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Introduction

In this thesis we describe an interplay between constructions related to cyclic homo-
logy of algebras and constructions of quantum invariants of knots and 3-manifolds. Cyclic
(co)homology of algebras was introduced independently by Connes [7] and Tsygan [34].
Connes formalized [6] his construction by means of the cyclic category (which contains
the simplicial category). This led to the definition of a (co)cyclic object in a category,
which is a generalization of the (co)simplicial object in a category. Cyclic (co)homology
is intimately related to Hochschild (co)homology. Namely, there is a long exact sequence
relating the two theories. Besides the Connes’ original motivation in noncommutative
differential geometry, cyclic homology has been also used in algebraic topology [17] and
more particularly in homological algebra [32] and K-theory [19]. This theory appeared in
many versions and generalizations. For example, Connes and Moscovici [8, 9] introduced
cyclic cohomology of Hopf algebras, which is related to the cyclic cohomology of associative
algebras via the Connes-Moscovici trace.

Quantum topology is born with the discovery of Jones polynomial [18] which is an
isotopy invariant of knots and links. Shortly after, this invariant had been related to
the quantum groups introduced by Drinfeld [10] and to the methods of quantum field
theory by Witten [39]. Topological quantum field theories, or briefly TQFTs, are a frame-
work that organizes the so called quantum invariants of links and 3-manifolds. These
invariants are often constructed by using an algebraic ingredient (for example the category
of representations of a quantum group) together with a combinatorial presentation of the
topological object of interest. A fundamental construction of a 3-dimensional TQFT is the
Reshetikhin-Turaev TQFT [33, 35] which uses modular categories as algebraic ingredient
and surgery on framed links as combinatorial presentation.

This monograph contains seven chapters. The first two chapters are preliminary. In
Chapter I, we recall the notions of a simplicial, paracyclic, and cyclic object in a category.
These are defined as functors from certain indexing categories: the simplicial category A,
the paracyclic category AC,, and the cyclic category AC. Note that A is a non full
subcategory of both AC,, and AC, and AC is a quotient of AC,. We also explicit
some important functors related to these categories, such as the cyclic duality isomor-
phism L: AC°® = AC and the reindexing involution ®: AC = AC. At the end of the
chapter, we recall the chain complexes and chain bicomplexes associated to simplicial and
cyclic objects in an abelian category, as well as the Connes long exact sequence.

Chapter II is dedicated to monoidal categories and categorical (co)algebras. We first
review several classes of monoidal categories: pivotal, braided, ribbon, fusion, and mo-
dular categories. We also describe the Penrose graphical calculus, which we intensively
use throughout the monograph. We next review categorical (co)algebras, Hopf algebras,
and their (co)modules. We finish the chapter with a discussion on the coend of a braided
pivotal category. The latter is an important example of a categorical Hopf algebra and
plays a central role in the study of quantum invariants of links and 3-manifolds [29, 4].
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After these preliminary chapters, we work mostly in the framework of braided cate-
gories, which often come with additional structure such as duals and/or twists. We some-
times suppose that monoidal categories are k-linear (meaning that hom-sets are k-modules
such that the composition and monoidal products of morphisms are k-bilinear), where k
denotes a commutative ring.

Chapter III is devoted to the constructions of para(co)cyclic objects from categorical
algebras and coalgebras in a braided k-linear category B with a twist. Our constructions
are highly inspired by the work of Akrami-Majid [1] on braided cyclic cohomology of ribbon
algebras. More precisely, we associate a paracyclic object A4(A) to any algebra A in B and
we associate a paracocyclic object Co(C) to any coalgebra C' in B. When B is symmetric
with trivial twist, these objects turn out to be (co)cyclic. In particular, we recover the
well-known constructions of (co)cyclic k-modules [28, 38, 11] when B = Mody is the
symmetric category of k-modules. In the general case (when B is braided k-linear), we
describe the (co)cyclic k-modules derived from A,(A) and C,(C') by postcomposing them
with the Hom functors Homg(—, 1) and Homg(1, —), where 1 denotes the monoidal unit
of B. We next explore duality relations between our various constructions. We end the
chapter with some computations.

In Chapter IV, we study the braided version of the cocyclic object governing the Hopf
cyclic cohomology of Connes-Moscovici [9], as proposed by Khalkhali-Pourkia [20]. More
precisely, we study the paracocyclic object CM,4(H, 0, o) associated to a Hopf algebra H in
a braided category B endowed with a pair (§,0) made of an algebra morphism ¢6: H — 1
and a coalgebra morphism o: 1 — H such that do = id;. Such pair is called a modular
pair for H. For example, the counit e: H — 1 and the unit u: 1 — H of H form a
modular pair (,u). The first main result of Chapter IV is an inductive computation of
the paracocyclic operator 7,,(0,0) of CM,(H, 6, 0):

Theorem 1 (see Theorem IV.1). The k-th power 7,,(6,0)% of the paracocyclic operator is
computed in terms of T1(6,0) and T,—1(e,u).

Given a twist 0 = {fx: X — X} xcon) for B, we introduce the notion of a 6-twisted mo-
dular pair in involution (see Section IV.1.1). When B is symmetric with trivial twist idp,
then idz-twisted modular pairs in involution correspond to braided modular pairs in invo-
lution introduced in [20]. Theorem 1 implies the following corollary:

Corollary 1 (see Corollaries IV.3 and IV .4). If (d,0) is a O-twisted modular pair in in-
volution for H, then 7,(8,0)" ™ = Oyen. Consequently, when B is k-linear, Homg(1, —) o
CM,(H,0,0) is a cocyclic k-module and Homp(—, 1) o CM,(H, J,0) is a cyclic k-module.

The second main result of Chapter IV concerns a categorical version of the Connes-
Moscovici trace.

Theorem 2 (see Theorem IV.5). For a Hopf algebra H in a braided category B with a
twist, a modular pair (§,0) for H, and a coalgebra in the category of H-modules, there

is a natural transformation from the paracocyclic object CMq(H,d,0) to the paracocyclic
object Co(C).

If we additionally suppose that B is a k-linear category, we obtain:

Corollary 2 (see Corollary 1V.6). If (6,0) is a O-twisted modular pair in involution
for H, then there is a natural transformation of cocyclic k-modules from Homp(1,—) o
CM,(H,0,0) to Homg(1,—) o C4(C), and there is a natural transformation of cyclic k-
modules from Homg(—,1) o Co(C) to Homg(—,1) o CM,(H, 4, 0).
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In Chapter V, we study a braided version of the (co)simplicial k-module that governs the
twisted (co)Hochschild (co)homology of a Hopf k-algebra with coefficients in a bi(co)module
over it [15]. More precisely, given a categorical Hopf algebra H and a bimodule M over H,
we consider the simplicial object Hoche(H, M), introduced by Hadfield-Krahmer in their
work on braided homology of quantum groups [16]. In particular, using H as a bimodule
over itself (via multiplication), Hoche(H, H) equals to the underlying simplicial object of
Akrami-Majid from [1] (by using the square of the antipode of H as ribbon automorphism).
Dually, for a bicomodule N over H, we define the cosimplicial object coHoche(H, N) in B.
The main result of Chapter V is the following:

Theorem 3 (see Theorems V.3 and V.6). The simplicial object Hoche(H, M) in B extends
to a paracyclic object in B. The cosimplicial object coHoche(H, N) in B extends to a
paracocyclic object in B.

The construction of the para(co)cyclic operators in Theorem 3 is inspired by formulas from
work of Fiorenza-Kowalzig [13]. For example, the monoidal unit 1 of B is a bicomodule
(via the unit of H) and coHoche(H,1) is naturally isomorphic to the paracocyclic ob-
ject CML(HP, e, u).

The last two chapters are of topological flavor. In particular, we construct cyclic objects
from ribbon string links and surfaces. Recall that an n-string link is a disjoint union of n
smoothly embedded arc components in R? x [0,1] such that the i-th arc joins (i,0,0)
to (7,0, 1) for each 1 <1i < n. For example, 1-string links are long knots. An n-string link
is ribbon if each of its components is endowed with a normal vector field. Ribbon string
links can be presented by planar diagrams (with blackboard framing). For example, the
following diagram represents a ribbon 2-string link:

o
NE

For n > 0, we denote by SL,, be the set of isotopy classes of ribbon (n+1)-string links. If B
is a ribbon category with a coend C, then there are maps ¢g,,: SL,, — Homg(C®" 1).
According to [4], these maps extend to a functor ¢5: RSL — Convg(C, 1), where RSL is
the category of ribbon string links and Conv(C, 1) is the convolution category associated
to C (see Section VI.1.4). The main result of Chapter VI is the following:

Theorem 4 (see Theorem VI.1). The family {SL,}n>0 has a structure of a cocyclic
set denoted SLy and a structure of cyclic set denoted S’Z,. Moreover, when B is k-
linear, the evaluation functor ¢p induces a natural transformation from SLe to the co-
cyclic set Homg(—,1) o Co(C) o (L)™' and a natural transformation from SL, to the
cyclic set Homg(—,1) o A,(C) o L™, where L is the cyclic duality isomorphism.

The cocyclic set SL, and the cyclic set denoted SZ. Af/rom Theorem 4 are constructed as

follows. In degree n, both (co)cyclic sets SL, and SL, are equal to SL,. The cocyclic
set SL, is equipped with the following cofaces, codegeneracies, and cocyclic operators
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(which are the images of the canonical generators of the cyclic category AC):

6o(T) = , 0(T) = 0n(T) = 7
I I I 1
1 n i 1+1 n 1 n
|... |]m ...l
o;,(T) = | T |, T.(T) =
U] S
0 J+1n+1

Here 6; is defined by inserting a trivial component between i-th and (i + 1)-th component
and o, is defined by “concatenating” (as in the picture) the j-th and (j + 1)-st component.

The cyclic set SL, comes with the following faces, degeneracies, and cyclic operators (which
are the images of the canonical generators of the category AC°P):

|.||...| |.||||.|
M= 1 |, s(T)=] T | (D) =

0 i n 0 j n

Here d; is defined by removing the i-th component and s; is defined by duplicating the j-th
component along its framing. Note that the removal and duplication operations for string
links appeared in the work of Habiro [14].

Chapter VII is dedicated to the construction of (co)cyclic objects in the category Cobg
whose objects are closed oriented surfaces and morphisms are 3-dimensional cobordisms.
The category Cobg is of a great interest in quantum topology. In particular, a 3-dimen-
sional TQFT (over k) is a symmetric monoidal functor Z: Cobs — Mody. The first result
of this chapter is the following:

Theorem 5 (see Theorem VII.1). For g > 1, consider a closed oriented surface ¥, of
genus g. The family {¥,},>1 has a structure of a cocyclic object in Cobs denoted X, and
a structure of a cyclic object in Cobg denoted . Consequently, if Z is a 3-dimensional
TQFT, then Z o X, is a cocyclic k-module and Z o S, is a cyclic k-module.

We prove Theorem 5 by explicitly presenting the (co)faces, (co)degeneracies, and (co)cyclic
operators (which are 3-dimensional cobordisms) using surgery [35]. A fundamental con-
struction of a 3-dimensional TQFT is the Reshetikhin-Turaev TQFT RTz: Cobs — Mody
associated to an anomaly free modular category B. Such a category always has a coend C'
which is a Hopf algebra in B. This Hopf algebra the cyclic duality L, and the remdexmg
involution @ induce the cocyclic k-module D,(C') o ® = Homp(—,1) 0 C4(C) o (L) ' 0 ®
and the cyclic k-module ﬁ.(C) o &P = Hompg(—,1) 0 A,(C) o [f1 o ®°P. The following
theorem relates these modules with those obtained from Theorem 5 for Z = RTj:

Theorem 6 (sce Theorem VIL.2). The cocyclic k-modules RTg o Xy and D. (C)o® are
isomorphic. The cyclic k-modules RTg o . and B, (C) 0o ®°P are isomorphic.

Another fundamental construction of a 3-dimensional TQFT is the Turaev-Viro TQFT
TVe: Cobs — Mody associated to a spherical fusion k-linear category C with invertible
dimension (see [36]). Moreover, when C is additive and k an algebraically closed field, the
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center Z(C) of C is an anomaly free modular category and the TQFTs TV, and RT z )
are isomorphic (see [36, Theorem 17.1]). Denote by D the coend of Z(C). These results
and Theorem 6 imply the following corollary:

Corollary 3 (See Corollary VIL.4). The cocyclic k-modules TV¢ o ¥4 and ﬁ.(D) od are
isomorphic. The cyclic k-modules TV¢ o 3y and B4(D) o ®°P are isomorphic.

Notations and conventions

By roman numerals such as I, II, ..., we refer to chapters. By IV.2, we refer to
the second section of the fourth chapter. By IV.2.1, we mean the first subsection of
Section IV.2, but we will simply refer to it as Section IV.2.1. Theorems, lemmas, corollaries
and remarks are numbered by chapters.

If not stated otherwise, k will denote a commutative ring. By a calligraphic letter such
as A, B,C, ..., we denote a category. By Ob(C), we will denote the class of objects of
a category C. By [A, B], we denote the category of functors from A to B. We denote
by Set the category of sets, and by Mody the category of left k-modules. A simplicial
object in Set (respectively, in Mody) will often be called a simplicial set (respectively,
simplicial k-module). Similar vocabulary applies in the cosimplicial, para(co)cyclic, and
(co)cyclic setting.






CHAPTER 1
Simplicial and cyclic objects

In this chapter, we first recall the notion of a (co)simplicial, (co)cyclic, and para(co)cyclic
object in a category C (Sections 1.1, 1.2 and 1.3). Further, we outline definitions of some re-
levant functors related to (para)cyclic category (Section 1.4). Finally, we discuss the chain
complexes associated to simplicial objects (Section 1.5) and chain bicomplexes associated
to cyclic objects (Section 1.6). In what follows, for every n € N, we will denote by [n] the
set {0,1,...,n} endowed with its standard order.

I.1. Simplicial objects

In this section we recall the notion of (co)simplicial objects in a category C.

I.1.1. The simplicial category. One defines the simplicial category A as follows.
The objects of A are the nonnegative integers n € N. A morphism n — m in A is an
increasing map between sets [n] and [m|. For n € N* and 0 < i < n the i-th coface is a
morphism ¢: n — 1 — n in A that is given by the unique injection from [n — 1] into [n]
which misses i. More precisely, this is the function §: [n — 1] — [n] defined by

‘ Y
RN R N T SO
7+1 ifj >

For n € N and 0 < j < n the j-th codegeneracy is a morphism o7': n+ 1 — n in A which
is given by the unique surjection from [n + 1] onto [n] which sends both j and j + 1 to j.
More precisely, this is the function o : [n + 1] — [n] defined by

i i<y
Piln+1 = n], im _
o5 In A= ol {i—l if i > j.

We will sometimes omit the upper indices and simply write J; and ;. It is well known
(see [25]) that morphisms in A are generated by cofaces {0} }o<i<nnen+ and codegenera-
cies {07 fo<j<nnen subject to Relations (1)-(3):
5j5i = 52‘5]'71 for i < j, (1)
0j0; = 0,041 fori <y, (2)
52‘0']‘_1 for i < 7
0;0; = 1 id,, fori=75, i=j5+1, (3)
(Sl',lO'j fOrZ>]+1
When considered as morphisms in the opposite category AP, every coface 9" and every
codegeneracy o are respectively denoted by
di:n—n—1 and sj:n—>n+1

1



2 I. SIMPLICIAL AND CYCLIC OBJECTS

1.1.2. Simplicial objects. A simplicial object in C is a functor X: A® — C. A
morphism between two simplicial objects in C is a natural transformation between them.
Simplicial objects in C and morphisms between them form the category denoted by [A°P, C].
We will often denote the image X (¢) of morphism ¢ in A°° under functor X from [A°P, (]

by ¢.

By using the presentation of simplicial category A, a simplicial object X in C can be de-
scribed as a family { X, },,en of objects of C, endowed for n € N* with morphisms {d;: X,, —
Xon—1}o<i<n, called faces, and for n € N with morphisms {s;: X,, = X, 4+1}o<j<n, called
degeneracies, such that the following relations hold:

didj = djfldi for i < j, (4)

sis; = sj118; for i <j, (5)
Sj—ldi for 7 < 7,

disj =<1idx, fori=jandi=j+1, (6)
deifl for 4 >]+1

In this characterization, a morphism between two simplicial objects X and Y in C is a
family {a,,: X,, — Y, }nen of morphisms in C such that

Op1d; = d;o, forne N and 0<¢:<n and (7)
Qpt15; = sjo, forneNand 0 <j <n. (8)

1.1.3. Cosimplicial objects. A cosimplicial object in C is a functor F: A — C. A
morphism between two cosimplicial objects is a natural transformation between them.
Cosimplicial objects and morphisms in C form a category denoted [A,C]. We will often
denote the image F'(¢) of morphism ¢ in A under functor F' from [A,C] by ¢.

A cosimplicial object F' in C may be described as a family {F),},cn of objects of C
equipped for n € N* with morphisms {0;: F,,—1 — F,,}o<i<n, called cofaces, and for n € N
with morphisms {o;: Fr41 — F,}o<j<n, called codegeneracies, such that the following
relations hold:

5j5i = 52‘5]'71 for i < j, (9)

ojo; =0;0j41 fori <j, (10)
52‘0']‘_1 for i < 75

0,0 ={idp,  fori=j, i=j+1, (11)
51',103 fOI'Z>j+1

In this characterization, a morphism between two cosimplicial objects F' and G in C is a
family {5,,: F,, = G, }nen of morphisms in C such that

0;Bn-1=0Fn0; forme N and 0<i<n and (12)
0;Bnt1 = Pnoj forneNand 0<j<n. (13)

1.2. Cyclic objects

In this section we recall the notion of (co)cyclic objects in a category C.
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I1.2.1. The cyclic category. The cyclic category AC' is defined as follows. The ob-
jects of AC' are nonnegative integers n € N. The morphisms in AC are generated by
cofaces {0;': n — 1 — n}o<i<nnens, codegeneracies {07 : n + 1 = n}ocj<nnen and cocyclic
operators {T,: n — n}nen subject to Relations (1)-(3) and (14)-(18):

Tnl0; = 0;_1Tn—1 for 1 <i <n, (14)
Tn0o = On, (15)
TaO; = 0j_1Tny1  Tor 1 <i <m, (16)
Tn0o = anTELH, (17)
T =id,,. (18)

The condition (18) is called the cocyclicity condition.

Denote by AC°P the category opposite to AC. When considered as morphisms in AC°P,
every coface 67': n —1 — n, every codegeneracy o7: n + 1 — n, and every cocyclic
operator 7,: n — n are respectively denoted by

di:n—n—1 s:n—-n+1 and {,:n—n

I.2.2. Remark. The relation (15) is a consequence of Relations (18) and (14). Simi-
larly, the relation (17) is a consequence of Relations (18) and (16).

1.2.3. Cyclic objects. A cyclic object in C is a functor X: AC® — C. A mor-
phism between two cyclic objects X and Y in a category C is a natural transformation «
from X to Y. Cyclic objects and morphisms in C form a category, which is denoted
by [AC°P,C]. Often, we will denote the image X (¢) of a morphism ¢ in AC° under
functor X from [AC°P,C] by ¢.

More explicitly, a cyclic object X in C can be described as a family {X,,},en of ob-
jects of C equipped for n € N* with morphisms {d;: X, — X,_1}o<i<n, called faces,
for n € N with morphisms {s;: X,, = X,11}o<j<n, called degeneracies, and with mor-
phisms t,,: X,, — X,,, called cyclic operators, which satisfy Relations (4)-(6),

dit, = tp_1d;—1 for 1 <i<n, (19)
dot, = d,, (20)
Sitn = tpy18;1 for 1 <i<n, (21)
Sotn = 5 15n (22)

and the following cyclicity condition:

"t =idy, . (23)
In this characterization, a morphism between two cyclic objects X and Y in C is described
by a family {«,: X,, = Y, },en of morphisms in C such that (7), (8), and

ptn = tho, (24)
holds for any n € N.

1.2.4. Cocyclic objects. A cocyclic object in C is a functor F': AC' — C. A morphism
between two cocyclic objects F' and G in a category C is a natural transformation «
from F' to G. Cocyclic objects and morphisms in C form a category, which is denoted
by [AC,C]. Often, we will denote the image F'(¢) of a morphism ¢ in AC under the
functor F' from [AC,C] by ¢.



4 I. SIMPLICIAL AND CYCLIC OBJECTS

More explicitly, a cocyclic object in C can be described as a family {F},},en of objects
of C, equipped for n € N* with morphisms {6;: F,,_1 — F,}o<i<n, called cofaces, and
for n € N with morphisms {o;: F,,11 = F,,}o<j<n, called codegeneracies, and 7,,: F,, — F,,,
called cocyclic operators, which satisfy Relations (9)-(11),

Tnl0; = 0;_1Tn—1 for 1 <i <n, (25)
Tn0o = On, (26)
TaO; = 0j_1Tny1  Tor 1 <i <m, (27)
Th00o = aanLH and (28)
i —idp, . (29)

In this characterization, a morphism of cocyclic objects F' and G in C is seen as a fami-
ly {8.: F, = Gp}nen of morphisms in C satisfying (12), (13), and

BnTn = 7_nﬁn (30)
for any n € N.

1.3. Paracyclic objects

In this section we recall the notion of para(co)cyclic objects in a category C.

1.3.1. The paracyclic category. The paracyclic category AC, is defined as fol-
lows. The objects of AC,, are the nonnegative integers n € N. The morphisms in AC
are generated by cofaces {0; }o<i<nnen+, codegeneracies {o;}o<j<nnen, and the family of
isomorphisms {7,,: n — n},>o, called paracocyclic operators, subject to relations (1)-(3)
and (14)-(17). Note that one does not require (18) to hold.

Denote by AC® the category opposite to AC.. When considered as morphisms
in AC®, every coface d;: n — 1 — n, every codegeneracy o;: n +1 — n and every

o0 )

paracocyclic operator 7,,: n — n are respectively denoted by

di:n—n-—1, s;j:n+1—=n and ¢,:n—n.

1.3.2. Paracyclic objects. A paracyclic object in C is a functor X: A® — C. A
morphism between two paracyclic objects X and Y in C is a natural transformation between
them. Paracyclic objects in C and morphisms between them form the category denoted
by [AC,C]. We will often denote the image X (¢) of morphism ¢ in ACS under functor X
from [ACS,C] by ¢.

A paracyclic object X in C can be explicitly described as a family {X,,},en of ob-
jects of C equipped for any n € N* with morphisms {d;: X,, — X,_1}o<i<n, called fa-
ces, for any n € N with morphisms {s;: X,, — X,11}o<j<n, called degeneracies, and
isomorphisms t,: X,, — X,, called paracyclic operators, which satisfy Relations (4)-(6)
and (19)-(22). Note that here we do not require the cyclicity condition (23) to hold.
In this characterization, a morphism between two paracyclic objects X and Y in C is a
family {a,,: X, = Y, tnew of morphisms in C satisfying (7), (8) and (24).

Let X, be a paracyclic object in C, equipped with faces {d}'}o<i<nnen+, degenera-
cies {s% o<j<nnen and paracyclic operators {t,}nen. If F': C — D is a functor, then
F(X,) = {F(X,)}nen is a paracyclic object in D. The faces, degeneracies and the paracyc-
lic operators of F'(X,) are given by {F(d})}oci<nmens; {F(5])}o<j<nnen and {F(tn)}nen,
respectively.
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The following lemma offers a useful way of passing from paracyclic object to a (co)cyclic
module. The notions of k-linear categories and braided categories with a twist are recalled
in Section II.1.

Lemma 1.1. If B is a k-linear braided category with a twist 0 and if Xo = { X, }nen
is a paracyclic object in B such that its paracyclic operator satisfies t"*' = (0x,)~' for
each n € N, then

a) Hompg (1, X,) = {Hompg(1, X,,) }ren s a cyclic k-module,
b) Homp(X,,1) = {Homp(X,, 1) }en s a cocyclic k-module.

The statement of Lemma 1.1 is dual to the one of Lemma 1.2, which is proven in
Section 1.3.3.

1.3.3. Paracocyclic objects. A paracocyclic object in C is a functor F': ACy, —
C. A morphism between paracocyclic objects is a natural transformation between them.
Paracocyclic objects and morphisms in C form a category denoted by [AC,C]. Often, we
will denote the image F(¢) of a morphism ¢ in AC,, under functor F' from [AC,,,C] by ¢.

A paracocyclic object F'in C may be described more explicitly as a family F' = {F}, },en
of objects of C equipped for n € N* with morphisms {d;: F,,_1 — F,,}o<i<n, called cofaces,
for n € N with morphisms {o;: F,,41 — F,}o<i<n, called codegeneracies, and isomor-
phisms 7, : F,, — F,,, called paracocyclic operators, satisfying (9)-(11) and (25)-(28). Note
that we require only that 7,: F,, — F,, is an isomorphism in C, but we do not demand
the cocyclicity relation (29) to hold. In this characterization, a morphism between two
paracocyclic objects F' and G in C is a family {8,: F,, — G, }nen of morphisms in C
satisfying (12), (13), and (30).

Let Y, be a paracocyclic object in C, equipped with cofaces {0} }o<i<nnen+, codege-
neracies {07 }o<j<nnen and paracocyclic operators {7,}nen. If F': C — D is a functor,
then F(Y,) = {F(Y,)}nen is a paracocyclic object in D. The cofaces, codegeneracies
and the paracocyclic operators of F'(Y,) are given by {F/(0}') }o<i<nnens, {F(0])}o<j<nnen
and {F(7,) }new, respectively.

The following lemma offers a useful way of passing from paracocyclic object to a
(co)cyclic module.

Lemma 1.2. Let B be a k-linear braided category with a twist 0. If Yo = {Y, }nen is a para-
cocyclic object in B such that its paracocyclic operator satisfies 7" = 0y, for eachn € N,
then

a) Hompg(1,Y,) = {Homg(1,Y,,) }nen is a cocyclic k-module,
b) Homp(Y,, 1) = {Homp(Y,,, 1) }nen is a cyclic k-module.

PROOF. We prove only the part a), since the same arguments applies for b). The
family {Hompg(1,Y},)}nen has a priori a structure of a paracocyclic k-module. Indeed, it
can be seen as the composite of functors Y,: AC,, — B and Hom(1,—): B — Mody. In
order to show that it is a cocyclic k-module, it remains to show the relation (29). For
any n € N, by functoriality and the hypothesis that Y,(77) = 6y, we have

n

(Homg(1, Y, )(7,))" ™" = Homp(1, —) (Yo(r*1)) = Homp(1, —)(by, ).

n

In order to show that the relation (29) holds, we shall check that

(HOH’IB(]]_, K)(Tn))n+1 = idHomB(]l,Yn)-
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Consequently, it suffices to prove that Homg(1, —)(fy,) is exactly the identity morphism
of Homp(1,Y,,). Indeed, Homg(1, —)(fy, ): Homg(1,Y,) — Homg(1,Y,) is a k-linear mor-
phism given by f +— 60y, f. By naturality of twist # and the fact that 6, = id;, we
have Oy, f = f0y = f for any f € Homg(1,Y},). So Homp(1, —)(0y, ) = iduomsu(1,v;)- O

I.4. Some relevant functors related to the (para)cyclic category

In this section, we recall the cyclic duality AC°? =2 AC' and some functors related to
(para)cyclic category. These will be of much use in Chapters III, VI and VII.

I.4.1. (Para)cyclic and (para)cocyclic duals. Connes established in [6] an iso-
morphism between categories
AC = ACP,
called cyclic duality. The key ingredient of proof in [28] is the existence of the so called
extra degeneracies, which relies only on the invertibility of (co)cyclic operators. Therefore,
the cyclic duality descends to the paracyclic category:

AC,, = ACP.

Remark 1.3. (1) This property does not hold for the simplicial category A and its
opposite A°P. For example, the sets Homa(1,0) and Homaoer(1,0) do not have
same cardinality:.

(2) Let AC!_ be the category defined as AC, in Section 1.3.1, but by asking only (14)-
(17) and (19)-(22) to hold. In AC’_, the condition of invertibility of para(co)cyclic
operators is dropped. In this case, AC’_ 2 ACP, as pointed out in [2].

o0

Let C be a category and let functors £: AC — AC and E': AC°? — AC be isomor-
phisms of categories. Given a cyclic object X in C, X o E is a cocyclic object in C. We
call X o E the cocyclic dual of X with respect to F. Similarly, given a cocyclic object Y
inC, Y oE"is a cyclic object in C. We call Y o E’ the cyclic dual of Y. Similar definitions
apply for isomorphisms between AC,, and ACP.

1.4.2. The Connes-Loday duality. In this section, we recall the definition of the
functor L: AC°? — AC from [28]. Tt is identity on objects and it is defined on morphisms
as follows. For n > 1 and 0 < i < n, define

n—1 fo<i<n-—1
L(d?):{a31 1 <?1<n ,
0

1_—1 e
o, T, ifi=n.

For n > 0 and 0 < j < n, define

L) =73
and for n > 0, set
L(t,) =7, "

We outline the definition of the inverse M : AC' — AC®P of the functor L. It is identity
on objects and it is defined on morphisms as follows. For n > 1 and 0 < i < n, define

M) = {

For n > 0 and 0 < 5 < n, define

tys'1  fori=0,
st t for 1 <i <n.

M(o?) = dit!

J
and for n > 0, set

M(r,) =t;".

n
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The same formulas apply to the paracyclic case.

1.4.3. The functors L° and M°P. In this section, we explicit the mutually inverse
functors L°P: AC — AC and M°P: AC® — AC which will be used in the Chap-
ters III, VI, and VII.

The functor L°P?: AC' — AC®P is given as follows. It is identity on objects. For n > 1
and 0 < i <n, set

n—1 : .
on / cn s; ifo0<i<n-—1,
Len = {t;lsgl if i = n.

Forn > 0and 0 <7 <n, set
(o)) = 1,
and for n > 0, set
LP(1,) =t 1.
The functor M°?: AC°? — AC' is given as follows. It is identity on objects. For n > 1
and 0 < i < n, set
M) = {"ZE?" ol
oy if1<q<n.
Forn > 0and 0 <7 <n, set
M (s}) = 5}”1,
and for n > 0, set
M (t,) =7, "

The same formulas apply to the paracyclic case.

I.4.4. Some automorphisms of the (para)cyclic category. In this section, we de-
fine particular automorphisms of AC' and ACP. First, we recall the automorphism & of
the cyclic category, which introduced in [28]. Tt sends n to n for each n € N and it is given

by
o "

n n
o; o,

form>1and 0 <17 <n,
forn>0and 0 <j <n,

—i
—J
o1, forn >0

on morphisms. It follows by definition that ® is involutive. We sometimes refer to ¢
as reindexing involution automorphism. Second, consider the automorphism ¥: ACP —
AC®P  which is defined as follows. It sends n to n for each n € N and it is given by

AN a_. . for0<i<n-—1,
! dr ;1 fori=n,

N Sp—j—1 for0<i<n-—1,
! tn+152 for j =n,
t, =ttt forn>0

on morphisms. Note that it follows by definition that ¥ is involutive. The same definitions
apply to the paracyclic category AC.



8 I. SIMPLICIAL AND CYCLIC OBJECTS

I.5. The (co)chain complexes and (co)simplicial objects

In this section we briefly recall the standard constructions of (co)chain complexes as-
sociated to (co)simplicial objects in an abelian category \A.

I.5.1. The categories of chain and cochain complexes. The category Ch(.A) of
chain complezes in A is defined as follows. The objects are pairs

({Xn}nEIN7 {bn Xn — anl}neh\l*%
where X, is an object of A for any n € N and the equation b,,b,, 11 = 0 holds for any n € N*.
A morphism f: (X,b) — (X',V/) is given by a family f = {f.: X,, — X }.en such
that b, f,, = fn_1b, for each n € N*. The category coCh(A) of cochain complexes in A is
defined as Ch(AP).

I.5.2. A (co)chain complex associated to a (co)simplicial object. To a simpli-
cial object X in A one can associate the chain complex
({Xn}n€N7 {bn = Z <_1)Z di: Xp — anl}nell\l*»
=0
This construction is functorial, i.e., it extends to a functor [A°P, A] — Ch(A).
To a cosimplicial object F'in A one can associate the cochain complex
({Fn}neh\lv {ﬁn = Z<_1)251 Fo1— Fn}nGN*)-
=0
This construction is functorial, i.e., it extends to a functor [A, A] — coCh(A).

I.6. The (co)chain bicomplexes and (co)cyclic objects

In this section we briefly recall the standard constructions of (co)chain bicomplexes
associated to (co)cyclic objects in an abelian category A. These permit one to define
(co)eyclic homology of a (co)cyclic object in an abelian category.

I.6.1. The categories of (co)chain bicomplexes. For an abelian category A, the
category of chain complexes Ch(.A) is also abelian (see [38]). Furthermore, the cate-
gory A is also an abelian category. These facts allow to iterate the definitions given in
Section 1.5.1. The category BiCh(A) of chain bicomplezes in A is defined as Ch(Ch(.A)).
The category BicoCh(A) of cochain bicomplezes in A is defined as coCh(coCh(.A)).

More explicitly, a chain bicomplez in A may be seen as a triple C = (C,,,d",,d%,),
where Coq = {C}4}pqen is a family of objects in A and

{dz,q: Cpg — Cp—l,q}peN* and {d;)),q: Cpg — Cp7q—1}q6N*>

are two families of morphisms in A such that:

(1) ddh, =0 forall pe N* and g € N,
(2) dqugq;l =0 for 211 p € N and ¢ € N*,
(3) dzvq+1dp+17q+1 - dp—l—quz—l—Lq—H for all p,q € N.

The morphisms d’;q and dj . are called horizontal and vertical differentials, respectively.
We often visualize a chain bicomplex as the lattice given in the Figure 1.

Similarly, a cochain bicompler in A may be described as a triple C' = (C,,, 0%, 6%,),
where Coq = {C) 4 }pqen is a family of objects in A and

{5£,q: Cp-14 = Cpgtpen- and {5;,11: Cpg—1 = Cpgtgen,
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dv dv dv

dh dh dh
(702 (713 (722
dv dv dv

dh dh dh
(70J, (7L1 (724
dv dv dv

dn dh dn
Coo Cio Ca0

)

FIGURE 1. The diagram of chain bicomplex C' = (C,,, d",, d?,).

are two families of morphisms in A such that:
(1) o8 00, =0forallpe N and g €N,
(2) 6y 4110y, =0 for all p € N and ¢ € N*,

(3) 5£+1 ¢+10pg11 = Opp1, q+151};+1 g forallp,g €N.

The morphisms 5h and 0, , are still called horizontal and vertical differentials, respectively.

We often Vlsuahze a cochain bicomplex as the lattice given in the Figure 2.

oY v v
on s 5
00,2 01,2 02,2
oY v oY
5h 5h 5h
00,1 01,1 02,1
oY v v
(Sh 6h (Sh
C(0 0 CI,O CQ,O

FIGURE 2. The diagram of cochain bicomplex C' = (C,,, 0%, 62,).

[ X ]

1.6.2. A (co)chain bicomplex and (co)cyclic homology. To any cyclic object X
of an abelian category A is associated a chain bicomplex as follows. Define

-1

Z d X, — X,—; forn>1 and

Z mth:Xn—>Xn for n > 0.
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These morphisms satisfy the following equations:

b,b,., =0 forn>1,
(idx, — (=1)"t,)N, =0 for n >0,
N,(dx, — (—=1)"t,) =0 formn >0,
Nn_1b, = b,N,, forn >1,
b(idx, — (—1)"t,) = (idx, , + (=1)"t,_1)b), forn > 1.

By using the equations (31)-(35), we associate to X the following chain bicomplex:

b3 —bl b3 —bl
idX2 —t2 Ny idx2 —t2 Ny
2 X2 2 X2
by *bIQ by 7b/2
idx, +t1 N idx, +t1 N
1 Xl Xl Xl
b1 —b] b1 —b]
idXO —to No idxo —to No
Xo Xo Xo Xo

By following the notations as in the Figure 1, C, , = X, for p,¢ € N. This construction is

functorial, i.e., it extends to a functor [AC°P, A] — BiCh(A).

To any cocyclic object F' of an abelian category A is associated a cochain bicomplex

as follows. Define

n—1
B = Z(—l)’ﬁi: F,.1—F, forn>1 and

=0

N, = Z(_l)mﬂif F, — F, forn>0.
i=0

These morphisms satisfy the following equations:

BB, =0 forn>1,

n

(idp, — (=1)"7,)N, = 0 for n > 0,
N,(idp, — (=1)"7,) =0 for n >0,
BnNn—l = Nnﬁfq for n > L,

Bl (idg, , + (=1)"1-1) = (idg, — (—1)"7,)5, for n > 1.
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By using the equations (36)-(40), we associate to F' the following cochain bicomplex:

B3 —B3 Bs —B3
idp, —72 No idp, —72 No
2 Fy 2 2
B2 —B5 B2 —B5
idF1 +71 Nl idFl +71 ]\71
F F Fi Fi
B1 -B1 B1 -B1
idFO —70 NO idFO—T() NO
Fy Fy Fo Fo

By following the notations as in the Figure 2, C,, , = Fj, for p, ¢ € N. This construction is
functorial, i.e., it extends to a functor [AC, A] — BicoCh(A).

1.6.3. Hochschild and cyclic homology. Given a cyclic object X in A, its n-th
cyclic homology HC,,(X) is the n-th homology of the total complex of the associated chain
bicomplex. Its n-th Hochschild homology H H,,(X) is the n-th homology of a chain complex
associated to the underlying simplicial object in A.

Similarly, the n-th cocyclic homology HC™(F’) of a cocyclic object F'in A is the n-th
cohomology of the total complex of the associated cochain bicomplex. Its n-th Hochschild
cohomology HH"(F') is the n-th cohomology of a cochain complex associated to the un-
derlying cosimplicial object in A.

One of the fundamental relations between the cyclic and Hochschild homology is the
Connes’ long periodicity exact sequence:

Theorem 1.4 ([38, Proposition 9.6.11]). We have:
(1) If X is a cyclic object in A, then there is a long eract sequence

e HH(X) —— HCW(X) — HCpy (X)) —— HH,y (X)) — -
(2) If F is a cocyclic object in A, then there is a long exact sequence
e HH"™WY(F) —— HC(F) —= HC™2(F) —= HH™2(F) — -

Remark I.5. Recall the indexing involution ®: AC' — AC from Section [.4.4. If X is a
cyclic object in A, then cyclic homology of X equals to cyclic homology of X o®°P. Namely,
chain complexes associated to X o ®°P and X are equal. Thus, HH,(X o ®°?) = HH,(X)
for any n. By the well-known 5-Lemma (see [38]) and part 1 of Theorem 1.4, we get
that HC,, (X o ®°?) = HC,,(X) for any n. Similarly, if F'is a cocyclic object in A, cocyclic
homology of F' equals to cocyclic homology of F' o ®.






CHAPTER 1II

Monoidal categories and braided Hopf algebras

In this chapter we recollect some facts about monoidal categories (Section II.1), cate-
gorical Hopf algebras (Section II.2), graphical calculus (Section I1.1.9), and coends (Sec-
tion I1.3). Some acquaintance with generalities on monoidal categories is assumed. For
details, one may consult [36].

I1.1. Monoidal categories

For a complete definition of a monoidal category, see [26]. In this monograph, we sup-
press in our formulas the associativity and unitality constraints of the monoidal category.
This does not lead to any ambiguity since the Mac Lane’s coherence theorem (see [24])
implies that all possible ways of inserting these constraints give the same results. We will
denote by ® and 1 the monoidal product and unit object of a monoidal category. For any
objects X1,..., X, of a monoidal category with n > 2, we set

X1Xo®0 X, =(..(X1i9X)@X3)®--® X, 1)®X,

and similarly for morphisms.

II.1.1. Braided categories. A braiding of monoidal category (C,®,1) is a family
T={1uy: U®V =V ®&U}yveon) of natural isomorphisms such that

rvew = (idv ® Tuw)(Tuy @ idw) and (41)
Tvevw = (Tow ®@1idy)(idy @ Tv,w) (42)
for all objects U, V,W of C. A braided category is a monoidal category endowed with a

braiding.
A braiding 7 of monoidal category C is symmetric if for all objects X,Y of C
Ty xTxy = ldxgy.

A symmetric category is a monoidal category endowed with a symmetric braiding. For
example, the category of left k-modules is symmetric. The symmetric braiding is given by
the flips

XY =2Y X, 2Qy—yRkx

for all X,Y € Ob(Mody) and all z € X,y € Y. Here ®; denotes the standard tensor
product over k.

11.1.2. Mirror of a braided category. Let C be a braided category with a brai-
ding 7. The mirror of the braiding 7 is the braiding in C
7 = {Tuyv = 7y }uveobe)-

The braided category C with the braiding 7 is called the mirror of the braided category C
with the braiding 7.

13
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I1.1.3. Braided categories with a twist. A twist for a braided monoidal category C
is a natural isomorphism 6 = {fx: X — X} xcop(c) such that

Oxzy = Ty, xTxy(0x @ Oy) (43)

holds for all objects X,Y of C.

For example, the family ide = {idx: X — X}xcon(e) is a twist for a C if and only if C
is symmetric. Also, any ribbon category (see Section II.1.8) is a braided category with a
twist.

I1.1.4. Rigid categories. A left duality of an object X in a monoidal category C is
a pair (VX ,evy), where YX is an object in C and evy: VX ® X — 1 is a nondegenerate
pairing, i.e., there exists a morphism coevy: 1 — X ® VX in C such that

(ldX &® er)<CO€VX X ldx) = ldX and (GVX X idvx)<idvx & COer) = idvx.

The object VX is called a left dual of X, evy and coevy are the left evaluation and the left
coevaluation respectively. A left dual of X, if it exists, is unique up to a unique isomorphism
preserving the left evaluation.

A right duality of an object X in a monoidal category C is a pair (X, évy), where XV
is an object in C, évy: X ® XY — 1 and is a nondegenerate pairing, i.e., there exist a
morphism coevy: 1 — XY ® X in C, such that

(&X®1dx)(ldx®&)\alx) :ldX and (ldxv ®®X)((%\a/x®ldXv):ldxv

The object XV is called a right dual of X, évy and coevy are the right evaluation and
the right coevaluation respectively. A right dual of X, if it exists, is unique up to a unique
isomorphism preserving the right evaluation.

A rigid category is a monoidal category in which every object has a left duality and a
right duality. The choice of duals defines the left and the right duality functors.

The left duality functor ¥?7: (C°P,®°? 1) — (C,®,1) sends each object X of C to its
left dual VX and any morphism f: X — Y in C to

\/f = (eVy &® ide)<idvy & f (029 ide)<idvy X COGV)()Z vY _>\/ X.
The left duality functor is strong monoidal with monoidal constraints V7o = coevy: 1 —Y 1
and Y75(X,Y): VX ®'Y =Y (Y ® X) defined by
V?Q(X, Y) = (evX X idV(y®X))<ide X evy ® idX®\/(y®X))<ide®vy X COGVY®X).
The right duality functor ?V: (C°P, ®°P 1) — (C,®, 1) sends each object X of C to its
right dual X and any morphism f: X — Y in C to
f\/ = (idXv X &y)(idxv & f (29 idyv)(C/(—)\e/VX X idyv): YV o XV,
The right duality functor is strong monoidal with monoidal constraints 7§ = coevy: 1 — 1
and 75 (X, Y): XV @YY = (Y ® X)" defined by
?;/<X, Y) - (id(y®X)\/ ® &Y)<id(Y®X)V®Y ® é{fx ® idyv)(ﬁ/Y@X ® idX\/®y\/).
II.1.5. Pivotal categories. A pivotal category C is a rigid category with a choice of
left and right dualities of objects so that the associated left and right duality functors coin-
cide as monoidal functors. More precisely, a pivotal category is a monoidal category C such
that any object X of C is endowed with a pivotal duality, that is, a triple (X* evy,evy),
such that (X*, evy) is a left duality, (X*, évy) is a right duality and the left and the right

duality functors form the single functor *7: (C°?, ®°?, 1) — (C,®,1). The functor *? car-
ries any object X of C to its dual X* and any morphism f: X — Y of C is sent to the



II.1. MONOIDAL CATEGORIES 15

morphism f* =V f = fV: Y* — X*. The functor *?, also called the dual functor of C, is
strong monoidal with monoidal constraints *7o ="75 =7y and *75 ="?¢ =7.

I1.1.6. Categorical traces and dimensions. Let C be a pivotal category. The left
trace tr;(f) and the right trace tr.(f) of a morphism f: X — X in C, are respectively
defined as

tr;(f) = evx(idy+ ® f)coevy € End(1) and
tr,.(f) = evx(f ® idx«)coevy € End(1).

The left dimension dim;(X) and the right dimension dim,(X) of an object X of C, are
respectively defined as

dim;(X) = tr;(idx) and dim,(X) = tr,(idx).

I1.1.7. Spherical categories. A spherical category is a pivotal category C such that
tr;(f) = tr,.(f) for any morphism f: X — X in C. Then dim;(X) = dim, (X) for all objects
X of C. In a spherical category, we omit [ and r from the notation for trace and dimension.

11.1.8. Ribbon categories. Let C be a braided pivotal category. The left twist of an
object X in C is defined by

0% = (idx ® évy)(Tx.x @ idyx-)(idx ® coevy): X — X,
while the right twist of X is defined by
0% = (evy ®idx)(idx» ® 7x x)(coevy ®idx): X — X.
The left and the right twist are natural isomorphisms with inverses
(0%) " = (idxy ® &X)(T§7I)( ® idx+)(idxy ® coevy): X — X and
(%) " = (evx ®idx)(idx- ® Ty x)(coevy ®idx): X = X,
respectively. Note that 6} = idy = 6%.
A ribbon category is a braided pivotal category C such that 65 = 0% for all object X

of C. In this case, the family 6§ = {fx = 0% = 0% : X — X} xecop(c) is a twist in the sense
of Section I1.1.3 and is called the twist of C. Any ribbon category is spherical (see [36]).

11.1.9. Graphical calculus. We will often use the Penrose graphical calculus, which
allows us to avoid lengthy algebraic computations by using topological arguments. The
diagrams are to be read from bottom to top. In a monoidal category B, the diagrams
are made of arcs colored by objects of B and of boxes, colored by morphisms of B. Arcs
colored by 1 are deleted from the pictures. The identity morphism of an object X, the
morphism f: X — Y in B and its composition with the morphism ¢g: ¥ — Z in B are
represented respectively as follows:

Z
Y
- | 9 |
, / and Yo,
X
X
X
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We will sometimes draw circles instead of boxes. For example, to depict morphisms of
the form X — 1 or 1 — X for some object X of B. The tensor product of two mor-
phisms f: X — Y and g: U — V is represented by placing a picture of f to the left of the
picture of g:

Yy v Y v
| ]

Lieg | =1r] [9].
]

X U X U

As depicted above, the equality between two pictures means that both of them represent the
same morphism in the category. A particularly useful rule is the level-exchange property:
If f: X —-Y and g: U — V are two morphisms in C, then

Y Vv Y Vv Y Vv
L]
L/ Lo]= = .
X U X U X U

This pictorial argument reflects the well known property
f@g=(f@idy)(idx ®g) = (idy ® ¢)(f ®idy).

If B is a braided category, the braiding {7x,y } x,yecon(s) and its inverse {T)}}Y} X,Y€Ob(B)

are respectively depicted as
Yy X X Y
X and /\/ .
X Y Y X

Let B be a braided category with a twist 6§ = {0x: X — X} xcon). For an object X of B,
we denote the twist morphism 0y : X — X and its inverse by

Ox = \F) and  (Oy) " = (k)

X X
The defining condition (43) for the twist says that for any objects X, Y of B we have

\
p[g\p

XY X Y
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We warn the reader that this notation should not be confused with notation of twist in a
ribbon category, which is depicted below. We made this choice since any ribbon category
is an example of a braided category with a twist.

In a pivotal category C, the diagrams are made of oriented arcs colored by objects of C
and of boxes, colored by morphisms of C. If an arc colored by X is oriented upwards, the
represented object in source/target of corresponding morphism is X*. For example, id -
and a morphism f: X @ Y*® Z — U ® V* may be respectively depicted as

UAV

idx« = = and f=1| f |
X X* XTY1Z

The morphisms evy, évy, coevy, and coevy are respectively depicted as follows:

f’\X’ mx’ MX and UX'

Note that a ribbon left and right twists of a braided pivotal category are then depicted as

|

eY\/J (9&)1+b, e;d; w037 = O

X X X X

I1.1.10. Linear categories. Recall that in this monograph k is a commutative ring.
A category C is k-linear if for all objects X, Y of C the set Hom¢(X,Y') is endowed with
a structure of k-module such that the composition of morphisms is k-bilinear. A func-
tor [': C — D between k-linear categories is k-linear if for all objects X,Y in C, the
map

Home(X,Y) — Homp(F(X), F(Y)) = F(f)

is k-linear. For shortness, we will often use the term k-category instead of k-linear category.
By a monoidal (respectively, pivotal, spherical, braided, ribbon) k-category, we mean a k-
linear category which is monoidal (respectively, pivotal, spherical, braided, ribbon) and
such that the monoidal product of morphisms is k-bilinear.

I1.1.11. (Pre)fusion categories. An object X of a k-linear category C is simple if
the k-module End¢(X) is free of rank 1. In that case, the map k — End¢(X), k — kidx
is an isomorphism of k-algebras.

A prefusion k-category is a monoidal k-linear category C such that there is a set I of
simple objects of C satisfying the following conditions:

(a) For any distinct i, 7 of I, Home(4, j) = 0;
(b) The unit object 1 of C is an element of I;
(¢) Any object of C is a finite direct sum of elements of /.

The set I is called a representative set of simple objects of C. A fusion k-category is a rigid
prefusion k-category such that the set of isomorphism classes of simple objects is finite.

11.1.12. Dimension of a fusion category. Let C be a pivotal fusion k-category. We
identify k and End¢(1) via the k-linear isomorphism k — kid;. Pick a representative set [
of simple objects of C. The dimension of the category C is the element of End¢(1) ~ k,
defined by

dim(C) =) _ dimy (i) dim, ().

el
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The dimension of C does not depend on the choice of I since isomorphic objects of C have
the same left /right dimensions. Note that if C is spherical, then

dim(C) = > _(dim(4))*.
el

11.1.13. Modular categories. Let C be a ribbon fusion k-category. Pick a represen-

tative set I of simple objects of C. The scalars
A= dim(i) tr(67") € Ende(1) ~ k,
iel

where 6 is the twist of C, do not depend on the choice of I. The S-matriz [S; ;]
defined by

ijer of C is
Si; = tr(m ;7)) € Ende(1) ~ k.

Note that the invertibility of S does not depend on the choice of I.

A modular k-category is a ribbon fusion k-category whose S-matrix is invertible. The
scalars A, A_, and dim(C) associated with a modular k-category C are invertible in k
and are related by dim(C) = A_A, (see [35, p. 89]).

A modular k-category is anomaly free it A, = A_ .

I1.1.14. The center of a monoidal category. The center Z(C) of a monoidal cate-
gory C = (C,®,1) is a braided monoidal category defined as follows. The objects of Z(C)
are the so called half-braidings, that is, pairs (A, o), where A is an object of C and o, given
by a family

o={ox: A® X = X ® A}xcon),
is a natural isomorphism of functors ®(A,?) and ®(7, A), which is multiplicative in the
sense that for all objects X,Y in C,
oxey = (ldx ® oy)(ox ®idy).
A morphism f: (A,0) = (B, 7) in Z(C) is given by a morphism f: A — B in C such that
for any object X in C,
Tx(f (29 ldx) = (ldX X f)Ox.
The unit object of Z(C) is 1z¢) = (1, {idx}xcon)) and the monoidal product of two
objects (A,0) and (B, 1) of Z(C) is defined by
(A7 U) ® (Ba T) - (A ® B> (UX ® ldB)(ldA & TX))-
The braiding 7 of Z(C) is defined by
T(A0),(B,r) = OB AR B—- B®A.

If C is rigid (respectively pivotal, k-linear, additive), then Z(C) is also rigid (respectively
pivotal, k-linear, additive). The center of a spherical prefusion k-linear category is ribbon.
For more details, see [36]. Examples of anomaly free ribbon fusion k-categories are provided
by the centers of spherical fusion k-categories:

Theorem II.1 ([36], Section 9.5). Let C be an additive spherical fusion k-linear category
such that dim(C) # 0, where k is an algebraically closed field. The center Z(C) is anomaly
free additive modular k-linear category and A_ = A, = dim(C).
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11.2. Hopf algebras in braided monoidal categories

In this section we recall categorical (co)algebras, Hopf algebras and categorical (co)mo-
dules. Throughout the section, we outline graphical notations and conventions which are
used in this monograph.

I1.2.1. Categorical (co)algebras. An algebra in a monoidal category C is given by
a triple (A, m,u), where A is an object of C, m: A® A — A and u: 1 — A are morphisms
in C, called multiplication and unit respectively, which satisfy

m(m ®idy) =m(ids ®@m) and m(u®ida) =idy = m(ids ® u).

An algebra morphism between algebras (A, m,u) and (A’,m’,«') in a monoidal category C
is a morphism f: A — A" in C such that fm =m/(f ® f) and fu =/,

A coalgebra in a monoidal category C is a triple (C;A,¢), where C is an object
of C,A: C - C®C and ¢: C — 1 are morphisms in C, called comultiplication and counit
respectively, which satisfy

(A®idc)A = (ide ® A)A  and  (ide ® £)A = ide = (¢ ® ide)A.

A coalgebra morphism between coalgebras (C, A, ¢) and (C', A’,¢’) in a monoidal catego-
ry C is a morphism f: C'— C” in C such that A'f = (f® f)A and ef = ¢’

11.2.2. Categorical Hopf algebras. Let C be braided monoidal category. A bialgebra
in C is a quintuple (A, m,u, A, ) such that (A, m,u) is an algebra in C, (A, A,¢) is a
coalgebra in C and such that the following additional relations hold:

Am=mem)(ida @744 ®ida)(A®A), em=e®e, Au=u®u, and ecu=idy.

These relations will be sometimes called bialgebra compatibility axioms. A bialgebra mor-
phism between bialgebras (A4, m,u, A, e) et (A',m’, v/, A’ €') is a morphism f: A — A" inC
which is both an algebra and a coalgebra morphism.

A Hopf algebra in C is a sextuple (A, m,u, A, g, S), where (A, m,u, A, ¢) is a bialgebra
inCand S: A — Ais an isomorphism in C, called the antipode, which satisfies the equation

m(S ®ida)A = ue = m(idy ® S)A.

The former equation will be sometimes called the antipode axiom. The antipode of a Hopf
algebra is antimultiplicative and anticomultiplicative in the sense that

Sm=mr44(S®S) and AS=(S® 9)7Ta4sA.

A Hopf algebra morphism between Hopf algebras (A, m,u, A, e, S) and (A", m/ v, A’ &', S")
is a bialgebra morphism between them.

If A is a Hopf algebra in a braided category C, its multiplication, unit, comultiplication,
counit, antipode, and inverse of the antipode are respectively depicted as:

Y A Y Y ) and

A A A A A
Sometimes, if it is clear from the context what is the underlying (co)algebra we work with,
the labels on its structural morphisms will be omitted.

Remark I1.2. If (H,m, A e,u,S) is a Hopf algebra in a braided category C with a brai-
ding 7, then H°? = (H, m7, A, &,u, S™1) is a Hopf algebra in the mirror (see Section 11.1.2)
of the braided category C. Similarly, H*P = (H,m,7A,,u,S™!) is a Hopf algebra in the
mirror of the braided category C.
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I1.2.3. Graphical calculus and iterated (co)products. Let (A, m,u)and (C, A, ¢)
be an algebra and a coalgebra in a monoidal category C. For an n € N, one inductively
defines the n-th product m™: A®"*1 — A by:

m’=idy and m"=m(dy ®@m" ") for n>1.
For an n € N, one inductively defines the n-th coproduct A™: C — C®"+! by:
A’ =ide and A" = (ide®@ A" HA for n>1.
The associativity of m and coassociativity of A imply that
mk(mno ®---@m') = mrotttk and (A" ®-- ® Ank)Ak = Anottnetk

for all £ € N and nqg,...,n; € N. For n > 2, we denote m"™ and A" as

n4+1 times

n+1 times

Let us give two typical examples of usage of such notation. By using the associativity of
the algebra A, one has:

A A A A A A A A A A A A

By using the coassociativity and counitality of the coalgebra C, one has:

PG

I1.2.4. Integrals and cointegrals. Consider a bialgebra (A, m, A u,¢e) in C. A left
(respectively right) integral of A is a morphism A: 1 — A such that

m(ida ® A) = Ae, respectively m(A ®@idy) = Ae.
The defining equalities for a left or a right integral of A are respectively depicted as

o 61 ¥

A left (respectively right) cointegral of A is a morphism A: A — 1 such that
(ida ® N)A = uX, respectively (A ®ida)A = u.



I1.2. HOPF ALGEBRAS IN BRAIDED MONOIDAL CATEGORIES 21

The defining equalities for a left or a right cointegral of A are respectively depicted as
R
A A A
I1.2.5. Bialgebra pairings. Let (A, m,u, A, ¢) be a bialgebra in C. A bialgebra pair-
ing for A is a morphism w: A ® A — 1 such that:

w(m®1dA) :w(idA®w®idA)(idA®A®A), w(u®1dA) =£,
w(ldA®m) :w(idA®w®idA)(A®idA®A), w(ldA®u) =E£.
[ w

Graphically, the above axioms rewrite as
\ ;H L,-p T
A

If A is Hopf algebra, the pairing w for the underlymg bialgebra is called a Hopf pairing.
A bialgebra pairing w for A is nondegenerate if there exist a morphism Q: 1 - A® A
such that

(w X ldA)(ldA X Q) = ldA and (ldA X w)(Q & ldA) = ldA
The morphism {2 is called the inverse of the pairing w. It has properties dual to those of w.

I1.2.6. Categorical (co)modules. Let (A, m,u) an algebra in a monoidal category C.
A left A-module is a pair (M, 1), where I: A ® M — M is a morphism in C, called action
of A on M, which satisfies

I(m®idy) =1(ida ®1) and [(u®idy) =idy.
Graphically, the action [: A ® M — M is denoted by

l:

A M
The axioms of a left A-module rewrite graphically as

M M M

A morphism f: (M,l) — (M’',l') between left A-modules (M,1) and (M’ 1) is given by
a morphism f: M — M’ in C such that fl = l'(ida ® f). With composition inherited
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from C, left A-modules and morphisms between them form a category 4Mod. In the case
when A = (A, m,u, A, ¢) is a bialgebra, the category 4Mod is monoidal. The unit object
of 4Mod is the pair (1, ). The monoidal product of two left A-modules (M, () and (M',l")
is given by the pair (M @ M’ s), where

s=(1®1)(ida ® Tam @ ida)(A @ idyen) =

A M M

One defines the category of right modules over A in a similar way.
Let (C, A, €) be a coalgebra in a monoidal category B. A left C-comodule is a pair (N, p),
where p: N — C'® N is a morphism in B, called coaction of C on N, which satisfies

(A®idy)p=(ide @ p)p and (e ®idy)p = idy.
Graphically, the coaction p: N — C'® N is denoted by

The axioms of a left A-comodule rewrite graphically as

C C
¢ = and @ = | .
N N N

A morphism f: (N,p) — (N',p') between left A-comodules (N, p) and (N’,p’) is given by
a morphism f: N — N’ in B such that p'f = (id¢ ® f)p. With composition inherited
from B, left C-comodules and morphisms between them form a category cComod. In the
case when C' = (C,m,u, A €) is a bialgebra, the category cComod is monoidal. The unit
object of :Comod is the pair (1,u). The monoidal product of two left C-comodules (N, p)
and (N',p') is given by the pair (N ® N’,t), where

t=(m®idyen)(ide ® Th,c @ idy)(p@ ') = \&

N N’

One defines the category of right comodules over C' in a similar way.

I1.2.7. Example: Diagonal actions. The left diagonal action of H on H®" is defined

by
- /”‘A\ wnd A
1 H H H H H

H H®n,

for n > 2.

H
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Similarly, the right diagonal action of H on H®" is defined by

H H H H Her  H 1 2

Remark that for any n > 1, one has an inductive definition of left and right diagonal

AN - R

H H®n H HH®" 1 H®n— 1 H H

for n > 2.

1

By induction, one can show that for any coalgebra morphism o: 1 — H and any m > 1,

Vv Vv
m times m times

11.2.8. Example: Adjoint actions and coadjoint coactions. The left and right
adjoint action of H on itself are given by

AN T

Similarly, the left and right coadjoint coaction of H on itself are given by

A

In the same way as written for the diagonal actions in the Example I1.2.7, one can write for
any n > 1 an inductive definition of left and right adjoint actions (or coadjoint coactions)
of H on H®". Both left and right adjoint actions on 1 are given by counit. Similarly, both
left and right coadjoint coactions on 1 are given by unit. By induction one can show that
for any algebra morphism 6: H — 1, any coalgebra morphism o: 1 — H, and any m > 1,

RJRJR] = [B-T¥ [

H ®m

Vv VvV
m times m times



24 II. MONOIDAL CATEGORIES AND BRAIDED HOPF ALGEBRAS

I1.3. Coends

A fundamental example of a categorical Hopf algebra in the sense of Section I11.2.2
is given by a coend of a braided pivotal category. In this section we first recall some
generalities on coends and outline structural morphisms of a coend of a braided pivotal
category. At the end of section, we state some properties related to categorical centers and
modularity. This object will be very much exploited in Chapters VI and VII.

11.3.1. Coend of a functor. Let C and D be any categories and F': C® x C — D
a functor. A dinatural transformation between F' and an object D in D is a function d
that assigns to any object X in C a morphism dx: F(X, X) — D such that for all mor-
phisms f: X — Y in C the following diagram commutes:

FY,X) — P gy x)
F(idy,f) dx
F(Y,Y) D.
) dy

A coend of a functor F: C°® x C — D is a pair (C,i) where C'is an object of D and i is a
dinatural transformation from F' to C, which is universal among all dinatural transforma-
tions. More precisely, for any dinatural transformation d from F' to D, there exists a unique
morphism ¢: C'— D in D such that for all object X in C, dx = pix. A coend (C,i) of a
functor F, if it exists, is unique up to a unique isomorphism commuting with the dinatural
transformation.

11.3.2. Coend of a category. The coend of a pivotal category C, if it exists, is defined
as the coend (C, 1) of the functor F': C°® x C — C defined by

FX,Y)=X"®Y and F(f,9)=["®y.
We depict the dinatural transformation i = {ix: X* ® X — C}xcob(c) as

c

X

An important factorization property is given in the following lemma.
Lemma II.3 (Fubini theorem for coends, [26]). Let (C,i) be a coend of a braided pivotal
category C. If d = {dx, . x,: X @ X1 @ ---® X} ® X,, = D}x, _ x.cobe) i a family of
morphisms in C, which is dinatural in each X; for 1 < ¢ < n, then there exists a unique
morphism p: C®" — D in C such that

dx,,...x, = lix, ® - ®ix,)
for all X1, ..., X, € Ob(C).

Coend of braided pivotal category provides an example of braided Hopf algebras:

Theorem I1.4 ([30],[31]). Let B be a braided pivotal category having a coend (C,i). The
object C' is a Hopf algebra in B. Moreover, if B is ribbon, then C is endowed with a
canonical Hopf pairing and canonical twist forms.
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We detail below the structure maps of the Hopf algebra of Theorem I1.4. Multiplica-
tion m, unit u, comultiplication A, counit ¢, and antipode S are defined universally (via
Lemma I1.3) by using the following formulas, respectively:

iyex(73(Y, X) ®@idyex)(idx ® Txyrey) =m(ix ®iy): X' @ XQY" @Y — C, (44)
u = (idg ®ig)(coevy ®idy): 1 — C, (45)
(ix ®ix)(idx ® coevy ®idx) = Aix: X" @ X - C®C, (46)
evy =cix: X" @ X — 1, (47)
(evx ®ix+)(idx+ ® Tx= x @ idx+)(coevys @ Tx+ x) = Six: X @ X — C. (48)
Here X and Y are any objects of B and 75(Y, X): Y*® X* — (X ®Y)* is the isomorphism
coming from the pivotal structure of B. Moreover, if B is a ribbon category, one can show

that S? = f¢. In this case C is equipped with morphisms w: C ® C — 1, 0,.: C — 1
and 6_: C' — 1, defined universally by the formulas, respectively:

(evx ®evy)(idx+ @ Ty« xTxy+* ®idy) =w(ix ®iy): X @ X @Y @Y — 1, (49)
evx(idx ®0x) =604ix: X" ®@ X — 1, (50)
evy(idy- ® 05") = 0_ix: X*®@ X — 1, (51)
where X and Y are any objects of B. The morphism w, called the canonical pairing of C,

is a Hopf pairing (see Section I11.2.5). The morphisms 6, and 6_ are called twist forms.
The formulas (44)-(51) rewrite graphically as follows:

I1.3.3. Universal action of coend. The universal coaction of the coend i) of a
pivotal category C is the natural transformation § = {0x: X — X ® C'} xcon(c) defined by

5X = <1dX X ix)(COGVX &® ldx)
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We depict dx as:

Sy =

X

The structural morphisms of C are characterized in terms of the universal coaction as
follows: for all X, Y € Ob(C

)
ois

Moreover, if C is ribbon, then the canonical pairing w and twist forms 6, and 6_ are
characterized as follows: for all X,Y € Ob(C)

# bbbl

X

11.3.4. Computation of the categorical center. Let C be a braided pivotal cate-
gory with the coend (C,7). The coend C' is a Hopf algebra in C (see Theorem II1.4) and
the category Mod¢ of right modules over C' (see Section I1.2.6) and the categorical cen-
ter Z(C) of C (see Section II.1.14) are isomorphic as braided monoidal categories. The
braiding in Mod¢ is given by

N M
T(M,r),(N,s) — \ o .
M N

Notice that in the expression of 7(ys,) (n,s), We use only (N, s) and the universal coaction
of the coend, which is described in Section II1.3.3.
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Now let us describe the construction of mutually inverse functors K: Mode — Z(C)
and K~': Z(C) — Mod¢. For any right C-module (M,r) and any object X of C, one
defines the family 0 = {ox: M ® X — X ® M} xcon(c) by setting

X M
ox = C .
M X

The functor K is defined by
K(M,r)=(M,0) and K(f)=f

for any right C-module (M, r) and any morphism f between right C-modules.
The inverse K~ ! of K is computed by

K (M,0) = (M,r*?) and K'(f)=f
for any half-braiding (M, o) of Z(C) and any morphism f of half-braidings of Z(C). Here

M,
rMe) = Mo M|

(M,0)

+

M c

14

where oM:9): ' — M* ® M is a unique morphism such that for all objects X of C,

O S

(p(MJ)

ox
J c - M
[

X X

11.3.5. Modularity and pairing of a coend. Let C be an additive ribbon k-category
with a coend (C,i). By [36, Section 6.7], the category C is modular (in the sense of
Section 11.1.13) if and only if the canonical pairing w: C' ® C' — 1 associated to C is
nondegenerate. Moreover, according to [36, Section 6.4], C' = @, " ® 4, where [ is a
representative set of simple objects of C. For ¢ € I, we denote the projection associated with
the direct sum decomposition by p;: C' — *®1. However, we drop inclusions ¢;: i*®1 — C
in our notation. By [36], any integral of C' is a scalar multiple of the universal integral

A=Y "dim(i)coev;: 1 — C (52)

el
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and any cointegral of C' is a scalar multiple of the universal cointegral
A=-evypr: C — 1. (53)

Universal (co)integrals A and A satisfy AA = id;.
In the following lemma, we compute the inverse of the nondegenerate pairing w of the
coend C' of a category C using an integral of C'.

Lemma I1.5. Let C be a ribbon k-category with a coend C' and suppose that the pauir-
ing w: C ® C — 1 associated to the coend is nondegenerate.

a) If a: 1 — C is a right integral of a coend, then w(a ®ide): C — 1 is a left
cointegral of C.

b) Let a be a right integral of the coend C' of C. Suppose that the element w(a® «) is
invertible. The inverse of the pairing w is given by the copairing 2: 1 — C ® C,
which s computed by

PROOF. a) By the property of the bialgebra pairing and the fact that « is a right

integral for C, we have
|
o] c c ?C C

[ w
[ v | [« |
@ _ é
C C
The conclusion follows, since w is nondegenerate.
b) By properties of bialgebra pairing,(co)unitality, the part (a), bialgebra compati-

bility axiom, (co)associativity, the antipode axiom, naturality of the braiding, and
the fact that « is a right integral for C', we have
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{

[o]

c

whence the claim. O

The following corollary will be particularly useful in Chapter VII.

Corollary 11.6. Let B be a ribbon k-category with a coend C' and a: 1 — C' a right integral
for the coend C. If the pairing w: C ® C — 1 is nondegenerate, then

=wla®a)| . (54)

= w(a® a)
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This further implies the equation (54):

O

Remark II.7. Let C be an additive ribbon fusion k-category. Recall the universal inte-
gral A and the universal cointegral A of the coend C, defined in equations (52) and (53),
respectively. Let us calculate w(A ® A). By Lemma IL.5 a), w(A ® id¢) is a left cointegral
of C'. By universality of \, w(A®id¢) = kA, for some k € k ~ End(1). This further implies
that

w(A®A) = kXA = kid;.
Now, remark also that

w(A®u) =eA =dim(C).
Hence

WwA®A) = kidg = k(M) = (kN)u = w(A ® u) = eA = dim(C).



CHAPTER III

Cyclic theories from (co)algebras

In this chapter, B is a braided k-linear category with a twist § = {0x: X — X} xcons)-
First, we give some explicit constructions of para(co)cyclic objects in B and of (co)cyclic k-
modules from coalgebras (Section I11.1) and algebras (Section I11.2). Then, we relate these
different constructions via the duality of the paracyclic category, via Hopf pairings, and via
the duality of B when B is ribbon (Section I11.3). Finally, we give some basic computations
(Section I11.4).

II1.1. Cyclic objects from coalgebras

In this section, we introduce para(co)cyclic objects in B associated to categorical
coalgebras. At the end, by postcomposing with Homp(—,1) or Homp(1, —), we obtain
(co)cyclic k-modules. We denote by C' a coalgebra in B.

I11.1.1. Braided version of the construction of Farinati and Solotar. Let us in-
troduce a paracocyclic object in B associated to C. For n > 0, set C,(C) = C®"+1
For n > 1, define the cofaces {6: C®" — C®" "}, by

1 141 n

éj——i__T< if i = n.

\ 1 n
For n > 0, define the codegeneracies {0} : C®"? — C®"+1}o ;. by

0 j+1 n+1

For n > 0, define the paracocyclic operators 7,,: C®"! — C®ntl by
(

00 1fn:O,

=19 L \ N
m if n>1.

.0 1 n

Lemma ITL.1. A family {C®"1},cn of objects of B, endowed with the above cofaces, code-
generacies, and paracocyclic operators defines a paracocyclic object Co(C) in B. Moreover,

for any n € N, 71

;

ifo<i<n-—1,

— 00®n+1 .
We prove Lemma III.1 in Section III.1.3.
31
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Remark III.2. (1) If B = Mody, one recovers a cocyclic k-module implicitly used in
the work of Farinati and Solotar [11].
(2) If B is a symmetric monoidal category, then the underlying cosimplicial object
of C4(C) is equal to the one considered in [3].

I11.1.2. The paracyclic object C,(C). For n > 0, we set C,(C) = C®"*!. Further,
for n > 1, define the faces {d: C®"*! — C®"}o;c,, by

0 i n

For n > 0, define the degeneracies {s7: C®"*t — C®" 2}, by

d7 =

0 i n
For n > 0, define the paracyclic operators t, : C®"+1 — C®n+l by
(6! if n=0,
t, = /
M if n > 1.
e
\ 0 n—1n

Lemma II1.3. A family {C®"},.cn of objects of B, endowed with the above faces, de-
generacies, and paracyclic operators defines a paracyclic object Co(C') in B. Moreover, for
any n € N, "1 = (Beens1) .

We prove Lemma II1.3 in Section III.1.3.

I11.1.3. Proofs of lemmas III.1 and IIL.3. The proof of Lemma III.1 relies on
Lemma II1.3, so we first prove the latter:

PrROOF OF THE LEMMA III.3. First, let us check Relations (4)-(6) and (19)-(22). Let
n >1and 0 <i < 7 <n. By the level exchange property, we have

T : T : jildi,
0 i J n

0 i J n

didj -

whence the relation (4).
We now prove the relation (5). Let n > 0 and ¢ < j. Consider the two following cases:

(1) Suppose that i < j. By the level exchange property, we have

o T u : u T o
0 7 i n 0 7 j n
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(2) Suppose that ¢ = j. By the coassociativity of C', we have that

$iS; = = = Si415;-

0 0} n 0 i n
Let us now show Relations (6).

(1) Let 7 < j. By the level exchange property, we have

diSJ‘ = = = ijldi-

T

0 { J n 0 i J n

(2) Suppose that i = j. By the counitality of C', we have that

disi = u = idc®n+1.
0 ) n

(3) Suppose that ¢ = j + 1. By the counitality of C', we have

dj+15j = = idc®n+1

0 Ji n

(4) Suppose that ¢ > j + 1. By the level exchange property, we have

diSJ‘ = = = deifl-

T

0 J i n 0 7 i n

Let us now show Relations (19) and (20) Let n > 1 and 1 < i < n. By the naturality

of the braiding in B, we have
M

dit, = = = lp_1d;i_1,

am i(l (13 T

0 - n—1n 0 1—1 n—1mn
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whence the relation (19). Further, by the naturality of the braiding in B and naturality of
twist morphism, we have

0 n—1mn 0 n—1n 0 n—1n

whence the relation (20).
Let us show Relations (21) and (22). Let n > 1 and 1 < j < n. By the naturality of

braiding in B, we have
4 / /)

Sjtn = = = ln+15j-1,

([ (]

0 7—1 n—1n 0 j—1 n—-1n

Sotn, =

whence the relation (21). By the braiding axioms, the naturality of braidings in B, and
the naturality of twist morphism, we have
0 n—1n 0

\/ - % = thiiSe
8T

0 n—1mn 0 n—1mn

whence the relation (22) in the case when n > 1. For n = 0, this follows by the equa-
tion (43).

It remains to check that t, is an isomorphism for any n € N. Clearly, t;' = 0c.
For n > 1, the inverse of t,, is the morphism

7, - ;TJ oot s gont

0 1 n
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Indeed, this follows from naturality of braiding and braiding axioms in B:
k_J = idC®n+l = M = Tyty.
PY ) (T

n—1mn

[an)
=
3

o

This shows that C,(C) is a paracyclic object in B.
Finally, let us verify the fact that t”*' = (fcen+1)”" holds for any n € N. We illustrate
the proof of this fact in the case n = 1 (the general case is treated similarly):

t = §° = é}wo@z)l-

/r =
1

0 1
0J

PrROOF OF THE LEMMA III.1. Instead of a direct verification of Relations (9)-(11)
and (25)-(28), we show that

C.(C) o L = C,(C),
where LP?: AC, — ACY denotes the isomorphism of categories given in Section 1.4.3
and C,(C): AC® — B denotes the paracyclic object in B from Section III1.1.2. Clearly,

the composition 6,(0) o L°?: AC,, — B is a paracocyclic object in B. One computes that
for any n > 1 and 0 < i < n its coface 0] coincides with the morphism C,(C)(d!"). Indeed,
form>1land 0<i<n-—1,

Cu(C) 0 LP(57) = Ca(O)(s7 ") =

i+ 1 n

—_

and for ¢ = n,

C.(O)(t; sp7h) =

n

C.(C) o LP(6™)
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Similarly, for any n > 0 and 0 < j < n the codegeneracy o} of 6.(0 ) o L°P coincides with
the morphism C,(C)(07}). Indeed, for n > 0 and 0 < j < n,

C.(C) 0 L*(o7) = Co(C)(d}}) =

0 ji+1 n+1

Likewise, one computes that for any n € N the cocyclic operator 7, of 6.(0 )o L°P coincides
with the morphism C,(C)(7,). Indeed, for n =0,

Cu(C) 0 L%(m) = CulC)(r5 ) = (Cu(O)(m)) = (66) ™ = b

and for n > 1,

One concludes that C,(C) is a paracocyclic object in B. It is equal to the composi-
tion C4(C') o L°P, that is, C4(C) is the paracocyclic dual of C,(C) with respect to L°P. [

IT1.1.4. Passing to (co)cyclic k-modules. To obtain (co)cyclic k-modules, in this
section we apply the functors Homp(1, —): B — Mody and Hompg(—,1): B® — Mody to
the para(co)cyclic objects in B from Section III.1.

II1.1.4.1. The cocyclic k-module D,(C). We explicit formulas for the functor
D.(C) = Homg(—, 1) 0 Cu(C): ACs — Mod.
It follows from the definition of C,(C) that for any n > 0, we have D,,(C') = Homg(C®"+!,1).

For n > 1, the cofaces {67: Hompg(C®", 1) — Homp(C®" 1 1)}o<i<, are computed by set-
ting for any f € Homg(C®", 1),

07 (f) = f
0TI

0

For n > 0, the codegeneracies {07 : Homp(C®"2 1) — Homp(C®" 1) }o<;<, are com-
puted by setting for any f € Homg(C®"2 1),

f

o (f) = | klj

0

n
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For n > 0, the paracocyclic operators 7,,: Homg(C®" ™ 1) — Homg(C®"*1 1) are com-
puted by setting for any f € Homg(C®" ! 1),

(idHomB(C’,]l) if n = Oa
lf) = 7
V) % ifn>1.
(T
0 n—1mn

\

The following lemma follows directly Lemma III.3 and Lemma I.1.
Lemma 111.4. The paracocyclic k-module f).(C) 1s a cocyclic k-module.
I11.1.4.2. The cyclic k-module D4(C). We explicit formulas for the functor
D.(C) = Homp(—,1) 0o C,(C): ACP — Mod.

It follows by the definition of C,(C') that we have D,,(C') = Homg(C®" ! 1) for any n > 0.
For n > 1, the faces {d}: Homg(C®"™ 1) — Homp(C®" 1) }o<i<n are computed by setting
for any f € Homg(C®" ! 1),

f
\lj if0<i<n-—1,
1 . i+ 1 n
;' (f) =
/
é-)f—/\ if 1 =n.
\ 1 n

For n > 0, the degeneracies {s7: Homp(C®"*' 1) — Homp(C®"** 1)}o<j<n are com-
puted by setting for any f € Homg(C®"! 1),

n

(f) = 4
T TRTL

0 j+1 n+1

For n > 0, the paracyclic operators t,,: Homg(C®" ™! 1) — Homp(C®"! 1) are computed
by setting for any f € Homg(C®"™! 1),

'idHomB(CJl) if n = 07

tn(f) = f

<< < ifn>1.

\ 0 1 n

The following lemma follows directly by Lemma III.1 and Lemma [.2.

Lemma II1.5. The paracyclic k-module Do(C') is a cyclic k-module.
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Now recall the isomorphism of categories L: ACP — AAC from Section 1.4.2. In the
following lemma we relate the cyclic k-modules D,(C') and D4(C') o L.

Lemma II1.6. The cyclic k-modules ]3,(0) o L and D4(C) are equal.

PRrOOF. Clearly, the composition ]3.(0) oL: AC°® — Mody defines a cyclic k-module.
One computes that for any n > 1 and 0 < ¢ < n its face d} coincides with the mor-
phism D,(C)(d?). Indeed, forn > 1,0 <i<n—1and f € Homg(C®" 1),

D.(C) o L(d?)(f) = Do(C) (0™ )(f) =

— f —
LY LT

0 7 n—1
o = b

and in the case when i = n,

D.(C) o L(d2)(f) = Do(C)(oy ' ))(f) =

~ f
=D.(O)oy ) | =—/—x | =
Pl )
0 1 n
f
 ——
CANEN
0 n—1
f

= S ———— —D,(C)dV)(f).

Similarly, for any n > 0 and 0 < j < n the codegeneracy s} of ]3.(0) o L coincides with
the morphism D,(C)(s}). Indeed, for n > 0,0 < j < n and f € Homg(C®**!, 1),

D.(C) o L(s?)(f) = Du(C)(82H1)(f) =

?1..

j+1 n+1

= Do (C)(s7)(f)-
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Likewise, one computes that for any n € N the cyclic operator of f).(C) o L coincides with
the morphism D, (C)(t,). Indeed, let f € Homg(C®**1 1). In the case when n =0,

B.(C) o L{to)(f) = Do(C) (75 )(f) = (Del@)(m)) (1) = idtomicin () = /.

whereas when n > 1,

B.(C) o L(t,)() = Do) )(f) = (BalC)7)) () =

f

0 1 n

One concludes that the cyclic k-module D4(C) is equal to the composition ]AD.(C) o L, that
is, D4(C) is the cyclic dual of D4(C') with respect to L. O

I11.1.4.3. The cyclic k-module D,(C). We explicit formulas for the functor
D.(C) = Homg(1, —) 0 Cu(C): AC? — Mod.
By definition of C,(C), it follows that D,,(C') = Homg(1, C®"*1) for any n € N. Further,

for each n > 1, the faces {d?: Homg(1, C®" ™) — Homg(1, C®")}o<i<n are computed by
setting for any f € Homp(1, C®"H1),

e - L]l

f

n

For n > 0, the degeneracies {s7: Homp(1, C®m ) — Homp(1, C®" %) }o< <y, are computed
by setting for any f € Homp(1, C®"*1),

For n > 0, the paracyclic operators t,,: Homg(1, C®"*1) — Homp(1, C®"*1) are computed
by setting for any f € Homp(1, C®"1),

(idHomB(]l,C) if n= 07
W)=y P
0( nif oS i p>1.
\ /

The following lemma follows directly from Lemma III.3 and Lemma I.1.

Lemma IIL.7. The paracyclic k-module D,(C) is a cyclic k-module.
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II1.1.4.4. The cocyclic k-module f).(C’). We explicit formulas for the functor
D.(C) = Homp(1, —) 0 Co(C): ACs — Mody.

It follows by definition of C,(C) that D4(C) = Homgp(1, C®"*1) for any n > 0. For n > 1,
the cofaces {67: Homg(1,C®") — Homp(1, C®"*1)}o<i<, are computed by setting for
any f € Hompg(1,C®"),

1 Kzl{l n ifOSiS’rL—l,
f
o (f) =
N
Q> N, ifi=n
\ f

For n > 0, the codegeneracies {aj”: Homgp(1, C®"+2) — HomB(]l,C@"H)}onSn ATe COMIL
puted by setting for any f € Hompg(1, C®"*?),

o (f)=o| . S
f

For n > 0, the paracocyclic operators 7,,: Homg(1, C®"*1) — Homg(1, C®"*!) are com-
puted by setting for any f € Homg(1, C®" 1),

(idHomB(]l,C) if n = 0,
)= S s
P\, ) ifn>1.
\ f

The following lemma follows directly from Lemma III.1 and Lemma 1.2.

Lemma I11.8. The paracocyclic k-module f).(C) 1s a cocyclic k-module.

I11.2. Cyclic objects from algebras

In this section, we introduce para(co)cyclic objects in B associated to categorical
algebras. Furthermore, by postcomposing with Homp(—,1) or Homg(1,—), we obtain
(co)cyclic k-modules. In this section, A denotes an algebra in B.

I11.2.1. Construction of Akrami and Majid. In this section we recall the con-
struction of a paracocyclic object in B associated to an algebra A in B. This is an adap-
tation of the work of Akrami and Majid [1] in the setting of braided categories with a
twist. Namely, they considered the so called ribbon algebras in monoidal Ab-categories.
As noticed in [1], any algebra in ribbon category is automatically a ribbon algebra. This
clearly generalizes to braided categories with a twist. However, we warn the reader that
in what follows, instead of the positive braiding and positive twists, we use the negative
ones. This is completely innocuous and we choose this convention in order to explain the
relation with the objects introduced in the Chapter VI in an easier way.
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For n > 0, set A,,(A) = A®*" "', For n > 1, define the faces {d?: A" — A®"}o o),

’ JL

0 1 i+1 n

ifo<i<n-—1,

\0 n—1n

For n > 0, define the degeneracies {s}: A®"*t — A®"+2}, ;. by

!

0 j j+1 n

For n > 0, define the paracyclic operators t,: A"+t — A%+ by

(07, if n =0,
tn: /
M if n>1.
( (
\ 0 n—1n

Lemma II1.9. A family {A®"" 1}, cn of objects of B, endowed with the above faces, de-
generacies, and cyclic operators defines a paracyclic object A4(A) in B. Moreover, for
any n € N, 171 = (A yeni1) .

We prove Lemma II1.9 in Section I11.2.3.

Remark ITI.10. As in Section III.1.1, when B = Mody, one recovers the usual cyclic k-
module for algebras in the sense of [38].

I11.2.2. The paracocyclic object A,(A). For n > 0, define A,(A) = A®n+1,
For n > 1, define the cofaces {6: A®" — A®" 1) }ocic,, by

‘ if i =0,

‘ i if 7 =n.
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For n > 0, define the codegeneracies {o}: A®"+* — A®"1},_;, by

0 j i+l n+1

For n > 0, define the paracocyclic operators 7,,: A®"+1 — A®"+l by

(0,4, if n =0,

e SN S
M ifn>1.

L0 1 n

Lemma IIL.11. A family {A®"},.cn of objects of B, equipped with the above cofaces,
codegeneracies, and cocyclic operators defines a paracocyclic object A4(A) in B. Moreover,

for any n € N, 71

— 0A®n+l .
The proof is similar to the proof of Lemma III.3, given in Section III.1.3.

IT1.2.3. Proof of Lemma III.9. Instead of checking Relations (4)-(6) and (19)-(23),
we rather show that

AJA)o L =A,(A),

where L: AC® — ACs, denotes the isomorphism of categories from Section 1.4.2 and A, (A)
denotes the paracocyclic object in B from Section I11.2.2.

Clearly, the functor A\.(A) o L: AC® — B defines a paracyclic object in B. One
easily computes that for any n > 1 and 0 < ¢ < n its face d} coincides with the mor-
phism A.(A)(d}). Indeed, for 0 <i<n—1,

Ad(A) o L(d}) = AJ(A) (o™

(2

o
.
<.
+
—_
3

and for i = n,

= A (Au)(m) =
-9 - / = AL(A)().

Similarly, for any n > 0 and 0 < j <n the degeneracy s} of A\.(A) o L coincides with the
morphism A,(A)(s}). Indeed, for n > 0 and 0 < j < n,

Ad(A) o L(s}) = A(A)(0) =

!
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Likewise, one computes that for any n € N the paracyclic operator ¢,, of A.(A) oL coincides
with the morphism A4(A)(¢,). Indeed for n =0,

~

Au(4) o Lito) = Bu(A) (") = (Bu(A)(m)) = 63" = Au(A) (1)

and forn > 1

One concludes that A4(A) is a paracyclic object in B which is equal to the composi-
tion A4(A) o L. In other words, A4(A) is the paracyclic dual of A,(A) with respect to L.

IT1.2.4. Passing to (co)cyclic k-modules. To obtain (co)cyclic k-modules, in this
section we apply the functors Homg(1, —): B — Mody and Hompg(—,1): B°® — Mody to
the para(co)cyclic objects in B from Section I11.2.

I11.2.4.1. The cyclic k-module ﬁ.(A). We explicit formulas for the functor

B.(A) = Homg(—, 1) 0 A,(A): AC® — Mods.

It follows from the definition of A,(A) that B, (A) = Homg(A®"+!,1) holds for any n > 0.
For n > 1, the faces {d?: Homg(A®" ™ 1) — Homp(A®", 1)}o<i<n are computed by setting
for any f € Homg(A®" ! 1),

p

f
$| | if i =0,

0 n-1

f
|$| | ifl1<i<n-—1,
i—1 ¢ n

0 -1

f
| |$ if i =n.

\ 0 n—1

For n > 0, the degeneracies {s: Homp(A®" ™", 1) — Homp(A®"*?,1)}o<;<n are computed
by setting for any f € Homg(A®" ! 1),

s7(f) =

0 j g+l n41
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For n > 0, the paracyclic operators ¢, : Homg(A®" 1) — Homg(A®" ™ 1) are computed
by setting for any f € Hompg(A®" ! 1),

'idHomB(AJl) if n= 07

tn(f) = f

< < ifn>1.

\ 0 1 n

The following lemma follows directly from Lemma III.11 and Lemma [.2.
Lemma II1.12. The paracyclic k-module ]§.(A) is a cyclic k-module.
I11.2.4.2. The cocyclic k-module Bo(A). We explicit formulas for the functor
B.(A) = Homp(—,1) 0 A,(A): AC, — Mody.

It follows from the definition of A.(A) that B, (A) = Homg(A®"*! 1) for any n > 0.
For n > 1, the cofaces {0": Homg(A®", 1) — Homp(A®" ™ 1)}o<i<, are computed by
setting for any f € Homg(A®", 1),

;

f
| /J\ if0<i<n-—1,
0 , z+1 n
5 (f) =
f
@ / ifi=n.
\ 0 n—1 n

For n > 0, the codegeneracies {0} : Homp(A®"*? 1) — Homp(A®"*", 1)}o<j<, are com-
puted by setting for any f € Homg(A®"2 1),

S

5

0 Jj J+1 n

For n > 0, the paracocyclic operators 7,: Homg(A®" ™ 1) — Homp(A®"*! 1) are com-
puted by setting for any f € Homg(A®" ! 1),

'idHomB(A,]l) if n = 07
) = 7
V) % ifn>1.
(=17
0 n—1n

\

The following lemma follows directly by Lemma II1.9 and Lemma I.1.
Lemma II1.13. The paracocyclic k-module B4(A) is a cocyclic k-module.
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Recall the isomorphism of categories L°P: AC — AC"’E from Section 1.4.3. In the
following lemma we relate the cocyclic modules B,(A) and B4(A) o L°P.

Lemma I11.14. The cocyclic k-modules Bo(A) o L and B.(A) are equal.

ProOF. Clearly, the composition ﬁ,(A) o L° defines a cocyclic k-module. One com-
putes that for any n > 1 and 0 < i < n its coface §}* coincides with the morphism B4 (A)(6]").
Indeed, let f € Homg(C®" " 1). Forn > 1and 0 <i<n— 1,

B.(A) o LP(8)(f) = Bu(A)(si7)(f) =

o
~
~
+
—
3

and for i = n,

0 n—1 n

Similarly, for any n > 0 and 0 < j < n the codegeneracy o7’ of ]§.(A) o L°P coincides with
the morphism B,(A)(0}). Indeed, for n >0, 0 < j <n and f € Homp(C®"*? 1),

B.(4) o LP(0})(f) = Bo(A)(d11)(f) =
S

| = B.(4)(75)(f)-

0 J J+1 n

Likewise, for any n > 0, the cocyclic operator 7, of ]§.(A) o L°P coincides with the mor-
phism B,(A)(7,). Indeed, let f € Homg(C®" 1 1). If n =0,

Bu(4) 0 L7(m)(f) = Bu(d)(tg)() = (Bua(A)(t0)) (/) = idg 0 (/) = .
and in the case when n > 1,

B.(4) o L% (7,)(f) = Ba(A)(t,)(f) =

I

N
ws)}
[ ]

T
N—
o

~
3
SN—

N——
L
[
N—
I

f
— 7 P = B0<A>(Tn><f)
0 n—1n

We conclude that the cocyclic k-module B4(A) is equal to the composition ]§,(A) o L°P
that is, B4(A) is the cocyclic dual of B,(A) with respect to L°P. O
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111.2.4.3. The cocyclic k-module B,(A). We explicit formulas for the functor
B.(A4) = Homp(1, —) 0 Ay(4): ACs — Mod.
It follows from the definition of A,(A) that B,,(A) = Homp(1, A®"1) for any n € N. For

each n > 1, the cofaces {6": Homp(1, A®") — Hompg(1, A®"*!)}o<ic, are computed by
setting for any f € Homg(1, A®™),

n—1 if i =0,

n 0 2’714) 1 n—1 f1<i:1<n-—1
5 (f) = fl<i<n-—1,

0

.n__lé> if i =n.

f

\

For n > 0, the codegeneracies {aj”: Homp(1, A®™+2) — Homp(1, A%"1)}oc <, are com-
puted by setting for any f € Hompg(1, A®"+2),

j/J\jH
f

For n > 0, the paracocyclic operators 7, : Homg(1, A*"™) — Hompg(1, A*"™!) are com-
puted by setting for all f € Homg(1, A®"H1)

n+1

o (f)="

(idHomB(]l,A) if n = 07
()= S s

R TH CRT T

\ f

The following lemma follows by Lemma III.11 and Lemma I.2.

Lemma II1.15. The paracocyclic k-module Bo(A) is a cocyclic k-module.

I11.2.4.4. The cyclic k-module ]§.(A). We explicit formulas for the functor

B.(A) = Homp(1, —) 0 A.(A): ACY — Mody.

It follows from the definition of A4(A) that B, (A) = Homg(1, A®"*) for any n > 0.
For n > 1, the faces {d?: Homg(1, A®"*!) — Homp(1, A®™)}o<i<n are computed by setting
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p
0 | T Zh+ 1"

f

for any f € Homp(1, A®™H1),

0 if0<i<n-—1,

0%” if i = n.

\ f

For n > 0, the degeneracies {s: Homp(1, A®"*!) — Homp (1, A®"*?)}o<;<p are computed
by setting for any f € Homp(1, A®" 1),
4,

J

7 +1 |n .

For n > 0, the paracyclic operators t,,: Homg(1, A®*"*') — Homp(1, A®"*!) are computed
by setting for any f € Homp(1, A®" 1),

(idHomB(ll,A) if n = 07
0 ( nL 1(n if n>1.
\ f

The following lemma follows directly by Lemma II1.9 and Lemma I.1.

Lemma II1.16. The paracyclic k-module fﬁ.(A) is a cyclic k-module.

I11.3. Dualities

In this section, we first relate the (co)cyclic k-modules associated to a Hopf algebra
endowed with a nondegenerate pairing (see Sections III.1 and II1.2). At the end of the sec-
tion, we summarize the established relations between different objects that were introduced
throughout the chapter.

I11.3.1. The case of Hopf algebras with a nondegenerate pairing. Let H be a
Hopf algebra in a ribbon category B endowed with a nondegenerate pairing w: H® H — 1.
We establish a relation between cocyclic k-modules Do(H) and B,(H) and a relation
between cyclic k-modules Bo(H) and D4(H). Let ®: AC — AC be the automorphism of

the category AC' introduced in Section 1.4.4.

Lemma II1.17. We have:
(1) The cocyclic k-modules ]A).(H) and Bo(H) o ® are isomorphic.
(2) The cyclic k-modules B4(H) and D,(H) o ®°P are isomorphic.

ProOOF. We sketch the proof for the part (1). The proof of (2) is similar. The iso-
morphism between the cocyclic k-modules D,(H) and B,(H) o ® is given by the natural
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transformation Q, = {Q,,: Homg(H®" ™ 1) — Homp(1, H®"1)}, cn defined by setting for
any n € N and f € Homg(H®" 1),

O (f) = R Homp(H®"*! 1) — Homp(1, H*"),

Q

where 2: 1 — H ® H is the inverse of the pairing w: H® H — 1. The family {2, commutes
with the cofaces and codegeneracies due to properties of a pairing and its inverse. In
order to show that the family €, commutes with cocyclic operators, one shall use the
fact that w(fy ® idy) = w(idy ® 0y ), which follows by the fact that 0y« = (0g)* holds
in a ribbon category (see the Chapter 3 of [36]). Indeed, using the latter together with
naturality of twists and definition of dual of a morphism, we have

w w w w
CJ H - H - H = * ’
| yald
H H H H
which implies that w(fy ® idy) = w(idy ® Oy). O

I11.3.2. Summary on comparing different objects and dualities. Throughout
this chapter, we have introduced para(co)cyclic or (co)cyclic objects in a category and
established several relations between them. In this section we first summarize these results.
We finish Section with a comparison of constructions applied to a coalgebra C' in a ribbon
category and those applied on algebra C*.

If C is a coalgebra in a braided category B with a twist, then

C.(C) =C.(C)o L® and D,(C)=D,(C)o L.
If A is an algebra in a braided category B with a twist, then
AJA)=A,(A)oL and B,(A4)=B,(A4)o L.

If H is a Hopf algebra with a nondegenerate pairing in a ribbon category B, then there
are isomorphisms between:

(1) Do(H) and B.(H )OCI)

(2) Buo(H) and Dy(H) o @

(3) Do(H) and By(H) o @

(4) Bo(H) and D,(H) o q)OPoLOP

The isomorphisms (3) and (4) follow by combining Theorem II1.17 with the above stated
relations between para(co)cyclic objects from algebras and coalgebras.
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Finally, remark that if C' is a coalgebra in a ribbon category B, then C* is an algebra
in B with product me+: C* ® C* — C* and ue~: 1 — C* defined as:

¢ C
Mes = and ucx = )

—~
Q
[ ]

—
Q
N—
—~
S
S——
S——
*

Il
.;J>
—~
Q
*
N—

o

U(d!') forany n > 1 and 0 <i < n,
A (C") o W(s]) for any n >0 and 0 < j < n,
(Co(C)(10))" = Ae(C*) 0 U(t,,) for any n € N
and
(A?.(C')(d”))* = A (C*) o ®(6") forany n>1and 0 < i < n,
((A?.(C)(s”))* = K.(C’*) o ®(g}) for any n > 0 and 0 < j <n,
C

(O)(t)) = Ad(C*) 0 B(7,) for any n € N,
These equalities are considered modulo the canonical isomorphisms (C®")* = (C*)®" given
by the monoidal constraint of the duality functor.

I11.4. Some computations and examples

In this section we outline some basic computations of (co)cyclic homology of some
(co)cyclic k-modules introduced in Sections III.1 and II1.2. In particular, we discuss HCjy
of the coend of a ribbon k-category. Finally, in Section I111.4.3, we explicit (co)faces,
(co)degeneracies, and (co)cyclic operators of (co)cyclic k-vector spaces Bo(C') and D4 (C),
where C' is a coend of the representation category of a finite dimensional ribbon Hopf
algebra over a field k.

II1.4.1. On the homology of ]A).(C). Let k be a commutative ring, B a ribbon k-
category and C' a bialgebra in B. The following lemma is an adaptation to the categorical
setting of a remark of Khalkhali and Rangipour from [21].

Lemma II1.18. Let
LMo b oe2 b2 o
be the chain complex, given by by = Y i o(—1)'d}: C¥"E — C®" which is associated

to the underlying simplicial object of the paracyclic object 6.(0) associated to C'. The
family {h,: C®" — C®" T}, - defined by setting for any n € N*

satisfies the equalities

idceon+t = hpbyi1 + byiohper  form>1 and (55)
ide = bohy + ue. (56)
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‘ T ‘ il

0 i n 0 n

‘ T ‘ +i +§(—1)i+1i ‘ T ‘

0 i n 0 n 0 ) n

ProoOF. For n > 1,

n

hnbn+1 + bn+2hn+1 = hy Z(_Ui
=0

e

— idc®n+l .
The equation (56) holds since

bihy + ue = idg — ue + ue = ide.

An immediate corollary of the preceding lemma is the following.

Corollary II1.19. Consider the cochain complex

Homp(C, 1) _P Homp(C®2, 1) P Homp(C®3, 1) B

with Bpi1 = Y 1o(—1)"07: Homp(C®™, 1) — Homp(C®" ™, 1), associated to the underlying
cosimplicial k-module of the cocyclic k-module Do(C). The family {x,: Homg(C®" ! 1) —
Homp(C®" 1) }ens, defined by setting for any f € Homg(C®" L, 1),

S
Xn(f) = (!) | | ;
1 n
satisfies the equalities
Z-dHomB(C@”‘H,]l) = ﬁnJran + Xn+16n+2 fOT n Z 1 and (57>
iditomp(c,1) = X132 + Hompg(ue, 1). (58)
PROOF. One applies the functoriality on the equations (55) and (56). O

Corollary I11.20.
ker(f35) forn =0,

HCM(D.(C)) = {156“52) oo v

PRrROOF. The statement about Hochschild cohomology is clear from the definition and
the equation (57). Consequently, the statement for cocyclic homology is clear from the
cohomological form of the Connes’ long exact sequence (see the part 2 of Theorem 1.4):

.. —= HH"Y(D,(C)) — HC™(D,(C)) —= HC™?2(D,(C)) —= HH™*(D,(C)) — - --

Recall that the beginning of this long exact sequence writes as follows:

0 —= HC'(D.(C)) —= HH*(D.(C)) —= 0 —= HC'(D,(C)) —= HH'(D,(C)) — - - -



I11.4. SOME COMPUTATIONS AND EXAMPLES 51

Remark that from the equation (58), we get that

ker(5y) = {f € Homg(C, 1) | f = fue}.
U

Remark III.21. One could state an analogous result by supposing that C' is only a
coalgebra in B and assuming the existence of a morphism a: 1 — C'in B such that ea = id;.

I11.4.2. HC) of some (co)cyclic modules associated to coends. Let B be any k-
linear ribbon category and C' its coend. Let X be any object of B. From the calcu-
lations that have been done in Section 1V.2.2, the morphism k% = ixcoevy: 1 — C is
in HCy(D4(C)). Indeed, in the aforementioned section, we show that xx satisfies the trace-
like condition (62). If B is a ribbon fusion category and I the representative set of simple
objects of B, then the family {x'};c; is a basis for Homp(1, C') (see the Chapter 6 of [36]).
Consequently, in the case of a ribbon fusion category B, H C’O(f).(C )) consists precisely of
the classes of .

Dually, if B is a ribbon category such that the Hopf pairing w of its coend C' is a
nondegenerate pairing, then the morphism (¥ = w(k* ®ide): C — 1 is in HCy(B4(C)).

I11.4.3. (Co)cyclic vector spaces from the coend of the representation ca-
tegory of a Hopf algebra. Let k be a field. Let H be a finite dimensional ribbon
Hopf algebra over k. For the comultiplication, we will use the usual Sweedler notation,
ie., A(r) = xq) ® x(9) for any x € H. Denote by R, u, 0 the R-matrix, the Drinfeld
element, and the twist element of H, respectively. In what follows, write

R=> a®bc H®H andR'=)» 0;®p€H®H.

To recall these notions and their properties, one may consult [37]. The category repy is
a ribbon category. Denote the coend of the category repy by A. We recall (see [36]) that
as a vector space, it is equal to H* and as a left H-module, it is given by the coadjoint
action, i.e., for all h € H and f € A,

he f=f(S(ha)-he)-

According to Lemma 4.5(d) from [37], Homy.p,, (A®", k) is isomorphic, via the map induced
by the evaluation of A®™ on H®", to the k-vector space

Vo(H)={X € H®" | X a<h=¢(h)X for any h € H}.
We recall for any n € N*, the right H-action < on H®" is defined by the formula
X <ah=8(ha)Xihe @ S(hi)Xahw @ - @ S(hon-1)) Xnh2n),

where h € Hand X = X; @ Xo ® -+ ® X,, € H®" is an elementary tensor. Remark that
the vector space V,,(H) is exactly the 0-th usual Hochschild homology H Ho(H, H®™") of H
with coefficients in H®", where H®" is the bimodule over H (the left action is given by
trivial action via counit).

I11.4.3.1. Dq(coend(repg)). The cyclic k-vector space Do(A) may be identified with
the cyclic k-vector space

V.(H): AC? — Vecty
nw— Vn+1(H)



52 III. CYCLIC THEORIES FROM (CO)ALGEBRAS
Forn > 1, the faces {d}: V,,(H) — V,_1(H)}o<i<n are given by setting for any elementary
tensor hy ® - - ® hypq1 € Vi, (H),
di(h1® - @hpi1) =h1 @hy® - @ hig1hiya @ @ hpyy for 0 <i <n—1and
dy(h1 @+ @ hpyr) = Z(hn—l—l 2a;0)(hy < (b;) 1)) ® ho A (b;)2) @ - @ hyp < (b))
For n > 0, the degeneracies {s7: V,,(H) — V,11(H)}o<j<n are given by setting for any
elementary tensor hy ® -+ ® h, 11 € V,,(H),
hy®---® h; 1 h; o @hp for0<j<n-—1,
55 @ - @ hnyy) = 10 @Nj11 ®lg ®hjio®@ -+ & Npgq OTQ_J_H
h1® - ®hp ® 1y, for j = n.

Forn > 0, the cyclic operators t,,: V,,(H) — V,(H) are given by setting for any elementary
tensor hy ® -+ ® hyq1 € Vo (H),

hy for n =0,
Zi hn+1 < CLZ'H &® hl < (bz)(l) X @ hn < (bz>(n) for n > 1.

I11.4.3.2. B(coend(repg)). The cocyclic k-vector space may be identified with the co-
cyclic k-vector space

tn(h @ @ hpy1) = {

V. (H): AC — Vecty
n+— Vn+1(H)

For n > 1, the cofaces {6!': V,,_1(H) — V,.(H)}o<i<n are given by setting for any elemen-
tary tensor hy ® - - ® h, € V,,_1(H),

0 (h1 ® -+ ® hy,) :h1®h2®---®ABd(hi+1)®---®hn for0<i<n-—1and

Ol @+ @ hy) =Y ()@ <(B)@) @ha<a(Bi)2) @+ ® by < (B)my) @ (b))} < (i),
where AB? is a comultiplication on the braided Hopf algebra HB? (see [37] or [31]) asso-

ciated to H. As algebras HB = H. But the comultiplication and antipode in HB¢ are
different. Explicitly,

ABd( ) = T(2)Q; & S(( ) )SL’(l)(b )(2) for any x € H.

For n > 0, the codegeneracies {07} : Vo11(H) — V,(H)}o<j<n are given by setting for any
elementary tensor hy ® « - ® hyy0 € Vyi1(H),

oM@ @hpy2) =1 @+ @hjy1 @e(hjy2) @+ ® hypo.
For n > 0, the cocyclic operators 7,,: V,,(H) — V,(H) are given by setting for any
elementary tensor hy ® - -+ ® h,41 € V,,(H),

for n = 0,

(@ @Ry y) =40
T ( 1 ® ® +1) {ZZ h2<]</81>(1) ® "'®hn+1<]</8i)(n) ®h1 <]<O{Z‘9_1> fOr n Z 1



CHAPTER 1V

On the braided Connes-Moscovici construction

In this chapter, we study and generalize the braided version of the Connes-Moscovici
Hopf cyclic cohomology introduced by Khalkhali and Pourkia [20]. First, we compute all
the powers of the paracocyclic operator (Section IV.1) and then we introduce a categorical
version of the Connes-Moscovici trace (Section IV.2). Sections IV.3 and 1V.4 are devoted
to proofs of the main theorems. Finally, we use our computations to verify all the relations
of the paracocyclic object a la Connes-Moscovici (Section IV.5).

In this chapter, B is a braided monoidal category and H is a Hopf algebra in B (see
Section 11.2.2).

IV.1. Modular pairs and braided Connes-Moscovici construction

In this section, we introduce a generalized version of a modular pair in involution and
compute the powers of the paracocyclic operator associated to such a pair (see Theo-
rem [V.1 and its corollaries).

IV.1.1. Modular pairs. A modular pair for H is a pair (§,0) where 6: H — 1 is
an algebra morphism and o: 1 — H is a coalgebra morphism such that do = id;. For
instance, the pair (e,u), where e: H — 1 is the counit of H and u: 1 — H is the unit
of H, is a modular pair.

If B is a braided category with a twist § = {0x: X — X} xconn), a O-twisted modular
pair in involution for H is a modular pair (0, o) for H such that

Note that the morphism on the right hand side of the above defining equation uses a
twist 0. To recall graphical conventions for braided categories with a twist, see Sec-
tion II.1.9.

Note that when B is symmetric, then idg = {idx: X — X}xconm) is a twist for B,
a O-twisted modular pair in involution is the same as braided modular pair in involution
in the sense of [20]. If H is an involutive Hopf algebra in a ribbon category B (in the
sense that S? = ), then (g, u) is a f-twisted modular pair in involution, where 6 is the
canonical twist of B.

53
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IV.1.2. Powers of the paracocyclic operators 7,(d,0). For any n > 0, define the
paracocyclic operator 7,,(,0): H®" — H®" with

7_0(57 0‘) = id]h 1 (57 U) -

These operators are part of the data for the paracocyclic object in B which is introduced
in [20]. Its definition is recalled in Section IV.1.3. In the following theorem we compute
the powers (up to n+ 1) of 7,(9,0).

Theorem IV.1. Forn > 2 and 2 < k < n, we have

¢ H@kl’qb

(Tn(57 U)) = | (59>
H(Xk72 k—1 k n
In addition,
ifn=1,
H
®n—1
m.oy =1 " @ (60)
\ .
[(6.0)7 ] [maw)]  fn>2.
:
\ H®n—1 H

PRrROOF. The proof of Theorem IV.1 follows by an inductive argument and by using
plenty of properties of modular pairs and the so called twisted antipodes. We postpone it
to Section IV.3. U

Remark IV.2. For any modular pair (§,0) and any n € N, we have

H®n

(ew)™ ]| (61)

\

He®n

(Ta(0,0))""
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PROOF. We show the equality (61) by induction. For n = 0, this follows since the
adjoint action on 1 is given by counit, since the coadjoint coaction on 1 is given by unit,
and the fact that 7o(e, u) = 70(0, o) = idy. Let us check the case n = 1. By the equality (60)
of Theorem IV.1 and the fact that 7 (e, u) = S, we have

(11(6,0))* = = [ (n( )

R

H H

f@

Suppose that the equality (61) is true for an n > 1 and let us show it for n + 1. Indeed,
by applying the equality (60) for the modular pair (§, o), the equality (61) for n = 1, and
the equality (60) for the modular pair (g, u), we have

W@ W@ PRNPS

H

(Tne1(6,0))" 1% = [ (n(5.0))7]| (Tn ew) ™| = | (nlew)’ | | (rale.u)"™ ] = [Ganale,w)" ] -
Qﬁ @@
Hen Hon H® g
This concludes the proof of the equahty (61). O

By using the equality (60) of Theorem IV.1, one recovers the result of Khalkhali and
Pourkia [20, Remark 7.4]:

Corollary IV.3. If B is a braided category with twist § = {0x : X — X} xconn) and if (0, 0)
is a twisted modular pair in involution for H, then (1,(8,0))""t = Oyen. In particular,
if B is a symmetric monoidal category with a trivial twist, then (1,(5,0))" " = idgen.

PROOF. The equality (7,(0,0))"™ = fyen is easily shown by induction. For n = 0,
this follows by definition and the fact that 3 = idy. Indeed, 79(d,0) = idy = 01 = Oy«o.

For n =1, we have
> Ly iS

(6.0 & W{?m%\
§ Q{ﬁ
g4

Here (i) follows by the equality (60) of Theorem IV.1, (ii) follows by the fact that (J,0) is a
twisted modular pair in involution for H, (iii) follows by naturality of the twist and the def-
initions of left coadjoint coaction and right adjoint action, (iv) follows by (co)associativity

m
—
<8
||C
=

A\ 4

RS
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and the fact that 0 is an algebra morphism and ¢ is a coalgebra morphism. Finally, (v)
follows by the antipode axiom and (co)unitality.

Suppose that the statement is true for an n > 1 and let us show it for n + 1. By
the equality (60) of Theorem IV.1, Remark 61, the statement for n = 1, the induction
hypothesis, naturality of twists, and the condition (43), we have

o) U

N N
(T2+1(6,0))"" = [6.0)7] [ea)™] = [(10.0)7] [a6.0)™] = Vo = Open+i,
N N
] 1 1]
Hen H Hen H menr H
which finishes the proof. 0

IV.1.3. The paracocyclic object CM,(H,d,0). Let (§,0) be a modular pair for a
Hopf algebra H in B. Let us recall the paracocyclic object CM,(H,d,0) in B from [20]
associated to this data. For any n > 0, we set CM,,(H, d,0) = H®". For any n > 1, define
the cofaces {67 (c): H®" ' — H®"}o<i<, by setting 0} = u, 6f = o and

N [ W
b e

\ 1 n—1

if i =0,

for any n > 2. For any n > 0, define the codegeneracies {0} : H®"*" — H®"}o<;<, by

1 j+1 n+1
For any n > 0 the paracocyclic operators 7,(0,0): H®" — H®" of the paracocyclic ob-
ject CM,(H,d,0) in B are described in Section IV.1.2.

Having the result of Theorem IV.1 at hand, it is easy to check the paracocyclic rela-
tion 7,(d, )08 = 0"7,.1(d,0)?* for the paracocyclic object CM,(H, d,0). For details, see
Section IV.5. We finish this section by a simple discussion on how to pass from CM,(H, 6, o)
to a (co)cyclic k-module.

The following corollary follows directly by Lemma 1.2 and Corollary IV.3.

Corollary IV.4. If B is a braided k-linear category with a twist and (9, 0) a twisted mo-
dular pair in involution, then

(a) Homg(1,—) o CM,(H,d,0) is a cocyclic k-module,
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(b) Homp(—,1) o CM,(H,d,0) is a cyclic k-module.

IV.2. Categorical Connes-Moscovici trace

We first introduce the notion of a categorical trace between the paracocyclic object a
la Connes-Moscovici associated to Hopf algebra H and the paracocyclic object associated
to a coalgebra in the category of H-modules. Next, we explicit an example of such a trace
(Section 1V.2.2).

In this section, B denotes a braided category with a twist, H = (H,m,u,A,¢,S) is
a Hopf algebra in B, : H — 1 is an algebra morphism, and o: 1 — H is a coalgebra
morphism.

IV.2.1. Traces. Let (C,Ag,e¢) be a coalgebra in the category of right H-modules
in B, that is, a coalgebra in B endowed with a right action r: C® H — C' of H on C' such
that the comultiplication Ag: C — C' ® C and the counit e¢: C' — 1 are both H-linear
morphisms. In other words, by depicting the right action by

N

¢ H

By w By T T

C H C H
A categorical d-invariant o-trace is a morphism «: 1 — C' in B satisfying

HE PO

Given such a morphism, define for any n € N the morphism a,,: H*" — C®"*! in B by
setting

we require that

for n>1.

Now recall the construction from Section III.1. The main theorem of this section is the
following.

Theorem IV.5. The family {a,: H®" — C®" 1}, c\ is a morphism between paracocyclic
objects CM4(H,6,0) and C,(C) in B.

The proof of Theorem IV.5 is postponed to Section IV.4. The main corollary of Theo-
rem IV.5 is the following.

Corollary 1V.6. If B is a braided k-linear category with a twist and (9, 0) a twisted mo-
dular pair in involution, then

(a) the family {Homg(1, o) }nen induces a morphism in cocyclic homology

a*: HC" (Hompg(1,CM,(H,6,0))) = HC* (Homp(1, C.(C))).
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(b) the family {Homp (v, 1) }new induces a morphism in cyclic homology
a,: HC, (Homp(C.(C), 1)) — HC, (Homg(CM,(H,6,0),1)).

PROOF. First note that Lemma III.1 and Lemma 1.2 imply that Hompg(1, C.(C)) is
a cocyclic k-module and that Homg(C,.(C),1) is a cyclic k-module. Note that these
two (co)cyclic k-modules have been studied in the Chapter III. Indeed, they were de-
noted by D,.(C) and D,(C). Further, by the hypothesis that (d,0) is a modular pair
and by Corollary IV.4, we have that Homp(1, CM,(H, d,0)) is a cocyclic k-module and
that Homp(CM,(H,d,0),1) is a cyclic k-module. Now let us prove the part (a). The
proof of (b) is similar. By Theorem IV.5, the family {Homp(1, @) }nen is a natural trans-
formation between cocyclic k-modules Homp(1, CM,(H, d,0)) and Homp(1, C,(C)). This
means that for any n € N, there is a morphism

a": HC™ (Homp(1,CM,(H,0,0))) = HC" (Homp(1, C.(C)))
[f] = lew f],

where [f] is a representative class of an n-th cocyclic cocycle. O

IV.2.2. Traces from categorical centers. Let B be a ribbon k-category such that
both B and its center Z(B) have a coend (one might recall the section I11.3.2). Denote
these coends by H and (C,\), respectively. Denote by i = {ix: X* ® X — H}xconn)
the universal dinatural transformation coming from the coend of B. By Theorem 11.4, H
is a Hopf algebra in B. We will denote its structural morphisms by m,u, A, e, and S.
Moreover, since the antipode of this Hopf algebra satisfies S = 0y (see the Chapter 6
of [36]), the pair (g, u) is clearly a twisted modular pair in involution. Furthermore, recall
from the section I1.3.4 that Mody = Z(B) as braided categories. Since C' is a Hopf algebra
in Z(B), it is in particular a coalgebra in Mody. In fact, (C, A) can be expressed in terms of
structural morphisms of H. Namely, C' = H*® H and A = {A\x: C® X — X ® C}xconn)
is given by

X H H

H H X
where a: C' ® H — C'is the action of H on C', which may be computed by

H H

- @y

H H H

Recall that the right coaction with the black dot denotes the universal coaction of the
coend H (see Section I11.3.3). The computation of a is based on the results on Hopf
monads, which are explained in the Chapter 9 of [36]. In the braided case, the monad Z
from the Chapter 9 of [36] is given by Z(X) = X ® H, ux = idx @ m: Z*(X) — Z(X),
and ux = idxy @ u: X — Z(X). Note that A and a are denoted by ¢ and « in [36]. The
following Lemma gives a way to produce an ¢ invariant u-trace in this context.
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Lemma IV.7. If a morphism x: 1 — H in B satisfies

y
Hg = z, (62)

then the morphism a = (¢* ® idy)k: 1 — C is an e-invariant u-trace.

PROOF. Denote f = ¢* ®idy: H — C. The morphism a = fx is e-invariant, since f
is a morphism between the trivial right H-module (C,¢) and the right H-module (C,a),
meaning that a(f ® idy) = f ® e. The morphism a = fk is a u-trace, since £ is sup-
posed to satisfy the condition (62) and since f is a coalgebra morphism. Note that the
comultiplication Ag: C' — C' ® C and the counit e¢: C'— 1 on C' are given by

H H H H

H H

H H

The expressions for Ax are ¢ are derived from Theorem 9.4 of [36]. Having Aq and e¢
at hand, it is easy to check that f is indeed a coalgebra morphism. 0

For example, one can take k to be a coalgebra morphism. Another family of examples
of k is obtained as follows. We claim that any object X of B defines an e-invariant u-
trace . Namely, one can define for any object X of B,

HJX :ch/(—)\e/\fxi 1— H.

Graphically, x* is depicted as

Furthermore, k* satisfies the condition (62) from Lemma IV.7. Indeed, by definition of £
and comultiplication on the coend, by naturality of twists, and the braiding, we have

S

Remark IV.8. An interesting example of an e-invariant u-trace comes from topologi-
cal field theory. Let B be in addition a fusion category. Denote I a representative set
of simple objects of B. The morphism « = >, ,dim,(I)x satisfies the condition (62).
Here k! = i4coev; (as above) and dim,(l) = év,coev; is the right dimension of | (see
Section I1.1.6). Notice that x is precisely the universal integral from the equation (52).
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IV.3. Proof of Theorem 1IV.1

Our strategy to compute the (n + 1)-th power of the paracocyclic operator 7,(d, o)
is similar to the proof of cocyclicity condition from Connes and Moscovici in [9], where
Hopf algebras over C are considered. We proceed by induction. However, the difficulty in
categorical generalization proposed by Khalkhali and Pourkia in [20] is that paracocyclic
operators involve braiding. In our approach, based on graphical calculus, we manage to
keep track the powers of paracocyclic operators.

Recall that H = (H,m,u,A,¢,S) denotes a Hopf algebra in the braided monoidal
category B, 0: H — 1 is an algebra morphism, and o: 1 — H is a coalgebra morphism
such that 0o = id;. Given such a pair, one defines the twisted antipode S: H — H by

For brevity, we denote the twisted antipode S graphically by C% . With this notation, we

. . H
will rewrite

>

T,(0,0) = @ if n>1
O\

H Ho!

Similarly, the equation (59), which is to be proven, rewrites as

H®n—k H®k—1 F@

(7 (6, J))k = (Tu-s(e,u)"!

H®2 L -1 k n

In Section IV.3.1 we list algebraic properties needed to prove the equalities from The-
orem IV.1. In Section IV.3.2 we show the equality (59). In Section I1V.3.3 we show the
equality (60).

IV.3.1. Preliminary facts. In this section we state several lemmas, which are used
in the proof of Theorem IV.1. We mention that equalities (a) and (b) from Lemma IV.9
and the equality from Remark IV.15 are already stated in [20]. In Lemma that follows,
some properties of the twisted antipode are established.
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Lemma IV.9. The following equalities hold:
- R-& ¢
H H H H H H H H
(a) (b) ¢

(c)
d - E%8)
{ ©

H H H

H H H
(d) (¢) (f)

PROOF. Let us first show the relation (a). Indeed, by definition of S, anticomultiplica-
tivity of the antipode, coassociativity, and naturality of the braiding, we have

A

Let us show the relation (b). Indeed, by definition of S, bialgebra compatibility axiom, the
fact that 0 is an algebra morphism, and naturality of the braiding we have

AR T

Let us show the relation (c). Indeed, this relation follows by the definition of S, coassocia-
tivity, the antipode axiom, and counitality:

AR S )

Now we show the equality (d). It follows by the part (a), naturality of the braiding, the
definition of S, the fact that ¢ is an algebra morphism, and the definition of left coadjoint
coaction:

The equality (e) is a consequence of the equality (d). To see this, compose the left hand
side of (d) with the antipode S of H and use the definition of S.

Finally, let us show the equation (f). Indeed, this equation follows by the part (b), bial-
gebra compatibility axiom, (co)associativity, naturality of the braiding, the part (c), and
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unitality:
: : @ @ '
H H H H H H H H H H H H H H H H H H

O

Remark IV.10. Another useful property of the twisted antipode S is that S = 4. It
follows by the definition of S, the fact that €S = ¢, and counitality.

The following lemma gives the expression of the paracocyclic operator 7,(d, ) in terms
of 7,_1(g, u).

Lemma IV.11. Ifn > 2, then

(a) Ta(0,0) =

(b) (0, 0) =

H  H®H

PROOF. Let us first show the equation (a). Indeed, by definition of 7,,(9, o), Lemma IV.9 (a),
naturality of the braiding, inductive definition of the left diagonal action, and the definition
of 7,-1(g,u), we have

w,c,)\%ﬁg@@@

H H@n—l H H®n—] H H@n—l HH@n—’.)H H H®n—2H

Further, we show the part (b). For n = 2, the statement follows by definition. From now
on, suppose that n > 3. By the definition of 7,,(d, o), the definition of the left diagonal
action, coassociativity, and the definition of 7,,_1 (e, u), we have:

H®n—2

The equalities stated in the following lemma are used during computation of squares
of the paracocyclic operator 7,,(d, o) in the case n > 3.
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Lemma IV.12. For any n > 2, we have:

(c) (d)

PROOF. We begin by showing the equality (a). Let us first inspect the case n = 2. To
see that the equality is true in this case, we use the definition of (e, u), bialgebra axiom,
coassociativity, anticomultiplicativity of the antipode, and naturality of the braiding:

SH R

From now on, suppose that n > 3. By definition of 7, (e, u), bialgebra axiom, naturality of
the braiding, coassociativity, and anticomultiplicativity of the antipode we have:

H®nfl

To(g,u)

Henr

Let us show the equality (b). Indeed, it follows by definition of 7, (¢, u), naturality of the
braiding and associativity:

He1 H H 1 2 nn+l 1 2 nn+l Hen H
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Let us show the equality (c). It follows by Lemma IV.11 (b) applied on § = ¢ and o = w,
and the bialgebra axiom:

H@n—Z H@n—?

H®n71

—1
3

Hen-1 H -1 H H®n—1 H
Finally, let us show the equality (d). Indeed, we have:

@ @\ A

H H H®" 2 H H H®"— 2 H H H®n—2
H@n—l
(v) (vzzz
o Tn— 1(5,’[1) ’
H H H®n— 2 H H H®" 2 H H H®"— 2 H H®n— 1

Here (7) follows by definition of 7, (e, w) and 7,,—1 (¢, u), (ii) follows by inductive definition
of left diagonal action, (#ii) follows by antlmultlphcatlwty of the antipode, (iv) follows by
bialgebra axiom, (v) follows by the axiom of a module and the anticomultiplicativity of
the antipode, (vi) follows by naturality of the braiding, (co)associativity and by the axiom
of a module, (vii) follows by applying the antipode axiom twice and by the axiom of a
module, (viii) follows by the fact that €S = e, naturality of the braiding and definition
of 7,_1(g, u). O

The equalities from the following lemma show how the endomorphism m(idy ® o)
interacts with the paracocyclic operator 7,(e,u). These equalities are intensively used
while proving the equality (60) by using the equality (59) of Theorem IV.1.

Lemma IV.13. We have:
(a) For anyn > 1,

(b) For2 < j<mn,
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PROOF. Let us prove the part (a). Indeed, we have:

H@m
(e,u) (Z (ZZ (zzz ;
©

H H@nfl H@n 1 H®" 1 H@n 1 H®n 1

Henr

Here (i) follows by definition of 7, (e, u), (i¢) follows by antimultiplicativity of antipode, (ii7)
follows by naturality of the braiding and bialgebra axiom, (iv) follows by anticomultiplica-
tivity of antipode, (v) follows by the fact that o is a coalgebra morphism and by the axiom
of a module, and (vi) follows by definition of 7, (¢, u) and naturality of the braiding.

Let us now show the part (b). Indeed, by definition of 7,(e,u) and the left diagonal
action, by naturality of the braiding, and associativity, we have:

| H®n

| To(e, )

Before passing to the proof of Theorem IV.1, let us state another auxiliary lemma.

Lemma IV.14. We have the following assertions:

(a) The morphism QJ : H — H is a bialgebra morphism.

H
(b) Foralln > 1,

@

(c) Foralln >1,

Her o HOn

The equality (b) from Lemma IV.14 is intensively used while proving both of the equal-

ities from Theorem IV.1. The equality (c¢) from Lemma IV.14 is particularly used in final
steps of the computation of 7,,(, o)" .

PROOF. Let us first show the part (a). We first show that the morphism from part (a)
is an algebra morphism. By using definition of the left coadjoint coaction, the bialgebra
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compatibility axiom, the fact that § is an algebra morphism, antimultiplicativity of the
antipode of H, and naturality of the braiding, we have:

Similarly, by using definition of the left coadjoint coaction, the fact that unit is a coalgebra
morphism, the fact that ¢ is an algebra morphism, and by the fact that Su = u, we have:

Let us now show that the morphism from (a) is a coalgebra morphism. Indeed, by
definition of the left coadjoint coaction, the fact that ¢ is an algebra morphism, naturality
of the braiding, coassociativity, the antipode axiom, and (co)unitality, we have:

Furthermore, by definition of the left coadjoint coaction, the fact that 0 is an algebra
morphism, naturality of the braiding, (co)unitality, and the antipode axiom we have:

This completes the proof of the part (a).

Let us show the part (b) by induction. For n = 1, we prove the statement as follows.
By using the part (a), the definition of the coadjoint coaction, the fact that ¢ is an algebra
morphism, naturality of the braiding, coassociativity, the antipode axiom, and (co)unitality
we have:

®
@ ®
: p— p—
® ® ©
H H H H H H
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Suppose that the statement is true for an n > 1 and let us show it for n + 1. We have:

Q %
(i) (i) N (i)

H®n+l H®n H®n
D
®) @ Q% (wii) (O (vid)
- - - 9
® ol
H H®" H H H* H H H®" H H HenH

which shows the desired statement. Here (i) and (viii) both follow by inductive definition
of left diagonal action and left coadjoint coaction, (i7) follows by the fact that ¢ is an algebra
morphism, (#ii) follows by coassociativity, (iv) follows by naturality of the braiding and the
case n = 1, (v) and (vii) both follow by naturality of the braiding and by coassociativity,
and (vi) follows by the induction hypothesis.

Finally, we show the part (¢) by induction. For n = 1, the statement follows by
definition of right adjoint action and the fact that o is a coalgebra morphism. Suppose
that the statement is true for n > 1 and let us show it for n+ 1. Indeed, by using inductive
definition of the left and the right diagonal actions, antimultiplicativity of the antipode,
the fact that o is a coalgebra morphism, naturality of the braiding, and the induction
hypothesis, we have:

H®n+1

O

Remark IV.15. If (4, 0) is a modular pair, then H = H. Indeed, this follows by the

definition of S, the fact that o is a coalgebra morphism, and since the (0,0) is a modular

TR T

IV.3.2. Proof of the equality (59). The proof of the equality (59) of Theorem IV.1
is divided into several steps. For n = k = 2, it suffices to calculate the square of (4, o).
For n > 3, we first calculate the square and then derive formulas for the remaining powers.
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IV.3.2.1. Squares of 1,,(6,0) for n > 2. Let us first show that the equality (59) is true
in the case n = k = 2. Indeed, we have:

(12(0,0))" =

Here (i) follows by definition of m5(d,0), (ii) follows by Lemma IV.11 (a) for n = 2 and
since 7i(e,u) = S, (i17) follows by bialgebra compatibility axiom and associativity, (iv)
by antimultiplicativity of the antipode, (v) follows by associativity and naturality of the
braiding, and (vi) follows by the antipode axiom, naturality of the braiding, (co)unitality,
and the fact that 7 (e,u) = 5.

From now on, let us assume that n > 3. Let us calculate the square of 7,(5,0). We
have

which indeed shows the equality (59) in the case n > 3 and k = 2. Here (i) follows by
parts (a) and (b) of Lemma IV.11, (ii) follows by associativity and by Lemma IV.12 (a)
for n — 1, (4i7) follows by associativity and by Lemma IV.12 (b) for n — 1, (iv) follows by
Lemma IV.12 (¢) for n — 1, (v) follows by Lemma IV.12 (d) for n — 1, and (vi) follows by
counitality, definition of the twisted antipode S, and by Lemma IV.11 (b) applied on 0 = ¢
and o = u for n — 1.

1V.3.2.2. Passing from (1,(0,0))* to (7.(5,0))*, n > 3. From the calculation which
has been done in the section 1V.3.2.1, one can easily deduce the equality (59) for n > 3



IV.3. PROOF OF THEOREM IV.1 69

and k£ = 3.

Here (i) follows by developing 7,,(8, 0)? as 7,,(d, 0)?7, (8, o), by definition of 7,,(d, o), and by
the computation of 7,,(d,0)? that has been done in IV.3.2.1, (i7) follows by coassociativity
and Lemma IV.9 (f), (zii) follows by naturality of the braiding and coassociativity, (iv)
follows by Lemma IV.13 (b) for j = n — 1 and Lemma IV.9 (d). Finally, (v) follows by
naturality of the braiding and the definition of 7,,_1 (e, u).

1V.3.2.3. Computation of (1,(6,0))’™", 2 < j < n — 1. Note that by now we have
completely shown the equality (59) in the cases n = 2 and n = 3. Also, the square and the
cube of 7,(d,0) are calculated for each n > 3. In this section, we finish the proof of (59),
by focusing on the case n > 4. As it has been already noted, for j = 2, (1,,(d,0))’ ™" is
already computed in Section IV.3.2.2. From now on, we assume that 3 < j < n—1. If (59)

is established for k = j, then:
H®n J H®] 1
’4@ ©

H®n— J H®J 1
’q@ ®

1 2j-1j j+1 n 1 2j-1j j+1 n
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H®n—i [®i-1 ’%

[ He
(ras(cw)) ™" |

25-137 5741 n 25-=1j5 541 n

Hen— j—1 H®J H®n— j—1 H®7
F@D © ’q@a ®

QR

1 2j-1j j+1 n 1 2j-1j j+1 n

which finishes the proof of (59). Here (i) follows by decomposing (7,,(4,c))’*! in the
composition (7,(8,0))?7,(d,0), by definition of 7,(4, ), and by the hypothesis that (59)
is established for k = j, (i7) follows by coassociativity and Lemma IV.9 (f), (iii) follows
by naturality of the braiding and coassociativity, (iv) follows by Lemma IV.14 (b) and by
applying j — 1 times Lemma IV.13 (b), (v) follows by Lemma IV.9 (d) and coassociativity
and finally, (vi) follows by naturality of the braiding and the definition of 7,,_1 (e, u).

IV.3.3. Proof of the equality (60). In order to show the equality (60) of Theo-
rem [V.1, we will separately consider three cases: n =1, n =2, and n > 3.
If n =1, then we have

Here (i) follows by definition 71 (6, ), (ii) follows by the Lemma IV.9 (b), (ii7) follows by na-
turality of the braiding, associativity, and Remark IV.15. Finally, (iv) follows by definition
of right adjoint action, the fact that o is a coalgebra morphism, and Lemma IV.9 (e).
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If n = 2, then we have

¢

©
H

Here (i) follows by expanding (72(d, 0))? as (12(6, 0))?*m2(6, o), using the definition of 75(4, o),
and the equality (59) in the case n = k = 2, (4i) follows by Lemma IV.9 (f), (ii) by using
the fact that o is a coalgebra morphism, (iv) by naturality of the braiding, definition
of 71(d,0) and antimultiplicativity of the antipode. Finally, (v) follows by naturality of
the braiding, by definition of right adjoint action, and the case n = 1 of the equality (60),
which is shown above.

From now on, let us assume that n > 3. We have
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H&n-1 @

o]lo]

1 2 n—1n

which shows the equality (60). Here (i) follows by decomposing (7, (8, 0))" ™ in the com-
position (7,,(9,0))"7, (9, o), by using Lemma IV.11 (b), and the equality (59) for k = n, (i7)
follows by Lemma IV.9 (f), (#ii) by the fact that o is a coalgebra morphism, (iv) by
definition of 7,,_1(e,u), naturality of the braiding, definition of 71(d,0), and coassociati-
vity, (v) by definition of the twisted antipode, Lemma IV.14 (b) and by applying n—2 times
Lemma IV.13 (b), (vi) follows by naturality of the braiding, by combining Lemma IV.13 (a)
and Lemma IV.14 (¢) for n—1, by coassociativity and Lemma IV.9 (d). Finally, (vii) follows
by naturality of the braiding and definition of 7,,_1(e, u).

IV.4. Proof of Theorem IV.5

In order to show that the family {a,: H®" — C®""1}, .\ is a morphism between the
paracocyclic objects CM,(H, d,0) and C,(C) in B, we will directly check that

a0 (o) =6l for 0<i<n,n>1I, (63)
o) = 0jany for 0<j<nn>0, (64)
anTn(0,0) = 10, for n > 0. (65)

Notice that we abusively use the same notation for cofaces, codegeneracies, and paraco-
cyclic operators of two different constructions. These should be understood from context.
Roughly described, the equalities (63) and (64) follow by the fact that C' is a coalgebra in
the category of right H-modules. In order to show the equality (65) in the case n > 2, we
will need the following computation:

Lemma IV.16. If n > 2, then
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Proor. We prove the claim by induction. Let us first show it for n = 2. Indeed,
by the right module axiom, naturality of braiding, and the fact that the comultiplica-
tion Ag: C — C' ® C is an H-linear morphism, we have

R

¢ H H H C H H H C H H H
Suppose that the claim is true for an n > 2 and let us show it for n + 1. We have

C 1 2 3n+1 C 1 2n+1
which indeed proves the claim for n + 1. Here (i) follows by the inductive definition of
the left diagonal action, (ii) follows by the induction hypothesis, (iii) follows by the right
module axiom, and (iv) follows by naturality of the braiding and the fact that the comul-
tiplication Ag: C' — C' ® C'is an H-linear morphism. 0

IV.4.1. Proof of the equality (63). Let us show the equality (63). For n = 1
and i = 0, the equality (63) rewrites as a;d3 = dap, which follows by definitions and the
right module axiom. Let n = ¢ = 1. In this case, the equality (63) writes as a;0} = 0y,
which is exactly the condition that a: 1 — C' is a o-trace. This shows the equality (63)
forn=1land0<7<1.

Now let n > 2 and ¢« = 0. By definitions, naturality of the braiding, the axiom of a
right module, and coassociativity, we have:

n

1 n-1 1 n-1 1 n-1
Let n > 2 and 1 < i < n — 1. In this case, the equation (63) follows by definitions,
coassociativity, and the fact that A¢: C — C' ® C' is an H-linear morphism:
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Finally, let n > 2 and i = n. The equation (63) in this case follows by the case n > 2
and ¢ = 0, which is written above, the equation (65), which is proven in Section 1V.4.3,
and by the paracyclic compatibility relation 7,0y = d;;. Indeed, we have

a0y = i (7(9,0)60) = (anTn(0,0))0y = (Thoun)d) =

= Tp(n0y) = T (0g 1) = (700 )1 = 0}ty 1.

IV.4.2. Proof of the equality (64). Let us show the equality (64). We consider the
three following cases: 7 = 0,1 < j <n —1, and j = n. In each case, the desired equa-
lity follows by definition, counitality, the fact that the counit e¢: C' — 1 is an H-linear
morphism, and naturality of the braiding.

Indeed, if j = 0, then we have

n
- UO O{n+1.

1 jj+1j4+2n+1

n
== O'nO[n+1.
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IV.4.3. Proof of the equality (65). Let us verify that the equation (65) holds.
In the case when n = 0, this holds since twist morphisms are natural, §; = id;, and
since 70(0, o) = idy. Indeed,

Tog = Ocayy = ag = aTo(6, 0).

Let us check it for the case n = 1. Indeed, we have

—
.
=

OélTl(é, O')

(viit)
= T10].

H H H

Here (i) and (viii) follow by definition, (ii) follows by the fact that « is d-invariant, (ii7)

follows from the fact that the comultiplication Ag: C — C ® C'is H-linear. The equali-

ty (iv) follows by (co)associativity, (v) follows by the antipode axiom and (co)unitality, (vi)

follows from the fact that « is a o-trace, and (vii) follows by naturality of the braiding.
Finally, let us check the equality (65) when n > 2. Indeed, we have
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Here (i) and (z) follow by definition, (ii) follows by applying Lemma IV.16, (iii) fol-
lows from the fact that « is d-invariant, (iv) follows from the fact that the comultiplica-
tion Ag: C — C ® C is H-linear. The equality (v) follows from coassociativity and the
right module axiom, (vi) follows by the antipode axiom, (co)unitality and the right module
axiom, (vii) follows by coassociativity and naturality of the braiding, (viii) follows from
the fact that « is a o-trace and finally, (ix) follows by naturality of the braiding.

IV.5. Verification of the remaining relations

In this section we comment on how to verify paracyclic compatibility relations of the pa-
racocyclic object CM,(H, 0, 0). Note that the verification of simplicial relations for this ob-
ject is a rather easy task. One can show it graphically, by using the level-exchange property
(see the section I1.1.9), coassociativity, and counitality. Also, the relation 7,67 = 0" 741
for 1 < ¢ < n follows from the bialgebra axiom and by naturality of the braiding. In
what follows, we show the relations where verifications are somewhat more involved: we
show that 7,0 = 6" {7,,—1 holds for 1 < ¢ < n, that 7,,6f = 9,0 holds for n € N*, and
that 7,,(6,0)08 = 0™(Tn41(5,0))* holds for n € N. Some of these verifications had been
done in [20]. For example, 15(0, 0)oi = 03(73(d, 0))? is verified. Having our Theorem IV.1
at hand, this computation is much simpler, even in the general case. To recall the notion
of twisted antipodes and the corresponding notation, see the beginning of Section IV.3.

Let us check the relation 7,,0]" = 0] ;7,1 for 1 < i < n. If n =1 and 7 = 1, the
relation rewrites as 710; = )70 and it follows by definitions, the fact that o is a coalgebra
morphism, the fact that (4, 0) is a modular pair, and by the antipode axiom:

If n = 2 and i = 1, the relation rewrites as 7207 = d27; and it follows by definitions,
Lemma IV.9 a), coassociativity, the antipode axiom, and naturality of the braiding:

l
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If n =2 and i = 2, the relation rewrites as 7505 = §?7; and it follows by definitions, the
fact that o is a coalgebra morphism, and the bialgebra compatibility axiom:

7'2(5% = g = = e = (5%7'1.
@
H H H

Now let n > 3. For ¢ = 1, the relation rewrites as 7,07 = d;7,—1 and it is true since

H H®n72 H H®n72 H H®n72 H H®n72

Here (i) and (ix) follow by definition, (z) follows by inductive definition of the left diagonal
action, (i74) and (viii) follow by Lemma IV.9 (a), (iv) and (vi) follow by naturality of
the braiding and coassociativity, (v) follows by anticomultiplicativity of the antipode, (vi7)
follow by the antipode axiom, counitality, and naturality of the braiding. For 2 <i <n—1,
the relation 7,0 = d;' ;7,1 is a consequence of the bialgebra axiom and naturality of
the braiding. Let us check 7,6 = 6" ;7,,—1 for i = n. The relation follows by definition,
Lemma IV.11 b), by the fact that o is a coalgebra morphism and by bialgebra compatibility
axiom:

H®n72 H®n72

H H®77,72 H H®77,72 H H®n72

Let us check the relation 7,0) = d, for n € N*. For n = 1, this relation rewrites
as 7104 = 0 and it follows by definition, the fact that § is an algebra morphism, by €S = e,
and the bialgebra axiom:

Tléé =
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Now let n > 2. By definition, the fact that ¢ is an algebra morphism, by ¢S = ¢, the
bialgebra axiom, the left module axiom, and naturality of the braiding, we have

n—1

Let us check the relation 7,(d, 0)of = 0"(7,11(d,0))* for n € N. In order to show this
relation, one can use Theorem IV.1. We first prove the case n = 0. It is true since

Here (i) follows by using the equality (60) of Theorem IV.1 and the definition of oy, (i)
follows from definition of right adjoint action and left coadjoint action of H on itself,
naturality of the braiding, and the fact that § is an algebra morphism and o is a coalgebra
morphism. The equality (ii7) follows by applying twice the fact that the counit is an algebra
morphism, (iv) follows by the fact that €S = ¢, and since o is a coalgebra morphism, (v)
follows by the fact that § is an algebra morphism and by the antipode axiom. Finally, (vi)
follows by definition of 7¢(d, o) and o). Let us now consider the case when n > 1. Indeed,
the relation still holds since

(i)
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ot H

(Qﬁ)rn(é, o)og.

| Ta(0,0) |

1 2 n+1 1 2 n+1

Here (i) follows by Theorem IV.1 applied for n+ 1 and k = 2 and by definition of ¢]'. The
equality (77) follows by the fact that counit is an algebra morphism and naturality of the
braiding, (iii) follows by Lemma IV.9 (b) and the fact that o is a coalgebra morphism, (iv)
follows by Lemma IV.9 (e), by the fact that counit is an algebra morphism, and by natu-
rality of the braiding. The equality (v) follows by the fact that €S = ¢, by Remark IV.10
and Lemma IV.14 (a), (vi) follows by definition of the paracocyclic operator 7,,(d, ), and
finally, (vi7) follows by definition of 7,(d, ¢) and of.






CHAPTER V

Paracyclicity and braided Hochschild complex

The braided Hochschild complex associated to a categorical Hopf algebra and bimodule
over it is governed by a certain simplicial object (see [16] for a general case of ribbon alge-
bras). We first extend this simplicial object to a paracyclic object (Section V.2). Next, we
describe the result for the cosimplicial object governing the braided coHochschild complex
associated to a categorical Hopf algebra and a bicomodule over it (Section V.3). The case
of a trivial bicomodule resumes to the Connes-Moscovici construction (see Chapter IV).

In this chapter, B is a braided monoidal category and H is a Hopf algebra in B.

V.1. Categorical bi(co)modules

We briefly review the notions of categorical bi(co)modules over a (co)algebra. Recall
the graphical calculus (Section I1.1.9) and the notion of categorical (co)modules (Sec-
tion 11.2.6). Let A be an algebra in a monoidal category C. An A-bimodule M is an object
of C that has a structure of both left and right A-module so that the corresponding actions

are compatible in the sense that

A M A A M A

Dually, let C' be an coalgebra in a monoidal category C. A C-bimodule N is an object of C
that has a structure of both left and right C'-comodule so that the corresponding coactions
are compatible in the sense that

V.2. Braided Hochschild complex

We discuss a braided version of a simplicial object giving rise to Hochschild complex
adapted to categorical Hopf algebras. Inspired by formulas from [13], we extend this
simplicial object to a paracyclic object. In this part, M denotes an H-bimodule.

V.2.1. Braided version of twisted Hochschild complex. There is a simplicial
object Hoche(H, M): A°® — B. For n > 0, we set Hoch,,(H, M) = M @ H*". For n > 1,

81
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the faces {d": M @ H®" — M ® H®" '}¢<;<, are defined by

h

M H H®!

M 1 4ii4+1n

el

\ M H®"'H

if i =0,

f1<i<n-—1 and

ifi=n.

For n > 0, the degeneracies {s}: M ® H®*" — M ® H®"*'},<;<, are defined by

!

M Hem

(

if j =0,

ifl<j<n-—1 and

M 1 j  j+1n
J) if j =n.

Remark V.1. If M = H and if the both left and right module structures are given
by multiplication, one obtains the simplicial object in B equal to the underlying simpli-
cial object of the construction of Akrami and Majid [1], applied to the ribbon automor-
phism o = S2. When B is the category of k-modules, one obtains the simplicial k-module
governing the twisted Hochschild homology in the sense of [15], also with the ribbon au-
tomorphism o = S2.

(M H&n

Remark V.2. If M = H and if one applies the above construction to a cooposite Hopf
algebra (see Remark I1.2), one gets an object similar to the object A4(H) from the Chap-
ter III. In a particular case when H is an involutive Hopf algebra in a ribbon category B,
i.e., when S? = 0y, these two objects are identical.

The main result of the present chapter is the following:

Theorem V.3. The simplicial object Hoche(H, M) in B extends to a paracyclic object
in B.

We prove Theorem V.3 in Section V.2.2. The proof consists in exhibiting a simplicial
object isomorphic to Hoche(H, M) on which we explicitly define the paracyclic operators
(Lemma V.5).
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V.2.2. Proof of Theorem V.3. The idea is to identify this simplicial object to a
simplicial object that generalizes the one governing the complex that appeared, among
other places, in [12]. To an H-bimodule M, we associate the adjoint H-bimodule M4,
As an object of B, M® = M. The left action H ® <M — < M™ of H on <M? is trivial,
or more precisely, it equals to e ® idy;. The right H action on M equals to right adjoint

action of H on M:

M H M H

Lemma V.4. The simplicial objects Hochy(H, M) and Hochy(H,*M®) in B are isomor-
phic.

In Lemma V.4, one obtains a braided generalization of a result from [12] on the sim-
plicial object which governs the Hochschild homology of Hopf algebras. We note that a
version of this result appeared (with a different convention though) in [16] in a more gen-
eral setting of ribbon algebras. Our particular case, where the ribbon automorphism is
the square of antipode, is suited for extending the simplicial object Hoche(H, M) in B to
a paracyclic object in B. See Theorem V.5 and its Corollary V.3. One may recall diagonal
(co)actions described in Section I1.2.7.

ProOOF OF LEMMA V.4. We construct an explicit isomorphism between the simplicial
objects Hoch,(H,°M?®!) and Hoch,(H,*M*!) in B. Tt is given by the natural transforma-
tion {&,: M @ H®" — M ® H®"},en by setting

-

M H®"
for any n € N. The coaction denoted by a triangle is the diagonal action described in
Section I1.2.7. Let us verify that the inverse £, ! of the map &, is computed by

ot

M HE

for any n € N. Indeed, by naturality of the braiding, the module axiom, antimultiplicati-
vity, the antipode axiom, the fact that €S = ¢, and the (co)unitality, we have

\<‘ \ﬁ
M H®" M H®" M H®" M H®"

= —~ — ﬁﬁ = K :idM(X)H@n-
— —

M He" M He" M H® M He"

Similarly,
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It remains to check that the family {,},en commutes with faces and degeneracies.
To ease the readability, we will denote by {d_?}0§i§n7n21 and {S_;L}Oﬁjﬁn,nzo the faces and
degeneracies of the simplicial object Hochy (H,M?®) . Let us first show that d?¢, = Eurdp
forn >1and 0 <i <n. Let « = 0. By the inductive definition of left diagonal coactions,
antimultiplicativity, the module axiom, the bimodule compatibility axiom, naturality of
the braiding, and the definition of left adjoint action, we have

(G~ C

= R = &uady.
~ v ™

M H®" M H H®! M H H®' M H H®!

dg&, =

Let 1 < i < n— 1. By using the definition of a left diagonal coaction, the bialgebra
compatibility axiom, associativity, and naturality of the braiding, we have

= gnfld_zn-

M 1 4i+1n

Let ¢ = n. By using the inductive definition of left diagonal coactions, naturality of the
braiding, the module axiom, antimultiplicativity, associativity, the antipode axiom, and
unitality, we have

dpén = iT:il = g\ = @\ = | = &, qdr.
€ ﬁ? N 7

M H®" M H®'H M H®"'H M HO"'H

Finally, we verify that s7¢, = §n+1s_§b for all n € N and 0 < j < n. To show the latter
relation, we distinguish the cases 7 = 0, 1 < j < n —1 and 5 = n. In each case, this
follows by definition of left diagonal coaction, the fact that unit is a coalgebra morphism,
unitality, and naturality of the braiding. Let 7 = 0. We have

$0&n = (‘ l = Qltij = gn-H%'
M Hen M

/ H ®n
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Let 1 <j <n—1. We have

M H®™
Let j = n. We have

]

Snén = = = &nt1sy.

M HEn M HEn

O

Lemma V.5. The simplicial object Hoch.(H,‘fM“d) in B extends to a paracyclic object
in B. The paracyclic operator is given by the morphism t,: M @ H®" — M @ H®" defined
by

to =1idy;, and t, = for n>1.

M H® U H
PROOF. Let us show that the morphism ¢,,: M ® H®" — M @ H®" defined by,

to =idy t, =

Moo
is the inverse of the paracyclic operator t¢,,. Indeed, by definition of right diagonal coaction,
(co)associativity, antimultiplicativity, naturality of the braiding, comodule axioms, the
antipode axiom, and unitality, we have

M H''H M H®™'H M H™' H
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- — id]\/j®H®n .

M H®U H

Similarly,

M H Ho! M H H! M H HE!

— - id]\J@H@m

M H  H!
Let us show the relation dijt, = d! for n > 1. By module axioms, the antipode axiom,

the fact that ¢S = ¢, naturality of the braiding, the fact that € is an algebra morphism,
and the comodule axiom, we have

-

dgtn = = = = = = dy.

A LT

M H®"'H M H®'H M H®'H M H®"'H M HOUH
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Let us show sjt, = t2, s for n > 0. Since the case n = 0 is straightforward, we
shall focus on the case n > 1. By the fact that unit is a coalgebra morphism, by (co)u-
nitality, module axioms, inductive definition of right diagonal coaction, (co)associativity,
antimultiplicativity of S, naturality of the braiding, the antipode axiom we have

-1 n _
Lyi1Sotn =

M H'H M H®"'H M H®'H M H HE!
M H®UH M H®'H M H®UH M H™UH
= —= = —= tn+1 SZ’

M H®nfl H M H®n M H®n

whence the desired equality. Let us now show the relation d't, = t,_1d}', for n > 1
and 1 < i < n. The case n = ¢ = 1 follows immediately by counitality. From now on,

let n > 2. We consider three cases:

(1) Let i = 1. By definition of the right diagonal coactions, the bialgebra compatibility
axiom, (co)associativity, (co)unitality, the antipode axiom, antimultiplicativity,
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naturality of the braiding, and comodule axioms, we have

idHQ'Qn,—l

t1.dit, =

idgen-1

M H*'H M HeU M H"''H

idgon-1

M H™'H M

M Henl H M
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(2) Let 2 < i < n — 1. By definition of the right diagonal coactions, the bialgebra
compatibility axiom, naturality of braiding, we have

dit, =

M He1H M 2 4di+1n n+1

M le—1in—1n M li—1lin—1n

(3) Let ¢ = n. By the inductive definition of right diagonal coactions, counitality, and
associativity, we have

d"t, =

M

M He"*HH M He"?H H

Let us show that $itn = tpy18] 4 for allm € Nand 1 < 57 < n. We will outline the
argument for 3 < 7 < n — 1. The cases j = 1, j = 2, and j = n are similar to verify.
By definition of right diagonal coaction, naturality of the braiding, the fact that unit is a
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coalgebra morphism, and naturality of the braiding, we have

M 12 j—1 jn-1n M 12 j—1 jn—-1 n

Henr

S n
= = tn+15j_1-

idHQM-H |
-1

M 12 j—1 jn-1 n M 12 j

jn—1n

PROOF OF THE THEOREM V.3. To define paracyclic operators on Hoche(H, M), use
Theorem V.5 and the identifications from the proof of Lemma V 4. 0

V.3. Braided coHochschild complex

We discuss a braided version of a cosimplicial object giving rise to coHochschild complex
adapted to categorical Hopf algebras. We extend this cosimplicial object to a paracocyclic
object. Since proofs of all the statements in this section are similar to those of Section V.2,
we only give a brief sketch of all steps. In this section, N denotes an H-bicomodule.

V.3.1. Braided version of twisted coHochschild complex. There is a cosimpli-
cial object coHoche(H, N) in B. On objects, it is defined by coHoch,,(H, N) = N @ H®".
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For n > 1, the cofaces {6": N ® H®" ' — N @ H®"}o<;<, are defined by
(
VH

N ot

\ﬁ‘ if1<i<n-—1 and

N 1 i n—1

m it i =n.

\ N H®n—1
For n > 0, the codegeneracies {07: N @ H®"*! — N @ H®"}<;<, are defined by

N 1 j+1n+1
An analogue of Theorem V.3 in this setting is the following:

ifi =0,

Theorem V.6. The cosimplicial object coHochy(H, N) in B extends to a paracocyclic
object in B.

We prove Theorem V.6 in Section V.3.2. The strategy of the proof is similar to that of
Theorem V.3.

V.3.2. Proof of Theorem V.6. To an H-bicomodule N, we associate the coad-
joint H-bicomodule *N°2d. As an object of B, *N°* = N. The left coaction “N®* —
H @ "N of H on “N° is trivial, or more precisely, it equals to v ® idy. The right H
coaction on *N®°* equals to the right coadjoint action of H on N:

L

An analogue of the Lemma V 4 is the following:
Lemma V.7. The cosimplicial objects coHochy(H, N) and coHochy(H,*N“*) in B are
1somorphic.

PROOF. As in the proof of Lemma V.4, we construct an explicit isomorphism between

the cosimplicial objects coHoch,(H, N) and coHoch,(H,*N®*!) in B. It is given by the
natural transformation {n,: N ® H®" — N ® H®"},cy, which is defined by setting

w0

N H@n
The inverse of the morphism 7, is the map 1, ': N ®@ H®" — N ® H®" defined by setting

|
-]

N H@n
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for all n € N. 0J
An analogue of Lemma V.5 is the following:

Lemma V.8. The cosimplicial object coHoch,(H,*N“*) in B extends to a paracocyclic
object in B. The paracocyclic operator is given by the morphism 7,: N®Q H®" — N ® H®",
defined by

To=1idy and T, = for n>1.

N H H®n71
Remark V.9. If N = 1 is the trivial bicomodule over H, then the paracocyclic ob-
ject coHoch,(H,*1°*) in B equals to the paracocyclic object CM,(H®?, e, u), which is
studied in the Chapter IV. The opposite Hopf algebra H°P is recalled in Remark II.2.

ProOOF OF LEMMA V.8. The proof of Lemma V.8 is similar to the proof of Lemma V.5.
The inverse 7, ! of the paracocyclic operator is given by setting for all n > 0,

N H@n—l H
0

With the above lemmas, we are ready to prove Theorem V.6:

PROOF OF THEOREM V.6. To define paracocyclic operators on coHoche(H, N), use
Lemma V.8 and the identifications from the proof of Lemma V.7. U



CHAPTER VI
(Co)cyclic sets from ribbon string links

In this chapter, we construct a cocyclic set SL, and a cyclic set SL. from ribbon
string links and state some relations with quantum invariants. First, we review string links
and their evaluations on ribbon categories (Section VI.1). Section VI.2 is devoted to the

construction of SL, and SL,, respectively. Finally, in Section V1.3, we explicit the duals
of SL, and SL, with respect to the cyclic dualities L and L°P introduced in Chapter 1.

VI.1. String links and their evaluations

In this section, we first recall definitions of ribbon string links and ribbon handles. At
the end of the section, we outline how to construct a form on a coend from a string link.
This is based on [4].

VI.1.1. Ribbon string links. Let n € N*. An n-string link is a disjoint union of n
smoothly embedded arc components Iy, ...,[, in R? x [0, 1] such that for each 1 < i < n,
the arc [; joins (4,0,0) to (¢,0,1). A ribbon n-string link is an n-string link equipped with
a vector field, which is equal to (0, —1,0) in the endpoints of arc components. As shown,
we number the components from left to the right. A string link is oriented by orienting
each of its arc components from top to bottom. Two planar diagrams represent isotopic
string links if and only if they are related by a finite sequence of plane isotopies or ribbon
Reidemeister moves R1-R3:

R1

The category RSL of ribbon string links has as objects nonnegative integers n € N.
For two nonnegative integers m and n, the set of morphisms from m to n is defined by

isotopy classes of ribbon n-string links if n =m,
HOI’HRSL<H, m) =

1] otherwise.

The composition 7" o T of two ribbon n-string links is given by stacking 7" on the top of T
(i.e., with ascending convention) and compressing the result into R? x [0, 1]:

93
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Identities are the trivial string links. The category RSL is monoidal: for m,n € N,
set m®n =m+n and let T ® T" be a juxtaposition of 7" on the right of T

L 7 jJel r |= 7] [T

1 m 1 n 1 m m+1 m+n

VI1.1.2. Ribbon handles. Let n € N*. An n-handle is a disjoint union of n smoothly
embedded arc components Ay, ..., h, in R? x [0, 1] such that for each 1 <7 < n, the arc h;
joins (2 — 1,0,0) to (2¢,0,0). A ribbon n-handle is an n-handle equipped with a vector
field, which is equal to (0, —1,0) in the endpoints of arc components. One often presents
a ribbon n-handle with a planar diagram:

1 n

We number its components from left to the right. A ribbon handle is oriented by orienting
each component upwards near its left bottom input.

The category RH of ribbon handles has as objects nonnegative integers. For two
nonnegative integers m and n, the set of morphisms from m to n is defined by

isotopy classes of ribbon n-handles if n =m,

H , ) =
omgg (m,n) {@ otherwise.

H | | H

The composition H' o H of two ribbon n-handles H and H' is defined as follows:
H_ |
n

| | [ ]
1T e
)
1
The identity for this composition is a ribbon handle consisting of n caps:

...

1 n

1 n 1 n

The category RH is monoidal: for m,n € N, set m ® n = m +n and H ® H' is a
juxtaposition of H' on the right of H:

Ho | w || | |

1 m 1 n 1 m m+1 m+n

VI.1.3. An isomorphism of categories RSL and RH. We outline a construction
of the mutually inverse monoidal functors §: RSL — RH and &: RH — RSL, which is
done in [4]. For any nonnegative integer n, set §(n) = n and &(n) = n. For an isotopy
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class of a ribbon n-string link 7', we set

Pi=—

VI.1.4. Convolution category. Consider an algebra A = (A, u,n) and a coalge-
bra C = (C,A,¢) in a braided category B. The convolution category Convg(C, A) is
defined as follows. Its objects are the nonnegative integers. For two nonnegative integers m
and n, the set of morphism from m to n is defined by

Hompg(C®", A) if n =m,

Homcgopny n,m) =
Conv(C, ) ) {(7) otherwise.

The composition of morphisms is given by the convolution product %, which is defined as
follows. For two morphisms f, g € Homg(C®™, A), we set

fxg=nf®g)Acen,
where Agen denotes the coproduct on Acen (see [4] for details). The identity of an
object n € N is given by id,, = ne®". The category Convg(C, A) is monoidal: the monoidal
product of is given by m®n = m+n and the monoidal product of two morphisms f: m — m
and g: n — n is given by u(f ®p g): m+n — m+n.

VI1.1.5. Evaluations of ribbon string links. Let B be a ribbon k-linear category.
In this section we recall the construction of a functor

(bg: RSL — COHVB<C, ]l)

from [4], which will be important in the sequel. For any n € N, set ¢g(n) = n. For a
ribbon n-string link 7', the morphism ¢(7): C®" — 1 is defined as follows. First, we
orient the ribbon n-handle §(7") as described in Section VI.1.2. Further, any choice of
objects X7, X5, ... X, of B defines a morphism

S(M)x1 %0 % XT @ X1 @ X, @ X000 X, @ X, — L.

Here for all 1 < k < n, the k-th component of F(7') is decorated by the object Xj.
Finally, by the Fubini’s Theorem for coends (see Lemma I1.3), there exists a unique mor-
phism ¢g(7T): C®" — 1 such that

$(T)x1,x2,...x, = ¢8(T) 0 (ix, ®ix, ® - Rix,)
for any objects X1, Xs,... X, of B.
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VI.2. (Co)cyclic sets from ribbon string links

In this section, we outline structures of (co)cyclic sets on ribbon string links and re-
late them with (co)cyclic k-modules associated to categorical (co)algebras introduced in
Chapter III. The main result of the chapter is the following theorem.

Theorem VI.1. For n > 0, let SL, be the set of isotopy classes of ribbon (n + 1)-
string links. Then the family {SLy}n>0 has a structure of a cocyclic set denoted SL,

and a structure of cyclic set denoted SLo. Moreover, if B is a ribbon k-category with a
coend C, the evaluation functor ¢p: RSL — Convg(C,1) (see Section VI.1.5) induces

a natural transformation of SLe to the cocyclic set f).(C) (see Section I11.1.4.1) and a
natural transformation of SLe to the cyclic set B4(C) (see Section I11.2.4.1).

We prove Theorem VI.1 in several steps. First, we construct the cocyclic set SL, in
Section VI.2.1. Second, we construct the cyclic set S’Z. in Section VI.2.2. In Section VI.2.3,
we finish the proof of Theorem VI.1, by relating these (co)cyclic sets to D,(C) and B,(C).

The cyclic duality L: AC? — AC from Section 1.4.2 transforms the cocyclic set SL,
into the cyclic set SLY = S£, o L Similarly, L°?: AC — AC®P transforms the cyclic
set SL, into the cocyclic set SE — SL. 0 L°P. The cyclic set SLY is explicited in

Section VI.3.1 and that of SE. in Section VI.3.2. An immediate corollary of Theorem VI.1
and the results from Section I11.3 is the following:

Corollary VI.2. Let B be a ribbon k-category with a coend C. Then the evaluation
functor ¢g: RSL — Convg(C, 1) induces a natural transformation of SEL to the cyclic

set Do(C) (see Section I11.1.4.2) and a natural transformation of SC to the cocyclic
set Bo(C) (see Section I11.2.4.2).

VI.2.1. The cocyclic set SL,. For n > 0, define S£,, = Endgsr(n + 1), i.e., it
is the set of the isotopy classes of ribbon (n + 1)-string links. For n > 1, we define the
cofaces {0]': SL,,—1 — SL, }o<i<n by setting for any T' € SL,,_1,

ifi =0,

| | ifl1<i<n-1,

7 z+1 n

if7=n.

\ 1 n
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In other words, the string link 67*(7) is obtained from 7" by inserting from behind a trivial
component between the i-th and (i 4+ 1)-st component. Further, for n > 0, define the co-
degeneracies {07 : SL11 — SLyfo<j<n by setting for any T' € SLp 1,

|... |J[\ ...l
o () =]__1 i |-
T ]

0 j+ln+1

In other words, the string link ¢7(7T') is obtained from T' by connecting from behind the j-
th and (j + 1)-st component. For n > 0, define the cocyclic operators 7,,: SL,, — SL,, by
setting for any T' € SL,,,

(ids, if n =0,

0 n—1mn

Lemma VL.3. The family SLy = {SL,, }n>0, equipped with the cofaces {0} }o<i<n.n>1, the co-
degeneracies {07 }o<j<nmn>0, and the cocyclic operators 7,,n € N is a cocyclic set.

PrROOF. The proof follows by the Reidemeister moves on ribbon string links, which
are recalled in Section VI.1.1. We first show the relation (9). Let n > 1 be an integer.
fl1<i<j<n—1andT € SL,_1, then

1 7-1 n

Here (a), (¢), (d) follow from the definition and (b) follows from the definition and the
hypothesis that ¢ < j. Indeed, since we count the unlabelled trivial component, which is
inserted between the components labelled by i and ¢ + 1, the j-th component of §;(T) is
the one labelled by 7 — 1 on the string link 7. The cases i =0 < jandi=n,7 =n+1
are proven in a similar way.
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Next, we show the relation (10). Let n € N. If i < j and T' € SL,,;1, then

i Jj+1
(a) |°'°|i_[\"'| (b) |...| f\ oo | n...l
0joi(T) = oy [ [T | | =T |
[ O [..] [ U .. U]
0 i+1n+1 0 i+1 j+2n+1
j+1
|...| r\...l
(é)gi | T | (:)O'Z'O'j+1(T).
[ U T..]
0 j+2n+1

Here (a), (c), (d) follow from the definition and (b) follows from the definition and the
hypothesis that ¢+ < 7. Indeed, since one concatenates the components labelled by ¢ and 741,
the j-th component of ¢;(7T") is the one labelled by j+1 on the string link 7". The case i = j
is trivial to prove.

Let us show Relations (11). Let T'€ SL,,_;. We consider the four following cases:

(1) Let i = j. In the case when ¢ # 0, we have

|...| | |...| |...| |/'\ ...l
| 7 i @| TG |(2T.

T
1 i 14+1 n 1 7 i+1 n

O'Z(SZ(T) @ g;

Here (a) follows from the definition, (c¢) follows by the isotopy, and (b) follows
from the definition and since the (i 4+ 1)-th component of the string link 6;(7") is
the unlabelled component inserted between the components labelled by ¢ and i+ 1
on the string link 7. The case ¢ = 0 is trivial to prove.

Let 1 = j+ 1. If i # n, we have

Jj+2
[ I [ N
0]5]+1(T)@0J T i | U |QT
T T-9T
1 74+1 j4+2 n 1 J+1 n

Here (a) follows from the definition, (¢) by the isotopy, and (b) follows from the
definition and since the (j + 1)-th component of the string link §;.1(7") is the
component labelled by j 4+ 1 on the string link 7". The case when 7 = n is proven
similarly.
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(3) Let ¢ < j. In the case when i # 0, we have

J
(a) |...| | |...| () |...| | | cee | f\ ...l
0;0:(T) = o5 | [_T || = LT |
| TTT] | TiT—UT]
i i+1 n i i+ j+1 n
[~ |’f\ |
(é) 52 @ 5i0-j71<T)-
B U oo
1 7+1 n+1

Here (a), (c), (d) follow from the definition and (b) follows from the definition and
the hypothesis that ¢ < j. Indeed, since we count the unlabelled trivial component,
which is inserted between the components labelled by i and i + 1, the (j + 1)-th
component of the string link ¢;(7) is the one labelled by j on the string link 7'
The case n = 0 is proven in a similar way:.

(4) Let i > j + 1. In the case when i = n, we have

j+1
Y Bl Wl W N Bl
0;0:(T) =05 | | T___ | | = | |
B O T TTT-]
1 7 i+1 n 1 j+2 7 i+1 n
j+1
L~ I N
(é) 52‘,1 | | @ (51',10'j<T).
B U o]
1 ji+2 n

Here (a), (¢), (d) follow from the definition and (b) follows from the definition and
the hypothesis that ¢ > 7+ 1. Indeed, in this case the (j+ 1)-th component of the
string link §;(7") is the one labelled by j + 1 on the string link 7". The case i = n
is proven similarly.

Let us show the relation (25). Let us check the case when n > 3 and 2 <i <n — 1.
For T' e SL,,_1, we have

(R J | o
P SR NN \I \i\\\
a0 (T) & | I o

K ///

(( (1 N
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\

95 | T | 9 0i—1Tn-1(T).

1 7 i+ 1|n

L/
Here (a), (c), (d) follow from the definition and (b) follows by isotopy and R3 move. The
other cases are shown in the same manner.

Let us show the relation (27). If 1 < j <nand T € SL,;1, then

(;) 0j—-1Tn+1 (T)

Here (a), (d), (e) follow from the definition, (b) follows by isotopy, and (c) follows by isotopy
and R3 move.

By Remark 1.2.2, the relation (26) is a consequence of Relations (29) and (25). Similarly,
the relation (28) is a consequence of Relations (29) and (27). So it suffices to show that
the relation (29) holds. We show it in the case n = 1. The general case is treated similarly.

It T eSLy, then
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Here (a) follows from the definition, (b) by adding one positive and one negative left hand
twist on each component and by using the naturality of twists, (c¢) by isotopy and R3 move,
(d) by isotopy, (e) by isotopy, R2 move, and R3 move. This shows that 77 = idg, . O

VI1.2.2. The cyclic set S’Z.. In this section we introduce the cyclic set S’Z.. The
construction is inspired by operations of removal and duplication from [14].

For n > 0, define SZ = Endgsp(n + 1), ie., it is the set of the isotopy classes of
ribbon (n + 1)-string links. Note that as a set, SE = SL, for all n € N. For n > 1, define
the faces {d}: SL,, — SL,—1}o<i<n by setting for any 7' € SL,, and 0 < i < n,

In other words, the string link d?(7") is obtained from 7" by deleting the i-th component.
For n > 0, define the degeneracies {s}: SL,, — SLy11}o<j<n by setting for T' € SL,,,

In other words, the string link s7(7') is obtained from T' by duplicating the j-th component
along the framing. For example:

RV

For n > 0, define the cychc operators t,,: SL, — Sﬁn by setting for any T' € SL,,

(1 = id ifn=0,

SLo

Lemma VI.4. The family SL, = {Svﬁn}nzo endowed with the faces {d!}o<i<nn>1, the
degeneracies {S?}(]Sjgn’nzo, and the cyclic operators t,: SL, — SL,,n € N is a cyclic set.

PROOF. The proof of this lemma is similar to the proof of Lemma VIL.3: one needs to
verify Relations (4)-(6) and (19)-(23). We remark that the cyclic operators ¢,, of SL, are
inverse to cocyclic operators of SL,. Hence the relation (23) follows by Lemma VI.3. O

Remark VI.5. The operations d;, s;, and ¢, are monoid morphisms, so SZ. can be seen
as a cyclic object in category of monoids. This is not the case with cocyclic set SL,, since
the codegeneracies o; of SL, are not compatible with composition of string links.
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VI1.2.3. Proof of Theorem VI.1. We introduced cocyclic set SL, in Section VI.2.1
and cyclic set SL. in Section VI.2.2. Let us now show the fact that ¢p induces a natural
transformation of SL, to ]3.(0) and a natural transformation of SL, to B4(C). Since ¢
is a functor, it induces for any n € N the map

¢Bn: Endrsr(n + 1) = Endconvg(c,n) (n + 1).

This defines a family of maps ¢pe = {¢5,: SL, — f)n(C)}neN. To show that ¢p . defines a

natural transformation between SL, and D,(C'), we have to show that maps ¢z« commute
with cofaces, codegeneracies, and cocyclic operators. Before checking these facts, we prove
two lemmas VI.6 and VI.7.

Lemma VI.6. Let n € N*. For any n-ribbon handle H, the ribbon handles

are isotopic.

PRrROOF. By isotopy and Reidemeister moves, which are explained in Section VI.1.1, we
have

Ve Ve

n—1
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Lemma VI.7. For any n > 1, the ribbon handle F(SL¢(7,)(T)) is isotopic to the ribbon
handle

3(T)
S—7
77

Proor. We illustrate the proof of this fact in the case n = 1. If T € SL;, then

Let us now show that maps ¢z, commute with cofaces, codegeneracies, and cocyclic
operators. Let n > 1,0<i<mnand T € SL,_1. We have

35.2(SL(8)(T)) = Da(C)(82) ($5,01(T)).

(1) Case i = 0. Notice that

Consequently,

¢B,n—1 (T)

¢B,n<8£-(58)(T» = (I)

1 n

(2) Case 1 <i<n— 1. Notice that

i I 3(7)
SSLG)T)=F | | T_ ¢ | | = | || | | :
R Sl
1 i i+1 n 1 7 t+1 n
Consequently,
¢B,nfl(T) N
P8 (SL(07)(T)) = | = D.(C)(07)(¢B.n-1(T)).

19

1 7 i+1 n
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(3) Case i = n. Notice that

F(SL(6 H

Consequently,

¢Bn-1(T)

P8 (SL(0;)(T)) =

1 n

Let n>0,0<j<nandT &€ SL, 1. Then

.IT!n'

o - D.(C)(02)(.0-1(T)).

n(SL(07)(T)) = Do(C)(07)(dni1(T)).
To verify this equation, notice that
A1 1
|I I AN I| \TJ 3(7)
$(SL(07)(T)) = 3§ = = )
| .Y | T.Y.
0 j+ln+1 0 j nal 0 J n+1
Consequently,
(bB n+1 N
OB (SLe(07)(T)) = = D.(C)(07)(¢B,0+1(T))

- T

Let n>0and T € SL,,. We have

n+1

3B (SLe(7)(T)) = Da(C) (1) (d5,0(T)).-

To verify the previous equation, we consider two

(1) Let n = 0. By definition, we have

cases.

¢B,0(T)

P50(SLo()(T)) = P50 () _

(2) Let n > 1. By Lemma VI.7 and Lemma V1.6, we have

n—1 N

n—1 N
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Consequently,
oB.a(T)
05.1(SLu(7)(T)) = Mj = D.(C)(7)(65.4(T)).
0 n—1n

This completes the proof of the fact ¢ induces a natural transformation of SL, to ]3.(0).
Let us give some hints about the proof of the fact that ¢z induces a natural trans-

formation of SL, to B,(C). Again, the functor ¢5: RSL — Convg(C, 1) induces the
family ¢pe = {¢5n: §Zn — ﬁn(C’)}neN. Recall that for any n € N, §Zn = SC,
and ]§n(C’) = f)n(C) Note that the cyclic operators of SL, are inverse to cocyclic opera-
tors of SL,. This implies that cyclic operators of SL. commute with ¢ for any n € N.

To show that it is the case with faces and degeneracies of SL,, one can use the description
(see Section 2 of [5]) of the functor ¢z in terms of the universal coaction on a coend of B.
One can combine this with the description of multiplication and unit on a coend of B,
which is given in Section I1.3.3.

VI1.3. The cyclic and cocyclic duals of S£, and SL,

In this section, we explicit the duals of the (co)cyclic sets SL, and SL, (introduced
in Sections VI.2.1 and VI.2.2) with respect to isomorphisms of categories L: AC? — AC
and L°P: AC — AC°P (introduced in Sections 1.4.2 and 1.4.3, respectively).

VI.3.1. The cyclic dual of S£, with respect to L. The cyclic dual SLE of SL,
with respect to L (see Section 1.4.2) is the composition SL, o L: AC? — Sets. By
definition,

SLeo L(n) =8Le(n) =SL,

holds for any n € N. For n > 1, the faces {D;: SL,, — SL,,_1}o<i<n of the cyclic set Sck
are computed for any 7' € SL,, by

ifo<i<n-—1,

if i = n.
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For n > 0, the degeneracies {S]”: SL, — SLy11}o<j<n of the cyclic set Sﬁf are computed
for any T' € SL,, by

(|...|||...|
[T
T 1T

0 j+17+2 n

ifo<j<n-—1,
J

lﬁ.|‘ if i = n.

\ 0 n

For n > 0, the cyclic operators T},: SL,, — SL, of the cyclic set SLE are computed for
any 7" € SL,, by

'idsgo if n > O,

— LoP
V1.3.2. The cocyclic dual of S£, with respect to L°°. The cocyclic dual SL,

of SL, with respect to L°P (see Section 1.4.3) is the composition SL, 0 LP: AC' — Sets.
By definition,

SLeo LP(n) = S8Lu(n) = SL, = SL,

holds for any n € N. For n > 1, the cofaces {Al': SL,_1 — SL,}o<i<n of the cocyclic
Lep
set SL,  are computed by A} = Al which is duplication of the unique component, and

for any T' € SL,,_1 with n > 2 by

4 |-..| || |...|
| T if 0<i<n-1,
[ ]...]
1 i+1 n
AN(T) =
\\ L
1 A N
| T | if i=n
T T J
'dd 3
\ 1 n—1n

Lop
For n > 0, the codegeneracies {E?: SLy11 — SLy}o<j<n of the cocyclic set SL,  are

computed for any T' € SL,,,1 by
| oo | | oo |

S
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A Lop
For n > 0, the cocyclic operators T,,: SL,, — SL,, of the cocyclic set SL,  are computed

for any T' € SL,, by
.
idsz, if n =0,







CHAPTER VII
Cyclic objects from surfaces and TQFTs

In this chapter, we construct a cocyclic object >4 and a cyclic object ¥, in the cate-
gory Cobs whose objects are closed oriented surfaces and morphisms are 3-dimensional
cobordisms. The category Cobs is of a great interest in quantum topology. In particular,
a 3-dimensional TQFT (over k) is a symmetric monoidal functor Z: Cobs — Mody. The
first main result of this chapter is the following:

Theorem VIIL.1. For g > 1, consider a closed oriented surface ¥, of genus g. Then the
family {£,}y>1 has a structure of a cocyclic object in Cobg denoted ¥, and a structure
of a cyclic object in Cobs denoted 3. Consequently, if Z s a 3-dimensional TQFT,
then Z o X4 s a cocyclic k-module and Z o f], 15 a cyclic k-module.

We prove Theorem VII.1 in Section VII.3. The existence of (co)cyclic objects in the
category Cobys is based on the presentation of connected 3-cobordisms between connected
bases via special ribbon graphs, which is recalled in Section VII.1.

A fundamental construction of a 3-dimensional TQFT is the Reshetikhin-Turaev TQFT
RTgz: Cobs — Mody associated to an anomaly free modular category B. Such a category
always has a coend C' which is a Hopf algebra in B (see Section 11.3.2). In particular, we de-

rive from C' a cocyclic k-module D,(C) (see Section I111.1.4.1) and a cyclic k-module B,(C)
(see Section II1.2.4.1). Recall the reindexing involution ®: AC' — AC from Section 1.4.4.

The second main result of this chapter is the following:

Theorem VII.2. The cocyclic k-modules RTz o Xy and ]5.(0) o ® are isomorphic. The
cyclic k-modules RTg o ¥y and Be(C') o ®°P are isomorphic.

The proof of Theorem VIIL.2 is given in Section VIL.4. It is based on a computation of
the Reshetikhin-Turaev TQFT using the coend C, which is detailed in Section VII.2.

The cyclic duality L: AC? — AC' (see Section 1.4.2) and reindexing involution auto-
morphism ® transform the cocyclic object ¥, in Cobs into a cyclic object X% = S 0do L
in Cobs. Similarly, the functors L°?: AC' — AC®P (described in Section 1.4.3) and ®°P
transform the cyclic object S, in Cob; into a cocyclic object ZNI:I’L = Y, 0 ®P o [P
in Cobs. Recall that to the Hopf algebra C' is associated a cyclic k-module D4(C') (see
Section II1.1.4.2) and a cocyclic k-module B4(C') (see Section I111.2.4.2). An immediate
corollary of Theorem VII.2 and the results from Section II1.3 is the following:

Corollary VIL.3. The cyclic k-modules RTg o X% and D,(C) are isomorphic. The co-
cyclic k-modules RTs o 2 and B,(C) are isomorphic.

Another fundamental construction of a 3-dimensional TQFT is the Turaev-Viro TQFT
TVe: Cobs — Mody associated to a spherical fusion k-category C with invertible dimension
(see [36]). Moreover, in the case when C is additive and k an algebraically closed field, the
center Z(C) of C is an anomaly free modular category (see Theorem II.1). In this case,
according to [36, Theorem 17.1.], the TQFTs TV, and RTz() are isomorphic. Denote
by D the coend of Z(C). These results and Theorem VII.2 imply the following corollary:

109
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Corollary VII.4. The cocyclic k-modules TV o ¥y and f).(D) o ® are isomorphic. The
cyclic k-modules TV o X and Bo(D) o @ are isomorphic.

Similarly as in Corollary VII.3, by using cyclic duality L and reindexing involution &,
we obtain:

Corollary VIL.5. The cyclic k-modules TVe o S¢& and Do(D) are isomorphic. The
cocyclic k-modules TV o X2L and Bo(D) are isomorphic.

VII.1. 3-cobordisms and their presentations

In this section we first recall some facts about the category Cobs of 3-cobordisms and
combinatorial presentations of 3-cobordisms via ribbon graphs. Then, at the end of the
section we recall Kirby calculus.

VII.1.1. 3-cobordisms. A 3-cobordism is a quadruple (M, h, Yo, ¥1), where M is a
compact oriented manifold of dimension 3, ¥y and ¥; are two closed oriented surfaces,
and h is an orientation preserving homeomorphism h: (=) LI ¥; — OM. The surface ¥
is called the bottom base and the surface X1 is called the top base of the cobordism M. Two
cobordisms (M, h, ¥, %) and (M', b/, ¥, %) are homeomorphic, if there is an orientation
preserving homeomorphism g: M — M’ such that h = h/gjsp;. When clear, we will denote
a cobordism (M, h, >, %) only by M.

Given two cobordisms (Mg, hg, Xo,>1) and (M, hy,34,35), one can form a cobor-
dism (M, h, ¥y, %,), where M is obtained by gluing My to M; along hihg ': ho(X)) —
hq1(%1) and the homeomorphism h is defined by

h = h0|20 L h1|22 : (—20) LIy — oM.
We say that cobordism M is obtained by gluing cobordisms M, and M; along ;.

VII.1.2. The category Cobs. The category Cobgs of 3-cobordisms is defined as fol-
lows. Objects are closed oriented surfaces. The empty set is also considered as closed
oriented surface. A morphism f: ¥y — ¥; in Cobg is determined by the homeomorphism
class of cobordisms between Yy and ;. In Cobs, the identity of a closed oriented sur-
face ¥ is represented by identity cobordism (Ck, e, 3, %), where Cx, = ¥ x [0, 1] is a cylinder
over X, together with product orientation and e: (—X) UY — 0Cy is the homeomorphism
with e|_p(z,0) = (2,0) and e|x(x,1) = (x,1). Composition of morphisms ¥y — ¥;
and »; — X5 in Cobg, represented respectively by cobordisms M and N, is represented
by cobordism obtained by gluing cobordisms M and N along ;.

The category Cobj is symmetric monoidal. The monoidal product is given by disjoint
union and the monoidal unit is the empty surface. The symmetry ¥ LY — X' U X
in Coby is represented by the corbordism ((X U X') x [0,1], f, X U X/, ¥ U X), where the
homeomorphism f: — (X UY)[ ¥ UY — 9(XUX’) x [0,1]) is induced by the obvious
permutation homeomorphism ¥ U Y — ¥/ LI 3.

VII.1.3. Surgery presentation of closed 3-manifolds. Let L be an n-component
framed link in 3-sphere S. Pick a tubular neighbourhood N, of L. Since Ny, is homeo-
morphic to L?_; 5! x D?) the boundary of the 3-manifold S* \ Int(Ny) is homeomorphic to
the disjoint union of n-tori 8! x S!. The Dehn surgery on S* along L is the closed manifold

53 = (5°\ Np) | (U, D? x S1)
¢
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where ¢: (5% \ Int(Ny)) — U™, S' x G! is a homeomorphism exchanging meridians and
parallels. The Lickorish’s theorem (see [27] for a proof) says that any connected, oriented,
closed 3-manifold M is homeomorphic to 5% for some framed link L C S°.

In Section VII.1.6 we provide a similar presentation for 3-cobordisms using special
ribbon graphs.

VII.1.4. Ribbon graphs. A circle is a 1-manifold homeomorphic to S'. An arc is
a 1-manifold homeomorphic to the closed interval [0, 1]. The boundary points of an arc are
called its endpoints. A rectangle is a 2-manifold with corners homeomorphic to [0, 1] x [0, 1].
The four corner points of a rectangle split its boundary into four arcs called the sides.
A coupon is an oriented rectangle with a distinguished side called the bottom base, the
opposite side being the top base.

A plezus is a topological space obtained from a disjoint union of a finite number of
oriented circles, oriented arcs, and coupons by gluing some endpoints of the arcs to the
bases of the coupons. We require that different endpoints of the arcs are never glued to
the same point of a (base of a) coupon. The endpoints of the arcs that are not glued to
coupons are called free ends. The set of free ends of a plexus 7 is denoted by 07.

Given nonnegative integers g and ¢', a ribbon (g, g')-graph T is a plexus I" embedded
in R? x [0, 1] and equipped with a framing such that

ol =T'NA(R* x [0,1]) = {(1,0,0),...,(g,0,0)}U{(1,0,1),...,(¢’,0,1)}

and the arcs of I are transverse to d(R? x [0,1]) at all points of OT'. The free end (4,0, 0)
is called the ith-input and the free end (7,0,1) is called the jth-output of I". For example,
ribbon graphs without free ends and without coupons are nothing but framed oriented
links in R? x (0,1) = R3.

Given a ribbon category B, a ribbon graph I' is B-colored if each arc and circle of T is
endowed with an object of B and each coupon of I'is endowed with a morphism in B from
the object determined by its bottom base (as in Section 11.1.9) to the object determined
by its top base. By [35, Theorem 2.5], any B-colored ribbon graph determines a morphism
in B.

We represent ribbon graphs by plane diagrams with blackboard framing. We require
that for each coupon, its orientation in that of the plane, its bases are horizontal, and its
the bottom base is below its top base. By Reidemeister theorem, two diagrams represent
isotopic ribbon graphs if and only if they are related by a finite sequence of plane isotopies,
ribbon Reidemeister moves R1-R3 (see Section VI.1.1), and the following move:

The colors of B-colored ribbon graphs are shown on their diagrams. For example, given
objects X, Y, Z, T € Ob(B) and a morphism f: Y*® X — Z in B, the diagram

Z
xXFN\y Y1
represents a B-colored ribbon (2, 1)-graph whose associated morphism in B is

(forxy®07): XY *®@T — Z.
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Here, 7 and 6 are the braiding and twist of B.

VII.1.5. Standard ribbon graphs and surfaces. For g > 0, consider the ribbon

ERWINER,

consisting of one coupon and g unknotted untwisted cups oriented from right to left suc-
cessively attached to the bottom base of the coupon. We fix a closed regular neighbour-
hood H; C R? x [0,1] of GF. This is a handlebody of genus g and is provided with the
right-handed orientation. Consider also the ribbon graph

aTatia

g

consisting of one coupon and g unknotted untwisted caps oriented from left to right suc-
cessively attached to the top base of the coupon. We fix a closed regular neighbour-
hood H, C R? x [0,1] of G, . This is a handlebody of genus g and is provided with the
right-handed orientation. We choose the neighbourhood H g+ and H_ so that the mir-
ror reflection of R* with respect to the line R? x {1} induces an orientation preserving
homeomorphism between —(H; ) and H, where —(H_) is H_ with opposite orientation.

The boundary S, of H ng is a closed connected oriented surface of genus g called the stan-
dard surface of genus g. The orientation of Sy is induced by that of H;". (We use the “out-
ward vector first” convention for the induced orientation of the boundary.) The above mir-
ror reflection induces a canonical orientation preserving homeomorphism between O(H,")

and —S,.

VII.1.6. Special ribbon graphs and 3-cobordisms. Let g and h be nonnegative
integers. A special ribbon (g, h)-graph is a ribbon (2g,2h)-graph I'" with no coupons such
that:

e for all 1 < ¢ < g, the (2¢ — 1)-th and 2i-th inputs of I' are connected by an arc
oriented from the (2i — 1)-th input to the 2i-th input,

e for all 1 < j < h, the (2§ — 1)-th and 2j-th outputs of I' are connected by an arc
oriented from the 2j-th output to the (25 — 1)-th output.

Any special ribbon (g, h)-graph I gives rise to a connected 3-cobordism M between the
standard surfaces S, and Sj, (see Section VIL.1.5). It is defined as follows. Attach coupons

Q™ =10,2g+1] x {0} x [-1,0] and QT =10,2h+ 1] x {0} x [1,2]

to the bottom and the top of ', respectively. The result is a ribbon graph I' in R* with no
free ends, two coupons QF, and finite many circle components which form a framed link L
in §3. The arcs connecting the inputs I" become caps attached on the top base of @~ and
so there is an embedding f™: G — I’ mapping the coupon of G, to @~ and mapping the
caps attached to G to those attached to ()~. Similarly, the arcs connecting the outputs I'
become cups attached on the bottom base of @+ and there is an embedding f*: G} — r
mapping the coupon of G} to @ and mapping the cups attached to G} to those attached
to Qt. Consider a tubular neighbourhood Ny of L and embeddings f~: H s = S3\ Np
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and f*: Hf — S*\ Ny, respectively extending f~ and f*. Let 53 be the Dehn surgery
of 8 along L (see Section VII.1.3). The manifold

st =53\ (7 (me(, ) U F* (i) )

is a oriented connected compact 3-manifold. By Section VII.1.5, its boundary f~(9(H, )N

fH(8(H;")) is canonically homeomorphic to (—S,) LI S,. This gives then rise to a con-
nected 3-cobordism Mrp: Sy, — Sh.

For example, by [35], the identity cobordism of the standard surface S, (see Sec-
tion VII.1.2) is represented by the following special ribbon (g, g)-graph

!
= A

The following lemma gives a presentation of the composition of 3-cobordisms between
(connected) standard surfaces.

Lemma VII.6 ([35, Section 1V.2.3]). Let T be a special ribbon (g, h)-graph and T" be
a special ribbon (h,k)-graph. The the composition of the 3-cobordisms Mp: S, — Sy
and Myr: Sy, — Sy is the 3-cobordism Myior: Sy — Sk, where IV o I' is the special rib-
bon (g, k)-graph obtained by stacking T over T".

VII.1.7. Linking numbers and linking matrices. The linking number 1k(K;, K5)
of a 2-component oriented link K; UK, in S is probably the oldest invariant of knot theory.
It typically distinguishes the trivial link and the Hopf link. The linking number 1k(K7, K5)
is computed from any plane diagram D of K; U Ky by the formula:

p—n

2
where p is number of positive crossings of D between K; and K, and n is the number of
negative crossings of D between K; and K5. Here we use the following standard convention:

e

positive negative

Note that the linking number is symmetric: 1k(K;, Ks) = lk(Ky, K;). For example, the
linking number of the following Hopf link is 2:

k(K K>) =

Let L = L,U---UL, be an oriented n-component framed link in S3. The linking matriz
of L is the square matrix A = (a; ;)1<i j<n defined as follows. For i # j, the coefficient a; ;
is the linking number 1k(L;, L;). Otherwise, the coefficient a;; is the framing number of L;
defined to be 1k(L;, L}), where L is a copy of L; obtained by slightly pushing L; along
its framing. Note that the symmetry of linking numbers implies that linking matrix A is
symmetric.
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VII.1.8. Kirby calculus special ribbon graphs. Recall from Section VII.1.3 that
any closed oriented 3-manifold can be obtained by surgery of $% along a framed link. Kirby
proved [22] that two framed links represent the same 3-manifold (up to an orientation
preserving homeomorphism) if and only if they are related by a finite sequence of isotopies
and of the Kirby moves K1 and K2. The move K1 consists in adding an unknot with
framing number 1 or —1:

LI_IQ:)HLHLI_IQQ.

The move K2 consists in sliding a component over another component. More explicitly,
given two distinct components L; and L; of a framed link, this move replaces L; by the
connected sum L;#L} of L; with a copy L} of L; obtained by slightly pushing L; along
its framing. For example, sliding an unknot with framing number 0 over an unknot with
framing number 1 can be depicted as:

O O-C=0o

It follows from Reidemiester and Kirby theorems that the Kirby calculus extends to
the representation of 3-cobordisms by special ribbon graphs (see for example [23]). More
explicitly, special ribbon graphs represent the same 3-cobordism (up to an orientation
preserving homeomorphism) if and only if they are related by a finite sequence of isotopies
and of the following moves: the move K1, the generalized Kirby move K2', the move OR,
the move COUPON, and the move TWIST. The move K2’ consists in sliding an arc or
circle component of a special ribbon graph over a distinct circle component. The move OR
consists in reversing the orientation of a circle component. The COUPON move consists
in changing the type of a crossing of a component passing over (or under) all its outputs:

’ | [R2 X {1} |R2 X {1}

or all its inputs:

’ | R? x {0} R? x {0}
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The move TWIST consists in simultaneously twisting the output components:

\ R? x {1} R?* x {1} R? x {1}

\F — —
or the input components:
— —
R? x {0} R? x {0} R? x {0}

VII.2. The Reshetikhin-Turaev TQFT via coends

In this section we compute the Reshetikhin-Turaev TQFT RTjp associated with an
anomaly free modular category B. More precisely, given a special ribbon graph I', we
compute RTz(Mr) in terms of the coend of B, where My is the 3-cobordism represented
by I'. This will be used in the proof of Theorem VII.2 (see Section VII.4).

In [35], Turaev associates to any modular category B a 3-dimensional TQFT RTp.
There, a precise definition of a 3-dimensional TQFT involves Lagrangian spaces in homo-
logy of surfaces and p;-structures in cobordisms. However, if the modular category B is
anomaly free (see Section I1.1.13), then the TQFT RTgz does not depend on this additional
data and is a genuine symmetric monoidal functor RTz: Cobs — Mody.

Let B be an anomaly free modular k-category. Recall from Section I1.1.13 that the
scalar A = A, = A_ is invertible and satisfies A* = dim(B). By Section VIL.1.6, any
special ribbon (g, h)-graph I' represents a 3-cobordism Mp: S, — S,. Our goal is to
compute the k-linear homomorphism

RTB<MF): RTB(Sg) — RTB(Sh)

in terms of the coend C of B (which always exists, see Section 11.3.5). First, it follows from
the definition of RTz and the computation C' = ®;c;i* ® ¢ of the coend C in terms of a
representative set I of simple objects of B that

RT3(S,) = Homg(1,C®?) and RTp(S,) = Homg(1, C®M).

Next,
RT3(Mr) = A" Homp(1, |T)),
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where |['|: C®9 — C®" is a morphism in B defined as follows. By pulling down some part
of each circle component of I' and of each arc connecting the outputs of I', we obtain that
the ribbon graph I' is isotopic to

1 2 2h—1 2h

N
T OO, OO

1 2 2g —1 2g

where the cups Ly, ..., L, correspond to the circle components of I" and the cups C, ..., C}
correspond to the upper arcs of I'. Here, [ is a ribbon graph with (g +n + 2h) arcs, (29 +
2n + 2h) inputs, 2h outputs, no coupons, no circle components, and such that:
e for all 1 <i < g+ n, an arc a; connects the (2 — 1)-th input to the (27)-th input
of f,
e for all 1 < j < h, an arc u; connects the (2g+2n+2j —1)-th input to the (25 —1)-
th output of T, and an arc v; connects the (27)-th output to the (2g + 2n + 2j)-th
input of I.
Coloring the arc a; by an object X; of B and coloring both the arcs u;,v; by an object Y;
of B, we obtain a B-colored ribbon graph representing a morphism ¢x, . x,..v,.v,- Let
i={ix: X*®X — C}xcon) be the universal dinatural transformation associated to the
coend C. Then the family of morphisms

(iy; @ -+ @ iy,) © Bxy,. Xyin Vi, Y

from X{ @ X7 ®--- ®X§+n Xt @Y RY1® - @Y ®Y, to C®" is dinatural in each
variable and so, by Lemma II.3, it factorizes as

¢FO(iX1 ®“‘®’L’Xg+n®iyl ®‘®ZY}1)
for a unique morphism ¢p: C®9+"+h — 0%k Then

IT| = ¢r o (idges @ a®M): C®9 — O,
where

a = dim(B)™" Y dim(i)coev;: 1 — C.
iel

It follows from the fact that « is a right integral for C' (see Section 11.3.5) that the mor-
phism |I'| is an isotopy invariant of I'. This invariant is multiplicative:

DUl =&, (67)
for all special ribbon graphs, where I' LT is obtained by concatenating I'' to the right of T".

VII1.3. Proof of Theorem VII.1

In this section we prove Theorem VII.1. The existence of (co)cyclic objects in Cobg
is based on surgery presentation of 3-cobordisms developed in [33, 35] (for a review, see
Section VIL.1). First, in Section VIL.3.1, we construct the functor S,: AC' — Cobs. Then,

in Section VII.3.2, we construct the functor §.: AC°? — Cobs. Cobordisms in both of
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these constructions have standard surfaces as bases. In Section VII.3.3, we explain how to
pass from S, and S, to ¥, and ¥, as claimed in VII.1.

VI1.3.1. The construction S,. In order to construct the functor ¥,: AC — Cobs
from the Theorem VII.1, we first construct the functor S,: AC' — Cobg, by considering
standard surfaces S, (see Section VII.1.5) of genus g. For general case, see Section VII.3.3.

For any n € N, set S¢(n) = Sp41. Forn > 1 and 0 < i < n, the faces So(67): S, — Snt1
are defined as follows. The morphism S¢(df): S, — Sn,41 is the cobordism class presented
by the special ribbon graph G, (5n):

gy Y
v

1

—

For 1 < i < n — 1, the morphism S¢(67): S, — S,.1 is defined as the cobordism class
presented by the special ribbon graph Gg,(sn):

/ /
@ Y

) n

O

Gsaom) = <

9

- 00

Finally, the morphism S,(6): S, — Spy1 is defined as the cobordism class presented by
the special ribbon graph G's,(sn):

SR

1
For n > 0 and 0 < j < n, the degeneracy Se(0}): Sp12 — Spy1 is the cobordism class
presented by the special ribbon graph G Se(07):

g
)

—
%w%\ “ }\/f¥l§>f\ >\C]'

0

The morphism Se(79): S1 — S7 equals the identity map idg,, which is represented by the
special ribbon graph I; from Equation (66). For n > 1, the cocyclic operator S¢(7,): Spi1 —
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Sp+1 is the cobordism class presented by the special ribbon graph G, ()

Lemma VIL.7. The family Se¢ = {Sn+1}n>0, equipped with the cofaces {Se¢(0]") bo<i<nn>1, the
codegeneracies {Se(07}) fo<j<nn>0, and the cocyclic operators Se(7,),n € N is a cocyclic 0b-
ject in Cobg.

To prove the Lemma VII.7, we will intensively use some consequences of the Kirby
calculus (see Section VII.1.8), which we recollect in the following lemma:

Lemma VII.8. One has the following moves on special ribbon graphs:

PrOOF OF LEMMA VII.7. Let us show Relations (9)-(11).



2 T IR 2

u%@// u@@/@@Y u@@/d@/% u%@/ o

OV NN NI N NP N N R

u@@%m u@@@@%m u@@@@%m W@o/@@m

u@@%ﬂ u@@@@%ﬂ uﬁ@b@%H PNEEEEE
&

: m e — :
T TT T ST

N — A TS S O TS S TS TS S S e

> —_ — — >— — — — — —_ — — Vo



otopy.

D56, 0.

nd (d) by is

7 A %m
\J \;\\ LDQ\J \ . H
Gl 2t

\1 LDQCO 5 b \J
LDC o LDCDC - LDQ

nd (e) follow from Lemma VII.6

a2 _U
X
Z,

<
mkﬂlkw/
=)

: 0
mk/p 1
NS

nd Lemma VIL6, (b) a
(¢) from Lemma VII.8 part 3), a

B YT S e £ UDODOWm 5@\\%

R T TET Y

c o 25RO ImuN 7- N g

nonre f: ¢ 3OO OOy Ouy
) T G LR LI IRt DL L



iy |

CY Ty R Y 255
LQF Q =T 2

LY 3 % G253
p“@\\\%u@f \OW\A L
- AT o YT g 5
Y7 SO0 AT G
SO0 T S
: IOTYA T A

a VIIL.6

—~

00 00 00 00 g0 s

VIIL.6, the composition o;0; is

and Lemma

j. By definition

S

t

o

pose th
nted by

o = =

NI EEER IR DR
=2 =7

(68)
(69)

and (69) are

raphs from (68)

5 A
7 et \w
Gt Gt i Yg

7 : Y
NS SR AN N
O g IO EE
e B e B e
OO 9 et g



VII. CYCLIC OBJECTS FROM SURFACES AND TQFTS
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04
s

—

15
19
Q0

——
I=
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o
P

=

Here (a) follows from definition and Lemma VIL.6, (b) follows by the TWIST move, (¢), (d)
and (e) follow by isotopy, and finally, (f) follows from Theorem VII.6 and presentation of
the identity cobordism, as given in Equation (66). OJ

o,
= Q0
—

VII;3.2. The construction §., In this section, we sketch the construction of cyclic
object ¥,: AC? — Cobs. We construct the functor S,: AC? — Cobs, by considering
standard surfaces S, (see Section VII.1.5) of genus g. For general case, see Section VII.3.3.

For n € N, set g.(n) = Sp11. Forn > 1 and 0 < i < n, the face Se(d}): Spy1 — Sy is
the cobordism class presented by the special ribbon graph Gg, (@)

\= ij A

f
<ﬂ <ﬂ C\\ﬂ --\/n\'

0

Let n > 0. For 0 < j < n, the morphism §.(s?): Spi1 — Spio is the cobordism class
presented by the special ribbon graph Gg, (s7)"
J

o el IS )

T AP Yy

0 i n
The morphism §.(t0): S; — 51 equals the identity map idg,, which is represented by

the graph [; from Equation (66). For n > 1, the morphism Se(¢,): Spy1 — Spi1 is the
cobordism class presented by the special ribbon graph G, (tn)’
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The proof of Theorem VII.1 in this case is similar to the proof of its version with >,,
which is detailed in Section VII.3.1. Namely, we have the following lemma:

Lemma VII.9. The family S, = {Sn+1}n>0, equipped with the faces {go(d?)}ogign,nzl, the
degeneracies {Se(57)}o<j<nnz0, and the cyclic operators Se(t,),n € N is a cyclic object
m CObg.

To prove Lemma VIIL.9, one uses the following result (similar to Lemma VIL.8):

Lemma VII.10. One has the following moves on special ribbon graphs:

VII1.3.3. Passing to X, and Y,. Let {En+1}n>0 be any family of closed oriented
surfaces. By the classification theorem, for each n there exist an orientation preserving
homeomorphism f>*: ¥, ; — S,;1. Denote by Cyl(f>*): ¥,,1 — S,1 the associated
morphism in Cobs, given by the quadruple

Cyl(fg') = (CSn.H = Spq1 X [07 1] s (_EnJrl) U Spy1 — a<CSn+l)7 Yint1, Sn+1)7
where h,(x) = (fu.(2),0), if x € ¥,,1 and h,(z) = (z, 1), if x € S, ;1. It follows from [35,
Section 5.1.], that cobordism Cyl(fZ*) is determined up to isotopy.

We pass from S, to cocyclic object ¥, in Cobgs as follows. For n > 0, set ¥q(n) = X,11.

For n > 1 and 0 < i < n, define the morphism ¥,(6"): X,, — 3,1 by setting

Zo(87) = (CyI(f;*)) 7 Sa (07 CyI(f20)-
For n > 0 and 0 < j < n, define the morphism X,(07): ¥, 12 — 3,41 by setting

Ta(07) = (CYI(f7*)) 7' Se(0])CyI(fr20)-
For n > 0, define the morphisms ¥4(7,): X,41 — 2,41 by setting

Se(7n) = (CYL(f37*)) ™ Sa(m) CYI(f3).
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It follows by definition of morphisms ¥,(6;'), ¥e(07), and X(7,) that family of cylin-

ders {Cyl(f>*): ¥,11 — Spi1}n>o is a natural isomorphism between cocyclic objects 34

and S, in Cobs. B B B
Similarly, we pass from S, to cyclic object ¥, in Cobjg as follows. Forn > 0, set ¥X4(n) =

Ynt1- Forn > 1 and 0 < i < n, define the morphism i.(d?): Y1 — X, by setting

Va(di) = (Cyl(£21)) " Sud) Cyl(f7).
For n > 0 and 0 < j < n, define the morphism i.(s}‘): Yi1 — Yo by setting

Sa(s7) = (CyL7n)) T Su(s))CYIA™).
For n > 0, define the morphisms i.(tn): Ynt1 — Yy by setting

Valtn) = (CYLLT)) ™ Sualtn)CI(f7).
As above, it follows by definition of morphisms X (d?), i.(s?), and ,(t,) that family of

cylinders {Cyl(f>*): ¥,41 — Sni1}n>o0 is a natural isomorphism between cyclic objects 34
and S, in Cobs.

VI1.4. Proof of Theorem VII.2

In this section, B is a anomaly free modular k-category. To show the claim from Theo-
rem VII.2, it follows from Section VII.3.3, that it suffices to compute RTz0.S5, and RTzo0.5,.
First, in Section VII.4.1, we compute the cocyclic k-module RTz o S, using the descrip-
tion of RTx via the coend C' of B given in Section VII.2. Next, in Section VII.4.2, we
prove that RTz o S, is isomorphic to De(C) o ®. Finally, in Section VII.4.3, we sketch
the computation of RTj o S, and the proof of the fact that RTz o S, is isomorphic to
the cyclic k-module B,(C) o ®°P. Recall that ®: AC — AC' is the reindexing involution
automorphism introduced in Section [.4.4.

Recall from Section I1.3 that C' is a Hopf algebra in B endowed with a nondegenerate
pairing w: C ® C' — 1. Here, we denote by m¢, uc, Ac, €c, and S¢ multiplication, unit,
comultiplication, counit, and antipode of C, respectively. While using graphical calculus,
we drop C' from notation. It follows from Remark I1.7 that

w(a® a) =dim(B)".

VII.4.1. Computation of RTz0.S,. In the following lemma, we calculate the isotopy
invariant |-| (see Section VII.2) of particular special graphs:

Lemma VII.11. IfT; fori=1,2,3 are the following special ribbon graphs

/ \
(h n-lg) - N
[ ==
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PROOF. a) A ribbon graph whose closure is isotopic to T} is
T = é@

( éf;\
=\
For all objects X, Y, and Z in B, we have:
Z
-

)
1| =

= w(a ® a)ide = dim(B) tide

b) A ribbon graph whose closure is isotopic to T5 is
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For all objects X,Y in B, we have:

o,
AT

X Y X Y

Hence, by definition of |-| given in Section VII.2 and by Lemma IL5 a), we
have:

= w(a ® a)uc = dim(B) tuc.

¢) A ribbon graph whose closure is isotopic to T3 is

7i - -
g

For all objects X,Y, and Z in B, we have:

4’O/—ﬂ ’
l% =0

X Y
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Hence, by definition of |-| given in Section VII.2, the fact that w(S¢ ® id¢) =
w(ide ® S¢), and Corollary I1.6, we have

= w(a ® a)me = dim(B) 'me.

&

The previously proved Lemma VII.11 implies the following result:

Lemma VII.12. We have:

a) |Gs,om| = dim(B) ™" AL (C)(57),

b) |Gs.om| = dim(B) " AL (C)(0}),

C) |G | - dim(B)_lidc, ifn=0,
ST dim(B) " 1AL(C) () ifn > L,

where Ay(C): ACs — B is the paracocyclic object in B (see Section I11.2.2) associated to
the coend C' of B.

PrROOF. a) Recall the special ribbon graphs 77 and T3 from Lemma VIL.11. Let
n > 1. By Lemma VII.11 and multiplicativity of |-| (see Equation 67), we have:

|Gsaop)| = dim(B) ue @ (dim(B)ide) " = dim(B) " AL(C)(67).
Similarly, for 1 < i <n — 1, we have:
|Gs.5m)| = (dim(B)tide) ™" @ dim(B) ue @ (dim(8) tide) ™" =
— dim(B) "' AL(C)(67).
Finally,
|Gsuom| = (dim(B)tide) ™" @ dim(B) " ue = dim(B) " AL (C)(57).

b) Recall the special ribbon graphs 7 and T3 from Lemma VIL.11. Let n > 0 and
0 <j <n. By Lemma VII.11,

|Gsatom| = (dim(B)ide) ™ @ (dim(B)'me) @ (dim(B)ide) "
= dim(B) " AL(C) (7).
c¢) Recall that Se(7p) is the identity morphism idg,. Hence
|G sy | = dim(B)lide,

by Lemma VII.11 a). Let us show the statement in the case n = 1. The statement
in the general case n > 1 is proved similarly. The special ribbon graph Gg, ()
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A/
B

depicts as follows:

A ribbon graph, whose closure is isotopic to the special ribbon graph G'g, () depicts
as follows:

— e\
==="\x

X Y ZWUYV
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Hence, by definition of |-| given in Section VII.2, the fact that w(S ® id¢) =
w(idg ® S), the fact that S? = 6., and Corollary I1.6, we have:

|Gy =

O

Recall the construction B,(C) from Section I11.2.4.3. The computation of RTz o S,
follows from Lemma VII.12:

Lemma VIIL.13. The cocyclic k-module RTg o Sy equals to the cocyclic k-module B,(C).

PROOF. Let us calculate RT5(S5.(07)), RTs(Se(0})), and RTs(Se(7,)). For n > 1
and 0 <17 < n, we have:

RT5(S(6;)) =A" "0 VHomg (1, |G, em ) =
— dim(B)"* 'Homg (1, dim(B)—n—lﬁ.(C)(ay)) -

—Homy (]1, Z\.(c)(éy)) .
Furthermore, for n > 0 and 0 < j < n, we have:

RT5(S.(07)) =A™+ Homys (1, Gis,op)] ) =
= dim(B)" ' Homp (1, dim(B) "' A (C)(c7)) =
=Homg(L, A.(C)(01)).
Finally,

RT5(S.(79)) =A"""Homp(1, |Gs,x)|) =
= dim(B)Homz (1, dim(B) tide) =
=Homp(1, A.(C)(7)).
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In the case when n > 1,
RT5(Se(7,)) =A™ DT D Homg (1, |G, |) =
= dim(B)"" Homgp (]l, dim(B)‘"‘R&.(C)(m)) =
—Homj (1, K.(0)<Tn)) .
The claim of Lemma follows since B,(C) = Homg (1, —) 0 A4(C). O

VII1.4.2. The final step. In Section VII.3.1, we constructed the cocyclic object S, in
the category of 3-cobordisms. Next, in Lemma VII.13, we proved that RTz o S, equals to
the cocyclic k-module B,(C), introduced in I11.2.4.3. Recall that the coend C' is a Hopf
algebra in B, equipped with a nondegenerate pairing. According to Lemma I11.17, B,(C)
is isomorphic to D4(C) o ®, where D,(C) is the cocyclic k-module from Section II1.1.4.1
and ®: AC — AC is the reindexing involution from Section 1.4.4. This finishes the proof

of the first part of Theorem VII.2. U

VI11.4.3. Computation of RTj o S,. Let us sketch the computation of RTz o S..
We use same strategy as in Sections VII.4.1 and VII.4.2. Namely, one has the following
lemmas. Similar computations as in Lemma VII.11 give the following result:

Lemma VII.14. If T, and T5 are the following special ribbon graphs

then

a) |Ty| = ec,
b) ‘T5| = dll’Il(B)_QAC

Next, by using Lemma VII.14, one obtains an analogue of Lemma VII.12:

Lemma VII.15. We have:
a) |Gg,gm| = dim(B)™"C,(C)(d7),
b) ‘GE.(SEP)‘ = dim(B) " *C,(C)(s}),

J

C fdim(B)ide, ifn =0,
c) | S.(tn)| - dim(B)*”*la.(C)(tn) ifn>1

where 6.(0): ACP — B is the paracyclic object in B (see Section I11.1.2) associated to
the coend C' of B.

By using Lemma VII.15, one easily computes that RTz o S, is equal to the cyclic k-

module D4 (C"). Since C is a Hopf algebra with a nondegenerate pairing, the latter cyclic k-

module is, by applying Lemma III.17, isomorphic to the cyclic k-module ]A3.(C) o ®°P
where B4 (C') is the cyclic k-module from Section 111.2.4.2 and ® is the reindexing involution
automorphism from Section 1.4.4. This completes our proof of Theorem VII.2. 0
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VIIL.5. Future perspectives

We plan to relate the constructed (co)cyclic objects in Cobs with the cylinder cobor-
disms associated to Dehn twists on surfaces. The aim is to extend the representations
Mod(X,) — Aut(Z(X,)) of the mapping class groups of the surfaces X, induced by a 3-
dimensional TQFT Z: Cobs — Mody to Mod(%,) — Aut(Z o X,), where Mod(X,) is an
appropriate subgroup of [ g Mod(%,).
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Cyclic bar constructions and low-dimensional topology

Abstract. In this thesis we study cyclic objects and their interplay with quantum in-
variants and topological field theories. Cyclic cohomology of algebras is introduced in-
dependently by Connes and Tsygan in the 1980s. A (co)cyclic object in a category is,
roughly speaking, a (co)simplicial object with compatible actions of the cyclic groups. On
the other hand, quantum topology is born after the discovery by Jones (1984) of a new
polynomial invariant of knots and links, rapidly connected with quantum groups introduced
by Drinfeld (1985) and methods of quantum field theory by Witten (1989). A fundamental
construction of topological quantum field theory (TQFT) in dimension 3 is given by the
Reshetikhin-Turaev construction.

From the algebraic point of view, we study paracyclic and cyclic objects obtained from
categorical algebras and coalgebras. In the case of Hopf algebras, building on work from
Khalkhali-Pourkia, we study a braided generalization of the Connes-Moscovici construction.
In particular, we describe a categorical version of Connes-Moscovici trace. Moreover, we
extend the Connes-Moscovici construction to the case of coefficients in bi(co)modules over
categorical Hopf algebras.

From the topological point of view, we endow the set of string links with a structure of
a (co)cyclic set. This is inspired by braided (co)cyclic bar constructions associated to the
coend of a ribbon category, which is a categorical Hopf algebra. Moreover, we show that
the family of closed oriented surfaces of genus g has a structure of a (co)cyclic object in
the category of 3-dimensional cobordisms. Consequently, any 3-dimensional TQFT gives
rise to a (co)cyclic vector space. We compute it algebraically for the Reshetikhin-Turaev

TQFT.
Constructions bar cycliques et topologie de basse dimension

Résumé. Dans cette these, nous étudions les objets cycliques et leurs interactions avec les
invariants quantiques et les théories des champs topologiques. La cohomologie cyclique des
algebres a été introduite dans les années 80, indépendamment par Connes et Tsygan. Un
objet (co)cyclique dans une catégorie est un objet (co)simplicial muni d’actions compatibles
des groupes cycliques. D’autre part, la topologie quantique est née apres la découverte
par Jones (1984) d’un nouvel invariant polynomial des noeuds et des entrelacs, qui fut
rapidement relié aux groupes quantiques introduits par Drinfeld (1985) et aux méthodes de
la théorie quantique des champs par Witten (1989). Une construction fondamentale d’une
théorie des champs topologique (TQFT) en dimension 3 est la construction de Reshetikhin-
Turaev.

Du point de vue algébrique, nous étudions les objets paracycliques et cycliques associés
aux algebres et cogebres catégoriques. Dans le cas des algebres de Hopf, en s’appuyant
sur les travaux de Khalkhali-Pourkia, nous étudions une généralisation tressée de la con-
struction de Connes-Moscovici. En particulier, nous décrivons une version catégorique de
la trace de Connes-Moscovici. De plus, nous étendons la construction de Connes-Moscovici
au cas des coefficients dans les bi(co)modules sur les algebres de Hopf catégoriques.

Du point de vue topologique, nous munissons les string links d’une structure d’ensemble
(co)cyclique. Ceci est inspiré par les constructions bar cycliques tressées associées a la
coend d’une catégorie enrubannée, qui est une algebre de Hopf catégorique. De plus, nous
montrons que la famille des surfaces fermées orientées de genre g admet une structure
d’objet (co)cyclique dans la catégorie des 3-cobordismes. Par conséquent, toute TQFT de
dimension 3 induit un espace vectoriel (co)cyclique. Nous le calculons algébriquement pour

la TQFT de Reshetikhin-Turaev.
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