenation of orbits. In any case, one might aim at showing the existence of
connecting orbits by dealing with the Maupertuis functional Ey;, instead of the Lagrangian energy

described before. More details and references are given in Section

1.1.4 Some contemporary methods of the calculus of variations

As mentioned before, while the ideas behind the calculus of variations had been for long present
in physics, it was not until the beginning of the 20th century that most of them were rigorously
established from the mathematical point of view. More precisely, there was no idea on how
to prove the existence of critical points of functionals except on some particular cases. For
instance, if critical points of functionals were to solve an ODE (as it is the case for the celebrated
brachistocrone problem) then one could aim at using results regarding existence and uniqueness
for ODEs (Cauchy-Lipschitz Theorem) in order to prove the existence. However, except for very
particular cases, nothing similar was possible for PDEs, meaning that general existence results
were lacking even for the simplest linear PDEs such as the Laplace equation.

The major breakthrough, which unblocked the precedent situation, was to incorporate tools
from measure theory and functional analysis, which were areas of mathematics that had just
emerged, into the calculus of variations. The same was done for the whole field of partial differ-
ential equations during the 20th century. Rather than writing a systematic historical survey, in
this section we content ourselves with giving a quick overview of some of the techniques (and
issues) that appear when one aims at establishing the existence of solutions in the calculus of

variations (that is, critical points of functionals). The primary concern of this thesis is to find

solutions for systems of the type (1.1.18) and (1.1.19), with some suitable properties, by looking at

the problem in terms of the calculus of variations, using the Lagrangian formalism introduced in
Section [[.T.3.11

Generally speaking, once one proves the existence of a solution for some problem, one wishes
naturally to study its properties. In a lot of cases, critical points of functionals are solutions of
partial differential equations, meaning that it is an important question to know whether such
solutions belong to a function space smaller to that in which the functional is defined, so that they
enjoy better properties. The previous question follows into the framework of regularity theory for
partial differential equations. We point out that while the regularity of the solutions is not an issue
in this thesis, the knowledge about other properties (such as their asymptotic behavior) is useful

and interesting.

1.1.4.1 The direct method

Due to Hilbert, the so-called direct method of the calculus of variations is a somehow systematic
procedure for establishing the existence of global minimizers of functionals. It allowed Hilbert to

provide by the first time a rigorous existence result of a minimizer of the Dirichlet functional

Fp(u) = sz,
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where Q c RY is a smooth domain and u is in the set of smooth real-valued functions on Q such
that u|yn = g, where g: dQ — R is smooth!. Critical points of Fp, are solutions of the boundary
value problem

Au=0o0nQ,
(1.1.34)

u=gondQ,
meaning that the direct method provides a solution for the Laplace equation (1.1.34).
We recall the general scheme of the direct method. It goes as follows: Let (X,7) be a topological

space (rich enough so that it makes sense to define convergence of sequences) and F : X — IR.

1. Take a minimizing sequence for the functional. That is, a sequence (x,),cn in X such that

F(x,) — m, where m is the infimum of F in X.

2. Show that, up to a subsequences, one has x,, — x in (X,7) for some x € X. This requires

“good" properties on the topology 7.

3. Show that F(x) = m, so that x is a global minimizer of F in X. This generally follows from a

lower semicontinuity property on F, namely that F(x) <liminf, ., F(x,).

Loosely speaking, there is a conflict between 2. and 3., in the sense that the weaker is the topology,
the more difficult is to have lower semicontinuity for the functionals. As it is well known, in
the usual framework of Banach (and, in particular, Sobolev) spaces the good balance is obtained
by the use of weak topologies, see for instance Brezis [56]. The direct method is already robust
enough for treating a wide variety of problems in the calculus of variations. We refer to Dacorogna
[74], Mawhin and Willem [118] and Morrey [126]. A question, more general to that of existence
of critical points, is that of their multiplicity, which is usually a lower bound on the number of
critical points. In most cases, the direct method does not allow to fully treat the problem of
multiplicity of critical points, as only minimizers can be produced by it. While it is straightforward
that strictly convex functionals defined on convex spaces (such as the Dirichlet energy Fp, defined
on Hgl) possess at most one critical point, which is a global minimum, this is no longer the case
for non-convex functionals. In the non-convex framework, one usually expects a much richer
structure of critical points that the direct method does not capture properly. This last remark leads

to the next paragraph.

1.1.4.2 Morse theory

In the 1930s, Morse [127]] found a direct correspondence between the topology (in terms of Betti
numbers) of a smooth finite-dimensional compact manifold M and the (non-degenerate) critical
points of any f : M — R of class C?, together with their Morse indices. The Morse index of a critical
point of f is the number of negative eigenvalues of the Hessian of f at such point. Critical points
are non-degenerate if the kernel of the hessian is trivial. The correspondence between these two
notions is given by the celebrated Morse inequalities?. Morse himself showed that this analysis
extends to the study of geodesics between two fixed endpoints in a Riemannian manifold M. See

also the seminal book by Milnor [119]. Almost simultaneously, Lusternik and Schnirelmann [[112]

1 As it is well-known from the theory of Sobolev spaces, posterior to the work of Hilbert, one might take g € H/2(9Q))
and Fp is usually defined in the class of H‘%, consisting of the H!(Q) functions with trace equal to g.
2 Assuming that all critical points of f are non-degenerate, which is a generic property.
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also made important contribution in this direction, with roots in Birkhoff [49]. This represents a
complement to Morse’s work.

Morse theory was extended later to the setting of functionals on infinite-dimensional Hilbert
spaces (or manifolds). This was done by Rothe [147,|148] in the early 1950s and, in more generality,
by Palais and Smale [133}, (134} 155] in the 1960s. In order to generalize the ideas of Morse theory
to the infinite-dimensional setting, one needs to potentially face the difficulty of critical points
possessing infinite Morse index and the lack of compactness for the functional®. While the former
is not a problem in this dissertation, the latter is. More details will be given later, see also the book
by Chang [67]] for additional material.

Roughly speaking, Morse theory reduces the problem of existence of critical points of a
functional to the study of the difference of topology of its level sets. That is, if X is a Banach space
(or manifold) and f : X — R is C!, for a € R it is often denoted % := {x € X : f(x) < a}. It turns
out that if a < b are such that f’ is not a retract by deformation of f?, then there is c € [a,b] for
which there exists a Palais-Smale sequence at the level c. A Palais-Smale sequence at the level cis a
sequence of almost critical points around c. That is, a sequence (x,),cn in X such that f(x,) — ¢ and
Df(x,) — 0as n — oo, where Df is the differential of f. If one assumes, as in [133}134}155|, that
such sequence possesses a convergent subsequence (the so-called Palais-Smale condition, called
condition (C) by Palais and Smale), then one finds x € X, a critical point of f with f(X)) = c. Notice
also, in link with the previous paragraph that if f is convex, then for all 2 € R we have that f* is
contractible, so that there is no change of topology whatsoever.

The previous remarks lead to two questions:
1. How can one find a change of topology in concrete applications?

2. Once this difference of topology is found, what can one say about the associated Palais-Smale

sequences?

These two questions are, in fact, the two main questions one needs to ask for proving the existence

of critical points. We give some considerations about them in the subsequent paragraph.

1.1.4.3 The mountain pass lemma

The so-called min-max methods provide an efficient and practical way to identify changes of
topology on the level sets of a functional (question 1. in the previous paragraph), see for instance
Rabinowitz [140]. It is also found that the more symmetries enjoys the functional, the more critical
points one expects to find.

Here we recall the most celebrated among the min-max result, obtained in 1973 by Ambrosetti
and Rabinowitz [16|]. Their mountain pass lemma soon showed to be applicable to a vast amount of
situations. We also make use of it in this thesis. There are many forms and generalizations for this
result, which can be essentially thought as the first Morse inequality. We recall one of the possible
formulations of the mountain pass lemma. Let X be a Banach space, f : X — R of class C! and
assume that xy and x; are two points of X such that

c:= ;gﬁmaxf(p)>max{f(x0),f(x1)} (1.1.35)

3However, lack of compactness can also occur in finite-dimensional problems
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where
A:={peC([0,1],X): p(i) = x; for i € {0, 1}}.

The property (1.1.35), see Figure[1.7] implies the existence of a Palais-Smale sequence at the level
¢, as there is a change of the topology of the level sets of f around c. In a wide variety of situations,
e. g. when f verifies the Palais-Smale condition, this is already enough for having the existence
of a critical point for f at the level c. Let us give an example of one of such situations, which is
linked with the problems of this thesis.

Example 1.1.1. Let V : M — R a non-negative multi-well potential on a k-dimensional Riemannian
manifold M, with non-degenerate set of minimizers X. For T > 0, consider the problem of finding
periodic orbits of period T for V. Recall that periodic orbits appeared when studying the simple
pendulum in Section so we are just considering the more general situation of a multi-well

system.

q”:VV(Q); in [—T,T], (].1.36)

Notice that the constant function t € [-T,T] — ¢ € M is a solution to (1.1.36)) for any o € X. The
mountain pass lemma allows to easily prove that there exist non-constant solutions of (1.1.36),
and that for all T > 0. For that purpose, consider the functional

Nk
Er(q) = L [T + V<q<t>>] at

defined on the space of H! functions in [-T, T] with values in M and periodic boundary conditions.
We denote such space as ngr([—T, T], M). It is standard to show that Et is a C! functional in
HPl,er([—T, T], M). Moreover, it is also standard to show that Er satisfies the Palais-Smale condition.
Such facts allow to easily show that there exists a non-constant solution of by showing

that (1.1.35) holds for two well chosen points. Indeed, tale 0 € ¥ and consider

:= inf E
cT VITI;FTSIGIE% 7(y7(s))

where
Tr :={yr € C([0,1], Hper([-T, T, M)) : y1(0) = o, yr(1) € £\ {a}.

It is easy to show that ¢ > 0, using that the wells are non-degenerate. Since Ep satisfies the
Palais-Smale condition, we obtain the existence of g € H;er([—T, T], M) such that Er(gr) = ¢ and
DE7(qr) = 0. The latter implies that g7 solves (1.1.36). Since the only constant solutions of (1.1.36|

have zero energy, the fact that E1(g7) > 0 implies that g7 is not constant.

Notice that this argument is independent of the choice of the manifold M and in particular
holds for manifolds with trivial topology, such as M = R¥. The reason is that the mountain pass
argument only requires the multi-well structure of V, as we see by looking again at the definition
of the class of paths I'7.

Furthermore, it is known that under suitable non-degeneracy properties and assuming the
Palais-Smale condition holds, the mountain pass lemma allows to show the existence of a critical

point of Morse index one, Hofer [95] and Solimini [160]]. Estimates, or identities, for the Morse
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Figure 1.7: Illustration of a typical mountain pass situation, for f defined on a subset of R>.
Here, the points xy and x; are strict local minimizers of f, with f(x;) > f(x() (we also could have
chosen f(xg) = f(x1)). Any path p which goes joins xj; and x; must go through the level f(x;)+9,
where 6 > 0. Therefore, holds, which means that the mountain pass lemma applies.

indices are also available for critical points obtained by other methods of min-max type. We refer

to Lazer and Solimi [[107], Ghoussoub [87| and the references therein.

1.1.4.4 Lack of compactness

A significant amount of problems have (some sort of) Palais-Smale condition, which enables for
a direct approach to the problem of multiplicity of critical points as in Example However,
soon after the work of Palais and Smale it became clear that an important number of problems,
much of them of great interest in mathematics and physics, do not satisfy a compactness condition
as the Palais-Smale condition. In other words, there is a lack of compactness for these problems.
Despite this fact, it is still possible to obtain some information by studying how compactness is
lost, that is, how Palais-Smale sequences diverge. This is one of the main difficulties of this thesis,
as all the problems we face present some sort of default of compactness.

It is worth noticing that when one deals with minimizing sequences, it is sometimes possible
to show that compactness is restored by optimality. For instance, by proving that phenomena
such as vanishing and mass splitting are not possible or contradict the minimality of the sequence.
This type of reasoning was termed by Lions [[108] as the concentration-compactness method. In
contrast, if one deals with an arbitrary Palais-Smale sequence, then one cannot use minimality
arguments in order to restore compactness. The analysis becomes then more involved, but the
ideas of concentration-compactness extend to some degree. Roughly speaking, one needs to see if
it is still possible to establish the existence of new solutions by looking at the asymptotic behavior
of the Palais-Smale sequences. Alternatively, one can also perturb the problem in order to restore
compactness and then pass to the limit as the perturbation (depending on a parameter) becomes
negligible. These ways of arguing work in a lot of situations, as in the Chapter |2|of this thesis.
Without being exhaustive, let us cite some of the early papers which rely on this type of reasoning,
together with the problem the authors were studying. We have Aubin [21] for the Yamabe problem;
Sacks and Uhlenbeck [150|] for harmonic maps; Taubes [[166, 165] for the Yang-Mills problem;
Brezis and Coron [57|] for the H-problem (which contains the Plateau problem); Struwe [164]],
Brezis and Nirenberg [58] for nonlinear boundary value problems with critical Sobolev exponent.
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As we can see, these are a wide variety of different problems in mathematics, with roots and
important applications in physics.

It is still possible to further refine the previous approach in order to deal with lack of compact-
ness. This idea is due to Bahri [23,|22]] and his collaborators. In some sense, it can be rooted back
to the work of Conley [70], even though the main aim of Conley was not to deal with compactness
issues. Given a Hilbert manifold X and a functional f : X — IR, one looks at the negative gradient
flow

x'(t) =-Vf(x(t)), t €(0,+c0), (1.1.37)

x(0) = xo,
where Vf stands for the gradient of f. One has that if a < b are such that f“ is not a retract
by deformation of f?, then there exists xo € f¥\ f% such that if x() is the associated solution of
it holds that for all ¢ € (0,+00), f(x(t)) > a. The function t € [0,+c0) — f(x(t)) is decreasing,
which means that it has a limit ¢ € [a,b] as t — +co0. Moreover, |Vf(x(-))|? is integrable in [0, +c0).
Therefore, we find a sequence (t,),cN such that t, — +c0 and Vf(x(t,)) — 0 as n — oo. That is,
the sequence (x(t,)),en is a Palais-Smale sequence for f at the level c. However, it is not just an
arbitrary Palais-Smale sequence, as it remains in the same flow line of (1.1.37). As showed by
Bahri and collaborators, this additional property can be crucial in order to obtain existence and
multiplicity results in situations in which dealing with arbitrary Palais-Smale sequences does not
allow to conclude. The asymptotic patterns associated with the Palais-Smale sequences lying in the
same flow line were called by Bahri critical points at infinity. Clearly, such patterns coincide with a
usual critical point in case the sequence is convergent. We also mention that usually, a modified
version of the flow, rather than the plain gradient flow, is considered in order to strengthen the
argument.

Some examples of (difficult) problems in which this technique is used are Bahri and Coron [25,
26| concerning the nonlinear boundary problem with critical Sobolev exponent and the Kazdan-
Warner problem in differential geometry; Bahri and Rabinowitz [27] for the three body problem
and Bahri [24] dealing with questions in contact geometry. We do not use these techniques in this
thesis, but, as we detail in Section we think that ideas in this spirit could be relevant and lead

to a possible continuation of this thesis.

1.1.4.5 Other problems: Periodic orbits for Hamiltonian systems

As a concluding historical remark, tangential to this thesis, we mention that there exists a huge
amount of literature devoted to the study of periodic orbits for a wide variety of Hamiltonian
systems of the type (1.1.28). See for instance Ekeland [77] and Mawhin and Willem [118]. The
existence of periodic orbits is not a question in this thesis, as we restrict ourselves to connecting
orbits. However, in order to complete the first part of our introduction, we believe it can be
interesting a to give a brief and non-exhaustive historic account on the subject of periodic orbits of
Hamiltonian systems.

In the case of general Hamiltonian systems defined on symplectic manifolds, the celebrated
Arnold’s conjecture claims that the number of periodic orbits and their index can be described by
means of classical Morse theory. That is, one must have the Morse inequalities for the periodic

orbits, as one has for a smooth real function defined on the manifold or for the geodesics of a



22 CHAPTER 1. General Introduction

Riemannian manifold. For several reasons, such a problem is very degenerate from the point
of view of the calculus of variations as, for instance, periodic orbits have infinite Morse index*.
Hence, Arnold’s conjecture was considered as intractable for a number of years and new ideas
were needed.

Very deep and influential work by Floer [81] provided a proof of a very general subcase of
Arnold’s conjecture. His approach relied on completely new tools which, in particular, involve
replacing the notion of Morse index by a novel one. A proof of Arnold’s conjecture on the torus
had been provided a few years before by Conley and Zehnder [72], who also relied on a new
definition of index, see also [71] by the same authors. Other important contributions related
to Arnold’s conjecture are due to Hofer [96] and Sikorav [154]. Floer was also influenced by
previous works on the Weinstein conjecture [170], regarding the existence of periodic orbits in the
framework of contact geometry. Some of these works are due to Weinstein himself [[171] (for the
case convex hypersufaces) and Rabinowitz [141}139]] (for the case of starshaped hypersurfaces).
Some other important contributions are due to Viterbo [168] and Hofer [97]]. For the details,

results, discussions and further references we refer to the book by Hofer and Zehnder [98|.

1.2 State of the art prior to this thesis

We review the main literature which precedes this thesis in its most immediate way. We also set

up the main notations that will be used consistently on the rest of the thesis.

1.2.1 Multiple well systems

We will consider V : RF — R a non-negative multi-well potential with non-degenerate minima. We
also assume that V is not zero at infinity and some other technical conditions which will be made
explicitly in the each of the chapters. Let ¥ := {V = 0} be the set of wells. Recall that we consider
the second order ODE system

9" =VV(g), in R (1.2.1)

As advanced before, we are interested in solutions of (1.2.1)) which arise from a variational context.
More precisely, as (|1.2.1) is formally the Euler-Langrange equation of the energy (Lagrangian action)

E(q):= JIR

we seek for solutions of (1.2.1) which are critical points of E, in a suitable functional setting.

l9'(1)|?
2

+ V(q(t))]dt

1.2.2 Functional setting

In order to study the critical points of E, we need to know in which functional spaces it is defined
as a C! functional. Let us recall how this can be worked out. Consider the standard Sobolev space

Hlloc(IR' IRk) ={g:R— RF: YK c R compact g € H'(K, RRF)}.

4Recall that, as we mentioned earlier, we do not face such a problem in this thesis.
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Clearly, the energy E is well-defined as a mapping from Hlloc(IR, RR¥) to [0, +oo]. Furthermore, if
ge H' (R, R¥) is such that

loc

E(q) < +oo,

then it follows easily that " € L?(IR,IR¥). The classical Sobolev embeddings imply that Hllo (R, RF) c
CO1/2(R,R¥), where the latter is the standard Holder space with exponent 1/2. In particular,
functions in Hll0 (R, R¥) are continuous, a fact which we will always use implicitly. Under mild
assumptions on the potential V (namely, that it does not decay too fast to 0 at o), it is easy to show
that

lim V(q(+)) =0,

t—+00
which, by the continuity of g, is equivalent to lim;_,,, g(t) = 0*(gq) for some 6*(q) € . In other

words, we have that

D:={q e H. (R R¥): E(g) < +co} = U X(0,6), (1.2.2)
(0,6)ex?
where, for (0,6) € ¥2,
X(0,6):={q¢€ Hlloc(]R,IRk) 1 E(g) < +oo, tlir_n q(t) =0 and tliIEl (t) =3} (1.2.3)

The appearance of the spaces X(o, ) can be traced back to Rabinowitz [136]. The importance of
identity is that it provides a decomposition of the energy space in [ disjoint connected
components (where [ is the number of wells) which are exactly the class of Hlloc(lR, R*) curves with
finite energy joining two different wells. It also shows that critical points of E (once one is able to

define such a notion) are necessarily connecting orbits, that already appeared before.

Notice also that each component of D as well as E are invariant by the action of the translation
group. That is, for all (5,6) € 2, r € R and q € X(0,5) we have that g(-+7): t € R — g(t + 7) € RF
verifies g(-+ 7) € X(0,6) and E(q(-+ 7)) = E(q).

Another important assumption that we make in this thesis is that the elements of ¥ are

non-degenerate global minimizers. Such an assumption implies that

V(u) ~ Bylu-ol? (1.2.4)

in a sufficiently small neighborhood of ¢ € ¥, with B, > 0. A combination of (1.2.3) and (1.2.4) gives

that for any (0,6) € ¥ and ¢y, ¢, in X(o, &) it holds q; — ¢, € H'(R, R¥), as well as g, + v € X(0,6)
whenever v € H! (R, R). It is worth to recall here that if v € H! (R, R¥) then

t1—1>rino<>V(t) =0
The previous considerations imply that the spaces X(o, G) are affine spaces obtained from H!(RR, R¥).
That is, if one chooses a connected component of the energy space (an element on the right-hand
side in (T.2.2)) and moves the center accordingly, then such a component is H' (R, R¥), where E is
well-defined and finite. See Figure

At this point, we have all the ingredients for completing the description of the functional

setting and, in particular, for defining the notion of critical point for E. Indeed, we have that for
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v e HY(R,RF)
7€ X(0,5) qtv

Qe

Figure 1.8: Picture of an elementary but crucial fact: H! perturbations of functions in the
spaces X(o,6) (where (0,5) € X2 are possibly equal) remain in X(o, ). The arrows represent the
orientation of the curves.

any x € D we can define the perturbed functional
J:veHY(RR") — E(x +v) € [0,+c0) (1.2.5)

and it is routine to check that J is a C! (or even C 2 if V is smooth enough) functional on the linear
space H'(IR,R¥), see Bisgard [50]; Montecchiari and Rabinowitz [123]. The differential DJ, of ], at
v € H'(R, R¥) is the bounded linear form given by

D],(v):we HY(R,RF) — J;R((v'(t) +x'(1),w (1)) +(VV (v(t)+ x(t), w(t))) dt.

In particular, the meaning of critical point of ], is unambiguous and standard. It is also clear that if
v € H'(R,R¥) is a critical point of J for some x € D, then v + x solves (L.2.1). This leads to define
the notion of critical point of E as follows: for g € D, the differential of E at g is DJ,(0), and g is a
critical point of E if DJ;(0) =0 € H™'(R,R¥) (that is, if 0 € H' (R, IR¥) is a critical point of J,).

As a side note, it is worth recalling here that one does not need a functional to be defined on
a linear space in order to have a notion of critical point, nor for using variational methods with
the intention of obtaining existence results for such critical points. As for the finite-dimensional
realm, there exists a standard notion of infinite-dimensional manifold modeled after a base Hilbert
space. Naturally, the same goes for the notion of differential and critical points for functionals
defined on such manifolds. We refer for instance to Palais [133[] and the references therein. In
particular, one can see E as a functional defined on the Hilbert manifold D and consider the
derived notions of differential and critical point as given by the theory presented in [133]. The
objects that are obtained from such an approach are equivalent to those we defined above via
the perturbed functionals. It seems preferable to us to follow the elementary treatment that we
presented here instead of invoking the machinery considered in [133], which allows for manifolds
and functionals that do not permit the straightforward reduction to a linear space that we one is
able to perform in our setting.

In order to conclude this paragraph, let us discuss the relevance of the non-degeneracy as-
sumption on the wells in the functional setting for E. It is clear that is essential in order
to show that for all (0,6) € ¥ and ¢4, g, in X(0,6) it holds g1 — g, € L3(R,R¥), which implies that
91— q2 € H'(R,R¥) because g’ € L*(R,IRF) whenever g € D. Therefore, it seems natural to wonder
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about the natural functional setting for E whenever (1.2.4) is relaxed. In order for (1.2.2) to be
valid, a sufficient condition is

inf{V(u):ueIRk\

U B(o,e)]} >0 (1.2.6)

ey

for all & > 0, where B(u, r) stands for the open ball of center u and radius r > 0 in R¥. It is clear
that can hold in case some o € ¥ is degenerate. Assume for instance that for all o € ¥ there
exists p, > 2 such that

V(u) ~ Bslu—olf, (1.2.7)

which is more general than (1.2.4). In particular, if holds for o, then o is degenerate if and
only if p, > 2. Under the previous assumption, and provided that V has a good behavior at infinity,
we have that holds, which implies that holds. Hence, if (0,5) € ¥? and we assume
Py = ps = p > 2 for simplicity, we have that for (q;,9,) € X(0,5)? it holds g, — g, € LP(R,RF). As
before, we can also show that if we set

B, :={vel’(RR"):v" e [*(R R")}
we obtain that X(o,6) = {q} + H,, for all q € X(0,6). We endow H,, with the norm

||V||Bp = ||V||Lp(1R,1Rk) + ”v/”L?(IR,IRk)'

It is then clear that if holds instead of (1.2.4), then one can replaces the Hilbert space
H'(R,R¥) by the Banach space B, in the discussion above and obtain an analogous functional
setting. In particular, for any x € D one can consider the perturbed functional J, as in (1.2.5),
replacing H' (R, R¥) by B, as space domain. It would be interesting to know to what extent the
results concerned by this section (namely, existence of connecting orbits) can be extended to this
degenerate framework. For instance, it seems clear for us that most of the results of Chapter 2]
(which corresponds to our paper [131]) still hold under (1.2.7)), up to possible technical subtleties.
The reason is that we do not see why the fact that the functional setting is based on the Hilbert
space H' (R, R¥) should play any major role, and hence we conjecture that most arguments still
hold if one works in B,, instead of HY(R,R¥).

1.2.3 Existence of connecting orbits: the minimizing case

With identity (1.2.2) in mind, the first natural idea in order to obtain connecting orbits for (1.2.1)
is to study the minimization of the energy E in each connected component of the energy space D.
In other words, for each (0, 6) € Y2, one considers the value

mys:= inf E(q) (1.2.8)

qeX(0,6)
and studies existence of the minimization problem. Lack of compactness implies that existence of
a minimizer is not obvious, and indeed one might have that is not attained for some pair
(0,6) € X. Some examples are given in Alikakos, Betel and Chen [9]. It is clear that m,; > 0 and
one shows that m,; = 0 if and only if 0 = 6. In the latter case, the infimum in is attained by
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the constant homoclinic equal to o. In the case o # &, a sufficient condition for the infimum in

(1.2.8) to be attained is

My,s <min{mgs +mgs: 6 € L\ {0,5}} (1.2.9)

with the standard convention inf( = +o0. In fact, is a strict triangle’s inequality with respect
to the geodesic distance induced by VV, according to the Maupertuis principle. In particular, we
have that if V is a double-well potential, then there always exists a globally minimizing heteroclinic
orbit.

All the previous facts are well-known since long before this thesis was written. A proof can
be given by using concentration-compactness arguments. Roughly speaking, (1.2.9) implies that
there is no dichotomy (in the sense of Lions [108]) for the minimizing sequences of and one
can rule out vanishing even without (1.2.9). It then follows that minimizing sequences are compact,
which allows to obtain a uniform control on their behavior at infinity and hence conclude.

With respect to the available literature with for this minimization problem, we refer to Bolotin
[51]], Bolotin and Kozlov [52], Bertotti and Montecchiari [40] and Rabinowitz [138},142]. It also
holds that if is satisfied then minimizing sequences for (1.2.8)) are compact i. e., they possess
a strongly convergent subsequence up to translations. This last property has several important
consequences in some PDE problems, as we will recall in Section[1.2.6]

More recently, Monteil and Santambrogio [124] (see also [[125]] by the same authors, in which
they extend their results to possibly infinite dimensional settings); Zufiga and Sternberg [174]
showed that rather than solving directly by a concentration-compactness scheme, one can
instead tackle it by using the Maupertius principle, that we introduced in Section We give
more details in Section It is worth mentioning that, in the multi-well setting, the degenerate
geodesic distance induced by VV had been used before by several authors: see Modica and Mortola
(121,|120], Baldo [28]], Sternberg [162,|163], Fonseca and Tartar [82]]. The context of these works is
different, as a singular perturbation problem is studied (more details in Section[I.4.7).

Even another approach was taken by Alikakos and Fusco [[11]], which considered a family of
constrained problems depending on a parameter (for which minimizers exists as one has restored
compactness) and then showing that for suitable values of the parameter the constrains are not
met, meaning that one has a solution for the unconstrained problem . In fact, we have used
their idea in Chapters[3|and [4] of this thesis.

1.2.4 Existence of connecting orbits: the non-minimizing case

There exists a vast literature concerning the existence of connecting orbits for general Hamiltonian
systems of the type
q"(t) =VVi(t,q(t), teR, (1.2.10)

where the potential V, might take various forms. A significant part of this literature is based
on the use of variational methods. Such variational methods are not only used for showing the
existence of global minimizers (as we described for instance in the previous section) but have also
been extensively applied to the obtention of non-minimizing connecting orbits. Generally speaking,
such methods are essentially those of Morse theory (in a lot of cases, the mountain pass lemma of
Ambrosetti and Rabinowitz [16]]) , that we briefly introduced before. With these methods, plenty

of results concerning the existence of non-minimizing connecting orbits in systems which can be
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written as have been obtained. Some of the earlier references are Ambrosetti and Coti
Zelati [15]); Caldiroli and Montecchiari [63]; Coti Zelati and Rabinowitz [73]] and Rabinowitz [137,
136].

In all the papers we mentioned above, the potential V, is not of multi-well type. Therefore,
the approach that one needs to take as well as the difficulties present are not the same as the ones
we are facing in this thesis. Nevertheless, there exist some works which are closer to the goals
of this thesis. Such papers study non-autonomous systems as with potentials V, which
are 1-periodic in time and of multi-well type, with t-independent zero set. These references are
Bisgard [50] and Montecchiari and Rabinowitz 123} 122]. In particular, the second chapter of the
PhD thesis [50] is close in spirit to the results we obtained in our thesis. However, as it will be
made clear later, in all such previous works is essential that V, is non-autonomous, that is, the
autonomous case is excluded by the hypothesis that they make.

As a consequence, there are no results prior to this thesis which show the existence of non-
minimizing connecting orbits for autonomous multi-well systems as . In other words,
the results of Chapter [2, in which we show that, under suitable assumptions, there exist non-
minimizing connecting orbits for the system (1.2.1), are the first of this kind for (1.2.1). However,
the methods of our proof strongly rely on all the vast literature mentioned before and, more
particularly, they are closely related to those used in [50]. More details are given in Section as
well as Chapter

1.2.5 Behavior of the Palais-Smale sequences of E

In [136], Proposition 3.10, Rabinowitz performed a concentration-compactness analysis for arbitrary
Palais-Smale sequences of the energy. Essentially, he showed that Palais-Smale sequences formally
converge to a chain of connecting orbits. Moreover, the sum of the energies of the elements of the
chain coincides with the level of the Palais-Smale sequence. In fact, Rabinowitz result concerns
non-autonomous potentials V, as in Section but it also applies to our autonomous setting.
More precisely, let x € D and consider the functional ], introduced in Section Let (v;,)neN
be a Palais-Smale sequence for ], with level ¢ > 0. Rabinowitz results states that there exist £>1,

{91,...,9¢} connecting orbits and ((7y,,,..., T¢,n))neN iN R’ such that, up to an extraction of (v,,),eN,
1. Forallie(l,...,0 -1} we have 7j,1 , — T; , = +00 as n — +co.

2. There exists a sequence ((tg ..., 7)) neN i [—00, +00]¢ such that ton =—00, tg,, =+00, ti1 y—

tin — +ooasn —ooand forie(l,..., £}
Yim [[v,, (- +7i,0) + X = Qill e 1,y o, = O-
3. Forallie{l,...,{} we have

lim gy(¢t) = lim x(¢), lim g;(¢) = lim g;.1(¢), lim gy(t) = lim x(#).
t——o00 t——00 t—+o00 t——00 t—+o00 t—+o00

4. c=Yi E()

We call the chain {gy,...,9¢} a generalized critical point for J,. This terminology has been used by
other authors in different contexts.
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To sum up, despite the fact that the Palais-Smale condition is not satisfied by the energy, the
behavior of its Palais-Smale sequences is known. Hence, there is some hope for establishing the
existence of new connecting orbits by using variational methods. This is the object of Chapter [2]in
this thesis.

1.2.6 Two-dimensional heteroclinics

In their celebrated paper, Alama, Bronsard and Gui [3] showed the existence of a solution of the
equation
AUl =VV(ll) in R?

satisfying the conditions at infinity,

lim, ol U x2) — 07F||pe =0,
xy—ool U %2) = 0| Lo R ) (1.2.11)

limy, _eoollU(x1, ) = 9%l (r RE) = O-

In (1.2.11), o* are two different wells of V and g* two globally minimizing heteroclinics connecting
o~ to o, different up to translations. Hence, it is implicitly assumed that V : R¥ — R with k > 2,
as otherwise heteroclinics between two fixed wells are unique up to translations. Moreover, this
is the only point in which the assumption k > 2 is needed. The terminology 2D heteroclinic is
justified by the fact that, when seen as a curve x; € R — U(xy,-) and x, € R — (-, x;), Ul connects
two different stable states (which are also curves) as x; — oo and x, — +00, respectively.
Among other things, the results in [3|] provide, in the framework of Allen-Cahn systems, a
counterexample to the so called De Giorgi conjecture for the scalar Allen-Cahn equation. The De

Giorgi conjecture setting considers any entire solution of
Au=u®—uin RN

with N < 8 and satisfying some monotonicity conditions. The conjecture claims that the level sets
of u are hyperplanes. Partial results have been obtained by several authors, see Ghoussoub and
Gui [88] (for N = 2) Alberti, Ambrosio and Cabré [5], Ambrosio and Cabré [17]] (for N = 3), Savin
[152] (for any N < 8, under additional assumptions). Notice that, due to , the level sets of
the solution 1l are not hyperplanes.

In [3]], the existence of 1l is proven by variational methods. More precisely, 1l minimizes the

energy

9, U(xy,x,)|2 9y, U(x1,x,)?
EZ<U)::£RUIR—| 1 (’; ) dx2+L(—| : (’2” %) +V(U(x1,x2))—m)dx2]dx1,

among the class of functions in H,. (IR?, R¥) which verify (I.2.11). The quantity m := m,-,+ (see
(1.2.8)) is subtracted so that E, is finite. The invariance by translations of E, with respect to the
x, directions represents a difficulty, which we also face in this thesis. In [3], this is dealt with by
imposing a symmetry assumption on V. More precisely, that 0* are exchanged by a reflection with

respect to an hyperplane’. This symmetry assumption was later replaced by Schatzman [153] by

>In fact, in [3] restrict to the case k = 2, but the argument readily extends to k > 3.
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the assumption that the minimizers g* are non-degenerate up to translations. That is, that D?E(g")
has one-dimensional kernel, which is the minimal dimension due to the invariance by translations.
As expected, such an assumption is generic.

A key point, raised by Monteil and Santambrogio [125], is that the previous problem can
be formulated as a heteroclinic orbit one for curves which take values in an infinite-dimensional
configuration space, with E—m as potential. More precisely, 1l is seen as a curve x; € R — U(xy,-) €

X(0~,0%) and E, rewritten as

E2<U>=fm

where we have identified Hlloc(IRz,IRk) with H!

loc

”axl U(xl )”IZJZ(IR,]R")
2

+(E(U(x)) - m) | dx; (1.2.12)

(R,L? (R,RF))NL?

loc loc

(R, H

loc

(R, R¥)). Furthermore,
notice that E —m is a nonnegative functional on X(o~,0%), vanishing exactly on the corresponding
set of globally minimizing heteroclinics (in particular, g~ and g*). Therefore, 1l can be seen as a
heteroclinic in X(0~,0%) with E —m as a potential, which is moreover minimizing with respect to
the set of all curves in X(0~,0%) which connect g~ and g°.

As said in Section in [[125] the authors follow the Maupertuis principle and formulate
an abstract geodesic problem with degenerate Riemannian metric given by v/Vy defined on a
metric space X (instead of simply RF). Here Vy is a non-negative potential with disconnected zero
set. Under suitable conditions, including a generalization of the strict triangle’s inequality (1.2.9),
the authors show the existence of a minimizing geodesic with different endpoints oy and oy in X.
The existence of 1l follows then as a particular case, provided than one chooses g~ and g* in a way
that the strict triangle’s inequality is fulfilled. It is however delicate to perform such a passage.
The authors recover the results from both [3] and [153]]. More recently, Smyrnelis [157] considered
the abstract connecting orbits problem for a potential V defined on an affine Hilbert space. These

abstract approaches have a major influence in this thesis, in particular regarding Chapters [3|and

1.2.7 One-dimensional heteroclinic traveling waves

We now focus on the non-conservative system
9" +cg’ =VW(g)in R, (1.2.13)
which we introduced in Section|[1.1.2.4] We seek for heteroclinic solutions, i. e.,

lim q(t) = a*, (1.2.14)

t—+o00

for a* local minimizers of W, which is smooth and bounded below. Recall that, since we impose
¢ > 0 and we have the formal expression

C:M] (1.2.15)

/12
Jglo!
so that we must have W(a™) > W(a™). Up to translations, we shall assume that 0 = W(a™). That
is, g connects two local minimizers of W which are at different levels. From (1.2.15), we see that ¢
cannot be fixed freely in ((1.2.13) and that it makes also part of the unknown of the equation. That
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is, the question we are interested on is that of finding a pair (c,g) such that (1.2.13) and (1.2.14)
holds.

Existence of such solutions® has been proven by different authors: Lucia, Muratov and Novaga
[110], Risler [[145}144], Alikakos and Katzourakis [13]]. In [13] the authors also establish rigorously
the formula for the heteroclinic solution they find. Their proof relies on variational
methods and it was later revisited in the book by Alikakos, Fusco and Smyrnelis [12].

The curve g can be also seen as the profile of a traveling wave to the reaction-diffusion system
dit — 0yt = VW (u) in (0,+00) X R. (1.2.16)

Indeed, it suffices to set
w(t,x) :=g(x —ct)

and it is easily verified that w solves (1.2.16). As shown by Risler [144], traveling waves play a
central role in the description of the dinamics of (1.2.16), as solutions to (1.2.16) are asymptotic
to a pattern composed of stationary and traveling wave solutions connecting local minima of W,
each solution going away from the rest. Traveling waves are also important objects in plenty of

other reaction-diffusion models. A more detailed review of the literature can be found in Chapters

Bland [4

Let us now give a few elementary facts regarding the problem considered in [13]]. As we already

pointed out in Section|1.1.3.1} (1.2.13) is the Euler-Lagrange equation for the action

Ec(q):= f}R

Notice that, unlike E, E. is not invariant by translations. Furthermore, for all 7 € R we have

la’(0)1*
2

+ W(q(t))]e“dt. (1.2.17)

Ec(‘](""T)) = e_CTEc(‘])r (1-2-18)

Formula (1.2.18) implies that
infE,(q) € {~c0,0}, (1.2.19)

where the infimum is taken among all the functions in HIIOC(IR, IR¥) satisfying (L.2.14). The expres-
sion also implies that it is not possible to solve the minimization problem by a
concentration-compactness approach, even when the infimum is zero (of course, otherwise the
problem does not have a solution). In [13], this is solved by applying the technique introduced
by Alikakos and Fusco [11]] in order to deal with the minimization problem of Section The
idea is to introduce a family of artificial constraints on the minimization problem so that
compactness is restored and a solution exist. Then, for the right choice of ¢ and another parameter,
it is shown that the constraints are not met, which means that the solution is in fact unconstrained.
The proof of the results we obtain in Chapters[3|and [4]is also based in this technique.

®Maybe with conditions at infinity different than (T.2.13).
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Figure 1.9: Representation of The continuous lines correspond to the heteroclinics in
F and the discontinuous ones correspond to the heteroclinics in F,. The arrows represent
the orientation of the curves. Recall that no non-degeneracy assumptions are made on the
heteroclinics.

1.3 Main contributions of this thesis

We now describe the main new results presented in this thesis. We follow the notations, terminology
and definitions of Section

1.3.1 Non-minimizing connecting orbits for multi-well systems

The results of Chapter [2]are mostly those of [131]. We are indebted to the referee of the journal,
which pointed us to several important references (for instance, the PhD Thesis of Bisgard [50]]) and
provided useful remarks which improved the paper.

Essentially, in Chapter 2] we show that, under suitable assumptions, there exist non-minimizing
connecting orbits for (I.2.1)). Let us give a description of the statement of these results. We start by
selecting (07,0%) € £? such that 0~ # 0" and such that the strict triangle’s inequality holds.
The latter implies that the set of globally minimizing heteroclinics

F:={geX(oc7,0"): E(g) = m}, (1.3.1)

is non-empty. In (1.3.1) we have set m := m,-,+ as in (1.2.8). A crucial assumption for our results
is that the set F has two different connected components such that the H!-distance between them

is positive
(H1.1). There exist /; and 7, subsets of F such that /; UF, = F and disty g gty (F1, 72) > 0.

Assumption [(H1.1)was introduced by Alessio 6] and is a generalization of the situation in
which there exist two different (up to translations) globally minimizing heteroclinics, as was
assumed in the pioneering work of Alama, Bronsard and Gui [3]. In particular, if [[H1.T) holds
then F is not connected and the minimization problem for (07, 0™") has multiple solutions
up to translations. See Figure

A fundamental idea behind our results is to show that from [(HI.1))it follows the existence of
a mountain pass geometry for E in the set X(07,0"). More precisely, we consider the set of paths
that join /4 and 7, and we take the min-max of E with respect to this set of paths. We denote the
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mountain pass value as c. Assumption |(H1.1) implies then that ¢ > m. In other words, thanks
to|(H1.1)[we are able to identify a change of topology at the level set ¢ > m, which is a first step
for showing the existence of new connecting orbits. It is worth mention here that there exists a
significant number of previous references in which it is assumed that there exists a gap in the set of
global minimizers of a variational problem and then the min-max of the associated set of paths is
considered. At a latter stage, a non-minimizing critical point is produced. Some of these references
are Bolotin and Rabinowitz 53, |54]; de la Llave and Valdinoci [[109] and, in more close relation
with our results, Bisgard [50]; Montecchiari and Rabinowitz [123}|122].

Once the mountain pass geometry has been established, one needs to study the behavior of
the Palais-Smale sequences at the level c. As we described in Section this analysis was
performed by Rabinowitz [[136]]. Unfortunately, such an analysis does not allow to conclude that
there exists a non-minimizing connecting orbit, as Palais-Smale sequences could formally converge
to a chain composed entirely by elements of F, up to reversing their orientation. We circumvent

this difficulty by imposing the following technical assumption:

(H1.2). Consider the mountain pass family
[:={yeC(0,1],X(c7,0%)): y(i) € F for i € {0,1}}

and the mountain pass value ¢ := inf, cr maxge[o,1] E(y(s)). Then, the following holds:

1. There exists vy > 0 and a closed set K C R¥ such that for all g € F it holds

dist(g(R), K) > v,.

2. There exists M > ¢ such that for all y € T verifying maxg[o,1] E(y(s)) < M there exists
sy €[0,1] such that E(y(s,)) > ¢ and p(s,)(R)N K = 0.

See Figure In Chapter 2] we give an equivalent version of [[HI.2)|which addresses | and
H'(RR,R¥) instead of E and X(6~,0™). Essentially, [(H1.2)|in combination with a deformation result
due to Willem [172] allows to show the existence of a Palais-Smale sequence at the level ¢ for which

every element goes through the set K, which means that at least one of the elements of the limiting

chain is not in F. Hence if(H1.1)|and |(H1.2) hold then one has a non-minimizing connecting orbit

of which is as follows: either a non-minimizing heteroclinic in X(¢~,0") or a non-constant
homoclinic in X(o,0) for some o € {c7,0"}. This is the main result of Chapter |2l We also show
that [(HI.2)|can be replaced by the symmetry assumption of Alama, Bronsard and Gui [3] in order
to obtain a stronger result. Finally, we prove that combining the previous symmetry assumption
with [(H1.2) one obtains the existence of a non-minimizing heteroclinic. A better understanding of
as well as the possibility of an eventual relaxation, is still an open question.

In order to conclude this paragraph, we mention that the second chapter of the PhD thesis of
Bisgard [50] contains results which can be thought as the analogous of ours for the non-autonomous
case. In [50], the gap is produced by the explicit periodic time dependence of the potential V, (see
(1.2.10)), so that the autonomous setting is excluded. Subsequently, he imposes an assumption
on the value of the mountain pass level so that the corresponding Palais-Smale sequences do not
formally converge to a chain of globally minimizing heteroclinics. A more detailed comparison
between our work and his is given in Chapter[2] In particular, we show that our assumption [(H1.2)|
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Figure 1.10: Representation of The continuous lines correspond to the heteroclinics in F
and the discontinuous ones correspond to the heteroclinics in F,. We portray the set K, which is
at distance vy > 0 from F. For any y €T, we picture the curve y(s,) which goes through K and
verifies E(y(sy)) > c. The arrows indicate the orientation of the curves.

implies as a particular case that ¢ # (2k + 1)m for all k € IN, which is essentially the assumption
made in [50].

1.3.2 Heteroclinic traveling waves of 2D parabolic Allen-Cahn systems

In Chapter [3| we present the results contained in the preprint [130]. We study the parabolic
Allen-Cahn system
diw — Aw = —-VV(w) in (0,+00) x R>. (1.3.2)

Our main result consists on proving the existence of a new type of traveling wave solution for
(1.3.2). This solution is in fact a combination of the solution found by Alama, Bronsard and Gui
[3] and Schatzman [153]] with that found by Alikakos and Katzourakis [13]. These solutions have

been presented in Sections|1.2.6|and [1.2.7|respectively.

Our traveling wave solution w moves along the x-axis with speed ¢* > 0, so that it has the form
w(t,xq,xp) = U(xy — c*t,x7),
where the profile 1l solves the elliptic system
¥, WU +AU=VV()in R%

Comparing with the two-dimensional heteroclinic of Section we see the new “friction" term
¢*dy, 1. Recall that in Sectionwe interpreted the solution of [3,|153]] as a heteroclinic orbit
for an infinite-dimensional Hamiltonian system (via the works of Monteil and Santambrogio [125]
and Smyrnelis [157])), where the potential (the one-dimensional energy E) is defined in L?(RR, R¥).

We take the same approach here. That is, 1l satisfies the heteroclinic conditions at infinity
im JU(xg) - 0¥l r RH) = 0, (1.3.3)
1 —*00

where g* are two heteroclinic orbits in X(0~,0"), for 0~ # 0. See Figure As a consequence,

our problem can be seen as an extension to that of Alikakos and Katzourakis [[13]] in an abstract
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ot
" \m

Figure 1.11: Depiction of a two-dimensional heteroclinic. The solution 1l tends to g~ as x; — —oc0
and to g* as x; — +oo. For any x; € R, one has that 1(x;) remains in X(c7,0%).

framework of infinite-dimensional Hamiltonian systems. As a consequence, we see that the orbits
g* must have different energy and, due to the sign of the speed, they must be such that E(g*) > E(g").
We shall assume that g* are , up to translations, non-degenerate critical points of E in X(0~,0™").

Hence, in order to prove our main result, it is natural to perform the following steps:

1. Modify the technique of [13]] so that it applies to potentials defined in possibly infinite-
dimensional Hilbert spaces, with degenerate minimizers (as invariance by translations must

be taken into account).
2. Perform the passage from the abstract setting to the setting of (1.3.2].

It turns out that the first step is delicate, as originally the device of [[13]] requires assumptions of
non-degeneracy on the minimizers, convexity of some level sets as well as some radial monotonicity
with respect the minima (not only locally). This is due to the fact that the associated Lagrangian
action changes sign, recall (1.2.17). This adds a significant difficulty to the balanced setting and
prevents from applying the same concentration-compactness approach.

The assumptions of [13] turn out to be too restrictive in our setting. Essentially, invariance by
translations needs to be taken into account and it is unclear that there exist examples of potentials
V so that the energy E has convex level sets for a > E(g7) large enough. We circumvented this
problem by showing that the argument works if one has a certain upper bound on E(g*) — E(g7).
We also provide examples of potentials for which this bound is met. The drawback of our method
is essentially that the upper bound is rather hard to compute and we cannot exclude the possibility
that it is “small".

Once we are have established the existence of the traveling wave solution, we show that
the convergence is also exponential with respect to the L?>-norm. We also show that the
analogous of the formula holds, as well as a variational characterization and a uniqueness
property on the speed c*. We refer to Chapter [3|for more details, were we also provide a detail
discussion about the literature regarding reaction-diffusion problems and their traveling waves.
The solution 1l is in fact a minimizer of E, .« in the class of functions satisfying , where, for
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Ey(U) ZZJ;R

Compare with E. defined in (1.2.17) and E, defined in (1.2.12). In fact, as in the 1D case, we have
EZ,C(u) =0.

c>0,
12y, U eI
LR L B(UGn) - B e,

1.3.3 Heteroclinic traveling waves of 1D parabolic systems with degenerate stable
states

The methods developed on Chapter |3|allow us to revisit the one-dimensional parabolic system
diw —dyw =-VW(w)in (0,+00) x R (1.3.4)

considered by Alikakos and Katzourakis [13]. This is the object of Chapter [4, based on the preprint
[129]]. More precisely, our potential W allows for some kind of degenerate minima, which can
eventually be a continuum. See Figure [1.12|Naturally, this follows from the fact that in Chapter
we had to deal with the invariance by translations.

The abstract result of Chapter [3|readily applies to the framework of (1.3.4). However, in
Chapter [4 we replace the key assumption of Chapter [3| which is the upper bound on the difference
between the energy of the minima, by a different one. This new assumption is more directly
inspired by the work in [13]]. Essentially, convexity of suitable level sets is assumed, as well as
monotonicity with respect to a chosen direction. Most of the properties on the speed and the
profile proven in [13] are recovered.

Again, the results in Chapter [4 are proven in an abstract framework. Hence, they could in
principle be applied to the 2D setting of Chapter [3] However, the assumptions of Chapter [4]seem
to us to be to restrictive for the 2D setting. In any case, we were not able to find any examples,
therefore we do not claim applicability of these results to the 2D setting. However, we thought it
is worth to prove the results in a more general framework and we hope that this can eventually
lead to applications to another problems, if not the 2D one. More details and conjectures are given
in Chapter

1.4 Perspectives and open problems

We now describe some lines of prospective research which represent a continuation of the work of

this thesis. Some other open problems can be found in the different chapters of the thesis.

1.4.1 Extensions of the connecting orbits problem

There exist several possible extensions of problem we consider in Chapter [2| For instance, we
expect the results of Chapterto hold if one replaces R by a k-dimensional Riemannian manifold
M. In Section[1.2.2} we sketched a possible way to treat a class of degenerate potentials. In Section
we discuss related literature regarding the non-autonomous problem. In this direction, we
refer also to Sourdis [161]. Another extension concerns the study of solutions of the system
which connect level sets of V rather than zeros. Here V is not necessarily of multi-well type, even

though the multi-well setting is contained as a particular case. Existence results for these type of
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Figure 1.12: Illustration of a traveling wave solution u obtained in Chapter 4, with an arrow
representing the orientation. The solution is heteroclinic to two minimal sets A~ and A*, which
could eventually be singletons.

problems have been obtained recently by Antonopoulos and Smyrnelis [19], Fusco, Gronchi and
Novaga (|84, [85]] and Alessio, Montecchiari and Zuniga [8]. In all these works, the solutions are
obtained by minimization arguments. We are not aware of existence results for non-minimizing
solutions in this setting, but it is possible that some could be obtained by generalizing and adapting
the analysis and the arguments that we present in this thesis for the multi-well case.

In a different direction, Ruan [[149] considered generalized multi-well systems of the type

((a'hlq'I™' g’y =VV(q)in I, (1.4.1)

for some interval I C IR, where ¢ is a function which can take certain forms. For instance, it is
possible to choose ¢ =1d, so that the classical system (1.2.1)) is recovered. But the analysis in
[149] also allows for taking more general @, e. g., of p-Laplace type. In [149]], the author extends
the minimization results that we recalled in Section to this more general setting. This is
done both by the metric approach and the concentration-compactness approach. The author also
shows that the results of Alikakos, Betelu and Chen [9], which specialize to the case k = 2 and use
complex variables theory, can be extended to the generalized setting of (1.4.1). We expect that,
maybe up to restricting to some degree the class of admissible ¢, the existence of non-minimizing
connecting orbits that we prove in this thesis for also holds for under analogous
assumptions.

Another possible extension would concern the study of non-minimizing solutions of
obtained by other variational methods. For example, we may think about solutions of multibump
or multitransition type. That is, solutions which go back and forth the neighborhoods of two wells a
prescribed number of times. Existence of these solutions has been proven in the non-autonomous
setting described in Section [1.2.4]by several authors and also in some related PDE settings. See
Alama and Li [4], Byeon, Montecchiari and Rabinowitz [61]], Montecchiari and Rabinowitz [122]]
and the references therein. The problems considered in these references are semilinear and share
as a common feature a periodic non-homogeneous dependence on the nonlinear (potential) term
which, allows to develop the argument. It would be interesting to know whether these type of

solutions exist for the autonomous system ({1.2.1)). Our question is motivated by the fact that, as we
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show in Chapter|2|and already explained in Section the time dependence on the potential
required in Bisgard’s work can be replaced by a non-uniqueness assumption (up to translations) on
the set of globally minimizing heteroclinics, namely[(H1.1)] Thus, we wonder if such a replacement
(or a similar one) can allow to prove the existence of multibump solutions.

Finally, we mention that here we studied traveling waves and stationary solutions, both of

connecting type, for parabolic systems. However, one can also focus on the system

Juy—ty = VV(u)in Rx R (1.4.2)
where
0 1
= 1.4.3
J (_1 0] ( )

is the 2 x 2 symplectic matrix and V : R?> — R is some potential. By identifying R? with C (after
the computation of VV), (1.4.2) becomes

itt; + iy, = VV(u) in Rx R, (1.4.4)

which is a nonlinear Schrodinger-type equation. If one chooses V = Vi1, where Vg (u) := (1 -
|u|?)?/4 is the standard Ginzburg-Landau potential, then is called the Gross-Pitaevskii
equation. The existence of traveling waves for this equation, as well as their dynamical properties,
have been widely studied, see for instance Bethuel, Gravejat, Saut and Smets [43} 44, |45, [90].
Similar research has also been conducted in higher space dimensions, see Maris [114] and the
references therein. In all these papers, the traveling waves are found by minimizing the energy
under the constraint of fixed momentum, as both quantities are invariant by the flow (1.4.4).

The potential V can also be chosen equal to a double-well potential V. In this case, heteroclinic
traveling wave solutions of have been established by Alama, Bronsard, Contreras, Dadok
and Sternberg [[1,75]. The authors consider the Maupertuis setting of Section[1.1.3.3|and minimize
the functional under a constraint which is related to the momentum in [43} 44, |45, 90|] for the
class of curves which connect the two wells of V. The heteroclinic solution they obtained after
solving this minimization problem can also be interpreted in terms of a degenerate isoperimetric
problem on R%. The question that could be posed would be that of studying non-minimizing
solutions in this setting. We also find interesting to know whether it would make sense to consider
an analogous problem in R?* (replacing J in by the symplectic matrix in R?¥), at least when
it comes to the traveling wave interpretation of it. We also wonder if there can exist a fruitful link
with the system of two coupled Gross-Pitaevskii equations studied by Alama, Bronsard, Contreras
and Pelinovski [2].

1.4.2 The Maupertuis approach to the connecting orbits problem

As we have pointed out before (see Section|1.1.3.3), the connecting orbits problem is equivalent to
the study of the geodesics given by the functional

1
En(p) :=L P (W2V (D),
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forpe X(p) := W,

loc

*([0,1]\ Z(p), R*) N C°([0,1], R¥), where Z(p) := {s € [0,1] : p(s) € X} is the set in
which p intersects ¥. Indeed, recall that in the recent works of Monteil and Santambrogio [124];
Zuniga and Sternberg [174] they show that by minimizing Ej, in a suitable class of curves one
obtains the minimization results for E that we presented in Section[I1.4.2}

Roughly speaking, there exists a link between E (see Section and Ej; which we interpret
as follows (see also Figure[1.13): While critical points of E are connecting orbits, and chains of
such orbits emerge as generalized critical points due to the lack of compactness of the problem,
compactness is restored when we deal with Ej;. The critical points are then a gluing of segments
with endpoints in ¥ and away from it elsewhere. Each of these segments can be conveniently
reparametrized into a connecting orbit. That is, the generalized critical points for E can be identified
to the ordinary critical points of E,;, assuming one successfully deals with the non-smoothness
issues related to Ej;. The previous remark suggests that any existence result for E has a counterpart
for Ey;, possibly with differences in the assumptions. In particular, one could aim at obtaining
the counterpart of the results of Chapter 2)in this thesis (see Section for E);. We conjecture
that such a thing is possible, but we fail to see how this would improve our results. In particular,
notice that even though there is no loss of compactness for E);, nothing prevents the critical point
generated by the mountain pass approach to be a concatenation of globally minimizing geodesic
between the two wells 0~ and o*. That is, the problem we described in Section [1.3.1]is not solved
by looking at E); instead, or at least not in a way that is obvious to us.

In the remainder of this paragraph, we describe the link between E and Ej; in a somewhat
more precise manner. In particular, we intend to make more clear why we say that critical points
of Ejs can be identified with generalized for E. Nevertheless, at this point some considerations we
make hold only on a formal level.

Essentially, we rely on two observations. Firstly, we see that at least formally we have that for
all ¢ € C=([0,1]\ X(p), R¥) and ) € R it holds

Eni(p + 1) = Eni(p +AJ\[@ 20 v+l TP o)

2V(p)

that is, again formally, we have that the differential at p with respect to ¢ is

DEy(p [<p fT>\/ ALl (1.4.5)

2V(p)

The second observation is that if g is a classical solution of (1.2.1)), then for all t € IR we have the

d (lg'(t) _
E( > —vwmﬂ—a

equipartition formula

that is, for all t € R

7(+)|2
TOF vign =K,

with K; € R. If g € D, then the left-hand side in the identity above belongs to L'(R), which in fact
means that Kq =0. Thatis, forall t € R

-V(q(t) =0, (1.4.6)
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which is the well-known equipartition identity for the finite energy solutions of (1.2.1), that we
already introduced in (1.1.16). Furthermore, Young’s inequality implies that if g € D is such that

(1.4.6) holds for g for all ¢ € R, then
)= | IOV

and E does not depend on the parametrization of the trace of g.

Once these observations have been made, assume that (2,b) C R is bounded and p € X(p)
verifies |p’| > 0 a. e., is such that p(a) and p(b) can be defined and belong to . Assume also that
for all t € (a,b) we have p(t) ¢ X. Then, we can easily show that p can be identified with a curve in
X(p(a),p(b)) with the same energy. We first recall that can find a surjective @, : R — (a, b) such that
fora.e. teR
Dy (1) = \[2V(p(Dy (1))

The previous statement is rigorously justified in [124], Theorem 3. Once @, is defined, we can
reparametrize p as follows: Up to changing (a,b) by (c,d), we can assume that |p’| = 1 because we
assume |p’| > 0 a. e.. Then, by setting g := p o @, we check that g satisfies (1.4.6) and

E(q) = E(q) = Em(p)

and clearly g € X(p(a), p(b)). In particular, we have that minimizers for E; can be reparametrized
into minimizers of E. More generally, if p is a geodesic for the (Riemannian) metric induced by
V2V in the sense that for all ¢ € C}((a,b), R¥) it holds

J [<p O i)+ 222 |

2V(p)

then we have that ¢ is a connecting orbit for E. In order to see this, recall that we assume [p’| =1,
so that a change of variables shows that for all ¢ € C}((a, b), R¥)

= [ [0 000 o) (@5 + TV @0ty = [ [ (po®))+ TV b0y

Therefore, since @, is locally Lipschitz with locally Lipschitz inverse, we clearly have by usual
arguments that DE(gq) = 0. That is, q is a connecting orbit. Reciprocally, given a connecting orbit g
we can reparametrize it into a geodesic for the metric induced by V2V which intersects X only at

its endpoints.

The previous observations readily apply to critical points of Ej, for which intersections with
in the middle points are allowed. Indeed, if one has p e Wl1 (0, 1)\ X(p), R¥) such that p(a) and
p(b) belong to ¥, and one has (formally) that DE,;(p) = 0 (see (1.4.5)), then one has that

Ob(p)-1
R\ Z U alr a1+1
i=1
with Ob(p) > 1 and ag = 0, agppy) = 1. Therefore, one applies the previous reasoning in each interval

(a;,a;41)- Indeed, we have that p| (a;,a;,,) 18 @ geodesic according to the metric induced by V2V which
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a0 = p(0) "

Figure 1.13: Representation of a geodesic p for the Maupertuis functional Ey;. The geodesic
is such that og = p(0) and oy = p(1) are two wells of X. There is also another well ¢, involved.
It decomposes into five geodesic segments, py, ps, p3, 4 and ps. Each of the segments can be
reparametrized so that it becomes a connecting orbit solving (1.2.1), joining the two wells which
correspond to the endpoints of the segment. The arrows represent the orientation of the geodesic.

connects the two points (in X) o; := p(a;), 0;41 := p(a;,1) and can be converted into a connecting
orbit g; € X(0j,0i,1). Clearly, it is also possible to transform a given chain of connecting orbits (a
critical point at infinity for E) into a critical point for Ey;.

Notice that we did not rigorously define the notion of differential for E,;, which might pose
some difficulties due to the non-smoothness of the integrand in E,;. However, we believe that
the difficulties should be only of technical order (as they are for the classical theory of geodesics)
and that the considerations of this paragraph can be made completely rigorous. It would be also

interesting to replace R* by a more general space, maybe infinite-dimensional.

1.4.3 Link between connecting and periodic orbits

In Example Section(1.1.4.3] we showed that for any multi-well potential V we can find a non-
constant periodic orbit for any fixed period T > 0. The result follows by an standard application of

the mountain pass lemma, as the C! functional

(T lgw)l?
ET(q>_£T[T+V(q(t))]dt,

satisfies the Palais-Smale condition on Hrl)er([—T, T],IR), the set of curves in H'([-T, T],R¥) with
periodic boundary conditions. The mountain pass geometry follows from the multi-well structure
of V, as the curves which coincide identically with a well belong to H;er([—T, T],IRF). However, it
is possible to show that

cr > +ooas T — +oo,

where ¢t is the associated mountain pass value. Therefore, if (g7)7s¢ is the associated family of
mountain pass solutions, it is unclear what to expect at the limit T — +co.

Suppose that, on the contrary, one has a family of T-periodic solutions (§7)7r-9 with ener-
gies (E1)r>o satisfying a uniform bound supy,,fr < +oo. Then, it is easy to prove that, up to
subsequences, jr — §as T — +o0. Moreover, § is a connecting orbit with E(§) <liminfr_,, €.

However, without additional information, it is not possible to exclude the possibility that §is a
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globally minimizing heteroclinic which can be obtained by minimization in the appropriate set of
curves. Hence, even if one we to find a family (§7)7s( of periodic orbits satisfying the assumption
above, it is not clear that they would yield the existence of new connecting orbits.

We do not know the study of periodic orbits can shed some light into the problem of connecting
orbits, or viceversa. There seems to be a link to keep in mind, but at this stage the question seems

too vague to us and we are not able to extract any precise conclusions.

1.4.4 Longrange interaction and critical points at infinity of E

Here we focus on the parabolic system
diu — dyu = =VV(u)in (0,400) x R (1.4.7)

which is, at least formally, the L?>-gradient flow for the energy E. This observation can be made
rigorous: If one takes 1y € X(07,0™"), then the associated solution of u with #(0) = u verifies that
u(t) e X(o~,0") for all time t € (0, +00). Moreover, one can prove that the relaxation expected from
the gradient-flow structure holds in a rigorous level. By relaxation, we mean that as t — +oo0, u
reassembles a chain of connecting orbits, which are the stationary solutions of (1.4.7). One can
think of a continuous analog to the asymptotic result for the Palais-Smale sequences of the energy,
see Section Relaxation for has been proven by several authors: Bethuel, Orlandi and
Smets [46] proved relaxation, obtained quantitative results and dealt with families of potentials
€72V with vanishing parameter ¢. It [146], Risler proved relaxation for systems which are more
general than (1.4.7), has he allows connecting orbits joining local minima of V, which is not
required to be multi-well but just bounded from below.

Relaxation being well understood by now’, the next step would be to study the so-called long
range interaction for (1.4.7). That is, how an initial condition close to a chain of connecting orbits
behaves. More precisely, how relaxation occurs for such an initial condition. It is expected that
some orbits will attract and eventually “collapse" while others will repulse, depending on how
they arrive to the wells. Results of this kind have been proven in the multi-well scalar case by
Bethuel and Smets [47 48], following previous works by Fusco and Hale [|86f, Carr and Pego [65,
64]]. However, as noticed by Risler [146], this remains an open question for systems.

As it has been explained to us by Emmanuel Risler (private communication), if a description of
the long range interaction for the solutions of was available, it is likely that it could shed
some light into the question of multiplicity of connecting orbits for the energy E. A wide variety
of different settings could probably be studied. The reason is that, in Chapter [2| we deal with
the generalized critical points that we describe in Section However, long range interaction
would prove that the class of critical points at infinity of E, in the sense of Bahri (see Section|[1.1.4.4),
is strictly smaller that the class of generalized critical points of E. By critical points at infinity
E we mean chains of connecting orbits that can be actually realized as a relaxation of for
some initial condition. By working in a more restrictive class of possible asymptotic behaviors, the
analysis would be refined and certainly more results could be obtained. We believe this to be a

promising line of research.

7 At least when the minimizers of V are non-degenerate.
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1.4.5 Longtime behavior in two-dimensional parabolic Allen-Cahn systems

Consider again a two-dimensional parabolic Allen-Cahn system as in Section[I.3.2}
dyw —Aw = -VV(w) in (0, +00) x IR2. (1.4.8)

Recall the two-dimensional energy

Ey(U) ::fm

We refer to Section for the details. We are interested in initial data wq verifying E(w() < +c0.

This implies the existence of g* = g*(wg) € F (the set of globally minimizing heteroclinics between

”axl U(xl )HIZJZUR,IRI:)
2

+(E(U(x1))—m)|dx;.

two fixed wells 0*, which we assume to be non-degenerate up to translations) such that

xlli)f{_rlooifelﬂlz||wo(x1) ~ (- + Dllp2r RY) = 0- (1.4.9)
An interesting question to us is whether one finds relaxation® for the associated solution w to
with w(0) = wy. That is, that w asymptotic as t — +oo to a chain of stationary solutions of
(1.4.8) with heteroclinic conditions as x; — oo and going away one from another. This
relaxation is well-known in the 1D case, see Section If such a result holds, in order to prove
it we would have to face the difficulty of the invariance by translations. Moreover, there would be
problems associated with the fact that the configuration space is infinite-dimensional.

If one is able to prove relaxation, a more general question would be to characterize the behavior
for more general conditions as done by Risler [145,|144]] in the 1D case. Let us be more precise.
Let G be the set of locally minimizing heteroclinics of E for two fixed wells 0*. Assume that all the
orbits in G are non-degenerate, which is a generic property. For g€ G and ¢ > 0, one considers the

weighted functional

Eyo(U) = fm

which already appeared in Sections [1.2.6|and [1.3.2] It is easy to see that, if E, ((U) < +o0, U

19, U (xp)II?
- 2 LZ(RW)+E(U(X1))—E(':|) e“dxy.

converges to (or invades the state) g with respect to the L2-convergence as x; — +co. The rate of
convergence is exponential if ¢ > 0. On the contrary, nothing can be said about the behavior as
Xq — —oo.

The results by Risler in the 1D case show that for any initial condition with finite weighted
energy for some speed c > 0, the associated solution of the parabolic system converges to a pattern
formed by traveling and stationary solutions, going away one from another. If wy is such that
Ep(wg) < +oo then we would expect to find relaxation to a pattern of stationary solutions. However,
if ¢ > 0, traveling wave solutions should appear. Therefore, the culmination of the present program
for the system would imply the existence of traveling wave solutions very close to those we
find in Chapter (3} see Section That is, we would have obtained a different proof of our result,
probably under weaker assumptions but with less information on the behavior of the traveling

8Before that one needs to prove that the problem is well-posed and that for all t € (0, +00), w(t) satisfies (1.4.9).
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wave as x; — —oo. This conjecture is natural, as the results of Risler provide an alternative for
proving the existence of the traveling wave solution of Alikakos and Katzourakis [13]].

We expect that carrying the full program that we describe here is a difficult task. However, we
also find this question very interesting. If we were at least able to prove the relaxation statement,

it is then likely that the existence of a non-minimizing stationary solution would follow under

assumptions analogous to|(H1.1)land |(H1.2)l This would allow to circumvent some issues that one

finds if wishes to establish a functional setting for E,. Unlike the 1D case, we might have U such
that E,(U) < +0o and w € H' such that E,(U +w) = +oco. This complicates the structure of the set of
finite energy functions and the possible ways of perturbing inside this space. Another interesting
question would be the study of the (asymptotic) stability of the minimizing 2D heteroclinics of
Alama, Bronsard and Gui [3]] and Schatzman [153]. This would follow immediately from relaxation

provided that the 2D heteroclincs are isolated.
1.4.6 Heteroclinic traveling waves in fourth order systems
Consider the fourth order system (known as Fisher-Kolmogorov)
AR - AU =-V, V(1) in R? (1.4.10)

where > 0 and A? is the bi-laplacian. Consider also the associated 1D system

d4 7 .
ﬂq—ﬁq =-V,V(g)in R. (1.4.11)

As for the second order case, equations ((1.4.10) and (1.4.11) are variational and the associated

energy functionals are (formally)

|AU (x1,x,)| N BIDU (x1,x,)I?
2 2

E(q):= J}R

respectively. Existence results for heteroclinic solutions for and have been proven
very recently. As in the second order case, one shows that a pair of wells (67,0") can be chosen so
that there exists a heteroclinic orbit solving which is a global minimizers of E in the space
of paths joining ¢~ and o* at infinity. See Peletier, Troy and Van der Vorst [135], Kalies and Van der

+ V(U(xl,xz))] dxdx,, U e HP (R? R

and s )
lq” ()| +[J’Iq ()]

R, R
> 5 ( )

i + V(q(t))] dt, qe H?

loc

Vorst [102] for a proof in the scalar case (where, contrary to the second order case, one might have
non-uniqueness) and Smyrnelis [159] for the extension to the vector-valued case. It was recently
shown by Smyrnelis [158] that one can find a solution to joining two different globally
minimizing heteroclinics at infinity (assuming they exist), in the same sense than in the second
order case with the obvious modifications. The proof is obtained as a byproduct of a more general
abstract result, as it was also done by Smyrnelis in the paper [157]] that we already discussed in
Section Therefore, a natural question is whether traveling waves for the parabolic gradient
flow associated with exist. More precisely, let

dyw + A*w— BAw = -V, V(w) in [0, +00) x R? (1.4.12)
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and consider the problem of finding traveling wave solutions to (1.4.12) of the type
w: (t,%x1,%,) € [0,400) x R? = U(x; — c*t, x,) € RF

with ¢* > 0 and 1l converging (in H?(IR,IR¥)) at —co to a globally minimizing heteroclinic and at +co
to a locally minimizing heteroclinic with energy close enough to the global minimum. As in the
second order system, potentials verifying the necessary assumptions could be presumably found
as a perturbation of those considered by Smyrnelis in [158]. The analogous question can also be
posed for the 1D system associated with (1.4.11).

This question can be again formulated in an abstract framework (we refer to [158]]) which
however does not coincide with the one we consider in Chapters |3| and |4, since the norm of
the second derivative appears in the energy functional. Indeed, 1l should be found as a global

minimizer (in a suitable space) of

”U” ”LZ IR]Rk) ﬁ”U ( ||L2 IR]Rk ~
+

U eH? 5 W(U(t))| e dt,

loc

(R, L*(IR, R¥)) _>j

with
3 E(v) ifveH*R,Rk),
W(v) =
+oo  otherwise.
Therefore, in order to find the traveling waves for (1.4.12) one would need to succeed into adapting
our abstract results into a higher order framework, which is essentially what it is done in [[158] for
the stationary wave. One could also aim, following again Smyrnelis [157], at studying other fourth

order systems of the type
W+ dy, x, O, x, w — Aw = =V, V(w) in [0, +00) X R?.

In such a case, one might hope to fit this problem into the abstract framework of Chapters|3|and
since the energy functionals for the profile are

U’ (l? .
UeH! ﬂ

loc

(R, L?

Z (RR) _>J

+W(U(t))|edt.

1.4.7 Multi-well potentials and singular limits

In order to complete the introduction of this thesis, we give a brief overview on an important
and interesting question regarding multi-well/Allen-Cahn systems which, unfortunately, finally
remained out of the scope of this thesis. Such a problem is that of studying the singular limit of a
multi-well potential perturbed by a gradient term. It comes motivated by physics, more precisely
the study of phase transitions in materials, a theory started by Allen and Cahn [14]] and Cahn and
Hilliard [62]. The definitions and statements we make here are usually not rigorous enough, the

reader is referred to the given references for the precise mathematical description.
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Consider the scalar Allen-Cahn potential

(1-u?)?

eR,
4

Vac:ueR—

which can be replaced by a scalar double well potential V without substantial alteration of the

subsequent discussion. For ¢ > 0 we define the functional

Face(u):= ,L)

where Q ¢ RV is a bounded, smooth domain. The associated Euler-Lagrange equation is the

2
M+EVAC(L‘()C)) dx, u:Q—->R

semilinear PDE
Au=¢e2V,-(u)in Q,

which is the standard Allen-Cahn equation. Physically speaking, u is an order parameter which
represents the distribution of the material between two equally preferred stable states —1 and
1. These two stable states can for instance represent two immiscible fluids. As detailed in 14,
62[), experimentally for € ~ 0 one observes that the minimizers (under a mass constraint) of Fac .
present a phase transition between the two states such that its interfacial area is minimized.
Mathematically speaking, the mass constraint on the minimizers forces them to split between the
two states —1 and 1, while the smallness of the parameter ¢ forces them to stay close to either —1
and 1. There is an incompatiblity between the two previous facts, which implies that when passing
to the limit one obtains a singular object in some sense. Roughly speaking, given a family (u,).~ of
critical points of (F4c ¢).>0 (usually under a mass constraint), one finds (up to subsequences) a step
function uy : QO — {-1,1} such that the reduced boundary of {1y = 1} is a surface of codimension
one with constant mean curvature, up to a negligible set with respect to the (N —1)-dimensional
Hausdorff measure. If the mass constraint is removed, one obtains a minimal surface. Therefore,
the interfaces of the family (u,).( concentrate in a codimension one (rectifiable) set (more precisely,

a stationary varifold).

Rigorous mathematical results of the previous statements were first proven by Modica [120],
following a previous work of Modica and Mortola [121], the I'-convergence theory due to De Giorgi
and various tools from geometric measure theory, we refer to [[120] for the precise sources. As it is
known, I'-convergence is well-suited for minimizers, but not for general critical points, meaning
that Modica’s work does not apply to arbitrary families of critical points (u,).~o. The extension to
arbitrary critical points was performed by Hutchinson and Tonegawa [99], relying on a different
approach. Moreover, they showed that for ¢ = 0, u, is essentially one-dimensional, close to the

heteroclinic orbit joining —1 and 1.

The scalar theory being well understood, the next natural step is to replace V4¢ by a potential
defined in R¥ for k > 2. At this point, there is a bifurcation. When passing to higher dimensions,
one might consider the potentials of the type

(1-[ul?)?

e,
4

VGL:MEIRk—>

which are those of Ginzburg-Landau theory, emanating from the book by Bethuel, Brezis and
Hélein [42]. Physically speaking, the Ginzburg-Landau model is used to study phenomena such as
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superconductivity. Mathematically speaking, if one considers the asymptotic problem analogous
to the Allen-Cahn one, a singular limit is also found. For the case k = N = 2 treated in [42], the
limiting object of the previous problem is a harmonic map with point singularities. Generalizations
to different values of k and N have also been studied. While the singularities of Allen-Cahn theory
appear due to the disconnectedness of the zero set, in the classical Ginzburg-Landau theory of
[42]] they are due to topological obstructions due to degree theoretical reasons (in fact, one readily

observes that the zero set of V; is $¥°1, which is connected).

The other possible path of extending Allen-Cahn theory to systems is to replace V4¢ by a
multi-well potential V as the ones we consider in this thesis. From the physical perspective, this
passage is motivated by the study of multiphase materials, rather than a situation in which only two
phases are present. Let ¢ > 0, for the system

Au, =—e2VV(u,), in Q, (1.4.13)

one aims at studying the behavior of families of solutions (1)~ as € — 0. For the present problem,
the zero set is disconnected unlike in Ginzburg-Landau theory and and one also expects to also
find minimal surfaces of co-dimension one as a limiting objects, as in the scalar Allen-Cahn theory.
Indeed, several authors generalized the work of Modica to different vector-valued settings by
proving I'-convergence results: Baldo [28], Fonseca and Tartar [82], Sternberg [162,|163]. However,
it is a very challenging problem to go beyond this I'-convergence setting for systems in the fully
general setting, as the arguments in [99]] rely heavily on the scalar nature of the problem. Few
partial results are available: see the recent paper by Bethuel [41], where the N = 2 case is solved

and a more detail account on the problem is given.

An analogous question can be posed for the parabolic gradient flow,
Oty — Ay = — 2V V (1), in (0, +00) x Q. (1.4.14)

In this framework, one expects that the interface moves by mean curvature as ¢ — 0. This has been
proven in the scalar case by Ilmanen [[100]. For systems, it is a broad open question. Some partial
results are due to Bronsard and Reitich [60], Laux and Simon [106]. See also the references therein.
As in the elliptic case, the problem in its full generality seems out of the scope for now, but it is

possible that further partial questions can be successfully treated.

Some questions reciprocal to the previous ones have been posed and answered. For instance:
Given a co-dimension one minimal surface (or, more generally, with constant mean curvature) in
RN, does there exist a sequence (), of solutions of such that their interfaces concentrate
on the given surface as ¢ — 0? The answer turns out to be positive in the scalar case under generic
non-degeneracy assumptions, see Pacard and Ritoré [[132]. See also Kohn and Sternberg [[104],
where the proof is obtained by using the I'-convergence structure and only applies to local
minimizers. In the vector-valued setting, not much seems to have been written so far, besides a
related question treated in the recent paper by Andrade, Conrado, Nardulli and Piccione [18],
in which multiplicity results under a volume constraint are obtained for small ¢ > 0. The I'-
convergence results in [28} 82]] allow to treat the minimizing case, but not the general one. In

[101]], Jerrard and Sternberg give general abstract conditions for which, given a critical point of
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the I'-1imit?, there exist a sequence of critical points of the I'-converging sequence such that the
corresponding critical values converge to the value of the initial critical point. They show that this
result applies to the 2D Modica-Mortola functional and the 3D Ginzburg-Landau functional. In
general, the I'-convergence framework is not sufficient for ensuring convergence of the critical
points themselves; examples are provided in [[101]]. However, in the recent paper [69], the two
previous authors together with Colinet showed that one has actual convergence of critical points
in the 3D (Riemmanian) Ginzburg-Landau setting, under suitable non-degeneracy assumptions.
Since the limit object in the Ginzburg-Landau setting is a co-dimension two surface (therefore, a
geodesic in dimension 3), one sees that the 3D Ginzburg-Landau problem is somewhat linked to
the 2D vector Allen-Cahn problem. Hence, it is natural to wonder if some sort of analogous of the
results in [69]] holds for 2D Allen-Cahn systems, at least for a subclass of potentials V, providing
with a converse for the recent result by Bethuel [41].

Moreover, we think that a question analogous to the previous one could also be posed in the
parabolic setting. That is, given a co-dimension one surface moving by mean curvature (e. g. in the
Brakke sense), does there exist a family (u,).>( of solutions of such that their interfaces
concentrate on the initial surface as ¢ — 0? We are not aware of works dealing with this question,
even in the scalar case. Pursuing the analogy with [69}101], it is possible that the adaptation of the
I'-convergence scheme for gradient flows due to Sandier and Serfaty [151] (applied by the authors
to the Ginzburg-Landau setting) could be of some use here.

As we see, the questions and problems we mention in this paragraph differ with respect to the
ones we concerned ourselves with in this thesis. These differences are due to both the nature of the
problems and the mathematical techniques involved. Indeed, while geometric measure theory is
almost not present in this thesis, it is central in the problems we bring up in this paragraph. We
think it is possible that the results we obtained in this thesis can shed some light into the problems

we described in this paragraph, but at this point we fail to see any concrete link.

°In a sense to precise, as usually the I-limit is not smooth
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the results contained therein. However, we consider that Section [2.4|contains interesting points and this
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Abstract. Given a nonnegative, smooth potential V : R¥ — R (k > 2) with multiple zeros, we
say that a curve g: R — R¥ is a connecting orbit if it solves the autonomous system of ordinary
differential equations

9" =V,V(g), inR

and tends to a zero of V at +co. Broadly, our goal is to study the existence of connecting orbits
for the problem above using variational methods. Despite the rich previous literature concerning
the existence of connecting orbits for other types of second order systems, to our knowledge only
connecting orbits which minimize the associated energy functional in a suitable function space
were proven to exist for autonomous multi-well potentials. The contribution of this chapter is to
provide, for a class of such potentials, some existence results regarding non-minimizing connecting
orbits. Our results are closely related to the ones in the same spirit obtained by J. Bisgard in his
PhD thesis (University of Wisconsin-Madison, 2005), where non-autonomous periodic multi-well
potentials (ultimately excluding autonomous potentials) are considered. Our approach is based
on several refined versions of the classical Mountain Pass Lemma and concentration-compactness

arguments.

Résumé. Soit V : R¥ — R (k > 2) une fonction (que 'on appelle potentiel) positive, réguliére
qui posséde plusieurs zéros (que 1'on appelle puits). On dit qu’une courbe g: R — RK est une orbite

de connexion si elle résout le systeme autonome d’équations différentielles ordinaires
9" =V,V(g), inR

et converge vers un zéro de V lorsque + — +co0. Globalement, nous étudions I’existence d’orbites
de connexion pour le probléme ci-dessus en faisant appel a des méthodes variationnelles. Il existe
une littérature trés riche concernant I’existence d’orbites de connexion pour des autres systemes de
second ordre. Cependant, a notre connaissance seulement des orbites de connexion qui minimisent
la fonctionnelle d’énergie associée dans un espace fonctionnel bien choisi avaient été trouvées pour
des potentiels multi-puits autonomes. La contribution de cet article consiste a démontrer, pour
cette classe de potentiels, quelques résultats d’existence concernant les orbites de connexion non-
minimisantes. Nos résultats sont proches de ceux dans le méme esprit obtenus par J. Bisgard dans
sa these de doctorat (University of Wisconsin-Madison, 2005), ou des potentiels non-autonomes et
périodiques sont considérés. Ces résultats ne s’appliquent pas au cadre autonome de cet article.
L’approche de nos preuves est basée sur plusieurs raffinements du Lemme du Col classique et des

arguments du type concentration-compacité.

2.1 Introduction

The focus of this chapter is to find solutions g: R — RR¥ to the second order ordinary differential
equation
9" =V,V(g), inR (2.1.1)

verifying the conditions at infinity

im0 =
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If 0_ = 0,, we say that the solution g is a homoclinic orbit. If o_ # 0,, we say that g is a heteroclinic
orbit. The function V is a standard multi-well potential. That is, a non negative function vanishing
in a finite set ¥, with non degenerate global minima. The elements o_ and o, belong to the set X.

If 0 € X, we say that o is a well of V. More precisely, V is as follows:

(H2.1). Ve Clzoc(IRk) and V > 0 in R¥. Moreover, V(u) = 0 if and only if u € ¥, where, for some
[>2
Y :={oy,...,0}.

(H2.2). There exist ag, fg, Ry > 0 such that for all u € RF with [u| > Ry it holds (V,V (u),u) > aglul?
and V(u) > .

(H2.3). For all o € ¥, the matrix D?V (o) is positive definite.

One formally checks that critical points of the functional

L,
) = [ elaionr= [ [S00F+ vigon]dr, ae Hb RRY,
solve equation (2.1.1). For any (o, 0j) € ¥? we consider as in Rabinowitz [136] the function space

X(0j,07) := {q e H}!

loc

(R, IR¥) : E(q) < +o0 and tlim q(t) = Uifth{fl q(t) = aj},

——00

and seek for critical points inside these spaces, as one easily shows that any finite energy curve in
Hl

1oc(R, R¥) must belong to X(o;, 0;) for some (o;, 0;) € ¥2. We first define the infimum value

Mg, g 1= inf{E(q) : g € X(0;,0})}. (2.1.2)

The minimization problem in (2.1.2) is well understood. Indeed, if 0; = o}, then is attained
by the constant curve o;. Otherwise, the problem is more involved but still well known (see Bolotin
[51], Bolotin and Kozlov [52f], Bertotti and Montecchiari [40] and Rabinowitz 138} 142]). Its lack
of compactness implies that does not always have a solution if ¥ possesses at least three

elements. Let us fix once and for all (67,0%) € £2, 0~ = 0" and set
M =My ge. (2.1.3)
We will assume that the following strict triangle’s inequality holds:

(H2.4). We have that
YoeX\{o7,0"}, m<myy+ Mgy

Under assumption |(H2.4)} it is well known that by concentration-compactness arguments
(Lions [108]]) there exists a globally minimizing heteroclinic in X(0~,0%). See Theorem[0.1]later
for a precise statement.

We finally recall that the Sobolev embeddings imply that curves in H! (IR, R¥) are continuous.

loc
This classical fact is used implicitly along the chapter.
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2.1.1 Goal of the chapter and statement of the main results

The goal of this chapter is to show that for a class of multi-well potentials V, there exist connecting
orbits (either heteroclinic or homoclinic) which are not global minimizers in their natural spaces.
We obtain several such results using variational methods. In particular our proof is based on a

mountain pass argument (see Ambrosetti and Rabinowitz [16]).

There exists a vast literature concerning the existence of non-minimizing heteroclinics or
homoclinic orbits for second order ordinary differential systems using variational methods. Some
early references are Ambrosetti and Coti Zelati [15], Coti Zelati and Rabinowitz [73]], Rabinowitz
[137,/136|. Despite this fact, this question had not been addressed for the case of the autonomous
multi-well potentials that we consider in this chapter. However, the case of time-periodic multi-
well potentials has been studied by Montecchiari and Rabinowitz in [[123,/122]] as well as by Bisgard
in the second chapter of his PhD Thesis [50]. The present chapter deals with a problem which is
analogous to that in [50]]. It is worth mentioning that while most of Bisgard’s technical results
also apply to the autonomous problem, his main results ultimately exclude such a possibility. The
reason is that his key assumption is never satisfied by autonomous potentials due to the translation
invariance of the associated problem. Roughly speaking, our Theorem [2.I|shows that the ideas and
arguments of Bisgard, as well as his key assumption, can be adapted to the autonomous setting.
Nevertheless, our strategy and assumptions present some difference with respect to his. A detailed
account regarding the main differences and similarities between the proofs is given in Section
We also provide the proof of other results, which are Theorems[2.2]and using for them a
symmetry assumption on V. These results do not have a counterpart in Bisgard’s work.

Our mountain pass argument is carried out under a multiplicity assumption (up to translations)
on the set of globally minimizing heteroclinics joining the two fixed wells ¢~ and o*. More
precisely, the natural idea is to suppose that there exists a gap in the set of global minimizers and
consider the family of paths that join two disconnected components. Subsequently, one shows
that the associated min-max value is strictly larger than the minimum value, so that the existence
of a mountain pass geometry has been established. Examples of earlier papers in which this
approach is used are Bolotin and Rabinowitz [53}54], de la Llave and Valdinoci [109]] as well as the
above mentioned [50, 123}, 122]. In our precise context, we work under assumption This
assumption was introduced by Alessio [6] and it has been used under different forms for proving
existence of solutions for Allen-Cahn systems, see the recent paper by Alessio and Montecchiari
[7] for a survey. It is the natural generalization of the assumption introduced by Alama, Bronsard
and Gui [3] in their celebrated paper concerning entire solutions for two-dimensional Allen-Cahn

systems.
We write Z := H'(R,R¥) and & := L%(R, R¥). We define
F:={g:9€X(07,0") and E(g) = m},

the set of globally minimizing heteroclinics. The quantity m is as in (2.1.3). The invariance by
translations of the problem implies that if g € F, then for all 7 € R we have g(-+ 1) € F. It is
well-known (see Lemma [2.2.1) that X (07, 0%) has the structure of an affine space in Hlloc(IR’ R¥)
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and it is a metric space when endowed with the natural distance
d:(q,9)°€X(07,0") = llg—dllz- (2.1.4)
We can now state the following assumption:
(H2.5). It holds F := Fy U F where F) and F; are not empty and such that
d(Fo, F1)> 0,
where d is the distance defined in (2.1.4).

As stated before Assumption |(H2.5)|is the gap condition which permits the mountain pass
approach. Implicitly, it implies that k > 2, as it is well-known that heteroclinics are unique in
the scalar case k = 1. As it was pointed out before, [(H2.5)| was already considered in [6]] and it

generalizes the one made in the previous work [3]. Let us now define

o~ if t<-1,
p(t) =3 Bor+ Llo if —1<t<1, (2.1.5)
ot ift>1.

We have that for all v € #Z it holds that v+ ¢ € X(07,07") (see Lemma for a proof). As in the
earlier works [50, 123 we define the functional

Jive# -E(v+¢)eR, (2.1.6)

which presents the advantage of being defined in a linear space. We also point out that the choice
of the function 1 is arbitrary.
2.1.1.1 The general case

We set V := F — {4y}, and for i € {0, 1}, V; := F; — {¢}. Those are nonempty subsets of #. We can now

define the mountain pass family:
I:={yeC([0,1],7Z):Vie{0,1},y(i) € V;} (2.1.7)
and the corresponding mountain pass value

:= inf . 2.1.8
c ;2“33,’1‘]](7’(5))“% (2.1.8)

In this chapter we show that ¢ > m (see Proposition later). Therefore, ¢ is a mountain pass
value for . As it is well known, this is generally not sufficient to ensure the existence of new

solutions. In order to prove our first result, we will need two more assumptions:

(H2.6). It holds that ¢ < m*,where

m* :=min{m,-, + My 10 € X\ {07, 0"} (2.1.9)
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It is clear that|(H2.6)|is stronger than (H2.4) and weaker than ¥ = {0~,07"}. It is used in order
to prevent that curves with energy close to ¢ go trough a well in X \ {¢7, 07}, in case there are any.

(H2.7). There exists a closed set K ¢ RF such that:

1. There exists vy > 0 such that
VYge F, dist(g(R),K) > v

where dist stands for the usual Euclidean distance between two sets in R¥.

2. There exists M > ¢ such that for any y € ' (T'is defined in (2.1.7)) such that maxe[g 17/ ()(s)) <
M, there exists s,, € [0,1] such that J(y(s,)) > ¢ and (y(s)) + P)(R) N K = 0, where ¢ is the
mountain pass value defined in (2.1.8).

Assumption [(H2.7)|is more technical and as we show in Lemma it is satisfied if ¢ ¢
{(2j+1)m: j € N*}, or more particularly if ¢ < 3m. An analogous assumption was made by Bisgard
in [50] with the same purpose. The comparison is made in Section Our first result then is as

follows:

Theorem 2.1. Assume that|(H2.1)| [(H2.2)| [((H2.3)|[(H2.5)| [(H2.6)|and [(H2.7)|hold. Then, there exists
weH. (RRF)NC*(R,R¥) a solution of (2.1.1) that satisfies one of the two following conditions:

1. wis not constant, E(u) < ¢ and w is homoclinic to 0~ or o, that is, there exists 0 € {o0~,0 "} such
that

E_,IOI; u(t) =o.

2. ueX(o-,0%)and ¢ > E(u) >m.
Moreover, u(0) € K.

That is, Theoremshows that, under the previous assumptions, there exists a non-minimizing
solution which might be either heteroclinic or homoclinic. As it will be made clear later, Theorem
[2.1]is strongly related to Theorem 2.3 by Bisgard [50].

Remark 2.1.1. Following the arguments by Bisgard [50|] which give rise to his Theorem 2.2, we also
have that there exists a (possibly small) constant #,;, > 0 such that if ¢ <m + #in (#min <m), then
u is heteroclinic and J(ut) = ¢. See Corollary

2.1.1.2 The symmetric case

In 3], Alama, Bronsard and Gui considered potentials which are symmetric with respect to a

reflection:

(H2.8). We have that 0~ =(-1,0,...,0) and 0" = (+1,0,...,0). Moreover, we have for all u € RF,
V(s(u)) = V(u), where

s:u=(uy,uy,..., ug) eRF > (—uy,ty,...,ug) e R,
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Such condition eliminates the degeneracy due to invarance by translations (when restricted to
the set of symmetric curves) and, hence, allows to restore some compactness. The first remark is
that condition allows to look for solutions which belong to the equivariant space:

Xeym+ =g € X(07,07):Vt 20, q,(t) 2 0 and s(q(t)) = q(~1)}.

The purpose of the symmetry assumption |(H2.8)|is to replace|(H2.7)in order to obtain a slightly
better result. Moreover, we show that the combination of both hypothesis permits to ensure the

existence of a non-minimizing heteroclinic in X(¢~,07), while the general setting of Theorem
does not allow us to claim such a thing (see however Remark [2.1.1). Firstly, we recall that assump-

tion [(H2.8)[shows that energy decreases by symmetrization, see Lemma later. Therefore, we
have that the sets
Vie{0,1}, féym,i =F meym,+

are non-empty by |(H2.5), Moreover, d(Fym,0, Fsym,1) = d(Fo, F1) > 0, again by assumption |(H2.5)
We write Foym 1= F N Xgym,+, notice that Fyn = Foym,0 U Feym,1- We see that the function ¢ defined
in (2.1.5) belongs to Xy, . Hence, we can do as before and define:

Aom ={veX ¥t >0, s(v(t)) =v(-t)},

which is a closed subspace of #, thus we will regard it as a Hilbert space itself. Notice that by
Lemma and the linearity of the symmetry, we have as before that {{} + Z{ym = Xgym- We set
Vsym = Fsym — {¢} and for i € {0, 1}

Vsym,z’ = -7:sym,i - {‘,b}; (2.1.10)

which are subsets of #. We now have all the ingredients to define the symmetric mountain pass

family
Loym := (¥ € C([0, 1], Zym) : Vi €10, 1}, (i) € Viym,i)- (2.1.11)

As we will see later, the possibility of considering only the paths contained in 7, will be the key

of our argument. Now, define the corresponding mountain pass value:

Coym := yierrtfm Srerfg)l(]](y(s)) < 4o00. (2.1.12)

As before, we show that ¢y, > m (Proposition [2.2.3). Subsequently, we write the analogous of

for Cyym:

(H2.9). It holds that ¢4y, <m*, where m* is introduced in (2.1.9).
We can finally state the first result in the symmetric setting:

Theorem 2.2. Assume that|(H2.1)}[(H2.2)|[(H2.3)| [(H2.5)} [(H2.8)land |[(H2.9)|hold. Then, we have one

of the two following scenarios:

1. Thereexistu, and u_in HILC(IR, RF)NC2(R, RF) two non constant functions such that E(u,) < ceym,
lim; .o U, (t) = 0" and u_ is obtained by reflecting u,, that is

Vte R, u_(t)=s(u,(t)).
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In particular, lim;_,,u_(t)=0".
2. There exists W € Xy, 4 such that E(1) = Cgym. In particular, 1 & Foyn,.

Remark 2.1.2. Notice that in the first case in Theorem the solution u_ is obtained for free
from 1. Indeed, it suffices to check that, due to any g solution of (2.1.1) gives rise to a
reflected solution § defined as §: t € R — s(g(¢)).

Finally, we show that under an assumption which combines|(H2.7)|and [(H2.8)we can be sure

to obtain a non-minimizing heteroclinic joining 0~ and ¢". Such assumption writes as follows:
(H2.10). Assumption|(H2.8) holds. Moreover, there exists a closed set Ky, C R* such that:

1. There exists v > 0 such that
Vq € ‘Fsymr diSt(q(O)rKsym) 2V
where dist stands for the usual Euclidean distance between two sets in R¥.

2. Let iy be asin (2.1.11) and cgyr, be as in (2.1.12). There exists M > tgyry, such that for any
V4 € Liym with (¢ +7,)([0,1]) C Xgym,+ and maxge[o,1]/(¥+(s)) < M, there exists s, € [0,1] such
that J(1+(5,)) 2 Caym and 7(5,)(0) € Koy

Assumption [(H2.10)|is nothing but the symmetric version of Notice that we also need
to ask that (s, )(0) € Kgym, which is stronger than the condition (y(s,) + ¢)(R) N K # 0 required in
We can then state the following result:

Theorem 2.3. Assume that|(H2.1)| [(H2.2)| [(H2.3)| [((H2.5)} [(H2.9)|and [(H2.10)| hold. Then, there exists
a solution € Xgym 4 such that cgym > E(u) > m.

Remark 2.1.3. Notice that the hypothesis of Theorem [2.2]are contained in those of Theorem
Therefore, if 1t is the solution given by Theorem then by Theorem [2.2]either E(ut) = gy, OF

there exist 1, 1_ a pair of non constant homoclinics.

The chapter is organized as follows: Section[2.2]is devoted to the proofs of Theorems
and[2.3] Section [2.3]is devoted to some comments and results regarding the assumptions[(H2.7

and|(H2.10

2.2 Proofs of the results

This section is devoted to the proofs of Theorems and The organisation goes as
follows: In Section[2.2.T] we give the overall scheme of the proofs and compare it with the previous
literature. In Section we state the preliminary results which are needed, most of which are
well-known. In Section we prove the existence of the mountain pass geometry. In Section
we state an abstract deformation result from Willem [172]] which is used after. In Section
we provide the proof of Theorem Finally, Section is devoted to the proofs of
Theorems[2.2]and
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Figure 2.1: Illustration of |(H2.7)|for the particular case of a potential with exactly two distinct
(up to translations) globally minimizing heteroclinics (g and g;) between ¢~ and o*.

v

Figure 2.2: Illustration of one of the two possible scenarios described in Theorem The
heteroclinic orbits gy and g; represent two distinct symmetric minimizing heteroclinics. The two
homoclinic orbits u_ and u, are related by the reflection s.
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2.2.1 Scheme of the proofs and comparison with the previous literature

As stated in the introduction, it is worth recalling that the problem of the existence of homoclinic

and heteroclinic solutions for the second-order system of ODEs
q”(t) = VaVi(t,q(t)), YtER, (2.2.1)

using variational methods has been extensively studied during the past decades. In (2.2.1),
V, : RxRF — R is the potential, usually T-periodic in time. Some examples of early papers which
use a mountain pass approach to find such solutions are Caldiroli and Montecchiari [63], Coti
Zelati and Rabinowitz [73]] and Rabinowitz [137] (where the autonomous case is also treated). In
those papers, the potential considered is quite far from being of multi-well type, meaning that
the geometry of the associated functional is substantially different to the one considered in the
present chapter. On the contrary, in the papers Montecchiari and Rabinowitz 123} |122] as well as
Bisgard [50]], T-periodic multi-well potentials V, (with explicit time dependence) are considered.
In this chapter, we prove results which are very close (but not included) to those in [50] following
an equivalent scheme of proof. More precisely, we rely on the following natural approach (as for

instance in the seminal paper by Brézis and Nirenberg [58])):

1. We prove the existence of a min-max value. In our case, we show in Proposition that
there exists a mountain pass value using the gap condition |(H2.5)} The same is shown in
Proposition for the symmetric setting

2. We analyze the behavior of the associated Palais-Smale sequences in order to establish the
existence of non-minimizing solutions from this analysis. This is the purpose of assumptions
[(H2.7)} [[H2.8)|and [[H2.10)} which give rise to Theorems and [2.3|respectively.

We now detail the previous steps of the proof and compare with [50].

2.2.1.1 The mountain pass geometry

In order to obtain a mountain pass geometry, Bisgard and the other authors consider g a globally
minimizing heteroclinic joining two wells ¢~ and ¢™. If V, is say 1-periodic in time and the set
¥ :={V, = 0} is t-independent, this implies that for any n € Z, g(- + n) is also a globally minimizing
heteroclinic. In order to establish the mountain pass geometry, Bisgard and the other authors
define the family of paths

Lo:={yeC(0,1]Z):y(0)=g-¢and y(1) =g(-+1) -9},

where 1 is an interpolating function between ¢~ and ¢* as in (2.1.5). If one considers the min-max
value

= i f »
Cx ;Er*sréf&ﬁ]*(y(s))

where

Lved — L[M SVt v(t) + (1) |dt,
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then ¢, > Ju(g - ) = Ju(g(- + 1) — ) implies
{g(-+7):7€[0,1]} is not a continuum of globally minimizing heteroclinics, (2.2.2)

see Proposition 2.1 in [50]. Since is never fulfilled if V, is autonomous due to translation
invariance, autonomous potentials are excluded from Bisgard’s approach. Hence, in order to find a
mountain pass value of this type for the case of autonomous potentials (that is, for the functional
J defined in (2.1.6)), we need then to add an additional assumption which produces a mountain
pass geometry by playing a role analogous to (2.2.2). As explained before, we do so by considering
the natural candidate [(H2.5)|introduced in [6]). Indeed, in Proposition [2.2.2)we show that such an
assumption implies the existence of a mountain pass geometry for the autonomous case. Notice
that only requires an explicit time dependence on the potential and, therefore, it does not
exclude the scalar case. On the contrary, assumption [(H2.5)|for the autonomous problem is more

restrictive and completely rules out scalar potentials.

2.2.1.2 The analysis of the Palais-Smale sequences

Once the mountain pass geometry has been established, the next natural step is to analyze the
behavior of the Palais-Smale sequences at the mountain pass level, as the classical Palais-Smale
condition is not satisfied by J nor J,. For J,, this analysis is known and it can be found in Proposition
3.10 in Rabinowitz [[136], as well as the results in Bisgard [50], especially Theorem 1.21. Condition
(2.2.2)) is not necessary for proving those results, meaning that, in particular, they apply to our J,
see Proposition[2.2.1] From this analysis it follows that Palais-Smale sequences (both for J, and
J) split into a chain of connecting orbits solving and that the sum of the energies of the
elements of the chain is equal to the level of the Palais-Smale sequence. Using we find
that if one of the elements of the chain is not a globally minimizing heteroclinic between ¢~ and
o, then Theorem 2.3 in [50] or Theorem [2.1] here is established. Nevertheless, there is still the
possibility that each element of the limiting chain is a globally minimizing heteroclinic joining o~
and o*. In such a case, no new solution is produced by the mountain pass argument. Therefore,
one needs to rule out this possibility by examining more closely the behavior of the Palais-Smale
sequences at the mountain pass level. In [50]], the possibility of a chain of minimizing heteroclinics

is excluded by imposing an assumption on the mountain pass level c,. More precisely, by setting
my := inf [, (v + {(£)) (2.2.3)
ve#

if we have that
cr € {kymy +kom) :ky +k, =2j+1,j €N}, (2.2.4)

then one of the elements of the limiting chain satisfies the requirements. This is essentially the
assumption imposed by Bisgard in Theorem 2.3 [50]]. In our case, assumption serves the
same purpose. The difference is that our argument is slightly more involved, as does not
allow to claim the desired conclusion in such a direct fashion. Instead, we show by a deformation
procedure! based on a result by Willem [172] that implies that there exists a Palais-Smale

I'We owe this idea to the referee. In previous versions of this work, we relied instead on a lengthier and less direct
argument based on a localized version of the mountain pass lemma due to Ghoussoub and Preis (89} 87].
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sequence at the mountain pass level for which each element of the sequence goes through the set
K, so it cannot be asymptotic to a formal chain of globally minimizing heteroclinics. The purpose
of this approach is the following: as we show in Lemma if ¢ satisfies

ce{(2j+1)m:jeN) (2.2.5)

then[(H2.7)| holds. Relation (2.2.5) is nothing but the reformulation of for the autonomous
case. Indeed, in the autonomous setting, the values mf defined in coincide (while they
do not necessarily do in the non-autonomous case) meaning that and are the same.
Therefore, one could assume instead of [H2.7) and obtain Theorem [2.1| by the same way
that in [50]. Nevertheless, as shown in Lemma [2.3.1]we have that[(H2.7) can be more general, so
we worked under it instead of (2.2.5). In particular, the possibility ¢ € {(2j + 1)m : j € IN*} is not
excluded by [(H2.7)] We think that this feature is relevant as some addition phenomenon among
the energies of several non-minimizing solutions in the chain could happen so that the total sum
of the energies would be in (2j + 1)IN. In this case, would not allow to conclude while|(H2.7)
would.

Another assumption is made by Bisgard in [50|], which leads to the stronger result Theorem 2.2,
where existence of an heteroclinic at the mountain pass level is shown. It consists on supposing
that the mountain pass value is close enough to the minimum. The proof follows from the fact that
for a range of values close enough to the minimum, no splitting on the Palais-Smale sequences can
occur, meaning that they converge strongly. As we pointed out in Remark [2.1.1} the same result
holds for our problem. The precise statement is given in Corollary[2.2.1]

In any case, all the assumptions discussed before can be difficult to verify in applications.
For this reason, we consider the more explicit symmetry assumption|(H2.8)in order to remove
the degeneracy due to invariance by translations and recover some compactness. Under this
assumption and we show that if we have dichotomy of the Palais-Smale sequence (which
can be chosen such that it belongs to the appropriate symmetrized space Xsyn, 1) then there exists
a pair of non-constant homoclinic solutions. Theorem is then deduced. The idea of using
the symmetries in order to recover compactness and subsequently establishing existence and
multiplicity results has been extensively used in the previous research, we refer for instance to
the seminal paper by Berestycki and Lions [36]] as well as Van Schaftingen [167] which contains
some of the key ideas that we use in our approach and other material. Assumption [(H2.8) has
the advantage of being more explicit than and (2.2.5), but it rules out a wide class
of interesting non-symmetric potentials. We can also combine |(H2.8)[with [(H2.10)| which is the
symmetrized version of in order to show the existence of a non-minimizing heteroclinic,

which is Theorem This is done by relying again on the deformation argument.

2.2.2 Preliminary results

In this subsection, we state the technical preliminary results which will be used for establishing
the main Theorems. They are for the most part essentially known and a few others are proven
by classical arguments. Some relevant references which contain them (or close versions of them)
are Rabinowitz [[136], Bisgard [50], Montecchiari and Rabinowitz [[123], Bertotti and Montecchiari
[40], Alama, Bronsard and Gui [3], Bronsard, Gui and Schatzman [59]]. In several cases, we take
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results from those references and we rephrase them in order to be coherent with our setting.
We being by recalling some basic properties on the potential V. These properties are easy to
prove and well known, so the proofs are skipped. We refer, for instance, to [50] and see also [2] for

a particularization to the autonomous case. We first recall the following:

Lemma 2.2.1. Assume thatl(HZ.l)land|(H2.3)|hold. Let (o;, U]-) eY? Let q and g be two elements in
X(0j,0j). Then q— g € Z . Similarly, if q € X(0;,07) and v € Z then v + q € X(0;, 0}).

We refer for instance to Lemma 1.4 in [50] for a proof of this fact.

Lemma 2.2.2. Assume that((H2.1)|and|(H2.3)|hold. Then, there exist two positive constants 6 and f3
such that forall 0 € ¥

Vue B(0,6), f1V(u)<|ju—-o]? <BV(u).

and
Vu e B(0,6), pUVV(u),u-0c)<|u-o|> <Bp(VV(u)u-o).

The constants ¢ and  will be fixed for the latter.

Lemma 2.2.3. Assume thatl(HZ.l)landl(H2.3)| hold. Let q € Hlloc(lR, R¥) satisfy E(q) < +co. Then

lim V(q(t)) = 0.

t—+o00

In order to apply the mountain pass lemma, we need to show that J is a C! functional. This is
done in [50] and [123]. Let (0}, 0;) € ¥2, following [50], take x € X(0j,07) and define

Jy:ve# = E(x+v)

which is well-defined by Lemma Under these notations, we have that the functional |
defined in (2.1.6) is J = ], with ¢ as in (2.1.5).
Lemma 2.2.4. Assume that|[(H2.1)land|(H2.3)|hold. Then, we have:

i) For any (o, 0/) € Y2 and x € X(0j,0)), Iy isa C! functional on # with derivative:

Vve#, DJ,(v):weH — j (x'+v,wy+(VV(x +v),w)) e R (2.2.6)
R

In particular, if[(H2.1)|and [(H2.3)|hold and D] (v) = 0 for v € Z, then v + x solves (2.1.1).

ii) J is C! as a functional restricted to Aoym and its differential is as in (2.2.6) with the proper
modifications. If, moreover, we add the symmetry assumption|(H2.8) and v € Zgyy, is such that
DJ(v) = 0 in Heym, then v + 1 solves (2.1.1).

Item i) in Lemma is essentially Proposition 1.6 in [50], for the particular case of au-
tonomous potentials. The proof of item ii) follows from classical arguments using assumption
so we skip it. Next, we recall the following general property for sequences with uniformly
bounded energy:

Lemma 2.2.5. Assume thatl(HZ.l)l |(H2.2)|and|(H2.3)|hold. Let (0j,0/) € Y2, Let (g,)nen be a sequence
in X(oj,0}) such that sup, c\ E(q,) < +o0. Then, up to an extraction, there exists q € Hlloc(IR, R¥) such

that q,, — q locally uniformly and q,, — q’ weakly in £. Moreover, E(q) <liminf, ., E(q,).
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The property given by Lemma is certainly well-known and the proof is classical, so we
omit it. As we see, a uniform bound on the energy is not sufficient to obtain control on the behavior
of the sequence of infinity. This is due to the fact that V possesses more than one zero and it is the
cause of non-existence phenomena already when dealing with the minimization problem. Using
Lemma we obtain by classical arguments the following property for arbitrary Palais-Smale
sequences:

Lemma 2.2.6. Assume that|(H2.1)}|(H2.2)\and|(H2.3)|hold. Let (v,),cN be Palais Smale sequence at
c>m, ie.,

lim J(v,) = cand lim DJ(v,)=0in #. (2.2.7)

n—-o0 n—00

Then, the following holds:

1. There exists a subsequence of (v,,),en (not relabeled) and q € HIIOC(IR, R¥) such that
VSkx C IR compact, Y +v, =, q strongly in HI(SK,IRk).
Moreover, E(q) < c and q € C*(R,RF) solves (2.1.1)).

2. For any (7,),eN a sequence of real numbers, the sequence (V" ) peN defined as
VnelN, vy = (- +1,) +vu(-+1,) -
is a Palais-Smale sequence at the level c as in (2.2.7).

Proof. We show the first part. Define (g,),en := (¥ + v,,)en, Which is a sequence contained in
X(07,0"). Using Lemma and the first part of the Palais-Smale condition (2.2.7)), we find
g€ H}!

loc

(R,R¥) and a subsequence (not relabeled) such that E(q) < ¢, g, — ¢ locally uniformly and
g, — q’ in . We show the local convergence with respect to the H! norm. Let Sg C IR be compact
and v, € #Z with supp(vg) C Sk. Using Cauchy-Schwartz inequality, we have

1
J f (D?V(Aq + (1= A)gy)(qn - ), vic)dA
KJO

[ wvign-vviao
< Cxllgn = qllz2x rollvkllzz (x,vé) (2.2.8)

where Cg := maxg(D?V(Aq + (1 - A)q,)). We have that g, — ¢ uniformly in Sg, so due to the
continuity of D2V we have that Cx < co and Cg independent on the sequence (4,),en. Using

(2.2.6) and (2.2.8), we write

J- @n—qvg)
K

Taking the supremum in (2.2.9) for vg € #Z with supp(vg) C Sk and ||vk|l < 1, by the dual
characterization of the norm of a Hilbert space we get

< Cxllgn = allr>(x miyllvk ez (x vé) + D (v,) (v )- (2.2.9)

197 = @' lle2x w) < Crllgn = qlli2 ke + IDT (va)llz -

Since g, — g uniformly in K, we have g,, — g in L>(Sg, R¥). In addition, the Palais-Smale condition
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(2.2.7) implies ||DJ(v,,)lls¢z — 0. Therefore, we have

97— allc2(s, vE) = O,

meaning that g, — g in H'(Sg, R¥), as we wanted to show. It only remains to show that g solves
(2.1.1). Take ¢ € C°(IR,IR¥). The convergence of the sequence inside H' (supp(¢), R¥) is strong,
meaning that we can show

D](v)(¢) = lim D] (v,)(¢) = 0.

n—00
In conclusion

Vg € CR R, L[<q’,¢'> (VY () )] = 0,

which by classical regularity arguments means that g is a solution of (2.1.1) which belongs to
C2(R, RF).
For proving part 2, it suffices to write for any n € N and ¢ € Z

D](VZ”)((P) = D](vn)((P( - Tn))r

which by taking the supremum in the unit ball of 7Z gives

IDJ (v )iz = IDT (vl -
O

As in Lemma Lemma gives no control on the convergence of the elements of the
sequence at infinity. In particular, in general the functional ] does not satisfy the so-called Palais-
Smale condition?, at least for arbitrary ¢ > m. The problem is not fixed even if we use the translation
invariance property from the second part of Lemma As explained already, assumptions
[(H2.7)} [(H2.8)|and [(H2.4)|are introduced in order to circumvent this issue. Assumptions|(H2.6)
and are made in order to exclude the possibility that the Palais-Smale sequences at the

mountain pass levels originate a globally minimizing connecting orbit joining a well in {07, 07"}

and a well in X\ {o~7,07"}. This is shown by the following:

Lemma 2.2.7. Assume that|(H2.1),|(H2.2)\and|(H2.3)|hold. Let q € X(6~,07) be such that

E(q) <C,
where C <m*, where m* is as in (2.1.9). There exists p,(C) > 0, depending only on V and C, such that
VoeX\{o ", 0"}, VteR, |g(t)— o] > p2(C). (2.2.10)

Lemma|[2.2.7]is a straightforward generalization of results which where known previously, see
(3] and [59]. The proof is skipped.

We conclude this paragraph by recalling that the complete asymptotic analysis of the Palais-
Smale sequences and some of the consequences that follow are available in [136] and [50]. Such

2We say that J satisfies the Palais-Smale condition at the level ¢ > m if every sequence satisfying (2.2.7) possesses a
convergent subsequence in 7.
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properties do not play a major role in our argument? the reason being that we find Lemma is
better adapted to our purposes. The main result can be stated as follows for our setting:

Proposition 2.2.1. Assume thatl(HZ.l)l |(H2.2)|and|(H2.3)|hold. Let (03, 0/) € Y2, ceR, x e X(0j,07)

and (vy,),en be a Palais-Smale sequence for ], at the level c. Then, up to an extraction there exists j € IN*,

7} a sequence

..........

of translates in R and q',...,q/ solutions of (2.1.1)) such that:
1. ForallneNN, nglqu =1R.

2. Forallie{l,...,j—1}, we have

. i+1 _ 1 i

Moreover,

lim ¢'(t)=0; and lim qj(t) = 0j.

t——0c0 t—+00

3. Forallie{l,...,j} we have that
T [[v, + x =" = Tl (a5, w0y = O

4. Forallie(l,...,j— 1}, it holds that ;"' — 1, — +oco0 as n — co.
5 c¢= XLI E(qi).

Proposition[2.2.1]is essentially Proposition 3.10 by Rabinowitz [136]], with the main difference
that we do not restrict to double-well potentials and we particularize to the autonomous case.
The modifications needed in order to adapt the proof in [136] are minor, so we do not include
them. Proposition can also be deduced from the results in [50]. As already explained, in
[50] this analysis is used to obtain existence results for non-minimizing connecting orbits under
an assumption on the mountain pass value. We briefly recall the procedure. We first recall the
following property, which is equivalent to Corollary 1.18 in [50|] and Lemma 3.6 in [136]. It states
that there exists an inferior bound depending only on V for the energy of non-constant connecting

orbits:

Lemma 2.2.8. Assume that|(H2.1),((H2.2)\and|(H2.3) hold. There exists tyi, > 0 such that for any
(0j,0j) € Y2, ifge X(03,07) solves (2.1.1) then either E(q) > #min 07 q is constant.

The proof of Lemma follows from the fact that V is stricly convex in a neighbourhood of
the wells. We refer to the references mentioned before for a proof. Inspecting the proof of those
results, we see that #;, is of the order of 6 from Lemma which can be very small. Proposition
[2.2.1]and Lemma can be combined in order to easily obtain the following existence principle,
which is essentially the result by Bisgard:

Corollary 2.2.1. Assume thatl(HZ.l)l |(H2.2)|and |(H2.3)| hold. Let (0;,0)) € Y2, ceR, x e X(0j,07)

and (v,),eN @ Palais-Smale sequence for ], at the level c. Then, we have:

3Proposition is only invoked once, in the proof of Lemma and Corollary is brought into account in
Remark
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i) If ¢ <Mj + i, where m;; is defined in (2.1.2) and 1)y is the constant from Lemma then
there exists g, € X(oj,0;) and a sequence of real numbers (t,),eN such that v, + x —g.(-—7,) > 0

strongly in Z up to subsequences. In particular, g, solves (2.1.1) and E(v.+ x) =c.

ii) If c& {(2]+1)m;; : | € N"} there exists 1. a solution to (2.1.1) which is not a globally minimizing

connecting orbit joining o; and oj.

Up to the obvious minor modifications, i) in Corollary corresponds to Theorem 2.2 in
[50] and ii) is Theorem 2.3 in the same reference. While in [50] those results are particularized to
0;=0",0;= 0% and c = asin (2.1.8), an examination of the arguments shows that it also applies
to the case 0; = 0j and for any level c possessing a Palais-Smale sequence, so there is no obstacle for
this more general statement. Nevertheless, it is important to notice as we already did in Remark
that by i) we have that if ¢ < m + #j,j,, then there exists a mountain pass heteroclinic in
X(07,07") with energy c¢. The counterpart of this statement is that the value #),,;, can be very small,
as we point out after the statement of Lemma Notice also that by combining Lemma [2.2.§]
and i) in Corollarywe have that for any c € (0, #j,in) there is not any Palais-Smale sequence

for ], at the level ¢, where x € X(0,0) and 0 € ¥.

2.2.3 Existence of a mountain pass geometry

The existence of a mountain pass geometry is proven by combining [(H2.5)[with the last part of the

following well-known result:

Theorem 0.1. Assume that|(H2.1)}|(H2.2)}|(H2.3)|and|(H2.4) hold. Then, there exists g€ X(c~,0")
such that E(q) = m, where m is as in (2.1.3). Moreover, if (q,)q,eN IS @ minimizing sequence in

X(07,0"), there exists a subsequence (not relabeled) and a sequence (t,),cN of real numbers such that
gu(-+1,)—§ — 0 strongly in #, for some § € X(0~,0%) such that E(§) = m.

The existence part in Theorem under different forms but using analogous arguments, can
be found in several references. See for instance Bolotin [51]], Bolotin and Kozlov [52], Bertotti and
Montecchiari [40] and Rabinowitz [138}|142]). Proofs which use other type of arguments can be also
found in Alikakos and Fusco [11], Monteil and Santambrogio [124]], Zuhiga and Sternberg [174].
Regarding the compactness of the minimizing sequences and the applications of this property to
some PDE problems, see Alama, Bronsard and Gui [3]], Alama et. al. [2] and Schatzman [[153]. As
it is well known, might not be necessary but it cannot be removed, see Alikakos, Betelu
and Chen [9] for some counterexamples. We can now establish the existence of a mountain pass

geometry:

Proposition 2.2.2. Assume that|(H2.1)||(H2.2)||(H2.3)\and|(H2.5)|hold. Let ¢ be as in (2.1.8)). Then,
we have ¢ > m.

Proof. Let y €I'. By|(H2.5)|and using the definition of V,; and V;, we have that

p:=distg(Vo, V) = d(F, F) >0,

where distg denotes the distance between two sets in #. Since Vy UV, =V and y is a continuous
path which joins Vj, and V;, we have that there exists s* € [0, 1] such that

distg (y(s*),V) =

=~

. (2.2.11)
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We claim that there exists ¢(p) > 0 such that for all v € #Z verifying

dist(v,V) >

=~

we have J(v) > m+c(p). This is actually a well know result (see [2,/153]), which is a straightforward
consequence of the compactness property for minimizing sequences given by Theorem Thus,
by (2.2.11) we obtain ¢ > m + c¢(p), which concludes the proof. O

Subsequently, we establish the existence of a mountain pass geometry under the symmetry

assumption. We begin by the following preliminary result:

Lemma 2.2.9. Assume that|(H2.1),|(H2.2),((H2.3)|and |[(H2.8)|hold. Let g € X(0~,0%). Then, there
exist sym € Xsym a41d Gsym,+ € Xsym,+ Such that we have

E(Gsym,+) < E(qsym) < E(q).
Proof. Let g € X(07,0"). By the intermediate value Theorem, there exists t € IR such that
q1(7) = 0.

Due to the translation invariance of the energy, we can assume that v = 0 (otherwise, replace g by

q(-+ 7)). Without loss of generality, assume that

J;)+oo e(q) < fl e(q). (2.2.12)

q(t) ift>0,

We define ggyp, as

qsym(t) = .
s(q(-t)) ift<0,
which is well defined and belongs to X,yp,,. Notice that, due to this last fact, assumption |(H2.8) and
(12.2.12)

+00

E(Gsym) = ZL e(q) < E(q).

Subsequently, we set

(l(qsym)l(t)lf (qsym)z(t):--~r(QSym)k(t)) ift>0,

qsym,+(t) = .
(_I(qsym)l(t)ll(qsym)z(t)f---; (stm)k(t)) if £+ <0.

The function gsy 4 is also well defined and belongs to Xy, ;. By assumption|(H2.8), we have for
all t € R that V(qsym,+(t)) = V(qsym(t)) and, by definition, we also have |g{yy, | <1g{yml, a.e. in R.

Therefore,
E(Gsym,+) < E(qsym),

which establishes the proof. O

Proposition 2.2.3. Assume that |(H2.1)} |(H2.2)| ((H2.3)} |(H2.5) and [(H2.8)| hold. Let tsym, be as in
(2.1.12). Then, we have tqyp > m.
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Proof. We have the following result which shows that coercivity also holds in the equivariant

setting (see [3]] for a proof):

Lemma 2.2.10 (Alama-Bronsard-Gui [3], Lemma 2.4). For any € > 0, there exists c(&) > 0 such that
for any q € Xy such that E(q) <m + c(¢) we have ||q — 9|l < € for some g € Fyp.

Using Lemma [2.2.10|as well as Lemma it suffices to apply the argument given in the
proof of Proposition to conclude. O

Combining Lemma and Proposition the classical mountain pass lemma states that
there exists a Palais-Smale sequence at a level ¢, i. e., a sequence (v,),en in # such that

lim J(v,)=cand lim DJ(v,)=0in Z.

n—oo n—oo

Similarly, by Proposition we find a sequence (v;),eN in Zeym such that

lim J(v;) = coym and lim DJ(v;,) = 0 in Zyp,.

n—00 n—00

2.2.4 An abstract deformation lemma

As explained before, assumptions|(H2.7){and (H2.10)|are used in order to produce Palais Smale

sequences at the mountain pass levels such that each element of the sequences goes through a
suitable subset of R¥. In order to show the existence of these sequences, we will use a deformation
lemma due to Willem. Let us recall some standard terminology. Given a Banach space X we denote
by X’ its topological dual and given I € C'(X), DI is its derivative and for c € R, I° := {x € X : I(x) <
c}. Given § C X and p > 0, we write S, := {x € X : distx(x, S) < p}. The result we will invoke is as

follows:

Lemma 2.2.11 (Willem, Lemma 2.3 [172])). Let X be a Banach space, [ € C}(X),SC X, c€R, &,p>0
such that
VxeI'([c-2¢,c+2e])N Sy, IDI(x)lIx > 8e/p (2.2.13)

Then, there exists 1 € C([0,1] x X, X) such that
(i) n(t,u)=uift=0orifuel '([c—2¢.c+2e])N S2p-
(ii)) n(1,1°°*NS) c 1=
(iii) For all t € [0,1], (t,-) is an homeomorphism of X.
(iv) Forall x € X and t € [0,1], ||n(t,x) —x||x < 0.
(v) Forall x € X, I(n(-,x)) is non increasing.
(vi) Forall xe NS, andte(0,1], I(n(t,u)) <c.

Roughly speaking, the key point of Lemma is that if holds then there exists a
homotopy equivalence between I°"* N S and a subset of I°7¢. Equivalently, if we can find S such
that there is not any homotopy equivalence between [“** N S and any S’ C I°¢, then does
not hold. The purpose of properties such as|(H2.7){or|(H2.10)|is to provide such a set S.
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2.2.5 The proof of Theorem [2.1

The idea of the proof of Theorem [2.1]is to show the existence of a Palais-Smale sequence at the
level ¢ (¢ as in (2.1.8)) which produces a solution u such that 1(0) € K, which is hence not in F. It
is here when|(H2.7)[enters. We define the set

F={veZ :(v+y)(R)NK =0} (2.2.14)
with K as in We show the following:
Proposition 2.2.4. There exists sequences, (u,),eN in # and (T,),en i1 R, such that
1. J(u,) > casn— oo.
2. DJ(u,) > 0in & as n — oo.
3. For all n € IN, there exists t,, € R

lim distg (u,(t,)+ (t,),F) = 0.

n—oo

Proof. We prove the result by contradiction. If a sequence as in the statement does not exist, then
we can find h € (0, % min{M —c,¢c —m}) (M as in|(H2.7)} Recall also that ¢ > m due to Proposition

2.2.2), p>0and v > 0 such that

Vve] N ([c-hc+h)NF,, IDJ@)lgz = p (2.2.15)

with F as in and F, := {v € #,dist(v,F) < v}. We have that (2.2.15) is (2.2.13) in Lemma
with X=X,1=],c=rc,e=h/2, p=v/2 (we decrease the value of h if necessary so that
u > 8h/v). Therefore, there exists n1 € C([0,1] x #Z, #) satisfying the properties of Lemma
Let y €I be such that

1
F(s) <c+—h. 2.2.16
gﬁﬁﬂyﬁﬁ_f+4 ( )

Letusset y:se€[0,1] = #(1,Y(s)) € Z. Since (1, -) is a homeomorphism by (iii) in Lemma
we have that y € C([0,1], %), Moreover, by the definition of & we have that ¢ —h > m. Therefore,
(i) in Lemma implies that for i € {0,1} we have p(i) = y(i) € V;. As a consequence, y €.
Moreover, by (v) in Lemma|2.2.11|and (2.2.16) we have that

1
p(s)) <c+—h 2.2.17
gﬁﬁﬂ?G»_f 1 ( )
which means by (ii) in Lemma[2.2.11]that if § € [0, 1] is such that J(($)) > ¢, then y(s) € F, meaning
that (¢ +9(s))(R) N K = 0. But since maxe(g,11/(7(s)) < M by (2.2.17) and the definition of h, we
get a contradiction with 2. in which we assume to hold true. Therefore, the proof is
completed. O

Proposition along with Lemmas|2.2.6|and [2.2.7]|allows to finish the proof of Theorem
as follows:
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Proof of Theorem [2.1|completed. Assume that the hypothesis made for Theorem hold. Let

(t4)nen and (7,),en be the sequences given by Proposition By part 2 in Lemma [2.2.6]
the sequence (#,,) := (, (1)) is a Palais-Smale sequence and it also satisfies

lim dist g (i7,(0)+ 1(0),K) = 0. (2.2.18)
n—00
Up to an extraction, we have by that for all n € N we have J(i,) < C := (m* —¢)/2 + .
Therefore, by applying Lemma we obtain p; := p,(C) such that

VnelN,YoeX\{o7, 0"}, VteR, |d,(t)+(t)—o|>p,. (2.2.19)

Using now part 1 of Lemma we find u € HIIOC(IR,IRk) N C%(R,R¥) such that 1t solves (2.1.1),
E(u) < ¢ and for all Sg € R compact, i, + ¢ — w in H!(Sg,R¥) (in particular, i, — u pointwise
in R). Using (2.2.18), the fact that K is closed and pointwise convergence, we find 1(0) € K. By
assumption we have that u does not coincide with any minimizing heteroclinic in F. By
(2.2.19) and pointwise convergence, we have that

VoeX\{o , 0", VteR, |u(t)—o|>p,, (2.2.20)

meaning in particular that u cannot be a minimizing connecting orbit between o € £\ {07,007}
and 0’ € {o7,0"}. Assume now that 1€ X(0~,0"). Due to the previous discussion, we must have
E(u) > m. If u does not belong to X(0~,0"), by Lemma we have

doef{o,0"}: lim u(t)=o

t—+o00

and u(0) ¢ {o7,0"} because u(0) € K and K N{o~,0*} = 0 due to the first part of (H2.7)] We also
have that 1(0) ¢ X\ {07, 0%} due to (2.2.20). Therefore, 1(0) € X. Hence, 1t is not constant. O

2.2.6 The proofs of Theorems [2.2{and 2.3

The first step of the proof of both Theorems consists on showing that there exists a Palais-Smale
sequence (1) e at the level cgypy, such that (Y + u,),en approaches Xy, ;. The existence of such
sequence follows from the fact that we can map Xy, into Xy, 4 continuously and leaving Xgym, ¢
invariant and that such mapping does not increase the energy due to the symmetry assumption
The idea then is to show that a nontrivial solution is produced even if we have dichotomy
of the Palais-Smale sequence. This proves Theorem More precisely, if a Palais-Smale sequence
in Zym,+ is not compact, then we are in the situation 1. of Theorem and we find a pair of
nontrivial homoclinic solutions. Of course, if such a Palais-Smale sequence is compact, we recover
a solution in Xy, . with energy ¢4y, thus also nontrivial. Subsequently, for proving Theorem
[2.3]under the additional assumption [(H2.10)} the argument is supplemented with a deformation
argument analogous to that in the proof of Theorem [2.1}

We begin by showing the following;:

Lemma 2.2.12. Assume that (H2.1), (H2.2), |(H2.3)| and [(H2.8) hold. Let d be as in (2.1.4) and
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F,: (Xsym,d) = (Xsym,+,d) be such that

Vq = Xsym: F+(Q)(t) - (|511(t)|: qz(t),...,qk(t)) th >0,
(=lqr (O] g2(t), .., qi(8)) - if t <.

Then for all q € Xy, we have E(F,(q)) < E(q), Fylx,, . =1dlx,, . and F, is continuous.

sym,+ sym,+

Proof. Let g € Xy, notice that repeating the argument in the proof of Lemma shows that
E(F,(q)) < E(q). Notice also that in case g € Xsy 4 then F,(q) = q. Therefore, it only remains to

show that F, is continuous. Let (q,),cn be a sequence in Xsyn, and q € Xy, such that

lim [l —qll7 = 0. (2.2.21)
For each n € N set g, := F,.(9,,) € Xsym,+ and q" := F(q) € Xsym, 4. We need to show that
lim [lg; — 47|z = 0. (2.2.22)
Let x < 411 be arbitrary and take #; € R such that
Vtx>tg, lq(t)-o"|<x (2.2.23)
and f; < t7 such that

Vi<t,, |q(t)—0c7| <«. (2.2.24)

We set I :=[t,,t}] By (2.2.21), we have that g, — g uniformly, so in particular there exists ny € N
such that for all n > n it holds [|q, — gl|p~(r r+) < x. This fact along with (2.2.23), the definition of

x and (2.2.24) allow us to say that
Vnng, Yt €R\I, q,(t)=q,(t)and q(t) = q"(t),

which means that (g} — q*),en converges to 0 in H!(R\ I, R¥) by (2.2.21). Hence, in order to
establish we only need to show that (g} — g*),en converges to 0 in H'(I,IR¥). Notice that
in fact all functions belong now to H!(I,R¥) because I is bounded. Let f, : H'(I) — H!(I) the
application such that

Vve HY(I),Ytel, fi(v)(t):=v(t).

We have that the absolute value function is Lipschitz as a function from R to R and, moreover, the
interval I is bounded. Therefore, f, is continuous due to Theorem 1 in Marcus and Mizel [113]. As

a consequence, we have

,}ggollq;,l — a1 lH1 (1n[0,+00)) = Tim [1£(qn,1) = fe (@l (1[0,+00)) = O
and
,}Lrgollqz,l —q1 i (10 (-c0,0]) = r}i_f)§0||—f+(%,1) + f (@l (1n(=00,0)) = 0

that is

,}ggollq;,l —qi gy = 0.
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Since all the other components were not modified, (2.2.22) has been proven and the proof is
concluded. 0

Lemma [2.2.12|implies the following:

Lemma 2.2.13. Assume that|(H2.1)}((H2.2)}|(H2.3),((H2.5)|and|(H2.8)|hold. Let hyp, : Zoym — Heym
be defined as

hsym:Vezym_)F+(v+¢)_lP€%ym-

Then for all v € Zgym we have hgy, (v) + ¥ € Xsym 1, J(hsym(v)) < J(v) and for all y € Iy, it holds that
the composed path hgyy, oy belongs to Ly,

Proof. Let v € Z. By Lemma [2.2.12)we have that hgym (v) + ¢ = FL (v + §) € Xgym 4 and J(heym (v)) =
E(F,(v+9)) <E(v+1)=](v). It is straightforward to show that hgyp, is continuous. Notice that if

U € Voym then Voyr, + {9} = Fiym C Xgym,+ by definition. Therefore, using again Lemma we
have hsym(u):F+(U+1,b)—1,b:U+¢—¢:U:Id7/5ym(u). O

2.2.6.1 The proof of Theorem

We have the following result:

Proposition 2.2.5. Assume that((H2.1)||(H2.2)}|(H2.3),[(H2.5)|and [(H2.8)|hold. Then, there exists a

sequence (Uy)ueN i Hoym such that

lim J(u,) — teym and D] (u,) — 0 in Zoym.

n—+oo

and, moreover,
Hm_ d(u, + P, Xsym+) = 0, (2.2.25)

n—+00

where d is as in (2.1.4).
The proof of Proposition is a direct consequence of Proposition and Lemma|2.2.13

along with a usual variant of the mountain pass lemma (see for instance Corollary 4.3 in Mawhin
and Willem [118]]) which allows to find a Palais-Smale sequence associated with any given min-

maxing sequence of paths. We can now tackle the final part of the proof of Theorem

Proof of Theorem [2.2]completed. Assume that the hypothesis of Theorem hold. Let (u,)eN
be the Palais-Smale sequence provided by Proposition By assumption |(H2.9), up to an
extraction we have

supJ(u,) < C<m*
nelN

for an arbitrary C € (fsym,m*). We can then use Lemma to find p; > 0 such that
VnelN,YoeX\{o7, 0", VteR, |u,(t)+(t)—o|>p,. (2.2.26)

We divide the proof according to the two possible scenarios (dichotomy or compactness):
Case 1. Dichotomy. Assume that there exist ¢y > 0, c; > 0 and a sequence t,, — oo such that, up

to an extraction
t,,+C1

VneN, e(u, + 1) > cop. (2.2.27)

ty—c
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Since (u, + )N approaches Xgm o due to (2.2.25), up to an extraction we can suppose
VnelN,Vt>0, |u,(t)+(t)—o~|>p,. (2.2.28)

For each n € IN, we can define §,, := u,(-+ t,) + ¢(-+ t,) € X(¢7,0") and ii,, := §,, — 1. We can regard
(un)nen as a Palais-Smale sequence in # because Zgyr, is a closed subspace of 7. Part 2 in Lemma
[2.2.6]implies then that (#,),cn is a Palais-Smale sequence in 7. By using now part 1 of Lemma
we find 1, € Hlloc(IR, R¥) such that for all Sx C R compact, g, — u, in H'(Sg, R¥). Moreover,

1, € C%(R,R¥) solves (2.1.1) and E(1,) < Coym- By (2.2.27) and the convergence, we have

n—+oo
-1 —C1

5] €1
[ et = tim [ etanzco

meaning that E(u, ) > ¢, so in particular 1, is not constant. We now show that u, converges to o*
at infinity. Rewriting (2.2.28) for (§,),cn, we have

Vne NVt >—t,, |§,(t)—0"|>pa,

which combined with (2.2.26), Lemma and pointwise convergence §, — 1, gives that
lim; ., (f) = 0" as we wanted. Finally, notice that by symmetry we have that the function

u_:teR - s(u(t)),

is a non constant solution of (2.1.1) such that lim; ., u_(t)=0".
Case 2. Compactness. The hypothesis made for Case 1 is not satisfied. Then, for all ¢, > 0 there
exists t(cp) > 0 such that

+00
Vn e, J e(u, +P)<c;
tCz
and, by symmetry
—K(c,
VnelN, J e(u, +¢) <cy.

Equivalently, up to taking a diagonal extraction, for each m > 1 we can find t(m) > 0 such that
1
VnelN, e(ty + 1) > Coym — ot (2.2.29)

Using again Lemma we find u € H!,_(R,R) a solution to 1) such that u,, +1 — u strongly
in H'(Sk, R) for each compact interval I. Moreover, by ([2.2.26]) and (2.2.25) we have u € Xgym, ;-

Finally, using (2.2.29) we get E(1t) = ¢4y, which concludes the proof. O

2.2.6.2 The proof of Theorem
We will use|(H2.10){and Lemma|2.2.11| Define

Asym ={q¢ Xsym q(0) € Ksym and E(g) > ':sym}
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and
Fsym = Asym - {4)} € %ym-

We have the following, which is the analogous of Proposition

Proposition 2.2.6. Assume that|(H2.1)}|(H2.2)}|((H2.3)}|(H2.5)}|(H2.8)|and|(H2.10) hold. Then, there

exists a sequence (U,),eN i1 Z’gym such that

lim J(u,) — csym and D] (u,) — 0 in Zym,

n—+o00

and, moreover,
lim_distg (1, + P, Xeym s N Agym) = 0. (2.2.30)

n—+oo
The proof of Proposition [2.2.6is analogous to the proof of Proposition The only signifi-
cant difference is that the path which is obtained from the deformation provided by Lemma[2.2.11
must be contained in Xgyy,  in order to get the contradiction with However, this can be
assumed by Lemma[2.2.13] Hence, we do not include the proof of Proposition[2.2.6]here.

Proof of Theorem [2.3|completed. We now suppose that the assumptions of Theorem 2.3 are satisfied.
Let (u1,),en be the Palais-Smale sequence given by Proposition As done before, up to an

extraction we can use|(H2.9)land Lemma to find p, > 0 such that
VnelN,YoeX\{o7, 0", VteR, |u,(t)+(t)—o|>p,. (2.2.31)

Regarding (u,),en as a Palais-Smale sequence in Zy,, and using Lemma we find u €
HIIOC(IR, R¥) such that E(u) < Csyms Uy + 3P — W strongly in H'(Sg,RF) (Sg compact). By (2.2.31), we
have that

YoeX\{o , 0", VteR, |u(t)—o|>p,. (2.2.32)

By pointwise convergence, we have for all ¢ € R, that u(~f) = s(u(t)). Since u, +1 approaches X¢m |
due to (2.2.30), we have for all t > 0, 1;(t) > 0 and analogously for t < 0. These facts along with
(2.2.32) give lim;_,,, u(t) = 0, which all together implies 1 € Xy, ... Finally, using again (2.2.25)
we have 1(0) € Ky, which by [(H2.10)| means that 1 € Fyp, ie., E() > m. O

2.3 On the assumptions|(H2.7)|and ((H2.10)

As commented in Section [2.2.1} assumptions[(H2.7) and [[H2.10)| might appear as rather artificial
and, moreover, difficult to verify in hypothetical applications. Despite the fact that in Theorem [2.2
we show that[(H2.7)|can be removed if we restrict to potentials which are symmetric as in [(H2.8)
we believe that a better understanding of [H2.7)|is still an interesting open question. Indeed, even
though adding symmetry is a natural procedure in order to simplify a problem, it can be found

to be too restrictive in many applications. In this direction, we show in Lemma|2.3.1|that|(H2.7)|

holds if the mountain pass value ¢ lies outside some known countable subset of (m, +o0), and in
particular if it is smaller than 3m. As explained in Section this requirement is equivalent to
the assumption made by Bisgard in [50]. In any case, a better understanding of hypothesis|(H2.7
and[(H2.10)| remains an open problem. Geometric intuition suggests that such hypothesis should
always (or close) hold, but we do not have a proof of such a fact. The same type of comment is
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made by Bisgard in [50], where he states (see the Remark after his Theorem 2.3) that he expects his
assumption on ¢ to be generic (that is, valid for a dense class of potentials). We also think that this
is the natural conjecture as the set of bad values for ¢ is discrete.We believe that a starting point to
aim at understanding this question better would be to try to understand the relation between the

mountain pass value and the geometry of V in a deeper fashion.

We now state the result which links|(H2.7)/and Bisgard’s assumption:

Lemma 2.3.1. Let V be a potential satisfying|(H2.1)}|(H2.2),|(H2.3)|and|(H2.5)| Let ¢ be the mountain
pass value defined in (2.1.8). Then, if we have

€ € (m,+00) \ {(2j +1)m:je N}, (2.3.1)

there exists K C R¥ such that assumption |(H2.7)|is satisfied for some constants vy > 0 and M > .

Proof. For each ¢ > 0, define

R, := U{u € R¥ : dist(u,g(R)) < &}
geF

and K, := R¥\ K,.. The proof will be concluded if we show the existence of vy >0 and M > 0 such
that for any € T, with maxc[o,1]/(p(s)) < M there exists s,, € [0,1] such that (y(s, )+ {)(R)NK,, =0
and J(y(sy)) > ¢. By contradiction, assume that for any ¢ > 0 and M > ¢, there exists y, € I' with
maxe(o,1]/(Ve(5)) < M such that for all s € [0, 1] satisfying (y,(s)+¥)(R)N K, # 0 we have J(y.(s)) <c.
Otherwise stated, if s € [0, 1] is such that J(y,(s)) > ¢, then (y,(s) + 1)(R) C K,. Taking subsequences
(€4)nen and (My,),en such that ¢, — 0" and M,, — ¢* as n — oo, we have found a sequence of
paths (¥¢, )uen such that maxgeo,11/ (), (s)) — ¢. By usual arguments (for instance Corollary 4.3 in

Mawhin and Willem [118]]), we find a Palais-Smale sequence (v, ),cn at the level ¢ such that
]}Lr&distyf(vgyl, veZ :J(v)2ciny ([0,1]) = 0. (2.3.2)
Due to the contradiction assumption stated above, we have that if
velveZ :J(v) 2ciny, ([0,1]),

then (v + ¢)(R) C Ke,,- The goal now is to obtain that ¢ = (2j + 1)m for some j € IN*, which will give
the desired contradiction since we assume (2.3.1). Let s, := (7,,),en be an arbitrary sequence in
RR. Using Lemma we have that (v,"),en (with the notations as in the second part of Lemma
is a Palais-Smale sequence at the level ¢ converging (up to subsequences) locally in H' to g°r
a solution of with E(g) <. Using (2.3.2), we have that in fact g is either a constant equal
to o~ or o, g% € F or g°*(—) € F. Therefore, by Proposition [2.2.1]it follows that there exists j € IN*
and sequences ((t),..., t,zlj+1))neN, (T%,...,’l’,%j-'—z))neN in R%*2 and R?*! respectively such that (up
to an extraction)

Vi'e{l,...,2j+2}, tﬁ_l—tfl — 400 as 1 — 0o,
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. . . 27’ 27’ _
vj E{O"--r]}r Jill_)rgvrz(tn] )+1,b(tn])20 ’

Y+t ) = o7,

. 2j’+1
lim v, (¢’
n—oo

Vj/e {17---;2j+2}, (vn+11b)—qj,(-_r[;'i,) —0

strongly in Hl([tzl,t,jqﬂ],IRk) as 1 — oo

with g/" € F if jis even and ¢/'(—) € F if j is odd. Moreover

2j+2

th
fim £+ 9)= lim ) | retmrpr=@ie im
j=1=m
which gives the desired contradiction. O

Notice that if ¢ < 3m, then (2.3.1) holds.

Remark 2.3.1. An interpretation of Lemma can be given as follows: Take a function g which
has energy strictly greater than m, D] applied to q — ¢ has small norm and the trace of g is close
enough to the traces of the elements of 7. Then, 4 must look close to one element of 7 which is
glued to j > 1 cycles in F. Such cycles are as follows: take an element of 7 and glue it to an element
of F with reversed sign to obtain a connecting orbit joining 0~ and ¢*. The energy of 4 must be
then close to (2j + 1)m. This argument is the key of the proof of Lemma An illustration is
shown in Figure In different words words, Palais-Smale sequences which have the type of

behavior described above yield only trivial solutions. The point of assumptions|(H2.7)|and |(H2.10)|

is to exclude such type of behaviors for Palais-Smale sequences.

We obtain the analogous result for symmetric potentials, with an identical proof:

Lemma 2.3.2. Let V be a potential satisfying|(H2.1),|(H2.2)}((H2.3)} ((H2.5)|and [(H2.8)} Let cgym be
the mountain pass value defined in (2.1.12). Then, if we have

Coym € (M, +00) \ {(2j + 1)m: j € N7},

there exists Kgym C RF such that assumption |(H2.10)|is satisfied for some constants vy > 0 and M > c.

2.4 Link with a continuous selection problem

In an ideal situation with no loss of compactness, once the mountain pass levels ¢ and gy, (under
symmetry) are established, one would find heteroclinic solutions from ¢~ and o* at the level ¢
OT Cgypy- As it has been made clear, this is not what we are able to prove in our main Theorems,
except for when the mountain pass value is small enough (see Remark [2.1.1). The purpose of
this section is to show how results of this type could be established by proving some connections
of a constrained minimization problem with a problem of continuous selections, see the book by
Repovs and Semenov [143]] and the references therein. Indeed, we show that under the symmetry
assumptionone can find a convergent Palais-Smale sequence at the level tgyy, provided that

one is capable to select continuously on a set of minimizing 1D solutions in the half line, with a
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Figure 2.3: Illustration of Remark The functions gy and g; represent two globally min-
imizing heteroclinics joining ¢~ and o*. The set K is away from the traces of gy and g;. The
discontinuous curve represents the function with the bad behavior that we want to avoid by
introducing |(H2.7){and [(H2.10)| In particular, this behavior is excluded if the mountain pass
level is below the minimum energy necessary for a function to behave like the discontinuous
curve (see Lemma 2.3.1).

constraint on the initial position. Minimization imposes that this solutions have a convergence at
+00 which depends only on the energy. This allows to find a suitable sequence of min-max paths
inside this set of constrained solutions, in a fashion that the associated Palais-Smale sequence
converges. The main issue with this approach is that we are not able to show that we can perform
such a selection, even in particular simple cases. Nevertheless, we think that this question might
have a positive answer and, hence, could be used to establish existence of heteroclinics at the

mountain pass level. For this reason, we think that the content of this section is of interest.

We begin by stating results regarding a weak Palais-Smale property for J. Let f € L!(R) and
t,t, two real numbers such that tj —t; > 0. Define the set

Fross ={ve # sVee R\ (e, 1),

v(t)+1,b(t)—osign<t—ta>|2 < If(t)l}. (2.4.1)

Proposition 2.4.1. Let ta“, ty two real numbers such that tar —t, >0 and f € Ll(IR). Then, the associated
set Fy- 1« ¢ defined in is closed and convex in 7. Assume that there exist ¢ > 0 and (v,,),eN @
sequence in A satisfying

lim J(v,) =¢,

n—-oo

lim DJ(v,)=0 in #
n—>00

and
lim distzﬂ(vn, Fta,tg,f) =0.

n—-oo

Then then there exists v € # such that v, — v in # up to an extraction.

Proposition follows from Corollary 1.7 in [50], so we skip the proof. Notice that Proposition
can be adapted almost for free to the symmetric setting. Let now N1 be an arbitrary number
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such that
Me (¢*,m").

As we already emphasized before, Lemma implies that all min-maxing sequences of paths
in [y, (2.1.11) will eventually enter the energy level M where “splitting” with respect to any
third well is not allowed, which will remove the first possible source of degeneracy. We put

P :={0} x R*"!. Given u € P, we consider the associated constrained minimization problem:

m(u) :=inf{E(q) : g € A(u)}, (2.4.2)
where
A(u) :={q € Xsym,+ : 9(0) = u}. (2.4.3)
We also define
Pp:={ueP:m(u) <M} (2.4.4)

The most immediate properties of such problem are the following;:

Lemma 2.4.1. Assume that (H2.1)| (H2.2), |(H2.3)} (H2.5)| (H2.8)| and [((H2.9)| hold. Let u € Py,
with Py as in (2.4.4). Then, there exists t > 0 and £ € L'(R), depending only on M (so, in particular,
independent of u) and g(u) — ¢ € F_37¢ such that E(g(u)) = m(u), see (2.4.1). Moreover, any solution

g(u) of (2.4.2) belongs to F 77¢.

In the proof of Lemma we make use of the following result:

Lemma 2.4.2. Assume thatl(HZ.l)l |(H2.2)|and|(H2.3)|hold. Letge Hlloc(IR' IRk) be such that E(q) < C
for some C > 0. For each v > 0, there exists K¢, > 0 independent of q such that the set

Dy, = {t € R: min|q(t) - o > v}
oeX

satisfies £1(DW) <Kc,.

The proof of Lemma is skipped, because it is immediate. We will also use the following
result due Monteil and Santambrogio [125|] (rephrased according to our setting):

Lemma 2.4.3. There exist constants 1)y > 0, v > 0 such that for any g € X(67,07), and t*,t~ such that
t* —t= >0 and |q(t5) — 0F| < 1o, then we have E(P*[q]) < E(q) where

Pi[q](t) = oF + E(t)|q(t) - O‘i| ift + ti.< 0 and |q(t) — O—il > f(t);
q(t) otherwise,

where £ € L'(IR).

We refer to [125]] for a proof.

Proof of Lemma(2.4.1] Let (q,),en be a minimizing sequence for the problem (2.4.2). By Lemma
we get g(u) € Hlloc(lR, R¥) such that g,, — g(u) locally uniformly, g,, — g(u) pointwise in R and
g,, — g(u) weakly in &, up to an extraction.

Step 1. g(u) € X(0~,0%).
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Since m(u) < N, we can assume up to an extraction that for all n € IN we have E(g,) < N

Applying the local uniform convergence and Lemma we get that g(u) satisfies (2.2.10).
Moreover, we have for allne N, g, € Xsym,+» which implies that

VnelN, inf{lg,(t)—o7|:t >0} >inf{|q, (t)+1]:t>0}=1>0,
where ¢, 1 is the first component of gq,,. Using the local uniform convergence we obtain that
inf{lg(u)—0o7|: t >0} >0,

which along with implies that lim;_,, , g(u)(x) = o*. Similarly, we obtain lim,_,_., g(u)(t) =
0.

Step 2. g(u) € Xgym,+, 9(u)(0) = u and E(g(u)) = m(u).

For the first two identities, it suffices to use that for all n € IN, g,, € Xy, + and the local uniform
convergence. The third one is due to the fact that (g,),en is @ minimizing sequence and the usual
lower semicontinuity arguments.

Step 3. There exists > 0 and f € L!(R), depending only on M, such that if §(u) is a solution to
(2.4.2), then G(u) € F_75¢.

We apply Lemmato g(u). Since E(§(u)) = m(u) < M, there exists f > 0 depending only on
M and the fixed constant 7 (see Lemma such that

l§(u)(t) - o™ < 110. (2.4.5)
Notice also that, by minimality §(u) solves the ODE
g(u)” = VV(§(u)) in (0, +o0). (2.4.6)

Lemma |2.4.3|and (2.4.5) allow us to project g(u) into the funnels in the interval (¢,+c0) (and
(—00,—t) by symmetry). This gives a function § € F ;7 as in (2.4.1) such that

Yt e[0,t], 4(t)=qg(u)(t) (2.4.7)

and
E(9) < E(G(u)). (2.4.8)

Equality implies that §(0) = §(u)(0) = u. Therefore, by we have that § is a solution for
the minimization problem (2.4.2). Again by minimality, we have that § solves the same second
order ODE in (0,+c0). Since both 4§ and §(u) belong to C2((0,+c0),IRK), equality
implies

Vie(0,1), §'(t)=g(u)(t). (2.4.9)

Hence, we deduce by (2.4.7) and (2.4.9) that for all t > 0, we have §(u)(t) = §(t), due to Cauchy-
Lipschitz Theorem. By symmetry, we have in fact §(u) = § € F_;7¢ in R, which concludes the

proof. O]

The function f is in fact exponential and it has an explicit form, see Lemma 19 in [125].
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Remark 2.4.1. As one may see by checking the proof of Lemma the symmetry assumption
(H2.8)is necessary for working out such proof. In particular, one needs to exclude that the limit of
a minimizing sequence is a function g € Hlloc(IR' R¥) of the type

lim g(t)=o€f{o,0"},

X—+00

which would not belong to the admissible set. Symmetry is a possible way to exclude such
a possibility. For general potentials, we cannot find a way to avoid the previous behavior for
minimizing sequences corresponding to any m(u) < 1. We only know that the g obtained above
would verify E(q) > m, which is, in fact, what allows to establish (by lower semicontinuity) the
existence of globally minimizing solutions in the general case. Nevertheless, the value tgy, being
rather unknown, we are not able to establish an inequality of the type “E(g) > m(u)" for m(u)

“close” to sy, which leaves us one argument short.
We fix the constant f for the latter. For u € P, we define the set of solutions
S(u) :={q € Xsym,+ : 4 € A(u), E(q) = m(u)},
where A(u) was defined in (2.4.3). Notice that Lemma 2.4.1]can be shortly rewritten as
Yue€ Py, S(u)=0and S(u)-1p CF_z5¢.
Remark 2.4.2. If u € P and g(u) € X5 is such that E(g(u)) = m(u), then g(u) solves
g(u)” = VV(g(u)) in (=e0,0) U (0, +co).

In generic situations lim;_,o- g(u)’(0) will not coincide lim;_,y+ g(u)’(0), meaning that g(u) does not

necessarily extend to a solution of the system in the whole RR.

To sum up, we found that the set-valued map
Sy :uePp—Su) -y (2.4.10)

is such that for any u € Py, Sz (u) is a non-empty subset of F_zz¢ N (Xsym + — ). It can now be
easily seen that Proposition and Lemma imply that the existence of a mountain pass
heteroclinic solution in Xy, , as long as we are able to solve a continuous selection problem. For

that purpose, let us define the class of paths
Pii={p €C([0,1], Pn) : Vi €{0,1}, p(i) € {9(0): 9 € Vsym,i}} (2.4.11)

where the sets Vi, ; are as in (2.1.10). The paths in Py can be seen as the trace in P of the paths

in the mountain pass family [y, which leads to the following formulation of the result:

Corollary 2.4.1. Assume|(H2.1)}|(H2.2),((H2.3),((H2.5)} |((H2.8)|and |(H2.9)|hold. Assume moreover
that for any p € Py, Py as in (2.4.11), there exists y, € Ly such that

Vse[0,1], yp(s) € Sz(p(s)), (2.4.12)
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where the map Sg is as in (2.4.10). Then, there exists w € Xy 4 a solution to (2.1.1) such that
E(u) = toym-

Proof. Due to the definition of tgyy, in (2.1.12), there exists (7,),en @ sequence in [y, such that

lim max J(y,(s)) = coym- (2.4.13)

n—+00 56[0,1]

Since cgym < M, we can assume without loss of generality that

sup max J(y,(s)) <M. (2.4.14)
neN s€[0,1]

Consider the associated sequence
pn:s€(0,1] = y,(s)(0) € P.

Notice that the fact that (y,,),en is a sequence in [y, and (2.4.14) imply that for all n € N, p,, € Py
as defined in (2.4.11). Therefore, for each n € N there exists »,, := y, € [y such that p, fulfills

(2.4.12) for p,,. As a consequence, Lemma implies

Ve N,Ys€[0,1], J(7u(s)) < J(ya(s)) (2.4.15)

and
VnelN,Vse[0,1], Pu(s) € F_gre N (Xsym,+ — P)- (2.4.16)

Using (2.4.13) and (2.4.15), we have that

lim max J(y,(s)) =c¢
n_>+0056[0,)1(]](7n( ) sym
where t > 0 and f € L!(IR) are given by Lemma Therefore, by classical results already used in
this chapter (e. g. Corollary 4.3 in Mawhin and Willem [118]]) we obtain a Palais-Smale sequence
(¢,)nen the associated with min-maxing sequence of paths (7,),cn. Due to (2.4.16)), (u,,),en fulfills
the additional assumptions of Proposition Moreover, the sequence (u,),cnN is such that

lirP distg (1, + 1, Xeym,+) = 0. (2.4.17)
n—+o0o

Therefore, Proposition yields the existence of u—1 € # such that u,, — 1 — ¢ strongly in #
up to an extraction. The strong convergence of the Palais-Smale sequence implies that E(u) = tgyp
and u solves (2.1.1). By (2.4.17), we have that u € Xy, ,, which concludes the proof. O

We do not see how the existence of the selection maps required by Corollary could be
proven, as the results we can find on continuous selections (see [143]] and the references therein)
do not seem to apply to the set-valued map S, the main issue being its potentially complicated

structure. Therefore, so far we are only able to prove an “if" result such as Corollary
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This chapter corresponds to the preprint [|130|], with some minor presentation modifications.

Abstract. In this chapter we show the existence of traveling waves w : [0, +o0) x R> — R¥ (k > 2)

for the parabolic Allen-Cahn system
dyw —Aw = -V, V(w) in [0, +00) x R?,

satisfying some heteroclinic conditions at infinity. The potential V is a non-negative and smooth
multi-well potential, which means that its null set is finite and contains at least two elements. The
traveling wave w propagates along the horizontal axis according to a speed ¢* > 0 and a profile
. The profile 1l joins as x; — +co (in a suitable sense) two locally minimizing 1D heteroclinics
which have different energies and the speed ¢* satisfies certain uniqueness properties. The proof is
variational and, in particular, it requires the assumption of an upper bound, depending on V, on

the difference between the energies of the 1D heteroclinics.

Résumé. Dans ce chapitre, nous établissons l’existence d’ondes progressives w : [0, +c0) x R?> —
R¥ (k > 2) pour le systéme du type Allen-Cahn parabolique

dyw—Aw = -V, V(w) in [0, +00) x R?,

qui satisfont certaines conditions hétéroclines a 'infini. L'onde progressive w se propage au long de
'axe horizontal suivant une vitesse c* et un profil 1l. Lorsque x; — +oo, le profil 1l connecte (dans
un certain sens) deux orbites hétéroclines unidimensionnelles qui ont des énergies différentes. La
vitesse c* satisfait certaines propriétés d’unicité. La preuve est variationnelle et, en particulier, nous
faisons I’hypothese que la différence entre les énergies des hétéroclines est bornée supérieurement

par une constante dépendante de V.

3.1 Introduction

Consider the parabolic system of equations

dyw—Aw = -V, V(w) in [0, +00) x R?, (3.1.1)
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where V : RK - R is a smooth, non-negative, multi-well potential (see assumptions|(H3.1), [(H3.2)
(H3.3)|later) and w : [0, +o0) x R? — R, with k > 2. We seek for traveling wave solutions to (3.1.1).

That is, we impose on w
V(t,x1,%5) € [0,+00) x R?, w(t,x1,x,) = U(x; = c*t,x3),

where 1l : R?> — Rk is the profile of the wave and ¢* > 0 is the speed of propagation of the wave,
which occurs in the x;-direction. Both the profile and the speed are the unknowns of the problem.
Replacing in (3.1.1)), we find that the profile 1l and ¢* must satisfy the elliptic system

—c* 9 U-AU=-V, V() in R%. (3.1.2)

The system can be seen as a reaction-diffusion system. Since the early works, motivated
by questions from population dynamics, of Fisher [[80] and Kolmogorov, Petrovsky and Piskunov
[105]), devoted to a scalar reaction-diffusion equation in one space dimension known today as
the Fisher-KPP equation, traveling and stationary waves are known to play a major role in the
dynamics of reaction-diffusion problems. For instance, in [79, 78], Fife and McLeod proved
stability results for the equations considered in [80}/105]. Regarding higher dimensional problems
(but always in the scalar case), existence results for traveling waves were obtained by Aronson
and Weinberger [20]] for equations with RN as space domain and by Berestycki, Larrouturou
and Lions [35], Berestycki and Nirenberg [39]] for unbounded cylinders of the type R x w, with
@ C RN~ a bounded domain. We also mention that asymptotic stability results (for a suitable
class of perturbations) for traveling waves in the scalar Allen-Cahn equation in RN were obtained
by Matano, Nara and Taniguchi [115].

All the papers mentioned above are devoted to scalar equations and they rely on the application
of the maximum principle and its related tools. As it is well-known, the maximum principle
does not apply in general to systems of equations, meaning that other techniques are needed
in order to study the existence of traveling waves (and their properties in case they exist) for
systems. Different, more general, approaches had been taken in order to circumvent the lack of the
maximum principle when dealing with parabolic systems. We refer to the books by Smoller [[156]
and Volpert, Volpert and Volpert [[169]. One of these approaches consists on the use of variational
methods. In the context of reaction-diffusion equations, this approach seems to appear for the first
time in Heinze’s PhD thesis [93|] (even though the existence of a variational framework for reaction
diffusion problems was known since [79}78]]) and subsequently carried on also by Muratov [128],
Lucia, Muratov and Novaga [110], Alikakos and Katzourakis [13] (see also Alikakos, Fusco and
Smyrnelis [12]), Risler [145,|146| 144] and, more recently, by Chen, Chien and Huang [68]]. In the
latter, the authors consider a parabolic Allen-Cahn system in a two dimensional strip Rx(-/,/) and
find traveling waves which join a well and an approximation of an heteroclinic orbit in (-/,1), for a
class of symmetric triple-well potentials. Lastly, we mention that variational methods have also
been applied to scalar reaction-diffusion equations, see for instance Bouhours and Nadin [55] for
the case of heterogeneous equations as well as Lucia, Muratov and Novaga [111]. In this chapter

we shall also take a variational approach for dealing with the following question:

Question: Assuming that there exist two heteroclinic orbits, joining two fixed wells, with
different energy (defined in (3.2.1)) levels, does there exist a solution (c, 1) to (3.1.2) such that 1l
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joins the two heteroclinic orbits at infinity, uniformly in x;?

Heteroclinic orbits are curves g : R — RF which solve the equation
9" =V,V(g)inR

and join two different wells of X at +co. Moreover, one asks that the 1D energy (i. e., the functional
associated with the previous equation, see (3.2.1)) is finite. We show that, under the proper
assumptions, the question we posed has an affirmative answer. Our motivation comes from two

different sides:

1. Stationary heteroclinic-type solutions of have been known to exist in several situations
for a long time. Indeed, for a class of symmetric potentials, Alama, Bronsard and Gui in
[3]] showed the existence of a stationary wave (that is, a solution to with ¢ = 0) in the
situation such that two heteroclinics with equal energy levels exist and are global minimizers
of the 1D energy. Their analysis was later extended to potentials without symmetry in several
papers, which in some cases obtained similar results by means of different techniques. See
Fusco [83], Monteil and Santambrogio [125] (an extension of the previous work by the same
authors [124] for the finite dimensional problem), Schatzman [153], Smyrnelis [157]. A key
observation is that this problem can be seen as a heteroclinic orbit problem for a potential
(the 1D energy, see (3.2.1)) defined in the infinite-dimensional space L?(R, R¥). Therefore, it
is natural to aim at solving a connecting orbit problem for potentials defined in, say, Hilbert
spaces and then deduce the original problem as a particular case. This is the approach taken

in [125] (in the metric space setting) and in [[157] (in the Hilbert space setting).

2. Alikakos and Katzourakis [13]], showed the existence of traveling waves for a class of 1D
parabolic systems of gradient type. Essentially, they assume that the potential possesses
two local minima (one of them global) at different levels. Hence, their potential is not of
multi-well type in general. The profile of the traveling waves connects the two local minima

at infinity and the determination of the speed becomes also part of the problem.

The results of this chapter follow by suitably merging the ideas of the previous items. More
precisely, we formulate and provide solutions for a heteroclinic traveling problem as that in [13] for
potentials defined in an abstract Hilbert space. Then, we recover as a particular case the existence

of a traveling wave solution for (3.1.1) with heteroclinic behavior at infinity.

3.2 The main results: Statements and discussions

We now state the results of this chapter. In Theorem [3.1 which is the main result, existence of a
traveling wave solution with speed ¢* and profile 1l is established as well as the uniqueness (in
some sense) of ¢* and the L? exponential convergence of 1l at the limit x; — +oo. For proving
such a result, we use the bound assumption In Theorem we show that under the
additional assumption the condition at infinity as x; — —oo can be strengthened with
respect to that given in Theorem[3.1]and in particular we show that the solution converges at —co
at an exponential rate. In Theorem we show that under the previous assumptions we have
uniform convergence of the solution in the x; and the x; direction. Assumption[(H3.7)|is also used
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for proving Theorem (3.4, which gives further properties on the speed ¢*. We conclude this section
by describing the outline and main ideas of our proofs (Section|3.2.6) as well as giving examples of
potentials that verify the assumptions of this chapter (Section(3.2.7).

3.2.1 Basic assumptions and definitions

Before stating the results, we recall some standard assumptions, definitions and results and
we introduce some notation. The multi-well potentials V considered in this chapter satisfy the

following:

(H3.1). Ve Clzoc(IRk) and V > 0 in R¥. Moreover, V(1) = 0 if and only if u € ¥, where, for some
1>2
Y :={oy,...,00}.

(H3.2). There exist &g, o, Ry > 0 such that for all u € R* with |u| > Ry it holds (V,, V (1), u) > ao|u|?
and V(u) > .

(H3.3). For all o € ¥, the matrix D?V (o) is positive definite.

As we advanced before, one considers the 1D energy functional
1 /
E(q) = Le(q)(t)dt = fm (S0 + Vigo]dr, g€l R R, (3.2.1)

Given a pair of wells (03, 0;) € Y2, as done for instance in Rabinowitz [[136] we define

X(05,07) i= {q € Hl, (R RY) : E() < +o0 and lim q(r) = oy, lim q(t) = aj},
the set of curves in R¥ connecting o; and oj. The space X(0;,0;) is a metric space when it is
endowed with the L? and the H! distances, since g — 4 € H'(R, R¥) whenever g and 4 belong to
X(0j,07). If g is a critical point of the energy E in X(0j, 0j), we say that g is an homoclinic orbit when
o; = 0j and that g is an heteroclinic orbit when o; = 0;. Define as well the corresponding infimum
value
Mg, o = inf{E(q) : g € X(0;,0})}. (3.2.2)

If 0~ and o* are two distinct wells in ¥, it turns out that m,-,+ is not attained in general. We need

to add the following assumption:

(H3.4). We have that
VoeX\{o7,0"}, my-g+ <Mg-y + Mg

Notice that one can always find a pair (07,0%) € X2 such that|(H3.4)|holds. Assuming that
[(H3.1), [(H3.2)| [(H3.3)| and [(H3.4) hold, it is well known that there exists a minimizer of E in
X(07,0%). Moreover, we have the compactness of minimizing sequences as follows: For any

(4n)nen in X(07,07%) such that E(g,) — m, there exists (7,),en in R and g € X(07,0") such that
E(g) = m and, up to subsequences

g, (- + 70) = 0ll 1 (R R¥F) — 0 @s 1 — +oo. (3.2.3)
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As we said before, this result is well-known. The earlier references are Bolotin [51]], Bolotin and
Kozlov [52], Bertotti and Montecchiari [40|] and Rabinowitz [138}|142], sometimes in a slightly
different setting. Proofs and applications of the compactness property are also given in
Alama, Bronsard and Gui [3]], Alama et al [2] and Schatzman [[153].

We fix the two wells 0~ and o7 for the rest of the chapter as well as m := m;-,+. According to

the previous discussion, we have that the set
F:={g:9€X(07,0")and E(g) =m}, (3.2.4)

is not empty. We term the elements of F as globally minimizing heteroclinics between ¢~ and ¢™.
The term heteroclinics comes from the fact that 0~ and o are different. An important fact is that,
due to the translation invariance of E and X(0~,0%), we have that if g € F, then for all Tt € R it
holds g(-+ 7) € F.

3.2.2 Existence

The assumptions|(H3.1)} |(H3.2)} (H3.3)|and |(H3.4)|stated before are classical. In order to obtain
our results, we shall supplement them with the following one, which is more specific to the setting

of this chapter:

(H3.5). Assume that [(H3.1)| |(H3.2), [(H3.3)[and [(H3.4)| hold for the potential V. We keep the

previous notations. We assume the following:

1. It holds that ¥~ :=F ={g7(-+ 1) : T € R} for some g~ € X(67,0"), where F was defined in
(3.2.4). We also set m™ :=m.

2. There exists m* > m™ and g* € X(07,07) such that E(g") = m* and g* is a local minimizer of
E with respect to the H! norm. We denote F* := {g*(-+7): T € R}.

3. We have the spectral nondegeneracy assumption due to Schatzman ([153]]): For all g €
X(0~,0%), let A(q) be the unbounded linear operator in L?(R, R¥) with domain H?(IR, R¥)
defined as

A(q):v — —v” +D?*V(q)v,

then, it holds that for any g € 7~ U F* we have Ker(A(qg)) = {q'). The fact that g’ € H*(RR, R¥)
follows from the identity g””” = D?V(q)g/.

Notice that if we had m* = m~ we would be in the framework of Alama, Bronsard and Gui [3],
for which the 2D solution connecting g~ and g7 is stationary. Essentially, conditions 1. and 2. in
imply that g~ is a globally minimizing heteroclinic and g* is a locally (but not globally)
minimizing heteroclinic. Regarding assumption 3., introduced in [153]], it must be seen as a
generalized non-degeneracy assumption for the minima. They are still degenerate critical points
because every critical point of E is degenerate due to the invariance by translations. Nevertheless,
the assumption 3. implies that they are non-degenerate up to invariance by translations. As shown in
[153], such a condition is generic in the sense that given a potential satisfying 1. and 2. one can

always find a potential which verifies 1. 2. (with the same minimizers) and 3. and it is arbitrarily
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ot

Figure 3.1: Situation described by |(H3.5)l The curves correspond to the traces of g~ and g% as
indicated. The shadowed regions correspond to the traces of the functions in 7 and .7-"p *, which
0

are a neighborhood of 7~ and F* respectively.

close to the given potential'. The most important consequence of this assumption, as proven in

[153], is the existence of two constants pJ > 0 and p, such that

VgeL} (RR"), distrogpe(q,F*)<pd (3.2.5)
= Alr*(g) e R: llg — % (- + 7(9) 2 (r vy = distrz g ve) (9, F )

and for some constant f* we have
Vq (S X(G_, G+), diStHl(IR’IRk)(q,fi) < pg = diStHl(]R,IRk)(q,./Ti)z < ﬁi(E(q)—mi) (326)

In fact, in [153] this is only proven for global minimizers but the proof readily extends to local

ones as well. Notice that (3.2.5) and (3.2.6) state that the energy is quadratic around ¥~ and F*¥,
which is the infinite-dimensional analogue of |(H3.3), taking into account the degeneracy generated
by the group of translations. We will define for r > 0 the sets

FEi={qe L (R RY): disty2 g re)(q, F*) < 1), (3.2.7)

so that we can assume without loss of generality that .7-;) * NFy = 0. See Figurefor an explanatory
0
design of [(H3.5)| Let us now assume that m* —m™ is bounded above as follows:

(H3.6). Assume that[(H3.5)/holds and, moreover,
0<m®—m~ <Epay
where E,, will be defined later in (3.2.23). Moreover, assume that
{geX(07,07):E(q)<m™} C Foer2r
with ]:(3_6/2 as in (3.2.7).

See also Figure Essentially, [(H3.6)|requires that m~ — m™" is not too large and the bound
is given by a constant E,, that can be computed through the constants produced in (3.2.5) and
(3.2.6) as a consequence of |(H3.5)} If|(H3.6) holds, then we are able to answer the question that we

10One can think about the analogy between this property and the classical results for Morse functions (i. e., functions
without degenerate critical points), which state that such type of functions are generic.
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posed at the beginning of the chapter in a positive way. More precisely, recall the equation of the
profile:
—cd, U-AlU=-V, V() in R? (3.2.8)

and consider the conditions at infinity

L™ € R, Vxl <L, ll(xl,-) € %%/2' (329)
IRV 2L, U, e Fy, (3.2.10)

As stated before, our proof is variational, which implies that the profile 1l can be characterized as
a critical point of a functional. The variational framework is as follows: assume that|(H3.6) holds

and set

- 1 2 kyy .
§:={U € Hy (RLA(RRY): AL2 LYx; 2L, Ulx,) € Fyiy

Vx1 <-L, U(xy,-) € };7_6/2}'

For U € S and ¢ > 0 we define the energy

|ax1 U(x1:9<2)|2

E» (U):= LR(LR T + (E(U(x, ) —m) | .

Formally, critical points of E, . give rise to solutions of (3.2.8). If U € S, we can define the translated
function U := U(-+ 7,-) for T € R. Then, for all ¢ > 0 we have

EZ,C(UT) = e_CTELc(U)
which implies that
Ye>0, inf E, (U) € {—0c0,0}.
UeS

We have by now introduced the notations which allow us to state the main result of this chapter:
Theorem 3.1 (Main Theorem). Assume that|(H3.6)|holds. Then, we have:

1. Existence. There exist ¢* > 0 and 1l € C**(R%,RF)NS, a € (0,1), which fulfill (3.2.8). The profile
U satisfies the conditions at infinity (3.2.9) and (3.2.10) as well as the variational characterization

Ey () = 0 = inf Ey o (U). (3.2.11)
UeS
2. Uniqueness of the speed. The speed c* is unique in the following sense: Assume that c* > 0 is

such that

inf E,=(U)=0
Ues 2e(U)

and that W € S is such that (c*,11) solves (3.2.8)) and Ezf*(ﬁ) < +oo. Then, ¢* = c*.

3. Exponential convergence. The convergence of 1| at +co is exponential with respect to the L?>-norm.
More precisely, there exists MU* > 0 and t* € R such that for all x; € R

(1) =97 (- + T2 R < mre . (3.2.12)
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Remark 3.2.1. The existence part of Theorem states that there exists a solution (c*,1l) such
that 1l is a global minimizer of E. in S. We also have that the speed ¢* is unique for some class of
solutions, namely for finite energy solutions and speeds for which the corresponding energy is
bounded below in S. In particular, ¢* is unique among the class of globally minimzing profiles. In
other words, if ¢ > 0 is such that the infimum of E, in S is attained, then ¢ = ¢*. This is analogous
to what it was shown in Alikakos and Katzourakis [13]]. As explained in the introduction, the
main drawback of our approach is the existence assumption In particular, the definition
of the upper bound E,,, is technical and it is possible that in several situations it could be small.
Nevertheless, in Section [3.2.7|we show that there exists examples of potentials for which
holds.

Figure 3.2: Representation of |(H3.6), While the larger shadowed region corresponds to Fosr2 the

smaller one which is contained inside represents the set {g € X(07,0%) : E(q) < m*}. Moreover,
the value m* — m™~ must be smaller than E,,,, defined in (3.2.23).

3.2.3 Conditions at infinity

The solutions given by Theorem [3.1]satisfy the conditions at infinity (3.2.9) and (3.2.10). As we can

see, condition (3.2.9) is more imprecise than expected, as it only states that 1l(xy,) is not far from

F~ with respect to the L? distance when x; is close enough to —co. In particular, we cannot ensure
that 1l is really heteroclinic, in the sense of connecting two stable states as x; — *oco. Therefore, it

is reasonable to wonder if we can establish a behavior of the type
dr7eR, [U(x1,) =g (- + 7))l re) — 0as x; — —oo, (3.2.13)

so that 1l is an actual heteroclinic. While (3.2.13) was established in [13], their argument does not
seem to apply to the infinite-dimensional setting, which means that new ideas are needed. We
have been able to show that (3.2.13) holds under the following additional assumption:

(H3.7). We have that assumption|(H3.6) holds and, additionally:

(1 o)?
2 ’

m"-m <

where the constants by and p~ are defined later in (3.2.21) and (3.2.22) respectively.

Assumption |(H3.7)|is not too restrictive (at least with respect to the assumptions we already
have), since an upper bound on m* —m~ is already imposed in|(H3.6), meaning that at worst one
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only needs to lower it. The definition of the constant by is essentially technical and depends only
on the distance between the sets 7~ and F 7, while y~ depends only on local information around
F~. Anyway, the result given by|(H3.7)|writes as follows:

Theorem 3.2. Assume that|(H3.6) and|(H3.7) hold. Let (c*,l) be the solution given by Theorem 3.1
Then, W satisfies the stronger condition (3.2.13). Moreover, it holds that c* < u~, y~ to be defined later
in (3.2.22)), and there exists M~ > 0 such that for all x; € R

() = g7+ T)llp2mmey < Moel =M (3.2.14)

The natural question is whether (3.2.12) in Theorem [3.1]and in Theorem [3.2]can be
improved. In particular, whether the L?>-norm can be replaced by the H!-norm. We conjecture that
the answer to this question is positive, but we do not have a proof of this fact. However, as one can
check in Smyrnelis [[157] and Fusco [83], such a fact holds for the balanced 2D heteroclinic solution.
They obtain these properties by combining standard elliptic estimates with some properties which
are intrinsic to minimal solutions of the elliptic system with ¢* = 0. See the results of
Section 4 in Alikakos, Fusco and Smyrnelis [12]], mainly based on Alikakos and Fusco [10]]. The
main obstacle is that even if one was able to extend their analysis to the case ¢* > 0, a crucial
hypothesis of in their results is that solutions are minimal with respect to compactly supported
perturbations, but the solution of Theorem [3.1|is only locally minimizing (due to the fact that g* is

a local minimizer of the 1D energy). Therefore, we leave this question open. Nevertheless, besides

the L2-convergence rates (3.2.12) and (3.2.14) on can prove uniform convergence both in the x;

and the x, direction:

Theorem 3.3. Assume that|(H3.6)|holds. Let (c*,1l) be the solution given by Theorem Then, we
have that

xllijjoo”u(xlx =g (-+ T+)||L°°(1R,1Rk) =0 (3.2.15)
and for all L € R we have
lei_)niﬁoo||u(‘:xz) — 0| oo (L, +00) RY) = O- (3.2.16)

If, moreover, holds, then we have

lim [[U(x1,-) =97 (- + T)llLorrE) = 0 (3.2.17)

X1 ——00

and (3.2.16) can be improved into

lim [(xp) = 0%l eo(r v = O- (3.2.18)

Xy—>+00

3.2.4 Min-max characterization of the speed

We provide here a min-max characterization of the speed ¢* and other related properties which
are summarized in Theorem The idea of providing a variational characterization for the
speed of traveling waves in reaction-diffusion systems can be traced back to Heinze [93], Heinze,

Papanicolau and Stevens [94]] and it was used later in several other papers [13}/55,/110,/111,|128].
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Theorem 3.4. Assume that|(H3.6)|and |(H3.7)|hold. Let (c*,1l) be the solution given by Theorem (3.1
Then for any Il € S; such that

EZ,C*(ﬂ) =0
we have that (c*,11) solves (3.2.8) and

* = m’ —m- (3.2.19)
sz|9x1ﬂ(xlrxz)|2dxzdx1' -

In particular, the quantity fmzlaxlﬂ(xl,xQ)Izdxzdxl is well-defined and constant among the set of

minimizers of E, . in S. Moreover, it holds
c* =sup{c>0: inf E, (U) = —co} =inf{c > 0: inf E, ,(U) = 0} (3.2.20)
Ues Ues

and we have the bound

2(m —m-
C*SM<mln %’I/l_
bo bo

where by, p~ and E . will be defined later in (3.2.21)), (3.2.22) and (3.2.23)) respectively and the second
inequality follows from the bound on m™ —m~ given by|((H3.6)|and |(H3.7)

Remark 3.2.2. Notice that the conditions at infinity imply that any U € S is such that

d. U(xy,x,)|?
J [0, U(xy,x2)| dxyd >0
R2 2

As it can be seen, Theorem [3.4]shows that the speed c* is characterized by the explicit formula
(3:2.19), which nevertheless requires knowledge on a profile 1l. However, one also has the varia-
tional characterization (3.2.20), which does not involve any information on the profiles. Indeed,
one only needs to be able to compute the infimum of the energies with ¢ > 0 as a parameter.
Moreover, notice that combining with the uniqueness part of Theorem|3.1} we obtain that
if ¢ > c* and (¢, 1), with 1l € S, solves (3.2.8), then E» (1) = +co0, which is actually a contradiction.
On the contrary, if we take ¢ < ¢*, then (3.2.20) implies that inf;cg E; (U) = —co, meaning that
Theorem [3.1]does not apply and nothing else can be said.

3.2.5 Definition of the upper bounds

We will now define some important numerical constants which are necessary in order to formulate
assumptions [(H3.6) and |(H3.7), Assume first that|(H3.5) holds. Let py as in (3.2.5) and (3.2.6).
Recall that we chose p{ and p; such that

+ - _
Fos N T =0

and, since those two sets (see the definition in (3.2.7)) are L?-closed due to the local compactness
of the sets F~ and F*, we have that

bo = diStLQ(HQ,]Rk)(‘};)E/Z";E;)_a/Z) (3221)
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is positive. Therefore, as we advanced before, one can see that the constant dy depends only on

the distance between the two families of minimizing heteroclincs. Next, under|(H3.5), recall the

constants B* from (3.2.6). Set
B 1= S PUF* P + (4 1)) > 0

and, subsequently
1

poi=—=>0 (3.2.22)
B+
which is the constant appearing in|(H3.7)| Of course, the nature of the definition given in (3.2.22)

obeys to technical considerations. But p~ should be thought as a constant depending only on the

local behavior of the energy around ¥~ and, in particular, independent on the behavior of the

energy near F'. Now let for r € (0, pg]
¢; :=inf(E(q): g € X(0™,07), distro (g gy (4, F ) € [1, 5 1)

Known results which follow from compactness of minimizing sequences (see for instance Schatz-
man [153])) imply that ¢ > 0. Moreover, we also have that for r € (0, p;] there exists v*(r) > 0 such
that

Vg€ ]-;—%/2, E(q) - m* < v*(r) = distyy g gey (9, F5) < 7.

This leads to define the constants

57 = min{\/e—l N ) %0} >0,

-._ _Po
o= 541 >0
and
1 [
Emax := (/3_)2(/3_+1)m1n{ 4 B~V (r7),v (50)}>0 (3.2.23)

which is the constant appearing in [(H3.6), Again, the definition on E,,, is essentially due to
technical reasons, but it must be thought as a constant which only depends on local information

around F~.

3.2.6 Methods and ideas of the proofs

The main result of this chapter is Theorem which establishes the existence of a solution (c*,1l),
with the profile 1l satisfying the heteroclinic asymptotic conditions (3.2.9), (3.2.10). We also prove
an exponential rate of convergence for the profile at +co (with respect to the L>-norm). We finally
show that the speed c* has some uniqueness properties. Important properties on the profile
and the speed, as well as improvements on the results under additional assumptions, are also
established in Theorems and

As already stated, the proof of our results follows by bringing together two different lines of
research, see items 1. and 2. in the introduction. More precisely, in the spirit of [|125}153], we

adapt the result of Alikakos and Katzourakis [13] (actually, we rather follow more closely the
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simplified version given in Alikakos, Fusco and Smyrnelis [12]) to potentials defined in an abstract,
possibly infinite-dimensional, Hilbert space and possessing two local minima at different levels.
This abstract setting is established in Section [3.4{and the main abstract results are Theorems
and The proof of these results is found in Section[3.5] Assumption guarantees that
our main results (Theorems 3.4) are a particular case of the abstract results. Naturally, the
advantage of proving the results in an abstract framework is that one can apply them to several
problems different than the original one. In our case, the results in this chapter apply to the 1D
system
dyw—d*w = -V, W(w) in [0,+c0) X R,

where W is a smooth potential bounded below possessing two local and non-degenerate minima
at different levels. As said before, this is formally the system considered in [[13]], but the results of
this chapter allow to somewhat relax the non-degeneracy assumption used in [13]]. More details,
as well as other extensions, are given in Chapter

Generalizing the result from [13] for curves taking values in a more general, possibly infinite-
dimensional, Hilbert space raises several additional difficulties. A detailed outline of our proof is
given in Section but let us here try to motivate the main difficulties of the problem we are
facing.

As pointed out before, the approach in [13] is variational. A family of weighted energy
functionals (essentially those introduced in Fife and McLeod [79, |78]]) depending on a speed
parameter ¢ > 0 is considered. In order to make the functionals well defined in the space of curves
that connect the minima, the global minimum of the potential must be negative and the local one
must be zero, which is always true up to an additive constant. As a consequence, one deals with an
energy density which changes sign, which is in contrast with the equal depth (balanced) case, for
which the energy is always non-negative. Recall that finite energy 1D connecting heteroclinics
between two wells at the same level must be stationary. Another difficulty of the heteroclinic
traveling wave existence problem comes from the fact that not only the profile but also the speed
of the wave is an unknown as well.

The method used in [13] is an adaptation of that introduced in Alikakos and Fusco [11] for
the equal depth case. This method consists on considering families of solutions with prescribed
behavior outside an interval of length 2T (namely, they are forced to stay close to the respective
minimum) and minimizing the weighted energy functionals seeing the speed as parameter. Since
compactness is restored due to the constrains, the problem has a solution for each c>0and T > 1.
These ideas can be adapted to our setting without major difficulty. The next step consists on
determining the solution speed ¢* and then showing that for ¢* and a suitable T the corresponding
constrained minimizer does not meet the constraints, meaning that it is an actual solution. Since
the energy functionals change sign, one needs to show that the constrained minimizers do not
oscillate between positive and negative regions of the energy (which would produce compensations)
inside arbitrarily long intervals as T goes to infinity. In order to show that, the authors in [13]
assume that the local minima are isolated and that in the negative region of the functional one
has strict radial monotonicity with respect to the global minimum. Subsequently, they use this
property in combination with the ODE system and minimality arguments in order to exclude
oscillations.

For several reasons, the previous idea does not seem available in our setting without substantial
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modifications. Despite the fact that, as we show in Chapter (3| one can adapt the assumption
of [13]] for potentials in infinite-dimensional spaces with possibly degenerate minima, in this
case we have trouble showing that our original problem can be put as a particular case of the
abstract one. In other words, it does not seem reasonable to expect that such adaptation of the
radial monotonicity assumption of [13] would be met in our original problem. Indeed, one would
need to prove some kind of radial monotonicity for the energy E (see (3.2.1))), in some suitable
subset. We think that this might be too restrictive and we cannot prove it even for simple explicit
examples. The difficulty comes from the fact that, while in the finite-dimensional case one can
directly modify the potential, the level sets of E depend on a rather indirect way on the potential
V and they are infinite-dimensional manifolds. Therefore, the most important difficulty of our
problem is to replace the radial monotonicity assumption of [13] by another one which can be
met in our situation and which allows to obtain a similar type of conclusion (namely, exclude
oscillatory behavior for the constrained minimizers in arbitrarily large intervals). We have been
able to provide one assumption, which plays this role. It consists on imposing an upper
bound on the difference between the energy levels. This upper bound is (the abstract version of)
the constant £,,,, defined in (3.2.23), Section It enables us to exclude oscillations on the
minimizers because the (renormalized) energy is positive outside the region in which the solution

is constrained. Once oscillations are excluded, we conclude the proof as in [13].

The main drawback of our proof is that the computation of the upper bound in is not
straightforward and it obeys technical considerations, as the definition of &,, in Section
[3.2.5|shows. In particular, we cannot exclude the possibility that £, is small. However, in Section
3.2.7|we give a general method in order to obtain potentials for which the corresponding energy
functional satisfies the bound assumption Essentially, one considers a potential for which
two different globally minimizing heteroclinics exist (which implies k > 2) and then modifies it in
a suitable manner. It would be also interesting to know whether our assumption is only
technical or rather there is some kind of obstruction for existence when the difference between
the energy of the heteroclinics is too large. We think that the answer to this question is possibly
related to the loss of compactness for the 1D energy functional (see Chapter |3) and hence we
conjecture that is not only technical (although it is likely non-optimal) and that in its
absence some counterexamples might be found. It is also reasonable to conjecture that the removal
of [[H3.6)| would imply the existence of traveling waves with more complicated behavior at infinity,
for example approaching chains of connecting orbits (heteroclinic or homoclinic) stable in some

suitable sense.

At the final stage of the proof, one needs to ensure that the solution obtained presents the
suitable heteroclinic behavior at infinity. Moreover, we want to obtain more refined convergence
results, see Theorems and This asymptotic analysis is delicate, as finite energy functions
do not necessarily converge at all —co and they converge exponentially at +co but only with respect
to the L2-norm. Moreover, one needs to distinguish between L? convergence (which is weaker and
does not imply convergence of the energy) and H! convergence. We deal with all these difficulties
by using minimality of the solution (inspired for instance by [157]]), which allows us to obtain the
convergence at —co, exponentially with respect to the L?>-norm. Assumption [(H3.7)|is needed in
order to obtain the convergence at —co. Moreover, working in the main setting, we obtain Theorem

which shows that convergence is not only L? but also L*®, and not only according to x; but
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also x,, the limit in this case being the wells o*.

We will use extensively the fact that the energy has good properties at least on a neighborhood
of the 1D minimizing heteroclinics. Essentially, those are the results and assumptions made by
Schatzman [153], which in our case are given in and the discussion that follows. To our
knowledge, these properties have not been shown to hold for the 2D heteroclinic solutions of
[3,[153] and one could expect that some of them do not hold. This represents, in our opinion,
a (momentary) obstruction to establishing the existence of 3D heteroclinic traveling waves con-
necting two 2D heteroclinics. Moreover, notice that the fact that V is multi-well implies that 1D
heteroclinic traveling waves do not exist in general, unless one imposes the existence of a local

minimum at a level higher than 0 and some other properties are verified.

3.2.7 Examples of potentials verifying the assumptions

In order to conclude this section, we exhibit a rather general and elementary method in order to
produce examples of potentials for which the assumptions we make in this chapter are satisfied.

As we advanced before, the idea is to modify a given multi-well potential V; : R — R satisfying

[(H3.1),[(H3.2)land |(H3.3)|such that the associated energy possesses two minimizing heteroclinics

(up to translations) for two given wells 67, 0" in a finite set . We also assume that the strict
triangle’s inequality [(H3.4)|is met for V, with respect to (¢, 0™). Furthermore, we assume that the
generic Schatzman’s spectral assumption ([153]]) is satisfied for those heteroclinics, meaning that
the constants defined in Section [3.2.5](with the obvious modifications) also make sense here. That
is, one can think of any potential Vj, satisfying the assumptions of Schatzman’s paper [153]. For
the reader’s convenience, we shall give here some explicit examples of such potentials which we

found on the literature.

The first of the examples we give was found by Antonopoulos and Smyrnelis, see Remark 3.6 in
[19]. Consider the case k = 2. Let V be the Ginzburg-Landau potential

(1—lul)?

1 eR

VGL U= (1/[1,1/[2) EIRZ =

and consider the corresponding energy

Equ(q) = j]R

The idea is to perturb V;; in order to obtain a double-well potential with zero set {(-1,0),(1,0)}

lq’(1)I? L —|q(1)|?)?

1 2
5 1 dt, q€ H (R,IR%).

and symmetric with respect to the axis {#; = 0}. Such a potential will possess two heteroclinics
provided that any curve with trace in {u; = 0} can be beaten by a competitor with a trace that is
not contained in this set. Notice that for all (#;,0) € R x {0} we have that Vg (uq,0) = (1 - u12)2/4,
which is the standard scalar double-well potential. As it is well known, the (unique) heteroclinic
for such potential is given by the odd function g4¢ : t € R — tanh(t/ V2) € R. Therefore, each curve
q=1(91,92) in Hlloc(IR,IRZ) with g, = 0 and lim;_,,, 41 (t) = £1 verifies

22

3 (3.2.24)

Ecr(q) 2 Egr(9ac) =



96 CHAPTER 3. Heteroclinic traveling waves of 2D parabolic Allen-Cahn systems

For T > 0, define

(=1,0) ift<-T-1,
(t+T)+(t+T+1)gac(-T),0) if -T-1<t<-T,

qr(t) :== < —gac(T)(cos(r(t + T)/(2T)),sin(rc(t + T)/(2T))) if —~T<t<T,
(t=T)=(t= T = 1)gac(T),0) fT<t<T+1,
(1,0) fT+1<t,

A modification of the computations made in [19] shows that

lim Egr(qr)=0

T—+00
meaning that by (3.2.24) there exists T > 0 such that Ecr(97) < Egr(gac). Then, given ¢ :=
(1 -194c(T)|?)/4, consider ¢ € C®(RR, [0, +o0)) such that

b(0) = 0 ift<|gac(T)*+e¢

1 ift>1-¢

and define Vj: u = (uy, uy) € R? — Vg (u) + u§¢(|u|2). Let Ej be the corresponding energy. Notice
that V; is a double-well potential verifying [(H3.1),[(H3.2)land |(H3.3)| By definition, we have that
if g = (q1,92) € H'([-R,R],IR?) is such that g, = 0, then Ey(q) = Eg1(q). Moreover, we also have

Eo(q7) = Ecr(q7) < Egr(gac). As a consequence, the minimizer g = (g1,4,) of Ey in the class of
curves in Hlloc(lR,IRk) which tend to (1, 0) at +oco satisfies g, = 0, which means that §:= (g, —q,) is
also a minimizer due to the symmetry of V; and § is not a translation of g. Therefore, V; possesses
two geometrically distinct globally minimizing heteroclinics. In order to find our example of
potential, we need that such heteroclinics are non-degenerate in the sense asked by Schatzman in
[153], see our 3. in However, as shown in her Theorem 4.3 such assumption is generic, i.
e., we can find V; arbitrarily close to V, which is still a double-well potential with wells (~1,0),
(1,0) and with g and § non-degenerate globally minimizing heteroclinics which satisfy the spectral

assumptions.

Another example, this time in dimension k = 3, is provided by Zuniga and Sternberg [174].
They consider the potential

. 1 2 1 2
Vo :u = (ug,uy, uz) > ulz(l - ulz)2 + (u% - 5(1 - ulz)z) + (u32 - E(l - ulz)z) € R,
which vanishes exactly on the points
(_11 01 0);(11 01 0)1
b
s VEI ﬁ s ’ ,ﬁ’ ﬁ b 7 ﬁl ,\/E s s ﬁl VE .
By explicit computations, they show that the potential Vj satisfies [(H3.1)} |(H3.2), [(H3.3){and

(H3.4)[with o* := (+1,0,0) and, moreover, that the infimum of the corresponding energy E; in
X(0~,0%) is not attained by a curve with trace contained in {u, = u3 = 0}. Using the reflections
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(0,15,0) = (0,—u,0) and (0,0, u3) — (0,0, —u3), one deduces the multiplicity up to translations of
the globally minimizing heteroclinics for E in X(0~,0%). As above, one can obtain V; arbitrarily
close to V such that the globally minimizing heteroclinics satisfy the spectral assumption.

Let us now return to the initial problem, and let V,; be any potential satisfying the previous
assumptions. In order to obtain a potential which satisfies the requirements of our setting, the idea
is to make arbitrarily small smooth perturbations of V;; around the trace of one of the heteroclinics,
in such a way that its energy increases but a locally minimizing heteroclinic still exists (at least for
small perturbations), which must necessarily have larger energy. One then chooses a perturbation
which is not too large so that the upper bound on the difference of the energies is met. The idea
is pictured in Figure We now show how to rigorously implement this idea. Let g~ and g* in

X(07,0") be different up to translations and such that

Eo(97) =Eo(g") =mg:= inf Eo(q),
qeX(o~,0")

where, for g € Hlloc(lR, R¥)

Recall that there exist p; such that
Vq S X(G_, O'+), diStHl([R,IRk)(q,fi) < pg = diStHl(]R’IRk)(q,fi)z < ﬁi(Eo(q) - ITI())
where
Fri={g*(-+1):T€R)}.

Let ty € R be such that dist(g*(#(), X) = max;cg dist(g*(¢),X) for some g* € F* and set uy := g*(¢().
Let
r:=min{p{/2,dist(g*(ty), X)/2} > 0.

Define x € C2°(IR¥) be such that 0 < x <1, x = 1 on B(ug, ) and supp(x) C B(ug, 2r). For each & > 0,
consider the potential Vs :=V +0x > 0. Define

Es(g) = J;R

Notice that, by the choice of x, Vs vanishes exactly in ¥. Let now be g € X(¢7,0%) such that
distyi (g re) (9, F ) < py/2. We have that

lq’(t)?
2

+ Va((i(t))]dt

1 ..
mo + o disty e (0,77 < Eolg) < Eolg) + 5Lx(q) - Es(q) (3.2.25)

and notice that for g € F* we have that E5(q) = m + 6i with

i:= J x (gt (t))dt > 0.
R
A contradiction argument shows that

m} :=inf{Es(q) : distp (g rey (9, F ) < pg/2} > myg
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Figure 3.3: Representation of the cut-off function x used in order to produce the family of
perturbed functionals Vs. We also draw the corresponding local minimizer g (discontinuous
curve).

and we have mj < Es(g*) = mg + 0i. Since the cut-off function is supported away from X, we
can show by the usual concentration-compactness arguments that there exists g3 € X(07,07)
such that disty g re) (95, F ) < py/2 and Es(gy) = my. If we show that disty g re) (95, F ) < pg/2,
then the constraints of the minimization problem are not saturated and g is an actual critical
point. Notice that if g € X(6~,0™") is such that distyi (g gr)(q, F ) = p§/2, then by we obtain
Eo(q) > mg+ (p})?/(4B*) > my. Then, if we take 6 < 8 with

5 (pg)?
DT g

>0,

it holds Es(q) > Eo(g) > mg + 6i > mj, so that g cannot be a minimum. Therefore, for such 6 items
1. and 2. in are satisfied for Es with minimizing heteroclinics g~ and gj, with the obvious
modifications on the notations. Regarding item 3., which is the spectral assumption of Schatzman
[153], it is a generic assumption, meaning that, arguing as it is done in her Theorem 4.3, we find
that Vs can be modified with an arbitrary small perturbation away from the traces of g} and g~
so that 3. holds. As a consequence, we can assume that [(H3.5)/holds for all 6 € (0,6;). Regarding
compute the constant E,, as in (3.2.23), which by the choice of r and x does not depend

on O, and set

so that for all 6 € (0,0,) we have m} —mg < Ep,y. Define now .7-;)3/2 as in (3.2.7)). The choice of r and
x implies that ]-;7_5/2 does not depend on 9, meaning that we can find 63 such that for all 6 € (0,93)
it holds

{ge X(07,07):Es(q) <mj} C ]:(’_6/2’

meaning that [(H3.6)| holds for Es provided that 6 € (0, yax) With O,y := min{dy, 87,03} > 0. As
a consequence, we have found a family {Vs}sc(o,s, . ) of potentials which are in the framework of
Theorem [3.1]and we obtain a heteroclinic traveling wave with limits g~ and g*. Moreover, recall
that if we put when 6 = 0 we recover the classical potentials considered in [3,83,|125}/153,|157]],
meaning that in this setting one can prove convergence results of the traveling waves toward

stationary waves as 0 — 0*. Moreover, we see that is possible to decrease the value of 6 even more

so that the convergence assumption [(H3.7) holds and Theorems [3.2]and [3.4also apply.
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3.3 Discussion on the previous literature and open problems

3.3.1 Related reaction-diffusion models and the question of stability

As we said in the introduction, the problem of existence of traveling waves for reaction-diffusion
systems as well as their qualitative properties has been widely studied since the early works of
Fisher [80]], Kolmogorov, Petrovsky and Piskunov [105] regarding the equation today known as the
Fisher-KPP equation. From the modeling perspective, while the aim of these authors was to describe
of the dynamics of a given population, reaction-diffusion systems have also been proposed as
models in other domains of the natural and social sciences. For example, applications in chemistry
were given by Zeldovich [[173]] and Kanel [103] (see also Berestycki, Nicolaenko and Scheurer
[38]) and the same Allen-Cahn model that we consider in this thesis was proposed by Allen and
Cahn [14], following Cahn and Hilliard [62], for describing phase transition problems in material
physics. It is also worth mentioning that for the most classical studies for traveling waves in
reaction-diffusion problems the profile tends at infinity to two (possibly equal) constant stable
states. However, other type of stable states (in particular, non constant) can be considered as
conditions at infinity (as we do here). Moreover, the notion of traveling wave can be generalized in
order to contain and describe similar structures. We refer to the papers by Berestycki and Hamel
[32,131] and the references therein.

Going back to the model Fisher-KPP equation, it can be written as follows:
dyw—d*w = f(w), in [0, +00) x R

where f : R — R is such that f(0)=0, f(1)=0, f >0in (0,1), f <0 in (—oco0,0) and f(u) < f’(0)u for

u > 0. Traveling waves for this equation are solutions of the type
w(t,x)=U(x—ct)
with ¢ >0and U : R — R satisfies

lim U(x)=0and lim U(x)=1.

X—>—00 X—+00

From the point of view of modelling, traveling waves intend, for instance, to describe the invasion
from a stable state to another one. An important feature of the Fisher-KPP equation is the existence

of an important speed parameter, cxpp > 0, usually called the invasion speed which can be explicitly

ckpp =2 f(0).

The previous problem, and related ones, is studied by means of the maximum principle and

computed as follows:

comparison results. Using these methods, one proves existence and uniqueness of a traveling
wave with fixed speed ¢ > 0 if and only if ¢ > cgpp. This seems to be an important contrast with
respect to the model that we consider here. Indeed, recall that our Theorem [3.1]states that the
threshold speed c* is, in particular, unique among the class of profiles which are minimizers in
our variational setting. In fact, the same phenomenon is observed in earlier papers which also

establish existence of traveling waves for reaction-diffusion systems by a variational procedure:
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Muratov [128], Lucia, Muratov and Novaga [110], Alikakos and Katzourakis [13]], Chen, Chien
and Huang [68]]. Nevertheless, we point out that our results (the same as the ones we cite) do not
exclude the possibility of other type of traveling wave solutions with speed different than ¢*. In
particular, there could exist traveling waves with heteroclinic profiles which are obtained from a

different variational setting than ours, or even from non-variational methods.

The analysis in [80,|105] was substantially extended in subsequent works. Fife and McLeod [79,
78| established stability properties for traveling waves in the Fisher-KPP equation. Generalizations
bringing into consideration higher-dimensional equations (in space) were also made. For instance,
Aronson and Weinberger [20] (see also Hamel and Nadirashvili [91]] and the references therein)
considered the case of RN as space domain. We also mention the work of Berestycki, Larrouturou
and Lions [35] Berestycki and Nirenberg [39] for the case of a cylinder R x @, with w c RN~ a
bounded domain. For the case of periodic domains, see Berestycki and Hamel [30]], Berestycki,
Hamel and Nadirashvili [33]. The case of more general domains is adressed in Berestycki, Hamel
and Nadirashvili [34]. For the non-local problem see Berestycki et. al. [37].

The family of non-linear functions f which are admissible for the Fisher-KPP model does not
contain non-linearities of Allen-Cahn type. Indeed, such non-linearities are written as f = -V,

where V4 is a non-negative double-well potential, the prototypical case being

(1-u?)?

Vic:ueR
AC - U e a

eR,

which does not satisfy the assumptions for required the equations of Fisher-KPP type, written
above. For the scalar Allen-Cahn equation, we mention the result due to Matano, Nara and
Taniguchi regarding the stability for traveling waves with RV as space domain. In this case, the
waves propagate according to one direction and connect the stable states +1 at infinity. The case of
traveling waves that connect one stable state with one unstable, non-constant periodic 1D solution

was studied by Hamel and Roquejoffre [92]]. The non-local case was adressed in Bates et. al. [29].

Many results are available for Allen-Cahn systems, but mostly in one space dimension. In this
case, the (negative) gradient flow structure implies that for initial data of finite energy which
connects two different wells, the corresponding solution at long time the solution should look
as a chain of glued 1D connecting orbits. More generally, if the initial condition connects at
infinity two local minima at possibly different levels (and a suitable weighted energy is finite), then
traveling waves should also appear in the asymptotic pattern. Proofs of these facts, even in a more
general framework, can be found in Risler [145} 146}, 144]. Moreover, one can aim at obtaining
quantitative results which describe more precisely the previous qualitative behavior and also
introduce the problem of considering the system as a singular perturbation. That is, one considers
a coefficient £~2 multiplying the non-linear term and passes to the limit ¢ — 0*. In this direction,
it has been shown that the fronts (that is, the regions in which the solution is far from the set of
wells) of the solution of the gradient flow problem move at slow motion. The first rigorous proofs
of this fact was given by Carr and Pego (65, |64], Fusco and Hale [86], for the Allen-Cahn equation.
This analysis was later extended to multi-well systems by Bethuel, Orlandi and Smets [46] for
multi-well systems. Bethuel and Smets [47} 48| obtained results regarding the motion law and the
long-time interaction between stationary solutions in the multi-well scalar case, allowing also for

degenerate wells, but for the moment their work has not been extended to systems.



3.3. Discussion on the previous literature and open problems 101

Regarding Allen-Cahn systems in higher dimensions, besides the classical articles regarding
the stationary wave and this chapter, we are only aware of the recent work of Chen, Chien and
Huang [68]. In the latter, the authors consider the strip R x (-/,) as space domain and, for a
class of symmetric triple-well potentials on the plane (similar to that from Bronsard, Gui and
Schatzman [59]]), show the existence of traveling wave solutions connecting at infinity a well and
an approximation in (-1,1) of a globally minimizing heteroclinic, which they assume to be unique.
Their proof follows by a suitable application of the variational device of Muratov [128], which
differs from that by Alikakos and Katzourakis [13] mainly on the fact that a different constrained
minimization problem is considered.

A discussion concerning the mathematical methods used for addressing these problems is in
order. As it is well known, while the maximum principle and the comparison theorems play a key
role in the study of most scalar reaction-diffusion equations (such as the Fisher-KPP equation),
those tools are no longer available for systems except in some particular classes, for instance
when dealing with the so-called monotone systems, see Volpert, Volpert and Volpert [[169]. As a
consequence, for more general classes of systems one needs other (more general) tools. Several
approaches were developed, for example the use of Leray-Schauder degree [169] or Conley theory
as discussed in Smoller [156]. We refer to the reader to the sources given in [156}(169]. While
the gradient structure of some reaction-diffusion equations enables the application of variational
methods (see the already cited references (11} |55} |68}, /93, 111} |110, 128} 145} 146} |144]), these
methods have not been extensively used in this context. This is some kind of contrast with respect
to the case of dispersive equations where, since the seminal work of Cazenave and Lions [66]], a
large amount of results regarding the existence and orbital stability of traveling waves and solitons
has been produced. For instance, this has been done for Gross-Pitaevskii equations and systems,
which are in some sense the dispersive counterpart of the parabolic problems of Allen-Cahn type.
See Bethuel, Gravejat and Saut [43], Bethuel et. al. [44] for the orbital stability of traveling waves
for the 1D Gross-Pitaevskii equation, Maris [114] for the Gross-Pitaevskii equation in RN, N > 3.
The orbital stability of stationary waves (of heteroclinic type) for two coupled Gross-Pitaevskii
equations was proven by Alama et. al. [2].

In order to conclude this section, we mention that the question of the local stability for the
parabolic system of this chapter is wide open. Even for the minimizing stationary wave obtained
by Alama, Bronsard and Gui (3], stability properties have not been studied to our knowledge. Of
course, the question is also open for the traveling wave solutions that we obtain here.

3.3.2 The heteroclinic stationary wave for 2D Allen-Cahn systems

As pointed out before, the profile of the traveling wave solution that we obtain of this chapter
behaves at infinity as the stationary waves obtained in [3]. We briefly recall here how the existence
of these solutions is shown, which we hope will make the links with our problem clearer. Consider
the elliptic system

-AU=V,V(l)in R? (3.3.1)

which corresponds to stationary solutions of (3.1.1). The main result obtained in [3] states that
if one assumes the existence of two distinct globally minimizing heteroclinics up to translations,

g- and g,, and adds a symmetry assumption on the potential, there exists a solution 1l to (3.3.1)
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satisfying the conditions at infinity

U(xq,xp) > 0* as xp — +oo, uniformly in x, (33.2)
WU(x1, %) = go(-+7F)  as x; — oo, uniformly in x,, o

for some translation parameters (=, 7*) € R? (in the symmetric case T~ = 7+ = 0). The symmetry
assumption was later removed by Schatzman in [153], so that the parameters (t~,7*) are part of the
solution as well. While the existence proofs in [3|] and [153] are (roughly speaking) addressed by
addressing directly a functional associated with (3.3.1), a more general approach was carried out
successfully in a more recent paper by Monteil and Santambrogio [125]], later by Smyrnelis in [157].
Their approach follows from the key observation (for more details see Alessio and Montecchiari

[7] and the references therein) that 1l can be seen as a curve in the space

Y(9-9,) :={U s Hp (R, (X (07, 07), [ mmn) :

Jim inf U - 0.+ Dl = 0}

The previous leads to consider the functional

”U’(.X] )”IZJZ(]R,IR")
2

E,:Uce Y(q_,q+)—>Ez(U)::f +V(U(x1))|dx; €R, (3.3.3)

R

where V: X(07,0%) — Ris the normalized energy
V:igeX(o-,07) > E(g)-meR,

so that V is a non-negative functional in X(o~,0") with zero set equal to F. Therefore, V can
be thought as a multi-well potential (modulo translations) in an infinite dimensional space.

Identifying U with a function in H! (IR?,IR¥) in the obvious way, we rewrite from (3.3.3)

loc
Ex(U) = L{

j |9y, U(X1;xz)|2dx2
2
R

9, U(xy, %))
+[L(%+V(U(x1,x2)))dx2—m”dx1,

so, formally, critical points 1l of E; in Y(g_, g, ) are solutions to (3.3.1) satisfying the conditions at
infinity

xllgriloo ;relﬂgllu(xl) —9(-+ Oz r ) = 0

In particular, the solution found in [3] is a global minimizer of E, in Y(g_,q,). For the case of
global minimizers, one shows that the stronger condition holds, which we suspect might
not be true for other critical points. From this starting point, the authors in [[125] generalize the
one-dimensional problem seeing it as a problem of finding geodesics in a metric space
(more general than R¥), which can be chosen to be equal to Y(g_, g, ). Subsequently, they are able to
deduce the results of [3]] as particular cases. These type of ideas inspired us for proving the results
of this chapter, which we do in the framework of abstract Hilbert spaces similar to that in [157].
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3.3.3 Traveling waves for 1D parabolic systems of gradient type

For the reader’s convenience, we provide some more details on the result which was proven by
Alikakos and Katzourakis [[13]] and how it links to our problem. Consider the 1D parabolic system

dyw — d%w = -V, W(w) in [0, +o0) x R. (3.3.4)

Here W : R — R is an unbalanced double-well potential. The existence of traveling wave solutions
for has been adressed by several authors, see for instance Risler [145], Lucia, Muratov,
Novaga [110] as well as Alikakos and Katzourakis [13]]. As we mentioned earlier, in this chapter
we look closely to the proof given in [13] (see also the book by Alikakos, Fusco and Smyrnelis [12]).

In order to be more precise, one looks for a pair (c*,u) such that the function
w: (t,x) €[0,+00) X R > u(x—ct) € RF

solves (3.3.4) and the profile u joins at infinity two local minimzers of W at different levels. The

solution w is then a traveling wave solution. More precisely, the profile 1 solves the system
' -1 =-V,W(u)in R, (3.3.5)

and it satisfies at infinity

lim u(t) =a*

t—+o00

where a~ € R¥ is a global minimum of W with W(a~) < 0 and a* is a local minimum of W and
W (a™) = 0. Moreover, in [13] it is also shown that the speed ¢* is unique (a property to which our
Proposition is analogous), while the profile does not need to be.

The approach in [13}12] is variational and uses some previous ideas from Muratov [128]. More
precisely, they study the family of weighted functionals introduced by Fife and McLeod [79), 78]

’ 2
E.(q):= J\R(@ + W(q(t)))e”dt,

where g belongs to a suitable subspace in Hlloc(lR, R¥) such that lim;_,,.,q(t) = a*. We formally
check that critical points of E.+ solve (3.3.5). The strategy of the proof in [13] was introduced
before in Alikakos and Fusco [11] and it can be summarized as follows: First, one solves a family
of constrained minimization problems for E., where ¢ > 0 is at this point thought just as parameter.
Once these problems have been solved one needs to find proper speed ¢*. Finally, one needs to
“remove" the constraints, that is, to show that for ¢* one can find a constrained minimizer which
does not saturate the constraints, meaning that it is an actual solution to (3.3.5). These last two
steps are accomplished by showing that constrained minimizers exhibit a suitable asymptotic

behavior (more precisely, that they do not present a oscillatory behavior in arbitrarily large regions)

Therefore, the idea is to follow Monteil and Santambrogio [125]], Smyrnelis [[157] and adapt the
result of Alikakos and Katzourakis for infinite-dimensional ODE systems, in which curves take
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values on an abstract Hilbert space. More precisely, we consider for ¢ > 0 the functional

2
Eyc(U) = fm(fm dez +(E(U(xy,7) —m") | e1dx,

which we already introduced before. We then see U (with the proper identifications) as a mapping
U:x; € R— U(xy,-) € L*(R,IR). For v € L*(R, R¥), we set

W) im E(U(xy,-))-m* if ve HY(R,RK),

+00 otherwise.

Then, under assumption |(H3.5){we have that JV is an unbalanced double well potential in L?(IR, R¥)

and E, . can be rewritten as

Ey(U)= J}R

which is as E. but for curves taking values in L*(RR, R¥) instead of R¥. Therefore, the main issue

WU’ (x10)ll2(r v¥)

> +W(U(x1))| e dxq,

here is to adapt the result of [[13]] for curves which take values in a possibly infinite-dimensional
Hilbert space Z (to be thought as L?(IR, R)) and possessing a proper subspace # (to be thought
as H! (IR, R¥)) satisfying suitable properties with respect to W. A difficulty arises, since the minima
of W are non-isolated due to the invariance by translations of E. Nevertheless, this difficulty can
be circumvented, and otherwise we could always restrict to potentials which are symmetric as
Alama, Bronsard and Gui [3] and working in the resulting space of equivariant curves, in which
invariance by translations disappears. The major difficulty comes from the fact that in [13|] the
authors impose some non-degeneracy and radial monotonicity assumptions which prevent the
constrained minimizers for exhibiting a degenerate, oscillatory behavior. This assumption can
be, in some sense, weakened in order to allow degenerate minima (we prove this in Chapter[4),
but we cannot prove that WV fulfills them even for simple examples and we think it can be too
restrictive. The reason is that the geometry of the level sets W is difficult to understand, as it
depends indirectly on V. For this reason, a new type of assumption, which in our case is is
needed to replace the one from [13].

Finally, we point out that since our results are proven in an abstract setting, they also apply to
1D systems as by seeing this time % and # as RF. Moreover, in Chapter we show that
the abstract approach allows to modify the non-degeneracy assumptions on the minimizers used

in [13] and consider classes of potentials with some kind of degenerate minima.

3.3.4 Link with the singular limit problem

The asymptotic behavior as ¢ — 0 for families of solutions (u,).~q of
Oty — Aup = 72V, V(u,), u,:[0,T]xQ — RF (3.3.6)

has been extensively studied for bounded domains Q c RN and T > 0. Concerning the scalar
case k = 1, Ilmanen showed in [[100] that the equation above converges to Brakke’s motion by mean

curvature as ¢ — 0. Regarding the vectorial case, while analogous results are established under
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several additional assumptions, little is proven regarding the general picture. We refer to Bronsard
and Reitich [60] as well as the more recent Laux and Simon [106]] and the references therein. A
state of the art regarding the elliptic problem can be found in Bethuel [41]]. We will now briefly
comment on how the results obtained in this chapter can be linked to (and hopefully shed some
light into) to asymptotic problem introduced above. For ¢ > 0, consider (c*,l) the solution given
by Theorem [3.1]and let

w(t, X1, %5) 1= U (x] — ¢ t, %), for (¢, (xq,%,)) € [0, +00) X R? (3.3.7)

where for (%,%,) € R?
U (%1, %) = U(e' %, 671 %,) (3.3.8)

and
¢ :=¢le (3.3.9)

Combining (3.3.7), (3.3.8) and (3.3.9) we have that for (t,x;,x,) € [0, +c0) x IR?

we(t,x1, %) = W(e oy —e 2t e 1xy) (3.3.10)

and recall that by Theorem [3.1|we have
—cd, U-AU=-V, V() in R? (3.3.11)
which implies that for all € > 0
diwe — Aw, = €73 (=cdy U - AU) = =72V, V(U) = =2V, V(w,) in [0, +00) x R

Therefore, for any bounded domain () C R%, T>0and e >0, w, solves . That is, to sum
up, w, is a traveling wave for the re-scaled potential V, := ¢72V, with profile 1l, as in (3.3-8) and
with speed c, as in (3.3.9). Notice that ¢, — +o0 as € — 0. Regarding the asymptotics of (w, )., let
Q = (-1,1)? c R? for simplification and consider a time interval [0,T], T > 0. Assume also that

(H3.7) holds, so that by Theorem [3.2)we have

lim ||U(X1,')—qi('-l-’fi)”Hl(lR’]Rk) =0. (3312)

X1 —*00

In combination with (3.3.10)), (3.3.12) implies that for all x* € (0,1)

lim sup [lwe(0,x1,7)—g" (e (- + %)) llp(-1,1)R5) = O
tﬁoxle[xﬂl)

and for all x~ € (-1, 0)

lim sup [[we(0,x1,-) =g (¢ (-+ T )llgeo(-1,1)R4) = O-
é_>0x1€(—1,x*]
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Therefore, we find a phase transition on the line {(x;,x,) € R? : x; = 0}, as it happens in the elliptic
case with the rescaling of the stationary wave. On the contrary, for any t > 0 we have

lim sup [lwe(t,x1,-) =9 (e (- + T )llgeo(-1,1),R5) = O-

€20y g(-1,1)
That is, for positive time and small ¢, the rescaled solutions tend to look like the globally mini-
mizing heteroclinic at the limit x; — +co, in contrast with what is observed for ¢ = 0. In terms
of the interfacial density, the previous means that an initial condition with non-constant density
gives a solution with constant density for t > 0. This phenomenon is probably explained by some
kind of parabolic regularization effects. To conclude this paragraph, notice that the considerations
presented here are obtained by direct scaling computations. That is, they do not depend on the way
1l is obtained. It is only required that 1l solves with conditions (3.3.12). In particular, the
assumption [(H3.6)|is not relevant here and the same would apply to profiles obtained by different

means under some other type of assumptions.

3.4 The abstract setting

3.4.1 Main definitions and notations

As we advanced in the introduction, instead of proving directly Theorems [3.2]and [3.4], we will
prove a set of more general results which will allow us to deduce the original ones as particular
cases. In particular, we introduce an abstract setting similar to the ones considered in [125] and
specially [157]). The proof of the main abstract results, Theorems 3.5 [3.6|and [3.7]below, are thus
the core of the chapter. The passage between the abstract and the original setting is established in
Section [3.6] which in turn proves Theorems and

As we said before, the abstract results should be thought as an extension of the work by
Alikakos and Katzourakis [13]] to curves taking values in a more general Hilbert space and with
minimum sets instead of isolated minimum points. In fact, we essentially perform an adaptation
of their strategy of proof, which turns out to carry on to our setting. That is, our approach will

consist on establishing existence of a pair (¢, U) in (0, +o0) x X which fulfills
U’ -Dg&(U)=-cU"in R (3.4.1)

and satisfies the conditions at infinity

AT " eR:Vt<T", U(t) e 9;6_/2’ (3.4.2)
AT eR:Vt>T*, U(t)e rg/z. (3.4.3)

Notice that this problem can also be thought as a heteroclinic connection problem on Hilbert
spaces for a second order potential system with friction term. Such a problem could have its own
interest besides the main application to the existence of traveling waves that we give here. Of
course, analogous considerations can be also applied to the results in [13] as well as Chapter
The nature of the objects introduced above will be made precise along this paragraph. Let &£ be
a Hilbert space with inner product (,-) & and induced norm ||| . Let Z C £ a Hilbert space with
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inner product (-,-)%. In the original setting, & is L*(RR, R¥) and & is H' (R, IR¥), both endowed
with their natural inner products. We will take £ : &£ — (—oo, +o0] an unbalanced potential. In the
setting of Theorem & will essentially coincide with E—m* in H' (IR, R¥) and with +co elsewhere?.
Here we just impose a set of abstract assumptions on £. Most of those assumptions follow bi
combining ideas in [13] with ideas in Schatzman [153|] and Smyrnelis [157]. We will begin by
fixing two sets # ~ and & * in Z. For r > 0, we define

F* = {v €L inf |lv-v|g < r}, (3.4.4)
VEF *

and
gi Z—_{ e X : inf -V < }, 3.4.5
A r v lerjéri”v “% r ( )

that is, the closed balls in & and # respectively, with radius r > 0 and center ¥ *. The main
assumption reads as follows:

(H3.1’). The potential £ is weakly lower semicontinuous in £. The sets ¥ ~ and & * are closed in
. There exists a constant a < 0 such that

YveL Vv eF, Ew)=EV )=a

and each v* € ¥ is a local minimizer satisfying £(v*) = 0. Moreover, there exist two positive
constants ry, rg such that #.- N 9;5_ =0 (see (3.4.4)). There also exist C* > 1 such that

Vv e 9; (C*) M dist (v, F*)? < E(v) — min{x(—a), 0}. (3.4.6)
Moreover, for any v € &, there exists a unique v*(v) € # * such that
0
-v* = inf |[v -v¥| .
lv-v*@llg = _inf lo-v¥le

Moreover, the projection maps
Pi:7}€9;;—r—>vi(v)€gi
0

are C? with respect to the #-norm.

Hypothesis|(H3.1") defines £ as an unbalanced double well potential with respect to # ~ and
F " and gives local information of the minimizing sets. Compare with |(H3.5){and the remarks
that follow. We have the following immediate consequence, which will be useful in the sequel:

Lemma 3.4.1. Assume that holds. If we define for r € (0,75 ] we define
;= infl€(v) : distp (v, F ) € [r, 15 ]} (3.4.7)
then we have k¥ > min{+(—a), 0}. Moreover,

e, )20 (3.4.8)

2this statement is not exact as the energy E is not defined in H! (R, R¥), but on an affine space based on H! (R, R¥).
However, we can trivially obtain a functional defined on HY(R, IRk) from E. See Section
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Proof. It follows directly from (3.4.6) in|[(H3.1")| O

We now impose the following regarding the relationship between £ and #":

(H3.2’). We have that # ={v € £ : £(v) < +oo} and ||| < |||l In particular, #* C #. Moreover,
£ is a C! functional on (Z,||-||s) with differential DE : v € # — DE(v) € #’, where #” is the
(topological) dual of #. Furthermore, there exists an even smaller space # with an inner product

(-,-) 9 and associated norm |||z > ||-|| such that we can find a continuous correspondence
Dg€:ve(Z |z — Dgév) € (£ lllg) (3.4.9)

such that
Vve # NweH, Dyl(v)(w)=DEW)(w). (3.4.10)

Notice that in the context of Theorem [3.1{assumption [(H3.2’)|is easily verified. The space #
will be chosen H?(RR,IR¥) and (3.4.10) is no other that integration by parts. The notation D¢ is
chosen to emphasize the formal #-gradient flow structure of the corresponding abstract evolution

equation. We now continue by imposing a compactness assumption on F *:

(H3.3’). Z-bounded subsets of # * are compact with respect to #-convergence.’

Assumption readily implies the following:

Lemma 3.4.2. Assume thatl(H3.1 ’)|and|(H3.3’)|hold. Then, the sets 9;31'/2 defined in (3.4.4) are closed
inZ.

Assumption is necessary in order to establish the conditions at infinity. In the main
context, it is a straightforward consequence of the compactness of the minimizing sequences.

Subsequently, we impose the following:
(H3.4’). Assume that|(H3.1")|holds. For # *, one of the two following alternatives holds:
1. ¥*is ¥-bounded.

2. Forall (v,v*) € ¥ x F*, there exists an associated map 135 Ve - £ — & such that
0 s
(v)) =v* (3.4.11)

and
distg(ﬁ(jvi)(v),?i) = dist (v, F *). (3.4.12)

Moreover, Is(f},vi) : ¥ — Zis differentiable and
V(wi,wy) € L2, ID(BG o) (wi, wo)llg = llwall (3.4.13)
E(By s (v) = E(v). (3.4.14)

Essentially, in 2. we impose that the projections P* from|(H3.1’)|are, in some sense, invertible.
Again, this is straigtforward in the concrete setting, as the projections P* consist on performing a

translation. We now impose an assumption for the sets 7., "

3hence, they are in particular compact with respect to #-convergence
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(H3.5’). For any v € Z,; ., as defined in (3.4.5), there exists a unique v, (v) € ¥ * such that
Ty
+ . +
V-V, (v = inf [[v-v7|x.
v =vz@llg =_inf I ll#

Moreover, the projection maps

Py :ve g;,rg - vy, (v)eF*
are C! with respect to the #-norm. Moreover, if C* > 1 is the constant from |(H3.1’), we have

Ve T2 . IP£(v) - Py < CHlv - P2 (vl (3.4.15)

Furthermore, for each r* € (0, r;] there exist constants g*(r*) > 0 such that in case that v € 97;
0

satisfies
£(v) < min{*(-a), 0} + B=(r*), (3.4.16)

thenv € y;,r' Finally, we have the following
VveTy . (C*)?|lv = P5(v)ll3 < E(v) —min{£(-a),0} < (C*)?|lv — Py (v)]|3,- (3.4.17)

Assumption [(H3.5’)|is made in order to ensure the suitable local properties around ¥ * in 7.
In the main setting, those are known results which follow essentially from the spectral assumption
by Schatzman [153]]. Before introducing the last assumptions, we need some additional notation.
For U € H! (R, %) and ¢ > 0, we (formally) define

loc
E(U):= JIReC(U)(t)dt - JIR

More generally, for I C IR a non-empty interval and U € HIIOC(I,Z), put

’ 2
% +5(U(t))le“dt- (3.418)

E (U;I):= LeC(U)(t)dt. (3.4.19)

Notice that the integrals defined in (3.4.18) and (3.4.19) might not even make sense in general due
to the fact that £ has a sign. Nevertheless, we can define the notion of local minimizer of E.(-;I) as

follows:

Definition 3.4.1. Assume that|(H3.1°)land|(H3.2")|hold. Let I C R be a bounded, non-empty interval.
Assume that U € Hlloc(l,fi) is such that E.(U;1) is well-defined and finite. Assume also that there exists
C > 0 such that for any ¢ € CL(int(I),(#, |||z )) such that

max||¢(t)ll < C,
tel

the quantity E.(U + ¢;I) is well-defined and larger than E.(U;I). Then, we say that U is a local

minimizer of E.(-;I).

We assume the following property for local minimizers:
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(H3.6’). Assume that|(H3.1’)and |(H3.2’) hold. There exists a map P: & — & such that

Yved, E(P(v))<&(v)and E(P(v))=E(v) © P(v) =7, (3.4.20)
Y(v1,v2) € £, [P(v1) =Pl < vy —vallz, (3.4.21)

and
Plg=: =1d|g-. (3.4.22)

Let I C R, possibly unbounded and non-empty. Let ¢ > 0. If W € Hlloc(I,S,”) is a local minimizer
of E.(-;I) in the sense of Definition which, additionally, is such that for all t € I, W(t) =
P(W(t)), then W € A(I) where for any open set O C R, A(O) is defined as

A(0) = €2, (0, Z) NCL(O,(Z, 7)) N Ch(O, (. IH| ) (3.4.23)
and W solves
W’ -Dg&(W)=-cW’in I,

where D& was introduced in (3.4.9).

In the context of Theorem [(H3.6")|is a consequence of classical elliptic regularity results
as well as properties on the energy functional. The purpose of the projection P is technical, and
in the main setting it will mean that constrained minimizers are bounded with respect to the L*
norm. Before stating the abstract result, we introduce the following constants (assuming that all

the previous assumptions hold) which are obviously analogous with those introduced in Section

[3.2.5
. Ty — 1
o = mln{\/elzo /2(Kr0/4—a),zo}>0, (3.4.24)
=105 (3.4.25)
T C+1 o
o 1 [ g)? N
Emax i= (C_)z(c_+1)m1n{ 1 Ky —a, B (7)., B (1) ¢ >0, (3.4.26)
C*:= %(C*)Z((ci)%(cﬂ 1)%)>0, (3.4.27)
=1 5y (3.4.28)
o erc =
and
dy:= distg(%&’/z,%g/z) >0, (3.4.29)

where the constants C~, B7(77), 7 (11,) are those from|(H3.5’) and «; for r > 0 are defined in (3.4.7).
The fact that dy > 0 follows from Lemma [3.4.2)and [(H3.1’)l We can finally state the following

assumption:

(H3.7’). Assume that|(H3.1’) and |(H3.2") hold. Moreover, assume that

—a< &

max
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and
fveZ :E(v)<0}C 9%_/2. (3.4.30)

Assumption [(H3.7’)|is essentially the abstract version of

3.4.2 Statement of the abstract results

Let us define the space

.
X:={UeHL(R.Z):3T> 1, V1 > T, distg(U(1),F ") < %0 (3.4.31)
Vt<-T, distep(U(t),F ) < %0}

The statement of the main abstract result is as follows:

Theorem 3.5 (Main abstract result). Assume that|(H3.3’)}|(H3.4’),|((H3.5")}|(H3.6’)|and|(H3.7’)| hold.
Then, the following holds:

1. Existence. There exists ¢* >0 and U € A(R)N X, A(R) as in (3.4.23) and X as in (3.4.31)), such

that (c*,U) solves (3.4.1) with conditions at infinity (3.4.2), (3.4.3) and U is a global minimizer of
E. in X, that is, E.(U) = 0. Moreover, for all t € R, U(t) = P(U(t)), where P is as in|(H3.6’)

2. Uniqueness of the speed. The speed c* is unique in the following sense: if c* > 0 is such that

inf E(U) =
llfléX #U)=0

and there exists U € A(R) N X such that (c*,U) solves (3.4.1) and E;(ﬁ) < +o0, then c* = c*.

3. Exponential convergence. There exists a constant M* > 0 such that for all t € R we have
[U(t) - v (U)llg <MTe™, (3.4.32)

for some v*(U)e F*.

Remark 3.4.1. Given the definition of X in (3.4.31)), we have that for any U € X and 7 € R it holds
U(-+ 1) € X and for any ¢ > 0 it holds E.(U(- + 7)) = e ““E.(U). Such a thing implies

Ye>0, L1]I€1§(EC(U) € {—o0,0}.

Moreover, we see that in case ¢ > 0 is such that inf;cx E.(U) = 0 one can find plenty of examples of
minimizing sequences in X which cannot ever reasonably produce a global minimizer. Indeed,
consider any function U € X such that E.(U) > 0 and then take the minimizing sequence (U (- +

1n))neN-

Remark 3.4.2. A more general statement can be given about the uniqueness of the speed, which in

particular works for eventual non-minimizing solutions. See Proposition

Theorem [3.5|will be shown to contain Theorem [3.1]in Section Notice that, as before, the
conditions at infinity (3.4.2) are rather weak (and not really of heteroclinic type), since we do not



112 CHAPTER 3. Heteroclinic traveling waves of 2D parabolic Allen-Cahn systems

have convergence to an element of & ~ as t — —oo. It is however clear that the conditions at infinity
(3-4.2), (3.4.3) are enough to ensure that the solution given by Theorem 3.5]is not constant. In any
case, we can impose an additional assumption in order to obtain stronger conditions at —co on the

solution:

(H3.8’). Hypothesis|(H3.7’)|is fulfilled and, additionally:

(3.4.33)

where djy and =~ were defined in (3.4.29) and (3.4.28)) respectively.

Then we can show the following exponential convergence result

Theorem 3.6. Assume that[(H3.2")} [((H3.3")} [(H3.4')} [(H3.5")} [(H3.6")} [(H3.7")| and [(H3.8")| hold. Then,
if (c*,U) is the solution given by Theorem it holds that y~ > ¢* (y~ as in (3.4.28) and there exists
M > 0 such that for all t € R

1U(t) - v (U)llg < M~V )t (3.4.34)
for somev-(U)e F .
Theorem [3.6]corresponds to Theorem Finally, we will prove the following result:

Theorem 3.7. Assume that[(H3.2)}[(H3.3")}[(H3.4")|[(H3.57)} [(H3.6")} [(H3.7")| and [(H3.8")| hold. Let
(c*,U) be the solution given by Theorem Then, if U € A(R)N X is such that

E~(U)=0
then we have that (c*,U) solves (3.4.1) and
e (3.4.35)
JpllO" ()%, dt
In particular, the quantity I]RHfJ’(t)llfgdt is finite. Moreover, we have
* _ - _ —; - —
¢ =sup{c>0: gg(EC(U) =—oo} =inf{c>0: gg(EC(U) 0} (3.4.36)
as well as the bound
* < Y20 i | V2omax - (3.4.37)
do do

with €,y as in (3.4.26), dg as in (3.4.29) and y~ as in (3.4.28). The second inequality follows from the
bounds on —a given by|(H3.7’) and|(H3.8’)|

Theorem [3.7|corresponds to Theorem

3.5 Proof of the abstract results

3.5.1 Scheme of the proofs

As pointed out several times, the structure of the proofs of our abstract results, Theorems
and is analogous to that in Alikakos and Katzourakis [13]], which has its roots in Alikakos
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and Fusco [11]]. In fact, most of their results also carry into the abstract setting with the suitable
modifications. In fact, the structure of our proofs should be rather compared with subsection
2.6 in the book by Alikakos, Fusco and Smyrnelis [12], which slightly modifies and simplifies
the argument in [13]]. We will also rely on some arguments provided in Smyrnelis [157], when
an analogous abstract approach is taken for the stationary problem. As usual, most of the
intermediate results we prove hold under smaller subsets of assumptions (with respect to the set
of all assumptions that we dropped in the previous section). Therefore, for the sake of clarity and
generality, the necessary assumptions (and only these) that we use to prove a result are specified in

its statement.

Despite the previous facts, and as pointed before, several important difficulties not present
in [13] arise when one tries to tackle the same problem in the abstract setting we introduced in
the previous section. One of those extra difficulties is due to the fact that, in our setting, we need
deal with two different norms in the configuration space of the curves, & and # (to be thought as
L? and H! respectively, for simplification) and that the potential € is only lower semicontinuous
with respect to £-convergence. An additional difficulty comes from the fact that, due to the
requirements of our original problem, we are not looking at curves that join two isolated minimum
points, but rather two isolated minimum sets. This turns out to be an obstacle when one tries to
adapt argument in [13], even if one were to restrict to finite-dimensional configuration spaces.

However, this difficulty is successfully dealt with using the precise knowledge about the projection

mappings (namely assumptions [(H3.1°)} |(H3.4’)|and [(H3.5’)) is available. That is, one uses that, for

a suitable neighborhood of the minimum sets, the projection onto the sets (both with the & and
# norms) is well defined and enjoys some type of continuity and differentiability properties. This
idea, in the Allen-Cahn systems setting, has to be be traced back to Schatzman [153|.

We will now briefly sketch the scheme of the proof of Theorem Recall that, according to
Remark [3.4.1] direct minimization of E, in X cannot yield solutions to the problem, the reason
being the action of the group of translations. The spaces X, which were introduced in [13] (also
in [11]] for the equal-depth case) and will be precisely presented in (3.5.1), are defined in order
to overcome this source of degeneracy, as they are no longer invariant by the action of the group
of translations. See the design in Figure As a consequence, compactness is restored and the
corresponding minimization problem has a solution for all ¢ >0 and T > 1. See Lemma [3.5.7]later
on. In general, minimizers in X solve the profile equation on a (possibly proper) subset of R (see
Lemma 3.5.8), meaning that they are in general not solutions of (3.4.1). However, such constrained
minimizers are in fact solutions of in the case they do not saturate the constraints. Therefore,
the goal will be to show the existence of the speed c* such that, for some T > 1, there exists a
constrained minimizer in X7 which does not saturate the constraints. For that purpose, a careful
analysis of the behavior of the constrained minimizers is needed. Indeed, one needs a uniform
bound (independent on T and continuous on c) on the distance between the entry times, i. e. the
+

times in which the constrained minimizers enter g;f/z'
0

the fact that the energy density is bounded below by a positive constant outside #.~,, U
0

In the balanced case this follows from
rg—/Z
for instance Smyrnelis [[157]]). However this is no longer true for our unbalanced problem, which

(see

makes it more involved: If one does not have the positivity of the energy density, the constraint
. . . i . . .
solutions can oscillate between the regions 9;5/2 (producing energy compensations) in larger and

larger intervals as T — oo, so that no T-independent bound can be found. This is the main new
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difficulty with respect to the balanced setting, as one needs new ideas in order to obtain a uniform
bound on the distance between the entry times. Our assumption provides this control
because the energy density of the constrained minimizers is bounded below by a positive constant
in the interval given by the two entry times mentioned before, meaning that we can argue as in
the balanced case. The precise result is Corollary[3.5.1] This is the main step in which our proof
differs with that in [13].

The natural question is what happens if we remove A natural approach is to replace
[(H3.7’)|by an assumption more closely related to the one used in [13] and [12]. This would lead to
introduce a convexity assumption on the level sets of £, as well as some sort of strict monotonicity
on well-chosen segments. While this assumption can be worked out in the abstract setting and it
is applicable for the finite-dimensional situation considered in [13] (as we show in Chapter [4), we

believe it to be too restrictive to be applied to our original problem.

In any case, after the uniform bound on the entry times of constrained minimizers is obtained,
one needs to find the speed ¢* as, until this point, the speed ¢ > 0 has been only considered as a
parameter of the problem without any special role. Our arguments adapts without major difficulty
from [[12] and it goes as follows: One introduces a set which classifies the speeds according to
the value of the infimum of the corresponding energy on X (which, due to the weight and the
invariance by translations, is either —oo or 0). Such a set is C, defined in (3.5.86). Subsequently,
one shows (Lemma that C is open, bounded, non-empty and that its positive limit points
give rise to entire minimizing solutions of the equations (since for those points one can find
corresponding constrained minimizers which do not saturate the constraints). The speed ¢* is
then defined as the supremum of C, which is in fact the unique positive limit point of the set, as
shown in Corollary[3.5.3] At this point, the process of the proof of Theorem [3.5]is completed. Later
on, we show that the asymptotic behavior of the constrained solutions can be improved under an

additional assumption, namely an upper bound on the speed. This is Proposition Theorems
and[3.7|can be then proven.

UeXrp

‘
g /2
!

7 /21 T:

Figure 3.4: One-dimensional representation of Xr. The blue line represents a function U
belonging to X7. The red lines contain the points which are at #-distance smaller than r;/2
from 7 *.
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3.5.2 Preliminaries

Let ry and ra’ be the constants introduced in Section and 92;3/2 be the corresponding closed
0
balls as in (3.4.4). Assume that|(H3.1")|holds. For T > 1, we define the sets

- . 1 . _
X7 :={U e HL (R Z): Yt < -T, U(t) € 9%/2},
Xi:={U e Hy (R L): Yt 2T, Ut) e F1 ).

Subsequently, we set
X7 = X7 NX7. (3.5.1)

Recall the space X introduced in (3.4.31)). Notice that
X = U Xr.

We have the following preliminary properties on the spaces Xr:

Lemma 3.5.1. Assume that holds. Let c>0and T > 1. For any U € X1, we have that
Vt>T, E(U(t)>0. (3.5.2)

Moreover, the quantity E.(U) as introduced in (3.4.18)) is well defined in (—co, +oo].

Proof. Let U € Xr. Notice that for t > T, we have that U(t) € Z,,. Therefore, (3.5.2] (3.5.2) follows

directly from (3.4.8)) in Lemma

Let now £7(U) > 0 and £7(U) > 0 be, respectively, the non-negative and the non-positive part
of £(U), so that E(U) =EX(U)—-E(U). We have that £7(U) is null on [T, +o0). That is

+00 T
j E(U(t))et dt = j E(U(t))etdt < —%eCT < 4o,

—00 —00

where a is the minimum value from (H3.1")l Therefore, the negative part of the energy density
e.(U) (see (3.4.18)) belongs to L!(IR), which establishes the result. O

Lemma shows that for any T > 1 and ¢ > 0, E, is well defined as an extended functional on

X7, at least if sufficient hypothesis are made. Moreover, it gives the following useful inequalities:

Lemma 3.5.2. Assume that holds. Let c>0and T > 1. For any U € X1, we have that

1oz, . a.r
j}R > e'dt <E (U)—Ee (3.5.3)

and
f IE(U(1))]e!dt < E,(U) - geCT. (3.5.4)

Finally, we have that for all t € R,

f+w||U'(s)||gds < ((EC(U) - fecT)%d)Q (3.5.5)

c
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Proof. Using (3.5.2) in Lemma we get that

, 2 T
[ WO sar <0y~ [ e,

—00

which, by implies that (3.5.3)) holds. Inequality (3.5.4) is obtained in the same fashion.
Finally, we have that (3.5.5) follows by combining (3.5.3) with Cauchy-Schwartz inequality. [

The previous results allow to prove the following convergence properties at +co for finite

energy functions in Xr:

Lemma 3.5.3. Assume that|[(H3.1")|and[(H3.5") hold. Let ¢ > 0 and T > 1. Take U € X such that
E.(U) < +oo. Then, we have that there exists a subsequence (t,),en in R such that t,, — +o0 as n — oo

and
lim £(U(t,))e" = 0. (3.5.6)

n—-oo

Moreover, there exists v (U) € F * such that for all t € R it holds

E.(U)- %eCT )e—ct

- (3.5.7)

U =v*(U)Il% < (
That is, U tends to v*(U) at +oo with an exponential rate of convergence and with respect to the &-norm.

Proof. We have by (3.5.4) in Lemma that t € R — £(U(t))e" € R belongs to L!(IR) because

E.(U) < +c0. Therefore, combining with in Lemma [3.4.1} we obtain (3.5.6).

Subsequently, notice that in Lemma and the fact that E.(U) < +oco gives the
existence of v¥(U) € & * such that lim;_, ||U(t) - v*(U)||& = 0. Therefore, fix t € IR and notice
that for any 7 > t we have

f +00
IU()- Utz < [ 10 Glzds< [ 10O,
t t
which by (3.5.5) in Lemma [3.5.2) means that
) , [E
U -U()llg <

Therefore, passing to the limit f — +oco we obtain (3.5.7), also due to the fact that U is continuous
with respect to the Z-norm.

O

Remark 3.5.1. Notice that (3.5.7) in Lemma does not imply convergence of £(U) towards 0
at +oo, due to the fact that £ is not continuous with respect to the & norm.

Remark 3.5.2. Regarding the behavior at —co, notice that we can only say that if U € Xt is such
that E.(U) < +o0, then £(U) does not go to +oo faster than e’ at the limit + — —co. That is, almost

nothing can be said for generic finite energy solutions regarding their behavior at —co.
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3.5.3 The infima of E, in X are well defined

Once we have defined the spaces X7, we show that the corresponding infimum of E, is well defined

as a real number for all ¢ > 0. Set

m,7:= inf E.(U) € [-oo,+00). (3.5.8)
! UGXT

We have the following:

Lemma 3.5.4. Assume that|[(H3.1')|and|[(H3.2))|hold. Fix ¥v* e F*. Letc>0and T > 1. Forall T > 1

the function

\'a ift<-1,
W(t) =9 Sty + By if —1<t<1, (3.5.9)
\al ift>1,
belongs to Xp. Moreover, for all ¢ > 0
E (V) < +c0. (3.5.10)
Furthermore, we have
—oo <mg 1 < +0o. (3.5.11)

Proof. It is clear that W € X1. We now show that (3.5.10) holds. Notice first that

1 1 4
J‘ e (V)= f aetdt = —¢,
—00 —00 ¢

where a is the minimum value from Subsequently, we have

£+OO e.(¥V)=0

! Hws =912 -t t+1
< A At ct
e(W):J +5( v+ v)edt
.[1 ‘ —1[ 8 2 2
+

A A—112
\A 1—t,  t+1 ¢
< —” ||g+2 max 8( 4 cﬁ) c-¢
te[-1,1] 2 2 c

and

and we have
1-t,_ t+1,,
max 5(—v +—V )< +00,
te[-1,1] 2 2
by [(H3.2’), Therefore, we have obtained E (W) < +o0, which readily implies that m ;1 < +co. In
order to establish (3.5.11)), we still need to show that m, > —co. For that purpose, let U € X7. By

(3.5.2) in Lemma we have

We also have
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That is
VU € Xp, EJ(U)> 2T > —oo,
C

which means that m. 7 > —co. O

The next goal will be to show that, under the proper assumptions, we have that for any ¢ > 0
and T > 1, the infimum values defined in (3.5.8) are attained. Such a fact is not hard to prove since
the constraints that define the spaces X allow to restore compactness. It relies on some properties

that will be proven in the next section.

3.5.4 General continuity and semi-continuity results

We now provide some results which address continuity and semicontinuity properties of the
energies E; in the spaces Xt. Such properties will allow us to show that the infimum values
defined in (3.5.8) are attained under the proper assumptions. They will be also be useful in a more
advanced stage of the proof, when the constrains will be removed. For now, we essentially adapt
some results from [13]] to our setting.

Our first result is essentially Lemma 26 in [13]:
Lemma 3.5.5. Assume that[(H3.1’)|holds. Fix T > 1 and U € Xr. Consider the set
Ary:={c>0:E(U) < +oo}.
Then, if c € At y, then (0,c] C Ar,y. Moreover, the correspondence
ceAry = E(U)eR
is continuous.

Proof. Let c € A7 y. On the one hand, inequality (3.5.2) in Lemma gives

+00 T
0< f e (U())dt <E.(U) —j E(U(t))e dt < B, (U) - aeT < +oo,
T

—00

which implies that a. e. in (T, +c0)
0<e (U()) e L (T, +)).
Therefore, if ¢’ < ¢ we have that a. e. in (T, +00)
0<e (U(-) <e.(U(-) € LN(T,+o0). (3.5.12)

On the other hand, .
j lec(U()|dt <E(U) + 2aeT < +00

(o)

because e.(U(-)) is non-negative a. e. in [T, +00). The previous inequality shows

lec(U(-)] € L' ((=eo, T)),
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and we have that a. e. in (oo, T)

lec (U< lec(U())l € L' ((=eo, T)). (3.5.13)

Combining (3.5.12) and (3.5.13), we obtain that |e.(U(-))| € L' (R), meaning that ¢’ € At ;;. Hence,
we have (0,c] C Ar y as we wanted to show.

Consider now a sequence (c,),eN in A7 7 such that ¢, — ¢, € At y. The sequence (c;),en is
convergent (so in particular it is bounded), meaning that in case it does not attain its sup we must

have ¢, = sup,,cn ;- Therefore, we can set

Coo if oo = SUP, e i

max,cNC, otherwise,

and we obviously have ¢ € At ;. As a consequence, (3.5.12) and (3.5.13) imply that a. e. in R

VneN, le. (U())<lesU(-)| € L'(R).

Since we also have e, (U(-)) — e._(U(-)) pointwise a. e. in R, the Dominated Convergence Theorem
gives the result. O

We now show a lower semicontinuity result, which in particular will imply the existence of the

constrained solutions:

Lemma 3.5.6. Assume that|(H3.1’),|(H3.3’)|and |(H3.4’)| hold. Let T > 1 be fixed. Let (U}),cn be a

sequence in Xt and (c,),eN a convergent sequence of positive real numbers such that

supE, (U}) < +oo. (3.5.14)
nelN

Then, there exists a sequence (Uy,),eN in Xt and Uy, € X1 such that up to extracting a subsequence in
(U, €1)nen it holds

VneN, E, (U,)=E. (U}), (3.5.15)
VteR, U,(t) — Uy(t) weakly in & (3.5.16)

and
Uphe, — Ulh,_ weakly in L*(R, %) (3.5.17)

where, fork € R, hy:te R — e’2 e R and c,, :=lim,_,,c,. Moreover,

E._(U,) < liminfE, (U,). (3.5.18)

e n— o0

Proof. Denote M := sup,, EC"(U,i), which is finite by (3.5.14). We will now use |(H3.4’)] We
assume that 2. holds, the argument when 1. holds being similar and easier. Fix any v¥ € #* and
for all n € N, set v, := U.(T) € F*. Define

U, :teR— Dy, ) (UL(1)),

where P, is the differentiable operator introduced in|(H3.4’)l We apply the properties summarized
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in 2. of (H3.4") Notice that for all n € N we have U, € X1 due to (3.4.12). The energy equality
(3.5.15) follows from (3.4.13) and (3.4.14). Moreover, (3.4.11) implies that for all n € N

A

P*(Uy(T)) = P*(By, vy (Ui(T))) = P (B, vy (vn) = V7,

which in particular means

r+
1UL(T)-v'llz < 70 (3.5.19)

Notice now that £(U(-)) is non-negative in [T, +o0) as U € X by (3.5.2) in Lemma therefore

YnelN, %j ||U;,(t)||f?ecy,tdt <M _J E(U,(t))e " dt (3.5.20)
R R

nelN Cn

T
<M —j E(U,(t))e " dt < sup {M - ieC”T} < +o0.

That is, we have that (Uyh. ),en is uniformly bounded in L*(R,Z). Therefore, there exists
U e L*(R, %) such that
U, h, — U weakly in LY(R,Z) (3.5.21)

up to subsequences. Such a thing implies
J. 10 ()13, dt < limian- U (8)II2 e dt. (3.5.22)
R n—-00 R

Now, notice that by (3.5.19) we have that (U,(T)),en is bounded in &. Therefore, up to an
extraction there exists v, € & such that

Uy T) = vy in Z. (3.5.23)

As in [[157]], we point out that

t
VteR,YneN, U,(t)=U,(T) +f U, (s)ds.
T

Now, notice that for all t € R we have 19 h_. — 19 nh__ in L*(R), where 1 states for the

indicator function of a set. Therefore, we obtain by (3.5.21) and (3.5.23))

t
VteR, Uy(t) = Ux(t) := v +j U(s)e =%/ ds,
T

which gives (3.5.16). Moreover, we have that U, € H}

loc
(3.5.21)) that (3.5.17)) also holds.
Recall now that £ is lower semicontinuous on £ by|(H3.1’), so that (3.5.16) gives

(R,Z) and U/, = Uh_,_, meaning by

VteR, E(Uy(t))<liminf&(U,(t)). (3.5.24)

n—00

We need to show that U, € X1 and to establish the inequality (3.5.18).

* We begin by showing that U, € Xr. We need to show that for all t € [T, +c0), it holds

Uwl(t) € &1/, and similarly for (—co,~T]. Fix t € [T, +c0). We have that U,(t) € #,.,, so we
0 0
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can define the sequence (v} (t)),en in & * as v} (t) := P*(U,(t)). We show that such a sequence

is bounded. Indeed, we have

+

.
VneN, [vi(t)llg < 30 +IUn(0)ll

and (U,(t)) g converges weakly in £, so in particular it is bounded. Therefore, up to an
extraction we can assume that v} (t) = vi,(t) € & and by [(H3.3")|we have v} () € #*. Using

now the convergence properties we get the inequality

r+

1Uss(t) = V& (Bl < Liminfl|U, ()= v; (Bl < =

so that U, (t) € ?Vz
%5_/2' Therefore, we have shown that U, € Xr.

An identical argument shows that for all t € (—co,—T | we have U, (t) €

* Next, we prove (3.5.18). We have

supf E(U,(t))e dt SM—supf 10t )”3 eldt < +co,
neN JR neNJr 2

by (3.5.20). Hence, we can apply Fatou’s Lemma to (t € R — £(U,(t))e“"),.en (a sequence of
functions uniformly bounded below by a) to show

n—-+oo n—oo

J“mﬁ&wMWMKMMMJﬂwmwwa
R R

which, combined with (3.5.24) implies

n—-oo

J- E(Uy(t))etdt < liminff E(U,(t))e" dt. (3.5.25)
R R

Combining (3.5.22)) and (3.5.25) we get

Ec(Uoo)Slimian 1T 2)”3 C"tdt+l1m1nfj E(U,(t))edt,
R R

n—-oo n—oo

which, by superadditivity of the limit inferior gives (3.5.18).

3.5.5 Existence of an infimum for E, in X

The goal now is to show that, for T > 1 and ¢ > 0 fixed, the infimum m_ 1 as defined in (3.5.8) is
attained by a function in X7. This will actually follow easily from Lemma

Lemma 3.5.7. Assume that|(H3.1°)}|(H3.2°)}((H3.3")|and|(H3.4°)|hold. Let c >0, T > 1 and m. 1 be as
in (3.5.8). Then, m 1 is attained for some U, 1 € Xr.

Proof. By (3.5.11) in Lemma we have that there exists a minimizing sequence (U,,),en for E,
in X7. We apply Lemma to (U, )qen and the sequence of speeds constantly equal to c. We
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obtain a function U, 7 € X7 such that

EC(UC,T) <liminfE (U,) = mer,

n—-00
due to (3.5.18). Therefore, m 7 is attained by U, 1 in Xr. O

Subsequently, we show that assumption|(H3.6’) implies that the constrained minimizers are

solutions of the equation in a certain set containing (-7, T), with the proper regularity.

Lemma 3.5.8. Assume that|(H3.6’) holds. Let ¢ >0, T > 1 and m. 1 be as in (3.5.8). Let U. 1 € X be
such that E.(U,7) =m, 7. Then, U.r € A(-T,T)), A((-T,T)) as in (3.4.23) and

U/ —-Dg&(U.r) =—cU, 1 in (=T, T). (3.5.26)
Moreover, if t > T is such that
r+
disto (U, 7(t), F ) < ?0 (3.5.27)

then, there exists 0*(t) > 0 such that U, r € A((t —0*(t),t + 0*(t))) and
U1 —=Dg&(U.r) =—cU pin (=0 (t),t + 67 (t)). (3.5.28)

Similarly, if t < =T is such that
dist (U 7(t), F ) < %0 (3.5.29)

then, there exists 0~ (t) > 0 such that U, € A((t -0~ (t),t +07(t))) and
U/r -Dg&(Ur) = —cU, 1 in (=67 (t), £+ 07 ().

Proof. We first show that
VteR, P(U.r(t)) =U.r(t), (3.5.30)

where P is the map from|(H3.6")l We claim that the function

UP, it eR - P(U, 1 (1))

belongs to Xt. Indeed, this follows from (3.4.21))and (3.4.22). Property (3.4.20) implies that

VieR, EUPL(1)<EU,r(1) (3.5.31)
Take now t € R and s € R\ {t}. Property (3.4.21) implies that

|
Z

UST(t) _UET(S) U, r(t)-U,r(s)

7

t—s t—s k2
which, by Lebesgue’s differentiation Theorem implies that
fora.e. teR, [(UD7) (Dl <IIU, 7 (t)llz. (3.5.32)

By contradiction, assume now that there exists ¢t € R such that U r(t) = P(U. r(t)) = UST(t). Prop-
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erty (3.4.21) implies that P is a £-continuous map. Therefore, since U, r is also Z-continuous,
we must have that for some non-empty interval I; > t, it holds

Vsely, Ugr(s) = P(Ugr(s) = ULL(s),
so that, using (3.4.20) we get
Vsel, E(UPL(s)<E(U,r(s)
so that, combining with (3.5.31)) and (3.5.32) we obtain

EC(UST) < EC(UC,T) =m.rT,

which contradicts the definition of m 7 (3.5.8) since UET € Xr. Therefore, we have shown that
(3.5.30) holds. Next, notice that

E(Uor;[-T, T]) <mg 7 — —eT < +o0
C

and for any ¢ € CL((-T,T),(#,|Il#)) we have U.r + ¢ € X7, so that E.(U.7) < E.(U.1 + ¢).
Therefore, the restriction of U, 7 in (=T, T) is a local minimizer of E.(-,[-T,T]) in the sense of
Definition Since U, r also verifies (3.5.30), we can apply the regularity assumption [(H3.6")
Therefore, U, 1 € A((-T,T)) and holds. Assume now that there exists t > T such that
holds. Then, there exists v*(t) € # * such that

o

IUer(t)-v* ()l < 2

which, since U, 1 is &-continuous, implies that there exists 6*(t) > 0 such that

+
Vs e (=01, £+ (1), IUer(9)-v* (Dl < & —d* (1
where
+ 1 r(JJr +
4 ()= 5 (2 = IWer(t) - v* (1l ) > 0.

Therefore, if ¢ € CL((t - 6*(t),t +6%(t)),(#,|I|l7)) is such that

m da*(t)
t <
te[t_6+(tiﬁ5+(t)]|l¢( )”% — 2

we have that
o . N ro d*(t)
Ys e (t=0" (0t +87(1), IUqr(s)+p(s) -V (Dlly <= -

so that U, 7+ ¢ € X7. Meaning that E. (U, 1) <E_7(U. 1+ ¢). Since ¢ is supported on [t —67(¢t),t +
0*(t)], the previous implies that

Eor(Uer;[t=07(t),t+07(1)]) <Ecr(Ugr + s [t =07 (2), £+ 07 (1)),

so that U, r is a local minimizer of E.(-; [t — 0" (t),t + 6*(t)]) in the sense of Definition Since
(3.5.30) also holds, we can apply|(H3.6’) and obtain that U, € A((t - 6" (t),t + 6*(t))) and equation
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(3.5.28) holds. If t+ < —T is such that (3.5.29) holds, the same reasoning shows that for some
o= (t) >0, U,p € A((t —67(t),t + 07(t))) and (3.5.27) holds, which concludes the proof of the
result. O

3.5.6 The comparison result

The goal of this section is to obtain relevant information on the behavior of the constrained
minimizers. Such information is contained in Corollary and it will allow us to remove
the constraints later on. In order to carry on these arguments, assumption [(H3.7")] will become
necessary since it will show that our problem can be somehow dealt with as in the balanced one,
which will allow us to argue in a fashion similar to Smyrnelis [157]]. We begin by introducing some
constants. For 0 < r < rj, recall the definition of x introduced in (3.4.7), Lemma We define

T+ r+
g 2= mind \JeTl 2 J27 ), 4> 0, (3.5.33)

w10
=l >0, (3.5.34)
+)2
max ©= mmin{m?}) ,K,;g,ﬁ+(f+)yl3+(’75)} >0, (3.5.35)

where the constants C*, g*(7*), B(1y) were introduced in [(H3.5’)l Recall that in (3.4.24), (3.4.25),
(3.4.26) we introduced the analogous constants

R 70 e 0
o = mm{\/e 1Z 2(Kr0/4—a),z}>0, (3.5.36)

P >0 (3.5.37)

and
1

-\2
£ = (C_)z(c_+1)min{(170) ,K;O—a,ﬁ—(f—),ﬁ—(qg)}>o. (3.5.38)

For any U € X7, define

t (U, Epax) = sup{t eR:E(U(t) <a+Epa and distx(U(t),F ) < %0} (3.5.39)
and .
tH(U,EL ) = inf{t eR:E(U(t) <&, and distx(U(t),F ') < %0} (3.5.40)

We have the following technical property:

Lemma 3.5.9. Assume that|{(H3.1")|and|(H3.5) hold. Let #* > 0 be as in (3.5.34)), (3.5.37) and &, be
as in (3.5.39)), (3.5.38). Then, if v € F = is such that
0

E(v) < min{+(—a), 0} + B=(F*), (3.5.41)
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then
YAe[0,1], £(Av+(1-A)P*(v)) < min{+(-a), 0} + C*(E(v) —min{+(-a),0}). (3.5.42)

In particular, if
E(u) < min{x(-a),0} + &5

max’

(3.5.43)

then
YAe[0,1], E(Av+(1-A)P*(v)) < min{£(-a),0} + C*&x . (3.5.44)

The constants Ex,,, C* where defined in (3.5.38)), (3.5.35)) and (3.4.27) respectively. P*(u) is the
projection introduced in

Proof. Assume that (3.5.41) holds for v € 92;; Then, invoking|(H3.5’)| we have that v € F ;+, so in
particular the projection Pz, (u) is well defined. Fix A €[0,1]. Since v € # =, the projection P*(v) is
0

well defined by Using (3.4.15) we obtain

A+ (1= A)P*(v) = P*(v)ll 7 = Allv - P*(v)ll % (3.5.45)
<(C*+1)llv =Py (v)llg < (C*+1)7*

+ + . e At s . .
so that Av + (1 — A)P*(v) € &, " by the definition of #* in (3.5.34)), (3.5.37). Using now again
(3.4.15) along with the estimate (3.4.17) in[(H3.5"), we get

IP*(v) = P (v)lI3 < (C*)*(€(v) ~ min{x(~a), 0})
which, plugging into (3.5.45), gives
IAv + (1= )P=(v) = Py (v)ll3, < %((Ci)2 +(C* +1)%)(€(v) - min{x(-a), 0}),

that, using again (3.4.17)), implies exactly (3.5.42). Assuming now that (3.5.43) holds, we have by
(3.5.38)), (3.5.35) that in particular (3.5.41) holds. Therefore, (3.5.44) follows from (3.5.42). O

Next, we have the following property:

Lemma 3.5.10. Assume that[(H3.5 )| and|[(H3.7")|hold. Let ¢ > 0 and T > 1. Assume that U € Xy is
such that E.(U) < 0. Then the quantities t— (U, &,y ) and t*(U, &L, ) defined in (3.5.39) and (3.5.40)),
respectively, are well defined as real numbers. Moreover, it holds that

E(U(I (U, Ea)) < 8+ Epas dister (U (U, Egy)), F ) < 2 (3.5.46)
and "
EU(E (U, Egran)) < Efs dister (U(E (U, E)), T < 2 (35.47)

Proof. Using that E.(U) < 0 and the fact that {t e R: £(U(t)) > 0} is nonempty since U € X, we
must have that
{teR:EU(t) <0} =0

and if v € & is such that £(v) < 0, then we have dist(v,% ~) < r;/2 by (3.4.30) in|(H3.7’){and
E(v) < a+ &, since we assume a + £, > 0. Therefore, t7(U, £,y ) is well defined, as we have
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shown that

{t €R: E(U(H) <a+Enny and dist g (U(t), F) < %0} 20
and such set is bounded above by T, because ‘%5_/2 N 9{5/2 = (. Using Lemma we have
that t*(U, &} ,,) is well defined. Finally, inequalities (3.5.46) and (3.5.47) follow because t € R —
E(U(t)) € Ris lower semicontinuous by and t — dist ¢ (U(t), F *) is continuous whenever

U(t) e 9;;—'/2 by |(H3.1’)|(recall that t € R — U(t) € ¥ is continuous because U € H! (R,#)). O
0

loc

The main work is done by the following result:

Proposition 3.5.1. Assume that|(H3.5’)land|(H3.7’)|hold. Let ¢ >0 and T > 1. Consider U € Xt with
E (U)<0. Let t*:= t*(U, E%,, 1y ) be as in (3.5.39) and (3.5.40). Then, t* are well defined by Lemma
3.5.101 Moreover, if there exists { <t~ such that

15 2 distg (U(F), 52 0 (3.5.48)
then, we can find U~ € X such that
Vi<t , distg(U (1),F 7)< % (3.5.49)
and
E.(U")<E.(U). (3.5.50)

Analogously, if there exists £+ > t* such that

s o
ré > distg(U(FY),F ") > 70 (3.5.51)
then we can find Ut € Xt such that
- ry
Vi >t*, diste (U (1), F 1) < 70 (3.5.52)
and
E.(U") <E.(U). (3.5.53)
Furthermore, we have that
0<tt—t~ <T(c), (3.5.54)
where
1 —a
Te(c):= —1n(—+1), (3.5.55)
c \ay

with a, > 0 a constant which is independent from ¢, T and U.

The idea of the proof of Proposition is pictured in Figure

Proof of Proposition[3.5.1] We begin by proving the first part of the result for & ~. Recall that

Lemma|[3.5.10|gives
E(U(t)) <a+&,

max-*

(3.5.56)
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and U(t7) e ‘%6_/2' Since a + &, < B(Emax) bY the definition of £, (3.5.38), we have by |(H3.5)
that
distx(U(t7),F ") <1#;. (3.5.57)

Assume that there exists f~ < t~ such that (3.5.48)) is satisfied. Moreover, we assume, as we can,
that _
-~ T
= max{ts t 1 distgp(U(t),F ) > 70} (3.5.58)

(the sup can be replaced by a max by continuity). Define
to :=inf{t € [f7,t7]: E(U(t)) < a+ Epay and distx(U(t)) <15} (3.5.59)

Letv :=P(U(t))) € ¥, with P~ asin Notice that due to (3.5.58), we have

r
Vte [ty t7], dist(U(t),F )< 70 (3.5.60)
The proof now bifurcates according to two possible cases:
* ty <f +1. In that case, set
\'a ift < to—1,
O (0= (6 - 1)+ (t-t5+ )U(t) it -1 <t <ty
U(t) if t > 1,

which belongs to X7. Due to the definition of U~ and (3.5.60), we have that U~ satisfies
(3.5.49)). It remains to check (3.5.50)). We have

0 ty -\ _ w2
Jt eC(U_(t))dtSJ [Mw(ﬁ—(t)) ectdt.
ty—1 to—1 2

Fix t € [ty —1,t5]. Choosing A =t —t; +1€[0,1] and applying (3.5.44) in Lemma and

(3.5.56), we have that
E(U (1) < a+C Empay

The previous fact combined with (3.5.57), (3.5.56) and [3.5.6} gives

ty ) —\2 ) ety _ e(tg=1)
j eC(U(t))dts(m+C€max)e“0 p Aozt (3.5.61)
ty—1 2 ¢
The continuity of U and (3.5.48) implies that there exists £, € (£, ;) such that
dist(U(7),F ) = %0 and Vt e [, 7], disto(U(t),F ) > %0 (3.5.62)
Using (3.5.62), we get
5 raeCfL
U@l et = (3.5.63)

-
and (3.5.62) also implies
Viel[f, 5], EU(t) = Kre /4 (3.5.64)
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Inequalities (3.5.63) and (3.5.64) along with the definition of 7, in (3.5.36) and Young'’s

inequality give

&5 raecfg ety _ pct
f ec(U(t)dt > = Z(K;a/4—a)+af

b _ et

2ect‘ +a ,

=e(ng)

which gets to, using also that i~ > t; - 1,

Jto e (U(t))dt = J( - ﬂec(U(t))dt + J:t e (U(t))dt

Using now (3.5.61) we get
th -1 ty .
J eC(U_(t))dt:J eC(U_(t))dt+f e (U™ (t))dt
— —o0 to—1

—\2 ~ cty
< (@ + C‘S;lax)e“to + %

Therefore, subtracting (3.5.66) from (3.5.65), we get

jta eC(U(t))dt—jta e (U (t))dt

(o) —00

—\2
> (@ + C_Sr;lax)e‘:to,

which is positive because (3.5.38)) implies

—\2
C & < (7o) )

max — 4

Since U~ and U coincide in [ta,+<>o), the proof of the first case is concluded.

* ty >f+1.Insuch a case, set

v~ ift<f,
. = U))+(F+1-t)v iff <t<f +1,
Oty | V) v
U(ty) if - +1<t<t,
U(t) if t; <t,

(3.5.65)

(3.5.66)

which clearly belongs to X7 and for all t <7, U(t) € 97;0__/2 by (3.5.60). We have that U~ is
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constant in [~ +1,t], therefore

f+1 ¢

to ~ oty — pcf +1
f e (U ()t < (a+ Enp) b
t

and, due to the definitions of & ,, in (3.5.38) and t; in (3.5.59)
ty eCto — ecf‘+1 to _
J e (U(t))dt = min{a + Eppp, Ko} ——— zj e (U (t))dt,
+1 0 ¢ +1

because &, +a > 0 by|(H3.7’)|and tq > f~ + 1 by assumption. Hence

fm e.(U(t))dt < .ro e.(U(t))dt.
~+1 ~+1

Arguing as in the first case scenario, we can prove that
+1 ~ F+1
| ewnar< [ euiona

which concludes the proof of the second case.

To sum up, we have shown that if (3.5.48) is satisfied, then there exists U~ such that (3.5.49) and

(3.5.50) hold, as we wanted.
Assume now that there exists f* > t* such that (3.5.51) holds. As before, Lemma|3.5.10|and the
definition of £, (3.5.35), imply that t* := t*(U, &L, ) is such that

dist(U(t"), F ) <ng (3.5.67)

and
E(U()) < & axe (3.5.68)

We claim that we can assume without loss of generality that
Vte[tt,+o00), E(U(t)) > 0. (3.5.69)

Indeed, if we can find ty € (t*,+00) such that £(U(t)) < 0, then by we have have that
E(U(ty)) < a+Enay and by (3.4.30) in|(H3.7")| we also have that dist ¢ (U(ty), ¥ ) < ry/2. Therefore,

max

we have by the definitions (3.5.39) and (3.5.40) that t~ >ty and t* > t~, a contradiction since we

assume to > t+.

For the positive case, the proof is simpler as it suffices to define v := P*(U(t*)) and

v* ift>tt+1
U ()= (t =t )W+ (1T + 1 - U(tT)  iftF+1>¢t> 1,
U(t) ift">1,

which is such that U € X. Moreover, it holds that for all t > t*, we have U*(t) € r++/2' Therefore,
0

the requirements ([3.5.52) and (3.5.53)) hold for U*. It remains to check that (3.5.53) is also fulfilled.
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We have that
41 _ 41 ||U(t+)— +||££ _ ,
j eC(U+(t))dt:J 5 +E(U™(t))] e dt. (3.5.70)
£ t
Using (3.5.44) in Lemma(3.5.9|and (3.5.68), we get
tr+1 _ .
f E(U*(t))e dt < CHES, e ), (3.5.71)
t+
Using now (3.5.67), we get
LU () = v 2o
J- Meffdt < mec(f +1) (3.5.72)
- 2 2
Plugging (3.5.71) and (3.5.72) into (3.5.70), we get
e (170) + o+ ct*+1
e (U*(t))dt < > +C ¢ |e . (3.5.73)
t+

Since for all ¢t > t* + 1 we have U*(t) = v*, we obtain from (3.5.73)

J+weC(U+(t))dt<((%) +C+8;ax) et (3.5.74)
t

+

Next, notice that by continuity we can find #; € (%, ") such that

+ + +
dist(U(E), F+) = %0 and Vt e [, B], 0 > distg (U(1), F*) > %0 (3.5.75)
Therefore, using (3.5.51) and (3.5.75)), we obtain
I o
U’ (8)]| getdt > Lect 171 (3.5.76)
4
6"
and (3.5.75), (3.4.6) in|(H3.1’) imply
Vielf', 53], E(U(t) = K%M. (3.5.77)

Inequalities (3.5.76)), (3.5.77) yield by Young’s inequality

P+
Ji ec( ( ))dt> Z ct +1,-1 ’21{ rs = (170)2 t+1’
B

where the last equality is due to the definition of 176“ in (3.5.33). Combining with (3.5.69), we get

fm e (U(t)dt > (ng)%e 1.
t+

The definition of &F,, in (3.5.35) and (3.5.74) imply then that

Lm e (U(t))dt > Lm e (U (t))dt,
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which establishes (3.5.53).
We now show the last part of the proof: we show that (3.5.54) holds with the constant T,(c)

defined in (3.5.55)). The argument is the same as in [12]], Lemma 2.10. Assume by contradiction
that there exists t € (t7,+o0) such that £(U(t)) < 0. Then, arguing as above we must have t <t~ by
the definition of ™ in (3.5.39), a contradiction. Therefore, we can write

1 d
E.(U) = > j U (#)]I5, e dt —f ET(U(t))edt (3.5.78)
R —00
+j EX(U(t))edt,
R
where £~ and £* stand for the positive and the negative part of &, respectively. We have that
t a
J ET(U(t))e dt < Te“ . (3.5.79)

Set a, := min{&f .y, Emax + a} > 0, which is independent on U, c and T. Notice that for all t € (t7,¢%)
we have that £(U(t)) > a,. Indeed, if £(U(t)) < a,, then by the definition of ¢t~ and t* in (3.5.39)
and (3.5.40) we get

diste(U(t),F*) > %6

which implies that
E(U(t) > min{K:g/z, Kep+a)>ay,

by (3.5.38) and (3.5.35), a contradiction. Therefore,

¥
t a,

L5+(U(t))ecfdt > J- EX(U(t))edt > T(e“* —e!). (3.5.80)

Plugging (3.5.79) and (3.5.80) into (3.5.78) and using that E.(U) < 0, we obtain

a ..~ + - a g -
0> —¢t +_*(ect _ect)z(_Jr_*(ec(t t)_l))ect}
c c c c

that is,
which implies

which is exactly (3.5.54) according to the definition (3.5.55). O

The importance of Proposition [3.5.1] is summarized by the following result, which gives

important information on the behavior of the constrained minimizers:

Corollary 3.5.1. Assume that[(H3.3")|[(H3.4")}[(H3.5")|and [(H3.7’)|hold. Let ¢ >0 and T > 1. Let U, 1
be an associated minimizer of E. in Xp given by Lemma Then, if t*:= t*(U, 1,Ex5.y) ate as in

max
(3.5.39), (3.5.40) it holds that

Vi<t distg (U r(t), F) < %0 (3.5.81)
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Figure 3.5: As it has been shown, the proof of Proposition consists on showing that if the
function U gets too far from F * after getting too close, then we can find a suitable competitor
with strictly less energy. Above, we see a design for the positive case (the competitor U™ is
represented in blue). The second and third picture correspond to the two possible scenarios for
the negative case (the competitor U~ is represented in blue).

and .
’
Vit distg(U.r(t),F ) < ?O (3.5.82)
Moreover, we have
Vt>t, £(U,r(t) >0. (3.5.83)
Finally, we have that if E.(U. 1) <0, then
0<tt =t <Tyc), (3.5.84)

where T,(c) is as in (3.5.55). In particular, the function
c € (0,+00) = T,(c)

1S continuous.

Proof. If we assume by contradiction that does not hold, then we necessarily have that
there exists f~ <t~ such that holds. Proposition implies then the existence of U € Xr
such that E.(U) < E.(U. 1) = m.7, a contradiction. Therefore, holds. Similarly, we can
show that also holds. Finally, in order to establish (3.5.83), we argue as in the proof
Proposition Indeed, due to the definition of t~, we have that for t > ¢~ it holds that either

EUr(t) >a+En >0
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(which is[(H3.7")) or

diste (Uo7 (1), F )= L
which by (3.4.30) in|(H3.7’) implies that £(U,, 7(¢)) > 0. Therefore, (3.5.83) holds and the proof is
concluded. 0

Moreover, Lemma applies to V. r as follows:

Corollary 3.5.2. Assume that[(H3.3")|[(H3.4")}[(H3.5")|and[(H3.7’)|hold. Let ¢ >0 and T > 1. Let U, 1
be an associated minimizer of E. in X1 given by Lemma Then, if t*:= t*(U, 1,Ex5ax) are as in
(3.5.39)), (3.5.40) it holds that there exists o, > 0 such that the set

SC,T = (—OO, I+ 6C,T) U (—T, T) U (t+ — 5C’T, +oo)

is such that U, r € A(S. 1) (see (3.4.23)) and
U7 -Dz&(U.r)=~cU, 1 in S, . (3.5.85)

The proof of is obtained in a straightforward manner by combining Lemma |3.5.8|with
the informations given by Corollary Notice that implies that constrained solutions are
picewise solutions and, in particular, they solve the equation for times with large absolute value.

3.5.7 Existence of the unconstrained solutions

We now establish the existence of the unconstrained solutions making use of the previous compar-
ison results. As in [[12] and [13]], we define the set

C:={c>0:dT >1 and U € X7 such that E.(U) < 0}. (3.5.86)

We first prove some important properties for C which are the same to Lemma 2.12 in [12]] and
Lemma 27 in [13]:

Lemma 3.5.11. Assume that|[(H3.3")|[(H3.4")|and [(H3.5) hold. Let C be the set defined in (3.5.86).
Then, C is open and non-empty. Moreover, if we assume that holds, then C is also bounded with

V-2a
dy ’

supC < (3.5.87)

where dy was defined in (3.4.29).

Proof. Firstly, we show that C = 0. For that purpose, consider the function W introduced in (3.5.9).

Consider the function

1 ’ 2
fice(0,+o0) > e_c(g 4 eZCL [% +€(\I’(t))]dt] eR,

which is well defined by Lemma We have that for all ¢ >0

1 ’ 2
E (W)= Zecy f (% + S(W(t))]e“dt < f(c) (3.5.88)
-1
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and f is a continuous function such that lim,_,y f(c) = —oo because a < 0. Moreover, we have that
forall c¢>0,

1 ’ 2
fle)= —e_ca+ce2‘:J (% +E(W(1)|dt >0
-1

and lim._,,, f(c) = +o0. Therefore, there exists a unique cy > 0 such that f(cy) = 0 and for all
¢ < cy we have E (V) < 0 by (3.5.88). Therefore, (0,cy) C C, meaning that C # () as we wanted to
show.

We next prove that C is open. Let c € C, we have that E.(U. 1) <0, where U, 1 is a minimizer
of E. in Xt given by Lemma|3.5.7] By (3.5.6) in Lemma there exists a sequence (t,,),eN in
[T, +o0) such that t,, — +c0 and

lim £(U,1(t,)) = 0. (3.5.89)

n—-oo

Up to subsequences, we have that for all n € N, U, r(t,) € .. Hence, we can define
0

U, 7(s) if s<t,
?,T(S) = (1 + tn _S)UC,T(tn) + (5 - tn)p+(Uc,T(tn)) if tn <s< tn + 1:
P+(UC,T(t1’l)) ift,+1<s.

We have that for all n € N,

n p+ )
EC(U?,T(S)) = Jt ec(Uc,T(S))dS+ ”UC’T(t”) PZ(UC'T(t”))”i’

-0

(3.5.90)

t,+1
+£ E(U 1(s))ds

”UC,T(tn) - P+(UC,T(tn))||fg
2

< EC(UC,T) +

t,+1
o[V (6) + - P (U s,
ty
where we have used that t,, > T in order to obtain the inequality. Let f*(7*) be as in Lemma
Up to a subsequence, we have that for all n € N it holds £(U, r(t,)) < B*(7#*). Therefore, by Lemma
we have that for all A €[0,1] and n € N it holds

g(/\Uc,T(tn) + (1 - A)P+(UC,T(tn))) < C+€(UC,T(tn))f

where C* > 0 is independent on # (see (3.4.27)). Plugging into (3.5.90), we obtain that for all n € N

it holds )
||UC,T(tn)_P+(UC,T(tn))”g +
+C
2
Recall that we assume Notice also that (3.5.7) implies in particular that

EC(U?,T(S)) < Ec(Uc,T) +

E(Ue,r(tn))- (3.5.91)

lim ”UC,T(tn) _P+(UC,T(t1’l))||&2? =0

n—+o00

which, in combination with inequalities (3.5.89) and (3.5.91) together with the fact that E.(U. ) <0,
gives that there exists N € IN such that EC(U?’IT) < 0. Since U?”T is constant in [ty + 1,+00), we have
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that for all ¢> 0, Eg(Uﬁ\’IT) < +o00. Therefore, by Lemma we have that
€ (0,+00) > B-(UN;) e R

is well defined and continuous. Therefore, we can find some 6 > 0 such that for all ¢ € (c—9,c+9),
Ef(Ui\’]T) < 0. As a consequence, we have that (c - 0,c + 6) C C, which shows that C is open.

We now assume that[(H3.7”)| holds and we use it to establish the bound (3.5.87). In particular,
we can apply Proposition Let c >0 and T > 1 be such that E.,(U.7) < 0 with U, € X7
a minimizing solution given by Lemma Let t* := t*(U, 1,Emax) be as in (3.5.39), (3.5.40).
Inequality in Proposition [3.5.1]implies that ¢~ < t*. Recall the definition of d; in (3.4.29)
and the fact that U, p(t*) € 9;31/2' Those facts imply

do < U7 (t") = Uer(t7)llz- (3.5.92)
Since|(H3.7’)|holds, we can use (3.5.83) in Corollary to obtain

) UL, feet — e
1Ue ()~ U () < zf ot e”dt( : )
R

a . \[ect —ct
< 2(EC(UC,T) - Eecf )(f)

Using now that E.(U. 1) <0, the fact that t~ <t* and (3.5.92), the inequality above becomes

1—et=t)  _2g
<

dg <-2a

s

c2 c?

so that (3.5.87) follows. O

We now have all the ingredients for establishing the existence of the unconstrained solutions:

Proposition 3.5.2. Assume that|(H3.3’),|(H3.4),(H3.5")} |((H3.6")|and |(H3.7’)|hold. Let ¢ € d(C) N
(0,+00), where d(C) stands for the boundary of the set C defined in (3.5.86). Then, there exists T > 1
such that mg 7 = 0 (mg 7 as in (3.5.8)) and U € X7 an associated minimizer of E¢ in Xz which does not

saturate the constraints, i. e.

+

Vi>T, distg(T(t), F) < %0 (3.5.93)
and B
Vt<-T, distg(0(t),F ") < %0 (3.5.94)

Moreover, U € A(R) and the pair (c,U) solves (3.4.1)).

Remark 3.5.3. Notice that Lemma|3.5.11|implies that (under the necessary assumptions) the set C
is bounded, meaning that d(C) N (0,+o0) # 0. Such a fact, in combination with Proposition

shows the existence of the unconstrained solutions.

Proof of Proposition By Lemma [3.5.11} we have that C # 0 is open, which implies that J(C) C
IR\ C. Therefore, we have ¢ ¢ C. Recall that due to the definition of C in (3.5.86|), we have that

VT >1, mzr > 0. (3.5.95)
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The definition of the boundary allows to consider a sequence (c,),cn contained in C such that
¢, — C. Then, for each n € N there exists T, > 1 such that E. (U, 1) <0, where, for each n € IN,
) as in (3.5.39), (3.5.40).

U, r, is a minimizer of E, in X7 . For each n €N, set t;; := t*(U, 1,y

max
Using (3.5.84) in Corollary we have that that

VnelN, 0<t)—t, <Tic,),

and the function
€ (0,+00) = T, (c) € (0,+00)
is continuous. Since the sequence (c;),en is bounded, we have that
T, = max{l,supT*(cn)} < 400
nelN

and
VneN, 0<ti—t; <T,, (3.5.96)

so that we have a bound on (¢} —t;,),,en- Moreover, (3.5.81) and (3.5.82) in Corollary imply

+
VneN,Vt>t;, distg(U, 1 (t),F 7)< 7 (3.5.97)
and
ro
VneN,Vt <t,, distg(U, 1 (t),F )< 70 (3.5.98)

For each n € N, define the function U?’T :=U, 1 (-+1t;). Then, (3.5.96) implies that (3.5.97) and
(3.5.98) write as

VnelN,Vt >0, dlstg(U" ()9")<r—0.

Cﬂ n

and
=
cn,Tn(t)lg ) < 70

VYnelN,Vt <-T,, disty(U
so that for all n € IN we have UZ” 7. € X1,. Moreover, a computation shows

#

VneN, E, (U ;)=e"E, (U, 1,)<0.

Therefore, if we apply Lemma [3.5.6|with sequence of speeds (c,),en and the sequence (UZ’T JneN
in X7 , we obtain Ue X7, such that

E(U) < liminfE,, (U} ;) <0,
n—-oo
which in combination with (3.5.95) implies that mg 7, = 0. Therefore, we have E; +(U) =0, so that
U is a minimizer of Bz in X7,. Set t§ := t*(U,&%,,) as in (3.5.39), (3.5.40). Invoking (3.5.95) and
Corollary we obtain that for all T > 1 such that m; 1 = 0 and Ue X7, wehave Ue A(Ser)

with

Se1 1= (=00, t5 + 0,(T)) U (=T, T) U (£} — 5,(T), +o0) (3.5.99)
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for some 0,(T) > 0 and
U -D%&(U)=-cU in Sz 7.

Moreover, using (3.5.81) and (3.5.82) in Corollary we obtain as before that

+

Vit distg (U(H),F ) < %0 (3.5.100)
and _
— T,

Vi <ty, diste(U(t),F )< 70 (3.5.101)

Therefore, if we set T = max{l,t},~t;}, then (3.5.100) and (3.5.101) imply that U € X7 and that
(3:5.93), (3-5.94) hold. Moreover, we have that E(U) = 0, so that U is a minimizer of E¢ in Xz by
(3.5.95)). Therefore, we obtain that U € A(SE,T) and

U’ -Dg&(U)=-eU in S, 7,

with S; 7 as in (3.5.99). The choice of T implies that S:7 = R. Therefore, U € A(R) and (¢, U) solves
(3.4.1), which finishes the proof. O

Notice that our Proposition follows very similar lines than the analogous results in [12]
and [13].

3.5.8 Uniqueness of the speed

The precise statement of the uniqueness result is as follows:

Proposition 3.5.3. Assume that|(H3.6’)|\holds. Let X be the set defined in (3.4.31)). Let (c1,¢;) € (0,+00)?
be such that there exist Uy and U, in X N A(IR) such that (c1,Uy) and (c,,U,) solve (3.4.1) and for each

i €{1,2}, E. (U;) < +oo. Assume moreover that
Vie{l,2},¥Vjefl,2}\{i}, E,(U;)=0. (3.5.102)
Then, we have ¢ = c5.

Proof. We prove the result by contradiction. Hence, we can assume without loss of generality that
1 < ¢p. A direct computation shows that for every (¢, U) € (0, +00) x (X N A(RR)) a solution to (3.4.1),

we have
U’ (t)

2 ct ’ 2 /
VteR, T”i” +EU()) = e [% (E(U(t)) - w)] : (3.5.103)

Replacing (cy, Us) in (3.5.103) and multiplying for each t € R by e, computations show that

tp
Yty <ty 1B (Uit £2)) = (c1 —C2)f [U5(t)II5, e dt (3.5.104)
t
UI t 2 t2
o[ W)
t
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Notice now that the definition of X in (3.4.31) implies that

X:UXT,

which means that there exists T > 1 such that U, € X;. Combining then Lemma and the fact
that E. (U,) < +oo, we get that e., (U(+)) € L'(R). Therefore, we can find two sequences (t),cn and

n

(t;)nen such that £f — oo and

lim e, (U,(t;;)) = 0. (3.5.105)
n—o00
Since we have ¢; < ¢, it holds
[leGIE
VieR, ¢! [E(Uy(1) ~ — 5| < lec,(Ua(1))

which in combination with (3.5.105) implies

5.1
. (3.5.106)

. 105 (4011
lim et (S(Uz(t:—;)) _ M - 0.
n—-o00

Therefore, if we replace for each n € N in (3.5.104) with a = t;, and b = t;, we can then pass to the
limit (3.5.106)) and obtain

1B, (Uy) = (c) - c2>Lng<t>n§ewt <0

because we assume ¢; < ¢;. However, by (3.5.102) we have E; (U) > 0, which is a contradiction. [J

Remark 3.5.4. Again, the proof of Proposition is essentially a direct adaptation of that given
in [12] and [13]]. Our hypothesis are slightly weaker, since we only assume that the solutions have
finite energies and (3.5.102), while in [12] and [13] it is assumed that the solutions are global
minimizers of the corresponding energy functionals. Notice also that is not needed for
proving Proposition which holds in a more general setting.

Proposition along with Proposition allows to show that the set C defined in (3.5.86))

is in fact an open interval:

Corollary 3.5.3. Assume that|(H3.3"),|(H3.4"),|(H3.5")}|(H3.6)|and|(H3.7’)| hold. Let

c(C) :=supC.
Then, we have C = (0,¢(C)).
Proof. The statement of the result is equivalent to showing that
d(C) N (0,+00) = {c(C)}

The quantity c(C) is well defined in (0, +c0) because C is non-empty and bounded by Lemma[3.5.11}
Therefore, we have ¢(C) € d(C) N (0, +o0) because C is open, so it does not contain its limit points. By

Proposition we find U € X such that (c(C), U®) solves (3.4.1). Let now ¢ € d(C) N (0, +co). If
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we show that ¢ = ¢(C), the proof will be finished. Applying Proposition with ¢, we find Ue X
such that (¢, U) solves (3.4.1). Proposition along with the fact that ¢ and ¢(C) do not belong to
C, also implies that

. G ¢y = i
inf Ec(U) = E¢(U) = 0 = B,()(U°) = inf E(e)(U)

so that
E()(U) > 0 and E(U®) > 0

meaning that we can apply Proposition to (¢(C), U%), (¢, U). As a consequence, we have ¢ = ¢(C),
which concludes the proof. O]

3.5.9 Proof of Theorem completed

All the elements of the proof of Theorem are already present in previous result. Indeed,
Proposition along with Corollary implies the existence of (c¢*,U) € (0,+00) x X7+ a
solution to with ¢* = ¢(C). Conditions and are satisfied due to the fact that
U € Xr+. The statement regarding the uniqueness of the speed c* follows from Proposition 3.5.3}
Finally, we have that is exactly the exponential rate of convergence (3.4.32), which completes
the proof.

O

3.5.10 Asymptotic behavior of the constrained solutions at —co

As it has been pointed out before, almost nothing can be said about the behavior of arbitrary
function in X7 at —co. However, it turns out that constrained minimizers converge exponentially
at —oo with respect to the #-norm provided that the speed fulfills an explicit upper bound, see
Proposition Such an upper bound also allows to establish some other properties. Once
Proposition [3.5.4 will have been established, we will be able to complete the proofs of Theorems
and The results of this section are obtained by combining ideas from Smyrnelis [157]],
Alikakos and Katzourakis [13], Alikakos, Fusco and Smyrnelis [12]. It is worth to point out that the
arguments we present here strongly rely on the fact that the solutions considered are minimizers
and that we do not expect them to hold for more general critical points.

We begin by showing the following preliminary result, which follows by a direct computation:
Lemma 3.5.12. Assume that|[(H3.6")|holds. Let ¢ >0, t; <ty and U € A((t,t,)) such that
U”-Dg&(U) =—-cU in (t,t,).
Then, we have the formula

d Il

Ve (ty,ty), - E(U(1)) > = cl|U”(t)II%,. (3.5.107)

Lemma|[3.5.12|gives the following pointwise bounds for constrained solutions:

Lemma 3.5.13. Assume that |(H3.3°), |(H3.4°)} (H3.5"), (H3.6") and [(H3.7")| hold. Let U1 be a
constrained solution given by Lemma and t~ =t~ (U, 1,Enax) be as in (3.5.39). Then forall t <t~
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we have the inequality
UL+ (1)IIZ
% <E(U.r(t) -a (3.5.108)

Similarly, it holds that for all t > t*

’ 2
o (1,

E(U,r(t) < I (3.5.109)
where t*:= t*(U, 1, &) is as in (3.5.40).
Proof. Notice that in Corollary [3.5.2)implies that U, 1 solves
U/ —Dg&(U.r) = —cU, 1 in (=00, t7).
Therefore, the function
for:t€ (=00, = | E(Uer(t) —a- w :
is C! and we clearly have that f, r € L'((—c0,t7]). By in Lemma we have
Vte(—oo,t7), flr(t)=cfor(t)+ce UL ()5, >0, (3.5.110)
and we also have fC'T € L'((=o0,t7)). Therefore, it holds that
tlirpmﬂ,T(t):O. (3.5.111)
Fix t; < t, < t~. Integrating in [t;,t,] we get
Jer(t2) = fer(t),
which in combination with gives
Vi<t f.r(t)>0,
which is (3.5.108). Inequality is obtained in an identical fashion. O

We conclude this section by proving the exponential convergence result, which is inspired by
the ideas in Proof of (28) in Smyrnelis [157].

Proposition 3.5.4. Assume that|[(H3.3")| [((H3.4")} [(H3.5")} [(H3.6”)| and [(H3.7")| hold. Let ¢ > 0 and
T > 1. Assume moreover that c <y~, where y~ is defined in (3.4.28). Let U, 1 be a constrained solution

given by Lemma Then, there exists M > 0 such that for all ¢ € (0,7~ —c) and t € R it holds

t
J (E(Ur(s))—a)e ds <M eV =c-o), (3.5.112)

(0]

Furthermore, there exist M~ > 0 and v_ € ¥~ such that for all t € R

U, 7(t) = v plll < M—el” 9, (3.5.113)
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Proof. Let t™ :=t (U, 1,Enay) be asin (3.5.39). By applying (3.5.81)) in Corollary we obtain
that for all t <t~, U, r(t) € Za‘/z. For all t <t7, define v™(t) := P~ (U r(t)). Consider the function

v (t) ifs<t-1,
U7 (s):=(t=s)v () + (s—t+ 1)U, p(t) ift—1<s<t,
UC,T(S) lf t S Sr

which belongs to X7. Therefore,

EC(UC,T) < Ec(Ut_)

and, equivalently

o ()12
ft eC(Uc,T(s))dsSEeCt+Jt [”UC'T(t) vy +(E(U; (s)) —a) |e“ds. (3.5.114)
—c0 ¢ t—1 2

Using Lemma [3.5.9|and (3.4.6) in|(H3.1")} (3.5.114) becomes

ft e (U, 7(s))ds < %ed +(CT+C)(EU (1) —a)e",

which gives

t
J (E(U,r(s)—a)e“ds < %(S(UC'T(I‘) —a)e, (3.5.115)

(o)

where ¥~ was defined in (3.4.28)). Define the function
t
O, r:te(-00,t7] > j (E(Ug,(s)—a)e“ds e R. (3.5.116)

By|(H3.6’), the function 6, 1 defined in (3.5.116)) verifies that for all f € (—co,7)
(057)'(t) = (E(Up(t) - a)e!

which, by (3.5.115) implies
Vi<t y O, 7(t) <(0.7)(t).

Fix now t € (-oo,¢7) and assume that 0_(t) > 0. The previous inequality is equivalent to

Y~ <(In(6; (1))

which, by integrating in (¢, ] becomes

y (=) <In(0; (7))~ In(0; (1)

hence

that is
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which clearly also holds if we drop the assumption 0, +(¢) > 0, as 0 1 is a non-negative function.
Thus, we have shown that
VE<tT, O p(t) <O p(t7)e? T, (3.5.117)

Now, we have that using (3.5.117)) we get for any fixed t <t —1,e>0and i €N

t—i

JH (E(Ue1(s) —a)eds < e*mﬂt_f_ﬂj (E(U,1(s)) —a)eds (3.5.118)
t

—i—1 t—i—1
< e—(c+£)(t—i—1)GC—T(t—)e—y‘(t‘—Hi)
— e(c+e)(1—t‘)6;T ( t—)e(y‘—c—s)(t—t‘)e(c+£—y‘)i )

Since we assume that ¢ < p~, we have that by choosing any ¢ € (0, ™ —¢) it holds

Ze(c+s—y’)i _ ;
ieN L—elere)

which, in combination with (3.5.118)) gives (3.5.112) (notice that the case t >t~ — 1 presents no
problem, as e{?”¢7¢)* is then large). Therefore, by (3.5.108) in Lemma [3.5.13|we have that for all

e€(0,y —c)andteR
’ 2
_ 2 - ’

o0

which, by Cauchy-Schwarz inequality, means that

1
et 2

t e t , 2 M -
U ()lgds <|— | U, (s)[2e5ds| < eV ot 3.5.119
¢, T < e ¢, T x €

where we have used that lim;_, ., e® = 0, because ¢ > 0. Since ¢ < y~, in particular inequality
(3.5.119) implies the existence of some 7~ € £ such that

Jim U7 () =97 llg = 0. (3.5.120)

Inequality (3.5.119) also implies that for all < t € R we have

- oM
”Uc,T(t)_Uc,T(t )HJS c ey ot

which by taking the limit f — —oco and using (3.5.120) gives (3.5.113), by choosing for instance

e=(y —c)/2€(0,y —c)and M~ =21 >,

&

’

O]

Remark 3.5.5. Notice that combining (3.5.112) in Proposition with (3.5.108) in Lemma
3.5.13) we obtain in particular that U, ;. € L*(R, &) provided that c < y~ (see the statements of the

results for the notations).

3.5.11 Proof of Theorem 3.6/completed

Assume first that|(H3.7’) holds. Let (c*,U) be the solution to (3.4.1) with conditions at infinity
(3.4.2) and (3.4.32) given by Proposition and Lemma Since we took ¢* = supC with C
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as in (3.5.86)), inequality (3.5.87)) in Lemma(3.5.11{implies that

V-2a

<
do

which by (3.4.33) in|(H3.8’) implies that

<y

so that we can apply (3.5.113) in Proposition to U, as it is a minimizer of E.« in X7« for some
T* > 1. Therefore, (3.4.34) holds for U, which completes the proof.

O

3.5.12 Proof of Theorem|3.7|completed

Since we assume that [(H3.8’) holds and U is such that U € Xy for some T > 1 and E(U) = 0, then

by Proposition we can apply Proposition to U. We recall that by Remark we have
that U’ € L*(R, ) and by (3.5.112) in Proposition we have that £ o U € L!((~oo,t]) for all

t € R. Therefore, we can find a sequence (t;,),en in R such that

lim t; = —o0 (3.5.121)
n—00
and 5
U(t;
lim [E£(U(t)))—a- % =0. (3.5.122)
n—00

Similarly, since E.(U) = 0 < +c0, we have that £ o U € L!([t, +c0)) for all t € R, which means that we

can find (t)),en a sequence of real numbers such that

lim ! = +oo (3.5.123)
n—00
and 5
Ut
lim w—é’(U(t;)) =0. (3.5.124)

Taking the scalar product in £ between equation (3.4.1) and U’, we obtain
VieR, (U"(t),U'(t)g —(DgEUN),U(t)g = —U' ()%
so that
VieR, (U”(1),U'(1))z - (E(U1) = —c* U (D%
Fix n € N. Integrating above in [t,,, ;] (which is non-empty up to an extraction) we obtain
th th
(U"(1), U’ (1) gdt = E(U(E))) + E(U(,) = = | IU(¢)lI% 4. (3.5.125)
t; ty

Integrating by parts we obtain

t

(U (1), U (1)gdt = U (I ~ 10 ()1 - f (U(0), U (1)t

th
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which means "
" 1 ) 1 V4 ) —

(U7(t), U'(t)) pdt = E(IIU (fZ)Ilfg -0 (tn)”f?)'
t

Plugging into (3.5.125) we obtain

U'(1;)1> U'(t)I% ty
m{aumm—a—”‘sz}{” gmf—swvmﬂ=wfﬁ|wum§m.

n

Using (3.5.121)), (3.5.122)), (3.5.123)) and (3.5.124), along with the fact that U’ € L?(R,.¥), we can
pass to the limit # — oo and we get that

o= [ 0ol
R

which shows (3.4.35). We now show that (3.4.36) holds. Inspecting again the proof of Theorem

3.5 we have that ¢* is equal to ¢(C) as in Corollary|3.5.3| Take c < c*, then by Corollary [3.5.3|we
q y y y
have that c € C. The definitions of C in (3.5.86| implies then that

AT >1, inf E(U)<0
UeXr
which, by considering U € Xt such that E.(U) < 0 and then the sequence (U (- + 1)),y which is
contained in X, implies that infycx E.(U) = —co. If we now take ¢ > ¢*, we have again by Corollary
[3.5.3|that

VT >1, inf E.(U)>0
UeXr

which means

inf E.(U) = 0.
inf (U)

Therefore, (3.4.36) follows. Finally, we have that (3.4.37) is exactly (3.5.87)) in Lemma|3.5.11} [

3.6 Proofs of the main results completed

Once we have proved the abstract results, we are ready to prove the main ones. In order to do
such a thing, we need to show that the main problem can be put into the abstract framework.
This is shown in Lemma [3.6.1lwhich is in Section The next sections are then devoted to the
conclusion of the proofs of the main results, which are Theorems and However, as
pointed out before, we do not have a counterpart of Theorem in the abstract setting, which

means that we prove it using arguments relative to the main setting.

3.6.1 Proving the link between the main setting and the abstract setting

The following result establishes the link between the main assumptions and the abstract ones.
As a consequence, the main results can be deduced from the abstract framework, which we have

already established.
Lemma 3.6.1. Assume that|(H3.5)|holds. Set

Z:=L*RR", #:=H' (RR"), #:=H*RR, (3.6.1)
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5 = 0% (3.6.2)

and

VVG,CZ, 5(7/)2: E(l‘l)+”l/)—m+ ifve%,

+00 otherwise,

where m* was introduced in |(H3.5), the constants pg are those from (3.2.5) and the function  is

any smooth function in X(c~,0%) converging to o* at +oo at an exponential rate and such that |’ €
H2(1R, IRk). Under this choice, assumptions |(H3.1 ’)|, |(H3.2’)l |(H3.3’)|, |(H3.4')l |(H3.5’)|andl(H3.6’)|hold.
Moreover, we have:

* If[(H3.6)|holds, then holds.

* If[(H3.7)|holds, then holds.

Proof. The fact that the functional
veZ — E(+v)

is well defined and, moreover, is a C! functional on (#,]-||3) is proven by classical arguments.
See for instance Bisgard [50], Montecchiari and Rabinowitz [[123]. See also Chapter [2|for the
precise statement in this setting. We obviously have # * = F* — ¢). We now pass to prove that the

assumptions are satisfied.

Assumption is satisfied:

The fact that £ is weakly lower semicontinuous in & is standard, see Lemma 3.1 in [157]. We
already invoked Lemma 2.1 in [153] in Schatzmann so that (3.2.5)) and (3.2.6) hold. That is, due to

(3.6.2) we have that if

infllv+ 9 —g"(-+1)llg <7 (3.6.3)
TeR

there is a unique 7(v) € R which attains the infimum in (3.6.3). Moreover, the correspondence
v — 7(v) defined on the subset of & composed of functions that verify (3.6.3) is of class C2.
Therefore, the applications

PJ—':1)69%_/2 g (-+t(v)-p e FT, (3.6.4)

satisfy the properties required. Finally, we have that estimate (3.4.6) follows by Lemma 3.2 in [[125],
up to modifying the choice of the constants pg, B;.

Assumption |[(H3.2’)|is satisfied:
By (3.6.1), we have that 7 c # c % and the associated norms verify

Iz <1z <z

As we pointed out before, € restricted to (#,|||%) is a C! functional. Moreover, as shown in [50),
123], we have that the differential is given by

YveH#, DEW):weH —>j (W' +v, Wy +{(VV (i +v),w)) € R. (3.6.5)
R
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Let now v € #, since 1 is smooth with good behavior at infinity we can integrate by parts to get
YweZ, DEW)(w)= L(—(gb" +v")+VV (P +v),w) (3.6.6)
=(Dz&(v)w)z,
where we have set

Dg&:ve(Z |z —» - +v")+VV(p+v) e (L)

which, by standard arguments, can be shown to be continuous. Notice that (3.4.10) in|(H3.2’)|is
exactly (3.6.6) above, which concludes this part of the proof.

Assumption is satisfied:

Let (v})qen be a Z-bounded sequence in & ~. We want to show the existence of a subsequence

of (v;,)eN strongly convergent in 7. Since
F =F -¢p={g(+1)-¢:TeR},

we have that (v,),eny = (97(- + 7)) — ¥) ,env With (7,,),en @ bounded sequence of real numbers. Since
such a sequence is bounded in &, we know that, up to an extraction, there exists 7 € & such that
9 (-+1,)— 1 — v weakly in &. Due to the weak lower semicontinuity of £, we have that

EW)<liminf&(g (-+7,)—-)=a,

n—+00

which, by minimality, implies that £(v) = 0, that is, 7 € & ~. We can then write 7 =q7(-+ ) — ¢ for
some 7 € R. Now, notice that, by the compactness of minimizing sequences (3.2.3), there exists a
sequence (7,),en of real numbers such that, up to an extraction

9 (-+7,+7,)—g° — 0strongly in # (3.6.7)

which necessarily implies that

T, +17,—0

and, since (7,),ecn is bounded, we have that (7;),cn is @ bounded sequence as well. Therefore, we

can assume, up to an extraction, that 7, — 7. Combining this information with (3.6.7), we obtain
g (-+7,)—g (-—7")— 0strongly in 7,

which establishes the claim.

We need to show the same for & *. The argument is identical to the one above, except for the
fact that the compactness of minimizing sequences is replaced by 3. in assumption|(H3.5), which
is in fact stronger, and we use that the elements in & * are local minimizers (instead of global

ones), which does not require any modification of the reasoning.

Assumption is satisfied:
More precisely, we show that 2. in|(H3.4’) holds. Notice that since the results are local in nature
and [(H3.1’) implies that locally the situation does not change between & ~ and & *, we can treat
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both cases together. Let (v,v*) € 7. Let 7(v) be given by the projection map defined in (3.6.4).
0
We have that v* = g*(- + t) — ¢ for some 7 € R. Define

lﬁi

(v,v

Clearly, using the definition of the projection in 4) and 7(v)

i):weg—>w(-—T(V)-i—T)—lp+l/J(-—T(U)+T)63.

III%,,Vi)(V) —vilg =lv(=t@)+ 1) = (5 (- + 1) = (- = T(v) + 7))l
=lv-(g"(-+1(v) - Pl = infllv - (0*(-+7) - )z,

meaning that

and
disty(ﬁé’vi)(v),?i) =distg(v,F %)

which are (3.4.11) and (3.4.12) respectively. Next, notice that for (w;,w,) € &2 and h € R we have

Pé )(w1+hw2) P(i )(w1)+hw2(—r( v)+ 1)

so that 13(:—'}",1) is differentiable and
V(wy,w;) € £2, D( (i ) (Wi, wa) = wo(- - 1(v) + 7)

so that
V(wy,wy) € £, ||D(13(fj’vi))(w1,w2)||g = |lwsllz,

which is (3.4.13). Finally, notice that v € # if and only if P&")}vi) € #. Assuming that v € Z we
have
E(BE o)) = (= T(0) +T) = P+ (-~ 7(v) + 7)
=E(@(-t@)+1)+¢(—-1(v)+ 1)) = E(p +v) = E(v)

and if v € &£\ #, we have &( (f/ /() = +o0 = £(v). Therefore, (3.4.14) holds. We have then
showed that [(H3.4") holds.

Assumption is satisfied:

Lemma 2.1 in Schatzmann states that for v € 97 " the problem
infllv+ ¢ —g*(- + 7)llz
TeR
has a unique solution 7y (v) € R and the projection map
Py :veT, s +ty)eF*

is C! with respect to the #-norm. Next, we have that (3.4.15) is Corollary 2.3 in [153]]. Finally, the
fact that (3.4.16) implies (3.4.17) for the constants C* (up to possibly increasing) is a consequence
of the compactness of the minimizing sequences. See for example Corollary 3.2 in [153].
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Assumption is satisfied:

We show the existence of the map P. We follow Lemma 3.3 in [153]. Let Ry > 0 be the constant

from [(H3.2)l For R > R, define in R*

u if |u| <R,

RX

Jue]

fr(u):=

otherwise,

where Ry is the constant from [(H3.2), For u € R¥ such that |u| < R, we have fg(u) = u. Assume that
u € R¥ is such that |u| > R. In that case, there exists & € (%, 1) such that

V) = V() + 0, V()= 0 = V() + 3 (1= 0}V, V(Em), £

which, by implies

1
VR >Ry, Yu e R¥: |u| >R, V(u)> V(fp(u))+ z (1 - %)voléulz > V(fr(u)). (3.6.8)
In particular, we have shown
VR >Ry, Yu e RF, V(u)> V(fr(u)). (3.6.9)

Next, let ] C R be a compact interval and v € H! (J,IR¥). For R > Ry, consider the function vg := frov.
Since we clearly have that for all u € R¥, |fz(u)| < |ul, it holds that vg € L?(J,IR¥). Next, we have that
fr is the projection onto the closed ball of center 0 and radius R, so that it is non-expansive. As a
consequence, we have

VR >Ry, Yu € RF, |Dfp(u) <1. (3.6.10)

Therefore, applying the chain rule we obtain
fora.e. te], lvp(t)l <V (2)],
which means that vg € H!(J,R¥) and, combining with we obtain
E(vg;]) < E(v;]) (3.6.11)
and, by the equality above holds if and only if vz = v. Let now
Rpnax := 2max{Ro, 197 [ zeo(r vé) 197 Lo RE)}-
Consider now the application
PveZL - fr ow+yp)-ypeZ (3.6.12)

which is well-defined due to the previous considerations. Moreover, the choice of R,,,, implies
that P equals the identity on {g7(-+7) -1 : T € R} and {g*(-+ 7)—¢ : T € R}, which is exactly (3.4.22).
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Inequality (3.6.11) gives (3.4.20). Finally, using (3.6.10) we have that

r

Y(vi,v5) € Z%, IP(v1) - Pva)ll5 = J]R|me o(v1 +9)—fr, o (w2 + )

2
< | supIDfg,_, (u w)*lvy vy
JR yelRk

~
2 2
< | =l =llvr —valle,

JR

which is (3.4.21). Therefore, our map P satisfies the required properties. Next, let W be a local
minimizer of E.. We show that W satisfies the desired regularity properties, that is, W € A(I) with
A(I) as in (3.4.23). Write W := W + 1. We assume that for all ¢ € I, W(t) = P(W). The definition of

Pin (3.6.12) implies that

V(x1,x3) € I xR, W(xy,x,) = fr,, (W W(xy,%;))
so that
Wl (rxR RE) < Renax-

Therefore, by classical elliptic regularity arguments, we have that, with the obvious identifications,
W solves
—cdy W-AW =-V,V(W)inI xR

and for all @ € (0,1) we have that W € C>%(I x R, R¥) for any compact I C I. It is then clear that
W eC(Io, LA (R RY) nCl(Io, HY (R, R N (I, HA (R, RY))

for any I C I compact, which means that W € A(I).

Assumption |(H3.6) implies|(H3.7’); Immediate.
Assumption implies Immediate. O

Once Lemma has been established, the main results are easily obtained by rephrasing the

abstract ones.

3.6.2 Proof of Theorem Hcompleted

Assume that[(H3.6) holds. Notice that[(H3.6)|implies that[(H3.1)} [(H3.2)} [[H3.3)} [H3.4)|and [(H3.5)
hold. Therefore, applying Lemma we have that, choosing the objects as in its statement, we

get that [[H3.3")} [H3.4")} [[H3.5")} [(H3.6”) and [[H3.7")|hold. Those are exactly the assumptions which

are needed for Theorem to hold, meaning that we obtain (c*,U) with ¢* >0 and U e A(R)N X,
with A(IR) as in (3.4.23) and X as in (3.4.31]), which solves

U’ -Dg€&(U)=-cU in R (3.6.13)
and satisfies the conditions at infinity

AT <0:Ve<T", U(t)e & ), and IV(U)eF+: tlim [U(t) = v (U)||% = 0. (3.6.14)
—+00
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We now pass to prove each of the three statements of Theorem |3.1|separately:
1. Existence. Recall that for all t € R we have U(t) € & = L?(R,R¥). Let us then define
U (xq,x,) € R? —>U(x1)(x2)€IRk. (3.6.15)

It is clear then that since U € A(IR) we have that 1l € CEOC(IR, R¥) and, moreover for all (x;,x,)
and any pair of index (i, j) € {0,1,2}? such that i + j < 2 we have

Jh P W(x1,x2) = (U (7)) (x,) (3.6.16)

where for a curve f taking values in a Hilbert space we denote by f(/) its i-th derivative, i € N.
As a consequence of (3.6.13)), (3.6.16) and the formula for DE when we make £ = E—m™ (see
(3.6.5)) we obtain that

—cdy U-AU=-V, V() in R?

and by (3.6.14) we obtain that for some L € R we have for some x; < L that U(xy,-) € ]—;)__/2,

since we choose rj = p*, so that pfi n=9 g—'/z. The variational characterization
follows directly from Theorem using the fact that we have X = S and E, = E; for
all ¢ > 0 (again we implicitly identify 1l with U via (3.6.15). Finally, we have that for all
t € R, U(t) = P(U(t)). According to the choice of P made in Lemma[3.6.1] this implies that
U] oo (r,RY) < +00, which by classical Schauder theory and the smoothness properties of V
implies that for all & € (0,1), 1l € C>*(IR?,IR¥). The proof of the existence part of Theorem

is hence completed.

2. Uniqueness of the speed. Again, we have that X =S and E, = E; . for all ¢ > 0, meaning that
the proof of this statement follows from the analogous one in Theorem

3. Exponential convergence. Using the exponential rate of convergence of U given by Theorem

which is (3.4.32)), we obtain that for some b > ¢*/2 it holds
im R, ) =gt )l rwe ™ =0
1—) [ee)

for some 7" € R. This concludes the proof of the statement.

The proof of Theorem [3.1]is concluded. O

3.6.3 Proof of Theorem completed

Assume that|(H3.6)|and [(H3.7) hold. Arguing as in the proof of Theorem we have that the
assumptions of Theorem [3.6are fulfilled if we choose as in Lemma Therefore, Theorem
is readily obtained by a straightforward rewriting of Theorem (3.6 O]

3.6.4 Proof of Theorem|3.3

We now provide the proof of Theorem which is a consequence of the following results, which
are more general as required by Theorem [3.3|and might be of independent interest:
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Lemma 3.6.2. Assume that|(H3.1)| |(H3.2) and [(H3.3)|hold. Let (6_,6,) € X2 (possibly equal) and
q € X(6_,6,). Assume moreover that there exists L* € R and U € Hlloc([L+,+oo) x R, R¥) uniformly

continuous and such that

+0o
f |[E(U(x1,-))— E(q)ldxq <400, (3.6.17)
XIILI}}OOHU(XL') —qlli2r grr) = 0 (3.6.18)
Then, it holds that
xllijgoollU(xl:') —qllL=® ) = 0 (3.6.19)
and
lim ||U(, Xz) - éJ_r“L‘”([L*,-%—oo),le) =0. (3620)
x2—>ioo

Similarly, we have the following

Lemma 3.6.3. Assume that|(H3.1), |(H3.2)|and |(H3.3)|hold. Let (6_,6,) € X? (possibly equal) and
((—c0, L] x R, IR¥) uniformly

q € X(6_,6,). Assume moreover that there exists L~ € R and U € HlloC

continuous and such that

.
f IE(U(x1,-)) — E(q)ldx; < 4o,

th ||U(X1,') — q”LZ(IR,]Rk) =0. (3621)
1——00
Then, it holds that
xllg{leU(xl;') = qllo®r R} =0 (3.6.22)
and
leiglm”U(uxz) = GellLeo((—oo,L-1RY) = 0. (3.6.23)

In the proof of Lemmas|3.6.2|and |3.6.3 we will need to use the following fact:

Lemma 3.6.4. Assume that|(H3.1)| |((H3.2) and [(H3.3)|hold. Let (6_,6,) € X2 (possibly equal) and

q € X(6_,6,). Assume that (q,,),eN is a sequence in X(6_, 6, ) such that

lim lg,, — gll>r x5 = 0 (3.6.24)
and
lim E(q,) = E(q), (3.6.25)
n—00
then, it holds that
lim llg,, — gllg (v ¥y = 0. (3.6.26)
Proof. First, notice that
sup|lg,llpe(rrr) < +oo. (3.6.27)
nelN

Indeed, (3.6.25) implies that (g/,),cn is bounded in L?(IR,[R¥) which, in combination with (3.6.24))
means that (g,),cn is bounded in H' (R, IR¥), hence in L®(RR,R¥). We also have that

VV(q) € L*(R,R), (3.6.28)
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which follows easily from the fact that V is smooth and quadratic near the wells. For all n € N, we

write the following expansion

1
Vi(gn)=V(g)+<(VV(q),q9,—q)+ L D*V(q+ Mqu—9)(@n—9)(qn — q)d A,

which holds pointwise in R. Therefore, Cauchy-Schwartz inequality implies

2
([va-veal) <| [ovars e 102V lg, -0,
R R ueRF
[ul<llg,—qllze

hence, by (3.6.27) and (3.6.28) we find a constant C > 0 such that for all n € IN
[ 1va0-via <l - gl

which by (3.6.24) means that V(gq,) - V(q) — 0 in L'(R, R¥). Asa consequence, (3.6.25) implies
that

r}i_)n(}o”q;”Lz(H{,IRk) =119l 22 R¥)- (3.6.29)

Suppose now by contradiction that (3.6.26) does not hold. Then, we can find a subsequence
(9n, Jmen and 5> 0 such that for all m e N

19, = allm (r %) 2 6. (3.6.30)

Since (q;, )men is bounded in L*(R,R*), it converges weakly in L? up to an extraction, and the
limit is ¢’ by uniqueness of the limit in the sense of distributions. By (3.6.29), we have that such
a subsequence also converges strongly in L?(IR,IR¥), which combining with (3.6.24) contradicts

(3.6.30). O

We now prove Lemma The proof of Lemma being analogous, we skip it.

Proof of Lemma Assume by contradiction that (3.6.19) does not hold. Then, we can find a
sequence (X ,),eN in [L*,+00) X R such that x; ,, — +oc0 as 1 — oo as well as 5> 0 such that for all
nelN

U (x1,°) = qllrom &H) = 0.

By uniform continuity, there exists v > 0 such that for all n € IN we have

N O

max  ||U(xy,") = qllpe(r rF) = (3.6.31)

X1€[X1, =V, X1V

Let A :=U,en[x1,, — v, X1, +v]. By (3.6.17) we have that
| Bt~ Elgan < soo

and since A has positive measure and it is unbounded by above, we find a sequence (v ,,),eN in A
such that y; , = +o00 as n — oo and lim,,_,, E(U(y1,5,,*)) = E(q). Combining this fact with (3.6.18),
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we have that assumptions (3.6.24) and (3.6.25) in Lemma hold, which means that

B U (1,07) =l e = 0

which contradicts (3.6.31). Therefore, we have shown that (3.6.19) holds. In order to prove (3.6.20),

we first show that there exists L* < L* such that

lim ||U(',X2) - d'i”L""([L*,wLoo),le) =0. (3632)

Xp—*+00

We prove (3.6.32) by contradiction. The other case being handled in an analogous fashion, assume
that there exists a sequence (x; ,),en in R such that x; , — +co as n — oo, a sequence (x; ,),eN in
[L*,+00) tending to +oo0 and 6 > 0 such that for all € N

|U(x1,n’x2,n)_(§+| > 5 (3.6.33)

Since we already proved that (3.6.19) holds, there exists N; € IN such that for all n > IN we have

5
UG ) = qllmme) < (3.6.34)
and, since q € X(6_,8,), there exists f € R such that for all t >  we have
L0
la(t) = 6.1< 7. (3.6.35)

Let N, € N be such that for all n € N, x, ,, > f. Taking any n > max{Ny, N,}, we obtain by (3.6.34)
and (3.6.35)) that

|U(X1,n; x2,n) -6, < Er

which contradicts (3.6.33)) and establishes (3.6.32). In order to establish (3.6.20), we handle the

limit x, — +00, as the other one is treated identically. Let py. := dist(c™, X \ {0*}) > 0. We claim that
for every L > L* we have that if

lei_)riloollU(-,xz) - éJ_,llLoo([Lﬂo),]Rk) =0, (3.6.36)
then
lei_}l’liloo”U(-, Xz) - C%i||L°°([I:—7]§,+oo),IRk) =0, (3637)
where
7% := min {E—L+,p—2}. (3.6.38)
4||DU|peo(r2, R¥)

Such a claim allows to easily complete the proof of (3.6.20) by a finite induction process, due to
the fact that (3.6.32) holds. O

It remains to establish one claim in the proof of Lemma/[3.6.2

Proof that (3.6.36) implies (3.6.37). Assume that (3.6.36) holds. We show that for every ¢ € (0, 175)



154 CHAPTER 3. Heteroclinic traveling waves of 2D parabolic Allen-Cahn systems

we have

lim [[U(-x2) = Gellpoo(z-yp+e,400),R5) = 05 (3.6.39)

Xy—>%00

which clearly implies (3.6.37) by uniform continuity. Fix then € € (0,7;). By assumption, there
exists X5 € R such that for all x, > X} we have

P Py
|U(Lx xZ) o | =1 )
which, by (3.6.38) implies that for all (x;,x) € [L -7 + &, L] x [Xp, +00), it holds

+
|U(x1,%2) — 07| < %2 (3.6.40)

and the definition of pj gives in turn that for all such (x;,x;) and 0 € £\ {o"} we have
|U(x1,x2) = 0] > == (3.6.41)

Assume now that (3.6.39) does not hold. Then, inequalities (3.6.40) and (3.6.41) imply that we can

find a sequence (x1,,,X,,),eN contained in [L -5 + ¢, L] x [X, +00), such that x, , — +oc0 as 1 — oo
and 6> 0 such that forallne Nand o € &

|U(x1,n’x2,n) - Gl > 5
By uniform continuity, we can find v € (0, ¢) such that for all n € IN and
(xlfxz) € B((xl,ner,n)l V) c [I: - 77511:] X [XZFHX’)

we have forall 0 € X

s
|U(x1,x2) — 0| > 5
or, equivalently
)
V(U(x1,x2)) 2 Vg = min{V(u) :u € RN, dist(u, ) > E} (3.6.42)

which is positive by|(H3.1){and (H3.3)l Up to an extraction and since x;, — +0c0 as n — co, we can

assume that whenever n = m we have

B((xl,anZ,n)’ V) N B((xl,mlxlm)’ V) =0,

which, due to the definition of #; in (3.6.38) and (3.6.42) implies that

+00 L
j |E<U<x1>>—E<q>|dxlzL E(U(x1))dx, — 15E(q)
* Ty

ZZ(j(( ) )V(U(xler))dxldXZ -nyE(q)
B((x1,1,X2,n),v

nelN

> Z(nv2V5/2) - ng(q) = 400,
nelN
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which enters in contradiction with (3.6.17). Therefore, the claim has been proven. O
We have now all the necessary ingredients for completing the proof of Theorem

Proof of Theorem [3.3|completed. Let (c*,1l) be the solution given by Theorem interpreted via
the choices made in Lemma We will invoke Lemma The L? exponential convergence
given by Theorem [3.1]implies in particular that assumption in Lemma [3.6.2/holds
with U =11, ¢ =g7(- + ). Moreover, since E; »+(1l) = 0 < +00, assumption (3.6.17)) in Lemmam
holds for all L € R in view of the definition of E .« (recall that ¢* > 0). Finally, we have by Theorem
that Ue Cz'“(IRZ,IRk), a €(0,1), so that 1l is uniformly continuous. As a consequence, Lemma
[3.6.2]applies and we have (3.6.19) and (3.6.20) for all L € R, and this is exactly (3.2.15) and (3.2.16)
forall LeR.

Assume now that[(H3.7) holds, so that Theorem [3.2]applies. We will show that we can invoke

Lemma We have that (3.2.14) in Theorem [3.2]implies that (3.6.21) in Lemma holds
with U = U and q = g7(- + 77). Moreover, the abstract result Proposition in combination

with Lemma implies in particular that for all L € R, (3.6.21) in Lemma holds. Since
Ul is uniformly continuous, Lemma applies, which means that (3.6.22) holds, so that we

have proven (3.2.17) in Theorem Moreover, for all L € R we have that (3.6.23) holds, which
combined with (3.2.16) (which also holds for all L € R) gives (3.2.18) and completes the proof. [

3.6.5 Proof of Theorem Mcompleted

Assume that[(H3.6) and [(H3.7)|hold. Arguing as in the proof of Theorem we have that the
assumptions of Theorem 3.7 are fulfilled if we choose as in Lemma Notice that Theorem
is exactly Theorem [3.7]if we choose the abstract objects as in Lemma Therefore, Theorem
is established. O]
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In this chapter, we present the results contained on the preprint [|129]. We have made some modifications
in the presentation. In particular, we have removed some content which is already present in Chapter
Therefore, the present chapter is not self-contained, and the reader will be consistently referred to
Chapter [3|for definitions and results.

Abstract. We study the existence of traveling waves for the parabolic system
dyw — 02w = -V, W(w) in [0,+00) x R,

where W is a potential bounded below and possessing two minima at different levels. We say that
w is a traveling wave solution of the previous equation if there exist a speed c* > 0 and a profile
u € C*(R,IR¥) such that w(t, x) = u(x — c*t). For a class of potentials W, heteroclinic traveling waves
of the previous equation where shown to exist by Alikakos and Katzourakis [13]. More precisely,
assuming the existence of two local minimizers of W at different levels which, in addition, satisfy
some non-degeneracy assumptions, the authors in [[13]] show the existence of a speed ¢* > 0 and
profile u € C*(R, R¥) such that u connects the two local minimizers at infinity. In this chapter, we
show that the non-degeneracy assumption on the local minima can be dropped and replaced by
another one which allows for potentials possessing degenerate minima. As we do in Chapter[3}
our main result is in fact proven for curves which take values in a general Hilbert space and the
original result is deduced as a particular case, in the spirit of the earlier works by Monteil and
Santambrogio [[125] and Smyrnelis [157] devoted to the existence of stationary heteroclinics for
Allen-Cahn systems.

Résumé. Nous étudions l'existence des ondes progressives pour le systéme parabolique
dyw — 02w = —-Vy W(w) in [0, +00) x R,

ou W est un potentiel borné inférieurement et qui possede deux minimiseurs a des niveaux
différents. L'on dit que w est une onde progressive pour I’équation précédente s’il existe ¢* > 0 et
1 € C?(R,IR¥) tels que w(t,x) = u(x — c*t). Pour une classe de potentiels W, des ondes progressives
hétéroclines pour ’équation précédente ont été établies par Alikakos et Katzourakis [13]]. Plus
précisément, en supposant l’existence de deux minimiseurs a des niveaux différents qui, en plus,
vérifient certaines hypotheses de non dégéneresance, les auteurs de [13] démontrent I’existence
d’une vitesse c* et un profil u € C*(IR, R¥) tels que 1 connecte les deux minimiseurs locaux a I'infini.
Dans ce chapitre, nous prouvons que I’hypothese de non dégéneresance sur les minimiseurs locaux
peut étre supprimée et remplacée par une autre qui autorise des potentiels qui possedent des
minimiseurs dégénérés. Comme nous l’avons fait dans le Chapitre 3} notre résultat principal est
démontré pour des courbes qui prennent ses valeurs dans un espace de Hilbert général et le résultat
original est déduit comme un cas particulier, dans 'esprit des travaux précédents de Monteil et
Santambrogio [[125] et Smyrnelis [[157]] consacrés a ’existence des hétéroclines stationnaires pour

des systemes de type Allen-Cahn.
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4.1 Introduction

We are concerned with the following one-dimensional parabolic system of reaction-diffusion type
dyw — 02w = =Vy W(w) in [0, +00) x R, (4.1.1)

where w : [0, +00) x R — IRF and W is an unbalanced double-well potential with possibly degenerate
minima, meaning that we can find two minimum points of W at different levels and we do not
assume that D?W is positive definite at such points. For potentials W which possess two non-
degenerate minimum points a~,a* in R¥ such that W(a~) <0 = W(a") satisfying some additional
assumptions (namely, non-degeneracy and local radial monotonicity), Alikakos and Katzourakis
[13]] (see also Lucia, Muratov and Novaga [110] and Risler [[145]]) showed the existence of traveling
wave solutions for (4.1.1) with heteroclinic behavior at infinity. More precisely, they showed that
there exist ¢* > 0 and u € C*(RR, R¥) such that

and

Such a thing implies that w : [0, +c0) X R — IR¥ defined as
w(t, x) = u(x —ct)

for (t,x) € [0,+00) x R is a solution to (4.1.1). More precisely, w is a traveling wave solution of
(4.1.1) which propagates with speed ¢* and with profile . Our main contribution here is to show
that such solutions exist when we consider some class potentials W with possibly degenerate and
non-isolated minima. More precisely, we assume that W takes the minimum values on sets, instead
of isolated points, and that it satisfies suitable properties around such sets. Our motivation comes
from Chapter|3| There, traveling waves solutions for some classes of two dimensional parabolic
Allen-Cahn systems are obtained. The approach of the proof is to deduce the result from a more
general one, proved in an abstract setting on Hilbert spaces, following ideas that worked for similar
problems (see Monteil and Santambrogio [125] and Smyrnelis [157]]). More precisely, one assumes
that the potential W is defined in a Hilbert space # which has no restriction in its dimension,
so that in case /# is infinite-dimensional and W is suitably chosen, one recovers a system which
has more than one dimension in space. In this chapter, we show that the abstract approach used
in our previous work can be also used to recover results in the finite-dimensional setting. For this
we mean that # = R, so that the resulting equation is of the type (4.1.1), which is 1D on space.
These results are not included in [13]. The abstract result of Chapter [3|applies to our problem, but
the main result of this chapter follows by a modified version of such abstract result, in which a key
assumption in Chapter [3|(assumption is replaced by another one playing the same role,
Such an assumption is the natural adaptation of the one used by Alikakos and Katzourakis
[13] to the case of degenerate minima, and we use it following the ideas from [13]] but with more
involved arguments, which is not surprising since the fact that the minima might be degenerate

adds extra difficulties. Nevertheless, at present we are only able to apply the abstract result of
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this chapter to the finite-dimensional problem, meaning that we do not use the full strength of
the abstract setting, which could be useful in other situations. We also mention that the result we
obtain is weaker than that by Alikakos and Katzourakis [[13|] since we cannot prove convergence of
the profile to the global minimum at —oo, only that it stays close to it for small enough times. This
might obey to merely technical limitations, but it could also be due to the fact that we allow for
degenerate minima. However, we show that under an additional assumption (essentially, either
an upper bound W (a") or the set of global minimizers is a singleton, see[(H4.4)) one essentially
recovers the full result from [13] for our setting. We also point out that in Section we provide

some nontrivial examples of potentials for which the results of [13] do not apply but ours do.

The scheme of the proof of the abstract result of this chapter is analogous to that in Chapter [3]
which is based on the variational approach of Alikakos and Katzourakis 13|, inspired by that in
Alikakos and Fusco [11]. While the existence of a variational structure in the context of (some)
reaction-diffusion problems is known since Fife and McLeod [79, 78], it has not been widely used
in the previous literature. Besides [13] and Chapter 3} other references which use such a variational
structure for studying traveling waves in reaction-diffusion problems are Bouhours and Nadin [55,
Lucia, Muratov and Novaga [[111,|110|], Muratov [128]], Risler [145,|146| 144] and, more recently,
Chen, Chien and Huang [68].

In [13] and Chapter |3} one considers a family of constrained minimization problems and the
main difficulty of the problem can be reduced to excluding a degenerate oscillatory behavior for
the minimizers of these problems, as the energy density under consideration changes its sign due
to the fact that the connected minima are at different levels. In [13], this is done by imposing
a non-degeneracy assumption, as well as radial monotonicity properties, on the local minima
and then using the ODE system along with optimality of the minimizers. For several reasons,
an assumption of this type was not available to us in Chapter 3} so that we needed to replace it
by a different one which allowed an analogous type of conclusion. Such an assumption consists
essentially on an upper bound on the difference between the energy of the minima. The abstract
result of this chapter further replaces the previous assumption by another one which plays the
same role (but which does not apply to the problem considered in Chapter (3) and still allows
for potentials with degenerate minima. More precisely, it allows us to apply to the constrained
minimizers an argument based on the use of the ODE system, in the spirit of [13] but more
involved in some aspects. The reader is referred to Chapter [3|for a detailed scheme of proof as

well as a discussion on related literature.

In order to conclude this paragraph, we recall that in the realm of scalar reaction-diffusion
problems one can obtain important results of existence and qualitative properties of traveling
waves by means of the maximum principle and comparison results. There is a large literature on
the subject, the more classical papers are Fife and McLeod [79,|78]],Aronson and Weinberger [20]],
Berestycki and Nirenberg [39]], all devoted to the Fisher KPP equation (introduced by Fisher [80],
Kolmogorov, Petrovsky and Piskunov [105]). In the context of the Allen-Cahn equation (which
falls in a different framework than the Fisher-KPP), the stability of traveling waves was shown
by Matano, Nara and Taniguchi [[115]. However, the maximum and comparison principles are no
longer available (in general) for vector-values problems (i. e., systems), so that one needs different
tools. There is also a huge amount of research in this direction, we refer to the books by Smoller

[156] as well as Volpert, Volpert and Volpert [169]]. However, the use of variational methods is not
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covered in the previously cited books and it has not been extensively used in the parabolic context,

which is in contrast with the framework of dispersive equations.

4.2 Statement of the main results

4.2.1 Main assumptions and result

The main result of this chapter is Theorem which establishes the existence of an heteroclinic
traveling wave with the uniqueness properties on the speed already found in [13]] and exponential
convergence at +oco. The behavior at —oco is however weaker than that proved in [13]], which might
be due to the fact that we allow for degenerate minima. The necessary assumptions for Theorem
are[(H4.1)}[(H4.2) and [(H4.3)] In Theorem [4.2]we show that one can obtain convergence of the

profile at —co (so that one recovers the full result from [13] if one assumes either an upper bound

on the difference of the energy of the minima or that the set of global minimizers is a singleton,
see Finally, in Theorem [4.3|we show that the formula and min-max characterization of the
speed given in [13]] also holds here, again under assumption

(H4.1). W e C3(RK). There exist A~ and A* subsets of RF and 1 < 0 such that for all 4~ € A~ we
have W(a~) =h <0, for all a* € A* we have W(a*) = 0 and for all u € R¥ we have W (u) > . There
exist pf > 0 such that for all u € R such that dist(u,.4%) < p¥ it holds

dist(u, A*)? < C*(W(u) — min{(-h), 0}) (4.2.1)
for some C* > 0. Moreover, for every u € IR¥ there exists a unique a*(u) € .A* such that
dist(u, A*) = [u — a*(u)|
and the mappings p* : u — a*(u) defined on

A ={ue R : dist(u, A%) < 13}

are C2.

In particular, the existence of the projection mappings p* holds if the sets .A* are convex and

smooth. The next assumption writes as follows:
(H4.2). One of the two follows:
1. A* is bounded.

2. For any

W(p,
2
and |D( A ))(ul,u2)| = |u,| for any (uy,u,) € (IRk) .

(u

(u,a*) € A++ x A*, there exist maps p( : RE - R¥ such that pir o (w) = a*,
(u)) W(u ) and dlst(p ( ), A*) = dlst(u,A ). Moreover, p ) is dlfferentlable
In particular, if W is invariant with respect to some group action inside Azi and A* is a single
0
orbit with respect to such an action, then 2. in|(H4.2)|is met. However, less rigid structures are
also allowed by 2. Finally, for each h € R define the level set

W= {fueRF: W(u) < hj
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and notice that by continuity and [(H4.1)|we can find hj > 0 such that
Who = who=y who*

with Who# closed and disjoint and such that W+ ¢ A;Vz' In particular
0

ho,~ +
whmn AL, =0.
For each h < hy, we can then write
wh = wh=y wh+

with W/ closed and disjoint and such that W"* c W/o*_ Tt is then clear that
WO=wo uA", W= A"

and forall h <0,
wh=wh-.

Under these notations, our last assumption writes as follows:

(H4.3). For any h < hg, the set W~ is convex. For any h < hy, u € W"~ and a~ € A~ define the set
Ithyua):={leR: W@ +Mu-a))>handa + A(u—-a) € who).

Then, there exists h_ € (I1,0) such that
h_ —
1. W cAp5 /2

2. For some constant ¢ > 0 it holds that for u € W=, g~ € A~ and 60 € I((h+ h_)/2,u,a”) we

have p
ﬁ(W(a_ +AMu—-a")))0)>o0.
3. For all h € (I, h_], there exists o(h) > 0 such that for all u € W"- such that W(u) > h, there
exists 6(u) > 0 such that for all 8 € (1 —6(u),1 + 6(u)) we have
d

(W (™ (w) + Aa = p (@))(0) 2 o (k) (4.2.2)

with p(u) the projection given in|(H4.1)

Essentially, assumption imposes some convexity on some suitable subsets of the level
sets of W, as well as some uniform monotinicity on segments. Some explanatory designs are shown
in Figures One can see assumption as an adaptation of the key assumption by
Alikakos and Katzourakis to the case of degenerate minima. Indeed, in case A~ is reduced to a
singleton, essentially reduces to the hypothesis formulated in [13]. Finally, recall that, as in
[13], multi-well potentials can satisfy the assumptions|(H4.1) (H4.2) and [(H4.3) as long as they

possess a local minimum at a level higher than 0 and they are modified by an additive constant.

We now come back to the following equation for a pair (c, u)

—cu’'—u” =-VyW(u)in R (4.2.3)
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and, assuming that|(H4.3) holds, consider the conditions at infinity

AT eR:Vt< T, u(t)e W' and Ja*(u) € A*: lim |u(t)—a*(u)| = 0. (4.2.4)

t—+o00

For ¢ > 0, we consider as in [[13], the following weighted functional introduced in Fife and McLeod

[79, 78]
E.(v):= LReC(v(t))dt = j}R

where v belongs to the class

lv'(1)]?
2

+ W(v(t))]e”dt

S = {v €HL (RR"):AT>1:Vt>T, v(t)e At pand Vi< =T, v(t)€ A;a/z}

so that (4.2.3) is (at least formally) the Euler-Lagrange equation of E.. As in [13], we shall find
the solution profile u as a critical point (in fact, a global minimizer) of E« in S for a suitable c*
which, in addition, satisfies some uniqueness properties. In fact, assuming that|(H4.3) holds we

shall consider the class

Szz{veHl

loc

(RIRY:AT>1:V>T, v(t)e Al ,and Vi <-T, v(t)€ wh-},

which by 1. in|(H4.3)[satisfies S C S. As it was pointed out in [13], for any ¢ >0, v €S and 7 € R
we have
E(v(-+7)) = e_CTEc(v)

which implies that for all ¢ >0

inf E.(v), inf E.(v) € {—00,0} (4.2.5)
veS Veg
and that in case the infimum above is 0, then for any v € S with E.(v) > 0 we have that E.(v(-+n)) —
0 as n — +oo. This remark shows that one cannot expect to solve the minimization problem (4.2.5)

directly, so that an indirect approach is needed. We can now state the main result of this chapter:

Theorem 4.1 (Main Theorem). Assume that|(H4.1),((H4.2)\and|(H4.3)|hold. Then, we have that

1. Existence. There exist ¢* >0 and ue C} (R, RX)N'S such that (c*,u) fulfills (4.2.3) and (4.2.4)

as well as the variational characterization

Ex(1) =0 =inf E«(v).
veS

2. Uniqueness of the speed. Assume that c* > 0 is such that

inf Ez(v) =0

vesS

and that W € S is such that (c*, 1) solves (4.2.3) and E=(1) < +oo. Then, o* = c*.

3. Exponential convergence. The convergence of 1t at +co is exponential: There exists M* > 0 such
that for all t € R
lu(t) —a* (w)| < e
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where a* (u) is given by (4.2.4).

Remark 4.2.1. Notice that the conditions at infinity (4.2.4) show that u is not constant, since we

- +
clearly have that A pi/2 0 APS P

that ¢* is unique among the class of global minimizers.

= (. Regarding the uniqueness of the speed, in particular it holds

Figure 4.1: Representation of 1. in|(H4.3)} The curve represents the set .A~, while the inner
convex shadowed region corresponds to the level set W"-, which is contained in A;5 s » the larger

shadowed region. Finally, the outer punctured line contains the convex region representing
who,

Figure 4.2: Representation of 2. in We have u, which is contained in W~ but not in
W+h)/2 The full lines represent the segments I((h+h_)/2,u,a]) and I((h+ h_)/2,u,a;) for a]
and a;, in A”. The discontinuous lines complete the previous segments into the segment starting
in a] and a;.

Once the main result has been stated, we give some properties on the solution (c*,u), which are

essentially the adaptation from chapter [3|to the current setting.

4.2.2 Conditions at infinity
We now explain how the condition at infinity (4.2.4) can be upgraded. In particular, we would like

conditions at infinity of the type

da*(u) € A*: lim |u(t) —a*(u) = 0. (4.2.6)

t—+o00

Under the previous assumptions, we have no proof that (c,ut) satisfies (4.2.6). However, we can

establish such a behavior adding the following assumption:

(H4.4). We have one of the two following situations:
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Wh-

Figure 4.3: Representation of 3. in We take u € W/~ not contained in .A~. The discontinu-
ous red line is a segment starting in p~(u) and containing u. The blue line represents the small
portion of the segment centered in u contained in the line going trough p~(u) and with length
26(u), 6(u) > 0. We ask uniform strict monotonicity property to hold in this segment.

1. A" :={a"}.
2. We have that 5
(d1)
_h < T
where
d := distge (AL, who™) (4.2.7)
which is positive by the definition of hy and
1

0= >0, (4.2.8)

where C~ is the constant from [(H4.1

Essentially, [(H4.4) requires that either A~ is a singleton (while .A* does not need to be) or that
the value -l is not too large. Then we have the following:

Theorem 4.2. Assume that|(H4.1),|(H4.2)}, |(H4.3)|and |[(H4.4)|hold. Let (c*,u) be a solution given by
Theorem Then, w also satisfies (4.2.6). Moreover, the convergence is exponential in the following
way: We have that c* <, n as in (4.2.8), and there exists MU > 0 such that for all t € R

lu(t) —a~ (u)| < M=)t

4.2.3 Min-max characterization of the speed

We now give some results which characterize the speed c*. As before, such results are very close
to the ones obtained in [[13]] and Chapter [3| More specifically, in case (H4.4) holds, the speed
c* satisfies the following additional properties, which include a min-max characterization as in

Heinze [93], Heinze, Papanicolau and Stevens [94]:
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Theorem 4.3. Assume that|(H4.1),|(H4.2)} |(H4.3)|and [(H4.4)|hold. Let (c*,u) be a solution given by
Theorem u Then, for any it € S such that Ex(it) = 0 we have that (c*,1t) solves (4.2.3)) and

= b

[

In particular, the quantity f]Rlﬁ’l2 is well-defined and constant among the class of global minimizers of

E. in S. Moreover, it holds

* < ;2[1 <1,

with d as in (4.2.7)), where we have also used|(H4.4)| Finally, we have the variational characterization

c* =sup{c>0:inf E.(v) = —co} = inf{c > 0 : inf E.(v) = 0}.
vesS veS
Remark 4.2.2. Combining the uniqueness part in Theorem and Theorem [4.3] we obtain that
for any ¢ > ¢*, the infimum

inf E,(v) =0
veS

is never attained.

4.3 Examples of potentials verifying the assumptions

We now sketch some examples of potentials on the plane which verify the assumptions introduced
in Section [4.2and for which the results of the previous works by Alikakos and Katzourakis [13]
and Risler [145] do not apply.

Consider a smooth function f : R — IR possessing a < b < c three critical points such that
f(a) < f(c)< f(b), aand c are local minima and b is a local maximum. Moreover, we assume that
for some d € (a,b) with f(d) > f(c) the function f is strictly convex in (a,d). See Figure It
is not difficult to see that one could give such an f explicitly. Our first example is obtained by
considering the potential W, : (11, u;) € R? — f(u;) - f(c) € R, see Figure Then, we have that

1. The potential W; fulfills[(H4.1) with b = f(a) - f(c) <0, A~ = {a} x Rand A* = {c} xR. The
existence and smoothness of the projection maps p* follow from the fact that A~ and A* are

straight lines.
2. Itis clear that[(H4.2) holds due to 2. as W; does not depend on the variable x;.
3. The fact that f is strictly convex in (c,d) and that f(d) > f(b) implies that[(H4.3) holds.
4. If we also assume that f(b) close enough to f(a), then we have that[(H4.4) holds due to 2.

Notice that W; does not fit into the framework of |13} 145]] due to the fact that the set A* is a
straight line and not an isolated equilibrium. For our second example, we chose (a,c) = (0,1) and
W, i u = (ug,up) € R — f(|lul?) - f(c) € R, so that W, is radially symmetric. We see that A~ = {0},
SO thatholds due to 1. We also see that A" = $!, the unit circle. As before, it is clear that
[(H4.1)|holds and the same goes for [(H4.2)|as A* is bounded. Regarding[(H4.3)| this is proven as
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Figure 4.4: Representation of the function f used for defining the examples W; and W,.

for W;. Again that the potential W, does not fit into the framework of [13,|145]. Moreover, we see
that W, is reminiscent of the Ginzburg-Landau potential

(1—lul)?

1 eR

VGLIMZ(Ml,Mz)E]RZ—)

which has attracted a significant amount of attention since the seminal work of Bethuel, Brezis
and Helein [42]. Our potential W, vanishes as V;; on the unit circle $'. However, the fact that
W, changes sign makes it not to fit into the class of potentials which can be considered in the
Ginzburg-Landau theory of [42] and its posterior developments.

As a final remark (which we owe to Emmanuel Risler), we point out that if W verifies the

assumption |[(H4.1)|(so in particular W is C?), then we must have by (4.2.1) that int(A~) = int(A*) =
ption [(H4.1)|(so in p y

0, as otherwise we would have a discontinuity on D?W.

4.4 Extensions and open problems

4.4.1 Other classes of potentials

Applying directly the abstract result from Chapter (3} it is possible to replace|(H4.3) by an assump-
tion which consists on an upper bound on 1. Following the idea in Chapter[3] a particular family of

potentials satisfying such an assumption can be obtained by suitably perturbing a given multi-well
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Figure 4.5: Representation of the potential W; along with a traveling wave u going from A~ =
{a} xRto A" = {c} xR

potential (or even a more general potential). More precisely, one can consider a non-negative
smooth potential V vanishing in two sets .A; and A, in RF and with local properties as in
and with the obvious modifications. A suitable perturbation around A, gives a family of
unbalanced potentials (Ws)sso such that W, = V and for 6 € (0,94] (for some 6y > 0), the abstract
framework from Chapter|3|applies to W (up to an additive constant). In particular, one has results

as the ones of this chapter for W, which was a type of potential not allowed in [13].

4.4.2 The problem of traveling waves for 2D parabolic Allen-Cahn systems

Our initial motivation comes from the study of the parabolic Allen-Cahn system
dyw — Aw = -V, V(w) in [0, +00) X R?, (4.4.1)

where V is a standard, smooth, multi-well potential. In Chapter |3, we show by an abstract
approach that there exist traveling wave solutions w : (t,xy,x,) € [0, +c0) x R> — U(x; — c*t,x,) € RF

of (4.4.1) such that

li1+n+ 12L(x1, ) = 9 Ml (m g5y = O

X1 —++00

where g* solve
(6%)" = VuV(g") in R

and satisfy

: + -
lim 0¥ =

with 6* € ¥ := {u € RF: V(u) = 0}. Moreover, g~ and g* are (in some sense) local minimizers of the

energy
la'(t)?
2

g€ HL (R E(q)= |

+ V(q(t))]dt
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with different energy levels. That is
E(g) = m*

with m* > m™ and m™~ the global minima. The main point is that m* > m™, as the case m* = m~
had already been treated by several authors and it is by now well understood. See Fusco [83],
Monteil and Santambrogio [125]], Schatzman [153]], Smyrnelis [[157]]. As already explained, in
Chapter 3| we have to assume that 0 <m* —m™ is bounded above by a given constant. As in here,
the approach of the proof is to deduce the result from an abstract setting. In an attempt to extend
our result to other situations, we were able to replace the perturbation assumption by another one
in the abstract setting. The other assumption is the abstract version of and the one we use
here (see[(H4.1")). However, the inconvenient is that such condition does not seem to apply when
dealing with traveling waves of the system (4.4.1). Even for simple examples of the potential V,
we cannot prove that such condition is satisfied, which does not allow us to apply the abstract
result. The reason is that properties such as convexity of level sets and uniform strict monotonicity
along segments are harder to verify in infinite dimensions. However, if an example of potential
V such that is satisfied could be found, then we would have the existence of a pair (c*, 1)
satisfying the same properties than the solution obtained in Chapter

4.4.3 Traveling waves between homoclinics

One considers again the Allen-Cahn system
dyw — Aw = -V, V(w) in [0, +c0) X R?,

with V as in the previous paragraph. We use the same notation as above. This time, we consider
the conditions at infinity

lim |[U(xq,-) = 1] g g gE) = O

X]—>*x+00

for the associated profile 1l. Here u~ is the constant homoclinic solution equal to 0 € ¥ and u* is
such that E(u*) > 0 and it solves
(uh)” =V, V(u)in R

satisfying

lim u*(t)=o.
t—+o0

That is, u™ is a non-constant homoclinic emanating from o. If u* is locally minimizing and,
moreover, it satisfies the assumptions given by some of our abstract results!, then the existence of
a solution (c*,1l) is guaranteed. The fact that u™ = u* implies that 1l is not constant, and since 1~
and u* are homoclinic, then Ul can be thought as a heteroclinic between homoclinics. Moreover,
notice that such type of solution cannot exist in the stationary case, as stationary waves join two
different 1D solutions which are global minimizers, which is not possible in the homoclinic case?.
Even though for the moment we have no explicit example of potential V such that the necessary
assumptions are fulfilled, the main result of Chapter 2|suggests that homoclinic solutions might

exist in some situations.

IThat is, either the one that we use in Chapteror the one that we give here.
2Clearly, the only globally minimizing homoclinic is the constant one.
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4.5 The abstract setting

As we advanced in the introduction, the main results of this chapter are obtained from exploiting
the abstract setting introduced in Chapter [4] Essentially, we replace[(H3.7’)|by a new assumption,
We will consistently make references to the definitions and results from Chapter[4] Let us
just briefly recall that we consider £ be a Hilbert space with inner product (-,-) ¢ and induced
norm [|||. We also consider # C £ a Hilbert space with inner product {-,-)s such that # c &
and a functional £ : & — (—o0, +00]. We will invoke the hypotheses|(H3.1),|(H3.2"),(H3.3")}, [(H3.4')}

|(H3.5")} [(H3.6’)|from Chapter [4|and replace by

(H4.1’). Assume that|(H3.1’){and |(H3.2’) hold. We suppose that for all a € [4, ], we hav that £%~

is convex. Forallv- e ¥ ~, a € [a,a¢9] and v € £~ define

Ala,v,v):={AeR:E(V +AMv-v))>aand v + A(v—-v ) e} (4.5.1)
Then, there exists a_ € (a,0) such that
1. &% C 9;6_/2'
2. There exists w > 0 such that
a_+a

Yve&% ¥v e F V0 e A( > ,v‘,v), %(S(V_ +Av-v)))(O) > w. (4.5.2)

3. We have that for all a € (4, a_], there exists w(a) > 0 such that, for all v € £%~ such that
E(v) > a, it holds

d (E(P~(v)+ AMv—=P (v))(O) > w(a), (4.5.3)

d0(v)>0,V0 € (1 -0(v),1+6(v)), a1

where P~ is the projection map defined in [(H3.1’), which is well defined in £ because

T

Furthermore, we have the following global bound property: There exists R > 0 such that for any
v € E%~ there exists v (v) € # ~ such that |[v — v~ (v)||sz < R. Moreover we have that:

VR > 0,3C¢(R) >0,V (v,w) € % :|vllz <R, |DE(W)(w)| < Ce(R)||wllg. (4.5.4)

Finally, it holds
VveZ, |vllg —IvI% < C(E(v) - a). (4.5.5)

Let us next define the space
o
2 s
-
Vi<-T, diste(U(t),F ) < 70}

X:={UeHL(R.ZL):AT > 1,Vt> T, distx(U(t),F ") < (4.5.6)
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already introduced in Chapter [3] If [H4.1") holds, we define the class

r+
Y= {U €HL (R.Z):AT >1,Vt> T, distg(U(t), F*) < 70 (4.5.7)
Vi<-T, E(U(t) <a_}
so that Y € X by|(H4.1")l For working under assumption [(H4.1’), the space Y becomes more

suitable in certain aspects. We can now finally state the abstract result, which shows the existence
of a solution to

U’ -Dg€&(U)=-cU in R (4.5.8)

satisfying the conditions at infinity

AT21:Vi<-T, U(t) e -, (4.5.9)
Vi T, U(t)e F7),.

Theorem 4.4 (Main abstract result). Assume that[(H3.3")|[(H3.4)}[(H3.5")} [(H3.6")|and [(H4.1")| hold.
Then, it holds

1. Existence. There exists c* >0 and U e A(R)NY, A(R) as in (3.4.23), such that (c*,U) solves
(4.5.8) with conditions at infinity (4.5.9) and U is a global minimizer of E. in Y (that is, E.(U) = 0).

2. Uniqueness of the speed. The speed c* is unique in the following sense: if c* > 0 is such that

inf Ex(U) =
IIJIéY #U)=0

and there exists U € A(R) N X such that (c*,U) solves (#.5.8) and E;(ﬁ) < +oo, then c* = c*.

3. Exponential convergence. We have that for some M* > 0 it holds for all t € R
(1) ~v* (U)llg < M*e! (4.5.10)

where v*(U) is given by (4.5.9).

As we can see, the statement of Theorem [4.4]is very similar to that of Theorem [3.5]in Chapter

If # ™ is reduced to a simple point and [(H4.1’) holds, we can shown convergence with respect to
the £ -norm as t — —oo:

Theorem 4.5. Assume that[(H3.3’)}[(H3.4")}[(H3.5")} [(H3.6”)|and [(H4.1")| hold. Assume moreover that
F = ={v;}. Then, if (c*,U) is the solution given by Theorem U satisfies in addition

tliI}l [U(t)-v; |l = 0. (4.5.11)

Remark 4.5.1. Notice that (4.5.11) does not imply that £(U(t)) — a as t — —oo, since £ is only

supposed to be lower-semicontinuous with respect to £ -convergence.

We can impose an additional assumption in order to obtain stronger conditions at —co on the

solution, which is similar to in Chapter
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(H4.2’). Hypothesis|(H4.1’)|is fulfilled and, additionally:

d -\2
—a< ("‘0—7/) (4.5.12)
2
where y~ is as in (3.4.28) and
Aoy = distg(é'“o’_,grgﬂ) (4.5.13)

which is positive by|(H4.1")jand Lemma|3.4.2

If|(H4.2’) holds, we can show the following;:

Theorem 4.6. Assume that|(H3.3’)||(H3.4’),((H3.5°)}|(H3.6’)|and |(H4.2’)|hold. Then, if (c*,U) is the
solution given by Theorem it holds that ¢* <y~, ¥~ as in (3.4.28) and there exists M~ > 0 such that
forallte R

[U(t) — v (U)llg < M~ =)

for somev=(U)e F ~.

As we see Theorem is analogous to Theorem in Chapter [3] Finally, we have the
characterization of the speed, analogous to Theorem [3.7]in Chapter

Theorem 4.7. Assume that (H3.3)| |((H3.4’), (H3.5°), (H3.6’)|and [(H4.2’)| hold. Let (c*,U) be the
solution given by Theorem Then, if U € A(R)NY is such that

EC* (fj) - 0

then we have that (c*,U) solves (£.5.8) and

* —a

cC = ﬁ
[NCZOIT

In particular, the quantity fm||ﬁ’(t)||§dt is finite. Moreover, we have that

V=2a

<
do

<y,

0

where we have used and d, , y~ are as in (4.5.13)) and (3.4.28) respectively. Finally, we have

* _ . _ — . —
c _sup{c>0.[1]r€11;Ec(U)_ oo} 1nf{c>0.11]r€1£/Ec(U) 0}.

4.6 Proof of the abstract results

The strategy is essentially the same that the one used in Chapter (3| which is inspired by [13]. See
also the book by Alikakos, Fusco and Smyrnelis [[12]. We reproduce the main steps and provide
the proof of the new results, which are essentially those in Section for which we use

instead of Therefore, each result here has its equivalent one in Chapter[3|and in some
cases the arguments adapt in a straightforward way or the result can even be applied directly.
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4.6.1 Preliminaries

Let 7y and r; be the constants introduced before and &, ;—’/2 be the corresponding closed balls as in
0

(3.4.4). Assume that|(H3.1') holds. For T > 1, we define the sets

X7 :={U e HL (R Z):Vt <-T, U(t) € 7)),

o

X7 :={U e Hj{,

loc

(R.Z):¥t> T, Ut) € F)),

where the constant . Subsequently, we set
X7 =X NX7. (4.6.1)
In caseholds, we can define for T > 1
Yri={U e HL (R.Z):Vt<-T, EWU(t) <a_},
where a_ is the constant introduced in assumption [(H4.1')} Subsequently, we set
Yr = Y7 NXE (4.6.2)

The spaces Yr will play here the role that the spaces X7 played in Chapter|3| We have that

and

The following property is immediate:
Lemma 4.6.1. Assume that|(H4.1’)|holds. Then, we have that
YT C XT (463)

Proof. From [(H4.1’)| it follows that whenever v € # is such that £(v) < a_, it then holds that
Ve 92;6_/2' The inclusion (4.6.3) then follows by the definitions (4.6.1) and (4.6.2). O

Lemma shows that whenever holds, Y7 is a subspace of Xr. Therefore, properties
that hold for X7 (and that we proved in Chapter 3) will apply to Y7. Define now the infimum value

beri= inf Ec(U) (4.6.4)

It will be later shown that b, 1 is always attained. We have the following immediate property:

Lemma 4.6.2. Assume that|(H3.1’)|and|[(H3.2’)|hold. Fix¥* e F*. Letc>0and T>1. Forall T > 1
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the function
\a ift<-1,
W(t) = 5o+ Byt if —1<t<1, (4.6.5)
\Al ift>1,

belongs to Xp. If((H4.1°)|holds, we also have W € Yr. Moreover, for all ¢ >0
E. (V) < +c0.

Furthermore, we have
—00 < b, < +oo0. (4.6.6)

The proof of Lemma follows the same lines that Lemma in Chapter (3} so we skip it.

4.6.2 A semicontinuity result

We extend Lemma in Chapter

Lemma 4.6.3. Assume that|(H3.1)||(H3.3’)|and|(H3.4’)|hold. Let T > 1 be fixed. Let (U}),en be a

sequence in X7 and (c,),eN a convergent sequence of positive real numbers such that

sup ECH(U,i) < +o00.
nelN
Then, there exists a sequence (U,) in Xt and U, € Xt such that up to extracting a subsequence in
(Upy €1)nen it holds
VneN, EJ(U,)=E/(U)),

VieR, Uy(t)— Uy(t) weakly in & (4.6.7)
Uphe, — UL, weakly in L*(R, %)

and
E. (Uy) <liminfE. (Uy,),

& n—oo

where, for k € R, we set hy :t € R — ekt/2 ¢ R, Coo :=1im,,_, c,. Moreover, if((H4.1’) holds and the

sequence (U}),eN is contained in Yr, then U, € Yr.

Proof. Except for the last part, the result is exactly the same as Lemma [3.5.6]in Chapter[2} Notice
that if (U}),cn is contained in Yr, then by and the lower-semicontinuity of £ we have that
for all t <-T it holds

E(Uy(t)) <liminfE(U,(t)) < a_

n—-oo

which shows that U, € Yr and concludes the proof. O]

4.6.3 Existence of an infimum for E, in Y7

We now show that for any ¢ > 0 and T > 1, the infimum value b, r defined in (4.6.4) is attained.

The result is as follows:
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Lemma 4.6.4. Assume that|(H3.3")||(H3.4’) and|(H4.1’)|hold. Let ¢ >0, T > 1 and b, 1 be as in (4.6.4).
Then, b, 1 is attained for some V.1 € Yr.

Proof. By (4.6.6) in Lemma we have that there exists a minimizing sequence (Uy,),enN in Y7.
Therefore, Lemma implies the existence of V€ Yr. O

We next show that constrained minimizers are solutions of the equation (4.5.8) on a (possibly

proper) subset of IR.

Lemma 4.6.5. Assume that|(H3.6’)|and (H4.1’)|hold. Let ¢ >0, T > 1 and b, 1 be as in (4.6.4). Let
V.1 € Y7 be such that E.(V. 1) =b. 1. Then, V.1 € A(-T,T)) and

V! =Dg&(V.r)=—-cV,rin(=T,T). (4.6.8)
Moreover, if t > T is such that
r+
distg (Ver(H), 9 ) < (4.6.9)

then, there exists dy(t) > 0 such that V. r € A((t — 0y(t),t + 07(t))) and
V! r =Dg&(V.r)=—cV,rin (t=0y(t),t+0y(t)). (4.6.10)
Similarly, if t < T is such that there exist €y (t) > 0 and 6y (t) > 0 such that
Vse[t—oy(t),t+0y(t)], E(Vr(s) <a_—ey(t) (4.6.11)
then, V.1 € A((t =0y (t), t +0y(t))) and
V. =Dg&(Ver)=—cV,rin (t=0y(t),t +0y(t)). (4.6.12)
Proof. We begin by showing that
VteR, V. r(t)=P(V.r(t)). (4.6.13)
Arguing as in the proof of Lemma [3.5.8|in Chapter 3} to prove it suffices to show that
VP iteR- V(1)

belongs to Yr. Indeed, the proof given in Chapter (3|implies that VfT € Xr. Thus, the fact that
V.r € A((-T,T))and V1 solves is proven as in Chapter Next, notice that implies
that for all t < -T, we have S(VST(t)) <&E(V,r(t) < a_. Therefore, VST € Yr, which shows (4.6.13).
Let now t > T such that holds. Again, arguing as in Lemma we obtain that there
exists 63(t) > 0 such that V. r € A((t - 63 (t), t + 63 (t))) and holds. To conclude the proof, let
t < —T be such that holds. Notice that £(V 1) is finite on (-0, T], which by assumption
implies that V1 takes values in # on (—co, T]. Moreover V1 is &-continuous. Therefore,

using (4.5.5) we get
Vselt-op(t)t+7(0)] IVer(s)lz <R, (4.6.14)
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with X
2

O0<Ry:=|C.la_—a)+ max V. .7(s < +o00.

1 c( ) se[t—é;(t),t+5;,(t)]“ C,T( )”3 o

Let ¢ € CL((t - 53(t), t + 65(8)), (F, |l )) be such that

=Ku 4.6.15
Se[f—égl(tei)t:é;(t)]”(i)(s)”% 1 ( )

by (4.5.4), we have that if v € Z is such that ||v||s < 3R, it holds
Vse[t=oy(t)t+ oy ()], IDE@)(P(s) < Ce(3BR)lIP(s)llz (4.6.16)
with C¢(3R;) independent on v. We have by that
Vs elt=57(t)t+ 03 (0], EVer(s)+@(s) < a —ey (1) + DERE((S)), (4.6.17)

where, for all s € [t — 6y (t),t + 6y (t)], h(s) € Z lies on the segment joining V. r(s) + ¢(s) and V. (s),
so that ||h(s)||lgz < 3R, by (4.6.14) and (4.6.15). Therefore, we can plug (4.6.16) into (4.6.17) to

obtain

Vse[t=oy(t)t+0y(t)], E(Ver(s)+(s)) < am—ey(t)+ Ce(BRyp(s)llz, (4.6.18)

meaning that if we choose any ¢ € CL((t - 0y (t),t +0y(1), (#,|Ill%)) such that

max lp(s)llz < min RDL“)
se[t=0y (£),t+63 (1)) 2C-(3R))

we get by (4.6.18)) that

ey(t)
—<
3 a

Vse[t—0y(t),t+0y(t)], EVer(s)+d(s) <a_—

so that V. 1 + ¢ € Y. Therefore, we have that V7 is a local minimizer of E.(-;[t — 0y (t),t + 0y(t)])
in the sense of Definition Since, in addition, V 1 satisfies (4.6.13), we can apply [(H3.6')
and we obtain that V7 € A((t — 0y (t),t + 0y(t))) and (4.6.12) holds. As a consequence, the proof is
finished. O

4.6.4 The comparison result

As in Chapter 3} we establish the necessary properties regarding the behavior of the constrained
minimizers. This is done by using the fact that the constrained minimizers solve the ODE system
along with comparison arguments. Essentially, we adapt the proof of the analogous result from
(13, [12] in the framework of [[H4.3)} which makes it more involved but uses the same ideas. We
will use the constants defined in Section We begin by proving two preliminary comparison

results:

Lemma 4.6.6. Assume that|{(H4.1’)| holds. Let t; <ty and U € H'([t,t,], L. Assume that

U(tl ), U(tz) € &Y with a <0 (4619)
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and
3t3 G(tl,tz)Zg(U(t3))>0(. (4620)

Then, there exists U € H'([t1, t,], L) such that
Vte(t,ty),Vie(l,2), Ult)e&®, U(t)=U(t) (4.6.21)

and

Ve>0, E (U)<E(U). (4.6.22)

The following is inspired by similar results from [13]], although our version is weaker:

Lemma 4.6.7. Assume that|(H4.1’)|holds. Let t] <t,, a € (“*T”,ao) and U, be the constant function

Uy:telt, ] o v, €EY7, E(v,) = a.
Then, there exists U € Hlloc([tl’ ty], &) such that
Vte(t,t),Vie{l,2), EU(t)<a, Ut;) =, (4.6.23)

and

Ve>0, E(U)<E.(Uy,). (4.6.24)
Proof of Lemma From|(H4.1’), we have that £%~ is closed and convex in Z. Therefore, we
can consider the corresponding orthogonal projection P%~ : & — £%~. Define now
Vte[t,tp], U(t):=PY (U(t))
which clearly belongs to H!([t;, t,],#). Moreover,

Vi€t t], 10 (t)lz <IU' (1)l (4.6.25)

Applying (4.6.19), we see that U verifies (4.6.21). Now, notice that by implies that t €
[t1,t] = E(U(t)) is lower-semicontinuous. Therefore, {t € [t1,t,]: E(U(t)) > a} is open, and by
(4.6.20) we have that it is also non-empty. As a consequence, there exists I C [t1,#,] non-empty an
open such that

Viel, E(U(t)>a

which implies that

JE(U(t))e“dt < jS(U(t))e“dt

I I
and, since for all v € # we have E(P%~(v)) < £(v) by definition of the orthogonal projection and

because a < 0, we conclude
J E(U(t))e " dt < J E(U(t))e " dt,

which in combination with (4.6.25) gives (4.6.22) and concludes the proof. O

Proof of Lemma[4.6.7] Let e >0, v € #~ and ¢ € C}([t;,t,]) such that ¢ > 0 in (t, ;). Define the



178CHAPTER 4. Heteroclinic traveling waves of 1D parabolic systems with degenerate stable states

function
Ve[t bl Udt)i=v +(1-eh(t)(vg —v)

so that Uy = U,. It is clear that for all ¢ > 0 we have U, € H!([t,t,],Z). Moreover, we also have
that for i € {1,2}, it holds U.(t;) = v,. For all t € [t1,t;], consider A(a‘Tﬁ,v‘,U(t)) as in (4.5.1).

Since «a € (Q*Tﬂ,aa), v, € EY and ||Pllcr(fr, 1)) < +o0, there exists €1 > 0 independent on ¢ such that

a_+a
2

(1—51q5(t),1+51¢(t))CA( ,v—,U(t)).

Therefore, using (4.5.2) we have that

1
d
Ve (0,e1), YVt €[ty ], E(Ue(t)) - E(Up(t)) = —L_ " T EVT +Ave —v))(0)d0

< —ed(t)w, (4.6.26)
where w > 0. In particular, we have that for all € € (0,¢;), U, fulfills (4.6.23). Now, notice that
Ve>0, fora. e t €[ty ], Ult)=—-ed (t)(vg—V")
which means that, using also (4.6.26)), we obtain

Ve>0,Vee(0,e),

1 ) "2 _2 ect2 _ectl
Be(Ue) ~ Be(Uo) < (—ellplls( @+ 5210 Woe o0 =112

so that if € € (0,¢&;), where
_ 2||(P||L°0([t1,t2])w
”(P/”i“([tl,tz])”v“ —V_”f?

then (4.6.24) holds for U,. Hence, we have shown that if € € (0, €3) with &3 := min{ey, &;,} > 0, then
U, fulfills (4.6.23) and (4.6.24), which completes the proof. O

>0

Ep

We will now define for U € Yt
t5(U) :=inf{t e R: E(U(t)) = a, U(t) € £} (4.6.27)

and
t1(U):=supf{t<t;(U): E(U(t)) < a_} (4.6.28)

where the constants a < a_ < 0 < g are those from The following preliminary property is

straightforward:

Lemma 4.6.8. Let U € Yy and t5(U), t{(U) be as in (4.6.27) and (4.6.28) respectively. Then, it holds

~T <t;(U) < t;(U)

Proof. We have that £(U(-T)) < a_, which implies that —T <t (U). The inequality t; (U) < t,(U)

follows from the definition. O
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Lemmas [4.6.6| and [4.6.7| apply mainly to obtain the following information on constrained

minimizers in Yr:

Proposition 4.6.1. Assume that[(H3.3")|[(H3.4")} [(H3.6")|and[(H4.1")|hold. Let c >0 and T > 1. Let
V1 be a constrained minimizer of E. in Yr given by Lemma Let t] :=t] (V. r)and t; :=t;(V,. 1),
where t{ (V. r)and t;(V.r) areas in (4.6.28), (4.6.27) respectively. Then, it holds that £(V . (t;)) = ag
and

t; —t; <Ti(c), (4.6.29)
where
2Rc +2VR2%c? + 2R
T,(c):= PN ARG (4.6.30)
W
Moreover, we have that
Vi<t], EV r(t) <a_ (4.6.31)
and there exist 65 > 0 and t; < t] such that
E(V,.1(+) is monotone in (—oo, t; + 0, | and
( c,T()) ( 0 0] (4.6.32)

VE<ty+5g, E(Vor(t) <a..

Proof. Notice that due to the definition of ¢; in for all t < t; we have V_r(t) € £%.
Therefore, t; < T. Notice now that if t] = £, then holds trivially. Assume then that | <.
By Lemma we have that (t,t,) C (=T, T) with t; < T. Therefore, since we assume that|(H3.6)
holds we have that V. € A((-T, T)) fulfills by Lemma The definition of A((-T, T))
in (3.4.23) implies that t € [t],t;] = £(V,, r(t)) is continuous, which means that £(V,r(t;)) = ay.
Due to the definitions of ¢; and ¢, in (4.6.28)) and (4.6.27) respectively, we have that

Vte(t],t;), E(V(t) e (a_,ag), V(t)e &M
which means that we can use (4.5.2) to obtain

Vv eF Vte(t],t3), d (EV + AV r(t)=v))(1)>w >0,

dA
which means, using (3.4.10) in [(H3.2)
Vv eF Vte(t],t;), (De(Ver), Ver(t)-v )g > w. (4.6.33)

By|(H4.1"), there exists v € # ~ such that ||V 7(t;) - v_ 7|l < R. Define now the function
pitelty 5] > IIVer(t)—vorll5y €R

so that
p(t;) <R (4.6.34)

By (4.6.8) and [(H3.6’), we have that p € C?((t;,t,)). We have

Yt e (tfl t;)’ P’(t) = <V2,T(t):VC,T(t) _VE,T>3
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and, subsequently, using
Vie(ty,6), p"(0) =IVerlll +(Dg (Ve (), Vor(t) —vor)g —cp'(t),
which, by means that
Vie (], 1), p”(t)+cp'(t) = w. (4.6.35)

Notice that (4.6.35) implies that p does not possess any local maximum in [t],t;], as we have w > 0.
That is, either

1. The function p is non-decreasing in [t],t;].
2. The function p possesses a unique local minimum at 5 € (£}, t;).

Assume that 1. holds. Then for each t € (t],t;) we can integrate in [t],t] to obtain
cp(t)=p(ty) +p' ()= p'(t]) 2 w(t 1)
so that, since we assume that p’ > 0 in (17, ;)
co(t)+p'(t) > w(t—17) (4.6.36)

which, integrating now in [t{,t;] gives

(t; — 1)

ty
cf p(t)dt+p(ty) >
t

1

N[ g

By (4.6.34), and since p does not possess any local maximum, the previous becomes,
_ _ w —\2

The roots of the polynomial
£%2-Rex-R

are
Re+VR2Z+ 2R Re-VR2ZZ+ 2R
xp= S VRICTTRD ) and x, = TRy, (4.6.38)
w w

therefore, since (4.6.37) holds, we must have
ty —t] <Xxq. (4.6.39)

Assume now that 1. does not hold. Then 2. holds. Notice that since ¢5 is a local minimum of p in
(t7,t;) we have p’(t5) = 0. We first integrate (4.6.35) in [t5,t] for t € (t5,t;) to get

c(p(t)—p(t3)) + (1) = w(t - t3)

which means that
Vte(t5,t;), cp(t)+p'(t) > w(t—13),
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which is exactly with t] replaced by t3. The same reasoning as above gives
ty —t3 <x; (4.6.40)
with x1 as in (4.6.38). We now take t € (¢, ;) and integrate in [t,t;]. We obtain
—p’(t) +c(p(t3) - p(t) 2 w(t; 1)

so that
Vte(t] t5], —p'(t) +cplt3) 2 w(ts 1)

which, by integrating in [t 5] and using (4.6.34) along with the fact that p has no local maximum
in [t],t;], gives
— _ W, _ 2

which is exactly (4.6.37) but with t; replaced by t;. Therefore, we get
t; - t; < X1
which in combination with (4.6.40) gives

ty —t] < 2xq. 4.6.41
2 1

As a consequence, we have that either (4.6.39) or (4.6.41) holds. That is, we have shown that

(4.6.29), with T;(c) as in (4.6.30)), holds. We now show that (4.6.31)) holds. Otherwise, we would

have —-T < t] and some f € (- T, t]) such that

E(V,r(t)>a_

and, since we have that £(V,7(~T)) and £(V, r(t])) are smaller than a_, we obtain a contradiction
by Lemma Therefore, (4.6.31) has been established. We now show the existence t; < t; and
6, > 0 such that (4.6.32) holds. We begin by showing the existence of #; < t] such that

Vi<ty, EVr(t)<a_. (4.6.42)

By contradiction, assume that there exists a sequence (t,),en in (—oo, ] such that t, - —co as
n — oo and
VnelN, &V r(t,)=a_. (4.6.43)

Assume by contradiction that there exists a sequence (f,),enN in (—co, t]] such that f, — —co and
VnelN, E(V.r(f,)) <a_

which, in combinantion with (4.6.43), shows the existence of ¢, <t, <t. <t] and &_ < a_ <0 such
that
Vo r(ta), Ver(te) €E% =E% and E(V, 1(ty) = a_ > d_

which, by Lemma gives a contradiction with the minimality of V.. As a consequence, we
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have that there exists f < t; such that
Vi<t EVr(t) =a_ (4.6.44)

By Lemma we have that V. cannot be constant in any non-empty interval I C (—oo, f].
Therefore, we have in particular that

P Vv’ ¢ 2
J weddt > 0. (4.6.45)
Let U be the function defined as
) = Ver(3t+3f) ift<f
Vr(t) ift>1f

which is well defined and belongs to Y. Notice that for all ¢ < f, we have that %t + %f <, so that

E(U(t)) = a_ by (4.6.44). Therefore,

J-t E(U(t))edt = (" E(V.r(t))etdt,

[s9) J—00

meaning that

J E(U(t))edt = | E(V.r(t)edt. (4.6.46)
R JR

Now, notice that for a. e. t < f it holds U’(t) = %VC,T (%t + %f) Hence, we have that

ff ||U’<f)||§ectdt ~
_ 2 B

~ 1 1~
rt ||VC’T(7t+7t)
oo 2
Cf IVer(3t+30)I1%
e
oo 2

E V(I Sty
2 ’

1%, Ct
e“tdt

N
C

(o)

co(3t+3%) g4

IA

N = =
-

J—00

which, by (4.6.45), means that
10" (1)II2 IV, (DI
f —( ) 3eCtdt<f —C’T( ) Z e dt,
R 2 R 2
so that, taking also into account (4.6.46), we have obtained
EC(U) < EC(VC,T)’

which is a contradiction, because V7 minimizes E. in Y7. As a consequence, (4.6.43) cannot hold,
which means that there exists fa < t] such that (4.6.42) holds. We now establish the existence of
t, <ty and 6, > 0 such that (4.6.32) holds. Applying Lemma we have that £(V 7(-)) does not
possess any strict local maximum, and at most one strict local minimum, in (—oo, t]]. Therefore,

there exist t; < f; and 0, > 0 such that £(V, r(:)) is monotone in (—co,t; + 0,] and t; + 0, < f;.
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Therefore, (4.6.32) follows by (4.6.42). O

For U € Yy, recall the definition of t*(U,¢{) in (3.5.40). The goal now will be to provide a
uniform bound on t*(U, ¢{) — t;(U). The result is very close to the second part of the comparison
result in Chapter (3| Proposition (3.5.1

Proposition 4.6.2. Assume that|(H3.3’),|((H3.4’), ((H3.5')} |(H3.6’) and |(H4.1’)| hold. Let ¢ > 0 and
T > 1. Consider V.1 € Yr a minimizer of E, in Yp, which exists by Lemma Let t; :=t,(V,1) as
in (4.6.27) and t* :=t*(V . 1,¢e5) as in (3.5.40). Then, we have that

+

T
Vi>t*, distg(Ver(t),F )< 70 (4.6.47)
Furthermore, we have that
0<tt—t; <Ty(c), (4.6.48)
where
1 —-a
Ty(c):= —ln(—+1) (4.6.49)
c Oyp

with a,, > 0 a constant independent on ¢, T and U.

Proof. We claim that for all t > t*, it holds that £(V.r(t)) > 0. Indeed, otherwise we could find
f > t* such that £(V, r(f)) = a < 0. Since we necessarily have t* > ~T, and V, 1(~T) € Em@-a}, by
Lemma we can find U € Y7 such that E.(U) <E.(V,r), a contradiction. Therefore, arguing
as in the second part of Proposition [3.5.1]in Chapter [3 we obtain that must hold. In order
to prove (4.6.48), we first show that t* > t;. This follows from the fact that for all t < t; we must
have V r(t) € £%7, V p(t*) € rg+/2 and rg+/2 NEYW™ =0. See|[(H4.1’), Let ayy := minf{ay,ej}. We
claim that

Vie[ty,t7], E(Ver(t)) = dug. (4.6.50)

Indeed, assume by contradiction that for some t € (t;,t") we have E(V 7(t)) = @ < auy. If V p(t) €
.1 ,, we have a contradiction with the definition of * since a < &j. Assume then V. r(t) ¢ .
0 0
Since E¥* C E%t C Zg*/z by|(H4.1"), we have that V. 1(t) € £4~. We have that V p(-T) € £%- c £¥~
and V. r(t;) = ag > a by Proposition Therefore, Lemma leads to a contradiction. As a

consequence, we have shown that (4.6.50) holds. Arguing as in the last part of the corresponding
result in Chapter we obtain that (4.6.48)), with T,(c) as in (4.6.49) holds. O

Propositions|4.6.1|and |4.6.2| can be summarized as follows:

Corollary 4.6.1. Assume that[(H3.3")|[(H3.4)}[(H3.5") [(H3.6")|and [(H4.1")| hold. Let c >0 and T > 1.

Consider V.1 € Yr a minimizer of E. in Yp, which exists by Lemma Let t] ==t (V1) as in
(4.6.28) and t* :=t*(V . 1,€{) as in (3.5.40). Then it holds that

T,
Vi>tt, diste(Vor(t),F ') < 30 (4.6.51)

Vi<t], EV.r(t) <a_ (4.6.52)
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and there exist 0y >0 and ty <ty such that

E(V. ()i tone in (—oo,ty + 65 ] and
(V¢,r(+)) is monotone in (—oco 0 0] an (4.6.53)
Vi<ty+0y E(Vr(t)<a..

Moreover, we have
0<t"—t] <Tux(c) (4.6.54)

where
Tux(€) :=Ty(c) + Ta(c)

with T(c) as in (4.6.30) and T,(c) as in (4.6.49). That is,
c € (0,+00) > Tyi(c) € (0, +00)

is continuous and independent on T. Finally, if t; := t;(V,r) as in (4.6.27), we have t; € (t],t%),
V. r(ty) e &% and
Vt>t;, E(V.r(t)) =0. (4.6.55)

Finally, we have the following property on constrained solutions:

Corollary 4.6.2. Assume that[(H3.3")|[(H3.4)}[(H3.5")| [(H3.6")|and [(H4.1")| hold. Let c >0 and T > 1.

Consider V. € Yr a minimizer of E. in Yp, which exists by Lemma Let t] :=t] (V1) as in

(4.6.28) and t* := t*(V,r,&;) as in (3.5.40) and t; < t], also given by Corollary Then, there

exists Oy v > 0 such that the set

SY,c,T = (—oo, ty + 6Y,C,T) U (—T, T) U (t+ - 6Y,C,Tl +°°)

is such that V. € A(Sy 1) (see (3.4.23) and

V! =Dg&(Ver)=—cV, rinSycr. (4.6.56)

Proof. Using (4.6.53)) in Corollary we have that for each T > 0 it holds
Vi <[ty —T,ty+65], EVr(t)<a<a,,

so that (4.6.11) in Lemma is satisfied for any closed interval contained in (—oo,t;]. As a
consequence, (4.6.12) follows in such interval. That means that for t; < t; and 6; > 0 as in
Corollary we have that V. r € A((—oo,t; +9;)) and

VgT -Dg&(V,r)= _CVZCT in (—oo,t, + 0y).

Using again Lemma in combination with (4.6.51) in Corollary we obtain for some
0§ > 0 that
Vor € A(-T, T)U (t" = 8§, +00))

and
V! =DgE(V.r)==cV/rin (=T, T)U(t" = 5§, +0o).



4.6. Proof of the abstract results 185

As a consequence, (4.6.56) follows by taking oy . 1 := min{o, 5} > 0. O

4.6.5 Existence of an unconstrained solution

We can now establish the existence of an unconstrained solution for the proper speed. Let
D:={c>0:dT >1 and U € Yr such that E.(U) < 0}. (4.6.57)

We have:

Lemma 4.6.9. Assume that|(H3.3°),|((H3.4°),|((H3.5°) and |(H4.1")| hold. Let D be the set defined in
(4.6.57)). Then, D is open and non-empty and bounded such that
V-2
supD < 7 a’ (4.6.58)

ag

where do, >0 is as in (4.5.13)

Proof. Let W be the function defined in (4.6.5). Since |(H4.1’) holds we have by Lemma that
W € Yr. Therefore, the argument from Lemma 3.5.11]in Chapter [3|applies here to show that D = 0.

Subsequently, let ¢ € D. By definition, there exists T > 1 such that E.(V 1) <0, where V. € Yr is
a minimizer of E. in Y1, which exists by Lemmam Let VZT be such that [V 7(t) —va||zp -0
as t — +oo, which occurs due to Lemma in Chapter 3] Define for t > T

VC,T(S) if s <t,
V()= (1+t=s)Ver(t)+(s—t)vip ift<s<t+1,

+ .
Vo ift+1<s.

which belongs to Y7. Arguing as in Lemma (3.5.11}, we can show that for t > T large enough and
some 0 > 0 we have for all ¢ € (c—6,c+ 6) that EE(VE,T(S)) < 0. This shows that D is open. In order
to establish the bound (4.6.58), we use Corollary Let ¢ € D, there exists then T > 1 such that
E (V. r) <0, with V.t a minimizer of E. in Y7. Let t; := t; (V1) as in (4.6.27) and t* := t*(V 1, &{)
as in (3.5.40). Corollary [4.6.1]implies that V.r(t;) € £%  and V r(t7) € rg+/2' Therefore, the

definition of d,, in (4.5.13)) implies

2
(day)” < IVer(t) = Vor(B)I
so that

2
Using (4.6.55) in Corollary the inequality above becomes

5 e \ [ et — e—ct*
(da) sz(Ec(Vc,ﬂ— - )(—)

c

) I\ t||2 —ct; _ ,—ct*
(40,) Szf ﬂectdt(i)‘
R C

which, using that E.(V, 1) < 0and t* > t;, gives (4.6.58) and concludes the proof. O

We can now establish the existence of an unconstrained solution:
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Proposition 4.6.3. Assume that|(H3.3’),(H3.4’)} (H3.5")} ((H3.6")|and|(H4.1 )| hold. Let ¢ € J(D) N
(0,+00), where d(D) stands for the boundary of the set D defined in (4.6.57). Then, there exists T>1
such that by = 0 (by 7 as in (4.6:4)) and V € Y5 an associated minimizer of E; which does not saturate
the constraints, i. e.,

+

Vi>T, distg(V(t),F )< %0 (4.6.59)

and

Vt<-T, E(V(t)<a_. (4.6.60)

In particular, the pair (¢, V) solves (4.5.8).

Remark 4.6.1. Notice that Lemma implies that (under the necessary assumptions) the set
D is bounded, meaning that the set J(D) N (0, +o0) is not empty. Such a fact, in combination with
Proposition shows the existence of the unconstrained solution.

Proof of Proposition We essentially mimic the proof from Proposition in Chapter 3} with
the obvious modifications. Lemma implies that (D) C R\ D, so that ¢ ¢ D. The definition of

D in (4.6.57) implies then that
YT >1, bs;r >0. (4.6.61)

Let (c,,),en be a sequence in D such that ¢, — ¢ as n — oo. By definition, for each n € IN there
exists T, > 1 such that E. (V. 1 )<0 where, for eachn €N, V. r isa minimizer of E. in Y7 . For
each neN, set t7, =t (V. r,)as in and t} := t*(V, r,¢}) as in (3.5.40). Using
in Corollary [4.6.1]we have

VnelN, 0<tf—tf, <Tulcy)

with
c € (0,+00) = Tyi(c) € (0, +00)

a continuous function. Since the sequence (c,),cn is bounded, we have that
Tk := max{l,supT**(cn)} < +o0
nelN

and
VnelN, 0<t,—t;, <Tu, (4.6.62)

so that we have a bound on (] - #] ),eN. Moreover, (4.6.51) and (4.6.52) in Corollary imply

+

T
VneN,Vt>tf , distg (Ve 1(t),F )< 70 (4.6.63)

and
YneNVt<t,, E(V, 1,(t)<a_ (4.6.64)

For each n € IN, define the function V? 7=V 1,(-+1t;). Then, (4.6.62) implies that (4.6.63) and

(4.6.64) write as

+ T
VneN,Vt >0, distg (Ve 5 (1,5 ) <.

and

Ve NVE< Typ EV™ (1) <a.

¢ Ty,
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th .
so that for all n € IN we have V" . € Y7 _ . Moreover, a computation shows
nrtn

+
tn

C‘Vl”I;1

Vn = IN’ EC,,, (V ) = e*Cnt;ECn (Vcann) <0.

+

Therefore, if we apply Lemma |4.6.3|with sequence of speeds (c,),cn and the sequence (VZ”,T JneN

in Y7, , we obtain Ve Y7, such that

Ex(V) < liminfE,, (Vi 1)<0,
which in combination with implies that b; 1 = 0. Therefore, we have E£(V) = 0, so that
V is a minimizer of Ez in Y. Set t], := t;(V) as in (4.6.28) and t, := t*(V,&j) as in (3.5.40).
Invoking and in Corollary [4.6.1} we obtain as before that for some t; < t; and
0y >0
+

.
Vi >tf,, diste(V(t),F ) < 70 (4.6.65)

£(V(-)) is monotone in (—oo, t; + dp—] and

_ (4.6.66)
Vit <ty +0, E(V(t)<a_.

If we set T = max{L,t],,—t;}, then (4.6.65) and (4.6.66) imply that V € Y and that (4.6.59), (4.6.60)
hold. Moreover, we have that Ez(V) = 0, so that V is a minimizer of Ez in Y7 due to (4.6.61). We
will now apply Corollary with ¢, T as constants and V as constrained minimizer. By (4.6.65)

and (4.6.66), we have that V e A(Syz7) and

V' -Dg&(V)=-eV in Sy .7,

with
Sy 7= (-00,tg + Oy 1)U (=T, T) U (t5, — Oy & T +0),

for some 0y ;7 > 0. The choice of T implies that Sy 7 = R, which concludes the proof. O

4.6.6 Uniqueness of the speed

Recall that Proposition in Chapter [3|gives a uniqueness statement on the speed. This allows
to show the following:

Corollary 4.6.3. Assume that|(H3.3")}[(H3.47),[(H3.57)| [[H3.6")|and [(H4.1")| hold. Let

¢(D) :=supD.

Then, we have D = (0,c(D)).

Proof of Corollary[4.6.3] The idea is the same than in Corollary Chapter 3| As before, we
need to show that
d(D)N (0, +c0) = {c(D)}.

Let c € d(D)N (0, +c0), we need to show that ¢ = ¢(D) in order to finish the proof. Using Proposition
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4.6.3|we obtain VP and V in Y c X such that (c¢(D), V(D)) and (¢, V) solve (4.5.8). Moreover,
— D —
inf EBq(p)(U) = Bep)(V7) = 0 = E¢(V) = inf Ec(U)
so that we also have
E.p)(V) > 0 and E¢(V") > 0.
Therefore, the requirements of Proposition [3.5.3|are met, which means that ¢ = ¢(D). O

4.6.7 Proof of Theorem Hcompleted

If [[H4.1) holds, using Proposition [4.6.3]and Corollary [4.6.3] we can argue as in Chapter [3|to
establish the existence of a solution solvmg 8) with condition (4.5.9) and speed c¢* = ¢(D). The

statement regarding the uniqueness of the speed c* follows from Proposition Finally, we

have that the exponential convergence (4.5.10) follows from (3 in Lemma 3} Chapter
Thus, the proof of Theorem [4.4]is completed.

O]

4.6.8 Asymptotic behavior of the constrained solutions

We essentially adapt the corresponding results of Chapter [3to this setting. We have the following

result:

Lemma 4.6.10. Assume that [(H3.3")| [(H3.4")| [(H3.57)| [(H3.6")| and [(H4.1’)| hold. Let U, be a

constrained solution given by Lemma and t~:=t" (U, 1,Epax) be as in (3.5.39). Then forall t <t~

we have the inequality

107 1 (1)II%
# <E(U 7)) -a.

Similarly, it holds that for all t > t*

07+ (DII%,

EUr(1) < —2F

’

where t* :=t*(U, 7, EM ) 15 as in (3.5.40).

The proof goes exactly as Lemma(3.5.13|in Chapter (3| with the obvious minor modifications.
From Lemma it follows a convergence result at —co, which one also might prove by modifying

from Proposmon 4, Chapter[3
Proposition 4.6.4. Assume that[(H3.3")| [(H3.4")} [(H3.5 5|, ZH3.6 )|and [(H4.1°)| hold. Let ¢ > 0 and

T > 1. Assume moreover that c <y~, where y~ is defined in (3.4.28). Let U, 1 be a constrained solution
given by Lemma 4l Then, there exists M > 0 such thatfor all e € (0,7~ —c) and t € R it holds

t
J (E(U,7(s))—a)e ds < M ey —c-ot.

(0]

Furthermore, there exist M~ > 0 and v_ € ¥~ such that for all t € R

[U.7(t) = v, 7llZ, < M~el? . (4.6.67)
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In order to close this section, we prove the following result (which in fact generalizes Theorem

for the case in which [[H4.1")|holds and & ~ is a singleton:

Lemma 4.6.11. Assume that[(H3.3")|[((H3.4")} [(H3.5")} [(H3.6")land [(H4.1 ) hold. Let ¢ >0 and T > 1.
Assume moreover that & ~ = {v~}. Let V1 be a constrained solution given by Lemma Then, it
holds

Jim [IVer(t) vl = 0.

Proof. We essentially argue similarly to [12]] and [13]], using the fact that & ~ = {v~}. In such a case,

(4.5.3) in assumption implies that

d

Yv e £ A (v) > 1,Y0 € (0, A(v)), R

(E(V +A(w—v))(0) = 0. (4.6.68)
Corollary [4.6.2]implies in particular the existence of #; € R such that
Vi<ty, EV.r(t)<a., (4.6.69)

Ve A((-co, ty))

and
V! =Dg&(V.r)=—cV, in (oo, tj). (4.6.70)

The combination of (4.6.68) and (4.6.69) gives that

Vi <t5,AN(t) > 1,Y0 € (0,A(1)), %(5(‘7- + A(Ver(t)=v7))(6) =0

which, using that V7 € A((—oo, ()) and (3.4.10) in [(H3.2’), implies

Vt<ty, (Dg&E(V (), Ver(t)=v )z >0. (4.6.71)
Define now the function
per i€ (=00, t5) = IV r(H) - v, €R.

Notice that (4.6.69) along with|(H4.1’) implies that

_ ()’
YVt <ty, pr(t)< > (4.6.72)
The fact that V7 € A((—oo, t;)) implies that p € C?((~oo, ty)). We have that
VE<ty, plr(t) =20Vt -v Vir()g (4.6.73)

and
VE<ty, plp(t) = 2IVL (Bl + 2(Vor () —v V() g (4.6.74)
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so that, using (4.6.70)

Vi<ty, plp(t) =2V (1% + 2ADgE(Ve (1), Ver(t) =v) g
—2e(Ver(t)=v, Vir(t) gz,

which, by (4.6.71) and (4.6.73) gives the inequality
Vt<ty, p.r(t)+cp’(t)=0. (4.6.75)

Inequality (4.6.75) implies that p. r does not possess any strict local maximum. Therefore, we
can find f; < t; such that p. 1 is monotone in (—co, ;). In combination with the bound (4.6.72),

monotony implies the existence of I € [0, (ry)?/2] such that
tlir_n pc,(t) =1 (4.6.76)

In order to conclude the proof, we need to show that I = 0. Assume by contradiction that [ = 0.
Decreasing the value of f; if necessary, we find [ > 0 such that for all t < #; it holds E(V,.r(t) > I
Therefore, using (4.5.3) in|(H4.1"), we have that

Vi <£,38() > 0,Y0 € (1 - 5(t),1+ (1), j—/\(é’(v’ + AMVer(t) =v)))(0) > w(l),

with w(l) > 0. In particular, it holds

Vi<h, (Dg€(Ver(1), Ver(t)-v)g = w(l),

which by (4.6.73) and (4.6.74) gives

Vt<t, plp(t)+cp,r(t) = 2w(l). (4.6.77)

Suppose first that p. 1 is non increasing in (—oo, f]), meaning that for all t < f}, p. r(f1) < p,r(t)
and p, ;(f;) < 0. Moreover, integrating (4.6.77) in (s, ;) for s < f;, we obtain

Vs <, pé,T(fl)_ Pé,T(S) +c(pe,7(F1) = pe,7(8)) = 20(1)(F; —5).

which becomes

Vs <f, 2w(l)(s—1)2>pr(s)

meaning that limg_,_,p/ (s) = —co, which contradicts (4.6.76). Therefore, p,r must be non
decreasing in (—co,f;], which means that for all t < #;, p_ 7(t) > 0. We now fix s <t < f; and

integrate (4.6.77) in [s, t]. We obtain
pe1(t)=pLr(8) +c(per(t) = pe 1 () = 2w (D)t ~5),
which, since p. r is non decreasing and we have the bound (4.6.72), gives

—\2
rrt) > 20—~ 2L
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so that, by integrating again

i i e (1g)?
Vs <ty, per(t1)—pcT(s) > w(t)(t; —5) —c

(£ —s)

which gives a contradiction by passing to the limit s — —oo, since the right-hand side term tends
in that case to +co0. Therefore, we must have that the limit [ defined in (4.6.76) equals 0, which
concludes the proof. O]

Remark 4.6.2. The arguments in Lemma [4.6.11{do not seem to apply to the case in which & ~ is

no longer a singleton. Indeed, in such an event, the function p, 1 would have to be defined as

Per it € (=00, ty) = Ve r(t) = P (Vo r ()l

so that, when computing its derivatives, the (possibly nonzero) differential of DP~ appears and
with it some terms which do not seem to have necessarily the right sign. Recall also that the limit
property given by Lemma [4.6.11|does not allow, by itself, to obtain information on £(V, r(-)) at

—o0, since £ is only lower semicontinuous with respect to #-convergence.

4.6.9 Proof of Theorem completed

It is a particular case of Lemma[4.6.11] Indeed, the solution (c*,U) given by Theorem [4.4]is given
by Proposition so in particular is a constrained solution in Y7 for suitable T > 1 and Lemma

4.6.11|applies.
O

4.6.10 Proof of Theorem |4.6/ completed

If (H4.1")| holds, then using Proposition inequality (4.6.58) in Lemma implies that
¢* < y~, where we have also used (4.5.12) in [(H4.2’)} The proof then follows by using identity

(4.6.67) in Proposition

O]

4.6.11 On the proof of Theorem (4.7

The proof works exactly as the proof of Theorem [3.7)in Chapter [3] so we skip it.

4.7 Proofs of the main results

The main results of this chapter are obtained by the following, which links the main setting with

the abstract setting:

Lemma 4.7.1. Assume that|(H4.1)|((H4.2)|and|[(H4.3)|hold. Let

F=H=F =R

and € = W. Then, [(H3.1)} [(H3.27)}, [H3.3")} [(H3.4)} [(H3.57)} [(H3.67)| and [(FHAT)| hold. Moreover, if
holds, then holds.
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Proof. The proof is straightforward. Indeed, assumption |(H3.1’) follows from [(H4.1), Assumption
(H3.2’) becomes tautological because & = # = F =Rk, Assumption|(H3.3’)|is straightforward.

Assumption corresponds directly to Assumption |(H3.5’) is also tautological.
Regarding (H3.6’), the existence of the map P follows simply by taking P = Id. The rest of

the statement follows from elliptic regularity results or it is tautological. Finally, we clearly have

that holds if holds. O

Notice that most of the strength of the abstract results will not be used as we choose all the

Hilbert spaces equal to IR¥. This also makes all the

4.7.1 Proof of Theorem Hcompleted

We apply Theorem [4.4] with the choice of objects given by Lemma It is clear that (4.5.8)
reads now as (4.2.3) and (4.5.9) reads as (4.2.4), which establishes the existence part as we also
have that .A(IR) becomes a subset of CIZOC(IR, R¥) by its definition in (3.4.23). Due to the fact that
X =38,Y =38 (with X as in and Y as in (4.5.7))) the uniqueness statement of Theorem
follows directly from that in Theorem Finally, it is clear that the exponential convergence in
Theorem [4.4 writes as that in Theorem [4.1} which concludes the proof. O

4.7.2 Proof of Theorem 4.2|completed

We apply Theorems [4.5|and [4.6| with the choice of objects given by Lemma Then, we have
that the case 1. in[(H4.4)| corresponds to the assumptions of Theorem[4.5]and case 2. in[(H4.4))is

the abstract assumption|(H4.2"), required in Theorem Therefore, Theorem [4.2]follows. O]
4.7.3 Proof of Theorem Hcompleted

We apply Theorem [4.7] with the choice of objects given by Lemma It is then clear that
Theorem holds, as recall that Y = S. O
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