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Cette thése est consacrée a I'étude mathématique
de la concentration spatiale de systémes de fer-
mions piégés. En mécanique quantique, les diffé-
rents états possibles d’une particule correspondent
aux fonctions propres des opérateurs de Schrodin-
ger. Une description fine de ces fonctions propres
permet donc de déterminer des propriétés phy-
siques pertinentes comme la position de la par-
ticule. Nous nous placons pour cela dans la limite
semiclassique. Dans le chapitre 1, nous considérons

le cas sans interaction : nous étendons les estimées
semiclassiques LP de Koch-Tataru-Zworski d'une
fonction individuelle au cadre de familles ortho-
normées de fonctions propres et discutons de leur
optimalité. Dans le chapitre 2, nous étudions le cas
avec interaction d'un systéme grand-canonique de
particules fermioniques en prouvant des asympto-
tiques semiclassiques sur I'état fondamental dans
I'approximation d'Hartree-Fock. Nous en dédui-
sons en particulier une loi de Weyl intégrée.

Title : Fermionic particles and Schrédinger operators in the semiclassical limit
Keywords : Schrdodinger operators, fermions, semiclassical analysis, orthonormal families of eigenfunc-

tions, Hartree-Fock.

Abstract : This thesis is devoted to the mathema-
tical study of the spatial concentration of trapped
fermion systems. In quantum mechanics, the dif-
ferent possible states of a particle correspond to
the eigenfunctions of the Schrédinger operators.
A fine description of these eigenfunctions allows
to determine relevant physical properties such as
the position of the particle. To do so, we place
ourselves in the semiclassical limit. In chapter 1,

we consider the case without interaction : we ex-
tend the semiclassical P Koch-Tataru-Zworski es-
timates of an individual function to the framework
of orthonormal families of eigenfunctions and dis-
cuss their optimality. In chapter 2, we study the in-
teracting case of a fermionic grand-canonical sys-
tem by proving semiclassical asymptotics on the
ground state in the Hartree-Fock approximation.
In particular, we deduce an integrated Weyl law.
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Notation

N set of positive integers {0,1,2,...}
N* set of non-negative integers {1,2,...}
x last coordinates (z9,...,zq) € R7T of z € RY
|z Euclidian norm on R"
x-&or (z,§)  Euclidian inner-product for z,£ € R"
(x) Japanese bracket /1 + |z|?
AP ¢* norm on R"

or on the sequences v = {v;}jen C C
(+, ) scalar product on a Hilbert space
S n-dimensional unitary sphere
< means < up to a positive multiplicative constant
pe means > up to a positive multiplicative constant
~ means ~ up to a positive multiplicative constant
A usual Laplacian on L?(RY)
Ay Laplace-Beltrami operator associated to a metric g
h>0 Planck reduced constant in Chapt. @ Sect.
h>0 semiclassical parameter, Planck reduced constant
AeR can refer to an eigenvalue in Chapt. |§|, Sect.

the coupling constant of
the high frequency parameter in Chapt. 0] Sect. |ﬁ|

m order function on R" x R" in Chapt. |1 (Def. |H_1I)

probability density on R™ x R" in Chapt. |2
O(h*) O(RYN) for all N > 0
S (R™) class of Schwartz functions on R™
S (R™) tempered distributions on R"
S(m) the class of symbols associated to an order function m c.f. Chapt. |1f (Def.
11l s(m) seminorm on S(m)
av, a%(z,hD) Weyl quantization of a symbol a c.f. Chapt. (1| (Def. [I1.4
lu) (v] operator f € H i (v, f)y u
~* adjoint of an operator ~ in H
B(H) set of bounded linear operators on H
P~ density of the operator ~
v(x,y) integral kernel of the operator ~
Try (y) trace of the operator v in H
S*(H,H) G Schatten space on the Hilbert spaces H — H' c.f. Chapt. [1| (Def. i
[Vl e (20,2 G Schatten norm of operators
(r or g)-HF (reduced or generalized)-Hartree-Fock in Chapter
TF Thomas-Fermi
Vlas Vlaslov




CHAPTER 0. NOTATION



Chapitre 0

Introduction (en frangais)

L’objectif de cette thése est d’étudier les systémes de particules fermioniques, et en particulier
leurs propriétés de concentration spatiale, dans le régime semi-classique.

Le chapitre[I]est consacré a 'étude des densités pour les systémes de particules sans interaction.
Dans le chapitre [2, nous abordons le probléme de 'asymptotique ponctuelle dans ce cas plus
difficile des systémes en interaction.

Dans cette introduction, nous présentons d’abord dans la Section [[] les motivations physiques,
le formalisme mathématique que nous utiliserons pour décrire ces systémes fermioniques et un
¢tat de Part. Mes contributions sont ensuite présentées dans la section [

I CADRE GENERAL

Quelques références Le lecteur ou la lectrice intéressée par les bases de la mécanique
quantique peut consulter par exemple les livres [CTDL21, BDJ02]. Nous recommandons aux
lecteurs généraux les livres de vulgarisation [BL14l Nav15, [CCl4a, [CC14b] qui contiennent
également des biographies des grandes figures de la physique et des anecdotes croustillantes
mentionnées dans les notes de bas de page de cette introduction. Pour les références sur la théorie
spectrale, nous renvoyons aux livres suivants : [Dav95, [LS10l [Lew22]. De méme, nous nous référons
aux livres [DS99, [Zwol2| pour une introduction sur I'analyse semi-classique.

I.1 Motivation physique et objets étudiés

L’étude spectrale des opérateurs de Schrédinger dans la limite semi-classique peut étre motivée
par leur interprétation physique.

On s’intéresse a des particules quantiques de masse m > 0 dans ’espace euclidien de dimension
d > 1, confinées dans un champ de force externe qui dérive d’un potentiel scalaire V : R4 — R.
Nous considérons des potentiels confinants, ce qui signifie que V(z) — oo lorsque |z| — oo. Un
exemple bien connu de potentiel confinant est oscillateur harmonique V() = |#|?. 1l existe
deux types différents de particules quantiques : les bosons et les fermions, qui obéissent & des
statistiques différentes.

e Les bosons sont les particules responsables des interactions. Ils s’agrégent dans un méme
état quantique pour former des condensats selon la statistique de Bose-Finstein. Les bosons
élémentaires connus sont les photons, les gluons, les bosons de Higgs et les bosons Z, W.

e Les fermions sont des particules qui composent la matiére. Ils obéissent notamment au
principe d’exclusion de PauhE]qui stipule que deux fermions ne peuvent pas occuper le méme

Lénoncé en 1925 par Wolfgang Pauli (1900-1958) [Pau25| lui-méme.

3



4 CHAPITRE 0. INTRODUCTION

état quantique. Il existe des fermions élémentaires, qui comprennent les quarks et les leptons
(les principaux exemples sont les électrons, les muons, les neutrinos, les tauons) et aussi
des fermions composites, les hadrons (comme les protons et les neutrons, qui composent les
noyaux avec une interaction forte).

Nous nous concentrerons sur les particules fermioniques. et nous les considérerons comme non
relativistes et sans spin. Les statistiques des particules fermioniques sont encore un sujet de
recherche actif en physique théorique, en citant ne serait-ce que les articles de Dean, Le Doursal,
Majumbar, Schehr et Smith [DLDMS15, [DLDMS18, DLDMST19, [DLDS™ 21} ISDLD™20].

Le formalisme de la mécanique quantique A la fin du XIXe siécle, des expériences remirent
en cause la physique classique, dont les concepts étaient insuffisants pour décrire les objets a
I’échelle atomique ou subatomique, et firent émerger de nouvelles idées, avec lesquelles s’est
construite la physique quantique que nous connaissons aujourd’hui. Par exemple, Max Planck
(1858-1957) [Pla01] déduisit la loi dite de Planck en 1900 du spectre de rayonnement du corps
noir et Albert Einstein (1879-1955) [Ein05] comprit 'effet photoélectrique en 1905. Cela conduisit
a I’hypothése de I'énergie quantifice, mot donné par Einstein pour désigner la fragmentation
de I'énergie en morceaux discrets qu’il appelait « quanta », considérées comme des particules.
Ces fragments doivent étre des multiples de la constante de Pl(mckﬂ h ~ 6,62 x 10734 J.s.
Rappelons dans ce paragraphe quelques postulats de la mécanique quantique non relativiste et
leurs implications.

Contrairement & la mécanique classique, ot la position-impulsion (z,¢) € R% x R? de la
particule est régie par ’équation de Hamilton

{w) = &), )

£(t) = -VV(x(),

une particule quantique est décrite par un systéme d’états dans ’espace de Hilbert L2(Rd, C)
et peut étre interprétée comme fonctions d’ondﬂ. Lorsqu’un état 1 (t), a 'instant ¢ > 0, est
normalisé sur L2(R?), le nombre [1)(t, 2)|> peut étre interprété comme la densité de la probabilité
de présenceﬁ a la position z € R On s’attendrait a trouver la particule aux positions ou les
valeurs de |¢(t)|? sont maximales. De méme, la densité de probabilité des moments ¢ € R? est
donnée par |i(t, €)|2. Nous définissons ici la transformée de Fourier comme

~

VEERY, (1) = (%1)61/2 | e it

Expliquons pourquoi nous allons nous concentrer sur ’étude spectrale d’une observable
quantique, appelée opérateur de Schrédinger. L’évolution temporelle de ces états ¢y, € L? (Rd)7

2Paradoxalement, Planck était perturbé par le principe de quantification et défendait la continuité de la matiére.
Il ne pouvait admettre que sa loi du rayonnement conduise & une rupture avec la mécanique classique. La tragédie
de sa vie est qu’il est devenu, malgré lui, une grande figure de la révolution quantique.

3Louis De Broglie (1892-1987) a émis I’hypothése de la dualité onde-corpuscule de la matiére dans sa thése
de 1923 sur le mouvement des électrons libres [dB24]. Cette correspondance constitue un premier type de limite
semi-classique.

4Cette interprétation probabiliste, parfois appelée « interprétation de Copenhague » est due 3 Max Born
(1882-1970) dans un article [Bor26| intitulé Mécanique quantique des processus de collision en 1926.
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par exemple égale a ¥° € L?(R?) au temps t = 0, est décrite par la dite équation de Schrddingeﬂ

ihoppn(t,x) = — I Apu(t,z) + V(2)¢n(t,x)  au temps ¢ > 0,

(1.2)
Un(t=0,2) =),

ou hi:= h/(27) est la constante de Planck réduite et A est U'opérateur laplacien A := Z;l:l 8%1_.
Les parties respectives —%A et la multiplication par V(z) correspondent aux énergies cinétique
et potentielle de la particule. L’étude de ces états ¢ se réduit a ’étude spectrale de 'hamiltonien
quantique P := —%A + V(z) sur L*(R%), appelé opérateur de Schridinger. 11 suffit de connaitre
son spectre discret (quand il existe, c’est le cas lorsque V' est confinant : 'opérateur auto-ajoint
P sur L*(R%) a une résolvante compacte et admet une suite de valeurs propres qui tend vers
+00), composé de ses valeurs propres )\% € R : ¢’est un nombre pour lequel il existe w% £ 0 tel
que Pw% = )\%1/1% et

M<AN<. <N o oo,
J—>+oo

et une base orthonormale associée de fonctions propres {w%} jen C L2 (R9). En effet, connaissant

une solution ui de I'équation de Schrédinger stationnaire au niveau d’énergie A7, on peut déduire
les solutions de ([[.2)) comme combinaison linéaire des fonctions

H(tx) = e g ().

Remarquons que le module w%(t, x) reste constant : |’(/J%(t, 7))? = ]u%(x) pour tout ¢ > 0. Ainsi,
on peut se concentrer sur les solutions stationnaires de 1’équation de Schrédinger. De plus, comme
on peut le voir dans la notation, les fonctions propres et les valeurs propres de P dépendent de
la constante fi. En particulier, la distance entre les valeurs propres dépend de & (par exemple,
celle-ci est proportionnelle & h lorsque P est P'oscillateur harmonique, c’est-a-dire V (z) = |x|?).

La question est de comprendre plus finement les propriétés spectrales de P. L’astuce consiste
a passer a la limite semi—classiqueﬁ, c’est-a-dire a faire en sorte que la constante de Planck
réduite A s’approche de 0. Dans cette limite, le systéme se comporte comme en régime classique.
Cette stratégie permet de déduire des informations de I'observable classique p : RY x Rg - R
qui est 'analogue de P. La relation de continuité classique-quantique est appelée « principe de
correspondance >>m En mathématiques, on ’appelle analyse semi-classique ou microlocale. Une
opération cruciale (mais non unique), que I'on appelle quantiﬁcationﬂ est la correspondance d’une
fonction trés réguliére de I’espace des phases & un opérateur linéaire auto-adjoint dans L? (]Rd).

’ 2

Exemple. La position (z,£) — x correspond a l'opérateur de multiplication par z. De méme,
I'impulsion (x, &) — £ est associée a 'opérateur d’impulsion %Vm. Comme ci-dessous, les opérateurs

SErwin Schrédinger (1887-1961) généralisa ’approche de De Broglie quelques années plus tard aux particules
confinées dans un potentiel externe & 1’aide des outils mathématiques des équations d’onde. Sa célébre équation,
qui devint son ceuvre maitresse, apparut pour la premiére fois en 1926 dans l'article [Sch26], dont le titre traduit
est La quantification comme un probleme de valeur propre. Selon [BL14], malgré sa vie sentimentale tumultueuse
et des relations polyamoureuses aussi nombreuses que ses articles, il aurait accompli son ceuvre cruciale dans
une période d’exubérance amoureuse. Cependant, avant de mourir de la tuberculose, Schrédinger fut obsédé par
donner une signification physique aux états <. Il insistait en particulier d’interpréter |¢n|?> comme la densité de la
charge électrique de la particule et rejetait 'interprétation probabiliste de Born.

SA Dorigine, dans le but de déduire le spectre du rayonnement des corps noirs en 1900, Planck considérait
comme discret le four qui contenait les corps noirs, délimité par des grilles d’une certaine longueur h qu’il faisait
tendre vers 0 afin de retrouver un espace continu. La valeur limite est celle qui porte son nom h ~ 6,62 x 10~34J.s.

"énoncé par Niels Bohr (1885-1962) [Boh24] en 1923. Il calcula notamment les propriétés subatomiques en se
basant sur les postulats de la mécanique classique.

8Nous renvoyons a [DS99, Chap.7| ou [Zwol12, Chap.4] pour plus de détails.
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de Schrédinger P = ——A + V() sont associés a ’énergie hamiltonienne classique p(x,§) =

im 1€ ]2 +V(x), qui est I'énergie totale d’'une particule classique piégée dans un potentiel V| décrite
par I’équation de Hamilton ([I.1)).

Un exemple frappant du principe de correspondance est la loi de Weyl intégrée (voir par
exemple [Zwol2, Thm. 6.8|), qui donne des asymptotiques du nombre N (I) de valeurs propres
de P dans un intervalle fixe I C R dépendant de 'hamiltonien classique p(z,§) = 5 |¢ 2+ V(x)

Ni(I) = (2mh)~¢ ’{(m,f) e R xR ¢ p(z,€) € I} + Opo (@D, (1.3)

Systémes quantiques a plusieurs particules Jusqu’a présent, nous n’avons pas vu la
différence entre la nature bosonique ou fermionique des particules. Elle n’entre en jeu que lorsque
nous nous intéressons a des systémes de plusieurs particules indiscernables. Un systéme de N
particules fermioniques indiscernables est décrit par des fonctions d’onde antisymétriquesﬂ du

sous-espace L2(R¥N) = L2((RH)N) de L2(RV)
L2RINY = {Oy € L2RY) : Un(z!,...,2N) =e(0)Un(a®D, ..., 2°M)) Vo e Syl

Dans la définition ci-dessus, (o) désigne la signature d’une permutation o € Sy. Le principe
d’exclusion de Pauli impose que deux fermions ne peuvent pas occuper le méme état quantique.
Cela conduit & l’espace ci-dessus d’états antisymétriques par rapport aux permutations des
variables de position. Pour tout état ¥y normalisé dans L?(R*Y), la quantité |Wy (2, ..., 2™)?
(resp. ]\il N(&Y, ... EN)?) peut étre interprétée comme la densité de probabilité que la j™€ particule
se trouve & la position 27 € R? (resp. a la quantité de mouvement & € R?) pour tout 1 < j < N.
De plus, en fixant

Py <1>($) =N "I’N(I,.TQ...,ajN)‘de2...dIN’
YN R(N-1)d

sa normalisation N ! Py (x) correspond & la densité de probabilité de toute particule du systéme
v
N
dans I'état ¥ de se trouver a une position = € R%. Nous expliquerons plus tard d’oil vient cette
notation 7\1/“ De plus, la dynamique des états quantiques Wy ; est donnée par I’équation de

Schrédinger dans L2(R4Y) pour un état initial ¢§, € L2(R4Y)

{ihat\IJNﬁ(t) = PN\IIN’h(t) Vit >0 (1.4)

Uyt =0) =Y.
Ici Py désigne 'hamiltonien quantique des N particules de méme masse m, piégées dans un

potentiel externe V : R? — R avec un potentiel d’interaction w : R* — R entre deux particules,
qui est une fonction paire,

N

Py = Z (hZAmg + V(a9) > +A Z (z" — 2%). (L.5)

j=1 1<i<j<N

L’interaction entre les particules est répulsive lorsque w > 0 et est attrative lorsque w < 0. Le
facteur \ devant le terme d’interaction est la constante de couplage. Afin de simplifier ces formules,

9ce qui les distingue des particules bosoniques pour lesquelles les états sont symétriques et appartiennent a

LZR™Y = {Uy € L*RY) : Un(at,...,2V) = Un(@™D,...,2°™) Voe &y}
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nous supposons dans la suite de cette thése que la masse m = 1/2. L’énergie totale du systéme
dans un état Wy est la valeur moyenne Ex(Vy) = (Un, Pv¥ ) 2 de I'énergie quantique Py.
L’énergie fondamentale de Py (lorsqu’elle existe) est définie par sa valeur propre minimale et
peut étre obtenue par la minimisation du probléme variationnel

ey = inf{(¥, Py¥) > : ¥ € LZ(R™) et ¥ 12gavy) = 1} (1.6)

Il s’avére que ce probléme de minimisation n’est pas facile & résoudre en général.

Systémes de fermions libres Lorsqu’il n’y a pas d’interaction, ¢’est-a-dire lorsque w = 0,
I’avantage est la réduction de la dimension du probléme : au lieu de travailler avec une fonction
d’onde dans L?(R), il suffit de considérer N fonctions d’onde de L?(R?). En effet, une fonction
propre naturelle ¥y, de Py, non corrélée, normalisée dans L2(RN), est un déterminant de
Slateﬁ notée uj A -+ A uév

N
Unp(ats.. . a) = \/;7‘ > ) [[uh (") = det (uh(a) oy yen) . (D)
ASGIN i=1

associé a une famille orthonormée de fonctions {u%}lgjg ~ de L2(R%). Lorsque les particules
fermioniques sont libres, les fonctions propres de Py sont exactement des déterminants de Slater.
Par conséquent, c’est également le cas de I’état fondamental. Ainsi, le probléme de minimisation
peut étre restreint sur ’espace des déterminants de Slater associés aux fonctions propres
orthonormales de I'opérateur de Schrodinger & un corps P = P;. De plus, étant donnée une
famille orthonormale {u}}1<j<y C L?(R%), la densité de D'état u} A--- Aul est donnée par

N
Pul npulN (z) = Z ‘u%(fv)‘Q
j=1

La quantité normalisée N _1pu% APy (z) représente la densité de probabilité de N particules

fermioniques libres en un point z € R%. Chaque état, & un ensemble de niveaux d’énergie )\%

associé & une particule indexée par j, est une fonction propre normalisée ((/\%, u%) sont ici des
. . ] ,

paires valeur propre-fonction propre de P). On remarque que lorsque ’on intégre Pul Ay SUT

'espace entier R%, on obtient le nombre N de particules.

Notation. Rappelons la notation de Dirac |u) (v|, qui désigne I'opérateur sur L?(R%), associé
aux fonctions u,v € L?(R?)
f € LR = (v, f) 12y .

Lorsque u = v et u est normalisée dans L2, I'opérateur |u) (u| est le projecteur orthogonal sur
I'espace Vect{u}.

Il convient également de noter que Pul oo A est le noyau intégral, évalué sur la diagonale, du

projecteur orthogonal de rang N de la famille orthonormale Vect{u%}lgjg N C L2(RY).

N
— J J
Yl Aepuly *= E :’uh> <uh‘ :
Jj=1

19Ce nom est di & John Clarke Slater (1900-1976) du fait de sa formulation dans [SIa29], bien qu’il ait également
été introduit indépendamment par Dirac [Dir26].
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Cet opérateur y,1 ..., v est appelé la matrice densité a un corps du systéme et p,i,..,,N Sa
densité associée. Ifs’avé?e que Y, 1.0, N €st trés utile pour obtenir des informations sur ie systhéme.
Nous reviendrons sur l’interpréthation de ce cas dans la section

En outre, on peut considérer, pour un niveau d’énergie ¥ € R fixée, une famille de fonctions
propres {u%}lgjg N, @ssociées aux valeurs propres )\% de P inférieures ou égales & E. La taille
de ce systéme N dépend de E et de la constante de Planck réduite 4. Notamment, Ng ; — oo

lorsque A — 0. L’asymptotique de p Lo VB est connue en théorie spectrale sous le nom de loz
L ARRACT

de Weyl ponctuelle. Lorsque 1'on peut intégrer cette formule sur 'espace entier R?, cela donne

I'asymptotique du nombre Ng p, qui est la loi de Weyl intégrée pour I = (—o0, E]. Nous

discuterons plus profondément de I'état de ’art des lois de Weyl dans les sections et
Motivons maintenant ce travail de thése en posant des questions plus spécifiques et naives.

Question 1. Quel type de phénoméne de concentration spatiale peut-il se produire pour les
fonctions propres lorsque i — 07

Question 2. Comment mesurer mathématiquement la concentration ou la délocalisation des
fonctions propres ?

Question 3. Quelle est I'influence de 'interaction sur ces propriétés de concentration ?

1.2 Etat de ’art sur la concentration des quasimodes et des fonctions propres

Motivés par les questions|l|et [2] nous donnons maintenant un apercu des résultats mathématiques
sur les fonctions propres.

La concentration des fonctions propres nécessite un paramétre mesurable. Il existe deux régimes
différents dans lesquels elle peut étre observée. D’une part, il y a le point de vue semi-classique, qui
est historiquement le plus ancien, comme en témoigne ’approximation Brillouin-Kramers-Wentzel
(BKW)E des fonctions d’onde en dimension 1, connue aussi sous le nom de méthode Liouville-
Green (LG)H (voir par exemple [OIvO7, Chap.6]). L’idée est de considérer P = —h2A +V &
une énergie fixe lorsque le paramétre semi-classique 2z — 0. D’autre part, on peut se placer
dans un cadre haute fréquence, ce qui signifie de regarder les fonctions propres de P = —A 4+ V
associées a une valeur propre A — co. Nous avons fait le choix de commencer par ce régime qui
est techniquement plus simple.

Le probléme de la concentration des fonctions propres de haute fréquence sur les variétés
riemanniennes compactes lisses et sans bords est un sujet de recherche actif depuis les années 1980
et s’étend aux sous-variétés (comme décrit dans [Sogl5|). Nous commengons donc par présenter
une littérature partielle de certains problémes connexes. Cela permettra de faire le lien avec notre
cas euclidien avec un potentiel confinant dans un régime semi-classique. Nous verrons pourquoi,
la plupart du temps, il faut revoir nos ambitions & la baisse et restreindre nos estimations &
des généralisations de fonctions propres appelées quasimodes ou fonctions dans des aggrégats
spectraux.

Variétés riemanniennes compactes sans bords On considére des variétés riemanniennes
lisses et compactes M sans frontiére de dimension n > 2 que 'on dote d’une métrique g. On
désigne par A, I'opérateur de Laplace-Beltrami sur (M, g). On se place dans le cas sans potentiel.

" due a Léon Brillouin (1889-1969) [Bri26|, Hendrik Anthony Kramers (1894-1952) [Kra26] et Gregor Wentzel
(1898-1978) [Wen26| dans les années 1920

12 Joseph Liouville (1809-1882) [Lio36] et George Green (1793-1841) [Gre37] introduisirent cette méthode un siécle
auparavant pour les solutions d’équations différentielles du second ordre de la forme y''(z) = f(z)y(x) mais elle

passa relativement inapercue. Les solutions y sont exprimées sous la forme y(z) ~ f(z)~**exp (i f;o Vf (t)dt).
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Point de vue haute fréquence Point de vue semi-classique

Variétés [Sog85, [Sog88|, [FS17h]
Sous-variétés  [Hu09) IBZ16, BGTO07, Tac10]
Cas euclidien [KT05] IKTZ07, Ngu22]

TABLE 1 — Un apercu non exhaustif de la littérature sur les estimées L? sur les variétés.

L’exemple de la sphére ronde standard Commengons par nous concentrer sur la sphére
de dimension n pour n > 2

S™ = {(v1,22, ..., Tpy1) ER™ 1 2 + 23+ . 42l =1},

qui a le mérite de donner des résultats explicites sur les fonctions propres exactes et une réponse
a la question [I] Nous désignons par Agn lopérateur de Laplace-Beltrami par rapport a la
métrique induite par la métrique euclidienne sur R**!. Ce dernier admet comme spectre discret
{€(¢+n—1)}pen. Pour chaque ¢ € N, chaque fonction propre associée a la valeur propre £(£4+n—1)
de multiplicité (”#) — (’7_552), est une restriction de polynémes harmoniques de degré ¢, appelés
harmoniques sphériques de degré £. L’espace vectoriel engendré par les harmoniques sphériques
forme une base hibertienne de L2(S™). Nous orientons le lecteur vers les références suivantes :
IDX13], [Sog85] pour les asymptotiques sur les harmoniques sphériques.

Considérons d’abord la sphére & deux dimensions, qui est la plus intuitive et la plus facile
a représenter géométriquement. Il existe une concentration de fonctions propres de —Ag2 aux
deux poles et autour de I’équateur (voir la figure . Notons {Y;" }ren,—e<m<¢ la base standard
des harmoniques sphériques normalisées de L?(S™)

—Ag Y™ = (L + 1)Y;"

D’une part, ’harmonique sphérique zonale YEO se concentre autour du poéle nord 1 := (0,0, 1)
et du poéle sud —1. Plus précisément, sa densité de probabilité |YZO|2 se concentre en ces deux
points extrémes avec une hauteur ¢ dans une région de taille /=1 (voir figure . D’autre part,
les harmoniques sphériques d’ordre le plus élevé Ygﬂ, généralement appelées faisceaur gaussiens,
se concentrent autour de I'équateur Yequat := {2 € S? ;a3 = 0} : les densités de probabilité
satisfont ]YKHP > ¢ dans une région de taille £=1/2 (voir figure . Le terme « faisceau gaussien »
(gaussian beams) provient du profil gaussien centré sur les points de la courbe Yequat. Il est de la
forme Yfﬂ (z) = clM*(zy £ ix2)¢, qui se comporte comme une exponentielle. On peut d’ailleurs

1/2

parler de concentration tubulaire de rayon £~*/< autour de I’équateur de ces fonctions {YKH }oen.

Rappelons que les points de la sphére S? sont paramétrables par des coordonnées angulaires
(0,0) € [0,7] x [0,27] (c.f. & la figure [1)), par la relation

x1 =sinfcosp,
(z1,29,23) ER? <= (0,9) € [0,7] x [0,27] avec { 2o = sinfsine,

T3 = cosf.

Ces phénomeénes de saturation sont visibles & travers les asymptotiques locales des harmoniques
sphériques

Y[ (0, 0) = ™ [ (0)

avec f;" des fonctions associées aux polynomes de Legendre. Elle provient en effet de I’expression
explicite (mais douloureuse a écrire) de Y,

V(0,¢) € [0,7] x [0,27],  Y{"(0,9) = come™ PPy (cos )
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FIGURE 1 — Les régions de concentration sur la sphére bidimensionnelle sont les poles +1 et
I'équateur Yequat-

en fonction des fonctions associées aux polyndémes de Legendre

11 _ 2\m/2 dftm 2_ 1)y ¢ 0< <£7
Vo € [—1, 1]7 Pem(x) = 264! ( m(Z:—Cm))! _d%£+m ($ ) or0<m<
(=1) I () for —¢<m <0,

et des

o | A (e m)!
¢m = (=1) \/213+1(£—1)!'

S’en déduit la borne pour une fonction u, concentrée dans un volume V' avec une hauteur L
V2 <qg<oo, |ullpe>Lx VY,

Il en résulte les estimées L9, valables pour tout 2 < ¢ < oo

YR Pl parasey 2 € x (€720 = 75 (L8)
et .
Y P oy Z €12 x (C712)0 = 0270, (L.9)

Ces estimations ne sont pas trés précises, mais donnent une mesure de la concentration de la
fonction propre. En effet, la localisation d’une fonction uy se mesure informellement par 1’explosion
du quotient H|W|2||Lq/2(82)/|||u€|2||L1(Sz) — oo lorsque ¢ — oo pour ¢ différent de 2. De méme, sa
non-concentration est tangible lorsque toutes les normes L9 sont du méme ordre.

e Existe-t-il une limite supérieure correspondante de ([.8) et ([.9) pour toute harmonique
sphérique Y, 7

e De plus, ces phénoménes de concentration sont-ils valables de nouveau pour les sphéres de
dimension supérieure, et s’étendent-ils & des variétés compactes plus générales ?

Nous pouvons commencer par donner une réponse positive a la question sur la généralisation
des phénoménes de concentration en dimension supérieure. En fait restent valides, pour toute
dimension n > 2, la concentration a haute fréquence aux poles +1 = (0,...,0,+1), autour de la
courbe équatoriale Yequat 1= {2 € S :: (z3,...,2n+1) = 0} et les estimations L? des harmoniques
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A |YZ0‘2

~
A
~1 e 6 >
Y > >
TO T ~ 12
(a) Pour m = 0. (b) Pour m = +¢.

FIGURE 2 — Représentation grossiére de la densité ]Y[n|2 dans S? en fonction de 'angle polaire 6.

sphériques. Comme dans le cas de la 2-sphére, il existe une harmonique sphérique, qui se concentre
aux poles =1 avec un module de hauteur /"5 dans une région de largeur £~ (voir Figure , et
une autre dont le module se concentre autour de I’équateur Yequat @vec une longueur "7 dans
une région de rayon £~1/2 (voir figure .

La réponse a la question concernant la limite supérieure de et demeure également
positive. Sogge a fourni, dans sa thése de doctorat [Sog85|, des estimées LY sur les fonctions
propres de —Agn. L’énoncé est le suivant : pour toute dimension n > 2, il existe C' > 0 tel que
pour tout ¢ € N, toute fonction propre uy associée a £(¢ +n — 1) et tout 2 < g < oo,

el parzgny < CL2*508@™| g || 1 gy, (1.10)

ol
n=1(1_1 : 2(n+1) . _
T(i—a) S12S ¢S 557 = e

(I.11)
n(%—%)—% siwgqgoo.

SSOgge(Qa ’I’L) =
n—1
Inversement, I’exposant sgogge €st optimal puisque (L.10]) est saturée par les faisceaux gaussiens
en faible régime 2 < ¢ < g (ce qui correspond & Y;" tel m = £/ avec les estimées L7 ([.9))

eel[| paszggmy Z €77 x (€72

et par les harmoniques sphériques zonales en haut régime ¢. < ¢ < oo (qui correspond a Y,;™ pour
m = 0 lorsque n = 2, avec les estimées L9 (.8))

n—1 _ n—
el (| paragny Z €77 x (7120120,

Cela montre en particulier deux types de concentration : dans une boule autour des points (ici de
rayon ~ £=2) et dans un tube autour des géodésiques (de largeur ~ £~1/2),

Variétés compactes plus générales 1l se trouve que les estimations L? de Sogge ([.10)
s’étendent & toutes les variétés (M, g) compactes lisses sans bords de dimension n (voir les travaux
ultérieurs de Sogge [Sog88, Thm. 2.2|) pour toute fonction propre uy de —A, associée a la valeur
propre A\? > 0

— Aguy = Ny, (1.12)

L’énoncé est le suivant : il existe une constante multiplicatice C' > 0 independante de uy et A > 0
telle que pour tout 2 < g < o0

luxllpaany < C)\SS"gge(q’n)HU/\HL2(M)7 (I.13)
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FIGURE 3 — Régions de concentration dans la sphére n : aux poéles £1 et autour de I’équateur

’quuat .

" 70quat
~1

|uel?

|ugl?
[ )

~ P71

(a) Aux poles nord et sud pour les harmoniques
zonales. (b) Autour de I’équateur pour les faisceaux gaus-
siens.

FIGURE 4 — Profils de concentration des harmoniques sphériques sur S™.

Ol Sg0gge €st defini par ([.11)). Comme nous I’avons vu précédemment, ces bornes sont optimales
et saturées lorsque M est une sphére (puisque £ ~ A).

Que peut-on dire de 'optimalité des estimations de Sogge pour les fonctions propres ([.13)
dans d’autres variétés compactes lisses 7 En fait, il existe plusieurs variétés compactes avec des
géométries particuliéres ou 'exposant de Sogge n’est pas optimal et peut étre amélioré dans
certains régimes de ¢q. Il existe notamment des fonctions propres qui saturent des meilleures
bornes.

e Un premier exemple, dt & Zygmund [Zyg74] en 1974, pour le tore bidimensionnel T? :=
R?/Z? pour l'exposant q = 4.

[urllzagry < Clluallz2(r)-

Elle fut ensuite généralisée en dimension supérieure n > 3 par la fonction propre par
Bourgain [Bou93| pour tout 2 < g < 2n/(n — 1) et tout € > 0

luxllpacrny < CX¥[Junll L2y

e Nous mentionnons également les variétés a courbure négative, sur lesquelles nous y revien-
drons plus tard.

Par conséquent, un défi consiste a trouver I'exposant s optimal pour une variété M donnée. Les
estimations de Sogge restent cependant vraies pour les généralisations des fonctions propres, qui
sont
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e des quasimodes de —Ay — A2 ¢ qui sont des fonctions L?-normalisées uy telles que
I=Agux — Nuxllzzary S Mluallzzn, (I.14)

e ou des fonctions des aggrégats spectmuﬂ de —A, pour tout A > 0 : c’est-a-dire des fonctions
telles que
1(=Ag € N, (A+1)%]) uy = uy, (1.15)

i.e. combinaisons linéaires de fonctions propres de —A, associées aux valeurs propres dans
les intervalles [A%, (A + 1)2].

Dans ces cas, nous devons ajouter un autre terme de contrdle A||(—Ay — )\Q)UAHH(M) a la partie
droite de (I.14)) :

lunllagary < CXom @™ (|luy]|2ary + M (=g = N)uall2(an)) - (1.16)

Sogge lui-méme [Sog88| avait en fait prouvé et avait construit des quasimodes qui la
saturaient pour tout variété compacte M. Par conséquent, la puissance ssogge demeure optimale
pour toute variété compacte M. En outre, se produit & nouveau le phénoméne de concentration
autour des points et des géodésiques pour n’importe quelle variétés compacte pour des fonctions
normalisées (voir la figure [5)). Pour Pexpliciter, il s’agit de généraliser, comme dans [Sogl7a, Thm.
5.1.1], les faisceaux sphériques zonaux et gaussiens harmoniques

e Les quasimodes de type zonal, qui se concentrent en un point (voir par exemple la ﬁgure.
Ils peuvent étre utilisés pour saturer les bornes a haut régime ¢ > ¢, :=2(n+1)/(n — 1).

e Les quasimodes de type faisceaux gaussiens, qui se concentrent le long d’une courbe avec un
profil transversal gaussien (voir par exemple la figure . Ils sont principalement utilisés
pour saturer les bornes & bas régime ¢ < ¢.. Ces types de construction ont été développés
pour la premiére fois par Ralston [Ral76l, Ral77].

La pertinence des constructions n’est plus a vérifier. En effet, Canzani et Galkowski [CG21]
ont prouvé que les fonctions propres qui saturent se comportent comme des quasimodes
zonaux pour q > q., et Blair et Sogge [BS15, BS17] ont montré que les fonctions propres
saturatrices sont similaires & des faisceaux gaussiens pour ¢ < ¢.. Soulignons que les quasimodes
de type faisceaux gaussiens sont plus récemment généralisés sous le nom de méthodes de faisceauz
géodésiques (geodesic beams) dans plusieurs travaux de Canzani et Galkowski (en citant uniquement

[CG21] [CG20a]).

NPTy )7

N—

(b) Cylindre autour d’une géodésique +.
(a) Boule centrée en un point.

FIGURE 5 — Deux différents voisinages de concentration.

De plus, les améliorations des estimations de Sogge [Sog88]| ont fait 'objet de nombreux travaux
sous certaines hypothéses géométriques. Enumérons une sélection non exhaustive d’améliorations
pour les variétés a courbure négative

13 spectral clusters dans les articles
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e & haut régime ¢ > q. : [HT15, HR16, [SZ02l [Sog17bl, BS19],

e & bas régime ¢q < ¢q. : [BS17, BS1§],

e au point critique ¢ = ¢, : [Sogl6].

Généralisation aux familles orthonormales de fonctions propres et aux lois de
Weyl Frank et Sabin [ESI7b| ont plus récemment généralisé les estimations de Sogge L? dans
les variétés compactes M aux systémes orthonormaux de fonctions dans les aggrégats spectraux
IT\(L*(M))), ou I'on note II le projecteur spectral 1 (—Ay € [A%, (A + 1)?]). Ils ont fourni, pour

toute famille orthonormale {u;}1<;j<n dans II\(L*(M)), tous {vj}1<j<n C C et tout 2 < g < oo,
des bornes L%/? de la densité

N
pa(x) = v luy(@).
j=1

Une premiére approche naive se déduit des estimées & une fonction ([.16]) et de I'inégalité
triangulaire

N
||P)\||L(1/2(M) < C)\stoggc(q,n) Z ’Vj|
j=1

On remarque que py peut s’écrire sous la forme de densité de I'opérateur borné auto-adjoint de
rang N

N
™= vjlug) (u].
j=1
De plus, en défissant par H‘H@ci]ﬂ( M) la norme de Schatten donnée par la formule (voir la
1)

définition [I1.19| dans le chapitre (1)) pour a > 1)

1Vl gecz2eary = Trrzan(y )1,

Iestimée déduite de I'inégalité triangulaire s’écrit
ol zarzany < CAZSom= @) oy [l 12y -

L’exposant & = 1 de la norme de Schatten de v, peut en fait étre amélioré : c’est-a-dire a > 1
dans certains régimes de q. C’est ce qu’ont démontré Frank et Sabin, dont le résultat principal
s’énonce sous la forme suivante.

Théoréme ([ES17h, Thm.2]). Il existe C' > 0 et un exposant agogee € [1,00] défini par la formule

(qui est (V.3) dans le chapitre[1))

2 siz<g< X
aSogge(Qan) =9 a(n-1) . 2(n+1) <<
2n ST 24 =0

tels que pour tout opérateur auto-adjoint vy dans L2(M) vérifiant vy = vally = Hyyy, et pour tout
2<gq< o
2550gge (4,1)
||p)\||L11/2(M) S C)\ Sose ||’y>\||60‘Sogge(q’”)(L2(M)) : (117)

Soulignons que la présence de plusieurs fonctions ajoute a ’exposant de concentration s un
nouveau parametre a > 1, qui prend en compte les constantes complexes v; et la taille de la
famille N = rangy,. Cette derniére dépend parfois du paramétre A (par exemple lorsque 'on
considére une base orthonormée de ’ensemble du groupe spectral). On remarque que
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e Les estimations ci-dessus coincident avec les estimations de Sogge (I.16|) lorsque la famille
est réduite a une seule fonction uy € L2(M) de I'aggrégat spectral I1(L?(M)). Elles se

déduisent en injectant vy = |uy) (uy| dans ([.17)).

e L’autre cas extréme traité concerne I'ensemble de 'aggrégat spectral : N = dim IT (L?(R?)) =
rang ITy, par exemple avec v, = II,.

e De plus, ils prennent également en compte le cas intermédiaire : tous les vy = v \1I\ = I v,
avec 1 < rang~y, < ranglly.

Une question naturelle concerne ’'optimalité des bornes . Qu’en est-il de 'optimalité du
nouvel exposant agegge 7 Existe-t-il des opérateurs , qui saturent les estimées ?

De plus, en gardant & ’esprit notre motivation initiale sur la concentration des particules, on
souléve naturellement la question ci-dessous.

Question 4. L’ajout de plusieurs fonctions modifie-t-il les phénoménes de concentration d’une
fonction individuelle ?

Cette question reste pertinente puisque nous rappelons que les fermions ne peuvent pas
occuper le méme état quantique. On pourrait donc s’attendre a observer un phénoméne de
non-concentration pour ’ensemble de ’aggrégat spectral.

Avant de répondre & ces questions dans le cadre des variétés compactes, expliquons leur
lien naturel avec les lois de Weyl. Considérons le cas extréme de ’aggrégat spectral entier
)\ (L3(M)) avec v, = II,. La loi de Weyl ponctuelle donne I'asymptotique ponctuelle de la
densité pry,. Le projecteur Il peut en fait étre décrit par une base orthonormée des fonctions
propres {ug\}lgjgdim( Ex(z2(M))) de Ay associées au valeurs propres dans A2, (A + 1)

3!

Ny=dim(BA(L2(M)))

Rappelons la formule de la loi de Weyl ponctuelle dans les variétés riemanniennes compactes
(M, g) a n dimensions, pour les fonctions propres uf\ associées aux valeurs propres Eﬁ\ dans un

intervalle I = (—o0, A?]. On a uniformément sur M

o @) = @0 TN € TeMT ;€ < 1} + 0. (1.18)
j:Blel

Ensuite, comme M est compacte, cette expression intégrée sur M donne la loi de Weyl intégrée,
qui procure asymptotiquement le nombre de fonctions propres en I. Historiquement, fut
conjecturée par Hilbert avec un terme d’erreur o(A"™). Son nom « loi de Weyl » vient du fait que
Weyl fut le premier a la prouver (sous sa forme intégrée). Cette loi de Weyl ponctuelle fut
néanmoins a l'origine démontrée par Avakumovié¢ [Avab6|, Levitan [Levh2] et fut généralisée par
Hormander [Hor68, Thm. 1.1] aux opérateurs pseudo-différentiels elliptiques auto-adjoints. Sogge
et Zelditch [Sog01] étudiérent plus tard les conditions sur M sous lesquelles le reste O(A"!) est
optimal. De plus, on améliora le terme de reste sous des conditions géométriques dans de multiples
travaux : citons par exemple I’amélioration logarithmique par Bérard, Bonthonneau et Keeler
[Béxr77, Bonl7, [KT98| sous des conditions de courbure négative, et les techniques de faisceaux
géodésiques développées par Canzani et Galkowski Canzani et Galkowski [CG20b| [CG22].

Revenons maintenant aux bornes de Frank-Sabin mentionnées précédemment. Expliquons
comment répondre & la question [4 en considérant une fois encore le rang maximal, avec ) = II,.
En effet, d’une part, la limite de L est déduite par la loi de Weyl ponctuelle

oty Nl oo (ary < CA™
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D’autre part, en désignant N (/) le nombre de valeurs propres de —A, dans un intervalle I, en
utilisant la relation

ol any = Tr(L (=A € V%, (A +1)])) = N((=00, (A +1)]) = N((~00, \))

et la version intégrée de la loi asymptotique de Weyl , qui dépend du paramétre A > 0, pour
les intervalles (—oo, (A + 1)2] et (—o0, A?], on peut prouver qu'il existe C' > 0 et une sous-suite
A — 00 selon lesquelles

VEEN, |pm,, loran > CAF

Ainsi, pour tout 2 < ¢ < 00

A Dllon g any < - <A Dllom, gy < - < CA o, gy

limsup -+ >0 <1

A—o00

Il en résulte que toutes les normes LP sont du méme ordre
v2<g<oo |pmllparzan ~ AT

ce qui refléte le phénomeéne de non-concentration dans ’ensemble de 'aggrégat spectral. Il apparait
donc un changement de comportement entre la concentration pour une fonction et un phénomeéne
de non-concentration pour I'ensemble de 'aggrégat spectral. Cette concentration assure par
ailleurs I'optimalité de I'exposant agogge-

Lien entre le régime haute fréquence et le régime semi-classique De plus, I'équiva-
lence entre ce probléme de haute fréquence A — oo et le probléme semi-classique s’obtient en
écrivant b = A~! (le grand paramétre devient un petit) et uj = uy. Les définitions ([.12]), (T.14]),

(1.15) et (I.16|) deviennent
2
—thguh = up, |—h %guh - uh”L2(M)2§ hHuhHLZ(M)7
1(=h*Ag € [1,(1+h)?]) un = un,

et dans le terme de droite
e 1
ol < O @) (gl + GICH8 = Dunliogan )
qui est la formulation considérée en rajoutant des potentiels.

Cas euclidien avec un potentiel confinant Nous revenons a notre cadre de départ des
opérateurs de Schréodinger —h2A + V avec un potentiel confinant dans I'espace euclidien R?
et nous considérons la localisation des fonctions propres « prés » d’un niveau d’énergie F ~ 1,
généralement appelé le potentiel chimique.

Question 5. Quel réle joue le potentiel confinant, et qu’est-ce qui différe des résultats sur les
variétés compactes ?

Il est maintenant nécessaire de prendre en compte la présence d’une zone appelée région
classiquement interdite :
{reR?: V(z)> E}.

Ce nom vient de l'illégalité pour une particule classique d’énergie totale £ |2 +V(z)=FE dese
trouver dans cette région puisque ’énergie cinétique |§ |2 est positive. Une particule quantique
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posséde cependant une probabilité non nulle de se trouver dans la région classiquement interdite,
mais le comportement classique se produit a la limite semi-classique h — 0. L’existence d’une zone
interdite entraine bien siir une zone autorisée, appelée région classiquement autorisée, désignée
parfois coeuﬁ dans la suite.

{reR?: V(z) < E},

ol la particule a le plus de chances de se trouver. L’existence d’une région de transition entre les
régions classiquement permises et interdites souléve une difficulté supplémentaire, qui n’existe pas
dans le cadre précédent des variétés compactes. Les points {z € R? : V(z) = E} sont souvent
appelés points tournantﬂ

Littérature pour les systémes a un seul corps Afin de se faire une idée du compor-
tement des fonctions propres, examinons un modéle jouet classique, 'oscillateur harmonique
V(z) = |z|? en dimension 1. Les relations de récurrence entre les polynomes d’Hermite et les ap-
proximations BKW (voir par exemple [Taol2| et [OIv97])) permettent d’écrire des asymptotiques
ponctuelles des fonctions propres, qui sont exprimées en termes de fonctions d’Airy.

2
|uh| —hQ%uh + 22uy, = Euy,

O(h=1/6) O(h=1/6)

@ @ > T
O(h2i3)‘ ‘OLh2/3)
{V > FE} {v <.E} {V > FE}
Classically Classically Classically

forbidden region allowed region  forhidden region

FIGURE 6 — Profil de la fonction propre de l'oscillateur harmonique scalaire associé a la valeur
propre E.

Cet exemple met en évidence les différences de comportement de la fonction dans les trois
régions différentes et le phénoméne de concentration aux points de transition {z € R : 2% = E},
qui n’existent pas dans le cas d’une variété compacte. Comme le montre la figure [} la fonction
propre uy, oscille avec une hauteur d’ordre ~ 1 dans le volume, décroit exponentiellement en ||
et h dans la région interdite classique et se concentre aux deux bords +v/E avec une hauteur
~ h™1/6 dans un voisinage de longueur ~ h%/3. Ceci implique les estimées L9 suivantes :

lunl < 1 for 2 < g <4,
U
PILAR) ~ h_é+% for 4 < ¢ < o0.

On voit tout I'intérét de considérer toute la plage de valeurs de ¢ puisque la concentration autour
des points tournants n’est visible que pour de grandes valeurs de ¢ (¢ > 4). De plus, on remarque
que la norme L? n’est pas sensible aux oscillations dans le cceur.

Mtraduction francaise pour bulk, suggérée par Julien Sabin. Frédéric Paulin par ailleurs m’a proposé la traduction
adorable de partie ventrue.

hien que cela soit un peu mal interprétable, puisque dans cette thése nous ajoutons a cette définition une autre
hypotheése sur les dérivées d’ordre un de V.
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Il serait raisonnable de s’attendre a retrouver les mémes estimées que celles de Sogge dans
le cceur. Cette décroissance exponentielle des fonctions propres dans la région classiquement
interdite est connue sous le nom de estimées d’Agmon. Celles-ci sont également appelées estimées
de Lithner-Agmon. Lithner fournit en effet des bornes supérieures pour les potentiels confinants en
1964, et Agmon les prouva indépendamment & la fin des années soixante-dix, avec la décroissance
exponentielle des fonctions propres de 'opérateur Schrodinger & N corps [Agm14].

On peut s’attendre & un comportement similaire en dimension supérieure et pour des potentiels
confinants plus généraux. La méme analogie n’est cependant pas possible afin obtenir des
expressions exactes des fonctions propres dans le cadre de potentiels plus généraux. Il est
néanmoins envisageable d’étudier les estimées L9, de la forme avec R? au lieu de M et P— E
a la place de —thg — 1. Koch et Tataru [KT05] prouvérent dans cette optique des estimations
de L? pour l'oscillateur harmonique en dimensions supérieures. Quelques années plus tard, les
deux mémes avec Zworski [KTZ07] les étendirent aux quasimodes microlocalisés d’opérateurs plus
généraux, dans un cadre semi-classique. Dire qu’une fonction uy est microlocalisée signifie que up,
est microlocalement négligeable en dehors d’un certain compact de I’espace des phases RZ x Rg.
Les propriétés de localisation dépendent du comportement du symbole p oul la fonction wuy, est
microlocalisée. Ils proposent trois conditions sur les points (xg,&y) des ensembles de niveaux de
I’hamiltonien classique pg(z,§) := p(z,§) — E :

® une condition assez générale (gene), énoncée dans I'hypothése |2 :

qui demande seulement que la hessienne ngE(acg, &) = agp(mo, &o) soit non dégénérée,

® une condition de courbure (Sogge), énoncée dans I’hypothése (3] :
qui nécessite en plus de la non-degénérescence de 8§2p(950, €0), que Vepg (o, &0) = Vep(xo,&0) #
0 et que la deuxiéme forme fondamentale de {¢€ € R? : pg(xg, &) = 0} soit non-dégénérée

en § = &o,

@ ou de points tournants (T'P), énoncée dans I'hypotheése |4 :
outre la non-singularité de 8§2p(x0, &), elle demande la condition de non-dégénérescence

VupE(2o,§0) = Vap(xo, o) # 0.

Exemple. Commentons la signification de ces conditions lorsque p(z, &) = |£]* + V(z) (une
représentation intuitive de ces conditions en dimension d = 1 pour un potentiel de double puits
V' est décrite dans la figure @ :

® Dlhypothése (gene) est toujours satisfaite (en tout point de {(z,¢) € RExRe : |¢2+V (z) =
E}),

® l'hypothése (Sogge) est toujours vérifiée pour les points tels que p(xg, &) = E et V(xg) < E.
La condition de courbure locale est toujours vraie car
{e€R? : pp(w0,&) =0} = {£ € R’ : [¢] = B~ V(x0)}
est la sphére (d — 1)-dimensionnelle de rayon y/E — V(zg) > 0. Celle-ce qui a bien une
courbure positive.
® 'hypothése (T'P) impose que V(zg) = E, & = 0 et V,V(xo) # 0.
Rappelons la forme des estimations de Koch-Tataru-Zworski ci-dessous dans (I.19). Tous leurs

énoncés sont résumés dans le tableau [2] Ces estimées se présentent comme suit.

Théoréme ([KTZ0T]). Pour tout point (z¢,&) € RY x R? satisfaisant l'une des conditions ci-
dessus : (cond) = (gene), (Sogge) ou (TP), il existe des exposants Sconq > 0 €t teond > 0 associés
a (cond) (représentés plus loin dans la figure du chapitre
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e un voisinage ouvert et borné U x V of (xg,&o),

e hg >0,
tels qu’il existe, pour toute fonction x € C°(R? x R?) supportée dans U x V,

e une constante multiplicative C = C(d, x, ho) > 0,
telle que pour tous 2 < q < 0o et u € L*(RY)

_ 1
I (2, hD)u]| oy < Ch™eond(@:) <HUHL2(Rd) + EH(P - E)UHL2(Rd)> - (1.19)

Ici x*(z, hD) désigne la quantification de Weyl de x.

Notons que les bornes ci-dessus restent vraies pour toutes quantifications de p et de x. Cela ne
fait varier que la constante multiplicative C' > 0, pour laquelle, comme pour hg > 0, 'expression

explicite n’est jamais donnée.

’ Condition sur le symbole pg :=p(x,§) — E ‘ Enoncés au chapitre ‘
générale (gene)=(Condition |2 théoréme [IV.1|
de Sogge (Sogge)=(Condition |3 théoreme [V.1|
de points tournants (TP)=(Condition 4 théoréme |VL1|

TABLE 2 — Principaux énoncés des estimées de Koch-Tataru-Zworski.

£
1 I p(x0,60) # E
V(x) .
\ /s ‘ -
Y \./ >
{V(z) = E}
— Z p(ﬂﬁ;),io) =E
coeur x == (Sogge
o Vi) < ) 0 n (TP)g
{V(z) > E} {V(z) > E}

(b) Régions de 'espace des phases RZ x Rg :
(a) Potentiel V' et un niveau d’énergie donné E. gont représentés les points de {p = E} en carrés
Les points d’intersections {z € R : V(z) = E} bleus, rouges en pointillés et noirs : ils satis-
sont représentés par des points bleus et les points font tous (gene). En particulier, les points de
tournants par des carrés noirs. la courbe rouge pointillée sont les points qui
satisfont (Sogge) et les points dans les carrés
noirs sont ceux qui satisfont (7'P).

FIGURE 7 — Représentation des points (xg, &y) de 'espace des phases selon les différentes hypothéses
(cond), pour d =1, p(x,§) = |§|2 + V(x), une énergie £ > minV et V le potentiel & double puits
de la figure @

Généralisation aux familles orthonormales de fonctions propres On considére a
nouveau la question [ dans le cadre euclidien avec un potentiel confinant. Il serait donc raisonnable
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de s’attendre & ce que le phénoméne de délocalisation apparaisse au niveau d’un certain nombre
de particules confinées ensemble.

En reprenant I'exemple de l'oscillateur harmonique scalaire (représenté dans la figure ,
en fixant {u] }1<j<n, une famille orthonormée de fonctions propres associées a des valeurs
propres inférieures ou égales a E, la densité p, = ZNh ]uiLP peut étre a nouveau exprimée
asymptotiquement avec des fonctions spéciales grace aux méthodes BKW A normalisation prés,
nous trouvons asymptotiquement la densité de la loi du demi-cercle 5- \/ — 22) 4. Comme dans
le cas d’un seul corps, pp décroit exponentiellement dans la région clas&quement 1nterd1te et une
concentration de hauteur ~ h~2/3 dans le voisinage de h?/® des points tournants. Cependant, la
concentration autour de ces points est négligeable par rapport a la concentration dans le coeur qui
se produit avec une hauteur de 'ordre de h~!. Cela implique que toutes ses normes L4 sont du
méme ordre h™!, ce qui traduit un phénomeéne de délocalisation du systéme des fonctions propres.

1(-h*A+V < E)(z,7)

L
O(thS) - 0 ‘0@2/3)

{v>E} - {V < E} {(Vv>E}
Classically Classically Classically
forbidden region allowed region  forbidden region

FIGURE 8 — Profil de pp de l'oscillateur harmonique scalaire associé aux valeurs propres inférieures
ou égales a E.

Le méme comportement peut s’étendre dans les dimensions supérieures. Bien que Karadzhov
[Kar89| ait fourni des asymptotiques ponctuelles du projecteur spectral pour les valeurs propres
inférieures ou égales & F, les lois de Weyl ponctuelles pour les potentiels confinants généraux sont
assez récentes et n’ont été obtenues jusqu’a présent que dans l’article de Deleporte et Lambert
[DL21]. Ces derniers ont prouvé des estimations ponctuelles dans la diagonale (et hors diagonales)
avec un reste optimal dans une échelle h dans le coeur et de h2/3 autour de ses bords. Notons la
cohérence des asymptotiques exprimées en fonction des fonctions d’Airy et de ces échelles avec
celles énoncées dans les articles de physique [DLDMS19].

I.3 Loi de Weyl avec des interactions

Nous nous sommes d’abord limités au cas sans interaction. Revenons maintenant au cas w # 0.
Afin de traiter (partiellement) la question [3| nous introduisons dans cette section le cadre et les
approximations mathématiques des systémes quantiques en interaction. Nous commencons par
écrire I’état de 'art pour les systémes finis canoniques et, nous posons ensuite le probléme dans
le cadre grand-canonique.

Systémes finis & N-corps Comme promis, revenons & notre systéme fermionique N avec
le hamiltonien quantique Py donné par la formule (L.5). Le modéle n’est pas toujours facile a

18aux points tournants, ce qui correspond aux carrés noirs dans la figure [7] La question des estimations autour
des points dégénérés, comme les points critiques qui ne sont pas 1’énergie de 1'état fondamental (balle en bleu dans
la figure), reste encore ouverte.



I. CADRE GENERAL 21

manipuler directement, en particulier pour calculer I'état fondamental et excité de Py. C’est
donc également le cas pour la question de la concentration. C’est la raison pour lesquelles diverses
approximations (qui sont malheureusement non linéaires) sont employées pour traiter ce probléme.
Nous nous concentrerons sur I’approximation d’Hartree-Fock et ’approximation de Thomas-Fermi,
qui ont fait 'objet de plusieurs travaux mathématiques : comme Lieb et Simon [LS77al [LS77b],
Bach [Bac92| et Lions [Lio87]. La premiére est trés utilisée en chimie quantique et la seconde
moins, mais elle reste intéressante a étudier d’un point de vue théorique. Pour une introduction
plus approfondie aux méthodes d’Hartree-Fock et Thomas-Fermi, nous renvoyons aux ouvrages
suivants [CLBMO06] et [LS10].

Le régime de champ moyen Nous considérons notre systéme fermionique dans un régime
a champ moyen, ou il y a beaucoup d’interactions entre les particules mais & une faible intensité.
Dans cette approximation, avec laquelle nous espérons approcher les propriétés macroscopiques
du systéme, l'interaction entre les particules se voit comme un potentiel effectif dépendant de la
densité moyenne du champ généré par toutes les autres particules du systéme. Cela signifie que
pour n'importe quel état Uy € L2(R) avec des corrélations de faible intensité entre chaque
particule

N
<\IJN, Z w(xi—xj)\IlN> :;<\I'sz(w*p\pN(xj))\llN> .
L2(RIN)

1<i<j<N L2(RIN) Jj=1

La notation w * py,, (27) désigne ici I'opérateur de multiplication par

w sk pyy () = /Rd w(@! —y)pwy (y)dy.

Remarque (Echelle de champ moyen et lien entre le systéme de fermions N et h). On peut
prendre A = 1/N pour équilibrer le terme avec 'énergie cinétique et potentielle. De plus, on
aimerait également que le nombre de particules N — oo lorsque h — 0. Pour étre str d’avoir
A nouveau tous les termes du méme ordre & la limite semi-classique A — 0, il est pertinent de
relier N et h par la relation i = N~1/4, Le hamiltonien quantique Py, défini dans , peut étre
réécrit

Py (*N_2/dA$j + V(Cﬂj)> + % Z w(z® — )

1 1<i<j<N

I
,MZ

! (1.20)

I
.MZ

(=R*AL + V() + hé Z w(z® — 29).
1 1<i<j<N

J

N

Matrices densité associées a une fonction d’onde Nous commencons par expliquer

les avantages de I'adoption du formalisme des matrices densité. Nous rappelons pour tout état
Uy € LQ(RdN ), ses matrices densité a un corps et deux corps, respectivement désignées par 7\(1,1]2]

et 7\(1,2;, sont les opérateurs sur L?(R?) et L?(R?9) associés aux noyaux intégraux

Vz,y € RY, 'y\(I,l) (x,y):=N Un(y, a2, e Uy (z, 22, - 2V)dz? .. daY
N RA(N-1)

et

N(N -1
( 9 )/ \IIN(ylay2>$37"' 7'TN)X
RA(N—-2)

x Upn(a!, 2?23, ,a;N)da:3 codaN.

val oyl P € R, 4 (o

7x27y17y2) =
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Il existe également des matrices densité a k corps \Ils\]?) de Wy, agissant sur L?(R¥?), pour tout

k€ {1,...,N}. La matrice densité a k corps \I/SI\;) correspond a la distribution marginale de la
particule k et est obtenue en intégrant les degrés de liberté des autres particules N — k.

Dans le cas avec interaction, on remarque d’abord que la valeur moyenne du systéme a un
état Wy € L2(RV) est entiérement déterminée par ses matrices densité & un et deux corps du
fait de la relation

1
<\I/N, PN\PN>L2 = TrLZ(Rd) ((—th + V) 7&}2}) + N TrLQ(R2d) (w’y\(;;) . (IQl)

Approximation effective d’Hartree-Fock Une approche variationnelle, I’approximation
Hartree-Fock, consiste & manipuler uniquement les déterminants de Slater, que I'on appelle aussi
états d’Hartree-Fock. 1’idée de cette approximation est d’étudier, au lieu de (¥, Py¥y), la
fonctionnelle d’énergie d’Hartree-Fock

ENT () = Trpoqray ((—R°A+ V) 5)
1
o f Py () py (y)w(z — y)dzdy — ﬂ (z —y)dady | ,
Rd xR Rd xRd

définie pour les opérateurs (suffisamment gentils) bornés v sur L2(R%), ot p., est la densité de 7.
Ici, la partie cinétique de I’énergie est définie par

TI‘L2(Rd) ((—hZA + V) ’Y)

= Trpamo) <\/—h2A YV By —hA LV + E) —E /Rd po(@)dw

pour E > 0 tel que V + E est positif dans R?. Le second terme est appelé le terme direct
{[ p@)py@)wi@ = y)dz =: Dulpy. p1)
R4 x R4
et le dernier terme est appelé le terme d’échange
ff (z,9)2w(z — y)dzdy =: Exy, (7).
Rd x R4

Son origine est entiérement quantique, c’est ce qui se produit lorsque deux particules de méme
nature sont permutées. Pour les fermions, elle prend en compte 'antisymétrie générée par le
principe d’exclusion de Pauli.

La fonction d’onde ¥ est en effet un déterminant de Slater, associé & une base orthonormale
{ujhi<j<n et est défini dans I'espace

Sy = {ul/\-'-/\uN DUy GHl(Rd), (ui,uj>L2 :(Sij VlS’L,jSN}

On peut montrer que la valeur moyenne du systéme a un état ¥y € L2(R) est exprimée avec

(1)

la matrice densité & un corps Yy
1
(Un, PNUN) 2 = ENT (’y\(p])v) (1.22)
(1)

De plus, Yy, €st le projecteur orthogonal sur I'espace généré par {u;}i<j<n

7\1/N Z ) (ujl -
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Il est plus exactement associé au noyau intégral

N

N
T (@,9) =D w@ui(@) et o @)= @)
N j=1

Jj=1

Soit e%F I’énergie de I’état fondamental d’Hartree-Fock, donnée par le probléme de minimisation
sur les espaces des déterminants de Slater

el = inf{(¥, Py0),, : ¥ € Sy} (1.23)

D’une part, I’énergie fondamentale ey est toujours bornée supérieurement par e%F. La borne
inférieure est plus délicate, mais s’obtient sous certaines conditions. En particulier, elle fut traitée
par Lieb-Simon [LS77al, Bach [Bac92|, Graf-Solovej |[GS94] pour les systémes coulombiens :
V(z) = —|z|7! et w(x) = |z|~!. Plus récemment, Fournais-Lewin-Solovej [FLSI8| 1’ont prouvé
pour des potentiels plus généraux. Nous allons détailler cela ci-dessous. Dans ces cas, la méthode
Hartree-Fock peut donner une bonne approximation de ’énergie fondamentale ey .

Des résultats similaires existent quant & I’évolution des solutions de ’équation dépendante
du temps , en supposant que la valeur initiale soit égale & un déterminant de Slater. De
nombreux travaux [BGGMO03| [EESY04, [RS09, [BPS14, BJP™ 16| montrent que sa dynamique{ﬂ
est fortement liée & celle de I’équation d’Hartree-Fock & la limite N — oo.

Remarque (Probléme de minimisation généralisé d’Hartree-Fock). Le probléme de minimisation
de 'ensemble ([.23) peut étre étendu a la dite énergie Hartree-Fock généralisée

e%VHF = inf{ENT(7) : v € Ky et Tr((—A)y) < oo},
sur ’ensemble des matrices densité des systémes & N particules
Ky = {y e B(L*(RY))) : y=17", 0<y<1, Tr(y)=N}

La condition v < 1 vient exclusivement du principe d’exclusion de Pauli.
Dans certains cas, e%F = e%VHF. C’est le cas par exemple lorsque l'interaction est répulsive w > 0

[Lic8T].

Approximation effective de Thomas-Fermi L’approximation de Thomas-Fermi appar-
tient aux modeéles de la Density Functional Theory (DFT), qui ne dépendent que de la densité
d’une particule et n’impliquent plus la fonction d’onde. L’idée est d’approcher 1’état fondamental
de I’hamiltonien & plusieurs corps par la solution d’un probléme de minimisation sur les
densités z +— p(x)

inf {5@) . pe L'RYLR,), /R o(z)de = N} ,

ou & est composé d’une fonctionnelle de densité cinétique F', de 1’énergie potentielle externe
p > [gapV et d’un terme d’interaction p — %Dw(p, p) -

£0) = F)+ [ Vst [ wle=poo)dady.
R4 xR

Historiquement, la plus simple et la plus ancienne DFT est 'approximation de Thomas—FermilEL
qui est apparue dans les années trente pour approcher la distribution d’un gaz électronique

Y plus particulierement celle de la matrice densité & un corps de ’état fondamental de Py
'8 dont le nom provient des contributions indépendantes de Llewellyn Hilleth Thomas (1903-1992) [Tho27] et
d’Enrico Fermi (1901-1954) [Fer27|
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uniforme. Hohenberg et Kohn [HK64| justifiérent pour la premiére fois la validité de la DFT en
1964. Levy [Lev79| et Lieb [Lic02] posérent plus tard sa formulation (nous nous référons a la
revue de Lewin, Lieb et Seringer [LLS19] pour plus d’exhaustivité sur le sujet).

L’approximation de Thomas-Fermi est associée a I’énergie de Thomas-Fermi ETF et définie
par la fonctionnelle

d
TF( \ _ 142/d
F (p) Fn 2CTF /Rd p(l‘) dl’,

ou la constante cpp est définie par

2/d
CTF = 471'2 L / .
ST

Expliquons maintenant comment 1’énergie de Thomas-Fermi apparait dans 'approximation du
probléme de 'état fondamental de ’hamiltonien Py (comme prouvé par Lieb et Simon [LS77h]).
A la limite N — oo, la matrice densité a un corps de l’état fondamental de Py peut se conduire
comme la quantification de Weyl de la fonction d’espace de phase

m(z,€) =1 (¢ < erep(x)*'?) (1.24)

oll prr désigne un minimiseur de la fonctionnelle de Thomas-Fermi £TY. Remarquons que ce
type de densités sur ’espace des phases sont en fait des minimiseurs de la fonctionnelle d’énergie
de Viasov

1
(2m)¢

ngas (m) —

[f 162 mie.dode + [ pu(@)V (@de + 5Dl )

Rd x R4

définie sur I'ensemble des fonctions intégrable sur ’espace des des phaseﬂ m: R x R = [0,1]
avec pp, définissant la densité spatiale

pm(@) = | miz,€)de.

Rd

Pour une densité p > 0 donnée, les fonctionnelles ETF et RV sont reliées par la formule

ETF(p) = V1as (1 (|§\2 < CTFP(fE)Z/d)) .

Il est utile de mentionner une remarque équivalente au sujet de la dynamique temporelle comme
pour 'approximation d’Hartree-Fock. Pour la méme condition initiale de la forme , la
solutionm de (via la transformation de Wigner) peut étre approchée par la solution de
’équation classique, dite de Vlasov, lorsque N — oo [NS81]. Nous pouvons donc également observer
une sorte d’équivalence entre les dynamiques d’Hartree et de Vlasov. [APPP11, [BPSS16].

En revenant au cadre du temps indépendant, les problémes de minimisation d’Hartree-Fock
et de Thomas-Fermi sont de plus profondément liés. En particulier, il est raisonnable d’approcher
I’état fondamental d’Hartree-Fock par celui de Thomas-Fermi aux limites couplées de champ
moyen et semi-classique N — oo et h -0 (h =N -1/ 4). C’est ce qu’ont réalisé Fournais, Lewin,
Solovej [FLS18, Thm 1.1, 1.2, 1.3 en fournissant un lien entre le modéle d’Hartree-Fock N et
I’énergie de Thomas-Fermi pour un potentiel V' confinant ou non et un potentiel d’interaction w,

19Une fois encore, la contrainte m < 1 provient du principe de Pauli.
20]a matrice densité a un corps de 1’état fondamental dépendant du temps
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avec des conditions appropriées. En particulier, ils ont déduit I'ordre principal de I’énergie de
I’état fondamental ey de Py & la limite

avec €17 (1) désignant I’énergie fondamentale de Thomas-Fermi

inf {STF(p) cp>0, pe LYRYNLYFARY), / V(z)p(z)dz < oo, p(x)dx = 1} )
Rd

R4

Ils ont également prouvé la convergence faible des matrices densité a k corps de ’état fondamental
vers une valeur moyenne sur ’ensemble des minimiseurs de la fonctionnelle de Thomas-Fermi.

Systémes grand-canoniques de particules On aimerait étudier a& nouveau de grands sys-
témes de fermions en interaction dans un régime de champ moyen. D’une certaine maniére, on
souhaiterait avoir une description macroscopique de son état, qui permette la fluctuation du
nombre de particules et de I’énergie du systéme. Le cadre canonique avec un nombre fixe de
particules comme ci-dessous n’est plus approprié, puisque 'on fixe plutét dans la loi de Weyl le
potentiel chimique F, et on considére des intervalles d’énergie autour de ce paramétre fixe. C’est
pourquoi nous adopterons le cadre grand-canonique.

Un ensemble grand-canonique est composé de N systémes finis identiques de particules avec
un potentiel chimique fixe E, qui partage avec les autres les particules et I’énergie. Le systéme
d’états grand-canoniques est décrit par 1'espace de Fock fermionique

Fi=Ceo @ LIR™Y),
N=1

composé par des suites ¥ = (g, ¥y, -, Wy, ---) telles que ¥y € L2(RW) pour tout N € N*,
L’espace F est doté du produit scalaire

(U, ) = Z (UN, PN) 2 (gany -
NeN

De plus, 'hamiltonien & N corps devient
o0
P = P,
N=1

oil Py est le hamiltonien sur L2(R%) défini par
Py = Z (—=h?Ag + V(2?)) + he Z w(z' —a7).
j=1 1<i<j<N

En définissant N comme étant le nombre de particules

N =B N,

NeN

'énergie fondamentale e v, (E) de P — EN associée a une énergie donnée E

envw(E) := inf Spec(P — EN)



26 CHAPITRE 0. INTRODUCTION

se définit également en fonction des énergies de I’état fondamental des hamiltoniens canoniques
Py — EN.
envw(E) = J{fnzfo envw(E) =: ]{fnzfo Spec(Py — EN).

Définissons par e}gﬁi 5o Lénergie fondamentale grand-canonique de la fonctionnelle d’Hartree-
Fock généralisée de h associée au potentiel exterieur V' — E et au potentiel d’interaction w

. he
BN = 0 { TH(RA+V = )2) 4 T [Dulprepr) = Bru()]

2
— fggHF )
’;IEIIC h’V*E’w(Py)

(1.25)

sur ’ensemble

K:= {’y e GHLARY)) : y=7*, 0<y <1, Tr((-A)) < oo} .

. gHF 5 L. L. 5y, .
Nous observons que lorsque w > 0, si €hv—pw 1est pas borné inférieurement, 1’énergie fonda-
mentale ey, v, (E) ne peut pas I'étre non plus, étant donné la relation

HF
eh,V,w (E) S 6%,V—E,w'

Dans le cas sans interaction w = 0, I’énergie fondamentale du systéme grand-canonique coincide
avec celle de la fonctionnelle h-Hartree-Fock (c.f. (I.21) ou n’intervient que le terme cinétique
évalué dans la matrice densité a un corps de l’état fondamental)

RN o = I TH(—I*A+V = Eyy) = Te((-PA +V = F).)

N (275)%1((10;12)/2) /Rd[(E — V(@)1 d 4 o(h™7).

En outre, la loi de Weyl intégrée (voir par exemple [Zwol2, Chap.6|) donne le premier terme de
I’asymptotique semi-classique de la trace du minimiseur h-Hartree-Fock v, = 1 (—h2A + V< E)

’B]Rd(oa 1)|

Tesaa(n) = g [ 108 = V()] de 4 o(n™)

R4

Nous en déduisons alors les mémes limites pour I’énergie et la matrice densité & un corps de I'état
fondamental du systéme entier

. Bra(0,1
lim her, v,—0(E) = m /R B = V(@) ] de (1.26)
) | Bga(0, 1)]
Bra(0,1
: d _ R ) d/2
%1_)1%15 Trr2(ga) (’Y\PS)) = W Rd[(E —Vi(z))+] Pdz.

Question 6. Quel type d’asymptotique peut-on avoir en présence d’une interaction ?

II CONTRIBUTIONS ET ORGANISATION DE CETTE THESE

Nous présentons dans cette section nos principales contributions.
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II.1 Reésultats du chapitre [1| : asymptotiques pour le cas sans interaction

Le chapitre , qui fait l'objet de la prépublication |[Ngu22|, est consacré a la généralisation
des estimations L7 microlocalisées de Koch-Tataru-Zworski [KTZ07] (sous la forme ([.19)) aux
aggrégats spectraux, de maniére similaire aux bornes de Frank-Sabin [FS17b| (de la forme (I.17))
mais dans un cadre semi-classique. Nous commencons par exprimer ces estimations de densités
sous deux points de vue complémentaires : le cadre semi-classique, qui implique la localisation
dans l'espace des phases par rapport au paramétre semi-classique h (sections et et
le cadre spectral, ot nous considérons les matrices densité dans les clusters spectraux, et nous
étudions leurs estimées dans différentes régions de I'espace R% (Section . Dans la derniére
section de ce chapitre (Section, nous discutons de 'optimalité & un corps et a plusieurs corps
des estimées L9. Nous détaillons tout d’abord la construction de certains quasimodes spécifiques,
qui saturent les bornes L? a un corps dont la forme est bien connue dans la littérature. Ensuite,
nous fournissons 'optimalité des estimations Sogge a plusieurs corps dans la zone classiquement
autorisée.
Nous référengons nos résultats dans les tableaux |3] et

Estimées microlocalisées (référencées dans le tableau En se donnant d’abord pour
d>2

e une observable classique p, qui peut étre p(x,€) = |€]2 + V(z) et plus généralement dans la
classe de symboles appropriée,

e et un niveau d’énergie F € R,

I'idée consiste & regarder la densité des opérateurs microlocalisés dans ’espace des phases prés
des points (g, &) € R? x R?, qui satisfont certaines hypothéses géométriques (cond) par rapport
aux ensembles de niveaux d’énergie de pg(x,§) = p(x,§) — E. Ils peuvent étre des points hors de
{pe = 0} ou dans I’ensemble de niveaux {pr = 0} sous l'une des trois conditions énoncées dans
IKTZ07]. Soit P := p“(x, hD) la quantification de Weyl de p. Nous avons démontré le théoréme
suivant.

Théoréme 1 (Théorémes|IV.2} |V.2et [VI.2). Pour tout point (zq,&o) € R xR qui satisfait l'une
des conditions (cond) = (gene), (Sogge) ou (T P), il existe des exposants Scond > 0, teona > 0 et

Qond € [1,00] fizes associés a (cond) (résumés dans les figures[1.5, et[1.4 du chapitre[)), et

e un voisinage ouvert borné U x V de (xq, &),

e hy >0,
tels que pour tout x € Cgo(Rd X Rd) supporté dans U x V, il existe
e une constante multiplicative C = C(d, x, ho) > 0,

pour laquelle on a pour tout 2 < q < oo, tout h € (0, ho] et tout opérateur auto-adjoint positif y
sur L*(R?)

prw(ajth)'YXw(x,hD) HLq/2(Rd) S Ch_2scorld(Q7d) 10g<1/h)2tcond (g,d) X

1
X <||’y||6acond(q’d)(L2(Rd)) + ﬁ H(P - E)’V(P - E)HGO‘COﬂd(q’d)(LQ(]Rd))) *

(IL.1)
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Remarque. Une premiére remarque sur ce théoréme est que les exposants satisfont a la condition
aeond(q,d) > 1 pour tout ¢q € (2, 00] sauf ¢ = 2d/(d — 2) pour cond = gene.

Comparons maintenant nos résultats par rapport aux estimations & un seul corps de Koch, Tataru
et Zworski [KTZ07].

o A l'exception des valeurs de teonq(q, d) dans le cas ot cond = gene et 2(d+1)/(d—1) < ¢ <
2d/(d — 2) (voir figure , les exposants Scond €t tcond sont les mémes que dans [KTZ07].
On peut déduire les estimations & un corps ([.19)) de (IL.1)), en prenant v = |u) (ul.

e Nous avons également prouvé des bornes microlocalisées pour la condition elliptique (ellip) :
p(z0,&0) # E (voir le théoréme [[1I.1)) mais nous ne le mettons pas en évidence car ce résultat
est plus trivial. Dans ce cas

1 1

V2 S q S o0, (Sellip(Q7 d)7tellip(Q7d)7 aellip(Q)d)) - (d (2 - q) - ]-7 07 g) .

e On a seulement traité le cas (T'P) sur les opérateurs de Schrodinger.

La preuve du théoréme ci-dessus, prouvée dans une version duale, repose sur des estimées
de Strichartz semi-classiques a plusieurs corps [Ngu22| que nous appliquons & un propagateur
microlocalisé U(t,r) dans un petit voisinage de (g, &p). En effet, comme dans le cas & un corps
dans [KTZ07], esprit est de traiter un probléme dépendant du temps

[hDy — Ay(x, hD)]u(t,x) = hf(x),

avec n =n(d) > 1 et Ay = a;(x, hDx) la quantification de Weyl de a; : R” x R” — R qui dépend
du symbole p. Ceci fait intervenir un propagateur, qui, lorsqu’il est microlocalisé dans un petit
voisinage du point (xg,&p), est approché grace aux techniques de BKW de fagon a satisfaire les
bornes abstraites

{SupTEJ U &)U (s | 2@y srz@ny <1

* < p—n/2 —n/2 (I.2)
Supre] ||U(t7 ’I“)U(S, T) ”Ll(Rn)*)Loo(Rn) ~ h (h + ’t - SD y

Alors, pour tout intervalle compact J C R, il reste & controler chaque terme de la formule de
Duhamel associée (composée avec la microlocalisation)

u(t,x) = U(t,0)u(0,x) +/0 U(t,s)f(x)ds + O(h™)

grace aux estimations de Strichartz. Comme leur nom l'indique, elles font intervenir le parameétre
semi-classique h, mais au lieu de déduire des estimées en norme mixte LY L & partir des bornes
L2 — L2 et LL — L, Desprit est de faire de méme en tenant compte du cadre & plusieurs corps.
Cela se traduit par la présence de normes de Schatten de U(t, s).

Théoréme 2 (Estimées de Strichartz sur les espaces de Schatten, théoréme . Soient n > 2,
un intervalle borné J C R et un propagateur U(t,r) sur L?(R™) satisfaisant les estimées ([1.2))
pour tous t,s € R, il existe C = C(n,J) > 0 et des exposants p = p(q,n) > 1, s = s(q,n) >0 et
t=t(g,n) > tels que pour tout 2 < g <2(n+1)/(n—1) et tout W € Lf(q’n)Li(R"“)

sup [WU(t,v) < Ch @ 1og" S (1/R) W] pam
re

2q

HG2(W)/(L%(Rn)ﬁLim(RnH)) L2(Rn+1)

On remarque que la preuve du théoréme [2] est trés générale puisqu’elle ne nécessite pas plus
d’hypothéses que les estimations de I’énergie et de la désintégration 77 ([1.2)). Elle s’appuie sur
une interpolation complexe dans les espaces de Schatten, dans le méme esprit que dans ’article

de Frank-Sabin [FS17al.

2Nous ne détaillons pas leur expression pour le confort du lecteur.
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Estimées des aggrégats spectraux (référencées dans le tableau En se donnant,

e I'hamiltonien classique p(z, &) = |£|? 4+ V() avec un potentiel confinant V : RY — R,

e un niveau d’énergie E € R,

nous avons déduit des estimations microlocalisées ci-dessus, des bornes qui suivent un autre
point de vue, spectral. Il consiste & considérer les fonctions propres associées aux valeurs propres
dans des intervalles autour de E. De plus, au lieu d’examiner les objets situés dans ’espace des
phases ]Rg X Rg, nous les avons étudiés dans ’espace des positions au niveau de certaines régions

Q=Qyg: C Rg, qui ne dépendent que du potentiel V', de I’énergie F et d’une petite erreur
e>0:

® Q=R4
® dans la région classiquement interdite = {V > E + ¢},
® dans la région classiquement autorisée Q ={V < E — ¢},

® ou dans un voisinage des points tournants 2 = {|V — E| < ¢} sous la condition sup-
plémentair@ que tous les points z € R? de {V = E} doivent respecter la condition
V(x) #0.
En notant P la quantification de Weyl de p et par Ilg, le projecteur spectral sur la fenétre
spectrale [E — h, E + h]
g :=1(P€[E—hE+hL]),

nous avons montré les estimées suivantes dans les aggrégats spectraux Il 5, (L?(R?)).
Théoréme 3 (Théoréme . Pour l'une des régions Q) données ci-dessus, il existe

e hg=ho(F,e) >0,

o des exposants firés s € [—00,00), t > 0 et a € [1,00] (a définir ci-dessous),

e une constante multiplicative C = C(Q, V,E &) > 0,
telle que pour tout 2 < q < oo, tout h € (0, ho] et tout opérateur vy, tel que vy, = g pyn = WllEn

1ol < CH=20D 1og(L/AY0 [ atw oy (1L3)
avec
(Sgene(Q7 ) tgene(Qv d)7 agene(Qv d)) pour tout £ C Rg:
00, 0,00 siQ={V > FE+¢},
(s(4>d), t(a, ), (g d)) = § L) 2=t )
(SSOgge(Qa ) tSogge(Qa d), aSogge(Qv d)) 510 = {V <E- 5})
(STP(Q7d)7tTP(Q7d)ﬂaTP(Q7d)) SILQ:{|V—E| <E}'

Remarque. Comme on peut le voir sur la figure , les régions considérées Q C RZ sont des
voisinages des points zg € R? tels que (z0, &) € R? x R? obéissent a I’hypothése (cond). 11 est
donc raisonnable de retrouver les exposants associés s = Scond, t = teond €6 @ = Qeond-

Bien que nous ne sommes pas parvenus a obtenir des estimations de décroissance exponentielle
équivalentes a celles d’Agmon dans la région classiquement interdite {V > E + ¢}, notons que
I'exposant a@ = oo est le meilleur possible et que nous avons toujours une décroissance de la
concentration en O(h*°). De plus, le théoréme donne 'information que les pires concentrations
sont a priori autour des points tournants, ce qui est cohérent avec la discussion sur I'exemple de
Ioscillateur harmonique scalaire et ses estimées ponctuelles.

22Nous excluons ici les points critiques zo € R? : V(zo) = F tels que V.V (20) = 0, c’est-a-dire comme le point
bleu de la figure m
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Optimalité des estimées L? a plusieurs corps (référencées dans le tableau Il reste
la question de l'optimalité des bornes de Koch-Tataru-Zworski (et de nos bornes L?) dans un
certain régime de ¢q. Les bornes saturées peuvent étre reformulées dans 1’énoncé suivant.

Théoréme. Pour un potentiel confinant donné V : RY — R et une énergie fizée E avec des
hypotheses a préciser, il existe

e une erreur € > 0,
o une suite d’énergies Ey, qui dépendent de V et E,

o un quasimode uy € L*(R?) de P — E} ou une matrice densité vy, de l’aggrégat spectral
1(P € [Ey — h, Ey + b)) (L*(RY)),

e des exposants s = s(q,d) > 0 et « = a(q,d) > 1, qui sont €gauz d Scond €t Qeond, apparaissant
dans les théorémes et@ a certains régimes de q (malheureusement pas pour tout q¢ dans
[2,00]),

e un ensemble ) C Rg, qui peut dépendre de 'V, Ey, €,

et
e ho >0 (resp. une sous-suite {hy}nen C R avec hy, — 0),
e C=0C(d,hy,V,E,e) >0,

tels que pour tout h € (0, ho| (resp. le long de la sous-suite h, — 0)et pour tout 2 < g < c©

Tl S o —siaa) (I1.4)
lunllL2@ey —
ou
ooz = Ch™>) ramkey /0, 1L.5)

Avant d’entrer dans les détails de ces résultats, donnons quelques commentaires sur le théoréme
ci-dessus.

e Le paramétre € > 0 sert ici & spécifier un rayon minimal, comme dans le théoréme (3 afin de
définir Q comme un sous-ensemble du coeur {V < Ej, — ¢} dépendant de h ou de prendre
en compte les points tournants {V < Ej, + ¢}.

e Nous n’avons pas toujours 'expression exacte des suites Ej (nous prouvons seulement leur
existence dans certains cas).

Optimalité one-body On construit dans la section du chapitre [I| des quasimodes de
type zonal, des quasimodes de type faisceau gaussien et des quasimodes de type état fondamental
gaussien, qui saturent les estimations de Koch-Tataru-Zworski dans certains régimes de ¢q. Leur
profil de concentration est représenté dans la figure [J] et les exposants optimaux dans la figure

du chapitre [I]
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- /\ m
d-1)

1/2
To—zl <h & — 2| <h
(laie type état fondamental gaussien (c.f. figure (b) De type zonal (c.f. Figure[T.14).
:LJ
A
o} ;
- >
~1

(d) Voisinage de concentration d’un quasimode
de type faisceau gaussien.

(c) De type faisceau gaussien (Figure |1.15]).

F1GURE 9 — Concentration des quasimodes saturateurs.

Leur énoncé est le suivant.

Théoréme 4 (Propositions [VIIL1] [VIIL.2| and [VIIL4). En se donnant un potentiel confinant

V :R% - R, un niveau d’énergie fixée E, et une erreur € > 0 avec des hypothéses a préciser, il

existe

e une suite d’énergie Ey, qui dépend de V et de E,
e un quasimode uy, € L*(R?) de P — E},,
o des exposants Smass = 3mass(Q; d) >0 et Sconec = SCOHC(Q? d) > 07

un ensemble Q) C Rg qui peut dépendre de V', By, €,

et

ho > 0 (resp. une sous-suite {hyp}nen C R avec hy, — 0),

L4 mass — mass(da h07 V,E,E) >0 et Cconc = Cconc(da h07V7E75) > O;

telle que pour tout h € (0, ho| (resp. le long de la sous-suite hy, — 0) et pour tout 2 < q < oo

hsmass(q,d)’ HuhHLq > Coonch™ Sconc(¢,d) (II,6)

Huh HL2(]Rd) < Crnass

Détaillons davantage nos résultats pour chaque cas. Dans les deux premiers cas, nous construi-
sons des fonctions qui se concentrent & des points spécifiques que nous devons déterminer, & savoir
xo = xo(h) (voir les figures [9a] et . Dans le dernier cas, la concentration se fait autour d’un
segment selon une coordonnée euclidienne (voir les figures 9¢| et .

(a) Quasimode de type état fondamental gaussien (proposition [VIII.1) : on impose la condition
que F soit un minimum local de V et on fixe g € R? un point ol le minimum est atteint.

Alors,
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e on prend Q = R,

e on définit up comme un oscillateur harmonique translaté & 1’énergie fondamentale,
normalisé dans L? et centré en xq avec une échelle de h'/2, qui est alors un quasimode

de P - E,
de sorte que Smass(q,d) = 0 et Sconc(q,d) = %(% - %) Cette construction est bien connue

(voir [Hel06, Chap.2| et [DS99, Chap.4]).

(b) Quasimode de type zonal (proposition [VIIL.2)) : pour un V' donné et une énergie £ > min V’
avec une condition de non-platitude de V' dans un voisinage de {V = E}, nous prouvons
I'existence de suites

o {Ep}n>0 C RY au voisinage E,
o {zon}n>0 C R% dans le coeur {V < E, —¢},

de sorte que nous construisons uy dans le cluster spectral de P associé a l'intervalle spectral
[En, — E, Ep, + h] qui est concentré en xqy,

o up(xz):=1(P € [E} — E,Ey + h]) (zop, x),
e ct on considére le coeur 2 = {V < E}, — ¢} dependant de h.

Cela donne smass(q,d) = (d —1)/2 et Sconc(q,d) = d — 1 — d/q. Cette construction est
l’analogue de celle de [Sogl7al Chap.5].

(¢) Quasimode de type faisceau gaussien (proposition |VIIL.4)) : nous considérons V(x) = |x]2,
et nous définissons ' comme un état excité de 'oscillateur harmonique scalaire de sorte
qu’on a

e une fonction propre normalisée uj, dans L?, qui est un produit tensoriel d’un état
excité associé a F et de d — 1 états fondamentaux gaussiens de I'oscillateur harmonique
scalaire,

e la valeur propre Ej = E 4 (d — 1)h de P associée a uy,

o et Q ={V(zx) < Ej+¢},

tels que Smass(q,d) = 0 et Sconc(q,d) = d(% — %) — % Cette construction est une version
détaillée de [KT05, Sec.5.1].

On en déduit donc, sous les hypothéses précédentes, les bornes inférieures (I1.4]) sur le
quotient de la norme L7 et L? & partir du théoréme {4| II suffit de prendre C' = Ceone /Crnass €t
S = Sconc — Smass- En particulier, nous avons montré que dans les trois exemples ci-dessus (voir

Figure du chapitre

(a) les quasimodes gaussiens de ’état fondamental (remarque [30| du chapitre [1)) : ’exposant
5 = Sgene pour 2 < ¢ < 2d/(d — 2) est optimal,

(b) les quasimodes de type zonal (Remarque [32| du chapitre [1)) : 'exposant s = sgogge = Sgene
pour le grand régime 2(d +1)/(d — 1) < ¢ < oo est optimal,

(c) les quasimodes de type faisceau gaussien (remarque [37|du chapitre 1)) : 'exposant s = sgogge
pour le bas régime 2 < ¢ < 2(d+1)/(d — 1) est optimal.

Il n’est pas certain que les estimations des points tournants dans le régime intermédiaire
g€ [2(d+3)/(d+1),2d/(d — 2)] soient optimales et cela reste une question ouverte (voir [KT05|
Sec. 5.3| pour un résultat intermédiaire).



II. CONTRIBUTIONS ET ORGANISATION DE CETTE THESE 33

Optimalité many-body Comme pour le cas & un corps, nous fournissons dans la section
du chapitre [I] une matrice densité qui sature les estimations de Sogge dans la zone
classiquement autorisée.

Théoréme 5 (Optimalité a plusieurs corps dans le cceur, proposition . Soit un potentiel
confinant V : RY — R donné et une énergie fite E > minV avec la condition de non aplatis-
Semenﬁ autour de {V = E}. En notant par llg, , == 1 (P € [E}, — h, Ej, + h]) le projecteur
spectral, il existe

e une erreur € >0 ,

o une suite Ky, dans un voisinage de F,

e ho >0 (resp. une sous-suite {hy}nen C R avec hy, — 0),
e C=C(d, hy,V,E,e) >0,

pour lesquels on a, pour tout h € (0, ho] (resp. le long de la sous-suite hy, — 0) et pour tout
2<gqg< o

lprig, wllLaqv<m,-ey) 2 Ch~(d=1),

Ce résultat implique la saturation des bornes (II.3) dans la région classiquement autorisée au
rang maximal rank v, = rankIIg, 5 (voir la remarque [39| du chapitre [1]).

Remarque. Pour l'instant, 'optimalité des estimées dans I’ensemble n’est pas connue pour les
régimes intermédiaires (1 < rang~y, < ranglIlg, p,). Elle n’a pas encore été faite non plus pour les
autres estimées des théorémes [I] et |3 Ce serait une direction intéressante a explorer.

Estimées L” microlosalisées (de la forme ([I.1]))

Condition sur le symbole pg :=p(x,§) — E \ Résultat
General (gene)=(Hypothese [2 Théoréme [[V.2|
Sogge (Sogge)=(Hypothese |3 Théoreme |V .2
Points tournants (TP)=(Hypothese |4 Théoréme [V1.2|
Estimées L” des aggrégats spectraux (de la forme (II.3))
Région Qy g C R? ‘ Exposant Reésultat
Q\/7 E = Rd (gene)
Classiquement autorisée Qvep={V>E+¢} Théoréme
Classiquement interdite Qvep={V<E-¢} (Sogge)
Au voisinage des points tournants Qvep={|V-E|<¢} (TP)

TABLE 3 — Résultats principaux des estimées LP des matrices densité.

Un apercgu des principaux résultats du chapitre

23]a méme hypothése que pour la construction du quasimode de type zonal
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Optimalité a un corps (de la forme ([II.4]))

Type de concentration Quasimodes saturateurs Exposant Régime de ¢ Résultats
Fig.|1.16
Etat fondamental gaussien Sgene q> d%dQ Prop. |VIII.1
Autour de points xo loc. min. of V — FE Fig.
To = Toh € Rd
de type zonal Ssogge q>q.= 2€jj11) Prop. [VIII.2
au h-ceeur {V < Ej, — ¢} = Sgene Fig. |1.14]
Autour d’un segment de type faisceau gaussien Ssogge 2<qg<q Prop. [VIII1.4
(c.f. Figurelﬁb Fig. [1.15
Optimalité a plusieurs corps (de la forme (IL.5]))
Région Qy g C RY Densité saturatrice Exposant Régime de ¢ Résultat
Ceeur : Qy g ={V < Ej —¢} Plig, » (Sogge) 2<g< Prop. |VIII.5|

TABLE 4 — Bornes L? saturées (dans la section |[VIII| du chapitre .

I1.2 Reésultats du chapitre 2| : asymptotiques pour le cas avec interaction

Le chapitre [2] est consacré & la version grand-canonique des limites fermioniques de Fournais,
Lewin et Solovej [FLS1§|. Cela permet de donner un élément de réponse & la question |§|

On a montré en particulier la convergence faible de la densité des presque-mim’mz‘seurﬁ de
la fonctionnelle d’Hartree-Fock généralisée de i (voir dans le chapitre [2)), i.e.

HF HF —d
EV_pw(YhghF) = € v_p ., +o(R7)

vers un minimiseur prr de la fonction d’énergie de Thomas-Fermi.

Théoréme 6 (Lois de Weyl faible et intégrée, théorémes |2 et [3| du chapitre . Soit d > 1. Soient

e un potentiel conﬁn(mt V.

R? - R,

o un niveau d’énergie £ > minV,

e un potentiel d’interaction w : R* — R pair tel que w € L'T4/2(RY) 4 L2 (]Rd et ‘répulsif .

Alors, il existe un minimiseur prr de l’énergie de Thomas-Fermi EEEEUJ

sous-suite décroissante {hn}n, C RY telle que h, — 0
n—oo

d
h p’Yﬁ,gHF -

et alors,

PTF

in LR N LF2/4(RY),

hd/ p'Yh,gHF(x)dx_)/ prE(z)dz.
R4 R4

tel que le long d’une

(11.7)

(I1.8)

Remarque. On retrouve dans le cas w = 0, pour la limite (I1.8]), la loi de Weyl intégrée énoncée

dans (I.26]), puisque

prr(T)

De plus, on a un meilleur résultat

_ |Baa(0, 1))
(2

24i] n’est pas évident que les minimiseurs existent

Z5yoir I’hypothése |5 du chapitre
26¢ £. 1a définition du chapitre

[E—V(x

i

2Tau sens de I'hypothése |§| ou de ’hypothése pour les dimensions d € {1,2} du chapitre
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e puisque toutes les limites sont vraies sans passer par une sous-suite h,, — 0,

e et on a une limite plus forte que ([L.7) avec la convergence ponctuelle A%p., (z) — prr(z)
lorsque V' (z) < E (voir [DL21]).

Le théoréme [6] peut étre ainsi considéré comme une version de la loi de Weyl lorsque nous
introduisons des interactions entre les particules.

Remarque. On pourrait avoir directement une convergence i — 0 sans passer par une sous-
suite si on avait 'unicité de la limite, c’est-a-dire si le minimiseur de Thomas-Fermi est unique.
C’est typiquement le cas sous 'hypothése w > 0, puisque dans ce cas la fonctionnelle Sg}j Eaw
est strictement convexe. Il n’est pas clair que cela soit également le cas avec notre condition
(hypotheése [§] du chapitre [2))

Vp >0, Dy(p,p) >0.

On a en fait déduit ces convergences sur les densités de la preuve de la limite d’énergie
Hartree-Fock grand-canonique généralisée.

Théoréme 7 (Théorémedu chapitre . Sous les méme hypothéses que cz’—dessusP_gL nous avons
la convergence de l’énergie de l’état fondamental d’Hartree-Fock grand-canonique (défini dans

[23)

i 5 gHF _ TIF
%1_1)%71 €y —Ew = CV—Ew (1I1.9)

vers l’énergie fondamentale de Thomas-Ferms

eVt g = inf {SEM([)) 1 p>0, peL'RY)NLT/IRY, /d Vp < OO} :
R

Remarque. Nous avons prouvé des limites sur Hartree-Fock, mais nous pourrions également
étudier 'hamiltonien total P & plusieurs corps comme Fournais, Lewin, Solovej [FLS18]. On

s’attendrait & avoir les limites ([L1.9) et (LL.8) pour I’énergie e, v, (E).

Mentionnons également un probléme intéressant qui est une version ponctuelle de (I1.8]) dans
le méme esprit que [DL21]. Cette question est cependant loin d’étre triviale, étant donnée la
non-linéarité du modéle d’Hartree-Fock.

Conjecture. La densité (du presque-optimiseur) de 'optimiseur vy, our de l'énergie h-Hartree-
Fock converge de maniére ponctuelle vers un minimiseur Thomas-Fermi (toujours le long d’une
sous-suite)

—d
Praue (@) ;™ B prF(T),

pour x dans le coeur {Vheff < E} associé au potentiel effectif V,.fff = V+hdw>kp,m, dont l’expression
n’est pas explicite.

Z8mais on peut autoriser & avoir w € LP(R%) + L2 (RY) avec p un peu plus général que 1+ d/2, c’est-a-dire que

max(d/2) < p < 0.






Chapter 0

Introduction (in English)

The aim of this thesis is to study systems of fermionic particles, and in particular their spatial
concentration properties, in the semiclassical regime.
Chapter [1]is devoted to a study of densities for non-interacting particle systems. In Chapter
we pose the problem of pointwise asymptotics in this more difficult case of interacting systems.
In this introduction, we first present in Section [[] the physical motivations, the mathematical
formalism that we will use to describe these fermionic systems and a state of the art. Then, my
contributions are presented in Section [

I GENERAL FRAMEWORK

Some references The reader interested in the basis on quantum mechanics can consult
for instance the books [CTDL21, BDJ02]. We recommend for general readers the popularization
books [BL14, Nav15, [CC14al [CCI14b| which also contain biographies of great figures in physics
and juicy anecdotes mentioned in this introduction’s footnotes. For references on spectral theory,
we refer to the books [Dav9sl [LS10, Lew22]. As well, for starting references on semiclassical
analysis, we refer to the books [DS99, [Zwo12].

I.1 Physical motivations and objects at play

One can motivate the spectral study of Schrédinger operators in the semiclassical limit by their
physical interpretation.

We consider quantum particles of mass m > 0 in the d-dimensional Euclidean space (d > 1),
which are confined in an external force field that derives of a scalar potential V : R — R. We
consider trapping potentials, which means that V(z) — oo as |x| — co. A well-known example
of trapping potential is the harmonic oscillator V(x) = |:E\2 There exist two different types of
quantum particles: bosons and fermions, with different statistics.

e Bosons are the particles responsible for the interactions. They aggregate in the same
quantum state to form condensates according to the Bose-Finstein statistics. Elementary
known bosons are photons, gluons, Higgs bosons and bosons Z, W.

e Fermions are particles which make up matter. They obey notably the Pauli exclusion
princz‘ple{ﬂwhich states that two fermions cannot occupy the same quantum state. There are
elementary fermions, that include quarks and leptons (main examples are electrons, muons,
neutrinos, tauons) and also composite fermions, the hadrons (such as protons and neutrons,
that compose nucleus with a strong interaction).

Istated in 1925 by Wolfgang Pauli (1900-1958) [Pau25] himself.

37
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We will focus on fermionic particles. The statistics of fermionic particles are still an active research
topic in theoretical physics, by quoting only papers of Dean, Le Doursal, Majumbar, Schehr and
Smith [DLDMST15, DLDMSIS, [DLDMST9, IDLDS™21, ISDLD™20).

Quantum mechanical formalism At the end of the nineteenth century, experiments chal-
lenged classical physics, for which concepts are insufficient to describe objects at the atomic or
subatomic scale, and gave rise to new ideas, with which the quantum physics we know today was
built. For instance Max Planck (1858-1957) deduced the so-called Planck’s law in 1900 [Pla01]
from black body radiation spectrum and Albert Einstein (1879-1955) understood the photoelectric
effect in 1905 [Ein05]. That lead to the hypothesis of the energy quantized, word given by Einstein
to name the fragmentation of energy in discrete pieces that he called ’quanta’, that he considered
as particles. These fragments must be multiples of the Planck constamﬂ h~6,62x 1073 Js.
We recall in this paragraph some postulates of non-relativistic quantum mechanics and their
consequences.

Unlike classical mechanics, where the position-impulsion (z, £) € R? x R? of the particle evolve
according to Hamilton equation

Fﬂ>:;am )

£(t) = -VV(z(t)),

a quantum particule is described by a system of states in the Hilbert space L2(Rd, C) and might
be interpreted as wave-functionsﬂ When a state 1(t), at time ¢ > 0, is normalized on L?(R?), the
number |1)(t, 2)|? can be interpreted as the density of the probability of presenceﬁ at the position
z € R?. One would expect to find the particle at positions where the values of |¢)(t)|? are at their
highest level. As well, the density of momenta probability ¢ € R? is given by \@(t, €)|?. Here, we
define the Fourier transform as

1 —i&-x
Ve € RY, W(t,€) = W /Rd e »(t, x)dx.

Let us explain why we will focus on the spectral study of a quantum observable, called
Schrodinger operator. The time evolution of these states 1, € L?(R%), for instance equal to
Y0 € L2(R?) at time t = 0, is described by the so-called Schridinger equatio

AT p— (-2

where i := h/(2m) is the reduced Planck constant, and A is the Laplace operator A := 25:1 03],.
The respective parts —%A and the multiplication by V' (z) correspond to the kinetic and the

{mat%(t,x) — — 2 Ny (t, ) + V(2)gn(t, ) at time ¢ > 0,

ZParadoxically, Planck was disturbed by quantization principle and defended the continuity of matter. He could
not admit that his law of radiation would lead to a break with classical mechanics. The tragedy of his life is that
he became, in spite of himself, a great figure of the quantum revolution.

3Louis De Broglie (1892-1987) put forward the hypothesis of the wave-corpuscle duality of matter in his 1923
thesis on the movement of free electrons [dB24|. This correspondence is a first kind of semiclassical limit.

4This probabilistic interpretation, sometimes called ’ Copenhagen interpretation’, is due to Max Born (1882-1970)
in a paper entitled Quantum mechanics of collision processes [Bor26| in 1926.

SErwin Schrédinger (1887-1961) generalized De Broglie’s approach a few years later to particles confined in an
external potential by using mathematical tools for wave equations. His famous equation, that made his masterwork,
first appeared in 1926 in [Sch26], which the translated title is Quantization as an eigenvalue problem. According to
[BL14], despite his tumultuous romantic life and polyamorous relationships as numerous as its papers, he was said
to accomplish his crucial work in a period of love exuberance. However, before dying of tuberculosis, Schrédinger
was obsessed by giving a physical meaning to the states ¢y. In particular he insisted on seeing |1s|? as the density
of the electric charge of the particle and rejected Born’s probabilistic interpretation.
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potential energies of the particle. The study of these states v is reduced to the spectral study
of the quantum Hamiltonian P := —%A + V(x) on L?(RY), called Schrédinger operator. Tt is
enough to know its discrete spectrum (when it exists, since it is the case when V' is confining: the
self-ajoint operator P on L?(R?) has a compact resolvent and admits a sequence of eigenvalues
that approachgs +oo), composed of its eigenvalues )\% € R : there exists a function 1% = 0 such
that Py = M and '
M <A <. < A%jjooJroo,

and an orthonornal basis of associated eigenfunctions {ZD,%}JEN C L*(RY). Indeed, knowing a
solution u% of stationary Schréodinger equation at the level energy /\%, one can deduce solutions of
as linear combination of

Wt x) = e g ).

Notice that the modulus w%(t, x) remains constant: |¢%(t, 7)]? = ]u%(m)|2 for any ¢t > 0. Therefore,
one can focus on the stationary solutions of the Schrédinger equation. Furthermore, as can be seen
in the notation, the eigenfunctions and eigenvalues of P depend on the constant A. In particular,
the distance between the eigenvalues depends on # (for instance when P is the harmonic oscillator,
i.e. V(x) = |z|?, this distance is proportional to A).

The question is to understand more finely the spectral properties of P. The trick is to go to
the semiclassical limitﬂ i.e. to make the reduced Planck constant A approach 0. In this limit,
the system behaves like in classical regime. This strategy allows to deduce information from the
classical observable p : R% x Rg — R which is the analogous of P. The classical-quantum continuity
relation is called the ’correspondence principleﬂ In mathematics, it is called semiclassical or
microlocal analysis. A crucial operation (nevertheless not unique), that is called quantizationEl7 is
the association of a smooth phase space function to linear self-adjoint operator in L? (]Rd).

Example. The position (x,§) — z corresponds to the multiplication operator by z. As well, the
impulsion (z, &) — & is associated to the impulsion operator ?Vz As below, Schrédinger operators

P = —;iA + V() are associated to the classical Hamiltonian energy p(z,§) = % E? + V(x),

m

which is the total energy of a classical particle trapped in a potential V', described by Hamilton
equation ([I.1J).

A striking example of the correspondence principle is the integrated Weyl law (see for instance
|[Zwol2, Thm. 6.8]), which give asymptotics of the number Nj(I) of eigenvalues of P in a fixed
interval I C R depending on the classical Hamiltonian p(z,¢) = 5L [€]* + V (z)

Nu(I) = 27h) "4 |{(z,€) e R x R? : p(z,¢) € 1}( + Op_o(A @0y, (1.3)

Systems of several quantum particles Until now, we have not seen the difference between
the bosonic or fermionic nature of particles. It comes into play when we are interested in systems
of several indistinguishable particles. A system of N indistinguishable fermionic particles is
described by wave-functions in the antisymmetricﬂ Hilbert subspace L2(R¥) = L2((R)N) of

50riginally, to deduce the spectrum of the black-body radiation in 1900, Planck considered the furnace that
contained black-bodies as discrete, bounded by grids of a certain length h that he made it tend to 0 in order to
find a continuous space. The limit value is the one that bears his name h ~ 6,62 x 1073*J.s.

"stated by Niels Bohr (1885-1962) in 1923 [Boh24]. In particular, he calculated subatomic properties based on
the postulates of classical mechanics.

S8we refer to [DS99, Chap.7] or [Zwo12, Chap.4] for more details

9which distinguishes them from bosonic particles for which the states are symmetric and belong to

L2RW™NY = {Uy € L2RY) : Un(at,. ., 2" = Un@"P, .., 2°™)) Vo eSnl).
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LQ(RdN)
L2RWN) = {Uy € L2R™) : Uy(z!,...,2N) =e(0)Un(D, ... 2°™)) Vo e Sy}

Here, £(0) denotes the signature of a permutation o € &y. The Pauli exclusion principle imposes
that two fermions cannot occupy the same quantum state. This leads to the above space of
antisymmetric states with respect to permutations of position variables. For any L?-normalized
state Wy, the quantity |Wy(x! M) (resp. [Un(EL,...,€N)|?) can be interpreted as the
probability density that the ]th par‘mcle number is at the position 7 € R? (resp. has the
momentum & € R?) for all 1 < j < N. Moreover, setting

Py <1>($) =N Uy (z, 2% ... e Pda? - - da?Y,
YN R(N=1)d

its normalization N *1p7 O (x) corresponds to the probability density of any particle of the system
YN

in the state U to be at a position z € R?. We will explain later where comes from the notation
of the symbol Y- Moreover, the quantum dynamic of states Wy j is given by the Schrodinger
N

equation in L2(R) for an initial state ¥, € LZ(R*Y)
{ih@t\l/]v,h@) = PN\I/Nﬁ(t) Vit >0 (I 4)

\IIN,h(t = O) = ¢9\/7

where Py denotes the quantum Hamiltonian of the N particles of a same mass m, trapped in an
external potential V : R¢ — R with a pairing interaction potential w : R* — R, which is an even

function,
N

Py = Z <—2h2Ax] + V(a?) > +A Z (z" — 2). (L.5)
7j=1 1<i<j<N

When w > 0, the interaction between particles is repulsive and when w < 0, it is attractive. The
factor A written before the interaction term is the coupling constant. In order to simplify the
formulas, we assume in the rest of this thesis that the mass m = 1/2. The total energy of the
system at a state Wy is the average value Ex(Un) = (Un, PNV ) 2 of the quantum energy
Py. The ground state of Py (when it exists) corresponds to its minimal eigenvalue and can be
obtained by the minimization of the variational problem

ey = inf{(¥, Px¥) > © ¥ € LZ(R™) and ||V p2gany = 1} (1.6)

It turns out that this minimization problem is not easy to solve in general.
Systems of free fermions When there is no interaction, i.e. w = 0, the advantage is
the reduction of the dimension of the problem: instead of working with a wave function in

L?(R4N), one just has to consider N wave functions of L?(R%). Indeed, a natural uncorrelated
L?-normalized eigenfunction ¥ ~,n of Py is a Slater determinanﬂ denoted u}i AREEWAN uév

\pN,h(xl,...,xN):\/L 3 Huh 0) = det ((uh(+")) oy jen ). (A7)
ceSN

associated to an orthonormal family {u%}lgjg ~ of L?(R%). When the fermionic particles are
free, the eigenfunctions of Py are exactly Slater determinants. Therefore, it is also the case of

This name is due to John Clarke Slater (1900-1976) for its formulation in [SIa29], although it was also
introduced independently by Dirac [Dir26].
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the ground state. Thus, the minimization problem can be restricted on the space of Slater
determinants associated to the orthonormal eigenfunctions of the one-body Schrédinger operator
P = P;. Moreover, given an orthonormal family {u%}lgjg ~N C L2(R?), the density of the state
u}]/\/\uév is given by

N
7=1

The normalized quantity N ! Pul Ao nulY ~ () represents the density of probability of N free fermionic

particles at a pomt z € RY. Each state associated to a particle indexed by 7, is a normalized
eigenfunction uh, at a energy level set )\J (where ()\h, uh) are eigenvalue-eigenfunction pairs of
P). Notice that when we integrate Pul pooopuy O the whole space R, it gives the number N of
particles.

Notation. We recall here the Dirac notation |u) (v|, for any u,v € L*(R%): it denotes the
operator on L?(R%)

f € LARY) = (v, f) o ey v
When u = v and if u is L?-normalized, |u) (u| is the orthogonal projector on the space span{u}.

It should also be noted that Pul po- Al ~ is the upper-diagonal integral kernel of the orthogonal of

the orthogonal projector on the N-dimensional span of the orthonormal family span{uh}1§j§ N C
L*(R%)

N
o J J
YulAcpuly *= Z ‘uh> <“h‘ :
j=1

This operator Vul Ave- Al is called the one-body density matriz of the system and Pul e its
associated denszty Let us mention that Val Aol is very useful to provide information on the
system. We will return to the 1nterpretat10n of this case in Section

Furthermore, for a fixed energy level set £ € R, we can con81der a family of eigenfunctions
{uh}1<3<NE , associated to eigenvalues AJ less than or equal to E. The size of this system Ng p
depends on E and on the reduced Planck constant h. Notably, Ngp — oo when i — 0. The

asymptotics of p Lno VB is known in spectral theory under the name of pointwise Weyl law.
U Ay

When we can integrate this formula on the whole space R?, it gives the asymptotics of the number
NEg p, which is the integrated Weyl law for I = (—o0, E]. We will discuss more deeply about
the state of the art of Weyl laws in Sections [[.2] and [[.3]

We motivate now this PhD work by stating some more specific and naive questions.

Question 7. What type of spatial concentration phenomena can occur for eigenfunctions as
h— 07

Question 8. How to measure mathematically concentration or delocalization of eigenfunctions?

Question 9. What is the influence of the interaction on these concentration properties?

I.2 State of the art on concentration of quasimodes and eigenfunctions

Motivated by Questions [7] and [8] we give now an overview of mathematical results on eigenfunc-
tions.

The concentration of eigenfunctions needs a parameter to be measured. There are two different
regimes where it can be seen. On the one hand, there is the semiclassical point of view, which is
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historically the older, as evidenced by with Brillouin-Kramers-Wentzel (BKW) approximation[lz]
of wave functions in dimension 1, know also as Liouville-Green (LG) method | (see for instance in
[OIv97, Chap.6]). The idea is to look at P = —h?A + V at a fixed energy when the semiclassical
parameter i~ — 0. On another hand, we can place ourselves in a high frequency frame, which
means that we look at eigenfunctions of P = —A + V associated to an eigenvalue A — oo. We
have chosen to start with this regime which is technically simpler.

The problem of the concentration of high frequency eigenfunctions on smooth boundaryless
compact Riemannian manifolds is an active research topic since the 1980s and extends to
submanifolds (as described in [Sogl5|). We therefore start introducing some partial literature
of some related problems. This will allow us to make the link with our Euclidean case with a
confining potential in a semiclassical regime. We will see why in most of time we have to lower
our ambitions and restrict our estimates to generalizations of eigenfunctions called quasimodes or
functions in spectral clusters.

High frequency setting Semiclassical setting
Full manifolds  [Sog85, [Sog88], [FS17h]
Submanifolds  [Hu09] [BZ16l BGTOT, Tac10]
Euclidean case [KT05] IKTZ07, Ngu22]

Table 1 — A non-exhaustive overview of literature on L? bounds on manifolds

Compact Riemannian manifolds without boundary Let us consider smooth compact
Riemannian manifolds M without boundary of dimension n > 2 that we endow with a metric
g. Let us denote by A, the Laplace-Beltrami operator on (M, g). We put ourselves in the case
without potential.

The example of the standard round sphere Let us start focusing on the n-sphere for
n > 2

which has the merit of giving direct results on the exact eigenfunctions and an answer Question
We denote by Agn the Laplace-Beltrami operator with respect to the metric induced by
the Euclidean metric on R"*!. The spectrum of —Agn is {£({ + n — 1)}sen. For each £ € N,
every associated eigenfunction to the eigenvalue £(¢ +n — 1), with multiplicity (”#) - (”ZEEQ),
is a restriction of harmonics polynomials of degree ¢, called spherical harmonics of degree £.
Furthermore, the vector space spanned by the spherical harmonics is dense into L?(S™). We direct
the reader to the following references [DX13, [Sog85] for asymptotics on spherical harmonics.

First, let us consider the two-dimensional sphere, which is the more intuitive one and the
easiest to represent geometrically. There is concentration of eigenfunctions of —Ag2 in the two
poles and around the equator (see Figure . We denote by {Y;"}ren —¢e<m<¢ the standard basis
of L?-normalized spherical harmonics on S™

—Ag Y = 00+ )Y

" due to Léon Brillouin (1889-1969) [Bri26], Hendrik Anthony Kramers (1894-1952) [Kra26] and Gregor Wentzel
(1898-1978) [Wen26] in the 1920s

12Joseph Liouville (1809-1882) [Lio36] and George Green (1793-1841) [Gre37] introduced this method one century
before in 1837 for solutions of second order differential equations for the form y”’(z) = f(x)y(x), that are expressed

under the form y(z) ~ f(z)~'/*exp (i f;o \/f(t)dt), but it was relatively unnoticed.
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On the one hand, the zonal spherical harmonics YEO concentrates around the north pole 1 := (0,0, 1)
and the south pole —1. More precisely, its density of probability |Y,’|? concentrates at these two
extreme points with height ¢ in a region of size /~! (see Figure . On the other hand, the
highest weight spherical harmonics Yeﬂ, usually called Gaussian beams, concentrated around the

equator Yequat := {z € S* : 3 = 0}: the densities of probability satisfy \Yeﬂ]Q 2>/ in a region of
size £~1/2 (see Figure . The term 'Gaussian beam’ comes from the Gaussian profile centered

in the points of the curve Yequat. It is of the form Yeﬂ(x) = 061/4(561 + ixg)e, which behave like
1/2

an exponential. We can moreover speak of ¢~
of these functions {V;*}sen.

width tubular concentration around the equator

Figure 1 — Concentration regions in the 2-sphere: poles 1 and the equator Yequat

Let us recall that the points of the sphere S? can be parametrized by angular coordinates
(0, ) € [0,7] x [0,2n] (see Figure [1]), through the relation

x1 =sinfcosp,
(z1,29,23) ER? <= (0,9) € [0,7] x [0,27] with { 2o = sinfsine,

r3 = cosf.
We may see these saturation phenomena through the local asymptotics of the spherical harmonics
Y (0, 0) = ™ f(0)

with f;" functions associated to Legendre polynomials. Indeed, it comes from the explicit (but
painful to write) expression of Y,

V(0,¢) € [0,7] x [0,27],  Y{"(0, ) = come™ PP (cos 0)

in terms of functions associated to Legendre polynomials

2t0! d

()" G by " (@) for —¢<m<0,

Ve e [-1,1], P (z):=

{H(l a2 (02 ) for 0 < m <4,

and the normalization constants

B m | AT (L+m)!
¢t = (=1) \/2£+1 (=1
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For a function u which is concentrated in a volume V' with a height L, one can deduce the bound
for any 2 < ¢ < o0
lull e Z L x V9.

This results in the LY estimates, which holds for any 2 < ¢ < o0
4
Y2 1PN paraszy 2 € (€)% = €17, (L8)
and 1_1
IYZ Pl parzgszy 2 €2 x (071/2)4 = 4274, (1.9)

These kinds of estimates are not very accurate, but they give a measure of concentration of the
eigenfunction. Indeed, localization of a function uy; can be measured informally by the explosion
of the quotient H]udQHLq/z(SQ)/H|uz|2||L1(Sz) — 00 as ¢ — oo when ¢ differs from 2. As well, its
non-concentration can be seen when all L?-norms are of the same order.

A P A

~ |)/}:|:f|2
~1
A
~1 1 0
= T g >
Y . )9 0 - 2% T
TO T ~ £—1/2
(a) For m =0 (b) For m = +/4

Figure 2 — Rough representation of the density |Yém\2 in S? in function of the polar angle @

e [s there a matching upper bound of and for any spherical harmonics Y;™7

e Moreover, do these concentration phenomena hold again for sphere in higher dimension,
and do they extend to more general compact manifolds?

We can start to give a positive answer of the generalization of the concentration phenomena in
higher dimension. Actually, for any dimension n > 2, the above high frequency concentration at
poles 1 = (0,...,0,+£1) and around the equator curve Yequat := {x € S" : (3,...,2n41) = 0}
and LY-estimates of spherical harmonics remain valid. As in the 2-sphere case, there exists a
spherical harmonic, which concentrates concentrates at poles +£1 with a modulus of height 5
in a region of width ¢/=! (see Figure , and another which modulus concentrates around the
equator Yequat With length ("7 ina region of radius £~1/2 (see Figure .

The answer the question about the upper bound of and is also yes. In his PhD thesis
[Sog85|, Sogge provided L? bounds on eigenfunctions of —Agn. The statement is the following:
for any n > 2, there exists C' > 0 such that for any ¢ € N, any eigenfunction u, associated to
l(l+mn—1)and any 2 < ¢ < o0,

eael | aragny < CL2o852 (0™ [l || L1 gmy, (1.10)
where for any n > 1

/1 1 . 2(n+1)
= <§_5) if 2< g <0 =g, (L11)
n(%-

SSOgge(Qan) = . 2(n+1
)—% 1f75?_1) < q < oo.

Q=
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Conversely, the exponent sgogge is sharp, since estimate (.10 is saturated by Gaussian beams in
low range 2 < ¢ < ¢, (that corresponds to Y™ such m = £¢ in dimension n = 2, with the L?

estimates (L.9))

e paragny 2 €771 x (£717)

and by zonal spherical harmonics in large range g. < ¢ < oo (that corresponds to Y™ for m = 0
when n = 2, with the L7 estimates (L.8]))

n—1 _ e
el (| pasagny Z €77 x (712120,

That shows in particular two types of concentration: in a ball around points (here of radius
~ ¢72) and in a tube around geodesics (of width ~ ¢~1/2).

z‘CN = (373, s )xn-l-l)

Figure 3 — Concentration regions in the n-sphere: at poles &1 and around equator Yequat

" ’quuat
Jue[? ~1

~ gnfl

|ugl?
[ ]

1
N£472

(b) Around equator for Gaussian beams

(a) At north and south poles for zonal harmonics

Figure 4 — Profiles of spherical harmonics concentration in S™

More general manifolds It turns out that the Sogge Li-estimates ([.10) extend to all
n-dimensional smooth boundaryless compact manifolds (M, g) (see the later Sogge’s work [Sog88|
Thm. 2.2|) for any eigenfunction uy of —A, associated to the eigenvalue A > 0

— Aguy = Nuy, (I1.12)
we have
[ullpaqary < CASosse (@™ [y || 2y, (1.13)

with C' > 0 independent of uy and A > 0, and all 2 < g < 00, and sgogge defined by . As we

have seen earlier, these bounds are optimal and saturated when M is a sphere (since £ ~ \).
What can be said about the optimality of Sogge’s estimates for eigenfunctions in

other smooth compact manifolds? Actually, there are several compact manifolds with particular
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geometries where the exponent of Sogge is not optimal and can be improved in some regimes of q.
Notably, there are eigenfunctions that saturate better bounds.

e A first example, due to Zygmund [Zyg74] in 1974, is the 2-dimensional torus T? := R?/Z?
for the exponent g = 4
lualla(rzy < Cllullpzre)-
Then, it is generalized in higher dimension n > 3 by Bourgain [Bou93] for all 2 < ¢ <
2n/(n—1) and all e > 0
[urllzacrny < CX¥[lunll L2 (Tny.-

e We mention also manifolds with negative curvature, for which we will come back later.

Therefore, a challenge is to find, for a given M, the optimal exponent s.
However, Sogge estimates remain true for generalizations of eigenfunctions, which are quasimodes
of —Ay — A2: which are L?-normalized functions uy such that

I=Agux = XNull2ar) S Mluallzzan (1.14)
or functions in spectral clusters of —A, for any A > 0: that means functions such that
1(=Ag € V(A + D)%) up = uy, (L.15)

i.e. linear combinations of eigenfunctions of —A, associated with eigenvalues in intervals [A%, (A +
1)2]. In these cases, we must add another control term A||(—A, — Az)uAHLz(M) to the right-hand

side of ([.14]):
[ullpaqary < CASosel@™) (g || L2 ar) + Al (=g — A)uall2any) - (I.16)

Actually, Sogge himself [Sog88| proved and constructed quasimodes which saturate them
for any compact manifold M. Therefore, the power sgogge is optimal for any compact manifold M.
Besides, it is possible to have again the concentration phenomenon around points and geodesics of
any compact manifolds of normalized functions (see Figure [5)). To do so, the idea is to generalize,
as in [Sogl7al Thm. 5.1.1], zonal spherical and Gaussian beams spherical harmonic:

e Zonal-type quasimodes, which concentrate at a point (see for instance Figure . They
can be used to saturate the bounds in the large range ¢ > ¢, :== 2(n+1)/(n — 1).

e Gaussian beams-type quasimodes, which concentrate along a curve with a gaussian profile
transversally (see for instance Figure . They are mostly used to saturate the bounds
for low range ¢ < ¢.. These kinds of construction have been first developed by Ralston
[Ral76, Ral77].

These approximations are relevant since Canzani and Galkowski [CG21] proved that eigenfunctions
that saturate behave as zonal quasimodes for ¢ > ¢., and Blair and Sogge [BS15, [BS17|
showed that the saturating eigenfunction are similar to Gaussian beams for ¢ < ¢.. We emphasize
that Gaussian beams-type quasimodes are more recently generalized under the name of geodesic
beams methods in several works of Canzani and Galkowski (quoting only [CG21 [CG20al).

Moreover, it is worth mentioning that the improvements of Sogge estimates [Sog88| have been
the subject of many works under some geometric assumptions. Here is a non-exhaustive selection
of improvements for manifolds with negative curvature

e for large range ¢ > q.: [HT15, [HR16, [SZ02l [Sog17bl BS19],
e for low range q < ¢.: |[BS17, BS1§],

e for critical ¢ = ¢.: [Sogl6)].
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~ 12} § 7
=

(b) Tube around geodesic ~y
(a) Ball around point

Figure 5 — Two differents neighborhoods of concentration

Generalization to orthonormal families of eigenfunctions and Weyl laws More
recently, Frank and Sabin [FS17b] generalized Sogge L? estimates in compact manifolds M to
orthonormal systems of functions in spectral clusters II)(L?(M))), denoting by II, the spectral
projector 1 (—Ag e\, (N + 1)2]). They provided, for any finite orthonormal family {u;}i1<j<n
of Ty (L?(M)) and for any {v;}1<j<y C C, L9/? bounds of the density for all 2 < ¢ < 0o

N
pa(z) =D vjlus(@)
j=1

A first naive approach is to deduce from the one-function estimates ([.16)) and the triangle
inequality

N
oAl araqary < CNPsesse(@™) [N "y
i=1

Note that p) can written as the density of the self-adjoint bounded operator of rank N
N
™= vjluy) (uyl,
j=1

and denoting by [|[|ga(z2(ar)) the Schatten norm given by the formula (see Definition |[1.19]in

Chapter (1)) for a > 1

Vllsaqzzay = Trrzanl (Y » /1M,

the bound deduced by triangle inequality becomes
oAl a2 gary < CAZ#o85 @™ Iyl 2 gy, -

It turns out that the exponent o = 1 of the Schatten norm of «) can be improved: a > 1 in some
regimes of ¢. This has been shown by Frank and Sabin, whose main result is stated under the
form.

Theorem ([FS17b, Thm.2|). For any self-adjoint operator vy in L*(M) such that vy = 1,11\ =
[Iyvp and any 2 < q < o0

||p>\||Lq/2(M) S C)\2ssogge(qm') ||7>\||60‘Sogge(q’”)(L2(M)) ’ (117)

where the exponent agegge € [1,00] is given by the formula (which is (V.3)) in Chapter

20 jfa<g< Antl)

— )2 -1 >
Sogge(q, 1) = {g(nl) - 2(n+1)
2n Zf n—1 =< q < oo.
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It is important to underline that dealing with several functions adds to the concentration
exponent s a new parameter o > 1, which takes into account the complex constants v; and the
family size N = rank ), which sometimes depends on the parameter A (for instance when we
consider an orthonormal basis of the whole spectral cluster). Remark that

e The estimates above coincide with the Sogge estimates (I.16) when the family is reduced to
a single function uy € L?(M) of the spectral cluster ITy(L?*(M)) by injecting vy = |uy) (uy|
in (L.17).

e The other extreme case covered is the entire spectral cluster: N = dimITy(L?(R%)) =
rank ITy, for instance with vy = II,.

e Moreover, they take also in account the intermediary case: all vy = v, \II, = Il vy, with
1 < rank~yy < rankIIy.

A natural question is the sharpness of the bounds . What about the optimality of the
new exponent agegge? Do exist operators 7, that saturate the bounds ?

Furthermore, keeping in mind our original motivation on particles’ concentration, the question
below naturally arises.

Question 10. Can adding several functions change the concentration phenomena present in
one-body?

This question is relevant since we recall that fermions cannot occupy the same quantum state.
One could therefore expect to observe a non-concentration phenomena for the whole spectral
cluster.

Before replying to these questions in the setting of compact manifolds, let us explain their
natural link with Weyl laws. Let us consider the extremal case of the entire spectral cluster
IT)(L?(M)) with ) = II,. The pointwise asymptotics of the density pr1, is given by the pointwise
Weyl law. Actually, IIy can be expressed by an orthonormal basis of —A,’s eigenfunctions
{Ui}lgjgdim(EA(H(M))) with associated eigenvalues contained in [A2, (A + 1)?]

Na=dim(Bx(L2(M)))
— J J
m= S ) ()

=

In n-dimensional compact Riemannian manifolds (M, g), we recall that the pointwise Weyl law
for eigenfunctions u} associated to eigenvalues EY in an interval I = (—oo, A?] is given by the
formula '

o @) = @n) A e M : ¢ < 1} + 0T, (1.18)

j:E{el

which is uniform in M. Then, using the compactness of M, it is sufficient to integrate this
expression on M and we obtain the integrated Weyl law, that provides asymptotics the number
of eigenfunctions in I. Historically, it was Hilbert who conjectured with an error term
o(A™). Its name "Weyl law’ comes from the fact that Weyl first proved it (under its integrated
form) [Wey11]. This pointwise Weyl law has been originally proved by Avakumovié¢ [Ava56],
Levitan [Lev52| and has been generalized by Hormander [Hor68, Thm. 1.1] to self-adjoint
elliptic pseudo-differential operators. Later, Sogge and Zelditch [Sog01] investigated conditions
on M under which the remainder O(A\"~!) is sharp. Furthermore, the remainder term has been
improved under geometric conditions in multiple works: a logarithm improvement by Bérard,
Bonthonneau and Keeler [Bér77, [Bon17, [KT98] under negative curvature conditions, and geodesic
beam techniques developed by Canzani and Galkowski [CG20b, [CG22].
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Let us now go back to Frank-Sabin bounds that we mentioned earlier. Let us explain how to
answer Question [I0] by considering the maximal rank, once again with v, = II. Indeed, on the
one hand, L*°-bound is deduced by the pointwise Weyl law

|| o ary < CX*1
On the other hand, using the relation
ol any = Tr(L (=A € %, (A +1)])) = N((=00, (A +1)]) = N((~00, \))

where N (I) denotes the number of eigenvalues of —A, in an interval I, and the integrated version
of Weyl law asymptotics ([.18)) for the intervals (—oo, (A+1)?] and (—oo, A?], that depends on the
parameter A > 0, one can prove that there exists C' > 0 and a subsequence A — oo along that

VEEeN, |pm,, loran = CAF
Thus, for any 2 < g < 0o

X Dol < - < XY oLz < - < ON o, e

limsup - >0 <1

A—00

Then, one can deduce that all LP norms are of the same order
v2<g<oo |pmyllpazgn ~ A"

that reflects the phenomenon of non-concentration in the whole spectral cluster. As a consequence,
there appears a change of behavior between the concentration for a function and a phenomenon
of non-concentration for the whole spectral cluster. This concentration provides the optimality of
the exponent agegge-

Link between high frequency regime and semiclassical regime Furthermore, we can
establish the equivalence between this high frequency problem A — oo and a semiclassical problem
writing h = A~! (the large parameter becomes a small one) and uy = uy. Then, ([.12), (I.14),

(1.15) and (I.16]) become

_h2A up, = up, H—hZAguh — uh||L2(M) 5 hHuhHLQ(M)’
’ L (-RPA € L (L D)) w =

and in the right-hand side

_ 1
lurllpaary < Ch ssogge (4:1) (HUhHL2(M) + EH(_hZAg - 1)UhHL2(M)) ;
which is the formulation we consider when introducing potentials.

Euclidean case with a confining potential We return to our starting setting of the
Schrodinger operators —h2A + V with a confining potential in the Euclidean space R¢ and
consider the localization of eigenfunctions 'near’ an energy level £ ~ 1, usually called the chemical
potential.

Question 11. What role does the confining potential play, and what changes from the results
on compact manifolds?
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It is now necessary to take into account the presence of a zone known as classically forbidden
TEGLON
{reR?: V(z)> E}.

This name comes from the illegality of a classical particle with total energy |£ |2 +V(z) = E to be
here due to the fact that its kinetic energy &2 is non-negative. A quantum particle has however
a non-zero probability to be out in the classically forbidden region, but the classic behaviour
occurs at the semiclassical limit h — 0. The existence of a forbidden zone induces of course an
authorized zone, called classically allowed region or sometimes bulk

{reR?: V(z) < E},

where the particle is more likely to be. A further difficulty, which does not exist in the previous
compact manifold framework, comes from the existence of a transitional region between the
classically allowed and forbidden regions. The points {x € R : V(z) = E} are often called

turning pointﬂ

One-body literature To have an intuition of the behavior of eigenfunctions, let us take a
look at a classical toy model, which is the harmonic oscillator V (z) = |z|? in dimension 1. The
induction relations between Hermite polynomials and BKW approximations (see for instance
[Tao12] and [Olv97])) allow writing pointwise asymptotics of eigenfunctions that are expressed in
terms of Airy functions.

2
|uh| —hgﬁuh + 22uy, = Euy,

O(h=1/%) O(h=1/5)

/
Vo *® > T
O(h2i3)‘ ‘OLh2/3)
{V>E} {V <.E} {V>E}
Classically Classically Classically

forbidden region allowed region  forhidden region

Figure 6 — Eigenfunction’s profile of the scalar harmonic oscillator associated to the eigenvalue E

This example highlights the differences in the behavior of the function in the three different
regions and the phenomenon of concentration at the turning points {x € R : 22 = E}, which does
not exist in the compact manifold case. As depicte in Figure [0 the eigenfunction uy, oscillates
with height of order ~ 1 in the bulk, decreases exponentially in |z| and h in the classical forbidden
region and concentrates at the two edges £vE with height ~ h~1/¢ in neighborhood of length
~ h?/3. This implies the following L? estimates:

lunl < 1 for 2 < g <4,
U
PIESR) ~ A =643 for 4 < q < oo.

Balthough it is a bit misleading, since in this PhD we add to this definition another assumption on the order
one derivatives of V.
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We can see the interest of looking at the whole range of ¢ values since the concentration around
the turning points is only visible for large ¢ values (¢ > 4). Furthermore, notice that the L? norm
are not sensible to the oscillations in the bulk.

It would be reasonable to expect recovering the same estimates as Sogge’s into the bulk.
This exponential decay of eigenfunctions in the classically forbidden region is known as Agmon
estimates. These estimates are also called Lithner-Agmon estimates because Lithner provided
upper bounds for confining potentials in 1964, and Agmon proved them independently in the end
of the seventies, with the exponential decay of N-Schrodinger eigenfunctions [Agm14].

We can expect to have a similar behaviour in higher dimensions and for more general
confining potentials. However, the same analogy is not possible to have exact expressions of
the eigenfunctions for more general potentials. There is still the possibility to investigate the
L%-bounds, of the form with R? instead of M and P — E instead of —h2Ag — 1. In line
with this, Koch and Tataru [KT05| proved L7 estimates for the harmonic oscillator in higher
dimensions. A few years later, the same two with Zworski [KTZ07| extended it to microlocalized
quasimodes of more general operators in a semiclassical setting. Saying that a function wy is
microlocated means that wuy is negligible microlocally outside the compact of the phase space
RY x Rg. The localization properties depend on how behaves the symbol p where the function wuy,
is microlocalized. They put forward three conditions on the points (zq,&p) of the level sets of the
classical Hamiltonian pg(x,§) := p(z,§) — E:

® a quite general condition (gene), stated in Assumption
that only asks that ang(ibo, &) = 0£2p(330, &) to be non-singular,

® a curvature condition (Sogge), stated in Assumption [3}
that requires, in addition to the non-singularity of 8£2p(:n0,§0), that Vepr(zo,&) =

Vep(xo,&) # 0 and that the second fundamental form of {{ € R? ¢ pg(xo,€) = 0}
is non-degenerate at £ = &g,

@ or turning points (T'P), stated in Assumption
in addition of the non-singularity of 8§2p(x0,§0), there is the non-degeneracy condition
Vape(7o,&0) = Vap(wo, &) # 0.

Example. Let us comment what mean these conditions when p(z, &) = |€|* + V(z) (an intuitive
representation of these conditions in dimension d = 1 for a double well potential V is depicted in

Figure :
® the assumption (gene) is always satisfied,

@ the assumption (Sogge) holds for the points such that p(zg, &) = E and V(zy) < E. The
local curvature condition is always true because

{€e R pu(eo,€) = 0} = {€ R+ ¢ = B = V(20)}
is the (d — 1)-sphere of radius \/E — V(z9) > 0, which has a non-negative curvature.
® the assumption (T'P) imposes that V(xzo) = E, {o = 0 and V,V (zg) # 0.

We recall the form of Koch-Tataru-Zworski estimates below in ([.19), and we summarize all
their statements in Table 2] These bounds state as the following.

Theorem ([KTZ07]). For any point (zo, &) € RY x R? that satisfies one of the above conditions:
(cond) = (gene), (Sogge) or (T'P), there exist fized Sconq > 0 and teonq > 0 associated to (cond)
(represented later in Figure on Chapter
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e an open bounded neighborhood U x V of (xq, &),
e hg >0,

such that for any x € C°(R? x RY) supported into U x V, there exists
e o multiplicative constant C = C(d, x, ho) > 0,

such that for any 2 < q < oo and any u € L*(RY)
v ~ 1
(e D)l < Ch*emto) (ulageo + 1IP = Elullaes ) (119)

where x*(x, hD) denotes the Weyl quantization of x.

Note that the above bounds are true for any quantization of p and x. It only changes the
multiplicative constant C' > 0, for which, as for hg > 0, we never give explicit expression.

’ Condition on the symbol pg := p(z,£) — F \ Statements in Chapter ITl ‘

General (gene)=(Assumption [2 Theorem [[V.1|
Sogge (Sogge)=(Assumption |3 Theorem [V.1|
Turning points (TP)=(Assumption |4 Theorem [VL.1|

Table 2 — Principal statements of Koch-Tataru-Zworski estimates

- I

3
T I p(xo,&0) # E

— e p(x0,60) = F
~ === (Sogge)
(V(z)> E} W (TP)

- d 5, d.
(a) Potential V' and a given energy level set E. (b) Regions of t}}e phase-space R_z x Rg: are rep-
The points of intersections {z € R? : V(z) = £} resented the points of {p = E} in blue, dashed
red and black squares: they all satisfy (gene). In

particular, the points of the dashed red curve are
the points that satisfy (Sogge) and the points
in black squares are the one that satisfy (T'P).

bu\l}{ {V(z) <
{(V(z) > E}

E}

S
7

are represented by blue bullets and black squares
for turning points.

Figure 7 — Representation of points (zg,&p) of the phase-space according to the different as-
sumptions (cond), for d = 1, p(x,€) = |€]*> + V(z), an energy E > minV and V the double-well
potential in Figure [Ta]

Generalization to orthonormal families of eigenfunctions We consider again Ques-
tion [10] in the Euclidean setting with a confining potential. It would therefore be reasonable to
expect the phenomenon of delocalization to emerge at a number of particles confined together.

By taking up again the example of the scalar harmonic oscillator (depicted in Figure , setting
{Uﬁ}lgjg ~, an orthonormal family of eigenfunctions associated to eigenvalues less or equal to F,
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the density pp = Z;V:hl ]u?f can be again expressed asymptotically with special functions thank
to BKW methods. Up to a normalization, we find asymptotically the density of the semicircle law
%\/(E — 22)4. As in the one-body case, p, has an exponential decay in the classically forbidden
region and a concentration with height ~ h=2/3 in h2/3-neighborhood of turning points. However,
the concentration around turning points is negligible compared to the concentration in the bulk
which occurs with a height of order h~1. This implies that all its L%-norms are of same order
h~!, that denotes a phenomenon of non-concentration of the eigenfunctions’ system.

1(-h*A+V < E)(z,2)

L
0(h213) 3 0 ‘0@2/3)
{V > E} {V <E} (V> E}
Classically Classically Classically

forbidden region allowed region  forbidden region

Figure 8 — Profile of pj, of the scalar harmonic oscillator associated to the eigenvalues smaller
that B

One can expend the same behaviour in higher dimensions. Although Karadzhov [Kar89]
provided pointwise asymptotics of the spectral projector on eigenvalues smaller or equal that FE,
pointwise Weyl laws for general confining potentials are quite recent and have so far only been
done in the article of Deleporte and Lambert [DL21]|. They proved in-diagonal (and out-diagonal)
pointwise estimates with an optimal remainder with a scale h in the bulk and h2/3 around it
edge&@ Note that the asymptotics expressed with Airy functions and these scales are consistent
with those stated in the physics papers [DLDMS19].

1.3 Weyl laws with interaction

At first, we restricted ourselves to the case without interactions. Let us now come back to the
case w # 0. In order to handle (partially) Question @ we introduce in the section the framework
and mathematical approximations of interacting quantum systems. We first begin by writing the
state of the art for canonical finite systems. Then, we pose the problem in the non-canonical
setting.

Finite N-body systems As promised, let go back to our N-fermionic system with the quantum
Hamiltonian Py given by the formula . The model is not always easy to handle directly, in
particular to compute the ground and excited stated of Py. It is thus also the case for the question
of concentration. That is why various approximations (unfortunately no longer linear) are used
to deal with this problem: we will focus on Hartree-Fock approximation and Thomas-Fermi
approximation, have been the subject of several mathematical works: as did Lieb and Simon
|[LS77al [LST7h], Bach [Bac92| and Lions [Lio87|. The first one is very used in quantum chemistry
and the second one not so much, but it remains interesting to be studied from a theoretical point

YMfor turning points, that corresponds to black squared in Figure[7] The question of estimates around degenerate
points as the critical points which are not ground state energy (bullet in blue in the figure) is still open.
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of view. For a deeper introduction to Hartree-Fock and Thomas-Fermi methods, we refer to the

books [CLBMO0G6] and [LS10].

Mean-field regime We will consider our fermionic system to be in mean-fied regime, where
there are a lot of interactions between the particles but at a low intensity. In this approximation,
with which we hope to approach the macroscopic properties of the system, the interaction between
particles is seen as an effective potential depending on the average density of the field generated
by all other particles in the system. That means that for any state ¥y € L2 (R with not so
strong correlations between each particle

N
. ‘ 1 .
<\I/N, E ’U)(I'Z—.lej)\I/N> 22<\PN, E (w*p\yN(x]))\I/N> .
L2 (RdN) L2 (RdN)

1<i<j<N

Here, w * py (27) denote the multiplication operator by

wepun (@) i= [ wl@ = p)ow, ().

Remark (Mean-field scaling and link between the system of N fermions and h). We can take
A = 1/N to balance the term with kinetic and potential energy. Furthermore, one would also
like that the number of particles N — oo when A — 0. To be sure to have again all the terms of
the same order at the semiclassical limit 2 — 0, it is relevant to link N and A by the relation
h= N—Y4 The quantum Hamiltonian Py, defined in , can be rewritten as

N
Py = Z (—N_Z/dij + V(J:‘j)> + % Z w(zt — 27)
j=1 1<i<j<N
N
= Z (=R*Ay +V(2?)) + hé Z w(zt — z9).

j=1 1<i<j<N

(1.20)

Density matrices associated to a wave-function We begin by explaining the advantages
of adopting the formalism of density matrices. We recall for any state ¥y € L2(RY), its one-
(1) (2)

particle and two-particle density matrices, respectively denoted by Yy and Yy are the operators
on L?(R%) and L?(R??) associated to the integral kernels

Vz,y € RY, %(pl) (x,y):=N Un(y, a2, e Uy (z, 22, - 2V)dz? .. daY
N RA(N-1)
and
9 N(N -1
Vol 22yl 42 € RY, vfl,l)v(xl,xQ,yl,yg) — (2)/ Un(yl,y2, 23, alV)x
RA(N—-2)
x Wy (et a? 2, aN)de? . daV.

There are also k-particle density matrices \IIE\];) of Wy, that acts on L2(R*?), for any k € {1,..., N}.
The k-particle density matrix \I/SI\;) corresponds to the k-particle marginal distribution and is
obtained by integrating out the degrees of freedom of the other IV — k particles.
In the case with interaction, first notice that the mean-value of the system at a state
Uy € L2(R) is entirely determined by its one-particle and two-particle densities matrices
_ 2 my, L (2)
<\I/N, PN\I/N>L2 = TI'LZ(Rd) ((—h A+ V) ’Y\I/N> + N TI“L2(R2d) (w'yq, ) . (1.21)
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Hartree-Fock effective approximation A variational approach, the Hartree-Fock ap-
proximation, consists on manipulating only Slater determinants, that are also called Hartree-Fock
states. The idea of this approximation is to study instead of En, the Hartree-Fock energy functional

511\{7F(7) 1= Trp2ga) ((—h2A + V) 7)
1
+ton H py(@)py(y)w(z — y)dady — H —y)dxdy | ,
Rd xRd Rd xRd

defined for (nice enough) bounded operator v on L?(R?), where p, is the density of v. Here, the
kinetic part of the energy is defined by

TI‘LQ(Rd) ((—hQA + V) ’y)

= Trpame <\/—h2A YV EyW—R2A TV + E) B /Rd po(@)da,

for E > 0 such that V + E is non-negative in R?, the second term is called the direct term
{[ p(@pyyw(e — y)dz =: Dulpy, py)
R4 xR
and the last term is called the exchange term
[ iy Puole - y)dedy = Bxy(7),
Rd xR4

of entirely quantum origin, what happens when two particles of same nature are switched. For
fermions, it takes into account the antisymmetry generated by the Pauli exclusion principle.
Indeed, ¥y is a Slater determinant, associated to an orthonormal basis {u;}1<j<ny and in the
space
Sy = {u1 AN ANun @ uj € Hl(Rd), <ui,uj>L2 = 52‘]‘ V1<i,7< N},

one can show that the mean-value of the system at a state Wy € L2(R) is expressed with the
(1)

one-particle density matrix Yy

(Un, PyUN) 2 = ERF (75)). (1.22)

(1)

Furthermore, Yy 18 the orthogonal projector on the space generated by {u;}i<j<n

N

vé}])v = fuy) (uyl.

=1

More exactly, ~v is associated to the integral kernel

'y\I,N x, ) Zuj and P, (1) Z lu;(x

Let the Hartree-Fock ground state energy G%F given is by the variational minimization problem
on the Slater determinant spaces

el = inf{(¥, Py0),, : ¥ € Sy} (1.23)
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On the one hand, the ground state energy ey is always bounded by above by e]If,F. The lower
bound is more tricky, but possible under some conditions. In particular, this was treated by
Lieb-Simon [LS77a], Bach [Bac92|, Graf-Solovej [GS94] for Coulomb systems: V (z) = —|z|~! and
w(z) = |z|~!. More recently, Fournais-Lewin-Solovej [FLS18] proved it more general potentials.
We will detail this below. In these cases, the Hartree-Fock method can give a good approximation
of the ground state energy ey.

Similar results exist concerning the evolution of the solutions of the time dependent equation
, for the initial value to be equal to a Slater determinant. Many works [BGGMO03, [EESY04,
RS09, BPS14, BJP™16] show that its dynamicﬁ is strongly related to the one of Hartree-Fock
equation at the limit N — oc.

Remark (Generalized Hartree-Fock minimization problem). The minimization problem ([I.23))
set can be extended to the so-called generalized Hartree-Fock energy

e}gvHF =inf{EF" () : v € Ky and Tr((—~A)y) < oo},
on the set of density matrices of N particles systems
Ky :i={y€B(L*RY)) : y=17* 0<y<1, Tr(y) =N}

The condition v < 1 comes exclusively from the Pauli exclusion principle.

In some cases, G%F = e}g\l,{ F For instance, when the interaction is repulsive w > 0 [Lie81].

Thomas-Fermi effective approximation The Thomas-Fermi approximation belongs to
Density Functional Theory (DFT) models, that only depend on the one-particle density and
not involve anymore on the wave-function. The idea is to approach the ground state to the
many-body Hamiltonian by the solution of a minimization problem on densities x — p(x)

in {g(p) . pe LRI R,), /R p(z)d = N} ,

where £ is composed by a kinetic density functional F', the external potential energy p — fRd oV
and an interaction term p — %Dw(p, p):

E(p) =F(p) + /Rd V(z)p(x)dx + % ﬂ w(z — y)p(z)p(y)dedy.
R4xRd

Historically, the simpliest and oldest DFT was the Thomas—FermiH approximation, that appeared
in the thirties to approximate the distribution of uniform electronic gas. Hohenberg and Kohn
[HK64] first justified the validity of DFT in 1964. The above formulation of DFT was due later
to Levy [Lev79] and Lieb [Lie02] (we refer to the review of Lewin, Lieb and Seringer [LLS19] for
more completeness).

The Thomas-Fermi approximation is associated to the Thomas-Fermi energy £TY and defined
by the functional

d
TR, \ _ 142/d
F (p) 75 2 TF /Rd p(z) dz,

where the constant crp is defined by

Smore specificaly the one of the one-body density matrix of the ground state of Py
YSwhich name is after the independent contributions of Llewellyn Hilleth Thomas (1903-1992) [Tho27] and
Enrico Fermi (1901-1954) [Fer27|
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We explain now how the Thomas-energy appears in the approximation of the ground state
problem of the Hamiltonian Py (as proved Lieb and Simon [LS77b|). At the limit N — oo, the
one-particle density matrix of the ground state of Py may behave like the Weyl quantization of
the phase space function

m(z,€) =1 (¢ < erwp(a)”'?) (1.24)

for a minimizer prp of Thomas-Fermi functional £TF. Notice that this kind of phase space
densities are actually minimizers of the Viasov energy functional

1
(2m)

ngas(m) —

[f 1€P mie.€)dade + [ pu@)V @)+ 5Dl )

2
R4 xRd

defined on the integrable phase space function m : R x RY — [0,1] with p,, denoting the
spatial density

pule) 1= [ mia. )i

For a given p > 0, the functionals £TF and £V!25 are related

™ (p) = £V (1 (Igf? < exmp(a)”'?)).

It is worth mentioning an equivalent remark about the time dynamic setting as for the Hartree-
Fock approximation. For the same initial condition of the form , the solutionlﬂ of (via
the Wigner transformation) can be approached by the solution of the classical equation, called
Vlasov, as N — oo [NS81]. We can therefore also see a kind of equivalence between Hartree and
Vlasov dynamics [APPP11], BPSS16].

As well, coming back to the independent time setting, the Hartree-Fock and the Thomas-Fermi
minimization problems are deeply related. In particular, it is reasonable to approach the Hartree-
Fock ground state of by the one of Thomas-Fermi at the coupled mean-field and semiclassical
limits N — oo and h — 0 (h = N~%/4). This was what did Fournais, Lewin, Solovej [FLSIS,
Thm 1.1, 1.2, 1.3] by providing a link between N-Hartree-Fock model and Thomas-Fermi energy
for trapping and also non-trapping V' and an interaction potential w, under suitable conditions.
In particular, they deduced the leading order of the ground state energy ey of Py at the limit

where e (1) denotes the Thomas-Fermi ground state energy

inf {STF(/)) . p>0, peLYRYNLFHYRY, o V(z)p(z)dr < oo, » p(x)dx = 1} .

They proved also the weak convergence of k-particle density matrices of the ground state to a
mean-value on all the set of Thomas-Fermi functional’s minimizers.

Grand-canonical systems of particles One would like to study large systems of interacting
fermions again in a mean-field regime. In a way, we would like to have a macroscopic description
of its state, which allows the fluctuation of the number of particles and the energy of the system.
The canonical setting with a fixed number of particles as below is no longer appropriate, since in

7Once again the constraint m < 1 comes from the Pauli principle.
8the one-particle density matrix of the time-dependent ground state



58 CHAPTER 0. INTRODUCTION

the Weyl law we fix rather the chemical potential F/, and we consider intervals of energy around
this fixed parameter. That is why we will adopt the grand-canonical setting.

A grand-canonical ensemble is composed of N identical systems of finite particles with a fixed
chemical potential E, which shares with the other the particles and the energy. The system of
grand-canonical states is described by the fermionic Fock space

Fi=Ceo @ LIR™Y),
N=1

composed of sequences ¥ = (¥g, ¥q,---, Wy, ---) such that Uy € L2(R) for any N € N*. We
endowed F by the scalar product

(U, ), = Z (UN, PN) 2 (gany -
NeN

Moreover, the Hamiltonian becomes
o0
P-Dri.
N=1

where Py is the Hamiltonian on L2(R*V) defined by

N
Py = Z (=h?Ag + V(2?)) + he Z w(z' — 7).

j=1 1<i<j<N

Setting A to be the number of particles

N = @ N]ng(RdN),

NeN

for a given energy E, the ground state energy ep v, (E) of P — EN
envw(E) := inf Spec(P — EN)
is also defining in function of the ground state energies of the canonical Hamiltonians Py — EN

envuw(E) = Jifnzfo en,vw(E) =: ]ifrgo Spec(Py — EN).
Let us denote by e%ﬁfﬁ Eow the grand-canonical energy of the h-generalized Hartree-Fock energy
associated to the external potential V' — E and the potential of interaction w

. hd
e%}F_va P 71161’1; {Tr((—h2A +V —E)y)+ 5 [Daw(py, py) — Exw('y)}}

=: inf £8F .
VHEI,C v —Ew(Y)

(1.25)

on the set

K= {7 €GN (L*RY) : y=v", 0<vy<1, Tr((-A)y) < OO}-
We observe that when w > 0, if e%}‘I/F_ £ 18 not bounded by below, the energy ground state
en,vw(E) cannot be either by relation on the grand-canonical energies

HF
envuw(E) <efy_ g
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In the non-interacting case w = 0, the ground state energy of the grand-canonical system coincides
with the A-Hartree-Fock energy ground state (see ([.21]) where is only involved the kinetic term
evaluated in the one-body density matrix of the ground-state)

Vg = I TH(-PA+V = Byy) = Te(-1?A +V ~ E).)
|Bga(0, 1)

= @rh)i(l 1 d/2) /Rd[(E — V(@)4] 2 dz + o(hY).

Furthermore, the first semiclassical asymptotic term of the trace of the A-Hartree-Fock minimizer
=1 (—hQA +V< E) is provided by the integrated Weyl law (see for instance [Zwo12l, Chap.6|)

|BR‘1(O’ ]-)|

Tr 2 (gay (Vn) = (2nh)d (B = V(x))4]¥?dz + o(h™%).

R4

As a consequence, we deduce the same limits for the energy and the one-body matrix of the whole
system’s ground state

)llii% hdeh,uw:o(E) = m /Rd[(E _ V(ﬂc))+]1+d/2d:c (1.26)
and b o4
py T (v ) = g [ 18 VoD

Question 12. What kind of asymptotics can we have in the presence of interaction?

II  CONTRIBUTIONS AND ORGANIZATION OF THIS THESIS

We present in this section our main contributions.

I1.1 Results of Chapter [I} asymptotics for the case without interaction

The Chapter |1} which is the subject of the preprint [Ngu22|, is devoted to generalization of
microlocalized Koch-Tataru-Zworski L? estimates [KTZ07] (under the form ([.19)) to spectral
clusters, similarly to Frank-Sabin bounds [FSI7h] (of the form ([.17)) but in a semiclassical
setting. We begin to express these estimates of densities under two complementary point of
views: the semiclassical setting, that involves localization in the phase space with respect to
the semiclassical parameter h (Sections and and the spectral setting, where we
consider density matrices in spectral clusters, and we study their bounds in different regions
of the space RZ (Section . In the last section of this chapter (Section , we discuss the
one-body and many-body optimality of L? bounds. First, we detail the construction of some
specific quasimodes, that saturate one-body L? bounds for which the form is well known in the
literature. Then, we provide the optimality the Sogge many-body estimates in the bulk.
We reference our exact results in Tables 3] and [l

Microlocalized estimates (referenced in Table First, given d > 2

e a classical observable p, that can be p(x,¢) = |£]2 + V(x) and more general one in the
suitable symbol class,

e and an energy level set £ € R,
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the idea is to look at the density of operators microlocalized in the phase space near point
(z0,&) € R% x RY, that satisfy some geometric assumptions (cond) with respect to the energy
level sets of pg(z,§) = p(x,€) — E. That can be points out of {pr = 0} or in the level set
{pe = 0} under one of the three conditions stated in [KTZ07|. Let P := p%¥(z, hD) the Weyl
quantization of p. We provide the following theorem.

Theorem 1 (Theorems [[V.2} V.2 and |V1.2). For any point (zq,&) € R% x R that satisfies one
of the above conditions: (cond) = (gene), (Sogge) or (T'P), there exist fized Scond > 0, tcond > 0
and tiona € [1,00] associated to (cond) which are summed up in Figures[1.3, and[1.4, and

e an open bounded neighborhood U x V' of (xo, &),
e hy >0,

such that for any x € C°(R? x RY) supported into U x V, there exists
e a multiplicative constant C' = C(d, x, hg) > 0,

such that for any 2 < q < 0o, any h € (0, ho] and any non-negative self-adjoint operator ~v on
L*(R%), we have

prw(:p,hD)'wa(x,hD) HLLI/Q(Rd) < Ch*28cond(q7d) log(l/h)thond(Q:d) X

1
X (”PyHGO‘cond(q’d)(LQ(Rd)) =+ ﬁ H(P - E)’Y(P - E)Heacond(q,d)(Lz(Rd))> .

(L1

Remark. A first remark of this theorem is that, the exponents satisfy acond(g,d) > 1 for all
q € (2,00] except ¢ = 2d/(d — 2) for cond = gene.

Let us compare now our results with respect to the one-body estimates of Koch, Tataru and
Zworski [KTZ07].

e Except for the values of t.onq(g,d) in the case cond = gene and 2(d+1)/(d — 1) < ¢ <
2d/(d—2) (see Figure , the exponents Sconq and teong are the same as the one in [KTZ07].
One can deduce the one-body estimates ([.19)) from (II.1]), by taking v = |u) (u|.

e We prove also microlocalized bounds for the elliptic condition (ellip): p(zo,&) # E (see
Theorem [[I1.1) but we do not highlight it since this result is more trivial. In this case

1 1

V2 S q S oo, (Sellip(Q7 d)7tellip(q7d)7 aellip(q7d)) - <d (2 - q> - 17 07 g) .

e The turning point case (T P) is only proved for Schrodinger operators.

The proof of the above theorem, proved into a dual version, relies on many-body semiclassical
Strichartz estimates [Ngu22| that we apply to a microlocalized propagator U(t,r) in a small
neighborhood of (zg, &p). Indeed, as in the one-body case in [KTZ0T7]|, the spirit is to deal with a
time-dependent problem

[hDy — Ay(x, hD)]u(t,x) = hf(x),

with n = n(d) > 1 and Ay = a;(x, hDx) the quantization of a; : R™ x R™ — R that depends on
the symbol p. This involves a propagator, which when microlocalized in a small neighborhood of
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the point (zg,&p), is approximates thanks to BKW techniques so that it satisfies the abstract
bounds

{SupreJ [U U, )"l 2y r2@ny S 1 (11.2)

supye U (67U (5.7 | ey ooy S B2+ [t — s) /2,
Then, for any compact interval J C R, it remains bounds the different term of the associated
Duhamel formula (composed with the microlocalization)

u(t,x) = U(t, 0)u(0,x) +/0 Ul(t,s)f(x)ds + O(h™)

thanks to Strichartz estimates. As the name suggests, they involve the semiclassical parameter h,
but instead of deducting mixed L L-bounds from the L2 — L2 and LL — L bounds, the idea
is to do the same taking in account the many-body setting. This is reflected in the presence of
Schatten norms of U(t, s).

Theorem 2 (Strichartz estimates on Schatten spaces, Theorem . Forn > 2, a bounded
interval J C R and a propagator U(t,r) on L?>(R™) that satisfies the estimates for all
t,s € R, there exists C = C(n,J) > 0 and exponents p = p(q,n) > 1, s = s(q,n) > 0 and
t=1t(q,n) > such that for any 2 < ¢<2(n+1)/(n—1) and any W € Lf(q’n)Lg(R”“)

< Ch=*@ log" @™ (1/h) | W ||

sup [WU(t, 7“)\\62( 2 = LP@™ 2Rty -

reJ m)l(L%(Rn)_)L%’z(RnJrl))

Notice that the proof of Theorem [2|is very general since requires no more hypothesis that the
energy and decay TT* estimates ([1.2)). It relies on complex interpolation in the same spirit in
Schatten spaces as in the paper of Frank-Sabin [FS17al.

Estimates on spectral clusters (referenced in Table We deduce from the above mi-
crolocalized estimates, given

e a classical Hamiltonian p(z, &) = [£|? + V() with a confining potential V : R — R,

e an energy level set F € R,

another point of view, a spectral one that consists on considering at eigenfunctions associated to
eigenvalues into intervals around F. Furthermore, instead of looking at the objects located in
phase space Rg X Rg, we study them in position space at some regions {2 = Qy . C Rg, that
depend only on the potential V| the energy E and a small error € > 0

® Q=R4

@® in the classical forbidden region Q = {V > FE + ¢},
® in the bulk Q@ ={V < F — ¢},
®

or in a neighborhood of the turning points Q@ = {|V — E| < €} under the additional
assumptior@ that all points 2 € R? in {V = E} must satisfy the condition V,V (z) # 0.

Denoting by P the Weyl quantization of p and by Ilg j the spectral projector on the window
[E — h, E + h]
HE,h = ]l(P € [E—h,E"Fh]),

we provide the estimates the following in the spectral clusters I 5 (L%(R9)).

Ywe do not detail their expression for the reader’s convenience

20We exclude here critical points zo € R<: V(xo) = E such that V,;V(zo) = 0, i.e. the blue point in Figure
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Theorem 3 (Theorem . For one of the above given regions (), there exist
o ho=nho(E,e) >0,
o fized exponents s € [—00,00), t > 0 and o € [1,00] (to be defined below),
e a multiplicative constant C' = C(Q,V, E,e) > 0,

such that for any 2 < q < oo, any h € (0, ho] and any vy, such that v, =g pyn = WllEn

1o | Larzy < Ch™2@D 10g(1/h)* D ||, | gataa (2 may) - (IL.3)
with
(Sgene(Q7 ) tgene(Qa d), agene(‘]u d)) fOT any Qc Rga
00, 0,00 if Q={V > E+¢e},
(s(q,d), t(q, ), a(g, ) = 4 20> F={ J
(SSogge(% ) tSogge(% d), aSogge(Qa d)) if Q= {V <E- 5}a
(stp(g,d), tTp(q, d), aTp(q, d)) if Q={|V - E| <e}.

Remark. As we can see in Figure |7 the considered regions €2 C Rg are neighborhood of the
points 2o € R? such that (z9,&) € R? x R? obey Assumption (cond). It is thus reasonable to
recover the associated exponents s = Scond, t = teond and o = Qong-

Although we do not obtain equivalent exponential decay estimates as the Agmon estimates in
the classically forbidden region {V > FE + ¢}, note that the exponent o = oo is the best possible
and that we still have a decrease in O(h*°). Furthermore, the theorem gives the information
that the worst concentrations are a priori around the turning points, that is coherent with the
discussion on the scalar harmonic oscillator example and the pointwise bounds.

Optimality of the L? estimates (referenced in Table It remains the question of the
sharpness of Koch-Tataru-Zworski (and our) L¢ bounds in some regime of q. The saturated
bounds can be reformulated into the following statement.

Theorem. For given a confining potential V : R — R, a fized energy E with assumptions to
specify, there exist

e an errore >0,
e a sequence of energy Ey that depends on V and F,

e a quasimode u, € L*(RY) of P — Ej, or a density matriz v, is the spectral cluster
1(P € [Ep — h, By + h]) (L*(R)),

exponents s = s(q,d) > 0 and o = a(q,d) > 1, which are equal to Scong and Qcond, which
appear in Theorems and@ in some regime of q (unfortunately not for all q in [2,00]),

a set Q) C Rg that can depend on'V, Ey, €,
and
e ho >0 (resp. a subsequence {h,}nen C R with hy, —0),

e C=C(d ho,V,E e) >0,
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such that for any h € (0, ho| (resp. along the subsequence hy, — 0) and for any 2 < q¢ < 0o

M > Ch_s(d»Q) (II4>
|unllp2may —
or
10w Il a2y > Ch= 2@ rank /@D, (IL5)

Before going into the details of our results, let us give some comments on the above Theorem.

e The parameter ¢ > 0 is here to specify a minimal radius, as in Theorem [3] in order to set Q2
to be a subset of the h-dependent bulk {V < E} — e} or take in account the turning points
{V < Ep+e },

e We do not always have the exact expression of the sequences Ej, (in some cases, we only
prove their existence).

One-body optimality We construct in Section [VIIT.T]of Chapter [I} zonal type quasimodes,
Gaussian beam type quasimodes and Gaussian ground state type quasimodes, that saturates
Koch-Tataru-Zworski estimates in some regimes of q. We depicted their profile of concentration
in Figure [9] and the optimal exponents in Figure [I.16] of Chapter [T}

e /\ ~ p—(d-1)
@ o xgr,h Up
D - >

| — xo| S K1/ |z —zon| S h
(a) Gaussian ground state type (c.f. Figure|l1.13) (b) Zonal-type (c.f. Figure [1.14)
x/
A
~ hlﬂi 6 > T1
~ 1

(d) Neighborhood of concentration of Gaussian

b t imod
(c) Gaussian beam type (Figure [1.15) cat ype quastitiode

Figure 9 — Concentration of saturating quasimodes

The general statement is the following.

Theorem 4 (Propositions [VIIL.1} |VIII.2| and Proposition |VIIL.4). For given a confining potential

V:RY 5 R, a fizred energy E, and error € > 0 with assumptions to specify, there exist
e a sequence of energy Ey, that depends on V' and F,
e a quasimode uj, € L>(R?) of P — E,

® erponents Smass = Smass(% d) >0 and Sconc = SCOHC(Q? d) > 07
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e asetf)C Rg that can depend on V', Ey, €,
and
e ho >0 (resp. a subsequence {hy}nen C R with hy, —0),
® Cmass = Cmass(d; ho, V, E,€) > 0 and Ceone = Ceone(d, ho, V. E,€) > 0,

such that for any h € (0, ho] (resp. along the subsequence hy, — 0) and for any 2 < q¢ < 0o

ln| 2y < Crmassh®™ =@, lup|| Loy = Ceaneh™*eone(@:d). (IL.6)

Let us detail more our results for each case. In the two first cases, we construct functions,
which concentrate at specific pointﬂ xo = zo(h) (see Figures [9aj and . In the last one, the
concentration is around a segment in a direction of one Euclidean coordinate (see Figures [9c| and

(a) Gaussian ground state type quasimode (Proposition [VIII.1): we impose the condition that F
is a local minimum of V and we set zg € R% a point where the minimum is reached. Then,
e we take Q = R,

e we set uy, to be a L?-normalized shifted harmonic oscillator ground stated centered in

zo with an h'/2-scaling, which is then a quasimode of P — E,
s0 that Smass(q,d) = 0 and Sconc(q,d) = %(% — %) This construction is well-known (see
[Hel06, Chap.2] and [DS99, Chap.4]).

(b) Zonal type quasimode (Proposition [VIIL.2)): for a given V and energy E > minV with a

condition of non-flatness of V' in a neighborhood of {V = E}, we prove the existence of

o {Ep}tnso C RY near E,

e {zop}n>0 C R in the bulk {V < Ej, — ¢},
so that we construct uy in the spectral cluster of P associated to the spectral interval
[Ey, — E, By, + h] which is concentrated in zg,

o up(xz) :=1(P € [E} — E,Ey + h]) (zop, x),

e and we consider the h-dependent bulk Q = {V < Ej, —¢}.

That gives Smass(q,d) = (d — 1)/2 and Seonc(q,d) = d — 1 — d/q. This construction is the
analogue of the one in [Sogl7a, Chap.5].

(¢) Gaussian beam type quasimode (Proposition [VIIL4): we consider V(z) = |z|?, and we set
E to be an excited state of the scalar harmonic oscillator so that we set

e uy to be a L?-normalized eigenfunction, which is a tensor product of an excited state
associated to E and d — 1 Gaussian ground states of the scalar harmonic oscillator,

o Ej, = E+ (d—1)h to be the eigenvalue of P associated to up,

e and Q = {V(x) < E}, + ¢},

s0 that Smass(q,d) = 0 and Sconc(q,d) = d(% — %) — % This construction is a detailed
version of [KT05, Sec.5.1].

Zlthat we have to specify
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We deduce the lower bounds ([T.4)) on the quotient of the L? and L? norm from Theorem
under the previous assumptions. Here, it is enough to take C' = Cione/Cmass and 8 = Sconc — Smass-
In particular, we have show that in the above three examples (see Figure of Chapter |1

(a) the Gaussian ground state quasimodes (Remark 30| of Chapter : the exponent s = Sgene
for 2 < g < 2d/(d — 2) is sharp,

(b) the zonal type quasimodes (Remark [32{ of Chapter : the exponent s = sggge = Sgene for
large regime 2(d +1)/(d — 1) < g < oo is sharp,

(c) the Gaussian beam type quasimodes (Remark [37| of Chapter : the exponent s = sgogge
for low regime 2 < ¢ <2(d+1)/(d — 1) is sharp.

It is not clear that the estimates of the turning points in the intermediary regime ¢ €
[2(d+3)/(d+1),2d/(d — 2)] are optimal and this still remains an open question (see [KT05,
Sec.5.3] for an intermediar result).

Many-body optimality result Similarly to the one-body case, we provide in Section
of Chapter [I] a density matrix that saturates Sogge estimates in the bulk.

Theorem 5 (Many-body optimality in the bulk, Proposition [VIIL.5). For given a confining
potential V : R — R and a fized energy E > minV with the non-flatness condition around
{V = E}@ there exist

e an errore >0,

e a sequence of energy Ey in a bounded neighborhood of F,
e ho >0 (resp. a subsequence {hy}neny C R with hy, —0),
e C=C(d,hy,V,E e) >0,

such that denoting by g, n :== 1 (P € [E} — h, E, + h]) the spectral projector, one has for any
h € (0, ho] (resp. along the subsequence h, — 0) and for any 2 < g < co

H’OHEhvh”Lq({V<Eh—s}) > Ch~(d=1),

This result implies the saturation of the bounds (II.3)) in the classically allowed region at the
maximal range rank vy, = rankIlg, 5, (see Remark [39in Chapter [1).

Remark. For now, the optimality of the estimates in the bulk is not known for intermediary
regimes (1 < rank~y, < ranklIlg, ). This is not done either for the other estimates of Theorems
[ and [3 have not yet been done. It would be an interesting direction to explore.

An overview of the main results of Chapter

22the same assumption as for the zonal type quasimode construction
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Microlocalized LP estimates (of form (II.1]))

Condition on the symbol pg := p(z,§) — FE ‘ Result
General (gene)=(Assumption [2 Theorem [[V.2|
Sogge (Sogge)=(Assumption [3 Theorem [V.2]

Turning points

(TP)=(Assumption {4

Theorem [VI.2|

Spectral clusters LP estimates (of form (II.3))

Region Qv g C R? ‘ Exponent Result
Qv =R1 (gene)
Classically forbidden Qvp={V>FE+e} Theorem
Classically allowed Quep={V<E-¢} (Sogge)
Near turning points Qvep={|V-FE|<¢} (TP)

Table 3 — Main LP bounds results for density matrices

One-body optimality (of form (II.4))
Type of concentration Saturing quasimodes Exponent Regime of ¢ Results
Fig. |1.16
Gaussian ground state Sgene q> % Prop. [VIII.1
Around points 2o loc. min. of V — F Fig.
To = To,h € R4
Zonal type Ssogge q>q= 22711) Prop. [VIII.2
in h-bulk {V < Ej — ¢} = Sgene Fig. [1.14
Around a segment Gaussian beam type Ssogge 2<qg<gq. Prop. |VII1.4
(c.f. Figure Fig. [1.15
Many-body optimality (of form (II.5))
Region Qv g C RY Saturating density Exponents Regime of ¢ Result
Bulk: Qg ={V < E, —¢} Plig, 1 (Sogge) 2<g<oo | Prop. |VIIL|

Table 4 — Saturated L? bounds (in Section |VIII of Chapter

I1.2 Results of Chapter [2} asymptotics for the case with interaction

Chapter 2] is dedicated to the grand-canonical version of Fournais, Lewin and Solovej fermionic
limits [FLS18]. That allows to give an element of answer Question [12]

We provide in particular the weak convergence of the density of the almost—minimizer&FE] of
h-generalized Hartree-Fock functional (see in Chapter [2)) i.e.

EVE b (ngie) = €l g + 0(A77),
towards a minimizer ppr of the Thomas-Fermi energy functional.
Theorem 6 (Weak and integrated Weyl law, Theorems [2 and [3| of Chapter . Let d > 1. Given
° conﬁm'n potential V : R - R,

e an energy E > minV,

23it is not obvious that minimizers exist
245ee Assumption [5| of Chapter
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e a potential of interaction w : R — R even such that w € L™%/2(R%) 4 L2(Rf?] . and
repulsive 9] .
Then, there exists a minimizer prr of the Thomas-Fermi energy 5{55
decreasing subsequence {hy}, C R% such that b, — 0
n—oo

B Such that along a

hdp’Yh,,gHF — pTF N Ll(Rd) n L1+2/d(Rd)7 (IL7)

and then,

hd/ pwh’gHF(x)dx%/ prr(z)de. (IL.8)
R4 R4

Remark. In the case w = 0, we recover for the limit (II.8) the integrated Weyl law stated in

(1.26]), since in this case
| Bra (0, 1)|

df2.
S 1V

pre(z) =
Moreover, one has a better result
e since all the limits hold without going along a subsequence h,, — 0,

e and one has a stronger limit than ([I.7) with the pointwise convergence h%p., (x) — prr(z)
when V(z) < E (see [DL21]).

Thus, Theorem [f] can be seen as a version of Weyl’s law when we introduce interactions between
particles.

Remark. We could have directly a convergence i — 0 without passing by a sub-sequence if we
had uniqueness of the limit, i.e. if the Thomas-Fermi minimizer is unique. This is typically the
case under the assumption w > 0, since in this case the functional SEF B 1S strictly convex. It is
not clear whether this is also the case under our condition (Assumptlon I 8| of Chapter [2)

Vp >0, Duy(p,p) > 0.

Actually, we deduce these convergences on the densities from the proof of the generalized
grand-canonical Hartree-Fock energy’s limit.

Theorem 7 (Theorem [l of Chapter . Under the same assumption as aboveiﬂ we have the
convergence of the grand-canonical Hartree-Fock ground state energy (defined in (1.25)))

o d_gHF TF
lim A%e'y_pw = €v—Buws (IL.9)

to the Thomas-Fermi ground state energy

eXT/FEw. inf{SV Ew(p) : P20, p € LY(RY) N LF2/4(RY), /Rde<oo}.

Remark. We have proved limits on Hartree-Fock, but we could also study the full many-body
Hamiltonian like Fournais, Lewin, Solovej [FLSI§|. One would expect to have the limits (I1.9)

and (I1.8) for the energy es v, (E).

25¢.f. Definition in Chapter

26in the sense of Assumption |§| or Assumption for dimensions d € {1,2} of Chapter

*"but we can allow to have in addition w € LP(R?) 4 L2°(R?) with p in bit more general that 1 + d/2, i.e.
max(d/2) < p < oo
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We mention also an interesting problem which is a pointwise version of (II.8)) in the same
spirit as [DL21]. Given the Hartree-Fock nonlinearity, this question is far from simple.

Conjecture. The density of the (almost)-optimizer v, gur of the h-Hartree-Fock energy converges
pointwise to a Thomas-Fermi minimizer (always along a subsequence)

—d
p’Yﬁ,gHF(x) h:O h pTF(x)’

for x in the bulk {Vheff < E} associated to the effective potential V,fff =V + hw * Py, which
form is not explicit.



Chapter 1

Non interacting particles: LP estimates
of densities

The contents of this chapter is an extended version of the preprint (available online, at
hal-03655245). Sections (and other surprises) were not present on this online version.

Abstract

We generalize the semiclassical LP estimates of Koch, Tataru and Zworski in the setting of Schrédinger
operators with confining potentials to density matrices. This is motivated by the problem of the
concentration of free fermionic particles in a trapping potential. Our proof relies on semiclassical and
many-body tools. As an application, we provide bounds on spectral clusters. We also discuss the optimality
of the one-body and many-body bounds through explicit examples of quasimodes.
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I INTRODUCTION

This chapter is devoted to estimates related to the spatial concentration of orthonormal families
of eigenfunctions of Schrodinger operators

P:=—hA+V

in the semiclassical regime h — 0. Here V : R? — R is the potential and d > 1 is the spatial
dimension. We work in the convenient setting where V' is smooth and V(z) — oo as |z| — oo, so
that P is a well-defined self-adjoint, bounded-below operator on L?(R%) with a discrete spectrum
going to 400. This models trapped quantum systems, where particles are confined to live in
an essentially bounded region of space. We are interested in the concentration properties of L?
normalized eigenfunctions {uy} of P associated to an eigenvalue E' (we have in mind the case
where FE is essentially h-independent or bounded in h). More precisely, we aim to determine
how “concentrated” such an eigenfunction may be. To do so, we choose to measure concentration
through the possible growth of the norms |up || fara) as b — 0, for various choices of g € [2, 00].
Indeed, in the extreme case where wuy is essentially constant (meaning that it is close to an
h-independent function), then the norms |[up||e(rey do not grow in h. On the contrary, if all the
L?-mass of uy, is concentrated in a region Q;, C R? with Q] — 0 as h — 0, then we typically
have ||up| paa) ~ 1 |Y9712 5 50 as h — 0, when ¢ > 2. In the following, we will consider
estimates of the type

Junll ageey < CH, (11)

for some s > 0 and C' > 0 depending only on V' and E, which we interpret as a measure of the

highest “rate of concentration of eigenfunctions of P as h — 0. Notice that Sobolev embeddings

imply the previous estimate with s = d(% — %), and we will see several cases where this exponent

can be improved. Of particular importance is the determination of the optimal value of the
exponent s, which amounts to construct explicit examples of uy, for which the upper bound (|I.1)

is also a lower bound (with possibly a different value of C).
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This strategy to study concentration of functions via L? norms was invented by Sogge, first in
the context of spherical harmonics [Sog85|, and then in the context of general compact Riemannian
manifolds without boundary (where P is replaced by —hQAg, the Laplace-Beltrami operator)
[Sog88|. He not only considered eigenfunctions but more generally functions w in spectral
clusters, i.e. that satisfy up = 1 (|P — E| < h) up,. Furthermore, he managed to find the optimal
exponent s = s(q) on any manifold, and proved that for high values of ¢, the highest rate of
concentration was attained for specific functions concentrating around a point (generalizing the
zonal spherical harmonics) while for low values of ¢, it was attained for functions concentrating
around a curve (generalizing the gaussian beams on spheres). These results were later extented
to the case of Schrédinger operators with confining potentials on R¢ (which is the case that we
consider here) by Koch and Tataru in [KT05|, and their method was revisited from the point
of view of semiclassical analysis by Koch, Tataru and Zworski in [KTZ07|. This last article also
treats the more general case of quasimodes wup, i.e. that satisfy (P — E)uy, = Or2(h), and we will
follow on their approach. Notice that many works were devoted to the improvement of Sogge’s
estimates for eigenfunctions, in specific geometries (typically with negative curvature, see for
instance [HT15, [HR16, [Sogl7h, BS19]). We will not pursue this direction here. The case of
confining potentials is more complicated than the one of compact manifolds without potentials,
due to the presence of a transition region between the classically allowed region {V < E'} and the
classically forbidden region {V > E}. Indeed, Koch and Tataru discovered specific concentration
phenomena in the transition region that did not appear in Sogge’s work. This can be first
understood in the one dimensional case, as we will explain below.

In this chapter, we investigate the more general situation of concentration of orthonormal
families of quasimodes. This is motivated by the study of fermionic systems in quantum mechanics,
where a simple way to model N non-interacting fermions is through N orthonormal functions
{u%}lgjg ~ in L2(R%). The orthonormality is a manifestation of Pauli’s exclusion principle, which
states that two fermions cannot occupy the same quantum state. Intuitively, it means that two
fermions cannot concentrate in the same region in space. Hence, while a single particle may be
localized in a small region, many particles will tend to delocalize by this “repulsion” induced by
Pauli’s principle. To measure quantitatively the concentration of several particles, it is useful to
introduce the spatial density of particles

N2
Ph = Z ‘Ui’
j=1

Y

and estimate the growth in A of its L9/2-norms, if each of the u{l is a quasimode of P. For N =1,
we recover the question mentioned above. One can estimate trivially using the triangle inequality

and the N = 1 estimate (I.1)),

N
lonll arzay < )l lfaggay < C2h*N.
j=1

Our goal in this work is to prove estimates of the type
1onll Lar2(may < Ch™*N?, (1.2)

for some 0 € [0, 1]. Notice that this estimate reduces to in the case N = 1, and that it is
a strict improvement of only if § < 1 by the above argument. In the case of the Laplace-
Beltrami operator on compact manifolds, it was done in [FSI7bh], where the sharp exponent
0 = 0(q) was found. Here, we generalize their work to the case of confining potentials. From the
point of view of physics, the statistical properties of systems of non-interacting trapped fermions
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and in particular of their possible scales of concentration has attracted some attention recently
[DLDMST5], DLDMSTS|, [DLDMST9, IDLDS™ 21|, and our work goes in a similar direction.

The fact that enough fermions tend to delocalize can be understood by the pointwise Weyl
law, which informally states that

| Ba(0,1)]
(2mh)d

d/2

Pr(T) ~h—0 (B — V(ZL‘))+ ) (I.3)

when the ufz are chosen to be an orthonormal family of eigenfunctions associated to all the
eigenvalues less that E of P. For this choice of {ui} j, the L9/2-norms of p are of the same order
Ch~® for all ¢, which underlines delocalization. Actually, this delocalization also occurs for a
much lower number of functions. Indeed, if one does not consider all the eigenvalues less than
E of P, but only the eigenvalues between F — h and E > min V', one can show (for d > 2, see
Section that all the L%/2-norms are also of the same order (Ch~(4~1) in this case), so that
delocalization is also true for this much smaller spectral window. We will see below that this
example is very important to prove the sharpness of the exponent ¢ that we obtain in our estimates
of the type . This is why measures the transition between the localization for small N
and the delocalization for N large enough: when N = 1, it is saturated by concentrated functions
while for N large, it is saturated by a delocalized system of functions. On compact manifolds
with V =0, was made rigorous by Avakumovic [Ava56|, Levitan [Lev52] and Hérmander
[Hor68, Thm. 1.1]. For confining potentials, this asymptotic fails close to the transition region
{V = E} and a pointwise Weyl law was proved for V (z) = |z|* in [Kar89] and more recently for
general potentials in [DL21].

To understand what happens in the transition region {V = E}, and also to illustrate
the transition between localization and delocalization, it is useful to consider the case of the
harmonic oscillator V(z) = 22 in d = 1, for which many explicit computations are available. For
instance, asymptotics as h — 0 of individual eigenfunctions uy associated to an eigenvalue F > 0
(independent of h) are very well understood using BKW methods (see for instance [Olv97]) as
depicted in Figure in the classically allowed region {V < E'}, uy, has size 1 (and oscillates,
which is not measured by L?-norms) and in the classically forbidden region {V > E}, it is
exponentially decaying (both in h and |z|). An interesting phenomenon appears in the transition
region {V = E'}, since uy, has size h~1/6 in a neighborhood of size h%/3 of this region. One can thus
see a concentration phenomenon which does not happen in the absence of a potential. Notice also
that the concentration is only visible at the level of L?-norms for large ¢ because [lup || fqgre) =1

for 2 < g <4 and |lup||po(ray = h™o %3 for q > 4. Asymptotics of pp, when uiL fill all the energy
levels up to E, are also well-known by the same method as depicted in Figure in the classically
allowed region {V < E}, py, has size h~! and in the classically forbidden region {V > E}, it is
also exponentially decaying. In the transition region, it displays some concentration, but contrary
to the case of individual eigenfunctions, it is too small compared to the bulk {V < E}, so it
is invisible in the L%2-norms. In this case, all the L%2-norms are of the same order h~1. Of
course, such an accurate pointwise information is very specific to the one-dimensional case and
one cannot hope to extend it to higher dimensions. The results of [KT05, [KTZ07| cover the
higher dimension case using L%-norms, at the level of eigenfunctions/quasimodes. We extend
their results to the case of several functions. These one-dimensional examples also show the
different behavior according to the different regions {V < E}, {V > E} and {V = E}, and the
higher dimensional results will also take into account these differences.

Let us now summarize (in a simplified way) our main results, which precise statements are in
Theorem First, we show that for any £ > minV and for any € € (0, E — min V'), one has

lonll parz2 (v <p—cy) < Ch™*N’,
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Figure 1.1 — Eigenfunction of the scalar harmonic oscillator associated to the eigenvalue E

1(-h?A+V < E)(z,2)
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Figure 1.2 — Spectral projector of the scalar harmonic oscillator

for any orthonormal systems {Ui}lgjg ~ of eigenfunctions associated to eigenvalues in [E — h, EJ,
for any N, with sharp values of s and 6 (which are the same as on compact manifolds without
potential). The sharp value of s is obtained for NV = 1, while the sharp value of 6 is obtained
choosing the maximal number of such {u{L}J This case is the same as what happens on compact
manifolds since we are far from the transition region. Around the transition region, we obtain a
similar estimate

ol Larz v —pi<ep) < Ch™*N?,

with different values of exponents s and € < 1, and under the important assumption that V,V # 0
on {V = E}. These estimates are typically not sharp, even for N = 1, as noticed in [KT05],
because there are obtained by summing rescaled estimates on multiple scales intermediate between
a neighborhood of size h?/3 of the transition region and the bulk. It is rather the estimates on
each of these individual intermediate scales that are sharp (that is, the value of s is sharp), as
proved in [KT05|. The sharpness of the exponent # in these scales is an open question. Finally,
we obtain estimates of the type

1onll Lar2(may < Ch™*N?,

without any assumption on F or on the behavior of V' on {V = E}. This is useful for instance in
the case where £ = min V, in which there is no bulk. The exponent s is also sharp using again
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N =1 (the saturation happening for the ground state of P), while the sharpness of the exponent
0 is also open.

Let us now comment on the methods of proof and detail the structure of the paper. As
we already said, we use the strategy of [KTZ07| based on microlocal analysis, mixed with the
many-body tools of [FSI17b]. First, we notice (as we will see in Section that it is enough to
estimate functions uy or U?L that are microlocalized, meaning that they ’live’ in a compact region
in the phase space R? x R%. This is because spectral localization implies microlocalization for
elliptic operators (see for instance (VIL.8))). By compactness, it is thus enough to treat functions
that are microlocalized around a point. Then, the properties of the classical symbol of P,

pe(2,.8) = [EP+V(2) - E, (2,6 e RExRY,

at this point intervene. In Section [[TI] we will treat elliptic points where pg # 0. There, the main
tools are Sobolev embeddings in the one-body case and the Kato-Seiler-Simon inequalities in the
many-body case. In the region where pp = 0, several cases are distinguished:

e In Section [IV] we give a general estimate which is valid for any potential V' and any energy
E. The proof relies on adding an artificial time variable and use many-body Strichartz
estimates in the spirit of [FLLS14, [ES17al.

e In Section [V} we treat the bulk case for which pg = 0 but V' # E. The proof relies on
seeing one of the d space variables as a time variable and again use many-body Strichartz
estimates.

e In Section[VI] we treat the turning point region pg = 0 and V' = E, under the nondegeneracy
assumption that V,V # 0 on this set. In a neighborhood of size h%/3 of this region, we use
a Hl-estimate of [KTZ07] together with the Kato-Seiler-Simon inequality. The remaining
region is split into multiple scales 2/h%/3, and each of them is treated using the estimates of
Section [V] by rescaling.

In Section [VII] we gather all the previous estimates to obtain our main results on spectral clusters.
Finally, we discuss their optimality in Section [VIII]

In the following, we will consider a more general description of many-body states than
orthonormal functions. Namely, we will consider one-body density matrices (nonnegative compact
operators on L%(R?)). Such an operator v can be diagonalized in an orthonormal basis {u/}; with
associated eigenvalues {\;}; C R, and each \; is interpreted as the average number of particles
described by the state v which have wavefunction w/. In this formalism, the case described above
of N orthonormal functions {uj}lgjg n corresponds to v = Py, the orthogonal projection on the
space generated by the {u’ h<j<n. The N 9 factor in the right-side of is then interpreted
as the Schatten norm || Py||g. where o = 1/6 (see below for the definition of Schatten spaces).
Furthermore, to any one-body density matrix 7, one can associate a density of particles

N L
W:ZMW%
j=1

which measures the spatial distribution of the particles described by . We will prove estimates
similar to , where py, in the left-side is replaced by p, and N % in the right-side is replaced by
V]l ge-

As mentioned above, we will consider estimates on microlocalized objects. In the one-body
setting, it means that one estimates ||xVu||zq« instead of |lu« for a fixed y € C°(R? x R?),
where xV denotes the Weyl quantization of the localization function x (see below for the
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definition). In the many-body setting, it means that one estimates ||pywyyw| 42 instead of
|py|l as2- Furthermore, we also mentioned that one could more generally estimate quasimodes
up, (meaning that |lup| 2rey = 1 and (P — E)up = Op2(h)). An equivalent way to consider
estimates for microlocalized quasimodes is to replace by

w —S 1
Iunlzn < O (e + 1P = Bz )

The generalization to the many-body setting is given by estimates of the type

iy 1
loverell < 2 (Ilen + 53 1P = EN(P = Blles ). (1.4

The advantage of such a formulation is that the microlocalization is imposed by xV and the
property to be a quasimode is related to the choice of the norm in the right-side. Hence, we may
prove for general -, the restriction to be a microlocalized quasimode being included in the
form of the inequality. We will prove such estimates in Sections [[T]] to [VI] with different values of
s and « according to the properties of pg on supp x.

s(q,d)
JA
2
\\ - SSoboev( 7d)
% \\ D Sellipg(Ia d%
S === SSog e(Q7d>
S --- STPf ,d)
A Sgenel\d, d)

| =

Figure 1.3 — Exponent s(q, d) of microlocalized estimates when d > 2

II REVIEW OF SEMICLASSICAL ANALYSIS AND DENSITY MATRICES

Before going to the main results and their proofs, we recall the results of semiclassical analysis
and density matrix analysis that we will use. We refer to [DS99], [Zwol12] and [Sim05] for further
details.

II.1 Symbol classes and quantization

Let us recall the definitions of order functions and symbol classes. In the following, we will fix
d € N*, and we will use the notation (z) := (1 + |z|*)'/2, for z € R%.
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Figure 1.4 — Schatten exponent a(q,d) when d > 3

Definition I1.1 (Order functions [Zwol2, Sec. 4.4.1]). A function m € C*(R? x R, [0, oo[) is
called an order function on R? x R? if there exist C, N > 0 such that

V(2,€), (y:m) € R xR m(x, &) < C(1+ |z —y[ + [¢ = n))Vm(y, n).
Remark 1. Relevant examples of order functions are (z,£) — (z)* (€)* for any k, ¢ € R.

Definition I1.2 (Symbols [Zwol2, Sec. 4.4.1]). Let m be an order function on R? x RY. A
function a € C*®(R? x R?) is a symbol in the class S(m) if for all a € N x N¥, there exists Cy, > 0
such that

V(z,8) eRT x RY, |09 ca(x,&)| < Cam(z,€).

Remark 2. In the following, we will consider symbols @ which will depend on an external
parameter (which can be h). In that case, it will be important that the constants C, are
independent of the parameter.

Remark 3. Below, we will encounter symbols belonging to the Schwartz space .7 (R% x R%),
which is equivalent to belong to the symbol classes S((z, &)™) for all k € N.

Notation. Let N € R and a € S(m).

o We write a = Os(m)(hN) if for any o € N2¢, there exists C,, v > 0, independent of h, such
that
V(z, &) € RY x RY, | 2 ea(r, §) ‘ < Ca,Nth(a:,f).

e We denote a = Og(,)(h™) if a = Os(m)(hN) for any N € N.

Similarly, for a € .7 (R% x R?), we write a = O »(hY) (resp. a = O (h™)) if a = O
(resp. a = Os((a 6>_;€)(h°°)) for all k € N.

sty ()

It will be essential for us that the classical symbol p(z, &) = [£]* + V() is a symbol in the
sense of the above definition. This motivates the following definition of the class of potentials
that we consider.
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Definition II.3. A potential V € C>°(R%, R) has at most polynomial growth if there exists k € N*
such that
Yo e N%, 3C, > 0,Vz € RY, [9°V (z)| < Cy (2)F. (IL.1)

Remark 4. In the above definition, (IT.1)) implies that p(z,&) = |¢]* + V() is in the symbol
class S(m) for m(xz, &) := (€) (x)F.

Definition 11.4 (Quantization, [ZwoI2, Thm. 4.16]). Let m be an order function on R? x RY
and a € S(m). Let h > 0. Let t € [0,1]. The t-quantization of a, denoted by Op},(a), is the linear
continuous operator .7 (R?) — .¥ (Rd) defined by the formula

Opha)u(@) = s [ [ 5

for any x € R? and any u € .7 (R%). For t = 1/2, Op}ll/2(a) is called the Weyl quantization of a
and is also denoted by a%(x, hD). For t = 1, Op} (a) is called the right quantization of a and is
also denoted by a®(z, hD).

a(tr + (1 = t)y, §u(y)dédy

I1.2 Semiclassical pseudodifferential calculus

In the following, we list some standard operations on pseudodifferential operators. We only
state them for the Weyl quantization to keep a light notation, but they are still valid for other
quantizations.

Proposition II.5 (Composition of pseudodifferential operators [Zwol2, Thm. 4.12 and 4.18]).
Let my and my two order functions on R? x R, Let a € S(m1) and b € S(my).

1) Then, there exists a symbol in S(mimya), that we denote by axb, such that
a”(z, hD)b"(x,hD) = (ayub)"(x, hD).
2) Furthermore, there exists a unique family {c;};en C S(mimsa) supported in supp a N supp b
such that for any N € N*, there exists ry € S(mymsa) such that

N-1
a#b = Z hjCj + hNTN.
7=0

Moreover, we have cy = ab.
This result has two important corollaries.

Corollary II.6 (Disjoint supports [Zwol2, Thm. 4.12]). Let a € S(m1) and b € S(ma) be such
that suppa Nsuppb = 0. Then,

a#b = OS(mlmg) (hoo)

Corollary I1.7 (Commutator). Let a € S(mq) and b € S(mz). Then, there exists r € S(mims)
such that for any h > 0
[a“(z,hD),b"(x,hD)] = hr“(z, hD).

The following proposition quantifies the difference between two quantizations of the same
symbol.

Proposition I1.8 (Change of quantization [Zwol2, Thm. 4.13|). Let a € S(m) and t,s € [0, 1].
Then, there exists a; s € S(m) such that for any h > 0

Opj,(a) — Opj,(a) = h Opj, (acs) -
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Let us now recall the definition of locally elliptic symbols.

Definition I1.9 (Elliptic symbol). Let m be an order function on R% x R%. A symbol a € S(m)
is elliptic on U C R? x R? if there exists C' > 0 such that |a(x, &) > m(z,€)/C for all (z,£) € U.

The following lemma gives local left and right inverses for quantization of locally elliptic
symbols. These microlocal equalities will be very useful in the proof of Theorem [VI.2]

Lemma I1.10 (JKTZ07, Lem. 2.1]). Let x € S(1), m be an order function and a € S(m) elliptic
on supp x. Then, for any t € [0, 1], there exist by € S(1/m), ri4, 124 € S(1) such that

Opy,(by) Opy,(a) Opy,(x) = Opj,(x) + Op,(r1),
Opj,(a) Opj, (be) Opy,(x) = Opj,(x) + Opy,(ray),

where 114,790 = Og(1)(h™®). If x € C(R? x R?) then r1,19 = 0.5 (h™).

For any real elliptic p € S(m) (when m > 1), the operator P = p%(z, hD) is self-adjoint on a
suitable domain (|JZwol2, Sec. 10.1.2]) so that f(P) is well-defined by functional calculus, for any
f € CZ(R). The next theorem states that such f(P) is actually a pseudodifferential operator
and provides us information on its associated symbol. This result is crucial for justifying the
application of microlocalized estimates (in Sections and to spectral clusters in
Section [VII

Theorem I1.11 (DS99, Thm. 8.7]). Let m be an order function on R? x R? such that m > 1,
p € S(m) be a symbol such that p + i is elliptic on R? x R? and P := p“(x,hD). Let f €
C®(R). Then, there exists a € NpenS(m™F) such that f(P) = a“(z,hD). Moreover, there exist
functions {a;}jen C NkenS(m™F) supported in supp(f o p) such that for all N > 1 there exists

rN € NpenS(m™%) such that
N

a = Z hjCLj + hNT‘N.
7=0

[ay

In particular, the principal symbol ag is equal to f o p.

I1.3 Semiclassical bounds

When a is in the Schwartz space .7 (RY x RY), the operator a“(z,hD) not only preserves
continuously . (R9) (it is still valid for any symbol a € S(m)), but it has the good property of
extending to a regularizing operator.

Proposition I11.12 ([ZwoI2, Thm. 4.1]). Let a € .#(R?xRY). Then, for any h > 0, the operator
a¥(x, hD) maps continuously /' (R?) to .7 (R%).
Let us recall the Calderon-Vaillancourt theorem, which implies the L?-boundness of the

quantizations of symbols in S(1).

Proposition II.13 (Calderon-Vaillancourt [Zwol2, Thm. 4.23|). Let a € S(1). Then, for any
h > 0, the operator a™(x, hD) extends to a bounded linear operator on L*(R?), with operator
norm bounded uniformly in h € (0, 1].

Let us state now basic semiclassical LY estimates, from which one can deduce a semiclassical
version of Sobolev embedding for microlocalized functions.

Lemma I1.14 (Basic L? estimates, [KTZ07, Lemma 2.2]). Let a € #(R? x RY). Then, there
exists C > 0 such that for any h >0 and any 1 <p < g < o0

w —dfi-1
la® . hDYull aggey < Ch~ G0 Jufl gy,
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The exponent d(1/p — 1/q) on the semiclassical parameter in the previous estimate can be
indeed improved in the elliptic setting for p = 2.

Lemma II.15 (One-body elliptic estimates, [KTZ07, Thm. 3|). Let d > 1. Let m be an
order function on R? x RY p € S(m) and P := p“(z,hD) (or any other quantization). Let
(z0,&) € RY x R such that

p(xo, &) # 0.
Then, there exists a neighborhood V of (xo,&) and hg > 0, such that for all x € C°(R? x RY)

supported in V, for any 0 < h < hg, there exists C > 0 such that for all t € [0,1] and for all
2<q< oo,

Q=

1-d(i- 1
100400l aqeey < 08 C8) (e + 7 1Pullisan )

Equivalently, for all 2 < q < o0

1
2

_q(i 1
Op, (x)(1+ P*P/h?)~ Y2 =0 (hl a( q>> : L2(RY) — LY(RY). (IL.2)
Remark 5. The bound of Lemma [[T.15]is one power of h better than the one in Lemma [[T.14]

(for p = 2, c.f. Figure , thanks to the term involving the operator P on the right-side. This is
particularly relevant for quasimodes u of P, since they satisfy Pu = Opz2(h)||ul| 2.

Here, we state the integrated form of Weyl’s law, which gives an asymptotics of the number
of eigenfunctions of a pseudodifferential operator in a fixed interval as h — 0.

Proposition I1.16 (Integrated Weyl law, [DS99, Chap. 9]|). Let m be an order function such
that m(x,&) — +oo when |(z,£)| — 400 and let p € S(m) be real valued such that p+1i is elliptic
on R% x R4, Let a < b be two real numbers. For any h > 0, define P = p“(x, hD) and denote by
Np([a,b]) the number of eigenvalues of P in the interval [a,b]. Then, we have

1
(2mh)d

N ([a,b]) = (|7 ([a, B])] + on0(1)] -

We now review well-known results on quantum dynamics and their propagators.

Lemma II.17 (Properties of the propagator F'(t,tg), [Zwol2, Thm. 10.1|). Let n € N* and
h > 0. Let ty) € R and a € C*°(Ry, Sgnxrn(1)). The equation

[hD; — a®(t, 2, hD, )] F(t, 1) =0, teR,
Flto, to) = 1d,

has a unique solution {F(t,to)}ter in C(R, B(L?(R™))), which is a family of unitary operators.
Furthermore,

(i) For any compact J C R and any k,s € N, there exists C > 0 (independent of h) such that
for any t,ty € J,

hD)FF(t,t H <C.

H( D) F (o) Hs (Rn)—HS (Rn) —

(ii) For any i1 € C°(R), the operator vy (t)F(t,to) maps continuously Hi (R™) into Hy (R™*1)
for all s € N (with an operator norm independent of h).
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(iii) Let us define the operator Tr, which acts on functions on R* 1, by

t
To : u(t,z) = (1) / (F(t, $)u(s))(x) ds.
to
Then, Tr maps continuously Hi (R™1) into Hy (R"*1) for all s € N (with a bound indepen-
dent of h).

Remark 6. The proof of (i) is done in [Zwol2l Thm. 10.1] in the case kK = 0. The bounds for
higher values of k can be obtained by induction using the equation satisfied by F(t,t). The
proofs of (ii) and (iii) follow from (i) by elementary arguments.

Let us now give a statement of semiclassical dispersive estimates, which are crucial ingredients
in the proof of our results. The obtention of these dispersive bounds is based on the semiclassical
parametrix construction of the propagator F(t,r), using BKW method. The decay estimates
then follows from the stationary phase formula. It is done in [Zwol2, Thm. 10.4 and 10.8| or in
DS99, Chapter 10].

Theorem II.18 (Semiclassical dispersive bounds). Let n € N be such that n > 1. Let a =
ar(z,€) € C®°(Ry, Spnxrn(1)). Let r € R. Let {F(t,r)}er be the propagator of the Schrédinger
evolution equation

F(r,r)=1d.

For any ¢ € C°(R) and x € C°(R™ x R™), let us define the microlocalized propagator U(t,r) of
the previous equation by

{ [hDy — a®(t,x,hD,)|F(t,7) =0 teR

U(ta 7") = ¢(t - T)F(ta T)Xw(gj¢ hD)
Let (20,&) € R" x R™ and I C R a compact interval of R, such that for all t € T
8§at(xo,§o) is mon-singular. (I1.3)

Then, for every open interval J such that J C I, there exist 6 > 0 independent of h and

a neighborhood U x V' of (x,&) such that for every ¢ € CX(R) supported in (—9,6) and
X € C(R"™ x R™) supported in U x V', we have the uniform bounds for all t,s € R

{ sup,cs U, r)U(s,7)"[| p2mn)sr2mny < C

. 1.4
Dy 106 YU (5,7 s gy ooy < Ch2(h + [t — s[) ™2 (IL4)

I1.4 Density matrices

We finally review some definitions and standard results on Schatten spaces.

Definition I1.19 (Schatten spaces). Let o > 1. For any Hilbert spaces H and H', we define the
Schatten space G*(H,H’) as the set

S*(H,H') = {A: H — H' compact operator : Try((A*A)*/?) < co}.

Endowed with the norm
* A\a/2 1/
| Allga (0 = (Tra(A74)2/2)) 7
it is a Banach space.

We can now state the Kato-Seiler-Simon inequalities, which are very useful tools in the
many-body setting.
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Lemma I1.20 (Kato-Seiler-Simon, [Sim05, Thm. 4.1|). Let a« > 2. Then, for all functions
frg € L¥(RY), the operator f(z)g(—iV) is in &*(L*(R?)) and

. 1
17 (@)9(=iV)l| ga (L2 (may) < WHfHLa(Rd)HgHLa(Rd)-

As a corollary, this implies a version of semiclassical Sobolev embedding estimates H;" — L9
for operators.

Lemma II.21 (Semiclassical Schatten Sobolev estimates). Let m > 0 and q > 2. Then, if
% > 4 — 2 we have for all W € L2(a/2) (R

_d(i-1
< o0 G0 W) o gy

|w = n2ay=ms)

&2(4/2 (L2(RY))
We will use the following complex interpolation result in Schatten spaces, which can be found

in [FS17al Prop. 1] (see also [Sim05, Thm. 2.9]).

Theorem I1.22 (Complex interpolation in Schatten spaces). Let n > 1. Let ag < ay be two real
numbers. Let T' be an application which maps the strip S = {z € C, ap < Rz < a1} into bounded
operators on L*(R"1). Moreover, let us assume that the family of operators {T,}.cs is analytic
in the sense of Stein i.e.

z€ S (f, Tz9>L2(R"+1) is continuous for all simple functions f,g.

and
ze€ S (f, ng>L2(Rn+1) is analytic for all simple functions f,g.
If there exist Cy, Cy,bg,b1 > 0 and 1 < ro,71,P0,P1, 90,91 < 00 such that for all o € R, for all

simple functions W1, Wy on R*H1

\V/] == 07 17 HW1T(1]‘+’L'UW2| S Cjebj‘o‘ ||W1

&"i (L2(R7+1)) ‘|ijng (Rn+1) HWQHijng (Rn+1) *

then, for all0 <6 <1
”WlTlIQWQHG’“G (L2(Rn+1)) < Cé_GCf |’W1||LfeLge(Rn+1) HW2HLfeLge(Rn+1) )

where ag, 19, po and qy are defined by

1 1-606 6 1 1-60 0 1 1-6 46
ag = (1 —0)ap + 0ay, — = +—, — = +— and — = +—.
To 7o 1 Pe Pbo p1 qo qo0 a1

I1.5 Strichartz estimates for density matrices

In this section, we provide Strichartz estimates in Schatten spaces, which will be a key ingredient
for our proof. They generalize the one-body Strichartz estimates [KTZ07, Prop. 4.3], which
were also the key ingredient of the proof of Koch-Tataru-Zworski. Such many-body Strichartz
estimates were discovered in [FLLS14|, and later generalized in [FS17al]. Our proof is inspired
by the one in [FS17a], and provides a way to obtain the full range of Strichartz estimates in
Schatten spaces under the general assumption that the propagator satisfies dispersive estimates
such as the one in Theorem In the one-body case, the fact that Strichartz estimates follow
abstractly from dispersive bounds were discovered by Ginibre and Velo [GV92], and we generalize
the results to the many-body case. Interestingly, our many-body proof uses complex interpolation
in the spirit of the original proof of Strichartz [Str77| rather than the direct approach using the
Hardy-Littlewood-Sobolev inequality of [GV92].
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Theorem I1.23. Assume the same hypotheses as in Theorem [I1.18. Let 2 < g < % Then,
there exist C > 0 and hg > 0, such that for any 0 < h < hg, we have

WU(t, / scin :
ilelg)H ( T)ng(%) (LQ(Rn),LQ(Rn+1)) - H H 1 22(%) — X
Lt +(m77)_ Li(q/Q)/(RTH»l)
) n3(3-1) if2 < q< 2tl)
11 2(ntl)
log(1/h)»+Th™»+1 if ¢ = ==17,

2(3)'
2

for any W € Lt”(m 3)_ Lg(Q/Q),(RnJrl).

Proof of Theorem[II.23. Fix r € J. Let z € C. For all t,s € R, let us define the operator
T,(t,s,7) on L*(R") by

T.(t,s,r):= (t — s+ i0)°U(t,r)U(s,r)".

Let the operator 7% (r) acting on functions on R"*! be defined by

V(Fg) (T (0)g) paqgoen) = /R U015 7)0(8)) o s,

Defining A = WU(t,r) : L(R") — L?(R"*!), we notice that we have AA* = WTy(r)W so that

the bound in the theorem will follow from estimating WTy(r)W in 6(0%) (L2(R™+1)). We will
use the following properties of the distribution m(t) = (¢t +0)*, which can be found in [GS64,
Chap. I, Sec. 3.6]:

o the family {m.},ec € ¥/(R) is analytic and for any z € C each m, admits a Fourier
transform with this expression

F((t+i0))(w) = ————wi™ . (IL.5)

o Let z = —1 4 io with o € R, then m, is bounded and

A~ 2 (o
11l ey < \[T . (IL6)

o When the real part of z is strictly greater than —1, m, is in L] _(R) and

[ ()] < [t

We will obtain bounds on W1Ty(r)Ws for all simple functions W; and Wy using Theorem [I1.22
estimating the operator W1 T, (r)Ws in

e G for Rz= -1,

062f0r§Rz:ﬂZ”Tfl.
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Step 1. Schatten &*°-bounds. Let us prove that there exists C' > 0 such that for any
simple functions Wy, Wy on R™*! and for any ¢ € R

sug) HWIT—1+iU(7')W2HGOO(L2(R“+1)) S Cemr/QHWl ||L00(Rn+l) HWQ”LOO(R?H»I). (H.7>
re

Let o € R and F,G be functions C°(R* 1) ¢ L2(R"*1). We can write
(F,T14io(r)G) 2
:/ (F(), Tt a0 (b, 5,7)G(s)) 1 dids
RxR *
:/' (F(t), (t — 5 +i0) U (8, ) Uy (5,7)* G(5)) ., dids
RxR x
= / (t — s +190) (UL (t,7)* F(t), Uy(s,7)*G(8)) 12 dtds.
RxR ’
Define the functions f, g by
[t asr) = (Ux(t,r)"F(t,-)(x)  and  g(t, z;7) == (Uy(t,7)"G(t, ) (2).
Given that

supsup [|Uy(t,7) ;2 ;2 S 1,
teR reJ o

the previous functions satisfy the bounds

sup 1,3 ), ey S 1P 2z, vy
X , |

sup lg(t, ;)2 nery S 1G] 2oy -
reJ ’ ’

We now write everything with the Fourier transform in the time variable, with m(t) := (¢t + i0)*
(F.T-14i0(r)G) 12

= M_1+io(t — 8) (f(t;7), g(s;7)) 2 dids
RxR

=V 27T/ m—l—l—io(w) <f(w; T)v.@(w; r)>L2 dw.
R 2
Hence, by the Cauchy-Schwarz inequality

VreJ MRT&HAﬂGh%
<V2m [yl oo ) 1 F6 ()l 22, ntry IFe(9) 22, )

< Varm Hm*lJrioHLoo(]R) HfHLf’m(R"“'l) ||9HL§¢(RH+1)

< Cllnitioll ooy 1Fll 22 1) |Gl 22 @1y -

Finally, m_144s € L*(R) and we have the bound (II.6)). Hence, we deduce a bound on 71, :
L2(R"1) — L2(R™*1), from which we deduce (I1.7).
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Step 2. Schatten G%-bounds. Let § > ”T_l Let us prove that there exists C' > 0 such
that for any 2z € C with Rz = 3, and any simple funtions Wy, Wy on R**+!

sup HWlTZ(T)Wz ||62(L2(Rn+1))

reJ
el e Wl e X
L -9 ey oz T ey (1L.8)
 Jlos(/m)MPhn2 i = ngt
Bn/2 lle <p <o

By the L' — L*®-bound of (II.4), the integral kernel T%(t, s,r)(z,y) of T.(t,s,r) satisfies
Vt,s e R ilellj)HT 2(t,8,7) (2, Y)|| Loo, (R xcrm) = SUPHT (t, 8, 7)| 1 (mr)— Loo (R
<h™ n/2 It — s™ (h + |t — s|) 2.
Thus, we obtain a bound on the &%-norm of WAT,(r)Wy for any B := Rz >0
vr e J, \\Wsz(T)Wz||262(L2(Rn+1))

[ L WA s Was, ) dedodsdy

—n +— o|?P
Sh /R/R]l (|t — s| < 26) (||n||W1(t)”%2(w)||W2(8)||%2(Rn)dtds

h+|t—sl)
LA Wﬂnwwé e g
Lo ) Ia? ||W2H if 51 < g <5,
g h Lt -5 2 (Rn+l) L1+/3 3 L2 (Rn+1) 2
log(1/h) [Wh® 2 W2 if 8= "5
Lt -2 L%(Rn+1) L1+B 2 L2(5+1)(Rn+1)

In the first line, we used |t — s[** (h 4 |t — s|)™" < 1 for |t — 5| < 26. In the second line, we used
it —s|*P (h+ |t —s))™™ < |t — s/*7™ and the Hardy-Littlewood-Sobolev inequality. In the third
line, we used the Young inequality and

/26 ‘t‘n 1 _ ( / )
————dt S log(1/h).
—95 (h+[t])™

That ends the proof of (II.8].

Step 3. Conclusion. Interpolating z = 0 between 8z = —1 and Rz = 3 > ”T_l, by
Theorem we get
SUIJ)||W1T0(7")W2||e2(ﬁ+1>(Lz(Rn+1)) S WAl 221 [Wall a1 X
re 1T

B

. L,
G if 8 > ?1,
X 11
log(1/h)nr+Th™ n+t  if B =15

Defining ¢ > 2 such that 2(q/2)" = 2(8 + 1), we have the desired estimates for all 2 < g < ("H),
That ends the proof of Theorem [I.23] D
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I1.6 Relations between various estimates on quasimodes

Below, we will see several estimates of type depending on how the phase space localization
is made. Here, we explain how to relate these different estimates.

Let d > 1. Let m be an order function on R? x R? p € S(m) and P := p“(z, hD) (or any
other quantization). In the following, we will consider parameters g € [2,00], s, t > 0 and a > 1
satisfying

1 1 q
> Z—Z) -1 < % I1.
sd<2 q> and 0*2 (11.9)

Remark 7. The previous assumption states that an estimate with a bound

Il oz < Ch2 log(1/h) |1+ P*P/R2)24(1 + P PR32

6&

with (g, s, t, «) satisfying (I1.9)), is worse than the elliptic one, i.e. for which there is equality case
of - Such an elliptic estimate is proved in Theorem [[II.1} Moreover, notice that the norm

|(1+ P*P/h?)Y/2y(1 + P*P/h?)'/?|| o, is equivalent to the norm [v[|ga + 77 [ P*VP|ge-

o

The following is an assumption on S C R% x R%, ¢ € [2,00], s,¢ > 0 and a > 1.

Assumption 1 (Microlocalization around points). The parameters S ¢ R? x R?, ¢ € [2, 00l
s,t > 0 and a > 1 satisfy Assumption [1]if for all (zg, &) € S, there exist a neighborhood V of
(w0, &0) and hg > 0, such that for all x € C=°(R? x R?) supported in V, there exists C' > 0 such
that for any 0 < h < hg and any bounded non-negative operator v on L?(R%)

HpXWWXWHL‘I/Q(Rd) < Clog(l/h)%h*l@

(1+ P*P/h)129(1 + P*P/h%)/?|

Ga

Theorem I1.24 (Microlocalization in a compact). Let S C R? x R, ¢ € [2,00], s5,t > 0 and
a > 1 be such that Assumptz'on hold. Then, for all x € C°(R? x R?) supported in S, there

exists C > 0 and hg > 0 such that for any 0 < h < hg and any bounded non-negative operator -y
on L?(R%)

||:0xw'yxw||Lq/2(1Rd) < Clog(l/h)2th_28

(L+ P*P/R%) 2 (1 + P*P/1?)'?|

G

Proof of Theorem [II.27. Since supp x is compact and is contained on S, there exist open sets
{V; }]]\il given by Assumption |1/ such that

M

supp x C U V.
j=1

Moreover, one can find a partition of unity 1 = Z]Ail @; on supp x with supp¢; C V;. Then, we
have for all j € {1,..., M} bounds on HW(Xipj)w\ﬁH@

W (xe)" vVl

1/2
< Clog(L/M)! =" || (L4 P*P/R2) (L4 PP | W ooy

Hence, by the triangle inequality, we deduce the bound on HWXW\ﬁ H &2 and then on lox v || a /2(
That ends the proof of Theorem [[I.24] O

RY)-
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Theorem I1.25 (Microlocalization and localization in space). Let us impose the same assumptions
of the previous Theorem |I1.24 and ([[T.9) on (q,s,t, ). Then, for all x € C°(R* x R?) and for
all set Q C R such that

suppy NQ x R? ¢ S,

there exist C > 0 and hg > 0 such that for any 0 < h < hg and any bounded non-negative operator
v on L?(R%)

oyl Larz gy < Clog(1/h)* b2

o

Proof of Theorem[IT.25, Let Q C R% an open bounded set such that Q € © € Q and such that

{(z,§) € suppx : J:EQ} CS.

Let xo € C®(R?[0,1]) be a function supported in € such that yo = 1 on Q. We have

[ox el Larz @) < loxaxrerxa l Loz ra)
fRd Prxax evxo (2)W (2 )de

= sup

WeL2(q/2)’(Rd) ||W||L2(q/2) (Rd)
_ Trrz (Wxax"xovx" W)
= sup

WeL2(a/2) (Rd) ||W”L2(q/2) Rd)

w

N "l

WeL?(q/?) ||W||L2(q/2) (R%)

There exists r € .7(R? x R?) such that

xox" = (xax)" + hr¥.

On the one hand, by the Holder and Kato-Seiler-Simon inequalities (Lemma [I1.21)) for m € N
such that m > 22y /2)/, for any N € N

RIIWrY /7| &2
< h[[Wxa(l = h*8) ™" || a2y

(1= R2AY o IAllss
1-d(+-2 1/2
< R D) W o ey L2,

On the other hand, by Theorem [II.24] applied to S and (q, s,t, &), there exist C' > 0 and hg such
that for any 0 < h < hg and any non-negative operator v on L?(R%)

W ()" vAllee

Su = woyGoxa)™ | Loz e
WeL2(a/2)' (Rd) ||W||L2(q/2) (Rd) Oeax)™vOoxe)™ LLe/2(R)
< Clog(1/h)*h~25||(1 4+ P*P/h?)Y/?4(1 +P*P/h2)1/2‘ e
Finally, by the triangle inequality, we get the desired inequality. ]

Remark 8. The above proof shows that the result of Theorem [1.25/also holds when || pyw~y || L9/2(Q)

is replaced by [|pxvyoyxax la2®ay OF [[oxaxvyxwxa ll Lar2ay-
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It turns out that one can in fact in a microlocalized estimate change the quantization for the
operator P or have the same one by replacing it by another operator having the same symbol to
within an error O(h). We will see the usefulness of this result in Section [VI.2}

Lemma I1.26. Let m : R x RY — (0,00) an order function and let p,q € S(m) such that
p—q=Ogim)(h). Lett € [0,1] and let Q := Op},(q). Assume also that for given x € C°(R?x RY),
(q,s,t,a)) € [0,00] x [0,00] X [2,00] x [1,00] such that o < q/2, we have for any bounded positive
self-adjoint operator v on L*(R%)

_os 1 ,
pr“’vwaLq/Q(Rd) < Ch™? log(l/h)zt <||’7”6a + 2 @@ ’6&) : (IL.10)

Then, we get up to a different constant C' > 0 the same estimate with Q := Opj,(p) instead of P
for any s € [0, 1].

Proof of Lemma[II.26, We will show that all we need is to write P = Q + hR where R is a
quantization of a symbol r € S(m).

e For more conveniance, we can first assume that t = s. In this case, R be the t-quantization
of the symbol p — ¢ € S(m).

e Furthermore, the case of the change of quantization is given if we take P := Op} (p),
@ := Opj,(p), since (by Proposition|IL.8) there exists r¢ = O.y_, »(h>°) such that P = Q+hR
for R = Op},(r).

Let us prove now ([1.10) with @ instead of P. Let ¥ € C(R? x R?%) such that ¥ = 1 on
supp X. Let us estimate the norms [|pywgwygvyw| Larzray and [|pyw1—gw)y(1—g)ye | arzgay- On

the one-hand QyY = YVP + []5, XW] + hRYY. Furthermore, there exists 79 € .7 (R% x R?)

such that hry = []5, XW} + hRxY. We have for any a > 1 by the Holder inequality and
Calderon-Vaillancourt theorem

2 ~ 2 2
107Q" g0 = 1@Vl g20 < XV lgo I1PVAllg20 + 12 170 [l g0 VA 520
2 2
S IPVAP g2 + 22 VAl g2a -
By (II.10)) applied xVyx" and the previous inequality

_ 1 W W
e oz S 172 0L (Ilen + 53 1QF 7@l

_92g 1 W oW D*
< h™*log(1/h)* (ny||6a+hQHPx X"P ||6a>~

Besides, sice xV(1 — xV) = Oy, »(h>), we obtain by the Holder and Kato-Seiler-Simon
inequalities (Lemma [[1.21| applied to m > W) so that
IWXY (1= X")Allgz < WL = B2A) 7™ | gaiqray [[(1 = R2A)" X (1 = X[ goo VAl g0

= O(h™®) |71, .

Hence, by duality
o3 (1=x)y (=3 L Loz may = O(B%) V]l gar2 -
Hence, by the triangle inequality

—2s 1 *
x|l parzmay < Ch™2*log(1/h)* <”7H6a t2 | Py P H6a> :
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III  ELLIPTIC ESTIMATES

In this section, we state and prove estimates in the elliptic region where p # 0. In the one-body
case (rank~y = 1), one recovers Lemma [II.15]

Theorem III.1 (Many-body elliptic estimates). Let d > 2 and 2 < q < co. Let m be an order
function on R? x R? and p € S(m). Let P := p“(x,hD) (or any other quantization). Let
(w0, &0) € R? x R? be a point such that

p(xo,&0) # 0.

Then, there exist a neighborhood V of (xo,&) and hg > 0, such that for any x € C°(R? x RY)
with support contained in V, there exists C' > 0 such that for any 0 < h < hg, for any bounded
non-negative operator v on L?(R%)

[oxwrxell Loz (ray < Ch~2sad) H(l + PP/ Py (1 + P*P/h2)1/2‘

Golg.d)’

where the exponents s and a are given by

s(q,d) :d(

When d > 3

v
Q| =

Proof of Theorem [IIT.1. There exists a neighborhood V of (g, &p) where p is non-zero. We have

[y HLq/Q(Rd)
2
_ sup fRd Px™yx™ ( )’W( ’ dx
WeL(q/Q)/(Rd) HWHLz q/2)/(Rd)
Try2(W YW
< sup T2 2>< XW)
WeL(a/2) (Re) I WHL2(q/2>’(Rd)

|[Wx¥(1+ P*P/h?) 1/2H62<q/2>’

< sup

H(l—|—P*P/h2)1/2’)/(1+P*P/h2)1/2)
WeL(a/2) (Rd) ||W||L2(q/2) (R)

G2’
It remains to prove for any 2 < g < oo

1-d(i-1
< W) Wt

Hwa(l +P*P/h2)_1/2‘ ooy S
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ie forany 2 < a < oo
HWXW(l + P*P/h2)—1/2H6a SR W || o)

Let us show the previous bound with o = 2 and o = co. The proof of Lemma [[I.15] indeed shows

(T1.2)), that we recall:

—dfi_1
V2<g<oo, xV(1+4P*P/h?)"V2=0 (hl (3 q)) . L2(RY) — LY(RY).
The case a = oo is given by the one function’s estimate ([I.2)) applied to ¢ = 2

|wer+ Prpm) 2| = W+ Pt

L2—L?
< [xra+ Prpm12
S PIW || oo (ray-

W Loo (mey

L2—L?

Suppose that o = 2. We write the &2 norm with respect to the integral kernel and use the one
function’s estimate (I1.2]) applied to ¢ = oo

2
&2 - /Rd /Rd
= [ [ W@ (s 2 emd ) ) sy
Rd JRdA

< [WI32gay sup || (Xw(l + P*P/h2)71/2) (2, )22 g
z€RY

W+ Prpnt)

(wa(l + P*P/h2)—1/2) (z, y)‘Q drdy

(x4 PR/ ) ()|

2
< IWilizega) L3 L3 (R4 xRd)

9 2
< W e gy

(4 PP/

L2— L
< W

We may thus write
|woem @+ PP 2| S B W g,

Then, by interpolation between the two previous bounds we get the bounds for all the exponents
2 < a < o0o. Finally, for any 2 < ¢ < o0

=253 |1+ e (14 PR

HpXWWXWHLqM(Rd) < Ch i '

IV MORE GENERAL LP ESTIMATES

We now turn to the region p = 0. We give a general first estimate which holds under the sole
assumption that 852]0 is not degenerate. This is particularly useful in the context of Schrédinger
operators, because this assumption holds without any hypothesis on the potential V. In the
one-body case (rank~y = 1), we recover [KTZ07, Thm. 6] (up to logarithmic factors which appear
in few cases).
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IV.1 Statement of the result

Let d > 1. Let m be an order function on R? x R? p € S(m) be real-valued and P := p%(x, hD)
(the following theorem are also true for any other quantization P of p).

Assumption 2. A point (z9,&) € R? x R? satisfies the general nondegeneracy condition for the
symbol p if
Ggp(xo, &o) is non-degenerate.

Remark 9. For Schrédinger operators p(z,¢) = €2+ V(z) — E with V € C°(R?, R) satisfying
Definition the previous assumption is satisfied for all (xg, &) € R? x R?.

Recall first the one-body result.

Theorem IV.1 (General one-body estimates, [KTZ07, Thm. 6]). Let (zg,&) € R x R? be a
point satisfying Assumption @ Then, there exist a neighborhood V of (x9,&y) and hy > 0, such
that for any x € CSO(Rd x RY) with support contained in V, there exists C > 0 such that for any
0 < h < hg, for any 2 < q < oo and u € L*(R?),

w, —S 1
Il ey < Clo(t/mY @O0 (Julaguo + 11 Pulzaes

where s(q,d) and t(q,d) and are given by the formulas

e when d=1:
t(¢;1)=0 and s(¢g,1)=

N —
N
N | —
|
Q| =
~__

o when d = 2:

0 if2<q< oo, 1
t(q,2) = 2<q and  s(q,2) = =
L g = 2
5 ifq=o0.

o when d > 3: t(q,d) =0 and

(IV.1)

_l> if2<q< 2L
=9> g2
s(q,d) = f
q

) -1 2l <¢<c.
Equivalently, one has for all 2 < g < oo
XU(1+ P*P/R2)~V2 = 0 (log(l /h)t(qadm—swvd)) L L2(RY) — LYRY).

Remark 10. The exponent sgene defined on Theorem is larger or equal to the one in
Sobolev estimates ssobolev(q, d) = d(1/2 — 1/q) (Sgene(q, d) > SSobolev(q, d) for 2 < ¢ < oo, and
they are equal for ¢ = 2). It is also stricly smaller than the exponent of the elliptic estimates

Seltip(¢,d) = d(1/2 —1/q) — 1 (see Figure [1.3).

Theorem IV.2 (General many-body estimates). Let (x9,&) € R x R? be a point satisfying
Assumption @ Then, there exist a neighborhood V of (x9,&) and hy > 0, such that for any
x € C°(R? x RY) with support contained in V, there exists C > 0 such that for any 2 < q < 0o,
for any 0 < h < hg, for any bounded non-negative operator v on L*(R?)

x|l ara sy < Clog(1/R2 D=2 |[(1 4 P2/n2)1/2y(1 + P2/h?)/2)

Galgd)

where s(q,d) is given by the formula (IV.1) and t(q,d), a(q,d) are given by



IV. MORE GENERAL L* ESTIMATES

e whend=1:
t(g,1)=0 and «afg1)= %
o when d = 2:
0 if2<q<6,
t(% 2) = {1 1 6<g<
27 g if 6 < q < oo,
and )
=L 2<g<6
o(q2) =77 Y2=0=06
1 if6<g< oo,
e when d > 3:
0 if2<g¢q< QSi_Jrll)
Hody= {1t 20D o
0 if dQ—dz <g< oo
and 2g 9 < g < 2d+D)
a2 f2s e
_ 2 o 2(d+1)
a<q7d) - d(qEQ) Zf d—1 S S d

When d =1

W=

When d = 2

91

(IV.2)

(IV.3)

(IV.4)

(IV.5)
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\

|~

Some comments on improvement

Remark 11. In dimension 2, in the case of Schrodinger operators for the symbols p(z,§) =
€12 + V (z) satisfying Definition Smith and Zworski [SZ13| proved that Theorem is true
with #(00,2) = 0 (which means that we can get rid of the logarithm in dimension 2 for ¢ = c0).
This implies that we can set t(co,2) = 0 in Theorem as well, and by interpolation Theorem
IV.2[ holds for t(q,2) = % for all ¢ € [6, o0].

When d =2

\

Q| =

Remark 12. When d > 3, the Schatten exponent that we obtain in Theorem for the
Keel-Tao endpoint ¢ = 2d/(d — 2) is a« = 1. Frank and Sabin [FS17d, Lem. 2| proved that
this Schatten exponent is sharp in the related context of the Strichartz estimates associated
to the propagator €. We expect that this result extends to our context, however it is not
straightforward to adapt their proof. Indeed, their strategy amounts to showing that the dual
operator is not compact, while here the dual operator is compact. Hence, we would rather need
to quantify the “loss of compactness* of our dual operator as h — 0, which is a very interesting
problem. One can quantify the loss of compacity of this operator when h goes to 0

sup sup hl/2 ||W($)Ux(t>T)||GB(L2([X1Rd)) =0
h>0reJ

and find the infimum of 5 > 1.
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IV.2 Notation for the proof of Theorem and Theorem
e Let 6 €]0,1[ and I = [-§/2,5/2].

o Let J=[-1,1].

Let 9 € C°(R) such that supp ) C } and ¥ # 0.
Let ¥ € C°(R) such that ¢ =1on I and supp e C [—9, d].

Let V = U x V a bounded open neighboorhood of (zo, &).

Let x € C°(RY x RY) be such that supp x C V.

Let ¥ € C*(RY x R, [0,1]) be such that ¥ = 1 on supp x and such that supp ¥ C V.

e Let yo € C°(RY x R?%) such that yo = 1 on a neighborhood of (xg, &).

We will add constraints on é and V along the proof.

IV.3 Proof of the one-body general estimates, Theorem

We can observe that a transition point in the semiclassical constant h=2%log(1/h)?! appears in the
many-body case at the point ¢ = 2(d+1)/(d — 1) for the logarithmic exponent t(q,d) = 1/(d+1)
when d > 2 (the other one s(g,d) remains the same). This is not the case in the one-body case
(see Figure , or Remark |15/ which sums up the technical differences of the two proofs).

Exponent ¢(q,d) when d = 2

d—1 _ 1
2 T 2T
~,
) \‘\ —— One-body proof
L B Ss
3 . ---- Many-body proof
4 1% _ 1 1 q
2(d+1) — 6 2
Exponent t(q,d) when d > 3
1 —— One-body proof
S S o
d+1 ,/3 ---- Many-body proof
/ .
S
S o1
0 d-2 _d-1 1 q
2d  2(d+1) 2

Figure 1.5 — Comparison of the logarithmic exponent t(q, d) for the general estimates

To understand more why this transition point does not appear in the one-body case, let
us recall in this section the proof of the one-body estimates. It can be found for instance in
Koch-Tataru-Zworski’s paper [KTZ07, Thm. 5|. The reader can skip this classical part and go
directly to the proof of the many-body estimates (Section , which can be read independently.
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The proof is organized into three steps. We first recall how to introduce the time evolution
equation (this step is the same as in the many-body case). Then, we explain why we only need
to prove the following dispersive estimates in mixed LP-norms for a microlocalized propagator
Uy(t,r) (to be defined later) and we prove them. They rely on Ginibre and Velo spirit [GV92]
and Keel-Tao end-point estimates [KT98|. We also recall how we obtain then with complex
interpolation, as in the paper of Strichartz [Str77]. This proof has the merit of being comparable
with our proof of Strichartz estimates on density matrices (Theorem since they are based
on complex interpolation of the same operator. One can see that the semiclassical constant
h~*log(1/h)" is actually expressed with respect to integrals of the function Kj g (defined by
(IV.8). We will see later precisely in Remark [15{ how these expressions differs in the two proofs,
and then why the transition point appears only in the many-body proof.

Proposition IV.3 (One-body semiclassical Strichartz estimates). Suppose that a point (xo,&y) €

R? x RY satisfies the Assumption @ Then, there exist § > 0, a neighborhood ¥V = U XV of (z9,&o)
and ho > 0, such that for any x € C(R? x RY) with support contained in V, there exists C' > 0
such that for any 0 < h < hg and any 2 < q < 00

81615) HUx(t7 T)HLg(Rd)_)Lng(IX]Rd) < CIOg(l/h)t(q’d)h_s(%d)

with t(q,d) and s(q,d) defined in the statement of Theorem (IV.1).

Notice that these bounds correspond to the one-body version of the many-body Strichartz
estimates (Theorem . We choose to detail their proof from the energy and decay estimates.
We will admit the end-point Keel-Tao improvement at ¢ = 2d/(d —2) for dimensions d > 3,
which is technical and already well-explained in the said paper [KT98|:

sup | Uy (t,7)] 24 < Ch™V/2,
reJ L2(RY)—L2LIA~2 (IxR9)

Step 1. Let u € L*(R?). Defining the operator By, by + P, v(t, ) := u(x) satisfies

{(th +P)v = hByv,
v(0, ) = u(zx).

Actually, one would be tempted to work with the evolution propagator F'(t) associated to P

(hDy + P)F(t) =0, VteR,
F(0) = 1d,

to write the Duhamel formula to the function x“v

x"u(t) = F()F0)" x (1) —i/o F@)F(r)"(Bpx"v)(r)dr.

Indeed, it does not make sense since the symbol of P is not in the symbol class S(1). This
assumption is a crucial condition to get the dispersive semiclassical bounds (Theorem .
However, the idea is also the same, we work on another symbol yop which is equal to p on a
neighborhood of (g, &), so that we can recover locally the same properties in this neighborhood
(here Assumption [2/on p). Let Ry, € Op)/(-) be such that

X3 (&, hD)P = (xop)" (, hD) — hRj.
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Defining the unitary operators { F(t)}scr on L?(R?) such that

[AD¢ + (xop)V1F'(t) =0, VteR,
F(0) = 1d,

we have by the Duhamel formula

XV (x,hD)v(t) = F(t)x" (z, hD)v(t) — i/o F(t)F(r)*(xqy (x,hD)Bpy + Rp) X" (x, hD)v(r)dr
=F(t)F(0)* x"v(t) — i/o Ft)F(r)* X" (z,hD) (xg (z, hD)Bp + Rp)x" (x, RD)v(r)dr

t
- z/ F@)F(r)*(1 = x)%(z,hD) (xt (x,hD)Bp + Rp)x" (z, hD)v(r)dr,
0
all t € R and for almost all z € RY.
Step 2. Let assume temporarily Proposition Let u € L?(RY). For all ¢ € C°(R? x RY),
let Uy(t,r) := Uy, 4+(t,r) + Uy —(t,r) where
Upit () i= 1 (r 2 0) 1 (¢ = 1) 6O F()F(r)" " (w, kD)
and
Up—(t,r) =1 (r <0)1L(t <r) Y)F(t)F(r) " (z,hD).
Let us also define S by

S =i / GOFOF() (1 - (@, hD))(x (2, hD) By + Ra)x"(z, hD)dr.

We obtain with the Duhamel formula
Y(O)X" (@, hD)u = Uy (t,0)u

= [ URe O @ kD) B+ R (o DY) dr
+ Su.

Let us explain why the term Swu is semiclassically negligeable. It is due to the following bound.

VM €N, U 1Sy 1oy s oy = OC) (IV.6)
Proof. On the one hand, there exists r € .(R? x R%) such that (1 — ¥V (x, hD))Byx" (x, hD) =
tV(x,hD). Since supp(1 — x) and supp x are disjoint

¥ (x,hD) = O(h®) : ' (RY) — .7 (RY).
On the other hand, by Lemma
VM € N,3C >0 sup [0 F@)E ()| e gy g1 a1y < C.

Then, by composition we have for all M € N
su;; IL(r>0)1(t>r) TZJ(t)F(t)F(T)*tW|!L2(Rd)_>Héw(Rd+1) = O(h™),
re

and
suI} L(r<0)L(t<T) 1/}(t)F(t)F(T)*tW|’L2(Rd)_>H’ILM(Rd+1) = O(h™).
re

Finally, we get (IV.6), O
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Eventually, by the Holder inequality and Proposition

191l L2y X" ull Lo ray = 19 (X"l L2 L9 mxcmay
< ”Ux(t, O)“HL%L%(RXR"Z) + ’I|1/2 Sgl} HUi(u T)BhuHLfL%(RXRd)

1/2 1/2

+ 1] ilellJ) U (¢, T‘)U”Lng(Rde) + 1] ?}615) ||Sr(t)uHL§Lg(Rde)
< 10g(1/R) DR (|lu] paggay + | Braul 2y ) + Oh™) Jull 2 ey
S 10g(1/0) @0 (|l g + 3 1Pl )

Hence

w 1
Il Tog(/AY9 0 (o + 1Pl )

That concludes the proof of Theorem [[V.1]

Proofs of Proposition IV.3| (without the Keel-Tao endpoint result).

By a duality argument, it is enough to prove the dual homogeneous estimate

< Clog(1/h)!@Oh~=a ||
L2(RY)

(IV.7)

sup
reJ

/ Uy (t,r) W (t)dt
R

LFLY (RI+1)
By Lemma [[T.T7} we obtain the energy estimates

SIEII; HUX(t7T)UX(87T)*”LQ(Rd)HLQ(Rd) S 1

Given Assumption [2, we apply Theorem [[1.18 to n = d, (z,&) € R? x R, p = p(x,&) €
CP°(R, S(z¢)(m)) and J = I. This defines 6 > 0 and V = U x V a neighborhood of (zo,&p) such
that

SUp | U (8 T) U (5, 7)" s oy ety S 120+ 1t = s)) 792,

A first proof. Ginibre and Velo proof. Let W be a function on R%*! and r € I. We

can rewrite
H/ (t,7) dtHL2 R4) ||/ (t,r) dt”L?(Rd
// (&, ) W (), Uy (s,7)" W (s)) 2 dids
_/I/I<W(t)’Ux(taT)UX(S,T)*W(S»LQ dtds.

By interpolation of the energy and decay estimates, we have uniformly in ¢, s € R

1-2/¢/
VI<e <2 sup Uy (tr)Uy(5,7) |l e L pe S (h*d/Q(th = s|)*d/2) "

~J
reJ
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Let p,q > 2. By the previous bound for t = ¢’ and the Young inequality, there exists C' > 0 such
that for any r € J

I Uty WO < [ IV IVl 590 081U ) st

< 0/ HW(t)HLq’(Rd)HW(S)”Lq’(Rd)
— i (R (h 4 |t — s|)A/2]

< Ch4/2=1a) w2

1
Lp Lq (IxR4) H (h—l— ‘ |)d(1/2 1/q) ||LP/2(21)

Since % < 1, we have 2/ C [—1,1]. Let us recall that

C if a <1,

/1 di log(1/h) ifa=1
——— =1 log ifa=1,
h+ e

o (h+1) Ch—(@=D ifq>1.

We apply it with a = d (% %) and we get

) 1 if 244> 4,

|Gz e ~ 7 los(/myP it 5 4§ =5,

ne—dz—g f2,d _d

The better estimates are obtained for p = 2. Thus,
hEG) 1f2<q<:d2,
SlelI;H I UX( ) ( )dtHLZ(Rd ~ ||W||L2Lq IXRd) h_1/2 log(]‘/h‘)l/2 lf q - d_27
T 1 1

b-d3-3) if g > 2

In particular,

e when d =1, 2 < ¢ <2d/(d— 2); that gives s(¢q,1) = 3 (% - %),

0 if2<q< oo,
e when d = 2, we have s(¢,2) = 1 — L and t(¢,2) = 1 1 = 4=
a 5 ifg=o00

Furthermore when d > 3, the proof of Keel-Tao [KT98| at the endpoint ¢ = 2d/(d — 2) gives a
better estimate without the logarithm term. Finally, we obtain the desired estimates (IV.7)).

Proof with complex interpolation. Let us recall the proof of Strichartz’s article.
Let z € C. For all t,s € R and r € J, let us define the operator T, (¢, s,r) on L?(R%) by

T.(t,s,7) = (t — s +10)°Uy(t,r)Uy(s,7)".
Let the operator T,(r) acting on functions on R%*! be defined by

V(f.9) (L Ta(r)g) pomasy :/RX]R (f(£), T-(t, 5,7)g(5)) 2 (e dlds

— [ Ot 50709()) 2y e,
IxI
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The aim is to get a bound Ty(r) : L?L%/ — L%L% for g > 2.
For all h > 0 and 8 > 0, define K}, g by

VteR K,g(t) == h™ 2 |t]? (h+|t]) =2 (IV.8)
First explain how we obtain
o for Rz =-1
Slép HT ( )||L$,I(Rd+l)—>Lgﬁz(Rd+l) 5 6‘5(7«’)”/2’ (IV9)
o for Rz=05>0
1
Sup T2 ()l 21 Rty = 2 Loo (meH1) S (/1 Kh,ﬂ(t)dt> : (IV.10)
re _

Proof of the bound (IV.9). It is really the same proof as for the bound (II.7)) , which uses the
Fourier transform of the distribution (¢ + i0)* for z € C such that Rz = —1:

VF.G € L), sup|(FL.()6)| S 1Pz, gasn Gz, rosr-

reJ
O
Proof of the bound (IV.10). By the decay estimate on Tp(r), we deduce
sup [To(t,7) (@, y)] < b2 — 1= "
syerd (h+ [t — s[)~4/2

We have, by the previous bound and the Young inequality, with 6 > 0 such that | — 24, 26[C [—1,1]
there exists C' > 0 suh that for any simple functions f and g on R%t1

(0. Te0) i gy < C [ [ Koalt = 5) 1Ol I966) 5y s dc
< ClEngllr—11 11201 rxmey 190 2201 (1xmay
That gives us (IV.10). O

Now, let us do the interpolation z = 0 between fz = —1 and Rz = 3, and 6 € [0, 1] such that
0= (1-0)(—1)+68 thatis 0 = (3+ 1)~}

1
1 BT
sup [|Uy (t,7) Uy (s,7)"|] (2<5+1)>' 2(541) =O<</ Kh,ﬁ(t)dt> )
reJ 20y 7 ) RS20, P (IxRY) -1

(IV.11)

Otherwise,

1 3B+
sup Uy (t,7)] oy < ( / Kh,g@)dt) .
reJ L2(R)—I2L, P (IxR9) -1

We have that
pPA—d+1 if B < 4 ,

1
/ Kpp(t)dt = ¢ h~Y2log(1/h) if B = T,
! h—d/? if 8> 42,

Finally with ¢ = 2(8 + 1)/ and with Keel-Tao improvement at the end point (5 = %) for
d > 3, we get the desired estimates. That finishes the proof of [V.3]

Remark 13. Note that 8 = 0 gives the one-body L*°-bound

a1
D (7)o 150 1y = O (7).
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IV.4 Proof of Theorem IV.2

We start to give the extremal estimates for ¢ = 2 and ¢ = oo
e By the Calderon-Vaillancourt theorem (Theorem [[I1.13]), we have
loxvye ey = Trr2 (X" vxY) S 1ller -

e Furthermore, by the one function L* estimate (c.f. Theorem [IV.1))

= (14 PR (e P2 P (0 P2 (0 (1 PR ) TR

<X (L PR T (L PR (e ) | (e (e PR

<[+ P2 (e P2 | (e PR T (0 (s PR TR
Thus,

[ox v | oo (may < H (14 P2 (1 + P2/h2)1/2H600 13w (14-P2 /02) 1w || Loo ()

h1/2 ifd=1,
< H (1+ P27y (1+ PQ/h2)1/2H600 log(1/h)/h ifd=2,
h—(d=1) if d > 2.

We thus have the bounds for ¢ = 2 and g = co. For d = 1, we interpolate between them and get

_1
2

( —|—P2/h2)1/2fy(1 +P2/h2)1/2’

1
W W < q
||Px X HL‘I/Q(R) S he &9/2(L2(R))

which is exactly Theorem [V.2]in the case d = 1. For d > 3, by the triangle inequality at the
Keel-Tao endpoint ¢ = d%dz, we have

HPXWVXWHLde%)(Rd) S h1/2 H(l + P2/h2)1/2ry(1 4 P2/h2)1/2‘

SL(L2(RY))

Interpolating this bound with the bound for ¢ = oo proves Theorem in the case 2d/(d —2) <
q < 00, d > 3. The next step is to get estimates for 2 < g < 2(d+1)/(d — 1) with d > 2. The
remaining estimates in the range 2(d+1)/(d — 1) < ¢ < 2d/(d — 2), d > 3 are then obtained by
interpolating the estimates for ¢ = 2(d+1)/(d — 1) and ¢ = 2d/(d — 2).

We thus now fix d > 2 and 2 < ¢ <2(d+1)/(d — 1). The idea is to introduce a new variable
t € R. Then, we have

9 H@Z)H%%I) fRd Pxwyx™ w(z )|W($)|2 dx
’WHB([)HPXWVXWHLq/Q(Rd) = sup W
WeL2(a/2)' (Rd) | HLz (a/2)' (Rd)

sup WH%Q(I) HW )X ﬁ“@Q(LQ(Rd))

WeL2(a/2)' (Rd) HWHiQ(q/Q)’(Rd)

IN

[ OW @)X /Allg 12y r2(@en)

IN

sup
WeLQ(q/Q)’(Rd) ||W||L2(q/2) (R%)
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In the last inequality, we use that for any bounded operator A on L?(R%) and any ¢ € L*(R), we
have (as can be seen by computing (¢(t)A)*(t)A)

Y () Alle2(L2Ray, L2®a+1)) = 1¥llr2®) | Alle2(r2@ay) -
We define the operator By, by +P. Let u € L*(R?). Then v(t,z) := u(z) satisfies

{(th + P)u = hByv,
v(0, z) = u(x).

Let Ry, € Op}/(.#) be such that
X0 (z, hD)P = (xop)" (z,hD) — hR),.
Defining the unitary operators { F(t)};cr on L?(R%) such that

(hDi + (xop)™)F(t) =0, VteR,
F(0) = Id,

we have by the Duhamel formula
" (@, hD) = F(t)x" (2, hD) — i /0 CF(O)F () () (2, hD) B + Ry)x™ (o, hD)dr
— FO)F(0)' " —i /0 PO F () R (2, D) (% (2, kD) Bp + Ru)x™ (w, hD)dr
i /0 PP (1= )" (@ hD) (8 (. hD) Ba + Ra)x™ (. hD)dr,

as an identity between bounded operators on L?(R9) for all t € R.

Definition IV.4. For all p € C°(R? x RY), let Uy (t,7) = Uy 4 (t,7) — Uy, (t,7) where

,—

Upt(t,r):=1(r>0)1(t >7) Y)Yt —r)F(t)F(r) " (z, hD)

and
Up—(t,r) =1 (r <)L (t <7) P(t)(t — r)F()F(r)* " (x, hD).

Let us also define S by
t
S =i / GO F O F(r) (1 = 2% (2, hD)) (xS (2, hD) By + Ra)x™ (x, hD)dr.  (IV.12)

0

By multipling by % on the left of the previous Duhamel formula, we have
(t)x" (x, hD) = Ux(t,0) — i /J Ug(t,m)(x0 Bax™ + Rpx™) dr + .

By the triangle inequality and Hélder inequality, we get for all @ > 1

I @OW @)X VY o2 (r2(re), 12 (Ra+1))
S ‘|W<m)UX(t7 O)HGQO‘/(LQ(Rd),LQ(Rd‘*'l)) ”ﬁHGQO‘(LQ(Rd))
+|J| SlelIJ) W (z)Ug(t, 7")”62a’(L2(Rd)7L2(Rd+1)) | (xo Brx™ + RhXW)ﬁHGza(Lz(Rd))

+ ||W($)S||(-52(q/2)’(L2(Rd)7L2(Rd+1)) ||\ﬁ”6q(L2(Rd)) :
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There exists v € . (R? x R?) such that [By, x"] = [P, x"] = tV. Thus

H(XBVBhXW + thw)ﬁ||62a(L2(Rd))
< ||X(V)VXWBh\F7H62a(L2(Rd)) + [Ix0 [Br, X" \ﬁ”gm(y(Rd)) + HRhXW\FYHGm(p(Rd))
S ||X8/XWH6°0(L2(Rd)) ‘|Bhﬁ|’62a(L2(Rd))

(I 1B X"l (zzeyy + 1 BX s (zzetyy ) 1A sz z2aey

1/2

1/2
< IPYPILE oy + 112 oy

We only need to prove the Schatten estimates for the operators U, (t,r), Ug(t,r) and S.

Proposition IV.5. Recall that S is the operator defined by (IV.12)). Let B8 > 2. Then, we have
the bound for all W € LP(RIF1)

W (¢, 2)Sl g8 (L2 ma), L2 @at1)y) = OB Wl Lo (1xre)-

Before proving this proposition, let us conclude the proof of Theorem [[V:2} Given Assumption
we apply Theorem [[1.23| to n = d, (20,&) € R? x R? a = xop € CP(R, S(ze)(1)) and
J = [—1,1]. Thus, there exist 6 > 0 and V = U x V neighborhood of (¢, &), so that we have for

2(d+1)
any 2 < q < =,

W (x)U (t 0)||e,2a<q ) (L2(Rd), L2(Rd+1)) + Sug) W (x )Ui(ta7“)||G2a(q,d)’(L2(Rd)7L2(Rd+1))

S 1og(1/h) CORT CDNW || L2/ gy 19| oo ),

for a(g,d) = 2%, s(q,d) = 4(3 — &) and #(g,d) = 0 for 2 < ¢ < 2 and (q,d) = 77 if
2(d+1)

q = =g—1~- Hence, for any 2 < ¢ < (d_+11)

[VOW (@)X V212 (Re), L2 (RE+1))
< log(l/h)t(q’d)h_S(q’d)||W||L2(q/2)’(Rd) X

1/2 1/2 1/2
(1 gy + 5 DPTPI sy + Iy

1/2

/ t(q,d) 1,—s(q,d)
< C11og(L/B) DR @D W] oy o

‘(1 +P2/h2)1/27(1 +P2/h2)1/2‘

which finishes the proof of Theorem It thus remains to prove Proposition

Proof of Proposition[IV.5. Let us explain how we deduce the result from the estimatesﬂ

VM EN, IS 2yt arn) = O(h™).

Note that S =1 (¢t € I) S. Then, by Kato-Seiler-Simon (Lemma [II.20) applied to M € N such
that Mg >d+1

W (¢, 2)S|lss(r2(Ra), L2(R+1Y)

<|we, )1 ena-naL) M/2H H(l—h2A M/QSH
S8 LQ(RdH)) Goo L2 Rd) L2(Rd+1))
= O(>®) Wl s (rxra)-
That gives us the desired estimates. O

!That corresponds to (IV.6) in Section
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Remark 14. Notice that (IL.8)) allows to treat the case § € [0, %) leading to better values

a(q,d) and t(q,d) but also a worse value of s(q,d) fordZQand%<q§oo:
1 2 11 2

d)=|d+-— —— - — = t(q,d) = d) = ——.

sty = (045 25) (5-1) tlad) =0, alad) = 20

We discard these estimates because we always want to keep the same exponent s(q,d) as in the
one-body case (so that our many-body estimates imply the one-body estimates). (c.f. Figure

s(q,d) 1
A a(q7 d)
% . — Triangle inequality A
. ---- Complex interpolation 1 [~ R

a | ] N
i1 e
I Y A1
/0 :
/o :
/0 :
/ N .
ro :
/ : :
/ : :
/ . .
/ : :
/ : :
/ : :
/ : :
/ 3 3
/ : :

Ta 1

d—2 _d—1 1 g

2d  2(d+1) 2

Figure 1.6 — Exponents s(q,d) and «a(q,d) for d > 3, obtained by two different methods at the
end-point ¢ = 2d/(d — 2)

Remark 15. Let us comment on why the many-body case has an additional transition point
q=2(d+1)/(d—1) compared to the one-body case (shown in Figure [L.)). Let Kj, 3 be defined
by

VteR  Kpg(t) :=h™ Y2 t|" (h+ |t]) =2
After reminding that ¢ and § are linked by the relation ¢ = 2(5 + 1)/ (which is equivalent to
(q/2) = B+1), we have in the one body case (see for instance the proof by complex interpolation

in Section [IV.3))

1
1 B+
up 1T sy . gc( / Khﬁ(t)dt) ,
red 2Ly 7/ (Ra+1)SL2L, P (IxRY) -1

while as the above proof (more precisely the proof of Theorem |I1.23| with n = d) shows, we have
in the many body case

sup ||WTO(7')W|| 2<2(B+1))’
reJ S \ 28+1 (L2(Rd+1))

, 1 , \ 7@
<OIWIE s / RO .

14 (28 £
B 2
, ( ), [2(B+1)(T><]Rd)
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Note that
! nemen if § < 932,
/y&w@ﬁz B log(1/h) it p =93,
) hod/2 if B> 452,
and
1 R R if g < 451,
(/ Kh,ﬁ(t)zdt) = { b 210g(1/R)M2 if B = 251,
—1 h*d/2 1f6 > %’

so that the one-body and many-body constants coincide for 5 > (d — 1)/2 (which corresponds to
2<qg<2(d+1)/(d—1)) but differ for 5 < (d —1)/2 (which corresponds to g > 2(d+1)/(d —1)).
We expect that it is not a technical artifact of the proof, but rather that this transition point
does appear in the many-body case. Indeed, a similar phenomenon exists for Strichartz estimates
[FLLS14] where the existence of a transition is shown at this point ¢ = 2(d+1)/(d —1). It is a
challenging problem to adapt their result to our setting. A related problem would be to get rid of
the logarithm in our many-body estimates at ¢ = 2(d +1)/(d — 1).

V  SOGGE’S LP ESTIMATES

We now treat the case p = 0 and V¢p # 0. In the case of Schrédinger operators, it means that we
are away from the turning point region {V = E}. This setting corresponds to the one of Sogge
without potential on a compact manifold. In the one-body case (rank~y = 1), we recover [KTZ07,
Thm. 5.

V.1 Statement of the result

Let d > 2. For x € R?, we denote by 2’ the d — 1 last variables of =

&' = (zo,...,1q) € R

Let m an order function on R? x R?, p € S(m) be real-valued and P := p%(x,hD) (but the
following theorems are true for any other quantization).

Assumption 3. A point (g, &) € R? x R? satisfies the Sogge nondegeneracy conditions for the
symbol p if

p(x[)vé-()) = 07 V&P(xoa&)) 7é 07
and if

the second fundamental form of {€ € R? : p(zg,£) = 0}

is non-degenerate at &p.

(V.1)

Fisrt recall the one-body result.

Theorem V.1 (Sogge one-body estimates, [KTZ07, Thm. 5]). Let (x0,&) € R? x R? be a point
satisfying Assumption @ Then, there exist a neighborhood V of (xo,&y) and hg > 0, such that
for any x € CX(R? x RY) with support contained in V, there exists C > 0 such that for any
0 < h<hgand for any 2 < g < o0

w —S 1
Iulagesy < 20 (ullaquey + 4 1Pullacus ).
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where

-1 (1 1 : 2(d+1)
T(E—a) if2<q< =1,

‘ (V.2)
a(3-7)-1 Vi ses~

s(g,d) =

Equivalently, one has for all 2 < ¢ < o0
XY(1+ P*P/p?)~Y2 = O(h=s@D) . L2(RY) — LI(RY).

Remark 16. The exponent sgogge, defined in ([V.2), is always larger than the elliptic one sepjp
for any d > 2 and 2 € [2, 00]. Moreover, it is strictly smaller than sgene for any ¢ € (2,2d/(d — 2))
and they coincide when ¢ € {2} U [2d/(d — 2), oc]. (c.f. Figure [L.3).

Theorem V.2 (Sogge many-body estimates). Let (zg,&) € R? x R? be a point satisfying
Assumption @ Then, there exist a neighborhood V of (zo,&) and hg > 0, such that for any
X € CSO(Rd x R%) with support contained in V, there exists C' > 0 such that for any 0 < h < hy,
for any 2 < q < 0o and for any bounded self-adjoint non-negative operator -y on L?(R?)

loxomcnll paraqeay < Ch=2@D || (14 P*P/R2) (1 + P*P/0?)2|

Galgd)
where s(q,d) is given by the formula (V.2) and a(q,d) is given by
2q if2<q< 2(d+1)
alq,d) =4 42 P V.3

Remark 17. For d > 3, the exponent agogge > Qgene for ¢ € (2d/(d — 2),00) and agegge = Qgene
for ¢ = [2,2d/d — 2]. Tt is stricly larger than the one aenip(q, d) = ¢/2 in the elliptic estimates for
any ¢ € (2,00) and they coincide for ¢ = 2 or ¢ = oo (c.f Figure [L.4)).

V.2 Definitions and notation for the proof of Theorem

e Let Iy, I C R be open intervals which contain (z¢), such that

Io C Iy CIC[(zo)1—1,(zo)1 +1].

e Let ¢y € C°(R, [0,1]) such that ¢y =1 on Iy and such that suppt; C I.
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o Let tg eI\ .
e Let J C R a bounded open interval which contains (&);.
o Let R:=|I| > 0. Note that R < 2.

e We choose ¢ € C°(R) such that ¢ =1 on [-R, R] and 1) = 0 outside [-2R, 2R].
Note that supp ) C [—4,4].

e Let us define I, := [(z9)1 — 5, (z0)1 + 5].

e Let V) = Uy x Vj and V' = U’ x V' € R¥"! x R%~! be bounded open neighborhood of
(x(,&)) such that o
Vo CVyC V.

e Let ¢ € C*(R?(4=1 [0,1]) such that ¢ = 1 on V} and suppp C V.

e We define V := Iy x J x Vjand W:=1 x J x V'. We will add contraints on the size of W
along the proof.

e Let y € C°(RY x R?) such that supp x C V.
By construction this implies that
gy SUpp X C lo, (e grysupp x C WV,

then supp(1 — 1) N7y, supp x = @ and supp(1 — @) N7y ¢y supp x = 0.

1

Ta, sum (]

to 7
0
I

1

1

Tr(v],/_c/) >m
f _ d (xla §/)

140
V/

V.3 Proof of Theorem [V.2l

First and foremost, the bounds at the two points ¢ = 2 and ¢ = oo follow from Theorem
Since we have the bounds for ¢ = 2 and ¢ = oo, we now show it for ¢ = 2(d + 1)/(d — 1), which
implies the theorem by interpolation.

Let us first explain why we will focus our proof on [|py, ywyywy, || Las2(ra)- Recall that

2
W w (T [/‘/ €T dx
loxv x| pare may = sup Jpa vy (2) W ()]
WeL2(a/2) (Rd) ”W H

12@/2)’(11@)
W @)X VAl ey

WeL2(a/2) (Rd) HWHiz(q/z)/(Rd)
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By the triangle inequality, up to a multiplicative factor, it is bounded by

W (@)er()x" VA o sy

sup 3
W€L2<q/2)’(Rd) ||W||L2(q/2)’(Rd)
and
[W (@)1 — ¢ (21))x f“62 RY)
sup
WeL?(q/?)’(Rd) ||W||L2(q/2)' (R4)

By construction supp(1 — 1) and 7, supp x are disjoint. Then
(1 =1 (z1)x" = O(h™) : ' (RY) — Z(RY).

By the Holder and Kato-Seiler-Simon inequalities (Lemma [[1.20), with M € N such that
2M(q/2)' > d
W () (X = ¢1(z))X" VTl s2 (ra
< HW z)(1 — h2A) 7MH62<¢1/2)’(L2 R4)) H (1-— h2A)M(1 — 1/11($1))XWH600(L2(R4)) ||\F7Heq(L2(Rd))
O(hN d/2)HWHL2 Q/Q)/(]Rd ||7”6q/2 LQ(Rd)) VN € N.

Hence, the crucial part of the proof relies on the estimation of

2
HW(I‘ Y1(z1 wa“GQ(L2(Rd)) B
sSup W = Hp%xw”/xwwlnm/?(Rd)'
W€L2(q/2)’(Rd) || ||L2<q/2)/ (R%)

The main idea now is to reduce the problem to an evolution equation in d — 1 variables. Up
to a permutation of coordinates, by the implicit function theorem, there exist a neighborhood U
of (z0,&), functions e € S(1) and a € C*(R x R x R4™1) such that

ag/a(ﬂ],é{)) non-degenerate, (V.4)
e infle| > 0,
o forall (z,&) el
p(z,€) = e(z, (& — a(a1,2',)). (V.5)

Let us detai how we get the factorization ([V.5)) of symbols p near points (zg, &) € R? x R that
satisfy the curvature condition Assumption

p(x,&) = (& — a(@,€))e(z, §)

with e which does not vanish and the non-degeneracy condition ([V.4]).

2This step is rarely written in papers. The bored reader can go straight to the rest of the proof after the little
square.
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Proof. Up to a permutation of variables &;, we may assume that ¢, p(zo,&0) > 0 (the negative
case is dealt with in the same way). By the implicit function theorem, there exists a convex open
neighborhood U x Vi x V' of (z¢, (&)1, (£0)") and a smooth function a : U x V' — V such that

(2,61,6) e UxVix V' p(x,&,6)=0
— (r,¢)eUxV', & =a(z,¢)

and
dep>00onU x Vy x V.

Moreover, we get by the curvature condition of the assumption
852,6(%, £)) non-degenerate
which is . The Taylor formula at order 1 gives that
V(z,6,)eUx Vi xV’
P61, €) = (&1 — alz.€)) /0 Gerp (2,061 + (1 — 0)i(a, €),€") db.

-~

= é(:v,f)

Since J¢g,p > 0 on U x Vi x V/ which is convex, we deduce that there exists ¢ > 0 such that € > ¢
onU x Vi x V',

Finally, the symbols @ and é can be extended to the full space in such a way that a €
CO(R, S( ¢y(1)), e € S(1) and e is elliptic on R x R%. Let us now detail this extension.

> Let U x V; x V' be an open neighborhood of (zo, (€)1, (€0)’) such that
UxVixV' cUxVyxV'

and y € C®(R? x R x R%1,[0,1]) such that x =1 on U x Vi x V' and suppx C U x V; x V.
Let us define a and e by
a:=ax and e :=eéex + (1 — x).

Note that on R¢ x R¢
e>cx+ (1 —x) >min(1,¢) > 0.

As desired we get ([V.5)

V(z, &) e U x Vi x V' p(x,€) =e(x,&) (& —a(z, &) .

We thus assume that W C U. Then, since supp x C W, we have

(,€) € RT xR, p(z,&)x(x,€) = e(x,&)(& — alx,&)x(x,6).
We can write Px% as
PX™ = (px)"(z, hD) + hry'(z, hD)

= e (hDy, — a™(z1,2',hDy))x" (x, hD) + hry (z, hD) + hr) (x, hD)
= e (hDy, — a™(z1,2',hDy))x" (x, hD) + hr¥ (z, hD).
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By symbolic calculus r € .7 (R? x R?). Let By, be the following pseudodifferential operator

1
By = 3 €"(x,hDa) ™" (Px" (2, hDz) — hr™(x, hD)) .

By definition By, satisfies (hDy, — a™)x™ = hBy,. In other terms, we have for all u € L?(R?)
[hDy, —a" (z,hDy)|x"u = hBpu.

Furthermore, we have

Lemma V.3. The operator By, satisfies

(i) the localization property

(1= (2, hDy)) By = O(h*) : 7" (RY) = .7 (R), (V.6)
(i)
By(1+4 P%/p?)~Y2 = 0(1) : L*(RY) — L*(RY). (V.7)
Proof of Lemma[V.3
(i) Since By, satisfies

1
h
and supp(1 — ) and m(, ¢y X are disjoint, then

By = —(hDy, — a (1,2’ ,hDy))x" (x, hD)

(1 — Y (z',hDy))By = O(h®) : Z'(RY) — Z(RY).
(i) Besides recalling the definition of By, e € S(1) and r € .7 (R? x R%)

Bu(1+ P2/h2)" V% = (2

(ew)*lP - (ew)lr“’> (1 + PZ/hQ)fl/Z
1
= (e")! (hp> (1+P?/n?)~1/2
— (™)' (1+ P?/R2) 12
We obtain (V.7) using that (e*)~1, ¥, (P/h)(1 + P2/h?)~Y? and (1 + P?/h?)~1/2 are O(1) :
L*(RY) — L2(RY). O
Let r € R. The following evolution equation
[hDy — a¥(t, 2’ ,hDy)|F(t,r) =0 t€eR,
F(r,r) =1d,

is solved by a unique family of unitary operators {F(t,7)}tcr on L?(R?™1) (we refer the reader
to [Zwo12, Thm. 10.1]). Recall the Duhamel’s formula satisfied by all u € L?(R%) and ¢t € R

t
() = Pt o) (x"u)(to) + i / F(t, s)(Bpu)(s)ds  in L2 (RI1).
to
Defining by ev,, —¢, the operator of evaluation in ¢y € R of the first variable, which maps functions
on RY to functions on R4~!
eV, —t, u(z) = u(ty, z’)
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and U(t,r) the microlocalized operator on L2,(R4™1)
U(t7 7’) = w(t - T)F(tv T)QOW(J;/; hD:ﬁ’)v
given the support property of ¥ and ¢, we get the decomposition

t
U1(t)x™ (t, 2", hDy ) = Y1 (t) (F(t, to) eVa =ty X" + 1 (/ F(t,s)(1 — ") evy, —s Bhds))

to

i (t) ( / Ut 5) evas Bhds> .

to
We notice that each term of this operator maps functions on R? into functions on R?. Define S by
t
S =P1(t)F(t,to) eva =i, X" + i1(t) (/ F(t,s)(1 — ") evy —s Bhds)
to
We introduce the operator Ty which acts on functions on R?

Tuf(t) == 1/}1(25)/ Ul(t,s)f(s)ds in L*(R%).

to

We then have the following results.
Proposition V.4. Let 3 > 2. We have the bound
||WS||GB(L2(Rd)) = O(hoo)HWHLB(Rd)~

Proposition V.5. If W is a small enough neighborhood of (xo,&p), then the operator Ty satisfies
the dual estimates

HWTUHemw,d)’(m(Rd)) < Ch#(@d HW”L2(q/2>’(Rd)
for all W € L2 9/2"(RY), where s(q,d) and a(q,d) are defined in the statement of Theorem .
Remark 18. Recall that the operator Ty depends on W through the functions v¢; and .

Before proving the previous propositions, we use them to complete the proof of Theorem
By the decomposition of the operator 11 (¢)x" and by the triangle inequality

Wi (Ox" Villg: < WSVl + IWTuBry/ gz -

Using the Holder inequality and Proposition [V.4] we have

WSV lls2 < WSl g2y Vg
1/2
= O(h™) Wl acaror 117 -
By the Holder inequality, Lemma and Proposition

IWTyBry7 g2
< |[WTy | g2ar

‘Bh(l +P2/h2)_1/2H600 H(l +P2/h2)1/2\ffy‘

G2«
1/2
S B0 || (L PR (14 )|
Then, we have the same bound for the norm HW(:C)wl(t)XW\ﬁHGQ.
Finally, we obtain for ¢ =2(d+1)/d — 1

o | aragay S B2 |14 P2/R2)25(1+ P2/n2)12]

Golg,d)’
which is the desired bound.
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Proof of Proposition

Let 8> 2and W € LA(RY). In order to prove the desired inequality, we prove
VEeN, S=0(0h>®): 7 RY - HEIRY. (V.8)

Assuming this result, we only need to choose k € N so that = — (z) ™" be LZ(R?). By the Holder
inequality, the previous inequality (V.8) and Kato-Seiler-Simon inequality (Lemma [I1.20)

Wi, x,)S“Gﬂ(LQ(Rd))
(t,2') (1 = W2y ) 2|

&8 (L2(R)) H( — W) k/2SH

< C’d,k,NhN_d/2 HW“gﬂ(LQ(Rd)) VN € N.

&% (L2(R%))

Hence,
W Sllesr2mayy = OBT) [Wllss(r2(ray) -

Let us now prove (|V.8§]).

Since tg & g, supp x, we have
eVarmto X" (2, hD) = O(h) : FL(RY) — S (RIY),
which together with Lemma [[T.17] implies that
VE €N, 1(t)F(t,t0) eva,=t, X~ = O(h™) : .7 (RY) — HF(RY).

Let us prove the same equality for the second term 1)1 (¢ ft (t,8)(1—¢™(x,hDyr)) evy,—s Brds.
Recall Tr is the operator which acts on functions in R? defined by

Te:u=u(tz) — 1/11(t)/ (F(t,s)u(s))(2") ds. (V.9)

to

By Lemma [[1.17| (to n = d — 1, t = 21 and & = 2), the operator T which maps to HF(R?) into
HF(RY) for all k € N.
Then, since 1 — ™ commutes with ev,,—s (because " only acts on the variables (2’,¢)) and

given Lemma

t

P1(t) / F(t,s)(1 — V) evy, —s By, ds =11(t) / F(t,s)evy,—s(1 —¢")B, ds

=Tpo((1—¢")Bn)
= O(h™): y/(Rd) — HF(RY) VEkeN.

Finally, for all K € N
S =0(h>): 7 (RY) - HFRY),

what is exactly (V.8).
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Proof of Proposition
The operator Ty can be split as Ty = T — T with

Ty =1 (t>to) Ty

and
T :=—-1(t <ty)1y.

Their dual operators’ expressions are the following

o f PO 2E
T f = L(r>to) [zl (s>to)L(s>r)U(s,r)*i(s)f(s)ds
L {rm - pe)
U f = L(r<to) [pl(s<to)L(t<r)U(s,r)*1(s)f(s)ds

Then the operators T4+ T} can be written as

T, T} f(t) />t dr/ds]l (t>to)L(t>r)1(s>to)L((s>7))x

X (U (E,r)U (s, ) 1(s) f(s)

and
T_T*f / /ds]l t<to)Ll(t<mrLl(s<ty)l(s<r)x
<to

X (U (L, r)U (s, ) 1 (s) f(s)-

Let » € R. Let us introduce the operators A, 1

() o pm
P = L(t>to)a (D1 (t > r)U(t,r)g

and 2 d—1 2 d
1%4{LAR)% 2, (R%)

g = L (E<to) 1 ()L (t <r)U(t,r)g.
Their dual operators can be written as
o { AR~ IE
e { f = fR s 2 to) 1 (s = 7)U(s,r)"¢1(s)f(s)ds
and 2 d 2 (mpd—1
P { oK) GE)
f — fR s <to) L (s <r)U(s,r)"1(s)f(s)ds

The operators A, +Af 4 acts on L*(R?). This gives

T+T* = AT7+A:’+CZT‘ = / Ar7+A:’+dT,
Ir

r>to

Tzﬁz/ Ananz/AﬁﬁJm
r<to ' I ’

TyTy = Ty T: + T T*.

Moreover
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Thus, for any a > 1

HWTUHé%’(L?(Rd))
— HWTUTE}WHGQ’(H(W))
S u—'r” (’fg]r: HWAT’—FA:H‘WHgo/(LQ(Rd)) + fg}? HWAT,—A:7—WHGO/(L2(RL1))>

< L] (Sél}) ”WA”*||262a’(L2(Rd71),L2<Rd>) * SEF ”WA’”"‘ZG%’(B(W1)7L2(Rd))> ’

Now, notice that

WA &l g2 < CIWU (R, 7) || g2er -

Given (V.4), we can apply Theorem [[1.23| to n = d — 1 E|, (zh,&h) € R x R a €
Co¥(R, Sz ery(1)) and J = I;.. This defines 6 > 0 and U] x V{ a neighborhood of (z{, &) (which cor-
responds to the neighborhood U x V in Theorem [[I.18]). Thus, imposing the following constraints
on W:

o |1l <,
QV/CU{XV{.

we obtain
_d-1
Sél}i) ||WU(t, T)||6d+1(L2(Rd71),L2(Rd)) 5 h  20d+1) ||W||Ld+1(Rd).
rely

That ends the proof of Proposition

Bonus : An alternative (happy) ending for the proof of Proposition An simplier
end of proof (Section for Proposition is Frank-Lewin-Lieb-Seiringer’s method [FLLS14|
at ¢ = 2(d+1)/(d —1). This gives the same results as in Theorem forn =d—1 and
2<qg<2(n+2)/n=2(d+1)/(d—1) and this allows to avoid the complex interpolation of
the dispersive bounds in the Proof of Theorem Recall briefly the main steps of this proof.
Then, we will explain how to apply it in our case for n =d — 1 and T'(t) = U(t,r) (we will see
that the bounds are uniform in r € I).

Let n > 1. Let N > 0 be an integer. Assume that we have L? — L? and L' — L* bounds

IT@OT () L2 @rysr2@ny ST
T )T () | (mys pooqumy S B2 1E— |7, Wi,s €R.

3We also give an alternative proof of the same Strichartz bounds for this special case in the paragraph below.
Notice that this method did not appear and was not highlighted in the article for the purpose of generality.
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Thus,

HW(t;l' HGQN(LZ(R” 2 R”'H))

< /R () \W(t,x’)FT(t)*dt>N]

N
/ . /R H |W(tk)| T(tk)T(tk+1)* |W(tk+1)| Cltl - dtN]

= TI'LQ (Rn)

= /IR / Trr2gn) [H W (ti)| T (ti)T (tgs1)” ’W(tk+1)|] dtr - din

k=1

dty---ditn
SH(L*(R™))

N
U / T 0 00 T @ T tr0)” W gy i

Il
S
%.

H (W (te)| T (k)T (L) [W (tk41)
k=1

/ / e IV e W (1) v e
R

)
dty---dtn
[tr, — tk+1\(n+1)/N

by interpolation
y P k=1

The following step is the application of the multilinear Hardy-Littlewood-Sobolev inequality [V.0]
Theorem V.6 (Multilinear Hardy-Littlewood-Sobolev inequality). Assume that (Bij)1<ij<n
and (ri)1<k<n be real numbers such that

N

1 -1
V1<i,j,k<N pBi;=0, 0<Bi;=0;<1, mrn>1, §*>1 Eﬁzk—irk )
Tk
k=1 =1

Then there exists C > 0 such that

N
(t1) (t
k=1

1<] |tZ - t3|6”

forall1 <k <N, fre L"*(R
Assume that we can use it with 8 y41 = Brr16 = (n +1)/N et rp, = N/2, then

Slelp HW(t,CL’) t S HGQN Lz(R") L2(Rn+1))

W (t | |W (t n
/ / n/Nll ()|l v )H ( k1+1]\)[”LN(R ) dty - diy

k1
N
Wt n
— / / H (%) "L]Z:ii/jvl)dtl---dt]v.
R |tk — teti]
We have N
Zl/?’k:2>1.
=1

Then, we only have to check that Sy ;41 < 1and 2(1 —1/ry) = Zjvzl Bji for all k € {1,...,N}.

Actually, it is true when we take N = 2(¢/2) for ¢ = 2(n+2)/n = 2(d+1)/(d —1). Therefore
for this ¢, we have s(¢,d) = 2(d —1)/(d+ 1) and a(q,d) = 1+ 1/d = (2(q/2)")" = 2q/(q + 2).
That concludes the alternative proof.
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VI LP ESTIMATES AROUND TURNING POINTS

We now treat the turning point region {V = E'}, under the assumption V.V # 0 on this set. In
the one-body case (rank~y = 1), we recover [Zwol2, Thm. 7.

VI.1 Statement of the result

Let d > 2.

Assumption 4. A point (g, &) € R? x R? satisfies the following turning point conditions for a
symbol p if
p(zo, &) =0, Vep(wo, &) = 0, Vap(xo, &) # 0, 9zp(w0,&o) is positive definite.

Remark 19. For Schrédinger operators p(z, &) = €2 + V(x) — E with V € C®°(R%, R) satisfying
Definition [[T.3] the previous assumption is equivalent to:

€0 = 07 V(x()) - E7 vafv(x()) 7é 0.
First recall the individual function result.

Theorem VI.1 (Improved one-body estimates, [KTZ07, Thm. 7]). Let V € C®(R%,R) satisfying
Deﬁm’tion define p(x,€) == €] + V(2) and P := p®(x, hD) (or any other quantization). Let
(z0,&) € R? x R? be a point satisfying the Assumption |4 for the symbol p. Then, there exist a
neighborhood V of (xo,&) and ho > 0, such that for any x € C°(R? x RY) with support contained
iV, there exists C' > 0 such that for any 0 < h < hg, for any 2 < q < oo and for any bounded
self-adjoint non-negative operator v on L?*(R%)

_ 1
Il ey < Clo(1/my @O0 (Julaguo + 11 Pulaes

where t(q,d) and s(q,d) are given by the following formulas

(d+1) if q = 2(d+3)
t ,d — 2(d+3 d+1 VI.1
(@.d) {O otherwise, ( )
and
o when d = 2:
11 9 < g < 10
s =1 m YEsas5 (VL2)
2733 Y3 <a<oo,
e when d > 3:

1
2 q
sad) =33 (3-1) -4 FEP<q< M (VL3)
1
2

Equivalently, one has for all 2 < q < o0

XP(1+ P*P/h?)~Y2 = O(log(1/h)" 0D p~=3@d)y . [2(RY) — LI(RY).

Remark 20. The exponent stp, defined in Theorem [VI.1]satisfies sgogge < STP < Sgene for any
d>1and g € [2,00]. They are all equal for ¢ = {2} U [2d/(d — 2), 0c]. Furthermore stp = sgogge
when ¢ € [2,2(d + 3)/(d + 1)]. Otherwise, the inequalities are strict. (c.f. Figure [1.3).
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Remark 21. Note that the previous result has been proved in [KTZ07, Thm. 7| for slightly

more general symbols
d

P, &) = ) ay(x)&é + V(x),
ij=1
where {a;;}1<ij<a C C°(R%,R) is a positive definite Riemannian metric on R% and V' € C*°(R%, R)
satisfy Definition [[I.3] Our results can also be generalized to this case.

Theorem VI.2 (Improved many-body estimates). Let V € C>°(R% R) satisfying Definition
define p(x,§) = |§]2 +V(z) and P := p®(x,hD). Let (z9,&) € R? x R? be a point satisfying
the Assumptionfor the symbol p. Then, there exist a neighborhood V of (x0,&) and ho > 0,
such that for any x € C°(R? x RY) with support contained in V, there exists C > 0 such that for

any 0 < h < hg, for any 2 < g < oo and for any bounded self-adjoint non-negative operator v on
L*(RY)

x|l araay < Clog(1/Ry2 D=2 |[(1 4 P2/2)1/2y(1 + P2/h%)/2)

Golg,d)

where t(q,d), s(q,d) are given by the formulas (VI.1)), (VL.2), (VL.3), and a(q,d) is given by the
formula of (V.3).

Remark 22. The proof of [KTZ07| gives the exponent ¢ = d%dz as a threshold for the exponent

s(q,d). Actually, their proof shows that this threshold can be improved to ¢ = d%d4 (because they

only use a control in H! while their proof also provides a control in H?). We choose to keep this
weaker statement because it only applies to functions which are microlocalized around a turning
point (g, & = 0) (p(xo,&) = 0). In our application to spectral clusters we will also need to deal
with points such that p(zg,&p) = 0 and &y # 0, where only the Sogge estimates are available.

s(q,d) For d =2 1
For d =
a(q, d)
A
1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
_d
d+1
1
J
09 i1 T
2(d+1) 2

|
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For d > 3 (g, d) For d > 3

\

| =

0 d—2 d—1
2d2(d+1)

VI.2 About the change of symbol

In this section, we detail some points which do not appear in [Ngu22| (since nothing is really new).

In particular, we start the proof of Theorem (and more precisely Lemma with replacing
the symbol p(z,¢) = [£]* + V(z) by the symbol q(z,£) = & + Yoy j<q @i (¥)6i; — c(x)z1 in
the neighborhood turning points (points (zg, &) € R? x R? satisfying Assumption ) In this
section, we explain why this consideration makes sense and how to find the desired estimates with
the initial symbol. We did it in the many-body estimates, but it is the same for the one-body
estimates. The two main ingredients are Proposition that expresses the symbol p in terms
of its normal geodesic coordinates, and Lemma [[1.26]

Proposition VI.3 (Change on geodesic normal coordinates, [LR19]). Let p(z,£) = [€* + V()
with V€ C®(RY) satisfying Assumption. Let 2o € R? such that V(zo) = E and V.V (z0) # 0.

1) Then, there exist k : R* — R? a smooth diffeomorphism and § > 0 such that for any
(z,€) € B(zg,0) x R?
p(.%', dyk - ‘E) = Q(H(m)7 5) (VI'4)
where

9@, =&+ > aiy(2)&& — clw)a,

2<i,j<d

with ¢ € C>®(R?) positive on B(xo,6) and (aij)2<ij<a C C*°(RY) positive definite uniformly on
R? and

Vo € N% 30, >0, Vi,j = {2,...,d}, Ve € RY,  |0%;;(z)| + |0°V (2)] < Ca.

2) Let P :=p“(x,hD) (or any other quantization). Denote by d.k the Jacobian matriz of k at
x and J.(z) := det(dyr)"/2. Let us define the unitary operator U on L*(R%)

Ugv(z) = v(k(z)) (), (VL5)
and P := U*PU . Then, there exist r € C°(R? x R?) N S((€)?) such that

P = (hD,,)* + Z aij(z)(hDg,)(hDy,;) — c(x)x1 + hr*(z, hD). (VL.6)
92<ij<d

v

|
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Remark 23. Notice that P is the expression of P on normal geodesic coordinates y = k(zx). In
this new system of coordinates, one has D, = d.&-D,. Furthermore, the error term r corresponds
to the commutation term.

Let us assume temporarily (or not if the reader is familiar with it) Proposition and let us
see how the desired microlocalized estimates on p are deduced from the estimates associated to ¢

)

for any quantization P of ¢. Let ¢ be the symbol defined as in Proposition Let x the smooth
diffeomorphism, that links the symbols p and ¢. Let P = p%(z, hD) and P:=U, »PU,,. Assume
thatﬂ there exists a bounded open neighborhood V C R¢ x R? of (0,0) such that m, C Bs o,
such that for any function y € C° (R? x R?) supported on V and for any non-negative bounded
symmetric operator 4 on L?(R%)

—2Z8 1 D N*
loxms | aracgay < Ch™* log(1/h) ("V"ea + 5z [P

—2s i~ 1 ~ )k
1o a2y S log(1/h)2 (@) y=25(0.0) (nvnea@,d) + 5 105Q ||6a(q,d>). (VL)

Lemma [I1.26| implies the same estimates with P instead of Q. Let us prove the existence of an
open bounded neighborhood V,, ¢) C RY x R? of (g, &) such that for any x € C°(R? x RY)
such that supp x C V(4.¢,) and for any 7 for any non-negative bounded symmetric operator 7 on
L2(RY)

_ 1 .
oy | vz ey S log(1/h)#H @D p=25(0d) <|’7Hea<q,d> +o 1PyP ||6a(q,d>> :

By [Zwol2, Thm. 9.3], there exists r € .(R? x RY) such that
(@, §) € RIxRY X(n(2),€) = (=, T (dor) - §) + hr(z, T(dor) - ), Uix"Up = X" (VL8)

Let us denote Vi ¢y = {(57H(2), T(dy-1)r) - &) = (#,€) € V}. Let x € C°(Viuy )~ Let X
and r € 7 (R? x RY) that satisfy (VL.8). Estimating ||pywyyw || 1a /2(re) amounts to estimating the

norms hQHpTwwwHLq/z(Rd) and || pu,.vuzAUUzUl Lar2may- On the one hand, since r € 7 (RY),
by the Kato-Seiler-Simon inequality (Lemma [[1.21))

) llgare -

Q=

2—d(1
hQHPTWWWHLqN(Rd) <h <2

On the other hand, denoting 7 := U}~yU, and noticing that supp x C V, one has by (VL.7))

Ga(qyd)>

—2s 1 .
— 1og(1 /P15 ([l g + 5 1PYP ot ) -

v Uz UzU | a2 may = o533 | Lar2may

1 1~ =~
< log(1/h)? @D 22000 (\|&||Ga<q,d> + 5 | PP

Eventually, since (g, s,t,«) satisfy the relation (II1.9), one obtains the desired bound by the
triangle inequality.

4There is what we proved in the proof of Theorem , more precisely in Lemma
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Proof of Proposition

The proof is the same as in the notes [LR19] for the local change of coordinates. We nevertheless
write more pedestrian constructions and explain in Lemma how to get equalities on a local
neighborhood of the point zg to global objects defined on R¢.

Extension of a local diffeomorphism. We present first how extending a local diffeomorphism
to a global one on the whole Euclidean space.

Lemma VI.4. Let k: X — k(X)) be a C®-diffeomorphism of a bounded neighborhood X C R?
of 0 into k(X). Then, there exists § > 0 and & a C®-diffeomorphism of R? such that & = k in
the ball Bs.

To lighten the notations in the proof of Proposition we also denote by k the extension k.

The parameter § in notation of Theorem and Theorem is the same as the one of the
previous lemma.

Proof of Lemma[VI] Let x € C°(RY) such that xy = 1 in {|z| <1} and x = 0 in {|z| > 2}. Let
6 > 0 such that Bys C X and let

R(x) == x(x/0)r(x) + (1 = x(x/0))(x(0) + dok(x)).

Notice that & € C®°(R?) is equal to x on Bs.

e Let us prove that & is a proper function. Since Jyk is invertible, there exists ¢ > 0 such
that |dor(x)| > c|z| for any 2 € R?. Moreover,

R(x) = dor(x) + x(2/0)(k(x) — £(0) — dok()).
Thus, |k(z)|] > c|z| on {|]z| > 26}, and we deduce k(x) — +00 as |z| — oo.

e Let us show that there exists § > 0 such that the Jacobian matrix d,x is invertible for any
z € R For any x € R?

dgk = dok + x(x/0)(dgk — dok) + %Vxx(a:/é) - (k(x) — K(0) — dok(z)).

On the one hand, dyk is invertible. On the other hand, we have
Vz € Bos, |dok —dok| <6, |k(z) — K(0) — dok(z)] < 62

Then, dyx = dor(Id +Rs(z)) with Rs(x) € Mgxqa(R) such that sup,cra |Rs(x)| = O(0).
Choosing 6 > 0 small enough so that sup,cra |Rs(x)| < 1, the matrix d,« is invertible for
any = € R%.

Hence, by fixing § > 0 small enough, it follows from the Hadamard-Levy theorem that % is a
global smooth diffeomorphism. O

Proof of the change to local normal geodesic coordinates. Let us build a smooth
diffeomorphism x : X — k(X) on an open bounded neighborhood X of zy such that we have
on X x R%.

To do so, it is about composing the local diffeomorphims x; obtained at each step j by
restricting their definition domain X;. Actually, denoting po := p, we start at the beginning of
each step j with a symbol p;_; (and the smooth diffeomorphim x;_1 : X;j_o — x;_1(X;—1) which
remains from the previous step). We may assume that p;_; is globally defined on R?. Let p; the
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new symbol expected in the new coordinates. With its expression in mind, we prove the existence
of the open bounded set X; and the smooth diffeomorphim «; : X; — x;(X;) such that

V(z, &) € X; xR pii(x, T(dary) - §) = pi(ki (), €).

Then, we extend p; to the whole Euclidean space R? by extending kj with Lemma In
the end Kk = k3 0 k9 0 k1. We will also show that the new expression of the new potential
(UVUL)(z) = (Vor ) (z)is —z1e(z) with ¢(0) > 0.

In order to simplify notation, we denote by k : X — k(X) the intermediary diffeomorphism
and Uy by the associated transform (defined by ) at each step.

Step 0. Without loss of generality (up to a permutation of variables) let us assume that
0z, V(x0) # 0. We also assume xo = 0 replacing V' by V(- — z9).

Step 1. Let us write a first diffeomorphism so that the function = — —x; replaces V.
Denote  : (x1,2') € R x R¥™1 s (=V(2),2') € R x R¥!. Since VV does not vanish at 0 and V'
is continuous, the local inversion theorem implies that there exists an open neighborhood X ¢ R4
of 0 such that x : X — x(X) is a smooth diffeomorphism. Thus, V(k~!(z)) = —z1 on X. At
this stage of the proof, the symbol

p1(y.m) = (1, (bij(y))1<ij<an) — 1

is avalaible with (b;;(y))i1<ij<a C C>(k(X)). Let us verify that the matrix (b;;(y))1<ij<d is
symmetric positive definite uniformly on Y = x(X). For this, we express the matrix (b;;(y))1<i,j<d
in terms of the matrix (a;;(x))i<ij<d. Since the identity matrix is symmetric positive definite
and d,k is invertible, for any y = x(x) and any n € R?

(. (bi;(y))ign) = p1(y.n) +y1 = p(x, Tdar - n) = V(z) = T(T(der)n) 1da (" (der)n)
> C|T(dor)n|” = Clnf?.

Besides, (bi;(y))1<ij<d = dok T (dyk) = Idg is symmetric too.

Step 2. Let us prove that through a smooth change of variable £ : X — k(X), the symbol
p1 becomes K : X — k(X)

p2(y,n) = (0, (4i;(y))1<ij<anm) + Va(y), Va(y) = —y1éy),

where ¢ € C*(k(X)) with ¢(0) > 0 and the symmetric positive definite matrix

L q2(y) - qualy)

(q (y))l y= qu(y) q22 (y) ce QQd(y)
1] <t,7<d — . . .

©a(y) q2aly) - qda(y)-

Let e; := (1,0...,0) € R?. In this new system of local coordinates D, = d.k - D,, the
pseudodifferential operator Py + 21 = 3¢ aij(z)(hDg,)(hDy;) becomes P := U (Py + 1)Uy

ij=1
and its expression is

d d
(hDz,)? +2 ) ain(2)(hDs,)(hDz,) + Y 4ij(x)(hDs,) (hDs).
i=2 1,j=2
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Since (bsj(x)); is symmetric positive definite uniformly on R?, by the same argument as in the
previous step the matrix (¢;;(y))i<i j<a has also these properties for any y € x(X). Moreover
pa(y,e1) = 1 for any y € R% The idea is to find the smooth diffeomorphism s; : X — x1(X) C R
(the first coordinate of x) such that

Ve e X, 1=npa((k1(2),2'),e1) = p1(x, Viri(z)),

with the initial condition x1(0) = 0, 0y, k1(0) = 1711(0)*1/2 and 0,/k£1(0) = 0. There remains to
consider

k(x) == (k1(2),2)

where k1 is a smooth solution of the Eikonale equation on a neighborhood X < R% of 0

{ p1(z, Veri(z)) =1,
Kll(O) =0, Vit (CL‘) = b11($)_1/261.

The positivity of (b;;())1<i j<a implies the existence of a neighborhood X C R? on which by; is
positive. The function

1 dt
i (z) = /O T

which is C*°(X), satisfies the Eikonal equation. Since 1 € C*(X) and 8,,#1(0) # 0, we apply
the local inversion theorem so that x; is a smooth diffeomorphism of a smaller neighborhood X
of 0 € R% which maps X into its image. That gives us the diffeomorphism « : X — k(X). From
this expression and mfl(O) = 0, we deduce the new potential

Va(y) = UsynUx = = (571 (y)) - e1 = —(57) (%)

1 1
= —y1/ By, (k7 ) (ky H(tyr), ) dt = —yl/ \/bll(fffl(tyl)aﬂf’)dt
0 0

Let us denote ¢(y) := fol \/bn(/@l_l(tyl),x’)dt, which satisfies as expected ¢ € C*(k(X)) with

¢(0) = 4/b11(0) > 0.

Step 3. The idea is now to get rid of the part 2 Zf-l:l gi1(z)(hDy,)(hDy,) in the operator
P, and to obtain after changing coordinates to this expression y = x(x) the symbol

p3(y.n) =0t + (1, aij(2))2<ij<an’) — c(y)y1

with (a;j(y)2<ij<a @ symmetric positive definite matrix uniformly on x(X) and ¢(0) # 0. We
start by writing p2 into the form

d 2 4
p2(z,§) = (51 +> qz‘l(lf)&) + Y Gi(@)&& + Valw),
i=2 ij=2

where G;j(z) = q¢ij(x) — ¢i1(x)gji(x). The symmetry of (gij)2<i j<a comes from the one of
(gij)2<ij<d- Let us check that (gij(x))2<i j<a symmetric positive definite matrix uniformly on X.
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For any & € R4~!

Y a@&s = Y ai@&E+ | D) an(@)é > an(@)g
2<i,j<d 2<i,j<d 2<i<d 2<j<d
2

= (€, (@ij(@))2zij<a€’) + | D qu@)é
2<i<d
> ((0,€), (a5 (2))1<1,j=a(0,€"))
> Clef.
It is now sufficient to construct the change of coordinates = — k(x) = y for which

UrDaUs = Dy + > (57" (2)) D, = (g5 (5~ (2)))1<ij<a D €1) ,
2<i<d

Uy Do Uy = (bij(5~ (2)))2<i,j<d D
with (bij(y))a<i j<a an invertible matrix on #(X). Actually, U*D,U = (d,x)~'D, on k(X), then

1 g12($) e Qld(x>
( /1)71 _ 0 bo(z) ... bog(x)
0 Bgd'(x) de'(a;)

One can also assume (Z)ij(O,y’))ggi’de = Idy_ for any 3/ € mnk(X). Notice that (d.x)~! =

dyo(z) (K1), That involves the relations V/ (k1)1 (y1,%) = 0 for any y € £(X) and 8y, (v 1):(0,9) =
di; for any 4, j € [2,d]. Furthermore, we have for y € x(X) the inversibility of the matrix

(1] @200,) - q1a(0,9)\
0

d / Iiil =
0,y )( ) : I,
0
The function k=t = ((k71)1,..., (k7 1)q) therefore satisfies the differential system
{ 8yl (Kﬁl)l(yhy/) =1, (/4"/71)1(07 y/) =0,
0y, (h7 )51y = an((571);(y1,9)), (571);(0,9) =5 Vi€ [2,d].

By Cauchy-Lipschitz’ theorem (with the initial data x~*(0) = 0), this Cauchy problem admits a
smooth solution in a neighborhood ¥ C R? of 0. (Explicitly (k1)1 (z1,2') = 21.) By the local
inversion theorem, even if it means restricting the neighborhood Y, k™1 : Y — x~1(Y) is a smooth
diffeomophism. Let us denote X := x~!(Y’). Thus, the explicit expression of Py = U} P,U, is

(hDy,)? + ((hDy), " (der) ™" (Gij (57 (2)))2<ij<d(der) "' - (RDy)) + Va(k™ ! ().

Let us define (aij (x))lﬁi,jﬁd by the coefficients of the matrix T(dxli)_l(qij(ﬁ_l(x)))2§i7jgd(dxl€)_ ,
which is symmetric positive definite on x(X) (since (gi;(2))2<i j<d is also that). We thus deduce
the ellipticity of the symbol A(z,&') = 35, ;<4 aij(2)&&; uninformly in £(X). Eventually, let us
check that the potential x — Va(k~1(x)) is equal to —c(z)x1 with ¢(0) > 0. By definition,
Va(k™H(2)) = —e(v™ (@) (k7 (2) - 1) = —&(v™ (2)) 21
Denoting ¢ := ¢ o (k~!), we obtain the desired relation.
Finally, the principal symbol of P is given by q(y,n) = 7%+ Ay, n’) — c¢(y)y1, in the new basis

of local coordinates (by composing all the diffecomorphism of each step).
That ends the proof of Proposition [VI.3]
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V1.3 Proof of Theorem [VI.2]
As argued in [KTZO?]H7 we may reduce the problem to the case

d
Pz, ) =&+ > aij(@)6& + V(x), V(z)=—c(z)x,

ij=2
where (a;;(x));; C C*°(R?) is positive definite uniformly, ¢ € C>(R?) with ¢(0) > 0, and

Va € N% 30, >0, Vi,j = {2,...,d}, Vo € RY,  |0%;;(z)| + |0°V ()| < Cq.

Notation
e Let 6 > 0 such that inf,ep, c(z) > 0, where B; := {x € R? : |z| < §}.

o Let V C R? x R? a bounded open neighborhood of (zg,&) = (0,0) such that 7,V is
contained in Bs/4 and such that V C Vy where Vy is given by Corollary @

e Let x € C°(R? x R?) such that supp xy C V.

e Let M > 1 be larger than My > 1 given by Corollary An other constraint will be
given in the proof.

e For all € > 0, let us define
Q. :={zeR?: z; <e}.

e Let us define x. := xo(-/¢) where xo € C*(R, [0,1]) in a nonnegative function equal to 1
on | — oo, 1] and equal to 0 on [2, col.

o Let s5ogee and aigogge be given by the formulas in the statement of Theorem
As in the proof of Theorem we have by the one-body estimates (Theorem [VI.1))

oo ey < W[ P20 Py PR
We prove the estimates of Theorem for low regime 2 < ¢ < 2d/(d — 2). The remaining
estimates for 2d/(d — 2) < g < oo are then obtained by interpolating between ¢ = 2d/(d — 2) and
q = co. We now fix 2 < ¢ < 2d/(d — 2). The strategy to estimate ||pywq | fa/2(ga) is to estimate
l[oxwx |l Lar2(qy on various regions § that cover RY (c.f. Figure , and then sum the obtained
estimates.
Before going into the proof, let us recall some key estimates of Koch-Tataru-Zworski [KTZ07].

Lemma V1.5 ([KTZ07, Lem. 7.3 and Sec. 7|). Let d > 1. Then, there exist M > 1, ho > 0 and
a bounded neighborhood V C R? x R% of 0 such that, for any x € C(RY x R?) supported in V,
any h € (0, hg), and any € > Mh?/3 we have for all o« € N¢ such that |o| < 2

o, W, lm 1
KMDxuhmmzo@“2)@wmm+hWme0- (VL)

Remark 24. In [KTZ07|, the estimate (VI.9) is proved only for |a| < 1 and for |a| = 2 when
d =2 and e = Mh?/3. Their method allows to treat the case |a| = 2 without the restrictions
d=2and e = Mh?/3.

Sand as explained in the previous section (Section 7
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Remark 25. In the case ¢ = Mh?/3, the estimate (VI.9) reduces to

1
S 02Dyl < OO (il + 1 1Pullagen )
|| <2

which, by Sobolev embeddings, imply that for all 2 < ¢ < ﬁ (excluding ¢ = oo for d = 4)

1

w 1_2d(1_1 1
1B% uHLCI(QMhQ/3) < Cht 3 <2 ") (HUHLQ(Rd) + h”PUHL2(Rd)> .

In dimension d = 1, one can even get rid of the microlocalization xV in the argument of [KTZ07].
For o = 0, this estimate is sharp for V(z) = 22 — 1 and z¢ = 1, because Hermite functions behave
like h=Y/SAi(h=2/3(x — 1)) close to & = 1 (c.f. also Figure|l.1|for E = 1). The sharpness in higher
dimension seems open to us.

Corollary VI.6. Let d > 1. Then, there exist My > 1, hg > 0 and a bounded neighborhood
Vo C R4 x RY of 0, such that for any x € C°(R? x R?) supported in Vg, for any h € (0, ho] and
any € € [Moh?/3,1]

w 172
(1= Rr*A)xex" (14 P?/h?) /2 = Or2wrd) - 12(re) (51/4) -

s(q,2) For d — 2
or d =
% -~ sum up of the estimates
\~‘~\\\ — On QMhz/g
\\‘~~\\\ ---0n Rd\QMh2/3
TN,
10 1
0 —
0 q
T
6
For d > 3
s(q, d) sum up of the estimates
A — Oon QMh2/3

2 == 0on Rd\QMh2/3
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. 1 For d >3
a(q,d)
a(q, d) For d = A
A
d _ 2 - "
L T3 pi
.
;o
4 :
/ :
/ :
/ :
/ /
’ : :
’ : :
/ : :
/ : :
/ | é |
NY: g
0—d=2 _d-1__ 1 1 q
2d  2(d+1) — 6 2 :
—on Q5273
=-0on Rd \ QMh2/3
0 d—2d-1_ 1 g
2d2(d+1) 2
.'L'/
Union of overlapping strips of radius 2¢h2/3 (c.f. Figure
Mh?/3 < 21 <6/2 x> 0/2
I > I
0/2

2/3

Figure 1.7 — Different regions of R?

and any bounded self-adjoint operator v on L?(R%)

Estimates on Q;,2/3
Lemma VL.7. Letd > 1. For2<¢q < =

2d
2)+

1 ) 1/2 1 ) 1/2

2d__ hyut we will not need it

(d—4)1>

&4/2(L2(R%))

[loxwxce ”Lq/z(QMh2/3)

Remark 26. The previous estimates are also true for all 2 < ¢ <

(see Remark [22)).
Proof of Lemma[VI.7]. By Corollary with e = Mh?/3

(1 - h4/3A)XMh2/3XW(]. + P2/h2)_1/2 = OLQ(Rd)_,L2(]Rd)(h1/6),
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and by the Kato-Seiler-Simon bound applied to m = 2, which is true if and only if ¢ < d%dzx (see
Lemma [T.21]

o neay <on FE W larsany

&2(a/2) (L2 (R4))

we have for 2 < ¢ < (dgign and W € L2(9/?' (RY)

WX arn23 X" VAl g2
< HW(l B REINE

_4/3 W 2 /72\-1/2
gataray || (17 Ao (1 + PE/RT) Heoox

X H(1 +P2/h2)1/2ﬁ‘

1/2

<ne ¥ (30)
Sh HWHL2(q/2) (R%)

‘(1 +P2/h2)1/2'y(1 +P2/h2)1/2‘

G2’

which by duality ends the proof. O

Estimates on {z € R? : 21 > §/2}

Since 7, supp x and {z € R? : 2y > §/2} are disjoint, we deduce as in the beginning of the proof
of Theorem that for any 2 < ¢ < oo and any bounded self-adjoint operator v on L?(R%)

HpXW’YXWHLq/?({xGRd:x1>6/2}) = 0(h™) H(l + P2/h2)1/27(1 T P2/h2)1/2 /2’

Estimates on {z ¢ R : Mh?/3 <2, < §/2}
In the following, we assume hg < (6/(2M))3/? to ensure Mh*/3 < §/2 for M > 0 be defined later.

Lemma VI.8. Letd>2 and 2 < g < d%dQ. Then, there exists M > 0 such that for all bounded
self-adjoint non-negative operator vy on L*(R%) we have

prwxw”Lq/Q(Qé/Q\QM}LQ/S) <c? H (1+ P2/h2)1/2 v (1+ P2/h)1/2‘ & S0age(@ (12(Rd))
where
h_dilgé_é) . if2<qg< 2:13)7
Ch = og 805 (L /h)h™ 00551 i g = 20D
RECTCRY D << 0,
Remark 27. The previous estimates are also true for all 2 < g < @ Z)

Proof of Lemma [VL.8l

We prove the result for P which is the right quantization of the symbol p (so that P = h2D? LT
>o<i j<d %ij(2)(hDg,)(hDy;) — c(x)z1 is a differential operator). While the final result does not
depend on the choice of quantization, the proof will rely on several space localizations so that it
will be useful that the operator P is local. [

Let us now fix some notation. Let € > 0 and let us define the strips by

Ac:={zeR%: |z —¢| <e/2} and A, :={zeR? |z, —¢| < 3c/4}.

5This point is explained in details in Section
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Each strip A. or A, can be decomposed into a union of boxes of size & (see for instance Figure

)
A = U Ak A, = U Akn
kezd—l k‘EZd71
defined by

Ak = {z eR?: lx1 —e| < e/2, }xl—ék‘gm <e/2}

AF = {z e R?: |2y —¢] < 3e/4, |2’ — ek‘zw < 3e/4},
f:l’; = {z e R?: |z — €| < 4e/5, |2’ — ek‘@o < 4e/5}.

X
A A
Af | AL
ek
0 0
£/2 A A
<+—> » T
€
3e/4
Ao AL

Figure 1.8 — Boxes A¥ and A¥

Finally, the set Qs/ \ Q23 = {2 € R% : Mh?/3 < 1 < §/2} can be covered by a union
of ~ log(1/h) overlapping strips U?Z(]EI)()&(M)J Agipzss where K (h) = [logy(6h™2/3/2)] (see for
instance Figure .

The main steps for the proof of L9 estimates in {25/ \ 2)7,,2/s are the following:

0. obtain the estimates on a box A of size 1,

1. obtain the estimates on the boxes A’; of size € by scaling the previous one,

2. obtain the estimates on the strips A. by summing the estimates on the e-boxes,

3. conclude by summing the estimates on the strips.
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=rr BEFRZ/3/2 | [logy(M)|h?/3

Sl A 2 Llog2(M)J h2/3

AAAAAAAFAAAAAAA

Allogy (v 022 Az |logy (M) n2/3
Figure 1.9 — Strips A,

Step 0. Estimates on a box of size 1. We prove estimates on the boxes

A={FeR?: |@ —1]<1/2, |¥|. <1/2},
A={zeR: i1 -1 <3/4, |&|,. <3/4},
A={zeR: iy -1 <4/5, |&|,. <4/5}.

______________

A

Lemma VLY. Letd > 2 and 2 < ¢ < 24 Let g9 > 0. Let p(i,€) i= <£, BE(;E)E> FV(F) with
{(Be, Ve)}eelo,g) € C(RY, REXT X R) Cmd (e,%) = (B:(2), Ve(2)) € C([0,e0] x RY) such that

o for any a € N%, there exists Co > 0 such that for any e € [0, &)

Vo e RY |0°B.(2)| + |0°Va(%)| < Ca, (VI.10)

o there exists ¢ > 0 such that for any ¢ € [0, o]

B.>c¢, |Vi|>¢ on {#eR?: i —1]<9/10, <9/10}. (VI.11)

[
Let P := p¥(&, hDz) (or any other quantization) and let xa € C®(R? x R, [0,1]) such that

xa=1on A and supp x4 C A. Then, there exist C > 0 and ho > 0 such that for all 0 < h < ho,
for all 0 < e < eg and all bounded self-adjoint non-negative operator 54 on L*(R?)

105(@)lzaraay < Ch=250se 0D || (14 PP JR2) X axa (L4 PP /R2) 2|

GD‘Sogge(de) :
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Proof of Lemma[VI.9. Let x ; € C°(R%,[0,1]) be a cut-off function equal to 1 on A and supported

into A. Tt follows from the equality X2 (%)p5(Z, %) = py 7y (F, 1) that

HPWHLW(A) < HX?AP%HLQ/?(W) = HPXMXA”LQ/Q(RFI)-
Let

k= U {@deixrt: (€5.00)+ v < 50+ (6 500)) }.

0<e<eg

Note that each K is a closed set of R (here we use the continuity of (B.(&), Vo(&)) in (g, %)). It
is also bounded, since it is contained into the bounded set

A x {éeRd : ’5’ Scl/Q\/1+2 sup ]VEHLm(Rd)}.

0<e<eg

Let 1/; € C®(R?% x R?) be a function 0 < 1/; < 1, such that @Z) =1 in the compact K. The operator
is composed of three parts

XAYXA =1 + Y2 + 73,
defined by
1= P X aTX AV,
F2 i= (1 =™ )xa¥xa(l — %),
3 1= (1 — PV)xayxa®™ + vV xa¥xa(l — %),

=:93,1 =:193,2

Let us prove that for any i € {1,2, 3}

93 ara gy S B 2550w @) (14 PP/ 2 a3 (1 + PP /B2

GaSOgge(qu) '

These above bounds together with the triangle inequality prove the lemma.
Estimate of the term 7;. Note that
supp NAxRYC S ={zeR?: |7, 1] <9/10, ||, <9/10} xR™.

Every point (z, 3 ) of S satisfies De(Z, 3 ) # 0 or Sogge curvature conditions (Assumption. Indeed,
if (z,¢) satisfies p:(Z,£) = 0, then uniformly in e, by (VI.11])

Vepe(3,6)| = 2 |Bo(2)é| = 2veV/[Va(@)] = 2c.
Furthermore, for all € and Z
[EeR?: 53,6 = 0} = £ e R : (€ B(2)E) = Va(@)}

has a positive curvature which is bounded and bounded away from 0 uniformly in €. Hence, by The-

orem [[II.1]and Theorem Assumptionholds for g, s = ssogge(q,d), t = 0 and a = agogge(q, d)
on the set S. By Remark @ applied to S, to Q = A, to x = v, to (¢, 5Sogee(q, d), 0, AS0gee (4, d))

and to the operator v = xayx4

||P%||Lq/2(Rd) = ||pq/~;wXA§XAqLWHL‘J/2(Rd) = szﬁwx/; XATXA XA¢w||Lq/2(Rd)

S E—QSSogge(‘Ld) H(l + ]5*]3/;12)1/2XA’~YXA(1 + ﬁ*p/h2)1/2‘

GD‘Sogge<‘I7d> :
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Estimate of the term 7,. Recall that

HW (1— %)

152 || Lar2(ray = sup
D werz@2 @y W3

L q/2>’(Rd)

By the Holder and Kato-Seiler- Simon inequalities (Lemma [[I.21]) then applied successively, we

have for any 2 < ¢ < dZ_d2 (Smce d—2 2 < @ 25[1) )

- 1/2
2 -1 72
HW (- HW(l —hA) ‘ &2(a/2) H —hAX XA[’ &a/2
—afi_1 1/2
Sh (3 q)||W||L2(q/2)/(Rd) ((1—h2A XA[HG .

Now let us give a estimate of the right side of the previous bound.

Fait VI.10. There exist C > 0 and hg > 0 such that for any 0 < h < hy and any 0 < e < gg,
one has for all a > 1

|a-raa—dmava| <o

Proof of Fact[VI.10. Let o> 1.

1) Let us first show that it is enough to do everything with right quantization by replacing

(1-— 1/~JW) by (1 — @Z;R) into Fact [VI.10[ By Proposition applied to the symbol 4, there exists
7 € .7 (R? x RY) such that

oo 7 eavile.)

(1=9") = (1= 9% =% ™ = hi™.
We can now write
(1= R22) (L= " )xav/d = (1= B28) (L= "xav/3 +0p)/? (04 (1) xav/3)
= (1= R*A)(1 =) xav/F + Or2y 2 () xa/7-

2) It remains to show fact [VI.10| by replacing 1;“’ by Q;R.
Let (%, &) = (€)2. Let us first notice that the operator Pe is elliptic on the support of (1 — P% i
Indeed, the function (1 — 1))y i is supported into K¢N (A x R% and by definition of K, for all

£ € [0, &0 and for all (z,€) € K¢N (f:l x R?) we have

min(1, c)

5e(3, ) > i (3,6,

Thus, we get the ellipticity (uniform in €) of . on K¢ N (/:1 x R?) and thus on supp((1 — QL)XA)'
By Lemma [[1.10[ applied to (1 — 1/;))(;1 € S(1) and to p € S(1ng), there exist b € S(nip~") and
T = (’)5(1)@00) such that
(1= B = P (1= Ry + 7.
Note that x4 = x 1xa. We compose by (1 — h2A) on the left and x41/3 on the right to infer
(1= R*A)(1 =) *xav/7
=(1- hQA)bRP(l — PR av/F + (1= R2AR (1 — R2A) 7L (1 - h2A)x a3
—_———

=0r2_,2(1) =02 ;2 (ho°)
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Let us write P(1 — ¢®)y4v/7 in two parts

POL= i = (1=0%) Pravi - [P0%] xavA.
—— N —
:OL2~>L2(1) :OLQ LQ(;L)

In addition, the term (1 — h2A)y Aﬁ is also divided into two parts
(1-R*A)xaV/7 = PxaVF + (1= B2A) (1 = 9)xav/A.
:EZZT
Putting everything together and moving to the Schatten norm
H(l —h*A)(1 - @R)XA\@HGQ < HPXA\@H@ +h HXA\@HGQ
+0(h) (= R2a)a - PPV

Then, we conclude by taking ~ small enough
|a-raya—dhxavA|, s ||Pxaval,, +h]pava| .
That ends the proof of Fact O

We apply it to a = ¢/2 and we apply Lemma [VI.11

Lemma VI.11. Let m be an order function. Let p € S(m) and P := p"(x,hD). For any o > 1
and non-negative density matriz ~y on L?(R?)

* * 1 *
|a+prpmy 2+ P 2| < nllen + 75 1P Pl
<2 H(1 + PP/ Y2y (1 4 P*P/h2)1/2‘

[G12

Hence, we get for any 2 < g < d%dé
_Qd(%_

< p22(33) H(1 + PP /R avxa(1 + P*P/h2)1/2’

Q-

~9 - 1 % ~ D,
||p’72”L4/2(Rd) Sh ) (HXAVXA”G"/Q + 72 HP XAVXAPH@;/Z)

&a/2

Estimate of the crossed terms 737 and 732. We deduce the estimates on the crossNed
terms 31 and 432 from those of 41 and ;. For example for 431, noting C' := \/Fxa(l — ¢%)
and B := /Ay av™

Trp2 (WA W)
= [Tes (W= 9" xainad™W)| = [Tre (WO BW)|
< |Trpz (WC*CW)|Y2 | Tr 2 (WB*BW)|1/2

/
< (W12t ayloc-llzarsn) - (IV 1ot oy ol araga

1/2 1/2
< HWHL2<‘1/2 (R4) Hp &W)XA&XA(PJ)W)”Lq/2(Rd)H%WXA’ymeWHLW(W)

(1 PP/ 2 adia (1 + PP/

_d Oe 7d)
s i) oD,

GO‘Sogge(‘Ld) :
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For any 2 < ¢ < d2—ji2

1-d(1-1) —ssogge(a,d ST - =T
9502y S B E0) 00D 4y ) oy gy a1 4 BBy

Go‘Sogge(‘Ld) '

O

Step 1. The scaling. Let us deduce from Lemma [VI.9] the same kind of result but on the
boxes A¥ by a scaling argument. The following lemma controls the L2 norm of the density on
the boxes AF.

Lemma VI.12. Let d > 2 and 2 < ¢ < dQ_—dz. Then, there exists C > 0 such that for any
0 < h < ho, for any e € [MR?/3,5/2] and for any k € Z9~1 such that |k|,.c < 8/ —1, there ewists
X ix € Ce° (RY x R%,[0,1]) supported into /:llg, such that any bounded self-adjoint non-negative
opesmtor v on L*(R%)

8 *
5% Sogge(@d) +ﬁHXA’;P TP X 4 GQSOQQEW,@)»

Hp’yHLQ/Q(A’g) < Ch™235009e(0:d) g =20(0,d) (HX@;VXAI;

where p(q,d) is given by the formula

1 1 3550996((]7 d)
d)=d|=—-—-) - 22, VI.12
1(q,d) (2 q) 5 (VI12)
Proof of Lemma[VI.19 Recall that hg and M were already fixed above. We will make additional

constraints on them along this proof. Let h € (0, hg|, € € [Mh?/3,5/2] and k € 71 such that
klpo < 8/ — 1. Let x5 € C°(R%,[0,1]) be a cut-off function equal to 1 on A and supported

into A. Let Xj; € C°(R%, [0, 1]) be a cut-off function equal to 1 on supp X 5 and supported into A.
Define for any & € R¢

1 ‘ 0---0 \
0

ng = . ) ‘/:Sj ::_:ElchlaSi/+5k X:SE
. : (aij(gjl’g'%/—i_‘sk))Zgi,jgd () ( ) A( )

0
By our assumptions on (a;j)a<i j<d and ¢, {(Be, V) }. satisfies the assumptions of Lemma

with €9 = §/2 (notice that for our choice of € and k, |(ex1,e3’ + ek)| < ¢ for all 7 € A). Hence,
let C' > 0 and hg > 0 such that for all 0 < h < hy and all bounded self-adjoint non-negative
operator 7 on L?(R%)

Hp’?(‘%)HL‘I/Z(A) < CiLfQSSogge(Q,d) H(l 4 p*P/iLQ)l/ZXA:YXA(l + P*p/iLQ)l/Z‘

GaSogge(q’d) )
where P = pR(z, hD;) and p.(%,€) = <£, BE(:i‘)g> + V.(Z). Moreover, we have the following fact
(which proof is given below).

Fait VI.13. Let a > 1. Then, there exists C' > 0 such for all h € (0,hq], for all € € [0,e0] and

for all bounded self-adjoint non-negative operator v

o _ ~ T ~ 1 D~ Ty%
H(l + P*P/B)' P xavxa(l+ P P/hQ)l/QHGa <C <HXA'YXAH6a T HXAPVP Xf“”sa) '
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We deduce that for all bounded self-adjoint non-negative operator 4 on L?(R?), we have

- 1 -
T -2 ogge 7d ~~ ~ ~ Y * ~
105(@) | aragy < Ch2ssosselad (HxAmH@asOggM + = [xaPyPoxs) Gasogge<q,d>) -

Since XAX; = Xas the same bound holds when there is no factor X ; in V.. We still denote by P

the resulting operator. Now, let v be a bounded self-adjoint non-negative operator on L%(R%).
We apply the above bound to ¥ = (Uf)*yUf , where Usk is the unitary transformation defined by

UF: L*(RY) — L2(RY)

f — (3: s em 2 f (%, Ll?k)) :
Since we have
15| Lar2ay = 52d(1/2_1/q)Hp’YHLq/?(A’g)v

and UFP(UF)" = P/e, we deduce that

7|l Lar2ary

1
&*Sogge (¢:4) + (€B)2

S CB*QSSogge((17d)€*2d(1/2*1/q) <HXAI;’YXA§ HXAE PVP*XAIS

GaSogge(‘Ld)> ’
with x 5, = UfXA(Uf)*, ie. x (7)) = x4 (’”1 M) Now assume that M > ﬁa2/3 and let

e ¢
h € (0, ho] (where we recall that ho > 0 was chosen such that M h(2)/ ) /2). We apply the above
bound to h = h/53/2, which indeed satisfies h < hg since € > Mn2/3 implies h < M—3/2 < by

Finally, we obtain

[~ HLq/Z(A'g)
< O(h/e3/?)~2ssouse (4:d) —2d(1/2-1/q) (H X eV ik

€ *
Go‘Sogge(q’d) - ﬁ HXA!&? P’YP XAIEc GaSogge(qad))

— O h25s08ge(0:d) o~ 20(a,d) (HXA’Q XAk

3
+ — XA/;P'YP*XAQC Gasogge@vd)) .

GQSogge(q*d) h2

We now give the missing proof of Fact
Proof of Fact[VI.13,

e It is essentially enough to understand why this inequality is true for the one-body case.
The bound to prove is

1Px At r2@ay S Ix 4Pl r2a) + ilHXAﬁHLQ(Rd)’
We already notice that
Pxa = xaP — h*(9% xa) — 21(03,x4) (hds,)
— h2 Z (02,03, xA)aij(eT1, ex’ + k) — h <VXA, (aij(e1,ex’ + 5/~c)),,jﬁv> .

2<i,j<d

On the one hand, since a;; € L™(R9)

P2 (02 xa) @l pomay + 182 D" (95,05, x4)aij (31, €2’ + k)il p2 ma)
2<i,j<d

S PAIX 40 L2 ray -
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On the other hand, since P is elliptic in the sense of IKTZ0T7, Lem. 2.6], we have

> D)l 2gay < Nl o3y + I Pl o4y

jal=1
(by using again that a;; € L (R%)) so that
172(0z, x4) ROz, ) 172 gy + 1P <VXA, (aij(ed1,e2’ + Ek))z‘,j(ilVﬁ)> 172 (ma
S P2|hDg, 7o) + W2 (a3 (21, €3 + k)i (RV )| 12 4
SR (al2, 2y + 1P )
S 12 (a2 + X3P ) -

Hence,

| Pxaitl 2y S IxaPallaces + b (IxaPallaggs) + il )
S IxaPill 2 gey + hlIx 48] L2 ga)-
e Let us now extend the result to density matrices. We have shown the inequality of operators
(]SXA) (PXA) S BQX% - (ng’> XiP.
In other words
XaP*Pxa S W%+ P3P

Then for all & > 1 and all bounded self-adjoint non-negative operator 4 on L?(R?)

- ST - - - 1 S e 95 /T
H\ﬁXA(l +P P/h2)XA\ﬁH6a S Hﬁx%ﬁ“ea ;72 HﬂP X%P\HHGQ'
This concludes the proof of Fact [VI.13] O

Step 2. The summation of the boxes. With the results on boxes of size €, we will now
have the following result.

Lemma VI.14. Let d > 2 and 2 < q < dQTQ Then, there exists C > 0 such that for any

€€ [Mh2/3, 8/2], for any h € (0, hy], and for any bounded self-adjoint non-negative operator vy on
L*(RY) we have

loxwxellLarzan) < Ch~2s500ge(@:d)g1/2=20(a:d)

1 1/2 1 1/2
(1 L) (14 ) ,

Go‘Sagge(qﬁd)

where (g, d) is given by (VI.12)).

Proof of Lemma[VI.1] Since 7, suppx C Bgs /2, we have for all 2 < g < oo

loxer a2 (mey = O) Il gare -
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By Lemma we have for non-negative operators -

2/q

u u = u %

Px¥yx™ IlLa/2(A.nBs) = Pxx ll pasz (aky

Iklpoo <6/e—1
< h_QSSogge(‘Ld)E_QM(‘Ld) X
2/q 2/q
q/2 € q/2
- w w - . - w w * -
D s N e | 7| 2 PPN
kGZd71 kedel

> The first step consists on showing that for ¢ > 2, for any bounded self-adjoint operator y

£
- w w - . ~ w w * -
HXAIECX ’YX XAI; Zz/QGO‘SOgge(q’d) + h2 HXAIECPX FYX P XA’; Zz/QGQSOgge(q,d)

e
S HXQEXW,YXWXZS||60‘Sogge(q*d) + ﬁ ||X2€PXW,YXWP*X2€Heasogge<‘I7d> .

In fact, we prove more precisely that for all non-negative I

qa/2 q/2
Zd HXA]ECFXAIE“ Gasogge((bd) S C |’X2arx2a”6a50gge(%d) :
kezd—1

Recall that supp x jx C fl]g x R%, x9:(x1) = 1 when x; < 2e. Hence, we have
XAk = XAk X2e
and thus we only have to show that

q/2 /2

q
Z HXAISCFXAIEC GaSogge(q’d) S C HFHGaSOgge(Q,d) .
kezd-1
1) Let us check first that
HXAIgFXA]; det S It -

Since x 51 € C*(R%,[0,1]) and supp X j C /:1];, there exists C' > 0 such that for all ¢ > 0,

2
>, X <C
kezd-1

We recall that:
e if we have two non-negative operators A and B such that A < B then VA< \/E,
e for all trace-class operators A and B, A < B = Tr(A) < Tr(B) .

So if I is a non-negative operator

HXAI;FXAI; et = Z Trpe <XA§FXA§)
k
k

ezd-1

= Z Trye <ﬁx%§ﬁ)

kezd-1

< T [VESD 3T
kEZd71 c
S CTI'L2 I'= C ”PHGl .
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We can pass to a general trace-class I' by decomposing I' ="'y — ' with I';,, ' > 0 and we
obtain

HXAI;FXAI; aet < HXA’;FJrXA]; ne + HXAI;F—XA'g e
ST +ler + 1Tl
S Illge -
2) Notice that we always have
X arl'X ST lgee -
H AT A2 o goe ©

3) The interpolation of

HXAI;FXA]; Net S Tl

X Aael'X Ar S T g

H A" AAL | jogoe
gives

Vli<a<oo HXA’QFXA’S oo ST ga -
k
Hence, for any 2 < ¢ < oo and any 1 < a < q/2
HXA'“FXA’“ (12 ga HXA'“FXAI“ o ge
k
S T lge -

Now for any 2 < ¢ < 0o, we have 1 < agogee(q,d) < q/2, hence for any 2 < g < d%d2 we have

o3 par (A:NBs)

- ogge 7d - 7d €
S h 238 8 (q )8 2#((] ) <||X25XWWXWX2€”GQSOgge(q!d) + ﬁ ||X2€PXW7XWP*X2€||60¢Sogge(‘bd)) .
> By the Holder inequality and Corollary we have for any o > 1,

HXQEX Y X%”Ga <81/2 H 1+P*P/h2)1/2 (1—|—P*P/h2)1/2’

&
Besides for any a > 1,

HX?EPXWVXWP*XQQH O‘Soggc(q d) S HP’}/P || D‘Soggc (g,d)
S |+ Prped) 2y (14 Prp/m2)

o

Thus, with the triangle inequality for any 2 < ¢ < dzde

oy HL‘?/Q(ASOB(;)

_ _ 3
< 7 2ssosse(0:4) = 2u(a.d) <||X25XW’VXWX25Heasoggewm + 25 e PX " P *X25H6asogge<q,d>)

1/2

5 h72850gge(q,d)61/272u(q,d) H (1 4 P*P/hQ) ol (1 4 P*P/h2)1/2‘

GO‘Sogge(q’d) :

That finishes the proof of Lemma [VI.14] O
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Step 3. The final summation. Finally, by Lemma we are in position to obtain the
estimates

HpXW'VXW||L‘1/2(Qa/2\9Mh2/3) < HpXW'YXWHLQ/Q(UkAgkm/s)

K(h) 2/q
q/2
= Z ”pXWFYXWHLq/z(AzkhZ/fi)
k=|logy(M)]
K(h) 2/4 / /
* 2\1/2 * 2\1/2
= I S H(l + PP/2)" %5 (14 P*P/1?) ] el

k=|log,(M)]

where Cj, . = h—5sosze(@:d)g1/4=1(a:d)  Hence

) S G (L Prpn) 2y (14 PrP/R2) |

o+ ||LQ/2(95/2\Q

Mh2/3 &“Sogge(0:d)
where
K(h) l/q
_ q
Ch = Z Ch,Qkh2/3
k=|logy(M)]
K(h) 1/‘1

— Z 1, 4(5S0gge (4,d)+2/3(1u(q,d)—1/4) 9k(1/4—p(q,d))

k=|log(M)]

_@-n(1_1
() if 2 < g < 20,
d+1 __d—1
< q logZa (1/h)h~ 25 if g = 2EE8)
-%(5-2 .o 2(d+3) 2d
| A #(3-3) if 258 < g < 24

That ends the proof of Lemma [VI.§

VII  APPLICATIONS TO SPECTRAL CLUSTERS

In this section, we apply the results of the preceding sections on microlocalized quasimodes to
spectral clusters. As we will see, this allows to get rid the microlocalization and leads to global
estimates.

VII.1 Notation
e Let € € (0,1) and hg € (0,£/2).
e Let E € R and h € (0, hy).
o Let I p = [E —h,E+h].

o Let tgene; Sgene > 0 and agene > 1 be given by the formulas in the statement of Theorem
V.2

o Let sgogge > 0 and agggee > 1 be given by the formulas in the statement of Theorem

e Let tpp, syp > 0 and app > 1 be given by the formulas in the statement of Theorem [VI.2]
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VII.2 Statement of the results

Let us add an addition assumption on the potential V', that will implies that the operator
—h?A +V has a compact resolvent.

Definition VII.1 (Polynomial growth). A potential V € C>(R%,R) has a polynomial growth if
it satisfies Definition (II.3) and if there exist k£ € N* and R > 0 such that

vz eRY V]z| > R, V(z)>c(z) (VIL1)

Theorem VIL2. (i) Let d > 1. Let p(z,&) = [£> + V(z) with V € C®°(R%R) with a
polynomial growth (Definition|VIIL.1)). For h >0 and E € R, let us define P := p"(x, hD)
and the spectral projector 11, by

II, =1 (P € Ih,E) .

Let E € R. Then, there exist C > 0 and hg > 0 such that, for any 0 < h < hg, any
2 < q < oo and any bounded self-adjoint non-negative operator v on L*(R%)

lortm, | /2 may < Clog(1/h) aene(@ @)= 25gene(a) H’7\|eagenc<q,d>(L2(Rd)) ’ (VIL2)

(i) Let d > 2. There exist C > 0 and hy > 0 such that, for any 0 < h < hg, any 2 < ¢ < ©
and any bounded self-adjoint non-negative operator v on L*(R?)

ottt | o2 (aera (v (@)-B1>e)) < Ch™255000@D) || g 0 (VIL3)

(11i) Let d > 2. Under the additional assumption that
VeeRY VE@)=E = V,V(z)#0, (VIL4)

there exist C > 0 and hg > 0 such that, for any 0 < h < hg, any 2 < q < 0o and any
bounded self-adjoint non-negative operator vy on L?(RY)

HpanhHLq/g({meRd V(@)-Bl<e}) S Clog(1/h)2rr(@d) p=2s7r(ad) IVl gorp@a - (VILS)

Remark 28. The constant C' appearing in the above theorem can be chosen to be uniform in
the energy level E¥ when it varies in a compact set.

Remark 29. One can split the L9/2-norm of pry,,m, on {z € R? : |V(z) — E| > ¢} into two
parts: on the the classically allowed region {z € R? : V(z) < F — ¢} and on the classically
forbidden region {z € R? : V(z) > E +}. When d > 2, there exist C' > 0 and hg > 0 such that
for any 0 < h < hg, any 2 < ¢ < oo and bounded self-adjoint non-negative operator v on L?(R%),

ottt Lo (goere - viey-peeyy < Ch™255 0D ] gosugsetant 1o pay - (VL)
We will see below that, as one can expect, we have (for any d > 1)
HpHmHh||Lq/2({xeRd V(z)—E>e}) — Oh%) [7llg - (VILT)

We do not know if one can improve the O(h™) to O(e~") for some ¢ > 0 in the spirit of Agmon
estimates (c.f. for instance [DS99, Chap. 6]), since we are dealing with quasimodes and not exact
eigenfunctions.
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———-- tSogee (¢, d) (classically allowed region in (VIL.6))

trp(q,d) (near turning points (VIIL.5))
tgene(q, d) (in general VIIQ)

N[
Q| =

=" SSOgge(qa d)
- 5TP(Q> d)
— Sgene(Qa d)

\

Q| =

2 _d-1 _d+1

0 )
2d 2(d+1) 2(d+3)

N[

Figure 1.11 — Concentration exponent s(g,d) when d > 3

VII.3 Proof of Theorem [VII.2

Microlocalization of v. We first explain why we only need to consider the microlocalized
density matrix xVIIvyII,x" for some y € CSO(Rd x R%) instead of the full one II,~II},.

Let f € C(R,[0,1]) such that f = 1 on Iy, g and supp f C I.jo . If we assume that
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1
a(q, d)
A
1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
d )
d+1 ;
“ ()‘S()gge((b d)
_' aTp (q7 d)
_ agene<Q> d) ‘
= a(q,d) (in classically forbidden region (VILT))
:‘ 1
"0 =2 _d-1 1 g

2d  2(d+1)
Figure 1.12 — Schatten exponent a(q,d) when d > 3

h € (0, ho], we thus have

By fonctional calculus Theorem , f(P) can be written as the Weyl quantization of a
symbol ¥ € .Z(R? x RY). Furthermore, for all N € N, there exists Yy € C°(R? x RY) and
ry € Z(R? x RY), such that supp Yy C supp f o p (note that supp f o p is compact since
p(z,§) — oo when |(z,£)| — oo) and

}Z(l’,f) = XN(:U>§) + hNTN($>§)'

Let us write the decomposition
M), = X1, + AN NI, (VILS)

On the one hand, by the fact that 7}, = Oy, »(1) and Kato-Seiler-Simon Lemma [I1.21] applied
to k € N such that k(q/2) > d, for any W € L2(q/2)’(Rd)

HhNW"%Hh\ﬁHG%B(Rd))
< BN HW(l - hQA)_’W‘

H(l - hm)mﬁwhHg ; Il o 22z

62(‘1/2)'(L2(Rd)) oo(LQ(Rd

3 1/2
S WV RW | oy gy I sy -

By duality, we deduce that for all N € N

P —s)ymumm, -zl Larzmay < Ch*N—d VM earz(r2may) -

hence, it remains to estimate PR TT,1T, 5%, O Various regions with perhaps additional assumptions
onV.
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(o) Microlocalized estimates in the classically forbidden region. Notice that since
supp(fop)N({z e R? : V(z) — E > e} x RY) =0,

we have
P31 HLq/2(aceRd V(z)—E>e) — O(h™) 17l garz -

By Weyl’s law (Proposition [I1.16)), we have
T T a2 < [7lleme Mallgarz < CR2Y |y ]lgo

and thus, we deduce (VIL.7)).

(i) General microlocalized estimates. Note that all (zg,&) € R? x R? satisfy the non-
degeneracy Assumption [2| for the symbol pg := p — E. By Theorem [[V.2] Assumption [I]is thus
satisfied for S = R x R?, ¢ € [2,00], § = Sgene(q,d), t =0 and a = Qgene(q,d)- We apply Theorem
to these parameters (¢, Sgene(q, d), 0, 0gene(q, d)) and to x = xn, that gives us

(l/h)thene (g,d) h—28gene(q,d) X

1
(Il gt + 7 1P = EYIA TP — Bl g

S Cl log(l/h)ztgene(Q:d)h*28gene(%d) H’YHGagene(q,d) ,

which is exactly (VII.2)).

oy g | o2y < C'log

(ii) Microlocalized estimates in the classically allowed region. Let d > 2. Let S =
{(z,6) e REx R? : |V(z) — E| > €}. Any (z0,&) € S satisfies either the ellipticity condition
pe(z0,&) # 0 or Assumption [3| for the symbol pg. By Theorem and Theorem , the set
S thus satisfies Assumption [1| for all ¢ € [2,00], § = Sg0gge(q,d), t = 0 and & = agogee(q, d). We
apply Theorem to these parameters, 2 = {z € R? : |V (2) — E| > ¢}) and x = Xn. Then,
there exist C' > 0 and hg > 0 such that for any 0 < h < hg and 2 < ¢ < ©

< Ch*ZSSogge (¢,d) |

losy vty | o2 (v —Ep>e}) 7]l gesopge @

where we got rid of the operator P — E in the Schatten norm by the same method as in the
previous step. We thus get (VIIL.3]).

(iii) Microlocalized estimates near the turning points. Let d > 2. Let S = {(z,§) €
RIxRY : |V (z) — E| < e}. Any (0, &) € S satisfies either the ellipticity condition pg(zg, &) # 0,
Assumption[3] or Assumption [I9]for the symbol pg. By Theorem[[IL.1} Theorem [V.2] and Theorem
the set S thus satisfies Assumption |1 for all ¢ € [2,00], s = stp(¢,d), t = tTp(¢,d) and
a = atp(q,d). We apply Theorem to these parameters, Q = {x € R? : |V (z) — E| < ¢})
and x = xn. As above, there exist C' > 0 and hy > 0 such that for any 0 < h < hg and
2<qg<

(1 /h)QtTP (¢,d) h2sTP (g,

HﬂmﬂmﬂhmHLq/?({\v_E|gs}) < Clog ) 17l gore@a »

showing (VII.3).



VIII. OPTIMALITY 141

VIII OPTIMALITY

In this section, we discuss the optimality of the concentration exponents s(g,d) and «(q,d),
appearing in the estimates of Theorem We first explain why the exponents s(q,d) are
sharp for all values of ¢ and d. To do so, we will see that it is enough to consider the one-body
case rank v = 1 for which only the exponent s(q,d) appears. In many cases, this optimality was
known in the literature, but we provide some details here. On the contrary, the optimality of the
exponent a(q,d) is only proved in a restricted range of cases.

VIII.1 One-body optimality

Let V satisfying Definition h >0, P=—h?A+V and E € R. In this section, we explain
several concentration scenarii of functions uy, which saturate the various one-body LY bounds.
All the saturating scenarii happen in the bulk {V — E < —¢}, meaning that they satisfy lower
bounds of the type

. 1
unll (v —p<—ey) = Ch™5@D) (”uh||L2(Rd) + P~ E)uhHL?(]Rd)) : (VIIL1)

The different saturation scenarii according to the values of s(q,d) are summarized in Figure m
and Figures [T.13] [1.14] and [T.15] The optimality of the estimates in the turning point region
{|V — E| < &} is much more delicate. In [KT05], the optimality in the case V(z) = |z|? is proved
for the estimates in the dyadic regions of size 27h2/3 (see the proof of Theorem for fixed
j. The optimality in the full region {|V — E| < ¢} (that is, when we sum over j), as well as the
optimality in the small neighborhood €2;,;2/s of a turning point seem open to us.

~ h—d/4

Zo Up
+

|z — xo| < h/?

Figure 1.13 — Concentration of a gaussian ground state

~ h—(d—=1)

L0,h Up,
+ >
|z —zon| Sh

A

Figure 1.14 — Concentration of a zonal-type quasimode
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Concentration around a point
— — Gaussian ground state
—— Zonal-type quasimode

Concentration around a curve
----- Gaussian beams

\

| =

d

2 _d-1 _d+1

_ 1
2d 2(d+1) 2(d+3) 2

Figure 1.16 — Saturation of s(q,d) for d > 3

Gaussian ground state

We begin with explaining why the exponent sgene(q,d) is sharp (that is, it cannot be lowered).
We do so, by exhibiting a family of functions that saturates the inequalities in which sgene(q, d)
appears. We will see that in this case, the saturation scenario happens for functions concentrating
around a non-degenerate local minimum of the potential, exactly like the ground state of a
harmonic oscillator. Such a construction is well-known (see for instance [Hel06, Chap. 2], [DS99,
Thm 4.23| and [KTZ07, Exemple 2|), but we recall here for completeness.

Proposition VIIL1. Let d > 1 and 2 < ¢ < oo. Let p(z,€) := |¢]*+V (z) where V € C®°(R%, R)
is as in Definition|VIIL. 1l For any h > 0, define P = p*(x,hD). Let E € R such that there exists
zo € R such that

V(zg) = E, V.V(xg) =0, 082V(xg) definite positive .
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Then, there exist C > 0 and hg > 0, such that the normalized ground state of the operator

—h2A + <x — 10, \/O2V (o) (x — $0)>

(a=20.\/0RV (o) (e—20) )

up(z) == (20Vh) "% det(92V (o)) e~ 2
associated to the eigenfunction Ay := h Trga \/O2V (z0) satisfies the bound for any h € (0, ho|

a1

_daf1_1
lunllzey = 1. (P — Eyunll e < Chy Jlunlpogey > (/OO 2730 (vir2)

The function uj, concentrates around zg at a scale v/h with a height ~ h~%/4 (c.f. Figure
1.13)).

Remark 30. The previous proposition gives the optimality of the exponent sgene(q, d)
e when d = 1: for 2 < ¢ < o0,
e when d = 2: for 2 < ¢ < o0,

e when d > 3: for 2 < ¢ < 2d/(d — 2).

Indeed, recall that in these cases we have sgene(q, d) = g (% — %), which is the exponent appearing
in . More precisely, this proves that one cannot take a smaller s(q, d) in Theorem m
Notice that this theorem applies to microlocalized functions, which is not the case for our
quasimode up above. However, since uy is an eigenfunction of a Schrédinger operator with a
quadratic potential, there exists x € C°(R? x R%) such that up = xVuy, + O(h>) as in the
proof of Theorem Any point (zg,&p) in the support of x satisfies either p(xg,&y) # 0 or
Assumption [2| Hence, it shows that {up}xe (0,5, actually saturates the bound of Theorem m

but in its version of Theorem [L.241

Remark 31. In the special case where V is quadratic (meaning that 92V is constant), uj, (more
precisely v, = |up) (up|) saturates also the bound in Theorem because in this case
it satisfies IIjup, = uy. Notice that in this one-body setting, no logarithm appears in this estimate
as we recall in Section [V]

Proof of Proposition[VIII 1. Let 2 < ¢ < oo and h > 0. Let ¢; the normalized gaussian on
L?(RY)

p1(w) = (2m) "R

When we replace the potential |z|? by Vi, (z) := 1 (x — 39,02V (20)(x — 20)) in the harmonic
oscillator, the normalized ground state associated to the eigenvalue \;, = h Trga 1/02V (zg) of

Py := —h%A + V,,(z) is given by the formula
up(w) = ™ (det(93V (x0)) ™/ o1 (h™/2(0FV (20)) /(@ — o))

Moreover, for any compact K neighborhood of xg, there exists C(d, K, hg) > 0 such that for
0<h<hpand any 2 < g < o0

lanll are) = (det(D3V (@0)) ™ *h= o1 (=1/2)(3V (20)) (& = 20) | o)

_df1_1
ZC(d,K)h 2(2 q)H(’DlHLq(hO_l/Q(8%\/(:1:0))—1/4(K+:Jc0))

>0

> O(d, I, h)h 3 G3).
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We have for any hg > 0, C' > 0 such that for any h € (0, hy] and any 2 < ¢ < 00

HuhHLq(Rd) >Ch *

B (hunlzzeo + 1P = Mhunlzzes )
It remains to show that uy is a quasimode of the operator P — E
(P — E)up, = Or2(h).
By Taylor formula of V at = x¢, we have for any x € R?
V(z) = B+ Vg (z) + O(|z — 20/%).

Thus, one can estimate (V — E — Vg, )uy,

IV = B = Vgl = [0V = B = Vi (a)un(a) do

:/Rd

On the one hand, since {y € R? : y = 29 + Vhzr and z € R?, |z| < 1/vVh} c {y e R? : |y| <
|zo| 4 2} is a compact set of R?, we have by Taylor formula and by ¢; € .7 (R?)

J

1
o= 75

§0h3/
|

1
zl< L

<cn [ 1ol oV (@)

(V — E — Vi) (w0 + Vha)ui (zo + Vha) ’ dzx.

(V = E — Vi) (20 + Vha)uy (zo + \/El')r dx

2
|$|6 ‘U1($0 + \/El”)‘ dz
2
| (det(22V (w0))) " 2da
<c [ ol lor (@) do

<oo

On the other hand, by the growth assumption (II.1) on the potential V'

/

(V = E — Vi) (0 + Vha)uy (zo + \/ECL‘)‘Q dx

x\>ﬁ
2 2
= / V(zg+ Vhz) —E+h (z, 8§V(xo)x>’ ‘ul (o + \/Ea:)’ dx
|x\>ﬁ
k 2
<C (1+ ‘xo + \/Ea:‘ + h(z, 8£V($0)JI>)2 ‘ul(xg + \/Ex)‘ dz
|x|>ﬁ
2
<0 [ fe@vao) | @en((@2v (a)) s
|x\>ﬁ
< C”/ / ‘@1(2?)’2d33 = (’)(efc/h) = O(h™).
\x|>%

Thus,
|V —FE— on)uhHLQ(Rd) = O(h3/2)'

We finally get
(P — E)uh = (P() — )\h)uh + Apup + (V —F— Vwo)uh
= Orz2(h).
This concludes the proof. O
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Zonal-type quasimode

We now prove the sharpness of the exponent sgogge(q, d) for large values of g. We will see that
the saturation phenomenon is obtained for a sequence of functions concentrating around a point
(with a rate different from the one of the gaussian ground state of the preceding section). For
the harmonic potential V (x) = |z|?, such functions have already been constructed in [KT05, Sec.
5.2]. Our example which relies on the Weyl law is valid for a more general class of potentials. It
is inspired by the construction in [Sogl7al, Eq. (5.1.12)].

Proposition VIIL.2. Let d > 2. Let Ey > 0 such that Ey > minV. Let g := Fy — minV.
Assume that
lim |{z € RY: |V(z) =N <e}| =0 (VIIL3)
E—r

uniformly for A in a neighborhood of Ey. Then, there exist hg > 0, energies {Eh}he(o,ho] C
[Eo—e0/2, Eo+¢0/2], € € (0,e0/4) and points {xon}neony] €1V < Ep—e} such that the family
of functions defined by

up, == Hp(zo,n, *)

where 11, denotes the spectral projector
I, =1 (P S Ihth) =1 (P S [Eh —h,Ep + h]),

satisfies along a sequence h, — 0 that for any 2 < g < oo

d

(d-1) o
o lnllzagoers s vie-m ey > (/ORI

lunll2(ray < Ch™ 2

Remark 32. As a consequence, we get that

—1/2 HuhHLq(xE]Rd :V(z)—Ep<e)

lim sup h%(1/2-1/9)

> 0,
h—0 HuhHLQ(Rd)

which proves the optimality of the exponent ssogge(q, d) (which is equal to d (1/2 —1/q) —1/2
when 2(d +1)/(d — 1) < ¢ < 00) in the estimate (VIL3).

Remark 33. Assumption (VIII.3) is satisfied for instance when:
e V.,V (xg) does not vanish for the points xo € {V = A},
e or when the Hessian 92V () is non-degenerate for the points zg € {V = A},

for A in a neighborhood of Ey. In the first case, we have [{|V — A| < e}| = O(e). We even expect
that the condition holds if for any xg such that V(xg) belongs to a neighborhood of Ey, the Taylor
expansion of V' at xg is not identically zero. On the contrary, if V' is constant in a neighborhood

of xg, then Assumption (VIII.3)) is not satisfied.

Remark 34. The lower bound on the L9 norm of uj; comes the pointwise estimate
Ve € RY, o —zop| <ch = |up(x)| > CRA (VIIL.4)

In other words, the function u;, concentrates around xg j, at a scale h with a height ~ p—(d=1) (such
that in Figure . This motivates the name zonal-type quasimode because they concentrate
similarly to the zonal harmonics, which are known to saturate the Sogge L? estimates in the same
regime of ¢. This originally appeared in [Sog85].
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Before proving Proposition we first provide a lemma which is an easy consequence of
the integrated Weyl law, which is well known in the high energy regime and that we state here
in the semiclassical setting. This result gives an interval of size A with the maximal number of
eigenvalues inside. It will also be useful for the many-body optimality.

For any I C R, recall that N}, (I) denotes the number of eigenvalues of P in I.

Lemma VIIL3. Let a < b such that |p~*([a,b])| > 0. Then

lim sup sup hEING (J)) > 0
h—0  J,Clab], [Ju|=2h

Proof of Lemma[VIII.3 Assume by contradiction that

lim sup sup REINGL(J,) = 0
h=0  J,Clab], |Jn|=2h

i.e. for all € > 0, there exists & > 0 such that for all & € (0, k] and for all interval .J,, C [a, b] such
that ’Jh| =2h
h* Ny () < e

One can cover [a, b] by a finite set of intervals of length 2h :

My,

{532 < lasbl, [ab] C | ;.

j=1

For example, for 2h < |b — a|, one can take M), = {Ith |J — 1, define the M}, — 1 first intervals by

Jj:=la+2(j —1)h,a+ 2jh]| and define the Mj-th one Jys, := [b— 2h,b].

J1 J2 e I, —1
> —> >
>
a J]\,]h b
Finally,
(la, b)) <ZNh ) < Mpeh™@D ~ g |b—a| b4
When ¢ goes to 0, we get
lim h¢N b
i n([a,0]) =
However, by the Weyl law (Proposition [[1.16)) hYNj([a,b]) is equivalent to (2m)~¢ }p_l([a, b))l
which is positive. That is in contradiction with the original assumption. O

Remark 35 (Broken dream). One can hope to find a fixed energy set E € [a, b] such that

limsup h "INy, ([E — 2h, E 4 2h]) > 0
h—0

Actually, it is not clear that this is possible. Let us try a reasoning (which will not succeed). By

Lemma [VIIL.3| we can find a > 0 and a sequence {hy, }nen+ that tends to 0 such that

sup sup h,‘i_lNhn (I,) = a.
n—00 [, C[a,b], |In|=2hn
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Thus, there exists N € N such that for any n > N and any interval I,, of length 2h,,
_ e
RNy, (1) > 5
Denote by ¢, the center of the interval J, := [¢, — hp,cn + hy]. The sequence {cptnen is

contained into the compact [a,b]. Up to an extraction of subsequence, {c,}nen admits a limit
E € [a,b]. Let us then define hy, > h,, that tends also to 0

VYn >N, hy:=hy+|co—E|.

Therefore,

Vn >N, hiIN, ([E = hy, E+ hy]) > hSIN, ([E = by, E + hy))

>
>

oo

Our dream would become true if Nj, (J) > Np,, (J) for any interval J C R, and more generally
N;(J) > Np(J) Vh > h.

However, it is not the case at all (indeed h — N (.J) is even decreasing). Consequently, the center
¢y, of the intervals J;, can move at the semiclassical limit.

Proof of Proposition[VIII.3 Let R > 0 such that for any \ € [Ey — R, Fy + R], we have (VIIL.3).

R
2e0

Let ¢g := min (%, ) Define the intervals Iy := [Ey — coeg, Fo + coeo]. Given the definition
of g9 and ¢y, we have Iy C (minV,00). Thus, p*I(Io)‘ > 0. We begin to take hy € (0, coen/2)
(of course, we will lower it afterwards). By Lemma |VIIL3| (up to a sequence {hy}nen C RYL
with h, — 0 when n — oo) there exists ho > 0, {Ex}he(0,no) C lo and C’ > 0 such that for any

h € (0, ho]

o, |1y > O'p—(d-1)

Let € > 0 such that ¢ < dist(Eg — coep, min V') /2 = (1 — ¢p)ep/2. By the L™ estimates (see for
instance Theorem [VII.2)), there exists C' > 0 such that for any h € (0, ho)

lom, | (qv—En<ey) < KV = Enl < e}l llpm, [ Lo (ra)

<NV - Byl <)
By (VIIL3)), let us fix € € (0, (1 — ¢p)eo/2) such that C|{|V — E| <e}| < C’/2. Besides, by
(VIL.7)), there exists C > 0 such that for any h € (0, hg]
o, 2 (vsBysep) < Ch™ 02,

Finally, by the triangle inequality and the previous estimates there exists hg > 0 such that for
any h € (0, ho

lom, 121 (v <in—ey) = llom, o way — llom, o (v —en<ep) — lem 2 (qvsEu4ey)
] (VIIL5)
> —C'p @D,
— 4

For any h € (0, ho], let us define zg, as a maximizer of the function pr, on the compact set
{V < Ej — e}. We thus have for any h € (0, ho]

1
Hh(xo,ha $07h) = p1, (x07h) > ’{V < Ej, — 8}’ ||th”L1({V§Eh—€})

/4
h—(d—l) — C”h_(d_l).
- HV < FEy+ Co&?o}|
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By the definition of uj, and the L> estimate (see for instance Theorem [[V.2)) there exists C' > 0
such that for any h € (0, hg]

1/2 o
lunll2may = pr, (Ton) < HthHL/oo(Rd) < Ch~d-D/2,

Let us now prove that there exists C7 > 0 and hg > 0 such that for any h € (0, ho]

sup |V, (2, y)| < C1h™e (VIIL6)
z,y€B(xq,n,h)

1

This implies that for any h € (0, hy] and for any x € B(xoyh, min(1, %)h)

lup(z)| = g (2o, )]
> I (zo,n, zo,n) — Ha(zo,n, ) — Hp(2on, Tok)|
> Iy (zo,n, mo,n) — IVyIln(@o s )| oo (B(xo p,h)) 1T — Tom

C/I
> —_p~(d=1),
5 h

That gives us (VIII.4). Let us prove now the estimate (VIIL.6). Denote
0
Hl(z) =1 (—hQA + V($07h) € IhEh) .

For all z,y € R%, we have

1 en&T=y) ge.

(0)
IL (2, y) = /
n (@Y) (27h) ) B,V (20 )~ h<|eP<En—V (xo.5)+h

Hence,
V1 (2, )| <yl Ch= (B = Vwon) + B2 = (B = Vwon) - 0){?)
< |yl C-h™
We next prove that

swp |V Ma(z,y) = V11 (@,9)| < O
x,y€B(xq,p,h)

by showing that

0 _
sup ’Vth,gEhﬂ:h(xa y) — VyHIS,LEhih(l’?y)‘ <Ch d,
m7y€B(zO,hzh) -

where for any £ € R, Il < :=1 (P < E) and ng[,))SE =1 (=h*A+ V(zo) < E). Introducing

Kp,<p(z,y) = <p(xon + he,xon + hy), K;(L?)SE(% y) = H;S)SE(UUOJL + hx, xon + hy),

it is enough to show that

sup | VyKp <pg,+n(z,y) — VyKi(m?lEhih(%y)‘ < op-tan,
z,yeB(0,1) <

This is given by [DL21, Rem. 1.2]. Notice that in this work, the parameter zo; and E}, are
independent of h. However, the result still holds when z ) and Ej, depend on h in such a way
that they belong to a h-independent compact set and are such that V(zq ) < Ej, — § for some
h-independent § > 0. O
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Gaussian beams

We now explain the optimality of the exponent sgogee(q,d) for low values of ¢, in the case
V(z) = |x]2 The saturating functions already appeared in [KT05, Sec. 5.1], and we just provide
the computational details here. This example only works for the harmonic oscillator since the
argument relies on separation of variables. However, we expect that this exponent is also sharp
for more general V', using for instance the argument of [Sog89]. Here, the saturation phenomenon
happens for a family of functions concentrating around a curve, similarly to gaussian beams on
spheres [Sog85].

Proposition VIIL4. Let d > 2 and 2 < q < co. Let p(z,&) = |¢]* + |z|?. Let Eege > 0. For
any h > 0, define P := p“(x,hD) and Ep := Eepe + (d — 1)h. For any n € N, let us denote
hy := Eege/(2n + 1) and @, the normalized eigenfunction associated to the eigenvalue Eye of the

scalar harmonic oscillator —h%% +y? on L?(R). For anyn € N, define

)

un(z) = (27) D2 d=D/A " m p (21), = (21,2)) € R x R

Then, for all n € N, we have |[up||p2ray = 1, Pup = Ep, un, and there exists € > 0 and C > 0
such that for n large enough

Hun”Lq({zeRd; |z~ Ep,, <e}) > Chy,

Remark 36. These eigenfunctions concentrate along the curve {2/ = 0} at scale VA in the
orthogonal direction (c.f. Figure . Indeed, due to the well-known asymptotics of the Hermite
functions, ¢n,(z1) is essentially constant (up to oscillations which average out when taking the L9
norm) for z; in a neighborhood of 0.

~ h1/2I 8 > T

R B —
~1

Remark 37. This proves the optimality of the exponent sgogee(q, d) for low regime 2 < ¢ <
2(d 4+ 1)/(d — 1) in the classically allowed region and also the optimality of the exponent
s1P(q,d) = S30gge(q,d) for lower regime 2 < ¢ < 2(d + 3)/(d + 1) around the turning points
{V=E,, } on Theorem when V() = |z|?, by taking v, = |un) (tn].

Proof of Proposition[VIIT.]] Let ¢ = Eox./2. First, defining for any h > 0

o/ |2

d=1)/2p ~(d=1)/4 g

@h,ground(-r/) = (277)_(
there exists Cy > 0 such that for any h > 0

d—1,d-1

HSOh,groundHLq({x/eRd—l ot |<hY/2}) = Cyqh 4 2q .

On the other hand, by Liouville-Green asymptotics (see for instance Chapter 6 in [Olv97]), we

have for any =1 € [—v/Eexc/2, vV Eexc/2)

Ch,, {cos (At 3 VEexe — 12dt) (1 + ep, (x1)) if n is even,

on(x1) = ( sin (h;l 0:v1 mdt) (I+ep,(x1)) if nisodd,

Eexe — .’E%)l/4
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where C},, € R be a normalization constant such that lim,, ., Cp, > 0 and

€hnll oo ((—v/Bone /2, Baey2)) = O(hn).-

Let us now show that liminf,, . |[¢n|| ra(j0,5]) > 0 for & =/ Eexc /2, which then proves the result
since for n large enough

lunll Lo era vy, <) = 10l La(io,6)x Bua s 0,/Am))
2 H‘PnHLQ([O,zS])”SOhn,groundHLq(BRd_l(o,\/E))
_d-1,d-1
4 2q

2 hn

Suppose for instance that n is even (the cas n odd is similar). For any n € N and any z; € [0, ],

define o
I, (1) == (Fexc — x%)_1/4 cos (h;l/ v Boxe — tht> )
0

Given the estimate on the error term ey, , we have

lon = frnllLago,6)) = O(hn)-
Let us denote

1
S(xy) = / \ Eexe — t2dt.
0

Since its derivative S’ is positive on [0, 6], we have
5
ooy = [ '@y foos (" S(o0) | do
5
z/ |cos (hy, ' S(21))|" S (21)dy
0
S(6) S(9)
— / |cos (hy,'y) " dy = / (1+ cos(2h;1y))q/2 dy.
0 0

Since ¢/2 > 1, the function g = (1 + cos(2-))q/2 is m-periodic and C'. Hence, its Fourier coefficients

1 hpm Yy
cr(g) = 7T/O e *Mg(t)dt

are summable over k € Z. As a consequence,

S(9) S
/O o(h )y = 3 exlo) /0 €20/ gy — §(5)co(g) + O(h),
keZ

which finishes the proof. O

VIII.2 Many-body optimality

We now turn to the optimality of the Schatten exponent a. We show that the exponent o = cvgog4e
is sharp in the estimates where it appears together with the exponent s = sgogge. The saturation
scenario here is a family of operators v such that p, is delocalized in the bulk region of the
potential. We will see that it happens for the maximal family v = II;, in the same spirit as in
[ES17bl Rem. 11]. The optimality of the other Schatten exponents agene or corp (when they are
not equal to agegge) is @ very challenging problem since v = IIj, does not saturate the inequalities
where they appear.
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Proposition VIIL.5 (Many-body optimality of the Sogge exponent). Let d > 2. Let p(z,§) =
€] + V(z) with V € C®(R%, R) satisfying Definition . Let Eg > min' V' such that we have
(VIIL3). Then, there exist ho > 0, { En}re(o,ny)) i @ compact neighborhood of Eq on (inf V, 00),
e >0 and C > 0 such that for any h € (0,ho] and any 2 < g < oo (along a sequence h, — 0
when n — o0)

”thHL‘I/2({x€R’i :V(x)<Ep—¢}) > ChY, (VIILT)
where I, denotes the spectral projector 11y, :== 1 (P € I g, ).

Remark 38. Due to the L> estimates (VIL2) in the case ¢ = oo, we always have |[pp | foo(ray <

Ch~@=1) Together with (VIIL.7)), this shows that all the L%2 norms of pr1, are of the order
h=(@=1) in the bulk region {V < Ej, — ¢}, indicating that prj, behaves like a (large) constant in
this region.

Remark 39. This result also proves that the Schatten exponent agogge(q,d) is optimal for

instance in the estimate (VIIL.3)). Indeed, for v = Iy, (VIIL.7) shows that the left side of (VII.3]
is of order =@V while the right side is order

h_QSSogge(‘Ld) | 5 h_ZSSOgge(qyd)h_(d_l)/aSogge(‘Ld) — h_(d_l)‘

|Hh ||60‘Sogge(‘1vd)

Here, we used that rank(II,) < Ch~(@=1 which follows from the fact that

rank (1) = [|pm, | 21 rey = lom, o v <entey) + om0 qvs B4}

and the estimates (VII.2) in the case ¢ = oo and (VIL.7)).

Proof of Proposition (VIIL5)). Let g9 := Eo—min V. Here, we take {Ep, }pe(0,10) C [Eo—¢0/2, Eo+
g0/2] and € € (0,e0/4) as in Proposition [VIII.2l They are chosen to satisfy the lower bound
(VIIL5). Thus, there exists C' > 0 such that for any h € (0, ho] and any 2 < ¢ < o0

HPHhHLW({VgEh—g}) > {V <Ep— 5}’_1/([1/2) HPHhHLl({ngh—e})
> |{V < By + 3e0/4} Y |l pm, |l v <, —ep)
> CO'p~ -1,






Chapter 2

Interacting particles : Weyl law

Abstract

In this chapter, we consider grand-canonical fermionic systems in a mean-field regime. We provide the
grand-canonical version of Fournais-Lewin-Solovej’s results [FLS18] for trapping potentials. In particular,
we prove the convergence of the densities of the grand-canonical Hartree-Fock ground state to the Thomas-
Fermi ground state at the semiclassical limit A — 0. As an application, it gives the first order term of the
Weyl law in the case with interaction.
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I INTRODUCTION

We consider grand-canonical systems of fermionic particles. They are confined in an external
trapping potential V : R? — R, i.e. V(x) — oo as |z| — oo and they are subject to a two body
interaction w : R* — R. We look at the particles at a given energy E € R and at the mean-field
regime, which is a regime where a particle of the system sees the interaction with the others as
an averaging of the interactions of all. We are particularly interested in the leading order term of

153
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the ground state of the system. That is what did Fournais, Lewin, Solovej [FLS18| in a canonical
setting with the constraints of the number of particles. In our case, we focus on the Hartree-Fock
ground state, which is simpler.

Objects at play Let us start giving all the definitions of the objects at play in order to provide
a more precise formulation of our problem.

% confining exterior potential on R? Assumption

FeR chemical potential on R?

w potential of interaction

h>0 semiclassical parameter, reduced Plank constant

E}IL{F h-Hartree-Fock energy functional see

E,rlHF h-reduced Hartree-Fock energy functional

ETF Thomas-Fermi energy functional see ([L.6))

EVias Vlasov energy functional see (|[.9)
Notation eEF h-Hartree-Fock ground state energy see (|[.4)

eleF h-reduced Hartree-Fock ground state energy

et Thomas-Fermi ground state energy see (|[.8)

eVlas Vlasov ground state energy see ([[.11])

X energy space of Hartree-Fock functional see

K admissible states of Hartree-Fock energy see (|[.3)

jcVias admissible states of Vlasov energy see

XTF energy space of Thomas-Fermi functional see (]E)

H,p, Hy, h-semiclassical mean-field operator see (]E

Associated definitions We focus essentially on the semiclassical limit A — 0 of the
h-Hartree-Fock energy functional denoted by

d

E a2 = TR A4V — E1y) + o (Dl py) ~ Bxu(a) (8)

where D,, and Ex,, respectively denote the direct term and exchange term defined by

Dy (py, p3) = /Rd /Rd py(@)p3(Y)w(z — y)dedy, Exy(y) = /Rd /Rd V(. y)P w(z — y)dedy.

Here, Tr((—h?A +V — E)v) means for V > 0

Tr((—h2A+V — E)y) == Te(vV=h2A +V + 19/ —=h2A + V + 1) — (1 + E) Tr(9).

Notice that the mean-field regime appears in the coupling term h? before the interaction part
v o= %Dw(pv, p~) — Exy () of the Hartree-Fock energy. By abuse of notation, without any
possible conflict, we sometimes denote S,I:IF instead of E}Iff/fE w- We show (in Section [[II.1)) that

S,IEF is defined on the set
X:={ye&': H(—A FV D2 (A V 1)1/2H61 < 400, (1.2)
endowed with the norm

Ml = | (A +V +)Vy-a+v 12|
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It turns out that we study the generalized Hartree-Fock problem, but to lighten the notations, we
will just call and note it Hartree-Fock. Let us define its fermionic subset

Ki={yeXx : 0<~y<1}, (L.3)
where we look at the minimization problem for a fixed A > 0

inf EHF (~) =: HF 1.4
Inf & (v) =: ey, (I.4)

We denote by eIh{F this ground state energy (we explain in Sections [[11.2| and |[[II.3| why it is
well-posed for the considered potentials V', w). When they exist, minimizers of Hartree-Fock are
strongly related to the mean-field operator (see Section |II1.4)

H, = (~W*A+V = B) + 1 [(p, # w) () - Xu()], (L5)

defined on X, with X, which is the integral operator on L?(R?) defined by the kernel X, (y)(z,y) :=
w(z —y)y(z,y).

In the semiclassical limit h — 0, the exchange term of EEF becomes negligible (see for instance
[Bac92] who proved in a grand-canonical setting. It is what we prove in Lemma . Therefore,
it will therefore be easier to work with the reduced Hartree-Fock functional E{LHF which is the
Hartree-Fock functional without its exchange term. We denote by el,“lHF its associated ground
state energy.

As in |[FLSI8]|, we will prove that the h-Hartree-Fock model is very connected to the Thomas-

Fermi approximation when A — 0. For any d > 1, defining

2/d
CTF = 47? d /
st

we set the Thomas-Fermi energy functional to be for any p € L'(R%,R,)

5\?51511}(0) = d CTF/ P($)1+2/ddac+/ (V(z) — E)p(z)dx
’ d + 2 ]Rd Rd

1 (1.6)
+3 H w(z — y)p(z)p(y)dedy.
Rd xRd
This energy is defined for good enough w on the set
ApY = inf {p e L'RY N LYFYRY), p>0: / V(z)p(z)dr < oo} . (L.7)
Rd
We denote by eT¥ its ground state energy
A = ik E1 () )
XV
Let us introduce now the Viasov energy functional
3 1
o lm) = o [ [ 6 m dede + [ (V(e) - E)pn(a)da
(271') Rd JRd R4 (I 9)

+ % /Rd /Rd pm(X)w(z — y)pm(y)dady,
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defined on the phase-space densities set

Ky i=inf dm e LNR xR, 0<m <1, [[ (€ +V(@)m(@)de <oop,  (L10)
Rd xR4
for 1
pm(z) = @) Jo m(z,§)dE.

We define its ground state energy

e‘\;lfsﬂm = inf &Y?Ew(m). (I.11)

As we can see in Section [[I.2] Vlasov and Thomas-Fermi functionals are closely related. In
particular, the Vlasov energy is used to study the Hartree-Fock ground state and thus relate it to
the Thomas-Fermi model.

Assumptions on the potentials Without loss of generality, let us assume that V is
non-negative and that satisfies a polynomial growth (in order to be in the setting of the Weyl’s
law).

Assumption 5 (Polynomial growth). Let V € C>(R?, R) such that there exists k¥ > 1 and R > 0
such that

Vo e N¢, 3C, >0, Vz € RY  |0°V (z)] < Colz)k

and such that there exists and ¢ > 0
Ve eRY | >R V(z)>clzlF. (I.12)
We detail below definitions of repulsivity on the interaction potential.

Assumption 6 (Repulsive potential). Let w an even real-valued function on R? such that
Vp >0 Dy(p,p) > 0.

Note that when w does not satisfy Assumption [0} the associated Thomas-Fermi ground state
energy is not bounded by below for dimensions d > 3 where the contribution of the direct term is
more important than the one of the kinetic one

TF
evV_FBw — —OC.
In this case, if we prove that the ground state behaves as the Thomas-Fermi model at the first

order term, then the ground state of the system diverges. Therefore, Assumption [6] ensures that
the Thomas-Fermi ground state energy is finite.

Assumption 7 (Alternative of repulsive potential for dimensions d = 1,2). Let p € (max(1,d/2), 00).
Let w € L' N LP(R%) an even real-valued function such that

1 {(2\/7?)—1 ifd=1, (L13)

T |
(@)~ oo ray < 5 @2m)~le2 ifd=2.
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Remark 40. When the potential w is non-negative, the direct term Dy, (p~, p) is always non-
negative (c.f. Lemma [[II.5). Moreover, Dy,(p, py) > Exy (7). Moreover V is trapping, then there
exists C' > 0 such that for any v € K

ENV_paw() > Te((=R°A+V — E)y) > Tr((-h*A+V - E)_) > —C.

Therefore, the energy inf,cx S,E‘F,_ £.w(7) is always bounded by below for any h > 0. We will
show that it remains true under more general assumptions. It is that we prove in Lemma [[T[.4] of

Section [Tl

In the statement of our results, there appears also the following assumptionlﬂ

Definition I.1. Let p € [1,00]. A function w € LP(R?) + L(R?) if for any ¢ > 0, there exist
wy € LP(R?) and wy € L®(R?) such that [wall oo (ray < € and w = wy + wo.

We will state in Section [ITI} conditions on p that guarantee the well-definition of the Hartree-
Fock energy functional and the well-posedness of the related minimization problem.

Motivation and the non-interacting case Provided that the energy functionnal E,If‘F, w 18

well-posed and that it is possible to minimize it, we would like to have information of the ground
state el}f}{}f £ at the semiclassical limit A — 0. Let us comment the non-interacting case w = 0
when V' the external potential is confining, i.e. which satisfies Assumption [5} In this case, for any

h >0

elhﬂ‘?/ Eaw=0 = 1nf Tr ((—h2A+V—E)7h) = —Tr((—h2A+V—E)_)

’Y ex
jf (1€ + V(2) - B)_dxd¢
Rded
Sd 1
- d(di‘Z)(Q‘h) /RdKE V()M
- W JE V()] dwdg.

Furthermore, 8&5@:0 is minimized by the spectral projector vy, = 1 (—hQA +V< E) By the
Weyl law (see for instance [Zwol2, Chap.6]), one has the leading order term convergence

|B]Rd (07 1)‘

h—0  (2mh)4 Rd[(E —V(@)-]"dz.  (1.14)

Tr(yy,) = #{eigenvalues of WA +V < E} ~

Note that this asymptotic remains true if we consider even density matrices 7y, € K that approaches
minimizers of the Hartree-Fock functional, that we call its almost minimizers. That means that
there exists ¢, = o(h~%) such that

5hv Eaw(h) = th Ew T Eh- (I.15)

We are interested when w # 0 in the asymptotics as h — 0 of the ground state energy hdeh V_Ew
and of a version of the Weyl law with interaction.

1'We will see that it is needed for the lower bound on the limit of the ground state energy in Theorem
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Main results on Hartree-Fock

In the first section, we state useful tools, with which we can carry out the proof of our results.
Then, in Section [[TT} we explain why the Hartree-Fock energy is well-defined, admit minimizers,
and we discuss their form (Theorem . Then in Section we prove some asymptotics on
the Hartree-Fock energy functional. Notably, the first order term of the h-Hartree-Fock ground
state energy eEF is the ground state energy of the Thomas-Fermi functional.

Theorem 1. Let d > 1 and p € (max(d/2),00). For any E € R, any V : RY — R which satisfy
respectively Assumptions @ and w € LP(R?) 4 L2 (RY) which satisfy respectively Assumptions @
and@ (or w € LY(RY) N LP(RY) with Assumption @for d=1,2)

. 7d HF — Tim Bd rHE _ TF
,lllﬁ%h ChV-Ew = }ng(l)h ChV-EBw = CV-Ew-

The result is the same as in [FLS18| in a simpler case where the magnetic field A = 0 and
that consider the Hartree-Fock energy instead of the one of the many-body system. Moreover,
they consider an interaction potential w € L'*%/2(R%) + L (R?), whereas in our case, the result
can be extended to more general exponent p (the same as in Facts and .

Note that the repulsivity conditions [6] and [7] just ensure that the fundamental Thomas-Fermi
energy is well-defined and thus that the semiclassical finite is fine. However, if they are not

verified, we have e{T/li Ew = —00, the limit is still true if we replace the conclusion by
lim sup hdeE’%_ij = limsup hde;}fﬁﬁ_E’w = —00.
h—0 h—0

Furthermore, the proof of the convergence of the energies involves trial states and the so-called
almost minimizers.

Theorem 2 (Weak semiclassical limit of the density). Let £ € R, V : R? — R satisfying
Assumption@ and w € L'T42(RY) + L2(R?) satisfying Assumption@ (or in dimensions d = 1,2,
w € LYRY) N LY42(RY) with Assumption @ Let {yn}n C K be a sequence such that for
any h > 0, v, is an approzimate minimizer of the h-Hartree-Fock energy S}IL{’E_va, defined in

(L.15) ). Then, there exist prr a minimizer of the Thomas-Fermi energy E{;EEW and a decreasing

subsequence {hy}p C R% such that hy, — 0 as n — oo and such that hgp%n — prr weakly in

LY R N L2/ 4(RY) as n — oo.
Remark 41 (Assumptions on w). We restrict the exponent p that appears in Theorem
w e LP(RY) + LE(RY)  (or w e LY(RY) N LP(RY))

to p = 1+d/2 so that the sequence of almost Hartree-Fock minimizers’ densities p,, € L'*%/4(R9).
Therefore, that ensures them to be trial states of the Thomas-Fermi functional and that the limit
is well defined.

Remark 42 (About the convergence in Theorem . One could dream of the strong convergence
hip,, — prr in LI(RY) for any 1 < g < d/(d — 2)4. Unfortunately, unlike for the minimizers
of EMF for any fixed h > 0, it is not trivial that the sequence {h%p, }), is bounded on H'(R?)
(indeed the Hoffmann-Ostenhof inequality is not semiclassical). Thus, it is not clear that {h%p., }5
is bounded into L9(R%).

From this weak convergence, we deduce an equivalent of the Weyl law ([.14)) for the Hartree-
Fock approximation.



II. REVIEW OF KNOWN RESULTS 159

Theorem 3 (Integrated Weyl law). Let E € R, V : R? — R which satisfies Assumption@ and w €
L1F42(RY)+ L(RY) satisfying Assumption@ (or in dimensions d = 1,2, w € L'(RY)NL*4/2(RY)
satisfies Assumption @ Let {vn}r>0 C K be a sequence of almost minimizers of the h-Hartree-

Fock energy gllz{,\};—E,w' Then, we have the semiclassical asymptotic (up to a decreasing subsequence
{hn}n CR%, hyy —0)

W), [ (e

for prr be a minimizer of the Thomas-Fermi energy EV Ew (the one in Theorem @)

Remark 43 (Heuristic interpretation of Theorem . One could naively say that the Tr(yy) is
the eigenvalue counting function N v _g ., ((—00,0]) of the h-mean-field operator H.,, associated
to the minimizer 7. This would mean that v, satisfies the Euler-Lagrange equation. Actually,
we do not know whether E is an eigenvalue of the operator H,, or not, and by Theorem
this equation is satisfied by the projectors 1 (v, < E) or 1 (v, < E). That is why the value
Ny v—gw((—00,0]) could be equal to Tr(;,) minus the multiplicity of the eigenvalue E for H,
and just not Tr(~p).

II  REVIEW OF KNOWN RESULTS

IT.1 Useful estimates

Before stating functional bounds, let us state Peter-Paul inequalities, which are basic but useful
for some error calculus.

Fact IL.1 (Peter-Paul). For z,y > 0 and a,b € [1,00] such that + + ¢ =1

xy<5 +€ b/“‘%.

In particular, for any 0 <0 <1, any e >0 and any x,y >0
2Oyt =0 < fea + 700 (1 — g)y.
We recall also the relative compactness of B(L?(R?)).

Fact 11.2. Let a sequence of operators {v,}n on L?(RY) such that 0 < v, < 1 for any n € N.
Then, there exists 0 < v < 1 such that and ~y, — v weakly in &> (L?(RY)) = B(L*(RY)), i.e. for
any A € GH(L?(RY)), Tr(Avy,) — Tr(Ay).

We recall now functional inequalities.

Proposition I1.3 (Gagliardo-Nirenberg-Sobolev inequality). When d > 2, there exists Cgng > 0
such that for any 2 < q < 2d/(d —2) and any u € H*(R?)

(1/2—1 1-d(1/2—1
1l pozay < CanslIVul fsign P lul .

We recall also the Lieb-Thirring kinetic energy inequality, which is an alternative to the
Gagliardo-Nirenberg-Sobolev inequality.

Proposition I1.4 (Lieb-Thirring inequality). There exists Cpp > 0 such that for any v > 0 on
L?*(R%)

_d_ 2
[P lprs2ragaey < Cor Te((=A)) 2 42
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The following lemma gives a Sobolev estimate on the square root of the density matrices
/P~ of the elements of X, ,/p, € H! (R9). Tt is usually called the Hoffmann-Ostenhof inequality
[HOHOTT].

Lemma I1.5 (Hoffmann-Ostenhof inequality). For any v € X, we have the bound

(VPy: (=A)/Py) 12 < Te((=A)7).
Proof of Lemma[II.5, From [LLO1, Thm. 7.8],

2

vrge @) [ o iwP + oo

dxg/Rd (IVF@)P + [Vo(a)]? ) da.

Writing v = >, A;j |¢;) (¢;], we apply the inequality to the functions \/A;¢; (by induction):

2

2
dx :/ \% Zx\j lpj(z)?| da
R\ jen

< [ TN Ie @ de = DA leilEgo = 3 A (o ()b

jEN jEN jEN
= Tr((=A)).

(AN = [ 9y @)

A LP-bound of the density can be deduced from the Hoffmann-Ostenhof inequality.
Proposition I1.6. Let v € K and let ¢ > 1 such that
e 1<¢<d/(d—2)y ford=1andd >3,
o 1 <g<oo ford=2,
and such that py € Lq(Rd). Then, there exists C' > 0 such that for any v >0
14l ety < C [Tr((—A)7) + Te(7)].

Proof of Proposition (I1.6). Let v € X. By the Hoffmann-Ostenhof (Lemma , Py € HY(RY).
By Sobolev’s embedding, ,/p, € L*(RY) for any 1 < ¢ < d/(d—2)4 ford =1 and d > 3, and
1<qg<ooford=2:

2
oIl oy = IvoN 720 ey < C VP3| ey = C (HV@H%Q(W) T H\/EH%Z(W))
< C'Tr((—=A)y) + Tr(v)] .-
]

Lemma II.7 (Kato-Seiler-Simon, [Sim05, Thm. 4.1]|). Let a« > 2. Then, for all functions
frg € L*(RY), the operator f(x)g(—iV) is in &*(L*(R?)) and

Hf(x)g(—iV)HGa(La(Rd)) < (277)7d/a\|fHLa(Rd)HQHL&(Rd)-

Lemma II.8 (Araki-Lieb-Thirring, [Ara90, Thm. 1|, [LT76, Thm. 9]). For any operators
A,B >0 and scalars ¢ > 0, r € [0, 1]

Tr((A"BTA")?) < Tr((ABA)™).
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We now state Li-estimates of density in the scalar case. The proof is the same as for [LS15]
Lem. 9| and relies on the Kato-Seiler-Simon and the Araki-Lieb-Thirring inequalities.

Lemma I1.9. For any self-adjoint operator v on L*(R) such that 0 <y <1 and any 1 < ¢ < oo

N 11/4
ooy < 27 v ((Vi=Bowi=5)"" )|

Proof of Lemma[II.g By duality, we have to prove the bound for any real-valued W e L (R)

2\—1 — —
(W) < (20 W oy [VI= BT=[ 0, (1L1)
Let W e LY (R). By the Holder inequality on Schatten spaces and using that v <1
Te(We) < Te(|W]7)

’ _ 1 __1 11 1
< Te(W A7) =T (1= A) 730 [W] (1= A) 73 (1= A)37 57 (1 - A)3 )

1 1 1 1 1
<la-ay=wa-a)yw “1—A771—A7
<la-ay=wia-ayw| o Ja-sEsra -]

On the one hand, by the Holder inequality and the Kato-Seiler-Simon inequality (Lemma [I1.7)
with the exponent o = 2¢’

H(l_A)_%q/ |W|(1—A)_2%z/ _ H(l_A)_%q'\/W‘Q

&24'(L2(R))
< (2m) 7)1+ @) AT W e
= 2_1/ql”WHLq’(R)-

&9 (L2(R))

On the other hand, we apply the Araki-Lieb-Thirring (Lemma [[I1.8)) to A = v/1— A, B = 7,
r=1/q"

|2y - ays ooy = (1= a)yz757 (1 - a)27)] Y
<Tr [(ﬂyﬂ)q/q'] 1/q

Finally, we obtain (II.1)) by recovering all the elements together, that concludes the proof of
Lemma [[1.9 0

I1.2 Links between the Vlasov and the Thomas-Fermi energy fonctionals

We give in this section some relations between Vlasov and Thomas-Fermi energy fonctionals. We
will detail their proof for more completeness.
Claim I1.10. Let p be a trial function for the Thomas-Fermi energy 5{52 Then, m(x,§) :=
1 (\{]2 < chp(m)2/d> s a trial function for the Viasov energy 5‘\,{135 and we have the following
equalities

P = Pm

and

] 1P megdns = 2

cTF/ p(x) 2y,
Rdx]Rd Re
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As a consequence,
EFR () = &V (1 ((,) + [ < enmp(a)?/?)),

and we have the lower bound of the Thomas-Fermi energy

Vlas
evw > ey -

2/d
Proof of Claim[IT.10. Recall that crp := 47> <|Sj—1‘> . Let p > 0 a trial function for the

Thomas-Fermi energy EVF Let m(z,€) :=1 (|§\ < crpp(z )2/d) Let us show that

m(x,&)drdE = CTF/ p(z) 2.
d

Rd

We have

[ 1ePm(z, )dwde = / dx/ &P 1 (1€ < errple)?'?) de

R xR4
verrp(z)t/d A1 9
= dz ¢ dr |rw|” dw
rRi Jo sd-1

\/CTFP(x)l/d
:/ dx/ TdJrldr/ \w|2dw
R4 0 Sd—1

G 1/d d+2
_ /Rd (ﬁgg_g ‘Sd 1} du

d— d/2 CTF d
o 2

CTF / p(z) 2.
Rd

_ d
= (2m) d+2

As well, by an equivalent calculation

Indeed

/Rdm(x,g)dg - /Rd 1 (yg|2 < CTFp(J:)Q/d) de

Vv CTFp(m)l/d \/CTFp(:E)l/d
:/ rd_ldr/ dw = ‘Sd_l‘/ rd=Ldr
0 Sd-1 0

= [s*] W@ng)l/d)d _ »sd—ld\ D

— (27)p(a).

We deduce that

y V(z)p(x)dr = y V(z)pm(x)dx, Dy(p,p) = Du(pm, pm)-

Therefore, EVIaS( )= 555)(/)) O
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The following lemma shows that the Vlasov and Thomas-Fermi ground state energies are
actually equal.

Lemma I1.11. Let m an admissible state for the Vlasov energy functional 5‘\//55. Then p := pm
18 an admissible state for the Thomas-Fermi energy functional 555) Moreover, setting

iz, €) =1 ((x,g) L e)? < CTFp(x)Wd) ,
we have
ngaS( )> (c/-VlaS( ) 5 ( )

and the equality holds if and only if m =m. In partzcular, the ground state energies

Vlas TF
Cvaw = eVws

and if m is a minimizer of 5‘\//55, then m = m and pm, 1S a minimizer of 835}
Proof of Lemma[II.11 First, notice that p,, = pm = p. We deduce that p is a trial function of

5‘;1; Let us write

ngas( ) ngas( )—l—r(m P)

with

rm.p) = g JJ 1€ — 1, €)) dat.

Rded
Let us prove that r(m, p) > 0. To do it, we write

[ (P = crnp@ym(z,e)dwds = [[ (I¢ = crep(a)?/?)dade

RexRA (€2 <crrp(z)2/9}
+ fj (‘§|2 — CTFP(J?)Q/d) (m(x,ﬁ) — l)daﬁdf
{1612 <crrp(x)2/d}
+ ff (1€ = errp(z)¥ ) m(z, €)dzde,
{l€l>crrp(x)?/4}
and the definition of m
[ (&P =crep@))dads = [ (I¢]* = crep(@))m(a, §)drde.
{|€]?<crrp(z)2/4} Rd xRd

We deduce that the error can be decomposed into

@m)r(m,p) = [[ (€]” = crep(e)**)m(z, €)dwde
R4 xRd
— ] (1€ = erpp(@)? )iz, €)dwde
R4 x R4
+ ] erep(@)?(m(z,&) - m(x,€))dude
R4 xRd

— [ (R = erep(@)/) (m(, ) — 1)dud

€2 <crrp(x)2/d

* ﬂ (1€ = erpp(a)?Ym(z, €)dzde.

&> >crpp(z)2/d
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We have used the fact that m and m satisfy the relation p,, = ps, which ensures that the last
term in the first equality

[ erep@)(m(z,€) - m(z,€))dudg = (27)° /R Jerrp(@)?/ 4 (pm () = piu(x))de = 0.

Rd xR4
Hence, r(m non-negative because it is a sum of two non-negative integrals. As a consequence
) ' P g g g q )
Vlas Vlas/, ~
gV,w (m) > SV,w (m)

Assume now that m € K‘\;las be a minimizer of 8‘\//755. Then, by the previous inequality m = m.
Let us prove that p is a minimizer of the Thomas-Fermi energy. Since m is a minimizer of E‘Yﬁs,
then r(m, p) < 0. Thus, this quantity must be equal to 0. In particular m = m =1 in {(z, 53 IS
R% x R? : €12 < eppp(2)¥4} = supp(im) and m = 0 in {(z,€) € RY x R? : [£]* > cppp(x)?/9}.
Besides, the set {(z,&) € R x R% : |¢]* — erpp(2)¥4 = 0} is negligible with respect to the
Lebesgue measure of R? x Rd Therefore, we obtain the desired equality m = m. By Claim m

las( ~ 1 1
EFL(0) = £V () = 41 m) = eVl < e,

we deduce that p is a minimizer of the Thomas-Fermi functional 551; That proves Lemma

MLI1l O
As a consequence of Claim and Lemma the Thomas-Fermi and Vlasov functional

minimization problems are equivalent.
Corollary I1.12. The Thomas-Fermi and Vlasov ground state energies coincide
e‘T/fU = e}/]’lgs.

I1.3 Semiclassical tools

Let us introduce in this section definitions of coherent states, Husimi measures and some properties
which will be useful for proving the wanted asymptotics on ground state energies and densities.
Indeed, the main idea is to look instead at the limit of the sequences of Husimi measures associated
with the sequences of minimizers or approximate minimizers of the h-Hartree-Fock functional.
We will see later that they are even minimizing sequences for the Vlasov energy.

Definition I1.13. Let f € H'(R?) be a real-valued even function such that [|f|r2ga) = 1.
Denote by f”, the normalized function

fMy) = (jﬁ) .

For any z,¢ € R%, denote by ffg the coherent state

re(y) = b9y <wJ—Ey> Ty

For any fixed =« € RY  the quantity [, 1 ((x,f) €] — erpp(z)¥?d = 0) d¢ =

’{5 eR? : ¢ — crrp(z)¥/? :0}‘ corresponds to the R%Lebesgue measure of the d — l-sphere of radius
crrp(z)?/?, which is equal to 0. Thus,

\{(m,f) eR? xR* : \5\2—cTFp(m)2/d=0}] =/ (/Rdﬂ((m,s) ¢ = crep(a)?/! = 0) ds)dxzo.

Rd

=0
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Let us introduce the Husimi transform defined for any operator 0 < v < 1 on L?(R%)

Mp (2, §) = <f£,§77f9?,§>~

Fo any m : R x R — [0, 1], let us denote by p,, the density

1
(o) 1= g [ e )i

Before stating properties of the Husimi measure, let us start by providing facts of weak
continuity of the application m — p,, and a consequence.

Claim T1.14. Let my, : R x R® — [0,1] such that [[ |€|* my(x, €)dzdz is uniformly bounded as
h — 0. Let us assume that there exists m : R x R® — [0,1] such that mj, — m weakly-* in
L®(RY x RY) as h — 0. Then, the density pm, — pm in D'(RY).

Proof of Claim[IT. 13 Let ¢ € C°(R%,R,). First, note that for any r > 0

/ () (z, €)dde / €172 (@) €2 m(z, €)dude
Rdx R4\ B, RdxR4\ B,

_ 2
s 2H<PHL°<>(Rd)W§\ M| L1 (R xR

Let us fix now € > 0. We set r > 0 independent of h, large enough to have for all A > 0 (that is
possible since ||[£[* M| L1 rdxray S 1)

<e.

/ (@) (x, €)dxde
RdxRA\ B,

Since ¢ is compactly supported and since mj, — m weakly-* on L>(R% x R?), there exists hg > 0
such that for any h € (0, ho]

L, et@om (a6 - mlz, o] < =
Rix B,

Then, the triangle inequality provides the desired limit

1

fim | o, (2)p(@)dr = lim Tl | jR ()l dods

1
(2m)?

[ me.ptadade = [ pula)o(a)da.

R4 xRd

O

Remark 44. Claim [II.14|can be applied to any bounded sequence {my, },~o (up to a subsequence
{hn}n C R% that h, — 0 as n — 00) of K}!% such that mj, — m weakly-* on L=(R? x R%).

We now state useful formulas between operators and their associated Husimi measure.

Claim II.15. For any u € L*(R%)

(fheu) = @rr)PF(F( = 2)ul(€). (11.2)
Furthermore, for any 0 < v, <1 and myp, := ma, b f

Py = D, 5 (IF* ). (IL.3)
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Details of (IL3). Indeed, writing v = > ;cnAj ‘gp"}> <g0;l‘ where {cp?}jeN is an orthonormal
basis of L?(R%) and using ([1.2), we have

ma(@,€) = ( fle mfie) = <f;ig, > (e fie) so?>
jeN
:Z)\j <<P?7f£,g>< ,5a<PJ> Z)‘ < x&v‘pj>< f,g"p?>

JjeEN
= S|(she )] = nny ZM =]
jeN JjeN

Thus, by the Plancherel equality
1 2
o) = gz [ ) =n [ Eu|Aire-agie] a
= h* | — 2| dy = nt "y — )| et )| )a
/RZN | -ae] w=it [ /- 5> ;[ebw)] )y

:hd/
Rd

That gives us the desired equality. O

(2| oy W)y = Wos, = (17"P)(2).

The following claim gives some implication on the weak convergence of {p,, }1 in the case
where {h%p., };, has a weak limit.

Claim I1.16. Let 1 < q < o0, a sequence {yu}n C SY(L?(R?)) such that 0 < vy, < 1 for all
h >0 and a density p : R — R be such that hdp% —p

o weakly on LY(RY) if g € [1,00)
e or weakly—* on L®(RY) if ¢ = oo
Then,
e if g € (1,00), the sequence py,, — p weakly on LI(R%),
e if ¢ = 00, the sequence pm, — p weakly-+ on L=(RY).
Proof of Claim[IT.16. For any ¢ € LY (R?), since {|f"|?}} is an approximation of the identity,

we have ¢ * | f*|> = ¢ strongly in L7 (R%). Thus,

/ (P — p)pdz = / (W, * |12 — poda
Rd R4
=/ h"pwh(@*!thQ—cﬂ)der/ (h%py, — p)da
R4 R4

— 0.
h—0

O

Now let us give some assumptions of the sequence on the operator ~; so that the associated
Husimi transform my, is an integrable measure on the phase-space R x R% with the Pauli exclusion
constraint 0 < my < 1.
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Claim I1.17. Assume that 0 < 4, < 1 and h?Tr(y,) < 1. Then, the associated sequence of
Husimi transforms {my}y, is bounded on L'(R? x R?) and 0 < my, < 1 for all h > 0.

Proof of Claim[II.T7. The boundedness in LY(R%) comes from ([T.3)). Moreover, by the assumption
hTr(yn) S 1 and (|| /2|1 ey = 1,

V>0 s = o) [ py(@)de = ) [ W (1) @)
< (@n) ! TP sy < C

Moreover, my, is non-negative and for almost every (z,¢) € R? x R?

ma(@,€) = (Fhe,mlhe) < Ifhela Inllem < 1.

Let us state and prove a crucial relation, which links the kinetic part of the h-Hartree-Fock

energy SH"E/w of v, to the kinetic part of the Vlasov energy 5‘\7/,13)5 of the associated Husimi

transform my,.

Lemma IL.18. For any h > 0, any 0 < v, < 1, my, :=m,, 5.5 and any Ve C>*(RY)

0 ] Viemaledode =t / oo @) (V 5 (|f2) (@) de

Rdx]Rd
and
1
(2m)d ﬂ €% ma(z, €)dwde = R Tr(—h2Aq,) + hét! Tr('yh)HVfH%z(Rd). (I1.4)
R4 xR4
Proof of Lemma[II.18

e On the one hand, by (II.3]),

jj V Ymp(x, &)dzd = /V x) pm,, (T

]Rdx]Rd

= [ V(@) (hpy, * (If"*)) (2)de

Rd

=0t [ p @7 ().

e On the other hand, let us show that (IL.4]). Writing v, = > jeN A ‘cp?> <g0§?‘, using the Plancherel

formula, integration by part, that {f"}; is a normalized family on L?*(R?) and the invariance of
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the Lebesgue measure through translations

{[ 1€ mna, €)dude

R4 x R4

=dz ) | P |Ful" (= 2)e1(€)
/ Fy ¢

h
) /Rd dm%/}Rd SV (= 2)g5] )
= [t X [ Ins 290+ en ¥t -]
:/Rddx(/ﬂgd%]’hvso?(y)r‘fh(év—y)‘Qder/Rdh%‘@?(y)r‘th(w—y)rdy

+2h / )V @) - (P — )V, My — ))dy)

- Lo (g wstof) L -of'e

=1

oo far (S ll) [ pfmure-of e

= [palVy f@—y)|*dz

—/ dyz(\vy% |+ w)ael )/ ey @

=1

27rh (27h)d
dg

’ 2

2
dy

[ Ay ) 195~ g + T
= h'Tr(y) + Tr(=h2Aqy,).
O
Furthermore, we have the relation on the direct term that links the densities h%p,, and py, .

Lemma I1.19. For any h > 0, w € L¥(R%), ~, € &Y (L*(R?Y)) such that 0 < v, < 1 and
mp = m7h7h7f

Da(pos ) = B> Da(pmys pmn) + Do g2 2 (0 P)-
Proof of Lemma[II.19 Using (I1.3) and Fubini’s formula

W2 Do (P, ) = B2 Do (W oy, + (IF2), 1 py, = (1F12)

= [ wle = 5) (o (PP @) (01 * (7)) (9)ddy
RIx R4

[ (el 1 £2) (@ = 9o (@), (v)drdy
R4 x R4

= Doy pr 2 72 (P s Pn)-

We conclude by the linearity of w + Dyy(p~,,: v, )- O
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We state here a special case of the semiclassical Weyl law for compactly supported potentials
(see for instance the proof of [Lew22, Thm. 5.51]).

Proposition I1.20 (Semiclassical Weyl lay for negative eigenvalues in a bounded domain). Let
d>1. Let Q C R% be an open cube. Let V be a smooth real-valued function compactly supported
on Q and let —Agq be the Dirichlet Laplace operator on §2. Then,

T80 +V)) ~ g [f (6 + Vi) -dode
QOxR4

III  BASIC PROPERTIES THE HARTREE-FOCK FUNCTIONAL

We state and prove in this section some basic properties on the Hartree-Fock functional: that it
is well-defined in the good space, the existence of minimizers and the structure of the minimizers.
We study for a fixed h, the variational problem

inf Envw(7)

on the convex closed set K.

To do so, we will follow the same ideas as in [LLI10].

First, we prove that for any fixed h > 0, this energy E}IL{F admits a minimizer on the variational
set

K={0<~y<1:Tr((-A+V+1)y) < co}.
We aks notably w to satisfy the condition below.

Assumption 8 (Hypothesis on the interaction potential). Let p € [1,00] such that

(1,00) ifd=1,2,
pE [d .
5,00] if d> 3.

w is an even real-valued function on R? such that w € LP(RY) 4+ L>®(R%).

III.1 Setting and well-posedness of the Hartree-Fock energy

First, let us verify that E}IL{F is well-defined on the space X'. It is the case for the linear term
v+ Tr((=h*A +V — E)v). Now, let us show that the direct term D,,(p~,p,) and the exchange
term Ex,, () are controlled by the X-norm.

Fact II1.1 (Bound on the direct term). Let d > 1 and

[1,00] ford=1,3,4,

p e {1} ford =2, (IIL.1)
[%,oo] ford >5.

(i) Let w € LP(RY) + L>®(RY). Then, there exists C' > 0 such that for any 0 <y <1

[ Du(py, py)| < C [Tr((=2)7)* + Tr(7)*] . (IL.2)
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(i) Assume that d € {1,2} and let w € LP(R?). Then, for any h > 0 and any v € G*(L'(RY))
such that 0 < ~v <1

— Co (@) (@) Lo may < h*Duw(py, py) < Cop(@)I(@D)-4]] oo et (IL.3)

with
2Tr((1—h%2A)y)  ifd=1,

_ (9m)d/
C%h(d) = (2 ) 2 {CET Tr((_h2A),y) ifd = 2.

Remark 45. We make the constants explicit for the bounds for dimensions d = 1, 2, since one
can deduce from them conditions such that the Hartree-Fock energy is bounded by below in K

(see later Lemma [[II.4)).

Remark 46. Notice that when d = 1,2, one can also have a bound for any p € [1,00] (by
interpolation of the L'-norm of p~ and the Lieb-Thirring inequality). But we lose on the exponent
of Tr(7)

Vi € IR [Dulpys p2)| < w0l ey Ol [ 462 Tr((— )72 + (1= 42) Tr(7)?].

More roughly, one has ([I1.2)) for any p < max (1, d/4).

Proof of Fact[IIT.1. The idea is to combine the Young inequality and estimates on the L%-norms
of p, for ¢ > 1 such that 1/p+2/q =2

Vo € LPRY,  [Dulpy. p)] < 0l pogaey 105 -

Notice that taking p € [1, oo] forces ¢ € [1,2].
1) Let us write w = w; + weo with wy € LP(R?) and we, € L>®(R?). On the one hand,

| Do (97, p3)] < wssl oo ety |07 171 ety = llwool| oo ety Tr(7)%.
In the other hand, notice that 1 +2/(d —2) > 2 if and only if d < 4. Thus, for

p>1  ifd=1,3,4,
p=1 ifd=2,
p>d/4 ifd>5,

the consequence of the Hoffmann-Ostenhof inequality (Proposition [I1.6)) implies
[ Dy (pys p7)| < 2Ci0 [wi | oo ey [Tr((=A)7)* + Tr(7)?] -

2) Assume that d € {1,2} and w € LP(R?). we write

Dulprop) = @) [ a0 [, ("
= n)2 [ (@) oy = (2m)2 [ (6(0)- 1 ()
By the Holder inequality and the Plancherel formula

/Rd(l@(k))i 155 (k)1 < (2m) 2/ () £ ]| oo 2 | 1 22

= (2m))| (@) £ | oo w2) 04 | 22222
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We use Lemma for g = ﬂ and the Lieb-Thirring inequality (Proposition [I1.4)) for d = 2

1oL 2 < V2Tr((1— A2 ifd=1,
VIEAED =) O Tr((—A))Y2 ifd = 2.

Now, let us make appear in the L?-bound of p~ the semiclassical parameter h. For instance for
any 0 <y <1, let us denote

Yh = Uh’yU;;a

where Uj, is the unitary transformation on L?(R%) defined by Uy f := h%?f(h-). The integral
kernel of ~y, is

n(z,y) = hiy(hz, hy) a.e.

and
o 2 ay = B2 (ol roray,  Tr(ym) = Tr(v),
Tr((~A)h) = Te(V=Bypv/=A) = Tr(h2V/—B/—4) = Tr((—h2A)y).
Then, by writing the L?-bound of v, in function of ~

L JV2T((1 = RPA))Y? i d =1,
||p’YHL2(Rd) < h ) 1/2 .
Crr Tr((—=h2A)y)Y/ if d=2.
Therefore, we deduce the bound (|III.3]). O
Fact II1.2 (Bound on the exchange term). Let d > 1 and
[1,400] ifd=1,
peE (1,400 ifd=2, (I11.4)
[4,+0c] ifd>3.

For any w € LP(R?) + L>®(R?), there exists C > 0 such that for any 0 < < 1 and any € > 0
d
[y ()] < C [ Tr((=A)7) + (1+7%0) Te()] (I1L5)

As a consequence, assuming p > 1 when d = 1, there exists e, > 0 such that ep, €, = op(1),
such that for any v € X

h [Exy(7)] < C e, Te((—h*A)y) + &, Tr(v)] - (I11.6)

The second bound states that the kinetic term of the Hartree-Fock energy can absorb the
exchange term.

Remark 47. The assumption on p here imply that
<oco ifd=1,
2<2p <0 ifd=2,
<2 ifd>3,
this is very useful to use the Sobolev embedding H'(R%) < L?'(R%). One can also prove that
(B (7)] < C [Te(=A)7)? + Te()*"» +Te(y)]

3The only way to control H\/l — Avv/1— Angq/,q, by Tr((1 — A)y) = Tr(v1 = Ayv/1 — A)Y/? is to choose ¢

such that ¢/q’ > 1i.e. ¢ > 2. Moreover, we have a second constraint that ¢ € [1,2]. Therefore, we must take q = 2.
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Before doing the proof, let us recall two useful bounds.
For any trace-class v operator on L?(R?) such that 0 < 7 < 1 with an integral kernel
H'(RY x RY), we have

IVev(@, 9z maxray VoY (@ 9)ll 2 | maxrey < Te((—A)y)'"2. (IIL.7)

Details why (L1L.7) holds. Denote v = .y Aj [9;) (@j]- Note that A; C [0, 1]. Since {;}; is an
orthonormal family of LQ(Rd) and 0 < \; < /A

2

Vo (@, 9172 raxmay = // D A Vapi(@)e;(y)| dady
R4 JRd

JEN
= 2/ A | Vap)(2)] da
JjeN
< [ NIV @F o = S A IV e = T(-2)1).
JeEN jeN
We obtain the bound on V,~ similarly by symmetry. Ul

Lemma III.3. Let q € [2,00] such that

<oo ifd=1,
2<gi{<oo ifd=2, (I11.8)
< 2 ifd>3,

Then, there exists C > 0 such that for any u € H'(R%)

2 < C [ e||Vul? T |u?
||UHLq(Rd)7 el UHL2(Rd)+5 ||UHL2(]Rd) :

Notice that in Lemma [[I1.3] the exponent %(37((12)2) > ( for any ¢ that satisfies ([I11.8)) when

d =1,2. For higher dimensions d > 3, it is positive if and only if ¢ < d2—d2

Remark 48. In dimension d > 2, it is possible to prove this bound with Gagliardo-Niremberg-
Sobolev (Lemma |[T , which is true for any 2 < ¢ < 24

1(3-3)

ull7, ®d) = CGNS”VUHLz (Re)

(1))

lull
< C [elVulluy + T ulgus |
The last line is obtained with the Peter-Paul identity (Fact
Va,b >0, 0 €10,1],e>0 a0 < efa + &7_%(1 —0)b.

applied t0 @ = |Vl 22 g b= el 22z, 6 = d(1/2~ 1/af]

4which is in [0,1] since ¢ > 2 and d > 2
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Proof of Lemma[IIL.3. Let 2 < q < oo that satisfies ([IL8). By the Sobolev’s embedding
HY(R?) — LI(R?), there exists C' > 0 such that for any v € H(R?)

lol3agas) < € (IV0220) + 01220 ) -
Then, for any v € H'(R%) and any § > 0 (by taking for instance the scaling v(z) := 6% %u(dx))
2d_ g 2d_ g
el oy < C (65 2 IVulany + 67 Nl -

2d
Thus, we obtain the desired bound (by posing ¢ = & 7_d+2)

2 2 *7{((1_2,) 2
< C Vu + e 29-d(ea-2) ||qg
HuH[q(Rd) = 5” H[2(Rd) € H ||[2(]Rd) :

Proof of Fact[IIT.3

1) Let us write w = w1 + wee with wy € LP(R?) and we, € L°(R?). We have to distinguish to
cases:

e for d =1, we prove the bound for p > 1,
e for d = 2, we prove the bound for 1 < p < oo,
e for d > 2, we chose p > d/2 so that 2p’ < 2d/(d — 2).

On the one hand, by the Holder inequality and the fact that 0 <y <1

[Exuo. ()] < [wsol 2 ( [/ \v(x,yﬁda:dy) = el 113
R4 JRA
< Jwellze Tr() Yl < lwsollz= Te(y).
On another hand, by the Holder inequality
Extuy (7)] = \ [ [ = w(x,y)Pda:dy‘
Rd JRA
2
< loalss [ 19D oy o

Finally, by the modified version of Sobolev embedding (Lemma [[II.3)) with the function v =
v(-,y) € HY(R?) for almost fixed y € R and ¢ = 2p/, by ([IL.7)) and the fact that 0 <~ < 1

2 2 -5t 2
/Rd H’Y(ﬂfay)HLgp'(Rd) dy < C (6 HVCIZ’YHL%’?}(Rded) +e H’YHL%y(RdXRd))
d
<C (5 Tr(—Ay) +& %3 ﬂ(y)) .
Finally, there exists C,, > 0 such that for any 0 <~ <1
d
|Exqy(7)] < Cy [5Tr((—A)'y) + (1 + & 2-4) Tr('y)} ,

it is exactly ([11.5)).
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2) Furthermore, assume that p > 1 when d = 1. We show now the bound (III.6). Let us

d
denoting e), := Cpeh®? and &, := Cw(l + €_m)hd. Let a > 0. We now explain why the
following € > 0 is well-chosen

h : _
W lf d = 1,
— 1 e
€= 4 Toghl if d=2,
1 ifd > 3.
One has
Toan Hd=1, h+ Bl mm uoglh\#il ifd=1,
hi=2  if d > 3, 2h if d >3,
which tend to 0 when h goes to 0. O

II1.2 Coercivity of the Hartree-Fock energy.

First, we prove that for any fixed h > 0, the energy E,IEF is coercive on AX: that there exists
Ch, ¢, > 0 such that for any 0 < v < 1, we have EF(y) > Cy, |7/l — cn. In particular, EF is
bounded by below in X, that implies that all minimizing sequences of E,IEF are bounded with
respect to the X'-norm.

Lemma III.4. Let p € [1,00] such that

(1,00] ifd=1,2,
pe{[d o] #d33 (I11.9)

Let w € LP(R?) 4 L>=(RY) satisfies Assumptimaa. Otherwise, a second alternative for d = 1,2 is

to take w € L' N LP(RY) satisfies Assumption |1 Then, there exists C > 0 and ho > 0 such that
for any h € (0, ho] and any v € K

1
() 2 Tr(-WPA+V +1)7) - hC.

Remark 49. The assumption ([I1.9) on p takes in account both (III.1) and ({II.4) so that the
direct and the exchange terms are well-defined in X. It allows also (IIL.6)) in order to control the
exchange term by the direct term.

Remark 50. If w in nonnegative, we have the bound

Exw(7) < Duw(py; py)-

Otherwise, we can just have
Exw(7) < Dyw|(py py)-

And that does not say anything.

Fact II1.5. For any v > 0, we have almost everywhere |y(z,y)| < py(x)py(y).
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Proof. Indeed, if we write v = > .y Aj l@j) (p;] with {A;}; C Ry and {¢;}; an orthonormal
basis of L2(R%), by the Cauchy-Schwarz inequality

2 2
2= 1N Neiwei@)] = D0 VNG W)V e ()
JEN JEN
< (X|vwew[ ) Vae@)] ) = (S n e wP) (S le @)
JEN jEN jEN JEN

< py(y)py ().
0

Proof of Lemma[IIT.j] Since we have Assumption [6] we only need to control the linear and the
exchange term of the Hartree-Fock energy. As well, Assumption ([.13]) for d = 1,2 ensures that
the direct term to be controlled by the linear term. Indeed,

hd hd
E () 2 T((=h*A + V = E)y) = llo— | o zy G () = 5 Exun()

Tr((1 — 2A ifd=1
> Te((—hA+V — E)y )——Exw L= 7A)y) ifd =1,
2 TI‘( h2 lf d = 27

h 1 R’A+V —2(E if d =1,

> —*EXM(’Y) + = (( , + + ))’7 1
2 2 | Tr((—h*A+V - 2E)9) ifd=2.

Let us bound by below the now the Hartree-Fock energy without its direct term. For convenience,
let us treat only E,I;HF (we recover the other cases by adding multiplicative constants and changing
the value of E). For any M > 0, we denote the spectral projectors H?\E/[ 5 by

O, =1(=PA+V >M), T,:=1(-PA+V <M).

Notice that HLh +1II;,, = 1. Furthermore, for any v > 0 and M > E, there exists Cpy > 0 such
that
Tr((=h*A+V = E)IIj; ,7) = (M — E) Tr(y) — h™Cyy. (I11.10)

Proof of the formula (I11.10)). Indeed
Tr((—h*A+V — B)II}; y) = Tr((“h°A+V = M) + (M — E)IT}, ,7)
= Tr((=h*A+V = M)IT}, ) + (M — E) Tr((1 — T, ,)7)

>0
> (M — E)Tr(y) — (M — E) Te(T; )

By the Weyl’s law, we have

Tr(ITy; ) = (27h) ~4([{(2,) € RT xR ¢ [¢* + V(x) < M}| + 0p(1)).

On the one hand,

Tr((=h*A+V — E)y) = Tr((=h*A+V +1)y) — (1 + E) Tr(y).
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On an other hand, by ([I1.10)), the Holder inequality and 0 <~ <1

Tr((=h*A+V = E)y) = Tr((=h*A+V — E)II}; ) + Te((=h*A+ V — E)IT;; )
> (M = E)Tr(y) = h™"Cy + (minV — E) Tr(Il;; ,7)
> (M —2E) Tr(y) — h™%Cy.

We obtain

Tr((—h*A +V — E)y) % + ;) Tr((—h*A+V — E)y)
1

> ~Tr((—h*A+V + 1)) + 5 (M = 1= 3E)Tr(y) - h=C)y.

I
[\')‘.-l/—\

Furthermore, taking into account the bound on the exchange term (II1.6|) there exist €, &, = op(1)
such that

1

ENT(y) > (—h*A+V +1)y) — h™Cy

(
1
2

O |

Tr
+ (M —1—3E — 2&,) Tr(y) — e, Tr((=h%A)7).
By taking M =1+ 3F, there exists C’ > 0 such that

£ (1) 2 5 Te((~WPA 4V 4 1)) = b0 — o Tr((~1?A)) — &, ().

We impose now that h € (0, ho] for hg > 0 such that 1/2 — max(ep,,€p,) > 1/4. That ends the
proof of Lemma O

I11.3 Convergence of minimizing sequences

Let a fixed h > 0. Notice that all the arguments of this section will be the same as for h = 1. Let
eEF = inf e E,IL{F. We have shown that the functional E,IL{F is coercive in I, that then implies
that the ground state energy eEF is finite. The idea now is to consider a minimizing sequence
{Yn.n}n of EXF on K.

lim &% (yon) = ept.

n—oo
The coercivity of S}IL{F (Lemma implies the boundedness of the sequence with respect to
the X-norm. Recall that K is a convex and closed subspace of X, there exists v, € K such that

Ynh — Y weakly-+ and weakly in X: that means that for any A € &> (L?(R%))

lim Tr((—A + V + 1Y%y, 4 (~A + V +1)1/24)

n—o0

= Tr((—A+V + DYy, (~A + V +1)1/24).
We will prove that S}IL{F is weakly lower semi-continuous in X. We will deduce
e = lim inf EN (n) = E () = e,

that gives us &/ (v;) = ellF, i.e. that v, is a minimizer of the Hartree-Fock functional in K. We

will see the that quadratic term is strongly-* continuous (Facts [[11.8) and [[11.9)

. hd hA
lim ?(Dw(p'ymh’ p'Yn,h) - Exw(’)’n,h)) = 7(DW(/)%7P%) - EXw(’Yh))-

n—oo 2
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Basic properties on the minimizing sequences of E}L{F.

Remark 51. Note that every v € X satisfies p, € L (R?) and Vp, € L}(R?). Furthermore, by
the Lieb-Thirring inequality p, € L'*?/4(R?). More generally, we will see that p, € LI(R%) for
amy 1< g < d/(d—2).

We deduce from the Hoffmann-Ostenhof inequality (Lemma [[I.5) that (up to a subsequence)
VP 5 P weakly in H'(R?).
Details. Since the sequence {,/p5, . }n is bounded on H'(R?), there exists f € H*(R?) such that
N . d . . . .
up to a subsequence, ,/p, ol f in HY(R?). Let us prove that this limit is actually \/p,,. In
. . d . d
particular, | /py o [ strongly in L _(R%), so P f? strongly in L] _(R?). Then, for
any test function y € C°(R9)

T = [ @i = [ fafxads

n—oo Rd

Moreover, since {ps, , }n is bounded on X" and that V' is confining, the operator
V-A+V + 171X\/—A TV I s compact, that gives the limit

1 1
T =Tr(V-A+V+1 —A+V+1
r(Yn,nX) r<\/ YoV \/—A+V+1X\/—A+V+1)

1 1

— Tr(V-A+V+1IpnV-A+V +1 )

n—oo < o VATV VATV 1

= Trln) = | ooy (@)x(a)da.
Finally, f> = p,, almost everywhere. O

Furthermore, by the Rellich-Kondrachov theorem p,, , — p,, strongly in L, C(Rd) for
’ n—oo

any 1 < p < d/(d —2). That implies the pointwise convergence p., , () = P, (z) almost

everywhere.
The trapping condition on V actually gives a stronger convergence of the sequence {p%yh I

Lemma IIL.6. Let d > 2. Let V : R — R that satisfies Assumption @ Then, for any
1<q<d/(d—2), py,, — py, strongly in LIY(RY).
? n—oo

Proof of Lemma[IIL.g. Fix R > 0 as in (L.12)). By the triangle inequality,

10 = P lagay < NPy s — PunllLafiel<ry) + 10700 — Py llLa{iz1>RY)-

On the one hand, by the Rellich-Kondrachov theorem ||p,, , — pv, |l La({|z|<R}) = 0 for any

1< ¢ <d/(d—2). On the other hand, using that {V(p,, , — py,)}n is bounded on L'(R?) and
the bound ([I.12)), there exists £k € N* and C' > 0 such that

1ovnn = Puullzrqarsmy < IV poeas IV Py = Pl 1 (ray < CRTF.

Finally, we make R — oo, and the L'-norm of Pynn — Py, tends to 0. Then, we deduce by
interpolation P’ that p, , — p,, strongly in L9 for all 1 < ¢ < d/(d —2). That concludes the
’ n—o0

proof of the lemma. O

For any 1 < q < d/(d — 2), there exists § € (¢q,d/(d — 2)). Let 6 € (0,1) such that % =0+ %ﬁ. Since



178 CHAPTER 2. INTERACTING PARTICLES

Weak-* lower continuity of each term.

Fact II1.7. The linear term v — Tr((—h?A +V — E)y) is weakly-+ lower semi-continuous in X .
Yy — v weakly- * in X, linrr_lgéf Tr(Pp, gyn) > Tr(Prey).

Proof. Let us write —h?A+V — E = (=h?A+V — E); — (—h?A+V — E)_. On the one hand,
I%nlgfﬂ((—hQA +V —E)iy,) > Te((=R*A +V — E) 7).

Indeed, there exists {\;}; C R4 and {;}; a L?-orthonormal basis of eigenfunctions of —h?A+V,
so that (—=h?A+V — E), = > jen Aj l¢5) (pj]. Then, by Fatou’s lemma

liminf Tr((—h?A 4V — E) 1 y,) = lim inf Tr(VAn(—h*A+V — E) /)

n—0o0
= 1inrg{gfz Aj (V@i Vi) 2

JEN
=liminf }  Aj (), mes) 2
jeN
>Z)\ hmmf (05, Tn@j) 2 = Z)\ (@i 1Pi L
jeN JeN

=Tr((—h*A+V — E)17).

Moreover, since the operator (—h?A + V — E)_ has a finite rank (in particular, it is trace-class)
and that v, — v weakly-* in B(L?(R%)), we have the strong convergence

lim Tr((—h*A+V — E)_v,) = Tr((=h*A +V — E)_~).

n—oo

O

Fact II1.8. Let max (1, %) < p < 00. In particular, 1 < p < oo ford € {1,2,3} and p > d/4
when d > 4. For any w € LP(RY)+ L*°(RY), the direct term ~ +— Dy,(p-, p) is strongly continuous
on K.

Remark 52. The assumption on the exponent p € [1,00] are more restrictive than the one of
Fact since the key compactness ingredient for the limit here is Rellich-Kondrachov theorem.

Proof of Fact[IIT.§ Let a sequence 7, — 7 in X. By the triangle inequality,

[ D (s Py) = D5 py)]
[ [ @) - Mx)m(y))w(w—y)dwdy\
Rd JRA

<\ Py (@) = py(@)py ()w(z — y)dady| + | | pry, (2) (03 (y) = Py, (Y))w(z — y)dy] .
L. I

{Pvn.n. — Py, fnen is uniformly bounded on Li(RY),

0
- < v = P I [
Han,h p’Yh HL%L%(RdXRd) — an,h pWh L%L}T(Rd X]Rd) pW’n h pW} L2L‘1 ]Rd X]Rd)

— 0.

n— oo
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We write w = w) + we with wy € LP(RY) and wy € L¥(RY). Let ¢ > 1 which satisfies the
relation 1/p+2/q = 2. By definition of p, ¢ satisfies 1 < ¢ < d/(d—2), then {p,, }» is bounded on
L(R%). Moreover, by Lemma [[11.6 P, — P~ strongly in L(R%). Hence, by the Young inequality
| Das (P s Pra) — Dy p4)|
< 2| wes || oo (ray oy I L1 Ry | Py — Pyl L1 (2

—0

o lwnl oy (1or oy + 19l oy ) 1os, = pylo(gay:

—0
Finally, we get Dy (pn,., Pv,) T Dy (pvy, pry)- O
Fact IT1.9. Let w € LP(RY) + L>®(RY) with max(1,d/2) < p < oo such that 1 < p < oo when
d=1 and d/2 < p < oo when d > 2. Then, the exchange term Ex,, is strongly continuous on K.

Remark 53. As for Fact [[IL.1} the assumption on the exponent p € [1,00] are more restrictive
than the one of Fact since we must fit the assumption Rellich-Kondrachov theorem.

Proof of Fact[III.g. By non-negativity of V', the operator e enani VAlléﬂ € G®(L?(RY)). H For any
v €K, V=A+V + 1y € (L*(R?)). Thus, by the Holder inequality, /1 — Ay € &?(L2(RY)).

Using now the property 0 <~ <1
V1= AY1T— A <V1 - AyW/1— A e GHLARY),
in other words, v/1 — A~ is Hilbert-Schmidt. Hence,

Ju ke

(V1—Ds+ /1= Ayye L2, (RT xRY). (I11.11)

We deduce that v € Hiyy(Rd x RY). As well, VV2VV < VV WV € &(L*(RY)). Thus,
VV~ € &2(L2(RY))

2

i.e.

/Rd /Rd(l + V(@) +V(y)) (e, y) dedy < oo. (I11.12)

Let {y,}n C K and v € K a sequence such that v, — v weakly-* in X. By the Holder inequality
o) = Bxu () = | [ [ (Bl = ) Pt — e
Rd JRdA
< [ [ e = (| jute ) dody
R JR4

< /Rd /Rd (@, y) — (@, y)| (@, v)| + [v(z,9)]) [w(z — y)| dedy
< EX|w|(’Yn - 7>Ex\w\(’7n‘ + ‘7‘)
< 2Exy (Y = 7) (Expu|(Y) + Exju) (7)) -

61t follows from the bound

Yu € LQ(IRCI)7 H\/ 1-— AUHL?(Rd) S H V —A + |4 + 1UHL2(Rd)7

which is true since

[v1-— A"L||2L2(1Rd) = (u, (1 - A)U>L2(Rd) <(u,(-A+V + 1)“>L2(1Rd) =[[Vv-A+V+ 1“H2L2(1Rd)~
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Writing w = w; + weo with wy € LP(R?) and we € L°(RY), we get

|EXw (’Vn) — Exy (’7) ’

< 2fwoo e ey 170 = 212 (Rt xR <H’YnHLng(Rded) + H’Y”L%L%(Rded)>

#2008 e 1 = g sy (P2 oy + g o) -
Recall that we consider the following values of p
e p=1whend= 1ﬂ
e p>d/2 when d > 2.

This implies
2p = o when d =1,
2§2p’<dQTd2 when d > 2.
By ([ILII) the sequence of integral kernels {yn}, and v are bounded on H} (R% x R?).
Furthermore, since we are under the assumptions of the Sobolev embedding H}(RY) < L2P / (R

§
|Exw('7n) - EXw(7)|
< 1 = Wiz 2 ey (1l 2302 ey + 17122 2 ey )

+ v = Yl 22 1 axcray (H’YnHLgH;(Rded) + H’YHLgH;(Rded))

S ||’yn - rYHL%L%(RdXRd) + ||/yn - ’YHLZL?/(RdXRd) .

> By the Rellich-Kondrachov compact injection, =, — 7y strongly in LIQOC(R‘Z x RY). In particular,
for any R >0

i (v =Yl 2 | (aj<rjyi<r) = O-

Take now R > 0 and k € N* which satisfy ([.12). By (I1I.12)),

the sequence {(z,y) — /1 +V(z) + V() (z,y)}, and (2,y) — /14 V(2) + V(y)m(z,y)
are bounded on Lg,y(Rd x RY). Hence applying the Hélder inequality and the previous remarks,
we have for any n € N

I7n = '7‘|L%,y<\w|§R7|ylzR> + v = 7||L%,y(|r|zR,\y|SR) + v = VHLi,y(lzsz,wlzR)

<3|+ v+ V) |G =+ V@) + V)

L2y, (REx{|y|>R})

z,yY

L%,y(RdXRd)
< CR7%/2,

Finally with the limit R — oo, we obtain =, — v strongly in L?(R? x R9).

"We obtain the continuity for 1 < p < oo by interpolation.
8We used also the continuous injection LiH; (R? x RY) — Hiy(Rd x RY). Indeed, for any f € Hcl’r(Rd x R%)

|\f|\i5H;:|\f||i§,,+/ / Ve f (. y)|* dady
x » T Rd JRdA
< |IflI3. +/ / (IVaf (@) + [Vyf(,y)* ) dedy
Y, rRd JRrd

2 2 2
= ”f“Liyy + ||vzyf”qu = ”f”H;y :
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> Let us explain the term ||y, — tends to 0 also. Let us explain how it follows

7||L5Lip/ (Rd XRd)
from the strong limit v, — v in L2(R? x R?).
e When d = 1, 2p' = 2 and we have already proved that v, — v strongly in L?(R? x R?).
e When d = 2, for any p > 1, there exists p € (1,p) so that 2 < 2p' < 2p' < oo and 0 € (0,1)
Pl such that

0
I = Y g2 2 asemay = € llm = 13 22 Rt wmay 9 = VHLQLQP (R xRA)

which tends to 0 since {7, — 7} is bounded in L2L§][3 / (RY x RY).

° Whenm d > 2, by the Gagliardo-Nirenberg-Sobolev inequality (Proposition |[I.3)) and the
strong L2-convergence
d

|yn — ’YHLZQIL?CP’(RdXRd) <Cllym— 7”L2L2 (RxR) V(v >HL2L2 (RIxR)
d d
< Cllm =72 1y =177
= [2L2(RIxRY) [1Tn HL , (RIXRY)

which tends to 0 since {7, —7}n is bounded in H}  (R? x RY).
That concludes the proof of Fact O

II1.4 Nonlinear equation of the minimizers

In this section, we discuss the form of the minimizers of the h-Hartree-Fock functional. Recall
that Hy = H, p v_pgw refers to the semiclassical mean-fied operator (see ([.5))). We state in the
result that any minimizer of the Hartree-Fock energy must ‘almost‘ satisfy a non-linear equation

v =1(H,, <0) or vy, =1(H,, <0).

Such an equation may be seen an Fuler-Lagrange equations for the Hartree-Fock minimizers.
This means that ~; is a projector on the eigenspaces associated to all negative eigenvalues of
it associated mean-field operator H,, or all the negative eigenvalues without the bigger one.
However, we will see that there exists projector P, which minimizes the h-Hartree-Fock energy.
In this case, it is true that it satisfies exactly the Euler-Lagrange equation.

Theorem II1.10. Let p > max(1,d/2). Assume that w € LP(R?) + L>(R?) is even and positive.
Then, for any minimizer v, of E}IfF i IC, there exists a self-adjoint operator 0 < Qp < 1 on
L?(RY) such that
Yh = 1 (H’Yh < 0) + Qh,
with range(Qp) C ker(H., ). Furthermore, there ezists a projector Py, that minimizes EXY and
that satisfies
Ph:]l(th SO) OT]l(th <0).

This kind of results is for instance done by Lenzmann and Lewin [LL10, Thm.2| for minimizers
for Hartree-Fock-Bogoliubov functionals.

Remark 54. Here, we take p € [1,00] such that we have not only assumptions of both Facts
[IIT.7], IIT.8 and [ITT.9] that ensure the existence of the minimizers. Secondly, the repulsive condition
w > 0 is sufficient to have the rank of the projector of the error Qp on (0,1) be at most equal to
1. However, it is not clear that we can weaken it.

Let us now prove Theorem

9./ _ 6 , 1-0
2p' =32 T o5

ONotice that one can also use the same kind of interpolation as in dimension 2 but with 25’ € (p, 2d/(d — 2)).
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Step 1. We first prove that any minimizer v of EIEIF

set of self-adjoint operators of K.

minimizes the energy Tr(H,,-) on the

Lemma II1.11. For any self-adjoint operators v,5 € X

d

E1(y 4 9) — 17 (7) = T(H3) + o [Dulps.p3) — Bxu(3)].

Proof of Lemma[[IT.11 Let v,7 € X. Let us write each term of EXF(y + 7). For the linear term,
we have

Tr((—h?A+V — E)(v +7)) = Te((—=h?A + V — E)y) + Te((—h?A + V — E)F).
Moreover, since the interaction potential w is even, the direct term is expressed by

Du(py+5: Pyv+5) = Dw(pys py) + Duw(py, p5) + Dw(p5, py) + Du(p3, p5)
= Dy (py, py) + 2Dw(py, p3) + Duw(ps, p3)-

Besides, we compute the exchange term

Bxu(y+77+9) = Bxu) +2 | [ w(o =) Re (1(2,0)7@ ) dudy + Bxa(3).
Thus, we obtain
ENT (1 +3) = EF(3) = |Te((=h2A +V = E)7) + b (Du(py, p3) — Exu(Re(17)) |
d

+ 2 Do, p3) — Exu(3)]

2
Since w is even
D (py, p5) /Rd /Rdw (@) p5(y)dady = /Rd </Rdw(—2)ﬂv(y —Z)d2> p3(y)dy
= /Rd /Rdw - Z)dz> p5(y)dy
=@wmm><m— (w p,)3).

Furthermore, note that

Bxo(i) = [ [ Xul) e w)iavidady = [

R4

= [ (XKul0)) (@de = Tl (1))

(Wmmwwwmmgw

Then, we get
2Exy(79) = Tr (Xu (MY + Xuw(9)™9) -

If v and # are self-adjoint, their kernel is real, and we have

2Ex, (vY) = 2 Tr (Xw(7)7) -

Finally, we have

Tr((—h?A +V — E)3) + h* (Du(py, p5) — Exw(Re(77))) = Hy (7).
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Then, we deduce the following corollary.

Corollary II1.12. For any self-adjoint y,,5 € X

L ST 4G — ) — £ ()
t—0, t€(0,1] t

= Tr(H’Yh (;5/ - /Vh))

Proof. We apply Lemma [III.11{to v = ~;, and 5 = (3 — 73), and we conclude by dividing the
equality by t and taking the limit ¢ — 0.

b En m G = ) = EF ()
t—0, t€(0,1] t

d
= Tr(H% (v — Vh)) + tﬁo%itrél(o,l] t? [Dw(pi—’wu pﬁ—%) — Exq (7 — ’)’h)] .
O

Since 7y, is minimizer of £'F on K, for any 4 € K and ¢ € [0, 1], we have EFF (4, + (7 — ) >
EMF(43,). By Corollary [[11.12] and the linearity of the trace, for any self-adjoint 7 € K

Tr(H'yh'w > Tr(H’yh'Yh)-

Step 2. Let us prove that P™* := 1 (H,, < 0)E| is a minimizer of Tr(H,,-).

Let us define also P}" := 1—P2". For any operator ¥ on L%(R%), let us denote y4y := Py P
and yig := P{"yP".

Let 4 € K. Using the relation

P{"H,, PI" = +PI" |H,, | Pl"
the trace’s cyclicity, the non-negativity of |H,, |74+ and y__ < P7" (since 0 <5 < 1)

Tr(Hy,7) = Tr(Hy, Y4 4) + Tr(Hy, - —) = Te(|Hy, [ Y44) — Tr(|Hy, | 5--)
> —Tr(|Hy,[Y--)
> —Tr(|H7h] Pjh) = —Tr(|H,Yh| (Pjh)2) = —Tr(ch |H’Yh| ch) = Tr(thch).

This bound is true for any ¥, that proves that the projector P™ is a minimizer of Tr(H., -) on K.

Step 3. Properties of Q;, := v, —P’". Let us now explain why the range of Q}, := v, — P™*
is included in the kernel of H,,. For this, it remains to prove the inclusion Im H,, C ker @);,. The
wanted inclusion follows by orthogonality.

Since 7y, and P™ are minimizers of Tr(H,,-) on K, we have Tr(H,, Q) = 0. Now, let us
bound by below Tr(H., Q).

Tr(Hy, Qn) = Te(|Hy | (Qnt+ — Qn——)) = Te(|Hy, | Q7).
The last inequality came from the non-negativity of |H,, | and the following lemma.

Lemma I11.13. The operator Q) satisfies the inequality

2
Qht+ — Qn—— > Q.

" One can show with the same argument, that it is also true for 1 (H., <0).
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Proof of Lemma[IIT.13 Recall that Qj, + P7" = v, and 0 < ;, < 1. Then,
0<(Qn+P™)?<Qp+ P

Moreover,
(Qn+ P2")? = Qh + PI" + QP2 + P1'Qy.

We recall that P7~ + Plf =1, and we deduce

Qr < Qi+ P
< Qp— P —QpPM — P™Qy,
=Qni++Qn—— +Qn, +Qrt— —Qn———Qni- —Qn—— —Qn—+
= Qn 14+ — Qn—.

O

Since the operator H,, is self-adjoint and has a compact resolvent on L? (Rd), there exists
a L2-orthonormal basis of |H,,|’s eigenfunctions {90?}jeN~ Let {)\?}jeN the sequence of the
associated eigenvalues. Furthermore, since 7, and P™" are self-adjoint, @, is self-adjoint too. We
have |H., | ,Qi > 0. Then, |H,, | Q}QL is also a non-negative operator. Hence, for any j € N

0= Tr(|H,,| Q}) = (&, |Hy, | QRel) = (1ol o) QRel) |

=X (b Q) | = X1 Qnek 1 ma

From the eigenvalues )\? such that A\; > 0, we obtain thpg-l = 0. That implies that range(H., ) C
ker(Qp). Hence, range(Qy) C ker(H,, ).

Step 4. Assume that w is positive almost everywhere in R?. Let us show that the number
of eigenvalues of @)y, in (0,1) is at most 1. We will follow the same argument as [Bac92l, Cor. 1].

Let up, v, € L*(RY) an orthonormal pair in L?(R?) and Ay, gy, € (0,1) such that Quup, = pnun
and Qpup = Apvp. Assume that up and vy are linearly independent. Defining Aj to be the
operator |up,) (up| —|vn) (vp|, we have Ay (x,y) = up(x)up(y) — v (2)v, (y) for almost all z,y € RY.
We deduce

pa,(@)pa, (1) = (lun(@)]? = Jva(@) ) ([un @) = Jon(m)]?)
= [un(@)]* [un (@) * + [a(@)* [oa@) P = [un (@) [oa @) P = a(@)? [un ()],

and

[ An (e 9) 2 = an)2 () + fon (@) fon ()] = wnyun(g)on(@en () — v )on(yun(a)oan(v)
= Jun ()2 [ () -+ on ) 2 [on () 2 — an(yon () unwon ) — wn () omC)ean () on ()
= lun @) 2 [un ()2 + [on (@) [on () = 2Re (i ()on () ()onlz) )

8]

From their definition and the previous step, we have uy, vy, € ker(H,, ). Thus, Tr(H,, Ap) = 0.
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By Lemma
ENT (v + 6 |un) (un| = & vn) (va]) — EF ()
52h?
- 5Tr(H7hAh) + [D’w(pAh’ IOAh) - EXUJ(Ah>]

_ 52h2 ff

R4 xR4
x (\uh<x>|2 [on()P + [on(@) ? [un(y)* — 2 Re(un(2)on(y)un(y)on(@)) ) dady
212
=] wle— ) b)) — s o (@) ey,
Rd xRd

Since w is positive and u; and vy, are not proportional, the Lebesgue measure of the set {(z,y) €
R x R w(z — y) |up (2)vn(y) — un(y)vn(2)|* # 0} is not equal to 0. Thus, we have for any § > 0,

EN (h + 6 Jun) (un| — & |vn) (vnl) — ELF ()

n) < 0.

Let {Z/]}-l}j C [0,1] and {gpg-‘}j an orthonormal basis such that v, = _; V]h ‘cp;‘> <g0ﬂ Thus, for
any 6 = min(u, 1 — X)

Yo + 0 [up) (un| — 8 |vn) (vl

= > ) (] Qo+ 8) fun) (unl o (pun = 6) on) (en] € K.
—— ——
Jie; htup, ¢ -#Uh €[0,1] €[0,1]

That leads to a contradiction since 73 is a minimizer of the Hartree-Fock energy on K. Hence,
the operator @), admits at most one eigenfunction in the interval (0, 1).

Step 5. Let us now explain why for any minimizer + of E,IL{F on /C, one can build a projector
P, that minimizes also S,IL{F . Let Plh be the projector on the eigenspace ker(Q, — Id). By the
previous step, there exists # € {0,1}, A\, € (0,1) and u a L?normalized eigenfunction of Q,
such that Qp = Pl + 0A |up) (up|. The operator P, = 5, — O, lup) (up| = 1 (H,, < 0) + PP is
a projector since range(PJ) C ker(H., ). Let us explain why P, is a minimizer of &7

e If0=0,v,=1(H, <0)+ P} and this is over.

e Assume that # = 1. Using the inclusion w; € range(Qy) C ker(H,,), P, satisfies the
relation EFY (v, — A [un) (unl) = EFF (1), and then is a minimizer of EF.

Step 6. Finally, there remains to prove why P, satisfies the Euler-Lagrange equation. Since
w > 0, one can write P, =1 (Hp, <0) + Qh with 0 < Q), < 1, which is also a projector, and
range(Qy) C ker(P,). Let use prove that Qp, = 0 or Qy, is the projector on ker(Hp,). Assume
that there exists an orthonormal family functions {uy, vy} on L?(R?) such that Qpu; = 0 and
Qnun, = v. Recall that up, v, € ker(Py) since there are in the image of Q. Notice that
0 < Py, + |up) (up| — vp) (vy| < 1. Similarly as in Step 4, Py + |up) (up| — |vp) (vn] € K [ and

ENT(Pr + |un) (up| — |on) (vn]) < EXF (Pr),

2By definition Pj, + |un) (un| —|vn) (vn| € X. Again, we write the projector Pj, = D2 | ) (@] with {@?}jen
an orthonormal basis of L2 (Rd) that includes up and vy, (for conveniance gog = vp, and cpib = up). We can now

write
h h

which remains a projector, hence 0 < Py + |up) (un| — |va) (va] < 1.

Py + [un) (un| = [on) (on] = D

Jjz1
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this is a contradiction with the fact that P, minimizes EIIEF on K. Therefore, we have either
Qn =0 or @, must be the spectral projector on the kernel of Pj,.
That concludes the proof of Theorem [[IT.10]

IV PROOF OF THE SEMICLASSICAL LIMIT OF THE HARTREE-FOCK
GROUND STATE ENERGY

We prove in this section the convergence to the Hartree-Fock ground state energy to the Thomas-
Fermi ground state energy.

IV.1 To the reduced Hartree-Fock energy

The main idea of the proof of Theorem [1| consists on getting back to the reduced Hartree-Fock
ground state. Indeed, we can deal the asymptotics at the semiclassical limit. In [FLS18|, Fournais,
Lewin and Solovej proved bounds on densities matrices v with a fixed trace Try = N (with the
relation N = h~9) and then take the limit (or limsup, or liminf) N — oco. Here, we do not fix
the trace, but it is relevant to consider

Assumption 9. v € K such that there exists C' > 0 so that Tr(—h?A~), Tr(y) < Ch~9.

Example IV.1. The previous assumption is valid for example for 0 < v < 1 such that 5}1{1:(%) <
Ch~®. This condition is actually satisfies for almost-optimizers of the Hartre-Fock energy. (For
minimizers, we would have more specifically £1F (4;,) < 0.) In this case, there exists C’ > 0 such
that

Tr((—h*A+V 4+ 1)y,) < C'h™%

The Assumption [J] is necessary to have the next lemma, that states that at the limits of
hIENY () and hIEME () are the same when h — 0.

Lemma IV.2. There exists {rp}n C R% such that v, — 0 as h — 0 and such that for any v € K
satisfying Assumption [9
€ () = EFF (] < h ™.

Proof of Lemma[IV.Z The bound is a direct consequence of Assumption |§| and the bound (|II1.6)):
there exists €, = ox(1) and &), = op(1)

he .
€5 (7) = &5 ()] < S [Bxa()] < 2 Tr(—h2A%) + &, Te(r).
——— N——

=op(h=") =on(h=9)

IV.2 The upper bound

The idea for the upper bound consists in bounding by above the h-Hartree-Fock functional by the h-
reduced Hartree-Fock functional up to an error depending on h, and taking a suitable element 4}, €

K that satisfies the desired limit for the reduced Hartree-Fock functional limy,_q hdé';va_ Eﬂﬂ(’?h) =

TF
€y B Hence,

: d_HF . d eHF ~ . d erHF ~ TF
limsup h%, g, < limsup h*Epy g, (7n) < lmsup h°EL v g, (Tn) = eyl gy

h—0 h—0 h—0

This is essentially the same proof as in Fournais-Lewin-Solovej [FLSI8| Sec. 3.1].
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Step 1. To the reduced Hartree-Fock energy. For any h > 0 and + satisfying Assumption
9 by Lemma there exist 7, > 0 such that r, = op,(1) such that we have for any v € K

eEQ_E,w < gfIL{,XF/—E,w(’Y) < gerf{Xf—E,w('V) + by, (IV.1)

Step 2. Semiclassical limit with the trial state. Let p € C°(R% R,) trial state of the
Thomas-Fermi energy functional. Actually, we will construct 4, that satisfies Assumption [J] and
such that h?€MHF (5,) — ETF(p). We introduce also the density

m(x,§):=1 <|£|2 < CTFp(:L')2/d> .

Note that p,,(z) := ﬁ Jgam(z,£)dE is equal to p. Moreover, by definition, m is a trial state

the Vlasov energy functional £V12 associated to given p. We have
\4! TF TF
5Vf%,w(m) = giE,w(p) = CV_EBuw:

Notation. Let R > 0 such that supp p is contained on the cube Cr = ( — R/2, R/Q)d. Denote
by Ac, the Dirichlet Laplace operator on Cgr. Let 73 be the operator which extends by zero
outside C'g the operator

=1 (—hZACR - CTFp(fL’)z/d < O) .

Let us detail what it means and the expression of 4, with orthonormal functions. Recall
that the semiclassical Schrédinger operator Po,, = —h?Ac,, — crrp(2)?¢ on L?(CR) admits a
discrete spectrum and that we can take an orthonormal family of eigenfunctions {u?}lgjg N, C
H?(Cg) N HY(CR) of Pc,, (associated to negative eigenvalues of Pr,) so that

Np
SO
j=1
Let us define, for each 1 < j < Np,

h(p) e uj(z) in Cg,
( ) . {0 in (CR)C,

which is also L?(R%)-normalized and in H'(R%). Furthermore, the family {u?}lgjg N, is or-
thornormalized in L2(R?). At last, we set the spectral projector of rank Nj,

Ny,
o 311 (]
j=1

Proposition IV.3 (|FLS18, Lem. 3.2|). Under the assumptions and notation above, we have
Assumption [,

. d C12A5 ) — 1+2/d
}lzg%h Tr(—h*A9y) 71 2CTF /Rd p(x) dx (IV.2)

and
lim A4 Tr 3, = / px)dz. (IV.3)
h—0 R4

Furthermore, up to a subsequence hdp% — p weakly-* in L= (R?).
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Before detailling the proof of Proposition we explain why the upper bound (IV.1]) and the
analysis on the cube Cr implies the semlclassmal limit lim supy,_,o h? Sh V_E w(fyh) EV Eaw(P)-

First, by the previous proposition 7, satisfies Assumption @ Thus, the limit of hdSHF is the same
that thrHF Moreover, by (IV.2 -

lim R Tr((—h%A)3y) = TF / p(x) 2y
h—0 Rd

We also recall that ps, and p are supported on the cube Cg, which is bounded. Thus, using that
hips, — p weakly-x in L°°(R?) and that V — E € L (R%)

d+2°

i T \L)GT = z) — s, (z)da
w [ (V@)= Byps, () /CR(V( ) — ) s (2)a
o /CR(V(SC) — E)p(z)dz = /R V() = B)p(x)da.

Let us focus on the limit of the direct term. As w is even, px w € L>(R?) (since w is in L (R?)
and supp p is compact) and hdp% — p weakly in L'(R%)

/. W@ /C p(2)(p % w)(z)da.

Furthermore, we use again that w € Li. (R), (h%ps, — p) is bounded in L>(Cg) and (h%ps, —
p) * w — 0 strongly in L'(Cg) by dominated convergence

[ 6,0 = o)) (3, — ) ¢ w)la
wl\r — d < —
<(/ ! /. e =) (s, (5) — o)y

= [|(A%p5, — p) * w1115, — pllLoo(cm)

dx)||hp5, — pllzeo(cr)

— 0.
h—0
Hence,
W* Dy (3, p5,) = ff h pin () (hdp:yh(y))dxdy
CRXCR
_ /O Wps, (2)(p * w)(x)da + /C Wps, (2)(Wps, — p) * w)(2)da
R R

= [ W@ s w)@d+ [ p@) (s, - p)ew)w)da

Cr

/ s (@) = p()) (W3, — p) * w)(@)da

— [ W@ uwade+ [ (15, (@) = p(@)(p s w)(w)is

Cr Cr

/ Uz (2) — p(2)) (W3, — p) * w)(w)da
/ )(p*w)(z)dx = Dy(p, p).

YBIndeed (h%ps, — p) * w — 0 a.e. and {(h%p5, — p) * w}n bounded in Cr.
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Finally, by (IV.1)

lim sup th;Ij‘F/_E w ()
h—0 ' 7
2d

h
< lim sup (hd Tr((—h2A)A) + hd/ (V(z) — E)ps, (x)dx + Dw(ﬂ%vﬂ%))
h—0 Rd 2

d 1
= e [ p@) st [ (V@) = B)pla)do + 3 Dulpyp)
d + 2 Rd ]Rd 2
= 555E,w(p)

This bound is hold for any trial state p € C3*(R%, R, ) of the Thomas-Fermi energy functional.
Thus, by minimizing on all these trial states, we obtain the desired upper bound proof.

Proof of Proposition We present now a proof of Proposition

1) First, we verify that the operator 4, is in the set K. Since 7, is a spectral projector, the
condition 0 < 4y, < 1 is immediately satisfied.

Claim IV.4 (First properties on 73). For almost all x € R?,
py,(x) if x € Ch,
P, () = " .
0 if x & Chg.

Furthermore, we have
Trp2ay((—=A)F0) = Trrzcp) ((FAcg)Th)-

Proof of Claim[IV.4 The first inequality comes from the definition of v;, and 4. Furthermore,
recall that 71? € H'(R%) and

h .
Vﬁ?(w) _ Vui(x) ?f z € CRg,
0 if x & Chg.

Let us prove the second equality. Looking in the way of quadratic forms and using the equality
on the gradients

Np, 9 Np 9
TrLg(Rd)((—Am)):TrLg(Rd)(\/—Mh\/—A):/RdZ‘va?(x)‘ da::/c Z‘vug(x)‘ dx
j=1 R j=1

= Tr2(cn) (V= Acg v/ —Ack) = Trrzcg) (—A)m))-
O

This remains to prove that 7, is in the domain &’ of 5}I:IF_ We will treat the estimate on
Tr(qp), Tr(VA,) and Tr(—A4) in the second point.

2) To do so, we show that the sequence {h%ps, };, is bounded on L*°(Cg) (and that it implies
also Assumption E[) The idea is to use Feynman-Kac formula and the spectral properties of the
Dirichlet Laplacian Ac, on Cg. For any 3 > 0,

2/d)

)

Y =1 (—hZACR - CTF,Oz/d < 0) < 6_5(_h2AcR_CTFp
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it is true also for the densities

*B(*hQACR *CTsz/d) (

Vo e RY, ps, () < e x,x)|.

Let us explain how we get by hand

B Bcp—eres®?) (. y)' < eereBlell o h*Acp (1 4)). (Iv.4)

Details. For any n € N*| we write the kernel of the non-negative operator (eﬁhQACR/"eﬁcTF”Q/d(x)/")n

(e aer/meener @ my g )|

< Heﬁ/n crpp?/d [ /
(Cr)™!

— ePerrlol / IEImACR (g, ay) L PPIMACR (2, y) day . dg
(CR)’IL 1

/ PHINBC (3 g )eBInerep(en /e SR Ao 0y Bmeres® Y gy
(Cr)

eBh?/mAcy (x, 21 ‘ ‘ Bh*nAcp, (Tp-1,y)| dz1...deH_1

2/d

— ePerrlelizse (¢Fhacn/m™ (i ) = eferelelise FhAcy (i ).

Here, we used that the explicit expression of the operator Bh*Acy /neBerep (@) fnog integral kernel
and that the kernel eferer®¢(@)/n i non-negative. Furthermore, the last equality follows from the
properties of the semigroup {etACR }+>0 on L?(CR). We apply now the Trotter-Kato formula

ATB — im <6A/n eB/")n in &*(L*(Cr)),

n—oo

to the non-negative operators A = fh?A¢,, and the multiplication operator B = Berpp?d(x).
Hence, given the previous estimate, we obtain the bound (IV.4]). O]

Let {(%)%/? H] L sin (n; 27 (z; — ))}RG(N\{O})d a family of normalized eigenfunctions of A¢,,,

d

they are associated to the eigenvalues % > Thus, we get by the functional calculus

Jj=1 J
2\¢ p2prt yd e 2 2
Pz (35 (o (-3)
ni,...,ng€N\{0} j=1 .
<1
d
2 d 2 7'r ‘nl
G (g
neN
2\ ¢ [t]? 2\“ R\
< _ (R/2)2 dt — - h_d 2 —d/2 - d/2
<(7) (L mea) = (&) wtomren (5) =

h=dgd/25=d/2,

By ([V.4), for any 8 > 0 and any 2 € R?

2/d
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Now, after optimizing on 3. For instance with 3 = Crfl{ﬂHpHZi/d, we have for any h > 0 and any

xER@

P (@) < he(mere) 2| . (1V.5)

Let us now estimate Tr(7y), Tr(Vys,) and Tr(—h?Ac,vs). Since ps, is compactly supported in
Chr,

Tryaen(n) = [ pu@ddo = [ o)z = [ p()de < (a1, ey < O
R4 Cr Cr
As well,
L V@ps@de < IVl e Ten) < O
As a consequence of the boundedness of {h%ps, }, in L>°(R?) uniformly in h, there exists § such

that up to a subsequence, h%ps;, — j weakly-* in L>°(R%). We got almost (IV.3) but with
instead of p

he Tr(3p) —hd/ Pz, (x)dx = hd/ ps, (x)dex — p(x)dx —/ p(x)dx.
Rd Cr h—0 Cr R4

Furthermore, notice that

W Ty (2 Bcn) = exvh [ pla)py, (a)do

Cr
= 14 Tr 2o (2 Acy, — errp? D) (IV.6)
= —hd TrLQ(CR)((_h2ACR - CTsz/d)—)
<0.

Combining the previous inequality with by ([V.5]), we deduce the uniform bound
hd TI‘LQ(Rd)(—h2A’~yh) = hd TrLQ(CR)(_h2ACR’Yh)

< crph /C p(@)oo (2 < crp | pll 1| Aoy |
R

_ 1—-d/2
< en 22 pl| i [l oo

Thus, we get Assumption [0

3) It is now time to show that p = p. This equality will imply the asymptotics . It is
here where appear Husimi transform and coherent states.

Let f € H'(RY) be an even real-valued function such that [ fllz2(ray = 1. Let us set the
semiclassical measure my, := m,, , y. From the relation and Claim , we deduce the
weak-+-limit p,;, — p on L>®(R?).

By Claim we have that {my}, € L'(R? x R?) is bounded and 0 < mj, < 1. Thus, up
to extraction of a subsequence, {my,};, admits a weak- limit 7 on L°(R?). Then, to prove that
p = pm, it remains to show that m = m and that p,,, — pm. To do so, we use Lemma @l
applied to 4, which links the kinetic par of the Vlasov energy 5‘3//135 of my, to the kinetic part

< w

of the h-Hartree-Fock energy E}I:I‘E/ " of 4, and Claim [[I.14] The last result relies on the weak

MThis bound is also held by p~, on Ckg.
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convergence of my, to m and the fact that [f |£\2 mp(x, §)dxdE is uniformly bounded. Indeed, by
Assumption |§| and the equality ((I1.4)

V>0 [ [ ma(e, ©)deds = (2mh)" | Tr(=h*A0) + W Tr(3) [V [F2(ee | S 1.
RIxR4

By Assumption |§|, we have hdt! Tr(9n) = O(h). Furthermore, using that {|fn]*}s is an
approximation of the identity, for any V € C*(RY)

h = h*

/ (V(z) = (V = | fal*) (@) p3, (2)dax / (V(z) = (V= | fal*) (@) p3, (2)dax
R Cr

<NV =V s [ 4]l oo ey b Tr(3)

<C|V -V« ’fh‘2HL°°(Rd)

— 0.
h—0

From Lemma [[I.18, Fatou’s lemma and Claim [[I.14| with the test function —cTFpZ/ d

lim h? Tr o gy ((—h?A — erpp(a)?/4)Fy,)
h—0
h—0

= lim !(zjr)d H (1€ = erpp(a)?¥)mp (x, €)dude
R xR4

! Tr(vmuwniz o+ [ (ennp() < | 2)(@) = cxrpla)?/4)pr (a)da

= li jf (|§| — crrp(x )Q/d) mp(x, )drdE
]Rded
> hmmf ff €12 mp (2, &) dudE — hm ff crrp(@)? Tmy, (@, €)dads
RdXRd RdXR’i
jf (I¢P = erep(@)*?) m(a, &)dads.
Rded

Besides, by (IV.6), the integrated Weyl law (Proposition [I[1.20 applied to 2 = Cr) and Claim
V.4

lim heTr 2 gay ((—h2A — erpp(z)? P) ) = lim h Tr 2o (—h*Acy, — errp(z)?4)A)
= lim —h? Trrec )((—h2AcR — erpp(x)?/h)_)

h—>0
1
- ﬂ (1€1* = errpp(x)®/?) deds = =5 [ (&P = crrp(@)'?) _dde
CRXRd RAxRE
=0<1£,f<1 i JJ (1P = exepla))m (2,  dadg

Rded

jj € = errp(@)?/*)m(x, €)dwde.

]Rded

Thus, we deduce that m must be equal to the unique minimum m(z,&) =1 <|§]2 < chp(:c)Q/d>
of the Vlasov energy EY};SFPQ /a g This implies with Claim [[1.14| the equality p = pmn = pm = p-
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Hence, with the previous equality

lim he Tr(—hQACR’yh)

i J 1P me. v + explim / 22 s, () — pon()) e

Rded
d 1+2/d
= dz.
That ends the proof of Proposition [[V.3]

IV.3 The lower bound

As in the proof above of the upper bound, we get back to the limit of the reduced Hartree-Fock
ground state energy ([V.7) and then
h?jgf hdegl{ﬂ/nyw > hinj{)lf hdezH‘F Eaw = = et B

Step 1. To the reduced Hartree-Fock energy. We have shown with the upper bound that

TF
limsup inf AN _p () = vt g -
h—0 €K

In particular, there exists hg > 0 such that for all h € (0, ho), the minimizers {;}, of £} satisfy
Assumption [9] (c.f. Example [[V.1]). Then, by Lemma there exists rj € R such that r, — 0
as h —0

d d der dr
hel Vg = hEN —pw(n) = BEN 5w () —rh > WV gy — -
Since {41} is bounded on K. Hence,

hinmfh th Ethmmfhdehv B

Step 2. The asymptotics of the reduced Hartree-Fock ground state. It remains to
prove now the semiclassical limit to the Thomas-Fermi ground state

. 7d rHF TF
lim K%, v_pw = ev-pu (IV.7)
For any h > 0, let v, € K be an almost minimizer of the h-Hartree-Fock energy:

HF HF —d
Env_rwWh) = env_gw +o(h™%).

In particular, we get £/ (;,) < Ch™%, so that v, satisfies Assumption |§| (c.f. Example [[V.1).
Furthermore,
}llim hdgilz{,‘b;fE,w(’yh) = lim hdeg,b;/fE,w = lim hde;szI\ELE,w'
—0 h—0 h—0

That limit coincides with the limit of the first order term of the hA-reduced Hartree-Fock functional
hdezHF . We have shown in the upper bound proof that there exists a sequence {,}, C K (c.f.
the consequence of Proposition |[V.3)) such that

hm hdgh v mw(Th) = eV g,

Thus,

d : d _rHF : d crHF TF
hmh Ehy B = hmh ChV—Buw = hmh Env—BwTn) = ev_py-

Let fh ¢ be a coherent state defined above with the additional assumption f € . (RY) and even.
Define the Husimi measure my, associated to v, and f.
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Claim IV.5. The sequence {mp}p is a bounded sequence of trial functions for the Viasov energy
5‘\//15’%@. There exists C > 0 such that for any h > 0

0<mn <1, ] (€ + Vi) + (e, dedg < C.
RIxR4

Proof of Claim[IV.3 First, note that
[ @ p(arde s, (IV.8)
R4

Details of (IV.§). Indeed, we have that Tr(v) < k¢ and Tr(V~y) < h~¢. Furthermore, since V/
has a polynomial growth (Assumption and f € .Z(R?) |z|* < V() for any |z| > R. Thus,

L0 o @de < 1) i Tr) + € [ Vi@ )

Since V has a polynomial growth (Assumption
vz eRY, V()| < C (),
and |f"|? is L'-normalized, then V * |f"|? has at most the same growth
Vh >0, Vz € RY, (V * \f"\Q(a:)‘ < C )k

Thus, by the same computations as in Lemma [I1.18] by (IV.8) and by Assumption |§|

1
(2m)

[ (el® + V@) + Vymun(, ) dade

RdxRd
R TR(—h2 Ay + b / (1+ V(@) + (V % |12 (@))py () der
Rd
+ Rt Tr(’Yh)vaH%%Rd) S L
]

To have the limit (IV.7]), there remains to get the lower bound |E| . To do so, we have to prove
that

WLV _pw(Th) = EVER (M) + en, (IV.9)

Let us express the linear term and the direct term of E}QHF with respect to my, and p,,. By

Lemma [[T.1§]

hOTr(~h?A +V — E)y,) = (271r)d [ P+ V(@) = Bymn(, €)dodg
R4 x R4

— B T )|V 2 gy + /R V=V (1) @)y ()

-
150ne can prove
rHF

hdgh,va,w(’Yh) > 5\\//13%@(7”}1) +¢n,
on a truncated function Vas € L>(R?) as in [FLS18|, however it is more conveniant here to use the polynomial
growth of V.
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Thus, with Lemma [I1.19| for any h € (0, ho]

2d

r h
WEV- paw(m) = W TH(=BPA +V = E)m) + =5 Du(py p3,)

1
= gt JJ P +V = EDmn (o dade + 3Dulomy. ) + 2
R4 xR?
_ ¢Vlas

= Ev g w(mn) +ens
where
Eh = —hit! Tr(’Yh)HVf”%%Rd)

h2d
+ hd /Rd(v —Vx (’fh|2))(x)p'yh($)dl' + 7Dw*|fh|2*\fh|27w(p’yh7p’yh)‘

This remains to explain why &;, = op(1). It does follow from Assumption |§| and f € Hl(Rd) that
}lllir(l) Kt Tr(’Yh)vaH%z(Rd) =0.

Since w € LP(R?) 4 L2(RY), for a fixed ¢ > 0, there exist w1 € LP(RY) and ws € L>®(RY)
such that w = w1 + we and | wes||fee(ray < €. Since {1f"?}n>0 is an approximation of the
unity, wi — wy * | f*|% % [ f*|2 — 0 strongly in LP(R?). Furthermore, one has |[we — weo * | f|? *
[Pl ooty < 2e. By Fact [[TL1]

‘Dwfw*|fh\2*|fh|2 (p’ymp’yh)
<0 (flur = wr sl o154

< C"h ¥ (0,(1) + ¢).

2 2 2
() + 26> (Tr(—=h*Av,)* + Tr(yn)?)

Thus, by making ¢ — 0

: 2d
}lzlir(l)h Dw_w*|fh|2*|fh‘2(,07h,pyh = 0.

Furthermore, using the definition of f* and that f is normalized in L?(R?)
Vi) = (V")) = /R V(@) = V(@ = Vhy)) | (y)*dy
Sany V(- Vi 0)0)in ) 1)
By Assumption [5, there exists C' > 0 such that for any z,y € R?, for any 6 € [0, 1]
V(= Va1 -0)y)| < (@* +@w)").

Finally, using again that f € .#(R%), (IV.§) and Assumption |§|

/Rd(v(x) — (V") (@) pyy, (2)dz

<ovi|( [ @) ([ llroka) + 60 ([ 6 1roRa)]

= O(h!/?*79),
That ends the proof of (IV.7]).
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VvV  PROOF OF THE WEYL LAW FOR THE HARTREE-FOCK FUNCTIONAL

V.1 Weak semiclassical limit of the density: proof of Theorem

Before proving Theorem [2] let us state and prove a crucial ingredient: the weak lower semi-
continuity of the Vlasov functional.

Lemma V.1. Let E € R, V : R? — R which satisfying Assumption @ and w € L'/2(RY) +
L™ (R?) satisfying Assumption @ (or in dimensions d = 1,2, w € LY(R?Y) N L*9/2(R%) that
satisfies Assumption @ For any E € R and any bounded sequence {mp}p C ICVI&S such that
my, — m weakly-+ on L°(R% x RY),

lim inf 5‘\//18% w(mp) > 5‘\/71:1% w(m).
h—0 ’
Proof of Lemma[V1]

1) We first show that the kinetic energy m + [fpa, ga(|€]* + V(2) — E)m(z, €)dad€ is weakly-
lower semi-continuous in L>(R¢ x ]Rd Let us treat the two terms of the functional

[ (el” + V(@) = Bymu(w, ) dade

R xR4

= [ (P + V@)~ B)ymu(z,O)dads — [[ (I +V(x) ~ B)-mn(w, ) dwd.

R xR4 R4 xRd

Let us introduce a radial decreasing function x € C°(R? x R?,[0,1]), which is equal to 1 in the
ball Brara(0,1) and for any R > 0 the cut-off function xr(z ) := x(«/R). On the one hand,

[ (P + V(@) = B)ymn(e, deds > [ xr(@, )€ + V(@) — E)ym(, €)dwde.

RaxR4 R4 x R4

By taking first the limit A — 0 of the left-hand side term and then R — oo by the monotone
convergence theorem

hmlnf ff (I€)* + V() — B)ymy(x, £)dade > H (I€)? + V() — B) m(x, &)dzde.

Rd x R4 R4 xR

On the other hand, since V is a confining potential, the function (z,£) — (|¢]* + V(z) — E)_
has a compact support and then is in Ll(]Rd X Rd). Thus, using that m; — m weakly-* in
L®(R? x R?)

lim (=[] (I&° + V(@) = B)-m(a, §)dudg

R x R4

[ (el + V(@) - B)-m(x,€)dudg,

R4 xRd

Finally, we recover the lower semi-continuity by adding the two limits

1mmfﬂ’m4w%) Eymy(z,)dzde > [{ (1€ + V(@) — B)m(z, €)dwde.

R4 xR4 R xR4

161 is actually also true in LY.
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2) We prove now that the direct term m +— Dy,(pm, pm) is strongly continuous. By Claim [[1.14
Pmy — pm weakly in LY(RY) 0 L'+2/4(R%). The choice of w makes the sequence {w * pm, tn
be bounded in L>®(RY), w * Pm, — W* ppy, a.e. and the weak convergence w * p,, — w * p in

Li (RY N LHZ/d(]Rd). Besides, we write

loc loc
Dulpspon) = [ (0% &), ),

which can be split into two parts fBR (w * pm, ) (x) pm,, (x)dx and fRd\BR (w * pp, ) (x) pm,, ()dz.
For any fixed R > 0, the first part tends to fBR (w * pm) () pm(z)dx as h — 0. Besides, since
the sequences {w * py, }r € L®(R? x RY) and {V pyn, }n € LY(R?) are bounded as h — 0 and V/
satisfies Assumption , there exists C’ > 0 such that for any R > 0 as in Assumption |5 and any
h >0

<

/Rd(w % pmy) (@) 1 (2 > R) V() V(@) pmy, () de

/ (W% ) (&) o ()
RA\Bg

< C ) s gy | Vi@, (a)da
< C'(R)F.

Therefore, as R — oo, we obtain the limit Dy,(pm,,, pmy,) = Dw(pPm, pm). That ends the proof of
Lemma [V 1] O

Proof of Theorem Let {v,}1 C K be an approximate minimizing sequence of the h-
Hartree-Fock energies associated to the protentials V' — E and w. Then, there exists p > 0 such
that Vp € LY(RY) and hip,, — p weakly in L*(RY) N L1+2/d(]Rd) In particular, p is a trial
function of the Thomas-Fermi energy 5513 £ Let us explain now why p is a minimizer of the
Thomas-Fermi energy. To do so, we link it again to the associated Vlasov energy 5‘\//1_6‘%71”. Let
my, be the Husimi transform associated to v, and the L?-normalized function f € .7 (R%). The
equality yieds that {pm, }n C LY(RY) N L'*+2/4(R) is bounded. Furthermore, by Claim
we have that pp,, — p weakly in L'(R%) N L'*?/4(R?). We have seen in the proof of the
lower bound in Theorem (1| (see Claim and (IV.9)) that {my};, is a minimizing sequence of
the Vlasov energy:

: Vlas R d ocHF _ _TF __ _Vlas
}Ll_% Ey 2k w(mn) = }ngbh Env-nwh) =evipw = v g

In addition since {my,}; is bounded, there exists 0 < m < 1 such that m; — m weakly-* in

L®(R? x R%). By Lemma we deduce that the limit m is a minimizer of the Vlasov energy.
Then, by Lemma there exists a minimizer prg of the Thomas-Fermi energy such that

mi@,€) =1 ((@,€) : 6 < crepre(@)?'?)
Notice, that this minimizer is nothing but p,,. Eventually, since the limit of {h%p., }1, and {pm, }n

have the same weak limit on L'(R?) N L'*%/¢4(R%) (and that the limits are respectively p and p,,),
one has p = py,. Thus, the weak limit of {hdp,yh}h is p = ptr. That ends the proof of Theorem

"By Example h* Tr((=h?A +V 4 1)73,) is uniformly bounded in h. This inequality combined with the
Lieb-Thirring inequality (Proposition [I1.4)) implies that the associated sequence of densities {h%p., }5 is bounded
in L'(RY) N L'*2/4(R?) and in L'(R?, V (z)dzx).
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V.2 Proof of the semiclassical integrated Weyl law (Theorem

Let {y,}n be a sequence of almost minimizers of EFY £ Let us write once again

hd Tr(’yh) - /Rd pTF(JZ)d$
= [ sy (2) = pre(@)io

— [ @) = pre(odzt [ oy, (@) - pree)d.
Br RN\ Bgr

Let us explain why we can restrict ourselves to the limit of the integral on a ball. For any R > 0
greater than the one in Assumption 5] for any h > 0

/ (hpny () — prp(a))da
R\ B

L 10> RV V@), (@) = pro(e)ds
< ORIV, — pre)lasy < O (B)

Here, we used that {Vp, }5, is bounded in L*(RY) and Vprr € L*(RY). Let £ > 0, we fix now
R > 0 large enough so that

<e.

[t (a) = pro(a)da
R4\Br
Morerover, Theorem [2| yields that h%p,, — prg in L'(R?) that implies that

i [ (W @) = pro(e))de =0

Thus,

lim he Tr(y,) = / prr(z)d.
h—0 Rd

That proves Theorem
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