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Abstract xi

Geometry and new rational W-algebras
Abstract

Affine W-algebras form a rich one-parameter family of vertex algebras associated with nilpotent elements of
simple Lie algebras. These complex algebraic structures appear in several areas of physic and mathematics.
Because of their recent construction, numerous aspects of the theory of W-algebras remain unknown.

In this thesis, we study W-algebras associated with nilpotent elements of Lie algebras of small ranks. We
prove the rationality of a new family of W-algebras, describe their set of simple modules and study other
geometrical aspects. We describe new associated varieties of vertex algebras. The geometry of these
objects often reflects some important algebraic properties of the vertex algebras. For some particular
values of the parameter, called collapsing levels, we also get new remarkable isomorphisms of W-algebras.

Keywords: vertex algebras, WW-algebras, rationality, representation theory, Lie algebras, nilpotent orbits

Géométrie et nouvelles VW-algebres rationnelles

Résumé

Les W-algebres affines forment une famille riche d’algebres vertex a un parametre associées a un élément
nilpotent d’une algébre de Lie simple. Ce sont des structures algébriques complexes qui apparaissent
dans plusieurs domaines de la physique et des mathématiques. Du fait de leur construction récente, de
nombreux aspects de la théorie des W-algebres restent méconnus.

Dans cette theése, nous étudions des W-algebres associées a des éléments nilpotents d’algebres de Lie de
petits rangs. Nous démontrons la rationalité d’une nouvelle famille de YW-algebres, décrivons I’ensemble des
modules simples sur ces dernieres et étudions d’autres aspects géométriques. Nous décrivons de nouvelles
variétés associées a des algébres vertex. La géométrie de ces objets reflete souvent des propriétés algébriques
importantes des algebres vertex. Pour certaines valeurs particulieres du parametre, appelées niveaux
d’effondrement, nous obtenons également de nouveaux isomorphismes remarquables de W-algebres.

Mots clés : algebres vertex, W-algebres, rationalité, théorie des représentations, algebres de Lie, orbites
nilpotentes

Laboratoire Paul Painlevé, UMR CNRS 8524
Université de Lille — Cité Scientifique - Batiment M2 — F-59655 VILLENEUVE d’ASCQ -
France
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Introduction

Let g be a finite dimensional simple Lie algebra, f a nilpotent element of g, and k£ € C a complex
number. The affine W-algebra W¥ (g, f) associated with (g, f) is a certain vertex algebra obtained
from the quantized Drinfeld-Sokolov reduction of the universal affine vertex algebra V*(g) (see
Sect. 1.2). The W-algebras can be regarded as affinizations of finite W-algebras introduced by
Premet [89]. They can also be considered as generalizations of infinite-dimensional Lie algebras
such as Kac-Moody or Virasoro algebras.

First Wh-algebras appeared in the 90s in the works of Zamolodchikov and Fateev-Lukyanov on
the two-dimensional conformal field theory in physic. The construction of W-algebras that we
know today was introduced by Feigin and Frenkel [58] for f a principal nilpotent element. Then
the definition was extended for general nilpotent elements by Kac, Roan and Wakimoto [73]. The
theory of W-algebras is also related with integrable systems [72], the two-dimensional conformal
field theory, the geometric Langlands program [23, 60, 65], and the 4d/2d duality [20, 34, 35, 92]
in physics.

Since the area is relatively recent, there are a lot of unknown aspects and open ambitious
questions to investigate. In this thesis, we study the algebraic structure, geometry and representa-
tion theory of certain W-algebras associated with simple Lie algebras of small ranks. From these
examples, we observe phenomena that we suspect to be general. Thus, we expect that certain
techniques we develop can be extended to study larger families of W-algebras. For instance, we
wish to extend the reasoning presented in Chap. 4 to study simple modules of Wy (sps,,, fmin) at
admissible levels when n > 2.

Affine W-algebras can be described using their strong generators and the relations between
them. These relations are called Operator Product Expansions (OPEs). In general, any vertex
algebra admits such a description. In the context of W-algebras, even if the construction of the
generators is theoretically well known only a few examples were explicitly computed [41, 76]. Our
first contribution is the computation of OPEs of all W-algebras associated with Lie algebras of
rank two (Appx. A, B and C)!.

The explicit descriptions we obtain are the starting point to prove precise statements. For
special values of the parameter k, called collapsing levels (see Chap. 2), we deduce remarkable
isomorphisms of simple vertex algebras (Tables 2.2 and 2.3). Collapsing levels have interesting
applications to the representation theory of affine vertex algebras [10, 95]. They have been fully
classified when f belongs to the minimal nilpotent orbit of g [8, 9]. For other nilpotent elements,
[22] provides many new collapsing levels when k is admissible (see Sect. 1.2.1) and conjectures it
is an exhaustive list. The study of OPEs allows achieving the classification of collapsing levels
of W-algebras associated with Lie algebras of rank 2. We thank Prof. Drazen Adamovié¢ whose
remarks on OPEs of W(spy, fsubreg) initiate this axis of research.

The nicest (conformal) vertex algebras are those which are both rational and lisse (see

IDue to limited computational resources, OPEs of W-algebras associated with principal nilpotent elements of
sp, and G2 remain incomplete for the moment.



2 Introduction

Sect. 1.1.3 and 1.1.4). The rationality means the complete reducibility of Z>(-graded modules
while the lisse property — we say also the Cy-cofiniteness — is detectable from a geometric
object related to vertex algebra called associated variety. Both imply a finiteness condition on
dimensions of graded components of positive energy representations of the vertex algebra. It
has been conjectured by Zhu [97] that rational vertex algebras are also lisse. Lisse and rational
vertex algebras generate rational conformal field theories. The rich class of W-algebras gives
rise to many new examples of rational vertex algebras. Nonetheless, it is in general extremely
difficult to study the rationality of the simple quotient Wi (g, f) of W¥(g, f). The rationality has
been conjectured by Kac-Wakimoto [78] and Arakawa [17] for a large family of WW-algebras called
exceptional (see Sect. 1.3.2). Particular cases of this conjecture were previously established by
Arakawa [16, 18], Creutzig-Linshaw [41], and Arakawa-van Ekeren [21]. We prove the rationality
of the exceptional W-algebra Wi (spy, fsubreg) associated with foubreg, a subregular nilpotent
element of sp, (type C2 = By) (Theorem 3.1). These W-algebras can be viewed as the “easiest”
exceptional W-algebras not covered by the previous works. It is an analogue for the type C'
of the Bershadsky-Polyakov vertex algebra studied by Arakawa [16]. However, we cannot use
directly method of [16] because the reduction function is not exact in this case. To encounter the
difficulty, we exploit certain techniques of [21].

The increasing number of new results in the last few years shows that the classification of
rational W-algebras is a major topical problem. After we proved the previous result, Creutzig and
Linshaw [43] gave a proof of the rationality of a larger class of lisse W-algebras — which covers a
part of our cases. More recently McRae [86] gave a general conceptual proof of the conjecture
of Kac-Wakimoto and Arakawa asserting that all exceptional W-algebras are rational. These
articles are important advances for the classification of rational W-algebras. Nevertheless, the
problem is far from being completely solved because exceptional W-algebras do not provide an
exhaustive list of rational ones. Indeed, there exist examples of rational but non-exceptional
Wh-algebras. For instance, [80] provides examples related to the exceptional series of Deligne.
Certain W-algebras associated with principal or subregular nilpotent elements at non-exceptional
levels are also rational [43, 79].

As a by-product of our proof, we obtain an explicit description of the simple Wy (sp,, fsubreg)-
modules when k is admissible (Proposition 3.2.5). One uses this description to compute the
characters of simple modules (Sect. 3.5). They allow to deduce the fusion rules of the simple
Wh-algebras. Moreover, we show that the component group of the nilpotent orbit Ogypreg acts
non-trivially on the finite set of the simple Wy (sp,, fsubreg)-modules (Theorem 3.4.3). As far as
we know, it is the first example of rational W-algebras whose corresponding component group
satisfies this property.

When f = funin is a minimal nilpotent element of sp,, the rationality of exceptional
Wi (spy, fmin) has been proved by Creutzig-Linshaw [43]. Nonetheless, we give an explicit
description of the simple Wy (sp,, fmin)-modules (Proposition 4.2.3). In fact, we show that
Wi (894, fmin) 18 isomorphic to the reduction of the simple affine vertex algebra H.(f)min(Lk (spy))
(Theorem 4.1). Thus, we prove new cases of the conjecture of Kac-Roan-Wakimoto [73, 78]
holding that the vertex algebra H}(Ly(g)) is simple provided it is non-zero. This conjecture has
been verified in many cases [12, 14].

The geometry of associated varieties reflects some algebraic properties of the vertex algebras
[26, 30]. However, their description is an open question in most cases. The associated variety
Xyi () of the affine vertex algebra V¥(g) is g*. Therefore, that of its simple quotient Ly (g) is
a subvariety of g*, conical and invariant under the action of the adjoint group of g. When k
is a positive integer, X, g) = 0 [53], and when it is an admissible level, it corresponds to the
closure of a certain nilpotent orbit of g depending on & [17]. In [28], Arakawa and Moreau provide
additional examples of this form coming from the Deligne exceptional series. They also provide
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examples of associated varieties corresponding to Dixmier sheet closures [29]. This proves that
associated varieties of simple affine vertex algebras are not necessarily contained in the nilpotent
cone. More examples of this type are computed in [24] but the associated variety of Ly (g) remains
unknown in general. According to [25], it is equal to g if and only if V*(g) is simple. All the
previous examples correspond to closures of a Jordan class of a nilpotent or a semisimple element
of g. Based on the work of Adamovié, PerSe and Vukorepa [7], we compute the associated variety
of L_5/5(sls). It is also the closure of a Jordan class, but associated with an element of sl; which
is neither nilpotent nor semisimple (Theorem 5.1).

In addition, when f is an element in the nilpotent orbit corresponding to the partition (2, 2)
of sly, [6] and [45] independently proved that the W-algebra W_5/5(sly, f) is isomorphic to
the coset Com(M (1),5(2)) of the Heisenberg vertex algebra M (1) in a B~-system of rank two
(see Sect. 5.2). This description allows us to compute the associated variety of the W-algebra
W_5/2(sls, f) (Theorem (i)).

Cosets, as well as orbifolds, are among of the most common ways to construct new vertex
algebras from old ones. Cosets, also called commutants, were introduced by Frenkel and Zhu [63],
while orbifolds are originated from physics [49, 50]. Both appear in the Gaoitto-Rapéak triality
conjectures [64] recently proved by Creutzig and Linshaw [43, 44]. Let U be a vertex subalgebra
of a vertex algebra V and G a reductive subgroup of V-automorphisms. It is expected that the
coset Com(U, V) and the orbifold V¢ inherit certain good properties from those of V', such as
rationality or Cy-cofiniteness. One can wonder, when G is reductive and V is strongly finitely
generated, if V@ is also strongly finitely generated, or equivalently, if its Zhu’s Ca-algebra Ry
is a finitely generated Poisson algebra (see Sect. 1.1.4). This problem is known as the vertex
algebra Hibert’s problem because of its similarities with the Hilbert’s theorem stating that if
G is a reductive group and V a finite G-module then the ring C[V]% is finitely generated. It
has a positive solution in many cases including all affine vertex algebras and W-algebras [42,
44]. Considering this question, Lian and Linshaw [84] compare the Zhu’s Cy-algebra Ry ¢ and
the invariants of the Zhu’s Cy-algebra (Ry)¢. They are not isomorphic in general, but in many
cases one recovers an isomorphism by taking their reduced rings. So, if V and V& are strongly
generated, the Ca-cofiniteness of V' would imply that of V&,

When U is an affine vertex algebra, the coset Com(U, V) is identifiable to a certain orbifold
of V [42]. An analogue of the vertex algebra Hilbert’s problem can be formulate in this context.
Creutzig and al. developed the theory for cosets of a Heisenberg vertex algebra inside a larger vertex
algebra in [45], but the general case remains largely unknown. If we consider a vertex subalgebra
U of a vertex algebra V', the inclusion induces a Poisson algebra morphism Ry — Ry . If this
morphism is injective, Ry can be viewed as a subalgebra of Ry and one defines Com(Ry, Ry) as
the commutant of the image of Ry in Ry (see Sect. 5.2). Then one can compare it to the Zhu’s
Cs-algebra Rcom(u,v). Again, both Poisson algebras are not isomorphic in general. One wonders
which kind of relations hold at level of their reduced rings. Whereas cosets take a important place
in the theory of vertex algebras and W-algebra, their Zhu’s Cs-algebras has not been investigate
a lot to our knowledge. We thank Prof. Andrew Linshaw for indicating considerations formulated
for vertex algebras orbifolds [84, Sect. 13] which are similar for cosets.

In Sect. 5.2, we consider the coset of the Heisenberg vertex algebra of rank 1 embedded in
a [ry-system of rank 2. We check that, even if their spectra are not equal, they still are closely
related. More precisely, the spectrum of the commutant of Zhu’s Cs-algebras is the normalization
of the associated scheme of W_5 /5(sly, f) (Theorem (iii)). Conjecturally, the associated variety
of Wi(g, f) is equal to the intersection of the Slodowy slice .y with X, g). Thus, using the
description of the associated variety of L_s5/5(sls), we conjecture an algebraic realization of the
associated variety Xyy__ ,(st,,f) (Conjecture 5.3.2).

Several questions naturally raise from our work (see Chap. 6). We implemented an algorithm in
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the computer algebra system GAP in order to compute conformal weights of W-algebras (Appx. D).
This algorithm also provides representatives of nilpotent orbits in Lie algebras, and it is helpful
to construct strong generators of W-algebras. We expect to use it to detect similarities in — a
priori — different W-algebras. In particular, we would like to explore possible relations between
W-algebras with same conformal weights and central charge. Our examples brings us to think
that there exist certain “dualities” analogous to the Feigin-Frenkel duality [58]. Let “'g be the dual
Langlands of g. The Feigin-Frenkel duality holds isomorphisms between principal W-algebras
WE(g, f) and W¥(Lg, f) for some particular levels k& and £. Recently, dualities of this type have
been obtained for subregular W-algebras in type A and B and principal W-superalgebras [40, 46].

The thesis is structured as follows. In Chap. 1, we recall basic definitions and properties of
vertex algebras and W-algebras. We introduce the associated objects which play a major role in
the general theory, such as Zhu’s algebra, Zhu’s Cs-algebra and associated variety. The Chap. 2 is
dedicated to the algebraic structure of W-algebras. We study the OPEs of W-algebras associated
with Lie algebras of rank two, and we classify their collapsing levels. Main results of Chap. 3 are
published in [56]. We prove the rationality of exceptional W-algebras Wi (sp, fsubreg) associated
with a subregular nilpotent element of sp,. In addition, we provide a complete classification of
their simple modules. We present a similar classification for exceptional W-algebras Wi (sp,, fmin)
associated with a minimal nilpotent element of sp, in Chap. 4. In Chap. 5, we compute the
associated varieties of L_5/5(sls) and W_s5(sl4, f), where f is a nilpotent element corresponding
to the partition (2,2). We also look at the commutant of the Zhu’s Cs-algebras Com(Rpz(1y, Rs(2))
and we compare its spectrum to the associated spectrum of the coset Com(M (1), 5(2)). Finally,
in Chap. 6, we introduce some problems related to the present work. We hope to study them in
the future.



Chapter

Vertex algebras

Vertex algebras have been introduced in 1986 by Borcherds [37] who was motivated by the
construction of the Mooshine module due to Frenkel-Lepowsky-Meurman. In the last decades,
they have generated an intense interest because of their numerous applications. They play a
crucial role in the representation theory of infinite-dimensional Lie algebras. Moreover, they are
deeply connected with several areas of physics including integrable systems and two-dimensional
conformal field theory. They have applications in algebraic geometry with the study of moduli
spaces. Recent developments also relate vertex algebras to quantum groups through Kazhdan-
Lusztig correspondence. We refer to [31, 61, 71] as more complete references about the theory of
vertex algebras.

In this chapter, we first recall basic definitions and general properties of vertex algebras
(Sect. 1.1). We also introduce important tools to study vertex algebras and their modules, such as
Zhu’s algebra, Zhu’s Cy-algebra and associated variety. A family of vertex algebras, called affine
vertex algebras, is significant in the study of W-algebras. We review them briefly in Sect. 1.2.
Finally in Sect. 1.3, we give an overview of the construction of W-algebras.

1.1 Vertex algebras operators

1.1.1 Definition of vertex algebras and OPEs

Let V be a complex vector space. We denote by (End V)[[z, 27!]] the set of all Laurent series in
the variable z with coefficients in End V. For any series a(z) € (End V)[[z, 27]], we write

a(z) := Z amyz "

nez

such that a(,) = Res.— a(2)z".

A series a(z) € (End V)[[z, 27 !]] is called a field on V if forallb € V, a(2)b := >, .y a(ny)bz™ """
belongs to V((2)), that is a,)b = 0 for n large enough. Denote F (V') the set of fields on V.

Definition 1.1.1. A vertex algebra is a vector space V' equipped with a distinguished vector
|0) € V and two linear maps: a translation operator T : V — V and a vertex operator

V — (End V)[[z,27 Y]], a~Y(a,2) :=a(z) = Z amz ",
neL
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satisfying the following axioms:
o foralla eV, a(z) is a field on V,
e (vacuum axiom) |0)(z) = idy and, for all a € V, a(2)|0) € a + 2V [[2]],
e (translation axiom) T|0) = 0 and, for all a € V, [T, a(z)] = 0,a(z) and (Ta)(z) = 0,a(z),

o (locality axiom) for all a,b € V, (z—w)N[a(2), b(w)] = 0 for a sufficiently large N depending
on a and b.

Remark 1.1.2. The translation axiom implies that for all a € V and n € Z,
[T, a(n)] = —na(n,l) and (Ta)(n) = —na(n,l).
In particular, we directly deduce that T'a = a(_)|0).

Remark 1.1.3. The vacuum axiom defines a correspondence between the spaces of states V and
the fields (V). From the field a(z), we can recover a = lim. .0 a(2)|0) = a(_1)|0). Moreover,
since a(z)|0) € V[[2]], a(n)|0) = 0 for n > 0. It implies that the vertex operator Y'(-, z) is injective.

Because the product of two fields on a vertex algebra V' does not make sense in general, we
define the normally ordered product of two fields a(z),b(z) € F(V) by

ca(2)b(2) (2 a(2)4b(2) + b(2)a(z)_,

where a(2)4 =32, gam)z” """ and a(z) - =3, 5 a@m)z "' This product is not associative,
and we define the normally ordered product of multiple fields by induction:

car(2)a?(2) ... a"(2) i=:a'(2) 1 d*(2)...a"(2) = .

The vertex algebra V is strongly generated [73] by a family of fields {a’(z)};ey if any field of V'
is a linear combination of normally ordered products of the fields {a’(2)};cr and their derivatives.
This means that, as a vector space, V is spanned by

i

at g, 50) (1.1)

with s > 0, n, > 1, and 4, € I. If V is freely strongly generated by the fields {a®(2)}ier,
the set of monomials (1.1) where the sequence of pairs (i1,n1),..., (i;,n,) is decreasing in the
lexicographical order is a basis of V' called a Poincaré-Birkhoff-Witt (PBW) basis. Then, the
structure of V is completely determined by the relations among the fields a’(z), i € I, or,
equivalently, the Lie brackets in End(V') among the aén):

Proposition 1.1.4 ([71]). Consider two fields a(z),b(z) € F(V). The following assertions are
equivalent:

(i) it exists some N € Zxq such that (z —w)N[a(z), b(w)] = 0,

(ii) there exist co(w),...cn—1(w) € F(V) such that

where §(z — w) refers to the formal delta-function }, ., w"z"""1 € C[[z*, w*!]],
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(iii) there exist co(w),...cn—1(w) € F(V) such that

n=0
and
N-1 1
bw)als) = 3 enlw)is (i ) + a0
By abuse of notation, we write
N—-1 ¢;(w)
J
a(z)b(w) ~ 2 w0 (1.2)

for the relations of Proposition 1.1.4 (iii). The relation (1.2) is called the operator product
expansion (OPE) of a(z) and b(w). It is equivalent to the data, for all m,n € Z, of the Lie

brackets
Nol o
[a(my ban] = Y ( j)(cj)(ernj)’

Jj=0

where for j > 0,

J JjG =11
One naturally defines a morphism between two vertex algebras (V,|0),7,Y) — (V',|0),7",Y”)
to be a linear map ¢ : V' — V'’ mapping |0) to |0)’ such that, for any a,b € V|

¢(Ta) =T'¢(a)  and  ¢(Y(a,2)b) =Y'(¢(a),2)e(b).

(m>:m<m—1>-~-<m—j+1>_

The previous construction can easily be extended to a superspace V =V @ Vi, and gives rise
to the notion of vertexr superalgebra.

1.1.2 Conformal vertex algebras
Virasoro vertex algebras
Let Vir = C((t))0: ® CC be the Virasoro Lie algebra with the commutation relations

3 _
%@Hm,oc and  [C,Vir] = 0,

[Lpn, L) = (n—m)Lpym +
where L, = —t"T109, for n € Z. Given any c € C, let
Vir® = U(Vir) Qu(c[E]oece) Ce,

where C. is the one-dimensional representation of C[[t]]0; @ CC on which C[[¢]]0; acts trivially
and C acts as the multiplication by c. The space Vir® admits a PBW basis of the form

Lo ...L_,,

0>a
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where |0) is the image of 1 ® 1 in Vir® and ny > ... = ny, > 2.

Let T = L_y and L(2) := (L—2]0))(2) = >,z Lnz~""2. These data define a unique structure
of vertex algebra on Vir® which is called the Virasoro vertex algebra with central charge c¢. The
OPE of the generating field L(z) with itself is given by

c/2 2L(w) OL(w)
Cowi  ow?  ow

L(z)L(w) ~

Conformal structure of vertex algebras

A vertex algebra V' is called conformal if there exists a vector w € V, called a conformal vector,

such that w(z) =Y, o, Lz~ "2 satisfies the following conditions

(a) [Lm,Ln) = (m —n)Lyin + ﬁigmlsm_i'_n’OCV, where ¢y is some constant called the central
charge of V,

(b) Lo acts semisimply on V,
(¢) T = L_; is the translation operator on V.
For a conformal vertex algebra V', we set VAo = {a € V | Lya = Aa} so that
V=@Va
AeC
For a € Va, A is called the conformal weight of a. We denote it by A, := A. Ifa € V is
homogeneous of conformal weight A, we set a, = a(,4+a,—1) so that
a(z) = Z anz "R (1.3)
ne”z

which is a more standard notation in physics. Let a € V' be a homogeneous element of conformal
weight A,. The OPE between the conformal field L(z) and a(w) is given by

da(w) , Asaw) +0< 1 )

(z—w) (z2—w)? (z —w)?

L(z)a(w) ~

We say that the field a(z) is primary when

or, equivalently,
[Lim, ()] = =G40,
for all m,n € Z.

If V is a Z-graded conformal vertex algebra such that VA = 0 for A small enough, then V is
called a vertex operator algebra (VOA).

Example 1.1.5. By definition, the Virasoro vertex algebra Vir® is conformal with central charge c
and conformal vector w = L_5|0).

Remark 1.1.6. If V is a VOA of central charge ¢, there is an injective vertex algebra morphism
Vir® < V via the identification L — w.
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1.1.3 Modules over vertex algebras and Zhu’s correspondence

Definition 1.1.7. Let V be a vertex algebra. A module M over V is a vector space together
with a linear map,

V — (End M)[[z,27Y]], ar~ Ya(a,2):=adY(2) = Z a%)zfnfl,
nez

satisfying the following axioms:
o forallacV,a(z) € F(M),
e |0)(2) = idas,
o (Ta)M(2)=0,aM(z), foralla €V,

o foralla,b eV and m,n € Z,

m (n n
§:<j>mm+ﬂwgwkﬁ):E:@Jy(~>WKWWﬂW%ﬂ)_C4)b%#%ﬂdﬂﬂﬂ'

>0 >0 J

This implies in particular that V is a module over itself.

The usual notions of submodules, quotients and ideals naturally arise in the context of vertex
algebras. In particular, a module which has only two submodules, 0 and itself, is said simple. A
vertex algebra V is simple if it is simple as V-module. Moreover, all ideals of a vertex algebra
are two-sided ideals. Hence, if I is an ideal of the vertex algebra V', the quotient V/I inherits a
natural vertex algebra structure.

Let V' be a conformal vertex algebra and M be a V-module. The module M is called a positive
energy representation if Ly acts semisimply on M with spectrum bounded from below, that is,

M = @ Ma,

A€X+Z20

where Ma = {m € M | Lom = Am}, and M, # 0.. Let Mo, := M, be the top degree component
of M. For all homogeneous vector a € V, we have

M
amyMa C Matn,—n—1,

for all n € Z and A € C. This defines a grading on M.

A conformal vertex algebra V' is rational if any Z>o-graded module is completely reducible,
that is, isomorphic to a direct sum of simple V-modules. The rationality condition implies that
V has finitely many simple Z>(-graded modules and that the graded components of each of these
Z>o-graded modules are finite dimensional [51].

Zhu’s algebra and Zhu’s correspondence

To any vertex operator algebra V one associates the quotient space A(V) :=V/(V o V), where
V oV is the subspace of V' generated by the elements

aob:=Res.—g (a(z)wmab> :

22
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where a € Va, and b € V. For all a,b € V with @ homogeneous, we define the bilinear operation

a*b:=Res.—g (a(z)wlb) .

z

Then, (A(V), %) is an associative algebra called the Zhu’s algebra of V' [97].

The following theorem, known as Zhu’s theorem or Zhu’s correspondence, illustrates how
important this algebra is for the representation theory of vertex algebras.

Theorem 1.1.8 (Zhu’s correspondence [97]). If M = @A€X+Z>o M is a positive energy
representation of V', then M., is a representation of A(V') whose action is described as follows. For
any a € V' homogeneous, the image [a] of a in A(V') acts on M, as a(a,—1y. The correspondence
M — M;,p, gives a bijection between the set of isomorphism classes of irreducible positive energy
representations of V' and that of simple A(V)-modules.

1.1.4 (C-cofiniteness condition and lisse vertex algebras

Let M be a module over a vertex algebra V. There is a natural filtration on M, called Li filtration
[83], defined by FOM = M and

FPM = Spanc{a(_;—1)b|a €V, be FP™"M, i>1},

for all p > 1. The subspace F'M, usually denoted Cy(M), is spanned by the elements a(_gym
where a € V and m € M. Set Ry := M/C5(M). In particular, the quotient space Ry is naturally
endowed with a structure of Poisson algebra defined by

1=10), a.b=a(_1)b, and {a,b} = a(b,

where @ denotes the image of a € V in the quotient Ry. The algebra Ry is called the Zhu’s
Cy-algebra of V. If M is a V-module then, Rj; is a Poisson module over Ry . The V-module M
is said finitely strongly generated if Ry is finitely generated over Ry . It is Ca-cofinite if Ry is
finite dimensional. A vertex algebra V is Cs-cofinite if it is Co-cofinite as a module over itself.
Such vertex algebras are also called lisse.

The associated scheme Xy and the associated variety Xy of V' [15] are respectively the scheme
and reduced scheme of the Zhu’s Cs-algebra Ry :

Xy = Spec Ry and Xy = Specm Ry .

The vertex algebra V is lisse if and only if dim Xy, = 0. If V is lisse then, all its simple
modules are positive energy representations with finite dimensional graded components [1]. These
objects are very powerful tools to check the potential rationality of a vertex algebra. Indeed,
the previous implication is close from the rationality condition and Zhu conjectured [97] that
rational vertex algebras are lisse. The conjecture is still open even if Ai and Lin [11] recently
gave a counterexample in the context of vertex superalgebras.

Similarly, we can construct the associated scheme Xj; and the associated variety X s of a
V-module M. They are Poisson subschemes of Xy and Xy respectively.

Remark 1.1.9. In [54], van Ekeren and Heluani propose a uniform construction of the Zhu’s
algebra and Zhu'’s Cs-algebra associated to a vertex algebra.
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1.2 Affine vertex algebras

1.2.1 Affine Kac-Moody algebras and admissible weights

Let g be a complex simple Lie algebra with adjoint group G. Let g = n_ @& h S ny be a triangular
decomposition with a Cartan subalgebra h. Set A the root system of (g,h) and fix A, a set

of positive roots. Let IT = {a1,...,a¢} be the corresponding set of simple roots. Denote 6
the highest positive root. For any root a € A, we define the coroot a¥ = 2a/(ala), where
(|) = 55 X kg is the normalized invariant inner product of g satisfying (6|6) = 2, h" the dual

Coxeter number, and kg is the Killing form of g. Let AY be the set of coroots. Let Q =3 .5 Zo
be the root lattice and Q¥ =" . Za" be the coroot lattice. Let P be the weight lattice of g
and P be the coweight lattice. The fundamental weights {; }1<i<¢ form a basis of P dual to
the basis of Q¥ formed by the simple coroots { }1<i<e-

Let g = g[t,t 7] @® CK @& CD be the extended affine Kac-Moody algebra with the commutation
relations:

[wt™, yt"] = [z, y]t" T + MOmtn,0(x|y) K, [D, xt"] = —nxt™, and [K,g] =0,

for all z,y € g and m,n € Z, where 2t" stands for x®t"™ and d; ; stands for the Kronecker symbol.

Let g=n_ ® b ®n, be the standard triangular decomposition, that is, H: heCKa@CDisa
Cartan subalgebra of g, ny =n, @ tg[t] and n_ =n_ @t 1gt™!].
Set g =[g,0] = g[t,t ] ®CK and h = h & CK C g, so that g =n_ @& h @ n,. The Cartan

subalgebra § is equipped with a bilinear form extending that on h by
(K|D) =1, and (h|CK ® CD) = (K|K) = (D|D) = 0.

We write Ag and ¢ for the elements of H* orthogonal to h* and dual to K and D respectively. We
have the (real) root systems

A ={a+nd|neZaecA}=ACU(-A?),
ﬁf:{a+n5|aeA+, nz0luU{-a+nd|acAi, n>0}

The affine Weyl group W is generated by reflections r, with a € A, For o € h*, the translation
to : b* — b* is defined by

ta(A) = A+ A(K)a — | (alA) + %)\(K) 3.

For a € QV, we have t, € W. In fact, W = W x tov, where tgv := {to | @ € QV}, and W is
the Weyl group of g. The extended affine Weyl group, which is the group of isometries of 3, is
W =W x tp, where tp := {t, | « € P}.

The category O is be the full subcategory of U(g)-Mod whose objects are the E—diagonizable

modules
=@
A€h*

where each M) is finite dimensional and so that there exists a finite subset {\; }1<i<s C 6* such
that M, # 0 implies A — \; € Zle Zxoa; for at least one A;. For X € bh*, M(\) denotes the
Verma module of g with highest weight A, and L(\) is the unique simple quotient of M (A). All
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simple modules of the category O are with the form L(\) for some A € a* Let Oy be the category
O of g at level k [70]. The simple objects of Oy, are the irreducible highest weight representations

L(X\), A e b* such that AMK) = k. For A € b*, denote fk()\) the simple g-module with highest
weight A =X+ kAg. For a weight A € h*, the corresponding integral root system is

A\ = {a € A" | (\,aY) € 7},

where a¥ = 2a/(a|a) as usual. Let W()\) be the corresponding integral Weyl group generated by
the reflections ry, o € A(N).
A weight A € b* is said to be admissible [75] (equivalently, we say that L(\) is admissible) if

o ) is regular dominant, that is, (A + p,a") > 0 for all a« € 3+()\) = 3()\) N ﬁﬂ‘f,

o QA™ = QA(N).

Here, p = p + hV A with p = Za€A+ /2. A complex number k is admissible if A = kA is an
admissible weight.

Proposition 1.2.1 ([78]). A complex number k is admissible if and only if it is of the form

k=-n'+2
q
with p,q € Z~o, (p,q) = 1 and either p > hY if (r¥V,q) =1, or p > h it (r¥,q) =Y. Here " is
the lacety of g, that is, vV = 1 if g has type Ag,Dg,E67E7,E8, = 2 if g has type By, Cy, Fy
and v = 3 if g has type Gs.

For k an admissible number, let Pr* be the set of weights X € b* such that A = A A+ kA is
admissible and there exists y € W such that A()\) (A(szO)) For )\ € Pr¥, if y € W satisfies
(A(kAo) ) C Are and A( )= (A(kAO)) then, W( )= yW(kAO) . The Weights of Pr¥ are
said principal admissible if (r¥,q) = 1 and coprincipal admissible if (rv,q) = V. For \ € Pr¥,
consider

J)\ = AIIHU(G) L()\),

the annihilating ideal of L()\) in the enveloping algebra U(g). For a nilpotent orbit O in g,
denote Pr(’f), the subset of Pr* consisting of principal or coprincipal admissible weights A such
that Var(Jy) = 0. For y € W and XA € h*, let yo A = y(A + p) — p. Set [Pr¥] := Pr*/ ~ and
[PrE] := Prh/~ where A\ ~ p if € W o A.

1.2.2 Affine vertex algebras associated with a simple Lie algebra

Given any k € C, let

V¥(9) == U(3) ®u(gmack) Cr,

where Cy, is the one-dimensional representation of g[t] @ CK on which g[¢] acts by 0 and K acts
as a multiplication by k. It is the representation of g induced from C; and a highest weight
representation with highest weight kAg. Hence, it is a representation of level k of g, i.e. K acts
as kid on it.
As a vector space,
VFg) ~U(gat 'C[t™!)).
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Let {x!,..., 2%} be an ordered basis of g. By the Poincaré-Birkhoff-Witt theorem, V*(g) has a
PBW basis which consists in the monomials

Ty, 10), (1.4)

where |0) is the image of 1® 1 in V*(g), Ty =at" forallm € Z, ny Znz > ... 2 ny >0, and
ij < ij+1 if ng =MNjy1.-

There is a unique vertex algebra structure on V*(g) such that |0) is the image of 1 ® 1 in
VE(g) and

2(2) = (2 0)]0) () = Y wmz """

nez

for all x € g. The Lie algebra g is considered as a subspace of V¥(g) through the embedding
x € g x(_1|0) € V¥(g). The vertex algebra V*(g) is called the universal affine vertez algebra
associated with g at level k. Its structure is defined by induction for any monomial of the basis
(1.4) by:

1

.ani—1 .1 N —1 _im )
(n1—1)!...(nm—1)!'8z ' (z)...0] x'm(z) .

Y (2 zim )10),2) =

(=n1) " " (—nm

Moreover, for x,y € g, the OPE between the corresponding fields on V*(g) is given by

wylw) | (alyk
G-w)  (-w?

z(z)y(w) ~
When the level k is non-critical, that is, k # —h", the affine vertex algebra V*(g) is conformal
by Sugawara construction. Its central charge is

kdimg
Cvk(g) = k_i_h\/7

and the Sugawara conformal vector is defined by

d
1 i ik
© = Yy 2 T T(Cnl0),
=1

where {z*}; is the dual basis of {z'}; with respect to (| ).

Modules of affine vertex algebras

The universal affine vertex algebra V*(g) plays a crucial role in the representation theory of g. A
g-module M of level k is smooth if 2™ (z) € F(M) for all z € g. By definition, V*(g)-modules
correspond exactly with smooth g-modules of level k.

Let Ly (g) be the unique simple graded quotient of V*(g). It inherits a structure of vertex
algebra from the one of V¥(g). It is called the simple affine vertex algebra associated with g at
level k. As a representation of g, L (g) = L(kAo).

Moreover, for all k € C, the Zhu’s algebra of V*(g) is isomorphic to the enveloping algebra
U(g) of g. Hence, A(Lx(g)) is a quotient of U(g):

A(Lk(9)) ~Ul(g)/ Ik,
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where Ij, is a certain two-side ideal of U(g). Thus, L()\) is a Li(g)-module if and only if .Jy
contains I. When  is admissible, this happens if and only if A € Pr* [19].

Associated varieties of affine vertex algebras

For any graded quotient V of V¥(g), the Zhu’s Cy-algebra of V is given by
Ry =V/t gt V.

In particular, Ry« 4y =~ C[g*]. Hence, Xy x5 = g*. It follows that Xy, () is a subvariety of g* ~ g,
G-invariant and conical. The associated variety X, ) is difficult to compute in general. It is
known that X, g = {0}, i.e. Lr(g) is lisse, if and only if L(kA¢) is an integrable representation
of g, that is k € Z> [53]. Furthermore, when k is admissible, we have the following result:

Proposition 1.2.2 ([17]). If k = —h" + p/q is an admissible level for g, then Xy, is the
closure of some nilpotent orbit O, which only depends on q.

The nilpotent orbit O, is explicitly described in [17, Tables 2-10].

1.2.3 Universal affine vertex algebras

The previous construction of vertex algebra is generalizable to any Lie algebra a endowed with a
symmetric invariant bilinear form . Let @ = a[t,t~!] @ C1 be the Kac-Moody Lie algebra of a
with commutation relations

[t yt"] = [2, ylt" " + mSpgn. 0k (2, y)1, and [1,a] =0
for all z,y € g and m,n € Z. The vector space
V*(a) = U(a) ®uapect) C,

where C is the one-dimensional representation of a[t] ® C1 on which aft] acts by 0 and 1 acts as
identity, is a Zxo-graded vertex algebra called the universal affine vertex algebra associated with
a and k.

Example 1.2.3. Let a ~ C be a one-dimensional abelian Lie algebra, and x any non-degenerate
bilinear form on a. Then V*(a) is called the Heisenberg vertex algebra, denoted by M(1). If
b € a\{0}, then b(z) strongly generates M (1) and

1

b(2)b(w) ~ G

1.3 The BRST reduction and W-algebras

The following construction of the W-algebra is due to Kac, Roan and Wakimoto [73]. We refer to
[73] and [12, 76] as general references for the construction of W-algebras.

1.3.1 The complex €(g, f,k) and the BRST reduction

Let f be a nilpotent element of g that we embed into an sly-triple (e, b, f) given by the Jacobson-
Morosov theorem. We have

[h, €] = 2e, [h, f] = —2f, and le, f] = h.
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The semisimple element x( := h/2 induces an %Z—gradation on g,

9= P u (1.5)

JjESZ

where g; = {y € g [0, y] = jy}. Set g>0 :=€D,>09; and g=o0 := D,-, 9;. We define similarly
g<o and g<g. Choose a basis {eq }acs, of each g;. One can assume that h C go and that the root
system A is compatible with the grading induced by xy. Then we can pick each e, to be a root
vector if j # 0, and for j = 0, either e, is a root vector or e, belongs to the Cartan subalgebra b
[55]. Set S =U;S;, S4 = U;5095; and let {e*},es, be the dual basis in g%, to {eq}aes, -

The x¢-grading is good if it satisfies the decomposition (1.5). In the following, we always
consider good gradings. We refer to [55] for additional details and classification of good gradings
in simple Lie algebras.

Neutral free fermions

The nilpotent element f belongs to g_; and defines a skew-symmetric bilinear form on gy /»:

<a" b> = (f|[a’ b])

for all a,b € g1 /5. Consider the vector space (gq/2,( , )), and let gy /5 = gl/g[t,t_l]. For a € Sy 2
and n € Z, ®,(n) denotes e, t™. Set

Do(z) =Y Pa(n)z" "

neEZ

The set {®q}aes,,, gives a basis of g1/5. Let {®“}qes,,, be the corresponding dual basis with
respect to (, ). Then the vertex algebra of neutral free fermions Fye is the vertex algebra strongly
generated by the neutral free fermions {®q(2), ®%(2)}aes, , satisfying relations

[@a(m), @7 (n)] = 0o pOmsn.—1,  and  [Ra(m), ®s(n)] = [@7(m), @7 (n)] = 0

for all o, B € Si/2 and m,n € Z.

Moreover, the field
1
L'(2) =5 D (09%(2))al2) :

OLESl/g

defines a structure of conformal vertex algebra on JF,, whose central charge is given by
1.
Che — —5 dlmgl/g.

All fields ®,(z) and ®*(z) on Fye are primary with respect to L™ and have conformal weight
1/2.
Charged free fermions

Let Cl(g>0) = g>olt, t ] @ g%o[t,t 1] the Clifford affinization of g-o endowed with the symmetric
bilinear form ( , ) defined by

(@t™ Pt"™) = gm0 (), and (™, yt™) = (Pt Pt")y =0
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for z,y € gso and ¢, ¢ € g&,. We write pq(m) for eqt™ € Cl(g0) and ¢ (m) for e*t™ € CL(g>o).
Then Cl(g~o) is the associative superalgebra with

e odd generators: p,(m), ¢*(n) for all m,n € Z and o € S,

. relations: [ipa (m), 95(n)] = [p*(m), ¢ (n)] = 0 and [pa(m), ¢ (1)] = 6as6msn0;

where the parity of p,(m) and ¢*(n) is reverse to e,. Since elements of g are purely even, this
means that ¢, (m) and ¢*(n) are odd.

Define the charged fermion Fock space associated with gsq as

o Cl(g>0) ~ m
]:(9>0) T mz;o Cf(g>o)s0a(m) + ";1 Cﬁ(g>0)cp°‘(n) - /\(‘Pa( ))07&<3 ®/\( ( ))an€<8(1_7

where A(a;)icr denotes the exterior algebra with generators {a;}ics. It is an irreducible C4(g~o)-
module, and as C-vector spaces we have

Flg>0) = Aaolt™']) @ Algsolt™']t71).

There is a unique vertex superalgebra structure on F(g~¢) such that the image of 1 is the vacuum
|0) and

Y(pa(=1)[0),2 =) @aln)z"

neZ

Y(¢*(0)[0), 2 =) ¢(n

nez

for all & € S;. We denote by Fg, this vertex algebra called the charged free fermion vertex
algebra associated with Cl(g~o). The fields {pa}aes, U {9 }acs, strongly generate Fey.

Let a conformal field on F, be

LN(z Z Mme : % (2)(0pa(z)) : + Z (1 —=mq): (0% (2))pal(z) 1

aeS4 aeS,

where [7¢, €q] = Mmaeq for all a € S;. The central charge of L" is given by

con =— Y (12m2 — 12mq + 2),

aeS4

and the fields ¢, and ¢® are primary with respect to L" with conformal weight 1 — m, and m
respectively.

The vertex algebra F.y, has the charge decomposition

]:Ch - @ fﬁ7 (16)

meEZ

defined by the relations charge ¢, (z) = —charge p®(z) = —1 for a € S.
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Reduction of the complex %(g, f, k)

Let k£ € C and set the vertex algebra

(g, f, k) =V*(a) @ F(g, f),

where F(g, f) = Fen @ Fne. Define charge V¥(g) = charge ;o = 0. Then (1.6) induces the
charge decompositions

=P 7. H)m and F(g.f.k) = P Cn.

mEZ meZ
where €, :==%(g, f, k)m, m € Z.

Following [73], set

()= 3 real@e? ()i 2 S ey () ()P (2) - (L.7)

a€eS4 2 a,B,7€S+
da(z) = ) (flea)e™(2) + Y 1 9%(2)%al(2) (1.8)
aESy a€Si/2

where ¢, 5 is the structure constant defined by [eq, e5] = >° ¢ se4. Let d(2) := d(2) + dna(2).
The field d(z) does not depend on the choice of the basis. One has [d(z),d(w)] = 0. Since d(z) is
odd, d%o) = 0. Moreover, [d(), €n] C Cmy1. Thus, (€(g, f,k),d) is a Z-graded cohomology

complex. The zero-th cohomology of this complex is a vertex algebra denoted by W¥(g, f):

Wk(ga f) = HO(%<g’fa k)ad(O))

This construction is a particular case of BRST reduction usually referred as the Drinfeld-Sokolov
reduction of V¥(g). We denote this reduction functor H$(?) == Hpper(?) in the following. We
briefly write

WH(g, f) = H}(V*(g)).

The vertex algebra W¥(g, f) is called the (affine) W-algebra associated with g and f at the
level k. Tts simple graded quotient is denoted by Wi(g, f). Historically, W-algebras were firstly
defined for principal (or regular) nilpotent elements of Lie algebras [58]. The W-algebra W¥(g)
always refers to the principal W-algebra W* (g, freg)-

Conformal vector and generating fields of WW-algebras

Provided that k& # —h" is non-critical, W¥(g, f) inherits a structure of conformal vertex algebra
from those of V¥(g), Fu, and Fye. Define the conformal field on W¥(g, f) by

L(z) = L8() + +(2) + L(2) + 1°(2),
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with central charge

Ck = Cyk(g) — 12k(x|x) + cen + Cne

kdimg 9 1 ..
= — 12k - 12 —12my+2)— -d
k+hv (x|x) QGZS+( Mg, M + ) 2 lmgl/Q (19)
. L 12 ,
:dlmgo—idlmgl/g—m\p—(k’—l—hv)x| .

Given a € g_;, introduce the field of €(g, f, k)

JUz) =Y Iz =alz) = Y gt wal2)ep(a)

neEZ a,feESL

where [a,eg] = >_ g gea- This field has conformal weight 1 + j with respect to L. The
fields {J%}4eq play an important role in the structure of the W-algebra W*(g, f). Let g/ be the
centralizer of f in g, and set gf =g/ Ng, forall j e %Z. By the theory of sls, we have

o =Pl (1.10)

J<0

Theorem 1.3.1 ([76]). For each a € g’ij, j = 0, there exists a field J%}(z) of W¥(g, f) of

conformal weight 1 + j with respect to L such that J{%}(z) — J%(2) is a linear combination of
normally order products of the fields J*(z), where b € g_,, 0 < s < j and their derivatives.

Let {a;}ic1 be a basis of g/ compatible with the graduation (1.10). Then W¥(g, f) is freely
strongly generated by the fields {J1%}};c;.

In practice, to construct J{%(2) from J%(z), we write a linear combination of fields as in the
theorem and find coefficients so that the field J{*}(z) is d(g)-closed. In [76], Kac and Wakimoto
give formulas to construct strong generators with conformal weights 1, 1/2 and 0, and they
compute OPEs between them. This provides in particular an explicit description of all WW-algebras
associated with minimal nilpotent elements. Indeed, if f belongs to the minimal nilpotent orbit
Omin then the grading (1.5) induced by x is minimal:

9=09-1DPg-1/2D g0 D 9172 @ 91,
with g_; = Cf and g; = Ce.

In fact, there is a general algorithm to construct the strong generators of W* (g, f) whatever
their conformal weights. This algorithm is introduces in Chap. 2 when f induces an even good
grading on g, i.e. when the x¢-grading (1.5) is a Z-grading. Using the computer program
Mathematica and the package [94], we compute OPEs between the strong generators. Appx. A,
B and C provide the description of W-algebras associated with Lie algebras of rank two.!

1The complexity of computations exponentially increases with values of the conformal weights. Due to the
limited computational power of the machine, the OPEs of W¥(sp,) and W¥(G2) remain incomplete for the
moment.
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1.3.2 Representation theory of V-algebras

Let M be a V¥(g)-module, that is, a smooth g-module of level k. It can be extended into a
WE(g, f)-module as follows. Set the € (g, f, k)-module

C(M):=MeF(g,f)

Set charge M = 0, then the €(g, f, k)-module ¥ (M) admits a charge decomposition inherited
from the one of €(g, f, k):

C(M) = P €M)
mEZL
Hence, (¢(M),d(o)) is a € (g, f, k)-module complex, and its cohomology H}(M) := €D, , H}(M)
is a direct sum of W¥(g, f)-modules. In particular, it defines a functor

V*(g)-Mod — WF(g, f)-Mod, M — H9(M). (1.11)

Let KLy, be the full subcategory of O consisting of g-modules on which g acts locally finitely.
Then for M € KLy, H}(M) = 0 if ¢ # 0, and the restriction of the previous functor

KLy — W¥(g, f)-Mod, M — H}(M), (1.12)

is exact [17].

Associated varieties and lisse VV-algebras

It is known that the associated variety of W¥ (g, f) is the Slodowy slice /s := f+g¢, where g° is the
centralizer of e in g [48]. Its Poisson structure comes from the one of g* by Hamiltonian reduction.
The Li filtration defined in Sect. 1.1.4 is compatible with the functor (1.12). Hence, for any finitely
generated module M € KLy, Ryor) = HY}(R) as Poisson modules over Ryyr(g 5y = C[7]
[48]. Moreover, X’H?(M) = Xy Xg- - [17]. In particular, the associated variety of H})(Lk(g)) is
isomorphic to the intersection

XLk(g) N jf'

Furthermore, HY(Ly(g)) is a quotient of W¥(g, f) = H}(V*(g)). Thus, the simple W-algebra
Wi (g, f) is a quotient of HJ?(L;c (g)), provided that the latter is non-zero. We deduce that W (g, f)
is lisse whenever X, (4) is the closure of the nilpotent orbit O of f in g. Indeed, if f € O, we

have O N s = {f}. Consequently, we have the following result:

Proposition 1.3.2 ([17]). Assume that k = —h" 4 p/q is admissible for g and pick f € Q,,
with Oy the associated variety of Li(g) (cf. Proposition 1.2.2). Then Wy(g, f) is lisse.

Pairs (f, k) with k = —hY +p/q admissible and f € Q, are called exzceptional [17]. This extends
the original notion of exceptional pair given by Kac-Wakimoto [78]. If (f, k) is exceptional, the
Wh-algebra W¥ (g, f) is said exceptional. It has been recently proved that exceptional W-algebras
are rational. We give more details about this result in the following.

Finite W-algebras and Zhu’s algebra A(W*(g, f))

We can extend the construction of the Zhu’s algebra introduced in Sect. 1.1.3 to any module M
of a vertex algebra V setting A(M) = M/(V o M) [63]. Then A(M) is a bimodule over A(V).
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Recall that A(V*(g)) ~ U(g). For M € KLy, A(M) belongs to HC(g), the category of
Harish-Chandra bimodules. Hence, A(M) is a finitely generated U(g)-bimodule on which the
adjoint action of g is locally finite. For any Harish-Chandra U (g)-bimodule M, one defines an
analogue of the Drinfeld-Sokolov reduction H{(M) which is naturally a HY(U(g))-bimodule [18].
Using the exactness of Zhu'’s functor, we get HJ(?(.A(M)) ~ .A(H?(M)) for any module M € KLy.
In particular,

AW (g, f)) == H}(U(9)) = U(a, f),

is the finite W-algebra [89] associated with f € g [48]. The finite W-algebra U(g, f) is the
enveloping algebra of the Slodowy slice .#y. Moreover, U(g, f) ~ Endyg)(Y)°P where Y =
U(9) ®u(m) Cy is induced from a one-dimensional representation C, over a certain nilpotent
subalgebra m of g of dimension dimm = %dim Oy. We refer to [13, 47, 48] for a precise
construction of U(g, f).

In [21], Arakawa and van Ekeren prove the semisimplicity of the Zhu’s algebra A(H})(Lk(g)))
when (f, k) is an exceptional pair. It implies the semisimplicity of the quotient AWk (g, f)) of
A(H}(Li(g)))- Recently, McRae showed [86, Theorem 5.10] that a VOA V' is rational if its Zhu’s
algebra A(V) is semisimple, proving in particular the conjecture of Kac-Wakimoto and Arakawa.

Theorem 1.3.3 (McRae [86], conjectured by Kac-Wakimoto [76] and Arakawa [17]).
If (f, k) is an exceptional pair then Wy(g, f) is rational.

Ramond twisted representation and "—"-reduction functor

Previously we mentioned that the functor (1.12) is exact. However, in order to recover all the
irreducible positive energy representations of W¥(g, f) — which are in correspondence with simple
A(WE(g, f))-modules — we need to extend this functor to the whole category Oy. Unfortunately,
the functor

Or = WF(g, f)-Mod, M — HY(M), (1.13)

is not exact in general. It is if f belongs to the minimal nilpotent orbit of g [12]. One modifies
the functor (1.13) into a "—"-reduction functor HY _(?) defined in [62] (see also [14, 78]).

Let o be the automorphism of the complex %(g, f, k) defined by or = e?™%0, It fixes the
vector d and thus, induces an automorphism of W¥(g, f) [77]. If M is a V*(g)-module then
H?,i(M) carries a structure of a Ramond twisted representation of W¥(g, f) coming from the
o r-twisted action on € (M ):

w-m = Wot_g, (1) - m, (1.14)

where the isomorphim ¢_,, is given by [78]:

Ty s JEH () B = Jleed (n + a(xo)), (o € A),
T ) B s T () + 6,.0(20|h) K, (h eh),
KF— K,

DT D — 24(0),
Pa(n) = 0a(n+ a(xg)), (@ €S, US_),
Do(n)f = dy(n+1/2), (a € S1/2),

where @, stands for ¢~ when o € S_, and Wy is the lift of the longest element wy of the Weyl
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group W such that

ﬁ)\0(<]{ew}(n)) = C'wo(oe)J{ewo(w)}(n)v (a € A)?
Wo(Pa(N)) = Cug(a)Prwo () (1), (e Sy),
1//30(90—@(”)) = C;}j(a)@fwo(a) ('I’L), (Oé S S+),

with ¢, € C*.
Let Op be the full subcategory of the category of left g-modules of level k consisting in the
objects M such that

e M admits a weight space decomposition with respect to the action of H,

o there is a finite subset of weights {p1, ..., un} C h* such that M = P
Q+ = Yaen, Lxoa,

"
HEUipi— Qs M*", where

o for each d € C, My is a direct sum of finite dimensional go-modules.

The functor
H} _(?): Oo — W*(g, f)-Modg,

is exact.

Note that a W-algebra is generally %Z>0—graded, as well as its irreducible representations
whereas Ramond twisted representations are Z>q-graded [78]. Also, when Wk(g, f) is Zxo-graded
— for instance when f is even — a Ramond twisted module is the same as an untwisted module.
In fact, the finite W-algebra U(g, f) appears as the Zhu’s algebra of W¥(g, f) when we consider
Ramond twisted representations rather than untwisted ones in Zhu’s correspondence. The same
holds for the simple quotient Wi (g, f).

For a simple A(W”(g, f))-module E, denote L(E) the corresponding irreducible Ramond
twisted representation of W¥ (g, f). The module L(E) is the unique simple quotient of the Verma
module,

M(E) := UW*(g, f)) @uwr(a.f))s0 B>
where U(W*(g, f)) is the Ramond twisted current algebra of W¥(g, f) [21, 63].

Characters of highest weight representations

Let M be a highest weight g-module of level k # —h" with highest weight A € §* and highest

~ ~ ~

weight vector v(A). If v(A) is not in the image of d(g), its image #(\) in H}(M) generates a
non-zero W¥(g, f)-module. Moreover, the eigenvalue of 17(5\) for Ly is given by
(AJA +2p)

2+ hY) (z+ DIN),

and for h € b/, its eigenvalue for Jéh} is A(R).

The character of a g-module M is defined as the formal serie
chay (7, 2, u) i= trpy @2 HE—TDAUE)

where z € h and 7,u € C with Im(7) > 0. In the following we fix u = 0 and consider
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chps (7, z) == chas (7, z,u). In particular, it was proved by Kac-Wakimoto [74] that for A € Pr”,

1 wol
Chfk(x) = 7 Z: e(w) eV,
wEW (X)

n_ ~ _ p—a\multa ; : -~ 1 3 ~ o~
where R = HaeA+(1 e~ ) is the Weyl denominator for g and wo A = w(A + p) — p is
the “dot”-action extended to W. This character can be considered as a meromorphic function of

(r,2) € Hx b, with H={r€C|Im7 >0},

1 —2mi(woA|rD—2z
chzk(/\)(r,z) = I3 Z e(w) e~ ZriweAlrD=2)
weWw (X)

Following [73], let ch H? (M) be the Euler-Poincaré character of H}(M):

j j PeALY
ChH;(M)(Qa h) = Z(_I)J ChH;(M)(%Z) = Z(_l)] trH;(M) qLO e?milo ) (1.15)
JEZL JEZ

with ¢ = €*™" and h € bh7.
Theorem 1.3.4 ([73]). Let M be the highest weight g-module of level k # h" with highest

weight \. Suppose that chy; extends to a meromorphic function on H x § with at most simple
poles at the hyperplane T,, = {h € b | a(h) = 0}, « € A™. Then

(Ali+2p)
qz(k+hv)

= =)

chH;(M)(q, h) = 0 (E chps (1, —Tx + h))

o0

> H H (1 _ qn—l e—27ri(a|h))—1(1 _ qn eQm‘(alh))—l
n=1la€cAy,(alzg)=0

o0

« H H (1 _ qn71/2 e27ri(a|h))fl’

n=1a€A (alwo)=1/2

where h € b,



Chapter

OPEs and collapsing levels of W-algebras
associated with simple Lie algebras of
rank 2

In this chapter, we present the concrete construction of W-algebras in terms of strong generators
and relations (OPEs) due to [76]. To simplify the theory, we assume that f admits an even good
grading on g (see Sect. 1.3.1). In particular, this covers all cases in type A (sl,,) and cases where f
is even, i.e. its Dynkin grading is a Z-grading, such as principal or subregular nilpotent elements.
Then the derivation d(g) splits into two derivations which define a structure of bicomplex over
% (g, f,k). The computation of the strong generators of W¥(g, f) is simpler and we recall an
algorithm to construct them in Sect. 2.1. The structure of bicomplex remains valid for any
nilpotent element but explicit computations are more difficult when the grading is not even. We
consider several examples of this type in our work.

Even if the construction of the strong generators is known, the computation of OPEs remains
difficult. Only few examples were explicitly computed so far [41, 76]. We compute generators
and OPEs for W-algebras associated to Lie algebras of rank 2 using the Mathematica package
[94]. Results of our computations are presented in Appx. A, B, and C. The computational
complexity increases exponentially with the value of conformal weights. As a consequence, due
to limited capacity of the machine, the OPEs for principal W-algebras W¥(sp,) and W*(G5)
remain incomplete for the moment.

For particular values of the level k, said collapsing, the simple W-algebra W (g, f) is isomorphic
to another vertex algebra — for instance, an affine vertex algebra. Collapsing levels of minimal
Wh-algebras have been completely classified in [8, 9] using OPEs. However, it is difficult to predict
which levels collapse for other nilpotent elements, since OPEs are not known. Few particular cases
have been computed explicitly [6, 7]. Recently, Arakawa, van Ekeren and Moreau [22] provided
a large — and conjecturally complete — family of admissible collapsing levels. In Sect. 2.2, we
study conditions to obtain certain isomorphisms of W-algebras (Propositions 2.2.2 and 2.2.7). We
provide several new examples of generalized collapsing levels which are not admissible (Tables 2.2
and 2.3). We thank Prof. Drazen Adamovi¢ for drawing our attention to new collapsing levels in

Wk (5]347 fsubreg) .

23
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2.1 Explicit construction of generating fields of VV-algebras

2.1.1 Structure of bicomplex over %¢(g, f, k)

We keep the notations of Chap. 1. Let f be a nilpotent element of g admitting an even good
grading. The grading (1.5), defined by zo = % on g, turns to a Z-grading

g:®9j' (2.1)

JEZ

As a consequence, there is no neutral part in the complex €(g, f, k) = V*(g) ® F(g=o). Let €+
be the vertex subalgebra of €(g, f, k) generated by the fields ¢4 (2) and J®(z), o € S4, and €~
be the vertex subalgebra generated by ¢®(2), a € Sy, and J(z), eq € g<o. Obviously, as vector
space, €(g, f,k) = €T ® ¢~. Moreover, €T and ¢~ inherit cohomological grading from the one

of €(g, f, k):
¢t =P, ad ¢ =P .

i<0 i>0
Hence,
WHe, f)= @ H™(€F,d) e H (¢, d).
m—+n=0
Recall that d(z) = dst(2) + dna(z). Because of the even grading, the second sum in dpq(2)
disappears and we get

()= Y el (@) 3 ey (22)
aeS4 o,B,7ES+

da() = 3 (Flea)e”(2). (23)
aeS4

Set dg(2) = > ,cz dst(n)z7 "7 and dna(2) = Y-, cz dua(n)z~". Then the fields dg(z) and dna(z)
respectively correspond to the vectors dg (o) and dyq,(0) given by

1
Gy = de0) = 3 eal-mp®(n): =5 S €yt (Rt e m) -
aeS4 o,B,7ESL
nez k+Il+m=0
dnd,(O) = dnd(]-) = Z (f|eo¢)<pa(1)'
aeSL

By abuse of notation, denote d, dst, dna for d(g), dst,(0), dnd,(0)- By direct calculation, we check
that dg; and d,q are two derivations which commute with each other:

d2, = d2q = [dst, dua] = 0.
On the one hand, for n € Z and a € S, we have the relations
dst(pa) = J°, dnd(¥a) = (flea)|0), dst(J) = dna(J*) = 0.

Consequently, the cohomology H*(¢*,d) vanishes for non-zero degrees and H°(¢*,d) = C|0).
Thus,
WH(g, ) = H (€., d).
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On the other hand, for all e, € g<o and v € Sy, we have

dgt (J) = — Z s P Jleaesl . 4 Z (k(eales) + trg., (adeq)(ad e))0p”,
ﬁes—%—’[emeﬂ]Gggo ,BES+
doa(Je) = Y ([f:ealles)s”,
pes,
1
— Y a, B
dse(07) = =5 > el goeP
a,,BES+
dnd((p'y) =0.

Let consider first the cohomology induced by d,q on €~. We deduce from the relations above
that all degrees of the cohomology H®(%¢ ™, dnq) vanish except the zero-th. Besides, H(¢ ™, dnq)
is a vertex algebra strongly generated by the fields J%(z), where a € gf is a linear combination of
elements e, € g<o-

Define a Z?-grading on ¢~ = @ G DY

m,n€’

bideg |0) = (0, 0), bideg J* = (—4,7) (a € g—;), and bideg p* = (j, —j+1) (ea € g;)-

Since dst (%, ,,) C 6,y ppr and dna(6y, ) C 6,41, the direct sum €'~ admits a structure of

m,n m
bicomplex:

% 1

J/dnd J/dnd
dst — dst —_ dst —
%0,71 rgO,O Cg(),l

J{dnd J{dnd J{dnd
dst —_ dst — dst —
%1 -1 (gl 0 (gl 1

Furthermore, H*(¢'~, dna) C @,,¢7., €n,—m- Then dg induces a zero differential on H°(€'~, dna)
and all higher differentials of the spéctral sequence vanish.

The two derivations, dg; and dngq, preserve the conformal grading induced by Lg. In practice,
for a € g’ij (j > 0), the strong generator J1 of W¥(g, f) of conformal weight 1+ j is construct
by extending the close field J* with respect to dnq into a close field with respect to d. Initially
dna(J*) = 0. If dgt(J*) = 0 then set Ji%} := Jo. Else, we look for a field X{ of conformal weight
1+ j such that dg(J*) = —dpa(X{). The two sides of the equality must have the same bidegree
for the Z2-grading on ¥~. Hence,

bideg X = bideg(dna(XT)) + (1,0)

= bideg dgt (J*) + (1,0)
= bideg J* + (0, —1) + (1,0) = (—j + 1,5 — 1).
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As a consequence, X{ € ¢, ;_; is a linear combination of normally ordered products of fields
J, eq € g—j+1 and their derivatives. Differentiating a field increases its conformal weight of 1
but does not impact the bidegree, and the conformal weight of a normally ordered product of
fields is the sum of the conformal weights of each of them. If dyq(X¢) = 0 then Ji¢} .= Jo 4+ X¢,
else iterate and look for X§ such that dgs(X{) = —dpa(X§), etc. In this way, we construct a
sequence of fields (X{);>0 of conformal weight j + 1 such that

Xy =J9, X e

— iy =i

and dst (X)) = —dna(X]y).

In the worst case, ds(X}') = 0 because 4, , = 0 for m > 0.

2.1.2 Example: construction of the strong generators of Wk(5p4, fsubreg)

In this paragraph, consider g to be the simple Lie algebra sp, that we may realize as the set of
4-size square matrices x such that z7Jy + Jyz = 0, where J; is the anti-diagonal matrix given by

_ 0 U, (0 1
J4_(—U2 0), WhereU2—<1 0).

We make the standard choice that b is the set of diagonal matrices of g. Nilpotent orbits of
g = sp, are parameterized by the partitions of 4 such that the number of parts of each odd
number is even (see, for instance, [39, Theorem 5.1.3]). Thus, there are four nilpotent orbits
in g = sp, corresponding to the following partitions: (4), (2%), (2,1?), (1*). They correspond
respectively to the principal, subregular, minimal and zero nilpotent orbits of g, with respective
dimensions 8, 6, 4, 0. Write IT = {«a1, a2} a set of simple roots for the root system A of (g,b)
such that «; is a long root and ag is short. Then Ay = {a1, a9,n,0}, with 7 := a3 + as and
0 := a1 + 2as is the highest positive root.

The centralizer of e_,, is four-dimensional generated by e_,,e_q,,e_g, ho, where h; := o €
(h*)* = b, for i = 1,2. Hence, e_, belongs to the subregular nilpotent orbit of g. In this section,
we fix

f =€_pn= fsubreg-
Setting e := e, and h := [e, f] = 2h1 + ho we get the slo-triple (e, h, f) of g. Let 29 := % = w.
The nilpotent element f is even and we have

g=9-1990Dg1.

Moreover, gf = gJil &) 957 with gJil = Cf @ Ce_n, ®Ce_g and gé = Chy. It follows from
Theorem 1.3.1 that W¥(sp,, f) is strongly generated by the fields J{/}, Jie—ai} jle-e} and
Jh2} We detail their construction in the following.

Remark 2.1.1. The smallest Levi subalgebra of sp, containing f has semisimple type A; with
basis hi, ho, ex, (it is the centralizer in sp, of hy). Hence, f has Levi type. It means that f is a
principal nilpotent element of the minimal Levi subalgebra that contains it.

First of all, because of the decomposition of g, there are only two possibilities for the bidegree
of the fields J¢, a € g<o. We classify these fields and certain of their derivatives in the Table 2.1
depending on their bidegrees as well as their conformal weights.
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bideg | conformal weight fields

(—1,1) 2 JI Je—en Je-e
(0,0) 2 OJM 9 Jh2 §Jeez, §Je—o2
(0,0) 1 Jhi | Jha | Jeas | Je-as

Table 2.1 — Bidegrees and conformal weights

By direct computation, dg(J"?) = dyua(J"?) = 0, so we pick for J{"2} any multiple of J"2. For
normalization reasons, set

J =g} = %J’” = Jh/? = Jo2,

On the contrary of J"2, the field J/ is not vanished by the derivation dy. We look for a field X {
such that dg(J7) = —dpa(X { ). Using bidegree and conformal weight considerations, we get that
X/ is a linear combination of fields of bidegree (0,0) and conformal weight 2 (see Table 2.1):

1
X{ =—3 (: JOeo2 JO—ez o 4 (Jhl)2 Copr Jh gt +(3+2k)3jh1) .

Moreover, since dpq(X { )y=0,JU =g+ X 1f . We have similar computations for the rest of the
generators:

1
Gt = Jle-a} = je-an 4 50 Jh Jeez 4 (k4 2)dJC2),
1
G~ = Jle=ot .= oo 4 §( Jhge-ez s o Jh2 Je-ea (k4 2)dJ¢02).

The field J1/} is a conformal vector but its central charge differs from the Sugawara’s 1.9:

(k + 1)(43 + 46k + 12k?)
5 .

To remedy this, we slightly modify the field J/} into a field L with the same conformal weight.
We write L as a linear combination of fields which act semisimply — in particular J{/} and fields
J{a} @ € b — their derivatives and normally ordered products:

S S B Py (S (S

(3+k) (B+k) (3+k)

2.2 Particular isomorphisms of WW-algebras associated with
rank-two Lie algebras

Let f be a nilpotent element of g embedded into an slo-triple (e, b, f). The centralizer in g of
this triple, denoted g%, is the intersection of centralizers of at least two elements of the triple. In
particular, gf = g{;. It is a reductive Lie subalgebra of g, hence g = 3(g%) @ [g?, g?] with 3(g%) the

center of g%, and
S
o%,0") = P,
i=1
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where ghl, ..., g% are simple Lie algebras. Set
V() = M) @ Q Vi (g)),
i=1

where M (1) denotes the Heisenberg vertex algebra of central charge 1, d is a non negative integer
and k?, ...,k are complex numbers all depending on k. We refer to [9] or [22] for the precise
relations of dependence between d, k; and k.
According to [76], the vertex algebra V"'u(gh) is a vertex subalgebra of W¥(g, f) via the
embedding
LV (gh) = Whg, f).

Denote VF(gf) := L(th(gb)) and Vi(g?) the image of V¥(g%) by the canonical projection
Wk(g, f) — Wh(g, f). The level k is said to be collapsing [9] if Wi (g, f) ~ Vi(g%). Equiva-
lently, k is a collapsing level if and only if there is a surjective vertex algebra morphism

WFE(g, f) = Ly (g%),

where Ly (gh) = ®f:0 L,: (gf), or if and only if Wy (g, f) is isomorphic to Ly (gh). More generally,
we said that k is a general;'zed collapsing level if the W-algebra Wi (g, f) is isomorphic to another
Wh-algebra Wi/ (¢', f/).

Collapsing levels have remarkable applications to representation theory of affine vertex algebras.
They play a important role in the study of the category KLy [2, 10]. In [8, 9], Adamovié and
al. give a complete classification of collapsing levels for VW-algebras associated with a minimal
nilpotent element using OPEs. Few particular cases have also been computed explicitly for other
nilpotent elements [6, 7]. It is difficult to predict which levels collapse in general since OPEs are
unkown. Recently, Arakawa, van Ekeren and Moreau [22] proposed a different approach using
associative varieties and Slodowy slices. Its provides a large family of admissible collapsing levels.
We use the explicit description of W-algebras associated with Lie algebras of rank two to obtain
a complete list of collapsing levels and some other remarkable isomorphisms of vertex algebras
(Tables 2.2 and 2.3). Before getting into the heart of the matter, let state the following useful
lemma:

Lemma 2.2.1. Let V be a vertex algebra and a € V. For b € V, denote

S ei(w)
a(z)b(w) ~ > o
j=0

Then for all j € [0, N], ¢; belongs to the ideal generated by a.

Proof. This follows directly from the definition of a vertex algebra ideal. Let I be the ideal
generated by a. Then I is a two-sided ideal of V', T-invariant such that a(z)b € I((z)) for any
be V. As a consequence, a(z)b(w) € I((2))((w)) and ¢; € I. o

2.2.1 Trivial simple W-algebras

Consider the W-algebra W¥(g, f) associated with a nilpotent element f € g. Denote Zj its
maximal ideal — which depends on the level k. We have Wi(g, f) = W¥(g, f)/Z. At non-critical
level, it follows from the conformal structure of W¥(g, f) that the vertex algebra Wy (g, f) is
trivial, i.e. isomorphic to C, if and only if the conformal vector generates Zj.. This happens only
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if the central charge ¢y is zero, but this necessary condition is not sufficient. For instance, the
conformal vector L of Wi (sp,, fmin) does not belong to the maximal ideal when k& = —1 whereas
c_1 = 0. Indeed, according to the OPEs described in Appx. B.1 and Lemma 2.2.1, if L were in
Z_1 then J would be in Z_4 as well as the vacuum.

Proposition 2.2.2. Let Ji,...,J, be a set of strong generators of W¥*(g, f) with conformal
weights w1, ..., w, respectively. The simple quotient Wy(g, f) is trivial if and only if for any
1 <4,j < n, the pole of degree w; + w; of the OPE J;(z)J;(w) vanishes.

Proof. For 1 <1,j < n, set
R

T2 yw) ~ 3

m=0 (Z - w)"L
For all m, the field ¢;"; has conformal weight w; + w; — m. Hence, it is a multiple of the vacuum

if and only if m = w; +w;. If c:;-+w" =0 for all 1 < ¢,j < n then the vacuum does not belong to

the ideal I generated by .Ji,...,J,. Hence I = Z. In particular, the conformal vector of W¥(g, f)
generates Z and Wy(g, f) ~ C. Else, assume there exists c%+wj # 0, by Lemma 2.2.1, J; and J;
do not belong to Z. The simple quotient is not trivial. O

Remark 2.2.3. If the condition of Proposition 2.2.2 is satisfied, the central charge vanishes. Indeed,
it is a multiple of the maximal pole of the OPE of the conformal vector with itself.

Consequently, the descriptions of W-algebras W¥(g, f), where g = sly, sp,, or G2 (Appx. A,
B, C), allow to classify all pairs (f, k) such that the simple W-algebra Wi(g, f) is trivial.

Corollary 2.2.4. 1. Consider the Lie algebra g = sl3, then Wy(g, f) ~ C if and only if
(f: k) € {(fmin, =3/2); (freq) =5/3); (frea; =9/4)}-
2. Consider the Lie algebra g = sp,, then Wi (g, f) ~ C if and only if
(f.k) € {(fmin, =1/2), (freg, —=13/6), (freg, —12/5)}.
3. Consider the Lie algebra g = G, then Wy(g, f) ~ C if only if

(f7 k) € {(fminu _5/3)7 (fsubrega _17/6)7 (fsubreg7 _2)7 (freg7 _41/12)7 (freg7 _24/7)}

Proof. The complete classification of trivial simple W-algebras Wi (g, f) follows directly from
the OPEs (Appx. A, B, C) and Proposition 2.2.2 except for g = G2 and f = fieg. The central
charge of W¥(Gy) vanishes if and only if k = —41/12 or k = —24/7. So, Wj,(G2) cannot be trivial
outside these two levels. Moreover, by [22, Theorem 10.10], W_41 /12(G2) ~ W_94/7(G2) ~ C. o

Most of the pairs listed in the Corollary 2.2.4 have already been studied in [9, 22]. It is not
the case of W_5(G2, fsubreg)- It provides a new example of rational W-algebra at non admissible
level.

Corollary 2.2.5. The simple W-algebra W_o(Ga, fsubreg) is rational and lisse.

In another direction, the principal W-algebras Wi (sls), Wk (sp,) and Wi (Gs), and the
subregular W-algebra Wi, (G2, fsubreg) are one-dimensional if and only if ¢; = 0. More generally,
we conjecture the following:
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Conjecture 2.2.6. If f is distinguished, i.e. gg =0, then Wy(g, f) ~ C if and only if ¢;, = 0.

We check this conjecture in many cases. In particular, we verify in [22] that, when f is distinguished
and k is an admissible level which vanishes the central charge, it is a collapsing level, i.e.

2.2.2 Simple quotients isomorphic to Virasoro vertex algebras

From now on, we consider non-trivial simple W-algebras. Hence, the conformal vector does not
belong to the maximal ideal of W¥ (g, f). If the other strong generators are in the maximal ideal
then Wi (g, f) is isomorphic to the Virasoro vertex algebra Vir,, (see Sect. 1.1.2).

Proposition 2.2.7. Let Jy,...,J,, L be a free family of strong generators of W*(g, f) with L a
conformal vector. Assume Ji,...,J, have conformal weights w1, ..., w, respectively. The simple
quotient Wy (g, f) is isomorphic to Vir,, if and only if for any 1 < i,j < n the pole of degree
w; +w; of the OPE J;(z)J;(w) vanishes and the pole of degree w; +w; — 2 does not depend on L.

Proof. The simple quotient W (g, f) is isomorphic to Vir., if and only if it is strongly generated
only by the conformal vector L. Hence, Wi(g, f) ~ Vir,, if and only if Jy,...,J, € I and
L ¢TIy Forl<i,j<n,set
wi+w; m
Ci,j (w)
Ji(2)Jj(w) ~ Z G—w)m
m=0
The field ¢}; is a multiple of the vacuum if and only if m = w; + w; and a linear combination of
vector of weight 2 — in particular the vector L — if and only if m = w; +w; — 2. As a consequence,
if cZ’?+wj = 0 and L does not appeared in the linear combinations cﬁ’frwi 2 the vectors Jy, ..., Jn
belongs to Zj, whereas |0) and L do not.
Conversely, assume Wi (g, f) ~ Vir.,. Then Z is generated by all strong generators except
the conformal vector. Suppose there are 1 < 4,5 < n and ¢ € C* such that
c:;+wj_2 =cL+ R e T,
where R is a field of W¥(g, f) which does not depend on L. The field R is a linear combination
of Ji,...,Jy, their derivatives and normally ordered products. Thus, R € 7 and L € 7). Then
Wi (g, f) is trivial whence a contradiction. o

Remark 2.2.8. The previous criterion is very convenient when one considers principal W-algebras
because they are strongly generated only by two fields. It can also be useful when one of the
strong generator — denote it J — acts semisimply on graded component of the W-algebra, that is

U)J(G)
(z —w)

J(2)G(w) ~

G(w),

with w;(G) € C, for any strong generator G distinct from J and L. Then, if w;(G) # 0 for all
G, J generates 7. In many cases, J will be a strong generator corresponding to a semisimple
element of g.

Corollary 2.2.9. 1. The simple W-algebra Wy(sl3) is isomorphic to Vir., if and only if
k=—-4/3 or k= —-12/5.

2. Consider the Lie algebra g = sp,, then Wy(g, f) ~ Vir,, if and only if
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e [= fsubreg and k= =2, or
o f= freg and k € {-3/2,-8/3,-11/5,—-11/6,—18/7,—19/8}.

3. The simple W-algebra Wy.(Ga, f 4,) is isomorphic to Vir., if and only if k = —3/2.
4. The simple W-algebra Wi(Gs, fsubreg) 1S isomorphic to Vir., if and only if k = —10/3.

Remark 2.2.10. Recall [15] that the Virasoro vertex algebra Vir, is rational if and only if it is
lisse, that is if and only if

N2

e=1_SP=9"

pq
for p,q € Z>2, (p,q) = 1. In the examples listed in Corollary 2.2.9, when the pair (k, f) is excep-
tional then Wy (g, f) =~ Vir,, is rational. On the contrary, when it is not, the simple W-algebras
are neither lisse nor rational: W_s(spy, fsubreg)s W-3/2(5p4), W—s/3(sp4) and W_10/3(G2, fsubreg)

are neither lisse nor rational.

2.2.3 Other collapsing levels

For several additional particular simple W-algebras, OPEs give a complete or partial description of
the maximal ideal. For instance, we recover some isomorphisms from [8] and [22, Theorem 10.10]:

W_a(spy, fmin) ~ M(1), W_2(8p4, fmin) = L_g/2(sl2),
W_4/3(G2, fmin) =~ L1(sl2), W_17/6(G2, fa,) = L_4/3(sl2).

We are also able to determine other collapsing levels.

Proposition 2.2.11. We have the following isomorphisms:

W_10/3(G2, f4,) = L_11/6(sl2), W_a(Ga, fi,) = L_1/2(sl2), W_1(spy, foubreg) =~ M(1).

Proof. Assume (g, f) is one of the pairs appearing in Proposition 2.2.11. Let {a;};cs be a basis
of g/ compatible with the gradation (1.10) and {J1%}},;c; be the strong generators of W¥ (g, f)
constructed as in Theorem 1.3.1. Using the OPEs, one checks that if a; ¢ g, then the field
J{@i} generates a non trivial ideal. Hence, it belongs to the maximal ideal Z of W¥ (g, f). Using
Lemma 2.2.1, we get relations between the conformal vector L and the fields Ji%}, a; € gb.
The latter generate a affine vertex algebra and L can be written as a multiple of the Sugawara
conformal vector of th(gh) (see Sect. 1.2.2). Since Wy (g, f) is simple, it is then isomorphic to
Ly (g%) for some level k8. The level k' is determined using the equality of central charge:

k? dim g°

Ck = CL,,(g%) = EEh B
g

O

Remark 2.2.12. The OPEs of W’“(G%fsubreg) admit simplifications at level & = —16/5 (see
Appx. C.3). Indeed, the strong generator F' belongs to the maximal ideal Z_;5,5. This induces
relations between the three other strong generators and their derivatives in the simple W-algebra.
We have not identify W_1/5(G2, fsubreg) With another vertex algebra for the moment.

We summarize in Tables 2.2 and 2.3 the (generalized) collapsing levels of W-algebras associated
with simple Lie algebras of rank two we mentioned in Sect. 2.2.



32 CHAPTER 2. OPEs and collapsing levels for W-algebras of rank 2

’ Wi(g, f) H g" ‘ Ly (g%) ‘ k or (k,k%) (when it is relevant) ‘
Wi (sls, frin) C M(1) -1
Wi (sl3) 0 C _g’ _%
Wi (894, fmain) || Sl2 | Ly (slz) (—2,-%)
Wi (spy, fubreg) || C | M(1) )
Wi (spy) 0 C _13 _1572
Wi(G2, fin) sly | Lys(sla) (_%7 1)
Wk(Gzafgl) sly | Lps(sls) (_%’_§)7 (_13707_%)7 (_27_%)
Wi (G2, fsubreg) 0 C 179
Wk(GQ) 0 C _%’ _%

Table 2.2 — Collapsing levels for W-algebras of rank two.

’ Wi(g, f) H 1% ‘ k or (k,cx) (when it is relevant)
Wi (513, fmin) C -3
Wi (s13) Vire, (—32,-2), (-12,-2)
Wi (5P, fmin) C -3
Wi (8P4, fsubreg) || Vire, (—2,-2)
Wi (spy) Virg, | (=3,-24), (=5§,-24), (=%.3), 6. %), =% %), (=%, %)
Wi (G2, fmin) C _%
Wi(Gz, fz,) || Vire, (-2,-2)
Wi (G2, fsubreg) || Vire, (-3, —24)

Table 2.3 — Generalized collapsing levels for W-algebras of rank two.



Chapter

Rationality of exceptional VW-algebras
Wi, (5]347 J: Subreg>

Classification of rational W-algebras is a major problem of the theory. In this chapter, we prove
the rationality of a new family of W-algebras: exceptional W-algebras associated with subregular
nilpotent elements of sp,. It proves new cases of Kac-Wakimoto and Arakawa’s conjecture (see
Sect. 1.3.2). This conjecture has been intensively studied in the recent years and particular cases
was previously established by Arakawa [16, 18], Creutzig-Linshaw [41] and Arakawa-van Ekeren
[21]. The case of exceptional W-algebras Wy (sp,, fsubreg) can be consider as the “easiest” not
covered by the works mentioned above.

The main results of the chapter have been published in [56]. In particular, we recall the precise
statement of the main theorem:

Theorem 3.1. Let f = foubreg be a subregular nilpotent element of g = sp,. Then the exceptional
W-algebras W_s,,,/3(g, f), with (p,3) =1, p > 3, and the exceptional WW-algebras W_s.,,/4(g, f),
with (p,2) = 1, p > 4, are rational (and lisse). Moreover, Proposition 3.2.5 gives a complete
classification of their simple modules.

The chapter is organized as follows. In Sect. 3.1, we recall briefly the relations between strong
generators of W¥(sp,, fsubreg) and look at positive energy representations with finite dimensional
top component. When (f, k) is an exceptional pair, all possible simple W¥ (sp,, fsubreg)-modules
satisfy this finiteness condition. Using the twist action introduced in [82], we show that simple
Wi (8P4, fsubreg)-modules are in finite number. We describe them in Sect. 3.2.

The Sect. 3.3 is devoted to the proof of the main Theorem 3.1. The W-algebra Wi (sp4, fsubreg)
can be viewed as an analogous of the Bershadsky-Polyakov vertex algebra in type C. The later
corresponds to the W-algebra W (sl3, fimin) studied in [16]. In sl3, minimal nilpotent elements
are also subregular, whence Wy (sl3, fmin) =~ Wi(sl3, foubreg). However, contrary to the case
where f is minimal, the functor HJQ(?) appearing in the construction of W-algebras is not exact
(see Sect.1.3.2). As a consequence, we cannot use directly the methods of [16] to prove the
rationality of exceptional W-algebras Wy (sp,, fsubreg). TO encounter the difficulty, we exploit
certain techniques of [21].

The two last sections give applications to the explicit description of the simple Wy (sp,, fsubreg)-
modules we obtained as a by-product of our proof. In Sect. 3.4, we show that the component group

33
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of the nilpotent orbit Qgubreg acts non-trivially on the finite set of the simple W (spy, fsubreg)-
modules (Theorem 3.4.3). Moreover, one uses the description to compute the characters of simple
modules (Sect. 3.5). Part of the simple Wy (8p,, fsubreg)-modules comes from the reduction of
certain highest weight representations of sp,. We conjecture that this holds for all the simple
modules (Conjecture 3.5.7).

3.1 Actions of strong generators on positive energy repre-
sentations of W"(sp,, fsubreg)

From now on, g = sp, and f = foubreg- We saw in Chap. 2, that the centralizer of f is four-
dimensional. Hence, the vertex algebra W¥(g, f) is freely strongly generated by the fields J(z),
G*(z) and L(z). We refer to Sect. 2.1.2 for the description of these generators and Appx. B.2 for
OPEs between them. By construction, provided k # —3, the field L(z) =Y. _, L,z" " 2is a

conformal vector of W¥ (g, f) with central charge

nez

2(9 + 16k + 6k2)
3+ k ’

C :—

It gives J(z), G*(z) and G~ (z) the conformal weights 1, 2 and 2, respectively. Following (1.3)
we write

J(2) =Yz, GEz) =Y GEz 2, L(z) = Lyz""2

new nez nez

The monomials
- -t +
Jny oo dny Ly - L Gy, - Gy Gy .Gy 10), (3.1)
withn <...<n; <=1, mi <...my < -2,p1 <...<pg < —2,and ¢y <... < gy < -2 form
a PBW basis of the vertex algebra W¥(g, f).

From the OPEs, we deduce the commutation relations for all m,n € Z:

[Jma Jn] :(2 + k)m§m+n,03

[Jm7 G?ﬂ = :l: Grzi-&-n’
(Lun, Ln) :%(mB — mM)0nsm.0 + (M — 1) Loy i,
[LTI% G;H :(m - n)G:En-i-nv
[Lma Jn] = - nJer'ru
2
GF.Gr]=— w(ms — M) Ommo + W(m — 1) Lmgn
314+ k)(2+k 54 4k + k2
+ (H;H)(m +1)(n+1) - Hi;)(m +n+1)(m+n+ 2)) Jmtn
— B4 2k)(m + 1)(J*)min + B+ E)NLmin — (J)man — 3+ 2k)(JOT )min,
where

ST P E I, Y (L) P E L) () s, D (JOD) ez E J(2)00(2)

nez nez nez
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Let M be an irreducible positive energy representation of W¥(g, f), with M., = M,,xeC
(see Sect. 1.1.3). Using the commutation relations, we notice that the submodule N of M
generated by all Jy-eigenvectors of M is stable by L, G, J,, n € Z. Hence, N = M because M
is simple.

Lemma 3.1.1. Let M be an irreducible positive energy representation of W¥(g, f), with Miop =
M,, x € C. Suppose that M, is finite dimensional. Then there is a vector v € M such that
Lov = xv, Jov = &v for some £ € C, and such that the relations below hold:

Jov=0 forn >0,
L,v=0 forn >0,
Gfv=0 forn>0,
G,v=0 forn>0.
Moreover, M = @ Mg,,q, where M, 4 = {m € M | Jom = am, Lom = dm}, dim M¢, =1

a€é+7
d€x+Z;0

and My, = M, is spanned by the vectors (G¢ )™ fori > 0.

Proof. Since Jy and Ly commute, the action of Jy preserves each M, ,, n € Z>(. Moreover, Jy
is semisimple over M and each M, ,. Then M can be written

M = @ M, 4.

(a,d)€C?
dex+Zxzg

As Moy is finite dimensional, there is a vector v € M;,p such that Jyv = &v, { € Cand £ — n
is not an eigenvalue of Jy in My, for all n € Z~. The relations of the lemma result from the
following equations. Let n € Z,

JoJ,v = EJ,, LoJ,v = (x — n)Jyv,
JoLnv = ELy,v, LoL,v = (x—n)L,v,
JoGEv = (£ £1)GE, LoGEv = (x — n)GFu.

It ensues from those relations that all the eigenvalues of Jy are in £ + Z. Hence,

M = @ M, 4.

a€t+Z
d€x+Z>0

We explain the relation G, v = 0, n > 0, the others are obtained similarly. Since M is a positive
energy representation of W¥ (g, f), for n > 0, x — n is not an eigenvalue of Ly, whence G, v = 0.
Besides, Gy v € My, and the choice of v implies that £ — 1 is not a eigenvalue of Jy in Mp.
Hence G, v = 0. Finally, the vectors (Gar)iv, 1 > 0, are the only ones attached to the eigenvalue
x for Lg so they span M.,. Moreover, Jo(Gg)iv = (€ +i)Ggv for i > 0. As a consequence,
A4%7X = Cv. O

For (&, x) € C2, let L(&, x) be the irreducible representation of W¥ (g, f) generated by a vector
v = |€, x) satisfying the relations of Lemma 3.1.1. According to Lemma 3.1.1, |, x) is uniquely
defined up to nonzero scalar, so the notation is legitimate. Zhu’s correspondence ensures that
such L(¢, x) does exist and is unique up to isomorphism of W¥ (g, f)-modules (see, for example,

[31]).
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Remark 3.1.2. When k is an admissible level appearing in the Theorem 3.1, the W-algebra
Wi (8P4, fsubreg) is lisse. As a consequence, its simple modules are positive energy representations
with finite dimensional top component (see Sect. 1.1.4). Hence, they are of the form L(¢, x) with
(&x)eC?.

Since L(&, X)y.¢ is one-dimensional and G G¢ |€, x) belongs to L(£, x)y.¢, it is proportional
to €, x):

Gy Gglg, >=G+G6\€ X) +[Gq . G5 € x)

( k2+k 4J0+<3+2k)(ﬁ)0—(3+1<:)(LJ)0+(J3)o+(3+2k)<J5J>0) 1€ %)

- ( Jo + (34 2k)J5 — (3+k)(LoJo + Jo) + J5 — (3 + 2k)J3) € x)

=9(& I8, X>

where 1
g(&,x) = 75 (24 3k + k* — 267 + 6 + 2kX) .

Fori>1and m > 0,
T (G HEX) = Omo(€ +i = )G THEX),  Lmn(GF) 7 HEX) = mox(GF)HE X)-
We deduce that,
Gy (G)'I€,x) = G Go (GE)HE x) + 9(& +i = Lx)(GF) ™ HE x)-
Hence, by induction, for i > 1,
Gy (GF)'1€,x) = i ha(&,x)(GF) € X)), (3.2)

where

~.

11’—1
== gl€+mx)
m=0

_ (26+i-1)

1 (=2 — i 4% — 3k — k? — 26 + 2i€ 4 26% — 6 — 2kx).

Proposition 3.1.3. Suppose that L(§, X)top is n-dimensional. Then h,(§, x) = 0.

Proof. If dim L(&, X)top = n then (GF)™|¢,x) = 0 and (G§)" 1€, x) # 0. It results from (3.2)
that hy,(€,x) =0.

3.2 Twist-action over simple W* (8P4, fsubreg)-modules

Following the ideas of [16], we introduce the twist-action ¢ described in [82]. Let us define

oo

A(—J,2) ==z T exp (Z (—l)mH;LLZ]:Z> .

m=1
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For a € W¥(g, f),

o0

A(—=J, 2)a=z"" (Z ):;!na> ,

n=0

where X = > (—=1)™*!1 =m and 277 is defined by 2~7°a = 2=a if Jya = ca. For a field a(z),

mz’VYL
m=1
set the twist-field:

o0 n

Z Ylam)z " =Y (A(=J, 2)a, z) = Z Y(z_‘]o%a,z).

neZ n=0

For any W¥(g, f)-module M, the space (M) denotes the W¥(g, f)-module obtained by twisting
the action of W¥(g, f) as a(ny — Y(a(ny). The following relations are obtained by applying the
y-action to the strong generators of W¥ (g, f):

w(Jn) = Jn - (2 + k)(sn,Oa
w(Ln) =Lp—Jn+ (2 —; k) 6n,07
w(GvJ’z_) = G:zr—l?

V(Gy) =G

Proposition 3.2.1. Assume that dim L(§, x)op = ¢ and dim ¥(L(&, X)) top = j- Then

(2+ k)
2

PLEX) > LE+(i=1) = 2+k), x=§—-(i—1)+ ),

and
V(L& X)) = L(E+i+7—6—2k, x — 26 —2i — j + T+ 2k).

Proof. For all m > 0, we have
O(Jo)(GE)™E x) = (€ +m— (24 k)G ™I x),

m (2+k) m
W(LE)EX) = (x— (€ +m) + EEy@pymie v,
Since the smallest eigenvalue associated with the 1(Lg)-action is attached to the vector (G§) 1€, x),

we get

V(LX) & DE+ (= 1) — 2+ k), x— €~ (- 1)+ EEE)

and, by induction,

YAL(E X)) 2 p(L(E+ (i —1) — (24 k), x —€E—(i—1) + (2;1@)))

~LE+GE-1)+G-1)—224+k),x—26-20—-1)— (G -1 +22+k)). o

Remark 3.2.2. For all m,n € Zx,

P (Jo)(GL)™(G)"6 x) = (€ +n+m =22+ k) (GL)™(GF)"[§, %),
PP (Lo)(GL)™(G)"I6, x) = (x = 26 = 2n — m + 2(2 + k))(GL,)™(GJ)" €, x)-
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Proposition 3.2.3. Suppose that dim L(&, X)top = 4, dim ¥ (L(&, X)) tep = j and dim ¢*(L(&, X)) top = L.

(a) If k = —3+p/3 with (p,3) = 1, p > 3, then (€,x,0) = (67, x\"),11")) with s € {1,2,3},

ij 2 Xigo
where

1 1—12

gi,j -9

1y 13— 60+ — 125 + 2ij + 252 + 6k — 2ik — 45k
Xij = A3+ k) ’

1) =9—i—j+3k,
2  T—2i—j+2k

fm = f’

(@) 31— 120+ 2i% — 12§ + 2ij + j2 + 18k — ik — 45k + 2k?
Xi,j 4(3+I€) )
12 =1,

@3 4—i1—j+k
gi,j - fv
3) 4+ —6j+ 5% —2jk — k?

Xig = A3+ F) ’

1) =9 —i—j+3k.

(b) If k = =3+ p/4 with (p,2) = 1, p > 4, then (&, x,1) = (), x\),10)) with s € {1,2},

ig 0 Xij o
where

ay _1-i

§i7]‘ - Ta

any 13— 6i+1i? — 125 + 2ij + 252 + 6k — 2ik — 45k
Xij 133+ k) ’

1) =12 — i — 25 + 4k,

2y T1T—2i—j5+2k
&y =———

2 )
(@) 31— 12+ 2i% — 12 + 2i5 + j2 + 18k — ik — 45k + 2k?
Wi 43+ k) ’
2 _ .
l,}j =1i.

Proof. By solving the system of equations
hz(gaX) = 07
R+ (= 1) = 2 R)x €~ (- 1)+
h(E+(i=1)+ (G —1) =22 +k),x —26-2(i —1) = (j — 1) +2(2+ k)) =0,
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we find nine triples (£, x,!) in term of 4, j and k:

fi(jj) = %7

(1) 13 —6i+i* — 125 + 2ij + 252 + 6k — 2ik — 4jk
Xig = A3+ k) ’

1) =9—i—j+3k,

1’/ —1
f< ) _ 1 —
1y 13— 6i 4% — 125 + 2ij + 252 + 6k — 2ik — 45k
Nig = 433 +k) ’

1) =12 — i — 25 + 4k,
ary _ 1—2
i, 9
1y 13 —6i4i? —12j 4 2ij + 2j* + 6k — 2ik — 45k
Xig = A3+ k) ’

10 =3 —j+k,

f(2) 7T—2i—j5+2k
5 )

(2) 31— 1204 2i% — 125 + 2ij + j2 + 18k — 4ik — 4jk + 2k*
Xig = A3+ k) ’
1(2-) =1,

6(2) 7T—21—75+2k

2, 2 ’

@) 31— 12i + 2% — 125 + 2ij + 5% + 18k — 4ik — 4jk + 2k>
Nij = A3 + k)

1) =6 j+2k,
@  T—2i—j+2k

)

1,7 9 ’
N 31 — 124 + 242 — 125 + 2ij + j2 + 18k — 4ik — 45k + 2k?
Y 43 +k)

17 =6 —i—j+2k,

(3) _ 4—i—7+k

§j =5

3)  4+i%—6j+ 52 — 25k — k?

Xig = A3+ k) ’

1Y) =9 —i—j+3k,

(3/)_4—i—j+k‘

gi,j _fa

3 31— 120+ 232 — 125 + 2ij + j + 18k — 4ik — 4jk + 2k>
Xig = A3+ k)

1%) =6 —i+ 2k,

)

)
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(3//) 4—i—j+k

] 2 ’
(37 _ 31 — 12 + 242 — 125 + 2ij + j2 + 18k — 4ik — 45k + 2k
i 43+ k) ’

0 =3 j+k.

Since [ is the dimension of 1?(L(&, x))top, it must be a positive integer. If k = —3 + p/3, with
(p,3) = 1, p > 3, the three triples described in the first part of the proposition are the only
ones among the solutions of the system corresponding to this restrictive condition. Similarly, if
k=-34+p/4, (p,2) =1, p >4, we find that only two triples satisfy the condition. O

Proposition 3.2.4. (a) Let k = -3+ p/3 with (p,3) = 1, p > 3 then (GT,)?~2|0) belongs to
the maximal ideal of W¥ (g, f).

(b) Let k = —3+ p/4 with (p,2) = 1, p > 4 then (GT,)?~3|0) belongs to the maximal ideal of
W (g, f).

Proof. (a) For i = j = 1, we have l( =p — 2. Since §§11) = Xﬁ =0 and Lo|0) = Jp|0) = 0 the

correspondence |0) — |§1 1,)(&1%) ylelds the isomorphism

n @
Wi, /) = LET X1)-
Moreover, ¥?(Wk(g, f))top is at most (p — 2)-dimensional because
hp—2(—2(2+k),2(2+ k)) =
Hence, (GF,)P~2(0) = 42((G)P~2)[0) = 0.
(b) The argument is the same as in the previous case with lﬂ) =p—3and 551 = X? ) = =0.g

We are now in a position to state the main result of this section.
Proposition 3.2.5. Let M be a simple Wi(g, f)-module.

(a) If k = =3+ p/3 with (p,3) = 1, p > 3, then the Wi(g, f)-module M is isomorphic to
L(fz(s]),xw) for £(S> and X( %) as in Proposition 3.2.3(a) with 1 <i<p—-2,1<j<p—i—1
and s € {1,2,3}.

(b) If k = —3 +p/4 with (p,2) = 1, p > 4, then the Wy(g, f)-module M is isomorphic

to L(gu,xw)for f(s)and X()as in Proposition 3.2.3(b) with 1 < i < p — 3 and
1< J<(p—z—1)/21f3—10r1 1< p— Sand1<J<p—22—11fs—2

Proof. (a) Since M is a simple W (g, f)-module, there exist £,y € C such that M = L(£,x). B
Proposition 3.2.4, G*(2)P~2 = 0. Hence,

LGP EN (G =0,

neZ

In particular, (Gg)P~2¢,x) = ((G1)P~2)ol&, x) = 0. As a consequence, L(£,X)iop is at most
(p— )—dimensional By Proposition 3.2.3(a), since 9?(L(, X)) is a simple Wk(g, f)-module,

there exist 1 < i,7 < p—2 and s € {1,2,3} such that £ = 51-(3) and xy = XESJ) In the same way,
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PH(L(E, x)) is a simple Wy (g, f)-module and there are 1 < I,m < p—2 and r € {1,2,3} such that

Y2(&) 1= &4 (i=1)+(j—1)=2(2+k) = &) and ¢2(x) 1= x—26=2(i—1) = (j—=1)+2(2+k) = x{ -
The v%-action permutes the three forms of the eigenvalues ¢ and y:

L(§(2) (2) ),

QZ}(L(glj,le)): p’L]l’XijZ
GLED AN =~ LED) 8,
P2LED X)) ~ L, x ).

The condition 7 < p—1¢—1 comes from 1 < I,m < p—2.
(b) The argument is quite similar. By Proposition 3.2.3(b), G ()P~ = 0 and L(&, X)top 18
at most (p — 3)- dimensional Moreover, since ¥2(L(£,%)) and ¥*(L(&, x)) are simple Wy (g, f)-

modules, & = €%, x = X%, v2(©) = ¢} and ¢*(x) = 1) with 1 < i,j,l,m < p—3,
r,s € {1,2}. On the contrary of the first case, the 1)%-action preserves the form of the eigenvalues
& and x:

1 1
L(§1(7 Z QJJ’X; )z 2]])

2
L(g(,p) 21—3) Xz(,p) 21— ])

PALED) D))
PLEP D))

1

1R

If s =1, the condition p —i — 2j > 1 implies j < E= ; Loand if s = 2, we get j < p — 2i — 1 with

the same argument. O

Remark 3.2.6. The simple Wg(g, f)-modules L({l(s]), X; ]) of Proposition 3.2.5 are all mutually

non-isomorphic since their highest weights are distinct.

Remark 3.2.7. For k = -3+ p/3, with (p,3) =1, p > 3, or k = —3 4 p/4, with (p, ) =1,p>4,
the application 1 is a bijection of the set of the simple Wi (g, f)-modules L(g(J X J) described
in Proposition 3.2.5 over 1tself of inverse 1 if k is principal admissible, and v otherwise. We
describe below the L(§(j X j) orbits under the -action:

o if k=—-3+4p/3 with (p,3) =1, p > 3, then

1 3 3 2 2 1
(g(j7X§j))_>L(§§p) 1— ]7X§]2 17— _])_>L(£](7 )’L jZ’X]())t _]2)_>L(£(,p 71— ]7X§p) 71— j)
3
LY ) B LED D) B LE) XD

o if k=-3+4+p/4 with (p,2) =1, p >4, then

1 Y 2 2 1
(gfj)’xw )_>L(£J(P)1 2J’X§p)z 23)_>L(5p i— 2JJ’X§7 )1 231)

BrE x5 nElD .
3.3 Proof of the rationality of W (sp,, fobreg) at admissible

levels

This section is devoted to the proof of the Theorem 3.1. Unfortunately, contrary to the case
where f = finin is minimal, the functor HJ?(?) appearing in the construction of W-algebras
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(see Sect. 1.3.2) is not exact for f = fsubreg- To encounter the difficulty, we exploit techniques
developed in [21], when f is an even nilpotent element. We show that simple modules described
in Proposition 3.2.5 exist and that there are no nontrivial extension between them.

For the moment, let f be an even nilpotent of a simple Lie algebra g. Set

Pyt :={XAeb, (\a") e Zsoforall a € Ag},

where Ag + = Ag N A+ with Ag the root system of (go,h). Recall that Jy C U(g) is the
annihilating ideal of the simple g-module L(A) with highest weight A\ € h* (see Sect. 1.2.1).
The quotient HY(U(g)/Jx) is a quotient algebra of the finite W-algebra Ul(g, f) = H}(U(g)).
For A € Py NPr* such that dim L()\) is maximal, H?(U(g)/JA) has a unique simple module

denoted by E;, [21, Theorem 7.7]. Let L(E}, ) = H]Q,_(Ek()\)) be the irreducible Ramond twisted
Wh(g, f)-module attached to Ej, (see Sect. 1.3.2).

Theorem 3.3.1 ([21]). Let k = —h" + p/q be an admissible number for g and pick f € Q.
Let A\ € Py NPr*. Then

HY(Le(\) ~L(E;s_, ).

g

)

In particular,
Wi(g, ) =~ H}(Ly(9)) ~ L(Es , )

qzo
In the case g = sp, and f = foubreg = €—yp, We have Ay 1 = {as}, whence
P0’+ = {)\ S []*: <)\,a¥> S Z)O} =Cw; + Z)(ng.

According Proposition 3.2.5, when k = —3 4+ p/3, with (p,3) =1, p > 3, or k = —3 + p/4, with

(p,2) =1, p >4, if M is a simple Wi(g, f)-module, then it is isomorphic to L(fffj), X(s.)) with 51(3)

i,]
ESJ) as described in Proposition 3.2.3. The following assertion ensures the reverse.

and x
Proposition 3.3.2. Let k, Si(fj) and XESJ) be as in Proposition 3.2.5, then L(§§Z)7 XESJ)) is a simple
Wi (g, f)-module.

Proof. The computation depends on whether k is principal admissible of coprincipal admissible,
but the argument is very similar in both cases. We only detail the case k = —3 4+ p/3, with
(P,3)=1,p=23 Forl<i<p—2andl<j<p—i—1set N\;=(— 1w+ (i—1)wz. We
check that A\; ; € Py + N Prt. By Theorem 3.3.1,

HY(Ly(Nij)) ~ L(E;

).

=0

7

s

The minimal Lo-eigenvalue h, =Lz called the conformal dimension of L(EJ/\ P ), is given
. BT
by [21, (7.4)]:

(Xij — BxolXi; — a0 + 2p) ket hY

. 2
R i-5a0 = 2(k + 1Y) g |wol+ (@lp)
—15 + 3i2 + 615 + 652 4 6p — 2ip — 4jp )
— = X [
4]9 1,7

Besides, using the identification betweAen Ramond twisted and non-twisted representation (1.14)
for J(z) = J{e2}(2), we get that @Wot_,,J1*2}(2)F = —Jle2}(2). We deduce that the lowest
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Jo-eigenvalue is

v
P Qo 1—1 D
(Aij §x0|7?)_7_€i,j'
In conclusion,
L(Es, _p, )= LEX ). (3.3)
4,77 3
Thus, L(§Z X j)) is a simple Wk(g, f)-module for all 1 <i<p—2and 1 <j<p—i—1. If

§=2or 3 usmg the ¢-action on the module L(fl(gj), Xz(?) it always comes dovvn to a module

(s)

(f( i Xz ) As a consequence, L(f(J 2 Xi g

) is a simple module of Wi(g, f) too. O

Lemma 3.3.3. Suppose that there is a nontrivial extension of Wy (g, f)-modules,
0— L(&x) — M " L&, x') — 0.

Then Lg acts locally finitely on M.

Proof. Suppose there is a nontrivial extension
0— L(&x) — M - L(€,x) — 0.

Since Wi (g, f) is lisse, L := L(§,x) and L' := L(&,x’) are Lo-diagonalizable and the Lg-
eigenspaces are finite dimensional. Let m € M. Since 7(m) € L', there exist w1, ..., ws € L' and
fi1,- - -, ps € C such that Low; = pjw; for all 1 < j < s and [[;_; (Lo — pjid)m(m) = 0. Then

S

([ [(To = pjidym) = 0.

Jj=1

As a consequence, H;Zl(Lo — p;id)m € im¢. Let my € L such that ¢(mq) = H;Zl(L(] — p;id)ym
As before, there are v1,...,v, € L and v1,...,v, € C such that [[;_, (Lo — v;id)m; = 0. Then

U [(Lo = viid)yma) =0 = [ [ (Lo — viid)e(ma) = [ [ (Lo — vsid) [ [ (Lo — pjid)m
i=1 i=1 i=1 j=1
Hence, m belongs to some Ly-stable finite dimensional vector subspace of

@ker(Lo —y;id) @ @ ker(Lo — p; id).

i=1 j=1 O
Lemma 3.3.4. If there exists a nontrivial extension of Wi (g, f)-modules
0— L(&x) — M 5 L(E,x) — 0,
then x and X’ coincide modulo Z.
Proof. Suppose that there is a nontrivial extension
0— L(&x) — M - L(€,x) — 0.

As in the previous proof, set L := L(§,x) and L' := L(&',x'). For d € C, let My be the
generalized Lo-eigenspace of M attached to the eigenvalue d. Set M|d] := @y cqyy Mar- Tt is
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a Wi(g, f)-submodule of M. Then M = @ 4ec, M]d] is a direct sum decomposition of
0<Re(d)<1
the Wy (g, f)-modules of M. For any d, the previous decomposition induces the following exact
sequence
0 — L[d] — M|d] — L'[d] — 0. (3.4)

Assume x — x' ¢ Z. Since L[d] = 0if d — x ¢ Z, and L[d'] = 0if d' — x’' ¢ Z, we get that
M = M[x] & M[x]. Taking d = x and d = x’ in (3.4) we get

0 — Lx] —=M[x] —
0 —MIx ’]—>L’[ T—0.

Finally, M = L[x] ® L'[x'] = L & L’ since L and L’ are simple modules. So the sequence
0— L — M — L' — 0 splits, whence a contradiction. 0

Proposition 3.3.5. Suppose that either k = —3 + p/3 with (p,3) =1,p >3, or k= -3+ p/4
with (p,2) =1, p > 4. Then

EXt%/V’“(gj) —Mod(L(g(j)v Xi J) (f(/ 7y X Z/SJ)/)) 0,

where fi(;) and XESJ) are described in Proposition 3.2.5.

Proof. Assume k = —3+p/3 with (p,3) = 1, p > 3. It clearly appears that for all 1 < i,7' < p—2,

(2) 1) (3) ()

I1<j<p—i—Tland1<j <p—i —1, the differences x;; — x; 3 and x;7; — x;/ ;j are not

integers. According to Lemma 3.3.4, any extension

0 — LX) X)) — M — L(El) ) — 0,

where exactly one of s, s’ is equal to 1 is trivial. Applying ¢ we deduce that if s # s’ then

Exthye (g.1) moa (LET XD, LES ) = 0.

Suppose that s = s’. Using the ¢-action, we can assume that s = s’ = 1. According to (3.3),
since Wi (g, f) is lisse, it suffices to show that there is no nontrivial extension

0 — L(E; ) = M 5 L(E; ) — 0. (3.5)

b
-£29

P ..
ij it 51520

Set L; ; = L(E]}\i’j_%zo) and Ly j = L(E'])\ , ). If XE}]-) = Xg%,, since the Zhu algebra

i,/ T 500

AWy (g, f)) is semisimple, the sequence
0 — (Li,j)top — Meop — (LirjJtop — 0

of AWy (g, f))-modules Splits Applying the Zhu induction functor we get that (3.5) splits.

1)

Let us suppose x; / > Xz ] . Set My j == M(E; ). Let vy be a primitive vector of

_r
X j1—Bwo

M s and v € M be such that m(v) is the image of v} in Ly ;. We have 7((Lo — E,l), id)v) =

(Lo — Xz’ ,1d) (v) = 0. Hence, (Lo — XE})], id)v € im¢. Since im¢ ~ L;; and Xglj) > xg,l)y,

(Lo — Xz’ ,id)v # 0. As a consequence, there exists an injective W*(g, f)-module homomorphism
[ My —> M such that the diagram commutes:



3.3. Proof of the rationality of Wy (sp,, fsubreg) at admissible levels 45

M e Ll'/7j/

Let us suppose that the sequence (3.5) does not split. The module f(M; /) is a submodule of M.
As a consequence, since L; j ~ ¢(L; ;) is simple, either ¢(L; ;) C f(My ;o) or o(L; ;) & f(My ).
However, if «(L; ;) @ f(M, ;) then the sequence

0— Lij — u(Lij) ® f(Myj) — Lirjo — 0

splits contradicting the fact that the sequence (3.5) does not split. Hence, «(L; ;) C f(My ;).
Let m € M. Since 7 is surjective, it exists m; € M; j such that 7(m) = 7o f(m;). Thus,
m — f(my) € kerm. We get m € v(L; ;) C f(My j). Therefore, f is surjective. It implies that
M is isomorphic to M, j as W¥(g, f)-modules. Hence, [M; ;s : L; ;] # 0. By [21, Theorem 7.6],
this happens only if it exists 4 € Fp 4+ such that [M\k()\i@j/ —Bxp) - Li(p— Bxg)] # 0, where
J\//Tk()\igj/ — B1y) is the Verma module of g with highest weight S\i/,j/ — &z, and E;

3 3 ii—Beo

direct summand of H§*®(L(p — §x0))'. The first condition implies that 1 € W o Ay j» and we

is a

get A j € W o p from the second one. Hence, \; j € W o Ay . Since \; ; and Ay j» are both
dominant they are equal, and A; ; = Ay 5 contradicting Xg’lj) > Xz(,l)j, Finally if Xglj) < XE,I)J, by

applying the duality functor to (3.5) we are back to the previous case Xz(lj) > Xg,l)]/

The argument for the coprincipal case is the same. O

Propositions 3.2.5 and 3.3.2 give the complete classifications of simple Wk (g, f)-modules when
k is an admissible level appearing in Theorem 3.1. When £ is principal admissible, we list exactly
3(p—1)(p—2)/2 irreducible representations, and (p —1)(p —3)/2 when k is coprincipal admissible.

Example 3.3.6. Let k = —%. There exist nine simple W,%(g, f)-modules. We describe below the
two orbits under the action of v: ’

" 11\ v 2 2
L SrL(--2)5L(-%2
(0,0) ( 3,6> ( 3,3)

Srfotysp(-L2
2 33
1 7\ vy 1 5\ o 1 5\ 17
L( 2’16>_>L<6’48)_>L( 6748>_>L( 2’16)'

A vertex algebra V' is positive [21] if every irreducible V-modules besides V itself has positive
conformal dimension. In our setting, W (g, f) is positive if XES) > 0forall k, 5,1, 7 as in Proposition
3.2.5. We observe the vertex algebras W_s (g, f), W_a (g, f), W_z(g, f) and W_s(g, f) are
positive.

If V is unitary ([52, Sect. 2]) then it is unitary as a module of the Virasoro subalgebra generated
by the conformal vector as well. This forces the conformal dimension to be non-negative. In

particular, it is a positive vertex algebra. We expect the following:

Here, HLi® denotes the usual Lie algebra homology functor and M — H(I;ie(M) defines a correspondence
between the subcategory of the category O of g-modules which are integrable as go-modules and the category of
the finite dimensional representations of U(g, f) [14, Sect. 5].
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Conjecture 3.3.7. At level k € {—g, —%, —%, —g}, the vertex algebra Wi (spy, fsubreg) is uni-
tary.

Remark 3.3.8. For the other admissible levels as in Theorem 3.1, that is for k = —3 + p/3 with
(p,3)=1andp > 6, or k= —3+p/4 with (p,2) = 1 and p > 8, the vertex algebra Wi (sp,, fsubreg)

is not positive because X(llg =—-1+ g and X&) =—-1+ % are negative.

3.4 Action of the component group of Qg Over simple
Wi (5p4, fsubreg)-modules
Let g? be the centralizer of the sly-triple {e,h, f}. As we saw in Sect. 2.2, it is a Lie subalgebra of

g. We denote by G the stabilizer in the adjoint group G of {e, h, f}. This group is not necessary
connected, so denote (G%)° its identity component. The component group of G® is the quotient

group:
A(0y) == G*/(G%)°.

The component group of G? coincides with the one of G the centralizer of f in G-
A0y) ~ G /(GT)°.

We refer to [39, Chap.3] for general facts on the component group A(Oy).

Realize sp, as in Sect. 2.1.2. The adjoint group of sp, is the quotient PSps = Sps/{£I4}
where Spy is the set of 4-size square matrices ¢ such that gJyg” = J4 and I,, denotes the n-size
square identity matrix. Fix an sly-triple {e, h, f} such that f € Ogybreg. One may assume that

(0 0 (0 Iy (I 0
f_(12 O)’ e—<0 0), and h—(o 12).

Then the centralizer g/ is generated by the matrices f, fi, fo and hy where

0 0 00 0 0 0 0
0 0 00 0 00 0 .

h=lo -1 00| =0 00 of @ he=dagll=11-1)
0 0 00 ~1.0 0 0

Moreover, the stabilizer in G of the sly-triple {e, h, f} is given by

G — {<‘g 2) L AURAT — UQ} ~ 0(2),

where Uy — (? é) Hence, A(Quupreg) ~ O(2)/S0(2) = {I,U} ~ Z/2Z, where U =
U2 0 f
< 0 Ug)' Then U acts on g/ by

Uf=f  Uhy=—hs, Ufi=f, and Ufy=fi.
It induces an automorphism ® of W¥(g, f) defined by

®L)=L, ®J)=-J, and &(GF)=GT.
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Remark 3.4.1. For U € G', denote U its image in the component group A(Qgubreg)- Setting the
convention that Ji¢*} = ¢j{=} for any strong generator J {z} and ¢ € C, we notice that A(Ogsubreg)
acts on W¥(g, f) by

U.Jier = jivet

where U.x = UzU ™! for all U € G7.

For any nilpotent element f in a simple Lie algebra g. The correspondence of the strong
generators with a good basis of the centralizer g/ leads us to strongly believe that the action of
the component group A(Qy) on g/ induces an action on W¥(g, f) defined as above.

Remark 3.4.2. We can describe all automorphisms of W¥(g, f) using OPEs. Indeed, an auto-
morphism of W¥(g, f) is an isomorphism of conformal vertex algebra. It preserves OPEs, the
conformal vector and the conformal weights. Thus, any automorphism of W(sp,, fsubreg) is of
the form ®F or @, o € C*, where

E(J)=+J, OF(GF)=aG*F and @f(G*):égﬂF.

With this notation we have ® = ®;".

Theorem 3.4.3. Suppose that k is an admissible level. The automorphism ® induces an action
on the set of simple Wi (g, f)-modules:

B(LES), X)) = L(—(€) +i— 1), %))

Moreover, ® is an involution (i.e. ® = id) which preserves pairwise the simple modules of the
first form. If k is principal admissible then ® induces a one-to-one correspondence between the
modules of the second form and those of the third form. If k is coprincipal admissible, ® induces
an action of the simple modules of the second form (remember that there is only two forms of
simple modules in this case).

Proof Let L(g(] ,XES])) be a simple module of Wy (g, f). Since ® fixes L, the Lo-weights of
(51 g xz 4 ) remain unchanged and so the top-component of the simple module under the action
of ®(W*¥(g, f)) is still spanned by the vectors (Gg)™ |£” ,X”> 0 < m < ¢ — 1. Moreover,

_JO(G+)m|§z]’Xz]> (§+m)(G+)m|£1j » X >

for all m. Then the smallest eigenvalue of —Jy in the top-component is —(€ + i — 1) associated
with the vector (G )"~ l‘fl g aXE?) Hence,

B(LES), X)) = L(—(€) +i— 1), %))

If s = 1,1 then £%) = 5% and — (¢ +i — 1) = €. Thus, ®(L(£\7, X)) =~ L(e!). X))
for s = 1,1’. Moreover, suppose that k is principal admissible then

OLED ) > L) xP) ) and e(LEl) i xP . )) = LEe kP,

1,p—i—j) \i,p—i—] 1,p—i— J’le i—J

and, if k£ is coprincipal admissible,

B(L(E?) 2))) = L) 2 i s)-

6,j A, i,p=2i—j> Xi,p=2i—j
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In particular, ® is an involution. 0

Remark 3.4.4. It seems that exceptional W-algebras Wi (sp,, fsubreg) are the first known examples
of rational W-algebras such that the corresponding component group acts non-trivially on the set
of simple Wi(g, f)-modules.

Example 3.4.5. Let k = —5/3. We described in Example 3. 3 6 the nine simple W_5/3(g, f)-
modules. There ® fixes the modules L(0,0), L (0, 3) and L (—3, {%) and permutes the others as

2716
follows:
NERIVHIEN

36 36
s 22\ a (12

33 33

1 5 o 1 5
L= 2)&0 (-2, 2).
(6’48) « ( 6’48)

3.5 Character of admissible highest weight modules

T

From now one k denotes a admissible level of the form k = —3 + p/3 with (p,3) =1, p > 3 or
k=-3+p/4 with (p,2)=1,p > 4.
The intersection hf = g N h is one-dimensional, generated by oy viewed as an element of

b, and J = J{o2} Following [73], for any simple Wj(g, f)-modules L(Efsj),xgsj)) described in
Proposition 3.2.5, one associates the formal character
_ _ s)
ChL(E() )((L ) _trL(ffj), l])q Z - Z dlmL(gz]7XzJ)adq 2°

dexif}+z>o‘
aeégsjm
277 and z = e 2™ p € C.
)

Recall from the proof of Proposition 3.3.2 that the simple modules L(ﬁw ,X”) (if k is

principal) and L(§Z g ,Xflj)) (if k is coprincipal) corresponds to some highest weight g-modules

where ¢ = ¢

L) ) = YL, (3.6)
with s = 1,1" and )‘E,S]) =Nij = Do+ (i—1wa € Py 4.

Proposition 3.5.1. (a) Let k = —3 +p/3 With (p,3)=1,p=>=3, and§ ! and x( ) be as in

1,7

Proposition 3.2.5(a) such that L(g(] ’Xz r ) is a simple Wi(g, f)- modu]e, Then

X - 4ji-1

qrid —1 . \—1 n —1\y—1
ch, 1) (¢,2) = - (1-q¢""2) (1—-¢"27")
L, 3 HTLEZ>0(1 —q")? nEl_‘[Z>o

~ ~ C(\/
« E e(w)q_(il)(}}\i’j‘D+x0)z_(u}0)\i’j‘72).
weﬁ\/(kAo)
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(b) Let k= -3+ p/4 with (p,2) =1, p > 4, and 5 ) and Xgl;) be as in Proposition 3.2.5(b)

such that L(SZ(J ), XE ) is a simple Wi(g, f)—module. Then

’ ’
X,(i’lj)_é'.(i’lj )+J_].

q i RO
Ch an . an (q,2) = n (1-q ) (1 R
(5“ x050) Hn€Z>0(1 —q")? nel;[w

< Ly
X Z e(w)q—(wo)\i,j|D+wo)z—(wo)\iyj|72)'

weW (kAo)

N) =

Proof. Tt is an immediate consequence of [76, Theorem 6.2] that for A € Py 4, H f( Li(
According to the isomorphism (3.6) an

for all i # 0. Hence, chH;@k(Ag?)) = ch
Theorem 1.3.4, we get that for s = 1,1,

HY(Lir(A\))

oy
ChL(f(S) (9))(q7 ) hH‘(L ()\(5)))( _V7)

7.]7 i,

q 2(k+hv) _ B
=g L 0 =g Ry, 0(02)
n€Zso q neZ-o

X+ (@ol i)

g el e
= — [ 0-"") ' a—q"zH)!

Hn€Z>0(1 —4q ) n€Zso

Vv
; N i|l—TD—T20—12
> § : 6(’[0)627‘—7'(“)0)\1’]' TD—Tx0—V—3)
weW (Ai,5)
X+ (ol Xi )

. n)2 | I (1—¢" 1)1 =gz H!
HneZ>0(1 —dq ) nelno
< o
X Z E(w)q—(woki,j\D+x0)z—(wo>\i7j‘72)- ]

weﬁ/(kAg)

Using the t-action, it is possible to get a similar expression for the other simple Wi (g, f)-

modules. Indeed, since 1 is an isomorphism of vector spaces, it sends an eigenspace (L(§f§)7 XE ])))
to an eigenspace (¢(L (fl j sz 4 )))d/,a/. Because the minimal eigenvalues for ¢ (Lg) and (Jy) are

uniquely determined by XE’ j) and fg;), we denote without ambiguity

(2+k)
2 )

PO =X - €l — (- 1)+
¢(§i,j) = 5” + (Z -1) - (2 + k)
Then L(4(687)), v(x) = (LES) A1),

Lemma 3.5.2. Let f(s and x; ; *) be such that L(fz G Xi j)) is an irreducible Wy (g, f)-module
(see Proposition 3.2.5). For n e Z>0 and a € Z,

dlm(L(w(g(S)) w(XES]))))w(XESJ))+n,1/1(£7(57))+a = dlm( (gz N 7X1, \J ))XES;+’I’L+G,E§S].)+G+7;71'
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Proof. Let m € (L (fl ¥ sz ¥ ))x<;+n£(s7)+a Then
2+ k _
¥(Lo)m (XE? §(s)+n—a+T)mf (P(x (s))+n—a+(zfl))m

Y(Jo)ym = (6 +a— (2+k)m = WE) +a—(i—1))m.

~ (s) (s)
Hence, (L (51 J ’Xl g ))ng;+n,§§f'].)+a ~ (L((& ), v (X ))w(ngj?)+n7a+(i71),w(ggf']?)m—(ifl)‘ o

Remark 3.5.3. By induction we get that for all n € Zx¢,a € Z, if k = -3+ p/3, (p,3) =1, p > 3,
then

( (61 N ’X'L N ))Xiéj)+n’§7(;)+a (1/)6( (E 3)7 XESJ))))XEf;+n,EffJ)+a
(s)
~ (L(&) i, ’Xz J )))Xffj?+eg§fj>+n+6a+18(2+k),§7§f}+a+6(2+k)7
and if k =—-3+p/4, (p,2) =1, p > 4, then
( (gz J 7X£s])))ng}+n,§§f;+a =~ (¢ (L(é(sj)7XESJ))))ng;an,égf}Jra
~ (s) (s)
~ (L(fz .J » X4 \J )))XEZ‘)+4§EZ)+"+4a+8(2+k)7§£f3?+a+4(2+k)'

Proposition 3.5.4. Let 51( and X( %) be such that L(f(] e J) is a simple Wi (g, f)-module (see
Proposition 3.2.5). Then,

4k —
chy et ) (@) = a7 27 F by o ) (0,072).

Proof. Using Lemma 3.5.2 we get

(€)@ )+ (el +a
by (e () (@2 ; (LS XD om0
ae;o

(s) X =€) —(i—1)+ 2 n g8 +(i—1)—(2+k)+
Z dim(L H,X”)) X 4n+a,e) tati N ~mD+ 5T A & (1) = (24k) +a
neLxq
a€l
24k _ _

=q 2 27N ChL(5< <s>)(q,q '2). o
X4

Corollary 3.5.5. (a) Let k= -3+ p/3 with (p,3)=1,p >3, s=2,3, and§ ! and Xg’sj) be
as in Proposition 3.2.5(a) such that L(ﬁl(J ,XESJ)) is a simple W(g, f)—modu]e. Then

(2) _oi_Jt1 2
qu,j"‘Qp 25 -

ch ,2) =
L6 22 (@ 7) Moez.,(1—a")?

I T Ea
n€lso
N X o
X Z G(w)q_(wo)\j,pfifj|D+wo—a2v)z—(wo/\j’p7i7j‘Tz)
weV/&(kAO)

(2>+2p 21777;*%}”%

= q H (1 _ qnflz)fl(l _ qnzfl)fl

_ 2
Moo (-7 L1
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aV
X Z wt3'fl w(Aj,p—i—j+p+pn)|zo—ay )+3(77|)\j,p_i_j+p)+%|n|2p Z—(w()\j,p_i_j‘H’JFI’77)|TQ)7
weWw
neQV
and
(3) . ,
X, +p—j—1_-2
q z 3 n—1 n,—1y—1
chy o @ (¢,2)=— (1—q" ') (1 —q"2z7")"
L(&75 X ) Hn€Z>o(1 —qn)? H

n€ZLso

a\/
x Z e(w)g™ (wokp—i— JZID+$0_7)Z_(wO)‘P*i*JFi‘Tz)
weW (kAo)

(3) .

X;;+tP—i,—E+3

. qrid z7 3732 1 1 1

ez, (1-¢7)? L[ @ =gy
neL>o

n€Zso
aY
% § e(wtsy)q~ @ Or-i- Jitptpn) oo S +3(nlAp—i— i +0)+ 2 1% (W —imjitptp)| =)
weWw
neQv

(b) Let k = -3+ p/4 With (p,2) =1,p >4, and 5 ) and ij,) be as in Proposition 3.2.5(b)

such that L(ff] ), Xi.j ) is a simple Wi(g, f)—module, Then

(2)+¢+] 2 %

qc z L o
LNt s cmrn 0 | U A BN
X Z e(w)q_(woxj,z‘\D+wo+§)z—(woj\j‘i|%)
weW (kAo)
q (2)+’L+JZ4+%

= - S [ - a—ge !

HnEZ>0(1 - qn) n€Zso

(Xv O/\/
x Z (wtay) (w(/\j,i+p+pn)Ixo+72)+4(n|/\j,i+p)+2|n|2pz—(w(/\j,i+p+pn)|72)_

wew
neQv

Proof. If k is principal admissible then the irreducible module L(fﬁ), XE j)) is isomorphic to

W(L (fz()l)l “,Xpl)z “)) whereas (fu 7X”) is isomorphic to ?(L (fjp i ]’X;1; i—j))- Hence,

-1

ChL@(s) (3))((1, z)=gq ER s )ChL(gm ) »)(q,q z),

i.50Xi,j p—i—j,i’ N p—i—j,i

and

24k _ k _
ChL(§<J7 §2>)(q, Z)=q7 2 CF )ChL(‘Eég—)i—j,i x®, “)(qaq '2)
PR 72 chy e ) )((L g %z).

J,p—i—j’ N p—i—j

) a

If k is coprincipal admissible then the irreducible module L(¢; 7, x; ; )) is isomorphic to (L (51 X )))
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Hence,

24k
’ 2 (2+k) / ’
ChL(fEi), 52]))(117 ) q =z z ch ;11 X ;11))(q,q2’).

Moreover, if A(g,z) denotes the product

ez, ,(1-¢" ') 0 =g )"
ez, (1 —¢")? ’

then A(q,q"'z) = —qz7'A(q,2), A(q,q7%2) = ¢°27%A(q, 2) and A(q,qz) = —2zA(q,z). This
remark allows to complete the computation. 0

We have already showed that the snnple Wi (894, fsubreg)-modules with the form L(§1 X j))

(if k is principal admissible) and L(§Z X ])) (if % is coprincipal adm1851ble) are isomorphic to
the zero-th homology of the H}-reduction of certain highest weight g-modules. We expect that
this result holds for all simple Wk (8P4, fsubreg)-modules. More precisely, we expect that for any

simple Wi(g, f)-module L(& (SJ), XESJ)) it exists an admissible weight )\Z(-fj) € b* such that

(5) o
HE(Le(A)) = {0(5w><”) if1=0,

i,J .
’ otherwise.

If such a weight exists then it satisfies the following equation:

Vv
(s) _ als)/_Q2
@-,j—A--<—7> mod Z,

s 3.7
W (AL +2p) 37

(s)
Xij = o + hV) — A (o) mod Z.

Solving this system for all pairs (fl G Xi j)) we get candidates for the weights )\ ) ¢ Qw1 + Qg

which answer to the conjecture. Forall 1 <i<p—2and 1< j<p—i—1,

—6—6i —3j +4p =+ (35 — 2 L
1 J6p (3j p)wl+(21+]72p/3—1)1m,

—6—3i—3j+3pL (35— 3i—p)
6

/\(2) € {A(2)+ A(Q) }, where Agi)i =

) ¢ {A (3)+ A(S) }, where A(S)ﬂE

@i+ (i+j—p/3— 1wy,
andfor 1<i<p—3and 1< j<p—2i—1,

—4—4i—2j +2p+ (2j —p)
4

(2 ) e {A(2 FA @ ) },  where Ag)i = w1+ (20+j—p/2—1)w,

Among all of them we keep only the admissible ones. As a consequence, we set
M = AP = (—i+p/3— Doy + (20 +j — 2p/3 — Ve
M) = AP = (—i+p/3— D1 + (i +j — p/3 — )wo,

and A2 = AP = (=i 4+ p/d— 1wy + (2045 — p/2 — Vw2

Proposition 3.5.6. (a) Let k = -3+ p/3 with (p,3) =1,p >3, s = 2,3, and§ ! and ngj)
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be as in Proposition 3.2.5(a) so that L(fl(sj), XE J)) is a simple Wy(g, f)-module. Then

ChH;(/L\k(/\ii)))(q’ ) = Ch 5521)7 523))((]72)7 (38)
and
ChH;(/L\k(AE?))(q’Z) = ChL(EZ@ 53]))((1,2). (3.9)

(b) Let k = —3 + p/4 with (p,2) =1, p > 4, and f ) and XE’Q]-/) be as in Proposition 3.2.5(b)

such that L(E(ZJ),X;J)) is a simple W(g, f)—module. Then
ChH;(fk(/\f;)))(q’ z) = ChL(éEi-/),xf;))(q’ z). (3.10)

Proof. We only detail the proof of (3.8). By Theorem 1.3.4,

q )4 =3
chye s @) (4,2) = O e O
HE (LeX5) Hn€Z>o(1 - qn)2 nelj[Z>0
~ ~ -~ N N -~ 04\/
< 3 e(w)g~ (WA +P)—pID+0) (WA +p) =Pl F),
weW (A?)

Moreover, 8(5\52])) =y (ﬁ(kAo)) where y = —74,Tat oy € W and W()\( )= {ywy™! | w €
/W(k:Ao)}. Hence,

X@?-{-%
qri n— _ n_—1\—
Do 02 = [ o g 1 e -
h nesLi>o

n€Zso

~ o~ o~ N ~ ~aY
< E ' e(w)q*(ywy;l(AE?}er)*pIDero)Z*(yzwyg’l(Af;,z}ﬂ’)*f?\72)
weW (kAo)
2 . i

ez, (1 —q")? IT =gt —gmah™
n€l>o

n€Zso

_ 4

% E e(wtsy)q FerTer =2 id)w(=(Xjp—i—j+p)+pn)|@1) =3(nlAj p—i—j+p)+5[nl*p

weW
neQv
aV
X Z(Tozlragw(_()‘j,p—i—j‘i'p)""f’n)"TQ)
(2) 2
+2p— 2z77 —zp4 1
273 T2 _ _ i
:CIH TEror H(l_qn 1z) 1(1_qnz 1)1
n€Z>o q nEZ>0
X E wt 3n 1d+27"a17"az)“’()\1p i— ]+p+Pn)IW1)+3(n|)\1p i— JJFPH” |77| P
weEW
neQv

%
(o3
w 5~ (W p—imjtpten)||F)

In addition, for all w € W, (=7a,Tayw(Nj p—i—j + p+pn)|wi) = (W(Ajp_i—j + p—&—pn)\%). As a



54 CHAPTER 3. Rationality of exceptional W-algebras Wi (sp4, fsubreg)

consequence,

q (2)+2p 21+J _ +%

?p
ch .~ (@,(q2) = (1—g" ') (1—q"z" )"
Hf(Lk(Ai?j)) Hn€Z>o( ) nel_[Z>0

Vv

2 (e
« E ' €(wt3n)q*(w(>\j,p—iﬁ+p+pn)Imo*a¥)+3(n\/\j,p—ifj+p)+3‘3' P (WA p—ijtptpn)|5)

wew
neQv

- ChL(ﬁ( (2))(Q7 )

30X

Formulas (3.9) and (3.10) are obtained with similar computations using that
YNAXG) X .
A()\z(,_])) =Y (A(kAO)) ) with Y= _t—(wlv-‘rw;/)/%
and A(S\EQJ)) =y (A(kAo)> ) with y = 70,15y /2. o
We are in a position to formulate a conjecture.

Conjecture 3.5.7. Let k be an admissible level. Then all the simple Wi (g, f)-modules L(fl ¥ ’Xw)
as in Proposition 3.2.5 are obtained from the Drinfeld-Sokolov reduction of a highest weight
g-modules. More precisely,

(a) If k= -3+ p/3 with (p,3) =1, p >3, andf ! and XE J) be as in Proposition 3.2.5(a), then

(s) () o
L) = {0@”«”) =0,

else.

(b) If k= —3+p/4 with (p,2) =1, p > 4, and £°) and x\") be as in Proposition 3.2.5(b), then

) = {L(ff?,xi?) if1=0,

0 else.



Chapter

On the simple modules of exceptional

W-algebras Wi.(sp4, fmin)

In the previous chapter we proved the rationality of exceptional W-algebras Wy (spy, fsubreg), a0
analogous of the Bershadsky-Polyakov vertex algebra Wy (sl3, fmin) in type C. Another analogous
is the W-algebra Wi (sp,, fmin). The rationality of these exceptional W-algebras has been proved
recently by Creutzig-Linshaw [43] and also appears as a particular case of the conjecture of
Kac-Wakimoto and Arakawa proved in all generality by McRae [86]. However, both conceptual
proves do not provide the set of simple Wy (sp,, fmin)-modules. In this chapter, we give a explicit
realization of these modules as highest weight representations.

Since f := fumin 1S not an even nilpotent element, the usual conformal vector induces a
%Z—grading on W¥(sp,, fuin). Twisting it, we recover a conformal even grading of W¥(sp,, fmin)
(Sect. 4.1). At exceptional levels, we deduce that any positive energy representation is a highest
weight module depending on two complex parameters. However, the structure of W*(sp,, fuin) is
more complicated to study than the one of W¥(sp,, fsubreg), S0 we need to change our approach
to the problem. Let say a few words on the strategy implemented in this chapter. Since Wy(g, f)
is a quotient of H?(Lk(g)), simple Wy (g, f)-modules are also simple H?(Lk(g))—modules. In
Sect. 4.2, we describe the set of simple H](?mm (Lk(sp,))-modules using Zhu’s correspondence and
the classification provided in [21]. We get an exhaustive list of candidates for the irreducible
positive energy representations of W (sp,, fmin). Moreover, they correspond to certain highest
weight representations of W¥(sp,, fmin). The realization of the simple H?min (Ly(sp,))-modules
is the key point to prove the simplicity of this vertex algebra (Theorem 4.3.2). The simplicity
of HJQ (Lk(g)) when it is non zero is a long-standing conjecture of Kac-Roan-Wakimoto [73, 78].
It has been verified in many cases [12, 14]. The classification of simple Wy (sp,, fmin)-modules
follows.

Theorem 4.1. Let f = funin be a minimal nilpotent element of g = sp,. Then, for admissible
level k = =3+p/2, (p,2) =1,p > 4, H})(Lk(g)) ~ Wx(g, f). Moreover, Proposition 4.2.3 provides
a complete classification of their simple modules.

The realization of simple Wy (spy, fmin)-modules as highest weight representation is similar to
the one presented in Chap. 3. Zhu’s correspondence emphasizes their correspondence with to
Ramond twisted representations. Furthermore, since the functor H ]Qmm(?) is exact (see Sect. 1.3.2),
any simple W (8p4, fmin)-module corresponds to the reduction of a certain highest weight rep-
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resentation of g. We conjecture (Conjecture 4.3.4), that each Ramond twisted representations
corresponds to the reduction of a certain highest weight representation of g.

4.1 Twist conformal vector and even grading

In this chapter, fix f := finin = e—g that we embed in an sly-triple (e, h, f) where h = 0. The
semisimple element zo = #/2 induces odd gradings on g and g/:

g=Cre®g_1/2® 90D g1/2 D Ce,

and
o/ =Cfod, ,ad

As a consequence, the usual conformal vector L defines a %Z—grading on the W-algebra W¥(g, f).
To recover a conformal Z-grading, we twist the field corresponding to L using the semisimplicity
of J. Set

L(z)=L(z) + %&](2).

For all m € Z, we have
~ m+1
L,=L, — ——
2

This defines a conformal vector of W¥ (g, f) which induces a Zso-grading. Its central charge is
given by

Im.-

o _ 62+ k)(1L+2k)
B 31k ‘

The W-algebra W¥(g, f) is Z>o-graded with respect to Lg. Since conformal weights of .J, F't,
F~, Gt and G~ are respectively 1, 0, 2, 1, and 2, we have:

J() =) Jn " FHE) =) FRfe Tt F(a)=) Fpe "

neE”L nez nez
Gt (z) = ZG:zfnfl, G (2) = ZG;LZ*"*Q, L(z) = Zf]nz*””.
neEZ nez neZ

We have the following commutation relations:

[Jma Jn} = (1 + 2k)m5m+n,0a
[Jom, FE] = +2F%

m—4n>
_ 1+ 2k
[F;L_’Fn} = D) (m— 1)5m+n,O+Jm+m
+ +
[Jm’ Gn] = :l:Ger’ﬂ’

_ z _
(Lo, L] = 1’; (m® = m)8ptm.0 + (M — 1)L,
[i’m? F’rj} = _(m + n)F;L_-{-nv
[Lm7 Fn_} = (m - n)Fn;Jrnv

[Lon, G = —nG,

m—+n?
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[Ema G,l=(m— n)G:n+n7
(14 2k)ym(m+1)

[i/my Jn] = - 9 6’m+n,0 - nJm-‘rna
+ + +
[G'rm Gn] = i2(2 =+ k)(m - n)Fm—i-nr

GE, G = (14 2k) 2+ k)m(m — 1)mino + 22+ k)m — (3+2k)(m+n+ 1)) Jmin
— 2B+ k) Lypyn + 4(F Y F ) pin + (T mgn-

where

Z(JQ)nz_"_2 def, J(2)?:, and Z(F"’F_)n,z_”_2 def, Fr(2)F(2):.

nez nez

Similarly to the case where f is a subregular nilpotent element of sp, (see Chap. 3), we can
describe irreducible positive energy representations with finite dimensional top component as
highest weight modules depending on two parameters.

Lemma 4.1.1. Let M be an irreducible positive energy representation of W (g, f) with respect
to the conformal vector Lo, with M., = My, x € C. Suppose that M, is finite dimensional.
Then there exist £ € C and a vector v € M such that Lov = xv, Jov = £v and the below relations
hold:

Jov=0 for n>0,
L,v=0 for n>0,
Ffv=0 for n>0,
Fv=0 for n=>=0,
Glv=0 for n>0,
G,v=0 for n=0.
Moreover, M = @ M,q, where My q = {m € M | Jom = am, Lom = dm}, dim Mey =1

a€é+L
dex+Zzq

and M,, = M, is spanned by the vectors (Fy )™ (G¢ )™, m,n > 0.
Proof. The proof is identical to the demonstration of Lemma 3.1.1. O

In the following, L(&,%) denotes the irreducible representation of W¥(g, f) generated by
the vector |, x) following the previous construction. Since L(§, x)top is spanned by vectors
(FH™(GEH™ME ), myn € Zsg, for any non negative integer N, the subspace L(&, X)y.e4N i
spanned by

(FEONHGEH* |, x), (=0,...,N) if N=2N',
(FON UG e x), (€=0,...,N')  if N=2N'+1.
We have no guaranty that the previous family form basis of the vector space L(§, X)y.e+n. As a
consequence, if we assume that L(&, X)op is finite dimensional, its dimension does not allow to

recover a basis of the vector space. In the current state, the argument of dimension we used in
the subregular case (see Sect. 3.1) fails and we need to find another approach.
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4.2 Irreducible positive energy representations of H}(L;(g))

Let f be any nilpotent element in a simple Lie algebra g. Recall that irreducible positive
energy representations of H?(Lk (g)) are in one-to-one correspondence with simple module of
its Zhu’s algebra (see Sect. 1.1.3). It is more convenient to work in A(H?(Lk(g))). In [21],
Arakawa and van Ekeren prove that, for an admissible level k, isomorphism classes of simple
A(H}(L(g)))-modules are parameterized by [Pr¥] = Pr¥/ ~, where

Prf = (A e Pr* | [A(\)| = dim NV — dimO,},
with A(A) = {a € A | (N, aY) € Z}. Precisely, we have the following statement:
Theorem 4.2.1 ([21]). Let k = —h" + p/q be a admissible level such that f € Q, then
AHY(Li(e) =~ ] [I Eor].
Xe[Prk] \ E€Finy, (U(g,[))

where Finj, (U(g, f)) denotes the set of isomorphism classes of finite dimensional simple U (g, f)-
module E such that Annyg)(Y ®uy(g,p) E) = Jx with U(g, f) ~ Endyg)(Y)°P (see Sect. 1.3.2).
Then a complete set of isomorphism classes of simple A(HJQ (Li(g)))-modules is given by the

disjoint union of isomorphism classes of Fin s, (U(g, f)) for A through [Pr*].

On the other hand, when f = fui, is a minimal nilpotent element of g, for each primitive

ideal Z of the enveloping algebra U(g) satisfying VA(Z) = Oy,;,, there exists a unique (up to
isomorphism) finite-dimensional simple U (g, f)-module Mz such that 7 = Anngy ) (Y ®u (g, ) Mz)
[90, Theorem 1.2]. When Z = Jy, A € h*, denote E;, the corresponding U (g, fmin)-module. Then

AHLr@) = [ En o,
AE[Prk]

and isomorphism classes of its simple modules are in one-to-one correspondence with [Pr’j ]. Denote
L(Ej,) be the corresponding simple H?(Lk (g))-module through the Zhu’s correspondence.
For the rest of this chapter, let g = sp,, f = fimin and consider an admissible level

then (f, k) is an exceptional pair and the W-algebra Wy(g, f) is lisse [17].

Lemma 4.2.2. Let f = fiin be a minimal nilpotent element of g = sp,. Then, for k = —3+p/2,
(p,2) =1, p > 4, a complete set of representatives of the equivalent classes [Pr"] is given by

-5
[Prf] = {()\1 —1/2)w1 + Aawa2 | 0 < A1, Az, A+ Az < pQ}

Proof. Let k = —3 + p/2 with p > 4 and (p,2) = 1. For such level,

Prf = (A e Pr* | [A(N)| = 4}
= {(\ — 1/2)w; 4 Moy € Pr¥ | A, \p € Z).
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Using that (A — 1/2)w1 + Aewog + kA is admissible we get the following inequalities:

——— <A1 < —/—,

2 2
0<A2<p_27
p+1 p—5
———— < A+ A < ——,
9 1+ A2 5

In particular, —prl < < %75. Moreover, for any weight A = (Ay — 1/2)w; + Aaws € Prlg, we

have
1 0 (A) = (—(A + 1) — 1/2) w1 + (2)\1 + AQ + I)ZUQ
—_——————
>0

As a consequence, we can consider only weights A such that A; > 0. Other conditions follow.

Since the vertex algebra H(Ly(g)) is a quotient of W*(g, f), we can regard simple H(Ly(g))-

module as simple W¥ (g, f)-modules. We deduce from Lemma 4.1.1, that they correspond to
highest weight representations L(¢, x) for certain (¢, ) € C2.

Proposition 4.2.3. Let f = fuin be a minimal nilpotent element of g = sp, and k = -3+ p/2,
(p,2) =1, p > 4. Then, for A = (A\; — 1/2)w1 + Ay € [PrF]

L(Ey,) =~ L(xx 6r),
with

-5
5)\ = pT - (/\1 + )\2), and X\

AN 203 4N + 80 + 383X — 5 — p(p — 6)
- ™

Moreover,
(A2 +1)(2A1 4 A2 +2)

dim L(Ex, X2 ) top = 5

Proof. Let A € [Pr¥]. Since H}(Ly(g)) is a quotient of W¥(g, f), L(Ey,) is a simple W¥(g, f)-
module. From Lemma 4.1.1, it exists xx, & € C such that

L(Ej,) =~ L(&x, xn)-

We determine values of x and &, using the image Ej, ~ L(&x, Xa)top in the finite W-algebra
Ul(g, f). According to [90, Theorem 7.1], there exists a unique highest weight module Ly (4 r)(A, c)
such that

Ej = Lo ),

where the Casimir element Q of U(g) acts on Ly(g, 5)(A,c) as cid with ¢ = (A|X + 2p). It
follows from the construction of L that its image [L] in the finite W-algebra acts on Ej, as the

multiplication by
c

1
o= s~ 2N

Moreover, [J] acts semisimply on Ly (g £y(A, ¢) and the eigenvalues of [.J] lie in {X(Gv—é)—Z>()}. As
a consequence, Jy acts semisimply on the top component of the corresponding H ]Q(Lk(g))-module
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L(&x, Xa)top With eigenvalues in {—A(6Y — §) + Zso}. Hence,
Ex=—A0" —9).
Finally, Lo = Lo — %JO acts on L(&x, X )top as the multiplication by
1
Xa=cL = 58x

In addition, by [90, Theorem 6.2], for A € [Pr¥], the dimension of L(&x, X )top 1S given by

. (A +pla)
dlmL(E)\a X)\)top = H )
achs (Ao + plev)
where A% is the set of all short positive roots and A\g = —1//2w;. 0

Since the weight A € h* uniquely determines the pair (xx, &), we denote |A) := |&x, xa)-

Example 4.2.4. For p =5, the only simple H}Q-(Lk(g))—module is L(0,0).
For p = 7, there are three simple H?(Lk(g))—modules: L(1,-3/7), L(0,0), and L(0,—1/7).

4.3 Classification of simple W;(sp,, fin)-modules

For any admissible level ¥ = —3 + p/2, (p,2) = 1, p > 4, Proposition 4.2.3 together with
Lemma 4.2.2 give a realization of any simple H?mm (Lg(spy))-module L(Ej, ) as a highest weight
representation L(xx,&y). We use this realization to prove that the simplicity of the vertex algebra
HO (Li(spy).

In the previous example (Example 4.2.4), x, is never positive. In fact, given any admissible
weight k of the form (4.1), it is a general fact that for all A € [Pr*], xx is a non positive rational

number.

Lemma 4.3.1. Let f = funin be a minimal nilpotent element of g = sp, and k = —3 + p/2,
(p,2)=1,p>4. Forall A € [Prlj], xa < 0.

Proof. Let A = (A, — 1/2)w; + Mgy € [Pr¥], one verifies that

(p—5)p—-1) n (A1 +A2)2 + A1 (A1 +4) + 3
4p 2p '

X\ = —

Moreover, A2 can be upper bounded using that A1 + Ao < (p — 5)/2:

SOSTEL RS WUEL i VL ES YU
—5)2 — _
<t (co-9m-0+ LT a5 L2201
< 0. O

It follows that Wi (g, f) is semisimple.

Theorem 4.3.2. Let f = funin be a minimal nilpotent element of g = sp, and k = —3 + p/2,
(p,2) =1, p > 4. The vertex algebra H}(Ly(g)) is simple.
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Proof. Let N be a simple submodule of H}(Ly(g)). According to Proposition 4.2.3, N = L(&x, x»)
for a certain A € [Pr¥], whence N = @ Nystn- Moreover, H}(L(g)) is Zxo-graded by Lo

TLGZ)O

H{(Lx(9) = D Hj(Li(g)n-

neZ>0

Each graded component of N is contained in a graded component of H?(Lk(g)). In particular,
there exists n € Zxo such that Ny, C H})(Lk(g))n, thus x» = n. However, by Lemma 4.3.1,
Xx < 0. As a consequence, x» = 0 and Nio, = H}(L(g))o = C|0). Thus, N = H(Lk(g)) is
simple. O

Since Wi (g, f) is a quotient of H ?(Lk(g)), both vertex algebras are isomorphic. This proves ad-
ditional case of Kac-Roan-Wakimoto conjecture [73, 78]. Then we obtain a complete classification
of simple Wi (g, f)-modules.

Corollary 4.3.3. Let k= -3+ p/2, (p,2) =1, p > 4, then

Wi(g, f) =~ Hy(Ly(g)).

Moreover, the complete set of irreducible positive energy representations of Wy(g, f) is
{L(&,x2) | A € [Pral},

where €, and x have been described in Proposition 4.2.3.

From the proof of Proposition 4.2.3, note that x, = hy—pa, — %f,\, where

L _ Ao —pl*  k+RY
ATET0 T 9k 4 hY) 2

|lzo]? + (20, p).-

In the case where f is an even nilpotent element, this correspond to the conformal dimension of

the Ramond twisted module L (E;, , ) [21]. Moreover it has been showed that when A satisfy
~Buq

certain conditions, this Ramond twisted module is isomorphic to the reduction HJQ(L;C()\)) of the

highest weight g-module Ek (M\). This draws us to think about a possible similar construction for
odd nilpotent elements.
Since Wi (g, f) is a simple module over itself, there is a weight A € [Pr¥] such that

Wi (8, ) = L(§x, X2)-

Let A = kw; € [Pr¥]. We have £, = x» = 0. The correspondence |0) — |)) yields the isomorphism

Wi (g, f) = L(&x, xa) = L(Ey,., ).

Moreover, Wi(g, f) ~ H}(Ly(g)) =~ HP(L(kAo)). The isomorphisms imposes an additional
condition on the possible correspondence. More precisely, we conjecture that:

Conjecture 4.3.4. Let f = fuin be a minimal nilpotent element of g = sp, and k = —3 + p/2,
(p,2)=1,p>4. For A € [Pr’j], L(E;,) ~ H?(Lk(u,\)) for a certain u) depending on X\, k and xq
and satisfying pigem, = 0.

This conjecture is also supported by the exactness of the functor H ?mm (7) : O — WF(g, fmin) -Mod
[12].
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Chapter

Associated varieties of affine vertex

algebras and VW-algebras associated with
sly at level k = —5/2

In this chapter we present interesting and quite surprising computations of associated varieties.
We start by computing the associated variety of a simple affine vertex algebra Ly (sly) at the non
admissible level kK = —5/2. We obtain that it is the adherence of some Jordan class.

Theorem 5.1. The associated variety of L_5/5(g) is the closure of the Jordan class of zg € g,

XLfs/z(E) = JG(‘rO)’

where
3 0 0 0
0 -1 0 1
Zo :Bhl +2h‘2+h3+662—64 = 0 0 -1 0
0 O 0 -1

Let € g and denote by z = x5+ z,, its Jordan decomposition with x4 and z,, the semisimple
and nilpotent components of x respectively. The centralizer g*< is a reductive Lie algebra and we
consider its center 3(g*s). Let 3(g*¢)**® be the set of y in 3(g**) such that g¥ has the minimal
dimension. We define Jg(x) the Jordan class of x to be the G-invariant, irreducible and locally
closed subset of g:

Ja(x) = G.(3(9")"® + xn).

We refer to [93] for general facts about Jordan classes.

It is known that there are several families of pairs (g, k) such that Xy, (4) is the closure of
some Jordan class. So, our example is not the first of this type. For instance, when k is a positive
integer or an admissible level, the associated variety of Li(g) is known to be the closure of some
nilpotent orbit of g [17, 53], that is the Jordan class of a nilpotent element of g. Arakawa and
Moreau provided additional examples coming from the Deligne exceptional series that are also
of this form [28]. Moreover, in [29], they showed that Dixmier sheet closures — i.e. closures of
Jordan classes of semisimple elements — can also appear as associated varieties of simple affine
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vertex algebras. Recently, it has been proved [25] that the affine vertex algebra V*(g) is simple if
and only if the associated variety X, q) is g* =~ g. This corresponds to the regular sheet, another
particular case of closure of Jordan class. More examples of this type have been computed [24].

The particularity of our result is that the associated variety X __ Ja(sly) 18 the closure of a
Jordan class of an element in sl; which is neither semisimple nor nilpotent. Sect. 5.1 is devoted
to prove Theorem 5.1. Part of the computation is based on the article of Adamovié¢, Perse and
Vukorepa [7].

We would like to relate the previous computation to the description of the associated varieties
of W-algebras Wi(sly, f) at level K = —5/2. Since the subregular nilpotent orbit Qs ) is included
in Xy, ,(st,) (Proposition 5.1.4), W_5 5(sl4, fsubreg) is lisse, i.e. its associated variety is reduced
t0 { foubreg}- We study the case where f is an element in the nilpotent orbit of sly corresponding
to partition (2,2) in Sect. 5.2. It has been independently obtained by [6] and [45] that, for such a
nilpotent element f, the W-algebra W_j5 5(sly, f) is isomorphic to the coset — or commutant —
Com(M (1), 5(2)) of the Heisenberg vertex algebra M (1) viewed as a subalgebra of the Svy-system
of rank two S(2). Thank to the works [6, 45] we can explicitly compute the associated variety of
the W-algebra W_s /5(sl4, f) (Theorem 5.2(i)).

Cosets play a major role in the theory of vertex algebras. They were introduced in [63]
and become an usual way to construct new vertex algebras from old ones. They appear in
the Gaoitto-Rapcak triality conjectures [64] which have been recently proved by Creutzig and
Linshaw [43, 44]. Let U be a vertex subalgebra of a vertex algebra V. The coset Com(U, V) is
the commutant of U in V. It is expected that Com(U, V') inherits certain properties from U and
V', such as rationality and Cs-cofiniteness. The case where U is a Heisenberg vertex algebra has
been study by Creutzig and al. [45], but the general case remains largely unknown.

If we consider a vertex subalgebra U of a vertex algebra V', the inclusion induces a Poisson
algebra morphism ¢ : Ry — Ry which is not necessary injective. It does not always make sense
to define the Poisson commutant of the Zhu’s Cs-algebras. Nonetheless, when ¢ is injective Ry
can be viewed as a subalgebra of Ry. Then, we can consider the commutant Com(Ry, Ry ) of
the image of Ry in Ry and compare it to the Zhu's Cs-algebra Roomu,v). Only a few is known
about the structure of cosets. Then it is difficult to compute the Zhu’s Cy-algebra Rcomw,v)-
Provided it is well-defined, it is sometimes simpler to compute the commutant of Zhu’s Cy-algebras
Com(Ry, Ry ). There is an Poisson algebra morphism Rcom(,vy — Ry coming from the inclusion
Com(U, V) C V. Clearly, the image of Room(u,v) is contained in Com(Ry, Ry ).

This holds for the Heisenberg vertex algebra M (1) embedded in the Sy-system S(2) of rank 2,
and more generally, embedded in a 87-system S(n) of rank n (Sect. 5.2). Thus, we compare the
algebras Room(ar(1),s(2)) and Com(Rpz(1y, Rg(2)). Note that, in general, if Ry is normal — it is the
case when V is the S~y-system S(n) — so is the commutant Com(Ry, Ry) (Lemma 5.2.1). On the
contrary, Rcom(u,v) has no apparent reason to be normal. We cannot hope an equality between
the two spectra in general. In particular, the associated scheme of W_s 5(sl4, f) is not the same
as the spectrum Spec Com(Ry, Ry). However, we notice that the latter is the normalization of
the previous one.

Theorem 5.2. The Zhu's Cs-algebra Ryy_, ,,(s1,,f) i a subalgebra of the commutant of Zhu'’s
Cs-algebras Com (R (1), Rs(2)). Moreover, these Poisson algebras satisfy the following properties:

(i) )N(Wﬂ,j J2(sla,f) 1S @ three-dimensional reduced, irreducible and not normal scheme,
(ii) Spec Com(Rps(1y, Rs(2)) is a three-dimensional reduced, irreducible and normal scheme,

(iii) Spec Com(Ry;(1), Rg(2)) is the normalization OfXW,S/z(su,f)-
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Finally, in Sect. 5.3, using that the associated variety of H}(Lk(g)) is the intersection of
the associated variety of Ly(g) with the Slodowy slice .%; [17], and the explicit computation
we obtained for X1,_ ,(s1,), We are able to compute the associated variety of H})(L,5/2(5[4)).
Conjecturally, the latter is isomorphic to the simple W-algebra W_s /5(sly, f) and so we should

obtain an algebraic realization of the associated variety Xy __ Ja(sla,f) (Conjecture 5.3.2).

5.1 Associated variety of L_;/(sly)

We consider g := sly, the vector space of four-size square matrices with trace zero endowed with
the Lie bracket [a,b] = ab — ba for all a,b € sly. Let g = n_ @ b @ ny be the usual triangular
decomposition, where the Cartan subalgebra b consists in the diagonal matrices in g and n,
corresponds to the upper triangular matrices. For 1 < ¢ < 3, write o; = €; — €;41 the simple roots
of (g,h), A the corresponding root system and h; = o the corresponding coroots. Denote w;,
1 < i < 3, the fundamental weights. For o € A a positive root, let e, and f, be root vectors
corresponding to o and —a respectively.

Recall that a vector v in V*(g) is singular if it is annihilated by all raising operators in V*(g),
i.e. n.v = 0. Singular vectors depend on the complex k, and for a fixed level k it is in general
difficult to determine one. They play an important role in the description of the simple quotient
of the affine vertex algebra Ly (g) and its associated objects. For instance, thank to the singular
vector v of V=5/2(sly) provided in [7] we compute the associated variety of L_5s(sls). We prove
(see Theorem 5.1) that it is the closure of the Jordan class of the element

3 0 0 0

0 -1 0 1
.’£0:3h1+2h2+h3+652,84 = 0 0 _1 0 s

0 0 0 -1

which is neither nilpotent nor semisimple. Let z; = diag(3,—1,—1,—1) and x,, = zo — = be the
Jordan decomposition of zy. Since 3(g*¢) is one-dimensional, we easily describe the Jordan class
of Zo-

Ja(xg) = G.Cr .

The rest of this section is devoted to the proof of Theorem 5.1.

In [7], the authors give a singular vector v of V~°/2(sly) and prove that it generates the
maximal ideal in V' =5/2(sl,). Hence,

L_5/5(sls) = V7 2(sly) / (v).

From this equality, we can deduce A(L_5/2(sls)) ~ U(g)/(v') where v’ is the image of [v] €
A(V=5/2(s14)) through the isomorphism A(V~%/2(sly)) ~ U(g). Similarly, RL75/2(5[4) ~ S(g)/Zw,
where Ty, is the ideal of S(g) generated by W, the g-module generated by v”, where v” is the
image of U € Ry —s/2(g) = V=5/2(g)/Co(V—5/2(g)) with the identification of the Zhu’s Cy-algebra
of V=5/2(g) with the symmetric algebra S(g). Explicit formulas for v, v’ and v” appear in [7,
Sect. 3]. We recall below formula of v” which will be useful to prove Theorem 5.1.

Proposition 5.1.1 ([7]). The Zhu's Co-algebra Ry, ,(s1,) is isomorphic to the quotient S(g) /Zw
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where W is the g-module generated by the following vector v" :

"

2
V' =26 o€l €ci—cy t g(hlh2 — hihg + h3 + hohg)ec, —c,€eq—cs

2
+ g(—hlh2 — 2h1hs — h3 — hahs)ec, cyee, e,

2
+ g( — fer—e2€ei—er T 2fe1—e5€ei—cy + 2feci—csCei—ey T 2fer—e5€e5—cy
+ 2f€2—64662—64 - f63—64663—64)682—64661—63
2
+ g falfsgeslfaz - 2f617€3651763 - 2f617€4€€1754 - 2f€27636827€3

- 2f€2754e€2754 + f€3784e€3764)662753661754

- 2h36€1—€2662—63662—64 + 2h1663—64662—63661—63 + 2h3f€1—626€1—64661—€3

- 2f61*82653*54631753 - 2h’1f€3*€4e€2*64e€1*€4 - 2f€3*54€€1*€2622754 + 2f53*84f€1*82€?1754'

Since the singular vector v generates the maximal ideal of V~5/2(sl,), we obtain an explicit
description of the simple quotient L_5/5(sl4) and its Zhu’s Cy-algebra. By definition, the associated
variety of L_5/9(sly) is the reduced spectrum Specm(RL75/2(5[4)), that is the zero locus in g* ~ g
of the kernel of the map

Clg"] — R, (10 = L_s5/2(sls) /t2g[t ™ | L_5/2(sls)
1.y — (1t~ o (2t~ 1)|0)  mod t729[t71]L75/2(5[4),

where z1, <, x, € g.

Lemma 5.1.2. Let H = {3h1 + 2ho + h3, —h1 + 2hg + hs, —hy — 2hy + h3, —hy — 2hy — 3h3}.
Then,
XL,5/2(g) Nh=UxegCA.

Proof. Let h € X,_, (g Nb. We identify h with its dual through the symmetric bilinear form
(.].)- Since Zyw is invariant under the adjoint action, we have in particular

(ady,, ., ady, . v")(h) =0
(ady,, ., ady, ., v")(h) =0
o 0

(ady., ., adp, _ adp,

The solutions of this system are precisely the set of lines generated by the elements in H :
UxegCA. Let prove the converse inclusion. Note that all the semisimple elements of H are in the
same semisimple orbit under the action of the adjoint group G. As a consequence, since Xy, 12(g)
is a G-invariant cone, it suffices to show that 3hy + 2hs + hs belongs to the associated variety.
By [7, Lemma 4.1], the zero weight space of W is generated by the following polynomials:

5 7 3 7 31 13
p1i=— §h2 - §h1h2 + §h1h3 - §h2h3 - €h22 - §h1h22 - h12h2 — 2hihohs

10 13 4 2
- §h23 + h1hs® + hi?hs — §h22h3 — hohy® — §h1h23 - §h12h22

2 49,9 4 2 2, 4 4 3 2 9, 9
—h1°h3® — =hiha“hs — =hy™ — =hs°hs — =ha“h
+31 3 312 3 32 32 3 32 37
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and 5 7 7 31
2y + iy 4 ~hohs +
22+212+223+6

1 1 4 2 4
+ EOhQB + §h22h3 + hohs® + §h1h23 + §h12h22 + §h12h2h3

13 16
p2 = ho® + §h1h22 + hy?hy + §h1h2h3

8 4 2 4 2
+ Zhiho®hs 4+ —hihohs® + Zho* + —ho®hs + Zhy?hs®.

3 3 3 3 3
Since for 1 <7 < 3,
1
w; = (51+-~-+€i)—1(€1+--~+€4)7
the element 3hy + 2hg + hs is identified with 4cw; through (.].). We easily check that p;(4w) =
p2(4w1) =0. HBI’ICE, 3h1 4+ 2ho + h3 € XL,5/2(g)' 0

*

Given a nilpotent element f of sly, let x5 = (f]) € g*.
L C g1/2 and set

Choose a Lagrangian subspace

m=Lo@@g;, and =) Sz x(@).

j>1 zem
Lemma 5.1.3 ([29]). Let I be an ad g-invariant ideal of C[g*]. Then O; ¢ Var(I) if and only if
Clo’) =1+ J.,
where Var(I) is the zero locus of T in g*.

Applying this result to a subregular and a principal nilpotent element of g successively, one proves
the following result.

Proposition 5.1.4. The associated variety of L_5/5(g) contains some nilpotent elements. More
precisely,
(O)SUbYEg C XLfs/z(Q) and ©reg ¢ XL,5/2(g)'

Proof. The first inclusion follows from [7, Lemma 3.8]. Focus on the second part of the proposition.
Let Xreg = (fregl-) With freg = fo1—c, + fea—es + fey—eq a regular nilpotent element of sly. Then
v =1 mod J

Xreg *

Hence, I + Jy,., = C[g*]. By Lemma 5.1.3, this implies Oy ¢ X1y a(0) O

reg

Let p be a parabolic subalgebra with Levi decomposition p = [ @ n, where n is the nilradical.
Given a nilpotent orbit Qy in the Levi subalgebra [, it is shown in [85] that there is a unique
nilpotent orbit @ in g such that O N (O @ n) is dense in Q; @ n. This orbit only depends on
[ and not on the parabolic subgroup p. It is said induced from O and denoted Ind{(Qy). Not
all nilpotent orbit of g are induced from one of [. We refer to [39, Chap. 7] for basic results on
induced nilpotent orbits. For a generic element = € g with Jordan decomposition z = =5 + z,,
one can consider the induced nilpotent orbit Indgws (Oy,) of x,, in the centralizer g¥s. Recall the
following result from [38].

Theorem 5.1.5 ([38]). 1. If = x,, + x, is a non nilpotent element of g. Then Indg.. (0y,)
is the unique nilpotent orbit contained in the closure C(x) := G.C*z of the G-invariant
cone generated by x whose dimension is dim G.z. Furthermore, C(z) NN = Indg.. (Oy,).
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2. Conversely, if O is an induced nilpotent orbit, there exists a non nilpotent element x € g
such that C(z) "N = O.

We are now in position to prove Theorem 5.1.

Proof of Theorem 5.1. Let x € XL,S/Q(g) and write z = x5 + z, its Jordan decomposition with
x s semisimple and x,, nilpotent. Since Xj,__ J2(g) 18 G-invariant, one can assume that x4 belongs
to . If z,, = 0 then =z, € G.C*(3hy + 2hg + h3) C G.C*xy.

Assume x,, # 0. If z is nilpotent, i.e. 5 = 0, then € Ogypyee- Besides, Ogupreg is the induced
nilpotent orbit of e.,_., € g3 +2h2+hs in g, Thus

Osubreg C G-C*(3hy + 2ha + hg + €0y 2,).

Else, if x is not nilpotent, we embed z,, = e in an sly-triple (e, h, f) with h € h. Let the
one-parameter subgroup p : C* — G generated by ady:

p(t).y =t'y, forallyeg, [hy]=iy.

Then for all t € C*,
p(t).x = xo+ 200 € X, (g

Since the associated variety X _, PORE! closed G-invariant cone, we get that x5 and x,, belong to
X1_;,,(g)- By Lemma 5.1.2, it exists ¢ € C* such that x5 = ¢\ with A € H. Since all the elements
in H are G-conjugated and the associated variety is conical, one can assume A = 3h; + 2ho + hg
and ¢ = 1. Then z,, € g*> NN. Let O be the nilpotent orbit of z,, in g%. By Theorem 5.1.5, the
induced nilpotent orbit Indgms (0) of O in g is included in G.C*z, so in the associated variety.
Since

gxs = h 2 (C€€2,53 2 6653754 > Ce€2764 2] CfEQ*Eg @ (Cf537€4 D Cf€27€4

With ecy—c, = [€cy—cqs Coz—ca], 87 ~ 8l3 x C, and we get the following possibilities:

(1) O =0 and Ind%.. (0) = Ouin,

gvs

(2) 0= @(2’1) and Indgzs (@) = @subreg7
(3) O =03 and Indg.. (0) = Oyg.

The condition (3) cannot happen since Oyeq ¢ X1_, () and condition (1) was already treated
as x is semisimple. Focus on condition (2). Let G®* C G the adjoint group of g*. Since
O(2,1) = G™.e, _¢,, there exists y € G such that x,, = y.e., _.,. Hence,

T=Ts+y.€,—c, =Y.(Ts +€c,—c,) € G.CHxyp.

In order to prove the converse inclusion, it suffices to show that * = x5 + e.,_.,, where x5, =
3h1 + 2hs 4 hg belongs to the associated variety. Assume it does not. One deduces from the
previous discussion that X __ Ja(a) = G.C*zs U Ogypreg- Then the intersection between the
associated variety and the Slodowy slice .}, , ... is reduced to a point. Indeed, according to
Theorem 5.1.5,

GCrz, NN = Indgzs (0) = Omin-

Thus, the intersection G.C*zs NS, ... is empty and Osubreg N prex = {fsubreg}. However, ac-
cording to [7, Proposition 5.3, ngsub!_eg(L_WQ (g)) ~ M(1), so this intersection is one-dimensional,

whence v € Xp__ ,(g)-
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Let show that G.C*z¢ = Jg(xg). Recall [93] that
Jo(xo) = G.(3(g* H2hetha)ree pe o) = G.(3(7)"8),

where 3(g”)"™¢ = {y € g,¢9¥ = ¢g”}. Since zy € 3(g7°)*® and Jg(zo) is G-invariant, G.C*zy C
Ja(zo). Conversely, let y € J(zg). The set 3(g3hi+2hzths)res i one-dimensional generated by
3hy + 2hg + hs, and one can assume y = «(3hy + 2ho + hg) + ec,—c, € G.(3(g7°)"8) for some
o € C*. We embed e.,_., in an sly-triple whose the semisimple element h belongs to §). Again,
consider the one-parameter subgroup p : C* — G generated by adj. For all ¢t € C*,

p(t)y = a(3hy + 2ha + h3) + t?e., ., € Ja(zo).
In particular, for 8 = a'/? we get that p(3)y € G.C*zo. Hence, y € G.C*x. o

Remark 5.1.6. The closure of the Jordan class Jg(z) is not normal. Indeed, if it were, the quotient
Ja () //G would be normal. Tt is not the case according to the classification of normality of
quotients of closures of decomposition classes of Richardson [91]. We thank Prof. Giovanna
Carnovale and Francesco Esposito for informing us about this.

5.2 Commutant of Zhu’s (s-algebras

Let U be a vertex subalgebra of the vertex algebra V. We define the coset [63] of U in V to be
the vertex subalgebra of V'

Com(U,V):={a €V |aub=0,forallbec U and n > 0}.

In particular, we consider in the following the coset of the Heisenberg algebra M(1) in the
Bvy-system S(n) of rank n > 1.

The B~y-system S(n) of rank n is the vertex algebra strongly generated by fields g1, . .., Bn, 71, - - -

satisfying the only non-trivial OPEs
1

z—w

Bi(2)7yi(w) ~

The Heisenberg vertex algebra M (1) can be viewed as a vertex subalgebra of S(n) sending its
strong generator on the field

h=:B1v1:+...4+:Bu¥n:-

Hence, we can consider the coset Com (M (1), S(n)).

Recall that the associated variety of S(n) is Rg(n) >~ C[T*C"] ~ C[p1,...,Pn,q1,- -, qn] With
Poisson bracket

{pi7Qj} :(;i,jv and {plap]} = {QMQJ} :03

foralli,j = 1,...,n. On the other hand, setting h = > pigi, we get that the Zhu’s Ch-algebra
of the Heisenberg algebra M (1) is Rys1) = C[h], a subalgebra of Rg(ny. Hence, we can define the
commutant Com(R (1), Rg(n)) which is the Poisson commutant of hin Clp1, ..., puyqiy- - - Qn)-

It has been independently proved by [6] and [45] that, when n = 2, the coset Com(M (1), S(2))
is isomorphic to the W-algebra W_s 5(sly, f) where f := f., ., + f.,—, is a nilpotent element
corresponding to the partition (2,2) of 4. Using the explicit description presented in [6] and [45],
we compute the associated variety of W_s/5(sly, f) and compare it to the commutant of Zhu'’s
Cs-algebras M (1) in S(2) (see Theorem 5.2).
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The proof of Theorem 5.2 is the guiding principle of this section. It allows to introduce a
more general reflexion on the possible link between Zhu’s Cs-algebras of cosets Com (U, V') and
commutants of Zhu's Cs-algebras Com(Ry, Ry ). Similar considerations have been formulated in
[84, Sect. 13] in the context of vertex algebras orbifolds, that are vertex subalgebras invariant
under the action of a reductive group of automorphisms.

5.2.1 Commutants of Zhu’s Cs-algebras and Zhu’s (;-algebras of cosets

Recall (Sect. 1.1.4), that for any vertex algebra V' the Zhu’s Cy-algebra Ry corresponds to the
quotient V/Cy(V), where C3(V) is spanned by the elements a(_2yb, a,b € V. A morphism of
vertex algebras f : U — V induces a morphism of Poisson algebras ¢ : Ry — Ry such that the
following diagram commutes:

Consider the commutant of the Poisson algebra ¢(Ry) in Ry

Com(p(Ry), Rv) = {a € Ry | {a,(b)} =0, for all b € U}

={a € Ry |{a,f(b)} =0, for all b € U}.

In particular, when U is a vertex subalgebra of the vertex algebra V', the inclusion induces a map
© as above. Clearly, ¢ is injective if and only if U N Cy(V) = Co(U). If so, Ry can be viewed as
a subalgebra of Ry .

On another hand, the inclusion Com(U, V') C V gives rise to a map ¢ : Reom(u,vy — Ry which
is injective if and only if Com (U, V)N Cy(V) = Co(Com(U,V)). Assume that is the case. Then
Rcom(u,vy can also be viewed as a subalgebra of Ry . By abuse of notation, we identify Reomw,v)
with its image through ¢. Then Rcomw,v) =1{a € Ry | a,)b =0, for all b € U and n > 0}, and
Reom,vy C Com(Ry, Ry ). This inclusion induces a dominant morphism of schemes

Spec Com(Ry, Ry) — XCom(U,V)‘

There is apparently no reason for XCom(U,V) or Spec Com(Ry, Ry) to be normal. It would be
interesting to determine conditions on the vertex algebras U and V which induce the normality
in either or both spectra. Note that Com(Ry, Ry) is normal if Ry is so.

Lemma 5.2.1. Let (A,{.,.}) be a normal Poisson algebra and B a Poisson subalgebra of A.
Then the Poisson commutant of B in A,

Com(B,A) ={a € A|{a,b} =0, for all b € B},
is normal.
Proof. Set C'= Com(B, A). Let f € FracC, n > 1 and ag,...,a,—1 € C such that
f”’+an_1f"_1+...+a1f+ao:O

is a minimal degree equation in C. Since FracC C Frac A and A is normal, f belongs to A. We
need to show that f belongs to C. Set f =p/q, p,q € C, ¢ # 0. In particular, gf =p € C. Let
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b € B, using the Leibniz’s rule we get

{b,p} =1{b,qf} = ¢{b, f} +{b,q} I

Since p,q € C, {b,p} = {b,q} = 0, hence ¢{b, f} = 0. Because A is an integral domain, we deduce
that {b, f} =0 for any b € B. As a consequence, f € C. The integral closure of C' in FracC is C
itself and C' is normal. O

Corollary 5.2.2. For any positive integer n, since Rgy) is normal, so is Com(Rps(1), Rg(n))-

The commutant Com (R (1), Rg(n)) is the Poisson commutant of hin Cp1y .. Py iy -5 Gn)-
It is generated by monomials p;q; with 4,7 =1,...,n. Let ¢ : C2n — C" defined by

(P1s- s Pns Qs -+ -5 @n) &> (P11, -+ - P1Gn, P2G15 - - - P2Gns - - s Pl - - - Pun)-

The comorphism

*
1][} . (C[xl,la-"axl,n;xZ,lwuaxZ,na“' 5‘Tn,17~"axn,n] — C[pla"'vprwaa"'a(b],]a

has kernel the ideal I,, generated by (x; jTr; — i 1Tk ;)1<i<k<n,. Hence,
1<j<I<n

COID(RM(l), RS(n)) >~ (C[.’I}Ll, e X1y X210 X2y Tyl e 7xn7n]/1n~ (51)

with non trivial Poisson brackets {z; j, 21} = 0 ki1 — 0; 1%k ;-

5.2.2 Proof of Theorem 5.2

Using the previous computations, we are now in position to prove all assertions of the Theorem 5.2
(ii) First, considering n = 2 in (5.1), we get that Com(Ry;(1), Rs(2)) =~ Clz,y, 2,t]/(vy — 2t)
with non trivial Poisson brackets {z, z} = —z, {z,t} =1, {y, 2} = 2, {y,t} = —t and {2, ¢t} = y—u.
It follows directly that Spec Com(Rys(1), Rs(2)) is a reduced and irreducible variety of dimension
three. It is normal by Corollary 5.2.2.
(i) Using the explicit description of W_s/5(sl4, f) as the coset of M (1) in S(2) given in [6] we
get that Ryy__ ,(s1,,f) Is the subalgebra of C[p1,p2,q1, g2 generated by

{P1Q27 P291, P191 — P2g2, P1Q2(p1ql + 2P2Q2), PQQ1(P1Q1 + 2]32(]2)7 (P1(I1)2 - (P2Q2)2}~

Consider ¢ : C* — C% defined by

(p1.p2: @1, q2) = (D142, P2G1, P1¢1 — 242, P162(P1G1 +2P2G2), P2 (P11 +2p2q2), (p1q1)* — (P2q2)?).

We denote by Ky the kernel of the comorphism ¢* : Cley, 2, €3, €4, €5, e6] — Clp1,p2, 41, 2],
which is a prime ideal. Then Ryy__ ,(s1,,5) = Cle1, ea, €3, eq, €5, 6]/ Ky, and we conclude that
wa5 Ja(sla,f) 18 reduced, irreducible of dimension three but not normal.

(iii) Let prove that Com(Rps(1), Rg(2)) is isomorphic to the integral closure of Rw_, o (sta,f)
denoted by F'. By direct computation, we have F' = Cleg, e1, €2, €3, €4, €5, €6]/ I where I is the
ideal generated by

2 2
eseq —e1€5, epez +es, 3epex + eses + 2e5, 3eper +eres +2eq, ej —4ejes —e3.
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Set ¢ : C* = C” mapping
(;U,y,z,t) — (71’ - y,z,t,x - y,Z(l’ + Qy)at(x + 2y)l’2 - y2)

The kernel of the comorphism ¢* : Cleg, €1, €2, €3, €4, €5,e6] — Clx,y, 2,t] is the ideal K¢ of
Cleo, €1, €2, €3, €4, €5, €g] generated by

esey — €165, eges +eg, 3eges + eses + 2es,  3eger + eres + 2eq.
We check that Cleg, e, €2, €3, €4, €5, €]/ Kc ~ Clz,y, 2, ], and so there is a surjective map
(C[607 €1,€2,€3, €4, €5, 66]/KC — C[Iv Y, z, t}/(fﬂy - Zt)

The image of ef—4e1ea—e3 through ¢* is zy—zt so Clz, y, 2, t] /(xy—zt) ~ Cleg, e1, €2, €3, €4, €5, es)/Ke
where K¢ is the ideal generated by Ko and €2 — 4ejes — €3. Clearly, Ir = K.

5.3 Associated variety of W_js(sly, f29))

Assume the vertex algebra H]Q(Lk(g)) is non zero. Since the W-algebra Wy(g, f) is the simple
quotient of WF(g, f), it is a quotient of HJQ (Lk(g)). As a consequence, the associated variety
Xw,.(g,f) 18 a subvariety of X HO(Ly(g))" It has been proved by Arakawa [17] that the latter
coincides with the intersection of X, 4) with the Slodowy slice of f.

By [67], we know that the intersection X, _ J2(g) N ¥ is equidimensional of dimension three.

Moreover, one verifies that X,_, J2(g) N -y contains the following element
1 0 0 O
0 -1 0 4
U:f+(4€52754 +h +h3) = 1 0 1 0
0 1 0 -1

Proposition 5.3.1. Let G be the stabilizer of the sly-triple {e,h, f} in the adjoint group
G = SL4. For all t € C*, define p(t) := t2p(t), where p is the one-parameter subgroup introduced
in the proof of Theorem 5.1:

Then G%.p5(C*)v is a three-dimensional irreducible component of XH?(Lk(g)).

Proof. Since the centralizer g/ is generated by the elements €ey—ey T Cey—cy) Con—eys Coy—egs Con—ey)
€cy—cys fer—es + fes—e, and hy + hg, one easily checks that p(t).v € 7} for all t € C*. Moreover,
G" stabilizes f and g/, thus G%.5(C*)v C .%}. Besides, v and x are conjugated in G and X,
is G-invariant — and so G"-invariant. Hence, G5.5(C*)v C XL_50(0)

The stabilizer of the sly-triple {e, h, f} in the adjoint group G = SLy4 is

5,2(9)

G —{(8‘ g) det A = +1}.
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Furthermore, the stabilizer G%(v) of v in G is one-dimensional, given by
b . 1 1 N . 1 1 N
G (v):{dlag(aagvaaa) ‘QEC }U{dlag(a,—g,a,—a) |a€(c }

As a consequence, {(g,t) € G x C* | g.(p(t)v) = v} = G¥(v) x {1} is also one-dimensional. Hence,
GY.p(C*)v has dimension 3.

From the previous description, the group G? is not connected. Let (G%)° be the identity
component. Set g € G#\(G*)° and d = diag (1,—1,1,—1) € G*(v), d ¢ (G%)°. For all t € C*,
d.(p(t)v) = p(t)v. As a consequence, g.(5(C*)v) = (gd).(p(C*)v) C (G%)°.5(C*)v. Hence,
G2.5(C*)v = (G")°.p(C*)v and so it is a irreducible component of X1_y(e) N s O

Conjecturally, HJQ (L_5/2(sl4)) is simple and isomorphic to the W-algebra W_s 5(sls, f). As

5/2(sl2) Xsly yf
should be isomorphic. In regard with this, the latter should be irreducible. We formulate the
following conjecture.

a consequence, the associated schemes XW75/2(5[47f) and XH?(L75/2(5[4)) =X

Conjecture 5.3.2. The variety Xc(g) is isomorphic to G%.5(C*)v where v is described in Propo-
sition 5.3.1.

Another evidence to support this conjecture comes from Remark 5.1.6: since X L_s/2(sly) IS DOt

normal, it is also the case of X HO(L ) because the Slodowy slice . is transversal. Hence,

—5/2 (5 [4
both XW75/2(5[47f) and Gb.5(C*)v are reduced, irreducible of dimension three and not normal.
An idea to prove Conjecture 5.3.2 is to compute the characters of vertex algebras H })(L_ 5/2(8l4))

and W_s5(sl4, f). If they are isomorphic both characters should be the same. We plan to go
back to this topic in the future.
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Chapter

Open problems and future works

We already mentioned some questions we expect to work on in the future (see Conjectures 2.2.6
and 5.3.2, and Sect. 5.2.1). In this chapter, we present several additional problems and projects.

Our work on the classification of simple Wy (sp,, fsubreg)-modules has paved the way for many
interesting questions and applications (Sect. 6.1). We would like to use the OPEs to study in
depth the representation theory of W¥(sp,, fsubreg) and its consequences on WW-superalgebras
WF(osp N‘Qn) attached to the complex orthosymplectic Lie superalgebra osp o, with N =1,2.

For instance, the latter can be written as a coset involving the W-algebra W+ (802041, fsubreg)-
More precisely we have [40]

Wk/(05p2|2n) ~ Com (ng,Wk(502n+1, fsubreg) Y VZ) ’ (61)

where k and k' are non-critical levels satisfying a certain relation. Since sp, ~ so05, we could
use (6.1) to obtain rationality of new families of W-superalgebras. We plan to use techniques
developed by Creutzig and Linshaw [43] to study this kind of structure.

Also, we wish to extend the methods we develop to classify simple modules of exceptional
Wh-algebra Wi, (spy, fmin) to other families of rational W-algebras (Sect. 6.2). Since simple
Wi (g, f)-modules can be viewed as simple HJQ(L;c (g))-modules and we plan to study this vertex
algebra in a first place. The set of simple modules of the corresponding Zhu’s algebra A(H?(Lk(g)))
is easy to describe using [21, Theorem 4.2 ]. Moreover, Premet’s results on finite W-algebras
associated with minimal nilpotent elements [90] make minimal W-algebras good candidates for a
first generalization.

The problem presented in Sect. 6.3 is directly related with observations of OPEs of the
Wh-algebra Wk(GQ,fsubreg). We saw in Chap. 2 that, at non admissible level & = —2, the
simple W-algebra W_s(Ga2, fsubreg) is isomorphic to C (see Corollary 2.2.4). Hence, it is lisse,
so its associated variety is reduced to the point { fsubreg}. As a consequence, fsubreg belongs to
XH?(L%(@)) which corresponds to the intersection X _,(q,) N < .es» Viewed as topological
varieties [17]. It follows that the associated variety X _,(¢,) contains the subregular nilpotent
orbit. We conjecture (Conjecture 6.3.2) that it is exactly the closure of the subregular nilpotent
orbit Qgupreg of Ga.

Finally, Sect. 6.4 introduces a longer term project dealing with links between certain vertex
algebras obtained from W-algebras of type B, and C,, n > 2. These two Lie algebras are
Langlands duals of each other. It is known [59] that the principal W-algebras W¥(g) at non
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critical level k is isomorphic to the principal W-algebra of its Langlands dual ‘g at a certain level
L
WE(g) = W (")

This isomorphism is known as the Feigin-Frenkel duality. Recently, similar dualities between sub-
regular W-algebras of type A,, and B,,, and principal W-superalgebras W (sli},) and Wk(ospm?n)
have been proved by Creutzig, Genra and Nakatsuka [40]. The aim of our project is to extend
these results to a larger family of W-algebras. Our candidates are pairs {(f, k), (', k")}, where
f and f’ are nilpotent elements of B,, and C,, respectively, and k and k' are two non critical
levels, such that the W-algebras W*(B,,, f) and Wk’(C’n, /) have the same conformal weights
and central charge (Tables 6.1-6.4).

6.1 Classification of simple W;(sp,, fsubreg)-modules at other
levels

As a by-product of our proof of the rationality of Wy (sp,, fsubreg) at admissible levels k = —3+p/q
with ¢ = 3,4, we explicit the set of simple modules. We verify that part of our modules are
originated from Drinfeld-Sokolov reduction of highest weight g-modules. We expect that other
modules are also with this form. The characters of these modules provide candidates for
the corresponding highest weights. Finally, we expect (Conjecture 3.5.7) that for any simple
Wi (894, fsubreg)-module L(&, x), there is an admissible weight A¢ , € h* such that:

L&) = HY . (D)

Similar results hold for several other examples of rational W-algebras, for instance when the Lie
algebra is sl,, [16, 21]. We embed irreducible representations L(§, x) in H?subreg (Lk(spy)). This
module should coincide with a certain Ramond twisted representation. We determine the latter
through Zhu’s correspondence comparing the conformal dimensions and highest weights.

Moreover, we intend to study the set of simple W¥(sp,, fsubreg)-module at integer levels. For
instance we wish to classify simple Wy (sp,, fsubreg)-modules for certain levels k£ not rational a
priori: when k is a positive integer or an admissible level not of the form appearing in Theorem 3.1.
This project is a joint work with Prof. Drazen Adamovic.

The minimal and subregular nilpotent orbits in sls coincide. In addition the structure of
the Bershadsky-Polyakov vertex algebra W¥(sl3, fuin) is relatively close from the one of the
Wh-algebra WF (sp,, fsubreg). Hence, the W-algebra Wk (sp,, fsubreg) can be viewed as a natural
analogue to W¥(slz, fmin) for the type C. The latter has been studied in depth during the last
few years [3, 4, 5, 57]. As a first step, we intend to extend the method developed in [5] to classify
irreducible representations of Wi (8p,, fsubreg). By direct computation, we determine two singular
vectors of W¥(sp, fsubreg) When k is an integer bigger than —1 or when k = —3 + (m + 2)/3,
with m > 1.

Lemma 6.1.1. Let k=m — 2 or k = —3 + (m + 2)/3 with m a positive integer. Then
(GZ5)™0), (GZ,)™|0)
are singular vectors of W¥(sp,, fsubreg)-

We plan to project these singular vectors in the Zhu’s algebra A(W* (sp,, foubreg)), and use Zhu’s
correspondence to find a necessary condition on the form of the simple Wi (sp,, foubreg)-modules.
We expect to construct an infinite set of non-isomorphic simple modules as it was done in [5].
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The classification of the simple modules when k is an admissible level not of the previous forms is
probably more complicated to obtain. This has been treated in the context of the Bershadsky-
Polyakov vertex algebra using minimal quantum Hamiltonian reduction [57]. We also plan to
study this technique to determine if it can be relevant in our case.

For any levels k, the Bershadsky-Polyakov vertex algebra W¥(sls, fmin) is a vertex subalgebra
of W¥(sl3) ® I1(0), where T1(0) is a certain lattice vertex algebra [3]. The realization still holds
for simple quotients when 2k + 3 ¢ Z>o U {—3}, and we have an embedding

Wi (813, fmin) = Wi(sl3) ® I1(0).

The W-algebra W¥(sp4, fsubreg) admits a similar realization. For generic k, W¥(sp,, fsubreg) i8
a vertex subalgebra of W¥*(sp,) ® TI(0) [32]. As for the case of the Bershadsky-Polyakov vertex
algebra, we expect this embedding to be preserve at certain levels when we consider the simple
quotients. More precisely, we should be able to prove that for a non admissible level k # —3,

Wk(5p4a fsubrcg) — Wk(5p4) X H(O)

We can later use this realization to transfer the classification of irreducible Wi (sp, )-representations
to the classification of simple Wy (sp,, fsubreg)-modules.

In a different direction, applications to the representation theory of the principal W-superalgebra
associated with the Lie superalgebra 0sp,|,,, have been brought to our attention during the publica-
tion process of article [56]. It seems that, using [43], we can deduce the rationality of Ws(osp,2,,)
from the one of Wy(spy, fsubreg) for a certain level s depending on k. More precisely, from
Theorem 3.1, we obtain

Theorem 6.1.2. The W-superalgebra W;(0spy)s,,) is rational when

2(n +2) 1. n+2
AnTe) d = —(n+4= .
3 s=—(nt )+ o

k=—3+

Since sp, ~ s05, we can also deduce properties on principal W-superalgebras associated with
the Lie superalgebra 0spy),,, using the Kazama-Suzuki type coset isomorphisms [40]:

Wk’(05p2|2n) =~ Com (7-‘—]:[1 9 Wk(502n+17 fsubreg) ® VZ) 3

(6.2)
Wk(502n+17 fsubreg) ~ Com (ﬂ—sz Wk’(05p2\2na fsubreg) & Vzﬁ) ’

where Vz and V=1 are two lattice vertex superalgebras, and k and k' are non critical levels
satisfying 2(k+2n—1)(k’+n) = 1. From the classification of simple Wy (spy, fsubreg)-modules, we
classify irreducible representations of Wy (05p2|2n). It is then possible to compute their characters
and deduce the fusion rules of Wi/ (05py)s,,). They encode the decomposition of the tensor product
of two irreducible representations of Wy (0sps)5,,) in the fusion algebra. Only a few is known
about fusion rules of W-algebras [21, 62] and those of W-superalgebras are even more mysterious.
So, it would be interesting to have new explicit examples. We thank Naoki Genra for suggesting
this problem.
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6.2 Classification of simple Wy (Gs, fiin) and Wy(sps,,, fiin)-
modules

Another natural project is to extend the techniques presented in this manuscript to larger families
of Wh-algebras. First, we plan to classify simple modules of minimal W-algebras Wi (Ga, fmin)
and Wy (sPs,,, fmin), when n > 2. Indeed, when (f, k) is an exceptional pair (see Sect. 1.3.2), these
Wh-algebras are rational [43, 86]. However, current proofs of the rationality do not provide an
explicit description of the simple modules. In order to classify the simple modules, we will adapt
techniques used in Chap. 4. The W-algebras Wy (G2, fmin) and W ($ps,,, fmin) do not admit a
good even grading but we expect to recover even conformal weights by twisting the conformal
vector. We expect then that simple modules of Wi (g, fmin) at admissible levels are highest weight
modules of the form

L(X7€17"',£Z)7

where x, &1, ..., & € C are the smallest eigenvalues corresponding to the twisted conformal vector
L and field J{=1} . Ji#e} defined as in Lemmas 3.1.1 and 4.1.1. Here {x1,..., 24} is a basis of
g/min M b respecting the grading induced by zg = 1/2hmi,. Hence,

. 1, ifg:GQ,
-1, if g = sp,,,.

The modules L(x, &1, ...,&) are also simple H]?mm(Lk(g))—modules. According Zhu’s correspon-
dence, Arakawa and van Ekeren’s article [21, Theorem 4.2] and Premet’s result on minimal finite
Wh-algebras [90], we deduce that the latter are in a finite number. The rest of the proof of the
classification of simple Wy (sp,, fmin)-module when k is an admissible level with denominator
q = 2, should be generalizable too. As a consequence, simple modules L(x, &1, ... ,&) would be
isomorphic to certain Ramond twisted modules L(E, ) of H](?(Lk(g)), with A € [Pr¥]. In Chap. 3,
we saw that part of simple Wi (sp,, fsubreg)-modules L(&, x) are isomorphic to a Ramond twisted

module L(E Ty_pag ), where the weight A is admissible and depends on y and &.

According to [21], when f admits a good even grading and X satisfies certain conditions, the
Ramond twisted module L(E;, 2&:0) is the Drinfeld Sokolov reduction of the g-module H}(L())).

Minimal nilpotent elements do not admit an even grading in general. Nonetheless, certain
coincidences emphazised in Sect. 4.3 lead us to believe that we can extend this correspondence in
this context (Conjecture 4.3.4). So, if we manage to free ourselves from the even parity condition
in the minimal case, we hope later to generalize and standardize the construction to all good
gradings.

Note that, for the moment, we cannot extend all our techniques to Wy (G2, fsubreg). Indeed
certain tools require having a generator — different from the conformal vector — which acts
semisimply. Such a generator arises from a semisimple element in the Lie algebra commuting
with f. There is no such element in Wk(GQ, fsubreg) since the subregular nilpotent orbit is
distinguished (i.e. g° = 0). We are still thinking about how to adapt our techniques in this case.

6.3 Associated variety of L_(G>)

In Chap. 2, we give examples of new collapsing levels. In particular, we observe (Corollary 2.2.4)
that at non admissible level k = —2, when f is a subregular nilpotent element of Gs,

W_5(Ga, f) ~ C.
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As a consequence, the W-algebra W_5(Ga, f) is lisse and its associated variety is

XW72(G2,f) = {f}'

It follows, since Xyy_,(q,,f) contains the intersection X _,(g,) N (see Sect. 1.3.2), that the
closure of the subregular nilpotent orbit of Gz is included in the associated variety X, _,(q,)-

According to the long-standing conjecture of Kac-Wakimoto [78], provided H?(Lk(g)) is non
zero, it is isomorphic to Wi (g, f). In particular, if the conjecture holds for k = —2 and g = Ga,
we are able to prove the reverse inclusion.

Proposition 6.3.1. Let f be a subregular nilpotent element of Go. IfW_5(Gy, f) ~ H}(L_2(G2)),
then the associated variety of the simple affine vertex algebra L_o(G2) is the closure of the sub-
regular nilpotent orbit of Gs: o

Xp_a(G2) = O
Proof. Suppose W_s(Ga, f) =~ H]Q(L_Q(Gg). On the one hand, the associated variety of
HY(L_5(Gy)) is the intersection of X;,_,(q,) with the Slodowy slice . [17], whence

XH(L_a(G2) = XL_s(a) N = {[}-

As a consequence, the associated variety X ,(g,) contains f. Moreover, it is closed and G-
invariant. Hence, o
©f - XL—2(G2)‘

On another hand, the associated variety X,_,(g,) is included in the nilpotent cone of Gi2. Indeed,
suppose there exists a non nilpotent element x € Xj_,(g,). Denote x = x, + z5 its Jordan

decomposition with x,, nilpotent and z; # 0 semisimple. Then the closure C(z) = G.C*z of the
adjoint orbit of z is included in the associated variety:

C(.’L‘) C XL—z(Gz)'

According to Theorem 5.1.5, C(x) contains the induced nilpotent orbit Indg.. (Qy,) from the
adjoint orbit of x,, in g¥s. The only induced nilpotent orbits in G2 are the regular and subregular
orbits [68, 87], so C'(z) strictly contains the subregular nilpotent orbit. The variety C(x) is
G-invariant, reduced and irreducible. Thus [67, Corollary 1.3.8],

dim(C(z) N.#%) = dim C(z) — dim O > 0 = dim(X},_,(g,) N %),
whence a contradiction. At this point, we have,
@f C XL72(G2) CN.

Thus, X,_,(q,) is the closure of the regular or the subregular nilpotent orbit of GG3. However,
the intersection between the nilpotent cone and the Slodowy slice .%% is two-dimensional. Hence,

X1 _oay) = 0y O
In view of this, it is reasonable to conjecture the following.

Conjecture 6.3.2. Let f be a subregular nilpotent element of G5, then
XL72(G2) == @f

In addition, the conjecture is coherent with the strong connection between Lie algebras G4
and Dy4. Consider the Lie algebra D,4. Its Dynkin diagram is given by
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[¢%)

o] Qg
(e %)
where a; = €; — €;11 for i = 1,2,3 and a4y = €3 + €4 are the simple roots of Dy. The symmetric
group G3 can be viewed as a subgroup of the group of automorphisms of the Dynkin diagram of
Dy. Tt is generated by a translation 7 and a 3-cycle o satisfying

T(e3 —€q4) = €3 + €4,

o€ —€2) = €3+ €4, 0(€3+€4) = €3 — €4.

The symmetric group &3 acts on the set of simple roots, so on the corresponding root vectors.
Finally, it acts on D4 and the Lie algebra Dfs of the &3-invariants in D, is isomorphic to G2

[81]. The embedding G4 < Dy induces a comorphism ¢* : D} — G5 given by the restriction. We
get a Go-module map 7 : Dy — G by identifying each Lie algebra with its dual through the
Killing form. According to [81], m maps the closure of the minimal nilpotent orbit (O)anfn in Dy to
the one of the subregular nilpotent orbit 0%  of Ga:

subreg
D4\ _ G2
7-‘—((@min) - (O)subreg'

By a fortunate coincidence, X, _,(p,) is the closure of the minimal nilpotent orbit of D4 [28]:

XL_2(D4) = ©min'

So, if Conjecture 6.3.2 is true, we have

G D
XL,g(Df‘g) = XL—2(G2) = ©su2breg = 7T(©m;ln) = 7T(XL72(D4))~

Furthermore, the action of &3 on D, induces an action on the affine vertex algebra V‘Q(D4).
This action is preserved by taking the simple quotient L_5(D4). This should be verifiable
considering the three singular vectors given in [28] which generate the maximal ideal of V=2(Dy).
Then we can consider the orbifold L_5(D4)®3, i.e. the vertex subalgebra of the &3-invariants in
L_5(Dy). Tt would be interesting to investigate the link between the vertex algebras L_o(Dy4)®?
and L_5(Gs). We will use the description of L_5(D,) in [33] to compute directly L_o(D4)®2.
The comparison of their associated varieties echoes questions introduced in Sect. 5.2 and [84, Sect.
13]. Consider a vertex algebra V and let G be a finite group of V-automorphisms. Consider the
orbifold V&. Then the action of G on V leads to an action of G on Ry . The inclusion V& «— V
induces a morphism of Poisson algebras Ry ¢ — Ry whose image is clearly in (Ry)“. In general
Ryc and (Ry)® are non isomorphic [27] but sometimes one recovers a isomorphism at level
of reduced rings, so at level of reduced schemes. It would be interesting to know whether the
G-action and the associated variety functor commute. Indeed, if Xy ¢ ~ (Xy), the orbifold V&
would inherit certain properties, as Ca-cofiniteness, from the ones of V.

6.4 Duality of Lie algebras and duality of WW-algebras

In the early 90s, Feigin and Frenkel [59] showed that the principal W-algebras associated to a Lie
algebra g and its Langlands dual “g are isomorphic

W*(g) = W(*g), (6.3)
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when k and ¢ are non critical level satisfying

rV(k+h) (41 RY) =1, (6.4)
where rV is the lacing number of g, and 2Y and “h" are the dual Coxeter numbers of g and ‘g
respectively. This result also holds for W-superalgebras W*(08p;g,,, freg) [66].

Thanks to a GAP program (see Appx. D), we compute conformal weights of W-algebras. We
discover some pairs of nilpotent elements (f1, f2) in Lie algebras (g1, g2) associated to the same list
of conformal weights. In most cases, g1 = B,, and g2 = C,,. Notice that these two Lie algebras are
Langlands duals of each other. In the following, we call a dual pair, a pair (f1, f2) € (By, Cy) such
that the corresponding W-algebras have the same conformal weights. Because of Feigin-Frenkel
duality, principal nilpotent elements in B,, and C,, always have the same conformal weights. For
small values of n (n < 11), we list below the pairs (f1, f2) € (By, Cy) which have same conformal
weights (see Tables 6.1-6.4). For n = 7,9, 10, there are not dual pairs distinct from the principal
nilpotent elements (f2z, f<r).

Motivated by the idea to generalize (6.3), we check for which non critical levels (k1, k2) the
Wh-algebras W¥i(gy, f1) and W*2(g,, f2) have the same central charge. From our examples, we
get a relation between ki and ko similar to (6.4):

YAy po (k1 +hY) (ke +5 1Y) = dim g,

where Ay, r, is a positive integer depending on f; and fo. When f; and f5 are principal nilpotent
elements of B,, and C), respectively, As, s, = dim g and we recover (6.4).

After discussing with Naoki Genra, it appears that the WW-algebras W¥i (g, f1) and W*2(ga, f2)
satisfying the previous conditions are non isomorphic in general. Indeed, another invariant of the
Wh-algebra W (g, f) is the radical of the centralizer gf. Those of centralizers g{l and 952 are not
always isomorphic. However, it is still possible that the W-algebras W¥1(gy, f1) and W*2(ga, f2)
are closely related. Recently, more Feigin-Frenkel type dualities have been found involving cosets
[40, 43]. We hope that our pairs are, for example, cosets of each other. If so, we should obtain
relations similar to (6.2).

A preliminary step would be to understand how we obtain pairs (f1, f2) to predict their
apparition. Moreover, we would like to find a rigorous interpretation of the constant Ay, s,. In
the same time, we will investigate on the simplest examples applying the usual techniques. The
screening operators [66] are the main tool to prove Feigin-Frenkel type dualities in [40]. We hope
to explore this topic in collaboration with Naoki Genra.

’ conformal weights H orbit partition in Bj | orbit partition in Cj ‘ Afiofa
113, (%)12,26 92413 93,14 1
13,(3)2,22,(5)%,3%,(%)%4 423 4,32 6
1,26,33 43 5,32 422 7
23.3,43,5,6 7,3,1 6,4 15
2,4,6,8,10 11 (principal) 10 (principal) 55

Table 6.1 — Dual pairs (f1, f2) in (B3, Cj5)
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’ conformal weights H orbit partition in Bg ‘ orbit partition in Cg ‘ Afiof

19,(3)%,27,(5)%,3° 33,22 32,23 3
12,210 35 43 5,32,12 42,22 6
2,4,6,8,10,12 13 (principal) 12 (principal) 78

Table 6.2 — Dual pairs (f1, f2) in (Bg, Cs)
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Table 6.3 — Dual pairs (f1, f2) in (Bs,Cyg)
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Table 6.4 — Dual pairs (f1, f2) in (B11,C11)
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Appendix

W-algebras associated with nilpotent
elements of sl3

The simple Lie algebra g := sl3 of type As may be realized as the set of 3-size square matrices
with trace zero. As a Cartan subalgebra b fix the set of diagonal matrices of g. The Lie algebra sl3
admits three nilpotent orbits which are parametrized by the partitions of 3: (3), (2,1), (13). They
correspond respectively to the principal, the minimal and the trivial nilpotent orbits. Recall that
in this particular case, the minimal nilpotent orbit is also the subregular one. Let IT = {a1, as}
be a set of simple roots for the root system A corresponding with our choice of . We denote
hi :=«), for i = 1,2. The dual Coxeter number of sl3 is hY = 3. In the following, we give the
OPEs between the strong generators of W¥(sl3, fmin) and W¥(sl3) at level k # —3. These two
W-algebras are among the first to have been described explicitly. They are respectively called
the Bershadsky-Polyakov vertex algebra [36, 88] and the Zamolodchikov vertex algebra [96].

A.1 Generators and OPEs of the Bershadsky-Polyakov ver-
tex algebra W*(sls, fuin)

In [16], Arakawa give an explicit description of the Bershadsky-Polyakov vertex algebra which
corresponds to the W-algebra associated with a minimum nilpotent element of sls.

The W-algebra W¥ (sl3, fmin) is strongly generated by the fields J(z), G*(z) and L(z) corre-
sponding respectively to vectors hy — ha, €_q4,, €_q, and f := fiin = €_n, + €_q, Which form a
basis of the centralizer g/. These fields satisfy the following relations:

I ) ~ 2,
J(2)GF(w) ~ % = _1 o G*(w),
Ck 2 1
LLw) ~ gy 4 L) + s 0L,
L(2)GE (w) NQ(ZEw)Q Ew) + ¢ jw) IGE (w),
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ma](w)v

GG ()~ LFREH2D)  304K)

(z —w)? (z —w)?

3(1+ k)
2

(<G DD+ 35 I - 01w)).

(z —w)

where
(1+3k)(3+ 2k)

3+k

A.2 Generators and OPEs of the Zamolodtchikov vertex
algebra W¥(sl3)

Set f = freg = 2(e—ay +€—ay), € = 2(€q, + €q,) and h = 2(hq + hy). The centralizer of f in g is
two-dimensional:

gf = (Cf @ Cefﬁv

with e_y € g_3.
The W-algebra W (sl3) is strongly generated by the fields L(z) and W (z) satisfying the
OPEs:

L) ~ s + s L) + s OL(w),
L(z)W (w) ~ G w) W(w) + e _1 o) oW (w),
W(W () g s 2 L)+ o o)

2 2 2
G —1w)2 (2(3 ;’; k) : L(w)? : —3(3 + k)4(2 +k) 82L(w))
3 2 2
N (Z_lw) <2(3—§k) - L(w)OL(w) : (B+k) (181—2 14k + 3k )agL(w)> 7
where _2(5 4 3k)(9 + 4k)
w= 34k ’

and

(3+k)2(4 + 3k)(12 + 5k)

W = — .

6
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W-algebras associated with nilpotent
elements of spy

The simple Lie algebra g := sp, may be realized as the set of 4-size square matrices x such that
2T Jy + Jyz = 0, where J; is the anti-diagonal matrix given by

. 0 Us (0 1
J4_<—U2 O)’ WhereUg—(1 O>'

We make the standard choice that b is the set of diagonal matrices of g. Nilpotent orbits of g
are parameterized by the partitions of 4 such that the number of parts of each odd number is
even [39, Theorem 5.1.3]. Thus there are four nilpotent orbits in g corresponding to the following
partitions: (4), (22), (2,12), (1*). They correspond, respectively, to the principal, the subregular,
the minimal and the zero nilpotent orbits of g, with respective dimensions 8, 6, 4, 0.

Write IT = {1, as} a set of simple roots for the root system A of (g, ) such that «; is a long
root and g is short. Then Ay = {«ay,aq,n, 0}, with 7 := ay + a9, and 0 := a3 + 2a5 the highest
positive root. We denote h; := o) € (h*)* = §, for i = 1,2. The Lie algebra of sp, is of type

By~ (5. The previous choice of root system fixes the Dynkin diagram .
1 t2

The dual Coxeter number of sp, is hY = 3. In the following, we give the OPEs between strong
generators of W-algebras associated with nilpotent elements of sp, at level & # —3.

B.1 Generators and OPEs of W*(sp,, fuin)

Let f := fmin = €_¢ be a minimal nilpotent element of sp,, e = eg and h = [e, f] = 6. Then (e, h, f)
is an sly-triple. The centralizer of f is six-dimensional generated by eq,,€—a;;€—ay,€—y,€—g, h1.
We have the decomposition

o/ =ol @0, @0,

where
gfl = C/, gfl/Q = Ce_n, @ Ce_,y, and g{; = Ceqn, ®Chy ® Ce_,, ~sls.
The W-algebra W¥(sp,, fg) is strongly generated by the fields J(z), G*(z), F*(z), and L(z)
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satisfying the following OPEs:

(1+ 2k)

27

J(2)J (w) ~

(z —w)

OL(w),

(z —w)

OG* (w),

(z —w)
(z _1 w) OF* (w),
N—iu;?‘](w) + ﬁ&](w),
42+ k) 2(2+ k)
(z —w)? (z —w)
20 +2k)(2+k)  2(2+k) (w)

(z —w)? (z —w)?

(=23 4+ k)L(w) + 4 : FY(w)F~ (w) : + : J(w)* : +kdJ(w)),

G*(2)GE(w) ~ + FE(w) + OF*(w),

GT(2)G™ (w) ~

R
(z —w)

where
3(k+1)(2k+1)

k= 3+k

B.2 Generators and OPEs of W¥(sp,, fsubreg)

Let f := fsubreg = €—y be a subregular nilpotent element in sp,. Setting e := e, and h := 2hy + ho,
we get an slo-triple of g. The centralizer of f is four-dimensional generated by e_,, e_q,,e—g, ho.
Moreover,
o/ =ol @gf,
where
g}il =CfaCe_y, ®Ce_y ,and gg = Chs.

The W-algebra W¥(sp,, f) is strongly generated by the fields .J(z), G*(z) and L(z) satisfying
the OPEs:

(2+ k)

J(2)J (w) Nm,
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1

z i’wN
TG ) ~+ s

G (w),

L+k)2+k)? 3(1+l<;)(2+k)J(w)
(z —w)t (z —w)?
1

GH ()G (w) ~ — S

bt (04 @ L)~ @420 s 2R )
+ ﬁ ((3 + k) : L(w)J(w) : +W@L(w)— T (w)?
~(3426) : J(w)D(w) - _W’;*k)azj(w)> ,

where

~2(9 + 16k + 6k%)
3+k

C =

B.3 Generators and OPEs of W¥(sp,)

Let f := freg = 46—, + 3€_q,, € := 4eq, + 3eq, and h := 4hy 4+ 3he. Then f belongs to the
regular nilpotent orbit of sp, and the centralizer of f is

g‘f = (Cf 2] CE,Q,

with e_g € g-3.

The W-algebra W¥(sp,) is strongly generated by the fields L(z) and W (z) satisfying the
OPEs:

(z —w)?
WECE 2wk

4(z — w)8 + (z — w)GL
3(3+ k)(3 + 2k)(8 + 3k)

i (== w)!

(30(17 + 12k + 2k*)W (2)

(34 k) (11 + 5k) (11 4+ 6k)(18 + TE)(19 + 8K)(—7(3 + k) : L(w)? : + L02F 132k + 30%) 82L(w))>
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where
72(12 + 5k)(13 + 6k)

3+k ’

C =
and

wr = (3 + k)?(3 + 2k) (8 + 3k) (11 + 5k) (11 + 6k) (18 + k) (19 + 8k) (747 + 674k + 150k?).
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W-algebras associated with nilpotent
elements of G9

Consider the Lie algebra g := G5 of rank 2. Let II = {a1, as} be a set of simple roots for the
root system A of g with ay the short root and s the long one. Then Ay = {ay, a2,m1,72,713,0},
with 7; := ia3 + a for ¢ = 1,2,3, and 6 := 3a; + 2y the highest positive root. Denote
hi:=a) € (b*)* =, for i = 1,2. The previous choice of root system fixes the Dynkin diagram
of GQ :E'

1
The Lie algebra g has four non-zero nilpotent orbits, the three canonical nilpotent orbits (Oyp,
Osubreg, and (O)mg) of dimension 6, 10 and 12, and an additional nilpotent orbit of dimension 8,
denoted A; [39, Chap. 8].
The dual Coxeter number of Go is hY = 4. In the following, we give the OPEs between the
strong generators of W-algebras associated with nilpotent element of G5 provided k # —4.

C.1 Generators and OPEs of W*(G3, fun)

Let f := fmin = e_¢ be a minimal nilpotent element of G5, and h := hy + 2hy. The centralizer
of f is eight-dimensional, generated by {eq,,e—a,;€—as,€—nis€—nys€—ny, fyh1}. The minimal
grading on g induces the decomposition of the centralizer of f:

o/ =Cfed, o0,

where

3
o/, =Cf, o, ,=Cen,o@Ce,, and g} =Ce &Ce o, &Chy sl

i=1

The W-algebra W¥(Ga, fmin) is strongly generated by the fields J(z), F*(z), GF(z), W*(z),
and L(z) satisfying the OPEs:

Ck 2 I 1
(z —w)

OL(w),
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2)FE(w) ~ ! (w ! *(w
L) P (0) ~ o P () + 0P (),
LG () ~ 5 3 SO+ ! 506 w),
LW () ~ g W ) + s 00 )
I ) ~ TP,
J(2)FE(w) ~ % e _2 ) FE(w),
TG ) ~ & fw) £ ()
J(2)W*(w) ~ £ G _1 o W (w),
FE(2)FE(w) ~GH(2)GF(w) ~ FE(2)GF(w) ~ 0,
PHOF @)~ )
6216 (w) ~H PO BT )
T ﬁ (—(4 + k) L(w) + g D FT(w)F~ (w) : +% S J(w)? 4 2 +63k) 8J(w)> 7
FE()GF () ~ s W )
WE)WH(w) ~ £ m}*_‘i(w) + ?’)((iti]j)) OF*(w),
W ) ~ - 2P0 B )
+ G _1 ) <3(4+ k)L(w) — ? s FT(w)F~ (w) —é s J(w)? +(2_2k)3(](w)> ’
PG () ~ s G ()
P () s W),
G (W) ~ & 2 mERO
2(4 + 3k) 2 (2 + 3k)
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where
_ 2k(5 + 3k)

44k
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C.2 Generators and OPEs of W¥(Gs, f;,)

Set f:= f4, = ey, and h:=2h; + 3ha. Then f is a nilpotent element in A;. A basis of the
vector space g/ is given by {ea,,€_a,, [, €_ns,€—g, ha}. Moreover, we have the decomposition

o/ =o', 00" @0,

o/, =Cf o/,,=Ce,®Cey, and gl =Cen, ®Chy®Ce o, ~sb.

The W-algebra WF (G, f) is strongly generated by the fields J(z), F*(z), G¥(2), and L(z)
satisfying the OPEs:

Ck 2 1
L(z)L(w) N2(z — )t + G w)zL(w) + o w) dL(w),
L(z)J(w) ~ fw)Q J(w) + ﬁ(’ﬂ(w),
I w) e —1w)2Fi(w) " (z—1 )aFi(w)
L()GE (W) ~ s G (w) + ——0G* (),
I ) ~ )
J(Z)Fi(w) ~E (2 _Zw) j:(w)
J(2)G* (w) ~ = (Z_lw) *(w),
FE(2) P (w) ~ GE(2) FE(w) ~ 0,
FH(2)F~ (w) Nz((itif))z . e o7 @)
FE(:)GT () ~ s G ().
GE()GE(w) ~ 7 22 k)(12+i]§31(17 +Ok) () B k)(1(oz+:z€))§17 +6K) k)
+ ﬁ (£2(4 + k)(16 + 5k) : L(w)F*(w) : FT16(3+ k) : FH(w)F*(w)F~ (w) :

FAB+ k) : FE(w)J(w)? 0 —(44 F 48 + (24 F 16)k + 3k?) : FE(w)dJ (w) :
+(2 + k) (10 + 3k) : J(w)OFE (w) : F2(3 + k) (38 F 4 + 20k + 3k*)0*F*(w))
+ ﬁ (£(4 + k) (16 + 5k) : L(w)OF*(w) : F16(3 + k) : I (w)F~ (w)0F*(w) :
+ (44 k)(16 + 5k) : OL(w)F*(w) : T8(3 + k) : FE(w)?0F T (w) :
FA4B+ k) : FE(w)J(w)dJ(w) : F2(3 4 k) : J(w)?dF*(w) :
N 44 + 24k + 3k>

5 ¢ J(w)d*F*(w) : — : F¥(w)d*J(w) :)
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940 + 736k + 195k2 + 18k3
:F
12
(2+ k)(3 + 2k)(10 + 3k)(17 + 6k) (2 + k)(10 + 3k)(17 + 6k)
+ J(w)
(= wp (= w)

4+ k)(3 + 2k)(16 + 5k) L(w)

+4(2F 1)(3+ k) : 0J(w)OF*(w) :

°rEw)).

G (2)G™ (w) ~

1

Fewp
+ (38 + 34k + Tk*) (4 : FH(w)F~(w) : 4 : J(w)?:)
N 188 + 256k +2119k2 + 18K3 8J(w)>

+ ﬁ (—(4+k)(16 +5k) : L(w)J (w) : +8(3 + k) : FF(w)F~ (w)J(w) :
+ (8 4 36k + 11k?) : F™(w)OF ™ (w) : +(144 + 100k + 17k%) : F~ (w)0F " (w) :
+2(3+ k) : J(w)?® : +(26 + 30k + 7k?) : J(w)9J (w) :

(4 +K)(3 +2k)(16 + 5k) OL(w) + (3 + k) (42 + 20k + 3k2)82J(w)>

2
1 34+ k)% wQ'_3(2+k)(3+k)(4+k:)
(z —w) ( 2 FE(w)” 2
(4 + k)(16 + 5k) (4+k)(8+ 5k)

S OL(w)J(w) : — 5

396 + 332k + 90k? + 9k
+ 12

—2(4+k) : L(w)J(w)? : +

L e k)(zG +15k) 0 (w)? : 4= () (w) -

+2(27 + 19k + 3k%) : F~ (w)0*F+(w) : +(26 + 14k + 3k%) : F(w)d*F~ (w) :
+ (74 3k) : J(w)?0J(w) : +4(5 + k) : J(w)F~ (w)0F T (w)
+4(1+ k) : J(w)FH (w)OF~ (w) : +4(k — 1) : FT(w)F~ (w)dJ(w) :

3w,

0?L(w)

: L(w)oJ (w) :

PJ(w) —8(4+ k) : L(w)F T (w)F~ (w) :

11 2 15k2
6+72k+ ok :OF T (w)OF ™~ (w) :

96 + 52k + 9k?

+8: FH(w)*F~(w)?: +4: FH(w)F~ (w)J(w)* : +

where
(92 + 81k + 18k2)

44k

Cp = —

C.3 Generators and OPEs of W (G, faubres)

Set f 1= foubreg = €—ay + €y, € 1= €qy + €y,, and h := 2hy + 4hy. The centralizer of f in g is
four-dimensional:
of =dl, 00",

where
gl, =Cep, and g/, =Cf@Ce_y, ® Cle_y, — 3e_y,).

The W-algebra W¥(Gy, f) is strongly generated by the fields L(z), G*(z) and F(z) satisfying
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the OPEs:

Cl 2 1

(z —w)
OG*(w),

8L<w)7

1
(z —w)

1

G (2) F(w) ~ 2 JEZk)(f)j oK) G- (w) +

L(2)F(w) ~

(2+ k)6 +5k) )
2w ¢ W)

(2 _1 w) (2 (G ()G (w) : =2(4 4 k) : L(w)G™ (w) : +20F (w) + (22’“)2526;(10)) ,
& (@F(w) ~* +(zk)_( lu?): ) 6 () + Waa*(w)
o (P 2 L6t - 6w+ e ).
F()F(w) ~ - EFRU0 +;(fz><_12 : 5K) (4 + ke
32+ k)4 + (kz)(_ltzu 4)—43]4:)(16 +5k) (w) — 324 k)(4 +22(iow4333k)(16 +5k) 1 ()
+ ﬁ (— (84 3k) : G*(w)? : +2(4 + k)2(10 + 3k) : L(w)? :

2+ k) (4 + k) (8 + 3k)(10 + 3k)
4

(—(8+3k) : GT(w)0GT (w) : +2(4+ k)*(10 + 3k) : L(w)IL(w) :

+(843k) : G (w)? : —3<

L))

L1
(z — w)

(84 3K) : G- ()G (w) : — ZE U+ B+ 3k)(10 + 3F)

6

83L<w>) ,

(10 + 3k)(4 + k)cx 1
2(z —w)* (z —w)

G*(2)GF(w) ~ £ > (£2(4 + k)(10 4 3k) L(w) — 4(3 + k)G (w))

- ﬁ (£(4 + k)(10 4 3k)IL(w) — 2(3 + k)IG (w))
G*(2)G™ (w) Nzlz(g_er];g G~ (w) + —w) (—2F(w) + 2(3 + k)AG~ (w)) ,
where

C =

4k +2)(17 + 6k)
4+k '

C.4 Generators and OPEs of W*(G,)

Let f := fieg = 6e_q, +10e_q, and h := 6hy 4+ 10hy. Then f is a regular nilpotent element of

G5 and the centralizer of f is
gf = (Cf 2] CG,Q,

where [h,e_g] = —10e_g.
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The W-algebra WF(G5) is strongly generated by the fields L(z) and W (z) satisfying the
OPEs:

L(2)L(w) ~—" 2 !

2(z — w)* + (z — w)zL(w) + (z —w) L(w),
L(z2)W (w) ~ ; _6w)2 W (w) + G _1 2 oW (w),
W (z)W(w) ~ ! ! !

1 1
1 1 1
+(z—w)6( )+(z—w)5( ) (z—w)4( )
1 1 1
where
2(12k + 41)(7k + 24)
Cp = — .

4+ k



Appendix

GAP commands to compute conformal
weights of VW-algebras

Let L be a simple Lie algebra and e be a element in the nilpotent orbit N of L. This appendix
introduces several commands in the language of the computer algebra system GAP to compute
the conformal weights of the W-algebra associated with the nilpotent element e in L. These
functions require the package SLA [69] which make easier computations of various data of simple
Lie algebras. The following commands implemented in the package SLA are very useful for our
computations:

e NilpotentOrbits(L) returns the list of all non trivial nilpotent orbits of L,

e NilpotentOrbit(L,wd) returns the nilpotent orbit of L whose the weighted Dynkin diagram
corresponds to the list wd,

e OrbitPartition(N) returns the partition of the nilpotent orbit N when L is a classical Lie
algebra,

e WeightedDynkinDiagram(N) returns the weighted Dynkin digrams of the nilpotent orbit N,

e WeightedDynkinDiagram(L,e) returns the weighted Dynkin digrams of the nilpotent orbit
containing e,

e SL2Triple(N) returns an slo-triple whose the nilpotent elements are in N.

D.1 Computation of conformal weights of a VV-algebra

In this section, we present our main function ConformalWeightsN(L,N). It returns the list of
conformal weights of the W-algebra W¥ (e, L), where e is a element in the nilpotent orbit N. This
function uses two auxiliary functions:

o characteristic(L,N) returns the list of eigenvalues of ad(h) where h is a semisimple
element of an sly-triple whose nilpotent elements are in the nilpotent orbit N,

e extract(l,i) returns the number of occurrences of i in the list 1. In particular, when 1
is the list characteristic(L,N), the function returns the dimension of the eigenspace of
ad(h) corresponding with the eigenvalue i.
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We have also constructed two variations of the function ConformalWeightsN(L,N) depending on
the data we know:

e ConformalWeights(L) returns all lists of conformal weights corresponding to nilpotent
orbits of L,

e ConformalWeightsE(L,e) returns the list of conformal weights corresponding to a nilpotent
element e in L.

1 characteristic := function(L,N)

2 local R,tC,pR;

3 R:=RootSystem(L);

4 pR:=PositiveRoots (R);

5 tC:=Inverse (TransposedMat (CartanMatrix(R)));

6 return List ([1..Length(pR)I, j->

7 tC*pR[jl*WeightedDynkinDiagram(N)); end;
8

9 extract := function(l,i)

10 local n,c,j;

11 n:=Length(1);

12 c:=0;

13 for j in [1..n] do if 1[jl=i then c:=c+1; fi; od;

14 return c; end;

15

16 ConformalWeightsN := function(L,N)

17 local Caract,n,N_max,Even_Part,b0dd_Part,j,

18 Eigenvalues_1list ,hL;

19 Caract:=characteristic(L,N);

20 n:=Length(Caract);

21 Sort (Caract);

22 N_max:=Caract[n];

23 hL:=ChevalleyBasis (L) [3];

24 Even_Part:=[[0/2+1,extract (Caract ,0)*2+Length (hL)

o5 -extract (Caract ,2)]1];

26 0dd_Part:=[];

27 for j in [1..N_max] do

28 Add (Even_Part , [(2*j)/2+1, extract(Caract ,2*j)

29 -extract (Caract ,2*xj+2)]1);

30 Add (0dd_Part , [(2xj-1)/2+1, extract(Caract ,2*j-1)
31 -extract (Caract ,2*xj+1)]); od;

32 Eigenvalues_list:=Concatenation(Even_Part ,0dd_Part);

33 Sort (Eigenvalues_list ,function(v,w) return v[2]<w[2];end);
34 while Eigenvalues_list[1][2]=0 do

35 Remove (Eigenvalues_list ,1); od;

36 Sort (Eigenvalues_list ,function(v,w) return v[1]<w[1];end);
37 return Eigenvalues_list; end;

Example D.1.1. The conformal weights of W*(sp,, fsubreg) are (1,23). This means that the
W-algebra is strongly generated by one field of conformal weight 1 and three of conformal weight

2.
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gap> L:=SimplelLieAlgebra("B",2,Rationals);
<Lie algebra of dimension 10 over Rationals>
gap> N:=NilpotentOrbits (L) [2];

<nilpotent orbit in Lie algebra of type B2>
gap> ConformalWeightsN(L,N);

tr11, 11, 2, 3171]

1 ConformalWeights := function(L)

2 local Orbits,N;

3 Orbits:=NilpotentOrbits (L);

4 N:=Length (0Orbits);

5 return List([1..N],i->ConformalWeightsN(L,Orbits[i]));end;
Example D.1.2. To obtain the conformal weights of all W-algebras associated with sp, one uses
ConformalWeights
gap> L:=SimplelLieAlgebra("B",2,Rationals);
<Lie algebra of dimension 10 over Rationals>
gap> ConformalWeights (L) ;
rcct, 31, 03/2,21, [L2,111, [, 11, [2,311,
(2,11, [4, 1111

1 ConformalWeightsE := function(L,e)

2 local N;

3 N:=NilpotentOrbit (L,WeightedDynkinDiagram(L,e));

4 return ConformalWeightsN(L,N); end;

Example D.1.3. The conformal weights of Wk(5p4, fsubreg) also correspond to the conformal
weights of the nilpotent element e = e,, + es.

gap> L:=SimplelLieAlgebra("B",2,Rationals);

<Lie algebra of dimension 10 over Rationals>

gap> Ch:=ChevalleyBasis (L);

[ [ v.1, v.2, v.3, v.4 ], [ v.5, v.6, v.7, v.8 1, [ v.9, v.10 ] 1]
gap> e:=Ch[1]1[11+Ch([1][4];

v.3

gap> ConformalWeightsE(L,e);

1+, 21, 02,311

D.2 Applications to find nilpotent orbits sharing same con-
formal weights

Let f be a nilpotent element in g and {z1,...,2,} be a basis of the centralizer g/ with respect
to the grading of h. The list of conformal weights of f encodes the h-eigenvalues of x1, ..., x,.
It contains a lot of additional information. For instance, given a list of conformal weights CW,
one easily deduces dimensions of the corresponding nilpotent orbit (DimensionN(CW)) and Lie
algebra (DimensionL (CW)).
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=W N =

0w 3 O o

DimensionlL := function (CW)
local i,dim;
dim:=0;
for i in [1..Length(CW)] do
dim:=dim+((CW[i] [1]-1)*2+1)*CW[i][2]; od;
return dim; end;

DimensionN := function (CW)

return DimensionL (CW)-Sum(CW)[2]; end;

We use the previous programs to determine if a list of half-integers can be the list of conformal
weights of a W-algebra. In order to do that, we use several auxiliary functions. Indeed, to reduce
successively the number of candidates, we start comparing the dimensions of Lie algebras and
then ones of nilpotent orbits:

e PossibleLie(d) returns the list of simple Lie algebras of dimension 4,
e OrbitsFixedDimension(L,d) returns the list of nilpotent orbits in L whose dimension is d.

Then we obtain a list of candidate orbits which satisfy the previous dimensional conditions
(PossibleOrbits (CW)). We conclude comparing the conformal weights of the candidates to the
initial list:

e OrbitsCW(CW) returns the list of nilpotent orbits in all simple Lie algebras whose conformal
weights is CW,

e OrbitsCWE(CW) returns the list of nilpotent orbits N in all simple Lie algebras and a nilpotent
element f in N such as the list of conformal weights of W¥ (g, f) is CW.

© 00 N O U W N

NN = = = e e e e
_H O © 00 N O Uk W N = O

PossiblelLie := function(d)

local Lie,exceptionnal_Lie,classical_Lie,i;

exceptionnal_Lie:=[[["E",6],78],[["E",7],133],
[["E",8],248] ,[["F",4],52],[["G",2],14]1]7;

Lie:=[];

for i in [1..Length(exceptionnal_Lie)] do
if exceptionnal_Lie[i][2]=d
then Add(Lie,exceptionnal_Lie[i][1]); fi; od;

classical_Lie:=[-1+Sqrt (1+d),(-1+Sqrt (1+8%*d))/4,
(1+Sqrt (1+8%d)) /4] ;

if classical_Lie[1] in Integers

then Add(Lie,["A",classical_Lie[1]1]1); fi;

if classical_Lie[2] in Integers

then Append(Lie,[["B",classical_Lie[2]],
["C",classical_Lie[2]111); fi;

if classical_Lie[3] in Integers and classical_Lie[3]>3

then Add(Lie,["D",classical Lie[3]]); fi;

return Lie; end;

OrbitsFixedDimension := function(L,d)
local Orbits,N,i,GoodOrbits;
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22 Orbits:=NilpotentOrbits (L) ;

23 N:=Length (Orbits);

24 GoodOrbits:=[];

25 for i in [1..N] do

26 if DimensionN(ConformalWeightsN(L,Orbits[i]))=d

27 then Add (GoodOrbits,[Orbits[i],i]); fi; od;

28 return GoodOrbits; end;

29

30 PossibleOrbits := function (CW)

31 local dimL,dimN,Lie,i,Good0Orbits ,Orbits,L;

32 dimL :=DimensionL (CW) ;

33 dimN:=DimensionN (CW) ;

34 Lie:=PossiblelLie (dimL) ;

35 GoodOrbits:=[];

36 for i in [1..Length(Lie)] do

37 L:=Lie[i];

38 Orbits:=0rbitsFixedDimension (

39 SimpleLieAlgebra(L[1],L[2],Rationals),

40 dimN) ;

41 if Orbits<>[] then

42 Add (GoodOrbits ,[L,O0rbits]); fi; od;

43 return GoodOrbits; end;

44

45 OrbitsCW := function (CW)

46 local PO,GoodOrbits,i,j,L;

47 PO:=PossibleOrbits (CW);

48 GoodOrbits:=[];

49 for i in [1..Length(P0)] do

50 L:=SimplelLieAlgebra(

51 PO[i][1]1[1]1,P0[i]1[1]1[2],Rationals);

52 for j in [1..Length(PO[i][2])] do

53 if CW=ConformalWeightsN(L,PO[i][2]1[j]1[1])

54 then Add (GoodOrbits,

55 [PO[i][1],PO[i1[2]1[j1]1);£fi;0d;o0d;

56 return GoodOrbits; end;
Example D.2.1. Two nilpotent orbits have conformal weights (1'3,3/212,25): the second nilpotent
orbit in the list NilpotentOrbits(B5) and the third one in NilpotentOrbits(C5).
gap> OrbitsCw([ [ 1, 13 1, [ 3/2, 12 1, [ 2, 6 1 1);
[[[ "B", 51, [ <nilpotent orbit in Lie algebra of type B5>, 2 1],
[[ "C", 5], [ <nilpotent orbit in Lie algebra of type C5>, 3 ]1]]

1 OrbitsECW := function (CW)

2 local Orbits,OrbitsE,i;

3 Orbits :=0rbitsCW(CW);

4 OrbitsE:=[];

5 for i in [1..Length(Orbits)] do

6 Add (OrbitsE, [Orbits[i] [2],




108 APPENDIX D. GAP commands to compute conformal weights of W-algebras

SL2Triple (Orbits[i]1[2][1]1)]); od;
return OrbitsE; end;

Example D.2.2. The command OrbitsECW([ [ 1, 131, [ 3/2, 12 1, [ 2, 6 1 1) returns
the same result as OrbitsCW([ [ 1, 13 1, [ 3/2, 12 1, [ 2, 6 1 1) with the additional
data of an sly-triple whose nilpotent elements are representatives of the nilpotent orbit.

gap> OrbitsECW([ [ 1, 13 1, [ 3/2, 12 1, [ 2, 6 1 1);

[ [ [ <nilpotent orbit in Lie algebra of type B5>, 2 1],

[v.47+v .48, v.51+(2)*xv.52+(3)*v.53+(4)*v.54+(2)*xv.55, v.22+v.23]],
[[ <nilpotent orbit in Lie algebra of type C5>, 3 1],

[v.47+v .48, v.51+(2)*xv.52+(3)*v.53+(3)*v.54+(3)*v.55, v.22+v.23]]]

Finally, we compare conformal weights of W-algebras associated with two simple Lie algebras
L1 and L2. The function SharedWeights(L1,L2) returns the lists of conformal weights which
correspond simultaneously to a nilpotent orbit of L1 and one of L2. This command has been
used to compute examples appearing in Tables 6.1-6.4.

© 00 N O U W N

e e e
=W N = O

SharedWeights := function(L1,L2)
local OrbitsLl1l,0rbitsL2,N1,N2,CW1l,CW2,i,j,CW;
OrbitsLl:=NilpotentOrbits(L1);
Ni:=Length(OrbitsL1);
OrbitsL2:=NilpotentOrbits (L2);
N2:=Length(OrbitslL2);
CWl:=ConformalWeights (L1);
CW2:=ConformalWeights (L2);
Cw:=[]1;
for i in [1..N1] do
for j in [1..N2] do

if CWwil[il=cCcw2[j]

then Add(CW,[i,j,CW1[il]); £fi; od; od;
return CW; end;

Example D.2.3. Some nilpotent orbits in Bs and C5 have the same conformal weights. The
command SharedWeights(B5,C5) returns a list whose each element is a triple: the first and
second terms correspond respectively to the index of the nilpotent orbits in NilpotentOrbits(B5)
and NilpotentOrbits(C5), and the third item of the triple is their list of conformal weights.

gap> B5:=SimplelLieAlgebra("B" ,5,Rationals);
<Lie algebra of dimension 55 over Rationals>
gap> C5:=SimplelLieAlgebra("C",5,Rationals);
<Lie algebra of dimension 55 over Rationals>
gap> S:=SharedWeights (B5,C5);

tr2, 3, (Ct, 131,03/2, 121,[2, 6111,

[ 10, 13, ([ t, 31, 3/2, 2 1,[ 2, 21, 5/2, 21, 3, 31,
C7/2, 21,04, 1111,

( 14, 15, [[ 1, 21,02, 61,03, 31,[4, 3111,

( 18, 20, [[ 2, 31,038, 11,[4,31,[6, 11,[6, 1111,

[ 20, 23, [[ 2, 11,0 4, 11,[e6, 11,08, 11,010, 111 1]
gap> OrbitPartition(NilpotentOrbits (B5)[2]);
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[ 2, 2, 2, 2, 1, 1, 1]
gap> OrbitPartition(NilpotentOrbits (C5) [3]);
[ 2, 2, 2, 1, 1, 1, 1]
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Geometry and new rational W-algebras
Abstract

Affine W-algebras form a rich one-parameter family of vertex algebras associated with nilpotent elements of
simple Lie algebras. These complex algebraic structures appear in several areas of physic and mathematics.
Because of their recent construction, numerous aspects of the theory of W-algebras remain unknown.

In this thesis, we study W-algebras associated with nilpotent elements of Lie algebras of small ranks. We
prove the rationality of a new family of W-algebras, describe their set of simple modules and study other
geometrical aspects. We describe new associated varieties of vertex algebras. The geometry of these
objects often reflects some important algebraic properties of the vertex algebras. For some particular
values of the parameter, called collapsing levels, we also get new remarkable isomorphisms of W-algebras.

Keywords: vertex algebras, WW-algebras, rationality, representation theory, Lie algebras, nilpotent orbits

Géométrie et nouvelles WW-algebres rationnelles

Résumé

Les W-algebres affines forment une famille riche d’algebres vertex a un parametre associées a un élément
nilpotent d’une algébre de Lie simple. Ce sont des structures algébriques complexes qui apparaissent
dans plusieurs domaines de la physique et des mathématiques. Du fait de leur construction récente, de
nombreux aspects de la théorie des WW-algebres restent méconnus.

Dans cette these, nous étudions des W-algebres associées a des éléments nilpotents d’algebres de Lie de
petits rangs. Nous démontrons la rationalité d’une nouvelle famille de W-algebres, décrivons I’ensemble des
modules simples sur ces dernieres et étudions d’autres aspects géométriques. Nous décrivons de nouvelles
variétés associées a des algebres vertex. La géométrie de ces objets refléte souvent des propriétés algébriques
importantes des algébres vertex. Pour certaines valeurs particulieres du parametre, appelées niveaux
d’effondrement, nous obtenons également de nouveaux isomorphismes remarquables de W-algebres.

Mots clés : algebres vertex, W-algebres, rationalité, théorie des représentations, algebres de Lie, orbites
nilpotentes

Laboratoire Paul Painlevé, UMR CNRS 8524
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