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L’objectif principal de cette thése est de classer les catégories finies en fonction de la
structure algébrique de leurs monoides d’endomorphismes. A 1’aide d’un logiciel appelé
Prover9/Maced, nous dénombrons les catégories avec deux objets tel que chaque ensemble
de morphismes a un cardinal égal a 3. Les données nous incitent a étudier la structure
des monoides afin de mieux comprendre le probléme d’énumération. Dans cette thése,
nous étudions quatre types de monoides : monoides de type groupe, semigroupes simples,
bandes rectangulaires et monoides avec un élément 0.

Les monoides de type groupe sont des monoides construits a partir d’'un groupe auquel
on ajoute un ensemble ordonné d’idempotents. Nous étudions l'action des groupes et
linteraction entre eux. Nous donnons également quelques propriétés sur les ensembles
d’idempotents.

Les semigroupes simples sont des semigroupes dont le seul idéal est le semigroupe lui-
méme. Nous prouvons que si nous avons un monoide alors il contient toujours un unique
semigroupe simple et nous pouvons construire une catégorie a deux objets, telle que I'un
des objets soit le semigroupe simple et 'autre un groupe.

Les bandes rectangulaires sont des semigroupes idempotents avec la propriété zyz = xz.
Nous prouvons que la matrice d’'une catégorie & bandes rectangulaires comme monoides
d’endomorphisme a certaines restrictions sur ses coefficients.

Les monoides avec un élément 0 sont des monoides qui ont un élément absorbant. Nous
prouvons que l'existence d’un élément 0 dans les monoides induit I'existence d’un élément
0 dans chaque ensemble de morphismes.

Les résultats sur ces monoides clarifient les données obtenues & partir de I’énumération et
nous aident a en donner une explication.

Mots clés : catégories finies, classification, associativité, prover9/maced, semigroupes,
monoides de type groupe, catégories de type groupe, semigroupes simples, bandes rect-

angulaires, catégories avec un 0.






Abstract

The main objective of this thesis is to classify finite categories in terms of the algebraic
structure of their endomorphism monoids. Using a program called Prover9/Macr4, we give
a count to the number of categories with two objects such that every set of morphisms
has cardinal 3. The data inspires us to study the structure of the monoids in order to
understand the enumeration problem more. In this thesis, we study four types of monoids:
grouplike, simple semigroups, rectangular bands and zero monoids.

Grouplike monoids are monoids such that they contain a subgroup and an ordered set of
idempotents. We study the action of the groups and the interaction between each others.
We also give some properties about the idempotent sets.

Sitmple semigroups are semigroups whose only ideal is the semigroup itself. We prove
that if we have a monoid then it always contains a unique simple semigroup and we can
construct a category with two objects, such that one of the objects is the simple semigroup
and the other is a group.

Rectangular bands are idempotent semigroups with the property zyz = xz. We prove
that the matrix of a category with rectangular bands as endomorphism monoids has some
restrictions on its coefficients.

Zero monoids are monoids that have a zero element. We prove that the existence of a zero
element in the monoids induces the existence of a zero element in each set of morphisms.
The results about these monoids clarify the data obtained from the enumeration and help
us give an explanation to it.

Keywords: finite categories, classification, associativity, prover9/maced, semigroups,
grouplike monoids, grouplike categories, simple semigroups, rectangular bands, zero cat-

egories.
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CHAPTER 1

Introduction

1.1 Overview and motivation

Over the years, we have seen many different definitions of a category. Steve Awodey
defined category theory as the mathematical study of (abstract) algebras of functions.
Just as group theory is the abstraction of the idea of a system of permutations of a set
of symmetries of a geometric objects, category theory arises from the idea of a system of

functions among some objects.

A-T1.nB
g lg
C

A category is an algebra, consisting of objects A, B,C, ... and arrows f : A — B, ¢ :
B — (..., that are closed under composition and satisfy certain conditions typical of the
composition of functions: associativity and identity axioms [7].

In another definition, a category is a system of related objects. The objects do not live in
isolation: there is some notion of map between objects, binding them together [25].

We can also see categories themselves as mathematical objects, and consider maps between
them, called functors. Along with the same idea, we can go to a higher level and talk about
maps between functors, which are called natural transformations. In fact, the definition
of a category was presented by Samuel Eilenberg and Saunders Mac Lane after the notion
of natural transformation was used, in the purpose of generalizing the notion [18].

The use of category theory has been extended to other areas than in algebraic topology.
It actually takes an essential place in pure mathematics. Moreover, we can see some great
applications of category theory in computer science and in theoretical physics.

In our work, we focus on finite categories, which are categories with a finite set of objects

and a finite set of morphisms. Berger and Leinster represented finite categories as graphs
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1.1. OVERVIEW AND MOTIVATION

and associated matrices to these graphs [9], where the entries of the matrix is the number
of morphisms between two objects. Going from a category towards a matrix can be done
in a unique way, but inversely that’s not true. In another point of view, we can represent
the relation between finite categories and matrices as a function. This function is not
injective, as, for example, a matrix of size 1 could correspond to more than one category,
since for instance, there are two distinct monoids with 2 elements. The function is also

not surjective, even if we restrict to matrices with non zero diagonal coefficients, because
1 2
2 1

h

the matrix

which corresponds to the graph

Ix

admits no category, i.e. no pre-image. The reason for that is the following:

gr=g10(fiog) =(g10fi)og =0

which highlights the importance of associativity in such structures. The question is then:
what are the matrices that admit a category?

From the previous example, in 2008, Berger and Leinster proved that if the diagonal
coeficients of a matrix are at least 2, then it always admits a category |9]. But Allouch
and Simpson wanted to know more, for example what if we want some diagonal coefficients
to be 17 In 2014, Allouch and Simpson have shown that a category is associated to a
square matrix under certain conditions on the coefficients of the matrices in terms of their

determinants [2].

e For example, if we take a matrix M of size 2 with strictly positive integers, and if one
of the diagonal coefficients is 1, then det(M) > 1, where det(M) is the determinant
of M.

e More generally if we a matrix M of size n having a single 1 on the diagonal coefficients,

then we apply the above condition to every sub-matrix of of M of order 2.
e If there is more than one 1 on the diagonal coefficients of a strictly positive matrix,

2



CHAPTER 1. INTRODUCTION

then the matrix admits no reduced category (in the non-reduced case it would just

mean that the coefficients in the corresponding block are 1).

From here, the purpose of the thesis is to find a count of finite categories associated to
certain matrices. We don’t actually expect an exact number of categories for any square
matrix, but we expect that if we fix specific endomorphism monoids of the objects of
the category, we could obtain some properties of the category and eventually the exact
number according the coefficients of the matrix.

Counting associative structures has been a problem for years. We introduce some of the

previous work in this area:

e (2009) A. Distler and T. Kelsey counted the monoids of orders eight, nine and ten.
They weren’t able to achieve more than that as the number of semigroups of order

10 was unknown [17].

e (2012) the number of semigroups of order 10 was shown by A. Distler, C. Jefferson,
T. Kelsey, and L. Kotthoff [16].

e (2014) G. Cruttwell and R. Leblanc introduced the question: How many categories
are there with n morphisms? It means with a total number of morphisms distributed
between objects randomly. They compared the numbers obtained with the number

of monoids of order n, which lead to almost the same numbers up to order 10 [15].

e (2017) S. Allouch and C. Simpson counted the categories whose number of morphisms
between each two objects is 2. They were able to get an exact count up to order 3,

and bounds for a general size |4].

Now, each of the problems stated above was solved differently than the other. Some relied
on the use of computer algebra systems to obtain the count, and some did the count by
hand. But all of them were blocked at a certain point because of some obstacles, mostly
that the used techniques are limited to very small sizes of structures.

The enumeration of associative structures, together with their classification, presents a
deep challenge for algebraic combinatorics. The use of computer algebra systems and
tools from artificial intelligence have been applied to great success for finite monoids [17],
but these techniques have not been applied in the setting of finite categories. Each of the
latter consists of a finite set of objects and a finite set of morphisms between them. As
associative algebraic structures, these present an avenue for deepening our understanding

of enumeration and classification problems in associative algebra in general.
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1.1. OVERVIEW AND MOTIVATION

Our method of analyzing finite categories is to use computational resources to generate
statistics regarding finite categories of a certain type, and then analyze this data in terms
of certain features of the objects. This yields, inter alia, an exact count of the number
of categories with two non-isomorphic objects and such that all hom-sets have size 3.
The objects of such finite categories may be identified with their endomorphism monoids,
and the structure of the categories may be analyzed by reference to properties of these
endomorphism monoids.

This method relies on the use of McCune’s Proverg/Macw4 [27, 20] to construct models. We
give a representation of categories as semigroups with a zero (Chapter 4), then using a
program written in Pvruon (Appendix 1) to generate optimized semigroup equations as an
input for Maced!, we generate non-isomorphic algebraic models satisfying those equations.
This provides a count of the corresponding finite categories.

This work follows the line of research began in [3, 9] and continued in [1], viewing categories

as associated to certain square matrices. For example, the matrix

(+2)

corresponds to categories with two objects and exactly 3 morphisms between any pair of
objects. Viewed from this perspective, our motivation is to study the structure of finite
categories for a fixed matrix type. The coefficients on the diagonals constrain the structure
and nature of the objects by giving restrictions on their endomorphism monoids, which,
when considered as fixed parameters, give insight into the enumeration and classification
problem. In particular, we obtain information about the number of categories that can
be constructed when the endomorphism monoids of the objects are fixed. Our data shows
that some types of endomorphism monoids, such as semilattices, give more options to
build categories. This way we also discover which structural properties of finite monoids
allow their combinations when realized as objects in categories of a given type.

Allouch and Simpson inaugurated the counting problem in [!], where they count the
number of categories associated to matrices whose coefficients are all 2. The calculations
in this work are performed by hand, up to matrices of size 3. Using our new methods, we
extend the Allouch-Simpson count to the matrices of size 2 whose coefficients are all 3.
In this thesis, we present, using MACE4, the number of categories with two objects, where
each set of morphisms has cardinal 3. We obtain that there exist 362 non-isomorphic

categories of this form. The counting results inspired us to study the categories obtained

iMacE4 is a program that searches for finite models of first-order theories.
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CHAPTER 1. INTRODUCTION

in terms of their endomorphism monoids. We noticed that the monoids structure plays
a very important in the classification, because the number of categories with two specific
monoids is not distributed randomly, and sometimes there does not exist any category
between two (specific) monoids.

In particular, there are some interesting cases that appear where the categories behave
in certain ways, which we study in a general form. In order to study categories in terms
of their endomorphism monoids, we represent the matrix of a category as a matrix of
monoids and bimodules, we call it the algebraic matriz. It means that when we fix the
monoids of a category, we can see the sets of morphisms as bimodules with actions on the
left and on the right of the respective monoids, such that the actions commute (Chapter
5).

Starting from this idea, we can now discuss finite categories with specific endomorphism
monoids. In this thesis, we discuss four types of monoids (or semigroups): grouplike
monoids, simple semigroups, rectangular bands and zero semigroups. We mainly give a
complete classification for grouplike monoids and simple semigroups in finite categories.
A grouplike monoid is a group G to which we add an ordered set of idempotents (or
identities) I, and we denote them by G**, where k is the cardinal of I. Then a grouplike
category is a category whose endomorphism monoids are grouplike.

We start with a grouplike G** and we construct a category with two objects and four copies
of G*'. Then we construct a grouplike category from the previous one and we prove that
every grouplike category comes from this construction. We also conclude that the number
of grouplike categories will depend mostly on the number of bimodules obtained.

A simple semigroup is a semigroup S whose only ideal is S itself. By Rees-Sushkevich
theorem, we have that a finite semigroup is simple if and only if it is isomorphic to some
Rees matrix semigroup [28]. We prove that if we have a simple semigroup S, then we
can construct a category with two objects such that one of the objects is S and the other
object is a group. Inversely, if we have a category with two objects such that one of
the object is a group, then the other monoid contains a simple semigroup (that has the
structure of a Rees matrix semigroup).

We can see from the previous two paragraphs the importance of the structure of monoids
inside a category, because it imposes some properties and conditions on the whole category
structure.

We study other types of monoids as well, for example monoids that have a zero element,
and monoids that are rectangular bands. In the case of monoids with a zero, such that

all the sets of morphisms are not empty, we prove that every set of morphisms contain a



1.2. ORGANIZATION OF THE THESIS

zero element and it’s unique.
For the case of rectangular bands, we prove that there are some restrictions on the cardinal

of sets of morphisms.

1.2 Organization of the thesis

Chapter 2: Finite categories and matrices

We present some preliminaries about categories and finite categories in general. We define
finite categories and functors. We then give a representation as matrices and study the
relation between them. The matrix are the number of morphisms between each two
objects. We are mainly interested in categories with non isomorphic objects, we call them
reduced categories. because otherwise, we can always reduce the category to a reduced
one. The results obtained show that a matrix M could have more than one category
associated to it and sometimes it could have no categories at all. Which raised the
questions: “what is the reason that some matrices do not have a category?” and “what
are the matrices that admit a category?” In some cases where there does not exist a
category, the reason depends on the determinant of the matrix. For example if we have
one set of endomorphisms of cardinal 1, this means it contains only the identity, the
determinant of the matrix of size two should be greater or equal to 1.

Chapter 3: Monoids of orders 2, 3 and 4

We classify monoids of orders 2, 3 and 4. There are 2 monoids of order 2, 7 monoids of
order 3, and 35 monoids of order 4. The reason that we classify monoids in the first place
is that their algebraic structure seems to be very important in the classification problem
of finite categories viewing the endomorphism monoids as the objects of a category. We
divide the monoids obtained in each case according to their algebraic structure. Which
allows us to obtain algebraic properties about categories with specific endomorphism
monoids.

We mainly divide the monoids in the following way:
e Monoids that are groups.
e Monoids that contain a group.
e Monoids that have a zero (including left and right rectangular bands).

The number and the structure of these monoids are given in [1| and [21].
Chapter 4: Representation of categories as semigroups with a zero

We represent categories as semigroups with a zero. There are several cases to discuss
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CHAPTER 1. INTRODUCTION

here. First case, if the category doesn’t have zero elements, second case, if the category
has zero elements and they go to different zeros in the semigroup, third case, if the all
the zeros go to the same zero in the semigroup. In the last case, it would be difficult to
retrieve all the zeros in the category from a semigroup.

Also, in this chapter, we study categories with a zero, these are categories where every
set of morphisms has a unique zero element. We define a set Z of zeros, and we say that

the multiplication by an element of Z is an element of Z. We prove the following

Proposition 1.1. (It is Proposition 4.20) Let C be a finite category whose objects
are X and Y, such that C(X,Y) and C(Y,X) are not empty. If C(X,X) and C(Y,Y)
have zeros Ox and Oy, then there exists a unique zero Oxy € C(X,Y) and a unique zero

Oyx € C(Y, X) where Oxy and Oyx are of the form
OXY == OX . f . Oy fOT’ all f € C(X,Y)

and
Oyx = 0y -g-OX fOT‘ allg € C(Y,X)

Chapter 5: Bimodules
In this chapter we represent categories in terms of their bimodules. Suppose we have a

category C associated to the matrix

(1)

then a bimodule of C is a category C; associated to the matrix

(A L)
N, =
0 B

and the other bimodule is a category C, associated to the matrix

NF(A @).
R B

We call M the algebraic matrix of C.
Chapter 6: Grouplike categories
This chapter illustrates what we’ve been saying all along about the importance of the
nature of monoids of a category. We study in particular a specific kind of monoids that

we call grouplike monoids,those are monoids of the form G U I, where G is a group and

7
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I ={ey, ..., e} such that
(ei-e; =e; and e; - e; = ¢;) if and only if i < j.

Then, a grouplike category is a category whose endomorphism monoids are grouplike.

Theorem 1.2. (It is Theorem 6.4) Let G be a group and G** a grouplike monoid of
the form G U I such that I = {ey,...,e;}. Let MY be a matriz of the form

(;*i (;*i

of similar copies of G**, let CY be the groupoid-like category associated to this matrizx.

Then we can extend the endomorphism sets G** and we obtain a category C? associated

to the matriz M®
G*kl G*”L
G*z‘ G*k2

such that for all x € G*',y € G**, we have x -y =y - € G*. Same for G**2. And there
exists C? q finite category associated to M.
Now let ky, ks > i, suppose that we have the matriz M®)

G*k1 L
R G*k
such that L and R are strongly i-unigen (Definition 6.1). Then

MO C M@ C MO,

And M® is a matriz of a unique grouplike category, denote it by C®. We have
ccc?ccd.

We prove that every grouplike category comes from the construction described above
(Theorem 6.5).

Chapter 7: Rectangular bands

In this chapter we treat rectangular bands seen as endomorphism monoids of a category.
A rectangular band S is an idempotent semigroup having the property that xyz = xz for

all x,y,z € S. It can also be seen as a set I x J such that
(Zyj) ' (Z.lvj/) = (27]/)
In that case we say that S is a rectangular band of size m x n where |I| = m and |J| = n.

8



CHAPTER 1. INTRODUCTION

Thus, a left rectangular band is a rectangular band of size m x 1 and a right rectangular

band is a rectangular band of size 1 X n.

We let
I
M- X J X
Y Ax B

and C be a category associated to M whose endomorphism monoids are rectangular bands

I x J and A x B of size mn and pq respectively.

Theorem 1.3. (It is Theorem 7.8) The matriz M admits a category if and only if
| X|>mp and |Y| > ng

The idea is to find a representation of the elements that are in X and Y which satisfy
the equalities in the above condition. And to understand the role of the extra elements
in this case.

Chapter 8: Simple semigroups in finite categories

A simple semigroup is a semigroup whose only ideals are () and itself. By Rees-Sushkevich
theorem, we have that a finite semigroup is simple if and only if it is isomorphic to some
Rees matrix semigroup [28].

In this chapter, we make a correspondence between simple semigroups and finite categories
with two objects where one of the objects is a simple semigroup and the other is a group.
(From a finite monoid to a category). We prove that every finite monoid M (that is
not a group) contains a unique simple semigroup S (different from M), and a group G by
taking the intersection of a minimal left ideal L and a minimal right ideal R of M. Then
we can construct a category with two objects where one of the objects is S and the other

one is GG such that
LR

S| = Gl
(From a category to a simple semigroup). In this section, we start with a finite
category with two objects such that one of the objects is a group. We prove that the other
monoid contains a simple semigroup, and that the two constructions are isomorphic.
Chapter 9: Matrices of order 2 and coefficients 3

In this chapter, using MACE4 we give a count of categories associated to the matrix

3 3
3 3
which is 362 categories. We divide this number and specify the number of categories

9



1.2. ORGANIZATION OF THE THESIS

having two specific monoids. We apply all of the results in the previous chapters to
analyze the data obtained and to understand the importance of the algebraic structure

of each monoid.

10



CHAPTER 2

Finite categories and matrices

In this chapter, we introduce some properties about finite categories and we present other
perspectives to see them. We also introduce some of the results obtained by S. Allouch

and C. Simpson in their work in [3]. Let’s start with defining a category.

2.1 Categories and Functors

Definition 2.1. A category C consists of:
e a class Ob(C) of objects,

e a class Homc(X,Y) of morphisms, or arrows, or maps between the objects, for
X,Y € 0b(C),

e a domain, or source object class function dom: Homc(X,Y) — Ob(C),
e a codomain, or target object class function cod: Homc(X,Y) — Ob(C),

e for every three objects X, Y and Z, a binary operation Homc(X,Y)xHomc(Y,Z) —
Homc (X, Z) called composition of morphisms; the composition of f : X — Y and
g:Y — Z is written as go f.

such that the following axioms hold:

e (associativity)if f: X - Y, ¢g:Y - Zand h: Z — T then ho(go f) = (hog)o f,

and

e (identity) for every object X, there exists a morphism 1x : X — X (also denoted
by idy) called the identity morphism of X, such that every morphism f : A — X
satisfies 1x o f = f, and every morphism g : X — B satisfies go 1x = g.

Notation 2.2. In our work, composing morphisms in the other direction is more practical.

Then we denote go f = f-g = fg.

11



2.1. CATEGORIES AND FUNCTORS

Example 2.3. Top: category of topological spaces and continuous applications.
(i) Objects: the topological spaces (X, 7T),
(ii) Morphisms: Homr,,(X,Y) ={f: X — Y continuous},
(iii) Composition: o of continuous applications,
(iv) o is associative.
Definition 2.4. Let C be a category. C? is the opposite category to C, such that:
1. Ob(C?)= Ob(Q),
2. Homeor(X,Y) = Homc(Y, X) for all X, Y € Ob(C?),
3. Homcor(X,X) 2 1x =1x € Homc(X, X) for all X € Ob(C),
4. Homcor(X,Z) 3 focow g =goc f € Homc(Z,X) for all f € Homcer(X,Y) and
g € Homeor (Y, Z).
Definition 2.5. A category B is said to be sub-category of C and denoted by B C C iff:
1. The objects of B are objects of C,
2. the identities of C are in B,
3. for all XY objects of B we have Homg(X,Y) C Homc(X,Y),
4. ifgof: X =Y — Zin B, then gog f =goc f.
e B is said to be full sub-category of C if there exists equality in (2).

Definition 2.6. Let C be a category, we say that C is a finite category of order n if and
only if the sets Ob(C) and Hom(X,Y") are finite for all X, Y € Ob(C), i.e
e there exists a bijection 6 : Ob(C) — {1,..,n}
a +— O0(a)=1
we denote a by x; and the set of objects becomes Ob(C)= {z1, ..., z,}.
e for all X, Y € Ob(C), there exists m € N and a bijection,

A: Hom(X,Y) — {1,..,n}
p = Alp) =1
we denote p by f; , and the set of morphisms from X to Y becomes Hom(X,Y) =

{fh ceey fm}

In other words, C is a finite category whose objects are {z1,...,z,}, and for all z;,z; €
Ob(C) we have Homc (i, x5) = {f1, s [, }-

12



CHAPTER 2. FINITE CATEGORIES AND MATRICES

Definition 2.7. A (totally) ordered finite category C is a finite category, associated with
a total order relation over the set of objects. If C is a finite ordered category of order n,
then there exists a unique numbering Ob(C)= {x1, ..., z, } compatible with the order, i.e.

r <xjer <.
Definition 2.8. Let C and C' be two categories. A functor F' : C — C' consists of
a map F : Ob(C) — Ob(C') and for all X,Y € Ob(C), of a map still denoted by F :
Homc(X,Y) — Homc (F(X), F(Y)) such that

Flidx) =idpx), F(fog)=F(f)oF(g).

A contravariant functor from C to C is a functor from C? to C'. In other words, it satisfies

F(fog) = F(g)oF(f). if it is not contravariant, then it is also called a covariant functor.

Example 2.9. The forgetful functor for : Top — Set associates to a topological space
X the set X, and to a continuous map f the map f.

Definition 2.10. Let C be a category of order n with objects x1,...,x,, we say that z;
and x; are isomorphic if there exists f € C(z;,z;) and g € C(x;, z;) such that go f =1,,
and fog=1,,.

Definition 2.11. Let F': C — C’ be a functor.
(i) Fis called fasthful (vesp. full, resp. fully faithful) if for X, Y € Ob(C), Homc(X,Y) —
Home (F(X), F(Y)) is injective (resp. surjective, resp. bijective).
(ii) F is called essentially surjective if for each Y € Ob(C') there exists X € Ob(C) and
an isomorphism F(X) ~Y.
Notation 2.12. We denote Homc(x;, x;) by C(z;, ;).

Definition 2.13. The notions of semi-category is obtained from the definition of a cate-
gory by removing the condition of the existence of an identity for each object.
If we have a non empty set U C Ob(C) such that there exists id, for x € U, but not

necessarily for = ¢ U, then we say that (C,U) is a partially unitary semi-category.

The formal addition of identities allows us to pass from a partially unitary semi-category

to a category.

2.2 Finite categories and matrices correspondence

The goal of this section is to study the correspondence between finite categories of order

n and square matrices of size n.
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2.3. REDUCED CATEGORIES AND MATRICES

We denote by M,,(N) the set of square matrices of size n, whose entries are natural
integers. If C is a finite category with Ob(C) = {z1,...,x,}, we define its matrix Mc =
(mij) € M,(N) by

mi; =m; ;= |Homec(z;, ;)]
which is the cardinal of the set of morphisms whose source is x; and target z;.

Definition 2.14. For M € M, (N), we say that M is a categorical matriz if there exists
a finite category C of order n such that M = Mc.

We denote Cat(M) = {C finite category of order n | M = Mc}.

Then M is a categorical matrix if and only if Cat(M) # (.

If M € M,(N) and N € My(N), we say that N = (ny,) is a regular sub-matriz of
M = (my;) if there exists an ordered subset
{iy, ... ix} C{1,...,n}

such that n,, = m;,.
If C is a finite category of order n, and if B C C is a full sub-category, with an order that
could be different than the order of C, then Mg is a regular sub-matrix of Mc.

2.3 Reduced categories and matrices

Definition 2.15. We say that a category C is reduced if every two distinct objects are

not isomorphic.

Remark 2.16. In this thesis, we will most often be supposing that the categories are

reduced.

Definition 2.17. We say that a matrix M is not reduced if there exists ¢ # j such that

Vk, My = My
and

Remark 2.18. From the previous two definitions, we can conclude that if C is not reduced
then M is not reduced. Then by contrapositon, if M is reduced so is C. The converse
is not always true: we can have a reduced category C such that Mc is not reduced. For

example, we have a reduced category C with the following non-reduced matrix of order:

(23)
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CHAPTER 2. FINITE CATEGORIES AND MATRICES

Theorem 2.19. If M 1is a non-reduced matriz, there is a reduced sub-matriz N of M

such that M has a category if and only if N has a category.
Definition 2.20. Let M € M(N). Define

Cat™(M) := {C finite reduced category of order n | M = Mc}.

Remark 2.21. We define Cat"*?(M) because some matrices could admit a non-reduced
category but can’t admit a reduced one. For example, let n € N* and let C be a category
whose objects are {N, M} such that N = {1,...,n} and M = {2,...,n+ 1}, and the

morphisms are defined by the following diagram

flz)=2+1

\/@Did
gly) =y —1

11

11

Lemma 2.22. Let M be a reduced matriz with M, ; > 0 for all i, j. If there exists i # j
such that M;; = M;; = 1 then Cat™(M) = 0.

ud

then C is associated to the matrix

and C is not reduced.

2.4 Strictly positive matrices

Let M = (a;;) be a square matrix of order n with positive coefficients.

Theorem 2.23 (Berger and Leinster |9]). Let M = (my;) be a square matriz whose
coefficients are positive integers such that for all i, my > 2, then Cat™?(M) # 0.

C. Simpson and S. Allouch presented the proof of the existence of finite categories asso-
ciated to matrices taking many cases of matrices of different orders. We state the most

important results in their work [3]:
Matrices of order 2
Theorem 2.24. Let M be a square matrixz of order 2 defined by
1 b
(1)
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2.4. STRICTLY POSITIVE MATRICES

with b,c,d > 1. Cat™ (M) # ) <= d > bc+ 1.

Corollary 2.25. Let M be a square matrixz of order 2 defined by
a b
c d

with a,b, ¢, d strictly positive. Then Cat™(M) # 0 iff

4

a=b=c=d=1
ora=1andd>bc+1
ord=1 and a > bc+1

\0ra>1andd>1.

Matrices of order 3

Theorem 2.26. Let M be a matrix of order 3 with strictly positive integers, defined by

1 a b
c n m
p q T
Then
)
n=ac+1
r=bp+1
P — Cat™d(M) # 0.
m = bc
q=ap

Corollary 2.27. Let M be a matriz of order 3 with strictly positive integers, defined by

z a b

cn om
p q T
Then Cat™(M) # 0 if and only if

z,m,r > 1
or
z=1andn>ac+1,r >bp+1,m > bec,q > ap
or
n=1andz>ac+1,r>mqg+1,0>am,p > cq
or
r=1landz>bp+1,n>mqg+1,a>bg,c>mp.
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Matrices of order n

Theorem 2.28. Let M = ((my;))1<ij<n be a strictly positive matriz of order n, such that
mi1 =1 and my; > 1 for all 2 <1 < n, then
: L mag > mamy, Vi1
Cat™d(M) # 0 if and only if

Mij > M1y Vi> j

Remark 2.29. If there exists j # 1 such that m;; = 1, then there is no reduced category.
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CHAPTER 3

Monoids of orders 2, 3 and 4

In this chapter, We present the monoids of order 2 and 3, and we give some examples of
the monoids of order 4. we will talk about their algebraic structures, that seem to have a
huge impact on the classification and counting problem. The importance of the monoids
structure is explained later on in the chapters.

We start with some preliminary definitions which will help us classify each monoid ac-

cording to its algebraic structure.

Definition 3.1. A monoid A is a set equipped with a binary operation - : A x A — A
such that - is associative and there exists an identity element e such that for every element

a € A, the equations e-a = a and a - e = a hold.

Definition 3.2. A semigroup S is a set equipped with a binary operation - : S x S — S

such that - is associative.

Definition 3.3. A band S is an idempotent semigroup, i.e. for all x € S, 2% = x.

A semilattice is a commutative band.

Definition 3.4. A left zero semigroup S is a semigroup that has a left zero element,

denote it by s, this means that
s-x=sforall zeS.

A right zero semigroup S is a semigroup that has a right zero element, denote it by ¢, this
means that
x-t=tforall z €S.

A zero semigroup S is a semigroup that is both left and right zero semigroup, denote it

by z the left and right zero element, this means that

z-x=x-z=zlorall z € S.
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Definition 3.5. A rectangular band is a band S that satisfies:
1. xzyx = x for all x,y € S, or equivalently,
2. xyz =xz for all z,y,z € S.

Rectangular bands are all of the form I x J, where

(i,5) - (i',5) = (i,§) foralli € I,j € J.

3.1 Monoids of order 2

The number of monoids of order 2 is 2.

Suppose M = {1, 2}, then the possible models are:

1 2 1 2
111 2 or 111 2
212 1 212 2

Interpretation: the first model is the group Zs.

In the case of monoids of order 2, it’s not evident to see how much the structure is
important here because we don’t have a lot of monoids. But for example, in some cases,
when we consider categories where all sets of endomorphisms are monoids of order 2, we
need to eliminate the case of the group because it contradicts with the fact that we're
studying reduced categories (in particular categories whose all sets of morphisms have the

same cardinal, see Lemma 3.6).

3.2 Monoids of order 3

Lemma 3.6. Let C be a category such that Ob(C) = {x,y} and |C(z,z)| = |C(z,y)| =

| Ly, 2)| = |Cly, )| = n.
If f € C(z,y) and g € C(y,x) are such that f-g=1,, then g- f = 1,,.

Proof. Suppose f-g=1,.
Define the right composition with f : x — y, for any object z, by

L,;:C(z,x) = C(z,y); Log(h)=h-f
similarly
L,,:C(z,y) = C(z,2); L,4(h)=h-g.
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As f-g =1, we obtain that
L,,-L,s=r1idon C(z,x).

It follows that L, ; is injective and L, 4 is surjective. Since the number of morphisms is the
same between any objects, these conditions imply that L. y and L, , are isomorphisms.
In particular take z=y.

Since

szf : C(yv'r) - C(y7y)

is an isomorphism, 1, has a preimage, i.e. there is h € C(y, x) such that L, ;(h) = 1, i.e.
h-f=1,.
But the right inverse g and the left inverse h of f coincide, so that g- f =h-f=1,. O

Remark 3.7. Lemma 3.6 can be generalized to any number of objects.

Let C be a category associated to M = (3) so that Ob(C) = {z} and C(z,z) = {1,e, f}.

We shall now prove that there are seven categories in Cat(M) given by the composi-

tions in the following table:

comp C1 C2 C3 C4 C5 C6 C7

2 =1 e e e e e f
2= f e f f e f e (3.1)
e-f = f e e f f e 1
fre = f e f e f e 1

Table 3.1: Categories associated to M = (3)

Lemma 3.8. Ife? =1, then

y-f=f-y=fforalye Cz,x).
Proof. Suppose that there exists y € {e, f} such that y- f # f or f-y # f. There are

two cases:

1. If y - f = 1. we can easily rule out the case where y = 1 or y = e. Indeed, if
y=1= f =1 Contradiction! Andify=e=e-f=1=ce-(e-f)=e= (e-e)-f =
e = f = e. Contradiction! Same for f -y = 1.
Then it is sufficient to study the case f? = 1.
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fP=l=ce-f-f=e=(e-f)-f-e=1
(a) e- f=1= f-e=1 contradiction.
(bye-f=e=(e-f)re=1=e-(e-f)=1(Lemma 3.6) = f = 1 contradiction.
(c)e-f=f=(f f)re=1=e=1(f?=1) contradiction. Then we get [ # 1.
2.Ify- f =e (or f-y=-e): There are two cases here:

() y=e=e-f=e=(e-e):- f=1= f =1 contradiction.
byy=f=f=e=(e-f)-f=1=f-(e-f) =1 (Lemma 3.6)

i.e- f=1= f =1 contradiction.

ii.e-f=e= f-e=1=e-f =1 contradiction.

iii. e- f = f = f? =1 contradiction since f? = e.

Hence for all y € {e, f},if e =1theny-f=f-y=f.

Lemma 3.9. Ife-f # f-e thene* =e and f?> = f.

Proof. Note here that if e- f =1 = f-e = 1. Then in this case they can’t be different.
Then there is only two cases:
Firstife- f =eand f-e= f, then

fresf=flef)=f=fe=f(ef=e)=f =]

and

e-f=e=e-(fre)=c"=e - f=c"=e=c
Second is the opposite case. O
Lemma 3.10. If f2=e¢, thene-f = f -e.

Proof. Indeed, e- f = (f-f)-f=f-(ff)=f e Westill need to check . we have 3

cases:

1.Ife-f=f-e=1, then
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3. Ife-f=f-e=f, then

f=ef=f=e (f-f)=e*and e? =e.

Remark 3.11. Referring to all of the work above, we get the following results:
LIff2=1,thene*=¢-f=f-e=¢, and M3 ~ C; (Table 3.1).
2. If €2 = f, then e- f = f - e. In this case there 3 possibilities:
(i) Ife- f=f-e=1, then f> =e, and My ~ C; (Table 3.1).
(i) Ife- f=f-e=f, then f2 = f, and M} ~ C, (Table 3.1).
(iii) If e f = f-e =e, then f?2 = f, and M} ~ C5 (Table 3.1).
3. If 2 = e and f? = f, then we have 3 possibilities:
(i) e- f = f-e= f which is isomorphic to Cs (Table 3.1).
(ii) e- f = f and f - e = e which is isomorphic to C4 (Table 3.1).
(iii) f-e= f and e- f = e which is isomorphic to C3 (Table 3.1).

Hence the following proposition.
Proposition 3.12. Card(Cat(M = (3))) =1T7.

After classifying all of the categories associated to the matrix (3), we interpret each of the
semigroups that we have obtained in terms of their algebraic structures, and we remark

the following:

1. C; and C, are zero semigroups.

2. C3 and C4 are respectively left and right rectangular bands.
3. Cs is isomorphic to Zy + an extra identity element.

4. Cg is a zero semigroup and a semilattice.

5. C; is a isomorphic to Zs.
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3.3 Monoids of order 4

The number of monoids with 4 elements is given on The On-line Encyclopedia of Integer
Sequences website [1]|, and the structure of each of these monoids is presented on Peter
Jipsen’s webpage [21].

Let M be a monoid of order 4 with M = {1,2,3,4}. The number of monoids of order 4 is
35. We present some of these monoids according to their algebraic properties.

In the following sections, we write the multiplication tables of elements of M, so that the

first row and column are the multiplication by the identity 1.

3.3.1 Monoids that contain subgroups

11213 4 11213 4 11234
21113 4 21114 3 212124
1. 2. 3
31313 4 31413 4 31224
41414 3 41314 3 4141412
where {3,4} ~ Z, where {3,4} ~ Z, where {2,4} ~ Z,
11213 4 112134 11213 4
21212 2 212124 21212 2
4. D. 6.
31213 4 31234 31214 1
41214 3 4141412 41211 3
where {3,4} ~ Z, where {2,4} ~ Z, where {1,3,4} ~ Zj
112 3 4
112 34 202 3 4
| 212 33 > 313 4 2
| 313 2|2 414 2 3
413 2|2

where {2,3,4} ~ Zj.
where {2,3} ~ Z,

3.3.2 Monoids that are groups
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112 3 4 112 3 4
2|1 4 3 2|11 4 2
1. 2Z4 2. ZZQ XZQ.
314 1 2 314 21
413 2 1 413 1 2

3.3.3 Monoids that have zeros

All the remaining monoids contain zero elements. We will mention some of them which

are more interesting.

112 3 4 112 3 4

212 2 2 212 2 2
1. 2

312 3 2 312 3 3

412 2 4 412 3 4

Both have a zero element 2, and contain semilattices of order 3.

112 3 4 112 3 4
212 2 2 212

3. 4. 5 4
313 3 3 312 3 4
414 4 4 412 3 4

Both contain a left (resp. right) band of order 3 which means that every element is a left

(resp. right) zero.

The reason we want to point out these kinds of monoids (or semigroups) is that their
algebraic structure is very special in the classification. Studying such structures leads
to giving general information about categories having these types of monoids of higher

orders, which eventually gives a classification of these categories.
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CHAPTER 4

Representation of categories as semigroups with a zero

The main goal of this chapter is to illustrate categories as semigroups. The representation
between them allows us to write equations of categories as equations of semigroups which
makes it easier for later to input them into computer programs to obtain a count.

We offer a representation of categories as semigroups equipped with zero and an addi-
tional unary predicate, which encodes the identity morphisms. Our representation allows
us to restate the enumeration problem for finite categories in terms of these expanded

semigroups.

4.1 Categories as semigroups with a zero

In chapter 2, we gave the definition of a category. Here again we give a slightly modified
version of the definition for the purpose of the work in this chapter, but both definitions

are the same.

Definition 4.1. A category C = (O, m, Dom, Cod, 1(_y, ) consists of the following data:
1. A set of objects O.
2. A set of morphisms m.
3. Functions Dom,Cod : m — O and 1_) : O — m.

4. A partial function - : m x m — m with domain = {(f,g) € m x m | Cod(f) =
Dom(g)}.

The above is stipulated to satisfy:
1. For all f,g € m, Dom(f -g) = Dom(f) and Cod(f -g) = Cod(g).

2. Forall fem,f leoy = f and lpom - f = f.
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3. Forall f,g,h € mwith Cod(f) = Dom(g) and Cod(g) = Dom(h), f-(g-h) = (f-g)-h.

Now we need to define the semigroup with a zero element. We will call them compositional
semagroups. It will be a semigroup with a partial binary operation, the zero element is to
make the operation total, and at the end we only need the identity elements, hence we

add a unary predicate 1.
Definition 4.2. A compositional semigroup CompS = (S, -,0,u) is the following:
1.0 ¢u.
2. Forallecu,e-e=e.
3. For all x € S, there exist unique e, e’ € u such that e-x # 0 and x - ¢’ # 0.
4. There exists e € u such that f-e# 0 and e- g # 0 if and only if f-g # 0.
5.e1-f-ea#0and ey -g-e3#0ifand onlyife; - (f-g)-e3#0.
6. Dom(f) = e implies that e - f = f and Cod(f) = e implies that f-e = f.
Definition 4.3. The category of categories denoted by Cat;,; is the following:
1. Objects: categories.
2. Morphisms: functors that are injective on the objects.

Definition 4.4. The category of compositional semigroups denoted by CSem consists of

the following data:
1. Objects: compositional semigroups.
2. Morphisms: h : (S1,1,01,u1) — (S2, 2,09, u5), where:
i) h(z 1 y) =h(z) -2 h(y).
i) hlu] C u,.
iii) A(x) =0 < x=0.

An equivalence of categories consists of a functor between the involved categories, which
is required to have an "inverse" functor. However, in contrast to the situation common for
isomorphisms in an algebraic setting, the composition of the functor and its "inverse" is
not necessarily the identity mapping. Instead it is sufficient that each object be naturally

isomorphic to its image under this composition. Thus one may describe the functors as
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being "inverse up to isomorphism". There is indeed a concept of isomorphism of categories
where a strict form of inverse functor is required, but this is of much less practical use
than the equivalence concept.

A functor F': C — D yields an equivalence of categories if and only if it is simultaneously:

e full, i.e. for any two objects C; and Cy of C, the map Home(Cy,Cy) —
Homp(FCy, FCy) induced by F' is surjective;

e faithful, i.e. for any two objects C; and Cy of C, the map Home(Cy,Cy) —
Homp(FCy, FCs) induced by F' is injective;

e essentially surjective, i.e. each object D in D is isomorphic to an object of the
form FC, for C in C.

Definition 4.5. Let

cat:  CSem  — Catyy;
(S, ° 0, u) — CS
S(; — C

be a functor where u C S, 0-2x = 0 and x - 0 = 0. The functor cat takes morphisms
of CSem to morphisms in Cat;j, i.e. if h : Sy — Sy and e,/ € uy with e # ¢ then
h(e) # h(¢’). Indeed, if e - ¢’ = 0 then h(e) = h(e’) = 0 and this wouldn’t be possible if
h(e) = h(€).

cat(S) = Cg consists of:

e U=
e m =5\ {0}
® 1(,):u§S\{O}.

e Dom,Cod: S\{0} — u ;e € uunique such that ef # 0 (Dom(e) = e and

f —oe
e-e=eée).

and cat(C) = S¢ consists of:
e Sc =muU{0}.
eu={1,|ac0}.
e the operation:
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Y Sex Se — Se
0,z) 0
(x,0) 0
0 it Cod(f) # Dom(g)
(f,9) =

f+g otherwise
Lemma 4.6. S¢ satisfies the conditions in Definition 4. 2.
Proof.
1. Trivial.
2. Trivial.

3. For all f, let a = Dom(f) then 1, - f = f #0.
Suppose a is not unique, let b € u such that b # a, then Cod(1,) # Dom(f), hence

1y - f is not defined, then 1, f = 0. Same for codomain.
4. fre#0ande-g#0 <= Cod(f) = Dom(g) <= f-g defined < f'g #0.

b. er*frea #0 = Dom(f) = e and Cod(g) = es.
Dom(f -g) = Dom(f) =e1 = ey~ [-gis defined = e,"f*g # 0.

Lemma 4.7. Let C be any category, the following are equivalent:
1. Cod(f) = a.
2. -1, is defined.
3. f1s #0.

Proof.

(1) = (2) : trivial.

(2) = (3): f*1, is defined, i.e. Cod(f) = Dom(1,) i.e. f*1l,=f-1,F#0.

3) = (1): ffly,#01ie. fl,=f-1,1e Cod(f) = Dom(1,) = a. O

Theorem 4.8. CSem and Cat;,; are equivalent.

Proof. 1. cat : CSem — Cat,y; is essentially surjective:
We want to prove that for all C, cat(S¢) ~ C.
Let F': cat(S¢) — C and G : C — cat(S¢) where:
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Fo: 1,€eu — a dGO: acu — 1,
an
Fo: fem — f Gn: fem — f

Check these are functors:
e Dom(Ff) = F(Dom(f))?
Dom(F f) = Dom(f) = a and F(Dom(f)) = F(1,) = a for 1,°f # 0.
o Fu(ly) =1, = 1y, = a = Fo(l,).
o [-9#0 = Fu(frg) =Fu(f-9) = f gand Fu(f) - Fu(g) = [ - 9.
Conclusion: F'G = Idc and GF = Idg,.
2. cat : CSem — Cat;y; is faithful:
Let h,h' : S; — S5 such that cat(h) = cat(h') = h=h'?
o If fem)\ {0} then h(f)=hr(f).
o If £ =0 then h(0) = 0 = K'(0).

3. cat : CSem — Cat;y; is full:
F : cat(Sy) — cat(Ss), we want to prove that:

Jh: S = S
0 ite=0
Fu(z) #0 otherwise

Y

resS =

such that F' = cat(h).

h is semigroups morphism:
1) e e U, Fm(le> = 1Fm(e) € Ug.
ii) h(z) =0 <= z =0.

ili) -y #0 = h(r-y) =hzhy = Jecu;r-e#0ande-y#0 =
Cod(x) = Dom(y) in cat(S;) = h(z-y) = F(x-y) = FxFy = hxhy.

iv) if - y = 0 then in this case it means that Dom(y) # Cod(z). Then, since F' is
injective on objects it implies that Dom(F(y)) # Cod(F(x)). Thus F(z)F(y) =
0.

Lemma 4.9. 51,5, € CompS, the following are equivalent:
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1. 51 =85 in CompS.

2. Sy ~ Sy by homomorphisms in signature (o,0,u).

Proof. (2) = (1):
1 Sl — Sg then

i is injective and i(0) = 0.

(1) = (2)

-rey #0 = i(z-y) = i(2)i(y)

-x-y=0 = i(z-y) =0, assume that i(x)i(y) # 0. By (d), Je € uy such that i(z)e # 0
and ei(y) # 0. Then i '(i(z)e) = i ti(z)i~'(e) = zi~'(e) # 0 the same for ei(y) we
obtain i1y # 0, by (d) x - y # 0. Contradiction! ]

Lemma 4.10. Let F: C — D and G : D — C such that F oG ~ Id and G o F ~ Id,
then:

F/~ C/~ — D/~
[A] = [FA]

15 a bijection between tsomorphism classes.

Proof. e Injective:
[FA| = [FB] = [A] =[B]?
FA~FB — GFA~GFB — A~ B.

e Surjective:
Let [B] € D/ ~ then [GB] € C/ ~ then F/ ~ (|[GB]) = [FG(B)] = [B].
O

Remark 4.11. The representation between categories and semigroups is not unique. For
example, F. Bonnin [10] calls compositional semigroups, categories without objects, and
in his context, the definition of a category consists of a full multiplication and not partial.
Also, he doesn’t include a zero element in the signature of compositional semigroups. But

at the end, the axioms coincide with ours.
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4.2 Zero semigroups and zero objects

Definition 4.12. A left zero semigroup S is a semigroup that has a left zero element,

denote it by s, this means that
s-x=sforall zeS.

A right zero semigroup S is a semigroup that has a right zero element, denote it by ¢, this
means that
x-t=tforall x €8S.

A zero semigroup S is a semigroup that is both left and right zero semigroup, denote by

z the left and right zero element, this means that
z-x=x-z=zforallx € S.

Lemma 4.13. If a semigroup S has a zero, denoted by 0, then it’s unique.

Proof. Let 0’ be another zero, then

0-0° = 0(0is a zero)

= 0 (0 is a zero).

]

Definition 4.14. In a category, an object is called a zero object, null object, or bitermi-
nator if it is both an initial object and a terminal object.

A category with a zero object is sometimes called a pointed category.

Remark 4.15. 0 € C is a zero object, if for every other object A there is a unique

morphism A — 0 as well as a unique morphism 0 — A.

Remark 4.16. If C is a pointed category, then an object A of C is a zero object when

the only endomorphism of A is the identity morphism.
Examples 4.17.

e The category of pointed sets has a zero object, namely any one-element set.

e The trivial group is a zero object in the category Grp of groups and in the category

Ab of abelian groups.
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e For R aring, the trivial R-module (that whose underlying abelian group is the trivial

group) is the zero object in RMod.

In particular for R = K a field, the K-vector space of dimension 0 is the zero object
in Vect.

From zero objects, we are able to define zero morphisms. In other words, these are going
to be the morphisms that absorb the multiplication. What does that mean in terms of
the classification? It means that we can reduce the category by eliminating all the zero

morphisms, i.e. crushing them into one element, which will facilitate the enumeration.

4.3 Zero semigroups in categories

Definition 4.18. Let C be a category with a zero object 0, the zero morphism Oxy :

X — Y between two objects X,Y € C is the unique morphism that factors through 0:
OXY X —=0—-Y.

Definition 4.19. A category C is called a zero category if every set of morphisms has a

zero element. In this case we define the set Z of zeros in the following way:
Z={feC(X,Y); fis azero from X to Y}.

The idea is to prove that whenever we multiply by an element of Z, the multiplication is
an element of Z. In fact it will be a unique zero element, because every set of morphisms

has a unique zero.

Proposition 4.20. Let C be a finite category whose objects are X and Y, such that
CX,Y) and C(Y, X) are not empty. If C(X, X) and C(Y,Y) have zeros Ox and Oy, then
there exists a unique zero Oxy € C(X,Y) and a unique zero Oyx € C(Y,X) where Oxy

and Oy x are of the form

OXY == OX . f . Oy fOT’ all f € C(X,Y)
and

Oyx = 0y - g - Ox fOT’ allg € C(}/,X)
Proof. 0xy and Oy x are unique:
Let f,f € C(X,Y) and g € C(Y, X), then
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Oy Oy

—
N
ox ' “ox

0y -g-0x-f"-0y =0y

O

e
OX'f'OYé'OX =0x
2

Hence Ox - f -0y =0x - f'- 0y for all f, f' € C(X,Y).

Similarly we prove that Oy x is unique.

—
Ox

Oy

—
O0x

Oxy and Oy yx are zeros:
Let g € C(Y, X),

0
_Ov
OX OX

Let h € C(X,Y),

O O
O0x
—

where f € C(X,Y) and g € C(Y, X). This diagram is equal to h - 0y and to Ox - f - Oy
which is equal to Oxy. O
Remark 4.21. The condition

C(X,Y)# 0 and C(Y, X) #£0

is very important, because otherwise the zeros of C(X,Y’) and C(Y, X)) are not necessarily

unique.
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For example, let C be a finite category whose objects are X and Y, associated to the

1 2
0 1
which corresponds to the graph

)
0X1XW 1y =0y

We have 1y is a zero of C(X,Y) and 1y is a zero of C(Y,Y") but both f; and f, are zeros
of C(X,Y’) because

matrix

Ox-fi=fiand Ox - fo = f5
f1-0y = firand f5- 0y = fo.

Conclusion: If we have a zero category, we can shrink all the zeros into one zero, and we
obtain a compositional semigroup with a zero with less number of elements. And thus we
can classify these compositional semigroups with a zero to obtain a classification of zero

categories.

4.4 Categories with a zero and semigroups with a zero

In Section 4.1 we have presented categories as semigroups with a zero, but another question
comes to mind that if the category itself has zero elements, what happens to these zeros?
Two cases can be discussed: either all the zero elements go to the same zero in the
semigroup or they form a set of zeros inside the semigroup.

4.4.1 Zero elements do not collide

A category with a zero is the same as a category but with a little extra conditions.

Definition 4.22. We denote a category with a zero as =
(O,m, Dom,Cod, 1_y,0. _y-). It is the same definition but we add:

3. Functions Dom,Cod :m — O, 1(_y: O - mand 0 _): O x O — m.

The above is stipulated to satisfy:

4. For all f € m; f - Ood(f),codtr)) = Opom(s),cod(r)) and O(pom(s),Dom(s)) - [ =
O(Dom(£).Cod(£))-
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Definition 4.23. A compositional semigroup with a zero CompSy = (5,0,0,u,3) is the

following;:
1.0¢uand0 ¢ ;.
7. Forall z €3, 22 =2z

8. For all z € S,z € 3, we have:

“(y,Dom(x)) " T = Z(y,Cod()) and L+ Z(y,Cod(x)) = *(y,Dom(z))

Now, the category of categories with a zero denoted by Caty;,; consists of objects, and
morphisms: categories functors that are injective on objects. And the category of com-
positional semigroups with a zero denoted by CSem, consists of objects: compositional

semigroups with a zero, and morphisms: h : (S1, 1,01, u1,31) — (S2, -2, 02, Us, 32), Where:
iv) hlz1] C 30

Similarly, the functor between these two categories is going to be:

caty : CSemy —  Catoinj
(57'707u75> = CS
SC — C

where 1,3 € S, 0.2 =0 and z -0 = 0. Such that caty(S) = Cg consists of:
e 0.y:3C S\ {0}

and caty(C) = S¢ consists of:
® 3 ={0up |abe O}

e the operation:

Y Sex Se — Se
0,z) ~ 0
(z,0) 0
( if Cod(f) # Dom(g)
(fo) = {7 1€
g ifges
f+g otherwise
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Remark 4.24. When we say f-g = f when f is a zero, we don’t exactly mean that it
should be equal to the same f, but it just means that it’s equal to the zero element in

the resulting set of morphisms.
Lemma 4.25. S¢ satisfies the conditions in Definition 4.23.
Proof.

1. Trivial.

7. Trivial.

8. Let z € 3, if 26f # 0 then it is equal to some 2’ € 3. Same for f*z.

Lemma 4.26. Let C be any category, the following are equivalent:
1. Cod(f) = a.
2. -1, is defined.

3. 1, £ 0.
Theorem 4.27. CSem and Caty,,; are equivalent.

Proof. 1. caty : CSemgy — Catyn; is essentially surjective:
We want to prove that for all C, cat(S¢) ~ C.
Let F': caty(Sc) — C and G : C — caty(Sc) where:

Fo: 1,eu — a Go: acu — 1,
a
Fo: fem — f Gn: fem — f
with Fm(o(a,b)) = 0((%(,) for (CL, b) cu?

Check these are functors:

e Dom(Ff)= F(Dom(f))?
Dom(Ff) = Dom(f) = a and F(Dom(f)) = F(1,) = a for 1,°f # 0.

o Fn(ly) =1, = lpoa.) =a= Fo(1a).
b fg#o = Fm(ffg):Fm(f'g):f'gand Fm(f)'Fm(g):f'g-
Conclusion: F'G = Idc and GF = Idg,.
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2. caty : CSemy — Catoip; is faithful:
Let h,h' : S; — Sy such that cat(h) = cat(h') = h=h'"?
o If fem)\ {0} then h(f)=hr(f).
o If f =0 then h(0) =0 = /(0).

3. caty : CSemy — FinCaty,y; is full:
F : caty(S1) — cato(S2), we want to prove that:

3h: S - 52
0 ifx=0
Fu(z) #0 otherwise

)

resS =

such that F' = caty(h).

h is semigroups morphism:
1) € € uy, Fm(le> = 1Fm(e) € Ug.
ii) h(z) =0 <= z =0.

i) z-y#0 = h(x-y) =h(@)h(y) = FJecu; x-e#0andey #0 =
Cod(z) = Dom(y) in catoin;(S1) = h(zy) = F(zy) = F(x)F(y) = h(x)h(y).

O
Lemma 4.28. 51,55 € CompS,, the following are equivalent:
1. 51 >~ 8 in CompS,.
2. Sy ~ Sy by homomorphisms in signature (-,0,1,3).

Proof. (2) = (1):
7 Sl — SQ then

i is injective and i(0) = 0.

(1) = (2):

-rey #0 = i(z-y) = i(2)i(y)

-z-y=0 = i(x-y) =0, assume that i(z)i(y) # 0. By (d), 3 e € uy such that
i(zr)e # 0 and ei(y) # 0. Then i~'(i(z)e) = i ti(x)i~'(e) = xi~'(e) # 0 the same for
ei(y) we obtain i~'y # 0, by (d) z -y # 0. Contradiction! O
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Lemma 4.29. Let ' : C — D and G : D — C such that F o G ~ Id and Go F ~ Id,
then:
F/~ C/~ — D/~
[A] = [FA]

15 a bijection between isomorphism classes.

Proof. e Injective:
[FA] = [FB] = [A] = [B]?
FA~FB — GFA~GFB = A~ B.

e Surjective:
Let [B] € D/ ~ then [GB] € C/ ~ then F/ ~ (|GB]) = [FG(B)] = [B].
[

Remark 4.30. Note that the zero elements in the semigroup obtained by the zero ele-
ments of the category are not the same as the zero element of the semigroup where the
composition is not defined. In this case we are able to retrieve all of the zero elements of
the category by the semigroup. But in the next section we will discuss the case where all

the zero elements go to the same zero.

4.4.2 Zero elements collide

In this case, all the zero elements in the category collide into one zero.

Let C be a finite zero category. This means that every set of morphisms has a zero. Let
Z={z€(C]|zis a zero of C}.

Using Section 4.3, we can view Z as a zero object of C. Then the corresponding composi-
tional semigroup to C is the semigroup quotient by the ideal that has all the zero elements
(including the zero when the composition is not defined). The compositional semigroup

is denoted by S /7 where

x-y€l < x-ye Zorx-yis not defined.
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CHAPTER 9

Bimodules

5.1 Bimodules in finite categories

In this section we present a different point of view of finite categories. In order to make
the counting problem easier, we divide the classification of a category into several steps.
We take the matrix of a category with positive integers, and we associate specific monoids
on the diagonals. Tt means that the diagonal elements are monoids and the off diagonal
elements are just sets. Then we can see the off diagonals sets as bimodules with actions on
the left and on the right of the respective monoids. We obtain now a matrix of a category
with specific monoids and specific bimodules and it remains to know the multiplication of
the chosen bimodules together that goes into the monoids. Therefore, we have two ways

of making the classification easier:
1. Specify the monoids and find all the possible categories between them.

2. Specify the monoids and the bimodules and find all the possible categories between
them. In our work, this method helps reduce the calculation time and it is used in
Chapter 9.

We give the definition of a bimodule and we present some properties and examples to

clarify the idea.

Definition 5.1. A bimodule is a set with actions on the left and the right of the respective
monoids, such that the actions commute i.e. (g-z)-h =g (x-h). It can be seen as a
category such that one of the sets of morphisms is empty, it’s called an upper triangulated

category.

Let
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be a matrix of bimodule L, and let CV be a category associated to N@.

o (A0
R B

be a matrix of bimodule R, and let C? be a category associated to N,
We denote by N = NU U N® the matrix of the form

(v 3

of monoidsA, B and bimodules L, R in CV and C?.

From this perspective we can see parts of the category as bimodules, taking only the

Similarly let

multiplication tables of A- L - B and B - R- A. In some cases, the number of bimodules

obtained specifies the number of categories that could be obtained by two bimodules.

Example 5.2. In this example, we chose 2 monoids and 2 bimodules and we try to find
a category having these specific monoids and bimodules. Let C be a category with two
objects X, Y such that all the sets of morphisms have cardinal 3, then the entries of such

a matrix are
A=CX,X), L=CX,Y), R=C(Y,X) and B=C(Y,Y)
and we denote the elements of A, L, R and B in the following way
A=1{1,2,3}, L=1{4,5,6} , R={7,8,9} and B = {10, 11, 12}.

We are looking for a category such that A = C(X,X) , L = CX,Y), R =
C(Y,X) and B = C(Y,Y) (all specified). Then the table of multiplication of elements

of such a category looks like the following
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1 234 5 6 8 910 11 12
1
2 1 4 5 6
3 3 4 4 4
4 3 4
) 3 4
6 3 4
7 11 11 11
3 1212 12
9 11 11 11
10
11 11 11
12 12 12

What we do is that we forget the multiplication blocks of elements of L by elements of R

and vice versa, we end up with the matrix of monoids and bimodules. In this case, the

table of multiplication will look like the following

1234 5 6|7 8 910 11 12
1

2 4 5 6

3 4 4 4

4 - - = 4 4
5 - - - 4 4
6 - - - 4 4
7 7T 0= = =

8|18 8 8| — — —

919 9 7/ - — -

10

11 7 11 11
12 8§ 8 8 12 12

Then the question is: how many possibilities are there to fill in L x R and R x L, respecting

the associativity property.

In this thesis, we mostly deal with categories having two objects, but we give the general

definition of bimodules in categories.
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Definition 5.3. An ordered category C is a category with a linear order on the set of
objects. It means if Ob(C) = {x1,xs,...,x;,...} then there is an order relation on Ob(C)
defined by

r, <wj < 1< .

A finite ordered category C of order n is a finite category with a linear order relation on
the set of objects Ob(C) = {z1,...,x,}.

Definition 5.4. Let M = (M;;) be a matrix of monoids and bimodules where

monoid 1=7

MZJ is a
bimodule i # j

Let C be a finite ordered category such that Ob(C) = {O;}. An association between
C and the matrix M consists of a linearly ordered set O of objects and a collection of
isomorphisms A such that

A C(O;,05) = My,
where M;; are monoids and M,;; are (M;;, M,;;)-bimodules, and the isomorphisms are
required to respect these structures. We denote C by (C, O, A) and we often say that C is
associated to M if it is of the form (C, O, A).
If there exists a category C’ isomorphic to C, then there exist an ordering O" of Ob(C’)
and isomorphisms

IV C'(0;,0) — M,
such that (C', 0, A') is also associated to M.

In this case

{(CO N} igo ~ <H(Map(MZ-j X Mjk,Ml-k))> c [[(Map(Miy; x My, My)).

i3,k .5,k

Then the cardinal of {<C707A)}/Z'SO is going to depend on the cardinal of

<Hi7j7k(Map(Mij X Mjk,Mik))) , which is the multiplication of bimodules by each

others respecting the associativity property.

Remark 5.5. In the case of categories with two objects, Definition 5.4 will be interpreted

in the following way.
Let M = (M;;)1<i <2 be a matrix of monoids My, Mas and bimodules Mz, M. Then a
category C is associated to M if Ob(C) = {Oy, O2} and there are isomorphisms of monoids
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and bimodules respectively
A11 : C(Ol, Ol) — M11 A12 : C(Ol,02> — M12

A21 : C(OQ, Ol) — M21 A22 : C<02702> — MQQ
where My is an (Mjy, Mag)-bimodule and My, is an (M, Mas)-bimodule.

Then C is a category associated to the matrix
My M
M= 11 12
My Moy
and the number of categories associated to M up to an isomorphism is going to depend

on the number of possible multiplications of
Mg X Moy — My

and
M21 X M12 — MQQ.

We can finally define the matrix of monoids and bimodules in the following way: let C be
a finite category. Then we get a matrix where the diagonal entries are monoids and the
off diagonals entries are bimodules. This matrix is called algebraic matriz (this definition

is explained more in Sections 5.3 and 5.4).
Remark 5.6. Let C and D be two bimodule categories associated to matrices

M:<“>andzv:<”>
0 B R B

respectively. Define AP, B°? and L° to be the opposite monoids and bimodule of A, B
and L by

Toopy =Y T
for all z,y. In particular, if a € A, b € B and = € L, then
Toopa:i=a-rand b-o,x:=x-b.
Then if we apply op to M we get a category C? associated to the matrix
aew— [ A7 0
L°P B

such that C? ~ C and C? is not the same as D.
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Remark 5.7. A matrix of monoids and bimodules does not necessarily admit a category,

see example below.

Example 5.8. (Rectangular bands, more explained in Chapter 7)
Let N be matrix of the form

Ix JU{l} L
0 Ax BU{l}

And let N®@ be matrix of the form

IxJu{l} 0
R Ax BU({1}

where [ x J is a left rectangular band and A x B is a right rectangular band, of sizes
2 x 1 and 1 x 2 respectively (i.e |[I| =2, |J| =1, |A| =1and |B| =2), and |L| = |R| = 3.
N admits 20 categories and N admits 16 categories (calculated by MACE4). But the

matrix
I x JuU{l} L
R Ax BU{1}

does not admit a category, because by Theorem 7.8 there are restrictions on the cardinality
of sets of morphisms when we have rectangular bands on the diagonals, and here in this

case |L| should be at least 4 in order to obtain a category.

Remark 5.9. The number of categories obtained in the example above for N and
N® is not the same, because we have a left rectangular band on one side and a right
rectangular band on the other side. By Chapter 7 we see that rectangular bands impose
some coefficients restrictions on the matrix of a category, which affects the number of
bimodules obtained. Also, by Remark 5.6 we see that if we apply op on monoids and
bimodules, it’s not the same when we interchange monoids, and that explains the different

number of bimodules obtained in the example.

5.2 Tensor products

Let B be a monoid, and let L be a right B-module and let R be a left B-module. Then
there exists a set
L R:=L xR/ ~p
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~p is the smallest equivalence relation such that
(xb,y) ~p (z,by) Vo € L,b € B,y € R.
Then there’s a map
LxR—-L®gR:=LxR/~g—LR; (z,y) —»2xQy+—z-y.

Lemma 5.10. Let A, B, A’ be monoids.

1. If L is an (A, B)-bimodule then L @p R is a left A-module.

2. If R is a (B, A")-bimodule then L ®p R is a right A’-module.

3. If L, R are (A, B) and (B, A) bimodules, then L ®p R is an (A, A)-bimodule.
Proposition 5.11. Let Cat(M) :={(C,3); 5 : Mat(C) ~ M}. Then

Cat(M) C {(¢,0);6: Lx R— B,: Rx L — B},

Proof.

Cat(M)

N

Homa_ 4 pim(L ®p R, A) x Homp_p pim(R ®4 L, B)
C Homgy(L x R, A) x Homg (R x L, B).

]

In sections 5.3 and 5.4, we present a more theoretical approach to the categories of bimod-
ules. We discuss two methods of viewing these categories, one through the Grothendieck-

Bénabou correspondence and the other through fc-multicategories.

5.3 Grothendieck-Bénabou correspondence

The following is a result described in R. Street’s paper [29].

Definition 5.12. [29] Let Bim be the bicategory whose objects are (small) categories
and Morgim(A, B) is the functor category [B% x A, Set]. The morphisms of Bim are
called modules and the 2-cells are called module morphisms. Composition of modules is
given by a coend formula. For example, if A and B are monoids viewed as categories with
one object, then Morgim(A, B) is the category of A, B-bimodules and the composition is
given by the tensor product

L, L'~ LeglL.
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Then we can identify Cat as a sub-2-category of the bicategory Bim by defining a functor
f: A — B as the module defined by taking f(b,a) to be B(b, f(a)).

For any functor p : E — B, the fiber over an object b of B is the subcategory E, of £
given by the pullback

Eb—>E
[

Each §: b — b determines a module mg(3) : Ey — Ej, defined by
mp(B)(e.€) ={{:e— €| p(§) =B}
for objects e of Ey and ¢’ of Ey. We define a lax functor that preserves identities
mg: B? — Bim ; b — E, € Ob(Bim).

Write Cat/B for the slice category of objects p : E — B of Cat over B in which the
morphisms f : (F,p) — (F,q) are commutative triangles over B.

We enrich Cat/B to become a 2-category by accepting those 2-cells 0 : f = g : (E,p) —
(F, q) satisfying qf = p. Write Bicat(B°, Bim) for the bicategory of lax functors B® —

Bim, lax transformations, and modifications.

Proposition 5.13 (Bénabou, [38] [29]). The slice 2-category Cat/B is equivalent to the
sub-2-category of the bicategory Bicat(B°?, Bim) whose objects are the lax functors that
preserve identities, whose morphisms are the lax transformations with components at ob-

jects b of B being actual functors, and whose 2-cells are all the modifications.

5.3.1 Application to small categories

(I would like to thank Paul-André Melliés for suggesting this point of view).

Let X be a set, then there is a category Coarse(X) such that Ob(Coarse(X)) = X and
Coarse(X)(x,y) := {*} a singleton.

If C a category, then there exists p : C — Coarse(Ob(C)) a unique functor inducing Idc
on Ob(C).

If we apply the Grothendieck-Bénabou construction to this functor we obtain the follow-

ing:
1.z € Ob(C) <= =z € Coarse(Ob(C)) and p~'(z) = {C(x,z),x} is the monoid
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C(z, x).

2. An arrow (x,y) € Morcoarse(on(c)) corresponds to C(z,y) as a C(z,z) — C(y,y)-

bimodule.
3. The lax transformation of composition corresponds to
C(z,y) ®cyy Cly, z) = Cx, 2).
In the case X = {x,y}, the category Coarse(X) has two objects x and y and four mor-
phisms
a:xr—x,bry—y,l:x—y,r:y—=zx

which gives us two monoids A = p(a) and B = p(b), an (A, B)-bimodule L = p(l) and a
(B, A)-bimodule R = p(r). With an (A, A)-bimodule morphism

L®BR%A (51)

and a (B, B)-bimodule morphism

R®4L— B. (5.2)

Remark 5.14. In condition (3), these are the compositions between the sets of mor-

phisms, which we forget in the case of a bimodule category.

Remark 5.15. To verify associativity, the morphisms 5.1 and 5.2 should satisfy the

conditions that the following diagrams are commutative.

LRp Ry L —— AR L R®sL®p R —— B®p R
! Lo ] |
Lep B — L R®y A — R

5.4 fc-multicategories

In this section, we present results proved by T. Leinster in [23], thanks to Angel Toledo
for giving a talk about this in the Category Theory Groupe de Travail in Nice.

In abstract algebra, a bimodule is an abelian group that is both a left and a right module,
such that the left and right multiplications are compatible. In monoidal category, there
is a generalization of the classical notion of modules over rings, which is the notion of

modules over monoid objects.
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Idea: The classical notion of monoid can be generalized by definition of a monoid (or a
monoid object) in any monoidal category (C, ®, I'). Classical monoids are are just monoids

in Set with the cartesian product.

Definition 5.16. Let C be a monoidal category. A monoid in C is an object M equipped
with a multiplication p: M ® M — M and a unit n : I — M satisfying the associative

law:
M M)® M a s MM M) —E s Mo M
(
H®1 /
MoM —* v M

and the left and right unit laws
oM —" 5 MoM+—2— Ml
\ l,u /
A P
M
where « is the associator in C, A and p are the left and right unitors.

Examples 5.17.

(i) A monoid object in Ab (with the usual tensor product of Z-modules as the tensor
product) is a ring. A monoid object in the category of vector spaces over a field k

(with the usual tensor product of vector spaces) is an algebra over k.

(ii) A monoid object in Top (with cartesian product as the tensor product) is a topolog-

ical monoid.

(iii) A monoid object in the category of complete join-semilattices (with its tensor product

that represents maps preserving joins in each variable separately) is a unital quantale.

(iv) The category of pointed sets has a monoidal structure given by the smash product.

A monoid object in this monoidal category is an absorption monoid.

Definition 5.18. Let V' be a closed monoidal category. Recall that for C a category
enriched over V, a C-module is a V-functor p : C — V. We think of the objects p(a)
for a € Ob(C) as the objects on which C act, and p(C(a,b)) as the action of C on these
objects.

In this language a C-D bimodule for V-categories C and D is a V-functor

C?D—V.
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Examples 5.19.

(i) Let V = Set and let C = D. Then the hom functor C(—,—) : C” x C — Set is
a bimodule. Bimodules can be seen as a kind of generalized hom, giving a set of

morphisms (or objects of V') between an object of C and an object of D.

(ii) Let V = Vect and let C = BA; and D = BA, be two one-object Vect-enriched
categories, whose endomorphism vector spaces are hence algebras. Then a C-D bi-
module is a vector space V with an action of A; on the left and an action of Ay on
the right.

(iii) (fc-multicategories [23] [24]) Let V be an fc-multicategory. The fc-multicategory
Bim(V') is defined as follows:

0-cells A 0O-cell of Bim(V') is a monad in V. That is, it is a 0-cell x of V' together

with a horizontal 1-cell z < = and 2-cells
T T
1
T T

satisfying the usual axioms, po (u,1;) = po (1, pu) and po (n,1;) =1 = po (1,n).

|8
3
88— 8

Horizontal 1-cells A horizontal 1-cell (z,t,n, u) - (2,1, ') consists of a hori-
zontal 1-cell # L5 2/ in V together with 2-cells

f t / t / /

x s o s T x s T s T
{ ﬂg b { ﬂe b
x ; s o T 7 s o

satisfying the usual algebra axioms 6o (n,1¢) =1, 0o (u,15) = 0o (1;,0), and dually

for 6, and the “commuting action” axiom 6 o (6,1y) = 6 o (1;,0").

(‘Tv tv UB M) T
Vertical 1-cells l in Bim(V) is a vertical 1-cell |p in V together with
(&, 7, i) v
a 2-cell
t
r——————
p ﬂw p
t



5.4. FC-MULTICATEGORIES

such that wo pu = fio (w,w) and won =1mnonp.
2-cells A 2-cell

fl f2 fn
g —f— t) ——v - ——— 1,

t ; >t/

in Bim(V'), where t stands for (z,t,n,u), f for (f,0,0), p for (p,w), and so on,

consists of a 2-cell

oo L o Ly LN

)| I |

/

xr > T
f

in V, satisfying the “external equivariance” axioms
ao(f,1g,...,15) =00 (w,a)
ao(ly,....15 ,,0)) =0 o(a,uw)
and the “internal equivariance” axioms
o (L, .o 1y o0 1 1 1y 1) =ao Ly, 1y 0,001 .0 1)

for 2 <i¢<n.

Composition and identities For both 2-cells and vertical 1-cells in Bim(V'), com-

position is defined directly from the composition in V', and identities similarly.

Theorem 5.20 (Leinster [21]). If G : W — W' is a functor between (S',T")-

multicategories then any W -enriched multicategory becomes a W'-enriched multicategory

gust by composition with G: thus there’s a functor

G, : (S, T)w-Multicat — (S, T)w -Multicat.

In particular, consider for any fe-multicategory V' the forgetful functor U : Bim(V) — V.

This gives the functor

U. : CatBim(V) — Catv

52



CHAPTER 5. BIMODULES

where Caty s the cateqory of W-enriched categories.

The conclusion of Leinster’s paper is that if we have an enriched category in V, this gives
rise to a category enriched in Bim(V'). In our work, V is the monoidal category Set,
and when we apply Leinster’s theorem, we get a bimodule category in which we forget
some multiplications. This construction eventually coincides with Grothendieck-Bénabou
construction.

Now in Example 5.19 ((iii)), we apply Leinster’s theorem to finite categories, and if V' is
the monoidal category (set, x). Then a 0-cell in Bim(V') is a monoid, and a horizontal
1-cell is a bimodule (i.e. with monoids actions on the left and on the right that commute).
This construction eventually coincides with Grothendieck-Bénabou construction.

Bimodules are explained more in [12] and [22].

5.5 Connectivity of monoids

Definition 5.21. We say that two monoids A and B are connected if there exists a
category with two objects such that its endomorphism monoids are A and B and all

morphism sets are not empty.

Lemma 5.22 (Jérémie Marqués). If A, B are connected, and B,C are connected then

A, C are connected.

Proof. A, B are connected, then there exists a category C; associated to the algebraic
A L
Ml -
R B
Similarly, B, C' are connected, then there exists a category C, associated to the algebraic

B L
M2 ==
R C

such that L' and R’ are not empty.

Let
A L !
M- ®p L
R ®g R C

then M is a matrix of a category C. Indeed, A acts to the left on L and C acts to the
right on L', then A and C act on L ®p L'. Same for R and R'. It remains to prove

matrix

such that L and R are not empty.

matrix
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(Lep L) ®c (R ® R) — Aand (R ®p R) ®4 (L®p L) — B. Indeed,

(LepLl)®c (R®pR) ~ L®p(L'®cR)®pR
— L®pB®pR
~ L®pR
— A

Same for (R ®@p R) ®4 (L ®p L'). To verify the associativity property, one may refer to
Remark 5.15. ]
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Grouplike categories

The aim of this chapter is to introduce some categories with certain properties on the
objects. The classification of finite categories depends dramatically on the classification of
their monoids. Therefore, it’s very useful to study some types of semigroups since monoids

are semigroups with an identity element. The results in this chapter are published in [19].

6.1 Introduction to the problem

From Chapter 5 (Section 5.1), we can represent matrices of categories in a different way.
Instead of number of morphisms between objects, we represent them in terms of the
endomorphism monoids of the category.

We study a specific type of finite categories called grouplike categories. To define grouplike
categories, we need to define grouplike monoids first. A grouplike monoid is a monoid of
the form G U I where G is a group and I = {ey, ..., e} such that

(ei-e; =e; and e - e; = ¢;) if and only if i < j. (Ord)

We denote it by G**. A grouplike category is a category where its endomorphism monoids
are grouplike.
In this chapter we present a construction theorem for grouplike categories, and we prove

that every grouplike category should come from this construction.
Definition 6.1. Let L be a (G3*, G5*)-bimodule. We say that L is i-unigen if

and L; ~ G as a left module and L; ~ G3' as a right module.

Lemma 6.2. Suppose L is an i-unigen (G3*', G3¥)-bimodule with L; as above, then there
exists an isomorphism Gy ~ Gy such that Ly = G* as (G™, G3¥)-bimodule. If i > 0 the
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wsomorphism is unique. If i = 0 the isomorphism is well defined up to inner automor-

phisms.

Because of this lemma we can assume that G; = Gy = G. In this case we say that
a (G**1 G**2)-bimodule L is strongly i-unigen if it is i-unigen and the isomorphism of

Lemma 6.2 can be taken as the identity.

*k1
M= G L
R G

be the algebraic matrix (Definition 5.4) of a grouplike category C, such that I; =
{e1,...,ex, } and Ir = {f1,..., fr,}. We define i"**(C) to be the maximum index i
such that there exist x,y such that x -y =¢; and y -z = f;.

Definition 6.3. Let

Let C be a category with one object {a} and endomorphism set G**. Let z,y be two

elements, then there exists a function

fx,y} =«

and we obtain a new category C' such that C' = f*(C), Ob(C') = {z,y} and C'(z,y) =
C(f (), f(w)).

If we apply this construction to a grouplike monoid G*!, we get a category associated to

o« (M)
G G

of similar copies of G**, such a category will be called groupoid-like.

the matrix

Theorem 6.4. Let G be a group and G** a grouplike monoid of the form G U I such that
I={ei,...,e;}. Let MY be a matriz of the form

¢ . ¢ . ( M(l))
G*z G*z
of similar copies of G**, let CY be the groupoid-like category associated to this matrizx.

Then we can extend the endomorphism sets G*' and we obtain a category C associated

*k *7
G*" G (M©)
G*i G*k2
such that for all x € G*',y € G**, we have x -y =y - & € G*. Same for G**2. And there
exists C? q finite category associated to M),

to the matriz
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Now let ki, ko > 1, suppose that we have the matrix

G L .
< . G*k2> (M(S))

such that L and R are strongly i-unigen. Then
(MW) C (M®) C (M),

And (M®) is a matriz of a unique grouplike category, denote it by ¥, such that
imar(COY =i and forallz € Lye R, x-y=e¢;-x-y-e;.
We have

cvccd®ccd,

Theorem 6.5. Every grouplike category comes from the construction described in Theo-

rem 6.4.

6.2 Grouplike categories

In this section we introduce grouplike categories. These are groupoid-like having some
specific properties, to their set of morphisms. The goal is to study the structure of these
categories in order to make the classification problem easier and clearer.

We recall the following definitions from Chapter 3 and Chapter 5:

Definition 3.1. A monoid A is a set equipped with a binary operation - : A x A — A
such that - is associative and there exists an identity element e such that for every element
a € A, the equations e-a = a and a - ¢ = a hold.

Definition 5.1. A bimodule is a set with actions on the left and the right of the respective
monoids, such that the actions commute i.e. (g-z)-h =g (x-h). It can be seen as a
category such that one of the sets of morphisms is empty, it’s called an upper triangulated

category.
Definition 6.6. A semicategory is a category without identity morphisms.

Lemma 6.7. Let C be a semicategory, let u € C(z,y) with x,y € Ob(C), then we can add a
morphism v’ to C(x,y) such that u' # u and v’ duplicates u for all composition operations.
Then we get a new semicategory C with Ob(C') = Ob(C) and Hom(C') = Hom(C) U {u'}.
On the other hand, we can also add the missing identities in Ob(C) to obtain a category
B.

The previous lemma shows that we can add morphisms consecutively to a category and

obtain a new category (provided that we add identities too). In our case, we define
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a category whose objects have grouplike endomorphism monoids, we only add elements
consecutively to the monoids. The elements are idempotents and identities to the elements
of the monoids. This means that each time we add an identity element, the previous
identity is no longer an identity.

We need the notion of bimodules in order to make the classification and counting problem

easier.

Definition 6.8. Let A be a semigroup. Whether or not A has a multiplicative identity

element, we let e be a fresh element and
A* =AU {e}.

Then A* is a semigroup if the multiplication of A is extended by stipulating ze = ex = x
for all z € A*. More generally, if A is a semigroup, we recursively define semigroups A*
for n € N by:

A=A
A*(n—i—l) _ (A*n)*

If A is a group, we say that the semigroups A™, n € N, are grouplike.

Definition 6.9. We say that a category is called a grouplike category with groups G; if

its endomorphism monoids are grouplike monoids of the form G:ki; k; € N.

Definition 6.10. A band S is an idempotent semigroup, i.e. for all x € S, 2% = x.

A semilattice is a commutative band.

Remark 6.11. The set of idempotents along with the group identity form a semilattice.

Proof. Let I = {ey,...,er} be the set of idempotents where ¢ is a group identity. [ is a

semilattice:

e commutative: for 1 < j, e;-e; = ¢ - e; = e;.

e idempotent: e; - ¢; = e;.
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6.3 Group action and the orbits of the sets of mor-
phisms

Let C be a category with n objects Xj,...,X,. For each object X;, X; there exists a
monoid A; = C(X;, X;) and a monoid A; = C(Xj, X;) and two operations

LAy x C(XG, X)) — C(XG, X))

and
r. C(XZ,X]) X Aj — C(XL,XJ)

which represent the left monoid action of A; and the right monoid action of A; on the set
of morphisms from X; to X;. Note here that these are the entries of an algebraic matrix.

In our work here, we take monoids of the form A*™, specifically grouplike, which means
each monoid contains a subgroup. This subgroup does not act on the whole set of mor-
phisms from X; to X, but it acts on a subset of the previous set (it’s important to note
here that when we say group action we mean that the identity condition holds). In the
following, we introduce how the group action works, and what are exactly the subsets

that the group acts on. We will be considering categories with two objects.

Notation 6.12. We denote by M (G™,G3™, L, R) the matrix

v G L
R Gk

of monoids and bimodules such that G*' = Gy U I, and G3* = G, U I, where G, and
(o are groups and I} = {ey,..., ey} and Iy = {fi,... fr,} such that the elements of
I} and I satisfy (Ord). We denote by ey and fy the identities of the groups G; and
Ga. Let Cat(M(G7™,G3F L, R)) be the set of grouplike categories associated to M
whose objects are are X,Y such that the monoids and the bimodules are not empty. If
C € Cat(M(G*,G3*, L, R)) then C(X,X) = G, C((X,Y) = L, C(Y,X) = R and
C(Y,Y) = G3F.

Remark 6.13. More precisely if M is an algebraic matrix i.e. a matrix of monoids and
bimodules, then Cat(M) is the set of pairs (C,5) where C is a category and (3 is an

isomorphism between the algebraic matrix of C and M. We usually don’t include this

notation of f in our discussion.

Remark 6.14. Denote by n; the order of the group G;. When we write G*** and G2,

this means that the groups G and G’ have the same order n.
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Lemma 6.15. Let C € Cat(M (G, G35 L, R)) (Notation 6.12) be a grouplike category.
Then:

1. Gy acts on G1 - L and R - G4.
2. Gy acts on L - Gy and G5 - R.
Proof. Let
l:Gyx(Gy-L)— Gy L.
e Forallz € L and g € G; we have ey - (g- ) =g - .
e For all g1, 92,93 € Gy and € L we have (g2-93) - (g1-7) = g2 - (93 91 - x).

Same for the other sets.

Moreover, the orbit of the set GG; - L is itself. Indeed, the orbit of G; - L is a subset

G1-(G1 - L). Tt remains to prove the other direction. Let g-x € G1 - L, then
g-x=ey-g-v€G (G -L).

]

Similarly to the case where we have groups as objects, we can conclude that the group

action on these sets is free.

Proposition 6.16. Let C € Cat(M(G*,G3*, L, R)) (Notation 6.12) be a grouplike
category. The actions of the group G on G1 - L and R - Gy and the group Gy on L - Gy
and Gy - R are all free.

Proof. Let g1,92,9 € Gy and = € L. Suppose g1 - (g ) = g2 - (g - x). If we multiply both
sides by y € R, we obtain:
g9 T-Yy=g2-9-T-Y
where x - y has 2 possibilities:
1. If z -y = e; where ¢; ¢ G, then it’s sufficient to multiply by ¢! on both sides to
prove that g = go.

2. If -y = g3 where g3 € Gy, then if we multiply by g3’ - ¢~*

g1 = ga.

on both sides, we get
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Corollary 6.17. Let C € Cat(M (G, G5, L, R)) (Notation 6.12) be a grouplike cate-
gory. The cardinal of each orbit in the set of morphisms is equal to the order of the group

acting.
Proof. Use Proposition 6.16. n

This corollary could greatly help the enumeration problem here. Now that we know the
number of possibilities in some blocks inside a category, then we can compute how many

times the multiplication of morphisms appear to obtain non isomorphic copies of blocks.

Lemma 6.18. Let C € Cat(M (G, G35, L, R)) (Notation 6.12) be a grouplike category.
For all x : X — Y there exists at least one y : Y — X such that x -y = idg, and vice
Versa.

Proof. Let z € C(X,Y) and y € C(Y, X). Suppose z -y # idg,:

1. Ifx-y=g € Gy, then
r-y-g ! =idg,.

2. If x - y is equal to an idempotent e in C(X, X) then
x-y = e
ry-9g = g; 9ge€b
roy-g-g " = idg,.

]

Now since we have two group actions on the sets of morphisms, we want to understand

the relation between these actions over the morphisms sets.

Lemma 6.19. Let C € Cat(M (G, G357, L, R)) (Notation 6.12) be a grouplike category.
Then for oll x € L, we have
Gl'.CL"GQQGl'Jf

and

G1~x~G2§x~G2.
Simalarly for all y € R.
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Proof. Let g-x-h € Gy -x - G,
g-z-h = g-x-h-e ; e =1idg,
= g-x-h-y-x; yeCY,X) (Lemma 6.18)
S Gl'I.

Same for the second inequality.
O

Lemma 6.20. Let C € Cat(M (G, G35, L, R)) (Notation 6.12) be a grouplike category.
Let x € L, the orbit of x by the action of G is the same orbit of x by the action of G,

te. Gi-x=x-Gs.

Proof. Suppose n; < ny. From Lemma 6.15, there is a group action by Gy on Gy - L, and
by Corollary 6.17

|G1 : ZU| =nNj.

Similarly, there is a group action by Gy on G - L - G5 C G - L, then again by Corollary
6.17 we have
l91 -2 - Ga| = ny

but
g1-v-GyCG-2-Go CGy -,

Therefore, ny < ny, but we have n; < no, then we obtain that n; should be equal to ns
and Gy -x- Gy =Gy -z and Gy - v - Gy = x - G4, hence

Gi-x=x2-Gyforall z e L.
Similarly, for all y € R, we have Gy -y =y - G1. O

Proposition 6.21. Let C € Cat(M (G, G3*, L, R)) (Notation 6.12) be a grouplike
category. For all x,y € L we have

Gl T = G1 Y.
Proof. Let g-x € Gy -,

g-x = (g-e1)-x ; e =idg
= g-(e1-2)
= g-e;-x-ey (Lemma 6.20)
= g-egrx-z-y€Gy-y; forz€ R (Lemma 6.18)
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and since |Gy - z| = |Gy - y|, hence equality. ]

Proposition 6.22. Let C € Cat(M(G*,G**2 L, R)) (Notation 6.12) be a grouplike
category. Then the multiplication of the elements in the orbit of L and the elements in
the orbit of R is the group G, i.e.

G- CX,Y) CV,X)-G=G

and

G-V, X) C(X,)Y) -G =G
Proof. e C : evident.

e D:lLetge
g=g-ep-eg=g-x-y-e (Lemma 6.18)

wherez: X =Y andy:Y — X.
O

Definition 6.23. Let C be a category with objects {X,Y}. Suppose that g - f is never
equal to an identity for all f, g € Hom(C), then we can always reduce the category C to
a new semi-category C" such that Ob(C') = Ob(C) and Hom(C") = Hom/(C) \ {idc}.

Similarly, we can eliminate morphisms other than identities and still obtain a new semi-
category.

The reason we want to eliminate some morphisms is because when we take a category
whose objects have grouplike endomorphism monoids, then we could restrict the category
to a smaller category with only groups as objects and the orbit of the set of morphisms.
Following this technique leads to proving some matrix properties about the coefficients
on the off-diagonals. It will also clarify how such categories are built.

From the above lemmas and propositions, we conclude that we can divide each set of
morphisms into 2 sets: the orbit of the set and the other elements that are not inside the
orbit.

6.3.1 Groupoids

Definition 6.24. In category theory, a groupoid generalizes the notion of group in several

equivalent ways. A groupoid can be seen as a:
e group with a partial function replacing the binary operation;
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e category in which every morphism is invertible. A groupoid with only one object is

a usual group.

In the previous sections, we have seen the structure of a grouplike category with two
objects. From this these categories, we can extract a subcategory, which is exactly a

groupoid.

Theorem 6.25. In every grouplike category with two objects, there is a sub-semicalegory

with two objects that is a groupoid, whose groups are the groups of the grouplike monoids.

Proof. Let C be a grouplike category with objects X, Y. Let C(X,X) = G*™ C(Y,Y) =
G*k2 C(X,Y) = L and C(Y,X) = R. Let G the sub-semicategory of C of the form:

e Ob(G) = {G,G'};
e Mor(G)={G,G',G-L=L-G',G'-R=R-G};
e Identities of G are 15 and 1.
e Let 2,y € G, x oy = x - y with o associative.
O

Corollary 6.26. Let C € Cat(M(G**,G"**2 L, R)) (Notation 6.12) be a grouplike cate-
gory. The category C determines an isomorphism between G and G'. The isomorphism

15 well defined up to inner automorphisms.

Proof. Evident. m

6.3.2 The sets of idempotents

In this section we study the role of the idempotent elements in the monoids, the idea is

to interpret their action on the sets of morphisms.
Let C € Cat(M(G3*, G35, L, R)) (Notation 6.12) be a grouplike category. Let

Kl = {60, €1,... 7€k1}
and
KZ - {f()?fla"'asz}
be the sets of idempotents of Gi* and G5* where ey = 1, and fy = 1¢,. And let:
Lj={x€el|e-vx=xanda-fj=x}=e-L-f;

and

Rji={yeR|y-es=yand fj-y=y}=f; - R-e
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be the sets of morphisms that are fixed by e; and f;.
Notation 6.27. L; := L;; and R, := Rj;.

In general we have

Lemma 6.28. L;; =¢;- LN L- fj and Rj; = f; - RN R - e;.

Proof. We always have
Lijgei-Land LUQLfJ

then
ngeZLﬂLf]

Now let x €e;- LNL- f; then e, - =z and = - f; = x hence x € L;;. u

In the following lemma, we present some properties of the multiplication of the sets of

morphisms by idempotent elements.

Lemma 6.29. Let C € Cat(M (G, G357, L, R)) (Notation 6.12) be a grouplike category,

we will denote by x,x" elements of L and by y,y elements of R.
l.ej-x=xandx- fj = foralle; € Ky, f; € Ky and x € Ly.
2.e-(e,-x)=e-xand (x-f;) - f=x-fi forallz € L and i < j.
3. x-yeGyandy-x € Gy for all x € Ly or y € Ry.
4. If v -y € Ky \ {eo} theny-x € Ky \ {fo} and vice versa.
5. If v -y=-eq theny-x = fo. (This result is also proved in Lemma 6.50).

6. Ifxv-y=e; andy-x=fjthenx -fj=e-xandy-e;= f;-y.

In this case we can always assume that x - f; = e;-x =z andy-e; = fj-y =y

(because x and y could be replaced with e;-x = x - f; and y-e; = f; -y respectively).

Proof. 1. Let x € Ly and e; € K, we have:
ei-x=e;-(eg-x)=(e;-€) x=¢ey-x =
Same for z - f;.
2.e-e;=¢€j-¢ =e¢; foralli <jthene;- (e z)=u.
3. Let g€ Gy suchthat g- o =g-2'thengt-g-xa=¢g ' -g-2"theng -2 =¢ -2
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4. Suppose that -y = e; then x -y - ey = ¢y then x -y = ¢y (because y - eg = y)

contradiction.

5. Let x € L and y € R such that -y =¢; € K; \ {ep}. Suppose that y -z = g € Gb.
Then
(- y) - (v-y) = e

but x-g-y € Gy and ¢; € K; \ {eo}, it means that e; € Gy, hence contradiction.
Therefore, y - x € Ky \ {fo}-

6. From part (4), we can see that if z -y € G; then y -z € Go. Suppose that z -y = e
and y - x = g € Gy. Proving that g = f;. We have

y-x = g
=y-eo = gy
= fo-(y-e) = ¢g-(y-ey) (because y-epand g-y are in Gs - R).

By the free action of G5 on G5 - R, we obtain that g = f.

T.2-y-x=¢-xthusz-fj=¢- 2
y-x-y=fi-ythusy-e;=f;-y.
In addition, by part (b) (- f;)- fj =z f; and e; - (e; - *) = e; -, then we can assume
that - f; = ¢, - o = w.
O

From Lemma 6.29 (4) (5), we see that if one of the multiplications is an idempotent then
the other way around should be an idempotent as well. That’s why in the following,
we study the structure of the category whenever we have two elements such that their

multiplications are idempotents.

Lemma 6.30. Let C € Cat(M (G, G35, L, R)) (Notation 6.12) be a grouplike category.
Let © be the mazximum index such that there exist x € L and y € R; v -y = e;. And let
g be the mazimum index such that there exist ' € L and y' € R; y -2’ = f;. We can

assume following Lemma 6.29 (6) thate; - x =z, y-e; =y, o' fyr =2" and f -y ="
1. If i =0 then j' = 0 and vice versa.
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2. Ifi,5' > 1 then x -y = e; and y - x = fy. In addition, e; - v = x - fj = = and
ye=fp-y=y.
Proof. For part (1), suppose ¢ = 0, in this case by Lemma 6.29 (4) we have 2’ - ¢/ is an

idempotent, and by maximality of ¢ it has to be ey. Therefore
fr=f=y-a -y 2=y e 2 €Gi.

Therefore, j' = 0.
For part (2), suppose ', 7" > 1, then from Lemma 6.29 (4), suppose that y -z = f; and

x' -y = ey. From our assumption following (Lemma 6.29 (6)), we get
firy=y-es=yandx-fi=e€ -z==x
and
firy =y -ev=y and ' fy =ey -2’ =2
By maximality we have i > 4" and j' > j. We have

o fyp=@ f) - fp=x-(f;-fy)=x fi=u
We obtain that

r=zx-fj=x-fp=x-(y- 7).

Then
ei=z-y= @ y-2")y=@ y) (2 y).

Therefore = -y’ ¢ G since i > 1, then there exists m < i (by maximality of ¢) such that
x-y =en. Thene =e,- (2 y).

Which implies that e, = e, - ¢; = €2, - (¥’ - y) = e, - (/- y) = ¢;. Hence e, = ¢; and
x-y =e;.

Similarly we can prove that y' -z = f; and ¢/ - ¢; = ¢/'. O

/

Corollary 6.31. In the case of Lemma 6.50 (2), we have x = x' and y =y
P'f’OOf. l»:ei.l':x.y/,x:gj.fj,.’I,y/,x/:ei.x/.

Where 2/ = ey -2’ =ey-e; 2’ =¢; - ey -2’ =¢;-2'. Then v = 2/

Similarly we prove that y = y/. O

Proposition 6.32. Let C € Cat(M(G3*,G3* L, R)) (Notation 6.12) be a grouplike

category. Let 1 and j be the maximum elements such that there exist x € L and y € R;
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r-y=e; andy-x = f;. Then

and

Rﬂ:ij:Rez

Proof. We want to prove that e;- L - f; =¢;- L =L - fj.
We always have that e;- L- f; Ce;-Land e;-L- f; C L- f;. We prove the other direction.
Let ' € L

ex = eexx
= e(vy)a’
——
= exfm

= e Tfm fj (fmf; = fm because j is the maximum)
<~

eL
€ e L- fj'
Similarly we prove the others. O

Theorem 6.33. Let C € Cat(M(Gi*, G35, L, R)) (Notation 6.12) be a grouplike cate-

gory.
Suppose that i and j are the mazimum elements (in the sense of Lemma 6.30) such that

r-y=e andy -z = f;. By Lemma 6.29 (6) we can assume that
firy=y-es=yandx-fj=¢ -v=u2x.
Then we can construct a sub-semicategory C of the form
Gi' Ly
< R GY )

where Lij = e; - L - f; and Rj; = f; - R+ e;, such that C is the mazimum sub-semicategory
of this form.
Proof. e C'is a category:

— Objects: X and Y.

— Morphisms: G¥, L;;, R;; and Gy

— Composition:
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* Let z € L;; and ¢’ € K; then we can write z =¢; - Z - f;, then

e-z=¢€"(6 % fj)—( ) Z-fj=e-(€-2) f; € Ly
x Let z € L;; and w € Rj; then 2 Z-fjand w= f; - - e;, then

= ¢ (Z-f;-fj-w)-e
= 61(2f]’u~])€1€G>{1
— Identities: e; and f;.
e C' is the maximum category of this form:
If we have two elements ' and y' outside of L;; and Rj; such that 2’ -y = e; and
y' -2 = f; then by Lemma 6.30 we have x -y = ¢; and v/ - = = f;. This is a

contradiction with the maximality of 7 and j. Hence C’ is maximum.

]

Corollary 6.34. The monoids G3° and G;j are isomorphic. We call C' a groupoid-like

category.

Proof. There exist x,y such that z -y = ¢; and y - o = f; the identities. It follows that

i = j because the groups GG; and Gy are isomorphic. m

*k1 L
M = G .
R G5*

be a matrixz of a grouplike category C. By Theorem 6.33, we can construct a sub-

Proposition 6.35. Let

semicategory C associated to the matriz

M = GTZ Li
R, G%
of monoids and bimodules. For all x € L and all y € R we have

zoy=(e-2) (y-e) €G andy-x=(fi-y) (x- fi) € Gy

Proof. Suppose that z-y € G3*\ G* then there exists e, ¢ G such that z-y = ej. This

is a contradiction with the maximality of <. O]

V- G L
R G
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be a matrix of a grouplike category C whose objects X and Y. Then
1. Gl ~ GQ.

max

2. There exists i™* = max(i) such that there exist z,y and ejme = z - .

ymax

There exists j™* = max(j) such that there exist z,y and fjme= =y - z.

3. 1M = 3™ and we obtain the following matrix

GTimaI Limazjmaz
smax
ijmacimaw G;]

of a sub-semicategory C' of C whose objects X and Y are isomorphic. Thus

smax

~ G, as monoids

smax

*1
Gy

and

G~ Limaz jmaz o Rjmaz;mas as bimodules.
4. The bimodule L has the property
Li=L-fi=¢-L~G"~G}y
i.e. L is ¢-unigen.
and the bimodule R has the property
Ri=fi-R=R-e;~G5 ~Gy
i.e. R is i-unigen. Where 7 = ™% = M,
5. Forallz € L, e;-x =x - f;.

6. The isomorphisms in 4 are inverses.

7. The multiplications of the elements of L by the elements of R are determined once

we fix x and y.

Theorem 6.36. Let Gy, Gy be two groups, ki, ks, L, R be (G*', G5*)-bimodules, and i;
1 < ki, 1 < ko such that

70



CHAPTER 6. GROUPLIKE CATEGORIES

and such that there is x; € L; such that x; determines an isomorphism
g = g
and an isomorphism
Gy — L
h o~ xh
Similarly for y; € R;, determines an isomorphism G4 ~ R; ~ G
The isomorphisms G%' ~ L; ~ G%' and G4 ~ R; ~ G are assumed to be inverses for

P(i).

Then we get a category C with algebraic matrix

G L
R Gik

such that i = ™% = j™% g, -y, = e; and y; - x; = f; (L and R are i-unigen).
For i > 1, then the choice of x; is unique and hence the category is unique.
For 1 = 0, then the choice of x( is not unique but the category is unique once xo and yo

are fized.

Proof. The multiplications Gi* x L — L and L x G3* — L are given by the bimodule
structure of L. Similarly for R.
Let 2’ € L, i/ € R,
7'y = (e ) (ye;) € GY
eL; €R;

Similarly for y/'2’. We can check that the multiplication is associative.

v G L
R Gk

and we take 1"'88%" = max{i | P(i) holds}, then for the cases i > 1

If we fix the matrix

Catimersy (M) = {1 < i < "8t

For ¢ = 0, the choices of zy and gy, are not unique, see Remark 6.38. O]

Remark 6.37. The condition P(i) is what we call i-unigen in Definition 6.1 (Thanks to

Carlos Simpson for suggesting the terminology i-unigen).
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Remark 6.38. When ¢ = 0, once we fix xg, there are maybe several choices for yq that
lead to inverse isomorphisms. The set of choices of yq is given by the center of the group.
The cardinal of the set of pairs (C, 8) in Cat(M (G, G5, L, R)) with i = 0 is equal
to the cardinal of the center of the group.
Proof of Lemma 6.2. Let L be an i-unigen bimodule. Let x € L; such that G} -z = L;,
where G4 - 1 ~ G3*. Then z - G5t = L;:
Suppose x-g =x-¢', g # ¢ in G3'. Then since Gi*-x = L;, we get y- g =y - ¢ for all
y € L;, then g = ¢’. Then

{2} x G¥ — L,

but they have the same cardinal, then
We define an isomorphism
¢:GF— Gy

as follows
IfgeGiandg-x € L;then g-x =x-h; h € G5 Set

¢(g) :=hand g-z =x-¢(g).

Then

(99") -z =

By uniqueness of h, we have ¢(gg') = ¢(g9)¢(¢'), and Lemma 6.2 is proved.
O

Proof of Theorem 6.4. Using Theorem 6.36 we prove Theorem 6.4, as we have the same
construction of a category. In Theorem 6.36 we start by choosing ¢™**
the algebraic matrix (M),

For the multiplication table of C®| the multiplication of G**' on L and R is given by the

= 7™ to get to
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bimodule structure. It remains to find the maps
Lx R— G* and R x L — G**2,
Let x € L and y € R,
xy:ezxyez

where e; - x and y - e; are in L; and R; and these compositions are given by CW. And as

in the conclusion part (7), we get the uniqueness of the category.
m

Proof of Theorem 6.5. From Theorem 6.33 and Proposition 6.35 we can prove Theorem

6.5. As in Corollary 6.34 we prove that ¢ and j should be the same, then the algebraic

M = ,
where L; and R; are isomorphic to G** (conclusion part (3)). Then M is the matrix

(M),

We conclude that if we have a grouplike category then the two bimodules L and R are

matrix obtained is

t-unigen and the resulting isomorphisms between these two bimodules are inverses. If
we then identify the groups via these isomorphisms, we can say that L and R become
strictly ¢-unigen. Then we get the structure described in Theorem 6.4 and Theorem 6.5

is proved.
m

Notation 6.39. Let

v (AL
0 B

be a matrix of bimodule L, and let CV be a category associated to N.

o (A
R B

be a matrix of bimodule R, and let C? be a category associated to N®.
We denote by N = NU U N® the matrix of the form

(v 3
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of monoids and bimodules L and R in CV) and C®'. We denote by C a category associated
to N.

The condition that the isomorphisms should be inverses in Theorem 6.36 is very important

to obtain the grouplike category, see example below.

Example 6.40. Consider the matrix
0 Zs

Z3 = {172a3} L= {475a6} ZJ = {77879}

where

such that

Zs - L=1L Ts—

S Ot >
= O Ot
Tt = O

then N is matrix of the bimodule L. Let C!) be a bimodule category associated to N

with the above table of multiplication.

Ne _ (L 0
R Zs

Consider the matrix

where
Zs=41,2,3} R=1{4,5,6} Z3=1{7,8,9}
such that
4 5 6
Zs-R=15 6 4
6 4 5
and
4 6 5
R-Zs=15 4 6
6 5 4

Similarly, N® is a matrix of the bimodule R. Notice that we changed the multiplication
table of R-Z3 by the involution of the group Zs. Let C® be a bimodule category associated
to N® with the above table of multiplication.
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But the matrix

7
N (P L
R Zs

with the above bimodules CV and C® doesn’t admit a grouplike category. This was

shown by calculating using MACE4. It also follows from Conclusion part (6) since the

isomorphisms given by L and R are not inverses.

We can conclude now the general structure of grouplike categories with only 2 objects

X1, Xo.
X, — X5

X, — Xy

Xy — Xy

Xo — X9

i/ G*kl

L

G*Z‘maa:

G*Z‘"L(Lw
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CHAPTER 7

Rectangular bands

In this chapter, we discuss rectangular bands in finite categories. The existence of rectan-
gular bands as objects imposes some restrictions on the sets of morphisms of the category,
providing that these sets are not empty. We also discuss a particular case, where we have

a left and a right rectangular bands as objects.

7.1 Definition of rectangular bands

We recall some definitions from Chapter 3.
Definition 3.3. A band is a semigroup in which every element is idempotent. In other

words

2 =xVuz.

Definition 3.5. A rectangular band is a band S that satisfies:
1. zyx = x for all z,y € S, or equivalently,
2. zyz =xz for all x,y,z € S.
Definition 7.1. A [eft zero band is a band satisfying the equation:
Ty = T.
A right zero band is a band satisfying the equation:
Ty =y.

There is a complete classification of rectangular bands. Given arbitrary sets I and J, one

can define a semigroup operation by setting:
The resulting semigroup is a rectangular band because:
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1. For any pair (i, j) we have (i,7) - (,7) = (4,]).

2. For any two pairs (i, jz), (4, j,) we have
(ia, Jo) - (iy, Jy) -+ (o, Ju) = (i Ja)-

In fact, any rectangular band is isomorphic to one of the above form. Left zero and right
zero bands are rectangular bands, and in fact every rectangular band is isomorphic to
a direct product of a left zero band and a right zero band. All rectangular bands of
prime order are zero bands, either left or right. A rectangular band is said to be purely
rectangular if it is not a left or right zero band [13].

In categorical language, one can say that the category of nonempty rectangular bands is
equivalent to Set.p x Set.p, where Sety is the category with nonempty sets as objects
and functions as morphisms. This implies that not only that every nonempty rectangular
band is isomorphic to one coming from a pair of sets, but also these sets are uniquely
determined up to a canonical isomorphism, and all homomorphisms between bands come
from pairs of functions between sets [11]. Note that if the set I is empty in the above
result, the rectangular band I x J is independent of J, and vice versa. This is why the
above result only gives an equivalence between nonempty rectangular bands and pairs of

nonempty sets.

7.2 Rectangular bands in categories

Notation 7.2. let [ x J be the semigroup in one corner and A x B in the other, with
sets X and Y of maps. The elements of I x J are denoted e;; and the elements of A x B

are denoted f,,. The directions go so that we can define compositions
€T, T fap

fab% Ye€ij-

Fix elements denoted 0 in the sets I,J, A, B. We first define some canonical elements
denoted z;, € X and y,; € Y. Choose elements £ € X and y € Y and set

Tip = €0 fop

and
Yaj = Ja0U€0j-
Lemma 7.3. Let C be a category associated to the matrix
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I x J#t X
Y Ax B |’

Then for any x € X ory €Y and any i,j,a,b, we have
eijxfab = Tip

and
faby€ij = Yaj-
Furthermore,

€ij Tk = Lib, Tip fac = Tic
fabycj = Yajs; YajCki = Yal

TivYaj = €Cijs  YajTib = Jab-
Proof. Let x € X,

eiiTfar = e€io(eoi fao) fob
= el fop

= Tip-

Same for y,;.

€ijTky = €ijerol fob
= eiO‘%f 0b
Same for the others.

Proposition 7.4. z; and y,; are independent of the choice of xo and yo.

Proof. We have €ij (x'fab'y)'eij'xo'fab = €ij * €kl * €45 “To -+ fap = eij'$0'fab-

And e -x- fao- (y-€ij-x0) - fab=€ij T~ fao- fri - fao = €ij - - fap-

Lemma 7.5. Let C be a reduced category associated to the matriz

M, X
Y M, |
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If there exists v € X and y € Y such that y - x = 1y, then |Ms| < |My| and M is a
sub-monoid of My disjoint from {1y, }.

Proof. Let

6 My — M,
b — x-f-y
We have
o(ff)=z-ffry=a-f- 1l -fry=(@-f-y) (- fy)=o(f)o(f).
¢ is injective, indeed, suppose that ¢(f) = 1y, then
r-fry = 1l
sxz-f-y-x = =
>z f = x
=y f =y
:>f = 1M2.
]

Remark 7.6. Lemma 7.5 is the same as Lemma 3.6 but seen in the algebraic matrix

point of view. We note that if |M;| = |Ms| then x -y = 1), and C is not reduced.

Proposition 7.7. Let C be a finite category associated to the matrix

I x J*t X
Y A x B*!

then x -y # 1y and y-x # 1aupa forallx € L and y € R.

Proof. Suppose that there exists y € Y and x € X such that y - x = 1445« then by

Lemma 7.5 there exists an injection

¢ AxBt — IxJ

fab = ek

We have that
1- fab = fab and fab 1= fab

then
¢(1 ’ fab) = ¢(fab) and ¢(fab ’ 1) = ¢(fab)
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then
o(1) - ¢(fab) = &(fap) and &(fap) - (1) = ¢ (fab)
€ij " €kl = €kl and ey - €ij = €kl
therefore
ei = ey and ey = ey
thus
1=kand j =1L
Hence
€ij = €kl
this is a contradiction. O

Theorem 7.8. Let C be a finite category associated to the matriz

I x J X
Y A x B*

where I x J and A x B are rectangular bands of size mn and pq respectively such that X

and Y are two non empty sets of morphisms. Then | X| > mq and |Y| > np.
Proof. We have e;; - eyjr = €;5 and fop - foy = fay. And forany z € X,y €Y
ez‘j'ﬂﬁ'fabzxib and fab'y'eij:yaj-

Suppose that there exists (¢, b) # (¢',0') such that z, = zyy, le. e -2 fop = €rjr -2 farw,

then we have two cases:

1. If i #4"
ey (@ fuy) = oy (@ fur - y)
eij €l = ei/]'/ ceRy
eq = eyp contradiction.
2. Ifb#£ 0"

(y-eij-x) fao = (Y-ewy-x)- fay
o fao = fov - faw

fww = fwyp contradiction.
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Then e;; - x - fop # €ijo - T - fory. And similarly, we can prove that y,; = fap -y - € #
fav -y - €rjy = yqay. Hence | X| > mgq and |Y| > np.

[]

Remark 7.9. The multiplication of elements z;;, by yu/; is equal to e;;. And the multi-

plication of elements y,;» by x; is equal to fu.

Remark 7.10. We use Theorem 7.8 in Chapter 9 to prove why some monoids that contain

rectangular bands are not connected in the case of matrix

(33)

Definition 7.11. Let C be a category associated to the matrix

M, X
Y M, |
Let z,2’ € X, we say that an element 2’ duplicates x if e- 2’ = e - x for all e € M; and

- f=ua- fforall fe M.

Proposition 7.12. Let C be a category of the form

I x J X
Y A x B!

where I X J 1s a left rectangular band of size m x 1 and A x B is a right rectangular band

of size 1 X q. Then we obtain a sub-category C of the form

IxJ' IxB
1 A x B*!
such that for all x € X \ I x B there exists a unique element ' € I X B such that x

duplicates x'.

Proof. Denote by X; p C X the subset of x;, and Y4 ; C Y the subset of y,;.
Let X*=X—-X;pand Y=Y — Y, ;.
Suppose x € X*. We claim that there is a unique element ¢ = ¢(x,a) € I, depending on
x and a € A, such that

T Yaj = €4 ;-
Indeed we note that changing j corresponds to multiplying on the right by some e;; and
this doesn’t affect the first coordinate in I x J, and one can see that the second coordinate

of the answer must be j the same as the second coordinate of the y,;.
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Similarly, there is a unique element ¢ = 1 (z, j) € B such that

Yaj " T = fay-

We obtain functions ¢(z) : A — I and ¢(x) : J — B.

Furthermore, we claim that

xZ- fab = $¢>(m,a),b

and
Cij = T = Tig(x,)-
Indeed,
Toa)p = Co(z.a) 0T fob
= TYao fob
= T fab

Similarly for e;; - ¥ = x; y (s j)-

This gives a “duplication profile” (¢,1)) for the element = € X*.

Now because we have I x J and A x B are left and right bands, and J, A are single-element
sets, all functions in question will be constant.

This means that the functions become

T Y11 = €41 yn'ffzfmp

and
T fip = Tp(z,1),b = Teb €i1 T = Tiap(x,1) — Tic-

And (¢,1) is unique. ]

Remark 7.13. In the case where I x J and A x B are not left and right rectangular
bands, the functions ¢(x) and ¢ (x) are not necessarily constant. Then in this case, we

don’t really know what’s happening.

Remark 7.14. Proposition 7.12 means that if we want to count the categories associated

Ix J X
Y A x B!

where I x J is a left rectangular band of size m x 1 and A x B is a right rectangular band

to matrix

of size 1 x ¢. It is sufficient to count the sub-categories of the form
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IxJ' IxB
1 Ax Bt )
Proposition 7.15. The multiplication blocks of the setY are independent of the elements
of Y.

Proof. We need to check the multiplication of Y by the bands and by X.
Lo fap-y ez fio-fru-y ewv=fa -y ewr=fuy- e

2. Yaj - Tib = fav - Y- €irj - €ijr - far = fap - fri - farr = fap (independent of fy,).
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CHAPTER &

Simple semigroups in finite categories

The results in this chapter are published in [20].

8.1 Rees matrix semigroups

The following is a preliminaries about Rees matrix semigroups, the results presented in

this section are discussed in J.-E. Pin’s book [25].

8.1.1 Green’s relations

Let S be a semigroup. We define on S four preorder relations <r, <., <7 and <y as

follows

s <gpt ifand only if s = tu for some u € S!
s <yt ifand onlyif s = wut for some u € S*
s <st if and only if s = utv for some u,v € S*

s <y t if and only if s<ptand s<,t

These relations can be considered as a non-commutative generalization of the notion of
multiple over the integers. For instance s <y tif s is a right multiple of ¢, in the sense that
one can pass from t to s by right multiplication by some element of S*. These definitions

can be reformulated in terms of ideals as follows

s<pt <+—= sSt C ¢St

s<pt <= Sts C St

s<st < S'sStC Shst

s<yt <— s<ptands<,t
Thus s <7 t[s <g t,s < t] if the ideal [right ideal, left ideal| generated by s is contained
in the ideal |right ideal, left ideal| generated by ¢. The following diagram summarizes the
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connections between these four preorders.

SS'Rt
SSHt SSJt

/N

Sggt

The equivalences associated with these four preorder relations are denoted by R, L, J

and H, respectively. Therefore

sRt <=  sSt=1t5!
st <=  Sls=S4%
sJt <— SlsSt =515t
sHt <= sRtand sLt

We now introduce the fifth Green’s relation D, which is the preorder generated by R and
L.

Proposition 8.1. The relation D is equal to Lo R and Ro L.

One can therefore give the following definition of D:

s Dt <= thereexists u € S such that s R uand u L ¢
<= there exists v € S such that s £ v and v R ¢.

The equivalence classes of D are called the D-classes of D, and the D-class of an element
s is denoted by D(s).

8.1.2 Rees matrix semigroups

The Location Theorem indicates that the product of two elements s and t of the same
D-class D either falls out of D or belongs to the intersection of the R-class of s and of
the L-class of t. In the latter case, the location of st in the egg-box picture is precisely
known and the intersection of the R-class of ¢ and of the L-class of s is a group. This
suggests that the structure of a regular D-class depends primarily on the coordinates of its
elements in the egg-box picture and on its maximal groups. This motivates the following
definition.

Let I and J be two nonempty sets, G be a group and P = (p;;)jesicr be a J x I-matrix
with entries in G. The Rees matrix semigroup with G as structure group, P as sandwich
matrix and [ and J as indexing sets, is the semigroup M (G, I, J, P) defined on the set
I x G x J by the operation
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(ia 9, ])(Zla gla ]/) = (Z7 gpj,i’g,7 ]/)
More generally, if P = (p;:)jeics is a J x I-matrix with entries in G°, we let M°(G, I, J, P)

denote the semigroup, called a Rees matriz semigroup with zero, defined on the set (I x
G x J)|J{0} by the operation

(i, 9p509',5") i pjv #0

otherwise

(i,9,5)(0, 9", 5") =

Proposition 8.2. A Rees matriz semigroup with zero is reqular if and only if every row
and every column of its sandwich matrix has a nonzero entry.

Theorem 8.3. (Rees-Sushkevich theorem)

1. A finite semigroup is simple if and only if it is isomorphic to some Rees matriz

SEMIGTroup.

2. A finite semigroup is 0-simple if and only if it is isomorphic to some reqular Rees

malriz semigroup with zero.

Corollary 8.4. Let S be a non empty finite aperiodic semigroup. The following conditions

are equivalent:
1. S is simple,
2. S is idempotent and for all e, f,s € S,esf = ef,

3. S s isomorphic to a rectangular band.

* |k | k| ok | k| %

X |k | k| k| ok |k

* | x| k| ok | k| %

X |k | k| k| ok |k

Figure 8.1: An aperiodic simple semigroup: the rectangular band B(4, 6).

Furthermore, if I[J] is a singleton and then M ([, J, G, P) is a right [left] zero semigroup.

Conversely, any right [left] zero semigroup is isomorphic to such a Rees matrix semigroup.

*

* k| k| x| %

*

Figure 8.2: A left zero and a right zero semigroup.
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8.2 Goals of this chapter

Definition 8.5. A semigroup S is simple if its only ideals are () and S. The Rees-
Sushkevich structure theorem says that a simple semigroup is isomorphic to a Rees matrix
semigroup. In the following, we proceed without using this result, but some of the lemmas

and constructions can also be viewed using this structure.

Remark 8.6. In our work we exclude the case where the ideals are empty. This means

that whenever we say an ideal, then it’s not empty, unless needed.
There are two directions:

Theorem 8.7 (Monoids to categories, Theorem 8.29). Let A be a finite monoid, and
not a group, and let S be its minimal ideal. Then S is a simple semigroup, and we can

construct a category C with two objects associated to

S*l L o
( . G) ST =TU{1} (8.1)

where L and R are left and right minimal ideals of S respectively and G = LN R s a

group. And
L] - |R]
G|

Then there is an inclusion C C C where C is a category associated to the matriz

A L
(45) o

Remark 8.8. If A is a group, then S = A and in this case the identity of S is the identity
of A, and we obtain a groupoid [19]. In particular, we get A ~ G and |L| = |R| = |G]|.

|51 =

Therefore, for this reason, we generally suppose in the following that A is not a group.

Theorem 8.9 (Categories to monoids). Let C be a category associated to

AU
(41) (8.3)

where G is a group and U,V not empty. Then UV = S is the minimal ideal of A and the
construction of the category associated to (8.3) is isomorphic to the construction of the

category associated to (8.2). And if A is not a group then we get

Al > — + 1.
|Al > Il +
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8.3 Categories with groups endomorphism monoids

In this section, we talk about categories with two objects where one of the endomorphism
monoids is a group. The existence of a group on one of the diagonals of the matrix of a
category imposes some properties over the sets of morphisms. These properties eventually

characterize the nature of the other monoid.

Lemma 8.10. Let C be a category associated to the algebraic matrix
A L
R G

such that L and R are not empty and G is a group. Then G acts freely on L and R.
Therefore |L| and |R| are multiples of |G|.

Proof. Let g1,g92 € G and x € L such that
T g1 =792

then
Yy r-g1=y-x-g2; y€<R.
We have that

y-r=z€G
then
21z gl—z_1 Z- Q2
then g; = go.
Same for any y € R. n

Corollary 8.11. Let C be a category associated to the algebraic matrix

A L
R G
such that L and R are not empty and G is a group. Then G acts freely on L x R.

Proof. Let g1, 92 € G and let (z,y) € L x R such that

g (r,y) = g2-(,y)
(x-91,01-y) = (92,92 Y)
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then
r-gr=x-geand g1 -y =go-y
and by the free action of G on L and R we get
g1 = g2-
0

Remark 8.12. The condition that L and R are not empty is important to obtain the
results. Therefore, in the following we always assume that the bimodules L and R are

not empty.

We recall the following from Chapter 5.
Let B be a monoid, and let L be a right B-module and let R be a left B-module. Then
there exists a set

LpR:=LXxR/~p.

~p is the smallest equivalence relation such that
(xb,y) ~p (z,by) Ve € L,b € B,y € R.
Then there’s a map
LXR—L®gR:=LxR/~p—LR; (z,y) »rcQy+—x- Y.

Lemma 8.13. Lelt A, B, A’ be monoids.

1. If L is an (A, B)-bimodule then L ®@p R is a left A-module.

2. If R is a (B, A’)-bimodule then L ®p R is a right A’-module.

3. If L, R are (A, B) and (B, A) bimodules, then L & R is an (A, A)-bimodule.

Lemma 8.14. If B = G s a group, then G acts on L X R and

1

(z,y) ~ (2',y) < 3 g€ G such that ¥’ = xg~" and y = gy.

In this case
g-(2,y) = (xg ", gy) and L®g R=L x R/G.

Remark 8.15. If B = (G is a group, we can transform a left action to a right action and

vice-versa by multiplying with inverses.
Proposition 8.16. Let C be a finite category associated to the matriz
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(7 a)

Consider the quotient L x R/G with the equivalence relation

(z,y) ~ (x',y') <= J g€ G such that ' = :Ugfl and y' = gy.
Then the function
f:LxR/G— LR ; f(x,y) =xy

is bijective. In this case |LR| = |L x R/G| = %.

Proof. 1. f is injective: Let (z,y),(2’,y) € L x R/G such that f(z,y) = f(a',y)
then xy = x'y’. There exist ¢ € L and d € R such that yc = 15 and dx = 15. This

gives us
x=ux-(yc) =2'(y'c)
and
y = (dz) -y = (da)y
where y/c and dx’ are in G and they are inverses, indeed
(dz')(y'c) = d(2"y)c = d(xy)c = (dx)(yc) = Le-
Then (z,y) ~ (2',y/).
2. f is surjective: Evident.

3. Since G acts freely on L and on R (Lemma 8.10) then it also acts freely on L x R

(Corollary 8.11). Then |L x R/G| = HLE.

O
Conclusion 8.17. Let C be a category associated to the matrix
A L
(7 c)

where G is a group. Then

1. G acts freely on L and R.

2. |L| and |R| are multiples of |G]|.

3. If A is not a group then |A| > ZUE 4 1,

G|
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8.4 From simple semigroups to categories

We aim in this section to construct a finite category with two objects where one of the
endomorphism monoids is a group. We start with a simple semigroup S, to which we add
an identity element, then we take the minimal left and right ideals of S, denote them by
L and R respectively. The intersection of L and R is a group, which will be the second

endomorphism monoid of the category.

Definition 8.18. Given a monoid (or semigroup) S, a left ideal in S is a subset A of S
such that SA is contained in A. Similarly, a right ideal is a subset A such that AS is
contained in A. Finally, a two-sided ideal, or simply ideal, in S is a subset A that is both
a left and a right ideal.

Proposition 8.19. Let S be a simple semigroup, L be a minimal left ideal and R be a
manimal right ideal of S. Then LR = S.

Proof. We have L C S and R C S then LR C S. In addition, LR is a two sided ideal of
S. Indeed, let x € S and ab € LR such that a € L and b € R, then
z(ab) = (xa)b € LR

~—~—
eL

and

(ab)x = a (bx) € LR.
~—
€R

Hence LR C S is a two sided ideal, but S is simple, then LR = S. n

Theorem 8.20. Let S be a simple semigroup, L be a minimal left ideal and R be a
minimal right ideal of S. Then:

1. G=LNRis a group.
2. RL=LNR.

Proof. For part (1), it is sufficient to prove that G is right and left cancellative.

Let z € LN R and zR be the right ideal contained in R, zR = {zry,...,zr,}, let r;,7;
such that zr; = zr;, if r; # r; then zR C R. This is a contradiction with the minimality
of R.

Let Lz be the left ideal contained in L, Lz = {l1z, ..., [z}, let [;,l; such that [,z = [;z, if
l; #1; then Lz C L. This is a contradiction with the minimality of L.

Hence, G is right and left cancellative. Proving now the existing of an identity element.
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Since G is right cancellative, then the map x +— x - 2z is injective, as G is finite then it is
also surjective. Then for all w, there exists e; ez = w. Take w = z.

Also, G is left cancellative, then the map x — z - z is bijective, and for all y there exists
e’ such that ze¢ = y. Take y = z.

Then:

ey =e(zx) = (e2)xr = zx = y.

-we' = (ez)e = ez = w.

Hence the existence of an identity element.

For part (2), we always have RL C LN R.
Let e LN R =G, x=e-x € RL where ¢ is the identity of G. n

Theorem 8.21. Let S be a simple semigroup. Let L and R be minimal left and right

tdeals of S respectively. Then we can construct a category C associated to the matriz

S L
- S =5u{1
) 0

such that G = RL is a group and LR = S where
e |L| and |R| are multiples of |G)|.

e |S|=|LR| = —'Lyfl.

Proof. We want to construct a category with two objects starting with a semigroup. The
construction we use is called Karoubi envelope or idempotent completion. It was first
introduced in 1963 by M. Artin, A. Grothendieck and J.L. Verdier [0], then the definition
also appears in [1 1] and [5]. The idea is that if C is a category, then its idempotent envelope
C'™ (also denoted C) is the category whose objects are pairs (X, p) where X € Ob(C)
and p: X — X is an idempotent. The set of morphisms from X to X' is

C™ (X, p), (X',1)) = p- C(X, X") - p € C(X, X').

Then in the case of a monoid A, we view it as a category with one object {*} and A is the
set of endomorphisms of {*}, we denote the category by ({*}, A). The Karoubi envelope
will be the category

Idem(A) = ({x}, A)idem

where the objects of Idem(A) are the idempotents of A.

If we apply this construction to our work here, we get the following: if S is a simple
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semigroup, L minimal left ideal of S, R minimal right ideal of S' and G the group obtained
by L N R. Then we take the two idempotents e; = 1g«1 and e = 15, and we want to

construct a category Ideme, ,(S*!), the sets of morphisms are the following

5*1261-5*1-61 L:el-S*l-eg

R:eg~S*1~el G:€2'5*1'€2.

Note that L and R here are the same of Theorem 8.20, and they are left and right minimal
ideals of S respectively.
Then Idem,, .,(S*!) is a full subcategory of Idem(S*') = S*! the Karoubi envelope of S*!.

The multiplication of morphisms is defined by the multiplication of elements of S. O

Conclusion 8.22. In this section, we started with a simple semigroup S and we proved
that we can construct a category with two objects such that one of the objects is S and

the other one is a group.

8.5 From finite monoids to categories

In this section, we study how we can construct a category with two objects such that one

of the objects is a group by starting with a finite monoid instead of a simple semigroup.

Proposition 8.23. Let A be a finite monoid, then A has a unique non-empty minimal
1deal denoted by Sy.

Proof. Let S = {S; C A| S;ideal of A} = {51, Sa, ..., Sk} be the set of all ideals of M, set

So= () Si=51NS2N...NSk. Spis not empty because it contains at least Sy-Ss-...- Sk
S;€S
and it is minimal because it doesn’t contain any other ideal. Sy is unique. Indeed, suppose

that S’ is another minimal ideal, then Sqy C S’ because Sy is the intersection of all ideals,
but S’ is minimal then S, = 5’. O

Remark 8.24. Let A be a finite monoid and Sy be the minimal ideal of A, then Sy is a

sub-semigroup of A.

Lemma 8.25. Let A be a finite monoid. If M C A is a left ideal, then M is a sub-momnoid
of A and if L C M is a minimal left ideal of M then L is a minimal left ideal of A.

Proof. We have M - L C L and M - L C M is a left ideal of M contained in L, by the
minimal of L in M we have M - L = L, i.e. for all [ € L there exists m € M,l’ € L such
that [ = ml’.
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Now let a € A and [ € L then

a-l = a-(ml)
= (am)-l
€ M - L (because M is left ideal of A)
€ L (because L is left ideal of M).

Therefore, L is a left ideal of A.

M is minimal in A. Indeed, suppose that L’ is a left ideal of A such that L' C L, then

M-I'CL'CL

is a left ideal of M, but L is minimal in M, then M - L' = L. Therefore, L' = L. m

Lemma 8.26. Let A be a finite monoid. If M C A is a right ideal, then M is a sub-
monoid of A and if R C M 1is a minimal right ideal of M then R is a minimal right ideal
of A.

Proof. Similar to the proof of Lemma 8.25. m

Lemma 8.27. Let A be a finite monoid and let Sy be its minimal ideal. Then L (resp. R)
is a minimal left (resp. minimal right) ideal of A if and only if L (resp. R) is a minimal
left (resp. minimal right) ideal of Sy.

Proof. We have Sy - L C Sy and Sy - L C L is a left ideal of A, by the minimality of L in
A we obtain that Sg- L = L. Then L C Sy. Also, L is a minimal ideal of Sy. Indeed, if
L' C L is a left ideal of Sy then Sy- L' C L' C L, but Sy - L' is a left ideal of A and L is
minimal of A then Sy- L' = L hence L' = L and L is a minimal left ideal of Sj.

For the other direction, use Lemma 8.25 and Lemma 8.26. O

Lemma 8.28. Let A be a finite monoid and Sy the minimal ideal of A, then Sy is a

simple semigroup. In particular, Sy has the structure of a Rees matriz semigroup.

Proof. If J C Sy is an ideal of Sy then Sy -J Sy C J C Sy and Sy - J - .Sy is an ideal of
A, then by the minimality of Sy in A, we obtain Sy - J - Sy = S hence J = Sy and ) is
simple. O
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Theorem 8.29. Let A be a finite monoid that’s not a group, and let Sy be its minimal

ideal. Then by Section 8.4, we obtain a category C associated to the matriz

Si L
R G

where L and R are minimal left and right ideals of Sy respectively, and G is a group.

Then there exists a category C associated to the matrix
A L
R G

Proof. We use the same construction of Theorem 8.21. Then if we apply this construction

such that C C C.

to our work here, we get the following: if A is a monoid, L minimal left ideal of S, R
minimal right ideal of A and G the group obtained by L N R. Then we take the two
idempotents e; = 14 and ey = 1, and we want to construct a category Ideme, .,(A), the

sets of morphisms are the following

A:€1'A'61 L:€1'A'62
R:€2'A'€1 GZGQ'A'BQ.

L is a left minimal ideal of A and R is a minimal right ideal of A.
Then Idem,, .,(A) is a full subcategory of Idem(A) = A the Karoubi envelope of A. The
multiplication of morphisms is defined by the multiplication of elements of A.

Now since A is not a group, then 14 ¢ Sy (Remark 8.8), hence
Set— A

is injective.

L and R are minimal left and right ideals of Sy respectively. By Lemma 8.27, L and R are
also minimal left and right ideals of A respectively, i.e. forallxz € L,y € Rand a € A, we
have a -z € L and y-a € R. By Section 8.4 we have LR = Sy. Therefore LR = Sy C A.
In addition, for all x € L and y € R, x -y # 14, because G is a group and in this case we
get isomorphic objects, which gives us that A is a group and this is a contradiction with
the hypothesis. O

Conclusion 8.30. For any finite monoid A, we can construct a category with two objects

such that one of the objects is a group. This result means that every finite monoid A is
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connected to a group, which is the intersection of a minimal left and a minimal right ideal

of A. Therefore, Theorem 8.7 is proved.

8.6 From categories to simple semigroups

In this section, we give a proof of the direction that starting with a category C with two
objects such that one of the objects is a group, then we can obtain a simple semigroup

with cardinality as shown in the previous sections.

Theorem 8.31. Let C be a finite category associated to the matrix

(7 ¢)

where G is a group and A is not a group, then S = UV C A is a simple ideal such that

15 = v

Tel and there exists a sub-category C of C associated to the matriz

S*U
(1) »

where S* = SU{1} and S is a simple semigroup.

Proof. C'is a sub-category of C:
e Ob(C") = 0b(C).
e Morphisms = {S*} U, V, G}.

Suppose S’ C S is a two sided ideal, S C S'?
Let z € Uy € V and a € S’. We have y-a - x € G, then there exists g € G such that

g.(y.a.x) = lg
then
ry = v-1lg-y
= x~(g~y-a-x)~y

= (z-g-y)-a  (zy e
%/—/\’7/\/—/
€s €s €s

Definition 8.32. Let C be a finite category associated to the matrix
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(v ¢)

where G is a group. Let z € U and y € V, define L, and R, in the following way

L,=U-yCA

and
R, =z-V CA.

Lemma 8.33. L, is a minimal left ideal of A and R, is a minimal right ideal of A.

Proof. Tt is clear that L, is a left ideal of A. Proving it’s minimal. Suppose L' C L, a left
ideal of A. Let u € U,a € L', we have y - a - u € G then there exists g € G such that

9-(y-a-u)=lg

then
€Ly €L €L,
Hence L, is minimal. Similarly for R,. O]

Remark 8.34. For all g € G, if we replace y by gy we obtain
Ly=U-g-y=U-y=1L, (because U-g=U).
Proposition 8.35. Let C be a category associated to the matriz
AU
)
Let L(A) = {L C A | L isaminimal left ideal of A} and R(A) = {R C A |

R is a minimal right ideal of A}.
Define the sets

{y}/ngy = c\V and {x}/zwxg =U/,.

Then
\V'=L(A) and U/G =R(A).
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This means that for every minimal left ideal L of A, there exists y € V such that L = L,,.
Similarly, for every minimal right ideal R of A, there exists x € U such that R = R,.

Lemma 8.36. Let C be a finite category associated to the matrix
AU
V G
where G s a group and S = UV a simple ideal of A. For x € U and y € V such that

y-x = 1g, we have

LyR,=U-y-z-V=UV=0_

Proposition 8.37. Let A be a finite monoid that is not a group, let L be a minimal left
ideal and R be a minimal right ideal of A, let x,y € A, then

(xR) N (Ly) = zRLy.
Proof. Theorem 8.20. O]
Notation 8.38. (zR) N (Ly) = xRLy = Gy.
Theorem 8.39. Let C be a finite category associated to the matriz
AU
(v ¢)

where G is a group. Let x € Uy € V such that y-x = 1, then by the construction

described in Theorem 8.29 there exists a category C associated to the matriz

A L,
Rx Gacy
such that LyR, = S the simple ideal of A where L, is a minimal left ideal of A and R, is

a minimal right ideal of A and Gy =x -G -y is a group. Then C ~ C.

Proof. Consider the maps
O :G—=Ggy; g— a9y

U — Ly ; uruy

and

V'V — Ry v av.
¢, and v’ provide the isomorphisms needed to prove the theorem. O]
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Proposition 8.40. The category obtained is unique.

Proof. Let A be a monoid, choose L, R such that G = RL. Choose another L', R’ such
that G’ = R'L".
Since we have G = RL then we can choose L,, R, C A such that

C(A,L,R,G) ~C(A, Ly, R, Gy).
Take L, = L' and R, = R, then
C(A,L',R,G)=C(A,L,, R;,Gy,).
Hence C(A,L,R,G) ~C(A, L', R',G"). ]

Conclusion 8.41. Finally in this section, we prove that if we have a category C associated

(7 ¢)

then under a choice of an element x € U and an element y € V', we obtain a left minimal

to the matrix

ideal L, and a right minimal ideal R, of A such that L,R, is a simple semigroup and

R.L, is a group. This data gives us a unique category C" associated to the matrix

A L,
R, Gy
such that C' ~ C and |L,R,| = %. If A is not a group, then we get

’ |.’ |
Al > ——+1.
4] = |G|

Therefore, Theorem 8.9 is proved.

8.7 Connectivity of monoids

We recall the followong definition and lemma introduced in Chapter 5.

Definition 5.21. We say that two monoids A and B are connected if there exists a
category with two objects such that its endomorphism monoids are A and B and all
morphism sets are nonempty.

Lemma 5.22. If A, B are connected, and B, C' are connected then A, C' are connected.

From the above sections, we can define the notion "a monoid has a group".
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Definition 8.42. We say that a monoid A has a group G if its minimal ideal is connected
to G.

Remark 8.43. Let A be a finite monoid, by the discussion in the previous sections, there
is always a group connected to A through the minimal ideal S of A. The group is of the
form z - G -y where x,y € S and G = RL where L and R are minimal left and right
ideals of S (eventually A) respectively. In addition, S is a simple semigroup, then by
Rees-Sushkevich theorem, it is a Rees matrix semigroup, and the group G is the group

that is involved in the definition of the Rees matrix semigroup.
Theorem 8.44. Two monoids are connected if and only if they have the same group.

Proof. For the first direction, let A be a monoid that has a group G, then the minimal
ideal Sy of A is a Rees matrix semigroup and connected to G.

Similarly, Let B be a monoid that has a group H, then the minimal ideal T of B is a
Rees matrix semigroup and connected to H.

If A is connected to B, then by transitivity (Lemma 5.22), G and H are connected, then
G and H are isomorphic (Remark 8.8).

For the second direction, let A and B be two monoids that have the same group G, then
A is connected to G and B is connected to G, by transitivity (Lemma 5.22), A and B are

connected. n
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CHAPTER 9

Matrices of order 2 and coefficients 3

9.1 Using MACE4 for counting

In this chapter, we explain how we use MACE4 in our work in order to obtain the count
of categories with two objects and 3 morphisms between each two objects.

We have seen in Chapter 4 that we can represent categories as semigroups with a zero
element, where the zero element stands for the compositions that are not defined. We
use the PYTHON code described in Appendix 1 to generate semigroups equations that we
feed to MACE4. The input of the PYTHON code is a matrix that could be of any size and
have any coefficients. This method saves a lot of time because sometimes we could have
hundreds of equations that we need to write. Then MACE4 generates models of categories

with a given size, which is the number of morphisms in total including the zero element.

Example 9.1. Let C be a category with two objects X,Y associated to the matrix

(22)

We recall that the monoids of order 2 with element {1,2} are

or

(NI
N |~
— NN
N =
N |
D N DN

The first case is the group Z,, which we exclude because of the reduced property and
Lemma 7.5.
We associate numbers to the morphisms of the category, and 0 is for compositions that

are not defined. The graph of C is the following
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6 8

The table of multiplication of such a category will be as follows

1 213 415 6|7 8
111 213 4]0 00 0O
212 2|—-— —10 0]0 O
310 010 02 2|3 —
410 00 0]2 2|4 —
5/ — |18 &80 00 0
6|6 —|8 8[0 00 0
710 010 O|5 6|7 8
80 00 O|— —|8 8

We know for sure that the multiplications of {3,4} by {5,6} and vice versa are 2 and 8
respectively because they can’t be identities. MACE4 fills all the possibilities left in the

table and generates all the models of categories up to an isomorphism.

9.2 Matrix with coefficients 3 and size 2

Recall the 7 monoids of order 3, the elements are {1,2,3}:

comp C1 C2 C3 C4 C5 Cﬁ C7
22 = 2 2 2 2 3
32

2
2
3
3

w w w =

2 3 3 3 2
2 2 3 2 1
2 3 2 2 1

We combine monoids of 3 elements together in one category, two monoids C;, C; are called
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CHAPTER 9. MATRICES OF ORDER 2 AND COEFFICIENTS 3

connected if there exists a category where the monoids C; and C; are the endomorphism
monoids of the two objects. Viewing them as objects, each object is one of the monoid

of endomorphisms listed before, and this graph of a category is associated to the matrix:

)

The case of C; is eliminated as it is a group, and under the assumption of being reduced,
groups can’t show up as objects in such categories (Lemma 3.6). By computing using
MACE4 we obtain the following:

Gl lalalc] c
C 21 210 36
Col — |62l 4al4a]0]76
Cy| — | — 0] o0
CGl-|-|=1]2]0
Gl -|=-]=12
Gl—|-|-|=]-

The entry in the row ¢ and column j indicates the number of categories that can be
constructed when C; and C; are paired together as objects. The blank cases is to say that
the categories obtained from the pair (C;, C;) are isomorphic to the categories obtained
from the pair (C;,C;), as here we don’t care about the order of objects.

We remark that certain kinds of monoids can affect the classification, as we notice that
where we have zero elements, as in C;, Cy and Cg, we obtain a high number of categories.
Especially in the case of Cg where it is a semilattice (it can be seen also as a grouplike
monoid with the trivial group {2} union two identities 1 and 3), we notice that more
than half of the categories are obtained when C4 is an object. But whenever we have
rectangular bands such as C3 and Cy4, we obtain less categories.

The most interesting case is Cj, as when we eliminate (or simply ignore) the identity
element, it becomes a group, it is a grouplike with the group Z, union an identity {1}.
And we notice that it is only connected to itself. The properties of this structure obtained
in Chapter 6 will help us prove the number of categories between C5 and C; and the reason

why it doesn’t have a category with other monoids.
Theorem 9.2. Card(M3) = 362.

As we noticed from the table above, the algebraic nature of objects affect dramatically

the classification problem. This data was a big inspiration that allowed us to make lots of
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conjectures and obtain mathematical results. Almost everything that is presented in the
thesis is inspired by this table which lead us to prove things about groups inside categories

in particular.

9.3 Proof of some entries in the table

We fix the following labels for the tables:
multiplied by identities

Black: known

Red: choices

consequences.

9.3.1 The number of categories between C; and itself

Cs is a very specific case among these categories, as it is not connected to any other monoid
except itself. Since C; contains the group Z, it is logical to study the group action on
the sets of morphisms. Clearly that the whole monoid Cs acts on the sets of morphisms,
denote them by L and R, but Z, acts on the subsets Zsy - L, L -7y, R-Zs and Zs - R (there
is a two-sided multiplication because the group is the same on both sides). From Chapter
6 we conclude that the action of Z, is free and that the orbit of each element in L and R
has cardinal 2 = O(Z,). Also we proved that the orbit of each element is the same when
multiplying by Zs on the left or on the right, which leads to say that all the elements have
the same orbit of cardinal 2. What is left to talk about is the multiplication of the orbit
elements together, it is exactly the group Zs, i.e. (Zo- L) - (R - Zs) = Zs. Indeed,

e C : evident.

e D: LetgeZy

9=9-1z,- 1z, =g-2-y- 1z,

where x € L and y € R.

We are trying to construct a subcategory taking the group part in the monoids as new

objects. In this case, we fill in as many numbers as we can in the multiplication table of
C5 X C5.

Remark 9.3. In the following we use * instead of - for multiplication with the same

direction of composition as - (* is the symbol used in MACE4).
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Now let’s fix
Cs =1{1,2,3} L={4,56}
R={7,8,9} Cs ={10,11,12}.

Where 1 and 10 are the category identities. Let’s discuss first the multiplication block of
the elements of C; by L.

1]
2
3

We said that the orbit of each element in L has 2 elements and they are all the same
for all the elements. Let’s say Orbit(L) = {4,5} (choosing other elements is isomorphic),
and since these are the elements of the orbit, then 2 x4 = 4 and 2% 5 = 5 (because
2 = 1z,). We conclude that 34 =4 and 45 = 4 because otherwise if 3%z = 2%z, then
3x (xxy) = 2% (x*y) such that x x y = 1z, which gives us 3 = 2, contradiction! So far,

we have the following block:

4 5 4
)

o v |

Now since 6 ¢ Orbit(L) then 2% 6 # 6 and 26 € {4,5}. Here, we are obliged to make a

choice and we suppose that 2 x 6 = 4. The consequences of this choice are:

3%x6=295
6x7=2 6x8=3 6x9=2
6x11 =4 6x12=5
Tx6=11 8x6 =12 9% 6 =11.

Now we discuss the multiplication block of R and Cs:

1

-~ 00 |0
~N 00| W

7]
8
9

For the same reasons, we choose Orbit(R) = {7,8} and we suppose that 9 x 2 = 7, the

consequences are:
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94 =11

459 =2

11x9=7

9%x3 =38

9%5 =12 9%6 =11
12x9 =28

5%x9=23 69 =2

From the choices we made above, we get the following model of a category:

0/1 234 5 6|78 910 11 12
1 000 0 0
2 234 5 4]0 00 0 O
3 3 215 4 000 0 0
4 000 O 2 3 4 5
5 000 O 3 2 5 4
6 000 O

7 7 8|11 12 0 0 O
8 8§ 7112 11 0 0

9 7

10 0 0

11 0 0 7 8 11 12
12 0 8 12 11

Since the only choices we made are 2 x 4 and 9 % 2, then we can permute them in the

following ways:

2x4 =4
2x4 =14
2x4=5
2%x4 =5

and
and
and

and

It is clear that (C') is isomorphic to (B) and (D) is isomorphic to (A), and in this case we

only have 2 models of categories based on either the choice (A) or the choice (B). Which

proves the number of categories obtained by C; with itself is equal to 2.

Remark 9.4. The number of categories between C; and itself can also be found in another

method using bimodules. Let B be a category with two objects X and Y associated to

|

such that C(X, X) = Cs, C(Y,Y) =C5, C(X,Y) = L and C(Y, X) = 0.

the matrix

3 3
0 3
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And similarly let D be a category with two objects X and Y associated to the matrix

M, - ( 30 )
3 3
such that C(X, X) =C5, C(Y,Y) =G5, C(X,Y) =0 and C(Y, X) = R.

Then there exists a category C with two objects associated to the matrix

M= 3 3
3 3
such that C(X, X) =C5, C(YY) =G5, C(X,Y) = L and C(Y, X) = R. Where B is a left
bimodule and D is a right bimodule.
Since there is 1 left and 1 right bimodule and since "% = 0, then the number of possible

zo is equal to the order of the group Z, which is 2 (Theorem 6.36). Hence there are 2

categories between Cy and itself.

9.3.2 The number of categories between C; and C;
Fix

C,={1,2,3} L=1{4,56}

R=1{7,8,9}  Cy={10,11,12}.

Since 2 is an invertible element, we can easily conclude, because of the reduced property
and Lemma 3.6, that z xy = 3 for all x € L and y € R, and that:

2%xx # 2%y forall z,ye L (9.1)
and
%24y %2 forall o',y € R. (9.2)

Indeed, if 2% =2xy = 22x2 =2%%xy = x =y contradiction.
We have:

if3xr=ythen2xy=yand 3xy=y

and
3xx=3xyforall z,y € L. (9.3)

The proof of 9.3 is not difficult but very technical, done by PROVER9 (Appendix 2).
Now let’s try to fill in the following block:
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1
2
3|4

Ut

We supposed that 3 x4 =4 and 2% 5 = 5. Everything else in the table is a consequence
of our suppositions. We notice that the choice of 3x4 = 4 is equivalent to when it’s equal
5 or 6, but if we change our supposition for 2 x 5, the category changes.

From this block, we can prove that 11xx’ = 11xy’ and 12x2’ = 12xy/ for all 2/, ¢’ € R. Also,
we have 11k’ # 12x2’ for all 2’ € R. Indeed, if 11x2" = 12x2’ then 11x(2'xy) = 12%(2'*y)
then 11 = 12, contradiction! Hence, by supposing that 11 x 2’ = 7 and 12 x 2’ = 8 we get
the following block:

10
1117
12| 8

We notice also that 2 fixes 73, 1i.e. (7T*3)*2 = 7%3 and in our case, |7 3| = 2. Indeed,
suppose 73 =9 then (11 %7)*«3 =119 then 7«3 =119 =9 but 11 %9 = 7. This
means that 7«3 € {7,8}, 7«2 =7 and 8 x2 = 8 (because if 7+ 2 = 8 then 8 x2 = 8 and
T+2%x2=8%x2 = 7 =28). And by using 9.2 we obtain that 9% 2 =9. And we have
the block:

2 3
7 7T
8 8

9 9

Now we can try to obtain some properties about the multiplication table of {7,8,9} by
{4,5,6}. We have 74 = 7x(3x5) = (7T%3)x5 = Tx5 = T*(3%6) = (7*3)*6 = T6. Similarly,
we can prove that 8 x4 = 8x5 = 8%6. And since 9%x3 = 7 then 9%4 = 9%5 = 9%x6 = Tx*4.
We can also easily conclude their values, for example, 74 = (11%7) %4 = 11 (7*4) = 11
(since Cj is a left rectangular band). So basically it depends on the block of {11,12} by
{7,8,9}. And we get the following block:

4 5 6

110



CHAPTER 9. MATRICES OF ORDER 2 AND COEFFICIENTS 3

It’s left to fill in the block of {4,5,6} by {10,11,12}, and it actually depends on the
choice of 3 * 4 because we can always transform the equation into this answer. For
example, 4 x 11 = 4% (Tx4) = (4% 7) x4 = 3 x 4. Then all the entries are going to be
4, except when it’s multiplied by the identity 10. And we obtain the following table of a

category:

01 2 3}/4 5 6|7 8 910 11 12
1 0000 O O
2 1 3 3 0000 0 O
3 3 3|4 0000 0 O
4 0 010 3 3 3

) 0 00 3 3 3

6 0 00 3 3 3

7 7T 000

8 8 000

9 9 000

10 0 010

11 0 00 11 11
12 0 0|0 12 12

Then the choices made are: 25, 7«3 and 11 % 7.

way:

We can permute them in the following

2%¥5=5 7+x3=7 and 11x7=7 (A)
2%5=5 7+%3=7 and 11x7=8 (B)
2%5=5 7%3=8 and 11x7=7 (C)
2%¥5=5 7%3=8 and 11x7=8 (D)
2%x5=6 7+%3=7 and 11x7=7 (E)
2%¥5=6 7%3=7 and 11x7=8 (F)
2%¥5=6 7%3=8 and 11x7=7 (G)
2%x5=6 7+%3=8 and 11x7=8 (H)

We notice that (B), (C') and (D) are isomorphic to (A) and (F'), (G) and (H) are isomor-
phic to (E). Then the number of categories between C; and Cj is 2.
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9.3.3 The number of categories between Cs and itself
Let B be a category with two objects X and Y associated to the matrix
o (03)
such that C(X, X) = Cg, C(Y,Y) = Cq, C(X,Y) = L and C(Y, X) = (). Fix
Ce=1{1,2,3} L=1{4,5,6} C¢={7,8,9}.

1. 1 = 0: the number of categories associated to M is 64. But Since Cg is a grouplike
category containing the trivial group {2}, then the orbit of L has size 1 and it’s
unique (Chapter 6). This means that 2% x is unique for all x € L. Suppose it’s equal

to 4. This reduces the number of possibilities to 15.
Similarly, let D be a category with two objects X and Y associated to the matrix
30
M2 -
3 3
such that C(X, X) = Cg, C(Y,Y) =G4, C(X,Y) =0 and C(Y, X) = R.

For the same reason, the number of possible categories associated to My with the

orbit condition is 15.
Then a category C associated to the matrix
3 3
M =
such that C(X, X) = Cg, C(Y,Y) = G4, C(X,Y) = L and C(Y, X) = R, has 15 left
bimodules Ay, ..., A5 and 15 right bimodules By, ..., Bys (Chapter 5).

We have two cases:

(a) The bimodules are the same

G*2 Az
B; G*2 ’
By Theorem 6.36, there are exactly 15 possibilities for this matrix (up to iso-

morphism).
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(;*2 /4i
13j (;*2

15%x 14

(b) The bimodules are different

such that 1 <7 < j < 15.

15x14

There are =5~ = 105 possibilities.

Hence for i = 0, we have 120 categories.

2. i = 1: there are 2 left bimodules A;, Ay and 2 right bimodules B;, Bo. Then the

possibilities are:
C;*Q f4i
Zgi C;*Q

and we have 2 categories that could be associated to this matrix.

G2 A
Zgj C;*2

and we have 1 category (up to isomorphism).

(a) The bimodules are the same

(b) The bimodules are different

Hence in total there are 120 + 3 = 123 categories between Cq4 and itself.

9.3.4 Proof of why C; is only connected to itself

3
Proposition 9.5. Let M = <b g) and C be a category associated to M whose objects

are X andY. Then
CY)Y)=G6G <= (X, X)=0.

Proof. Suppose that C(X,X) = A/ C(X,Y) = L,C(Y,X) = R and C(VY) = C5 =
Zs U {1}. Consider the algebraic matrix of C

oo _ (AL
R Gy

such that |A| = 3,|L| = a,|R| = b and |C5| = 3.
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Let C' be a subcategory of C defined in the following way
1. (Objects of C'): X and Y.

2. (Morphisms of C'): A, L 7,7, R and Z,. (It means that we take the orbits of
L and R by the action of Z,).

3. (Composition): by Proposition 6.22 we have that the composition of orbits goes

into the group Z,.
4. (Identities): 1, and 1z,.

We obtain that C' is associated to the following algebraic matrix

Al — A L7
Zo-R 7o |

Since there exist x € L-Zs and y € Zs - R such that x -y = 1y,, then from Lemma 7.5 we
have that Zs is a sub-monoid of A disjoint from {14}. Therefore, A =Z,U{1} =C5. O

3 aig ... QAip
as 3 ... ag . ., .
Theorem 9.6. Let M = | o ) be a strictly positive matriz and let C be
(07 B 3

a reduced category associated to M With Ob(C) = {1,...,n}.
If there exists i € Ob(C) such that C(i,i) = G5 then C(j,5) = G Vj € Ob(C).

Proof. 1f C is a category associated to M then every regular sub-matrix of M of size 2 is
associated to a full sub-category of C [3] with two objects, then we apply Proposition 9.5
to get the result. O

9.3.5 Proof of why C3 and C, are not connected

Cs is a left rectangular band of dimension 2 x 1 and Cy4 is a right rectangular band of
dimension 1 x 2. Then by Proposition 7.8 the set of morphisms C(X,Y’) should have a
cardinal at least 4 = 2 x 2, but it is 3.

C3 and C4 are connected to themselves because |[C(X,Y)] =3 > 2 x 1 and |C(Y, X)| =
3>2x1.
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Python script generating semigroups equations

testing = False
# input = tuple( [ tuple ([3]) |) # this is how you write matriz 1x1

input = ( (37 3)

inputModuleTable = {}

# inputModuleTable[ ' aaa '] = {( (1, 2, 8)

# , (2, 2,

# , (3, 3, 8) )}
# input = ( (3, 8, 3)

#* , (3, 3, 3)

# , (3, 3, 3) )

# Should be only set to True if all the wvalues in the matrixz are the same:
forbidCompositionsEqualToUnits = True

obj = tuple( str{chr(97+i)) for i in range(0,len(input)))

def o(i): return obj.index (i)

hom _values _obj = {} # Table with lists of names of morphisms
hash = {} # Hash table to map names to numbers
count = 1 # For counting how many morphisms we have

def p_help(i,j,h):
return i + j + h

for i in obj:
hom values obj[i] = {}

for j in obj:
hom values obj[i][j] = \
[str(k) for k in range(l, input[o(i)][o(j)]+1)]

for h in hom values_obj[i][j]:
hash|[p_help(i,j,h)] = str(count)

if not testing:
print ("%hash[" 4+ p_help(i,j,h) + "]=" + str(count))

count = count + 1
print

def hom _values(i,j):
return hom values obj[i][j]

if testing:
p = p_help
else: -
def p(i,j,h):
return hash[p help(i,j,h)]

unit = ’1’ # the name of the unit for every object

alphabet = [str(chr(i)) for i in range(ord(’a’),ord(’z’)+1)]
# We now define those constants

unitList = [ "x_=" 4+ p(i,i,unit) for i in obj]

unitStr = "|".join (unitList)
print ("all_x_(u(x).<—>_(" 4+ unitStr + ")).")
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1.
PYTHON SCRIPT GENERATING SEMIGROUPS EQUATIONS

# The wusual monoid equations
print (H””

0 « z = 0.

z x 0 = 0.

IIHH)

# Units, from the left
for i in obj:
for j in obj:
for h in hom values(i,j):
print (p(i, i, unit) + "+" + p(i, j, h) + "=" = p(i, j, h) + ".")

print

# Units, from the right
for j in obj:
for i in obj:
for h in hom values

(]
print (p(j, i, h)

,i):
+ "x" 4+ p(i, i, unit) + "=" 4+ p(j, i, h) +".")

print

if forbidCompositionsEqualToUnits:
# The law that forbids certain compositions to be equal to the wunits, from the left
for i in obj:
for j in obj:
if i 1= j:
for h in hom values(i,j):
for g in hom_values(j,i):

print (p(1,i,h) + "s" + p(j,i,g) + "I=" + p(i,i,unit) + ".")

print

# The law that forbids certain compositions to be equal to the wunits, from the right
for i in obj:
for j in obj:
if i 1= j:
for h in hom values(j,i):
for g in hom_values(i,j):
print (p(j,i,h) + "«

"4 p(iLi,g) + "=" + p(j,j,unit) + ".")
print
# Forcing composition to have the right type
for i in obj:
for j in obj:
for k in obj:
for h in hom_values(i,j):
for g in hom values(j,k):
if (i — j and h unit) or (j =— k and g — unit ):
continue
options = [ p(i,j,h) + "*«" + p(j,k,g) + "=" 4+ p(i,k,l) for 1 in hom_values(i,k)]
print ("|".join(options) + ".")

print

print

# If the composition doesn’t typecheck, make it fail

for i in obj:
for j in obj:
for k in obj:
if j =— k: continue

for 1 in obj:

for h in hom values(i,j):
for g in hom_values(k,1):

118



print (p(i,j.h) + "«" 4+ p(k,1,g) + "=.0.")

# The tables of multiplication

for i in obj:
for j in obj:
for k in obj:
try:
t = inputModuleTable[p_help(i,j,k)]
for f in hom _values(i,]):
for g in hom values(j,k):

print (p(i,j,f) + ".+." + p(j,k,g) + ".=." + p(i,k,t[int(f)—1][int(g)—1]) + ".

break
except KeyError:
continue
# import sys
# sys.exit()

Proof of Equation 9.3 using PROVERY

1 3 % 4 =3x*5&3 *x4=23x6

2 x % (y = z) = (x *y) * z. [1-

3 (x*xy) *xz=x=% (y *2z). [2].

44«7 1=1. [].

54 % 8 1= 1. [].

6 4 %9 1= 1. [].

75 %7 1= 1. [].

85 8 1= 1. [].

95+ 9 1= 1. [].

106 7 !=1. [].

116 8 1= 1. []

12 6 « 9 1= 1. [].

13 7 % 4 1= 10. [].

14 7 % 5 1= 10. [].

15 7 = 6 != 10. [].

16 4 + 7=1 | 4% 7=2]4=%7=3. ][]
174 «7=2 | 4+7=3. [4,16].

185 «+7=11]5+7=21]5%7=3. []
195 «7=2 | 5%7=3. [7,18].

206 « 7T=1]6+7=21]6%7=3. []
21 6 x 7=2 | 6 » 7 =3. [10,20].

22 7 %« 2 =17 ] 7% 2=8|7=*2=29. []].
23 7 %+ 4 =10 | 7T+ 4 =11 | 7+« 4 = 12. [].
24 7 % 4 =11 | 7 » 4 = 12. [13,23].

95 7« 5 =10 | 7 x5 =11 | 7 « 5 = 12. [].
26 7 x 5 =11 | 7 % 5 = 12. [14,25]

27 7 %+ 6 =10 | 7+ 6 =11 | 7 % 6 = 12. [].
28 7 %+ 6 =11 | 7 + 6 = 12. [15,27].

29 2 % 2 = 1. [].

30 1 =2 % 2. [29].

31 3 %« 3=23. [].

32 12 * 11 = 12.  [].

33 3 # 5 1= 3 x4 | 3 % 6 1!1=3* 4. [1].
34 6 x 9 != 2 x 2. [30,12].

35 6 x 8 1= 2 x 2. [30,11]

36 6 « 7 1= 2 % 2. [30,10]

37 5 %« 9 1= 2 % 2. [30,9]

385 %« 8 1= 2 % 2. [30,8]

3005 % 7 1= 2 x 2. [30,7]

40 4 * 9 !'= 2 x 2. [30,6]

41 4 + 8 '= 2 % 2. [30,5]

42 4 % 7 != 2 x 2. [30,4]

43 4 *+ 7 =3 | 2 * x =4 x (7 % x) [17,3]
44 4 x 7 =3 | 4 x (7 x x) = 2 % x. [43]
45 5 * 7 =3 | 2 x x =5 x (7 % x). [19,3]
46 5 « 7 =3 | 5 x (7 x x) = 2 % x. [45]
47 6 * 7 =3 | 2 x x = 6 * (7 * x) [21,3]
48 6 * 7 =3 | 6 * (7 = x) = 2 * x [47]
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2.
PROOF OF EQUATION 9.3 USING PROVERY
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O Ut W W

2 x x =7 *x (4 * x) [24,3]

* (4 % x) = 12 % x [49]
2 %« x =7 % (b % x) [26,3]

* (5 % x) = 12 % x. [51]
x % 7) * 5 =x * 12. [26,3]

* (7 %= 5) =x = 12. [3,53]
2 x x =7 % (6 * x) [28,3]

* (6 % x) = 12 % x [55]

* x). [31,3]
3 % x. [57].
* 2 =8 | 4% 7=3]4x9=2x 2 [22,44].
+2=8 | 4% 7=3. [40,59]
# 2 =8| 5 % 7=31]5 % 9= * 2. [22,46].
+2 =8 |5+ 7=3. [37,61]
#2=816%7=23]6x9=2x% 2 [22,48].
# 2 =8| 6% 7=23[34,63]

* (4 % 11) = 12, [32,50]
*# 7T =3 | 4% 7=31] 4% 8= * 2. [60,44].
# 7 =3 ] 4 % 8=2 % 2 [66]
* 7 = 3. [41,67].
# 7 =3 | 4% 7=2% 2. [68,44]
£ 7T =2 % 2. [69].
2,70].

* x). [71,3].
3 x x. [72].

12 = 3 x 4. [24,73].

12 =3 % 5. [26,73].

12 =3 % 6. [28,73].

*# (12 * x) =3 % (b * x). [52,73]

* (5 x x) =4 % (12 % x). [77].

* (12 * x) =3 = (6 % x). [56,73]

*# (6 * x) =4 % (12 % x). [79]

| 4 « 11 = 3 * 5. [75,73].

| 4 » 11 =3 = 6. [76,73].
# 7 =3 |5%7=3]5=x8=2x 2 [62,46].
* 7 =3 | 5% 8=2=x% 2. [83].
* 7 = 3. [38,84].
*« 7 =3 |5 % 7=2=x 2. [85,46].
* 7T =2 % 2. [86].
9,87].

* x). [88,3]
3 % x. [89].

12 =3 % 4. [24,90]

* 12 = 3 x (4 % 11) [65,90]

| 5 %« 11 =3 % 4. [74,90].

| 5 % 11 = 3 * 6. [76,90]
*« 7T =3 ] 6 %« 7=31]6 % 8 =2 2. [64,48].
# 7 =3 ] 6 «x 8 =2 % 2. [95]
* 7= 3. [35,96].
# 7T =3 | 6%x7=2% 2 [97,48]
£ 7T =2 % 2. [98].
36,99].
7 % x). [100,3]

3« x. [101].
5] 6% 11 =238 5. [75,102].
4| 6% 11 =3 * 4. [91,102].
(4 % 11) | 6 %= 11 = 3 = 4. [92,102].
4 | 7 %5 =11 ] 3 % (3  4) =4 = (12 % 11). [93,78].
4 | 7T x5 =11 | 3« 4=4 » (12 % 11). [58,106].
4 | 7+ 5=11 | 3 « 4=4 x 12. [32,107].
4 | 7+« 5 =11 | 4 % 12 =3 = 4. [108].
4 | 7+ 5=11. [109].
6 | 7 x5 =11 | 3 % (3 % 6) =4 » (12 % 11). [94,78].
6 | 7 x5 =11 | 3 x 6 =4 x (12 » 11). [58,111].
6 | 7«5 =11 | 3 » 6 =4 % 12. [32,112].
6 | 7 +5 =11 | 4 % 12 =3 * 6. [113].
6 | 7 %5 =11. [114].
4 | 4 %11 =3 = 5. [110,73].
4|5 % 11 =3 = 5. [110,90].
6 | 4 %+ 11 =3 % 5. [115,73].
5| 3+4=23=%5]4+11=32= 5. [116,81].
5| 3+5=23=%+4 | 4% 11 =23x 5. [119].
5 3 x5 =23=x% 4. [120].
4 | 4 %12 =23 x4 | 3%5=23x4. [117,93].
4| 3 %5 =23 % 4. [122].
5| 3+6=23=%5]4+11=23= 5. [118,81].
5 3 % 6 =3 % 5 [124].
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155 $F.

end of proof
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L’objectif principal de cette thése est de classer les catégories finies en fonction de la
structure algébrique de leurs monoides d’endomorphismes. A 1’aide d’un logiciel appelé
Prover9/Maced, nous dénombrons les catégories avec deux objets tel que chaque ensemble
de morphismes a un cardinal égal a 3. Les données nous incitent a étudier la structure
des monoides afin de mieux comprendre le probléme d’énumération. Dans cette thése,
nous étudions trois types de monoides : monoides de type groupe, semigroupes simples,
bandes rectangulaires et monoides avec un élément 0.

Les monoides de type groupe sont des monoides construits a partir d’'un groupe auquel
on ajoute un ensemble ordonné d’idempotents. Nous étudions l'action des groupes et
linteraction entre eux. Nous donnons également quelques propriétés sur les ensembles
d’idempotents.

Les semigroupes simples sont des semigroupes dont le seul idéal est le semigroupe lui-
méme. Nous prouvons que si nous avons un monoide alors il contient toujours un unique
semigroupe simple et nous pouvons construire une catégorie a deux objets, telle que I'un
des objets soit le semigroupe simple et 'autre un groupe.

Les bandes rectangulaires sont des semigroupes idempotents avec la propriété zyz = xz.
Nous prouvons que la matrice d’'une catégorie & bandes rectangulaires comme monoides
d’endomorphisme a certaines restrictions sur ses coefficients.

Les monoides avec un élément 0 sont des monoides qui ont un élément absorbant. Nous
prouvons que l'existence d’un élément 0 dans les monoides induit I'existence d’un élément
0 dans chaque ensemble de morphismes.

Les résultats sur ces monoides clarifient les données obtenues & partir de I’énumération et
nous aident a en donner une explication.

Mots clés : catégories finies, classification, associativité, prover9/maced, semigroupes,
monoides de type groupe, catégories de type groupe, semigroupes simples, bandes rect-

angulaires, catégories avec un 0.
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