N

N

Méthodes probabilistes en EDP : applications aux
équations dispersives et en mécanique des fluides
Mickaél Latocca

» To cite this version:

Mickaél Latocca. Méthodes probabilistes en EDP : applications aux équations dispersives et en mé-
canique des fluides. Equations aux dérivées partielles [math.AP]. Université Paris sciences et lettres,
2021. Francais. NNT: 2021UPSLE036 . tel-03895129

HAL Id: tel-03895129
https://theses.hal.science/tel-03895129

Submitted on 12 Dec 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-03895129
https://hal.archives-ouvertes.fr

PSL

UNIVERSITE PARIS

THESE DE DOCTORAT

DE L'UNIVERSITE PSL

Préparée a I'Ecole Normale Supérieure

Méthodes probabilistes en EDP: applications aux
équations dispersives et en mécanique des fluides

Soutenue par

Mickaél Latocca
Le 23 juin 2021

Ecole doctorale n° 386

Ecole doctorale de Sciences
Mathématiques de Paris-
Centre

Spécialité
Mathématiques

ECOLE NORMALE
SUPERIEURE

Composition du jury :
Valeria Banica
Professeure, Sorbonne Université

Nicolas Burq
Professeur, Université Paris-Saclay

Isabelle Gallagher
Professeure, Université de Paris

Patrick Gérard
Professeur, Université Paris-Saclay

Benoit Grébert
Professeur, Université de Nantes

Sergei Kuksin

Directeur de recherche, Université de Paris

Tadahiro Oh
Professor, University of Edinburgh

Nikolay Tzvetkov

Professeur, CY Cergy Paris Université

Examinatrice

Directeur de these

Directrice de these

Président du jury

Rapporteur et
Examinateur

Examinateur

Rapporteur

Examinateur






THESE DE MATHEMATIQUES

METHODES PROBABILISTES EN
EDP : APPLICATIONS AUX

EQUATIONS DISPERSIVES ET
EN MECANIQUE DES FLUIDES

Mickaél LATOCCA

Sous la direction de
Nicolas BURQ et Isabelle GALLAGHER






Remerciements

J’ai eu la chance de passer trois ans au sein du Département des mathé-
matiques et applications (DMA). Cette aventure et la theése qui en résulte
ont été rendues possible grace a de nombreuses personnes, que je voudrais
remercier.

Je tiens d’abord a exprimer toute ma gratitude a Nicolas Burq et Isabelle
Gallagher pour la qualité de leur direction et sans qui cette these n’aurait jamais
vu le jour. Ils m’ont proposé un sujet passionnant, ils ont su m’accompagner et
réorienter mes recherches lorsque c¢’était nécessaire. Tous deux se sont révélés
complémentaires, assurant une direction ni trop présente, ni trop distante, mais
d’une remarquable disponibilité dont je leur en suis tres reconnaissant.

Je remercie Benoit Grébert et Tadahiro Oh qui ont eu la lourde tache de
rapporter ce manuscrit, en y accordant beaucoup de leur temps. Je remercie
également Valeria Banica, Sergei Kuksin, Patrick Gérard et Nikolay Tzvetkov,
qui me font I’honneur de faire partie du jury.

J’ai eu la chance de profiter d’excellentes conditions de travail au DMA, et
c’est en grande partie grace a Zaina Elmir, que je ne saurai assez remercier.
C’est elle qui a rendu possible les voyages pour me rendre en conférence. Je
remercie également Fabienne Renia qui a également facilité beaucoup de mes
démarches.

Parce que la vie mathématique a Paris est tres riche, j'ai eu le plaisir de
rencontrer et de discuter avec beaucoup de jeunes chercheurs, dans divers
laboratoires. Je remercie en particulier Jules, pour les longues discussions
que nous avons eues et ses invitations fréquentes dans son bureau lors de mes
journées d’enseignement a Jussieu. Mes remerciements vont également a Nicolas,
pour ses invitations a Orsay et les séances de travail mémorables.

C’est avec Louise Gassot que j’ai eu la chance d’effectuer mon premier
travail en collaboration, ce pour quoi je la remercie particulierement. Cette
collaboration nous a confrontés a de nombreuses difficultés dont nous n’aurions
pas pu triompher sans Louise. Je fais le voeu que notre premier travail marque
le début d’une longue et fructueuse collaboration.

J’ai passé trois années formidables au DMA, tout particulierement dans le
bureau que je m’appréte a quitter. Je remercie Jessica et Maxence pour I'accueil
qu’ils m’ont réservé ainsi que Paul, qui a été mon véritable acolyte, avant que

iii



iv REMERCIEMENTS

Chenlin, Shahriar et Yusuke ne nous rejoignent. Je laisse maintenant ma place
a Daniel, Pierre, Geoffrey et Matija que je remercie pour leur enthousiasme
contagieux. Merci aussi au bureau des probabilistes : Wei, Nicolas, Maxime et
Anthony pour leur bonne humeur quotidienne, les discussions fréquentes et les
repas partageés.

Mes remerciements les plus chaleureux vont a mes parents et ma sceur, qui
m’ont toujours encourragé, quels que soient mes projets. Leur soutien sans

failles est un atout précieux sans lequel je n’aurais pas entrepris une carriere
scientifique.

Enfin, je remercie Mélanie, parce qu’elle me comprend mieux que personne,
parce qu’elle m’accompagne méme dans les moments les plus difficiles, parce
qu’elle éclaire ma vie.

Paris, le 5 juin 2021

Mickaél Latocca



Table des matiéres

Remerciements . . ... ... ... . ... . .. ... ... iii
Chapitre 1 - Introduction générale . . ... ..... ... .. ... ... ... 1
1. Pourquoi de I'aléatoire dans ’étude des EDP? . .. ... ... .. ... . 2
1.1. Raisons physiques . . ... ... ... .. .. .. ... .. . 2
1.2. Dépasser les obstructions déterministes . ............... 3

2. Le coeur de I'approche probabiliste en deux themes . ....... ... )
2.1. Mesures invariantes : 'argument de globalisation . ... ... .. 9
2.2.  Le probleme de Cauchy local probabiliste .............. 16
2.3. Inconvénient des mesures de Gibbs . ... ... ... . ... ... 21

3. Globaliser avec une méthode d’énergie . .......... ... ... .. ... 25
3.1. Probleme de Cauchy local et global pour (NLW,) ... ...... 25
3.2. Contribution de la theése . . .. ... ... ... .. ... ... ... ... 26
3.3. Perspectives . ... ... 30

4. Scattering pour I’équation de Schrédinger au niveau L? ... ... .. 31
4.1. Méthode générale de scattering . . .. ...... ... ... ... .... 31
4.2. Travaux de nature probabiliste ... ... ... ... ... .. ..... 33
4.3. Contribution de la these . . ... ... ... ... .. .. ... ..... 35
4.4. Perspectives . ... . ... 36

5. L’équation d’Euler et la croissance des normes de Sobolev . ... .. 36
5.1. Présentation du probleme de la croissance en dimension 2 ... 37
5.2.  La méthode de Kuksin pour les mesures invariantes . ... ... 39
5.3. Contribution de lathese . . . ... ... ... ... ... ... .. .. 41
5.4. Comparaison des méthodes. . . ...................... 43
5.5. Perspectives ... ... ... 45

6. Grushin-Heisenberg NLS ... .. .. ... ... .. ... ... ... .. ... 45
6.1. Probléeme de Cauchy pour (NLS-H') et (NLS-G) ......... 46
6.2. Contribution dela these . . ... ... ... .. .. .. ... ..... 46
6.3. Perspectives . ... ... .. ... 49
Annexe A. Preuve du théoreme 1.14 . . ... ... .. ... .. ... ... ... 49
Annexe B. Grandes lignes de la preuve du théoreme 1.25 ... ... ... 50
Chapitre 2 - General Introduction . ................. ... ... 53
1. Why introducing randomness in PDE? ... ... ... ......... 54
1.1. Motivation from physics . . .. ... ... ... . oL 54
1.2.  Overcoming the deterministic limitations . . .. ... ... .. ... 55

v



TABLE DES MATIERES

V1
2. The core of the probabilistic approach in two themes . ... ... ... 57
2.1. Invariant measures: the globalisation argument .......... 60
2.2.  Probabilistic local Cauchy theory . ................... 67
2.3. Defects of Gibbs measures . ........... ... ... .. ..... 72
3. Globalisation using an energy method . . .. ........... ... ... 75
3.1. Local and global Cauchy problem for (NLW,) ........... 75
3.2, Contribution . .. ... ... ... . 76
3.3. Perspectives ... ... .. 79
4. Scattering for the nonlinear Schrodinger equation in L? ... ... .. 80
4.1.  General method of scattering ... ........ ... ... ..., 80
4.2. Probabilistic works ... ... .. .. 82
4.3. Contribution . ... ... ... ... 84
4.4. Perspectives . ... ... ... 85
5. Growth for Sobolev norms and Euler equation . ............. 85
5.1.  The problem of the growth in dimension 2 . .. ........... 86
5.2. Kuksin’smethod .. ... ... ... .. ... .. .. . . ... 88
5.3. Contribution . .. ... ... ... ... 90
5.4. A comparison of invariant measure constructions . ........ 91
5.5, Perspectives ... ... .. 93
6. Grushin-Heisenberg NLS .. ... ... ... . ... ... ... ... .. ... 94
6.1. The Cauchy problem for (NLS-H') and (NLS-G) ......... 94
6.2. Contribution . .. ... .. ... 95
6.3. Perspectives . ... ... .. ... 97
Appendix A. Proof of Theorem 2.12 . .. ... ... ... .......... 98
Appendix B. Idea of the proof of Theorem 2.20 ... ............. 98

Chapitre 3 - Almost Sure Existence of Global Solutions for

Supercritical Semilinear Wave Equations ..... ... 101

1. Introduction . ........ .. . .. . . ... 101
1.1.  Supercritical semilinear wave equations . ............... 101
1.2 Previous works ... ....... ... .. 103
1.3. Main results and notations . . .. ........ .. .. ... .. ... 104
1.4.  Outline of the chapter, heuristic arguments . ......... ... 107
Acknowledgement . .. .. ... ... 110
2. Probabilistic estimates . . .. ... ... L Lo o 110
2.1.  The probabilistic setting . . . . ... ... ... .. ... ... ... 110
2.2.  Probabilistic semigroup estimates . ................... 113

3. Proof of Theorem 3.4. ... .. .. .. .. . ... .. .. .. .. ... . ... .. 117
3.1.  Global strong solutions for the regularized system ........ 118
3.2. A priori estimates for the regularized system ............ 120
3.3. Passing to the limit and end of the proof . . ... .......... 126

4. Proof of Theorem 3.8. ... . ... ... . . ... ... . ... 129

Appendix A. Littlewood-Paley theory and Besov spaces . . ... ... .. 135



TABLE DES MATIERES vii

Chapitre 4 - Almost sure Scattering at Mass regularity for radial

Schrodinger Equations .. ........ ... ... ... .. 139

1. Imtroduction . .... ... .. .. . . ... 139
1.1. Scattering for the nonlinear Schrédinger equations . .. ... .. 140
1.2, Notation . . ... ... . . . 141
1.3, Main results .. ... ... . 142
1.4. Strategy of the proof and organisation of the paper ....... 144
Acknowledgements . . ... .. ... 147

2. The harmonic oscillator and quasi-invariant measures. ... ... ... 147
2.1.  The harmonic oscillator in the radial setting . ........... 147
2.2 Measures. . . . ... 148
2.3. Probabilistic estimates . . ... ... .. .. . o L 150
2.4. Deterministic estimates . ............. ... .. ... ... .. 151
2.5. Spaces of functions . .......... ... ... ... . ... ... 152

3. The probabilistic local Cauchy theory . ... .............. ... 153
3.1.  Local construction of solutions . ..................... 153
3.2.  Uniform approximation estimates .. .................. 159

4. Quasi-invariant measures and their evolution . . . ... ....... ... 161
4.1.  Quasi-invariant measure evolution bounds . ... .......... 161
4.2. Construction of the flow on a full probability set ......... 165

5. Scattering . ... ... ... 169
5.1. Growth of the LP*' norms ... ...................... 169
5.2.  Scattering for (NLS) and end of the proof .............. 175
5.3. Proof of the main theorems ... ........ ... ... ... .... 180
Appendix A. Technical estimates in harmonic Sobolev spaces . . . . .. 182
Appendix B. The lens transform . .. ....... .. ... .. ... ... ... 183

Chapitre 5 - Construction of High Regularity Invariant Measures

1.

for the Euler Equations and Remarks on the Growth

of the Solutions . . ... ... ... ... ... ... .. ... ... 187
Introduction . . .. .. ... . ... 187
1.1. The Euler equations . . ... ... ... ... .. ... . ... . ... 187
1.2, Mainresults . ... ... .. ... . . . .. 188
1.3. Existing results .. ......... ... . .. . . 191
1.4.  Structure of the proof of the main results . ............. 192
Acknowledgements . . . ... ... 194
Notation and preliminary results .. ........... ... ... ..... 194
2.1. Notation . ... ... . .. . ... 194
2.2.  Deterministic preliminaries . . . . ........ ... . ... ... 196
2.3. Probabilistic preliminaries . .............. . ... . ..... 198
Constructions of solutions to approximate equations. ... ....... 198
3.1.  Properties of the stochastic objects . . ... ... ... ... .. ... 202

3.2. Proof of Lemma 5.23 . . .. ... ... 204



viii

TABLE DES MATIERES

3.3. Proof of Proposition 5.2 . ... ... ... ... . . . L 206
4. Construction of invariant measures . . ... .................. 207
4.1. Existence of an invariant measure . . .................. 207
4.2. Tightness and limit . ... ...... ... ... . ... .. ... ... . 211
4.3. Passing to the limit . ... ... .. ... ... . ... ... .. ... 214
5. Proof of the main results ... ........ .. ... ... . ... ... ... 218
5.1.  Classical local well-posedness theory . ................. 218
5.2. The two-dimensional case . . . ... .................... 219
5.3. The three-dimensional case . . ... ... ................. 223
6. Properties of the measures . . . ....... ... ... ... ... ... .... 228
6.1. The two-dimensional case. . ........................ 228
6.2. The three-dimensional case . . ....................... 232
Appendix A. Tools from stochastic analysis. .. ................ 232
Appendix A.1. About It6 formulas in infinite dimension . ... ... 233
Appendix A.2. Local times for martingales . . . .. ............ 234
Appendix A.3. Questions of measurability . ................ 236

Chapitre 6 - Probabilistic Local Well-Posedness for the

1.

Schrodinger Equation Posed for the Grushin

Laplacian . .. ......... ... .. .. .. ... .. 239
Introduction . . . ... ... . ... 239
1.1.  Schrédinger equation on the Heisenberg group ... ... ... .. 239
1.2, Mainresults .. ... ... .. . . . .. 240
1.3. Furtherwork . ... ... ... . ... . . ... . . . . ... 242
1.4. Deterministic and probabilistic Cauchy theory for (NLS-H') . 243
1.5.  Outline of the proof and main arguments. ... ........... 244
Acknowledgments . . . ... ... . 246
Notation and preliminary estimates ...................... 247
2.1. Decomposition along Hermite functions . . ... ........... 247
2.2. Hermite functions . ........... ... ... ... .. ... . .. .. 249
2.3. Sobolev spaces. . .. ... 250
2.4. Probabilistic preliminaries . .............. ... . ..... 250
Random data and linear random estimates . ................ 255
3.1.  Probabilistic integrability and smoothing estimates. ... .. .. 256
3.2.  Non-smoothing properties of the randomization . ......... 258
3.3. Density of the measure fip,y . . ... .. ..o 260
Action of the Laplace operator . ... ...................... 263
4.1. The action of —Ag on a product of functions . . . ... ... ... 263
4.2. A bound on the Sobolev norm of a high-low product ...... 267
4.3. A refined Sobolev estimate of a product. ... ............ 269
Deterministic bilinear estimates . ... ........ ... ... ..... 273
5.1. Bilinear estimates for rescaled Hermite functions . ... ... .. 273

5.2. Bilinear and trilinear estimates . . .. .. .. ... .. ... .. .... 277



TABLE DES MATIERES ix

6. Probabilistic bilinear and trilinear estimates . ............... 278
6.1. Bilinear estimate for random interactions. . ... ... ... .... 278
6.2. Trilinear estimate for random interactions . ............. 280

7. Deterministic-probabilistic trilinear estimate . ............... 283
7.1. Step 1: Decoupling z¥ from vw in (6.33)................ 285
7.2. Step 2: Evaluating the deterministic part K* in (6.36).. . . . . 287
7.3. Step 3: Evaluating the random part J¥ in (6.36). . ... ... .. 289

8. Local well-posedness . . ........ ... .. ... .. .. . ... .. .. ... 294

Appendix A. Pointwise estimates on Hermite functions .......... 298

Appendix B. Algebra property and local theory . ... ............ 299
Appendix B.1. Proof of the functional inequalities . .......... 299
Appendix B.2. Deterministic local Cauchy theory .. ... ... .. .. 301

Appendix C. An interpolation lemma . . . ... ... ... . ... ... .. 303

Bibliographie. . . ... ... ... 307






CHAPITRE 1

Introduction générale

L’étude des équations aux dérivées partielles dont les données initiales sont
considérées aléatoirement constitue 1’objet principal du travail présenté dans
cette these. Les équations étudiées sont d’origine physique diverses, on considere
aussi bien I’équation des ondes et I’équation de Schrodinger qui seront qualifiées
de dispersives mais on s’intéresse également a 1’équation d’Euler qui modélise
un fluide parfait incompressible.

Cette introduction poursuit un double objectif. Il s’agit a la fois de présenter
les méthodes générales qui sont généralement utilisées pour étudier ces équations
aux dérivées partielles a données aléatoires, mais aussi de présenter les travaux
de cette these en les replacant chacun dans leur contexte.

A cet effet, la section 2 doit étre lue comme une longue présentation des deux
méthodes du domaine qui me semblent les plus générales et les adaptables, sans
doute utiles dans un autre contexte. Les sections suivantes, numérotées de 3 a 6
introduisent chacune un chapitre de la these. On replace les travaux dans leur
contexte et on met en lumiere certaines difficultés qui se manifestent.

Enfin, cette introduction est écrite dans un style peu rigoureux. En particu-
lier on préfere donner des idées de preuve plutot que des preuves compleétes,
lesquelles peuvent étre lues dans les articles originaux auxquels on réfere.

Les travaux qui sont présentés ont tous donné lieu a une publication ou
une pré-publication. Les résultats originaux de la these énoncés dans cette
introduction sont numérotés par des lettres et ont été publiés ou pré-publiés
dans les articles suivants :

e Almost Sure Ezistence of Global Weak Solutions for Supercritical Wave
FEquations, Journal of Differential Equations, Vol 273, pp. 83-121.

e Almost Sure Scattering at Mass Reqularity for Radial Schrédinger
Equations, pré-publication arXiv:2011.06309.

e Construction of High Regularity Invariant Measures for the Euler
Equations and Remarks on the Growth of the Solutions, pré-publication
arXiv:2002.11086

e Probabilistic Local Well-Posedness for the Schridinger Equation Posed
for the Grushin Laplacian, pré-publication arXiv:2103.03560.


https://arxiv.org/abs/2011.06309
https://arxiv.org/abs/2002.11086
https://arxiv.org/abs/2103.03560

2 CHAPITRE 1. INTRODUCTION GENERALE

Avant d’introduire les deux méthodes fondamentales de 1’étude des équations
a données aléatoires, on donne quelques raisons physiques et mathématiques
pour lesquelles on s’intéresse a des données aléatoires.

1. Pourquoi de I’aléatoire dans 1’étude des EDP ?

Dans cette section, on se borne a évoquer quelques raisons qui rendent utile,
voire désirable I'introduction des données aléatoires pour I’étude des équations
aux dérivées partielles. En particulier, cette section ne prétend a aucune rigueur
mathématique.

1.1. Raisons physiques. Une raison principale qui pousse a I’étude de don-
nées initiales aléatoires trouve sa source dans le besoin d’une description
statistique des solutions de certaines équations. Un exemple particulierement
important est celui des phénomenes de turbulence et de mélange dans les équa-
tions de la mécanique des fluides, phénomenes physiques qui sont encore tres
mal compris a ce jour. Leur description ou I’établissement rigoureux de certaines
« lois » empiriques est un enjeu majeur. On consultera par exemple [BBPS19]
pour des progres récents.

Méme si chacun peut faire I’expérience des phénomenes de turbulence, par
exemple en regardant 1’écoulement de ’air autour de l'aile d'un avion, on peut
encore plus facilement faire 'expérience du phénomeéne de mélange : du lait
déposé a la surface d'une tasse de café aura tendance a se mélanger au café
selon un procédé d’étirement-repliement, formant rapidement des structures
de grande complexité. La Figure 1 (a) illustre ce phénomeéne, la Figure 1 (b)
donnant une simulation numérique des équations décrivant le phénomene.

e
‘ -

| \

(a) Mélange du lait et du café (b) Simulation numérique

FIGURE 1. Phénomeéne de mélange’
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On congoit ainsi toute la complexité de décrire de tels phénomenes.

Face a une telle complexité des solutions observées on peut essayer de décrire
le comportement « en moyenne » de telles solutions, en déduire le comportement
typique des solutions et caractériser la déviation par rapport a ce comportement
moyen, trouver des invariants, des quantités qui caractérisent le comportement
de la grande majorité des solutions, d’ou I'idée d’étudier ces équations avec des
données aléatoires.

Voici une autre raison qui pousse a considérer des données aléatoires. On
peut reprocher aux solutions considérées dans les énoncés mathématiques leur
manque de sens physique. Toujours en mécanique des fluides, un exemple
frappant est celui de la non unicité des solutions faibles de I’équation d’Euler.
Sans entrer dans les détails, Sheffer et Shnirelman [Sch93, Shn97] et plus
récemment [DL.S09, Isel8] montrent que 1'on peut produire de telles solutions
faibles qui sont nulles entre I'instant initial £ = 0 et un temps t = 1, qui
ne sont pas nulles pour ¢ € [1,2] et qui redeviennent nulles pour tout t > 2.
Concretement cela signifie quun fluide initialement au repos s’agite subitement
au temps t = 1 sans force extérieure et revient ensuite au repos au temps t = 2.
On peut s’interroger sur la pertinence d’une telle notion. Les solutions présentées
sont exclues par la mécanique des fluides et contraires a I'expérimentation. Doit-
on en déduire que les équations d’Euler sont un mauvais modele des phénomenes
physiques qu’elles sont supposées modéliser 7 Ou bien est-ce la notion de solution
considérée par les mathématiciens qui n’est pas la bonne, parce que I'espace des
solutions admissibles contient des exemples pathologiques ? On peut ainsi vouloir
développer une notion générique de solution, de telle sorte que ces constructions
pathologiques ne soient pas le cas typique des solutions considérées.

Remarque 1.1. 1l ne faut pas tomber dans ’exces inverse et penser que la classe
des fonctions considérées en physique doit se borner aux fonctions tres régulieres.
La résolution des problemes élémentaires en mécanique quantique nécessite
I’emploi de fonctions peu régulieres qui appartiennent aux espaces de Sobolev
dont on fera usage des la section 2. Pour ne donner qu'un exemple, la solution
du probléme du puits semi-infini en mécanique quantique (traité dans [BD02])
demande que les fonctions considérées aient des dérivées discontinues. De
fagon similaire la notion de charge ponctuelle en un point P considérée en
électostatique, se formalise par une distribution de Dirac dp, qui n’est méme
pas une fonction.

1.2. Dépasser les obstructions déterministes. Il existe des raisons pure-
ment mathématiques qui plaident en faveur de I’étude des données aléatoires.
L’une des premieres questions a laquelle doit répondre 1’étude d’une équation

1(a) est emprunté au magazine Quanta a l'adresse, www.quantamagazine.org/
mathematicians-prove-batchelors-law-of-turbulence-20200204 et (b) est issue d’une
simulation numérique [Kra96]


www.quantamagazine.org/mathematicians-prove-batchelors-law-of-turbulence-20200204
www.quantamagazine.org/mathematicians-prove-batchelors-law-of-turbulence-20200204
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aux dérivées partielles est de donner un sens a ses solutions. On rappelle ce que
I’on entend d’ordinaire par « résoudre » localement et globalement 1’équation
d’évolution abstraite :

ou(t) = F(u(t
L) f o) = ru@

ou F: X — Y avec X et Y des espaces de Banach et I'inconnue est v : R — X
la variable d’évolution ¢ représentant généralement le temps. On dit aussi
résoudre le probleme de Cauchy.

Avec les notations précédentes on a la définition suivante.

Definition 1.2. On dit que (1.1) est localement bien posé dans l'espace X
si pour tout ensemble borné B C X et toute donnée initiale ug € X il existe
T = T(uy) > 0 et une unique solution v € C°([0,7],X) & (1.1), et si de
plus I'application ug — u définit une fonction continue B — C°([0, T}, X). Le
probleme est également dit uniformément bien posé lorsque cette application
est uniformément continue sur B.

On réféere a [Tzv06] pour plus de détails. Enfin, le probléme est dit globalement
bien posé si on peut prendre T' = oo dans cette définition.

On peut voir cette définition comme le cahier des charges de la notion de
solution. En plus de l'existence et 1'unicité on demande en particulier une
propriété de continuité par rapport aux données initiales qui font la robustesse
de telles solutions.

Pour certaines équations, de telles théories de Cauchy locales ou globales sont
inconnues voire fausses dans des espaces ou 1’on aimerait pourtant construire
des solutions. On prend I’exemple de I’équation de Schrodinger posée sur une
variété riemannienne compacte (M, g) de dimension 2 :

(1.2) 10+ Agu = |ul?u,

avec pour condition initiale u(0) = uy € H*(M), les espaces de Sobolev usuels
associés a la variété M.

Le probleme de Cauchy local pour (1.2) est bien posé dans les espaces de
Sobolev H*(M) des que s > 3, voir [BGT04]. Dans le cas de la sphére ce
seuil est méme abaissé a s > i, [BGTO5]. Pour le tore, dont les propriétés
arithmétiques aident a abaisser ce seuil, on a méme s > 0, voir [Bou93].

Dans ces deux derniers cas, les résultats sont essentiellement optimaux, dans la
mesure ou il est connu que pour s < i (resp. s < 0), le probleme de Cauchy n’est
pas uniformément bien posé¢ [BGT02, Ban04] (resp. [BGT02, CCT03, Mol09]).
De fagon plus précise, dans les articles [CCT03] et [CKST10], les auteurs
montrent que pour tous £,7 < 1 et tout K > 1, on peut construire des
données initiales € proches qui évoluent en des solutions telles qu’au temps

t = 7 les solutions sont & distance au moins K.
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La conservation, au moins & un niveau informel, de la quantité ¢ — [[u(t)||72ap
par I’équation (1.2) permettrait de construire des solutions globales, a condition
de savoir d’abord produire des solutions locales. Or une théorie de Cauchy locale
n’est pas connue a ce niveau de régularité. L’introduction des données aléatoires
permet de dépasser ces seuils de régularité dans certaines situations que 1'on
étudiera. La base d'une telle stratégie sera expliquée dans la section 2.

Dans le cas ou le probleme de Cauchy est mal posé a niveau de régularité fixé,
on peut aussi se demander si ce caractere mal posé vaut pour toutes les données
initiales, ou si au contraire on peut en identifier une classe pour laquelle on
peut construire des solutions de fagcon unique. Dans ce cas, on remarque qu’une
théorie probabiliste jouerait au moins le role de pourvoyeur d’exemples. En
effet, imaginons une équation dont la résolution locale (ou globale) dans H*°
soit inconnue. Supposons aussi que I’'on ne connaisse aucune solution explicite
dans H*° hormis les quelques exemples triviaux comme la fonction nulle. Une
construction probabiliste du type « pour presque toute donnée initiale dans
H*0 il existe une unique solution associée » produit a fortiori au moins une
solution que l'on ne connaissait pas par les méthodes déterministes.

On fixe un espace probabilisé (2, F,P) dont la mesure de probabilités est
P. On notera toujours w pour désigner un élément de €2 dans le reste de cette
introduction.

2. Le coeur de Papproche probabiliste en deux themes

On aborde maintenant I’exposé des deux méthodes probabilistes que 1’on peut
qualifier de centrales dans I'étude des équations aux données initiales aléatoires.
Cette these fera usage de 'esprit de ces deux méthodes. La grande quantité
d’applications et la robustesse des énoncés font de ces méthodes les piliers
de I'étude des équations aux dérivées partielles avec des données aléatoires.
Nous les présenterons dans leur ordre chronologique d’apparition, d’abord la
méthode des mesures invariantes qui globalise des solutions et remonte au moins
a [Bou94] puis la méthode locale utilisée dans [BT08a]. Ces articles peuvent
étre considérés comme les travaux fondateurs de toute ’étude des équations
dispersives a données aléatoires.

La revue de la littérature sera minimale dans cette section, en particulier
nous ne présenterons pas les développements tres récents de ces méthodes. La
présentation des deux méthodes principales se fera a travers I’exemple d’une
équation modele de Schrodinger fractionnaire avec gain de dérivée :

i0u — (=A)u = (V) P(Jul?u
(ENLS) { u(0) ez ioé}}‘s(%‘d)).

On s’intéressera au cas (d, a, ) = (3,2, 1), mais les résultats de la section 2.1 et
la section 2.2 seront énoncés pour des valeurs génériques de d, o, 5 > 0.
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Le choix d’une telle équation est motivé par des raisons d’exposition. En
particulier, 'emploi d’une équation d’ordre 1 en temps résulte d’une volonté
d’écrire des équations compactes, et le gain de dérivé de la non-linéarité encodé
par 8 > 0 simplifie grandement les arguments présentés. Lorsque 5 = 0 les
arguments deviennent plus difficiles a présenter, on se réfere par exemple
a [Bou96] pour un tel exemple.

Avant d’entrer dans les détails de ces méthodes, on rappelle la méthode usuelle
pour obtenir des solutions locales puis globales de facon déterministe.

Pour montrer que le probleme de Cauchy pour (fNLS) est uniformément
localement bien posé dans H® pour s assez grand, on applique un argument de
point fixe dont I'ingrédient essentiel est I'utilisation de I'injection de Sobolev
dont nous ferons usage dans ce chapitre. Ainsi on utilisera les résultats suivants
auxquels on réfere en tant que « injections de Sobolev ».

(i) Pour s > £, Dinjection H*(T%) < L>(T?) est continue.

(i7) E’ourls € [0, 4], Vinjection H*(T?) < LP(T?) est continue, dés que

p Z 2 d
(i) Pour € > 0 et p > 2 tels que ep > d on a WP(T9) — L>°(T9).

Lemme 1.3. Soit s > 2. Alors le probléme de Cauchy pour (INLS) est unifor-
mément localement bien posé dans ’espace H*(T?).

Démonstration. L’équation (fNLS) se reformule de fagon intégrale en

T e o
(1.3) u(t) = e Ay — Z/o R (|U(t )[Pult )) de,

que 'on appellera la formulation Duhamel (pour un Frangais il s’agit de la
formule de la variation des constantes). Résoudre (1.3) revient donc a résoudre
une équation de point fixe ®(u) = u pour la fonctionnelle ¢ : C([0,T], H*) —
C([0,T1], H?) définie par le membre de droite de (1.3). On va utiliser le théoreme
de point fixe appliqué a une restriction de ® : Bpp — Brp ou Bryp désigne la
boule fermée de centre 0 de rayon R de 'espace C([0, 7], H?).

Soit ug € H*(T¢). Pour une raison qui sera claire dans les estimations, on
fixe R > 2|jug||gs. On cherche un temps 7" > 0 tel que @ stabilise la boule
Brr (ce qui n’a a priori rien d'immédiat) et est contractante sur cette boule.
Comme souvent, la deuxieme partie découle des calculs de la premiere partie
ainsi on se borne a montrer que P stabilise la boule Br r pour T" assez petit,
c’est a dire qu’il nous faut montrer que pour des u qui satisfont ||u|zens < R,
on a par exemple ||®(u)||rens < R.

Pour de tels u et ¢ € [0, T], on commence par appliquer 'inégalité triangulaire :

;- «@ t 77; N\ (_ «
2Ol < e gl + [ e O (fue)Pule)) ., e

Hs—F
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On utilise maintenant que e~*(=2)" est une isométrie dans H*(T), ce qui se

voit grace au théoreme de Parseval. On a donc obtenu

T
1 (u) ()]s < lluoll e +/0 () Pult) ] -
R
< 5T Tl |ulPull g rro—s -

Pour conclure, on voudrait une inégalité du type
Pl gss S [lullF- -

De telles inégalités peuvent se démontrer avec des lois de produits. Donnons en
simplement 1'idée. Lorsque I'on dérive un terme comme u?, s fois, on obtient
des termes, dont celui qui fait apparaitre le plus de dérivées est celui qui porte
toutes les dérivées, il s’agit de u?V*u. On s’attend & ce que ce terme soit le
facteur limitant de ’analyse qui va suivre. On ne formalise pas cette heuristique
et on se borne & écrire informellement que V*(|u|?u) ~ |u|*V*u, et donc par
Holder on a

lulullzzs < llullZoe e

En utilisant |||u|?ul|gs—s < |||u|?ul|zs et Uinjection de Sobolev qui donne
|ull 2o < [Jullzs, car s > £, on obtient alors

R
[P (u)|[ e rrs < ) + TR,

qui est majoré par R des que T < %Rz. La résolution du probléeme de Cauchy
locale en découle. O

La théorie que nous venons d’établir peut étre améliorée, en particulier
toute la puissance des injections de Sobolev n’a pas été utilisée et on a majoré
grossierement |||ul*ul|gs—s < |||u*u|/fs, perdant 'intérét du gain de dérivées
donné par 3. On peut alors raffiner les calculs précédents pour obtenir la théorie
locale suivante.

Lemme 1.4. Pour s > %, le probléme de Cauchy pour (fNLS) est uniformé-
ment localement bien posé dans H*®(T?).

Démonstration. En reprenant les calculs précédents on repart de
R 2
12(w)llz=pe < 5 + Tllul"ullpoepro-s

de sorte qu’il nous suffit d’expliquer que pour s > % et tout u € H® on a

(1.4) Il *ull re-s < Mlullys
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A cet effet, on utilise encore I'heuristique
VP (|u?u) ~ V*Pulu|® + {termes d’ordres inférieurs}

ce qui permet d’appliquer une inégalité de Holder avec p et ¢ finis qui satisfont
% + % = % puis I'injection de Sobolev :

HulPullgs-e S 1V ull o[l 720

S ||U||H575+d(%7%)\|u||2d(

N
2q

[N

On obtient alors (1.4) a condition que

1 1 1 1
— dl=-—-]< td|-—— 1] <s.
s—pF+ <2 p) se <2 2q> s

La premiere condition impose % < g et la seconde % >1- %9. Ces deux
conditions peuvent étre simultanément vérifiées des que 1 — 27;’ < g, c’est a dire
pour § > #, ce qui est vérifié par hypothese. O

Remarque 1.5. La preuve précédente n’est pas non plus optimale. Aucune
propriété spécifique de I’équation n’est utilisée, sinon que le semi-groupe linéaire
associé est une isométrie dans L? (et dans les espaces H*®). Une théorie plus
fine tiendrait compte des effets dispersifs de cette équation. Pour des raisons
d’expositions on ne présente que la méthode la plus simple pour obtenir une
théorie de Cauchy locale afin de 'améliorer par des méthodes probabilistes.

On a ainsi obtenu une théorie de Cauchy locale qui peut s’écrire de fagon
compacte de la fagon suivante : pour ug € H*(T?) il existe un temps d’existence
7 ~ |lug|| 5> tel que le probléme de Cauchy pour (fNLS) associé & ug est bien
posé sur l'intervalle de temps [0, 7]. De plus on peut choisir un tel 7 tel que
pour tout ¢ € [0, 7] on a le contrdle ||u(t)| gs < 2||ug||ps-

Une méthode pour globaliser les solutions est d’itérer un tel argument en
appliquant a nouveau la théorie locale au nouveau temps initial £ = 7. On voit
alors qu’'une condition suffisante pour atteindre n’importe quel temps 7" > 0
est que la quantité ¢ — ||u(t)||gs reste bornée quand ¢ croit. Il faudrait donc
disposer d'une estimation a priori sur ||u||gs. En général, une telle information
est difficile & obtenir. Par exemple pour (fNLS), en multipliant 1’équation par
(V)P4 et en intégrant formellement on obtient que la quantité

1 1
E(t) = §Hu(t)Hza+g + ZHUHZ}J%

est formellement conservée. On en déduit que la norme H 5 de u(t) est bornée
en temps. Ainsi, toute solution locale produite par le lemme 1.4 au niveau

HO+5 est globale. Dans le cas (d,«, ) = (3,2,1) on a construit une théorie
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locale dans H*(T?) dés que s > 1. Puisque « + g = g on en déduit une théorie
globale dans H 3

Nous allons a présent montrer une autre méthode de globalisation, fondée
sur une conservation statistique, ce qui aboutira a la construction de solutions
globales & un niveau de régularité plus faible que H? dans notre exemple.

2.1. Mesures invariantes : ’argument de globalisation. Définissons
d’abord ce que lon entend par mesure invariante. Etant donné une équa-
tion différentielle dont le flot est donné par ¢, : X — X, une mesure p sur
I’espace X est dite invariante par ¢; si pour tout ensemble mesurable A C X
et pour tout ¢ > 0 on a

(61 A) = p(A).
Intuitivement cela signifie que les propriétés statistiques encodées par u sont

conservées par le flot, la statistique de la dynamique restant la méme a chaque
instant.

L’obtention et 1’étude de telles mesures invariantes pour des systémes dyna-
miques comme les équations aux dérivées partielles est d’'une grande importance
en physique. En particulier, lorsqu’un espace X, sur lequel agit un flot ¢; est
muni d'une mesure de probabilité invariante u, deux résultats essentiels s’ap-
pliquent :

(1) Le théoréme de récurrence de Poincaré, qui énonce essentiellement que
dans ce cas, pour tout ensemble mesurable A C X tel que p(A) > 0,
presque tout u € A est récurrent, au sens ou ¢;u € A pour une infinité
de t.

(2) Le théoreme de Birkhoff, qui fait le lien entre les moyennes temporelles
de f o ¢, et les moyennes statistiques de f pour une classe de fonctions
f X — X appelées fonctions p-ergodiques.

Il existe une classe d’équations différentielles qui admettent naturellement
des mesures invariantes, il s’agit des équation dite hamiltoniennes, c’est a dire
qui s’écrivent sous la forme

(15) { S T,

avec des conditions initiales (¢(0), p(0)) = (g0, po) € RY xRN ot H : RV xRY —
R.

Dans ce cas, une mesure de probabilité invariante est donnée par
dp = Z""e M%) dgy dpy

ou dgqy dpy désigne la mesure de Lebesgue de R?Y et Z est une constante de
normalisation.
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Pour montrer I'invariance, on vérifie immédiatement que t — H(q(t), p(t))
est de dérivée nulle, donc H(q, p) est une quantité conservée par le flot de (1.5).
L’invariance de p découle alors du lemme suivant.

Lemme 1.6 (Liouville). La mesure dgodpg est invariante par le flot de (1.5).

Démonstration. On note ¢, le flot associé a (1.5) et 'on considere f : (¢, p) —
f(g,p) une fonction mesurable. A partir de

((¢¢)«dqo dpo, f) = /f(¢t(QO,po)) dgodpo = /f(Q(t)7p(t)) dgodpo ,

on calcule formellement que

S (00.davdpo, ) = [ (0,5(a.0) + 50, (a.p)) day dpo.

Il suffit alors d’utiliser (1.5) et d’intégrer par parties pour en déduire que
t — (¢7dqo dpo, f) est constant, d’ou 'invariance de la mesure dgg dpy. O

Bien que posée en dimension infinie, (fNLS) jouit d’une structure analogue.
Pour le voir, on développe u € L*(T¢) en série de Fourier :

u(x) = > u,e™?,
nezs

et on écrit u, = g, + ip,. Les variables réelles ¢ = (¢n)neze €t p = (Pn)nezd
suffisent a décrire u. On vérifie en effet que u = ¢ + ip résout (fNLS) si et
seulement si le couple (p, ¢) est solution de

dq = 0,H(q,p)
atp = _aqH(qap)v

muni de la condition initiale (¢(0),p(0)) = (Re(d), Im(dy)), avec H(g,p) =
H(u) définit par

H(w) = gl (~8)Fullfs + ()2 (fufu), u)

2’

dont on vérifie de plus qu’il s’agit d'une quantité conservée par (fNLS) et
s’obtient en multipliant (fNLS) par u puis en intégrant par parties.

Notons du := dpdg, mesure qu’il faudra définir de facon rigoureuse par la
suite. Alors on s’attend a ce que la mesure

(16)  du(w) =2 exp (5 (=) Fullls = (V)2 (lufu) ) ) du,

soit invariante pour (fNLS), ot Z est une constante de renormalisation.

En plus du probleme de donner un sens a du, s’ajoute que le cadre précédent
est celui des équations différentielles, donc de la dimension finie, alors que (fNLS)
est posée en dimension infinie.



2. LE COEUR DE L’APPROCHE PROBABILISTE EN DEUX THEMES 11

Expliquons rapidement comment on peut déja construire formellement la
mesure du. Plus précisément, on construit directement la mesure

« 9 r7— 1 1 o
dpofu)* = "2 exp (=l = S~ Fullt ) du,

la mesure dp pouvant ensuite étre construite comme une mesure absolument
continue par rapport a dug. On réfere par exemple au chapitre 4 de cette these
pour un tel exemple.

Au moins informellement, on peut s’'imaginer Z~'du comme la mesure produit
Qneza duy,. En évrivant v en variables w,, on va construit la mesure

(1.7) dpo(u) = @ (2#)’16%(1””'2&)'“”'2 duy, ,

nezd

ou l'introduction du (27)~! sert & normaliser car on reconnait des densités

de mesures gaussiennes indépendantes suivant chaque coefficient de Fourier.
Plus précisément, la mesure py s’obtient comme mesure image par la variable
aléatoire

w

(1.8) __In__ginz

rgz:d Y1+ >

ol les (gn)neze sont des variables aléatoires gaussiennes complexes centrées de
variance 1, identiquement distribuées et indépendantes.

Remarque 1.7. On s’apergoit que sans 'ajout du terme ||u/|*> dans la définition
de la mesure pp, un probléeme de division par n = 0 aurait pu poser probleme
dans la définition que 1'on donne de py.

Nous allons maintenant présenter 'idée principale de [’argument de globalisa-
tion utilisé dans [Bou94]. Grace a sa grande flexibilité, cette méthode a connu
un succes conséquent depuis son introduction. Nous énongons ce résultat sous
forme de méta-théoreme car il ne s’agit pas a proprement parler d’un résultat
rigoureux mais d’un canevas de preuve.

Méta-théoréme (Argument de globalisation). Soient s € R et ¢, le flot d’une
équation d’évolution du type (1.1). On suppose qu’il existe une mesure p sur
H? telle que :

(i) p est invariante par ¢;.
(1) Pour tout A > 0, on a p(|jullgs > N) S e V.

(#ii) On dispose d’une bonne théorie locale au niveau H®, c’est a dire que si
|lwol| s < A alors il existe une unique solution locale sur [0, 7| associée
a uy ou l'on peut prendre T ~ XK pour un certain K > 0 et de plus
|w(t)|| s < 2X pour tout t < [0, 7].
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Sous ces hypotheéses, pour p-presque toute donnée initiale ug € H?, il existe une
unique solution globale a (1.1) associée d ug et de plus on a pour tout t > 0,

()| e < Cuo)log2 (1 +1) .

Remarque 1.8. Les mesures gaussiennes comme fyy définies par (1.7) satisfont
naturellement I’hypothese (7). En effet, nous verrons plus tard que ceci s’obtient
grace au théoreme 1.14. Enfin la condition (#i7) est ce qu'une théorie locale par
point fixe comme celle du lemme 1.4 nous fournit.

Démonstration du méta-théoréeme. Plutdt que de chercher a construire directe-
ment des solutions globales pour presque toute donnée initiale, on commence
plutot par construire des solutions globales jusqu’a un temps 7' > 0 que 'on
fixe, pour un ensemble de données initiales dont la mesure est plus grande que
1 —¢, ot e >0 est également fixé.

Pour cela, fixons une taille A\ > 0, que 'on ajustera par la suite. On rappelle
que le temps local donné par la théorie locale (iii) est 7 ~ A~ pour des
données initiales ug qui satisfont ||ug||gs < A. Ainsi, par cette méme théorie
locale on sait que les données initiales dans ’ensemble défini par

T
Ghr = {ug, tels que pour tout n < LJ Nu(nT) || gs < )\} :
T

produisent des solutions sur [0, 7] telles que [|u(t)||gs < 2 pour tout ¢ € [0, T].
La représentation graphique de telles solutions est donnée par la Figure 2.

T:)\LK 2T L%JT’VT

FIGURE 2. Représentation des solutions issues de Gy r
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On va évaluer la probabilité de ’ensemble complémentaire et montrer que
cet ensemble est petit. Plus précisément, le complémentaire, est donné par :

%]
Bar = H*\ Gar = | {uo, |lu(nr)||ms > A},

n=0
de sorte que par majoration brutale de la mesure de I'union s’écrive :
7]
N'(BA,T) < Z H ({u07 ||¢n’ru0|lHS > /\}) .
n=0

On utilise ensuite ensuite le fait que u(n7) = ¢, up et I'invariance de la mesure
(7) pour écrire
1 ({uo, [@nruoll s > A}) = pi(¢—nr ({uo € H*, [luollm= > A}))
= p({uo € H, |luollns > A}) ,

puis en utilisant (#) on obtient finalement :

2]
T T e

p(Bar) < X ({uo € B Jlugllare > N}) < —e=.
n=0

Le fait que 7 ~ A~X entraine alors que

p(Byr) S TAKemY

et donc p(Byr) < e dés que A ~ log!/? (%) On fixe un tel A. On a ainsi obtenu

un ensemble G'r. de mesure au moins 1 — ¢ tel que ||u(t)] < 210g%(£) pour
tout t € [0, 7.

Pour conclure on utilise un argument a la Borel-Cantelli. On introduit

I’ensemble
G = U ﬂ Gn’ n% .
k>0n>k
D’une part, pour des données initiales dans GG on a bien I'existence d'une unique
solution globale associée dont la croissance ne dépasse pas C(ug) log%(l +1).
Enfin, par monotonie on a

1
p(H*\ G) < limsup p (U HS\GH,E) < limsup ) | =,

qui vaut 0 car la série des n% converge. U

Remarque 1.9. L’argument présenté est I’analogue de la globalisation a l’aide
d’une quantité conservée (ou bornée). En effet, plutét que d’exploiter une borne
sur t — ||u(t)||5; de fagon déterministe, on exploite I'information statistique
que ||u(t)[|5; est controlé pour tous temps t = nt, car controlé en t = 0, grice a
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I'invariance de la mesure. La théorie locale permet alors d’estimer la variation
sur sur les intervalles [n7, (n + 1)7].

Remarque 1.10. L’utilisation d’un argument de Borel-Cantelli est assez typique
des preuves probabilistes en EDP : un énoncé presque-siir se ramene a un
énoncé avec « grande probabilité ».

Les hypotheses du méta-théoreme sont flexibles. En particulier on appliquera
une version dont les hypotheses sont modifiées dans les chapitres 4 et 5 de cette
these. Principalement deux hypotheses peuvent étre assouplies. La premiere
est que l'invariance de la mesure p supposée en (i) peut étre remplacée par
une information sur ¢ — p(¢;A) en fonction de u(A), sans demander 1'égalité
de ces deux quantités, c’est ce qui nous permettra d’exploiter les mesures
quasi-invariantes dans le chapitre 4.

De la méme fagon, les estimations sous-gaussiennes supposées en (i7) peuvent-
étre affaiblies, par exemple les estimations du type

u{uo, uollms > A}) S A7,
suffiront dans le chapitre 4.

Dans le cas de ces deux modifications, la preuve du méta-théoreme suit le
méme plan mais la conclusion s’en trouve affaiblie, la croissance en temps
devenant plus forte qu’'un logarithme.

La seule hypothese dont on ne semble pas pouvoir se passer est celle d'une
théorie locale de la forme (7i7), c’est a dire une bonne théorie locale.

Signalons que le méta-théoreme est si flexible que son idée principale a été
utilisée récemment dans un contexte apparemment tres différent, celui de la
théorie des nombres [Taol9].

Ainsi, lorsque l'on dispose d'une mesure invariante, au moins au niveau
informel, il faut disposer d'une théorie locale au niveau de régularité de la
mesure invariante pour appliquer le méta-théoreme. Supposons qu’une équation
donnée possede une mesure invariante dont le support est a régularité H® pour
un certain réel s. Trois cas de figure peuvent se présenter.

(1) Cas trés favorable. Au niveau H® une théorie locale et méme globale est
déja connue. L’argument de globalisation se révele tout de méme utile!
En effet, il permet de construire p presque stirement des solutions
qui ont une tres faible croissance, logarithmique. Afin de comparer,
les solutions construites par point fixe le sont de telle sorte que sur
un intervalle du type [0, 7] la solution ne fait pas plus que doubler sa
norme, ainsi il est fréquent que de telles constructions donnent lieu a
un controle exponentiel de la croissance.

(2) Cas favorable. Au niveau H® une bonne théorie locale est connue, mais
pas de théorie globale. L’argument de globalisation construit alors
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1 presque stirement des solutions globales a croissance lente. C’est
le cas étudié par Bourgain [Bou94| qui démontre qu’en dimension 1,
I’équation de Schrodinger quintique est presque stirement globalement
bien posée sur le support de sa mesure de Gibbs, c’est a dire a un

niveau de régularité H 3 et que de plus on a une estimation du type
1
|lu()|| s < log2(1 4 t) pour tout ¢ > 0.

Ce résultat entre dans le cadre ou une théorie de Cauchy locale est déja
connue sur le support de la mesure de Gibbs : lorsque Bourgain écrit
son article, une théorie locale au niveau H°" est déja connue [Bou93], la

mesure de Gibbs ayant un support de régularité H %7, le méta-théoreme
s’applique.

(3) Cas défavorable. Au niveau H?®, aucune théorie locale n’est connue.
Il faut alors essayer de construire une bonne théorie locale, mais de
fagon probabiliste cette fois, pour des données initiales du type (1.8).
Il s’agit du cas de figure étudié dans [Bou96] et qui démontre que
I'équation (fNLS) dans le cas (d, a, ) = (2,1,0) est globalement bien
posé sur le support de sa mesure de Gibbs, de régularité H° | alors
que la meilleure théorie locale connue est de niveau de régularité H°".
Le tour de force de l'article est la construction d’une théorie locale
probabiliste a ce niveau de régularité.

Remarque 1.11. L’énoncé du méta-théoreéme laisse penser que 'argument de
globalisation présenté requiert déja qu'un flot global existe pour I’équation
considérée, ce qui peut paraitre comme un argument circulaire. Afin de se
sortir de cette impasse, un argument rigoureux est d’approcher (fNLS) par
des équations de dimension finie, par troncature en fréquences par exemple.
On montre alors que les solutions uy a ces approximations sont faciles a
construire et que de méme des mesures invariante py pour les flots ¢ des
équations approchées sont faciles a produire. On peut alors appliquer le méta-
théoreme a (un,un) qui fournira des solutions globale dont la croissance sera
estimée uniformément en N. On exploite alors des propriétés de convergence
(on, i) — (¢, 1) en un sens qui reste a préciser. On en déduit alors 'existence
de solutions globales a croissance faible et I'invariance de .

Traitons I'exemple de (fNLS) ou I'on rappelle que (d, o, ) = (3,2,1). D’une
part la théorie locale du lemme 1.4 se situe au niveau H'' (T%). D’autre part,
on dispose d’une mesure formellement invariante ;1 dont les données du support
sont de la forme (1.8) donc de régularité H*~2 = Hz . En effet, pour s € R
on calcule :

E[lsl2] = 3~ Efjg
0llH® neZd1+|n|2a b
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et puisque E[|g,,|*] = 1, la convergence a lieu dés que 25 —2a < —d, ce qui donne
bien le résultat annoncé. Ainsi le cas de I’équation (fNLS) pour (d,«a, ) =
(3,2,1) appartient a la catégorie (3), le méta-théoréme ne peut pas s’appliquer
directement, il nous faut développer une théorie locale probabiliste.

2.2. Le probléme de Cauchy local probabiliste. Nous allons maintenant
établir une théorie locale pour des données initiales aléatoires de la forme (1.8),
c’est a dire développer une théorie de Cauchy probabiliste a une régularité
H? pour s qui sera suffisamment bas pour appliquer le méta-théoreme pour
sur (fNLS) et sa mesure invariante.

A partir des années 1970 et surtout dans les années 1990, ’étude du pro-
bleme de Cauchy pour des équations similaires a (fNLS) a fait une utilisation
grandissante des propriétés spécifiques de I’équation, en 'occurence 1'exis-
tence d’estimations de Strichartz, c’est a dire des estimations dans des normes
espace-temps des solutions de certaines équations linéaires.

Pour mieux comprendre l'intérét des données aléatoires dans 1’étude du
probleme de Cauchy local, et mettre en évidence I'importance des estimations
de Strichartz, c’est & dire en norme L%.L%, déterministes ou probabilistes,
on propose d’oublier I'aspect aléatoire pour le moment. On rappelle que le
lemme 1.4 construit une théorie de Cauchy locale uniquement a partir de
I'injection de Sobolev, ce que I'on souhaite dépasser. Comment peut-on abaisser
I’exposant s pour lequel on peut résoudre le probléeme de Cauchy localement
dans H*?

On propose I'heuristique suivante fondée sur la formulation Duhamel (1.3)
pour (fNLS), que 'on rappelle :

—it(—A)~ ; L lmHEAN N2, (4] '
ult) = e zm—zA<vw(W@ﬂu@Ddﬁ

—it(—A)

La partie ur(t) =e “ug est explicite, il s’agit de la solution de I’équation

linéaire
(fLS) i — (—A)%u =0,

de condition initiale ur(0) = wg, résoluble pour toute régularité H*. Ainsi on
peut décomposer

(1.9) u(t) = up(t) + o(t) |

avec v qui est donnée par
—i(t—t')(—A)

mw:_@[e“waqmwﬁmwmﬂ

Il est important de voir pourquoi cette décomposition peut nous aider : puisque
l'on a u € H®, on a aussi |u|?u € H® (voir la preuve du lemme 1.4) et donc
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grace a 'opérateur (V)" on obtient que v € H**#, c’est a dire que ce terme
est plus régulier des que 5 > 0, ce que I'on suppose désormais.

Remarque 1.12. Sans la régularisation ad-hoc (V)~# dans (fNLS), le terme v
n’est a priori pas plus régulier que H® et donc cette stratégie est plus difficile
a mettre en place.

La décomposition (1.9) posséde donc une partie calculable et globale u;, € H*
ainsi qu'une partie plus réguliere v € H*# qui demande a étre construite. Si
I'on choisit s tel que s + 3 est supérieur au seuil de résolution locale de (fNLS),
donné par % c’est a dire s > g — %, on espere pouvoir construire un tel v en
utilisant une théorie locale similaire a celle du lemme 1.4.

L’équation intégrale qui est formellement satisfaite par v € H**# est de la
forme v = ¥(v) ou

t ei(t=t')(=A)*

(110)  W(o)(t) = —i/o o (Juz +vl*(u + ) dt',

qui n’est pas exactement le cadre d’application du lemme 1.4 a cause des
termes uy. On va donc effectuer une preuve similaire. On verra apparaitre des
conditions contraignantes sur des normes ||uy || rrra qui peuvent empécher notre
programme d’aboutir. Comme dans le lemme 1.4 on cherche une estimation de
la forme
||\I’(U)||L39Hs+ﬁ < CHUH%;OHS ;

qui se révele étre le point fondamental dans I’élaboration d’une stratégie par
point fixe. En raisonnant comme dans le lemme 1.4 on obtient immédiate-
ment

10 ()| e rro+s < |ur + v (ur +0) |1 g
et I'on rappelle que 1'on sait que ur(t) € H® et v(t) € H**P.

On doit ensuite développer le terme cubique et I'estimer dans L1 H*. Dans le
développement on voit apparaitre |ug|[*uz, |[v|*v et des termes restants qui seront
interpolés entre ces deux termes. Pour |v|*v on applique le méme raisonnement
qu’au lemme 1.4 et pour |ug|?uz, on utilise des lois de produit dans les espaces
de Sobolev. Finalement on obtient

1 )|z e S MurllZe e lurllgems + Tlollze govs

Bien évidemment on a |lur||rsems < |luollgs qui est fini car ugp € H*. La borne
la plus difficile a obtenir semble étre |lug |2 1~ < 00, que I'on doit estimer en
fonction de [|ugl| -

C’est ici que les données aléatoires font leur entrée en jeu. En effet, dans le

cas déterministe et uniquement a ’aide d’injections de Sobolev, on ne peut
conclure que si s > g. On pose alors la question suivante : pour quelle classe

de données uy € H?, et s < %, a-t-on uy, € LAL>?
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Répondre a une telle question est précisément le but des données aléatoires
avec une randomisation assez générale, de type sous-gaussienne et qui sont des
randomisations qui ressemblent a celle donnée par les mesures invariantes de la
section précédente. On se donne une suite (u,),cza telle que

up(z) = Y u,e™” € H*(T%).
nezd
On considere des variables aléatoires indépendantes et identiquement distri-
buées (X, )nezd, telles qu’il existe ¢ > 0 tel que pour tout v > 0 on ait
I’estimation

(1.11) E[e?Xn] < 7" .

On pourra penser aux X,, comme des gaussiennes. Alors la randomisation
associée a ug est définie par

(1.12) ug(z) = > Xupe™™.

nezd

On peut vérifier facilement que

E [luglfe] = C Y (n)*funl* = Clluol3 < o0,

nezd

de sorte que cette randomisation soit de niveau H®. On montre mieux.

Lemme 1.13 (Randomisation exactement H®). On considére la randomisa-
tion (1.12) ot les (X,,)peze satisfont de plus P(|X,,| > 0) > 0. On suppose que
pour tout € > 0, on a ug € H*\ H*¢. Alors pour presque tout w on a :

ug € Ho\ |J H*** .

e>0

Une démonstration de ce lemme se trouve dans [BT08a], lemme B.1. Ainsi
les données randomisées par (1.12) sont bien de méme régularité que ug. En
effet, il est important de noter que la randomisation ne régularise pas les
données initiales. Si par exemple, pour ug € H® on avait un résultat du type
ug € H G +e presque stirement, alors on pourrait directement appliquer le
résultat du lemme 1.4.

L’avantage de telles données aléatoires apparait dans I'estimation des normes
L? de ug. En particulier pour tout p fini, cette norme est presque siirement
contrdlée par la norme L? de ug. L’ingrédient essentiel de cette démonstra-
tion et connu depuis les années 1930, il s’agit du résultat suivant dont une
démonstration est donnée en Annexe A.

Théoreme 1.14 (Kolmogorov, Paley, Zygmund). Soient (a,)n>0 une suite
réelle et (X,)n>0 une suite de variables aléatoires indépendantes, identiquement
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distribuées vérifiant (1.11). Alors on a

2
P Zaan > A\ | <exp (—c)\2> ,
[l an |7

n=0
1
2
N \/7—“ (Z |an|2) .

et donc

Z aan

n=0 n=0

L
Ce théoreme permet d’étudier les normes Li.LP de

e—it(—A)"‘ucéJ _ Z 6it|n\2°‘an6in~xXn )
nezZd
Pour cela applique I'inégalité de Minkowski pour r > p, ¢, le théoreme 1.14 et
le fait que |e"* q,e la,,| pour obtenir
1
9 2
n

D’autre part, en appliquant Parseval et en utilisant que le tore est de volume

fini on obtient
) 3
()
n

L’inégalité de Markov entraine alors le résultat suivant.

. 2« .
Z 61t\n| aneznan

nczd

G

Ly, LLLE

LLLE

1
S T ||uol| 2 -

LLLE

Corollaire 1.15 (Estimations de « Strichartz » aléatoires). Soient ug € H*(T?)
et ug la randomisation définie par (1.12). Soient q,p € [2,00[. Alors en dehors

Cp2
d’un ensemble de mesure au plus e~ on a

1
luillgwer < RT4||uollms

ot uf (t) = e Ay,

Remarque 1.16. Il convient de noter que ces considérations sont tres spécifiques
au tore, dans le cas général de fonctions propres e,(z) du laplacien sur une
variété M, on a seulement par application de Minkowski que en dehors d’un

P2
ensemble de mesure au plus e

eztAuo ‘

1
2
1
L%Lg < RTq (Z |a’n‘2HenHip(M)> .

nczd

Remarque 1.17 (Découplage probabiliste). Afin de comprendre I'intérét de telles
estimation, prenons /N variables aléatoires indépendantes, qui suivent une loi
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uniform sur {—1, 1}, notées (€,)1<n<n. Alors un corollaire du theoreme 1.14

_ 2
est que en dehors d’un ensemble de mesure au plus e~ “*", on a
1
N N 2
w 2
S ca| < 1 (z an ) |
n=1 n=0

La comparaison par rapport a une estimation déterministe est frappante. En
effet, par application de Cauchy-Schwarz on a seulement

N /N 3
Zeﬁan < N2 <Z |an|2> ,
n=1

n=1
ainsi 'aspect probabiliste de découplage des a,, fait I’économie d’un facteur N 3.

On peut a présent établir une théorie locale probabiliste pour (fNLS).

Proposition 1.18. Soit s > max{%— %0} et uyg € H*(T%). On considére des
données initiales ug de la forme (1.12). Pour presque toute donnée uf, il existe
T =T(w) > 0 tel que (NLS) admette une unique solution associée a ug dans
I’espace

us +CO([0,T), H*H)

ot uy (t) = e Ay,

Démonstration. On reprend le raisonnement qui nous a conduit a chercher une
solution u & (fNLS) sous la forme u(t) = uy + v, ou v résout ¥(v) = v, et W
est définit par (1.10) on obtient

H\I/UHL;OH;Hj < ||UL||%4TL3<>||ULHL2TH; +T||U||i%oH;+ﬁ :

Le corollaire 1.15 permet d’affirmer que en dehors d’un ensemble de probabi-

« s _ 2
lité au plus e~ on a

1
lucllzmy < RT?[|luollas ,

mais en revanche on ne peut pas directement Iappliquer a la norme L1L°.
Pour cela on choisit un € €]0,s] tel que ug € H¢, et alors par injection de
Sobolev,

lurllzsre S llurlpagene

pour un certain p(g) € [2, 00| tel que ep(e) > d. On peut a présent appliquer le
corollaire 1.15. Plus précisément, on fixe un R > 0, et on introduit ’ensemble

1 1
Qp = {H“LHL‘%L? S BT |ug[ =} N {”UL||L2THs < BTz ||ugl|m=}
qui est tel que P(Q\ Qg) < 2¢°F*_ De plus pour tout w € Qp on a
U@ gorress ST (B + [[ollfess)
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donc pour tout [[v|| e psrs < Ret T' = FpE on a
T

1
||\I/<U)||L39H;+ﬁ < §||U||L%°H;+ﬁ’

ainsi pour w € Qg on résout localement (fNLS) en temps T ~ 7. On passe a
un résultat d’existence presque-sir par un argument de Borel-Cantelli similaire
a celui appliqué pour prouver le méta-théoreme. Il

On a donc réussi a produire des solutions de fagon probabiliste pour des
valeurs de s inférieures a g — g La méthode probabiliste nous a fait gagner 3
dérivées et I'ingrédient essentiel s’est révélé étre le fait que pour ug € HE, on
a presque stirement w4y € L1L> 1a on 'utilisation de 'injection de Sobolev
aurait cotté % dérivées et non . Ce résultat est donc la conséquence de la
structure des données aléatoires et non de la structure de I’équation. On peut
obtenir des estimations déterministes u;, € LLLP qui sont appelées estimations
de Strichartz, qui ne sont vérifiées que pour certains couples (p, q). Dans le cas
du tore T? ces estimations sont difficiles & obtenir et reposent sur des propriétés
arithmétiques du tore T?. Pour ne citer qu'un exemple, donnons 1’estimation

de Strichartz sur T2.
Théoreme 1.19 (Zygmund, [Zyg74]). Soit T > 0, alors He“AUOHLé S ol 2

En combinant les résultats de cette section et de la section précédente on en
déduit le résultat suivant.

Théoreme 1.20 (Solutions globales probabilistes pour (fNLS)). On consi-
dére (INLS) pour (d, o, B) = (3,2,1). Alors pour presque toute donnée initiale
de la forme u§ définie par (1.8) il existe une unique solution globale a (fNLS)
telle que pour tout s < % et toutt >0 on a

u(t)] e < log? (1 41).

Esquisse de démonstration. 11 s’agit essentiellement de vérifier les hypotheses
du méta-théoreme. On utilise la mesure p, construite formellement par (1.6)
et invariante par la dynamique de (fNLS), ainsi les hypotheses (i) et (i)
sont vérifiées. Enfin, pour les données initiales sur le support de la mesure

i, c’est a dire de la forme (1.8) de régularité H*% = H? la théorie locale
de la proposition 1.18 s’applique et on en déduit que I’hypothese (ii7) du
méta-théoreme est vérifiée. U

2.3. Inconvénient des mesures de Gibbs. Dans la section 2.1, on a réussi
a construire des mesures invariantes en suivant la méthode hamiltonienne.
A partir d’une telle mesure invariante, le méta-théoréme est en mesure de
fournir des solutions globales a croissance tres lente. Il faut garder a l'esprit
que cette méthode souffre d’une limitation essentielle : on ne choisit ni cette
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mesure ni sa régularité. En effet, les mesures de Gibbs sont assez rares dans la
pratique car elles proviennent d’équations hamiltoniennes. De plus, leur niveau
de régularité est fixé. Par exemple dans le cas de (fNLS), on a montré que

cette régularité est de niveau H o‘_%7('11“‘1). On voit ainsi que cette régularité

se détériore avec la dimension, rendant toute théorie de Cauchy probabiliste
fondée sur I'exploitation de telles mesures tres difficile lorsque d est grand.

Voici une obstruction générale quant a l'existence d’une mesure invariante, il
est souvent nécessaire d’exploiter un phénomene de compacité pour pouvoir
construire de telles mesures. Dans la section 2.1 on a donné une construction
sur le tore, domaine que nous avons abondamment utilisé grace aux séries de
Fourier. Qu’en est-il pour (fNLS) posée sur R?? Dans ce cas, c’est la dispersion
qui fait obstruction a ’existence des mesures invariantes.

Proposition 1.21 (Proposition 3.2 de [BT20]). Soit u une mesure de probabi-
lité sur L*(R), invariante par le flot ¢; de I'équation

i0pu 4 0%u = |ul*u.
Alors p = dy.
Démonstration. Cette équation est globalement bien posée dans L? et ses

solutions font scattering, c’est a dire qu’il existe ut € L? tel que 'on ait
lu(t) — e®But| 12 20 Ceci est démontré dans [Dod16a]. Pour une fonction
o

X, lisse et a support compact, on écrit que pour tout t,

[xullrs [xPeull s
[l g,y boale g
2 14 ufl 2 12 14 [ull 2
ol on a utilisé I'invariance de u et noté ¢, le flot de I’équation. On observe par
Cauchy-Schwarz et conservation de la norme L? que

Ix@ruller _ [Ixllez o2
~
Ut flulle = 1 ullze

Avec linformation ||x¢ullzr < ||xe®™u™ g + ||xlz2l|oru — e ut |2 — 0
donnée par le scattering et la dispersion, on en déduit par convergence dominée
que

el
—————du =20,
/Lzuuuup :

et donc u = 0, pu-presque partout. U

On vient de voir que la construction d’un mesures invariante pour une équa-
tions posée sur RY n’est pas toujours possible, ce qui rend la tache de construire
des solutions globales plus difficiles. On peut toutefois chercher a construire
des solutions locales probabilistes par la méthode de la section 2.2.
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Pour cela on introduit des données aléatoires sur 'espace R?. La série aléatoire
introduite pour le cas du tore (1.12) randomise les fonctions a ’échelle unité en
fréquences, on va donc imiter ce procédé sur I'espace euclidien. Soit ug € H*(RY).
On introduit une partition de I'unité Y-, cza x(§ —n) = 1 ot x est une fonction
lisse & support compact. On fixe aussi une suite (X,,),cze de variables sous-
gaussiennes qui satisfont (1.11) indépendantes et identiquement distribuées.
On définit alors la randomisation uf{ par sa transformée de Fourier :

-Fx—>§ uo Z Xox(§—n )io(€),
nezd
ce que 'on écrit dans I'espace physique comme

(1.13) uf = 3 XD — nug

nezd

Une telle randomisation est appelée randomisation de Wiener, elle est par
exemple utilisée dans [BOP15b]. On en déduit, comme dans le cas des tores,
des estimations de Strichartz probabilistes. En effet, I'inégalité de Bernstein
appliquée aux couronnes de largeur unité {n < |{| < n + 1} assure que pour
p =2,

IX(D = n)ullporay S flullrz ) -

En combinant avec la preuve du théoréme 1.14 on obtient les estimations de
Strichartz probabilistes suivantes.

Théoreme 1.22. Soit uy € H*(R?) et p,q € [2,00[. Soit u¥ sa randomisation

donnée par (1.13). Alors en dehors d’un ensemble de mesure au plus e " on a

(4) Nuglirz < Rljuol 2.

i 1
() lle™ug oy < RT[|uoll?s.

Signalons que dans le cas R? le phénomeéne de dispersion permet de prouver
des estimations de Strichartz déterministes bien plus générales que sur le tore.
Pour écrire ces estimations nous introduisons 'espace de Strichartz de régularité
s et son dual

%= N LIW*" and Y* = > LEWs™

(g,r) admissible (g,r) admissible

N . .. . 2 d d
ou (q,r) est dit admissible si (q,r,d) # (2,00, 2) et 2+0=3.

Théoreme 1.23 (Dispersion et estimations de Strichartz). Soit s > 0 et
ug € H*(RY). Alors

(i) Dispersion : pour p =2 on a || ugl|p St~ (%7%)||U||Lp’-

(i) Strichartz homogéne : on a ||e®uo||ss < |uol|ms

(iii) Strichartz inhomogéne : on a || fi @A (F(u(t'))) dt'|

U0|

so SF(w)ly
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On voit que la condition d’admissibilité sur (¢, ) limite la puissance de ce
résultat alors que la version probabiliste de ces estimations est inconditionnelle
en ¢, r finis.

A Daide de ces estimations de Strichartz on peut démontrer et par une preuve
similaire & celle de 1.4 on peut étudier le probleme de Cauchy pour

(1.14) w(0) = ug € HY(RY).

{ iOu+Au = |ul’u
Théoreme 1.24 (Théorie locale déterministe). Soit s > 1. Alors (1.14) est
uniformément localement bien posé dans H*(R*).

Grace a la version probabiliste des estimations de Strichartz, nous pouvons
énoncer le résultat suivant dont la preuve est esquissée en Annexe B.

Théoreme 1.25 (Benyi, Oh et Pocovnicu [BOP15b, BOP15a]). Soit s > 2 et
ug € H*(R?). On note u sa randomisation donnée par (1.13). Fizons également
o > 1. Alors pour presque tout w, il existe une unique solution a (1.14) associée
a ugy dans l'espace

ur, +C°([0,T), H? (R?)
ou l'on note up(t) = e ug.

Pour conclure cette section, signalons que d’autres randomisations sont
possibles. Par exemple, plutot que la randomisation de Wiener en fréquences
donnée par (1.13), on peut introduire une randomisation qui agit également en
espace. Une telle randomisation, dite microlocale est définie comme suit. On se
donne 1y € L*(R?) que I'on décompose sur des cubes de taille unité a la fois en
espace et fréquences en écrivant

up(x) = Y ¥(z—k)x(D —nu,

k,neZd

avec x et ¢ des fonctions a supports compacts telles que 1 <; < x, % < 1j<2.
La randomisation associée est alors

ug(z) = D XP(e —k)x(D —n)u,

k,n€Zd
olt les (Xjn )k neze sont des variables sous-gaussiennes indépendantes et identi-

quement distribuées.

L’utilisation d’une telle randomisation est récente, nous renvoyons a [Bril8a]
et [BK19] pour des applications.
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3. Globaliser avec une méthode d’énergie

Cette section concerne le chapitre 3 de cette these et s’insere dans le cadre
de I’étude du probleme de Cauchy global a données aléatoires pour les équa-
tions d’ondes non-linéaires. Les travaux qui sont présentés font ’objet d’une
publication dans Journal of Differential Equations [Lat21].

On considere I'équation des ondes non-linéaires posée sur un domaine U qui
peut étre R3 ou T3 et qui s’écrit

{8fu—Au+|u|p1u =0

(NLW,,) (u(0), 8,u(0)) = (ug,uy) € H¥(U) x HY(U).

L’espace H*(U) x H*~}(U) sera plus simplement noté H* dans la suite.

Une solution u a (NLW,) conserve, au moins formellement, la quantité
suivante

<|8tu(t)\2 L IVuer | |u<t>\p+1> dr,

2 2 p+1

E(u(t)) = /

U

a laquelle on référera en tant que « énergie », de niveau de régularité H'.

3.1. Probleme de Cauchy local et global pour (NLW,). Les travaux
qui concernent 1’étude du probleme de Cauchy local et global pour (NLW,)
sont trop nombreux pour tous les évoquer. On se limite aux travaux les plus
pertinents en rapport avec les travaux qui seront présentés.

3.1.1. La théorie déterministe. Le probleme de Cauchy local pour 1'équa-
tion (NLW,) est bien compris depuis les années 1990 [LS95, GV95, Kap90]. En
particulier, des que s > %— z%’ (NLW),,) est uniformément localement bien posé
dans H®. Une telle théorie est développée a 'aide d’estimations de Strichartz.
En particulier, cela permet la construction de solutions locales dans I'espace
d’énergie H' dés que p < 5, qui sont alors des solutions globales. Pour p = 5 le
probleme est dit « énergie-critique » et ’obtention d’'une théorie globale dans
H! est plus difficile [Kap94]. Pour p > 5, aucune théorie globale n’est connue

au niveau H!, 'équation étant « sur-critique » par rapport a I’énergie.

En particulier, dans le cas p = 3, le probleme de Cauchy est localement bien
posé dans H® pour s > %, et globalement bien posé dans H!. Dans [GP03,
KPV00, BCO6], les auteurs étendent ce résultat et construisent une théorie
globale au niveau H® pour s > %. Dans le cas radial, Dodson construit des

solutions globales pour s > 1, [Dod19]. A Tinverse, pour s €]0, :[, le probleme
de Cauchy est mal posé [BT08a).
Notons que pour tout p > 1 on peut toujours construire des solutions faibles

globales au niveau de régularité de I’énergie, c’est a dire dans H!. C'est le
contenu du résultat suivant.
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Théoreme 1.26 (Strauss, [Str70]). Soit f une fonction réelle lisse et F' une
primitive de f. On suppose que F'(v) 2 —|v|? et que |‘1;((Z))|| — 00 quand |u| — oo.

Soit (ug,u1) € H'(R?) d’énergie finie, c’est a dire

2 \V4 2
E(ug,uy) = /3 <|u1| —l—’ Lo +F(uo)> dr < c0.

R 2 2

Alors équation

(1.15) (u(0), u(0)) = (ug,u1) € H'(R?),

admet une solution faible, c’est da dire qu’il existe une solution u au sens des
distributions, u : R — H(R3) qui est faiblement continue en temps et telle que

E(u(t), 0wu(t)) < E(ug, uy) pour tout t > 0.

{ OPu—Au+ f(u) = 0

3.1.2. Améliorations probabilistes. L'étude du probleme de Cauchy pour (NLW,)
avec des données aléatoires est entreprise par Burq et Tzvetkov, qui développent
une théorie locale [BT08a] et globale [BT08b]. Leurs méthodes culminent
dans [BT14] avec 'obtention d’une théorie globale probabiliste dans 1’espace
HO lorsque p = 3.

Le cas p = 5 se révele plus compliqué, car énergie-critique. Oh et Pocovnicu
étudient ce probléeme dans [Pocl7, OP16] et construisent une théorie globale
dans ce cas. En particulier, lorsque d = 3 et p = 5 ils obtiennent une théorie
globale probabiliste dans H® pour s > %

Dans la gamme des non-linéarités p €]3,5[, on s’attend & construire une
théorie globale probabiliste dans H?® pour s > 5%1. Des premiers travaux de
Lihrmann et Mendelson [LMI14, LMI16] traitent cette question avant que le
résultat pour s > E soit prouvé par Sun et Xia [SX16].

3.2. Contribution de la theése. L’objectif principal est de compléter les
résultats obtenus par Burq et Tzvetkov dans le cas p = 3, Oh et Pocovnicu
dans le cas p = 5 et Sun et Xia dans le cas intermédiaire p €]3,5[. Puisque
pour p > 5 I'énergie est une quantité sur-critique pour (NLW,) on ne s’attend
pas a produire facilement des solutions fortes, c’est a dire des solutions uniques
de haute régularité. On construit plutot des solutions faibles globales pour des
données initiales dans H® pour certains s < 1, donnant ainsi une extension du
théoreme 1.26 dans un cadre probabiliste.

De fagon plus précise, rappelons que la méthode probabiliste locale de la
section 2.2 est la suivante. On cherche une solution u € C°(R, H?®) & (NLW,)
sous la forme u = uy, + v avec uy, la solution globale de I’équation linéaire

{ Pu—Au = 0
(

(1.16) u(0),0u(0)) = (uo,u1) € H*,
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et v € CO(R,H') qui résout formellement

Pv—Av = —|up+ v Hup +v)
(1.17) { (v(0),00(0)) = 0.

On cherche v au niveau H! car on souhaite exploiter la conservation de 1'énergie
pour (NLW,) qui controle la norme H'.

Pour une donnée initiale (ug,u1) € H?® on introduit la randomisation associée
a ug et uy respectivement construites avec des variables aléatoires indépendantes
pour chacune des deux fonctions via (1.13) dans le cas R? et (1.12) dans le cas
T3. On note H(uo,ur) 1@ mesure image par une telle randomisation, qui est une
mesure sur ’espace H°. Enfin on note

MS(U) = U H(ug,u1) »

(uo,u1)eHs(U)
I’ensemble formé par toutes ces mesures au niveau H*(U).

Le résultat principal s’énonce alors sous la forme suivante.

Théoréeme A (L. [Lat20a]). Soient p > 5 et s > i%f. Soit U qui désigne R3
ou T3. Soit p € M*(U). Alors pour p-presque toute donnée initiale (ug,u1) €
H3(U) il existe une solution globale uw € C°(R, H*(U)) a (NLW,) dans le sens
faible, c’est a dire que pour toute fonction ¢ € C3(R x U) on a l'égalité,

/]R ., (@v@tgy — Vv - Ve — (ug +v)|ug + v[”_lgo(t)> dedt =0,

ot uy, est solution de (1.16) et v est formellement une solution de (1.17) de
sorte que u = uy, +v. De plus v est tel que pour tout T'> 0 on a

ve H'(—T,T[xU)N LYY - T, T[xU).

Remarque 1.27. La solution faible construite par le théoréme possede la méme
régularité que les solutions fortes. Cependant, il faut bien retenir que ce résultat
ne donne aucune information quant a I'unicité de telles solutions. Ainsi on
parlera toujours de solutions faibles.

Le deuxiéme résultat principal que 'on démontre concerne le cas p € [3,5].
On sait qu’'une théorie globale probabiliste est connue dans H*® pour s > g:i’,
et par ailleurs, dans le cas p = 3, la régularité limite s = 0 est aussi traitée
dans [BT14]. On se propose de généraliser cet argument a toute la gamme des

non-linéarités p €]3, 5.

Théoreme B (L. [Lat21]). Soient p €]3,5][, s = g%i’ et U qui désigne R® ou
T3. Soit p € M?, alors pour p presque toute donnée initiale (ug,uy) € H*(U),
il existe une unique solution & (NLW,) dans lespace ur, + C*(R,H') ou ur,

résout (1.16).
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Pour une explication des idées principales de la preuve de ce théoreme, on
renvoie a 'introduction du chapitre 3.

La fin de cette section est consacrée a 'explication des idées de la preuve
du théoréeme A. Pour commencer, on évacue le probleme de Cauchy local
et on suppose que celui-ci a été résolu de facon probabiliste sous la forme
u(t) = u$(t) +v(t) avec uy qui résout (1.16) avec données initiales (uf,uy) et v
qui résout (1.17) dans CO([—T,T],H'). Afin de montrer que u est une solution
globale, et puisque uy est globale par définition, il suffit de montrer que v
résout globalement (1.17). Pour cela, comme v est de régularité H!, qui est
le niveau de conservation de I’énergie pour (NLW,), on voudrait utiliser cette
conservation. Cependant v ne satisfait pas la méme équation que u donc ne
conserve pas I'énergie associée a (NLW,,), il va donc falloir utiliser une méthode
d’énergie perturbée.

Remarque 1.28. Le probleme traité est typique des travaux de Burg-Tzvetkov,
qui permettent de construire des solutions dans R? ou T? (et méme d’autres
variétés) a divers niveaux de régularité, et non uniquement celui prescrit par la
mesure de Gibbs lorsqu’elle existe. Ceci illustre la flexibilité de cette approche,
la contrepartie étant que la globalisation est rendue bien plus difficile et moins
automatique, a 'inverse de ce que permet le méta-théoreme de la section 2.1
en présence d’une mesure invariante.

On introduit 1’énergie modifiée associée a v, définie par

_ 0w ®)]1Z: N IVo@)lIZ | o)l
2 2 p+1

dont on étudie I’évolution. Son controle global fournira un controle de la norme
H! et sera suffisant pour montrer que v est une solution globale. On calcule
I’évolution de E(t),

E'(t) = - /R Ow(t) (Juz () + o (g (1) + o) — [o()P u(t)) da.

A ce stade, il convient de rappeler que (up, u1) € H*, et donc d’apres les inéga-
lités de Strichartz aléatoires données par le corollaire 1.15, qui sont facilement
adaptables au cas de I’équation considérée, on a presque stirement uy € LLW P
pour tous p et ¢ finis. Disons que heuristiquement on peut méme mener les
calculs avec uy € LIW** pour tout ¢. On doit donc répondre a la question
suivante : pour quelles valeurs de s < 1, et quelles valeurs correspondantes de
p peut-on prouver une inégalité du type E'(t) < E(t)?

E(t) :

On peut simplifier 'expression de E’(t) en écrivant que
[ug +vPH(ug +v) = [vP o + ufoP T + {termes d’ordres inférieur}

Le terme, |[v|P~'v est compensé dans P'expression de E’ et le terme suivant,
2vP~! apparait comme le terme principal restant car il est le plus non-linéaire
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en v. On obtient donc, toujours a un niveau informel :
"(t) ~ /3 O (t)usg (t)v(t)Ptdx.
R

Premiére tentative. En plus de la borne u;, € W on peut utiliser les bornes

+1
o e L% et Pt € Lot qui sont contrdlées par des puissances de I'énergie F.
Apres application de I'inégalité de Holder et de la définition de F on a :

E'(t)  19h0ll 2 g (8) = [0 (O
S B

Remarquons que 1'on a % + Z; 1 dés que p < 3. On a utilisé uniquement
la borne u;, € L3°, accessible presque stirement des que s > 0. C’est ce qui
conduit au résultat dans [BT14].

Deuziéme tentative. Lorsque s est grand, I'inégalité précédente n’utilise pas
de facon optimale l'information u;, € W#*>. De plus, 'analyse ci-dessus est
limitée a p < 3. Pour aller plus loin on transfere des dérivées sur uf via des
intégrations par parties en temps. Les dérivées temporelles sont alors converties
en dérivées spatiales puisque l'on a dyuy ~ |V|uy. Ainsi on a

0=~ [ t [, oy @) ae
N/RS/ t"Pous (¢') dt’ dz

N// PIVIuG () dt' d
R3

ou 'on a négligé les termes de bord dans l'intégration par parties. Puisque 'on
veut faire apparaitre s dérivées en espace sur u%, on écrit V = VI7*V* et on
« integre par parties » avec V=%, ce qui donne

t
t) :/ / Vouy Vi SoP da dt
0 Jrs

Cette observation est effectuée par Oh et Pocovnicu dans le cas s = 1/2 et

p = 5. Il suffit alors de placer v € LP*L, Vo2 € L= et V1~5v € L%, terme pour
lequel on peut utiliser I'inégalité d’interpolation de Gagliardo-Nirenberg :

l-a, o
IV 50 e S V0l lollfon S E() = 7701,

~Y

2 1-s _ 11—« a _ p—3
valable des que i3 T ¢ Tpaets=za On trouve a = 2=} et donc

3

t
B(t) S uillws~ [ E()at,
0

ce qui permet de conclure par 'inégalité de Gronwall. On voit ainsi que cet
argument ne donne pas de limitation en p. On réfere au chapitre 3 de cette
these pour les détails dans le cas p > 5.
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3.3. Perspectives. La construction des solutions globales, continues en temps
a valeurs H®, pour s < 1 qui est donnée par le théoreme A n’est pas pleinement
satisfaisante. En effet, une telle construction ne dit rien de I'unicité des solutions
produites.

On rappelle que de facon générale, on peut montrer que le probleme de
Cauchy pour (NLW,) est uniformément localement bien posé au niveau H* des
que s > % — z% en utilisant des estimations de Strichartz. Prenons un exemple
typique du régime sur-critique pour 1’énergie, le cas p = 7. On est alors capable
de construire,

(1) Des solutions globales, non nécessairement uniques, au niveau C;H*
pour s > % grace au théoreme A.

(2) Des solutions fortes locales, uniques, au niveau C;H® pour s >
d’apres la théorie locale déterministe.

I

[ EN]

Une question de long-terme a laquelle on voudrait répondre est la sui-
vante.

Question 1.1. Peut-on construire des solutions uniques et globales pour
pour (NLW,) au niveau H' lorsque d = T, pour presque toute donnée ini-
tiale ¢

Afin d’aborder une telle question, une premiere approche pourrait étre celle
d’étudier la relation entre les solutions faibles et fortes a notre disposition.

(1) On peut chercher une théorie probabiliste locale au niveau H' par
exemple : on cherche u(t) = ur(t) + v(t), avec v(t) le terme Duhamel,
qui est plus régulier que ur. Pour ug € H' on a u;, € H' et v € H?
donc il est raisonnable d’essayer de résoudre localement le probleme

de Cauchy local dans ug, + C°([0,T], Ht (R?)).

(2) On peut alors chercher & montrer une propriété d’unicité fort-faible.
C’est a dire que si I'on note ug la solution construite en (1) sur l'inter-
valle [0, 7] et que 'on note uy la solution du théoreme A (ou méme
du théoreme 1.26) avec méme condition initiale, on veut démontrer
que ug(t) = uw (t) pour tout ¢t € [0,7]. Cette étape semble également
raisonnable.

Une autre question est celle de Poptimalité du résultat pour p € [3,5].

Question 1.2. Peut-on montrer que lorsque p € [3,5] et s < g_;‘;’, le probleme
de Cauchy pour (NLW,,) est mal posé pour presque toute donnée initiale ?

Cette question est étudiée dans [ST20] mais dans un cadre légerement dif-
férent. En effet, les auteurs démontrent que pour p € [3,5] et des valeurs
de s comprises entre max{O,% — ]%2} et % — p%l le probleme de Cauchy est
localement mal posé pour un ensemble dense de données initiales.
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Il n’est pas exclu que cet ensemble dense soit de mesure nulle, ainsi la question
reste entierement ouverte.

4. Scattering pour I’équation de Schrédinger au niveau L2

Cette section concerne le chapitre 4 de cette these et s’insere dans le cadre
de I'étude du scattering pour les équations de Schrodinger non-linéaires a
faible régularité. Les travaux qui sont présentés font I’objet d’'un article sou-
mis [Lat20a].

Dans la suite on considere I’équation de Schrédinger non-linéaire suivante :

{i@m—kAu = |ulP~lu

(1.18) u(0) = wug € H*(RY).

Avant d’expliquer les travaux récents qui portent sur le scattering des solutions
de (1.18) a données aléatoires, nous expliquons quelques résultats de base de
scattering.

4.1. Méthode générale de scattering. Dans cette sous-section, on suppose
qu’'une théorie de Cauchy globale est connue pour (1.18). La question a laquelle
on souhaite répondre est la description du comportement en temps long de ces
solutions globales. En particulier, les solutions sont-elles proches de solutions
linéaires 7 Pour tenter de répondre & cette question, on écrit (1.18) sous forme
intégrale :

_ t
u(t) _ eztAuo_/ eit=t)A (|u|p—1u> dt/,
0

de sorte que I'on identifie une partie linéaire uy (t) = e“uq de la solution, rédui-
sant 1’étude du comportement asymptotique au comportement du terme

£ ot
—i/ ez(t—t )A(|u|p—1u> dt’ = —ieltA/ e~ A(|u|p—1u> dt,,
0 0
de sorte que

. t -
(1.19) u(t) — gl e < H [ e )Pty ar
0

HS
t
Si le terme / e WA u(t) P~ u(t') dt’ converge dans H® lorsque t — oo, alors il
O .
existe uy, € H* tel que e "2 u(t) — ug T U Ce que I’'on peut écrire sous la
oo

forme u(t) = e®ug + v(t) avec v(t) ~ e*®u, lorsque t — oo, c’est a dire que
u exhibe un comportement linéaire en temps long. Il reste donc a trouver des
conditions pour que (1.19) converge.

Remarque 1.29. On peut comprendre le scattering comme un comportement
linéaire intermédiaire. En effet, on aurait pu imaginer que e=®u(t) — uy — 0
dans H?*, donnant ainsi une approximation totalement linéaire ne dépendant que
de la donnée initiale. Dans le cas du scattering on s’autorise un comportement
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asymptotique linéaire ot uy est remplacé par ug + u,, c’est a dire e *Au(t) —
(uo + uq) — 0 dans H".
—00

Une premiére condition pour que (1.19) converge dans H* est la convergence
absolue de l'intégrale

/ ei(tft’)Am(t/)‘pflu(t/) 4t ’
0

dans H*, c’est a dire
| @) P ) at < oo

On peut donner une condition suffisante moins contraignante grace a ’esti-
mation de Strichartz inhomogene du théoreme 1.23 (77),

o
H/ 6z(t—t )A|u(t/)|p—1u(t/) d¢
0

Une telle approche est utilisée dans la plupart des travaux déterministes. Un
résultat intermédiaire important dans ces travaux est souvent que le controle
d’une norme de Strichartz globalement en temps implique le scattering.

T [
t

Lemme 1.30. Soit d = 3, p = 3 et q € [%,10]. Alors le contréle global
[ull s mxrs) < 0o pour les solutions de (1.18) entraine le scattering dans H'.

Obtenir une borne globale en temps est en général difficile. La famille
des estimations de Morawetz offre des controles qui permettent d’exclure
les phénomenes de concentration, ainsi de telle estimations apportent parfois
les estimations espace-temps nécessaires au scattering. En particulier, dans
une séries de travaux qui culminent avec [CKST10] I'existence globale et le
scattering dans H' sont démontrés pour (1.18) lorsque d = 3 et p = 5. On
consultera [Tao06] pour une discussion des méthodes employées.

Pour le scattering au niveau L2, on peut résumer quelques résultats en
dimension d > 2 de la facon suivante.

Théoreme 1.31 (Scattering au niveau L?). Soit p > 1 et d > 2. Alors on a
(i) Pourp € {1, 1+ ﬂ léquation (1.18) est globalement bien posée dans
L*RY) et sip>1+ % le probleme de Cauchy est mal posé.

(it) Pourp <1+ % et tout ug € L?, les solutions construites ne font pas
scattering dans L*.

(7i) Pour d > 2, p € }1 + %,1 + ﬁ[ et des données initiales H', le
scattering a lieu dans L.

(i) Enfin, pourd > 2, etp =1+ % et des données initiales dans L?, le
scattering a liew dans L.
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La partie (7) est la théorie de Cauchy standard lorsque p < 1+ %, voir

par exemple [Tao06], chapitre 3 et la globalité vient de la conservation de
la norme L?. Dans le cas critique on réfere a [Dod16a] et le cas p > 1+ %
dans [CCTO03, AC09]. (i) est prouvé dans [Bar84], (44) dans [TY84] et (iv)
dans [TVZ07]. Pour la dimension 2 on réfere a [Dod16a, Dod16b].

4.2. Travaux de nature probabiliste. On peut distinguer deux types de
travaux qui traitent du scattering pour (1.18) a données aléatoires.

Les travaux du premier type étudient le scattering a un niveau H! en
améliorant les résultat déterministes. Par exemple, dans une série de travaux
parmi lesquels on peut citer les travaux de Killip, Murphy, Visan [KMV19] et
Dodson, Lithrmann et Mendelson [DLM19], le scattering pour presque toute
donnée initiale dans H® pour des s < 1 est étudié. La méthode consiste a
chercher des solutions sous la forme u = u4 + v o v est dans H' et appliquer
les méthodes déterministes a v et obtenir des bornes pour des normes Ly ,..

Les travaux du second type exploitent I’existence de mesures invariantes et de
mesures quasi invariantes. On a déja évoqué le fait que les mesures invariantes
au niveau L?(R?) pour (1.18) sont nécessairement triviales. Afin de contourner
cette difficulté, Burq, Thomann et Tzvetkov utilisent une transformation appelée

transformée de lentille, £ : S'(R x RY) — S’] (—g, ﬂ X Rd> et d’'inverse noté

L1 définis par les formules suivantes

ot 2) = Lult, z) = — u<tan(2t) v >exp (—'Warl(m>

cos(2t)2 2 7 cos(2t) 2

_ -1 o 9\~ d arctan(2s) y ily|%s
u(s,y) = L v(s,y) = (1—4s%) " 1v ( 5 "1 — 452 oxp Vi—14s2) "

D’un point de vue purement formel u résout

i0su + Ayu = |ulP~ u sur Ry x ]RZ avec u(0) = ug

si et seulement si v = Lu résout

(1.20) 0w — Hu = cos(2t)p7_5|v|”_1v sur }—Z, % x R% et v(0) = ug .
Avec cette transformation on a donc échangé (1.18) en une version ot —A est
remplacé par l'oscillateur harmonique H = —A + 22

Le premier avantage de cette transformation est le fait que H possede un
spectre discret, ce qui rend possible la construction de mesures invariantes ou
quasi-invariantes, suivant les valeurs de p et d, ceci résulte de 'application de
la méthode de la section 2.1. Fixons désormais d = 1 dans le reste de cette
sous-section.

Les fonctions propres de H sont données par les fonctions de Hermite h,, qui
satisfont :
Hh, = (2n+ 1)h, .
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On peut alors construire la mesure

dp = exp (—HHl/QuH%z) du

comme mesure image de la série aléatoire

=X i)

Notons W?*P I’espace de Sobolev associé a 'opérateur H, de norme définie
par [[ulwes = [ Hsul 1o et He = W2

La mesure jio est supportée au niveau H°~, ce qui se voit grace a un calcul
similaire a celui de la section 2.1. De fagon similaire au cas du tore, les normes
L? de ug sont finies pour tout p fini. En réalité on a méme un peu mieux car
les fonctions h,, vérifient une estimation de décroissance du type

1
[nlle S 775,

des que p > 4. En combinant cette observation avec la remarque 1.16, on établit

en particulier que presque stirement ug € Ws P pour tout p > 4. Ainsi dans
les échelles L” pour p > 4, cette randomisation régularise les données.

La transformée de lentille échange le probleme de scattering lorsque t — oo
pour u solution de (1.18) en un probleme de scattering pour v solution de (1.20)
lorsque t — Z. D’apres la section 4.1 on cherche a étudier la convergence

de !
(1.21) —i/ote CH Gos(28) 5 (Jo() P Lu()) '

dans un espace H ™7, car on se place au niveau de régularité de pg, c’est a dire
H°" . En particulier, par I'injection LP*! < H =7 il suffit de montrer que

™

[ eos@t) 5 ot At < 00
t

L’intérét d’'une mesure invariante devient clair : 'invariance de p (ou plutot
d’une mesure construite a partir de py) ou sa quasi-invariance permet la
construction de solutions globales a (1.20) dont les normes de Sobolev, et
donc en particulier les normes LP*! pour p + 1 assez petit, sont de croissance
limitée.

Lorsque p = 5, ce programme est mené par Burq, Thomann et Tzvetkov,
et lorsque p €]3, 5] ce résultat a été obtenu récemment par Burq et Thomann.
Ce dernier résultat utilise des mesures quasi-invariantes, dont 1’exploitation

pour (1.18) trouve sa source dans les travaux de Tzvetkov [Tzv15] puis Oh et
Tzvetkov [OT17].

Théoreme 1.32 (Cas p =5 dans [BTT13] et p # 5 dans [BT20]). Soitd =1
et p €]3,5]. I existe une mesure notée o supportée par X° := Nys0 H ™ et un
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nombre réel o > 0 telle que pour jg-presque tout ug € X°, il existe une unique
solution globale u a (1.18) dans [’espace

eiSAUO + CO(R, H0> .
De plus, il existe ux € H? tels que l'on ait le scattering

_itA
|lu(t) — e (ug + ut)|| go t_QOO.

On réfere a [BTT13, BT20] pour des énoncés plus complets.

4.3. Contribution de la theése. Le but du travail qui suit et qui sera présenté
au chapitre 4 est l'extension du résultat de Burq-Thomann [BT20] a des
dimensions supérieures, dans le cas radial.

Théoréme C (L. [Lat20a]). Soitd € {2,...,10} etp € }1 +21+ 3]. On note

0

X0 1= Noso HLS(RY). Il existe une mesure g supportée sur X
0

tels que pour py-presque toute donnée initiale uy € X,
solution globale u a (1.18) dans [’espace

d eto = 0(p7d)

ra
1, U existe une unique

euy +C(R, H) .
De plus, il existe uy. € H? tel que

||u(t) — eim(uo + ug )| geo e 0.

L’usage des données radiales est rendu nécessaire pour utiliser la quasi-
invariance de u au niveau de régularité H°~.

Par rapport a la dimension 1, les estimées des fonctions de Hermite h,,
different. En particulier, lorsque d > 2 ces estimations entrainent que ug§ €
W1/27:% presque stirement, ce qui est un gain de régularité plus grand que dans
le cas d = 1.

La différence principale apparait pour d > 3 pour étudier les normes LP*!
dont le contréle implique le scattering.

En dimension d = 1 ou 2, le contréle des normes H° par 'argument de
mesure invariante et l'injection de Sobolev suffisent pour obtenir ce contrdle.

LOl”S ue d > 3 un ar U_Hlent su ].émen‘aire eSt Ilécessaire. OH al"l d,une
= 9
p+1

observation utilisé dans [BT20], qui assure que p({||v||ze+1 > A}) < eJPT,
de sorte qu’il soit suffisant de contréler la variation de la norme LP™! sur
un intervalle [¢1,%]. Une telle estimation s’obtient en exploitant I'estimée de
dispersion du théoreme 1.23 (7) ainsi qu’une écriture sous forme Duhamel pour
u entre les temps 1 et 5. On renvoie au chapitre 4 pour les détails.
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4.4. Perspectives. On peut envisager plusieurs prolongements du théoreme C.
Le premier est une optimisation de la preuve en incorporant des méthodes plus
fines.

Question 1.3. Pour quelles valeurs de d et quelles valeurs de o > 0 peut-
on montrer un résultat similaire au théoréme C, c’est a dire que pour tout
p €|l + %, 1+ %], presque toute donnée initiale ug € X0, donne lieu a une
solution globale pour (1.18) dans l’espace

et 4 CO(R, HO(RY))
et qui fait scattering lorsque t — £o00 ¢

Parmi les raisons qui font penser qu’un tel programme est envisageable :

(1) On développe une théorie de Cauchy dans les espaces H? a l'aide
d’estimations de Strichartz, on pourrait aussi travailler dans les espaces
X% pour optimiser la construction locale et tirer profit des estimations
bilinéaires (voir Lemme 1.40).

(2) Enfin il faut garder a l'esprit que le schéma de la preuve de scattering
est rudimentaire. Plutét que de faire I'inégalité triangulaire pour ma-
jorer (1.21) on pourrait appliquer I'inégalité de Strichartz inhomogene
du théoreme 1.23 (7).

De telles améliorations ne pourront pas dépasser les deux limitations essen-
tielles dont souffre le théoreme C : la régularité des données initiales est donnée
par H° et les données sont radiales, en raison de l'utilisation des mesures
quasi-invariantes. Ainsi une question de long-terme est la suivant.

Question 1.4. Peut-on développer une preuve alternative du théoreme C' qui
n'utilise pas de mesure quasi-invariante ¢

5. L’équation d’Euler et la croissance des normes de Sobolev

Cette section concerne le chapitre 5 de cette these et s’insere dans le cadre
de I’étude de la croissance des normes de Sobolev pour les équations d’Euler.
Les travaux qui sont présentés font 1'objet d’un article soumis [Lat20b].

On considere les équations d’Euler posées sur le tore, qui s’écrivent

ou+u-Vu = —Vp
(E) V-u =0
u(0) = uy € H¥(T),

ou d = 2,3, u(t) : T — R? représente le champs de vitesse du fluide et
p(t) : T — R représente le champ de pression.

On peut écrire cette équation sous une forme avantageuse pour la discussion

qui va suivre. En appliquant le projecteur de Leray : P : L? — L2, | qui est
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la, projection orthogonale sur I'espace des fonctions L? & divergence nulle, on
obtient I’équation

L .

u(0) = up € H§, (T9),
ot B(u,v) =P (u-Vv) et ou p se déduit de u en résolvant

—Ap=V-(u-Vu).

Dans cette section on note Xg;, ’espace des fonctions de X a divergence
nulle.

5.1. Présentation du probléeme de la croissance en dimension 2. Afin
de mettre en évidence la question de la croissance des normes de Sobolev pour
les solutions de (E), on rappelle que pour s > g + 1, (E) est uniformément
localement bien posé dans H?. Ceci s’obtient a ’aide des injections de Sobolev.
On peut méme en déduire une théorie globale avec une estimation de la
croissance des normes de Sobolev lorsque la dimension vaut 2.

Théoreme 1.33 (Wolibner, Yudovich [Wol33, Yud63]). Soit s > 2. Le pro-
bleme de Cauchy pour (E) en dimension 2 est globalement bien posé dans
Co(R ., H*(T?)) et il existe C > 0 tel que :

(1.23) lu)||ms < Ce”" pour tout t > 0.

Démonstration. On se contente de prouver une estimation a priori pour ||u(t)|| gs
lorsque s > 2. On verra également ce qui rend la dimension 2 si particuliere
dans la démonstration. On commence par calculer 'évolution de ||u(t)||%. via
I’équation (1.22), ce qui nous donne

1d
2dt

lu(®)lze = —(B(u,w), u)ps .

On étudie la non-linéarité en ne gardant que les termes de plus grand ordre
en termes de dérivées, les autres termes seront plus simples a controler, on ne
les considérera pas dans la suite. On écrit donc :

(B(u,u),u)gs ~ (V*(u-Vu), Viu) 2
~ (u-VVu, Viu)r2 + (Vu - Viu, Viu) 2
+ {termes d’ordres inférieurs} .

On utilise alors une propriété essentielle de B, a savoir que pour tous u,v a
divergence nulle on a l'identité (B(u,v),v)r2 = 0, ce qui permet d’en déduire
(u-VV*u, V*u)2 = 0 et donc

(B(u7 U), u)Hs ~ (VU . Vsu, VSU)LQ ,



38 CHAPITRE 1. INTRODUCTION GENERALE

de sorte que par l'inégalité d’Holder on obtienne

d
(1.24) QIIU(OII?{S S IV ul| oo () s -
Cette estimation a priori permet déja d’en déduire une théorie locale pour
5> g + 1, valable en toute dimension. En effet, par injection de Sobolev on a
|Vul| e S| Vullge—r S Jul|gs car s =1 > 4.

Pour obtenir une théorie globale on peut controler la croissance de ||u(t)|| g
Ainsi dans l'inégalité (1.24) on voudrait contrdler [|[Vu(t)|| € L*°, dont on
ne sait a prior: rien. En revanche, et comme on va le voir, on possede des
informations sur les normes L? de u(t) en dimension deux, que 'on exploitera
grace a I'inégalité obtenue par interpolation :

d 242
Ol < IVl llu®)l."
qui est valable pour p > 2 et ou 'on souhaite prendre p tres grand.

On se place maintenant dans le cas de la dimension d = 2. Dans ce cas, la
vorticité, définie par (t) = V A u(t) satisfait une équation de transport

(1.25) HQ+u-VQ=0,

ainsi les normes [|$2(¢)||» sont conservées par le flot. Il s’agit maintenant de
transférer cette information a Vu, qui est de méme ordre que 2. Grace a la
théorie de Calderén-Zygmund, on obtient

IVu(®)||e < plIQEH e S 2l r -
En notant y(t) := ||u(t)| gs on a donc

Yy (t) < Cpy(t)'F7,

que I'on peut optimiser en p pour obtenir y'(¢) < y(t)logy(t), équation qui
donne y(t) < e comme souhaité. O

La borne double exponentielle (1.23) est-elle optimale ? Peut-on exhiber une
donnée initiale qui sature cette inégalité ?

Cette question a été étudiée dans d’autres domaines que le tore. En particulier
dans le cas du disque D = {z € R% € |z| < 1}, Kiselev et Sverak [KS14]
construisent des solutions qui saturent la croissance double exponentielle. Dans
le cas du tore on ne sait produire qu'une croissance exponentielle [Zlal5].
Dans les deux cas, la démonstration repose sur ’exploitation d’un scénario
hyperbolique introduit par Bahouri et Chemin [BC94].

Théoreme 1.34 (Kiselev-Sverak, Zlatos [KS14, Zlal15]). Soit U un domaine
bidimensionel qui désigne le disque unité D ou bien le tore T?. Il existe une
donnée initiale ug de classe C* dans le cas U = D et seulement C** (pour
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un certain o« € (0,1)) si U = T?, tel que l'unique solution globale 2 a (1.25)
vérifie :
(i) Dans le cas U = D, il existe C > 0 tel que
IVQt)| L= = Cexp (C’eCt) pour tout t > 0.

(ii) Dans le cas U = T?, il existe ty > 0 tel que pourt >ty on a :
sup [[VQ(t)|| 1= > €.
<t

Pour compléter ce résultat dans le cas du tore il faudrait construire des
données initiales qui donnent lieu a une croissance double exponentielle, mais
il est également possible que de telles solutions n’existent pas. La construction
de Kiselev et Sverdk [KS14] exploite de facon crucial la frontiere de D. Dans le
cas T2, ce phénomene n’a pas lieu & cause de I’absence de frontiére. La question
suivante se pose deés lors : les normes de Sobolev des solutions de (E) dans T?
exhibent-elles géneriquement une croissance au plus exponentielle, ou méme
polynomiale ?

Ici le terme générique pourrait étre compris comme « presque stirement par
rapport & une mesure définie sur H*(T?) ».

5.2. La méthode de Kuksin pour les mesures invariantes. Avant d’ex-
pliquer la méthode introduite par Kuksin, rappelons que 1'on dispose déja d’un
moyen formel pour construire des mesures invariantes, il s’agit des mesures
de Gibbs introduites dans la section 2.1. Pour construire une telle mesure, on
développe €2y en série de Fourier, Qy(z) = 3 ,cz2 Qnem“, la loi de conservation
de t — ||Q(t)|| L2 s’écrit explicitement sous forme
E = (|72 = Q0] = > Q..
nez?

On devine ainsi 'expression d’une mesure formellement invariante donnée
par )

dp(u) = @ e ™ dQ,,

nez?

qui est la mesure image de

Q@) = Y galw)e™™,

nez?

ot les (gn)nezz sont des gaussiennes indépendantes, centrées réduites. Une
telle mesure est supportée au niveau H~' (T?). Sachant que Qy = V A uy,
cela veut dire que la mesure en termes de variable u est supportée a un
niveau H® (T?), ce qui est trés peu régulier. On se référera aux travaux de
Flandoli [Flal8]. La régularité H° (T?) est trop faible pour I'’étude de la
croissance des normes Sobolev a un niveau de régularité compatible avec une
théorie locale ou globale.
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Une méthode introduite par Kuksin permet la construction de telles mesures.
On en donne les idées principales et on réfere a [KS15, Kuk04] pour une
présentation détaillée.

Plutét que de construire directement une mesure invariante pour (E), on
introduit la régularisation parabolique et stochastique suivante, il s’agit de
I’équation de Navier-Stokes stochastique, qui s’écrit pour v > 0,

(1.26) O, + B(uy,u,) — vAu, = N
' u,(0) = ug € H§,(T7),
avec 11 = 0,€ et
(1.27) = > duB(t)e™"
nez?

un bruit blanc en temps et régulier en espace. Ici les (3,,),czz sont des mouve-
ments Browniens identiquement distribués et indépendants et les (¢,,),ezz sont
des nombres qui caractérisent ce bruit, en particulier on note

(1.28) By= Y [n|*|¢nl*.
nez?
La méthode de Kuksin consiste & mener le programme suivant.

(1) Construire des mesures invariantes u, aux approximations (1.26) en
utilisant un argument de Krylov-Bogolioubov, ce qui se révele étre une
étape qui ne pose aucune difficulté majeure.

(2) Prouver des estimations uniformes pour les p,, il s’agit de 1’étape clé.

(3) Passer a la limite v — 0, ce qui se trouve &tre une étape qui ne pose
aucune difficulté.

Ainsi on se contente d’expliquer comment obtenir les estimations de (2). Le
point de départ est I’équation intégrale satisfaite par u,, qui s’écrit

(1) = 1 + /Ot (AW, — Bluy,u,)) At + VoS dufnl(b)en

Pour une fonctionnelle F' que ’on choisira plus tard, on applique alors la formule
d’Itd au processus stochastique t — F'(u,(t)). On obtient alors

E[F (u,(t)] — E[F(uo)] = v /0 B[ (u,; Auy) dt’
—/ E[F'(u,; B(u,,u,)]|dt
/ Z |n PE[F" (u; ep, €,)] dt’ .

On voit ainsi que le terme /vn apparait dans la formule d’Tto au carré, d’ot le
choix du /v dans (1.26)
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Avec F(u) == ||ul|3: on obtient

E [l (0l3n] — B [luolin] = [ (4) + B@)) ot
ou A(t') est la contribution déterministe donnée par
At = —E[(B(uy,u,),u,) g — v(Auy, u,)m]
et B(t') = B est la correction d'Itd B := 43", [n[?|¢,|* = 5B;.

L’autre ingrédient essentiel de la démonstration est un usage de la dimen-
sion 2 : la forme bilinéaire B satisfait l'identité (B(u,,u,),u, )y = 0, ce
qui se démontre efficacement en utilisant (1.25). Cette égalité est fausse en
dimension 3.

En utilisant d’autre part que v(—Au, u)g = v|jul|3 et enfin 'invariance de
la mesure p, pour laquelle u, () et un processus invariant (construite a 1’étape
(1)), on obtient finalement

¢ N2 Bl / t /
/ (VE[HU,,(I?)HHQ] —y) A =E [ (Bluy, w), ) dt' =0,
0 2 0

ce qui permet de diviser par v pour obtenir ’estimation uniforme suivante :

E [l (03] = 2.

Le résultat démontré par Kuksin s’énonce alors sous la forme suivante.

Théoreme 1.35 (Kuksin, [Kuk04]). Il existe une mesure p supportée dans
H?(T?) telle que :

(i) La mesure u est non triviale et est de réqularité H? :

B, B§
5 et Ballul] > o

E,[[lullF] <

(i1) Pour p-presque tout ug € H?, il existe une unique solution globale

a (E) associée d ug dans Uespace L2 (Ry, H3,) N W (Ry, HL.) N
Wi (R, LP), pour tout p € [1,2].

5.3. Contribution de la these. L’objectif est d’étudier le probleme de la
croissance des normes de Sobolev pour (E) en dimensions 2 et 3. Le méta-
théoreme de la section 2.1 semble adapté a cette étude. De plus la mesure p
construite par le théoreme 1.35 est telle que :

(1) p est invariante pour le flot de (E).

(2) p satisfait les bornes p({ug € H?, |lu||g2(r2y > A}) S A72, ce qui n’est
pas une borne de type gaussienne mais serait suffisante pour appliquer
le méta-théoreme.
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Malheureusement, ’hypothese (3) du méta-théoréme n’est pas vérifiée, car
aucune bonne théorie locale pour (E) n’est connue dans H?(T?). En revanche une
telle théorie est accessible dans H2°(T?) deés que § > 0. Ainsi, afin d’appliquer
I’argument du méta-théoreme pour les mesures de Kuksin, il faut adapter la
construction de telles mesures dans H2+°(T?), puis assouplir la condition (2)
du méta-théoréeme. On démontre le résultat suivant dans le chapitre 5.

Théoréme D (L. [Lat20b]). Soit d =2 (resp. d =3) et s > 2 (resp. s > 7/2).
Il existe une mesure p telle que pu(H*(T?)) = 1 et qui satisfait :

(i) Pour p-presque toute donnée initiale il existe une unique solution
globale u a (E) qui vérifie pour tout t > 0,

[u(®)]

ot o dépend de s et d.

Hsgta7

(it) Sid=2 alors E,[||ul|3:] > 0 et p n'a pas d’atome. De plus p charge les
grandes données initiales : pour tout R >0 on a p(u € H®, ||u||gs >
R) > 0.

(7i7) Sid =3 alors on a lalternative suivante. Ou bien p = &y, ou bien p
n’a pas d’atome.

Une telle combinaison entre 'argument de Kuksin (mesures invariantes a
haute régularité) et celui de Bourgain (globalisation avec faible croissance a
partir d'une mesure invariante) dans le cadre des équations de la mécanique des
fluides semble nouveau. Toutefois, en milieu dispersif une telle combinaison est
déja exploitée par Sy [Sy19a, Sy18, Sy19b]. On trouve également un exemple
de construction de mesures invariantes a un haut niveau de régularité par la
méthode de Kuksin dans les travaux récents de Flodes et Sy ['S20] pour une
équation proche de I’équation d’Euler.

Afin de modifier la méthode de Kuksin on introduit une régularisation
parabolique différente de celle utilisée dans la section 5.2,

(1.29) Oy, + B(uy,u,) +vLlu, = /vy

' uy, (0) = up € H, (T,
ot L = (=AY et n = 9. Ici € et By, sont définis comme en (1.27)
et (1.28).

Il faut alors porter une attention particuliere a la réadaptation de la méthode
de Kuksin pour prouver des estimatinos uniformes. En particulier on utilise
I'annulation fondamentale donnée par (B(u,u),u)z2 = 0 valable en dimensions
2 et 3. Dans le cadre de la dimension 2 on utilise aussi la deuxiéme annulation
fondamentale (B(u,u),u)y = 0. Les détails sont apportés dans le chapitre 5
de cette these.
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Dans le cas de la dimension 3 on doit aussi tenir compte du fait que aucune
théorie globale n’est connue au niveau H2+°(T?). Heureusement, I'argument du
méta-théoreme de la section 2.1 est robuste et est capable de fournir 'existence
de solutions globales a partir de I'information formelle de I'invariance de la
mesure . Cela demande en particulier d’approcher p par des mesures py qui
sont invariantes pour des approximations de (E) tronquées en fréquences et
dont les solutions sont construites globalement. Enfin, un passage a la limite
en N permet de conclure.

5.4. Comparaison des méthodes de construction de mesures inva-
riantes. Les résultats précédents ne sont pas complets, dans le sens ou peu
d’informations sur les mesures p sont données. Pour compléter le théoréme
principal, on peut prouver le résultat suivant.

Théoréme E (L. [Lat20b]). Les mesures p satisfont :
(i) Lorsque d = 2, pour tout ensemble borélien I' C Ry on a
(1.30) plu € H? [lull2 € T) ST,
ce qui implique que p n’a pas d’atome.
(i) Lorsque d = 3, (1.30) est vérifiée uniquement pour des ensembles tels

que dist(I',0) > ¢, la constante implicite dépendant de . Ainsi p ne
peut avoir d’autre atome que 0.

Dans le cas de I’équation d’Euler en dimension 2 et des mesures de Kuksin
de niveau H?, les résultats sont meilleurs. En particulier Kuksin démontre le
résultat suivant.

Théoreme 1.36 (Kuksin, [Kuk04, KS15]). Considérons une mesure i construite
par le théoréme 1.35, invariante pour (E) concentrée sur H*(T?). On a la des-
cription plus précise :
(@) 1l existe une fonction continue p strictement croissante et qui satisfait
p(0) =0, telle que pour tout ensemble borélien ' C R on a

plllullrz € T) + p(IVull 2 € T) < p(|T7) -

En particulier, u est sans atome.

(i1) Pour tout ensemble K C H*(T?) de dimension de Hausdorff finie, on
a u(K)=0.

Ce résultat montre que la mesure construite est « infinie-dimensionelle ».
Malgré ces propriétés supplémentaires, les deux résultats que nous venons
de citer souffrent du méme défaut : ils sont incapables d’exclure qu’une telle
mesure invariante p se concentre exclusivement sur l’ensemble des solutions
indépendantes du temps pour (E), cas dans lequel une étude de la croissance



44 CHAPITRE 1. INTRODUCTION GENERALE

des normes de Sobolev devient sans intérét. Il s’agit d'un axe de recherche
important concernant les mesures de Kuksin.

Profitons de cette discussion pour expliquer que dans le cas des mesures
de Gibbs de la section 2.1 et plus généralement des mesures sous-gaussiennes
construites par (1.12), on peut donner bien plus d’informations sur leur support,
a 'inverse des mesures de Kuksin.

Dans le reste de cette sous-section on fixe une mesure u concentrée sur L?(T¢)
définie comme mesure image par la randomisation

ug () = > gyune™”,

nczd

up = Y ue™* e L*\ |J H",
nezd e>0
et les (gn)neze sont des variables aléatoires gaussiennes centrées réduites, indé-
pendantes. On démontre alors le résultat suivant.

avec

Lemme 1.37 (Appendix B de [BT08a]). Avec les notations ci-dessus et en
supposant de plus que pour tout n € Z¢ on a u, # 0, on en déduit que

supp pu = L2.

Démonstration. On fixe une fonction v = 3°,,cz4 v,™® et € > 0. On souhaite
construire un ensemble € tel que P(Qy) > 0 et tel que ||ug —v||2 < e pour tout
w € Q. Dans la suite on note P<y la projections sur les fréquences |n| < N.
Pour N a ajuster dans la suite on écrit que

lv = ug > < [|(d =P<n)vllLz + [[(d =Pen)ugr2 + [Pan(uo — v)| 22 -
Le terme ||(id —P<y)v|/z2 tend vers 0 lorsque N tend vers l'infini car v est une
fonction L2. On fixe donc N > 0 tel que ce terme soit majoré par s

Pour le terme ||(id =P <y)ug || L2 on utilise I'estimation issue du théoréme 1.14
qui donne

1
P (||(id —P<ny)ug ||z > A) < exp | —cA? ( > |un|2)

[n|>N
Appliquée & A = ¢ on en déduit un ensemble €2; de probabilité non nulle pour
lequel on a ||(id —P<y)ug||2 < § pour tout w € Q.
Enfin, on définit ’ensemble
€
0y = ﬂ {|ung,“; — v,| < Né} ,
In|<N 3

de probabilité strictement positive, grace au fait que u, # 0 pour tout n € Z<.
Ainsi pour w € Qg = Q1NQ on a ||[v—uf| 2 < &, ce qui achéve la démonstration
car par indépendance de Q et Qs on a P(2) = P(Q)P(Qy) > 0. O



6. GRUSHIN-HEISENBERG NLS 45

5.5. Perspectives. Comme le montre la discussion de la sous-section pré-
cédente, il est possible que les mesures produites par le théoreme 1.35 et le
théoreme D soient supportées exclusivement par des solutions indépendantes du
temps. Une question, proablement difficile mais naturelle est la suivante.

Question 1.5. Peut-on décrire le support des mesures de Kuksin produites
par les théoreme 1.35 ou le théoréeme D ? Peut-on, dans certains cas, exclure le
scénario de concentration sur les solutions indépendantes du temps ?

On peut déja pointer deux difficultés majeures qui empéchent méme de
développer une quelconque intuition quand a la réponse a cette question.

(1) La premiere raison est le manque de description des mesures, qui sont
construites par compacité. Les propriétés de ces mesures doivent étre
étudiées uniformément a partir des mesures approchées u,, comme
c’est le cas dans le théoréeme 1.36 par exemple.

(2) La deuxieme raison est le manque de description des solutions indépen-
dantes du temps pour (E), qui forment un tres vaste ensemble. [CS12]

Aborder frontalement ce probléeme pour ’équation d’Euler incompressible
semble difficile, peut-étre que pour d’autres équations, comme les équations
dispersives qui ont moins de solutions stationnaires, le probleme serait plus
simple & étudier. On peut citer les travaux récents [BCZGH16, GHSV15] qui
étudient des équations modeles. Enfin, signalons que dans un contexte simplifié,
de dimension finie, le support des mesures de Kuksin a été étudié [MP14].

6. Probleme de Cauchy probabiliste pour NLS pour d’autres
géométries

Cette section concerne le chapitre 5 de cette these et s’insere dans le cadre de
I’étude du probleme de Cauchy local a données aléatoires. Les travaux qui sont
présentés sont le fruit d’'une collaboration avec Louise Gassot et font I'objet
d’un article pré-publié¢ [GL21].

On s’intéresse au probleme de Cauchy local pour I'équation de Schrédinger
posée sur le groupe de Heisenberg. Cette équation peut étre écrite sous la
forme

o 10+ Agpu = |u|*u,
(NLS H ) { u(o) = wug € HS<H1),

ot u(t) : R® — R3. En notant (x,y,s) € R? on a
1
A = (02 +02) + (a* + )22,
les espaces H*(H') sont associés & ce sous-laplacien.

Un modele simplifié, en deux dimensions d’espace, mais qui retient une
grande partie des difficultés liées au sous-laplacien de Heisenberg est 'opérateur
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de Grushin. Ainsi une version simplifiée de (NLS-H') & laquelle on s’intéresse

est la suivante :
iou+Agu = |ufu,

(NLS-G) { u(0) = wy € HE,

avec Ag = 02 + 220 et (z,y) € R®

6.1. Probléme de Cauchy pour (NLS-H') et (NLS-G). L’intérét d’étudier
de telles équations provient du manque de théorie déterministe satisfaisante en
ce qui concerne le probleme de Cauchy local. Plus précisément et avant d’énoncer
les résultats existants, remarquons que (NLS-H') (et de méme pour (NLS-G))
conservent au moins a un niveau informel la quantité

1 1 1
E(t) = 5 (~Am)buldagm + 7lelisg

I’énergie pour (NLS-H') dont le niveau de régularité est H'(H'). Ainsi si 'on
parvenait a écrire une théorie de Cauchy locale pour (NLS-H') dans H*(H!'),
on pourrait construire des solutions globales. Or la meilleure théorie connue a
ce jour est donnée par le résultat suivant.

Proposition 1.38 (Probléme de Cauchy pour (NLS-H!) et (NLS-G)). On
définit ke = 2 (resp. ko = %) Soit k > ke, alors le probleme de Cauchy

pour (NLS-H') (resp. (NLS-G)) est uniformément localement bien posé dans
Co([0, T*[, H*) avec T* > ||u0||1_ﬁc)

Une démonstration dans le cas Heisenberg peut étre trouvée dans [BGO1], et
dans le cas Grushin une démonstration est proposée dans I’annexe du chapitre 6.
La démonstration utilise I'injection de Sobolev H* <+ L>, valable dés que
k> kc.

Ainsi, méme dans le cas Grushin, la théorie locale ne s’applique pas dans
H}. Pour k < k¢, I'obtention d'une théorie locale est un probléeme ouvert. Pour
aller plus loin on pourrait essayer de démontrer des estimations de dispersion
comme dans le cas euclidien. Or il est connu que ’équation de Schrodinger sur
le groupe de Heisenberg n’est pas dispersive,ce qui a été observé dans [BGX00]
et implique que le flot de (NLS-H') (resp. (NLS-G)) n’est pas régulier dans
les espaces de Sobolev H* dés que k < kc. Une telle démonstration peut étre
trouvée dans l'introduction de [GG10] et la remarque 2.12 de [BGTO4]. A
cause de cette absence de dispersion, le paradigme dispersif ne s’applique plus.
Des estimations de Strichartz qui utilisent des méthodes de restriction ont été
obtenues récemment [BBG19] mais ne permettent pas a ce jour une étude du
probléme de Cauchy pour (NLS-H').

6.2. Contribution de la theése. Le résultat principal que nous démontrons
est une construction probabiliste de solutions uniques pour (NLS-G). Un ré-
sultat similaire pour (NLS-H') fera stirement 1'objet d’un travail futur. Notre
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résultat s’énonce pour des données initiales dans un sous-espace de HE noté
X ,f, qui correspond a un sous-espace de régularité partielle en y plus élevé, il
s’agit d’'un espace anisotrope. Afin d’introduire les résultats, on dispose d’une
décomposition fréquentielle des fonctions de HE, quelque peu analogue A la
décomposition fréquentielle de Fourier sur le tore. Toute fonction uy € HE
s’écrit sous une forme

Uy = Z Uq,m s

(a,m)eN*xN
et 'on peut ainsi introduire une mesure y,, sur HS image par la randomisa-
tion
(1.31) ug = Y. gL tam
(a,m)eN*xN
ou les {g;‘im}(a’m)eN*XN sont des variables aléatoires gaussiennes complexes
indépendantes et identiquement distribuées. On consultera I'introduction et la
section 2 du chapitre 6 pour plus de précision.
Théoréme F (Gassot-L. [GL21]). Soit k €]1, 3] et up € X' C HE.
(i) Pour tout { €]3,k + 5[ et presque tout w € Q, il existe T > 0 tel qu’il
existe une unique solution locale a (NLS-G) ayant pour donnée initiale
ug, dans l'espace

eitAGu‘aJ + CO<[O’ T[’ Hé) C CO([O7 T[? Hé’) :

Plus précisément, il existe ¢ > 0 tel que pour tout R > 0, en dehors

— 2 ..
d’un ensemble de mesure au plus e, on peut choisir T > %.

(ii) (Pas de régularisation aléatoire) Siug € HE\ (.o HE™) alors

supp(,) C HE\ (U HE™) .

e>0

(iii) (Densité du support des mesures) Soit € > 0, alors il existe vy €
X\ (Uaso HE) tel que

SUPP(MUO) N BH’&(“O?‘S) 7é .

Les assertions (47) et (#7) montrent que les mesures produites a partir des
fonctions HZ sont supportées par Hf, mais pas par des fonctions plus régulieres,
ce qui est tout a fait similaire & l'appendice de [BT08a], la démonstration
étant similaire. D’autre part I'union des support de telles mesures épuise HE.
C’est un résultat de densité que 'on peut qualifier d’analogue aux résultats de
I'appendice de [BT14].

Comme nous 'avons déja signalé, une difficulté inhérente liée a 1’équation
de Schrodinger est son manque de régularisation de 'opérateur de Duhamel.
Dans le cas d'un domaine comme R? les estimations bilinéaires permettent de
surmonter un tel manque de régularisation afin de développer une théorie de
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Cauchy locale probabiliste similaire a celle de la section 2.2. Dans le cas du
sous-laplacien de Grushin, ce sont de telles estimations bilinéaires et trilinéaires
dont il faudrait disposer. Nous en obtenons des version valables lorsque au
moins I'un des termes est aléatoire.

Théoréme G (Estimations multi-linéaires probabilistes). Soit k €]1,3] et

ug € XF C HE. Soit u§ comme dans(1.31), et notons z* = e*Acy € CO(R, HE)
la solution de l’équation de Schridinger linéaire associée a uf. Alors il existe
c > 0 tel que que les énoncés suivants soient vérifiés. Soit q € 2, 00).

(i) Pour tout R > 1 and T > 0, en dehors d’un ensemble de probabilité

au plus e_CRQ, on a
1
(132) 00 et + WPl ey < BT ol
(1.33) IR “’II IS R3Tq|\u0||xk.

k+
G
(it) On requiert de plus que ug € Xﬁao pour un certain €9 > 0. Soit
< k+ % Alors pour tout R > 1 et tout T' > 0, il existe un ensemble
Er 1 de probabilité au moins 1 — e R el que [’énoncé suivant soit

vérifié. Soit w € Epr et v,w € L HE, alors
(1.34) 120w g g, < BT o] g

F e ||U||L§9Hg||w||L39Hg :

Les fonctions v et w peuvent dépendre de w.

Remarque 1.39. A la différence du cas R? ces estimations sont ponctuelles
en temps et ne résultent pas d’'un phénomene de moyenne temporelle, mais
plutdt d’un gain probabiliste qui est 1ié aux propriétés des fonctions de Hermite.
En effet, comme nous ’expliquerons plus en détails dans le chapitre 6, la
transformée de Fourier partielle en y — 7 des fonctions u € L% se décompose
suivant la base des fonctions de Hermite aprés changement d’échelle :

Fyom(z;0) = 2 fun(m)hm(n]22)
m=0

ainsi les produits uv font apparaitre des produits de convolution des fonctions
de Hermite. La bonne connaissance de ces fonctions permet d’en déduire un
gain de régularité partiel.

Equipe de ces estimations multi-linéaires on peut alors résoudre le probleme
de Cauchy pour une donnée aléatoire u§ en cherchant une solution sous la forme
u(t) = 2°(t) +o(t), v € C[0,T[, H), £ > 2. On peut alors appliquer la théorie
locale déterministe a v qui satisfait formellement I’équation, intégrale

t
o(t) = —i / 080 (122 4 o2 (22 1)) dt'.
0
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En développant le cube, le terme en |v|*v ne pose alors aucun probléme, c’est le
terme controlé par la théorie déterministe a base d’injections de Sobolev. Pour
les autres termes il faut appliquer des estimations multi-linéaires. L’estimation
du terme purement probabiliste, c’est & dire le terme |2¥|?2%, s’obtient par
application de découplage probabiliste et d’estimations multi-linéaires déter-
ministes. Le terme le plus difficile & traiter est un terme mixte entre partie
déterministe et probabiliste, [v|*2* qui demande un traitement particulier, voir
la section 7 du chapitre 6.

6.3. Perspectives. Plusieurs questions naturelles se posent et pourraient
fournir de bons prolongement a 1’étude de ’équation de Schrédinger pour
I'opérateur de Grushin et de Heisenberg. En particulier, le théoréme F laisse
ouvert le probléeme de Cauchy dans I'espace d’énergie H(,.

Question 1.6. Est-il possible d’étendre le résultat pour k = 1 ? Est-il possible
de produire des solutions globales dans ce cas ?

S’il est fort possible que les techniques développées nous permettent de

construire une théorie locale au niveau H},, celle ci serait alors construite dans
‘ 3+
le sous-espace e“A¢yu¢ + HZ , mais ne permettrait pas d’en déduire pour autant

3
une théorie globale dans H/,. Tl faudrait démontrer que la partie v € HZ est
globale, ce qui semble difficile.

Enfin, on peut s’intéresser au cas du sous-laplacien de Heisenberg que nous
avions écarté.

Question 1.7. Peut-on prouver un résultat similaire au théoréeme F' dans le
cas de l'équation de Schrodinger posée sur le groupe de Heisenberg ?

Annexe A. Preuve du théoréme 1.14

Démonstration du théoréeme 1.14. La deuxieme inégalité découle de la premiere
par intégration en écrivant que toute variable aléatoire Y vérifie

IVl =p [ V(Y] >0 dx.

Pour la premiere inégalité, on remarque que ’on peut se contenter de prouver
I’inégalité sans valeurs absolues, grace a la remarque que pour toute variable
aléatoire Y, on a P(|Y| > A) < P(Y > \) + P(=Y > \).

On introduit un parametre ¢ > 0 que 'on ajustera en fin de démonstration
et I'on remarque que

P (Z an X, > )\) =P (exp (t Z anX”) > ew‘) .
n=0 n=0
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L’inégalité de Markov, I'indépendance des X,, et (1.11) impliquent

P (Z anXp > )\) <e ™[] E[e*] < exp (—t)\ +ct® ) ai) :

n=0 n=0 n>=0

de sorte que le résultat escompté s’obtienne par optimisation en . Il

Annexe B. Grandes lignes de la preuve du théoréme 1.25

La démonstration de ce théoreme utilise un élément essentiel et spécifique
a R? il s’agit des estimations bilinéaires pour les solutions de 1’équation de
Schrodinger linéaire

(1.35) {i@tu+Au =0

u(0) = wug € H*(RY).

Lemme 1.40 (Estimations bilinéaires). Soient u,v deux solutions de (1.35)
ayant pour données initiales ug,vo € L. On note uy, = Py,u et vy, = Pr,v
les projections fréquentielles de ces fonctions sur les fréquences [Ny, 2N;]. On
suppose que Ny = Ny. Alors on a

N\ 2
fusionallzz, S N () o (O) ez lowa O)]2-

Remarque 1.41. Remarquons que lorsque N; = Ny ce lemme découle des
inégalités de Holder et Bernstein. Le facteur (No/N;p) exprime alors un gain de
presque une demie dérivée lorsque Ny > Nj.

Afin que ce résultat puisse étre utilise pour des solutions proches des solutions
linéaires, on travaille dans des espaces adaptés a 1’évolution linéaire, introduit
dans ce contexte dans [Bou93]. On définit espace X*° par la norme

lull oo = Il = 1€P)*(€) alr, )z,

ou u et la transformée de Fourier temps-espace. L’estimation bilinéaire précé-
dente peut étre « transférée » aux espaces X*°. De facon plus précise, on fera
usage des inégalités suivantes, rassemblées ci-dessous.

Corollaire 1.42 (Estimations linéaires et bilinéaires dans X*°). Soit nr(-) un
cuttof en temps, lisse et tel que 1jor) < nr < 1ljor). Soit s € R, b E]%, %[ et
00,30

(i) Estimations linéaires : on a

t o,
(1.36) ’ nr(t) / AR dt
0

o ST F|| xs—10 .

(it) Estimations bilinéaires : soient Ny > Ny, b > % et deux fonctions
un,, un, € X localisées en fréquences (spatiales) autour de Ny (resp.
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Ny ). Alors on a

1
Ni\ 2
(1.37 fusionallzz, S Mo () e oo o o

On voit donc que leffet de opérateur intégral de Duhamel en norme X*?
est directement lisible sur 'indice b.

Démonstration du théoréme 1.25. On ne donne pas une démonstration com-
plete, le but est uniquement de montrer en quoi ’estimation bilinéaire est utile
dans la preuve. On reprend le schéma introduit pour étudier le probleme de
Cauchy local en cherchant v tel que u(t) = ur(t) + v(t) résolve (1.14), c’est a
dire que l'on doit résoudre

v(t) = ®(v)(t) == —i /Ot e 2 (ug, 4 v](ug +v)) dt’ .

Teto=1%.

On montre alors que ® est une contraction X% — X% avec b = %

Gréce a une inégalité de Strichartz (1.36), on obtient

180l oy S T+ oz + )]y

<T%  sup / 4(V>1+\uL+v\2(uL+v)wdth:.
RtXR:C

loll 4+ <1
X2

ol on a utilisé la dualité dans la derniere ligne.

Le développement de uy, + v|?(ur, + v) apporte essentiellement deux termes
dont le traitement est radicalement différence : le terme en |v|?v qui se traite
par les méthodes déterministes et le terme |ur|?uy sur lequel on concentre notre
étude. Les autres termes se traitent en combiant les méthodes employées pour
ces deux termes.

Par opposition au cas (fNLS) avec 8 > 0, 'opérateur de Duhamel ne fait pas
gagner des dérivées, ainsi en fonction du terme sur lequel agit la dérivée <V)1+,
il n’est pas évident que l'on ait ||[ug[*up|| 4+ 1~ < o0.

2

Pour compenser, on va utiliser les estimations bilinéaires et pour cela, on
commence par découper chaque fonction u; dyadiquement en fréquences spa-
tiales, grace a une décomposition de Littlewood-Paley u; = > ycov un. On en
déduit alors

Lo (uPuwdtde = 3 (V) () )iz

N1,N2,N3,N4
max{N1,Na2,N3}~Ny
la condition sur N, provenant du théoreme de Parseval et du produit scalaire
L?. De plus, quitte & considérer les sommes symétriques, on peut supposer que
dans cette somme on a Ny ~ N3 > Ny, Nj.
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Le cas Ny ~ Ny ~ Nj est favorable car alors (V) agit comme N; est peut
étre distribué suivant chacun des termes. Dans la suite on se concentre sur le
cas Ny ~ N3 > Nj, Ny avec la condition supplémentaire Ny, Ny < N3, ce qui
empéche d’échanger les dérivées. On s’attend a ce que ce cas soit I'un des plus
difficiles de 'analyse.

Au niveau fréquentiel uy, un,un, est supporté autour de max{N;} = Nj,
on peut estimer le « colit » de la dérivation par N3. On utilise également que
N3 > Nj et Ny > N, pour tirer partie de I'estimation bilinéaire (1.37) :

+ +
(<V>1 (uNluN2uN3)7uN4)L§,x S ]\731 HuNluNs”LimHwN4uN2||Lim
1 1
+ N1 2 NQ 2 3
SN () M (F2) Towlxoo IT

=1

X0, .

En utilisant alors que ||uy; || xo0 ~ N; °||un;, || xs» €t en tenant compte des tailles
des N; on en déduit
125 3

+
<<v>1 (uNluNzuN3>7uN4)Lf’x SNy ° HwN4||X0J> H HuNz
i=1

Xs:b

ce qui est une contribution acceptable des lors que s > % Une preuve complete
peut étre trouvée dans [BOP15b]. O
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General Introduction

The study of partial differential equations with random initial data is the
main object of the work presented in this dissertation. The equations in concern
are of various physical origins: the wave equation and the Schrodinger equation,
both qualified as dispersive, but also the Euler equation which models a perfect
incompressible fluid.

The purpose of this introduction is twofold. It is both to present the
general methodology that is used to study these partial differential equations
with random initial data, but also to introduce the works presented in this
dissertation, replacing them in context.

To this end, Section 2 should be read as an introduction to two methods
which I believe are the most general and adaptable, and are probably useful in
other contexts. The following sections, numbered from 3 to 6 each introduce
a chapter of the dissertation. They put the work in context and highlight
some of the difficulties that arise. Finally, this introduction does not put the
emphasis on rigour rather than the main ideas. In particular, I will provide
ideas of the proofs rather than complete proofs, those can be read in the referred
articles.

All of the works of this dissertation have resulted in a publication or a
pre-publication. The original results of the dissertation, which are stated
in this introduction, are numbered with letters and have been published or
pre-published in the following articles:

e Almost Sure Ezistence of Global Weak Solutions for Supercritical Wave
FEquations, Journal of Differential Equations, Vol 273, pp. 83-121.

e Almost Sure Scattering at Mass Reqularity for Radial Schrédinger
Equations, pre-print arXiv:2011.06309.

e Construction of High Regularity Invariant Measures for the Euler
Equations and Remarks on the Growth of the Solutions, pre-print
arXiv:2002.11086

e Probabilistic Local Well-Posedness for the Schridinger Equation Posed
for the Grushin Laplacian, pre-print arXiv:2103.03560.
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Before introducing the two fundamental methods in the study of random
data equations, let us give some physical and mathematical reasons for our
interest of random data.

1. Why introducing randomness in PDE?

In this section, we limit ourselves to mentioning a few reasons that make
the introduction of random data useful — even desirable — for the study of
partial differential equations. This section does not claim any mathematical
rigour.

1.1. Motivation from physics. A main reason for studying initial random
data is the need for a statistical description of solutions to specific equations.
A particularly important example is the phenomena of turbulence and mixing
in the equations of fluid mechanics, which are still very poorly understood to
this day. Being able to describe them or to establish rigorously some observed
empirical “laws” is a major challenge. For example, one can consult [BBPS19]
for recent progress in this direction.

Even though everyone can experience the phenomena of turbulence, for
example by looking at the flow of air around the wing of an aircraft, it is even
more common to experience the phenomenon of mixing: milk poured on the
surface of a cup of coffee will tend to mix with the coffee in a stretch-fold
process, rapidly forming highly complex structures. Figure 1 (a) illustrates this
phenomenon, and Figure 1 (b) gives a numerical simulation of the equations
describing the phenomenon.

e
‘ -

| \

(a) Mixing of milk and coffee (b) Numerical simulation

Figure 1. The mixing phenomena'
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One can thus understand the complexity of describing such phenomena.
Faced with such a complexity of the observed solutions one can try to describe
the “average” behaviour of such solutions, deduce the typical behaviour of
the solutions and characterise the deviation from this average behaviour, find
invariants, quantities which characterise the behaviour of the great majority
of the solutions, and hence the idea of studying these equations with random
data.

Here is another reason to consider random data. One can criticise the notion
of solutions considered in mathematical statements for their lack of physical
meaning. In fluid mechanics, a striking example is the non-uniqueness of the
weak solutions of the Euler equation. Without going into details, Sheffer and
Shnirelman [Sch93, Shn97] and more recently [DLS09, Isel8] proved that it
is possible to produce such weak solutions which are equal to zero between
time ¢t = 0 and ¢t = 1, non-zero for ¢t € [1,2] and vanish again for all t > 2.
In concrete terms, this means that a fluid initially at rest suddenly becomes
agitated at time ¢t = 1 without any external force and then returns to rest at
time ¢ = 2. One may wonder about the relevance of such a notion. These
solutions are excluded by fluid mechanics and contradictory to experimentation.
Should we deduce that the Euler equations are a bad model of the physical
phenomena they are supposed to model? Or is it the notion of solutions as
considered by mathematicians that is not the right one, because the space of
admissible solutions contains pathological examples? One may thus want to
develop a generic notion of solutions, so that these pathological constructions
are not the typical case of the considered solutions.

Remark 2.1. One should not fall into the opposite excess and think that the class
of functions considered in physics should be limited to very regular functions.
The resolution of elementary questions in quantum mechanics requires the
use of rough functions which belong to the Sobolev spaces. To give just one
example, the solution of the semi-infinite well problem in quantum mechanics
(discussed in [BD02]) requires that the functions considered have discontinuous
derivatives. In a similar way, the notion of point charge at a point P considered
in electrostatics, is formalised by a Dirac distribution dp, which is not even a
function.

1.2. Overcoming the deterministic limitations. There are also purely
mathematical reasons for studying random data. One of the first questions
which a study of a partial differential equation should address is to make sense
of its solutions. As a reminder, let us recall what is usually meant by “solving”

Y(a) is extracted from Quanta magazine at www.quantamagazine.org/
mathematicians-prove-batchelors-law-of-turbulence-20200204 and (b) is the
result of a numerical simulation [Kra96]
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locally and globally the abstract evolution equation:

ou(t) = F(u(t
o (a0 = P

where F': X — Y and with X, Y some Banach spaces, of unknown variable
u : R — X, the evolution variable t generally representing time. This is also
called solving the Cauchy problem. With the previous notations we have the
following definition.

Definition 2.1. The equation (2.1) is said to be locally well-posed in the space
X if for any bounded set B C X and for any initial data ug € X there exist
T = T(ug) > 0 and a unique solution u € C°([0, T, X) to (2.1), and additionally,
the application ug — u defines a continuous function B — C°([0,T], X). The
problem is also called uniformly well-posed when this application is uniformly
continuous on B.

We refer to [Tzv06] for more details. Finally, the problem is said to be
globally well-posed if it is possible to take T' = oo in this definition.

This definition can be seen as the basic specifications of the notion of solution.
In addition to the existence and uniqueness, it requires in particular a property
of continuity with respect to the initial data which makes such solutions very
robust.

For some equations, such local or global Cauchy theories are unknown or even
false in spaces where one would however like to construct solutions. Consider
the example of the Schrodinger equation on a compact Riemannian manifold
(M, g) of dimension 2:

(2.2) 10+ Agu = |ulu,

with the initial data u(0) = uo € H*(M), the usual Sobolev spaces associated
to the manifold M.

The local Cauchy problem for (2.2) is well-posed in the Sobolev spaces H*(M)
provided s > %, see [BGTO4]. In the case of the sphere, this threshold is even
lowered to s > i, [BGTO5]. For the torus, whose arithmetic properties help to
lower this threshold, the threshold is even lower: s > 0, see [Bou93].

In the latter two cases, the results are essentially optimal, since it is known
that for s < i (resp. s < 0), the Cauchy problem is not uniformly well-
posed [BGT02, Ban04] (resp. [BGT02, CCT03, Mol09]). More precisely, in the
articles [CCTO03] and [CKST10], the authors show that for any small ¢,7 > 0
and any large K > 0, one can construct initial data which are € close and give

rise to solutions such that at time t = 7 they are K-separated.

The conservation, at least at a formal level, of the quantity ¢ +— [|u(t)||72
by the equation (2.2) would make it possible to build global solutions, provided



2. THE CORE OF THE PROBABILISTIC APPROACH IN TWO THEMES 57

that local solutions can first be produced. However, a local Cauchy theory is
not known at this level of regularity. The introduction of random data makes it
possible to overcome these regularity thresholds in certain situations that will
be studied. The basis of such a strategy will be explained in Section 2.

In the case where the Cauchy problem is ill-posed at a fixed level of regularity,
one may also wonder whether this ill-posedness applies to all initial data, or
whether on the contrary one can identify a class for which solutions can be
uniquely constructed. In this case, a probabilistic theory would at least play the
role of an “example provider”. Indeed, let us assume that we have an equation
whose local (or global) Cauchy theory in H*° is unknown. Also assume that
no explicit solution in H*° is known, except for a few trivial examples like the
zero function. A probabilistic construction of the type “for almost any initial
data in H*° there exists a unique associated solution” a fortiori produces at
least one solution which was not known by deterministic methods.

We fix a probability space (2, F,P) and we will always denote by w an
element of €2 in the rest of this introduction.

2. The core of the probabilistic approach in two themes

We are now going to introduce two probabilistic methods which are certainly
central in the study of random data equations. This dissertation will use these
methods, or variants of these methods. It is the large number of applications
and the robustness of the ideas which make these methods so important in
study of partial differential equations with random data. We will present
them in their chronological order of appearance, first the method of invariant
measures which globalises solutions and goes back at least to [Bou94] then the
local method used in [BT08a]. These articles can be considered as the founding
works of the whole study of dispersive equations with random data.

The review of the existing works will be minimal in this section, in particular
the very recent developments of these methods will not be presented. The
presentation of the two main methods will be carried out through the example
of a fractional Schrodinger equation with derivative gain:

{ i0u — (—=A)*u = (V)7 (|ulu)
u(0) = wg € H*(T?).

We will take (d, a, B) = (3,2, 1), but the results of Section 2.1 and Section 2.2
will be written for general values of d, o, 8 > 0.

(ENLS)

The choice of such an equation is motivated by exposition reasons. We choose
an equation of order 1 in time in order to reduce the length of our expressions
and the gain of derivative in the non-linearity given by g > 0 greatly simplifies
all the arguments presented. Note that if 5 = 0 then studying (fNLS) with
random data becomes much more difficult, we refer to [Bou96] for such an
example.
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Before delving into the details of these methods we briefly recall the usual
deterministic method for constructing local and global solutions.

In order to prove that the Cauchy problem for (fNLS) is uniformly locally
well-posed in H® for s large enough, we use a fixed point argument in which
the main ingredient is the Sobolev embedding, which we will use through this
chapter. More precisely, we use that:

(i) For s > 4, the embedding H*(T%) < L>(T¢) is continuous.

(i) For s € [0, %), the embedding H*(T?) — LP(T?) is continuous as soon

1 1_ s
asp>2 L

(#ii) For € > 0 and p > 2 such that ep > d there holds W&?(T?) — L>(T?).

Lemma 2.2. Let s > g. The Cauchy problem for (INLS) is uniformly locally
well-posed in the space H*(T?).

Proof. In integral form, (fNLS) writes

—it(—A)* e imha” INEI; /

(23)  u(t)=e o — Z/O —— (Ju(®)Put)) dt’,

which will be referred to as the “Duhamel formulation”. Solving (2.3) then
boils down to solving a fixed-point equation ®(u) = u for the functional
¢ :C([0,T],H*) — C([0,T], H*) defined as the right-hand side of (2.3). The
goal is to apply the fixed-point theorem to the restriction ® : Brr — Bgrr
where Bp 1 stands for the closed ball of C(]0, 7], H®), centred at 0 and of radius
R.

Let ug € H*(T?). For a reason which will be clear at the end of the proof we
fix R > 2|Jug||gs. We seek for a time T' > 0 such that ® stabilises the ball Bg 7
(which is not immediate a priori) and a contraction mapping on this same ball.
As often in this situation, the second requirements follows from an inspection
of the proof that ® stabilises Brr for T" small enough, which we are going to

show. In other words, we want to prove that for u satisfying ||ul[zeems < R,
there holds ||®(u)|rems < R.

For such v and ¢t € [0,7], we start with an application of the triangle
inequality:

() (0) A e (TR

We now use that e is an isometry in H*(T?), which follows from the
Parseval theorem. Therefore we have obtained

() (0) et [ ) P

R 2
< 5 + Tllulull s

e < e g ar’ .

Hs—5
—it(—A)

e < JJuo]
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In order to conclude, we wish to prove

wo-n S Hlulls -

uu]*ul

Such inequalities are rigorously proven using product laws in Sobolev spaces,
we only give the intuition. When differentiating 13, s times, one obtains many
terms of which the one carrying the more derivatives on a single term is u?V*u.
One then expects this term to be the leading term, that is we should think as
Vi(|[ul?u) ~ |u]?V*u, and thus the Holder inequality gives

me S [Jullzee e

luaf*ul

Using that ||Jul?ul|gs—s < |||u|?u|lgs and the Sobolev embedding |ul|ze~ <

|ull = (since s > %) we obtain

R
1D(uw) || Loe s < 5 +TR?,

which is bounded by R as soon as T' < %RQ. U

This local theory can be sharpened. For instance we did not use the full power
of the Sobolev embedding as we only bounded |||u|*u||gs-s < |[|u*u] gs, not
exploiting the 8 gain. Fixing this issue leads to the following local theory.

Lemma 2.3. For s > %, the Cauchy problem for ({NLS) is uniformly locally
well-posed in H*(T?).

Proof. Going back to the above computation, we have
R 2
1)l zoerre < 5 + Tlllul“ul[poss,
so that it remains to prove that for any s > % and any u € H? there holds

(2.4) el gro-s < Mlulls

To this end we make another use of the heuristics given by
VP (Ju*u) ~ V* Pulul* + {lower order terms},

which allows us to apply the Holder inequality with finite p and ¢ satisfying
% + % = % and the Sobolev embedding to obtain

oo S V2l ol 720
2
S lul Hs_md(%_%)HUHHd(%_ﬁ) -

Therefore (2.4) is obtained if there holds

1 1 1 1
— )« Z_ " l<s.
s B—i—d(z >\sandd<2 2q>\8

ul*ul
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The first condition translates in % < g and the second in é >1- %‘”. These
two conditions are therefore simultaneously satisfied as soon as 1 — %5 < g,
that is for s > %, which is the assumption. O

Remark 2.4. The proof above is not optimal either. No specific property
of (fNLS) has been used, except that the linear semigroup is an isometry
in L2. A more refined local theory should take advantages of the dispersive
nature of (fNLS). For exposition reasons however, we restrict ourselves to the
elementary local theory of Lemma 2.3.

The obtained local theory can be compactly written in the following form:
for ug € H*(T?) there exists 7 ~ ||ug| 5> such that the local Cauchy problem
for (fNLS) associated to ug is well-posed on [0, 7]. Moreover for any ¢ € [0, 7]
there holds ||u(t)||gs < 2||uol|ms-

In order to construct global solutions, a natural attempt is to iterate the
local argument above at time ¢ = 7. Therefore one can see that a sufficient
condition for extending a local solution until any target time 7" > 0 is that
t — ||u(t)||gs is bounded. To this end one could use an a priori estimate on
||| s, which in general turns to be very difficult to obtain. As an example,
for (fNLS), multiplying by (V)?u and integrating gives that

1 1
E@) = Slu®I’ .. + Flulle

2
2

is formally conserved and then the Ho+2 norm of u(t) is bounded. this allows
for extending solutions of Lemma 2.3 of regularity H a+§, into global solutions.

In the case (d, o, 8) = (3,2,1) we have constructed a local theory in H*(T?) as
soon as s > 1, and since a + g = 2 we infer a global theory in H?.

We are now going to explain another method for producing global solutions
based on a statistical conservation which will eventually lead to the construction
of global solutions at regularity lower than H2.

2.1. Invariant measures: the globalisation argument. Let us first recall
what is meant by an invariant measure. Given the flow ¢; : X — X of a
differential equation, a measure y on the space X is said to be invariant under
¢y if for all measurable (or Borelian) set A C X and all ¢ > 0 there holds

(-1 A) = p(A).

Intuitively, this means that the statistical properties encoded in y are conserved
by the flow, that is the statistics of the dynamics remains unchanged upon
time evolution.

Obtaining invariant measures for dynamical systems such as partial differen-
tial equations is a problem of great importance. In particular, let X be a space
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on which a flow ¢; acts. Let us assume that a measure p is invariant under ¢,
then two important results apply:

(1) The Poincaré recurrence theorem, which asserts that in this case,
for any measurable set A C X with p(A) > 0, almost all u € A is
recurrent, in the sense that ¢,u € A for infinitely many ¢.

(2) The Birkhoff theorem, which relates spatial averages of f o ¢, and
statistical averages of f for a class of functions f : X — X called
pu-ergodic functions.

The class of Hamiltonian differential equations naturally admit invariant
measures. Such equations write

with initial conditions (¢(0), p(0)) = (g0, po) € RY x RY where H : RY x RY —
R.

In this case an invariant probability measure is given by
dp = Z e H9P) dgy dpy

where dgo dpy stands for the Lebesgue measure of R*V and Z is a normalisation
constant.

In order to prove invariance, one verifies that ¢t — H(q(t),p(t)) has zero
derivative, hence H(q,p) is conserved by the flow of (2.5). The invariance of u
then follows from the following result.

Lemma 2.5 (Liouville). The measure dqo dpo is invariant by the flow of (2.5).

Proof. Let ¢, be the flow associated to (2.5) and consider f : (¢,p) — f(q,p).
Writing

((¢¢)+dqo dpo, f) = /f(cbt(qo,po))dq() dpy = /f(Q(f),p(t))qu dpo,
we infer
S (@0.davdpo, )= [ (0,7(a.0) + 50, (a.p)) dao dpo.

It is then sufficient to use (2.5) and integrate by parts to obtain that t +—
(¢rdqo dpo, f) is constant, thus the invariance of dgg dpy. O

Although it is infinite dimensional, (fNLS) enjoys a similar structure. In
order to see this, we write u € L*(T%) in Fourier series:

u(x) = > u,e™?,

nezd
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and write u,, = ¢, + ip,. The real variables ¢ = (¢,)neze and p = (pp)peza are
sufficient to describe u. We check that u = ¢ + ip solves (fNLS) if and only if
(p,q) is a solution of

atp = _aqH(qap) )

supplemented with initial data (¢(0),p(0)) = (Re(ao), Im(ay)), with H(g,p) =
H(u) defined by

{@q = 0,H(q,p)

H(u) = S l-2)Ful + ((9) 2 (ufu), u),,

which is conserved under the flow of (fNLS) and is obtained by multiplication
of (fNLS) by @ and integration by part.

Let us write du := dpdq, a measure which should be rigorously defined in
the following. Therefore we expect the measure

26)  du(w =2 exp (=) Fulls — (V)P (lufu)u) ) du,

to be invariant for (fNLS), where Z is a renormalisation constant.

Note that in addition to the problem of giving a proper meaning to du is the
problem that the above setting is finite dimensional, whereas (fNLS) is infinite
dimensional.

Let us briefly explain how to construct du. More precisely we will directly
construct
1
2
The measure du can then be constructed as an absolutely continuous measure
with respect to dug. We refer to Chapter 4 for an example.

_ 1 a
dpofu)* = "2 exp (=l = 3 l(~2)Full?) du.

At least formally, one can picture Z~'du as the product measure ®,,czq¢ dis,.
Writing u with Fourier coefficients w,, we construct the measure

2.7 dpo(v) = om) Lo~ 3 AN unl? gy,
(2.7) po(u) = ) (27) :

nczd

where the introduction of (277)~! serves as a renormalisation in order to recognise
independent Gaussian densities on each Fourier coefficient. More precisely, the
measure fi is obtained as the image measure by the map

(2.8) ) _In ine

neZd \Y; 1+ |n|2a

where the (g,)ncze are independent standard complex Gaussian random vari-
ables.



2. THE CORE OF THE PROBABILISTIC APPROACH IN TWO THEMES 63

Remark 2.6. Without the term ||u/|3, in the definition of the measure g, there
is a problem of division by n = 0 which could be problematic in the definition
of Ho-

We now turn to the main idea of the globalisation argument used in [Bou94].
The great flexibility of this method explains its success. We will state this
result as a meta-theorem because we believe that it is more of a general strategy
rather than a theorem, which can be turned into a rigorous argument most of
the time.

Meta-theorem (Globalisation argument). Let s € R and ¢; be the flow of an
evolution equation of type (2.1). Assume that there exists a measure p on H*
satisfying:

(7) w is invariant under the flow ¢;.

(i1) For any X > 0, there holds p(||[ul|gs > A) < eV,

(7ii) A good local well-posedness theory is available in H®, that is, if
lluol| s < A then a unique local solution exists on [0, 7], associated to
ug and where one can take T ~ \"K for a numerical constant K > 0,
and furthermore ||u(t)| gs < 2A for any t < [0, 7].

Under these assumptions, there holds that for p-almost every initial data ug €
H?, there exists a unique global solution to (2.1) associated to uy. Moreover,
for any t > 0 one has

[u(t)]| e < Cluo)log? (1 +1).

Remark 2.7. Gaussian measures such as (o defined by (2.7) satisfy (¢7). This
will indeed be a consequence of Theorem 2.12. Assumption (#77) should be
understood as a local theory given by standard subcritical fixed-point arguments,
such as the local theory obtained in Lemma 2.3.

Proof of the meta-theorem. Rather than directly constructing global solutions,
we start by constructing solutions until a target time 7" > 0 which we fix, for a
set of initial data of measure larger than 1 — ¢, where € > 0 is also arbitrary

but fixed.

In order to do so, we fix A > 0 to be chosen in the proof. We recall that by
(ii7) there is a uniform local well-posedness time 7 ~ A\=% for initial data u
satisfying ||uo||gs < A. Therefore, initial data in the set

T
Gir = {uo, such that for all n < {J lu(nT)|
T

Hsg/\}7

give rise to solutions on [0, T'] such that ||u(t)||zs < 2A forallt € [0, T]. Figure 2
represents such solutions.
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T=3x 27 Zjr~T

Figure 2. Solutions issued from G 1

We evaluate the probability of Gyp by estimating the probability of its
complement. More precisely the complement is given by

2]

Byxr=H°\Gyr = U {ug, ||[u(nT)||gs > A},
n=0
so that
| 7]
w(Bar) < ) 1 ({uo, [[nrtollms > A})

n=0

Then we use that u(n7r) = ¢,,up and the invariance of the measure () to write

M ({Um ||¢nruo| Hs > A}) = (Cb—m ({Uo € 1, HU0| Hs > )\}))
= M({uﬁ S HS? ||u0| Hs > )‘}> )
and then by (i) we arrive at:
1z .
w(Bar) < D p{uo € H?, |Juollms > A}) < ;G_Ck :
n=0

The fact that 7 ~ A\~ leads to
/J(B)\,T) SJ ,T/\Keic)\2 y

so that u(Byr) < € as soon as A ~ log!/? (%) We choose such a A. We
have therefore constructed a set G'7. of measure at least 1 — ¢ and such that
u()]| < 2log? (L) for all ¢ € [0, 7).
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The conclusion is now obtained by an application of a Borel-Cantelli argument.
We introduce the set
G = U ﬂ Gm % .

k>0 n>k "
Firstly, initial data belonging to G give rise to unique global solutions not

growing faster that C(ug) log%(l + t). Finally, by monotone convergence there
holds

1
p(H*\ G) <limsupp | | H°\ G, 1 | <limsup ) —
k—o0 n}k "n2 k—o0 n)k
which is 0 since the series of the # is convergent. U
Remark 2.8. This argument can be thought as the probabilistic version of the
globalisation argument using a conserved quantity. Indeed, rather than using a
deterministic information on ¢ — ||u(t)|| s one uses a statistical information
on the ||u(t)||gs, which makes this quantity controlled for all time t = nrt,
because of the control at t = 0, using invariance. Then the local Cauchy theory
is able to estimate the variation of the considered quantity in the intervals

[nT, (n+ 1)7].

The assumptions of the meta-theorem are very flexible. In fact, we will use
modified versions of this result in Chapter 4 and Chapter 5 of this dissertation.
The two assumptions which can we weakened are the following. The first is
that the invariance of the measure p assumed in (7) can be relaxed to a weaker
assumption, only requiring an estimate of ¢ — p(¢;A) in terms of pu(A). This
will lead to the use of quasi-invariant measures in Chapter 4. The second
assumptions which can be relaxed is (#) where estimates of the form

p({uo, l[uollms > A}) S AT,

are sufficient to apply the argument of the meta-theorem. We refer to Chapter 4
for an example.

In contrast, is seems difficult to weaken the assumption (7).

Finally, let us point that the idea of the meta-theorem is so flexible that its
core idea was recently used in the context of number theory [Taol9].

When an invariant measure is known, at least at a formal level, one should
have access to a local well-posedness theory at the regularity level of the
invariant measure in order to apply the meta-theorem. Let us assume that a
given equation possesses an invariant measure at regularity H®. Then there
are three cases.

(1) Very favourable case. At regularity H® alocal and global well-posedness
theory is known. In this case the globalisation argument is still useful.
The meta-theorem indeed constructs global solutions for u-almost any
initial data, which do not grow faster than logarithmically, which is
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often a much better bound than the deterministic growth bounds,
usually exponential (standard local theory) or polynomial.

(2) Favourable case. At regularity H® a good local Cauchy theory is
known, but no global theory. Then the meta-theorem constructs
global solutions for p-almost every initial data. This is the case
in [Bou94] where it is proven in dimension 1 that the quintic defocusing
nonlinear Schrodinger equation is almost-surely globally well-posed
on the support of its Gibbs measure, that is in H 3 , and moreover,
|lu()||zs < log%(l +t) for all ¢ > 0. This results fits in the framework
where a local theory is already known on the support of the Gibbs
measure. When Bourgain wrote his article, a local theory in H°" was
already known [Bou93|, whereas the Gibbs measure has regularity
H: .

(3) Unfavourable case. At regularity H*, no deterministic local Cauchy
theory is known. The idea is then to try to construct a local theory
in a probabilistic fashion, for initial data of the form (2.8). This
is the case studied in [Bou96] which proves that (fNLS) in the case
(d,c, 5) = (2,1,0) is almost surely globally well-posed on the support
of the Gibbs measure, of regularity H° . In comparison, the best
deterministic local theory is at regularity H°".

Remark 2.9. The meta-theorem suggests that in order to apply the argument
one readily needs a global flow to be constructed, that is global solutions. In
order to circumvent this difficulty one can approximate (fNLS) with finite
dimension equations, by truncation in frequencies for example and produce
associated global solutions uy, and invariant measures py under the approx-
imate flows ¢n. Then one applies the meta-theorem to the (uy,uy) which
gives a growth bound for the uy, uniformly in N. In order to pass to the limit
N — oo it remains to see that (¢, un) — (¢, 1) in a certain sense.

We go back to (fNLS) and recall that (d, «, 8) = (3,2,1). On the one hand,
the local Cauchy theory of Lemma 2.3 is accessible in H'"(T%). On the other
hand, the formal invariant measure p whose support is made of functions of

the form (2.8) have regularity H °=5 = H3 . We can indeed compute for
s € R,

E [Ju51%.] = ¥ 2l Ellg,
OllHs| — o n )
n€ezd 1+ ‘TLP
and since E[|g,|*] = 1, convergence holds only for 2s — 2o < —d. There-

fore (NLS) for (d, v, B) = (3,2, 1) belongs to the case (3) and the meta-theorem
cannot be directly applied, a probabilistic local Cauchy theory should first be
developed. a la disposition
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2.2. Probabilistic local Cauchy theory. We now establish a local theory
for random initial data of the form (2.8), that is, we develop a probabilistic
local Cauchy theory at regularity H® for some sufficiently low values of s in
order to apply the meta-theorem to (fNLS) and its invariant measure.

Starting in the 70’s and mostly during the 90’s, the Cauchy problem for (fNLS)
has been studied. The deterministic methods relies on Strichartz estimates,
which we will present later. We believe that in order to better understand why
Strichartz estimate are useful, that is, estimating solutions in L4.L%, we try to
provide intuition for both deterministic and probabilistic theories, lowering the
threshold of Lemma 2.3. For the moment we forget about probability and try
to lower the s for which one can construct solution to (fNLS) in H®.

Our starting point is the heuristics suggested by the Duhamel formula-
tion (2.3) for (fNLS), which we recall:

—ift—t')(~A)"

u(t) = ey — i t 6<V>5 (jult)2u(t)) ar'.

The linear term wuy(t) == e~ (=), is explicit, it is the solution to the linear
equation

(fLS) 0 — (—A)*u =0,

with initial condition uy(0) = uo. This equation is solvable in H* for any s.
Hence this suggest the decomposition

(2.9) u(t) = ur(t) +v(t),

with v defined by

i(t—t')(—A)>

o) =i | t e_<v>ﬁ(|u(t')|2u(t’))dt’.

It is important to understand how such a decomposition is helpful: since
u € H*, we also have |u|>v € H® when s > ¢ (see the proof of Lemma 2.3) so
that thanks to (V)™? we obtain that v € H**# that is, this terms gains 5 > 0
regularity, which we assume from now on.

Remark 2.10. Without the regularisation (V)=? in (fNLS), v is not a priori
more regular than H?® and this strategy becomes more difficult to implement.

In (2.9) there is a global and explicit part u;, € H® but also a more regular,
unknown v € H**# which should be constructed. If we choose s such that
s+ [ is greater than the threshold of (fNLS), given by #, that is s > g — %,
one expects to construct v using a local Cauchy theory similar to that of

Lemma 2.3.
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The equation formally satisfied by v € H**8 takes the form v = ¥(v)
where
L gilt—t)(~2)e

(2.10)  W(o)(t) = —i/o o (Juz +vl*(ur + ) dt’,

which is slightly different from the setting in Lemma 2.3 because of the term uy.
In our analysis we will see some norm conditions of the type ||ug|| rers < 00 in
order to prove that U is a contraction. Note that similarly to Lemma 2.3 we
are seeking for an estimation of the form

||‘1’(U)||L;°Hs+ﬁ < CHUHi%OHS ’

from which a local Cauchy theory follows. The estimates in Lemma 2.3
imply
1@ ()| oo s < ||ur + v (ur +0) || 3 g -
We recall that we now that uy(t) € H® and v(t) € H*P.
Our next step is to expand the cubic term and estimate it in LLH*. In the
expansion, the terms |uz|*uz and |v|*>v appear, along with other terms which
can be interpolated between these two terms. The term |v]|?v is handled using

the techniques of Lemma 2.3 and for |uz|*u;, we use product laws in Sobolev
spaces so that

1 ()l e S NurllZe e lurllgems + Tlollzge govs

First, [Jug|lzeems < |luol|ms is finite because ug € H*. Then the most difficult
estimation to obtain seems to be |lu|| 2 1o < o0, which should be estimated
in terms of ||uo|| ms.

Using the Sobolev embedding on u; requires s > % to conclude, which
will not lead to any improvement on the deterministic theory. We ask the
following question: is there a class of initial data uy € H?, s < % for which
wy, € L3217

L T .

Answering such a question is precisely the role of random data in this context.
Let us consider a sequence (uy,),eze such that

up(x) = > upe™* € H(T?).
nezd

We consider identically distributed independent random variables (X,,),czq,
such that there exists ¢ > 0 such that for all v > 0 there holds

(2.11) B[] < .

Such X,, are called sub-Gaussian random variables. Then we introduce the
randomisation attached to ug, defined by

(2.12) ug(z) = > Xupe™™.

nezd
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We readily see that
E [ug|l] = C > (n)**unl* = Clluoll3s < oo,
nezd

so that this randomisation has regularity H®. A more stronger statement is
the following.

Lemma 2.11 (Randomisation in H?®). Consider the randomisation (2.12)
where the X,, are moreover identically distributed and satisfy (X, )neza satisfied
P(|X,| > 0) > 0. Assume that for any € > 0, there holds ug € H*\ H**¢. Then
for almost all w there holds:
ug € B\ | H*.
e>0

A proof of this result can be found in [BT08a], Lemma B.1. This result tells

us that the data of the form (2.12) have exactly the same regularity as ug. It

is indeed important that a randomisation procedure does not regularise the
data.

The advantage of random data appear when estimating the L? norms of wg.
In particular, for finite p this norm is almost-surely controlled by the L? norm
of ug. The key ingredient in this proof is known at least since the 30’s. The
proof is postponed to Appendix A.

Theorem 2.12 (Kolmogorov, Paley, Zygmund). Let (a,),>0 be a real sequence
and (X,)ns0 be identically distributed, independent random variables satisfy-

ing (2.11). Then
)\2
P >\ | <exp (—c 5 ) ,
lan 2

and for r € [2,00) there holds
3
v (gnd]

Z aan

n=0

Z anXn,

n=>0 n=0

L

This results allows us to estimate the L% LP norms of
i «@ . 2 .
e it(—A) ucéz _ Z 67,15|n\ anezn xXn )
nezd

Indeed, we use the Minkowski inequality for » > p,q, Theorem 2.12 and

et g, e | = |a,| to infer
1
3
Vi (Shar)
n

Ly, LLLE

: 2« .
Z 61t\n| ane'mxXn

nczd

LLLE
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Applying Parseval’s theorem an using that the torus has finite volume leads

to
1
9 2
H (k)
m LLLE

The Markov inequality then implies the following.

1
S T fluollzz -

Corollary 2.13 (Random “Strichartz” estimates). Let ug € H*(T¢) and u¥
the randomisation defined by (2.12). Let q,p € [2,00). Then outside a set of
measure at most e~ there holds

1
[ui g wzr < RTo[|uol| s,

where u4 (t) = e 1A yw,

Remark 2.14. One should keep in mind that these considerations are specific
to the torus. In the case of eigenfunctions e, (z) of the Laplace operator on
a manifold M, the Minkowski inequality only implies that outside a set of
probability at most e=F* there holds

1
2
1
rgry S BT (Z |an|2||€n||%p<M>) :

nezad

eitA

U()‘

Remark 2.15 (Probabilistic decoupling). In order to understand what the point
of such random estimates is, consider N independent random variables following
a uniform law on {—1, 1}, denoted by (€,)1<n<n. As a corollary of Theorem 2.12
one obtains that outside a set of probability at most e‘CRZ, there holds

N N 2
Z evan| < R (Z |an|2> .
n=1 n=0

The comparison with a deterministic estimate is enlightening. In the latter
case, the Cauchy-Schwarz inequality writes

N /N 3
> elan| < N2 <Z |an|2> ,
n=1 n=1

hence the probabilistic decoupling effects is the absence of the N 3 factor.

We are now ready to state a probabilistic Cauchy theory for (fNLS).

Proposition 2.2. Let s > max{4 — 22,0} and uy € H*(T%). We consider
initial data uf of the form (2.12). For almost any ug, there exists T = T(w) > 0
such that there exists a unique solution u to (fNLS) in the space

us 4+ CO([0,T), H:TFY

where u¥ (t) = e =)y,
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Proof. We seek for a solution u to (fNLS) writing u(t) = uy + v, where v solves
U(v) = v and ¥ is defined by (2.10). We get

190l oo e < NlunllZgpoe e + Tl pross -

Corollary 2.13 implies that outside a set of probability less than e~°f there
holds

1
lur|lzme < RT2 |uollm; -

Note that the corollary cannot be applied to the L1 norm. We circumvent

this difficulty by an application of the Sobolev embedding for ¢ €]0, s] such
that uy € H®, leading to

sl S sl g pperte

for a p(e) € [2,00] such that ep(¢) > d. Then Corollary 2.13 applies. More
precisely we let R > 0, and introduce

1 1
Qp = {llucllpare S BT uollms } N {llucllcz e < BT |uollms }
which satisfies P(Q \ Qz) < 2¢~%". Moreover for all w € Q5 we have
||\II<U)||L39H§+5 5 r (R3 + HUH?{;-%B) .

Hence [[v]|pseggs+s < R and for T' = & there holds

1
||‘I/(U)||L%OH;+B < §HUHL%OH;+B )

sot that for any w € Qg we are able to solve (fNLS) up to time T ~ 5.
Upgrading this local theory for w € €2z to an almost-sure local theory is
obtained by considering w € Upen- k- O

In conclusion we have constructed solutions in H?® for s lower than %l — g
The probabilistic method did allow us to gain [ derivatives. The key ingredient
in the above proof was that for uy € H®, we can deduce that almost-surely
uy € L§L>, where a deterministic argument would have cost g derivatives
and not . Deterministic estimates of the form u; € LLLP can be derived,
such estimates are referred to as Strichartz estimates and are verified only for
certain values of (p, ¢), whereas in the probabilistic framework any finite p, g

are available.

Finally, combining the analysis of this subsection and the previous one we
have the following result.

Theorem 2.16 (Global solutions to (fNLS)). Consider (fNLS) with (d, o, 5) =
(3,2,1). Then for almost every initial data uf of the form (2.8) there exists a
unique global solution to (fNLS) in the space

e A g 4+ COR, H')
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such that for all s < % and t > 0 there holds
[[u(t)]

Sketch of the proof. This is essentially a verification of the assumption of the
meta-theorem for the measure p, formally constructed by (2.6) and invariant
for (fNLS). Hence (i) and (ii) are met. finally, ;2 is supported in H*"¢ = Hz
and the local Cauchy theory of Proposition 2.2 applies and (i17) is satisfied. [

s S log%(l +1).

2.3. Defects of Gibbs measures. In Section 2.1 we managed to construct
invariant measures following the Hamiltonian method. From such invariant
measures the meta-theorem is then able to construct global solutions with very
slow growth. This method suffers from a limitation, which is that the Gibbs
measure nor its regularity could be chosen. The Gibbs measures are indeed
rare and their regularity is directly computable using the conservation law from
which the Gibbs measure is derived. For example, in the case of (fNLS), the

Gibbs measure has regularity Ho~ 2 (T9). One also sees that this regularity
deteriorates when the dimension increases, which makes it difficult to construct
a probabilistic Cauchy theory when the dimension is large.

There is also an obstruction to the existence of invariant measures in other
settings. In Section 2.1 we heavily relied on the structure of the torus, allowing
to expand in Fourier series. What happens for (fNLS) posed on R4? In this
case it is the dispersion which prevents invariant measures to exist in L?.

Proposition 2.3 (Proposition 3.2 in [BT20]). Let pu be an invariant probability
measure in L*(R), under the flow ¢; of

i0pu + 0%u = |ul*u.

Then p = dg.

Proof. This equation is globally well-posed in L? and solutions scatter, that
is there exists ut € L? such that ||u(t) — e®®u’||2 =2 0. This is proved

in [Dod16a]. Let x be a smooth and compactly supported function. For all ¢

there holds
Icull .
Xty :/ IX@Lr gy,
Jo Tl = 1 s )

where invariance of p was used. By Cauchy-Schwarz and conservation of the
L? norm we have

Ity _ I lélse _

Tt flulle = 14 ull 2
With the information that || x¢.ul 1 < |[xe™u®||p + x|l 22 |¢eu— e u™|| 2 —
0 obtained by scattering and dispersion, the dominated convergence theorem
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xull
S dp =0,
/Lzuuuup :

hence u = 0, p-almost surely. U

implies

Constructing invariant measures in R? is then not always possible, which
makes the tasks of constructing such measures more difficult. If one only
wants to construct local solutions, it is still possible to use the method of
Section 2.2.

In order to do so, one needs to introduce a randomisation in the space R¢. The
random series introduced in the case of the torus (2.12) is a randomisation at a
unit scale of frequencies. Therefore one should introduce a similar randomisation
in the Euclidean space. Let uy € H*(R?) and let 3,cz¢ x(§ —n) = 1 be a
partition of unity where y is a smooth compactly supported function. Let also
(Xn)neza be identically distributed independent subgaussian random variables
satisfying (2.11). The randomisation u is defined in the Fourier space by

Fooe(ug)(€) = D Xex(&—n)ao(€),
neza
which we write as

(2.13) ug = > Xex(D —n)ug.

nczd

Such a randomisation is called Wiener randomisation, and used for example
in [BOP15b]. We derive probabilistic Strichartz estimates just as in the case
of the torus. The Bernstein inequality applied to a function that is frequency
localised in the cube cnetered at n of length 1 ensures that for p > 2,

IX(D = n)ull ey S [ull 22 @a) -

Combining this remark with the proof of Theorem 2.12 one obtains the follow-
ing.

Theorem 2.17. Let ug € H*(R?) and p,q € [2,00). Let u§ be its randomi-

sation given by (2.13). Then, outside a set or probability at most e~ B there
holds

(1) Nluglle < Rlluol| 2.

.. i 1
(7) [le"®ugl Lo e < RT|luoll2-

Let us mention that in the case of R? the dispersion phenomenon allows
to prove deterministic Strichartz estimates. In order to write these estimates,
introduce for any s, the space

S* = N LIW*" and Y* = > LyW;™

(¢,r) admissible (g,r) admissible
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where (g,7) is said to be admissible if (¢, r, d) # (2, 00,2) and % + g = g.
Theorem 2.18 (Dispersion and Strichartz estimates). Let s > 0 and uy €
H*(R%). Then

(
(i

(741

i) Dispersion: for p > 2 there holds || ugl|» < (=3 w0 -
' “Cugllss < ol
) Non-homogeneous Strichartz: there holds || fi e/~ (F(u(t'))) dt'|

£ () |y

)
) Homogeneous Strichartz: there holds ||e
)

s S

We observe that the admissibility condition on (g, r) limits the scope of the
deterministic Strichartz estimates, compared to the probabilistic version.

Thanks to Strichartz estimates it is possible to study the Cauchy problem

for
(2.14) { iOu+ Au = |ul?u

w(0) = up € HY(RY.

Theorem 2.19 (Deterministic local theory). Let s > 1. Then (2.14) is uni-
formly locally well-posed in H*(R*).

Using the probabilistic Strichartz estimates and bilinear estimations, the
following result, which proof is sketched in Appendix B can be obtained.

Theorem 2.20 (Benyi, Oh and Pocovnicu [BOP15b, BOP15a)). Let s > 2

and ug € H*(R3). Let u¥ be its randomisation given by (2.13). Let o > 1.

Then for almost every w, there exists a unique solution to (2.14) in the space
ug, +C°((0, 7], H7(RT))

where ur(t) = eAus.

Other randomisations are possible. For example, rather than the Wiener
randomisation (2.13), one can also randomise in space. Such a randomisation,
said to be microlocal is defined as follows. For ug € L?(R%) we write

up(x) = ) di/}(l’ — k)x(D —n)u,

with x and ¢ some smooth compactly supported functions satisfying 1|.<; <
X; % < 1j<2. The associated randomisation is then

ug (z) = Z Xpnb(x —k)x(D —n)u,
k,neZd

where the (X, )k neze are identically distributed independent subgaussian
random variables.

We refer to [Bril8a] and [BK19] for the use of such a randomisation.
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3. Globalisation using an energy method

This section introduces Chapter 3 of this dissertation which is concerned by
the random data global Cauchy problem for nonlinear wave equations. The
work presented in this section is the content of an article published in Journal
of Differential Equations [Lat21].

We consider the nonlinear wave equation on a domain U which is R? or T3
and which writes

Ofu — Au+[ufP~lu = 0
(NLW,) { (u(0), &,u(0)) = (ug,uy) € H¥(U) x H*Y(U).

The space H*(U) x H*}(U) will be denoted H* in the following.
A solution u to (NLW,,) formally conserves the quantity

E(ult) = [ ('@“(“'2 ¢ [VuOF '“@'p“) e

2 2 p+1

which we refer to as an “energy”, and has regularity H'.

3.1. Local and global Cauchy problem for (NLW,). The works pertaining
to the well-posedness theory of (NLW,) are too numerous to be all mentioned.
We limit ourselves to some key works which are directly related to our main
theorem.

3.1.1. Deterministic theory. The local Cauchy theory for (NLW,) is well un-
derstood since the 90’s [LS95, GV95, Kap90]. In particular, as soon as
s > 32— p%l, (NLW,,) is uniformly locally well-posed in H*. Such a local
theory is built on Strichartz estimates. This local theory allows us to construct
local solutions in the energy space H' for p < 5, which are then global solutions.
When p = 5 the Cauchy problem is said to be “energy-critical” and the a global
theory in H! is more difficult to obtain [Kap94]. For p > 5, no global theory is

known in H!, the equation is said to be energy-supercritical.

In the case p = 3, the Cauchy is locally well-posed in ‘H® for s > %, and
globally well-posed in H!. In [GP03, KPV00, BC06], the authors extend this
result and construct a global Cauchy theory in ‘H® for s > % (and s > % for
radial initial data [Dod19]). On the opposite direction, for s € (0,1), the
Cauchy problem is ill-posed [BT08a].

Note that for all p > 1 one can construct global weak solutions in the energy
space, H!. This is the content of the following result.

Theorem 2.21 (Strauss, [Str70]). Let f be a smooth real function and F and

anti-derivative of f. Assume that F(v) 2 —|v|* and ‘I?((Z))Il — 00 as |u| = oo.
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Let (ug,uy) € HY(R?) of finite energy, that is

2 \V4 2
E(ug,uy) = /RS <|u21| + | ;O’ —l—F(uO)) dr < c0.

Then the equation

{ OPu—Au+ f(u) = 0
(u(0),0u(0)) = (ug,us) € HY(R?),

admits a global weak solution, that is there exists a solution u in the sense of
distributions, u : R — HY(R3) weakly continuous in time and such that

E(u(t), 0wu(t)) < E(ug,uy) for allt > 0.

(2.15)

3.1.2. Probabilistic improvements. The Cauchy problem for (NLW,) with ran-
dom initial data has been studied by Burq and Tzvetkov, leading to a lo-
cal [BT08a] and global [BT08b] theory. In [BT14] they construct unique global
solutions in H° when p = 3.

The case p = 5 is more difficult because it is energy-critical. Oh and
Pocovnicu studied this problem in [Pocl7, OP16] and constructed a global
theory in this case. In particular, when d = 3 and p = 5 they constructed
unique global solutions in H* for s > %

When p € (3,5), one expects a probabilistic Cauchy theory in H* for s > g%i’.
After the results of Lithrmann and Mendelson [LM14, LM16] the results when
5> 5%515 is obtained by Sun and Xia [SX16].

3.2. Contribution. Our main goal is to complete the above results of Burq
and Tzvetkov in the case p = 3, Oh and Pocovnicu in the case p = 5 and
Sun and Xia in the intermediate case p € (3,5). Since for p > 5 the energy
is a supercritical quantity for (NLW,) one does not expect to easily construct
strong solutions. We instead construct global weak solutions for random initial
data in the space H*® for some s < 1, providing a probabilistic extension of
Theorem 2.21.

More precisely, we recall that the probabilistic method of Section 2.2 consists
of the following steps. We seek for a solution u € C°(R, H*) to (NLW,) of the
form u = uy, + v with uy the global solution to

Ru—Au = 0
(U(O), 8tU(O)) = (u07 ul) € HS )

and v € C°(R, H') which formally solves
Pv—Av = —|up+vPHup +v)
(240 { (0(0). 0(0) = 0.
We seek for v at regularity level H' since we want to use some energy conserva-
tion for (NLW,), known to control the H' norm.

(2.16)
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For an initial data (ug,u;) € H*® we introduce the associated randomisation
respectively constructed by (2.13) in the case R® and (2.12) in the case T%.
Note that the induced measure fi(y,,4,) by such a randomisation is a measure
on H*. Let

MS(U> = U H(uous) 5
(uo,u1)eHs(U)
the set of these measures.

Our main result is the following.

Theorem A (L. [Lat20a]). Let p > 5 and s > g%‘:'. Let U, which stands for
R® or T3. Let u € M*(U). Then for u-almost every (ug,u;) € H*(U) there
exists a global solution u € C°(R,H*(U)) to (NLW,) in a weak sense, that is
for all p € C*(R x U) there holds,

/]R ., (8tv6t<p — Vv -V — (ug +v)|ug + v]pflgo(t)) dedt =0,

where uy, solves (2.16) and v is a solution to (2.17) such that u = uy + v.
Moreover v is such that for all T > 0 we have

ve H'(—T,T[xU)N LYY - T, T[xU).

Remark 2.22. The weak solution constructed by this theorem has the same reg-
ularity as the strong solutions. Since our theorem does not provide uniqueness
we still write weak solutions.

Our second result concerns the case p € [3,5). We know that a global theory
is known in H* for s > Z%‘I’, and that in the special case p = 3, the regularity
threshold s = 0 is also addressed in [BT14]. We generalise the argument to the
case p € (3,5).

Theorem B (L. [Lat2l]). Let p € (3,5), s = ;’%‘Z’ and U standing for R3

or T3. Let p € M?. Then for p-almost every initial data (ug,u,) € H*(U),
there exists a unique solution to (NLW,) in the space uj, + C*(R, H') where uyp,
solves (2.16).

The ideas of the proof of Theorem B are given in the introduction of Chapter 3.
The end of this section focuses on explaining the main idea of the proof of
Theorem A. To start with, we assume that the local Cauchy problem has been
solved in the form u(t) = uf(t) + v(t) where uy solves (2.16) with initial data
(ug,u¢) and v solves (2.17) in CO([—T,T],H"'). In order to prove that u is a
global solution, and since uy, is global by definition, it boils down to proving
that v is a global solution to (2.17). To this end, since v has regularity H!,
which is the regularity of the energy conservation for (NLW,), one might want
to use the energy. However, v does not satisfy the same equation as u and does
not conserves the energy. We use a modified energy method.
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Remark 2.23. Such a problem is typical of the Burq-Tzvetkov method, allowing
us to construct solutions in R? or T¢ (and even other manifolds) at various
regularity levels, not only the regularity prescribed by a Gibbs measure. This
shows the flexibility of this method, the counterpart being that extending local
solutions to global solutions becomes much more difficult. This is in sharp
contrast to the globalisation argument of the meta-theorem of Section 2.1.

We introduce the modified energy associated to v and defined by

1
10Oz | [IVv@IlZ. |, (@)l s

2 2 p+1
whose evolution remains to be studied. A global control of £ would imply a
control of the H' norm and would be sufficient to prove that v is global. We
start by computing

— = [ 0w (®) (lug(6) + o) (g (1) + 0(t) = ()P o(0)) o

At this stage we recall that (up,u;) € H®, so that thanks to probabilistic
Strichartz estimates given in Corollary 2.13, (easily adapted to our setting)
there holds that almost-surely, u4 € LLW*P for any finite p and ¢. Heuristically,
one can even run the computations with u§ € LLW* for all q. The question
which we want to answer is the following: for which values of s < 1, and
corresponding values of p does one have E'(t) < E(t)?

E(t) =

Y

The expression of E'(t) can be simplified as
[ug + o[ (ug + v) ~ [P o + ufoP ! 4 {lower order terms},

The term |v[P~!v in E’ is cancelled, so that the next term zvP~! appears as the
principal term, as the more nonlinear in v. Therefore we expect

"(t) ~ /}R3 O (t)us (t)v(t)Ptdx.

First attempt. In addition to the bound u;, € W%, one can use the bounds of

Ow € L? and vP~! € L which are controlled by some powers of the energy
E. After an application of the Holder inequality and the definition of E we
have,

E'(t) S 0llze g (8)] 2= o114
S B()

Remark that 1 + Z —1 < 1 as soon as p < 3. Since we have only used that
ur, € L, Wthh is accessible (almost-surely) as soon as s > 0. This is what led

Burq and Tzvetkov to their result [BT14].

Second attempt. When s is larger then the previous estimate does not use the
information u; € W** optimally. Moreover the analysis above is limited to
p < 3. In order to go beyond we transfer derivatives on u$ using integration
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by parts in time. Time derivatives are then converted into spatial derivatives
since dyuy ~ |V]uy. Therefore we have

N~ [ t [ oo(tP)us(t) dt
N/Rs/ tPous (') dt’ dx
N/Rg/ PIVIug () dt' dz

where boundary terms in the integration by parts have been neglected. Since
we want to bring s space derivatives on u¥, we would write |V| = [V|'7*|V[*
and integrate by parts with |V|'~*, which leads to

¢
t)z// IV [*us |V S veP~t dz dt’ .
0 Jrs

This was observed by Oh and Pocovnicu in the case s = 1/2 and p = 5.

Then we put v € LP*!, V52 € L® and V™0 € L5, term which requires a
Gagliardo-Nirenberg inequality to be estimated by

V' =0 o S V0l g S B0,
andvahdassoonas?—l—gs:%—l—ﬁands}a. One finds a = 2=2 50
that

bS]

t
B(t) S uillws [ E(@)at,
0
which by Gronwall implies a global exponential bound on E. This argument is

not limited in p. We refer to Chapter 3 of this dissertation for the details in
the case p > 5.

3.3. Perspectives. The construction of global solutions, continuous in time
with values in H*, s < 1 and given by Theorem A is not fully satisfactory, since
such a construction does not give any information on the possible uniqueness
of the constructed solutions.

We recall that in a similar fashion, it is possible to prove that the Cauchy
problem for (NLW,) is uniformly locally well-posed in H* for s > S ——=- using

Strichartz estimates. A typical energy-supercritical case is given by p =7, for
which:

(1) Global solution, not necessarily unique are constructed in C,H® for
5> % thanks to Theorem A.

(2) Unique local solutions exist in C,H* for s > £.

A long-term question is the following.

Question 2.1. Is it possible to construct global unique solutions to (NLW,) in
H' whenp =177
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In order to tackle such a question, a first step could be to study the relation
between the weak and strong notions of solutions.

(1) First, at regularity H' one can try to construct a probabilistic local
Cauchy theory: we seek for a solution u(t) = ur(t) + v(t), where
v(t) is more regular than wuy. For uy € H' there holds u;, € H' so
that v € H? and thus the local Cauchy problem could be solved in

ur +C°([0, T], H& (R?)) for random initial data.

(2) One could then study weak-strong uniqueness. More precisely, if ug is
the solution constructed in (1) on [0, 7] and uy is given by Theorem A
(or even Theorem 2.21) with the same initial condition, one could try
to prove that ug(t) = uw (¢) for all t € [0, T7.

Another question is that of the optimality of Theorem B for p € [3,5].

. -3 . .
Question 2.2. Whenp € [3,5] and s < %, is it true that the Cauchy problem

for (NLW,) is ill-posed on a set of full probability?

This question has been studied in [ST20] but in a slightly different framework.
The authors indeed prove that for p € [3,5] and values of s in [max{0,3 —
]ﬁ}, % — ]%] the Cauchy problem is locally ill-posed for a dense set of initial
data.

It is possible that this set has zero measure. Thus the question remains
entirely open.

4. Scattering for the nonlinear Schrédinger equation in L?

This sections introduces Chapter 4 of this dissertation and deals with deals
with scattering for nonlinear Schrodinger equations at weak regularity. The
work presented in this section is the content of a preprint [Lat20al.

In the following we consider the nonlinear Schrodinger equation defined
by

(2.18) {iﬁtu+Au = |ulP~u

u(0) = wug € H*(RY).

Before explaining some recent works related to scattering of solutions to (2.18)
with random initial data, we explain some basic results in the scattering
theory.

4.1. General method of scattering. In this subsection we suppose that a
global Cauchy theory for (2.18) is already known. The question that we ask is
the description of the long-time behaviour. In particular, is it true that the
solutions are closed to linear solutions? A first start is to write (2.18) as

. t /
u(t) = eztAuo _/ pit—t)A (lu\pflu) at’
0
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so that we readily identify a linear part of the solution, given by uz(t) = e®®uq

reducing the asymptotic behaviour to the study of

=i [ OBty = e [ e St d
so that
(2.19) |u(t) — ePug

t
w5 || [ e )l ar
0

HS
¢

If / e A lu(t) P~ u(t’) dt’ converges in H® as t — oo, then there exists uy €
0

H* such that e *Au(t) —uq — u, which can be written as u(t) = e Bug+u(t)
where v(t) ~ e*Au, ast — oo, that is, u exhibits a linear behaviour in long time.
The matter boils down to finding conditions on which (2.19) converges.

Remark 2.24. The scattering behaviour should be understood as the first non
“fully linear” behaviour. Indeed, one can have e~*2u(t) — ug — 0 in H*, which
forms a fully linear approximation. of the equation. In the case of scattering,
the limiting behaviour is linear but we authorise ug to be replaced by some
ug + uy, that is e A u(t) — (uo + uy) —2 0in H*.

A first condition for (2.19) to converge in H* is the absolute convergence
of -
/ 6i(t—t’)A|u(t/)|p—1u(t/) dt/,
0
in H?, that is

| )

A less brutal condition can be derived using the non-homogeneous Strichartz
estimates from Theorem 2.18, (i),

S Ml
L H

t
H/ ez(t—t)A|u(t/)|p—1u(t/> dt’
0

Ys (R) .

Such an approach is used in most of the deterministic works. Some key step
in such works is the reduction of scattering to a control of a global in time
Strichartz norm.

Lemma 2.25. Let d = 3, p = 3 and q € [%,10]. The global control
[ulls mxmsy < oo for solutions to (2.18) implies scattering in H'.

It is the obtaining of a global bound for Strichartz norm which is difficult.
The Morawetz estimates sometimes offer control of Strichartz norms needed to
prove scattering. In particular, in a series of work culminating with [CKS™10]
global existence and scattering in H' are proven for (2.18) when d = 3 and
p = 5. We refer to [Tao06] for an introduction to the methods.
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For the scattering at low regularity, in L?, we gather some results in the case
d> 2.

Theorem 2.26 (Scattering in LZ). Letp>1and d > 2. Then:

(i) Forp e {1, 1+ g] the equation (2.18) is globally well-posed in L*(RY)
and if p> 1+ % the Cauchy problem is ill-posed.
(i) Forp <1+ 2 and allug € L?, the solutions do not scatter in L?.

(ii) Ford > 2, p € (1 + %,1 + ﬁ) and initial data in H', scattering
holds in L.
(iv) Ford>2, p=1+ % and initial data in L?, scattering holds in L.

Part (i) is the standard local Cauchy theory for p < 1 + 3, see for exam-
ple [Tao06], Chapter 3. Global well-posedness follows from the conservation of
the L? norm. In the critical case we refer to [Dod16a] and in the case p > 1+ %
to [CCT03, AC09]. (4) is proven in [Bar84], (i) in [TY84] and (év) in [TVZ07].
For dimension 2 we refer to [Dod16a, Dod16b].

4.2. Probabilistic works. One can distinguish two types of works pertaining
to the theory of scattering for (2.18) with random initial data.

The works of the first type study the scattering at a regularity H! and extend
the deterministic results. For example, in a series of works among which one
can find the work of Killip, Murphy and Visan [KMV19], Dodson, Lithrmann
and Mendelson [DLM19], scattering for energy-critical nonlinear Schrédinger
equations is studied in H?® for some s < 1. The method consists of seeking
solutions of the form u = u¥ + v where v is in H! and apply deterministic
methods to v leading to global estimates in the norms L{ ,.

The works of the second type use invariant measure theoretic arguments
and quasi-invariant measures. Even if no invariant measure for (2.18) exists in
L?(R?), this problem is circumvent by Burq, Thomann and Tzvetkov by the

use of the lens transform, £ : S'(R x RY) — &' ((—%, g) X Rd) and inverse
L1 defined by

o(t 2) = Lult, ) = 1t)gu (tan(zt) x%)) exp <_W|2taﬂ<2t)> |

cos(2 2 cos( 2

_ -1 . 9y d arctan(2s) y ily|2s
u(s,y) =L v(s,y) = (1-4s) 10 ( 9 "1 — 452 oxp Vi—42) "

At a formal level, u solves

iOsu 4+ Ayu = [u[’"'u on Ry x RY with u(0) = ug
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if and only if v = Lu solves

(2.20) 0w — Hv = cos(2t)p775|v|p_1v on (—Z, Z) x R? with v(0) = ug.
With this transformation, we trade (2.18) for a version in which —A is replaced
by the harmonic oscillator H = —A + z2.

The first advantage of such a transformation is that H possesses only discrete
spectrum which allows for constructing invariant measures, or quasi-invariant
measures, depending on the values of p and d, resulting from an application
of the method of Section 2.1. In the remaining of this subsection let us fix
d=1.

The eigenfunctions of H are given by the Hermite functions h,, which sat-
isfy

Hh, = (2n+ 1)h, .
Therfore one can construct the measure
dp = exp (—HHl/QuHiz> du

as the image measure under the randomisation map

b= X el

Let W*P stands for the Sobolev space associated to H, defined by the norm
||| yysr = ||H2ul|r» and let us denote H* = W2,

The measure fi is supported at regularity H°~, which is seen using a similar
computation to that of Section 2.1. Similarly to the case of the torus, the L
norms of ug are finite for all p. Even more is true since the h,, satisty estimates
of the form

1

[nle S 175
as soon as p > 4. Comblnmg this observation with Remark 2.14 proves that
almost-surely ug € € Ws ? for all p = 4. Hence in the LP scales and for p > 4,

the randomisation regularises the data.

The lens transform exchange a scattering problem as ¢t — oo for a solution

u to (2.18) into a scattering problem for a solution v to (2.20) as t — 7.
According to Section 4.1 we need to study the convergence of

(2.21) —z'/ote CH Gos(28) 5 (|o(t) [P 1u(#')) A

in some space H 7. In particular, thanks to the embedding LP*1 < H ™7 it is
enough to show that

INE]

/ cos(2) " [u(t) |2y , dt < 00
t
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The interest of an invariant measure becomes clear: the invariance or quasi-
invariance allows us to construct global solutions to (2.20) for which Sobolev
norms grow slowly. Since for p 4+ 1 small enough, LP™! is controlled by the
Sobolev norms, we infer the scattering.

In the case p = 5, this program is achieved by Burq, Thomann and Tzvetkov,
and when p €]3, 5[ this result has been recently obtained by Burq and Thomann.
The latter results relies on quasi-invariant measures, whose use in the con-
text of (2.18) dates back to the works of Tevetkov [Tzv15] and then Oh and
Tzvetkov [OT17].

Theorem 2.27 (Case p = 5 in [BTT13], case p # 5 in [BT20]). Let d = 1
and p € (3,5]. There exists a measure pu supported by X° := ;o0 H* and a
real number o > 0 such that for p-almost every uy € X°, there exists a unique
global solution u to (2.18) in the space

e*Aug + COR, H) .
Moreover, there exists u+ € H? such that the following scattering property holds

||u(t) — eim(uo + ug )| go e 0.

We refer to [BTT13, BT20] for more precise statements.

4.3. Contribution. The goal of the following work, which is the content of
Chapter 4 is the extension of the result of Burq-Thomann [BT20] to higher
dimensions in the radial case.

Theorem C (L. [Lat20a]). Let 2 < d < 10} and p € (1+2,1+4]. We

let X0, = Noso H5(RY). There exists a measure pg supported by X2

rad and
o = o(p,d) such that for pg-almost every initial data ug € X0y, there exists a
unique global solution u to (2.18) in the space

e uy +C(R, H).
Moreover, there exists ux € H? such that the following scattering property
holds:
itA
lu(t) — " (uo + uz)lme ,— 0.

The use of radial random data is imposed by the quasi-invariant measure f,
in order to be of regularity H°~.

Compared to dimension 1, the estimates of the Hermite functions h,, differ.
When d > 2 these estimates imply that u§ € W'/2™>° almost-surely, which is
higher regularity gain than in the case d = 1. The main difference appear for
d > 3 when studying the LP*! norms.

In dimension d = 1 or 2, the control of the H® norms by the invariant measure
argument and the Sobolev embedding are sufficient to obtain such a control.
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This is not the case when d > 3, a new argument is then required. We start
APt+1

from an observation of [BT20], which ensures that p({||v|rr+1 > A}) Se™ »i1,
so that controlling the growth of the LP*! norms amounts to controlling the
variation of this norm on an interval [t1,%5]. Such an estimation is obtained
using the dispersion estimate of Theorem 2.18 (7) and the Duhamel formula
for u between times t; and t,. We refer to Chapter 4 for details.

4.4. Perspectives. Several extensions of Theorem C can be considered. The
first is a careful optimisation of its proof, incorporating refined methods in the
analysis.

Question 2.3. For which values of d and which values of o > 0 is it possible
to extend Theorem C, that is, for all p € (1 + %, 1+ g], almost every initial
data in u§ € X2, give rise to unique global solutions to (2.18) in the space

éoug + COR, H(RY)

and which scatters as t — oo ?

Among the reasons which makes this program reasonable are:

(1) The local Cauchy theory is developed in H? spaces only using Strichartz
estimates. It is possible that working in X* spaces would optimise

the local Cauchy theory and allow for using bilinear estimates (see
Lemma 2.34).

(2) Finally, one should bear in mind that the scheme of the proof of
scattering is very basic. Rather than applying the triangle inequality
to bound (2.21) one could use non-homogeneous Strichartz estimates
of Theorem 2.18 (i1).

However, note that Theorem C and the evoked extentions are limited by the
regularity of the initial data in H° and that the initial data are radial. Thus,
a along-term question is the following

Question 2.4. Is it possible to develop an alternative prof of Theorem C which
does not rely on invariant measure theoretic arguments?

5. Growth for Sobolev norms and Euler equation

This section introduces Chapter 5 of this dissertation and is concerned with
the growth of the Sobolev norms for the Euler equations. The work presented
in this section is the object of a submitted preprint [Lat20b].

We consider the Euler equations posed on the torus,

ou+u-Vu = —Vp
(E) V-u = 0
U(O) = Ug € HS(Td) )



86 CHAPITRE 2. GENERAL INTRODUCTION

where d = 2,3, u(t) : T — R? represents the velocity field and p(t) : T¢ — R
represents the pressure field.

One can rewrite this equation in a more convenient fashion. Applying
Leray’s projector: P : (L) — (L2,,)¢, which is the orthogonal projection on
divergence-free L? vector fields, we arrive at
{ atu + B(u’ U,) = 0

(2.22) u(0) = wug € Hy (T,

where B(u,v) := P (u- Vv) and where p is recovered from u by solving

—Ap=V-(u-Vu).

In this section we write Xg;, for the space of divergence-free functions of
X.

5.1. The problem of the growth in dimension 2. In order to highlight
the question of the growth of the Sobolev norms for solutions of (E), we recall
that for s > % + 1, (E) is locally well-posed in H®. This mostly follows from
the Sobolev embedding. In dimension 2, one can even construct a global theory
with an upper bound for the growth of the Sobolev norms.

Theorem 2.28 (Wolibner, Yudovich [Wol33, Yud63]). Let s > 2. The Cauchy
problem for (E) in dimension 2 is globally well-posed in C°(R,, H*(T?)). Fur-
thermore, there exists C' > 0 such that :

(2.23) [ u(t)|| = < Ce" forallt > 0.

Proof. We only prove a priori estimates for ||u(t)||zs when s is large enough,
and focus on pointing out where dimension 2 is used in the argument. We start
by estimating ||u(t)|2

715 via the equation (2.22), which gives

1d
e llu®) e = (B, w), 0

We study the non-linearity by only keeping track of the highest order terms,
the other being easier to handle. Therefore we write

(B(u,u),u)gs ~ (V*(u-Vu), Viu) e
~ (u-VV*u, Vu) 2 + (Vu - Viu, Viu) e
+ {lower order terms} .

We then use an essential property of B, namely that for any divergence free
u, v the identity (B(u,v),v)r2 = 0 holds, from which one can infer that (u -
VVou, Vou) 2 = 0, thus

(B(’U,, U), u)HS ~ (VU : Vsu, VS’U)LQ ,
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so that after an application of Hélder inequality we have

d
(2.24) Ol S IVl llu() - -

This a priori estimate readily allows us to construct a local Cauchy theory for
5> % + 1, in any dimension. By the Sobolev embedding there indeed follows

that |[Vullz~ S [[Vul gsr S flul

In order to obtain a global theory, we estimate the evolution of ||u(t)| gs.
In view of (2.24) we would like to control |[Vu(t)|| € L, on which we do not
have a priori information. However, we will see that the L norms of u(t)
in dimension 2 can be estimated, which will be used using the interpolation
inequality

ps since s —1 > %, leading to the local theory.

d
)

valid for p > 2 and where we would like to take p very large.

2+2

wo S VU)o lu®)l g

In the rest of the proof we set d = 2. In this case, the vorticity, defined by
Q(t) = V A u(t) satisfies the transport equation

(2.25) OQ+u-VQ=0.

Hence the norms ||Q(t)|| .» are conserved by the flow. Our goal is now to transfer
this information to Vu, which has same order as (2. By the Calderén-Zygmund
theory, we obtain

IVu@®lle < pILOI e < Pl o -

Letting y(t) == ||u(t)|| gs we have

(1) < Cpy(t)'F7

which after optimisation in p gives y/'(t) < y(¢)logy(t), which in turn gives
y(t) < e”" as expected. d

Is the double exponential bound (2.23) optimal? Is it possible to construct
an initial data exhibiting a double exponential growth?

This question has been tackled in the case of the torus and the disc D =
{r € R? € |z| < 1}, in which case Kiselev and Sverak [KS14] are able to
prove that the bound (2.23) is sharp. For the torus, only exponential growth
is known [Zlal5]. Note that in both cases, the proof relies on a hyperbolic
scenario introduced by Bahouri and Chemin [BC94].

Theorem 2.29 (Kiselev-Sverak, Zlatos [KS14, Zlal5)). Let U, standing for
the unit disk D in R? or T%. Then there exists an initial data uy belonging to
C*> in the case of U = D, and only C** (for some a € (0,1)) if U = T?, such
that the unique global associated solution € to (2.25) satisfies:
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(i) If U = D then there exists C > 0 such that
IVQ(t)]| 1 = Cexp (C’eCt) forallt>0.

(ii) If U = T? then there exists to > 0 such that for all t > to,
sup [|[VQ(H) ||z~ = €.
t'<t

In order to complete this result in the case of the torus, one should construct
initial data which give rise to a double exponential growth, or prove that such
solutions do not exist. We point out that the construction of Kiselev and
Sverdk [KS14] crucially exploits that the domain D has a boundary, which is
not the case for T2?. The following question arises: do the Sobolev norms of
solutions to (E) in T? generically grow not faster than exponentially, or even
polynomially?

Here generic should be understood as “almost-surely with respect to a
measure in H*(T?)”.

5.2. Kuksin’s method. Before getting to the method introduced by Kuksin,
let us recall that we are already in possession of a formal method for producing
invariant measures in Section 2.1.

In order to construct an invariant measure, we write {1y in Fourier series as
Qo() = X ez Q™. The conservation law for ¢ — [|Q()||z2 then formally
writes

E =207 = [l = > 1%
nezZ?

From this point, we can guess that the following measure is invariant:
du(w) = @ e ™" dq,,
nez?
which is the image measure of
QW)= gnlw)e™™,
neZ?

where the (g,)nez2 are independent standard Gaussian random variables. Such
a measure is supported at regularity H~! (T?). Recalling that Q2 = V A uy,
this means that in terms of u such a measure is supported in H° (T?), which a
very low regularity. We refer to the work of Flandoli [Flal8].

The regularity H® (T?) is too weak for studying the growth of Sobolev norms
since this regularity is incompatible with the local well-posedness theory.

The construction introduced by Kuksin is able to produce high regularity
invariant measures. We only give the main idea and refer to [KS15, Kuk04] for
a detailed presentation.
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Rather than directly constructing an invariant measure for (E), one introduces
parabolic-stochastic regularisations, which are given by stochastic Navier-Stokes
equations, for any v > 0:

o, + B(uy,u,) — vAu, = NIZ
(2:26) { u,(0) — g € Hj(TY),
with n = 0,¢ and
(2.27) E(t) =D duB(t)e™™,
nez?

white in time, smooth in space. The (5,),cz2 are independent Brownian
motions, the (¢, )nezz are numbers which characterise the noise, in particular
we define

(2.28) B = > |n|*|¢.*.

nez?

Kuksin’s method consists of the following steps.

(1) Construct invariant measures p, to approximate equations (2.26) using
a Krylov-Bogolioubov argument, which turns out to be a standard
argument.

(2) Prove uniform estimates of the p,, which is the key step.
(3) Pass to the limit ¥ — 0, which do not bring any difficulty.

We only explain (2). The starting point is the integral equation satisfied by wu,,,
which writes

(1) = 1 + /Ot (A, — Bluy,u)) At 4 V2 duf(t)en

For a functional F' to be chosen, one applies the It6 formula to the stochastic
process t — F'(u,(t)). Therefore

E[F (u, (1) ~ ELF(u)] = v [ "BF (uy: Au) 4’
-/ "B (uy: By, w)]dE

t
+ 2 | S IoulPEIF (wien, e at

One can see that the term /vn appears as squared in the It6 formula hence
the choice for /v in (2.26)

With F(u) == ||ul|3: one obtains
t
E [|lun(8) ] —E [luoll] = [ (A@) + B(@)) ar'

where A(t') is the deterministic contribution
A(t/> =K [<B<uV7 'LL,,), ul/)Hl - V(Auzn uzz)Hl] )
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and B(t') = B is the It6 correction B == ¥, [n[*|¢,|* = £Bi.

The other important ingredient in the proof is the use of dimension 2:
the bilinear form B satisfies (B(u,,u,),u, ) = 0, which is efficiently seen
using (2.25). Note that this identity is false in dimension 3.

Using that v(—Au,u)g = v||u||%. and invariance of y, for which u,(t) is
an invariant process (constructed in (1)), we finally obtain

t B t
(VB¢ 3] = v ) dt =B [ (Blays ). w)m dt =0,
0 0
which enables us to divide by v and obtain:

E lu, (03] = 2

Kuksin’s result then reads:

Theorem 2.30 (Kuksin, [Kuk04]). There exists a measure p supported in
H?(T?) and such that:

(i) The measure p is non-trivial ans has reqularity H?,
B3

B
E.[lul?e] < = and E,[[lulf?2] > -2 .
2B,

2

(ii) For p-almost every ug € H?, there exists a unique global solution

to (E) associated to ug, in the space L3 (Ry, H%,) N W (R, HL )N
Wioe (R, LP), for all p € [1,2].

5.3. Contribution. Our goal is to study the possible growth of the Sobolev
norms of solutions to (E) in dimensions 2 and 3. The meta-theorem of Section 2.1
seems perfectly fit for this purpose. Moreover, the measure p constructed in
Theorem 2.30 is such that

(7) p is invariant under the flow of (E).

(i7) p satisfies the estimates p({ug € H?, |luo||gz(r2y > A}) S A72, which is
not a Gaussian bound but would be sufficient to apply the argument
of the meta-theorem.

Unfortunately, assumption (3) of the meta-theorem is not satisfied since
no good local Cauchy theory is known for (E) in H?(T?). However, such a
theory is known in H2+°(T?) as soon as ¢ > 0, therefore in order to apply the
meta-theorem to Kuksin’s measures, one should generalise the construction of
such measures in H2+°(T?), and then soften hypothesis (2) of the meta-theorem.
The following result is proven in Chapter 5.

Theorem D (L. [Lat20b]). Let d =2 (resp. d =3) and s > 2 (resp. s > 7/2).
There exists a measure y such that p(H*(T?)) = 1 and satisfying :
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(i) For p-almost any initial data, there exists a unique global solution u
to (E) such that for allt >0,
Ju(®)]as St

where o depends on s and d.

(it) If d = 2 then E,[||ul|?:] > 0 and p does not possess any atom. Fur-
thermore p charges large norm data: for any R > 0 there holds
w(u € H, ||lullgs > R) > 0.

(#ii) If d = 3 then we have the following alternative. Either p = dg, or p
does not possess any atom.

Such a combination of arguments, that is the use of Kuksin’s construction of
high regularity invariant measures and Bourgain’s argument of constructing
slowly growing global solution construction seems new in the setting of the fluid
mechanics equations. In the dispersive setting however, such a combination has
already been used by Sy [Sy19a, Sy18, Sy19b]. One can also find an example of
construction of high regularity invariant measures in the recent work of Foldes
and Sy [FS20] for an equation similar to the Euler equation.

In order to modify Kuksin’s method, one introduces a different parabolic
regularisation than (2.26), namely

(2 29) atuy + B(Uw uy) +vliu, = \/;77
. ul/(o) = U € Hdsiv(Td)7

where L = (—A)*° and n = 9,£. Here & and By are defined as in (2.27)
and (2.28).

In order to prove uniform estimates by adapting Kuksin’s method, one
should also use the fundamental cancellation given by (B(u,u),u)r2 = 0 valid
in dimensions 2 and 3. In dimension 2 one also use the other fundamental
cancellation given by (B(u,u),u)g1 = 0. Details are given in Chapter 5 of this
dissertation.

In dimension 3 one should keep in mind that no global well-posedness theory
in H2+9(T3) is known. However, the meta-theorem of Section 2.1 is robust
enough to construct global solutions only from the formal invariance of pu.
A rigorous proof is obtained by approximating p by measures uy which are
invariant under the flow of approximations of (E) obtained by truncation in
frequencies. Then one applies the meta-theorem to the solutions of these
approximate equations uniformly with respect to the approximation parameter
and pass to the limit in V.

5.4. A comparison of invariant measure constructions. The above the-
orems are not complete in the sense that only few information on the measures
i is given by the theorem. In order to complete the main theorem one can
prove the following.



92 CHAPITRE 2. GENERAL INTRODUCTION

Theorem E (L. [Lat20b]). The measures j satisfy:
(7) If d =2, then for any Borelian set T' C R, there holds

(2.30) p(u e H®, Jlul2 € T) S T,

which implies that p does not possess any atom.

(i) If d = 3, then (2.30) is satisfied only for sets satisfying dist(I",0) > ¢,
where the implicit constants depends on €. Therefore . can not possess
any atom other than 0.

In the case of the Euler equation in dimension 2 and for Kuksin measures of
regularity H?, a stronger result holds.

Theorem 2.31 (Kuksin, [Kuk04, KS15]). Let u be a measure constructed by
Theorem 2.50, invariant for (E) and concentrated on H?(T?). We have:

(i) There exists a continuous increasing function p satisfying p(0) = 0
and such that for all Borelian set I' C R,

plllullrz € T) + p(IVull 2 € T) < p(|T) -

In particular, i does not have any atom.

(it) For any set K C H?*(T?) of finite Hausdor{f dimension, there holds
u(K) = 0.

This results shows that the constructed measures are “infinite-dimensional”.
Despite these additional properties, the two presented results have the same
lack as they are not able to preclude that such invariant measures pu do not
concentrate exclusively on time-independent solutions of (E), in which case the
study of the growth of the Sobolev norms becomes useless. It should be viewed
as an open ended interest in the study of Kuksin’s measures.

Building on this discussion, let us explain that in the case of Gibbs measures of
Section 2.1 and more generally for subgaussian measures constructed by (2.12),
one has many information on the support of the measures, contrary to the case
of Kuksin’s measures.

In the remaining of this sub-section we fix a measure p concentrated on
L*(T?) and defines it as the image measure under the randomisation map

ug(x) = Y glune™,
neza
with
Uy =y Upe™® € L*\ U H®,
nezd e>0

and the (g,)neze are identically distributed independent normalised Gaussian
random variables. We prove the following.
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Lemma 2.32 ([BT08a], Appendix B). With the above notation and further
assuming that for all n € Z2, u, # 0, we have supp u = L>.

Proof. Fix a function v = 3, cza v,™* and € > 0. We want to construct a

set Qo such that P(€y) > 0 and such that ||uf — v||z2 < e for all w € Q. In
the following we write P<y the projection on frequencies |n| < N. For N to
adjust, we write

lo = ugllze < [I(id =Pyl + |(id =Pen)ug > + [Py (uo = v)l 22 -

The term |(id —P<y)v||z2 goes to 0 as N goes to infinity since v is an L?
function, thus fix N > 0 such that this term is bounded by £.

For [|(id =P <n)ug|| 2 we use the estimations obtained in Theorem 2.12

=
P (||(id —Pen)ug |2 > N) < exp | —c\? ( > |un|2)

[n|>N

Using this inequality to A = ¢ it follows that there exists a set 2; of positive
probability such that [|(id —P<y)uf||z> < § for all w € .

b

of positive probability since u,, # 0 for all n € Z?. Hence for w € Qo == Q; Ny
one has ||[v — u¥||z2 < &, which end the proof since by independence of €; and
2y there holds P(2) = P(21)P(Q) > 0. O

Finally, let us define

QQ = n {|ung;) _Un| < %N_

In|<N

NI

5.5. Perspectives. As the discussion from the previous sub-section shows it,
it is possible that the measures produced by Theorem 2.30 and Theorem D
are exclusively supported by time-independent solutions. A natural question,
which may be difficult to answer is the following.

Question 2.5. Is it possible to describe the support of Kuksin’s measures
produced by Theorem 2.30 and Theorem D? In some cases, is it possible to
exclude the scenario in which the Kuksin measures are supported only by time-
independent solutions?

There are at least two difficulties which prevent from developing intuition on
this question.

(1) The first reason is the lack of description of the measures, which are
constructed using compactness methods, thus the properties of these
limiting measures should be studied using uniform estimates on the
measures [, just as in Theorem 2.31 for example.
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(2) The second reason is the lack a description for the time-independent
solutions to (E), which form a very large set [CS12].

Directly trying to study these problems for the incompressible Euler equations
seems too difficult, maybe for other equations, such as dispersive equations
which have less stationary solutions, the problem might be easier to study.
In [BCZCH16, GHSV15] this question is tackled for model equations. Finally,
let us mention that the support of Kuksin measures has been studied in the
simpler context of finite dimension in [MP14].

6. The Cauchy problem for the Grushin-NLS equation

This section introduces Chapter 6 of this dissertation and is concerned
with the local Cauchy problem with random initial data for some nonlinear
Schrodinger equations. The work presented in this section has been done in col-
laboration with Louise Gassot and form the content of a preprint [GL21].

We consider the local Cauchy problem for the nonlinear Schrodinger equations
posed on the Heisenberg group. This equations reads

i0u+ Apu = u|*u,

(NLS-Hl) { U(O) = wug € H5<H1)

Denoting (x, vy, s) € R® we can write
1
A = (2 +02) + («” + )02

We denote by H*(H') the Sobolev spaces in this setting.

A simplified two-dimensional model of this equation, still grasping the ma-
jority of the difficulty linked to the Heisenberg sub-laplacian is the Grushin-
Schrédinger equation, hence a simplification of (NLS-H') which we will study
is the following,

(NLS-G) { idu+Agu = |uu,

U(O) = Ug € Hév,
where Ag = 02 + 2°0 and (z,y) € R*.

6.1. The Cauchy problem for (NLS-H') and (NLS-G). The interest of
studying such equations comes from the lack of a satisfactory local well-
posedness theory for (NLS-H') and (NLS-G). Note that the following quantity
(and similarly for the Grushin case),

1 1 1
B(#) = 51—~ bl + g llullfago

is conserved, and referred to as the energy. This quantity has regularity at
level H'(H'), hence if one constructs a local Cauchy theory in H'(H!), a global
theory would immediately follow. However, to this day the best local Cauchy
theory is the following.
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Proposition 2.4 (Local Caychy theory for (NLS-H') and (NLS-G)). Define
ke = 2 (resp. ke = %) Let k > k¢, then the Cauchy problem for (NLS-H')
(resp. (NLS-QG)) is uniformly locally well-posed in C°([0,T*), H*) with T* 2
(o[

A proof in the Heisenberg case can be found in [BG01], as for the Grushin
case we give a proof in the Appendix of Chapter 6. The proof essentially relies
on the Sobolev embedding H* « L, which holds as soon as k > k¢.

Thus, even in the Grushin case, the local theory does not apply in H},. For
k < k¢, obtaining a local Cauchy theory is an open problem. In order to go
further, one could try to obtain dispersive estimates as in the Euclidean case. It
is however known that the Schrodinger equation on the Heisenberg group is not
dispersive, as observed in [BGX00]. In this work it is even proven that the flow
of (NLS-H') (resp. (NLS-G)) is irregular in H” as soon as k < k¢, precluding
contraction-mapping arguments to yield a local Cauchy theory better than
Proposition 2.4. We also refer to the introduction of [GG10] and Remark 2.12
of [BGTO04]. In view of this lack of dispersion, the dispersive paradigm does not
apply. Note that, however, Strichartz estimates proven by Fourier restriction
methods have been obtained recently [BBG19], but do not seem to yield any
improvement in the Cauchy theory yet.

6.2. Contribution. Our main result is a probabilistic construction of unique
solutions to (NLS-G). Our result is stated in a subspace of Hf denoted by
Xf, which corresponds to HE functions with additional partial regularity in
the y variable. The randomisation procedure is similar to the randomisation
in the torus case. More precisely, the functions of HE, admit a frequency
decomposition. For uy € HE one can write

Up = Z Ua,m ,
(a,m)eN*xN

which enables us to introduce the measure y,, as the image measure on HE by
the randomisation map

(231) UBJ = Z g:mua,m 5
(a,m)eN*xN

where the {g¢,,}(a.m)en-xn are identically distributed independent standard
complex Gaussian random variables. We refer to the introduction and Section 2
of Chapter 6 for more details on this randomisation procedure.

The main result reads as follows.

Theorem F (Gassot-L. [GL21]). Let k € (1,3] and uo € X} C HE.

(i) For all 0 € (3,k+ 1) and almost every w € Q, there exists T > 0 such
that there exists a unique local solution to (NLS-G) with initial data
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ug in the space
edeys + 00, T), HS) c €°([0,T), HE) .

More precisely, there exists ¢ > 0 such that for all R > 0, outside a
set of probability at most e_CRQ, we have T > #.

(ii) (No smoothing) If ug € HE \ (Ueso HET) then
supp(tu,) C HE\ (U HES) .-

e>0

(iii) (Density of the support of the measures) Let ¢ > 0 then there exists
vo € X\ (Uorno HEYE) such that

Supp(:uvo) N BHg(u07€> 7£ .

Assertions (i) and (4) prove that the measures produced with functions in
HE are supported by HE exactly, which is similar to the results obtained in
Appendix B of [BT08a], the proof being similar. Moreover, the union of the
supports of all these measure is entirely filling H%. This is a density result akin
to that of Appendix B in [BT14].

As we already pointed, an inherent difficulty to the Schrodinger equation is
its lack of direct smoothing in the Duhamel term. In the case of R?, bilinear
estimates can circumvent this difficulty in order to develop a probabilistic local
theory similar that of Section 2.2. In the case of the Grushin sub-laplacian,
it is such bilinear and trilinear estimates which we would like to possess. We
obtain some random versions of such estimates.

Theorem G (Bilinear and trilinear estimates for random solutions). Let
ke (1,3 and ug € Xf C Hf. Let uf as in (2.31), and let us denote by
2@ = etBoyy € COR, HE) the solution to the linear Schridinger equation
associated to uy. Then there exists ¢ > 0 such that the following statements
hold. Fiz q € [2,00).

(i) For all R > 1 and T > 0, outside a set of probability at most e°R*

one has
1
(232 G20 ey + 1Pl ey < BT ol
1
(2.33) P20 vy < RPT o fuol 5 -

LrHg

(i) We further require that ug € Xlk—i—ao for some g9 > 0. Let { < k + %
Forall R>1 and T > 0, there exists a set Erp of probability at least
1—e~“F* such that the following holds. Fizw € Egr andv,w € L HE,
then

1
(2.34) ||Zwvw||L%Hg < RT« ||U0”X{€+EO||U||L§9Hg||w||L§9Hg :
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Note that v and w may depend on w.

Remark 2.33. Unlike the R? case, the multilinear estimates are point-wise in
time and do not result from averaging in time, but rather on a probabilistic
gain due to bilinear estimates for Hermite functions. Indeed, as it will be shown
in details in Chapter 6, the partial Fourier transform y — 7 of functions u € L%
has a natural decomposition along the basis of the rescaled Hermite functions

1
Fymulzsn) = Y fu(mhn(Inlzz),
m=0
hence we see that in the products uv, appear some convolution of Hermite
functions. A good understanding of these functions is instrumental in proving
the partial regularity gain for uwv.

Equipped with such multilinear estimates it is then possible to solve the
Cauchy problem with random data u§ by seeking solutions of the form wu(t) =
24(t) + v(t), v € C°[0,T[,HE), ¢ > 3. The goal is then to construct a
deterministic local Cauchy to v which formally satisfies

t
o(t) = —i / 0080 (122 4 o2 (22 1)) dt'.
0

Expanding the cubic term, we see that |v|?v is easily controlled by the deter-
ministic theory based on Sobolev embeddings. For the other terms, one should
apply the multi-linear estimates. The estimate for the purely probabilistic term
|2¢|?2% follows from probabilistic decoupling and deterministic multi-linear es-
timates. Finally, the most difficult term to handle is a mixed term between the
deterministic and probabilistic part |v|?z* which requires a delicate treatment,
see Section 7 of Chapter 6.

6.3. Perspectives. Several questions arise and could provide good extensions
to the study of the Schrodinger equation for the Grushin operator. In particular,
Theorem F leaves open the Cauchy problem in the energy space H,.

Question 2.6. Is it possible to generalise Theorem F to the end point k =17
Can one construct global solutions in this case?

It is highly possible that the techniques developed in the proof of our theorem

lead to construction of unique solutions at regularity H¢,, which would then be
3+

constructed in the space e*2¢u¥ + HZ . Such a construction would not yield

3
global existence in H(,, as one should rather prove that the part v € HZ is
global, which seems very difficult, due to the absence of a priori control of this
norm.

Finally, one can try to prove similar results in the case of the Heisenberg, for
which we expect that most of the arguments apply with small modification.
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Question 2.7. Is it possible to prove an analogue to Theorem F for (NLS-H')?

Appendix A. Proof of Theorem 2.12

Proof of Theorem 2.12. The second inequality follows from the first by integra-
tion using that any random variable Y verifies

1Yl =p [ ¥ B(Y]> N dx.

For the first inequality, it reduces to proving the inequality without absolute
values because for any random variable Y there holds P(|Y| > \) < P(Y >
A)+P(=Y > N).

We introduce ¢ > 0 which has to be chosen.

P (Z anXy > )\) =P (exp (t Z anX”) > et)‘) .
n=0 n>0

The Markov inequality, the independence of the X, and (2.11) imply

P (Z an Xy > /\) < e T E[e"*] < exp (—t)\ +ct? > ai) :

n=0 n=0 n=0

and the result is obtained after optimisation in t. O

Appendix B. Idea of the proof of Theorem 2.20

The proof of this theorem relies on a specific feature of the R? setting: the
bilinear estimates for solutions to the linear Schrodinger equation
{ W+ Au = 0

(2.35) w(0) = up € HY(RY).

Lemma 2.34 (Bilinear estimates). Let u,v be two solutions of (2.35) with
initial data ug,vo € L* and write uy, = Py,u and vy, = Py,v the frequency
projections of these functions on [N;,2N;]. Assume that No > Ny. Then one
has
N\ ?
fusionallzz, S M () o (O) ez lowa O) 2

Remark 2.35. If Ny = N, the this follows from Holder and Bernstein inequalities,
thus the factor (No/Nj) represents a half derivative soothing when Ny > Nj.

In order for this result to be used for almost linear solutions one works in
spaces adapted to the linear evolution. In this context, these spaces introduced
in [Bou93] are the X*° spaces defined by the norm

xow = |17 — [ERMEY AT ) .2,

[l
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where @ stands for the space-time Fourier transform of u. The bilinear estimates
can be “transfered” to X** spaces. More precisely we will use the following
estimates, gathered in the following result.

Corollary 2.36 (Linear and bilinear estimations in X*°). Let nr(-) be a
smooth cutoff in time such that 1o < np < Llor). Let s €R, b € (%, %) and
00,3 —0).

(i) Linear estimate: one has

t
(2.36) e (t) /0 dApY A < TO|F

Xs:b

Xs,b71+0 .

(i) Bilinear estimate: let Ny > Ny, b > % and two functions uy,,un, €
X0 frequency localised (in spatial frequencies) around Ny (resp. Ny).
Then there holds

1

1
N7\ 2
(237) lumivmallzz, S M () luw lxoo o oo

Hence the effect of the Duhamel operator in X*° norms can be read on
b.

Proof of Theorem 2.20. We do not give a complete proof and should only
emphasis the use of the bilinear estimates.

We go back to the scheme introduced to study the local Cauchy problem,
seeking v such that u(t) = ur(t) + v(t) solves (2.14), that is

v(t) = ®(v)(t) = —i /Ot e 2 (Juy, 4 v]*(ug + v)) dt’ .

_l’_

Then we prove that ® is a contraction mapping X* — X% with b = and

o = 17. Thanks to Strichartz’s inequality (2.36), we have

@]l ey S TMlur, + v (ur + 0)

1
2

.
x1t3

<7 sup / (VY ug, + v (ug, + v)w dtdz .
RtXRé

ol 4+ <1
X2

where on the last line we used duality.

Developing uz, + v|*(uz, + v) essentially leads to two terms which treatment
is different: the term |v|?v, handled using deterministic methods and the term
|ur[*ur, which we will study. The other terms are treated using combination of
arguments used in the treatment of these two terms.

In contrast with the study of (fNLS) where 5 > 0, the Duhamel operator
does not gains derivatives, hence depending on which terms the derivation
(V)" acts, it is not clear that there holds [upPupl 1+ 1~ < 00.

2
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In order to circumvent this difficulty, one can use bilinear estimates. In
order to do so, one splits each u; dyadically in spatial frequencies using a
Littlewood-Paley decomposition uj, = Y yeon un. Thus one has

Lo O (wPuywdide = 3 () ) uv)s;

Ni1,N2,N3,Ny
max{N1,No,N3}~Ny

where the condition on N4 comes from Parseval’s theorem and the scalar product
in L2. Moreover by symmetry one can further assumes that Ny ~ N3 > Ny, N}
in the above sum.

The Ny ~ Ny ~ Nj case is favourable since in this case (V) acts as multi-
plication by N; which can be split. In the following we only address the case

1
Ny ~ N3 > N;, N, with the supplementary condition Ni, No < N3, which
prevents derivative trade-off. This case is expected to be one of the most
difficult in the analysis.

In frequency space, un, un,up;, is supported around max{N;} = N3, hence
the “cost” of derivation is estimated by N3. One also uses that N3 > N; and
Ny > Ny in order to use (2.37) :

+ +
(<v>1 (UN1UN2UN3)7UN4)L§% 5 N?} HUN1uN3||Lt27x”wN4uN2||Lf’x

1 1
N\ 2 No\ 2 3
SN () 8 () el T use s
=1

Using that ||uy, || xo0s ~ N; %||lun,|| xs» one infers that

3

lww, [[xos T lluw,
i=1

+ 1+-3
<<v>1 (uN1UN2UN3)’UN4>Lf’w S Ns ¥

Xs:b

which is an acceptable contribution as soon as s > % A complete proof is given
in [BOP15b]. O
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Almost Sure Existence of Global Solutions for
Supercritical Semilinear Wave Equations

ABSTRACT. We prove that for almost every initial data (ug,u1) € H® X
H*~! with s > ;’%‘;’ there exists a global weak solution to the supercritical

defocusing semilinear wave equation 0?u — Au + |u[P~'u = 0 where p > 5,
in both R? and T2. This improves in a probabilistic framework the classical
result of Strauss [Str70] who proved global existence of weak solutions
associated to H' x L? initial data. The proof relies on techniques introduced
by Oh and Pocovnicu in [OP16] based on the pioneer work of Burq and
Tzvetkov in [BT08a]. We also improve the global well-posedness result in

[SX16] for the subcritical regime p < 5 to the endpoint s = z—:i’.

1. Introduction

1.1. Supercritical semilinear wave equations. We consider the Cauchy
problem for the energy-supercritical defocusing semilinear wave equation in
dimension 3, that is for p > 5 and s > 0:
OPu— Au+ |[uflu=0
(u(0), 0u(0)) = (uo,u1) € H*(U) x H*~'(U),
where u(t) is a real-valued function defined on U = R3 or T3. We also consider
the associate linear wave equation:

{ 02z—Az=0

(SLW,)

(LW) (2(0),0;2(0)) = (20, 21) € H*(U) x H*(U) .

The formal conserved energy for a solution u to (SLW,,) is

() = | ('@“(t””)’ AR i LGE L ) i

2 2 p+1
Moreover (SLW,) is known to be invariant under the dilation symmetry
u(t,z) — up(t,z) = )\ﬁu()\t, AT) .

A necessary condition, for a function u to belong to the energy space, E(u(t)) <
o0, is that (u(0),9,u(0)) € H'(U) x L*(U). We observe that

2 _1
[(ux(0), Deur(ON| g1y 2y = AP 2 [[(w(0), Quw(O)) || 2 0y x £2(07)
> 11((0), 3(0)) 1 0y 20

101
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since p > 5, which explains why for such p, (SLW,) is called energy-supercritical.

We first recall the classical result of existence of weak solutions to (SLW,,).

Theorem 3.1 (Strauss, 1970, [Str70]). Let f be a real smooth function and F

be an antiderivative of f. Assume that F(v) 2 —|v|* and
)|
00 as |u| — 0o.
[/ (u)]

Let (ug,uy) € HY(R?) x L*(R3) satisfying

2 V 2
E(ug,uy) ::/RS<|U1| +‘ uo| —i—F(uo)) dr < c0.

2 2
Then the equation

{ OPu—Au+ f(u) = 0

(3.1) (u(0), Dyu(0)) = (ug,uy) € H' x L?,

admits a weak solution, that is a distributional solution (u,du) : R — H'(R?)
which is weakly continuous in time and such that

E(u(t), Owu(t)) < E(ug,u1) for every t € R.

In the following we will seek for global solutions to (SLW,) in the following
sense.

Definition 3.1 (Weak solutions for (SLW,)). A function u : Rx U — R is said
to be a weak solution to (SLW,) with initial data (ug,u;) € H*(U) x H*'(U)
if and only if one can write u = z 4+ v where z is a strong solution to (LW)
with initial data (ug,u1) and v is such that (v(0),d;v(0)) = (0,0) and satisfies
for every T > 0, v € H'((-T,T) x U) N LP*Y((=T,T) x U), and for every
compactly supported ¢ € C*(R x U):

// (@v@tgo—Vv-ch—(z+v)]z+v|p_1cp> dedt =0.
RJU

Remark 3.2. Note that this definition differs from the definition of weak solu-
tions in Theorem 3.1. In our setting we ask for the solution u to be written
in the form u = z + v, where z solves the associate linear problem (LW): the
reason why we ask for such a decomposition will appear clearly in the proof of
the main result, Theorem 3.4. Note that these weak solutions are a fortiori
weak solution as in Theorem 3.1.

In contrast, we recall the notion of strong solution that we will use, slightly
different from usual definitions, adapted to a decomposition © = z + v. More
precisely, we have the following.
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Definition 3.2 (Strong solutions for (SLW,)). Let 7" > 0. A function u :
(=T,T) x U — R is said to be a strong solution to (SLW,) on the time
interval (=T, T), with initial data (ug,u;) € H*(U) x H*"Y(U) if there is a
decomposition u = z 4+ v where (z,0,2) € C°((=T,T), H*(U) x H*'(U)) is a
solution to (LW) associated to (ug,u;) and (v, d;v) belongs to CO(R, H*(U) N
LPHY(U)) x CO(R, H*~Y(U)) and is a solution to

02— Av+ |z + v H(z+v) =0,

with initial condition (vg,v1) = (0,0). Such a solution is global if one can take
T = oo0.

Remark 3.3. We remark that these strong solutions are such that
(u7 atu) S CO((_T7 T), HS) X CO((_T7 T)7 HS_1> )

which can be considered to be the usual space for strong solutions. We will see
that, however, differences appear when one considers the uniqueness of such
solutions; see Theorem 3.8.

1.2. Previous works on probabilistic well-posedness for wave equa-
tions. Our purpose is to construct solutions to (SLW,), in the sense of Defini-
tion 3.1 using a probabilistic method when initial data are below the energy
space. Indeed, up to the knowledge of the author, no global existence result is
known for (SLW,), p > 5 and initial data (ug,u1) € H¥x H¥"! with s < 1.

Probabilistic methods have been implemented in order to construct solutions
to (SLW,,) associated to initial data below the energy space. As a result, the
local and global well-posedness theory have been widely improved. We briefly
recall the existing results in the context of semilinear wave equations, our list
being not exhaustive.

The probabilistic well-posedness theory goes back to J. Bourgain who
proved global existence for the two-dimensional nonlinear Schrédinger equation
in [Bou94]. Building on Bourgain’s ideas, N. Burq and N. Tzvetkov published
a series of two articles [BT08a, BT08b], introducing a randomisation procedure
that allows to choose random initial data in Lebesgue and Sobolev spaces. They
developed the local and global probabilistic well-posedness theory. They later
considered the global well-posedness of (SLW,) for p = 3 in [BT14] proving
that, although for s < %, (SLW,,) is ill-posed, there exist unique global solutions
for almost every initial data in H*(T%) x H*"!(T?) as soon as s > 0. The proof
relies on a probabilistic improvement of the Strichartz estimates. In [BTT15],
Burg-Thomann-Tzvetkov considered (SLW,) in higher dimensions and proved
the almost sure existence of global infinite energy solutions of (SLW,), for p = 3
in T, d > 3. Their argument uses compactness techniques just like the ones
presented in this article. We mention that in the context of the Navier-Stokes
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equation on T3, A.R. Nahmod, N. Pavlovi¢ and G. Staffilani proved existence
of global weak solutions almost surely in [NPS13].

The work of Lithrman-Mendelson in [LM14, LM16] deals with the global
well-posedness theory for (SLW,) in the case 3 < p < 5. They prove an
almost-sure global well-posedness result associated to initial data

p*+5p? —11p—3
9p? —6p — 3

(ug,u1) € H*(R?) x H*1(R?) as long as s >

which improves the deterministic theory when i(? +73) ~ 388 <p <5
In [LMI16] they improved their result to % < s < 1 using Oh-Pocovnicu’s
ideas from [OP16].

In [Poc17], Pocovnicu proved almost-sure global well-posedness for the energy
critical wave equation (SLW,) in the Euclidean space R? of dimension d = 4, 5.
The proof relies on the deterministic perturbation theory for critical dispersive
equations as well as the probabilistic improvements of the Strichartz estimates
coming from the work of Burg-Tzvetkov. With some more efforts in the domains
R? and T? the global well-posedness theory for (SLW,,), p = 5 has been treated
in the joint work of Oh-Pocovnicu in [OP16, OP17]. In their proof they used a
new energy estimate and a new probabilistic Strichartz estimate. Their result
shows that almost-sure global well-posedness in known to hold for initial data
in H° x H*7', s > %

The global well-posedness theory for (SLW,) and when 3 < p < 5 was then
studied in the work of Sun-Xia, in [SX16]. They proved global existence and

p—3

uniqueness for s > o interpolating between the results of Oh-Pocovnicu

[OP16] and Burg-Tzvetkov [BT14].

Finally it should be mentioned that in the context of the semilinear Shrédinger
equation, similar probabilistic well-posedness have been investigated, we refer
to [BOP15b, OOP17] for the Euclidean setting and [BB14a, BB14b] for the
setting of the unit ball.

1.3. Main results and notations.

1.3.1. Statement of the main results. Let (Q, F,P) be a probability space, and
a randomisation map (ug, u1) — (uf, uy) that will be described in Section 2.1,
see (3.5) and (3.7). Let U be an open set. The measure i, is defined as
the pushforward probability measure of P by the above randomisation map.

We define
MS(U) = U {/‘(“o,m)} .

(uo,ur1)EHS(U)xHs—1(U)

We now state our results. The first is an existence result in the supercritical
case.
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Theorem 3.4. Let p > 5, s > g%i’ and U which stands for R® or T®. Let

pw e M3(U). Then for u almost every (ug,uy) € H*(U) x H*"Y(U) there exists
a global weak solution u to (SLW,), in the sense of Definition 5.1.

Remark 3.5. Note that no information is given concerning the uniqueness of
the solutions constructed.

The solutions constructed in Theorem 3.4 enjoy additional properties:

Corollary 3.6. Under the hypothesis of Theorem 3.4, and given p € M?*(U),
there exists a set X C H*(U) x H*"Y(U) of full u-measure which is invariant
under the flow of (SLW,). If s < 1 then for every initial data (up,u1) € X,
the solutions u constructed by Theorem3.j satisfy (u,du) € C°(R, H*(U) X
(1)

Corollary 3.7. For U = R3, the solutions constructed by Theorem 3.4 enjoy
the finite speed of propagation property with speed at most 1.

The next result is an extension of Theorem 1.2 from [SX16] to the endpoint
— p=3

§s=

Theorem 3.8. Let 3 < p < 5, s := z%? and U stands for R3 or T3. Let

pu € M5, Then for almost every (ug,u1) € H*(U) x H*"Y(U) there exists a
unique global strong solution to (SLW,) in the sense of Definition 3.2, where
uniqueness for (u, Opu) holds in the space

(S()(uo, u1), 0S () (uo, ur)) + C*(R, H*(U) N L (U)) x C°(R, H*H(U)),
with S(+)(uo, w1) standing for the solution to (LW) associated to (ug,u;).

Again a consequence of the proof of Theorem 3.8 is the following;:

Corollary 3.9. Under the hypothesis of Theorem 3.8, and given p € M?, there
exists a set . C H*(U) x H*"(U) of full p-measure which is invariant under
the flow of (SLW,).

Remark 3.10. One can also prove probabilistic continuous dependence of the
flow in the sense of [BT14], using the proof given in [Poc17], Theorem 1.4 and
Remark 1.6 (iii) but this Chapter does not focus on this matter.

Remark 3.11. Combining these results with the existing results in the case
p < 5, see [BT14, OP16, OP17, SX16] yields the following classification:

(7) In the energy sub-critical setting i.e p € [3,5), there exists a unique

strong solution to (SLW,) for almost every initial data in H*(U) x
H*=Y(U) as soon as s > 5%51)’. The case p = 3 is treated entirely in

[BT14] in the case of the torus, but similar arguments work in the
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Euclidean setting. The case p € (3,5) and s > £=2 is treated in [SX16],
p

and the case p € (3,5), s = g%‘(f is Theorem 3.8. In [BT14], additional
results of continuous dependence and flow-invariant set are proven in
the case p = 3, s > 0 which remain valid in the case p € (3,5), s > g.

(i) In the energy critical setting p = 5, there exists a unique strong
solution to (SLW,) with initial data in H*(U) x H*"*(U) as soon as
s > 1. This result is proven in [OP16, OP17] both in R* and T®
and comes with a continuous dependence result and flow-invariant set
construction.

(77) In the energy super-critical setting p > 5 there exists a global weak
solution as long as s € (g%‘i’, 1) : this is Theorem 3.4. For s > 1 there
still exists a weak solution, in the sense of Definition 3.1. In both

cases such solutions can be constructed in a flow-invariant way, this is
Corollary 3.6.

Remark 3.12. One can wonder if it is possible, for p > 5 (resp. p = 5), to
extend the result of Theorem 3.4 (resp. Theorem 3.8) to the endpoint s = i:‘z’.
As it will be explained in Remark 3.26, this endpoint remains out of reach of
the techniques presented on this article. Thus the extension to the endpoint

proven in Theorem 3.8 may be viewed as subcritical.

1.3.2. General notation. (Q, F,P) is called a probability space if {2 is a set and
F is a g-algebra, endowed with a probability measure P. The expectation of a
random variable X will be denoted by E[X].

The notation A < B means that there exists a constant C' such that A < CB.
The notation A <, B is used to specify that the constant C' depends on .

For a real number x, |x]| (resp. [x]) denotes the lower integer part (resp.
upper integral part).

We adopt widely used notations for functional spaces: C* denotes the set
of k differentiable functions with continuous derivatives up to order k, L?
stands for the Lebesgue spaces and W*? := {u, (Id —A)*/?u € LP} (resp. W*?)
denotes the usual nonhomogeneous Sobolev spaces (resp. homogeneous spaces).

The hilbertian Sobolev spaces are denoted H® := W$?2. Besov spaces are
denoted Bj,, see Appendix A for more details. The Fourier transform of a

function f is denoted by f or equivalently F(f). D denotes the space of test
functions, that is C* functions with compact support. S’ stands for the space
of tempered distributions. If X is a Banach space we often write LPX or LL.X
for LP((0,T), X). For x € R4, (z) = (1+ |z[*)'/2, and (V) denotes the Fourier
multiplier of symbol (£).



1. INTRODUCTION 107

S™ = ST denotes the class of classical symbols of order m € R, that is
smooth functions a : R¢ x R — C such that

|8§‘8§a(x,§)| S (€)™ for every a € N? and z, £ € R?.

In the rest of this chapter H*(U) will be used as a shorthand notation for
H:*(U) x HY(U).

1.4. Outline of the chapter, heuristic arguments. The purpose of this
section is to provide the reader with heuristic arguments that will help to
understand the main ideas behind the proofs of the two main results. Note
that this section is not mathematically needed in order to follow the rigorous
proofs of the result.

1.4.1. Energy estimates. In this paragraph we set U = R? and drop the reference
to it. As in [BT14, OP16], the method to construct global solutions to (SLW,)
is to seek for solutions w of the form w(t) = z(t) + v(¢) with initial data
v(0) = 0,v(0) = 0, and z being the solution to (LW) associated to initial data
(up,u1) € H*. Note that z is globally defined. It is thus sufficient to prove that
v globally solves an equation in the energy space H'. A direct computation
shows that v formally satisfies

0% — Av+ |z + Pz +v)=0.

We now assume that v locally solves this equation in H! and that the local
well-posedness result comes with a blow-up criteria that only depends on the
size of ||(v(t), 0w (t))|l3. In this case, proving global existence v reduces to
proving that the (not conserved) nonlinear energy

19Ol | IVe@IlZe o)1

E@t) =
P 2 p+1

is bounded on every time interval.

In order to do so, the standard way is to estimate E(t) using a Gronwall-type
estimate and hope for a sublinear estimate that will give non-blowup for E(t).
We first begin by writing that

E't) = - /R O(t) (|2(0) + o (1) + 0(1) — (B o(t)) de

In the following we will provide a rough argument, ignoring lower order terms
and using fractional integration by parts. The terms in powers of z will be
estimated using the probabilistic Strichartz estimates from Proposition 3.4
and Proposition 3.5 so they constitute the “good part” when expanding the
quantity (z + v)? — P, if we assume p to be an odd integer for instance.
These considerations lead to the “worse order approximation” (z + v)? — vP =~
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vP~1 2 + (better terms). The other terms are expected to be handled in an easier
way so that we write :

E'(t) ~ /3 O P zdx + (better terms) .
R —_——
SE(#)

From now on, we will dismiss the better terms and study the worse term.

Remark 3.13. A crude estimate using the Holder inequality, putting z € L*°,
+1
O € L? and vP~! € L1 leads to

,_.

P

E'(t) £ B()* 5

which is sublinear if % + 2;1 1 7.e. p < 3. Thus such an argument would
provide an energy estimate that does not blow-up for p < 3 and s > 0. This
was the idea behind the energy estimates in [BT14, Pocl7].

In order to obtain energy estimates for p = 5, Oh-Pocovnicu introduced
in [OP16] an appropriate method that we describe: if one accepts a loss of
regularity for the initial data then one can transfer time regularity into space
regularity using an integration by parts in time, and properties of the wave
equation, which state that roughly 0,z ~ Vz. Since E(0) = 0 we have after

integration in time:
t t
:/ E'(t')dt':// Otz dzdt .
0 0 JR3

Then using that dyvvP~! ~ 9;(vP) an integration by parts yields

// t"Poz(t") dt’ da

R3

N// tPVz(t") dt' dz .
]R3

Pick s € [0, 1] which will be chosen later. We write that Vz = V!7*V*2z and
integrate by parts in space with the operator V17* neglecting the boundary

terms:
// VI ()P )V () dar i
R3

We expect that V1~ S(vp) ~ pP~IV1=%y g0 that Hélder’s inequality yields
t
(3.2) E(t) = / V(oY) de d
0 Jr
t p—1
S IV, [ BE @)l e a

The term ||U(t’)|| .
v(t') in LPT and H L The standard tool to do so is the Gagliardo-Nirenberg

et will be estimated by interpolating the estimates for
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inequality, see Theorem 3.32. We obtain

loa, o
IV=20ll e S IVl ol S E(E) 2 7T,

~Y

where s satisfies the homogeneity conditions

{ s 2«
2 1-s _ 11—« «
3 6 +

which gives a = s, < 2%3, so that

t
B(t) S IIV2liz, [ E()ar

and the Grénwall lemma proves the non blow-up of E(t), provided ||V 2|z <

+00 which is the case for initial data in H* "¢, thanks to probabilistic improve-
ment of the Strichartz estimates that we will prove later.

In our context it will not be possible to construct such a global strong solution
v. However the strategy used in [BTT15] applies: this is the strategy one uses
to construct Leray solutions in the context of the Navier-Stokes equations,
which consists of first finding approximate solutions w, = z, + v, that are
global in time. Then the previous energy estimate provides uniform bounds for
v, that allow strong compactness arguments in order to pass to the limit.

1.4.2. Yudovich-Wolibner argument. The Yudovich-Wolibner argument was
first presented in the work of Wolibner in the context of the 2-dimensional Euler
equations, see [Wol33]. A similar argument was provided by Yudovich in the
same context, see [Yud63]. We will recall this argument, in its simplest version.
Note that this kind of argument has been widely used since, in particular in
the study of (SLW,), p=3,s =0, see [BT14].

Let us explain it in the context of the Schrodinger equation on R?:

10+ Au+ ulul* = 0
(NLS) { u(0) = wuy € H'(R?).
Let uy,us € C°([0,T), H') be two solutions to (NLS). The following aims at
proving uniqueness of solutions, that is u; = us. In order to do so consider
E(t) := |lui(t) — uz(t)|[22. Then a computation, using that uy, us solve (NLS)
yields

Et) S /Rg Jur (t) — ua(B)* (Jua (O] + [ua()]*) dz

If the embedding H'(R?) — L*(R?) were true, then we would have E'(t) <
E(t) and would deduce that E(t) = 0 for ¢ € [0,7]. Unfortunately there
is no such continuous embedding, and we only have the Trudinger type esti-
mate [BCD11]

llullze S /Pllwl|gr for all p > 2.



110 CHAPITRE 3. GLOBAL SOLUTIONS FOR WAVE EQUATIONS

Using the previous inequality and the Holder inequality gives
(3.3) E'(t) < pE(t)'

for all p > 1. After integration by separation of variables this implies E(t) <
(Ct)P for a constant C' > 0. Thus for a fixed t < % and letting p — 0o, we get

E(t) = 0. This argument can be iterated on time intervals {ﬂ "—“} forn >0

cr C
so that E(t) =0 for all t > 0.

Remark 3.14. Another way to conclude is to optimize in p in (3.3) so that
E'(t) < —E(t)log(E(t)) and gives the same result.

As mentioned before our setting will be a little more complicated: we will
need some bootstrap argument to conclude rather than this simple integration
techniques. The method will be used to prove existence of global solutions
in a limiting case rather than proving uniqueness, the framework being very
similar.

1.4.3. Organization of the paper. Section 2 explains the the randomisation
procedure and recalls the probabilistic improvement for the Strichartz estimates.
We then provide a generalization of these estimates in the context of Besov
spaces, see Proposition 3.5.

Section 3 is devoted to the proof of Theorem 3.4 in the case of the Euclidean
space R3. More precisely, Sub-section 3.1 proves existence of global solutions
u, to approximate equations, Sub-section 3.2 provides uniform bounds in n
for the nonlinear energies that will allow to use a compactness argument in
Sub-section 3.3.

Section 4 provides the proof of Theorem 3.8 and its corollary.

For reader’s convenience some useful facts concerning Sobolev and Besov
spaces are gathered in Appendix A.
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2. Probabilistic estimates
2.1. The probabilistic setting. We first recall some standard notation in
Littlewood-Paley analysis.

Let C be the annulus {£ € R3 3/4 < |£] < 8/3}, then there exists ra-
dial functions Y, ¢ taking values in [0, 1] belonging to D(B(0,4/3)) and D(C)



2. PROBABILISTIC ESTIMATES 111

satisfying
O+ o279 =1forall ¢ e R* and > ¢(277¢) =1 for all £ € R*\ {0}
7=0 JEZ
and such that

j—J'1=>2 = suppp(27/)Nsuppp(27) = @
j=>1 = supp x Nsupp p(277-) = &.
We now define the nonhomogeneous Littlewood-Paley projectors:
0 for 7 <=2
Aju = xX(D)u  for j=-1
©(277D)u for j >0,
where x(D) (resp. ¢(277D)) denotes the Fourier multiplier of symbol y (resp.

©(277-)). As a homogeneous Littlewood decomposition will be needed, we set
Aj = @(279D) for all j € Z. We set :

> Ay and P, = x(277D).

J<i—1

In the case of the torus T® we construct a similar decomposition, with a
bump function ¢ € D(B(0,2)) such that ¢ = 1 on B(0,1). Let (e,)nezs
be the hilbertian sequence of L?(T?) defined by z + e,(z) = e*™*. For a
function u = ¥,,c73 cnén, and for j > 0, we set Pju =3, .75 ¢(277|n|)cpe, and
Aju = Pju — P,_ju, with the convention that P_; =0

An account of useful facts in Littlewood-Paley theory is given in Appen-
dix A.

The randomisation that is widely used in the context of the torus T? or more
generally a compact manifold is presented in [BT08a]. Consider (X,),ezs a
sequence of random variables defined on a probability space (2,4, P) which
satisfy the following definition.

Definition 3.3. Let (€2, F,P) be a probability space and (Xﬁf)) be a

3.
sequence of complex random variables defined on 2, satisfying tn}fez é;r(r)illrrletry
property XQ X and such that the random variables
(X8, Re (X0) ,1m (X))
where
I=(Zy x{0}*) U(Z x Zy x {0}) U (Z* x Zy) ,
are mdependent and that there exists a constant ¢ > 0 such that for any

Y € {X (X( ) Im (X( )}nel;i:m there holds
(3.4) & [e™]] < e
for all v € R.
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Every u € L*(T?) can be written in the hilbertian basis (e,)nez as u =
Y nezd Unen With u, the Fourier coefficients of u. We introduce the Fourier
randomisation associated to a couple (ug, u;) with the randomisation map:

Q — { map from T? to C}
(35) @(uo,m) : W (Z XT(LO)(W)UO,nem Z X7(11)<w)u1,nen> .
nez’ nezs

There is a similar procedure in the Euclidean setting. In this case the stan-
dard randomisation setup is called the Wiener randomisation and randomizes
frequencies cubes in a way that we explain. Note that a rough version of that
randomisation was introduced by Wiener in [Wie32], and that the smooth
version used here has been developed by Benyi-Oh-Pocovnicu in [BOP15b]. Let
¥ € D(] — 1, 1[?) with the symmetry property 1 (—&) = (&) for all £ € R? and
satisfying the unit partition condition >, czs ¥(- — n) = 1, so that for every
u € S’ there holds

u= Y (D -n)u.

nezs
One readily sees that
(3.6) E— > (€ —n)|* is bounded.
nezs

The randomisation of a couple (ug, u1) is then defined with the randomisation
map

(3.7)
0 — { map from R? to C}
O {4y vy (z XO(@)0(D — nua, - XD @)(D - n)ul) -
nez3 nez?

In both cases (randomisation in T? or R?) we set fi(yo.uy)(A) :=P (@@107”1)(14)>
for every measurable set A, and define

M(U) = ﬂ H(ug,u1) 5

(uo,ul)EHs(U)XHS_I(U)

the set of all measures that we will work with.

Remark 3.15. In the following, when there is no possible confusion we will
denote by (ug, u1) the couple of random variables defined by the randomisation
maps (3.5) and (3.7), rather than (ug,uy) or any other notation.

These randomisations have been studied in [BT08a], in which Burg-Tzvetkov
proved the following theorem. For a proof see Lemma B.1 in [BT08a] and also
Lemma 2.2 in [BOP15b].
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Theorem 3.16 (Non-smoothing effect of the randomisation setup). Let p =
Lo ) € ME(U), U=R3 or T* and for i = 0,1 there exists a ¢ > 0 such that
limsup, P(|X?| < ¢) < 1. We have the following:

(i) The measure u is supported by H*(U).
(ii) For s' > s if (ug,u1) ¢ H* (U) then u(H* (U)) = 0.

(iii) In the case of the torus, if all the Fourier coefficients of uy and
uy are different from zero and the support of the distributions of

the (Xéi), Re(X1), Im(Xff)))nE[ o 0T R then the support of u is
ezactly H*(U).

This theorem proves that there is no gain in regularity by randomisation.
However a gain in integrability is known, see Theorem 3.17, and is responsible
for the improvement in Strichartz inequalities and thus the local wellposedness
and global well-posedness theory in dispersive equations.

2.2. Probabilistic semigroup estimates. The starting point of every prob-
abilistic improvement of the Strichartz estimates is the following well-known

theorem in the theory of random Fourier series. For a proof see Lemma 3.1 in
[BT08a] and Lemma 2.1 in [OP16].

Theorem 3.17 (Kolmogorov-Paley-Zygmund). Let (X,,)nez be a sequence of
independent and identically distributed real-valued random variables such that
there exists a constant ¢ > 0 such that for every v € R, the inequality (3.4) holds.
Let (ay)nez € 2(Z) be a complex valued sequence with the symmetry property
a_, =, for every integer n (resp. a real-valued sequence (a,)nen € (2(N)).
For q € [1,00) one has:

(3.8)

Z anXn

nez

S Vall(an)nezlle-

La

We turn to the probabilistic improvement of Strichartz estimates and in-
troduce semi-groups associated to the linear wave equation. Let s > 0 and

(ug,u1) € H*(U). We set:
sin(t[V])
VI
which is a solution to (LW). One of the key features of the linear wave equation
is that “two time derivatives equal two space derivatives” so that one expects
that “one time derivative equals one space derivative” which can be turned
more rigorously writing 0;z(t) = (V)Z(t) where
|V|sin(t|V]) cos(t|V])
= — Up Ui.
(V) (V)

z(t) == S(t)(ug, uy) := cos(t|V|])ug +

Uy,
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For our purposes we will need a smooth version of both z(t) and Z(¢), namely
zn(t) = Sp(t)(uo, ur) := PpS(t)(uo, ur)
Zn(t) = Sp(t)(ug, ur) :== PpS(t) (ug, ur),

for every integer n > 1. We recall the probabilistic Strichartz estimates, proven
in [Pocl7, OP17] for (3.10) and [OP16, OP17] for (3.11).

(3.9)

Proposition 3.4 (Probabilistic Strichartz estimates for the wave operator).
Let U standing for either T* or R3. Let (ug,u1) € H*(U) and still write (ug, u;)
its randomisation (Fourier randomisation procedure or Wiener randomisation
procedure). Let z* stand for either z,Z,z, or Z,. For any q; € [1,00) and
G2 € [27 OO] d

(3.10)

c\?
max {TT} (g, )|

P(]| 2| ar ((0,7), w2 @)y > A) Seexp | —

2
Hs+e

with € =0 if @ < 00 and € > 0 arbitrarily small otherwise.
For any gz € [2,00] and arbitrarily small € > 0:
(3.11)

c\?
P(]| 2" Lo s, >N S (1+T — :
(1 oy > 0 5 0+ T ()

For our purposes we will need a counterpart of Proposition 3.4 in the context
of Besov spaces:

Proposition 3.5 (Besov norm probabilistic Strichartz estimates). Let (ug, u1) €
H3(U) where U stands for either T2 or R® and still write (ug,u1) its randomi-
sation (Fourier randomisation procedure or Wiener randomisation procedure).
Let z* stand for either z,Z,z, or Z,. For any q1 € [1,00), g2 € [2,00] and
r € [1,00]:

(3.12)

\2
P (|2l 0),Bs, ,) > A) Seexp | —¢
| >3 % masc {7, T | o, 1) B

with e =0 if g < 00 and r > 2; € > 0 otherwise.
For any g € [2,00] and r € [1,00]:

>\2
(3.13) P (12" oo (0,1),Bs, ) > A) S exp <—c(€) )
( ((0,1),Bg, ) ) (T)2= || (uo, uy)| gHHE

with € > 0.

Remark 3.18. Note that the estimate (3.13) differs slightly from (3.11). The
proof presented here will indeed differ from the one in [OP16] which appears in
the context of Lebesgue spaces and relies on a series representation for z(t), a
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method that we decided not to use and present an alernative method. However,
by applying the method of Oh-Pocovnicu one can prove a similar estimate.

Proof. The proof follows closely the one in [OP16, OP17, Poc17] as only the
parameter r has been added in the analysis. Nonetheless the proof is given in
quite extensive details for reader’s convenience. We will only give the proof
in the case U = R? since the computations are almost the same in T3. It is
indeed only the randomisation setup which differs but in both cases they satisfy
the same smoothing properties, see Appendix A. We will also assume that
2*(t) = z(t), other cases could be treated in the exact same way.

Step 1. Assume s = 0, ¢; < 00 and ¢ < oo. Without loss of generality
we can assume that r < oo thanks to the inequality [[z[|ze(0,m),Bg, ) S

| 2| a1 ((0,7),22) and (3.10). Assume first that » > 2. We will prove that
for p > max{qi, g2, 7} one has

(3.14) 120 oz om0, ) S VT o | (o, ur) 40

Assume that (3.14) is proved, then the Markov inequality (with the function
A = AP) gives

P (l2llz 01,88, > A) < A 12w 02,88, )
and minimizing in p yields (3.12). It is indeed the case when the optimizing p
is such that p > max{qi, g2, 7}, otherwise just take C' large enough to ensure
Ce~max{a1,e27} > 1 and write

Lo (or),Be ) > A) <1< Cemmaert < Cep,
) q2, )

which ends the proof of (3.12).

The proof now reduces to the one of (3.14). Since z(t) = cos(t|V|)ug +
sin(t| V) sin(¢| V)
M VI
other is even simpler to handle and we omit the details). Set p > max{qi, ¢z, 7},

use the integral Minkowski inequality and Theorem 3.17:

uy we assume that z(t) = u; and only estimate this term (the

A sin(t|V|)u1 A'sin(t|V|)u1
=|l— < T
]V| LP(Q,L9((0,T),BY, ) ‘V’ L3 5(N,L92) LP ()
sin(t|V])
S VP Hiﬁ(D - ”)TAWI
£.(2)

L1 ((0,7),67 (N, L92))
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As ¢ > 2, the Minkowski inequality followed by the Bernstein inequality on
(D —n) (see 3.28) imply

A< Jp sin(t|V])

‘V’ Ajul

o=

Lzl Lo ((0,1).61(N.3,(2))

S MR e N
V| 2llLa ()02 @)
Y(D)sin(tV]) .|’
A.
t|v| Ll ap>

L2 In|>1

(D —n)sin(t|V])
V|

Ajul

sva(2

2\ U/
LQ) .
La1((0,),7(N))

sinx

The use of the elementary inequalities < 1 and |sin(x)| < 1 for all

x € R along with the Bernstein inequality give:

(D —n)

’V| Ajul

ASVp (t2 (D) A |72 + 3

[n|>1

B Mo oo

1/2
< /pmax {qul,Tqul} (Z Hlﬁ(D —n)A;((V) " ) ;) ;
nez
e

" ()

and using (3.6) as well as the definition of Besov spaces this implies

(1 1 1
Sm’(v’|v|>u1 < /pmax {T‘Ill ,T2+q11 } [url[ -1, -
2,7

LP(Q,L0((0,1),BY, )

When r > 2 the conclusion follows from the fact that H~! ~ B, 5 = Bj. L
see Theorem 3.31. For r < 2 it follows from the fact that for all ¢ > 0 arbitrarly
small, H~ 175 — Bs, s Bs, ! which explains the loss of derivatives. See also
Theorem 3.31.

Step 2. The case where s > 0, q; < oo and ¢z < oo is inferred by the case
s = 0 using that (V)® commutes with semi-groups S(t), S(t).

Step 3. The case where s > 0, ¢; < oo and ¢ = oo follows from Sobolev-
Besov continuous embeddings given in Theorem 3.31 in the usual manner: for

@ >3, By, , < BS, . so that the conclusion follows with an € loss of derivatives.

Step 4. Assume that (s,q1) = (0,00) and r € [2, 00) which is the last case
we need to address. Other cases will follow from the use of Step 2 and Step 3.

Let g large enough such that eq > 1, for example ¢ = 2, which ensures that

the embedding W=4(R) — L*(R) is continuous. Then :

()2

Iz, Se (T [0y -
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Note that similarly as in Step 1-3 (see [BT08a], Proposition A.5 for details)

that with 6 := q% one has

(3.15) P (H(t)‘;z

)\2
> )\) Seexp | —Cr———5—
L4 (R,Bg, ) = P ( ||(U07 U1)| %ﬁﬁ)

with e = 0 if ¢o < 00 and r > 2; € > 0 otherwise.

Now, using the representation of z in terms of exponentials rather than
trigonometric we can assume without loss of generality that z(t) = ¢™Vlg
where ¢ € B, .. For clarity reasons set x(t) := (t)~° and observe that in order
to conclude we only need to prove

(3.16) Ixzllweamso ) Se llxzllcae,s:, )

q2," q2,7

since conditionally to (3.16), the estimate (3.15) applies to the latter norm.

In order to do so, remark that ||xz|w=sm 5y, ,) < (D) (X2)|| 29,5y, ,)- Next
we write

(D)*x = x(Dy) + [(Dy)%, x|

= (1 (D)7 X (D)X ) X(Dy)*
= Ax(Dy)".

Now remark that (D;)¢x is a pseudo-differential operator with symbol in S¢
and , Y ! are pseudo-differential operators of order zero. The standard pseudo-
differential calculus now shows that [(D;)¢, x| is of order ¢ — 1 < 0 and thus A
is of order zero. Such operators are known to be continuous on L, see [H6r65]
for instance. This yields

(3.17) Ixzllweamny, ) Se IX{D)* 2/l Lar,Bg, ,) -

q2,7

To finish the proof of (3.16) remark that
(Dy)fz = (V)2 in S'(R x R?)

thus when plugged in (3.17) this implies (3.16) and concludes the proof. O

3. Proof of Theorem 3.4

We provide the proof of Theorem 3.4 in the case of U = R3. The case of the
torus T? is very similar as the Littlewood-Paley analysis works the same. For
other adaptations to the case of T? see proof of the probabilistic well-posedness
in the subcritical regime 3 < p < 5 in [SX16] and the proof in the critical
regime p = 5 in [OP17].
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3.1. Global strong solutions for the regularized system. In order to
derive a priori energy estimates for (SLW,) we first construct global strong
solutions for approximate equations. In order to do so we use a smooth
truncation in frequencies, which will prove helpful in the following.

Set f(z) = |z|P~'z and consider the regularized equation for n > 1:

2 - e
(1SLW™) { Oy — Py + P f () = 0,

(un(0), 041, (0)) = (Prug, Prouy) € HY(R3).

We prove existence of a unique global solution (u,,, d;u,) in the space
X, = LZ(R?) x L2(R?) where L?(R?) := {f € L*(R?), P,g = g}.

Endowed with the norm |[|(u, v)||x, := ||u||r2+]||v||2, X, is a Banach space.

Proposition 3.6 (Study of (rSLW?})). There exists unique global strong solu-
tions (un)n>1to the equations (rSLW}) that belong to the spaces X,. Moreover
u, € H' N LP*Y and for every n > 1, every t € R:

(3.18)  Erog(tn(t), Ouin(t)) := /Q <|8tug(t)| . |Vug(t)| . |u;(t+)|i+ ) -

= Ereg<Pnu0; Pn“l)

Proof. The proof is standard as local existence and uniqueness is achieved via
the Picard-Lindelof theorem, and the global existence will result from energy
conservation. The remaining of this proof provides details of this classical
scheme. Before starting the proof, remark that by the time reversibility of
(rSLW7) it is sufficient to show existence and uniqueness of global solutions on
the time interval R .

We start by proving that the equation (rSLW}) is locally well-posed in

CY(R,, X,). It is a consequence of the Picard-Lindelsf theorem once we have
written (rSLW7) in the form

aUn@) - Fn(Un(t))

with U, (t) := (un(t), dyu,(t)) and F,(u,v) := (v, P,Au — P, f(u)).
In order to be applied, the Picard-Lindel6f theorem requires the map F), to

be locally Lipschitz on X,,. As u + P, Au is linear and continuous from L? into
itself, it is locally Lipschitz. Observe that for v € L2, the Bernstein inequality

proves that u € L> and more precisely observe that ||ul|z~ < 2% |ul|z2 so that
F,, is well-defined from L2 into itself. Finally let (u,v), (v/,v') € X,, satisfying
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[[(w, 0) I, 1w, ") || x,, < R and compute:
[0 (u, 0) = Fo (', 0) [ x, < Jlv=0llz2 + [PrA(u— )| 2
+ IPu(f(w) = f(u))] 12
S o= 0llzz + Jlu = |2 + [1f () = f(u)]] 22
S [[(u,v) = (W', 0)]]x,.
Notice that in the last inequality we used that
Hul~ = o~ ol e S (fullp= + [ollz) e = vz Su B lu = o]l 2.

The Picard-Lindelof theorem applies and gives rise to unique solutions defined
on maximal time intervals that we denote [0,7},). These solutions belong to
CY([0,Ty), X,).

In order to derive the energy estimates, if we prove that u, has regularity
C? in both space and time, then it is sufficient to multiply (rSLW?) by dyun(t),
integrate by parts in space and use the fact that the operator P,, is symmetric
in L? to obtain (3.18). Time regularity is granted from the regularity given by
the Picard-Lindelof theorem. For space regularity observe that since u, € L2,

the derivation is a continuous mapping of L2, thus u, € H* for all k > 0. The
Sobolev embedding theorem proves the required smoothness in space for u,,.

Let n > 1. We prove that T,, = +o0o. Remark that the energy equality (3.18)
proves that

sup  ([|[Vun ()22 + ||Ovun(t)|| 12) < o0.
te[0,Ty)

Assume that 7;, < co. Then for ¢ € (0,7},)

t
[un (D)l 22 < Jluol| 2 +/0 19run(o)llz2 ds < [luollzz + T sup |[Opu(t)ll2
t

which yields sup,co ) [|tn(t)[[ 22 < c0.

Note that the Bernstein inequality implies |P,A(u,)|l2 Sno||tn]|2 and
P f (un ()22 S ()] 20 S [[un ()72 s0 that:

LEA0

sup dt

te[0,Ty)

= sup {[|Gun(®)lz2 + [[PrAun(t) — Pof(un(t))]|r2} < 00
X, te[0,Tn)

which allow to construct a continuation for U,, at t = T,, and contradicts the
maximality of 7),. Finally T,, = oo. U

We now write u,(t) = z,(t) + v,(t) where z, has been introduced in (3.9),
with initial data (2,(0), 0:2,(0)) = P, (ug, u1), and v, satisfying

(
{ D2vn(t) — PrAv,(t) + P, ((20(t) + 0a(2)) |20 (t) + va(0)|P7H) = 0,

(3.19) (vn(0), D40, (0)) = (0,0).
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3.2. A priori estimates for the regularized system. In order to pass to
the limit n — oo, one needs uniform estimates for (rSLW7). As we expect the
linear part to be handled in a simple way we may focus on the nonlinear part
Un, satisfying (3.19), and introduce its nonlinear energy

B - [ (ratvnw? NG |vn<t>\p+l> .

2 2 p+1

Let s, = %. In this subsection we prove the following uniform bound.

S

Proposition 3.7 (Probabilistic a priori estimates). Let s > s, and p > 5. Let
T >0 andn € (0,1). There exists a measurable set Qr,, C Q and a constant
C(T,n, ||(ug, u1)|lzs) which depends only on T, n, ||(uo,u1)||s, such that:

(1) P(Qry) = 1 1.
(it) For every w € Qr,, if the initial data for u, is attached to w via the

randomisation map of (ug, uy) then:

sup sup En(t) < C(T7777 ||(U0, U1)|
n>0 te(—T,T)

).

The cornerstone of the proof of Proposition 3.7, which will allow to close
the energy estimates in the Gronwall argument is the following. We introduce

ap, = [52] and recall that f(z) = [z[~'x.

Lemma 3.19. For every 1 < k < o, one has:

(3.20)
FED (0 (£)2n(8)* (V) 20 (1) dae

R3

Sy (HanLOO((—T,T),X)a ||5n||Loo((—T,T),Y))
X (1+ E,(t)).

where g is a polynomial with positive coefficients,

X = L¥NL% NBy, " NB, % and Y = L® N B,

where for 2 < k <y, qi being defined by qik + % =1.

Remark 3.20. Observe that for p > 5 we have 1 — s, < s,,.

For exposition reasons we postpone its proof, and prove Proposition 3.7
assuming Lemma 3.19.

Proof of Proposition 3.7. Once again, by time reversibility, we will prove an
a priori estimate on [0,T) rather than (=7,7). We will first find a large
measure set allowing to prove the desired estimates. Note that the forthcoming
constraints in the definition of (7, are designed to control all the terms requiring
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bounds for the linear parts z, or Z, that will be proven in the following. Let
A > 0, which will be chosen later. Set
ap+1
(3.21)  Qry = {HanL%"LP“ + HanL2pL2p + HZnHLiOLT‘p(Otp"Fl)
+g (HZnHLoo( 0,T),X)s ||Zn||L°° (OT y)) )\ fOI' all n 1}

where 7, is defined by § + * A S+ Ll=1

For X large enough, depending only on the initial data, 7" and 7n, we can
assume P(Qp,,) > 1 —n thanks to Proposition 3.4 and Proposition 3.5, as soon
as s > s,. The fact that A does not depend on n comes from the inequality
1P (uo, ur)[l2ee < [[(u0, )2

Let w € Qp,. From now on the following estimates will be deterministic as
we have fixed the initial data (attached to w wia the randomisation map). We
will carry out the computations for s = s,,.

Recall that P,, is a symmetric operator in L?(R?) and that v, is smooth.
This allows one to compute iE (t) and obtain:

(3.22) & ./aml a%M)_RA%@+P4%mmﬁw*»dx

= = [, 00alt) (FGul®) 4+ 0a(8)) = F(0a(8)))

Next we expand the nonlinearity f at the point v(¢, z) using the Taylor formula
with integral remainder up to the order a,, = [p;?’}. For convenience we drop
the t, x references and recall that for k£ > 0,

[P~F=1 for k even

® (o _ | Copzlz :
/ (I)_{ CoxlxP™®  for k odd,

thus
Ap Un+2zn (ap+1)
fon+2,) — fvn) = Z f(k)(vn)zf; + / fal(s)(vn + 2, —8)*ds .
k=1 Un p*
R(zn,vn)

One can integrate (3.22) and use E(0) = 0 and (v,(0), 9,v,(0)) = (0,0) so that
we can write:

(3.23) E,(t) =Y CppI¥ + C,R,,
k=1
where
[(k = // Oon f k)(vn)z dedt’ for 1 <k < oy,

R, = —/ / Oyvn R(zp, vy,) dz dt’ .
0 Jrs
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We first estimate R, as we expect it to be simpler to handle. Remark that for
0, € [Un, vy + 2,] one has

|f(ap+1)(9n)| N Zn|p_ap_1 + |Un|p_%_1 S |Un|p_%_1 + |Zn|p_%_1 )

so that

R(Un, 2n) < JznlP 4 |oa P77z, |20

The Holder inequality and the Young inequality give:
t —ap—1 ap+1
Ra S [ 100 a2 on )58 n )5 0+ [ 100t ()]
t —ap—1 ap+1
5/ 10svn ()| 2 [on ()it (12 ()] o cepy dt’+/ 10wn ()72 At + || 2075 2P0

t 1,P— apf
Sl + (1 Dzl s ) [ o {Bu@), Eale) 555}

Observe that 2= O_t’l L <

t
ap+1
R S lnll % + <1+ ||Zn||L§o+m(w)) /0 (1+ B, () dt’.

since o, = [252] > 222 5o that

1
2 2

Bounds for the terms I(*) require a more intricate analysis and will follow
from Lemma 3.19. More precisely, let 1 < k < o,. First apply Fubini’s theorem

and write:
I® = / / FED(v,))2F dt’ da.
R3

Integrate by parts in time so that

I = — - FED (v, () 2F () dz+k /R3 /Ot FED (0, ()02 (t) 2 ()L At da.

Observe that 0,2, = (V)Z, and bound

1915 [ leatt) |U e+ | [P )0 20t
=JM 4+ K

In order to handle J®) we use Holder and Young’s inequality:

p—k+1 1
JB () < Ey(t) 7 ||zn 5o < 5En(zf) + OHZ”HZ?LW'

K® is more difficult to study and is estimated via Lemma 3.19, so that

KD S g (llznll e -y 00 1zl e -y ) (1+/ En( dt)
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Finally using the bounds from (3.21) we have
ap+1 ~
E.(t) S (1 Hllzall e prpepen T 9 (llzall 075, HznllLoo«o,T),Y)))
t
(L [ E®) ) + Izl + Nl e

t
< 1+/ B () dt’ .
0

Knowing that the implicit constant does not depend on n, but only on n, T, p,
the Gronwall lemma ends the proof. O

It remains to prove Lemma 3.19. Its proof will require a chain rule estimate in
Besov spaces whose proof is similar to the one of Theorem 2.61 in [BCD11].

Lemma 3.21 (Chain rule estimates in Besov spaces). Let u € §’, s € (0,1)
and p > 3. Let q,r € [1,00] and q1,q2 € [1,00] satisfying é =14 q%. Let f

q1
denote the function defined by f(x) = z|z|P~! or f(x) = sgn(x)z|z[P~! = |z|P.
Then the following identities hold:

() 1f @)l < Nullsy, Ml e, and || f ()]s, S llullgy M=z
(i) [|.f ()]
Proof of Lemma 3.21. The proof uses Lemma 3.30. Since P;u ]jo win LP and
f(0) = 0 we have

flu)=>" f; with f; := f(Pj1qu) — f(Pju).

J=0

s, Se lullwstea [[[ufP~ | Le for all e > 0 such that s +¢ < 1.

The Taylor formula at order 1 writes:
1
fi = Ajum; with m; := / F'(Pju+ tAu) dt.
0

In view of Lemma 3.30 we will focus on estimating ||0° f;|| » with |o| < [s]+1 =
1. For || = 0 write that ||0%f;||ze < ||m]lze2||Ajul|za. Then we estimate m;:

1
mil <p [ Pyu+ tAul ™ dt S [Pyul ™ + Al

where we used that |f/(z)| < plz|P~! for z € R and (a+0)P~1 < aP~1 + P! for
a,b> 0.

Then ||my||ze: < ||Pjull?,, ). Similarly, when |a| = 1 and for multi-indicies
[ < a, the Bernstein inequality (the function to which it is applied is indeed
with frequencies supported in a ball of radius ~ 27) and the same arguments
as before yield

. 1 :
0" miluee S 27| [ F Prut a0t < 2VP, .
0 L2
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Using the Leibniz formula 0%(fg) = Y s<a (g)aa—ﬁ f0%g and putting all the
previous estimates together we recover the estimate

sup 276710 10%u o S 27| Ajull o [Pyl i -
The proof of (i) now follows from the direct inequality ||Pul| fa0-1 S [Jull pow-1-

For the homogeneous counterpart of (7), replace all the appearences of P;
or A; with Pj or Aj and observe that all the inequalities written still hold
true. The only difficulty is proving the convergence of the series 3°,, f; with
fi == f(Pjs1u) — f(P;u). This is explained in [BCD11], Lemma 2.62.

For (ii) write 27° = 2/(5+)2775¢ " and use the Holder inequality to obtain:

(3.24) 1/ (w)]

BS+E Z 2_]£||P]u||Lq2(p 1)-

3=0

B, S llul

Then Theorem 3.31 gives

Hu’ BS'*'E < "u’|WS+E a1 and HP]uHqu(p 1) NE HuHng(p 1) *
These inequalities and (3.24) end the proof. Note that there is no homogeneous
counterpart of (iz). O

Proof of Lemma 3.19. We now turn the idea explained in the introduction into
a mathematical proof. An efficient way of doing so is the systematic use of
the Littlewood-Paley theory. Recall that s, = g In the following, estimates
for Kk =1 and k > 2 could be different, thus we assume k > 2 and explain
the modifications for k =1 at the end. The Fourier-Plancherel theorem and
the fact that the contribution for j/ = —1,0, 1 are up to a universal constant
identical to the case j' = 0 yield:

P )2 (V)2 (0) du

- Yy / SO (wn(8) (D)) Ay (V) 2 (1))

7'=—13520

S A a0 200 185 (V) 2a(0) do

]>2

+ ZO [ 1855 @a) 20 O)IA; (V)2 (0)| da

::Il+-[27
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We first estimate I, using Holder, Bernstein and Young’s inequalities, where

(k=1)(p+1).

Tk ‘= &

k
I < a7 loa(t) ’EPHHZ IV ()l e

p—k+1

S llen N5 12 ()l En(t) 7
+1

prl
S Ent) + 2nll iyl Zall e -

z

For I; observe that with Holder and Bernstein inequalities,

LS D 2|8 (2 () PO (0 () 0277 1A (2 (8)) [ 2

§>2

so that the Holder inequality for series gives, as only the high frequencies

appeared in the sum,
O A Ly LI ) e

Then Corollary 3.35 provides us with:

Zn (1)

s
P .
Boo,l

l2n @ FE D @) g1 S D @D 1o Hzn(t>’f‘1HL%
’ pr2—k’
p—k+1 k-1
+ [lloa(®)] R O
< £ = hol
SN D a)llgr-sn Nza®llimis + Ealt) 75 l2a(6)* I g1sp
ptl k>0
p+2—k’
J2

J1

where we recall that — o L 4 p=k+l _ 1 The chain rule from Lemma 3.21 will

p+1
estimate the terms J; and J2 For J,, a direct application shows that:

T2 S (@)l g a5

For J;, also using Lemma 3.21 followed by Theorem 3.31 (4i) and then by the

Gagliardo-Nirenberg inequality, Theorem 3.32 yield:

‘]1 S an(t)HBi;Slp |||Un(t)|p_k||L§7illC

2

e

Sl 1oy g Enlt) 70

—k
SNV ua (1 on () 15001 En(t) 771,
3

1—s 11—«
WheretozE[O , 8p| is such that p+1: st o lea=s, =
we ge
(3.25) Ty < By () mi sttt = B () e

This yields J; < 1+ E,(t).

Finally
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For k£ = 1 one can proceed in the same manner: split the left-hand side
of (3.20) into I; and I, and write Ir S E,(t) + ||2n||lz§ongc. Remark that the
estimate of I; is handled using the same arguments as for J; above leading to

LS 1 f )] grsn S En(t),

1,

which ends the proof. Il

3.3. Passing to the limit and end of the proof. The linear part is handled
via the following elementary lemma:

Lemma 3.22 (Linear compactness). For every q € [1,00] and r € (1,00) one
has

||Zn — Z||Lq((—T7T)7LT(]R3)) Tjo 0.

Proof. By definition we have z, — z = (id—P,) 2. As P, is a mollifier it
follows that for every t € (=T,T), ||z,(t) — 2(t)||r- — 0. Now observe that
20 () — 2(t)|| - < 2||2(t)||z- and 2 € LY((=T,T), L"(R?)) so that the Lebesgue
convergence theorem gives the desired result. U

The nonlinear part v, will be handled using the following compactness
result.

Lemma 3.23 (Nonlinear compactness). There exists a function v that belongs
to the space:

Hl((_T7 T) X R?)) n Lerl((_Ta T) X RB) n CO([_Ta T]> LQ(R?)))
such that up to a subsequence:
(i) v, — vin HY((=T,T) x R?),
(”) Un 7H—O>O v in LIQOC((_T7 T) X R3>7

(i) vy — v in LY ((=T,T) x R3).

loc

Proof. (i) follows from the boundedness of (v,,),>0 in the space H!((0,T) x R?)
and the Banach-Alaoglu theorem in Hilbert spaces. This bound is indeed
obtained via the energy control of v which immediately implies

Slilg {HVUTLHLOO((fT,T),Lz) —+ ||at’UnHLoo((,T7T)7L2)} < Q.

Since (=T, T) is a bounded interval, we obtain sup,,~ [|vn |l g1 ((7.7)xr3) < 00
The Taylor formula in time gives

T
[on(®)]| 22 < [lon(0)]] 2 +LT 1Oron () || 2 dt”

Using the L>((—T,T), L?) bound for d;v, yields a uniform bound for v, in
L>((=T,T), L*) and thus in L*((—T,T), L?).
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Finaly the sequence (v, ),>0 is bounded in the space H'((=T,T) x R3). The
Banach-Alaoglu theorem proves that up to extraction we can assume that v, is
weakly convergent to a function v that belongs to H'((—T,T) x R?). Note that
the uniform bound for dyu,, in L>=((0,T), L?) allow to use the Ascoli theorem
which ensures that v € C°([0, T, L?)

(i) Let K C (T,T) x R? be a compact set. Then the fact that the embedding
H' — L2 is compact (this is the Rellich-Kondrakov theorem), and the bound
from (7) proves that up to another extraction, (4i) holds. Up to a diagonal
extraction we can assume that this sequence converges for any compact set K.

(77) We have proved local compactness for (v,),s0 in L? in both space and
time, and a uniform bound for (v,,),>o in L™ given by Proposition 3.7. We
can interpolate those two, and for every compact K:

lvn = vllzoiey S I = vl Z20)lon = vl gy S Mvn = vl Z20),

with a € (0, 1) such that g =95+ m This proves the convergence. O

We are now ready for the proof of Theorem 3.4.

End of the proof of Theorem 3.4. Without loss of generality, assume that s €
(1’;3 1), as for s > 1, H* initial data are also in H~*.

Set {27 1 as in Proposition 3.7 and consider €2, p = KV 2|l or (=) xrsy <
A} with /\ > ( large enough to ensure that IP( T") > 1— 1. Now set

Q = QTn/Q N QTn/Z so that P(QTn) Z 1 —1.
Let m > 1 and let A,, =Q,, 1 (i.e. take T = m and = -1, above). Let ¢

2
be an admissible test functlon as in Defintion 3.1. We now work with solutions

arising from w € = U5 Nisrm §2 m, -

By the compactness lemmata and up to using a diagonal extraction, we
assume that along a subsequence and for all m > 1 there holds u,, — u in
H'((—=m,m) x R3), and also the strong convergences z, —+ z and v,, — v both
in LP .((—m,m) x R3). With the fact that ¢ is compactly supported in space,
and supported in time in some interval (—7,T) we obtain that

T
0= / / 0Oy — VU, - Vo — (25 + vp)| 20 + vnlp_lgo) dx dt

(3.26) n—)oo/ / Owop — Vv -V — (2 +v)|z +vf ! )dxdt—O

that is, v is a global weak solution to (SLW,,).
Finally, since we have Z P( QC 12) < 400, the Borel-Cantelli lemma it

m=0

follows that P(€) = 1. O
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The proof of the continuity in time part of Corollary 3.6 is a consequence
of the Aubin-Lions compactness theorem that we recall. For a proof see
[BF13].

Theorem 3.24 (Aubin-Lions). Let Xo — X — X be three Banach spaces, the
first embedding being compact and the second being continuous. Let p,q € [1, 0]
and

W ={ue L’((-T,T),Xo),0m € LU((=T,T), X1)}.
Then:
(i) If p < oo then W — LP((=T1,T),X) is compact.
(ii) If p= o0 and q > 1 then W — C°([-T,T],X) is compact.

Proof of Corollary 3.6. Let us first prove the continuity in time. As the linear
solution (z, 9;2) has regularity C°(R, H*), thanks to Lemma 3.22, it is sufficient
to prove the needed continuity on (v, dyv) on every interval [—T,T]. Fix such
an interval and let z,,v, be the regularized solutions introduced in (rSLW7).
Recall that they satisfy

(3.27) af"Un =P, Av, — P ((2n +vp)|20 + Un|p_1)

We will prove the two continuity results:
(i) v e CO(=T, T), H°),
(it) O € CO([-T,T], H*™).

Case of U = T%.

() results from the uniform bound for (v,),s; in L®((=T,T), H'), the
uniform bound for (9yv,)n>1 in L=((—T,T), L*) given by Proposition 3.7, and
the Aubin-Lions Theorem 3.24 with X = H®, Xg = H!, X, = L? p=q = occ.

(77) We use that

Sup [|Opvn || Loo (1) ,12) < 00
n=1

We will also need the estimate

(3.28) sup ||afvn||Loo((_T7T)7H-3/z) < 0

nz

so that another application of the Aubin-Lions theorem proves the needed
continuity. In order to prove (3.28) remark that as H~ — H~*?2 we have

1Pn A (8)[| g-3/2 S | Av ()1 S (lon ()|
so that

(3.29) Sglf HPTLAUHHLOO((fT,T),H*?’/?) S Sgll) anHLOO((fT,T),Hl) < 00.
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Remark that thanks to Proposition 3.7, (2, + vp)|2n 4 vn|P™"),,5; is uniformly

2 _3p=1)
bounded in L% < H™26+0 < H-3/2. Combined with (3.29) and (3.27) gives
the uniform bound (3.28) and ends the proof.
Case of U = R3. We only prove that v € CO([~T,T], H®). In this case we use
that the sequence (v,)s¢ is bounded in Ly H' N W L? thus v also belongs to
L H' N W™L?, and hence continuous in time with values in L? since we can
write:

to
lot) = vit2) 2 < [ " llow] e at
1
< |ta — ta] -

v being C°([—T,T], L*) and bounded in H' is therefore continuous with values
in H® by interpolation.

For the first part of Corollary 3.6 we need to find an invariant set of full
pu-measure. Consider the set

© = {(uo,ur) € H*, ||S()(uo, u1)l|xnynr2nre € Li(R)}.

Set 3 := © + H'(U). This is indeed a set invariant by the flow as S(t)(0) = ©.
Moreover this set is of full g-measure since © is of full measure by the proof of
Theorem 3.4. This set also gives rise to weak solutions. U

Finally we prove the finite speed of propagation when U = R3.

Proof of Corollary 3.7. For a given s > %, let (ug,u;) € H*® with compact
support included in B(0, R), an initial data that gives rise to a global solution
constructed in the proof of Theorem 3.4. We want to prove that the solution
u(t) to (SLW,) is also compactly supported, in B(0, R + t).

The finite speed of propagation is known to hold for solutions to (SLW,) as
well as solutions to (rSLW}) as soon as the initial data belongs to the energy
space H!, and propagation holds with maximum speed 1. This proves that the
approximate solutions u,(t) are supported in B (0, R +t). As we know that
v, (t) — v almost everywhere, and that up to extraction z,(¢) — z(t) almost
everywhere, u(t) = z(t) + v(t) is an almost everywhere pointwise limit of the
un(t), consequently suppu(t) C B(0, R+ t). O

4. Proof of Theorem 3.8

The proof of Theorem 3.8 uses Proposition 3.8 whose proof, as explained in
the introduction, differs from the one of Proposition 3.7 in avoiding any L3
and L2° estimates on the linear part z,, Z,.

Let (ug,u1) € H* and z, be the solution to the linear equation (LW) with
initial data (z,(0), 9;2,(0)) = (P,ug, P,u;) and v, the unique smooth global
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solution to the perturbed nonlinear wave equation, which is energy subcritical
(p<5):

(3.30) { Ofvn — Avy + 20 + v, [P (20 +v5) = 0,

(vn(0), Opv,(0)) = (0,0).

We recall, as above, the energy of the nonlinear part v,,:

B - [ <|awn<t>|2 NG |vn<t>\p+1> ,

2 2 p+1

We state the main result of this section.

Proposition 3.8 (Probabilistic a priori estimates for s = s,). Let p € (3,5),
T >0 andn € (0,1). There exists a measurable set Qr,, C Q and a constant
C(T,n, ||(ug, ur) ||z ) which depends only on T,n, ||(ug, u1)||3s» such that:

(i) P(QT,n> z1—n.
(it) For every w € Qr,,, if the initial data for u, is attached to w via the
randomisation map of (ug, uy) then:

sup sup E,(t) < C(T,n, ||(uo, ur)||nsr)-
n>0 te(0,T)

Once Proposition 3.8 is obtained, the proof of Theorem 3.8 follows from
the deterministic theory developed in [SX16] which asserts that local solutions
exists in H*® and can be globalized under energy control conditions. We refer
to [SX16] for details.

Proposition 3.9 (Reduction to global bounds). Let v, be the solution to 3.30.
Then if ther exists C(T, ||ug, u1)||ns) < 0o such that

sup sup E(t) < C(T, ||(uo, u1)]
n20 t€(0,7)

HS)?

then ther exists a unique global solution v := z 4+ v to SLW,, where we recall
that z solve LW.

Remark 3.25. This reduction to global bounds is typical of the subcritical
equations. Here p < 5 is energy subcritical, thus (3.30) enjoys a subcritical
well-posedness theory and maximal time depend only on the size of the norm.
In the critical case, p = 5 a similar results holds, which is much harder to prove,
see [Pocl7], Section 4.

It remains to prove Proposition 3.8.

Proof of Proposition 3.8. We first establish energy estimates and will fix the
probabilistic setting later.
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The proof begins with the same energy estimates treated in Proposition 3.7,
using the same integration in time technique and a Taylor expansion of |z[P~!z
at order 1. We omit the details and obtain:

E,(t) = /0 t /R (V)2 (t)R () dar dt! /R () d

t

- / / By ()N (20, ) (¢') dzz A1’
0 JR3

= Jl —l— JQ + Jg

where |N (2., va) ()] < |20 ()2 |vn () [P~2 + |2, (t')|P. The Hélder inequality and
the Young inequality estimate the term J, by:

1
(3.31) o < GEn(t) + Cllza] f;;i

In a similar fashion, one observes that

t t
| L 1owa@llza() dzat' s [ Eat)at + |1z0)1%,
0 R 0 T,x

and

p—2

t t
[ L 10wa(@)lon 2 ()P dzdt' S [ 1zn()]? sge Ealt) 355 at”
0 JR3 0 L 5-p

Along with the fact that p < 5 these inequalities yield

[

t
332 BSlalE el g (14 [ B ar).
T,z

=

LPL,>P
t

For the term J; we write J; = / K(t') dt’ where
0

K(t) = [ (V)z(0)on (Hon(t) da.
R
We use the duality between W14 and W=7 where % + % = 1. This gives

K(t) S IV Za@llwso-rallloal " Ova@)llypr-sp.o

where the constant does not depend on ¢. Using the chain rule in Sobolev
spaces, Theorem 3.33 yields:

p=1
K () S 120 llwsa Bn ()75 [Jon (@) [[w1-sp.a

where é—l— % + i% = 1. Since p < 5, the term ||v,(¢)]|;y1-sp.a can be interpolated
using the Gagliardo-Nirenberg theorem, see Theorem 3.32 applied between H*

and LP™ (a computation ensures that o < s, in the theorem), and gives

K(t) 5 Hgn(t)||Wsp,qEn(t)1+a(Q) ,
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where

a(q) — 3(])_ 1)(2q,_p_ 1) — 3(]9—1) — @
gp+1)(5—p) q5-p) q’

with 3, := 3(5%_;) so that

t Bp
(3.33) 7 < / 2 () |reps B (8) 5
0
Finally assembling (3.33), (3.31) and (3.32) together yields the existence of a
universal constant C' = C'(T") such that
(3.34)

En(t) <C (HZnHL2p +{lzalres + 12l 4<p+1>)
T,x LooL 5—p

ﬁp
+Cllzall® g / E,(t')dt + C / 12 () lwepa B (8)' 7 dt”
L°°L

—: a(zy) + b(z) /0 E () dt' + /0 o) () En(t) 55 at!

We now provide the Yudovich argument, following closely [BT14], which we
recalled in the introduction. Set )y large enough such that the set

Qo :={a(z,) + b(z,) < \g, foralln > 1}

is such that P(€2y) > 1 — 2. Note that such a )y exists thanks to the conclusion
of Proposition 3.4 and the fact that ||P,(uo, u1)|2 < |[(uo,u1)]|z2; and Mg
depends on 7, T'.

Let gy > 1 an integer that will be chosen later. As we have seen in the proof
of Proposition 3.4, for all A > 0 and p > q > qo:

P (||2n||L2TWsp,q > )\) < (c*;\@)p

where C' = C(]|(uo, u1)]
above. For ¢ > ¢ set

Q= {llZall 2w <2Cy/g, foralln > 1} N <.
When applied with p = ¢ and A = 2C/q we observe that P(Q27) < 277

We then use a bootstrap argument. Define

A, = {t >0, sup E,(t) < )\51’}

n=0

usr, T') can be chosen independently of n as explained

and ¢} := sup A;. We claim that there is a positive constant o > 0 which does
not depend on ¢ such that

(3.35) > aq.

*
q
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Indeed, for t € A; and n > 0 we can write that

t
Ealt) <20+ [ O+ [zt lwena) Eal?) '

Then the Gronwall lemma provides us with

t
Eo(t) < Ao exp ( /0 o + 120 (&) pere) dt’) < Moexp (Aot +4CN0v/at)

In order to prove (3.35) it suffices to exhibit an o > 0 independent of ¢ such
that t := aqg € A,. A sufficient condition for such an « to exist is to satisfy for

every ¢ = qo :

Ao exp(Moq(a 4+ 4CVa)) < Ay .

Assume that \y > 1 and ¢y large enough to satisfy g—‘; — 1 > 0. Then it is
sufficient for o to satisfy

log \g
a+4C - —1
\/_ (51? ) Ao
which is satisfied for small a only depending on C, Ay, qo, p

Now set g larger if needed to ensure 3° -, 2 2 and thus set Q.= Ngza0 g
constructed in order to satisfy P(Q) > 1 — . Plck we Qandte (0,7). If
0

t < aqo one has sup,,- sup,o ) En(t) < )\57 , otherwise select a dyadic integer
2V such that 2Va <t < 2¥*!a. Then as w € Qynv+1 we observe that
2N+1a

sup sup En(t) <Ay 7
nz1 te(0,T)

Since t < T and N ~ logt we can write it as

sup sup E’/L(t) < C<T)n7 ||(u07u1)|

n te(0,T)

'H5> 3
just as needed. O

Sketch of the proof of Corollary 3.9. Let us explain how one can define an in-
variant set of full y-measure, where p € M? for s = g 3. We introduce

Of = {(uo,w) € H*, [|S(t) (o, w)|| zwera < 2Ck\/q}
N {a(S(t)(uo, ur)), b(S(#)(uo, ur)) < oo}

and

=N e

k=1 q=qo
Then ¥ + H! is of full measure and invariant by the flow.
For details see the end Section 5 in [BT14]. O
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Remark 3.26. The threshold s, = p%“;’ appears to be out of reach when p > 5.
Let us explain, at least informally, why a uniform bound on the energy E such
as in Proposition 3.7 is out of reach when using the techniques presented here.
We start with (3.2) obtained in the introduction:

t
~ 1,sp / N\p—1 Sp / /
t)_/O/R3V V(Yo PIV (¢ dar dE

In order to conclude we would like a bound of the form
t
B(t) S cla) [ E@) 5 (),
0

for all large enough ¢ > 1. Since (ug, u;) € H*» and because we did not assume
more regularity, and recalling that any L7 or L:° estimates costs derivatives
(see Section 2), we should use the Holder inequality putting V*» in some L9
space instead of L>. Therefore we have to estimate |[vP~!'V!™*v||, instead
of its L' norm. We use the Holder inequality to write:

HUp*lVl*s”UHLq' <P e V7ol
1
where ; = % —|— =
At this stage, observe that when we estimated the L' norm (thus ¢ = 1) we

applied Hoélder’s inequality with v; = p+ and v, = p“ Then we observed the
following (schematlcally)

(i) That vP~! € L gives ||v||%,11, controllable by a power of the energy.

(i) That V170 € L% may be controlled by the Gagliardo-Nirenberg
theorem (which leads to control by a power of the energy), which
writes

IV 2ol e S IVl 0l g
provided « € [0, s,,] satisfies
2 -5, 1-a o)

p+1 3 6 +p—|—1'
It turned out that a = s,,.

Now observe that when 1 is increased to ¢/, either +; or v, has to increase,
in order to match the Holder indices requirement é = % + %2 Unfortunately,
none of these modifications lead to a control by the energy. More precisely:

(7) Increasing v amounts to estimating ||v||zp+1+- for some e > 0. Since
p =5, we have p+1+¢ > 6 and then the LPT1+¢ norm is supercritical
with respect to the energy, therefore not controllable by a power of
the energy.

(ii) Increasing v, amounts to lowering 122 + ﬁ’ but since p 4+ 1 > 6 this

boils down to increasing a, which is not possible since a was already
maximal.
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These remarks explain why the Yudovich-Wolibner argument alone fails to
obtain the endpoint s = p%? when p > 5.

Appendix A. Littlewood-Paley theory and Besov spaces

This appendix gathers some results dealing with harmonic analysis, analysis
in Besov spaces and product rules. A comprehensive treatment of that matter,
is given in [BCD11] and [Tay07].

We start with a Bernstein-type lemma. For a proof see Lemma 2.1 in
[BCD11].

Theorem 3.27 (Bernstein-type lemma). Let (p,q) € [1,00]* with p < q and
u € LP(RY). Let B be a ball centred on 0 and C be an annulus, k > 0 an
integer.

(i) If @ is supported in AB then ||V¥ul|ze <g )\Hd(%*E)HuHLp.
(ii) If @ is supported in \C' then ||V*ul|» 2% N¥||lul 1

(7ii) The statements (i) and (it) are true for non-integer orders of derivation.

The proof of Proposition 3.5 requires the following consequence of Theo-
rem 3.27.

Corollary 3.28. Let ¢ > p > 1. Let ¢ : R — R be a smooth function,
supported in [—1,1]¢. Let n € Z% and (D — n) denote the Fourier multiplier
of symbol (£ —n). Then there holds

[¥(D = n)ullze S [[9(D —n)ul|z

for any u € LP(R?). The implicit constant does not depend on n nor u.

Proof. Let u € LP(R?) and ¢ > p > 1. We remark that the support of

(D — n)u is contained in n + [—1,1]%. We remark that therefore the support
of the Fourier transform of ™" (D — n)u is contained in [—1, 1] and we can
use the Bernstein estimate, Theorem 3.27 (i) with £ = 0 and A = 1, which
writes

le™ (D = n)ul[Le S l€™*Y(D = n)ul|L»,
with implicit constant not depending on n nor u. Since the multiplication by
e does not affect the LP norms, the lemma is proved. O

We now recall the definition of Besov spaces:
Definition 3.10. A function f belongs to the nonhomogeneous Besov space

B, if, and only if

/]

1/r
By, = (Z QjSTHAjfllEp) < 0.

Jj=0
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Similarly a function f belongs to the homogeneous Besov space B;jr if, and
only if

/1

1/r
55, = (Z 2]‘“\|Ajfr|zp> <.

JEZ.

In this text we use the two following reconstruction lemmata, that illustrate
the fact that in order to study the H® norm of a function f it is sufficient to
study the frequency localizations A; f.

Lemma 3.29 ([BCD11]). Fors € R and f € H*(R?) one has || f|

By, ~ I flla=-

Lemma 3.30 (Besov reconstruction, [BCDI11]). Let s > 0 and p,r € [1,00].
Let (uj)j=0 be a sequence of smooth functions which satisfy

lo|<|s]+1

< sup 2j(s|al)||8°‘ujHLp> er,
>0

then one has u =" u; € B, and the estimate:
j=0

<

By, S

|

Y

o

( sup 2j(s_a|)Haan||Lp>
j=0

|lal<[s]+1

whith implicit constant only depending on s. The same result holds for ho-
mogeneous Besov spaces By, and the (" norm taken with indices running in
Z.

Next we recall some embedding theorems:

Theorem 3.31 (Sobolev-Besov embeddings, [BCD11]). Let 1 < p; < pa < 00
and 1 <1 <1y <00, p,g € [1,00] and s, s1,59 € R. Then:

s—d| -1
(i) The embedding B, , B’pg,rg(p1 pZ) is continuous.

p1,71
(i) For 1 < p < oo the embeddings By, — WP — BJ _ are continuous.
The homogeneous counterpart is also true.

(7ii) The embedding WP — W*24 js continuous as soon as %— o< %— %,

(iv) The embedding (iii) is locally compact whenever the inequality is strict.
(v) Let r1 > re, s <0, p € [1,00]. Then for arbitrarly small € > 0, the

Y s+e s : :
embedding B, ,* — B, ., is continuous.

The next theorem is a well-known interpolation inequality.
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Theorem 3.32 (Gagliardo-Nirenberg). Let po,p1 € (1,00) and s,t > 0. Let
p>1and a € (0,1) satisfying

Then for u € WP (RY) N LP1(R?) one has
1—a

[ellvirsn S Il 1l zon

and the same result holds in nonhomogeneous Sobolev spaces.

Proof. The limit embedding is given by Theorem 2.44 in [BCD11], that is:

allyires < NullS5 0l ot

Wtpo
where 115 = %/Ot + %f/t. On the other hand the Sobolev embedding reads
lullyirss S llullyiesy where % - &= % — L. Let p a real number such that there
1-6

exists 6 € [0, 1] satisfying ]% = g + =%, Then by interpolation and using the

previous inequalities on have

P

lullvirer < llGpesllullizes < Nl llze:

with 6 = (1 — f) 6. A straightforward computation yields

1 s 1 t 0
- L (10,0

Note that the imposed condition 0 € [O, 1— ﬂ comes from the fact that

f € [0,1]. All the range of p is covered since the equality (3.36) implies
1 -1 1
e lpil

The proof in the nonhomogeneous case follows using |Ju|lwse < ||ul/ze +
fulleo

Theorem 3.33 (Sobolev chain rule, [Tay07]). For s € (0,1), p € (1,00) and
a function F € C*(R) such that F(0) =0 and such that there is a pu € L*([0,1])
such that for every 0 € [0, 1]:

|F'(6v + (1 — O)w)| < u(0) (G(v) + G(w))
where G > 0. We have ||Foul|lws»r S [|ullwsro||Goullrn as soon as pio—i—pil = %,

provided py € (1,00] and p; € (1,00).

In order to derive product laws in Sobolev or Besov spaces, recall the
paraproduct algorithm introduced by J.M. Bony, which consists in writing for
two given functions a, b:

ab = T,b+ Tya + R(a,b) = T,b+ Tya + R(a,b)
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where
Tb—ZP _1aA;b and R(a,b) == > Agalb,
[k—jI<1
and
T,b —ZPJ 1aA;b and R(a,b) : = > AralAb,
|k—jI<1
respectively denote nonhomogeneous paraproduct and remainder (resp. homo-
geneous).

Theorem 3.34 (Tame estimates, [BCDI11]). Let s > 0, p,r € [1,00], and

p1, P2 € [1,00] satisfying p% + p% = ]13. Then:

g, S ullon ol 5
(ii) | R, o) .

From this one infers the next inequality which is important in our analy-
sis:

s .
p2,7

Sl (ol

p2,7

Corollary 3.35. Let s > 0, p,r € [1,00], and p1, p2, P}, Py € [1, 00| satisfying

1 1 1 1 1
—t=—+F=-.
Y4 pl b2 Po p

Then:

1Falls, S ls; Nl



CHAPITRE 4

Almost sure Scattering at Mass regularity for radial
Schrodinger Equations

ABSTRACT. We consider the radial nonlinear Schrodinger equation i9,u +
Au = |u[P~ u in dimension d > 2 for p € (1,1 + 3] and construct a natural
Gaussian measure p whose support is almost L2 ; and such that p - almost
every initial data gives rise to a unique global solution. Furthermore, for
p>1+ % and d < 10, the solutions constructed scatter in a space which is
almost L?. This paper can be viewed as a higher dimensional counterpart
of the work of Burq and Thomann [BT20], in the radial case.

1. Introduction

We consider the Cauchy problem and the long time dynamics for the semi-
linear Schrodinger equation:

{ 10+ Au = |u|P~tu

(NLS) w(0) = ug € H¥(RY)

where p > 1 need not be an integer, s € R and d > 2. (NLS) is known to be
invariant under the scaling symmetry:

u(t, ) — uy(s,y) = )\P%u(k%, Ay),

is such that |Juy || z. = A*@P)||u]| ;. with the critical regularity s(d, p) := 4 — z%’

where H* stands for the homogeneous Sobolev space. (NLS) also enjoys several
formal conservation laws, the most important being the conservation of the
mass and the energy, that is the quantities

1 1
M(t) == [lu(t)][Z2 and E(t) := SlIVu()|[Z2 + ﬁIIU(t)Hﬁi?L

are conserved under the flow of (NLS).

When s > s(d, p), local well-posedness and even global well-posedness are
expected and when s < s(d,p) an ill-posedness behaviour is to be expected.
This article deals with the exponent range p < 1 + % and regularity s = 0,
i.e., the mass regularity. Remark that s(d, 1+ %) = (0. We gather below some
known results concerning this problem. We recall that a solution u to (NLS) is
said to scatter in H® (which stands for the non-homogeneous Sobolev spaces)

139
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forward in time (resp. backward in time) if there exists u, € H® (resp. u_)
such that:
_itA
Hu(t) e UiHHs t% 0.

This expresses that even if u is the solution of a nonlinear equation, its long
time behaviour will eventually be close the linear evolution of some state u,
which may not always be the initial data uq.

1.1. Scattering for the nonlinear Schrodinger equations. The literature
pertaining to the long time behaviour of (NLS) is broad and we do not claim to
be exhaustive. For an introduction to the deterministic theory of the mass sub-
critical and critical nonlinear Schrodinger equations we refer to [Tao06, Caz03].
The following theorem gathers some of the most important results known in
the scattering theory of (NLS). We also refer to [Nak99, Dodl6a] for more
scattering results.

Theorem 4.1 (Deterministic theory). Let p > 1 and d > 2. Then:

(i) Forp € [1, 1+ %] the Cauchy problem for (NLS) is globally well-posed
in L*(RY) and if p > 1 + 5 the Cauchy problem is ill-posed in L*.

(ii) Forp <1+ % and for every ug € L?, the solutions do not scatter in
L?, neither forward nor backward in time.

(iii) Ford > 2, p € (1 + %, 1+ ﬁ) and initial data in H' scattering in
L? holds.
(i) Ford >2, p=1+ 3 and initial data in L?, scattering holds in L*.

Proof. (i) is the standard local well-posedness result when p < 1—1—3, see [Tao06],
Chapter 3 and global well-posedness comes from the conservation of mass. In the
critical case the global theory is more involved, see [Dod16a]. The ill-posedness
part is proven in [CCT03, AC09]. (i7) is the content of [Bar84]. For (iii) see
[TY84] and for (iv) see [TVZ07]. For dimension 2 see [Dod16a, Dod16b]. O

In order to address this gap between the previous results and the scaling
heuristic, one way is to study the Cauchy problem for (NLS) with random
initial data. The theory of dispersive equations with random initial data can
be tracked back at least to the pioneer work of Bourgain [Bou94, Bou96] and
the use of formal invariant measures. See also [BT08a] for an approach without
invariant measure construction or [Tzv15, OT17, OT20, OST17] for an approach
with quasi-invariant measure constructions. A key feature of the random data
dispersive equation theory is that it allows for proving well-posedness results
below the scaling for critical problems.

In dimension 1 the gap in the theory of mass regularity scattering for (NLS)
was partially closed in [BTT13]. More precisely the authors proved almost sure
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global existence and scattering in L? with respect to a measure which typical
regularity is L2, as longasp > 5 =1 +% and thus missed the range (3,5). Their
method is based on the use of the lens transform (see Appendix Appendix B
for details) which transforms the scattering problem for (NLS) into a scattering
problem for a harmonic oscillator version of the nonlinear Schrodinger equation,
which turns out to be more amenable. The gap was fully closed in [BT20] by
studying quasi-invariant measures in a quantified manner. In both cases such
results are interesting in the sense that they give large data scattering, without
assuming decay at infinity.

In dimension d = 2, the counterpart of [BTT13] in the radial case is es-
tablished in [Denl2]. See also [PRT14, Tho09] where almost sure scattering
in higher dimensions was studied (although a smallness assumption is re-
quired).

Note that in another setting, scattering for the nonlinear wave equations at

energy regularity has been studied, and we refer to the works [DLM20] and
also also [KMV19, Bril8b, Bril8al.

1.2. Notation. We adopt widely used notations such as [z| for the lower
integer part of a real number z and (z) := (1 + |z|?)2. We denote ® the tensor
product (of functions, spaces or measures) and we write [A, B] = AB — BA the
commutator of A and B. The letters €2 and P will always denote a probability

space and its associate probability measure with an expectation denoted by
E.

For inequalities we often write A < B when there exists a universal constant
C > 0 such that A < C'B. In some cases we need to track explicitly the
dependence of the constant C' upon other constants and we denote by A <, B
to indicate that the implicit constant depends on a. In other cases we use the
notation C' for a constant which can change from one line to another, and write
C(a, b) to explicitly recall the dependence of C' on other parameters. We write
A~Bif A< Band A 2 B.

Dy is defined as —i0;. S and &’ respectively stand for the space of Schwartz
functions and its dual the space of tempered distributions. The subscript rad
means radial, so for example S,,4 stands for the radially symmetric functions of
S. The Lebesgue spaces are denoted by L? and for p € [1, 00| we set p’ such that
%%—}% = 1. If X is a Banach space then L}. X serves as a shortcut for L?((0,7), X)
and L? denotes the Lebesgue space with weight w. The usual Sobolev spaces
are denoted by H® = W*? where W*? = {u € &, (id—A)> € LP}. Let

H = —A + |z|* be the Harmonic oscillator, we define
(4.1) WP = {u, H3u € LP},
and

(4.2) H = W2,
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and these spaces are called the harmonic Sobolev spaces. The Hoélder space
C%(I,X), for a € (0,1), is defined as the set of functions continuous functions
on X that satisfy

1 (t) — f(s)llx

R oo < :
I eme i= 1l + sup BEEE = 2E < o0

Smooth Littlewood-Paley projectors at frequency N = 2" are denoted by
Py and we set Sy := 3" _Pom and P.y = id —Sy. Truncation in frequency
in [—N, N] will be denoted by IIy.

We denote by Bz(A) the closed ball of the space Z, centred at 0 and of radius
A.

If a,,b, are real independent standard Gaussian random variables then
Jn = a, + ib, is called a complex Gaussian random variable.

1.3. Main results. This section presents the main results we shall prove.
Precise definitions of the measure pg will be given in Section 2. At this stage
one can picture py as a measure supported by radially symmetric functions
which are almost L2

Keeping in mind Theorem 4.1 (47), when p < 1 +% there is no scattering in L?
and thus even in the probabilistic approach there is no possible scattering result.
However we have global well-posedness. Let us introduce the parameter:

(4.3) a(p,d) =2 — g(p -1).

Theorem 4.2 (Almost-sure global existence and weak scattering). Let d > 2
and p € (1, 1+ %}. There exists o € (0, %) such that for pg-almost every initial
data ug, there exists a unique global solution u = e**uy+ w to (NLS) in the
space

e"ug + C(R, H? (R?)).

Ths solution satisfies

o(p,

5 1og%<s> ,

lw(s)llae < (s)
for any s € R.
Furthermore if p < pmax(d) (defined by (4.32) and (4.33)) then

u(s)|| o1 < Cup) log? (1 + |s])

for any s € R.

Finally, the constants C(ug) satisfy that there exist constants C,c > 0 such
that

fio(ug = Clug) > A) < Ce™N
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For p € (1 +2,1+ %} and d < 10 scattering holds in L? for almost every
radial initial data at mass regularity. More precisely we define the following
regularity parameter:

1 . 3
3 ifp<14+ 5%
4.4 o(p,d) = 4 . =2

Theorem 4.3 (Almost sure scattering at mass regularity). Let d € {2,...,10}
and p € (14—%,1—1—%}.

(i) For every o € (0,0(p,d)) and po-almost every initial data there exists
a unique global solution to (NLS) satisfying

u(s) — e*Puy € C(R, HY).

(ii) The solutions constructed scatter at infinity, in L*. More precisely,
there exist o € (0,0(p,d)) and k > 0 only depending on p and d such
that for po-almost every ug there exist uy € H (defined in (4.2)) such
that the corresponding solution constructed in (i) satisfies

(4.5) Ju(s) = (o + us) e S Cluo)(s) ™ — 0,
and also
(4.6) e~ *2u(s) — (o + us) I S Cluo)(s) ™ —> 0.

In both cases there exist numerical constants C,c > 0 such that

to(ug : Clug) > N) < Ce™.

Remark 4.4. Since the corresponding measure p will be such supported by the
radial functions of N,~q H,,q We see that this result is radial in nature. We also
emphasis that the convergence rate x can be made explicit by following the
computations line by line.

Remark 4.5. First note that in dimension d = 2, the case p = 3 has been
treated in [Denl2]. Similarly in dimension d > 2 the endpoint case p =1 + 3
is an adaptation of the proof in [Denl2] and we do not treat this case in view

of the deterministic result [TVZ07]. Then we assume that p € (1 +2,1+ %).

Remark 4.6. As the proof will make it clear, the obstruction to generalise to
dimensions higher than 10 is contained in the establishment of a powerful
enough almost-sure local Cauchy theory. We did not put much effort into
developing such a local theory in higher space dimensions and we believe that
this is possible, using refinements of the local theory in Bourgain’s type spaces,
building on bilinear estimates.
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Remark 4.7. This result is not of small data type. The measure p indeed
satisfies that for p > 2 sufficiently close to 2 and every R > 0, po(u €
X0 |Jul|zr > R) > 0, see Section 2 for a proof.

1.4. Strategy of the proof and organisation of the paper. The following
paragraphs outline the proof of the main results. There are three main features
that we need to address: assuming a global theory, how can one prove scattering?
How can one construct a good local theory? How to extend this local theory
into a powerful enough global theory?

1.4.1. Proving scattering. Assume that one has access to an almost-sure local
existence theory for (NLS), even a global theory in L.

In order to deal with the long-time behaviour of the solutions u we write,
thanks to Duhamel’s formula:

u(s) = e uy — z/ eld=s DA <|u(3')|p_1u(s’)> ds’,
0

so that in order to prove the existence of u, we only need to prove that the
integral

S .

/ ez(s—s/)A (|u(5’)]p_1u(s/)) ds’
0
converges, which is achieved by proving that this integral actually converges
absolutely. From there we can see that a priori bounds on w in L! spaces
may be needed to carry such a program. Such bounds can be obtained using
Sobolev embeddings if u is more regular. This heuristic suggests that we can
try to construct a better local theory in a probabilistic setting, building on
some stochastic smoothing. We then will need to extend the theory to a global
one.

1.4.2. Almost-sure local well-posedness. The standard method to prove local
well-posedness is to implement a fixed-point argument in some Banach spaces.
In the context of dispersive equations, Strichartz estimates allow for achieving
such a goal. Heuristically, Strichartz estimates tell us that if uyg € H® then
the free evolution uy(s) = e**“uqy is not be smoother than ug but however
exhibits some gain in space-time integrability, from which we access to a wider
range of (p,q) such that bounds of the form [[ur|[zz 2 < [[uol|z2 hold. The
advantage of working with random data is that improving the L? integrability
of a random L? function (on the torus, for example) is essentially granted by a
result which appeared in the work of Paley-Zygmund. See [BT08b] Appendix A
for a proof.

Theorem 4.8 (Kolmogorov-Paley-Zygmund). Let (c,)nez an * sequence.
Then if (gn)n is a sequence of identically distributed centred and normalised
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complex Gaussian variables we have

> Cabn

neL

S Vol (ea)llz -

L,

Using this result we can prove a probabilistic Strichartz estimate which
improves the classical one. Take uy a random initial data, then with the
previous remarks we can easily control the space-time norms of uy(s), so we
seek solutions of the form u(s) = up(s)+w(s) where w is deterministic and can
be taken in a smoother space, for example w € H® for some s > 0. Formally w
is the solution of the fixed point problem ®(w) = w where

D(w) =i [ eI (ug(s) + w(s))

and thanks to the gain in controlling the space time norms of u; we can expect
to solve this problem in H*. For an illustration of the method see [BT08b]. For
probabilistic well-posedness of (NLS) below the scaling regularity see [BOP15b].

In our context we will have to take care of the fact that since we will work with
random initial data slightly below L? we will not really access to all the range
of Strichartz estimates. These statements are made precise by Lemma 4.13.
Establishing such a good local theory is the content of Proposition 4.3.

1.4.3. The globalisation argument. Once one has a good local well-posedness
theory, there exists a general globalisation argument which can be traced back at
least to Bourgain [Bou94]. In order to clarify the arguments of Proposition 4.5
and Proposition 4.7 we explain the argument in a simpler setting, the invariant
measure setting. One wants to achieve an almost sure global theory. To this
end we first remark that thanks to the Borel-Cantelli lemma it is sufficient to
prove that for every § > 0 and every 7' > 0 there exists a set G5 such that
u(X \ Gs) < ¢ and that for every initial data in G we have existence on [0, 7).
The requirements for the argument to work are roughly the following:

(7) A local well-posedness theory of the following flavour: for initial data
at time ¢y of size (in a space X) less than A there exists a solution on
[to, to + 7] with 7 ~ A™*, in a space X.

(77) An invariant measure p, that is if ¢, denotes the flow of the equation,
w(A) = p(¢p—tA) for all ¢ > 0 and every measurable set A, at least
formally.

—cA\?

We further assume that p(ug, [|uol|x > A) Se
case in the following.

Let A > 0 to be chosen later. Let GG, be the set of good initial data ug which
give rise to solutions defined on [0,7] and such that ||u(t)||x < 2A for every
t <T. Let also Ay := {ug, ||uol| < A}. Choose 7 small enough (which amounts
to enlarging A) so that the local theory constructed implies that a solution on

, as this will always be the
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[nT, (n 4 1)7] does not grow more than doubling its size. Then we immediately
see that

£

() énr (A)) C Gi.

n=0
Taking the complementary we see that

L£]
{uo ¢ Gi} C U 0 (X \ Ay),
n=0
and taking into account the expression of 7 and the fact that p is invariant
under the flow this gives

WX\ Gy) < CT NN ,

which is smaller than § for A\ ~ log% (%)

From there we obtain the global existence and a logarithmic bound for
|lu(t)||x. However let us recall that there is no non-trivial invariant measure
for the linear Schrédinger equation, or the nonlinear equation in presence of
scattering in L2

Proposition 4.1. Let d > 2. Then,

(i) Let o € R. The only measure supported in H° which is invariant by
the flow of the linear Schrédinger equation i0su + Ayu = 0 with initial
condition u(0) = ug € H?(R?) is &.

(ii) Let p such that scattering holds in L* for solutions of (NLS). Then
for any o € R the only measure supported in L* which is invariant by

the flow of (NLS) is dy.

Proof. We refer to [BT20] where a proof is given in dimension 1. The proof in
dimension d is a straightforward adaptation. O

In order to overcome this difficulty, the authors in [BTT13] use the lens
transform (see Appendix Appendix B) to transform solutions of (NLS) with
time interval R to solutions of

10w — Hv = cos(2t)~ePD|y[P~1y
s R i
with time interval (—7, %) where we recall that H = —A + ||? is the harmonic

oscillator, and H?® stands for the associate Sobolev spaces and a(p, d) has been
defined in (4.3).

(HNLS) admits quasi-invariant measures with quantified evolution bounds,
see Proposition 4.4, which makes it possible to use a similar globalisation
argument to the one presented. For this reason most of this paper studies
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properties of (HNLS), and we will eventually get back to (NLS) using the lens
transform in Section 5.2.

For the global theory, the main difference when compared to [BT20] lies in
the proof of Proposition 4.7. Let us recall that the proof in [BT20] uses:

(i) A pointwise bound in LP™! with large probability for the solutions.

(77) A Sobolev embedding to control the LP*! norm variation by the H?
norm variation, controlled by the local theory.

In dimension d > 3 such a program would not yield the full proof of Theorem 4.3,
due to the use of the Sobolev embedding which would only yield a result for
p< 1+ %. Instead we control the variation of the LP*! norm, writing:

- t/ o
(4.7) v(t') = e Wty ¢ ) — z/ emi=)H (]v(s)]pflv(s)) ds.
tn
for ¢ in some interval [t,,, t,+1]. The first term is controlled using linear methods.
For the second term we need to control its L LP*! norm, which is not always
Schrodinger admissible (terminology defined in Section 3). Instead we use

the dispersive estimate L% = LP*. A similar idea was previously used
in [PW18].

Once we have these LP™! bounds, scattering in H* for (HNLS) is obtained
through interpolation between scattering in H 7 (obtained by Sobolev em-
beddings and the LP™! bounds) and a bound for the solution in H°. See
Proposition 4.8 for the details.

1.4.4. Organisation of the paper. The remaining of this paper is organised
as follows: Section 2 introduces the space X°, the Gaussian measure ; and
gathers their properties. Then the proof of Theorem 4.2 and Theorem 4.3
starts in Section 3 with a large probability local well-posedness theory. The
evolution of the quasi-invariant measures are studied in Section 4 which allows
to extend the local theory into an almost-sure global theory in Section 5 and
prove Theorem 4.2 and Theorem 4.3. Finally technical estimates are gathered
in Appendix Appendix A and Appendix Appendix B for results concerining
the lens transform.

Acknowledgements. The author thanks Nicolas Burq and Isabelle Gallagher
for suggesting this problem and subsequent discussions. The author thanks
Nicola Visciglia for raising the question of the extension of the results in
[BTT15] to higher dimensions and Paul Dario for useful comments on a draft
of the manuscript.

2. The harmonic oscillator and quasi-invariant measures

2.1. The harmonic oscillator in the radial setting. We recall some facts
concerning the radial harmonic oscillator, and refer to [Sze39] for proofs.
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The radial harmonic oscillator is defined as H = —A + |z|? acting on the
space Spaq(R?) or radial Schwartz functions. It is a symmetric operator and
admits a self-adjoint extension on HL  (R?).

1

L 1(R%) is made of eigenval-

It is known that the spectrum of H, acting on ‘H
ues

N =dn+dforn >0,
and associated (simple) eigenfunctions are denoted by e,,, which can be written
explicitly, but in the sequel we do not use their expression. All that will be
used in the rest of this article is that the sequence (ey,),>¢ satisfies the following
LP estimates. We also refer to [IRT'16b] for details on the harmonic oscillator
acting on radial functions.

Lemma 4.9 ([IRT16b], Proposition 2.4). Let d > 2. Then
. —q(i-1
i) lleallr S 2" forp e 2,28,

_ 1
(ii) llenllir S An? log? A, for p = 24

d(z3—3)-1
(77) ||en|lr < )\n<2 ) forpe (d%dl,oo}.
In the above inequalities the implicit constant may depend on d but not p nor n.

Remark 4.10. From this lemma we see that in the scale of L? regularity, as
long as p < d%, then eigenfunctions e,, exhibit some decay, which is used to
prove probabilistic smoothing estimates, see for example [BTT13], Appendix A

for such estimates.

2.2. Measures. We fix a probability space (€2, .4,P) and let (g,)n>0 be an
identically distributed sequence of centred, normalised complex Gaussian vari-
ables. Then we define the random variable f : Q — S'(R%) by

(4.8) P =3 2@ 0,

n=0 )\"
where \,, e, are the eigenvalues and eigenfunctions of the radial harmonic
oscillator previously defined. Moreover we consider the approximations
N

fN = Zilen7

n=0 """

which almost surely converge to f in §&’. Moreover (fx)n>1 is a Cauchy sequence
in L*(Q,H~7) for every o > 0. For a proof of this fact see [BTT13], Lemma 3.3.
More precisely, if we denote by p = f,P, the law of the random variable f,
then we have the following.

Lemma 4.11. The measure p is supported by X = (| H,5 and moreover:
o>0
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(i) For u almost every u one has u ¢ L?.

(7i) For anyp > 2 sufficiently close to 2 and any R > 0, p(u € X, ||u|» >
R) > 0.

Remark 4.12. If jo denotes measure given by £, where £ is the lens trans-
form then we infer that pg is supported by N, H,.q and satisfies (7).

Proof. (i) The first part is a straightforward adaptation of Lemma 3.3 in [BTT13].
For the proof of the fact that for p-almost every u, there holds u ¢ L?, see

[Poil2], Section 4, Lemma 53 and Proposition 54. The argument is easily

adapted to our case and mostly relies on a careful application of an inequality

of Paley-Kolmogorov which states that for A > 0 and X € L?(Q):

E[X]?

P(X > ME[X)) > (1 AV g

(77) This result is claimed in [BTT13] and we provide a proof in full details.
We construct large data in the following way. Let £ C €2 be the set defined by:

Zilen <R} :
Lp

n>1 7'
< R) |
Lp

Since go is a Gaussian, P(go > 2R) > 0. Moreover, since p > 2 is sufficiently
close to 2, and thanks to Lemma 4.13 we have

IP’( Z/g\—nen

n=1 "1
Then on the set E we have ||ul/z» > R. Hence we have proven the claim. [

E = {go > 2R/lleol|zr , (gn)n=1

which by independence has probability

sL.,

n>17"'n

P(E) = P(go > 2R)P (

<R> 21—6_CR2.
P

We remark that, if N (0, A;?) denotes the law of a centred complex Gaussian
of variance A2, then we have

p=QNc(0,,%) = pn ® py

n=0

where pn = Qocnen Ne(0,4,), and py = @y y Ne (0, 4,2).
Writing any u € X as u = Z unpe,, we see remark that the distribution of

n=0

. . _ 142 2 .
9o is given by e 2 /" I"r~1\2 du,,, where du, is the Lebesgue measure on C.
n
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Therefore we have

dpen (uw) ( Il = )6 el duy

0<n<N

where duy = [[pcp<n dttn, and uy = > g <y Une, € X. For this reason, we
will write informally write that for any measurable set A C X,

2.3. Probabilistic estimates. The main probabilistic estimate which will
be used is a standard large deviation estimate in the context of the radial
harmonic oscillator.

Lemma 4.13. Let d > 2 and € > 0 arbitrarily small. Define
{ d(3-1) if re(2 2]

~d(37Y)  re (A
and s, := s, —e. Then:

(i) For p-almost every u € X one has u € W P,

(i) More precisely there exists C,c > 0 such that for every p > 2 and
A > 0 we have

i (u € X, |lull > A) < Ce= N

Wer "

Proof. The proof is very similar to the proof of Lemma 3.3 in [BTT13] with
No =0 and N = oo, and using the bounds 4.9. See also [AT08]. O

As we can see, there is always a good choice of L" scale to gain almost %
derivatives.

Lemma 4.13 immediately implies the following consequence.

Corollary 4.14. There exists C,c > 0 such that for every q > 1, r € [2 —dz]

and o € [0,s,) one has

L (u € X, He’itHuHL?_ e > )\> < Ce= forall X > 1

For details see [Tho09]. Note that we take norms in time on [—, 7| although
we work only on [—7, ]. This is due to the need of room for the estimates in

the analysis, in particular in Lemma 4.33.
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2.4. Deterministic estimates. We will need dispersion and Strichartz esti-
mates in order to construct local solutions. A pair (g,7) € [2, 00]? is Schrédinger
admissible in dimension d > 1 if (g, 7, d) satisfies

2 d d

. + S =5 and (q,r,d) # (2,00,2).
Remark 4.15. We should check on many ocasions that a given pair (¢, r) is
admissible. One should keep in mind that the condition ¢,r > 2 is required.
Taking into account the relation between ¢ and r, the requirement ¢, > 2 is
equivalent to ¢ > 2. In the same spirit, (¢’,7’) is such that (g, r) is admissible
if and only if ; < & <141

We define the Strichartz space
g = (1 L(to, ], W)

(¢g,r) admissible

and its dual }7[;’0 ) that we respectively endow with the norms:

HUHYEO’” - ) S(lilrfissible ez e
and
el =y I e Tlle ooy
We also write Y7 _ for Y7 , ..

Let o > 0. Using the Sobolev embedding, if (¢, ) is Schrodinger admissible
and r > 1 is such that g = % + o then by the Sobolev embedding,
ullpgrr S llullzzwer S llullvg -

Thus we often refer to (¢q,r) being o-Schrédinger admissible if % + g = g -0,
and q > 2.

Proposition 4.2 (Dispersion and Strichartz estimates). Given o > 0 and
to, T € (0,%), the following estimates hold.

(i) (Dispersion) Forr > 2 and t >0, |||, ;. < C(d, 7’)|t\_d(%_%);

(ii) (Homogeneous) HeitH‘|H"%”[?O,T] < C(d);

t
(7ii) (Non-homogeneous) H/ eilt=5)H ¢
0

< C(d).

Ye-Ye

Proof. The proof is carried out in detail in dimension two in [Denl2|, Proposi-
tion 2.7. For dimension d > 3 we refer to [Poil2]. In both cases the proof is an
application of the TT™ argument and the Christ-Kiselev lemma along with a
dispersive estimate for e=®# : L1 — [° which is obtained through stationary

phase estimates. Il
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2.5. Spaces of functions. In section 3 we will not construct local solutions
to (HNLS) for any initial data in X, but rather for initial data in a subspace
X7, but such that pu(X7) = 1.

Letd>2,pell, 1+ %), then depending on whether p < 1+ % or not we
introduce de following spaces.

e Case 1. If p < 14 725 then we recall that o(p,d) = 3 and define, for
any o € (0,0(p,d)) a complete space X by the norm

ul| xo = ||€_“H||L‘{Emvvw2 + ||e_itHU||L?_<z;1}>Lb(p—1> v
where (g2, 72) = (4, d%dl) is Schrodinger admissible, and a, b only depend

on p,d,o and will be defined in the course of the proof of Lemma 4.21
in a way such that (a(p —1),b(p — 1)) is o-Schrédinger admissible and
bp—1) < 2%.

e Case 2. If p > 1+ 725 then we recall that o(p,d) =2 —%2(p—1) and
for any o € (0,0(p,d)) we define a complete space X7 by the norm

Jullxe = €™ g mpvers + €™l 1y

where (qo,79) = ((d72)é71)72, d+27(d232)(p71)) is again a Schrodinger
admissible pair and a, b only depend on p and d and will be chosen
in Lemma 4.21 in order for (a(p — 1),b(p — 1)) to be o-Schrédinger
admissible and also satisfy b(p — 1) < d%.

As a consequence of Corollary 4.14 we have the following.

Corollary 4.16. Letd > 2, pe [1,1+3) and 0 € (0,0(p,d)), then

u({u € X, Jullx= > A}) < e,
and in particular p(X7) = 1.

Next, we establish some useful properties of the spaces X°.

Lemma 4.17. Let 0 >, then the following properties hold:
(i) For any u € X°, |le”™ul|xo = ||ul|x-

(i) There is a continuous embedding H® — X7. As a consequence, the
embedding Y , 1 — L ;X7 is continuous.

(iii) Sy acts continuously on X7 and Y = with continuity constant in-

dependent of N. As a consequence, if u € X% then Syu — u in
X°.

(iv) If o' > o then X7 < X7 is compact and more precisely there holds

I(id =Sn)ullxe S N~ ul|x- .
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Proof. (i) This comes from the 2m-periodicity of e which is the case

because the eigenvalues of H, the A\? are integers.

(7) Since in the definition of X, (g2, r2) is admissible and (a(p—1),b(p—1))
is o-admissible, this follows from Strichartz estimates.

(#i) These uniform continuity properties boil down to the bound
ISvllzr—zr Sr 1,
available for any r € [1,00), see [BTT13], Proposition 4.1 for example.

(7v) The inequality is a consequence of Bernstein estimates and the com-
pactness follows from the inequality and the fact that H has a spectrum
made of countable many eigenfunctions. U

3. The probabilistic local Cauchy theory

In this section we construct a local Cauchy theory for (HNLS) and prove
quantitative approximation results of solutions to (HNLS) by solutions of

i0w — Hv = cos(2t)P 73Sy (|Snv[P~1Syv)
(HNLSy) { 2(0) = up .

3.1. Local construction of solutions. The main result of this section is a
flexible local well-posedness result, where the initial data is given at a time t;.
We state only a forward in time result in [0, 7), a similar statement holds for
negative times.

Proposition 4.3 (Local Cauchy theory). Letd > 2, ty € (0,7), p € {1, 1+ %),
o€ [0,0(p,d)) (defined by (4.4)) and X\ > 0. There exists T = T(to,\) > 0 of
the form:

K
(49) T ~ )\7L (Z - to) y

for constants L > 0, K > 1 such that the following statements holds.

(Existence, Uniqueness) For any vy € Bxo(\) there exists a unique solution

v E e_i(t_tO)Hvo +Y?

to,T

to (HNLS) on [to,to + 7] such that v(ty) = wvo, where uniqueness hold for

w=1v — e )y ip Y7 iia- Moreover, w € CO([to, to + 7], H7).

(Continuity of the flow) ¢;(vg) == v(t) defines a flow fort € [ty,to + 7| acting
on Bxo(\) which is such that for any vy, 09 € Bxe(\) there holds

(4.10) [6:(v0) = &1(00)l xor S [lvo = Boll xor
for any o' € [0,0).
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(Persistence of regularity) There exists a constant C' > 0 such that the following
holds. If we assume furthermore that vy € By. (R) for some o' € (0,0(p,d))
and R > 0, then the associated constructed solutions v = vy, + w satisfies for
any t € [to, to + 7],

(4.11) [v@®)llxo < COR,
and
(4.12) ’|w|’5@3f7 < CR,

Remark 4.18. Since Sy is continuous LY — L7 for any g € [2,00) the above
local Cauchy theory applies verbatim to (HNLSy), uniformly in N with the
same 7 given by (4.3).

Remark 4.19. Tt is important in (4.11) that the local well-posedness time 7
does not depend on R but only on A, that is, the size of ug in X°.

Remark 4.20. Observe that for any tg € [0,11], and up to reducing the loc
well-posedness time 7, we can choose 7(t1,A) as a local well-posedness time
uniformly in tq € [0,¢;]. We say that 7 is chosen uniformly in [0, t1].

The strategy for proving local well-posedness is a fixed-point argument, which
turns out to be easier than the one in [BT20]. In the latter case, the lack of
sufficient regularisation in the the stochastic linear term requires a more refined
analysis, whereas in our case, Lemma 4.13 is readily powerful enough for our
purpose. We write ® : Yy? ~— &' for the map defined by
(4.13)

t
d(w)(t) == —i /t e (cos(25) D]y (s) +w(s)P ! (vp(s) + w(s))) ds,
0

where vy (t) := e~"¢=%)Hq; is the linear evolution of the initial data vy. The

crucial estimates needed to run the fixed point argument are gathered in the
following lemma.

Lemma 4.21. Let ® defined by (4.13). Let d > 2. Let also p € [1, 1+ %),

o €0,0(p,d)), to€1[0,%) and 7 < 3 (% - to). There exists k > 0 which only
depends on p, d and o, such that for vy € Bxs(\) and for wy, wy, w in the ball

Byg (), one has:

T —oc(p,d)
(4.14) l2 ()l . Sa (4 - t0> "

and

e _O‘(pvd)
(@15) 0w — @)l Sap (F—t0) N wallg

to,T :
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Moreover, for vy, Ug € Bxo(\), le us denote by P, ® the associated maps defined
as in (4.13). Then, for any w,w € Byg _(A) there holds:

(4.16)

~ ~ T 7a(p7d) P _1 - ~
[0@w) = 8@y Sap (7to) N (oo~ Tollxo + w = dlyy ) -
to,T 4 to,T

Proof of Lemma 4.21. Proof of (4.14). Let ug € Bxo(\). Recall that we need
to fix the parameters a,b of the space X7, whih we will fo in this proof.

From (4.13) and by the non-homogeneous Strichartz estimates with an admis-
sible pair (g,7), one has

1)l . < llcos(2s) Doy (s) +w(s) P~ (0i() + () o
’ [to,to+7]
to+7 /71 —a(p,d)q1 i bt
<[5 oz +wP o+ )l e

< (Tmto) ™ ot 0l w0

~\4 Lty o4mV7" 7

where we used Holder’s inequality with ¢, ¢ to be adjusted and such that
qil + % = i We also used that |cos(2s)| 2 (% — s) and 7 < 3 (% - to).

Then by the Sobolev product estimates from Lemma 4.32 and the triangle
inequality one can write

e _a(pvd) 1
0wl o,y S (5 —10) T ln + wlzmees

-1
[toto+7] 4 HUL + w|p ”L‘13LT‘3

T —a(p,d) 1
S(E-n) 7 (Il + ol 0 )

p—1 p—1
X (”ULHng,(p—l)Lrg,(p—l) + ||w||Lq3(p—1)Lr3(p—1)) )
where the parameters ¢, g2, g3 and r3 need to satisfy
1 1 1 1

—t+—+—=—,
a1 q2 qs q

and
. 1 1
ry 1Ty 1!
We recall that ¢/, 7’ need to satisfiy ¢/,r" € [1,2] and
2 d d
_ — = — 4+ 2
q/ /r./ 2

Assume that we are able to choose the parameters ¢, ¢2, g3, ¢’, 2, 3, ' so that
the norm L%L" is Schrodinger admissible, L#®=1 (=1 ig 5-Schrodinger
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admissible, then we will meet the conditions in the construction of the X
norm and since vy € Bxo(A) and w € Byg _(A) we will obtain

T 7a(p7d) 1
0wl S (F-t) TN,

hence (4.14).

In order to explain how to choose the parameters, we distinguish several
cases.

Case 1. We assume 1 < p < min{l + d 5, 1+ d} so that o(p,d) = %, and thus
O<o< % To control the W™ norm of v;, we take ry = dell We then choose
q2 = 4, so that (gq, ) is Schrodinger admissible, hence

]| Lo jdl <llwlyg <A
We also need that r3(p — 1) < -2, which is implied by 1’ satisfying & >
D (% — 7) + ﬁ Note that in order to ensure that ¢’ € [1,2] we need Tl <

% + 4 5- The above restriction on 7" makes it possible to choose such an ' if and

only if
(1 1)+1<1+1
P\o74d) T2aS2 T q

which gives the condition p < 1 + ﬁ satisfied by hypothesis. Then we can
choose & =p (% - é) + 5 (which fixes 73 as desired, and satisfies r’ € [1,2]),
and an associate ¢’, which is also in the range [1,2]. To make sure that we can
control the term ||w|| asw-1)r30-1) by the Strichartz norm HwHy% _, we use the

Sobolev embedding (which is applicable since m(pl_l) = 24 < § <1, which

reads

HULHqu (r-1)r3lp—-1) < ”ULHqu@fl)ins(pfl)
where 73 satisfies the Sobolev condition - (; 0 < g+ r3(pl_1)' If moreover

(g3(p—1),73(p — 1)) is Schrodinger adnns&ble, that is qg(prl) + F3(gfl) = %l and
@3(p—1),73(p—1) = 2, then we can control ||w|| e@-1) r30-1) by the Strichartz
norm HwHYﬁ’)-T' We remark that the Sobolev condition can be written in the

form

B S S
rs(p—1) " d 2 dg(p—1)’
which can be written in variables ¢q, p, d as

1, =1d=2)
q1 4

which is always satisfied for large ¢, since the quantity in the right-hand side

is always bounded by below by 1 — m(d 20) > 0. Now we can choose
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freely g3 such that gs(p — 1) > 2 large enough so that qil +1= % — i, which

a3
. . . 1 1
is possible since 7>

Case 2. We assume d > 8, p € (14 25,14 3) and thus o(p,d) = 2— 42(p—1).
We set
4 2d
= > 2and ry = > 2
T A— -y 27 T T d e d— ) -)

Because (g2, 12) is Schrodinger admissible we have ||w||a2pyors < A

As above we need to make sure we can find r3 such that 2 < r3(p—1) < d%
and

r3 2d r!
The condition that 1 < ¢ < 2 translates into £ < & <
on 73 is written:

Ll p-1l_ 1 (p-1d-2) d+2-(@-2p-1) _1 1
2 d d r! 2d 2d 2 d
hence we choose % = % + é, satisfying both conditions, thus ¢ = 2. We now

have i = %, so that r3(p— 1) > 2.

1 +d+2—(d—2)(p—1) 1

) L o
: 5 + 3. The condition

<

To finish the proof we need to control the norm ||w|| es-1)r3-1). Arguing
as in Case 1. we derive a condition on ¢, which is

1 d o
4.17 —<1—-|-—-= —-1),
(@.17 L<1-(§-3)o-y
which is satisfied for large ¢, as soon as

1—(1—@>(p—1)>0,

that is p — 1 < ’d+4§(vdi+)8d’16. This is satisfied since

o4 —d+dt VPRI 16
PmisgS 2(d - 2)

Then we choose g3 large enough so that ¢3(p — 1) > 2 and we conclude.

Proof of (4.15). We use the following, valid for any complex numbers a, b, ¢:
la+ 0" (a+b) = la+c[PHa+e)| Sp b —cl(lafP™" + o~ + [ef"7),
which implies that for any Schrodinger admisible pair (g, ), there holds

@ (un) = @(wa)llva , Sp lllwn —wal (ool +lwn”™ + fwal ™ Dl e
0,t0TT

,T
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With the use of the Holder inequality we obtain

T —a(p,d) 1
() = @(uallvy . Sp (F-t0) 7 s — wallrs

—1 -1 -1
X (HULHIZ/qg(P*l)LTg(p*l) + ||w1||§43(P*1)LT3(P*1) + Hw?”iq:;(p*l)Lm(p*l)) )

A : .
where q1, 2, 3, 72, 13, ¢, T’ satisfy:

1 1 1 1
f—l—f—l—f:j
q1 q2 q3 q

and
1 1 1

ry  r3 1’
which are the same conditions as in the proof of (4.14) thus with the same
choices of q1, qa, g3, 72, T3, ¢, ¥’ we obtain (4.15).

Proof of (4.16). The proof follows is similar to that of (4.15), we omit the
details. 0

We give the details of how the estimates of Lemma 4.21 imply Proposition 4.3.
Because we deal with some 1 < p < 2, the fixed-point procedure seems not
possible to work direcly in the space Y,7 _, therefore we prove contraction in a
weaker norm.

Proof of Proposition 4.3. From Lemma 4.21 we see that & stabilises the ball

a(p,d)/k
Byg (\) assoonas 7 < C (% — to) v/ A~(P=D/% for some constant C' > 0.

Moreover, from (4.15) we see that on the ball Byg _(A) (up to recucing the
constant C'), ® is a contraction in the norm Y, thus has a unique fixed-point
by the Picard fixed-point theorem.

To see that w € CO([to, to + 7], H?), we let t; < ty € [to, 1o + 7] and write
t

wlt) = w(ta) = [ cos2t) 0 (Juu(¢) + w(t) (wue) + w(t)) de'
t1

thus by the triangle inequality and (4.14) we have

T —a(p,d)
[w(t:) — w(ta)|l#e <pa |+ — o [t1 — ta| "N,
4

which implies the claimed continuity in time.

Continuity of the flow in the X° topology also follows from (4.16): to this
end, let vy, 0y € Bxo(A). From the local theory, we can construct associated
solutions v = vy, + w, and © = ¥, + W on [ty, tg + 7] such that, thanks to (4.16)
and the definition of 7, we have:

_ = 1 . _
=l = [1B(w) = S(@)llyy . Spa 5 (o = Tollxo + w0 = lyg )

\T
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which yields [[w — @llyo < [[vg — Dol xo. Therefore, by the triangle inequality
O,T
we obtain and Lemma 4.17 we obtain

[o(t) = o(t)||x0 < [lvo — ollxo ,
which proves the continuity in the X° norm. Interpolating with the fact that

¢ is bounded in the X7 norm (which is a consequence of (4.14)) yields the
continuity for all o’ < o.

Finally, persistence of regularity (4.11) follows from the stabilisation estimates
of Lemma (4.21) with ¢’ replaced by o. (For details, see for example the proof
of (8.7) in [BT20]. O

3.2. Uniform approximation estimates. The construction of a global flow
for (HNLS) will rely on a perturbation lemma.

Lemma 4.22 (Local approximation). Letd > 2, p € (1, 14 %), o€ (0,0(p,d))

and ty € (=7, 7). There exists 7 > 0 of the form (4.9) such that:

(i) For any vy € Bx-(\), there exists a unique solution v = vy +w (resp.
oy = v 4 wy) in e 0y + Ve to (HNLS) (resp. (HNLSy)).

(ii) For any vo,v§") € Bxo(\) such that Hu(()N) —up|| yor = 0 forall o’ < o,

we have that for all t € [ty,to + 7], and all o’ € (0,0), there holds
[o(t) —on ()] x-r = 0.

(iii) Assume that uS™ ug € By (R) N Bxo(\) for some o' € (0,0(p,d)),
are that for all 0 < 6 < o/,

g — ul| x5 < CLN?

where C7 does not depend on uy. Then there exists a constant C' =
C(to, T, R,\) > 0 such that for every § < o', there holds

Jw—wnlly; < CN°=" .
0,7

Proof. (i) directly follows from Proposition 4.3 and Remark 4.18, and provide
solutions which we write v(t) = e ®Huy + w(t) = vp(t) + w(t) and vy (t) =
e=itHy (M) 4 wy(t) = o™ (t) +wn(t). In particular, for 7 of the form (4.9) we

have HwNH;Q%’T, HwHyt%’T <\

(7i) By the triangle inequality and Lemma 4.17 we have
N
[o(t) = vn ()| xe < luo = ug [l xo + [[w = willyg -
Which is bounded (in N). Thus it is sufficient to prove the convergence for
o’ = 0 only, using interpolation to obtain the result in its full generality. To
this end, we observe that w — wy satisfies

(i0, — H)(w — wy) = cos(2t) P (F (v, + w) = Sy F(Syvi" + Sywy)) |



160 CHAPITRE 4. SCATTERING FOR NLS
Let us set zy = SNUE—JN) + Sywy — (v + w), which satisfies
lzn ()| xo < [|(id =Sn)vr ()]l xo + Sn(vo — v8™) | xo
+|(id — Sx)w(t)||xo + |Sn(w(t) — wn (t))]|xo,

hence by the uniform continuity of Sy acting on X, and the assumption of
the lemma we infer that

(4.18) lzn(B)llxo < Cllw —wnllyo  +e(N),
for some quantity e(/N) — 0. We now observe that
(i0, — H)(w — wy) = cos(2t)~*PD (id =Sy ) F(vy, 4+ w)
+ cos(2t)*PDS N (F (v, +w) — F(vp +w + 2y)) ,
hence by the Bernstein estimates and by the continuity of Sy, we obtain:
o =l S cos(2)PON I F(wg +w)llyy
+ cos(2t) " PD|| (F(vp + w) — F(vg +w + zy)) ||)~,t%ﬁ .

Therefore, using estimates (4.14) and (4.15), and up to choosing 7 smaller
(reducing the constant C' in 7), but still of the form (4.9), we obtain

1
lw —wnllve < CNT7A+ 5= llznlxo

where the constant C' is as in (4.18), and therefore we obtain that
lw(t) = wn(t)]lxo =0,

hence the result for ¢’ = 0.

(737) We readily know that ||w — wy|| yos is bounded, thus by interpolation it
remains to prove that

(4.19) Hw_wN“Yt%,T SN
The computations of (i) imply that for a well-chosen 7 of the form (4.9) we
have
Y 1
H'LU—'LUNHYt%,T < CN )\+%HZNHXO"77
but thanks to the assumption we have
lewllys . < Cllw = wxllyy _+2N7"2
which gives the claimed estimate. (I

Iterating (7ii) gives the following long-time estimate, provided a solution v
to (HNLS) has been constructed on an interval [0, 7).
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Corollary 4.23 (Long-time perturbation). Let d > 2, p € (1, 1+ %) and

0 <o <o <o(pd). Letuy (resp. uéN)) in Byo (R) N Bxo(\) and let
v = v, +w (resp. vy = vy + wy) be the associated solution to (HNLS)
(resp. (HNLSy)) and assume that v is well-defined on [0,T]. Then we have:

lw —wnllyg,, S OCNT7,
where the constant C' may depend on T, A, R but not on uqg.

4. Quasi-invariant measures and their evolution

Our next task is to globalise the local statement of Proposition 4.3. In order
to do so we need to keep track of the measures of the good sets of well-posedness,
i.e we need to estimate p(¢;(A)) where A is a p-measurable set and ¢, stands

for the flow of (HNLS).

4.1. Quasi-invariant measure evolution bounds. Due to explicit time
dependence in the equation (HNLS) we do not expect the measure formally

defined by

1 _ Cos(?t)fo‘(pvd) p+1 _ cos(Qt)fo‘(Pvd) pt1

(4.20) w(A) = [ e M= MG qu = [ e M
A A

to be invariant, but only quasi-invariant. This is one of the main ideas in [BT20]

and we will carry out the same program. The quasi-invariance will be obtained

using a Liouville theorem on finite dimensional approximations of (HNLS) and

a limiting argument.

The flow of the equation

i0yv — Hv = cos(2t)P3Sn (|Snv|P 1S yv)
v(0) = uo,

(HNLSy) {

will be denoted by ¢V and can be decomposed as follows: writing v = vy +
vV, a solution to (HNLSy) with vy = IIyv (where we recall that Iy is
the (non-smooth) projection on modes 0 < n < N) we observe that from
equation (HNLSy), vy satisfies

(421) { 10wy — Huoy = COS(Qt)p_?’SNGSNUN|p_1SNUN>

v(0) = Snug,
which is a finite dimensional ordinary differential equation in CN*! ~ RN +1)
and denote by ¢ its flow.
From equation (HNLSy), we observe that vV satisfies
0N — HoN =0
(4.22) { 0(0) = (id Ty )ug .
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so that if we identify v"V to the sequence (Un)n>n such that oV = Z Up€n, We
n>N
can explicitly solve (4.22) and find that for every n > N + 1,

(4.23) v (t) = e (wo)n ,
and denote by qﬁtLN its flow.

We start with a lemma which is nothing but the Liouville theorem, which
proof is recalled.

Lemma 4.24. The measure duy is invariant under the flow ¢ of (4.21).

Proof. First we recall that (4.21) is locally well-posed in C'(R, R2N+1)) | thanks
to the Cauchy theory for ordinary differential equations and globally well-posed
since t — |Juy(t)||z2 is conserved. Moreover this equation admits a Hamiltonian
structure. In order to see it, we write that for every n, u, = p, + iq, where
Pn,qn are real numbers. Then we claim that there exists a function Ey =

Ex(t,p1,...,PN,q1,---,qn) such that if p = (py,...,p,) and ¢ := (q1, ..., qn),
(4.21) takes the form

Pt)= O En(t,p(t),q(t))
(4.24) {qw>: O, Ex(t, p(t), q(t))

In order to find Fy, write u = p + iq and equate real and imaginary parts
of (4.21) to obtain that a Hamiltonian satisfying (4.24) is given by

EN(t,pl,...,pN7qu...,qN = = Z)\2 +b2
d p+1
2t)z(P—1)-2 | N
cos(2t)z Z (0 +iby)
p+ 1 = Lp+1(Rd)

More details are given in [BTT13], Lemma 8.1. For a solution (p,q) to (4.24)
we write (p(t), q(£)) = 61 (9o, o). Let

N N
duy = ® du,, = ®(dpn ® dgy,) ,
n=0 n=0

then for every smooth function f with compact support we have

& Y 0.0 dunpn. ) = [ (@, Endf — 0,5 0,) dpdg =0,

where we integrated by parts in the last equality. Finally by density this shows
that the measure duy is invariant under ¢, so is duy. Il

The Hamiltonian we have found takes the form:

1 cos(2t)~P.d)
Ex(t) = o) + S s oy,
2 p+1
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It is not conserved under the flow ¢ and more precisely we have

dip—1)—4
425) B0 = T (o cos(2n) 0 o o) 5

For t > 0 and N > 0 we define the finite measures, which are not necessarily
probability measures, associated to the non-conserved energies En by:

s(2¢)—a(p,d)
N _ cos(2t) p+1
v (A) ::/ o I ISl ()
A
(N

From the definition it follows that for all y-measurable sets A one has v; ) (A) <
1(A). Moreover we have the following convergence result.

Lemma 4.25. Lett > 0. Then the measure v; is not trivial, i.e its density

with respect to p does not vanish almost surely. Moreover we have the strong

convergence I/t(N) — 14, that is for every measurable set A, I/t(N) (A) — i (A).

Proof. To see the first claim, just observe that for w in the support of the
measure /i, since p+ 1 € (2, 2+ %) we have p+1 < 2% and then [Ju/|zp+1 < 00
thanks to Lemma 4.9. Moreover for such u in the support of i we have Syu — u

X . . 7cos(2t)_a(p’d) S p+1

in LP* as N — oo. The domination e i ISnlpin < 1 and Lebesgue’s
N

convergence theorem ensures the strong convergence ut( - O

The quantitative quasi-invariance property which we are going so state and
prove are exactly the same as in [BT20]. However for convenience we recall the
proof.

Proposition 4.4 (Measure Evolution). Let t € (=75,%), N = 1 and a p-
measurable set A.

(i) (¢N ) and p are mutually absolutely continuous with respect to each
other;

(ii) vi (81 (A)) < vp(A)C0™

(i) w(A) < v (a2 (4))

Proof. Note that once we have proved (4i) and (7ii) then we immediately can
conclude the proof for (i) since the two previous points give us that

(M) < vy < ()1

As by definition p < v and v, < p, which proves (7).
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To prove (ii) we start by studying the measure v}, writing

d (N) N . d _ cos(2t)_1a(p’d) ||SNva+il
Tl (¢ A) = a /veqb?,Ae - e+t dp(v)

d _ cos(2t)¥(P,d) (N), p+1
/ e 1 IS¢, U0||Lp+1 dﬂ/(uo)
A

Tt
dip—1)—4
= (]?2) tan(Qt)/ an (t, u)e™ N EW dp(ug)
A
: _ cos(2t)~(@.d) p+1 .
with an(t,u) = === 5——[|Syu(t)[[7s+:. In the first equality we have used the

change of variable v = ¢ ug, which leaves dy invariant according to Lemma 4.24,
indeed since p = py ® py and ¢N = @Y ® e~ the invariance follows from
the invariance of p under gE{V (Application of Lemma 4.24 and conservation of
Ex(t)) and invariance of uy under e~ which is just invariance of complex
Gaussian random variables under rotation.

Next we apply Holder’s inequality with a parameter £ > 1 to be chosen later,
and use that for all positive @ we have e~ < k¥e=* which gives

iﬁgm(@f A) < |d(p— 1) — 4] tan(2¢) <00 /A o (¢, u(t))e Ex D du0> !
< (503 A))'

= |d(p — 1) — 4] tan(2t) <C’0 /Aak(t,u(t))e_a(t’“)_%”‘/ﬁu(t)”i? duo)

e

~ 1-L
x (V@A)
k /. ~ 1-1
<ld(p 1) = 4 tan(20) (7767 4))
where we used the backward change of variable that leaves the measure in-

variant again. Now we choose k to optimise this inequality, namely k :=
—log (ng(gzﬁivA)) so that

d
T (@A) < d(p — 1) — 4l tan(20) log (11 (6 4)) 11 (0] 4).
We rewrite it as:

d

3 <1og (— log (Vt(N)( iVA)») < ld(p — 1) — 4] tan(2t)

_ ‘;l(p . z‘ < (log(eos(21)))

which after integration reads

cos a(p,d)
—tog (1 (67 4)) < () (A0
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Then we observe that for M > N and for every pu-measurable set A, one has
v (1 A) = M (6 A) = m($ A) as M — oo

so that finally get the result passing to the limit.
The estimate (74) is obtained by similar means, observing first that
d N koo 0N )R
@A) = —ld(p 1) — 4 tan(20) - (1 (67 )T

for every k > 1, optimising in k£ and integrating as before. O

4.2. Construction of the flow on a full probability set. The purpose of
this section is simply to construct a set 3 such that po(3) = 1 and such that
for any ug € ¥ the flow of (HNLS) is well-defined.

Proposition 4.5 (Long-time probabilistic Cauchy theory). Let d > 2, p €
(1, 14 %) and o € (O, o(p,d)). Fori > iy sufficiently large, the following holds.
There exists a set ' C X7, such that:
(i) ¥ is closed in the X topology.

(ii) vo(X \ X") < e~ for some absolute constant ¢ > 0.

(iii) For any vy € ¥, there exists a solution v = e~y +w = vy +w €
v, + C°((—=5. %), H) which satisfies that for all t € (=%, %), there
holds

_a(p,d)

420) e <vi(S-m) fos(T-1)f

and also
s 3
| — — |t )
Og(4 ’D’

Remark 4.26. We will sometimes need a useful consequence of the proof of
Proposition 4.5, that is, for an initial data vy € X', ¢ty € (0,%), and g9 > 0
>K+L(&(g’d) +e)

a(p,d)

@2 el <Vi(§- 1)

(arbitrarily small), if 7 ~ (% — to (the constants K, L being that

of (4.9)), there holds

_alpd)
2 €o

- (T
g, < Vi (5 - )

We immediately infer the following consequence.

Corollary 4.27. Letd > 2, p € (1, 1+ %) and o € (0,0(p,d)). There exists
a set X of full vy measure and such that for any ug € 3, a global solution
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v = Myy +w = v, +w (of the form given by Proposition 4.3) exists on
(=%, %) and satisfies
_a(p,d)

@28) ol ol < Clw) (5= 11) flog (5~ 1)

1
2
9

where ju(C(ug) > A) < e,

Proof. This set is just ¥ = U ¥* which satisfies the required properties and
1>10
has measure
(X \2) < ir;{vo(X\Zi) =0. O

In order to prove this result we will need the following corresponding state-
ment for (4.21).

Lemma 4.28 (Uniform in N long-time probabilistic Cauchy theory). Let
d>2,pé€e (1, 14+ %) and o € (0,0(p,d)). Leti,j > 1, and let T; = Z(1—e7).
Let N > 1. Then there exists a set X3 such that

(1) (X \XX) < Ce=, at least for large enough i,j. The constants C,c

do not depend on i, 7.

(2) For any u(()N) e X%, the associated solution vy = v(LN)—i-wN to (HNLSy)

satisfies, for all t € [=T13,T}],

ja(p,d)

lox (t) e, llwon (8) I3 < CVie™ =,

where the constant C' > 0 is, in particular, independent of N.

Proof. By symmetry we deal only with positive times [0,7}]. Let us define

\ = C’*\/z'_jeja(§ ’d), where C, needs to be adjusted in the proof. Thanks to
Proposition 4.3, there is a constant C; such that if we set 7 = Cie 7K\
(the constants K, L) being that of (4.9), then the intervals [n7, (n + 1)7] for

n e {0, U %} are local well-posedness intervals for (HNLSy) and initial data
in Bxo (), uniformly in NV, thanks to Remark 4.18. Therefore, defining the set
o Lmy/A N
N = ) (fr) (Bxe (V)
n=0

it follows that any initial data ul" gives rise to an X7 solution on =1}, T;]

which matches the bounds (4.26) and (4.27). It remains to estimate v (X \ Eﬁ{,j),
which by application of (4.4) gives:

ol LTj/TJ N -1 L o) (psd)
vo(X\EZY) < X w((6n) X \Bxe (V) € D vnr (X\Bxo (X))
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Then we use the crude bound v, (X \ Bxo()\)) < pio(X \ Bxo(V)) < e, s0
that finally

Y

» T a2 Na(p,d) . _cX2e—da(p,d)
(X \ N%d < Je cA? cos(2Tj) < egK}\Le cAe
WX\ < <
so that by definition of X\ this yields
Vo(X \ 3 < (IS Lalpd)/2) g—cCHi

which is less that Ce=¥ for large enough C, and for i > ig, j > jo. O

Proof of Proposition 4.5. Let us set X% = ﬂ Eﬁvj which is such that
Jzjo
(X \By) Se™,

and such that any ugy € X% gives rise to a global solution satisfying the
bounds (4.27) and (4.26). We consider the set

¥ = {up € X?,3IN;, — oo and uév’“ € E’}Vk, lluo — U((]Nk)||XU — 0},

which is a closed subset of X7, proving (7).

To prove (i), observe that limsup, X% C ¥; thus by Fatou’s lemma there
holds

1o(3%) > vo(limsup Xy) = limsup v(Xh) = vp(X) —e .
N N

To prove (i), let uy € F and an associated sequence u"* € ¥, such that

g — ul™ || e — 0.

We need to construct a solution v = vy, +w = e~y +w to (HNLS) satisfying
the bounds (4.27) and (4.26). To this end, let T such that |T'| < 7 and let 7
be an associated local well-posedness time associated to ug and T. Without
restriction, only considering large k, we can even assume that this 7 is also
a local well-posedness time for the u((]N’“). By Proposition 4.22 we infer that

|o(T) — v, (7)|| xor — 0 for any 0 < o’ < 0. We also know that by definition
of v(()N’“) we have the uniform bound ||vy(7)||xe < C(7), for some irrelevant
constant C. Since vy is bounded in X% and converges to v(7) in X7, it

follows that v(7) € X7 and satisfies
[o(7)[x- < C(7),
thus satisfying the same bound as the vy, and therefore we can iterate this

argument for n < |T/7]. Since T is arbitrary, this yields (7). O

With this first global theory, we are able to pass to the limit N — oo in
Proposition 4.4.
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Proposition 4.6. Let A C ¥ be a measurable set, then there holds that for all
t>0,

(4.29) Vo(A) < vy(pp A)s0

Proof. Let 0 < 0 < o(p,d). We recall that since v(X \ X?) = 0, and since
X7 is a complete space, vy can be viewed as a regular measure on X (this is
Ulam’s theorem, see for example Theorem 7.1.4 in [Dud02]). This remark will
allow to reduce the analysis to compact sets. In our analysis we will need a
o' € (0,0(p,d)), which we fix. We also further restrict to proving (4.29) for all
t € [0,T], T being arbitrary in (0, §).

Let us first consider a compact set K C X?. Using that X = U i and

i>1
vo(X?") =1 we can write that
vo(K) = lim lim vo(K NX" N By (R)).

R—o00 i—00

Since Byo (R) is closed in X% and X' is closed in X7, the set Kg; == K N
YN By is a compact of X7,

Let €, and by Corollary 4.23 we can fix Ny(g) > 0 such that for all N > Ny(¢)
there holds

¢y (Kir) C 0Kpi+ Bxo(e).

Let us consider a local existence time 7 for v in X7, associated to the initial
data in Kr;. We recall that such a local well-posedness time depend only on
T and ||ug||xo.c which is bounded by R. But thanks to Proposition 4.3 (i) we
also know that v exists on [0, 7] as a X solution, satisfying ||ul| Ly X7 < CR.

Therefore ¢, K; r is bounded in X" thus compact in X?. Since K; p C ¥,

then for all ¢ € [0,7] we have |[v(t)]|x- < C (% - T)_j. We can iterate this

argument on [7,27|, ..., [k7,(k + 1)7] (recall that 7 depends on the bound
||lv(kT)| x> which is controlled) and therefore obtain that ¢;(K; g) is compact
in X7 and in particular a closed set.

We are now ready to give the proof. We start by applying Proposition 4.4 to
bound o
cos aps
vo(Kri) < m(gy) (Kpy)) ™"
Observe that for N > N(e) we have
Vt(QSiV(KR,i)) < v(¢eKRi + Bxo(g)),
so that passing to the limit ¢ — 0 gives
v(Kg,) < Vt(¢tKR,z‘)COS(2t)a(p’d) < Vt(cbtK)cos(Qt)a(p’d) ;
because ¢ K  is closed in X7.

Passing to the limit R — oo and i — oo gives (4.29) for any compact set
K C Y. To recover the full result, let A C X! be a measurable set. Then by
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regularity of the measure vy there exists a sequence of compact sets K,, C A
such that vy(K,) — vo(A). Applying (4.29) to K, yields that

yO(Kn) < Vt(¢tKn)cos(2t)a(p,d) < yt(A>COS(2t)a(p,d)
and passing to the limit n — oo yields the result. [

)

5. Scattering

5.1. Growth of the L™ norms. In order to estimate the LP*! norms of a
solution v to (HNLS) we first state a result valid for a given time.

Lemma 4.29. Let us define, for any A > 0 and any t € (%, %) the set

(430) At,)\ = {UO € XO, H¢tu0HLT’+1 > )\}
There holds:

p+1
(4.31) vo(Ay) < e rr .

Remark 4.30. The estimate (4.31) is better than the bound given by 1y(A) <
(A)ees@* Y “which amounts to saying that v(A) <1 whenp~1+ 3.

Proof. Let us prove (4.31). Using (4.29), and remarking that by definition of
A; we have ||piugl| > A for every ug € A; so that:

1(A) < Vt(qgtA)cos(Qt)a(p,d)

a(p,d)
B —a(p,d) APT] cos(2t)
< (6 cos(2t) (P e ﬂ(gbtA))

APt+1
g e P+l

where we used that p(¢;A) < 1 in the last line. d

Next we want to estimate the LP™! norm of the solutions for all times. We
will distinguish two cases and introduce a real number p,., defined by

 5—d+O9d* —2d+9 3

(4.32) Pmax(d) : 2d—1) <1+ )
if d <7andif d > 8 then

(4.33) Pmax(d) = min{x > 0, Py(xz) =0},
where

Py=(d—2)X*+(d—4)X*>-6X —2d — 4,
is a polynomial with only one real root.
Note that for d > 8 one has

5-d+ VO —2d+9 | 3
2(d — 1) Cha—2f

Pmax(d) = min{
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To prove this fact, we observe that the discriminant of P, is negative, at least
for d > 8 and thus P, has a unique real root. Note that
mm{5—d—|—\/9d2—2d+91+ 3 14 3
2(d — 1) od-27 T d-2
as soon as d > 9. To conclude we need to show that P;(1 + d%) < 0 which
is equivalent to d?> — 10d + 7 > 0, satisfied for d > 9. Similarly one has
Py(3An 2059y () for d = 8. We also have puax(d) > 1+ 4 if d < 7 with

2(d—1)
similar computations.

Proposition 4.7. Let d > 2, p € (1, pmax(d)) and o € (0,0(p,d)). Let also
n >0 and [t| < T. There exists a set Gy, C X such that vo(X°\ G,,) <1 and
such that for all ug € Gy, there exists a unique solution to (HNLS) with initial
data ug which writes v(t') = e~y +w(t') where w € 214+ Furthermore this
solution satisfies for all t' € [—t,t] the estimate

L (1 >
(4.34) Jew()ll+: S log? <n> log (5~ 141"

where the implicit constant only depending on p and d.

From there we can deduce exactly as in Corollary 4.27 the following global
estimate.

Corollary 4.31. Let d > 2 and p € (1, pmas(d)). There exists g > 0 and a set
G of full vy measure, such that for all uy € G and all € € [0,&¢] there exists
a unique global solution v(t) = e~ ™ ug +w(t) to (HNLS) with initial data ug
which furthermore satisfies
s 3
log (- t)‘ ,
og (5 It

or every |t| < Z. Moreover there exist ¢, C > 0 such that
J y [t] 4
p(Cug) > A) < e N

(4.35) lw(t)||wer+r S Clug)

Proof. We only rapidly explain how we obtain the WP*! estimates. This
follows from the proof of Lemma 4.7, where we can multiply equation (4.36)
by H?, then all the estimates are essentially the same provided £ > 0 is small
enough. We use in particular that we use non-endpoints estimates, for which
there is always room for an ¢ modification of the parameters.

Let us set G = limsup,,_, G27n’%(1_27n). Then any ug € G belongs to

infinitely many G- z(1-2-n) therefore producing global solutions with required
estimats. Finally observe that

(G) = v <lim sup Gg_n&(l_z_n)) > lim sup VO(GQ—n7§(1_2—n)) =1p(X) O

n—o0 n—oo
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Proof of Proposition 4.7. Again we only deal with the forward in time part
of the estimate, by time reversibility. Let 0 < ¢ < 7, 7 > 0 and p as in the
lemma. Let also 7 > 0 be a local existence time of the form (4.9), given by
Proposition 4.3, which we choose uniform in [0, ¢], and which we may shrink
in the sequel. We also claim that we can prove the result on v rather than w
since estimates of this kind on the linear part v, are granted by Lemma 4.14.
We may also assume, without restriction that we only consider initial data in
up € X so that we have access to estimate (4.28).

We start with the case p > 1+ -2;. We set t,, :=n7 for n =0,...,|L]. Let
t' € [tn, tni1) and write v(t') in terms of v(¢,,) as the solution of the initial value

problem at t,, using the Duhamel formula:
(4.36)

» v
v(t') = e it _t")HU(tn) - z/ e —s)H (008(28)_a(p’d)|U(S)|p_1v(8)) ds.
tn

1
The triangle inequality and the dispersion estimates LP™! — L given by
Proposition 4.2 yield

(4.37) (@)oot o+ |1(e7 7 —id)o(ta)| s
1

1
In the sequel we estimate the terms I and I differently.
For I we use that

cos(2s) 2 (Z — s)

for s € [t,,t,+1]. Then for parameters v, > 1 satisfying % + % = 1 and
Holder’s inequality:

R I e e==nt O
~ T 1 v(s P S
4 t |t' . S|d( ) Lp+l

7a(p7d)
s(i-t) e

~\4 ﬁjl/ytn+1]Lp+l ’
provided the integrability condition vd (% — ]ﬁ) < 1 which we write conve-

niently in the form

1 1 1
4.38 —>d|l=-——1.
( ) v (2 p—l—l)
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Now we deal with the case d < 8 and d > 8 separately.
Case 1. Assume that d < 8 so that o(p,d) = 5. Recall that by (4.28) we have
K
T
< (| _—
ol o S (5~ )

n+1]

for some K > 0 which only depend on d and p. Indeed such a bound can be
obtained for w = v — wy, associated to initial data v(¢,) in Bxo(\), and the
same estimates are obtained for v; as soon as r < 2 + %.

Thus the norm LP LP*! is 1-Schrédinger admissible (note that p+1 < 2+ 4)
if and only if

(4.39) Y >2,

1 d—1 d
4.40 IS . ,
(4.40) P 4 20p+1)
and

d—1 d
4.41 — >0.
(4.41) 4 2(p+1)

Condition (4.41) is equivalent to p > 1+ % which is satisfied, since p > 1+ %
by hypothesis. Now observe that once conditions (4.38), (4.39) and (4.40) are
satisfied, we obtain

K
(4.42) I < <7T - t> o

for some K; > 0 and (; > 0.
We remark that Conditions (4.38) and (4.39) are satisfied as soon as

p < i
(443) < 5—d+V 96;2—2d+9
P s 2(d—1) :

Then one has 3=y 2d+9 V(gd_Ql_)QdJrg < %E3. We obtain that the conditions (4.38), (4.39)

and (4.40) are satisfied for p < pmax, which is satisfied by hypothesis.

Case 2. Assume that d > 8 and p > 1+ %. With ¢ = o(p,d)”, condi-
tions (4.38), (4.39) and (4.40) become:

> >
(4.44) Y > 2
z > g(g_o—(pad)_zﬁ>a
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which is equivalent to
(4.45)
(d—2)p*+(d—6)p—2d—4<0
(d=2)p*+ (d—4)p*> —6p—2d—4 < 0(d—2)p* + (d—4)p—2d—2>0.

We observe that the second condition is precisely p < pmax(d) and that the

first is equivalent to p < % =1+ ﬁ which is satisfied. The last condition

is equivalent to p > 4—(14;(7 W which is smaller that 1 + %, so that the
previous conditions are satisfied if and only if p < ppax(d).

We turn to estimating /. In order to do so, applying a Sobolev embedding
in time and switching derivatives from time to space and provided we fix € > 0
sufficiently small, gives the existence of constants C' = C;, 35 == (55(¢) and an
integer q == ¢(¢) satisfying

1< OTPS( ~ taolta) s,

_2 dt(R7W67p+1) :

A complete proof ot this claim is postponed to Lemma 4.33 which we refer to
for the details.

We introduce the sets

()24

- ,a(g,d)
By = quo € X, [S( = tn)r,vollLe , @wersy > A (4 - tn)

Let us also define

B’;l,5 = {’U[) I~ X, HS( — tn)UOHL?'>_2 (R7W£,p+1) > 5} .

dt

Then applying Proposition 4.4 gives

a(p,d)
vo(Bny) < 1, (thanA)COS(%") ’

)

cos(2tn a(p,d)
< ILL (gbtan)\) (Qt ) ’

>cos(2tn)°‘(1”’d>

N

H (B;L,,\(g_tn)fa(p,@

Now we claim that there exists constants C, ¢ > 0 only depending on d, p such
that that

(4.46) n(Bg) < e

Assuming (4.46), we conclude that:

(4.47) U(Bpy) < e N
For

wo € (0)" (Bxe (MG = t)7092) ) 01X\ B 1 (X \ Ar, )
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where we recall that A,,  is defined by (4.30), we have

¢tnu0 € Bxo (A(Z _ tn)—a(p,d)h) :

and then:
_a(,d)

(4.48) [ <P (Z - t) Y

Taking into account (4.48) and (4.42) in (4.37) imply that we can adjust
K5, K3 > such that

K3
(4.49) T~ AT (Z — t> and |[v(t")||pp+1 < 2X for ¢ € [tn, taia],

The estimate (4.46) follows from
(4.50) ||S('>f||Lg0L‘<1‘>72 (R,Wert1) S VDo ;

dt

at least for pg > max{q,r}. Assuming such a bound gives the claim using the
Markov inequality, and we skip the details, see Appendix A of [BT08b] for
instance.

It remains to prove (4.50). Let py > max{q,r}. By Minkowski’s inequality
and Theorem 4.8 we get

ez‘tA%
. <
ISCM o, ey S |32 Srzgnn

Po
FalLg, oy e

S VPl Fen) i

Remark that we used the finiteness of the measure (£)~2dt. Another use of the
Minkowski inequality, recalling that p+ 1 € (2, d%) and Lemma 4.13 finally
prove the claim.

To conclude the proof, we repeat again the usual argument. The set of good
initial data G is defined as the set of initial data uy € X° which give rise to
solutions defined on [0, ¢] and such that [|v(t')||zs+1 < 2A for every ¢’ < t. We
then observe that the analysis developed to get the bound (4.49) leads to the
inclusion:

L£] -
ﬂ <<¢m’)1 (BX" <)‘(4 - tn)—a(p,d)/2)> N (X \ Bn,)\) N (X \ Atn,)\)> - G)\ .

n=0

The set of bad initial data By := X \ G, satisfies

—Ks )
vo(By) < 2 (Z — t) e~ N
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where we used Lemma 4.4 to bound
vo (X (@) (Bxe (MG —t)2092))) < e,
and the expression of 7. Finally the measure of this set is made smaller than n

by taking A ~ log% (%) ‘log (% — |t|>

Finally we treat the case p < 1+ ﬁ, which is much simpler, and sufficient

1
2

, which ends the proof.

for proving the lemma in dimension d = 2. Then for ¢ < % close enough to %
we have H° — LPTL. Then

(4.51) [o(tn) = v(O)l[r+r S Nlo(tn) — 0(@)|[0e -

Then we adjust 7 such that if v(¢,) € Bxe (A) and |t — ¢,| < 7 then by the

local Cauchy theory of Proposition 4.3, there exists K, 8 > 0 depending on p, d
-K

such that ||v(t,) — v(t)||ne < ATPA (% - tn) , which gives the control needed

on the variation of [|v(¢)||zs+1. Then the same globalising argument as above is
used to finish the proof in this case. O

5.2. Scattering for (NLS) and end of the proof. In order to prove The-
orem 4.3 we need an H° scattering result for (HNLS). The main ingredient in
the proof is the following proposition.

Proposition 4.8. Let d € {2,...,10} and p € (1 + %, 1+ %). For almost
every ug € X the unique global associated solution to (HNLS) constructed by
Corollary 4.27 and Corollary 4.531 satisfies the following.

(i) There exist 0,5 > 0 only depending on p and d, and ux € H™7 such
that

. T 0
(4.52) Jo(t) = € (o = )+ S Cluo) (§ 1) =2, 0.

t—+7

(ii) There exists € > 0 such that for allt € (—%, %)

(4.53) [o(®)]

Ha Sa C(UO) .

In both cases there exist numerical constants ¢,C > 0 such that p(C(ug) >
A) < Ce,

Proof. Again we present the proof for the forward scattering part. We work with
initial data in a set of full measure G which may be taken as the intersection
of the full measure sets constructed in Corollary 4.27 and Corollary 4.31. Then
every ug € G gives rise to a global solution to (HNLS),

v(t) = ur(t) + w(t) = e Hug + w(t)



176 CHAPITRE 4. SCATTERING FOR NLS

satisfying the bounds (4.28) and (4.34). Up taking the intersection with another
set of full measure we can always assume that ||ur||Laysr < 0o as long as (¢, r)
satisfies the hypothesis of Lemma 4.13, and more precisely

(o, ||up||pawsr > A) < Ce™ .
We start the proof with the case p < pmax(d) and we will use Corollary 4.31.

To start the proof we write
(4.54)

ea(t) = —i /Ot st (COS(ZS)_O‘(p’d)|uL(S) +w(s)[P (ur(s) + w(s))) ds.

By the Sobolev embedding set ¢ > 0 such that L5 < H =7, one can choose

for example o := d (% — L) We claim that there exists § > 0 such that
P+
(4.55)
% ;
[ cos(28) 720D g () + w(s) ur (5) + wls) P e+ ds S (Z B t) '
t

Assuming (4.55) proves that the integral in (4.54) converges absolutely in H ™7
and thus convergent to some u; € H~7 and proves (4.52).
In order to prove (4.55) we use the Sobolev embedding and the bound

cos(2s) 2 (% - s) to get

jus

[ o) 0D g (s) + w5 s () + w(s) P ds
t
< [ con(8) [0 fuy () + w(s) 7,0 ds
t
z T a(p’d)
S[(G-9)  Tun)ln ds

z T —a(p,d)
(G5 el ds

1
% T T’(—Oé(p,d)) v’
5MM;WM(A(4—Q ds

z —a(p,d)
et fF (5" oe (50

where in the last line we used Holder’s inequality with % + % = 1 and the
bounds (4.34). As explained above, without loss of generality we can asume
|lup||porp+1 to be finite. It remains to choose r’ such that r’a(p,d) < 1 which
ensures that the previous integrals are absolutely convergent and that they can
be bounded by a positive power of § —¢. This gives (4.55).

P
2
ds

It remains to prove (4.53). First observe that w satisfies

iOyw(t) — Hw(t) = cos(2t)~PD (uy () + w(t))|ug (t) + w(t) P!
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then apply H?z, multiply by H %w(t) and integrate in space to obtain:

d
dt (||w(t)||§{8) = 2COS(2t)_a(P,d)

« Tm (/R HE (lug(t) + w(t) P~ (s (t) + w(t))) Hrw(t) dx)
< cos(26) D (u (t) + w(t))ur(t) + w(t)!p*lHWa,pT+1 [[w () [wewsr

where we used the Holder inequality. By Sobolev’s product laws and the
minoration of the cos function we obtain

d e —a(p,d) -~ _
@B s (51 (lua®liph + le®lEh)
X (s ()llweres + Je0(2) e 20(8) oveer

Then we bound the LP*! norms by the WeP*! norms and also use w(t) =
v(t) — ur(t), which leads to

d T _O‘(pvd)
@B s (51 (@I + IO

After integration we have

t T —oz(p,d)
@ < Juole+C [ (F=5) (e + o)) ds

=0
1

1 Im r'(—a(p,d)) =4
5 ||UL||I;—p+1)ng,p+1 (/O (4 — t) ds

a —Oé(p,d) et
+ C(up)P™ /4 (W - t) log (W — t)
o \4 4

B
ds,

where we used Holder’s inequality with £ + % =1 and (4.34). As above without

loss of generality we can assume |[up||rsryyers1 < 0o. Then choosing r’ such

that ra(p,d) < 1 all the above integrals are convergent, which proves (4.53).

Now we explain the case p > pnax(d). As remarked before this case is only
necessary when d > 8. Let p € [ max(d), 1 + %). In order to prove (4.52) we

need to prove that there exists 6 > 0 such that (4.55) holds. Recalling the
bounds on uz, all which is needed is the existence of 6 > 0 such that

™

T 4
(4.56) " 1eos@s) 0wt 0 ds S (G- t)

Similarly, in order to prove (4.53), an examination of the above proof shows
that one only needs to prove that for sufficiently small € > 0 the integral

(4.57) | Teos(2s) 70 (o) 5 ds.
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is finite. The proof of (4.56) and (4.57) are essentially the same, thus the
proof of (4.56) is carried out in details and we only explain the modifications
for (4.57). We know, thanks to 4.27 that there is a constant C' > 0 such that

_a(pd)

s 2 0
()l < (5 -s) ,

for all time, and where g5 > 0 is arbitrarily small. Therefore using the notation

of Lemma 4.21 the local well-posedness time 7(tg) at time ¢, has the form
(p+1)agy

T(tg) ~ (g - t()) * , and we can verify that we can take ¢, such that

1 . .
% = 1, which can be satisfied as soon as

051 (4-5) o

which is the case for p > d+4+\/m One can check that Py(= d+4+4\/d2+32) <0

for d € {8,9,10}, meaning that for p > pmax(d) we can set 7(ty) ~ (% — to).

We can consider a sequence of times ¢, = 7(1 —27") such that the [t,, t,41]

are local well-posedness intervals, on which we have the bound

m —3 0
(4.58) ol < (F=t)

[tn typ1]

We claim that the real sequence (u,,)n>0 defined by

in
= [ eos(25) 0D fuw(s) [ ds

is a Cauchy sequence. In order to prove this claim, we use the bound cos(2s) 2

(% — s) and Holder’s inequality with % + Wi = 1, where v such that there

exists o € [0,0(p,d)) such that (py,p+1)is (o(p,d))-Schrodinger admissible,

that is py’ > 2 and l + zﬁ = g — 0. Note that the condition py > 2 can
be written as 4 — Iﬁ — o(p,d) < 1 which is equivalent to (d — 2)p* + (d —
d

6)p—2d —4 < 0, that is p < d%g. This last inequality is always satisfied in

our case. We also mention that the o(p,d) admissibility also requires that
g — Iﬁ — a(p, d) > 0, which is equivalent to p > mﬂd — 2). Since

1
p>1+ ﬂ > —d+4+v9d2—16d
satisfied.

2(d — 2), this last inequality is, again, always
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We can summarise the above discussion: provided —a(p, d) + % > (0, which
will be checked later, we obtain:

tnt1 /77 —a(p,d) »
=l < [T (F=5) T w@ ds

S T
Si——1 ) w
4 L[tn . +1]Lp+1
S(Z=n) "
[in tn41]

Using (4.58) we infer

|Un+1 - un| 5 - tn) k <4 - tn—i—l)

p(a(p,d)+eqg)
2

with § = M04(10, d) + % and e arbitrarily small. Assume that 0 > 0, then we

conclude that (uy,),>o is a Cauchy sequence and moreover if we choose n such
that T — ¢ € 2= 27"] then we can bound:

s

5
" 1eos@) 0w ds S 2 s 20 S (G -t)
t ion 4
This proves (4.56), provided we show that 6 > 0. Before checking this fact we
run the same analysis for (4.57) in order to obtain the inequalities that the
parameters must satisfy. This time we set

tn
- /0 (cos(25))~2PD uw(s) B4, 14 ds

and we only need to prove that this sequence forms a Cauchy sequence. Again
we use Holder’s inequality with 1 -+ $ = 1 such that there exists o € [0, 0(p, d)
such that (v (p—l— 1),p+1)is o(p, d) Schrodinger admissible, that is ' (p+1) > 2
and (p+1)7’ + -4 p+1 = g — 0. The condition v/(p+ 1) > 2 is equivalent to p < d+2
as above, which is satisfied. Then, with the same estimates as above and

provided —a(p,d) + % > 0 we arrive at
—a(p,d)
1
=l 5 (=) ol
[tn n+1]
Using (4.58) and the fact that (% - tn) ~ C27" in order to get

|Zn41 — 2l S 9~n(3+<0)

3 d 1 -
W + —. Assuming that § > 0 proves that (u,),>0 is a

f)/
Cauchy sequence, and ends the proof of (4.57)

where 0 :=
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We need to find the range of p (depending on d) for which 8,6 > 0. Note
that would immediately imply «(p, d) + % > (0 which was a necessary condition

to bound |u,+1 — uy| and |z,41 — 2,
The claim § > 0 is equivalent to:
p+2 p(d d
_ N _
22 aay +1-5 (G-t - 4
which after simplification reads
Qalp) :==2p® +dp® + (d —6)p—2d —4 > 0.

Then we can compute that, as a polynomial in p, discrim(Qq) = 9d* — 764> +
36d? — 1728d thus Q4 has exactly one real root if d < 9 and exactly three for
d > 10. In any cases we check that ()4 has exactly one positive real root for
d > 8. Let us denote by py this root and we claim that pyax(d) > pg. To verify
this statement we remark that both P, and @y are increasing [1,1 + 3] thus
we only need to check that P; < )y in that region, which is equivalent to
(d — 4)p* — 4p — d < 0 which is satisfied for p > -2 ( which is greater than

1+12))and d > 8.
In a similar fashion, 6 > 0 is equivalent to:
p+3 p+1(d d
which after simplification reads

d d
Ra(p) 3:P2+§p—§—3>0,

that is p > —¢ + ;V/d? +8d + 48. We claim that
d 1
Prax(d) > =7 + VP + 8 + 48 1=

if and only if d < 24. This claim is equivalent to Py(pl,) Pos(phs) < 0. This
reduces to (813v/51 — 5806)(441814/97 — 435131) < 0 which is the case. O

5.3. Proof of the main theorems.

Proof of Theorem 4.2. This is the content of Corollary 4.27 and an application
of the lens transform. O

Proof of Theorem 4.3. In order to end the proof of the theorem we assume that
there exist 9,0, > 0 such as constructed in Proposition 4.8. This immediately
proves part (7) of Theorem 4.3.

We deduce that u; € HE. In fact, e®#w(t) being bounded in the Hilbert
space H*® we can extract a subsequence, weakly converging to some 4, € H® but
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this convergence also holds in H~° where e®*w(t) — u, thus by uniqueness of
the weak limit, u, = i, € H".

We claim that the bound
. T (2d+1)€0
(4.59) e w(t) = uslen S (G~ ¢)

implies the estimate (4.5). Indeed, let u be the solution to Schrodinger equa-
tion (NLS) associated to uo. We denote by s = 2 the time variable of u
where t is the time variable of v := Lu. We refer to Appendix Appendix B for
details. Then from Lemma 4.34 we have

) T —2deg )
Ju(s) = €8 g+ i )len S (5 —#5)) 1w £y + 1)) e

T —Qda() it(s

S(F-16)  ele() = e e
T —2deg it(s

S(G-1) 1O () - ule

— 0,

s—00

where we used that v(t(s)) = w(t(s)) + e Hyy and (4.59).

In order to prove (4.59), let 0 € [0, 1] and introduce o(#) := —c6 + (1 — 0)e.
Interpolating between (4.52) and (4.53) we have
oo (t) = uilleo < [le™w(t) —upll3 e w(t) — up 5

< Ce)'lle™w(t) — u 3

T 05
<(T_ t) .
< (3
We claim that we can find gy € (0, ¢) satisfying o(0) = € and 60 = (2d + 1)eo.
Indeed one can take

e

£
1+ (g +e)

€o -

Finally in order to prove (4.6), observe that by properties of the lens transform
we have:

e 80u(s) — (o + )0 = 1" (u(s) — €2 (utg + )l

< (T 1) o) — 2+ )

which converges to zero thanks to (4.5), up to taking £ > 0 small enough.

We have thus proven the convergences (4.5) and (4.6) at a rate which is
(% - t(s))so as s — 00. To conclude it suffices to remark that:

1 1 C
7T—t(s):fcu"ctan<)Nass—>oo O
4 2 2s s
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Appendix A. Technical estimates in harmonic Sobolev spaces

In thie appendix we recall some well-known facts concerning the harmonic
oscillator-based Sobolev spaces.

Lemma 4.32 (Harmonic Sobolev Spaces). The following propertes hold.
(i) For 0 € R and p € (1,00), |lullwer = ||HZullpr ~ |[(V)7ul/zr +
[[{2)7ul| v

(7i) Sobolev embedding: let py,ps = 1, then in dimension d, WItPt —
We2P2 g5 soon as

(iii) For o >0, q € (1,00) and q1,q2,q195 € (1,00] one has
[wvllwea S HlullLal[oll o + lullwe o]
1 1 1 1 1
as soon as — = —+ — = — + —.
a @ ¢ G2 G
(iv) (Chain Rule) For s € (0,1), p € (1,00) and a function F € C*(R)
such that F(0) =0 and such that there is a p € L'([0,1]) such that for
every 0 € [0,1]:
[F'(6v + (1 = O)w)| < u(0) (G(v) + G(w))
where G > 0; we have

(460) HF Ou”ws,p S HUHWS*POHGOUHLM .

/
qu Y

Proof. (i) is proved in [BTT13]. The other statements are proven for usual
Sobolev spaces in [Tay07] and their readaptation to harmonic Sobolev spaces
results from the use of (7). We also refer to [Den12]. For usual Sobolev spaces,
(#i) and (7v) can be found in [Tay07], Chapter 2. O

Our next lemma is a technical estimate which aims at decoupling the norm
in time.

Lemma 4.33. Let ¢ > 0, a € (0,1) and q,r > 1 be such that W2(R) —
C%*(R). Then for every f € W™ holds

—i(t—to)H . it H
e —id) gy e S TN e, vy

where the implicit constant depends on €, q and «.

Proof. Let x(t) a smooth function such that for |t| < &, x(¢) = (27)~2 and for
|t| > 27 one has x(t) = (t)72. Set F(t) := e~ "!=t0)H f for convenience. Then
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we use the definition of the C%® norm:

(e O —id) fllpee  po

frosto-+7] |t - t0|a||F|‘Co’a([to7to+7],lﬂ")

<
g Ta"F|’00,a([,ﬂ7ﬂ]7Lr) .

Now we use that || F||coa(—rq,r) < C|x(- = to)F||coe,rry With a constant
C which does not depend on 7. Combined with the Sobolev embedding
W34(R) — C%(R) we have:

[[(e =M —id) £ o

[tg:to+T]

L 5 Ta“X(' - tO)FHw%v‘I(R,Lr)
< PO Flly s age iy

Now observe that in order to transfer derivatives from time to space we need
to commute x and (D;)?, which follows from the following observation:

<Dt>%X = (1 + {(Dt>%aX} <Dt>%€X_l) X<Dt>%
= (id+A)x(Dy)?

with A == {(Dtﬁ, X} (D;)~2x~'. Since y, x~" are zero order pseudodifferential

operators and that (D,)*% are pseudodifferential operators of order +5, the
pseudodifferential calculus implies that A is of order —1 which is regularising
and finally (id + A) is of order zero, thus continuous on all L? spaces, as soon
as p € (1,00), see [Hor65] for instance, and the continuity constant does not
depend on 7. This gives

||€7itHf|lw%aq(R7Lr) rS H<Dt> X(t)eiitHfHLq(R,LT)
S HX(t)<Dt>%e_itHf||Lq(R,LT)
= [I{Dx)

N|m

[SI[0Y

—itH
e f||L‘<1t>72 LRI -
Since by definition D;(e®" f) = H (e f) we deduce by the usual functional
calculus that D7 (e f) = Hz (e f), which ends the proof. O

Appendix B. The lens transform

The lens transform £ : S'(R x R?) — S’((—%, g) x R?) and its inverse £~
are defined by the following formulae

— Lult ) — 1 " tan(2t) x o _i|a:|2tan(2t)
U<t,l‘) =L (t7 ) COS(Qt)% ( 2 7COS(27§)> p( 2 ) ’

o) = £ olo) = (1-062) o (MERE) 8oy (Y

2 "V1 — 452 V1 — 452

Formal computations show that u solves

i0su + Ayu =0 on Ry x Rz and u(0) = ug
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if and only if v = Lu solves

i0w — Hv =0 on (—Z, Z) x R% and v(0) = g .
With the variables s = tanz(%), or equivalently ¢t = t(s) = %n@s), and

Yy = COS“TW an elementary computation shows that £ maps solution of (NLS) to

solution of (HNLS) with the same initial data. In particular

£<€isAy UO) _ e—it(s)HUO )

In the proof of Theorem 4.3 it is needed to compare the H? norms of v and
the H? norms of v. This will be possible thanks to the following lemma.

Lemma 4.34 (Lens Transform). If u and U are related by

0=t (st = (-5)

then for any o € [0,1] and t € [0, ﬂ;

1UNae < Nulloe

" T —2do
16Ul S (5 -1) Nl

and
1U|ze < cos(26) @0 ul| o .

Proof. See [BT20], Lemma A.2 with only minor modification to the d dimen-
sional case. U

Remark 4.35. This result shows that estimates at regularity H? for u transfers
—2do
into estimates in ‘H? for U with a loss (g — t) . This explains that in the

proof of Theorem 4.3 we needed explicit decay rates on the scattering estimates
for (HNLS) in order to be transferred into a scattering result for (NLS) .

Remark 4.36. The last inequality of Lemma 4.34 applied to solutions u of (NLS)
and the corresponding solution v to (HNLS) implies ||u(s)||ze < [|v(t(s))]|zq as
soon as q > 1.

Remark 4.37. The “lens transform” may look surprising and somehow unex-
pected. We briefly explain how one can come up with such a transformation,
only using basic insight regarding the symmetries of (NLS). In fact this heuris-
tic is useful to derive other symmetries or pseudo-symmetries to the Schrodinger
equations, see [DR15] for other instances of pseudo-symmetries and [MR19] for
an application.
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To simplify, take p =1+ %. Our starting point is the scaling symmetry

1 sy
U(S,y) = U)\(S,y) = Eu ()\27 )\) .

In order to derive more general symmetries we seek for a scaling, depending on
time. We change Variables (t,x) <> (s,y) imposing a local scaling symmetry
ds = and dy = ﬁ which can be integrated as

dt’
o=
— ana s )\

Thus one may seek for a change of variable of the form:

9 dt’ =
otte) =207 ([ 50 )

This change of variable is not sufficient. Indeed, writing the equation satisfied
by v in variables t, z writes at the first derivatives order:

X ()
A(t)
which is not the linear Schrodinger equation. However it is possible to multiply

by the correct exponential to eliminate the term z - Vv just as in the method
of variation of constants. This leads to the choice

, oz i|2N (1)
o) =307 [ 5565 ) o (Y55

Now if one wants to compactify time, a usual way to do so is to chose t =

; arctan(2s) which maps R to [—Z, Z]. Hence we arrive at the given form.

)\(t )2

10w+ Ayv — 1 x-Vyu+---







CHAPITRE 5

Construction of High Regularity Invariant Measures for
the Euler Equations and Remarks on the Growth of the
Solutions

ABSTRACT. We consider the Euler equations on the two-dimensional torus
and construct invariant measures for the dynamics of these equations, con-
centrated on sufficiently regular Sobolev spaces so that strong solutions are
also known to exist. The proof follows the method of Kuksin in [Kuk04] and
we obtain in particular that these measures do not have atoms, excluding
trivial invariant measures. Then we prove that almost every initial data
with respect to the constructed measures give rise to global solutions for
which the growth of the Sobolev norms are at most polynomial. We rely on
an argument of Bourgain. Such a combination of Kuksin’s and Bourgain’s
arguments already appear in the work of Sy [Sy19a]. We point out that
up to the knowledge of the author, the only general upper-bound for the
growth of the Sobolev norm to the 2d Euler equations is double exponential.
The argument also works for the three-dimensional case, except that in
this case we cannot exclude the trivial invariant measure dg: we obtain the
alternative that either there exists an invariant measure without any atom,
or the measure is trivial.

1. Introduction

1.1. The Euler equations. This article is concerned with the incompressible
Euler equations posed on the torus T¢ of dimension 2 and 3:

ou+u-Vu+Vp = 0
(E) V-u =
u(0) = wy € H¥(T%, RY),

where s > 0, H® stands for the usual Sobolev space and the unknowns are the
velocity field u(t) : T¢ — R? and the pressure p : T¢ — R. We will emphasis

the dimension by referring to (E?) as the Euler equation (E) in dimension
d.

We recall that the pressure p can be recovered from u by solving the elliptic
problem

~Ap=V"-(u-Vu) on T?.
187
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In dimension 2, the vorticity defined as & = V A u is a more convenient
variable. Taking the rotational in (E?), the latter can be recast as:

(5.1) { §0) = VAu,
where u is recovered from £ via the Biot-Savart law:

5:2) K (tr) = o [ LD

C2rJre |z —y?

I

where we recall that for any y = (y1,y2) € T? we define y= = (—ya, y1).
The Cauchy problem for (E?) has been studied intensively during the last
century. In particular, in dimension 2 global well-posedness is known.

Theorem 5.1 (Wolibner, [Wol33]). Let s > 2. The Cauchy problem for (E?)
is globally well-posed in CO(R,, H*(T? R?)).

In dimension 3, the Cauchy problem for (E?) is locally well-posed in the
space C([0,T], H*(T? R?)) but no global well-posedness result is known at
this regularity. For a detailed account on the Cauchy problem for the Euler
equations we refer to the monograph [Che90)].

1.2. Main results.
1.2.1. Invariant measures for (E). In this article we first construct invariant
measure for (E?) supported at high regularity.
Theorem 5.2 (Dimension 2). Let s > 2. There exists a measure j concentrated
on H*(T?* R?) such that:
(i) The equation (E?) is p-almost-surely globally well-posed in time.

(ii) p is an invariant measure for (E?).

(iii) v does not have any atom and E,[||ul/?:] > 0

(iv) w charges large norm data; that is, for any R > 0,

p(u € H?, ||ullgs > R) > 0.

Remark 5.3. (iv) proves that this theorem may be viewed as a large data global
well-posedness result.

Moreover, the measure constructed by Theorem 5.2 satisfies the following
properties.

Theorem 5.4 (Properties of the measure in dimension 2). Let s > 2 and u
the measure obtained in Theorem 5.2. There exists a continuous increasing
function p : Ry — R, such that p(0) = 0 and for every Borel subset I' C Ry
there holds:

p(ue H? flull2 € T) < p(|T7) .-
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In dimension 3, most of the argument works using the same techniques,
except that the trivial invariant measure dy cannot be excluded. However, in
the case where the invariant measure is not dy we are able to prove that such
an invariant measure can be produced without any atom. More precisely, the
result in dimension 3 reads as follows.

Theorem 5.5 (Remarks in dimension 3). Let s > % There exists a measure
u concentrated on H*(T3 R3) such that:

(i) The equation (E*) is p-almost-surely globally well-posed in time.
(ii) 1 is an invariant measure for (E?).

(7ii) There is an alternative: either = &g, or u does not possess any atom.
Statement (747) of Theorem 5.5 is a consequence of the following result.

Theorem 5.6 (Properties of the measure in dimension 3). Let s > % The
measure (i constructed by Theorem 5.5 satisfies the following property: for any
e > 0, there exists a continuous increasing function p. : Ry — R, such that
p=(0) = 0 and for every Borel subset I' C Ry satisfying dist([',0) > e there
holds

i (u e HY Jlull 2 € T) < pe(IT)

1.2.2. Remarks on the growth of the Sobolev norms for solutions to (E). This
work was originally motivated by the growth of the Sobolev norms and the L™
norm of the vorticity gradient in dimension 2. Let us recall some known results.
Up to the knowledge of the author, the only known technique to establish such
bounds is to estimate ||XC||z»—rr, with K being defined by (5.2). For example,
in order to estimate [|£]| gs, one simply applies V* to (5.1) and obtain bounds
of the form:

d, s 142
IV E@llee S IK oo [VIE@ 2"
which after optimisation in p leads to the following estimates.
Theorem 5.7 (Bound on the growth of Sobolev norms, [KS14], Section 2). Let

u be a smooth, global solution to (E*). There exists a constant C = C(ug) > 0
such that for any t > 0,

(i) lut)]| - < Cee.
(i1) [IVE() = < Cer".

The question is then to estimate how much these norm can really grow.
Some specific initial data which produce infinite time norm growth in T? were
exhibited by Bahouri and Chemin in [BC94]. More recently, the work of Kiselev
and Sverdk achieved the double exponential growth on a disk. On the torus
however, and up to the knowledge of the author, no such result is known. Only
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initial data producing exponential growth are known. This is the content of
the result of Zlatos in [Zlal5]. We summarise these two results in the following
theorem.

Theorem 5.8 (Examples of growth estimates, [KS14, Zlal5]). Let U denote
either the unit disc D = {(z,y) € R?, 2% +y? < 1} or the torus T?. There
exists an initial data ug which lies in C* in the case of U = D and C%* (for
some o € (0,1)) if U = T? such that the unique associate global solution to the
Euler equation (E?) constructed in Theorem 5.1 satisfies:

(i) If U = D, then there exists C' > 0 such that for all t > 0,
IVE(t)|| 2 = Cexp (Ceot) .

(ii) If U = T?, then there exists ty > 0 such that for t > to there holds:

sup [ VE(t')[|z= > €'
<t

The next question is then to quantify how likely is it for an initial data to
produce such growth. Our result in this direction is the following.

Theorem 5.9 (Growth estimates in dimension 2). Let s > 2 and p being the
associate invariant measure for (E?) constructed by Theorem 5.2 on H*(T? R?).
Then we have the following estimates.

(i) For p-almost every ug € H?® the associate unique global solution
u € CO(R,, H*(T?,R?)) from Theorem 5.1 obeys the following growth

estimate:
(5.3) [w(®)[[ge < Cluo)t™,
o—1
forallt >1, 0 € (1,s] and any a < e

(ii) If s > 3 then we have the following corollary:
IVE(E)]| o < Cluo)t®,

forallt > 1, 0 € (1,s] and any a < 311_—10'

Remark 5.10. Tt should be noted that in dimension 2, the gradient of the
vorticity X := V¢ satisfies the equation 4

0X +u-X=—-Vu VX,

which is very similar to the equation satisfied by the vorticity in dimension 3.
Thus the problem of the growth of the vorticity gradient in dimension 2 may
be seen as related model to the growth of the vorticity in dimension 3. The
setting of dimension 2 is convenient since global solutions are already known
to exist.
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Theorem 5.11 (Growth estimates in dimension 3). Let s > I and p being the
associate invariant measure for (E*) constructed by Theorem 5.5 on H*(T? R3).
Then p-almost every initial data ug € H*(T?) produces a global solution to (E?)
obeying the growth estimate:

(5.4) Ju(®)]|ge < Cluo)t®,
forallt >1,0€ (0,s—1) and any a <

2s—0o "

Remark 5.12. The condition s > % is needed in the proof of Lemma 5.40. We
did not try to prove the most optimal result: it is possible that a refinement of
the techniques used in this paper may lead to results for s > g but we did not
pursue this end.

1.2.3. Main limitation of the results. Let u be a measure constructed by The-
orem 5.2 (resp. Theorem 5.5) in dimension 2 (resp. 3). The main limitation
of our result is the following: if u € H*®\ {0} is a stationary solution, then
Theorem 5.4 (resp. Theorem 5.6) implies that p({u}) = 0, but this does not
prevent the measure p to be supported ezclusively by stationary solutions.

If the measure p does not concentrate on stationary solutions, then The-
orem 5.4 (resp. Theorem 5.6) produces non-trivial slowly growing global
solutions.

In the eventuality of p concentrating on stationary solutions, this would
exhibit a stability property of the set of stationary solutions with respect to
the approximation procedure and shows that our compactness procedure does
not extract measures with non-trivial dynamical properties.

This question seems both fundamental and non-trivial. We highlight that this
has been raised in several works [BCZGH16, GHSV15] and also very recently
in [FS20]. To the knowledge of the author, there are no available works which
are able to rule out the case of a measure supported by stationary solutions
only. For example this is a limitation in [F'520].

Finally, let us mention that in finite dimension there exists a positive result
obtained in [MP14], where a finite dimensional Euler system is considered.

1.3. Existing results pertaining to the construction of invariant mea-
sures for the Euler equations. Theorems 5.2 and 5.5 assert the existence
of a measure g, invariant under the dynamics of (E?) (resp. (E?)). We recall
the main methods which produce invariant measures for partial differential
equations. To the knowledge of the author there exist at least three such
techniques.

(i) The Gibbs-measure invariant technique, [Bou94, Bou96] and many
authors after him. This technique is adapted for Hamiltonian PDE’s.
In the context of the two-dimensional Euler equations some results
have been obtained by Flandoli in [Flal§].
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(it) Propagation of Gaussian initial data, initiated by Burg-Tzvetkov
in [BT08a, BT14] in the context of wave equations. It consists in solv-
ing the equation with initial data taking the form ug = ¥, cz gntnen ()
where (gp,)nez are identically distributed independent Gaussian random
variables.

(7i) The fluctuation-dissipation method of Kuksin. It consists of approxi-
mating the considered equation with a dissipation term and a fluctu-
ating (random) term and in constructing invariant measures for these
approximations. Then the basic idea is to take the vanishing viscosity
limit, and retain some properties of the measures. Kuksin obtained
the following result:

Theorem 5.13 (Kuksin, [Kuk04, KS15]). There exists a topological
space X C H? and a measure pi supported on X such that u is invariant
under the dynamics of (E*). Moreover the measure i is such that:

(i) There exists a continuous function p, increasing and such that
p(0) = 0 satisfying the following: for any Borelian A C R there
holds,

plllullz € T) + p(IVul[2 € T) < p(IT)

where |['| denotes the Lebesque measure of I'. In particular p does
not possess any atom.

(ii) For any A C H? of finite Hausdorff dimension, u(A) = 0.

Let us make a few comments. As we want to construct measures in higher
regularity spaces, the method (7) does not seem well adapted. Indeed, an
invariant measure has been constructed in the space H~! by Flandoli in [Fla18],
which is too low in regularity for our purposes. We also refer to [AC90].

The method (77) seems to be difficult to apply in our situation. However this
method has the advantage to produce a measure whose support is dense in
Sobolev spaces, and a very precise description of the measures.

Finally, the method (4i7) appears to be more flexible than the others in the
context of fluid mechanics or even dispersive PDEs. We refer to [{S04] for
applications of this method to dispersive equations and the work of Sy [Sy19a,
Sy18, Sy19b] and Sy-Yu [SY20a, SY20b]. The draw-back of the fluctuation-
dissipation method is that since the invariant measures are constructed by a
compactness technique, the nature of the invariant measures is not as well-
understood as compared to the Gaussian measures of method (i) or (7).
Nevertheless, by a suitable analysis one can often prove some good features of
these measures. We refer to [KS15] for more details.

1.4. Structure of the proof of the main results. The proof essentially
contains two main ingredients: the construction of invariant measures for (E)
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at regularity H® following the original argument of Kuksin in [Kuk04], and a
globalisation argument of Bourgain in [Bou94]. This combination of techniques
has already appeared in the work of Sy, see [Sy19a] for example.

We start by explaining how a global invariant measure with good properties
is used to globalise the solutions controling their growth.

1.4.1. The globalisation argument. Let us recall an argument contained in
[Bou94] which aims at extending a local Cauchy theory to a global theory with
additional bounds on the growth of the Sobolev norms. Note that for our
purposes, a deterministic local theory (even global in dimension 2) is already
known and we only need to estimate the growth of the solutions.

Using a Borel-Cantelli argument, we reduce the almost-sure growth estimate
of Theorem 5.9 and Theorem 5.11 to the following estimate: for any £ > 0 and
any 7' > 0 there is a set G. 7 C H® such that u(G.r) > 1 —¢ and for u € G r
a solution u exists on [0, 7] such that there holds

lu(®)||gs < CT for any t < T'.

In order to prove such a bound, the key ingredients are:

(7) the existence of a formal invariant measure p for the considered
equation, enjoying nice decay estimates, for example subgaussian
estimates of the form p([|ul|zs > A) < Ce™” or weaker decay estimates;
meaning that initial data are not likely to be of large norm. As the
measure is invariant this implies that at any time, the solution is not
likely to be of large norm.

(7i) a nice local well-posedness theory.

Then, picking 0 =ty < --- < ty =T, we can ensure that ||u(tg)| g+ is small for
any k thanks to (7). We control the growth of ||u(t)||gs for t € [t, tx+1] thanks
to the local well-posedness theory (i7). We refer to Section 5 for details.

1.4.2. Producing an invariant measure. We explain the general strategy for
producing invariant measures for (E) at regularity H*, following [Kuk04].

Dimension 2. In the following we write s = 2 + § where § > 0. The case § =0
is precisely the content of [Kuk04]. We rewrite (E?) taking the Leray projection
(which we denote by P, see Section 2 for a definition). The Euler equation (E?)
now takes the form:

(E?) ou+ B(u,u) =0,
where B(u,u) = P(u- Vu).

We introduce a random forcing 7 (see (5.6) for a precise definition) and a dis-
sipative operator L := (—A)*°. Then, the Euler equation (E?) is approximated
by a randomly forced hyper-viscous equation:

(5.5) Owu, + vLu, + B(uy,,u,) = vnpand V- u, =0,
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with initial condition wu,(0) = uy € H**(T? R?).

With only slight modification of the argument the method in [KS15], Chap-
ter 2 we will construct invariant measures p,, to (5.5) concentrated on H?*°.
Then we will prove compactness of the family (i, ),~o in order to obtain an
invariant measure p for (E?).

Dimension 3. In the case of dimension three we will adapt this scheme to
construct, for any N > 0 global solutions uy and an invariant measure gy to
the finite dimensional Euler equation:

(E?v) Oy + By (u,u) =0,

where uy € Vy, a finite dimensional space. See Section 3 for precise defini-
tions.

Then we will prove some estimates for uy of the form E, [||ul/3.] < C,
uniformly in N and deduce, by compactness arguments an invariant measure p
for the Euler equation in dimension 3, which we will write:

(E?) O+ B(u,u) =0.

1.4.3. Organisation of the paper. Section 2 recalls some basic results that will
be used in Section 3 to construct global solutions to approximate equations. In
Section 4, invariant measures are constructed and in Section 5 and the proof of
the main theorems is given. Section 6 is devoted to the proof of Theorem 5.9
and Theorem 5.11. Some important results and computations are postponed
to the Appendix for convenience.
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and Isabelle Gallagher for encouraging me, suggesting the problem and sub-
sequent discussions. I also thank Sergei Kuksin for interesting discussions,
suggesting [KS15] and many comments on a preliminary version of this article.
I also thank the anonymous referees for pointing some earlier flaws in the
manuscripts.

2. Notation and preliminary results

2.1. Notation. We use the notation Z3 =Z x Z \ {(0,0)}.

We write A <. B when there is a constant C(c) depending on ¢ such that
A< C(e)B.

For a function F' we write dF'(u;v) the differential of F' at u evaluated at v
and d?(u;-,-) for the second order differential of F at u.
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2.1.1. Fuctional spaces. H® stands for the usual Sobolev spaces. In this article
we use some variants of theses spaces. We still denote the complete space

{u e H*(T? R?), such that /d U= O} ,
T

by H? for convenience, and refer to it as the space of H® functions with
zero-mean. We endow this space with the norms

ul = > Inf®[a(n)[* and ull3. = > (n)*|a(n)[?.

nez? nez2

Recall that these two norms are equivalent on the space of zero mean H*
functions:

<2[ - lgs -

Given a space X, the space Xg;, refers to the space of functions u € X such
that V - u = 0, endowed with the norm of X.
We introduce the Leray projector P : L*(T¢ R%) — L& (T¢ R?) defined

as the Fourier multiplier with coefficients M;;(n) = d;; — THTQJ , where n =

- Mg < - Nl

(ni)1<icn € Z%. We define Py to be the projection on frequencies |n| < N
We recall that with this definition P<y is not continuous on LP when p # 2,
but we will not use estimates in LP.

We set B(u,v) := P(u- Vo) defined for sufficiently smooth u,v. B is then
extended to L3;, x L%;, by duality by (B(u,v),p) := —(u®v : Vi) for such
that Vo € L*™.

Let (X, || - ||x) be a normed space and I an interval. The Sobolev space
WeP(I, X) is endowed with the norm

Ju(t) — u(t)
[l = Nl + ff | P e

We also sometime use L7 X as a shorthand for LP((0,7), X).

2.1.2. Probability theoretic notation. If E is topological space then P(E) stands
for the set of probability measures on E and B(FE) stands for the set of its
Borelians.

We consider a probability space (£, F,P) and further assume F to be com-
plete, that is F contains all the sets contained in zero probability measure mea-
surable sets. Let (F3)i>0 be a filtration of F, that is, t — JF; is non-increasing.
The quadruple (2, F, F}, P) is called a filtered probability space.

A process (z(t));>o is said to be progressively measurable with respect to a
filtration (F3)eo if for any 7' > 0, .77 is B([0,T]) ® Fr measurable.

The expectation with respect to the probability P will be denoted E and
when the expectation will be taken with respect to a measure p we will write
E

e
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2.1.3. The noise. We let (G;);=0 be the completed filtration associated to
identically distributed independent Brownian motions (3, (t))nez.

In this text we will use a Hilbert basis of the space of {u € L3, frzu =
0}:

(1) In dimension 2 we can take (ey),ez2, where

()_M sin(n-z) ifny >0 or (ny =0 and ny > 0)
it V27 |n| cos(n - x) otherwise,

and for |n| = \/n? + n3 # 0. Then for any n € Z32 we have (—A)e,, =
In|?e,.

(2) In dimension 3 we let (e;),>0 be a Hilbert basis formed of divergence-free
eigenfunctions of (—A) and denote by A? the corresponding eigenvalues.

We set 7(t) = $((t) where

(5'6) C(t) = Z ¢nﬁn(t)en>

2
nezg

in dimension 2, (resp. ((t) = >°; ¢;3;(t)e; in dimension 3), for some numbers
(¢n)nezz (resp. (¢;);>1) to be chosen later. We introduce the

By, = Z |n|2k|¢n|27

nGZS
in dimension 2 (resp. By =Y ;59 A3"|¢;|* in dimension 3).
2.2. Deterministic preliminaries. In the following we gather some standard

results that we will use on many occasions.

We start with some basic estimates of the bilinear form in dimension d =
2.

Lemma 5.14 (Properties of the bilinear form in dimension 2). Let u € H}; (T?)
and v,w € H*(T?). Then we have the following.

(i) (B(u,v),v)r2 = 0.
(7i) (B(u,u),u)g1 = 0.
(i) | B(u, v)|g-1 < [lull 3 l[vll 3
Proof. The fact (7) comes from the fact that V - u = 0 and an integration by

parts. The fact (i7) is very specific to dimension 2 and false in dimension 3. It
is proven by a direct computation:

(V(u ’ VU’)) VU’)LZ = (u ’ V€7 g)L2 = 07
where £ = V A u. For details, see [KS15], Lemma 2.1.16.
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Let us prove (#ii). For any ¢ € H' we have use the definition of B(u,v), so
that
(u-Vu,)p2 = —(u®@v, V).
Using the Holder inequality and the Sobolev embedding H 3 L*, we get
(B(u,v), o)z < [ullpallvllzallola S Null yallvll el
which is equivalent to (4i¢) by duality. O
Remark 5.15. The property (7) will appear to be a crucial algebraic cancellation

which will be heavily used through the rest of the paper, and is very specific to
the dimension 2.

In dimension 3 we have the following corresponding estimates of the bilinear
term. Note that the bilinear cancellation only holds in L?.

Lemma 5.16 (Properties of the bilinear form in dimension 3). Let u € H}; (T?)
and v, w € H*Y(T3). Then we have the following.

(i) (B(u,v),v)r2 = 0.
3
(i) If u,v € Hgy then || B(u, v)la— < llull g llvll 5

The proof is similar, the only modification is in () where we use of the
continuous embedding H1(T3) < L4(T?).

We will also need a basic heat kernel estimate, which writes the same in
dimension 2 and 3.

Lemma 5.17. Consider the operator L = (—A)'*0 for § > 0. Let so € R, a >
0 and F € H*(T), where d € {2, 3} with mean zero. For any s < so+a(1+9)
and t > 0 there holds

(5.7) He—tLFHHS <72 F|goo

where the implicit constant only depends on c.

Proof. We take the Fourier transform and use the mean zero condition to write

e . = 3 tnyre 2 )P

2
HS
neZ?

_ 2(145)
0s € 2t|n| tcx|n|2a(1+5)

[E(n)l.

= > (n)

ez ta|n|2a(1+6)

Then observe that the function z — 2%~ is bounded so that
— 2 —a s—sg)—2a so| L
He tLFHHS < Ct Z <n>2( 0)—2 (1+5)<n>2 °|F(n)|2,

nEZg

which is bounded by ¢~¢|| F|

50 as soon as s < so + a1+ ). O
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2.3. Probabilistic preliminaries. We will use the 1t isometry in the fol-
lowing form:

Theorem 5.18 (It isometry, [DPZ92]). Let F(t) be an Gi-adapted process.
Then, for any t > 0 there holds

59 [ Fw)ase)

= ||F )
@ 1 F'| L2 (0,0)

Moreover we will often use the following facts:

t
(i) When F is a deterministic function, then / F(t')dg,(t") is a Gaussian
0
random variable of mean 0 and variance |||z, see [DPZ92].

(7) If Y is a Gaussian random variable on a Hilbert space H (that is,
(Y,a)y is a real Gaussian for any a € H), then one has

(5.9) Yy < vPIY llzz .
for any p > 1.

We also use the following well-known regularity criterion.

Lemma 5.19 (Kolmogorov,[DPZ92]). Let (X(t))i=0 be a stochastic process
with values in a Banach space endowed with a norm || -||. Assume that there
exist p > 1 and o > 0 such that

E[IX(t) = X ()] < [t — s

Then for any € > 0 small enough, then (X (t))i=0 admits a modification (i.e.,
there is (X (t))i=0 such that for allt > 0, X(t) = X(t) almost surely) that is
almost-surely (% — &) Holder continuous.

3. Constructions of solutions to approximate equations

In this section, we study the well-posedness of the following equations. The
first is the stochastic hyper-viscous equation in dimension 2:

Owuy, + vLu, + B(uy,,u,) = N
2 t Wy v vy Wy
(HVE) { 1, (0) — € By (T,

where we recall that L = (—A)'™ for some § > 0. n = ((t) where ((¢) is
defined by (5.6) and satisfies B, s < 00.

The second equation considered is a three-dimensional finite-dimensional
hyper-viscous equation which writes:

Oy N +vLu, y + By(uy N, uyn) = Vi
HVE? N PN gy
(HVE; x) { U (0) = Poyug € Vi,
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where By = P<yB, and ny = Poyn. n = $((t) where ((t) is defined by (5.6)
and satisfies Bsys < 0o. We recall that L = (—A)*® where s := 144 with 6 > 3.
The space Vi is defined as:

Vi = Span{e,, [n| < N}.

The main results of this section are the following. We let (Q,P, F) be a
probability space with the Brownian motion completed filtration (G;):>o. We
start with the construction of global solutions for (HVE?)

Proposition 5.1 (Solutions to (HVE?)). Let v > 0 and ug a Go-measurable
random variable such that ug € HJ;, almost surely. We also assume that the
noise 1 is such that B ss < 0o. Then there exists a set Q1 such that P(;) =1
and such that for any w € €y

(i) (HVE?) has a unique global solution t — u®(t) associated to u¥, in the
space CO(R ,, HY,).
(ii) Moreover v € L% (R, H**?).
Furthermore, the process u, satisfies the following properties.

(7ii) w, may be written in the form

wlt) = o+ [ J(s)ds + V(o)

where equality holds in H=° and where f(s) is a Gs-progressively mea-
surable process satisfying that almost surely f € L2 (Ry, H™%). In

loc
particular u(t) is a Fy-progressively measurable process.

(iv) There exists a measurable map U : H' x C°(Ry, H') — C°(R,, H),
continuous in its first variable, such that for any w € Qq, u¥ = U(ug, ().

14

Remark 5.20. The reader already aware of the methods used in [Kuk04] can
skip the proof provided in this section, as the proof follows the same lines.
However we recall the proof giving full details.

In dimension 3, the equation (HVES y) being finite dimensional we can prove
the following.

Proposition 5.2 (Solutions to (HVE] y)). Letv, N > 0 and ug a Go-measurable
random variable such that for all N > 0, ug € Vi almost surely. We also as-
sume that the noise n is such that Bs,os < 0. Then there exists a set )y such
that P(Qq) = 1 and such that for any w € Q:
(i) (HVE] ) has a unique global solution t — us \(t) associated to the
initial data vy, in the space CO(R,, V).
(ii) Moreover us € L, (R4, H').

Furthermore, the processes w, n satisfy the following properties.
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(177) u, n may be written in the form

e (0) = o+ [ (5) s+ VIGu ),

with (y = P<n( and where equality holds in H=(F9; f(s) is a G,-
progressively measurable process satisfying that almost surely f €
LE (R, H-U*D) . In particular u, y(t) is a F;-progressively measur-

able process.

(iv) There exists a measurable map Uy : H' x CO(Ry, V) — CO(R,, V),
continuous in its first variable, such that for any w € i, uyy =
U (uo, Cn)-

A general strategy for solving a nonlinear stochastic partial differential
equation is to seek for solutions which have a particular structure, designed to
eliminate the randomness and apply a fixed-point argument.

We explain the general scheme for proving Proposition 5.1. In order to
solve (HVE?) we first look for solutions z, to the following equation:

(5.10) {@Zu(t)zjr(OV)Lzu(t) - \/5077.(15)

Then we seek for solutions to (HVE?) taking the form u, = z, + v, where v,
formally satisfies:

(5.11) o, +vlv, + B(z, +v,,2,+v,) = 0
v,(0) = g,

This is a deterministic equation and can be solved in the space CO(R,, H};,).

Remark 5.21. We should emphasise that the point of this construction is
fundamentally different in nature to the work of Burq-Tzvetkov, or Bourgain or
Kuksin-Shirikyan [KKS15] where the emphasis was put on lowering the regularity
threshold at which one can find a solution. This is why in our construction
we did not try to lower the regularity threshold: the initial condition for the
stochastic part is 0.

In the three-dimensional case we replace equations (5.10) and (5.11) respec-
tively with

ST R

and

(5 13) 8tvu,N + VLUV,N + BN(ZZ/,N + Uy,N, Zv,N + UV,N) = 0
' v,(0) = up.
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A solution to (5.10) (resp. (5.12)) is explicitly given by

(5.14) W) =vr S ¢, ( /0 ' e—u(t_toLdﬁn(t/)) e, € Hl (T?).

nEZ%

respectively by
N t ,

(5.15) OENAIY) ( e )Ldﬁj(t/)> ¢; € V.,
j=1

as this can be checked by the It formula for example, see Appendix A. Moreover,
the processes z,, 2, v satisfy the following properties.

Lemma 5.22. Under the assumptions of Proposition 5.1 (resp. Proposi-
tion 5.2), there exists a set Qy such that P(€y) = 1 and which satisfies the
following properties for any w € Q. Let us denote by z the solution z, in (5.14)
(resp. z,n in (5.15)). Then:

(7’) z € CO(RJH H&iv) N L2 (R+7 H2+6>'

loc
(ii) There exists v > 0 such that z almost surely belongs to the space
Clocic(R-i-? W2’4)'
(iii) B[||z(t)]|%:] < Brwt, for any t > 0.

We postpone the proof of this Lemma. Then, (5.11) can be globally solved
using the following lemma.

Lemma 5.23. Let ug a random variable such that ug € Hy,, almost surely.
Then there exists a set Qo of probability 1 such that for any w € s, the
associate Cauchy problem to (5.11) is globally well-posed in C(R,, H, (T?)).
Furthermore:
(i) For any T > 0, the flow map H' — C°([0,T], H};,) defined by ug — v,
is locally Lipschitz.

(“) Uy € leoc(R-H H2+6)'

Assuming Lemma 5.22 and Lemma 5.23 we are now ready to prove Proposi-
tion 5.1.

Proof of Proposition 5.1. Part (i) follows from Lemma 5.22 and Lemma 5.23
and part (i) follows from Lemma 5.23.

We prove (iv). In fact, Lemma 5.23 proves that v, is a continuous function
of z, and wug as a corollary of the local well-posedness theory, furthermore,
there exists a measurable function Z : C°(R,, H') — C°(R,, H') such that
z, = Z((), where Z(() is given by (5.14). The measurability comes from the
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fact that the maps Z,; defined by

Q) =V S ou ([ a5 e,

In|l<M
are continuous, hence measurable; and that Z = ]Vl[im Zyr almost surely. For
—00
details, see [KS15], Remark 2.4.3.

In order to prove (iii) we write

—U0+/ s)ds +/v((t),

where f(s) = —vLu,(s)+B(u,(s),u,(s)) and ((t) := > ¢,8,(t)e,. Then f(s)
nez?
is G progressively measurable. Indeed, we know that s +— z,(s) is progressively

measurable by construction and properties of the stochastic integral, and we
also know that s — v, (s) is progressively measurable thanks to (7v). Finally we
explain why f € LIOCH —9. First, since u,, lies in L2 _H?*° thanks to Lemma 5.23
we obtain Lu, € L?_H~°. For the bilinear term we use Lemma 5.14 to bound

1B ()| -5 < 1B (1w, )| 22 < [l [0 -

Since u, € C°(R, H},), it follows that B(u,,u,) € L2 .(R,, H°) and thus the
result. O

The next subsections give the proof of Lemma 5.22, Lemma 5.23 and Propo-
sition 5.2.

3.1. Properties of the stochastic objects. We will prove Lemma 5.22 in
dimension 2 only. Indeed, in the case of dimension 3 a proof can be written
following the same lines, but even simpler since L? or H* functions are the
same spaces when restricted to frequencies in Vy.

Proof of Lemma 5.22. In the following we will use that —Ae, = |n|%e,. Let
s > 0.

We first prove that for any ¢ > 0 we have that almost surely z,(t) € H®
which results from proving that there exists a p > 1 such that

(5.16) 172, (0.

< 00.
L,

In order to prove (5.16), remark that using the Minkowski inequality for p > 2
and the Gaussian bound (5.9) we have:

V2@, <169 2@ @)1,
S fHH >uL
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Then we use the It6 isometry (5.8) to get that for any ¢t > 0 and z € T?,

E [’<V>52V(t)(x)’2} — Z 28‘¢n’ / —2u(t—t')|n|20+) ¢

neZz
— 2s |¢n|2 —2t|n\2(1+5)
AR e (© -1).
nesy
Then
(V)" 2, (¢) HL2 S |6u[2(n)2e2049)
n6Z2
< B, (149)

which implies (5.16) after integration in space, since the torus T? has finite
measure.

Now we apply the Kolmogorov criterion to prove the continuity in time. A
similar computation yields, for tg > tq,

2 () (@) = 2 (t)(@)]P = 30 Gudwe T Ayt t2),

nn€Z2

where An,n’(tla tg) = an(tl)dn/(tl) + an<t2)C_Ln/ (tg) — an(tl)&n/ (tg) — an(tg)dn/ (tl)
and

wlt) = | L0 g3 (1)

Taking the expectation and using the It6 isometry (5.8) gives

E[[(V)* (2 (t1) () — 2, (t2) (x)) ]
= Z ()% @n]* (bn(ta, t1) + bu(ta, t2) — bu(tr, t2) — bu(ta, t1))
neZ%
where we compute b, (ty,ts) := (e(tl’tQ)‘”‘Q(Hé) — e’(t1+t2)|"|2(1+6)>. Let a € [0, 1].
Thanks to the elementary bound, that for any a,b > 0:
e —e | Sla— b7,

we have
[batr,t2) = bu(tr, )] S [t — to|*|n [0
Gathering all these estimates we obtain
s 2 «
V)2 (t1) (2) = 20 (t2) (@) L2y S 1 — 2| *Bstaqve) -
Then we obtain, for p > r

Mz (1) = 2 () lwerll g S VPt = to| Boraies) -

We finish the proof using Theorem 5.19 and conclude that almost surely
u, € C2, (R, W?"), for small enough £ > 0.
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Now we can consider the set
T
Qg )= {w € Q, |zl poo.my,m) + 120l 20,1240y + |20 | 20,7 w2a0m1.00) < 00} )

and claim that this set is of probability 1 (which is a direct consequence of the
previous estimates). Then, in order to finish the proof, it suffices to set

Q= ) o,
N>0
which is of probability 1.

The fact that z, is divergence free can be seen directly on the exact formula

for z,. Finally, in order to prove (i) we apply the It formula to F(u) = ||ul|%,
see Appendix A for more details. We obtain:
2 ! 2 !
E (I3 ] +v [ (2 [ll20) 3] - B1) at’ =0,
leading to (7). O

3.2. Proof of Lemma 5.23. The proof of Lemma 5.23 is well-known in the
context of Navier-Stokes equations. However we recall its proof, since there is
the term z, to handle in the equation.

We introduce the space X7 :=C°([0, T, Hj;,) and the map:
N Xr — Xr
1w — Y(u),

where

(5.17)  W(u)(t) := e " Fuy + /Ot e VOBt + 2,(), u(t') + z,(')) dt’ .

We note that thanks to the definition of ¥, U(u) is divergence free if u and
ug are. The fact that ¥(u) belongs to Xr will be a consequence of the following
lemmata and direct computations. The proof of Lemma 5.23 relies on the
following results.

[

Lemma 5.24. There exist constants ¢,k > 0 such that if we take T = TaolE
H1

then the map VU defined by (5.17) satisfies:
(i) U : B(0,2||uo||g) — B0, 2||uo|| 1)
(11) W is a contraction on B(0,2||ugl|g1)-
Lemma 5.25. For any solution u, € C°([0,T), H},,) we have:

”U/VHLOO([O7T)7H1) < 00, and HUV”LQ([O,T],HQM) < 0.

Proof of Lemma 5.23. By Lemma 5.22 and Lemma 5.24, for any fixed w € ()
fixed, u¥ € H' gives rise to a solution u, := 2, + v, to (HVE?). Indeed, V¥ is
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a contraction in the Banach space C°([0,T], H'), where T = H - for some
x > 0, which provides a unique local solution on [0, 7.

Iterating the local well-posedness gives us a maximal existence time interval
[0,7*), and the following blowup criterion: if T* < oo then ||u, (¢)|| g fvdle st
_> *

By contradiction, if 7T < oo, then Lemma 5.25 proves that

sup ||uy ()| < o0,
te[0,7)

which is a contradiction. Hence u,, is global and belongs to L% (R, H**?). O

Proof of Lemma 5.24. We only prove the first claim as the second will follow
using similar estimates. We also omit v indices, as they are not relevant to the
proof. Using the definition of ¥ we have:

@O < e ol + | [ e B+ 2,0+ ) dt

Hl

First, we note that |e™ug| gz < |lug|lg:. Next, we define the function

F(t) .= (V)B(v(t) + z(t),v(t) + 2(t)) and write
< [ e e it

Then we use Lemma 5.17 with a := 1%5 + ¢ < 2 (this is possible for sufficiently
small € > 0). We arrive at

[ () ()1 < [Juol]a +/ |t Ty IIF(t’)HH 2 dt’.
We observe that
| ()| -2

t /
/ e OBy 4 2 v + 2)dt
0 H1

< Bt + 2(), v() + () 1
S o) + =),
S o) + 1=t )||§11-

Since § < 1, we can integrate in time to get

12 ()xp < lJuoll + C@T2 (lolli, + 121, ) -

which implies the result for sufficiently small 7" > 0 of the required form taking
into account Lemma 5.22 (7). 0

Proof of Lemma 5.25. Let T > 0 and u as local solution to (5.11) on [0,7)
constructed as before.

Let us write an energy estimate at regularity H' and use Lemma 5.14 (ii):

(iHv(t)Hip +Vl[o()|[fars S (Bo(t) + 2(8), v(t) + 2(8)), v(t)) g
= (B(v(t), (1)) + B(z(t), v(t)) + B(2(1), 2(1)), v(t)) g1 -
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Then we can use product laws in Sobolev spaces to estimate two terms (and
where € > 0 is arbitrarily small):
[(B(v(t), 2(t)+ B(z(t),2(1), v(t)) | < (lo- Valm + 11z - Valg) vl m
< V2@ llwrallv@ N + 12 [V2@) | g o) [
S O el + 1O yess 0@l
where we used the Young inequality in the last line.

For the term (B(z(t),v(t)), v(t)) ;1 = (2(t) - Vou(t),v(t)) s (due to the incom-
pressibility of v(t)), we have to observe that the leading order term vanishes.
Indeed, we can check that

V(z-Vv)=(z-V)(Vv)+ Vz-Vu
so that thanks to Lemma 5.14 (7) we have
[(2(t) - Vo), v(t) s | S 1V=(E) - Vot) : Vo)l S N2 lwres o)

Gathering all these estimates gives

d
(5:18) ol + Vol S 2O waallo@)lz + 120 aesllo @) -

Then, recalling that z, € L*([0, 7], H***) and dividing (5.18) by [[v(¢)[/%, (up
to some omitted regularisation procedure) and integrating on [0, ¢] implies that

t
lo(®)ll e < C(z, [[uoll ) +/O 1) w2 o ()| A"

Since z € L (R, W?1) C L (R, W?%), the Gronwall lemma provides us
with
sup [[v(t)]| g < 00
tel0,T)
Finally, the fact that v € L2 (R, , H*>*°) now follows from integrating (5.18).
U

3.3. Proof of Proposition 5.2. In this paragraph we prove Proposition 5.2
using that Vi is finite dimensional.

In the following we use the observation that P<yu, v = u, n. Since P<y is
self adjoint, Lemma 5.16 (7) implies the key cancellation:

(519) (BN (ul/,N7 ul/,N)? UV,N)LQ =0.

Proof of Proposition 5.2. We only prove existence and uniqueness of the u, y as
the other properties follow from arguments similar to the proof of Proposition 5.1.
Lemma 5.22 gives the existence of a global linear solution z, y € Vi, hence the
proof boils down to proving that (HVE y) is globally well-posed in Vy.

We remark that L and By are locally Lipschitz functionals on the finite
dimensional space Vy thus the Cauchy-Lipschitz provides us with a unique
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local solution v,y to (HVES y) in C°([0,T), Viy). Then we prove that the norm
l|uy N (t)]| 2 does not blow-up as t — T'.

In order to do so, we use an energy estimate in L?, the cancellation (5.19)
and the Bernstein estimates (frequencies of functions on Vi are bounded by
N) to get:

d

g lvwnllze S IVonnlrellzvnlle + Vel lvnnllz + Vel e
S Nlzllwreellv(®)llzz + zuw [y -

Then the Gronwall lemma and the estimates on z, x of Lemma 5.22 give that
for any 7' > 0 [[v|| Lo ((o,1),22) < 00 thus the solutions are global in Vy. O

Remark 5.26. We emphasis that this global well-posedness theory is not uniform
in V.

4. Construction of invariant measures

We study the invariance properties of the solutions constructed in Section 3 by
Proposition 5.1. In order to do so, we remark that the processes constructed by
Proposition 5.1 enjoy a Markovian structure. We explain how in the dimension
2 setting: enlarge the probability set defining Q := H}., x Q endowed with the
o-algebra B(H') ® F and the filtration F; := B(H') ® G; and denote & = (v, w)
for elements in . We let @°(t) := u%(t,v), standing for the solution constructed
by Proposition 5.1 with initial data vy = v € H'. Let P, := 6, ® P. Then
(u,(t),P,) forms a Markovian system, as it satisfies the Markov property:

Py (uy(t + s) € T|Fy) = Py, o) (w(t) € T),

which comes from Proposition 5.1, (7). Let us remark that if U; denotes the
restriction at time ¢ of the map U of Proposition 5.1, then £(u,(t)) = (U;)«(0,®
me,r), where mer = L((jo.77). In particular we have L(ug) = (Up).L(uy).

Similarly, in dimension 3 the solutions u,,y to (HVE] y) admit a Markovian
structure (u, n,P,) for v € Vy.

4.1. Existence of an invariant measure. In order to construct an invari-
ant measure for (HVE?) and (HVE? ) we follow the strategy in [KS15] which
consists in applying the Krylov-Bogolioubov argument, which is recalled be-
low.

Theorem 5.27 (Krylov—Bogoliubov, [Dud02]). Let X be a Polish space. If
there exists a point v € X for which the family of probability measures
{Pi(x,-),t > 0} is uniformly tight and the semigroup (P;)i=0 satisfies the
Feller property and has pathwise continuous trajectories, then there exists at

least one stationary measure for (P;)iso, i.e., a probability measure 1 on X
such that (Py).p = p for all t > 0.
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In this paragraph we omit the reference to v and denote by u (resp. uy) the
solutions u, (resp. u,n).

Let us introduce some more notation, let us denote Pi(u,T") := P,(u(t) € T),
and define the semi-group B; : L*® — L* defined, for any f € L*> by

Bi(f) = 2= [in [(z) P(v,d2).
We define the dual B} : P(H') — P(H") by B (1) :=T > [ Pi(v,T)u(dv),
and observe that L£(u(t)) = B;(L(up)).

We start with some higher Sobolev estimates for processes such that £(ug) =
dp.

Lemma 5.28 (Dimension 2). Assume that L(ug) = 6y and let u, being the
corresponding process produced by Proposition 5.1. Then there exists a constant
C > 0 independent of v such that for any t > 0,

t
E [/ et () g2 dt’} < Ct.
0

Proof. We apply the 1t6 formula (see Proposition 5.12 and the subsequent
discussion) to the functional F'(u) := |lu||%, and we find that for all ¢ € R,

t
E [lu(t) ] — B [Juolld] + 20E | [ a(t) s dt'| = vBit
Then the result follows from E[||uol|%,] = 0, since L(ug) = do. O

Lemma 5.29 (Dimension 3). Assume that L(ug) = 09 and let u, y being the
corresponding process produced by Proposition 5.2. Then there exists a constant
C > 0 independent of v, such that for any t > 0,

t
E | [ lua(®) 3.0 dt] < Ot
0

Proof. The proof is similar to that of Lemma 5.28 except that we use the 1t
formula based on the L? cancellation of the bilinear form and obtain:

t
E [Ilu(®)32] — B [lluol] + 20E | [ u(t) s | = Bt

and conclude as before. We also refer to Proposition 5.12 and the subsequent
discussion for the application of the It6 formula. O

We can now state the main results of the section.

Proposition 5.3 (Dimension 2). The Markov system (u,(t),P,),cqr admits
a stationary measure. Moreover, for any stationary measure ji, € P(Hl), the
following properties hold.

() B, [llas] = 5.
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(i1) By, [ull%ss ] = 5
(iii) There exists v > 0, and C' < oo, only depending on the noise parame-
2
ters (¢n)nezz such that one has E,, [e””“”m} <C.

Proof. Let us denote by u the solution starting at uy with law L(ug) = o,
_ t

and let \; := B;dy. We introduce )\, := % / Ay dt’. In order to apply the
0

Krylov-Bogolioubov theorem we need to show that the family ():t)t>0 is tight in
H'. Since the embedding H**® < H' is compact it is sufficient to prove that

N (H'\ B 0,R)) — 0.
supAc (1 B0 1)

Observe that thanks to Lemma 5.28, we have

_ 1 gt
M (H'\ Biass(0, 1)) < 5 / P(|lu ()| jr245 > R) d¥’
0

< o [ [l
T tR2 Jo " e
C
< D9
R2
which goes to zero uniformly in ¢ > 0. Then the Krylov-Bogolioubov theorem
ensures the existence of stationary measures.

Let pu, be such a stationary measure and let us prove the required estimates.

(7) and (77) are proven using the same argument. Let us only prove (7). The
It formula just as in the proof of Lemma 5.28: we take w,(t) a process solving
(HVE?) with stationary measure u,. We can write, for any ¢ > 0, thanks that
the Ito6 formula:

t
E (I (0l3:] — B [[uol] +20B | [ s (0)]Fecs ¥ | = vBut.

for any ¢t > 0. Using invariance, we obtain

/ot (2E [”u"(t)H?{zM] - Bl) =0

for all ¢ > 0 so that E [||uy(t)||§p+6} = B for almost any ¢ > 0. However

by invariance again (and since u — ||u|3215 is a Borelian function of H', see
Lemma 5.45) we know that the quantity E[||u(t)[|%.,,] is time-invariant, thus
finite for all ¢, thus identically equal to B;.

The same argument applied to ||u,(t)||7» instead of |u,(t)||%, applies in order
to prove (7), as the main observation being the cancellation (B(u,u),u)r2 = 0.

(7it) also comes from the It6 formula and we refer to Appendix A for more
details of the computations. The It6 formula applied to the functional defined
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2
by G(u) = el yields that for any v > 0 and any ¢ > 0:

E [ Ol ] — g [eloli]

t , B
[ et (; ~ N () ss +7 2 |nr2|¢n\2|un<t/>|2) dt’] ,

nez?

+ 2vE

where u, (t) = (u,(t), en) 2.

Since max{|¢2|, n € Z*} < oo, choosing y such that v sup |¢,|? ~ 1 leads to
the inequality
E [ O] — g [l ] < CuR [ / " A dt/] ’
0
where A(t') = ¢l i (C ( — |Ju, (¢ )||H2+5> and C' > 0 does not depend on v.

Remark that if ||u, (t)]/%.,, > 2C then

e’Y”uu( Hl (20 _ Huu(t/)H?quré) g 0’
and if [Ju, (t)]|%,,, < 2C then

ol (113, (20 ||Uu<t/)||%12+6> < 2062%‘7
so that in any case
uy ()12
it (20 — (1) ) < 2067,
Cy
which implies
At < Oy — Ol

and therefore introducing Y (t) .= E {GWHUV (t)‘lfﬂ}, we have obtained

t
Y(t) + C’V/ Y(t')dt' < Y(0) + Chwt,
0
where C' and ' do not depend on v and the Gronwall lemma gives
(5.20) Y () < e Y (0) + Cs,

where (5 is a function of C' and C}, and provided Y (0) < co. Then recalling
that invariance implies Y () = Y (0) and letting ¢ — oo this yields Y (0) < Cs,
a finite constant independent of v.

In the general case, where we do not assume Y (0) < 0 we consider the
random time 7y = min{t > 0, ||u(t)||;» > N} and Yy (¢) == Y (min{t, 75 }), for
which we can write (see Theorem 7.7.5 in [KS15]):

E[Yy ()] — E[Yn(0)] < CVE [ /O @) dt’] ,
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and the previous analysis provides us with

min{¢,7n}

Yn(t) + CVvE VO A(tYdt'| < Yn(0)+ Chut,

and by finiteness of Yy (0) = Yy (¢) we simplify this as this as

E [ /O it At') dt’
and by Fatou’s theorem, letting N — oo leads to
/0 A dt’} < Oyt
which is tY(0) < Cst, i.e., Y(0) < Cs. d

< 02t7

E

The counterpart for the three-dimensional case is the following.

Proposition 5.4. The Markov system (u, n(t),P,)er2 admits a stationary
measure. Moreover, for any stationary measure j,, n € P(L?*) the following
properties hold.

(N)
(i) There holds By, ,, [[lull%..s] = 25— < 5.

(7i) There exists v > 0, and C < oo, only depending on the noise parame-
ters (¢n)nezs such that one has B, {ewllullig} <C.

Proof. The proof of similar to that of Proposition 5.3 thus omitted. We only
recall that the main point of all these uniform estimates, especially for (i) is,
again, the It6 formula:

E [Ju (8)lF] +v [ (2 [l () ps] — BEY) dt = E[[Payuole] . O

4.2. Tightness and limit. Once and for all we fix some stationary measures
o (resp. pu,n). Our next task is to pass to the limit » — 0. In order to do so,
we need to prove several compactness estimates. We denote by fi,, (resp. fi, n)
the law of w,(-) (resp. u, n(+)).

We will use compactness arguments based on the Aubin-Lions-Simon crete-
rion, which we recall.

Theorem 5.30 (Aubin-Lions-Simon compactness theorem). Let I be a compact
interval. Let By, B, By be three separable complete spaces. Assume that By —
B — By continuously, the embedding By — B being compact.

(i) Let W := {u € LP(I, By) and Oyu € Li(1,By)}. Then forp < oo, W
is compactly embedded into LP(1,B). If p =00 and q > 1 then W is
compactly embedded into C°(I, B).
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(ii) Let sg,s1 € R and 1 < ro,mp < oo. Let W = W (I By) N
Wevr ([ By). Assume that there exists 0 € (0,1) such that for all
v € ByN B; one has
[l < ol v, -
Let 0 o
1 1-—
sg = (1—0)so+0s1 and — = +—,
To To 1
then if sy > %, W is compactly embedded into C°(I, B).

Assertion (7) is the classical Aubin-Lions theorem, and assertion (i) is the
content of Corollary 9 in [Sim8&87].

4.2.1. Case d = 2. Proposition 5.3 already asserts that fi, (L2
C(R,,HY)) =1.

We will prove compactness estimates on i, rather than simply on p,, because
not only do we want to make the measures pu, converge to some measure g,
but we want the processes u, to converge to a process u solving the Euler
equations.

(R, H2+) 0

We want to prove that the family of measures (ji,),~¢ is tight in

Y :=CORy, H'°)N L} (R, H*™79),

loc

for a fixed € > 0 that we may take arbitrarily small. It is sufficient to prove the
tightness on every time interval I,, = [0, n], namely that for all n > 1, (j,),~0
is tight in

Y, = C'(L,, H°) N L} (1., H*7°).
Since the time interval does not play any specific role, we will prove tightness
in

Y1 :=C(I,H'*) N Lj, (I, H*"7%),

where I = [0, 1].

In order to do so, we introduce the space
X o= LI, H*) 0 (HY (1, H™®) + W (1, H' %))
= L3I, H*Y N HY(I, H %) + L*(I, H*) n W41, H' %) |

X1 X2

We will prove that following lemmata.
Lemma 5.31. Both spaces X; and Xy are compactly embedded into Y.
Lemma 5.32. The sequence (u,,),~q is bounded in L*(2, X).

These results then imply that the family (f,),¢ is tight in Y.
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Proof of Lemma 5.31. Since H**~¢ — H?™0 compactly, we have compact
embeddings X; — L?(I, H**%) and X, — L2(I, H**?) thanks to Theorem 5.30,
(4).

The compactness of the embedding X; — C°(I, H'~¢) follows from Theo-
rem 5.30, (77). Indeed, take sy = 0, s; = 1, rp = r; = 2 and observe that
l—e=(1-0)(2+6—¢)+0(—0) with 6 > 3, so that sy > i

The embedding Xy < C°(I, H'~¢) is compact thanks to Theorem 5.30, (i7).
This time take sg = 0, 51 = %, ro = 2 and r; = 4. We can compute that

1 _ 50 . _ 146—¢
50— 75 = % > 0, since 0 = {5575

is arbitrarily close to 1. U

Proof of Lemma 5.32. We recall that ||u||x = inf{||u1]|x, + |Juz||x,} where the
infimum runs over decompositions u = u; + us with u; € Xy, and us € X5. We
write

+/ (uy (t dt—V/Lu,, )dt' + V((t).

Then we set u(!) = uy(0)+/ B(uy sy, un(t')) dt’—l// Lu, (t') dt’ and v (t) =
0 0

VE(t).
The bounds in L2(Q, L2([0, 1], H**?)) follow from Proposition 5.3, (). For
the other bounds we proceed as follows.

We observe that d,ul!)(t) = B(u,(t),u,(t)) + Lu,(t) thus u, is bounded in
L*(Q, L*(I, H%)) thanks to Proposition 5.3, (i).
It remains to prove that u(? is bounded un L?($
in facts will result from proving that ¢ € L?(1, W
2

E[ICH) -] =E || 32 ()™ oul’8()* | | < 3 ()"l "ElBa(1)"] -

nez? nez

 Ws4(]0, 1], H%)), which
([0, 1], H'=2¢). We compute:

Now recall that by the properties of Gaussian variables, E[3,(t)!] = 3t*> < 3
on the time-inverval I so that finally IE[||C||L4 1 my] < 00, since ¢ is a standard
noise. By the same techniques we obtain

E V IS = CMEr g, 4
[0,1]%[0,1]

’t _ T‘1+4a

< 00,

and combined with the previous estimate we finally have E {”Ur(jz)“;,g ’ 4} <
U

v.
4.2.2. Case d = 3. In this setting, we can prove the following.

Proposition 5.5. The sequence (fi,n)u>o is tight in CO(R,, Vy).



214 CHAPITRE 5. INVARIANT MEASURES FOR EULER EQUATIONS

Proof. We use the same argument as above: we can prove that (u, n),>o is
bounded in L*(, X) with

X = LA(I H) 0 (BN, HO) 4 WA, HY)) |

which is compactly embedded into C°(I, H¢) for some € < 0. Then, since
on Viy we have H—¢ = L? by finite dimensionality, this gives the result. U

4.3. Passing to the limit. Thanks to the previous subsection, we can assume
that the sequences j1,, and fi, y converge as v — 0. Indeed we have:

e (Case d = 2) The Prokhorov theorem (see Theorem 11.5.4 in [Dud02]),
there exists a sequence v; — 0 and g € P (CO(R, H'7)N L2+5_€>
such that i, — fu in law. This means that E;,_ [f] = Ez[f] for any
bounded Lipschitz function.

Note that the measures (1,,);>0 also satisfy Prokhorov’s theorem in
H?*t9=¢_due to the uniform estimates in H**°, hence there is no loss
of generality in assuming that p,, — p weakly in P(H 249) where p
denotes the restriction at time ¢ = 0 of L.
e (Case d = 3) Similarly by the Prokhorov theorem and the tightness
from Proposition 5.32 we may assume that g, y — pny weakly in
C'(Ry, V) and p, v — py weakly in Viy.
By the Skorokhod theorem (see [Dud02], Theorem 11.7.2) there exists a
sequence of ji,-stationary processes 4, (resp. a sequence of [, y-stationary

processes 1, n) and an Y-valued process u defined on the same probability
space (resp. uy), such that

L(t,,) = py,; and L(u) = p
]P’(ﬂ,,j —>uinYasj—>oo) =1,

where Y = CO(R, H'~¢) N L?+°~¢; respectively,

L(t,, n) = p,;n and L(uy) = pn
P (i1, n — uy in CO(Ry, Viy) as j —o00) = 1.

We can further assume that the ,, satisfy the same equation as u,,. More
precisely, the u,, satisfy an equation of the general form F(u,,) = \/v(, where
F' is a deterministic measurable functional and ( is the random variable defined
by (5.6). Since L(u,,) = L(1,,), then L(F(u,,)) = L(F(uy,)) = L(y/nuC) thus
there exists a process ¢ equal in law to ¢ (and in particular share the same
numbers ¢, that is there exists independent brownian motions 3, such that
((t) = Yonez2 Gnfn(t)en) such that F(u,,) = V/7C. In the rest of this section

we will drop the ~and write u,,, (.

We are ready to state the main results of this section.
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Proposition 5.6 (Dimension 2). Let i, and u as defined above. Then we
have,
(i) M(Lipe(Ry, H*P0)) =1 and p(H**) = 1.
ul|2
(ii) By [|[ullyors| < By and B, [¢Min] < oo,
(iii) The process u is stationary for the measure p and satisfies the Euler
equation (E?).

(iv) The constant C defined by E,, {||u||§{1} = C satisfies:

1 (B "
(5.21) Cy==|— <C<=.

Remark 5.33. Similarly, one can prove that there exists a constant Cj§ > 0 such
that E,[||ul|?.] = C§ > 0.

Proof. (i) Let T'> 0. Thanks to Proposition 5.3 we have E,,, [||u|]%2([07T]7H2+5)] <
C independently of v. Note that we also have, uniformly in v, M and K:

Euuj [min {”P<MU||%2([O,T],H2+5)7 KH < O

Since the map map u — min { |P<pruu||Fpers, K } is continuous and bounded as

a map H*~¢ — R we can pass to the limit j — oo by weak convergence of
the measures and get

E# {min {||P<MU||2L2([O,T],H2+5)’KH < O,

and conclude by monotone convergence as K — oo and then M — oo.

(7i) follows by a similar argument.

(iv) First, we claim that for any j the following uniform inequalities hold:
By
2

In order to prove (5.22), we observe that the right-hand side inequality is
contained in Proposition 5.3 (7). For the lower bound, we start by using the
interpolation inequality

(5.22) Cs < By, [ull?] <

2 26
lullraes < [lull gl 2

and by the Holder inequality we infer

_1 _0
B, 1] < By, [0l3] ™ B, [JllZes] ™

The proof of the claim now follows from Proposition 5.3 (¢) and (7).



216 CHAPITRE 5. INVARIANT MEASURES FOR EULER EQUATIONS
We claim that there exists a constant C' > 0 such that
(5.23) lim sup llwl| % po, (du) < ¢ :
520 Jlulgp>R R

Assuming this claim we can finish the proof of (7i7). To this end, let x be a
smooth bump function, such that x = 1 on [—1, 1], vanishing outside [—2, 2]
and let xg = x(-/R). Let ¢ > 0 and R > 0 be fixed. Then by (5.23) there
exists J = J(R) > 0 large enough such that for any j > J there holds

Lo el (@) > G5 =
Ul g1

Now observe that Xg(HuHHl) < 1y, > hence

[l el e, (du) > Cs — .

Then passing to the limit j — oo, and because u X%(“uHHl)HUH?{l is a

continuous bounded map H' — R, we obtain
2
ul|% du) > Cs — ¢,
Joy g Tl ) > C

and finally the monotone convergence theorem in the limit R — oo proves (5.21).
It remains to establish (5.23). In order to do so, we remark that the Cauchy-
Schwarz inequality followed by the Markov inequality yields:

1
2

1
[y o bl s 0) < > R ([l ()
llull >R I

< 2B, [l0ln]* B, [Julln]*

Now remark that there is a constant C' = C(y) > 0 such that for any real
numbers x there holds z* < Ce’® so that we obtain

¢ 3 ul|?
Lo Nl () < B, ] B, [ ]
ull g1

u||H1 >R

N|=

< 5o

= Q=

where in the last line we used the uniform estimates of Proposition 5.3 (7).
This establishes (5.23).

(#i1) Invariance follows from the weak convergence of the measures. It remains
to prove that u satisfies the Euler equation on any time-interval [0,7]. We
start by writing that

(5.24)  w,(t) = e ug + /Ot e V(t=tOL (B(u,,(t’), u,(t)) + ﬁC(t’)) dt’.
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As we want to pass to the limit in L2, we use the previous uniform bounds. First,
we have e=Lluy — uy in L°°((0,T), L?) and also u, — u in L>=((0,7T), L?).
Next, we use the triangle inequality to bound:

t / / / t / /
Vo | [ Ry ar| < v o)l ar,

We have seen in the previous subsection that E[||C|| z4((0,r),m1-2c] < 0o, which
implies in particular that /v¢ — 0 in probability, in the space L*((0,T), L?),
thus up to passing to a sub-sequence this yields

: e T4 2\ _
P(jlggo,/ujg =01in L*((0,7), L )> =1,
and then for ¢ € [0, T7:

. ,
Vi /0 e k() at < T wicllzsory.ez) =2 0-

To bound the remaining term, we use Lemma 5.17 and write:
t !

| [ e (Bl (), u(t) - Blult),u(t)) d
0

’S’ /OT \/1F||B(u1/(t/), U/y(t/)) - B(u(t,),u(t'))HH71 dt’

S ”B(UWUV) - B(u’ U)HL"O((O,T),H‘l)
S lluy — vl

L2

L°°((07T)7H%)“u”HLOO((o,T),H%) :

Since (u,,)j=0 is convergent to u (and therefore bounded) in L>((0,T), H'~¢)we
obtain that for any ¢ € [0, T7:

[ e (B ()., () — Blute).u(e) o

0

— 0.
L2 J—oo

Finally, the process u almost surely satisfies u € CO(R, H},) N L (R, H**9)
and obeys:

t
ult) =+ [ P(u(t) Vu(t)) dt’
0
where the equality holds in C°(R,, L?), hence u is a solution to the Euler
equation (E). d

Again the proofs of this section may be adapted to the three dimensional
cases. More precisely, we can prove the following.

Proposition 5.7 (Dimension d = 3). Let iy, iy and uy as defined above. We
have the following properties.

(i) E,\ [eVHUHi?] < C, where C does not depend on N.

(7t) E,\ [HuH?{Hé] = BN < By, where y does not depend on N.
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(iii) The process uy is stationary for the measure puy and satisfies the
approzimate Euler equation (E3).

Proof. The proof of (i) and (7) follow the same arguments as used in the proof
of Proposition 5.6 and is based on the a priori estimates on y,, x uniform in
v > (0, namely that of Proposition 5.4.

(447) is simpler than in dimension 3, as differential operators are continuous
on Vy. Therefore, since we may assume u, y m uyN In L;’E’L2 we also have
Uy N 3 UN in L H?® for any s — 0 and then the limiting argument becomes
straightforward. O

5. Proof of the main results

5.1. About the classical local well-posedness theory for the Euler
equations. In dimension 2 and 3 we will use that the local well-posedness
time only depends on the size of the initial data. In dimension 2 we have the
following well-known result.

Lemma 5.34 (Diemsion 2 local well-posedness). Let s > 2. Then the Euler
equation (E?) is globally well-posed in C*(R,, H*(T?)). Moreover, there exists
¢ > 0 such that if ug € H*(T?) and 7 = , then there holds

_c
lluoll zs

[ s < 2[|uol

Hs
for any t € [0, 7].

Proof. The local well-posedness statement follows from standard approximation
arguments based on the following a priori estimate:

d
Oz S 11V loe ) |-

S Nz

where we used the Sobolev embedding H*~! < L. Integrating this inequality,
there exists C' > 0 such that

[[uo]

HS
w(t)|| e < —2olm:
o)l < ool
as long as 1 — C't|jug||gs > 0. Setting 7 := m yields the result. O

Finally the global well-posedness can be obtained using the blow-up criterion
in terms of vorticity (of Beale-Kato-Majda type), which states that if we denote
T the maximal existence time, then:

.
(5.25) T < 00 = /0 €)1 dt = oo
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For a proof, see [BKM&84]. Since the vorticity satisfies (5.1), we see that ¢ is
transported by the flow, thus its L> norm is conserved, so that if we assume
that 7™ < oo, then

-
| Ie@®lie dt = T < o0

which is a contradiction, thus 7™ = oo.

In dimension 3 we know that (E%) is globally well-posed (thanks to finite-
dimensionality), but no global theory in H® s > g is known for (E3). However
the local theory for both (E3%) and (E?) is uniform in N. More precisely we
have the following.

Lemma 5.35 (Local theory for (E?)). Let s > 5 and ug € H*(T?). There

exists ¢ > 0 such that if we let T = Toolae ” then there exists a solution u €
C°([0, 7], H5(T?)) to (E?®) and also solutions uy € C°([0, 7], H*(T?)) to (E%)
such that there holds

[ ()
for all t € [0, 7].

< 2[uo]

< 2fJuol

s and ||u(t)

Hs

Remark 5.36. In the following it will be crucial that 7 can be taken independent
ps. In the following we will say that

7 is a uniform local well-posedness time.

Proof. We provide the proof for the uy and explain the uniform statement. As
before we have the a priori estimate

d

e @l < IVan @)l lun Ol < Cllun(@)llz-

where we used that W1 < H*® because s > 2. Note that C'is 1ndependent of

N. Using the discussion in the proof of 5. 34 we can set Ty = m for
which the required estimates hold.
Then, we set 7 := =—————, which is independent of N and since
2C[uoll s
P <nuo(0)][zrs < [Juollms
we get 7y > 7 hence the result. O

5.2. The two-dimensional case. First we remark that thanks to the global
well-posedness result for two-dimensional Euler equations we have the following
result.

Proposition 5.8. The measure i is invariant under the well-defined flow
®, : H*0 — H** of (E?). More precisely, for any A € B(H**?) and every
t > 0 there holds:
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Proof. This result will follow from the stationarity of the process u with respect
to pu once we prove that p almost-surely, u(t) = ®;(ug). It is a weak-strong
uniqueness statement. Let ug € H'. As we have already seen it, p-almost surely,
ug € H**°, so that there is no loss of generality assuming that uy € H**°.
Then, let v = ®;(ug) the global solution to (E?) associated to ug which is
constructed by Lemma 5.34. Let us denote by u the solution constructed by
Proposition 5.3, associated to the initial data uy and solution to (E) in the
class COH'=¢ N L _H?*"9~=¢. Let T > 0. We want to prove that u = v on [0, 7).
We introduce w := u — v, and then we compute

d
g lw@llz: = =2(w - Vo, w)rz < 2fwllze|lullgzes-e

where we used the properties of the bilinear form and the Sobolev embedding.
Since we have u € L([0,T], H**°~¢) c LY([0,T], H*"~¢), and w(0) = 0, the
Gronwall lemma implies that w = 0 on [0, 7], hence the conclusion. U

Before proving Theorem 5.9, let us remark that from the bounds on |Ju|
and ||u|| j2+s we can infer the following interpolation inequality.

Lemma 5.37. Let o € (1,24 0), then:

2(

P(|ullge > A) S Ao log? @ ()

with B(o) = QJ{‘STE" and where the implicit constant depends only on the constants

C1,Cy and o.

We postpone the proof of this technical estimate to the end of the section and
proceed to the proof of the main theorems. First, note that Theorem 5.2 (7),
(77) in the two-dimensional case is already proven since we have constructed an
invariant measure y in Section 4 and its properties will be studied in Section 6.
It remains to prove Theorem 5.9 and Theorem 5.2 (4i7).

Proof of Theorem 5.9 (i). Given that p is an invariant measure for (E), we are
going to prove the theorem using the same argument as in [Bou94], explained
in the introduction. Let o < s where s =2+ 4. Let 7 ~ § denote the local
well-posedness time given by the local Cauchy theorem for (E?), which says that
if ||ug|lge < A, then there is a unique local solution u(t) to (E) in C°([0, 7], H?)
on [0, 7] obeying |[u(t)||gs < 2\ for any t € [0, 7].

Let T' > 0. Thanks to the local theory we now that if the initial data ug is
such that ||u(n7)||ge < A for any n=0,..., L] then we can solve on the time
intervals [n7, (n 4+ 1)7] and extend the local solution up until time 7', with the
bound ||u(t)||ge < 2 for any t € [0,7]. Thanks to this observation we let

5]
Gir = m {uo € H” , @y, (up) € By},

n=0
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where By = Byo(0,\).
Thus for any ug € G, r there exists a solution on [0,7] to (E) with initial
data |lugl|g- < A and moreover ||u(t)||g- < 2X for ¢t € [0,T].

Then we compute, using the invariance of the measure on H?*:

1)
H (HU \ G)\,T) < Z_: 2 ((Dm' (HU \ B)x))

| 7]
< Z p(H?\ By)
ST (H7\ By) .

Recall that 77! ~ ), and incorporate Lemma 5.37:

o—3—24

pw(Ho\ By) < A1 log??)

o—3—28

so that u(H? \ Gar) S TA o1 log®@ and then we have u(H? \ Gyp) < € if
A~ (Ta€’1)3—g;+125+8 for arbitrarily small € > 0.

Finally, we provide the Borel-Cantelli argument, set T}, := 2" and ¢, == %
then consider
G = U ﬂ Gavak'
n=1k>n

Then we see that p(G) = 1 and for any uy € G there is a ng such that we have
ug € Gyp,, which gives

= _o=1_ o
u())|[ e < (Tues ) Fmm+e < TF o0 logesas v T,

which concludes the proof. O

Proof of Theorem 5.9 (ii). (ii) It is a direct consequence of (7) and the use of
the Sobolev embedding H® + W2 as soon as o > 3:

IVE@) o S NE@ o1 S [lu)]me - O

Proof of Theorem 5.2. Part (i) and (#7) have already been proven.
(7ii) Theorem 5.4 implies in particular that such measures cannot have any
atom: indeed, if u° is an atom, and ¢ := ||u°|| 2 then
i (u € H*™ such that ||ul|2 = c) >0,

but also

I (u € H?* such that ||ul|;2 € (c — e, ¢+ 5)) <p(2e) — 0,

e—0

which is a contradiction.
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(7v) Let k > 0. We claim that there exists a choice of the noise parameters
(¢n)nezg such that the associated invariant measure u®) satisfies

(5.26) E,m[[|ull?:] ~ jo0)
for some «(d) > 0.
Assuming (5.26), one can finish the proof by letting
(k)
1
pi=

= BT

k>1
which is an invariant probability measure by construction. Moreover, observe
that for any R > 0 we have P(||u||%,., > R) > 0, completing the proof of (iv).
Indeed, if there exists Ry > 0 such that P(||u||%,,, < Ro) = 1 then for k > Ry
we have
Ry = Byel[lull?ses] ~ £ = oo,
as k — oo, which is a contradiction.

It remains to prove (5.26). In view of (5.21) the matter reduces to choosing
the ¢, such that

B
2 2(5 KE:
5
for some ¢ > 0. Take oo > @ + ¢ and define
e " if |In| <k
bn = B if k< |n| <2k

e~(M=2k) if |n| > 2k.
observe that

Bo= Y loul*+ D [oul*+ D [0l

[n|<k k<|n|<2k [n|>2k
— 0(1) + K*0(1) + O(1)
~ k2a7

and similarly B; ~ k?**2. Therefore, thanks to the assumption on « we

deduce (5.26). O
To complete this paragraph we give a proof of Lemma 5.37.

Proof of Lemma 5.37. We use an elementary argument : let A > 0 be a
parameter to be chosen later. Since for o € (1,2 + §) we have the interpolation
inequality
b(c 1-6(c
el e < 552 a5

where 0(0) = Qﬁgs, we write that for any A > 0 and A > 0:

{lullze > A} C{lJullgr > A77O A} U {[Ju]| g2 > AT=7@ A},
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so that the Markov inequality implies the bound
P(Jull e > A) <P (M1 > exp (yAT02)) + P (JJul}ors > A7)
< exp (—A_%)\2> + AN 2,
Next, we want to optimise in A in the right-hand side so that both terms have
the same size, i.e., exp (—A_%/\Z) ~ Afl%f)/\”, or taking the logarithm twice
in this relation gives %logA ~ 2log A and re-plugging in the previous relation
suggests the choice A := C(a)A\"0 log%()\) leading to

P (fulls > A) €A77 logT7 (),
which concludes the proof recalling the definition of 6. U

5.3. The three-dimensional case. We recall that in Section 4 we have con-
structed a measure yy, stationary for the limit process uy, solving (E%).

Corollary 5.38. Let s = 1406 > % Then the measure jy constructed by

Proposition 5.4 on H® is invariant under the global flow (ID,EN) of (E%) acting
on H®.

Proof. This comes from the fact that almost surely uy (t) = ®(¢) using a weak-

strong uniqueness statement which proof is identical to that of Proposition 5.8.
O

We define jiy a measure on L?*(T?) defined for any Borelian set A by:

fin = pun(P<yA).

We remark that fiy is invariant under CIDEN) and satisfies the same estimates as

. In the following we will write py for finy. Our next result follows from the
uniform estimates of Proposition 5.4 and allow to extract a limiting measure p
from the (un)n=0. More precisely we have the following.

Lemma 5.39. Let (un)nso be the above sequence of invariant measures
for (E3;) at reqularity s =1+ 6. Then up to extraction, puy weakly converges
to a measure ji on any H'7, ¢ < 6. We also have:

(i) Eu[”“”?{us] < Bo.
(i) E, [eyHuHi?} < 00 for some v > 0.

Proof. By Proposition 5.4 we have
E#N [HU’H%IH"S} < 07

uniformly in N. Let ¢ < §. Since the embedding H'*¢ — H'*? is compact, it
is the Prokhorov theorem which ensures that, up to extraction, we may assume
that (un)nso weakly converges to a measure p on all H'T.
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Finally, (7) and (i7) follow from the same monotone convergence argument
that we used in the proof of Proposition 5.3. O

Before we proceed to the proof of Theorem 5.2 and Theorem 5.11, we state
and prove two approximations lemmata. In this section we will write Bys(R)
the ball B(0, R) in the space H*.

Lemma 5.40 (Approximation). Let s > I, T > 0 and K > 0. Let ug € H*(T?)
such that ||ug||gs < K. Let s’ < s—1 and and such that there exists Ny satisfying
NV > 16K (1 + KT)e"T2%"
where ¢ is the constant appearing in Lemma 5.35; and for which ||un, ()]
holds for allt <T. Then:
(i) There exists a solution u € C([0,T], H* (T®)) to (E%).

(ii) For all N > Ny we have ||uy — u||L%oHs, e 0.

e <K

(iii) The solution u satisfies Hu||L%oH5/ < 2K.

Proof. Let 7 = 5% be a uniform local well-posedness time given by Lemma 5.35

associated to initial data with H® norm lesser than 2K . In the proof we write
§=s—1—candn=|L]=2EL

T

The proof consists in two steps: first we prove (i) on the time-interval [0, 7]
and then we iterate the argument.

Step 1. Short time quantitative estimates. On [0, 7], both v and all the uy
are defined and enjoy the bound
[l poe gror s Nunvll poe o < 4K

We set wy = u — uy and observe that wy satisfies wy(0) = P~ yug and the
equation

8th =P (B(U)N,UJN) — B(UN,’UJN) — B(UJN, UN)) — P>NB<UN, uN) .

We use standard energy estimates on (V)*wy (which makes use of the bilinear
cancellation) to obtain

d
—lon®llge < (@l g + lunll o) Tox @l + N a7
dt

< 8K ||wn ()| o + 16N K2,

where in the last line we used the a priori estimates on u and uy. Since
lwn(0)] 7o < 2N K, the Gronwall lemma implies the bound

Jwow (8)]l e < C(NT2K + N K?)e

where C' > 0 is a universal constant. Letting N — oo implies (i) on [0, 7] and
thus (7).




5. PROOF OF THE MAIN RESULTS 225

Step 2. Iteration of the local estimate. We explain how we can iterate on the
time interval [7, 27|, the statement will then follow from an induction argument.
The analysis on [0, 7] implies that

[[u(7)]

by definition of Ny. Thus we can solve the equation satisfied by u in H* on
the time interval |7, 27] by definition of 7.

ps <K 4 [Jung (1) — (7))

HS/ < 2K,

Moreover for N > Ny we have the analysis on [0, 7] gives the more precise
estimate:

lun(T) —u(7)|| g <2x27"K,

thus we can repeat the argument with the same estimates (requiring the use of
the uniform estimate ||un,||gs < K) leading to the bound:

[un(t) = u(t)]

for any t € [r,27]. Furthermore, letting N > N, proves (i) on [r,27]. Then,
we observe that we have the bound

[w(27)|[ g < K+ [lung (27) — u(27))]

w2 un (1) = u(7)l e,

e < 2K,

which allow for iteration on [27,37] and so on. After an induction argument we
obtain the required bounds and also the fact that ||u — ung ||« pe < K, which
proves (7). O

A useful consequence of this lemma is the following.

Corollary 5.41 (Approximation variant). Let s > % and R > 0. Let T be
defined Lemma 5.35 which works for any ug € Bys(R). Then we have, for all
s<s—1:

5.27 sup U—UN|joyss — 0.
(5.27) N L et

Another direct consequence is the global well-posedness in the space H®.

Corollary 5.42 (Propagation of regularity). For ug such as in Lemma 5.40,
the solution u constructed in H® lies in C°([0, T, H*(T®)), thus u(t) = ®(uo).

Proof. We already know that v € C°([0,T], H*') and that ug gives rise to a
local solution uw € C°([0,7*), H®). In order to prove that T* > T, from the
proof of Lemma 5.35 we see that it is sufficient to prove that

T
| IVu®)lp~ dt < 0o
0

which follows from the Sobolev embedding (recall that s’ > 2) and the fact
that for ¢ € [0, 7] there holds [Ju(t)|| 5+ < K. O
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The proof of Theorem 5.11 uses the following interpolation estimate, which
proof is identical to that of Lemma 5.37.

Lemma 5.43. Let s' € (0,1+9), then:

P (||luy]|| e > A) S A5 log" @ (N),

with B(s') = %’65/ and where the implicit constant depends only on the con-

stants Ci,Cy and s’ but not N.

Proof of Theorem 5.2 and Theorem 5.11. We focus on constructing a global
dynamics for (E?) with p-almost sure growth estimates.

/

Global theory. Let s' < s — 1 as in Theorem 5.11, and a = a(s') = ;.
As in the proof of Theorem 5.9 we use a Borel-Cantelli argument to reduce
the proof to the following fact: for any given 7',e > 0 there exists a set G
such that u(H* \ Gr.) < € and for any uy € Gr., the associate local solution

to (E?) exists on [0, T] satisfies the growth estimates
(5.28) lu(t)| g < 20T,
Let us denote by G. the set of initial data such that inequality (5.28) holds,

and where we define C' = e~ =.

Let 7 be a uniform local well-posedness time, associated to initial data of
size lesser than < CT® =: 2\. We define K := CT* and let N, associated to
such K and N for which for any N > N, there holds

[un(t) = uno (D) e < CT,

Ny we define the sets
L£] B
Gy = (@) (By),
n=0

whre B, is the closed ball of H* centered at 0 of radius \. Let ug € G. Then,
by the definition of 7 and Gy we see that there exists a solution uy to (E%/)
on [0, 7] obeying the bound ||uy(t)]| 5+ < 2A. Then Lemma 5.40 with K = A
and N > N, gives rise to a solution u to (E?) on [0,T] obeying the bound
llu(®)|lys < 4A. It follows that G C G for any N > Nj.

Since ¢; is act continuously on H® we see that GG is a closed set, hence by
the Portmanteau theorem we deduce:

p(H*\ G) < liminf uy (H\ G)

1Z)
S (N)y—1 s\ R
<liminf py | (J (937) 7 (H*\ Br=(V))

n=0
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Using the invariance of puy under @gN) and the uniform estimates for the
measures py of Proposition 5.4 we have:

pW(H\ G) <Tr '\ 7.

Recalling that 7 ~ cA~! and A = CT*®), we see that the choice of C' gives
wG)=>1—e.

Moreover we remark that the solutions being constructed on C°([0, 7], H*')
are in fact in C°([0, T, H®) since s’ > 2 and Lemma 5.42.

Invariance of the measure. We follow the proof in [Sy19a], Theorem 7.1.
Let A C H® be a Borelian subset. We want to prove that pu(A) = u(¢:A) for
any t > 0. Since pu is a regular measure, it follows from Ulam’s theorem (see
Theorem 7.1.4. in [Dud02]) that p is inner regular. More precisely, for any
Borelian A C H?® we have

p(A) =sup{u(F), F C A closed}.

A standard procedure reduces the proof to the verification of the invariance on
compact sets. Up to a limiting argument, it is then sufficient to prove that, for
any compactly supported Lipschitz function f : ﬂ H*(T?) — R there holds

(5.29) Eu[(@:)"f] = EL[f].

We fix such a function f. Since the support of this function is compact, it is in
particular bounded by a constant R, that is for any v € supp(f), |[v| gz < R
for all s’ < s. Since p almost-surely we have v € H®, taking the limit s’ — s
implies that f has support contained in Bys(R). We also fix 7 a uniform local
well-posedness time for (E3;) in H® associated to size R. Up to iterating the
invariance results it is sufficient to can prove the invariance only for times
te0,7].

Since by weak convergence and py-invariance we have:

B (@) f] = By [f] — Eulf],

N—oo

and since
B,y [(P0)" f] @Eu[(@t)*f];

the proof of (5.29) boils down to the proof of

(5.30) B,y [0 F — @ f]| — 0.
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Using that f is Lipschitz and Lemma 5.41 we have

‘Euw {<I>§N)f - (I)tfH S osup ||(I)§N)U0 — Qg =pin (Br)
up€Bgs(R)
< swp fux(t) — ult)
quBHS(R)
— 0,
N—o0

which is (5.30).

Part (iii) of Theorem 5.5. Assume that a := u({0}) < 1. By Theorem 5.11
we now that 0 is the only possible atom for p. Let fi := pu — ady, and since Jy is
invariant for (E), so is i with no atom at zero. d

6. Properties of the measures

The goal of this section is to prove Theorem 5.4 and Theorem 5.6.

6.1. The two-dimensional case. Note that thanks to the Portmanteau
theorem and the interior regularity of the Lebesgue measure, it is sufficient
to prove the following proposition for the measures p,. The proof of (i) of
Theorem 5.4 is postponed to the end of the section.

Proposition 5.9. The measures (f1,),~0 satisfy the following properties.

(i) There exists a constant C > 0 independent of v such that for all e > 0
there hods:

2(149)

po ([[ullz < e) < Ces5 .

(ii) There ezists a continuous increasing function p : Ry — Ry and a
constant C' > 0 which does not depend on v such that for every Borel
set I' C Ry there holds

py (lull 2 € T) < p(|17) -

The proof will heavily rely on Proposition 5.13 whose proof is given in
Appendix A. The proof is taken from [KS15] with some minor modifications
designed to adapt to our case.

Proof of Proposition 5.9. We start with (7). First, we prove that

2(1+6)

(5.31) i ({u € L? 0<|lullg < 5}) Se s

We let u(t) = u,(t) be a stationary process for y, satisfying (HVE?). We
apply Proposition 5.13 to I’ = [a, 3] where o > 0 and g € C%(R) is a function
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such that g(z) = 2T for x > « and vanishes for x < 0. This results in

(1+0) > [onl*|unl’

el [ 1 ( <>> L4082~ [Vl e

[l
2 5 2(3+6)
* Jul 757 (24 0)?[Jull 2

2 e 15 2
5) S 1642E [na,m (HuHL : ) 7 u] 0.
nEZg

In particular this gives

(1+6) > [¢nllul

| [ 1 (557 ) | LEOB2 Il o
wo (12 ) 255 e
Jull 757 @+ 0|l ;
which gives
2(145)

o (157 y
(5:32) E|[ . e = 3 I | do

S

2
< (5 - o | e
Jul 2

Observe that by interpolation

Jul? 10
E|—2L2 | SE||lull 25
Jul|75°
and (58
0
By(1 + ||u||L2_ D 5 — lullz= .

n622

Plugging it into (5.32) provides:

8 2(146)
| [ S (W) 1l 0] 5 (5 - ) 55,

with constants independent of v. Then for any € > f one has

B 2(146) o
E l/ 1(a,00) (HUHL2+6 > ||UHL2+6 da] > e HE / Lo (HUHL2+§ ) da]

229

da

2 (P 245 245
= g_m/ P (a2(1+5) < HUHL2 < 52(1+5)> da.
0
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so that finally,
1 /8 246 248 2
i/ P (a2+25 < HUHL2 < 52+26> da S g2+
5 Jo

and then passing to the limit 5 — 0, one gets (5.31).

In order to complete the proof of (7) we need to prove that p, does not have
any atom at 0. We refer to [Shill] for details of this proof and also [[KS15] for
an alternative proof. Here the dependence on v is harmless, hence we drop the
subscripts. Let p; be the law of the random variable u;(t) = (u(t),e;)r2. We
will prove that p; has no atom at zero, for any j, thus proving the desired fact.
The It6 formula reads:

wi(0) = 0y (0) = [ hy(s)ds + V0 3 0,

neZg

where h;(s) = (ej, —B(u(s),u(s))+vLu(s))2. Now observe that an application
of Proposition 5.13 gives the existence of a random time A;(a) satisfying

(5:33) Mua) = us(0) — ol = [u5(0) o] = [ Voo (s())s(5) ds

VS [ L (05 ()

Taking the expectation and using invariance yields
E[A¢(a)] = —tE[1(a, 00)(u;(0))h;(0)].
Theorem 5.44 implies

2 [ B[Ada)] da = virby | "E [1r(uy())] ds = v/UtBoP((u, ;)12 € T).
Combining these two identities and remarking that
;O] S 131 (lullFpaes +1)
we see that h;(0) is of finite expectation thus
P({u,e;)2 € T) S v 2UD)E[ |y (0)]].

This finishes the proof that there is no atom at zero for the measure p,.
Combined with the first part this gives statement (7) for p,.

It remains to prove (77). Applying Proposition 5.13 to g(x) = x and taking
the expectation immediately gives

E |1e(ullf) 3 16allunl?| < [ E [Loo(lullfs) ull?2] da

nEZg
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and observe that using the bound for B, [||u||%.,.s] = Bi we infer the bound:
LB [Lano (a3 IV ul3] da 5 T,

For any N > 1, we introduce ¢y = min{|¢,|, |n| < N}. Then we have:

Z |¢n|2‘un‘2 > Q;?V Z |Un|2

nez? 0<inl<N
= oy (HUH%2 -2 |un|2)
[n|>N
> O (Ilulls = N2 ulffass) |
Let € > 0 and remark that if |jul|z2 > ¢ and ||ul| 7245 < €72 we have

D 1balPlunl® > 93 (? — N2

2
nezg

o
Let us choose N :== N(¢g) := (%) 22 to get

1 -
Y ol lun]? > §5¢?\I(e) =: fi(e),
2
nelg
where x(e) goes to 0 as ¢ — 0. Indeed N(g) — oo since (¢y,)nez2 is summable.
We introduce the set

Q. := {v € L2, such that ||[v||r2 < e or |[v]|g2rs > 2}.
Remark that we have
P(Q:) < P(lfullr2 <€) +P([V**ull 2 > e7V%) S e,
thanks to the Markov inequality and (7).
Then we decompose the set {||u|/z2 € ['} on Q. and Q¢ to obtain the estimate
P(lull: € T) =P {llullz2 € T} 0 Q) + P ({Jlull> € T} N Q)

SPQ:) +k(e) B | Ir | lullze D |¢nl*lunl®

neZ
<e+r(e)N).
Newt, we take ¢ := ¢(I") if £(I") # 0 so that
P(lullz2 € T) < p(|T']),

where p(r) = C (r + k(r)~'r). Extend p by p(0) = 0 and remark that if || = 0
then we have
P(||lul|z2€T) Se—0,
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which is coherent with the definition of p at zero. The proof will be complete
when we check that p defines indeed a continuous increasing function. It is
sufficient to prove that s defines a decreasing function, which can be seen
directly on the definition of x and can be made continuous up to some minor
modification. O

6.2. The three-dimensional case. In dimension 3, Theorem 5.6 will result
from the Portmanteau theorem, the weak convergence 1, y — pn and py —
and the following result.

Proposition 5.10. Letr > 0. The measures (fin . )v=o0n>0 Satisfy the following
property: there exists a continuous increasing function p, : Ry — Ry and a
constant C' > 0 which does not depend on v nor N such that for every Borel
set I' C Ry satisfying dist(I",0) > r, there holds

pv. ([[ullz2 € T) < pe(|T) -

Proof. The proof is very similar to the proof of Proposition 5.9 part (7). We
write u = u,, y a process satisfying (HVEE ) With stationary law 1, x. Applying
Proposition 5.13 to g(z) = x, taking the expectation and using the bound
Ep, v [ull3:4s] < C where C does not depend on v nor N (see Proposition 5.4),
it follows that:

E\1r(llulllz) > 1 lwl®| < 1T,
1<j<N
where again u;(t) = (u(t), e;)r2. We define
Q. := {v € L? such that ||[v]|r2 <& or |[v] giss > 2},

and observe that similarly to the proof of Proposition 5.9, for u € Q2 we have

Do luiP > k(e),

j=1
for some k(eg) which goes to 0 as e — 0.
Now, for ¢ < r we have {||lu ;> € T} N Q. C {||u| g1+5s > e /?} hence
P({Jlullz> € T} N 2) <P(|V*ull2 > e7/%) S e,

thanks to the Markov inequality and Proposition 5.4 which provides estimates
uniform in v and N. Then the proof procceds exactly as the proof of Proposi-
tion 5.9. U

Appendix A. Tools from stochastic analysis

This appendix gathers some details about [t6 formulas and local times for
martingales.
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Appendix A.1. About It6 formulas in infinite dimension. In this sec-
tion we explain how we have applied the It6 formula without mentioning the
hypotheses in the previous sections. The version of the 1t6 formula that we
use is due to Shirikyan [Shi02], see also [KS15], Chapter 7 for a textbook
presentation.

Definition 5.11. Let us consider a Gelfand triple (V*, H, V') and a probability
space (2, F,P). Let (F;); be the filtration associated to identically distributed
independent Brownian motions (3, (t))nez. Let (e,)nez be a Hilbertian basis
of H and ¢ : H — H a linear map. Let y(t) be a F; progressivly measurable
process which writes

t
y(t) = y(0) + [ w(s)ds+ X olea)Bult)
nez
We assume that v € CO(R,, H)NLZ (R, V), z is almost surely in L2 (R, V*)
and

> llb(en)ll < oo

nez
Such a process is called a standard Ito process.

Proposition 5.12 (It6 formula). Let y(t) be a standar It process as in Defi-
nition 5.11. Let F: H — R be twice differentiable and uniformly continuous
on bounded subsets. Assume also that:

(i) Let T > 0 and assume that there exists a continuous function Kp such
that for all w € V,v € V* there holds

|dF (u; )| < Kr([lullm) [ullv[vflv--

(i1) If w, — w in'V and v € V* then dF (wy;v) — dF (w;v).
Then there holds:

E[F(y(t)] = E[F(y(0))]

+/0t1[-z dF (y(s); z(s)) +; Y EF(y(t); ¢len), dlen)) | dt.

nez?
Proof. This is a combination of Theorem 7.7.5 and the proof of Corollary 7.7.6
in [KS15]. O

We are now able to explain the computations that we used previously:

e (Dimension 2). The It6é formula can be applied to the process u,(t) of
Section 3 as a Markovian system with Gelfand triplet (V*, H, V) :=
(H°,H', H**°). The functional F(u) = |[u|%, is such that dF(-;-)
is continuous on V* x V. We also compute d*F(u;v,v) = 2||v|[3,
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and taking into account that (B(u,u),u);: = 0; which is the key
cancellation in dimension 2, at the H' regularity, the It6 formula reads

E [lus ()] — B [Jut0) ] = » [ (B2 = 28 [Juntt) 3ecs])

e (Dimension 3). We apply the It6 formula to the process u, n (), as
a Markovian system with Gelfand triple defined by (V*, H,V) =
(H=0+9 12 H'%). The functional F(u) = ||u|?, satisfies all the
above hypotheses, hence with the fact that (By(u, n, uyn), tyn) = 0;
which is the key cancellation in dimension 3, only at the L? level, we
obtain:

E [Juy ()] — B [IPayuolfe] = v (BEY = 2 [[lu () |2s])

e (Other cases). Similarly we can apply the It6 formula to G(u) :=
Ml (resp. G(u) = 67”“”22) in dimension 2 (resp. dimension 3).
In dimension 2, we have dG(u;v) = 27y(u, v>H167H“H§‘11 and the second
derivative is

PG (u;0,0) = 2y ([[ol3 + 29w, v} )

so that all hypotheses of Proposition 5.12 are satisfied. Keeping in
mind that we have the cancellation (u, B(u,u))z = 0, the It6 formula
now reads:

E [e“’H“(t)H?‘{l] . ) [e'yHuOHiIl}

: (B
[ et (; ) s + 7 Y |n|2\¢n|2|un<t’>\2) dt’} ,

nezZ?

+ 2vvE

where wu,(t) = (u(t), e,) 2.

Appendix A.2. Local times for martingales. This appendix gathers some
preliminary material used in Section 6. We start with the main abstract result
on local times for martingales and explain how it applies to our purposes.

Theorem 5.44 (See [KS91] Theorem 7.1 in Chapter 3). Let y(t) be a standard
It6 process of the form

/ ds+z/ §)dfn(s),

neZ
where x(t), 0,,(t) are Fi-adapted processes such that there holds

/( H‘Z\@ )ds]<oof0ranyt>0.

neL

Then there exists a random field that we denote by Ay(a,w), fort >0, a € R,
w € Q such that the following properties hold.
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(i) (t,a,w) — Ai(a,w) is measurable and for any a € R the process
t — Ai(a,-) is Fi-adapted continuous and non-decreasing. For any
t > 0, and almost every w € Q the function a — A(a,w) is right-
continuous.

(ii) For any non-negative Borel function g : R — R and with probability 1
we have for any t > 0

(5.34) /Otg(y(s)) (Z ](9”(5)]2> as=2 [ A(aw)da.

nel

(iii) For any convex function f : R — R and with probability 1 holds
635)  f(0) = f60) +/%rfmgmwms+AAm%w%ﬂww
+ 3 / O f(y(5))0n(s) dBals)

nez?

and where O~ f stands for the subdifferential of f.

In order to be applied in our context, we make the following remarks:

e When (5.35) is applied to the convex function f : x — (z —a), we
obtain

(y(t) — a)s+ — (y(0) — a)+ —/ Lo (5(5))2(5) ds + A(a, )

+Z/hm 0,(5) dBa(s)

ne’l

Then, assuming that both y(s), 0, (s) and x(s) are stationary processes
we deduce:

(5.36) E [Ay(a,w)] = —tE [1j4.00) ((0))2(0)] .

e Let I' C R be a Borelian, apply (5.34) to ¢ = 1r and take the

expectation. It writes:
(£ mor)|
nez

Proposition 5.13. Let y, be a stationary measure for (HVE?) constructed in
Section 4. For any borel set T C R, and any function g € C*(R) whose second

(5.37) /]E [Ay(a)] da = *

Then we can prove the following result.
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derivative has at most polynomial growth at infinity we have

B
J Lo o(ullE=)) (g’<||u||%2> (5= 19" ulits) + g (ullz) 3 |¢n|2|un|2) da]

+ 2 6B, [Lr(g(llull72)) (o' (full72)lunl)?] = 0,

nez?

EMV

where u, = (u,ep) 2.

Proof. The proof of this proposition comes from the previous identities. Indeed,
let the functional F': H' — R defined by F(u) := g(||ul|32) so that
F'(u;0) = 29/ ([[u]|22) (u, v) 2
and
F"(uyv,0) = 29 (lullz2) [0l Z2 + 49" ([ullz2) (v, v)Zs -

With such a function g and the process f(t) == g(|lu(t)||%2), the Ito formula
now reads

638 fO =10 +v [ A6 s+ 208 X 6, [ g (ulfa)undBts).

where after integration by parts,

e (g'<““”i2> (Bo = 2Muluss) + 49" (ulf) 3 |¢n|2ui) |

nez?

Remark that for each n € Z?, the process t — ¢'(||u(t)]|z2)(u(t), e,)re is
stationnary. Indeed, u(t) is an H' stationary process and the map G : u
g (J|ull32)(u, €,) 2 is continuous from H' to C, thus Borelian.

Then by Theorem 5.44, and more precisely, equation (5.37) we have
[ EA (@] da =201 3 [6,2E [1(7) (o lull2e) e ]

nez?

and (5.36) yields

E[Ai(a)] = —vEE[1(a0,00)(f(0)) A(0)],
which concludes the proof. Il

Appendix A.3. Questions of measurability. Finally, we give an easy
result, which is used through the text, sometimes without mentioning it.

Lemma 5.45 (Measurability). Let s; > sy > 0. Then any Borelian subset
of H*' (with respect to the H®' topology) is a Borelian subset of H® (with
respect to the H*> topology). Consequently, the map F : H*> — R defined by
F(u) = ||u||gs1 s Borelian.




APPENDIX A. TOOLS FROM STOCHASTIC ANALYSIS 237

Proof. Tt is sufficient to prove that the closed ball B := {||u||gs < R} is a
Borelian subset of H*2. Then we can write:
BR = ﬂ {U - HSz, ||P<NU,||H31 < R} .
N>1
It remains to explain why the set {u € H*?, |P<yu| g1 < R} is a Borelian
subset of H*2. This comes from the fact that the map P<y : H*? — H*' is
continuous. 0O
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Probabilistic Local Well-Posedness for the Schrodinger
Equation Posed for the Grushin Laplacian

In collaboration with Louise Gassot

ABSTRACT. We study the local well-posedness of the nonlinear Schrédinger
equation associated to the Grushin operator with random initial data. To
the best of our knowledge, no well-posedness result is known in the Sobolev
spaces H* when k < % In this article, we prove that there exists a large
family of initial data such that, with respect to a suitable randomization in
HF ke (1, %], almost-sure local well-posedness holds. The proof relies on
bilinear and trilinear estimates.

1. Introduction

1.1. The Schrodinger equation on the Heisenberg group and the
Grushin equation. We consider the Grushin-Schrédinger equation

(NLS-G) 10 — Agu = |ul*u,

where (t,2,y) € R x R? and Ag = Oy, + 220y, The natural associated Sobolev
spaces in this case are the Grushin Sobolev spaces HE on R?, defined by
replacing powers of the usual operator /—A by powers of /—Ag.

This equation is a simplification of the semilinear Schrodinger equation on
the Heisenberg group in the radial case

(NLS-H*') 10 — Appu = |ul?u,

where (t,z,y,s) € R x H'. In the radial case, the solution u only depends on
t,|z+iy| and s and the sub-Laplacian is written Agi = 1 (050 +0y,) + (2 +4?) Oss.
Our simplification of this equation consists in removing one of the two variables
x,y since they play the same role, leading to (NLS-G).

When k > ke where ke = 2 (resp. ke = 2 for (NLS-G)), one can use
the algebra property of the spaces H*(H!) (resp. Hf)) and solve the Cauchy
problem associated to (NLS-H') (resp. (NLS-G)) locally in time, see Appen-
dix Appendix B for details. However, the conservation of energy only controls
the H* norm when k = 1, and since no conservation law is known for k& > 1, we
have no information about global existence of maximal solutions in the range
of Sobolev exponents k > k¢.

239
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For Sobolev exponents below the critical exponent k¢, existence and unique-
ness of general weak solutions is an open problem. To go further, the Schrodinger
equation on the Heisenberg group displays a total lack of dispersion [BGX00],
implying that the flow map for (NLS-H') (resp. (NLS-G)) cannot be smooth
in the Sobolev spaces H* when k < kc. We refer to the introduction of [GG10]
and Remark 2.12 in [BGT04] for details.

1.2. Main results. In this subsection we will only introduce the needed nota-
tions to state our main result, we refer to Section 2 for precise definitions.

Fix uy in some Sobolev space HE for k > 0. Then u decomposes as a
sum

(6.1) Uy = Z ULm

(I,m)€22xN
where the uy,, will be defined by (6.8).

Let (€2, A,P) be a probability space. We consider a sequence (X7,m)(r,m)e2zxn
of independent and identically distributed Gaussian random variables and define
the measure ji,, as the image measure of P under the randomization map

(6.2) weQruy = > Xin(wurm.
(I,m)€22xN

For k > 0 and p > 0, we introduce the subspace X[f“ of Hé; in which we will

prove almost-sure local well-posedness. Denoting (x) = v/1 + x2, the space X pk
corresponds to the norm

(6.3) luolldg = 30 (1 @m+ DDF ) fluralls,

(I,m)€2%xN

The powers (1 + (2m + 1)I)" refer to the Sobolev regularity: for instance, when
p =0, then [luol[xs ~ [[uoll . However, the powers (I)* only corresponds to
partial regularity with respect to the last variable, see the precise definition of
decomposition (6.1) in Section 2 and Remark 6.11 for details.

Our main result is the following.

Theorem 1 (Local Cauchy Theory for (NLS-G)). Let k € (1,3] and uy €
Xl c HE.
(i) For any { € (%, k + %), for almost-every w € Q, there exists T' > 0 and
a unique local solution with initial data ug to (NLS-G) in the space

e"Soug +C([0,T), Hg) € C°((0,T), HE).

More precisely, there exists ¢ > 0 such that for all R > 1, outside a
set of probability at most e=%", one can choose T > (R‘|U0HX1'€)_2~
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(ii) (Non-smoothing under randomization) If ug € HE \ (Usso HET®), then

supp(p,) C HE\ (U HE™) .

e>0

(iii) (Density of measures with rough potentials) Let € > 0, then there exists
v € XF\ (Uorag HE™) such that

supp(o,) N By (w0, €) # D .

Remark 6.1 (Consequences of (¢)). Forevery k > 142¢ > land ug € Xl 0,14,
the continuous embedding XF,,..,_, = X! "> implies that for almost-every

w € €2, the initial data u§ gives rise to a unique local solution

) 34
u e eteud + ([0, T), HE ),

where we check that £ =3 + ¢ € (3,1 + 2+ ).
Therefore, in the case k = %, we observe that the limiting almost-sure well-

3
posedness space is (N, X7 e We recall that for k = %—I—é, local well-posedness
2
3 3
is known to hold in Hé+a = X2 Tt is interesting to note that our approach
looses an exponent p = %, since we do not recover the same limit space in the

limit & — 3.

Remark 6.2 (Decomposition of the solution). In (7), we claim that it is possible
to construct local solutions to (NLS-G) in the space C([0,7T'), HE) for small val-
ues of k. However, uniqueness holds only on a smaller subset, as a consequence
of an a priori decomposition of the solution as sum of the solution to the linear
equation (LS-G) with initial data u§ and a smoother part. This decomposition
can be interpreted as a more nonlinear decomposition of the solution than
seeking v € HE, as we seek for u in an affine space e'®¢u¥ + Hf instead of a
vector space. Such a decomposition is the simplest nonlinear decomposition,
akin to [BT08a], and is a key feature in most random data well-posedness
works. More recently, even more nonlinear decompositions for the solutions
to some dispersive equations have been exhibited in [OTW20, DNT19] (see
also [GIP15, Hail3, Hail4] in the context of stochastic equations).

Remark 6.3 (Regularity and density of the measures). Parts (i¢) and (i) give
regularity properties of the measures p,,. In fact, (i7) ensures that the measure
y, does not charge solutions which are more regular than ug. Actually, the
measure [i,, charges solutions that have regularity Wgﬂ/ 44 on LP based Sobolev
spaces, but no better regularity bound is expected to hold (see Proposition 6.3
and Remark 6.23), so this estimate alone is not enough to establish Theorem 1.
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Statement (7i7) goes even further since we prove that

U { supp(pi, ) | vo € X1\ (U Hgﬁ)}

e>0

is dense in Hf. This result is related to the support density in the Euclidean
case. Indeed, for the nonlinear Schrodinger equation on the torus, probabilistic
local well-posedness holds with respect to measures which are dense in Sobolev
spaces, see for instance Appendix B of [BT08a] and [BT14].

Remark 6.4 (Admissible initial data). When ug only has a finite number of
modes m, the assumption uy € XF is equivalent to the condition ug € Hé“,

but since k + 1 > k¢ = %, the result is void. For this reason, our result does

not extend to the nonlinear half-wave equation dyu + +/—Au = |u|*u, which
also admits a similar decomposition to (6.1) but only with a finite number of
modes m. However, we will see in Remark 6.11 that the condition uy € X}
still allows a general set of low regularity initial data in our context.

Remark 6.5 (Defocusing case). One can replace equation (NLS-G) by its de-
focusing variant and get the exact same local well-posedness theory. Indeed,
we only address local well-posedness, which mainly depends on the order of
magnitude of the nonlinearity and not its sign.

Remark 6.6 (Randomization). The measures p,, are defined in (6.2) with
Gaussian random variables. However, most of the results in this article are
stated for more general subgaussian random variables (see Definition 6.2),
except when using the Wiener chaos estimates from Corollary 6.20, which is
stated only for Gaussian random variables.

Note that the randomization along on a unit scale in the variable m is quite
classical, as this is the variable along which we establish our bilinear estimates.
However, the variable I plays a different role which allows us to only take
a randomization on a dyadic scale. One could compare this choice with the
construction of adapted dilated cubes in [BOP15b].

1.3. Further work. We expect that for the Schrédinger equation (NLS-H') on
the Heisenberg group, the local well-posedness theory for the randomized Cauchy
problem holds with a same gain of almost % derivative compared to the critical
exponent ko = 2. More precisely, for ug € H*(H'), k € (3,2], there holds a
decomposition similar to (6.1). Assuming that uy belongs to a space similar
to (6.3), we conjecture that there exists a unique local solution with random
initial data u% in the space e®utu& + CO([0,T), HY(H')) C C°([0,T), H*(H"))
with ¢ € (2,k + %) This will be the object of a subsequent work. In the non
radial case, we would have to tackle the additional terms in the expression of
the sub-Laplacian on the Heisenberg group £ = At + (y0, — ©0,)0;.
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1.4. Deterministic and probabilistic Cauchy theory for (NLS-H'). As
mentioned at the beginning of this introduction, the nonlinear Schrodinger
equation on the Heisenberg group lacks dispersion, therefore the dispersive
paradigm cannot be applied for lowering the critical well-posedness exponent
below ke = 2 (resp. ke = 3 for (NLS-G)) given by the Sobolev embedding.
More precisely, the lack of dispersion precludes the usual way in which Strichartz
estimates are proven, that is a combination of a dispersive estimate and a
duality TT* argument. The result in [BGX00] goes even further, as the non
smoothness of the flow map for (NLS-H') in H* for k < ko makes it impossible
to implement a fixed point argument.

The lack of dispersion and the lack of Strichartz estimates for the Schrodinger
equation on the Heisenberg group have been recently investigated in [BG20)]
and [BBG19]. In these works, the authors prove that there exist anisotropic
Strichartz estimates [BBG19], local in space versions of the dispersive estimates
(Theorem 1 in [BG20]) and local version of Strichartz estimates (Theorem 3
in [BG20]). These results follow the general strategy of Fourier restriction
methods for proving Strichartz estimates, dating back to Strichartz [Str77],
and use the Fourier analysis on the Heisenberg group [BCD18, BCD19]. We
also refer to [Mi1l90] for restriction theorems on the Heisenberg group.

Probabilistic methods have proven to be very useful to break the scaling
barrier in the context of dispersive equations. Such a study has been pioneered
in [Bou94]: the purpose is to construct global solutions for nonlinear Schrédinger
equations posed on the torus, using invariant measures and a probabilistic local
Cauchy theory. In [BT08a, BT08b], the authors extend these results to other
dispersive equations, opening the way to a very active area of research and
leading to an immense body of results.

Invariant measure methods mostly reduce their scope to compact spaces, the
setting of the torus being used on many works. For non-compact spaces, the
probabilistic method of [BT08a] remains largely adaptable through the use of
Gaussian random initial data. We refer for example to [BOP15b, BOP15a]
where probabilistic local well-posedness is obtained for the nonlinear Schrodinger
equations on R? and to [OP16, Pocl7] for similar results with the wave
equation.

Several works go beyond the Euclidean Laplacian. For instance, in [BTT13]
the authors replace the standard Laplacian —A with a harmonic oscillator —A +
22 and study the local Cauchy theory for the associated nonlinear Schrodinger
equation. Our work is partly inspired from this work, and also subsequent
works [Den12, BT20, Lat20a]. Indeed, in our case, rescaled harmonic oscillators
parameterized by one of the variables appear when one considers a partial
Fourier transform of the equation.
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We point out that although no progress had been obtained in the direction
of local well-posedness up to now, traveling waves and their stability have been
studied in [Gas21, Gas20].

1.5. Outline of the proof and main arguments. In this section, we briefly
review the main ideas leading to the proof of Theorem 1.

1.5.1. General strateqy for almost-sure local well-posedness. We follow the
probabilistic approach to the local well-posedness problem from [BT08a] in
order to study (NLS-G). We fix ug € Hf,, where 0 < k < k¢ = %, and consider
the randomization ug defined in (6.2). We seek for solutions to (NLS-G) under
the form

u(t) = el + v(t)

3
where v(t) belongs to some space HéJrE, e > 0, on which a deterministic local
well-posedness theory is known to hold. Plugging this ansatz in the Duhamel
representation of (NLS-G) leads to

. t , " "
u(t) = e"teyy — / elt=t)Ara (|e” ey ()P Aeuy + v(t’))) dt’,
0

. 3
so that with the notation 2(t) = e*2cu¥, we expect that v(t) = ®v(t) € HC2,+E,

where
Du(t) = —i /0 " it-)a (I2(t) + o) P(() + v(t)) dF’.

In view of the lack of Strichartz estimates, the best known bounds on ®v are
the trivial estimates (we take ¢ < T and forget time estimates, as we only give
heuristic arguments)
w\3
0] g S 100+ 20
3 w\3 . w, 2 w2
S e G goe + 1200 g+ 1P
3
The term v? is handled using the algebra property of the space Hé+s, since
v has high regularity. The terms involving z¥ are mode difficult because

3
¥ € HE\ H§+5 only has H* regularity since the randomization does not
gain derivatives, as stated in Theorem 1 (7)) and proven in Section 3. A first
approach would be to estimate
2 2
22 ey S 12200 gell2¥llig,

3 3+
I g0 ~ (=) wh

NI

thus it is important to study the effect of the randomization on wug in terms
of regularity in L” based Sobolev spaces. As proven in Proposition 6.3, linear
estimates in ng spaces gain up to i derivatives. However, the linear estimates
alone are not sufficient to gain the % derivatives in regularity and therefore deal
with low values of k in Theorem 1.
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In order to improve our estimates, we establish bilinear estimates: we prove
that given the random solutions z* with initial data in HE to the linear
Schrodinger equation

(LS-G) 10z —Agz=0,

1
then almost-surely we have (2%)? € HZJr2 . In this article, we prove the following
bilinear and trilinear estimates in the spaces X f, which could be of independent
interest.

Theorem 2 (Bilinear and trilinear estimates for random solutions). Let k €
(1,3] and ug € X C HE (see (6.3)). Let uf as in (6.2), and let us denote by
2@ = ethay® € COR, HE) the solution to (LS-G) associated to us. Then there
exists ¢ > 0 such that the following statements hold. Fiz q € [2,00). ForT >0,
denote LY. := L(]0,T7).

(i) For all R > 1 and T > 0, outside a set of probability at most e~

one has
1
(6.4) 00 e Iy e < RETH ol
1
(6.5) 22 et < ETH ol

(it) We further require that ug € X{ero for some g9 > 0. Let { < k + %
For all R > 1 and T > 0, there exists a set Erp of probability at least
1—e~® such that the following holds. Fizw € Egrp andv,w € L HY,
then

1
(6.6) ||Zwvw||LqTHé < RT« HUOHXﬁgoHUHL;OHgHwHL%OHg :

Note that v and w may depend on w.

Remark 6.7. The time variable does not play an important role. Indeed, in the
course of the proof, we establish deterministic pointwise estimates in the time
variable, and the L% norm instead of L3 only appears in order to apply the
Khinchine inequality and Wiener chaos estimates from part 2.4. In comparison,
bilinear smoothing estimates for the nonlinear Schrodinger equation on R?
crucially exploit the time variable, as the smoothing occurs in time averages.

The heuristic explained above for proving Theorem 1 by using Theorem 2 is
implemented rigorously in Section 8.

1.5.2. Mltilinear random estimates. The bulk of this paper aims at establishing
Theorem 2, thus we briefly outline the main aspects of the proof.

First, because of the random nature of the 2, we use random decoupling in
order to reduce the estimates to “building block estimates”, that is estimating
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products ||uavbwc||H% +. for ug,, v, and w, obtained by restricting the Sobolev

G
frequencies of u, v and w around the values a, b and c¢. This reduction is a
consequence of Corollary 6.20.

In the Euclidean setting, the Bernstein estimates and the Littlewood-Paley de-
composition would justify the heuristics V(u vpw.) >~ V(ug)vpw, + 1a V (0p)we +
uqUpV (w,) and thus reduce the analysis of Huavbwc|\Hg+€ to that of |luqvpwel| 2, -

G
In our case, this results still holds, but rigorous justification is more intricate
and is the content of Section 4.

The purpose of Section 5 is to prove “building-block” estimates of the

form
S
U 2 ||Upl| 12 -
max{a, b}% “ite e
To give the main idea of the proof, it is instructing to see that in partial Fourier
transform along the last variable, we can think of u, and v, as

Fym(wa)(@,n) = f()h(|n] ) and Fyo(05) (@, m) = g(n)hn(|nl2a)

where h,,, h, are Hermite functions. Thus we can see that estimating wuqup
involves estimating convolution products of rescaled Hermite functions. The key
fact is now that Hermite functions, due to their localization and normalization,
enjoy bilinear estimates that are better than trivial Holder bounds, see [BTT13],
relying on pointwise estimates from [KT05], see also [KTZ07].

luquellzz, <

1.5.3. Bilinear random-deterministic estimates. It turns out to be more difficult
to prove a multilinear estimate on probabilistic-detemrinistic products such
as u”vw, where v and w are deterministic, which is the content of (6.6). In
this case, one should pay attention that the required set of w constructed in
Theorem 2 (i) does not depend on v and w. This precludes a direct use of
decoupling offered by Corollary 6.20 as exploited in the proof of Theorem B (7).
To understand the difference between the treatment of |2*|22% and z“vw, remark
that for example in (6.27) the set of w which is removed depends on the z; ,,
that is on z, which is fixed in Theorem 2. In the case of 2*v? this would remove
a set of w depending on v and w.

In order to circumvent such a difficulty, the idea is to apply probabilistic
decoupling only on terms involving the random part z*. The implementation
of this strategy is carried out in Section 7 and relies on a preparatory step
introduced in Section 7.1 aiming at splitting the analysis of 2z¥vw into a
deterministic part K := K(v,w) and a probabilistic part J¥ := J(z*), which
are treated in Section 7.2 and Section 7.3.

Acknowledgments. The authors would like to warmly thank Hajer Bahouri,
Nicolas Burq, Isabelle Gallagher and Patrick Gérard for interesting discussions
during the course of this work. They also thank Nicolas Camps for an important
remark.
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2. Notation and preliminary estimates

The purpose of this section is twofold. First we introduce decomposition (6.1),
which is due to the structure of the Grushin operator. Then, we recall some
useful estimates, such as Sobolev embeddings, product laws, eigenfunction
estimates and probabilistic decoupling estimates.

We will use the notation f < g to denote that there exists C' > 0 such that
f<Cy

2.1. Decomposition along Hermite functions for the Grushin opera-
tor. In this subsection we give an explicit description of the Grushin operator
Ag = 02 + 220}, acting on L*(R?).

Let us consider the orthonormal basis of L*(R) given by the Hermite func-
tions (A, )mso. By definition, the Hermite functions are eigenfunctions of the
harmonic oscillator: for all m > 0, we have

(=02 + 2°)hy, = 2m + Dhyy, .

Taking the Fourier transform in gy, with Fourier variable 7, we observe that for
all n € R, we have

1 1
(=07 + 2" ) hm(In|Z2) = (2m + 1)nlhm(|n]22) .
Therefore, one can decompose the Fourier transform F,_,,(u)(-,n) of u € H
along the basis (fun, (|7]2+))ms0, 50 u becomes a sum
Fyon()@,1) = 3 fra(n)hm([n]22)
m=0

Moreover, this decomposition is invariant by the action of the Grushin operator
—Ag, so that we can explicitly write the Hf norm as

(6.7) Nulldy, = 10d=86) 832 = 3= [ (1+ @m+ 1))\ fn () inl~ .

m=0

Remark 6.8. The quantity (2m+ 1)|n| plays the role of “taking two” derivatives,
that is a similar role as the Fourier variable |¢|? in the context of the Euclidean
Sobolev spaces. Keep in mind that however this quantity mixes the Hermite
modes m with the partial Fourier variable 7.

Remark 6.9. In (6.7), the extra factor 5|2 should be understood as a nor-
malization factor. Indeed, the L2 norm of the function z — A, (|n|2z) is

_1
In|~%.

In order to deal with the Sobolev norms, we further decompose v according
to its regularity in the y variable as (6.1)

U = Z Ul m -

(I,m)e2ZxN
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The definition for the wu;,, is the following. Taking the Fourier transform
along the y variable, the support of F,_,,(ur,,)(z,n) satisfies the condition
In| € [I,2I] for some dyadic relative integer I € 2%:

(6.8) Fyosn(rm)(@,0) = Fur () (|11 72) Lpyjeqr.an) -

When using the bilinear estimates, it will be useful to regroup the global
frequencies 14 (2m+1)|n| in dyadic blocs 14 (2m+1)I € [A, 2A] where A € 2N
is a dyadic integer. For the shortness of notation, we will write (m + 1) ~ A
instead of 1 + (2m + 1)1 € [A, 2A]. Therefore, we denote

(6.9) Ug = Y Urm

(I,m)e22xN
(m+1)I~A

so that

u = ZUA.

Ae2N

It is useful to note that, writing (/) = v/1 + 12, we have 2ml+1 < 1+(2<r{1>+1)1'

Because of the orthogonality of the h,,, we have the following useful identities,
which we will refer to as using orthogonality.

Lemma 6.10. For all k € R, there holds

lullfe = D= Nurmllze = > lwalls -
(I,m)€e2ZxN Ae2N

Observe that on the support of u;,,, we have
1+ @2m+1)nlel+Cm+1)I,1+ (2m+ 1)21] C [A,44],
so that

k k
[wrmlls ~ (14 @m A+ D)2 [urmllzz, ~ A2 [Jurml 2, -

Using orthogonality, one also has: for any A € 2,
k
loaallms, ~ A% ual

Remark 6.11. With the above notation, one can interpret the norm (6.3) in X7

”UH%}C = Z (1+(2m—|—1)[)k <[>p”u1,mHiQG
(I,m)€e2ZxN
as
Jullyg ~ 3= [0+ (2t DDA+ bl o)l
m=0

In particular, every function u € HE with additional partial regularity of £in
the y variable belongs to X'}
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2.2. Hermite functions. Let us first recall some pointwise bounds for the
Hermite functions (A, )m=0. We denote by \,, = v/2m + 1 the square root of
the m-th eigenvalue for the harmonic oscﬂlator

Theorem 6.12 (Pointwise estimates for Hermite functions [KT05], Lemma 5.1).
For any m > 0 and x € R, there holds

st A el < A = A
|hm($)| N )‘;11/6 if ||x| - /\ml < /\;n1/3
S i Jal > A ALY

:f}m_%&.

Remark 6.13. In order to understand how bilinear estimates on h,,h, are
proven (see [BTT13]), one may roughly picture h,, to be concentrated on
[—v2m + 1,+/2m + 1], and work with models of the form

where

1 _1
B () ~ ﬁ@m + 1) 731 mmrr,vamrn (7))

as long as one does not take pointwise estimates, and as long as one does not
consider LP norms for p too big.

The pointwise estimates imply the following lemma on the L” norm of the
Hermite functions.

Lemma 6.14 (L” norms for Hermite functions [KT05], Corollary 3.2). For
any p = 2 there holds uniformly in m

1
e
where A\, = vV2m + 1 and
R EUEANAS
6.10 ={2

However, these LP norm estimates will not be sufficient for our purpose, and
we will rather make use of the following simplified pointwise estimates.

Corollary 6.15 (Rough pointwise estimates for Hermite functions). There
exists ¢ > 0 such that for any m > 0 and x € R,

A if o] < 2
_1
()] < (Ai,+yx2-AgJ) T A< e < 20
ems? if |z| = 2\,
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For a proof of Corollary 6.15 based on Theorem 6.12, see Appendix A.

2.3. Sobolev spaces. We will use on several occasions Sobolev embeddings
for the Grushin operator, which correspond to the Folland-Stein embedding for
the Sobolev spaces on the Heisenberg group [F'S74].

Theorem 6.16 (Folland-Stein embedding). Let p € [2,00).
(i) For k> 2, then H — L.

(ii) Forké%,if%}%—g,onehasHé%Lg.

Proposition 6.1. Let k > 0 and u,v € H. Then

(i) (Product rule) [luvll s, < llull g 0]l + [lull g [[0]] s, -

(i) (Algebra property) if k> &, uvll s S lull s ol
(iii) (Chain rule) if k > 2, for every p € N*, Pl g, S Nl -
G

More details about the proof of Proposition 6.1 can be found in Appen-
dix B.

2.4. Probabilistic preliminaries. Only basic probability notions will be
used in this article. Recall that we have fixed once and for all a probability
space (€2, A,P), and denote w € €.

Our main probabilistic tool is the Khinchine inequality for subgaussian
random variables, and a is a multilinear version for Gaussian random vari-
ables.

Definition 6.2 (Subgaussian random variables). We say that the family
of independent and identically distributed complex-valued random variables
(X1m)(1,m)e2zxn 1s subgaussian if there exists ¢ > 0 such that for all v > 0,

E |:6'YXI,mi| < 6672 .

Theorem 6.17 (Khinchine inequality / Kolmogorov-Paley-Zygmund [BT08a],
Lemma 3.1). Let Z be a countable set, and let (X, )nez be a sequence of indepen-
dent and identically distributed complex-valued subgaussian random variables
(centred and of variance 1). Then there exists C > 0 such that for every
complex-valued sequence (V,,)nezr € (*(Z) and all v € [2,00), one has:

S U,X,| <oV (Z I\Ifn\2>

nel nel

(NI

Lo

Corollary 6.18 (Probabilistic decoupling). Let Z be a countable set, and let
(Xn)ner be a sequence of independent and identically distributed complez-valued



2. NOTATION AND PRELIMINARY ESTIMATES 251

subgaussian random variables (centred and of variance 1). Then there exists
¢ > 0 such that the following holds.

Fiz a sequence (V,)ner of functions of the variable ¥ € R® in' LF,, p =
(p1,.--,pa) € [2,00)%. Fiz a countable set P and a partition of T denoted
(Zi)kep. Then there exists Ro(p) large enough such that for R > Ry(p), outside
a set of probability less that e B there holds:

2

D

keP

> VX (w)

nely

< R2 Z H\DnH%Z) .

P nel
Lw

Proof. First, from the triangle inequality, we have

2 2

D

keP

> WX (w)

n€ly

<X

Lﬁ; s keP

> WX (w)

nely

2r P
LQTLw

Now, by the Minkowski inequality and Theorem 6.17 we have for 2r >
max{pi,...,pa}, for all k € P,

> X,

nely,

n€ly

< OVr (Z \‘I’nl2> ,
Ly,

2r P
LQTLw

and applying the Minkowski inequality again,

3 0,X,

nely,

NG (z H%Hig) .

nely

Ly,
Thus by the Markov inequality, there exists C' > 0 such that
2 ovr\"
o
>R [ Walliy | < ( ) ;

PIY Y v,X,

keP |In€ly Lz} nezl R
and the conclusion follows by optimizing in r, which leads to the choice
R2

We have the following multilinear version for Gaussian variables.

Theorem 6.19 (Wiener Chaos estimates [OT18], Lemma 2.6 and [Sim74],
Lemma 1.18-1.22). Let T be a countable set, { > 1 an integer, and let ¥ : T — R.

1 .
We defined [[ull s = [l 7 .20
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Let (gn)ner be independent and identically distributed standard real-valued
Gaussian variables. Then there exists C'({) such that the following holds. Let

Fw = Z ‘Ijnl,...,nggif e ngu )

(n1,...,ng)€TE

and assume that F* € L%. Then one has that for any r > 2,
W L W
[E“ g, < COr2[[F¥]| 1z, -

We now state the main consequences of this theorem and of the Markov
inequality that we will use in this article.

Corollary 6.20 (Probabilistic decoupling). Let Z be a countable set. Let
X = gn + ih,, complex Gaussian random variables, where the {gn, hy tner are
independent and identically distributed real-valued centred Gaussian variables
of variance 1. There exists ¢ > 0 such that the following holds. Let p =
(p1y -+, pa) € [2,00)% and (Y )nmer and (Vo )nn arer be functions of
the variable ¢ € R? belonging to Ly, = Ly}, ... Ly’ Then for R > Ry(p) large
enough the following holds.

(i) Outside a set of probability at most e’

2 2
S U XX <RYY (Yl + R (Z ||\I/n,n\|Li>
n,n' €L LZJ n,n' €l v ne’l
2
Z \Ijn,n’Xan’ <R4 Z ‘|\I]n7n/|’ip :
n,n' €L Lfb n,n' €L ke

i1) We assume that V,, v pr = Wy for every n,n’,n” € I. Outside a
b I b b y
set of probability at most e~ch?
2
Z \Pn,n’,n”Xan’Xn”

n,n' n" €L

< R6 Z H\I’n,n’,n” ” %5}

P n,n' n" €L

P
2
+ R (Z ||\1/n7n,n,||%> .

neZ \n'€Z

(iii) We assume that ¥ = (Y_,1¥1), p = (p—,p+), and we relax the assump-

tion on p as p- = (p1,...,pa_) € [1,00)% and p. = (pa_+1,--.,pa) €

[2,00)%79=. Then outside a set of probability at most e’

1/2
2
<R (Z ||\Ifn,n/||Lt) + 3 1l
LP
P

Z \Ijn,n’Xan’

n,n' €L

+
n,n'€l nel v+ p_
Ll/),



2. NOTATION AND PRELIMINARY ESTIMATES 253

Proof. The proof follows from Theorem 6.19 by expansion, writing that W¥,, ,, =
by +icn s and using the independence of g,, from h,,. We fix r > max{p1,...,pa}-
(7) Applying the Minkowski inequality, Theorem 6.19 and the Markov in-

equality, we get that outside a set of probability at most e“F* there holds

Z \Ijn,n’Xan’ < R2

nn' €L

Z \I]n,n’Xan’

nn'€L

LY LY LG,
But for every z € R?, we expand
2

=E

2
LQ

2

Z ‘IIn,n’ (¢)Xan’

nn'€Z

Z \Iln,n’ (1/}) Xan’

n,n' €L

- Z E[Xan/leXné]\Pm,n’l (Q/})\Ijnz,né(w) .

/ /
ni,ng,ni,no€L

The crucial observation is then the following, E[ananl XnQXn/Q | = 0 unless
{n1,n5} = {n},na}. Indeed, since X := Xj,, is a complex gaussian, we have
0 = E[X] = E[X?], and the same holds for X. Therefore we are left with:

2

Z \I[n,n’ (,@Z))Xan’

n,n' €L

=C Y | () +C (Z |wn,n<w>|) :

1.2 n,n' €L nel
Q

Taking the norm LZ of the square root of this term and using the Minkowski
inequality lead to the first inequality. For the second inequality, the proof is
the same except for the remark that E[X,,, X, X,,, X,y ] = 0 unless {ny,n}} =

5
{nQa n/2}
(7)) Applying the Minkowski inequality, Theorem 6.19 and the Markov
inequality, we get that outside a set of probability at most e~°f there holds

Z \Ijnm/m//Xan/Xn,, < R3

nn/ n"" €T

Z \Pn,n’,n”Xan’Xn”

nn/ n"" €T

P P2
Ly, Lhr3

We first fix + € R? and estimate Hznm,,nug Wyt (V) X Xy X
panding

2 by ex-

2

- Z E[Xan’an’l’anXnéXn’Q’]\I}m,n’l,n’{(w)anz,ng,ng (@D) .

U " ! 1
ny,ny,ny na,nHny €l
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Since X := X, is a complex gaussian, we have 0 = E[X] = E[X?] = E[X?],
and the same holds for X. Therefore, if

E[anX’ﬂlan/anzXnéXng] 7& 0,
then one can see by double inclusion that
{nlv n/h n/Q,} = {nlllv na, n,Q} .

More precisely, using that E[X2X] = 0, we even have that the indices ny, n/, nj,
are in bijection with the indices nf, ng,n},. This implies that up to permutation
of the pairs of indices playing the same role, namely the pair of indices n; and
n) and the pair of indices ny and nl,, we are in one of the following two cases:

— ! !/ n __ ".
e ny =nf, njy =n) and ny = nj.

Therefore, outside a set of probability at most e‘CRz, there holds

Z \Ijn,n’,n”Xan/Xn”

nn' n"e€l

Lﬁ; n,n’ n"" €L

R (Z (= |\1v|)) T

2 1/2]|2
g R6 ( Z “Pn,n’,n” 2)
Ly

n'€Z \neZl

Ly
so that from the Minkowski inequality on the sum over n,n’,n” resp. n/,

2

Z \Ijn,n’,n”Xan’Xn”

n,n' n"" €l

<E Y Wl

pr nn' n'" €l

2

+ R

n'€l

Z |\Iln,n’,n|

nel

Y

P
Lw

and from the triangle inequality on the sum over n,

2

Z \Pn,n’,n”Xan’Xn”

nn/ n"" €T

< R6 Z H\Dn,n’,n” ” %Z)

Lﬁ) n,n' n" €L

2
LRSS (Z qun,n,,nu%> .

n'€Zl \neZl
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(7i7) Applying the Minkowski inequality, Theorem 6.19 and the Markow
inequality, we have that outside a set of probability at most e~°E* there holds

Z \Ijn,n’Xan/ < R2

nn' €L

Z \I]n,n’Xan’

nn' €l

LP

P12
P Lz,/;LQ

For ¢ € R?, we expand
2

=E Z \I}n,n’ (¢)Xan/

ng) nn' €L

Z an,n’ (77Z}) Xan’

n,n' €L

= Z E[X,, X,

/ /
ni,ng,ni,no€L

Xnané] \Pnl,n’l (1&)\1/”27”/2 (¢) :

/
1

Since X := X, is a complex gaussian, we have 0 = E[X] = E[X?], and the
same holds for X. Therefore, if E[ananl Xy Xny, ] # 0, then one can see that

either <n1 =n} and ny = n’2> or <n1 = ny and nj = n'2> Therefore, we have

Z \I]n,n’Xan’

n,n'€L

1/2
< R? ( > |\Ifn7n,|2) + |,
LP

n,n' €L nel
¥ Ly,

Moreover, applying the Minkowski inequality for the admissible exponents
P4 € [2,00)4% we obtain that outside a set of probability at most e=°%" there
holds

S U Xn X .0

nn/ €L

1/2
2
< R2 ( Z ||\Iln’n/||LZ)i> + Z ||\Ijn,nl|lf’
LP
P

+
n,n'€l nel v+ p

wa

3. Random data and linear random estimates

In this section, we study in detail how the multiplication of each mode by
independent normal distributions improves the integrability of the potential in
the LP spaces, without changing the Sobolev regularity.

Let us recall the construction of the random linear solutions associated to
some fixed initial data uo € X¥ C HE. From (6.3), the u,, defined by (6.8)
satisfy

luoly = 3 (U @m DDA g2
(I,m)€22xN

Given a family of Gaussian independent and identically distributed random
variables denoted (X7m)(7m)e2zxn, the probability measure fu,, is the push-
forward of P under the map (6.2)

W ug = Z X1 m(w)ugm -
(I,m)€2%xN



256 CHAPITRE 6. GRUSHIN-SCHRODINGER EQUATION

We denote 2#(t) = e*A¢u% the solution to the linear equation (LS-G) associated
to the initial data uf. In particular, we have

(6.11) F= Y Xim(W)zrm,

(I,m)€22xN

with 27, (t) = e*26ur,,.

3.1. Probabilistic integrability and smoothing estimates. In this part,
we prove that the randomized potential z* belongs to the space L1L7 for
every p,q € [2,00), and even to the space L% Wk+<(p ?.¢(p) < § being defined
in (6.10).

Proposition 6.3 (Integrability improvement) There exists ¢ > 0 such that the

following holds. Let k € R. Fiz uy € XC( SEREY denote ug its randomization

from (6.2), and write 2% = e*>cu¥. Let p,q € [2 o) and € > 0. Then outside
a set of probability at most e~°B* there holds
(6.12) 12911 g e < RT3 ||uoHXk :

3_3
p)+3-3

2
(6.13) S A2 e < BT gl 2

AcoN Cp)+5-

Blw

Notethatwehave((p)+%—§:2 Whenp 4and ((p)+2-2 = 8

5
D 2p 3 3p
when p > 4. The derivative gain is maxunal when ((p) is, that is when p =4

leading to a i gain of derivatives.

Remark 6.21 (Case p = o0). Smce X p =4 > 3 one can use the embedding

4
We P L% and obtain that oustlde a set of probability at most e’ , there
holds

1
szHLqTWé"X’ Se BT ||uo| d—cp)te >

cm+5-3
which is obtained by taking k = % —((p) + ¢ in (6.12). Observe that X! —
X;( )i(z) 5 when € + 5 —|— < 1, satisfied as soon as € < % by choosing p large

enough. Therefore, for e € [0, %), outside a set of probability at most e*CRz,
there holds

1
12% awg Se BT ||uollxz -

Similarly, one obtains that for € € (0, ) outside a set of probability at most
e~ there holds

2
(6.14) > A2ilTa e Se BT |luoll -

Ae2N
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The proof of Proposition 6.3 relies on the following deterministic esti-
madtes.

Lemma 6.22. With the notation form Proposition 6.3, let p,q € [2,00). Then
for all T > 0, writing L% = L([0,T)),

615) X+ @m DO ey S T ol

3_3 ’
(I,m)€2%xN Pt

P

Proof of Lemma 6.22. Let p € [2,00). We apply the Hausdorff-Young inequal-
ity in the y variable, so that if we denote p’ the conjugate exponent of p, we
obtain that for all ¢ € [0, T7,

ez, < 1m0 o Y (1 20) oo |
= ) Lol -
Moreover, using the Minkowski inequality, since p > p/, we have
leran@llzz, S o () b (10" 22) L reqran]l o -
Since 27, (0) = gy, this implies
lzrmOllzz, S Nurmll p pn -

Therefore, estimate (6.15) is a consequence of the inequality
(6.16) > (14 2m+ D)k leramllypr S o]l :
(I,m)e2%2xN Cp)+5-3%
which we will now establish.

Using the upper bounds in L? on the Hermite functions h,, from Lemma 6.14,
and the notation (6.10) for the exponent ((p), we have

1
||ul,m”Lg,’Lg = Hfm(n)hm(m’?x)l\nléIQI]HLP’L:D

< @m+1)-F

’fm M yeqrann®

/

Ly
< (2m+ 1)_71175||fm(77)77_11|77|€[172l]“Lf,, :

From Holder’s inequality in 7 (and because the interval [I,21] has length I),
we get

S LC S S W 1
lurmllzg, S @m+ 1)~ F 0525 | fo()n  Lyeran|lia

¢ 1 1 1,1
S+ @m+ D)D) ()T a1

which leads to (6.16) with ((p) +3 — 2 — 1+ 2 = ((p) +

NIV

B w
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Proof of Proposition 6.3. Let us first establish (6.12). We start with an appli-
cation of the probabilistic decoupling from Corollary 6.18: outside a set or
probability at most e~°f* we have

szHi%WéwLC(p)m 5 R2 %:1 Hzl,mui%wgv%(p),p .

Since for all £ € R and all &' € R, we have H(—AG)’C’/%Lm(t)“%g < (14 (2m+
1)I)k//2H21,m(t)H%g, we deduce that

2
1290 g gt S R (2(1 + (2m + 1)I)k+4(p)||21,m||i;Lg) :
Im

Inequality (6.12) is now a consequence of (6.15).

Similarly, fix € > 0. For (I,m) € 2% x N, we denote by A the dyadic integer
such that (m 4+ 1)I ~ A. Then from Corollary 6.18 applied to the partition
given by the {(I,m) € 22 x N| (2m +1)I ~ A} for A € 2V. Therefore, outside

a set or probability at most e~“®*, we have
> AT T yen S RE YD AN 2y [T e
Ae2N Im
SR (L4 2m+ DD P 2|2 10

Im

enabling us to conclude thanks to (6.15) again. O

3.2. Non-smoothing properties of the randomization. We now prove
Theorem 1 (77), stating that the randomization does not improve the Sobolev
regularity in the H”* spaces, in a similar spirit as in [BT08a].

Proposition 6.4 (Non-smoothing for random initial data). We assume that
X1, is not almost-surely equal to 0. Let ug € HE\ (Ueso HET) and let ug
defined by (6.2). Then, almost surely, we have u§ € HE\ (U.so HE'e).

Proof. Without loss of generality, we assume that £ = 0. First, let us remark
that E[ug] = 0. Then, since by orthogonality one has

2
lugllzz, = D2 [ Xrm(@)Pllurmllzs, .
(I,m)€2%xN

and since the Xy, have a finite variance, we conclude that
2
E [Jlufllzs] < luolizs, < oo

Let ¢ > 0, it remains to prove that almost surely we have uf§ ¢ H¢. In fact,
one only needs to show that

(6.17) E [e‘“ff”Hé] _0.
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In order to establish (6.17), we expand decomposition (6.2) using the inde-
pendence of the random variables X7 ,,:

711,“2 —|X 2u 2
E[e ” OHZ‘:| — H E|:6 ‘ I,m| || I,m|H8:| )

(I,m)€2ZxN

Since for all I, m, there holds HUIWH%{?; > (1+(2m+ 1)])E||u17m||%«é, we get

|l ]2 — X124+ 2m+A1) 1) ||ug m 2

E[e ||0H%} < 11 Ele | X1, |2 (@A) 1) fur, ”%1 '
(I,m)€2%xN

Then we have the following alternative.

First case: Assume that the terms (1 + (2m + 1)[)5||u17m||%é do not go to

zero as (I,m) — oo. Then there exists v > 0 and an infinite set S of indices
(I,m) € 2% x N satisfying (1 + (2m + 1)[)€Hu1’m|]%é > ~. This leads to the
bound

—||uw 26
(I,m)es

< H E {€*|X1,m|27i| =0,
(I,m)es

[ xf,m2(1+<2m+1>1>€|u1,m||i2]
e G

where in the last step we used that S is infinite, the fact that the Xy ,, are
identically distributed and the assumption P(X;,, = 0) < 1.

Second case: Assume that (1 + (2m + 1)])5||u17m||%é — 0as (I,m) — oco. In

this case, we fix R > 0 such that ég := P(|X;,,| > R) > 0, which is possible
thanks to the assumption P(X;,, = 0) < 1 on the X7 ,,. Moreover, 65 does not
depend on (I, m) since the X, are identically distributed.

For every I, m, we have

E le—|xf,m2<1+(2m+1>1>fuf,mu; RO EmAD D

G] < (1 —5R)+§R€

Since the sequence ((1 + (2m + 1)])5Hu17m]|%é)lm is convergent to zero as

(I,m) — oo, this sequence is bounded by some constant C' > 0. But on the
interval [0, R2C], there holds the inequality e=* < 1 — cgz for some cg > 0, so
that

—| X1 m P14+ CmAD e |us ml?
E [e La

S 1= 0rerRA 1+ (2m+ D)) [lurmllzz,

and the upper bound is positive. Moreover, since

> orer R (1 + (2m + DI |Jurml|Z2 2 Orert?||uol

Im

2 _
H, — OO
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we conclude that the infinite product with general term (1 — drcrR%(1 + (2m +
1)I)E‘|U1m“%é) is zero, so that

X7 2 @mA DD fur 2,

H E|e | =0.

(I,m)€22xN

In any case the above discussion proves (6.17). O

Remark 6.23. Note that using the fact that the decay rate for the L” norms of
hy, is optimal in Lemma 6.14 (see Lemma 5.1 in [KT05]) and the probabilistic
decoupling argument from Corollary 6.20, it seems highly unlikely that wug

belongs to W5P? for £ > 0 (see also [IRT16a]).

3.3. Density of the measure p,,. In this part, we establish Theorem 1 (7).
Before we turn to the density properties of the measures p,, associated to
rough potentials ug, we briefly justify that we can construct functions uy € XF
such that uy € HE\ (U.o HET).

Lemma 6.24 (Existence of rough potentials). Let k > 0 and p > 0. There
exists a function ug € X,f C HE such that for all e > 0, ug ¢ HE™.

Remark 6.25. In fact, this lemma implies that there exists uncountably many
such functions. Indeed, we can apply another randomization argument to the
potential ug from the lemma. Take v§ = >/ ye2zxn E1,m(W)Urm, Where 7,
are independent random signs, then the functions v§ almost-surely satisfy the
requirements.

Proof. Let k, p > 0. We consider uq := Z ur,m defined in Fourier variable
(I,m)€2ZxN
by ur., =0if I <1, and if I > 1, we take uz,, "constant" by parts

1 1
Fymtrm)(@.n) = sl oz 0] (Inl2) -

where for any (I,m) € 2% x N, we choose

1
2 _
uranllie, = (T @+ DI log(L+ 12(m + 1) log(m + 27

First, we observe that for ¢ € R,

2 | (1+ (2m + DI
lollie- ~ 2 o100 17 2, T & 1) log(m + 27

Ic2N meN

This series with positive general term is divergent when € > 0. For ¢ < 0, this

series is bounded by C' Y ;con m which is convergent.
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It remains to prove that ug € X f. In order to do so, we compute:

1
||U0||3cpk =

(myeatey 108(1 + 1)2(m + 1) log(m + 2)? ’
which is indeed finite. 0

We now establish density properties of the support of the measures with
rough potentials (Theorem 1 (7i7)).

Proposition 6.5 (Density of measures with rough potentials). Let k > 0 and
p = 0. We assume that for any r >0, P(| X7, — 1| <r) > 0. Let ug € HE and
€ > 0. Then there exists vg € XF\ (Uoso HE™) such that

g (BHé(u0,5)> > 0.

Proof. Without loss of generality, we assume that £ = 0, and we only deal
with the Grushin case. Fix e > 0 and ug € L%. We first construct vy €
X9\ (Uoso HE) satisfying the condition |lug — vollzz, < €, then we prove that
vp meets the requirements from the proposition.
To construct vy, let Ky > 0 be such that
> lurmllzy, <€,
|(1,m)|>K

where |(I,m)| = max{|log(1 + I)|,m}. Then, let § > 0 to be determined later,
and denote by

ug = Z ﬁLmeXlO\(UHg)

(I,m)€2ZxN £/>0

the potential constructed in Lemma 6.24 for £k = 0 and p = 1. Set
UL m if |(I,m)] < K,
Vim = ~
" Sirm i |(I,m)] > Ko

Since the coefficients vy, for [(I,m)| > Kj are the ones from Lemma 6.24, we
know that v belongs to X\ (U.~o HE). Then we compute that when & is
small enough,

loo —wolliy, < X0 Nurmlliy +0° 3 Nl <2
[(I,;m)|>Ko |(1,m)|>Ko

In the end of this proof, we establish that
T (w €L, ||lw — vol|z, < 6) >0,
as this would imply

o (w €L ||lw— ol 2, < 25) >0.
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For future occurrences, for K > 0 and w = 3>, wWrm € L%, let us denote
g (w) := Z W, -
[(I,m)|<K

Because of the inclusion

3 9
{we L2 Mt - iy, < 5} {we 12, 10d - ) w - w0z, < 5}

C {w €L, Jw —wollz2, < 6} :

we know by independence that

19
pn (0 € L& w0 = vollsz, < 2) > oy (w € L2 M = w0)llzg < 5 )
9

< oy (1w € L3, (14 = i) (w = w) 1, < 5) -

To handle the second term in the right-hand side, since [1xvy tends to vy in
L% as K — oo, one has that for large enough K > 0,

15 g
pn (0 € L2 10 = T (w0 = )1, < 5) > 0 (w € L3, (1 = Tz < 5) -

But we have

15
o, <w € L3, |(1d — Tl )| 3 > 4) 0,

K—oo

since from the Markov inequality,

€ w €
po (0 € L2110 = Tz, > 5 ) = P (110 = Mooz, > 5)
SeB[I(Id—T)w?fe | S X Jlormla
[(I,m)|>K

which goes to zero as K goes to infinity. We therefore fix K > 0 large enough
so that

€
pn (0 € 2,101 = T (w = ) 1 < 5 ) > 0.
It only remains to handle the first term in the right-hand side and prove that
€
(6.18) b, (w € L2, ||k (w — vo)ll 2, < 2) > 0.

Let ¢ > 0 small enough so that the following inclusion holds:

N {w € L% | 33X m € Ry = X[ mrm and ||(Xp ., — Dvrmllrz, < CE}
[(I,m)|<K

19
c {we I | IMew - wlly < 5}
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This implies by independence of the random variables X7 ,, that

€
po (€ L2 1Maclw =iz, < 5) =TT P(IXrmw) = Dormllzz, < ).
|(I;m)|<K

which is positive thanks to the assumption P(|X;,, — 1| <r) > 0 for all » > 0,
thus (6.18) holds. d

4. Action of the Laplace operator

In the remaining of this article, our general strategy is to group the decom-
positions (6.1) of u and v in dyadic packets (6.9)

U= ZUA and v = Z’UB,

Ae2N Be2N

and write the estimates for the H* norm of the product uv in terms of the L?
norms of products u vpg for dyadic A and B.

In this section, we consider two elements u,v € HE and provide useful
estimates for the H* norm of the products usvp and uav in terms of the L?
norms of the products u,vg for dyadic A and B.

4.1. The action of —Ag on a product of functions. In this part, we
prove that for u,v € HE, the term —Ag(uv) can be expressed thanks to shifted
versions of v and v, defined as follows.

Definition 6.6 (J-shifted functions). Let and u € HE, decomposed as (6.1)
U = 31 mye2zxN UL,m, Where up , is defined in (6.8) as

Fyon(urm)(@,1) = from(mhm(n22),

and f],m(n) = fm(n)llnle[l,ﬂ]-

For § € Dy := {—-1,0,1} x {+,—} we write § = (Jp,£) and for m € N,
we write m + 9 as a shortcut for m + 6 := m + dy. We introduce the shifted
function u° from its decomposition (6.1) u® = > (1,m)€2%xN u?m as follows: for
all (I,m) € 2% x N,

1
Foymsn (1 ) (@,0) = FL 1 00) 1 (M) 5 (0|2 2)
and if A € 2V is the dyadic integer such that (m + 1)I ~ A,

(@%Al)lm)% it6 e {(~1,+),(1,+)}
(6.19) F},.(n) = (5)* v et o

(2m+Din] if § =(0,+)

1 if 6 = (0, —).
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Note that by definition, for all £ > 0 and u € H}, we have ||u5||Hg <

[l

Lemma 6.26 (Action of Ag). Let A, B € 2 I, T € 2% and m,n € N such
that (m + 1)I ~ A and (n+ 1)J ~ B. We denote Dy := Dy x D;. Then there
holds:

(Id —Ag)(uLm’l}Jm) = Z CA B((Sh 62)“] va'rL )

(61,02)€D>
where for some explicit numerical constants c(d1,d),
4A if (517 62) = ((07 _)7 (07 +))
4B if (01,62) = ((0,+),(0,—))
Cap(01,02) = S c(61,00)VAB  if (61,05) € ({—1,1} x {+, —})?
1 if (61,62) = ((0, =), (0,-))
0 if (61,02) = ((0,+), (0,4)),

Proof. Taking the Fourier transform of uy,,v;, in y, we transform the product
into a convolution product

Foon1m03) @) = [ FranOm) o (113 2) 9501 = )1 = ] ).

In Fourier variable, the Grushin operator acts as 0, — 2%|n|?, therefore we have
1 1
FAG(urmvsn)) @) = [ Srm() 50 01-10) @oa =) (I}l 1 = ] ) ) o

We now use the fact that the Hermite functions are eigenvectors of the
Harmonic oscillator:

d2
aa?
to deduce the formula
(O — 2202 (i (I 22) (|7 — m|22))
— (@m+ Dl + @n+ Dl — m ) (| 22) ha(ln — m|2)
+2(Im 2 + I —ml* = 1) (I 22) (1 — | 22)
20, (i (1] 22)) 05 (hn (I — m| )

Note that if ; and n — n; have the same sign, then | |* + |n —m
—2m(n—m), and if i and 1 —m; are of opposite sign, [n:|* + |n—m

2lnl|n —m| = —=2n1(n — m).
m /m—l—l
hm 1 hm+17

h(2) = —(2m + 1)hy, + 2%h,

° -

| 2

n|* =
—n* =

We now use the identities
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m /m—i—l
hm 1 hm+1>

to remove the weight 2% and simplify the products 0, (h (]771\2;1;)) (R (| —
771|%$)). We deduce that

(Owa—®[01?) (1 |2 2) <|n—m\%x>>

|=

= — (2m+ V| + @+ D = pDho (I |22) ha(In — m|22)
— m+1
—2M (\/ [ — |771|295 Vo [ |771|255)
|771||77—7h|
n 1 n+1 1
x (\Ehn—l(ln—mlm)Jr i (ln = )

m 1 Im—+1 1
+2\/|771H77—771| (\/2hm—l(|7]1’2x) - Thm+1(|771|2x>

n 1 n+1 1
X (\/ghn—1(|77_771|2l‘)_ 5 hnia(In —m|2)

Now, we observe that by definition of the support of F,_.,(us)(x,n) and
Fyon(Vin)(z,m), we have 1 + (2m + 1)|m1| € [A,4A] and 1+ (2n + 1)|n —
n| € [B,4B]. Therefore, for some numerical constants ¢(d1,d9), using the
notations (6.19) for F7, , one can write

1 1
(1= e + 2®[0*) (hn (I [22) B (|7 — | 2 7))
= (1+4AF5D () + 4BES (0 = m)) hun (I 22) (I — ma |2 )
+ > c(01, 62)VABE} (1) F52 (=11 -5, (11| 2 2) 5, (| = | 2 )
(B1.2) (L1 {+,-))2

We denote Dy = D. Then we define Cy 5((0,—), (0,—)) = 1, Ca p((0,+), (0,+)) =
0, Cap((0,4),(0,-)) = 24, Cap((0,-),(0,4)) = 2B and C45(01,08,) =
(81, 6)VAB if (01,6,) € ({—1,1} x {4+, —})?. With the notation from Defini-
tion 6.6 (and a similar notation for the vf%n), we conclude that

F((Ad =Ag) (urmvn))(;n)

= > Cap(61,62) /f[m 19 (0=10) Py, (|2 2) By, (Jn—m | 2 ) iy
(51 52)€D2

so that

(Id—Ag)(urmvsn) = Y, Ca B(61, 62)uf! mUJn- U
(61,02)€D>
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Lemma 6.27 (Action of Ag for the product of three terms). There exists a
finite set Dy C Dy x Dy x Dy such that the following holds. Let u™, u® u® €
L2G’7 Al,A27A3 S 2N, 11712,]3 S 2Z and my, Mo, M3 € N such that (7’I’LZ + ]_).ZZ ~
A; fori=1,2,3. Then

2 3 1 3 -
(Id A )(ull mlug'g)mgugg)mg,) = Z CA17A27A3 (5) (u§1?m1)61 (u5'2)m2) (u§33m3)63 ?
0=(01,02,03)€D3

where the shifted functions (ug’)m)& are defined in Definition 6.6 and for all
0 € D3,

|C Ay, 40,45 (0)] S max{Ay, Ag, As}.

m 2 G

Proof. Taking the Fourier transform in y, we transform the product uy, ', w0, Ur, .

into a convolution product

1 2 3
‘Fyﬁn(ugl)mlugg)mzuggmg -’I; 77 /ffl,ml m f]z m2(772)f[3 mg(n m— 772)

B (111 22) Py ([72] 22) By (17 — 100 — o] 22)dipudgs

Thena we write hml,mz,m:s(nlan?an?)) = hml(|771’%'T)hmz(|772|%x)hm3(|773’%$) and
expand

(O x2’771 + 12+ 773|2)(hm1,m2,m3 (M1,M2,m3))
=— ((2ma + D[+ 2ma + 1)[ne| + (2ms + 1) [03]) enny mo,ms (11, 012, 13)
+ 2 (Im* 4 102 + 3] = I+ 02 + 13) heny moams (01, 112, 13)
+2(L1 o+ 05+ 13),

where

Lij = O (han, (11312 2))0s (i, ([ |2 7))

my; +1 1
771H77J (\/ hmfl ’771 —\ 9 hm¢+1(’77i’2x))
m; + 1 1
(\/ Y (REF \/ ] hmj+1(|77j!21‘)) :

In particular, expanding I, ;, this term writes as a combination of terms

(6.20)

OAl,AQ,A3 (6) Flgll,ml (nl)FIJ;,mg (7]2>F1533,m3 (n3)hm1+517m2+52,m3+53 (7717 12, 773) )
where |Ca, 4,.4,(0)] < max{A;, As, A3} for § = (91,92, d3) in some finite set
Ds C Di))

By comparing the signs of 11, 7, and 13, one can see that |n;|? +|na|* + |n3]|* —
Im + 12 4+ n3]? is a linear combination of terms |n;n;| and n;n; for i # j. We
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now use the identity

/ / 1
th(x) = %hm—l + n/l;_hm—i—l

to remove the weight 22 and write the term

L (Im >+ nel® + 1ms1* = [+ 12 + 031 Py s ms (115 72, 113)

as a linear combination of terms as (6.20) above. Finally, we conclude that

F(Id-Ag) (i), u? u ) (@,n)

Iiyma YTy ma Uiy my

= 3 Conaaas®) 80 )20 1) )™ 00 = 1 = )

0€D3

1 1 1
Py 480 (10112 2) Py 4.5, (1121 22) P55 (11 — 11 — 1] 22)digydigy

for some |Ca, 4,.4,(9)] S max{A;, A, A3}, leading to the lemma. d

4.2. A bound on the Sobolev norm of a high-low product. We are now
able to estimate the H® norm of a product u vp by its L? norm as follows.

Corollary 6.28. Let ¢ € [0,2]. Then there exists C > 0 such that for all
u,v € H, for all A, B € 2V, there holds

ya
luavpllge < Cmax{A, B}z >~ [(ua)™(vp)* | -
(61,02)€D>

For general £ > 0, the same result holds up to taking bigger finite sets Do
(depending on €) and applying the shift several times for each function.

Proof. We proceed by interpolation.

In the case ¢ = 0, there is nothing to do. In the case £ = 2, we use Lemma 6.26
to write that for any (m+ 1)/ ~ A and (n+1)J ~ B,

(Id —A(;) (ul,m'UJ,n) = Z C1A,B(517 62)u%mvf%n )
(61,02)€D>

and thus by summation and taking the L% norm, we obtain

2
1(1d ~Ac) (wavs)llzz, <

Z C4,8(01,02) Z Z u?mvi?n

(61,02)€D2 (I,m)e2%xN (J,n)e2ZxN
(m+1)I~A (n+1)J~B

2
LG
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We use the triangle inequality on the sum over (d1,d,) and the fact that
|Ca,5(01,02)] < max(A, B) to deduce that

2

1(0d —Ag)(wavs)l7z S A* Y
(51,52)€D2

> > up, R,

(I,m)€e2%xN (J,n)e2%xN
(m+1)I~A (n+1)J~B

AT a) o)
(81,02)€D2

2
LG

To get the result when ¢ € (0,2), it only remains to interpolate thanks to
the inequality

1—£ £
HUAUBHH‘G < ||UAUB||L3;2 ||UAUB||;%

when u4,vp € HZ, and conclude by density.

Similarly, for even integer ¢, we apply Lemma 6.26 successively g times to
get the estimate, and conclude by interpolation for exponents between ¢ and
+2. O

Using Lemma 6.27 instead of 6.26, we get the following adaptation of Corol-
lary 6.28 for the product of three terms.

Corollary 6.29. Let { € [0,2] and u,v,w € HE. Then for all A, B,C € 2N,
there holds

£
luavpwollpe, S max{A,B,C}z > [[(ua)(v8)™(we)” |1 -
(51,62,53)€D3

For general { > 0, the same result holds up to taking bigger finite sets Ds
(depending on €) and applying the shift several times for each function.

Proof. By interpolation over ¢, it is sufficient to establish the following inequality
for even integer ¢: for all B,C < A,

2 f
o S A(ua) (8) ™ (we) I,

H (Id —Ag)z/z(uAUch)’
G ((51,52,53)6[)3

then apply this result to u, P<4v and Pc w.

Since in the case ¢ = 0 there is nothing to do, let us assume ¢ = 2. Using
Lemma 6.27, we can write

_ 01 do 03
(Id =A6) (Ut imy Vi my Wiz ms) = > Capo(01, 09, 03)u7) 1 V2 W s
(01,02,03)€D3
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and therefore

1(1d =Ag) (wavpwe)llz:

2
01 02 J3
SJ Z CA,B,C(617 62’ 63) Z Z Ur mi V,ma Wiz ms
(61,02,03)€Ds3 m1,m2,m3€EN (m;+1)[1~A 1.2
G
(ma+1)Ia~B
(m3+l)[3~C

We use the triangle inequality on the sum over (dy,d,d3) and the fact that
|Ca.B.c(61,02,03)| S max(A, B,C) < A to deduce that

1(1d =Ag) (wavpwe)[7e S A* 32 [(ua)® (vs) 2 (we)* |17 -
(51,52,53)6D3

In the case of a general even integer ¢, successive applications of Lemma 6.27
lead to a similar result.

g

4.3. A refined Sobolev estimate of a product. Finally, we estimate the
H* norm of a product usv by the L? norm of products u v and the H norm
of v as follows.

In rough terms, we should have the following. Let ¢ € [0,2], u,v € L% and
A € 28, Then for all £ > 0, we have

luvllZe S D2 D0 ATI(wa) (vp) 72,4 D0 D A%l (ua) 7ol
(51,52)€D2 A,B:B<A éeD, A

where we recall that D; is some finite set and Dy = D x D;.

However, in order to get nice mapping properties in LP spaces for p # 2 which
are necessary during the course of this proof, see Appendix C, we introduce a
cutoff function y € C°[0, 1) such that x =1 on [0, 3]. Then, for A € 2V, we
define the projection Pc,4 as the Fourier multiplier

Id—A
PgA =X < A G) )

which is a smooth counterpart for the projection on the Sobolev modes 1 +
(2m + 1)|n| < A, acting on the decomposition (6.1) as

1+@@m+1)n\ —
~7:y—>n(P<AU)($»77) = Z X < ( A )’ ‘> uI,m(xan) .
(I,m)€e2%xN

Note that since on the support of w7y, we have |n| € [I,2]], the sum can be
restricted to the indices 1 + (2m + 1)/ < A. The projection Pc4 commutes
with the block decomposition (6.9) and the Grushin operator: for B € 2V, we
have

Pca(vp) = (P<cav)s
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and for k € R, we have
Pea((=Ag)*0) = (=A6)"*(P<av).

Moreover, for all u € L%, we have [Pcaullrz, < uflzz. We also denote
Poy=1d—P.,.

Lemma 6.30 (Sobolev norm for the product of two terms). Let ¢ € [0,2],
u,v € L% and A € 2. Then for all € > 0, we have

lewly, § Y 5 ABNwa)® (Peavs)® (s + 3 lwa)® s llvl,
(61,52)€D2 B:B<A 6eDy

where we recall that Dy = {—1,0,1,@} and Dy C Dy x D;.

As a consequence, we have

luollfe S D > AT (wa) (Peavs) (72 + D0 D0 A%l (wa) [IEee 0l % -
G G G G
(61,02)€D> A,B:B<A éeD, A

For general £ > 0, the same result holds up to taking bigger finite sets Dy, Do
(depending on €) and applying the shift several times for each function.

Proof. The consequence is a simple application of the Cauchy-Schwarz’ inequal-
ity.

We decompose v = Pcyv + P-4 v and v = Z vp. Since (Pcavp) = vp for
Be2N

4B < A and (P<avg) =0 for B > A, we have

2 2

> ua(Pcavp)

B<A

+
14
HG

> ua(Psavp)

4B>A

luavle <
He,

We treat the two parts separately, and in each case we proceed by interpolation
between successive even integers £.

Step 1: upper bound for H > 'U/A(PgA'UB)‘
B<A
to the Cauchy-Schwarz inequality, we have

S (Z B—E> (Z B¢ (Id—AG)Z/Q(uA(PgAUB)) 12) ,
B<A G

L% B<A
and as Y- v B7° < 1, we infer that

2

, - Concerning the first term, thanks
HG

> (1d—Ag)"*(ua(P<avp))

B<A

> (1d=Ag)"(ua(Peavp))

B<A

< > Bl(d =Ag) P (ua(Peavs)) 7z,

L%  B<A
But using Corollary 6.28 to (P<av) instead of v, we have

2
H(Id —Ag)Z/Q(UA’UB) 12 5 AZ Z ||(UA)61(P<AUB)62 ||%é :
G (01,02)€D2
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Step 2: upper bound for || Y UA(P>AUB)HHg~ For the second term, we estab-
4B>A
lish the following estimate by interpolation:

2

< D Mwa) Iz vl -
L éeDy

(6.21)

Y- (1d —Ag) " (ua(Psavs))

4B>A

In the case ¢ = 0, we only need to note that from the orthogonality of the
different modes vp, we have

2 2

us Y (Psavp)
ABSA

Z (P>AUB)

4B>A

S ||UAH2Lg°
Lg

< luallZz ol
Ly

In the case £ = 2, we use Lemma 6.26 to get that for any m,n € Nand I, J € 27
such that (m+ 1) ~ A and (n+1)J ~ B,

(Id =Ag) (urm(Poav)yn) = >, Cap(01,62)ul, (Psav)?, |
(51,52)6172
and therefore obtain
2

Z (Id —Ag)ua(Psavp) < Z Z Ca,B(61,02) Z Z u(;}m(P>A'U)E‘]?n
4B>A L2 (61,02)€D2 4B>A m,neN (m+1)I~A 2
¢ (n+1)J~B G

We use the triangle inequality on the sum over (d1,02) to get that for fixed A,
2 2

Z (Id —Ag)UA(P>AUB) 5 Z Z CA,B(éla 62) Z Z u(ji}m(P>Av)§?n
4B>A Lé (61,02)€D2 || 4B>A m,neN (m+1)I~A 1.2
(n+1)J~B ¢

2

= > > CA7B(51a52>U§41(P>AUB>62

(61,02)€D2 4B>A Lé
2
S D ”U(SAlH%g; Y Cap(01,82)(Psavp)™
(61,62)€D2 4B>A

Lg
Now, by orthogonality and the fact that |Cy 5(d1,02)| < B for 4B > A, we
have

2

" Cap(6r,6)(Psavp)™

= > [Can(01,0)°[[(Psavs) (7,
4B>A

2
L2, 4B>A

S O Bl(Psavs)lliz, < ol
4B>A

which concludes the proof in the case ¢ = 2.

Estimate (6.21) is now a consequence of an interpolation result, stated and
proven in Lemma 6.39, based on the Stein’s interpolation theorem. Instead of
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using this lemma, one could invoke the interpolation result between Sobolev
spaces [H°, H"ly = H% for 0§ € [0,1], that holds for Sobolev spaces on R?
(see for instance [BL76]) and could be extended to the setting of the Grushin
operator. For general ¢, successive uses of Lemma 6.26 lead to the result. [

In what follows, we will actually use the trilinear version of Lemma 6.30.

Corollary 6.31 (Sobolev norm for the product of three terms). Let ¢ € [0, 2]
and u,v,w € L. Then for all € > 0 there holds

lwvwlfe 30 AT (wa) (Peavp) ™ (Peawe)™|[72,
(51,(52,53)€D3
A,B,C:B,C<A

b S A ) B ol ol
0he€D1 A

* For £ > 2, a similar result holds up to taking bigger finite sets D3 and taking
successive shifted functions.

Proof. We mimick the proof of Lemma 6.30. It is enough to establish that for
every A, we have

luavwlfe < 32 AUBOF[I(ua)" (Peavs)® (Peawe) |72,
(01,02,03)€D3
B.C:B.C<A

3 ) B ol ol

§1€D1
We start by writing that
2
luavwlfe S > wa(Peavp)(Peawe)
B,C<A H¢

G
2

+ | > ua (vpwe — (P<avp)(Pcawc))

B,C

£
HG

Step 1: upper bound for || > ua(P<avp)(P<awce)|| g, By the Cauchy-
B,C<A
Schwarz inequality, we have

2

> (1d—Ag)*(ua(Peavp)(Peawe))
B.C<A

2
LG

S ( > (B(J)—a) (B%:A(B(J)s (Id —Ag)*"*(us(P<avp)(P<awe)) ié)

B,C<A
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S D (BOY
B,C<A
We then conclude thanks to Corollary 6.29 that

2

2

(Id —AG)£/2(UA(PgAUB)(PéAwC»

5
Le

> (1d=Ag)"*(ua(Peavp)(Peawe))
B,C<A

2
LG

S Y AYBOYI(ua) (Peavp) ™ (Peawe) |17 -
(01,02,03)€D3
B,C:B.C<A

> ua (vpwe — (Peavp)(Peawc))
B,C

. We split
Hg,

Step 2: upper bound for

vpwe — (Pcavp)(Pcawe) = (Psavp)we + (P<avp)(Ps awe) -

For the first term, using the algebra property of Hf for ¢ > % we write

2 2 2
ZUA(P>AUB)'LUC 5 ZUA<P>A'UB) Z We
B,C HE, B HE I C:C<A H
2
S| S (d=20)@a(Poave))| [l

. 2
B:4B>A Lg

hence inequality (6.21) in the Step 2 of Lemma 6.30 applies and gives the
expected bound. A similar treatment can be applied to the second term. [

5. Deterministic bilinear estimates

In this section, we first establish deterministic bilinear and trilinear esti-
mates for the product of two Hermite functions with rescaling, of the form
B (0 -) (o) and by, (1) b, (@2 ) b, (o). We then deduce deterministic
bilinear estimates for the products u;,,v,,.

5.1. Bilinear estimates for rescaled Hermite functions. We start by
establishing bilinear estimates for the rescaled Hermite functions, which will
be at the core of our future bilinear and trilinear smoothing estimates. Let us
recall that \,, = v/2m + 1.

Lemma 6.32. Let a > 0, m,n € N, and assume that )\, <
holds

Am- Then there

1
1

hopho (a)|[22 < ——.
Fomhn(e)7e S 5~

Proof. We cut the Hermite functions between the space regions delimited by
the pointwise estimates of Corollary 6.15.
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1
(1) In the region Ry := {\:U] < %)\m}, we use the bound |k, ()| < Am?.
Therefore there holds

(0%

||hmhn(a')||%2(31) S (a )||L2(R1) Shlet
5Am < 2| < 2)\m}, we know by assumption that

1
2 1
2 < S < ]| We therefore use the bounds |, (2)] < ()\ﬁn 4|22 — 22 |)
and |h,(az)| < e c)® with ¢ = £, and get

(2) In the region Ry := {1

) 2Am 672004212
om0 32y S [~ dz.
zhn \/Asn + 22— 22|
We fix the limits of the integral by setting y = 5%, which leads to the bound:

6—20a2x2 —ZC(aAm) 2

2>\77l
Jonr T
’ \/)\73n+‘372— \/)\3+|y—1|
72c(a)\m
e,

Now we remark that e~ 3(@m)® < ﬁ, giving the required estimate.
(3) In the last region Rz := {|z| > 2\,,} we use the exponentlal bounds for

the two terms |, ()] < e~ and |h, (az)| < e with ¢ = L. This leads
to

hnlin0) [Beqy S [ e 0,
| (04)”L2(33)N |m|>2/\m€ x

Then using that for C' = 2¢(1 4+ o?) and X = 2),,, we have

—Cz? —Cz?
der < —— / 2C de < ——,
/X ¢ TSoox Jx U TS 90x
this gives the result.

All the previous bounds put together imply the lemma Il

In what follows, we will use the bilinear estimate from Lemma 6.32 under
the following form.
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Corollary 6.33 (Bilinear estimates for rescaled Hermite functions). Let m,n €
N and aq, a9 > 0. Then

1 1 2
) M2, < mi
Hhm (041 )hn (a2 )HL2 ~ i {a%@n + 1)’ Oé%<2m + 1)} '

Proof. In the first scenario, assume that a;v/2n + 1 < iam/Qm + 1. We start
with a change of variable:

1 o
I (1) B (223 = - [l (52:)
a1

aq

2

2
Denote o := 3—? Since a1v/2n + 1 < iaQ\/Qm +1, we have A\, < $A,. Then
Lemma 6.32 implies

2 < 1 aj

ot G )|, = v =
T Nay Mg Y av2m 1 \ad2m+ 1)

1
: M2, < (o
Y P ey

This is enough to conclude since by assumption, we have \/ aQ(Q}n =y < \/ QQ(QZ e
2 1

In the second scenario, assume that asv/2m + 1 < iOq v2n + 1. We exchange
the roles of m and n and the roles of a; and as to get

1
. Nz S| =
| Ao (1) (i) || 72 S M

In the last scenario, there exists Cy > 0 such that iaQ 2m+ 1< av2n+1 <
4any/2m + 1. Then from Holder’s inequality, one obtains the bound

(v ) h (@2 )72 S W (02) 7 1o (0t I Zs -

From the L* norm estimate ||h,,[/z4+ < ﬁ, m € N (see Lemma 6.14), we
m+1)8

2

Consequently,

deduce
1

(@2(2m +1))7(a3(2n + 1)1
Since a1v/2n + 1 and as+/2m + 1 differ from a factor at most 4, in this situation,

one can bound the right-hand side by either \/a2(271n+1) or \/a%@iﬂ). Il
2

Hhm(al')hn(aT)”%? S

Corollary 6.34 (Trilinear estimates for rescaled Hermite functions). Let
mi,mg,m3 € N and aq, s, a3 > 0. Then

. { Q0 }
min . - :
Q2003 (2m; + 1)s(2m; + 1)2 itie(12.3)

1Py (01) By (@02 ) s (a037) [ 72 S
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As a consequence, if A € 2N, I, I, I3 € 2% are such that (my + 1)I; ~ A, for
ot € [I1,21], a2 € [I5,21] and o3 € [I3,213], we have

10203\ Ao, (1) oy () P (23°) |72 S CFp, sy

where one can choose

o2 _ (L) (L15)7
{Li;mi} — 41 T 1 -
A2 (2m2 + 1) 12 (2m3 + 1) 12

Note that the gain with power 1—12 induced by the L* norm on the Hermite
functions is not necessary in the sequel, but we keep this exponent for the sake
of security.

Proof. We start by breaking the symmetry of roles of the three terms

1y (001) g (002) s (23 ) [ < [Py (1) e [V (042 ) P ()12 -

Then we use Lemma 6.14 and Corollary 6.33 to bound

1 1 1
Py (1) Py (9 Y A (37) |32 S —————— min : :
Vs (1Yo (@) oma () 1 (2my + 1)5 {%@my+wéaﬁ%m+lﬁ}

By symmetry between the roles of mq, ms, mg, this implies

;00
Py (01 ) Py (02 ) Py (0037) |22 < min LI } )
L e ey e B

In order to establish the second bound, for every ;7 = 1,2,3, we have
a; < (21]-)%, therefore

N|=

1
1217
(2m; + 1)5(2m; 4 1)

;04

min{ 1 1}
(2mi +1)5(2m; + D)2 )03

~

< min

D=

i#je{1,2,3}

Now, let us remark that

11
min { Q% } < 1317}

1 1 ~ 1 1
2mi+1)s(2m; +1)2 ), icr0g  (2ma+1)5(2my +1)2

Y

and since the same bound holds when exchanging the roles of (I3, my) and
(I3,m3), we obtain by interpolation

(871871

min{ } UQI3)%<II> O
1 1 S T 1
(sz + 1)6(2mj + 1)5 i£je{1,2,3} ((2m2 + 1)(27H3 + 1))ﬁA§
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5.2. Bilinear and trilinear estimates for the product of unimodal
blocks. In this part, we provide a bilinear estimate for the “building blocks”
UrmVJn, Where ur,, and vy, are frequency localized and unimodal.

Proposition 6.7 (Bilinear block estimate). Let m,n > 0 and I,J € 22. Let
Urm (Tesp. vyn) in L, defined by (6.8)

Fyon(trm) (@) = from(m)hm(|n]Z2)
resp.

Fyorn(0,) (@) = grn(m)hal|nlZ2)

the function frm, (resp. gin.) being supported on the set {|n| € [I,21]} (resp.
on the set {|n| € [J,2J]}). Then, one has

: : I J 2
JurmvanlZy S min (1,7} min {22k fur 2y a2
AS a consequence,
s 1)

sl < i { blusnlity osal,

(1+C2m+1)D2 (1+(2n+1)J)z

Proof. From the Parseval formula, we have ||usnvs,ll32 = |[Grm * 95,72

z,n
where the convolution is the classical convolution product in the variable 7.
We expand the norm of this convolution product and obtain

Hul,mUJ,nH%% = /R3 Trm(0) frm(12) 900 (10 = 1) G0 (1 — 12) L (71, M2 1 — 11,1 — 12) Ay g dy
with

O A e T (AR T (AR MDA LSS
By Cauchy-Schwarz’ inequality, one has

v (715 102 715 M) L < (P (I |2 ) o (I |2 ) 2 [ s ([ 22 ) e ([ 2 ) 22
Using Corollary 6.33, we deduce the estimate

| ( ) ? A /)| < { 1 2 } { }

Going back to the blocks uy,, and v;,, this estimate implies

1

2
1 1 1
AT Ji ~lan | o
UL mUn < min , m(M)gin .
H 1 J, HL% R(R \7}1|(2n+1) ’77—771’(27”4‘1) | I (771) J, (77 771)‘ m n

By extracting the minimum, we conclude

Ll g 12, el ] 222
Va1 [ e G W e g

[uz,mvsnll72, < min
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Using the symmetry of the roles of u and v, we estimate for instance || s ‘I ’|T1”/(4')‘ *

|g7nl]|%2. We apply Young’s inequality
’f[,m(') |

HW |grnlllz < |

rm(*)

’ ‘1/4 H%lugln ’%2 :

Thanks to Cauchy-Schwarz’ inequality, since the interval [I,2]] has length I,
we get

fI,m(')
|| | . ’1/4 ||%1 S/

IH I,m(')

172 .
B

Moreover, we know that || nl|22 < VJ|[vsnl|22, therefore

|frm ()]

5 *lgsallis < VT sl losn

But we also have from Young’s inequality

[frm ()] 1m (")

HW *1grnlll7e < |l B 12 119.m

|2
L

where from Cauchy-Schwarz’ inequality, ||g |3 < Jl|gsnll3: S J? ||UJ7n||%é7 SO

~Y

that actually

|fl,m(>|
o

#|gsnlllze < min {2, 7} VI [urml 72 020

2, .
G
To conclude, using the symmetry of the roles of v and v, we have proven that

I J
o2m+1"2n+1

2
Jurmvsalidy S min {7, 7} min { b sl losallZy - O

6. Probabilistic bilinear and trilinear estimates

In this section we provide the proof of Theorem 2 (7). The main idea of proof
is to use the deterministic bilinear estimate for the products u; v, given by
Proposition 6.7 in order to prove a smoothing effect on quadratic and cubic
expressions of a random function.

6.1. Bilinear estimate for random interactions. To deal with purely
random interactions of the form (u4)? and |ug|?, we heavily rely on the frequency
decoupling offered by the randomization. This is akin to the bilinear estimates
obtained in [BTT13].

Let us recall some notation. We fix a sequence of independent identically
distributed subgaussian random variables (X7,,)(1,m)e2zxn and ug € HE. We
use decomposition (6.2)

ug = Z X1 m(W)Ur g, -

(I,m)e2ZxN
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For all ¢ € R, we consider the time evolution under the linear flow (LS-G)
with initial data ur,, denoted z;,,(t) = €®*Su;,,, (I,m) € 22 x N. Then, we
define the random counterpart 2 of u as in (6.11)

2¥(t) = eitAGu‘(;’ = Z Xim(w)zrm(t) .
(I,m)€2%xN

Proof of (6.4) in Theorem 2 (i). We establish estimate (6.4), that is, we bound
the norms of the products ||(z“)2HLqTHé and H|z“|2HLqTHé for ¢ =k+ 3.

Step 1: reduction of inequality (6.4) to deterministic estimates. We start with
1(z“)ll g - Fix t € [0,7] and (z,y) € R®. Applying Corollary 6.20 (4)
with the norm L3L2 | and W (g (sm) = (Id =Ag)"2(21m2,0), we obtain that
outside a set of probability at most eF* there holds

P g, < B30 3 MermzanlZyny, -
(I,m)€22xN (Jn)€2%xN

It remains to prove that for every wug, vy € Xl’“, denoting 2y, (t) = e”AGuLm
and Zj,(t) = e*A¢u,, for t € R, we have

(6.22) S Y el S T luolZellvolZ
(I,m)€22xN (Jn)€2E XN
Indeed we will conclude by taking ug = vy.
Similarly for |||2¢]?]] 1 ¢, applying Corollary 6.20 (7) with the norm LiLZ,
and W7, (sn) = (Id —Ag)£/2(2’]7mm), we obtain that outside a set of proba-
bility at most e“F* there holds

2
1Py < B X llermZaaldg e + R ( > Her,mPHLqTHg) .
(I,m),(J;n)€27xN (I,m)€2ZxN
The upper bound is handled using inequality (6.22) and establishing

- 1
(6.23) S Nermirmllig e, S T ol e llvollas
(I,m)€22xN

which we apply to v and v = 7.

Step 2: Proof of (6.22). We claim that (6.22) is a consequence of the time
independent inequality

(6.24) S lwrmvsalie S ol ol
(I,m),(J;n)€2ZxN

Indeed we apply (6.24) to z7.,,(t) = e*®Cur,, and Z;,(t) = vy, for t € R
instead of uy,, and v, then we use X} isometry property of the linear flow,
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where we recall that we have defined the norm (6.3)

luollZy = > (L4 @m+ DD (D) [Jugmllzs -

(I,m)e2ZxN

Finally we integrate in time using the Holder inequality, yielding to (6.22).

In order to prove (6.24), fix I, J € 22 and m,n € N. Let A, B € 2" such that
(m+ 1) ~ Aand (n+1)J ~ B. We apply Corollary 6.28 and get

lurmvanlzye, S max{A, BY|lurmvals, -
Then, from the unit block bound of Proposition 6.7, it follows that

JI) I{J
625)  Nurmol, < max(a, ) min S8 L o

Separating the cases A < B and A > B, we obtain the bounds

1
> [urmvanllie S >, BTrDurmliz llvaals,
(I,m),(Jn)€2ExN (I,m),(Jn)€22xN
ALB

1
Y AR a2 sl
(I,m),(Jn)e22xN
A>B

implying (6.24) since ¢ — % =k.

Step 3: Proof of (6.23). We claim that (6.23) is a consequence of the time
independent inequality

(6.26) > Murmvrmllag, S lluollxxllvoll vy -
(I,m)€2ZxN

Indeed we apply (6.26) to zr,,(t) = e®®Cuy,, and Z7 () = 260y, for t € R
instead of wur,,, then we use XJ isometry property of the linear flow and
integrate in time using the Holder inequality. This yields (6.23).

In order to prove (6.26), for I € 2% and m € N, we denote A € 2% such that
(m+1)I ~ A. From (6.25) applied to [ = J, m =n and A = B, we therefore
write

£_ 1
Yo Murmvrmllye S D2 AT I D lurmlle lvrmllce, -

(I,m)e2%xN (I,m)€2ZxN

An application of Cauchy-Schwarz’ inequality implies (6.26) since ¢ —% =k O
6.2. Trilinear estimate for random interactions.

Proof of (6.5) in Theorem 2 (i). We now estimate H\z“’\Qz“HL%Hé.
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Step 1: reduction of inequality (6.5) to deterministic estimates. Using Corol-

lary 6.20 (i), we know that outside a set of probability at most e=®’, there
holds

(627) |22 24 1 < RS 5 1211, 212.ma Zrms |7
(I1,m1),(I2,mz2),(I3,m3)€22xN

2
+ RG Z ( Z H’ZIl,ml‘zzfz,MQHLqTHé) .

(I2,m2)€2ZxN \ (I1,m1)€2ZxN

As in the two subsections above, using Hoélder’s inequality in time, inequal-
ity (6.5) is now a consequence of the time independent inequalities

(6'28) Z Huh ;my Uly mo U3, m3||H‘Z S HUOHXk )
(I1,m1),(I2,m2),(I3,m3)€2%xN

2
(629) ( Z H|u11,m1|2u12,m2”Hé) 5 Hungfl’“
(I2,m2)€2

(11,m1)€2Z><N

Step 2: Proof of (6.28). We rather prove inequality

(6.30)

1 2
) 108 05y 05 g e S ) 0 | 2

(I,m1),(I2,m2),(I3,m3) €22 xN

for fixed u™, u® u® € L% decomposed as in (6.1), as this implies (6.28) with
uM = u® =y and u® =g, Let Ay, Ay, A3 be the dyadic integers such that
(ml + 1)[1 ~ A17 (m2 + 1)[2 ~ A2 and (m3 + 1)[3 ~ Ag.

We apply Corollary 6.29 and get

1 2 3 2 3)
Hugl?mlugg?mg (13?m3||H£ < maX{A17 A27 A3} ||ull,m1u(12?m2u§3,m3||L2G °

Assuming up to permutation that max{A;, As, A3} = Ay, we deduce

2 3 1
10y 0 g 0 1. S A5 g 2 105 s

Then, from the unit block bound of Proposition 6.7, it follows that if one has
maX{Al, AQ, Ag} = Al, then
(6.31)

(2) =3

1y W Wy [, S AT 2 Ty, W 0 2 05 -
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This implies that

Z Hu(l) u() u H
I1,m1 P12,mo 13,m3 H[
(I1,m1),(I2,mz2),(I3,m3) €22 xN
max{Ai,A2,A3}=A;

<y g

~Y

1 Hull,mlHL%”UIQ,THQHL2GHu13,m,3HL%O :
(I,m1),(I2,m2),(I3,m3)€2% XN A?
max{A1,A2,A3}=A;

By definition of ka, we get that for k = ¢ — %,

Z ”u(l) u(2) u ||
I1,mq W 1a,m2 I3m3 H,
(I1,m1),(I2,m2),(I3,m3)€2ZxN
max{A1,A2,A3}=A1

3
S B le® e 3 gl -
(I3,m3)EN*xN

It only remains to use estimate (6.15) from Lemma 6.22 and the embedding
WP < LE for arbitrary small e > 0 and p > 2 to deduce that one has

3
> Ml S 1oy
(I3;m3)EN*xN cp+3-3

Remark that for large p we have X} — X C(C)( ﬁfi 3. This is indeed the case

because € —|— = — 5 < k for small ¢ since & > =. We conclude that

2
> 5 s W W, 5 e g 1

(11,ml),(fz,mg),(fg,m3)€2zXN
max{A1,A2,A3}=A1
By symmetry, this inequality is also valid when max{A;, Az, A3} = Ay or As.
This implies (6.30) and therefore (6.28).
Step 3: Proof of (6.29). In order to prove (6.29), fix I, I, € 2% and my, mo € N.

If max{A;, Ay} = A;, we use inequality (6.31) with u¥ = u® = vy and
(3) _
u = UQ-

< AZ< ><I2>

1
1

Hulhmlub m2u11,m1 HH‘Z ||u11,m1 ||L2G ||u127m2 ||%2G Huhﬂﬂl H%OGO .

Otherwise, we have max{A;, Ay} = A,. In this case, we still use inequal-
ity (6.31) with uV) = u® = uy and u® = ug:

||u12mwuh7m1ﬂf1,ml HHé ~

2 || 12,m2||L2 ”uhmnHLQ ||u11,m1||L°° :
2
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We deduce by summation that

2
Z Z H’ull7m1‘2u127m2HH‘
G

(I2,m2)€2ZxN \(I1,m1)€2ZxN

(I2,m2)€2%2xN I1,m1)€2ZxN

N

1
(0 {2)) 2 ey | 22 [0 mo || 22, 100y m [l
G G

2
£_1 1
+ > ( Yo lunm i A3 4(<11><12>)2||U12,m2||L2c||Uh,m1||Lg§)-

(I2,m2)€2Z2xN \(I1,m1)€2ZxN

Now we apply Cauchy-Schwarz’ inequality and get

2
Z < Z |||u117m1|2u12,m2||Hé)

(Ig,mg)EQZXN (Il,ml)GQZXN

=
S X ( > A <11>Hu11,ml\lig) <12>Huf2,m2\lig( 2 Huzl,ml\lig)
(

(12,m2)€2Z><N Il,m1)€22><N (11,m1)€22><N

—1
+ > ( > <11>||U11,m1|’%g;)1422<12>|!U12,m2”%g( > ”“h,m1”%°€0)~

(I2,m2)€22xN \(I1,m1)€2ZxN (I1,m1)€22xN

In only remains to use the definition (6.3) of Xf and the estimate proven in
the above step X7, myycaes lunm s S lluoll3y to get (6.29). 0

7. Deterministic-probabilistic trilinear estimate

In this section, we establish Theorem 2 (7). Let €9 > 0 such that ug € Xlk—i-ao
and v, w € L HE. We recall that z, v and w have a decomposition

2= za= Y. > Zhm s

Ae2N A€V (I1,mq1)€22xN
(m1+1)l1~A

v = Z Up = Z Z Ulz,ma

Be2N Be2N (Iy,m2)€2% xN
(ma+1)I2~B

and

w= > we= Y Y. Wim-

Cce2N Cce2N (I3,m3)€22xN
(mg—i—l)[ng
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Let £ > 0 to be chosen later. Using Corollary 6.31, we get that for all ¢, there
holds

(6.32) [lzvw(®)llfe S D AT (Peavs) ™ (Peawe)™ ()22,
(01,02,03)€D3
A,B,C:B,C<A

+ 30 AT O e IO o) 7
01€D;

Ae2N
Using estimate (6.14) for the second term in the right hand side, we infer that
outside of a set of probability e=“®*, there holds

2
> ANzl Tg ey Se BT [Juoll s -
Ae2N
Moreover, since applying the shifts 6; € D; to every mode z4 give equivalent
estimates for the LP norms, this leads similarly to

1/2

1
YooANED s | vl llwllay | S BT luollapllvll oe e 1wl poe e,
61€D

For the sake of simplicity, we note that the shifted function «° is nothing but
a shift of the indices (I,m) € 2% x N of order at most one and a multiplication
of every mode (I, m) by a function of modulus at most 1 in Fourier variable.
Similarly, the projection Pc, is a multiplication of every mode (I,m) by a
function of modulus at most 1 in Fourier variable. Therefore, we assume
without loss of generality that in the right-hand side of (6.32) there is no
shift (0; = d = d3 = &) and no projection Pcy4, up to applying the proof to
(P<avp)® instead of v and doing a similar transformation for w. In order to
estimate ||z“vwl| s e, we therefore write

1/2

> A el
A,B,C:B,C<A “

)
q/2
Ly

A,B,C:B,C<A

1/2
( > AHEHZXUBon%g) =
Ly

and our aim is to prove that for our choice of ¢ and e, then with probability

greater than 1 — e %, we have
¢ 2
oo ATl S BTl Il
bl b . b ~ T

By homogeneity, it is enough to prove that there exists C. such that for
every R > 0, with probability greater than 1 — e~<®*_ for every v, w € L3 H%
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satistying [[v|pee e <1 and [Jw|[peepe <1,

(6.33) > AT|vpwe)]z,

< CER2T§HUQH§(19 .
A,B,C:B,C<A 1+eo

q/2
Ly

7.1. Step 1: Decoupling z* from vw in (6.33). Wefixt € Rand A, B,C €
2N such that B,C < A. Then we use the Plancherel formula to get

lvswc(®)l3, = [ dy [ da(=43%) (@, y) (vsTB0cTE) (2, )
— [ an [ da( + ) (@) (05 + 5 + W6 W) (w,m)
We use decomposition (6.8). For (I,m) € 2% x N, we denote

Fyosn(ZEm) (& 2,m) = frmEn)hn(y/Inlz)
where fffm(t,n) = Xl,m(w)eit(Qerl)'n'fl,m(77) and fI,m(n) = fm(n)lln\e[l,ﬂ]o
Similarly for v, we write

Fyon(vrm) (2, n) = 67 0 () (y/ [0]2) |

where the dependence of g7, along the variables ¢ and w is not explicit. For w we
do the same by making use of functions g7,,. Then we expand everything:

I2sopwc(t)li = [an [do [dn [an, [ans [an,

S ) T 1= 1) (011 g (4 10— 1 ]2)

m1,m} eN
(m1+1)11,(m’1+1)li~A

> It ama (6:12)9%, s (,713) P (3 [10212) Py (+/ [ m3 )

ma,m4HEN
(m2+1)12,(m’2+1)1é~B
> G5 g (61T (11 = 12— 115 = 1) Py (3 1142 g, (o 17 — 12— 135 — mal)
m3,my€eN

(mg—i—l)[;;,(mé-‘rl)léwo

Our aim is to apply the probabilistic decoupling to the series involving products
I7 m ffi ml However, since v and w may depend on w, we first isolate the

] 1 w w “~w ~w
terms involving Yty ms 9ymly» 9lsms and 9t my-

The expanded formula is rather long, we reorganize it as follows. We
define

(6.34)
Jtmeamy (0,10, 1125 13, 1) :=/dth1( [ |2) ey (V11— 1] 2) Py, (V) 102] ) g, (4 [113] )

By (V11412 R, (V10 — 112 — 05 — )
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We define the “random” part
(6.35)

Tttty ma s (1, 1218, ) 3= /dm > Fivmn (600 f3 g (870 = 1)
(I1,m1),(I7,m}) €22 xN
(mi+1)11,(my+1)I{~A

Jmsmy (105115 125 M35 M) [M2n3na(n — Mo — M3 — )[4
Lins|elta2ta L insletty 215 Lmalelts 210 L in—no—ns—mal ety 2]
whereas the “deterministic” part is written
w 5t
K, 131,15 momly s, (6 11,102, 113, M) = 9127’,;;22 |(1t/’ 4772) gI?iZ; ’(1/47]3)
T2, s (£10) G50 s, (£ — 12 = 713 = 7a)
ARG 17— 02 — 3 — na| /4

Then the expanded formula becomes

|vswc @3y = [an [an [dns fam 3 >
(

I ma),(I,m},) €25 XN (Is,m3),(I5,m4)€2ExN
(mg-i—l)[g,(mé-i—l)]é'\/B (m3+1)13,(mé+1)1§~6’

w
A 12,1, 15 1 o il m (t, 1,12, M3, M4)
w
K12,1§,13,1§,m2,m/2,m3,mg (tu 7,72, 713, 774) .
Taking the absolute value, this leads by summation to a condensed expres-

sion

> Aot

< ||A€+€JwKwHLp 7
A,B,C:B,C<A v

q/2
Ly

where, 1) stands for a huge tuple
!/ ! / !/
¢ = (T7 A? B? C? ]2’ ]2’ ]3’ I3’ ma, My, M3, M3, 1,172,173, 774) .
Moreover, we take L}, = Li! ... Ly’ norm with the exponents
P _ 74/271 11
L - LT LALByc,b:Ié713J;/;7m27m/27m3:m§377177725773»774 )

where the LPi norm implicitely denotes the £?7 norm when we consider sequence
spaces. It is now possible to take successive Holder inequalities, as one easily

checks that for + + 12 =L and L + 1 = 1 we have
a 4 P1 @2 4 P2

ol < |1F0elol ], < 10 el -

Our purpose is to isolate the L HS norm of vw by using Hélder inequalities.
For this, we note that it better to split between (BC)*K* and A“+J*(BC)~*.
As we will see below, our actual splitting also involves some extra other terms

which aim at balancing the two terms and make every series converge.
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We fix p; and po to be very large exponents in [2, 00) to be chosen later, with

respective conjugate exponents denoted p and pl: p% + z% =1 and p% + pi, =1.
1 2

For the term involving J“, we choose the exponents

Ly = LI o L] 78

! ! / /
127127137[37m27m27m37m3 7,12,73,74

and for the term involving K“, we choose the exponents

(K) _ Py 72 !
LZ o L%OLZOLB%CLIQJQ7137I§,m2,m/27m37méLf]}n27773,774 '
The reason why we introduce the exponents p; and p, instead of taking them
directly equal to oo is that we need finite exponents in order to apply the
probabilistic decoupling to J«.

Our choice of exponents is compatible with the assumptions for applying
successive Holder inequalities, so that

(6.36) >, ATzivpuwell?,

A,B,C:B,C<A

q/2
Ly

< IIA”E(BC)’”E?(fzf§f3fé)1/2’€1J”IILfbwH(BC)HZ(széfzfé)’lmﬂK“HLZ<K> :

The exponents e1,62 > 0 will be chosen later depending on the following
step.

7.2. Step 2: Evaluating the deterministic part K“ in (6.36). We first
estimate the term

[(BOY = (L Iy Is I;) "1 /# o K™ ||LZ<K)

with

p(K) _ rooroo 2 2 2
Ldf - LA LT LB,CLIz71§Js71§,m2,m'27m3,m§ 7,M2,M3,M4

For the intuition, we should keep in mind that p), p, ~ 1. By definition, of K¥,
we have

195, o (812 |97, 1, (£, 715)]
|K?Q,Ié,fs,lé,mg,mé,mg,,m’g(ta7777727773a774)| = 2]7;71;’1/4 2|:;;|1/4

|§;)37m3 (t7 T]4)| |§?§7mé (t7 n—"n2—1"3— 774)|
|774’1/4 |77—772—773—774’1/4

therefore

/ P’ -~ ! ~ ol
ey = (e (9 (TN (T
o N [ [ )

1/p}

Ly
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We apply Young’s inequality

, . U S . 18
K ana\ " (W) | (1mel) " (1)
Lo mgms ||\ | - [1/4 |- ’ |- |- ’
Ll Ll
n n
Applying Young’s inequality again, we get
/ 1/p] / 1/p, / 1/p}
|912,m2 (19" (t,n) 197, )\ (t,n) (19t ™ (t,n)
|1/4 |_|1/4 1 = |_|1/4 1 |.|1/4 1
L} L} L}
But since
/ /pl
195, s 1\ 195, m
H(ﬁﬁi) (t,n) ‘ i/t (t,n)H .
L 1
n
the Holder inequality with the choice of exponents p—l, = % + 7’21}'%12 leads to
1
1/p}
|91 , |97, ms
H 2|IY/LZ t’ ) = |2|f;i (Z,n) H1|77\€[I27212} /=2
L} Ly
< 01, s (8) |2, (I) =2/
By symmetry of the roles of Iy, my and I}, m}, we deduce
|g p1 TR
I 5T —2)/(2
H 2?;3 ( i ) G| < N0mms (0)l 22, [vry g, ()22, (L g) #7270
Ly
By symmetry of the roles of v and v, we conclude
—2)/(2
IR o < Nonama ()i, [0 m (O 2, 0 ma (O] 2, 0 g (0] 2, (T BT T5) #7220
"7 M2:M3,M4
Note that % = % — p% = % — &1 where g1 = p% is very small. This leads
to
[[CCYEVEVA I ”
12 1},I3,15 ;mg,ml m3,m/, L ngngma
1/2
< > V1 (122, 10rg g, () 2, 0 s (D172 1z g (E) [ 72
G G G
ma,mb,m3z,mb,I2,I} I3 I}

(mz-i—l)]g,(mé—&-l)IéNB
(m3+1)13,(m’3+1)I§~C

= llos@®)IZz llwe @)z, -
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Finally we get

I(BO) ™ =2(La LI 1) 2P K|y o
L

L 1
B,C [2715,]37[é’m2’m/2’m3’mg 7:M2,M3:M4

B,C

1/py
— / 2p! 2!
< (Z(BC)(Z sz)pzHvB(t)HL%HwC(t)HL];GQ) .

The exponent p), is greater than 1, which could be troublesome, but we recall
that we have chosen v and w satisfying [|v| e pye,. <1 and [[wl|peope <1 in the

assumption of the desired estimate (6.33). Therefore, for every ¢, B, C, we have
lvp(t)llzz, <1 and [Jwe(t)| Lz, <1, leading to

|(BC) = (LI L1 K|, y
LB,C IQ,Ié,Ig,Ié,mg,mém@,mé L"’nz’"3’"4

1/pg
<(z<BC>“—€2>p’2||vB<t>||iQG|rwo<t>||ig) .

B,C

We choose e such that (¢ — ey)ph, = ¢, i.e. g9 = p%. Then the upper bound is
bounded by

|(BOY (LI 1) =K,
B,C 12’15713’Ié’m2’m/2’m3’mg 7:M2,M3:M4

1/p
< (Z HvB(t)H?;éHwB(t)\%g)
B.C

< (o) llg () g, )7
<1.

Taking the L LY norm, we conclude that

||(BC)K_EZ(1215131§)_1/2+€1Kw||L’;;(K> sl

7.3. Step 3: Evaluating the random part J“ in (6.36). We now estimate
the term

A (BOY 2 (L Lo 1) 3| e

with ¢, = p%’ g9 = p% and

L = LA I3, i

’ / ’ / .
2 E] 7I3 ;112,15 , 13,13 "7 1,712,113 ,114

Step 3.1: probabilistic decoupling. We first apply the probabilistic decoupling:
let us check that the assumptions in order to apply Corollary 6.20 (i) are met.
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It is now more convenient to write
ATH(BO) R (LI ) e 3
= > X1y s (W) X120, (@)W (1 ) (17m) (0)

my,m}, 1,1}
(m1+1)]1,(m/1+1)IiNA

where from the definition (6.35) of J, we have
(6.37)

U (1) (1y.amy) () = ATE(BO) 2 (L I I) /d771f11,m1(t>771)f1;,m’1 (t,m—m)

Tmemny (0, 10, 2 03, 1) |12 () — 2 — 15 — ma) M/

Linalelr 202 L s elrg 205) Ll 113,200 Lo —ns —malel1g 215) »
and we recall that J is defined in (6.34).
Applying Corollary 6.20 (éii) with
wf = (T7 A7 B7 Cu 127 Iéa 137 Ié? ma, m/27 ms, mé)? w+ = (7]7 T2, M3, 7]4) y
~(J) _ ya/271 2 ) _
LZ, = LqT LAL%,CLIQJé,I37[§am2,m/27m3umé7 LZJ; - Lg,lmmsm?
since

|’A£+E<BC)—Z+£2 (121513[{)))1/2—51'}‘1 HLZ(J)

= > X1ymy (W) X 12 it (@) 1y (22m0) (1) ,

ma,m}, I 1]
(m1+1)11,(m’1+1)li~A L};(J)

we get that outside of a set of probability e=“F”, there holds
(6.38) [|A“TS(BC) 2 (LILIs 1) >~ 3| by
W

1/2
< R v 2
< ) I (12,1 mi) (O g
my,m}, 11,1 Y+
(ma+1) I, (), +1) I ~A e
Y

+ R2 Z ||\:[j(11’m1)7(117m1)(¢)||Li+(J)
+

mi,Ih
(mi+1) 1 ~A JEe)
P_
Step 3.2: deterministic trilinear estimates. Now, we apply the deterministic
trilinear estimates from Corollary 6.34 in order to gain % additional derivatives,

S
i.e. 5 powers of A.
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Let us fix Iy, I}, mq, m) and . We estimate W, n,),(17.m1)(¢) defined in (6.37).
We start with J defined in (6.34) as

J{mi,m;}<7]7 m,M2,73, 774) = /dth1(\/|77>1|55)hm’1( |77 — 771|$

Pans ([ M212) g, () 1713 2) P ( |n4|$)hmg(\/|n—n2—ns—mll‘)-
We apply Cauchy-Schwarz’ inequality
|y (1, 1115 M2, 1135 1) | << Py (W 1102120) Py (/|12 ) o (4 [ |2 [ 2
i, (110 = 1012 P (3 128 2 P (3 0 = 12— 5 — ) 12

We apply Corollary 6.34 for of = |ni| € [I1,211], a3 = |n2| € [I2,215] and
= |7]4| S [[3,2]3]2

a1 3|, (1) Py (2 g (3-) 172 S Cymiy »

where
Clrmy = Ly (Tl 2 .
B AV2((2mg + 1) (2ms + 1))V/12
We also apply Corollary 6.34 for o = |n — | € [I1,21], a3 = |n3| € [15,21}]
and a2 = |np — 0y — 13 — n4| € [14,214]. We conclude that

[ (n=n0)m2nsna(n =12 =18 =) * T gy (0, 100, 025 13, 1) S Cotymiy Crar amty
Moreover, since

_( frmal | f1;m4|

- ( BEE * BEE (t.m),

/d f]1m1 tnl)fllml(tn 771)
|14 | — mu|1/4
W1y a1 (V)] S AT(BC) ™2 (LI I I) =
( ),(11,m4)
|f1 m | |fI{,m/|
Cirmiy Ciarmyy ( | .1|1/£11 * B ‘1/411 (t,n)

we get the estimate
Linalelrz,222) Linsl (15,2150 L inal€l2s,215) Ln—n2—ns —male(13,214) -

Step 3.3: Integration bounds. It is now time to evaluate | s, ), (1f,ms) (V)] pr 0
Yy

with
P+ ) _ —Ipm
Pt

7,M2,M3,7M4 °

First, as indicators functions are bounded by 1, we have

”1\772\6[12,212]1|773|€[I’ 21’]1|TI4\€[13 213]1\77 n2—nz—nal€[14,214] J2a)

1/p1

2,713,714

< (LIL)YP"

H1|772|6[12 21| L s e(r 213) Limalelrs 21) |||
2,M3-M4
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By symmetry of roles, recalling that ¢ = pil, we write that

< (LI LI

3:74

H1|nz|eu2,21211|n3\e[1;,21;}1|n4|eu3721311|n—n2—n3—n4|eu 20|\ o1

Hence we have discarded the integration over 7,172,713 and the term

L, 1e,21) L sl ety 205) Yinalelts,285) L in—ns—ns—nalel1,215] »
< AYE(BC) o2 (LI 1) /=14
|f[ ,m | ‘fl/,m/|
C{Ii,mi}c{féamé} ( | _1|1/z11 * | ,1|1/411 (n) -

Then, we integrate in n. Fixing I, I{, m;, m}, we have thanks to Young’s

inequality with 1 + =omtl
|f11 m1| |f1{,m'1|
e BEE

2p1
|f11 m1| |f1{:m1
e BEE
‘f[ ,m |
(el .o
L3

and from Holder’s inequality with ”2%1 = % + -
= (L)Y 2y any ()22 207 g () 22,

|f11,m1’ |f1/,m’|
() (Vi) o
= (L)Y P gy g | 2, ey g N 22,

1 (1 ), (22mty () ||

n2,M35M4

L?]p1/(p1+1) L%pl/(p1+l)

P
Ln

where in the latter equality we have used the L? isometry property of the linear
flow. We have proven that

19 vy agmy D)l < ATHBC) 2 (Lo L I5) >~
+
C{[“mZ}C{I/ ! (]1]’)1/(21?1)“11[177”1”LQ ||U[i7m/1||Lé .

Recalling that ¢; = p% and replacing C{thmi} =

value, this leads to

(1) (Ial3)'/4 _
Al/z((2m;+1§(;m3+1))1/12 by its

1 a1y ()] o) < ATE(BO) 2 (LI I I3) V2

(<11>U{))l/;(fglélglé)l/f%
AV2((2mg + 1)(2mh + 1)(2mg + 1)(2m4 + 1))1/24

(L) 2 wry 22, g g | 2, -

Step 3.4: decoupled summation. We now consider the sums over I, I7, my, m)
n (6.38).

(P e

2
L”I
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For the second term in the right-hand side of (6.38), we take I = I, m}j = my
and incorporate the term (7)1 which is the only term still dependent of
I;,m; in the upper bound. By summation, this leads to

mZ; ()l m N2, = [luallo,
1,41
(m1+1)I1~A
For the first term in the right-hand side of (6.38), we also have
1/2
> ()= I w2 g 72, | = allz,

my,m}, 1,1}
(m1+1)[1,(m/1+1)IiNA

Therefore (6.38) becomes
HAHE(BC)fZ+52 (121513[:13)1/2751']0.; HLZ(J)

([21513[§)1/2+1/8—51/4 )

SRQ AZ—%-FE(BC)—H—Q

—(J 2 p:
15}() lq/lll27cl227é

’ ’ /.
7[37]37m27m27m37m3

Step 3.5: Hélder bounds. Let us now compute the norm L%ZMQ. Thanks to
the condition 1+ (2mq + 1)1y € [B,2B] implying ms < % and I, < B, we
have

121+1/4—51/2 1

< ]1+1/4—51/2
(m2—|—1)1/12 Z 2 Z (m2—|—1)1/12

ma,l2 I,e2Z:1,<B ng%

(ma+1)Ia~B

1-1/12
1+1/4—e1/2 (B
< Yot (g)
I,€2Z:1,<B 2
1-1/12 1/4+1/12—¢1 /2
2 e N & Ve
I5€2%:[,<B

The series over I, < 1 is convergent since for €; > 0 sufficiently small, the
exponent 1/4 +1/12 — &1/2 is positive. Moreover, one can see that the gain of
1/12 is actually useless here in the argument. For the series over I > 1, we get
a bound BY/4+1/12=21/2 5o that

Il+1/4751/2
Z 2 < Bl+1/4—51/2 < 35/4.
ma,la (m2 + 1)1/12 ~ ~
(m2+1)]2’\‘B

u
((2ma + 1)(2mh + 1)(2msz + 1)(2mf + 1)1/ | A||X10+51 -

%

()
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We do the same for all the other indices I3, mj, I3, mg, I, m5 and get
|AS=(BO) 22 (I Iy I 15) V275 3| oy
v

5 R2 A€—1/2+s(BO)—é+52+5/4HUAH%{Q

1+eq

a/271 ;p2
Ly LALB,C

We now take the LP? norm over B, C. Since ¢ > %, the exponent in front of
the term (BC) is —{+ &5 +% < —% +e9+ % When &5 < i is small, we see that
this exponent is negative, so that the LP?2 norm over B and C'is convergent
and bounded by some constant Cy. This leads to

_1
Aé 2+£HUA||2‘X‘10+51

||A£+E(BC)—€+52 (12]£I3[é)1/2_81']w||L§)(J) S R2

Py
We finally conclude that
HA“E(BC)_””(fzféfgfé)m_“-]“HLiw < B2 [luoll?

[—%4‘5 HL;/2 :
1+eq

It only remains to take the L%ﬂ norm, but one can see that our upper bound

does not depend on 7" anymore, so this only adds a 7%/¢ factor:

HAgJFE(BC)—Z+52(12[é13[é>1/2751']wHLZ(J) S R2T2/‘1HUOHZ

1 .
l—5+e
1+eq

When ¢ + ¢ < k + 1 (this is equivalent to taking & small enough), we conclude
that
2
levwly e <o BT uollys

where ¢; = p% can be chosen arbitrarily small and in particular no greater

than ey. Using the homogeneity, we remove the assumption [|v||jecpe < 1,
|wllzeoe, < 1 and deduce that up to removing an extra set of probability

not larger than e~ inequality (6.6) holds. This concludes the proof of
Theorem 2 (7).

8. Local well-posedness

This section is devoted to the proof of Theorem 1 .

We fix k € (1, %) and uy € HE. We assume that there exists ¢ > 0 such that
ug € XF,.. We denote by ug its associate randomization, defined by (6.2), and
recall that we write 2(t) := e2¢y for the solution to the linear flow (LS-G)
associated to the initial data uf. We seek for a solution u to (NLS-G) of the
form

u(t) = 2°(t) + v(t),
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where v(0) = 0 and v(t) € H§ with £ € (3,k + 1). We will prove local
well-posedness for v € C° ([O, T), Hé) solving

: — A — | W 2( w
(6.39) 10 av = |2¥ +v|?(2¥ +v)
v(0) =0,

thanks to a fixed point argument. We consider the map ® : v € C° ([0, T, Hé) —
d(v) € C° ([O, 7], Hé) defined by

to
(6.40) @@kte[QThﬁ—i/em4ﬂw(p“+vF@“+deﬂ.
0

Observe that by the Duhamel formula, v solves (6.39) if and only if ®(v) = v.
Note that v may depend on w.

We introduce the following set of initial data:

Epr={we Q| (6.41),(6.42),(6.43) and (6.44) hold},

where
(6.41) 12, + 112 Pl e, < TR o2
(6.42) 112212\l 1y sre, < TR [Juo |3

(643)  #vwlluy g < TRIvollag ol g 0l g, for all v, € LEHE,

(6.44) 1212, 1 < TR uoll2s
We have the following estimate of Eg 7.

Lemma 6.35. Let ug € HE. Then there exists a constant ¢ > 0 which depends
on the basis function ug of the randomization, such that for all R,T > 0,
P(Q\ Err) < e .

Proof. Outside a set of probability at most e %" the bounds (6.41) and (6.42)
follow from Theorem 2 (7). Similarly, and (6.43) follows from Theorem 2 (%)
with ug € X C A7 for e chosen small enough so that £ < k—e+ % Moreover,
(6.44) follows from Proposition 6.3. O

The key estimate in proving Theorem 1 is the following.

Proposition 6.8 (A priori estimate). Let uy € Err and £ € (3,k+1). Then
for any v € C°([0,T], HE) there holds

(6.45) 1P )|z, ST (0l e, + (Rlluollg)?) -
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Similarly, for any vy, vy € C°([0,T], HE) there holds
(6.46)

19 (02) =@ () g, S Tllva=vall e s, (Rllwollag)® + onll7ae e, + 02l ) -

Proof. Let w € Egr. Estimates (6.45) and (6.46) reduce to multilinear esti-
mates, as a consequence of the triangle inequality in the Duhamel formula (6.40)
and the fact that e4¢ is an isometry in HE. Indeed, for ¢ € [0, 7], there holds

t
19 (v) ()] e, </0 €73 22 4 o (2% + o) (¢) | e, A

t
S [+ v+ ) @) g @t
0
S22 + v (22 4+ 0)ll Ly e, -
We expand the cubic term and bound
(6.47) N2() | Lgerre, S M2 P2y, + ()0l Ly, + 112210l Ly e
+ ||Zw|v|2||L1THé + ||Zw772||L;Hg +T|||U|2U||L%°Hé'
Similarly, let vy, v, € HS, then we have
[ (v2) — (1)l pgeme, S M2+ val* (2% + v2) — |2 + 01[*(2* + )|y e, »

so that

(6.48) 11D(02) — B0 pzeme. S 1)@ =00 s e, + N2 (02 = v1) s e

+ {12 (Jval* = Tt ) g, + 12203 = ) e, + Tllval*v2 = [orPorll e e, -

We now provide upper bounds for all the terms in (6.47) and (6.48).
e We begin with (2%)%0, (2¥)%(vg — v1), |2¥|?v and [2%|*(vy — v1). Let
w = v or w= vy —v;. By the product law in HE of Proposition 6.1,
we have

1) 1z, S (1O llag, + 12201z ) w0, -
Using (6.41) and (6.44) from the assumption w € Eg r, this gives:
||(Zw)2w||L1THé S (H(Zw)QHLlTHé + ||Zw||%2TLg°) ||w||Lg9Hg
S TR |fuoll e llwll e e,
Similarly one has
|||Zw|2w||L1THé S TRQHUOHg(wa“L%OHé .
We have both proven

||(Zw)25||L1THg + |||Zw|zv||L1THé S TRQHUOchfHUHLgSHg
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and
1) (02 = 00) |t e, + 11221 (v2 — v0) oy mre, S TR JwolZee vz — vill e e,
e Let us estimate z%[v|?, 2¥(|va|* — |v1]?), 290 and 2*(v3 — v}). Us-
ing (6.43) from the assumption that w € Err, we infer:
1210l e, + 125y e, S TRl gt 101200
and
12 (onf? = o1 )l s e + 11252 — 321 s e
S TR|uoll s (lvz + villgee g, + vz — vill T e Mlve — vill e e
S TRHUOHX{“O'U?H%%OHg + Hvlni%OHg)HU? - Ul”ioTOHé :

e Observe that thanks to the algebra property of H¢, (since £ > 2) of
Lemma 6.1, we have

|||U|QU||L39Hg S “UH%%OHé
and
[[va]*vs — |U1’201”L%°Hg S (HU2”L;°H§ + HU1HL§?Hé)2HUQ - ’UlHL;OHg :

All these bounds combined together with assumption (6.42) in estimates (6.47)
and (6.48) imply (6.45) and (6.46). O

Proof of Theorem 1. Let w € Erp. Thanks Proposition 6.8, we know that
there exists C' > 0 such that the map ® : C°([0,T], HE) — C°([0,T], H) is
bounded Lipschitz on finite balls: if [[v[| e e, < Rl[uol| 1y, we have

10011, < CT(RlJuoll )
and for [|v1|pee e, < R and [[va]| e e, < R, we have
1©(02) — ®(01) 11, < CT(RlJuoll ) [0 — tnll e .-

Thus, taking T = W, we see that @ stabilizes the ball B(0, Rl|uol| xx)
Xl

in C°([0,T], HE;), moreover, ® is a contraction on the ball B(0, Rl[ugl| xs)-
The existence and uniqueness of v solving (6.39) then follows from standard
contraction mapping arguments.

We have obtained that for any w € Err (and T = m)
Xl

, there exists
a unique solution to (NLS-G) in the space
e"Seug + C°([0,T), Hg) < €°((0, T, HE)

Then the set
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satisfies the requirements of Theorem 1 (7). Indeed, it remains to see that
P(€2\ E) = 0. Since the sequence of sets U,> £, 1 is non-increasing, we have
’2n

2
1 | <l —cn
P(Q\ E) < limsup P (U E, 2 ) < limsup ) e ,

- . . M2
which is 0 since >~ e~ converges. U

Appendix A. Pointwise estimates on Hermite functions

The purpose of this appendix is to explain how to prove the estimates of
Corollary 6.15 as a consequence of the pointwise estimates on the Hermite
functions from Theorem 6.12.

Proof of Corollary 6.15. We study the bounds on distinct regions of space. Let
us fix m € N.

1) For |z| < i), there holds |22 — A2 | > 3)2 thus
2 m 47'm

_1
()] < 2% = N2 77 S A2

(2) For 1\, < |z |<)\m— m®, we have 22 < A2, — 203 + A\ni® < A2, — A thus
A2 — 22| = (N2, — 2%) > A\, which implies that:

2
N+ A2, — 2?| < 2|N2, — 2.

Finally, we get

=

~ 1°'m

o) S X2, = 22174 S (N o+ 3, = a2

[

2
(3) For ||z| — M| < Am®, we have |22 — N2 | < ||z — A - 2] + An] S A, sO
that

N

()] < A = (M) 5 < (Am+|)\2 |)_

(4) For A\, + )\m < |z € 2\, there holds |z% — A2 | = /\ , thus the crude
bound e~*"®) < 1 gives

e—sm(a:)

-
TS Mot |22 =x2)) "
|22 = A% |8

(5) Let |z| = 2\,,. Observe that by change of variable ¢t = A,y we have

pen P — )2
Jf)zkfn/lA \/3ﬁdy2)\fn/lA (y_1)dy_(x2)’

[ ()] <
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where we used that for y > 1, v/y? — 1 > y — 1. Then, observe that x — \,,, > §
by definition of z. This implies s,,(z) > % and finally, since [z —M\2 | > A2 > 1,
we conclude:
—sm(x)
e
()] S ———1 Se . O
|22 — AL l%

Appendix B. Algebra property and local theory

Appendix B.1. Proof of the functional inequalities. In the Grushin
case, the proof of Proposition 6.1 is a consequence of the following results. In
the context of the Heisenberg sub-Laplacian, the proof of Proposition 6.1 about
the algebra property of the Sobolev spaces H* can be found in [BGO1] and
relies on representation theoretic formulee.

Lemma 6.36 (See the proof of Lemma 3.6 in [BFKG16]). Let H = 0y, + 2
denote the Harmonic oscillator. For all k > 0, there exists C(k) > 0 such that
for allm e N,

1
@HHW%H@ <N bl + 2" unllz2 < CR)IH"2 |22

Corollary 6.37. For all k > 0, there exists C(k) > 0 such that for allu € HE,
there holds

1

Ch) 1(1d —Aa)*ull 2, < 11(00) ull 2+ 1108, ) ull 2, < ORI —Aa)™?ull e,

Proof. We decompose u as

Fyomu(@,n) = 3 ) (] 22).

m

Then
0= 2y = 3 [ Lfnn) Py [ (1 + @+ Din bl
Hence we see that ||(Id —Ag)k/2u||Lé ~k [Jullz2 + ||(—A(;)k/2u||L2G, and
=86)2uls ~0 S [ 1) Peln [(@m+ Dl ol
= 5 [y [ 10 H b))

Now we use a change of variables to get

(=80)2ulty, ~a X [ ) P [ (D) 2
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Then we use that ||[H*?h,,| 12 ~ |0¥hum 12 + ||2" A |2 and get

1(=26)"?ul[72, ~ Z/ !fm(n)Ianln!’“’”Q/((a’; + 2Ry, (2)2dx
=5 [l [ 10 (05 + @) (1n]22) e
=5 [l Pan (@5 + (nfe) (ol 202

= [195ullZs + (28, ulls O
We are now ready to give a proof of the product laws.

Proof of Proposition 6.1. (i) We start by using the above Corollary 6.37 and
get
luvll e < 160" (wo)llzz, + [[{2dy)* (uv)lLs -

Now, the classical product rule in Sobolev spaces applied in z (resp. in y)
implies
10:)" (wo)llzs < 1160e) ull 2 vl 2= + Nl oo 102 0]z

resp.

20, (wo)llzs < 1(20y) ull s 0l g + llull e {20, ) ]l s
which combined with Holder estimates in y (resp. x) yields

luvll g, IO iz vllees, + lullze, 1602) vl 2z,

@) ullz Nvllese, + lullre, [(20y) ollzz , -

Proposition 6.1 (7) follows by an other application of Corollary 6.37.

(ii) is a direct consequence of (i) and the Sobolev embedding HE < L when
> 3.

(7i7) When p is an integer, the result follows from (i7) by iteration. d

Lemma 6.38 (Limit Sobolev embedding). The following statements hold.

3
(i) There exists C' > 0 such that for every p > 2 and u € HE, there holds

(6.49) lullzg, < OVl 5 -
(it) (Brezis-Gallouét) For any k > 3, there exists Cy > 0 such that there
holds
(6.50) lullose < Cillul] 3 log? [ 11 1M
¢ H lull 4
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Proof. (i) Let p > 2 and u € L. By the triangle inequality we have
ulle, < D2 fualle, -
Ae2N

Then, the Sobolev embedding yields
lulle, S D2 HUAII (1-3) SO A 2”!IUAII

P
Ae2N Ae2N

An application of the Cauchy—SChwarz inequality and orthogonality provide us
with

1
3
_3
Jullzp, ( > 4 ) full 5.
Ae2N G
which gives the conclusion since - 4con A7~ Cp as p goes to infinity.

(77) Let Ag > 1 be a dyadic integer. Start by writing v = Y 4ca, ua +
> AsA, Ua , and by Cauchy-Schwarz

1
2
Jull = < log?( (Z ”uAHLOO) + > lualli -

A<A0 A>AO

Observe that for p > 2, [lual|re, < A2(3) [[wall,, which gives when letting
p— 00

(6.51) [uallzeg < lluall

3,
HE
and this latter inequality also implies

(6.52) luallzg € A7 2 llual g
The bound (6.51) when A < Ay and (6.52) when A > A, imply
1 k-2
lullg S ||UHH§ log? Ao+ Ao *™ > lull g ,
which gives the result after optimisation in Aj. O

Appendix B.2. Deterministic local Cauchy theory. We finish this ap-
pendix with a summary of well-posedness results for (NLS-H') (resp. (NLS-G))
for k> 2 (resp. k > 2). To the best of our knowledge, the best well-posedness
result for (NLS-H') is the following.

Proposition 6.9 (Well-posedness for (NLS-H'), see [BGO1]). For k > 2, the
Cauchy problem for (NLS-H') is locally well-posed in C°([0,T*), H*(H')) and
T* = T*(|luoll axay) 2 [luoll 5% e

Similarly, we recall the best local theory for (NLS-G).



302 CHAPITRE 6. GRUSHIN-SCHRODINGER EQUATION

Proposition 6.10 (Well-posedness theory for (NLS-G)). The following well-
posedness statements hold:

(i) For k > 2, the Cauchy problem for (NLS-G) is locally well-posed in
C([0,T%), HE). Moreover, for ug € HE, the maximal time T* satisfies
2 ol

(i) The blow-up criterion can be refined:

T < oo = [Ju(t)|| s — .
Gt—>T*

Sketch of proof for Proposition 6.10. We only give formal arguments, which
are easily converted into fully rigorous proofs by standard means.

(7) Let kk> 3. Applying the operator (—Ac)g to (NLS-G), then multiplying
by (—Ag)2u and integrating by parts in space, we compute that:

d k k_

&IIU(OII%@ S (=26)2 (Jul*u)(—Ac) 2 al| Ly, -

Applying the Holder inequality, the algebra property of Lemma 6.1 and the
Holder inequality again, we finally arrive at the estimate

d
&Hu(t)\ﬁ{g S Nullfee iz,

which by the Sobolev embedding and the Gronwall inequality gives an a priori
estimate in H* and implies the local theory.

(7) This follows from the energy estimate and inequality (6.50), which give

1 2 ull
< < lul|? 2 < ; :
ez < Nl lullz, < lullf g llullZ log (1 s )

which implies the result after an application of Gronwall’s inequality. O

Note that a similar argument to that of (47), which relies on the inequal-
3

ity (6.49) can be used to prove that, if solutions exists in HZ, they are
unique. This argument goes back to Yudovich [Yud63], then has been used by
Vladimirov [V1a84] in the context of Schrodinger equations. Namely, if uy, ug are

3 3
two HZ solutions in L>([0,T), HZ), introduce ¢(t) = [Jui(t) — u2(t)||3 2 and fix

T, < T, we prove that ¢(t) = 0 for all £ € [0, T}]. Denote by w(t) = ul(t) us(t).
Then

_ 2/ t) dz = 21/ Aw(t)d(t) de—2i /W(]u1|2u1—]u2|2u2)w(t) dx

Since the first terms equals —2i||Vwl||2, € iR and ¢ is real-valued, we have

’/ (| [Pur — |ugug)w(t) dz| < / lw(t) 1O+ Jua(t)] ) dz .
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Then for all ¢t < T7, we have
¢'(t) < /]Rz |(ug — ug)(t)]2(1*1/10)(!ul(t)IQ(Hl/p) + ’u2<t)’2(1+1/p)> dr
_1
S VPN <|yul||2<§“/p> + y|u2||2(§“/”)> ,
Hes HZ

where we use (6.49) in the last step. Since ||u;(t)||
2(1+ ;1)) < 3, we obtain

= C(T)) and

Loo((0,T4],H D)

1
(1) S Vpo(t)
The, we integrate on [0, ] to get

sls)

which goes to 0 as p — oo, hence ¢ = 0.

Appendix C. An interpolation lemma

The aim of this appendix is to prove that if inequality (6.21)

2

Y- (1d—Ag)*(ua(Psavp))

<3 M) s lloll
2B>A

2
LG 5€D1

holds for ¢ = 0 and ¢ = 2, then this inequality holds for all ¢ € [0,2] by
interpolation. Writing w = (Id —Ag)*?v, we have

BZA(Id ~A¢)"(ua(Ps avp))

= H(Id —Ag)"? (uA > (1d —AG)E/2(P>Aw)B>

2B>A

L Ly
Lemma 6.39 (Interpolation lemma). Let £ € [0, 1], then for any w € L%, there
holds

1/2
1(1d =2)" (waxsa(ld —Ac)w) 2, (z ||<uA>51||ig,o) Jeollzz,

6€Dy

The proof of this lemma is an application of Stein’s interpolation theorem in
the case when the operators are bounded by the same constant.

Theorem 6.40 (Stein interpolation theorem [Ste56], Theorem 1). Let (§2;, %5, ),
i =0,1 be two measured spaces, p;,q; € [1,00], S :={2€ C|0 < Re(z) < 1}
and (T,),cg a family of operators from simple functions in L'(u) to po-
measurable functions. Assume that there exists ¢ < w such that the following
holds.
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(i) For any fived simple functions f and g on gy and Q, respectively,
z€ S [o T.(f)gduy is continuous on S and holomorphic in S, and
satisfies

—c|Im

) og

supe < 00.

zeS

| T(Dgdm

(ii) The operator T, : LP°(o) — L%(y) is continuous whenever Re(z) =
0: there exists Cy such that for all f € LP(Qp) and r € R,

[ Tosir fllao < Co(r)I1.f ||ro,

and similarly, whenever Re(z) = 1, the operator T, : L' () —
Lo () is continuous: there exists Cy such that for all f € LP*()
and r € R,

|Titir flloan < CL(r)|| fler-
Moreover, fori € {0, 1},

sup e ‘" og |Cy(r)] < oo
reR

Then for 6 € [0, 1], setting pie =104 0 4pd L = 1q;09 + (%, the operator Ty :

po p1 Po

LPo(Qg) — L%(Qy) is bounded. More precisely, there exists Cy = C(0,Cy, Ch)
such that

| Tofllrw < Collfllzre, f € LP(Q), 7 €ER.

Proof of Lemma 6.39. We apply Theorem 6.40 to the operators

—1/2
(Z H(umnig) T.,
éeDy

with
Tzf = (Id —Ag)z (UAP>A(Id —AG)_zf) s

and (Id —Ag)? = exp (zlog(Id —Ag)). We make the choice Qy = Q; = R?
1o = p1 is the Lebesgue measure A, and po=p1 =pg=q9 = qo = @1 = 2.

Observe that for any real r, the operator (Id —Ag)" acts by rotation of the
Fourier coefficients in L% thus it is bounded in L? with norm 1. Indeed, the
decomposition F(w)(z,n) = S men fm (1) hm(In]22) leads to

, ; 1
F(Id=Ag) w)(z,n) = 3 (1+ 2m+ D))" fu(n)han(|n|22)
meN

so that we can conclude by orthogonality of the decomposition. This implies
that for all w € L?(R?) and z € S, we have

I fllz2@) = 1 The(s (1d =A6) ™ fllz2@2) ,
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with ||(Id —A¢) " w||r2m2) = [|w]|r2@e2). Thanks to the fact that inequal-
ity (6.21) holds in the case £ = 0 and ¢ = 2, assumption (i) from Theorem 6.40
then holds with some constant functions Cy = € independent of r = Im(z).

We now establish assumption (7). Fix two simple functions f, g on R2. Then
the map z € S — [p2 T.(f)gdA is continuous and holomorphic. Moreover, for
all z € S, we have

[ D9 < Iz gz
We write z = ¢ +ir with (¢,7) € [0,1] x R. When ¢ = 0, we simply write
T2 flle, S llualleg 1 P>afllre,

and observe that [[ualFe < [[ual? A%+€||UA||2% < +00. Otherwise, if
H,

. <
§+E ~

G
¢ > 0, start by an application of the product law in Proposition 6.1, which
gives

1T fllzz, = lluaP>a(ld =Ac) ™ fll e,
S luallcg[1P>a(1d =Aa) ™ fll g, + lwallmy | P>a(0d =Ac) " fll e
S lwallzg £ 1z, + lluwall g [1Psa(ld —=Aa) ™ flly—eee
Then we observe that [luallge < A§||uA||Lé < 00, |lually < oo, as well as
[ fllzz, < co. It remains to study [P (Id —Ag) ™" fllyy-tee. We first use the
G
dual Sobolev embedding L — W, "> where % — £ =0 (so that 3 < p < o0):
1P a(d =Ac) ™" fllyp-toe S 1 Poa(ld =Ag) ™" flirp, -
Now, we conclude by using the continuity of Ps4(Id —Ag)™" on LF..
Indeed, P.4(Id —Ag)™" = F(—Ag), where

F(\) = (1 - X (T)) L+ )"

Since x € C°[0,1), one knows that F' € W2 (R). Now, Theorem 1 in [MS12]
implies that for all p € (1,00), F(—Ag) is bounded in £(L?(R?)). O
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RESUME

Cette thése étudie l'influence des données initiales aléatoires dans les équations aux déri-
vées partielles qui peuvent étre dispersives ou provenir de la mécanique des fluides. L'aléa-
toire permet la construction de solutions locales, globales et, dans certains cas, I'étude du
comportement asymptotique alors qu’aucune théorie déterministe n'est connue. Les princi-
pales méthodes aléatoires pour les équations aux dérivées partielles sont exposées dans les
deux premiers chapitres puis, dans le chapitre 3, on obtient I'existence presque-sire de so-
lutions faibles et globales pour des équations d'ondes non-linéaires, a un niveau de régularité
plus faible que celui de I'énergie. Dans le chapitre 4, on construit des solutions globales aux
équations de Schrodinger non-linéaires posées sur I'espace euclidien. Ces solutions sont
construites a un trés faible niveau de régularité et exhibent un comportement de diffusion en
temps long. Le chapitre 5 se concentre sur I'étude de la croissance des normes de Sobolev
pour les solutions des équations d'Euler a I'aide de mesures invariantes produites a un haut
niveau de régularité. Enfin, le dernier chapitre étudie le probléme de Cauchy local pour les
équations de Schrodinger non-linéaires posées pour le laplacien de Grushin. On construit de
fagon probabiliste des solutions a un niveau de régularité plus faible que la théorie détermi-
niste.
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ABSTRACT

This dissertation studies the effect of the randomisation of initial data for dispersive and fluid
partial differential equations. Randomness makes possible the construction of local and
global solutions, and allows in some cases the study of the asymptotic behaviour in situations
for which no deterministic theory is known. The results of this dissertation are proven using
variations of two important methods which are exposed in Chapter 2. In Chapter 3 we obtain
the almost-sure existence of weak and global solutions for nonlinear wave equations at a
lower level of regularity than the energy level. In Chapter 4 we construct global solutions to
nonlinear Schrodinger equations on the Euclidean space. These solutions are of very low
regularity and scatter. Chapter 5 focuses on the study of the growth of Sobolev norms for
solutions of the Euler equations using invariant measures produced at high regularity. Finally,
the last chapter studies the local Cauchy problem for the nonlinear Schrodinger equations
posed for the Grushin Laplacian. Using a probabilistic method, we construct solutions at a
lower level of regularity than what the best deterministic theory can produce.
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