N

N
N

HAL

open science

Topological rigidity of mechanical metamaterials

Marcelo Andrés Guzman Jara

» To cite this version:

Marcelo Andrés Guzman Jara. Topological rigidity of mechanical metamaterials. Condensed Matter
[cond-mat]. Ecole normale supérieure de lyon - ENS LYON, 2022. English. NNT: 2022ENSL0014 .

tel-03880865

HAL Id: tel-03880865
https://theses.hal.science/tel-03880865

Submitted on 1 Dec 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03880865
https://hal.archives-ouvertes.fr

UNIVERSITE
DE LYON

ElR;

Numeéro National de Theése : 2022ENSL0014

ENS DE LYON

THESE

en vue de I'obtention du grade de Docteur, délivré par

I’Ecole Normale Supérieure de Lyon

Ecole Doctorale N°52

Physique et Astrophysique de Lyon (PHAST)

Discipline : Physique

Soutenue publiguement le 23/09/2022, par :

Marcelo Andrés Guzman Jara

Topological rigidity of mechanical
metamaterials

Rigidité topologique des métamatériaux mécaniques

Devant le jury composé de :

Katifori, Eleni Professeure

Grushin, Adolfo Chargé de recherche

Mao, Xiaoming Professeure

Doucot, Benoit Directeur de recherche
Vitelli, Vincenzo Professeur

Bartolo, Denis Professeur des universités

Carpentier, David Directeur de Recherche

University of Pennsylvania Rapporteure

Institut Néel Rapporteur
University of Michigan Examinatrice
Sorbonne université Examinateur
University of Chicago Examinateur
ENS de Lyon Directeur de these

ENS de Lyon Co-encadrant de these






Acknowledgments

I am grateful for all the wonderful people that have turned this journey into a priceless
experience.

Thank you Denis and David for this crazy ride. I am lucky to have you both as
advisors. I deeply appreciate your guidance, whether it is for polishing an article, a
scientific presentation, critical thinking, or just sheer motivation. Thank you for keeping
up with my sometimes stubborn behavior, for making me appreciate science even deeper,
for bringing the scientific aesthetics I definitely lacked, and more importantly, for the
priceless help you provided when I most needed it; I will never forget that.

Many thanks to Eleni Katifori, Adolfo Grushin, Xiaoming Mao, Benoit Doucot, and
Vincenzo Vitelli, for reviewing this work. It is a real honor to be evaluated by such
internationally renowned scientists. Special mention to Eleni Katifori and Adolfo Grushin
for taking the time of reading my manuscript and giving very valuable feedback.

To my collaborators: thank you Xiaofei and Corentin for the very pleasurable dis-
cussions, the sparkling curiosity, and the willingness to push our research to reach even
greater heights. Looking forward to what we can do next!

Thanks to all the physics lab: students, teaching, and administrative staff, for the
exciting and welcoming environment you create. Among them, I would like to individually
thank certain members. My office mates, current and older: Alex, thank you for your
invaluable friendship, for keeping up with our nonsensical italo-spanish language, and for
the climbing adventures. Barbara, thank you for your unmatched sympathy, for being
the role model of the office (we all wanted to have a tidy desk like yours!) and for coping
with the entropy source Alex and I represented. Thomas, thank you for bringing a lot of
laughs, more coffee breaks, and Ariane.

Thanks to the Bartolo team: Marine, Amélie, Francois, Stéphane, Nicolas, Alexandre,
Camille, Alexis, Debasmita, Thibault, Benjamin. To the current members: keep up
the thrilling science you are doing! I wish you the best for what’s still to come. To
the former members: thank you for having accepted this theoretical physicist among
the experimentalists (although I did some Lego and 3D printing...). Worthy mention to
Marine and Amélie for their invaluable help when I first arrived to the ENS, it was a
real pleasure to have crossed your paths. Thanks to the Carpentier team: Jacquelin et
Baptiste, for the friendly discussions, your curiosity, and for showing me some hardcore
theoretical condensed matter physics.

Special thanks to Yeraldinne and Cristobal. You are among the most genuine people I
know; having you as friends is one of the highlights of this journey. Thank you Yeraldinne



Acknowledgments

for keeping up with our good and bad impulsive decisions, for our failed attempt at roller
skating, and for being the source of our common laughter with Cristobal. Thank you
Cristobal, for paying the price of the impulsive decisions, for showing me that there are
people that can laugh at greater decibels than me, and for bringing your controversial
dance skills to the world. Special mention to our bike trip, the dogs, our misadventures,
our minute of fame in the local newspaper, and for helping me when I most needed it.

Thank you Valentina and Ignacio, for bringing the Chilean culture with you, for the
holidays in Marseille, the exquisite food, the endless determination to party (Valentina),
and all the origami discussions (which Valentina knows by heart).

Extending our domain to different nations, I have to thank the wonderful moments
with the VIP team, Matias, Clément, Richard, Angélique, Alex, Alex, David, Anetta,
Paola, Yeraldinne, Cristébal, Ignacio, Valentina, and all the people that have come and
gone. I’'m happy to see the paths you have taken; I wish you nothing but the best of luck.

Thank you Florencia (Flow!) and Sebastian. Florencia, for being a dear friend, neigh-
bor, and unofficial office mate. Thanks for all the morning coffees, the book discussions,
and the tremendous support during the covid period. Always happy to discuss health and
sports with you! Thank you for lending me your office (eat the frog!), your house, your
internet, your coffee machine, and much more. Sebastian, thank you for quickly becoming
a very good friend, for the long conversations during coffee time, and for letting me be
part of one of your most joyful moments in life. To both of you: I wish you a successful
continuation, you deserve, and you will achieve, great things in life.

Thank you Lavi and Marco, you are the first friends I made in the lab. I will not
forget the wonderful holidays in Italy, visiting Vincenzo and Dario, our trip to Beaujolais
together with Lina, the music we played at Marco’s place, and all the laughs with shared.

Thanks to all the members of the lab for the interesting pauses café: Sebastian, Flo-
rencia, Charles, Ariane, Jacquelin, Baptiste, Eric, Léo, Dario, Marco, Geoffroy, Thomas,
Richard, Alex, Lavi, Ignacio, Hadi, all of you! (memory growing fragile by now, I blame
the PhD).

Outside the lab: thank you Fulvia, Laura, Caroline, Charlotte, Samuel, Laure-Hélene,
Clara, for turning my stay in Lyon more intense and enjoyable.

To my family, thank you mama, papa, Carla, and Pablo, for you have been the solid
foundation upon which I grow. Thank you for the incredible support, for sharing my joys,
and for always bringing home to my ears.

Thank you Lucie for all the excitement and amusement you continuously bring to my
life, for your incredible support, and for all the fun we have together (I could write a
whole thesis about it; it would be longer than this one). Looking forward to our new
adventures!

And if it was not enough, to all of you, let me repeat it once again: thank you.

ii






Contents

1 Introduction 1
1.1 Linear response of bead and spring networks . . . . . . . ... ... . ... 3
1.1.1 A displacement-based approach . . . . .. .. ... ... ... ... 4

1.1.2  An elongation-based approach . . . . . .. .. ... ... ... )

1.1.3 The Maxwell-Calladine counting rule . . . . .. ... .. ... ... )

1.1.4 Wave propagation: mechanical insulators . . . . . . . ... ... .. 7

1.2 Mechanics is chiral . . . . . . . .. ... 10
1.2.1  Schodinger-like description: combining displacements and elongations 10

1.2.2  Topology of chiral systems: the winding number . . . . . . .. . .. 12

1.2.3  Chiral topological insulators beyond mechanics . . . . .. ... .. 13

1.3 Characterization of topological insulators in mechanics . . . . . . . . ... 14
1.4 Organization of the manuscript . . . . . .. ... ... ... ... .. ... 18
2 Softness: Topology and geometry in mechanics 21
2.1 Imtroduction . . . . . . . . .. 21
2.2 An analogy with electrostatics . . . . . . . ... ... oL 22
2.3 A new material property: the chiral polarization . . . . . . . . ... .. .. 23
24 Beyond crystals . . . . ... 26
2.5 Detecting zero-energy modes . . . . .. .. ... 27
2.6 Conclusion . . . . . . . . . 29
2.7 Article . ..o 30
2.7.1 Introduction . . . . . ... 30
2.7.2  From chiral charge to chiral polarization and Zak phases . . . . .. 31
2.7.3 Topology of chiral insulators . . . . . . ... ... ... ....... 34
2.7.4 Bulk-boundary correspondence . . . . .. ... ... ... 39
2.7.5  Amorphous Chiral Insulators . . . . . ... ... ... ... .... 40
2.76 Conclusion . . . . . . . . .. . 47

2.8 Supplementary material . . . . .. .00 48
2.8.1 Bloch theory convention and Wannier states. . . . ... ... ... 48
2.8.2  Chiral polarization, Zak phases and winding. . . . . . . . . . .. .. 49
2.8.3 Zero energy flat-band insulators. . . . . ... ..o 53
2.8.4 Basis of localised states: matrix pencil . . . . ... ... ... ... 55
2.8.5  Chiral polarization in amorphous materials. . . . . . . . .. .. .. 56
2.8.6  Chiral polarization of time evolved Wannier states. . . . . . . . .. 58

3 Experimental characterization of chiral materials 61
3.1 Imtroduction . . . . . . . .. 61

iv



CONTENTS

3.2 Measuring the chiral polarization field . . . . . . . .. ... ... ... ... 63
3.2.1  The shortcomings of spectral measurements . . . . . .. .. .. .. 65
3.2.2  Bypassing the hamiltonian with local responses . . . . . .. .. .. 65
3.2.3 Polyatomic chiral molecules and higher-order insulators . . . . .. 70

3.3 Experimental detection of zero-energy modes . . . . . . .. ... ... .. 7
3.3.1 Bulk-edge correspondence . . . .. ... ..o 7
3.3.2 Edge-corner . . . .. ... 78

3.4 Conclusion . . . . . . .. L 80

4 Topological stiffness of mechanical metamaterials 83

4.1 Introduction . . . . . . . .. L 83

4.2 Orientability . . . . . . . ... 84

4.3 Elasticity of non-orientable soft surfaces . . .. .. .. ... ... ..... 85
4.3.1 The elastic deformation bundle . . . . . . .. ... ... ... ... 87
4.3.2 Higher-dimensional non-orientable soft surfaces . . . .. ... ... 88
4.3.3 Experimental measurements on soft surfaces . . . . . .. ... ... 89

4.4  Frustrated metamaterials . . . . . . . ... Lo 90
4.4.1 Non-orientable mechanics in higher dimensions . . . . . . . . . . .. 93
4.4.2 Experimental measurements on frustrated mechanical antiferromag-

nets . ... L e e 95
4.5 Non-commutative response to heterogeneous loads . . . . . . . . .. .. .. 96
4.5.1 Metarings and ribbons . . . . .. ..o 97
4.5.2 Metatori and the braiding of local loads . . . . ... .. ... ... 98
4.6 Conclusions and perspectives . . . . . . . . . .. ... 101
4.7 Article . . ... 104
4.8 Methods . . . . . . . 113
4.8.1 Non-orientability of real line vector bundles beyond the Mébius bundle113
4.8.2 Non-commutative response and non-orientable order . . . . . . .. 113
4.8.3 Mechanical sequential logic gate . . . . . . .. .. .. ... 116
4.9 Supplementary Videos . . . . . . . ..o 124
4.10 Supplementary Information . . . . . . . .. ... L. 125
4.10.1 Bending mechanics of M6bius strips and non-orientable deformation
bundles . . . . . .. 125

4.10.2 Non-orientable mechanics of anti-ferromagnetic mechanical meta-
materials . . . . ..o 127
4.10.3 Non-orientable mechanics of toroidal metamaterials . . . . . . . . . 132
4.10.4 Response to heterogeneous loads . . . . . . .. .. .. .. ... ... 135
4.10.5 Experimental Methods . . . . . . . . . ... ... ... ... 141
Bibliography 149






Chapter

Introduction

Look around you. Manufactured objects surround us: the clothes you are wearing, the
screen you are watching or the book you are reading. These are the results of centuries
of material science knowledge, ensuring the apt properties for safeness, usefulness, and
overall agreeable experience for our everyday life.

Material science has given us the mastery of everyday matter. We can characterize
and tabulate the different materials found in nature by their ductility, opacity, capaci-
tance, and magnetoresistance, among numerous features. However, the properties of raw
substances are not enough to predict the final attributes of manufactured materials. Take
for instance a yarn made out of cotton strings. Twisting the yarn dramatically increases
the maximum supported traction force [1]. A simple geometric ingredient, the spatial
arrangement of the strings, drastically changes the tensile strength of the yarn. Pushing
this principle even further, we end up with the so-called metamaterials: human-engineered
matter with exotic properties issued from smart patterning. Here we find optical devices
displaying negative refractive indices [2, 3], fig. 1.1a, structures with finite bulk mod-
ulus yet vanishing shear modulus [4, 5], fig. 1.1b, materials that shrink laterally when
compressed axially [6], fig. 1.1c, or acoustic devices controlling sound transmision [7, 8],
fig. 1.1d, to name a few. A full body of literature can be found in recent rewiews [9].
This exciting field pushes the boundaries of imagination, opening the door to engineering
once-unthinkable properties, such as optical [11-13], mechanical [14], and acoustic [8,15]
cloaking devices, textiles with tunable mechanical properties [16], or enhanced cooling in
gas turbines [17].

To characterize these exotic materials we have to expand our original toolbox to con-
sider the smart patterning in real space. As we saw with the previous examples, we do
this with geometry. But not only. Recently, global properties described by topology have
emerged as additional tools to engineer metamaterials [18,19]. Topology refers to the prop-
erties of spaces (real or abstract) that are robust to continuous deformations, for example,
the number of holes a closed surface has. In physics, topology has classified electronic
phases of matter escaping the previously established symmetry-breaking paradigm [20].
Boosted by novel applications, the realization of topological phases previously attributed
to quantum systems [18], and recent advances in 3D printing techniques [21], the study
of (topological) mechanical metamaterials has become a field by itself. Here we find the
pioneering classical analogs of the (spin) quantum hall effect [22,23], the selective buckling
in architected materials [24], or the zero-edge mode trapping at topological defects [25].
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Figure 1.1: Metamaterials. a. Structured metamaterial exhibiting an effective nega-
tive index of refraction for a given frequency band. The sample corresponds to a two-
dimensional array of copper strips and split ring resonators. (adapted from [2]) b. Elec-
tron micrograph of a polymer pentamode mechanical metamaterial. Pentamodes are
special structures avoiding the coupling of compression and shear waves by making the
bulk modulus as large as possible compared to the shear modulus. Due to their high
flowing properties, they are often called metafluids. (adapted from [5]) c. (left) Square
lattice of circular holes in an elastomeric matrix. (right) Above a critical load, the sample
shapes into a pattern of alternating orthogonal ellipses, exhibiting a negative Poisson’s
ratio behavior. (adapted from [10]) d. Acoustic set-up able to perform far-field subwave-
length imaging. At the extreme left there lies a white board with speakers on which the
acoustic image is drawn. Right in front of it, an array of lossy resonant metamaterials
takes the near-field features mainly issued by evanescent waves and propagates them to
the far field. Far from the source, several microphones detect the far-field signal. Together
with deep-learning techniques, they are able to image the sample at subwavelength reso-
lution. (adapted from [7])

In the light of all these examples we may ask several questions: how do we rationalize
the effects of geometry and topology on the properties of a mechanical material? Is there a
general framework underlying them? and if so, what are the proper observables to detect
these exotic features? In this thesis, we approach such questions guided by a fundamental
mechanical property: rigidity. In order to build an intuition about these mechanical
systems, we focus our attention on the foundations: bead-and-spring systems. Using
them as guiding lines, we showcase an alternative formulation of mechanics, transparent
to its topological content.

We begin this introductory chapter by revisiting the very basics of the description
of bead-and-spring systems. We will show how to construct a Schrodinger-like equation
describing the evolution of displacements and elongations on any mechanical network.
This equation naturally leads to a Hamiltonian containing the geometrical and topological
information of the network. Summarizing the state of the art in the field of topological
mechanics, we will show how this Hamiltonian encodes topological properties and how
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Figure 1.2: Bead-and-spring network. a. A collection of beads (red) connected by
springs (blue) in two dimensions. b. Zoom of the marked region in a illustrating the
definition of displacements and elongations from the equilibrium configuration (reduced
opacity).

they manifest as robust edge states in different mechanical setups.

1.1 Linear response of bead and spring networks

How does a collection of beads and springs react to a slight deviation from the equilibrium
configuration? This problem, being in all syllabi of undergraduate physics, reduces to a
coupled harmonic oscillator for the bead displacements. The main ingredients to derive
this relation stem both from geometric and constitutive relations. In what follows, inspired
by the review [26], we revisit these ingredients and we will show that, by disentangling
them, we will be able to naturally describe the rigidity of any mechanical network.
Starting from a network of N beads and N, springs in d dimensions, fig. 1.2, let us
denote the position of the i-th bead r;, and the length of the spring connecting beads ¢ and
J by l<ij»> = |r; — r;|. Equilibrium, up to rigid body motions, is defined by positions 7;*
and lengths liqij>. Around equilibrium, we define the displacements u; and the extensions
e<ij> to first order:
w,=r; —r, (1.1)
ecij> = laijs — 12555 = baijs - (us — uy), (1.2)
where b;js = (1% — ri4)/|ri* — r57| is the unit vector linking the equilibrium positions,
fig. 1.2b. The perturbations of the whole system are conveniently described by collecting
all the displacements into a d/N-dimensional vector w, and all the elongations into a
N.-dimensional vector e. Equation (1.2) can then be reexpressed as a linear relation

e =Cu. (1.3)

C is known as the compatibility matrix [27], and its entries depend solely on the geometry
and connectivity of the network.
At the mechanical level, the i-th bead feels a net force f; which is the result of the
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tensions t.;;~ exerted by the adjacent springs:
Fi=> bojstas. (1.4)
J

We can recast this last equation by collecting all the forces in a d N-dimensional vector f
and all the tensions in a N_.-dimensional vector t,

f=0t, (1.5)

with © known as the equilibrium matrix. Importantly, the equilibrium and compatibility
matrices are transposed of each other: Q = C" [27].

Equations of motion

The dynamics of the displacements is then given by the total force acting on the beads:

M=z =—f=-0at, (1.6)

with M a positive definite diagonal matrix whose entries are the masses of each bead:
M, ; = m;é;;. Equation (1.6) dictates the evolution of the displacements in terms of the
tensions of the springs. To close the equations, we need the constitutive relation linking
the stress to the kinematic quantities. The simplest of these relations is given by Hooke’s
law, which corresponds to the first-order contribution in terms of e:

t = Ke. (1.7)

IC is a positive definite diagonal matrix whose entries are the spring constants. This
completes the closure relation and now we are ready to solve the dynamics of the system
of beads and springs, in at least two alternative ways.

1.1.1 A displacement-based approach

Inserting egs. (1.7) and (1.3) into Newton’s equation (1.6), we end up with coupled har-
monic oscillators with displacement variables playing the role of positions:
d*u
M—— = -0KQ . 1.8
7 QKQ (1.8)
In order to render the equation more symmetric, we define a mass-scaled displacement
@ = M'?u, for which the equation of motion reads

d*u e
D

with @ = M~Y2QKY2 and the dynamical matrix D being semi-positive definite. Any
displacement can be described as a linear combination of the eigenstates of D.

4
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Floppy modes

The softest modes, known as floppy modes, correspond to displacements with no elastic
energy. From eq. (1.9), they are determined by the nullspace of the dynamical matrix,
ker(D). Importantly, due to the symmetric nature of D, ker(D) = ker(QT). It turns out
that floppy modes are a result of pure geometry and connectivity; they are oblivious to
the energetics of the system. Indeed, denoting a floppy mode by ugy; and its mass-scaled
version by upy, a direct calculation shows that QT'ELFM = 0 is equivalent to QM upy = 0.
Therefore, floppy modes are directly obtained from the nullspace of the compatibility
matrix, which encodes solely the geometry and connectivity of the network.

While the dynamical matrix seems to encode all the information of the system, from
floppy modes to finite energy waves, it is, in fact, uninformative about certain zero-energy
modes. To identify these lacking modes, let us look instead at how elongations evolve.

1.1.2 An elongation-based approach
By combining egs. (1.3),(1.6), and (1.7) we get the dynamics of elongations

d’e rd*u T

— =9Q"—— = 9" M 'OKe. 1.10
a2 = gp ~ M ke (1.10)
It represents, as before, coupled harmonic oscillators, this time for the elongation variables.

We can render the equation more symmetric by defining a stiffness-scaled elongation
ée =K' ?e:

d*e X L
ﬁ - _ QTQG, (]_]_1)
D

with D a semi-positive definite dynamical matrix. All the elongations can thus be ex-
pressed as linear combinations of the normal modes of D.

Self-stress states

The nullspace of D coincides with the nullspace of Q, and it defines tensions that cost no
net elastic energy, also known as self-stress states. As with floppy modes, self-stress states
are merely determined by the geometry and connectivity. Let us denote a tension of zero-
energy, or self-stress state, by tsss and its corresponding stiffness-scaled elongation by
ésss = K~ ?tggg. By definition they satisfy Qésss = 0 which is equivalent to Qtgssg = 0.
From eq. (1.5), self-stress states correspond to tensions that produce no net forces, and
having a null-force, they produce no work. Self-stress states are beyond the reach of the
dynamical matrix D, in the same way that floppy modes are not detected by D. Except
for these zero-energy modes, both dynamical matrices give redundant information; any
displacement state of finite energy is equivalently represented as an elongation state.

As we show next, the combined information of the compatibility and the equilibrium
matrices leads to a general counting rule of zero-energy modes.

1.1.3 The Maxwell-Calladine counting rule

Back in the 19th century, James Maxwell realized that the number of floppy modes in
a mechanical frame (beads linked by rigid struts) is a direct consequence of an excess

5
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Figure 1.3: Maxwell-Calladine index theorem. a. (top) Three different frames in
two dimensions. (bottom) Illustration of their zero-energy modes: floppy modes (red
background) and self-stress-states (blue background). In all three cases there are three
trivial floppy modes corresponding to two global translations and one global rotation.
The Maxwell-Calladine index theorem (1.14) correctly predicts the amount of zero-energy
modes by just counting degrees of freedom and constraints. From left to right: under-
constrained, isostatic, and overconstrained frames. b. A periodic monoatomic chain of
homogeneous beads (mass m) and springs (stiffness ). In equilibrium, the beads are
separated by a distance a. c. The only floppy mode of the system corresponds to a
global translation. d. The system, being isostatic (dN = N.), must have a self-stress
state by virtue of the Maxwell-Calladine counting rule. It corresponds to a homogeneous
compression of all the springs. e. The spectrum of D = D reveals the existence of the
zero-energy modes at k = 0.

of degrees of freedom [28]. More than a hundred years later, Calladine, completed this
observation by noticing that self-stress states arise from an excess of constraints [27]. Both
statements are rationalized by the rank-nullity theorem: the rank of a matrix (number of
linearly independent columns) is equal to the dimension of its nullspace plus the dimension
of its domain (the total number of columns). Applying the rank-nullity theorem to both
the equilibrium matrix Q € Ryyyy, and the compatibility matrix QT we obtain:

6
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rank(Q) + dim(ker(Q)) = N, (1.12)
rank(Q1) + dim(ker(Q")) = dN, (1.13)

where the dimensions of the nullspaces are simply the number of self-stress states Ngsg
and the number of floppy modes Ngy. Finally, since rank(Q) = rank(Q71), we end up
with the celebrated Maxwell-Calladine index theorem [27]

Nia — Nggs = AN — N.. (1.14)

Equation (1.14) states that the algebraic difference between floppy modes and self-stress
states is given by the number of degrees of freedom minus the constraints, irrespective of
the energetics.

Figure 1.3a illustrates the application of the Maxwell-Calladine index theorem on
three frames of four beads and an increasing number of springs in two dimensions. All
three frames possess three trivial floppy modes corresponding to rigid body motions: two
translations and one rotation. In general, any free structure in d dimensions exhibits
d(d + 1)/2 rigid body motions. Besides these trivial floppy modes’, the excess of degrees
of freedom gives rise to additional non-trivial floppy modes. However, when the number of
constraints exceeds the number of degrees of freedom, self-stress states appear, fig. 1.3a.

Another simple example corresponds to the periodic monoatomic chain: identical
beads connected by springs in a one-dimensional array, fig. 1.3b. A quick counting reveals
that there are as many degrees of freedom as constraints. Thus, by the Maxwell-Calladine
counting rule (1.14), if there are zero-energy modes, there must be the same amount of
floppy modes as self-stress states. This is indeed the case: the periodicity allows us to
choose a unit cell and write equilibrium and compatibility matrices in momentum space:

Q(k) = ™ —1, (1.15)
Qt(k) = e *@ — 1, (1.16)

from which we recognize a floppy mode at k& = 0 corresponding to uniform translation,
fig. 1.3c, and a self-stress states at & = 0 linked to a uniform tension across all the
springs, fig. 1.3d. This information is also captured by the dynamical matrices D(k) =
D(k) = k/mQ(k)Qt (k) = 4xsin®(ka/2)/m, fig. 1.3e, with m and s the bead mass and
spring constant, respectively. In the language of electronic systems, the monoatomic chain
would correspond to a conductor: we can excite waves at any arbitrary small energy.
However, the first topological mechanical metamaterials were conceived in the opposite
case: insulators.

1.1.4 Wave propagation: mechanical insulators

A mechanical insulator corresponds to a system that does not propagate waves in the bulk
at arbitrary small energy. In other words, it has an energy gap at £ = 0. Considering our

n this thesis, we consider the d(d + 1)/2 rigid body motions as trivial floppy modes. A different
convention, such as the one used in review [26], excludes them from the definition and adapts the Maxwell-
Calladine counting accordingly.
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Figure 1.4: Opening a gap in the monoatomic chain. a. A diatomic chain of
beads and springs. The masses of the springs alternate between m and 2m, and the
spring stiffness is k. The system has the same floppy mode b and self-stress state c as
the monoatomic chain. d. Dimerizing the chain opens a gap at finite energy, defining
acoustic and optical branches.

m . 2m

previous example, how could we open a gap in the monoatomic chain? As a first attempt,
we could dimerize the chain by setting alternating masses m; and msy, fig. 1.4a. Now the
unit cell is twice as large, and the equilibrium matrix in momentum space reads

-1 e—ikQa
Qk) = ( . 1 ) (1.17)
with a non-empty kernel for £ = 0. Indeed,

ker(Q(k = 0)) = ker(Q'(k = 0)) = {G) } , (1.18)

which correspond to the same floppy mode and self-stress state as in the monoatomic
chain, fig. 1.4b,c. The net effect of the dimerization is to open a gap at a finite energy,
separating the acoustic from the optical branch, fig. 1.4d. Alternating the stiffness con-
stants of the springs produces the same qualitative effect. Dimerization does not remove
the zero-energy modes. This is indeed expected: zero-energy modes do not rely on the
energetics; creating or removing them requires a geometrical change.

The Kane-Lubensky chain

In a pioneering paper that launched the field of topological mechanics [29], Kane and
Lubensky introduced a one-dimensional array of identical beads and springs realizing a
(topological) mechanical insulator, fig. 1.5a. The beads are attached to rigid bars which
pivot around fixed points on the horizontal axis. Each rotor has only one angular degree
of freedom. The compatibility matrix is set by the geometrical factors: the distance be-
tween two pivots a, the length of the rotor r, and the equilibrium angle #°¢. Around the
equilibrium configuration, the perturbations are geometrically described by the equilib-
rium matrix, e, = (,,00,,, which we can recast in momentum space using two beads per
unit cell [30]:

QTU{;) = (_qzqelikQa _q(211> ) (]‘]‘9)



1.1. Linear response of bead and spring networks

a. periodic chain b. w?m/k
[gap
c. finite chain d. k

1 T T T T
r\ Floppy mode

31
rotor indices

Figure 1.5: Mechanical insulator: the Kane-Lubensky chain. a. An array of
beads of mass m, glued to rotors of length r, are connected by springs of stiffness x. In
equilibrium, the rotors describe an angle 6°¢ with respect to the horizontal. The pivots of
the rotors lie at a distance a from each other on a horizontal axis. In a periodic sample,
the smallest repeating unit contains two beads and two springs (black rectangle). b. The
dispersion relation from the dynamical matrix D = D exhibits a gap at zero energy; the
chain is a mechanical insulator. Here we considered r = 0.5a and §°¢ = 7/4. Due to
the inversion symmetry, both branches meet at k = +7/2a. c. For any finite chain, the
Maxwell-Calladine counting indicates the presence of at least one floppy mode. The bulk
being an insulator is devoided of any zero-energy mode; the floppy mode must be localized
on the edge, in this case, the right edge. d. The null space of the finite compatibility
matrix Q7 for a system of 31 rotors contains one element: a localized floppy mode. The
amplitude of each bead displacement is represented as a function of the rotor index, from
left to right.

with

q1/2 = rsin 6% (a £ 2r cos 0°1) /\/a? + 4r? sin? f°q. (1.20)

For equilibrium angles 0% # nw/2, n € 7Z, the kernels of the compatibility and the
equilibrium matrices are empty; there are no zero-energy modes. This is also shown by
the dispersion relation of the dynamical matrices, fig. 1.5b, where a gap at £ = 0 appears.
The periodic system is an insulator.

However, for finite systems, fig. 1.5¢, the Maxwell-Calladine counting rule (1.14) signals
an excess of floppy modes. Not allowed in the bulk, this loppy mode must be confined to
the edges. From the real space compatibility matrix, we see that this is indeed the case.
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For a system of N rotors and N — 1 springs, the compatibility matrix reads

@ ¢ 0 ..
0O —¢1 —¢2 0 ..
Q=10 0 @ ¢ 0 , (1.21)

0 -1 —q

whose kernel contains one element corresponding to an exponentially localized floppy

mode, fig. 1.5d,
N-1 N-2 T
Uy = ((—CD> ,<—QQ> ,...7—‘]2,1) . (1.22)
4 0 1

Hence the Maxwell-Calladine counting informs us about a global property: the number
of zero-energy modes in the system. Mechanical insulators, on the other hand, forbid any
zero-energy mode in the bulk. Moreover, we have seen that the mechanical chain displays
the floppy mode at only one edge. How then can we locate the confined zero-energy modes
in mechanical insulators? Here is where topology enters the game. The Kane-Lubensky
chain not only is a mechanical insulator but also a topological one. To demonstrate this,
we must exploit a natural symmetry enjoyed by all bead-and-spring networks: chiral
symmetry.

1.2 Mechanics is chiral

The dual relations of bead-spring, displacement-elongation, force-tension, and floppy
mode-self-stress state, evidence the natural sublattice symmetry present in such systems.
It states the existence of two types of objects, here beads and springs, such that inter-
actions occur exclusively between different entities. Indeed, two beads do not interact
unless there is a spring in between. This natural observation manifests in the dynamics
of mechanical networks. To elucidate how, let us reframe the mechanical equations (1.9)
and (1.11).

1.2.1 Schodinger-like description: combining displacements and
elongations

We can recast both egs. (1.9) and (1.11) into a single second-order differential equation

& (u 5 (uw
) ()

0 9

After some algebraic manipulations, we can recast eq. (1.23) as

(i;i + ’H) (ii - ’H> (’;) =0, (1.25)

where we define

10
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and since the two operators commute, we obtain that the evolution of the displacements
and elongations stems from a Schrodinger-like equation

306 96

with H playing the role of the hamiltonian. This establishes the analogy with electronic
systems and opens the door to study classical mechanics from the perspective of topolog-
ical phases of matter.

Chiral symmetry

Equation (1.26) is the cornerstone of this thesis. The structure of the hamiltonian echoes
the essential property mentioned at the beginning of the section: a chiral or sublattice
symmetry. This is the symmetry that allows for a direct mapping between the Kane-
Lubensky chain and the tight-binding model of an electron wave function in the poly-
acetylene chain [29].

In mathematical terms, chiral symmetry is formulated as an anticommutation between
‘H and the chiral operator C

CH +HC =0, (1.27)

where the chiral operator reads

1dN 0
C= ( o ) (1.28)

_1Nc

with identity matrices of dimensions dN x dN and N, x N, as entries. Due to this
symmetry, the eigenstates of H come by pairs. For each eigenstate |Ug) of finite energy
E, there is another eigenstate of opposite energy, |¥_g) = C|Wg). This reflects what we
already knew: the information of D and D is redundant for finite energy states.

For zero-energy modes, however, this is no longer the case. A floppy mode, for instance,
is described as a state encompassing only displacements (no elongations), ’\Il%l\ﬁo> =
(upm, 0). Applying the chiral operator does not give a second zero-energy mode. In-
stead, we realize that zero-energy modes are eigenstates of the chiral operator

Clwiy) = +1| v, (1.29)
Closs) = —1]05%,) . (1.30)

The chiral operator naturally distinguishes between the different types of zero-energy
modes from their opposite eigenvalues. Moreover, C* = 14y, implies that +1 are the
only possible eigenvalues.

Maxwell-Calladine: a chiral symmetry insight

Under this chiral framework, in [31] we derive the Maxwell-Calladine counting (1.14) as
a generic property of any chiral system by computing the trace of the chiral operator.

11
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The trace, being simply the sum of the diagonal elements, accounts for the difference of
degrees of freedom and constraints.

Tr[C] = Tr KléN _?N )] = dN — N.. (1.31)

Expanding the trace in the eigenbasis of H, we notice that it also holds a spectral infor-
mation

TI[C] = Z <\IJE,m‘(C|\IjE,m>

E.m
= Z <q10,m’C|\II0,m>
= Npm — Nsss, (1.32)

with m indicating any possible degeneracy. In the second line we used the orthogonality
of the eigenstates, and in the last line the fact that zero energy modes are eigenstates of
C. All in all, just by calculating the trace in different spaces, we arrive at the Maxwell-

Calladine counting rule
Npm — Ngss = dN — N.. (1.33)

It is worth noting that as far as the description of zero-energy modes is concerned, we
could have used either Q or Q into the definition of H without affecting the final counting.

1.2.2 Topology of chiral systems: the winding number

The Kane-Lubensky chain represents a topological insulator as studied in electronic sys-
tems [20]: an insulator in the bulk which hosts zero-energy modes at the boundaries of
the sample. Importantly, the existence of these zero-energy modes is deduced from the
bulk hamiltonian through topological indices. In particular, for crystalline chiral insula-
tors, the index corresponds to the winding number w € Z of ‘H expressed in momentum
space [32]. To compute it, we must prescribe a unit-cell, usually the one matching the
edge of the sample, and write the Hamiltonian in momentum space, H (k), also known as
Bloch Hamiltonian. w is then defined as the winding of the determinant of Q(k):

w= 4; [ ak 1 oprCH]
— 21m /dk Tr [Q*lakQ} . (1.34)

A non-zero winding indicates the presence of localized zero-energy modes on the edges
matching the unit-cell, fig. 1.6. The connection between this topological bulk-invariant
and the localized zero-energy is an example of the so-called bulk-boundary correspondence,
which is at the core of the use of topology in condensed matter [20,33].

In [29], Kane and Lubensky introduced a topological polarization defined Ry = wan,
with a the unit-cell size, and n the normal of the interface. Remarkably, it has the
property of pointing towards the soft edges hosting floppy modes. For suitable unit-
cell choices, the topological polarization successfully indicates the presence of soft-edges
in 1D Miura origamis and 2D kirigami interfaces [34], fig. 1.7a,b, and the soft edges of

12
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a. Ry = =——p (FM at right edge) b.
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¢ (No FM at left edge)
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‘. Re detQ
jw| =0

Bulk

Figure 1.6: The winding number in the Kane-Lubensky chain. a. The topological
polarization in the Kane-Lubensky chain is calculated from a unit-cell compatible with the
right edge. The non-zero polarization points towards the right of the sample, indicating
the presence of a localized floppy mode. b. The topological polarization is directly
proportional to the winding number of the Bloch Hamiltonian H (k). It corresponds to
the number of times det Q(k) winds around the origin as k goes from —7/a to 7/a (a
being the unit-cell size). c¢. Changing the unit-cell to the one matching the left edge leads
to a null topological polarization; no zero-energy mode is localized on the left edge. This
is due to the compatibility matrix not winding around the origin, d.

twisted-kagomé lattices [29], fig. 1.7c. In these two last examples, the Bloch Hamiltonian
is computed as the Fourier transform of H along a single direction perpendicular to the
interface or edge.

One peculiarity of the twisted kagomé lattice is its versatile phonon band topology.
With soft deformations in the frame structure, the so-called Guest-Hutchinson modes [35,
36], one can effectively guide the metamaterial through different topological states [37].

1.2.3 Chiral topological insulators beyond mechanics

We have seen that mechanics is chiral. The equation governing the dynamics of me-
chanical networks is characterized by a chiral hamiltonian. Importantly, eq. (1.26) is not
exclusive to mechanics. Indeed, they naturally originate from quantum systems. One of
the first historical chiral systems corresponds to the low-energy model characterizing the
polyacetylene molecule [38], also known as the Su-Schrieffer-Heeger model or SSH model.
The dimerization of this one-dimensional chain sets two distinct hopping parameters,
therefore identifying two sublattices, fig. 1.8a. However, unlike mechanics, here chiral-
ity is issued from a low-energy approximation. High-energy perturbations are governed
by next-nearest neighbor interactions, effectively breaking the sublattice symmetry. Fig-
ure 1.8 illustrates various examples of chiral topological insulators in different platforms,

13
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Figure 1.7: The topological polarization in one- and two-dimensional systems. a.
A quasi-one-dimensional origami strip realizing a topological mechanical insulator. Due to
the localized floppy mode, the left edge is much softer than the right one. The localization
of the floppy mode is captured by the topological polarization. b. A two-dimensional
kirigami sheet with a floppy mode localized on a domain wall. Its presence is predicted
by the non-matching topological polarization on the left and right sides. (a and b adapted
from [34]) c. The twisted kagomé lattice is implemented by rigid triangular plaquettes
joined by the vertices. The geometry of the sample sets its topological polarization.
Whenever two regions of opposite polarization meet, a zero-energy mode appears. In the
example, the two domain walls present extensive zero-energy modes in the x direction.
The left domain wall enjoys a floppy mode, whereas the right one, a self-stress state.
(adapted from [29])

such as 2D [39,40] and 3D [41] resonators, photonic honeycomb lattices [42], topo-electrical
circuits [43], and polariton micropillar arrays [44], to name a few.

1.3 Characterization of topological insulators in me-
chanics

We have shown that a Schrédinger-like equation (1.26) governs the evolution of displace-
ments and elongations in a mechanical network. This reformulation unveils a natural
property of mechanics: chiral symmetry, which is shared with several other systems from
quantum to classical examples. This symmetry proved to be essential in classifying the
topological nature of insulating phases. Carrying on the mapping with electronic systems,
there are many more topological classifications of insulating phases based on different
symmetries and their dimensionality [32,45]. Does the richness of topological phases in
electronic systems find its counterpart in mechanics? In this section, we show how the
playground that topological mechanics has to offer goes beyond chirality. Guided by the
review [46], we briefly summarize the state of the art in the field of topological mechanics.

Our starting point is the equation of motion of the displacements (1.9). Now, however,
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Figure 1.8: Chiral topological insulators. a. In the low energy approximation, the
polyacetylene molecule is defined by a chiral tight-binding hamiltonian, known as the SSH
model. Due to the alternating bonds, an electron in this molecule hopes with asymmetric
probabilities to the left or right carbon atoms. This effectively defines two sublattices of
carbon atoms rendering the system chiral. b. The SSH model also applies to photonic
devices. Nanowires coil around micropillars which are placed in a one-dimensional array.
Due to a dimerization in the distances between the pillars, the evanescent waves couple
asymmetrically with a distance-dependent strength. (adapted from [44]) c. Photonic
implementation of a honeycomb lattice in the microwave regime. The dielectric cylinders
of the lattice are coupled by an evanescent magnetic field in a regime in which the wave
propagation is well described by a nearest-neighbor tight-binding model. The application
of a uniaxial strain induces an anisotropy in the hopping parameters, which renders the
hamiltonian chiral. (adapted from [42]) d. A non-dissipative linear electric circuit with
weak (blue) and strong (black) bonds is effectively modeled by a chiral tight-binding
hamiltonian. Each unit cell contains two capacitors and two inductors. (adapted from
[43]) e. Reconfigurable microwave circuit in the gigahertz-frequency regime. Each unit cell
is composed of four identical resonators, with different coupling rates between intracellular
and extracellular cells, effectively generating a magnetic 7 flux threading the plaquette.
(adapted from [39]) f. Two-dimensional acoustic meta-structure in a kagome lattice.
Each site contains a resonator hosting acoustic pressure modes oscillating in the axial
direction. The dimerization of the coupling strengths is achieved by changing the shape
of the resonators. The system is well described by a chiral tight-binding model due to
the strong confinement of the resonant modes. (adapted from [40]) g. Three-dimensional
acoustic meta-structure designed by the same principles as in f. (adapted from [41])

we will include velocity-dependent forces:
i = —Du + Au, (1.35)

where dots denote time derivates, D is the dynamical matrix, A is a skew-symmetric
matrix describing conservative couplings between positions and velocities, and we have
dropped the tildes for simplicity. We can conveniently recast this second order differential
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equation into a first order Schrodinger-like equation:

(D)D) e

i\ i VD Al \ i
Hl

It is worth noting that the wave function depends on the displacements and their
velocities. Moreover, the dynamical matrix is decomposed into square roots, D = vD+v/D,
unlike the physical decomposition used in section 1.1, given by the compatibility and
equilibrium matrices, D = QQT. The formulation (1.36) hampers the description of zero-
energy modes on mechanical networks, yet it offers an elegant insight into the topology
of finite energy states.

The topological classification of electronic systems is built upon their dimensionality
and three overarching symmetries [32]: particle-hole, time-reversal, and chiral symme-
try. While this classification does not rely on translational invariance, the topological
properties are easily introduced for translationally symmetric systems, for which the real
space hamiltonian H’' can be expressed in Fourier space following a unit-cell conven-
tion, H'(k). Each symmetry imposes a series of constraints on H' characterized by its
(anti)commutation with some unitary or antiunitary operator:

1. Time-reversal symmetry:
TH' (k) — H'(-k)T =0, T? =41, (1.37)
with T antiunitary.
2. Particle-hole symmetry:
PH'(k) + H (k)P =0, P?>= 41, (1.38)
with P antiunitary.

3. Chiral symmetry:
CH'(k)+ H'(k)C=0, C*=1, (1.39)

with C unitary.

Notice, however, that their meaning differs from their electronic counterparts. Time-
reversal symmetry, according to the formulation (1.36) does not correspond to the reversal
of time but rather to a fine-tuning of the matrices D and A. Here, the true time-reversal
comes from the chiral symmetry: each eigenvector, of the form (\/Y_D'U,, i), is mapped to
(v Du, —i1t) with an opposite eigenvalue. Particle-hole symmetry implies that for each
eigenstate, its complex conjugate is also an eigenstate. This symmetry is directly issued
from D and A being real matrices [46].

While there are numerous theoretical proposals for classical systems realizing topo-
logical phases [46-49], here we briefly mention some outstanding experimental examples.
The first of them is the realization of mechanical Chern insulators in two dimensions (class
A). They require the breaking of the time-reversal symmetry. In electronic systems, this
can be achieved by imposing a net magnetic field [50]. In mechanics, however, this corre-
sponds to having A # 0. Playing with the dimensionality and engineering the D and A
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1.3. Characterization of topological insulators in mechanics

matrices, Nash and collaborators implemented the first mechanical Chern insulator based
on interacting gyroscopes on a honeycomb lattice [22], fig. 1.9a. The non-trivial topology
manifests as chiral waves localized on the edges of the sample, in direct analogy with the
quantum hall effect in electronic systems. Moreover, by distorting the lattice, Mitchell
and collaborators show how the protection of the chiral edge waves is independent of any
lattice symmetry [51].

A second example corresponds to the mechanical realization of the spin quantum
Hall effect (class AIIl in 2D). This phase is characterized by the spin Chern number
and requires the breaking of the chiral and particle-hole symmetry, with time-reversal
squaring to —1. By coupling pendula with springs, Siisstrunk and Huber devised the
sought-after mechanical analog [23], fig. 1.9b. Here the spin is given by the polarization of
the oscillating pendula. The signature of this topological phase is the counter propagation
of helical edge states.

Another intriguing set-up corresponds to the realization of mechanical higher-order
topological insulators [52,53]. Here the topologically protected states are localized in
lower dimensions; corners in 2D, and hinges and corners in 3D. Their description is based
on topological indices of reduced spaces [52]. In this family of topological phases, we find
the experimental realization based on coupled acoustic resonators [54]. The resonators are
arranged into a checkerboard lattice, fig. 1.9¢. At frequencies lying in the bulk energy gap,
the system responds with vibrations localized at the corners. These systems are analyzed
with the help of nested Wilson loops [52], which effectively projects bulk properties into
the edges. Unlike the previous examples, the topological origin of the corner states is
explained by real-space symmetries, which quantize the bulk-induced edge polarizations.

In the light of all these theoretical and experimental works, a few comments are in
order:

1. Equation (1.36) is based on effective models. Indeed, the decomposition D =
VDVD does not stem from the physical connectivity of the system. As a result,
this reformulation of mechanics is oblivious to the compatibility and equilibrium
matrices, and therefore unsuited to detecting floppy modes and self-stress states.

2. Most of the experimental topological metamaterials are based on an engineering ap-
proach: given a Bloch hamiltonian H'(k) realizing a topological phase, we search for
its mechanical realization by tweaking the interactions and finding the appropriate
matrices D and A.

3. There is no experimental measurement of the bulk topological indices characterizing
the phases. This is partly due to the previous point; there is no need to measure
invariants if we already know the Hamiltonian. With some exceptions in disordered
systems [51], this is also due to the lack of bulk physical observables related to these
invariants.

4. Moving to chiral systems, the core of this thesis, they suffer from yet another symp-
tom. The topological invariant itself, the winding number, is ill-suited for being
a physical observable. This is evident from fig. 1.6, where the same system can
be described by two opposite invariants depending on the choice of unit-cell. This
problem will be further clarified, and resolved, in the next chapter.
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5. Related to the two previous points, all topological invariants are defined in terms of
the detailed hamiltonian. However, if a true topological observable exists, we should
be able to measure it without knowing H.

This thesis is aimed to characterize the rigidity of mechanical materials through their
topological content in light of the chiral symmetry. To do so, we must first surmount
the challenges linked to the standard topological description and the lack of physical
observables. Building on the seminal work of Kane and Lubensky [29], we mix theory,
experiments, and simulations, to device a general framework able to describe distinct
topological phases without relying on any Hamiltonian.

1.4 Organization of the manuscript

This thesis is organized into 4 chapters, from which this introduction, chapter 1, illustrates
the state of the art in the field of mechanical materials.

Chapters 2 and 3 deal with the topological softness of mechanical systems, where
floppy modes and self-stress states are the protagonists. More precisely, chapter 2 lays
the theoretical framework to study chiral mechanical insulators. Exploiting chirality, we
draw an analogy with electrostatic systems which helps us define a suitable observable
to probe the geometry and topology of mechanical systems: the chiral polarization. This
new vectorial quantity, defined in real space, does not rely on any modeling or prescribed
Hamiltonian. Moreover, it univocally identifies soft regions of floppy modes and localized
self-stress states. This observable proves to be useful not only in lattices but also in
disordered matter. We conclude the chapter with our article "Geometry and topology
tango in ordered and amorphous chiral matter" [31], where we extend our findings to all
systems enjoying a chiral symmetry.

The third chapter concerns the measurement and experimental detection of the chiral
polarization. Comparing different platforms in one and two dimensions, we present a
robust protocol to probe the polarization in terms of local excitations. We experimentally
identify the real-space structures formed by the excitations, on top of which we build the
chiral polarization field. We validate our findings with experiments and simulations by
correctly identifying topologically protected soft modes.

In the final chapter, we explore the topological stiffness displayed by mechanical meta-
materials presenting antiferromagnetic-like interactions. Here, the main signature is the
antithesis of a floppy mode: a region of the system immune to any deformation. We
show that the topology linked to the elastic deformations is akin to that of non-orientable
surfaces. This novel topological phase offers new platforms to study non-commutative
responses and allows for the manufacturing of mechanical logic gates. We conclude the
chapter with our preprint 'Non-orientable order and non-commutative response in frus-
trated metamaterials" [55].
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Figure 1.9: Topological mechanics. a. (left) Magnetically coupled gyroscopes as
viewed from below. In the linear regime, the evolution of the gyroscopes breaks time-
reversal symmetry. (top right) A lattice of 54 gyroscopes on a honeycomb lattice displays
long-lived unidirectional chiral waves, akin to the quantum Hall effect. (bottom right)
As with the quantum case, the localization of the chiral waves does not depend on the
crystalline structure of the system. Here, a distorted lattice is excited at three different
positions, each excitation leading to chiral waved confined to the edge of the sample.
(adapted from [22] and [51]) b. (top) A system of elastically coupled pendula recreates
the quantum spin Hall effect. The analog of the spin is given by the right and left po-
larized oscillations of the pendula. (bottom) Counterpropagating helical edge states in
four different configurations with varying boundary roughness. Each image corresponds
to the steady-state of the system when driving the bottom right pendulum. Red (blue)
circles indicate left (right) polarized pendula, with radii proportional to their mean de-
flection. (adapted from [23]) c. (top) Higher-order topological insulator realization from
a mechanical metamaterial. The out-of-plane modes of each plaquette are coupled via
the bent beams. The shape of the beams realizes both negative and positive interactions
among the nearest neighbors. (bottom) Spectra of the system separated by bulk (blue),
edge (orange), and corner (green) contributions. At a frequency lying in the bulk and edge
gap, the finite sample exhibits localized corner states which are explained by inversion
and mirror symmetries. (adapted from [54])
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Chapter

Softness: Topology and geometry in
mechanics

2.1 Introduction

Bead and spring systems exhibit a natural symmetry known as sublattice or chiral symme-
try. It states that there are two types of entities - beads and springs - such that interactions
occur only between different species. More explicitly, a bead does not interact directly
with another bead, but rather interacts with a spring, and the spring propagates the force
to the next bead. This symmetry, although present in virtually all mechanical systems,
goes rather unnoticed in most mechanical textbooks.

Briefly recalling from the introduction 1, the kinematics of a collection of beads and
springs, fig 2.1a, are described by the displacements of beads, {u;}, which are geometri-
cally related to the elongation of springs, {e;}, via the compatibility matrix: e = Q" u. In
turn, the mechanics are described by the forces acting on the beads, {f;}, geometrically
related to the tensions acting on the springs, {¢;}, via the equilibrium matrix: f = Ot.
Endowed with Hooke’s law, t & e, the equation of motion for a bead-and-spring network
corresponds to the coupled harmonic oscillator:

d*u

with D = QQT being the dynamical matrix. For simplicity, here and in the following the
mass and spring constants are set to one. Equation (2.1) dictates the evolution of bead’s
displacements. From an initial state at ¢ = 0 we can infer the state at any other time
by just knowing D, suggesting that all the relevant physical information is encoded in
the dynamical matrix. However, the dynamical matrix is incapable of describing all the
zero-energy modes. Displacements of zero energy (floppy modes) are directly obtained
from the kernel of the dynamical matrix kerD [56], yet tensions of zero energy (self-stress
states), relevant for structural rigidity [57], are out of reach.

The other side of the coin consist in an elongation-based approach. The evolution of
the elongations is also governed by a coupled harmonic oscillator:

d’e _
ﬁ = —De, (22)
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with D = QTQ. Unlike the previous case, self-stress states are obtained from the ker-
nel of D yet floppy modes remain elusive. The limitations of both individual descrip-
tions (2.1)(2.2) lie at the core of the natural chiral symmetry; we must track the infor-
mation of both displacements and elongations to obtain the full zero-energy content. As
done in the introduction this can be achieved by writing the equations of motion as a

Schrédinger equation [29,47]
d (fu) [0 Q) (u
a(e) (e 9)(2) e
—_————

H

where H is the hamiltonian governing the waves of displacements and elongations in the
mechanical network. This mathematical object contains all the physical information of
the system, encompassing both floppy modes and self-stress states, fully characterizing
the softness of the system. The off-block diagonal structure of the hamiltonian is the
imprint of the chiral symmetry; beads interact only with springs and vice versa. In
mathematical terms, the hamiltonian anticommutes with the chiral operator {#,C} = 0,

which is defined as
1 0
C= (O _1> ) (2.4)

This mapping to quantum chiral systems was popularized by the seminal work of Kane
and Lubensky [29], where they also show that mechanical systems can realize topological
insulators, see fig. 2.2. Mechanically speaking, an insulator forbids any floppy mode or
self-stress state in the bulk, and it is said to be topological if they exist at the edges of the
sample, as opposed to a trivial insulator in which no edge states are present. These two
distinct phases - topological and trivial chiral insulator - are described in the literature by
a topological invariant: the winding number w of the hamiltonian(2.3) [32]. This topo-
logical quantity is defined in terms of the equilibrium matrix in momentum space, Q (k).
It takes the value w = 1 when edge states are present, and w = 0 when absent. However,
this invariant has been the subject of several controversies [33,58,59] which boils down
to its gauge-dependent nature. As discussed in the next sections, the winding number is
not a material property but rather a model-dependent quantity.

Prompted by the relevance of topological mechanical metamaterials [60] and the need
for a robust and unique material characterization, in this chapter, we address two funda-
mental questions. The first one is how to define a physical characterization of mechanical
insulators. The second is how to locally define this observable in order to characterize
disordered configurations. To answer them we contextualize and summarize our paper
titled "Geometry and Topology tango in chiral materials" [31] (reproduced in section 2.7)
under the light of bead-and-spring networks.

2.2 An analogy with electrostatics

It is useful to think of chiral systems as an electrostatic collection of charges. As a matter
of fact, the chiral operator basically assigns a +1 eigenvalue, or charge, to every degree
of freedom and a -1 charge to every constraint (spring), fig. 2.1b. While the energetics
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Figure 2.1: Bead and springs are chiral systems a. A collection of beads (red) con-
nected by springs (blue) enjoy a sublattice or chiral symmetry. b. The chiral description
of mechanics can be understood with an electrostatic analogy. Each bead possesses a
positive chiral charge equal to its number of degrees of freedom, in this case, 2. Each
spring has a negative chiral charge equal to the number of constraints it imposes, in this
case, -1.

between real charges differ from chiral charges (no repulsion or attraction), this analogy
serves as a basis to define suitable observables. For example, we can add up all the charges
and compute the total chiral charge M of a mechanical system:

M =Tr[C] = Tr KléN _?Ncﬂ —dN — N,, (2.5)

with d being the dimension of the system, N the number of beads, and N, the number of
constraints (springs). Since the trace is basis-independent, a straightforward calculation
in the eigenbasis of H, reveals that M is also a counting of zero-energy modes:

M =Tr[C] = > (Vpm|Cl¥g,m)

E.m
= Z <\I]0,m|C|\I]0,m>
— HFM — #SSS, (2.6)

with #FM and #8SSS the number of floppy modes and self-stress states of the system,
respectively. The total chiral charge is thus a rederivation of the Maxwell-Calladine
counting rule presented in the introduction 1:

M =dN — N, = #FM — #SSS. (2.7)

This constitutes our first example relating a lattice property, the number of beads and
springs, to a spectral quantity, the number of zero-energy modes. This simple yet impor-
tant derivation reveals the adequacy of chirality to understand mechanical systems. As
we will now see, this framework is also effective in describing insulators.

2.3 A new material property: the chiral polarization

In electrostatics, a bulk dielectric is characterized by a zero total charge and the next
order description falls into the polarization, describing the spatial distribution of charges.
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b. Mechanical insulator C. Chiral insulator
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Figure 2.2: One-dimensional mechanical insulator a. A finite 1D chain of rotors and
springs has a null chiral charge, M = 0: Each rotor contributes +1 charge (one degree of
freedom) whereas each spring, -1 (one constraint). As a consequence, there is one floppy
mode, which is localized at the right edge of the sample. b. The dispersion relation
obtained from the bulk of the material displays a gap: No zero-energy modes are allowed;
the system is a mechanical insulator. c. From the chiral point of view, the bulk is also an
insulator. This is easily seen when splitting the bulk into unit cells, each one containing
one rotor and one spring. The chiral charge of each unit cell, and therefore of the bulk,
is zero.

A mechanical insulator is defined as a system with a spectral gap, see fig. 2.2a,b. As a
consequence, it has no zero-energy mode and by definition, a null chiral charge, fig. 2.2c.
To characterize it, we introduce the chiral polarization. It corresponds to the weighted
positions of beads and springs by the respective displacements and stresses in a chiral
system,

II = 2Tr [C&P o) , (2.8)

with & the position operator, and Py the spectral projector, which excludes any zero-
energy mode. Notice that we could have taken the positive projector to define I1 by virtue
of the chiral symmetry.

The expression in eq. (2.8) can be greatly simplified when working with regular struc-
tures such as the mechanical chain introduced by Kane and Lubensky [29], see fig. 2.3a.
It consists of a mechanical insulator in the bulk that hosts a localized floppy mode on one
of the edges. It turns out that this realizes a topological insulator which, as we will see,
has a topological invariant in its description.

The regularity of the insulating bulk allows us to define unit cells (of null chiral
charge), fig. 2.3b, and to describe the system in terms of delocalized waves (Bloch waves)
characterized by a quasi-momentum k. We can then express H, defined in eq. (2.3), in
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Figure 2.3: The chiral polarization in the mechanical chain. a. A periodic collection
of rotors connected by spring are represented as a 1D chain of chiral charges b.. These
charges have alternating interactions given by v and w. Employing unit cells of size a,
we can write the equilibrium matrix in momentum space as Q(k) = v + we'®. From the
one-dimensional chiral chain we can extract two properties: the geometrical polarization
c being a purely geometric property of the lattice and the unit cell, and the winding
number d, counting the number of times det() winds around the origin. e The sum of
the geometry and topology results in the chiral polarization.

momentum space as a Bloch hamiltonian,

H(k) = ( Q*(ékﬂ ng)) | (2.9)

Using this momentum representation, we can expand the trace of eq. (2.8) in the Bloch
basis to elucidate the two main components of the chiral polarization. Leaving all the
technical details to the article 2.7 and the supplementary information 2.8.2, we find that
the chiral polarization is the sum of two terms,

=p+Ay. (2.10)

The first term, p dubbed geometrical polarization, is the polarization of the unit cell
taking into account only the chiral charges inside of it — it is the vector connecting the
negative to the positive charge centers of mass. It is thus a lattice property, independent of
any energetics, see fig. 2.3c. The second term, A~ is known in the literature as a geometric
phase, from which the best-known example is the Berry phase [61]. Using the non-abelian
Wilson loop formalism [62,63] we link this geometrical phase to the topological invariant
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Figure 2.4: Ambiguity of the unit cell. a. Three different unit cells describe the
same physical system. The first two correspond to the two possible Wigner-Seitz cells
and the last one is a disjoint unit cell. Each choice, while equally valid, corresponds to
different winding numbers ¢ and geometrical polarizations d. The sum of both, the chiral
polarization, is independent of the unit cell choice e.

describing chiral symmetric systems, the winding number of the Bloch hamiltonian [31],

which in 1D reads: )
w=o— [ dkTr [Q7'9:9]. (2.11)
It takes integer values corresponding to the number of times the determinant of the
equilibrium matrix, det@(k), winds around the origin when traversing the momentum
space, see fig. 2.3d.
We arrived then to our first major result. The chiral polarization, contrasting the spa-

tial distribution of displacements and stresses, is thus the sum of geometry and topology:
IT =p+ aw, (2.12)

with a being the unit-cell length.

As seen in fig. 2.3e, the chiral polarization is a non-zero vector pointing away from
the localized floppy mode of the system. In the article "Geometry and topology tango
in ordered and amorphous chiral matter" [31] (enclosed at the end of this chapter), we
discuss in detail the relation between the geometrical polarization and the winding number
in all quantum and classical chiral insulators. In short, neither of these two quantities are
physical observables; none of them is gauge independent. Their very definition depends
on the choice of unit cell used to describe the insulating bulk. It is the sum of the two,
the chiral polarization, the material property, univocally defined as shown in fig. 2.4. But
before discussing how to measure this material property, the next chapter’s topic, we will
generalize this definition beyond crystalline materials.

2.4 Beyond crystals

At first, it may seem that the chiral polarization, characterizing chiral topological insu-
lators, depends on a discrete translational invariance. After all, the winding number and
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the geometrical polarization that enter the relation (2.12) were defined upon a unit cell.
In general, topological invariants enjoy concise expressions in momentum space [64], see
eq (2.11). However, chiral insulators and their localized zero-energy states persist beyond
the crystalline picture, as illustrated in fig. 2.5. Then how do we characterize a chiral
material in the absence of unit cells? The total chiral polarization defined in eq. (2.8) is
an average quantity; it disregards the spatial heterogeneities of the chiral charge distri-
bution. To gain some understanding of spatial heterogeneities, we introduce the chiral
polarization field.

Defining this field is not as straightforward as in dielectrics. In the latter, we have
the notion of a molecule setting a length scale over which we compute the polarization.
Importantly, this length scale is much smaller than the distance between molecules. As
seen in fig. 2.5, in heterogeneous networks there is no length scale separation and therefore
no clear notion of a molecule grouping different chiral charges. However, if such an
object exists, it must take into account the spectral projector Pgo present in the original
definition (2.8).

The solution to this challenge is given by the projected position operator ProZPg [65,
66]. Its eigenstates, {W;}, known as Wannier functions in 1D, are localized due to the po-
sition operator and are distributed over the beads and springs connected by the strongest
interactions due to the spectral projector. They provide our notion of molecules in me-
chanical systems. For each of these functions we can uniquely determine their centers and
their polarizations:

&= (Wila|Wi), (2.13)
L, = 2 (Wi[Ca| W), (2.14)

from which we define the chiral polarization field II(x;), illustrated in fig. 2.5¢,f, able to
distinguish distinct topological phases in both ordered and heterogenous systems.

It is noteworthy that in higher dimensions the different components of the projected
position operator do not commute, [Pr.oZ:Pr<o, Pe<o®jPro] # 0 for i # j. Here we
have to employ a more sophisticated technique to obtain the localized functions {W;}.
The most accepted method corresponds to finding the proper basis of Pr-o through a
minimization scheme [65,67]: starting from a basis {W;} spanning the negative energy
space, we compute the gradient of the localization functional Q[{W;}] given by

— 1 N, — _ N

QWY = 5 ; (W@ W) — | (W |2 W) 7] (2.15)

and we update the new basis with a gradient descent protocol. In the supplementary

information 2.8.5 we show an alternative method based on the diagonalization of a new

projected operator. In short, we define the matrix pencil of the projected position operator

as M (A1, A2, A3) = 3 MiPr0ZiPreg, with A; € R. Depending on the parameters \; the

eigenstates of M can be as localized as the basis {W;} obtained by minimizing (2.15), at
a much reduced computational cost.

2.5 Detecting zero-energy modes

Not only does the chiral polarization describe distinct topological phases but also helps
determine the accumulation of localized zero-energy modes, as illustrated in fig. 2.5f.
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Chapter 2. Softness: Topology and geometry in mechanics

Indeed, sources of chiral polarization are a signature of floppy modes whereas sinks are
linked to self-stress states. In crystalline structures, we materialize this observation in
a revised bulk-boundary correspondence [31]. As shown in the article 4.7, taking the
example of fig. 2.5a, the number of zero-energy modes in the boundary B is given by

(#FM — #8S8)8 = M® 4 a(wiere — Wrignt), (2.16)

with M?" being the total chiral charge of the boundary, and wieg /right the winding number
of the left /right insulating material.

Just as in the Maxwell-Calladine relation (2.7), the zero-energy content of eq. (2.16)
depends on a lattice property, M?, which must now be complemented with a spectral
quantity, w.
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Figure 2.5: Heterogenous chiral insulators. Two instances of broken translational
symmetry: a domain wall in a 1D mechanical chain a and a distorted mechanical hon-
eycomb lattice of spheres connected by triangular plaquettes b. ¢, d. Heterogeneous
insulators may exhibit zero-energy modes, in the form of floppy (red) and self-stress
states (blue). The colors indicate the normalized weight of the zero-energy modes. e,
f. The chiral polarization field is a local quantity encoding the weighted position of dis-
placements and stresses. Discontinuities of this field are related to the proliferation of
zero-energy modes: sources of chiral polarization correspond to floppy modes, while sinks
to self-stress states. Colors indicate the local orientation of the field.
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2.6. Conclusion

2.6 Conclusion

We have seen that a physical and local characterization of mechanical systems is achieved
by the chiral polarization field: a material property describing the softness of a material.
This observable encodes both the topology of the energy bands and the geometry of the
subjacent lattice. In crystals, both contributions are clearly separable upon a unit cell
choice. In disordered materials, they are indivisible. In both cases, the chiral polarization
field carries the imprint of the very low energy modes, allowing their detection through
discontinuities in the field.

In the next two sections, I replicate the article "Geometry and topology tango in
ordered and amorphous chiral matter"', laying out the detailed theory and the properties
of this new observable, and building, step-by-step, a general description of any chiral
insulator, classical or quantum.

In the next chapter, we go beyond the theoretical models and explain how to actually
measure the chiral polarization in a physical setup, rendering it a useful tool to probe
mechanical metamaterials.

29



Chapter 2. Softness: Topology and geometry in mechanics

2.7 Article

Geometry and Topology Tango
in Ordered and Amorphous Chiral Matter

M. Guzmén™, D. Bartolo, D. Carpentier

ENS de Lyon, CNRS, Laboratoire de Physique, Lyon, France

Abstract

Systems as diverse as mechanical structures and photonic metamaterials en-
joy a common geometrical feature: a sublattice or chiral symmetry first in-
troduced to characterize electronic insulators. We show how a real-space
observable, the chiral polarization, distinguishes chiral insulators from one
another and resolve long-standing ambiguities in the very concept of their
bulk-boundary correspondence. We use it to lay out generic geometrical rules
to engineer topologically distinct phases, and design zero-energy topological
boundary modes in both crystalline and amorphous metamaterials.

2.7.1 Introduction

A century after the foundations of band theory in solids by Félix Bloch [68], physicists
have discovered new states of electronic matter ranging from insulators to superconduc-
tors by exploiting the topological structure of Bloch theory [20,69-73]. This topological
revolution has built on two cornerstones: an abstract classification based on symme-
tries [32,74-80], and the practical correspondence between bulk topology and the bound-
ary states measurable in experiments [20,69-72,81-84]. During the past decade, these two
generic principles spanned fields as diverse as photonics, acoustics, or mechanics, leading
to design principles and practical realizations of maximally robust waveguides [26,85].

Among the number of symmetries constraining wave topology, chiral symmetry has
a special status. Out of the three fundamental symmetries of the overarching ten-fold
classification [32,74,75], it is the only one naturally realized with both quantum and
classical waves. It generically takes the form of a sub-lattice symmetry when waves
propagate in frames composed of two connected lattices A and B, with couplings only
between, A and B sites, see e.g. Fig. 2.6a. In electronic systems, the archetypal example of
a chiral insulator is provided by the polyacetylene molecule described by the Su-Schrieffer-
Hegger (SSH) model [38]. In mechanics, the Hamiltonian description of bead-and-spring
networks is intrinsically chiral [29,47,86,87]: the A sites correspond to the beads, and
the B sites to the springs. In topological photonics and cold atoms chiral wave guides
are among the simplest realizations of topological phases. Over the past decade, the
modern theory of electronic polarization based on Zak phases and non-Abelian Wilson
loops [62,63,88,89] has illuminated the intimate relation between crystalline symmetries
and the topology of band structures [76-80]. By contrast, the role of chiral symmetry has
been overlooked.
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In this article, by introducing the concept of chiral polarization we determine the zero-
mode content of interfaces between topologically incompatible crystalline and amorphous
chiral meta(materials)

In the bulk, the chiral charge, which measures the imbalance between the number of
sites on the sub-frames A and B, predicts the number of zero-energy modes of all Hamil-
tonians defined on a given chiral frame. To characterize chiral insulators we define their
chiral polarization IT as the spatial imbalance of the bulk waves on the two sub-frames.
This material property does not rely on any crystalline symmetry and can therefore be
defined locally on disordered and amorphous frames. In crystals, although akin to the
time-reversal polarization of Z, insulators [90], we show that IT is not merely set by the
Bloch-Hamiltonian topology but also by the underlying frame geometry. At boundaries,
we show how IT prescribes the surface chiral charge, and therefore the full zero-energy
edge content of crystalline and amorphous chiral matter. Finally, we propose a series of
practical protocols to experimentally measure the chiral polarization of mechanical, and
photonic chiral metamaterials.

2.7.2 From chiral charge to chiral polarization and Zak phases

Introducing the concepts of chiral charge and polarization, we demonstrate that bulk
properties of chiral matter are determined by an interplay between the frame topology,
the frame geometry and the chiral Zak phases of Bloch Hamiltonians.

Chiral charge and chiral polarization.

We consider the propagation of waves in chiral material associated to d-dimensional frames
including two sub-frames A and B. The wave dynamics is defined by a Hamiltonian .
By definition, the chiral symmetry translates in the anti-commutation of H with the chiral
unitary operator C = P4 — P2, where P4 and P? are the two orthogonal projectors on
the sub-frames A and B. Simply put, in the chiral basis where C is diagonal, H is block
off-diagonal.

In order to determine the relative weight of the wave functions of H on the two sub-
frames, we introduce the chiral charge

M = (C), (2.17)

where the average is taken over the complete Hilbert space. Using the basis of fully
localized states, we readily find that M is fully prescribed by the frame topology: the
chiral charge counts the imbalance between the number of A and B sites: M = N4 - NB

We can however also evaluate Eq. (2.17) in the eigenbasis of H. Indexing by n the
eigenenergies of H, the eigenstates of the chiral Hamiltonian come by pairs of opposite
energies related by |-n) = C|n). Chirality therefore implies that the chiral charge is
solely determined by the zero modes of H as M =3, (n|C|n) = (0] C|0). Noting that
the |0) states are eigenstates of the chiral operator with eigenvalue +1 when localized on
the A sites and —1 when localized on the B sites, it follows that M also is an algebraic
count the zero modes of H:

M=N*—-NB=p* 15 (2.18)

31



Chapter 2. Softness: Topology and geometry in mechanics

t‘O CI‘O .I'O Qt'd

l* """"" Ql* """"" Ql':;:""Ql';':'
t‘O 01‘6 .I'b Qt'@

7r k - ) —
a 2

Kz

Figure 2.6: Lattices with a finite chiral charge. a. The Lieb (left) and dice (right)
frames are both characterized by an imbalance between the number N4 and N of sites.
In both cases the chiral charge per unit cell equals 1. Any Hamiltonian defined on these
frames possesses a flat energy band. b. Illustration of two band spectra associated to
chiral Hamiltonians defined on the Lieb (left) and dice (right) frames. The two band
spectra are computed for tight-binding Hamiltonians with nearest neighbour coupling
and a hopping parameter set to 1, see e.g. [91].

This equality is the classical result established by Maxwell and Calladine in the context
of structural mechanics [27,28] and independently discussed by Sutherland in the context
of electron localization [92]. Eq. (2.18) implies that the spectral properties of H are con-
strained by the frame topology. In particular, frames with a non-vanishing chiral charge
impose all chiral Hamiltonian to possess flat bands. This simple prediction is illustrated
in Fig. 2.6 where we show the Lieb and the dice lattices, which are both characterized by
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a unit chiral charge per unit cell. All Hamiltonians defined on these lattices are therefore
bound to support at least one flat band, Fig. 2.6b. No chiral insulators exist on the Lieb
and dice lattices.

By contrast, in chiral insulators, no zero-energy bulk modes exist and M must vanish.
To probe the relative weight of the wave functions on the two sub-frames, we therefore
introduce the chiral polarization vector II; = (Cx;)g.o. As the |£n) states contribute
equally to II in chiral systems, we henceforth use the definition

Hj = 2<Cl‘j>E<0, (219)

with 7 = 1,...,d are the indices of the d crystallographic directions and where £ < 0
indicates that the average is taken over the occupied states. This definition differs from
the skew polarization introduced in [93,94] for topological insulators, and the mean chiral
displacement of quantum walks [95]. II; does not rely on any Bloch representation and
is therefore defined also in amorphous phases. We stress that, even in the crystalline
case, II; includes geometrical content absent from the skew polarization, as it resolves the
weighted positions with a sub-unit-cell resolution. This difference is simply explained by
considering the mean chiral displacement (MCD) defined on a 1D lattice given a definition
of a unit cell. It is defined per wavepacket ¢ as MCD = (¢|Cayc|y), with zyc being
the position operator at the scale of the unit cell. xyc defines the positions as integer
multiples of the length a of the unit cell. In contrast, equation (2.19) depends on the
actual position of the sites: x* = xyc + dx, where dx is a sublattice correction to the
unit-cell position . These differences are not mere technicalities, and will prove crucial in
the next sections.

To gain more physical insight, it may be worth noting that in electronic systems, II;
corresponds to the algebraic distance between the charge centers associated to the A and
B atoms. While in mechanical networks, II; is the vector connecting the stress-weighted
and displacement-weighted positions. A vanishing polarization indicates that the average
locations of the stress and displacement coincide. Conversely, a finite chiral polarization
reveals an asymmetric mechanical response discussed in [96,97]. For the sake of clarity,
before revealing topologically protected zero modes in amorphous phases, we first explore
the consequences of a finite chiral polarization in periodic systems such as in the paradig-
matic example of the SSH model illustrated Fig. 2.7.

Chiral polarization: an interplay between Zak phases and frame geometry.

We begin with a thorough discussion of crystalline materials, defined by periodic frames
and Bloch Hamiltonians. Building on previous works on the electronic polarization

(62,63, 88, 89], we relate the chiral polarization of a crystalline material to the two Zak
phases of waves projected on sub-lattices A and B when transported across the Brillouin
zone. To do so, we first choose a unit cell and consider the basis of Bloch states |k, a) =
Sre*B|R+7r,), where R is a Bravais lattice vector, o labels the atoms in the unit
cell and k is the momentum in the Brillouin Zone (BZ). We henceforth use a convention
where the Bloch Hamiltonian H (k) is periodic in the BZ, see [88,98] and Appendix 2.8.1.
More quantitatively, considering first Hamiltonians with no band crossing !, we define the

In the situation where bands cross, our results should be generalized resorting to the Wilson loops of
the non-commutative Berry connexion instead of the abelian Zak phase connection [99].
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A sub-lattice Zak phase of the n'* energy band along the crystallographic direction j as
V) =i / dk (11| PAOPA|u,,) (2.20)
Cj

where the |u,(k)) are the eigenstates of H(k), and C; the non-contractible loops over the
Brillouin zone defined along the d crystallographic axes. 7]]-3 (n) is defined analogously
on the B sublattice. The (intercellular) Zak phase is given by the sum of y(n) and
’yJB (n) [33]. In Appendix 2.8.2, we show how to decompose the chiral polarization into a
spectral and a frame contribution:

a
;= —(v = 77) +ps, (2.21)

where a is the lattice spacing (assumed identical in all directions), ’yJA and fy]B are the
sublattice Zak phases defined by

S ) (222)

n<0

In Eq. (2.21) the p; are the components of the geometrical-polarization vector connecting
the centers of mass of the A and B sites in the unit-cell:

P=> Ta— Y Ta (2.23)

acA aeB

In crystals, Eqgs. 2.21 quantifies the difference between the polarity of the ground-state
wave function IT and the geometric polarization of the frame p. This difference is finite
only when the two sublattice Zak phases differ.

2.7.3 Topology of chiral insulators

We now elucidate the relation between the chiral polarization and the band topology of
chiral gapped phases defined on periodic lattices. We outline the demonstrations of our
central results below and detail them in Appendix 2.8.2.

Sublattice Zak phases and winding numbers.

Computing the Wilson loop of the non-Abelian connection A, ,,,(k) = (u, (k)| Ok |um(k))
along C;, we show that chirality relates the d Zak phases fyjA + ’yJB to the windings of the
Bloch Hamiltonian as

v+ = nw; +2nZ, (2.24)

where w; = i/(47) Jo, dk - Tr[0, HCH '] € Z. The total Zak phase is quantized but the
arbitrary choice of the origin of space implies that both ¥4 and 7® are only defined up
to an integer. As a matter of fact, a mere U(1) gauge transformation |u,) — €™ |u,,)
arbitrarily modifies y#(n) and v7(n) by the same quantized value: v#(n) — ~(n) +
mm, 7 (n) = 7 (n) + mm, with m € Z. By contrast, the difference between the two
sublattice Zak phases is left unchanged by the same gauge transformation which echoes
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Figure 2.7: Chiral polarization and Wannier functions. a. Square of the Wannier
amplitude projected into the A (red) and B (blue) sublattices for the ground state config-
uration of the two-band SSH model with hopping ratio t1/ts = 0.79. a denotes the period
of the 1D frame. The chiral polarization I = (z4) — (2P is negative: the chain is left
polarized regardless of the choice of unit cell. b. The winding number of the Bloch Hamil-
tonian encodes the chiral polarization relative to a given unit cell. The chiral polarization
being a material property, the winding number w can therefore take any integer value
when redefining the geometry of the unit cell as illustrated in the last column. Whatever
the choice of the unit cell, the difference between the geometrical polarization and aw has
a constant value given by the chiral polarization II.
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Figure 2.8: Inferring the band topology from frame geometry. a. The two-sites
Wigner-Seitz cell on a 1D chiral frame have different geometrical polarizations; their
difference is given by one Bravais vector. Consequently, we can always define the unit cell
so that the Bloch Hamiltonian has a finite winding. b. All the Wigner-Seitz unit cells on
the checkerboard lattice share the same (vanishing) chiral polarization. Therefore a single
winding number w characterizes the Hamiltonians on this frame in virtue of Eq. (2.27).
Evaluating the winding using the Wigner-Seitz cell compatible with the atomic limit of
‘H yields w = 0, by definition.

its independence from the space origin. Evaluating the winding of H (k) using the Bloch
eigenstates (see Appendix 2.8.1), we readily establish the essential relation?

VJB - 7;4 =rw; € k. (2.25)

Chirality quantizes the sublattice Zak phases of chiral insulators, even in the absence of
inversion or any other specific crystal symmetry. ’yJA and 'yJB are however not independent.
Combining Eqs. (2.24) and (2.25) we can always define the origin of space so that v;' = 0
and VJB = TWwj.

The d winding numbers of Eq. (2.25) characterize the topology of H (k). In particular,
if for a given Wigner-Seitz cell the corresponding H (k) is associated to a finite winding
(w; # 0), then it cannot be smoothly deformed into the atomic limit defined over the
same unit cell. We recall that the atomic limit of a material corresponds to a smooth
deformation of the couplings to separate the energy scales so that the Wannier functions
are exponentially localized, and respect the symmetries of the crystal [101]. In practice,
it consists in choosing a unit cell including the strongest couplings.

The set of winding numbers is however poorly informative about the spatial distribu-
tion of the charges in electronic systems, or about the stress and displacement distributions
in mechanical structures. The values of w; are defined only up to the arbitrary choice of
unit cell required to construct the Bloch theory. A well known example of this limitation
is given by the SSH model, where the winding of Hj can either take the values 0 or £1
depending on whether the unit cell’s leftmost site belongs to the A or B sublattice, see
Fig. 2.7a and Appendix 2.8.2. We show in the next section, how the chiral polarization
alleviates this limitation.

2Note that this difference of Zak phases was recently denoted as a chiral phase index in [100].
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Disentangling Hamiltonian topology from frame geometry.

Equations (2.21) and (2.25) provide a clear geometrical interpretation of the winding
number w; as the quantized difference between the geometrical and the chiral polarization:

Il; = (pj — ajwy). (2.26)

We can now use this relation to clarify the definition of a chiral topological insulator. The
chiral polarization II; = 2(Cx;)p<o is a physical quantity that does not depend on the
specifics of the Bloch representation. Therefore computing II; for two unit cells (1) and
(2), we find that the windings of the two corresponding Bloch Hamiltonians H ™ (k) and
H® (k) are related via Eq. (2.26) as

1
W —u® = L (o ). (2.27)

j
a;

This essential relation implies that one can always construct a Bloch representation of
H where H(k) is topologically trivial, at the expense of a suitable choice of a unit cell.
As a matter of fact, a redefinition of the unit cell can increase, or reduce the geometrical
polarization, and therefore the winding numbers, by an arbitrary large multiple of a; as
illustrated in Fig. 2.7b.

For instance in the case of Hamiltonians with nearest neighbor couplings, applying
Eq. (2.27) to Wigner Seitz unit cells (Jw;| < 1), we find that there exist as many topological
classes of H, as different geometrical polarizations in the Wigner-Seitz cells. This number
provides a direct count of the chiral 'atomic limits’ of H.

Defining the topology of a chiral material therefore requires characterizing both the
winding of its Bloch Hamiltonian, and the frame geometry. Remarkably, this interplay
provides an insight on topological band properties from the sole inspection of the frame
structure.

Inferring band topology from frame geometry.

There exists no trivial chiral phase in one dimension: one can always choose a Wigner-
Seitz cell such that the Bloch representation of H has a non-vanishing winding. As a
matter of fact, the geometrical polarization of the Wigner-Seitz cells can only take two
finite values of opposite sign depending on whether the leftmost site in a unit cell is of
the A or B type, see Fig. 2.8a. Equation (2.27) therefore implies that, in 1D, there
always exists, at least, two topologically distinct gapped phases smoothly connected to
two atomic limits. The two gapped phases are characterized by two distinct pairs of
winding numbers defined by two inequivalent choices of unit cells. In other words all SSH
Hamiltonians are topological.

Similarly, in d > 1 only frames having a geometrical polarization invariant upon re-
definition of the Wigner-Seitz cell can support topologically trivial Hamiltonians. Equa-
tion (2.27) indeed implies that a topologically trivial Hamiltonian H constrains the frame
geometry to obey pgl) = pg_z) for all pairs of unit cells and in all directions j. We show a
concrete example of such a frame in Fig. 2.8b.

Before discussing the crucial role of the frame topology and geometry on the bulk-
boundary correspondence of chiral phases, we extend these two notions to chiral insulators
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Figure 2.9: Bulk-boundary correspondance. a. A chiral crystal defined on a hon-
eycomb frame is terminated by a clean zigzag edge incompatible with the atomic-limit
Hamiltonian defined by keeping only the dominant couplings represented by thick solid
lines. The dashed rectangles indicate the Wigner-Seitz cells allowing a tessellation com-
patible with the edge geometry. The arrow indicates the geometrical polarization p. b.
Same physical system. The crystalline bulk is now tiled using the unit cell compatible
with the atomic limit. This requires a redefinition of the crystal boundary B (shaded
region). The arrows indicate the geometrical polarization of the new unit cell (pA%). The
difference p — p*l is a Bravais lattice vector (ay). c¢. Same material as in (a.) and
(b.) including a disordered interface B bearing a non-zero chiral charge MP. d. Two
connected SSH chains. The Wigner-Seitz cell in the two materials are compatible with
their atomic limits. The interface B; separating the two materials is one-site wide. e.
Redefining the Wigner-Seitz cell on the right hand side of the interface requires widening
the boundary region. This redefinition makes the unit cell incompatible with the atomic
limit. The winding of the Bloch Hamiltonian in Zg takes a finite value and consequently
modifies the zero-mode content of the boundary region.
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with a flat band.

Chiral polarization in the presence of a net chiral charge.

It is worth noting that the chiral polarization can also be defined and computed in the
presence of an additional zero-energy flat band in the gap. As detailed in the Appendix
2.8.3 section, it then takes the form

I, = (p; — pP™) +a (v —)) /7. (2.28)

In this case, we loose the clear decomposition II into geometrical and topological contribu-
tions. The geometrical polarization is corrected by p?™ which originates from a spectral
contribution associated to the zero-energy band. Furthermore the second term on the
r.h.s., the difference between two geometrical Zak phases, is not a topological winding
number anymore. Despite the seemingly complex form of Eq. (2.28), we show in the
next section that the chiral polarization remains an effective tool to relate spectral bulk
properties to the number of zero-energy states localized at boundaries.

2.7.4 Bulk-boundary correspondence

We now establish a bulk-boundary correspondence relating the chiral polarization to the
number of zero modes supported by the free surface of a chiral insulator. For the sake of
clarity, we discuss the two-dimensional case without loss of generality. We consider first
a crystalline insulator Z terminated by a clean edge 0Z oriented along a Bravais vector,
say a; as illustrated in Fig. 2.9a.

The bulk of the insulator can be described by different types of unit cells. As illustrated
in Fig. 2.9a, in the presence of a clean edge, it is natural to choose a unit cell which allows
a tessellation of the whole system. However, this unit cell is generically incompatible
with the atomic limit of the Hamiltonian, and therefore does not allow a direct count of
the zero energy boundary states using the simple Maxwell-Calladine count. An obvious
strategy hence consist in redefining the unit cell, as in Fig. 2.9b to match the constraints
of the atomic limit. This redefinition comes at the expense of leaving sites outside of the
bulk tessellation. We define this ensemble of sites as the boundary region B. Keeping in
mind that we can smoothly deform the Hamiltonian into its atomic limit without closing
the gap, we use Eq. (2.18) to count the number of zero energy states hosted by B. It
is given by ¥V = MPB. An essential geometrical observation is that the net chiral charge
in B can be expressed as N9 (pyl — py), where N7 is the edge length expressed in
number of unit cells and py is the geometrical polarization of the initial unit cell. We
can now make use of the invariance of the chiral polarization formalized by Eq. (2.27)
to relate the geometrical count of zeromodes to the winding of the Bloch Hamiltonian:
V = N (phl —py) = N9Zwk. To arrive at a bulk boundary correspondence generic to all
chiral insulators, we include the possibility of dealing with irregular interfaces featuring
a net chiral charge MP? as sketched in Fig. 2.9c. We then find

V= MP 4 Nyl (2.29)

Three comments are in order. Firstly, the bulk boundary correspondence defined by
Eq. (2.29) reveals the geometrical implication of a nonzero winding: a finite wjz echoes
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the impossibility to tile a periodic frame with unit cells compatible with the Hamiltonian’s
atomic limit. Secondly, Eq. (2.29) is readily generalized to interfaces separating two chiral
insulators Zp, and Zg, where we simply have to apply the same reasoning on each side of the
interface: V = M"Z + NZ(w + wr), see e.g. Figs. 2.9d and 2.9e. Thirdly, the formula
given by Eq. (2.29) generalizes the Kane-Lubensky index introduced in their seminal
work to count the zero-energy modes localized within isostatic mechanical networks [29].
We show that this index defines a bulk-boundary correspondence generic to all chiral

insulators and even to flat band insulators such as hyperstatic lattices as further discussed
in the Appendix 2.8.3.

2.7.5 Amorphous Chiral Insulators
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Figure 2.10: Pencil matrix versus maximally localized Wannier functions a. Sin-
gle domain configuration with geometrical and spectral disorder. The chiral polarization
field obtained from the maximally localized wannier functions is superposed. b. Chiral
polarization field obtained from one realization of the pencil matrix procedure. c. Ori-
entation distribution obtained from 50 values of « (bar chart), and from the maximally
localized wannier functions (red solid line). d., e., f. correspond to the same information,
this time for two crystalline domains.

In condensed matter, chiral symmetry is a low energy feature of electronic Hamilto-
nians, which is unlikely to survive to strong structural disorder. Conversely, in photonic,
accoustic or mechanical metamaterials chirality is built in by design and can therefore be
present both in ordered or amorphous structures [85,102]. In mechanical metamaterials
chirality is even more robust as it is inherent to any system assembled from elastically
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coupled degrees of freedoms [26]. In this section, we show how to generalize our physical
characterization of zero energy modes to disordered chiral metamaterials.

Over the past two years a number of experimental, numerical and theoretical works
showed that crystalline symmetries are not required to define topological insulators, see
e.g. [51,103-105]. Unlike these pionneering studies where topologically inequivalent
disordered phases are distinguished by abstract indices defined in real space and related
to the quantification of edge currents, our framework solely based on the chiral polarization
applies to chiral systems regardless of the presence or not of time reversal symmetry.

Our strategy follows from the fundamental relation: II; = p; —a;w,; of Eq. (2.26). This
relation implies a one-to-one correspondence between the chiral polarization and a topo-
logical spectral property quantized by the winding vector. The basic idea hence consists
in probing the existence of topologically protected zero modes by local discontinuities in
the chiral polarization field, even when no winding number or Zak phase can be defined.
Relating topologically protected excitations to real-space singularities requires defining a
local chiral polarization field IT(x). By definition, II(x) measures the local imbalance of
the wave function carried by the A and B sites. To express II(x), it would be natural
to consider eigenstates of the position operator Px P projected onto the occupied states
of H. However, in dimension d > 1, the different components of the projected position
operator do not commute [Pz;P, Pz P] # 0 for j # k, and do not possess common eigen-
states. Instead, we express the polarisation in terms of the maximally localized states
W, [88], which are centered on the position @, = <Wm‘X ‘Wm> These states general-
ize the Wannier functions in the absence of translational symmetry, see Appendix 2.8.5
for more details. We can then define the local chiral polarization as the weighted chiral
position evaluated over W,,:

I(2,,) = 2 (W,,|CX| W, ) . (2.30)

In practice, we can bypass the time consuming numerical determination of the Wi
by taking advantage of the matrix pencil method detailed in Appendix 2.8.4. In short,
the method consists in replacing in (2.30) the W,, by eigenstates of a linear combination
of the projected position components L = 37, a;Px;P ; > «a; = 1. The dependence
on «; of the resulting chiral polarization is a measure of the non-commutativity of the
Pz typically associated to a nonvanishing Berry curvature. In practice, as illustrated in
Fig. 2.10, the difference between the actual polarization, computed from the Wm, and its
approximation based on the R-matrix eigenstates is smaller than the distance between
neighboring sites. Given the excellent agreement found both in mono and polycrystals, we
henceforth use the pencil matrix method to locally measure the chiral polarization fields
in disordered and amorphous structures out of reach of conventional chiral displacement
characterizations [106].

To make the discussion as clear as possible we consider separately the two possible
sources of randomness in a disordered chiral insulator: (i) geometrical disorder, which
affects the frame geometry leaving the interaction between the A and B sites unchanged
and (ii) Spectral disorder, which alters the interactions while living the frame geometry
unchanged.
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Figure 2.11: Topological zero energy states on amorphous frames First row: Sketch
of the frame geometry for increasing positional disorder quantified by the maximal am-
plitude of the random displacements |dx|/a. All panels show the vicinity of a boundary
between two different insulators defined on the same frame but with different positions of
the stronger couplings. The lines’ width indicates the magnitude of the coupling strength.
In all panels t'/t = 20. In the lefmost panel, we indicate the choice of the unit cell and
of the crystallographic axes. Second row: Corresponding chiral polarization fields. The
color indicates the orientation of II() Third row: Magnitude of the zero-mode wave
function. The zero mode is located at the boundary between topologically inequivalent
states even on amorphous frames. Fourth row: Probability density function of the 6, the
local orientation of the chiral polarization field. The distributions are peaked on the same
two directions (vertical lines) regardless of the magnitude of disorder. This reveals the
coexistence of two distinct topological phases robust to positional disorder.

Topological zero modes on amorphous chiral frames.

The reasoning is easily explained starting from a concrete example. Fig. 2.11 shows the
interface between two topologically distinct insulators, Zr and Zg, living on a honeycomb
frame. They correspond to distinct atomic limits of a nearest-neighbor tight binding
Hamiltonians including two different hopping coefficients, see e.g. [107]. For the choice
of unit cell sketched in Fig. 2.11, the winding vectors are w?* = (0,1) and w’® = (1,0).
As a result the boundary region B hosts one zero mode per unit cell located on the A
sites. As expected from Eq. (2.26), on a homogeneous periodic frame, II(x) takes two
distinct values in the two regions, and is discontinuous across B. Correspondingly, the
distribution of the chiral polarization in the sample consists of two peaks centered on the
two values associated to two topologically inequivalent phases, see Fig. 2.11 (left column).

We now disorder the frame by shifting all site positions by random displacements
of maximal amplitude |dx| while preserving the magnitude of the interactions in the
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corresponding Hamiltonian Hp. For sufficiently large displacements, it is impossible to
keep track of the original periodic lattice, see Fig. 2.11 (first row). Nonetheless, we clearly
see in the third row of Fig. 2.11 that the topologically protected zero modes located in B
are preserved, despite the lack of crystalline symmetry and the impossibility to define a
Bloch Hamiltonian and its topological winding numbers. Note that unlike in [108] both
the bulk and the boundary region are homogeneously disordered. Again, the existence
and location of a line of zero modes is revealed by variations of the chiral polarization
field. The variations of the orientation of II(x) occurs over the penetration length-scale
lq set by the energy gap. The coexistence of two topologically distinct amorphous phases
is signalled by a (wider) bimodal distribution of II(x) peaked on the same values as in
the pure case, see Fig. 2.11 (last row). This robust phenomenology is further illustrated
in Supplementary Video 1, showing the evolution of the polarization field and zero-mode
location as the magnitude of disorder is increased.

This observation reflects a generic feature of chiral matter. Randomizing the frame ge-
ometry cannot alter the energy gap provided that the graph defined by the coupling terms
of H has a fixed chiral connectivity. This observation implies that the concept of topo-
logical phase naturally applies to amorphous frames that can be continuously deformed
into periodic lattices. In fact, the coexistence of different chiral insulators is effectively
probed by the spatial distribution of the polarization field II(x). Each peak of the distri-
bution signals topologically inequivalent regions in amorphous chiral matter. The phase
boundaries are then readily detected by jumps of the chiral-polarization vector field over

(.

Topological zero modes of disordered chiral Hamiltonians.

The case of spectral disorder is more subtle as it can trigger topological transitions. Again,
we start with a concrete example. We use the same model of insulator as in the previous
section. Considering the even simpler case of a perfect monocrystal, there is no zero mode
in the sample. Keeping the frame unchanged we add disorder to the interactions in the
form of random perturbations to the coupling parameters. We note ep the width of the
Gaussian disorder distribution, £ its correlation length and AFE the energy gap in the
pure case. When ep/AFE— < 1 no zero mode exists in this finite system see Fig. 2.12
first column. Consistently, the local chiral polarization hardly fluctuates in space and its
distribution remains peaked around the same constant value.

By contrast as ep/AFE ~ 1, zero energy modes emerge in the bulk. Their presence
signals local the emergence of topologically inequivalent regions in the material triggered
by local gap inversions. The distinct phases are revealed by the orientational distribution
of II(x): as disorder increases additional peaks grow at values of 6 characteristic of the
other two homogeneous topological insulators, Fig. 2.12 (last row). In the limit of strong
disorder, the spatial extent of the coexisting phases is set by the disorder correlation
length £ as exemplified in Supplementary Movie 2. Gap closings also have a local signature
in the polarization field. As II(x,,) is only defined at the generalized Wannier centers
(Eq. (2.30)), IT(x,,) cannot be computed at the center of a zero mode, which by definition
does not support any Wannier mode. The proliferation of zero modes in the bulk is
therefore signaled by an increasing number of holes in the polarization field.

The above observations do not rely on the specific model we use in Figs. 2.11 and 2.12.
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Figure 2.12: Topological zero-energy states in the bulk of disordered chiral
insulators First row Sketch of the honeycomb frame and of the coupling strengths for in-
creasing spectral disorder. The strengths of the couplings are represented by the width of
the dark lines. Their randomness is quantified by the variance of the Gaussian couplings
ep. The correlation length for all the examples is & = 12a. Second row Correspond-
ing chiral polarization fields. The color indicates the orientation 6 of II(x). Third Row:
Magnitude of the zero-energy modes on the A (red) and B (blue) sites. Fourth row: Prob-
ability density function of the orientation §. Remarkably, even in the disordered cases, the
distribution peaks only at values characteristic of the three phases of the homogeneous
chiral Hamiltonian.

Generically, adding spectral disorder to a chiral Hamiltonian results in the nucleation of
additional topological phases decorated by zero modes at their boundaries. Even in the
absence of a Bloch theory, we can distinguish the topological nature of the coexisting
phases by measuring their average chiral polarization. For spatially correlated disorder
the spatial extent of each phase is set by the disorder correlation length &.

Designing topologically protected zero modes in amorphous chiral matter.

It is worth stressing that disordered chiral insulators generically support topologically
protected zero-energy modes at their boundaries. Unlike crystaline topological insulators,
the lower the bulk and edge symmetries the more robust the edge states.

Cutting an amorphous sample into two parts without inducing the proliferation of
boundary zero modes is virtually impossible. It would require cutting bonds while pre-
serving the connectivity between all pairs of A and B site connected by the local polar-
ization vectors II(x,,); only this type of configurations can be continuously deformed into
crystals having edges matching that of tilings generated by the unit cell of an atomic limit.
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Figure 2.13: Disordered chiral metamaterial Macroscopic view and close ups on an
amorphous frame supporting a disordered chiral insulator. The frame is defined adding a
strong positional disorder to a Honeycomb lattice |dx| = a. Using the same Hamiltonian
as in Figs.2.11 and 2.12, we add spectral disorder corresponds to ep = 2. Cutting the
sample to form the word ”chiral” reveals a continuous distribution of zero modes along
the edge.

These cuts require extreme fine tuning in macroscopic samples and are therefore virtually
impossible to achieve. This property makes the design of zero energy wave guides very
robust in amorphous chiral matter. As illustrated in Fig. 2.13.

Measuring the chiral polarization.

In this section we show that the chiral polarization is not only a powerful theoretical con-
cept, but an actual material property readily accessible to experiments. Two scenarios are
possible: when the (low energy) eigenfunctions can be measured, the chiral polarization
can be directly evaluated using its definition, Eq. (2.19). This technique is straightforward
e.g. in mechanical metamaterials [54], where the vibrational eigenmodes can be imaged
in real space in response to mechanical actuation.

Alternatively, when spectral properties are out of reach of quantitative measurements,
we can infer the value of the chiral polarization from the dynamic spreading of localized
chiral excitations. This approach builds and generalizes the technique pioneered in the
context of periodically driven photonic quantum walk [95,109]. For the sake of clarity
we henceforth limit our discussion to 1D, two-band insulators although the reasonning
applies in higher dimensions.

We introduce the dynamical chiral polarization Iy (t) = (U(£)|CX|¥(t)) defined over
the time-evolved states W (t) = exp(—iHt)¥(0), where W(0) is a localized chiral state.
Should one be able to initalize an experiment in a Wannier State W(0) = W, g, the wave
function would spread as in Fig. 2.14a, but remarkably the dynamical chiral polarization
Iy (t) would be stationnary and equal to II in a homogeneous system as illustrated in
Fig. 2.14a, and demonstrated in the Method section. In practice, it would be always
easier to approximate the Wannier state by excitations W45 (resp. Wp4) localized on two
neighboring A and B sites (resp. B and A). The result of this procedure is shown in
Fig. 2.14b and reveals that the long-time dynamics of I1y(¢) converges towards the chiral
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Figure 2.14: Measuring the chiral polarization in time. a. Left: Dynamical evo-
lution of a Wannier state in the ground state of a two-band SSH model, with hopping
ratio ¢, /to = 0.1. The state is localized in the middle of a finite system of 60 unit cells.
Center: Time evolution of the wave-function amplitude. Right: The amplitude of the
final state at time ¢ = 250 is represented on the A (red) and B (blue) sites of the lattice.
b. The dynamical chiral polarization I1,,(t) = (¥(t)|CX|¥(t)) corresponding to the pro-
tocol described in a is constant in time (black solid line). By comparison, the dynamical
chiral polarization starting from a state W 5(t = 0) (resp. Vpa(t = 0)), localized on two
neighboring sites A and B (resp. B and A) shows fluctuations around the static chiral
polarization whose amplitude depends on the initial state. The sign I1,(¢) is reversed at
short time when the chiral polarization of the initial state is opposite to the static chiral
polarization of the SSH chain. This results in large amplitude oscillations. The short
time dynamics of II,, therefore provides a direct access to the orientation of the material
chiral polarization.

polarization II. However, we stress that the essential information about the orientation
of IT is already accessible at very short times and would not suffer from possible damping
issues. When Ily(t = 0) and II have opposite signs, we observe very large amplitude
oscillations reflecting the dynamic reversal of the chirality of the wave packet at short
times. Conversely when Iy (¢ = 0) and II are parallel the convergence is very fast and
devoid of large amplitude fluctuations.

It is worth noting that the chiral initial state V(¢ = 0) = W,p is an atomic-limit
eigenstate. The dynamics can then be seen as the result of a quench at t = 0 starting
from the atomic-limit Hamiltonian. The amplitude of the fluctuations in Fig. 2.14b then
reveals the topological nature of the quench. As a last comment we stress that our pro-
tocol differs from the chiral displacement method introduced and used in [95,109-111].
The mean chiral displacement depends on the unit-cell convention. As a consequence, to
probe the topology of 1D systems, conventional MCD protocols require two independent
measurement, protocols. They effectively correspond to measuring the mean chiral dis-
placement given two possible unit cell choices. A topological invariant is then defined by
the difference between the two measurements. The Chiral polarization method, which we
introduce provides a one-step characterization of the topology of a chiral phase.
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2.7.6 Conclusion

We have established a generic framework to characterize, elucidate and design the topo-
logical phases of chiral insulators. In crystals, we show that the frame topology and the
frame geometry act together with Bloch Hamiltonian topology to determine the zero-mode
content of the bulk and interfaces. In the bulk, the frame topology fully determines the al-
gebraic number of zero-energy modes counted by the chiral charge M. Chiral insulators,
however, are distinguished one another via their chiral polarization Il set both by the
frame geometry and Bloch-Hamiltonian topology. At their surface, the number of zero-
energy states is prescribed by the interplay between the Bloch Hamiltonian topology and
the frame geometry in the bulk on one hand, and by the frame topology of the bound-
ary on the other hand. This interplay goes beyond the bulk-boundary-correspondence
principles solely based on Hamiltonian topology.

We have shown that chiral symmetry alone translates real-space properties into spec-
tral phases without relying on any crystalline symmetry and translational invariance when
expressed as a sublattice symmetry. Chiral symmetry does not merely complement the
classification of topological quantum chemistry [101,112-114] but also makes it possible
to distinguish topological phases in amorphous matter. In disordered system, introducing
the concept of chiral polarization field, we provide a practical platform to detect topolog-
ical phases coexisting in disordered samples, an to design robust zero-mode wave guides
at their boundaries.

We expect our framework to extend beyond Hamiltonian dynamics when dissipative
processes obey the chiral symmetry [115]. We therefore conjecture that real-space topol-
ogy, geometry and non-Hermitian operator topology should cooperate in chiral dissipative
materials as diverse as cold atoms to photonics, robotic devices and active matter.
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2.8 Supplementary material

2.8.1 Bloch theory convention and Wannier states.
Conventions for the Bloch decomposition.

For the sake of clarity, we first introduce the main quantities used throughout all the
manuscript to describe waves in periodic lattices. We note |U,, ) the Bloch eigenstates.
They correspond to wavefunctions (z|¥, 1) = @, x(x)e®®, where k is the momentum in
the Brillouin Zone (BZ), and where the normalized function ¢, has a periodicity of one
unit cell [88]. In this article, we use the following convention to express the Bloch states
as a superposition of plane waves:

Wok) =D unalk) |k, ), (2.31)

where « labels the different atoms in the crystal, and |k, a) represents the Fourier trans-
form of the real-space position basis: |k, a) = > gpexp(ik - R)|R + r,), R being a Bravais
lattice vector and 7, a site position within the unit cell. We stress that here the com-
ponents u, (k) are periodic functions of k over the BZ. It is worth noting, however,
that there exists multiple conventions to decompose the Bloch states as discussed e.g in
the context of graphene-like systems in [116-118]. A common alternative uses nonperi-
odic components over the BZ which carry an additional phase encoding the position of
each atom within the unit cell: |U,, ) = 3, Uy k0™ |k,a). We will comment on the
translation of our results from one convention to the other in the following.

Wannier functions.

By definition the Wannier function associated to a Bloch eigenstate is given by the inverse
Fourier transform (up to a phase):

(W) = Q" Bzddk e R, L) (2.32)

where () is the volume of the BZ. Note that for sake of clarity, we here and henceforth
assume that the spectrum does not include band crossings. The technical generalization
of our results to degenerated spectra is straightforward but involves some rather heavy
algebra, see e.g. [88]. In addition, to ease the notation and calculations we work with or-
thogonal coordinates such that [y, dk; = Q4 V5. The generalization to non-orthogonal
lattices is straightforward and amounts to considering different geometrical factors along
each reciprocal direction
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Projected position operator and sublattice Zak phases.

Ignoring the distinction between the A and B sites, we can first compute the action of
the position operator on the Wannier states following [88]:

(x| X |Wyg) = Q7! Bdek xRy | (x)

=7 [ d'k (i £ RAVE) o, (@)

_ ! Bzddk oikR [eik-m (R+ z@k)} On(T), (2.33)

where in the last step we applied an integration by parts, using that |V, x) = [V, k1)
with G a primitive reciprocal vector. The generalization of Eq. (2.33) to the position
operator projected on the sublattice a = A, B is straightforward:

(x| XP* (W, p) = Q7' [ d'ke ™R 57 (R4 i0g)| Poy (), (2.34)
BZ

which allows us to define the average positions (x®), p restricted to the site « = A, B and
to the n'® band excitations:

(@), g = (Wo,r[P*XP*|W,, r)

R 1
= [ (puslP o) + o Than), (2.35)
Q Jz Q

where | k) = e=ik-X |V, k), and T'*(n) is the vector composed of the d generalized sub-
lattice Zak phases associated to the n-th band:

[5(n) = /Bzddk (k| PO, P |01 1) (2.36)

We can further simplify Eq. (2.35) noting that the orthonormality of the |p,, ;) implies
(On kP +PBlo, ) = 1and (p,x|P4 — PB|p,x) = 0, which yields (¢, x|P%pnr) = 1/2.
All in all, we find a simple relation between the average of the position operator and the
Zak phase of the Bloch eigenstates over the BZ:

(@) n = o+ ST (). (2.37)

2.8.2 Chiral polarization, Zak phases and winding.
Chiral polarization and sublattice Zak phases.

We are now equipped to compute the chiral polarization, defined as the difference between
the expected value of the projected position operators over the occupied eigenstates (n <
0). It readily follows from Eq. (2.37) that IT corresponds to the difference of the sublattice
Zak phases:

=23 <wA>n,R N <wB>n,R

n<0

2 A B
=9 > T(n) —T"(n). (2.38)

n<0
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Two comments are in order. Firstly, the sum could have been also taken over the unoc-
cupied states (n > 0). As C? = T, the sublattice phase picked up by |¢, ) is indeed the
same as that of its chiral partner |¢_, ) = C|gnx). Secondly, we stress that Eq. (2.38)
does not depend on the specific convention of the Bloch representation. This relation,
however does not disentangle the respective contributions of the frame geometry and of
the Hamiltonian on the chiral polarization. To single out the two contributions, we now
use the specific Bloch representation (2.31). Given this choice, the sublattice Zak phase
is naturally divided into two contributions leading to

I'(n) :/Bzddk: > (u;,aun’ara + iuzyaakuma) : (2.39)

aca

The first term on the r.h.s. is the intracellular contribution to the Zak phase while the
second is proportional to the sublattice intercellular Zak phase following to the definitions
of [33]

Vo(n) =i / ke S uf (k) Okt o (k). (2.40)
Cj aca ’

Summing Eq.(2.39) over all occupied bands, and using the orthogonality of the chiral

component u, , we then recover our central result:

2 A B
M=p+ g7 (V" =77). (2.41)
where p =3 ,caTa — YaeB To is the geometrical polarization of the corresponding unit-
cell and v* = ¥, .ov*(n). The chiral polarization is the sum of one contribution coming
only from the frame geometry and one contribution characterizating the geometrical phase
of the Bloch eigenstates.

Chiral polarization in different Bloch conventions.

Although the physical content of the chiral polarization does not depend on the choice
of the Bloch convention, it is worth explaining how to derive its functional form for the
other usual representation where |W,, 1) = 3, @, (k)e®® " |k, o). Within this convention
the vector of Zak phases take the form

I“(n) =i | A’k > @} 4Oklina, (2.42)

BZ  aca

which does not allow the distinction between the geometrical and the Hamiltonian con-
tributions to II when performing the sum over the occupied band in Eq. (2.38). This
observation further justifies our choice for the Bloch representation.

Quantization of the intercellular Zak-phase in chiral insulators.

To demonstrate the quantization of v; = ’yf + nyB , we resort to the Wilson loop formalism
reviewed e.g. in Ref. [99].
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Let us first recall the definition of the non-Abelian Berry-Wilczek-Zee connection along
the Brillouin zone for a set of smooth vectors |u,(k)) ,n =1,...M:

A (k) = (un (k)| Ok [tn (k) - (2.43)

The associated Wilson loop operator defined along the path C; through the Brillouin zone
is given by the ordered exponential

_exp< /dk: Ak ) (2.44)

The topological properties of a generic gapped chiral Hamiltonian are conveniently cap-
tured by smooth deformations yielding a flat spectrum £ = £1. The corresponding Bloch

Hamiltonian is then given by
_( 0 QK
H — (QT(k) 0 ) (2.45)

where (k) is a nonsingular unitary matrix. Without loss of generality, we write the
corresponding eigenstates as

(k) = (iQ’eBJ >) (2.46)

n

where the sign + identifies the sign of the eigenvalue £ = 41 and the normalized vectors
‘ef > form a basis of the Hilbert space of Q7. The non-Abelian connection (2.43) for the

negative (resp. positive) energy states then takes the simple form

A, (k) = < P Q1 (k)0kQ(K) |eh) = AL, (k) (2.47)

It follows from the definition of the Wilson-loop operator (Eq. (2.44)) that the intercellular
Zak phase for the negative energy bands v = v + v is defined in terms of the Wilson
loops for the non-Abelian connection A~ (k) as

v = —ilndet W (2.48)
The quantization of all d intercellular Zakk phases then follows from Eqs (2.44) and (2.47):
1
v; = —itrln [exp (—2/ dk - O In Q(kz)ﬂ (2.49)
G
= mw; mod (2m) (2.50)

where the mod (27) indetermination stems from the choice of the branch cut of the

complex In function, and where w; is the standard winding of the chiral Hamiltonian
(2.45):

wj = 4; /Cj dk - tr {&cH(CH_I} €Z, (2.51)
= 217” 5 dk - tr [Q'0xQ)] . (2.52)

We therefore conclude that the d Zak phases are topological phases defined modulo 27.
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Relating the sublattice Zak phases to the winding of the Bloch Hamiltonian.

We here demonstrate the essential relation given by Eq. (2.25). To do so, we relate the
winding w; to the sublattice Zak phases by evaluating the trace in Eq. (2.51) using the
eigenstate basis. Noting that (u,|0xH (k)CH ' (k)|u,) = —2 (u,|Cdk|u,), the winding
takes the simple form

1
wy = —om /Cj A8 S {ual COkl) (2.53)

Decomposing the chiral operator on the two sublattice projectors C = P4 — P?, yields

Tw; = (’yJB - fyj‘) € 1. (2.54)

Quantization of the sublattice Zak phases.

Egs. (2.50) and (2.54) shows that both the sum and the difference of the sublattice Zak
phases are quantized:

7f+7f:7rwj+27rm, m € Z,
W == (2.55)

It then follows that both sublattice phases %A and WJB are integer multiples of 7.

How does the winding number of a chiral Bloch Hamiltonian change upon
unit cell redefinition?

Starting from a chiral Hamiltonian H, we demonstrate below the relation between the
winding numbers associated to the Bloch Hamiltonians constructed from different choices
of unit cells, Eq. (2.27).

The definition of Bloch waves and Bloch Hamiltonians require prescribing a unit cell.
Starting with a first choice of a unit cell geometry, say unit cell (1), we can write HV) (k)
in the chiral basis as

0 Q(U)

H(l)(k) = <QT(1) 0

Let us now opt for a second choice of unit cell, say choice (2). The Bloch Hamiltonians
H® and H® are then related by a unitary transformation

(2.56)

H® =yutpWy, (2.57)
where the components of the unitary matrix are given by
Uap = exp(ik - R{?) 80, (2.58)

where the R!? are the Bravais vectors connecting the position of the atoms in the two unit-
cell conventions, see Fig. 2.15 for a simple illustration. We note that, we have implicitly
ignored the trivial redefinitions of the unit cell that reduce to permutations of the site
indices. We can then express the winding of H® using Eq. (2.57) in the definition of
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Figure 2.15: Unit cell transformation. We illustrate the definition of the R, vectors
using the simple example of a SSH chain. For the first atom (empty symbol) R; = ax
while Ry = 0 for the second atom (solid symbol).

Eq. (2.51), which yields

@ _ & Wyt (W) 7y -1
wf® = = /dek; tr [ UHOUHCUHDTT) ] (2.59)
Expanding the gradient, using the trace cyclic property and noting that [C,U] = 0, we
find
@ _, 0 _ & 1

wf =wf - = [ dkx oy (2.60)
This equation relates the winding numbers of the two Bloch Hamiltonians to the winding
number of the transformation matrix U, which is by definition a geometrical quantity
independent of H. Using Eq. (2.58) leads to the remarkable relation which relates the
spectral properties of the Hamiltonian to the unit-cell geometry

W _ @t ST
wit —wi? = 27T/Cj dktr [0,UCU | = ” (Z Ro— RC,). (2.61)

acA a€EB

2.8.3 Zero energy flat-band insulators.

We consider a flat-band chiral insulator, defined on a lattice with an non-vanishing chiral
charge. In mechanics this situation is readily achieved adding extra bonds to further
rigidify an otherwise isostatic lattice. It is characterized by a finite gap separating positive
and negative energy states and by an additional flat band at £ = 0. In such a phase,
there may exist additional zero energy edge states in addition to the bulk zero-energy
modes. These edge states are analogous to to the topological edge modes of insulators.
Our goal is here to derive a bulk-boundary correspondence for these materials and provide
a count of their zero-energy edge states. We will show that this correspondence involves
the specific geometry of the eigenstates as opposed to their topology in the case of genuine
insulators.
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To show this we first derive the expression of the chiral polarization in the presence
of a finite bulk chiral charge. Our starting point is Eq. (2.38), which relates to the chiral
polarization of a crystal to the sublattice Zak phases given by Eq. (2.36):

II=2 Zo <:1:A>n’R - <a:B>n’R = é ZOFA(N) —TB(n). (2.62)

The sum over all the negative energy bands n < 0 is half the sum over the non-zero energy
states n # 0 given by

2
a _ d * a
%F (n) = [, % 2 2 thatinaTa & 57
2
_ d * a
— /BZd k (; (1 — %“no,a“nova> Ty + ™ (2.63)

In the last line, we single out the role of the bulk zero-energy modes indexed by ny. Using
the above expression to evaluate the r.h.s. of Eq. (2.62), we find an expression similar to
Eq. (2.41) in the main text:

2
IT=(p—pzu) + QLjd (’YA - ’YB) - (2.64)

A first noticeable difference with Eq. (2.41) is a spectral correction to the geometrical
polarization stemming from the localized zero-energy bulk modes. This zero-mode polar-
ization is given by

pov—— [ Y (Z _ Z) Ul i T (2.65)

BZ no \a€A a€B
Three comments are in order. Firstly, we stress that while the geometrical polarization p
depends on the choice of origin in the presence of an excess of chiral charge, the difference
p—pzm, and 11 are both independent of the frame’s origin. Secondly, unlike in insulators,
the difference between the intercellular sublattice Zak phases, ¥4 —~? is does not identify
with the winding number of the Bloch Hamiltonian. In fact it is not a topological quantity:
it continuously depends on the specific couplings of the Hamiltonian. Finally, we point
that, by definition, the chiral polarization does not depend on the Bloch convention.
A change in the Bloch convention changes the geometrical polarization, the zero-mode
polarization, and the intercellular zak phases in such a way that all corrections cancel one
another.

Equiped with Eq. (2.64), we now now turn to the generalization of the bulk boundary
correspondence for flat-band insulators. We consider a crystalline material S terminated
by a clean edge OS oriented along the Bravais vector a;. This edge may host VNT non-
trivial zero-energy modes, in addition to the (trivial) bulk zero modes associated to the
flat band. The edge defines a unit cell that may not be compatible with that of the
atomic limit. We can nonetheless extend the edge region such that it matches the unit-
cell compatible with the atomic limit (AL). The idea being that VNT is fully determined
by the additional chiral charge of the edge with respect to that provided by the bulk chiral
charge density. Following the same reasoning as in the main text, this extra chiral charge
is given by the difference of geometrical polarization and zero-mode polarization:

VAT = NP [(p2 - pZM2)AL - (pz - pzMz)] ) (2-66)
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where A8 is the boundary length expressed in units of unit-cell length. The first term
is computed in the unit cell compatible with the atomic limit, and the second term is
computed in the original unit cell defined by the edge 0S.
The invariance of the chiral polarization with respect to unit cell transformations allows
the connection with the intercellular sublattice Zak phase:

2
(p2 — Pz + o7 (v - %B))AL = P2 — Pzmp + Ql/d (4 —). (2.67)

where AL denotes the terms evaluated in the unit-cell compatible with the atomic limit.
All in all, the non-trivial zero-energy content of flat band insulators is given by a formula
whhich generalizes Eq. (2.29):

2
T =N [0 = 8) — (' =] (2.68)

It is worth noting that in the case of genuine insulator, (v5' — v2)aL = —wayr, = 0 since it
corresponds to the winding number in the unit cell compatible with the AL. Once again
the chiral polarization field and its relation with the geometric phases allow us to predict
the existence of non-trivial zero-energy modes by observing the local discontinuities of the
chiral polarization field at any interface.

2.8.4 Basis of localised states: matrix pencil

Finding a localized basis of the space of negative energy states poses several challenges
when working in high-dimensional systems. In one dimension, this is an easy task that
can be directly solved by finding the eigenstates of the projected position operator, PX P,

where
P=> |Vp(r) (Ve(r), (2.69)
E<0
is the projector onto the occupied energy states and |Ug) are the eigenstates of the real
space hamiltonian .

It would be tempting to generalize this approach to two and three dimensional sys-
tems to find a common basis for the independent components of the projected position:
PRP = (P)/(\ P,PYP, PZP). However, in general these components do not commute.
As proposed in the seminal work of Marzari and Vanderbilt [67], a workaround consists is
computing the set of maximally localized Wannier functions {W,,}, which minimizes the
quadratic spread:

le[ Wl (PRP)W,) — | (W,|PRP|W,) ], (2.70)

Other minimization functions can be used to define localized states such Foster-Boys or
the Edmiston-Ruedenberg criteria [119].

Here, we introduce an alternative method based on the matrix pencil of the pro-
jected positions (for a general introduction to matrix pencils see [120] and pages 375 and
461 of [121]. The matrix pencil of two matrices PXP and PY P corresponds to their
linear combination L(aq,as) = oy PP + s PY P, where «; are two non-zero real coef-
ficients [121]. When [PX P, PY P| # 0, the eigenvectors of the matrix pencil leads to
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a localised basis, whose spreading is comparable to the standard Maximally Localized
Wannier Functions (MLWF) at a much reduced computational cost. To illustrate this re-
sult, we study in detail the case of a chiral Halmiltonian on a 10 x 10 honeycomb lattice,
see Fig. 2.11. We compare the MLWF and the matrix pencil methods in Fig. 2.16. We
implement MLWF method using a gradient descent protocol [119]. The minimization of
Q) converges slowly as shown in Fig. 2.16b. We now discuss the case of the matrix pencil
method and first note that the diagonalization of L for the two limiting cases a; = 0 and
as = 0 corresponds to finding a basis of completely localized states along the ¢ and &
direction, respectively. In the general case where a; 2 # 0, L corresponds to the position
operator along the direction ay @ + any. It is therefore convenient to parametrize this
axis according to its polar angle: L(0) = cos@PXP — sinfPY P. Fig. 2.16¢ shows the
spreading functional evaluated at the local basis obtained from L(#) for different polar
angles. In practice, we achieve a comparable and even better localisation with respect to
the MLWF method after 200 iterations. The only values of 6 for which the matrix pencil
method is not effective corresponds to the crystallographic directions of the lattice, see
Fig. 2.16d. As these directions are known a priori, we can safely and effectively use the
matrix pencil method to compute a set of localized states. The gain in terms of computing
time is obvious. Both the diagonalization of L and each minimization step of Ar? have a
computational complexity of order N2, where N is the system size. Choosing a value of 6
avoiding the Bravais directions allows us to find a set of localized states in one step using
the matrix pencil method. It is also worth noting that this method is unrelated to the
chiral symmetry of the Hamiltonians considered in the main text and applies broadly.

We now switch to disordered systems and illustrate the performance of the matrix
pencil method in Figs. 2.16d, e and f. The minimization of Ar? for the MLWF method is
more time consuming than in crystals, Fig. 2.16e. Conversely, the diagonalization time of
L remains unchanged. The difference with the ordered case is visible when plotting the
spreading function 2 as a function of . The peaks along the crystallographic directions
widen, as expected, when disorder increases.

In practice, we compute the 6 average of the chiral polarization associated to a set of
localized eigenstates along the 6 directions which yields excellent approximations of the
Wannier states, see Fig. 2.10.

2.8.5 Chiral polarization in amorphous materials.

We have seen that the chiral polarization does not depend on the specifics of the unit cell:
it is an intrinsic property of the material. In fact, as we show below, this framework is
far more general and we can define the chiral polarization in amorphous solids.

We start by revisiting the definition of the chiral polarization in a crystal given by
eq. (2.38):

m=2> <a:A>n’R - <a:B>nyR. (2.71)

n<0
Strictly speaking this polarization is defined at the position R. However, the discrete
translational invariance of the crystal and by consequence, of the Wannier functions,
makes the polarization field homogeneous. We can thus we drop the R indices.
The definition of the Wannier function as the inverse Fourier transform of the Bloch
eigenstate cannot be used when dealing with a disordered configuration. Instead, we work
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Figure 2.16: Comparison between the matrix pencil and the MLWF method
a. Sketch of the frame geometry for a crystalline chiral honeycomb lattice made of 15 x
15 unit cells. b.  Spreading functional as a function of the amount of minimization
steps for the determination of maximally localised Wannier functions. After 300 (green)
and 1000 (pink) minimization steps, the spreading corresponds to Qwannierso; ~ 8.9 and
OQWannier;o0o ~ 1.2, respectively. c. Spreading functional as a function of the angle 6 for
the localised basis determined from the matrix pencil L(6) (black line). In green and pink
we show the spreading obtained from the wannier states after 300 and 1000 minimization
steps, respectively. Except for a few given directions, notably § = 117/6 and 6 = 57/6,
the matrix pencil method gives a more localised basis at a much lower computational cost.
d., e., f. Same as before applied for a disordered system with |[0x|/a = 0.2, ep = 0.4,
and £ = 10a. (see figs. 2.11 and 2.12)
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with a another set of fully localized functions: the eigenstates of the projected position
operator onto the occupied bands [99]. The projected position operator is given by PX P,
where

P=% |Wg(r) (¥e(r), (2.72)

E<O

is the projector onto the occupied energy states (not to be confused with the projectors
P?), and the |Wp) are the eigenstates of the real space hamiltonian #. Let us denote
the m' eigenstate of the projected position operator as W,, (notice that there are as
many eigenstates as occupied energy states of the Hamiltonian). This is a localized
function around the center given by x,,, = <Wm‘)f(\ ‘ Wm>, similarly to the Wannier centers.
Moreover, using each localized function, we can compute the difference of the weighted
positions on both sublattices, in other words, the local chiral polarization:

T(z,,) = 2 (W,|CX| W) (2.73)

In a periodic frame, the eigenstates of the projected position operator reduce to a linear
combination of the Wannier functions W,,: ’Wm> =30 Viun [Wh), with n < 0, indicating
the occupied energy bands, V' a unitary matrix in the energy space, and V,,,,, a diagonal
matrix in the position space. We can then rewrite the chiral polarization in eq. (2.73) as

(z,,) =2 Z (Wl Vr;fm(cvml W)
n,l

=23 (W,|CX|W,), (2.74)

n<0

where in the last line we used the fact that the V,,;; commutes with CX and the unitarity
of V. As a result, we recover the first expression defined in crystals using the Bloch
formalism as given by Eq. (2.38).

2.8.6 Chiral polarization of time evolved Wannier states.

In Ref. [109], the mean chiral displacement under Hamiltonian dynamics was introduced
as a measure of the Zak phase of periodic Hamiltonians in d = 1. This quantity charac-
terizes a representation of a Hamiltonian associated to a given unit cell definition, and
corresponds to the long-time displacement of an initially fully localized state, measured
in units of the unit-cell size. As a consequence, several choices of unit cells were necessary
to fully characterize the dynamics of a given (meta)material [95]. The chiral polarization
which we extensively use in this article is an intrinsic (meta)material property, unlike
the mean chiral displacement and the skew polarization. It is defined in real space, and
does not rely on any underlying frame periodicity, Eq. (2.21) In the specific case of peri-
odic frames II crucially resolves the chiral imbalance of wave packets with a sub-unit-cell
resolution.

In this method section, we show how II relates to the dynamics of a maximaly localized
Wannier state spreading in the bulk of a chiral crystal. To do so we consider the time
evolution of a wave function |¢,(t)) = U(t) |W,, r) starting from a of a Wannier state in
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band n, initially localized at R, with an evolution operator U(t) = exp(—iHt). Using the
notations introduced in Eq. (2.32), the position at time ¢ is given by

(| X [n(t)
= Q7 [ dlkx et @ RemiEnb), | () (2.75)

BZ
=Q | dlke *FE [e’” (R+ v, (k)t + z'ak)} Onk(T), (2.76)
BZ
where v, (k) = OpE, (k) is the group velocity in the energy band n. We can also gener-
alize Eq. (2.37) to define the instantaneous average positions restricted to the a = A, B
sublattices which read

(@°(6)) . = (G (OIP X (1) (2.77)
— 7{ SR+ v, (K)1) + T (n) (2.78)

=R+ 5T () (2.79)

_< “(t=0)), p- (2.80)

This result indicates that the chiral polarization of each Wannier state is a stationary
quantity although they all evolve in time . When summed over (half of) the spectrum,
we recover the static definition of the chiral polarization

II(t) = Te(U~(t)CXU(2)) (2.81)
=2 {n() (H)|CX (1)) (2.82)
=2 % <az > — <a:B(t)>n7R

e} Z L) = TZu(n). (2.83)

We note that the trace operation in Eq. (2.81) can be evaluated using any basis of the
Hilbert space, such as the ensemble of states fully localized on the A and B sites.
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Chapter

Experimental characterization of chiral
materials

3.1 Introduction

"To measure is to know', a phrase traced back to Lord Kelvin [122], applies to most,
if not all, experimental knowledge. The fact that measurement precedes knowledge is a
fundamental tenet in the characterization of materials. Measuring the young modulus
tells about the elasticity of a solid, as viscosity informs about the flowing properties of
a liquid. Importantly, these measurements are done without knowing the molecular or
atomic structure of the materials. After all, if we knew the microscopic details and their
electronic interactions, i.e. if we had a model, in principle, we would not necessitate a
measurement; we could directly predict their properties, either theoretically or through
simulations. We measure what we do not know. We measure to characterize. Nonetheless,
much of the characterization of topological chiral materials seems to escape this princi-
ple.With the advent of topology in physics, most of the research literature has focused,
legitimately, on demonstrating the connection between topological invariants and edge-
states. Examples go from microwave systems [42] to electrical circuits [43] and acoustic
setups [40, 54]. Rather than measuring topological invariants, the quest was focused on
experimentally proving the bulk-boundary correspondence: experimental measurement of
edge-states given that the system is modeled by a hamiltonian characterized by a non-
trivial topological number.

With the connection established, recent theoretical and experimental efforts have
moved towards detecting topological invariants from bulk measurements, i.e. detect-
ing the topology without the topologically protected edge states. Here we can find at
least two different trends. The first one, mainly theoretical, deals with the introduc-
tion of local markers such as the local Chern marker [123], the Bott index [124], and
the real space extension of topological invariants [93] originally defined in momentum
space. A local real space property, as discussed in the previous chapter, allows for the
detection of domain walls between distinct topological phases and the generalization to
non-crystalline systems. They, however, still rely on a given hamiltonian. The second
trend, mainly experimental, is the detection of topological invariants from dynamical
measurements [109, 125, 126], encompassing quantum Chern insulators, and 1D chiral in-
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Figure 3.1: Mechanical metamaterials with topologically protected zero-energy
modes. a. (top left) A 3D printed array of seven rotors connected by springs. Using FEM
simulations, we determine the lowest energy mode which is localized on the left edge of
the sample (bottom left). The linear spectrum (right) shows that the localized edge mode
is spectrally separated from the bulk modes. b. (left) Illustration of a bead and spring
twisted kagomé lattice made of 7 x 7 unit cells. The beads have mass m and the stiffness
of the spring is k. The dynamical matrix D governing the linear response of the system
has a zero-energy mode localized on the left edge of the sample [29] which is characterized
by the magnitude of the normalized displacements in red (middle). The edge mode is
spectrally decoupled from the bulk modes (right). c. (left) A two-dimensional 3D printed
collection of beads and springs made out of the same units as in a. The lowest energy
mode, obtained from FEM simulations, is confined to the bottom right corner (middle).
Here the magnitude of displacements and elongations is normalized and represented by
red and blue colors, respectively. The corner mode is spectrally separated from both bulk
and edge modes (right).
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3.2. Measuring the chiral polarization field

sulators. Here the detection relates to a global property, restricting its utility to single
topological phases of matter.

The focus of my manuscript is chiral matter, from which mechanics is one example.
The attempts to characterize topological chiral phases are based on either computing the
winding number in real space [93] or detecting it through the long-time dynamics [109].
Yet, from chapter 2, we know that the winding number is ill-defined as a material property
as it relies on the model we choose to describe the system.

In this chapter, I tackle the challenge of experimentally characterizing a chiral material,
such as the ones illustrated in fig 3.1. They all represent mechanical insulators hosting
localized zero-energy states. Can we predict their existence without resorting to any a
priori modeling, i.e. without a predefined low-energy hamiltonian? I will show that the
answer is yes. This task, as we will see, is fulfilled by the dynamical measurement of a
local quantity in real space: the chiral polarization field.

This chapter is divided into two main parts. In the first one, I show how to mea-
sure the chiral polarization field. I elucidate the experimental limitations of computing
the field from chiral eigenmodes and propose a protocol based on time-averaging local
responses. | validate this method by comparing theory, finite element simulations (FEM),
and experiments on one- and two-dimensional mechanical metamaterials. In the second
part, I extract the information of the chiral polarization field to predict the existence of
localized zero-energy modes. I devise a general hierarchical procedure to determine not
only the type of zero-mode, floppy mode or self-stress state, but also to determine the
dimensionality in which it is confined. I conclude by discussing the reach of this new
protocol and future perspectives on the study of higher-order chiral moments.

3.2 Measuring the chiral polarization field

Chapter 2 laid out the theory of the chiral polarization, a material property that de-
scribes chiral systems and locates zero-energy modes. In particular, when working with
mechanical networks, the chiral polarization informs about the softness of the material by
identifying regions of floppy modes and self-stress states. The chiral polarization field is,
in theory, the right tool to classify chiral systems. Its magnitude and orientation reveal
the spatial distribution of displacement and stress perturbations, whereas the field itself
reveals the underlying lattice of chiral molecules.
However, the definition of the chiral polarization argues against its practicality:

I = 2Tr [C&P o) . (3.1)

Computing IT requires the full knowledge of the low-energy eigenstates dictating the
evolution of displacements and elongations. In what follows I will circumvent the need
for a hamiltonian by looking at the response to local perturbations. This will render the
chiral polarization an accessible physical quantity and informative about the nature of
unknown materials.

But first, what do we need to compute this field? The foundational elements are
displacements and elongations, the basis of chiral mechanics; whatever it is that we mea-
sure, it would ultimately boil down to these two quantities. More precisely, we will use
the information of displacements and elongations to compute the chiral polarization in
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two steps: first, we determine the chiral molecules, grouping chiral charges with strong
interactions, and second, we compute the chiral polarization on each molecule.
Chiral molecules

Each chiral molecule is defined by a local function |W;) satisfying two properties:

1. The set of all local functions defining the chiral molecules span the subspace of
negative energy of the chiral hamiltonian . In other words, the projector into this
subspace is given by:

N
Brco = 3 IW) (W], 3.2)
2. They are short-ranged [65]:
Clim (@ — r|[W) =0, (3.3)
|Z;—7|—0c0

with @; being the center of the function, defined as
In other words, |IW;) decays to zero when the distance from its center increases.

In periodic crystals, functions satisfying properties (3.2) and (3.3) are termed Wannier
functions. They are usually defined as the inverse Fourier transform of the negative
energy Bloch eigenstates, i.e. the eigenstates of the chiral Hamiltonian H expressed
in momentum space. Different terminologies such as hybrid Wannier functions [66] or
maximally localized Wannier functions [65] are employed in the literature alluding to
their degree of localization. Here, for simplicity, we name Wannier function any |W;)
satisfying properties (3.2) and (3.3), regardless of the dimensionality, boundaries, and
crystallinity of the system.

Chiral Polarization

Once the Wannier functions are known, per each one of them we define the chiral polar-
ization

IL; = 2 (W;|CX|W;) . (3.5)

Finally, we introduce the map x; — II;, giving the sought-after chiral polarization field.

Therefore, to determine the field, we must first specify the set of Wannier functions.
Mathematically speaking, determining these local functions corresponds to finding the
suitable basis of a given vectorial space: the negative (or positive) energy space. This
space is naturally expressed in terms of the eigenstates of the chiral hamiltonian, H |Vg) =
E|¥g). Thus, one straightforward procedure to obtain the |W;) functions would be to
first measure the eigenstates of H with negative energy, {¥ .o}, and then use a linear
transformation in order to get the desired basis [31,65]. We could directly construct the
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3.2. Measuring the chiral polarization field

projected position operator, ProXPgo, where Ppoo = Y r<o|VYE) (VE|, and diagonalize
it. The eigenstates of the projected position operator will be the sought-after localized
functions. Details on alternative localization procedures based on functional minimization
and dealing with the intricacies of higher-dimensional systems are found in chapter 2.

3.2.1 The shortcomings of spectral measurements

In a nutshell, obtaining the low-energy eigenstates leads to the local functions defining the
chiral molecules and, ultimately, the chiral polarization field. From an experimental point
of view, this can be done by shaking the sample at increasing frequencies and selecting
the modes with the largest responses.

While appealing in theory, this approach is doomed to failure for several experimental
reasons. Although eigenenergies are easily accessible, see SI of [54] and fig 3.1, determining
a set of low-energy chiral eigenstates is usually beyond experimental capabilities. Whether
originating from the instruments’ accuracy or the mismatch with the linear hamiltonian H,
the experimental eigenmodes will always contain a correction from the theoretical modes:
| UaP) = ‘\I/%eo'> + |0Wg). This unavoidable correction has two consequences. The first
one is the non-orthogonality of the basis {U%2)}. The second one is its non-chirality. The
non-orthogonality can be overcome by a simple orthogonalization procedure such as the
Gram-Schmidt method. The non-chirality, however, is insurmountable; it persists even
with very small corrections [§Wg). In fact, any small yet finite correction has a projection
on both Pr.g and Pg~q:

’5\IJE> — Z< theo 5‘IJE> ‘\Ijtheo> _ Z < theo

E' E'<0

(5‘IJE> ’\ptheo >+ Z <\Iltheo

W) Wik,

(3.6)
forbidding any representation of the negative energy space, and therefore, failing to comply
with the first requirement to get the Wannier functions (3.2).

3.2.2 Bypassing the hamiltonian with local responses

Luckily there is an alternative based on dynamical measurements and discussed at the end
of the article "Geometry and topology tango in ordered and amorphous chiral matter' [31].
Dynamical protocols have already been proposed to probe topological insulators and in
particular, chiral systems. The Mean Chiral Displacement (MCD) [109], for example, has
been used to compute the winding number in one-dimensional crystalline photonic arrays.
They are equivalently defined as the long-time limit of the chiral position operator for a
given initial state: lim; o (1(t) \CXC611|w(t)), with Xea being the index position operator,
labeling different unit cells. Their definition manifestly depends on a unit cell choice (how
to label the cells), which is exactly at the root of the impracticality of the winding number
as a physical observable [31]. Our approach is based on time averaging local responses:
from the evolution of a localized state, we measure the center and the chiral polarization
as a function of time. Notably, the time average of the signal agrees with the expected
theoretical value given by a Wannier function regardless of the initial condition. This
constitutes the core of the measurement strategy.
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Chapter 3. Experimental characterization of chiral materials

Short versus long time behavior

In short, local perturbations are a good proxy to Wannier functions. But why? There
are three key observations to answer this question. First, we notice from the definition of
either the Wannier center (3.4) or the chiral polarization (3.5), that they are independent
of local signs. Take for example one Wannier function W; and another function W5 only
differing on one sign highlighted in red,

0 0
0 0

W1:¢1§ . WQ:\% B (3.7)
0 0
0 0

These two distinct functions, orthogonal from each other, lead however to the same cen-
ters and polarizations. Indeed, considering that the only non-zero entries correspond to
positions z,, and x,,1, we have

_ N 1
Ty = (W[ X[Wq) = 5 (@0 + Tuta), (3.8)

_ A 1
Ty = (Wa| X[Ws) = 5(@n + Tnt1), (3.9)

and the same goes for the chiral polarizations, IT; = Il,. Fundamentally speaking, we do
not require the full information of the wannier function, but solely of its support, i.e. on
which beads/springs they are defined. This explains why using the Wannier basis {W;}
or their counterpart spanning the positive energy space {CW;} lead to the same result.

Second, when we let a local perturbation evolve, the Hamiltonian dynamics will nat-
urally spread the initial state to the neighboring sites. In the short time scale, the wave
packet rapidly populates the neighboring sites with the strongest interactions, approach-
ing the support of a Wannier state.

Third, in the long time scale, the wave-packet will inevitably spread to the weakly
bonded neighbors yet with a small lifetime. This asymmetry in the local interactions
leads to a wave spreading over the sample yet spending more time in the strongly linked
sites. Inspired by the definition of the chiral polarization field, we introduce the time
average perturbation center and chiral polarization for a normalized state W(t) as

T/ dt (U (4)| X W (1)) (3.10)

—f dt(( (HICX W) = (L(O)ICIT() (¥()|X|T(D))). (3.11)

with X = (X , Y, A ) the vector of position operators, and T the period on which we take
the average signal. There is no rule of thumb to define T', the choice will depend on the
system, the interactions, and the perturbation employed. Unlike the Wannier functions,
U(t) may carry a non-null chiral charge, (U(¢)|C|¥(¢)) # 0. In order to have an origin
independent quantity, pretty much like in electrostatics, we must substract the finite chiral
charge contribution, represented by the last term in eq. (3.11).
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3.2. Measuring the chiral polarization field

Proof of concept

To validate equations (3.10) and (3.11), we first simulate the evolution of localized initial
states according to the wave equation 10, ¥ = HW¥, with H being the SSH hamiltonian
describing the mechanical Kane-Lubensky chain [29], fig. 3.2. Tt corresponds to a tight-
binding hamiltonian with alternating hopping interactions t; = 0.3 and t; = 1. As time
goes on, the center and the chiral polarization associated with the perturbation evolve in
time, fig 3.2c,d. They display oscillatory signals with period ~ 2m|t; — to|~!. Their time
averages coincide with the theoretical value obtained from a Wannier function, fig. 3.2e.f.
Notice that even when the perturbation gets delocalized over half the size of the sample,
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Figure 3.2: Evolution of localized states as proxies of Wannier functions. a. At
t/to = 0, a generic localized state is set at the middle of a 30 unit cell long SSH chain.

Here ty = /m/k corresponds to the natural time scale set by the stiffness and mass of the
beads. b. The final state, at ¢t = 20t, is delocalized over the sample. c. The initial state
spreads in space while keeping its center z(t) (orange line) around the same position. d.
The chiral polarization as a function of time oscillates in magnitude as the wave spreads
across the sample. e. The center of the perturbation in time slighlightly drifts to the
right of the sample while exhibiting some oscillations. The same applies to two other
initial conditions: Way, = (dyc—i5)/v/2, having non-zero values only at the red and blue
sites on the 15th unit cell, and a Wannier function W. f. Their chiral polarizations in
time are oscillatory signals with well-defined time averages, agreeing with the theoretical
value expected from the Wannier function.
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both oscillatory signals still lead to the same results. In practice, however, several factors
such as friction and onsite potentials hinder the spread of the wave function over many
sites.

Comparison to simulations
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Figure 3.3: Chiral polarization field from FEM simulations on a mechanical
chain. a. Mechanical chain composed of 7 nodes and 6 springs. The initial perturbation
is taken as a displacement of a single node. b. Superposition of the centers’ trajectories
drawn by the perturbations over 0.8ms c. The time average chiral polarization field,
computed over the same period, shows a right polarized bulk. At the left edge, however,
the polarization points in the opposite direction. This discontinuity in the polarization
field is linked to the floppy mode observed in fig. 3.1a. d. By pairing each center with
the nearest theoretical Wannier center, we obtain an average discrepancy of 3.1%. e.
The chiral polarization obtained both from simulations and theory (low-energy model)
displays an average discrepancy of 25% mainly due to the small size of the sample. Away
from the left edge hosting the floppy mode, the experimental measurements agree with
the theoretical value, I heory ~ 30mm.
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3.2. Measuring the chiral polarization field

Using the finite element method (FEM), we performed simulations on a mechanical
chain consisting of seven nodes and six springs. Specifically, we look at the evolution of the
system when subject to deformations localized on each node, fig. 3.3a. Each perturbation
defines signals for both the centers and the chiral polarization, fig. 3.3b. Their time
averages lead to the chiral polarization field, fig. 3.3d. We compare the results with the
theoretical values obtained from the linearized model, finding a very good agreement,
fig. 3.3d,e. We quantify the discrepancy as (Ziheory — Texperiment)/Ttheory, With = the time
average center. The average discrepancy over all the centers is 3.1%, leading to the
expected chiral polarization field. It is worth noting, that the discrepancy of the chiral
polarization increases when approaching the floppy mode, as seen in fig. 3.3e.

Beyond 1D
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Figure 3.4: A two-dimensional mechanical example: the mechanical honeycomb
lattice. a. The mechanical structure made out of beads (red) connected by triangular
plaquettes (blue) is modeled by a tight-binding hamiltonian over a slightly distorted hon-
eycomb lattice with hopping parameters t1, t5, and t3 along the three different primitive
vectors. In this example we consider t; = 0.1, t, = —1, t3 = 5, directly proportional to
the opacity of the links between sites. b.The Wannier functions define chiral molecules of
one red and blue site. c¢. The chiral polarization field issued from the Wannier functions
qualitatively coincides with the field, obtained from time-averaging measurements over a
period T'/ty = 1 (with ¢ty = y/m/k the natural time-scale set by the mass and stiffness),
d. e. A quantitative comparison reveals that the average discrepancies between both
methods are smaller than 10% for the polarizations, and 0.4% for the centers.

We also corroborate the adequacy of the dynamical method in two-dimensional sys-
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tems. Inspired by the mechanical graphene made of balls connected by triangular plaque-
ttes [127], fig. 3.4a, we simulate the evolution of localized states with the chiral hamiltonian
‘H defined on the honeycomb lattice. It corresponds to a nearest-neighbor tight-binding
hamiltonian with three hopping parameters ¢, t5, and t3. The initial states are taken
as displacements on single degrees of freedom. Theoretically, the Wannier functions span
one degree of freedom and one constraint, fig. 3.4b. Both results, from the local functions
and the dynamical method, reveal the same chiral polarization field, fig. 3.4c¢,d. The dis-
crepancies between the two approaches is smaller than 0.4% for both components of the
molecules centers (Z, 4), and 10% for the the polarizations, (II,, I_Iy), fig. 3.4e.

3.2.3 Polyatomic chiral molecules and higher-order insulators

Experiments, theory, and simulations validate the use of local responses to characterize
mechanical systems such as the mechanical SSH model and the mechanical graphene,
realizing the simplest models of chiral insulators in one and two dimensions. Their sim-
plicity can also be seen in the chiral molecules they define. They contain only one degree
of freedom (bead) and one constraint (spring), the minimum amount to ensure a null
chiral charge, fig. 3.4b. More complex systems possess chiral molecules of several degrees
of freedom and constraints which sometimes may not compensate, leading to hyperstatic
materials [27]. We dub these examples polyatomic chiral systems.

As with electrostatics, the richer distribution of chiral charges inside these molecules
may not be completely captured by the chiral polarization but require higher moments
such as quadrupoles and octupoles. Here, we focus solely on the material characterization
of chiral systems through the chiral polarization and we leave the natural extension to
higher moments for future perspectives. As we will see, the chiral polarization field is
very informative even for complex distributions of charges.

To illustrate the consequences of the polyatomicity, we begin with a toy model: the
chiral checkerboard lattice depicted in fig. 3.5a. Under the proper hopping ratios, the
checkerboard lattice has an energy gap and hosts zero-energy modes at the corners of
the sample, fig. 3.5b. This is the simplest example of a higher-order topological insulator
(HOTI) [52,53], a family of topological materials which confine their protected edge-states
to codimensions lower than D — 1, with D the bulk dimension. For our current purposes,
the nature of the material, whether a normal topological insulator (TI) or a HOTI, will
not play any role in the determination of the chiral molecules and the chiral polarization
field. It will, however, have direct consequences on the prediction of the zero-energy
modes discussed in the next section.

In the bulk, each Wannier function spans four sites: two degrees of freedom and
two constraints. Moreover, pairs of Wannier functions are defined over the same spatial
domain, fig. 3.5¢. Here the map from one single Wannier function to a chiral molecule is
broken. Instead, each pair of Wannier functions sharing the same support define a chiral
molecule of two degrees of freedom and two constraints. If we were to define the chiral
polarization field according to the Wannier functions, we would obtain the discontinuous
field illustrated by fig. 3.5e,f. However, taking the average over the chiral molecule leads
to a zero-field, as expected by the symmetry of the checkerboard lattice.

How then do we group the Wannier functions defining the same molecule? From
fig. 3.5e, we see that the Wannier centers inside the same chiral molecule are separated
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Figure 3.5: Polyatomic chiral molecules in the checkerboard lattice. a. (top) A
finite checkerboard lattice enjoying a sublattice symmetry highlighted in red and blue.
The strength of the hopping interactions is proportional to the opacity of the links. Solid
(dashed) lines correspond to positive (negative) hopping parameters. (bottom) For il-
lustrative purposes, we only consider two hopping parameters. The bonds around each
plaquette have either a hopping strength ¢; or t,. The size of the unit cell is a x a. b.
For hopping values t;/ts > 1, the system exhibits four localized zero-energy corner states.
Their amplitude is characterized by the opacity of the color, with red and blue indicating
the respective sublattice. c. In the bulk, there are pairs of orthogonal Wannier functions,
W and W', sharing the same support on the lattice; a signature of its polyatomicity. d.
The Wannier centers of each chiral molecule are separated by a distance § smaller than
the unit cell size a. e. For each Wannier center we obtain a polarization. The average po-
larization per chiral molecule turns out to be zero in the crystalline case. f. (top) Density
of states for the normalized eigenenergies E=F /max(ti,ty) for several hopping ratios
interpolating between the cases with corner states (¢1/t; < 1) and without (¢1/t; > 1).
In the transition point, ¢, /t; = 1, the gap closes and the system is no longer an insulator.
(bottom) The spatial distribution of the Wannier centers is independent of the energetigsl;
it only reflects whether the system is in one phase or another.
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by a finite distance 9§, smaller than the lattice spacing a. This suggests a length-scale
criterium: grouping local functions with 6 < a. We can validate this observation by
tracking the changes of § while sweeping the hopping ratio t;/ts from the trivial to the
topological phase, fig. 3.5f,g. While the Wannier centers rearrange when going from
one phase to the other, § remains constant regardless of the hopping parameters. The
intramolecular distribution of the centers breaks the 4-fold symmetry of the lattice, which
is explained by the negative and positive hopping parameters, fig. 3.5d.

This criterion also applies to the evolution of localized perturbations. As seen in
fig. 3.6a, the centers of localized perturbations define noisy yet confined trajectories on
the length-scale §. Once again, the signal obtained from the perturbations is oscilla-
tory with well-defined time averages, fig. 3.5b,c. The chiral molecule is experimentally
extracted from the perturbations signals {W;, ¥o, ...} whose centers revolve around the
same restricted region. From these molecules we can obtain the average signal, both
in time and among the perturbations that will yield the average center and polariza-
tion. Mathematically speaking, the average centers and polarizations from egs. (3.10)
and (3.11) are defined as

Py (; /Tdt <\I/(t)|f(|\ll(t)>)]1[ (3.12)

n=3y (; [ ((wcx em) - (Eoiciuo) <w<t>|X|w<t>>)), (3.13)

veU

where U = {WU;, ¥y, U3, ...} is the set of local perturbations defining the same chiral
molecule, and N = dim(U) is the number of functions per set.

The complete picture is then obtained by perturbing all the sites, generating a whole
tiling of chiral molecules and therefore probing the chiral polarization field, fig. 3.6d,e. As
expected, the chiral polarization field turns out to be zero in the bulk, due to the fourfold
symmetry of the checkerboard lattice. Moreover, the edges are polarized, guiding towards
and away from self-stress states and floppy modes, respectively. Notice that by applying
local perturbations to an unknown system, we are unaware of the distribution of zero-
energy modes. It may happen that we perturb the sites comprising a zero-energy state.
The trajectories of these perturbations will also define molecules and polarizations, see
the bottom left and upper right corners of the checkerboard lattice in fig. 3.6d,e. However,
as we will discuss in the next section, the chiral polarization will be discontinuous at these
points. Finally, it is worth noting that this distilled experimental protocol does not rely
on any crystalline symmetry. When working with more heterogeneous metamaterials,
there is still a length scale distinction between the centers’ and molecules’ distances.

Comparison to experiments and simulations

Figure 3.7 illustrates the protocol carried out from the linear dynamics of the mechanical
twisted kagomé lattice [29]. The initial conditions were taken as displacements on one
degree of freedom at a time. Per each perturbation, the average center and polarization
are computed over a period T'/ty = 10, with to = \/m/k, fig. 3.7b. From the ensemble of
trajectories over time, we can reconstruct a two-dimensional smooth density distribution
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Figure 3.6: Dynamic measurements in polyatomic systems. a. Trajectories of
centers from the evolution of localized states from t/ty = 0 to t/tg = 10 (tg = /m/k
being the natural unit set by the mass and stiffness). The initial states are fully localized
on each red site of the checkerboard lattice, see fig. 3.5a. The trajectories jiggle around
confined regions, in agreement with the chiral molecules defined from the Wannier func-
tions. b. Vertical and horizontal components of the perturbation’s center identified by
the dashed circle. The oscillatory signals have well-defined time averages (dashed lines) c.
Components of the chiral polarization in time, together with their time averages. d. By
measuring the time averages of all the perturbations, we can identify the chiral molecules
over which we compute the coarse-grained chiral polarization field, e. The coarse-grained
polarization in the bulk is zero, in agreement with the local field of fig. 3.5. The edges
are polarized, hinting at the presence of zero-energy modes.

of positions, p(r) using a kernel density estimation. We define the density as

p(r) :;UE;K(T_Ti), (3.14)

w

with K a kernel function which we choose as a Gaussian of unit variance, w the bandwidth,
and n the number of sampling points (number of centers times number of time frames).
p(r) clearly distinguishes each chiral molecule, fig. 3.7c. Bulk molecules contain two
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Figure 3.7: Computing the chiral polarization field in the twisted kagomé lattice
(numerics). a. Superposition of the centers’ trajectories issued from localized initial
states from ¢/ty = 0 to t/to = 10. The initial states were taken as fully localized in
single nodes of one of the sublattices. b. Fluctuating signal of the vertical and horizontal
components of a perturbation center (top) and the chiral polarization (bottom) for one
of the perturbations highlighted by the green circle in a.. The dashed line corresponds
to the time average over the shown time domain. c. Smooth distribution of the centers’
positions p(r). The distribution is obtained from Gaussian kernels of bandwith ~ 0.05a,
with a the size of the unit cell. The points indicate the center of each molecule. d. The
coarse-grained chiral polarization field reveals a uniformly polarized bulk to the right with
a discontinuous polarization on the left edge.

centers over which we compute the coarse-grained chiral polarization field, fig. 3.7d. The
bulk is characterized by a small yet finite uniform polarization pointing to the right. The
left edge, on the other hand, is characterized by a polarization field mainly directed to
the left. This discontinuity, absent on the other edges, is the signature of a localized
zero-energy mode, as we will see in the next section.

More robust tests are provided by simulations using finite element methods (FEM).
As a second example of a polyatomic system, we consider the 3D printed mechanical
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3.2. Measuring the chiral polarization field

Figure 3.8: FEM measurements of the chiral polarization in the mechanical
HOTT a. Superposition of the centers’ trajectories issued from local perturbations from
t = 0s to t = 10s. Each individual perturbation consisted in hammering a single node at a
time. b. Fluctuating signal of the vertical and horizontal components of the perturbation
center (top) and the chiral polarization (bottom) for the perturbation highlighted in green
The dashed line corresponds to the time average over the shown time domain. c¢. Smooth
distribution of the centers’ positions from ¢ = 0s to t = 3 x 1073s, p(r). The distribution
is obtained from Gaussian kernels of bandwith ~ 9mm. The points indicate the center of
each molecule. The chiral molecules defined at the edge are much smaller than those of
the bulk. d. The coarse-grained chiral polarization field is discontinuous at the bottom-
left corner.

HOTT depicted in fig. 3.1c. It shares the same building blocks used for the 3D printed
Kane-Lubensky chain. The local states are prepared as displacements on each node of the
sample which evolve over a time frame of 3 x 10~3s, in which the centers and polarizations
oscillate in time, fig. 3.8a,b. The ensemble of trajectories diagnoses the chiral molecules,
better illustrated via the smooth distribution of positions, fig. 3.8c. In particular, the
chiral molecules differ over the bulk, the left edge, and the bottom-left corner differ. The
coarse-grained chiral polarization field has a clear discontinuity in the bottom left corner,
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0.7

0.3

Figure 3.9: Experimental measurements of the chiral polarization in the me-
chanical HOTT a. Chiral molecules detected from the response to local forces exerted
with a hammer on each node. The positions considered ranged from ¢ = Os to t = 3x1075s.
The smooth distribution of centers p(r) is obtained from Gaussian kernels of bandwith
~ 9mm. The points indicate the center of each molecule. b. Chiral polarization field
calculated over each chiral molecule.

fig. 3.8d, which is the node hosting a localized floppy mode.

By individually hammering each node, we also experimentally probe the chiral molecules
and the chiral polarization field, fig. 3.9, leading to the same conclusions. The morpholog-
ical difference between the chiral molecules obtained through simulations and experiments
can be explained by the type of perturbation applied, non-linear effects, and dissipation.
Regardless, the chiral polarization field, fig. 3.9b, is qualitatively the same, exhibiting a
discontinuity in the bottom left corner.

We have introduced a robust and non-invasive method to experimentally probe the chiral
polarization of any mechanical metamaterial. Using localized perturbations we detect
chiral molecules and therefore the coarse-grained chiral polarization field. How do we
use this characterization to predict the physical properties of mechanical insulators? As
expected, the answer lies in the bulk-boundary correspondence discussed in chapter 2,
connecting the discontinuities of the chiral polarization field to floppy modes and self-
stress states.

Importantly, the chiral polarization field is informative at different levels of precision.
At the first level, by just identifying the field II of a regular mechanical system we can
significantly filter the possible distribution of zero-energy modes without knowing the
exact geometry of the boundary. For example, a system that is polarized to the right,
fig. 3.13a,b, can only host floppy modes on the left edge and self-stress states on the
right edge, depending on how you cut the system. Floppy modes on the right edge are
forbidden. This simple yet powerful observation can be of utmost utility when designing
custom metamaterials. But beyond global predictions, we can be predictive at local scales.
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0.8 (ms)

discontinuous

Figure 3.10: Experimental bulk-boundary correspondence in the mechanical
SSH chain. a. We separate edge from bulk according to the chiral molecules defined by
the centers’ trajectories. The edge is characterized by a normal vector n. b. The chiral
polarization projected onto the normal is discontinuous. The discontinuity being a source
of polarization, identifies the presence of a floppy on the left edge of the sample.

3.3 Experimental detection of zero-energy modes

As detailed in the article "Geometry and topology tango in ordered and amorphous chiral
matter" [31], discontinuities in the chiral polarization field are the signature of localized
zero-energy modes. In what follows I give a step-by-step recipe to predict the location of
floppy modes and self-stress states in several classes of mechanical insulators.

3.3.1 Bulk-edge correspondence

The simplest class corresponds to topological insulators (TIs), widely discussed in chap-
ter 2. For simplicity, we exemplify the cases of zero-modes localized at surfaces or edges
instead of domain walls, although the reasoning remains unchanged. The first step is to
separate the bulk from the edge as defined by the distribution of chiral molecules. In
regular materials, the edge will be characterized by well defined normal vector nn. This
is the case, for example, of the mechanical chain depicted in fig. 3.10. Once the edge is
determined, we compare the chiral polarization fields projected onto the normal direc-
tion. Any discontinuity, here defined as a difference large than the unit-cell size, signals
the presence of a zero-energy mode, whose nature is determined by the direction of the
field. In our one-dimensional example, the field is discontinuous and the sign indicates the
presence of a floppy mode. While the theory would only cover the chiral molecules issued
from the Wannier functions, the experiments also probe molecules issued from zero-modes
which reveal discontinuous chiral polarizations. Another example is given by the twisted
kagomé lattice, fig. 3.11. Here the molecules are polyatomic and we can define at least
four edges. On the left edge, the projected field is discontinuous from the one in the bulk
and the sign indicated the presence of a floppy mode, as initially measured, fig. 3.1b. The
same reasoning on the right edge indicates shows that the field is continuous, hinting at
the absence of zero-energy modes.
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Figure 3.11: Bulk-boundary correspondence in the twisted kagomé lattice. a.
We define the left of the sample with the chiral molecules. b. The chiral polarization
projected onto the edge normal is discontinuous. The polarization pointing away from
the division between bulk and edge indicates the presence of a floppy mode localized on
the left edge. c. Definition of the right edge in the same sample. d. The projected chiral
polarization is continuous across the bulk and the edge. There is no zero-energy mode.

3.3.2 Edge-corner

A continuum field between bulk and edge, however, can hide a more subtle distribution
of zero-modes. This is the case of higher-order topological insulators (HOT1Is) such as the
checkerboard lattice and the mechanical system depicted in fig. 3.1c.

Theoretically speaking, the projector onto the negative energy space can be split as

Poco= D [Wi) (Wil + > [Wi) (Wil (3.15)

i,bulk i,edge

The bulk is disconnected from the corner. This observation prompts us to use the chiral
polarization field of the adjacent edges to reveal the existence of any potential zero-energy
corner state. The strategy then is to get the chiral polarization in the region defined by
the subspace Y7, oqqe |Wi) (Wil|. In practice, this means isolating the edge region according
to the distribution of the chiral molecules, guaranteeing no overlap with the positive
energy space. For example, in fig. 3.12a, ¢, the centers’ trajectories define clear molecules
both in the bulk and in the edges. Each edge has a continuous projected field with the
bulk, discarding the presence of any zero-energy edge state. Each edge constitutes a new
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3.3. Experimental detection of zero-energy modes

polarized system, and we repeat the previous step: we recognize the edge of the edge, i.e.
the corner, and analyze the continuity of the projected field. In our example, the field is
discontinuous in the corner and the sign of the field reveals the presence of a floppy mode
localized in the corner.

a. - [continuous

FEM

discontinuous
snonuiuod

Experiments

)
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Figure 3.12: Edge-corner correspondence in the mechanical HOTI. a. Identi-
fication of left and bottom edges from the chiral molecule distribution issued by FEM
simulations. b. While both edges have continuous projected polarizations with the bulk,
the edges themselves have discontinuous fields with the bottom-left corner. The sign in-
dicates the presence of a floppy mode localized in the corner. The same reasoning applies
to the experimental data, namely, edges separated by the distribution of chiral molecules
¢, and a discontinuity in the field d.

The recursive workflow is illustrated in fig. 3.13c for the general case of a D-dimensional
bulk insulator. A three-dimensional system, for example, can be analyzed on this recursive
workflow at most three times to detect surface, hinges, and corner states. In all cases, the
zero-energy modes emerge as discontinuities in the chiral polarization field over the bulk,
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surfaces, or hinges.

3.4 Conclusion

We have introduced and experimentally tested a model-free characterization of mechanical
chiral materials. This description relies on the response to localized perturbations as a
proxy to the Wannier functions. Unlike the MCD and the skew polarization, the chiral
polarization is computed in real space without any prescription of unit cells or Bloch
convention. The proposed methodology has several consequences. From a conceptual
point of view, it unmistakably establishes the dispensable nature of the hamiltonian in
order to probe a chiral insulator. It demonstrates that measurements in chiral materials
can precede the knowledge of microscopic details.

From an experimental perspective, it constitutes a robust and easy-to-apply protocol
to detect and engineer zero-energy modes. Moreover, the experimental determination of
the chiral polarization field is local and made in real space, allowing the detection of more
complex set-ups such as domain walls or heterogeneous systems.

Theoretically speaking, we have shown that the chiral polarization, a tool originally
motivated by normal TIs, can also describe chiral HOTTs. This demonstrates that more
complex distributions of zero-modes do not necessarily require higher-order chiral mo-
ments such as a chiral quadrupole or octupole, or elaborated tools such as the nested
Wilson loops [52, 53] or mirror-graded winding numbers [66], which rely on crystalline
symmetries. The information of the chiral polarization field on surfaces and edges informs
about zero-modes confined in hinges and corners, respectively. However, the higher-order
moments may inform about the distribution of zero-modes from purely bulk quantities.
For example, in the checkerboard lattice, we saw that the crystalline symmetry forces the
bulk chiral polarization to vanish, fig. 3.6e. The natural next moment to study would be
the chiral quadrupolar field:

=3 (; /Tdt (\I/(t)|CXX|\I/(t))>. (3.16)

velU

We expect this new field to be informative about the corner states without resorting
to edge polarizations. In general, though, a zero polarization field is hard to achieve
without crystalline symmetries. In this case, the quadrupolar field must be corrected by
the polarization and charge contribution. This natural extension to higher-order moments
and their implications in the description of chiral materials is left as future work.
Finally, it is worth noting that these results directly translate to photonic systems [95,
109, 110, 128], in which local perturbations are easily induced by local lasing, electric
platforms [43,129], by probing the system with different pulses, and acoustic materials [40,
54,130] by setting speakers at different locations. All these platforms have realizations
enjoying chiral symmetry, and therefore having the chiral polarization field as a material

property.
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Figure 3.13: Detection of zero-energy modes in a generic D-dimensional system
a. To predict the existence of zero-energy states in a mechanical insulator, we first
determine the chiral molecules of the D-dimensional bulk. b. Even before determining
the edges, the coarse-grained chiral polarization field of a regular material informs about
the possible distribution of zero-energy modes. In this case, floppy modes (self-stress
states) may only appear at the left (right) of the sample. c. Diagram of the recursive
workflow to detect zero-energy modes. I: Tessellate the bulk up to the chosen surface.
Separate both regions according to the chiral molecules. The surface is characterized by a
normal vector nn. II: Compare both the surface and the bulk chiral polarization projected
to the normal. If the projection is discontinuous, there is a zero-energy mode localized on
the surface. The type of zero-mode will be dictated by either the source or sink nature of
the polarization at the surface. If the projection is continuous, there is no surface mode,
although there may be zero-mode localized in smaller dimensions. ITI: For D > 2 we can
further proceed by isolating the edge and analyzing it as a new bulk system of a smaller
dimension D — 1. This new system is studied once again, beginning with step I.
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Chapter

Topological stiffness of mechanical
metamaterials

4.1 Introduction

In the precedent chapters, we have analyzed and understood mechanical systems from
the perspective of chirality. This broader paradigm invited both the geometry of the
system and the topology of their eigenstates to characterize the softness of a mechanical
network. From the elastic response of mechanical materials, we get to classify them into
different topological phases. Importantly, the topology described a rather abstract space:
the space of occupied eigenstates.

Real space topology, on the other hand, is easily recognizable. From a single glance,
we can tell apart balloons from donuts and cylinders from Mobius strips. This prompts
us to a very natural question: What are the consequences of non-trivial real-space topol-
ogy on elastic bodies and their mechanical properties? Taking a (literal) twist from the
previous chapter, topology will enter the game as orientability, and the central object
of this chapter is the half-twisted ribbon also known as the Mobius strip. This chap-
ter summarizes our work titled "Non-orientable order and non-commutative response in
frustrated metamaterials" [55], highlighting its theoretical framework. We will see that
non-orientable materials display regions which are topologically protected from any de-
formation. We rationalize this property by means of the topology of a mathematical
space: the real deformation bundle. Non-orientability in real space will translate into the
non-orientability of the real deformation bundle, which in turn will explain the existence
of the vanishing deformation. We define this property as non-orientable mechanics. In
subsequent sections, we bypass the need for real space non-orientability and we show that
orientable mechanical antiferromagnets realize non-orientable mechanics. We exploit the
consequences of non-orientable mechanics in one and two dimensions and show that it
induces non-commutative mechanical responses, providing a new mechanical platform to
store information. In higher dimensions, we show that we have topologically protected
lines of vanishing deformation. By applying local loads we exploit the non-commutative
response and we showcase how we can achieve non-commutative braiding dynamics by
moving local loads.

We confront our theoretical results against experiments, confirming the robustness
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Figure 4.1: Orientability of periodic ribbons. a. A cylinder is an orientable ribbon: it
can acommodate a smooth normal field over its surface. b. (left) On each covering, U, in
orange and Ug in blue, we locally define continuous normal fields. We extend the coverings
(middle) until they overlap on the violet regions O, and O, (right). In this example, both
overlaps disagree, 0(0;) = 0(0;) = —1 leading to w; = 0. c. Changing the normal
convention of the covering Up renders both overlap compatible, 0(O;) = 0(O3) = 1. The
orientability remains the same, w; = 0. d. A Mobius strip is the simplest realization of a
non-orientable surface. e, f. Same construction as in b, c¢. Here w; = 1 regardless of the
normal conventions used on the coverings.

of non-orientable mechanics in both non-orientable ribbons and orientable mechanical
metamaterials. At the end of this chapter, we enclose our article 4.7 together with its
methods 4.8 and supplementary material 4.10. But first things first, what is orientability?

4.2 Orientability

Orientability is a topological property of surfaces. A surface is said to be orientable if we
can define a smooth normal field on it. This is the case with spheres, torus, planes, and
hollow cylinders, fig. 4.1a. Non-orientable surfaces, on the other hand, cannot accommo-
date any coherent normal field. In this category, we find the Mobius strip, fig. 4.1d, and
the less familiar Mobius shorts, Klein bottle, and real-projective planes. Unlike orientable
ribbons (hollow cylinders), characterized by two sides and two edges, a Mobius strip only
has one side and one edge.

Formally speaking, non-orientability can be defined as an obstruction. Take for in-
stance the surface of periodic orientable and non-orientable ribbons, fig. 4.1a,d. Choose
two opposite poles of the surfaces, U4 and Upg, and on each one make an independent
choice of normal, fig. 4.1b,e. Extend the poles with their coherent normals up to cover the
whole surface. The two overlaps between the open coverings, O; and O, will either agree
or differ in their normal conventions. We define a function o(Q) which gives +1 if the con-
ventions agree and -1 otherwise. Orientability is then defined as w; = (1—0(01)0(02))/2,
i.e. as the parity of the non-compatible overlaps. If wy = 0, the surface is said to be ori-
entable, and non-orientable if it equals 1. Notice that modifying the extensions of the
overlaps or the normal conventions used in Uy and Upg, leaves w; unchanged. w; is a
topological index indicating the obstruction to define a coherent normal vector field [131].
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Figure 4.2: Euler-buckling instability in elastic ribbons. a. Locally compressing a
ribbon produces bending deformations which locally define a normal vector. The buckling
is issued from an instability. b. For compressible loads lower than a critical threshold,
F., the potential describing the bending deformations is parabolic and the ground state
is undeformed. c. Above F,, the buckling is captured by a double-well potential. Each of
the wells defines a normal. d. Applying homogenous compressive loads on elastic ribbons
will induce buckling profiles highly dependent on their orientability.

4.3 Elasticity of non-orientable soft surfaces

Does orientability play any role in the elastic response of these ribbons? and if so, what
kind of experiment would spotlight these topological differences? To answer these ques-
tions, we must consider two features of (non-)orientability:

1. It is directly inferred from the normal vector field.
2. It is a global property.

The first aspect indicates that any deformation discerning between the elasticity of
orientable and non-orientable shapes must depend on the normal of the surface. This
is the case, for instance, of buckling deformations. Twisting deformations, on the other
hand, depending only on the tangent vector would not be affected by the orientability
of the ribbon [131]. We can buckle the ribbon by applying compressive loads F' to its
edges, triggering the so-called Euler-buckling instability, fig. 4.2a. Above a certain thresh-
old F' > F_, the lowest buckling deformation mode picks one of two directions, locally
defining a normal, fig 4.2c. The second feature indicates that local measurements are not
sufficient to probe orientability. Indeed, locally both the Mobius strip and the cylinder
are indistinguishable; they look like flat ribbons. Orientability, or the lack of it, would be
best detected from the whole deformation field.

The previous observations suggest that an appropriate experiment to probe the con-
sequences of orientability is to look at the buckling deformation profile when applying
compressive loads. Moreover, to discard any geometrical effect from local curvatures,
we begin by considering homogenous loads in order to spotlight the effects of topology,
fig. 4.2d. Local loads will be treated in section 4.5.

Orientability directly affects the total energy of buckling deformations. To demon-
strate this, we first notice that the lowest buckling deformation mode of a ribbon can be
described by one angle, 6(s) indexed by the curvilinear coordinate s of the base circle,
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fig. 4.3a. As done in the precedent section, we take two coverings U, and Upg, this time
over the base circle. This is equivalent to taking the height of the ribbon to zero in fig. 4.1.
On each covering, we define a continuous deformation angle 64,5(s). The energy density
at position s in Uy, is simply given by the standard elasticity of a ribbon near the onset
of the buckling stability

uB(5)] = (.67 + V() (4.1

with K the stiffness, V' (0) = V5(6?—02)* a quartic potential characterized by its magnitude
Vo and minima +6y, and 0(s) = 04,5(s) for s € Ua/p. The energy over the covering U,
is then obtained by integration, Ey, = [, dsu[f(s)], with the same result applying to
Up. Therefore, the total energy of the ribbon is given by the integration over the two
coverings minus the overlaps O; and Os:

E= | ulf(s)|ds+ [ wulf(s)]ds — /

Ua Up 01

u[@(s)]ds—/ ulf(s)]ds. (4.2)

Os

We can shrink the overlap regions O; and Oy to open sets of length e centered around
s1 and sy, respectively, and take the limit ¢ — 0. In addition, we can always choose a
convention in such a way that the overlap O; is compatible: 64(s;) = 0p(s1). This means
that the integral over the overlap O is identically zero:

[ ulb(s)ds = time {g‘ <9A<51> - 93(3”)2 ; v(eA)} L0 =0  (43)

e—0 €

If the ribbon is orientable, the same reasoning applies to Q3. On the contrary, when
non-orientable, O, corresponds to an incompatible overlap and 64(ss) = —0p(s2). The
deformation profile is discontinuous and the integral does not vanish:

[ alb()as =l {f; (Pt 93(32))2 " v(@)} +0()

€

2
= lim 72[(914(52) .

e—0 €

(4.4)

We emphasize that s can be any point on the base circle, there is no a priori prescription
to it. Using eqs. (4.3) and (4.4) in the total energy (4.2), and denoting s* = s, the generic
position of the overlap O, the total energy of an elastic ribbon reads

£=[as {2((589)2 FV(0)} — 4wl 02(7) e (4.5)

For orientable ribbons, w; = 0 and eq. (4.5) is the standard energy obtained by integra-
tion of the energy density (4.1) along the base circle. Notably, for non-orientable ribbons,
wi; = 1, and an extra term exists in the expression of the energy. The limit in €, be-
ing divergent, constraints the deformation field to vanish at the unprescribed position
s*. Non-orientability protects the arbitrary point s* from any finite deformation; it en-
dows the homogeneous ribbon with a non-homogeneous effective stiffness. An alternative
demonstration of this result, based on taking the continuum limit of a discrete model can
be found in [131] and the supplementary information 4.10.2.

As we show next, the consequences of real-space non-orientability are directly related

to the non-orientability of a different mathematical object: the elastic deformation bundle.
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Figure 4.3: Real line deformation bundle of the elastic Mobius strip. a. The
base space B of the buckling deformations in a Mobius strip corresponds to a circle. b.
Using the construction of fig. 4.1, we define two coverings, U, (orange) and Ug (blue),
and two overlaps (violet), O; and O,. Here, overlap O, has two incompatible normal
conventions. c. The total space F is constructed by the set vectorial space formed by
all the fibers F. At each position s in the base circle B we define a real fiber F' = R.
Any subpace of E is locally homeomorphic to the product space B x R: it defines a local
trivialization 7-1(UP) = ¢p(UP x R), where ¢p is a smooth mapping and 7 the local
projection £ — B. Globally, this is not true. F is homeomorphic to a Mébius strip and
the deformation bundle is non-orientable.

4.3.1 The elastic deformation bundle

We built the total energy starting from the base circle, two coverings U, and Up, and
two overlaps O; and O,. At each position s in the base circle, we assign a deformation
0(s) which in principle can take any real value. This ensemble of possible deformation
at a given position is known as a real fiber F' and the ensemble of fibers, indexed by s,
defines the total space of deformations, or real vector bundle, F, fig. 4.3. In section 4.2
we define the orientability of surfaces as an obstruction. The same construction applies
to fiber bundles. By virtue of the continuity of the deformation field, any incompatible
overlap will enforce a twist in the total space E. In mathematical terms, this represents a
non-orientable fiber bundle, i.e. the total space E, while locally being the product space
B x F, has a different topological structure. Moreover, the orientability of a real fiber
bundle is characterized by the same topological index introduced in eq. (4.5): the first
Stiefel-Whitney index w; [132]. Now we can clearly understand the topological origin of
the vanishing deformation point s*. Any continuous deformation profile, depicted as a loop
in the total space F, fig. 4.4a, is topologically constrained to cross the zero deformation
point, regardless of the shape of the loop. Orientable fiber bundles, on the other hand, are
free from this limitation, fig. 4.4b. The non-orientability of the real deformation bundle
lies at the root of the topologically protected undeformable point in Mébius strips.

How does non-orientable physics generalize to higher-dimensional objects?
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Non orientable bundle Orientable bundle

Figure 4.4: Deformation profiles of ribbons. a. A continuous deformation profile
0(s) is represented as a loop (red line) on the total space E of the deformation bundle.
For non-orientable systems, the loop is constrained to cross the zero-deformation at a
position s*, regardless of its shape. b. This is not true for orientable systems. Moreover,
on homogeneous systems, energetics will favor homogeneous profiles of finite deformation.

4.3.2 Higher-dimensional non-orientable soft surfaces

Limited by our dimensions, we cannot conceive closed non-orientable surfaces such as the
Klein bottle or the Boys surface. They cannot be embedded in our three-dimensional world
due to self-intersections. However, while no longer closed, a holey Klein bottle is achievable
in 3D. This non-orientable object is homeomorphic to the fusion of a cylinder and a Mobius
strip, also known as Mobius shorts. In other words, one can continuously deform one into
the other, like a donut into a cup; they are topologically the same objects, fig. 4.5a. Its real

a.

Holey Klein
bottle

Vo0

continuous deformations

Mobius shorts

>

Figure 4.5: Moebius shorts a. A holey Klein bottle is an open non-orientable surface
that can be realized in 3D without self-intersections. By enlarging the whole, we can
continuously map it to the Mobius shorts. b. The deformation bundle of the Mdbius
shorts is non-orientable. The base space is the junction of two loops, and the total space
is a Mobius shorts itself. Any deformation profile, represented as a loop in the total
space, must vanish at a point s*. While topology cannot determine the location of s*,
the energetics constrain it to be at the opposite pole of the intersection between the two
surfaces.
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4.3. Elasticity of non-orientable soft surfaces

vector bundle, easily constructed by the same principles used in the previous section, is
itself a Mobius shorts, fig. 4.5b. Non-orientability manifests itself through the existence of
a zero deformation point on the system. Md&bius shorts of homogeneous stiffness, however,
do not enjoy the spontaneous symmetry breaking displayed by the Mobius strips. Indeed,
the system itself is heterogeneous and energetics will place the zero node at the furthest
point from the junction between the Mobius strip and orientable ribbon.

4.3.3 Experimental measurements on soft surfaces

We tested the theory behind non-orientable mechanics thanks to our experimental col-
laborators Xiaofei Guo and Corentin Coulais from the University of Amsterdam. They
have 3D printed both orientable and non-orientable soft ribbons of n half twists, with
n = {0,1,2,3}. By placing them inside a plastic bag and pumping the air, they apply a
homogenous compressive load (see Methods 4.8 for details). The lowest energy configura-

tion, as predicted, enjoys a zero-deformation point whenever the surface is non-orientable,
fig. 4.6.

a. Orientable b. Non-orientable

Figure 4.6: Experimental deformation profile under homogeneous compresion.
a. (top) two orientable 3D printed ribbons: no twist (cylinder) and two half twists.
(bottom) The deformation profile of the cylinder is completely homogeneous. The local
curvature of the two-half twisted ribbon induces heterogeneities. b. Same as before, this
time for non-orientable ribbons: one and three half-twists. In both cases the deformation
profile exhibits a point s* in which the deformation field identically vanishes.

The same experimental procedure can be carried out on the Mo6bius shorts, for which
the zero-deformation point is pinned at the furthest location away from the cylinder.

We have seen that non-orientability elastic surfaces are limited to one-dimensional or
punctured two-dimensional systems. The last case, however, does not enjoy a spontaneous
symmetry-breaking process since the system is intrinsically heterogeneous. Consequently,
there is no degree of freedom associated with the position of the zero deformation point.
As we will see in section 4.5, having this degree of freedom offers novel and exotic features
for systems under heterogenous compressions.

Notably, the local rigidity properties of non-orientable soft surfaces are ultimately
rooted in the non-orientability of their elastic deformation bundles. In the next section,
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Chapter 4. Topological stiffness of mechanical metamaterials

Figure 4.7: Experimental deformation field of a Mobius shorts under homoge-
neous compression. a. A 3D printed Mobius short is implemented by printing both
a cylinder (inner ribbon) and a Mébius strip (outer ribbon). Both are connected at the
highlighted position. For details on the manufacturing see the supplementary informa-
tion 4.10.5. b. Deformation profile of the Mobius shorts when subject to a homogenous
compressive load issued from pumping the ziplock bag. The zero-deformation point lo-
cates at the farthest point from the joint between the two ribbons.

we show that this crucial observation allows us to exploit non-orientable mechanics beyond
the frame of real-space topology.

4.4 Frustrated metamaterials

Since orientable (meta)materials are the norm, one natural question to ask is whether we
can bypass real space non-orientability and benefit from the advantages of non-orientable
deformations bundles. Here we show that it is possible thanks to global frustration. Before
explaining how globally frustrated systems realize non-orientable mechanics, we show how
to devise it and reveal the similarities with the response of non-orientable surfaces.

One way to achieve global frustration is through antiferromagnetic interactions. In
mechanics, this can be realized by connecting square plaquettes through their vertices,
generating the metamaterial shown in fig. 4.8a [133]. Upon a local compressive load, the
system buckles to one of two possible states alternating clockwise and counterclockwise
rotations, fig. 4.8b,c,d. This phenomenon is in direct relation to the buckling instability
of elastic ribbons, although here, the deformation profile alternates between opposite
rotating units.

Gluing both ends of a finite array of plaquettes forms a metaring. Upon a homogenous
compressive load, fig. 4.8e, the metaring exhibits different mechanical responses depending
on the number of pairs of plaquettes, whether it is even or odd. Even-metarings display
a homogeneous deformation profile, whereas odd-metarings are globally frustrated.

The low energy deformations of a metaring are captured by the shearing-bending model
introduced in [133] and rederived in the supplementary information 4.10.2 to account
for the global frustration. Here we briefly summarise the results and demonstrate that
metarings can realize non-orientable mechanics. To do so, we first show that the parity of
the metarings - either an odd or even amount of units - is in direct correspondence with
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a. a c. V(y) Vo e. Homogeneous

— A compression
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b. * F d. <p‘ vV
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Figure 4.8: Euler-buckling instability in frustrated metarings. a. The mechanical
material consists of square plaquettes connected by the vertices. b. When subjected
to local loads, the plaquettes counter-rotate establishing an antiferromagnetic order. c.
This phenomenon corresponds to the Buckling-Euler elasticity: below a force threshold F.,
the system remains undeformed. Above it, the ground state is described by a double-well
potential. Each minimum defines two opposite directions of rotation. c. Local frustration
arises when applying homogenous loads in an odd metaring. Antiferromagnetic order
cannot be accommodated in a ring containing an odd amount of units.

the orientability of a ribbon.

Let us take the base circle, two coverings U4 and Ug, and two overlaps, O; and Os.
Unlike orientability, which is better described by the impossibility to accommodate a con-
tinuous normal field, here the problem is better captured by accommodating alternating
normals over the base circle. Each of the normals describes a positive sense of rotation
and being alternate, it is suitable to describe antiferromagnetic order. On each covering,
we define a staggered normal field. Both conventions will overlap in O; and O,. As
before, the agreement on the convention on each overlap is defined by a binary function
0(O) = £1, taking the positive value when both conventions agree and the negative oth-
erwise. The parity of the ring is then directly given by the parity of the conventions on
the overlaps: wy = (1 — 0(01)0(02))/2 € {0,1}. Even metarings are characterized by
wy = 0 and can accommodate a single uniform staggered normal field. Odd metarings, on
the other hand, for which w; = 1, cannot sustain such a uniform staggered normal field
and there will always be at least one overlap in which the conventions disagree, fig. 4.9b.e.

In order for the antiferromagnetic metaring to display non-orientable mechanics, its
elastic deformation bundle must be non-orientable. Following the same steps as in the
previous section, at each point s in the base circle B we assign a staggered deformation
©(s). The ensemble of all possible deformations at position s constitutes the real fiber
F, and the ensemble of fibers, the total space E. Over any sector of B, for example, the
covering Uy, the fibers draw a continuous section of the total space F which locally looks
like the product space B x F'. This is true everywhere by the continuity of ¢(s). Over the
incompatible overlap O,, the continuity induces a twist on the total space; the real vector
bundle is non-orientable, fig. 4.10c. Frustrated metarings realize non-orientable mechanics
and any continuous deformation profile is constrained to have a zero deformation point.
Importantly, the soft mobius strip and the odd metaring have the same elastic deformation
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Figure 4.9: Frustration in metarings a. An even metaring can acommodate a staggered
normal field over its surface. b. (left) On each covering, U, in orange and Ug in blue,
we locally define continuous staggered fields. We extend the coverings (middle) until they
overlap on the violet regions O; and O, (right). In this example, both overlaps disagree,

0(0y) = 0(0y) = —1 leading to w; = 0. c. Changing the normal convention of the
covering Up renders both overlap compatible, 0(O;) = 0(Os) = 1. The orientability
remains the same, w; = 0. d. Odd metarings are globally frustrated. e, f. Same
construction as in b, c. Here w; = 1 regardless of the normal conventions used on the
coverings.

a.

O,

Figure 4.10: Real line deformation bundle of a metaring a. The base space B of the
buckling deformations of a metaring corresponds to a circle. b. Using the construction
of fig. 4.9, we define two coverings, U4 (orange) and Ug (blue), and two overlaps (violet),
O, and O,. Here, overlap Oy has two incompatible staggered normal conventions. c. The
total space F is constructed by the vectorial space formed by all the fibers F. At each
position s in the base circle B we define a real fiber F' = R. Any subpace of F is locally
homeomorphic to the product space B x R. Globally, this is not true; deformation bundle
is non-orientable.
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4.4. Frustrated metamaterials

bundle and they happen to share the same energetic description. Indeed, the energy
density of a metaring near the onset of the buckling instability is generically described by

ulp(s)] = 5 (00)* + V(9), (4.6
where K corresponds to the stiffness and V(¢) = K/£2(p? — ¢3)?, with £ a characteristic
length and g the deformation angle deep in the antiferromagnetic state (see the supple-
mentary information 4.10.2 for an exhaustive derivation). The energy density of a buckled
metaring is described by the same functional used for buckled soft ribbons (4.5). Having
the same energy density and elastic deformation bundle, we can follow step-by-step the
derivation of section 4.3, leading to the total energy

£ = [as{ 5007+ V(@) — 4K ling (") e (@.7)

where w; stands for the first Stieffel-Whitney of the elastic fiber bundle. The ground
state deformation of odd metarings (w; = 1) is then given by the minimization of the first
integral of eq. (4.7) provided the constraint ¢(s*) = 0.

Non-orientable mechanics is within the reach of orientable objects. How then can we
engineer non-orientable mechanics in higher dimensions?

4.4.1 Non-orientable mechanics in higher dimensions

To conceive higher dimensional non-orientable mechanics we must comply with two basic
features of non-orientable real bundles. First, they can only be defined when their base
space B hosts non-contractible loops. This is the case of the unit circle S; in 1D and
the torus S; x S7 in 2D. Second, when restricted to a non-contractible loop, in at least
one of them, the real bundle must reduce to a Mobius bundle. Thus, the simplicity
and malleability of antiferromagnetic plaquettes offer a straightforward generalization to
higher-dimensional systems: frustrated toroidal metamaterials.

The natural extension of the metaring is achieved by periodically tiling the space in
the orthogonal direction, creating a meta-torus. This procedure allows conceiving four
distinct configurations depending on the parity along the toroidal and poloidal directions.

Prior to any energetic detail, we can directly construct the elastic fiber bundle of these
higher-dimensional objects and therefore predict their topological properties. As with the
metaring, we describe the local deformation of plaquettes by the staggered angle field
©(sp, s¢), where s, and sy stand for the curvilinear coordinates along the poloidal and
toroidal directions, respectively. In the continuum limit, the base space B corresponds
to a torus. At each position (sp, s;) we define the real fiber F' corresponding to all the
possible deformations at the given point. The total space F is a four-dimensional object,
which we cannot easily represent in 2D. However, building from the knowledge of one-
dimensional systems, we can assert the orientability of the bundle. Let us take as an
illustrative example the even-odd metatorus of fig. 4.11b. A loop lassoing the base space
along the toroidal direction defines an even metaring. The deformations over this loop
define a section of the total space E, which is homeomorphic to a cylinder. On the other
hand, a loop along the poloidal direction defines an odd metaring and the deformations
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even-even b. even-odd C. odd-even d. odd-odd

EEEE

Figure 4.11: Real deformation bundle of metatori. The base space B of the metatori
is a torus. While the whole deformation bundle cannot be nicely embedded in 3D (and
depicted in 2D), we can illustrate subspaces of it. The black lines correspond to different
loops defined on B. On each loop, we define the fibers. Whenever a subset of the fibers on
a non-contractible loop defines a Mobius bundle, the whole real bundle is non-orientable.
Here we use colors to better distinguish cylinders from Mobius strips. We showcase the
four possible metatori: even-even a, even-odd b, odd-even ¢, and odd-odd d

are described by a Mobius strip. The orientability of the whole bundle is thus determined:
as soon as the total space contains a section homeomorphic to a Mobius strip, the whole
bundle is non-orientable. The whole catalog of metatori is depicted in fig. 4.11, from which
we can infer that even-odd, odd-even, and odd-odd metatori all realize non-orientable
mechanics.

Zero deformation lines

How does non-orientable mechanics manifest in higher dimensions? In this high-dimensional
fiber bundle, any continuous deformation field corresponds to surface sections of the total
space. From the same example of the even-odd metaring, we can see that there is a Mobius
cross section per each poloidal loop characterized by its toroidal archlength s;. Each loop
constrains the deformation field to vanish at an unprescribed point (s, s5) = 0, so all
along the toroidal loop, there are zero deformation points. Energetics constrains these
points to form a line £ = o(sy,s}(sy)) of zero deformation winding along the toroidal
direction.

In homogeneous systems, the exact position of the line is picked by a spontaneous
symmetry-breaking process. Any translation of £ along the toroidal direction forms an-
other ground state. Its shape, however, is dictated by energetics and not the topology of
the fiber bundle. Here we show that under homogenous loads, the deformation line is of
minimum length. Leaving the technical details for the supplementary information 4.10,
from eq. (4.7) we can generalize the total energy of a buckled metatori as

K
&= [ dsds, {5 (VP + Vig) (13)
plus the vanishing contraint issued from orientability,
p(R*(0)) =0, (4.9)
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4.4. Frustrated metamaterials

Figure 4.12: Experimental deformation profile of homogeneously compressed
metarings. a. (top) two even metarings of 16 and 18 units. (bottom) The deformation
profiles are roughly homogenous. b. Same as before, this time for odd metarings of
15 and 17 units. In both cases the deformation profile exhibits a point s* in which the
deformation field identically vanishes.

where R*(0) is a parametrization of £ with respect to its curvilinear coordinate o. Away
from the line and deep in the buckled state, the deformation field is constant. The

heterogeneities are localized over a characteristic length £ = (/24Ka/F around L, thus

(V)2 ~ @2 /&% where @ is the amplitude of the energy barrier of the quartic potential.
The total energy £ reduces to

K2 K
En~ 2§/d0 (2? + 8@3) = fy/da, (4.10)

with v = K@2(142¢2)/(2£) the effective line tension. Equation (4.10) corresponds to the
effective energy of the degrees of freedom linked to the shape of £. Under a homogeneous
load, the energy is minimized for straight loops winding around the torus. This leads
to three possible shapes depending on the parity of the metatori. For the odd-even and
even-odd cases, L is a circle along the toroidal and poloidal directions, respectively. For
the odd-odd case, £ is chiral and corresponds to a helix of minimum length around the
torus.

4.4.2 Experimental measurements on frustrated mechanical an-
tiferromagnets

Using once again the ziplock technique, our experimental colleagues applied a nearly
uniform compressive load and determined the deformation profile of the metamaterials.
For one-dimensional systems, they probe the deformation profiles of rings containing 15,
16, 17, and 18 pairs of plaquettes, fig. 4.13. For all the odd-metarings, they detected
isolated undeformed plaquettes as predicted by the non-orientability of their deformation
bundles. Moreover, the whole deformation profile neatly matches the one derived in
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Figure 4.13: Homogeneously compressed metatori. Even-odd (a), odd-even (b),
and odd-odd (c¢) 3D printed metatori. When subjected to homogenous compressions,
they display zero deformation lines whose winding is dictated by the deformation bundles.
These are straight lines in the first two cases, as predicted by the theory. For the odd-odd
case, the experimental line deviates from the theory due to local curvature effects.

the long-ribbon limit, (see Supplementary Information 4.10). Even-metarings display a
constant deformation set by the strength of the applied load.

Thanks to a refined design, they 3D printed three distinct metatori of sizes 26 x 11,
27 x 10, and 27 x 11 plaquettes (see Methods 4.8 for fabrication details). In all three cases,
they observed zero-deformation lines winding along the predicted directions, fig. 4.13. It
is worth mentioning that due to local curvature effects, the system is not completely
homogenous, and the stiffness near the inner circle of the torus tends to be higher than
the outer part. This pins the straight line in the even-odd case and induces a curved line
in the odd-odd metatorus.

Non-orientable mechanics protects points and lines from any deformation under homoge-
nous loading forces. In the next section, we will see how non-orientability also mani-
fests upon heterogeneous loads, endowing points and lines of zero deformation with non-
commutative responses.

4.5 Non-commutative response to heterogeneous loads

In a nutshell, non-orientable mechanics protect points and lines from any deformation.
Their existence has a topological root, insensitive to heterogeneities in the system and the
compression forces. So far we have studied homogenous compressive forces in both one and
two-dimensional systems, guaranteeing a continuous set of groundstates. Heterogeneities,
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as expected, pin the location of zero-deformation points in the minima of the energy
landscape.

4.5.1 Metarings and ribbons

Applying a local load to either the Mobius strip or the odd metaring combines the usual
elastic response and the topological constraint of a zero deformation point [55,131]. In
this section, we summarize the detailed derivations for metarings worked out in the sup-
plementary information 4.10.4, and show that heterogeneous loads lead to multistable
deformation profiles.

In the continuum limit, the energy of a free odd-metaring reads

K 6Ch

where K and (), are elastic constants, and a the distance between two plaquettes (see
SI4.10 for the derivation from the discrete energy). The minimization of the elastic energy
leads to the following equation describing the deformation profile ¢(s):

N2 — =0, (4.12)

with A\? = a®?K/(12C}) the characteristic length of the system. Here we take into account
a local compressive load as an imposed deformations on the ring, (s =0) = (s =1) =
¢ > 0. The non-orientability of the deformation bundle further imposes ¢(s*) = 0. The
defomation profile, is then given by

, (4.13)

with

() = s (e ) |
<109> N QSinh((;f— 1)/A) (fﬁ*jk/A) ' (4.14)

Notice that s* is a degree of freedom of the system that is yet to be determined. To
do so, we derive an effective potential by inserting ¢(s) from eq. (4.13) into the elastic
energy (4.11):

Kg? sinh(1/X)
2)\ sinh((1 — s*)/\) sinh(s*/\)

U(s™) = Elp(s; s7)] = (4.15)
The zero-deformation point, determined by the minimization of the effective potential i,
is diametrically opposed to the source of deformation, s* = 1/2, fig. 4.14a.

We can easily generalize this potential to N sources. In general, if s = s* is located
between s,,_1 and s,1, the exact position between both local deformations is

n )\ A n— A
R e R
esnfl/)\@n_l + esn+1/’\g5n+1

1
2

1
s* = 5(371,1 + Sp+1) + =AIn | l, (4.16)
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Figure 4.14: Local response in metarings. a. A single load point on a metaring
induces an effective potential with only one minimum. The zero-deformation point locates
diametrically opposite to the source. The number of local loads is directly related to the
number of local minima. d. Diagram describing the sequential application of three local
loads in a metaring. e. Color plot of the effective potential as a function of time according
to the sequential application of the loads. The red line indicates the trajectory followed
by the zero-deformation point.

and the effective potential is given by Uy (s*) = E(y), which features as many minima as
imposed deformations (or applied loads), fig. 4.14b,c.

A sequential application of local loads leads to the programmed selection of a minimum
path, fig. 4.14d,e. As we see next, this property induces a non-commutative response in
non-orientable systems.

Non-commutative response: Experimental measurements on 1D systems

Figure 4.15 illustrates the experimental application of 3 local loads, P, R, and S, on a
15—metaring, (see Methods 4.8 for experimental details). The first load P induces a zero-
deformation point at its diametrically opposite location. The sequence R then S directs
this point counterclockwise. On the other hand, the sequence S and then R steers the
point clockwise. The trajectory of the zero-deformation node is dictated by the sequence
in which the loads are applied. The sole information of the load positions cannot predict
the final state of deformation.

4.5.2 Metatori and the braiding of local loads

The non-commutative response extends to higher dimensions. Unlike in homogeneous
compressions where the loop £ minimizes its length, here the line meanders avoiding the
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Figure 4.15: Experimental observation of the non-commutative response on
a metaring. a. Three local loads, P, S, and R, are sequentially applied on an odd
metaring of 15 units. b. The sequence {P, S, R} steers the zero-node clockwise, whereas
the sequence {P, R, S} counterclockwise. The final deformation state depends on the
history of the applied loads.

local compressions and the shape of the line gets progressively convoluted with the number
of applied loads. To get some insight into the local shape of the line, we can derive an
effective elasticity of £ when perturbed from a straight-line configuration.

Leaving the details of the calculations to the Supplementary Information 4.10.4, here
we announce the methodology and the main results. We begin by considering a generic
load distribution, F(r) = >, F,é6(r — 7,), which leads to the total energy functional

K 2
€= /er (2(V¢)2 + ”;gﬂ) - /drF(r)gp.. (4.17)
This energy must be complemented by the topological constraint issued from the non-
orientability of the deformation bundle: p(R*(0)) = 0.

To obtain the effective elasticity of £, we study the system subject to thermal fluctu-
ations (Supplementary Information 4.10.4), leading to the partition function

Z= / Dy / DR (1015@(1{*(0—))) o BElP R (4.18)

The effective potential is then obtained by integrating out the Gaussian fluctuations of
@(R*), which after some lengthy calculations leads to

zZ=0, / DR" exp (—U[R"), (4.19)
where C} is a constant independent of R*(s) and the effective potential reads

UIRY] = 52 / do do’ / Erdr' F(r)Glr, R (0)|G R (0), R*(0))|G[R ("), | F(+").
(4.20)
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Figure 4.16: Line repulsion from one point stress. a. Sketch of the unperturbed zero
line R}(0) = to + p (dashed white line) and the deformed line R*(¢) = Rj(0) + ef(0)n
(solid white line), where ¢ = {1,0}, and p = {0,0}. The point stress is applied at
ro = {0,—0.1}. b, ¢, d. Expansion terms from the one-source potential Uy for m = 10:
effective line tension M (o), repulsion term K (o), and shift term X (o), respectively.

Here GJr, '] is the Green function defined by
B(m? — kVAHG[r, 7] = 5(r — '), (4.21)
and G~ is given by
/ do'G[R*(0)), R*(c")|G~ [R*(o"), R(0")] = 6(c — o”). (4.22)

It is noteworthy that eq. (4.20) is exact. However, it requires the inverse of the non-local
operator G. To gain some physical intuition on the long wave-length limit, we can apply
a series of observations and approximations:

1. In large systems, the Green’s function on the torus, G, can be approximated by its
counterpart defined on the plane: G(r,7') = g(|r — r'|) = ﬁKo(mh" —7'|), with
K, the modified Bessel function of the second kind.

2. Experiments and simulations suggest that, against a single point load, the elastic
energy is minimized when placing £ at a maximal distance from the load.

3. Based on the previous observation, we can make a perturbative analysis based on
small transversal fluctations of magnitude ¢ when applying additional local forces.
We parametrize the shape of the line as R*(0) = Rj(0) + ¢R*(0). Ri(0) =to +p
is the original straight line, where £ is a unitary tangent vector, and p a point of
reference. The transverse fluctuations are given by Rj(c) = f(o)n, with n the
normal vector.

4. In order to have a local potential U, we work in the regime in which ml > 1, with
[ the characteristic separation between two neighboring sites.

After some tractable yet heavy calculation eq. (4.20) finally reads

Méa) (%) v K;J) f2(a)] o (4.23)

U R*] = —e/daf(a)K(a)X(a) + eQ/da [
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where
M(o) = G§,
K (o) =2 (G} +2GoGa) ,
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To first order in €, the line is repelled at a maximal distance from the source. £ loops
are repelled by point stresses. To second order in € there is a heterogeneous line tension
M (o) and a modulation of the repulsive force from the source, K (o). M(o), K(o) and
X (o) are plotted in fig. 4.35. Both M and K have a finite range. Away from the source,
the line does not feel the second order correction.

As we see next, the repulsion of the line gives rise to a rich phenomenology when the
positions of the loads evolve in time.

Braiding of local loads

Apart from the sequential application of local loads displayed on metarings, higher di-
mensional systems offer a new playground to exploit non-orientable mechanics: local
braiding. Starting from the same initial distribution of loads, we can braid them along
different world lines and yet get the same final distribution. This is confirmed by numer-
ical simulations, in which we braided three local loads on a metatorus of size 49 x 49,
fig. 4.17. The final state of the system depends on the path taken; the zero deformation
loop stores information about the load trajectories.

4.6 Conclusions and perspectives

In this chapter, we have shown that non-orientable mechanics, defined as the non-orientability
of the deformation bundles, protects regions against any deformation. The most straight-
forward realization of non-orientable mechanics comes directly from non-orientable sur-
faces such as the elastic Mobius strip. We have seen that the non-orientability translates
into the existence of highly stiff points in an otherwise homogeneous material.

Notably, non-orientable mechanics is not exclusive to non-orientable surfaces. We
have seen that the global frustration present in antiferromagnetic mechanical systems
offers a huge playground to engineer non-orientable deformation bundles. Moreover, its
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Figure 4.17: Braiding of local loads. Numerical simulations of an odd-odd meta-
torus under two different sequences of identical point loads. The points of application
of the loads are continuously moved, effectively braiding their worldlines. While the ini-
tial and final load configurations are identical, the shape of the line of zero deformation
explicitly depends on the braiding sequence of the load history, see Supplementary Infor-
mation 4.10.5 for details on the simulation protocol).

versatility allows for the natural realization of non-orientable deformation bundles of
higher dimensions. These examples are characterized by the existence of highly stiff
loops whose winding is determined by the topology of the bundle, and their geometry by
the detailed energetics of the system.

Antiferromagnetic mechanical metamaterials are only one platform to realize global
frustration. In general, it pervades systems at all scales: molecular antiferromagnetic
rings unable to accommodate their magnetic moments [134], active fluid metamaterials
displaying counterrotating vortices on a ring [55,135], and polymer beads packed in an
incompatible ring-shape channel [55]. The failure to accommodate any staggered order
over the whole space is captured by the non-orientability of a general parameter bundle.
On the opposite coastline, we find real-space non-orientability, the original motivation of
this work. Although rare and perhaps non-existent in nature, real-space non-orientability
has been achieved in several chemical platforms: crystals of niobium and selenium [136],
polycyclic [137] and glutamate compounds [138], carbon nanobelts [139], and even triply
twisted (and beyond) Mobius strips made of monocyclic hydrocarbons [140]. However, the
physical consequences of non-orientability remain rather unexplored due to the unstable
and fragile nature of these objects.

Non-orientable mechanics extends well beyond one and two-dimensional base spaces.
For example, a three-dimensional base space is achieved by filling the metatorus with
cubic units. Beyond three dimensions, we can trick the connectivity by synthetically
connecting different units simulating the connectivity of higher dimensions [141]. The
same trick could be used to simulate higher-dimensional non-orientable objects such as
Klein bottles and real projective planes. In higher dimensions, we expect surfaces and
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volumes of zero-deformation regions. With more exotic assemblies of metamaterials we
could witness the interactions of surfaces, lines, and points, offering a vast playground to
explore non-commutative responses, and in general, the consequences of non-orientable

fiber bundles.
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4.7 Article

Non-orientable order and non-commutative response
in frustrated metamaterials

Xjaofei Guo'?, Marcelo Guzmén?, David Carpentier?, Denis Bartolo?, Corentin Coulais?,

'Harbin Institute of Technology, China
2Univ. Lyon, ENS de Lyon, Univ. Claude Bernard, CNRS, Laboratoire de Physique,
F-69342, Lyon, France
3Institute of Physics, Universiteit van Amsterdam, 1098 XH Amsterdam, The
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From atomic crystal to animal flocks, the emergence of order in nature is
captured by the concept of spontaneous symmetry breaking [142-145]. This
cornerstone of physics formalised by Landau theory was recently challenged by
topologically ordered phases, where the number of states is not solely deter-
mined by the number of broken symmetries, but also by space topology [146].
However, topological order stems from quantum entanglement, and therefore
remains essentially out of reach in classical matter [146,147]. Here, combining
experiments and theory we demonstrate a new class of classical order that
escape the Landau paradigm: non-orientable order. We demonstrate this
concept by designing globally frustrated mechanical metamaterials that spon-
taneously break a discrete symmetry under uniform load. We show that they
generically feature non-orientable order parameters which we map on the de-
formation bundles of non-orientable soft surfaces, such as Mobius strips and
Klein bottles. While Landau theory predicts a finite number of equilibria,
non-orientable order implies an extensive degeneracy of mechanical ground
states distinguished by topologically protected nodes and lines where defor-
mations vanish. We then leverage non-orientable order to engineer robust
mechanical memory [148-154]. Applying time-dependent local perturbations
to non-orientable phases, we achieve non-commutative responses, and show
that they carry an imprint of the braiding of the loads’ trajectories. Beyond
mechanics, we envisage non-orientability as a robust design principle for meta-
material that can effectively store information across scales, in fields as diverse
as acoustics, photonics and magnetism.

Frustration arises whenever geometry is incompatible with the symmetries of local
interactions [155,156]. It materialises in and out of equilibrium in systems ranging from
electronic and synthetic spin ice [157, 158], to active flow networks [159-161], colloidal
matter [162-164], and mechanical metamaterials [18,152,165-168].

In Fig. 4.18a, we show three experiments that span seven orders of magnitude in size,
where local constraints promote antiferromagnetic, viz. staggered, order: neighbouring
spins point in opposite directions, neighbouring active vortices have opposite handedness
and neighbouring beads are located on alternate rows. These three experiments exemplify
the concept of global frustration: the existence of a loop that lassos the whole system,
and along which the local constraints cannot be satisfied all together.

In this letter, combining mechanical experiments and theory, we demonstrate that
globally frustrated matter realises an uncharted class of classical order: non-orientable
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order. Our goal is to reveal and explain the basic consequences of non-orientable order in
classical systems.

To gain a first intuition about the concept of non-orientable order, we investigate the
equilibria of one-dimensional frustrated mechanical metamaterials shown in Fig. 4.19a.
These metarings are made of N pairs of coupled rotating lozenges, which are designed to
promote counter rotation—or equivalently local antiferromagnetic order—in response to
external loads [18,133,152,165-167,167-170]. Under sufficiently large axial compression,
each pair of lozenges undergoes a structural instability and buckles with equal probability
along one direction or the other (Fig. 4.19b). This transition is naturally characterised
by the staggered rotation angle of the lozenges ¢ (Fig. 4.19b and c). In the lowest energy
state, ¢ can take two distinct values that correspond to the local minima of a double-well
energy potential V(¢) (Fig. 4.19b and SI).

We now address the consequences of global frustration on the configurations accessible
to ¢ in the buckled state. To see this, we apply a hydrostatic load to the metaring by
placing it in a vacuum bag, see Supplementary Video 2. The system picks up a local
direction of rotation, and spontaneously breaks the local symmetry ¢ — —¢ (Fig. 4.19d).
When the number of pairs of lozenges N is even, the order parameter ¢ is homogeneous,
and antiferromagnetic order extends over the whole ring (Fig. 4.19d). Conversely, when
N is odd, the translation symmetry along the curvilinear coordinate s is spontaneously
broken. The magnitude of the staggered rotation p(s) is heterogeneous and vanishes at an
unspecified point s* (Fig. 4.19d). As a result, the buckled metaring features an extensive
degeneracy of its mechanical equilibria, which are parametrised by the location of s*. This
is a remarkable result seen from the perspective of Landau theory of phase transitions: the
local buckling instability breaks a discrete Zs symmetry (¢ — —¢) in principle associated
with no Goldstone mode and two ground states only [143]. Yet the odd metarings enjoy
an extensive ensemble of ground states that spontaneous break translation symmetry.

To elucidate this counter-intuitive observation, we consider the continuum limit de-
scription of this metamaterial. Our measurements are well described by the minimal
elastic energy density derived in SI:

Elp(s)] = 5 (D) + V(o). (4.25)

where K is the elastic stiffness (see Fig 4.19e and SI). When N is even, one can define
the staggered rotation field ¢ consistently over the whole ring and Eq. (4.25) reduces to
the usual Landau theory of a scalar order parameter associated to a broken Z, symmetry.
However, when N is odd this simple picture breaks down. Whereas ¢ can be locally defined
without ambiguity, global frustration provides an obstruction to defining ¢ consistently
over the whole ring (see Fig. 4.19¢ and SI). In mathematical terms, the ensemble of
all possible deformations define a real line bundle. When N is even it is trivial, 7.e. non
vanishing configurations exist. Conversely, when N is odd, the deformation bundle cannot
be globally trivialized by any smooth transformation: it is non-orientable [171]. It forms a
Moébius strip bundle sketched in Fig. 4.18b and Extended Data Fig. 4.22. Non-orientability
is clearly seen from the discontinuity of the colormap that measures the deformation
amplitude: any smooth anti-ferromagnetic order parameter ¢(s) must vanish at least at
one point s* (see also SI for a pedagogical introduction to non-orientable bundles). In
summary, non-orientable order is defined by: (i) a local breaking of a symmetry , and (ii)
an order parameter, or deformation, field that lives on a non-orientable fibre bundle.
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Figure 4.18: Frustration-induced non-orientable order. (a) Three examples of glob-
ally frustrated systems spanning seven orders of magnitude in scale. (Left): A molecular
antiferromagnetic ring, made of chemical compound (CCDC 893835), whose 9 magnetic
moments are located on Cr ions (blue). The molecular ring cannot accommodate a
global antiferromagnetic order, see [134]. (Middle): An active-fluid metamaterial made
of colloidal rollers flowing at constant speed in 19 connected annular microchannels. The
colloids’ diameter is ~ 4.8 um. The active flow self-organises into connected “fluidic
gears” which features local antiferromagnetic order. This order is however globally frus-
trated when the number of annuli is odd. Global frustration is clearly seen in the map of
the azimuthal component of the flow in each annulus: v(r) - t, where t is the normalised
tangent vector. In the bottom panel, the colour indicates the value of the tangent flow
averaged in each annulus. The radial plot shows the variations of the difference of the
spatially averaged azimuthal velocities v between adjacent “fluidic gears” v vanishes at an
unspecific point s*. See also Supplementary Video 1. The experimental methods are thor-
oughly described in [135]. (Right): 2 mm-diameter polymer beads packed in a ring-shape
channel. When confined in this quasi-one dimensional geometry, the packing realises a
prototypical example of antiferromagnetic order (spheres are associated with +1/2 or
—1/2 spin values, when in contact with the outer or inner walls, respectively), see [162]
for a detailed analogy. When the ring perimeter is incommensurate with the length of the
staggered pattern, antiferromagnetic order is globally frustrated. Frustration constrains
the height difference h(s) between adjacent beads to vanish at an unspecific point s*.
(b) The primary goal of our article is to establish that the staggered order parameters
of globally frustrated matter belong to non-orientable fibre bundles, and define a non-
orientable order. In the basic case of frustrated 1D antiferromagnetic rings, the order
parameter field belongs to a Mobius-strip bundle, which we illustrate here. All sections
of the bundle, i.e. field configurations, vanish at least once along the base circle at an
unspecified point s*. The dark dots corresponds to the staggered velocity field v(s) of
the frustrated active-fluid metamaterial defined in (a). Locally, the Mobius-strip bundle
can be continuously mapped on a cylinder S; x R, but not globally. It is topologically
distinct from the cylinder bundle associated to unfrustrated 1D antiferromagnetic order
(see Extended Data Fig. 4.22).
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Figure 4.19: Non-orientable order in frustrated metamaterials and flexible
Mobius bands. (a) A 3D-printed metaring, which consists of 15 pairs of lozenges.
(b) Plot of the double-well potential V' (¢) whose minima correspond to the two direc-
tions of rotation (green and pink). In practice, at the onset of a mechanical instability
the potential is well approximated by the normal form V(@) = K€2 (02 — ¢2)*. (c) The
arrows indicate the two alternative conventions defined in (b) for the staggered-rotation
vector of an odd metaring. No convention can be consistently defined over the whole ring.
(d) Experimental measurements of the staggered rotation angle ¢ of metarings including
even and odd numbers of units. Under uniform hydrostatic pressure, the deformations of
odd metarings vanishes at an unspecified node. Translation symmetry is spontaneously
broken. (e) Polar plot of ¢ for an odd metaring with 15 pairs of lozenges (pink disks)
and an even metaring with 16 pairs of lozenges (gray disks). The solid lines are fits to
the continuum theory detailed in SI. See also Supplementary Video 2. (f) A 3D printed
Moébius band having a cross section in the shape of an I letter. The blue part is rigid
in order to apply pressure while the white part is soft and can buckle. (g) Plot of the
double-well potential V' (€) that distinguishes the two buckling directions of flexible bands
(shown in green and pink colour). (h) The pink and green arrows represent the normal
to the Mobius band corresponding to the two sign conventions defined in (g). No smooth
normal vector field can be defined over the whole Mobius band. (i) Experimental mea-
surements of the bending angle 6 of twisted bands compressed by a uniform hydrostatic
pressure. Under uniform hydrostatic pressure, the bending deformations of bands featur-
ing an odd number of twists vanishes at an unspecified point. Translation symmetry is
spontaneously broken. (j) Polar plot of the deformations of a Mobius band (pink) and
of a cylinder (grey). The solid lines are fits to the continuum theory, see SI. See also
Supplementary Video 3.
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This essential result suggests an alternative strategy to engineer non-orientable order
using flexible Mobius bands (Fig. 4.19f), see also [131]. To see this, we first illustrate the
Euler buckling of a flat flexible band in Fig. 4.19g. It provides a canonical example of a
spontaneous discrete symmetry breaking [131,172]. Under the action of a sufficiently large
axial load, a soft band can bend with equal probability along one direction or the other
(Fig. 4.19g). When it is twisted into a non-orientable object such as a M6bius band, there
is an intrinsic ambiguity in defining a continuous normal vector field, and hence a bending
direction, over the whole band (Fig. 4.19h) [131]. In Extended Data Fig. 4.22 and in SI,
we demonstrate experimentally and theoretically that whenever a twisted band is non-
orientable, its bending deformations belong to a non-orientable bundle. When the band
geometry is homogeneous, a zero deformation node s* emerges at an unprescribed location,
and gives rises to non-orientable order (see Fig. 4.19i, 4.19j, Extended Data Fig. 4.22 and
Supplementary Video 3). Unlike the frustrated antiferromagnetic ring of Fig. 4.19a, non-
orientable order originates here from the 3D shape of the Mobius band itself. However,
the deformations of both structures belong to Mébius-strip bundles, sketched in Fig. 4.18b
and Extended Data Fig. 4.22: the deformations of frustrated metarings and Mdbius strips
belong to the same topological class. We stress that although non-orientable order escapes
the Landau paradigm and implies an extensive ground-state degeneracy, it is genuinely
different from both the topological order quantum phases [146], as it does not involve
any notion of long-range entanglement, and topological gapped phases [173] associated to
topological properties distinct from non-orientability.

Two questions naturally arise from the observations of Fig. 4.18 and Fig. 4.19: (i) is
it possible to engineer structures associated with non-orientable bundles distinct from a
Mobius strip? (ii) if so, what would be the physical manifestations of their topology? A
direct route to answer these questions consists in studying the bending mechanics of more
complex non-orientable soft surfaces. In practice 2D closed manifold such as the Klein
Bottle cannot be engineered in our 3D space. But we can make the so-called Mobius shorts
(Fig. 4.20a) which are continuous deformations of holey Klein bottles [174]. Measuring
the response of a 3D printed Mobius shorts (Fig. 4.20b) under a uniform hydrostatic load,
we find again that the bending deformations 6(s) are heterogeneous and vanish at a point
s* whatever the load amplitude (Fig. 4.20c). Using the mapping between Mobius strip
and metaring deformations introduced above, we can readily design a metamaterial that
shares the same deformation topology as holey Klein bottles (Fig. 4.20b). It consists in
connecting an odd and an even metaring at a pair of lozenges (Fig. 4.20e), as confirmed
by the deformation profile showed in (Fig. 4.20f). Note that s represents the curvilinear
coordinate along the base space of the order parameter bundle, which is here a curve in the
shape of the figure eight (Fig. 4.20g). The order-parameter bundle is again non-orientable
and therefore obstructs homogeneous deformations. However, unlike the single Mo6bius
strip and metarings, the location of s* is here fully determined by the heterogeneous
geometry of the Mobius shorts, at the intersection between the two metarings (Fig. 4.20c
and f). The orientable loop buckles homogeneously, and to minimize the elastic energy
the location of s* in the non-orientable loop is maximally distant from the intersection
point (Eq. 4.25). The extensive ground state degeneracy of non-orientable order is here
lost as a result of the intrinsic spatial heterogeneity of holey Klein bottles and Mo6bius
shorts.

The above examples indicate that mapping non-orientable 2D surfaces to frustrated
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Figure 4.20: Non-orientable mechanics of higher dimensional metamaterials. (a)
A Klein bottle is a surface topologically equivalent to a square with periodic boundary
conditions along the z direction and twisted boundary conditions along the y direction:
R?/ ~ with the equivalence relation (z,y) ~ (z + 1,y), (v,y + 1) ~ (—z,y). This
abstract surface cannot be embedded in our 3D space. Punching a hole in a Klein bottle
resolves this limitation: we can fabricate the resulting object. Upon decreasing the hole
size, this holey Klein bottle (right) can be continuously deformed into an even simpler
shape: Mobius shorts (left). (b) Picture of a 3D printed Mobius shorts composed of two
rigidly connected bands: a cylinder and a Mobius band (see SI). (c) We apply a uniform
hydrostatic load on 3D printed Mobius shorts. The resulting buckling deformations are
heterogeneous. Their magnitude (s) vanish at a point s*. s* is located at a maximal
distance from the intersection between the two bands. (d) Sketch of the order-parameter
bundle (viz. the deformation bundle) of soft M6bius shorts. The black dots correspond to
the experimental measurements showed in (c). (e) Two 3D printed metarings are rigidly
connected at a pair of nodes. The first ring is made of an even number of lozenges, the
second is made of an odd number. (f) The deformations of the connected metarings are
associated with a heterogeneous staggered deformation field showing the same variations
as in a buckled Mébius shorts, see (c). (g) The order-parameter bundle of two connected
metarings identifies with that of soft Mobius shorts, see (d). (h) We 3D print metatori
and vary the parity of the number of lozenges in the toroidal (N;) and poloidal (NN,)
directions. We here illustrate the situation where both N, and N; are odd (N; = 27
and N, = 11). We discuss the other two possible parities in Extended Data Fig. 4.23
and SI. (i) Experimental measurements of the staggered rotation field ¢(s;,s,) under
uniform hydrostatic pressure, and theoretical prediction of the shape of the loop of zero
deformation £ (solid white line), see also Supplementary Video 4. (j) Sketch of the order-
parameter bundle of a metatorus made of an odd number of lozenges in both directions.
The gray torus is the base space, the coloured strips illustrate the twist of the bun
along the toroidal and poloidal directions. The dark dots are experimental data. They
correspond to the measured staggered deformations along two orthogonal cuts along the
pressurised metatorus.
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metamaterials limits potential applications to complex shapes and (quasi)one-dimensional
heterogeneous structures which do not enjoy the extensive ground state degeneracy of-
fered by homogeneous non-orientable order. To circumvent this fundamental limitation,
we show below how to engineer non-orientable order in homogeneous two-dimensional
metamaterials which cannot be associated with any physical soft surface. A simple de-
sign strategy follows from two elementary mathematical property of non-orientable real
bundles: (i) They can only be defined when their base space B hosts non-contractible
loops, or in mathematical terms when their fundamental group II; (B) is non-trivial (such
as the unit circle S; in Fig. 4.18). The simplest 2D surface enjoying a nontrivial funda-
mental group is the torus B = S* x S*. (ii) When restricted to a non-contractible loop,
the order parameter bundle must reduce to the Moébius bundle sketched in Fig. 4.18b (see
Methods and [171]).

The design strategy then becomes clear. We generalise non-orientable order to higher-
dimensional bodies, by constructing frustrated toroidal metamaterials showed in Fig. 4.20h
and Extended Data Fig. 4.23. We frustrate the local symmetry breaking of their ground
states by tuning the parity of the number of lozenges NV, and N; along the poloidal and/or
toroidal directions. When we place a metatorus in a vacuum bag to apply a uniform hydro-
static compression, we observe the emergence of a zero-deformation loop L, as illustrated
in Fig. 4.20i. When N, and NV, have opposite parities, £ winds along the direction where
the number of lozenges is even, whereas it wind along both directions when both NV, and
N, are odd (as confirmed by experiments showed in Fig. 4.20i, Extended Data Fig. 4.23).
When both N, and N; are odd the zero loop takes an unanticipated helix shape, which
spontaneously breaks both translation and mirror symmetry along both directions (see
Fig. 4.20i). In all cases, the spontaneous breaking of translation symmetry results in an
extensive degeneracy of the number of equilibria.

To explain how non-orientability determines the topology of the zero-deformation
loops, we note that global frustration prevents the emergence of a uniform ground state.
Taking the continuum limit and noting s; and s, the two principal coordinates on the
torus, we find that when N, and Vi are both odd, for any s;, there must exist a point
sy (st) where ¢ vanishes. Equivalently for any s, there must exist a point sj(s,) where ¢
vanishes. The resulting set of points £ where ¢(s,, s;) = 0 is therefore a loop, which must
wind once along each directions. In more technical terms, £ is the composition of the two
generators of the fundamental group I1; (S; x S7). The existence of a non-contractible zero
loop reveals the non-orientability of the staggered order parameter (s, s;). Restricting
the base space to a non-contractible loop intersecting £, and following the reasoning used
to describe the 1D metaring, we readily find that the restricted deformations defines a
Moébius line bundle, see Fig. 4.20j, Extended Data Fig. 4.23, Methods and SI. We stress
that there exist no physical soft-surface whose the buckling modes provide an analogue
of the frustrated metatori deformations. The abstract manifold defined by a deformation
configuration ¢(s,, sy) has no realisation in our 3D world.

The topology of the deformation bundle determines the winding direction of the £
loops. However, neither the shape nor the response of £ loops to perturbations are
determined by non-orientability. Both are set by the specific form of the elastic energy
of the metatori. To gain quantitative insight on the morphology of the zero loops, we
write a minimal model for the elasticity of the metatori by generalising Eq. (4.25) to
two dimensions, see SI for details. In the vicinity of £, the magnitude of the staggered
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Figure 4.21: Non-commutative mechanics and mechanical memory. (a) Picture
of an odd metaring under point loads P, S and R (see SI for details). (b) Measurements
of the staggered-rotation field ¢ for two sequences of loading P — S — R (top) and
P — R — S (bottom), see also Extended Data Fig. ?? and Supplementary Video 5. (c)
Circuit diagram (top) and value table (bottom) of a Set-Reset latch. (d) Correspondence
between the input loads S and R (black) and output rotations (pink) plotted as function
of time for the metaring showed in (a), see also Supplementary Video 6. (e) Numerical
simulations of an odd-odd metatorus under two different sequences of identical point loads.
The points of application of the loads are continuously moved, effectively braiding their
worldlines. While the initial and final load configurations are identical, the shape of the
line of zero deformation explicitly depend on the braiding sequence of the load history,
see also Supplementary Video 7 and SI for details on the simulation protocol).

deformations is small over a length £ (see Fig. 4.19). We can then approximate the
total elastic energy cost of these deformations by E = v [do, where ¢ is the curvilinear
coordinate along L. This is the energy of an elastic string having a finite line tension
v~ K@2(1 + 2p3)/(2¢). Minimising this energy functional, we therefore find that £ is
the loop of minimal length satisfying the winding constraints imposed by non-orientability,
in agreement with our experimental measurements reported in Fig 4.20i, Extended Data
Fig. 4.23 and SI. For odd-odd metatori, the minimisation of the loop length predicts
two mirror configurations winding once around the torus, which explains the spontaneous
breaking of parity symmetry upon uniform hydrostatic compression (Fig. 4.20i).

We have shown how frustrated metamaterials generically achieve non-orientable order
beyond one dimension. We now show that the topologically protected zero-nodes and
zero-lines provide the elementary units of robust mechanical memory. Storing, reading
and erasing mechanical information require the deformations to depend on the history
of the loading sequence [148-154,175]. One strategy consists in applying multiple loads
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to a material having a non-commutative response, i.e. deformations that depends on
the sequential order of the loads. To achieve this property, we apply point loads to odd
metarings (Fig. 4.21a).

Applying a first load P results in a zero-node at the diametrically opposite location
(Fig. 4.21b). Applying two subsequent loads S and R steers the zero-node counterclock-
wise when S is applied first, or clockwise when R is applied first (Fig. 4.21b). In other
words, the state of deformations cannot be inferred from the sole knowledge of the load
positions, but depends on their sequential order.

To realise the write, read, and erase operations, we demonstrate a one-bit digital
memory akin to a Set-Reset latch [176] exemplified in Fig. 4.21c. We define two loads
(S and R) and two rotation angles (Q and Q) as input and output signals respectively
(Fig. 4.21a). The sequential loading steps and measurements shown in Fig 4.21d realise
all the Set-Reset latch operations shown in Fig 4.21c. We also stress that the read, write
and erase operations can be performed sequentially without mechanical resetting [148].

This basic example of non-commutative response stems from non-orientable order,
which guarantees the presence of a single zero-node s*. When more than one point
load is applied, the zero-node can be located at multiple stable positions that can-
not be captured by linear and commutative response, see Methods, Extended Data
Fig. 4.24, 4.25, 4.26, 4.27 and SI for details.

In two dimensions, we show how to tailor the morphology of L loops, see (Fig. 4.21e).
Identical sets of local loads result in dramatically different deformation states that reflect
the full braiding history of their worldlines. We apply two load sequences associated with
two non-commuting braiding operations and find that the zero-deformation loops pro-
tected by non-orientable order store information about the load trajectories. We therefore
expect non-orientable order to offer an avenue to perform computational tasks based on
source braiding alternative to the holonomic computing paradigm [175,177,178|.
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4.8. Methods

4.8 Methods

4.8.1 Non-orientability of real line vector bundles beyond the
Mobius bundle

The simplest vector bundle discussed in this manuscript correspond to the Mobius bun-
dle, a non-orientable real line bundle defined over the unit circle. To design 2D and
3D materials featuring non-orientable order we need to consider non-orientable real line
bundles defined on higher-dimensional base space B. Let us consider a real line bundle
E 5 B defined over a base space B. This bundle is non-trivial (E cannot be continuously
mapped on B x R) if it is non-orientable. Equivalently, no homogenous field (order pa-
rameter, deformation, etc) can be consistently defined over B, they must vanish at least
at a point [171].

How do we detect the non-orientability of a real line bundle? The simplest procedure
consists in assigning to each non-contractible loop C of the base space B a number Z,: 0
if the line bundle restricted to C is a cylinder, 1 if it realizes a Mobius bundle (see SI for
an introduction to the Mébius bundle). Given that orientability is a topological property,
this index does not dependent on smooth deformations of the line C, and is a property
of each homotopy class of loops. This orientability index is thus a homeomorphism from
the fundamental group of B 71 (B) to Zs from which the first Stiefel-Whitney class w;(E)
is deduced [171]. Non-orientable order thus only exists on manifolds that feature non-
contractible loops, i.e. for which the fundamental group m;(B) is non-trivial.

The simplest 1D examples are the circle S (Fig. 4.18b in the Main Text), or sev-
eral circles intersecting at a point (Fig. 4.20d in the Main Text). The simplest 2D case
correspond to the torus (Fig. 4.20j in the Main Text) considered in this article.

Note that while non-orientability is detected from considerations along one-dimensional
loops, it encodes a genuine higher dimensional topological property. This contrasts with
the concept of weak topological gapped phases, where the topological index characteris-
ing an insulating phase in d dimensions is extended in d 4+ 1 dimensions by a stacking
procedure.

4.8.2 Non-commutative response and non-orientable order
Intuitive explanation

As explained in the Main Text, non-orientable order requires two ingredients: (i) sponta-
neous local symmetry breaking, (ii) deformation fields that live on a non-orientable fibre
bundle. Both play essential roles in achieving non-commutative response.

(i) Spontaneous local symmetry breaking. First, let us consider a single pair of lozenges
under sufficiently large axial compressive loads. The lozenges can buckle with equal
probability along one direction or the other (Extended Data Fig. 4.24a) and therefore
spontaneously break the left-right symmetry. However, if the lozenges are already twisted,
axial compressive loads can only increase the amplitude of rotation and can not reverse
the sign of the lozenges’ orientation (Extended Data Fig. 4.24b). As a consequence, the
sign of the rotation strongly depends on the previous deformation of the structure. This
property gives the system sequential memory and therefore offers the possibility to achieve
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a non-commutative response, i.e. different loading sequences lead to different states of
deformation.

However, local symmetry breaking by itself is not enough to achieve a non-commutative
response. An obvious example is provided by a ring made of an even number of pairs of
lozenges. When we apply the first axial compressive load P, antiferromagnetic order—
adjacent squares rotating in opposite directions—extends over the whole ring (Extended
Data Fig. 4.24c¢). No matter how many subsequent axial compressive loads are applied,
and what the loading sequence is, the sign of the lozenges’ rotation remains the same
(Extended Data Fig. 4.24¢). In other words, different loading sequences do not alter the
ultimate deformations. Even metarings do not achieve non-commutative response, see
Extended Data Fig. 4.24d for the data from experiments.

The trivial result of the even metaring indicates that, to achieve the non-commutative
response, the sign of the rotation is required to be changeable during the loading process.
Our strategy to achieve non-commutative response is introducing a frustration into the
system using a non-orientable fibre bundle, and then changing the sign of the rotation by
moving the position of the frustration.

(7i) Non-orientable fibre bundle. As mentioned in the Main Text, the deformation field
of the odd metaring lives on a non-orientable fibre bundle. When a load P is applied,
antiferromagnetic order extends simultaneously on both sides of the point P. However,
due to the geometric frustration caused by the non-orientable bundle, antiferromagnetic
order cannot extend across the whole ring. Therefore a zero-node must exist at a location
s*. In this simple case s* corresponds is at a maximal distance from P as a result of
energy minimisation (Extended Data Fig. 4.24e (top left)).

The lozenge where the second load S is applied has already experienced a counter-
clockwise rotation, in response to the first point load P (Extended Data Fig. 4.24e (top
left)). Therefore, the S load amplifies the counterclockwise rotation of the lozenge and
pushes the zero-node s* away from S to minimise the deformation gradients, and therefore
the overall elastic energy. When s* crosses the lozenge located at the position R, the sign
of the lozenge’s rotation is reversed accordingly (Extended Data Fig. 4.24e (top middle)).
Therefore, the third load R pushes the zero-node s* further to the right-hand side of the
ring as exemplified in Extended Data Fig. 4.24e (top right).

However, when we change the loading sequence to P — R — S, the zero-node s* is
pushed along a different path towards the left-hand side of the ring as shown in Extended
Data Fig. 4.24e (bottom). As a result, the two loading sequences P — S — R and
P — R — S result in different states of deformation. This phenomenon can also be
described as a non-commutative response, i.e. P+ S+ R # P+ R+ S (Extended Data
Fig. 4.24f).

In summary, spontaneous local symmetry breaking gives the system sequential mem-
ory. The non-orientable fibre bundle provides the possibility to achieve multiple states
of deformation. The combination of these two ingredients leads to a non-commutative
mechanical response.

A continuum theory perspective on non-commutative response

We now present a deeper link between non-orientable order and non-commutative response
using continuum theory. The existence of a non-orientable fibre bundle implies that there
exists an odd number of zero-nodes in the deformation field along the ring. So, in principle
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an odd metaring could have three or more zero-nodes. But in this letter, we only focus
on the low energy level, where an odd(even) metaring features 1(0) zero-node.

Let us start with the trivial case of the even metaring. When applying N axial
compressive point loads, they compartmentalise the ring into N sectors. For each sector
[Sn, Snt1], we have a solution ¢, (s) = A,e*/* + B,e™*/*, with

An 68"/>\ 6_8”/>\ -1 @n
(Bn> - <€Sn+1/)\ e—sn+1/)\ @n—l—l ) (426)

where \ is the elastic penetration length (see Eq. S20 in SI). Let us consider the case
where three point loads P, S and R are applied. Using the principle of minimum potential
energy, we can calculate the boundary values of all sectors, ¢p, ¢g and ¢r (see SI for
details), and compute the full deformation field (Extended Data Fig. 4.25a). We notice
that there exists only one set of stable equilibria, ¢ and —¢. The selection of the sign
of rotation, ¢ or —¢ is random, but is fixed when the first load is applied. We therefore
describe the pair of equilibria ¢ and —¢ as the same state of deformation. No matter what
the loading sequence is, the even metaring always reaches the same and only possible state
of deformation. Therefore, an even metaring cannot achieve non-commutative response.
For sake of clarify we henceforth use ¢ to represent the magnitude of the staggered angle.

Let us now consider the case of odd metarings. The deformation field of the odd
metaring lives on an non-orientable fibre bundle. Non-orientability implies that the bundle
is non-trivial, which guarantees the existence of point s* where ¢(s*) = 0.

The zero-node s* and the N point loads compartmentalise the ring into N + 1 sectors.
The deformations in each sector still conform to the function Eq.(4.26). Importantly, s*
can be located in any interval [s,_1, Sp41]:

1 1 sn+1//\ 777,— Sn_l/A 777,
S:L: §<8n,1+5n+1)+*>\ln ¢ L 1te Prt1

4.27
2 65"71/)\@1_1 + €Sn+1/)\@n+1 ? ( )

so there exist N possible locations for s*. Under three point loads P, S and R, the
zero-node s* can be located in any of the three intervals: s} € [sp, sg|, s5 € [sg, ss| or
sh € [sg, sp]. For each s}, using the minimum potential energy principle, we can calculate
the corresponding boundary values [¢%, 9%, o] and compute the full deformation field
(Extended Data Fig. 4.25b). There are N = 3 possible solutions, which makes it possible
to achieve a non-commutative response. We stress that the existence of multiple solutions
is intimately linked to the nonlinearity introduced by the spontaneous symmetry breaking.

We proved that odd metarings can enjoy multiple stable equilibria. Now the question
is: which equilibrium does the system select? The answer depends on the loading history.
The location of the zero-node s* tends to move continuously during the loading process
(Extended Data Fig. 4.25¢), otherwise the system would need to overcome a huge energy
barrier to jump from one equilibrium state to another. When the loading sequence is
P — S — R(resp. P — R — S), the zero-node moves continuously to the location
si(resp. st) (Extended Data Fig. 4.25¢). Different loading sequences lead to different
states of deformation: odd metarings enjoy non-commutative response.

It is also worth noting that the zero-node can end its journey at s5. However this
cannot be realised by merely switching the load sequences, like applying PSR, PRS,
SPR and so on. More steps are required to reach this state, for instance, by applying the
sequence P — 0.9855 — 0.99R — 0.0155 — 0.01R, see Extended Data Fig. 4.25d.
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Non-commutative conditions

In the above, we have presented some specific examples of non-commutative response.
However, this feature is not systematic, and require some operating conditions which
we describe in details below. The non-commutative response requires two conditions :
(i) the system must have more than one stable equilibrium states, (ii) under different
loading sequences, the topologically-protected zero-nodes must end in different sectors of
the metaring. (Extended Data Fig. 4.26 a and b). These two conditions are controlled by
three parameters: (i) the amplitude of the loads, (ii) the locations of the loads, (iii) the
loading sequence.

These three parameters have infinite combinations. So, in practice, we only discuss
the role of the locations of the point loads. We consider load of equal amplitudes applied
sequentially. So the loading sequence of the three loads have six possible permutations.
Given this protocol, the condition for non-commutative response is that the length of each
sector is smaller than the half length of the whole loop, i.e. max[lps,lsr,lrp] < L/2,
see Extended Data Fig. 4.26 for detailed discussion. Importantly, although three stable
equilibra exist, only two possible states can be reached by the six load permutations
(Extended Data Fig. 4.26). Reaching the third equilibrium state required applying a
different protocol as exemplified in the previous section.

4.8.3 Mechanical sequential logic gate

In this section, we use the same setup as the previous section to realise a mechanical
sequential logic gate, see Fig. 4.21a in the Main Text and SI for detailed technical in-
formation. We apply three axial compressive point loads P, S and R on the ring. The
load P is a pre-load and always exists during the whole process. Loads S and R are two
binary inputs. The inputs are 1 when a load is applied and 0 otherwise. The rotation
angles @ and () are two outputs. They can be binarized by assigning the values 1 for
clockwise rotations and 0 for counterclockwise rotations. The mechanical logic gate we
build can achieve the same value table as the Set-Reset latch, one of the most typical
sequential circuits (Fig. 4.21c in the Main Text). Unlike combinational circuits, the out-
puts of sequential circuits do not only depend on the inputs, but also the outputs of the
previous steps. The sequential circuits have memory. This memory is embodied as the
state "Keep’ in our mechanical logic gate. When all three loads are applied, i.e. the inputs
SR = 11, the logic gate is at the state 'Keep’, and the outputs keep the output values
from the previous step. The state 'Keep’ also reflects the non-commutative response of the
metaring (the same loads (input) can lead to different states of deformation (outputs)),
see Extended Data Fig. 4.27.

Importantly, the mechanical sequential logic gate works under continuous input signals
without any mechanical reset. This property requires the unloading process to conform
to the value table. For example, when we change the inputs from SR = 11(Keep) to
SR = 01(Reset), i.e. unload the force S, no matter what the outputs of the previous
step are, the outputs must be reset as QQ = 01. To satisfy this condition, we adjust
the magnitude of the loads, so that the system features only one stable equilibrium state
(see SI for detailed information). As the system always reaches the same equilibrium,
it therefore gives the same outputs. Similarly, the inputs SR = 10(Set) also requires
constant outputs QQ = 10. By applying a continuous load signal on the setup we build,
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we checked that the setup indeed conforms to the value table during either the loading
process or the unloading process. The result is shown in Fig. 4.21d of the Main Text.
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no twist

Figure 4.22: Metarings and twisted bands under hydrostatic compression. From
top to bottom, we show pictures of the compressed specimen (top), polar plots of the
deformations (middle) and the corresponding order-parameter bundles (bottom). (a)
Metarings with an even number of pairs of lozenges and twisted bands with an even
number of half twists live on a cylinder bundle. The order parameters (s) and 6(s) do
not vanish under hydrostatic compression. (b) Metarings with an odd number of pair of
lozenges and twisted bands with an odd number of half twists live on a Mobius bundle.
The order parameters ¢(s) and 6(s) vanish at one point s* under hydrostatic compres-
sion. The inhomogeneous bending angles of twisted bands are due to the inhomogeneous
geometry of the bands.
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Figure 4.23: Non-orientable mechanics of toroidal metamaterials. We vary the
parity of the number of lozenges in the toroidal (NV;) and poloidal (N,) directions: (a-
c) Ny = 26 and N, = 11; (d-f) N; = 27 and N, = 10. (a, d) 3D printed metatori.
(b, e) Experimental measurements of the staggered rotation field ¢(sq, s,) under hydro-
static pressure, and theoretical prediction of the shape of the loop of zero deformation
L (solid white line), see also Supplementary Video 4. (c, f) Non-orientable bundles of
the staggered-rotation fields. The gray tori represent the base space. The coloured strips
illustrate the twist of the bundles along the toroidal and poloidal directions.
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Figure 4.24: Non-commutative response with non-orientable order. (a) A pair
of lozenges buckles with equal probability along one direction or the other under axial
compression and therefore spontaneously break the left-right symmetry. (b) For a pair
of twisted lozenges, axial compressive loads can only increase the amplitude of rotation
and can not reverse the sign of the lozenges’ orientation. (c-d) Under two different the
loading sequences P — S — R and P — R — S, an even metaring (16 pairs of lozenges)
displays the same response. The sign of the lozenges’ rotation remains the same no matter
what loading sequence is applied. (c) Reconstructed metarings. (d) Polar plots of the
staggered rotation angle ¢. (e-f) Under two different the loading sequences P — S — R
and P — R — S, an odd metaring (15 pairs of lozenges) displays different responses. (e)
Reconstructed metarings. (f) Polar plots of the staggered rotation angle . Left row:
Under a point load P a zero-node s* appears at the maximum distance from P. Middle
row: The second load S (R) pushes the zero-node s* away from S (R). The sign of the
rotation of lozenges located at position R (.5) is reversed while applying the load S (R).
Right row: The third load R (S) pushes the zero-node s* further to the right side (left
side) of the ring.
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Figure 4.25: Stable equilibria and the moving path of the zero-node s* of metar-
ings in continuum theory. (a) The deformation plots of an even metaring under three
point loads P, R and S in continuum theory. There is only one stable equilibrium. (b)
The deformation plots of an odd metaring under three point loads P, R and S in contin-
uum theory. There are three possible stable equilibria. Each stable equilibria corresponds
to a zero node s* in different intervals: s} € [sp, sg|, s5 € [Sgr, ss] or s5 € [ss,sp]. (c)
Under the loading sequence P — S — R, the zero-node continuously move to the location
s%. (d) Under the loading sequence P — R — S, the zero-node continuously move to the
location s3. (d) Under the loading sequence P — 0.985R — 0.995 — 0.015R — 0.015,
the zero-node continuously move to the location s5. We take sp = 0, sg = 0.34, sp = 0.66,
Fp = Fg = Fr =366.7, K =12 and A\ = 0.0667 in all cases, see SI for details.
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Figure 4.26: Conditions of non-commutative mechanics of an odd metaring in
response to three local loads. (a) A case where the points of applications of the loads
P, R, S leads to non-commutative response. Under two different load sequences, the
third load pushes the zero-nodes s* towards into two distinct sectors. (b) A case where
the points of applications of the loads P, R, and S do not allow for a non-commutative
response. Under two different loading sequences, the third load pushes the zero-nodes s*
back towards the same sector. (c) Conditions for non-commutative responses based on
the relative sizes of the sectors [pg, lsg and [grp, and on the sequential order of the loads P,
R and S, and location of the zero-node s* resulting from six different loading sequences.
The zero-node can be located at three different possible locations: in the sector lpg, lsr
and lgp. L is the length of the whole loop.
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Figure 4.27: Mechanical sequential logic gate using the non-commutative re-
sponse of an odd metaring. The load P is a pre-load and always exists during the
whole process. Loads S and R are two inputs. The inputs are 1 when a load is applied
and 0 otherwise. The rotation angles Q and @ are two outputs. The outputs are 1 for
clockwise rotations and 0 for counterclockwise rotations. The non-commutative response
of an odd metaring conforms to the value table of a Set-Reset latch (Fig. 4.21c in the
Main Text).
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4.9 Supplementary Videos

Supplementary Video 1: Active liquid shows global frustration.

Supplementary Video 2: An odd metaring and an even metaring are compressed
homogeneously by a vacuum bag.

Supplementary Video 3: A Mobius band and a cylinder are compressed homogeneously
by a vacuum bag.

Supplementary Video 4: Tori with different parities of the number of lozenges along
toroidal and poloidal directions are compressed homogeneously by a vacuum bag.

Supplementary Video 5: Under two different loading sequences, an odd metaring shows
non-commutative response.

Supplementary Video 6: A mechanical sequential logic gate realises all the Set-Reset
latch operations.

Supplementary Video 7: Numerical simulations of an odd-odd metatorus under differ-
ent sequences of identical point loads.
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Figure 4.28: Mobius strips are non-orientable. a. Ruled surface having the shape of
a Mobius strip, and definition of the normal vector n(s). b. It is impossible to define a
consistent choice of a continuous normal-vector field on a Mobius strip. Considering two
open sets covering the base circle S, the product of the transition functions over the two
open overlaps O; and Os is equal to —1.

4.10 Supplementary Information

4.10.1 Bending mechanics of Mdobius strips and non-orientable
deformation bundles

A Mobius strip is a non-orientable surface

Fig. 4.28a shows a Mobius strip defined as a ruled surface of constant width w. We note
s the curvilinear coordinate along the circular centerline of unit length, and n(s) the unit
vector normal to the surface at s. The Mobius strip provides a prototypical example of
a non-orientable manifold: it is impossible to coherently define a smooth normal vector
field over the whole strip. At best, we can define smooth unit normal vectors n4 and ng
over two overlapping open intervals U4 and U?, as illustrated in Fig. 4.28b. In each of
the two overlap regions O; and Oj, we can define a transition function 7, » which relates
the two orientation conventions n* and n”: nt = ¥¥n? in O, and n? = 'Bn? in O,.

Non-orientability translates in the relation [131]:
Pt = 1, (4.28)

which prevents the definition of a smooth unit-vector field n(s) over U4 U UB [132,179].
We explain below that the non-orientability of soft Mobius strip’s results in a non-trivial
topology of their bending deformations bundle.

The bending-deformation bundle of a Mdobius strip is non-orientable

To single out the impact of non-orientability on buckling deformations, we use a low-
energy description of the bending deformations. More specifically, we consider a single
bending angle 6(s) associated to a displacement §R*(s)/w = 5 sinf(s)n(s) ~ 36(s) along
the local normal vector, see Fig. 4.29a. The bending deformations fields (s) define a real
line bundle over S;. We now show that its topology is non trivial.

We first note that, as n(s) must be defined separately on the two open sets U4 and

UB, we also have to assign two consistent sign conventions for the bending angle (64
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Figure 4.29: Bending-deformation bundle of an elastic Mdbius strip. a. Picture
of a buckled M6bius strip described in the Methods. In our simplified picture, the bending
elasticity is captured by a single bending angle 6(s), the resulting local displacement vector
is OR*(s) = sinf(s)n(s). b. Sketch of the line bundle structure. The total space F is
locally isomorphic to a cylinder (R x S7) but not globally. The two sections #5 and g are
defined on two overlapping open intervals U4 and UZ of the unit circle S;. c¢. Maximally
large trivial section of the deformation bundle. It is defined over U* = S;\{s*}, the
non-orientability of the bundle structure implies that the deformation vanishes at s*.

and 6g). Conversely, the physical observable 0 R*(s) is a displacement vector in our 3D
Euclidian space, which does not depend on any local representation of the Mobius strip
orientation. Therefore, when the orientation convention changes, the deformations must
obey the same Z, gauge transformation rule [?]:

Nna/B — —MNA/B 4.99
{‘9A/B —  —0Oa/B (429)

In all that follows X 4,p stands for X4 or Xp. We can now describe the strip elasticity
in term as a non-trivial line bundle, sketched in Fig. 4.29b, see [132,179] for more math-
ematical details. The local deformation 6(s) belongs to a real fiber Ry at each point s
of the base manifold S;. By definition, the total space E of the deformations defines a
fiber bundle. The scalar deformation fields 64,5(s) define two local sections of the defor-
mation bundle. In an open neighborhood Uy of s, the deformations 6(s) is defined by a
local choice of orientation. In more mathematical terms, this defines a local trivialization
7 U) = ®,(U; x R), where @ is a smooth mapping, and where 7 is the local projec-
tion £ = S;. Finally, the local choice of the orientation of the Mobius strip, discussed
in Section 4.10.1, naturally associates a Zy structure group (Eq. (4.29)) to the bundle
definition, see also [?].
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We can see that the deformation bundle is non-trivial by using the two bundle charts
(U4, ®4) and (UB, ®P) sketched in Fig. 4.29b. In the open overlap Oy, we can always
choose the same orientation for the two charts, i.e (®4)71 o ®B(s,0) = (s,0) for all
s € O1. However, given this choice, Eq. (4.28), and the independence of the real-space
displacements § R*(s) on the local orientation of the strip, imply that (®8)~1o ®4(s,0) =
(s, —0). The transition function ®% o (®4)~! relating the two bundle charts in Oy must
have a negative Jacobian. This result defines a non-orientable line bundle: the bending
deformations of a soft Mobius strip is non-orientable [132,179]. An essential property of
real line bundles is that non-orientability is equivalent to topological non-triviality. When
a bundle is non-trivial, it is impossible to define a smooth non-vanishing section 6(s) over
the whole base space S7. Regardless of the specifics of the elastic energy, non-orientability
requires continuous bending deformations 6(s) to vanish at least at one point s* along
the strip. Simply put, Mobius strips are topologically protected against homogeneous
buckling.

We close this section with three comments. Firstly, in the Main Text, and in all
that follows, we avoid referring to the definition of two separate intervals by defining U4
as the maximally large open set over which the line bundle can be trivialized. Given
the location of s*, we define a posteriori U* = S;\{s*}. We then drop the A index and
Oa(s) = 0(s). Given this definition of the bending deformations, 6(s) is continuous over the
whole strip and vanishes at s*, Fig 4.29¢c. Secondly, the definition of 6(s) does not require
introducing a double covering of the Mébius strip [?]. The double-covering formulation
is not in contradiction with the one used in this work. They represent two line-bundle
representations of topologically constrained scalar fields defined over S;. Finally, our
representation of the deformations of non-orientable manifolds are based on single-valued
continuous fields. Therefore, it allows us to use a standard elastic elastic energy:

g1 (0,0)* + 2V (0) ds, (4.30)

2 (s

where V() is a potential parametrized by the magnitude of the axial load F'. V(0) is a
symmetric bistable potential when F' exceeds the Euler buckling threshold, see Fig. 1.
The minimization of Eq. (4.30) in the specific case of a quartic potential was discussed
in [?]. The comparison to our experimental measurements (Fig. 1d in the Main Text)
demonstrates that the minimal model introduced in this section provides an excellent
proxy of the full thin-sheet elasticity problem [180].

4.10.2 Non-orientable mechanics of anti-ferromagnetic mechan-
ical metamaterials

Bending-Shearing model

The mechanical description of the metamaterials showed in Figs. 1 and 2 of the Main
Text, is based on the bending-shearing model of Ref. [133]. This minimal model describes
the deformations of a lattice of of rigid lozenges connected by elastic hinges, see Fig. 4.30a.
In this picture, the lozenges are squares of size L, their centers are separated by a distance
a and the hinges’ length is . The predominant deformations are the bending and shearing
modes of the elastic hinges sketched in Fig. 4.30b. In the limit of small deformations, we
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Figure 4.30: Bending-Shearing model. a. A square lattice of rigid squares connected
by soft hinges. We note: a the lattice spacing, ¢ is the hinge length, and L the square
size. b. Bending and shearing deformations of the filaments promote respectively the co-
rotation and counter-rotation of adjacent squares. c. Each square is associated to a single
degree of freedom ¢ corresponding to its rotation with respect to its equilibrium position.
d. Total mechanical energy of the metamaterial under the action of a homogeneous
compression load F. When F' < F the lattice is undeformed. When F > F, the lattice
buckles in plane, and a global anti-ferromagnetic order emerges.

neglect the translation of the lozenge centers, and focus on their rotation. The Bending-
Shearing model therefore consists in a competition between co-rotation of neighboring
lozenges promoted by bending, and counter-rotation promoted by shearing, Fig. 4.30b.

Continuum mechanics of an open meta-chain

To gain some intuition, we consider first the simple case of an open meta-chain made of
two rows of N squares. Within a harmonic approximation, and assuming mirror symmetry
between the two rows, the elastic energy reduces to

N1 c. N o
E=22 [Qab(¢i+1 — i)’ + % (fit1 + ¢i)2:| +> 2—2

=1 i=1

(26)%, (4.31)

where the rotation ¢ is defined in Fig. 4.30. The first sum reflects the competition between
co-rotation and counter-rotation. The two coupling constants are given by C}, = k; and
C, = ]“4—5(1 + V2L/0), where k, and k, are the bending and shearing stiffness of the
hinges, see [133]. The second sum in Eq. (4.31) arises from the couplings between the two
symmetric rows, and hinders the rotation of each individual square.

The mechanics of the metamaterial has an obvious magnetic analogy. The first sum
in Eq. (4.31) mirrors the competition between ferromagnetic and anti-ferromagnetic in-
teractions in a collection of XY spins, within a spin wave-approximation. The second
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sum mirrors the role of a homogeneous magnetic field. All of our experimental results
correspond to situations where C, < C, we therefore limit our analysis to this case, and
dub our mechanical systems anti-ferromagnetic metamaterials.

In addition to the elastic energy, the mechanical work W of an axial load F' contributes
to the total buckling energy £ = E + W as

W = Fa Z(cos ¢i — 1), (4.32)

When F < F., with F, = 12C},/a?, the total energy £ has a single minimum which
corresponds to a homogeneous state with ¢; = 0, Fig. 4.30c. But, when F' exceeds F¢,
the homogeneous rest state becomes unstable, the squares rotate rotate to form a stag-
gered structure depicted Fig. 4.30d. The metamaterial undergoes an anti-ferromagnetic
transition.

To describe the low energy excitations of an open chain, we naturally introduce the
local anti-ferromagnetic order parameter ¢; = €(—1)'¢;, where ¢ = 41 is an arbitrary
sign convention for the rotation direction. Close to the onset of the anti-ferromagnetic
transition, we can expand the cosine function up to quartic order in Eq. (4.32), and write
£ in the canonical form:

K 20!
£=2 [QQ%H —¢i)* +aV(p;) + Tb(wfﬂ -, (4.33)

with K = 2(Cs — Cy) is the anti-ferromagnetic stiffness, and V(p) = K/&2(p? — p2)?,
with €2 = 24K /F and @2 = 6(1 — F./F). In the last expression we have highlighted the
anti-ferromagnetic interactions while accommodating the ferromagnetic part in the last
two terms. In the long wave-length limit, only the first two components remain and we
can therefore describe the anti-ferromagnetic transition in terms of a canonical ¢* model:

e= [as [2((35@2 +V (), (4.34)

where s is the curvilinear coordinate along the chain and ¢(s) is a smooth staggered
rotation field.

Non-orientable mechanics of closed meta-chains

When defining the phonon elasticity of a periodic lattice, taking the continuum limit does
not require caring about the parity of the number of atoms. In stark contrast, the long
wavelength excitations of closed mechanical anti-ferromagnets crucially depends on the
parity of N. As illustrated in Fig. 4.31a, a metaring with an odd number of lozenges
frustrates global anti-ferromagnetic order.

We now show that the geometrical frustration of mechanical deformations translates
in the non-orientability of their associate bundle. As illustrated in Fig. 4.31b, we cover
the closed chain by two overlapping open sets U4 and U? corresponding to two arbitrary
orientation conventions e = £1 and ¢® = %1 defining two staggered-rotations fields:
%.A /B — Al B(—1)i¢;. The local deformation ¢; is defined unambiguously with respect to
the vector normal to the planar metamaterial. Therefore, the orientation and staggered
rotation variables obey the same Z, transformation rule as in Eq. (4.29):

{ (A/B . _ A/B

' 4.35
e (4.35)

- —pA/B,
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. i1+ 2
i1 i1+ 1 !

Figure 4.31: frustration induced non-orientability of odd metarings. a. In a
closed metaring, anti-ferromagnetic order is frustrated when the number N of lozenges
is odd. b. We can cover the rig of lozenges by two overlapping sets where we define
two orientations €4 and eg of the staggered angles gof/ B The global frustration of the
anti-ferromagnetic order implies that the transitions functions 7 cannot be all equal to
1 in the two overlap sets O; and Os. c. Continuum limit. The largest open set over
which the elastic-deformation bundle can be trivialized is S;/{s*}. At the position s* the
non-triviality of the deformation bundle imposes ¢(s*) = 0.

We can always choose €4 = €p in the first overlapping region O; via e.g. a redefinition of
the sign of ¢”. However, in O, the transition function which relates the two staggered
rotations is determined by the parity of N. A direct count of the number of sites separating
the two overlap regions yields: e o = (—1)Vegp?, for i € O,. When N is even there
is no obstruction to trivialize the deformation bundle into S; x R, and the long wave-
length elastic energy is given by Eq. (4.34). By contrast, taking the continuum limit
N — oo and keeping N odd, defines a non-orientable deformation bundle. Following
the exact same reasoning as in Section 4.10.1, we find that the staggered-rotation bundle
E 5 S is topologically identical to the bending-deformation bundle of a continuous
Mobius strip: the staggered-rotation bundle has an emergent non-orientable topology
although the metamaterial itself is obviously orientable. Non-orientable real line bundles
are non-trivial, as a consequence we cannot define a smooth non-vanishing field ¢(s) over
the entire chain when N is odd, Fig. 4.31.

Following the same reasoning as in Section 4.10.1, in the Main Text we consider the
largest possible trivialization of E = S, see Fig. 4.31c. We define ¢ over the interval
U = 51\ {s*}, where s* is the point where the deformation must vanish, Fig. 4.31c:

p(s") = 0. (4.36)

We stress that the location of the zero-deformation node is not prescribed a priori, and
this additional (gauge) degree of freedom needs to be dealt with when minimizing the
elastic energy, Eq. (4.34), of odd metamaterials.
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Zero-deformation node on frustrated rings: a pedestrian demonstration

In this section we provide an alternative demonstration of Eqs. (4.34) and (4.36). This
more pedestrian approach starts with the lattice model defined by Eq. (4.33). As in the
continuum approach, we define two sets of lattice points U4 and U? to cover the ring,
Fig. 4.31b. We can write the anti-ferromagnetic part of the mechanical energy by keeping
track of the regions over which the staggered deformations are defined:

K K
Exp= 3, (@l =)’ +aViegh)+ > o-(0) — i) +aV(g)). (437)
i€Sa\{i1} ieSp\{i2}

We can always find a couple of orientations {¢,€P} so that ¢(i;) = (i), in the
overlap O;. However, this choice implies that ¢ (is) = (—1)V¢P(i3) in O,. Given this
observation, we can can drop the A/B indices and express Eq. (4.38) in term of a single
deformation variable ¢; as

K K
Exp= Y (pi— @ir1)’ +aV (p) + (i, + Qig41)”. (4.38)
s .. 2a 2a
AUSB\{i2}

We then define wy; = £[1 — (—=1)"] and recast the above expression into

K

K
Ear = Z %(9024 — e )2 +aV(p) + 4w1;90§280§2+1, (4.39)

where a = 1/N for a ring of unit length. We can now take the continuum limit (N — oo)
keeping the parity of N constant, see Fig. 4.31b. The long wave-length description of
anti-ferromagnetic chains then takes the compact form:

£ = /[}2(((93@)2 +Vi(p)| ds +4Kw, Aim_ N (s*), (4.40)

where s* = i3/N. The second term of Eq. (4.40) originates from the topology of the
deformation bundle. When N is even, the deformations are orientable, w; = 0 and
Eq. (4.40) reduces to the linear low-energy description of 1D elastic materials (Eq. (4.34)).
Conversely, when N is odd, mechanics is non-orientable, w; = 1 and the last term of
Eq. (4.40) constrains any continuous deformation field (s) to vanish at s = s*. From a
more formal perspective w; corresponds to the first Stieffel-Whitney class of the elastic
deformation bundle. It defines an obstruction to its trivialization [132].

We showed in the previous section that the staggered deformations of frustrated odd
chains are topologically identical to the bending modes of a soft Mébius strip. This result
is further confirmed by the structure of Eq. (4.40) which includes the same topological
term as in the minimal model of a Mébius strip introduced in [?].

Buckling patterns of 1D metarings: comparison to experiments

We find the response of odd metarings under the action of a homogeneous axial load
by minimizing Eq. (4.34) with the constraint ¢(s*) = 0. This tedious minimization is
discussed in [?]. The solution corresponds to two symmetric half ¢* kinks continuously
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Curvilinear coordinate S Curvilinear coordinate S

Figure 4.32: Homogeneous compression of odd metachains. a. Picture of a metar-
ing pressurized in a vaccuum bag (N = 15) described in the Methods. b. Plots of the
measured staggered rotation angle for two different rings of lengths N = 15 and N = 17
(symbols) and best fit from our continuum theory, Eq. (4.41). We measure a maximum
deformation angle . = 1.19rad and find &5 = 3.76 £ 0.60 a;5 and &7 = 2.21 £0.13 a7
where the lattice spacings are a5 &~ 12.6mm and a7 ~ 11.1mm.

connected on the unit circle, see Fig. 4.32. The analytical expression of the deformation
profile takes a simple form only when expressed in an implicit form:

s (7|22 s .1 )

: , (4.41)

©(5)/Pmax = £

where J|u, k| is the inverse of the elliptic integral function of the first kind, also known as
the Jacobi Amplitude, and ¢,y is the maximum deformation angle. This expression de-
pends on the metamaterial parameters only through the characteristic length £&. We stress
that this solution is singular at the location s* and spontaneously breaks the translational
invariance of Eq. (4.34). As a result, the location of s* is not prescribed and its translation
along the base circle corresponds to zero-energy deformations. Fig. 4.32 reveals that our
minimal theory expressed in term of a single scalar order parameter correctly accounts
for our experimental findings. Eq. (4.41) can therefore be effectively used to measure the
elastic constant K of pressurized metarings.

4.10.3 Non-orientable mechanics of toroidal metamaterials

We now consider a metatorus made of a square lattice of 2D lozenges with anti-ferromagnetic
couplings along both directions, Fig. 4.33a. We note NN, and N; the number of lozenges
in the poloidal and toroidal directions. In this section, we first show that all metatori
including an odd number of units in at least one direction feature a non-orientable me-
chanics. We then demonstrate that non-orientability results in the topological protection
of a zero-deformation loop under isotropic load. We finally show that the morphology of
the zero-deformations loops are curves of minimal length that wind around the torus.
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Non-orientable deformation bundles and zero-deformation loops

As in the Main Text, we consider the limit of very large tori and neglect all geometrical
corrections arising from finite curvature. In the long wave-length limit the elastic energy
of a finite portion U of the metatorus then generalizes Eq. (4.34) as:

E= /UIQ( [Vgo(x,y)]2 + V(p) dzdy, (4.42)

where x and y are the toroidal and poloidal coordinates, and V' is the bistable quartic
potential defined in Eq. (4.34). Following the same analysis as for one-dimensional rings,
we know that if number of lozenges is odd along one, or two, directions then homogeneous
anti-ferromagnetic order is frustrated. We show below that this geometrical frustration
translates again in the non-orientability of the staggered-deformation bundle.

For the sake of clarity, in Fig. 4.33 we represent the torus 72 as a unit square with
opposite edges identified, Fig. 4.33b. We consider two open sets U4 and U? that overlap
and cover T2, U4 and UP are associated to two orientations e* and €®, which define two
staggered rotation fields (r) and ©®(r). Any loop on the torus effectively realizes a
1D metaring. Hence when N, is odd, U4 and U® should not include any loop winding
in the toroidal direction. Repeating the same reasoning we identify the three types of
possible coverings sketched in Fig. 4.33b depending on the parity of N, and N;. Let us
now assume that there exists a smooth staggered-rotation field in the limit N,, N > 1
(keeping the parity of the number of lozenges unchanged). In the two overlaps O; and
O,, the local rotation angle ¢(z,y) is unambiguously defined with respect to the normal
of the torus. It is related to /B as ¢(z,y) = e (x,y) = 2P (z,y) in the two overlap
regions. We can always choose ¢? = ¢Z in O; via a mere redefinition of the sign of ©?. A
direct count of the number of sites separating O; and O, along the odd directions then
implies that eAp?(x,y) = —ePp?(z,y) in Oy. In other words, there is an obstruction to
define smooth staggered deformations of constant sign over the whole torus. The p(z,y)
fields define a non-orientable real line bundle £ = T2 [132,179].

Generalizing the analysis done for one-dimentional rings in Sec 4.10.2, we deduce that
the largest open sets over which we can trivialize the deformations is 72\ L, where L is a
closed loop winding once around the torus, see Fig. 4.33d. As £ = T? is non-orientable, ¢
must vanish along £. We conclude that the mechanics of frustrated toroidal metamaterials
is defined by the combination of their elastic energy Eq. (4.42), and of the topological
constraint:

o (R*(0)) = 0, (4.43)

where R*(0) is a parametrization of £ with respect to its curvilinear coordinate o. The
deformation modes of the £ loop add a number of degrees of freedom to the staggered
rotation variables. They must be dealt with when computing the equilibrium deformation
patterns, which minimize the elastic energy Egs. (4.42) and (4.43). Remarkably, without
explicitly solving this constrained minimization problem, we already know that in the
case where both N, and N, are odd, £ must wind around both principal directions. As a
result, mechanical equilibrium spontaneously breaks two mirror symmetries: the emergent
buckling patterns of odd-odd tori compressed by isotropic loads are chiral, Fig. 4.33c.
An alternative demonstration of the topological protection of the £ loops can be done
following the reasoning of Sec. 4.10.2. Consider for instance the case where Ny is odd and
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Figure 4.33: Non-orientable mechanics of frustrated metatori. In all the figures N,
and, or, N; are odd. a. Photograph of a toroidal metamaterial isotropically compressed
in a vacuum bag (N, = 11, Ny = 27). b. Planar representation of the torus. The
heat map indicates the staggered deformation field on its planar representation, a square
where the two pairs of opposite edges are identified. The deformations correspond to the
minimization of the elastic energy Eq. (4.42) with the constraint Eq. (4.43) when N, is
odd and NV is even. c. Two overlapping open sets U4 and U? cover T?. The definition
of smooth staggered deformations on both U4 and U constrains the topology of the two
sets. U4/ cannot include any closed loop winding along one direction where the number
of lozenges is odd. We can always choose the orientation and the staggered-rotation fields
©*/B to coincide on the overlap region O;. However, the parity of N, and/or N, forbids
the equality o (x,y) = ©P(x,y) when (z,y) € Os. No smooth anti-ferromagnetic order
iarameter having a constant sign can be defined on 7?. The staggered deformations define

Hon-orientable line bundle. d. Topology and geometry of the zero-deformation line L.
When both N, and N; are odd £ winds along both directions and must spontaneously
break two mirror symmetries. The shape of the £ loops in the three plots corresponds to
the minimum of the elastic energy. The loops are curved of minimal length which satisfies
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N even. Starting from an anti-ferromagnetic lattice model defined on two overlapping
sets of sites, we can take the continuous limit and find

K
Eodde —even = /T? {Q(Vgo)z + V(p)| dady —i— lim 4K NN, O*(2*(y), y) dy.

N¢,Np—+o00 51
(4.44)
A loop L lassoing the torus along the poloidal direction (y) is topologically protected
against deformations irrespective of the magnitude of the load. £ = {R*(y)} is here
parametrized in the Monge gauge: R* = (2*(y), y)
We close this section by noting that the same analysis can be formally extended to
higher dimensional tori ST where anti-ferromagnetic frustration results in the topological
protection of vanishing deformations on n — 1 dimensional manifolds.

Geometry of the zero-deformation loops

As described in the Main Text, when frustrated, toroidal metamaterials are lassoed by
zero-deformation loops £. Their winding is determined by the underlying non-orientability
of the deformation bundle. The bundle topology, however, does not prescribe the loop
geometry, which depends on the specifics of the load distribution and of the elastic energy.
In this section, we show that under the action of isotropic loads F', the set of zero-
deformation points form loops of minimal length and compute their associated line tension.

Deep in the frustrated state, when F' > F,, the rotation of the squares are localized

over a characteristic length £ = \/24Ka/F around L. This screening of the elastic defor-

mations allows us to simplify the elastic energy. We first write (V)? = (9)¢)* + (9.¢)?,
where g and J, are the derivatives in the directions longitudinal and normal to £. The
large-scale variations of ¢ then reduce to (V) & ©3/£?, where we recall that ¢q is
the amplitude of the energy barrier separating the two minima of the quartic potential,
Fig. 4.30. The total energy £ then takes the compact form:

25/d (252 + §§g0§> = fy/da, (4.45)
with o the curvilinear coordinate along £, and v = K@2(1 + 2¢2)/(2¢) the effective line
tension. In Eq. (4.45), we have effectively integrated out all the deformations degrees of
freedom . We are thus left with the residual degrees of freedom associated to the shape
of the £ loop. We find that under a homogeneous load they are lines of minimal length
topologically constrained to wind around the torus. Their three possible shapes are shown
in fig. 4.33d. In the odd-even and even-odd cases L are circles (geodesics), whereas in the
odd-odd case, L is chiral and forms a helix of minimal length, which lassos the torus both
in the toroidal and poloidal directions. These predictions are in excellent agreement with
our experimental findings reported in Fig. 2 (Main Text).

4.10.4 Response to heterogeneous loads

In this last section we detail the mechanical response of frustrated metamaterials under
the action of heterogeneous loads. We first focus on one-dimensional rings including
an odd number of units and show how memory naturally emerges from non-orientable
mechanics. We then compute the effective elasticity of the zero deformation loops arising
from pointwise loads applied to metatori.
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Mechanical memory of one-dimensional metaring

In the Main Text, we demonstrate the realisation of a Set-Reset Latch memory by applying
localised axial loads to odd metarings. Here we show that the possibility to read, write
and erase mechanical bits stems from a multistable effective potential ruling the position
s* of the zero-energy node.

We start from the continuum description of the odd metaring, and write the total
energy

We then readily find that the deformations of minimal energy satisfies
NO2p — =0, (4.47)

with \? = a?K/(12C}) and ¢(s*) = 0. To investigate the response to an imposed defor-
mation at s = 0. We add the extra constraint ¢(0) = ¢(1) = ¢ on the periodic field. The
deformation profile then takes the simple form:

, (4.48)

(5:5") Ae?/r + Be™s/* s €0, 5]
s;8%) =
i Ce’/* + De™®/A s € [s*1]

with

() =z ()
<g> - 2sinh((;f_ /) <_:;jA/A) : (4.49)

We stress that the position s* is yet to be determined. Inserting the deformation field
©(s; s*) back in the elastic energy £ leads to the effective potential:

Kg? sinh(1/X)

Us™) = Elp(sis™)] = - sinh((1 — s*)/A) sinh(s*/A)”

(4.50)

The location of the zero-energy node corresponds to the minimum of . When the ring
is deformed by a single point load at s = 0, s* is diametrically opposed to the source of
deformation, s* = 1/2, see Figs. 4.34a, 4.34b.

The above result is readily generalised to a set of local deformations {¢,} imposed
at {s,}. To ease the notation we also include the topological restriction ¢(s*) = 0
as one of the imposed deformations. For each interval [s,, s, 1], we have a solution
on(s) = Ape + Bpe®/*, with

An 1 ¥n esn/A  p—sn/A
(Bn> = Mn (@n—i—l) ) Mn = <esn+1//\ 6757l+1//\ . (451)
As before, the determination of s* follows directly from the minimisation of the effective

potential U(s*) = E[{pn}]. If, for instance, s, = s* is located between s,_; and s, 1, its
exact position between both local deformations is given by

n A A n— A
et/ A g, g+ esn1Ag,
esn-1/Ag, 1 + esn1/Ag, 4

1
2

1
s* = 5(37171 + Sn+1) + )\hl’ ‘ (452)
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b. d. U(s*)

14
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Figure 4.34: Mechanical memory of one-dimensional metarings. a. Response of a
metaring (described in the Methods) to locally imposed deformations. Same experiments
as in the Main Text. b. Polar plot of the deformations induced by a point load located at
sa. The deformation vanishes at s*, the point opposite to s;. ¢. Three local rotations are
imposed sequentially (@1, @2, @3) at positions s; = 0.2, s, = 0.5, s3 = 0.8, respectively, in
a metaring consisting of an odd number of units. d. The potential energy U(s*) (heat
map) evolves in time and becomes tri-stable when the three deformations are imposed.
The red curve indicates how the position of the zero-deformation node evolves in time as
the deformations are sequentially applied.
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For each interval [s,, s,t1], the corresponding elastic energy is
B, = / ds— (A262/% | G225/, (4.53)

When more than one compressive load F), is applied, the mechanical work is W =
> F,2a(cosp, — 1) = . Fy(cosp, — 1) and the total energy is £ = S B, + W. Us-
ing the principle of minimum energy, 0€/0¢,, = 0, we can get multiple equilibria. This
property lies at the core of the memory effect in odd metarings. As illustrated in Fig. 4.34¢
and d, the sequential application of local deformations leads to the programmed selection
of a single minimum corresponding to one deformation pattern. This property echoes the
mechanical response of non-orientable surfaces to shear stresses predicted in [?]. Unlike in
non-orientable surfaces, mechanical memory can be easily read given the planar geometry
of the rings, and simply extended to higher dimensional meta-structures.

Shape memory of the £ loops.

We now determine the shape of the £ loop for frustrated metatori deformed by a collection
of point stresses. The intrinsic non-orientability of the staggered-rotation bundle £ = T2
imposes the existence of zero deformation loops £. When the applied load is homogeneous,
elasticity minimises the length of £, see Sec. 4.10.3. Under the action of localised sources
of stress and deformations, the morphology of £ is more difficult to anticipate. In this last
section, we derive the effective elasticity of £ loops caused by heterogeneous distributions
of localised loads and shed light on their intrinsic multistability.

We consider a generic load distribution defined by the scalar field F'(r) = >, F,o(r —
ro). At mechanical equilibrium ¢ minimises the total energy functional which takes the

generic from
5:/d27~ K vy +f¢ /drF (4.54)
2

Non-orientability adds the topological constraint ¢(R*(0)) = 0. We stress that the min-
imisation of Eq. (4.54) involves two coupled fields: (i) the staggered deformations, ¢(R*),
and the loop’s shape R*(0).

To define the effective elasticity of £, we solve a seemingly more complex problem. We
consider the case where the structure could also be subject to thermal fluctuations [181],
and introduce the partition function:

Z = / Dy / DR (]Jd@(R*@))) o PR, (4.55)

This formulation allows us to compute the effective energy of the £ loop by integrating
out the the Gaussian fluctuations of ¢(R*). To proceed, we first express the topological
constraint using a Lagrange multiplier A(¢). Noting, G[r, '] the Green function defined
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by B(m? — kV?)G[r,7'| = §(r — 7'), we have

zZ= /DR*/DA/W exp —;/d’rdr’ o() G (7)o () +/dr F(r)o(r)
+i / do )\(a)gp(R*(a))] (4.56)
e / DR* / D exp [—; / do do’ \(0)G[R*(0)), R*(o))]\(0")
_ig / do / &r \No)GR*(0), 7| F(r)
e / DR* exp (—U[R']) , (4.58)

(4.57)

where Cp, C are constants independent on R*(s) and the line effective energy in the
presence of external forces reads

2 ~
UR'] = 52 [ do do’ [ v’ Pr)Glr, R (0)IG R (0), R (GIR (o), 7] F (1),
) ) (4.59)
where G~ is defined by [ do’G[R*(0)), R*(¢")|G ' [R*(¢"), R(c")] = (0 —0”). The case
of a single force of amplitude Fj applied at 7y corresponds to the simpler potential

u [R*] 62 2

/da do’'Glro, R*(0)|G7[R*(0), R*(0")|G[R* ("), 7). (4.60)

Equation (4.60) although exact, is not handy since it requires the inverse of the non-
local operator G. To gain more insight on the long wave-length limit, we approximate the
Green s function on the torus G by its expression on the R? plane: G(r, ") = g(|r—7'|) =
Ko(m|r — 7'|), with K, the modified Bessel function of the second kind.
In response to a single point load, elastic energy is clearly minimized when placing
L at a maximal distance from the load. This elementary reasoning is confirmed by our
experiments and simulations. We hence make the following ansatz for the loop shape
R}(0) = to+p, where £ is a unitary tangent vector, and p a point of reference. Subject to
additional local forces, £ undergoes transverse deformations. We parametrize its shape as
R*(0) = R}(0)+€eRj(0), with R%(0) = f(o)n, i the normal vector, and € the magnitude
of the transverse fluctuation.

To quadratic order in € we have

27rB

Glro, R*(0)] = Go + €f(0)G1 + 62f2(O')G2 + 0(63) (4.61)
where

Golro, R*(0)] = g(|to + p — o)
n-(p— 7o)

Giro, R (0 )]: g ([to +p — o))
U+P—7°o|
to+p—rof* — (- (p—70)") , s

Gs[ro, R (0 to+p—

[ro l( A[to +p — rof? g'([to +p — rol)
n-(p—m10))
i - . 4.62

4|t0+p—7“0|2 ot +p =) (462
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Figure 4.35: Line repulsion from one point stress. a. Sketch of the unperturbed zero
line Ri(0) = to + p (dashed white line) and the deformed line R*(¢0) = R5(0) + ef(0)n
(solid white line), where £ = {1,0}, and p = {0,0}. The point stress is applied at
ro = {0,—0.1}. b, ¢, d. Expansion terms from the one-source potential Uy for m = 10:
effective line tension M (o), repulsion term K (o), and shift term X (o), respectively.
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Analogously we have . 3 3 .
Glo,0'] = Gy + €Gy + Gy + O(€°), (4.63)

with

Golo,0'] = g(lo — o))
Gilo, o' =t- ﬁ<f(0> _‘5(_037),;(7 7 )gl(|0 —d[)=0

Golo, o) = <‘;|)U__fif’|’)) g(lo — o). (4.64)

Notice that the operator G is non-local. In order to have a local potential U we
employ the last approximation: ml > 1, where [ is the characteristic separation between
two neighboring sites. Under this regime, g(o) ~ 6(0) rendering both G and G~' local
functions of o.

All in all, after eliminating unnecessary constant shifts in energy, the potential of
eq. (4.60) reads

Uy[R"] = —¢ / do (o) K (0) X (0) + ¢ / do [MQ(") (;Z) + Ké") f2(a)] . (465)
where
M(o) = G,
K(0) =2(G} +2GoG),
eNe?
X(0) =~ a.ay

and the arguments of the G function are implicitly given by [rg, R*(s)]. These three
functions are plotted in Fig. 4.35

We can now qualitatively understand the response of the £ loop to a point-wise stress
applied to the metatori. At first order in €, Eq. (4.65) indicates that the repulsion from the
source of stress is minimised when the loop is at a maximal distance from the source. £
loops are repelled by point stresses. At second order in €, Eq. (4.65) translates the effective
elasticity of the £ loop. The first term of order €2 acts as an effective line tension. Unlike
in the case of homogeneous load, the line tension is here heterogeneous. The second and
last term of order €2 modulates the repulsive force from the source.

Simply put £ loops have a finite line tension and are repelled from point stresses.
These two ingredients shed light on the pattern dynamics showed in Fig. 3 in the Main
Text, where we see the zero deformation loop moving and bending away from the applied
perturbations.

4.10.5 Experimental Methods

Sample designs

Metarings We design metarings, formed of 15, 17, 16 and 18 pairs of squares connected
by short hinges connecting their corners, see Fig. 2a and d of the Main Text and Fig. 4.36a.
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The high contrast in stiffness between the squares and the hinges and the geometry of
the soft hinges ensure that the shearing stiffness is larger than the bending stiffness. This
implies that counter-rotations of adjacent squares is more energetically favourable than
co-rotation [133]. In other words antiferromagnetic order develops over long distances.

Flexible twisted bands We design four types of twisted bands that have 0, 1, 2 and
3 half twists and that form closed loops, see Fig. 2f and i of the Main Text. Since we are
interested in their out-of-plane buckling under homogeneous compression, we design the
cross section of the twisted band in the shape of the “I” letter, see Fig. 4.36¢c. The top and
bottom parts of the I are made of a stiff material and are used for applying compressive
loads. The middle part of the twisted band is made of a soft material and its dimensions
are suitably designed such that it features a single buckling mode.

Connected metarings We rigidly connect a pair of lozenges of two metarings. One
metaring has 15 pairs of lozenges, the other has 16 pairs of lozenges. See Fig. 3b of the
Main Text and Fig. 4.36e.

Mobius shorts We design a Mdbius shorts composed of two rigidly connected bands:
a cylinder and a Mobius band, see Fig. 3b of the Main Text and Fig. 4.36f.

Metatori The geometry of the metatori is that of toroidal shells formed of a square
lattices of lozenges connected via their corners, see Fig. 3h of the Main Text, Extended
Data Fig.2 and Fig. 4.36g. We design three types of metatori. They correspond to lattices
including numbers of lozenges in the toroidals and poloidal directions with all possible
parities. We again use a stiff material for the lozenges and a soft material for the hinges.
This design promotes antiferromagnetic order under compression.

Sample fabrication

We produce all the samples by additive manufacturing using a PolyJet 3D printer (Strata-
sys Object500 Connex3). The central parts of the twisted bands and of the hinges of
metarings and metatori are made of a flexible photopolymer (Stratasys Agilus30, Young’s
modulus £ =~ 1 MPa, see Fig. 4.37 for a calibration of the elastic properties). The
other parts, the top and bottom part of the twisted bands and the lozenges forming the
metarings and metatori, are made of a stiffer material (Stratasys Vero, Young’s modulus
E ~ 2500 MPa).

Experimental setup

hydrostatic pressure In Fig. 2 and Fig. 3 of the Main Text, we test our structures
under hydrostatic compression. To this end, the samples are placed into a seal plastic
bag connected to a vacuum pump (KNF Neuberger N022.AN.18) and a vacuum regulator
(SMC IRV series). We use this device to apply a pressure difference of ~ 20 kPa, such
that the bag applies a constant pressure on the structures.
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indicator

Figure 4.36: Geometry and data acquisition. a. Geometry design of a metaring,
where R = 30 mm, h = 12 mm, t = 1 mm and [ &~ 1 mm. Squares are marked by
diamond marks to track their position and rotation. b. Definition of the rotation angle
of a metaring’s unit cell ¢; = (¢! + ¢?) = 7;. c¢. Cross section of twisted bands, where
wp, =20 mm, t, =5 mm, H =22 mm, ¢t =1 mm, [ = 2 mm and ¢ = 4 mm. The radius
of twisted bands is 50 mm. A coating of flexible material (Stratasys Agilus30) encloses
the flat band in order to make the junction more durable. d. Bending angle of a twisted
band 6; = arccos ((d; — 2t,)/H). e. Design of connected metarings. A pair of lozenges of
are rigidly connected (red). The connected lozenges have the same rotation. f. Geometry
design of a Mébius shorts. A Mébius band and a cylinder band are rigidly connected by a
rigid yellow bar. The soft strips (grey) are connected at one point by a rigid red bar. The
bending angles of the Mobius band and the cylinder band are the same at the connected
point. The radius of the Mébius band is 65 mm and the radius of the cylinder band is
34 mm. Other geometrical parameters are the same as single twisted bands (see c¢). g.
Geometry design of toroidal metamaterials, where R = 51 mm, » = 20 mm, [ = 2 mm,
t =1 mm and b = 8 mm. h. Definition of the rotation angle of a metatorus’ unit cell
Gij = 31(vig — W) — (vij+1 — ). A coating of flexible material (Stratasys Agilus30)
encloses the squares in order to make the hinge more durable.
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05 1
0 1 1 1 1 1
-1 -0.5 0 0.5 1 1.5 2
Ig(time) (s)
3 t
E(t) = Eo(1 — ¥ na(1 —e™¥™))
n=1
Ey M M2 3 T ) T3
(MPa) (s) (s) (s)
20°C 3.282 0.506 0.164 0.0507 0.255 2.181 19.39
50°C 1.035 0.057 0.063 \ 0.426 5.637 \

Figure 4.37: High temperature weakens the viscoelasticity of Agilus. The sample
was stretched under a high strain rate of 4/s up to strain e = 0.2 and held fixed for 100 s.
The effective section of the standard sample has a length L = 80 mm, depth d = 4 mm and
width w = 20 mm. The Young’s modulus is obtained by the neo-Hookean material model,
E(t) = 3F/[(A—=A"Y)wd], where ) is the applied stretch ratio and F' is the measured force.
The solid lines are fits of the Maxwell-Wiechert viscoelastic material model to the data,

3
given by E(t) = Eg(1 — 3 n,(1 — e7*/™)), where Ej is the peak Young’s modulus under
n=1

instantaneous load, 7, is the dimensionless relaxation strength and 7, is the timescale.
At room temperature (20°C), the effective Young’s modulus drops by 70% in 20s. While

at 50°C, the effective Young’s modulus only drops by up to 11%.
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Figure 4.38: Setup of applying local forces on a metaring.

Local compressive loads To demonstrate non-commutative mechanics and the me-
chanical sequential logic gates displayed in Fig. 4 of the Main Text and in Extended Data
Fig.3, we designed a second setup shown in Fig. 4.38. The setup allows us to apply local
compressive forces using pulleys and weigths. To minimize the effect of unwanted external
torques that would bias our measurements, we attached ball bearings to the metaring. In
the non-commutative mechanics experiments (Fig. 4b of the Main Text and Extended
Data Fig.3), we use an odd (even) metaring made of 15 (16) pairs of squares, and apply
three forces P, S and R having the same magnitude (2.75 N). The point of applications
of the loads are ip = 1, ig =7 and ig = 11 (ip = 1, ig = 8 and ig = 12).

In the mechanical Set-Reset latch experiment (Fig. 4d of the Main Text), we use the
same points of applications of the three loads P, R, S as above, but we slightly adjust
the experimental protocol to ensure that the hinges can snap back during the unloading
steps: (i) we use smaller P, S and R loads of 1.65N, 1.05N and 1.65N; (ii) we work at
a temperature of 50°C by using a heat gun and a thermometer (Fluke 62 Mini). At
room temperature, the flexible photopolymer (Agilus30) features a strong viscoelastic
stress relaxation, which typically prevents snap back [182]. As shown in Fig. 4.37, a
temperature of 50°C speeds up the viscoelastic stress relaxation by orders of magnitude
and limit the fluctuations of the Young modulus .
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Data acquisition

Metarings The experiments on the metarings are recorded with a high-resolution cam-
era (Nikon D780 with Micro-Nikkor 105mm lens, resolution 6048 px x 4024 px). By
tracking the diamond markers on the squares using particle detection and tracking (Im-
agelJ), we measure the position and angle of each square. The accuracy of the measured
rotation angles is 0.3 deg. From the rotation of each square, we extract the average rota-
tion of the pairs of squares i ¢; = (¢} + ¢?), see Fig. 4.36b, from which we compute the
staggered variable ;. The data is shown in Fig. 2d and e of the Main Text, Fig. 4b and
d of the Main Text, Extended Data Fig.1 and in Supplementary Videos 2, 5 and 6.

Flexible twisted bands The distances d; between the white square markers on the
deformed flexible twisted bands are measured by a digital caliper (Mitutoyo CD-15APX).
The buckling angle is then computed from the distances d; and from the dimensions of the
specimen using the formula 6; = arccos ((d; — 2t,)/H), see Fig. 4.36d. Error propagation
on all these measurements give a typical measurement error of 5 degrees for the buckling
angle. The data is used in Fig. 2i and j of the Main Text.

Metatori The data from the experiments of toroidal metamaterials correspond to mea-
surements performed with a digital protractor (Wixey WR41). The error is around 5
degrees. By measuring the angle 7, ; between adjacent lozenges, the rotation of each
square ¢;; = 5[(Vi; — ) — (3,41 —77)] is obtained, see Fig. 4.36h. The data are plotted
in Fig. 3i of the Main Text, Extended Data Fig.2 and shown in Supplementary Video 4.

Numerical simulations

The numerical results shown in Fig. 4e of the Main Text and in the Supplementary Video
7 correspond to Brownian dynamics simulations over the angle variables ¢; ; indexed by
the coordinates 7, j of the sites:

doi
=g = = 3 Digwg oy = fia(M6ig (¢ = 65) + wit), (4.66)
i’
where 7 is the friction coefficient, f; ;(t) corresponds to the force applied at the site i, j at
a time t, w(t) is a white noise signal of small amplitude (0.01), and the dynamical matrix
D is directly obtained as the Hessian of the discrete elastic energy

E= Z { (Giv1y+ Cbm) ;(Cbi,jﬂ + Cbi,j)ﬂ
2 Cy 2
+ Z [ (Pit1 — Pij)” + %(@,jﬂ — i) ] , (4.67)

satisfying D; ;v = OE/0¢; ;0¢y j». The white noise is used to ensure that a stable
equilibrium is reached but none of the results depend on its magnitude.

Eq. (4.66) was solved with the software Mathematica using a LSODA scheme, which
automatically detects stiff and non-stiff regions, adapting the solver as needed [183].

The simulations were performed on systems with periodic boundary conditions of sizes
48x49, 49x48, and 49x49 for the even-odd, odd-even, and odd-odd cases respectively.
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The simulations involving a homogeneous compression of the metatori (Fig. 4.33) were
performed by setting n =2, a=1, ¢9 =1, Cs =3, C, =0.01, and f; ;(t) =1 Vi,j,t and
a total simulation time 7" = 100. The choice of bending and shearing stiffness ensures a
strong anti-ferromagnetic order (Cs/Cp > 1).

For the localised loading case shown in Fig. 4e of the Main Text, we used n = 1,
a=1, ¢ =1, Cy, =1, Cy = 0.001, and the magnitude of the loading forces were kept
constant in each simulation: |f};(¢)| = 70. We used a total simulation time of 7" = 1050.
As initial conditions we used configurations with predefined zero-deformation lines. We
then let the system relax for a time tel@xationt — 3() in both cases, reaching an equilibrium
configuration (bottom row of each subfigure). Then the applied sources are braided in as
follows: exchange of local loads for a duration of 7 = 400, relaxation of ¢relaxationz — 90,
new exchange of 7 = 400 and a final relaxation of ¢refaxations — 90
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Abstract:

What explains the rigidity of a material? The answer, in most cases, lies in the micro-
scopic stiffness of their components. However, in the 18th century, Maxwell understood
that materials made of stiff constituents may exhibit soft modes depending on a macro-
scopic quantity: the number of degrees of freedom and constraints. Two centuries later
we can understand this softness as a topological property.

This thesis explores the concept of rigidity from a topological lens. First, I explore the
consequences of Maxwell’s realization on networks of beads and springs. These systems
enjoy an often overlooked symmetry known as chiral symmetry. I exploit this symmetry
to define a new material property, the chiral polarization, encoding both the geometry
and topology of the material. It distinguishes between distinct topological phases and
also probes their softness by locating zero-energy modes. We confirm these findings by
experimentally measuring the chiral polarization on several mechanical metamaterials,
without resorting to any low-energy model.

In the second part, I analyze the connection between a different topological property,
non-orientability, and the location of highly stiff regions in an otherwise homogeneous sys-
tem. Inspired by the relation between global frustration and non-orientability, I describe
a unifying framework explaining the topological origin of the rigidity of non-orientable
soft surfaces and frustrated mechanical metamaterials. Their common denominator cor-
responds to the non-orientability of their deformation bundles. Through experiments and
simulations, we confirm the existence of topologically protected undeformable nodes and
lines, and explore their non-commutative responses, paving the way to designing robust
and functional mechanical metamaterials.



BIBLIOGRAPHY

Résumé :

Comment expliquer la rigidité d’'un matériau? Dans la plupart des cas grace a la
raideur microscopique de ses composants. Néanmoins, au 18eme siecle, Maxwell comprit
que certains matériaux construits a partir de constituents rigides, peuvent posséder des
modes de deformations mous. Il en fait le comptage a partir d’'une quantité macroscopique:
le nombre de degrés de liberté et de restrictions. Deux siecles plus tard, nous comprenons
cette souplesse comme une propriété topologique.

Cette these explore le concept de rigidité du point de vue topologique. Premierement,
j'explore les conséquences de la réalisation de Maxwell sur des réseaux de billes et ressorts.
Ces systemes possedent une symétrie souvent négligée: la symétrie chirale. J’exploite cette
symétrie pour définir une nouvelle propriété de matériau, la polarisation chirale, codant
a la fois la géométrie et la topologie du systeme. Cette polarisation distingue des phases
topologiques distinctes et permet de sonder leur souplesse en localisant les modes d’énergie
nulle. Nous confirmons ces résultats grace a des mesures expérimentales de la polarisation
chirale sur plusieurs métamatériaux mécaniques sans recourir a aucun modele de basse
énergie.

Dans la deuxiéme partie, j'analyse le rapport entre non-orientabilité et la rigidité des
certains métamatériaux. J’établis un lien étroit entre non-orientabilité et frustration, et
décris un cadre général permettant d’expliquer I'origine topologique de la rigidité des sur-
faces élastiques non-orientables et des métamatériaux frustrés. Leur point commun est
la non-orientabilité des leurs fibrés de déformations. En utilisant des expériences et des
simulations, nous confirmons 'existence de points et lignes rigides topologiquement pro-
tégés, et nous explorons leurs réponses non-commutatives, ouvrant la voie a la conception
de métamatériaux mécaniques robustes et fonctionnels.
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