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Titre: Mélange à quatre ondes dans un capillaire à cœur creux rempli de gaz. 
 
Mots-clés: Mélange à quatre ondes, Génération de fréquence, Capillaire à cœur creux, Optique non 
linéaire, Amplificateurs paramétriques optiques. 
 
Résume : L'objectif de ce travail est de produire des impulsions infrarouges en utilisant des 
phénomènes non linéaires dits de mélange à quatre ondes générés dans un environnement gazeux. Le 
concept général repose sur le transfert de l'énergie d'une forte impulsion de pompe à deux impulsions 
plus faibles (le signal et le complémentaire). Le processus de transfert d'énergie ne se produit que 
lorsque les trois champs se déplacent à la même vitesse. Comme milieu de propagation, nous avons 
utilisé un capillaire rempli de gaz qui permet de modifier la dispersion de la fibre et la non-linéarité 
simplement en changeant la pression du gaz. L'accordabilité de l'impulsion de le complémentaire 
(infrarouge) est obtenue en ajustant le temps de recouvrement entre les champs. Nous avons obtenu 
une impulsion complémentaire à spectre accordable dans le proche infrarouge de 1,2 à 1,5 𝜇m avec la 
potentialité d'atteindre la gamme de l’infrarouge moyen. Le complémentaire est généré le plus 
efficacement à 1,2 𝜇m et possède une durée de 220 fs avec une énergie évaluée à quelques nJ. Dans la 
deuxième partie de ce manuscrit, nous nous intéressons à l'interaction spatiale non linéaire. Où, en 
considérant que les champs se propageant ont une distribution spatiale différente qui conduit à un 
couplage spatio-temporel. En conséquence, le signal et le complémentaire peuvent être générés dans 
diverses combinaisons de modes de fibre HE1n. Une nouvelle approche numérique basée sur l'équation 
de propagation unidirectionnelle multimode des impulsions a été réalisée en collaboration avec le 
laboratoire ICB. Les simulations ont montré une oscillation longitudinale de la puissance et de 
l’intensité du laser le long de la fibre due à l’interaction entre les modes fondamentaux et les modes 
d’ordre supérieur. Dans cette condition, nous avons mis en évidence la génération et l'amplification de 
nouveaux modes à d'autres domaines spectraux permettant non seulement de comprendre le couplage 
spatio-temporel dans le HCC rempli de gaz mais aussi d'ouvrir la voie à de nouvelles perspectives 
comme la mise en forme assistée non linéaire du faisceau.Dans notre cas, nous observons également la 
génération et l’amplification de nouveaux modes dans un HCC. Ces études nous a permis non 
seulement de mettre en avant le couplage spatiotemporel dans le HCC rempli de gaz, mais également 
d’ouvrir de nouvelles perspectives sur le façonnage spatial de faisceau assisté par un mélange à quatre 
ondes multimodal.   
 

 
 

Title : FWM in a gas-filled hollow core capillary. 

Keywords: Four-wave mixing, Frequency generation, Hollow core fiber, Nonlinear optics, Optical 
parametric amplifier.  
 
Summary: The objective of this work is to produce infrared pulses using non-linear phenomena known 
as four wave mixing generated in a gaseous environment. The general concept relies on to transfer the 
energy from a strong pump pulse to two weaker pulses (the signal and/or idler). The energy transfer 
process occurs only when the three fields travel at the same speed. As a propagation medium, we used a 
capillary filled with gas that allows to modify the dispersion of the fiber and the non-linearity just by 
changing the gas pressure. The tunability of the idler pulse (infrared) is obtained by adjusting the time 
overlapping between the fields. From the experiment, we get a near infrared tunable pulse of 1.2 to 1.5 
μm with potentiality to reach the mid-infrared. The idler generated at 1.2 𝜇m has a duration of 220 fs 
with an energy of few nJ. In the second part of this manuscript, we take an interest in non-linear spatial 
interaction. Where, by considering the propagating fields have a different spatial distribution that leads 
to a spatiotemporal coupling. As a result, the signal and the idler can be generated in various 
combinations of fiber HE 1n modes. A new numerical approach based on the multimode unidirectional 
pulse propagation equation was performed in collaboration with the ICB laboratory. We found a 
longitudinal oscillation of the power and the beam intensity along the fiber because of an interaction 
between the fundamental and the generated high order modes.  In this condition, we highlighted the 
generation and amplification of new modes at another spectral ranges allowing not only to understand 
the spatio-temporal coupling in the gas filled HCC but also to open the way to new perspectives as 
nonlinear assisted beam shaping. 
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Abstract 
 
This work is associated with the study of four-wave mixing (FWM) based on optical 
parametric amplification of broadband pulses in a gas-filled hollow-core capillary (HCC). 
Numerical and experimental investigations have been considered to achieve a tunable 
source generating ultra-short pulses in the near-infrared. The general principle relies on a 
four-wave mixing process achieved in a monoatomic gas that offers a degree of freedom 
with the pressure to control dispersion and the non-linearity in real time. In addition, the 
selection of different gases as a non-linear medium offers a wide range of light-matter 
interactions with different dynamics. Another advantage of HCC is to overcome the 
limitations of damage occurring in bulk materials and absorption in the infrared. The 
general goal is to transfer the energy from a strong pump pulse to two weaker pulses (the 
signal and/or idler) through a phase-matched FWM process. One important feature of this 
technique is the generation of the idler simultaneously at different wavelengths as respect 
to the injected signal spectrum; the accessible bandwidth is therefore enhanced. In order 
to add spectral tunability, the pump and the signal can be chirped, as the specific spectral 
components of both pulses temporally overlap. In addition, as the peak power is reduced 
by stretching the input pulses, the energy transfer can be improved without undesirable 
nonlinearities.   
 
Numerical simulations have been performed to quantify the contribution of all parameters 
in the phase-matched FWM process. We begin to use an undepleted regime with a 
monochromatic pump wave to analytically describe the FWM. We highlight the 
importance of the  sign of the fiber second order dispersion term to predict the signal and 
idler positions, and to evaluate the walk-off length related to the group velocity. In 
addition, an important point for ultra-fast amplifiers is its spectral bandwidth. Since the 
pump acquires a chirp during its propagation in the gas, the signal and idler sidebands are 
generated from the chirped pump pulse. Therefore, they will be temporally delayed 
inducing a spectro-temporal distribution.  
The propagation of a chirped pump pulse and a chirped broadband signal in a gas-filled-
HCC has been numerically studied by solving the generalized nonlinear Schrödinger 
equation with the split-step Fourier method, to accurately explore the chirp contribution. 
In this way, we found a combination of parameters which served to develop an 
experimental configuration with fundamental mode profiles. From the experiment, we get 
a near infrared tunable pulse of 1.2 to 1.5 μm with potentiality to reach the mid-infrared. 
The idler generated at 1.2 𝜇m has a duration of 220 fs with an energy of few nJ. 
 
In the second part of this manuscript, we focus on the nonlinear interaction between the 
fundamental and high order modes in the gas filled HCC. Because of the large core 
diameter, the HCC can handle ultra-short pulses with high power in a nonlinear medium 
supporting a multimode content. This leads to a spatiotemporal coupling due to spatial 
and temporal Kerr effects occurring during the pulse propagation. Thus, the analytical 



 

 

solution of FWM was solved using various combinations of fiber HE1n modes. The 
preliminary numerical results confirm the possibility to amplify or generate infrared 
pulses with a multimodal phase matching. The experimental implementation did not 
conclude that this effect is predominant, but instead, other original phenomena were 
observed and studied more deeply during experiments and numerical simulations. 
A new numerical approach based on the multimode unidirectional pulse propagation 
equation was also performed in collaboration with the laboratory Interdisciplinaire Carnot 
de Bourgogne (ICB). We found a longitudinal oscillation of the power and the beam 
intensity along the fiber because of an interaction between the fundamental and the 
generated high order modes. As similar effect reported in GRIN fibers, a periodic 
modulation of the refractive index and intensity exists and leads to some local intense 
area and nonlinearities. In this condition, we highlighted the generation and amplification 
of new modes at another spectral ranges allowing not only to understand the spatio-
temporal coupling in the gas filled HCC but also to open the way to new perspectives as 
nonlinear assisted beam shaping. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  



 

 

Résumé 
 
Ce travail porte sur l'étude de l'amplification paramétrique optique d'impulsions à dérive 
de fréquence large bande dans un capillaire à cœur creux rempli de gaz (ou Hollow Core 
Capillary, HCC). Nous avons développé des codes de simulation et des expériences pour 
réaliser une source accordable à impulsions ultra-courtes dans l’infrarouge proche. Le 
principe général repose sur le mélange à quatre ondes (ou Four-Wave Mixing, FWM) 
généré dans un gaz monoatomique qui permet de contrôler en temps réel la dispersion et 
la non-linéarité en ajustant la pression. De plus, il est possible d’utiliser différents gaz 
afin d’obtenir une large variété d'interaction avec la lumière. Un autre avantage des HCC 
par rapport à des systèmes à base de matériaux massifs est d’augmenter le seuil de 
dommage et de limiter l'absorption dans l’infrarouge. L’objectif général est de transférer 
l'énergie d'une impulsion de pompe à forte puissance vers deux impulsions à puissance 
plus faible (le signal et le complémentaire) via un processus de mélange à quatre ondes. 
Une des caractéristiques importantes est que l’onde complémentaire soit générée 
simultanément au signal à différentes longueurs d'onde. La bande spectrale est ainsi 
élargie. Afin de modifier ou d’améliorer l’accordabilité spectrale, des dérives de 
fréquence peuvent être appliquées sur la pompe et le signal. Ainsi, un ensemble de 
composantes spectrales des deux impulsions se recouvrent temporellement. De plus, la 
puissance crête des impulsions d'entrée est diminuée pour éviter les dommages et les 
effets non linéaires indésirables.  
 
Des simulations numériques ont été effectuées pour comprendre la contribution de tous 
les paramètres importants influençant la condition d’accord de phase du FWM. Nous 
avons également réalisé un code analytique, dans le cas d’une onde de pompe 
monochromatique en régime non saturé, pour  décrire qualitativement le FWM et pour 
connaitre l'importance des paramètres comme le signe de la dispersion, la vitesse de 
groupe, la pression et la puissance. 

Un autre point important pour développer les amplificateurs à impulsions ultra-courtes 
est sa bande spectrale. Puisque la pompe acquiert une phase spectrale pendant la 
propagation dans le gaz, les bandes latérales du signal et du complémentaire sont générées 
à partir d’une impulsion de pompe à dérive de fréquence. Par conséquent, elles présentent 
une distribution spectro-temporelle. Pour accentuer cet effet, la propagation d’une pompe 
et d’un signal étirées a été étudiée numériquement dans une fibre creuse remplie de gaz 
en résolvant l'équation de Schrödinger non-linéaire. Cette méthode a été utilisée 
principalement pour comprendre l’impact et l’influence de la dérive de fréquence sur le 
FWM.  Nous avons trouvé une combinaison de paramètres pour développer l’expérience 
avec toutes les impulsions dans un mode fondamental. Nous avons obtenu une impulsion 
complémentaire à spectre accordable dans le proche infrarouge de 1,2 à 1,5 𝜇m avec la 
possibilité d'atteindre la gamme de l’infrarouge moyen. Le complémentaire est généré le 
plus efficacement à 1,2 𝜇m et possède  une durée de 220 fs avec une énergie évaluée à 
quelques nJ. 



 

 

Dans la deuxième partie de ce manuscrit, nous nous concentrons sur l’interaction non 
linéaire entre des ondes dans un mode fondamental et des modes d’ordre supérieurs. En 
raison du grand diamètre du cœur, le HCC peut facilement supporter des impulsions de 
forte puissante avec plusieurs modes spatiaux. Il se produit ainsi un couplage 
spatiotemporel dû à l’effet Kerr survenant durant la propagation de l’impulsion. Le FWM 
a été ensuite décrit analytiquement en tenant compte diverses combinaisons de modes de 
fibres (HE1n). Les résultats confirment la possibilité d'amplifier ou de générer des 
impulsions infrarouges avec plusieurs combinaisons différentes d’accord de phase en 
ajustant la pression du gaz. Cependant, cet effet n’a pas été observé d’une façon 
prédominante. Par conséquente, nous avons travaillé sur une autre analyse et des 
simulations complémentaires. Cette nouvelle approche est basée sur la résolution de 
l’équation de la propagation unidirectionnelle multimodale des impulsions en 
collaboration avec le laboratoire ICB. Les simulations ont montré une oscillation 
longitudinale de la puissance et de l’intensité du laser le long de la fibre due à l’interaction 
entre les modes fondamentaux et les modes d’ordre supérieur. Un effet similaire a été 
également observé dans les fibres GRIN lorsqu’une modulation périodique de l’indice de 
réfraction et de l’intensité produit une concentration de l’énergie. Dans notre cas, nous 
observons également la génération et l’amplification de nouveaux modes dans un HCC. 
Ces études nous a permis non seulement de mettre en avant le couplage spatiotemporel 
dans le HCC rempli de gaz, mais également d’ouvrir de nouvelles perspectives sur le 
façonnage spatial de faisceau assisté par un mélange à quatre ondes multimodal.   
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Chapter 1. Introduction  
 
Based on the theoretical work by Arthur Leonard Schawlow and Charles Hard Townes1 
Theodore H. Maiman has first shown the concept of lasing in a ruby crystal 2. A few years 
later, the concept of solid-state laser 3 and gas laser 4 has also been developed to bring a 
revolutionary change to the way we live today, because lasers are highly used in scientific 
and industrial applications. The principal objectives of laser research are: increase the 
pulse energy, generate ultra-short pulses, and produce laser light a specific wavelength. 
Thus, in relation to the first task, the rapid evolution of the technology creates the shortest 
pulses by Q switching and mode-locking techniques. The Chirped pulse amplification 
(CPA) has also emerged as a solution to amplify ultra-short pulse at high peak power. 
This technique was developed by D. Strickland and G. Mourou and they receive the Nobel 
Prize in Physics 2018 5.  CPA consists to stretch the incoming pulse by adding dispersion 
from a prism or a grating. Since the pulse is temporally stretched, its peak power 
decreases keeping the same amount of energy. To increase the power, the pulse goes to 
the amplification stage and after the dispersion is compensated. Finally, the amplified 
pulse is recompressed to reach a high peak power.  
Following these progresses, the invention of optical fibers in the 1970s brought the 
invention of the first fiber laser by Elias Snitzer 6. The significant advantage of the fiber 
is that the beam is confined to the transverse plane, so that the beam intensity can be 
maintained over a long propagation distance. Another advantage to use fibers is to 
generate laser light at a specific wavelength by doping the fiber with rare earth elements 
such as ytterbium, erbium and thulium 7. During the 1990s there were a lot of research 
behind fiber laser amplifiers resulting in ytterbium doped fiber amplifier. This is now a 
well matured system that provides a high average power (~100 W) of ultra-short pulse at 
~1 µm 8.   
The ultra-fast processes were studied in the optical fibers even before the invention of the 
fiber laser, since that time many non-linear phenomena have been discovered 9. The 
progress achieved on fiber laser, and nonlinear materials have created the field related to 
nonlinear optics and non-liner photonic as well. The first nonlinear optical process 
reported was a second harmonic generation (at 342 nm)  in crystal line quartz 10. This 
event was followed by reports on frequency mixing 11 parametric generation 12 and 
supercontinuum generation 13 in various configurations like crystalline and isotropic bulk 
materials.  The process linked to the third order susceptibility includes the third harmonic 
generation 14, optical Kerr 15, four-wave mixing 16, self-focusing, among others. As most 
wavelength regions are not directly accessible using only available laser materials, non-
linear effects allows to extend the spectral bandwidth and tunability. For example, 
recently in hollow capillary fibers have been used to generate few-femtosecond pulses 
tunable from the ultraviolet (300 nm) to the infrared (740 nm) with an energy up to 25 μJ 
17. 
 
In relation with the pulse energy, since the 1980s, one of the most widely used non-linear 
effects has been the Optical Parametric Amplification (OPA), particularly in non-linear 
materials with second order susceptibility. The researches have been focused on crystals, 
because it allows to get a wide spectral tunability and or an amplification of few-optical 
cycle pulses with energy above the μJ-level 18. Particularly OPA has been well developed 
to generate or amplify fs pulses in the visible 19,20, near-IR 21 and Mid-infrared 22. 
Lately, the Optical Parametric Chirped Pulse Amplifiers (OPCPA), has been used to 
achieve systems with high peak power in the near-IR, with an energy above the mJ-level 
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by using a different type of crystals such as BBO 23, BiB3O6 24, and PPMgLN 25. Despite 
its great success, the OPA systems are designed with multiple nonlinear stages to optimize 
the phase matching and the conversion efficiency. Additionally, the process is limited by 
the optical transparency of the materials, the availability of the non-linear crystals and the 
damage threshold.  
 
Using guided systems in association with the OPCPA provides significant benefits, such 
as; robustness and compactness systems. Moreover, in guided system the optical 
interactions between the involved pulses shall be more efficient thanks to the beam 
collinearity and excellent spatial beam profile. In particular, these processes were studied 
in single-mode solid-core photonic crystal fibers (PCF) in which the generation and the 
amplification are achieved from a Four Wave Mixing (FWM) mechanism 26–28. In this 
case, the phase matching is given by the nonlinear phase of the pump and the overall 
(chromatic and geometric) dispersion of the fiber 29. The FWM also arises as a solution 
for frequency conversion from a high-intense ultrashort laser pulse. Optical damage is 
also an important potential issue. Therefore, the power scalability by using solid core fibers 
can be performed by increasing the fiber-core diameter while keeping the suitable dispersion 
profile 30 or by stretching involved pulses 31 as for CPA and OPCPA.   
 
Lately, gas filled-hollow core waveguide is of great interest because the optical damage threshold 
is much higher than in silica. In this case, the dispersion can be controlled by the pressure in real 
time, allowing a tunable phase-matched process. Regarding a specific type of hollow core 
waveguide, the Hollow Core Capillary (HCC) which is a dielectric tube that can contain 
gas inside, has emerged as an interesting solution that allows to work in a gas environment 
32.  The HCC has been included in many applications, such as vacuum ultraviolet (VUV) 
generation 33,34, spatial and temporal self-compression 30,35, high harmonic generation 36–

38. Recently, applications in frequency conversion and amplification from FWM and 
Resonant dispersive wave (RDW) have been emerged, and it also allows the creation of 
tunable ultra-fast source from UV up to IR in the few-femtosecond regime 39. The gas-
filled HCC has many advantages for non-linear phenomena because the gas pressure is 
the key to simultaneously adjust dispersion and non-linearity. Few groups have focused 
their research on the amplification in gas filled HCC with a large core to generate or 
amplified pulses in the visible 40, ultra-violet 41,42 and infrared ranges 43–45.  

Nonlinear phenomena in multimode optical fiber were heavily studied in the early years 
of optical communications to increase the capacity of optical communication systems 46–

48. One of the main current limitations to the transmission capacity of both single-mode 
and multimode fiber optical communication links is due to nonlinearity. Thus, the 
nonlinear phenomena in multicore and multimode fibers (MMFs), particularly four-wave 
mixing (FWM), have received renewed attention 49–52. Another important motivation for 
research in this area is the potential to use multimode optical fibers in the development 
of multimode mode-locking laser 53–56. Lately, graded-index multimode fiber 
(GRINMFs) has become an ideal platform to explore the nonlinear interaction of 
multiple modes because all guided modes can propagate with nearly identical group 
velocities at special wavelengths 57. Therefore, the non-linear coupling between all the 
short pulses is reached at a maximum along the fiber58,59. Moreover, the propagation 
constants of the modes in this case is quantized with equally spaced values; therefore, just 
a specific mode can be amplified 60.  
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For the multimode propagation in a HCC, Kida et al.31 have achieved parametric 
amplification of a supercontinuum with a gain up to 100 in the visible from 500 to 600 
nm. The amplification bandwidth obtained supports a duration of around 10 fs. Faccio et 
al. 61 reported the light amplification using a fundamental pulse and its harmonics to 
generate a near-infrared pulse through FWM by considering a phase matching with high 
order modes. In most cases, the amplification is done with a multi-modal phase matching, 
however, the key parameters by which the process can be optimized are not yet clear. It 
is noteworthy that investigation also has been performed in gas filled hollow-core photonic crystal 
fibers  62–65  but usually with limited experimental results obtained with a large fiber-core. When 
a strong laser beam propagates in a material, it induces an increase in the refractive index 
proportional to the local intensity. Thus, the beam is exposed to a high index at the center 
a lower index at the edges. This means different nonlinear phenomena occur such as self-
focusing, plasma, diffraction, intra-modal phenomena 66–70, etc., therefore a rich dynamic 
can be associated. 
 
This manuscript will be dedicated to the investigation of nonlinear processes, mostly 
FWM in large core HCC. Therefore, it is necessary to include in the investigation the 
intermodal nonlinear phenomena and spatiotemporal coupling, mainly associated with 
broadband frequency conversion. In fact, understanding the various non-linear effects 
that occur within the multimode waveguide is a prerequisite for applying intermodal non-
linear phenomena as the basis for future laser systems. 
 
Chapter 2, discusses the nonlinear process and the pulse propagation and introduces 
fundamental equations required for the full understanding and used in the next chapter. 
The second part summarizes the properties of a gas-filled HCC.  
 
The FWM process is deeply described in chapter 3. It introduces general equations, 
including discussion related to the phase matching and gain factor. The phenomena is 
also briefly described when the fundamental modes are considered and then the role of 
high order modes (HOMs) is also discussed.  
 
Chapter 4 develops the theory and an experimental configuration to highlight FWM in a 
HCC and to generate tunable pulse in the near-infrared. The fundamental modes are 
mostly considered guaranteeing a beam profile with a high-quality profile at the source 
output. 
 
In Chapter 5, we firstly focus on the intermediate region, between quasi-single mode and 
highly multimode interaction. Numerical and experimental configuration were 
implemented. From the experimental results, we found a similar effect that exists in GRIN 
fibers, where spatial self-imaging results in a longitudinal oscillation of the beam width 
and beam intensity along the fiber. This oscillation is also explained as an interchange of 
energy between different modes of the fiber. The numerical approach based on the 
multimode unidirectional pulse propagation equation (MM-UPPE) was developed to fit 
with the experimental results. The comparison between the numerical results and 
experimental data is given at the end of the chapter.  
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Chapter 2.  Nonlinear optics in gas-
filled Hollow Core Capillary  

 
2.1 Introduction  
 
Nowadays, many light sources for different scientific, medical, and industrial fields are 
created using non-linear optics. Nonlinear optic (NLO) is based on the phenomena related 
to the interaction of intense light radiation with matter. In a weak regime, the induced 
polarisation depends linearly with the electric field amplitude such as  where  

 represents the linear susceptibility. In NLO since the optical response is nonlinear, 
the polarization is expressed as a power series of the electric field as, 

The NLO effects are determined by the optical 
properties of the material, i.e the susceptibility. For example, a material with a  value 
could be used for second harmonic generation (SHG), sum-frequency generation (SFG) 
and different-frequency generation (DFG). Materials with give rise to other nonlinear 
effects such as Self-focusing, third harmonic generation (THG), Self-phase modulation, 
(SPM), Cross phase modulation (XPM), Four Wave Mixing (FWM), stimulated Raman 
scattering (SRS), etc. All these effects can modify the temporal and spatial profiles of a 
laser beam.  
In the last decades, although a lot of work have been made in bulk materials to create the 
nonlinear processes, gas environment has attracted attention for NLO with ultrafast pulse. 
Gas filled-HCC has a broadband transmission, high damage threshold and the dispersion 
and nonlinearity can be controlled. Consequently, in this chapter, we will explain some 
nonlinear phenomena related to We introduce the fundamental propagation equations 
for ultrashort pulses starting with the Maxwell equations. 
 
 
2.2 Propagation of femtosecond pulses in a HCC 
 
The propagation of the electric and magnetic fields through a dielectric media is described 
by the Maxwell equations 71. 

 

   

 

   

 

   

 

   

 
here 𝐄 and 𝐇 are the electric and magnetic field vectors, whereas 𝐁 and 𝐃  are the 
magnetic and the electric displacement fields. 𝐉 is the current density of free charges and  
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𝜌 is the charge density. In absence of free charges in a medium such as monoatomic gases 
 and 𝜌 = 0. All fields (amplitude and phase) depend on space variables time 

 and the propagation variable .    
 
The relations between electric displacement field, the electric field and the polarization 
is given by 71 

   

 

 ,  

where 𝜀0 is the permittivity and  𝜇0 the permeability of free space and P and M are the 
induced electric and magnetic polarizations. In a non-magnetic material, M = 0.  
 
The equation that describes the propagation of light is obtained from of the Maxwell 
equations, (Eq. (2-1)-Eq. (2-4)). Considering , the derivation, in terms of electric field 
𝐄, is 72  
 

 
  

 
where, , represents the speed of propagation of these waves in vacuum.  
The bound electron response of the medium to the electric field constitutes the 
polarization  and it can be separated into a linear part and non-linear part, such as;  

 where describes the medium response for a weak electric field 
For laser intensities, up to 1015 Wcm-2  in gases 73 the nonlinearity become relevant, thus 

 must be included into the polarization equation. In addition, the linear medium 
response is non-instantaneous for the general case, thus, the linear polarization is given 
by 74. 
 

   

Whereas the non-linear part is written as: 
 

  

 
Since noble gases and diatomic gases are homogeneous and isotropic, they present a null 
inversion symmetry, 75. Considering the nonlinear response is instantaneous 
73,  the polarization equation can be simplified, such as   
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The identity can be applied to derive the optical Helmholtz 
equation from Eq. (2-7). Since the wavelength of the laser pulses is much smaller than 
the radius of the fiber 76 the longitudinal component of the E can be neglected. Therefore, 
the propagation equation for current-free medium is given by: 
 

   

 
Introducing the polarization expressions, the equation becomes: 
 

   

 
In the slowly varying envelope approximation, the pulse propagation can be 
advantageously described by considering the electric field as a superposition of the pulse 
envelope  with a carrier wave frequency , such as: 

 
  

 
The polarization can be described in a similar way:   
 

   

 

   

where  .  
 
The expression for  is: 
 

  

 
where c.c. denotes complex conjugate. By introducing Eq. (2-15) into Eq. (2-9b) and by 
neglecting the third harmonic frequency, we identify the nonlinear polarization envelope 

 from its carrier envelope decomposition. 
 

   

 
In the same way, the nonlinear refractive index  can be defined from  such that: 
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By introducing the above definition for the nonlinear index coefficient  in Eq. (2-16), 
and by using the definition of the intensity , an expression is obtained for 
the nonlinear polarization envelope modeling an instantaneous Kerr response of the 
medium 72: 

   

The linear refraction index  and  are dimensionless, since  have units of Wm-2 and 
n2 in (m2W-1).  
To get the wave equation for the slowly varying envelope approximation (SVEA), the 
Eq. (2-11) is transferred to the frequency domain, resulting in:    
 
 

 
 

 
2.2.1 Pulse propagation in single mode waveguides  

 
This section focusses on the pulse propagation in a waveguide with a cylindrical 
symmetry, such as optical fibers. Rewriting Eq. (2-19) in cylindrical coordinates results:   
 

  

 
where,  and  are the radial and azimuthal coordinates and 𝑧 is the longitudinal direction 
and  is the vacuum vector given as  In gas-filled core hollow core 
capillary, the wave vector can be written as  
 
The Eq. (2-20) can be solved by using the method of variable separation, to results in a 
solution of the form: 
 

   
 
where, is the transverse profile and  is the envelope of the pulse and  is 
the propagation constant of the wave along the z-axis. The equation (2-21) can be 
separated into an eigenvalue equation for the transverse profile and the envelope 
propagation along the 𝑧 direction. Following the procedure describe in Agrawal book 74, 
it results in the pulse propagation equation:  
 

  

This equation describes the propagation of an optical pulse in a single mode fiber and it 
is related to the nonlinear Schrödinger equation under certain conditions. When the 
frequency spacing are not very large, it is often a good approximation to assume  is 
frequency independent of frequency so the four mode profiles are essentially identical. 
Hence the nonlinear coefficient, , is constant and it is defined as: 
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 is often expanded in a Taylor series around the carrier frequency  such as: 
 

   

 
The high-order parameters are defined as: 
 

   

 
The first derivative,  also known as the group delay . It corresponds to the flight time 
of the pulse when it propagates through a material of a length, L, at group velocity . 
The first-order spectral phase produces a delay in the pulse without changing its temporal 
profile (Fig. 2.1a).   
 
The subsequent order phase terms correspond to  and represent the group velocity 
dispersion (GVD). This term is responsible for the temporal broadening of the pulse, 
because different frequency components propagate at different speeds.   produces a 
linear delay, thus the frequency components arrive one after the other (Fig. 2.1b). When  

the lower frequencies of the pulse move faster than the higher ones and the reverse 
occurs in the anomalous dispersion region GVD ( ), where the high frequencies are 
faster.  
The zero-dispersion wavelength (ZDW) is when  (fs2m-1), and it means the spectral 
component can maintain their constant phase over a long distance because the dispersive 
effects almost vanish.  
 
The third order dispersion term, , (TOD) produces an asymmetric broadening of the 
pulse because its central frequency arrives first, while the frequencies on each side arrive 
later or vice versa depending on the sign. The appearance of oscillations after or before 
the pulse characterizes the presence of TOD (Fig. 2.1c). 
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Fig. 2.1 Green graphs, temporal Intensity I(t), blue graphs, spectral intensity I(𝝎), spectral phase 
𝝓(𝝎)  and group delay 𝑻𝒈(𝝎). The Gaussian laser pulse is centered at 800 nm, the Fourier 
Transform Limited pulse duration is 15 fs at FWHM. 

2.2.2 Nonlinear effects  
 
In monoatomic gases, the linear and nonlinear susceptibility  linearly scale with 
pressure, because of the atomic number, N, of the gas, which depends on pressure p and 
temperature T, 77.  
 

   

 
Nonlinear polarization considers only the non-resonant electronic contribution, coming 
from the real part of the susceptibility. It leads to an intensity dependent with an 
instantaneous nonlinear response. Monoatomic gases present a weak nonlinear response 
in comparison with glass as fused silica.  
 
The n2 values used in this work are displayed in Table 2-1.  They are computed at 800 
nm in 78. 
 

Table 2-1 Parameters corresponding values of nonlinear index coefficient 𝑛2 78 

Gas types 𝐧𝟐 (𝟏𝟎−𝟏𝟗𝐜𝐦𝟐𝐖−𝟏) 
Ne 0.14 
Ar 1.74 
Kr 4.03 
Xe 11.15 
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2.2.3 The Split-Step Fourier Method  
 
In a numerical simulation, it is convenient to perform a change of the reference frame. 
The pulse is translated to a local frame where  represents the retarded time 
in the pulse frame such as: 
 

 
 

  

The propagation equation (Eq. (2-22) is numerically simulated by using the 
transformation of the local frame. In addition, we can add the intensity dependence of the 
group velocity.  We arrive to the widely used nonlinear Schrödinger equation (NLSE)  
and by neglecting the loss , we obtained : 
  

  

The NLSE (Eq. 2.28) represents the pulse propagation in nonlinear dispersive media 74, 
and is usually solved by the split-step Fourier method. In order to get the pulse 
propagation, the equation is split into two main operators for dispersion and nonlinearity, 
such that; 
 
 

,  

 
where   is a non-linear operator that governs the nonlinear effects whereas the D is a 
differential operator for dispersion. The nonlinear operator in time domain is defined as: 
 
 

   

 
In the equation (2-29),  is described in the time domain but it is more convenient to 
express this quantity in the frequency domain:  
 

   

where,  stands for inverse Fourier transform. This explicit relation is usually 
implemented such that all the full dispersion profile is taken into account in the numerical 
model. The zero and first order term are subtracted in agreement with the definition of 
Eq. (2-27).  
In the symmetrical split-step Fourier method, the propagation on one step ℎ is 
approximated by. 
 

,  



Chapter 2.   Nonlinear optics in gas-filled Hollow Core 
Capillary 

20 

 

 

 
where the exponential dispersion operator is ideally evaluated in the Fourier domain 
through the use of Fast Fourier Transform. The pulse propagates step by step with a small 
value of ℎ until it reaches the end of the fiber.  
In the symmetric method, the pulse propagates successively in half a linear step, in a full 
step that corresponds to the nonlinear part, and finally in half linear step.  
 
In this work, the adaptive step size method was used, based on the algorithm described 
by Sinkin et al.79. The selection of the step size is based on an estimate of the relative 
error from the step size. The real local error cannot be found because the real solution is 
not known. Hence, the local error δ is estimated by comparing a rough and a fine solution. 
 

  

 

where  . 
 
The algorithm tries to estimate the local error by taking a complete step to calculate a 
coarse solution and then independently by taking two half steps, resulting in a fine 
solution. The h-step size is adapted to maintain δ within the range where 𝛿𝐺 is 
the acceptable error. If δ> , the solution is discarded, and the process is recalculated 
with half of the step size. If δ is in the range is divided by 2 for the next step. If 

, ℎ is multiplied by for the next step. 
 
 

2.2.4 Kerr effect 
 
The relation between nonlinear polarization and Kerr response is given in Eq. (2-16). The 
total polarization is also describing by the linear susceptibility and the refractive index of 
the medium and is expressed as following:   
 

   

 
where,  is the Kerr coefficient. Thus, the refractive index of the medium become 
intensity-dependent, leading to effects such as self-focusing, self-phase modulation 
(SPM) and cross-phase modulation (XPM) 74. The SPM is responsible for the spectral 
broadening of ultrashort pulses and the formation of optical solitons whereas the XPM 
refers to the nonlinear phase shift of an optical field induced by another field having 
different wavelength, direction, or state of polarization. These phenomena will be covered 
in the following sections.  
 
Other spatial phenomena can be produced due to an high intensity.  For example, it is 
known that beams with power above a certain threshold, called critical power,  
undergo self-focusing  67  at finite distance 80. When the power approach the critical value, 
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other phenomena (self-focusing, plasma, etc.) should be considered during pulse 
propagation. Since the spatial confinement of the beam favors the self-focusing, in 
absence of an analytical formula A. Crego et al.80 used the numerical results to obtain 
curve-fitted formula to predict the location of the singularity as a function of the Gaussian 
input beams.  
 

   

 
The critical power of the fundamental mode of the HCC is as follow81, 
  

   

where,  is the ratio between the nonlinear refractive index and the gas pressure , and 
where  known as the Rayleigh length (diffraction limit). 
 
 

2.2.5 Self-phase modulation 
 
Self-phase modulation is a non-linearity that modifies the effective refractive index of the 
capillary with the phase intensity. Thus, the temporal dependence of the refractive index 
produces a nonlinear change of the temporal phase  given by 82, 
 

   

where 𝐿 is the length of the nonlinear medium,  is the carrier frequency and  𝑧 is the 
propagation distance. The nonlinear phase shift is accumulated during the pulse 
propagation. The SPM leads to the generation of new frequencies where the spectral 
enlargement has a negative shift from the central frequency on the pulse leading edge and 
a positive shift at the trailing edge (Fig. 2.2). In addition, the chirp is linear in the central 
part of the pulse but becomes nonlinear on the edges.  
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Fig. 2.2 Schematic representation of spectral broadening due to self-phase modulation on a Gaussian 
pulse 

By neglecting the dispersion and self-steepening, the solution of the NLS equation Eq. 
(2-28) is given by: 
 

   

 
where the initial condition is the pulse at the input of the fiber with a power 

 and  is the nonlinear phase that the pulse acquires 
as it propagates through a Kerr medium. Thus, the strength of SPM depends on the 
nonlinear fiber parameter and peak power. It is quantified with the nonlinear length 
defined as 82: 
 

   

 
As the pulse propagates, its spectrum broadens through SPM and its characteristic 
structure comes from the interference of spectral components with identical frequencies 
generated at different times (Fig. 2.3).  The spectrum can broaden due to SPM to more 
than 100 THz, especially when it is combined with other nonlinear processes such as 
Raman scattering and FWM. An extreme spectral broadening is known as 
supercontinuum generation 83.  
 
The nonlinear pulse propagation in a gas-filled hollow core capillary with a core diameter 
of 150 𝜇𝑚 and filled with argon a 1 bar is shown in Fig. 2.3. A Gaussian pulse is launched 
with at a central wavelength at 800 nm and a pulse duration of 120 fs. The output spectra 
are displayed after propagation length of 20, 40, and 70 cm.  
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Fig. 2.3  Output spectrum of a Gaussian pulse after propagation through HCC filled with argon at 1  
bar at different fiber lengths with constant peak power (1.67 GW) and core diameter of 150 𝝁𝒎. 

In Fig. 2.3  for a given peak power and pressure, the maximum phase shift  increases 
linearly with the fiber length. Therefore, the number of peaks depends on and 
increase linearly with it. The spectral broadening scales with the inverse of the pulse 
duration even if the pulse peak power is kept constant. In our case if the system is limited 
by a given fiber length, the nonlinearity can be increased by selecting a gas with higher 

value.  
 

2.2.6 Self-Steepening  
 
Self-steepening occurs when the group velocity becomes intensity dependent. This means 
the Gaussian pulse is modified so that its trailing edge becomes steeper and the leading-
edge flatter. This is because the most intense part of the pulse moves at lower speed than 
the edges, conducting the creation of a shock on the trailing edge of the pulse (also called 
optical shock).  
A steeper trailing edge means that spectral enlargement extends far more on the blue side 
than the red side, whereas the power on the red is superior to those on the blue side. To 
illustrate the self-steeping effect by using NLS equation, Fig. 2.4 shows the output 
spectrum of a Gaussian pulse after a propagation in a 100 cm-long-argon filled HCC at a 
pressure of 1.5 bar. It is clear that we can observe the asymmetric broadening, where the 
red-shifted peaks are more intense than blue ones. The nonlinearity increases with the gas 
pressure, i.e at a higher pressure the self-steeping effect becomes more significant 
(especially on heavy gas, like argon or krypton). 
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Fig. 2.4  Output spectrum of Gaussian pulse after propagation in a 100 cm long HCC filled with 
argon at 1.5 bar. The peak power is 1.67 GW and the core diameter is 150 𝝁𝒎. 

2.2.7 Four Wave Mixing  
 
Four Wave Mixing (FWM) is a parametric process in which four waves or photons 
interact with each other because of the third-order nonlinearity in the media. Considering 
four CW oscillating at angular frequencies , ,   and  The total electric field is 
expressed as: 
 

   

 
where  is the propagation constant for a given mode and frequency. Next, we express 
the nonlinear polarization (NPL), in the same form. 
 

  

Including the Eq. (2-40) in the nonlinear polarization equation Eq. (2-9b) results in many 
frequency components. For example, the polarization associated to  is given by  the 
expression:   
 

 
 

 

Where  and  represent the phase between the four waves.  
.   

They are defined by the propagation constant and angular frequencies (energy and 
momentum conservation). 
 
The SPM and XPM are contained in the first four terms and the remaining terms result 
from the frequency combination of all the four waves. From the equation, two types of 
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FWM appear 74. One associated with the term that corresponds to the case in which 
three photons are annihilated and transfer their energy to a single photon at frequency 
. This process is also known as third-harmonic generation for  
 
The other one is related to the term  . It corresponds to the case when two photons at 
frequencies  and  are annihilated, while two photons at frequencies  and  are 
generated.  In this case the photons must fulfil the conservation laws; the photon energy 
and the photon momentum given by 71: 
 

   

 
   

The last relation, Eq. 2.44, is the phase matching condition, where the maximum 
conversion efficiency is achieved when the phase mismatch vanishes, . In this case, 
the energy flows in an efficient way from the pump to the new frequencies at  and . 
 
On the other hand, if a weak signal at  is also launched into the fiber together with the 
pump, the signal will be amplified. The configuration is known as optical parametric 
amplification. In Chapter 3, the FWM mixing process will be explained in detail and some 
expressions will be derived to evaluate the parametric gain and conversion efficiency. 
 
2.3 Hollow-Core Capillary  
 
The optical wave guides emerged as a solution to overcome the diffraction of the 
propagation in the free space and to confine the light over a long trajectory with low loss. 
They are made of different materials such as metal, silica glass, crystals or even polymers. 
They also exist with different geometry and designs, like step-index fiber or 
microstructured with a solid or hollow core.  Regarding hollow-core fibers, the optical 
properties are determined by the inner radius a, the filling gas with refractive index n1, 
and the refractive index of the waveguide, n2.  
 
The Hollow Core Capillary HCC is a cylindrical waveguide with a central hollow in the 
core. Their properties have been known since the 1960s 84. The presence of a micro-
capillary greatly changes the properties of the fibers due to the high contrast of the 
refractive index between the hollow and the glass. As the hollow can be filled with rare 
gases, the refractive index is about 1, which is inferior to the silica glass. Consequently, 
this fiber does not support any guided modes and its transmission capabilities are 
therefore limited by leakage loss 85.  Leaky is the case where the electric field decays 
monotonically for a finite distance in the transverse direction. Thus, the radiation field 
travels through a relatively long distances mostly when it propagates along the fiber axis 
(in the core) 84.  
 
The light guiding mechanism is originated from the partial internal reflection 76. Since 
the losses caused by these reflections greatly affect the high order modes, the fundamental 
mode will be mostly transmitted in a sufficiently long fiber.  In fact, the loss of the 
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fundamental mode HE11 scales as 1/a3, so it becomes very high for diameters smaller 
than∼100 μm.   
 
2.3.1 Capillary modes  
 
The modes supported by the cylindrical waveguide are represented by Bessel functions. 
When the capillary core is large compared to the laser wavelength, analytic expressions 
are used to describe the vectorial modes using the cylinder coordinates 76. 
 

 ,  

 

   

 

   

 
where  and  are the unit vectors in the radial and azimuthal directions, is the first 
kind Bessel function of order  and  is the 𝑚th zero root of the equation 

, i.e.,  
Inside the hollow region, |𝑛| is the number of periods of each field component in the 𝜃-
direction, and 𝑚, is both the order of the Bessel root and the maxima and minima of each 
component in the radial direction. As the laser beam is usually linearly polarized, the  
modes that are expected in HCC can be approximated as linearly polarized modes LPn,m. 
66,86.  i.e., the transverse intensity distribution of the modes remains radially symmetric. 
The analytic expression to describe the transversal spatial profile is. 
 

 ,  

 
In this notation, the fundamental mode is the  mode and the root is . The 
representations of the three lowest orders are shown in Fig. 2.5. 
 

 
 

Fig. 2.5 Normalized intensity profiles of the EH1m modes in the transverse plane (x,y), where 𝒂 
represents the core radius of the capillary.  
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Refractive index in HCC 
 
The Sellmeier equation also allows to calculate the refractive index of the gas  which  
depends on the gas pressure and temperature .  
 

   
 

where, δ(λ) is the Sellmeier equation and its coefficients are available in the literature  
for different gases as a function of the wavelength 87.  
 

   

 and  are the standard temperature and pressure, respectively.  
The Sellmeier coefficients for argon, neon, krypton, and xenon are displayed in Table 2-2 
 
Table 2-2 Sellmeier coefficients at 𝑝0 = 1000 mbar and 𝑇0 = 273 𝐾, 𝜆 is in micrometers 87.  

Gas 𝑩𝟏  × 𝟏𝟎𝟖 𝑪𝟏  × 𝟏𝟎𝟔 𝑩𝟐  × 𝟏𝟎𝟖 𝑪𝟐  × 𝟏𝟎𝟑 
Argon 20332.29 206.12 34458.31 8.066 
Neon 9154.48 656.97 4018.63 5.728 

Krypton 26102.88 2.01 56946.82 10.043 
Xenon 103701.61 12.75 31228.61 0.561 

 
 
The refractive index calculated for different noble gases is displayed in Fig. 2.6,  by using 
the values of the Table 2-2 and Eq. (2-49). 
 

 
Fig. 2.6 Refractive index as a function of wavelength for different noble gases at pressure 1 bar at 
T=293 K.  
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2.3.2 Dispersion Properties  
 
The linear dispersion of a HCC is described by Marcatili and Schmetlzer model 76. In the 
leaky guiding, the electric field goes to zero outside the core fiber, i.e., the light 
propagates mostly in the core. Mathematical relation that expresses the transverse 
wavevector 𝛽⊥is: 
 

   
 
The longitudinal propagation constant 𝛽𝑧 can be written in terms of the wave-vectors as: 
 

   
such that  . Thus, it leads to: 
 

   

 
In a gas filled HCC, the refractive index in the core is related to the one of the gas . 
The wave vector is written as , with . By substituting in eq. (2-53), it 
becomes : 
  

   

or  
 

   

 
From Eq. (2-55) we conclude that the dispersion in an HCC depends on: (i) the filling 
properties of the gases according to the temperature and pressure, and (ii) the geometry 
of the fiber according to the core radius.  
In HCC with a small core size, the loss 𝛼 becomes important and scales as76: 
 

   

At 800 nm the core diameter must be larger than 100 μm in order to keep the loss below 
10 dB/m. When the light is coupled in the fundamental mode EH11, the power is 
attenuated according to  . The mode that presents the lowest loss is 
EH11, and the spatial profile is close to Gaussian shape.  

The group velocity dispersion 
 



Chapter 2.   Nonlinear optics in gas-filled Hollow Core 
Capillary 

29 

 

 

Since in the hollow core capillary, it is possible to have a wide variety of gas species, 
temperatures, and pressures, the properties of dispersion and non-linearity can be tuned 
to target specific effects.  
The second order dispersion term  is usually used to quantify the dispersion. As an 
example, Fig. 2.7  shows the spectral evolution of  for several core radius when no gas 
is injected in the core.  The    value is completely negative and decreases with the core 
radius, when , such as: 

   

 
Fig. 2.7 Calculated dispersion term, 𝜷𝟐 in an evacuated HCC with a core radius from 80 to 400 𝝁m. 

Together with the broadband transmission, HCC also offers the possibility to tune the 
dispersion profile. The tunability arises from the balance of the dispersion of the gas with 
the negative dispersion of the waveguide.  Then, ZDW (  fs2m-1) is also an important 
parameter because it can be easily tuned with the pressure and the core radius capillary, 
see Fig. 2.8. 

 
Fig. 2.8 Zero dispersion wavelength (ZDW) as the function of the core radius for various rare gases, 
at a pressure of 1 bar at T=293 K. 
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The GVD in an argon-filled HCC at various pressures is shown in the Fig. 2.9. A positive 
dispersion contribution from the gas compensates the negative dispersion coming from 
the waveguide. This makes possible to change the ZDW position, and set a pump with a 
central wavelength in normal or anomalous dispersion regime.  
For example, for a core radius of 75 𝜇𝑚 filled with argon, at 800 nm the regime changes 
when the gas pressure is over 1.2 bar.  

 
Fig. 2.9 Group velocity dispersion as the function the argon gas at a pressure from 0.2 to 1.5 bar in a 
HCC with a core radius of 75 𝝁𝒎.  

2.3.3 Coupling in HCC 
 
A hollow core capillary makes possible the propagation of intense laser beams in 
comparison with a solid material. The fundamental mode, EH11, is of particular interest, 
since it has the lowest loss and the highest group velocity 88. However, the coupling is 
achieved from a beam propagating in a free space. 
 
Assuming an incident beam with a Gaussian shape and linearly polarized, the electric 
field is written as   In order to achieve the maximum amount of 
power inside the capillary, it is necessary to get a spatial overlap between the input beam 
and the fundamental mode of the HCC.  
 
The analytic expression that represents the coupling efficiency between an injected beam 
with a Gaussian profile and the fundamental EH1m modes is given by 89: 
 

   

 
where, represents the beam waist and , the radial coordinate.  
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Fig. 2.10 shows the calculated coupling efficiency of EH1m modes as the function of the 
input beam spot size and the capillary radius .The optimum coupling is when 

and it leads to a coupling efficiency of 98%. 
 

 
 
Fig. 2.10 Coupling efficiency for four HCC modes EH1m as a function of the normalized input spot 
size, (𝐖𝟎 𝒂⁄ ).    

For a spot size value smaller than the optimum, an excitation of the higher order modes 
can be produced. Additionally, using heavy gases at high pressure can lead instabilities 
at the fiber entrance, affecting the coupling. Especially at high power, the misaligned 
incoming laser beam could cause damage to the surrounding glass in the cladding. 
 
2.4 Characterization techniques of ultrashort pulses   
 
Before and during experiments, it is important to know the pulse shape and the pulse 
duration in order to control the ultra-short phenomena. Likewise, the measurements of 
the output pulses generated by the nonlinear optical process can help to better understand 
the behavior. Therefore, I will outline some techniques used in this work to characterize 
the laser pulses. 
 

2.4.1 Intensity autocorrelation 
 
A well-known technique to measure the pulse duration by using the pulse itself is the 
autocorrelation 90. The pulse under investigation is divided into two parts. One replica is 
delayed respect to the other. The two pulses are recombined into a second-order non-
linear medium to generate a signal proportional to the intensity product of the two pulses, 
i.e., with the second-harmonic generation (SHG). 
 
The intensity autocorrelation is directly obtained, when the two delayed pulses are 
focused non collinearly into the nonlinear crystal.  
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The signal is measured as function of the delay, 𝜏. The measurement provides the 
information on the pulse shape. To estimate the pulse duration by using this method, we 
need to assume a pulse form and then calculate the pulse duration for the assumed shape. 
The coefficient changes according to the pulse shape and the coefficients are given in 
Table 2-3. 
 

Table 2-3  Ratio factor for a determine pulse shapes 

Pulse 
shape Square Gaussian Hyperbolic 

Secant Lorentzian 

 
∆𝑨𝑪 ∆𝒕⁄  

 
1 1.41 1.54 2 

 
The intensity autocorrelation technique has been used in the experimental part of this 
work. The task was challenging, given that the power was low and the bandwidth was 
broad. Different crystal thickness was tested to ensure the efficient phase matching for 
SHG. 
 

2.4.2 Frequency Resolved Optical Gating, FROG  
 
Frequency Resolved Optical Gating (FROG) is a technique that combines the temporal 
frequency domain resolutions simultaneously 91. FROG is a spectrally resolved 
autocorrelation.  This advantage makes it possible to determine completely the shape of 
the pulse. 
 
In the FROG, the signal is generated by SHG and measured with a spectrometer instead 
of a photodetector, see Fig. 2.11. The intensity autocorrelation can be retrieved by 
projecting the FROG trace onto the frequency axis 90. Thus, the phase and amplitude of 
an unknown pulse can be reconstructed. 
 
The FROG trace is a plot of frequency versus delay, such as 
 

   

 
 
One disadvantage of Second Harmonic Frequency Resolved Optical Gating (SHG 
FROG) (1) is the invariance with the phase sign. The SHG FROG trace is always 
symmetric around 𝜏, . In other words, the SHG FROG trace 
is identical for a pulse with positive or negative linear chirp. 
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Fig. 2.11 Scheme of the configuration for SHG FROG. 
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Chapter 3.  Four-Wave Mixing 
process in Hollow core capillary. 

 
3.1 Introduction 

Four Wave Mixing (FWM) is a third-order nonlinear parametric process which, in the 
general case, involves the interaction of four optical waves at different angular 
frequencies.  As a result, the two main waves called "pumps" (at angular frequencies 𝜔1 
and 𝜔2) give rise to new optical waves, i.e., the pumps transfer the energy to one signal 
and one idler at the angular frequency 𝜔3 and 𝜔4, respectively, Fig. 3.1a. The efficiency 
of these phenomena depends strongly on the phase matched conditions.  

The existence of the FWM in optical fibers was observed for the first time by Stolen et 
al.1 using a 9 cm long fiber pumped by a doubled-pulse YAG laser. Since the first 
demonstration, the FWM in fibers have attracted much attention, especially after the 
invention of photonic crystal fiber (PCF) 2,3. PCFs are ideal candidates for FWM 4,5 
because they can provide custom dispersion profile and improved non-linearity as well.  
The fiber optic parametric amplifier (FOPA) based on the four-wave mixing can be used 
for linear signal amplification and wavelength conversion. Therefore, FOPA is widely 
used to achieve high gain and high bandwidth 6–10.  

For ultra-short pulse amplification, there are a lot of efforts related to fiber-based optical 
parametric chirped pulse amplification (FOPCPA),11–14, where the key step is to stretch 
the seed signal before the injection into the amplifier. An idler is also generated during 
the process. At the end, the amplified signal is re-compressed to reach ultrashort pulses.  
Another reported method to increase the gain bandwidth is by using the highly nonlinear 
fibers (HNLF) and combination with Raman effect to get a bandwidth of 200 nm15. Most 
of the previous works with FWM in fibers are related to the generation of signal and idler 
(anti-Stokes and Stokes waves) in the same mode, i .e., the fundamental mode. However, 
other systems are based on multi-mode propagation, in which the ultrashort pulses 
propagate inside a multi-mode optical fiber. Nonlinear spatiotemporal effects such as 
intermodal FWM, produce a coupling between modes 16,17. For example, the intermodal 
FWM in PFC has been used to generate green light 18,19 in the UV 20 and the IR 21,22. 

Multi-mode FWM has also been used for application such as space-division multiplexing 
(SDM) with few multi-mode fiber (FMF), multicore fibers, for telecommunications 
systems 23. Recently, the renew of interest for multi-mode fiber (MMFs) has led to 
numerous investigations of intermodal nonlinear phenomena and spatiotemporal 
coupling, mainly associated with broadband frequency conversion processes 24,25.  This 
seems relevant for intermediate platform to investigate nonlinear optic and random linear 
coupling between the modes 26,27.  

As the FWM process is fundamental for the frequency generation and amplification, the 
associated theory is well described in this chapter. Initially, the general case of FWM is 
examined, considering the contribution of higher order modes. Later we focus on the 
distribution when all the waves propagate in the fundamental mode of the gas filled 
hollow core capillary. The propagation equations of the signal and idler are also derived. 
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The propagation by using the NLS equations allows to discuss deeply the FWM. 
Particularly, we highlight how the FWM process is affected by the waveguide geometries, 
such as the core diameter and gas pressure. 
 
3.2 Description of FWM  

 
When the pumps at angular frequencies and   propagate in a fiber, their interaction 
gives rise to new waves at frequencies, the signal and idler at  and  Fig. 3.1a. 
 
   

 
The FWM process become efficient when the following phase matching condition are 
satisfied, such as : 
 

  

 
Where, is the propagation constant of the  wave propagating in the  fiber 
mode.   is the linear mismatch and  is the phase caused by non-linear effects. 
 
In case of MMFs whose spatial modes have different propagation constant, it is also 
possible to achieve  by propagating different waves in different fiber modes 28. If 
the frequency spacing  between the pumps equals to zero, the pump frequencies 
coincide such as . In this case, the FWM is called “degenerate case”, Fig. 
3.1b.  The new frequencies will be symmetrically positioned around the pump,  , and 
these sidebands are referred to as the Stokes and anti-Stokes bands, respectively.  
In a degenerated case, the corresponding energy conservation is given by 
 
   

 
The frequency shift of the two sidebands is defined as, 
 
   

 

 
Fig. 3.1 a) Scheme for the non-degenerated FWM b) degenerated FWM 
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3.3 Theory of FWM  
 
Since FWM process relies on an energy transfer, it is necessary to calculate the 
conversion efficiency from the pump to the signal and idler waves. The starting point is 
to calculate the non-linear polarization which is linked to the third order 
susceptibility, such as 29. 
 

   
 
The total electric field can be described as a superposition of four waves in frequency 
domain, with a transverse field distribution of each mode,  and the longitudinal 
field envelopes  
 
 ,  

By substituting Eq. (3-6) into Eq. (3-5), the non-linear polarization can also be written as 
a superposition of terms in the form: 
 

 ,  

 
By placing Eq. (3-7) and Eq. (3-6) into the wave equation, Eq. (2-10), it leads to a set of 
four coupled equations 29. In the following, the time dependence of the field components 
is neglected, and the spatial distribution of the fiber mode is included.   

  

  

  

  

The asterisk represents the conjugated complex and n2, the nonlinear refractive index. We  
assume that  is wavelength independent30. 
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In the FWM process, the conversion efficiency is highly determined by the mode field 
integral, because the involved waves present different spatial profile distributions. 
Therefore, their interaction is quantified by the overlapping integral such as: 
 

   

   

 
Where   is the transverse spatial distribution of the fiber modes, the brackets  
represents the integration over the transverse cross-section of the fiber.  
By definition, when only two modes exist with different transversal modal 
distributions; i.e   and .  
 
3.4 Coupled equations of multi-mode FWM   
 
In the degenerate FWM case, the coupled wave equations are reduced to three equations; 
the signal, idler and pump. The energy conservation becomes . The 
electrical field of the three waves is therefore provided by: 
 

  

  

  

 
The first term inside the brackets describes the SPM effect whereas the second term is 
related to XPM. The generation of new frequency components by FWM is provided by 
the latest terms. Considering only the dispersion effect the linear phase mismatch is given 
by  
 
   

 
To derive an analytical solution of the equations, the time dependence of the field is not 
taken into account, and we consider a quasi-continuous wave (CW).  We assume the 
pump is much stronger than the signal and idler and the fiber loss is neglected. It also 
means that the pump remains un-depleted during the processes. We also assume that the 
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signal and idler waves are weak and are therefore not affected by SPM. Thus, Eq. (3-13) 
to (3-15) are reduced to: 
 

   

   

   

The solution of the initial equation (Eq. 3-17) is included in Eq. (3-18) and (3-19). 
Through a variable transformation, the problem is reduced to two equations for the signal 
and idler waves 31.  
 

  

 

  

where, 
 

                      

 
We then assume the power difference between the signal and idler is constant 

. It leads to the signal and idler power equation given by: 
 

   

   

 
where,  represents the parameter gain. It can be calculated as: 
 

   

 
where   is the effective phase mismatch, which is expressed as:  
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3.5 Coupled equations of single mode FWM   
 
In the case of a FWM in which all the waves are in the fundamental mode, all the overlap 
integrals are nearly the same 29.   
 

  

where Aeff is the effective mode area. 
 
 

,  

 
In view of a single-mode fiber, we introduce the non-linear coefficient using the 
definition: 
 

   

In this case, the nonlinear coefficient does not vary with the wavelength. Thus, the 
overlapping integral and non-linear coefficient are constants. Consequently, the coupled 
equations are simplified as. 
 
 

  
 

 

   

   

The pump field is solved as: 
 

  

where, . By introducing the pump field at  in Eq (3-31) and (3-32) we 
obtain: 
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With the same procedure as before, by using a variable transformation and considering 
no idler wave at the HCC input, i.e.,  the amplitude of the signal and idler at a 
distance writes as: 
 

  

 

  

 
where  is the parametric gain.  
 
 

  

 
The effective phase mismatch parameter, , is defined as: 
 
 

  

 
The signal and idler power,  is expressed by   
 

   

   

 
The linear phase mismatch depends on the material and waveguide geometry, and it can 
be expressed as the function of the frequency shift,  from the pump centered at 
frequency 𝜔0. Then we can do an expansion up to the fourth-order term:  
 

   

 
The phase matching with the pump in the normal dispersion regimen could be 
achieved if the term is negative. Whereas for a pump in the anomalous dispersion 
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region, the negative value of compensates the nonlinear term  which is always 
positive 32. Then the phase matching can be always achieved even for a pump in the 
normal or anomalous dispersion regime.   
 
Another common representation of the phase-matched conditions is the coherence length, 
given by: 
 

   

 
 represents the maximum HCC length allowed from the wave-vector mismatch. This 

means that the FWM can occur if the HCC length is smaller than . Therefore, the 
frequency generation occurs in a wavelength range where the coherence length is large.   
 
3.6 Analytical solution  
 
3.6.1 Phase-matching dependence on pressure and HCC core radius.  
 
Since the nonlinear refractive index  can be defined from,  as33: 
 

   

 
by substituting Eq. (3-44) into the non-linear coefficient Eq. (3-29) it can easily see how 
nonlinearity in gases can be controlled by pressure 34.  
 

 
 

, 
 

As discussed in the preceding section, HCC dispersion also can be adjusted by the 
pressure. Then the positive contribution of the GVD coming from the filling gas increases 
with the pressure. This property enables us to switch from an anomalous to a normal 
dispersion regime, affecting the phase matching process and changing the frequency 
position of the two spontaneous lateral bands (in the Stokes and anti-Stokes sides).  
For example, the evolution of the CL as a function of the gas pressure is displayed in Fig. 
3.2. The pump is centered at 800 nm and is launched into an argon-filled HCC. The 
pressure is raised from 0 to 2 bar (y-axes) for various core radius from 40 to 200 µm. The 
pump power is 1.60 GW. 
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Fig. 3.2 Coherence length calculated for an argon filled HCC and pumped by a  CW at 800 nm. The 
peak power is 1.60 GW.  The lines represent the Coherence Length for different core radius, 𝒂, 
starting from 40 up to 200 µm.  

 
In Fig. 3.2 the limit of the CL is from 0 to 50 meters and is represented by the color bar. 
When the core radius is small, the coherence length value is shorter. This is because the 
field is strongly affected by the non-linear contribution, due to decreasing of the effective 
area. As the core radius increases, the coherence length reaches higher values, closer to 
50 meters.  However, the position of the signal and idler wavelength moves further away 
from the pump when the pressure increases. As the gain of the signal and idler depends 
on the interaction length, having a high CL is always a good point that improves the 
amplifier performance. 
 
3.6.2 Gain relative to different types of gas. 
 
The signal and idler powers are calculated by the analytical solutions (Eq. (3-40) and Eq. 
(3-41)) considering a phase-matched FWM in the single mode case. Since the non-linear 
phase depends on the properties of the medium (in this case noble gases) several rare 
gases have been used to see how FWM can be affected. As an example, the gain is 
displayed in Fig. 3.3 for helium, argon, krypton and xenon. The pump wave is at 800 nm. 
and its pump power is 1.60 GW. The HCC has a radius of 75 μm and is filled with 1 bar. 
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Fig. 3.3 Analytical gain calculated with Eq. 3-41.The  50 cm long HCC has a radius of 75 𝝁m. The 
gas pressure is 0.15 bar. The input pump power is 1.60 GW.  

The signal/idler power increases depend on the nonlinear coefficient, 𝐧𝟐. As each gas 
present different value, the process gets more efficient in a heavy gas such as Krypton 
and Xenon. 
It is also noteworthy that the phase-matched frequency at the maximum gain  is different 
for each gas species. The frequencies of the signal and idler move away from the pump 
because of the different dispersion and nonlinear values (Eq. (3-42)). Since the dispersion 
properties of HCC depend on the filling gas, the pump wave can propagate in the 
anomalous or normal dispersion regime. Therefore, the change in frequency is not just 
related to the input pump power, as in silica fibers with at fixed pump wavelength.  
Finally, in the case of a low input pump power, one can select a noble gas with a higher 
𝐧𝟐 to increase the frequency shift and to enhance the gain. This is another way to generate 
a higher nonlinearity at low pressure instead of using a smaller core diameter. 
 
3.7 Simulation by integrating the NLS equation  

  
3.7.1 Gain relative to different types of gas  
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To predict the power of the idler and signal waves generated by FWM, it is necessary to 
solve the NLSE developed in the previous chapter. Therefore, by using the split-step 
Fourier method, it is possible also to include the GVD effects and other nonlinearity 
effects.  
We used in the numerical propagation 215 points and a temporal resolution of 1.3 fs. This 
leads to a total window of ~±21 ps and a frequency span of ~± 374 THz. We select and 
error of  𝛿𝐺 = 1𝑒−5.  
As in the previous section, various types of rare gases (neon, argon, krypton and xenon) 
are considered, with the same input variables. For this numerical simulation, a single 
mode propagation is only considered and the self-steepening effect and loss are neglected. 
The pump is launched in a 50-cm-length HCC with a 75- µm core radius. The pulse is at 
the FT limit and the pulse duration at full width at half maximum (FWHM) of 120 fs. The 
central wavelength is 800 nm and the pump power is 1.61 GW. The gas pressure is 0.15  
bar. The spectral output power is displayed in the Fig. 3.4 for several types of gases. For 
the case with neon gas, there is no FWM and only spectral broadening is observed due to 
the SPM effect.  
With xenon gas, a strong spectral broadening is observed together with side band lobes, 
that corresponds to FWM. As we have seen in the previous case, by using the analytical 
solution with a heavy gas, the spectral gain is also high.  
If we make a comparison with the analytical solution and split-step Fourier method, in 
both cases the behaviors are qualitatively similar. For xenon, the lobes are localized far 
from the pump frequency whereas in argon and neon the lobes are not seen with NLSE 
because the lobes are closer to the pump and it gain is week. With NLSE result just the 
pump spectral broadening is observed.  
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Fig. 3.4 The output spectral intensities for different noble gas after propagation in a 50 cm long HCC 
The core radius is 75 µm and the pressure is 0.15 bar. The pump wavelength is centered at 800 nm 
and the pulse duration is 120 fs at FWHM. The peak power is 1.60 GW  

 
3.8 Conclusion  
 
The general purpose of this chapter was to develop the standard equations referring to 
FWM. It makes a link between the filling gas, core radio, and pressure with the phase 
matching conditions. The effective core radius can be estimated by optimizing the CL. 
As the pressure increases, the refractive index of the gas also increases linearly, which 
has a direct impact on the phase matching conditions.  
 
In addition, the phase-matched can be also adjusted by the geometry of the waveguide, 
consequently, there is a strong interplay between the properties of the gas and the 
waveguide with the linear dispersion and the non-linear phase. All these degrees of 
freedom in the HCC allow to reach different gain and spectral location of the generated 
lobes.  
 
From numerical simulations, we conclude that the signal and idler can be generated even 
at a low pump power, for a relatively high-pressure, high n2, and long fiber. Another 
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important point is that the signal/idler bandwidth decreases when the lobes are located 
further away from the pump due to the effect of chromatic dispersion and GVM. The 
FWM generation in an HCC can evolved to a supercontinuum including several other 
nonlinearities such as ionization, plasma recombination, high order Kerr effect. In this 
work, the parameter is selected to focus on the dynamic of FWM. 
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Chapter 4. Design of a tunable 
infrared generation system by a four-

wave mixing process in the 
fundamental mode. 

 
4.1 Introduction   
 
Ultra-fast optical parametric amplification (OPA)  based on a four-wave mixing process, 
has become popular and well established to study in diverse configurations, wide-
tunability, ultra-wide gain bandwidth and very high temporal contrast of ultra-short 
pulses1,2. The parametric amplification process was performed in a variety of materials, 
such a bulk non-linear crystals with second-order susceptibility and also in an isotropic 
medium with a third-order susceptibility 3. In both cases, the interaction geometry is 
essential to get the optimal phase-matched condition that enables an efficient energy 
transfer from the pump to the target signal.  Once enough power is reached to obtain the 
non linear process, it is possible to adjust the amplifier size or decrease the pulse peak 
power to keep the non-linearity under control. A common method for reducing the power 
of the pulse is to stretch it at the system input while the target pulse is compressed after 
amplification. This scheme is known as optical parametric chirped pulse amplification 
(OPCPA), is widely used to reach pulses with high energy and/or high peak power 4.  
 
Another method for ultra-fast OPA is to carry out the process in guided systems which 
provide significant benefits because of the guiding geometry. Besides its robustness and 
its compact size, the optical interaction between the pulses involved is more efficient 
thanks to the beam collinearity, excellent spatial beam profiles and their superposition t 
directly provided by the waveguide. In particular, we investigated this process in single-
mode solid photonic crystal fibers in which the generation and signal amplification are 
preformed using a four-wave mixing mechanism. Here, the interplay between the 
nonlinear phase of the pump and the dispersion of the fiber 5 allows to reach the phase-
matching conditions.  In another hand the power scalability  can be achieved by increasing 
the diameter of the fiber while maintaining the appropriate dispersal profile or by 
stretching the pulses involved 6–8. By using a gas-filled waveguide, higher intensities can 
be managed  ( ∽10 14 -10 15 Wcm-2 )9, thanks its higher damage threshold. With gas-filled 
fibers, it is also possible to tune the dispersion in real-time, allowing the adjustment of 
the phase-matching condition.  
 
Few groups have focused their research on amplification in gas-filled capillaries, with a 
large core, in visible10, ultraviolet 11,12, and infrared 13,14. In most cases, the amplification 
is achieved with a multi-modal phase matching in capillaries to amplify a targeted spectral 
range13,15. For example, it has been shown that a 9-cm long hollow core PCF with an 
inner diameter of 13 𝜇m provides a higher transmission of the FWM signal by a factor of 
> 50 compared to a 10-cm long solid cladding hollow fiber with an inner diameter of 100 
𝜇m 16. In addition, by using FWM in anti-resonant HCF and applying a gas pressure 
gradient, it is possible to produce almost an octave-spanning in the MIR with an energy 
of 10 𝜇J 17. The gas-filled hollow-core fibers have many advantages for non-linear 
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phenomena, because the pressure is a key ingredient to simultaneously adjust the 
dispersion and non-linearity. A straightforward example is in 17 where by adjusting the 
gas pressure and pulse pump chirp, a time-frequency mode structure is produced on the 
FWM bands 18.  
 
Therefore, in this chapter, we present a study of the FWM process in a gas-filled capillary 
to properly understand the method using detailed numerical simulations. For the 
experimental results, we focus on the investigation of the broadband idler generation 
rather than the signal amplification and we  only consider the fundamental mode to ensure 
a Gaussian-like profile at the output.  
Consequently, one of the objectives of this work is to numerically and theoretically 
demonstrate the infrared pulse generation through the FWM in the fundamental mode. 
The results shown in this section have been published in Journal of the Optical Society 
of America B (Annex).  
 
4.2 Numerical model  
 
In the following section we calculate the spectral location of the lobes generated by the 
FWM using the phase matching equation. The signal and idler gains will also be 
calculated with the analytical solution of the coupled equation and NLSE. The last section 
discussed how the group velocity mismatch and linear chirp can affect the conversion 
efficiency in the FWM process. 
 

4.2.1 Dispersion in Hollow Core Capillary  
 
As an initial step for the FWM process in a HCC, it is necessary to calculate the 
propagation constant as the function of the wavelength. As it was described in 
chapters 2 and 3 the refractive index in  HCC is calculated based on the properties of the 
waveguide and the refractive index of the filling gas 19. 
For example, the second-order dispersion curve, , as a function of the wavelength, for 
various argon pressures in a HCC with a core radius of 75 μm is shown in Fig. 4.1. 
The refractive index , that depends on the wavelength, temperature, and pressure,  
is calculated with the Sellmeier equation 20. The coefficients at standard conditions are 
given at Table 4-1. 
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Fig. 4.1 a) Dispersion curves of the argon filled HCC. The core diameter is 150 µm and the pressure 
is tuned from 0.5 up to 1.5 bar. The normal dispersion is indicated with N and anomalous with A.  b) 
Map of the absolute value of  𝜷𝟐 as the function of the pressure. The red line corresponds to the pump 
wavelength, at 800 nm. The white dotted line highlights the spectral bandwidth when 𝜷𝟐 ≈ 𝟎 (fs2cm-

1). 

 
In Fig. 4.1a., the negative GVD is indicated by letter A while the positive GVD is 
indicated by letter N. In this waveguide geometry conditions (argon filled HCC with a 
core diameter of 150 µm), the zero-dispersion wavelength (ZDW) at 800 nm, is indicated 
by the intersection between the grey and green lines. Thus, from Fig. 4.1a, we can see as 
the pressure increases, the ZDW shifts towards higher frequencies. In the case of a pump 
wavelength centered at 800 nm, the ZDW occurs at approximately 1.24 bar. 
 
Table 4-1 Coefficients of the Sellmeier equation for argon at P0= 1000 mbar and T0= 273 K [2]. 

𝝁m2 𝑩𝟏 x10-8 𝑪𝟏x10-8 𝑩𝟐x10-8 𝑪𝟐x10-8 
Argon 20332.29 206.12 34458.31 8.066 

 
To adequately characterize fibers, it is necessary to know the value within a 
wavelength range. Therefore in Fig. 4.2, we indicate the landscape for absolute values of 

as function of the pressure. From the color bar, one can observe a bandwidth of 400 
to 2000 nm with very small values (<1 fs2cm-1). The red line indicates the wavelength 
of the pump at 800 nm while the white line represents the point where  fs2/cm. Thus, 
one can conclude that the bandwidth from 400 to 1300 presents very low chromatic 
dispersion values. We will see later the importance of these properties. 
 
According to the numerical results in chapter 3, the key parameters such as core radius, 
gas types and pressures produce a different dispersion profile that affects the phase-
matching conditions. One must pay attention to the selection of parameters.  For example, 
depending on the input pump power, it is possible to achieve similar phase conditions by 
adjusting the filling gas type and core radius. The problem arises with a large core radius 
capillary, where the understanding of the dynamics is difficult because of the multi-mode 
propagation. In this sense, the first part of the research focuses only on the single-mode 
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FWM process. To begin with the numerical part, we chose an HCC with a 75 𝜇m radius 
filled with argon. 
 

4.2.2 Phase-matching condition 
 

 

 
Fig. 4.2 (a) Linear mismatch in HCC for a 75 µm core radius. The argon pressure is tuned from 0.5 
up to 1.5 bar. (b) Effective mismatch for input pump power of 1.67 GW, for the same pressure values 
as in (a). 

 
The previous dispersion curve is used to calculate the effective phase mismatch   and 
gain  from the analytical solution of the coupled equations, by considering an input pump 
power f 1.67 GW within a pressure range between 0.5 and 1.5 bar. The effective phase 
matching equation is divided into two main parts, one of these relates to a linear phase 
term ( ), which is shown on the Fig. 4.2a. The condition for the blue line is being 
calculated for an argon pressure ~1.5 bar, which produces  at the position of 1268 
nm and 584 nm, respectively. 
 
Accordingly, to Eq. (3-39), when a strong pump is involved, the non-linear contribution 
needs to be included in the phase-matching calculations 15. The nonlinear contribution 
shifted the phase-matched curves, see Fig. 4.2 b. As a result, phase-matching takes place 
at wavelengths closer to the pump. This effect is caused by the nonlinear phase 
contribution in the phase matching equation. 
 
In addition, there is an effective length where the four fields can exchange energy, which 
is the inverse of effective phase mismatch,  If  value is small, the distance 
could be several meters and we can select a long fiber. Otherwise, if  is high, the 
distance will be limited to few millimeters, i.e., we may select a short fiber.   
 
 

4.2.3 Gain tuning by pressure   
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The double peak position of the FWM bands (signal and idler frequencies) is directly 
linked to n2 and 𝛽2. Thus, their bandwidth and gain can also be modified simultaneously 
(Fig. 4.3). The gain is calculated as the function of the pressure for a 70 cm-long argon 
filled HCC with a core radius of 75 µm.  
 
The power gain increases while the peaks move away from the pump, see Fig. 4.3a.  The 
gain bandwidth also increases with the pressure, but as soon as  becomes positive, the 
gain bandwidth becomes narrower. In other words, at high pressure, the signal and idler 
gain region are clearly separate from the pump wavelength, appearing a region around 
the pump where the gain is weak, see Fig. 4.3b. The best conversion efficiency point is 
indicated by the white dashed line in the Fig. 4.3b, and it represents a pressure value 
around 1.3 bar. The corresponding central wavelength for idler and signal is 2439 and 
478 nm respectively (± 252 THz).  
 

 
Fig. 4.3. (a) Signal and idler gain as function of the argon pressure. The input peak power is 1.67 
GW. The core radius is 75 µm. and the HCC length is 70 cm. (b) Gain map, as a function of the 
frequency offset and argon pressure. The dote-dash line represents the point where 𝜷𝟐 ≈ 𝟎 fs2cm-1. 

The gain is also calculated as a function of the input peak power and displayed in Fig. 4.4. 
The signal and idler positions shift away from the pump as the peak power increases. In 
this way, it is possible to generate an idler further in the infrared over 3 𝝁m, with a good 
gain value. 
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Fig. 4.4 Signal and idler gain vs argon pressure for input pump power from 0.8 up to 2.4 GW (b). 
Spectral gain map as function of pump power. The argon pressure is 1.3 bar. 

4.2.4 Gain vs the HCC length  
 
The gain at the lobe frequency obtained in an HCC length, is calculated by setting the 
input pressure at 1 bar and the peak power at 1.67 GW. In Fig. 4.5a, we show the evolution 
of the gain as the function of the HCC lengths from 1mm to 90 cm. Three spectra are also 
selected at specified lengths to show how the gain changes (Fig. 4.5b). As a result, by 
increasing the HCC length up to 90 cm it is possible to obtain high gain higher than 80 
dB. The same gain value can also be obtained with a higher pressure and a shorter HHC 
(e.g. 80 dB for a length of 70 cm and a pressure of 1.3 bar, see Fig. 4.4). However, 
changing the parametric leads to a shift of the spectral band positions of the signal/idler 
due to the phase-matching conditions. In Fig. 4.4.b, the signal/idler lobes are closer to the 
pump, at 220 THz corresponding to 1935 and 504 nm.  

 
Fig. 4.5 Evolution of the spectrum along with an HCC as the function of the frequency offset from 
the pump at 800 nm and argon pressure of 1 bar (b) Selected spectrum at a length of 10, 35, and 90 
cm. 
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4.2.5 The group delay mismatch in HCC 

 
The spectral components of the pulse propagate at different speeds within a fiber due to 
the Group Delay Mismatch (GDM). Specifically, the nonlinear interaction between two 
optical pulses is reduced and then stops when the two pulses do not overlap, i.e. the faster 
pulse passes completely through the slower pulse. This feature is known as the temporal 
walk-off length, , defined by: 
 
 ,  
   

 
where  and are the center wavelengths of each pulse and   pulse width. 
 
As an example, in the following, we consider a pulse duration of 100 fs (FWHM) for the 
pump, signal and idler. The pump and signal wavelengths are set at 800 and 550 nm, 
respectively. The calculated GDM is displayed in the Fig. 4.6 where two pulses are 
separated at a rate of=17.7 fs m-1. This means the estimated walk-off length is ≃ 5.6 m. 

According to the energy conservation law the corresponding idler 

wavelength is  ∼1666  nm. Thus, the idler pulse will separate from the pump at a rate of 
69 fs m-1 (dashed line on the right side in Fig. 4.6) leading to a walk-off length of  ≃ 1.4  
m. This value defines a limit of the HCC length.   
 

 

 
Fig. 4.6 Group Delay Mismatch in an HCC with a core diameter of 150 µm and an argon pressure 
varying from 0.2 up to 1.5 bar. The red dots represent the GDM value of the signal and idler for an 
argon pressure of ∼1 bar. 
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4.2.6 Broadband pump 
 
In addition to the GDM, another important key point for an ultrafast amplifier is its 
spectral bandwidth. Commonly in an OPA, an efficiently transfer energy occurs from a 
narrowband pump pulse to a broadband signa/idler pulse. The pump and the seed pulses 
must be temporally overlapped to exchange energy. In OPA often the seed signal is a 
white light continuum (WLC) which usually is temporally chirped due to its propagation 
in the generation medium. Therefore, by changing the relative delay between the pump 
and signal, specific frequency components of the signal can be amplified from a short 
pump pulse. This leads to a tunable signal amplification and idler generation, see Fig. 
4.7a.  
A broadband amplification occurs when the phase-matching conditions are fulfilled for a 
very broad spectral range of the signal9 . Thus, it is often necessary to temporally stretch 
the pump pulse to achieve a better overlap with the signal, see Fig. 4.7b.  

 
The analytical model described before does not fulfill explain the ultra-fast FWM because 
it does not include the contribution of the pump bandwidth. Therefore, from the derivation 
over the linear phase Eq. (3-42), we know   term dominates the process and when 
is relatively small, one should include the  term as well21. Moreover, each pump 
spectral component has an impact on the FWM, which depends on the odd terms of the 
dispersion7.  
In the following, we will define a chirped pump as the sum of the CW at various 
frequencies around the central frequency22. The chirped pump also affects the frequency 
generation. Then, the spontaneous photons will be generated with a temporal delay, , and 
a spectral distribution according to the matched FWM relation.  
 
A simple model based on the spectral distribution of the pump has been developed to 
calculate the coherence length, imitating a broad band pump pulse with a adjustable 
wavelength from 750 to 850 nm, Fig. 4.8. The CL is also calculated for different pressure 
values and is represented by the lines. The results are displayed in Fig. 4.8a.  
For example, in the 2D representation, Fig. 4.8b, the CL for a pressure of 1.25 bar, (line 
with a grey shadow on Fig. 4.8), the idler band expands from 1200 up to 3400 nm. At 
higher pressure, and the idler/signal bands also become narrower, the CL decreases, and 
the bands move away from the pump frequency. 

Fig. 4.7 Broadband amplification with a chirped seed signal and a short pump (a) or a long pump 
(b)  
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Fig. 4.8 a) Coherence length CL, for a tunable continuous pump wave at different argon pressure. b) 
FWM bands for an argon pressure of 1.25 bar and for tunable pump from 750 to 850 nm. 

4.3 Pulse propagation by integrating the NLSE  
 
When the pump is considered at the Fourier transform limit, all generated FWM bands 
temporally overlap. However, in most cases, the pump acquires a chirp when it propagates 
through the non-linear medium, even with low dispersion, such that its spectrum becomes 
modulated in phase. To validate the previous analytical model for a chirped pulse with 
broad bandwidth, numerical simulations were performed by integrating the NLSE using 
the split-step Fourier method.  
The input configuration of the code is 215 points and a temporal resolution of 1.3 fs. This 
leads to a total window of about ~±21 ps and a frequency span of ~± 374 THz. The global 
error is set at 1e-6, and the initial step size ℎ is 2 mm. The gain profile has been calculated 
by injecting a FT limited pump pulse with a central wavelength at 800 nm and a duration 
of ~120 fs at FWHM. The pump energy is 205 µJ leading to a peak power of 1.67 GW. 
Half photon per temporal mode is added as the initial condition, to mimic the random 
noise. 
Fig. 4.9 shows the evolution of the total spectrum along 60-cm in the HCC filled with 
argon at 1.25 bar pressure (𝛽20 =  −0.839 𝑓𝑠2𝑚−1, 𝛽30 =  +40.73 𝑓𝑠3𝑚−1). The pump 
spectrum broadens and after approximately 20 cm, the pulse starts to generates two lateral 
bands at around ± 225 THz and the spectral components are progressively amplified 
during propagation. This configuration shows an asymmetric broadening caused by the 
existing GVD property on the HCC 21. As might be expected, the spontaneous side lobes 
of FWM become stronger as they propagate through the medium. 
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Fig. 4.9 Spectral evolution of the pulse along a 60 cm-long HCC filled with argon at a pressure of 1.25 
bar. The spectral intensity is in logarithm scale. The pump wavelength is set at 800 nm. The peak 
power is 1.67 GW.  

The output spectrum after the pulse propagates in 60 cm is displayed in the Fig. 4.10a, 
where two weak lobes appear with a frequency shift of ~± 225 THz (corresponding to 
~500 and ~2000 nm). In Fig. 4.10b, the coherence length is shown for several tunable 
CW pump. In both cases, the signal and idler bandwidths match with each other. This 
means that the analytic solution could be an efficient tool to estimate signal or the idler 
bandwidth. 
 

 
Fig. 4.10 (a) Output spectra calculated by the NLSE where the signal band extends from 444 up to 
600 nm whereas idler band from 1.2 up to 3 µm.  b) Coherence length calculated from a tunable CW 
pump where the signal band extends from 475 up to 550 nm and the idler bandwidth from 1.4 up to 
3.6 µm.  
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4.3.1 Effect of the second order dispersion term  
 
As the pump propagates in the HCC the pulse acquires some chirp. Its instantaneous 
frequency varies for each angular pump frequency over the entire bandwidth ΔΩ𝑝 22.  If 
we considered a broadband pump as an ensemble of CWs, each pump frequency generates 
peaks at different frequency positions and different times. The second-order dispersion 
term for a broadband pump is not constant and it is possible to observe an asymmetrical 
spectral enlargement of the bands 21.  For example, when the central pump frequency is 
shifted, the bands are also shifted. As a result, the signal/idler components will not be 
offset by the same amounts, because 𝛽20 has different values (Fig. 4.1a). In our case, the 
dispersion curve is asymmetric, so the spectral change is more significant in signal 
components than on the idler 21.  Indeed, because of this large spectral shift, two 
subsequent peaks can be generated on the idler side but from a different pump frequency.  
By another hand, many bands are generated from a chirped pulse. If the spectral shift is 
not very large, the band cannot be distinguished within the spectral range since they 
overlap. As found in Fig. 4.10, the two lobes are symmetric as respect to the pump 
frequency. However, because the HCC is not pumped by CW, each pump component 
generates a specific FWM with their positions that vary with its own 𝛽20 value. 
 

 
Fig. 4.11 (a) Spectral evolution of FWM simulated by the NLSE for HCC filled with three different 
pressures (a) 1 bar, 𝜷𝟐𝟎: -5.408 fs2m-1 and 𝜷𝟑𝟎: 38.63 fs3m-1, (b) 1.24 bar, 𝜷𝟐𝟎: -0.839 fs2m-1 and 𝜷𝟑𝟎: 
40.65 fs3m-1 (c) 1.4 bar, 𝜷𝟐𝟎: 1.90 fs2m-1 and 𝜷𝟑𝟎: 42.0 fs3m-1 Images (d),(e),(f) are the output spectrum 
at the HCC length of 60 cm.   

 
Fig. 4.11 shows the spectral evolution of the pump in the same HCC, but with three 
different dispersion regimes adjusted by gas pressure. With a negative 𝛽20. value the 
bandwidths lobes are more symmetric around the frequency pump. A positive value of 
𝛽20results in gain improving, but with a more asymmetrical shape. 
 

4.3.2 Four-Wave Mixing Chirped Pulse Amplification 
 
FWM can also be used to amplify a chirped broadband signal 17 by using a chirped pump 
with a relatively broad spectrum. With an input chirped pump pulse, it is also possible to 
limit the SPM contribution and to increase the injected pulse energy.  
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As the chirped pulse propagates into the HCC, each spectral component generates its own 
FWM spectrally shifted. For example, in the numerical calculations, the pump pulse is 
stretched to 180 fs by applying a positive second-order phase of 198 fs2. The argon 
pressure is 1.24 bar. The generation of the FWM bands appears at ~30 cm and the lobes 
are centered at a frequency offset from the pump of ~225 THz (Fig. 4.12). However, the 
spectral bands are strongly modulated, resulting from interferences between the FWM 
bands generated at different time points from the modulated pump spectrum. 
 
In the spectral evolution with the length (Fig. 4.12a) and the spectrogram (Fig. 4.12b), 
we can see that each instantaneous pump frequency generates a well-defined band at a 
given time. Both spectral bands are asymmetrical, such that the bandwidth is greater in 
the anti-Stokes side (visible spectral components). Referring to the spectrogram (Fig. 
4.12b), the signal band (bottom) seems to have ascending slope, while the idler slope is 
nearly flat. This feature is useful when pretending to seed the amplifier with a chirped 
signal. 
 

 
Fig. 4.12 Spectral evolution in the 70-cm long HCC filled with argon at pressure of 1.24 bar. The 
positive chirp is 198 fs2. (b) Spectrogram of the total electric field at the HCC output.  

 
The comparison between the output spectrum (70-cm-long HCC) when a positive and 
negative input chirped pump is shown in Fig. 4.13. The pump spectral broadening is 
slightly stronger when the pump is positively chirped, while in the time domain, the pulse 
is shorter. The pump bandwidth is always narrower in the case of a FT limit pulse (Fig. 
4.13) due to the SPM contribution. The signal and idler band are not significantly affected 
by the sign of the chirp (Fig. 4.13a), in contrast, the spectral broadening of the pump and 
the lobes are stronger with the case of limit pulse FT  (Fig. 4.13c).  However, the spectral 
bands are strongly modulated for the case with the chirped pump, which probably results 
from the interference between the FWM bands generated at different delays.  
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Fig. 4.13 a) spectral and b) temporal comparison of the output pump pulse with positive and negative 
chirped input pump in an HCC filled with argon at a pressure of 1.24 bar, c) spectral and d) temporal 
comparison of the output pump pulse with positive and FTL (TLP) pump in 60-cm long HCC filled 
with 1.2 bar argon. 

 
 
4.4 Signal amplification and frequency generation in HCC  
 
To increase the pulse energy 4, the pulses are often stretched to reduce the input peak 
power in the system and to avoid any damage in the material. At the output of the system, 
the targeted pulse is compressed after the amplification step. These schemes are known 
as Optical Parametric Chirped Pulse Amplifier (OPCPA). In this manuscript, the same 
idea is performed but, in a gas-filled guided system that provides significant advantages 
thanks to the guiding geometry. On the other hand, Four-wave Mixing in a gas medium 
has been successfully investigated for frequency conversion16–18 and light amplification 
11 in PCF and FWM in nonlinear crystals. To increase the bandwidth amplification and 
improve frequency conversion efficiency, a suitable selection of experimental parameters 
is required. For this reason, a combination of OPCA and FWM schema is evaluated in 
the following section. 
 
From the previous simulation results, several characteristics were obtained, such as the 
gas pressure, dispersion regime, sign of chirp, the central wavelength of the sidebands, 
and their spectral bandwidths. Therefore, for the following simulations, a signal pulse is 
now injected with a central wavelength of 550 nm. The spectral bandwidth of the signal 
is 100 nm at FWHM (Fig. 4.14.a). The input peak power is set at 264 W.  
The Table 4-2 summarizes the various combinations of GDD, pump and signal energy 
used in the numerical calculations.  
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Table 4-2 Spectral phase and time duration of the pump and signal pulses in the cases under 

study 

Case        GDD - 'To )p=0 fs2 
Tp=120 fs 

)p=0 fs2 
Tp=120 fs 

)p=5807 fs2 
Tp=200 fs 

)p=16524 fs2 
Tp= 400 fs 

I a )s=  97 fs2; Ts= 81 fs 
 

(p1 = 200 uJ 
(s1=  203 pJ 

   

I b )s=159 fs2; Ts=132 fs  (p1 = 200 uJ 
(s1=  503 pJ 

  

II a )s= 227 fs2; Ts= 188 fs   (p1 = 342 uJ 
(s1= 3.8 nJ 

 

II b )s=480 fs2; Ts= 395 fs    (p2= 689 uJ 
(s2= 7.7 nJ 

 
4.4.1 FWM generated with a FT limited Pump, (Case I). 

 
In case I.a, the signal is positively chirped with a spectral phase equal to )s=97 fs2 such 
that the signal pulse duration is shorter (81 fs) than the FT-Limited pump. For Case I.b, 
the signal is chirped with a spectral phase equal to )s=159 fs2 and the duration is longer 
than the FT-Limited pump (Fig. 4.14.a). In both cases, the peak power is constant, i.e., 
the input energy changes, see Table 4-2 . 
 

 

 
Fig. 4.14 Normalized spectral intensity of the pump (black line), and signal (blue line). B) Case Ia, 
Normalized temporal profile of the FT limited pump pulse (gray curve) and a stretched signal with 
)s=  85 fs2 (blue dotted-dash line).  C) Case I. a, Normalized temporal profile of the FT limited pump 
pulse (gray curve) and a stretched signal with )s=  214 fs2 (red dotted-dash line) 

The conversion efficiency is calculated as the ratio between the output signal power at 
z=L and the input pump power at z=0, such as, 
 
   

 
The efficiency curve for the positively chirped input signal is displayed in Fig. 4.15. For 
each case, the maximum efficiency (>10 %) is reached at a pressure between 1 and 1.25 
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bar. The signal side is higher than the idler side, because of the interplay between the 
GVD value and nonlinearity, that cooperates in establishing the phase condition within a 
shorter propagation distance.  
 

 
Fig. 4.15 a) The idler and signal efficiency of the FWM generated with a FT limited Pump and 
negatively chirped signal, with Is= 85 fs2 (red line) and Is= 214 fs2 (blue line). B) idler, and signal 
efficiency of FWM generated with a FT limited Pump and positively chirp signal, with Is= 85 fs2 (red 
line) and Is= 214 fs2 (blue line). The HCC length is 60 cm.  

Based on the spectrograms shown in Fig. 4.11, we already knew that the generated 
spontaneous signal seems to have a positive slope. Therefore, we conclude that if a 
positive chirped pump is seeded in the amplifier, the process will be more efficient.  
 

 
Fig. 4.16 a), b)Spectral and temporal evolution in a 60 cm-long HCC filled with an argon gas at 1.2 
bar. c) Spectrogram of the output pulse of the 60 cm long HCC filled with 1.2 bar argon. 

 
Fig. 4.16.a shows spectral and time evolution when a positively chirped signal propagates 
together with FT-Limited pump, through a 60-cm long HCC filled with argon at 1.2 bar. 
The spectral and temporal profiles at z=60 cm are displayed in Fig. 4.16.b. The generation 
of the FWM bands becomes clear after a few centimeters of propagation, and the spectral 
bandwidth is wider in the anti-Stokes side. The side lobes are centered at a pump 
frequency offset of ~180 THz.  
In Fig. 4.16b, the optical beating between the signal and the pump is observed, which 
leads to the FWM observed in the time domain.   
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From the spectrogram Fig. 4.16.c we can note that each instantaneous pump frequency 
generates a well-defined band at a specific time.  
The FWM bands is generated at maximum when the relative delay is ~20 fs from the  
pump center. Simultaneously, a portion of the pump power starts to deplete. The output 
FWM bands are marginally delayed from each other, and the idler generation is less 
efficient since the signal pulse does not overlap with the powerful part of the pump. This 
effect is the result of  the GDM. 
 

4.4.1-1 Group velocity mismatch effect  
 
As noted in the previous section, there is a GDM because the signal and pump propagate 
at different speeds. For example, the signal may temporally overlap only with the trailing 
edge of the pump if the GDM values have the opposing sign. Thus, the transfer energy 
becomes affected since the interaction does not occur from the strongest part of the pump, 
see Fig. 4.17. In addition, in the spectral domain, since only a small amount of the signal 
spectral components interacts with the pump pulse, the amplification and generation 
bandwidth can be reduced. 
 

 
Fig. 4.17 Temporal overlap between the signal and pump pulses. 

 
For instance, if a broadband chirped signal and a narrow pump are introduced into the 
amplifier, by changing the relative delay, different spectral components of the signal can 
overlap with the pump. This feature allows to have a free adjustment of the idler 
frequency. 
Hence, as a conclusion, the GDM affects the corresponding phase conditions and also 
reshaped the idler/signal bandwidth.  The output spectrum and spectrogram comparisons 
are shown on Fig. 4.18.  In this case the argon pressure is 1.2 bar (case Ib). 
 
When the signal is injected with a delay offset of -20 fs from the pump, the idler central 
wavelength is around 1.5 µm, with a bandwidth of ~70 THz whereas the signal has an 
amplification band of ~200 THz.  
When the signal delay offset is + 20 fs from the pump, the generated idler lies close to 
the pump around 1.4 µm with a narrow bandwidth. The signal bandwidth amplification 
starts at 690 nm and its maximum amplification wavelength is ~550 nm. The shape of the 
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modulated pump is more asymmetrical compared to the case when the delay on the signal 
is not null (grey shape). 
 

 

Fig. 4.18 a) Comparison of the output spectral profile for different relative delays b). Spectrogram 
for different delays (b) The 60-cm long HCC is filled with argon at a pressure of 1.2 bar. 

In Fig. 4.18.b, in the second box, we can see three main bands around zero delay. They 
correspond to the signal, pump, and idler, respectively. The area around 1.4 µm is the 
idler generated by FWM. In the box number 4 (ΔTs = −20 fs) FWM seems to occur in 
the central part of the pump pulse, where the strongest portion of the pump is located. 
When the GDM is not well-compensated (the remaining spectrograms), the signal and 
pump spectral components do not have the best temporal overlapping. Only part of the 
pump is involved in the FWM process. Consequently, there are less spectral components 
in the idler band. 
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Fig. 4.19 Efficiency for several relative delays between the pump and signal, for Case Ib 

As conclusion, the efficiency of the FWM process can be enhanced by setting the relative 
delay between the pump and the signal (Fig. 4.19). A higher amount of power is 
transferred to the signal and idler in the case with of a relative delay of -20 fs. This 
comparison provides a clear picture of the relationship between GDM and FWM 
performance. 
 

4.4.2 FWM generated with Chirped pump, (Case II) 
 

Case II a and Case II b.  
 
We then applied a linear chirp on the two pulses to stretch them such that they have the 
same pulse duration (Fig. 4.14c). This configuration is called Case II (Table 4-2). The 
spectral bandwidth and central wavelength of the signal are the same as in Case I. The 
conversion efficiency is calculated as the function of the argon pressure, considering a 
60-cm long HCC.  
 

 
Fig. 4.20 a) Idler, and b) Signal efficiency when the pump and signal are negatively and positively 
chirped respectively. Bottom graph, idler, and signal efficiency when the pump and signal are both 
positively chirped Case II a, b. 
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A positively chirped pump produces a higher efficiency value than in the previous case, 
(Fig. 4.15).  The highest point remains between 1 and 1.3 bar, with the pump propagating 
in the normal dispersion regime (pressure >1.0 bar).  
 
The efficiency improvement is due to the fact that more signal spectral components can 
overlap temporally with the pump, thereby fulfilling the corresponding phase matching 
condition in a broad bandwidth. The idler conversion efficiency is 2% better than in Case 
Ib (Fig. 4.20). 
 

 
Fig. 4.21 a) spectral evolution b) temporal evolution in a 60-cm long HCC filled with an argon 
pressure of 1.2 bar c) Spectrogram of the output pulse in a 60 cm long HCC filled with argon at a 
pressure of 1.2 bar. 

Fig. 4.21.a shows spectral and time evolution when a positively chirped signal propagates 
together with a positively chirped pump, through a 60-cm long HCC with a gas pressure 
of 1.2 bar. The generation of the FWM bands appears clearly after few centimeters of 
propagation and the side lobes are centered at a frequency offset of ~180 THz. The FWM 
spectral bandwidth is larger on the signal side. In the spectrogram of Fig. 4.21.c it can be 
pointed out that FWM bands appear at around 0 fs. The signal and the idler bands are 
slightly shifted towards the positive times due to the weak GDM effect. Accordingly, it 
can be concluded that the spectral components of the signal with the pump pulse have a 
better overlap when the pump and signal are stretched to a similar pulse duration. The 
signal band extends from 520 to 630 nm, with a central part around 570 nm, with a 
positive slope whereas the idler band is at ~1.4 µm with a flat frequency slope. 
 

4.4.2-1 Group Velocity Mismatch effect  
 
The goal is to adjust the input delay between the pump and the signal to increase the 
efficiency and bandwidth of the idler, taking advantage of the GDM effect. We use the 
same configuration as Case IIb, but we applied a delay of +70 fs or -30 fs between the 
input pulses. 
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Fig. 4.22 a) Comparison of the output spectral profile for different relative delays. b) Spectrogram 
for different delay. The 60-cm long HCC is filled with argon at a pressure of 1.2 bar. 

 
Fig. 4.22 shows the output spectrum and spectrograms using the previous input delays 
values. Regarding the spectrogram (Fig. 4.22 .b), the first image box is a spectrogram 
with the input fields. The following boxes are the spectrograms with different delays (0, 
30, -70 fs). The blue line represents the case where the delay between the pump and the 
signal is null, i.e., the central wavelengths arrive at the same time at the entrance of the 
HCC, see Fig. 4.22.a. This case produces an idler with a central wavelength of ~1.4 µm, 
whereas the signal amplification band is almost ~100 THz, with a central wavelength 
around ~580 nm. When the signal is delayed by 30 fs, the idler band slightly shifts 
towards the pump, whereas its bandwidth does not significantly change from the previous 
case (Fig. 4.22). However, the signal and idler powers decrease because the signal 
spectral bandwidths involved in the process are narrower.   
The case where the signal is delayed by 70 fs, the central wavelength of the idler moves 
closer to 1.7 µm while the signal shows stronger amplification around ~520 nm. 
 

4.4.1 Comparison between Case I and Case II. 
 
The case I represents the configuration when a FT limited pump is launched trough the 
HCC, while in case II, the pump is temporally stretched with pulses duration lower and 
higher than the one of the signal pulses. About the case, I a. and I b, the idler generation 
efficiency is a bit improved in case Ia. 
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In case II, the efficiency is higher on the idler side. Additionally, there is a slight increase 
in efficiency when the two pulses are stretched to longer pulse durations. This 
improvement is due to a better temporal overlap between the pump and broadband signal. 
In general, the efficiency remains nearly the same values in both cases (Fig. 4.23). 
  

 

Fig. 4.23 Fig. 6. (a) Signal and idler efficiency for case I. (b) Signal and idler efficiency for case II. 

 
4.5 Experimental setup  
 
In terms of frequency conversion from a FWM process in a unique HCC filled with gas, 
Kida et al.15 have done parametric amplification of supercontinuum signal with a gain up 
to 100, and the achieved amplification bandwidth supports sub-10-fs pulse. Faccio 13 
reported light amplification using relatively narrowband input pulses with FWM phase 
matched considering high order modes. Similarly, 10 describes a tunable source of ultra-
short tens-uJ-level visible pulses driven by two color pulses. However, the key parameters 
by which the process can be optimized are not yet clear. It is important to note that none 
of the work ensures that the phase-matched FWM occurs with only single mode as many 
parameters are involved in the process. Especially, the used hollow radius is large, and 
therefore, multi-mode propagation is expected.  
Using the numerical results from the previous section, an experimental configuration was 
developed to study the phase-matched FWM in the single mode. 
 

4.5.1 Configuration with a FT Limited pump pulse. 
 

4.5.1-1 Experimental set up characterization  
 
The configuration starts with a Ti:Sapphire amplifier system (Libra, Coherent Inc.) that 
delivers pulses with a pulse duration of ~120 fs (FWHM) at a repetition rate of 1 kHz. 
The maximum pulse energy is >800 µJ, and the spectrum is centered at 800 nm. The pulse 
from the amplifier is aligned to a 30 cm long HCC, which is located inside a home built 
metal chamber. The inner core diameter is 150 µm. The laser beam is focused with a 
plano-convex lens into the HCC, see Fig. 4.24.  Three focal lengths have been tested and 
the coupling efficiency values are shown in Table 4 3. The focal spot size generated with 
the lens of f=500 mm, is about 92.33 x 72.09 µm (at 1/e2), which is close to the optimum 
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size for the maximum coupling efficiency into EH11 fiber mode, by using the relationship 
shown in Chapter 2, eq (2-57). 
 
 

Table 4-3 Coupling efficiency for different focal lenses. 

Focal distance f=400 mm f=450 mm f=500 mm 

Input power (mW) 10.73 10.73 10.73 

Output power (mW) 4.92 4.02 5.02 

Efficience (%) 44.8 37.5 46.8 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.24 a) Scheme of the setup developed for the pump coupling and chamber characterization, 
with input pump energy 100 𝝁J. M, Broadband Dielectric Mirror. ND, Neutral Absorber Filter, SL, 
Plan-convex Lens. Vis-F, IR-F, (Filters) BS, Beam Splitter, CCD C, Visible camera (Thorlabs 
BC106N-VIS), SP, visible spectrometer (Ocean optics USB 200) . b) output energy at the function of 
the input energy. 

 

The chamber is composed of a stainless-steel tube with an entrance and exit 5 mm thick 
sapphire broadband window (Thorlabs WG31050). The chamber has also a gas input and 
output with a manometer. The beam is coupled into the hollow core. To avoid non-linear 
input effects at the fiber entrance, the air or gas was removed with a vacuum pump. Fig. 
4.24.b shows the evolution of the output energy as the function of the input energy. This 
linear behavior confirms that not spurious effect perturbate the coupling.  The output 
beam is collimated by a convex lens (f=250 mm) and then it splits into two paths. One to 
detect spectra and the other to observe the beam profile with a CCD camera (Thorlabs 
BC106N-VIS), Fig. 4.25.b. The output spectrum, when gas is not present in the chamber 
is shown in the Fig. 4.25. When the fiber is filled with air, the spectrum of the pump 
becomes broader, because of the interaction of light and air, SPM. 
 
 
 
 
 
 

a) 

 

b) 
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Fig. 4.25 a) Pump output spectrum using an input energy of  100 µJ when the HCC is filled with air 
(gray curve) and under vacuum (red line) b) Spatial distribution of the beam in the far-field at the 
output of HCC when the vacuum. 

4.5.1-2 Set-up configuration  
 
The scheme of the complete experimental set-up is displayed in Fig. 4.26. The light beam 
of the amplifier is divided in two paths with a beam splitter (90/10 %). The strongest 
portion is used as a pump while the weakest portion (~5 µJ) is focused on a 5 mm thick 
sapphire plate, and it is always placed a few millimeters before the focus point to avoid 
any optical damage. The pulse energy is controlled by a variable iris aperture, which 
allows the annular structure to be removed into the output beam. Under these 
circumstances, a smooth and stable white light continuum (WLC) is generated with a 
spectral bandwidth extending from 450-850 nm and is positively chirped. A 650 nm long-
pass filter was placed after the collimation to remove the residual peak from the pump 
(FEL650 Thorlabs). 
 
The output beam is collimated and pass through a delay line to allow temporal overlap 
between the pump and the signal pulses. The continuum and the pump beam are 
superimposed on a visible Cold Mirror (FM03). The two beams are coupled with help of 
their respective planoconvex lenses into the 30-cm long HCC. At the chamber output, the 
pump and signal energies are ~170 µJ and 0.539 nJ, respectively. The visible components 
are separated from the infrared part with a Hot Mirror UVFS (M254H45). Next, a low-
pass filter (at 650 nm) and neutral absorbent density were fixed in front of the CCD 
camera (Thorlabs BC106N-VIS) and the visible spectrometer (Ocean optics USB 200). 
A long-pass dichroic mirror (DLMP900) is placed in the infra-red path to separate the 
pump from the idler components. In addition, the pump beam is attenuated by absorbing 
neutral density filters. By passing the visible beam through a BS, the beam profile (Genie 
Nano M640 Mono, Visible-Camera, sensitivity 400-850 nm) and the spectrometer signal 
(Ocean optics USB 400) can be measured at the same time. On the idler path to fully 
remove the pump components, the beam also passes through a long-pass filter 
(FELH1000). Finally, the beam is sent to a spectrometer (Stellar Net spectrometer 
DWARF-Star NIR) and another camera (CCD Hamamatsu IR-Camera, sensitivity of 900 
to 1700 nm) with a flip mirror. 
The experimental procedure is as followed. The pump is coupled in the capillary, once 
the air has been taken out of the chamber and subsequently filled with argon gas (up to 1 
bar). Eventually, the input pump power was progressively increased to 400 μJ. The beam 

a) 

 

b) 
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is always set to keep the coupling efficiency all the time. Several data were recorded i) at 
a constant input power for different pressure values ii) at a given fixed pressure within a 
range of pump power.  
 
The temporal overlap between the pump and the signal is set with a delay line. For each 
stage, it allows the superposition of different signal spectral components with the pump 
pulse, due to the signal chirp, so that different input configurations result in a different 
idler. Consequently, for each stage of the delay line, the data were recorded. 
 
 

 
 

Fig. 4.26 Scheme of the complete experimental set-up. SL Plano Convex lens, BS, beam splitter, ND 
absorptive neutral density filter, DM, Cold mirror, LF long-pass filter, SF short-pass filter, SP 
Sapphire plate.  

 
4.5.1-3 Characterization of the input pump and signal pulses. 

 
To use the laser pulse correctly, careful characterization is required. Temporal 
measurements are the primary step to evaluate the duration and the spectral phase on the 
pump and signal. In the first instance, the pump is used directly, as it leaves the amplifier. 
So, the beam is sent to the spectrometer and the auto-correlator. The results of the 
temporal measurements are shown on Fig. 4.27a. By using the measured spectrum, the 
FTL shape is calculated (black line) and compared with those obtained by autocorrelation 
(blue line), with a pulse duration of 166 fs, assuming a Gaussian pulse shape. As part of 
a second set-up, the pump pulse propagates through an N-F2 glass dispersive block to 
temporally stretch the pump. Then, the pump is also characterized by the spectrometer 
and the auto-correlator.  The results are displayed in Fig. 4.27b. 
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Fig. 4.27 (a) Autocorrelation trace of the unchirped pump pulse with a Gaussian fit. The duration is 
166 fs (FWHM), (b) Autocorrelation trace of the stretched pump when it passed through a dispersive 
block of N-F2 with a Gaussian fit. The duration is 231 fs (FWHM).   

As a signal is also coupled to the HCC, and its preliminary characterization is also 
necessary. The generated continuum is sent to the spectrometer and a FROG setup. The 
signal FROG traces were challenging because the phase-matching bandwidth in the 
crystal is usually too small. Furthermore, the signal has a spatial chirp, so only part of the 
bandwidth signal was taken for the FROG trace (shown in Fig. 4.28). 
 

 
Fig. 4.28 Measured (a) and retrieved (c) SHG-FROG traces for the continuum signal at the HCC 
output with no gas in the chamber. Retrieved spectrum and spectral phase of the continuum signal 
(d).   Retrieved temporal shape and phase of the continuum signal (b). 

Fig. 4.28 displays the measured FROG trace and its retrieval shape, which is very similar 
This means that the input setting for the reconstruction algorithms provide the relevant 
results. The SH signal corresponds to only a portion of the complete WLC. The spectral 
range measured is between 645 nm and 665 nm, and its corresponding spectral phase is 
relatively smooth, with a predominantly quadratic phase contribution.  
 
 

4.5.1-4 Experimental results  
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The air was firstly removed from the chamber. Then, we increase the input power at the 
entrance of the chamber to 503 µJ. Next, the output power of the pump was 202 µJ 
resulting in a 40% of coupling. The difference between the experimental and theoretical 
coupling value is linked to the spatial beam profile, which is not perfectly adapted to the 
hollow core shape, i.e., it is not completely circular, and the beam has an elliptical shape.  
 
The signal and idler spectra are shown in Fig. 4.29 for a pressure of 1 bar. The tuning 
bandwidth was measured by changing the temporal overlap between the pump and signal, 
which depends on the micrometric offset of the delay line. The distance was divided into 
several stages (14 stages). The spectra of the pump, signal and idler were measured 
according to each step of the delay line. Both idler and amplified signal beam profiles 
were also measured at each step. The amplified signal component is tuned while the idler 
spectrum varies from 1.1 µm to 1.4 µm.  
We can also observe in Fig. 4.29  the evolution of the signal spectrum as a function of the 
time overlaps. For longer delay, only one narrow band of the signal is amplified, around 
575 nm. When the delays are below 300 fs, a second amplification band appears, and it 
continues to grow together with the first band. Although the signal gain is small, the IR 
idler is generated. 
 

 
Fig. 4.29 Experimental generation of FWM. a) Generated output spectra of the amplified signal and 
b) idler in the HCC filled with argon at a pressure of 1 bar. The pump energy is 200 µJ.  The delay 
corresponds to temporal overlap between the input pump and signal.   

The idler beam profile images are shown in Fig. 4.30b, where the image number 3 is the 
sharpest, which means that this is highest conversion efficiency point.  
The corresponding delay value is about 146 fs with a central wavelength at around 1238 
nm. From the energy conservation equation with the pump at 800 nm, the wavelength of 
the corresponding amplified signal is 590 nm, which is very close to the experimental 
spectrum Fig. 4.29.  
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Fig. 4.30 Beam profile in the far-field as a function of delay step for the signal (a) and the  idler (b). 
In the images 1 corresponds to the time delay of zero fs and continued until almost 1000 fs delay. 

 
Fig. 4.31 Maximum experimental spectrum power as a function of the delay for the signal (a) and the  
idler (b). The central wavelength of the amplified signal as a function of the delay (b) the idler central 
wavelength as a function of the delay (d). 

a) b) 
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Fig. 4.31.a, shows the corresponding maximum spectral signal power as the function of 
the delay and its central wavelength (Fig. 4.31.b). 
Since the idler is generated as the pump and signal propagate, we cannot represent the 
gain in the same way as the signal. So, we take only the maximum spectral power 
corresponding to each relative delay step, and its corresponding central wavelength seen 
(Fig. 4.31.c-d). The maximum power values are calculated from the spectrum integral on 
the wavelength rang. As we observe in Fig. 4.31 the wavelength of the idler and signal 
are nearly linear with the delay. This presents a large band of tunability. 
 

4.5.2 Configuration with a chirped pump pulse. 
 
As discussed in the numerical section, when a linear chirp is added to the pump, the 
amplification bandwidth should be enlarged and the conversion efficiency improved. In 
this way, a second experimental setup was developed. 
The pump beam from the amplifier system passes through a piece of dispersive glass, to 
temporally stretched up to 231 fs (see Fig.4.27). For a higher peak power than 4.2 GW, 
the beam starts to self-focus in the dispersive block, and we limited the power to this 
value. The stretched pump was coupled into the HCC and the output beam was collimated 
by a convex lens (f=250 mm). The signal, pump and idler components were separated in 
the same manner as before. The complete experimental layout diagram is shown in Fig. 
4.32. The cameras used to record the beam profile are surrounded by a grey box to 
indicate the flip mirrors.  
We measured the spectra of the pump, signal, and idler, according to each stage of the 
delay line, for different argon pressures, (1.2, 1,3, 1.4, 1.6, 1.8, and 2.2 bar) and the pump 
power holds steady. 
 

 
Fig. 4.32 Scheme of the complete experimental set-up for Ultra-broadband FWM. M, Broadband 
Dielectric Mirror, SL Plano-Convex lens, BS, beam splitter, ND absorptive neutral density filter, 
CM, Cold mirror, LF long-pass filter, SF short-pass filter, SP, Sapphire Plate. 
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4.5.2-1 Experimental results  

 
Spectral tunability from the pressure changes  
 
By modifying the delay, various components of the chirped signal interact with those of 
the chirped pump. Thus, experimentally, one expects that the maxima of the amplified 
signal and the generated wavelengths change with the relative delay. It is also expected 
the gains and conversion efficiencies changes for different gas pressures.   
The output spectra of the signal and idler were firstly recorded, and then the maximum 
was selected for each delay. The corresponding power and central wavelength are 
displayed in  
Fig. 4.33.a. Similar curves are shown for the signal ( 
Fig. 4.33.b). 
The gain is calculated as before (the ratio between the amplified signal and the input 
signal) while the idler gain value is the spectrum integral on the wavelength range and 
the idler power is directly measured with a power meter at each delay. 
The analysis of the data leads to the conclusion that the highest amplifier gain is reached 
at a pressure of 1.3 bar. Meanwhile, the highest spectral power occurs at 1.2 bar. The 
wavelengths at maximum power for the signal and the idler are 585 and 1250 nm, 
respectively. The pulse energy at 1250 nm, is relatively weak (few nJ) and is consistent 
with the low gain value (<5 dB). 
 

 
Fig. 4.33 Maximum spectral idler intensity and central idler wavelength as a function of pressure (a). 
Signal spectral gain and central signal wavelength as a function of pressure (b). Power of the idler as 
a function of pressure (c). 

For higher pressure values, the energy transfer process is less efficient because the phase-
matched is not reached. At higher-pressure values, we observe some other non-linearity 
that perturbate the FWM we will deeply investigate in chapter 5.  
 
The tuning range for the amplified signal and idler is indicated in Fig. 4.34 at a pressure 
of 1.3 bar. On the signal side (blue curves), one band is mostly amplified at small temporal 
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overlap. At longer delays, a second band of the signal becomes also amplified. Then the 
pump energy goes to two spectral signal bands, which increase the amplification 
bandwidth. In the idler side, the power spectrum decreases when a dual peak appears in 
the amplified signal.  
 
The signal frequency variation is greater than one in the idler. It seems more than one 
FWM band can be amplified by adjusting the temporal overlap. Based on the 
experimental spectra, the amplified signal presents peaks with a clear separation between 
them whereas the idler spectra also present a structured but low power.   
 

 
Fig. 4.34 Experimental generation of the FWM with a chirped pump pulse. a) Output spectra of the 
amplified signal and b) generated idler in the argon filled HCC. The pressure is 1.3  bar and the  
pump peak power is  1.1 GW. The delay corresponds to the relative temporal overlap between the 
input pump and signal. 
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Fig. 4.35 Output pump spectrum when the HCC is filled with argon at a pressure of 1.3 bar. The 
gray curve is related to TL Fourier pump pulse. The blue curve represents the spectrum when a 
chirp is applied to the pump.  

The idler and amplified signal beam profiles are displayed as the function of the relative 
delay in Fig. 4.36 and Fig. 4.37. The idler spectra recorded with the highest power 
correspond to the image number 4 (delay of 212 fs). The powerful signal beam is observed 
in picture 8. It arises when the second peak appears on the spectrum. 
 

 
Fig. 4.36 Beam profile of the signal as a function of the step number, where 1 corresponds to the time 
delay of 0 fs and  15 ≈ 𝟗𝟎𝟎 fs. 
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Fig. 4.37 Beam profile of the idler as a function of the relative delay, where 1 corresponds to the time 
delay of 0 fs and  15 ≈ 𝟗𝟎𝟎 fs. 

Fig. 4.38 shows the intensity autocorrelation trace of the idler pulse at a relative delay of 
212 fs, where the conversion efficiency is the highest. The corresponding spectrum is 
centered at 1250nm. Assuming a Gaussian temporal profile, the pulse duration is 220 fs 
at FWHM with a pedestal at +600 fs because of an uncompensated spectral phase. The 
red line is the trace calculated from the spectrum when the spectral phase is compensated. 
The expected FT limited pulse duration is 45 fs. The pulse energy at 1250 nm is relatively 
weak and is ~ 4 nJ. 
 

 
Fig. 4.38 The data points represent the autocorrelation trace of the idler generated. The black line is 
a Gaussian pulse fit. The red line corresponds to the FT limited pulse calculated from the spectrum. 

In Fig. 4.39 displays the spectra of the signal, idler and pump at the input and after 
propagation through the HCC at this highest performance. The input signal is shown in 
grey. The output amplified signal spectrum has been measured and is shown in blue. This 
spectrum is shifted from the input signal due to a higher gain available for longer 
wavelengths, ∼600 nm. The green color curve is the generated idler spectrum and has a 
bandwidth of 0.34 µm at FWHM.  The central wavelength of the corresponding idler is 
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1250nm. The red curve represents the output pump spectrum that progressively expands 
on the longer wavelength sides. 
 

 

Fig. 4.39 Normalized spectra of the input signal (grey line), the amplified signal (blue line) and 
generated idler spectra (green line), pump spectrum (red line). The pump spectra under vacuum 
(grey line). The pressure is 1.3 bar. 

 
4.6 Discussion 
 
The comparison of the experimental results between the chirped pump and un-chirped 
pump is shown in Fig. 4.40. The red line indicates that the signal is linearly amplified 
with the delay. This behavior is due to the fact that the pump is less affected by the SPM 
when the pump is chirped.  However, when the pump has a higher SPM effect due to 
higher peak power (see black line) a second amplified spectral range is produced around 
a delay of 200 fs. The interesting thing is that the second peak becomes stronger than the 
first peak. On the black line, there is a sudden change, that is the point around 300 fs 
where the second peaks get more amplified. Although the initial peak is less amplified it 
still evolved linearly towards shorter frequencies, see Fig. 4.40.a. 
 
Fig. 4.40.b represents the idler wavelength at the maximum power recorded on the spectra 
as the function of the relative delay. The idler does not show different behavior. It appears 
that the idler is less affected by the pump frequency change since its wavelength position 
moves linearly in both cases. The numerical results were expected to improve the 
efficiency of the conversion by introducing a chirp into the pump. Experimentally, this 
assumption is verified in Fig. 4.40c. The red line represents the case with the chirped 
pulse, and we can observe that the amount of energy transferred to the idler is slightly 
higher than the other case. We expect to improve that behavior with a higher chirp value. 
 
The measured tunability of the idler peak position for the two cases is shown in Fig. 4.41. 
In both cases, a tunable idler is achieved in the range from 1.2-1.5 µm. It is also important 
to note that, for different delays, there is a well-defined idler spectrum. Experimentally, 
this enables to better control the adjustment of the pulses. For the FT-Limited  pump, the 
range of the idler tuning is shorter with harder control. 



Chapter 4.   Design of a tunable infrared generation system by four 
wave mixing process in fundamental mode 

94 

 

 

 
Fig. 4.40 a-b) Maximum of the band in the signal and idler sides as the function of the delay when 
the pump pulse is unchirped (black line) or chirped (red line). The grey line corresponds to a second 
maximum. c) Maximum intensity of the idler as the function of the delay. 
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Fig. 4.41 The idler spectrum as the function of the delay for the FT limited pump pulse (a) and a 
chirped pump pulse (b). 

 
4.7 Conclusion  
 
This chapter summarizes the development of a source based on infrared generation on the 
FWM in the gas-filled HCC. The interaction of a visible broadband continuum with a 
chirped pump pulse results in the generation of a tunable pulse in the near infrared from 
1.2 to 1.5 µm with the potentiality to reach the mid-infrared range. In the first part, the 
numerical simulations provide the full understanding of the role of key parameters such 
as the gas pressure, chirps and relative delays of the involved pulses.  
 
The gain bandwidth and pulse duration of the signal and generated idler are strongly 
affected by the nonlinear phase contribution. Consequently, the pump power and pressure 
are adjusted and the temporal overlap is the signal allows to get a better conversion 
efficiency. From the numerical result, the signal and idler bandwidth are asymmetric. 
This change is due to the high order dispersion terms.  
 
In this work, we take the advantage of the GDM and chirp to obtain a large tunability. 
Since the signal has a higher spectral width than the pump wave, it is possible to overlap 
different spectral components by adding a relative delay between the signal and the pump.  
This property is used to control the FWM process, resulting in a tunable idler. The concept 
was applied to the experimental configuration, which ends up with a system that produces 
an adjustable infrared pulse. For example, when the pump is temporal stretched, an idler 
is generated at 1.2 µm with a duration of ~220 fs at the direct output of the capillary, 
while a 45 fs pulse can be obtained with phase compensators.  
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We observed the optimal generation of the idler with the stretched pump at a pressure of 
1.3 bar. This is in good agreement with the expected pressure (~1.2 bar) obtained from 
the simulation. We believe that some difference should be observed due to other nonlinear 
effects. Particularly, high order modes are excited during the propagation and are not 
included in this current simulation. Therefore, the pump beam is also self-focused and 
spatial oscillations can occur during the propagation 23. This might lead to an increase in 
local intensity and a change of the nonlinearity condition. This is the subject to be covered 
in the next chapter. 
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Chapter 5. Multimode nonlinear 
contribution in a Hollow Core 

Capillary  
 
5.1 Introduction 
 
Nowadays, the development of ultrashort laser sources at high-peak power in the near 
and mid-infrared, are mostly based on the difference frequency mixing, optical parametric 
amplification and filamentation phenomena in dielectrics and semiconductors 1. 
However, at high peak power, nonlinear effects in multimode optical fibers need to be 
included. Thus, the manipulation of temporal and spectral properties increases the 
difficulty on the dynamics. 
On the other hand, fiber damage is the limiting factor in developing high-power peak 
fiber lasers. One solution is to increase the diameter of the fiber which tends to introduce 
a multimode propagation. The contribution of High Order Modes (HOMs) is highly 
investigated in telecommunications because they lead to get an extra communication 
channel and increases the bandwidth of the systems. The combination of mode-selective 
and wavelength conversion has been experimentally demonstrated by using FWM in a 
multimode silicon waveguide in which one mode is selected and converted to another 
wavelength 2. Another approach presents optical wavelength conversion for mode-
division multiplexing (MDM) by converting two modes simultaneously using FWM in a 
dual-mode fiber incorporating a pump with two modes. Lately, it was shown that it is also 
possible to reshape the transverse spatial beam profile via the multimode coupling fiber 
modes 3.  
 
The strong interaction between an intense pulse with the matter leads to space and spectral 
modifications of the total electric field therefore, in solids, liquids and gases, the non-
linear propagation of intense femtosecond laser pulses can produce filaments 4 in which 
many processes like, self-focus, diffraction, self-phase modulation, self-steepening, 
ionization, etc., are involved. From the interaction of those processes, it is also possible 
to generate a supercontinuum (SC) accompanied by resonant emissions.  
Filamentation and SC generation could be generalized by employing the effective three-
wave mixing model, which provides an unified picture, connecting the spectral 
broadening on the propagation axis with eventually colored conical emission 5, i.e. the 
transversal spatial distribution stops to be concentrated just around the propagation axis. 
These waves are considered as a linear superposition of monochromatic bessel beams 
having different number vectors at different frequencies that makes up a linear invariant 
solution of the Maxwell equations 6.  
Conical emission is now considered as a signature of filamentation and it was observed 
in gases, liquids, and solids 7 and the beam spatial profile is strongly related to dispersion. 
X-shapes pattern or O-waves can occur in the normal and anomalous dispersion regime. 
 
While bulk media can sustain several modes, the waveguides only support a discrete 
number of modes at a given frequency. In relation to this theory, B. Kibler and P. Bejot 8 
reported a theoretical description of quantized wave formations in multimode mode fibers 
(MMFs). The numerical model is based on the unidirectional pulse propagation equation 
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(MM-UPPE), which takes into consideration the spatiotemporal shape of the field and 
its modal distribution. From a numerical model in a GRIN MMF and step-index MMFs, 
they conclude that quantized waves are generated when intense pulse nonlinearly 
propagates in a multimode waveguide, whatever the dispersion regime and geometry of 
the waveguide. Poletti 9 et al. highlighted that femtosecond pulses propagating in MMF 
lead to a permanent intermodal power transfer between modes. It can be observed even 
in the absence of any phase matching. From numerous research, two important scale 
lengths are established; the beat length and modal walk-off length. 
Regarding the four-wave mixing process, phase matching conditions are also investigated 
in GRIN MMF in which the propagation constants of the modes are quantified at equal 
frequency spacing 10. The key role of dispersion in the intermodal dynamics is also 
demonstrated in 11. In the normal regime conditions, the formation of upshifted and 
downshifted spectral bands is observed with the intermodal oscillation of the power, and 
also the spectral bands produce a uniform spectrum that extends over several octaves with 
a large spectral power density. Alternatively, the anomalous dispersion regime is in favor 
of the generation of multimode solitons and dispersive waves (DW). The Intermodal 
FWM (iFWM)  has been  also  demonstrated for the SC generation with multimode in 
Photonic Crystal Fibers (PCFs) 12. The nonlinear frequency conversion is achieved with 
the combination of intermodal FWM and PCFs properties, where the pump propagates in 
the fundamental mode and the anti-Stoke and Stoke photons are generated in the high 
order modes. For example, by changing the input peak power, it is possible to modify the 
mode distribution at the output 13.  
Intermodal phase-matchied FWM can also be quite efficiency. For example, two pump 
photons around 800 nm in the fundamental mode can be efficiently converted into anti-
Stokes photon around 553 nm and one Stoke photon within the wavelength range 1445-
1586 nm in the second-order mode, with a 16 to 21% conversion efficiency 14.   
The numerical studies related to intermodal nonlinear effects of short pulses in multimode 
PCFs have been numerically studied by Poletti and Horak 9,11. In their numerical 
approach, they have derived and simplified a set of coupled GNLSEs which describe the 
propagation of radially symmetrical modes. The model can be applied to study of the 
four-wave mixing in MMFs. Another interesting approached have been made by Mecozzi 
et al. 15,16  in which they show that a group of modes can be coupled throughout SPM and 
XPM, eliminating all four wave mixing terms.  
 
Concerning the experimental works, Faccio et al. 17 reported the light amplification using 
a fundamental pulse and its harmonics to generate a near-infrared pulse through FWM by 
considering a phase matching condition with high order modes. Several numerical models 
to design pulse compression systems have been developed considering multimode 
propagation in gas environment, such as gas filled HCC 18. As result, a periodic oscillation 
of the energy is usually observed and corresponds to a beating between modes where the 
energy transfer occurs from the fundamental mode to high-order modes because of spatial 
Kerr effect. 
Many other works have shown that for intense ultrashort pulses and nonlinear intermodal 
phase-matching can cause spatio-temporal coupling (intermodal energy transfer) even 
below the critical power threshold 19,20.  
Tani et al. 21 introduced a general full-field propagation equation for gas-filled 
waveguides, including both fundamental and HOMs. However, the key parameters in 
which the process can be optimized are not yet clear. In addition, it would be interesting 
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to find an intermediate range, where the FWM phase-matched changes from a purely 
fundamental mode to multimode, which is the topic of this section.  
 
Multimode fibers are also a very important concept in providing an alternative to current 
parametric optical amplification and frequency generation in intermodal FWM. 
Therefore, in this chapter, we will examine the interaction of the multimode coupling to 
understand the phase matching mechanism underlying the generation and eventual 
amplification of HOMs in gas-filled HCC. 
 
 
5.2 Intermodal FWM and space-time interaction 

 
In most of optical waveguides, light is confined in the core, where the refractive index is 
higher than in the surrounding medium. The propagation can be described with the rule 
given by total internal reflection. Other types of fibers are also investigated with other 
original guiding mechanisms, as in Kagome fibers 22, antiresonant fiber 23 or band gap 
photonic crystal fiber 24,25. The principle of the Kagome fiber is based on an inhibited 
coupling between the silica cladding and guided hollow-core modes. Here, the cladding 
of the HC fiber does not exhibit any photonic bandgap but relies on a strong transverse 
mismatch between the continuum of cladding modes and those of the core, and the 
subsequent reduction of their field overlap integral 26, 27. In the following, we specifically 
move to FWM with several modes inside of the HCC. 
 

5.2.1 Intermodal standard FWM  
 
The intermodal FWM scheme involves two pump photons in one mode (i.e., the 
fundamental mode) and the anti-Stokes and Stokes photons in the same or first high-order 
modes.  
 
The effective phase-matching equation can be written as: 
 

  

where is the propagation constant of the  wave propagating in the  fiber 
mode. Since the electric field is linearly polarized, thus just   are considered because 
for , the modal field overlaps integrals will be zero 9. Consequently, when the two 
pump are in the fundamental mode, the overlap integral in cylindrical coordinates can 
also be express as:  
 

  

 

with , that corresponds to the effective area for each mode. 

  is the combination  of the wave numbers and  wave propagating in the  
fiber mode. 
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The nonlinear phase equation and parametric gain depend on the overlap integral, such 
as 3,28:   
 
 

  

 
 

  

 
The two first elements with  on Eq. 5-3 are related to the mixing between the pump 
and signal/idler whereas the last element is the self-interaction of the pump, i.e., SPM.    
 
The coherence length map is calculated using a CW wave at 800 nm in the fundamental 
mode coupled in a HCC with a core diameter of 150 µm. The peak power is 1.88 GW, 
and the HCC is filled with argon at different pressure. For the signal and idler waves, the 
first-order modes are considered calculating the potential phase matched process. The 
result is displayed in Fig. 5.1 (on the right). One can observe different lines that represent 
the coherence length (i.e. ). The combinations of the modes used for each curve is 
graphically illustrated on the left panel in Fig. 5.1. The roots of the Bessel function are 
reminded in Table 5-1. 
 

 
Fig. 5.1 Coherence length calculated from the analytical solution of the coupled equation considering 
EH1,m modes for the signal and idler waves. The pump wave is in the fundamental mode at 800 nm. 
The HCC has a core diameter of 150 µm and is filled with argon. The peak power is 1.88 GW.   

Table 5-1  Root of the Bessel function used in Fig. 5.1 

Curve # Pump idler Signal 

1 2.405 2.405 2.405 

2 2.405 2.405 5.520 
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3 2.405 2.405 8.654 

4 2.405 5.520 2.405 
 
When the pump spectrum is at 800 nm and the power is 1.88 GW, the intermodal FWM 
can occur for several pressures. For example, for a pressure of 4 bar, the signal and idler 
wavelength positions are around ~500 nm and ~2000 nm, respectively. For this phase-
matched condition, the pump and the idler remain in the fundamental mode while the 
signal is in the EH12 mode. The idler wavelength position may be adjusted by raising the 
pressure and two additional phase combinations are available at higher pressure values, 
see Fig. 5.1. 
 

5.2.2 Intermodal contribution from space-time interaction 
 
When a strong beam propagates with a transverse intensity gradient in the gas filled HCC, 
the spatial Kerr effect also produces a modification of the propagation 18. For example, 
when the laser beam is coupled in the fundamental mode, the laser beam induces an 
increase in the refractive index proportional to the local intensity. This process leads to 
the creation of a lens. Thus, the beam is self-focused and the modal distribution is 
modified during the propagation 19,29. By using a modal decomposition picture, spatial 
oscillations during the propagation can be described as a power transfer between different 
modes through an FWM process 18,29. Similarly, to the previous discussion of the angular 
frequency also generated by FWM, one can define a coherence length Lcs between the 
fundamental mode and the high order modes as  
 

  

 
With  the wave vector mismatch between the high order mode 𝑚 and the 
fundamental mode.  
As Lcs considerably decreases with the mode order, it is usually possible to neglect the 
modes higher than EH12. Therefore, by neglecting the loss and group velocity mismatch, 
the main part of the radiation transfer takes place from the fundamental beam to the EH12 
mode. In addition, the maximum transfer is found to be proportional to  18 .  For 
example, in the case of a strong pump pulse at 800 nm that propagates in a hollow core 
capillary with a core diameter of 150 µm and filled with argon at 3 bar, the power transfer 
from the two first modes appears with a period of Lcs=2.25 cm.  
 
In the case of the ultra-short pulse regime, the temporal domain simultaneously adds some 
modification of the angular frequency through the temporal Kerr effect. In most cases, 
the pump spectrum broadens due to self-phase modulation in the HCC for a length in the 
range of the characteristic nonlinear length . For example, LNL=8.3 cm for the 
same parameters outlined above.   
Including the high order modes, the transverse spatial effect complicates the analyses 
since each mode has its own dispersion and nonlinear modal parameters. The spatial 
modulation also leads to a local increase in the intensity that might generate periodic 
waves. It means that new frequencies can be generated within the same spatial period.    
In this manuscript, we focus on the high order modes generated together with the self-
phase modulated spectrum. When the pump undergoes a large spectral broadening 
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through SPM together with the spatial oscillation, some frequency components are 
generated in other modes. The concept is illustrated in Fig. 5.2. 

 
Fig. 5.2 Schematic representation of the new frequencies and new modes from the space to time 
interaction. 

5.3  Experimental part 
 

5.3.1 Experimental set-up 
 
The experimental set-up is summarized in Fig. 5.3. It starts with a Ti: sapphire amplifier 
system (Libra, Coheren Inc.) that delivers pulses with a duration of ~120 fs (FWHM) at 
a repetition rate of 1 kHZ. The maximum pulse energy is  ~800 µJ, and the spectrum is 
centered at 800 nm.  The pulse coming from the amplifier is injected in a 30 cm-long 
HCC with an inner diameter of 150 µm. The HCC is placed inside of a home-built metal 
chamber. The laser beam is focused with a plano-convex lens (f=500 mm) into the fiber 
with a coupling efficiency of 40 %. We assume that the pump is mostly coupled in the 
HE11 mode.  
The output beam is split into two paths, one is well-collimated with a lens (f=150 mm) to 
measure the far-field image with a CMOS camera (Genie Nano M1240 Mono), whereas 
the remaining path is used to record the near field image with a second CMOS camera 
(Genie Nano MM2590 Mono). For example, to record the spectrum and signal profile, 
the FES650 filter has been installed in the filter area, see Fig. 5.3, and with a mirror (flip 
mounts) the filter beam is directed towards the visible spectrometer.  In the same way, 
others filters were also placed to select various spectral components ( Table 5-2),  and the 
far-field and near-field images were measured after alignment optimization. Their 
corresponding spectra were simultaneously recorded. 
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Table 5-2 Filters to select part of the spectrum 

Spectral components Filters 
Signal Thorlabs, FES0650 
Pump Thorlabs, FELH0700  and  FESH1000 
Idler Thorlabs, FELH0900 

 
 

 
Fig. 5.3 Experimental set-up .SL Plano Convex lens, BS, beam splitter, ND absorptive neutral density 
filter, FM, Flip Mirror, C, CMOS Camera. 

5.3.2 Effect of the gas pressure at a fixed input peak power 
 
As part of the characterization procedure, the laser beam spectrum, near and far field 
images were firstly measured when the chamber was empty (Fig. 5.4). One can observe 
that the pump spectrum is centered at 800 nm whereas the near and far images have shapes 
close to HE11 mode patterns. 

 
Fig. 5.4 (a) Pump spectrum. Corresponding near (b) and far (c) field distributions. The peak power 
is 1.6 GW and the HCC is under vacuum.    
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Case at a pressure of 3 bar  
 
The chamber was filled with the argon gas up to ~3 bar , while the pump peak power is 
maintained at 1.61 GW at the HCC input. The pump spectrum presents a spectral 
broadening mostly from self-phase modulation during the nonlinear interaction between 
the gas and the beam (see Fig. 5.5). The spectrum extends from 700 nm to 900 nm with 
a strong peak around 850 nm. In order to evaluate the time-space coupling, beam profiles 
for selected spectral ranges need to be measured since we expect to get a part of the energy 
coupled into high-order modes. Experimentally, the central and the edge parts are selected 
from the complete spectrum. We define the signal and idler as the lower and higher 
wavelength regions, respectively.  Consequently, several filters were placed in the path 
using few flip mounts (Fig. 5.3).  
 
The entire spectrum without filters is displayed in Fig. 5.5.a. Subsequently, a short-pass 
filter (see Table 5-2) was used to observe visible components (signal path) and the 
spectrum is displayed on Fig. 5.5.b. and the associated beam profiles Fig. 5.5e, h. 
Next, the filter for the measurement of the pump spectrum was placed on the beam path. 
The spectrum and its corresponding spatial profiles are displayed in Fig. 5.5.f, i.  
Finally, to see the infrared side (idler) the corresponding filters have been set on the beam 
path and the corresponding beam profiles are shown in Fig. 5.5 g, j.  
 

 
Fig. 5.5 a) Complete spectrum of the pump. The individual spectra of the  b) signal e) pump and h) 
idler.  In addition, the near and far field distributions of e,h) signal f,i) pump and g,j) idler. The 30 
cm long HCC is filled with Argon at ∼3 bar. The input pump peak power 1.6 GW. 

 



Chapter 5.   Multimode nonlinear contribution in a Hollow Core 
Capillary 

 

113 

 

 

The central part of the spectrum, i.e., the pump, has a clear circular shape and is close to 
an HE11 as the one recorded under vacuum (see Fig. 5.5). The beam profiles of the signal 
and idler have several structures and do not clearly represent the fundamental mode. Since 
the filters select only a wide spectral range, the profile takes also into account the space-
spectrum distribution. We expect that the recorded beam profiles originated from a 
mixing of several beam profiles.  
From the simulation described in Section 5.2, we will conclude that the spectral part 
closed to the center remains within the HE11 mode, while the edge propagates with the 
HE12 mode. It is worth noting that the calculated coherence length Lc does not explain 
the generation of new waves with high order modes, Fig. 5.1.  
 

Case at a pressure of 4 bar  
 
Once the pressure was increased at around 4 bar, the spectral broadening is enhanced and 
some other maximum bands have been observed (Fig. 5.6.a). The power is more 
transferred from the pump center to other frequencies on the edges. The signal profile 
distribution in the near field and far-field displays a pattern with a maximum surrounded 
by a ring (Fig. 5.6. e,h).  This shape has a well-defined profile compared to the previous 
case and looks similar to the HE11 mode. In the idler region, the spatial distribution is less 
clear and presents a fashion pattern with a low ring with a decentralized maximum. This 
configuration appears as a mix of the fundamental-HE11 and the HE22  modes. 
 

 
Fig. 5.6 a) Complete spectrum of the pump. The individual spectra of the  b) signal e) pump and h) 
idler.  In addition, the near and far field distributions of eh) signal f,i) pump and g,j) idler. The 30 
cm long HCC is filled with Argon at ∼ 𝟒 bar. The input pump peak power 1.6 GW. 
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Case at a pressure of 5 bar  
 
When the argon pressure approaches ~5 bars, the full spectrum develops a stronger 
modulation and the visible part becomes stronger, at about 700 nm. The infrared 
components become weaker compared to the previous case. The spectral broadening 
reaches ~ 900 nm (Fig. 5.7a). The interesting part happens within the spatial distribution 
profiles because the idler pattern develops a clearer ring shape as for the visible profile, 
(Fig. 5.7c, d). Thus, we can conclude when the spectrum broadens through SPM, the 
beam profile at the spectrum center has a fundamental shape, while the signal and idler 
parts tend to display a shape close to the HE12 mode.  
 

 
Fig. 5.7 a) Complete spectrum of the pump. The individual spectra of the b) signal e) pump and h) 
idler.  In addition, the near and far field distribution of e,h) signal f,i) pump and g,j) idler. The 30 cm 
long HCC is filled with Argon at ∼5 bar.  The input pump peak power 1.6 GW. 

5.3.3 Effect of the peak power at a fixed pressure 
 
A similar experiment was carried out, but by keeping a constant gas pressure inside the 
chamber while the coupled energy/power in the HCC is increased. Fig. 5.8 and Fig. 5.9 
display results for a peak power at the HCC input of 0.8 or 1.1 GW. We can see that the 
full spectrum is clearly different from each other. At low peak power, the infrared 
components are almost not present Fig. 5.8.a while at high peak power, it appears to be 
stronger Fig. 5.9.a. The spatial profile images in the signal part present a maximum 
surrounded by a ring in both cases, at high and low peak powers. We could therefore 
confirm that the signal components are generated in a high order mode, mostly in the 
HE12 mode. As for the idler, the spatial profile images are also less clearly defined, but a 
weak ring arises and stays at high power. 
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Fig. 5.8 a) Complete spectrum of the pump. The individual spectra of the  b) signal e) pump and h) 
idler.  In addition, the near and far field distribution of e,h) signal f,i) pump and g,j) idler. The 30 cm 
long HCC is filled with Argon at ∼5  bar. The input pump peak power 0.8 GW. 

 
Fig. 5.9 a) Complete spectrum of the pump. The individual spectra of the  b) signal e) pump and h) 
idler.  In addition, the near and far field distribution of e,h) signal f,i) pump and g,j) idler. The 30 cm 
long HCC is filled with Argon at ∼5  bar. The input pump peak power 1.1 GW. 

From all these cases, one can conclude that when the spectrum broadens through SPM, 
the beam profile at the spectrum center has a fundamental shape, while the signal and 
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idler parts tend to display a shape close to the HE12 mode. The ring structure looks more 
sensitive to parameters, as the pressure and peak power in the infrared part. 
The HE12 profile does not always appear very distinct for few reasons. First, the filters 
select a relatively broad part of the full spectrum and, therefore, we may observe different 
profiles within this spectral range. We will confirm with numerical simulations, at the 
end of the chapter, that the beam profiles mix the HE11 and HE12 modes. Secondly, the 
beam at the HCC output propagates, is collimated, and passes through lenses, and several 
optics. Some chromatic and geometrical aberrations are expected and will influence the 
recorded profiles. Third, the pump profile at the HCC input is not perfectly symmetric 
and will produce some asymmetry in the output beam shape.    
 

5.3.4 Measurement with an imaging spectrometer  
 
The setup, including the imaging spectrometer, is shown in Fig. 5.10. The output laser 
beam is collimated as it passes through a lens and several filters. A few centimeters after 
a far field image are created and sent to the imaging spectrometer. The instrument 
generates an output plane in which the horizontal axis shows the spectral distribution with 
a wavelength scale, while the vertical axis represents the spatial distribution. We are then 
able to place a camera at the imaging plane to record the complete two-dimensional 
pattern.  
The wavelength scale is easily calibrated by adjusting the central wavelength within the 
spectrometer and the relation to the number of pixels on the camera. The alignment is 
carried out when the chamber is free of gas, to detect only the 800 nm. 
The goal with the imaging spectrometer in the experiment is to observe and record 
simultaneously all the spectrum and profile as a function of parameters (pressure and 
power). 
 

 
 
Fig. 5.10  Experimental configuration with the imaging spectrometer.  

The chamber was filled with argon gas up to ~ 3 bar, while the input pump peak power 
is maintained at 1 GW.  
 
Fig. 5.11 presents an example of a spectrum measured when the pressure is  ~3 bars. 
Some spectral components are detected with the idler and the signal spectrometers. The 
signal and idler spatial profiles look like the HE11 mode. Thus, under these experimental 
conditions, the new frequencies generated remain in the fundamental mode.  
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Fig. 5.11 a) The complete beam spectrum.  The far field distribution measured with the camera for 
b) signal d) pump c) idler. Spatio-spectral profile recorded with the imaging spectrometer, after 
propagation through 30-cm-long -HCC filled with argon at 3 bar. The input pump power is 1GW. 

Fig. 5.12 presents an example of a spectrum measured by increasing the pressure to ~5 
bars. The signal and idler spatial profile displays a distorted pattern because of the higher 
order mode. On the other hand, the measurements of the imaging spectrometer display 
bands corresponding to the red and blue shift emissions in Fig. 5.12.a-b. whereas the 
radial intensity distribution remains only in the central region.  This distribution indicates 
that the new frequency components follow a spatial distribution corresponding to the 
lower order of the Bessel function, 𝐽01. 



Chapter 5.   Multimode nonlinear contribution in a Hollow Core 
Capillary 

 

118 

 

 

 
Fig. 5.12  a) The complete beam spectrum.  The far field distribution measured with the camera for 
b) signal d) pump c) idler. Spatio-spectral profile recorded with the imaging spectrometer, after 
propagation through 30-cm-long -HCC filled with Argon at 5 bar. The input pump power is 1GW. 

 
Fig. 5.13 The complete beam spectrum.  The far field distribution measured with the camera for b) 
signal d) pump c) idler. Spatio-spectral profile recorded with the imaging spectrometer, after 
propagation through 30-cm-long -HCC filled with Argon at 7 bar. The input pump power is 1GW. 

Fig. 5.13 depicts the results when the pressure is approximately ~7 bar. The entire 
spectrum represents an even larger spectrum than in the previous one. The spectral profile 
has more structures and ripples. The results are displayed on the spatial profiles (Fig. 
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5.13.b-c) recorded with a camera in the far-field, and the spatio-spectral intensity profile 
recoded by an imaging spectrometer (Fig. 5.13. f-g).  The idler beam profile (Fig. 5.13 
.c), displays a shape with a ring surrounding a central part.  This pattern could confirm 
the existence of a higher order mode, a shape closes to the HE12 mode. The interesting 
section concerns the results of the imaging spectrometer (spatio-spectral profile), because 
the band has a different spatial distribution. In other words, the energy is distributed 
around the vertical axis as well.  It seems that the spectral components around ~870 nm 
have a spatial distribution corresponding to another vertical distribution, i.e the energy is 
split in two areas. This result confirms that the idler frequencies are in the high-order 
mode.  
 
5.4  Seeded FWM  
 

5.4.1 Experimental configuration 
 
As discussed in the previous section, a transfer process occurs during the multimode 
propagation of the intense pump in the HCC. The spectrum broadens mostly through SPM 
and the spectral edges exhibit a HOM content. In this case, the process is generated from 
the broadening of the pump itself, i.e., the signal and idler bands are originated from the 
pump. 
To enhance the conversion efficiency, the system was seeded with a broadband and weak 
signal. The signal passes through a delay line to adjust the temporal overlap between the 
pump and the signal. Then, the signal was coupled into the capillary in the fundamental 
mode simultaneously with the pump. The output chamber beam is collimated and 
separated through various filters to visualize the signal and idler components. 
 

5.4.2 Initial conditions  
 
To perform this experiment, it was necessary to make sure that the signal and the pump 
are coupled in the fundamental mode. The spatial distribution of the pump and signal in 
the far field were verified at the beginning of each test, without any gas in the chamber. 
When the gas enters the HCC, the spatial pattern has been observed in several conditions 
to understand exactly the origin of the modal distortions. The experiment was carried out 
under the following conditions: the gas pressure is at 3 bar, the pump and signal peak 
powers are 1.2 GW and 4.5 MW respectively. The initial beam characterization is 
depicted in Fig. 5.14. 
 
The output beam is separated in the signal and idler components by using several filters. 
The central part, the pump, is also attenuated. Each individual path is sent to the 
corresponding visible and infra-red camera and spectrometers. This is labeled as "visible 
side" and "infra-red side" in the Fig. 5.14. The spectrometers and cameras are for the 
visible side, the Ocean optics USB 4000, CCD camera (Thorlabs BC106N-VIS). For the 
infrared side, those are,  Stellar Net spectrometer (DWARF-Star NIR) and CCD 
Hamamatsu (IR-Camera, sensitivity between 900 to 1700 nm). The pump spectrum and 
its beam profile were measured with the Ocean optics USB 2000 and the camera Genie 
Nano M1240 Mono (Visible-Camera, sensitivity between 400-850 nm).  
In Fig. 5.14a, the spatial profile is displayed when only the signal is coupled and 
propagated through the capillary. Since the signal is weak, there is no nonlinear 
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interaction between the signal and the gas. Thus, the spatial profile of the signal remains 
unchanged (Fig. 5.14.a). One can conclude that the beam is mostly injected into the 
fundamental mode. Fig. 5.14b. Of course, the idler is not generated and no beam profile 
is detected (Fig. 5.14c-d). 
 

 
 
Fig. 5.14 Experimental configuration for the initial characterization when only the signal is injected 
into the capillary a) spectrum and b) beam profile of the signal,  c)spectrum and d) beam profile of 
the idler. 

Fig. 5.15.f shows the beam profile when the pump is coupled only in the capillary. When 
the pressure is ~3 bar, the spectrum in the visible and infrared are filtered at the output, 
similarly to the experiment described in the previous section. The signal part presents a 
strong peak around 580 (Fig. 5.15.a) while the idler spectrum is around 1.1 𝜇m (Fig. 
5.15.c). The spatial profile shows a ring around a centered maximum (Fig. 5.15.b) in the 
infrared while the signal is mostly circular (Fig. 5.15.d). 
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Fig. 5.15 Experimental configuration for initial characterization when only the pump is injected into 
the capillary a) spectrum and b) beam profile of the signal,  c)spectrum  and d) beam profile of the 
idler side. 

 

 
Fig. 5.16  Experimental configuration  when both only the signal and pump are injected into the 
capillary a), spectrum and  b) beam profile of the signal,  c) spectrum and d) beam profile of the idler 
side and f) spectrum and  e) beam profile of the pump. 

Fig. 5.16 represents the case when the pump and signal are coupled together into the 
capillary. From the comparison between spectra, we can observe a weak amplification of 
the signal when the pump is injected, while the idler spectrum gets stronger. In addition, 
when the signal seeds the HCC, the spectral structures in the visible change: the maximum 
at 580 nm (Fig. 5.16.a) becomes stronger when the signal is injected as expected from 
Fig. 5.15.a. Concerning the spatial profile of the beams, the ring becomes stronger in the 
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signal and idler in both cameras when the signal is injected due to the amplification (Fig. 
5.16.b) although the signal injected is in the fundamental mode. The idler exhibits a strong 
ring (and Fig. 5.16.d) while the pump (and Fig. 5.16.f) has a beam profile near the 
fundamental mode. 
 
In the following, the temporal delay between the pump and the signal is adjusted and the 
spectrum is recorded at each step. In Fig. 5.17, the amplified signal is represented in blue 
while the generated idler is in red. The idler is generated from 1.1 to 1.2 𝜇m. and the 
highest power is obtained for a spectrum centered at ~1200 nm. The generated idler 
presents a broadband spectrum due to a better overlap between the signal components 
and the pump. Simultaneously, the signal is broadly amplified at this delay.  

 
Fig. 5.17 Evolution of signal and idler spectra as a function of the temporal overlap between the 
injected signal and the pump 

For each delay step, the spatial beam profile of the signal and idler has also been recorded 
(Fig. 5.18 and Fig. 5.19). When the temporal overlap between the pump and the signal is 
not present, the signal beam is mostly in the fundamental mode, as seen in Fig. 5.14b. A 
large and weak ring is also observed, and it is originated from the interaction with the 
pump.  Once the signal and the pump pulses overlap, the signal beam starts to be distorted. 
The signal beam profiles are recorded as a function of the delay, and it is possible to 
observe how the energy goes to the outer ring. For example, for a delay of ~289 fs the 
intensity of the ring is the highest. Generally, for all delays, the shape remains in EH12, 
except in the last case, where the shape appears to be in EH11 at delay 718 fs, because the 
nonlinear interaction between the signal and pump is reduced.  
 
Similarly, the idler has also a ring shape due to the pump contribution (as in the previous 
section). The following images show the evolution of the structured shape, exhibiting a 
ring around a centered maximum Fig. 5.19. The beam profile pictures has always an HE12 
shape when the signal pulses overlap or not with the pump, because the generated 
frequency is spontaneously produced in the HE12 mode.  
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Fig. 5.18 Evolution of a spatial profile of the signal as a function of the relative delay with the 
pump. 
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Fig. 5.19 Evolution of a spatial profile of the idler as a function of the relative delay with the pump. 

The average power of the generated idler as a function of the delay is shown in Fig. 5.20. 
The highest value is obtained when the overlap between the signal and the pump is 
optimal (217 fs), and it closes to the best signal amplification.  
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Fig. 5.20 Idler average power as a function of the relative delay between the pump and signal. 

 
5.5  Advanced numerical simulations 
 
The purpose of this section is to study in detail the mechanism of the mode generation 
through the spatiotemporal coupling in the gas-filled HCC. As the analytical description 
of the spectral FWM does not provide a strict explanation for the experimental 
configuration, we used advanced numerical simulations to include both the spatial and 
temporal Kerr effect. 
The numerical simulations have been done by P. Béjot at the laboratory 
“Interdisciplinaire Carnot de Bourgogne”. They are based on the resolution of the 
unidirectional pulse propagation equation (UPPE) generalized to structured media (i.e. 
media embedding a transversal distribution of the refractive index) expressed in the modal 
basis 8. It includes the gas-filled waveguides with the HOMs, the modal linear dispersion, 
and the Kerr effect. The spatio-temporal coupling is automatically included in the 
simulation. In the following, the simulation also takes into account the asymmetry of the 
input beam profile by using the m,n eigenvalues. At the input, 1% of the field is injected 
into the HE12 mode, whereas the remaining part is in the fundamental mode. 
Here, we simulate the nonlinear propagation of 100-fs Gaussian pulses coupled in a 40-
cm long HCC filled with 4 bar of argon. The core diameter is 150 µm and the peak power 
is 1.3 GW. The spectrum is firstly recorded as the function of the HCC length (Fig. 5.21). 
As expected, the spectrum gradually broadens, mostly by SPM, along the propagation.   
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Fig. 5.21 Spectrum as a function of the argon filled HCC. The pressure is 4 bar and the input peak 
power is 1.3 GW 

Simultaneously with the spectral broadening, the fluence oscillates during the 
propagation since the beam stretch and compress along the length (Fig. 5.22). This effect 
corresponds to the power transfer the fundamental mode to the HE12 mode due to the 
spatio-temporal coupling. Indeed, during propagation, the laser beam induces an increase 
in the refractive index proportional to the local intensity and thus the beam is exposed to 
a high index at the center a lower index at the edges. However, in contrast to a linear lens 
focusing, self-focusing is a cumulative effect along the propagation so that the beam is 
increasingly intense in its center, producing self-focused beam. In the absence of any 
saturation effect, self-focusing would end up in a singularity at a finite propagation 
distance. However, self-focusing always competes with diffraction/propagation. Then, 
the beam spreads and shrinks, resulting in an oscillatory propagation characterized by 
defocus-refocusing cycles 1. A similar effect is shown in the GRIN fibers, where Spatial 
self-imaging (SSI) results in a longitudinal oscillation of the beam width and beam 
intensity along the fiber. In this way, the combination of the Kerr effect and SSI produces 
a dynamic similar to a long period of grating 30. The spatial oscillation can be interpreted 
as a periodic transfer of the power between modes, and the period depends to phase 
relationship of the modes, i.e., the wave-vector mismatch. The periodic exchange of 
power between modes eventually ceases as the modes go through a walk-off process 
because of intermodal group-velocity mismatch. The observed period is directly linked 
to the coherence length (Eq. 5.5) and in our conditions, Lcs equals to ~2.25 cm. As the 
consequence of the local intensity increase, specific nonlinearity can be produced 
periodically, Fig. 5.22 
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Fig. 5.22 The fluence or the intensity profile relative to the propagation distance.  

 
 
In order to compare the numerical simulation at the HCC output with the experimental 
results, the spectrum is filtered in the shorter or longer wavelength part; O<660nm or 
O>900nm .Then, the beam profile is calculated and the fluence or the intensity profiles 
are plotted. In the signal part (Fig. 5.23), we can clearly see an HE12 mode as observed in 
the experiment. In addition, a slight asymmetry in the intensity of the ring is observed, 
i.e., the left part is more intense than on the right. This asymmetry was obtained when an 
elliptical beam profile was launched at the input. Therefore, the beam input shape also 
affected the power distribution of the modes. This observation also explains the 
experimental quality of the beam profiles.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the idler beam profile (Fig. 5.24), it has a shape closed to the fundamental mode, and 
it does not fit with the experimental observation. However, the beam profile strongly 
depends on the filter edge. Indeed, the center of the spectrum is mostly in the fundamental 

a) 

 

b) 

 
 

Fig. 5.23 a) Beam profile of the signal when the spectrum is filtered at a wavelength <660 nm 
b)Corresponding contour plot. 
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mode and therefore shifting the filter away from the middle spectra would change the 
profile.   
 
 

a) 

 
 

b) 

 
Fig. 5.24 a) Beam profile of the idler when the spectrum is filtered at a wavelength >900 nm b) 
corresponding contour plot . 

Accordingly, the idler profiles are shown when the filter is set for O>920nm (Fig. 5.25a-
b) and O>930nm (Fig. 5.26c-d). For the first case, the ring structure starts to appear and 
an uncentered maximum is also observed, as in the experiment. When the filter is shifted 
even further away from the pump, the shape is clearer, with a maximum surrounded by a 
ring.  
 
 

a) 

 

b) 

 

Fig. 5.25 a) Beam profile of the idler when the spectrum is filtered at a wavelength >920 nm b) 
corresponding contour plot . 
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a) 

 

b) 

 

Fig. 5.26 Beam profile of the idler when the spectrum is filtered at a wavelength >930 nm b) 
corresponding contour plot 

 
5.6  Conclusions  
 
This chapter summarizes the work on the high order modes generated together with the 
self-phase modulated spectrum during the laser pulse propagation in a gas-filled hollow 
core capillary. Thus, as the first approach, the frequency generation was calculated based 
on a FWM process considering the phase matched with HE1,m modes. The analytical 
solution results in 4 different phase-conditions by increasing the pressure. Thus, an 
experimental configuration was developed to corroborate the multimode frequency 
generation. The signal and idler beam profiles were recorded with various experimental 
conditions, pressure, and pump peak power. The beam profiles of the signal and idler 
have several structures and do not clearly represent the fundamental mode. Since the 
filters select only a wide spectral range, the profile takes also into account the space-
spectrum distribution. We conclude that the recorded beam profiles originated from a 
mixing of several beam profiles, such as the spectral part closed to the center remains 
within the HE11 mode while the edge propagates with the HE12 mode.  
During propagation the spectrum broadens mostly through SPM and the spectral edges 
exhibit a HOM. In this case, the process is generated from the broadening of the pump 
itself, i.e., the signal and idler bands are originated from the pump. In order to enhance 
the conversion efficiency, the system was seeded with a broadband and weak signal. From 
this experiment, we observe the evolution of the signal and idler profiles in which a 
structured shape exhibiting a ring around a centered maximum. This is due to the 
contribution of several modes (HE11 and HE12) within the signal bandwidth. The idler 
presents a HE12 shape that remains even when the signal pulses do not overlap with the 
pump. The stronger idler was centered at 1200 nm with a power of 3.5 𝜇J.  
 
From advanced numerical simulations based on the resolution of the unidirectional pulse 
propagation equation generalized to structured media, we found the local intensity 
increases periodically. This process produces a spatial oscillation during the beam 
propagation, and it can be described as a power transfer between HE11 and HE12. 
Moreover, the propagating light inside the fiber is directly dependent on the initial 
coupling conditions, i.e., of the combination of initially excited modes which can be self-
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modulated because of the mode beating and Kerr effect. The beam profile strongly 
depends on the filter position. Indeed, the center of the spectrum is mostly in the 
fundamental mode and therefore shifting the filter away from the middle spectrum would 
change the profile as we observed in the experimental beam profiles. These findings are 
of interest for applications involving multi-mode fiber laser development, and all-optical 
beam processing with multi-mode fibers. Future work aims to develop an analytical 
description to agree with the experimental observations.   
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General conclusion 
 
This thesis deals with ultra-short pulses propagating inside a gas filled hollow-core 
capillary to generate nonlinear effects as SPM and FWM. We studied the generation and 
the tunability of infrared pulses through FWM processes since ultra-short pulse-based 
sources with long wavelengths are becoming increasingly important tools in a wide range 
of applications. 
The choice of a hollow-core capillary filled with gas is due to the fact that the dispersion 
and non-linearity are linked to the filling gas species, the core radio and the gas pressure. 
When one of these properties changes, the refractive index of the gas is also modified in 
a linear manner, which has a direct impact on the propagating pulses within the medium. 
The choice of parameters are the key ingredients to simultaneously achieve spectral 
broadening and FWM, leading to Stokes and anti-Stokes bands. Considering the FWM 
as one of the main processes, the combination of all degree of freedom results in a 
different gain with adjustable magnitude at a tunable spectral position of the bands.  

A numerical model based on the integration of the nonlinear Schrödinger equation was 
developed to provide the full understanding of the parameters including the chirps and 
the relative delay between the pump and a seed. These simulations have been achieved 
assuming all the pulses propagate in the fundamental mode. We found that stretching the 
pump and signal allows to get a better interaction between the fields and improved 
conversion efficiency. The generated signal presents a large bandwidth whereas the idler 
bandwidth is narrower due to the high order dispersion terms of the fiber. Therefore, the 
amplifier was seeded by a broadband signal to overlap different spectral components by 
adding a relative delay between the chirped signal and pump pulses. This property is a 
good approach to control the interaction process, resulting in the generation of a tunable 
idler in the near infrared. The concept was implemented to an experimental configuration 
and the developed system produced an adjustable infrared femtosecond source between 
1.2 and 1.5 µm. For example, an idler pulse was generated at 1.2 µm with a duration of 
~220 fs at the direct output of the capillary. The duration could be reduced to 45 fs with 
phase compensators. 

As a second part of this PhD activity, the nonlinear interaction in a gas filled HCC was 
subsequently investigated by considering the multimode content. According to the 
analytical description of the multimode FWM, we highlighted that it was possible to find 
several phase matchings conditions with several modes by adjusting the parameters (type 
of gas, pressure, core radius and peak power). In fact, by increasing the pressure in the 
previous experiment, we found that several phase-matched processes can be obtained 
when high order modes are considered for the signal and idler pulses. Thus, an 
experimental configuration was developed to analyzed more deeply the multimode FWM. 
We found the signal and idler beam profiles have several structures with a clear 
representation of higher order modes. In order to enhance conversion efficiency, the 
system was seeded with a broadband and weak signal. From this experiment, we observe 
the evolution of the signal and idler profiles in which a structured shape exhibits a ring 
around a centered maximum. This is due to the contribution of several modes (HE11 and 
HE12) within the signal bandwidth. The idler has an HE12 shape which remains even when 
the signal pulses do not overlap with the pump. The most powerful idler was centered at 
1200 nm with a power of 3.5 𝜇W. An imaging spectrometer system was also included in 
the experiment together with the measurement of near and far field images. From all the 
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experimental results, we conclude that the spectrum broadens mostly through SPM and 
the spectral edges exhibit HOM from the interaction with the pump, i.e the signal and 
idler bands are originated from the broadening of the pump components.  
However, the observed process was not in good agreement with the analytical description 
of the FWM, in particular with the expected gas pressure. Consequently, to investigate 
deeply this mechanism, we performed advanced numerical simulations based on the 
resolution of the unidirectional pulse propagation equation generalized to structured 
media. The numerical results show that the local intensity increases periodically, which 
produces a spatial oscillation during the beam propagation. The oscillation corresponds 
to a beating between modes. The energy transfer from the fundamental mode to high-
order modes is due to spatial Kerr effect and the nonlinear intermodal phase-matching 
can cause spatio-temporal coupling when the pump is below the critical power threshold.  
In our case the power transfer occurs mostly between the HE11 and HE12 mode with a 
beating period of ~2.25 cm. An important conclusion is the simulation confirms that the 
beam profiles depend strongly on the selected spectral range as observed in the 
experiment. Indeed, the center of the spectrum is mostly in the fundamental mode while 
the wings are mostly in other modes. Therefore, shifting the filter away from the middle 
part of the spectrum would change the profile. 
 
These results might be relevant for applications involving the development of multimode 
fiber lasers and for all-optical beam processing with multi-mode fibers. Future work 
involving more advanced models and experimental methods that includes the study of 
spatiotemporal dynamics. Another perspective of the research project is to focus on 
phased-matched FWM with HOMs in fiber with larger effective areas to enhance the 
tunning of the pressure range.  In addition, the goal will be to seed the amplifier with a 
signal in a high order mode to deeply understand the nonlinear interaction with the pump 
and to generate an idler pulse toward the mid-infrared in the ultra-short pulse regime.  
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Analytical solution of the coupled wave equations for 
four waves mixing in the absence of pump depletion  
 
In the degenerate FWM case, the coupled wave equations (Eq. 3-8,3-11) are reduced to 
three equations for the pump, signal and idler waves. The electrical field envelopes (Eq. 
3-6) of these three waves are therefore described by: 
 

 (A-1) 

 (A-2) 

, (A-3) 

 
where  nonlinear index  

 wave frequency  
mode field overlap  

 
The mode field overlap integral is described as 
 

 , (A-4) 

 
 
where  is the modal field distribution of each interacting wave. 
Since the signal and idler power are weak in comparison with the pump power, the XPM 
and FWM processes are neglected in equation (A-1). SPM and XPM involving only A2 
and A3 can be removed in equation (A-2) and (A-3).  
Assuming the pump remains undepleted during the FWM process, the coupled equations 
are as follow:  
 

 (A-5) 

 (A-6) 
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 (A-7) 

 
Then, we assume that the four waves propagate in the fundamental mode EH11, such as 
the overlap integral is constant.   
 

 
 

, 
(A-8) 

 
We also ignore the relatively small difference in optical frequency of the four waves and 
the nonlinear parameter   is introduced by using the following definition 
 

  (A-9) 

 
By replacing the non-linear parameter in Eq. (A-5) to Eq. (A-7)  
 

  (A-10) 

  (A-11) 

  (A-12) 

 
 
The solution of Eq. (A-10) is as follow: 
 

  (A-13) 

where,  and  
 
By substituting Eq. (A-13)  in Eq. (A-11) and Eq. (A-12), we obtain two linear coupled 
equations for the signal and idler. 
 
 

 (A-14) 



  General conclusion 5 

 

  

 
 (A-15) 

 
Then we use the following notation: 
 

 (A-16) 

where  
 

 
 

 
 

 
To solve this equation, we introduce the following transformation  
 

 
 
 

 
After the first derivate of Bk 
 

 , (A-17) 

 
Substituting Eq. (A-16) in Eq. (A-17)  
 

 
 

 

 
Writing the equation only as a function of 𝐵𝑘.  
 
 

 

 
(A-17) 

 
Then for k=3 
 

 
 
Then, the effective phase matched condition is given as being the exponential term: 
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 (A-18) 

To resolve the Eq. (A-17), the second derivate of 𝑩𝟑 is applied 
 

  (A-19) 

 
 

 

 
(A-20) 

 

replacing   , in Eq. (A-20) 
 
 

 

 

 

 
 
 

 

 
(A-21) 

 
 

 

(A-22) 

To resolve the Eq. (A-21) and Eq. (A-22), we applied the next transformation  
 

 
 

By replacing    
 

 
 

By making the first derivation. 
 

 

 
 
By using the transformation for the propagation problems.  (A1.1) [1], it leads to: 
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, (A-23) 

 

 

 
When  is constant the solution is a linear combination of the exponential  and 

. That represents a complex propagation constant, where its real part 
corresponds to the gain or attenuation, while the imaginary part corresponds to the phase. 
In this case we considered  as constant over a short length. Also is considered the non-
pump depletion. Therefore, the parametric gain coefficient is given by: 
 
 

 (A-24) 

The signal and idler output fields are obtained as a linear contribution, so the general 
solution of  Eq. (A-23) is  the form:  
 
  

 
 

(A-25) 

To calculate the constant 𝑎𝑘 𝑎𝑛𝑑 𝑏𝑘, we used the following equations.   
 
  

 
 

(A-26) 

 
  

 

 

(A-27) 

 
  

 

 
 

(A-28) 

 
Replacing Eq. (A-28) into Eq. (A-25)  
 
  

 

 
 

(A-29) 
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By using the initial condition for the signal and idler (z=0) in the following expression 
and the solution are substituting in Eq. (A-29)  
 

 
 

 

 

 (A-30) 

 
 
This corresponds to its matrix form:  
 

 (A-31) 

 
 
From the matrix solution, the electric field  at distance z is the form: 
 

 (A-32) 

 
 
Substituting Eq. (A-30) into Eq. (A-32), the signal and idler field are:  
 

 (A-33a) 

 (A-33b) 

 
 
Considering the amplitude of the idler at the input fiber is zero,  . The signal 
and idler gain are respectively.  
 

 (A-34a) 
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 (A-34b) 

 
 
 
The signal and idler power  grows with z as: 
 

 (A-35a) 

 (A-35b) 

 
 
Signal to-Idler power conversion efficiency  and the signal power 

 
 

 (A-36a) 

 (A-36b) 
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