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Abstract

From potential to practical variations in the teaching of functions:
contrasting Chinese and French cases in two upper secondary schools

Teaching mathematics through variation appears an important topic as soon as we study
task design, many teachers teaching consciously or unconsciously in varying these tasks.
It has been proved to be an effective way of teaching mathematics in China and has a
profound theoretical foundation both in China and France. This thesis is situated in
between China and France, crossing two traditions and cultural contexts, aiming to
think fruitful interactions between them and improve the effectiveness of mathematics
teaching by understanding the role and evolution of teaching through variation. At this
digital turning point of resources explosion, the development of technologies and the

potential variations that it brings are also taken into account.

Variation appears in two traditions of research, the Chinese and the French one. In
China, Gu (Gu et al., 2004) situated BIANSHI jiaoxue (teaching through variation) as
an effective way in mathematics teaching, distinguishing conceptual variation and
procedural variation. In France, Brousseau (2002) situated the didactical variables as
sensitive elements of a problem whose modifications can significantly influence

students’ behavior.

After presenting and contrasting these two theories, we propose a preliminary model of
“teaching mathematics through variation” by combining these two theoretical
approaches with the Documentational Approach to Didactics (Trouche, Gueudet &
Pepin, 2020). The documentational approach to didactics focuses on the interactions
between teachers and resources, named their documentation work, which has
implications for teachers’ professional development. It combines the study of two
interrelated processes, instrumentation (the way the resources influence teacher activity
and knowledge) and instrumentalization (the way each teacher adapts each resource
s/he integrates in her/his own activity), and considers, for each teacher, the development

of her/his resource system as a result of these processes.

Our preliminary model distinguishes potential variation (the changes explicitly
proposed by a given task, or series of tasks), actual variation (the possible changes
made explicit by a teacher when integrating a task as a resource) and practical variation
(the changes occurring when implementing the resource in class). It is based on the
process of transforming potential variation into actual variation, and of using practical

variation for rethinking potential and actual variation.

Three research questions are explored: 1) What are the potential variations in the upper
secondary school mathematics textbooks and other curriculum resources in China and
France? 2) What are the actual variations in the Chinese and French cases to achieve



the teaching goal? 3) What are the practical variations in Chinese and French cases?
How does the case teachers take into account these practical variations?

For addressing these issues, an analytical framework based on our initial model is
proposed as an analytical tool in our research for studying different types of variations
(contextual, representational, conceptual and procedural) in each stage (potential,
actual, and practical) through teacher’s documentation work. It is applied to the analysis
of curriculum resources (textbooks and online resources), two case studies (both in
France and China) and contrasting of these cases.

As a critical element of our analytical framework, we propose the concept of variation
path. Variation path is, for a given task, the process of evolution of each type of
variations, through the three stages of potential, actual and practical variations, over a
teacher documentation work. The evolution could be in the form of retaining, removing,
reducing, extending, or creating variation. It is applied to the case studies and
represented by a schematic representation, see an example below:

| Teacher’s documentation work >

Potential variation Actual variation ‘ ‘ Practical variation ‘

Remove

Contextual
. —
variation

Treatment in the Extend | 1hcrease the complexity of Retain R
- symbolic writing treatments
Representational
variation ; K )
Conversion: symbolic Reduce |

writing to graphs /

Non-standard
variation

Four types of variations

Conceptual Standard variati Retain
variation andard varjation

Pudi Retain & more explicit | _,| Add new Pudian
Procedural udian ‘ for students
variation
Retain & Create nu\ OPMC
OPMC
OPMS

We followed in both countries the available resources, the documentation work, and the

classroom teaching of two experienced mathematics teachers of upper secondary
schools, focusing on the topic of function (due to its interest for varying the way and
the form of teaching). We also studied textbooks used in case teachers’ classes, and the
online platform designed as supplementary resources of textbooks.

This study allows to enlighten our questions of research, to refine our initial model and
its corresponding analytical framework. It opens new perspectives for taking into
account variation not only for a given task, but also for the enrichment of teachers’

resource systems, and for their professional development.

Taking advantage of the two main levels (level of mathematics teaching content, level
of education noosphere) proposed by Wang (2019), we discussed the possibilities of
extending our reflections from one case teacher to a category of teachers in China or



France.

This study raises new theoretical perspectives, such as thinking variation as a way of
moving in a conceptual field (Vergnaud, 2009), opening a window on other
mathematical variation traditions, as the Hungarian one (Gosztonyi, 2015), thinking
both the evolution of tasks and the evolution of teacher documentation work by linking
variation path and documentational trajectories (Rocha, 2019). It also opens new
practical perspectives, such as integrating a ‘variation spirit’ in the textbooks, in
problem-solving, using the digital potentialities of platform for developing living

resources, and considering teachers’ collective work and education on variation.

Keywords: teaching through variation; teacher’s documentation work; mathematics
teachers; case study; China; France
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Des variations potentielles aux variations effectives dans I’enseignement

des fonctions au lycée : étude de cas en France et en Chine
Résumé

Considérer I’enseignement des mathématiques du point de vue de la « variation » de
cet enseignement est une question importante dés lors que 1’on s’intéresse a la
conception des taches, car la majorité des enseignants enseignent consciemment ou
inconsciemment en prenant en compte la variation de ces taches. Cette pratique s’est
avérée étre un moyen efficace pour enseigner les mathématiques en Chine et a une base
théorique profonde a la fois en Chine et en France. Cette theése se situe entre la Chine
et la France, bénéficiant de deux traditions et contextes culturels dont eclle essaie de
penser des interactions dans la perspective d’améliorer 1’efficacité de 1’enseignement
des mathématiques. A un moment d’explosion du nombre des ressources disponibles,
I’évolution des technologies et les variations potentielles qu’elle offre sont également

prises en compte.

La variation apparait dans deux traditions de recherche en matiére d’enseignement des
mathématiques, la chinoise et la francgaise. En Chine, Gu (Gu et al., 2004) situe le
BIANSHI jiaoxue (enseignement avec variation) comme un moyen efficace de
I’enseignement des mathématiques, distinguant variation conceptuelle et variation
procédurale. En France, Brousseau (2002) situe les variables didactiques comme des
¢léments sensibles d’un probleme dont les modifications peuvent influencer
significativement le comportement des éleves.

Aprés avoir présenté et contrasté ces deux théories, nous proposons un modéle
préliminaire « d’enseignement des mathématiques par la variation » en combinant ces
deux approches théoriques avec I’ Approche documentaire du didactique (Trouche,
Gueudet & Pepin, 2020). L’approche documentaire de la didactique est centrée sur les
interactions entre les enseignants et les ressources, nommeées leur travail documentaire,
qui a des implications pour leur développement professionnel. Elle combine I’étude de
deux processus interdépendants, /’instrumentation (la maniére dont les ressources
influencent I’activité et les connaissances de 1’enseignant) et [/ 'instrumentalisation (la
maniére dont chaque enseignant adapte chaque ressource qu’il intégre dans sa propre
activité), et considére, pour chaque enseignant, le développement de son systeme de

ressources résultant de ces processus.

Notre modele initial distingue les variations potentielles (les changements
explicitement proposés par une tache ou une série de taches), les variations réelles (les
changements possibles rendus explicites par un enseignant lors de I’intégration d’une
tache comme ressource) et les variations effectives (les changements survenant lors de
la mise en ceuvre la ressource en classe). Il est basé sur le processus de transformation

des variations potentielles en variations réelles et sur 1’utilisation des variations



effectives pour repenser les variations potentielles et réelles.

Trois questions de recherche sont explorées : 1) Quelles sont les variations potentielles
apparaissant dans les manuels de mathématiques et les autres ressources pédagogiques
en lycée en Chine et en France ? 2) Quelles sont les variations réelles apparaissant dans
les ressources des professeurs visant un enseignement donné ? 3) Quelles sont les
variations effectives dans le cas de professeurs chinois et frangais ? Comment les

enseignants de cas prennent-ils en compte ces variations effectives ?

Pour aborder ces questions, un cadre d’analyse bas¢ sur notre modele initial est proposé
comme outil de recherche pour étudier différents types de variations (contextuelles,
représentationnelles, conceptuelles et procédurales) a chaque étape (potentielle, réelle
et effective) dans le cas de professeurs donnés. Il est appliqué a ’analyse des ressources
curriculaires (manuels et ressources en ligne), a I’analyse de cas (en France et en Chine)

et au contraste de ces cas.

Comme ¢élément critique de ce cadre d’analyse, nous proposons le concept de parcours
de variation. Le parcours de variation est, pour une tiche donnée, le processus
d’évolution de chaque type de variations, a travers les trois étapes de variations
potentielles, réelles et effectives, au cours du travail documentaire d’un professeur
donné. Cette évolution peut prendre la forme d’une conservation, d’une suppression,
d’une réduction, d’une extension ou de la création d’une variation. Il est appliqué aux
¢tudes de cas et illustré par une représentation schématique, voir un exemple ci-dessous :

I Travail documentaire de 1'enseignant >
‘ Variation potentielle ‘ Variation réelle Variation effective
Variation Supprimer
contextuelle
R ‘tendre | Augmenter la y
Traitement dans le Etendre gmenter 2 Conserver
. _ + complexité des —
registre symbolique ) i
Vaiati traitements
ariation

{
Réduire IT

représentationnelle  \ | Conversion : du registre
symbolique vers le

registre graphique ‘I

R 1
Variation Variation standard Conserver
conceptuclle 3} |

+
Variation non-standard

|
Variation Pudian Conserver & rendre plus explicite | Ajouter un nouveau
/‘{ St s Wl i

procédurale | Pudian pour les étudiants

OPMC Conserver & créer un nouveau OPMC .
OPMS

Quatre types de variation

Nous avons suivi dans les deux pays les ressources disponibles, le travail de
documentation, et I’enseignement en classe de deux professeurs expérimentés de
mathématiques en lycées, en nous concentrant sur le théme des fonctions (qui se préte
bien & la variation des modes et des formes de son enseignement). Nous avons
¢galement étudié les manuels utilisés dans les cours des enseignants, et des ressources
en ligne congue comme des ressources complémentaires des manuels.

Cette étude permet d’éclairer nos questions de recherche, d’affiner notre mode¢le initial



et le cadre d’analyse correspondant. Elle ouvre de nouvelles perspectives pour la prise
en compte de la variation non seulement pour une tiche donnée, mais aussi pour
I’enrichissement des systémes de ressources des enseignants, et pour leur
développement professionnel.

Profitant des deux niveaux principaux (niveau du contenu d’enseignement des
mathématiques, niveau de la noospheére) proposés par Wang (2019), nous avons discuté
des possibilités d’étendre nos réflexions du cas d’un professeur donné a une catégorie
de professeurs en Chine ou en France.

Cette étude souleéve de nouvelles perspectives théoriques, telles que penser la variation
comme une maniere de se déplacer dans un champ conceptuel (Vergnaud, 2009), ouvrir
une fenétre sur d’autres traditions mathématiques de la variation, comme la tradition
hongroise (Gosztonyi, 2015), penser a la fois I’évolution des taches et I’évolution du
travail documentaire des enseignants en liant parcours de variation et trajectoires
documentaires (Rocha, 2019). Il ouvre également de nouvelles perspectives pratiques,
telles que I’intégration d’un « esprit de variation » dans les manuels, dans la résolution
de problémes, [’utilisation des potentialités numériques des plateformes pour
développer des ressources vivantes, et la prise en compte du travail collectif des
enseignants et de leur formation pour développer, au profit d 1’enseignement des
mathématiques, les pratiques de variation, et les ressources soutenant ces pratiques.

Mots-clés: enseignement par la variation; travail documentaire de I’enseignant; professeurs
de mathématiques; étude de cas; Chine; France

Brousseau, G. (2002). Theory of Didactical Situations in Mathematics. Netherlands: Springer.

Gosztonyi, K. (2015). Traditions et réformes de l’enseignement des mathématiques a l’époque
des “mathématiques modernes”: le cas de la Hongrie et de la France. PhD thesis University
of Szeged and University Paris Diderot, https:/hal.archives-ouvertes.fi/tel-
01766902/document

Gu, L., Huang, R., & Marton, F. (2004). Teaching with variation: A Chinese way of promoting
effective mathematics learning. In L. Fan, N. Y. Wong, J. Cai, & S. Li (Eds.), How Chinese
learn mathematics: Perspectives from insiders (pp. 309-347). Singapore: World Scientific.

Rocha, K. (2019). Une étude des effets du travail documentaire et collectif sur le développement
professionnel des enseignants de mathématiques : apport des concepts d’expérience et de
trajectoire documentaires. PhD, University of Lyon. Retrieved from https:/tel.archives-
ouvertes. fr/tel-02399664/document

Trouche, L., Gueudet, G., & Pepin, B. (2020). The documentational approach to didactics.
In S. Lerman (Eds.) Encyclopedia of Mathematics Education, (2™ edition, pp. 307-313).
Cham, Switzerland: Springer. doi:10.1007/978-3-319-77487-9 _100011-1

Vergnaud, G. (2009). The theory of conceptual fields. Human Development, 52, 83-94.

Wang, C. (2019). An investigation of mathematics teachers’ documentation expertise and its

development in collectives: two contrasting cases in China and France. PhD, University of
Lyon and ECNU, https://tel.archives-ouvertes.fr/tel-02275820



https://hal.archives-ouvertes.fr/tel-01766902/document
https://hal.archives-ouvertes.fr/tel-01766902/document
https://tel.archives-ouvertes.fr/tel-02399664/document
https://tel.archives-ouvertes.fr/tel-02399664/document
https://tel.archives-ouvertes.fr/tel-02275820




M B B “SEBR”: BRXBEERBT IR
—HIER AP RBIXT L
WE

BRBCE AT S AT P — AN EE RS, W2 HBIREE A 2R & R
BFES AT AR P E, BRI —FAT 28 S e e i
Hh s A [ G L AT ) A T AR B TR R BRI S A . A SC AT R T R E AN R )
fEE MY 5, BEBERAL XA EE AR HETERE, BEA
[F) SC Ak 2 () TGS R By, B e 3 B A o PRI AN TR o R
(YRS ) A, AR IR A R R B B8 i SR IRV CE AR A B AE AR S oA T4 B

R E, AT B CH AN — P B B =, X T AR
X7 A I REMAER BEEALE, 2003). 7EV%E, Brousseau (2002) #2H #
FAFW, W HEEL NS fBUR 2, X IX 8 R R 142 o] DL
A 22 BAT A

FEST @A L PR R 2 5, AL R X R B VA 5 2R #0516
(Trouche, et al., 2020) &5, - 17—l AR AREAT Hr #7005
B o SCRZC SR AR N F T AN SRR 2 TR B LBl R i 44 D O 1 Gt
LfE, BB R A RARL. E46 7ML RIS, 7
AP (RIS S A FIRE) 7 30 MU AL CREAS UM B it/ i AE 2t/
fih B RN RS R R I T RO . ASCEIRER T U RIS R, RN 2L
M B IR R G -

AHEFCTIR IR X 7y 1 A e 220 (28 AR S5 B — R BIAE 55 WA 42 H (142
2O LR CRITFERAE S TG N SIS B IR BT RERAZ 2O M SLEe
0 (PRGBS P A AR 50 o IR AN f) e 57 B T 7R AR A 3 st B
AR, A S e A 3ok BORT 5 AR AR A S P AR S i A

AR =AU (1) H ik R e mh 30 b 0 Al R B D A R A
AMRLE?  (2) N TIERIHAEEHbR, RO sehre A mie?  (3)
IR B SR AR AT IREE 7 SRA T Qe 2 RS N e SE IX B S R AR A1 ?

BT UL ERTTCR A, AR TR TR R R MRS . SERESR S R
WHFC BT SCER AR RSB B (A SEBR. SRR AFRIRMAR (s
B KA M, LMD . CHNHTRIERIR (B MEL
PR AT ARG QREATED B ZE BT

TENI MR GBE BE R 2 —, AR T B A S . AR IR 12
X4 IR S5, B HUM A ST AR, AR R A AR AR AE . SEPrAn s
AR =AW B AR . AR AT LU IR . BBRR . D IR EIE AL
o XA E LR T B oR:



il BT SO T A ;>

AR s | | smmast |
B
R

e ARFE (treatment) : LR " S s | =B
JF";( S T T Ab R AT —
2| miEsl < T
= 4 (conversion) b | R
£ i FI 5 |‘
g |
= fRE
Mz FRAEAE |

e /{E f%'éé’#ﬁﬁ gﬁéifmﬁku,‘i’ﬁﬁﬁ

\1@ REBICIETN—E LT
-
AT 5T DL IR B 0 22 1 7 200 F vk o [ A 256 T F B i T B 2O, R AR
] SR, SCHR TAEANR S B3 T A, B A VERB FE B EEE (KN
CAGME GHE T AR R FRATERFIT T 2245 20 4 o 46 B 10 2
M, CARAE NI AN TR IR IR 6

AHE TS T SR AT R, SE R T AR IR S AR R o TR, RO R
TR AR A ZXAHFBRTREEF WAL, 12 A BIRAHEAEH
IA2AE, HUMRBRIR RS Ak, Frdlf F A sUREns £ F BUM I ST R 4t
fle st U I Ll R

AH Wang (2019) 2K T ERR HEAEEAAERIR B8R
O, ASHEFEF I 1 REE T 45 R e 2 W [ B R 1l se .

AW A T MERA R T, BlnEMEEY (Vergnaud, 2009) it 848
X BREHAMERNLXBEELS, k) FFFIZEH] (Gosztonyi, 2015);
AR AR Xt #12F (Rocha, 2019) BLFR R, [FIA BG4 45 AU ik T
PERIEAS o A FEIETFRE T 8 B SR 5 T3 ), 49 ok << A8 RS fb RN 25067
) B fR e R & B8 T R ISR R R IR 25 EE UM & AR T AE A
X B A X G I

Fpd: ANXACE: FUNCRTAE: BUE#0m: ZEIwse: HE; EE
Brousseau, G. (2002). Theory of Didactical Situations in Mathematics. Netherlands: Springer.

[EE

J=

Gosztonyi, K. (2015). Traditions et réformes de l’enseignement des mathématiques a l’époque
des “mathématiques modernes”: le cas de la Hongrie et de la France. PhD thesis University
of Szeged and University Paris Diderot, https:/hal.archives-ouvertes.fi/tel-
01766902/document

B FR AR, B4, By, AT (2003) . RAHCEITT. BUFHCE, 5 13 Wik

Rocha, K. (2019). Une étude des effets du travail documentaire et collectif sur le développement
professionnel des enseignants de mathématiques : apport des concepts d’expérience et de
trajectoire documentaires. PhD, University of Lyon. Retrieved from https://tel.archives-
ouvertes. fr/tel-02399664/document



https://hal.archives-ouvertes.fr/tel-01766902/document
https://hal.archives-ouvertes.fr/tel-01766902/document
https://tel.archives-ouvertes.fr/tel-02399664/document
https://tel.archives-ouvertes.fr/tel-02399664/document

Trouche, L., Gueudet, G., Pepin, B., Wang, C., & Xu, B. (2020). CH#k 2 % 2 % &,
https://hal.archives-ouvertes.fr/hal-02891008/document

Vergnaud, G. (2009). The theory of conceptual fields. Human Development, 52, 83-94.

Wang, C. (2019). An investigation of mathematics teachers’ documentation expertise and its

development in collectives: two contrasting cases in China and France. PhD, University of
Lyon and ECNU, https://tel.archives-ouvertes.fr/tel-02275820



https://tel.archives-ouvertes.fr/tel-02275820




Table of contents

INErOAUCHION c.uceeeiinniieiiiniieiiiinttecninneecsisnteecssnneesssssneessssssseesssssseesssssssesssssssesssssssasssssssasssses 1
Chapter 1 Setting the SCeNe......ccuuieeiririieiiirrriiciinnieiisssieecsssneecsssssseessssseesssssssessssssseesesss 5
1.1 Mathematics education in China and France ..............ccoceoiiiiniiiiniiiiniiiceeeee, 5
1.1.1 Chinese mathematics dUCAtION. ..........eeruiiiriieiriiieiiie ettt 5
1.1.2 French mathematics @dUCAtION .........c.ceeruiiiiiiiiiiieniieeieeete et 10

1.2 Situating the teaching through variation in mathematics education..............cccocueeenneee. 15
1.2.1 Exploring the implicit variations in the curriculum standards..............cccccoeeeennee. 15
1.2.1.1 Main principles of the curriculum standards ..........c.cccceeveeiniiiiniiinneenneeene 15

1.2.1.2 Implicit variations in curriculum standards ...........ccocceeviiiiniieiniiiniieeneene 17

1.2.2 Teaching through variation: cultural phenomena?.............c.ccccoeviiiniiiniiinnennne. 19

1.2.2.1 Teaching through variation: fundamental pillar of Chinese mathematics

ERACKIIIE ..ottt ettt e e et e e e et e e s et e e e e ettt e e e e nb e e e e entaeeeennreee s 19

1.2.2.2 Teaching through variation in different cultural contexts ...............ccceeevveernnn 20

1.2.2.3 Teaching through variation underlying in French didactics ..........c....cco.ece... 21

1.3 Preliminary research qUESTIONS. ......ccooueteiiiiiriieeiiieeeiiee sttt ettt 22
Chapter 2 Literature review and theoretical considerations 25
2.1 Variation as one of the essential features of mathematics ............ccoecueeenieernieenniennne. 25
2.1.1 The diversity and unity of mathematics ............ccoceeeniiiiniiiniiiiniiiiecieeeee 25
2.1.1.1 The development of mathematics in China ...........cceceevvieiniiiinieennieennieen. 26
2.1.1.2 The development of mathematics in western COuntries...........cceeeeuvveeeernnnnnn. 28

2.1.2 The role of diversity and unity of mathematics in mathematics education............ 31

2.1.2.1 Interaction between mathematics and other disciplines in mathematics

EAUCALION ..ot e e et e e e et e e et e e et e e e e aaeeeeeaas 31

2.1.2.2 Interaction of different branches of mathematics in mathematics education...32

2.1.2.3 Interaction of multiple representations of mathematics ............ccccceeeeernneen.n. 34
2.1.3 Variation in two classic mathematical WOrks............cccceeveviiiiiiiniiiieiiieeeeeeen 39
2.1.3.1 Variation in “Nine Chapters on the Mathematical Art”...........cccoecveeeernnennn. 39
2.1.3.2 Variation in Euclid’s “Elements”...........cccoooiiiiiriiiieiiiieeieee e 43

2.1.3.3 Comparison between “Nine Chapters on the Mathematical Art” and
B 21 155 103§ PP UPUPPRPR 45

2.1.4 Conclusion: Variation comes from the essence of mathematics ............ccovuuveeennn.. 46



2.2 Theoretical foundations of variation in mathematics teaching..............c.cccccvveeerruvreenne 48

2.2.1 Variation in Chinese theories: Gu’s “Bianshi” theory ...........cccoeevvvvivriiieeiniiiennns 49
2.2.1.1 Gu’s “Bianshi” theory: Origin, 2 kinds of variations, 3 components.............. 49
2.2.1.2 Marton’s variation theory and its relation with Gu’s theory............cccccoeueeee. 56

2.2.2 Variation in French theories: Theory of Didactical Situations and didactical

VATIADIES ...ttt ettt et ettt et e e 58
2.2.3 Related studies and comparison of Gu’s and Brousseau’s theories....................... 62
2.2.3.1 Other related StUAIES.......ccueeiriiiiiiiiiiieeeeee et 62

2.2.3.2 Conclusion: a comparison between Gu’s Bianshi theory and Brousseau’s

theory of didactical variables .............cccciiiiiriiiiieriiie e 64

2.3 Teachers’ documentation work and its relation with variation ...........ccccceeveeerneeennnee. 66
2.3.1. Theoretical structure of the documentational approach to didactics..................... 66
2.3.1.1 The distinction between resources and documents ............ccccceeevveerneveenneennne 66
2.3.1.2 Emphasizing documentational genesis as an ongoing process ..............c.eee.e. 68
2.3.2 Documentational approach to didactics and its relation with variation ................. 69

2.3.2.1 Rethinking the concept of instrumentalization and instrumentation and their

relation With Variation........c.eeiiuiiiiieiiiie ettt 69
2.3.2.2 Teachers’ design (variation), DAD and teachers’ professional development..71

2.4 The need for creating a model of Variation............ccccvveeevriiiieeeniiiee e 72
2.4.1 The definition of “variation”/ “teaching through variation”...........cccccceeeveenueennne 72

2.4.2 Theoretical networking: base for constructing the model and its analytical

TTAMEWOTK ...ttt 74
2.4.3 Preliminary model of teaching through variation and research questions.............. 75

2.4.4 Analytical framework and the concept of variation path corresponding to the model

.................................................................................................................................... 77
Chapter 3 Research methods and design.........ceovueeeeiisniennirsuneecsssnneenssssneecssssnneecsssaneesenns 81
3.1 Mathematical 0bject: TUNCLION. .........ccoviiiiieiiiiiee ettt e e e eare e e eereeeeees 81
3.1.1 The important position of function in high school mathematics teaching ............. 81
3.1.2 Function provides rich soil for teaching through variation .............ccccccvveeriinennns 82
3.1.3 The consistency of the teaching content of function in China and France............. 83

3.2 The analysis Of CUITICUIUM TESOUICES .........cccvrirerriiieeeniiieeeeiieeeerireeeeeerreeeeenneeeennes 84
3.2.1 Data collection of curriculum resources: textbook, online platform...................... 84

3.2.2 Data analysis of CUITICUIUM TESOUITES .........ccevvireeeiiiireeriiieeeesiieeeesirreeeeenreeesnans 86



3.3 a8 STUAIES .euuueeeeeeeeeieeeee ettt e ettt e e e e ettt e e e e e e e eea e e eeeeaaaaa e eeeraaaanas 87

3.3.1 The choice of conducting case StUAIES .........ccccvvirerriirirerriiieeeeriieeeesiireeeenneeeeens 87
3.3.2 Case teachers, students and the SChOOL..........cooovvueiiiiiiiiiiieeeeeee e, 89
3.3.2.1 Introduction to the Chinese CaSE..........ccoueruiriiiiriiiiiiiienicceeeee e 91
3.3.2.2 Introduction to the French case..........c.ccooevviiiiiiiiiiiiiiiiicciccece 93
3.3.3 Data collection in case StUAIES..........cceeviiriiiiiiiiiiiiiciiecece e 95
3.3.3.1 Timeline of data cOlleCtion ..............ccciiviiiiiiiiiiiiiiiiiccccce e 95
3.3.3.2 Tools of data cOIleCtion ...........cceeeuiiiiiiiiiiiiiiiiiiceicc e 97
3.3.4 Data analysis in CaS€ StUAIES........ccrvririeriiiieeeeiiieeeriieeeeeireeeeireeeeeireeeeeeraeee s 101
3.3.4.1 Analysis of case teachers’ resources SYStem.........eceevvvveeeerrvreeerrivveeennnnneeens 101
3.3.4.2 Analysis of General situation in classroom teaching ..............ccocceeeveuveennneen. 103
3.3.4.3 Analysis of episodes, guiding activities and thematic lessons...................... 105

3.4 Contrasting the French and Chinese case ............ccoecveeviiiiniiiiiniieniieeniiceiec e 107
Chapter 4 Potential Variation in the curriculum resources 109
4.1 The general situation of the teXtbOOKS ........ccccueiiriiiiiiiiriiiiniiieieeeeeceee e 109
4.1.1 The general situation of the textbooks in China ...........ccecceeeviiieenieirnicennieenneen. 110
4.1.2 The general situation of the textbooks in France............cccoeccvveeeviiieiiiniieeeennnen, 115
4.1.3 Comparison of the general situations of Chinese and French textbooks.............. 117
4.2 Potential variations in the tasks in Chinese PEP textbook.............cccoevvieiiiniiinennnnen. 118
4.2.1 Tasks as problems for exploration and thinking in classroom teaching............... 119
4.2.2 Tasks as examples in classroom teaching .............ccceevvveeerriiiieiiiiieeeenieee e, 122
4.2.2.1 Potential variations in one single eXample ...........cccceeeveiieeeeniiieeeeniieeeeeeee, 122
4.2.2.2 Potential variations in a series of eXamples..........cccceevviieeerriiieieeniieeeeeee, 124

4.2.3 Tasks as exercise: relation between the tasks (problems and examples) in class and

THE EXETCISES AT CLASS...uiiiiieeeieee ettt e et e e e et e e e e aeeeeenaas 127

4.2.3.1 Exercise designed to apply the knowledge or strategy learnt from the examples

4.2.3.2 Exercise designed to further deepen the knowledge or strategy learnt from the

;1101 0] 1RSSR 130
4.2.4 CONCIUSION. ....uitiiieeeiiiee ettt ettt e ettt e ettt e e ettt e e e sttt e e e s abteeeeensaeeeesnbeeeesannees 131
4.3 Potential variations in the tasks in French Hyperbole textbook .............cccceccueeeennnee. 132

4.3.1 TasKS USEA DETOTE CLASS ...eeeeeeieieeeee ettt eeeaa 133



4.3.2 TaSKS USEA 11 CLASS ...cevvieeeeeeeeiiiiieeee ettt e e e e e 134

4.3.2.1 EXAMPIES ..eeeeeeiiiiieiiiiieeeeiiiee e ettt e eeiteeessebaeeseeraeeesssnseeesesnsaeeessnssaeessnnsees 134
4.3. 2.2 KNOW-NOW ...ttt 136
4.3.2.3 SOIVING PTODICINIS ......evvviieiiiieeeiiie et et e e rere e e s eerre e e e esreeesennnees 137
4.3.2.4 Practical task..........cocooiiiiiiiiiiiiiii 139
4.3.3 Tasks used after Class..........coeeviiiiiiiiiiiiiii e 140
4.3.3.1 FOT traAINING ...cuvviieeiiiiieeeeiiieeeeeiieeeeeiee e e e sireeeseetaeeessnebeeesennsaeessnnseeessnnsees 140
4.3.3.2 FOT QULO-TEST....eiiiiiiiiiiiiiiiciiit e 141
4.3.3.3 FOr going fUrther.........coiiviiiieiiiiiee et e 142
4.3.3.4 Personalized SUPPOTT ......cccuvrieerriiieeeeiiieeeeeiieeeeeiieeeeesenreeeseareeesennreeessnnnees 142
4.3.4 CONCIUSION. ....cuuiiiiiiiiiiiici e 144
4.4 Potential variation in the digital curriculum reSOUICes ...........covvvveeeeriireeeerreieeeennnen. 145
4.4.1 Definition of Digital Curriculum ReSOUICEeS .........cccevuvvreerriiieeeniiieeeeiiieee e, 145
4.4.2 The design of Chinese-PEP textbook platform and its potential variations......... 146
4.4.2.1 Profile of PEP textbook platform..........cocceeviiiiniiiiniiniiiiiiiiccecce, 146
4.4.2.2 Digital resources for high school mathematics teaching: Providing supports for
1951011 U1 X PRSP UPR 148
4.4.2.3 High school mathematics PEP textbook training: better understanding the
INtENtion Of tEXIDOOKS ....eeiiiiiiieiiiiiiieetiee e s 150
4.4.3 The design of French-Sésamath platform and its potential variations................. 151
4.4.3.1 Profile of Sésamath ...........cccceovviiiiiiiiiiiiieeee e 151

4.4.3.2 Sésamath e-textbooks: A new way of textbook design and the variation
thoughts embedded IN Qt.......c..eviiiiiiiiiiiiie e 153

4.4.3.3 Potential variations in Mathenpoche (Pocket Mathematics) Platform:

Variations created through the interactions with computer...............cccceeevvvieeennnen. 155

4.4.3.4 Potential variations in LaboMEP Platform: Variations created through sharing

.............................................................................................................................. 157
4.4.4 CONCIUSION. ..ccuuiiiiniiieiiiie ettt ettt ettt ettt e st e st e et eeeaeees 159
4.5 Reflections on the potential variation in curriculum resources ............ccceeeevvveeennnen. 160
4.5.1 Comparison of PEP and Hyperbole textbook through the lens of potential
VATTATIOTIS .. ettt ettt ettt ettt ettt e ettt e sab et e bt e sttt e sab et e sat e e bt e e sabeeesabeeenateeebaees 161
4.5.2 DCR: the future of teXtDOOKS .....cccueiiiiiiiniiiiiiiiiiiiiec e 162

4.5.3 Changes of teaCher’s TOle .....ccc.ueiiiiiiiiiiiiiiiiiiect e 163



Chapter 5 Studying teaching through variation in a Chinese case 165

5.1 Variation in Lin’s resources system through his documentation work....................... 165
5.1.1 Lin’s resource system: Fertile soil for the outcome of variation .............cc.......... 165
510101 LI S TESOUICES . uveeitieeiiieeiiee ettt et eit ettt e ettt e s ite e st e e siteeebteesabeeesnneeas 165
5.1.1.2 Lin’s understanding of good resources and choice of resources................... 173
5.1.2 Lin’s documentation work: Consciously leaving room for variation .................. 174

5.1.2.1 Lin’s interaction with resources: instrumentalization and instrumentation... 175

5.1.2.2 Lin’s interaction with students in two Classes...........ceeeviiiiiiiiiiiiieeeeeeeeieennn, 178
5.1.2.3 Lin’s interaction with other teaChers .........ccoeviiiiiiiiiiiiieeiiiiiiieeeeeeeeeeee, 179
5.1.2.4 Lin’s interpretation of variation in the tasks.........cccccccvviiniiiiniiiniiinien. 181

5.1.3 Conclusion: Variants and invariants in Lin’s resource system and documentation

work -- the foundation of teaching through variation............ccccccoeeiiiiinniiiriiniieeeee, 182
5.2 Variation of tasks in Lin’s own classroom teaching...........cccccccvveeviiiieenniieeeeniiieeennns 187
5.2.1 General situations of Lin’s teaching through variation...............cccceeevveevniinnennn. 187
5.2.1.1 Contextual Variation ..........ccocueerriieriiieeniie ittt e s esiiee s 187
5.2.1.2 Representational Variation .............cccueeeereiiiireeniireeeeniieeeeeiiieeeesiieeessnneeeens 188
5.2.1.3 Conceptual Variation ..........coccueerriieiiiiiniie ettt 190
5.2.1.4 Procedural Variation .............oecueeieeriiiereeeiiie e et e e eeiiee et e e eeree e enaeee s 191
5.2.1.5 CONCIUSION......uiiiiiiiiiie ettt et e et e e e et e e e e eabeeeeenbaeeees 194
5.2.2 Variations in selected ePiSOES........uuieiiriiireriiiireeriieeeeeiite e et e eeeeiieee e 195

5.2.2.1 Episode 1: Conceptual variation for mastering problem-solving strategies .. 195
5.2.2.2 Episode 2: Pudian for mastering problem-solving strategies........................ 199
5.2.2.3 Episode 3: OPMS for mastering problem-solving strategies.............ccccuee.. 204

5.2.2.4 Episode 4 OPMS for building core associations and mastering problem-solving
SETALEZICS ..vvveeeeureieeeeiiteeeeatteeeeettteeeeattteeesantteeeeentteeesansbeeesensbaeeeensseeesensseeessanseeeens 209

5.2.2.5 Episode 5: Conceptual and representational variation for providing multi-angle

UNAETSTANAING ..ottt e e et e e e st e e e et eeeesnnbeeessnneees 212

5.2.2.6 Episode 6 Pudian and OPMC for providing multi-angle understanding and

mastering problem-solving Strate@Ies ..........coecvurrerriiiieeriieeeeeiieeeeeiiieeeereireeeeeaneees 216

5.2.2.7 Episode 7 OPMS for mastering problem-solving strategies and building core

ASSOCTATIONS .veeeeeee et et e et e et et et e e et e e e et e e e e et eeeeaaaeeeeaneeeeanaseeennaeeesanaraes 225
5.2. 2.8 CONCIUSION ...ttt ettt e e et e e et aee e e e e e e e eaaaeees 228

5.3 Variation of tasks at the occasion of series of guiding activities...........c.ccceeerrveernnn. 229



5.3.1 Shi’s resource system and her documentation work in lesson preparation .......... 230
5.3.1.1 Shi’s lesson preparation and her resource System.............cccvveerrevveeeerinveeeenns 230

5.3.1.2 Shi’ s documentation work through lesson preparation: full of the idea of

21 R 11102 BRSSO POTTR 235
5.3.2 Three guiding activities with different goals............ccccevviiiiiiniiiiiinniiee e, 237

5.3.2.1 The first guiding activity: Lesson interpretation and confirm the overall idea
OF ThiS L8SSOML. ..ottt ettt et 238

5.3.2.2 The second guiding activity: Delivering Demo Lesson and discussion about

the details 0f the 1€SSOM ....cc..uiiiiiiiiiiiiiec e 239
5.3.2.3 The third guiding activity: Final confirmation..............cccceecvvvrevriveeeennnnennn 242
5.3.2.4 Classroom teaching and reflection between class A and B ............cccoeeeee.. 242

5.3.3 Conclusion: Chinese teaching through variation: from practice to theory, the efforts

o) (S 115 110 41U PRRR 243
Lin’s “favorite” variation tYPe ......c..eeeeeeuvreeerriiieeeriiieeeeriieeeesnreeesesnrreeessnnreeessnnees 243

The differences of teaching through variation between experienced and preservice

teacher: constraints of his/her own resource SyStem............eeeervveeeeriirieeenrnreeennnnne. 243

5.4 CONCIUSION ..ttt ettt e ettt et e st e st e et e e 244
5.4.1 Lin’s resources with potential variation: accumulation and evolution................. 244
5.4.2 Lin’s design of variation: Closely related to teaching goal.............ccccvvvverennennn. 245
5.4.3 Lin’s classroom teaching: well-organized and limited space for variations......... 246
Chapter 6 Studying teaching through variation in a French case 249
6.1 Variation in Emma’s resources system through her documentation work.................. 249
6.1.1 Emma’s resource system: One reSOUrce, VarioUs USES..........eeeevrreeerruvveeessvreeenns 249
6.1.2 Emma’s documentation work: Student-Oriented variation..............cccceeeeruvnennnn. 254

6.1.2.1 Emma’s interaction with other teachers: fertile soil for variations in tasks... 254

6.1.2.2 Emma’s interaction with students: Sufficient space for students to generate

VATTALION e eeeeee e et et e et e e e et e e e e e e e e et e e e e e e e e eaaeeereaeseeeaaeseeaaaeeenens 258

6.1.2.3 Emma’s interaction with resources: instrumentalization and instrumentation

.............................................................................................................................. 261
6.1.3 Conclusion: Emma’s resource system and documentation work.............cc.......... 265
6.1.3.1 Emma’s understanding of good resources and choice of resources.............. 265
6.1.3.2 Emma’s interpretation of variation in the tasks ............cccecevererniieeennnnnnnnn. 266

6.1.3.3 Emma’s resource system and documentation work: from varying to unvarying

WITRL VATTAINTS .ottt ettt et e et e e et e e et aee e et e s e e eaae s e e e e eeraaeseeennans 266



6.2 variation of tasks in Emma’s classroom teaching .............ccccoeevvveeviiiieenniieeeeninnenn, 268

6.2.1 General situations of Emma’s teaching through variation ...............cccceeeeeivnennne 268
6.2.1.1 Contextual Variation ...........coccueerriieriiiieniie ettt 268
6.2.1.2 Representational Variation .............cccvveeeeriiiieeenniiiereesiieeeeeriieeessnreeesenneeeens 269
6.2.1.3 Conceptual Variation ............ccevrreerriuieeeeniiiieeeesireeessereeeeessereeesssreeessssseeeens 270
6.2.1.4 Procedural Variation ...........coccueeirieeiiiieniieeniee ettt 270
6.2.1.5 CONCIUSION ...ouutiiiiiieiiiieeie ettt et 273

6.2.2 Variations in selected ePiSOES........uviriiriiireeriiiieeeriieeeeeireeeeire e e eireeeeeereeee s 274
6.2.2.1 Episode 1: Variation for multi-angle understanding of function .................. 275
6.2.2.2 Episode 2: Pudian in a series 0f tasks.........ccoocueerviiiniiiiniiiiniiiiicenieeeen 278
6.2.2.3 Episode 3: Series of tasks related to conceptual variation.............c..cccuveeennn. 282
6.2.2.4 Episode 4: Series of tasks for building connections..........cc.ccccevcueernieennneens 285
6.2.2.5 Episode 5: Series of tasks of representational variation...........c.cccceeeueeennen. 288
6.2.2.6 CONCIUSION......uuiiiiiiiiieeeiiiee ettt ettt et e et e e e et ee s enbeeeeennreee s 291

6.3 Variations in the thematic IE€SSONS .........c..eviiriiiiiiiiiiiieeeiee e 292

6.3.1 Open box: practical variation generated in the interaction between teachers and

Students N OPEN tASKS .....eeouiiiiiiiiiiie ettt 292
6.3.2 Swimming area: greatly remove Pudian ..........c.cccooiiiniiiiiiiiniine 307
6.3.3 Area of parallelogram: create Pudian and make connections...............cccceeuveeen. 311
6.3.4 Conclusion: Unifying problems promotes classroom teaching..............ccccueeee. 314
6.3.4.1 Unifying probIems ........cccuuiiriiiiniiiiiiiiiiiieeeitcetee et 314
6.3.4.2 Unifying problems and curriculum standards...........cccoecueerneernicennneennen. 315
6.3.4.3 Unifying problems, variations, and teaching goals...........cccecceervvienieenneen. 316

6.4 CONCIUSION ...ttt ettt st st sbt e st e st eeabee s 317

6.4.1 Emma’s resources with potential variation: expanding by absorbing new resources

from collaborative WOTK........cc.uiiiiiiiiiiii e 317
6.4.2 Emma’s design of variation: Iteratively evolved in practice...........c.cccceeeveuneennn. 318
6.4.3 Emma’s classroom teaching: Student-oriented teaching.............cccceevvveeernennnnnn. 319
Chapter 7 Contrasting the case studies, discussion and perspectives 321
7. 1 Enlightening the research qUESTIONS ........cccoviuiiiiiiiiiiieeiiiiee et 321

7.1.1 Related to research question 1: potential variation ...........cccceeeecvieeeriiiieeeenineennn. 321



7.1.1.1 Variation in curriculum standard: guiding the design of curriculum resources

7.1.1.2 Different expectations of textbooks, difference variations................ccuveeeen. 322

7.1.1.3 The evolution of variation from curriculum standard to the textbooks and to

the Other CUITICUIUIN TESOUTCES ....ovvvveeeeieiiiiieeeeeee ettt e e e e 323
7.1.2 Related to research question 2: actual variation ...........cccceeveeenieernieeniieenieeens 324

7.1.2.1 Case teacher’s resource system and documentational genesis: base of actual

21 R 11102 BT TSSO PTS 325
7.1.2.2 Actual variations CONLTASTING ........ccccvvereerrurreeerrrreeersrreeeeeenreeessnreeessnsseeeens 326
7.1.2.3 Variation path generated by case teacher’s appropriation............ccccceeeuueee. 328
7.1.3 Related to research question 3: practical variation ...........cccccceeveeernieeniieeniieennns 331
7.1.3.1 Practical variations CONTaSting...........eeeerrurrreerrurereesiereeeeesrreeessnreeessnneeeens 331

7.1.3.2 Variation generated by case teacher’s reflections from classroom teaching . 332
7.1.4 Discussing the possibilities of extending our reflections ............cccevvueeviieennnenne 333
7.2 A critical view on the theoretical and methodological design ..........ccccceevvveveennnnnnn. 337

7.2.1 Reflecting on the theoretical aspects of this research and refining the model...... 337

7.2.1.1 Considerations on theoretical NEtWOTKING .........c.veveeviiieeeriiiireeriiee e 338
7.2.1.2 Enlightening the model of teaching mathematics through variation............. 340

7.2.1.3 Enlightening the analytical framework ...........cccocccevviiiniiiniiiiniiiecee, 342

7.2.2 Reflecting on the methodological aspects of this research...........cccocccevvieenneenn. 343
7.2.2.1 Reflecting on methodological chOiCes........ccccueeiviiiriiiiniiiiniiiiicceiecee, 343
7.2.2.2 Not exactly symmetrical tools for data collection in two cases.................... 344

7.2.2.3 Data collected being further analyzed and data be further collected............. 345
7.2.2.4 Some interactions to be thought between the two cases..........ccoeceeevveeenneen. 346

7.3 Variation from other perspectives and further studies............ccccceeevviiieiniieeeennnenn. 346
7.3.1 Further studies from theoretical perspective ............cccveevviieeeiniieeeeiiiee e, 346
7.3.2 Further studies from practical perSpective ..........cceevcuveeeeriiieeerriiieeeeiieee e 348
REfEIENCES ouunneieiiiinirieiiinieniiiineiniinneenisinteessssneesssssssesssssssessssssssesssssssesssssssssssssssasssssssss 349
Appendix I: Schedule and Content of classroom observation in China 1

Appendix II: Schedule and Content of classroom observation in France...............ccceeuee... 3



Introduction

This section introduces this thesis, i.e., the origin of the research questions. With an
interest on the variation' in the field of mathematics education, this research takes the
lens of “teachers’ documentation work?, and build a model to analyze teachers’ work

on variation.

Developing my PhD with two co-supervisors, in China and France, supported by two
institution ENS in Lyon, and ECNU in Shanghai dedicated to education, with a strong
interest in mathematics, I wish to seize this opportunity for discussing an effective way
of teaching mathematics, i.e., variation in mathematics education.

The “variation” in task design has a profound theoretical foundation in both China and
France. In China, Gu et al. (2004) situate BIANSHI jiaoxue (teaching through variation)
as an effective way of mathematics teaching and learning, distinguishing conceptual
variation (varying the connotation of a concept and its instantiations) and procedural
variation (varying the way of solving a problem and metacognitive strategies). In
France, Brousseau (2002) situated the didactical variables as sensitive elements of a
problem whose modifications (even slight ones) can significantly influence students’
behavior.

From a practical point of view, teaching through variation as a Chinese way of
promoting mathematics teaching has been proved to be effective, as the Chinese
students have outstanding performance in large scale international comparisons, such
as those conducted in the International Assessment of Educational Progress (IAEP)?,
the Trends International Mathematics and Science Study (TIMSS)*, and the Programme
for International Student Assessment (PISA)’; Chinese education has then attracted
much attention all over the world (Fan, Wong, Cai & Li, 2004).

This thesis is situated in between China and France of two traditions and aims to think
fruitful interactions between them. Three questions arose based on the discussion above:

e What role does variation play during teacher’s preparation of a lesson? How
does teacher interact with a large number of resources from the perspective of

!'In general, variation means changing the form of essential or non-essential characteristics of things to
highlight the essential characteristics of things. This definition, in the case of mathematics education,
will be deepened in Chapter 2 and Chapter 7

2 This lens has been introduced in the frame of the Documentational Approach to Didactics (DAD
Trouche et al, 2020), analyzing teacher professional development through their interactions with
resources. It will be presented Chapter 2.

3 National Research Council (1995), website: https://www.nap.edu/read/9174/chapter/9#54 (p. 48)

4 Mullis et al., (2020), https://timss2019.org/reports/achievement/#math-8

5 OCDE (2019a), website: https://www.oecd.org/pisa/publications/PISA2018 CN_QCIL.pdf
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variation to reach the teaching goal?

e What role does variation play in classroom teaching? How does teacher interact
with students from the perspective of variation?

e What are the characteristics of teaching through variation in China and France
respectively according to different cultural contexts?

To figure out these three questions we carried out research. As the first two questions
prompted us to model variation, we first build a preliminary model based on the
literature review, considering teachers’ interaction with resources as a continuous
process combining design and usage, and then conducting curriculum resources
(textbook and online platform) analysis and cases studies for refining it. For the third
question, we adopt case studies in two contrasting contexts (China and France), trying
to identify and illustrate the similarities and differences of using variation in
mathematics teaching in two different cultural backgrounds. We hope that this research
will be useful for thinking about variations used unconsciously by the teacher in
teaching, and provide guidance for teachers on how to select, design and reflect on
variations, by giving teachers’ documentation work a central place, useful also from the
point of view of the avenues that it opens to study the cyclical and spiraling way of

teachers’ documentation work, and the new variation that is created in this process.
This research is made up of four parts (see Figure 1):

e The first part is devoted to setting the scene (Chapter 1), to the literature review,
the preliminary model and the analytical framework (Chapter 2), and to the
methodological design (Chapter 3);

e The second part is devoted to our first research question. We study the variation
in the curriculum resources, mainly the tasks in the textbooks (Hyperbole in
France and PEP in China), and two typical online platforms (Sesamath in France
and PEP in China), choosing the topic of function for 10™ grade student (Chapter
4).

e The third part is devoted to our second and third research questions: conducting
case studies in China (Chapter 5) and France (Chapter 6). In each case, we study
the variation in case teacher’s resources system, variation in classroom episodes,
and variation in the guiding activities (Chinese case) or in the thematic lessons
(French case).

e The fourth part allows us to contrast the two cases, to propose answers to our
research questions, to refine our preliminary model based on the analysis of
curriculum resources and case studies, to reflect on the issues of our theoretical
and methodological design, and to propose some perspectives for further studies
(Chapter 7).
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Figure 1 The structure of the thesis

The research interests are being concerned by several projects, such as MaTRiTT
project® (Trouche, Bao, et al., 2018) in the Program Xu Guangqi cooperated between
China and France; the Discussion Group of ICME 14 (Gosztonyi, de Varent, Zhang, &
Ramploud, 2021) cooperated among China, France, Hungary, and Italy.

This thesis was developed in a very particular time, during the COVID-19 pandemic,
that obliged to continuously adapt the corresponding working timetable, and follow up
of Chinese and French cases.

® MaTRiTT project (2017) is an answer to the Xu Guanggqi call of the French Ambassy in Beijing. It is a
new step for the collaboration, in the domain of mathematics education, between the French Institute of
Education (ENS de Lyon) and ECNU (Shanghai). More information: http:/ife.ens-
lyon.fr/ife/recherche/groupes-de-travail/matritt-joriss
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Chapter 1

Setting the scene

This chapter aims at presenting the background information of this PhD research,
including where this research is situated, what is already known, what should be
explored, and what the issues of this research will address. We first present the general
situation of mathematics education in China and France (section 1.1). We then situate
the “teaching through variation” in mathematics education from different education
systems and cultural contexts (section 1.2). At last, we address our preliminary three
research questions (section 1.3).

1.1 Mathematics education in China and France

In this section, we introduce the general situation of mathematics education in China
and France, including the evolution of curriculum and the education system, in

particular at the upper secondary school level.
1.1.1 Chinese mathematics education

According to the different development circumstances of Chinese mathematics in
different times, Liu, Xu and Zhao (2006) divide the evolution of Chinese mathematics’

curriculum standard into five periods:

e The first period is the budding period of ancient Chinese mathematics curriculum
standards, from the emergence of curriculum standards to the eve of the Opium
Wars (1840): The ancient Chinese mathematics curriculum germinated at the
beginning of the Xia and Shang Dynasties (about 2070 BC-1046 BC), formed in
the Western Zhou Dynasty (1046 BC-771 BC), and was finalized in the Spring and
Autumn and Warring States Period (770 BC-221 BC). In the Western Zhou Dynasty,
mathematics was listed as one of the six arts. Six Arts are the six basic talents that
ancient Chinese Confucianism requires students to master, and they also refer to the
general term for the disciplines of higher education in ancient China. Six Arts

include rites, music, archery, chariot riding, calligraphy, and mathematics.

During the Sui Dynasty (581-618 AD), “mathematics” was established as a
discipline. An arithmetic school (equivalent to the department of mathematics) was
established in the Guozijian (The Imperial College, equivalent to a university). In
the Tang Dynasty (618-907 AD), not only the arithmetic school, but also the



emperor appointed the “ten treatises of mathematical classics” (Suan Jing Shi Shu)’
as textbooks and examination items. The main purpose of mathematics education
during this period was “to use”. That is to say, mathematics knowledge is needed
by the society, so it is necessary to learn and learn to use it.

The first curriculum standard of mathematics in China is the “The program of
Learning Mathematics” (in Chinese: > 54X H) in the book “Chengchu tongbian
benmo” (FFEFRIMAZAK). It was put forward by the mathematician Yang Hui of the
Southern Song Dynasty (1127-1279 AD). This “program” includes teaching goals,
teaching schedule and teaching methods. It also mentions the requirements of
mathematical skills, proposes the available lists of teaching reference books and the
advice of studying methods (Zhang, 1993).

e The second period is the initial development period of Chinese mathematics
curriculum standards from 1840 to 1912 (the year when the Republic of China was
established). The introduction of Western mathematics into China during this period
promoted the preliminary development of Chinese mathematics curriculum
standards: beginning in 1842, missionaries founded church schools in China,
offering mathematics courses, such as geometry, algebra, trigonometry, analytical
geometry, and calculus. In this way, modern mathematics education has appeared
in China. China founded the new-style school called “Beijing Tongwen Guan” in
1862. In Tongwen Guan, the education system is eight years and mathematics study
began from the fourth year®. This education system has been in use for 30 years.
In 1902, the Qing government promulgated the “School Charter” - Qinding
Regulations for schools ( {#X/€ % %) in Chinese), also known as “Ren-yin
Education System”, which is China’s first legal education system and mathematics
education content inside is relatively systematic and comprehensive. However, due
to political and other reasons, this school system could not be implemented. In 1904,
the Qing government promulgated the “Zouding Regulations for schools” ( {Z &
2o B FE) in Chinese), also known as the “Gui-mao Education System”. This is
also the first relatively complete, officially announced and implemented national
education system in modern China. This education system was determined by

7 “Suan Jing Shi Shu” (in Chinese: 5%+ 43) refers to ten well-known mathematics works from the Han
to Tang dynasties of China for more than a thousand years. The names of the ten books are: “Zhoubi
Suanjing”, “Nine Chapter on the Mathematical Art”, “Island Suan Jing”, “Zhang Qiujian Suan Jing”,
“Xia Houyang Suanjing”, “Wu Jing”, “Ji Gu”, “Zhui Shu”, “Wu Cao Suanjing”, “Sun Zi Suanjing”. Li
Chunfeng and others commented on these ten arithmetical classics, which were completed in 656 AD.

8 In the fourth year, students began to study “Enlightenment of Mathematics and Physics” ( { $# J5
%) ) and “Algebra” ({(fX#(%%)) . In the fifth year, students studied “Euclid’s Elements” ({1 Jid
AN, “Plane trigonometry” ((FH =f)) , and “Arc trigonometry” ({JL=F)) . In the sixth year,

students studied “Calculus” and “Nautical Survey” (TN &E)) .
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following the Japanese education system. Under the guidance of the new education
system, mathematics education was implemented in kindergartens, elementary

schools, middle schools, and higher education schools.

The third period is a turning point for the mathematics curriculum standards in
China, from 1912 to 1949: in September 1912, the education department
promulgated the “School System Order” ( {8 &% %) in Chinese). In 1913,
the “Renzi-Guichou Education System” was formed and was influenced by Japan
and Germany. The content and theoretical level have been greatly improved. To a
certain extent, it was influenced by the “modernization” of mathematics education
promoted by John Perry (1850-1920) and Klein (F. Klein, 1849-1925).

In 1922, influenced by the American education system and Dewey’s educational
ideas, the “School System Reform Order” ( I R4 44 ) in Chinese), also
known as the “Ren-xu Education System” was promulgated. It transplanted the
famous “6-3-3” education system from the United States. In 1923, the
“Mathematics Curriculum Standards for the New School System for Middle
Schools” ( € 7 &8 = il 5 = SR FE AR #E ) in Chinese) was promulgated. This
curriculum standard integrated the knowledge of arithmetic, algebra, geometry and
trigonometry into a comprehensive curriculum; the mastery of mathematical
methods is explicitly proposed; reasoning is regarded as a skill that needs to be
developed and theory is taken as a competency that needs to be developed.

In 1929, the “Interim Mathematics Curriculum Standards” ( {52 E 1T IRFEARAED
in Chinese) was promulgated. In August 1933, the Ministry of Education held a
meeting to revise the curriculum standards of various subjects, which was named
“Official Curriculum Standards” (  IE =0 ¥R #2 #7 #£ ) in Chinese) and was
announced in November of the same year. In 1941, China revised the “Mathematics
Curriculum Standards” for junior and senior high schools, and promulgated new

junior and senior high school mathematics curriculum standards, which continued
until 1949.

The fourth period is the period exploration of Chinese mathematics curriculum
standards after the establishment of People’s Republic of China (PRC) from 1949
to 1976: in 1951, PRC issued the first mathematics curriculum standards, called
“the draft of mathematics curriculum of general secondary school” ( {31 H 2244
FRFEFRE(EZR)) in Chinese), which was revised several times between 1952
and 1956. The new version in 1956 stated that the purpose of mathematics teaching
was “to teach students the basics of arithmetic, algebra, geometry and trigonometry,
and to develop their ability to think logically and to imagine spatially”.

In September 1958, the Central Committee of the Communist Party of China issued



the “Instruction on Education Work”, which set off a nationwide campaign of
educational reform, focusing on the school system and teaching content. In this
reform, the content of the mathematics curriculum was increased to include
preliminary calculus, preliminary probability statistics, preliminary mathematical
logic, vectors, and matrices. This new curriculum reform led to a heavy learning
burden for students and a decline in the quality of education.

In October 1961, under the situation of education rectification, the Ministry of
Education promulgated the “Full-time Primary and Secondary School Mathematics
Teaching program (Draft)” ( {4 H il 225022 2022 KM(F K)) in Chinese),
which was revised and issued for implementation in May 1963. It indicated the
purpose of teaching is to enable students to firmly grasp the knowledge of algebra,
plane geometry, three-dimensional geometry, trigonometry, plane analytic geometry,
and to develop students’ ability of arithmetic, logical thinking and spatial
imagination. This curriculum standard enriched the basic knowledge of
mathematics by adding the plane analytic geometry, and put forward the teaching
of mathematics to cultivate three kinds of ability (arithmetic ability, logical thinking
ability and spatial imagination ability), indicating the basic establishment of the
concept of ability in our modern mathematics teaching.

e The fifth period is the period of rapid development of China’s modern mathematics
curriculum standards, from 1976 to the present: After the ten-year “Cultural
Revolution”, the education is severely damaged and the decline in the quality of
education has led to a crisis situation in education. Since 1977, China has restarted
to carry out the educational reforms again. In 1978, 1983 and 1986, the mathematics
program was successively promulgated.

The “Full-time Mathematics program for General Senior High Schools” ( 4= H |
O R P RS H2 KAN ) in Chinese) organized and compiled by the
Department of Basic Education of the State Education Commission has been
prepared since March 1994. It was officially released in May 1996 (for
experimentation). A revised trial version of the program was released in February
2000 by the Ministry of Education. The new high school mathematics program has
made great changes in teaching purposes, teaching contents, teaching structure, and
teaching methods. In 2003, China promulgated “the Standards of General Senior
High School Mathematics Curriculum (Experimental Draft)” ({338 & 405 3R
FEFRAE (S255)) in Chinese) . The latest curriculum standard of mathematics for

upper secondary school is issued in 2017.

China is a centralized country, promulgating national curriculum standards for all
disciplines and all class levels from kindergarten (starting at age 3) to upper secondary



school (grade 12). An overview of the current Chinese education system is presented
in table 1.1.1.

Table 1.1.1 Overview of the current Education System in China

Age (years) China
3to 6-7 kindergarten
6-7 to 12-13 primary school
12-13 to 15-16 lower secondary school
National Assessment: upper secondary school entrance examination
15-16 to 17-18 general upper secondary school
technical upper secondary school
vocational upper secondary school
National Assessment: college entrance examination

The current school system of primary and secondary schools is “6-3-3” or “5-4-3”,
which means that the duration of primary school is 6 or 5 years, the duration of lower
secondary school is 3 or 4 years accordingly; and the duration of upper secondary
school is 3 years. The age of entry into primary school is 6-7 years old, and the age of
entry into lower secondary school is 12-13 years old. The “6-3-3” system is prevailing

in most areas in China.

There are three main streams in the upper secondary school in China: general, technical
and vocational. In the past, after the first year of studying in the general upper secondary
school, the teaching was divided into two streams: liberal arts and sciences. Chinese,
mathematics® and English as the three main disciplines are taught regardless of arts and
sciences. Students of science stream also need to study physics, chemistry and biology,
while students of liberal arts study politics, history and geography. In September 2014,
marked by the State Council of the People’s Republic of China issuance of the
“implementation opinions on deepening the reform of the examination and enrollment
system”, China began the most comprehensive, systematic and profound college
entrance examination reform since the resumption of the college entrance examination
in 1977. Shanghai and Zhejiang province took the lead as education pilot areas to launch
this reform of the college entrance examination for students who entered the upper
secondary school in the fall of 2014. By September 2021, the new college entrance
examination program has been smoothly implemented in 14 provinces and cities, and
the reform of the examination and admission system has led to a series of educational
changes (Yu, 2021).

There are several different models of the new ways of examination. Zhejiang and
Shanghai areas are “3+3” model, that is, Chinese, mathematics and foreign language
are three disciplines that must be assessed. Students choose three other disciplines from

® There are differences in the content and difficulty of mathematics taught in the streams of liberal arts
and sciences.



six disciplines, including physics, chemistry, biology, politics, history and geography,
as optional disciplines for the college entrance examination. Some regions are “3+1+2”
model, “3” refers to Chinese, mathematics and one foreign language; “1” is the
preferred discipline chosen from physics or history; “2” is the re-choice discipline
chosen among chemistry, biology, politics, geography, etc.; the original score of the “3”
and “1” disciplines are counted, while the “2” optional disciplines are counted into the
total score after assigning points by grade (Yu, 2021).

1.1.2 French mathematics education

France has had a national curriculum elaborated by specialized committees for the last
two centuries, and associated with textbooks as central for its implementation by
teachers. Researchers (Gueudet, Bueno-Ravel, Modeste & Trouche, 2018) compared
and contrasted the official and real curriculum. They think that the view of mathematics
in France’s curricula grew stronger over time and pointed out three key moments by
looking at the official curriculum: 1802, 1902, and 2002.

e 1802: Napoleon’s ordinance of 19 frimaire of Year XI (December 10, 1802) stated:
“The Lycées will essentially teach Latin and mathematics.” Gispert notes, “In
placing mathematics at the same level as Latin in the male secondary curriculum,
[this ordinance] took into account the new situation following the French
Revolution, in which mathematics had become a core aspect of an intellectual
education combining theory and practice” (Gispert, 2014, p. 230).

e 1902: A new reform, following a survey launched by the French Parliament,
reasserted this importance of mathematics education: “It was, for a time, the end of
the monopoly on classical humanities by the Lycées, through the creation of a
modern curriculum that was on par — at least in theory — with the classical
curriculum. It also furthered the development of new disciplines such as the
languages, sciences, and mathematics” (Gispert, 2014, p. 233).

e 2002: In 1999, the French education ministry appointed a commission, the CREM
(National Commission for Reflection on the Teaching of Mathematics) headed by
Jean-Pierre Kahane, for rethinking the teaching of mathematics for the new century.
In 2002, a report of the CREM stated “La mathématique est la plus ancienne des
sciences et celle dont les valeurs sont les plus permanentes” (Kahane, 2002). It
situated mathematics among the other sciences and underlined the necessity of

connecting their teaching in combining rigor and imagination.

France has undergone major curricular reforms during this century, and reforms have
concerned teaching structures, syllabuses, evaluation methods and teacher training.
CFEM (2021) has cited the main reforms in primary and secondary education since
2000, see Figure 1.1.1.
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2000 | Reform of general high school | 2012 | Creation of the CSP (Higher

piloted by the CNP (National Council for Programs)
council for programs)
2002 | Reform of elementary school 2015 | Peillon law — New common core
of knowledge, competences and
culture

2005-| Fillon law and dissolution of the | 2015 | Reform of kindergarten
2006 | CNP — Common core of knowl-
edge and competencies — Reform
of middle school

2008 | Reform of primary school 2016 | Reform of elementary school and
middle school

2009- | Reform of vocational high school | 2018-| Blanquer law — Reform of high
2010 | (2009) - Reform of general and | 2020 | school and baccalaureate — Re-
technological high school (2010) form of access to tertiary educa-
tion

Figure 1.1.1 Curricular evolutions of primary and secondary education in France (CFEM, 2021, p.18)

Here, we focus on the reforms at the high school level, which are highlighted in the
Figure 1.1.1. As shown in the figure, the century began with a reform of general high
school. In this reform, the new importance has been given to the field of statistics, with
an introduction to inferential statistics in 10™ grade, as well as the attention paid to the
relationships between scientific disciplines and more broadly to interdisciplinarity. This
is illustrated by the introduction of the TPE (Supervised personal work). These projects
propose a set of broad national themes and involve at least two disciplines. They are
carried out by small groups of students and co-supervised by their teachers. In this
reform, the differentiation of mathematics syllabuses between different series has been
thoughtfully considered (CFEM, 2021).

A new reform of high school took place in 2009. It confirmed the importance of
probability and statistics, and the attention paid to interdisciplinarity with a new
optional course MPS (Methods and scientific practices) was proposed in 10™ grade.
Beyond the re-introduction of logic, the main novelty of this reform was the inclusion
of algorithmics in the mathematics syllabuses from the 10" grade and the creation of
the ISN specialty (Informatique et sciences du numérique - Informatics and digital
science) in addition to the four existing scientific specialties (Mathematics, Physical
Sciences, SVT (Life and Earth Sciences), Engineering sciences) in the 12" grade
(CFEM, 2021).

The political change in 2017 has led to more radical changes: reform of the
Baccalauréat, the abolition of the general high school series (will be discussed in the
following), and a complete reorganization of the teaching offer in mathematics. After

lth

the reform, students have a unique science course of 2 hours per week in the 11" and

12 grade of general upper secondary school. This course focus on the cross-cutting
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themes'?, which mobilizes physical and chemical sciences, life and earth sciences,
computer science and mathematics. In 12" grade, students who have taken the math
specialty in 11" grade (4h per week) can keep it (6h) and even add a course entitled
“Expert mathematics” (3h) (if their high school offers it); if they abandon the math

specialty, they may take a course entitled “Complementary mathematics” (3h)'!.

In general, the main reforms taken place since 2000 have underlined some major trends,
such as the increasing importance given to probability and statistics, the increased
attention paid to modeling and interdisciplinarity, and the rise of algorithmics and
programming, going along with the emergence of computer science as an independent
school discipline. These trends are also shared at the international level (CFEM, 2021;
Shimizu & Vithal, 2018).

Similar to the situation of China, France also shares a national curriculum for all
disciplines and all class levels from kindergarten (starting at age 3) to upper secondary
school (end at grade 12). The Ministry of Education is responsible for France’s state
schools. An overview of the current French education system is presented in table 1.1.2.
Table 1.1.2 Overview of the current Education System in France!?
(Adapted from Gueudet et. al, 2018 & CFEM, 2021)

Age (years) France
3to5-6 kindergarten
6to 10-11 primary school
11 to 14-15 lower secondary school
National Assessment: Brevet des Colléges
15to 17-18 upper secondary school
(General and Technological)
upper secondary school (Vocational)
National Assessment: Baccalauréat

The current school system of primary, lower secondary and upper secondary schools is
“5-4-3” in France, which means that the duration of primary school is 5 years, the
duration of lower secondary school is 4 years, and the duration of upper secondary
school is 3 years; the age of entry into primary school is 6 years old, the age of entry
into lower secondary school is 11 years old, and the age of entry into upper secondary

school is 15 years old. Different from situation in China, there is no entrance exam for

10 The titles of the themes for this course are as follows: for 11" grade: 1. A long history of matter; 2. The
sun, our source of energy; 3. The earth, a singular star, 4. Sound and music as carriers of information
(https://cache.media.education.gouv.fr/file/SP1-MEN-22-1-2019/13/4/spe573 _annexe_1063134.pdf);
for 12" grade: 1. Science, climate and society; 2. The future of energy; 3. A history of life
(https://cache.media.education.gouv.fr/file/SPE8 MENIJ 25 7 2019/84/7/spe241 annexe 1158847.pd

' In Terminale, in 2020-2021, 41.2% of students kept the math specialty and 17.5% chose the
Complementary Maths option. Moreover, 14% of those who chose the math specialty also chose the
Expert Maths option (CFEM, 2021, p .20).

12 For more details, see https://eduscol.education.fr/2897/systeme-educatif-francais-traduction-de-en-
es?menu_id=3590
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state lower secondary schools and they accept all pupils. Students must enroll at their
local town hall.

In France, there are three study streams in the upper secondary school (lycée): general
(lycée général) upper secondary school for academic training; technological (lycée
technologique) for arts or applied sciences or technical training; vocational (lycée
professionnel) for vocational training. The structure diversifies at the high school level
with two times of separation: A first separation in the first year of high school (seconde)
between general and technological high school (71.6% of students), and vocational high
school (28.4%). In grade 10 (seconde), stream of general and technological has not been
differentiated: regardless of the field of study to which they are destined, students
follow the same core curriculum, supplemented if they wish by optional general or
technological courses. A second bifurcation takes place in the second year (premicre)
between the general and technological high schools (CFEM, 2021).

Over the last 45 years, there is a voluntary move towards widening access to upper
secondary school and a related diversification of the diplomas available at the end of it,
especially through the creation of the technological baccalauréat in 1968 and the
vocational baccalauréat in 1985 (Ichou & Vallet, 2011). Some upper secondary schools
incorporate all three study streams, called “lycée polyvalent (LPO)” in French. All
academic streams consist of three levels: 10™, 11% and 12" grade. Students following
the technological and vocational streams can leave after two years with a different
diploma such as the Le certificat d’aptitude profesionalle (CAP) or Le brevet d’études
professionnelles (BEP) and enter work training without having a baccalauréat
(Dimitrijevic, 2022).

Until the 2019-2020 school year, in 11" grade (premiére), students in the general upper
secondary schools would choose to enter into one of the three series: Literature (L),
Economic and Social Sciences (ES) and Sciences (S). Literature focuses on French,
languages or arts, philosophy; Economic and Social Sciences focuses on economics,
mathematics; Sciences focuses on mathematics, physics/chemistry, earth and life
sciences. At the end of high school, students can sit one of several different baccalauréat
exams, which grants them entry to a public French university. In addition, a choice of
options and specialties in the final year of high school (terminale) complemented this
differentiation by series. The technological high school offered 8 distinct series and the
vocational high school an even greater diversity (CFEM, 2021).

However, the high school reform, which came into effect in September 2019, has
profoundly changed the structure of the general high school. There will no longer be a
series in the general stream, but rather paths chosen by each student according to his or
her tastes and ambitions. In view of the fact that 60% of students fail to obtain a
bachelor’s degree in three years, a total overhaul of the curriculum and baccalaureate
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in the upper secondary general or technological school have been implemented in

France starting with the 2019 academic year'?. It is hoped that the strengthening of the

links between higher and upper secondary education and the reform of the Bac will

make it possible for students to be more successful in higher education. The overhaul

mainly concerns the following fields:

The upper secondary school will offer three types of courses: 1) A broad base of
common culture, humanistic and scientific, open to the challenges of the future. All
grade 10 students will be taught SES (economic and social sciences) and digital
sciences and technology, each for one and a half hours; In grades 11 and 12, students
will attend a two-hour science class presenting an integrated approach to the
sciences; 2) Specialty subjects chosen by the student and intensified between the
first and the last year of upper secondary school. Students will have to choose three
specialties (such as physical education, arts, social and economic studies) to better
adapt their curriculum to their interests. They will then drop one of these elective
subjects in their final year. These disciplines are given significant time to offer
ambitious programs and to give students time to learn. Optional courses will also
allow students to complete their studies; 3) A time of guidance throughout high
school to prepare for career choices and, eventually, entry into higher education.
Students will be accompanied according to the timetable provided for within the
framework of the autonomy of the schools (small groups, differentiated teaching,
Mooc, etc.).

The technological stream will retain its current organization in series. Adjustments
will be made in order to offer a common cultural base articulated with the specialty
courses and orientation assistance. The teaching programs'# have been revised for
the first and last year of secondary school, with a view to making them more
demanding in terms of subject matter and preparing students for higher education.

New baccalauréat reform places more emphasis on continuous evaluation (40% of
the final note) and less importance on the final examination (60% of the final note).
Moreover, there is a positioning test at the start of grade 11 for students to assess
their fluency in French and their skills in mathematics. Teachers will use the results
of this test as a basis for consolidating the knowledge acquired by pupils in one-to-

13 This reform was the result of a consultation with Pierre Mathiot and then with all the trade union
organizations and 40,000 high school students. More information in the website:
https://www.education.gouv.fr/upper-secondary-general-or-technological-school-new-grade-10-and-

grade-11-classes-5465 More information in the website: https://www.education.gouv.fr/bac-2021-un-

tremplin-vers-la-reussite-1019

14 See detailed information: https://www.education.gouv.fr/les-programmes-du-lycee-general-et-
technologique-9812
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one support.

The ministry of national education aims to provide more opportunities for students to
choose closest to their desires by offering more specialist subjects at school and offering
new combined courses, such as the combination of history-geography, geopolitics,
political sciences, and the combination of humanities, literature and philosophy courses
and so on. The latest curriculum standard of mathematics for general or technological

lth

upper secondary school is issued in 2019'°. Mathematics curriculum for the 11" and

12" grade of the vocational Baccalauréat in 20201,

1.2 Situating the teaching through variation in mathematics education

In this section, we first examine and contrast the latest curriculum standards in both
countries, mainly from the perspective of variations (section 1.2.1). We then present the
current position of teaching through variation both in the field of research and practical
teaching from different education systems and cultural backgrounds (section 1.2.2).

1.2.1 Exploring the implicit variations in the curriculum standards

Both China and France have national curriculum standards and have recently issued
new curriculum standards of senior high school mathematics. As curriculum standards
guide the design of textbooks and reflect nation’s expectations of the implementation
of the curriculum, we choose one French curriculum standards of grade 10 (Ministére
de I’Education nationale et de la Jeunesse, 2019a), and one Chinese curriculum standard
of high school (MOE, 2017) to explore the mathematical variations proposed or
embedded in these two countries.

In this section, we first present the main principles of the curriculum standards in China
and France and illustrate the role of variation in the implementation of these principles
(section 1.2.1.1). We then explore the possible variations that are implicit in the part of
function of grade 10 in the two curriculum standards (section 1.2.1.2).

1.2.1.1 Main principles of the curriculum standards

The French high school curriculum standards are presented by cycle respectively for

15 Programme de mathématiques de seconde générale et technologique:
https://cache.media.education.gouv.fr/file/SP1-MEN-22-1-2019/95/7/spe631 _annexe_1062957.pdf
Programme d’enseignement scientifique de premiére Générale:
https://cache.media.education.gouv.fr/file/SP1-MEN-22-1-2019/13/4/spe573 annexe_1063134.pdf
Programme d’enseignement scientifique de terminale Générale:
https://cache.media.education.gouv.fr/file/SPE8 MENJ 25 7 2019/84/7/spe241 _annexe 1158847.pdf
16 Programme de mathématiques de la classe de premiére professionnelle:
https://cache.media.education.gouv.fr/file/SPE1-MENJ-6-2-2020/84/1/spe003 _annexel 123984 1.pdf
Programme de mathématiques de la classe de terminale professionnelle:
https://cache.media.education.gouv.fr/file/SPE1-MENJ-6-2-2020/84/3/spe003 _annexe2 1239843.pdf
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https://cache.media.education.gouv.fr/file/SPE8_MENJ_25_7_2019/84/7/spe241_annexe_1158847.pdf
https://cache.media.education.gouv.fr/file/SPE1-MENJ-6-2-2020/84/1/spe003_annexe1_1239841.pdf
https://cache.media.education.gouv.fr/file/SPE1-MENJ-6-2-2020/84/3/spe003_annexe2_1239843.pdf

the general, technological and professional stream. The standards define, for each cycle,
the essential knowledge that must be acquired during the cycle as well as the methods
that must be assimilated. They constitute the national framework within which teachers
organize their teaching taking into account the learning rhythms of each student
(Gueudet et al., 2018). The latest French mathematics curriculum standard for grade 10
(Ministére de I’Education nationale et de la Jeunesse, 2019a) are based on six
mathematics competencies: research (experiment, in particular using software tools);
model (make a simulation, validate or invalidate a model); represent (choose a frame,
i.e., numeric, algebraic, geometric..., change the register); reason (demonstrate, find
partial results and put them into perspective); calculate (apply techniques and
implement algorithms); communicate (communicate a result orally or in writing,
explain an approach).

Different from the previous curriculum standards, but similar to the latest French
curriculum standard, the latest Chinese curriculum standard (MOE, 2017) is written on
the basis of six core literacy of mathematics: mathematical abstraction (related to
generalization in variation), logical reasoning, mathematical modeling, visual
imagination, mathematical operations and data analysis. These core literacies of
mathematical science are independent and interact with each other, and they are an
organic whole. Therefore, it should be pointed out that in mathematics teaching, we
need deconstructive instructional design and practice, so that the core literacy of
mathematics can be more clearly reflected. At the same time, from a holistic perspective,
we should focus on the specific learning process of students. The student’s learning
process should not be parsed into one or several aspects of the six aspects because the
core literacy of the mathematics discipline is composed of six aspects (Zheng, 2019).

Contrasting the principles in these two curriculum standards, we find that modelling,
calculating, and reasoning are mentioned in both countries. The principles proposed by
the Chinese curriculum standard are more specific to the teaching content. For example,
the Chinese standard focuses more on the geometric aspects of “represent” (in the
French standard) and thus proposes “visual imagination”. The same with the principle
of “data analysis” in Chinese curriculum standard and “research” in French curriculum
standard. There is some overlap between them but they have their own focus.

Mathematical abstraction is unique to the Chinese curriculum standard. It refers to the
literacy of getting the mathematical object through the abstraction of quantitative
relations and spatial forms. It includes the abstraction of mathematical concepts and the
relationships between concepts from quantity relations, graphical relations; the
abstraction of general laws and structures from the concrete context of things and
represent them in mathematical language (MOE, 2017).

“Communicate” is unique to the French curriculum standard, including oral
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communication and writing. It indicates the major role of verbalization and
reformulation in the appropriation of mathematical notions and the resolution of
problems. It also proposes various situations for students to practice the oral
communications: the reformulation by the student of a statement or an approach,
interactive exchanges in class, corrections of exercises, group work, individual or group
presentations. There is a mobilization in various registers (graphics, formulas,
calculation) between natural language and symbolic language in the communication
(Ministére de I’Education nationale et de la Jeunesse, 2019a).

Regardless of the six competencies proposed in the French curriculum standards or the
six core literacies mentioned in the Chinese curriculum standards, for practical teachers,
how to implement them in teaching is the top priority. Variation is a way to promote the
implementation of students’ competencies/literacies (Qiu, 2019; Zheng, 2019). For
example, the variation emphasizes the study of the essential and non-essential attributes
of mathematical concepts or laws, which means that when learning mathematical
concepts, it is easier for students to recognize how to establish mathematical concepts
in the process of variation learning (the description of variation teaching from the
perspective of students). For senior high school students, this is not only learning a
specific mathematical concept or law, but also acquiring a method of establishing a
mathematical concept or law, for example, the core literacy of mathematical

abstraction.
1.2.1.2 Implicit variations in curriculum standards

In this section, we explore the possible variations that are implicit in Chinese and
French curriculum standard, particularly in the topic of function for grade 10:

e Possible variations arising from various representations: given the mathematical
properties of the function, both curriculum standards propose the manipulation of
different modes of representation, i.e., algebraic expression, table of values, and
graphic representation. For example, Chinese curriculum standard indicates
“choose appropriate methods to represent functions in practical situations according
to different needs, and understand the role of the graph of a function (MOE, 2017,
p.- 19)”. French curriculum standard indicates “exploit various registers, in
particular the algebraic register and the graphic register (Ministére de I’Education
nationale et de la Jeunesse, 2019a, p.11)”. The rich transformations in/between

various registers/representations can bring possible variations.

e Possible variations arising from various digital tools: both curriculum standards
propose that digital tools should be integrated into the teaching of functions. For
example, Chinese curriculum standard indicates “Students are encouraged to use
information technology to learn, explore and solve problems. For example, use
calculators, computers to draw graphs of power functions, exponential functions,
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logarithmic functions, trigonometric functions, etc., explore and compare their laws
of variation, study the properties of functions, find approximate solutions to
equations, etc. (MOE, 2017, p. 24)”. French curriculum standard proposes a
requirement that “use dynamic geometry or computer algebra software, the
calculator or Python to describe the variations of a given function by a formula
(Ministére de I’Education nationale et de la Jeunesse, 2019a, p. 12)”.

In contrast, French curriculum standard is more specific in describing the tools
available. For example, it mentions the digital tools that can be taken into advantage:
“dynamic geometry software for graphical representation and the use of cursors;
Python, spreadsheet or calculator, to highlight the calculation program aspect”
(Ministére de I’Education nationale et de la Jeunesse, 2019a, p. 11).

The use of digital tools brings challenges to traditional teaching, such as the
variations in the strategies of solving problems, the way of designing tasks, and so
on.

e Possible variations arising from the formation of concept: both standards highlight
the introduction and formation of the concept of function. French curriculum
standard points out “the students gradually discovered the notion of function”
(Ministére de I’Education nationale et de la Jeunesse, 2019a, p. 10). However, it
does not give a specific description of how to “gradually” discover. Chinese
curriculum standard proposes more specific suggestions. It indicates “the
introduction of the concept of a function can be abstracted by using examples with
the context familiar to students. For example, starting with the definition of a
function based on the relationship between variables known to students (learnt in
the junior high school) and lead them to construct a general concept of a function
through problems in their lives or in mathematics (MOE, 2017, p. 23).”

Based on the Chinese curriculum standard, the process of forming new concepts is
an opportunity to connect old and new knowledge. The reflection on how to
“gradually” discover and form concepts leaves a great deal of room for variation.
In addition, how to clarify the specific boundaries of a concepts is also an
opportunity for variation.

e Possible variations arising from the situations: French curriculum standard
mentions “use functions to model situations from mathematics and other disciplines”
(Ministére de ’Education nationale et de la Jeunesse, 2019a, p. 12), which leads us
to think about the various contexts related to function, and further the possible

variations in the situations.

Curriculum standards are the basis for teaching implementers to design and implement

practical teaching. Various versions of textbooks are one of the main curriculum
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resources that specifically reflect the requirements and content of curriculum standards.
Here our exploration of the possible variations in the curriculum standard shows the
important role that variation can play in teaching mathematics from the intended
curriculum to the implementation of the curriculum.

1.2.2 Teaching through variation: cultural phenomena?

In this section, we present the current situation of teaching through variation in different

countries, particularly in China and France.

1.2.2.1 Teaching through variation: fundamental pillar of Chinese mathematics
teaching

In this section, we provide a comprehensive view into teaching through variation in
China from three perspectives: its close relationship between theory and practical
teaching; variations in the curriculum resources; and variation passed on and improved
through teachers’ collaborative activities.

As one of the most important teaching approaches proposed by Gu (Gu, 1991; Gu, 1994;
Gu, Huang, & Marton, 2004) based on 45-years experiment of mathematics teaching
reform, teaching through variation is well-known in Chinese mathematics teaching.
Various notions about teaching and learning through variation have been proposed (Gu,
Huang, & Gu, 2017; Pang, Bao, & Ki, 2017). There are also extensions of the concept
of variation, such as using it in a dynamic learning environment (A. Leung, 2017),
combining the theory of variation with learning trajectory (Huang, Zhang, Chang, et al.,
2019) and so on. Viewed as an effective pedagogical approach (Huang & Li, 2017),
various researches including vivid lesson cases are conducted in China. Different types
of lessons are involved: the introduction of new concepts (Huang & Leung, 2017; Mok,
2017); exploration of new propositions (Qi, Wang, Mok et al., 2017); problem solving
(Peng, Li, Nie, et al., 2017); and review of knowledge (Huang, Yang, & Zhang, 2017).
The topics of algebra and geometry are included in these studies.

Teaching through variation has been used regularly in mathematics classroom
instruction and a variety of related books, articles, and teaching materials have been
available for mathematics teachers to adapt mathematics problems and methods in their
own classes (Huang & Li, 2017). Sun (2011) describes the roles of variation problems
in Chinese textbooks. She regards variation problem as “indigenous” Chinese practice
aim at discerning and comparing the invariant feature of the relationship between
concept and solution. Zhang, Wang, Huang, et al. (2017) examine the tasks in a series
of middle school mathematics textbooks and indicate that textbooks introduce new
concepts and deepen understanding of concepts through use of variation tasks.

The Chinese concept of teaching through variation is used and passed on in the teachers’

collaborative activities between expert and junior teacher, teacher and university
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mathematics education experts, teacher and district teaching specialists, etc. Ding,
Jones, and Sikko (2017) analyzed an expert mathematics teacher used the idea of
teaching through variation to support a junior teacher in the primary school for her
professional development. Researchers identified that the expert teacher guided the
junior teacher in two sophisticated ways: the use of teaching notions; and the use of
teaching frameworks and language that commonly share, understand and practice in
China. Han, Gong, and Huang (2017) conducted a designed lesson study designed by a
group of sixth grade mathematics teachers on the theoretical basis of learning
trajectory'’ (Clements et al., 2011; Daro & Corcoran, 2011) and teaching and learning
through variation. The four teachers engaged in the lesson study were supported by
university mathematics education experts and district teaching specialists on the
development and modification of the learning trajectory as well as observation and
debriefing of the lessons. It works out that there is a remarkable shift of the participant
teachers’ discussions from teacher dominated instruction to an instruction dominated
by students’ exploration and investigation through the teaching research activities
(Krainer, 2017). These researches give an insight of mathematics teacher’s reflections
on their teaching and their learning for teaching through variation through teachers’
collaborative activities, thereby furthering their professional development.

Teaching through variation in China is relatively developed, not only in theory and
practice, but also in the transmission from the expert/experienced teacher to the novice
teacher as a valuable mathematics teaching experience.

1.2.2.2 Teaching through variation in different cultural contexts

In this section, we first describe several studies on applying Chinese variation theory to
mathematics teaching with different cultural backgrounds. Then, we present the other
variation theories proposed by western researchers and their corresponding studies in
other cultures and education systems.

We can find the practices of Chinese teaching through variation in other education
systems. For example, Huang and Li (2017) indicate that U.S. mathematics teachers’
instructional designs and classroom instruction of mathematical tasks reflected the idea
of variation pedagogy. However, it is hard for the teacher to articulate the rationale.
They also make an exploratory study by asking a group of U.S. mathematics teachers
to implement a Chinese lesson plan that is designed according to the theory of teaching
through variation (Gu, Huang & Marton, 2014). It turns out that the effective teaching
practice in China could be adapted in mathematics classroom teaching in other
education systems. Hino (2017) connects the Chinese pedagogy of variation with

17 Learning trajectories include sequences of tasks and activities aimed at the progressive development
of mathematical thinking and skill (Han, Gong, & Huang, 2017).

20



Japanese problem-solving approaches, which are perceived to be effective practices in
the Japanese education system. She concludes that “a structured problem-solving lesson
can be viewed from the perspective of variation” (p.317).

Similar to the situation in China, researchers in the west have emphasized the use of
variation to improve mathematics teaching and learning, such as deliberately varying
mathematical tasks to facilitate students’ learning (Huang & Li, 2017; Rowland, 2008;
Watson & Mason, 2006). We can also find the relevant theoretical foundation of
variation from the western teaching theory. For example, Marton and his colleagues
(Marton & Booth, 1997; Marton, 2015) have developed the variation theory of learning,
which also highlights the important role of invariance (similarity) in affording the
discernment of differences (Pang et al. 2017). Barlow et al. (2017) present a case that
describes a series of tasks whose development was informed by the theory of variation
posed by Marton et al. They indicate that variation theory emerges as a powerful vehicle
by which “U.S. algebra instruction” might better facilitate student transition from
arithmetic to algebraic thinking (Clarke, 2017). Runesson and Kullberg (2017) regard
variation theory as a guiding principle in learning study. They present a longitudinal
study in Sweden through iterative cycles of teaching and revising.

Teaching without accomplishing a pattern of variation is hardly possible (Runesson and
Kullberg, 2017). At the same time, as Sun (2011) suggested that “the idea of variation
is almost invisible to teachers” and Runesson and Kullberg (2017) evidence that
“despite evident changes in sequence and patterns of variation, the teacher’s discussion
of his/her instruction didn’t talk about variation at all”, most of the teachers are using
variation in their teaching unconsciously. Helping teachers to realize the variation (what
is varied and what is kept invariant) in their teaching can help them to design instruction
more effectively according to the teaching goals. Hence, it is necessary for us to provide
a pattern or structure or model to make teaching through variation become visible,

reflected upon and developed.
1.2.2.3 Teaching through variation underlying in French didactics

In this section, we explore teaching through variation in France based on the related
theory and possible variations in teachers’ collaborative activities.

When it comes to French mathematics education, it is inevitable to mention the
didactics of mathematics in France. It emerged with the aim of building a genuine field
of scientific research and not just a field of application for other scientific fields such
as mathematics or psychology. Drawing the lessons of the innovative activism of the
New Math period with the disillusions it had generated, French didacticians gave
priority to the understanding of the complex interaction between mathematics learning

and teaching in didactic systems (Artigue et al., 2019). Therefore, it is essential to build
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solid theoretical foundations for mathematics education in tight interaction with
empirical research. There are three main theoretical pillars in French didactics: the
theory of didactical situations due to Brousseau, the theory of conceptual fields due to
Vergnaud, and the anthropological theory of the didactic that emerged from the theory
of didactic transposition, due to Chevallard. These three theories are complex objects
that have been developed and consolidated over decades (Artigue et al., 2019). In
Chapter 2, we focus on the theory of didactical situations, which implies the idea of
variation.

Two main factors have strongly influenced the development of French didactic research
(Artigue et al., 2019). One is the engagement of French mathematicians in educational
issues, which was already visible from the time of the French revolution (Gispert, 2014),
the other is the creation of the Institutes of Research on Mathematics Teaching
(IREMs*). In France, the design of mathematical tasks, situations and sequences of
situations is essential to didactic research and is controlled by the theoretical
frameworks underlying this research. Design as a development activity takes place
mostly within the IREMs (Blum, Artigue, Mariotti, StrdBler, & Van den Heuvel-
Panhuizen, 2019). IREMs are independent from, but close to mathematics departments,
and this structure enables collaborative work part-time in thematic groups among
university mathematicians, teachers, teacher educators, didacticians and historians of
mathematics. Through their activities and producing materials for teaching and teacher
education, IREMs developed the action-research, teacher training sessions, etc., and
nurtured institutional and scientific relationships between didacticians and
mathematicians (Artigue et al., 2019). It is undoubted that IREMs demonstrate the
importance of teachers’ documentation work in French mathematics education and
provide rich soil for teachers to create variations in designing tasks through
collaborative work.

At present there are few studies on teaching through variation in France. We wonder if
variation also has its practical experience in France without teachers’ consciousness
because of the unique French didactics and teachers’ collaborative work have provided
a good foundation for its emergence.

1.3 Preliminary research questions

Our research is in the field of mathematics didactics, seeking to contribute to the
improvement of the quality of mathematics teaching and teacher’s professional
development. We are particularly interested in studying teachers’ teaching through

8 IREM (Institut de recherche sur I’enseignement des mathématiques), website : http://www.univ-
irem.fr
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variation in different education system and cultural backgrounds. Taking function as an
example, we study specific situations in China and France and present three preliminary
research questions here:

Q1: What are the potential resources with variation in high school mathematics
textbooks and other curriculum resources in China and France? (From the perspective
of resources)

Q2: How do case teachers in China and France use teaching resources to design
variations? What are the characteristics of case teachers in variation design? (From the

perspective of design)

Q3: In the classroom teaching, how do case teachers from China and France use
variations to teach? What are the teaching characteristics of case teachers when they
are teaching through variation? (From the perspective of practical teaching)

These preliminary research questions will be deepened and formulated in chapter 2 after
presenting the theoretical backgrounds and our model of teaching through variation.
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Chapter 2

Literature review and theoretical considerations

This chapter is dedicated to construct a preliminary model of variation by illustrating
the status of variation in mathematics and mathematics education, studying various
different variation theories, and analyzing the documentational approach to didactics,
teachers’ documentation work and their relations with variation. It proposes four
sections: Section 2.1 explains the variation has been inseparable from mathematics and
mathematics education, evidencing that variation comes from the essence of
mathematics; Section 2.2 describes the theoretical foundations of variation in
mathematics education in both China and France and illustrates them with typical
examples; Section 2.3 reviews the literature on teachers’ documentation work, mainly
the Documentational Approach to Didactics and its relation with variation; and Section
2.4 presents two definitions of variation in China and France respectively, proposes a
preliminary model of variation through the lens of teachers’ documentation work and
our research questions, the analytical framework and the concept of “variation path”

designed based on the model.

2.1 Variation as one of the essential features of mathematics

In this section, we evidence that variation is one of the essential features of mathematics
through the study of three aspects: the diversity and unity of mathematics (section 2.1.1);
The role of diversity and unity of mathematics in mathematics education (section 2.1.2);
and to be more specific, the variation in the two classical works -- “Nine Chapters on
the Mathematical Art” and “Euclid’s Elements” from both mathematics and
mathematics education perspectives (section 2.1.3).

2.1.1 The diversity and unity of mathematics

Mathematicians are trying to determine what is real mathematics and what should be
the basis for new mathematical creations. This kind of confusion is increasing day by
day (Kline, 1980). In this section, we describe the efforts made by Chinese (section
2.1.1.1) and western mathematicians (section 2.1.1.2) in exploring the nature of
mathematics over years. The development of mathematics is dynamic. Mathematics is
both diverse and unified and the most important thing in mathematics is active
cooperation with other disciplines, as well as mastering mathematical thinking and

mathematical methods.
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2.1.1.1 The development of mathematics in China

The history of Chinese mathematics is divided into two phases: before the 17" century,
the establishment of traditional Chinese mathematical systems and algorithms centered
on “rod calculus”'’; and after the 17 century, the introduction of Western mathematics
centered on arithmetic with pen. Further, it can be divided into five periods according
to its own characteristics (Li, 2010):

e The rudiments of the traditional mathematics in China (Ancient times-early Eastern
Han Dynasty, ca. 4000 BCE-25 CE): According to ancient books?’, decimal-value

notation and rod calculus were already in place.

e The formation and development of the system of traditional mathematics in China
(Early Eastern Han Dynasty - Five Dynasties and Ten Kingdoms period, 25-960
CE): The traditional Chinese mathematical system was gradually formed and
developed. After a long period of accumulation, by the second half of the 1% century
CE, a classic of traditional Chinese mathematics, the “Nine Chapters on the
Mathematical Art”, was published. It marked the formation of a traditional Chinese
mathematical system centered on rod calculus. In the following six to seven hundred
years, from the mathematician Zhao Shuang?', Liu Hui* to Li Chunfeng?, there
were continuous developments in algorithms, theories and applications. At the
beginning of Tang Dynasty (618-907 CE), Li Chunfeng was ordered to annotate

9 24

“Suanjing Shishu”“*, which made a relatively systematic arrangement of the
mathematical literature of this period. The establishment of various rod calculus

algorithms characterized the mathematics of this period.

19 Rod calculus: “4£%5” in Chinese, is an ancient procedure for calculating in the decimal system using
an arithmetic rod in the Chinese cultural sphere. In ancient China, rods were used as a tool to record
numbers, list formulas and perform calculations of various numbers and formulas. It was initially a
natural object like a small bamboo stick, but later gradually developed into a specialized calculation tool
and were increasingly replaced by the more convenient and faster abacus.

20 The main works are the “Suan Shu Shu (A book on numbers and computation)” (%71} in Chinese)
and “Zhoubi Suanjing (A book on astronomical observation and calculation)” (JEl##5£ 4 in Chinese).

2l Zhao Shuang: The mathematicians of Wu in the Three Kingdoms period. In about 222 CE, Zhao
Shuang studied the “Zhoubi Suanjing” in depth and wrote a preface and a detailed commentary, in
which there are commentaries on the diagram of the proof of Pythagorean theorem, which is a valuable
document in the history of mathematics.

22 Liu Hui: Mathematician of Wei in the Three Kingdoms period. He not only organized the ancient
Chinese mathematical system and constructed its theoretical foundation by annotating the “Nine
Chapters on the Mathematical Art”, he also put forward his own original ideas reflected from the classic
works.

23 Li Chunfeng: Astronomers and mathematicians in the early Tang Dynasty. In the Tang Dynasty, he was
ordered to annotate the “Suanjing Shishu” and it was completed in 656 CE

24 “Suanjing Shishu”: “572 115> in Chinese, ten mathematical manuals were annotated and were used
as the teaching material of the academy of arithmetic of “Guozijian” (imperial college) and the
examination item of Arithmetic. See the detailed names of these ten books in footnote 7.
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The prosperity of the traditional mathematics in China (From the beginning of the
Northern Song Dynasty to the beginning of the Yuan Dynasty, 960-1303 CE):
Traditional Chinese mathematics showed a prosperous development. Many new
algorithms and new topics appeared one after another within a short period of time,
with clear computational procedures and high theoretical abstraction. For example,
in “Mathematical Treatise in Nine Sections”?* (1247 CE), Qin Jiushao?® introduced
a general form of the Chinese remainder theorem that used Da yan shu (KfTAR) or
algorithms to solve it. Gauss gave this theorem in his book ‘“Arithmetical
Investigations” (1801) more than 500 years later. Moreover, he proposed “Qin
Jiushao’s algorithm” for finding the positive roots of higher-degree polynomial
equations. Horner proposed a similar method in 1819 and named ‘“Horner’s
method”?’. Many theorems were introduced far ahead in the world history of
mathematics, thus making traditional Chinese mathematics the peak of the world
mathematics at that time,

The low-tide of the traditional mathematics in China (From the early Yuan to the
end of the Ming Dynasty, 1303-1607 CE): Traditional Chinese mathematics was in
a state of decline. The so-called declining state means that the algorithm centered
on rod calculus failed to reach the level of the previous period and the focus of
mathematical development shifted to the popularization of daily use algorithms.
This trend led to the creation and development of Chinese Zhusuan?®. The
emergence and development of Zhusuan (including abacus and algorithm) is a
manifestation of the development of traditional Chinese mathematics. However, it
is an obvious fact that the overall level of mathematics in this period is significantly
lower than that of the previous period. The reasons for the decline are a matter of
discussion in the history of mathematics. Factors such as the hindrance to the
development of mathematics by the examination policy of “Eight-legged essay”*’
are already pointed out. The alternation of rod calculus and Zhusuan is the
characteristic of this period of mathematics.

The confluence of Chinese and Western mathematics (From the end of Ming

25 “Mathematical Treatise in Nine Sections: “%¥ 15 JL #” in Chinese, is a practical mathematical
compendium with a wide range of topics drawn from various aspects of Song Dynasty society, including
agriculture, astronomy, water conservancy, urban layout, construction engineering, surveying, taxation,
armament, military and so on.

26 Qin Jiushao: Mathematicians of the Southern Song Dynasty. His main work is “Mathematical Treatise
in Nine Sections”.

27 There is a controversy about the right of invention of Homer, refer to Wylie (1852).

28 Chinese Zhusuan: k5T in Chinese, is the knowledge and practices of arithmetic calculation through
the Chinese abacus.

2% The mathematical content was completely eliminated. Talents were selected by the essay which is
written in the eight-legged style.
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Dynasty to the first year of the Republic of China, 1607-1912 CE): The introduction
of western mathematics and research were the mainstream, while the arrangement
and study of traditional mathematics was also an aspect that could not be ignored
during this period. The emergence of a large number of translations and edited
works of western mathematics complemented the traditional Chinese mathematics
to some extent. Arithmetic with pen was the characteristic of this period.

In the second decade of the 20th century, Chinese mathematicians began to enter
the world of mathematics. After 1949, Chinese mathematics entered a new phase of

comprehensive development.

In general, there is no doubt that traditional Chinese mathematics has fruitful outcomes
and had made indelible contributions to the development of world mathematics. We can
see the trajectory of mathematical works being passed on and developed over
generations. However, after the 15% century, Chinese mathematics was left far behind,
such as the creation of analytic geometry, the invention of calculus, the development of
abstract algebra, etc., none of them are related to China. In the next section, we present
the development of mathematics in western countries, especially from the period of 18

century.
2.1.1.2 The development of mathematics in western countries

What is mathematics? For the predecessors, mathematics is the most exquisite
invention made by people to study the natural world. The main concepts, broad methods,
and almost all the important theorems of mathematics are derived in the process of
discovering the world. As Kline (1980) proposed, Mathematics can be regarded as a
building. In the ancient Greek era (ca. 600 BCE-800 CE)*°, the structure of mathematics
(mainly composed of Euclidean geometry) proved to be stable. Then the Indians and
Arabs added a new layer to the building of mathematics: introducing negative numbers,
accepting irrational numbers, and formulating rules of operation about them. By
expanding the mathematics of various numbers, the mathematics building has been
built one after another: complex numbers, various algebras, calculus, differential
equations, differential geometry and many subjects. However, the foundation of
mathematics began to collapse when its superstructure was strengthened. The invention
of non-Euclidean geometry reveals that the axioms of Euclidean geometry are not real
and solid ground. In order to prevent the mathematics building from overturning, strong

measures must be taken.

With this context, many mathematicians hope to build a modern and leafy mathematics

30'We start from the Greek period, being conscious that the starting point of structured mathematics is
ordinary situated far before, in the scribal schools, about 2000 BCE (Proust, 2012).
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building under a number of concise axiom systems. One of the representatives is the
Gottingen school and the idea of unity has experienced three stages of development in
this school: specific mathematical problems (for example, fundamental theorem of
algebra), sub-disciplines of mathematics (for example, the principle of group theory in
geometry), and the whole pure mathematics (for example, the later mathematical
axiomatization movement). In 1900, Hilbert gave a famous report on “The Problems of
Mathematics” at the Second International Congress of Mathematicians and he pointed
out that “mathematics is an indivisible organic whole, and its vitality is officially in the

EENTS

connection between its parts.” “The organic unity of mathematics is an inherent feature
of this science, because it is the basis of all precise natural science knowledge.” (Hilbert,

1902).

The axiomatic method developed by Hilbert and the idea that “mathematics is an
organic unity” established by the Géttingen School are important to the schools of
mathematics in the United States, the Soviet Union, Britain, France and other countries,
and have had a huge impact on the development of mathematics in the 20th century.
Among them, the Bourbaki School is particularly eye-catching and influential. Its
appearance is even praised by some mathematicians as “the most significant
phenomenon in modern mathematics”.

Since the 19th century, especially in the 20th century, mathematics has expanded
unprecedentedly, with a large number of new disciplines and new fields emerge.
Mathematics has shown unprecedented diversification. Ordinary people may be
confined to special things, but scientists need to understand the relationship between
them, that is, the unity of nature. Modern mathematicians can only consider their own
special problems in a narrow field, while Bourbaki wants to explore the common
ground between different fields, which is the unity of mathematics. They emphasized
that mathematics is not just a simple summation of various subjects, there are
inexhaustible links between various fields of mathematics, and the value of various
problems is not the same. The most valuable mathematics are problems that are closely
related to various fields, and relatively isolated problems are often of little significance
(Bourbaki, 1948). Bourbaki proposed that at the center of the mathematical world there
are three main types of structure: algebraic structure (group, ring, field), order structure
(partial order, total order), topological structure (neighbourhood, continuity, limit,
connectivity, dimension), they can be called parent structure, or core structure, basic
structure. Each type of structure has many branches, and there is a certain relationship
between them, and they are all determined by axioms. Furthermore, two or more
structures can be compounded to form a more complex structure. Each structure
maintains its independence, but they can be connected together by mapping, calculation
and other relations. The simplest example of a composite structure is a vector space. In
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addition, there are multiple structures. If a set has two or more structures at the same
time, and these structures have a certain relationship and are compatible with each other,
it is called a multiple structure. There are many multiple structures, such as partial order
group, total order group, topological group, topological ring, topological field and so
on.

The results of these attempts to unify mathematics are now known as failures.
Mathematicians gradually realized that attempts to establish a universally acceptable
and logically reasonable mathematical expression had failed. Mathematics is a kind of
human activity, and it is subject to various weaknesses and shortcomings of human
beings (Kline, 1980). However, the ideas put forward by Goéttingen and Bourbaki
School are not worthless. They bring us enlightenments on the unification of
mathematics from two aspects: the necessary combination with other disciplines and
the common mathematical methods and the way of thinking in different mathematics
branches. Nowadays we still pursue the harmony and unity inherent in the many
branches of mathematics, and harmony lies in the unity. But the unity we are talking
about does not mean that the entire mathematics can be discussed through a model like
“Euclid’s Elements” under one or two axiom systems, but refers to the numerous
existing branches of mathematics, including the new fields that may appear in the future.
Science has always been the blood that maintains the vitality of mathematics. In the
field of science, mathematicians are enthusiastic partners of physicists, astronomers,
chemists and engineers. During the 17th, 18th, and 19th centuries, the difference
between mathematics and theoretical sciences was rarely noticed, and many
outstanding mathematicians have done more work in astronomy, mechanics, dynamics,
electricity, magnetism, and elasticity than their work in mathematics. Mathematics is
the queen of science and the maid of science at the same time (Kline, 1980). A branch
can explode with strong vitality only when it blends with other branches, which is also
true for mathematical problems. To be more precise, the objects studied by each branch
of mathematics may not be very relevant, but the many mathematical methods and ideas
in each field are similar, including some commonly used learning methods and research
methods.

F. Klein described the development of mathematics in “Elementary Mathematics from
an Advanced Standpoint” (2007) as follows: In fact, mathematics has grown like a tree,
but it does not grow from the thinnest root, nor is it just growing upwards; on the
contrary, as the branches and leaves expand, its roots get deeper and deeper...... Then,
we can see that the foundation in mathematics has no final end. On the other hand, there
is no initial starting point. Poincaré (Henri Poincaré, 1854-1912) also expressed a
similar view: “There are no solved problems; there are only problems that are more or
less solved”.
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2.1.2 The role of diversity and unity of mathematics in mathematics
education

As we mentioned above, both diversity and unity are embedded in mathematics. Now
we turn our attention to how diversity and unity play a role in mathematics education.
We describe it from three aspects in mathematics education, from macro to micro:
interaction between mathematics and other disciplines (section 2.1.2.1); interactions of
different branches of mathematics (section 2.1.2.2); interactions of multiple
representations (section 2.1.2.3).

2.1.2.1 Interaction between mathematics and other disciplines in mathematics
education

According to presentation of reports and recommendations proposed by commission
for reflection on mathematics education in France (Kahane, 2002), today we should pay
more attention to “mathematical sciences” rather than “mathematics”. In addition to its
own development, mathematics is continuously influenced by other disciplines
(Kahane, 2002).

Mathematics is the oldest science and the one whose values are the most permanent.
Over the past fifty years, the perspective on mathematics has changed considerably:
mathematics first seemed to have regained its unity on the basis of a solid construction
of foundations and structures, then become impoverished; after that, applied
mathematics made a breakthrough; currently, the movement of mathematics reveals
many sources and influences, as well as constitutes considerable work in mathematics.
Mathematics is enriched with problems, methods and concepts from other sciences and
practices. At the same time, it creates new concepts and new theories. Mathematics
develops through its interactions with other disciplines as well as through interactions
within itself. Thus, mathematics is far from being the business of only mathematicians.
Today, we must take into account the mathematical activities of mechanics, physicists,
computer scientists, engineers, biologists, economists, chemists, and mathematicians in
the strict sense of the word. It is good to stop reasoning only on the basis of
“mathematics”, “pure and applied mathematics”, and to consider the diversity of
participants and users of all “mathematical sciences” (Kahane, 2002).

Moreover, the means of studying mathematics have varied according to the
development of technologies. The techniques of printing, navigation, astronomy have
helped to form the functions as well as calculus. Today, computer science creates both
new means and new disciplines of study, and all sciences advance through mathematical

tools and contribute to the creation of new sciences.

Considering the close relation between mathematics and other disciplines, PISA
(Program for International Student Assessment) have defined four context categories
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and used them to classify assessment items developed for the PISA survey (OCDE,
2017, 2019b):

* Personal — Problems classified in the personal context category focus on activities of
one’s self, one’s family or one’s peer group. The kinds of contexts that may be
considered personal include (but are not limited to) those involving food preparation,
shopping, games, personal health, personal transportation, sports, travel, personal
scheduling and personal finance.

* Occupational — Problems classified in the occupational context category are centred
on the world of work. Items categorized as occupational may involve (but are not
limited to) such things as measuring, costing and ordering materials for building,
payroll/accounting, quality control, scheduling/inventory, design/architecture and job-
related decision making. Occupational contexts may relate to any level of the workforce,
from unskilled work to the highest levels of professional work, although items in the
PISA survey must be accessible to 15-year-old students.

» Societal — Problems classified in the societal context category focus on one’s
community (whether local, national or global). They may involve (but are not limited
to) such things as voting systems, public transport, government, public policies,
demographics, advertising, national statistics and economics. Although individuals are
involved in all of these things in a personal way, in the societal context category the
focus of problems is on the community perspective.

* Scientific — Problems classified in the scientific category relate to the application of
mathematics to the natural world and issues and topics related to science and technology.
Particular contexts might include (but are not limited to) such areas as weather or
climate, ecology, medicine, space science, genetics, measurement and the world of
mathematics itself. Items that are intra-mathematical, where all the elements involved
belong in the world of mathematics, fall within the scientific context.

2.1.2.2 Interaction of different branches of mathematics in mathematics
education

In addition to the interaction with other disciplines mentioned above, there are
interactions inside different branches of mathematics in mathematics education. The
unity of mathematics is reflected in the unity of the structure of mathematics. Some
seemingly different concepts, theorems, and laws in mathematics can be in a unity
under certain conditions. For example, after the establishment of set theory, the
“operation” in algebra, “transformation” in geometry, and “function” in analysis, these
three concepts in different domains can be unified into the concept of “mapping”.
Descartes (René Descartes, 1596-1650) unified geometry, algebra, and logic through
analytic geometry, which is fully reflected in Chinese high school mathematics. For
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example, in analytic geometry of high school, the unity of circle, ellipse, hyperbola,
and parabola is manifested in the following four aspects (Jin, 2013):

e From the form of equations, in the rectangular coordinate system, their curve
equations can all be written as: Ax?+ Bxy + Cy*> + Dx + Ey+ F =0. The
feature of the equations is that they are all binary quadratic equations, so they can
be called as quadratic curves;

e Except for circles, from the point of view of point sets or trajectories, they are all
point sets or trajectories whose ratio of the distance between a fixed point and a
fixed line is constant (called eccentricity). This fixed point is the focus, and the fixed
line is the directrix. They are divided into ellipse, hyperbola, and parabola due to
the difference of eccentricity;

e These four curves can be seen as cross sections obtained by truncating cones in
different planes. Therefore, they can be called conic curves, and more subtly: the
orbits of celestial bodies are these four curves;

e In the polar coordinates system, we set the distance from the fixed point to the
directrix as p, the eccentricity as e, the polar angle as 8, and the polar radius as p.
Then the straight line, circle, ellipse, hyperbola, and parabola can be unified into a
simple polar coordinate equation:

ep

p= 1 — ecos@

Here, the straight line and the circle are regarded as the extreme cases of hyperbola and
ellipse. The unification of these four curves in various aspects proves the conclusions
of the mathematician Hilbert: “Although the knowledge of mathematics is very
different, we still clearly realize that in mathematics as a whole, the same logical tools
are used. There is a conceptual relationship, and at the same time, there are a lot of
similarities between its different parts.” “The isolated branches will also reveal
unexpected relationships.”

The work of Douady (1986) about “frames” also supported that different branches of
mathematics can be subsumed under the concept of “frame”. According to Douady, the
word “frame” is to be taken in the usual sense that it has when we speak of algebraic
frame, arithmetic frame, geometric frame, etc. The variations of frames (“jeux de cadres”
in French) are changes of frames provoked by the teacher, on the occasion of suitably
chosen problems, to advance the research phases and evolve the students’ conceptions.
Three phases can be distinguished in this procedure: 1) Transfer and interpretation: the
students are confronted with a problem formulated within a certain frame. Taking into
account their knowledge, practices and habits, their examination of the problem leads
them to translate and interpret all or part of questions into another frame. In doing so,
they implement correspondences between different frames (between objects and
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between relations). 2) Imperfect matches: the correspondences between the frames are
imperfect either for mathematical reasons or because of the students’ insufficient
knowledge. The situation is a source of imbalance. 3) Improving correspondence and
advancing knowledge: communication between frames and in particular

communication with an auxiliary representation frame is a factor of rebalancing.
2.1.2.3 Interaction of multiple representations of mathematics

Duval (1995) points out “There is no knowledge that can be mobilized by an individual
without a representation activity”. Multiple representations play an important role in
the teaching of mathematics and are one of the manifestations of mathematical diversity.
In this section, we first illustrate that multiple representations are a distinguishing
feature of mathematics, which many researchers have studied and classified. Then we
introduced the symbolic-graphic combination commonly used in high school
mathematics education, which fully reflects the diverse representations of mathematics
and the flexible use of conversions between different representations.

Goldin (2014) distinguishes inscription and representation, internal representation and
external representation. According to him, mathematical representations, most
commonly interpreted in education, are visible or tangible productions, such as
diagrams, number lines, graphs, arrangements of concrete objects or manipulatives,
physical models, mathematical expressions, formulas and equations, or depictions on
the screen of a computer or calculator -- that encode, stand for, or embody mathematical
ideas or relationships. Such a production is sometimes called an inscription when the
intent is to focus on a particular instance without referring, even tacitly, to any
interpretation. A representation thus includes reference to some meaning or
signification it is taken to have. The term representation is also used to refer to a

person’s mental, cognitive, or brain constructs, concepts, or configurations.

Representation is called external when it is external to the individual who produced
them, and accessible to others for observation, discussion, interpretation, and/or
manipulation. Representation is called internal to the individual when it includes
individuals’ visual and/or spatial cognitive representation of geometrical objects or
mathematical patterns, operations, or situations; their kinesthetic encoding of
operations, shapes, and motions; their internal conceptual models of mathematical ideas;
the language that they use internally to describe mathematical situations; their heuristic
plans and strategies for problem-solving; and their affective and motivational states in
relation to mathematical problems and situations (Goldin, 2014).

Based on the description above, we divide mathematical representations into internal
representations and external representations, where the internal representation of
mathematics refers to the meaning and construction of the individual to the object of
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mathematics learning; the external representation of mathematics reflects the external
form of the object of mathematics learning.

Researchers have proposed different classifications of external representations of
mathematics based on different classification standards. Friedlander and Tabach (2001)
believe that mathematical representation can be divided into four categories: verbal
representation, numerical representation, graphical representation, and algebraic
representation. Xu (2001) believes that mathematical representations can be divided
into four categories: formal representation, graphical representation, action
representation and linguistic representation. Duval (2006) listed several different kinds
of registers of semiotic representation: the natural language, the symbolic writing,
images, geometrical figures, cartesian graphs and diagrams. Various researches have
shown that working with a single register does not allow the students to fully access the
concept. One representative of a concept, in one register, can only show part of the
concept properties. Therefore, it is necessary for teachers to change the representations
of registers of one concept in teaching, which is helpful to comprehend the
characteristics of the concept.

Insofar as mathematical activity intrinsically consists in the transformation of
representations, Duval (2006) also revealed two types of transformation of semiotic
representations that are radically different: treatment and conversion. Treatments are
transformations of representations that happen within the same register. The treatments,
which can be carried out, depend mainly on the possibilities of semiotic transformation,
which are specific to the register used. Conversions are transformations of
representation that consist of changing a register without changing the objects being
denoted: for example, passing from the algebraic notation for an equation to its graphic
representation, passing from the natural language statement of a relationship to its
notation using letters, etc. Conversion is a representation transformation, which is more
complex than treatment because any change of register first requires recognition of the
same represented object between two representations whose contents have very often
nothing in common. It is like a gap that depends on the starting register and the target
register. Too often, conversion is classified as translation or encoding. Compared to the
conversion between registers, the treatment in one register is easier for students. In
order to study the conversions between registers, we need to differentiate different types
of registers. Duval (2017) has proposed atwo-dimensional table that show the
classification of types of semiotic registers, see Figure 2.1.1.
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Figure 2.1.1 Classification of types of semiotic registers (Duval, 2017, p85)

This classification provides a tool for analyzing the registers used explicitly in the
mathematical activity and those implicitly mobilized, for identifying the root of the
troubles with mathematics understanding that many students have (Duval, 2006 &
2017).

Many studies on mathematical representation in education are devoted to how students
generate representations, interact and move within various representations, translate
between representations, or interpret one representation using another, in a specific
domain, such as the concept of algebra, planar and spatial geometry. Researchers seek
to characterize students’ understandings in terms of multiple representations, to infer
students’ thinking from the representations they produce and manipulate, to identify the
affordances and obstacles associated with particular kinds of representations, and to
develop new representational teaching methods using new media (Goldin, 2014).

A large number of studies have evidenced that multiple representations have direct or
indirect effects on the process and results of mathematical problem solving. For
example, Janvier (1987) pointed out that multiple representations are an inherent part
of mathematics learning and appropriate use of multiple representations can make
mathematics concrete from multiple perspectives, make mathematics problems easier
to solve, and make mathematics learning more interesting. Zhang (1997) indicated that
problems with different external representations can cause completely different
problem-solving behaviors of students with the same internal representation. Markman
and Dietrich (2000) pointed out that the external representation of problems is diverse
and rich, and different types of problem representation are suitable for different types
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of mental processing.

In high school classroom teaching, symbolic-graphic combination is one of the
important strategies to solve the problem and is also a prominent method of applying
diversity of mathematical representations. The “symbol” in the symbolic-graphic
combination is algebraic representation, which refers to the use of algebraic tools to
present mathematical problems and mathematical concepts; at the same time, the
“graph” in the symbolic-graphic combination is geometric representation, and intuitive
geometric tools are used to analyze mathematical problems. Solving mathematical
problems with the symbolic-graphic combination often involves the selection and
conversion of various representations of mathematics. Whether the representation can
be selected reasonably and whether the conversion can be successfully performed are
the key to solving the problem.

The combination process involves two conversion directions: One is from symbol to
graph. Converting a symbolic problem to a graphic problem is to first find the “graph”
in the “symbol” (Liu, 2018), and then find out the geometric characteristics of the
quantitative relationship, and transform the abstract concept into the expression of the
concrete graph, making full use of intuitiveness of graph to solve the problem smoothly
(Shao, 2009). The other is from graph to symbol, which is the algebraization of
geometric problems. Converting a graphic problem to a symbolic problem is to first use
the appropriate quantitative relationship to express the characteristics of the graph
structure, and then with the advantage of algebraic algorithms, use the algebraic
language to give a rigorous explanation and finally solve the problem (Shao, 2009).
Therefore, from symbol to graph is to use the intuitiveness of graph to explain algebraic
formulas and certain mathematical concepts. Turning abstract into concrete is
conducive to the cultivation of imagery thinking. From graph to symbol is to use
algebraic language to rigorously explain spatial relations. Converting problems that
require logical argumentation into operational problems is conducive to the
programming of thinking (Hao, 2019). Through the symbolic-graphic combination, on
the one hand, we can concretize abstract problems and simplify complex problems
when solving mathematical problems. On the other hand, we can also use this method
to help students build connections between knowledge, to promote the harmonious
development of students’ imagery thinking and abstract thinking, and to cultivate
students’ innovative ability. According to Duval’s two-dimensional types of registers,
symbolic-graphic combination is a conversion, i.e., a representation transformation.

Wang (1996) concluded that the combination of symbolic and graphic can mainly solve
the following four types of specific problems in high school: 1. Problems related to
functions, the graphs and properties of functions; 2. Problems of solving equations and
inequality; 3. Problems related to complex numbers (often considered to be solved by
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the geometric interpretation of complex numbers); 4. Problems of seeking the extrema
of a function.

Considering the complexity of conversion, we divide the conversion mode between
symbolic and graphic into two types (Hao, 2019): One is the problem of “corresponding
representation”, that is, algebraic representation and geometric representation have an
obvious correspondence, such as the one-to-one correspondence between points on the
number line and real numbers, points and coordinates in a rectangular coordinate
system, and curves and equations in analytical geometric problems. This conversion
mode is relatively easy for students, and the way of thinking is mainly logical reasoning;
The other is the “constructed representation”, meaning that when there is no obvious
correspondence between the two representations of some combination of symbol and
graph, students are required to construct another representation based on the problem
structure and the known information. This conversion mode has certain requirements
for students’ thinking ability. We give an example (example 2.1.1) of function here to
show this mode clearer.

Example 2.1.1
Find the minimum value of the function f(x) = Vx2 — 2x + 5 + Vx% — 4x + 131 [ ][]

[Solution] :
Because f(x) =/ (x — D2+ (0 —2)2 +/(x — 2)2 + (0 — 3)21[1[]

Associating the formula for the distance between two points to construct the following
Figure 2.1.2. Therefore, the minimum value of f(x) is the minimum value of the sum
of distances between the point P(x, 0) and A(1,2), P(x,0) and B(2,3).

) 0

Figure 2.1.2 distances between the point P(x, 0) and A(1,2), P(x,0) and B(2,3)

The most important step in this example is to realize the conversion between different
representations. Many problems can be repeated in changes and changes can be
obtained in repetition. Generally speaking, difficult mathematical problems can be
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broken down into relatively basic and easy parts through the appropriate conversion of
representations.

When we use the symbolic-graphic combination, we should also pay attention to the
following aspects: 1. Equivalence principle: The conversion of algebraic properties and
geometric properties should be equivalent. Due to the limitations of graphics,
sometimes they cannot fully represent the generality of algebraic properties; 2. Two-
way principle: use both geometrically intuitive analysis and algebraic abstract
exploration, combining the two aspects. It is naive to only perform geometric analysis
on algebraic problems or only perform algebraic analysis on geometric problems; 3.
Simplicity principle: After finding the idea of solving a problem, use geometric or
algebraic methods, or use both of them depends on which method is simpler and more
convenient for teaching purposes (Luo, 2005; Luo, 1997; Lai, 2001; Xu & Chen, 1998).

2.1.3 Variation in two classic mathematical works

In this section, we studied two classic mathematical works, “Nine Chapters on the
Mathematical Art” (section 2.1.3.1) and “Euclid’s Elements” (section 2.1.3.2),
illustrating that the idea of variation has been rooted in mathematics and mathematics

education long time ago.
2.1.3.1 Variation in “Nine Chapters on the Mathematical Art”

“Nine Chapters on the Mathematical Art” (JLFH A, noted as “Nine Chapters” in the
following) is a comprehensive work summarizing traditional mathematics thoughts
from the Qin Dynasty (221- 206 BC) to the Han Dynasty (202 BC — 220 AD), a
mathematical period when using counting rods as a special calculation tool in ancient
China. “Nine Chapters” had a profound impact on ancient Chinese mathematics, just as
“Euclid’s Elements” had a profound impact on the ancient Greek and Western
mathematical systems. It constituted the preliminary model of the ancient mathematical
cultural system in China (Zhang, 2019; Wang & Huo, 2014).

There are a total of 246 arithmetic problems in “Nine Chapters”. The calculation
problems of the same type are grouped into one chapter and a total of nine chapters,
respectively are bounding fields, millet and rice, proportional distribution, reducing
dimensions, figuring for construction, equitable taxation, excess and deficit, the two-
sided reference (i.e., equations), and base and altitude. “Nine Chapters” have an
extremely close relationship with the real world, and each of the problems is a practical
problem with the context of daily life, such as farmland measurement and distribution
of money and food. The mathematical contents in “Nine Chapters” are equivalent to
the current elementary mathematics, focusing on the algebraic content®' (Zhang &

31 The geometry part is also treated algebraically in “Nine Chapters”.
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Wang, 1997; Zhang, 2019). In each chapter, the arithmetic problems are shown first,
then the answers are given, and the specific calculation method is given in the end.

Affected by the mathematics tradition of I-Ching??, “Nine Chapters” contains the
variation thought of “When it is exhausted, it mutates; by mutation it achieves
continuity; by continuity it endures long.”**. Below, we take the ninth chapter of base
and altitude (problems involving the principle known in the west as the Pythagoras

theorem) as an example to illustrate the variation in “Nine Chapters”.

According to Qi and Wang (2019), there are three types of variations in this chapter as
follows:

(1) One problem multiple changes: Qi and Wang (2019) sorted out the relationship
between 24 problems in this chapter and studied multiple changes from four aspects:
vary the condition type of problem (change the known conditions of the existing
problem through varying the condition type, while keeping the desired goal
unchanged), vary specific value of condition (change the known conditions of the
existing problem through varying the specific value in the condition, while keeping
the desired goal unchanged), vary problem’s goal (change the desired goal of the
existing problem, while keeping the known conditions unchanged), exchange
between problem’s condition and goal, and chaining between old and new problems
(based on the goal of the existing problem to ask new questions). Figure 2.1.3
presents an example of the links among problems in the chapter of base and altitude
based on the “one problem multiple changes”.

32 [-Ching (%% in Chinese) is one of the oldest classical Chinese works. It is a book of divination in
ancient China. I-Ching used a system of symbolic forms to describe the variations in things, expressing
the philosophical and cosmological view of classical Chinese culture.

33 Translated from Chinese 7545, AR/, @M A
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Figure 2.1.3 Links among problems in the chapter of base and altitude (translated from Qi & Wang, 2019)

In Figure 2.1.3, the starting point and foundation of all 24 problems is problem 1.
Starting from problem 1, there are two directions to go:

e Problem 5 is obtained by varying specific value of condition of problem 1, problems
2 and 3 are obtained by the exchange between condition and goal. Starting from
problem 3, through varying the type of condition, problem 11 is obtained. Starting
from problem 2, through varying the specific value of condition or condition type,
problem 4, 6 and 13 are obtained respectively. Starting from problem 13, problem
14 is obtained through exchange between condition and goal. Starting from problem
6, through varying the specific value of condition, problems 7-10 are obtained, and
for each problem of 7-10, through varying the condition type, problem 12 is
obtained.

e Based on problem 1, we vary the goal and obtain problem 15 and 16. Based on
problem 15, through varying specific value of the condition, problem 19 is obtained.
Based on problem 19, through varying the condition type, problem 20 is obtained.
Based on problem 15, problem 17 is obtained through exchange between condition
and goal. Based on problem 17, through varying specific value of condition,
problems 18, 21-24 are obtained.

Qi and Wang (2019) also pointed out that problem 16 is not merely a variation from
problem 1 through varying the goal. The solution of problem 16 is based on the
Pythagoras theorem, because the diameter of the inscribed circle of a right-angled
triangle needs to be expressed by a right-angle side and a hypotenuse. In other words,
from problem 1 to problem 16, chaining between old and new problems is also implied.

(2) One problem multiple solutions: Chinese mathematician Hui Liu (225-295 CE) paid
great attention to one problem with multiple solutions when he annotated “Nine
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Chapters”. Qi and Wang (2019) presented a typical example (problem 15 in this
chapter) with multiple solutions: a and b are the lengths of two sides of the right

triangle respectively, then the side length of the inscribed square is d = ;—JZ). Hui Liu

used two different methods to prove this formula in the annotation of ‘“Nine
Chapters” (Guo, 2004; Qi & Wang, 2019):

Method 1: Cut and fill method

Liu Hui called the square inscribed by the right-angled triangle as the Yellow Square,
and the remaining two small right-angled triangles as Red Mi, and Green Mi
respectively. As shown in Figure 2.1.4 in the table 2.1.1, first make a rectangle with
the length of a and b as sides, and its area is ab, which contains 2 Red Mi, 2 Green
Mi and 2 Yellow Square. Then, reassemble Red Mi, Yellow Square, and Green Mi
into a rectangle with length of a + b and width of d. As shown in Figure 2.1.5,
ab_

a+b

because ab = (a + b)d, sod =

Table 2.1.1 Cut and fill method to prove Pythagorean theorem

Green

Yellow

Green

Red 5'% Yellow

b % o B d

Figure 2.1.4 Figure 2.1.5

Method 2: Proportional method

As shown in Figure 2.1.6, assuming that the lengths of right-angle sides are a; and
b;, a, and b, respectively. Because a:b = a;: by, so (a+ b):b = (a; + by): by,
and because a = a; + by, by = d,so (a+ b):b = a:d.

Similarly, because b:a = b,:a,, so (a + b):a = (a, + b;): a,, and because b =
a, +by,a,=d,so(a+b):b=a:d.
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[25] ay

Figure 2.1.6 Proportional method to prove Pythagoras theorem

(3) Multiple problems one solution: multiple problems one solution is common in
“Nine Chapters”. Problems 1-5 in this chapter all can be solved with the
formula: ¢ = Va2 + b2. Problem 17-24 are problems about measurement, which can
be attributed to the problem of inscribed rectangles in right-angled triangles.
Although they have different contexts in the real world, all of them can be solved
by using the proportional method above.

As we mentioned above, using variations in mathematics education can be traced back
to the time when “Nine Chapters” was written thousands of years ago. It is very
impressive to see that variation can be used to string together series of problems, and
we can design endless problems by varying one fundamental problem, for example
problem 1 in the 9™ chapter. Moreover, the complexity and difficulty of the problems
are gradually increasing, and the previous problems often pave the way for the
following problems. “Nine Chapters” shows and evidences the great potential of
variation in improving the efficiency of mathematics teaching and expanding
mathematical thinking.

2.1.3.2 Variation in Euclid’s “Elements”

Euclid’s “Elements” (written around in 300 BC) is a masterpiece that uses axioms to
establish the earliest example of a deductive system. With the help of logical methods,
it organizes the scattered knowledge of the past, classifies and compares them, exposes
the internal connections between them, and organizes them in a relatively rigorous
system, which has a profound impact on the development of mathematics.

“Elements” consisting of 13 volumes: volumes 1 to 6 are mainly about plane geometry,
volumes 7 to 9 mainly explain number theory, volumes 11 to 13 mainly discuss solid
geometry. In each volume, it begins with the definitions, postulates, and axioms, and
then presents propositions based on them. Propositions in “Elements” are abstract and
have almost nothing to do with the real world. The content in “Elements” mainly
involves elementary geometry nowadays, and also involves geometric processing in

algebraic parts such as ratio calculations. (Zhang & Wang, 1997).
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Like the study of “Nine Chapters”, we take the Pythagoras theorem as an example to
illustrate the variations in the “Elements”. There are 48 propositions in the first volume,
of which the 47th proposition is the Pythagoras theorem, and the 48th proposition is the
inverse theorem of the Pythagoras theorem. The first volume is divided into five
parts:1-4 Equilateral triangles and SAS congruent; 5-15 Isosceles triangle and SSS
congruent; 16-26 General triangle and ASA congruent; 27-32 Detailed explanation of
the fifth postulate (Parallel postulate: If a line segment intersects two straight lines
forming two interior angles on the same side that sum to less than two right angles, then
the two lines, if extended indefinitely, meet on that side on which the angles sum to less
than two right angles.); 33-48 Area transformation and Pythagoras theorem. Series of
propositions is carefully arranged in this volume and gradually deepened, which has
been paving the way for the proof of the Pythagoras theorem. In “Elements”, compass-
and-straightedge construction is an important means to prove the existence of a figure,
and then its nature is demonstrated. For the proof of the Pythagoras theorem, it gave
the method of constructing vertical line (Proposition 11, 12), parallel line (Proposition
31), and square (Proposition 46) before proceeding to the proof. Before making parallel
lines, the approach to constructing the equal angle (Proposition 23) and parallel line
decision theorem (Proposition 27) is given.

Many geometric theorems and propositions in “Elements” use the relationship between
area or volume to prove (Kline, 1980), which reflects the importance of symbolic-
graphic combination. Geometry in the middle school is mainly Euclidean geometry, so
many important geometric conclusions can be proved through the ideas of
transformation, equal area transformation and symbolic-graphic combination. In solid
geometry, the idea of equal volume transformation is often used to solve the problem
of line segment length. We take the proof of the Pythagoras theorem in “Elements” as
an example to illustrate this feature.

As shown in Figure 2.1.7 in table 2.1.2, set L ABC=90°, AB=c, AC=b, BC=a, to prove
that a? + b? = ¢2. From “Elements”, we construct three squares with side lengths a, b,
and c. Connect CD and BF, pass point C to make CL | DE, intersects AB to O, and
intersects DE to L. It is obvious that ACAD<L AFAB. Based on the relationship

between the figures with same length ang height, we get: Sycap = %Srecmngle ADLO’

1

SAFAB = ESsquare FAcG @ SO Srectangle ADLO = Ssquare FACG » and Srectangle OLEB =

Ssquare cain» therefore, we get a® + b? = ¢

The process of proof here is: transforming the side length problem into an area problem;
converting the upper two squares into two equal-area rectangles through the
relationship of the area of triangles with the same length of base-side and height (Wang,
2016).

44



Table 2.1.2 The proof of Pythagoras theorem

Figure 2.1.7 Figure 2.1.8

Multiple representations and conversions between different representations provide the
opportunity to vary the condition of the problem or use the same method to solve
different problems, etc. In “Elements” it proposes the fundamental propositions, which
embedded huge potential for varying. For example, if the right-angled triangle in Figure
2.1.7 is turned into a general triangle, and taking each side of a triangle as a square
becomes taking two sides separately as a square, we will get such a figure: as shown in
Figure 2.1.8. Compared with Figure 2.1.7, the right-angled triangle is turned into a
general triangle, which weakens the restriction on the shape of the triangle, and at the
same time reduces a square, which is simpler and more generous. In the teaching in
middle school, many new, inspiring and challenging tasks have evolved on the basis of
Figure 2.1.8 (Yin, 2016).

2.1.3.3 Comparison between “Nine Chapters on the Mathematical Art” and
“Elements”

“Nine Chapters on the Mathematical Art” and “Elements” are the two major sources of
modern mathematics. Although they are both ancient mathematics masterpieces and
have been used as textbooks, there are big differences in the style of these two works.

“Nine Chapters” is centered on algorithms and constructs a theoretical system based on
algorithms, while “Elements” mainly systematically summarizes logical reasoning and
forms a logical deductive system in the mathematical system. The content in the “Nine
Chapters” is practical and diverse. It is mainly a summary of the teaching knowledge
accumulated in all aspects of the social production process from the Spring and Autumn
Period (771-476/403 BCE) to the Qin and Han Dynasties (221BC-220AD). This work
involves diverse areas of life, so it is also called the “encyclopedia of mathematics”.
However, “Elements” is not as closely related to the real society as “Nine Chapters”. It
is algebraic geometry, and the problems are specifically solved through rigorous logical
proofs. It has laid a theoretical foundation for the development of geometry. Therefore,
the context of tasks in “Nine Chapters” is always about the human activities in real life
while the proposition in “Elements” is with the context of pure mathematics. “Nine
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Chapters” emphasizes the connection between mathematics and real life, and reflects
the practical characteristics of mathematics learning. Through learning, students can
combine theory with practice. “Elements” emphasizes that students should pay
attention to the internal logical structure, reflecting the abstract and rigorous
characteristics of mathematics learning. In addition, the mathematics in “Nine Chapters”
is expressed in Chinese characters, and there are no mathematical formulas written in
mathematical symbols, which increases the difficulty of learning and applying
mathematics, and seriously hinders the popularization and development of mathematics

at that time in China.

From the perspective of variation, there are many similarities between these two works:
(1) Organizing tasks with the same topic together and arranging series of
tasks/propositions step by step, paying attention to the logic and hierarchy of tasks; (2)
Having a sense of diversity in mathematical representations and using the idea of
symbolic-graphic combination to solve problems; (3) Transforming complex problems
that are difficult to solve: when a mathematical problem cannot be solved, transform
the problem, decompose a problem into several problems, transform an explicit
problem into a recessive problem, and transform algebraic (or geometrical) problems
into geometrical (or algebraic) problems are an important method for solving
mathematical problems; (4) Providing fundamental problems which have huge
potential to vary: taking Pythagoras as an example, more solutions have been proposed
on the basis of these two works, and many tasks we used in middle school are the
variations from the construction of these basic figures.

“Nine Chapters” focuses on digging out general laws in different mathematical
problems, while “Elements” summarizes the general laws and forms theorems before
proving them. Liu Hui (Guo, 2004) indicated in the preface of “Notes on Nine Chapters
on the Mathematical Art” that “Things are analogous to each other, and each has its
own merits. Therefore, although the branches are divided but the roots are the same.”**,
which means that there are many mathematical problems, on the surface, they are
expressed in different ways, but they are the same in mathematical theory and have the
common mathematical roots. Liu Hui used the relationship between the branches and
roots of trees to compare various algorithms that are derived from the unity of spatial
form and quantitative relationship. His statement also supports the diversity and unity

of mathematics we explained in section 2.1.1.
2.1.4 Conclusion: Variation comes from the essence of mathematics

As we have mentioned above, mathematics is both unity and diverse. In this section,

34 Translated from Chinese “Z2SAHE, &AM, WMOB S B M EA T, K
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we conclude the previous three sections, and explain why we believe variation comes
from the essence of mathematics.

The diversity and unity of mathematics are intertwined. On one hand, mathematics,
physics, astronomy, and other disciplines collide with each other, which promotes the
vigorous development of mathematics and also provides a rich realistic background for
mathematics teaching. On the other hand, multiple representations of mathematics
provide possibilities for mathematical transformation, which promotes the emergence
of multiple problem-solving methods, inspiring students to think about problems from
different perspectives, for example, the symbolic-graphic combination we mentioned
in section 2.1.2.3. It is worth noting that the unity of mathematics is embedded in the
multiple representations. Here we give an example to illustrate, see example 2.1.2
(proposed by He, 2003).

Example 2.1.2

Task A: How many triangles are there in Figure 2.1.9?

N\

Figure 2.1.9

Task A’: How many ways does the director choose 1 mother, 1 father and 1 child from
2 actresses, 3 actors and 4 children? The similarity between these two questions is
obvious.

These two tasks seem to be unrelated to each other, but after analysis, it will be found
that the two tasks are based on the same mathematical model, and the answer is both 2
x 3 x 4. Although some problems in mathematics are presented in different
forms/representations, they have the same mathematical model. This requires us to be
good at grasping the essence of the problem through phenomena in the process of
mathematics teaching and learning. transforming unfamiliar, complex, and unknown
problems into familiar, simple, and known problems to solve. This example shows the
unity of mathematics embedded in the multiple representations and it is important for
teachers to inspire students to reflect and make connections among different
mathematical knowledge so as to cope with ever-changing problems. Variation is an
effective tool to identify the essence of knowledge through varying mathematical

conditions, representations, or solutions, etc.

When we discuss mathematics, we study its history, its present state, and forecast its
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future. In recent years, the development of technology has also significantly impacted
the outcomes of mathematics. As mathematical education must consider changes that
are happening in the mathematical requirements of the workplace, classroom teaching
and mathematics design are facing new challenges. How to deal with a large number of
resources? How to choose resources? How to use resources to maximize efficiency in
teaching? We hope that variation can give us some inspiration.

Unity and diversity are the essence of mathematics. This evidence the rationality of
studying variations in different countries with different cultures. “Nine chapters on the
mathematical art” and “Elements” proves that variation is widely used in mathematics
teaching, whether it is in the East or the West, and its source can be traced back to the
teaching in the period of BC. In this study, unity refers to the unity of mathematical
methods and mathematical thoughts. As for the diversity we mainly focus on the
diversity of the context of mathematical problems and the conversions between multiple
representations.

Variation is a powerful weapon. On one hand, variation can be an effective tool to help
us highlight these similarities, just as British mathematician Atiyah (Michael Francis
Atiyah, 1929-2019) remarked that the inherent similarity of mathematics should be
highlighted: “The aspect of mathematics which fascinates me most is the rich
interaction between its different branches, the unexpected links, the surprises...”.
“...Finding analogies between different phenomena and developing techniques to
exploit these analogies is the basic mathematical approach to the physical world. It is
therefore hardly surprising that it should also figure prominently internally within
mathematics itself...” (Atiyah, 1978). On the other hand, variation reflects the
simplicity (fundamental problems), diversity (context, multiple representations, etc.)
and unity (mathematical methods, ideas) of mathematics. As Atiyah (1978) also pointed
out “Both unity and simplicity are essential, since the aim of mathematics is to explain
as much as possible in simple basic terms. Mathematics is still after all a human activity,
not a computer programme, and if our accumulated experience is to be passed on from

generation to generation we must continually strive to simplify and unify.”

Unity and diversity are the nature of mathematics, which brings the variation in
mathematics education. The unity of mathematics ensures the unchangeable and
essential part in the wvariation and the diversity of mathematics (contexts,

representations, etc.) provides the possibility of change in the variation.

2.2 Theoretical foundations of variation in mathematics teaching

Variation is an important topic when we study task design, as the majority of teachers

teach consciously or unconsciously through variation problems. Besides, variation
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appears in two traditions of research, the Chinese and the French one. In China, Gu (Gu
et al., 2004) situated BIANSHI jiaoxue (teaching through variation) as an effective way
in mathematics teaching, distinguishing between conceptual variation and procedural
variation. In France, Brousseau (2002) situated the didactical variables as sensitive
elements of a problem whose modifications (even slight ones) can significantly
influence students’ behavior. Here, we illustrate these two different theoretical
foundations of variation, the fruitful interactions between them, as well as the other
theories which relate with them.

2.2.1 Variation in Chinese theories: Gu’s “Bianshi” theory

In this section, we present Gu’s “Bianshi” theory, from its origin to the proposition of
two kinds of variations, and to the three components in mathematical problems, which
can be used to vary tasks (section 2.2.1.1); Then, we focus on Marton’s variation theory
of learning, which rooted in western culture but has many similarities with Gu’s theory
(section 2.2.1.2).

2.2.1.1 Gu’s “Bianshi” theory: Origin, 2 kinds of variations, 3 components

Teaching and learning through variation have been practiced in China for a long time
(Gu et al. 2017). As a traditional and typical teaching method of Chinese mathematics,
it has not only extensive experience foundation but also has been tested by practice in
China.

From 1977 to 1992, Gu (1997a, b) led a team to carry out a large-scale education reform
experiment in Qingpu County*’, which increased the math qualification rate of middle
school students from 16% to more than 85%. The National Education Commission set
this as the major achievements of the basic education reform and promoted it
throughout the country. Based on the systematic and in-depth Qingpu experiment over
fifteen years, Gu summarized a set of effective teaching strategies from practice in
Qingpu experiment from 1987 to 1997, one of which is “BIANSHI jiaoxue” (teaching

through variation)*.

“BIANSHI jiaoxue” mainly involves two aspects of work (see Figure 2.2.1): one is to
systematically restore and arrange “conceptual variation” in traditional teaching; the
other is to extend ‘“‘conceptual variation” to “procedural variation”, so as to make
teaching through variation applies to both the mastery of mathematical concepts and
the growth of mathematical activity experience (Bao et al., 2003a, b, c).

35 Qingpu County is a county in Shanghai, China. The county covers an area of more than 600 square
kilometers and has a population of over 400,000.

36 25 X#2# in Chinese, where Bian stands for “changing” and shi means “form”, can be translated
loosely as “teaching through variation” or “teaching with variation” in English. In our research, we use
the translation “teaching through variation”.
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According to Gu et al. (2017), conceptual variation refers to the strategies that are used
to discern essential features of a concept and to experience connotation of the concept
by exploring varying embodiments of the concept (i.e., instances, contexts). Conceptual
variation consists of concept variation (varying connotation of concept) and non-
concept variation (varying instances which confuse the connotation of concept, such as
illustrating by counterexamples). There are two important aspects of mathematical
concepts: intension and extension. The intension of a concept indicates the essential
attributes of the object class reflected by the concept. The extension of a concept
indicates the totality of objects in the object class reflected by the concept. The intension
defines the extension, and the extension shares the intension. For example, the
continuous function defined on the interval [a, b] is an abstract concept. Its intension is
the definition of continuous function given in -8 language, and its extension is the
whole concrete continuous function, such as trigonometric, polynomial, exponential
function, and so on. Therefore, concept variation belongs to the extension set of the
concept, while non-concept variation does not belong to the extension set of the concept,
but has some non-essential attributes in common with the conceptual object, which
needs us to discern. Furthermore, based on the intension and extension aspect of
concept, Bao et al. (2003a, b, ¢) divided the concept variation into standard variation

and non-standard variation according to its function in the teaching.

Standard
Concept variation
variation
Conceptual Non-standard
variation variation
Non-concept
variation

Enhancing the formation of
concepts and propositions

Procedural o .
variation Pudian for problem-solving
OPMC
Trilogy with variation OPMS
MPOS

Figure 2.2.1 The structure of BIANSHI jiaoxue (Bao et al., 2003a, b, ¢)

To make it clearer and easier to understand, we propose an example (example 2.2.1)
about the standard, non-standard, and non-concept variation in the teaching of
corresponding angles to illustrate. As shown in Figure 2.2.2, 2.2.3, and 2.2.4, two
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straight lines intersected by a third line, the pair of angles (Label as /1 and £2) are
called “corresponding angles”. Figure 2.2.2 is regarded as the standard variation and
used to introduce the “informal definition” of corresponding angle, as its form is very
“mathematical standard”. Although the standard variation is conducive to students’
accurate grasp of the concept, it is also easy to limit the students’ thinking, thereby
artificially narrowing the extension of the concept. One of the ways to solve this
problem is to make full use of non-standard variations, by changing the non-essential
attributes of the concept to highlight its essential attributes (Bao et al., 2003a, b, ¢), see
Figure 2.2.3. Furthermore, as mathematical concepts are usually not isolated, but exist
in a conceptual system composed of multiple concepts, it is necessary to clarify the
extension of a concept and draw a clear line between the concept and its surrounding
concepts. This is the necessity of using non-concept variation. In this case, we propose
some non-concept variations in Figure 2.2.4. There are two main origins of non-concept
variation: the logical relationship between concepts and students’ mistakes.

a AA
/

Figure 2.2.2 Standard variation of corresponding angle

/ / /
/ / /

/ -/

£t X

Figure 2.2.3 Non-standard variation of corresponding angle

Example 2.2.1
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Figure 2.2.4 Non-concept variation of corresponding angle

In summary, conceptual variation aims at providing students with multiple perspectives
of experiencing concepts. The functions of it in the practical teaching are as follows:
(1) inducing concepts by varying visual and concrete instances; (2) highlighting the
essence of concept by contrasting non-standard and standard variation, effectively using
non-standard variation can highlight the essential features of the concepts through
varying unessential features; (3) clarify the extension of the concept through non-
concept variation. (Bao et al., 2003a, b, ¢). We propose Figure 2.2.5 here to represent
the relations among standard, non-standard, concept, and non-concept variation.

[ Standard variation ]

‘\ [Non-concept variation]

outside the concept

[ Concept variation ]47

non-standard
variation
Figure 2.2.5 Relationship among different conceptual variations

Procedural variation refers to creating variation problems or situations for students to
explore in order to find solutions to problems or develop connections among different
concepts step by step or from multiple approaches (Gu et al., 2017). Procedural
variation contributes to the progression of mathematics teaching so that students can
solve problems step by step and accumulate a variety of activity experiences in the
process of mathematical activities. Specifically, procedural variation has three main
functions in teaching (Bao et al., 2003a, b, ¢):

e Enhancing the formation of mathematical concepts and propositions. The essential
difference between procedural variation and conceptual variation is that the former
aims at providing a process for formation of concept and propositions stage by stage,
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while the latter serves as an understanding of concept from multiple perspectives.
We take an example (example 2.2.2) of procedural variation that Chinese teacher

used in the teaching of “equation” here.

Example 2.2.2
Xiao Ming used 2 yuan to buy 3 erasers, and he got 2 dimes back.

Question: How much is each eraser? (10 dimes=1yuan)

We present the teaching process of example 2.2.2 in Figure 2.2.6. In this process,
there are two procedural variations to promote students’ learning: Using concrete
things to represent the unknowns in the first step and symbolizing the unknowns in
the second and third step. Through this process, students experience three stages of
development of the algebraic symbol system: iconic algebra, simplified algebra, and
symbolic algebra and have a concrete model of the “equation” concept (Bao et al.,
2003a, b, c; Gu et al., 2004).

2 yuan-[][][]= 2 dimes (iconic algebra)
2 yuan -3x=2 dimes (simplified algebra)

20-3x=2 (symbolic algebra)
Figure 2.2.6 Process of teaching the concept of “equation”
e “Pudian”? for problem solving: When there is no clear relationship between

unsolved (complicated) problems and solved (simple) problems, procedural
variation can be set as the stages of transferring problems (see Figure 2.2.7).

Transferring Unknown-
Fm—==m=m——————- problem

Y

Transferring | Variation? Lo o0 ___ H

Transferring |
Variation 1 ,—I
I Deducing

Known-
problem Deducing

Deducing

Figure 2.2.7 variation for solving problems

In the 14™ International Congress on Mathematical Education (ICME-14), Gu
(2021) further clarified the two-process shown in Figure 2.2.7. He explained
“Teachers deliberately design Pudian for mathematical problems so as to develop
the problems from easy to difficult, or reduction from complex to simple, guide

37 Pudian 4##& in Chinese, means “pave certain ways”.
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students to solve problems by themselves and avoid mechanical practice”. He
concluded through the experimental data: “When students apply their knowledge to
solve new problem, it is important for them to find the most essential and

299

transferrable element, which is called ‘the core connection’”. According to Gu
(2021), this connection could: 1) shorten the cognitive distance between the new
problem and the anchoring knowledge; 2) significantly improve the degree of
transfer in learning process; 3) simulate students’ constructive thinking in solving

mathematical problems.

Bao et al., (2003a, b, c¢) proposed an example (example 2.2.3) to show the role of

procedural variations in problem-solving teaching.

Example 2.2.3 !,:.’\ '_TRD
As shown in Figure 2.2.8, ABCD is a trapezoid and !»"’ - ( ) \\ ‘
BC//AD. If the areas of AAOD and ABOC are S; H‘ LA ({
and S,, prove that the area of the trapezium ABCD

Figure 2.2.8

S = Sl + 21[8182 + SZ

To solve this problem, we must find the relationship between the area of the
trapezoid and the area of the two known triangles; since the trapezoid can be divided
into four triangles, then the problem is transformed into finding the relationship
between the area of AAOB, ACOD and the area of the known triangle S; and S,. In
this way, the key to solving the problem is to find a variation problem about the
known and unknown area of the triangle. Varying the construction of the figure can
pave the way for solving the original problem, see Figure 2.2.9°% (Bao et al., 2003
a, b, c).

Figure 2.2.9 Multiple analysis of the configuration of the same diagram (Gu, 1981)

38 Take Figure 2.2.9(D as an example, it is easy to find that the area of AAOB is equal to the area of
ACOD. Let S* = area of AAOB, then S*/S, = AO/OC and S*/S,;=CO/AO. Thus, (5*)?/S,S; = 1, namely,
(5*)?=S,S;. Considering S = S1 + S2 + 2S*, the result will be proved immediately (Gu et al., 2004).
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e Establishing a system of mathematics experiences (Trilogy with variation): The
variation for which are derived from three dimensions of problem solving, “one
problem multiple changes” (OPMC, — @ % 4F, varying conditions and
conclusions), “one problem multiple solutions” (OPMS, — il £ fi#, varying
solutions), “multiple problems one solution” (MPOS, % @ — fi#, varying
presentations) (Bao et al., 2003a, b, c).

Compared these two kinds of variations, conceptual variation is static, emphasizing the
comparison of different objects, and the essence of concept and its extensions are
highlighted and classified by comparing the concept objects and non-concept objects.
Procedural variation is dynamic, emphasizing the connections among different
processes, the previous knowledge and the new knowledge are connected by providing
proper scaffolding based on deliberately separating the mathematics activities into parts
progressively (Gu et al., 2004). When we implement variation teaching strategies,
conceptual variation strategy is meant the aim of constituting a space of variation which
focuses on the critical aspects of the objects of learning. Through procedural variation
strategy, students are helped in the establishing of the substantive connections between
the new object of learning and the previous knowledge by providing certain stages
(Pudian) and further improving their development within ZPD (Zone of proximal
development)*’. These two variation strategies play different roles in teaching and they
are complementary and promote each other. Therefore, effective teaching must organize
procedural variation with appropriate potential distances and conceptual variation with
suitable variation space.

Besides the two kinds of variations above, Gu (1997a, b) had also divided the
mathematical problem into three basic components: the initial state A—the condition
of the problem; the process of solution B—the application of certain knowledge and
experience to change the condition of the problem, and transiting to the conclusion; the
final state C—the conclusion of the problem. If the conditions and conclusions of a
problem are clear, and the problem-solving process is familiar to the students, then this
kind of problem can be called standard problem. Making some transformations and
changes to the standard problems so that one or two of the three basic components are
missing. The students do not know or are not clear about these components. The
questions obtained in this way can be called closed or open variation problems. These
three types of problems have a progressive relationship, as shown in the following Table
2.2.1 (X, Y, Z in the table are unknown components corresponding to A, B, and C). A
problem belongs to which type of problem depends on the actual teaching and the

39 ZPD: the distance between the actual developmental level as determined by independent problem
solving and the level of potential development as determined through problem solving under adult
guidance, or in collaboration with more capable peers (Vygotsky, 1978, p. 86)
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students’ level.

Table 2.2.1. Type of variation problems

Standard problem Closed problem Open problem
ABC ABZ AYZ
AYC XBZ
XBC XYC

2.2.1.2 Marton’s variation theory and its relation with Gu’s theory

In the past two decades of cross-cultural research on mathematics education, a key
element that has gained popularity is the use of variation and invariance in the teaching
and learning of mathematics (e.g., Higgstrom, 2008; Sun, 2011; Watson & Mason,
2005; Wong et al., 2009). As we have discussed above, Chinese teachers have been
found to systematically juxtapose examples, tasks, and problems that differ in important
respects to help students develop a deep understanding of the mathematical content to
be learned (Gu et al., 2004). Besides Bianshi Jiaoxue (teaching through variation; e.g.,
Bao, et. al, 2003 a, b, c; Gu, 1991; Gu, et al., 2004) developed by Gu’s group, the other
group of researchers, in Sweden and Hong Kong led by Ference Marton, arrived at a
similar insight on the use of variation and invariance in their analysis of mathematics
classroom practices, which is known as the variation theory of learning (Marton &
Booth, 1997; Marton & Tsui, 2004; Marton & Pang, 2006; Marton, 2015; Pang & Ki,
2016).

Variation theory is concerned with how to enable learners to handle novel situations in
powerful ways (Marton & Pang, 2006). Above all, learners need to develop the
capability to discern which aspects or features must be taken into account when
deciding how to achieve the goal in a novel situation. Discerning those critical aspects
or features involves noticing the ways in which one specific situation (a problem, task,
or instance of the phenomenon) differs from others. For example, a child’s ability to
solve simple arithmetic word problems is a function of the ability to discern the parts
and wholes and the relations between them in the specific problem situation. In this
respect, variation theory differs from other learning theories because it focuses on the
learning affordance of differences (Pang et al., 2017).

Similar to Bianshi theory, variation theory also highlights the important role of
invariance (similarity) in affording the discernment of differences. According to Marton
and Tsui (2004), to discern and focus upon the critical aspects (or dimensions of
variation) of a phenomenon, the learner must experience variation in these aspects
against a background of invariance. They suggest the use of four patterns of variation
and invariance, ‘contrast’, ‘separation’, ‘fusion’, and ‘generalization’, for organizing
the learning instances (Pang et al., 2017). As explained in Pang and Ki (2016), when
one critical aspect varies while the other aspects are kept invariant, the pattern is called
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‘separation.’ The aspect to be varied is perceptually separated from the other aspects of
the phenomenon and becomes salient to the learner. In contrast, when two or more
critical aspects of the phenomenon vary simultaneously and are thus brought to the
learner’s awareness at the same time, this pattern is called ‘fusion’. These two patterns
help the learner to discern and attend to the connections between or the joint and/or
independent working of the changes in multiple critical aspects. The other two patterns
of variation and invariance are more concerned with noticing the sameness and
differences across different instances and non-instances of the phenomenon. For
example, to grasp the concept of a square, one must ‘contrast’ it against something that
is not a square. If every shape one has ever experienced is a square, then ‘square’ will
be synonymous with shape and will carry no unique meaning of its own, not to mention
the discernment and attention to its necessary aspects. Furthermore, to ‘generalize’ the
idea of a square, one must see sameness, such as the same set of features (necessary
values in its aspects and relations between them), across the various squares that one
has experienced (Pang et al., 2017). Out of these four patterns, Marton (2015) further
proposed a new logical structure in which only three patterns of variation and invariance
exist as the basic ones seen by the learners (i.e., contrast, generalization, and fusion).
According to Marton (2015), “Both contrast and generalization separate aspects from
what they are aspects of and from each other. Through contrast, we are trying to find
necessary aspects of the objects of learning, those that define it. Through generalization,
we want to separate the optional aspects from the necessary aspects” (p. 51). Here the
‘necessary aspects’ refer to the aspects that are necessary for the targeted learning of a
particular way of seeing the phenomenon (Pang et al., 2017).

According to variation theory, variation is a necessary condition for effective
discrimination, and discrimination is a necessary condition for learning. Without
variation, many concepts in the world are meaningless or non-existent. Discrimination,
simultaneity, and variability are the three basic concepts that describe learning.
Therefore, during teaching, it is vital that the teacher and students can interact to
establish various dimensions of variation focused on the key aspects of learning objects,
and then build a space of variation allows students to experience. Marton (1999)
believes that the most important condition for learning is to construct an appropriate
space of variation in teaching for students to experience, that is to say, the space of

variation (or called learning space) constitutes a necessary condition for learning.

Based on the discussions above, variation theory is intended for learning and teaching
powerful ways of seeing in different disciplines (Pang et al., 2017), while Bianshi
theory is intended to capture and make explicit good practices in mathematics teaching
in China. The variation theory presumes that learning is about developing new ways of
seeing or experiencing the object of learning, it is necessary to experience certain
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patterns of variation and invariance in order to discern critical features of the object of
learning. Teaching then means to construct appropriate spaces of variation (Marton &
Booth, 1997; Huang & Li, 2017). If we compare the variation theory with conceptual
variation in Bianshi theory, both of them emphasize revealing the essential attributes or
key aspects of learning objects by providing appropriate variations. The variation
theory clarifies that the experience of proper variation is a necessary prerequisite for
learning from the perspective of epistemology. In this way, variation theory provides a
theoretical basis for the conceptual variation which is rooted in experience. Furthermore,
the space of variation constructed in teaching (composed of various conceptual
variations focusing on the key characteristics of the learning objects) constitutes the

necessary conditions for learning.

The previous discussions have attempted to discuss the two kinds of variation proposed
by Gu, the internal relationship between the two variations, the implications for
teaching and the way to category the variation problems, also Marton’s variation theory
which has a close relation with Bianshi theory. now let’s move to the French side, to
see French theories through the lens of variation.

2.2.2 Variation in French theories: Theory of Didactical Situations and
didactical variables

In this section, we introduce the theory of didactical situations, especially the notion of
didactical variables, from Brousseau’s original proposition to the evolution and

development of this theory by other researchers.

The Theory of Didactical Situations (TDS) has been introduced by Guy Brousseau
(1997) and a central characteristic of TDS research is its framing within a deep a priori
analysis of the underlying mathematics of the topic to be learned, integrating the
epistemology of the discipline, and supported by cognitive hypotheses related to the
learning of the given topic (Kieran et al., 2015). The three fundamental notions (the a-
didactical situation, the didactical situation and the milieu* of a situation) proposed by
Brousseau seem like an ideal way to introduce a mathematical content in class.
According to Ruthven et al. (2009), one of the central task design tools provided by
TDS is the a-didactical situation, which mediates the development of students’
mathematical knowledge through independent problem-solving. The term a-didactical
within TDS refers specifically to that part of the activity “between the moment the
student accepts the problem as if it were her own and the moment when she produces
her answer, [a time when] the teacher refrains from interfering and suggesting the
knowledge that she wants to see appear” (Brousseau, 1997, p. 30). The feedback of the

40 Within a situation of action, everything that acts on the student or that he or she acts on is called the
“milieu”. It can be that it includes neither the teacher nor another student (Brousseau, 2002).
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milieu allows the development of the a-didactical situation: a student does not need a
validation from the teacher, as the feedback from the milieu is enough to convince
him/her that his/her method is wrong. And finally, the targeted knowledge is the
necessary way for solving the problem (Trouche, 2016). Through this method, students’
interest will be highly motivated and the class teaching effectiveness will be optimized.
Like the classic puzzle game introduced by Brousseau (1981), teachers should design a
set of exercises and games as an introduction to new mathematics content in class.
Brousseau summarizes some MUST HAVE features for this kind of exercises: (1)
Students can verify the answer by themselves; (2) The solution to the exercise or game
is related to the mathematics knowledge and the objective of class; (3) It is better when
the exercise is in the background of game; (4) Every student should be engaged in the
problem-solving (Brousseau, 2002).

According to Brousseau (1999), for heuristic reasons, it is assumed that each
mathematical knowledge has at least one situation that characterizes it and differentiates
it from all others. Moreover, he conjectured that the set of situations that characterize
the same notion is structured and that it can be generated from a small number of so-
called fundamental situations, by operating the variants, variables and the bounds of
these variables. Based on his hypothesis, taking advantage of the fundamental situation
and the variation can greatly improve teachers’ teaching efficiency and reduce students’
learning burden at the same time, which also enables students to be better at knowledge
transfer. Therefore, in addition to the a-didactical situation, TDS-based design is also
informed of the didactical variables. Brousseau deepened the relations between the
“situation” and the “variables” and gave a definition of didactical variables as follows:
a variable of a situation or a problem is called a didactical variable, when it can be
modified by the teacher, and whose modifications (even slight ones) can significantly
influence students’ behavior and provoke different procedures or types of responses
(Brousseau, 1986). The notion of didactical variables reflects the necessity to
distinguish, classify and model the situations from a didactical perspective and allows
for choices regarding particular aspects of the main task and how it is to be carried out
(Kieran et al., 2015). When the properties of a situation capable of justifying (or
provoking) the implementation of a specific piece of knowledge are better known, it is
possible to study the possibilities of the former for causing the latter to evolve.
Didactical variables are those which influence learning and whose value the teacher can
choose (Brousseau, 2002).

Brousseau also pointed out that “A field of problems can be generated from a situation
by modifying the values of certain variables which, in turn, change the characteristics
of solution strategies (cost, validity, complexity, etc.) [...]” “Only the modifications that
affect the hierarchy of strategies are to be considered (relevant variables) and among
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the relevant variables, those that a teacher can handle are particularly interesting: these
are the didactical variables (Brousseau, 1982 a).” This statement shows the position of
a teacher in conducting didactical variables. The teacher can make a choice in relation
to his teaching project, choice objectified as a value of this variable. The other values

represent other possible unsuccessful choices that are important to describe in order to
understand the meaning of knowledge in the particular situation. “These variables are
relevant at a given age to the extent that they command different behaviors. They will
be didactical variables insofar as by acting on them, we will be able to provoke
adaptations and regulations: learning. (Brousseau, 1982 b).”

Here we present an example for better understanding of didactical variables (see
example 2.2.4). The fundamental problem of this variation is the classic problem
“Enlargement of the puzzle” (“agrandissement du puzzle”) proposed by G. and N.

Brousseau (1987) and the analysis of didactical variables below is conducted by Bessot
(2003).

Example 2.2.4

Puzzle situation

Targeted knowledge: Proportionality

Fundamental problem

Equipment:

- 6 to 8 puzzles drawn on rectangular boxes of 20 cm x 15 cm (see Figure 2.2.10). For
each of the puzzles, the 6 pieces (A, B, C, D, E, F) cut from the same cardboard.

- sheets of grid paper

- 20 cm ruler per child.

. i

9 7

iy

Figure 2.2.10 Enlarging a puzzle

Requirement: “Here are puzzles. You are going to make similar ones, larger than the
models, respecting the following rule: the segment which measures 4 cm on the model
should measure 7 cm on your reproduction.

Give a puzzle per team. Each student will have to make one or two pieces. When you
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have finished, you should be able to reconstruct the same figures as with the model.

Process: The children are divided into teams of 4 or 5. After a brief consultation by
team, they are separate to make their part (s). The teacher displays an enlarged
representation of the complete puzzle on the board.

Didactical variables
V1= (n, p)

n and p are the numbers which define the proportionality ratio.

The relevant values being: p multiple of n, or p = kn+n/2 (k integer, and n even), or p/n
repeating decimal. For example, here are pairs of integers illustrating each of the
categories: pairs (4, 8), (4, 6), (4,7) (3, 7).

An enlargement from 4 to 8 involves multiplication by 2, which is actually the addition
4 + 4. The student remains in the additive model and integers.

An enlargement from 4 to 6 is often analyzed as “x plus half of x”. We therefore have
an intermediate model between the additive model and the linear model, more “close”
to the additive model because of the particular status of “half”, especially since in this
case, half is also an integer.

An enlargement from 4 to 7 does not allow a simple passage, even if it is possible to
use divisions by 2: [the enlargement from 4 to 7 could be interpreted as “2 times x minus
half of half of x™].

There is a jump when it is necessary to “go from 3 to 7”, because no relation of this
type is possible. We are obliged to leave the additive and to leave the integers.

The values of V1 bring into play the direction of the multiplication by a rational, they
allow the passage from the multiplication by an integer (additive model, reiterated
addition) to the multiplication by a rational (multiplicative model, image by a linear

map).
V2 = organization of interactions between students

The values of this variable refer to the description of different types of phases in time:
individual work, cooperation, consultation, confrontation, etc. In the puzzle situation, it
is described by: consultation, then individual work, then confrontation. The
implementation of the last two phases allows real feedback of the strategy decided in
the first phase. If we reduce the phases into one (cooperation to build the enlarged
puzzle), we take away from the “milieu” its property of the “milieu” for validation and
from the situation it’s a-didactic character. From another point of view, for an audience
of pupils “closer” to the multiplicative model (college, high school), the first phase
(consultation) would risk disseminating the winning strategy from the start of the work
and therefore blocking the results. learning at stake for the students who are the most
concerned.

V3 = puzzle configuration

The values of this variable refer to the description of the respective subdivisions of the
sides (by the same number or not), the measures of the pieces etc. The relevant values
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of this variable are those which relate to the domain of validity of the basic strategies.
Here, the measures are chosen in such a way that the “add 3” procedure (which is
assumed to be the initial strategy for the great majority of students) leads to constructing
non-nestable pieces in a perceptually obvious way.

V1 is on the side of knowledge to vary (multiplication by a repeating decimal, number
as an image by a linear map). V2 is constitutive of the a-didactic nature of the situation.
V3 is linked to the knowledge of the students, since it is based on the assumptions
relating to the basic strategies of the latter. Other “variables” or constraints seem to play
a role in the situation. For example, materials available to students, grid paper and a
ruler. They are integrated into the situation to facilitate the construction of parts and to
measure lengths. They are therefore linked to the measure. Whether we will give the
status of didactical variable to this element of the situation depends on the teaching
objectives of this course. In the interest of returning to the knowledge in play, that is to
say the passage from the additive model to the linear model, the measure is not a
question of knowing in this situation. These elements can intervene in the situation, but
we make the assumption (which one can argue) that their presence or not does not

change it fundamentally.

Brousseau’s Theory of Didactical Situations (TDS) and didactical variables have been
developed over the years and has been contributed to by the French mathematical
didactique community at large (Kieran et al., 2015)*'. In summary, it is possible for us
to establish a “fundamental” situation corresponding to the knowledge in question; to
seek the didactical variables and the different conceptions that they engender—in
particular the one which is assumed to be sufficient to explain the error; and then to use
factor analysis or more classical statistical methods as a means of identifying groups of
students who “separate” these conceptions. If there is no clear discrimination, there is
no reason to consider these conceptions as distinct (Brousseau, 2002).

2.2.3 Related studies and comparison of Gu’s and Brousseau’s theories

In this section, we first present several studies that relate with Gu’s and Brousseau’s
theories or can lead us to further study the two theories (section 2.2.3.1). Then we make
a comparison between Gu’s Bianshi theory and Brousseau’s theory of didactical
variables (section 2.2.3.2).

2.2.3.1 Other related studies

Besides the theories above, the idea of variation is embedded in many researches in

4! Brousseau refers to some works in a special section of the bibliography of his article: Balacheff (1982),
Berthelot and Berthelot (1983), Bessot and Richard (1979), Brousseau and Brousseau (1987), El
Bouazzaoui (1982), Galvez (1985), Katambera (1986), Maudet (1982), Mopondi (1986), Perez (1984),
Quevedo de Villegas (1986), Ratsimba-Rajohn (1981), Rouchier (1980).
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mathematics education. For example, Dienes (1973) suggested four principles of
mathematics learning: (1) Dynamic principle, (2) Constructivity principle, (3)
Mathematical variability principle, and (4) Perceptual variability principle. In particular,
he further explained the last two principles as follows: According to mathematical
variability principle, concepts involving variables should be learnt by experiences
involving the largest possible number of variables. To give the maximum amount of
experience and structures to encourage the growth of the concept, it seems a priori
desirable that all possible variables should be made to vary while keeping the concept
intact. Obviously, this view could be related with Brousseau and Gu’s ones.

Sun (2011) designed a way to analyze the variation in tasks. She divided the variation
into three types: OPMS (one problem multiple methods of solution, varying solutions),
OPMC (one problem multiple changes: one problem with multiple representations and
one problem with different parameters, varying conditions and conclusions), and
MPOS (multiple problems one solution, varying presentations). She situated variation
problems as an “indigenous”** Chinese practice and carried out a comparison between
Chinese and American textbooks. She then focused on the manner in which fraction
division is articulated in an important Chinese textbook, clarified the “indigenous roles”
(OPMS and OPMC) variation problems play in Chinese textbooks. OPMS, OPMC and
MPOS proposed by Sun are exactly match the “trilogy with variations” in the
procedural variation proposed by Gu (Gu, et al., 2004, & Bao, et al., 2003 a, b, c), and

is a further refinement of the procedural variation.

Other researchers (Silver et al., 1996; Singer et al., 2013) have put forward various
ways to generate new problems through the following strategies: (1) Constraint
manipulation (i.e., systematic manipulation of the task conditions or implicit
assumptions); (2) Goal manipulation (i.e., manipulation of the goal of a given or
previously posed problem where the assumptions of the problem are accepted with no
change); (3) Symmetry (i.e., a symmetric exchange between the existing problem’s goal
and conditions); (4) Chaining (i.e., expanding an existing problem so that a solution to
the new problem would require solving the existing one first).

OPMC is a variation of the structure of tasks, by changing the conditions or objectives
of the tasks, so that the essence of the task can be revealed from different angles and
aspects. The four strategies above can be regarded as a further improvement of OPMC
in the dimensions of variation proposed by Sun (2011). Therefore, we evidence the
“trilogy with variation” in Gu’s theory from Sun’s work and further develop it by

42 “Indigenous” variation practice is mainly applied to mathematics subjects only, which is different from
the variation theory applied to all other subjects. This practice refers to the “routine” daily practice
commonly accepted by Chinese teachers, the local experience used broadly in example or exercise design
to extend the original examples (Sun, 2011).
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refining OPMC into four specific strategies: constraint manipulation, goal manipulation,
symmetry, and chaining.

In addition, the changes of registers proposed by Duval (see section 2.1.2) is accordance
with multi-representation and different variation in the concept understanding which
Gu (1981) has proposed (see Figure 2.2.11, 2.2.12). Gu showed the relationship among
concept, sample and character and indicated the position of multiple representation in
conceptual variation by means of mathematical set, through two directions: one is from
conceptual variation, concept understanding, character-based learning to multiple
representations; the other is from conceptual variation, concept understanding, sample-
based learning, different variation, to conceptual variation. Gu broadly proposed the
direct relationship between multiple representations and variation, while Duval’s
research (the two types of transformation of semiotic representations treatment and
conversion, also the two-dimensional table, see Figure 2.1.1) is much more detailed and
provides us with a theoretical framework for further study on multiple representations.
With Duval’s work, we can understand students’ difficulties so that apply or analyze
the variation appropriately from the perspective of mathematical representations.

Concept Character
¢ = {x|x € p}
Sample

Figure 2.2.11 The relationship among concept, sample and character (Bao et al., 2003a, b, c)

| Character- Multi-
based learning representation
Conceptual
Understanding
Sample-based Different
learning variation

Figure 2.2.12 Conceptual variation ((Bao et al., 2003a, b, c)

2.2.3.2 Conclusion: a comparison between Gu’s Bianshi theory and
Brousseau’s theory of didactical variables

We make a comparison between Gu’s Bianshi theory and Brousseau’s theory of
didactical variables. Both theories aim to improve the teaching effect by making
changes in teaching. However, Bianshi is proposed on the basis of task design, and it is
mainly aimed at the changes to mathematics tasks. Didactical variables are proposed
on the basis of task design and didactics, which means in addition to the changes of the
tasks, it also includes changes in teacher behavior, classroom organization, teaching
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tools, etc. To make it clear, we present the relationship between Gu’s and Brousseau’s
theories in Figure 2.2.13.

As shown in the Figure 2.2.13, there is an intersection between OPMC and Brousseau’s
theory of didactical variables. Varying the tasks that can influence students’ behaviors
is the one that in both considerations (the intersection part in the figure). This kind of
variation aims to promote the teaching by designing variations to provoke different
procedures or types of responses of tasks. To be specific, OPMC, OPMS, Pudian, non-
standard variation, non-concept variation, and a-didactical situation can be involved
here. In fact, there is a close link between “non-concept variation” in Gu’s theory and
“a-didactical situation” in Brousseau’s theory. Non-concept variation can be regarded
as one way to design a-didactical situation by generating the cognitive conflict of
students.

Brousseau’s theory of

Gu’s Bianshi theory N . .
: didactic variables

Tasks varied but Tasks varied that Variations in the
no change in can influence organization of
students’ students” interactions with

behaviors behaviors students

MPOS OPMC OPMS OPMC
Pudian Pudian
Standard variation Non-standard variation

Non-standard variation Non-concept variation ¢ A-didactical situation

Figure 2.2.13 The relationship between Gu’s and Brousseau’s theories

The differences between two theories are: 1) Gu’s theory includes the variation that not
aims to motivate students to change their behaviors, but to reinforce what has been
learned by students. For this purpose, OPMC is often accompanied by MPOS to help
students master one strategy through variation. To be specific, OPMC, MPOS, Pudian,
standard variation, and non-standard variation can be involved; 2) Brousseau’s theory

includes the variation relates to organization of interaction with students.

In general, from the overall teaching point of view, the meaning of Brousseau’s theory
is larger than that of Gu’s theory, which includes the variation of both teaching contents
(tasks as the carrier of contents) and didactical organizations; while from the specific
task point of view, Gu’s theory is more comprehensive to consider the variation no
matter it provokes the changes of students’ behaviors or not. Brousseau’s theory of
didactical variables is more oriented to the design for students’ exploration when
learning new knowledge, while Gu’s Bianshi theory includes both exploration and
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consolidation of knowledge.

2.3 Teachers’ documentation work and its relation with variation

The massive growth of resources, as well as the Internet potential, offer teachers new
possibilities for selectively choosing tasks which address precisely their teaching goals
rather than rely on the authority of an unknown author from the web (Watson &
Thompson, 2015). Therefore, the role of teachers’ documentation work (Gueudet &
Trouche, 2009) is becoming more and more important.

In this section, we first introduce the theoretical structure of the documentational
approach to didactics to have a general understanding of this approach (section 2.3.1).
We then try to have a deeper understanding of documentational approach didactics and
its relation with variation (section 2.3.2).

2.3.1. Theoretical structure of the documentational approach to didactics

Gueudet and Trouche (2009) have developed a documentational approach to didactics
(DAD), focusing on the documentation work of the teacher outside the class (even if
this documentation work goes on in class). The theoretical elements developed in this
approach are based on the instrumental approach to mathematics (Guin et al., 2005) and
the work of Rabardel (1995) grounding it.

In this section, we first (section 2.3.1.1) introduce in particular the dialectical
relationship between resources and documents. Three intertwined components must be
considered for the analysis of a resource, or a document: the material component, the
mathematical component, and the didactical component. We then (section 2.3.1.2)
describe the notion of documentational genesis. Documents are developed throughout
these documentational geneses.

2.3.1.1 The distinction between resources and documents

A crucial distinction in the documentational approach was introduced, that between a
resource and a document (Gueudet & Trouche, 2009). This distinction extended the
distinction introduced by Rabardel (1995) between artifact and instrument.

Rabardel distinguishes between the artifact and the instrument. According to Rabardel,
an artifact is a cultural and social means provided by human activity, offered to mediate
another human activity. The instrument is built from the artifact by a subject through
his/her activity. An instrument results from a process, named instrumental genesis,
through which the subject builds a scheme of utilization of the artifact, for a given class
of situations. A scheme, as Vergnaud (1998) defined it from Piaget, is an invariant
organization of activity for a given class of situations. It comprises goals and subgoals,
anticipations, rules of action, of gathering information and exercising control, and
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possibilities of inferences. It is structured by operational invariants, which consist of
implicit knowledge built through various contexts of utilization of the artifact. The
distinction can be represented by the formula:

Instrument= Artifact + Scheme of Utilization

Instrumental geneses are bidirectional processes: the affordances of the resource/s
influence teachers’ practice (the instrumentation process), and the teachers’ dispositions
and knowledge guide the choices and transformation processes between different
resources (the instrumentalization process) (Trouche, et al., 2020).

In the documentational approach to didactics, Gueudet and Trouche (2009) use the term
resources to emphasize the variety of artifacts: a textbook, a piece of software, a
student’s sheet, a discussion with a colleague, etc. A resource is never isolated and it
belongs to a set of resources. Pepin and Gueudet (2014) defined mathematics
curriculum resources as all the resources (e.g., digital interactive, nondigital/traditional
text) that are developed and used by teachers and pupils in their interaction with
mathematics in/for teaching and learning, inside and outside the classroom. This also
includes digital curriculum resources, and Pepin et al (2017a) make a distinction
between digital curriculum resources and educational technology. They also distinguish
between material curriculum resources (e.g., textbooks, digital curriculum resources,
manipulatives, and calculators), social resources (e.g., a conversation on the
web/forum), and cognitive resources (e.g., frameworks used to work with teachers). It
has been mostly applied to teachers’ work, but can also be used to study the work of
teacher educators (e.g. Psycharis & Kalogeria, 2018), or students’ interaction with
resources (e.g. Kock & Pepin, 2018).

The subjects here are teachers. A teacher draws on resource sets for her documentation
work. The document is built from the resources by a teacher through a process of
genesis. In the DAD, the schemes that are considered are schemes of usage of a given
resource (or set of resources). The teacher builds schemes of utilization of a set of
resources for the same class of situations across a variety of contexts. Similar to the
formula that illustrates the relationship between instrument and artifact, the distinction

between resource and document can be represented as follows:
Document = Resources + Scheme of Utilization

During the interaction with a particular resource, or sets of resources, teachers develop
their particular schemes of usage of these resources. The concept of scheme (Vergnaud,
1998) is central in the DAD and is closely linked with the concept of class of situations.
For a given class of situations, a subject (here a teacher) develops a stable organization
of his/her activity, that is a scheme.
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2.3.1.2 Emphasizing documentational genesis as an ongoing process

As we have mentioned above, the process of documentational genesis works both ways.
The instrumentalization dimension conceptualizes the appropriation and reshaping
processes, well known by researchers studying the design and diffusion of instructional
sequences: “an instructional sequence developed by one group is necessarily reshaped
and transformed while others use it” (Cobb et al. 2008, p. 117). The instrumentation
dimension conceptualizes the influence on the teacher’s activity of the resources she
draws on. Figure 2.3.1 represents the process of documentational genesis.

Institutional
(A teacher) Qset of resourc@ influences

() - —
.g Instrumentation B
ks Instrumentalization -
o} > For a given class of
w < . .
5 - situations, through
3 + different contexts

A document:

combined resources+a scheme of

\/ utilization

Figure 2.3.1 Schematic representation of a documentational genesis (Gueudet & Trouche, 2009)

It is essential to point out that a documentational genesis must not be considered as a
transformation with a set of resources as input, and a document as output. It is an
ongoing process. As Rabardel and Bourmaud (2003) claim that the design continues in
usage, Gueudet and Trouche (2009) consider accordingly that a document developed
from a set of resources provides new resources, which can be involved in a new set of
resources, which will lead to a new document etc. Because of this process, the
relationship between resources and documents is called as dialectical relationship,
which is represented by a helix, wrapped around an axis representing time (see Figure
2.3.2).

Document 2
Set of resources 2

Document 1
Set of resources 1

Figure 2.3.2 The resource/document dialectical relationship (Gueudet & Trouche, 2009)

Now we look at the scheme of utilization and usages more precisely. A scheme of
utilization of a set of resources entails both an observable part and invisible aspects.
The observable part corresponds to the regularities in the teacher’s action for the same
class of situations through different contexts, which is called usages. The invisible
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aspects are the operational invariants, the cognitive structure guiding the action. We
distinguish between utilizations: when a teacher draws on a resource one, or a few times,
but without developing a stable behavior for a given class of situations; and usages,
which correspond to a stable organization of activity, and are part of a scheme. Thus,

we can render our formula more precise as follows:

Document = Resources + Usages + Operational Invariants

2.3.2 Documentational approach to didactics and its relation with variation

In this section, we study variation based on the documentational approach to didactics,
trying to find the link between these two. We first (section 2.3.2.1) reconsider the
process of instrumentation and instrumentalization for favoring variation. We then
(section 2.3.2.2) focus on the teachers’ design, DAD and teachers’ professional
development, as these three aspects are inextricably linked.

2.3.2.1 Rethinking the concept of instrumentalization and instrumentation and
their relation with variation

We reconsider the concept of instrumentalization and instrumentation on the teachers’
side, hoping to have a deeper understanding of the interaction between teacher and
resources and discuss its relation with variation.

As mentioned earlier, Gueudet and Trouche (2009) extended the frame of the
instrumental approach to a documentational approach to didactics, replacing the notion
of “artifact” by the notion of “resources”, denoting the wide set of “things” that are
supporting teacher activity (Trouche, 2020); replacing the notion of “instrument” by the
notion of “document”, denoting what is developed by a teacher to do and in doing his
or her teaching (Trouche, 2014). The documentational approach maintains two main
concepts introduced by Verillon and Rabardel (1995): instrumentation and
instrumentalization.

For performing a teaching task, a teacher interacts with a set of resources. This
interaction combines two interrelated processes: first, the process of instrumentation,
where the selected resources support and influence the teacher’s activity, and which can
be linked to Brown’s (2009) characteristics of curriculum materials, i.e., that they
represent an interface between the knowledge, goals, and values of the author and the
user. Second, there is the process of instrumentalization, where the teacher adapts the
resources for his/her needs, which can also be linked to Brown’s (2009) characteristics,
i.e., that curriculum materials require craft in their use; they are inert objects that come
alive only through interpretation and use by a practitioner (Pepin et al. 2017b).
instrumentation and instrumentalization are two intrinsically intertwined processes

constituting each instrumental genesis, leading a subject to develop, from a given
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artifact, an instrument for performing a particular task; the instrumentation process is
the tracer of the artifact on the subject’s activity, while the instrumentalization process
is the tracer of the subjects’ activity on the artifact (Trouche, 2014).

It is not hard to see that instrumentation and instrumentalization can be linked to the
variation. As the instrumentalization process means teachers’ dispositions and
knowledge guide the choices and transformation processes between different resources
(Trouche et al., 2020a), which can be regarded that the teacher changing the resources
he/she uses (varying teacher’s resources). In the process of instrumentalization, there
are mainly two ways of teachers’ work: personalization (teacher uses resources fit to
his/her needs) and transformation (teacher redesigns resources to fit to his/her needs).
In line with variation, the teacher can add, remove and even create the variations to
resources (mainly mathematical tasks in our research) through different ways of
instrumentalization, especially the transformation of the resources. While the
instrumentation process means the affordances of the resource/s influence teachers’
practice (Trouche et al., 2020a), which can be regarded that the teacher is influenced by
the resources that he/she are using (varying teacher’s knowledge). In the process of
instrumentation, not only textbooks, different software (dedicated, or not, to
mathematics), various repertoires of mathematical problems and orchestrations**, but
also students’ reactions, colleagues’ comments, are instrumenting a mathematics
teacher activity (Trouche, 2014). Moreover, in the thread of digitalization, there are
dramatic changes in teachers’ interactions through using emails, websites, forum, blogs,
etc (Gueudet & Trouche, 2009). This process implies a huge potential for varying
teachers” work, through resources, students’ feedbacks, others’ comments, etc. For
example, Soury-Lavergne and Maschietto (2015) evidence the opportunities given to
teachers for articulating spatial and geometrical knowledge in using digital resources at
primary school. Mercat et al. (2016) show the potential of the digital environments for

stimulating teachers’ creativity.

As we have emphasized that the documentational genesis is an ongoing process, we try
to make this cyclic process explicit. In practical teaching, students are free to invent
things when the teacher proposes a task, and afterwards the teacher could benefit from
the richness of all these ideas, and can build on it (Gueudet & Trouche, 2009).
Meanwhile, the activities and interactions among teachers, the sharing of resources can
also promote the teacher to reflect on his/her own teaching. From the perspective of
variation, there is no doubt that the new variation has produced in the process of

teaching and interactions between teachers and students or between teachers and their

43 An orchestration appears thus as a musical score, pinpointing different phases for the problem solving
and, in each phase, the monitoring of the various artifacts (how the artifacts could be mobilized by the
students and by the teacher) (Trouche, 2014).
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colleagues, which leads to a new round of teachers’ documentation work. The process
of genesis leads to a new document for next time, which will later yield resources for a

new elaboration. As time goes on, the scheme of utilization of the teacher would vary.

2.3.2.2 Teachers’ design (variation)) DAD and teachers’ professional
development

Teaching is often regarded as design. This is in line with Brown (2009) who explains
that the interpretation of teaching as design, and the notion of teachers as designers, is
fitting with a range of cognitive theories that “emphasize the vital partnership that exists
between individuals and the tools they use to accomplish their goals. Brown (2009) also
pointed out that the activity of “designing” is not only dependent on the teacher’s
competence, but that it is an interrelationship between the teacher/s and the (curriculum)
resources, the “teacher-tool relationship,” that is at play here, and hence the affordances
of the curriculum resources influence this relationship. This is in line with the DAD,
emphasizing that any understanding of teacher as designer must include a
conscious/deliberate act of designing, of creating “something new” (e.g., combining
existing and novel elements) in order to reach a certain (didactical) aim (Trouche et al.,
2020a, 2020b).

The DAD proposed a model of the interactions between teachers and resources, which
has implications for teachers’ professional development (Trouche et al., 2020a). From
the perspective of variation, whilst there is an immensity of potentially suitable
resources, many teachers feel that it is not easy to design effective tasks with variation.
Therefore, it would be necessary to find some effective tools and provide suitable
support for instructional design of variation. As Trouche, et al. (2020a) mentioned what
is provided for teachers is often “a pile of bricks,” without being given guidance on
how these bricks might be put together to develop a coherent student’s learning
trajectory. Focusing on the variation, whether using variation to supplement the selected
task in a given learning sequence, or planning learning through tasks with various types
of variation, teachers will require professional support to help them develop teacher
design capacity (Pepin et al. 2017b). This professional support should include a
mindfulness/ sensitivity of mathematical and pedagogical aspects of learning resources

with variation and the flexibility to use the variation.

In the DAD, the set formed by all the resources used by the teacher is named his/her
resource system. These resources are associated with schemes of usage, forming
documents (the same resource can intervene in several documents). The documents
developed by a teacher also form a system, called the document system of the teacher.
Gueudet and Trouche (2009) proposed that a given teacher develops a structured
documentation system, and that this documentation system and the teacher’s
professional practice evolve together. They also indicated that from a research point of
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view, the observation and analysis of the documentation system permits a better
understanding of the teacher’s professional development, and in particular allows for
capturing the evolution introduced by digital resources.

Variation is one of the effective means of teacher’s design work. According to what we
have mentioned above, we wonder whether we can build a model inspired by the model
of DAD to help teachers from the perspective of teachers’ documentation work, thereby

improving their professional development.

2.4 The need for creating a model of variation

In this section, we will first present definitions of variation in China and France
respectively based on the existing literature (section 2.4.1), and then introduce our
preliminary model of variation from the perspective of teacher’s documentation work
(section 2.4.2), zooming out the documentational approach to didactics to focus on the
variation. At last, we propose an analytical framework (section 2.4.3) and the concept
of “variation path” for the preliminary model to conduct the following research.

2.4.1 The definition of “variation”/ “teaching through variation”

To conduct our study and answer our research questions, we face a number of
methodological challenges, one of which is the clear definition of variation.

Qingpu Curriculum reform Experimental Group (Gu, 1991) defined open-ended
variation and closed-ended variation. Gu (1994) summarized four instructional
principles including: emotional principle, accumulation step by step principle, activity
principle, and feedback principle. To implement these principles, Gu (1994) further
proposed different variation strategies for learning different types of mathematics
knowledge, such as concepts and facts, principles and theorems, and problem solving.
He coined the strategies as concept-oriented variation and process-oriented variation.
Gu et al. (2004) view the variation in terms of “conceptual variation” and “procedural
variation”. Developmental variation and multi-faceted variation comprise Park and
Leung’s definition of variation (2006). Huang (2002) and Huang et al. (2006) stated
that variation has to do with explicit variation and implicit variation. Many Chinese
researchers defined variation in terms of form variation, problem variation, method
variation, and content variation (Li, 2011). Sun (2011) examine tasks from three
perspectives: “one problem multiple solutions”, “one problem multiple changes”, and
“multiple problems one solution”. Huang and Li (2017) viewed Bianshi (i.e., changing
or varying) teaching, or Bianshi exercise, as a basic approach, which has been used
regularly in mathematics classroom instruction. They pointed out that seeking multiple
solutions to a problem, applying a mathematical method or strategy to solve a set of
interconnected problems, and varying a problem into multiple problems are basic skills
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valued by all mathematics teachers in China.

The definition of variation shown above is ambiguous and from different point of view,
mainly based on categories and examples in the study. The possible reason for the
ambiguity is that variation is a wide range of concept and it is difficult to categorize
what is not a variation case in learning or teaching, since the pedagogy of every
individual is always changing (Sun, 2011). Because according to Marton and Booth
(1997), learning is seen as a change in an individual’s way of experiencing the object
of learning. From this perspective, here we try to narrow the definition of variation
according to our research purpose and content. We present two formal and highly
recognized definitions of variation in China and France respectively.

In China, traditional Bianshi (teaching through variation) is mainly used to master
concepts (Bao et al., 2003a, b, ¢). For example, the “Dictionary of Education” (Gu,
1999) explains the term “teaching through variation” as follows:

“An important teaching method through which students can definitely master concepts.

1t intends to illustrate the essential features by demonstrating different forms of visual
materials and instances or highlight the essence of a concept by varying the
nonessential features. It aims at understanding the essence of object and forming a
scientific concept by putting away nonessential features.” (Gu, et al., 2004)

In France, Brousseau (1986) also gives a definition of didactical variables as we
mentioned it in section 2.2.

Both of these two definitions indicated the importance of variation in teaching.
However, there are some differences between them. We further explain this from three
aspects based on our discussion in section 2.2.3.2: (1) The subject of the variation:
Chinese definition pays more attention to distinguishing and classifying, aiming to
grasp the essential characteristics. It focuses on the mathematical tasks; while French
didactical variables contain both the perspective of task design and the didactics, aiming
to inspire students’ thinking and creation. It also pays attention to the variables that
teacher can manipulate, including the arrangement of classroom teaching, the
interactions between teachers and students, etc. Didactical variables involve different
kinds of factors that can influence students’ behavior; (2) The aim of variation: Chinese
definition emphasizes the highlight of essential characteristics, while French definition
focuses on stimulating students’ active thinking; (3) The intended environment to teach
through variation: Chinese definition intends to apply it in the consolidation of basic
knowledge, while French definition intends to apply it in the exploration of the new
knowledge.

At this point, it is not enough for us to define variation with clear boundaries in
consistent ways. Considering different cultural and historical backgrounds in China and
France, we retain these two kinds of definition of variation. We will rethink the
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relationship between these two and discuss whether it is possible to give a unified
definition (Chapter 7), despite the different cultural backgrounds, after having a deeper
understanding of variation through the analysis of curriculum resources (Chapter 4) and
case studies (Chapter 5, Chapter 6) in our research.

2.4.2 Theoretical networking: base for constructing the model and its
analytical framework

In this section, we present the theoretical networking strategies that we adopt to
construct our preliminary model and its corresponding analytical framework.

Given a diversity of theories of variation or related to variation, we take advantage of
the connecting strategies (see Figure 2.4.1) proposed by Prediger, Bikner-Ahsbahs and
Arzarello (2008) to connect the diversity of theories.

degree of integration

P
- comparing integrating unifyin
ignoring making under- - gocall I fying
E o globally
other theories standable| || contrasting combining

understand-
ing others

synthesizing

Figure 2.4.1 Networking strategies for connecting theoretical approaches (Prediger, et al., 2008)
First of all, three theories are considered for constructing of our preliminary model:

e Gu’s “Bianshi” theory (Bao et al., 2003a, b, c; Gu et al., 2004) provides a Chinese
lens to focus on the variation from the perspective of mathematics tasks.

e Brousseau’s didactical variables (Brousseau, 1986, 1997, 2002) provides a French
lens to focus on the variation from the perspective of the classroom teaching.

e Documentational Approach to Didactics (DAD) provides a lens to structure
teacher’s work throughout interacting with resources and tasks.

We apply two strategies, i.e., contrasting and comparing, and combining, to connect
these theories. Contrasting and comparing the understandings of the variation in these
two theories (section 2.2.3.2) prompt us to think about the role of variation in the
different stages of teaching. Therefore, we rely on DAD to help us structure the whole
process of teacher’s work, i.e., combining the DAD and variation theory. The result of
this combination is shown in section 2.4.3, i.e., our preliminary model of teaching
mathematics through variation, where the interactions between teacher and resources

are emphasized.

As for constructing our analytical framework, we dig deeper into these two theories of
variation:
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e Gu’s “Bianshi” theory (Bao et al., 2003a, b, c; Gu et al., 2004) provides a Chinese
lens to analyze the teaching through variation from conceptual and procedural
variation. It is a theory formed by long-term practical teaching experiments and
focus on the design of mathematical task itself.

e Brousseau’s didactical variables (Brousseau, 1986, 1997, 2002) provides a French
lens to analyze the variables in the classroom teaching that can significantly
influence students’ behavior. It is a theory formed from a theoretical level and not
limited to the mathematical part of a task but also the organization of interactions

between students.

Two strategies, i.e., contrasting and comparing (section 2.2.3.2), and combining
(section 2.4.4), are applied to connect these theories. In the process of comparing and
contrasting, we extract the underlying part of representation from Gu’s theory, and then
further refine it through Duval’s theory (see section 2.1.2.3, Duval, 2017). Considering
the application of mathematics in daily life and in other disciplines, we add the
classification of mathematical contexts proposed by PISA (see section 2.1.2.1, OCDE,
2017, 2019) and construct our analytical framework. The result of this combination is
shown in section 2.4.4, i.e., our analytical framework for studying different types of
variations.

The outcomes of theoretical networking (model and analytical framework) in our
research are further verified by applying them to analyze variations in the curriculum
resources (textbook and online platform) and in case studies with Chinese and French
cultural contexts.

2.4.3 Preliminary model of teaching through variation and research
questions

In our research, we take the lens of “teachers’ documentation work™ and constructed a
preliminary model of “teaching mathematics through variation” (Figure 2.4.2). This
model aims to provide guidance to help teachers implement variation in class and reflect
their own work after class. We introduce three notions structuring this model, potential,

actual and practical variation:

e Potential variation represents the changes explicitly proposed by a given task, or
series of tasks. To be inferred through an analysis of teacher’s resource system
(textbook, resources from teachers’ collaborative work, school-based teaching book,
etc.), from both the point of view of tasks and didactics (if there is an instruction of
didactics).

e Actual variation represents the possible changes made explicit by a teacher when
integrating a task as a resource. Teacher takes more or less profit of the potential
variation for designing his/her resource. To be inferred through an analysis of

75



teacher’s documentation work (teacher’s working sheets, interview about teacher’s
design intention, students’ working sheets designed by the teacher, etc.), from both
the point of view of tasks and didactics.

o Practical variation represents the changes occurring when implementing the
resource in class. To be inferred through the follow-up of the teacher in classroom
teaching, from both the point of view of tasks and didactics.

According to the definition of didactical variables (Brousseau, 1986), these variables
exist in the entire process of the teachers’ documentation work, from potential, actual
to practical variation.

Atask, or a series of task (from a

textbook, or Internet, or....) < Its potential variation

——— ;_fppropn'atiou o

The resource, integrated into teacher’s

resource system ‘H‘ Its actual variation

~——] Implementation L

The resource, confronted to didactical
issues and students’ feedback

< Its practical variation

<

Figure 2.4.2 A preliminary model of teaching mathematics through variation

— " Reflection | p—
g LSS =

The teacher’s documentation work

A new actual variation, and
_ anew awareness of its
“ potential variation

A revised resource, keeping the traces of
its implementation

Gueudet and Trouche (2009) introduced a distinction between available resources and
documents developed by teachers through documentational genesis process, which
inspired us to make a distinction between potential variation (the variation embedded
in the available resources) and actual variation (the variation developed by teachers
through their documentation work). In classroom teaching, the interactions between
students, or between teacher-student can trigger the production of practical variation.
The ongoing and spiral process of documentational genesis and the relationship
between teachers’ documentation system and professional development inspired us to
visualize the process of teachers’ reflection, and thus we added an arrow from practical
variation to a new actual variation, and a new awareness of its potential variation.
Therefore, in this preliminary model of variation, potential variation is given by the
resources, actual variation is the result of teachers’ documentation work, and practical

variation continues this result when implementing in class, where new variations create.

Teachers’ documentation work (Gueudet & Trouche, 2009) plays an important role to
promote the design work from potential variation to practical variation and the
reflection work from practical variation to a new actual variation or potential variation,
through studying variation from “task”, “teachers’ resources system”, to “classroom
teaching” and the revised resources. Here, we regard teachers’ documentation work as
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a thread that runs through the entire process of the model. Moreover, to what extent can
a potential variation be transformed into a practical variation is largely related to the
teachers’ design capacity. We try to use this model to analyze the data in the following
sections and to refine the model through case studies in France and China.

This preliminary model to some extent theorizes and forms a logical structure for the
research questions we posed in section 1.3. As we proposed the notion of potential,
actual and practical variation in our preliminary model, we further specify our
preliminary research questions in section 1.3 and three refined research questions are

addressed as follows:

Q1: What are the potential variations in the upper secondary school mathematics

textbooks and other curriculum resources in China and France?

Q2: What are the actual variations in the Chinese and French cases to achieve the
teaching goal?

Q3: What are the practical variations in Chinese and French cases? How does the case
teacher respond to the practical variations?

2.4.4 Analytical framework and the concept of variation path corresponding
to the model

Our preliminary model shows both static (potential, actual and practical variation) and
dynamic (the process of appropriation, implementation, reflection) aspects of variation.
Therefore, in this section, we propose an analytical framework to analyze the static
aspect and a concept called “variation path” to have a more global view of the variation
through teacher’s documentation work.

On the basis of preliminary model presented in section 2.4.2, we further refine the three
stages, i.e., potential, actual, and practical variation, by constructing an analytical

framework for studying different types of variations, see table 2.4.1.

In table 2.4.1, we categorize variation in tasks into four types: contextual,
representational, conceptual, and procedural variations. For each type of variation,
several indicators are considered. The indicators for contextual variation are based on
the PISA (OCDE, 2017, 2019, detailed information in section 2.1.2.1). The indicators
for representational variation are based on the classification of types of semiotic
registers (Duval, 2006, detailed information in section 2.1.2.1). Conceptual and
Procedural variations are proposed in Gu’s Bianshi theory. In the column of conceptual
variation, we study it from two perspectives: concept variation (including standard and
non-standard variation) and non-concept variation. As for the procedural variation, we
study it from three perspectives: enhancing the formation of concepts and propositions,
Pudian, and trilogy with variation. Considering Bianshi theory (Gu et al., 2004),
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dimensions of variation (Sun, 2011) and their relations, we study trilogy with variation
from three aspects: OPMS, OPMC, MPOS. Moreover, as mentioned in section 2.2.3,
when we study OPMC, we will use the four strategies (Constraint manipulation, Goal

manipulation, Symmetry, and Chaining) to further refine the research.

Table 2.4.1 Analytical framework for studying different types of variations

Contextual Representational Conceptual Procedural variation
variation variation variation
Personal,; Natural languages; Standard Enhancing the formation
Occupational; The symbolic writing; variation ; of concepts and
Societal; Iconic (images) and non- Non-standard propositions;
Scientific iconic (geometrical variation ; Pudian;
figures); Non-concept Trilogy with variation:
Cartesian graphs and variation -OPMS
diagrams -OPMC (Constraint
manipulation, Goal
manipulation,
Symmetry, and
Chaining)
- MPOS
PISA (OCDE, Duval (2006) Gu’s Bianshi Gu’s Bianshi theory (Gu
2017, 2019) theory (Gu et al., et al., 2004)
2004) Sun (2011)

We must clarify that these four types of variations are not completely disconnected and
completely independent. For example, as we mentioned in Figure 2.2.12, according to
Gu, representational variation relates to conceptual variation. In fact, there are
intersections between different types of variations and even a change in one type of the
variations may in turn affect another one, producing a chain reaction. We will specify

it in the subsequent specific analysis.

To have a more global view, combining the perspective of static and dynamic, we
propose the concept of variation path. A variation path is, for a given task, the process
of evolution of each type of variations, through the three stages of potential, actual and
practical variations, over a teacher documentation work. The evolution could be in the
form of retaining, removing, reducing, extending, or creating the variation.

To make it more intuitive, we adopt a schematic representation of variation path to
present the variation path. Figure 2.4.3 shows a general example of schematic

representation of variation path.

As shown in Figure 2.4.3, in the horizontally oriented schematic representation, three
stages of variation are presented, i.e., potential, actual and practical variation; in the
vertically oriented schematic representation, four different types of variations are
presented, i.e., contextual, representational, conceptual, procedural variation. The green
arrow in this schematic representation shows the evolution of variation with the note
removed, reduced, retained, extended, or create. The blue arrow in this schematic
representation indicates the relations between different types of variations. For example,
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in Figure 2.4.3, the new OPMC created by the teacher as actual variation leads to the
emergence of OPMS and non-standard variation, and the extension of treatments in

representational variation.

Teacher’s documentation work >

Potential variation | Actual variation | | Practical variation ‘
Remove
Contextual
variation
Treatment in the Fxtend | perease the complexity of Retain
= symbolic writing tr
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|

variation .
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)
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Figure 2.4.3 A general example of schematic representation of variation path
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Chapter 3

Research methods and design

As we have constructed a preliminary model of variation (2.4.2) based on the literature,
through the lens of potential, actual and practical variation, to further refine this model,
we will conduct the analysis of curriculum resources and case studies. In this chapter,
we will explain the research design from four parts according to our research questions:
Section 3.1 presents the mathematical object ‘function’ chosen for our research; Section
3.2 describes the data collection and analysis strategies for studying variations in the
tasks of textbooks or online platforms, corresponding to our first research question;
Section 3.3 describes the choice of conducting case studies, data collection and analysis
in case studies, corresponding to our three research questions; Section 3.4 concludes
the overall research trace as well as the way of contrasting Chinese and French cases.

3.1 Mathematical object: function

We choose function as the mathematical object in our study, both in the analysis of
curriculum resources and case studies. We explain the reasons for this choice from three
aspects: The important position of function in high school mathematics teaching
(section 3.1.1); The rich soil that this topic provides for teaching through variation
(section 3.1.2); The consistency of the teaching content of function in China and France
(section 3.1.3).

3.1.1 The important position of function in high school mathematics
teaching

Function is a vital content of high school mathematics teaching, mainly reflected in the
following three aspects:

e From the perspective of mathematics, function has a close relation with another
knowledge, such as set, equation, inequation, algebra, geometry, solid geometry**.
In high school mathematics teaching, function and methods of function almost run
through the high school mathematics teaching, both in France and China (Ministére
de ’Education nationale et de la Jeunesse, 2019 & MOE, 2017).

e From the perspective of mathematical education: the method and process of

44 Set up appropriate variables in solid geometry, establish functional relations, so as to turn the problem
into a problem of function.
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studying the basic properties of a function, such as monotonicity, maximum
(minimum) value, and parity, are general means that can be wildly applied. When
studying these basic properties, we generally start with geometric intuition
(observing graphs), then use natural language to describe the graphical features of
the function at stake, and finally abstract to use mathematical symbols to describe
the corresponding quantitative features. To study the properties of a certain function,
it is necessary to use definitions such as monotonicity and parity to realize it through
reasoning and calculations. This is a gradual process, and it is also a method often

used in mathematics learning and research (People’s Education Press, 2019).

e From the perspective of solving practical problems, function is an instrumental and
necessary tool. Many real situations can be modeled by function, such as the
changing trend of things, the most economical material, the greatest profit, the
highest efficiency, symmetry. The problem in real-life is transformed into a
mathematical function problem by constructing a function model, and the function
knowledge and methods are used to deal with it.

3.1.2 Function provides rich soil for teaching through variation

Function itself provides rich soil for teaching through variation. We illustrate these
possible variations embedded in function based on four types of variations in our
analytical framework (section 2.4.4): contextual, representational, conceptual and
procedural variation.

First of all, as function is an important mathematical model to describe the changing
law of the objective world (Ministére de I’Education nationale et de la Jeunesse, 2019
& People’s Education Press, 2004), the situations proposed in this context come from
very different fields: plane or space geometry, biology, economy, physics, news etc
(Ministére de ’Education nationale et de la Jeunesse, 2019). Therefore, in view of the
wide application of function, its contextual variation is very fruitful. Secondly, the
function itself has three representations: graph, table of values, and formula, which
provides huge potential for representational variation and the conversions between
different representations. When solving problems, facing different needs, it is very
important for students to choose an appropriate representation and conduct some
treatments and conversions inside or between different registers (People’s Education
Press, 2019). Moreover, due to the abstraction of function knowledge, teachers often
adopt the method of symbolic-graphic combination to concretize knowledge and
improve students’ perception. The symbolic-graphic combination inspires students
from the geometric characteristics of function and the algebraic characteristics of
function properties, and effectively reveals the basic properties of functions and
provides a simple and quick way to solve the problem. Thirdly, as the notion of function
is abstract, teachers present different kinds of examples for students to distinguish the
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concepts, which relates to the conceptual variation. At last, gradually in-depth
knowledge, knowledge difficult for students to master, and the close connection
between function and other knowledge may also promote the design of Pudian and
OPMC. The comprehensiveness of function knowledge allows students to solve
problems from different angles, which further develop the OPMS in teaching.

What we discuss above are in line with our exploration of variation in the curriculum
standard in section 1.2.1.2. Besides the four aspects we mentioned above, both
curriculum standards propose to use digital tools (computer software, calculators,
dynamic geometry, etc.) to support the teaching of function, which may bring new
possibilities for variation.

3.1.3 The consistency of the teaching content of function in China and
France

To clarify, in our research, we study the general concept and properties of function,
including the concept of function, representation of function, monotonicity of function,
parity of function, the extremum (maximum or minimum) of a function, the use of
calculator to solve the task of function, solving the task from graphical aspect, and the
connection with inequation. We present the specific content of the function in the
Chinese and French textbooks* and classroom teaching in table 3.1.1. All of the
mathematical contents in our research are taught in grade 10 in both China and France.

Table 3.1.1 Mathematical content of function in our research in grade 10

Mathematical content in our research Textbook analysis Case studies

Chinese  PEP | France Hyperbole | China France
(2019) (2014)

Concept of function

Representation of function

Monotonicity of a function

Extremum of a function

Parity of a function

Use of calculator to solve the task of
function

Solving the task from graphical aspect

o0 o oo e e0ee
Oe o | eeee
o0 o o000

0|0

Connection with inequation

In table 3.1.1, symbol “®” means that this content is clear presented in the textbook or
in the case. Symbol “0” means that this content is involved in the textbook or case
studies, not shown obviously, but embedded in the process of solving tasks. Symbol

3

‘—” means that this content does not appear at all.

As shown in table 3.1.1, there is a certain consistency of the teaching content of function
between Chinese case and French case. Except the parity of a function and the use of

45 The textbooks we used are presented in section 3.2.1.
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calculator to solve the task of function, the other contents are more or less presented in
the Chinese PEP, French Hyperbole textbook and in the Chinese and Chinese case
studies. It is important to note that table 3.1.1 only presents the contents involved in our
research and there are more contents in teaching function at high school than what is
shown in table 3.1.1, such as the periodicity of function, different elementary functions
(polynomial, rational, trigonometric, hyperbolic, and exponential functions, etc.). The
consistency of functions content in both countries provides a basis for our contrasting
research.

In fact, students in both countries have already learnt preliminary knowledge about
function in junior high school and have a preliminary understanding of it. They have
learnt image, pre-image of function, graphical representation, linear function, and
proportional function. In the Chinese case, PEP textbook presents the chapter of sets,
quadratic functions, equations and inequalities before the chapter of function to pave
the way for teaching function. While in French case, the case teacher arranges the
teaching of intervals, inequations, factorization, union and intersection to pave the way
for her teaching function.

3.2 The analysis of curriculum resources

Curriculum resources in our research include the different kinds of materials (digital or
physical) that teachers use in or for their teaching (textbooks, lesson plans, etc.) and
have a significant influence on students’ opportunities to learn (Stylianides, 2016).

The analysis of curriculum resources is used to answer research questions 1. In this
section, we will introduce the analysis of potential variations in these curriculum
resources from two perspectives: data collection (section 3.2.1) and data analysis
(section 3.2.2).

3.2.1 Data collection of curriculum resources: textbook, online platform

In this section, we present the data collection of curriculum resources we studied in
chapter 4, including the textbooks in China and France and their corresponding teachers’
guidebooks, and online platforms.

Both China and France have national mathematics curriculum standards*®, and the
textbooks are designed based on the curriculum standards. As mentioned in section 3.1,
the content of function in our study is all in grade 10, in this study, we have selected
Hyperbole textbook 10" grade (2014 edition, see Figure 3.2.1) as French research
object and high school mathematics textbook of People’s Education Press A version

46 See section 1.1 for details.
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volume 1(abbreviate as PEP, latest version published in 2019, see Figure 3.2.2) as
Chinese research object. There are two main reasons to choose these two textbooks:
first and the most important reason is that these textbooks are used by the case teachers
in class, which allows us to combine textbook analysis (Chapter 4) with subsequent
case studies (Chapter 5 & 6) to have a whole picture of teaching and also the evolution
of variations in the resources; Second, the number of teachers who choose these two
textbooks for teaching is very considerable.
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MATHEMAI’IQUES
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Figure 3.2.1 The cover of Hyperbole textbook of | Figure 3.2.2 The cover of PEP textbook of 10"
10™ grade (2014 edition) grade (2019 edition)

It is important to note that the period during which we collected data coincided with the
curriculum reform in both countries, so the choice of textbook versions was to some
extent influenced. When we collected French data in 2018, the reform was still under
discussion. Therefore, the French case teacher kept the 2014 edition of Hyperbole
textbook although there was a more recent one published in 2017. When we collected
Chinese data in 2020, the curriculum reform had entered the stage of formal
implementation and it was the first round of using the new textbooks after the
promulgation of the new curriculum standard in 2017.

Textbook often comes with corresponding teachers’ guidebook, and we often refer to
the corresponding teachers’ guidebook when analyzing the textbook. Figure 3.2.3 and
Figure 3.2.4 show the cover of teachers’ guidebook of French Hyperbole textbook and
Chinese PEP textbook.
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Figure 3.2.3 The cover of Hyperbole | Figure 3.2.4 The cover of PEP-A teachers’
teachers’ book of 10th grade (2014 edition) guidebook of 10" grade (2019 edition)

Considering the rise of digital resources in recent years, in addition to textbooks and
teachers’ guidebook, we have also studied two online platforms from different
perspectives. One is Chinese PEP platform, that come with PEP textbook, to see the
potential variations in the digital curriculum resources. The other is French Sésamath
platform, to see the development and future trend of digital curriculum resources and
textbooks. We select Sésamath online platform to study as it is a distinctive result of the
construction of digital curriculum resource in France today, and it consistent with the
concept of textbooks and curriculum standards.

3.2.2 Data analysis of curriculum resources

Data analysis of curriculum resources is conducted from two aspects: textbook
(including general situation and specific tasks), and the digital curriculum resources
(online platform that accompanies the textbook).

For textbook, we analyze it from macro to micro situation. We first describe the
situation of textbooks in two countries and draw a general structure of each specific
textbook. Then we select tasks based on the structure of textbook we drawn. Tasks are
organized in different types and noted by different words in textbooks, such as examples,
exercises, and problem-solving. We select one (series of) or two tasks in each type of
tasks to illustrate the potential variations embedded in or between them. There are two
main criteria for selecting specific tasks: 1) the connection of tasks with the subsequent
case studies: we choose tasks that have a connection with the subsequent case studies
as we do not want to discuss the textbook in isolation from the subsequent case teachers’
teaching. This is also consistent with our idea of studying the textbook that case teachers
use; 2) the relevance of variation: we choose tasks that show as much as possible the
different types of potential variations in the function part of the textbook, and also to
see the connections between the tasks. At last, we study the potential variations in the
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specific task of textbook, taking profit of the analytical framework mentioned in section
2.4.4 (present again in table 3.2.1). We analyze each task from four types of variations:
contextual, representational, conceptual and procedural variation and illustrate how the
textbook designs tasks by manipulating variation.

Table 3.2.1 Analytical framework of potential variations

Contextual Representational Conceptual Procedural variation
variation variation variation
Personal; Natural languages; Standard Enhancing the formation
Occupational; The symbolic writing; variation ; of concepts and
Societal; Iconic (images) and non- Non-standard propositions;
Scientific iconic (geometrical variation ; Pudian;
figures); Non-concept Trilogy with variation:
Cartesian graphs and variation -OPMS
diagrams -OPMC (Constraint
manipulation, Goal
manipulation,
Symmetry, and
Chaining)
- MPOS

For online platform, we study the potential variations embedded or the possible
variations that it may bring in the future based on the four types of variations in table
3.2.1

3.3 Case studies

Case studies are used to answer three research questions. In this section, we first
generally describe the reasons for choosing case studies in France and China (section
3.3.1). Then we describe the context of two cases, including the information of case
teachers, students and schools (section 3.3.2). At last, we present the implementation of
case studies in detail through two aspects: data collection (section 3.3.3) and data
analysis (section 3.3.4).

3.3.1 The choice of conducting case studies

As Yin (2018) pointed out, case studies are not intended to generalize the population or
universes, but to expand or generalize theoretical assumptions. Therefore, this research
is not intended to summarize how all teachers use variations in teaching, but to explore
the concept of variation from the perspective of teachers’ documentation work, to
improve our preliminary model of teaching through variation, so as to promote our
understanding of variation in mathematics teaching and make better use of it for
effective teaching.

This research adopts an analysis of multiple-case embedded design in Chinese and
French classroom teaching. (Yin, 2018) proposed four types of potential case study
research designs, based on the 2 x 2 matrix in Figure 3.3.1. According to Yin (2018),
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the matrix first shows that every type of design will include the desire to analyze
contextual conditions in relation to the “case,” with the dotted lines between the two
signaling the likely blurriness between the case and its context. The matrix then shows
that single-case and multiple-case studies reflect different design situations and that,
within these two variants, there also can be unitary or multiple units of analysis. The
resulting four types of designs for case studies are (Type 1) single-case (holistic)
designs, (Type 2) single-case (embedded) designs, (Type 3) multiple-case (holistic)
designs, and (Type 4) multiple-case (embedded) designs.

TYPE 1 single-case designs multiple-case designs TYPE 3
CONTEXT CONTEXT CONTEXT
Case Case Case
haolistic
(single unit
of skatysis) CONTEXT CONTEXT
Case Case
CONTEXT CONTEXT
CONTEXT Case H Case
Embedded Uit of 3 Embedded Ut of
o Anaiysis 1 Analysis 1
Umbedded Usit of mbedded Uit of
embedded Embedded Unit of oot AR
(multiple Analysis 1
units of CONTEXT CONTEXT
analysis) Case Case
Embedded Unit of S e
Analysis 2
Embedded Uit of Embodded Undt of
Aalysis ¥ Asalysis 2
TYPE2 s [Bectanan S TYPE4

Figure 3.3.1 Basic Types of Designs for Case Studies (Robert K. Yin, 2018, p. 96)

In our research, China and France are two cases. Each case has its own embedded unit
of analysis, and we perform multiple case “replication”*’ (Robert K. Yin, 2018) on
these analysis units. Replication in this research is reflected in two aspects, i.e.,
replication of the two cases and replication inside each case. For replication of the two
cases in China and France, the data collection methods (section 3.3.3) in both countries
are the same*®, such as conducting two formal interviews, after-class discussions with
case teacher, photographs, audio and video recordings. The data analysis methods
(section 3.3.4) in both countries are the same, including the teachers’ design, use, and
reflection on teaching through variation, focusing on function in grade 10. For
replication inside each case, although the mathematics content of each class is different,

47 The replication logic is directly analogous to that used in multiple experiments (see Barlow, Nock, &
Hersen, 2008). For example, upon uncovering a significant finding from a single experiment, an ensuing
and pressing priority would be to replicate this finding by conducting a second, third, and even more
experiments. Some of the replications might attempt to duplicate the exact conditions of the original
experiment. Other replications might alter one or two experimental conditions considered challenges to
the original finding, to see whether the finding can still be duplicated. With both kinds of replications,
the original finding would be strengthened (Robert K. Yin, 2018).

8 Impossible to be exactly the same because it involves the differences of observation situations
(limitations of the epidemic, teaching tradition, culture, etc.).
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our observation methods and the method of selecting teaching episodes® for data
analysis are replicate. From these two aspects, we ensure the continuity and consistency
of our data collection and the reliability of subsequent contrast of two cases. The
procedural of multiple-case study in our research is shown in Figure 3.3.2.

Define and Design Prepare, Collect and Analyze Analyze and Conclude

Select .

Select cases Conduct French (>{episodes | Write French case (ton{ras‘t two cases

case study report (Chapter 6) with their respective

cultural contexts

De.ve‘]op H
preliminary [ ;
model Design data Select Refine model

collection Conduct Chinese [*episodes| Write Chinese case l
protocol case study report (Chapter 3) Discussions and

further development

Figure 3.3.2 Procedure of case study in our research (adapted from Robert K. Yin, 2018, p. 105)

The dashed-line feedback loop in Figure 3.3.2 represents the situation where important
discovery occurs during the study of one of the individual cases (e.g., one of the cases
deviated unexpectedly from the original design) (Robert K. Yin, 2018). Sometimes such
a discovery requires us to reconsider our research design and original theoretical
propositions. At this point, “redesign” should take place before proceeding further.
Therefore, research design in our research is not static, it will be effectively improved
according to the actual teaching situation.

For the teacher in each case study (section 3.3.2), we collected data from multiple
approaches and using multiple methods. In the following, we will explain case study
design in details from two aspects: data collection (section 3.3.3) and data analysis
(section 3.3.4). Through these research design and methods, we identified the key
features of each case, and finally conducted a contrast between two cases (section 3.4).

3.3.2 Case teachers, students and the school

This study involves the observation of classroom teaching of function in 10" grade of
high school, focusing on teachers’ documentation work on variation, from lesson
preparation, classroom teaching, to the reflections after class. Therefore, the choice of

teachers is very important.

The criteria for the selection of case teachers in our research are as follows: 1) the
teacher should have rich teaching experiences (over 15 years); 2) the teacher gives
mathematics lessons of function in grade 10; 3) the teacher is interested and proficient
in the task design. These criteria are developed based on the assumption that teacher
with rich teaching experience is often associated with well-structured resource systems,

4 Detailed description of episode is presented in section 3.3.4.3.
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which bring possibilities of varying tasks. We also believe that teacher’s interest in task
design will help us to discover more about variation in teaching, which contributes to

our study.

We followed two experienced mathematics teachers in two good secondary schools,
one French teacher in Lyon and one Chinese teacher in Hangzhou. Both of them meet
the criteria we set with several dimensions of their profiles: rich teaching experiences,
giving mathematics lessons of grade 10 during the period of our observation, being
interested and proficient in the design and adaptation of the tasks to their own class,
which are recognized by their colleagues. We suppose that these two good schools with
good students give case teachers a lot of room to make mathematical variations, not
tied to the different special needs of students or spending a lot of time on class
management. Moreover, both teachers are the core teacher in their own school and are

responsible for the training of novice teachers in the school.

During our data collection in China, Chinese case teacher Lin was guiding a preservice
teacher Shi and Shi was required to give a class as a demonstration of the internship
results. We were fortunate to observe the complete design process of this class and the
final presentation. We find that the interaction between case teacher and preservice
teacher are valuable for our research to further study Lin’s teaching through variation.
Therefore, in the case of China, in addition to one experienced teacher, we also added
the analysis of a series of guiding activities (section 5.3) about the interactions between
the case teacher and the preservice teacher. Basic information of Chinese (including
preservice teacher) and French mathematics teachers in our research have shown in
table 3.3.1.

Because the main research object in case studies of our research is two mathematics
teachers, the class we observe is the 10th grade classes taught by the two teachers at
that time (Emma has only one 10th grade class, while the Lin has two classes).
Considering that the French classroom has a half-class organization®® (see introduction
to the French case for details), and we also want to analyze how teachers can reflect on
teaching and self-feedback in a short time®' by observing the situation of teachers
teaching the same content in different classes, we observed lessons of function given

by two case teachers in grade 10.

We give a detailed introduction to the two cases in the following from the school, the
students in the observed classes, types of lessons and some collaboration interactions

50 Half-class organization: Because students choose different types of other subjects, once a week, the
class is split into two classes for teaching. The teaching content is the same in the two classes.

3! The time interval between the two classes is very short, generally 10 minutes, both in France and in
China. In the French case, the time interval between two half-class lessons is 1 hour.
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for teachers’ professional development.

Table 3.3.1 Basic information of case teachers

French case teacher Chinese case teacher Chinese preservice
teacher
Name Emma Lin Shi
Nationality French Chinese Chinese
Work place High school in Lyon, | High school in | Senior student in the
France (school F) Hangzhou, China | university
(school C)
Gender Female Male Female
Teaching experience | 18 20 0
(in years)
Professional title Senior teacher Senior teacher
Education background | Master degree Master degree Bachelor degree
Observation class 1 class in grade 10 2 classes in grade 10 Guiding  activities
(Natural class?) (Experimental with Lin
classes™)
10th grade math class | 5h or 6h>* 7h30 (3h45 for each
hours (per week) class)

3.3.2.1 Introduction to the Chinese case

School C is a school with good geographical condition and high quality of teaching in
the area of Hangzhou, China. It has a history of more than 120 years. Over the years,
the rate of college entrance examination to key universities has remained above 95%.
There are around 1700 students in the school. School C has also established extensive
cooperation and exchange relationships with many schools in Japan, Europe, America,
and Southeast Asia. In 2014, the school added Sino-US International Classes and hired
foreign teachers. In order to ensure the quality of the education, the school carries out
the activity of “one hundred teachers listen to a thousand lessons”. The leader of the
school, the Teaching Research Group (TRG, #(f}fZH)> or the Lesson Preparation
Group (LPG, %%} % i#21) will open the classroom’s door to listen to the lessons,
providing guidance and suggestions to teachers, especially young teachers. Besides
teachers’ practical teaching, to emphasize teachers’ scientific research, the school

52 Natural class: The administrative class is set up by the school for student management and teaching
management according to the number of students in each grade at the time of admission, and there is no
difference in mathematics achievements from students in other classes.

53 Experimental class: A class composed of relatively good students selected through examinations. For
the introduction of the experimental class in this Chinese case, see section 3.3.2.1 for details.

54 Students in grade 10 have 4 hours of mathematics in one week. As there is a half-class each week, one
of the hours is doubled. So, Emma teaches for 5 hours. And every two weeks, there is one hour of
personalized support lesson (AP lesson, see the introduction to the French case for details). So, the
teaching hours of grade 10 for Emma each week is 5h or 6h.

33 The teaching and research group is the primary organization of the schools teaching work and an
important part of the teaching command system. At the same time, it is also the basic organization unit
for the school to carry out teaching and research activities.

36 The subject preparation group is the teaching and research organization under the school’s teaching
and research group and the main organization that implements the “peer mutual assistance” in school-
based research.
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regularly arranges scientific research lectures, and publishes scientific research
magazines within the school to publish teachers’ scientific research results.

School C implements hierarchical teaching. Students are mainly divided into 3 levels
according to the entrance examination results: 8 classes are parallel classes, 2 classes
are experimental classes (specifically one is liberal arts comprehensive class and one is
science comprehensive class (observed and noted as class A, class B in our research),
and 2 classes are Mathematics Elite Class and Science Elite (Qian Xuesen) Class. This
examination is quite difficult designed by the teachers in school C. It includes one
examination of mathematics, one examination of physics and chemistry, one
examination of Chinese and English. which is equivalent to the examination of five
subjects. The classification is based on the total score of all subjects. The difference of
the average scores between two adjacent level classes in the entrance examination is
about 20 points; the average scores of different classes of the same level are basically
the same as the school’s intention is to have a competitive situation between the classes

in the same level.

In Chinese case, Lin teaches two experimental classes of grade 10 and the math
competition class®’. The two observed classes (noted as class A and class B in the
following) respectively have 48 students (31 females, 17 males) and 49 (15 females, 34
males) students. As shown in table 3.1.1, Lin gives lessons of grade 10 for 7 hours 30
minutes each week, 3 hours and 45 minutes for each class.

It should be noted that Lin is also the homeroom teacher®® of class B. The classification
of students in class A and B is based on the students’ willingness and the school makes
appropriate fine-tuning. The training of class A focuses more on liberal arts, and the
training of class B focuses more on science. Lin thinks that this kind of class grouping
is reasonable as it is difficult for students of different level to sit together and take a big
class. Class grouping is good for the development of students and it is necessary to
carry out hierarchical teaching in high school.

However even after this class grouping, there is still a big gap between students in the
same class. According to Lin, it is because the entrance examination is all about
knowledge in junior high school, where students can spend a lot of time studying and
consolidating the basic knowledge. However, the situation changes when students

7 The students in the math competition class are selected from the whole grade with excellent
mathematics, mainly students in experimental and elite classes. This is a supplementary teaching in
addition to regular teaching.

58 Homeroom teacher (¥EF:/F in Chinese) : A homeroom teacher is a teacher in the school who is fully
responsible for the thinking, learning, health and life of a class of students. He / She is the organizer,
leader and educator of a class, and is also the coordinator of the teaching of all teachers in the class. The
difference between him/her and the class teacher is that the class teacher is only responsible for the
teaching of the subject, and the class teacher is in addition to being fully responsible for managing a class.
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arrive in high school. The content of high school learning is rich and in-depth, and some
students may not be able to keep up. There are seven or eight students in each class of
A and B who are not able to keep up. Lin believes that it will be very accurate to conduct
the class grouping after learning in the high school for one semester. Lin mentioned that
the difficulty and progress of his class are mainly based on the most of the students. For
students who are weak in mathematics, he would ask them to make corrections and

encourage them to ask questions in private.

In addition to Lin’s teaching, we also observe the interactions between the case teacher
and the preservice teacher Shi. Part of Shi’s background has shown in table 3.3.1. Shi
is from a normal school® in Hangzhou, majoring in mathematics education, being
trained as a future mathematics teacher. Her academic performance is excellent (1/29).
Shi’s university has a cooperative relationship with School C. Every year, school
students are sent to school C for educational internships. Lin is Shi’s supervisor in
charge in school C. The internship content mainly consists of two parts, one is the
teaching of mathematics; the other is the management of the class as a head teacher.
Here we mainly focus on the part related to mathematics teaching.

The series of guiding activities we observed between Lin and Shi are arranged at the
end of Shi’s internship process, and the lesson she gave is as a display of the results of
her entire internship. Therefore, the educational internship experience has an important
influence on Shi’s classroom teaching practice. Shi is quite familiar with the students
as she had observed Lin’s classroom teaching and corrected the students” homework for
2 months before this lesson. She also answers mathematical questions for some students
after class, helps Lin with class management, and participates in the decision-making
of class B affairs (Lin’s the homeroom teacher of class B), such as the distribution of
school uniforms, class preparation for school sports meets, etc.

This series of guiding activities is on the mathematical topic of “operation of
logarithmic function”. It is chosen by Lin as Shi’s guide teacher. According to Lin, this
content is easier for Shi to design and implement because it involves calculations and
has fewer mathematical knowledge contained than other teaching content. Before this
lesson, students have learned the concept of function, the monotonicity of a function,
the maximum and minimum value of a function, the parity of a function, and the way
to analyze the function from graphical perspective. Lin has taught the concept of
logarithms one day before this lesson.

3.3.2.2 Introduction to the French case

According to Emma, school F is a high school with good location and the economic

59 Normal school: Colleges and universities mainly aiming at cultivating various types of teachers.
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conditions of students’ families are generally good. Parents have a relatively high level
of education and pay attention to the education of their children. It is a high-quality
high school in the area of Lyon, France, with a history of more than 100 years. The pass
rate of Baccalauréat® in this school is around 95%, which is much higher than the
average level. There are a total of 1,070 students in the school. School F think highly
of cooperation and exchanges of education, and the innovation in teaching. It organizes
study tours for students to Shanghai, Dublin, Paris, Rome and other places. School
teachers also actively participate in various activities inside and outside the school. For
example, there are Mathematical Rally training for grade 10 and Mathematical
Olympiad training for grade 11 organized by school mathematics teachers. Compared
with Chinese case, there are relatively few formal activities among teachers in schools
but Emma joined IREM® DREAM group® and Rallye Mathématique de 1’ Académie

de Lyon (RMAL) ® outside school to improve her own teaching.

In school F, students are not classified into different levels in grade 10, but they go to
different series and study different mathematics contents since grade 11 according to
the French curriculum ® . For students who are weak in mathematics, AP
(accompagnement personnalisé)®® lesson is offered. The criteria for entering this class
are determined by the teacher.

In French case, Emma teaches one natural class of grade 10, one class of STMG®® of

80 The baccalauréat, often known in France colloquially as the bac, is a French national academic
qualification that students can obtain at the completion of their secondary education (at the end of
the lycée) by meeting certain requirements. It was introduced by Napoleon I in 1808.

6l Refer to an international reference related to IREM: Trouche, L. (2016). Didactics of Mathematics:
Concepts, Roots, Interactions and Dynamics from France. In J. Monaghan, L. Trouche, & J.M. Borwein,
Tools and mathematics, instruments for learning (pp. 219-256). Springer

62 The DREAM (Démarche de Recherche pour 1Enseignement et 1Apprentissage des Mathématiques )
group is made up of university professors, trainers and teachers working within a design-driven research
paradigm. Website: https://dreamaths.univ-lyonl.fr/icap website/1324/41153 Some members of the
DREAM team participated in the work of the EducTice team which was a research team whose fieldwork
methodologies are based on collaborative work and research-driven resource design. Its expertise in this
field is attested by scientific publications (Aldon et al., 2013; Nizet, Monod-Ansaldi, Aldon, Prieur, &
Criquet, 2019). For several years, they have also participated in the CrAC (Collaborative Research
Analysis Crucible, http://ife.ens-lyon.fr/ife/recherche/groupes-de-travail/creuset-danalyse-des-
recherches-collaboratives-crac) seminar of the Interface and Incubation pole of the IFE.

63 Rallye Mathématique de I’Académie de Lyon, abbreviated as RMAL, Mathematical Rally of the
Academy of Lyon in English. Website: http://rallye-math.univ-lyon|.ft/

64 Refer to section 1.1.2 for detailed description of French curriculum.

65 AP (accompagnement personnalisé) lesson: Every two weeks, Emma has one hour of personalized
support lesson of grade 10. She selects the weaker students at this stage for doing a little bit of support
according to the class test. According to Emma, she could also do more in-depth work in such lesson.
But for the moment, priority is given to support.

% STMG: Sciences and technologies of management and administration. Sciences et Technologies du
Management et de la Gestion (in French). Students in this class is going to prepare a technological Bac.
Therefore, there is a little less general education for these students and they already do subjects such as
management, economics, law, etc. In terms of mathematics, these are students who don’t have any
confidence in themselves. According to Emma, she tries to lead students to get back to the basics and
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grade 11, and one class of science series®” of grade 12. In this research, we only
observed one natural class of grade 10 in French case, including the AP lesson taken by
students from this natural class. There are 32 students in Emma’s mathematics class
that we observed. In this class, there is a big gap in the mathematics level of students.
In Emma’s mathematics class, participants in AP courses are mobile, depending on
student’s performance on the classroom test. As shown in table 3.3.1, Emma gives
lessons of grade 10 for 5 or 6 hours each week, including 1h for AP (every two weeks),
1h for each half-class, and 3h for the whole class.

Corresponding to the hierarchical teaching in Chinese case, AP in French case can be
regarded as a kind of hierarchical teaching to some extent. Moreover, there is an
organization of half-class in French case. According to the different elective lessons
selected by students, once a week, the entire class will be split into two classes for
teaching. In this case, we note the split two classes in French case as class C and class
D. Students in the first demi-class are better in mathematics than the second, Emma
tries to adapt her explanations and go further for the second demi-class after her
reflections on the first one. She uses all the same teaching materials in two demi-classes

so that everyone can follow suitably the next day.
3.3.3 Data collection in case studies

In this section, we explain what data is collected and how it is collected. We specifically
explain data collection in the following sections: the timeline of data collection, and the
data collection tools.

3.3.3.1 Timeline of data collection

As we mentioned in section 3.3.2, we selected one Chinese (including his guiding
activity with preservice teacher Shi) and one French mathematics teacher of 10" grade
for follow-up observation.

The data collection of case studies lasted around four months: two months in France
and two months in China. The actual timeline of data collection is shown in Figure 3.3.3.
As presented in table 3.3.1, We followed the process of teaching function in one specific
class of grade 10 in France, and two specific classes with the Chinese teacher Lin in
China. During these two months, the French teacher was followed at least three times
(5h) each week and Chinese teacher was followed at least 10 times (5 times, 3h45min
for each class) each week, which contained all the mathematics lessons of certain
contents of function (mathematical contents shown in table 3.1.1) in the specific classes.
In order to have a more in-depth and comprehensive understanding of the role of

give them back their confidence because, if they listened to themselves, many of them would give up
mathematics completely.
67 Refer to section 1.1.2 for detailed description of different streams in French curriculum.
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variation in the teaching of function in the two case teachers, we also observed a series
of guiding activities between Lin and one preservice teacher Shi in China, and a series
of thematic lessons led by Emma in France. For the more detailed classroom
observation time and the content of each lesson, it is presented in Appendix I (Chinese
case) and Appendix II (French case).

1 i1 > Start of data collection in
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Figure 3.3.3 The timeline of actual data collection

There are mainly three kinds of lessons in each case teacher’s classroom teaching:
lessons for new knowledge, exercises lessons, guiding activities (Lin and Shi) and
thematic lessons (Emma). Every once in a while, Lin will arrange exercises lessons to
explain the difficult tasks and the mistakes that students made in exams or their
homework. Different from Lin, the exercises explanation is organized in the lesson of
new knowledge in Emma’s teaching so there is no specific lesson for exercise

explanation in French case.

In Chinese case, we collected 24 lessons®® of Lin’s teaching, including 16 lessons of
introducing new knowledge of function, 8 lessons of explaining tasks in tests or
homework. We conducted two formal interviews. We also collected 3 guiding activities
between Lin and preservice teacher Shi, 2 lessons of Shi as a result of the guiding
activities, and one formal interview with Shi (See appendix I for details).

In French case, we collected 40 lessons of Emma’s teaching. As shown in appendix II,
types of lessons in Emma’s teaching are various. Some of contents are designed by
Emma to present as the pre-knowledge for the teaching of function, such as intervals,
factorization, union, intersection, etc.; some lessons are about computer science, such
as Python and cryptology; some are mathematical activities as rally. Therefore, we only
keep 26 lessons®® directly related to function to analyze, including 17 lessons of

8 Here 24 lessons refer to the number of lessons in both class A and B, which means doubles the number
of teaching content in appendix I.

% Here, 26 lessons=17 lessons of new knowledge (including 3 half-classes of new knowledge) +9
thematic lessons (including 2 half classes of thematic lessons)
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introducing new knowledge of function (highlighted in yellow in appendix II) and 9
thematic lessons. Other lessons are used as the background information to support our
analysis. We conducted two formal interviews and one discussion with Emma (See
appendix II for details).

3.3.3.2 Tools of data collection
In this section, we introduce specific collection tools we use during data collection.

The data collection of this study is based on what Wolcott (1992) called, “watching
asking and examining”, that is, teaching observation, interviews, inspection and
analysis of curriculum resources, including teachers’ teaching plans, teaching resources,
and students’ feedback (feedback in class, students’ homework). We implement the
“non-participant observations” in real classroom teaching for two teachers in China and
France, and focus their teaching in one (France) or two classes (China).

As teachers’ documentation work is the core of our model of teaching through variation
(see section 2.4) and the DAD claims that analyzing teachers’ documentation work
requires specific methodology (Trouche et al., 2020a), we refer to the five main
principles to organize our data collection. Trouche et al. (2020a) have developed a
specific methodology named reflective investigation of teachers’ documentation work
inspired by the epistemological considerations of the elements related to the analysis of
teachers’ activity through their documentation work, such as the variety of resources
feeding, and produced by, this work; the variety of interactions (collective, institutional
as well as social) influencing this work; the time for developing documentational
geneses. As the teacher is the one having access to the teacher’s documentation work,
this methodology gives a major role to teachers themselves, and it is underpinned by
five main principles: 1) The principle of broad collection of the material resources used
and produced in the course of the documentation work; 2) The principle of long-term
follow-up; 3) The principle of in- and out-of-class follow-up. The classroom is an
important place where the teaching elaborated is implemented, bringing adaptations,
revisions and improvisations. However, an important part of teachers’ work takes place
beyond the students’ presence - at school (e.g., in staff rooms), at home, in teacher
development programs; 4) The principle of reflective follow-up of the documentation
work; 5) The principle of permanent confronting the teacher’s views on his or her
documentation work, and the materiality of this work (materiality coming, for example,
from the collection of material resources; from the teacher’s practices in her
classrooms).

We regard these five principles as guidelines for our methodological choices and we
adapt them based on our research questions and the actual situations in our classroom

observation. In the case study, we mainly collect data through the following activities:
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observation of daily classroom function teaching, interviews with case teachers, visiting
teachers’ resources, informal communications with teachers after class, and observing
a series of guiding activities between the case teacher Lin and a preservice teacher Shi
in Chinese case and thematic lessons arranged by the case teacher Emma in the French
case. We present all the data collection tools we used in the case studies in table 3.3.2.

Table 3.3.2 Data collection tools in China and France

Data Chinese case French case

Classroom observation (Daily | Collect Lin’s working sheets Collect Emma’s  working
lessons) Video-recording (camera B) in | sheets

class Audio-recording in class

Take notes in class Take notes in class

Take photos of blackboard Take photos of blackboard
Visit teachers’ resources Take photos Take photos
Interaction Interview Audio-record Audio-record
with the (formal)
teacher Conversation | Recalled the contents and take | Recalled the contents and take

(informal) notes after communication notes after communication

Series of guiding activities | Video-recording in classroom
(Chinese case) teaching (camera B);

Collect working sheets of Shi;
Interview with Shi (audio-record);
Take notes during the interactions
between Lin and Shi;

Take photos of blackboard

Thematic lesson Interview with Emma (audio-
(French case) record);
Collect working sheets of
Emma;
Video-recording (camera
A&B);

Collect students’ group
working sheet;
Take photos of blackboard

From table 3.3.2, we can see that we mainly use the following tools: collect teacher’s
working sheets (also students’ sheets in thematic lesson), video or audio recording, take
photos and notes, and communications with the case teachers. We introduce them one
by one:

e Working sheets:

Working sheets refer to the teachers’ lesson preparation sheets. Both of the case teachers
prepare the corresponding lesson preparation sheet according to the teaching content
during class preparation, and bring them to the classroom teaching. We collect these
sheets for analyzing case teachers’ documentation work (actual variation) and compare

it with what actually happened in the classroom (practical variation).

In addition, in the French thematic lesson, we also collected students’ working sheets
because Emma continues to make teaching adjustments based on students’ feedback.
The arrangement of teaching is closely related to students’ feedback, i.e., teacher’s
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documentation work (actual variation) relies on the students’ reactions.
¢ Video or audio recording, photos and notes:

During the observation of daily lessons, we collected data by taking pictures of the
screen/blackboard, audio-recorded or video-recorded in class, and taking notes in class.
Considering the acceptance of the case teacher and students, we adopted video-
recording in China and audio-recording in France. The audio and video recordings
made during the observation supplement to the notes taken during the classroom
observation. This research focuses on how teachers use variations in the classroom, as
well as the variations produced by teacher-student interaction. Therefore, we plan to set
up two cameras in the research design: one set at the middle of the back of the classroom,
facing the blackboard, to observe the overall situation of the class; the other one is on
the front side, which takes a detailed picture of the teacher’s behavior, writings on the
blackboard, etc. When the students conducted group activities and the teacher patrolled
the whole class to give guidance to each group, this camera followed the teacher to
record the interactions between the teacher and the students. The placement of cameras
and recorders in this study is shown in Figure 3.3.4.

Blackboard/Screen

\.’EE' Camera A

Audio-recorder

N | Th h E
Camera B € researchner !

Figure 3.3.4 The design of classroom observation

In practice, since audio-record was used in the daily French classroom, we placed the
recording pen next to the researcher so that the researcher can take notes and record the
time corresponding to the recording time. In the French thematic lesson, we placed
cameras A and B according to our research design above, and the camera A followed
the teacher’s movement. In the Chinese case, we only placed camera B. As there was
no group activity, a single camera also met our recording needs.

e Interviews and communications with the case teacher:

Considering that teachers are very busy, this study used the combination of interviews
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and dialogues described by Woods (1985). There are two formal semi-structured
interviews in our research, one for realizing the background information, the other for
learning more about the teacher’s ideas and assuring the data is accurate. The formal
interviews usually last from one hour to one and a half hours, and they were audio-
recorded. After the data of interview is transcribed, it is delivered to the teacher to
confirm that the interpretation is correct. During the period of observation, if case
teacher had some time, we discussed the classroom teaching and subsequent lesson
arrangements around 10 minutes after class. Sometimes, we used the teacher’s tea break
or had lunch with the teacher for a more relaxed discussion of mathematics teaching.
After that, I recalled the conversation and wrote it down. The discussions that took place
in these relaxed atmospheres often inspired us a lot.

In Chinese case, we also conduct one formal semi-structured interview with the
preservice teacher Shi about the series of guiding activities. And as the school-based
teaching book is a main resource and wildly used in Lin’s teaching, we have a
communication the chef-editor about the design of this book. In French case, we
conduct one formal unstructured interview with case teacher Emma about her
preparation and her idea of design for the thematic lessons. This interview is conducted
before the class.

We adopted progressive focus approach (Woods, 1985) during the interview. During
the first encounter (formal interview), the teacher described his/her general situation,
including his/her basic information (professional title, academic background, work
experience, training activities that teachers participate in, etc.), the overall situation of
the school (number of students, overall level, school activities, etc.), the situation of the
observed class (students’ mathematics level, class atmosphere, etc.), the organization
of function lessons (duration, sequence of lessons, pre-knowledge of function,
resources used, arrangement of thematic lessons, teacher’s classroom design and
teaching style, etc.). In order to understand the resources used by teachers in more detail,
we also visit case teachers’ resources in school and recorded them by taking photos.
This is a preparation interview before the first visit to the classroom teaching. Follow-
up interviews and conversations focus on issues and topics highlighted from dialogue
and classroom observations, conducting retrospective interviews with teachers’
thinking, design concepts, and reflections at that time.

It should be pointed out that during data analysis, we do not regard the collected data
as static. The dynamics of data are mainly reflected in two aspects: 1) Our model of
teaching through variation is dynamic: As we presented in section 2.4, the evolution of
data is embedded through teachers’ documentation work and their reflections; 2) We
try to connect the data obtained in various ways, and hope that there is a comparison
between the data to ensure the accuracy of our data analysis. For example, we check
whether there is any discrepancy of the data between the interview and the classroom
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observation, or there is mutual corroboration between data, or different data
complement each other. Through this way, we can see a more comprehensive, accurate

and intuitive case displayed before us.
3.3.4 Data analysis in case studies

In response to the three research questions that we put forward, we explain how the data
is analyzed in case studies from three perspectives: the analysis of teacher’s resource
system, the analysis of general situations, qualitative analysis of selected episodes. As
we presented in section 3.3.1, we perform multiple case “replication” and adopt the
same approach to conduct data analysis in Chinese and French cases.

3.3.4.1 Analysis of case teachers’ resources system

The background of the case mainly involves the following perspectives: case teachers’
resources, their resource system and case teachers’ documentation work.

We adopt a combination of subjective and objective methods to analyze teachers’
resources. From an objective point of view, the analysis of case teachers’ resource
system is based on the data collected through interview with case teachers, the visit to
teachers’ office and the observation of case teachers’ practical teaching. Considering
that there are many types of teachers’ resources, we divide case teachers’ resources into
four types according to different teaching purposes: resources related to tasks; resources
related to pure mathematics knowledge; resources related to didactics, and resources of
software tools to assist classroom teaching. These four classifications are based on the
classification of resources in the inferred mapping proposed by Rocha (2019), see
Figure 3.3.5.

From a subjective point of view, we conclude case teachers’ understanding of good
resources and use of resources through their description in the interview and our
observation. We hope that through case teachers’ own understanding of good resources,
we can see the reason why case teachers choose the resources they use nowadays among
the many resources. Table 3.3.3 presents the analytical framework we constructed. Our
approach is to analyze these aspects respectively and then try to make out how they

interact with each other, and ultimately serve for teaching through variation.

As with the analysis of teacher resources, when analyzing the documentation work of
case teachers, we also adopt a combination of subjective and objective methods. From
an objective point of view, the analysis of case teachers’ documentation work is based
on the data collected through interview with case teachers, the visit to teachers’ office
and the observation of case teachers’ practical teaching. We study teachers’
documentation work through three perspectives: his/her interaction with resources,
interaction with students, and interaction with other teachers. In studying case teacher’s

interaction with resources, we use the two intrinsically intertwined processes

101



“instrumentalization” and “instrumentation” in the documentational genesis (section
2.3). Furthermore, three aspects are considered in the analysis of instrumentalization:
selection of resources, (re)design of resources, and the track and management of tasks.
This is based on the two ways of teachers’ work (personalization and transformation)
in the process of instrumentalization proposed by Trouche et al.(2020a), which
described in section 2.3.2.1. From a subjective point of view, we describe case teachers’
interpretations of variation in tasks.

Table 3.3.3 Analytical framework of background information

Objective point of view Subjective point of view
Teachers’ resources | Resources related to tasks Teachers’ understanding
and resource system - of good resources and use

Y Resources related to mathematics g
of resources

Resources related to didactics

Resources of software tools
Teachers’ Interaction with resources: | Teachers’ interpretation

documentation work instrumentalization and instrumentation of variation in tasks
Interaction with students

Interaction with other teachers

At the end of the analysis, we draw a mapping of the resource system of each case
teacher through the lens of variation. This inferred mapping is adapted from the inferred
mapping of the resource system proposed by Rocha (2019), see Figure 3.3.5.
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Figure 3.3.5 An inferred mapping of the resource system proposed by Rocha (2019, p. 193)

As we described in section 3.3.3.2, the principles of reflective investigation method are
used as guidelines during our data collection. The inferred mapping in this study is
made by the researcher reflected on the analysis of teacher resources and their
documentation work (see table 3.3.3), which are based on the teacher’s interviews and
observations of the teacher’s work. In addition, in order to better serve our research
questions, we draw the inferred mapping of case teacher’s resource system through the
lens of variation. We focus on the interaction between resources and evolution in the
resources based on the variants and invariants in teacher’s resource system and
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documentation work, in order to further discuss the potential resources with variation
in high school mathematics teaching. We present our inferred mapping of teacher’s

resource system in Chinese case here as an example, see Figure 3.3.6.
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Figure 3.3.6 An inferred mapping of teacher’s resource system in Chinese case
3.3.4.2 Analysis of General situation in classroom teaching

We study the general situation of case teachers’ classroom teaching through variation
from four types of variations (contextual, representational, conceptual, and procedural
variation) based on our analytical framework (section 2.4.4).

As mentioned in section 3.3.3.1, the general situation in our study is based on the study
of 24 lessons in Chinese case, of which 16 are lessons of new knowledge and 8 are
lessons for exercise explanation, excluding the classrooms of preservice teacher Shi;
and 26 lessons in French case, of which 17 are lessons of new knowledge, 9 are thematic
lessons, see table 3.3.4. We study 53 tasks (27 series of tasks and 26 tasks) in Chinese
case, and 37 tasks (29 series of tasks and 8 tasks) in French case.

Table 3.3.4 The number of tasks in case studies

Chinese case French case
Number of lessons 24 (16+8) 26 (1749)
Number of tasks | Series of tasks | 27 29
Tasks 26 8
Tasks in total 53 37

Regarding

following points to explain:

the selection of the lesson and the counting of the tasks, we have the

e Only tasks of function counted: Because of the connection between functions,

inequalities, intervals, and other knowledge, there are often review of other

knowledge in the teaching of function. We only pay attention to tasks related to the
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content of the function.

e The definition of series of tasks: As we need to distinguish series of tasks from tasks,
we define a series of tasks in our research: a series of tasks is a list of tasks with a
consciously chosen ordering which is relevant for one or several educational
purposes (Gosztonyi, 2015a). It is proposed by the curriculum resources or the case
teacher’’. These tasks can be parallel or progressive. Series of tasks often noted with
the second-level question number, such as 1(1), (2), or a), b). Sometimes Chinese
teacher may use the Chinese characters “4F 3 (variation) or “%l11iR if %~
(knowledge transfer) to note the tasks to show the relations in this series of tasks.

o We completely retain the task number that case teachers use in their working sheets
or on the blackboard when performing case studies (the description of general
situation and episodes).

In order to clearly show the number of occurrences of variations, the time of occurrence
and the teaching content where they are located, we combine each variation with the
timeline and display them in a schematic representation. We give an example of French
case here, as shown in Figure 3.3.7.

oM

— Enuma relains the variation - ‘Eumma reduces the variation

Variation emerged in class Emma creates the variation

Figure 3.3.7 Schematic representation of occurrences of different types of variations
We make an explanation of this schematic representation:

e Timeline: We draw a timeline of the entire case teachers’ teaching of function in
grade 10, where each color represents each theme of function marked below the
timeline. Circles in the timeline means the start of a lesson. One theme of function
may have several lessons. For example, the concept of function is displayed in dark
green in our schematic representation with 3 circles, which means that the teacher

70 This refers to the situation where the tasks are first presented as a series of questions. Because when
students encounter difficulties in actual learning, teachers will divide one task into series of tasks for
students’ understanding, which is especially common in French case. Such kind of situations are still
counted as one task here.
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has given three lessons for this content.

e Sticks on the timeline: Sticks on the timeline represent the occurrences of the
variations. The sticks on the timeline are thick or thin. The thick one represents the
variations occur in a series of tasks, and the thin one represents a task. In addition,
different colors of the sticks represent different sources of the variations in the tasks:
“black” means the variation is already embedded in the tasks and directly taken by
the case teacher without changing anything; “orange” means the variation in the
task is created by the teacher himself or herself. This may be that the task is created
by case teacher, or that case teacher has created a new variation through the
arrangement of existing tasks; “green” means there is variation embedded in the
tasks and the teacher extends this variation; “blue” means there is variation
embedded in the tasks and the teacher reduces this variation; “yellow” means there
is variation embedded in the tasks and the teacher removes this variation; “red”
means the variation emerges in the practical teaching through the interactions

between case teacher and the students.

The main difference between “extend” and “create” here is whether the original task
itself contains this type of variation and whether there is a new variation emerged
through teachers’ documentation work.

In the process of studying general situations of variations, we first record the different
types of variations that appear in the classroom teaching, and then we choose sticks of
different colors according to the source (already embedded in the task, extend, reduce,
remove or create by the teacher) of the variation in the task.

3.3.4.3 Analysis of episodes, guiding activities and thematic lessons

Episode in our research means a clip or several clips of classroom teaching chosen by
the researcher, starting with a given task or series of tasks proposed by the case teacher
and end with the explanation and discussion between the teacher and students of this
task or this series of tasks.

Analysis of episodes is a further analysis after the analysis of general situations of
different types of variations, aiming to dig deeper into the characteristics and reasons
of case teacher’s teaching through variation. Guiding activities and thematic lessons
can help us to understand case teachers’ work from another dimension. We conduct

qualitative analysis in selected episodes, guiding activities and thematic lessons.

In this section we explain the criterion we used for choosing the episodes, the tools we
used (analytical framework and variation path) for analyzing each episode, guiding
activity or thematic lesson and the schematic representation of variation path we draw
for reflecting the evolution of variation through appropriation, implementation and
reflection.
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Criteria for choosing the episodes to zoom in

We select episodes to study on the basis of the schematic representation of occurrences
of variations of the general situation, following the three criteria below:

e We choose the episode with important mathematics knowledge to teach. The
“important” here is determined by the national curriculum standard or textbooks, or
this content is directly emphasized by the case in class;

e We choose the episodes with multiple processes of teaching. For important
knowledge that is not easy for students to understand and master, case teachers often
design a series of lessons for this teaching goal. In this process, the variation is more
fully and complete, which is often accompanied by the introduction, in-depth, and
review of knowledge. We can see the role of variation at different stages of teaching;

e We make sure that every type of variation is studied.

Analytical framework and variation path for analyzing each episode, guiding
activity and thematic lesson

We analyze the data based on the preliminary model (section 2.4.3).

Firstly, we study the potential variations embedded in the “original” tasks’' in the
episode, guiding activity, or thematic lesson; the actual variations through case
teacher’s documentation work based on teacher’s working sheets, interview with the
teacher; and the practical variations based on the classroom teaching observation. The
analytical framework (section 2.4.4) is used here to study potential, actual and practical
variations from different types of variations. In the analysis process, we retain the title
of tasks used by the case teacher, such as the word “example”, “exercise”, or “task”. In
our research, we do not make a specific distinction between these words. We use the

word “task” to uniformly refer to all of them in the analysis.

Then we focus on the three processes: appropriation, implementation, and reflection.
These three processes are to dynamically link the three relatively static variations
(potential, actual and practical variations) we analyzed earlier. The schematic
representation of variation path (section 2.4.4) is drawn for each episode, guiding
activity and thematic lesson to make the process intuitive.

It has to be clear that the word “retained”, “extended”, “reduced” or “created” in the
variation path correspond to the meanings of different colors of the sticks we mentioned
in the general situation (section 3.3.4.2).

"I the “original” here is relative to the case teacher, representing the tasks that teacher gets from the
beginning.
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3.4 Contrasting the French and Chinese case

In our research, we followed the curriculum implementation process from the
introduction of the curriculum standard (intended curriculum), to the analysis of the
textbook and its associated digital curriculum resources (intended curriculum), to the
analysis of specific classroom cases (enacted curriculum), attempting to first draw a
picture of teaching through variation in China and France respectively, based on the
preliminary model of variation and its corresponding analytical framework (section

2.4.3 & section 2.4.4), and then contrasting the two cases.

Our research is not designed to compare the teaching through variations in two
countries, but an investigation with a common goal, i.e., to refine our preliminary model
and corresponding analytical framework of teaching mathematics through variation
with these two different cultural contexts. To achieve this common goal, three steps are
taken in the contrast of two cases:

e Different types of variations in the framework are used to contrast the three stages
(potential, actual and practical) of the two cases;

e Variation path (section 2.4.4) is used to contrast the evolution (i.e., retain, remove,
reduce, extend, create) of the variation in the two cases;

e A framework with two main levels presented by Wang (2019) is used as a common
framework to extend our results in Chinese and French case (see Figure 3.4.1): One
is the level of mathematics teaching content and the other is the level of education
noosphere.

As shown in Figure 3.4.1, the level of mathematics teaching contents concerns
teachers’ specific teaching activities, including the discipline, domain, sector, theme
and subject (level 1-5) and the level of education “noosphere” (Chevallard, 1985)
concerns teachers’ teaching environment, including the pedagogy in the curriculum,
the decisions or regulations from school level, curriculum developers or politicians,
and the potential cultural influences (level 6-9).

According to the specific meaning given by Wang (2019), Artigue and Winslew
(2010), adapted to our own research, the nine detailed levels involved in this two-

main-level model were explained and clarified as follows:

1. Subject prescribed by curriculum standards or official evaluations, e.g.,
operations on logarithmic functions in our research (section 5.3).

2. Theme prescribed by curriculum standards or teachers, or inferred from
observation of several subjects within the theme, e.g., extremum of a function in
our research.
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3. Sector prescribed by curriculum standards or teachers, or inferred from
observation of several themes within the sector, e.g., function in our research.

4. Domain within a given discipline, described in curriculum standards or by
teachers, or inferred from observation of several sectors, e.g., algebra.

5. Discipline based on curriculum standards or other evidence, such as observation
and assertions by teachers, e.g., mathematics.

6. Pedagogy prescribed by schools or curriculum standards, observed or described
by teachers, e.g., technologies should be integrated into the teaching of function.

7. School or teaching institution, such as the conditions and characteristics of it and
the obligations or autonomy of teachers, e.g., School C and School F in our research.

8. Societies including in which way the school are governed, founded and

systemically organized, e.g., The Ministry of Education of China and France in our
research.

9. Civilization or cultural contexts, the principles for the role and meaning of

teachers’” work, or education ideas, e.g., Chinese culture and French culture in our
research.

Chinese case French case
— . T,
Civilization |*€ \ 3 / > | Civilization
o
Society | { 8 ) > Society
< ) s
Lasal o School < \; ), > School
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Figure 3.4.1 Two-main-level model for crossing cases (Wang, 2019, p71)

These nine levels run through our cases studies and crossing analysis. The contrasting
analysis is based on case studies in their respective contexts with detailed evidences
and traces of case teacher’s work. It helps us further reflect on the validity of our model
and analytical framework, also consider the possibility of situating case teacher’s
results to a larger context (section 7.1.4).
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Chapter 4

Potential Variation in the curriculum resources

Textbooks have historically played key roles in providing teaching resources to link the
intended curriculum and the enacted curriculum over years. It specifies the content to
be taught and provides guidelines about how this content might be taught (Chazan &
Yerushalmy, 2014). However, the development of technologies might challenge the
traditional role of textbooks and the corresponding role of the teacher in their
documentation work for teaching. Therefore, at this turning point, we do not discuss
the traditional textbooks apart from digital curriculum resources, but consider them as
a dynamic development process of curriculum resources. We analyze the evolution of
textbooks, from traditional textbooks to digital curriculum resources, through the lens

of potential variation.

In section 4.1, we present the general situation concerning mathematics textbooks, their
design and use, for French and Chinese high school. In section 4.2, we analyze the
potential variation in Chinese PEP textbooks, focusing on the chapters of function.
Section 4.3 is a twin section of section 4.2, aiming at illustrating potential variations in
the tasks of function in French Hyperbole textbook. In section 4.4, we focus on the
potential variations embedded in the digital resources, taking Sésamath and PEP
platform as examples. In section 4.5, we make a conclusion from the traditional
textbooks, digital curriculum resources and the role of teachers in this transitional time
through the lens of variation. Chapter 4 is also an entrance to our following case studies,
visiting the landscape of teachers’ work.

4.1 The general situation of the textbooks

Both China and France have national mathematics curriculum standards, and the
textbooks are designed based on the curriculum standards. On one hand, international
comparative studies of mathematics education (such as TIMSS’?, PISA”, etc.) show
that curriculum and textbooks have a significant impact on students’ learning and
achievement. Studies have shown that “learning opportunities” is a major factor

affecting students’ mathematics achievement, and curriculum and textbook design are

72 TIMSS: Trends in Mathematics and Science Study. Website: https://timssandpirls.bc.edu/timss-

landing.html
73 PISA: Programme for International Student Assessment. Website: https://www.oecd.org/pisa/
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also important factors affecting “learning opportunities” (Wang & Zhang, 2014). On
the other hand, in high school, textbooks play a core role in teaching, especially the
tasks in the textbooks are used for classroom exercises and homework assignments.
Therefore, in order to analyze the mathematics education in China and France, it is

essential to analyze the textbooks referenced by teachers.

In this section, we will give a general picture of textbooks in China and France from
the following aspects: 1) the evolution of the design of textbooks based on the
curriculum reform; 2) the structure and content of the selected textbook; 3) the
relationship between textbook and other teaching resources.

4.1.1 The general situation of the textbooks in China

In 2003, China promulgated “the Standards of General Senior High School
Mathematics Curriculum (Experimental Draft)”. This new curriculum reform in senior
high school has undergone significant changes in terms of curriculum goals, curriculum
structure and content, curriculum implementation and evaluation. In particular, the
concept of learning areas and module design has been introduced in curriculum design,
the course selection system has been introduced in curriculum management, and the
implementation of the credit system in curriculum assessment and evaluation, which
not only brings new ideas and methods to ordinary high school education, but also
makes Chinese ordinary high school education face great challenges (High School New
Curriculum General Training Series Design Group, 2004). This standard promotes the
diversification of textbook design. Different regions can appropriately adjust the order
of the content in textbook design according to the characteristics of students and
teachers, and design their own characteristics, in order to motivate teachers to teach and
students to learn (Zhang & Liu, 2020). Taking into account the differences between
urban and rural areas and the differences in teaching levels between provinces and cities,
different provinces (or regions) will choose the textbooks independently, which is
determined by the local education system. For the provinces with advanced education,
the difficulty of textbooks can be appropriately increased, and the requirements for
students can also be appropriately increased. For backward provinces with
underdeveloped education, the choice of textbooks should first consider the
popularization of the education, not the difficulty. At the same time, adaptability should
be considered in the design of textbooks. For example, the main content and context in
the textbook cannot be the content that urban students can understand, while the rural

students cannot.

After being reviewed by the National Primary and Middle School Textbooks Evaluation
Committee in 2004, there were five sets of experimental textbooks prepared in
accordance with the new curriculum standards: People’s Education Press A and B,
Beijing Normal University Press, Hunan Normal University Press, Jiangsu Education
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Press. These textbooks collectively reflect the basic concepts of the curriculum
standards and have entered the National Basic Curriculum Reform Pilot Zone for high
school students. In 2007, China comprehensively promoted new textbooks, and since
then has formed a new situation of “multiple textbooks with one curriculum standard”
(Zhang & Liu, 2020).

Considering the coverage of the textbooks and whether the textbooks conform to the
concept of curriculum reform in the country and the overall trend of curriculum reform,
we choose Chinese PEP (People’s Education Press A version) textbook to study (as we
presented in section 3.1.2).

According to the first-hand information about the suitability of the Standards for
General High School Mathematics Curriculum (Experimental) and its teaching
materials (People’s Education A version) obtained from classroom observations,
sample surveys, interviews between teachers and students, and thematic studies, Zhang
(2019) reflected on the existing problems in the previous textbook (published in 2007)
and summarize some of the guiding value for textbook revision: (1) Curriculum
philosophy and goals: Mathematics curriculum should focus on “basic”. “Selectivity”
is needed, but it must be coordinated with the students’ future development tendency.
The “three-dimensional goal” of the current mathematics curriculum is very
comprehensive, but teachers generally report that “the three-dimensional goal is good,
while its operability is not strong.” (2) The structure of the textbook is modular and
spiral: First, modularization leads to logical problems in the overall knowledge
structure of the curriculum standard textbooks; second, due to the limitation of class
hours, some knowledge in a module is deleted, resulting in inconsistent knowledge, and
some knowledge which is not directly related is placed in the same module in order to
piece together class hours; third, the knowledge is arranged in a spiral, which artificially
cut off the logical chain of knowledge, and the teaching requirements become
ambiguous and difficult for teachers to grasp; (3) Problems on the content and learning
order: Departing from specific subject knowledge and simply training in thinking and
proof methods have no effect on improving students’ thinking ability. For example,
there are some overlaps between the content of “block diagrams” and “preliminary
algorithms”. Besides, many teachers believe that mathematics study in high school is
to learn reasoning and proof and it is not necessary to set it as a separate chapter; (4)
Heavy academic burden for students: mainly includes the pressure from the college
entrance examination, too much new knowledge, structural disorder, unclear teaching
requirements, tense class hours, problems with junior high school, the interference of
other teaching and learning resources, etc. The above review and reflection on the
existing textbooks (PEP, 2007) laid the foundation to design the new textbooks in China.
These conclusions thus clarify the direction of the revision of PEP textbooks in the new
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round of curriculum reform.

As the new curriculum standard is issued in 2017, the corresponding textbooks are
designed and begin to use in September 2020. According to the latest curriculum
standards, the new textbook highlights the four main mathematics lines: function,
geometry and algebra, probability and statistics, mathematical modeling activities and
mathematical inquiry activities. The column “literature reading and mathematical
writing” is set up, taking the history of mathematics and culture of mathematics as the
basic carrier. Mathematical modeling activities are mainly set in themes such as
functions, probability and statistics that are more closely related to reality.
Mathematical inquiry activities take the form of daily penetrating teaching and topic
setting, mainly set at the intersection of mathematical knowledge.

Besides textbook, PEP published a series of teaching resources to support teachers’
teaching with PEP textbooks, such as teachers’ guidebook, book about research on the
design of high school mathematics textbooks, students’ exercise book, students’ reading
book, and various digital resources and so on.

Teachers’ guidebook is arranged in five parts: overall design, textbook analysis,
exercise solutions, cases of teaching design, evaluation suggestions and tests in the
order of the corresponding textbooks. The “overall design” is a general introduction to
the whole chapter, focusing on the design ideas of this chapter. It includes the overview
of this chapter, the learning objectives of this chapter, the structure diagram of the
knowledge, the arrangement of content, the arrangement of lesson hours, the intention
of the design of this chapter, and the teaching suggestions of this chapter. “Textbook
analysis” takes the section of the textbook as a unit, carry out the analysis according to
the sequence of the textbook, focus on presenting and describing the knowledge
structure diagram of this section, key points, difficulties, textbook design intention and
teaching suggestions, so as to help teachers accurately identify the relevant contents.
“Exercise solutions” gives reference answers to textbook exercises. For the
comprehensive problems, complete solution steps or problem-solving ideas are given.
Some “cases of teaching design” are selected and proposed, especially for the typical,
difficult in teaching, and new knowledge. Each teaching design includes teaching
content explanation, teaching goal explanation, teaching problem diagnosis and
analysis, teaching support condition analysis, teaching process design, examination
design and so on. “Evaluation suggestions and tests” are put forward from the aspects
of curriculum requirements, evaluation suggestions, task design suggestions, etc., and
exemplary evaluation tests are given for reference with the explanations of the design
intent of each task. In the follow-up analysis of the tasks in the textbook (section 4.2),
we take profit of the explanation in teachers’ guidebook.

Various digital resources for supporting teaching are offered with the PEP textbook,
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such as digital textbooks, animations and interactive exercises, online platform and so
on. We will discuss the online platform in more detail and in-depth analysis in section
4.4.3.

The structure of each chapter of PEP textbooks (published in 2019) is shown in Figure
4.1.1.

Summary;

Knowledge

Chapter Name structure of this

Section .1 | | Sectionn chapter;
Chapter Exercise 1.1 Exercise n Review and

Introduction reflection;

: Exercise for the

chapter

Mathematical
modelling;
Mathematical inquiry;
literature reading and
mathematical writing

Figure 4.1.1 The structure of each chapter of PEP textbook

Figure 4.1.1 shows that the design of the structure of PEP textbook is consistent. At the
beginning of each chapter, the content of this chapter is introduced with the chapter
name and chapter introduction reflecting the main content of this chapter, so that
students can understand the overview of the content of this chapter, and understand the
main ideas and methods of this chapter, which can be used for students to preview, and
can also be used as materials for teachers to introduce a new chapter. Teaching content
is divided into different sections, and each section is equipped with corresponding
exercises. PEP textbook also arranges optional columns (not as an exam requirement),
such as “mathematical modelling”, “mathematical inquiry”, “literature reading and
mathematical writing”, which provide resources for deepening students’ understanding
of relevant content, expanding students’ knowledge, and using information technology
to learn. For example, in the chapter of function, PEP textbook arranges “literature
reading and mathematical writing” of the formation and development of function. The
purpose of the textbook is to understand the history of function formation and
development, and to experience the writing process and method of literature review.
Four topics are provided for students to choose from: 1) The social background of the
function; 2) The historical process of the development of the concept of function; 3)
The story of function notation; 4) Mathematicians and functions. Textbook also
proposes the structure of a literature review. Each chapter arranges a “summary”,
including the knowledge structure of this chapter, the review and reflection on the
content of this chapter and exercises for this chapter. “Knowledge structure of this
chapter” reflects the main knowledge in this chapter, the development process of
knowledge and the interrelation between knowledge in the form of a block diagram.
We take the chapter of function as an example and show its block diagram in Figure

4.1.2. “Review and reflection” summarize the main content of this chapter and the ideas
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and methods reflected in it to deepen students’ understanding of the core content of this
chapter and the mathematical ideas and methods reflected in it.

We zoom in on each section in Figure 4.1.1 and then we get Figure 4.1.2, which shows
the structure of each section of PEP textbook. As shown in Figure 4.1.2, each section
begins with problem analysis. Teachers can arrange mathematical activity such as
“observation”, “thinking”, “exploration” and “induction” as needed, or add some open
tasks to stimulate students’ innovative thinking. For each mathematical statement, there
are corresponding examples. The forms of examples are various, including regular,
open, exploration and practical. There are also “Posts” and “Thinking” in the textbook.
“Posts” introduce background knowledge related to the mathematical content, and
“Thinking” contains some questions that help students to understand and to promote
their learning. At the end of each section, there is an optional column. Its content is
diverse, mainly in four categories: observation and conjecture, reading and thinking,
inquiry and discovery, information technology application. According to teachers’
guidebook (2019), in the process of content development, emphasis is placed on the use
of logical methods such as “analogy”, “induction”, “specialization” and
“generalization”, so as to encourage students to carry out active learning. At last, there
are exercises designed for the section.

Generalization

' Analogy<— Current content — Induction

Specialization
Problem analysis: Example:
Introduction | |+ Observation Regular tasks ; ! :
S Exercises for ' | Exercises for
(problem —+ Thinking — Open tasks M . ; .
L. > . the subsection | | the section

situation) « Exploration Exploration tasks i

¢ Induction Practical tasks

i Optional column:

Observation and conjecture

Reading and thinking

Inquiry and discovery i
Information technology application E

e o o o

Figure 4.1.2 The structure of each section of PEP textbook

Tasks in PEP textbook can be categorized as problems, examples and exercises.
Problems and examples are designed to use in the classroom teaching. The exercises in
this textbook are divided into three categories: exercises for the subsection, exercises
for the section, and exercises for the whole chapter. Exercises for the subsection are
designed to use in class, some are for the practice of what has been learned, and some
are for extension of related content; exercises for the section are designed to use as
students’ homework; exercises for the chapter are designed to use in reviewing the
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whole chapter. Tasks of exercises for section and for chapter are divided into three
levels according to their functions: “review and consolidation”, “comprehensive
application” and “extension and exploration”. We illustrate problems, examples and
exercises, and relations between them from the perspective of variation in section 4.2.

4.1.2 The general situation of the textbooks in France

Publication and use of textbooks are free in France. There is no authority to regulate
the publication of textbooks. Textbooks used by students are generally called
“classroom textbooks”. In France, textbooks are usually designed by experts
(supervisors, teacher educators, etc.). In most cases, classroom textbooks are chosen by
a team of teachers and validated by the school board. In elementary and junior high
schools, classroom textbooks are purchased by schools, but in high schools, textbooks
are purchased by students. In high school, textbooks play a central role in teaching
activities, especially the exercises in the textbooks are used for classroom practice and
homework assignments (Gueudet, Bueno-Ravel, Modeste & Trouche, 2018). In
previous research (Gueudet & Trouche, 2012; Pepin, Gueudet & Trouche, 2013),
researchers investigated teachers’ curriculum implementation: selecting resources,
converting these resources, creating resources for students, etc., research found that
textbooks are still the main resource for math teachers. In addition to the classroom
textbooks used for exercises, teachers use four to five other textbooks to prepare lessons,
design lesson introduction activities, or design exercises.

In 2016, because of the curriculum reform, the French Ministry of Education selected
a series of publishers to provide electronic resources consistent with the new curriculum.
Teachers and students can use this series of online platforms to access resources. This
evolution naturally also affected the textbook (Gueudet, et al., 2018). Recently, all paper
textbooks published in France are accompanied by electronic resources: when a teacher
or student purchases this textbook, he/she will get a digital version of the textbook;
companion websites related to textbooks will provide resources, such as slides, various
software, files, and answers to the exercises in the textbook. This evolution may affect
the mode of textbooks (paper and electronic textbooks) design, we further discuss it in
section 4.4.

As we explained in section 3.1.2, we choose French Hyperbole textbook (2014 edition)
to study in the following sections. According to the designer’s note in this textbook,
Hyperbole textbook (2014 edition) is in line with the spirit of the mathematics
curriculum standards applicable to the start of the 2014 school year and aims to provide
the best possible support for students in learning mathematics and to be a real
educational support for teachers. We mainly illustrate its reflection on the curriculum
standard from the following aspects: 1) Problem solving occupies an essential place
and comes in various forms (discovery activities, practical task, training tasks, in-depth
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study tasks); 2) Particular care has been taken in designing tasks. Precise
methodological advice helps guide the student in his or her work. In addition, the
statements proposed through the various task headings are of a progressive level; 3)
Largely based on the use of tools: many tasks are designed in a variety of situations
with the note “TICE”, which means solving them by using graphic calculators, dynamic
geometry software, computer algebra or spreadsheet software; 4) Algorithms are also
covered in all chapters, always with a concern for progressiveness; 5) Tasks of “training
in logic” present in each chapter, makes it possible to fix the concepts and the

vocabulary of mathematical logic.

The structure of each chapter of Hyperbole textbooks (2014) is shown in Figure 4.1.3.

Chapter
Name Exercises:
For training;
Tasks to start Chapter o For self-test
. . L. . Solving problems; .
(work r Introduction [ Discover [— Section 1 - Sectionn [— . r For going
. .. Practical task; .
independently) || (capacities further;
in the personalized
curriculum support
standard)

Figure 4.1.3 The structure of each chapter of Hyperbole textbook

As shown in Figure 4.1.3, each chapter begins with several tasks which need to be
complete by students themselves. This is more like a small test to realize students’
understanding of related knowledge learnt in the lower secondary school. Then, a photo
and a text are presented to make it possible to situate the chapter in the world around
us and in the history of science. The task number is proposed in connection with the
expected capacities mentioned in the curriculum standard. In the “Discover” part, two
pages of activities introduce new notions. Tasks to be solved in the activity is indicated
by a frame organized in the textbook and often associated with information and
communication technologies for education’. After this, textbook presents the contents
in each section. At last, there are exercises designed for the whole section. There are
many types of exercises in Hyperbole textbook: solving problems, practical task, tasks
for training, for auto-test, for going further, and also tasks for providing personalized
support. Different types of exercises make it possible to take care of the progression
and to diversify the mathematical activity. Similar to the organization of “know-how”
part, “solving problems” first propose a problem-solving task with its solution, and then
present several problems with the same mathematical knowledge after. Several

74 Information and communication technologies for education: Often note as “TICE” in French textbook.
TICE= Technologies de linformation et de la communication pour lenseignement (in French). It means
digital education refers to the use of information and communication technologies for education in the
context of education (TICE = TIC + education).
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practical tasks make it possible to experiment using ICT tools”. At least one of the
practical tasks is designed to use algorithmic notions. In the part of “tasks for training”,
there are tasks called “quick questions” to start mathematical topics in each section.
There are also tasks called “training the logic” in each section. In the part of “tasks for
auto-test”, there are MCQs with progressively and systematically increasing difficulty
offered in each section. Tasks for further is to open the students’ horizons, and there are
often some open tasks in this part. Two pages of personalized support tasks are
dedicated to personalized accompaniment, support students’ classroom learning with
specific headlines for each content or deepening their understandings. Not all the
answers to the tasks can be found in the textbook, only tasks with the titles in green are
corrected at the end of the textbook. In order to promote a progressive and reassuring
acquisition of knowledge and methods, the structure of each chapter is identical.

We zoom in on each section in Figure 4.1.3 and then we get Figure 4.1.4, which shows
the structure of each section of Hyperbole textbook. In each section, textbook presents
mathematical definitions and properties for classroom teaching, which is illustrated
with examples and graphs. An exercise called “know-how”’® is an exercise presented
with solution (one or more solving methods). Methodological advice is given to solve
the task. Several exercises of the same type are proposed to work on these methods after.

Section 1: Subsection n:
Mathematical Mathematical
statement statement
/knowledge; [ /knowledge;
Examples; Examples;
Exercise of Exercise of
know-how know-how

Figure 4.1.4 The structure of each section of Hyperbole textbook

Similar to the situation of Chinese PEP textbook, French Hyperbole textbook also
provides various other resources for supporting teaching, such as teachers’ guidebook,
digital textbooks, animations and interactive exercises and so on. In Hyperbole teachers’
guidebook, there are only the answers to the tasks in the textbook and the problem-
solving process.

4.1.3 Comparison of the general situations of Chinese and French textbooks

It is a time of transition of curriculum resources in both sides, China and France,

5 ICT tools: Information and Communication Technology tools, such as computer, graphic calculators,
specialized software, spreadsheets, etc.

76 Know-how: Identify, formulate possible responses to a task and apply the solution considered best
suited to solve it.
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because of the curriculum reform and the development of technology. Textbook is still
at the center of curriculum resources in both countries. Besides textbooks, there are
numerous resources designed to support teaching with textbooks, such as teachers’
guidebook, digital textbook, interactive exercises, online platform and so on. We
compare the general situations of Chinese and French textbooks in this situation of
transition from the variation point of view:

e Number of tasks and the intended role of the teacher: In Hyperbole textbook, there
are great numbers of tasks (around 100 tasks) in each chapter. The intended role of
the teacher is to choose which tasks he/she wants to use for supporting his/her
teaching. While in PEP textbook, there are much fewer tasks (around 30 tasks) in
the same mathematical content. The intended role of the teacher is to adapt, use and
extend these tasks.

e Reflective thinking is emphasized in Chinese PEP textbook. In the process of
content development, emphasis is placed on the use of logical methods such as
“analogy”, “induction”, “specialization” and “generalization”, so as to encourage
students to carry out active learning (see table 4.1.2). Students and teachers are
given new roles under this design, to think about and reflect on the tasks. Students
not only doing tasks but also have reflective understandings about them. Teachers
not only teaching or explaining tasks but also guide students to think mathematically.

We cannot find this kind of situation in French Hyperbole textbook.

e Diversity of teachers’ book of textbook: As the main supporting resources of
textbooks, teachers’ book in two cases are very different. In French Hyperbole
teachers’ book, there are only the answers of exercises, while in Chinese PEP
teachers’ guidebook, there are also the explanation of the intention and the spirit of
the design of chapter, section and tasks, etc.

In general, from the point view of variation, in Chinese case, variation is about a given
task, for French case, variation is about selecting the sequencing of tasks, not the
content of tasks, but the sequencing of tasks.

4.2 Potential variations in the tasks in Chinese PEP textbook

As we present in section 4.1.1, there are mainly three types of tasks in PEP textbook:
problem, example, and exercise. In this section, we study the potential variations
already embedded in different types of tasks of function in PEP textbook and the
relations between them (section 4.2.1, 4.2.2, & 4.2.3). The analysis of potential
variations is based on the analytical framework proposed in section 2.4.3: contextual,
representational, conceptual, and procedural variation.
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4.2.1 Tasks as problems for exploration and thinking in classroom teaching
In this section, we describe the four problems of function shown in the PEP textbooks.

Instead of proposing the concept of function to students directly, PEP textbook presents
four problems (table 4.2.1) to arouse students’ thinking about the function and to help
students to generalize the concept.

Table 4.2.1 Series of problems for the concept of function

Problem 1: A certain ‘Fuxing’ high-speed train accelerated to 350km/h and kept running at a constant
speed for half an hour. During this period, the relationship between the distance traveled by the train
(unit: km) and the running time t (unit: h) can be expressed as s=350t.

Thinking: If someone says: ‘According to the corresponding relationship y=350x, after this train
accelerates to 350km/h, it travels 350km for 1h. Do you think this statement is correct?

Problem 2: An electrical maintenance company requires workers to work at least 1 day a week and
no more than 6 days at most. If the company’s wage standard is 350 yuan per person per day, and
wages are paid once a week, how do you think a worker’s weekly wage should be determined? Is a
worker’s wage w (unit: yuan) a function of his working days d? w=350d, d = {1,2,3,4,5,6}
Thinking: The functions in problem 1 and problem 2 have the same corresponding relation, do you
think they are the same function? Why?

Problem 3: Figure shows the graph of the variation of Air Quality Index (abbreviated as AQI) on
November 23, 2016 in Beijing. How to determine the air quality index (AQI) value Y at any time of
the day according to the graph? Do you think Y here is a function of t?
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Thinking: Can you find the value of the AQI at 12:00 based on the graph?

Food expenditure

Problem 4: Internationally commonly used Engel coefficient r (7 = - X 100%)
Total expenditure

reflects the quality of life of the people in a region. The lower the Engel coefficient, the higher the
quality of life. Table 3.1-1 shows the variations in Engel’s coefficient of urban residents in a certain
province of our country. It can be seen from this that the quality of life of urban residents in this
province is getting higher and higher.

FEA v 2006 | 2007 | 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015

Btk IR 28 - (%) 36,69 | 36,81 | 38.17 | 35.69 | 35.15 | 33.53 | 33.87 | 29.89 | 29.35 | 28. 57

Generalization: What features do the functions in problem 1- problem 4 above have in common?
From this, can you generalize the essential characteristics of the concept of function?

Problem 1 is selected based on the knowledge of function that students have learned in
junior high school. Students are familiar with the analytic formula S=350t, and it is easy
to explain that there is a unique distance s corresponding to the certain time t. The
formula of problem 2 is the same as that of problem 1, but because the variable range
of the independent variable is different, they are two different functions. The purpose
of problem 3 and 4 is to provide students with more opportunities to understand the
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elements of the function from different angles, especially the importance of the
corresponding relation to the function, taking profit of different context and
representations of function. In the textbook, these four problems are accurately
described by using sets and corresponding language, guiding students to discover the
three elements of the function, and prepare for the abstract function concept. After the
analysis of these four problems, the textbook arranges a generalization: “What features
do the functions in problem 1- problem 4 above have in common? From this, can you
generalize the essential characteristics of the concept of function??”

We illustrate potential variations embedded in/among these four problems:

® (Contextual variation: The contexts of these four problems are different but all
closely related to real life, respectively belong to societal, occupational, scientific,
and societal context. Therefore, there is a contextual variation from
societal/occupational/scientific context to mathematical context in each problem.
On the one hand, problems with various contexts allows students to experience the
extensive use of functions in reality, so that students feel the necessity of learning
functions. On the other hand, problems related to real life make the acquisition of
the corresponding relation and domain of function more direct and easier for
students to understand.

® Representational variation: Function in problem 1 and problem 2 are represented in
formula, problem 3 is represented in graph, and problem 4 is represented in table of
value. Through these 4 problems, three representations of the function are shown,
paving the way for the subsequent teaching of the representation of the function.
Representational variations here make students realize that the corresponding
relation f can be a formula, a graph, or a table of value. From the graph and a table

of value, we can intuitively see the corresponding relation between x and y.

® Conceptual variation: About the concept of function, problem 1 is a standard
variation, as it is a linear function, simple formula and students are familiar with the
context of the problem, which is connected with the content in junior high school.
Problem 2-4 are non-standard variations. Problem 2 and problem 4 are discrete
functions. Problem 3 uses the graph, and problem 4 uses the table of value to
represent functions, which are not familiar ways for students. Various types of
functions and representations of various functions help students better grasp the

connotation and extension of the concept of function.

® Enhancing the formation of concept is embedded: Teachers’ guidebook (2019)
indicates that the discovery of concept of function is difficult for most students,
especially to express concepts in set language and corresponding relation, which is
very mathematical. It is not necessarily the best way to require students to explore
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and discover independently. Therefore, the textbook designed some questions called
“Thinking” to guide students. For example, one question is raised in problem 1: “If
someone says: ‘According to the corresponding relationship y = 350x, after this
train accelerates to 350km/h, it travels 350km for 1h. Do you think this statement is
correct?” From the reason that this statement is incorrect (not paying attention to
the variation range of t) leads to the need to define the function in terms of set

language and corresponding relation.

Teachers’ guidebook (2019) recommends guiding students to use the same language
to describe the corresponding relation and laws for the following three problems, so
as to pave the way for generalizing concepts. It also points out it is an important
opportunity to implement mathematical abstraction in the teaching of function
concepts, and teachers should not replace it. Teachers are suggested to arrange
mathematical activities, so that students can experience from sets Al, A2, A3, A4
to set A, from sets B1, B2, B3, B4 to set B, from specific formulas, graphs, tables
to the abstract corresponding relationships f. On this basis, organize the following
table (see Figure 4.2.1) for students to observe the common characteristics: 1) Both
contain two non-empty number sets A, B; 2) Both have a corresponding relation f;
3) Although the representation of the corresponding relation f is different, they all
have the following characteristics: For any number x in the number set A, according
to the corresponding relation, there is a unique number y corresponding to it in the
number set B. The general concept of a function can be obtained by using sets and
corresponding languages, using a unified notation.

et 5t ‘ Set oﬁa{ﬁp&ggﬁnt qoﬁﬂ}iﬁ%ﬁding SRR R ction Set oﬁ‘ﬁ%ﬁ%&lues

Problem
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Figure 4.2.1 A table for generalization of the concept of function

Pudian is embedded for the following study of the representation of the function:
Teachers’ guidebook (2019) clearly points out that these four examples pave the
way for the three representations of learning functions. For example, the curve in
problem 3 represents the change of air quality index in Beijing on November 23,
2016. The graph intuitively expresses the trend of the change of the corresponding
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function value with the change of the independent variable, which is helpful for us
to study some properties of the function.

® OPMC: Problem 2 and Problem 1 have the same formula but different domains.
Problem 2 is a discrete function. In “Thinking”, students are required to compare
the two, so that students can further realize the importance of paying attention to
the domain of a function.

Here, the “inductive” method is adopted in the teaching of the concept of functions.
Teachers’ guidebook (2019) states that “In classroom teaching, it is necessary to reflect
the intention of the textbook, and arrange a process of ‘specific case-observation,
experiment-comparison, classification-analysis, synthesis-abstract, and generalization’
for students, so that students have the opportunity to draw general laws through their
own analogy and induction, and obtain the concepts and properties of functions.” It also
states that “The emergence of the concepts of functions and mappings is much earlier
and more natural than formal definitions. We can and even have to use the concept of
functions that arise in practice without having to create or define functions, mappings
first. After students have been exposed to many functions and have been able to
construct functions, let them generalize what functions are. This is an example of
mathematical activities to create this new basic concept.”

We noticed that the series of problems is presented with several thinking questions here.
This series of problems are carefully designed with variants and invariants, and
questions proposed in thinking make the embedded variations explicit and then trigger
students to think, to compare, to generalize, and finally achieve the teaching goal. In
this case, concept is explored by students through distinguishing between essential and
non-essential features of the variation.

4.2.2 Tasks as examples in classroom teaching

In this section, we first illustrate the potential variations in one single example (4.2.2.1),

and then we use two series of examples to illustrate the potential variations in a series
of examples (4.2.2.2).

4.2.2.1 Potential variations in one single example

Here is an example (table 4.2.2) in the section of representation of the function in PEP
textbook. Example 7 uses a table to give four functions, which respectively represent
the test scores and class average scores of three students in a certain test in a school
year. It is not intuitive to distinguish the performance changes of the three students from
this table, which requires students to choose an appropriate method to represent the

function for further analysis.
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Table 4.2.2 An example of the representation of a function
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Example 7

class average scores.

Table 3.1-4 shows the scores of three students of class! in six mathematics tests in grade 10 and the

Table 3.1-4
Name Test serial number
1 2 3 4 5 6
Wang wei 98 87 91 92 88 95
Zhang cheng 90 76 88 75 86 80
Zhao lei 68 65 73 72 75 82
class average scores 88.2 78.3 854 1803 | 75.7 | 82.6

Please make an analysis of the mathematics learning of these three students in the first year of high
school.

We illustrate potential variations embedded in this example:

® Contextual variation: The context of this example is personal. Students need to use
mathematical knowledge to analyze real-life problems from a mathematical
perspective.

® Representational variation: PEP textbook chooses the graph of the function as a
representation method to solve the task, see Figure 4.2.2. Teachers’ guidebook states
that “It is necessary to pay attention to choosing the appropriate method to express
the function according to actual needs. In teaching, students should be guided to
observe graphs, learn how to obtain useful information from graphs for analyzing
the learning situation of each student in the table. Therefore, there is a conversion
from table to graphs of the functions, and from graphs to natural languages in this

process.
v
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Figure 4.2.2
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The context of Example 7 is very close to the life of students. It requires students to use
the knowledge they have learned flexibly. After fully understanding the characteristics
of three representations of function, students choose the appropriate representation and
finally use the mathematical knowledge to analyze the situation and explain it in natural

language. This is a comprehensive application task.
4.2.2.2 Potential variations in a series of examples

PEP textbook sometimes designs a series of examples. This series of examples is
hierarchical, related, and advanced step by step, and finally achieves the teaching goal.
We illustrate two series of examples from the PEP textbook here.

PEP Textbook presents three examples in the section of the monotonicity of a function
(table 4.2.3) to illustrate the method of using the definition to prove the monotonicity
of a function. Example 1 is to use the definition of monotonicity to study the
monotonicity of a linear function f(x) = kx +b (k # 0). This is not only to
familiarize students with the process of using definitions to study the monotonicity of
functions, but also to rigorously prove the conclusions obtained from the graphs at the
junior high school stage. Example 2 studies the monotonicity of the inverse proportional

function. The function f(x) =x +i in Example 3 is actually the sum of the

proportional function and the inverse proportional function, a special case of tick
function (whena = b = 1).

Table 4.2.3 Three examples of the monotonicity of a function

Bl MR S, WEReREL S o) = ka5 (=200 [ B,
Example 1 According to the definition, we study the monotonicity of the function
fx)=kx+b(k+0)
Bl 2 PR R R p (* Ck RIEFHEO HURFRAT. AT Uk
LHARFAV B/ . TRBR p BRI, 1 g T R R S e TE

Example 2 Boyle’s law in physics p = 5 (k is a positive constant) tells us that for a certain amount of

gas, when its volume v decreases, the pressure p will increase. Try to prove this with the monotonicity
of the function.

Bl 3 MR E SR R v »1'+T'{F{I>Ufl](l- oo [ L I,

Example 3 According to the definition, it is proved that the function y = x +§increases

monotonically in the interval (1, +).

We illustrate potential variations embedded in/among these three examples:

® Contextual variation: The contexts of example 1 and 3 are mathematical, and the

context of example 2 is scientific.

® Representational variation: there are treatments of algebraic registers inside

symbolic writing when solving the tasks.
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® Pudian: This series of problems is hierarchical. Example 3 is actually the sum of the
proportional function and the inverse proportional function.

On the one hand, through examples 1 and 2, students learned how to use definitions
to study the monotonicity of functions. We can consolidate students’ mastery of
strategy as the complexity of the function increases.

On the other hand, example 1 and 2 pave the way for the introduction of tick
function”” in example 3. Rather than introducing the tick function directly, the
textbook demonstrates two examples as Pudian, which enables students to quickly
discover the properties of this function.

® OPMC: There are constraint manipulation of OPMC in these three examples, by
varying the formula of the function. However, the strategies of them are the same,
as we called MPOS.

The trace of Pudian in this series of tasks is from studying the monotonicity of a linear
function (which link to the function knowledge in junior high school), to a inverse
proportional function, and to the sum of the proportional function and the inverse
proportional function, the tick function. The study of these three examples also reflects
the idea of solving mathematical problems by transferring complex problems into
simpler problems, as complex function (tick function) divided into different basic

elementary function (proportional and inverse proportional function).

Similarly, PEP textbook also uses a series of examples (table 4.2.4) in the section of
representation of the function to help students learn piecewise function since it is a
ubiquitous and important type of function, but difficult for students to understand.
According to PEP textbook and teachers’ guidebook (2019), we introduce the concept
and representation of the piecewise function from example 5. Example 6 is to further
deepen the understanding of piecewise function and example 8 is an application of
piecewise function.

Table 4.2.4 Series of examples of piecewise function

B5 mi e =[x [H1E 4
Example 5
Draw the graph of the function y=|x]|.

Bl 6 ZEmE f(o=x4+1. g(o)=(r+1)", +ER,
(D) FE—E AR R I e E f o)y g ConyEISs
(2) YVaeR. I M) FEoR f(o). g(o) P RE . idh
M (&) =max{ /(). glx)}.
b, 24 o=20, M(2)=max{f(2), g(2)} =max{3, 9} =0.
59 P S RO 2 R B M ).

7 Tick function: a polynomial function that can be represented in the form f(x) = ax + g, ab=0
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Example 6

Given the function f(x) =x+1,g(x) = (x+1)?2 ,x €R

(1) Draw the graphs of functions f (x) and g (x) in the same rectangular coordinate system;
(2) Vx € R, use M (x) to denote the larger one of f(x), g(x), denoted as

M(x) = max{f (x),g(x) }.

For example, when x = 2, M(2) = max{f(2),g(2) } = max{3,9}=09.

Please use the graph
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Example 8

Paying taxes in accordance with the law is the obligation of every citizen, and the income obtained by
individuals should be paid to the state in accordance with the "Individual Income Tax Law of the
People’s Republic of China" (referred to as individual tax). From January 1, 2019, the individual tax
amount is determined based on the taxable income, the tax rate and the quick deduction. The
calculation formula is

Individual tax amount = taxable income x tax rate-quick deduction. @

The formula for calculating taxable income is

Taxable income = comprehensive income income-basic deduction of expenses-special deduction-
Special additional deductions-Other deductions determined in accordance with the law. 2)

Among them, the "basic deduction of expenses" (exemption amount) is 60000 yuan per year. The tax
rates and quick deductions are shown in the table below.

Level | Annual taxable income | Tax rate (%) | quick deduction
1 [0, 36000] 3 0

2 (36000, 144000] 10 2520

3 (144000, 300000] 20 16920

4 (300000, 420000] 25 31920

5 (420000, 660000] 30 52920

6 (660000, 960000] 35 85920

7 (960000, +o0) 45 181920

(1) Set the annual taxable income as t, and the payable individual tax as y, find y= f (t), and draw the
graph; (2) Xiaowang’s annual comprehensive income is 189600 yuan. It is assumed that the basic
pension insurance, basic medical insurance, unemployment insurance and other social insurance
premiums and housing provident funds accounted for 8%, 2%, 1%, and 9% of the total income,
respectively. The special additional deduction is 52,800 yuan, and other deductions are determined to
be 4560 yuan in accordance with the law, so how much comprehensive income tax should he pay for
the whole year?
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We illustrate potential variations embedded in/among these three examples:

® Contextual variation: The contexts of example 5 and 6 are mathematical, and the
context of example 8 is societal. In example 8, students need to use functional
models to express practical problems. According to teachers’ guidebook (2019), we
should cultivate students’ ability to observe, analyze, and solve problems around
them with a mathematical vision

® Representational variation: representational variation in this series of examples is
rich. There is a conversion from symbolic writing to graph in the solution of
example 5. There is a conversion from symbolic writing to graph, and from graph
to symbolic writing in the solution of example 6. The solution process of example
6 shows that making full use of the characteristics of the graph can simplify
algebraic operations. Moreover, teachers’ guidebook (2019) indicates that teachers
can also guide students to seek the formula of function from the perspective of pure
algebraic operations in teaching to let students feel the simplicity by taking
advantage of graphs through comparison. As for example 8, there is a conversion
from symbolic writing to graph, also a treatment inside symbolic writing, from
algebraic registers to numerical ones. Teachers’ guidebook (2019) also points out
that technology can be used in the calculation in example 8.

® Pudian: Example 5 is Pudian of example 6 as the form of the piecewise function
and the conversions in the solution gradually become more complex. Example 8 is
the application of example 5 and 6 with societal context.

This series of examples of piecewise function is designed to be progressive. On the one
hand, it gradually deepens the understanding of the piecewise function from the
simplest piecewise function y=|x| to the application of the piecewise function in daily
life. On the other hand, in the process of recognizing piecewise functions,
representational variations have gradually become richer, not only limited to the
conversions from symbolic writing to graphs (example 5), but also extended the
conversions from graph to symbolic writing, so that students can realize the importance

of the symbolic-graph combination in the process of function learning.

4.2.3 Tasks as exercise: relation between the tasks (problems and examples)
in class and the exercises after class

The relationship between exercises and examples is inseparable. For each exercise in
PEP textbook, we can find the corresponding example (teachers’ guidebook, 2019). We
illustrate the relation of tasks from the perspective of variation in the section of the

concept of function in Figure 4.2.3 as an example.
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| Problem 1 | [ Problem 2 I | Problem 3 | | Problem 4 |

Pudian; OPMC(symmetry)

MPOS OPMC (cvm) | OPMC (cmy | OPMCicm OPMCoM) OPMCjcmy
| Exercise 1 | | Exercise 4 | | Exercise 2 | | Exercise 3 | | Exercise 5 | | Exercise 6 | | Exercise 7 |

Figure 4.2.3 Relation of tasks from the perspective of variation in the section of the concept of function

Figure 4.2.3 evidences the relations between examples/problems and exercise from the
perspective of variation. The most common variation here is constraint manipulation
(noted as CM in the figure) of OPMC, by varying the number or the type of the function.
In fact, there are mainly two purposes of the design of exercises based on the examples
in PEP textbook: 1) to apply the knowledge or strategy learnt from the examples; 2) to
further deepen the knowledge or strategy learnt from the examples. We illustrate each
of these two goals with an example below.

4.2.3.1 Exercise designed to apply the knowledge or strategy learnt from the
examples

Table 4.2.5 shows three widely used mathematical models with contextual variations
embedded in each of them. These three tasks have a close relation with the four
problems (table 4.2.1). The purpose of these tasks is to let students experience the
process of constructing functions and generate functions through different actual
situations. Through “restoring” the tasks with actual situations, students can clarify the
effects of function elements (domain, corresponding relation, range) on the function,
and the same function model can be used in different practical problems, so that
students can experience and understand the wide range of applications of functions.

Table 4.2.5 Three tasks related to four problems

Example 1 (p63)

The analytic formula of a function is abstracted away from the actual background of the problem. The
corresponding relation between the two quantities can be widely used to describe the relation and law
of variables in a class of things. For example, the proportional function y=kx (k#0) can be used to
describe the relationship between distance and time in uniform motion, the relationship between mass
and volume of a certain density of objects, and the relationship between the circumference and radius
of a circle.

Try to construct a problem situation so that the relationship between variables can be described by the
analytical formula y = x(10 — x).

Exercise 4 (p64)

Try to construct a problem situation so that the relationship between variables can be described by the

analytical formula y = v/x.
Exercise 14 (p73)
Try to construct a problem situation so that the relationship between variables can be described by the

analytical formula y = %ax2 (a>0).

We illustrate potential variations embedded in/among these tasks:
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® (Contextual variation: The contextual variation here is special, not proposed in the
task, but needs to be given by the students.

® Representational variation: There is a conversion from symbolic writing to natural
language in the process of solving the task.

® OPMC: Example 1 is an OPMC of four problems (table 4.2.1), especially problem
1, by using the strategy of symmetry. Problem 1 is to abstract the function from the
actual situation, while example 1 is to give practical meaning from the abstract
function. When abstracting the concept of function, the corresponding relation is
obtained from the problem in real life, such as problem 1-4 showed in section 4.2.1.
Example 1 is a reverse, given a functional formula, let students give it practical
meaning. This kind of training to “restore” practical problems through formulas is
unfamiliar to students. In the process of restoring, students need to clarify the
domain, corresponding relation and range of the function. Such symmetry helps to
deepen students’ understanding of the concept of function, realize that the same
function model can be used to describe different practical problems, and understand
the wide range of function applications.

Exercise 4 and exercise 14 are the OPMC of example 1, by using the strategy of
constraint manipulation. They keep the goal of the task while varying the type of

function. Given the formula of a function, it can often be used to describe many

actual problems. For example, teachers’ guidebook (2019) pointed out thaty = %axz

can be used to describe: in free fall motion, the law of the falling body is s = %gtz

(the distance s is a function of time t); the energy E of a moving object with a certain

mass is a function of the speed v (E = %mvz); In a wire with a resistance of R, there

is a definite corresponding relation Q = %RI2 between the heat Q generated per unit

time when the current passes and the current intensity I; Given the acute RtAABC,
the area S of the RtAABC is a function of the length x of the adjacent side of the

angle A, S = %xztanA; and so on. The variables s, t, E, v, Q, I, and S, and x have their

own specific physical or geometric meanings. To generalize them, use x and y to
represent the independent variable and the corresponding function value, then the

corresponding relation between them has the form of y = %axz.

From the perspective of variation, two exercise are OPMC of example 1, and example
1 is OPMC of the four problems in section 4.2.1. Tasks in PEP textbook are systematic
and can be connected. The main goal of these three tasks is to apply the knowledge
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students learnt so as to have multi-understanding of the concept of function.

4.2.3.2 Exercise designed to further deepen the knowledge or strategy learnt
from the examples

Exercise in table 4.2.6 appears in the section of properties of functions in PEP textbook.
It has a close relation with example 3, which we proposed in table 4.2.3. The purpose
of this exercise is to further deepen of the definition of monotonicity and provide an
equivalent form, which can lead students to go back to reflect on example 3.

Table 4.2.6 Exercise related to example 3 of monotonicity of a function

O, PEEEEL y= o) YSESUBN 1. K DT 30 Av =, —20. Ayv=F(r)—f (e, W

(1) R y=f () £ D _FRimsigmaiasiit: Yo . o.eD, o #a.. ﬁ‘liﬁ%' -0;

(2) B y=f (o) {EKI D R FE T A Ve . o €D, & Faos #Iiﬁ%“’i“

[Translation]
9. The domain of the function y = f(x) be /, and the interval D € I, denoted Ax = x; — x,, Ay =

f(x1) = f(xz), prove:

(1) The necessary and sufficient conditions for the function y = f(x) to increase monotonically on
. . A
the interval D are: Vx;,x, € D, x; # x,, there is Z>0
Ax
(2) The necessary and sufficient conditions for the function y = f(x) to decrease monotonically on

. A
the interval D are: Vx;,x, € D, x; # X,, there is i <0

We illustrate potential variations embedded in/among these tasks:

® Pudian: Exercise 9 enlarges example 3 as it is a further abstraction of example 3. To
some extent, we can regard exercise 9 as Pudian of further study in example 3.

During teaching of the function f(x) = x + i in example 3, in addition to proving
by the definition of function monotonicity in the certain interval, students can also
be guided to use the definition to explore the monotonicity of f(x) = x + i in the

entire domain of the function. Using the equivalent form of the monotonicity
definition provided in exercise 9, we get the following:

A_y:f(xl) — f(x2) _ XaX2 7 1
Ax X1 — Xy X1Xo

Therefore, when we reflect on example 3 with the conclusion of exercise 9, we get
the following table 4.2.7 for Vx; ,x, € D, and x; # x,.

Table 4.2.7 Variation of function f(x) = x + i in example 3

D (=0, —1] [-1,0) (0.1] [1, +0)
The sign of i—z + - - +
f(x) Monotonically Monotonically Monotonically Monotonically
increasing decreasing decreasing increasing
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® OPMC: Example 3 can be regarded as OPMC (chaining) of exercise 9. We can
expand the existing problem (example 3) by using the conclusion of exercise 9.

Most of the time, the exercises are derived from examples to let students practice
strategies. Sometimes, however, the exercises can be counterproductive to the examples,
allowing students to think further and more deeply about the examples, as we have
shown here. From the perspective of variation, in this case, example 3 is not only the
Pudian of the exercise to a certain extent, but the conclusion drawn in the exercise 9
will further trigger the thinking of the example 3, which makes exercise 9 become the
Pudian and chaining of OPMC of the further study of example 3. Exercise designed
here is to further deepen the knowledge and strategy learnt from the examples.

4.2.4 Conclusion

Based on the analysis above, we conclude that potential variations in Chinese PEP
textbook mainly have the following characteristic:

e The contexts of tasks are rich, from all aspects of life. On the one hand, function
becomes less abstract for students through linking functions with real life context.
On the other hand, students can experience the wide use of function through
applying the knowledge of functions to solving real-world problems.

e Representational variation is various. The conversions are among natural language,
auxiliary transitional representation (table of values), symbolic writing and graph.
PEP textbook places great emphasis on solving function problems with the help of
function graphs, in other words, the conversions between symbolic writing and
graph in the process of solving tasks. Because making full use of the characteristics
of the graph can simplify algebraic operations in symbolic writing. Although
technology is mentioned in the textbook, most of the conversions are completed by
students themselves.

e Conceptual variation embedded in a series of tasks: to introduce a new concept, PEP
textbook often starts with standard variation, and then propose the non-standard
variation. Rather than directly present the definition of the concept, it prefers
students themselves to generalize the concept from the standard and non-standard
variations under teachers’ guidance. In the process of generalization, students are
expected to find the essential and non-essential attributes of the concept.

e Procedural variation embedded in a series of tasks: PEP textbook pays great
attention to the connections between tasks. Figure 4.2.4"® shows the procedural

8 In section 2.2.3, we indicate that OPMC can be refined into four specific strategies: constraint

manipulation, goal manipulation, symmetry, and chaining. In Figure 4.2.4, constraint manipulation is
noted as CM, symmetry is noted as S, goal manipulation is noted as GM, chaining is manipulated as C.
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variations between tasks in the section of “concept and representation of function”.
We relate examples to examples and examples to exercises through procedural
variation. From Figure 4.2.4, the most common procedural variation is Pudian and
OPMC. Pudian is often found between a series of examples (see section 4.2.2.2) or
between a problem and an example. In the PEP textbook, OPMC is mainly
implemented through constraint manipulation (noted as CM in the figure), which
allows students to master the problem-solving strategy by changing the non-
essential attributes of the problem, in which case OPMC often appears
simultaneously with MPOS. Moreover, PEP textbook designs a series of tasks to
enhance the formation of the concept of function (section 4.2.1).

| Knowledge of function in junior high school |

[ Problem 1 |——{ Problem2 | [ Problem3 | [ Problem 4 |
— |
a3 Pudian; S ‘ ‘
- - M M M
CM CM CM
| Exercise 7 | | Exercise 1 | Exercise 4 | i Exercise 2 | | Exercise 3 | | Exercise 5 | I Exercise 6 |
Pudian M Pudian Pudian
| Example 4 | | Example 5 |—-| Example 6 |—-| Example 8 | | Example 7 |
oM oM CM | o™ | cM] oM |
[ Exercise 8 Exercise 9 [Exercise 10 | [ Exercise 12]] [Exercise 11 ]
M M \,CM; GM cM M
Exercise 14 @I Exercise 19(1) | | Exercise 15 | | Exercise 13 ” Exercise 16“| Exercise 18 |
: - CM GM:CM:S
| Exercise 26 ||Excrclsc 19(2)|

Figure 4.2.4 Procedural variation between tasks in the “concept and representation of function”

The idea of variation is used in the design of PEP textbooks. Variation pedagogy that
focuses on providing deliberate mathematical task selection and implementation in
classroom instruction (Gu et al. 2004) has direct implications for designing textbooks.
Teachers’ guidebook reveals to some extent the variations embedded in or among tasks.
For example, in the section of “representation of function”, it explicitly uses the word
“Pudian” and mentions that four problems (table 4.2.1) pave the way for learning the
three representations of functions. It also indicates the connection between tasks. In
each section of the exercises, teachers’ guidebook indicates which examples can be used
to complete the exercises. In general, PEP textbook offers the possibility of
(re)designing several tasks from one task by manipulating variations. This series of
interconnected tasks provides teachers with a systematic and coherent approach to
teaching and learning, advancing step by step to achieve the ultimate goal of teaching.

4.3 Potential variations in the tasks in French Hyperbole textbook

As we present in section 4.1.2, we classify tasks in Hyperbole into three categories:
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tasks used before class; tasks used in class; tasks used after class. In this section, we
study the potential variations already embedded in different types of tasks of function
in Hyperbole textbook and the relations between them (section 4.3.1, 4.3.2, & 4.3.3).
The analysis of potential variations is based on the analytical framework proposed in
section 2.4.3: contextual, representational, conceptual, and procedural variation.

4.3.1 Tasks used before class

In Hyperbole textbook, tasks used before class are mainly in the following categories:
“Tasks to start” and “Discover”. In this section, we present one task in the discover
column and describe the potential variations embedded in it. As for the “Tasks to start”,
there is an example in practical teaching presented in section 6.2.2.1.

Task shown in table 4.3.1 is presented in the section of general function in Hyperbole
textbook. The aim of this task is to let students experience the process of mathematical
modeling (modelling with function in this task), and learn to use geometry software
through their explorations.

Table 4.3.1 A task of modeling with functions in “discover”

2 Modeling with functions

A company cuts sails from rectangles of fabric
8 m by 10 m on each side for

small pleasure boats. In the figure below, the
cut sails are represented by the

triangles AMI and INC.

The company has just received two orders:

* one for a 3.2 m high mast;

* the other for a sail of 12.10 m??

Problem

Determine the dimensions of the sails ordered.

Modélisation avec des fonctions

Une entrepri é

iy bat:::: :feco‘upe des vailes dans des rectangles de tissus de 8 m sur 10 m de cotés pour des
& plaisance. Sur fa figure ci-dessol iles dé csente !

e e g us, les voiles découpées sont représentdées par les

Uentreprise vient de recevoir deux commandes :

» I'une pour un mat de 3,2 m de haut; » l'autre pour une volle de 12,10 m%

Probléme

Déterminer les dimensions des voiles ct J 1
et il .

Conjecture with dynamic geometry
software

Conije avec un logiciel de gé B> Fascicule p. 1]

) Créer un rectangle ABCD tel que AB=8 et AD =10, puis créer le segment [AC).

) Créer un curseur a allant de 0 3 10 avec un incrément de 0,1 futifiser g cumaur ).

) Créer e point M du segment [AD] tel que AM =a (utiliser |(2)] eems e rmen).

) Créer la perpendiculaire & (AD) passant par M; noter I et N les points d'intersection respectifs avec [AC]
[8<].

) Créer les triangles AML et INC, Afficher les longueurs des céies de l'angle drait de chacun de ces triangles
utiliser [>-] e ueseses) et afficher les aires de ces triangles (uuliser 4 ).

Dépl;er. le p'c \m‘ M et conjecturer sa position pour que MI =3,2, puis pour que laire de AMT soft 12,1.

| Satisfaire la premiére commande ; - ; !

~ a) On note a la longueur AM en metres. Appliguer le théaréme de Thales dans les triangles AMI et ADC pour
établir que la longueur Il est donnée par la formule fia)=0,8a. ; :

| b) Déterminer [a ou les valeurs de a pour que le triangle AMI it un coté de Iangle droit de longueur 3,2 m.

| ¢) Dans chaque cas, préciser les dimensions de |a seconde voile représentee par le triangle INC,

née par la formule g{a) =0, 4a%.
ju triangle AMIest 12,10 mh
ésentée par l& triangle INC.

a) Create a rectangle ABCD as AB=8 and AD
= 10, then create the segment [AC].

b) Create a slider a ranging from 0 to 10 with
an increment of 0.1.

c¢) Create the point M in the segment [A D] as
AM=a.

d) Create the perpendicular to (AD) passing
through M; note I and N the respective
intersection points with [AC]

and [BC].

e) Create triangles AMI and INC. Display the
lengths of the sides of the right angle of each of
these triangles and display the areas of these
triangles.

f) Move the point M and conjecture its position
so that MI = 3.2, then so that the area of AMI
is 12.1.
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2. Satisfy the first order

a) Let a be the length AM in meters. Apply
Thales’ theorem in the triangles AMI and ADC
to establish that the length IM is given by the
formula f(a) = 0.8a.

b) Determine the value(s) of a so that triangle
AMI has one side of the right angle of length
32m.

¢) In each case, specify the dimensions of the
second sail represented by the triangle INC.

3. Satisfy the second order

a) Prove that the area of the triangle AMI is
given by the formula g(a) = 0.4a2.

AM = 19 b) Deduce the value of a for which the area of

L— ol | triangle AMI is 12.10 m2.

¢) Then determine the area of the second sail
represented by the triangle INC.

We illustrate potential variations embedded in this task:

Contextual variation: The contextual variation here is occupational. Students need
to solve the problem by transforming real-world context into mathematical models
(in this case, modelling with function) to study.

Representational variation: There are conversions from natural language to
symbolic writing, from natural language to geometrical figures, and from
geometrical figures to symbolic writing in the process of solving the task.

OPMC: There is a constraint manipulation of OPMC in the two orders of this task,
respectively finding the image and pre-image for the same function g(a) = 0.4a?.

Pudian: On the one hand, this task paves way for the subsequent teaching and
learning of constructing function models; On the other hand, the second is how to
use the use of geometric software to help us solve the problem, with technical
support.

4.3.2 Tasks used in class

In Hyperbole textbook, tasks used in class are mainly the following categories:

“Examples”, “Know-how”, “Solving problems”, and “practical task”. In this section,

we present one task in each column and describe the potential variations embedded in

it.

4.3.2.1 Examples

Task shown in table 4.3.2 is presented in the section of general function in Hyperbole

textbook as a series of examples of defining a function.
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Table 4.3.2 A series of examples of defining a function

EXEMPLE 1: fonction définie par une courbe
La courbe @, dans le repére ci-contre, définit une fonction fsur |'ensemble
des nombres compris entre 1 et 5, que l'on appelle un intervalle et que
I'on note D=[1;5].
L'image de 2 par fest 3 car le point A(2; 3) appartient a 6. On note Ae=sn

Remarque : seuls les points repérés par une croix ou des lignes de rappel
permettent une lecture exacte des valeurs.

EXEMPLE 2 : fonction définie par un tableau
(_A.u décathlon, I'une des épreuves est le saut en longueur.
Le tableau ci-contre définit une fonction g qui a une longueur (en métres)
associe un score. Son ensemble de définition est un ensemble fini que l'on
note {7,96; 7,97 ; 7,98; 7,99}. 7,38
Jimage de 7,97 par g est 1053. On note g(7,97)=1053. 795}

EXEMPLE 3 : fonction définie par une formule ’
h est la fonction qui, a chaque nombre réel x, associe le nombre h(x)=x2 - 3. Elle est
Liour calculer l'image de - 5, on remplace x par - 5 dans I'expression : h(-5)=(-5)2-3=

Translation

EXAMPLE 1: function defined by a curve

The curve (, in the coordinate system aside, defines a function f on the set of numbers
between 1 and 5, which is called an interval and we note D= [1;5].

The image of 2 by fis 3 because the point A (2;3) belongs to (. We note f(2) = 3.

Note: only the points marked with a cross or extension lines allow an exact reading of the
values.

* EXAMPLE 2: function defined by a table

In the decathlon, one of the events is the long jump.

The table aside defines a function g which lies in a length (in meters) associating a score. Its
definition set is a finite set that we note {7.96;7.97;7.98;7.99}.

The image of 7.97 by g is 1053. We note g (7.97) = 1053.

* EXAMPLE 3: function defined by a formula

h is the function which, with each real number x, associates the number £(x) = x? — 3. Itis
defined on R.

To calculate the image of - 5, we replace x by - 5 in the expression: A4(—=5) = (—5)2 -3 =
22.

We illustrate potential variations embedded in this task:

® Contextual variation: The contextual variation of example 2 is personal. It connects
real life with functions so as to let students experience the application of functions
in daily life.

® Representational variation: Function in example 1 is represented in graph, example
2 is represented in table, and example 3 is represented in formula. Through these 3
examples, three representations of the function are shown. There are conversions
from graph to symbolic writing (example 1), and from natural language to auxiliary
transitional representation (table of values), and to symbolic writing (example 2).

® (Conceptual variation: Provide students with multi-understanding of function by
defining functions in three different forms.
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® Pudian: Different representations of three examples pave way for the subsequent
teaching and learning of representations of function.

4.3.2.2 Know-how

Three tasks are shown in the “know-how” of the subsection of “variation and table of
variation” (table 4.3.3). The first one is shown with the solution, and the following two
are derived from the first one through variation. The purpose of these tasks is to let
students master the strategy of reading the table of variation.

Table 4.3.3 A series of tasks about reading a table of variation in “Know-how”

Translation:

Solving exercise: read a table of variation

1. Statement

Here is the variation table of a function g
defined on the interval [-2;5].

a) Describe the variations of the function g.

Savoir-fajre

b) Compare:
* g(-1) and g (0); » g(2) and g(4).
. | ¢) Draw a curve that graphically represents

Dans le tableat, le sens . . .
ces fleches indique los the function gma coordinate system.
variations, On Iit les inter-
valles sur la ligne e

~=0On ne connait pas les
valeurs de gi-1) ot (o],

valle sur lequel g est crois-
- sante, on peut malgré tout
| comparergi-1 e giol,
On place d'abord les
| points de coordonnées
donnges dans le tablesu de

Your turn

2. a) Describe the variation of the function

h whose table of variation is given.

b) Compare:

*h(0)and h (1); «h (2) and h (2.5).

c¢) Draw a curve that represents the function h
in a coordinate system.

3. 1. Describe the variation of the function k
whose table of variation is given.

2. Arrange from smallest to largest:

a) k(—0.5), k(=0.6), k(—V2).

b) k(n), k(v3), k(3).

We illustrate potential variations embedded in/among these tasks:

® Representational variation: There are conversions from auxiliary transitional
representations (table of variation) to symbolic writing, and to graphs in the process
of solving three tasks.

® OPMC: These three tasks are closely related. Task 2 and task 3 can be regarded as
OPMC of task 1. Task 2 is an OPMC of task 1, by using the strategy of constraint
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manipulation, varying the specific number in the task. Task3 further expands the
constraint manipulation of OPMC, by varying the comparison of the function values
from 2 to 3. Mathematical strategy for these three tasks is the same (MPOS) as the
essential features of these three tasks are invariant.

As we mentioned in section 4.1.2, in the part of “know-how”, there are often a series
of tasks presented. One with the solution is worked as an example and the others are
varying from this one through OPMC (probably constraint manipulation). The
strategies of this series of tasks are the same. OPMC and MPOS are embedded and
widely used in the design of series of tasks in “Know-how”.

4.3.2.3 Solving problems

Five tasks are shown in the “solving problems” of the section of “qualitative study of
functions” (table 4.3.4). Similar to the series of tasks presented in table 4.3.3, task 9 is
shown with the solution, and the following four can be regarded as the variation of task
9 with the same mathematical strategy. The purpose of these tasks is to let students
master the strategy of determining the sign of a function.

Table 4.3.4 A series of tasks of determining the sign of a function

® Probléme résolu  Déterminer le signe d’une fonction

i [Enonce ] L |
. festune fonction définie sur lintervalle [-5;5]. [ 3 o . - 1
j Voici ci-contre le tableau de variation de f. B 1

fz’—"r/,;_\
Donner le tableau de signes de f(x). flx) 1-/"@

- Conséquences tirées du tableau de variation

Intervalle I J 7 [-5;-3] [-3;0] [0;1]

) Sens de variation de f} fcroissante fcroissante | fdécroissante | fdécroissante

fcroissante
e
2<x<5

‘ FEaEm = 0<x<1 1<x<2
{ f)<fl-3) | F-3)<fl0) fl0) = F(1) F(1)>1() flx)<F(5)
Conséquence fl<0 0<f(x) flx)=20 03=flx) f)<-1
Clest-a-dire donc:

c'est-a-dire :
} >0 iV | <o <0

dans un tabl de signes / %’/
‘ x I\—s \ -3 y 1 / 5\

Signe de
flx)

Translation

Solve the problem: Determine the sign of a function

9. Statement

f is a function defined on the interval [-5;5]. Here is the table of variation of f. Give the table of
signs of f(x).
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] =
@ A votre tour

m Voici le tableau de variation d’une fonc- m k est une fonction décroissante sur
tion g définie sur [-1;6]. J=cc ;0] et croissante sur[0; +ao[.

De plus k{(-2)=k(2)=1
_1 & Pour chaque affirmation, dire si elle st vraie ou
s

glx, /'3 fausse. Justifier.
L 1 a) Pour tout nombre réel x de lntervalle[-2; 2],
a) Tracer une courbe susceptible de représenter k(=1
graphiguement g. b} U'ensemble des nombres réels x tels que
b) Donner le tableau de signes de g(x). k[ =1estlintervalle [2; +oe[.
¢) Pour tout nombre réel x lintervalle de
m h est une fonction définie sur[-3; 6] Voici ]-20;-2], k(x)=0.
son tableau de variation.
i !'3 = = i g | { est une fonction décroissante sur
) ' ‘D,__,.-r-'z\_\ //"3 | [0+ telle que £(1)=1.
| |—5-”" Al | m est une fonction croissante sur [0; +cof telle
Résoudre l'inéguation dans l'intervalle L que m{1)=1.
a) 1=[-3;4], hix)<0; Pour tout nombre réel x de [0;+oo[, comparer
b} [=[-3;6] h(x)=0. £ et mix)

Your turn

10. Here is the table of variation of a function g defined on [-1;6].
a) Draw a curve that representing g graphically.

b) Give the table of signs of g (x).

11. h is a function defined on [-3;6]. Here is its table of variation.
Solve the inequation in the interval I.

a) [=[-3;4], h(x) < 0;

b) I=[-3;6], h(x) = 0.

12. k is a decreasing function on ]-°°; 0] and increasing on [0; +°°[. Moreover k(-2) = k(2) =I.
For each statement, say whether it is true or false. Justify.

a) For any real number x in the interval [-2; 2], k(x) < 1.

b) The set of real numbers that k(x) > 1 is the interval [2; +o° [.
¢) For any number real x in the interval of |- <=; -2], k(x) > 0.
13. L is a decreasing function on [0; +ec[and L (1) = 1.

m is an increasing function on [0; +°°[ and m (1) =1.

For any real number x of [0; +<° [, compare L(x) and m (x)

We illustrate potential variations embedded in/among these tasks:

® Representational variation: There are conversions from auxiliary transitional
representations (table of variation) to symbolic writing (task 9, 11); from auxiliary
transitional representations (table of variation) to graph (task 10); from natural
language to symbolic writing (task 12, 13).

® OPMC: These five tasks are closely related and hierarchical. Task 10 is constraint
manipulation of OPMC of task 9, by varying the specific numbers in the table of
variation. Task 13 id constraint manipulation of OPMC of task 12. Mathematical
strategy for these three tasks is the same (MPOS) as the essential features of these
three tasks are invariant.

® Pudian: Task 9 is Pudian of task 10. Task 11 makes a connection between functions
and inequations based on tasks 9 and 10. Task 12 further abstracts on the basis of
task 11, and changes the representation of table of variation to natural language.
Task 12 is the Pudian of task13.
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Similar to the design of “know-how” (mentioned in section 4.1.2), there are often a
series of tasks presented in the part of “solving problems”. Taking profit of OPMC and
Pudian, this series of tasks has gradually increased in difficulty and deepened.
Compared to the tasks in “know-how” (see table 4.3.3, since we choose the tasks of the
same content of “variation and table of variation”), the tasks in “solving problems” are
more complex and are the further application of mathematical methods.

4.3.2.4 Practical task

b

This task is shown in the “practical task™ of the section of “qualitative study of functions’
(table 4.3.5). The purpose of this task is to apply function to the real life and also to let
students experiment using ICT tools in the process of solving the task.

Table 4.3.5 Practical task of modelling an economic situation

@ @ | | 23- Functions in economy

Objective: Model an economic situation

g2 Des Fonctions en €conomie

A wholesaler, who buys directly from an Asian

f Madéliser une situation éconamiqye

producer, packs and sells flavored tea. Each week, its
| | production is limited to 13 tons.
1. The recipe
The company sells its product for 6,000€ per ton. For
x tons sold, we note R (x) as its revenue in thousands
of euros. a) Express R (x) in terms of x. b) What is the
s o1 ot £ e ot dprodection en i variation of the function R on the interval [0;13]?
NPl . i i 2. Production cost
E;,m’,‘”,,;j(“ryd T For x tons of flavored tea packed in one week, we note
© comcse WD e C(x) as the production cost in thousands of euros.
a) Intuitively, what is the variation of the function C
on the interval [0;13]? b) We estimate that C(x) =

§x3 - gxz + 13x. Display the curve of function C on

the calculator screen. Does this support the conjecture
made in a) ?

3. The profit
’ @ | For y tons packed and delivered in one week, the
o P S e e profit, in thousands of euros, is given by
- =0___€@  B@ || Bx)-R(x) - C(x).
0.5 S a) With the table, create the calculation sheet aside. In
1 column A, enter the numbers from 0 to 13 with step
L5 ‘ ____| | 0.5. b) Enter the appropriate formulas in the cells B2,
2 _‘i? || C2, D2 and copy them down. Display 3 decimal

places. ¢) Then estimate the quantities of tea for the-
which the company is profitable, then the quantity for
which the profit is maximum.

4. Report (work independently)

a) Write in a few lines the advice to give to the
entrepreneur.

b) Add to this report a graphical representation of
function B.

We illustrate potential variations embedded in this task:
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® (Contextual variation: The contextual variation here is occupational. Students need
to solve this task by transforming this economic situation into mathematical models

(in this case, modelling with function) to study.

® Representational variation: There are conversions from natural languages to
symbolic writing (item 1, 2 and 3); from natural language to auxiliary transitional
representations (table of variation, item 1 and 2); from symbolic writing to table of
values (item 3); from table of values to graph (item 4). In item 3 of the task, there
is also a treatment inside the symbolic writing and this process is carried out by the

calculator.

® Pudian is embedded this series of tasks: In order to get the function B(x), item 1 and
2 pave the way to discuss the recipe and the cost of production individually.

The context of Practical tasks in Hyperbole textbook is various: personal, occupational,
societal, scientific and mathematical. Practical tasks are designed to be combined with
algorithms or TICE (see footnote 1 in section 4.1.2). On the one hand, it allows students
to experience the application of functions in all aspects of real life, and on the other
hand, it offers students opportunities to learn to use mathematical tools to solve

mathematical problems.
4.3.3 Tasks used after class

In Hyperbole textbook, tasks used in class are mainly the following categories:
“Examples”, “Know-how”, “Solving problems”, and “practical task”. In this section,
we present one task in each column and describe the potential variations embedded in
it.

4.3.3.1 For training

As we mentioned in 4.1.2, In the part of “for training”, tasks are divided according to
the subsections they belong to. Each subsection starts with the tasks called “quick
questions”, and then tasks in different specific knowledge are noted. Tasks shown are
progressive and hierarchical in this part. We selected two tasks from “tasks for training”
shown in table 4.3.6.

Both of the two tasks are about the variation and table of variation of a function. They
are closely related to the tasks in “know-how” and “solving problems” (see table 4.3.3
and table 4.4.4). Task 38 is constraint manipulation of OPMC of tasks in “know-how”.
Task 42 is constraint manipulation of OPMC of tasks in “solving problems”. As for the
specific potential variations in these two tasks, we don’t repeat them here as it can be
referred to section 4.3.2.2 and section 4.3.2.3.
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Table 4.3.6 Two tasks of variation and table of variation of a function

Translation

38. Here is the table of variation of a
function h defined on the interval [-5;5].

a) compare:

* h(-4)and h (-1);

* h(1)and h (2);

*h(3)and h (4).

b) Can we compare h (-4) and h (4)?

Translation

42. Here is the table of variation of a
function f defined on [-2; 5].

a) Determine the real numbers x in the
interval [-2;3] that f(x) < 0.

b) What is the sign of the numbers f(x)
when x belongs to the interval [3;5]?

¢) Give the table of sign of f(x).

4.3.3.2 For auto-test

Tasks are design in the form of MCQs in the part of “for auto-test”. We select one task

as an example of MCQs in table 4.3.7. The purpose of these tasks is to let students

master the strategy of reading the table of variation and the sign of a function.

Translation

Table 4.3.7 MCQ task in “tasks for auto-test”

65. In each case, give the exact answer(s) without justifying.
Here is the table of variation of a function f defined on the interval [-8;6].

1. For any real number x of [-5;3], ...

2. For any real number x of [-8;2], ...

3.The number f(0) is that...

4.The number f(4) is that...

5.A number greater than or equal to 3 is for example...

We illustrate potential variations embedded in/among these tasks:
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® Representational variation: There are conversions from auxiliary transitional
representations (table of variation) to symbolic writing.

® OPMC: MCQs are designed through OPMC. In this task, item 1 and item 2, item 3
and item 4 are two pairs of constraint manipulation of OPMCs, by varying the
specific numbers. Mathematical strategy for these five items is the same (MPOS)
as the essential features of the task are invariant.

MCQs designed as tasks for auto-test are an efficient way to test whether students have
mastered knowledge or mathematical methods as it saves a lot of time in the writing
process. Different OPMC can be designed in one MCQ.

4.3.3.3 For going further

Tasks in the part of “for going further” are various: narrative research, group work,
TICE, open problem, challenges, etc. One open problem of the section of “qualitative
study of functions” is shown in table 4.3.8. The purpose of this problem is to let students
explore the variation of a function in a geometrical figure.

Table 4.3.8 Open problem of studying the variations

[ 76 | g siven™ / Etudier des variati eaton iat
— A €s variations 76. Open problem: Study the variations
ABCD est un carré de cété 5 cm. ABCD is a square with a side length of Scm.
M est un point de [AB], on pose x = AM (en cm). M is a point of [AB], we set x = AM (in cm).
Lest le milieu du segment [DM]. I is the midpoint of the segment [DM].
A D f is the function of X, of the area of the
g triangle DCI. in cm?.
I Study the variations of the function f.
M
B (a
f est la fonction qui a x associe l'aire, en cm? du
triangle DCI.
Etudier les variations de la fonction .

We illustrate potential variations embedded in the task:

® Contextual variation: the context of this task is mathematics (geometry), making a
connection between geometry and functions.

® Representational variation: There are conversions between geometrical figure to
symbolic writing in the process of solving this task.

4.3.3.4 Personalized support

There are two pages of personalized support tasks in each section. Tasks are classified
and presented according to the specific content in “personalized support” so that
students can carry out targeted exercises according to their weakness. At the end of
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“personalized support”, there are tasks for in-depth study. We illustrate a series of tasks
in the personalized support of describing the variation of a function in table 4.3.9.

Table 4.3.9 A series of tasks in the personalized support of describing the variation of a function

; Translation
m&:rire le sens de variation Support: Describe the variation of a

'une Fonction function

80. Test exercise
f is the function defined on [-3;3] by the

Exercice test

f est la fonctior :

 définie sur[-3 = 4 e curve drawn aside. -

e b coube \ + i v o Draw the table of variation of f.

tracée dans e —8

repére ci-contr | Call the teacher to check your answers and

 Dresserle ta
de varia

tell you what’s next.

: e 81. f is the function defined on the interval
f est la fonction

définie sur lintervalle | 2 e [-3;4] by the curve drawn aside.
[-3;4] par la courbe 1-h . Copy and complete.
tracée dans le repére \\ ] 7 a) fis increasing on [-3; ...].

: -10 i b) fis decreasing on [-1; ...].
ci-contre. =1 . ) gon [ ]

c¢) fis increasing on [...; 4].

Recopier et compléter. ) X
d) fis decreasingon | ...; 1].

a) f est croissante sur
[-3 ;e .]'

b) f est décroissa
¢) fest croissante

N

82. f is a function defined on the interval [-
3;5] that:
* fis decreasing on [-1;2];

* fis increasing on [-3;-1] and on [2;5];
cf(-3)=-2; f2)=1; f(-1)=4; f(5)=
5.

Draw the table of variation of f.

We illustrate potential variations embedded in/among these tasks:

® Representational variation: There are conversions from graph to auxiliary
transitional representations (table of variation, task 80); from graph to symbolic
writing (task 81), and from natural language and symbolic writing to auxiliary
transitional representations (table of variation, task 82) in the tasks.

® Pudian: These three tasks are closely related. The intention of the design of these
series of tasks is that according to the completion of the students’ exercise test (task
80 here), the teacher decides the students’ next learning. Base on this, task 81 and
82 are the Pudian of task 80. We can reduce the goal of task 80 into small pieces as
what is shown in task 81. In other words, task 81 is Pudian of task 80. Task 82 is a
step further of task 81 by removing the graph of the function and expressing all the
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information of variation in the graph in natural language and symbolic writing.

® OPMC: There are constraint manipulations of OPMC in these three tasks.

Mathematical strategy for these three tasks is the same (MPOS) as the essential
features of these three tasks are invariant.

According to the designers’ note in the textbook, “personalized support” is a central

element in this textbook. In each chapter, “test exercises” followed by remedial

exercises are proposed as well as deepening exercises, in order to differentiate the

students’ work. Personalized support and targeted training can be completed by

designing appropriate test exercises, and then redesign the exercise test through

variation (mainly Pudian and OPMC).

4.3.4 Conclusion

Based on the analysis above, we conclude that potential variations in French Hyperbole

textbook mainly have the following characteristic:

The contexts of tasks are rich, from all aspects of life. A large number of
mathematical context tasks of function are with geometry context, especially in the
part of “for training” and “for going further”, making a strong connection between

geometry and functions.

Representational variation is various. Besides the conversions among natural
language, auxiliary transitional representation (table of values, table of variation,
table of signs), symbolic writing and graph, tasks of function with geometrical
context in Hyperbole textbook brings the conversions related to geometrical figures.
In the process of solving tasks with geometrical context, students need to transform
the geometrical figures to symbolic writing based on the geometric properties.
Moreover, Hyperbole textbook places great emphasis on the use of technology in
problem solving. In terms of function, conversions from symbolic writing to table
of values are completed by the calculator.

Conceptual variation embedded in the tasks for students to explore: To introduce a
new concept, Hyperbole textbook often presented several standard variations, and
the distinguishment of the concept are organized in the part of exercises as open
problem by using non-standard and non-concept variation. For example, table
4.3.10 shows a task noted as open problem in the part of “for going further” to
distinguish the concept of monotonicity of a function. The conflict between the non-
concept and the concept is designed to explore by the students.
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Table 4.3.10 An open problem about the concept of monotonicity of a function

Translation

g";;z;ﬁme_ v e 77. Open Problem: True or false?
Youngs says: “If a function f defined on

Younes affirme : «Si une fonction f définie sur R est
croissante sur |-oc;0] et croissante sur 10;+[, R is increasing on ]- e ;0] and
alors elle est croissante sur R».

Cette affirmation est-elle vraie ou fausse ? . . 5
T increasing on R”.

Is this statement true or false? Justify it.

increasing on ]0;+ o [ , then it is

e Procedural variation is embedded in certain parts of Hyperbole textbook. Tasks are
designed in different forms and with different roles in Hyperbole textbook. There is
a trace of variation from tasks in the certain part of “know-how”, “solving
problems”, “for training”, “for auto-test” and “personalized support”. Constraint
manipulation of OPMC is mainly used. Moreover, OPMC is also embedded in a
series of tasks in one part (see an example in section 4.3.2.2 and 4.3.2.3). However,

in the part of “discover”, “practical task” and “for going further”, tasks are quite
isolated.

In general, Hyperbole textbook, in addition to presenting the basic content, focuses on
providing teachers and students with more possibilities by offering a large number of
different types of tasks. Possibilities are offered in two aspects: One is in the content of
tasks by offering tasks with TICE and algorithm, open problems, practical tasks, etc.;
and the other in the organization by offering tasks to work in groups, to work in
dependently, to auto-test, and to do narrative research, etc.

4.4 Potential variation in the digital curriculum resources

With the development of technologies, textbook is no longer an isolated resource and
companied with a series of digital curriculum resources. The universe of digital
curriculum resources is very wide and very quickly evolving. Therefore, in this section,
we first introduce the definition of digital curriculum resources (section 4.4.1). We then
choose to analyze the potential variations in the digital curriculum resources from two
different lenses: the current digital curriculum resource to support the textbook (section
4.4.2, Chinese PEP platform as an example) and more advanced situation for further
evolution of digital curriculum resources (section 4.4.3, French Sésamath platform as
an example).

4.4.1 Definition of Digital Curriculum Resources

Pepin, Choppin, Ruthven and Sinclair (2017) point out that digital curriculum resources

refer to organized, electronic format digital resource systems. These digital resource

systems clearly indicate the scope and order of curriculum content. These curriculum

resources focus on the order of students’ learning topics based on grade or age level, as

well as content related to a specific course (such as algebra) to cover (all or part of) the
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curriculum standard. This is also an important indicator to distinguish digital
curriculum resources (hereinafter referred to as DCR) from general digital teaching
tools or educational software programs. They distinguished between DCR research and
digital technology research, thinking that DCR research focuses on the following
aspects:

(1) Objectives and contents of mathematics teaching;

(2) the role of the teacher in the teaching design process (i.e.: how the teacher selects,

revises and improves the curriculum resources);

(3) Interaction between students and DCR: how to carry out learning in a digital

environment and gain learning experience;

(4) Impact of DCR: how teachers and students determine the scope and order of

mathematical topics in a digital environment;
(5) The possibility of DCR to promote teachers’ ability to design teaching activities.

At the same time, Pepin et al. (2017) summarized three basic characteristics of DCR:
The first is to change the learning space and enhance the interactivity and
customizability of teaching activities; the second is to make embedded evaluation
possible, which can provide students and related personnel (such as parents, teachers,
administrators, etc.) with data feedback; the third is usually combined with learning
management systems (LMS), to achieve unified curriculum and curriculum
management, such as assessment reports, attendance records and other curriculum

management functions.

4.4.2 The design of Chinese-PEP textbook platform and its potential
variations

In this section, we take Chinese PEP platform as an example to show the potential
variations in the current digital curriculum resource to support the textbook. We first
introduce the profile of PEP platform (4.5.3.1). Then we study the potential variations
in two main resources of this platform: digital resources for high school mathematics
textbooks and high school mathematics PEP textbook online training based on the new

curriculum standard.
4.4.2.1 Profile of PEP textbook platform

People’s Education Press (PEP) was established on December 1, 1950. It is a large-
scale professional press under the Ministry of Education. Since its establishment more
than 70 years ago, it is committed to the research, design, publication and distribution
of textbooks at all levels of education. At present, the People’s Education Press has
become the press with the strongest comprehensive strength in China.

In order to strengthen the research of textbooks, Curriculum and Teaching Materials
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Research Institute (Abbreviated as CTMRI in the following) was established in 1983
with the approval of the Ministry of Education, which is co-located with the People’s
Education Press. For more than 30 years, the CTMRI has undertaken more than 30
national-level projects, conducted in-depth research on the curriculum, teaching
materials, teaching and evaluation, etc. The in-depth and systematic research on the
curriculum, textbooks and practical teaching provides a strong guarantee for the
comprehensive improvement of the quality of PEP textbooks. CTMRI also actively
expands external contacts, and has established extensive exchanges and cooperation
with many educational and scientific research institutions and schools in China and
abroad. There are mainly eight functions of Curriculum and Teaching Materials
Research Institute: 1) Carry out research on textbook development: In accordance with
the national education policy and textbook policy, undertake the research and
development of textbooks (including textbooks and supporting educational resources)
at all levels; 2) Carry out application research in the textbooks and practical teaching:
To support the research and development of textbooks, carry out monographic study in
the curriculum, textbooks and practical teaching; 3) Carry out research on the
development of digital (electronic) textbooks and teaching resources; 4) Carry out
research on experiment and evaluation of textbooks: theoretical research on experiment
and evaluation of textbooks; research on experiment and evaluation of textbooks in
various disciplines; establish a scientific and systematic feedback and update
mechanism for textbooks, and conduct tracking and evaluation of textbooks; 5) Provide
comprehensive support and system services for textbook users: provide local education
administrative departments, teaching and research departments and practical teachers
with consulting services, training services and teaching and research services in terms
of textbooks and practical teaching, and provide practical teachers and students with
network services; 6) To provide policy consultation and suggestions for the decision-
making of national curriculum textbooks construction; 7) To carry out academic
exchanges and cooperation on textbooks: organize (including sponsoring, undertaking)
or participate in domestic and international seminars and conferences, and conduct
exchanges and cooperation with international and domestic institutions and
organizations of textbooks; 8) To undertake the training of talents related to the
textbooks.

The high school mathematics PEP textbook is jointly designed and published by the
People’s Education Press, the Curriculum and Teaching Materials Research Institute,
and the Middle School Mathematics Curriculum Textbook Research and Development
Center.

After the promulgation of new curriculum standards in 2017 and promulgation of new
textbooks based on the new curriculum standards in 2019, the PEP website has been
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developed. Because the PEP website covers all disciplines in all grades and is not
limited to school classroom teaching, here we focus on the digital resources of high
school mathematics in this website. Figure 4.4.1 can help us have a holistic view of the
large number of resources that PEP platform has in high school mathematics. Most of
resources shown here have been developed with the support of the CTMRI. The two
main resources are digital resources for high school mathematics teaching and high
school mathematics PEP textbook online training. We will introduce these two parts in
detail in the next two sections (4.4.3.2 & 4.4.3.3).

High school |¢— @=en= I:I—’I Teaching H Learning ‘ [ Discovery
| o ]

mathematics

: - Digital resources for high
High school mathematics |, school mathematics textbooks
PEP textbook training
(based on the new , Question and
curriculum standard ) answer
, Teaching
design
Teaching |
design o Thsks
, Teaching
research
. Theory and
practice

Figure 4.4.1 Homepage of high school mathematics PEP textbook website”

4.4.2.2 Digital resources for high school mathematics teaching: Providing
supports for teaching

There are mainly the following types of digital resources in this platform: 1) Question
and answer; 2) teaching design; 3) tasks; 4) dynamic demonstration of classroom
teaching resources; 5) teaching research; 6) theory and practice.

Articles are published in “Question and answer”, mainly for the new curriculum reform,
such as some practices and understandings about the use of new textbooks, how to
promote the implementation of new curriculum through education research work, the
practices, ideas and opinions in the process of curriculum reform implementation, as

well as the review of curriculum reform, etc.

7 From https://www.pep.com.cn/gzsx/, English description added by the author. Retrieved on 1 march,
2022.
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“Teaching design” provides teachers with a complete classroom teaching design of
specific mathematical contents for their reference. Each teaching design mainly
includes content and content analysis, goal and goal analysis, diagnosis and analysis of
teaching problems; analysis of teaching support conditions (technology); teaching
process design (tasks, teacher-student activities, preset answers, design intentions of
tasks, classroom summaries, homework), design of evaluation, etc. These teaching
designs are clear and detailed, and combined with the contents of the PEP textbook,
help teachers fully grasp the key points and difficulties of teaching, especially for

novice teachers.

“Tasks” offers tasks for a certain mathematical content. For each document, there is an
explanation of the key points and difficulties in learning of the content, and more than
a dozen related tasks with corresponding solutions presented.

“Dynamic demonstration of classroom teaching resources” mainly provides technical
support for teachers’ classroom teaching. The main software used is GeoGebra. For
example, figure 4.4.2 shows the resources provided for the teaching of the parity of a
function. This resource takes the form of interactive animation, providing users with a
material to perceive and understand the definition of function parity. This resource first
presents the characteristics of functions with parity through animation demonstrations,
and draws preliminary conclusions; then provides a tool that can independently input
arbitrary function analytical expressions to explore function parity, and users can

explore independently.

E .A /’( Ak \‘ :; -4'. }\ 2 ‘%’
%) AR 7
Parity of a function
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1.6895 2.8544 —1.6895 2.8544
1.6684 2.7836 —1.6684 2.7836
1.6456 2.708 —1.6456 2.708
1.6306 2.6589 —1.6306 2.6589
1.6073 2.5834 —1.6073 2.5834
1.6023 2.5674 —1.6023 2.5674
1.6023 2.5674 —1.6023 2.5674
1.6023 2.5674 —1.6023 2.5674
1 3 2 3 1 5o
- WL%E oA B AR PR, o s i 20 e S P S ) 122
Observe the changing law of the function value, how to

quantitatively describe the symmetry of the graph of the function ?

) @60

@ F—# BR &R
Figure 4.4.2 Dynamic demonstration of classroom teaching resources

Pudian and OPMC is embedded in the design of such activities. As point A moves,
guide students step by step to find the invariant. With such technical support, the scope
of OPMC in potential variation has been greatly expanded. We are not limited to
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changes in a few numbers, but through a series of changes, we can carry out
mathematical exploration to discover mathematical laws.

“Teaching research” publishes articles written by practical teachers on the review and
reflection of their classroom teaching. “Theory and practice” publish articles written by
researchers to interpret textbooks, design of textbooks, classroom teaching, etc., from
a theoretical perspective.

In general, PEP platform offers various digital resources to support high school
mathematics teaching. Some of resources are designed by the website itself and some
are selected from other places. On the one hand, digital resources expand the potential
variations. On the other hand, these resources are dedicated to expanding teacher
resources from various aspects, and also provide the possibility for teachers to further
(re)create variation in the documentation work.

4.4.2.3 High school mathematics PEP textbook training: better understanding
the intention of textbooks

The People’s Education Press organizes teachers and researchers to participate in the
activity of “PEP teacher training on the use of teaching materials for primary and
secondary schools”, and shared videos and slides of the activity online.

As we mentioned in section 4.1.1, PEP textbook (2019) is designed as core literacy-
oriented curriculum based on the general high school mathematics curriculum standards
(2017). In order to let teachers and researchers better understand textbooks, grasp the
content, system, and characteristics of textbooks, and also to listen to the opinions of
all parties, “PEP teacher training on the use of teaching materials for primary and
secondary schools” was held. Here, we only focus on the training of high school
mathematics textbooks. The theme of this training is the interpretation of the new PEP
textbook (2019). In this training, the editor-in-chief of the textbooks introduces the
overall situation of textbook design, and the core-authors of the textbooks introduce the
compulsory 10 chapters of the textbooks chapter by chapter. We take the chapter of
function as an example. The introduction of this chapter in the training mainly includes
the learning objectives of this chapter, the knowledge structure diagram, the content
arrangement, the status and function of this chapter, suggested schedule of lessons, the
intention of design, and teaching suggestions.

PEP platform provides resource support for teachers’ and researchers’ self-development.
Teachers and researchers are no longer limited by time and space. They can conduct
training at anytime and anywhere, and can watch repeatedly. Teachers can also reflect
from practical teaching, which is more conducive to the further improvement of
textbooks and teaching materials.
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4.4.3 The design of French-Sésamath platform and its potential variations

French researchers have conducted a series of explorations and attempts on the DCR
platform, and have made certain progress and results. Among them, the Sésamath
platform is a distinctive result of DCR construction in France, which reflects the
concepts of DCR in terms of creation, integration, management and maintenance. In
this section, we will first introduce the profile of Sésamath platform (4.4.2.1). Then we
study the potential variations in three typical products of this platform: 1) Variations in
the design and development of Sésamath’s teaching materials and electronic teaching
materials; 2) variations in the design of Mathenpoche; 3) variations in the design of
LaboMEDP platforms.

4.4.3.1 Profile of Sésamath

The Sésamath Association®® was founded in 2001. It is a French mathematics teachers’
association. Its core members are practical teachers in middle schools, and some retired
teachers, software engineers, volunteers, etc. are also involved. The association is
highly regarded and non-profit. The Association aims to design open-source digital
curriculum resources for mathematics teaching: to provide free educational resources
and professional tools for mathematics teaching to the public through the Internet,
thereby promoting the acquisition of mathematical knowledge. To this end, Sésamath
allows everyone to access freely their platform for sharing resources on the Internet;
promote as much as possible “open source” resources that are freely available and
“open” resources that users can add and modify independently; With the
aforementioned open source and open online resources, deepen the combination of
teaching and technology and increase the appeal of mathematics.

The Sésamath Association has grown very quickly. In 2001, the Sésamath Association
was launched by about 20 math teachers who shared their personal resources website.
Subsequently, the association designed a “drill-and-practice” software program, “Math
in the pocket” (Mathenpoche). Mathenpoche quickly became successful and was
accepted and used by many teachers and students. In 2007, Sésamath stood out from
68 projects from 51 countries and won the third prize for ICT applications from
UNESCO. Today, Sésamath has 70 sponsors and is supervised and managed by a board
of about 10 people. About 1.3 million people visit its website every month. So far, about
30,000 teachers and about one million students have registered as members of the
website (Gueudet, Pepin, Sabra & Trouche, 2016; Gueudet & Trouche, 2012). Gueudet,
Pepin and Trouche (2013) believes that the reason why Sésamath can become the main

80 The name of the association “Sésamath” is to combine the famous “Open sesame” (Open sesame) in
“One Thousand and One Nights” with math (math), in order to reflect the attitude of open source and
sharing of resources on the platform.
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reference platform in the field of education in France is mainly based on its three
advantages: first, it provides opportunities for teachers to collaborate, and second, it is
equipped with a series of flexible resources and tools. Third, it builds a platform for
discussing and improving the composition and development model of these resources.

Sésamath’s resources are voluntarily created by middle school (junior and high school)
math teachers or elementary school teachers. The specific research and development
process mainly includes the following five steps: 1) determine the structural framework,
design concepts and design ideas of the resources; 2) explore and modify the resources
created within the design team (small group); 3) place the completed resources in pilot
test and edit in a small area; 4) put resources online, open and promote; 5) after
resources are applied to real classrooms, resources are further revised and improved
according to the classroom situation. It is not difficult to see that the entire research and
development process is a reciprocating process. The resources are discussed
collaboratively by the design team, and pilot tests were conducted in the classroom.
Through the communication within the team, between the team and the classroom
teachers, the resources are continuously improved, and publicly released on the Internet
after being widely recognized. But this is not the end of the Sésamath resource design.
Resource users can submit comments or improvement suggestions in real time. The
team will comprehensively consider the feasibility and necessity of making these
changes (mainly based on the team’s own adjustable power and the importance of the
revision of this resource), and ultimately respond to the updates of resources®!. It should
be noted that not only members of Sésamath can participate in the process of creating
this resource, but participating members should respect the opinions of others and agree
with the concept of “open source” resources of the association. At the same time,
Sésamath does not promote any teaching methods and theories.

Figure 4.4.3 can help us have a holistic view of the large number of resources that the
Sésamath platform has. Most of the platforms and projects shown here have been
developed with the support of the Sésamath Association. The Sésamath website also
provides access to these platform projects. Among them, the e-textbooks developed by
the association, Mathenpoche, and LaboMEP are the three most distinctive, widely used,
and most original projects of the platform. We will introduce these three projects in
detail below.

81 According to the evaluation results, the association sometimes decides not to modify the old resources
in order to concentrate on the development of the new version of the resources and replace the old version
with this.
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4.4.3.2 Sésamath e-textbooks: A new way of textbook design and the variation
thoughts embedded in it

Since 2005, Sésamath has been providing textbooks®* for junior and senior high school.
Today, Sésamath textbooks are widely used in France. So far, Sésamath textbooks
(printed versions of electronic textbooks) have sold more than 1.5 million sets,
accounting for about 20% of the French textbook market (Gueudet et al., 2013).

Traditionally, French textbooks and e-textbooks are designed by a small team (four to
six) of teacher, trainers and supervisors, and published by commercial publishers. The
design of Sésamath textbooks has broken the traditional “top-down” method. The
authors of the textbooks are ordinary teachers in the Sésamath association, and adopt
the “bottom-up” method (Gueudet et al., 2016). On the other hand, compared with
traditional textbooks, Sésamath textbooks have a wider resource platform. When
teachers use Sésamath textbooks, they can use related resources on their platform at the
same time, thus making their resource system more diversified. So, what methods and
means does Sésamath use to ensure the quality of these textbooks?

Gueudet et al., (2013) believe that the concept of "quality" of textbooks is complex, and
it includes the concepts of coherence and depth of understanding in textbook analysis.
Its complexity is caused by changes brought about by digital means. By comparing
Sésamath sixth grade textbooks with traditional sixth grade textbooks®, it reveals some

82 From http://www.sesamath.net/, English description added by the author. Retrieved on 1% march,
2022.

8 Comes with free online pdf and odt versions, as well as related supplementary materials.

8 Helice textbooks: sold by commercial publishers, written by a team of experts (researchers and teacher
trainers).
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characteristics of Sésamath textbooks that are different from traditional textbooks:

1. Structure of textbooks: Traditional textbooks as a whole have a relatively fixed
and closed structure, while Sésamath textbook is an “atomic” system that can
be arranged by different users;

2. Textbook content arrangement: Traditional textbooks are based on the advice of
an expert team to integrate teaching content and methods, and enjoy a certain
degree of freedom in the layout. Sésamath textbooks are arranged in accordance
with national curriculum standards, and the connection with curriculum
standards is closer.

3. The relationship between textbooks and users: Traditional textbooks are often
provided to teachers as a final product, while Sésamath textbooks only provide
some basic frameworks for teachers, and teachers can expand and improve the
content of textbooks on this basis.

The traditional way of designing textbooks is: there is a fixed team for the design of
textbooks. After the textbooks are designed, they are used by teachers. Teachers are
only users. Problems found in the process of use need to be improved until the next
time the textbook is revised. Compared with this traditional approach to closed
textbooks, Sésamath textbooks are designed using an open approach, which appears to
have a lower intrinsic quality in its initial version: it provides fewer questions and fewer
tasks. In terms of structure, it is just a structure proposed in accordance with national
curriculum standards. However, we should note that the content of traditional textbooks
will remain static in both paper and pdf electronic versions. Sésamath textbook
resources are not static and can be based on the needs expressed by users through the
content of comments. It has been modified many times and is therefore “dynamic”.
This new method of textbook modification is closely related to digital development.
Sésamath e-textbooks have a large number of teachers involved in resource design, and
through continuous modification to achieve the development and improvement of
resources. Digital means providing the possibility for this form of textbook
modification, and Sésamath integrated this method well with the process of redesigning
the textbook.

The impact of digital reform has forced us to rethink the concept of “quality of
textbooks.” The Sésamath team set this textbook as a digital textbook from the
beginning, and each chapter file is in .odt (OpenDocument) format, which provides
teachers with the opportunity to modify the exercises and text of curriculum. This
textbook provides a large number of exercises for teachers to choose and apply freely.
The Sésamath team believes that digital textbooks are a “brick collection” in which
teachers can select the appropriate “bricks” (i.e. resources) to build a coherent
curriculum and improve it. In this case, even teachers who are not involved in the design

of textbooks can be regarded as “designers” of their own teaching, because it is the
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teachers who complete the continuous process of resource selection, resource
integration and resource use.

From the perspective of variation, the process that the teacher selects the appropriate
“bricks”/ “atom”, adapts it to his’/her own class, implements in class, and reflects,
improves the tasks can be regarded as the process of identifying, creating, implementing,
reflecting, and improving variations, which is consistent with our preliminary model of
variation (see figure 2.4.2 in section 2.4.2). An atom or brick is equivalent to a
mathematical fundamental problem, and on this basis, teachers make changes to it
according to their own curriculum goals to form their own curriculum. On one hand,
offering “bricks”/ “atoms” provides more space for teachers to vary and promotes the
outcome of variation; on the other hand, this dynamic design of e-textbooks makes the
cycle of teachers’ documentation work faster and more frequently.

4.4.3.3 Potential variations in Mathenpoche (Pocket Mathematics) Platform:
Variations created through the interactions with computer

Mathenpoche is the earliest platform built by the Sésamath association, mainly for
middle school students. There are two different types of resources in this platform: one
is closely related to school teaching and is directly related to teaching content; the other
is centered on mathematical games. Below we introduce these two types of resources.

The first type of resources covers the important knowledge points required in the
curriculum standard. Each chapter of mathematical knowledge points has three main
contents: review, comprehension and application, and self-assessment. Review mainly
refers to the review of pre-knowledge before students learn new knowledge. A review
of the key concepts in front will help students understand and master new knowledge.
The comprehension and application part mainly include the mathematical content,
dynamic display of problem-solving methods, and interactive exercises. This part of the
interactive exercise is selected from a very large number of exercises, which is
completed by the teacher. The self-assessment consists of multiple-choice questions
and test papers (with dynamic demonstrations of the answer and exercise analysis
process). The content and exercises in each chapter match the school’s teaching content.
Dynamic course content display, interactive exercise modification and analysis enable
students to learn independently and conduct self-evaluation. It is obvious that this part
of Mathenpoche is modeled on the order in which students learn at school (from review,
comprehension, application to evaluation), because the designer hopes that students can
quickly adapt and use the platform to learn effectively.

The interactive exercises in Mathenpoche are the most popular resources produced by
Sésamath (see table 4.4.1). There are more than 2000 interactive exercises and dynamic
analysis in the platform. Based on the theme of the exercise, the system randomly
generates questions, and each set contains 5 to 10 questions. Students need to answer
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each question with two chances to try. Each question is assigned one score. If the answer
is wrong twice, the question will not be scored. After answering the questions, the
window will display the correct or wrong, and dynamically give or demonstrate the
correct solution. The opportunity to answer the question twice gives students a chance
to make trial-and-error, and the detailed dynamic explanation and analysis can attract
students’ attention and deepen their understanding and mastery of knowledge.

Table 4.4.1 Mathenpoche interactive exercise, discerning monotonicity of functions from graph
Question 1:
— We represent the function defined on the
e e s compie sosos s amns wn .| 10ETVAl [-5,5] in the figure. Describe as
cer o e J completely as possible the monotonicity of
=g Mt the function g on the interval [-5,5]. Click to
j e m—_re add description
The function g is "strict decrease" ( choose
via the drop-down menu) on the interval [, ]
(fill in the blank).

Score 1 out of 1: the student answered
ﬂ?qﬂl’d? I'animation... . .
et clique sur “Suite" ! correctly in the first questlon

Mathenpoche gives a string of tasks on one mathematical knowledge point every time
and these tasks are randomly selected from the task database of Mathenpoche. Most of
the time the string of tasks just vary in the basic value of condition (numerical changes)
and the new task can be solved in the same way of the previous task (multiple problems
one solution). Sometimes these tasks are designed to be hierarchical according to the
difficulty (complexity) of the task. For example, the tasks of multiplication calculation
are from two-digit multiplication to three-digit multiplication to four-digit
multiplication.

The second type of resource is mainly a series of mathematical games. These fun math
activities can provide some support for classroom math teaching: attract students to use
the website through games, they may use other resources in the website in this process;
at the same time, these fun activities require a certain amount of mathematical
knowledge; can make students who are not doing well in mathematics get a sense of
accomplishment in the game and settle with mathematics.

DCR provides possibilities and conveniences for variations, and at the same time, it can
also provide DCR with new development ideas and improvements through variations.
For example, we can intelligently distinguish between students’ incorrect answers and
correct answers by using DCR. If the student answers incorrectly, after showing the
correct solution, we can propose another task (with only minor changes, such as
changing the number) to verify whether the student has mastered this knowledge point.
The variation here is used as a verification/judgment tool. If the student answers
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correctly, then we can increase the difficulty of the task or expand the breadth of the
task through variation, thereby expanding the student’s learning space and allowing
their learning potential to be fully developed. The variation here is used as a tool for
students to learn deeply. It can be seen that in different situations, the effects of the
variations are different. Therefore, we need to use the variation flexibly, skillfully and
ingeniously according to the students’ learning situation.

4.4.3.4 Potential variations in LaboMEP Platform: Variations created through
sharing

The Sésamath team is committed to providing teachers with a large selection of
resources for teaching, and textbooks are just one of them. "Efficient tools" is also an
important resource provided by the team to teachers. LaboMEP is a virtual teaching
tool developed by the Sésamath Association. LaboMEP provides teachers with a lot of
resources while ensuring that teachers can prepare targeted lessons according to his/her
curriculum, class, and individual needs of students. The first version of LaboMEP was
developed in 2008 and was put into use in early September 2010. The development of
the second version started in 2014. Compared with the first version, the second version
has a completely different architecture (more modular and relies on external resource
servers that can be developed in parallel) and uses different technologies. The new
version was first commissioned in the spring of 2017 and gradually replaced the first
version from September 2017. In November 2018, the second version has completely
replaced the first version.

The LaboMEP interface (see Figure 4.4.4) contains three main screen areas. The area
on the left is mainly “established resources”, which are given by the system, including
the list of professors’ class students, resources shared by teachers from the same school,
and resources provided by Sésamath. We can see that LaboMEP follows the exercise
resources in Mathenpoche, including interactive exercises, multiple choice questions,
interactive dynamic presentations, etc. Similarly, the Sésamath e-textbook is a part of
LaboMEP. The right area is mainly “self-built resources”, designed and integrated for
the teacher himself/herslef, including his/her grouping of students, his/her own
resources, the courses he/she designed, and the courses of colleagues. Therefore, the
teacher can share his/her class schedule with other colleagues through LaboMEP, and
colleagues can establish a shared resource library for resource sharing. The middle area
is mainly the “teacher work area” and is the active area of LaboMEP. In this area, the
teacher can use the left and right area resources to insert it into the document he is
designing (the middle area), so as to effectively create and design content such as
exercises, student groups, courses, and so on. All of the designed lesson that he/she
prepares will be recorded and saved in the “self-built resources”. Each document can
include excerpts from textbooks, online exercises, geometric construction using
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dynamic geometry software, and even external website links. With this technical

support, teachers can use this platform to design personalized lessons and exercises for

students, and send different documents to different groups of students to achieve the

purpose of personalized teaching.
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Figure 4.4.4 LaboMEP, a virtual environment designed for teachers

Teachers can also view student practice feedback at LaboMEP (see Figure 4.4.5). This

feedback is automatically generated by the system. Teachers only need to click the

student’s name in the “Classes” menu to view statistics such as how long the student

used to complete the problem, the correctness of the answer®’, and the record of the

solution to the problem. These quantified data feedback can help teachers quickly

identify the weak points of students and implement more targeted teaching to students.

In addition, teachers can also communicate with members of the Sésamath Association

through this platform and make suggestions on the resources of the platform. This

possibility of collective collaboration is crucial for the Sésamath Association and is not

yet available on other platforms.

85In the visual representation of the accuracy rate in Figure 4.4.5, green indicates that the student
answered correctly the first time, dark green indicates that the first answer was wrong and the second
answer was correct, red indicates that both answers were incorrect, and blue indicates that the student

did not answer.
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Figure 4.4.5 View student’s work in LaboMEP

LaboMEP platform can record the process of teachers’ documentation work, including
teachers’ creation of variations. This way of unifying the resource database, students’
situation, and documents shared by other teachers on one platform provides great
convenience for teachers to create variations.

4.4.4 Conclusion

Digital trend of textbooks and platforms are irresistible, which inevitably offers new
potential variations. In this section, we conclude the changes that digital curriculum
resources bring to us and the changes of potential variation in the tasks that comes with
it.

From the lens of the current digital curriculum resource of the textbook, it is mainly for
resource online sharing. PEP platform offers teaching design, tasks, dynamic
demonstration of classroom teaching resources, and research papers. Dynamic
demonstration of classroom teaching resources makes Pudian and OPMC easier to
implement in class. In fact, the situation is similar in Hyperbole textbook, which also
accompanies with digital resources in a platform®®. Different from PEP platform,
Hyperbole platform doesn’t present any teaching design of a whole lesson for teachers.
In Hyperbole platform, besides the technical support for teachers, it also provides series
of MCQs online for students, which are corrected by the computer. In general, at this
stage of the DCR of textbooks, there is still a one-way sharing of resources, with the
textbook designers providing further instructions and additional resources to teachers
and students. The potential variation it brings is also limited.

From the lens more advanced situation, Sésamath is a production of teachers’

collaboration work. In this platform, the e-textbooks in the Sésamath platform,

8 Hyperbole textbook also has its own online platform, unlike PEP textbook, it is not open source and
needs to be purchased. Website link for 10" grade of Hyperbole textbook (2019 edition):
https://enseignants.nathan.fr/catalogue/hyperbole-2de-manuel-numerique-enseignant-
9782091193618.html
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Mathenpoche and LaboMEP are interrelated and complementary. Sésamath’s e-
textbook and workbook platform provides online viewing of textbooks and workbooks,
and a projectable, downloadable version enriches the digital resources of the middle
school classroom. Mathenpoche, as a platform to assist school education, is often used
for extracurricular tutoring and exercise practice. The interactive exercises can
effectively mobilize students’ enthusiasm for learning. The dynamic analysis of the
exercises enables students to carry out autonomous learning and self-help learning.
LaboMEP integrates the resources in electronic textbooks and Mathenpoche to provide
a platform for teacher-student communication and teacher-to-teacher communication,
enabling personalized teaching. The e-textbooks and Mathenpoche also connect with a
large number of external potential resources through the LaboMEP platform. The
biggest difference this new intelligent platform brings to variation is to provide
customized support for students

In this new type of digital curriculum resources, the sharing of resources gradually turns
from one-way to two-way interactions. The biggest difference that this new intelligent
platform brings to variation is the customized support for students. This customized
support is from two aspects: one is provided by the platform itself, as described in
Mathenpoche, where the computer responds to students’ responses and further provides
tasks appropriate to their levels. This kind of response mechanism requires a large
number of tasks and a well-organized categorization of tasks according to mathematical
contents and levels. The design and organization of these tasks involves variation with
different teaching goals. For example, Pudian should be designed in a series of tasks
that continuously go deeper to help students learn step by step. OPMC should be
designed in a series of tasks with the same solution to help students master the strategy.
When the system recognizes that students are having problems understanding concepts,
it automatically mobilizes the explanations of concepts, which are designed with
conceptual variations; the second is at the level of teacher-student interaction, as
described in LaboMEP, where the teacher follows students’ learning by checking their
answers to exercises in real time, provides teachers with foundation to design

customized curriculum resources.

The development of the digital curriculum resources presents both opportunities and
challenges for variation.

4.5 Reflections on the potential variation in curriculum resources

In this section, we try to answer the first research question “What are the potential
resources with variation in high school mathematics textbooks and other curriculum
resources in China and France?” from three levels based on the current transition
between classical textbook and other totally new teaching environment: The potential
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variation in the two textbooks and the comparison between them (section 4.5.1); DCR
and relation with traditional textbook (section 4.5.2); the changes of teachers’ role
(section 4.5.3).

4.5.1 Comparison of PEP and Hyperbole textbook through the lens of
potential variations

The two textbooks are designed with different intentions. The PEP textbook is designed
in a systematic way for teachers to follow in teaching while the Hyperbole textbook is
meant to provide teachers with more options in teaching based on the curriculum
standard. This difference in design intention leads directly to difference in the number
of tasks in the two textbooks and the different roles of textbooks in teachers’
documentation work. The Chinese PEP textbook has fewer tasks and the connections
between the tasks can be clearly seen. The hyperbole textbook has a large number of
tasks, which are categorized in detail so that teachers can select them according to their
needs. For teachers who use PEP textbook, tasks are already selected for them and
variation falls mainly on the tasks themselves. Teachers can design or redesign new
tasks by manipulating variations based on the content in the PEP textbook. For teachers
who use Hyperbole textbook, it is up to the teacher to select the tasks and reorganize
them for different use. Variation falls mainly on the organization of tasks to make them
logical and systematic. To show the comparison of potential variations in two textbooks
more specific, we explain it from the four aspects (contextual, representational,

conceptual, and procedural variations) in the following:

e Both textbooks introduce the concept of function from a realistic context, trying to
get students to transform from the concrete real world to the abstract mathematical
world and then to apply the knowledge of function to solve realistic problems. In
addition, the French Hyperbole textbook also designs a lot of geometric context
tasks, which are intended to use functions to solve geometric problems, especially
the problem of moving points on geometry.

e The function itself comes with a variety of representations (formula, table of values
and graph) that make representational variation very common in the function tasks.
Both textbooks focus on conversions between representations. The PEP textbook
pays particular attention to the conversions between graph and symbolic writing,
trying to simplify the algebraic operations in symbolic writing with the help of
graphs of functions from the intuitive point of view. In contrast, the French
Hyperbole textbook pays particular attention to the use of TICE in the process of
conversions. TICE is an indispensable part in the process of solving tasks in
Hyperbole textbook, especially in terms of the conversions between symbolic
writing and auxiliary transitional representation (table of values). While in the
Chinese PEP textbook, although TICE is mentioned, it is only an auxiliary means
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of solving tasks, not a necessary part. The conversions are mainly completed by
students themselves through algebraic operations. The geometric context tasks in
the Hyperbole textbook also brings new conversions between geometric figures and
symbolic writings.

¢ In teaching the concept of function, rather than directly present the definition of the
function (as French Hyperbole designed), Chinese PEP textbook guides students to
generalize the concept through standard variations and non-standard variations. The
comparison of standard and non-standard variations reveals essential and non-
essential attributes, determine the connotation and extension of the concept of
function (an example shown in section 4.2.1).

¢ In the Chinese PEP textbook, you can see the connection between the tasks clearly,
especially with the help of the teachers’ guidebook, while in the French Hyperbole
textbook the tasks are in a very diverse form and we can find the connection in some
certain parts. However, the idea of Pudian and OPMC are embedded in a series of
tasks or between examples and exercises. OPMC and MPOS are often appear
together, and students’ mastery of mathematical methods is tested by OPMC. Both
textbooks don’t show OPMS explicitly, but leave room for the production of OPMS.
In the PEP textbook, it mentioned the new method by using the computer to draw
the graph of function. In the Hyperbole textbook, there are open problems and tasks
for students to work in groups, which offers environment for students to explore
and create OPMS by themselves. Moreover, using series of problems to explore and
enhance the formation of concept is unique to Chinese PEP textbook (an example
shown in section 4.2.1). It can be regarded as a possible approach by using variation
to meet the requirement in the curriculum standard (section 1.2.1.2, the importance
of the introduction and formation of the concept of function).

It is worth mentioning that sometimes the meaning of the task title is different even
though the same words are used in these two textbooks. For example, the word
“example” is essentially understood differently in the two textbooks. The task called
example in the Chinese PEP textbook is closer to the task called “know-how” in the
French textbook and includes the process of solution, while the example in the French
textbook is often just an example to illustrate the concept and does not include the
solution.

4.5.2 DCR: the future of textbooks

In addition to the classic textbooks, the advancements in technology promotes the
development of DCR. New DCR is not only dedicated to the teacher or the students,
but make it possible for one-way communication to become two-way, or even multi-

way interaction, bridging the gap between teacher and teacher, teacher and software
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engineer, teacher and researcher, and teacher and student. DCR provides new ideas for
personalized teaching and learning. The technology breaks the limits of time and space,
and the large number of tasks and intelligent choices help students to learn in a more
focused way. Variations are implemented by the computer in the process of selecting
and presenting the tasks, the correcting and reflecting on the students’ answers. We hope
that this customized service accumulates data as students and teachers continue to use
it, and the more data there is, the more the computer’s learning function will allow the
computer to better understand the needs of this student and provide a more personalized,
targeted and comprehensive service in the long run.

When we compare the resources offered by PEP, Hyperbole, or Sésamath, there are
some differences in the type pf resources between China and France. In the French
resources, whether in the teachers’ guidebook or the DCR, we do not see any complete
teaching design for one lesson, which is very common in China, or even as part of the
teachers’ preparation requirements, especially for new teachers. In French resources,
most of the design presented is for one specific task. This phenomenon is to some extent
consistent with the difference in the design intentions of the textbooks in France and
China. As we mentioned above, the PEP textbook is concerned with a holistic, macro
design, so it provides teaching design of a certain lesson both in teachers’ guidebook
and in DCR. While Hyperbole textbook and Sésamath pay attention to the specific tasks,

in a more micro level.
4.5.3 Changes of teacher’s role

The traditional role of the teacher is to shape the textbook for use with particular groups
and students in particular places on the basis of teacher’s own professional judgment
(Chazan & Yerushalmy, 2014). However, technological developments change what it
means to supplement a textbook. In the current situation, teachers are exposed in an
explosion in the accumulation of digital data, traditional teacher roles no longer seem

to meet current needs. Then, what should the teacher do?

The evolution of DCR seems to provide a platform for teachers’ documentation work
in a new way. With new kinds of technologies, supplementation of textbook begins
closer to an “open culture” concept of co-authoring a new version, rather than
supplementing an existing version that remains unchanged (Chazan & Yerushalmy,
2014). As we mentioned the Sésamath e-textbooks in section 4.4.3.2, particular
knowledge products or tasks are not fixed, but developing, altering, or enriching under
teachers’ collaborative work. The resources are created by teachers’ iteratively working
and refining. Teachers gain experiences and build their own ways of designing and
refining with such kind of platforms. Teachers become significantly more involved in
the designing process. Perhaps, in the future, textbook design is no longer the “privilege”
of experts (supervisors, teacher educators, etc.), but each teacher will have their own
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personalizing digital textbooks based on the common curriculum standard.

To get a fuller picture of the resources currently used by teachers and specify teacher’s
role in this transitional environment, we conduct case studies of a Chinese teacher and
a French teacher in chapter 5 and chapter 6.
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Chapter 5

Studying teaching through variation in a Chinese case

With an aim of exploring variations in teachers’ documentation work and classroom
teaching, we have proposed a preliminary model (Section 2.4.3) with its analytical
framework (Section 2.4.4) based on the literature. To refine this framework, case studies
are presented in the following two chapters. This chapter presents the case study in
China in four sections: Section 5.1 focuses on the variation in Lin’s resources system
through his documentation work, which is the foundation of Lin’s classroom teaching
through variation; Variation in Lin’s classroom teaching with respect to the tasks is
presented from two perspectives: analyzing Lin through his own work, directly his
documentation work and classroom teaching (Section 5.2), and through the lens of a
preservice teacher at the occasion of series of guiding activities for a specific classroom
teaching (Section 5.3). Section 5.4 concludes the characteristics of case teacher Lin in
design and use variation in teaching to answer our research questions, and balances the
specific and generic aspects of this case study for improving our current model.

5.1 Variation in Lin’s resources system through his documentation

work

In this section, we try to draw a picture of Lin’s resource system to understand the
factors behind Lin’s teaching through variation. We described the variation in Lin’s
resources system from three perspectives: Lin’s resource system (5.1.1); Lin’s
documentation work (5.1.2); variants and invariants in Lin’s resource system and

documentation work (5.1.3).
5.1.1 Lin’s resource system: Fertile soil for the outcome of variation

Teachers’ resources are powerful support for teachers to carry out teaching through
variation. In this section, we first present the resources that Lin use (5.1.1.1); we then

»87

describe Lin’s understanding of ‘good resources’®’ and choice of resources (5.1.1.2).

5.1.1.1 Lin’s resources

We follow the methodology described in section 3.3.4.1 and present Lin’s resources
from four types according to different purposes: resources related to tasks; resources
related to mathematics knowledge; resources related to didactics, and resources related

87 «Good resources’ here are defined by Lin himself, not from the general point of view.
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to software tools to assist classroom teaching. The resources presented here are based
on the interview with Lin and evidenced by us during the classroom observation.

e Resources related to tasks:

Resources for tasks are the main content of our research. There are mainly five
resources used in Lin’s case (see table 5.1.1): 1) Digital task repository; 2) School-based
teaching book; 3) Handbook of Key and Difficulties Points; 4) Classroom test paper; 5)
Discipline Website. These resources are used by Lin as resources for lesson preparation,
for students’ homework and for students’ tests or examinations.

Table 5.1.1 Resources for tasks

Naming in | Translated name in Purpose Designer/Organizer
Chinese English
BB Digital task Supplementary tasks make the Lin
repository classroom teaching more
enriched; Provide tasks for test
% A< #t | School-based Providing learning goal, key Experienced
# . ( =& | teaching book: points and tasks for the lesson teacher(s) in school
s [ “Synchronous about new knowledge; C
Y b Elaborate Lessons
Z)j% UE A and Exercises in Daily Homework for students
- Key High School”
¢ B Mt 15 | “Handbook of Key | Homework for students Commercial
FAFY and Difficulties Publishing
Points”
P A M 35k | classroom test paper | Test in class (every two weeks) Teachers of grade 10
* in turn
2R Discipline Website Search information Commercial Website
Design and organize test paper
(rarely)

Digital task repository is dynamic and self-developed by the teacher. Lin is proud of
this resource accumulated by himself for over ten years. This is mainly about the storage
of tasks and used to provide supplementary tasks to enrich his classroom teaching.
According to Lin, this resource can be characterized as:

- Tasks classified by theme: Lin classified different tasks according to different
themes. For example, there is a specific folder for functions.

- Wide variety of sources: The sources of tasks here are very rich and we mainly
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divide the sources into the following categories: 1) Tasks in the formal large-scale
examinations: tasks of college entrance examination, of independent enrollment of
college, of mathematical competition in various provinces, of Chinese High School
Mathematics League, etc.; 2) Tasks encountered in daily teaching: Lin gave an
example here. The teacher would take turns to design the test or exercising papers
for students. If there is a task that he thinks good, then he would record it. 3)
Electronic version of books: If Lin found the tasks in a certain book are quite good,
he would ask a college student to help him type the whole book. Lin pointed out the
importance of digitizing tasks in our interview: “Its useless for me to memorize the
tasks. I have this task, because I have done the task, and I will probably have an
impression. I know when and where it is. Only handwritten (of the tasks) is
inconvenient for me when I want to use it. For example, if I want to design a test
paper or something else, I need to find some tasks to print for the students. It’s
useless for you to write by hand. If I have an electronic manuscript, I just copy it.

(That's why) I generally let it be in the form of an electronic manuscript.”

- Dynamic and develop over time: This digital task repository is continuously
enriched with the teaching of Lin. The diverse sources of this repository form a
virtuous circle in the long-term teaching process, providing it with rich nutrients.

According to Lin, the main resources for classroom teaching is school-based teaching
book “Synchronous Elaborate Lessons and Exercises in Key High School” (see
figure 5.1.1). According to the requirements of the Hangzhou Education Bureau®®,
the latest PEP textbooks A version (2019) are used as textbooks. But in actual
teaching, teachers often choose school-based teaching books because it tends to be
more in line with the level of students in each school after years of practice. The chief
editor of this textbook is an experienced teacher of school C who has been teaching
for more than 30 years. He explained the source of this book in our conversation®’:
“From the beginning of the curriculum reform in 2004, I began to try to design
teaching plans and learning plans, which is the prototype of school-based teaching
books, with other teachers in school C. The intention of designing is to face the
contradiction of the new curriculum with more learning content and less teaching
time. Through effective teaching design, certain additions, reductions, selections,
and reorganization of textbooks are carried out, the content of textbooks is
transformed into teaching content, and the academic form of textbooks is
transformed into teaching form, so that students’ mathematical performance can be

greatly improved. In the fall of 2020, a new round of core literacy-oriented education

88 Hangzhou Education Bureau is the municipal government work department in charge of education.
8 We introduced this conversation in section 3.3.2 tools of data collection.
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reform was fully launched. We have carefully studied the latest high school
mathematics textbook published by People’s Education Press A version,
comprehensively revised the school-based teaching books, and carefully designed the
book called “Synchronous Elaborate Lessons and Exercises in Key High School”.
This book adopts the mode of combining teaching plan and learning plan,
highlighting the three characteristics of Synchronization, Elaborate lesson and
Elaborate exercises.” He explained the connotation of these three characteristics as
follows:

Synchronization: On the one hand, it refers to the synchronization with the idea of
the latest curriculum standards and PEP textbooks, which can effectively improve
the quality of mathematics teaching and develop the core literacy of mathematics
of students; on the other hand, it refers to synchronization with teaching and
learning, making this book become a high-quality lesson plan and learning plan that
combines classroom teaching and after-school training.

Elaborate lesson: In order to facilitate teachers to use the new textbooks and
implement classroom teaching, the following 4 elaborate lesson columns are set up
for each lesson in this book: 1) Learning objectives, combined with curriculum

9 <6

standards and textbooks, use “knowing”, “understanding” and “mastering” and the
corresponding behavioral verbs “experience”, “inquiry”, etc. to explain the learning
objectives of the content of this lesson; 2) Elaborated explanation for the key
knowledge. The main concepts, formulas, methods and other key points that should
be explained in this lesson are effectively integrated to facilitate students’ self-study,
and to reduce the teachers’ blackboard writings; 3) Example analysis, select 4
classic examples corresponding to the key and difficult content of this lesson.
Example 1 and example 2 focus on consolidating new knowledge, example 3 has
the requirements of improved ability, and example 4 has a certain degree of
difficulty and the book gives the answering process. This is set in consideration of
the different level of students. It is also more convenient for teachers to control the
teaching time. It can not only allow teachers to explain the example, but also allow
students to learn by themselves. Immediately after Example 4, set up a “knowledge
and ability transfer” task, which is equivalent to a spare task. The teacher can decide
whether to explain or not according to the actual situation and the teaching time. It
can also be used as a students’ after-school thinking task. By setting various and
flexible examples, teachers have more choices and makes this book suitable for
students of different levels. For the setting of examples, designers have carried out
in-depth and meticulous considerations. The book also provides series of tasks and
tasks with variations. The designer also mentioned that if teachers have better
examples, they can also make appropriate supplements and adjustments; 4)
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Summary of mathematical laws. Summarizing conclusions, methods, and thinking
strategies that have universal guiding significance so as to facilitate students’ review
after class, and strive to enable students to have a firm grasp of what they have
learned and apply them flexibly. In addition, at the end of each chapter, there is a
summary and review lesson, which is divided into three parts: knowledge structure,
key review, and review and improvement. The examples are set around the
mathematical thinking method, which are roughly divided into function and
equation thought, symbolic-graphic combination thought, classification discussion
thought, reduction and transformation thought, special and general thought, etc.,
equipped with 5 examples.

- Elaborate exercises: The tasks are targeted and hierarchical, consisting of two parts:
“basic training” and “ability improvement”. The selection of exercises follows the
principles of basicity, applicability and gradual progress, taking into account
classics and novelties. Considering the learning burden of students, the number and
difficulty of the exercises are controlled. “Basic training” consists of 5 multiple-
choice exercises, 3 filling-in-the-blank exercises, and 2 answering questions. It is a
basic requirement that all students must complete and it pays attention to the
discrimination of concepts, the deformation of formulas and their flexible
application. “Ability improvement” consists of 1 multiple-choice or fill-in-the-
blank exercise, and 1 answering question. The designers choose the exercises with
the form of inquiry as much as possible, and provide more detailed reference
answers.

The chief editor further emphasized that the design of this book is based on a long time
of exploration in the district of Hangzhou: “It has been 17 years since the curriculum
reform in 2004. This book condensed the teaching experience and teaching attempts of
these 17 years. The selection of typical examples and the setting of after-class exercises
in this book are determined after a series of topic research and teaching practice, so
that the maximum benefit of classroom teaching can be brought into play, and the topics
are in line with students’ actual level and also comprehensively cover the learning
content.”

“Handbook of Key and Difficulties Points” (see Figure 5.1.2) is a supplement to the
homework exercises in school-based teaching books, because Lin thinks that the
number of exercises in one book (12 exercises per day for homework) is not enough to
guarantee students’ learning, and two books are appropriate. Different from
“Synchronous Elaborate Lessons and Exercises in Key High School”, which is used for
the everyday homework and corrected by the teacher, the handbook is used by students
to learn independently. Lin mentioned in the interview that “‘Handbook of Key and
Difficulties Points’is for students to do (tasks) by themselves. I am not in charge of it.
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Students control their own time. It is not said that one section should be done every day.
1t is stipulated that it should be completed within a certain period of time. Generally,
the inspection would be carried out after the end of a chapter. I only check them the
revision of tasks. My requirement (for students) is to do tasks, correct by yourself, and

ask questions if you don t understand.”
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Figure 5.1.1 The cover of school-based Figure 5.1.2 The cover of handbook of 10
Teaching book of 10" grade in Lin’s class grade in Lin’s class

School-based teaching book and “Handbook of Key and Difficulties Points” above are
unified for the entire grade, determined by the LPG®’, and generally by the leader of
LPG®!. Because the leader of LPG is responsible for the arrangement of the teaching
progress, the use of classroom teaching resources, and the design of test, etc. It should
be noticed that during the actual operation, we found that although all the teachers in
grade 10 used the same classroom teaching resources at the beginning, as the interaction
between teachers and students gradually deepened, especially after the mid-term
examination, most teachers would vary their classroom teaching resources to varying
degrees in order to better adapt to the level of students. Teachers in 8 parallel classes
generally think that some tasks in the school-based teaching book are too difficult for
students. Most teachers chose part of the tasks for students to do instead of doing all
the tasks. Teachers added tasks from their own library of tasks or other places for
classroom teaching. One of the teachers directly chose a new book to replace it.

As for the “Classroom test paper”, it is a test conducted in class every two weeks and

%0 The notion of LPG (Lesson Preparation Group) in section 3.1.3.
°! Since Lin was the leader of LPG, he made the decision on the classroom teaching resources in this
case.
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lasts around one hour every time. It is not a formal test and only used to detect students’
learning in the past two weeks so that teachers can adjust their teaching strategies in
time according to students’ conditions and students themselves can also know about
their own learning situation. The test paper is designed by the school’s 10th grade
teachers in turn. This test paper usually contains 6-8 multiple choice questions, 4 fill-
in-the-blank questions, and 3-4 answer questions. Sometimes teachers will set
additional questions for higher-level students.

Lin used Discipline Website (in Chinese: %8+, https://www.zxxk.com/) for two
reasons: 1) to search some information from time to time; 2) to help him organize a test
paper (rarely). Discipline Website is relatively large and comprehensive. It has various
resources of different provinces, different levels of school, including elementary, junior
high, and high schools. According to Lin, the school bought an account for the teacher
to use. He described that the Discipline Website was an online sharing platform: “Some
teachers uploaded resources, and they would be rewarded for uploading it. Otherwise,
how can it have so many resources, and its resources depended on the sharing by others.
1t is like a platform. If you store all the information in this way, then others can take
out the information. It serves as a platform, a platform with maintenance, and it makes
a profit from it, which is convenient for teachers.” He also mentioned that there is a test
paper composition system in the subject network, which can help teachers compose test
papers. For example, the teacher entered the mathematical contents and the difficulty
coefficient of the tasks, it will automatically compose the test paper. But Lin didn’t use

it very much.
e Resources related to mathematics knowledge:

As a teacher, Lin attaches great importance to improving his own understanding of
mathematics and his ability to solve problems. In his spare time, he bought many books
by himself to study the tasks.

For improving his understanding of mathematics, he mainly used the college
mathematics textbooks and mathematics reading materials, see table 5.1.2. According

to Lin, he often does this during his summer and winter vacations.
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Table 5.1.2 Books for improving his understanding of mathematics

mathematics

reading materials
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[Translation]
College mathematics textbooks:

1. Algebra, Number Theory and
Analysis Problem Set;

2. Mathematical analysis;

3. Mathematical analysis
exercises;

Mathematics reading materials:
1. The secret of inequality;

2. The method of Vector

As for maintaining his ability to solve problems, he used two kinds of resources: books
for college entrance examination and books for mathematical competitions. He
mentioned that he would study the two types of books at different times because the
task types are different. During the interview, he said that he could not remember the
specific books he had studied before, but he was currently studying three books (see
figure 5.1.3): “Mathematics in the heart” ( {:.0>*E %) ), “Key high school second-
round review books” ( ( HE pimH ZH E > H ) ), and “the most concise
mathematical thinking method” ( { 224 22 ] £ = BAR 7 V6D ).
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Figure 5.1.3 Current books used by Lin for problem-solving

e Resources related to didactics:

Besides the resources related to mathematics and mathematical tasks, Lin also had a
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collection of books about didactics, especially about organizing a class as a homeroom
teacher®?. A picture of books taken in Lin’s office seat is presented here, see table 5.1.3.
Such books are not his current main resources, because he is already an experienced
teacher. As a mathematics teacher, he has his own set of classroom teaching methods;
as a class teacher, he has a wealth of practical experience to help him manage the class
and deal with the emergencies in the class.

Table 5.1.3 Books related to didactics

s rglated to didactis [Translation]
Books related to didactics:
1. Teacher reading materials;

2. The courage of teaching;

3. How does the homeroom
teacher speak

]

tks
By
1
1
BN
28
. s

e Resources related to software tools to assist classroom teaching:

Lin rarely used software tools to assist his classroom teaching. He mentioned two main
resources: Sketchpad and the slides. He pointed out the cumbersome use of these
technologies and questioned their effectiveness in teaching: “I don't know how to do
these things. If I really need them, I can ask someone to help me. And I don t like to use
slides, it is very troublesome to do, and the effect of teaching is definitely not as good
as mine. Unless there are some dynamic problems, and I can't draw it, (I will use the
Sketchpad), just let it go and let students understand. Apart from this, I will not use
anything else.” “If you really use slides in class, students will learn worse, showing

slides is just like playing a movie, students can feel nothing.”
5.1.1.2 Lin’s understanding of good resources and choice of resources

Lin believed that good resources are the result of long-term accumulation and time-
tested. He pointed out “The best resources for teaching are continuously accumulated
in teaching. There are some frequently used tasks, we will have an accumulation. In the
process of accumulating, we would consider which tasks are the best for this lesson.”
He also mentioned the importance of teachers accumulating classic tasks and refining

%2 Homeroom teacher (¥ 3:1T): refer to section 3.3.2.1.
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them in the process of teaching over years: “We must accumulate these tasks in the
process of teaching. When we accumulate lots of tasks, we can design tasks by ourselves.
If you accumulate more, you can make up your own tasks temporarily in class. There
are some classic tasks. We are like this: In the process of teaching, we have to
accumulate some particularly classic tasks. Then we are using these tasks in the process
for a long time. We think which tasks are more likely to be more refined, better to be
able to explain the content of this lesson, better to realize the conceptual method. These
tasks have been accumulated over a long period of time. There are many tasks. We have
to choose carefully. How to choose carefully? Actually, mainly based on the experiences
of our own use of tasks.” Obviously, Lin’s opinion on the quality of resources and the
resources he used (described in section 5.1.1.1) are mutually corroborating. Here, the
continuous accumulation in teaching emphasized by Lin happens to be fully reflected
in his digital task repository resources.

Lin believes that the most important thing for the teacher is not to accurately memorize
good tasks, but to have a preliminary impression and judgment on each task, and to be
clear about which level and teaching situation the task is suitable for. As for the accurate
information of task, the teacher can check it by looking up his/her own digital task
repository: “In fact, during the teaching process, our teacher must have tasks in his/her
mind, so some tasks can be designed temporarily. Some tasks may not always be
remembered clearly for me, but I have a concept in my mind. For this kind of
understanding and mastering, I will form a network for these tasks. What level can we
achieve with these tasks? What tasks can be used to help students reach what level. We
teach according to students’ situations, and we teach according to students’ aptitude.
(If) I teach parallel classes, what tasks I probably use, what tasks I use in experimental

classes. The choice of tasks is very positively related to the students you teach.”

Moreover, he emphasized that teachers should adapt the tasks flexibly according to their
own teaching needs, but the adaptation must be moderate: “There are some tasks that
are already very good, so there is no need to broaden(vary) it. According to your actual
teaching needs, you can flexibly vary it yourself. For some topics, I will directly use the
original tasks, and for some topics, I will vary the original tasks. I transform the
representation of tasks appropriately, but as a new lesson of high school, excessive
variation is unnecessary. Appropriate variations can be made, because our main aim
is still lesson with new knowledge, what is the main purpose of passing the examples?
To master and consolidate some concepts and methods, right?” We will further
introduce Lin’s design and redesign of resources in his documentation work in the
following section 5.1.2.

5.1.2 Lin’s documentation work: Consciously leaving room for variation
In the previous section, we introduced four kinds of Lin’s resources from different

174



purposes of resources. In this section, we focus on Lin’s documentation work from three
kinds of interactions: his interaction with resources, with students, and with other

teachers. At last, we present Lin’s own interpretation of variation.

5.1.2.1 Lin’s interaction with resources: instrumentalization and
instrumentation

In this section, we describe Lin’s interaction with resources from two interrelated

processes: instrumentalization and instrumentation (section 3.3.4.1).

From the perspective of instrumentalization, we present from three aspects: Lin’s
selection, (re)design, and the track and management of tasks during his documentation

work.

Regarding the selection of tasks during documentation work, Lin didn’t go through the
resources directly and select tasks from them. Instead, he used the school-based
teaching book “Synchronous Elaborate Lessons and Exercises in Key High School” to
prepare lessons first, and then went to find the tasks, usually in his digital task repository,
which he came up with during the lesson preparation process. These tasks were used as
a supplement. Lin mentioned: “During my teaching process, I focus on ‘Synchronous
Elaborate Lessons and Exercises in Key High School’, but I will not say that I only use
it. I will add something according to the situation of this book and according to what
need to master in my own lessons. In this way, the lesson is fuller. So, the content of
each class I teach is very rich, not just this book.” According to Lin, the added content
is based on his accumulated experience. As shown in Lin’s resources, sometimes Lin
took a look at some extracurricular tasks in the books purchased by himself. He
mentioned: “In general, I try to squeeze time as much as possible. In addition to the
normal preparation of lessons, I will also do tasks in some extracurricular books. The
teacher always has to do some tasks frequently. If I have time during the winter and
summer vacations, I will go and read the books of advanced mathematics. In the process
of this, I have a whole consideration in my heart. As I read a lot of tasks, there are lots
of tasks in my mind.” Lin pointed out that the significance of teachers’ frequently doing
tasks is to broaden their horizons and improve their own level. It does not mean that all
the tasks will be used in teaching.

Regarding the (re)design of tasks during documentation work, Lin mentioned that he
would design or redesign some tasks in the lesson preparation. If the original task does
not satisfy his teaching well, he will mainly make the following adjustments:

e Set “Pudian” tasks: Reduce the tasks or design new tasks to pave the way for
students’ learning. In this way, tasks are shown from easy to difficult, which is
accordance with the students’ cognitive rules and easier for them to understand.

According to Lin, he will reduce the solution process of the task: “Decompose the
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task. How to decompose it? I can make a “Pudian” for the knowledge to be used in
this task, to prepare the knowledge in advance, which is equivalent to giving
students a step. In the process of teaching, we said from easy to difficult, from
shallow to in-depth, how does this process reflect? It can be reflected in the process
of explaining tasks, or you can design tasks beforehand so that students can easily
get into it. Then when the teacher comes to the task, it will come naturally. In my
class, it is possible to design series of tasks to make a “Pudian”, paving the way for
this lesson, or even for the next few lessons. In my class, I will construct a system.
I’'m not blindly talking about this thing now. Some tasks may be purely about this
task, but there are also some tasks that may be used to prepare for the later tasks,

and it may even be possible to prepare for the next few lessons.”;

Emphasize the connections between knowledge and symbolic-graphic combination
based on the original tasks: Lin will adapt the original tasks based on his own
teaching experience to connect the old knowledge with the new knowledge. In
addition, he pays special attention to the methods of symbolic-graphic combination
and algebraic transformations, which he believes are the focus of high school

mathematical learning;

Set challenge tasks: During the teaching process, if the situation is good, Lin will
then design some more challenging tasks for the students. Lin explained: “Setting
some challenging tasks can strengthen students’enthusiasm for learning, especially
some good students. Because basic task is difficult to inspire the students with better
mathematical thinking. So how to stimulate it? We use some challenging tasks as
the carrier. For this kind of tasks, students need to think in order to answer, they
may not be able to solve it, the solution may not be completely accurate, so that the
students will find it very challenging, and they will feel interested in the process of
listening to the class. The process of thinking this kind of tasks can also improve

students’ ability to do research.”

Lin also mentioned that the learning of students should not only include passive

acceptance of knowledge, but also know how to research problems. He emphasized:

“Research is how to learn independently. This research ability can also be reflected in

the tasks. It can be appropriate to put one or two challenge tasks. The level of challenge

should be appropriate. For example, 1/3 of the students in class still have the

opportunity to solve it, and 1/3 of the students will have some ideas, maybe 1/3 of

Students may not have any ideas at all, and they really cant figure it out at all, then [

think this topic is a good one. In this case, at least the enthusiasm of the students at first

stage can be stimulated. It's equivalent to giving people a meal. If you always eat what

you usually eat, it is tasteless. You need a stimulation. That’s what it meant to be

something that also had a stimulating taste. If the task is too hard and nobody has an
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idea, then the task also loses its value.”

Lin thinks that it is relatively simple to redesign but it is difficult to design a task. In
actual teaching, Lin rarely designs tasks totally by himself for three reasons: 1) There
are many good tasks for him to choose; 2) There is not enough time and much energy
for him to design tasks in daily teaching; 3) He is more willing to use the original task,
because he may make some mistakes when adapting the task.

As for tracking and managing his documentation work, Lin has his own set of concepts:
Consciously leaving room for varying his own teaching. Lin prepares a sheet for each
lesson (see an example sheet of monotonicity in Figure 5.1.4) during his documentation
work. While preparing the lesson, he records the main points of the lesson on the sheet.
For example, as shown in Figure 5.1.4, the right side of this sheet is the mathematics
knowledge related to this lesson, the concepts and properties of mathematics, and on
the left are the three examples with variation tasks and generalization. The complete
problem-solving process was not written, but the key points of the strategies was written.
Lin brought this sheet to class. He thinks that when he finishes writing this sheet, he
has a complete understanding of the content of this lesson. It’s worth mentioning that
Lin doesn’t keep these lesson preparation sheets or record the tasks on it, he throws
them away after class. According to him, there is no need to save these sheets, because
everything is changing. He already has the most basic and important tasks in his digital
task repository. He does not want to unnecessarily restrict his teaching, as he should
continue to change according to the teaching situation. He said: “The students are
changing, everything is changing, and I am also changing. I also already kept a record
of the tasks that I added. It’s not that I have to follow this pattern next time, I am also
changing, why should I restrain myself? That’s not necessary. Because you can't
guarantee that every class will be the same as the previous one. Maybe the pace is
slower, and I may adjust the rhythm. Unrestricted, they are all temporarily prepared,
but I have the basic resources in my hand. As soon as I take them, I know how to teach.”
“No matter what you teach, the task is the carrier. If there is no carrier, then all will be
empty. Improve through the task, explain it thoroughly to understand, and understand
the process better.”

According to Lin, his process of instrumentalization is influenced by class time
constraints and the pressure of the college entrance examination. In his daily teaching,
he would not consider interdisciplinary and scientific contexts when designing tasks.
He only uses it in demonstration classes. He emphasized “The time of class is so tight,

it’s impossible. No way, the college entrance examination is right in front of you”.
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Figure 5.1.4 Lin’s lesson preparation sheet about monotonicity of a function

From the perspective of instrumentation, school-based teaching book offers Lin a great
deal of support as a guidance of his lesson preparation while his digital task repository
works as a supplementary resource for teaching.

5.1.2.2 Lin’s interaction with students in two classes

The interaction between Lin and students has two major characteristics: one is the
sharing of resources between the students in the two classes, Lin acts as a bridge for the
transmission of new ideas between the students in the two classes; and the other is Lin’s
practice of what he believes in teaching, the philosophy of “Teaching others is teaching
yourself”??,

As Lin teaches two 10th grade classes, Lin pays attention to the sharing of teaching
content, information and timely feedback between the two classes. For example,
sometimes students would put forward some new strategies to solve the problem or
propose some meaningful questions in class, and these contents would be supplemented
in another class in time.

Lin emphasized that teaching cannot be separated from students. Teachers and students
grow together: “Teachers must teach in the front line so that the teacher’s peak state
will not change. Once you leave front-line teaching, it may be okay for one or two years,
but it may not work after three years. You have students from this school who

93 “Teaching others is teaching yourself” (in Chinese #{2#4H{): Both teaching and learning influence
and promote each other. It is originally from “Book of Rites” ( {fLic) ).
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accompany you to help you grow up. If you leave this platform, your ability may be
greatly reduced. My understanding is that ‘Teaching others is teaching yourself’. I let
the students improve, and the students will also improve me. What have the students
improved me? First, they can provide some new strategies through daily teaching;
second, they also asked questions. The process of helping students answer various
questions is also an improvement for the teacher.” Lin also took the extracurricular
tutoring organization as an example. He mentioned that teaching that is out of the front
line will make teachers only pursue new and difficult tasks in designing tasks, and
cannot understand the needs of students well.

In Lin’s case, there are two ways to evaluate students: homework and exams. There is
a regular examination every two weeks, and the more formal one, such as mid-term or
final examination. Lin thinks that one examination every two weeks is appropriate for
three reasons: First, once a week is a bit too often, and students will be bored; Second,
there is not enough time to arrange classroom examinations for students; and the third
is that there is not enough classroom time to explain the tasks in the examination for
students. Lin believes that regular examination is very necessary in teaching
mathematics to help teachers keep track of students’ learning and their ability to solve
problems independently. Because students may communicate with each other and
search the Internet for their homework, but the examination is done independently.

5.1.2.3 Lin’s interaction with other teachers

Lin participated several formal and informal collaborative activities and trainings for
teachers’ development inside or outside the school.

Inside school C, Lin mainly participated in two formal activities: the Teaching Research
Group (TRG) and the Lesson Preparation Group (LPG). The TRG activities are the
most formal. The mathematics teachers of the entire school will participate, usually
once a month, 2 to 3 hours every time, and there will be some topic discussions. The
LPG is composed of all mathematics teachers of the same grade, mainly discussing the
teaching progress and teaching content, usually once every two weeks, 1 hour for each
time. Sometimes the teaching methods of certain content will be discussed. But it will
not be very detailed, it will be discussed from a macro perspective. For specific issues,
teachers will discuss and communicate in the office. As all the math teachers in the
school are arranged to sit in the same large office, it is convenient for them to
communicate or share ideas in time. The LPG has a WeChat group, but the group is
mainly for notifications, not for discussing issues. According to Lin, there is no need to
discuss via Wechat as it can be discussed face-to-face in their shared office.

According to Lin, the most direct collaborative activity that has the greatest impact on
his teaching is LPG. As Lin is the leader of LPG of grade 10, he is mainly engaged in
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the following tasks: (1) At the beginning of each semester, choose supporting teaching
resources besides textbooks, develop a detailed, specific and feasible subject teaching
plan, and arrange the teaching schedule; (2) Carry out collective lesson preparation
(every two weeks in this case) in LPG, modify the teaching plan according to the actual
situation and ensure that the progress of all classes is roughly the same, jointly
determine the key knowledge and difficulties in teaching, and be responsible for
implementation; (3) After the examination/test, conduct teaching quality analysis,
regularly summarize teaching experience, analyze the problems in teaching, jointly
study methods and measures to improve teaching, and implement relevant measures to
improve teaching quality.

Moreover, as Lin is an experienced teacher, he is also responsible for giving guidance
to novice teachers and preservice teachers. During the period of our classroom
observation, Lin was instructing one novice teacher and one preservice teacher. He
believes that the most important thing for the instruction is to communicate with each
other. The way of instructing novice teacher and preservice teacher is quite different.
For novice teachers, case teachers mainly adopt the mode of listening to her lessons,
instructing, and answering questions. Novice teacher would go to Lin’s class when she
was free, and asked the case teacher questions about the teaching. Lin will occasionally
listen to the lesson of the novice teacher and give her some guidance. For preservice
teacher, she would go to Lin’s class to listen to the lesson every day, and work with him
to correct the students’ homework. Lin also asked her to complete the tasks in the
school-based teaching book before each lesson, and also to prepare each lesson by
herself according to her own thinking. He believes that it would be rewarding for the
preservice teacher by comparing the lesson prepared by herself with the actual lesson
that he given in class. Lin pointed out that “If the preservice teacher is just listening to
the lesson in the classroom, it is the same as the students, but he/she had listened to it
for three years in high school. Listen again will not let her gain much. Studying how to
teach is the most important thing.” We introduced a collaboration work between Lin

and the preservice teacher Shi for a certain lesson in section 5.3.

Outside the school, Lin participated the teacher training mainly in Hangzhou. The
Hangzhou Bureau of Education Teaching and Research organized some training and
activities for teachers. These training and activities have various forms of organization,
including the invitation of expert teachers or researchers to give lectures, or the editors
of textbook to illustrate the intention in designing the textbook, or the experts to explain
the ideas of examination design, etc. It was generally once or twice a semester. For the
teacher who taught the third year of high school, it would be relatively more. This type
of seminar focused on the review for students’ college entrance examination. Some
expert teachers were invited to introduce the review methods for specific mathematics
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topics.

Regarding the current tendency to encourage teachers to combine teaching and
scientific research (MOE, 2019), Lin insists that his main interest lies in mathematics
teaching, including daily teaching and mathematics Olympiad teaching. In his opinion,
classroom teaching and the work of the homeroom teacher have taken up most of his
time, and he does not have more energy for scientific research.

5.1.2.4 Lin’s interpretation of variation in the tasks

According to Lin, he adheres to the principle of “centering on knowledge, serving the
teaching goal” when he varies tasks. In this section, we present Lin’s understanding of
variations in the tasks based on the interview from several perspectives: the meaning of
varying the tasks; the relation between the variation task and the original task; the
relationship between the difficulty of the task and the variation.

For Lin, varying tasks is actually centering on knowledge to enable students to master
mathematical thinking and methods. He used an example to illustrate: “For example,
in constant establishment, when x € [1,2], we always have x* — x + a > 0. I can vary
it through putting the parameter a as the constant term, as the monomial coefficient, or
as quadratic coefficient. My main idea here is to talk about the method of separation of
parameters and variables. If the parameter a falls into a constant term, then its axis of
symmetry is given, then the maximum value will come out; If you put parameter a as
the monomial coefficient, then you need to classify the discussion, you should consider
the axis of symmetry when you classify the discussion; if you put parameter a in the
quadratic term, you have to consider the opening and also the axis of symmetry. From
the process of transforming this task, I told the students to compare two methods, one
is called classification discussion, and the other is parameter-variable separation.
Through the comparison, students can feel the convenience of using the method of
parameter-variable separation.” In general, the main purpose of the variation is to
explain a certain task, a certain method, concept, and serve the purpose of teaching.
Variations are not random changes. Random change is boring and leads the students
into the trench. We need to pursue the effectiveness of classroom teaching. The most
important thing is that the selection of the tasks of effectiveness should serve the
teaching goal and teacher’s central idea.

When it comes to the relationship between the variation task and the original task, Lin
believes that the two are closely related, and he divides the variation into two types:
small variation and big variation. According to him, small variation is a slight
modification of the original task, by varying the range, or varying the place of the
parameters, or varying the number, etc. Big variation refers to the variation of the
presentation of the task, while the substance of the task has not changed, at least the
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method has not changed, and it still serves the mathematical method.

Lin also pointed out that both the variations and the difficulty of the tasks serve the
teaching goals, the arrangement of the whole class, and the situation of students. As the
class time is limited, the teacher must improve the efficiency of the class and the
difficulty of tasks should be arranged appropriately. If we are pursuing too difficult
tasks, we can only teach few contents in a single class, and students may not be able to
master them well. The task can be made more difficult or simpler through variation,
which depends on the content of the teaching. For example, if the knowledge is difficult
in itself, then Lin will arrange the variation task less difficult; if the original task is
mainly for generating mathematical methods, and it is not difficult for the students to
complete it quickly, then Lin will arrange a variation after class for students, which
gives the students a certain degree of challenge. Lin stressed that the tasks in a class
should combine the difficult tasks and the easy ones, because a class has to have a
climax and a low point to mobilize the enthusiasm of the students.

Moreover, Lin proposed several ways to add the difficulty of tasks through variation:
1) Increase the comprehensiveness of the task: Need to use multiple knowledge to solve
one task at the same time; 2) Set trap in the task; 3) Add steps that need to be
transformed and deformed in the task: For example, adding parameters or introducing

dynamic points in the task.

5.1.3 Conclusion: Variants and invariants in Lin’s resource system and
documentation work -- the foundation of teaching through variation

In this section, we discuss the invariants and variants in Lin’s resource system and his
documentation work within a relatively long period of time from the macro and micro

perspectives.

From a macro point of view, Lin believes that his resource system has not changed a
lot in the past ten years as the core of mathematics teaching has not changed. The
following will explain the impact of external changes on Lin’s resources from three
aspects: curriculum reform (mainly textbook changes for teachers), the emergence of
new technologies, and the development of digital resources.

According to Lin, the curriculum reform only changes textbooks in form (The
presentation of the content and the order of presentation lead to the adjustment of the
corresponding teaching methods), and the nature of mathematics teaching content has
not changed. Mathematics teaching still relies on the mathematical tasks, so he still uses
the tasks he selected from his resource system. He mentioned: “In fact, no matter how
the textbooks change, the core things and things that students need to master remain
unchanged at all. The explanation of the content in textbooks is different, how to

introduce it, how to explain it, which is mainly used to pave the way for the explanation
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of lessons for new knowledge, etc. As for specific examples, they are not relevant (to the
change of textbooks). As my examples can already explain it (the knowledge) well, and
Students can master the concepts and methods through these examples. Then why
should I not use them? Why should I change them? In fact, the curriculum reform is a
change in form, and the essence has not changed. The external form has changed a bit,
and the content and core things have not changed. So, I think the teaching methods will
be adjusted appropriately, but the actual content will not change much. I have used
several versions of textbooks. I have used the version of Beijing Normal University
before, but the essential things have not changed. The layout system of teaching
contents may be changed, and the explanation may be changed a bit. For example,
some schools emphasize the introduction and appropriate adjustment of teaching

methods, but the core content has not changed.”

Lin believes that technology is an auxiliary tool for mathematics teaching that not only
increases students’ understanding of abstract and dynamic mathematics, but also helps
teachers’ task design. He also points out that the use of teaching technology should be
closely related to teaching content. He mentioned: “As for teaching technology, in fact,
it should be said that for mathematics, we are now pursuing technology, before we were
encouraged to use slides. These techniques are an aid to mathematics teaching. In fact,
the teaching of mathematics, even for those great mathematicians, the bridge is still a
piece of chalk, and the core is a piece of chalk. Because of the characteristics of this
subject, it emphasizes a kind of logical reasoning. You can say that other things can
help. For example, some things do require other techniques, such as some drawing,
spatial dynamics, and three-dimensional geometric spatial things. You can show them
through technology. Some things that are difficult to express through blackboard or
chalk, and those things that need a dynamic expression can use computer technology.
But more things are still based on traditional teaching. In fact, it has a lot to do with
your teaching content. For example, some functions, more complex functions, such as
functions with a parameter, when the parameter changes, the graph of the function will
change, drawing tools can explain this change well. For example, when experts design
tasks for the college entrance examination, they also change the parameters and draw
the graphics on the geometry sketchpad. Some techniques are needed, but they are all

auxiliary functions, this is the characteristics of mathematics teaching.”

As for the digital resources, Lin pointed out the necessity of its existence. He used his
commonly used Discipline Website (mentioned above) as an example to illustrate:
“Discipline website is definitely necessary. We can search for information, and we can
find some of the latest information. Because we have to look at some new tasks. It is
precisely because of the development of these things that the students are more tired,
and it is convenient for the teacher to look for the tasks. As soon as it is convenient to
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’

obtain resources, students will get tired if there are more tasks.’

The main structure of Lin’s resource system remains invariant over time. However,
from a micro point of view, the content of Lin’s resource system is dynamic and
constantly developed by teacher’s documentation work, in the processes of
instrumentalization and instrumentation. In order to clarify the diverse resources in
Lin’s resources system and the relationship between them, we drew an inferred mapping
of Lin’s resource system (section 3.3.4.1), see Figure 5.1.5.

Resources Textbook
[ Experienced teacher’s
documentation work
. . . For software
For mathematics For tasks For didactics tools
Student [
R Sketch .
College || Math Books for || Books for School-based || learning || Student's [P tomE T | | Siide
math reading college math teaching book || resources: test and beit
textbook || material entrance || competition Handbook || examination [L_WePsite
examination I ‘ ‘
Selected Digital task Selected Other teachers’
reposito resources (tasks in
P b test paper)
[ Lin’s documentation work J [T~ In classroom
Students’ ||  teaching
feedback
Test or
Lesson preparation sheet homework

Figure 5.1.5 Inferred mapping of Lin’s resource system

Figure 5.1.5 is drawn by the researcher based on the Lin’s interview and his classroom
observation. We centered on the digital task repository, marking out the various
resources used by Lin and the connections between the resources. We have used several
colors in the figure: notions in black represent the existed resources; notions in purple
represent the collaboration work performed by Lin, which can be done with other
teachers or with students; notions in blue represent the connection between various
resources. In addition, we specially marked the process from textbook to school-based
teaching book in green. One is because school-based teaching book is one of main
teaching resources for Lin, and the other is because this process takes place inside
school C. To a certain extent it reflects the inheritance and development of resources
from very experienced teachers to other teachers inside a school.

Taking profit of the figure above and Lin’s interpretations of his process of
instrumentalization during his documentation work, we illustrate the variants and

invariants in Lin’s resource system through his documentation work:
(1) Variants in Lin’s resource system: Update of resources and flexible design
The variants in Lin’s resource system are mainly in two parts: one is that the resource
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itself is changing, and the other is Lin’s flexible organization of his working sheets.

All resources in Lin’s resource system are constantly varying. However, the frequency
of changes is different. For example, the update of revised editions of mathematics
books is quite long, while school-based teaching books, books for college entrance
examination, discipline website, etc. are all affected by the curriculum reform. We
mentioned earlier that Lin believes that his teaching has not been affected by the
curriculum reform, but in fact the resources he uses (designed by others) have been
adjusted and changed accordingly. Here, we use the digital task repository built by Lin
himself to illustrate the variants in Lin’s resource system. Lin’s digital task repository
is updating all the time. Lin pays attention to the accumulation of classic tasks in every
teaching process. Every one or two weeks, he organizes the recent test papers, weekend
exercises, etc., and adds good tasks to his digital task repository. Therefore, the digital
task repository is constantly expanding and developing.

Lin consciously leaves space for the variants in his teaching design. Lin believes that
the teaching process is actually a dynamic adjustment process. He doesn’t save his
lesson preparation sheets as he doesn’t want these sheets to restrict his minds of
teaching. As he said: “I may want to make a variation, and I still have to prepare for
the lesson each time, because in the course of my lesson preparation, I have both the
invariants and variants. Each class of students is different, the progress is different, and
all aspects are different. I have to adjust my lesson. I don't think there is any need to
keep the sheets.” Lin also pointed out the importance of storing classic tasks. He made
organizations, variations, and adjustments on the basis of these tasks to construct a

systematic teaching.

(2) Invariants in Lin’s resource system: type of resources, classic tasks and

instrumentalization

The invariants in Lin’s resource system are mainly in three parts: types of resources,

classic tasks and the process of instrumentalization for design a new working sheet.

Although the source of digital task repository is various (section 5.1.1), the types of
sources are relatively fixed in Lin’s resource system: for mathematics, for tasks, for
didactics and for software tools.

The connection between some resources is fixed. Variation in the process of multi-
person, multi-step relay documentation work There is a routine from textbook to
school-based teaching book, and to Lin’s lesson preparation sheet. Textbook here is a
hidden resources in Lin’s resource system as the previous documentation work of
textbook was done by an experienced teacher in school C. There are various
possibilities in the design and organization of the school-based teaching books from the
source of textbooks. This new version is the result of 17 years of different school-based
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teaching books. According to the teacher who designed and organized the school-based
teaching book, some tasks are all derived from students’ mistakes from the past ten
years. Combined with the curriculum reform, school-based teaching book is in fact the
common results of students and many teachers for many years. Lin continued to
combine his own digital task repository to design his lesson preparation sheet based on
the school-based teaching books. It is reasonable for us to infer the existence of
variation in this process. Multi-person, multi-step relay documentation work provides
a good soil for the emergence of variation.

After many years of teaching, Lin has his own mode of instrumentalization. No matter
which mathematical topics he designs to teach, he will look for it from the resources

shown in figure 5.1.5 in a targeted manner.

Because Lin has been doing this for more than ten years, he has completely formed a
habit. He already has his own set of criteria when judging and selecting tasks (section
5.1.1). Through his own personal experience, Lin believes that with the accumulation
of tasks and teaching experience, teachers will naturally be able to make certain
adjustments and variations in their own teaching according to the actual situation.

Lin believes that the teaching process is actually a dynamic adjustment process. He
doesn’t save his lesson preparation sheets as he doesn’t want these sheets to restrict his
minds of teaching. As he said: “I may want to make a variation, and I still have to
prepare for the lesson each time, because in the course of my lesson preparation, I have
both the invariants and variants. Each class of students is different, the progress is
different, and all aspects are different. I have to adjust my lesson. I don t think there is
any need to keep the sheets.” Lin also pointed out the importance of storing classic tasks.
He made organizations, variations, and adjustments on the basis of these tasks to

construct a systematic teaching.

Lin regards the classic tasks as an invariant, and regards the adaptation of the tasks and
the content organization and arrangement as a variant. He pays attention to collecting
and storing invariant factors, while leaving enough space for his design of variation in
tasks. In fact, from the analysis and discussion above, we can see that it is difficult to
distinguish what is varying and what is not. there are invariants in variants, and variants
in invariants. These characteristics of Lin resources also deeply affect his classroom
teaching.

This kind of instrumentalization provides doubled insurance for Lin’s teaching: The
invariants of classic tasks ensure that teaching does not deviate from teaching goals and

the variants ensure that the teaching adapts to the needs of the students.
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5.2 Variation of tasks in Lin’s own classroom teaching

In this section, we analyze Lin’s classroom teaching through variation with respect to
the tasks presented in his own teaching of function. We first describe the general
situations of different kinds of variations in Lin’s teaching (section 5.2.1). We then
select seven episodes of classroom teaching to zoom in, analyze in detail from potential,
actual to practical variation, and present the schematic representation of variation path
for each episode (section 5.2.2). The methodology is presented in section 3.3.4.

5.2.1 General situations of Lin’s teaching through variation

In this section, we present the general situations of different kinds of variations in Lin’s
teaching by figure (see section 3.3.3): contextual variation, representational variation,
conceptual variation, and procedural variation (including Pudian, OPMC, OPMS, and
MPOS). Through the statistical figure of each type of variation, we illustrate the
situation of each type of variation in Lin’s teaching from the perspective of teaching
goals.

5.2.1.1 Contextual variation

We study 53 tasks from Chinese classroom observation and there are few contextual
variations in this case. As shown in figure 5.2.1, contextual variation often appears in
the lesson of exercise explanation. These tasks are from the examinations or homework.
Throughout our classroom observation process, there are 2 societal contextual
variations, 2 occupational contextual variations, and 1 personal contextual variation.
There are tasks with mathematical context, that is without contextual variation.

I myE nne IIIIH i |||||| I”\I @Ilj!ﬁ I l“l

O
Concept Representation Exercise Monotonicity Extremum Parity
Mathematical Personal Occupational Societal
= Lin retains the variation Lin creates the variation Lin extends the variation

Figure 5.2.1 Contextual variation shown in Lin’s teaching

As shown in figure 5.2.1, Lin prefers to retain the context of tasks. In this case, he
creates the new tasks with mathematical contexts twice, extends tasks with
mathematical contexts three times. In fact, contextual variation is weakened step by
step. In the textbook we can see that 41.5% of tasks have contexts (see Chapter 4), in
the school-based teaching book 14.29% of tasks have contexts, and in Lin’s classroom
teaching, there is only one task with contextual variation (personal context) except the

exercises from the lessons of exercises explanation. Lin constantly removes the
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possibility of contextual variation through his documentation work. According to Lin,
the time of a lesson is limited, and the contents for each lesson is very large, which
makes it impossible for him to set up tasks with context in daily teaching. Because the
college entrance examination puts a lot of pressure on students and teachers, Lin must
complete the teaching objectives and teaching contents on time, and for tasks with
context, students will take up a lot of time to read the tasks in class.

As we observed in class, Lin prefers to choose the tasks with no context and show the
abstract mathematical knowledge for students. However, this does not mean that
students are only exposed to tasks without context. We can still see some tasks with
context in their homework, tests in class or examinations. And according to the
student’s test situation, students of class A and B are quite good at solving the math
problem with context.

There is no contextual variation emerged as practical variation. As there are no
contextual variations (re)designed or organized by Lin, and almost all tasks are
conducted in a mathematical context, and there is not enough room for the classroom
teaching to generate contextual variations.

5.2.1.2 Representational variation

Lin pays much attention to different forms of representation, and the treatment or
conversions inside or between different registers. According to Lin, there are two
important representational variations in teaching of function: (1) Treatments inside the
symbolic registers, students should be able to appropriately transform the algebraic
registers according to the requirements of the task; (2) Conversions between symbolic
and graphic registers, visualization of abstract problems and can greatly simplify the
problem-solving process. Here, we focus on the conversions”® occur in Lin’s teaching
because of the function of the research object, almost all tasks involve treatments inside
the symbolic registers.

As shown in Figure 5.2.2%°, conversion is covered in almost all lessons and more
concentrated distributed in the two chapters of monotonicity and parity on the teaching

content axis. It occurs 20 times in Lin’s teaching of function. However, conversions are

94 See Duval’s theory in section 2.1.2.3.

95 We draw a timeline of the entire Lin’s teaching of function in grade 10, and the specific teaching
content of each paragraph is marked below. According to the occurrence of the variation, it is marked on
the time axis, where each color represents each theme of function and circles in the timeline means the
start of a lesson. The sticks on the time axis are thick or thin. The thick one represents the series of tasks,
and the thin represents a task. In addition, different colors of the sticks represent Lin’s choice for this
variation: Retain the variation=black; Create the variation=orange; Extend the variation: green; Reduce
the variation: blue; Variation emerged through practical variation: red; Remove the variation =yellow.
See section 3.3.3 for details.
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relatively single in this case, mainly the conversions from symbolic writing to graphs,
except that there is a task which contains the conversion between three types of
representation of a function (formula, table, and graph) in the lesson of representation
I and Lin retained. In Lin’s teaching, there are very few representations of the form of
table of a function or the conversions from graphs to symbolic writings.
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Figure 5.2.2 Representational variation (Conversions) shown in Lin’s teaching

In Lin’s teaching, representational variation, here is the conversions from symbolic
writings to graphs, mainly assumes two roles: 1) The powerful tool of task-solving
strategy: Most of these conversions between symbolic writings and graphs are created
by Lin in the task-solving strategies. When encountering more complex tasks, Lin often
encourages students to use graphs to solve tasks as graph is always more intuitive and
can simplify the task (see episode 3); 2. The auxiliary tool of conceptual explanation
and understanding: Lin prefers to show conceptual examples, especially non-standard
or non-concept variation, through graphs to help students understand concepts, see
episode 5.

As shown in Figure 5.2.2, there is one representational variation produced through the
interaction between Lin and his students in class. When students were inspired by an
example in the class and raised the conclusion that all odd functions of the piecewise
function can merge the x = 0 point into one of the piecewise expressions, Lin used the
rough graph of a function to quickly and intuitively cite a counter example (see table
5.2.1). Here, the conversion of students’ question from symbolic writing to cartesian
graph is completed by Lin and serves for the conceptual variation.
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Table 5.2.1 Representational and Conceptual Variation produced in classroom

f(x)
x?—2x,x>0
= 0,x=0
—x2—-2x,x<0

Transcription of the interaction between Lin and his three students A, B, C:

Lin wrote down the formula of a piecewise function
x?—2x,x>0
f(x) = 0,x=0

—x%2—2x%,x<0
Student A & B together: How about adding an equal sign at the end? In the domain.

Lin: Wouldn’t it work if you add a 1 to the end (of the formula)? [f(x) = x? — 2x + 1] It’s just
right for this situation. I can include 0 in these two (piecewise expressions), and they are
connected together. But if you add a 2 at the end (of the formula)? [f(x) = x% — 2x + 2], it
won’t work.

Student C: Odd functions can all be connected together.

Lin: It can be separated, why it is always be connected together? I can let the 0 point isolate, and
I draw a graph for you to understand (Lin drew the graph of a counter example, see below), so
that it can be like this, 0 is an isolate point here.

5.2.1.3 Conceptual variation

[ F=E

Concept Representation Exercise Monotonicity ~ Extremum Exercise Parity

Standard variation Non-standard variation Non-concept variation

Lin retains the variation Lin creates the variation variation emerged in class

Figure 5.2.3 Conceptual variation shown in Lin’s teaching

As shown in figure 5.2.3, conceptual variations mainly occur in the concept-related
classroom teaching, such as the concept of function, the monotonicity of a function, etc.
It occurs 8 times in Lin’s teaching of function, including 8 times of non-concept
variation, 1 time of standard variation, and 4 times of non-standard variation. Standard
variation is used to illustrate concepts, introduce concepts, while non-concept and non-
standard variations are used to distinguish the concept.

There is no conceptual variation in the exercise lessons, which may be related to the
emphasis on task-solving strategies in the exercise lessons. The main purpose of
conceptual variation is to let students clarify the concept, and the number is not many.
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Lin’s design of conceptual variation is usually at the beginning of a lesson, and the
emergence of new conceptual variation produced by the interaction between Lin and
students is generally in the middle or at the end of teaching. Students often encounter
problems in the process of solving tasks, and they would use the task as a carrier to

raise questions to Lin.

There are two conceptual variations produced through the interaction between Lin and
his students in class. In fact, in Lin’s classroom teaching, most of the questions raised
by students are related to mathematical concepts. When Lin answers these questions,
he often uses conceptual variation through graphs (representational variation) to help
students distinguish concepts. Therefore, the interactions between students and Lin in
the classroom will often produce new conceptual variations. Table 5.2.1 shows one of
the examples of conceptual variation produced by Lin in class.

5.2.1.4 Procedural variation

There are various types of Procedural Variations in Lin’s teaching and we explain them
from four aspects: enhancing the formation of concepts and propositions, Pudian,
OPMC and OPMS.

e Enhancing the formation of concepts and propositions

In Lin’s teaching of functions, all concepts and properties are given directly and further
explained by him. Enhancing the formation of the concept of function through a series
of problems (Section 4.2.1), which is a unique feature of the Chinese PEP textbook is
hard to find in this case. Lin devotes more time to the teaching of problem solving
strategies than to the introduction of concepts and properties.

e Pudian

As shown in figure 5.2.4, Pudian occurs 10 times in Lin’s teaching of function. Most of
Pudian are created by Lin through his documentation work.

The connection between piecewise function, inequality and extreme value
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Figure 5.2.4 Pudian shown in Lin’s teaching
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Pudian is an important means in Lin’s teaching, which is mainly reflected in two aspects:

1) Let students master the task-solving strategies: Lin pays great attention to the
creation and setting of Pudian in order and this type of Pudian often occurs at the
beginning of a lesson and paves the way for the follow-up example explanation. It
often lasts one lesson or several lessons, such as episode 2 and episode 6;

2) Establish core associations with different knowledge: As we have mentioned in
section 3.1.1, function is closely related to another mathematical knowledge. Lin
uses specific tasks to let students associate function with inequalities, equations, etc.
This type of Pudian often runs through different chapters and lasts a long time, see
an example in episode 3.

Lin designed Pudian consciously in his class. He sets up different types of Pudian
according to the complexity of the learning content. Some Pudian can be completed in
one lesson, while some run through the entire function study, even the entire high school
study or pave the way for college mathematics. This requires teachers to have a macro
understanding of the entire mathematics teaching and learning, have a clear control of
the connections between mathematical knowledge, and rely on teachers’ long-term
teaching experience and self-improvement.

There are no new Pudian produced in class. We think this is mainly because Lin, as an
experienced teacher, can predict where students will have difficulties based on the level
of the students, and he design Pudian during his documentation work. Another factor
may be the limit of classroom teaching time. Students have not had enough time to raise
their questions. Therefore, for specific students’ needs of Pudian, Lin may conduct it
with students after class. Pudian needs to link different knowledge and have an overall
overview of the teaching. This is often a challenge for the teacher, especially for novice
teachers.

e OPMC (MPOS)
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Figure 5.2.5 OPMC shown in Lin’s teaching

As shown in figure 5.2.5, OPMC is in every lesson of new knowledge, occurring 17
times in Lin’s teaching of function. Most of Pudian are created by Lin through his
documentation work. Due to the characteristics of OPMC, it is often associated with
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series of tasks. In Lin’s teaching process, OPMC mainly serves three teaching purposes:

1) To ensure students have mastered the strategy by varying non-essential features’®,
see episode 1, episode 2. This is associated with MPOS, where students use the same
strategy to solve tasks with different presentations;

2) To ensure students have mastered the strategy by varying the essential features®’, so
that students can better understand the scope of application of the strategy through the
contradictions generated, see episode 7;

3) In order to go deeper, introduce students new learning content, see episode 6.

OPMS

OPMS mainly refers to the use of different problem-solving strategies as teachers
or students reduce the task from different angles®®.

mc&cietail ‘ |

Concept Representation  Exercise Monotonicity ~ Extremum Exercise Parity

Lin creates the variation
variation emerged in class unexpectedly by Lin

—_ variation emerged in class within Lin's expectation

Figure 5.2.6 OPMS shown in Lin’s teaching

As shown in figure 5.2.6, OPMS occurs 12 times in Lin’s teaching of function,
created by Lin through his documentation work or emerged in class through the
interactions between Lin and his students. The distribution of OPMS is relatively
uniform. In Lin’s design, OPMS mainly serves two teaching goals:

(1) Through the introduction and comparison of different strategies, Lin helps
students expand the breadth of thinking, let students understand the condition
of application of each strategy (see episode 7 for details), and tries to find the
most appropriate strategy to each task (see episode 3 for details).

(2) Link new and old knowledge through the task, and use learned knowledge as a
strategy to solve the new task, see episode 7 for details.

As shown in figure 5.2.6, the emergence of OPMS in the classroom teaching as practical

variation is mainly concentrated in the later period of function teaching, such as the

% Refer to section 2.2.1
97 Refer to section 2.2.1
%8 See the detailed description in section 2.2.1 and section 2.2.3
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teaching of extreme value, the last exercise lesson, and the parity. We believe that this
phenomenon can be attributed to two reasons. One is the difficulty of the task. With the
deepening of teaching, the difficulty of the tasks becomes more and more complicated,
and there are more and more comprehensive tasks, which gives teachers and students
the premise to look at the tasks from different angles, so as to obtain different strategies.
And the other is the increase of students’ knowledge help them link the knowledge
learned before and after and think about tasks from different angles.

Three OPMS produced by students in class. The OPMS produced in class can be
divided into two categories:

1) OPMS of practical variations that Lin anticipates and expects (happen once): For
example, some strategies are proposed by students with the encouragement of Lin,
and we can see the different strategies listed in Lin’s working sheet during his
documentation work, which covers students’ propositions of strategies. We think
this kind of OPMS is what Lin expects, as shown in figure 5.2.6, the first column
of parity noted as red and orange.

2) OPMS of practical variations that Lin did not anticipate (happen twice): On two
occasions during our observation, students proposed strategies that the teacher did
not anticipate. In this case, Lin will write down the problem-solving process on the
blackboard based on the student’s statement. Lin’s understanding and reflection of
the new strategies are completed during his blackboard writing and his interactions
with students.

It needs to be pointed out that Lin does not necessarily show the new solution produced
in one class in his other class. It depends on his views on the new strategy. As an
experienced teacher, Lin can quickly judge whether the new strategy is universal and
whether it is worth spending time to propose in his other class. To make it clearer, we

present an example in episode 7.
5.2.1.5 Conclusion

Figure 5.2.7 shows the distribution of seven selected episodes and the variation types
involved. The use of variation in Lin’s teaching is generally very diverse. Except for
contextual variation and enhancing the formation of concepts or propositions, the other
variations all appear in his teaching. As presented in Figure 5.2.7, the most common
types of variation in Lin’s teaching of function are representational variations (20 times)
and OPMC (17 times). Pudian, OPMC, OPMS, and representational variation are
mainly designed by Lin through his documentation work. The main types of variations
that appear in the classroom are conceptual variation and OPMS. In addition, in Lin’s
teaching of function, conceptual variation, Pudian, and OPMC only appear in the lesson
of new knowledge, not in the exercise lesson.
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Figure 5.2.7 An overview of the different types of variations in the Chinese case

5.2.2 Variations in selected episodes

Based on the graphs presented and general situations described in section 5.2.1, we

zoom in seven episodes in this section for further analysis.

What needs to be pointed out is that a task or a (series of) task(s)*’ in one episode often
contains more than one kind of variation. For each episode, we first described the
background of this episode, mainly the knowledge and teaching goals related to the task.
We then analyzed the potential variations already embedded in the tasks, taking profit
of the analytical framework of potential variation in tasks (see table 2.4.1). After that
we studied teachers’ documentation work (actual variation) on the perspective of
variation, compared to the potential variation. We distinguished teacher’s work between
retaining, removing, extending, reducing and creating variations, according to the
teaching goal and students’ need. At last, we studied the classroom observation
(practical variation) of each episode. We also added teacher’s reflections on some
certain episodes based on the interviews or discussions with the teacher after class.

5.2.2.1 Episode 1: Conceptual variation for mastering problem-solving
strategies

In episode 1, we analyzed two tasks (shown in table 5.2.2 and table 5.2.3) presented in
the teaching of the concept of function, which are originally from school-based teaching
book. Lin makes full use of the conceptual variations embedded in these two tasks to
help students master the mathematical strategies. We first analyze them separately in
detail, and then compare and analyze the relationship between the two tasks.

9 See the definition of series of tasks in section 3.3.3.
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Table 5.2.2 First task of the concept of function

Example 1(source: School-based teaching book, p63):

Determine whether the following correspondence is a function from A to B:
(1) A = B = N*, Corresponding relation f: x - y = |x — 5|

(2) A = [-1,1], B = [0,2], Corresponding relation f: x > y = —x2 + 1

-1,x<0

(3) A = R,B = {-1, 2}, Corresponding relation f: x = y = { 2x>0

(4) A = [0,+), B = R, Corresponding relation f: x - y = +/x

Task presented in table 5.2.2 is used in the first lesson to introduce the concept of
function and lasted 5 minutes. The aim of this task is to help students understand the
concept of function. This task has no context.

Examining the potential variation:

e Conceptual variation is embedded in the task: option 1 and 4 are non-concept
variation, while option 2 and 3 are non-standard variation. The standard variation

of this situation, which is familiar with students, is A = B = R, Corresponding

relation f: x > y = —x2 + 1190, For non-standard variations, the teacher regards

the extension of the concept of function as the variation space, and the objects (A,
B and f) that it contains as the variants: based on the standard variation, option 2
limited the domain A and codomain B, keeping the corresponding relation f as
quadratic; Option 3 showed a piecewise constant function, which leads the range of
the function to be specific values. Although the exact symbolic representations of
these two are different, but students could highlight the essential attributes (for
every x in X, there is exactly one element y such that the ordered pair (x, y) belongs
to the set of pairs defining the functionf) of this concept. The symbolic
representations of option 1 and option 4 is like functions, they contradict the
essential attributes of the function.

e Procedural variation (OPMC) is embedded in the task: The task covers four
common types of function types in high school: absolute value, quadratic, piecewise,
and radical function. The task varies the type of condition presented from two
aspects: the domain and the formula of function. In this task, the mathematical
knowledge of the concept of function is behind the variations of these four options.

100 The corresponding relationship here can be anything that students are familiar with. Given the level
of students in this period (10" grade), the functions they are familiar with are mainly: linear function,
quadratic function, inverse proportional function, etc.

196



OPMC provides series of options in which students can understand, reflect and
generalize the invariants in the concept of function.

e OPMC in this task is an approach to develop and promote the conceptual variation.

Regarding actual variation, Lin retains the original task with potential variations and

creates representational variation through his documentation work:

e New representational variation emerged: The representations of function of four
options are all formula, i.e., symbolic representations. In the process of solving this task,
there are treatments in the symbolic writing: from an algebraic register to a numerical
one'’!". However, Lin adopts different ways to explain option 1 and 4. According to his
working sheet, he planned to directly show the counter example of option 1 in class
(whenx = 5,y = 0, it doesn’t belong to the codomain of y) to prove that it is not a
function from A to B. But for option 4, besides substitution of different values of x, he
took profit of different representations of function, drawing the graph of y = ++/x to
prove its contradiction with the concept, see figure 5.2.8.
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Figure 5.2.8 A counter-example drawn by graph in Lin’s working sheet

According to Lin, presenting the graph of a function can be more intuitive for students
to understand. Meanwhile it also paved a way (the idea of Pudian) for introducing the
method of determining whether it is a graph of a function. Therefore, new
representational variations generated through Lin’s documentation work. The teacher
varied the registers of representing a function, moving from an algebraic register to a
graphical one. The aim of the actual variation is to provide multi-angle of the concept
for students, with the help of different representations of function.

As for practical variations, the teacher retains the actual variations he designed and no
practical variations emerged. He asked students to think 2 minutes and then explained
the task by himself based on his working sheet. When he showed the counter example
of option 4, he improvised the specific values of x. According to the teacher, this task
is not hard for students to understand, because it is mainly based on the concept, without
complex strategies of problem-solving. Moreover, most of students have learned this
part of the knowledge during their summer vacation through their own or

extracurricular tutoring classes.

In order to make it clearer, we use figure 5.2.9 to illustrate the process from potential,

101 Based on the solution in school-based teaching book.
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actual to procedural variation through Lin’s documentation work. It can be seen from
the figure that the main teaching goal of this task is to use OPMC as a means of change,
through conceptual variation, that is, to show the options of non-standard and non-
concept variations so that students can master the strategy of judging the concept of
function. The design of drawing graph of non-concept variation in Lin’s documentation
work is to help students understand the abstract concept of function, which leads to new

representational variation (conversions).
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= . . ! . . — symbolic writing ———
= variation algebraic register
= . to graphs
e T to numerical one
<) | Work together
v
L
= Con(‘:eptual Non-standard Retained No practical
5 variation variations emerged
g N
=2 N Non-concept
\\ Approach to develop and
\_ promote the conceptual variation
Procedural | OPMC between Retained
variation items

Figure 5.2.9 Schematic representation of variation path of example 1 in episode 1

Example 2 presented in table 5.2.3 was proposed after example 1 in the school-based
teaching book, designed as a variation task of example 1, by varying both the condition
and the goal of example 1. It relates to the knowledge of the domain and corresponding
relationship of a function, which is an extension of the knowledge of function concept.
This task has no context. The representations of function of four options are all formula,
i.e., symbolic representations. The teaching of example 2 lasted about 5 minutes in class.

Table 5.2.3 Second task of the concept of function

Example 2 (source: School-based teaching book, p63): Among the following four groups of functions,
the one representing the same function is ( ).

A f(x) = lxl, g(x) = Va?
B. f(x) = Va?, g(x) = (V%)
Cf®=It—-1,g(x)=vx?—-2x+1

D.f(x)=1,9(x) =7
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Examining the potential variation:

e Conceptual variation is embedded in the task. Option B and D are non-concept
variation, derived from students’ mistakes, while option A and C are non-standard
variation. The similarity of non-essential attributes can easily confuse students. For
example, the symbolic representation of two options inside B and D are very similar,
which will cause students to easily ignore the domain of a function.

e OPMC is embedded in between four options by varying the formula of function.
Through the variation, the task covers four common types of function types in high
school: absolute value, fractional, radical and constant function. It is expected to use
the same solution to four options (MPOS), that is, determining the domain, simplifying
the formula of a function and comparing two functions. Similar to example 1, OPMC
in four options are based on the mathematical knowledge.

As for the actual variation, Lin retains the original task with potential variations.
However, he regarded this task as a new task and did not connect this task with example
1. According to Lin, it was not necessary to make the connection because example 2
has varied too much compared to example 1. The conditions, the goals, and even the
solution of example 1 and example 2 are all different. He believes that the weakness of
visible invariants between two examples makes the advantages of variations greatly
reduced for students. However, example 1 and 2 are worth mentioning separately as he
designed in his working sheet because they can help students understand the concept of
functions from different angles.

Like example 1, there is no practical variation emerged during the classroom teaching

of example 2.

In general, these two tasks (this series of tasks) are designed to allow students to master
strategies through the conceptual variation (OPMC) that is embedded in the options of
the task. Lin adds the conversions in the function representation in his documentation

work to make the non-concept variation more intuitive.
5.2.2.2 Episode 2: Pudian for mastering problem-solving strategies

This series of tasks (shown in table 5.2.4) is first proposed in the second lesson to
introduce the concept of function. Lin designed to review part of these tasks in the
teaching of the representation of function the next day. The aim of this task is to apply
the strategy to find the domain of a composite function. Example 1 here is directly
selected by Lin from the school-based teaching book and the rest of the tasks are
designed by Lin himself based on example 1. The tasks arranged here are in the order
of appearance in class. This episode lasted 10 minutes in class.

We first analyze the potential variation already embedded in example 1 as it is the
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original task from Lin’s resources system, and then describe Lin’s documentation work
of designing Pudian for example 1 and further develop the variation task.

Table 5.2.4 Series of tasks about the domain of composite function

How to find the domain of composite function (source: designed by Lin)
The domain of f(x) is [2,3], Find the domain of f(x? + 1).

The domain of f(x? + 1)is [1,2], Find the domain of f(x).

Example 1 (source: School-based teaching book p66)
(1) The domain of function f(x) is [0,1], Find the domain of f(x + 2)

(2) The domain of functionf (x + 2) is [0,1], Find the domain of f(x) and
f(x?2+1)

Variation (source: designed by Lin): The domain of f(x)is [0,2], Find the domain of
1 1
g(x) =f(x+5) +f(x—5).

Examining the potential variation of example 1:

e Representational variation: The representations of function of these tasks are
symbolic representations. In the process of solving this task, there are treatments in
the symbolic writing: from an algebraic register to a numerical one and also the

treatments inside the algebraic registers.

e Procedural variation is embedded between two tasks in example 1: 1) The idea of
Pudian in two items: Students are unfamiliar with item 2. Compared with the
intuition of item 1, item 2 requires more understanding of the definition of the
composite function. From this point of view, item 1 can be seen as a Pudian of item
2; 2) The symmetry of OPMC'%? is presented here, interchanging the conditions and

goals in item 1 and item 2 of example 1.

Regarding actual variation, Lin redesigns the tasks by providing several variation tasks
before and after example 1. New type of variation (OPMC & Pudian) created by Lin
through his documentation work:

e Procedural variation extended by using OPMC among tasks: The teacher added
several tasks. Before showing the example, he proposed two tasks, which is
constraint manipulation I of OPMC, by varying the number of the condition of

102 Refer to section 2.2.3
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example 1. After example 1, the teacher proposed a variation task, which is
constraint manipulation II of OPMC, by varying the type of the condition.

Procedural variation extended by designing Pudian for problem-solving among
tasks: Pudian between example 1 and variation is quite obvious and traditional, as
the form of the composite function in variation is more complicated, and also
involves the operation of sets (intersection). It is worth noting that task before
example 1 is very similar to examplel, but is slightly higher than examplel in terms
of calculations. Then why do teachers adopt such an order of tasks? According to
the teacher, these two tasks he redesigned before example 1 are used as examples
for students to imitate when they do example 1 by themselves.

OPMC in this task is an approach to develop and promote Pudian.

As for practical variations, Lin retained the potential and actual variations. Some points

are worth noting:

Classroom teaching time is gradually shortening for the tasks: The directly
presented how to solve the first two tasks in class, and then let students do example
1 and the variation by themselves. The teaching of the first two tasks lasted Smin35,
example 1 lasted 2min30 (1min for students to think by themselves, and 1min30 for
students to explain the solution), and variation task lasted 2 minutes (45 seconds for
the teacher analyzed the task, 25 seconds for students think, 50 seconds for the
teacher described the solution). Obviously, the teaching time of these three tasks is
gradually shortened.

Lin’s explanation of solution and blackboard writing is gradually simplified (see
table 5.2.5): This is in accord with the teaching time. When explaining the first two
tasks, the teacher connected the problem-solving with the concept of composite
function, and reduced the composite function f(x? + 1) tou = x2 + 1, y = f(u).
He also generalized this specific task by using abstract symbols f(g(x)), see the
red box in table 5.2.5. As for example 1 and the variation tasks, the process of the
reduction of composite function is simplified by explaining verbally without written
on the blackboard. We can see the circle (blue box in table 5.2.5) drawn by the
teacher when explaining it.

201



Table 5.2.5 Photos of Lin’s blackboard writing of series of tasks

@ j ,9, .,;,n\,, T J ,}‘- ((g}r;)‘ A (n‘ jlgebraic substitution :
2 oy =1\ ¥ fe+1)
_4,?: :{\,) j(‘jff'" k u_h, AR

LA w=4 ”' ) i el23] ) u=x*+1

@//Hn‘{ @E\-l);‘\zﬁ\.k[)p] ")'* “‘ : _x> n—y —

_vd

& = f(u),u€[23

'«\“Y’-\-\r‘(ﬁ]-wf M&\ \ 5 1 y=f(u),u€]23]

lt_j"__L."k'_\: 53 u=x%+1
x €[1,2]

Blackboard writing for the first two tasks

y=fw,ue€[25]

He generalized this type of task
as known the definition of
fg(x)] and find the definition

of f(x)

He circled x + 2 and x inside

Blackboard writing for example 1

He circled x + = and x — = to
:&\. VA 4@ St r 2 . 2 2
el explain the algebraic
ﬁ‘-j x)= ‘F@ - + @) N )\( substitution

'_)i ',2::

{-é;ﬁ-ﬁ-
A-E =2

Blackboard writing for variation task

In order to make it clearer, we use figure 5.2.10 to illustrate the process from potential,
actual to procedural variation through Lin’s documentation work in this episode. The
teacher’s behavior in this episode reflects that the variations can promote teaching and
improve teaching efficiency. Deign Pudian for students can make them naturally transit
from easy to difficult tasks, and the problem-solving strategies are constantly broadened.
Here, the original task is placed in the middle, and the variation is set at the beginning
and the end. Lin design Pudian for example 1 and then regard example 1 as a Pudian
for the further task. It proves dual role of variation: Pudian and development of the
further step.
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Teacher’s documentation work >

Potential variation Actual variation Practical variation

Treatment in the

v
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H variation . .
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3 algebraic registers
v
Q
g: Retained & Design .11101'6 tasks Retained
5 Extended | fof Pudian and for = -
= dural go further
Procfe .ul'a Develop & promote
variation F _
OPMC (symmetry) | Retained &E OPMC (constraint Retained

between items | Extended manipulation I & II)

Figure 5.2.10 Schematic representation of variation path in episode 2

Through this series of tasks, teacher can quickly detect whether students have mastered
the knowledge and problem-solving strategy. But unfortunately, we don’t see a
significant difference from the students’ reactions in class. There are few responses
from the students to the tasks above. We think this is related to the teachers giving
students insufficient time to think in class. When the teacher explained the solution, we
can still see that half of the students were thinking for themselves with their heads down.
The role of variation in this episode is weakened due to time constraints, but it may still
play a role when students review the notes after class.

As we have mentioned at the beginning, these tasks do not just appear in one lesson.
Since finding the domain of a composite function is one of the important teaching
contents and Lin wants to ensure that every student understands it, Lin designed a
review in the next day after this class, see table 5.2.6. Obviously, these tasks are almost
the same as the tasks that Lin designed in table 5.2.4 in front of examplel.Shown in
table 5.2.7, Lin emphasizes the understanding of composite functions, and writes the
inner and outer functions of this composite function in detail as the red box in table
5.2.5.

Table 5.2.6 Review about the domain of composite function

Review: How to find the domain of composite function (source: designed by teacher)
The domain of f(x) is [2,3], Find the domain of f(x? + 1).

The domain of f(x? + 1)is [2,3], Find the domain of f(x).
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Table 5.2.7 Photos of Lin’s blackboard writing of the review tasks

Savave ‘_ 25 T .\‘ A £ = u=x%*+1
= 0 sl i |
u=x%+1

y=f

x € [2,3]

2<u=x*+1<3

In general, this series of tasks are designed to allow students to master strategies through
Pudian and OPMC that created by Lin in his documentation work. All of OPMC created
here are designed by varying non-essential features so as to ensure students repeatedly
use the same strategy to solve the tasks (MPOS). In addition, when designing the
variation task (see the task called “variation” in table 5.2.4), Lin also established a
connection between knowledge (sets and function) through OPMC, which achieved
two goals with one stone.

5.2.2.3 Episode 3: OPMS for mastering problem-solving strategies

This task (shown in table 5.2.8) is proposed in the first and second lesson of the
representation of function. The teacher explained it twice in class because the
composition of piecewise functions is important knowledge that often appears in the
examinations, but is difficult for students to understand. The aim of this task is to apply
the strategy to solve the problem of a composite function. This task was directly
selected by the teacher from the school-based teaching book, and had no context. This
episode lasted 13min55 in total in class, 6min40 for the first time and 7minl5 for the
second.

Examining the potential variation of example 1 based on school-based teaching book:

e Representational variation is embedded in the task: The representations of function
of these tasks are symbolic representations. In the process of solving this task, there
are treatments in the symbolic writing: from an algebraic register to algebraic
register, and to a numerical one.

204



Table 5.2.8 Task of composite function

Example 4 (Source: School-based teaching book, p.71)

x+2,x=>2

Given function f (x):{xz’ 0<x<

9 defined on[0, +00) , if f(f(k)) = %, find the value of the real

number k.

Strategy 1: Solve the composite function from internal to external
Whenx = 2, f(x) > 4

When0 <x <2, 0<f(x)<4
As f(f(k)) ==, so f(k) > 2
fly+2=". ) =3

Sok?=20<k<2, k=2
4 2

Strategy 2: Solve the composite function from external to internal (symbolic)

fl) =t

ft>2,fO)=t+2=="t="1

Ifo<t<2,k?= %, t= g > 2 Contradiction

3

9 . 9
Sot—z, 1.ef(k)—z, k—2

Strategy 3: Solve the composite function from external to internal (symbolic-graphic)

fR)y=t

f() = %, use the graph, we know t = %

So f(k) = %, use the graph, we know k = 2

2

Regarding actual variation, Lin retains the task but providing three ways of solutions,
which extended the variation. We examine the new variations emerged through
teacher’s documentation work:

e New Procedural variation (OPMS) emerged: The school-based teaching book only
proposed the first strategy of solution, which is most common and straight way.
Lin adds strategy 2 and 3 in his working sheet. Both strategy 2 and 3 solve the
composite function from external to internal function, but use different ways to

solve the equations. Strategy 2 analyzes the equation piecewise while strategy 3
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uses the graph of f(x). Lin planned to introduce different strategies in order from
cumbersome to simple so that students can feel the incredible effect of solving
problems with graphs, and the importance of mastering the symbolic-graphic
combination method in problem-solving.

e The idea of Pudian is embedded in the arrangement of these three strategies. Lin
explains the superiority of the symbolic-graphic combination method by
comparing different strategies so as to further encourage students to use this
method, paving the way (Pudian) for using this strategy to solve more complicated
tasks in the future.

e Representational variation emerged: Strategy 3 introduced the graphical
representation of function and the conversions between symbolic writing and
cartesian graph.

As for practical variations, Lin retained the potential and actual variations. For the first
time, Lin gave the students Imin20 to think, and then used 5min20 to introduce the first
and second strategies. Finally, due to the limitation of time, he only briefly mentioned
that graph can also be used to solve the task; For the second time, Lin reviewed the two
strategies taught in the previous class, and then used graphs to solve the task. The whole
process lasted 7minl5. When he showed strategy 1 on the blackboard, he commented
that this strategy involved classification discussions more than once with a lot of
calculation. The cumbersome method of strategy 1 prompted us to find a simpler
method, so Lin naturally introduced strategy 2 and strategy 3. At the end, Lin
emphasized the importance of graphs in the classroom teaching. As far as this task is
concerned, one graph is used twice in strategy 3: for solving both the external and
internal function, which reflects the convenience of problem-solving by graphs.

According to the teacher, he arranged this task twice in class because this type of tasks
often appears in the exam and is difficult for students to understand. He pointed out the
important position of the graph of a function in high school learning:

“In fact, the real mathematics is a more rigorous concept in our advanced
mathematics. For example, continuity, which is guided and defined by the
idea of limit. Well, in our high school, it is impossible to do such a detailed
description. The knowledge of students is not enough. We may talk about it at
a relatively superficial level, mainly by combining graphs. The graph here is
a rough graph of a function. And sometimes, we don't even care about the
concavity or convexity of a function at all. Concavity and convexity must be
combined with the second derivative of a function, as the first derivative
function is about monotonic, and the second derivative of a function is to

observe its concavity and convexity. So combined with the graph, students
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will understand the function very well. How to divide a piecewise function?
Studying the features of the graph, then students can have a deep impression

’

on this function at once.’

“In fact, I found that it is important for the high school students to have such
an idea of graph. Because the idea of function for students is too empty, not
concrete, and the understanding of the graphs can be of great help to him/her.”

In fact, Lin designed a Pudian at the beginning of this class: He introduced several
common piecewise functions in detail (see table 5.2.9). There are two reasons for
this design: One is for the teaching goal of this class, i.e., present different
representations of a function and pave the way for understanding the piecewise
function in example 4; And the other is to pave the way for students’ further study
in the future: provide multi-angle understanding of piecewise function through
presenting different forms; Link the knowledge of the extreme value function,
piecewise function, and inequality, etc. For example, Lin combines piecewise
functions with inequalities and introduced the symbol of extreme value and simple
inequality scaling. Lin pointed out that he will pay attention to overall
considerations in teaching “Because we have been teaching for so many years, I
know where I might use it later, and I prefer mentioning it a little bit now, give
students a step-stone, or give them a little impression. It would be easier for
students to accept the knowledge later.”

As Lin chose three representative piecewise functions to illustrate: piecewise
function consisting of a linear function and a quadratic function, a floor function,
and an extreme value function, there is also Pudian designed by Lin in the process
of introducing these three kinds of piecewise functions. He first presented the
simplest form of piecewise function with linear and quadratic function, and he then
take an example of a floor function, whose value is actually divided into countless
pieces, different from the usual functions who have limited sections. Furthermore,
he introduced the extreme value function, whose requirement is even higher for
students as its piecewise form is not directly given, but is to be obtained by solving
inequalities. Lin explained that Pudian should also be designed step by step, not
just in one lesson. We should not instill too much content at once, and adjust it
according to the students’ needs. During the interview, Lin pointed out that we can
also design some piecewise functions with context, such as one trapezoid, a
straight line or a right-angled trapezoid in the process of moving to the right, the
length of the area to the right is segmented. At this time, the function is limited to
2~3 pieces.
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Table 5.2.9 Example of long period Pudian

The process of introduce piecewise function:

Piecewise function

M fw={" 0552

(2) Floor function f(x) = [x] the greatest integer less than or equal to x.

For example, [0.5] =0,[1.2] = 1,[-0.5] = -1

-1,-1<x<0
f(x)=[x]={ 0,05 x<1
L1<x<2
. B _f(a(az=h)
(3) Take the maximum value M = max{a,b} = { b(a < b)

>b
Combined with absolute value, equivalently, i [a+b+|a—b|]= {Cll) ((Z < b)) =max{a, b}

b(a=b
Take the minimum value m = min{a, b} = {a((z 2 b))

Combined with absolute value, equivalently,

[a+b—|a—bl]= {I;((Zill)))) = min{a, b}

N =

Further, the inequality scales
max{a, b} > aTer > min{a, b} max{a, b} = Vab = min{a,b} (a,b = 0)

From the graph point of view

fx)=maxf2 —x,x + 1} =

g : p
7 &)= s J)x"‘,,w:vl b ot

!( (1745 50 ] ,ky.,}

X2 (—kx <)

If we change the function to fx) =min{2 —x,x + 1} ,
gx) = min{x?,x + 2}

Conclusion (by teacher): Usually the maximum value function we will take the minimum value; the
minimum value function, we will take the maximum value.
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We present the evolution of variation in episode 3 in figure 5.2.11. Lin makes full use
of the potential variation of the task itself and provides a variety of problem-solving
strategies so that students can have a more comprehensive understanding of the
problem-solving strategies and understand the advantages and disadvantages of
different methods through comparison. In the process of problem-solving, it also
strengthened the thought of combining symbolic and graphic representation for students,

which brings the representational variation and Pudian.

‘ Teacher’s documentation work >
Potential variation Actual variation Practical variation
4 Treatment in the
S . S
g . symellc @tmg ; . Conversion:
‘£ | | Representational algebraic register to | Retained S
. ™ . ——* symbolic writing —
z variation numerical one & | Extended
o) . . to graphs
bt inside algebraic ‘
é registers ‘
g |
ot OPMS: Compare Retained
three strategies

|

Pudian ——

Figure 5.2.11 Schematic representation of variation path in episode 3

In Lin’s reflection after class, he indicates that there are some possible variations of
example 4 that can be designed for the following teaching. For example, we can vary

the f(f(k)) = 14—7 to f(f(k)) = 14—7, etc. making connections between composite

function, composite equation, and the composite inequality.

In general, this task is designed to allow students to master strategies through OPMS
that created by Lin in his documentation work. All of OPMS created here are carefully
designed, arranged coherent step by step, and serving the purpose of teaching, i.e., using
symbolic-graphic combination method to solve the task of composite function.

5.2.2.4 Episode 4 OPMS for building core associations and mastering problem-
solving strategies

These tasks (shown in table 5.2.10) are proposed in two exercises explanation lessons.
The aim of these tasks is to apply the strategy to solve the problem of fractional
functions. These tasks are selected by Lin from the mid-term examination and test in
class, and had no context. In this episode, our main concern is the way that Lin
establishes a connection for the students between the two tasks that appear in isolation.
This episode lasted 8min50 in class, of which 4 min50 is to explain the strategy of task
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19, and 4 min is to establish a connection with task 25 and review the strategies to solve
fractional functions.

Table 5.2.10 Tasks of solving fractional function by separating constant terms

2_
Task 19 Find the range of function y = L (Source: mid-term examination)

x2—x+1

[Solution] (from Lin’s blackboard writing)

Strategy1: using discriminant [Strategy 2] separating constant terms

substitution

Task 15 (Source: test in class, bonus problem)

Cut an equilateral triangle sheet with side length 1 along a straight line parallel to the base side into
perimeter of the trapezoid)?

two pieces, one of which is trapezoidal, mark S = ¢
of S.

rea of trapezoid , find the minimum value

[Solution] (from Lin’s blackboard writing): separating constant terms and using substitution

substitution

Examining the potential variation of example 1 based on school-based teaching book:

e Representational variation is embedded in the task: The representations of function
of these tasks are symbolic representations. In the process of solving this task, there
are treatments inside the symbolic writing: from an algebraic register to algebraic
register.
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Regarding actual variation, Lin creates new variations in the process of establishing
core associations between the two tasks. We examine the new variations emerged

through teacher’s documentation work:
e OPMS emerged: Lin designed two strategies to solve task 19, see table 5.2.10.

e Pudian emerged: The Pudian here is divided into two steps, the first step is to
establish the association with task 15, and the further is to review the three methods
of finding the range of a function mentioned in the previous lesson (the second
lesson of the concept of function).

When Lin explained the task 19 (see table 5.2.10) in an exercise explanation lesson,
he asked students to review the task 15 (see table 5.2.10) and compare the similarity
and differences between them. As we have mentioned in section 5.2.1, this kind of
Pudian is closely related to fundamental problems, OPMC and MPOS. In this
episode, Lin established the associations between these two tasks, regarding task
15 as the fundamental problem for finding the range of a function formed asy =

ax+b
cx+d

, making use of the method of separating constant terms. There are OPMC

between task 19 and task 15 and we can use the same method to solve them
(MPOS).

On the other hand, the difference between Task 15 and Task 19 offers Lin
opportunity to drive students back to the previous lesson to review the three
methods (using discriminant, separating constant terms and method of substitution)
of finding the range of a function and their applicable situations.

As for practical variations, Lin retains the potential and actual variations, no new
variations emerged. Lin emphasized the importance of fractional functions, especially
quadratic fractional functions in high school mathematical learning. He summarized the
use of three strategies: the default domain (i.e., x € R) uses the discriminant method,
the given domain of x uses the separation constant method, and the flexible use of the
substitution method.

We present the evolution of variation in episode 4 in figure 5.2.12. Lin creates core
associations between different tasks so as to review the problem-solving strategies.
Under this kind of teaching, the tasks are not single, but form a system, which not only
helps students to master the strategy, but also helps them discover the connections
between the tasks, and build their task systems based on the knowledge and
mathematical methods (strategies).
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Teacher’s documentation work >
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l
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Figure 5.2.12 Schematic representation of variation path in episode 4

In general, this episode is designed to allow students to establish core associations and
master strategies through OPMS and Pudians that created by Lin in his documentation
work. These different strategies are full of flexible use of treatment in the representation.

5.2.2.5 Episode 5: Conceptual and representational variation for providing
multi-angle understanding

This episode is about the merging of monotonic intervals, which involves two series of
tasks in two lessons, first lesson as an introduction and second lesson as a review. The
teaching of first series of tasks lasts 4 minutes and the second lasts 2 minutes. We focus
on the first lesson and the changes in the tasks and explanations in the review lesson
and the first one.

Table 5.2.11 shows the blackboard writing in the first lesson. It was presented after the
explanation of the definition of monotonicity and aims to help students understand that
monotonicity emphasizes the local properties of a function and the properties of
monotonic intervals, pointing out the condition of monotonic interval merging.

The creation of the two graphs in table 5.2.11 can be traced back to the textbook. When
the textbook presents the definition of monotonicity of a function, it shows the graphs
and set up a “thinking” column after, see table 5.2.12.

Examining the potential variation in the textbook:

e Representational variation is embedded in “thinking”: Two representations are
shown here: natural languages and symbolic writings.

e  Conceptual variation is embedded in “thinking”: Teachers’ guidebook emphasizes
that the monotonicity of a function is a local property of a function, which is a
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concept that students tend to not fully understand and require to make a distinction.
It is common for a function to “increase” in some intervals within its domain and
“decrease” in other intervals. “Monotonous increasing” and “increasing function”,
“monotonic decreasing” and “decreasing function” need to be distinguished.
“Thinking” here is intended to guide students to realize that the monotonicity of a
function is for a certain interval in the domain. A function being monotonous in a
certain interval does not mean that the function is monotonous in the entire domain.
The examples asked to be given here are the standard variation, non-standard
variation, and non-concept variation of the concept of the monotonicity of a

function.

Table 5.2.11 Lin’s blackboard writing in the first lesson (source: designed by Lin)

Increasing interval [a, b], [c, d]

Table 5.2.12 Distinction of the concept of monotonicity of a function in PEP textbook (p77)

) 2=
(1) A EKE
BA f(x1)

MAEVYx, 22CA, X
6 D b o#iE R

[Translation] Thinking

(1) Let A be the set of values of some independent variables on the interval D, and Vx;, x, € A, when
%1 < X, there are f(x;) < f(x,), can we say that the function f(x) increases monotonically in the
interval D? Can you give an example to explain?

(2) The monotonicity of a function refers to a certain interval in the domain. Can you give examples
of functions that are monotonically increasing in the entire domain? Can you give examples of
functions that monotonically increase in some intervals in the domain but decrease monotonically in
other intervals?

Regarding actual variation, the two graphs designed by Lin organically combined the
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“thinking” questions with graphs of monotonicity of function in the textbook. New

variation emerged through teacher’s documentation work:

Representational variation is retained and extended: Lin chose to use rough graphs
instead of natural language or symbolic writing to distinguish concepts, allowing
students to understand concepts more intuitively. The conversions from natural
language (or symbolic writing) to rough graph is completed by Lin through his
documentation work and rough graphs are shown to the students as the product of
Lin’s documentation work. In this episode, the rough graph, as a tool to help

students understand concepts, is a transitional auxiliary representation (Duval,
2017).

Conceptual variation is extended: Different from letting students give examples in
the textbook, Lin directly proposed two graphs to let students judge, which is less
difficult and more intuitive for students. The graph on the left (table 5.2.11) implies
non-concept variation. Lin organized it to illustrate that even if the two intervals
are both increasing, they may not necessarily be merged, breaking the students’
inherent cognition. The non-concept variation he chose here is based on the
students’ mistakes according to his experiences. In the graph on the right, the
combination of monotonic interval 1, 2 is non-standard variation, while the

combination of 1, 3 is non-concept variation.

As for the practical variation, Lin retained the actual variation through his

documentation work and new practical variations emerged in the process of teacher-

student question-and-answer.

Representational variation is retained and extended: Conversions from graph to
natural language, and to symbolic writings: As Lin proposed the graph on the left,
he asked students: “There are two monotonic intervals on the graph, which are
respectively...... ” “How to write monotonic intervals?” These two questions
proposed by Lin guide students to make conversions from the graphic
representation to natural language and symbolic writing.

Various OPMC hidden in the rough graph are revealed: Lin explained the graph on
the right through a dynamic process. Lin asked students to think the possibility of
merging two monotonic intervals into one monotonic interval. He showed students
the possibility of merging with the monotonic interval 1 during the movement of
the monotonic interval from 2 to 3. In this dynamic movement, there are actually
countless monotonic intervals on [c, d], and 2 and 3 are just shown on the graph as

two special representatives.

OPMC in the Representational variation further promotes conceptual variation as
the dynamic explanation provides various non-standard and non-concept variations.
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When reviewing the merging of monotonic intervals in the second class, Lin designed
a new task with the combination of the knowledge of piecewise function and absolute
value function, see table 5.2.13. In class, Lin guides students to think about the
requirements of merging two interval after he drew the graphs of function y =
{ x| (x<1)
x+1 (x>1)
in lesson 1 (table 5.2.11) to review, see the second photo in table 5.2.13. At last, he
x| (x<1)
x—1 (x>1)

Then he naturally leads students to go back to the basic graph drawn

changes x +1 to x — 1 in the function, ie., y = { where the two
intervals do not meet the conditions of merging.

Table 5.2.13 Lin’s blackboard writing in the second lesson (source: designed by Lin)

Find the monotonic interval of a function | Find the monotonic interval of the
: function

_{ lx| (x<1)
T+l (x>0

then Lin change x + 1 tox — 1, i.e.,

_ { x| (x<1)
Tlx-1 (x>1)
Go back to basic gragh drawn in the first lesson [a,b] T,[b,c] T

In this review part, Lin does not blindly repeat the original teaching content, but
cleverly creates new tasks and flexibly manipulates OPMC to naturally review and
apply the previous knowledge.

We present the evolution of variation in episode 5 in figure 5.2.13. Lin used graphs to
illustrate the properties of monotonic intervals, making them more concrete and easier
for students to understand. As shown in figure 5.2.13, representational variation has
gone through two processes: One is that Lin made conversions from natural
language/symbolic writings to graphs during his documentation work, and the other is
in the classroom where Lin guided the students to make conversions back to the natural
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language and symbolic writings by asking questions in class. In this process, the teacher
created a transitional auxiliary representation of rough graph to help students
understand. As far as conceptual variation is concerned, Lin have designed non-
standard and non-concept variation based on the mathematical concept, and with the
help of representational variation, the conceptual variation has been further extended to
reach the teaching goal.

| Teacher’s documentation work >

Conversion (in Lin’s
documentation work):
Potential variation Natural ‘ Actual variation Practical variation

language/symbolic

wy .-
=} writing to graphs R
<)
g - Retained Conv}elrilons tfr(;lm
- : raph to na
g . 2 representations: . Rough graph: Extended | &4P
> || Representational | | natural languages | Retained o oy — language, and to
o - o . — *| transitional auxiliary [ : o
variation & symbolic Extended . ‘ symbolic writings
& _ " representation
= writings |‘ Retaied
b Work together hN
E] = develop & Extended™._ .
2 | oveob & Ngn-standard | " ) 1 Various OPMC
o | promote ot e
| variation —
Conceptual Retained I _
variation Extended | Non-concept | - Enrich
(explicit) variation
First lesson Go back for
Second lesson reviewing
- Create new tasks

— Rough graph

with OPMC

Figure 5.2.13 Schematic representation of variation path in episode 5

In general, this series of tasks are designed to allow students to have a multi-angle
understanding of the concept of monotonicity of a function. Lin creates the conceptual
and representational variation to achieve this teaching goal. He also used OPMC to

create new tasks for students to review.

5.2.2.6 Episode 6 Pudian and OPMC for providing multi-angle understanding
and mastering problem-solving strategies

This episode is about the monotonicity of the tick type function'®® and streamer type
function'®, which happens three times in three lessons. We summarize and regard these

103 Tn mathematics, tick type function, also known as the Nike function in China, is represented as f (x) =
ax + g, where ab > 0. The domain of the function is (—0,0) U (0, +), and the asymptote are the y
axis and y = ax. When a = 0,b = 0, In the first quadrant, the turning point is ( \/é, 2+ ab). The graph

of the function in the first quadrant is like Nike’s brand logo, hence also named Nike function in China.
104 Tn mathematics, streamer type function is represented as f(x) = ax — g, where ab > 0. The domain
of the function is (—0,0) U (0, +0), and the asymptote are the y axis and y = ax. Intersection points

with the x-axis are (\/%, 0) and (— %, 0).
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lessons as three stages (see table 5.2.14): introduction, in-depth, and review. This
episode lasted 40min43 in class in total, of which 13min30 in the first lesson to give an
introduction of tick function, 23min13 in the second lesson to go deeper, and 4min in
the third lesson to review and generalize. Most of these tasks are selected from the
school-based teaching book (see table 5.2.15, which can be originally traced back to
the textbook) by Lin and he reorganized these tasks to serve his teaching.

Table 5.2.14 Lin’s explanation and blackboard writing in class of episode 6

Lesson 1 Introduction

Example 4 (Source: school-based teaching book)
Study the monotonicity of f(x) = x + i

[Solution]

Lin explains first “It’s a little earlier to study this function. The domain of this function is
{x|x # 0}, and it is an odd function (I will explain this later). The graph of the odd function
is... (Students replied together: the graph of an odd function has rotational symmetry with
respect to the origin). We only need to study half of the odd function or even function. If
we study the right or left side of the y-axis, the symmetry of the graph will come out.
Therefore, we only need to study the monotonicity on (0, +00), symmetry about the origin,
and the Monotonical graph on x < 0 will also know. During his explanation, he writes
down the domain of f(x) ({x|x # 0}), and part of the domain (0, +c0) we need to study,
see the yellow box in the blackboard writing below.

Then he writes down the solutions based on the definition of monotonicity of a function.

Present the graph of f(x) = x + %
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In the end, Lin emphasizes that f(x) = x + % is a special case of f(x) = x + % (a>0)

Lesson 2 review and go further

Example 1 (1) Study the monotonicity of f(x) = x +% (a > 0) and draw the graph of
f(x). (Source: school-based teaching book)

Thinking: Study the monotonicity of function f(x) =x —%. (Source: school-based
teaching book)

Lin leads students to review the function (x) = x + o which is the simplest tick function,
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and use the same method of studying f(x) = x + i to study f(x) = x — i (the domain, an

odd function).

[Solution]

Strategy 1: Use the definition of monotonicity

Strategy 2: regard f (x) as the addition of two functions: y = x and y = — % (see the yellow
box in the photo above), these two functions are both increasing on (0, +0). Therefore,

X =x—lis monotonically increasing on (0, +0).
o y g

Then, Lin draws the graph of f(x) = x — %, as the graph looks like a streamer, we call it

streamer function. Lin leads students to write this function in a general form:

Example 1(2) Study the monotonicity of f(x) = x — % (a > 0) and draw the graph of
f(x). (Source: school-based teaching book)

Example 2 (Source: Lin’s digital task repository)

D fx)=x+ % increases monotonically in the interval [2, +00), find the range of a.

2) f(x) = x% + 2 increases monotonically in the interval [2, 4+00), find the range of a.
. y

[Solution]

(1) Strategy 1: From the perspective of known functions, use familiar known functions to
classify and discuss (see the yellow box below): a > 0, tick function, sova < 2, i.e., 0 <
a<4;a=0, f(x) =x, linear function, increases monotonically; a < 0, streamer
function, increases monotonically.
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Strategy 2: From the perspective of definition

xX1X, —a >0 This
inequality is

satisfied

(2) Strategy 1: From the perspective of known functions
Cannot tell the monotonicity of the function directly when a > 0

Strategy 2: From the perspective of definition

V2 <x; <x,

(eg + x5)x2, —a >0

Lesson 3 Review and generalization
For tick function, use the definition to tell the monotonicity;

For streamer function, besides the use of definition, can also use observation (see the purple
box below).
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y=x (0,400) T

_4 0,+x)
=_ o)
y X ©, )

1
—2x 4o =200+ 2
y=2x+=20+2)

b
y=ax+;(a>0,b>0)

Some functions are not standard tick function, we call them b

= a(x+%)

Tick type function. For example,

1
— 2t i=2(+2
y=2x+- =2+

“*2” here means the ordinate of the graph is generated twice of the original graph (y=(x +

1

%)), the abscissa remains unchanged, and the ordinate does not change the monotonic
interval when the ordinate stretches.

More generally,

Tick type function y = ax + % (a>0,b>0)

Streamer type function y = ax — % (a>0,b>0)

In fact, the arrangements of the teaching of tick function can be traced back to the
example 4 and its variations in school-based teaching book, see table 5.2.15. This series
of tasks start from the study of the monotonicity of the most basic tick function f(x) =

x+ i, go further to the general tick function f(x) = x + %, the most basic streamer

function f(x) = x — i, and finally to the general streamer function f(x) = x — %

Examining the potential variation in series of tasks in school-based teaching book:

e Representational variation is embedded in the tasks: The representations of
function of these tasks are symbolic representations. In the process of solving this
task, there are treatments inside the symbolic writing: from an algebraic register to
algebraic register, and also the conversions from symbolic writings to cartesian
graphs.

e Conceptual variation is embedded in the series of tasks: Mainly to show the
standard variation of tick and streamer functions, and then introduce from special
case to general case.
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e Pudian is embedded in the series of tasks: There are mainly two aspects of Pudian
here: (1) From special to general: Regardless of studying tick function or streamer
function, the book selects the most basic and simplest special cases for discussion
at first and then comes to the general situation; (2) from tick function to streamer
function by changing the arithmetic symbols: imitate the method of studying tick
function, from special to general, to study streamer function.

e OPMC is embedded in the series of tasks: Advance the learning process by

changing the form of the formula, from f(x) = x +% tof(x) =x+ %, flx) =
X — %, and finally to f(x) = x — %

Table 5.2.15 series of tasks in the school-based teaching book

[Translation] Example 4 Discuss the

monotonicity of function f(x) = x + i

Solution: the domain of function is {x|x # 0},
so we discuss separately on the two intervals of
(—o0,0) and (0, +0).

Vxl,xZ € (0, +OO) and X1 < X2, then

1 1
—_ = + [ —_—
f(x) = f(xy) = x, X X1 X
X1 — X2
= — +
(22 — x1) X1%,

_ (2 — x1) (1%, — 1)
X1X;

To determine the positive or negative of this
formula, just determine the positive or negative
ofx;x, — 1, that is, determine x,x, is greater
than 1 or less than 1. Due to the arbitrariness of
X1,X,, it is necessary to divide (0, +o0) into
(0,1) and (1, 4+o0) to discuss (this is the key to
this task)

Knowledge transfer: Discuss the domain,
range, and monotonicity of function f(x) =

X — i, and draw the graph of f(x).

Enlightenment: Analogy “tick function” for
studying, because its graph is similar to two
floating ribbons, some people call it “streamer
function”
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Regarding actual variation, Lin retains the potential variations of representational and

OPMC, makes Pudian more explicit, and creates OPMS in the process of establishing

core associations between the two tasks. We examine the actual variations through

teacher’s documentation work:

Representational variation retained and extended: (1) Treatments inside the
symbolic writing extended: Adding the parameter a increases the complexity of
treatments between algebraic registers, see example 1 and example 2 in lesson 2.
Through these treatments the original problem transformed into the problem of

inequation, see the green box in example 2; (2) Treatments inside the cartesian

graphs emerged: Drawing the graphs of y = 2x +i andy = ax + g (a>0,b>

0) based on the graph of y = x+% in lesson 3 involves the coordinate
transformation.

Conceptual variation retained and extended: As far as potential variation is more
about showing standard variation, here Lin has added some non-standard and non-

concept variation to promote his teaching. For example, f(x) = x2 + % in example

2 is non-concept variation of tick function, and y = 2x + = in lesson 3 is non-
X

standard variation of tick function, which promote Lin’s further teaching of the
generalization of tick type function.

Pudian is extended and is more explicit: Lin divided the contents into 3 lessons to
pave the way for students to understand. These three lessons are hierarchical and

deepened step by step, from f(x) =x +i to f(x)=x +% (a>0) and
simulating this exploration process to study function f(x) =x — i and f(x) =
X —% (a > 0), and finally generalize them to f (x) = ax + g (a>0,b>0)and
f(x) =ax —g(a >0,b>0).

New OPMC emerged: Besides the tasks Lin takes from school-based teaching book
(see table 5.2.15), he added new tasks to deeper the knowledge by introducing a
parameter and changing conditions, see example 2 in table 5.2.14. Moreover, Lin
designed a students’ homework sheet and sent it to students after lesson 2. This
homework sheet is full of tasks designed by variation. For example, from task 2 to
task 5 are all tasks generated by varying the number or types of function of example
2, see table 5.2.16.
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e New OPMS emerged: Lin retains the strategy used in the school-based teaching
book, and proposes a new strategy by using the properties of known functions, see
example 2 in table 5.2.14.

Table 5.2.16 Students’ homework sheet designed by Lin

e —— o ——

Translation:

1(1) Find the monotonically decreasing interval of

fGx) = =S VaZ +2x = 3;

i S (2) f(x) = x* + 2x — 3, study the monotonicity
B A e L TR of function f(5 — x?).

1 o 21T Ronrfyil 2. f(x) = x + < increases monotonically in the
4, E»‘CD‘H‘,;’ ata A0y 0N K . ) X
2 interval [3,+400), find the range of a. (use two

D methods)

v
~
),

5. T jff'r =N tX 7Y |

3. f(x) = x2 + < increases monotonically in the
p” y

interval [3, +0), find the range of a.

4. f(x)=x+ % increases monotonicall