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Titre : A la recherche d'un transfert de chaleur non-Fourier avec la 
thermoréflectance 

 

Résumé : 

La conduction thermique régie par les phonons dans les matériaux est généralement 
décrite par le modèle de diffusion de Fourier. Par contre, un nouveau comportement 
thermique observé dans les alliages, appelé régime superdiffusif basé sur la dynamique 
de Lévy, peut être observé à des échelles spatiales et temporelles spécifiques. Il s’agit 
d’un régime intermédiaire entre les régimes balistique et diffusif. Plusieurs méthodes 
thermiques théoriques et expérimentales ont été proposées pour modéliser la 
superdiffusivité. Pourtant, de nombreuses caractéristiques prédites par celles-ci n'ont pas 
été observées expérimentalement. Cela représente toujours un défi dans le transport 
thermique pour de nombreuses applications à l'échelle nanométrique. Dans ce contexte, 
nous avons développé un capteur thermique spectral à large bande, qui combine des 
mesures de thermoréflectance dans les domaines temporel et fréquentiel (TDTR et 
FDTR), en but d’étudier ce régime non-Fourier dans certains semi-conducteurs. 

Premièrement, la bande passante thermique de la technique TDTR est limitée par le 
transport thermique dans le transducteur, déposé au-dessus du matériau d'intérêt. Ainsi, 
nous avons étudié la transparence thermique de plusieurs films métalliques pour 
optimiser la nature et l'épaisseur du transducteur. Dans la deuxième partie, nous avons 
développé un capteur à large bande basé sur la combinaison FDTR/TDTR qui permet de 
mesurer à notre connaissance la plus large réponse thermique des matériaux sur 8 
décades, de 10 kHz jusqu'à 1 THz. Par conséquent, cela permet également d'atteindre 
une résolution temporelle ultime de la réponse thermique transitoire. Nous avons ensuite 
effectué à travers le capteur des mesures et identifié des propriétés thermiques dans une 
gamme de valeurs de conductivité thermique de films minces allant de 10-1 à 102 W/m/K. 
Dans la troisième partie, la mesure analysée avec un modèle basé sur la dynamique de 
Lévy a permis de mettre en évidence la présence de transport thermique non diffusif dans 
les alliages InGaAs. Ensuite, nous avons étudié la réponse thermique du matériau 
modèle GeMn incorporant des nanoinclusions, qui devrait présenter un comportement 
quasi-balistique. Enfin, nous avons développé une technique d'imagerie TDTR 
ultrarapide afin d'étudier le transport thermique dans le plan. Ce qui rend notre banc de 
mesure capable de réaliser une étude thermique dans le plan et hors du plan. 

 

Mots clés : 

Echantillonnage optique asynchrone/hétérodyne, TDTR, FDTR, Thermoréflectance, 
Transport thermique à l'échelle nanométrique, Pompe-sonde femtoseconde, Phonons, 
Dynamique de Lévy, Semi-conducteurs, Transport balistique-diffusif, Films métalliques, 
Imagerie thermique 
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Title : Seeking for non-Fourier heat transfer with thermoreflectance 

 

Abstract : 

Phonons heat conduction in materials is usually described by the well-known Fourier 
diffusion model. However, a new thermal behavior in alloys, called superdiffusive regime 
based on the Lévy dynamics, can be observed at specific space and time scales. It is an 
intermediate regime between the ballistic and diffusive regimes. Several theoretical and 
experimental thermal methods were proposed to model the superdiffusivity. Yet, many 
predicted characteristic features have not been observed experimentally. It still 
represents a longstanding challenge in thermal transport for numerous nanoscale 
applications. In this context, we have developed a broadband spectral thermal sensor, 
which combines Time- and Frequency-domain thermoreflectance (TDTR and FDTR) 
measurements, seeking for this non-Fourier regime in certain semi-conductors. 

First, the ultimate thermal bandwidth of the TDTR technique is limited by the thermal 
transport in the transducer deposited above the material of interest. Thus, we have 
studied the thermal transparency of several metal films to optimize the nature and 
thickness of the transducer. In the second part, we have developed a broadband sensor 
based on the combination of FDTR/TDTR that allows to measure to our knowledge the 
widest thermal response of materials over 8 decades, from 10 kHz up to 1 THz. Hence, 
it also makes possible to achieve the ultimate temporal resolution of the transient thermal 
response. We then performed the sensor measurements and identified the thermal 
properties in a range of thermal conductivity values of thin films ranging from 10-1 to 102 
W/m/K. In the third part, the sensor measurement, analyzed with a model based on Lévy 
dynamics, highlighted the presence of non-diffusive thermal transport in InGaAs alloys. 
Then, we investigated the thermal response of model material GeMn incorporating 
nanoinclusions, which are expected to exhibit a quasi-ballistic behavior. Finally, we 
developed an ultrafast TDTR imaging technique in order to study the in-plane thermal 
propagation. This makes our bench capable of complete in and out of plane studies. 

 

Keywords : 

Asynchronous/Heterodyne optical sampling, TDTR, FDTR, Thermoreflectance, Heat 
transport at nanoscale, Femtosecond pump-probe, Phonons, Lévy dynamics, Semi-
conductors, Ballistic-diffusive transport, Metallic films, Heat imaging 
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Introduction 

 

During the last century, scientific research and technological advances have undergone a 

considerable revolution in various fields: medicine, information and communication transport, and 

others. Most of these fields are in continuous important development, which depends on many 

areas such as nanosciences and nanotechnologies. And thin films have been a very active field of 

research in science and technology for several years. The increasing use of these kind of films 

requires a precise knowledge of thermal properties of materials at the nanometric scale. If the 

thermal properties of most solid materials are well known, they may be very different for thin films 

considering their specific structure. It becomes necessary to know the thermal properties in 

question to be able to understand the transfer phenomena at different scales. This is to optimize 

the structure of materials according to the desired properties and to increase the performance of 

systems concerned by reducing the frequency of component failures and minimizing the operating 

cost of them. 

This thesis is a part of an ANR project called Spectral Superdiffusive Phonon Sensor (SPiDER-

man) led by Gilles PERNOT from LEMTA in Nancy, in association with Olivier BOURGEOIS 

from Néel institute in Grenoble and Stefan DILHAIRE from LOMA in Bordeaux. The main goals 

of SPiDER-man project are to explore and develop a new instrumentation in order to probe ultra-

fast energy transfer in nanostructured semiconductors, known as ballistic-diffusive regime. This 

latter can be captured by the frame of Lévy Walks theory, i.e. the superdiffusive regime. 

Over the past decade, rapid improvement of experimental techniques devoted to “nano” materials 

characterization has arisen. For instance, Time-Domain Thermoreflectance (TDTR) and Scanning 

Thermal Microscopy (SThM) are now well-established techniques to probe energy transport in 

nanostructured materials. Yet, if those approaches respectively allow spectacular temporal or 

spatial resolution of heat transfer at nanoscales, they can scarcely describe the ballistic-diffusive 

regime that exists when length scale and energy carriers mean free path are similar. The latter 

behavior is theoretically expected in different semiconductors. It represents a longstanding 

problem in nanoscale thermal transport for several engineering applications such as heat 

management, thermal hot spots, thermal boundary resistances, and others. 
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In this framework, SPiDER-man project intents to provide answers at three distinct levels: 

1. The design and elaboration by mean of Molecular Beam Epitaxy tailored nanomaterial that 

exhibit superdiffusive behavior; 

2. The development of all numerical tools valuable to understand and predict results of 

experiments on ballistic-diffusive regime with respect to Lévy framework; 

3. The design of a new instrumentation to probe superdiffusive phonon transport in 

nanomaterials. 

Since the early 1990’s, high resolution experimental systems based on femtosecond lasers or near 

field probes has opened new pathways in the fields of low-dimensional physics and has provided 

key tools for the characterization of transport properties at the nanoscale. On the other hand, they 

have also highlighted unknown mechanisms and interactions demonstrating the failure of classical 

physical laws in nanosystems. One of the most remarkable examples of this failure is the transition 

between ballistic and diffusive regimes of heat transfer. The need for improved experimental 

characterization techniques and new ways of modelling is not yet fulfilled. 

The core of this work lies on the development of new broadband thermal sensor combining two 

thermoreflectance measurement methods, TDTR and FDTR. In this sensor, implementation of 

several new technical features allows investigating thermal transport on a broad frequency range 

from the kHz to THz. This work provides a complete description of the phonon transport properties 

as a function of frequency. This, for instance, has natural applications in microelectronics where 

components (processors, memories...) can operate at very high frequencies and thus exhibit 

problems related to heat dissipation. This accurately highlights the transition between ballistic and 

diffusive transport that are at the core of this proposal. 

The present work is divided in 4 chapters. In the first 3 chapters, we will carry out the development 

of the FDTR/TDTR spectral thermal sensor, and in the last one, we will seek the super-diffusive 

thermal regime in certain materials. 

The first chapter is devoted to introduce the characterization of nanomaterial thermal properties 

from pump-probe thermoreflectance measurements. An inventory of the most widely used thermal 

characterization techniques will be carried out in the first section. Then, we will focus on the pump-

probe thermoreflectance methods, especially TDTR heterodyne and FDTR used in this work. We 
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will describe the optical sampling of these methods and its consequences on the recorded temporal-

spectral signals. For the modeling, we will introduce the Two-Temperature Model (2TM) to study 

the impulse response of metals, object of chapter 2. We will then describe the classic One-

Temperature Model (1TM) based on Fourier low, which will allow to describe the propagation of 

heat in multilayer sample. In the last section, we will present a generalized identification method 

that aims to use the 1TM to estimate the thermal properties of studied materials. To conclude this 

part, we will show experimental examples of the thermal identification for a SiO2 and Ge samples. 

The second chapter is dedicated to the study the effect of the transducer on the bandwidth of the 

TDTR heterodyne method. We will see that the ultimate thermal resolution of the response is 

limited by the transducer deposited on the top of the sample. We will implement and numerically 

solve the Two-Temperature Model to investigate the thermal transparency of several metal films. 

The study will be carried out for gold (Au) and aluminum (Al) transducers, which are commonly 

and currently used in femtosecond pump–probe experiments, to study the effect of each film on 

the response. Then, we will validate this study by measuring the spectral response of Au film by 

the TDTR method. The simulation will finally be extended to other metals for future possible 

experimental uses in order to determine the optimal transducer. The work in this chapter has been 

published in Journal of Applied Physics. 

The third chapter is devoted to the identification of the thermal properties of materials through an 

ultra-broadband response. First, we will study the theoretical responses and the sensitivities to the 

different thermal properties of the 1TM. We will present then the FDTR/TDTR spectral sensor 

used for thermal measurements of materials that allowed to measure the thermal response of 

materials over 8 decades from a few kHz to a few THz. We will show the capacity of this sensor 

by studying different types of material and identifying several thermal properties simultaneously. 

Some thermal characterization results of these materials have been published in scientific articles. 

The fourth chapter aims to study the superdiffusive regime existing in alloys. We will first describe 

the foundations of this intermediate ballistic-diffusive regime and its physical origin. We will 

introduce a thermal model based on Lévy formalism allowing to describe the thermal energy 

motion in alloys. Using the broadband spectral sensor, we will investigate the superdiffusive 

behavior in InGaAs layer. We will then investigate new family of materials incorporating nano-

inclusions (based on Ge) that are expected to exhibit a superdiffusive regime. In the last part of 
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this chapter, we will introduce the TDTR imaging method, which allows a cartographic thermal 

measurement. Finally, we will present the preliminary result of in-plane thermal characterization 

obtained for gold film. 
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Chapter 1 : Heat transport in nanomaterials: 

Measurements and identifications of thermal 

properties 

 

 

1.1 Introduction 

 

Thermal characterization of materials at the sub-nanometric scale requires the use of a 

measurement technique adapted to the studied dimensions, the measured quantities and the 

operating conditions. The implementation of the experimental method is also accompanied by the 

development of a theoretical thermal modeling of the studied medium. The properties being 

measured are treated as free parameters in the model and are adjusted by an identification method 

to match the model response to the experimental data. The confidence interval associated with the 

measured values is a critical aspect depending on the measurement technique and the physical 

model used for the identification. This chapter introduces thermal characterization techniques of 

nanomaterials dedicated to the measurement of their thermo-physical properties. These approaches 

include experimental measurements, theoretical models of heat transfer and identification 

procedures. 

This chapter starts by introducing the techniques used to measure the thermal transport in 

materials. We will give a general description of each method and the basic principles behind it. In 

a second part, we will focus on one of these techniques: the pump-probe thermoreflectance. We 

will then present the various optical sampling techniques adopted in this field to reconstruct and 

measure the thermal response of materials.  

After having described each technique, we will introduce in a third part the thermal modeling 

performed in thermoreflectance experiments. We will start with the Two-Temperature Model 

which makes it possible to understand the impulse response of a metal. We will then describe the 

One-Temperature Model that is the asymptotic limit at long time scale of the 2TM when phonons 
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and electrons are thermalized. Later, in the next part, we will present a method for solving the 1TM 

using thermal quadrupoles. We will thus be able to obtain the thermal response at the surface of 

the studied material. 

Finally, in the last part, we will present a generalized inverse method that aims to use the 1TM to 

estimate the thermal properties of materials from the experimental measurements obtained by the 

thermoreflectance methods. We will show examples of thermal characterization of SiO2 and Ge 

samples through measurements obtained in frequency domain using the FDTR method. These 

examples illustrate the possibilities and performances of the method and validate our 1TM. 

 

1.2 Measurements and processing tools for thermal property 

identification in solids 

 

Measuring thermal properties of materials is not only necessary for understanding dynamics of 

heat carriers such as electrons and phonons, but also an important process in developing new 

materials with specific thermal properties for certain applications. During the last decades, several 

thermal characterization techniques have emerged and evolved according to the nature of materials 

to be studied (solid, liquid...) and to the thermal properties to be measured (thermal conductivity, 

thermal effusivity...). The general principle of these thermal methods is to create a heat source on 

the surface of the material, and to the measure the temperature variation associated to the heat 

diffusion within the sample. 

Different criteria and categories may be used to classify thermal measurement methods. Two major 

classes of methods can be distinguished by the nature of the thermal detection scheme. It may be 

either in contact with the surface of the studied sample and called contact methods (3𝜔 method, 

SThM...) or without any contact with the sample, thus called non-contact methods (Flash method, 

thermoreflectance pump-probe...). 
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1.2.1 Contact methods 

 

3𝝎 method 

The 3𝜔 method originated from Corbino [1-2] who discovered the third harmonic voltage 

component while applying a current through a heater. Later, G. D. Cahill employed this technique 

for the thermal characterization [3-4]. Although initially used for measuring the thermal 

conductivity of bulk materials, the method was later extended to thin films. This technique is 

currently one of the most popular methods in the research field for thermal characterization of 

solids [5-7]. 

 

 

The 3𝜔 method employs a metallic stripe deposited on the material surface as shown in Figure 

1-1. The metallic line acts as a heater and a thermometer at the same time by inducing a thermal 

distribution and measuring the variation of the temperature in the material. To excite the stripe, an 

alternating current (AC) is used where its electrical signal modulated at a frequency 𝜔 (rad.s-1) can 

be described as: 

Figure 1-1: Schematic diagram of 3𝝎 measurement for thin film material. 
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 𝐼(𝑡) = 𝐼0𝑐𝑜𝑠(𝜔𝑡) 1.1  

 

By Joule effect, this electric current generates a thermal wave oscillating at a frequency 2𝜔 that 

increases the temperature of the heater and subsequently of the material. The power dissipated in 

the metallic resistance (𝑅) is: 

 

 𝑃(𝑡) =  𝑅𝐼(𝑡)2 = 𝑅𝐼0
2𝑐𝑜𝑠(𝜔𝑡)2 =

𝑅𝐼0
2

2
[1 +  𝑐𝑜𝑠(2𝜔𝑡)] 1.2  

 

As a result, the temperature variation at the sample surface also varies at a frequency 2𝜔. Because 

the electrical resistance of the stripe depends on the temperature, the resistance will be modulated 

at 2𝜔 as well. In return, this leads to a potential difference between the electrodes since the 

resistance of the heater/sensor varies at this frequency (2𝜔) and the current varies at a frequency 

𝜔. The voltage difference 𝑉 across the metal line follows the equation below: 

 

 𝑉 =  𝑉1𝜔𝑐𝑜𝑠(𝜔𝑡) + 𝑉1𝜔
′ 𝑐𝑜𝑠(𝜔𝑡 + 𝜑) + 𝑉3𝜔𝑐𝑜𝑠(3𝜔𝑡 + 𝜑) 1.3  

 

It is possible to extract the third harmonic of this signal with a lock-in amplifier. Measuring this 

component at two frequencies 𝜔1 and 𝜔2, the thermal conductivity 𝑘 of the thin film can be 

calculated by [3]: 

 

 𝑘 =
𝑉3 ln(

𝜔2
𝜔1
)

4𝜋𝐿𝑅2 (𝑉3𝜔1 − 𝑉3𝜔2)

𝑑𝑅

𝑑𝑇
 1.4  

 

where 𝑉3𝜔1 is the third harmonic of the voltage at frequency 𝜔1, 𝑉3𝜔2 is the third harmonic of the 

voltage at frequency 𝜔2, 𝑅 is the resistance of the metal strip with a length of 𝐿 and 
𝑑𝑅

𝑑𝑇
 is the rate 

of resistance variation with temperature. 

Despite its ability to measure thermal conductivities of materials independently of their thermal 

capacities, the 3𝜔 method has some disadvantages and many error sources in certain cases. One 
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of these latter is when the studied sample is not an electrical insulator, then a layer of insulation 

must be deposit between the stripe and the sample, requiring a calibration step to avoid the effect 

of this layer. On the other hand, this technique does not take into account the thermal interface 

between the stripe and the material. It also only measures the mean temperature and not local, 

which can generate non-negligible errors in the measured thermal conductivity of thin samples [8]. 

 

SThM method 

The Scanning Thermal Microscopy (SThM) is one of the measuring techniques that is being 

employed to understand the thermal cartographies of the surface [9-12]. This method is based on 

a contact Atomic Force Microscopy (AFM), which allows to have simultaneously a topographic 

and a spatial mapping of the temperature or the thermal conductivity across the sample surface 

with a submicron spatial resolution. Instead of the conventional sharp tip used in AFM, the SThM 

employs a temperature sensor such as a thermocouple or a resistance thermometer. For this, several 

types have been implemented, especially metal probes and probes doped with silicon. The probe 

in SThM can be used in two different modes called passive and active, see Figure 1-2 [13].  

 

 

In passive mode (P-SThM), the sample is heated by an external heat source and the tip takes the 

role of a thermometer. The local temperature is then measured by the heat flux flowing from the 

sample to the tip. A temperature map and a topographic image are produced simultaneously by 

scanning the tip across the heated sample. 

Figure 1-2: Schematic representation of the two SThM operating modes: passive (P-

SThM) and active (A-SThM) [13]. 
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In active mode (A-SThM), the tip acts as the heater and the sensor at the same time, which makes 

the operation of this mode very similar to the 3𝜔 method. An electric current is used to induce 

Joule heating in the tip resistor. While scanning, the temperature of the tip sensor depends on the 

heat exchange with the sample and, therefore, on the sample local thermal conductivity [14-15]. 

Measuring the temperature variation as a function of the position provides an image of thermal 

conductance of the sample. A thermal model allows to extract the thermal conductivity map of the 

sample. 

The SThM is a useful thermal characterization technique, but its efficiency depends on several 

parameters: physical and geometric properties of the used tip, the thickness of the studied sample 

and the surface quality [16]. In addition, the method has a difficulty to make quantitative 

measurements due to the thermal contact resistance. 

 

1.2.2 Non-contact methods 

 

Flash method 

 

The Flash method for measuring the thermal diffusivity of solids was first described by Parker in 

1961 [17-18]. The simplicity and the speed measurement of this method have with no doubt 

ensured its success and considered it as a main thermal characterization technique. Its concept, as 

Figure 1-3: (a) Principle of the Flash method. (b) An example graph showing the 

measured rear side temperature rising curve. 

(b) (a) 

d 
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shown Figure 1-3(a), is based on radiating the front face of the sample with a short energy pulse 

coming from a laser source or a flash lamp. The energy will then be absorbed by the specimen and 

emitted again on the rear face of the sample, where a sensor (thermometer, infrared detector) 

measures the variation of the temperature. The thermal diffusivity value is computed from the 

temperature rise versus the acquisition duration as described by the following equation, by 

considering t1/2 the time at which half of the maximum temperature raise (see Figure 1-3(b)) was 

reached:  

 

 𝐷 =
1.38 𝑑2

𝜋2 𝑡1/2
 1.5  

 

where 𝑑 (m) is the thickness of the sample. The measurement of the amount of energy absorbed 

makes it also possible to determine the specific heat capacity 𝜌C (J/m3/K) and then to obtain the 

thermal conductivity 𝑘 (W/m/K): 

 

 𝑘 =
1.38 𝑑2

𝜋2 𝑡1/2
𝜌𝐶 1.6  

 

This method has several limitations concerning the studied specimen. Beside the fact that it 

requires size calibrated samples, it also requires to have a material that is able to absorb energy in 

the visible part of the front side and to emit an infrared radiation on the opposite side. If not, it is 

necessary to deposit on the studied material other layers with these properties. That makes the 

sample more complex and heterogeneous and the measured signal will be difficult to interpret [19]. 

 

Raman thermometry method 

Raman spectroscopy is a thermal characterization technique that uses the light-backscattering 

phenomena to determine the local temperature vibrational properties of material [20-22]. In this 

thermometry method, a laser beam is used as both the heat source and the temperature sensor of 
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the sample. The backscattered light of the beam is collected onto a Charge Coupled Device (CCD) 

detector and analyzed by the Raman spectrometer.  

When the incident light is absorbed at the sample surface, most of the light is elastically scattered 

conserving its energy, this is called Rayleigh scattering. However, a small part will be inelastically 

scattered with a slightly different frequency (𝜐) and called Raman scattering. Figure 1-4 [23] 

shows this scattering mechanism. 

 

 

For Rayleigh scattering, the excited electron returns to the initial state by emitting a photon with 

the same energy as the incident. As for Raman scattering, the excited electron does not return to 

its initial state and there are two cases: 

i) Stokes scattering when the electron decays to a higher level by emitting photon with 

lower energy than the incident. 

 

ii) Anti-stokes scattering when the electron decays to a lower state level and the emitted 

photon has a higher energy than the incident light. 

 

Figure 1-4: Schematic of scattering modes involved in Raman spectrometer [23]. 
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In the most common approach of this method, both the Stokes and Anti-Stokes peaks are registered 

and their relative intensities (IS and IA) are correlated to the local temperature (𝑇) by the following 

equation: 

 

 
𝐼𝐴
𝐼𝑠
= 𝐴. exp (

−ћ𝜔

𝐾𝐵𝑇
) 1.7  

 

where 𝐴 is a calibration constant determined experimentally, ћ is the Planck constant, ω is the 

phonon frequency, 𝐾𝐵 is the Boltzmann constant.  

The thermal conductivity can then be extracted by using a thermal diffusive model under certain 

assumptions taking into account the beam laser shape and the power density absorbed by the 

sample [24]. 

Raman method has several advantages in the context of thermal characterization. Among them, 

this technique doesn’t require a sample preparation or a smooth surface for the measurement and 

it allows to determine the thermal conductivity of the medium without the need of its heat capacity. 

However, there are some drawbacks to the use of this method. Raman spectrum is very sensitive 

and can be affected and deformed by some contributions, such as the compositional, structural 

disorder and impurities of the sample [25-26]. In addition, the studied materials should have a 

significant Raman signal from one of its optical modes. This means that specimens like amorphous 

materials and metals that exhibit poor Raman signals are not good candidates to be measured with 

Raman thermometry [23]. 

 

Thermoreflectance 

Thermoreflectance is an optical method aiming at characterizing thermal properties of materials 

through the reflectance change with temperature. With the advancement of pico- and femtosecond 

pulsed laser in the 1980s [27-28], this technique has proven itself as a very effective method to 

detect ultra-fast transient phenomena, which was impossible with conventional contact systems 

such as thermocouples. The importance of the thermoreflectance is not only for measuring thermal 



Chapter 1 : Heat transport in nanomaterials: Measurements and identifications of thermal properties 

 

32 

 

properties and interfaces of nano-materials [29-32], but also for studying their acoustics and optical 

properties [33-36]. 

 

 

The Thermoreflectance principle shown in Figure 1-5, is to disturb the sample by a thermal source 

(laser, resistance) and generate the effects to be studied. These effects, whether they are thermal 

or acoustic, generate a transient modification of the reflectivity response of the medium that is 

detected by using a probe laser. The intensity of this beam reflected at the sample surface is directly 

related to the variation of reflectivity. If 𝐼0 is the intensity of the incident probe beam, then the 

reflected one can be written as: 

 

 𝐼0(𝑅0 + ∆𝑅) 1.8  

 

where 𝑅0 is the reflectivity of the metal at ambient temperature 𝑇0, and ∆𝑅 is the variation in 

reflectivity due to heating. The relation between the reflectivity and the temperature can be 

obtained by using an empirical law. Assuming that the heating induces a low rise of the 

temperature ∆𝑇 in the sample, an approximation of the reflectivity to first order can be obtained: 

Figure 1-5: General principle of thermoreflectance 



Chapter 1 : Heat transport in nanomaterials: Measurements and identifications of thermal properties 

 

33 

 

 

 

𝑅(𝑇0 + ∆𝑇) =  𝑅0 + ∆𝑅 

                           = 𝑅0  +  
𝜕𝑅

𝜕𝑇
∆𝑇 

1.9  

 

Thus, the change in surface reflectivity is related to the change in temperature [37] by the following 

relation: 

 

 
∆𝑅

𝑅0
= (

1

𝑅0

𝜕𝑅

𝜕𝑇
)∆𝑇 = 𝜅(𝜆)∆𝑇 1.10  

  

where κ(λ) is the coefficient of the thermoreflectivity that depends in particular on the thermo-

optical properties of the metal as well as the considered wavelength of the probe beam λ [38]. The 

reflectivity measurement makes it possible to obtain the temperature variation in the studied 

material and determine its thermal properties. 

In our work, we are interested in a pump-probe thermoreflectance method with two ultra-short 

laser pulses (femtosecond), where the high intensity pump heats the sample and the low intensity 

probe senses its reflectivity response. The pump pulse is absorbed on the surface of a metallic 

transducer, which is used to increase the absorption and convert light into heat. Firstly, the energy 

of the incident pump is absorbed by the electrons of the metal and generates a non-equilibrium 

state with the lattice. The electrons temperature rapidly increases while the lattice remains cold, 

since the heat capacity of the electron is much smaller than that of the lattice. Then, the energy is 

transferred to the cold lattice by electron-phonon coupling until reaching the thermal equilibrium, 

thus causing a heat flux that propagates and dissipates in the material. This thermoelastic constraint 

of the lattice can also generate a mechanical wave that propagates in the form of an acoustic wave. 

After this perturbation, a probe pulse arrives and reflects on the sample surface to measure the 

thermal and acoustic effects created by the pump. Indeed, these transient phenomena in the metal 

produce a change in the optical reflectivity, which induces a variation in the intensity of the probe 

beam reflected on the surface that can be measured by a photodetector. The transient response of 
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the sample can be reconstructed by creating a delay between the arrival moments of the pump and 

the probe on the surface. 

Thermoreflectance being optical in nature, puts certain limitations on the sample choice. The main 

limitation is the requirement of a smooth surface, as the sample roughness does not contribute to 

the probe signal due to the diffuse scattering effects. This method requires also the deposition of a 

metal transducer layer, which complicates the thermal analysis in some cases as it introduces an 

additional layer with the associated deposition processes [39].  

 

 

1.3 Thermoreflectance: Time-Domain vs Frequency-Domain 

 

The interest in ultrafast transient phenomena in materials has led to the development of many 

measurement techniques based on thermoreflectance. These impose an optical sampling of the 

material response, which is achieved by the pump-probe delay, in order to detect the ultra-fast 

transient signal. According to this sampling, the employed techniques can be roughly grouped into 

time-domain methods based on the temporal delay between pump-probe pulses, and frequency-

domain methods based on modulated pump laser sources. 

 

1.3.1 Time-Domain Thermoreflectance (TDTR): synchronous optical 

sampling vs asynchronous optical sampling 

 

Among the thermoreflectance measurement methods in the time-domain, two configurations are 

commonly used to sample the thermal response, one called synchronous and the other 

asynchronous. 
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1.3.1.1 Synchronous method 

 

In synchronous configuration, the same laser is used as pump and probe leading to measure at 

exactly the same (synchronous) repetition rate the effects of the pump. For that a Titanium-

Sapphire oscillator provides the femtosecond pump and probe pulses, which are separated by using 

a polarizing beam cube splitter. A mechanical delay is introduced into the path of the probe to 

modify its path length and delay its arrival on the sample surface, where the pump and probe pulses 

are focused by using a microscope objective. Since both the pump and the probe pulses have the 

same repetition rate, this method of measurement is usually called homodyne or synchronous 

pump-probe thermoreflectance. A schematic representation of the optical assembly of this method 

is shown in Figure 1-6 [40]. 

 

 

After its reflection on the sample, the probe beam is collected by a fast-response photodetector 

generating a signal proportional to the reflected beam intensity. The low variation of the 

Figure 1-6: Schematic of a femtosecond pump-probe thermoreflectance measurement 

bench in synchronous configuration [40]. 
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reflectivity (10−6 < 
∆R 

𝑅
 >10−2) and the non-negligible noises induced by the instruments of this 

method (mechanical vibration, laser fluctuation, electromagnetic interference) make the 

information hard to detect. To counter this, the pump is modulated and the energy phenomena 

generated by its excitation in the sample are then also modulated. A lock-in amplifier is employed 

after the detector that demodulates the acquired signal and extracts the information with a selective 

measurement around the pump modulation frequency. 

The optical response of the material recorded in this configuration is sampled as a function of the 

pump-probe delay time at each stage position during the experiment. This sampling allows to 

generate a signal with a resolution of the order of femtosecond due to the translation, in which the 

pump-probe delay has the value:  

 

 𝛿𝑠(𝑡) =
∆𝑑(𝑡)

𝑐
 1.11  

 

where 𝑐 (m/s) is the celerity of the light and ∆𝑑(𝑡) is the length difference of the optical path from 

the pump and the probe to the sample. This length ∆𝑑(𝑡) controlled by the delay stage speed 𝜗𝑠 

(mm/s) in time 𝑡: 

 

 ∆𝑑(𝑡) = 𝜗𝑠 . 𝑡 1.12  

 

The transient response of the sample is reconstructed by gradually increasing the value of ∆𝑑(𝑡). 

For a 30 cm long delay line, the length difference of the optical path from the pump and the probe 

(∆𝑑(𝑡)) is increased by at best 60 cm. Considering that the celerity of light (𝑐) in air is 3.108 m/s, 

the delay of the pump-probe delay (𝛿𝑠(𝑡)) cannot exceed 2 ns. 

Despite its advantage, in the homodyne method there are several artifacts related to the employed 

mechanical delay stage. Indeed, the misalignment of this delay stage causes a pointing instability 

and a spot size variation on the sample surface, which affect the detected signal. These artifacts 

are increased by the large time range required for observation of the nanosecond transient 

phenomena, which imposes the need of a large magnitude delay line up to several meters. Another 

drawback depends on the translation speed of the stage, which introduces a mechanical vibration 
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during the experiment. When the traveling speed of the stage becomes faster, the vibrations 

increase and the shape of the thermal signal may then be affected. Therefore, it is necessary to 

maintain a low moving speed, which in return limits the speed of data acquisition. 

 

1.3.1.2 Asynchronous method 

 

In the asynchronous method, the mechanic stage is not used anymore. Instead, two different 

Titanium-Sapphire laser cavities are used, the first generates the pump pulses and the second the 

probe pulses. An asynchronous or heterodyne optical sampling is realized by fixing the pump and 

the probe frequencies 𝐹𝑃 and 𝐹𝑆, respectively, at a slightly different repetition rate [41-42]. This 

frequency offset called the beating frequency ∆𝐹 is defined by: 

 

 ∆𝐹 = 𝐹𝑠  −  𝐹𝑃 1.13  

 

The pump and probe cavity lengths are actively controlled by a servo loop keeping the beat 

frequency constant. As their cavities are totally independent of one another, their wavelengths can 

be separately adjusted. The pump and probe wavelengths are chosen in order to have the highest 

absorption coefficient for the pump laser and the highest thermoreflectance response for the probe 

laser, respectively. Parts of the outcoming beams are sent to a synchronization photodiode to 

trigger the acquisition. The reflected signal is recorded by the signal photodiode. The bench for an 

asynchronous pump-probe thermoreflectance method is shown in Figure 1-7 [41].  

The optical sampling time resolution is ultimately limited here by the pulse duration. However, 

the actual time resolution is governed by the performances of the repetition rate stabilization servo 

loop [43]. In asynchronous optical sampling, the beat frequency acts as the delay line between the 

pump and the probe, and this delay depends on the time of acquisition 𝑡: 

 

 𝛿𝑠(𝑡) =
∆𝐹

𝐹𝑝
. 𝑡 1.14  

where 𝐹𝑃/∆𝐹 called the stretching factor. 
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The period of the acquired signal is then stretched into the equivalent actual time scale by a factor 

of 𝐹𝑃/∆𝐹. Figure 1-8 [44] details the principle of the heterodyne sampling and the orders of 

magnitudes of the different time scales. The transient signal, obtained by studying the variation of 

the intensity of the probe collected by the photodetector during a beat period, corresponds to the 

response of the sample dilated in time, which is similar to the strobe effect. The time resolution of 

the measurement is not limited by the photodetector as long as its time response 𝜏𝑑 satisfies the 

following condition: 

 

 𝜏𝑑 < τ.
𝐹𝑝

ΔF
 1.15  

 

where τ is the pulse duration of the laser pump (~200 fs). Hence, the beat frequency ∆𝐹 is adjusted 

to keep the measurement accuracy unaffected by the photodetector time response 𝜏𝑑. 

Figure 1-7: Schematic of a femtosecond pump-probe thermoreflectance measurement 

bench in asynchronous configuration [41]. 
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Unlike the synchronous method described previously, the translation stage here is eliminated 

which makes it possible to avoid all the artifacts related to mechanical vibrations. In addition, the 

time range accessible by the heterodyne method no longer depends on the delay line but on the 

repetition period of the pump oscillator 𝑇𝑝=1/𝐹𝑝, which means a relaxation time up to 13.2 ns when 

the pump laser has a repetition rate of 𝐹𝑝~76 MHz. Furthermore, the acquisition speed is often 

much faster (x105) since the time required to obtain the measurement response is now the inverse 

of the beat frequency ∆𝐹 instead of being limited by the speed of movement of the mechanical 

translation stage. Table 1-1 compares the time acquisition in synchronous and asynchronous 

configurations. For an acquisition time identical to that of the asynchronous method (2 ms), it 

should be necessary to move the translation stage with a speed of 1000 m/s (~ Mach 3). 

The fast data acquisition in asynchronous method allows to average many repeated measurements, 

significantly reducing the detection noise to a very low level without using a lock-in amplifier. 

 

Figure 1-8: Principle of asynchronous optical sampling [44]. (a) Temperature induced 

reflectivity changes of the sample. (b) Probe pulse train sampling the reflectivity 

changes. (c) Reflected probe beam. Finally, (d) received signal by the photodetector. 

(a) 

(b) 

(c) 

(d) 

Photodiode signal 

Stretching 
 factor 

𝐹𝑃/∆𝐹 
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Table 1-1: Acquisition time characteristics in synchronous and asynchronous configuration. 

 

 

1.3.2 Frequency-Domain Thermoreflectance (FDTR)  

 

In the frequency-domain thermoreflectance technique, the thermoreflectance effect is measured 

with respect to the modulation frequency of the pump laser. The pump beam heats the sample 

surface periodically at a frequency 𝑓𝑚, and the probe beam senses the temperature variation 

through a proportional change in surface reflectivity [45-46]. A FDTR method can be implemented 

with either a pulsed laser source with high repetition pulse rate or with two continuous wave lasers 

(CW). The first one is convenient for doing FDTR measurements with a TDTR system by holding 

the delay stage at a fixed location, while the last is significantly less expensive and less complex. 

Hereafter, we describe the system comprising the two continuous diode lasers. 

The FDTR setup, typically as shown in Figure 1-9, uses two different CW laser sources, one as 

the pump beam and the other as the probe beam. The intensity of the pump beam is modulated 

either directly by a function generator or by passing the beam laser through an electro-optic 

modulator. For both modulation methods, the modulation frequency range is generally swept from 

a few kHz up to a few tens of MHz. The pump and probe beams are sent and focused onto the 

sample with the same objective. After the reflection, the intensity of the probe is detected by a 

photodiode, where a band pass filter is placed in front of it to block the pump return. 

 

                         Configuration 

    Parameter 
Synchronous Asynchronous 

Delay stage speed  𝜗𝑑=10-2 m/s none 

Beating frequency  none ∆𝐹=500 Hz 

Delay pump-probe variation 𝜗𝑑/𝑐 =6.10-11 ∆𝐹/𝐹𝑝 =6.10-6 

Acquisition time of a period 200 s 1/∆𝐹 =2.10-3 s 

Time for 105 average ~6 years  200 s 
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The temperature of the sample lags behind the heat source because the sample needs time to absorb 

the thermal energy deposited by the pump. This delay in temperature depending on the thermal 

properties of the sample is represented in the frequency-domain by a phase lag 𝜑𝑡ℎ𝑒𝑟𝑚. A lock-in 

amplifier synchronized on the pump frequency is employed to measure the phase and magnitude 

of the thermoreflectance signal from the reflected probe beam intensity. An important aspect of 

FDTR is to accurately determine the thermal phase signal 𝜑𝑡ℎ𝑒𝑟𝑚. The measured phase signal of 

the probe 𝜑𝑝𝑟𝑜𝑏𝑒 is actually a sum of contributions: 

 

 𝜑𝑝𝑟𝑜𝑏𝑒 = 𝜑𝑡ℎ𝑒𝑟𝑚 + 𝜑𝑖𝑛𝑠𝑡𝑟𝑢𝑚 + 𝜑𝑝𝑎𝑡ℎ 1.16  

 

where the second component 𝜑𝑖𝑛𝑠𝑡𝑟𝑢𝑚 is introduced by the electronic instruments of the setup and 

the cables, and the last component 𝜑𝑝𝑎𝑡ℎ is introduced by the different optical path lengths of the 

beam [23]. In order to eliminate these additional phase shifts, a common approach is used in FDTR 

called the calibration measurement, where the phase signal is measured from the reflected pump. 

In this approach, the probe beam is blocked, and the bandpass filter is removed from the 

Figure 1-9: Schematic of a typical frequency-domain thermoreflectance. 

𝑓𝑚 
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photodetector. Besides, the optical path of the reflected pump from the sample to the photodetector 

should be identical to that of the reflected probe. Hence, the pump laser is modulated over a 

prescribed frequency range and the measured phase signal would be: 

 

 𝜑𝑝𝑢𝑚𝑝 = 𝜑𝑖𝑛𝑠𝑡𝑟𝑢𝑚 + 𝜑𝑝𝑎𝑡ℎ 1.17  

 

The thermal signal 𝜑𝑡ℎ𝑒𝑟𝑚 can thus be deducted by subtracting the calibration signal, being the 

pump phase, at each frequency from the probe signal. After this processing, it becomes possible 

in data analysis to extract the desired thermal properties of the studied sample. FDTR has multiple 

advantages, it is a low-cost method by using continuous lasers and its measurements offer a good 

thermal sensitivity for thin films. 

 

After this overview of thermoreflectance techniques, we will now present the heat transfer models 

used in FDTR and TDTR measurements to study the thermal properties in materials. 

 

 

1.4 Modeling thermal transport in thermoreflectance experiments 

 

 

The ultra-short pulses used in thermoreflectance are essential for determining the time resolution 

of the system, while simultaneously inducing non-equilibrium heat in the metal transducer 

deposited on top of the material. The rate of energy deposition is so rapid that there exists a brief 

period following the pulsed heating event where the electrons and phonons are not in thermal 

equilibrium. A Two-Temperature Model is employed to predict this thermal inequality and 

describe the dynamics of the energy carriers in the heated sample. Furthermore, when the local 

thermal equilibrium is achieved, the thermal transport tends to a classical diffusion model based 

on Fourier's law. In this model, the occupation of all thermal excitations of electrons and phonons 

must be well described by a single temperature, hence its naming, the One-Temperature Model. In 

this section, we are going to present the 2TM and the 1TM used for modeling the thermal transport 

in thermoreflectance. 

 



Chapter 1 : Heat transport in nanomaterials: Measurements and identifications of thermal properties 

 

43 

 

1.4.1 Dynamics of electrons and phonons: Two-Temperature Model (2TM) 

 

In order to assess the temporal response in thermoreflectance and characterize the dynamics of 

heat carriers, we will incorporate the time dependence in the Fermi-Dirac distribution via the 

electrons and phonons temperature. When considering the evolution of the absorbed energy in the 

metal irradiated by ultra-short laser pulses, we can distinguish three processes [47] occurring at 

successive time intervals as shown in Figure 1-10. When an optical pulse interacts with the surface 

of a metallic film, the electrons absorb the energy of the photons in the volume characterized by 

the optical penetration depth. A thermalization of the electrons occurs by electron-electron 

collisions within hundreds of femtoseconds, producing a Fermi distribution of hot electrons with 

a well-defined temperature 𝑇𝑒 (Figure 1-10(a)). Once the thermal equilibrium is reached among 

the electrons, the physical situation of the system is modelled by a bath of hot electrons in a cold 

lattice, which can be described by two separate temperatures 𝑇𝑒 and 𝑇𝑝 (Figure 1-10(b)). The 

electrons then transmit their energy to the lattice via electron-phonon interactions, which leads the 

entire system to a thermal equilibrium in several picoseconds (Figure 1-10(c)). 

 

Figure 1-10: Schematic of electronic distributions in the metal after excitation by laser 

pulses. (a) Absorption of photons at t=0 generating no-equilibrium electrons. (b) At 

t=𝝉𝒕𝒉 electrons have been thermalized forming a Fermi distribution. (c) Electrons 

reach the equilibrium with the lattice at t=𝝉𝒆−𝒑. 

b) c) a) 
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The temporal and spatial evolution of the temperature, and the energy exchanges between the 

electrons and the lattice in the metal are given by a system of non-linear coupled differential 

equations called the Two-Temperature Model originally proposed by Anisimov [48]. It can be 

written in the following form:  

 

  
𝜌𝐶𝑒(𝑇𝑒)

𝜕𝑇𝑒
𝜕𝑡
= ∇(𝑘𝑒(𝑇𝑒)∇𝑇𝑒) − 𝑔(𝑇𝑒 − 𝑇𝑝) + 𝑞(𝑟, 𝑡) 

𝜌𝐶𝑝
𝜕𝑇𝑙
𝜕𝑡
= ∇(𝑘𝑝∇𝑇𝑝) + 𝑔(𝑇𝑒 − 𝑇𝑝) 

1.18  

 

where 𝜌𝐶𝑒 = 𝛾𝑒𝑇𝑒 (J/m3/K) is the specific heat capacity of electrons that is proportional to 𝑇𝑒 and 

𝑘𝑒 = 𝑘𝑒0
𝑇𝑒

𝑇0
 (W/m/K) is the thermal conductivity with 𝑇0 (K) being the ambient temperature. The 

𝑔 (W/m3/K) term stands for the electron-phonon coupling constant and 𝑞(𝑟, 𝑡) stands for the 

absorbed power volume density due to the laser optical pulse (𝑟 is the position vector). Finally, 

𝜌𝐶𝑝 (J/m3/K) and 𝑘𝑝 (W/m/K) are the specific heat capacity and the thermal conductivity of the 

metallic lattice, respectively, and are assumed to be constant due to the low temperature variation 

of the phonons. 

The Two-Temperature Model makes it then possible to couple the two equations describing the 

thermal part of the sample. This model shows that the energy absorbed by the electrons relaxes in 

the metallic lattice due to the electron-phonon coupling, where the electronic temperature 𝑇𝑒 

decreases and that of the phonon increases 𝑇𝑝 until reaching an equilibrium temperature. The heat 

generated after this equilibrium diffuses through the film and causes heat dissipation in the metal. 

The solving of the Two-Temperature Model to predict the time dependence of heat carriers, 

electrons and phonons, can be carried out numerically by the finite element method, which will be 

detailed in Chapter 2. 

Once the thermal equilibrium is reached between electrons and phonons in excited materials 

medium, the thermal transport can be described by the classical 1TM. This model that is an 

asymptote of the 2TM at long time scales will be presented next. 
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1.4.2 Fourier heat transport: One-Temperature Model (1TM) 

 

The One-Temperature Model, deduced from Fourier's law, has been used well in 

thermoreflectance experiments to describe the thermal response in material. The heat diffusion 

equation of this model is a valid description of the heat flux when all quasiparticles of electrons 

and phonons are in local thermal equilibrium, which occurs after exciting the metal transducer in 

a few picoseconds. This thermal equilibrium makes it possible to consider the temperature of the 

heat carriers to be uniform. Then, this assumption enables researchers to use the 1TM to predict 

the heat diffusion within the studied sample instead of the 2TM.  

In Fourier’s law of heat conduction [49], the heat flux ∅ is proportional to the magnitude of the 

temperature gradient through the material thermal conductivity 𝑘, which is the sum of 𝑘𝑒 and 𝑘𝑝. 

For a unidirectional conduction process this observation may be expressed as:  

 

 ∅⃗⃗⃗ = −𝑘∇𝑇⃗⃗⃗⃗⃗⃗  1.19  

 

The time is not involved in this relation indicating the instantaneity between the flux and the 

temperature gradient. The law of conservation of energy is used allowing for the derivation of what 

is known as the heat diffusion equation which can therefore be expressed in the following form: 

 

 
𝜕T

𝜕𝑡
=
1

𝜌𝐶
∇[k∇𝑇] 1.20  

 

The resolution of the heat equation that will be detailed in the next part makes it possible to 

determine the spatial distribution and the temporal evolution of the temperature in the studied 

medium according to its thermal properties. 
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1.5 Solving 1TM by quadrupole method  

 

We are going in this part to set the bases of the One-Temperature Model used to describe the heat 

transfer obtained during a pump-probe experiment. Let us suppose that the multilayer sample, 

submitted to an excitation laser, has cylindrical symmetry around its axis of propagation, which is 

valid by considering the shape of the Gaussian beams. Assuming that the material is isotropic, the 

thermal response therefore also exhibits cylindrical symmetry. The material as shown Figure 1-11 

is made up of several layers deposited on a semi-infinite substrate and covered by a film of 

transducer. Then, the heat flux in each layer 𝑖 is governed by the heat transport equation (1.20) 

with cylindrical geometry:  

 

 𝜌𝑖𝐶𝑖
𝜕T𝑖(r, z, t)

𝜕𝑡
= 𝑘𝑖 (

𝜕2T𝑖(r, z, t)

𝜕𝑟2
+
1

𝑟

𝜕T𝑖(r, z, t)

𝜕𝑟
+
𝜕2T𝑖(r, z, t)

𝜕𝑧2
) 1.21  

 

 

Figure 1-11: Modeling of a multilayer sample. 
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With the following conditions of continuity of the temperature field imposed on the material 

surface: 

 

 
𝜕T(r, z = 0, t)

𝜕𝑟
= 0    𝑓𝑜𝑟 𝑟 = 0 𝑎𝑛𝑑 𝑟 → ∞ 1.22  

 

The resolution of this type of system can be handled in different ways. In the following paragraph, 

we will present a method based on the integral transformation of the heat equation, called the 

thermal quadrupole method. The importance of this method lies in its analytical character making 

the resulting formalism transparent, and in its rapid calculations making it a method well suited to 

system optimization. 

 

1.5.1 Thermal quadrupole formalism 

 

The thermal quadrupole method, extending the notion of electrical quadrupole, was initially 

proposed by Carslaw and Jaeger [50]. The couple voltage and current, connected by the quadrupole 

at the input and the output of an electrical system, is replaced by the couple temperature and heat 

flux in a thermal one, respectively. In this latter, each layer is represented by a matrix 2x2 

containing all the thermal properties as represented in Figure 1-12 [40]. 

This method determines the intrinsic relationship in the system and relates the boundary conditions 

to each other. This type of analogy is possible by involving a Laplace transform over time and 

Fourier transform to linearize the spatial dependence. By applying these two transformations, 

Laplace on the variable 𝑡 and Hankel on the variable 𝑟, the equation 1.21 becomes:  

 

 
𝜕2θ𝑖(α, z, p)

𝜕𝑧2
− (𝛼2 +

𝜌𝑖𝐶𝑖
𝑘𝑖
) θ𝑖(α, z, p) = 0 1.23  
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where 𝛼 (m-1) is Hankel variable, p (s-1) is Laplace variable and 𝜃𝑖 the temperature in Laplace-

Hankel space. The solution of this differential equation can be written as: 

 

 θ𝑖(α, z, p) = 𝜗𝑖
(1) cosh(𝑞𝑖𝑧) + 𝜗𝑖

(2) sinh(𝑞𝑖𝑧)  𝑤𝑖𝑡ℎ 𝑞𝑖 = √𝛼2 +
𝜌𝑖𝐶𝑖
𝑘𝑖
p 1.24  

 

where 𝜗𝑖
(1)

 and 𝜗𝑖
(2)

 are integration constants. Using Fourier's law, we can obtain the expression 

of the heat flux in the Laplace-Hankel space as follow: 

 

 ∅𝑖(α, z, p) = −𝑘𝑖𝑞𝑖𝜗𝑖
(1)
sinh(𝑞𝑖𝑧) − 𝑘𝑖𝑞𝑖𝜗𝑖

(2)
cosh(𝑞𝑖𝑧) 1.25  

 

 

By using the quadrupole matrix formalism, the temperature-flux couple at the input and at the 

output of each layer can be linked in the form below: 

Figure 1-12: Modeling diagram of a passive layer by the thermal quadrupole method 

[40]. 
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 [
θ𝑖,𝑖𝑛
∅𝑖,𝑖𝑛

] = [
𝐴𝑖 𝐵𝑖
∁𝑖 𝐷𝑖

] [
θ𝑖,𝑜𝑢𝑡
∅𝑖,𝑜𝑢𝑡

] 1.26  

 

The elements A, B, C, and D of the matrix can be deduced from the equation. For a layer, these 

elements only depend on its thickness 𝑑𝑖 and on its thermal properties: 

 

 

𝐴𝑖 = 𝐷𝑖 = cosh(𝑞𝑖𝑑𝑖) 

𝐵𝑖 =
1

𝑞𝑖𝑘𝑖
sinh(𝑞𝑖𝑑𝑖) 

∁𝑖= 𝑞𝑖𝑘𝑖 sinh(𝑞𝑖𝑑𝑖) 

1.27  

 

One can deduce that the transfer matrix of a multilayer system is the product of the matrices 

relating to the different layers.  

 

1.5.2 Particular cases and conditions 

 

In order to solve the matrix of a multilayer system and obtain the surface temperature, several 

factors must be noted: the thermal resistance matrix, the boundary conditions and the heat flux 

imposed on the surface of the sample. 

 

1.5.2.1 Thermal resistance 

 

The thermal resistance is the break of the temperature field that exists at the interface between two 

thermally thick layers. Indeed, a significant discontinuity of the physical properties appears at the 

junction between two layers, as the disagreement caused in distribution of mesh between two 

materials of different nature. In addition, the imperfection of the layer deposition process and the 

crystallization state leads to the creation of the thermal resistance (𝑅𝑖) at the interface, which is 

simply expressed in the following matrix form: 
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 [
θ𝑖,𝑖𝑛
∅𝑖,𝑖𝑛

] = [
1 𝑅𝑖
0 1

] [
θ𝑖,𝑜𝑢𝑡
∅𝑖,𝑜𝑢𝑡

] 1.28  

 

1.5.2.2 Boundary conditions 

 

The boundary conditions imposed in the quadrupole method are related to the transducer and to 

the substrate, which are parts of the sample. The transducer, as described before, is a metallic film 

of about ten nanometers deposited above the sample to enable the conversion of the pump beam 

into heat and the measurement of the surface temperature by the probe beam. This metallic 

transducer can be modelled by two layers. The first one is the upper layer with few nanometers 

thickness corresponding to the penetration depth 𝑒0 in which the light is absorbed, and the other 

one is where the heat generated diffuses. As the heat is dissipated and instantly thermalized in the 

first nanometers of the metal, the temperature can be considered uniform within the penetration 

depth. The transfer matrix for this layer is then written: 

 

 𝑀𝑡 = [
1 0

𝑘0𝑒0𝑞0
2 1

] 1.29  

 

The substrate is a massive material on which the layers of interest are deposited. It is generally 

very thick (> 100 𝜇m) and can be considered as a thermally opaque medium, and therefore semi-

infinite. This last hypothesis imposes that no heat flux reaches the bottom at the output of the 

substrate. According to the transfer matrix of a layer and when the output heat flux ∅𝑠𝑢𝑏,𝑜𝑢𝑡=0, the 

flux and the temperature at the input of the substrate are: 

 

 
𝜃𝑠𝑢𝑏,𝑖𝑛 = cosh(𝑞𝑠𝑢𝑏𝑑𝑠𝑢𝑏) 𝜃𝑠𝑢𝑏,𝑜𝑢𝑡 

∅𝑠𝑢𝑏,𝑖𝑛 = 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏 sinh(𝑞𝑠𝑢𝑏𝑑𝑠𝑢𝑏) 𝜃𝑠𝑢𝑏,𝑜𝑢𝑡 
1.30  

 

The ratio of the flux and the temperature at the input of the thick substrate is then: 
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∅𝑠𝑢𝑏,𝑖𝑛
𝜃𝑠𝑢𝑏,𝑖𝑛

= 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏 tanh(𝑞𝑠𝑢𝑏𝑑𝑠𝑢𝑏)
𝑑𝑠𝑢𝑏→∞
→     𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏 1.31  

 

Thus, the semi-infinite substrate can be represented as an impedance Z: 

 

 𝑍 = 𝑘𝑠𝑢𝑏√𝛼2 +
𝜌𝑠𝑢𝑏𝐶𝑠𝑢𝑏
𝑘𝑠𝑢𝑏

p 1.32  

 

1.5.2.3 Input flux: laser source  

 

The input flux deposit by the laser excitation can be represented by a product of a temporal variable 

and another spatial one. The temporal variable is a Dirac function that translates the short duration 

of the laser pulse in reference to the time scale of the experiment, while the spatial variable is a 

Gaussian function representing its spatial extent. The source term is then written as: 

 

 
∅𝑖𝑛(r, z = 0, t) = 𝑄𝑒

−
𝑟2

𝑟p
2
. 𝛿(𝑡) 

1.33  

 

Since the quadrupole method solves the heat equation in Laplace-Hankel space, the equation 

becomes: 

 

 ∅𝑖𝑛(α, z = 0, p) = 𝑄 (
𝑟𝑝
2

2
)𝑒−

𝑟𝑝
2

4
𝛼2

 1.34  

 

where Q (w/m2) is the power density term and 𝑟𝑝 (m) is the radius of the laser spot on the surface. 
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1.5.3 Expression of the surface temperature 

 

After modeling the matrix heat transfer of the transducer and the thermal resistance, we can then 

represent the multilayer system shown in Figure 1-11, a sample of two layers deposited on a semi-

infinite substrate and covered by a metallic transducer, by the following transfer matrix: 

 

 

[
θ𝑡𝑟,𝑖𝑛
∅𝑡𝑟,𝑖𝑛

] = [
1 0

𝑘0𝑒0𝑞0
2 1

] [
𝐴𝑡𝑟 𝐵𝑡𝑟
∁𝑡𝑟 𝐷𝑡𝑟

] [
1 𝑅𝑡𝑟/1
0 1

] [
𝐴1 𝐵1
∁1 𝐷1

] 

                       × [
1 𝑅1/2
0 1

] [
𝐴2 𝐵2
∁2 𝐷2

] [
1 𝑅2/𝑠𝑢𝑏
0 1

] [
θ𝑠𝑢𝑏,𝑖𝑛
∅𝑠𝑢𝑏,𝑖𝑛

] 

1.35  

 

which can be rewritten as: 

 

 [
θ𝑡𝑟,𝑖𝑛
∅𝑡𝑟,𝑖𝑛

] = [
𝑁11 𝑁12
𝑁21 𝑁22

] [
θ𝑠𝑢𝑏,𝑖𝑛
∅𝑠𝑢𝑏,𝑖𝑛

] 1.36  

 

By using the boundary conditions, in particular the hypothesis of the infinite substrate in equation 

1.31, the final expression of the Laplace-Hankel temperature at the transducer surface can be 

obtained: 

 

 θ𝑡𝑟,𝑖𝑛(α, z = 0, p) = (
𝑁11 + 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏𝑁12
𝑁21 + 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏𝑁12

)∅𝑡𝑟,𝑖𝑛(α, z = 0, p) 1.37  

 

This result is still in the transform domain. To have the frequency response in real space, the 

inverse Hankel transform must be applied. This will be elaborated furthermore in chapter 3. As for 

Laplace transform, one gets the real time numerically by Gaver-Stehfest algorithm [51]. 
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1.6 Inverse method for thermal parameters identifications 

 

The thermal characterization requires a comparison of the experimental data with the theoretical 

model of the heat transfer in the studied system. The properties being measured are treated as free 

parameters in the model and are adjusted by an inverse method, which is an optimization to match 

the model to the experimental data. In this section, we will first describe the inverse method used 

in this work for thermal identification. In a second step we will show examples of thermal 

parameters identification of silica and germanium layers obtained from experimental 

measurements carried out with the FTDR method. Finally, we end this chapter with describing the 

uncertainty sources in the inverse method. 

 

1.6.1 Direct Problem / Inverse Problem 

 

The direct problem enables to describe the response of a physical phenomenon from the bias of 

analytical or numerical solutions, and the knowledge of the input parameters such as the physical 

properties. In the case of a thermal study, the direct problem contributes by knowing the 

information about the heat source and the thermo-physical properties to calculate the temperature 

response of the system under study. The direct problem can be reversed to an indirect problem, 

which consists in determining one or more unknown input parameters from the measured response. 

The inverse term recalls that we use the information concerning the physical model "in reverse" 

knowing the outputs and seeking to go back to certain input characteristics. Therefore, the inverse 

problem allows in thermal domain to estimate the input parameters of the direct problem from the 

temperature measurement, such as the thermo-physical properties, flux, etc. This estimation of 

parameters can take various forms and is found in many fields of application, such as physical and 

engineering sciences, seismology, imaging, chemistry, economics and finance [52]. A diagram 

shows the principle of the direct and inverse problem for a thermal study in Figure 1-13 [53].  
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In a direct problem, the convolution between the known input parameters 𝑥 and the function model 

𝐻 makes it possible to calculate the response 𝑦, which is expressed by the following equation: 

 

 𝑦 = 𝑥 ∗ 𝐻 + 휀 1.38  

 

where 휀 is refers to the noise that may exist in this direct process. This noise appears in the form 

of uncertainties on the estimated input parameters 

In the case of an inverse problem, the unknown causes 𝑥 is determined from the observation 𝑦 

[54]. Solving such a problem must respect the notion “well posed problem” introduced by Jacques 

Hadamard [55]. This notion recommends that the solution of the problem must satisfy three 

conditions: a solution exists, the solution is unique, and it changes continuously with the initial 

conditions. If one of these conditions is not respected, the problem is then badly posed. Often in 

inverse problems of a thermal study, the first conditions are satisfied because a physical reasoning 

proves the existence. Moreover, if the solution is not unique, additional restrictions and 

information are needed to isolate a single solution. Finally, the continuity condition is without a 

doubt the most important and can cause the most problems, as it determines the stability of the 

problem and the errors that may occur in the obtained solutions. 

Figure 1-13: Schematic of the direct and inverse problem principle [53]. 
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1.6.2 Mathematical description of the inverse method 

 

The inverse problem can be put in the form of an identification process, which consists in finding 

the unknown parameters from the experimental measurement. The unknowns are determined in 

such a way that they minimize the difference between the measurements of a system and the 

theoretical results calculated by the model. The identification of the parameters itself requires two 

distinct steps. First of all, it is necessary to put the mathematical problem in an adequate shape, 

then to choose an object function, also called criterion, that contains the observation and the input 

parameters. The estimation of the unknown parameters then consists in adopting as solutions the 

values which minimize this object function. 

In this work, we used the function of least mean squares to identify the thermal parameters. This 

method consists in minimizing the sum of the quadratic errors between the experimental signal 

𝑦𝑒𝑥𝑝(𝑓) and the signal calculated by the theoretical model 𝑦𝑐𝑎𝑙(𝑓). The least mean squares are 

represented by the following equation: 

 

 𝐿𝑢  = ∑|𝑦𝑐𝑎𝑙(𝑓𝑖, 𝑋𝑢) − 𝑦𝑒𝑥𝑝(𝑓𝑖)|
2

𝑁

𝑖=1

 1.39  

 

where 𝑁 is the number of samples, 𝑓 is the frequency and 𝑋𝑢 (𝑋1, 𝑋2,…𝑋𝑢) is the vector containing 

𝑢 unknown parameters that we aim to estimate.  

The second step is the optimization, where the unknown properties are treated as free parameters 

in the heat transfer model. These properties are adjusted to minimize the difference of the 

functional equation at each frequency and find a minimum. The search for this minimum is carried 

out by an iterative methods, such as the algorithms of gradient-descent, genetic, Levenberg-

Marquardt or even the Newton method [56]. We chose an algorithm of Levenberg-Marquardt 

already implemented in the Matlab optimization toolbox.  

The Levenberg-Marquardt algorithm finds a local minimum starting at an initial guess of the 

parameter values. In systems where there is only one minimum, the logarithm will converge to this 
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global value even if the initial guess is arbitrary. On the other hand, in systems with several 

minima, the optimization algorithm leads to a different local minimum according to the initial 

value. To avoid this problem, especially that the non-linearity of the heat equation in a thermal 

system can cause the local minimum to be excited, we can launch several optimization procedures 

using different initialization values [57]. 

 

1.6.3 Experimental examples of SiO2 and Ge thermal identification  

 

In order to illustrate the identification method by the One-Temperature Model, we will show a 

study of thermal properties characterization of silica dioxide and germanium layers. The study was 

carried out in the frequency domain by the FDTR measurement method. The experiment was 

realized with a wavelength of 808 nm for the pump and 786 nm for the probe. In addition, the two 

beams were focused on the sample with an objective 10X. 

 

Silica dioxide SiO2  
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𝜌𝐶𝐴𝑙=2.45 𝑀𝐽/𝑚3/𝐾 
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Figure 1-14: Schematic description of the sample Al/SiO2 with the thermal properties used for 

the identification. 
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The structure of the studied sample is a semi-infinite substrate of SiO2, on which was deposited a 

thin layer of aluminum of 70 nm with the role of transducer, as described previously. Figure 1-14 

presents a schematic description of this sample, with a table showing the necessary properties for 

the optimization. 

The thermal properties of the aluminum transducer as well as the heat capacity of the silica 

substrate are assumed to be known. Two parameters are left free during the identification 

procedure. The first one is the thermal conductivity of SiO2 (𝑘𝑆𝑖𝑂2) and the other one is the thermal 

resistance at the interface between the aluminum transducer and the SiO2 substrate (𝑅𝐴𝑙/𝑆𝑖𝑂2). The 

numerical optimization is realized on both the magnitude and the phase measurement response 

obtained by the FDTR method. The pump laser was modulated in a frequency range extending 

from 10 kHz to 30 MHz. The optimization results as well as the residuals obtained in the two cases 

are presented in Figure 1-15. 

 

 

The best optimization is obtained for a thermal conductivity of 𝑘𝑆𝑖𝑂2=1.21 W/m/K and for an 

interface resistance of 𝑅𝐴𝑙/𝑆𝑖𝑂2=7 nK.m² /W. The residuals show a small difference between the 

measurement and the thermal model. The identified value of the thermal conductivity and the 

Figure 1-15: Measurement and optimization curves on the normalized amplitude and 

on the phase for the Al/SiO2 sample and the residuals obtained in both cases. 

1 
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thermal resistance are in agreement with the theory and the previous published results for the SiO2 

layer [58-59]. 

 

Germanium Ge 

 

The second studied sample is the Germanium substrate on which a 70 nm thick aluminum 

transducer has been deposited. As the previous sample, the two optimization parameters are the 

thermal conductivity kGe and the interface thermal resistance RAl/Ge. The other thermal properties 

are fixed at the same values indicated before (see Figure 1-14) except the specific heat fixed at 

CGe=1.65 MJ.m2/K. 

 

The optimization on the measurement curves are presented in Figure 1-16. The identified value 

for the thermal conductivity was kGe=57 W/m/K and for the interface thermal resistance was 

RAl/Ge=3.3 nK.m² /W. The errors obtained during the optimization process are less than 5%. The 

identified values for both parameters are in agreement with the theory and the previous published 

results for the Ge layer [60]. 

 

Figure 1-16: Measurement and optimization curves on the normalized amplitude and 

on the phase for the Al/Ge sample and the residuals obtained in both cases. 
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1.6.4 Uncertainty sources 

 

During the optimization process, the residuals obtained show the difference between the 

experimental signals and the theoretical model data. This deviation, which determines the 

uncertainty of the identified values, is due to error sources that can affect the stability of the inverse 

problem. There are several sources that can have influence on the identified thermal properties. 

First, one of these sources is due to the model error. The direct problem is used to predict the 

consequences of a phenomenon based on a model. If the model does not consider all of the 

parameters necessary to describe the phenomenon exactly, errors are likely to occur in the solution 

of the inverse problem. Second, the source of numerical error in the inverse problem where 

numerical errors can occur and result in an underdetermined inverse problem. Third, the errors 

source due to fixed parameters. In the inverse method, the fixed parameters in the model are 

assumed to be known. An error can therefore occur if one of the supposed known parameters is 

incorrectly estimated. And finally, the error source due to the measure of noise. The quality of the 

experimental data affects the solution of the inverse problem. The data may be noisy and lead to a 

lack of continuity which produces instability during the optimization process. 

 

1.7 Conclusion 

 

This chapter aimed to show the methodology of thermal characterization of materials using the 

techniques of pump-probe thermoreflectance measurement and the Fourier model to identify the 

desired properties. 

We have first detailed the basic principles and implementation of the thermoreflectance method as 

well as its various configuration for measuring the thermal response of materials. In the time 

domain, we have presented the TDTR homodyne and the heterodyne techniques. The optical 

sampling with the femtosecond lasers used in these methods allows to measure a temporal response 

at time scales ranging from picosecond to nanosecond with sub-picosecond resolution. In the 
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frequency domain, we showed the FDTR method that has a lower cost and uses continuous lasers, 

where its response sampling depends on the frequency modulation of the pump laser. 

For the modeling part, we have introduced the Two-Temperature Model that allows to describe 

the response of the metal after excitation by the femtosecond laser. This model will be used in 

chapter 2 to study the effect of the metallic transducer on the thermal response. We have also 

presented the One-Temperature Model based on the Fourier law in cylindrical coordinate for 

multilayer materials. The resulting heat equation is expressed in a matrix form and solved by 

applying a thermal quadrupoles method. The final equation obtained, representing the temperature 

response on the surface of the studied sample, is the basis of the model used to interpret the 

thermoreflectance response and to characterize the thermal properties. 

Finally, we have shown an optimization method based on the function of the least mean squares 

for the thermal identification. The unknown properties are determined in such a way that they 

minimize the difference between the experimental measurement and the theoretical response 

calculated by the model. Experimental examples of thermal identification for SiO2 and Ge layers 

have been presented on spectral responses obtained by the FDTR method. The identified values 

agree with the theory and the ones identified in the literature. 
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Chapter 2 : Ultimate thermal resolution in TDTR: 

Influence of the transducer 

 

 

2.1 Introduction 

 

Among experimental techniques used to study the thermal properties and the transport of 

nanostructured materials, the pump probe femtosecond technique has proven to be the most 

efficient tool to access the dynamics of very fast phenomena, such as electron and phonon transport 

in nanomaterials [41, 61]. To study such high frequency phenomena, a large bandwidth is 

necessary. Yet, neither the pulse duration nor the detector time response is generally the bandwidth 

limiting factor. Indeed, in this pump-probe experiments, the transducer deposited on top of the 

material of interest, is usually the final limiting factor of the resolution and bandwidth through its 

thermal response to the excitation. This chapter will be devoted to study the thermal transport 

inside metal transducers used in Time-Domain Thermoreflectance experiments. This investigation 

will allow us to know the optimal film which provides the ultimate bandwidth of thermal 

resolution. 

First, we will describe the criteria of the optimal transducer for the thermal spectroscopy in the 

TDTR heterodyne method. Then, we will implement and numerically solve the Two-Temperature 

Model to investigate the thermal transparency of several metal films. The study of heat carriers 

will be carried out inside thin and thick gold (Au) and aluminum (Al) transducers, which are 

commonly and currently used in femtosecond pump–probe experiments, in order to study the 

influence of both parameters (thickness, material) on the thermal response to the pump beam. 

Then, we will validate the model by measuring a TDTR heterodyne experimental signal for a gold 

film. Finally, the simulation will be extended to other metals for future possible experimental uses 

in order to determine the optimal transducer for the thermoreflectance study.  
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2.2 Ultra-fast transient thermal effects in the transducer 

 

In thermoreflectance experiments, the transducer film plays a major role, especially for 

experiments with high temporal resolution, such as the heterodyne TDTR, that allow transient 

temperature measurements from hundreds of femtoseconds up to tens of nanoseconds. For such 

pump-probe methods, the corresponding spectral material response expands from 76 MHz up to 

10 THz. However, the time resolution or the ultimate bandwidth of the technique are not limited 

by its optical sampling, but by the diffusion time of the heat flux in the transducer.  

As we described before in chapter 1, during the first tens of femtoseconds after the pump beam 

interacts with the metal transducer, the absorbed energy induces a non-equilibrium thermal 

distribution of electrons before the thermalization through electron–electron collisions. Then, the 

system can be considered as a hot electron gas inside a cold phonon bath with an energy transfer 

through electron–phonon collisions, which can be described by the Two-Temperature Model. 

Finally, the thermal equilibrium between both electron and phonon baths is reached within a few 

picoseconds.  

The thermal models used to adjust the experimental parameters and extract the desired thermal 

properties almost always consider the transducer layer as instantaneously thermalized, and then 

only as a heat reservoir which transfers its energy to the material of interest located below. In order 

to obtain reliable temperature measurements for thermo-physical  parameter identification, two 

conditions must be checked: the thermal equilibrium must be reached, and the phonon relaxation 

within the layer of interest must have started. Since the transducer is a metal layer, its thermal 

conductivity is usually high but it must be as transparent as possible for the thermal transport in 

order to reach the thermal relaxation within the layer of interest as fast as possible. Apart from the 

thermal conductivity, other parameters, such as the electron–phonon coupling constant or the 

electronic capacity, are important factors and influence the thermal behavior of the metal 

transducer. 

The actual bandwidth of the thermal response will then be determined by the thermal time of flight 

in the transducer. For that, one has to model the thermal transport in the transducer from the very 

early relaxation processes, when the electron gas is not yet thermalized with the phonon bath. 
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Thus, one key parameter to increase this bandwidth is the choice of the optimal transducer 

(material, thickness) delivering the best response to the pump laser pulse in order to reach the 

ultimate temporal resolution for thermal spectroscopy. 

 

2.3 Thermal transport modeling of metal transducer: Solving non-

linear 2TM by Finite element method  

 

The transducer performances are obtained by calculating the transient electron and phonon 

temperatures. This relies on solving the non-linear equations of the semi-classical Two-

Temperature Model. Within this framework, we have implemented an axisymmetric Finite 

Element Method (FEM) model to solve this thermal model. The system studied is a two-layer 

system of finite dimension, of which the first layer is that of the transducer, and the second one is 

a thermally thick substrate, which will be the layer of interest and it has been chosen to be Silica 

SiO2. 

The simulation is established under femtosecond pump-probe experimental conditions. We 

focused our work on the transducer thickness. To do so, the model has to be fed with parameters 

such as laser temporal and spatial parameters and the optical penetration depth in the transducer. 

In this context, the material is assumed to be isotropic considering that the laser beams are 

Gaussian. The thermal response then presents a revolution symmetry around the axis of 

propagation. In the following, we will detail the thermal equations in each layer and the conditions 

used to solve the 2TM. 

 

2.3.1 Transducer upon a layer of interest 

 

As previously described, the transducer is needed to maximize the absorption of the laser pulse 

and convert it into heat transferred as fast as possible into the layer of interest. The transducer is 

described by the set of two equations for the electron and phonon temperatures presented by: 
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𝜌𝐶𝑒(𝑇𝑒)
𝜕𝑇𝑒
𝜕𝑡
−
1

𝑟

𝜕

𝜕𝑟
(𝑘𝑒(𝑇𝑒) 𝑟 

𝜕𝑇𝑒
𝜕𝑟
) − 𝑘𝑒(𝑇𝑒)

𝜕2𝑇𝑒
𝜕𝑦2

= −𝑔  (𝑇𝑒 − 𝑇𝑝) + 𝑞(𝑟, 𝑦, 𝑡)

𝜌𝐶𝑝
𝜕𝑇𝑝
𝜕𝑡
−
1

𝑟

𝜕

𝜕𝑟
(𝑘𝑝  𝑟 

𝜕𝑇𝑝
𝜕𝑟
) − 𝑘𝑝

𝜕2𝑇𝑝
𝜕𝑦2

= 𝑔  (𝑇𝑒 − 𝑇𝑝)

 2.40  

 

The coefficients used in the equations of the 2TM are detailed in section 1.4 of chapter 1. 

This temperature evolution, especially for electrons, cannot be applied in the silica substrate as it 

is a dielectric material and can then be assumed free of free electrons. As a consequence, the 

phonons lead the heat transfer that is fully described by the 1TM while taking into account the 

phonon bath [62].The evolution of temperature in the substrate is then written as follow: 

 

 𝜌𝐶𝑠
𝜕𝑇𝑠
𝜕𝑡
−
1

𝑟

𝜕

𝜕𝑟
(𝑘𝑠 𝑟 

𝜕𝑇𝑠
𝜕𝑟
) − 𝑘𝑠

𝜕2𝑇𝑠
𝜕𝑦2

= 0 2.41  

 

where the terms 𝜌𝐶𝑠 (J/m3/K), 𝑘𝑠 (W/m/K) and 𝑇𝑠 (K) are the specific heat capacity, the thermal 

conductivity and the temperature of the silica substrate, respectively. 

The schematic modeling of the structure of the bilayer system, with the spatial coordinates and the 

conditions of the study, are shown in Figure 2-1. The boundary conditions are of Neumann type, 

where the normal components of fluxes are equal to zero all around the structure, especially on the 

y axis because of the axisymmetric aspect of the model. In addition, the SiO2 substrate is thermally 

opaque due to its thermal diffusion characteristic time. This latter is, for a 250 nm thick SiO2 and 

a diffusivity 𝐷𝑆𝑖𝑂2=0.87 m2/s, given by: 

 

 𝜏𝑆𝑖𝑂2 =
2502

0.87
≈ 71𝑛𝑠 2.42  

 

Indeed, the SiO2 layer can be considered as a semi-infinite substrate at the time scales studied here 

(a few ns). 
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In the transducer, we will always consider the same amount of heat deposited by the pump laser 

so that it could be possible to compare the different materials. From a phonon point of view, we 

assume the continuity of the temperature and the flux at the interface between the transducer and 

the layer of interest. The electrons are considered confined in the metal layer leading to an adiabatic 

condition for them at all interfaces even between the transducer and the substrate [63]. This aspect 

implies an electron heat flux normal to this interface equal to zero.  

One should notice that other pathways for the electrons to transfer their energy to the underlying 

layer can exist, such as a coupling between electrons and phonons in the dielectric layer by an 

harmonic interactions [64]. Moreover, a thermal resistance between the phonons coming from the 

metal and the dielectric layer can also exist. However, those pathways would be extremely 

dependent on the metal deposition process. Consequently, we have chosen not to consider these 

kinds of mechanisms that are furthermore screened by the low diffusivity of the dielectric layer. 

 

 

Figure 2-1: Cross section of the sample: d=50 or d=150 nm thick transducer upon silica 

layer (250nm). T and ϕ are the temperature and the heat flux respectively, �⃗⃗⃗� is the 

outward unit normal vector, the superscript trans stands for the transducer while subs 

is for the substrate, the subscripts 𝒆, 𝒑, 𝒔 denote the electrons, phonons and substrate 

respectively. 

Incident intensity profile  

Pump beam 𝑟0 = 1𝜇𝑚 
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2.3.2 Laser excitation 

 

The power density coming from the absorbed laser pulse in the transducer, i.e. 𝑞(𝑟, 𝑦, 𝑡) in the 

equation, is modeled by a product of two Gaussian variables representing the spatial and the 

temporal extent of the pulse. This latter is not represented temporally by a Dirac function as in the 

One-Temperature Model, due to the short characteristic times in this approach, which considers 

the electrons excitation. The source term expression is then: 

 

 
𝑞(𝑟, 𝑦, 𝑡) = 𝐸𝑎𝑏𝑠  

𝛼 𝑒−𝛼𝑦𝑒
−
𝑟2

𝜎𝑟
2
𝑒
−
𝑡2

𝜎𝑡
2

𝜋 𝜎𝑟2 𝜎𝑡  √𝜋
 

2.43  

 

where 𝜎𝑟 (m) and 𝜎𝑡 (s) are constants equal to 
𝑟0

√2
 and 

𝛥𝑡

2√ln(2)
, respectively, 𝐸𝑎𝑏𝑠 (J) is the absorbed 

part of the incident laser energy, 𝛼−1 is the optical penetration depth, 𝑟0 (m) represents the radius 

of the beam measured at 1/e2 of the maximum of intensity and ∆𝑡 (s) is the duration of the laser 

pulse determined at full width at half maximum (FWHM). 

 

2.4 Thermal investigation of aluminum and gold transducers  

 

In this section, we focus on the most used metal films in pump-probe thermoreflectance, namely, 

Al and Au transducers. We will compare their thermal behavior during and just after coincidence, 

meaning during the first tens of ps, to concentrate on the electron-phonon interactions. Then, we 

will look at longer time scales and analyze the phonon relaxation in both materials. At the end of 

this section we will validate this study by an experimental measurement for a metallic Au film. 
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2.4.1 Electron and phonon dynamics through the films  

 

The 2TM is applied to describe the heat transfer and the temperature dynamics in metals. In this 

part, we investigate the thermal relaxation predicted by this model in Al and Au films. The 

simulation is performed with two different thicknesses, 50 nm and 150 nm, for each film, in order 

to also study the effect of thicknesses on thermal transport. The thinnest value 50 nm is a good 

trade-off in order to avoid the optical interferences with the underlying material, which would 

change both thermal and optical responses of the transducer [65-66]. Our interest in the Al and Au 

transducer metals is due to their important characteristics and desirable properties for TDTR, such 

as high thermal conductivity, significant thermoreflectance coefficient and others [67]. 

 

 

 

The Al film deposited on the silica layer is heated with an 800 nm pump beam that deposits 18 pJ 

of energy absorbed within the 7 nm optical penetration depth in the film. The thermal properties 

 

2TM simulation parameters 

Pump radius 

(intensity 1/𝑒2) 

Probe radius 

(intensity 1/𝑒2) 

𝑟0𝑝=1 𝜇𝑚 

 

𝑟0𝑠=1 𝜇𝑚 

T
ra

n
sd

u
ce

r 

A
l 

Thickness 

Thermal conductivity 

Coupling constant 

Electronic capacity 

Specific heat capacity 

d=50, 150 nm 

𝑘𝑒=232, 𝑘𝑝=5 W/m/K 

𝑔=25x1016 W/m3/K 

𝛾𝑒= 133 J/m3/K2 

𝜌𝐶Al=2.45 MJ/m3/K 

S
u

b
st

ra
te

 

S
iO

2
 

Thickness 

Thermal conductivity 

Specific heat capacity 

250 nm 

𝑘SiO2=1.44 W/m/K 

𝜌𝐶SiO2=1.65 MJ/m3/K 

Table 2-1: Parameters of Al/SiO2 sample used for Two-Temperature Model 

calculations. 
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of the sample Al/SiO2 involved in this modeling are listed in Table 2-1. These values used were 

taken from the literature [58, 64]. 

 

 

The electron and phonon temperatures in Al films predicted by the model are displayed in Figure 

2-2 for two different thicknesses, a 150 nm thick film (Figure 2-2(a)) and a 50 nm thick film 

(Figure 2-2(b)). In both cases, the temperature evolution at the surface and at the interface of 

Al/SiO2 is plotted. The temporal response shows an increase of electronic temperature and then a 

rapid relaxation. This relaxation represents the fast transfer of energy from the electron gas to the 

phonon bath. As a consequence of the high electron–phonon coupling constant value in Al 

(𝑔=25x1016 W/m3/K), the temperature reaches electron phonon thermal equilibrium within 2 ps. 

In comparison, there is no significant heat transport at the interface Al/SiO2 for the 150 nm thick 

transducer where the temperature barely changes. However, for the 50 nm thick Al film, the 

electronic temperature at the interface increases, indicating a significant heat transport to the 

dielectric layer. 

A similar calculation was performed for Au film deposited on SiO2 substrate using thermal 

properties taken from the literature [38, 68] and reported in Table 2-2. Thus, we adjusted the 

Figure 2-2: Electron 𝑻𝒆 (solid lines) and phonon 𝑻𝒑 (dashed lines) temperature at the 

surface (in red) and at the Al/SiO2 interface (in blue) of a (a) 150 nm and (b) 50 nm 

thick Al film. 
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amplitude of the source term in order to obtain 18 pJ energy as in the Al film. This energy is 

absorbed in the optical penetration depth of Au, which is 12 nm at 800 nm laser wavelength. 

 

 

 

The dynamics of the electron and phonon temperatures in Au film at the surface and at the interface 

Au/SiO2 are plotted in Figure 2-3(a) and Figure 2-3(b) for a 150 nm and 50 nm thick transducers, 

respectively. The gold electrons exhibit a higher temperature rise than in aluminum for the same 

energy absorbed. This is explained by the lower electron thermal capacity in gold, about half the 

value of the aluminum one (𝛾𝑒 (Au) ≅ 𝛾𝑒(Al)/2). As for aluminum, the electrons relax into the 

phonon bath within the first 9 ps. This transfer is slower than in aluminum because of the weak 

electron phonon coupling constant in gold (𝑔=2.2x1016 W/m3/K), that is 12 times smaller. In 

addition, gold has a higher electron thermal conductivity, allowing a fast electron heat flux in the 

Au film. This rapid propagation is observed by the difference between the temperature at the 

 

2TM simulation parameters 

Pump radius 

(intensity 1/𝑒2) 

Probe radius 

(intensity 1/𝑒2) 

𝑟0𝑝=1 𝜇𝑚 

 

𝑟0𝑠=1 𝜇𝑚 

T
ra

n
sd

u
ce

r 

A
u

 

Thickness 

Thermal conductivity 

Coupling constant 

Electronic capacity 

Specific heat capacity 

d=50, 150 nm 

𝑘𝑒=318, 𝑘𝑝=3 W/m/K 

𝑔=2.2x1016 W/m3/K 

𝛾𝑒= 67.7 J/m3/K2 

𝜌𝐶Au=2.49 MJ/m3/K 

S
u
b
st

ra
te

 

S
iO

2
 

Thickness 

Thermal conductivity 

Specific heat capacity 

250 nm 

𝑘SiO2=1.44 W/m/K 

𝜌𝐶SiO2=1.62 MJ/m3/K 

Table 2-2 Parameters of Au/SiO2 sample used for Two-Temperature Model 

calculations. 
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surface and at the interface Au/SiO2, which is far smaller than in the Al transducer, as well for the 

electrons as for the phonons. 

Therefore, because of the weak electron phonon coupling, the temperature in Au films is rapidly 

homogenized, especially for thin films where electrons propagate through the entire film thickness 

before any interaction with the phonons. On the contrary, in Al films where the electron-phonon 

coupling constant is stronger, electrons rapidly relax their energy into the phonon bath and the 

phonons then start diffusing in the thickness of the metal film. 

 

 

2.4.2 Phononic dynamics at the film–substrate interface  

 

The nature of the transducer material plays a major role in the transport of the thermal energy to 

the underlying layer of interest. This transfer, specifically of the phonon energy, depends on the 

thermal properties of the transducer, leading to a thermal equilibrium and a different heat transport 

at the interface between the transducer and the layer. This phonon heat transport can be obtained 

when the phonon temperature starts decreasing after the thermal equilibrium is reached. To a better 

understanding of the behavior and the dynamics of the phonon energy in Au and Al films, Figure 

Figure 2-3: Electron 𝑻𝒆 (solid lines) and phonon 𝑻𝒑 (dashed lines) temperature at the 

surface (in red) and at the Au/SiO2 interface (in blue) of a (a) 150 nm and (b) 50 nm 

thick Au film. 
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2-4 shows the temperature of the phonons at the interface of Au/SiO2 and Al/SiO2, for both 150 

nm and 50 nm thicknesses, calculated by the Two-Temperature Model on a longer time scale. 

 

 

Figure 2-4(a) and Figure 2-4(b) show the influence of the electron– phonon coupling constant on 

the phononic temperature at the interface. The higher electron–phonon coupling in Al film allows 

the phonons to reach the thermal equilibrium with the electrons faster than in Au film, which is 

characterized by a low coupling constant. The subtraction of the electron and the phonon 

temperatures at the interface tends to zero indicating that thermal equilibrium is reached in 

aluminum and gold respectively around 2 ps and 10 ps as shown in Figure 2-4(c) and Figure 

Figure 2-4: (a,b) Phonon temperature relaxation and (c,d) electron and phonon 

temperature differences at the interface of Au/SiO2 (in black) and Al/SiO2 (in red) 

films respectively for a (a,c) 150 nm and a (b,d) 50 nm thickness. 

Thermal equilibrium (electron/phonon) Phononic relaxation (150 nm) 

Thermal equilibrium (electron/phonon) Phononic relaxation (50 nm) 
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2-4(d). Furthermore, the amplitude of the phonon temperature at the interface of Al/SiO2 rises to 

a higher value than the one at the Au/SiO2 interface. 

Moreover, when the Al phonons reach their thermal equilibrium, the temperature starts to relax 

and thermalize 40 ps after the excitation in thin films (50 nm). This relaxation starting time is 4 

times shorter than for Au (150 ps). This fast relaxation of the phonon temperature in Al, even for 

thick films (150 nm), means a faster thermal transfer and a higher transparency of the Al film. 

Thus, the model shows that the large amount of the absorbed energy at the Al surface is transferred 

from the electrons to the phonons and thus is flowing inside the layer of interest. The thermal time 

of flight in the metal transducer is the actual limiting factor for TDTR thermal temporal resolution. 

On the contrary, the low electron phonon coupling in the gold film leads to a weak and slow 

phonon heat transport toward the interface and thus to a low sensitivity to the bottom layer thermal 

properties. 

In the remaining of this chapter, the study continues for 50 nm thick films, which showed faster 

thermalization and heat transfer to the material of interest deposited below. 

 

2.4.3 Spectral response study 

 

After having simulated the temporal dynamics of the temperatures in Au and Al as well as 

indicating the heat transport provided by these two transducers, we will now study their thermal 

response in the frequency domain. In this case, to obtain the frequency response of these materials 

both Au/SiO2 and Al/SiO2 samples, the Fourier Transform of the impulse response was calculated.  

The result is shown in Figure 2-5 where the full lines in blue and orange are the spectra of the 

electron temperature shown previously in Figure 2-2(b) and Figure 2-3(b) at the top surface of 

the 50 nm thick transducer. It clearly appears that these spectra with a frequency band extending 

from 10 kHz to 10 THz, can be divided into four different regions (A, B, C, D) with a very different 

frequency behavior. 
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Region A is the frequency range where the heat is uniform at the depth of the transducer and 

transferred to the SiO2. The temperature relaxation in this range no longer depends on the 

transducer and can be modelled by the classical One-Temperature Model detailed in chapter 1. 

The 1TM response overlaps with the 2TM at low frequencies up to 1 GHz for gold and up to 10 

GHz for aluminum. These two frequencies are related to the phonon thermal relaxation starting 

times at the interface between the transducer and the substrate for Al/SiO2 and Au/SiO2, which are 

extracted from Figure 2-4(b). Region B is the frequency regime where the heat is transferred in 

the transducer by the diffusion of electrons and phonons. The frequency limit of this region is 

governed by the electron-phonon coupling constant and the specific heat capacity. Region C is the 

adiabatic heating of the electron gas before any diffusion or thermalization process with the 

phonons occur. At last, region D is the ultimate frequency of the spectrum coming from the spectral 

extension of the laser pulse, represented by the full red line (Figure 2-5). 

Figure 2-5: Comparison of the frequency response magnitudes normalized at 10 kHz of 

gold and aluminum with a thickness of 50 nm each. Dashed lines represent the 1TM 

response, full lines Blue and orange are the 2TM spectra and the red stands for the 

spectrum for the laser pump pulse of 100 fs at full width at half maximum (FWHM). 
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From a characterization point of view concerning the measurement of thermal properties of the 

underlying layer, the properties sensitivity to the layer of interest appears in region A where the 

phonon and electron are thermalized. The actual thermal bandwidth of the measurement is the 

region A width. It appears that the aluminum transducer provides the widest frequency bandwidth, 

about 10 GHz, in comparison to gold with a bandwidth of 1 GHz. 

From a hot carrier analysis point of view, the non-equilibrium processes occur in regions B and C. 

The wider these regions, the better the hot carrier behavior is determined. The lower frequency is 

limited by the electron–phonon coupling constant while the upper limit is the extension of the 

spectrum of the laser pulse. In that case, gold is the best material for hot carrier study with a 

bandwidth extending from 1 GHz up to 5 THz. 

 

2.5 Experimental validation of the modeling 

 

In order to validate the thermal study carried out by the Two-Temperature Model, we will show in 

this part a thermoreflectance experimental measurement for a gold film. We will first describe the 

TDTR asynchronous setup employed in the laboratory. In a second step, we will develop a 

measurement realized with this device and compare it to the theoretical response. 

 

2.5.1 Asynchronous TDTR setup 

 

The asynchronous TDTR experimental bench used for the measurement in this part is presented 

in Figure 2-6. The laser cavities are two oscillators Ti:Sa pumped by a continuous Nd: YVO4 

laser at 532 nm providing 18 W. The oscillators have a repetition frequency around Fp=76.2 MHz 

and generate pulses with a duration of ~100 fs. The difference in repetition rate between the two 

laser cavities is ∆F = 523 Hz, thus giving a single acquisition in two milliseconds. The wavelengths 

of the laser beams are 808 nm for the pump and 786 nm for the probe. An optical parametric 

oscillator (OPO) is employed to change the wavelength of the probe according to the metallic 

transducer deposited on the studied sample.  
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The pump and probe beams are recombined and focused on the tested sample by a planar 

microscope objective having a magnification of 50X. The beam sizes were measured using a beam 

profiler. The pump and probe lasers have a respective radius of 4.5 𝜇𝑚 and 3 𝜇𝑚 on the sample 

surface. The signal reflected by the sample is detected by a silicon photodiode having a bandwidth 

of the order of several GHz, a bandwidth much higher than the frequency of the signals of interest. 

Under these optimal conditions, this setup allows measuring the thermal response of 

nanostructured materials from ~100 fs (the pulse duration) up to 13,2 ns (the repetition rate of the 

pump laser). From a frequency point of view, the spectrum extends up to few THz with a spectral 

resolution equal to the repetition rate of the pump laser of 76 MHz. It should be noted that because 

of lenses of the different optical elements crossed by the laser this may lead to increase the pulse 

duration and thus to decrease the spectral bandwidth. 

 

Figure 2-6: Sketch of the TDTR asynchronous set-up. An optical parametric oscillator 

is inserted to probe with 530nm wavelength. 
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2.5.2 Spectrum of Au transducer film  

 

To validate the modeling, we have tested a sample whose structure consisted of a 50 nm thick gold 

transducer deposited on a silica substrate. The probe wavelength is fixed at 532 nm due to the high 

thermoreflectance response of gold at this wavelength [38, 68]. In this case, the duration of the 

probe pulse increases to around ~1 ps due to the optical elements. The experimental spectral 

response of the Au/SiO2 sample as well as the response simulated by the Two-Temperature Model 

are shown in Figure 2-7. The experimental spectrum is obtained by applying a Fourier transform 

of the TDTR temporal signal (inset of Figure 2-7). This temporal signal is negative because the 

thermoreflectance coefficient of Au at this wavelength is negative. 

 

 

The comparison between the experimental and the theoretical spectra shows that the two curves 

are matching perfectly. The different regions of the spectral response, detailed in the previous 

section, are clearly visible even if regions C and D are superimposed due to the 1 ps experimental 

Figure 2-7: TDTR experimental and simulated (2TM) spectral responses for an Au 

film on silica layer. The temporal signal corresponding to the experimental spectra is 

presented in inset. 
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pulse duration limiting the thermal bandwidth to 1 THz. In addition, the acoustic resonance 

frequency of the 50 nm Au film appears clearly at 32.8 GHz for a 3.24 nm/ps speed of sound in 

Au. 

 

2.6 Thermal behavior of other metal films 

 

We now investigate the thermal behavior of other possible metallic films to identify the most suited 

transducer for TDTR measurements, in particular, in terms of thermal temporal resolution. We 

hence investigate the phonon transport for four other metals: chrome (Cr), platinum (Pt), copper 

(Cu), and silver (Ag). Their thermal properties taken from the literature [62, 65, 69–71] are 

presented and compared to those of Au and Al in Table 2-3. 

 

Metal 
𝑔 

(1016W/m3/K) 

𝛾𝑒 

(J/m3/K2) 

𝜌𝐶𝑝 

(106J/m3/K) 

𝑘𝑒 

(W/m/K) 

𝑘𝑝 

(W/m/K) 

Au 2.2 67.7 2.49 318 3 

Al 25 133 2.4 232 5 

Cr 42 193 3.2 130 20 

Pt 109 746 2.8 65 7 

Cu 10 98 3.3 401 3.3 

Ag 3.1 63.3 2.5 420 3.5 

 

Table 2-3: Thermal properties of metals used for 2TM calculations. 

 

The results calculated by the 2TM are displayed in Figure 2-8, presenting the phonon temperature 

obtained at the interface metal/SiO2, with 50 nm thick transducers. According to the characteristics 

of the electronic structure of the metals, the graphs are regrouped for noble metals (Au, Ag, and 

Cu) and for non-noble metals (Al, Pt, and Cr). It should be noted that these curves were calculated 
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for the very same conditions for all metals, thus the laser incident energy changes with the optical 

properties of each one to achieve the same energy deposited in the transducer layer. 

 

 

The temperature of phonon predicted at the interface for each one of the noble metals (Au, Ag, 

and Cu) are very similar (see Figure 2-8). This similarity of performance in heat transport results 

from the comparability of the thermal properties of these metals. Because of the high electronic 

conductivity and the low electron-phonon coupling constant, the hot electrons propagate directly 

to the interface with a low thermal relaxation toward the lattice, which means a weak phonon 

transfer at the metal/SiO2 interface. However, the phonon transfer increases and reaches an 

important temperature at the interface in the non-noble metals (Al, Pt, and Cr). Here, the important 

electron–phonon coupling in these metals induces a large thermal relaxation to the lattice. 

Although Pt and Cr films have a very strong electron–phonon coupling, the highest phonon 

Figure 2-8: Transient phonon temperature predicted by 2TM at the surface film/SiO2, 

for films Au, Pt, Cr, Ag, Cu and Au of 50 nm thickness. Zooming figure of the first 300 

ps of the responses is represented in inset. 
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temperature reaching the interface metal/SiO2 is obtained with the Al interface. This is due to the 

lower thermal capacity in Al compared to that of Cr and Pt (see Table 2-3). 

From the inset of Figure 2-8, representing the metal/SiO2 interface phonon temperature during the 

first 300 ps for the 6 considered materials, we can estimate the phonon relaxation starting time as 

it was previously done for Al and Au. The Al and Cr films own an important feature: the interface 

phonon temperature relaxes in a shorter time (40 ps) compared to other metals, all represented in 

Table 2-4.  

 

Metal Au Ag Cu Al Cr Pt 

trp (ps) 150 80 90 40 40 80 

 

Table 2-4: The phononic relaxation starting time obtained by TTM for the studied metals. 

  

This rapid relaxation at the metal/SiO2 interface leads to a fast phonon transport toward the layer 

of interest. Therefore, the thermal behavior of Al film, characterized by the fastest thermal transfer 

with high amplitude, makes it a preferable transducer in TDTR experiments for spectroscopic 

lattice temperature measurements. 

 

2.7 Conclusion 

 

In TDTR experiments, the metal transducer thermal transparency appears to be the most limiting 

factor of the temporal resolution. As the accessible temporal range expands over five decades from 

100 fs up to 10 ns, the fundamental assumption of local thermal equilibrium between electrons and 

phonons is no longer valid over the entire response. In this chapter, a Two-Temperature Model has 

been implemented to describe the dynamics of both phonon and electron temperatures through the 

metal films.  



Chapter 2 : Ultimate thermal resolution in TDTR: Influence of the transducer 

 

82 

 

We have simulated the heat transfer after a 100 fs laser strike in a metal transducer deposited upon 

a silica layer, this latter standing for the material of interest in common TDTR thermo-physical  

parameter metrology experiments. We have studied the role of the transducer thickness (50 nm 

and 150 nm) on one hand; and on the other, the role of the material nature with a set of six different 

materials: three metals, chrome (Cr), platinum (Pt), and aluminum (Al); and three noble metals, 

gold (Au), copper (Cu), and silver (Ag). 

We showed that the TDTR frequency response is governed by the electrons in the high frequency 

range [10 GHz – 5 THz] and phonons in the low frequency range [100 MHz – 10 GHz]. From a 

hot carrier point of view, noble metals, especially gold, are well suited for carrier dynamics studies. 

In that case, the temporal resolution limiting factor is the spectral extension of the laser pulse. 

Besides, from a metrological point of view, non-noble metals have the best phonon transparency 

allowing thermo-physical  property measurements in a wide frequency range. Among them, 50 nm 

aluminum transducers reveal to be the best candidates exhibiting a frequency bandwidth up to 10 

GHz. Finally, the optical sampling performances limit the spectral bandwidth to 1 THz for 

electronic studies, while the phonon time of flight in the transducer limits the spectrum in thermal 

metrology to 10 GHz. 

The following work of this thesis is devoted to study and characterize the heat transfer in many 

types of materials. Therefore, the aluminum transducer will be the better suited for this study.
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Chapter 3 : Ultra-broadband spectroscopy of heat 

transport 

 

 

3.1 Introduction 

 

In this chapter we will investigate and characterize thermal properties of different types of 

materials through an ultra-broadband spectroscopy. For this, we will use a spectral thermal sensor 

that combines the measurements of FDTR and TDTR methods. The power and efficiency of this 

measurement approach is based on several points: the ability to characterize a wide range of 

materials thermal conductivity; having a wide frequency range for the sensor response, being a 

correlation suppression of the sensitivity of thermal properties, which allows these latter to be 

identify simultaneously; and the ability to measure the superdiffusive regime existing in an 

unspecified frequency range in alloys (detailed later in chapter 4). 

In the beginning of this chapter, we will study in frequency domain the theoretical thermal response 

of different types of materials from the One-Temperature Model. Then, we will show a sensitivity 

analysis of the materials response to the thermal properties. This analysis will allow a better 

understanding of the correlations between parameters and their impact over the studied frequency 

range. 

In a second time, we will present the FDTR/TDTR spectral sensor used in this work for thermal 

measurements of materials. We will see the capacity of this sensor to probe the different thermal 

behaviors with a wide spectral bandwidth.  

Later, we will present the results of thermal measurements obtained using the spectral sensor on 

many materials. These studied samples will be characterized by a different heat transfer with a 

wide range of thermal conductivity to illustrate performance of the sensor. Finally, an uncertainty 

analysis will be performed on the error sources of the thermal identification by the inverse method. 
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3.2 Scenario of thermal parameter identification in frequency 

domain 

 

In the One-Temperature Model, detailed in chapter 1, we have seen that the heat diffusion equation 

was solved by analytical approach, which is the quadrupole method. The model describes the 

thermal transport of a multilayer system heated periodically with radial symmetry at the top 

surface. The final expression of the surface temperature was obtained in Laplace-Hankel space, as 

presented previously by equation 1.37, which becomes: 

 

 θ𝑡𝑟,𝑖𝑛(α, z = 0, p) = 𝐺(𝛼, p)∅𝑡𝑟,𝑖𝑛(α, z = 0, p) 3.44  

with, 

𝐺(𝛼, p) = (
𝑁11 + 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏𝑁12
𝑁21 + 𝑘𝑠𝑢𝑏𝑞𝑠𝑢𝑏𝑁12

) 

 

where 𝛼 (m-1) is Hankel variable, p (s-1) is Laplace variable, 𝐺(𝛼, p) is the medium response, θ𝑡𝑟,𝑖𝑛 

is the surface temperature and ∅𝑡𝑟,𝑖𝑛 is the laser flux in Laplace-Hankel space.  

In order to analysis the heat response, we are considering here the simple case of a transducer 

deposited on a semi-infinite substrate. By taking the inverse Hankel transform, we get the 

frequency response of the temperature in real space, with G being a matrix of the thermal properties 

of the studied system: 

 

 T(r, z = 0, p) =
1

2𝜋
∫ 𝐺(𝛼, p)𝑄 (

𝑟𝑝
2

2
) 𝑒

𝑟p
2

4
𝛼2𝐽0(𝛼𝑟)𝛼𝑑𝛼

∞

0

 3.45  

 

where 𝐽0 is a zero-order Bessel function. 
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The surface temperature is measured by the reflected intensity of the probe laser. We must then 

weight the equation by the probe intensity distribution, which is taken as a Gaussian spot, although 

the radius may be different than the pump beam:  

 

 𝑇(r, z = 0, p) =
𝐴0
2𝜋
∫ 𝐺(𝛼, 𝑝)𝑒(

𝑟p
2+𝑟𝑠

2

4
)𝛼2𝐽0(𝛼𝑟)𝛼𝑑𝛼

∞

0

 3.46  

 

where the constant 𝐴0 (W) is equal to 𝑄 (
𝑟𝑝
2

2
), and 𝑟𝑠 (m) is the 1/𝑒2 radius of the probe beam spot 

on the surface. 

Thus, the frequency domain response can be qualitatively understood by examining the 

temperature expression solution at the low and high frequency limits. At the low frequency limit 

(p → 0), the temperature expression is: 

 

 T(r, z = 0, p)  
p→0
→    

𝐴0

𝑘𝑠𝑢𝑏√2𝜋(𝑟𝑝2 + 𝑟𝑠2)
 3.47  

 

In this case, the amplitude of the temperature response is inversely proportional to the thermal 

conductivity of the medium, and the phase is synchronous with the incident heat flux. This 

equation is equivalent to the solution for three-dimensional (3D) heat distribution where the local 

steady state temperature rise of the sample can be estimated [72]. 

On the other hand, at the high frequency limit (p → ∞), equation 3.46 becomes: 

 

 T(r, z = 0, p)  
p→∞
→    

𝐴0

𝜋𝑟𝑝2√𝑖𝑘𝑠𝑢𝑏𝜌𝐶𝑠𝑢𝑏𝜔
 3.48  

 

where 𝜔 is the angular frequency. In this second case, the amplitude temperature response is this 

time inversely proportional to √𝑘𝑠𝑢𝑏𝜌𝐶𝑠𝑢𝑏, which is the substrate thermal effusivity (W/m2/K.s-

1/2). Moreover, the phase of the surface temperature lags relative to the heat flux by 
𝜋

4
. This 
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temperature equation (3.48) at high frequencies thus corresponds to the solution for one-

dimensional heat flow (1D) [72]. 

Actually, the sensitivity of the temperature surface depends on the characteristic penetration length 

scale of the thermal wave, which decays exponentially into the solid. This penetration scale, known 

as the thermal diffusion length 𝐿ℎ (m), is defined as: 

 

 𝐿ℎ = √
2𝐷

𝜔
= √

2𝐾

𝜔𝜌𝐶
 3.49  

 

where 𝐷 (m2/s) is the thermal diffusivity of the studied medium. The associated thermal length 

scale, compared to the spot size of the pump laser, determines whether the temperature surface 

approaches more the one-dimensional or the 3D thermal transport. If thermal diffusion length is 

bigger than the pump size (𝐿ℎ ≫ 𝑟𝑝), the isotherm within the sample tends to be spherical and the 

temperature response approaches more the 3D distribution. Alternatively, if thermal diffusion 

length is smaller than the pump size (𝐿ℎ ≪ 𝑟𝑝), the isotherm becomes relatively planar and 

therefore the temperature surface can be approximated with the 1D distribution. 

 

3.3 Direct problem and sensitivity study of 1TM 

 

Identifying the thermal properties of different materials requires a study of their theoretical spectral 

response based on the thermal model. The resolution of this direct problem makes enable the 

evaluation of the sensitivities of the model and the influence of the thermal properties. This study 

is critical to determine the variation and the existing correlations between parameters. This allows 

us to know the identifiable properties, those that must be fixed as well as the adequate measurement 

method. For that, we will study in this section by the One-Temperature Model, the spectral 

response of several types of materials characterized by different thermal conductivities, and then 

a sensitivity analysis will be performed. In this case, the sensitivity of both the phase and the 
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amplitude of the spectral response, are defined by the upcoming functions. The phase variation 

function ∆𝑝ℎ at a given parameter 𝑌 is: 

 

 ∆𝑝ℎ (°)  =  𝑃ℎ(𝑓, 𝑌 + ∆𝑌) –  𝑃ℎ(𝑓, 𝑌)  3.50  

 

and, the relative amplitude variation function ∆𝐴𝑚𝑝relative at a given parameter 𝑌 is: 

 

 ∆𝐴𝑚𝑝relative =
𝐴(f, Y + ∆Y) –  𝐴(f, Y) 

𝐴(f, Y)
 3.51  

 

where 𝐴 and 𝑃ℎ are the amplitude and the phase spectral response calculated from the thermal 

model, respectively, 𝑓(Hz) is the frequency of the pump laser and Y represents the studied 

parameter. In the following, this parameter is varied constantly for all the studied samples by 

attributing 10% variation to the parameter. 

 

3.3.1 Case study: transducer on substrate to evaluate the range of 

measurement 

 

For this thermal investigation, we considered the simple case of an Al transducer layer of a few 

tens of nanometers, deposited on a semi-infinite substrate which is the layer of interest. Among 

the thermal properties used for the calculation, one is the optical penetration depth in aluminum 

with a value equal to 7 nm at the 800 nm excitation wavelength. The discontinuity of the 

temperature field at the interface between the two layers is modelled by an interface resistance. In 

addition, to study the thermal response of several types of materials and the sensitivity of their 

thermal properties, the substrate will have different thermal conductivities. The values chosen are 

102 W/m/K (metal), 101 W/m/K (alloy), 100 W/m/K (glass) and 10-1 W/m/K (polymer). Figure 

3-1 presents a schematic description of the sample, with all the required properties for its modeling. 
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3.3.2 Modeling over 3 decades of thermal conductivities 

 

The frequency band of the 1TM simulation extends from 10 kHz to 1 THz. This band takes into 

consideration the spectral response of the two methods of the thermoreflectance measurement, 

FDTR and TDTR Heterodyne. As we have seen before, the FDTR experiment typically measure 

the spectral response at low frequencies in the range of kHz up to MHz, while the TDTR 

heterodyne experiment can probe the response at high frequencies from MHz up to THz. 

Figure 3-2 shows the spectral response in amplitude and phase calculated by the 1TM for the 

sample with 𝑘𝑠𝑢𝑏 =1 W/m/K. To analyze the spectral response behavior, the spectrum is divided 

into four different regions (A, B, C, D) corresponding to different frequency behaviors. 

 

Simulation parameters 

Pump radius 

 (intensity 1/𝑒2) 

Probe radius 

(intensity 1/𝑒2) 

𝑟𝑝=5 𝜇𝑚 

 

𝑟𝑠=5 𝜇𝑚 

T
ra

n
sd

u
ce

r 

A
l 

Penetration depth 

Thickness 

Thermal conductivity 

Specific heat capacity 

𝑒𝐴𝑙=7𝑛𝑚 

𝑑𝐴𝑙=50 𝑛𝑚 

𝐾𝐴𝑙=180 𝑊/𝑚/𝐾 

𝐶𝐴𝑙=2.45 𝑀𝐽/𝐾/𝑚3 
 Thermal resistance 𝑅𝐴𝑙/𝑆𝑢𝑏=5 𝑛𝐾.𝑚2/𝑊 

S
u

b
st

ra
te

 

Thermal conductivity 

Specific heat capacity 

𝐾𝑆𝑢𝑏= [10-1-102] 𝑊/𝑚/𝐾 

𝜌𝐶𝑠𝑢𝑏=1.65 𝑀𝐽/𝐾/𝑚3 

Figure 3-1: Modeling of an Al transducer deposited on a semi-infinite substrate. 
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Region A is the frequency range where the heat flow has passed completely and been transferred 

by the transducer to the underlying layer. At the low frequencies of this region and specifically 

when the diffusion length becomes bigger than the pump size (𝐿ℎ ≫ 𝑟𝑝 = 5 𝜇m), the heat transfer 

approaches the 3D temperature distribution presented in equation 3.47. Region B, which appears 

with a slope of -1 in the amplitude response (Figure 3-2(a)), is the frequency range where the 

temperature is homogeneous in the transducer after the heat thermalization. Region C appears with 

a slope of 1/2 in the amplitude response and the corresponding phase goes toward -45° (Figure 

3-2(b)). This is the frequency range where the surface temperature is approximated by the 1D 

distribution presented in equation 3.48. This is due to the heat diffusion length that becomes 

smaller than the laser spot size (𝐿ℎ ≪ 𝑟𝑝 = 5 𝜇m); therefore, the transducer film becomes a semi-

infinite medium for the heat. Finally, region D is the high frequency range where the heat is no 

longer 1D due to the finite extension of the pump and the probe. 

In order to see the response behavior of other material types, Figure 3-3 presents the theoretical 

spectral responses, in amplitude and phase, for different thermal conductivities of substrate. 

 

(a) (b) 

Figure 3-2: The theoretical spectral responses in (a) amplitude and (b) phase obtained 

by the 1TM for the sample with 𝒌𝒔𝒖𝒃=1 W/m/K. 
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The amplitude response presented in Figure 3-3(a) shows the dependence on the thermal 

conductivity of the substrate at low frequencies (region A). The estimated temperature amplitude 

at the surface increases when the sample becomes thermally insulated, due to the slower heat 

dissipation in the medium. On the other hand, the amplitude response beyond 100 MHz (regions 

B, C and D) is identical for all the studied samples. This is due to the transient thermal effects in 

the same transducer deposited above each substrate. 

As for the phase response shown in Figure 3-3(b), the semi-infinite substrate no longer exhibits a 

phase shift between the response and the thermal excitation, and its phase consequently tends 

towards 0° at low frequency (region A). In this case, the increase in the thermal conductivity of 

the substrate leads to a significant heat dissipation. These materials will have larger thermal 

diffusion length and therefore smaller phase lags over a given frequency range, than materials with 

low thermal conductivity. On the other hand, due to the transducer thermal effect, the phase 

response of the different samples behaves in a similar way beyond 1 GHz. This means the phase 

response has more sensitivity to the thermal effect of the material of interest rather than the 

amplitude. 

(a) (b) 

Figure 3-3: The theoretical spectral responses in (a) amplitude and (b) phase obtained 

by the 1TM for different material thermal conductivities. 

A 
A 

B 

C 

D 

B 
C D 
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3.3.3 Influence of transducer thickness on the sensitivity of thermal properties  

 

As we have seen in the second chapter, the thickness of the transducer affects the heat transfer to 

the layer of interest, which then means an effect on the sensitivity to thermal parameters. For that, 

we carried out a sensitivity study of thermal parameters depending on the transducer thickness. 

The parameters chosen for this study are those on which depends the layer of interest: the thermal 

conductivity (𝐾𝑠𝑢𝑏) and the thermal resistance at the interface (𝑅𝐴𝑙/𝑠𝑢𝑏). The amplitude and the 

phase sensitivity curves for the case of 10 W/m/K substrate are shown in Figure 3-4. The shape 

of the curves for the other substrates, with different thermal conductivities, is almost identical. 

 

 

The thermal response in amplitude and phase (Figure 3-4(a) and (b)), for the different transducer 

thicknesses, is sensitive to the thermal resistance at high frequencies. The influence of the substrate 

thermal conductivity remains slightly weak compared to the thermal interface resistance. From a 

temporal point of view, when the energy deposited in the transducer dissipates towards the 

(a) (b) 

Figure 3-4: Sensitivity (a) in amplitude and (b) in phase to the thermal conductivity 

𝒌𝒔𝒖𝒃 and to the interface resistance 𝑹𝑨𝒍/𝒔𝒖𝒃 for several thicknesses of the transducer. 
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surrounding environment, the heat flow encounters a thermal barrier that is the interface resistance 

between the two transducer/substrate layers. This explains the influence of the sensitivity to 

thermal resistance at high frequencies. 

In addition, we can also notice on the simulated curves that the sensitivity (amplitude and phase) 

of the studied thermal parameters of the substrate depends on the thickness of the transducer. The 

thicker the transducer, the less sensitive is the surface to both the thermal conductivity and the 

interface resistance; and vice versa. Therefore, the best choice for thermal identification is the thin 

transducer, which brings a rapid transfer of its energy (chapter 2) and a great sensitivity to the 

thermal properties of the layer of interest located below. 

 

3.3.4 Asymptotic behavior 

 

In the context of thermal characterization, it is interesting to study the sensitivity of the model 

response to the properties that govern the heat exchange of materials. Among these properties, 

there is the thermal conductivity and the thermal capacity of the material of interest. In this part, 

we will investigate if it is possible to identify these two thermal parameters simultaneously in a 

wide measurement frequency range. This analysis will be carried out for the amplitude and the 

phase of the spectral response for the 4 materials with different thermal conductivities [10-1 – 102 

W/m/K]. 

 

 Sample with ksub=102 W/m/K 

Figure 3-5 presents the curves of the 1TM sensitivity to the thermal conductivity and the specific 

heat of the sample with ksub=102 W/m/K. For the amplitude spectral response (Figure 3-5(a)), the 

sensitivity curves are correlated with frequencies higher than 20 MHz. Indeed, at these frequencies, 

the thermal diffusion length decreases and becomes lower than the size of the laser spot (𝐿ℎ< 𝑟𝑝=5 

μm). The heat transfer in this case approaches the one-dimensional limit (1D) and then the surface 

temperature is determined by the effusivity, as equation 3.48 has shown. At lower frequencies, 

where the diffusion length becomes bigger than the size of the spot (𝐿ℎ > 𝑟𝑝=5 μm), the correlation 
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no longer exists. The specific heat sensitivity decreases till the amplitude response becomes only 

sensitive to the thermal conductivity, and this corresponds to the three-dimensional temperature 

distribution that have been presented in equation 3.47.  

 

 

On the other hand, for the phase response (Figure 3-5(b)), the sensitivity to the thermal 

conductivity and the specific heat are correlated above the modulation frequency of 100 MHz. The 

thermal model is then sensitive to the substrate thermal effusivity. At lower frequencies, the two 

curves are separated for the magnitude, but they become correlated in absolute values (opposite 

signs) below the 200 kHz. In this case, the heat transfer approaches the three-dimensional (3D) 

limit with a phase response sensitive to the substrate thermal diffusivity.  

For this sample, the simulation study showed that there is an intermediate frequency range 

(between 200 kHz and 30 MHz), where the sensitivity to the thermal conductivity and the thermal 

capacity are not correlated. Therefore, the two thermal properties can be identified simultaneously 

(a) (b) 

Figure 3-5: 1TM sensitivity in (a) amplitude and (b) phase to the thermal conductivity 

and the specific heat of the sample 𝒌sub =102 W/m/K. 
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from measurements that span this frequency range. On the other hand, for a measurement in the 

correlation range, the determination of the thermal conductivity requires fixing the heat capacity 

in the identification model; and vice versa. 

 

 Sample with ksub=10 W/m/K 

The same previous study was carried out for the sample with 𝑘𝑠𝑢𝑏= 10 W/m/K. The 1TM 

sensitivity curves to the thermal conductivity and the thermal capacity of the substrate are 

presented in Figure 3-6. 

 

 

The sensitivity curves to the thermal conductivity and the specific heat are correlated for 

frequencies above 6 MHz for the amplitude and 30 MHz for the phase. This effusivity sensitivity, 

which is due to the one-dimensional heat flow within the sample, exists in a frequency range 

greater than the previous case for substrate with high thermal conductivity. At lower frequencies, 

(b) (a) 

Figure 3-6: 1TM sensitivity curves in (a) amplitude and (b) phase to the thermal 

conductivity 𝒌𝒔𝒖𝒃 and to the specific heat 𝝆Csub for the sample with 𝒌𝒔𝒖𝒃 =10 W/m/K. 
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the two sensitivity curves to the thermal parameters separate and the distribution of the heat 

transfer becomes three-dimensional. For the amplitude response, the thermal conductivity can be 

uniquely determined. As for the phase, the response at a frequency less than 100 kHz is sensitive 

to the substrate diffusivity because sensitivity to both the thermal conductivity and the heat 

capacity are correlated in absolute value. 

In this case, even if the sensitivity to the thermal effusivity increases, the thermal conductivity and 

the heat capacity can be identified simultaneously from 100 kHz to 6 MHz. 

 

 Sample with ksub=1 and 10-1 W/m/K 

In order to complete the sensitivity study for the different types of materials, the same study is 

carried out for a material with low thermal conductivity. Figure 3-7 shows the sensitivity curves 

of the thermal conductivity and the specific heat for a sample with 𝑘𝑠𝑢𝑏=1 W/m/K and another 

with 𝑘𝑠𝑢𝑏=10-1 W/m/K. 

For the case of substrates with low thermal conductivity values, the surface temperature is only 

sensitive to the thermal effusivity. The sensitivity curves for the thermal conductivity and the 

specific heat parameters are correlated over the entire typical acquisition frequency range, 

especially for the substrate with ksub=10-1 W/m/K. Indeed, the thermal insulated materials have 

shorter thermal diffusion length. This latter remains smaller than the size of the laser spot (𝐿ℎ < 

𝑟𝑝) even at low frequencies, always resulting to the one-dimensional heat transfer within the 

sample. In this case, the identification of the thermal conductivity and the thermal capacity cannot 

be carried out simultaneously. It will be necessary to fix one of the two parameters to identify the 

other in any measurement frequency range. 
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Figure 3-7: 1TM sensitivity curves in (a), (c) amplitude and (b), (d) in phase to the 

thermal conductivity and the specific heat for the sample with (a), (b) 𝒌𝒔𝒖𝒃=1 W/m/K 

and (c), (d) 𝒌𝒔𝒖𝒃=10-1 W/m/K. 

(b) (a) 

(d) (c) 
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3.3.5 Additional thermal parameters sensitivity 

 

In the identification process of thermal properties, at least two unknown parameters can be 

determined. For this, a study of the 1TM sensitivity to different thermal parameters is carried out 

in order to show their impact on the spectral response and indicate which of those should not be 

identified simultaneously. In addition to the thermal parameters of the layer of interest studied 

above, this part also presents the sensitivity to transducer thermal properties (thickness, thermal 

conductivity, and specific heat), the thermal resistance at the interface as well as the sensitivity to 

the size of the spot. This sensitivity analysis is performed for samples with high and low thermal 

conductivities of 𝑘𝑠𝑢𝑏=102 W/m/K and 𝑘𝑠𝑢𝑏=1 W/m/K, respectively. 

Figure 3-8 shows the 1TM sensitivity curves, in amplitude and in phase, to the different thermal 

properties for the sample of Al/substrate with 𝑘𝑠𝑢𝑏=102 W/m/K. We can see that the sensitivity of 

transducer thermal properties, presented in Figure 3-8(a) and (b), only exists at high frequencies, 

which corresponds to the TDTR band analysis. This sensitivity becomes negligible at frequencies 

corresponding to the FDTR range, especially the thermal conductivity 𝑘𝐴𝑙. The low impact of 

transducer parameters is due to the rapid heat thermalization towards the underling layer, which is 

here also a good conductor of heat. This explains the important sensitivity of the response to the 

parameters of the substrate layer as shown in Figure 3-8(c) and (d). The TDTR response has a 

good sensitivity to the interface thermal resistance 𝑅𝐴𝑙/𝑠𝑢𝑏. However, the FDTR frequency range 

is more sensitive to the thermal conductivity 𝑘𝑠𝑢𝑏 and to the specific heat 𝜌𝐶𝑠𝑢𝑏 of the substrate 

material with no correlation. On the other hand, the significant influence of the pump size 𝑟𝑝 is 

limited at the FDTR frequency range. Thus, for thermal identification of this material type, 

measuring a response over this wide frequency range (FDTR and TDTR) allows the identification 

of several thermal parameters simultaneously, such as 𝑘𝑠𝑢𝑏 , 𝜌𝐶𝐴𝑙/𝑠𝑢𝑏 and 𝑅𝐴𝑙/𝑠𝑢𝑏.  

It should be noted that in this study, we did not represent the response sensitivity to the probe size 

that has the same effect as the pump size. 
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The nature of the substrate strongly affects the sensitivity to the different thermal parameters. 

Figure 3-9 presents the curves of the 1TM sensitivity to thermal properties, in amplitude and in 

phase, for the sample with 𝑘𝑠𝑢𝑏=1 W/m/K. In this case, the sensitivity to the transducer parameters 

(Figure 3-9(a), (b)) is dominant in both FDTR and TDTR frequency range. On the other hand, the 

sensitivity to the interface thermal resistance 𝑅𝐴𝑙/𝑠𝑢𝑏 (Figure 3-9(c), (d)) is low in the whole 

frequency range. Indeed, when the substrate is an insulator, its thermal resistance becomes much 
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(b) (a) 

(d)  

Figure 3-8: Sensitivity (a), (b) for transducer thermal properties and (c), (d) for material 
properties in (a), (c) amplitude and (b), (d) phase for the sample with 𝒌𝒔𝒖𝒃=102 W/m/K. 

𝛒𝐂𝐀𝐥 
𝛒𝐂𝐀𝐥 

𝛒𝐂𝐬𝐮𝐛 
𝛒𝐂𝐬𝐮𝐛 
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higher than the interface resistance. Therefore, the influence of the thermal response to this 

parameter becomes very weak. Moreover, the low conductivity of the underlying material 𝑘𝑠𝑢𝑏 

leads to an accumulation of energy in the transducer, then to a significant influence of its thermal 

properties on the spectral response. 
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(b) (a) 

(d) (c) 

Figure 3-9: Sensitivity (a), (b) of transducer thermal properties and (c), (d) of material 
properties in (a), (c) amplitude and (b), (d) phase for the sample with 𝒌𝒔𝒖𝒃=1 W/m/K. 

𝛒𝐂𝐀𝐥 

𝛒𝐂𝐀𝐥 

𝛒𝐂𝐬𝐮𝐛 
𝛒𝐂𝐬𝐮𝐛 
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It is noted also that the influence of the pump size on the thermal response still occurs at low 

frequencies as the previous study with 𝑘𝑠𝑢𝑏 =102 W/m/K. As for the substrate properties, the 

response is sensitive to the thermal effusivity. This is due to the correlation between 𝑘𝑠𝑢𝑏 and 

𝜌𝐶𝐴𝑙/𝑠𝑢𝑏 sensitivities in all the frequency range measurement of FDTR and TDTR. Therefore, in 

this type of material, the thermal conductivity 𝑘𝑠𝑢𝑏 can only be determined by fixing the specific 

heat 𝜌𝐶𝐴𝑙/𝑠𝑢𝑏 in the model. 

Consequently, the dominant parameters in the thermal response are strongly dependent on the 

insulating nature of the studied substrate. According to this nature and the measured frequency 

range, certain parameters can only be identified by fixing certain others, due to the correlation 

sensitivity. Thus, the wide bandwidth of the spectral response increases measurement sensitivity 

and enables enhanced simultaneous thermal property characterization of the material of interest. 

 

3.4 Ultra-broadband spectral thermal sensor from 10 kHz to 1 THz 

 

In this section, we will first describe how we combined two experiments in order to obtain a 

broadband thermal spectral sensor. In a second step, we will show the capacity of this sensor by 

experimental results of thermal characterization for several types of materials.  

 

3.4.1 Spectroscopic measurements via combined time- and frequency-domain 

thermoreflectance. 

 

As we have seen in the 1TM sensitivity study, the identifiable thermal parameters depend on the 

measured frequency range. The wide spectral band of the system increases the measurement 

sensitivity, and enables multiple combinations of thermo-physical properties to be simultaneously 

extracted from a single measurement. In this work, we apply a broadband spectral sensor using a 

dual of TDTR and FDTR experimental methods. This technique is a very valuable tool linking the 
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advantages of the two methods for thermal characterization. The combined measurements allow 

to investigate the thermal transport on a wide frequency range from kHz up to THz.  

 

3.4.1.1 Spectral sensor setup 

 

The experimental setup used in this work for the FDTR thermoreflectance method is shown in 

Figure 3-10. The pump and the probe are continuous beams (CW) generated by two laser diodes 

emitting different wavelengths 810 nm and 780 nm, respectively. The pump beam is modulated 

sinusoidally in amplitude by a radiofrequency generator. 

The pump and probe beams are focused on the sample surface by a microscope objective with a 

magnification of 10X. They have a respective radius of 6.5 μm and 4.5 μm on the sample surface 

measured using a coherent beam master. Following the reflection, the probe beam is returned to a 

silicon photodiode passing through an interference filter preventing any detection of the reflected 

pump beam during the measurement. The phase-shift of the temperature (probe) to the heat flux 

(pump) is monitored by a lock-in amplifier synchronized on the modulation frequency. This FDTR 

setup produces a high-fidelity thermal signal and allows heating frequencies up to 200 MHz. 

Increasing the frequency beyond 200 MHz causes signal-to-noise issues, because the amplitude of 

the temperature response decreases, whereas coherent and ambient noise increase. However, 

achieving this high frequency measurement is very important for thermal study, because the most 

recent FDTR-based techniques do not modulate the pump laser higher than 20 MHz [73-74]. 

For the TDTR method, we use the heterodyne setup presented in chapter 2 (see Figure 2-6). In 

this study, the optical parametric oscillator used to change the probe wavelength is removed. 

Therefore, the wavelength of the probe will be 780 nm, which is suitable for thermoreflectance 

measurements with the Al transducer deposited on the studied samples. 
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3.4.1.2 Ultra broadband spectroscopy 

 

In order to show the capacity of the thermal spectral sensor, an experimental measurement was 

carried out for a silica sample. Figure 3-11 presents the wide thermal response in amplitude and 

in phase obtained by combined measurements of FDTR/TDTR methods. The FDTR experiment 

accesses the frequency response of the sample for a range from 10 kHz to 200 MHz, while the 

TDTR experiment probes frequencies from 76 MHz up to 1 THz. Hence, the overlap between the 

two measurements leads to an ultimate thermal spectroscopy with a bandwidth extending from 10 

kHz to 1 THz.  

It should be noted that the spectral response of the TDTR heterodyne is obtained by performing a 

Fourier transform of the measured temporal response. 

The overlap between the FDTR and TDTR in amplitude and in phase response is possible because 

we use the same conditions for measurement in the two methods, which are the microscope 

objective, pump, probe wavelengths and of course the same studied sample. In addition, the 

Figure 3-10: Schematic of the FDTR setup used for the thermal sensor. 
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amplitude response depends on the absorbed energy within the sample, which requires the use of 

the same pump power.  

 

 

Moreover, the sensitivity study showed that the TDTR response is not sensitive to the laser spot 

radius (see Figure 3-8). Therefore, any small variation in the size of the TDTR beam lasers (pump 

or probe), compared to those of FDTR, will not have any influence especially on the phase 

response.  

The next part of this work consists in identifying thermal properties from the response of the 

FDTR/TDTR sensor. For this, we will focus on the measured phase response, which is independent 

of the wavelength and the power of the laser. The thermal identification model was carried out 

with the 1 TM on the phase response up to 10 GHz in frequency, being the ultimate phononic range 

of the Al transducer, as we have seen in chapter 2. 

(b) (a) 

Figure 3-11: spectral response in (a) amplitude and (b) phase of Si sample measured by 

the thermal sensor FDTR/TDTR. 

FDTR 
TDTR 
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3.4.2 Over 3 decades thermal conductivity identification  

 

The wide spectral response provided by the thermal sensor FDTR/TDTR allows us to measure the 

different thermal behaviors in nanomaterials. The reliability and the capacity of these measurement 

techniques for thermal characterization has been verified on a series of material samples over a 

wide range of thermal conductivity values. 

 

Figure 3-12 shows studies of the thermal spectral sensor over a wide range of thermal 

conductivity, from 10-1 to 102 W/m/K. These thermal characterizations carried out during the thesis 

work include several materials: silicon (Si), germanium (Ge), scandium nitride (ScN), vanadium 

dioxide (VO2), silica (SiO2) and a polymer (PI). The thermal conductivities of these materials 

determined by the One-Temperature Model are in good agreement with the literature values with 

an overall experimental uncertainty of ±5% [58, 75–80]. In the following we will show some 

detailed examples for the thermal identification of these studied materials. 

Figure 3-12 TDTR/FDTR sensor measurements of a wide range of materials thermal 

conductivity. 



Chapter 3 : Ultra-broadband spectroscopy of heat transport 

 

107 

 

It should be noted that in this study, the size of the pump and the probe are known model 

parameters at the values of the FDTR method. The radius values described before are 6.5 μm for 

the pump and 4.5 μm for the probe. 

 

 Silicon Si 

The first thermal identification example is for the silicon layer. The structure of the sample consists 

of a 40 nm thick aluminum transducer deposited on a semi-infinite Si substrate.  

According to the thermal sensitivity studies presented in section 3.3, three parameters will be 

identified simultaneously with the wide response of the FDTR/TDTR sensor. These parameters, 

which will be left free during the identification process, are the thermal conductivity and the heat 

capacity of Si, and the thermal resistance 𝑅𝐴𝑙/𝑆𝑖 at the interface. The other properties are assumed 

to be known and fixed at the values shown in Table 3-1. 

 

 

 

In order to extract the desired thermal properties, the numerical optimization is performed on the 

measured phase response by FDTR/TDTR. Figure 3-13 shows the optimization and the 

experimental curves of Al/Si sample as well as the residuals, which represent the subtraction 

between the two curves. The best optimization is obtained for a thermal conductivity of 𝑘𝑆𝑖=135 

W/m/K, a specific heat capacity of 𝜌𝐶𝑆𝑖=1.69 MJ/m3/K, and an interface resistance of 𝑅𝐴𝑙/𝑆𝑖=2.3 
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Penetration depth 

Thickness 

Thermal conductivity 

Specific heat capacity 

𝑒𝐴𝑙=7 𝑛𝑚 

𝑑𝐴𝑙=32 𝑛𝑚 

𝑘𝐴𝑙=180 𝑊/𝑚/𝐾 

𝐶𝐴𝑙=2.45 𝑀𝐽/𝑚3/𝐾 

 Thermal resistance 𝑅𝐴𝑙/𝑆𝑖= ? 𝑛𝐾.𝑚2/𝑊 
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Thermal conductivity 

Specific heat capacity 

𝑘𝑆𝑖= ? 𝑊/𝑚/𝐾 

𝜌𝐶𝑆𝑖=? 𝑀𝐽/𝑚3/𝐾 

Table 3-1: Fixed and to be identified thermal properties for the Al/Si sample. 
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nK.m² /W. The identified values are very close to those found in the literature [75, 76] from where 

the thermal conductivity values vary around 140 W/m/K. The residuals obtained during the 

optimization show a small difference between the experimental measurement and the theoretical 

response of the 1TM. 

 

 

 Scandium nitride ScN 

The second example of thermal characterization is for the ScN layer. The studied sample is a 240 

nm ScN layer, deposited on a sapphire substrate, on which a 70 nm aluminum transducer has been 

deposited. Table 3-2 presents all the properties necessary for its modeling with the known values 

are taken from the literature [81]. 

 

(b) 

(a) 

Figure 3-13: (a) Typical phase data measured by the FDTR/TDTR senor and the best 

1TM fit for Al/Si sample. (b) Optimization residuals. 

(°
) 
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In this case, the properties of the sapphire substrate as well as those of aluminum are fixed at the 

tabulated values. The interface resistance 𝑅𝑆𝑐𝑁/𝐴𝑙2𝑂3 between the ScN layer and the sapphire 

substrate is considered negligible. Thus, three parameters are left free during the identification 

procedure: the thermal conductivity 𝑘𝑆𝑐𝑁, the specific heat capacity 𝜌𝐶𝑆𝑐𝑁 and the thermal 

interface resistance 𝑅𝐴𝑙/𝑆𝑐𝑁. 

The result of the optimization on the phase measurement is shown in Figure 3-14. The two curves 

are matching very well for all the frequency range. The identified values are for the thermal 

conductivity 𝑘𝑆𝑐𝑁=12.5 W/m/K, the specific heat capacity 𝜌𝐶𝑆𝑐𝑁= 3.9 MJ/m3/K and for the 

interface resistance 𝑅𝐴𝑙/𝑆𝑐𝑁=14 nK.m²/W.  

The residuals show a small error between the experimental and the optimized curves. Moreover, 

the identified value of the thermal conductivity and the specific heat capacity are in agreement 

with both the theory and the previous results published for the ScN [77-78]. However, the 

identified thermal resistance is a little high, which indicates the tough grip between the aluminum 

and the ScN layer. 
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𝐶𝐴𝑙=2.45 𝑀𝐽/𝑚3/𝐾 
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𝑘𝑆𝑐𝑁= ? 𝑊/𝑚/𝐾 

𝜌𝐶𝑆𝑐𝑁=? 𝑀𝐽/𝑚3/𝐾 

 Thermal resistance 𝑅𝑆𝑐𝑁𝑏/𝐴𝑙2𝑂3= 1 𝑛𝐾.𝑚2/𝑊 
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𝑘𝐴𝑙2𝑂3= 35 𝑊/𝑚/𝐾 

𝜌𝐶𝐴𝑙2𝑂3= 2.98 𝑀𝐽/𝑚3/𝐾 

Table 3-2 Fixed and to be identified thermal properties for the Al/ScN/Al2O3 sample. 
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 Polyimide (PI) 

The last example is for the polymer PI characterized by a low thermal conductivity. The structure 

consists of a semi-infinite PI substrate, on which a 70 nm thick Al transducer is deposited. 

According to sensitivity studies for a thermal insulated layer, the thermal conductivity and the heat 

capacity cannot be identified simultaneously. For this, the heat capacity of the polymer substrate 

will be fixed at 𝜌𝐶𝑃𝐼= 2 MJ/m3/K. In addition, the thermal properties of the Al transducer will be 

also fixed as the previous sample.  

The interface resistance 𝑅𝐴𝑙/𝑃𝐼 between the Al transducer and the insulated substrate is negligible 

(see Figure 3-9). Thus, the size of the pump will be left free with the thermal conductivity 𝑘𝑝𝑜𝑙𝑦 

during the optimization.  

(b) 

(a) 

Figure 3-14: (a) Measurement curve and calculated curve for Al/ScN/Al2O3 sample. (b) 

Optimization residuals. 

(°
) 
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The result of the optimization on the experimental phase curve is presented in Figure 3-15. The 

best optimization is obtained for a polymer thermal conductivity of 𝑘𝑃𝐼=0.2 W/m/K and for a pump 

radius of 𝑟𝑝=6.5 𝜇𝑚. The identified value of the thermal conductivity agrees with the theory, and 

the value of the pump size is very similar to that measured by the beam master. 

 

 

3.4.3 Conclusion 

 

These three examples of different samples, Si, ScN and polymer PI, illustrate three different cases 

for which the thermal sensor FDTR/TDTR shows its potential. First, the thermal conductivity of a 

thick layer of a conductive material (Si) has been identified simultaneously with the heat capacity 

and agrees with literature results. Then, in a multilayer sample, the thermal conductivity and heat 

capacity were also measured together for a thin layer (ScN), with values equal to the ones found 

(b) 

(a) 

Figure 3-15: (a) Measurement and optimization curves for the Al/PI. (b) Optimization 

residuals. 

(°
) 
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in the literature. Finally, the last sample illustrates the possibility of measuring the thermal 

conductivity of a thick layer of an insulating material (polymer). These three examples, with the 

other materials presented before (Figure 3-12), show the extent of the performance of this 

measurement method. Thus, the wide range thermal response makes it possible to simultaneously 

determine both thermal conductivity and heat capacity. It also allows to identify the properties of 

samples with different thermal conductivities [10-1 – 102 W/m/K] and thicknesses, even for a 

multilayer sample where the excitation is carried out on the surface of the latter. 

 

3.5 Uncertainty analysis  

 

In the identification procedure, there are always systematic errors that affect the uncertainty of the 

measured thermal properties. As we have mentioned in chapter 1, the errors are caused by one of 

the following main factors: experimental noise in the response, uncertainty in the fixed parameters 

in the model or the correlations of the free parameters. In this section, we will study and analyze 

in detail the influence of these factors on the determination of thermal properties. 

 

3.5.1 Experimental noise 

 

The confidence associated with the measured values is a critical aspect of any experimental 

measurement technique. Despite the widespread use of FDTR and TDTR thermoreflectance 

methods and their effectiveness in measuring thermal properties, noise still exists in the measured 

signal. This noise is generated by the artefacts inherent in this type of experiment, including the 

power fluctuation, the laser stability, the mechanical vibrations of the measuring bench or the 

electronic parasites. The noisy experimental data can affect the stability of the inverse method and 

lead to uncertainties on the identified values. We will study in this part the noise impact of the 

FDTR/TDTR sensor on the parameters determined by the inverse method (least mean squares 

method). 
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First, we have checked the performance of the least mean squares method in an ideal case with a 

response without any noise. For that, a theoretical response of Al/substrate sample provided by the 

1TM is used as an experimental response for the optimization by the inverse method. During the 

optimization, the thermal conductivity 𝑘𝑠𝑢𝑏 and the interface resistance 𝑅𝐴𝑙/𝑠𝑢𝑏 are left free. The 

other thermal parameters are fixed in the thermal model. The mapping simulation of the least mean 

squares variation as a function of the free parameters are presented in Figure 3-16. 

The 3D cartographic simulation shows that the optimization algorithm converges to a unique and 

precise minimum. The values at this minimum are 𝑘𝑠𝑢𝑏= 60 W/m/K for and 𝑅𝐴𝑙/𝑠𝑢𝑏= 4.6 nK.m²/W, 

which are the same as those used to calculate the theoretical response. 

After that, a measurement of the FDTR and TDTR noises was carried out in order to show its 

effect on the parameter’s estimation by the least mean squares method. For that, the noise 

measurement in FDTR method was obtained by computing the standard deviations of phase data 

points, measured at multiple modulation frequencies. For the TDTR method, the procedure is the 

same, except that the phase data points are measured at multiple delay times. Then, the 

Figure 3-16: Cartographic simulation of the least squares method for the optimization 

on the theoretical curve as a function of the thermal conductivity 𝒌𝒔𝒖𝒃 and the thermal 

resistance 𝑹𝑨𝒍/𝒔𝒖𝒃. 

 

O
p

ti
m

iz
a

ti
o

n
 f

u
n

ct
io

n
 v

a
lu

e
 



Chapter 3 : Ultra-broadband spectroscopy of heat transport 

 

114 

 

experimental noises of the FDTR and TDTR are added to the 1TM theoretical response. It should 

be noted that the measurements in both methods were performed on an Al/Ge sample. 

 

 

Figure 3-17 presents the experimental noises of the FDTR and TDTR methods on the 1TM 

response. It can be seen that the noise in both methods depends on the measurement frequency. In 

the FDTR response range, the noise generally increases at low frequencies because of the increased 

1/f noise and also increases at high frequencies due to a lower signal to noise ratio. However, this 

ratio becomes better in the measurements in the TDTR response range. 

An optimization was performed on the phase curve incorporated with the experimental FDTR and 

TDTR noises. As the previous study, the thermal conductivity 𝑘𝑠𝑢𝑏 and the interface resistance 

𝑅𝐴𝑙/𝑠𝑢𝑏 are left free. Figure 3-18 shows the variation of the squared differences as a function of 

the free parameters. 

The variation of the squared differences is affected by the noise and it resembles to an elliptical 

bowl. Although, the parameters values at the minimum are 59 W/m/K for 𝑘𝑠𝑢𝑏 and 4.65 nK.m2/W 

for 𝑅𝐴𝑙/𝑠𝑢𝑏 are very close to those used to calculate the theoretical phase curve. This uncertainty 

Figure 3-17: Experimental uncertainties of FDTR and TDTR measurements on a 

theoretical response of 1TM for an Al/substrate sample. 
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on the measured values, which is less than 3%, is due to the experimental noise of the FDTR and 

the TDTR methods.  

Consequently, the stability of the FDTR and TDTR thermoreflectance methods makes it possible 

to measure signals with low artifact, which leads then to the identification of the thermal 

parameters with low uncertainties. 

 

 

3.5.2 Fixed parameters 

 

The second studied factor that affect the uncertainty of the determined thermal properties is the 

fixed parameters in the model. The underestimation of these supposedly known parameters causes 

errors in the identification process. For this, we have chosen to vary the fixed parameters values 

by assigning 10%, in order to show their effect on the identified parameters. 

Figure 3-18: Cartographic simulation of the least squares method for the optimization 

on the noised theoretical curve as a function of the thermal conductivity 𝒌𝒔𝒖𝒃 and the 

thermal resistance 𝑹𝑨𝒍/𝒔𝒖𝒃. 
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This study is performed on the parameters of the Al/Si sample presented previously (section 3.4). 

For this sample, the identified properties were set to 𝑘𝑆𝑖= 135 W/m/K for the thermal conductivity 

and 𝑅𝐴𝑙/𝑆𝑖= 2.3 nK.m2/W for the thermal resistance. In this case, we supposed that the heat capacity 

𝐶𝑆𝑖 is among the fixed parameters to see its variation effect on the estimated parameters. 

 

 

The estimated uncertainties on the identified thermal properties for the Al/Si sample are presented 

in Table 3-3. As expected, the uncertainties of the values for the estimated properties change from 

one parameter to another. The highest impact on the identification comes from the thickness of the 

layer and the specific heat capacity of the aluminum transducer (𝑑𝐴𝑙  and 𝜌𝐶𝐴𝑙). The other 

parameters have less influence. This variation of the uncertainties depends on the nature of the 

studied sample and the sensitivity of the response to the thermal parameters. 

Due to their influence on the identification, the values of the fixed parameters in the model must 

be chosen carefully and with high precision. Thus, any incorrect assessment of the values of these 

parameters causes significant uncertainties on the identified ones. This is why before any thermal 

identification of the studied sample, we measure the thickness of Al transducer with great precision 

by the heterodyne method, which detects the acoustic effects propagating in the film. As for the 

heat capacity, the value is well known and has been measured by many studies in the literature 

[82-83]. 

Table 3-3: Estimation of the uncertainties committed on the identified parameters for the 
Al/Si sample. 
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3.5.3 Correlated parameters 

 

Another factor is causing errors on the optimization by the inverse method, which is the 

identification of the correlated parameters. We have seen earlier in this chapter that the sensitivity 

of the sample response to thermal effusivity or diffusivity is a result to the correlation between the 

thermal conductivity and the heat capacity. This correlation adds an error factor whether the least 

squares algorithm was able to find a unique global minimum in the parameter space or not, and 

thus will strongly affect the identified parameters uncertainty.  

In order to show the influence of the correlation parameters on the thermal identification, two 

separate optimizations were performed on a theoretical response of Al/substrate sample. The 

response is calculated with the thermal properties presented previously (Figure 3-1, 𝑘𝑆𝑢𝑏=1.3 

W/m/K).  

According to the sensitivity study (see Figure 3-9), the first optimization was carried out with two 

non-correlated free parameters: the thermal conductivity 𝑘𝑆𝑢𝑏 and the interface resistance 𝑅𝐴𝑙/𝑆𝑢𝑏. 

The second one was performed with two correlated parameters: the thermal conductivity 𝑘𝑆𝑢𝑏 and 

the specific heat capacity 𝜌𝐶𝑆𝑢𝑏. Figure 3-19 presents the 2D maps of the sum of squared 

differences for the two optimization cases. 

In Figure 3-19(a), the optimization with the uncorrelated parameters shows that the least squares 

algorithm leads to a unique minimum. The values of the identified parameters at this minimum are 

1.3 W/m/K for the 𝑘𝑆𝑢𝑏 and 5 MJ/m3/K for the 𝑅𝐴𝑙/𝑠𝑢𝑏. On the other hand, this is not the case in 

Figure 3-19(b) where the optimization with the correlated parameters shows that the algorithm 

was not able to find a unique solution. Indeed, the correlation between the sensitivity of 𝑘𝑠𝑢𝑏 and 

𝐶𝑠𝑢𝑏 produces the same minima for different points in the parameter space and the optimization 

method can converge to any one of them. In this case, the identified physical quantity is the 

substrate thermal effusivity, 𝑒 = √𝜌𝐶𝑠𝑢𝑏𝑘𝑠𝑢𝑏 . Therefore, all minima of the optimization 

simulation lead to identify the same value of the thermal effusivity as shown in Figure 3-19(b). 
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This simulation study verifies the importance of the sensitivity analysis, in order to determine the 

correlations that may exist between the thermal properties, and thus to know the physical 

parameters that can be identified by the optimization.  

 

3.6 Conclusion 

 

In this chapter, we have studied the thermal transport for different types of materials using a 

spectral thermal sensor that combined the FDTR and TDTR experimental measurements. 

First, with the One-Temperature Model, we showed the theoretical thermal response of the 

multilayer sample in the frequency domain. This study of the direct problem allowed the evaluation 

of the sensitivities of the model and the influence of the thermal properties on the response. We 

have seen that the dominant parameters in the thermal response are strongly dependent on the 

nature of the studied material and of course the frequency range of measurements. For that, the 

(b) (a) 

Figure 3-19: 2D cartographic simulation of the least squares method for the 

optimization as a function of (a) the thermal conductivity 𝒌𝑺𝒖𝒃 and the interface 

resistance 𝑹𝑨𝒍/𝒔𝒖𝒃 and (b) the thermal conductivity 𝒌𝑺𝒖𝒃 and the heat capacity 𝝆𝑪𝑺𝒖𝒃. 

The black line (b) stands for the thermal effusivity calculated at the minima. 
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sensitivity study was necessary to determine the parameters which can be identified, the 

parameters must be fixed and the existing correlations between certain quantities. 

For experimental measurements, we have developed a spectral sensor allowing to obtain an 

ultimate bandwidth thermal response. This sensor combines the measurements of the FDTR and 

the TDTR methods and leads to investigate the thermal transport in materials in wide frequency 

range extending from 10 kHz to 1 THz. Using this approach allowed to observe all the thermal 

effects in the sample and enabled to enhance simultaneous thermal property characterization. 

The performance of the sensor has been validated by characterizing the thermal properties of 

different materials. These studied samples represented a wide range of the thermal conductivity, 

the thickness, and the structure. In addition, for the conductor materials, the sensor wide response 

has allowed to identify simultaneously the thermal conductivity and the heat capacity. The 

identified values agreed with the theory and measurements listed in the literature. 

Finally, we have presented an analysis of the identified parameters uncertainty by studying the 

impact of the experimental noise, the fixed parameters errors and the influence of determining the 

correlated parameters in the optimization. The study has shown that the high signal to noise ratio 

of the FDTR/TDTR sensor response leads to the identification of the thermal properties with low 

uncertainty. The highest error source on the estimated parameters comes from the ignorance of the 

fixed ones. By varying these parameters, we conclude that the properties of the aluminum 

transducer mainly influence the identified values. 
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Chapter 4 : Spectroscopy of superdiffusive phonons in 

non-Fourier materials 

 

 

4.1 Introduction 

 

Thin films have been extensively used in engineering systems to improve their optical, electrical, 

and thermal functionalities. When the thickness of a thin film becomes smaller than the mean free 

path of its heat carriers (electrons or phonons), the thermal properties of the film become 

significantly different from its bulk counterpart due to the geometric constraints. In this case, the 

energy transfer is known as an intermediate regime between the ballistic flight and purely diffusive 

regime, which can be described by the framework of Lévy Walks theory, i.e. the superdiffusive 

regime. This behavior is different from the conventional Brownian motion and is theoretically 

expected in different semiconductors. A detailed understanding of this superdiffusive thermal 

transport is crucial for many technological engineering applications including nano-electronic 

devices, heat management and thermoelectric materials. In this chapter we aim to use our ultra-

broadband measurement, FDTR/TDTR spectral thermal sensor, as a new metrology to probe the 

ballistic-diffusive heat transfer in nanostructured semiconductors and then seek to verify the 

existence of this regime in artificial materials mixing alloy and nano-inclusions. 

In the first part, we will describe the foundations of superdiffusive regime and its physical origin 

in alloys, then comes its numerical modeling. We will introduce a formalism based on the truncated 

Lévy statistics, allowing experimental analysis of quasi ballistic heat flow. Then, we will do a 

comparative study of the theoretical thermal response of this model with the purely diffusive 1TM, 

and show that the frequency range of the quasi-ballistic regime is accessible by the FDTR/TDTR 

thermal sensor. Next, the thermal characterization will be performed on the experimental 

measurements of semiconductors. We will show the validity of the truncated Levy model to 

describe the transition between the ballistic and diffusive regimes existing in InGaAs alloy. Then, 

we will study the thermal behavior of Ge-based model materials containing nano-inclusions that 
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are expected to scatter photons at a different length scale and enhance the ballistic-diffusive 

transition in the material medium. 

The second part of this chapter will be dedicated to the preliminary study of the in-place diffusion 

analysis. We will begin by introducing a new optical system employed in the heterodyne TDTR 

allowing to probe the spatial heat distribution on the surface of materials. Second, we will propose 

a thermal method based on the spatial logarithmic processing of the temperature response for a 

semi-infinite layer. This model makes it possible to estimate the thermal properties in particular 

the diffusivity in the plane of heterogeneous and anisotropic mediums. Finally, we will show the 

experimental measurement and the characterization results of in-plane thermal diffusivities 

obtained for electrons and phonons in a gold film. 

 

4.2 Superdiffusion heat conduction and Lévy processes 

 

The high-resolution experimental systems based on femtosecond lasers or near field probes has 

highlighted new transport mechanisms and interactions demonstrating the failure of classical 

physical laws in nano-systems. One of the main reasons for this failure is the transition between 

ballistic and diffuse heat transfer systems. In the following, we give few examples of recent 

literatures showing a clear deviation from classical diffusive theory demonstrating the need for 

improved experimental characterization techniques and new ways of modelling. 

 

4.2.1 Bird's eye view of non-Fourier transport 

 

In 2006, Koh and Cahill reported an anomalous frequency dependence of the thermal conductivity 

in semiconductor alloys revealed by femtosecond laser Time-Domain Thermoreflectance 

experiments [84]. When a modulated heat source, created by a laser pulse, is oscillating above the 

MHz, the apparent thermal conductivity of alloys drops by more than 50% compared to its bulk 

value. Figure 4-1 shows that this apparent frequency dependence appears solely in alloys while 

the apparent thermal conductivity remains constant in pure crystals (InP, GaAs...) and amorphous 

materials (SiO2). The authors claimed that ballistic phonons, with a mean free path longer than the 
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thermal diffusion length of the heat source do not contribute to the measured thermal conductivity. 

However, their cumulative approach [85] is inherently biased because it maintains a diffusive-

Fourier regime. This converts the used thermoreflectance experiment into a method that measures 

the mean free path spectrum of phonons [86-87]. 

 

 

In 2010, Siemens et al [88] used a soft X-Ray TDTR experiment to observe deviation in Fourier 

predictions while varying the size of metallic heaters from 65 nm to 2 µm. Soft X-Ray features 

increased drastically the spatial resolution of their experiment and allowed the authors to observe 

a ballistic-diffusive transition. They tempered this effect by assuming an additional ballistic 

boundary resistance between the heater and their medium, but once again, their theoretical 

approach was Fourier based. 

In 2014, Nelson and Minnich presented an experimental measurements with a Transient Thermal 

Grating (TTG) [89-90] and demonstrated a similar anomalous behavior of the thermal conductivity 

with a spatially modulated heat source [91]. The absorption of crossed laser pulses sets up a 

sinusoidal temperature profile that is monitored via the diffraction of a probe laser beam controlled 

by the temperature induced index grating. By changing the period of the thermal grating, the heat 

penetration length can be adjusted within the range from 1 to 10 µm. At small spatial periods 

Figure 4-1: Apparent frequency dependence of the thermal conductivity in crystalline, 

alloy semiconductors and amorphous [84]. 
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corresponding to high frequency excitation, a reduction in the apparent thermal conductivity can 

also be interpreted as a transition from the diffusive to the ballistic transport regime. This explained 

by considering that only phonons with mean free path less than the size of the source contribute to 

the thermal conductivity. 

Indeed, the frequency dependence of the thermal conductivity observed by thermoreflectance 

occurs due to a bias appearing when a purely diffusive-Fourier model fails to take into account the 

transition diffusive-ballistic regime. In 2015, Vermeersch et al showed, using first-principle 

calculations and solving the Boltzmann transport equation [92], that a quasi-ballistic transition 

regime appears naturally in alloys. For that, they described a new model based on the Lévy 

dynamic which was a key parameter to apprehend ballistic-diffusive effects. In their work, Lévy 

dynamics [93] in alloys is called superdiffusion. The results revealed that the earlier mentioned 

reductions of apparent conductivity in semiconductor alloys are a direct manifestation of 

superdiffusive Lévy transport. Additionally, the formalism indicated that the transient temperature 

inside the material differs significantly from Fourier theory and brings improvement to thermal 

characterization of alloys and material interfaces. In the following, we will describe the origin and 

the principle of superdiffusion regime and its modeling. 

 

4.2.2 Thermal transport regimes in alloys 

 

In order to identify key regimes of thermal transport inside the semiconductor alloys, Vermeersch 

[92, 94–96] introduced analytical solutions of the Boltzmann transport equation using ab initio 

phonon dispersions and scattering rates. This investigation study led to the analysis of 

spatiotemporal dynamics of the thermal heat conduction in close detail and highlight the presence 

of an intermediate regime between the ballistic and diffusive regimes in alloys. Figure 4-2 shows 

the transient evolution of the normalized mean square displacement of the thermal energy 

deposited by a single pulse. 

In silicon, two well established regimes of thermal transport exist. The heat is progressively 

transferred from the purely ballistic regime (𝜎2~ 𝑡2) to the purely diffusive regime (𝜎2~ 𝑡). In 

fact, a transit ballistic-diffusive regime exists in InGaAs and SiGe alloy materials. This thermal 
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transport generally qualified as a quasi-ballistic or superdiffusive (𝜎2~ 𝑡𝛽, 1< 𝛽 <2) appears over 

a time range extending from picoseconds to few nanoseconds. 

 

 

The superdiffusivity term was introduced by the mathematician Paul Lévy to describe the “heavy-

tails” distribution of jumps experienced by a random walker [97]. Lévy behaviors are observed in 

several domains such as travel patterns of foraging animals, protein movements along a DNA 

chain, turbulence in fluids, pulsar scintillation, financial market fluctuations, etc [98]. Applied to 

phonon transport, the formalism of Lévy walks is based on a probabilistic framework where the 

random motion of phonons propagating inside a material is described in terms of a stochastic 

process (travel and scattering). 

In order to show the difference between the superdiffusive and diffusive transport regimes, Figure 

4-3 shows an example of a phonon trajectory in each transport case. 

Figure 4-2: Normalized mean square displacement of thermal energy deposited by a 
single pulse as a function of time [92]. 

Diffusive 

Diffusive 
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The pure diffusive regime (Figure 4-3 (a)) is stochastically equivalent to a Brownian process in 

which the phonons travel along random trajectories. Therefore, the heat carriers follow a Gaussian 

distribution with a mean square displacement of 𝜎2~ 2𝐷𝑡, where 𝐷 is the diffusion coefficient. Its 

thermal energy density described by Fourier is expressed in the spatio-temporal domain in the 

following form: 

 

 Ƥ𝐹𝑜𝑢𝑟𝑖𝑒𝑟(𝑟, 𝑡) ∝  𝑒
−
𝑟2

4𝐷𝑡 4.52  

 

Thus, in the Fourier-Laplace space, it is expressed as: 

 

 𝒫𝐹𝑜𝑢𝑟𝑖𝑒𝑟(𝜉, 𝑠) ∝  
1

𝐷𝜉2 + 𝑠
 4.53  

 

where 𝜉 is the spatial Fourier variable (m-1) and 𝑠 is the Laplace variable (s-1). The stochastic 

diffusion regime can be also characterized by the probability of phonon displacements. For this 

classic diffusion process, the probability of heat carriers making a jump length of u is given by: 

Figure 4-3 Example of a phonon trajectory subjected to a (a) purely diffusive Fourier 
motion and (b) Lévy superdiffusive motion [92]. 

(b) (a) 
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 𝜓𝐹𝑜𝑢𝑟𝑖𝑒𝑟(𝑢) ∝ |𝑢|
−3 4.54  

 

On the other hand, in the superdiffusive regime (Figure 4-3(b)), considering entangled ballistic 

and diffusive processes, the distribution of mean-free path cannot be described by a Gaussian 

distribution, in which long “ballistic jump” are unlikely to happen. However, it can be 

mathematically apprehended by a “heavy-tail” distribution of possible jump length. In a Lévy 

flight, the steps of the random walk process have a power law distribution, meaning that extremely 

long jumps can occur. Consequently, the average step length diverges and the energy propagates 

faster than the normal diffusion. 

A thermal transport in which the step length is governed by Lévy statistics, leads to superdiffusion, 

where the mean squared displacement increases faster than linearly with time 𝜎2~ 𝑡𝛽 and the 

thermal regime can be interpreted from phenomenological point of view by an energy density of 

this form: 

 

 𝒫𝐿é𝑣𝑦(𝜉, 𝑠) ∝  
1

𝐷𝛼𝜉𝛼 + 𝑠
 4.55  

 

where 𝛼 = 3 − 𝛽 (1< 𝛼 <2) and 𝐷𝛼 is a fractional diffusivity constant related to the classical 

diffusivity as 𝐷𝛼 ∝ 𝐷/𝑙
2−𝛼 (𝑚𝛼/𝑠), 𝑙 can be interpreted as a characteristic length of the 

superdiffusive regime. The energy density corresponds to the characteristic function of Lévy 

process and immediately implies that the quasiballistic energy transport is stochastically equivalent 

to a random walk with fractal dimension α. The jump probability distribution associated with this 

Lévy dynamic is then simply written in the following form: 

 

 𝜓𝐿é𝑣𝑦(𝑢) ∝ |𝑢|
−(1+α) 4.56  

 

with α=2, and the distribution properties of Lévy process become identical to those of the diffusive 

Fourier regime. This inherent fractal distribution of pure Lévy dynamics maintains the 

quasiballistic regime indefinitely spatially, and therefore temporally. However, as we have seen 
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earlier in alloys, the thermal transport recovers to regular Fourier diffusion at sufficiently long 

length and time scales. For that, the jump probability distribution becomes: 

 

 𝜓𝐿é𝑣𝑦(𝑢) ∝
𝑒
(
−|𝑢|
𝑢𝐵𝐷

)

|𝑢|(1+α)
  4.57  

 

where 𝑒
(
−|𝑢|

𝑢𝐵𝐷
)
 is an exponential truncation to force the jump tail of 𝜓𝐿é𝑣𝑦(𝑢) to drop equally or 

more steeply, in a way that Brownian dynamics can be recovered at sufficiently large distances. 

𝑢𝐵𝐷 is then the characteristic length associated with the time scale 𝑡𝐵𝐷 over which the transition 

from quasiballistic to diffusive transport occurs. This leads to long jumps of Lévy dynamics only 

appearing at short scales (𝑡 < 𝑡𝐵𝐷 or 𝑢 < 𝑢𝐵𝐷) and therefore limiting the spatial and temporal 

extent of the superdiffusive regime.  

 

 

Figure 4-4 [99] illustrates clearly the effect of the two Lévy parameters, which are α and 𝑢𝐵𝐷, on 

the thermal response generated by a Dirac pulse of energy (space and time) in a semi-infinite 

Figure 4-4: Temperature source response of truncated Levy model normalized by Fourier 
prediction. (a) Fractal dimension 𝜶 controls the steepness of the initial transient. (b) 
Characteristic length 𝒖𝑩𝑫 regulates the transition in space and time from pure Lévy 

superdiffusion to regular Fourier diffusion [99]. 

(b) (a) 
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medium. The fractal dimension α induces initial temperature transients that significantly exceed 

Fourier predictions, but also drop more steeply. Meanwhile, 𝑢𝐵𝐷 controls the length and associated 

time scales 𝑡𝐵𝐷 after which the expected temperature response is identical for both Lévy and 

Fourier models. 

It should be noted that as we have seen, the time of appearance of the superdiffusive regime 

depends on the studied material. In this chapter, we are interested in the thermal behavior of semi-

conductor alloys (Figure 4-2), in which the intermediate regime occurs in the first picoseconds 

following the excitation and gives way to the diffusive regime after tens of nanoseconds. Thus, the 

corresponding frequency range extends from GHz to about MHz, which is accessible by the 

FDTR/TDTR ultra wide band sensor. 

 

4.2.3 Origin of the superdiffusive Lévy regime 

 

The phonon scattering mechanism in solids is a key issue to understand the thermal conduction 

and the processes of energetic material. In this context, the literature study [92] showed that the 

quasi-ballistic dynamics existing in alloys originated in its dominant phonon scattering 

mechanism. 

The phonon-scattering mechanism is generally described by the time approximation 𝜏:  

 

 𝜏(𝜔) ∝ 𝜔−𝑛 4.58  

 

where 𝜔 is the phonon frequency and 𝑛 is an integer qualifying the type of the scattering processes 

existing in the material. The exponent 𝑛 = 2 describes the normal diffusion processes, for which 

the phonon wave vector is conserved (ƙ1 + ƙ2 = ƙ3); 𝑛 = 3 describes the Umklapp processes, 

which changes the phonon momentum (ƙ1 + ƙ2 = ƙ3 + G); and n = 4 corresponds to the relaxation 

process at high order, such as the Rayleigh scattering that happens in alloys (Mass-impurity 

diffusion). 
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The study of the phonon-scattering mechanism in silicon showed that the normal and Umklapp 

processes dominate its bulk thermal conductivity at ambient temperature [100-101]. This is 

illustrated in Figure 4-5, which presents the relaxation time of phonons as a function of their 

frequency obtained from ab initio dispersion calculations. 

The results show that scattering rates of Si can be fitted with a scattering relation 𝜏(𝜔) ∝ 𝜔−3, 

which is a characteristic of the Umklapp processes. The upper portions of the cumulative 

conductivity curve (𝑘Ʃ(𝜏)) show a clear logarithmic dependence on the scattering time, as 

predicted by the ideal n = 3 case. 

Similar study was performed for InGaAs and SiGe alloys, shows that the Rayleigh scattering 

dominant their thermal behavior. Figure 4-6 presents the data result of phonon relaxation for 

InGaAs layer. 

 

 

The relaxation time of InGaAs in respect with about 𝜏(𝜔) ∝ 𝜔−4, which has been attributed to the 

Rayleigh scattering by the authors. In addition, the relaxation time range over which 𝑘Ʃ(𝜏) closely 

follows a power law corresponds to the superdiffusive time window in the mean square 

Figure 4-5: ab initio results of (a) relaxation times of phonons as a function of their 
frequency in Si, and (b) the accumulated thermal conductivity as a function of phonon 

relaxation time in Si [92]. 

(b) (a) 
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displacement 𝜎2~ 𝑡𝛽 observed previously (see Figure 4-2). Consequently, the appearance of the 

superdiffusive regime is due to the presence of higher order relaxation mechanisms, such as the 

present Rayleigh scattering in alloys. 

 

 

The characterization of the thermal properties of alloys requires a thermal model considering the 

superdiffusive regime. By using a purely diffusive model, the interpretation leads to an identified 

thermal conductivity that depends on the excitation frequency. This dependence disappears by 

using a thermal model based on truncated Lévy dynamics, which proved itself as a better 

alternative to characterize alloys thermal properties [102]. In the following, we will show our 

thermal model based on Lévy dynamics used to study and characterize the thermal properties of 

semi-conductors alloys. 

 

 

Figure 4-6: ab initio results of (a) Relaxation times of phonons as a function of their 
frequency in InGaAs alloy. (b) Accumulated thermal conductivity as a function of phonon 

relaxation time in InGaAs alloy [92]. 

(b) (a) 
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4.3 Modeling the truncated Lévy distribution  

 

For modeling the quasiballistic heat flow, we adopted the three-dimensional Lévy approach 

described by Vermeersch [102]. In this section, we will present the implementation of this model 

and express the surface temperature of a sample subjected to a transient heat flux by an optical 

pulse. The key point of the method is based on the equivalence between the temperature response 

𝑇(𝑥, 𝑡) to an energy impulse and the probability Ƥ(𝑥, 𝑡) to find a random heat carrier in position x 

and at time t. This equivalence relation is:  

 

 
𝑇(𝑥, 𝑡) =

Ƥ(𝑥, 𝑡)

𝜌𝐶
 

4.59  

 

4.3.1 Implementation of the superdiffusion model 

 

The motion of thermal energy in semiconductors can be described as a series of transition events. 

Each transition moves spatially the energy carriers by a distance u randomly chosen from the 

distribution probability 𝜓𝑢(𝑢), while the time between consecutive transitions is governed by a 

distribution 𝜓𝑡(𝑡). The latter is considered as a time Poissonian process 𝜓𝑡(𝑡) = 𝜐𝑒
−𝜐𝑡 , where 𝜐 

is the jump frequency. By supposing that 𝜓𝑢(𝑢) and 𝜓𝑡(𝑡) are stochastically independent, the 

mathematical description of the process can be simplified. In this case, the single pulse energy 

density for a given jump length, time distributions can be write in Fourier-time domain by [103]: 

 

 ln 𝒫𝐿é𝑣𝑦(𝜉, 𝑡) = −𝜐𝑡∫ (1 − 𝑒−𝑗𝜉𝑢)𝜓𝑢(𝑢)𝑑𝑢
+∞

−∞

 4.60  

With the truncated Lévy jump length distribution 𝜓(𝑢), described earlier in equation (4.57), the 

energy density can be evaluated analytically. We obtain, after integration, the following expression 

of the 1D energy density: 

 



Chapter 4 : Spectroscopy of superdiffusive phonons in non-Fourier materials 

 

135 

 

 

ln𝒫1𝐷−𝐿é𝑣𝑦(𝜉, 𝑡) = (−2𝑡)
𝜉𝐵𝐷
2 𝐷

𝛼(1 − 𝛼)
 

× [((
𝜉

𝜉𝐵𝐷
)
2

+ 1)

𝛼/2

cos (𝛼 arctan (
𝜉𝐵𝐷
|𝜉|
) −

𝛼𝜋

2
) − 1] 

4.61  

where 𝜉𝐵𝐷 = 
1

𝑢𝐵𝐷
 . 

When 𝛼 = 2, this distribution becomes identical to that of the Fourier regime, for whatever value 

of 𝜉𝐵𝐷, as shown in this equation: 

 ln𝒫1𝐷−𝐿é𝑣𝑦(𝜉, 𝑡) = −𝐷𝜉
2𝑡 4.62  

By applying a numerical Fourier inversion of equation 4.61, we can obtain the 1D energy density 

in the real spatial domain Ƥ(𝑥, 𝑡)𝐿é𝑣𝑦−1𝐷. Then, the temperature in 3 dimensions can be calculated 

based on isotropy and symmetry of revolution of the heat flow. The single pulse temperature 

response for a semi-infinite medium becomes: 

 

 𝑇𝐿é𝑣𝑦−3𝐷(𝑟, 𝑡) =
2

𝜌𝐶
Ƥ(𝑥 = 𝑟/√3, 𝑡)𝐿é𝑣𝑦−1𝐷

3  4.63  

with r the distance from the source. 

Finally, we apply to this calculated temperature the formalism of the thermal quadrupoles 

(described in chapter 1) as shown the modeling in Figure 4-7. This allows to obtain the 

Figure 4-7: Modeling of applying the thermal quadrupole method on a semi-infinite 

Lévy material. 

𝑇𝑒𝑥𝑝 
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temperature at the transducer surface, which make the thermal model able to analyze the 

thermoreflectance experimental measurements and to extract the desired thermal properties. 

 

4.3.2 Comparative study with the response of diffusive 1TM 

 

After the implementation of the Lévy model, a comparative study of its thermal response with that 

of the 1TM (Fourier) can be carried out to show the difference between them. In this part, we 

assumed for simplicity that the transducer is instantaneously thermalized in both models in order 

to focus on the material of interest. Figure 4-8 shows the amplitude and spectral phase of the 

thermal response calculated with the 1TM and truncated Lévy models of a semi-infinite substrate 

topped with a 70 nm aluminum transducer. 

 

 

We can see that the Lévy model with 𝛼 = 2 becomes a regular Fourier model providing the same 

spectral response to that calculated by the 1TM. However, when the exponent 𝛼 = 1.5, the Lévy 

model behaves differently than the 1TM considering quasi-ballistic effects. This difference can be 

Figure 4-8: Spectral response in (a) amplitude and (b) phase calculated with the Fourier 
1TM and truncated Lévy models of a semi-infinite substrate with a 70nm aluminum 

transducer. 

(b) (a) 

A 

B 

C 
4 𝜇𝑚 

4 𝜇𝑚 
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seen especially in the phase response, which exhibits more sensitivity to the non-Fourier transport, 

via the time of flight, than to the amplitude signal. 

In the phase response (Figure 4-8(b)), the 1TM and truncated Lévy (𝛼 = 1.5) models behave 

identically at high frequency, in which the thermal response is sensitive to the transducer. As the 

transducer is being considered as instantaneously thermalized, the phase of the spectral response 

tends towards -90° at high frequency (region C). On the other hand, at low frequencies, the phase 

of the two models response tends towards 0° due to the semi-infinite medium (region A). The 

differences in the rest of the frequency range is due to the superdiffusive regime (region B). 

Therefore, the range of this thermal regime is accessible by the thermoreflectance Spectral Sensor 

FDTR/TDTR and the characterization should be performed on the phase response. 

The difference between the 1TM (Fourier) and Lévy models can be discriminated also from the 

spatial response. Figure 4-9 presents the surface temperature response maps calculated by the two 

models, where two major differences can be seen from these calculations at short times. The first 

reveals that the superdiffusive model predicts that the energy propagates further away from the 

point source capturing the effect of phonons with long mean-free path. The second effect appears 

close to the source where the temperature of the hot spot is much higher than the one predicted by 

the diffusive theory. 

 

 

Figure 4-9 Maps of surface thermal response calculated for a Lévy model and 1TM at 

different times normalized to the characteristic Lévy time 𝒕𝑩𝑫 [102]. 
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4.4 Experimental study and analysis out of plane diffusion 

 

In this section, we studied the expected superdiffusive behavior in nanostructured materials; 

InGaAs alloy and GeMn crystal. The investigation of this quasi-ballistic thermal behavior was 

carried out by the several steps: 

In the beginning, we measured the phase spectral response of the studied sample by the thermal 

sensor FDTR/TDTR. In a second step, we applied two optimizations on the experimental response 

to describe the thermal response. The first optimization is with the purely diffusive 1TM and the 

second one is with the truncated Lévy model. If the studied material is a Fourier sample and not 

exhibiting a superdiffusive behavior, the two temperature models, 1TM and truncated Lévy, must 

converge and identify identical thermal properties, which should agree with the literature. On the 

other hand, for non-Fourier samples, in which a superdiffusive regime is exist, the 1TM is not able 

to correctly describe the spectral phase response and thus can not identify consistent values. 

 

4.4.1 InGaAs  

 

The first studied sample is In0.53Ga0.47As alloy, in which a frequency dependence of the thermal 

conductivity is present according to literature, evidence of the presence of a marked ballistic-

diffusive transition. Here, we will show the capacity of the FDTR/TDTR sensor to detect this 

superdiffusive regime and the capability of the truncated Lévy model to describe it. 

 

4.4.1.1 Sample description 

 

The structure of the sample consists of a 2000 nm thick InGaAs layer, deposited on an InP 

substrate, and with a 70 nm aluminum transducer deposited on top of it. Figure 4-10 shows the 

multilayer structure of this sample with thermal properties essential for its modeling, the known 

values taken from the literature [104]. The size of lasers (pump and probe) and the properties of 

the aluminum transducer are fixed at the same values as those used in chapter 2. The thermal 
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resistance RInGaAs/InP is fixed at 1 nK.m2/W. The value of this thermal resistance has no 

significant effect due to the low sensitivity of the response to it. 

The 1TM optimization is performed with two free parameters, which are the thermal conductivity 

of InGaAs (𝑘𝐼𝑛𝐺𝑎𝐴𝑠) and the thermal resistance between the Al transducer and InGaAs layer 

(𝑅𝐴𝑙/𝐼𝑛𝐺𝑎𝐴𝑠).  

For the truncated Lévy model, which describes the heat in a semi-infinite medium topped by a 

transducer, the InGaAs layer is considered as a substrate. In addition to the thermal conductivity 

of InGaAs (𝑘𝐼𝑛𝐺𝑎𝐴𝑠) and the thermal resistance (𝑅𝐴𝑙/𝐼𝑛𝐺𝑎𝐴𝑠), the optimization with this thermal 

model enables the identification of two other parameters, which are the superdiffusive exponent 

(𝛼) and the characteristic transition length (𝑢𝐵𝐷). 
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Figure 4-10: Schematic description of the Al/InGaAs/InP sample with thermal properties used for 
the modeling. 
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4.4.1.2 Results and discussion 

 

 Figure 4-11 shows the measured spectral phase response of Al/InGaAs/InP sample, on which two 

optimizations are performed, one with the classic 1TM and the other with the truncated Lévy 

model. We immediately observe the inability of the 1TM model to describe the entire frequency 

response of the sample. The purely diffusive model does not fit the experimental response, 

particularly in a frequency range extending from 200 kHz to 200 MHz. However, the model fitting 

is adequate at high frequencies (200 MHz to 10 GHz) where the thermal response is sensitive to 

the Al transducer effect. This is also the case at low frequencies (up to 200 kHz) where the response 

is sensitive to the InP substrate thermal effect. Therefore, the disagreement only exists in the range 

where the response is sensitive to the InGaAs layer. The identified parameters by this 1TM 

optimization are 3.4 W/m/K for the 𝑘𝐼𝑛𝐺𝑎𝐴𝑠 and 11.8 nK.m2/K for the 𝑅𝐴𝑙/𝐼𝑛𝐺𝑎𝐴𝑠. The thermal  

InGaAs 

range 

InP 

range 

Al 

range 

Figure 4-11: Spectral phase of the thermal response measured for 
Al/In0.53Ga0.47As/InP sample. In black the experimental response, in blue the 

theoretical one adjusted by the 1TM, and in red the theoretical one adjusted by 
the truncated Lévy model. 

nK.m2/W 

nK.m2/W 
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conductivity is 50% lower than the expected value while the thermal resistance is 50% higher than 

what is found in literature. 

On the same figure (Figure 4-11), the optimization performed by the semi-infinite Lévy model is 

also presented. On the contrary of the 1TM, the truncated Lévy provides an accurate fit to the 

thermal response above the frequency 200 kHz. This means that the model was able to describe 

the thermal behavior of InGaAs. The best optimization is obtained with the values of 1.7 for 𝛼, 3.5 

𝜇𝑚 for 𝑢𝐵𝐷, 5.9 W/m/K for 𝑘𝐼𝑛𝐺𝑎𝐴𝑠 and 5.1 nK.m2/K for 𝑅𝐴𝑙/𝐼𝑛𝐺𝑎𝐴𝑠. These identified values are 

in perfect agreement with the theory and measurements found in [44, 92]. 

Consequently, the failure of the purely diffusive 1TM to describe the thermal response is an 

agreement with the theoretical simulation of Vermeersch, presented earlier in this chapter, 

predicting the existence of the superdiffusive regime in InGaAs alloy. Besides, the result confirms 

and validates the capacity of truncated Lévy model to characterize this ballistic-diffusive transition 

regime in the non-Fourier material. 

 

4.4.2 GeMn 

 

The second studied sample is an innovative nano-inclusions embedded semi-conductor GeMn, 

consisting of a crystalline germanium matrix with embedded crystalline spherical manganese 

nano-inclusions. We will show the effect of nano-inclusions on the thermal behavior of the sample, 

which is expected to exhibit a superdiffusive regime. Then, we will present the fabrication process 

of this state-of-the art material and the experimental results of the thermal investigation obtained 

by the TDTR/FDTR spectral sensor. 

 

4.4.2.1 Expected effect of Mn nano-inclusions 

  

Based on literature, bulk crystalline materials are not suitable for the occurrence of the ballistic-

diffusive behavior and nano-structuration is mandatory. To do so, nano-inclusions will be 

incorporated to crystalline layers. By modifying the crystalline phases and the size distribution of 
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nano-inclusions, the phonon mean free path can be adjusted at different scales to enhance the 

expected superdiffusion. 

Numerous studies report significant changes in transport properties by incorporating nano-

inclusions into a semiconductor matrix. For superdiffusive heat transfer, measurements of the 

superdiffusive exponent in InGaAs material containing various concentrations of ErAs nano-

inclusions have been reported by Mohammed and Koh in 2015 [99]. They observed a reduction of 

the superdiffusive exponent 𝛼InGaAs:ErAs ~ 1.55 regarding the host alloy without inclusions 

𝛼InGaAs~1.7 shown in the previous section. This reduction proves that the presence of nano-

inclusions slightly enhances the superdiffusive process. They also observed a quasi-constant value 

of α regarding the different concentrations in ErAs nanoparticles. These results are explained by 

the narrow size distribution of inclusions that only scatters a limited range of phonons.  

In 2008, Barthelemy et al [98] engineered a “Lévy glass for light” by incorporating TiO2 

microspheres into a glass matrix. By doing so, they modified the distribution of “jumps” between 

consecutive scattering events and reported a superdiffusive Lévy transfer. Even if subtle 

differences exist between the “Lévy Flights” for light addressed by Barthelemy and the “Lévy 

Walks” for thermal phonons that we study in this work, these results show the possibility to 

engineer phonon transport and enhance superdiffusive effects by nanostructuration. 

 

Figure 4-12: Schematic of heat transfer regimes at short times (10 ps-10 ns) in model 
materials. (A) Natural semiconductor crystal (few isotopic impurities) with no ballistic-

diffusive transition. (B) Expected ballistic-diffusive transition in a pure crystal with a tailored 
distribution of nano-inclusions. (C) Natural semiconductor alloy exhibiting a ballistic-diffusive 

transition described by a superdiffusive Lévy model. 
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In this context, the produced crystalline semi-conductors Ge with embedded crystalline nano-

inclusions Mn are model materials, since nano-inclusions are expected to increase phonon 

scattering depending on their sizes and distribution as shown in Figure 4-12. This key feature of 

Ge-based nanostructuration is expected to strongly alter heat transfer by inducing scattering of a 

wider population of phonons than those reported in the literature. In this work, we will verify 

experimentally the existence, or not, of the superdiffusive regime in the model material GeMn. 

 

4.4.2.2 Fabrication process 

 

The growth of the GeMn films have been performed in the research group at Néel institute in 

Grenoble, by the team of O. Bourgeois [105–107]. The epitaxial growth of GeMn films was 

performed using ultra-high vacuum Molecular beam epitaxy (MBE) deposition technique. The 

fabrication process of these films can be divided into several steps describe in the following. 

First, the GeMn films were grown on commercially available Ge (001) wafers. This Ge substrate 

underwent a chemical and thermal treatment in order to remove the contamination and the 

oxidation layer present on its top surface. After this treatment, a 27 nm thick Ge buffer layer is 

deposited on the Ge substrate followed by a quick annealing, allowing the epitaxial growth of 

GeMn film on an atomically flat surface. The substrate is then transferred to the MBE chamber 

equipped with standard effusion cells that permit the growth of the film via the co-deposition of 

Ge and Mn. This is performed at a temperature region around 100 °C that is expected to enhance 

the Mn solubility in Ge and also minimize the phase separation. The film thickness is well 

controlled because of the slow growth rate of 1.3 nm/min. The co-deposition leads to the formation 

of auto-organized nano-columns embedded in the crystalline germanium matrix as a result of 

spinodal decomposition. 

In order to transform the nano-columns into a more stable state GeMn spherical nano-inclusions 

in Ge matrix, the film is annealed after growth over a certain time period to reach high temperature 

(450-500 ◦C), leading to the formation of randomly distributed Ge3Mn5 nano-inclusions in a Mn 

doped crystalline germanium matrix. TEM micrographs showing the transition from columnar to 

nano-clusters in the film are presented in Figure 4-13 [108].  
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Prior to the annealing step, the GeMn films are capped with an 80 nm germanium layer to avoid 

the surface roughness possibly occurring due to the migration of manganese upon annealing. 

Therefore, this extra thin germanium layer makes the surface smoother, which allows in final step 

the deposition of aluminum transducer on top of it for the thermoreflectance measurements. It 

should be noted that the quality of the crystalline nature of the films is periodically observed by 

in-situ reflection-high-electron-energy-diffraction (RHEED) equipped within the MBE chamber. 

In the growth process, the size distribution of the Ge3Mn5 nano-inclusions can be tuned by 

controlling the amount of manganese introduced during the growth and the annealing temperature. 

This is shown in Figure 4-14, where the size distribution of the nano-inclusions is tailored by the 

Mn concentration (from 8% to 14%) and the annealing temperature. The well-controlled nano-

inclusions size distribution and concentration is important to tune phonon transport and efficiently 

scatter a broad portion of the entire phonon spectrum as we have seen earlier. In this work, this 

model materials will be used to study the influence of disorder on the appearance of superdiffusive 

regime at a 10 nm scale. 

 

 

 

Figure 4-13: TEM images of the transformation process of nano-columns GeMn to 
spherical nano-inclusions in the germanium matrix by annealing [108]. 



Chapter 4 : Spectroscopy of superdiffusive phonons in non-Fourier materials 

 

145 

 

 

4.4.2.3 Sample modeling 

 

We have studied two types of GeMn layers for several thicknesses, the first one containing 8% of 

manganese (Ge0.92Mn0.08) and the other one 10% (Ge0.90Mn0.10). The schematic structure of the 

multi-layers system that has been grown is shown in Figure 4-15. 

We have considered the germanium capping layer to be part of the GeMn film in the thermal 

models (1TM, truncated Lévy) instead of an extra layer. The reason for this is due to the 

immigration of the manganese during the annealing, since the thickness of the capping layer is of 

the order of the inter-inclusion distance. For the modeling, the thermal properties of the substrate 

Ge and the transducer Al are supposed to be known. The thermal resistance 𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 between the 

GeMn layer and the Ge substrate is fixed at 1 nK.m2/W.  

In the 1TM optimization, two thermal parameters are left free: 𝑘𝐺𝑒𝑀𝑛 and 𝑅𝐴𝑙/𝐺𝑒𝑀𝑛. On the other 

hand, the Lévy model optimization collectively identifies 𝑘𝐺𝑒𝑀𝑛, 𝑅𝐴𝑙/𝐺𝑒𝑀𝑛 and the two 

quasiballistic parameters 𝛼 and 𝑢𝐵𝐷. It should be noted that the GeMn layer is considered as a 

semi-infinite substrate in the truncated Lévy model. 

 

 

Figure 4-14: TEM side view of GeMn thin film annealed at a) 400°C and b) 600°C. c) Size 

distribution of nano-inclusions deduced from TEM observation in GeMn thin films 

annealed at 700°C and containing different concentration of Mn [106]. 
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4.4.2.4 Results and discussion 

 

Figure 4-16 shows the result of optimizations performed by the 1TM and the truncated Lévy model 

on the measured spectral response for the case of 420 mm thick Ge0.92Mn0.08 layer. 

We can see that the 1TM has successfully described the thermal response over all the frequency 

measurements. The best optimization is obtained with 𝑘𝐺𝑒𝑀𝑛= 15.9 W/m/K and 𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 = 13 

nK.m2/W. Moreover, the truncated Lévy model fits the spectral response in the GeMn frequency 

range (above 10 MHz) and converges to α = 2 for the exponent characterizing the superdiffusion 

dimension. In this case α = 2, indicating purely diffusive dynamics, the transition length 𝑢𝐵𝐷 is no 

longer meaningful and its value is therefore not significant. For the identified thermal parameters, 

the optimization of truncated Lévy model is obtained with 𝑘𝐺𝑒𝑀𝑛= 15.9 W/m/K and 𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 = 

13.1 nK.m2/W, which are extremely close to those estimated with the 1TM. Indeed, the identified 

value of the thermal conductivity by the two thermal models is in agreement with literature [109], 

in which the measurement was performed by a SthM method. 

For thermal studies, to observe the diffusion of carriers, it is necessary to be able to observe a 

sufficient number of them. For this, we performed another measurement with a larger laser to 

Figure 4-15: Schematic of the studied multilayer system of GeMn. 
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validate the previous result. To do that, we have replaced the microscope objective 10X by a 5X. 

The sizes of the pump and the probe measured by the profiler beam now become 9 𝜇𝑚 and 6 𝜇𝑚, 

respectively.  

 

 

We have carried out the measurement for the same sample of 420 mm thick Ge0.92Mn0.08 layer. The 

experimental phase response with two optimizations applied by the 1TM and the truncated Lévy 

model are presented in Figure 4-17.  

Same as the previous measurement, the result shows that the 1TM matches very well the 

experimental response. Besides, the Lévy model fits the response above 100 MHz and converges 

to the exponent α = 2. This clearly indicates the absence of the ballistic-diffusive transition in the 

Ge0.92Mn0.08 studied layer. Both thermal models identified the same values, namely 16.3 W/m/K for 

GeMn 

range 

Ge 

range 

Al 

range 

Figure 4-16: Optimizations on the thermal phase response (in black) measured with a 10X 
microscopic objective of Al/Ge0.92Mn0.08/InP sample. In blue the 1TM theoretical 

response, and in red the truncated Lévy model theoretical response. 
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thermal conductivity 𝑘𝐺𝑒𝑀𝑛 and 13.2 nK.m2/W for the thermal resistance 𝑅𝐺𝑒𝑀𝑛/𝐺𝑒. These values 

are very similar to those obtained with the microscope objective X10. 

 

 

The identical convergence and identification of 1TM and truncated Lévy model clearly indicates 

the absence of the ballistic-diffusive transition in the Ge0.92Mn0.08 layer. This is also the case for 

the Ge0.90Mn0.10 layer, where the two thermal models converge to the same thermal values. The 

average of the identified thermal properties of Ge0.92Mn0.08 and Ge0.90Mn0.10 for several thicknesses 

are given by the Table 4-1. 
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Figure 4-17: Optimizations on the thermal phase response measured with 5X 
microscopic objective of Al/Ge0.92Mn0.08/InP sample. In black the experimental 
response, in blue the 1TM theoretical one, and in red the truncated Lévy model 

theoretical response. 
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                        Layer  

Thickness 
Ge0.92Mn0.08 (8% of Mn) Ge0.90Mn0.10 (10% of Mn) 

240 nm 
𝑘𝐺𝑒𝑀𝑛=16.2 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =13.3 nK.m2/W 

 𝑘𝐺𝑒𝑀𝑛=13.7 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =13 nK.m2/W 

420 nm 
𝑘𝐺𝑒𝑀𝑛=15.9 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =13 nK.m2/W 

𝑘𝐺𝑒𝑀𝑛=14 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =12.8 nK.m2/W 

720 nm 
 𝑘𝐺𝑒𝑀𝑛=15.8 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =13.6 nK.m2/W 

 𝑘𝐺𝑒𝑀𝑛=13.8 W/m/K 

𝑅𝐺𝑒𝑀𝑛/𝐺𝑒 =13 nK.m2/W 

 
Table 4-1: Identified thermal properties for different thicknesses of Ge0.92Mn0.08 and 

Ge0.90Mn0.10. 

 

We can see the effect of the manganese concentration, where the identified thermal conductivity 

in the different studied thicknesses, changes from 16.2 W/m/K for Ge0.92Mn0.08 to 14 W/m.K for 

Ge0.90Mn0.10. This variation can be explained by the fact that increasing the concentration of nano-

inclusions, the phonon scattering increases and thus reducing the lattice thermal conductivity. 

However, the superdiffusive regime did not exist in the different studied samples. This thermal 

investigation also underlines the repeatability of the experiment since we obtained similar results 

with different thicknesses. 

The thermal characterization of Mn-doped crystalline germanium matrix GeMn, shows the effect 

of inclusions concentration, and that is by inducing scattering of thermal phonons and thus 

decreasing the thermal conductivity. However, the introduced nano-inclusions were not able to 

enhance a ballistic-diffusive transition as expected. The thermal investigation by the two thermal 

models, 1TM and truncated Lévy, indicates the purely diffusive dynamic of the heat transport in 

the model material GeMn. This can be due to the small size distribution of Mn inclusions, which 

was not able to improve a sufficient superdiffusive regime that can be detected by the 

measurement. 
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4.4.3 Conclusion 

 

In the first part of this chapter, we have studied the energy transfer in nanostructured 

semiconductors that exhibit a superdiffusive regime at specific space-times scales.  

First, we have shown that the classic Fourier model considering only the diffusion, failed to 

describe the quasi-ballistic regime observed in the materials in the form of an apparent frequency 

dependence of the thermal conductivity. We have then introduced the truncated Levy formalism, 

which captures all essential physics of transition between quasiballistic and regular diffusive 

transport contained. The final equation obtained can be used to interpret the thermal response for 

a semi-infinite medium subjected to a transient surface heat flux. The study of this model shows 

that the quasi-ballistic effects typically appear at time scales accessible by the spectral thermal 

sensor FDTR/TDTR. 

We have then presented the experimental study of InGaAs semi-conductor alloy. The obtained 

result verified the presence of quasi-ballistic effects in InGaAs, previously observed by other 

methods. This thermal investigation validated the capability of the truncated Lévy model to 

describe the ballistic-diffusive regime. 

Finally, we have studied the thermal behavior of Mn-doped crystalline germanium matrix GeMn. 

The 1TM (Fourier) was able to describe correctly the full spectrum of studied GeMn samples, 

proving the diffusive nature of the transfer and thus the absence of a superdiffusive regime, in this 

model material. However, the thermal characterization has shown that the thermal conductivity of 

the layer was affected by the concentration and the distribution of nano-inclusions, which increase 

the phonon scattering in the material. 

 

4.5 Heat transfer dynamics imaging for in-plane diffusion analysis 

 

Advances in instrumentations of thermoreflectance methods allow direct spatio-temporal 

measurement of the surface response of materials following the laser excitation. After having 

shown the determination of through-plane thermal properties, we will now look at the in-plane 

properties. This provides a more complete study of thermal behaviors in materials. The preliminary 
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work presented in this second part of the chapter will be a preparation to a later investigation of 

the spatial distribution of the superdiffusive regime in alloys and find out how it propagates in-

plane.  

First, we will introduce a new optical system employed in the heterodyne TDTR allowing to probe 

the spatial heat distribution on the surface of materials. We will show the capacity of this system, 

which takes advantage of the femtosecond pump-probe technique and provides the thermal 

measuring of heat carriers with high spatio-temporal resolution. Second, we will propose a thermal 

method based on the spatial logarithmic processing of the temperature response for a semi-infinite 

layer. This model makes it possible to estimate the thermal properties in particular the diffusivity 

in the plane of heterogeneous and anisotropic mediums. Finally, we will show the experimental 

measurement and the characterization results of in-plane thermal diffusivities obtained for 

electrons and phonons in a gold film. 

 

4.5.1 TDTR scanning system 

 

In order to obtain the spatial information on the thermal heat transport, we use an optical imaging 

system implemented in the heterodyne TDTR bench. This latter allows to change the position of 

the probe beam arriving on the sample and scan the targeted surface. The detection of the reflected 

probe beam is synchronized with the scanner motion in order to obtain the signal for each position 

(pixel). In this way, we can obtain a map of the reflectivity variations and thus the temperature 

distribution in the sample plane. 

In our case, the imaging system consists of a focal lens mounted on a dynamic two-axis motor. A 

motion controller (MM4006) is connected with the motor to produce the precise displacement 

(horizontally or vertically) and the characteristic speed of the components. The lens movements 

are generated by electrical signals sent by the controller. The variation along the chosen axis is 

directly proportional to the voltage of the signal. 
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The scanning optical lens is coupled with another focal lens and the microscope objective. The 

purpose of this combination of lenses is to combine the position of the scanner with the entrance 

pupil of the objective. The beam will therefore always be focused on the image focal plane of the 

objective whatever its angle of incidence. A schematic of the scanning system used is presented in 

Figure 4-18.  

For each particular displacement 𝐿𝑚𝑜𝑡𝑖𝑜𝑛, set for the motion lens, and a particular microscope 

objective, corresponds to a precise length 𝐿𝑠𝑐𝑎𝑛 scanned by the beam in the sample plane. The 

length 𝐿𝑠𝑐𝑎𝑛 along one of the axes (x or y) can be obtained by the following relation:  

 

 𝐿𝑠𝑐𝑎𝑛 = 𝐿𝑚𝑜𝑡𝑖𝑜𝑛
𝑓𝑜𝑏𝑗

𝑓𝑙𝑒𝑛𝑠
 4.64  

 

where 𝑓𝑙𝑒𝑛𝑠 is the focal length of the motion lens and 𝑓𝑜𝑏𝑗 is the focal length of the used objective. 

As an example, for a microscope objective 100X with 𝑓𝑜𝑏𝑗=1.8 mm and a focal lens with 𝑓𝑙𝑒𝑛𝑠=200 

mm, setting a displacement of 𝐿𝑚𝑜𝑡𝑖𝑜𝑛=1000 𝜇𝑚, the length of scan on the sample surface is 

𝐿𝑠𝑐𝑎𝑛 = 9 𝜇𝑚. 

 

Figure 4-18: Schematic representation of the optical imaging system 
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4.5.2 Measurement and acquisition process 

 

During the measurement, the pump is held fixed at a specific position on the sample while the 

probe is scanned over the field of view to provide a spatial map of the reflectivity. For each scanned 

position (pixel), we are able to perform the point measurement and record the time response of the 

reflectivity variation. This measurement in both time and space leads to produce a 

thermoreflectance movie describing the entire process of hot electron excitation and their 

consequent relaxation to phonons. With the movie, we are able to study the surface thermal 

distribution at any particular time following the excitation. Figure 4-19 shows an example of a 

thermal map obtained 2 ps after of the pump excitation on a gold film surface. 

 

 

The measurement performed with the 100X microscope objective enabled to scan the surface with 

3.7 𝜇𝑚 length in both x and y directions. In addition, the mapping response is measured with a 

high spatial resolution of up to 130 nm and sub-picosecond time resolution. For this, the TDTR 

Figure 4-19: A thermal map acquired at 2 ps after the excitation for Au film with 808 

nm and 532 nm for the pump and the probe respectively. 
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heat imaging is characterized by high spatiotemporal resolution allowing to examine and 

investigate the in-plane thermal properties of ultrafast heat carriers, electrons and phonons. 

 

4.6 In-plane thermal properties identification  

 

4.6.1 Parabolic method 

 

In order to characterize the in-plane thermal properties, we use a spatial logarithmic approach, 

which called the thermal parabolic method. This approach allows to estimate the thermal 

diffusivity, the location and size of the heating spot on the surface. For the modeling, we consider 

that the studied sample is a homogeneous and anisotropic semi-infinite medium, subjected to a 

thermal excitation by an impulse with Gaussian distribution in space and Dirac in time. Under 

these conditions, the front face analytical expression of the temperature response field is written 

as follows [50, 109-110]: 

 

 
𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡) =

𝐸

𝜌𝐶

exp(−
(𝑥 − 𝑥0)

2

𝑟𝑝2

2 + 4𝐷𝑥𝑡

)

√𝑟𝑝
2

2 + 𝜋𝐷𝑥𝑡

exp(−
(𝑦 − 𝑦0)

2

𝑟𝑝2

2 + 4𝐷𝑦𝑡

)

√𝑟𝑝
2

2 + 𝜋𝐷𝑦𝑡

1

√𝜋𝐷𝑧𝑡
 

4.65  

 

where 𝑥0 and 𝑦0 are the spatial coordinates (m) of the laser spot on the surface; 𝐷𝑥, 𝐷𝑦 and 𝐷𝑧 

represent the thermal diffusivities (m2/s) according to the x, y, and z direction axis; 𝐸 is the energy 

of the pulse laser source (J); 𝑟𝑝 is the pump spot radius (m) and 𝜌𝐶 corresponds to the specific heat 

capacity of the medium (J/m3/K). 

To reduce this three-dimensional equation to a two-dimensional scattering one, the expression is 

divided by its average calculated in the plane (along the x and y directions). This division allows 

to obtain the following transient thermal response: 
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𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡) =
𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡)

⟨𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥,𝑦
                                        

𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡)

⟨𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥,𝑦
  =

exp(−
(𝑥 − 𝑥0)

2

𝑟𝑝2

2 + 4𝐷𝑥𝑡

)

√𝑟𝑝
2

2 + 𝜋𝐷𝑥𝑡

exp(−
(𝑦 − 𝑦0)

2

𝑟𝑝2

2 + 4𝐷𝑦𝑡

)

√𝑟𝑝
2

2 + 𝜋𝐷𝑦𝑡

 

4.66  

 

where, 

 ⟨𝑇∗(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥,𝑦 =
𝐸

𝜌𝐶

1

√𝜋𝐷𝑧𝑡
 4.67  

 

Due to the separability properties of the method, it is possible to study the different one-

dimensional transient temperature fields. To do this, a marginal average is calculated according to 

each of the x (⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥) and y (⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑦) directions, which yields to a 1D 

transient temperature distribution. By taking the spatial logarithm these averages, the following 

expressions are obtained: 

 

ln(⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥) ≈ ln(𝑘1) − ln (𝑡) −
(𝑦 − 𝑦0)

2

𝑟𝑝2

2 + 4𝐷𝑦𝑡

 

𝑙𝑛(⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑦) ≈ ln(𝑘2) − ln (𝑡) −
(𝑥 − 𝑥0)

2

𝑟𝑝
2

2 + 4𝐷𝑥𝑡

 

4.68  

where 𝑘1and 𝑘2 are constants. These expressions can be assimilated to a polynomial relation of 

order 2: 

 
ln(⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥) ≈ 𝛽0𝑦(𝑡) + 𝛽1𝑦(𝑡)𝑦 + 𝛽2𝑦(𝑡)𝑦

2 

ln(⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑦) ≈ 𝛽0𝑥(𝑡) + 𝛽1𝑥(𝑡)𝑥 + 𝛽2𝑥(𝑡)𝑥
2 

4.69  

 

Hence, the different coefficients are given by:  
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       𝛽2𝑥,𝑦(𝑡) = −
1

𝑟𝑝2

2 + 4𝐷𝑥,𝑦𝑡

   

𝛽1𝑥,𝑦(𝑡) =
𝑥0, 𝑦0

𝑟𝑝2

4 + 2𝐷𝑥,𝑦𝑡

 

                  𝛽0𝑥,𝑦(𝑡) = −
𝑥0,
2𝑦0

2

𝑟𝑝2

2 + 4𝐷𝑥,𝑦𝑡

+ 𝐶1,2  

4.70  

 

From these coefficients, the following thermal properties can be estimated: 

 

- The radius of the pump 𝑟𝑝 is obtained at the y-intercept of the coefficient 𝛽2𝑥,𝑦
−1  plotted as a 

function of time. 

- The diffusivities 𝐷𝑥,𝑦 can then be estimated independently according to x and y directions 

by the slope of the coefficient 𝛽2𝑥,𝑦
−1  as a function of time. 

- The pump spot position 𝑥0and 𝑦0 could be conducted with the direct relation between 𝛽1(𝑡) 

and 𝛽2(𝑡): 

 

 𝛽1𝑥(𝑡) = −2𝛽2𝑥(𝑡)𝑥0 𝑜𝑟 𝛽1𝑦(𝑡) = −2𝛽2𝑦(𝑡)𝑦0 4.71  

 

4.6.2 Hotspot imaging in homogenous gold film 

 

To validate the parabolic method proposed in this work, we will show the characterization results 

of in-plane thermal properties obtained from the measurement of TDTR thermal imaging for a 

gold film. 

 

 

 



Chapter 4 : Spectroscopy of superdiffusive phonons in non-Fourier materials 

 

157 

 

4.6.2.1 Hotspot mapping measurement  

 

An experimental thermal mapping study is carried out on a homogeneous gold film. The sample 

structure consists of a 140 nm thick Au film deposited on a semi-infinite silica substrate. The 

measurement is performed with pump and probe wavelengths of 800 nm and 532 nm respectively. 

By using the imaging system of focal lenses, the probe beam scans the sample surface with an area 

of 3.8 𝜇𝑚 x 3.8 𝜇𝑚 and records the response of the reflectivity variation in each position (30x30 

pixels). The result obtained of the hotspot imaging as well as the spatial Gaussian fitting at different 

times of pump-probe delay is shown in Figure 4-20. 

 

 

We can observe the evolution of the thermal spot following the pump excitation. The thermal 

images at different times describe the entire process of electrons and phonons dynamics. Moreover, 

by taking into account the isotropic properties of the sample, we also notice that the surface thermal 

distribution takes the form of a Gaussian profile at all times, characteristic of a homogeneous 

diffusion in all the directions of space. 

Due to the semi-infinite characteristic of the model, the parabolic method has to be performed at 

short time scales where the heat propagation occurs in the Au film and does not reach the substrate, 

Figure 4-20: TDTR measurements of thermal heat mapping for a gold film at different 

pump-probe time delays as well as the spatial fitting performed in the x direction. 
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which will affect the thermal properties on the surface. For this, we will study in the following the 

in-plane properties of electrons in a time range (0.5 ps to 2.5 ps) and for phonons (20 ps to 100 s). 

At these time scales, the heat carriers are always in the gold film. 

 

4.6.2.2 Estimation of in-plane thermal diffusivity 

 

In order to obtain the in-plane thermal properties, the marginal averages are carried out relative to 

the x and y directions on the thermal mapping measurement. This allows to optimize the area 

where the parabolic fit of equation 4.69 can be performed and estimate the coefficients of the 

second order polynomial for each time step for both directions. 

 

 

By doing the marginal average along the x axis, we can obtain the transient temperature 

distribution in the y axis ⟨𝑇(𝑥, 𝑦, 𝑧 = 0, 𝑡)⟩𝑥. Then, the parabolic fit was applied for each time step. 

Figure 4-21 shows the fitting at two different times following the excitation, 0.5 ps and 100 ps. 

Figure 4-21: Logarithm of the marginal average of the temperature field along the x 

direction and the resulting fit for t = 0.5 ps and t=100 ps. 
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From this, the parabola coefficient 𝛽2𝑦(𝑡) can be obtained for each time step. Calculating this 

coefficient as a function of time allow us to extract the desired in-plane thermal parameters 

according to expressions in equation 4.70 For that, we performed the calculation of 𝛽2𝑦(𝑡) in the 

time range extending from 0.5 ps up to 100 ps. For the short time range [0.5, 2.5] ps, we can 

estimate the thermal diffusivity of electrons (see Figure 4-20). For the longer time range [20, 100] 

ps, we can estimate the thermal diffusivity of phonons. Figure 4-22 shows the inverse of the 

parabolic coefficient 𝛽2𝑦(𝑡) plotted as a function of time as well as the two fittings performed at 

short and long time ranges to estimate the thermal properties. Here, the fitting slopes correspond 

to the thermal diffusivities (see equation 4.70). 

 

 

Similarly, we performed the same analysis along the y axis to obtain the thermal properties in the 

x direction. Table 4-2 presents the identified thermal diffusivities of electrons and phonons as well 

Figure 4-22: Inverse of the parabolic coefficient 𝜷𝟐𝒚 estimated along the direction x. 

Linear fit was applied at short time range [0.5, 2.5] ps to estimate in-plane thermal 

diffusivities of electrons, and at longer time range [20, 100] ps to estimate those of 

phonons. 

Estimation of electrons diffusivity 

Dy = 1.42×10-2 m2/s 
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as the estimated radius of the heat source, both along the x and y directions. It should be noted that 

the radius is estimated in both directions from the y-intercept of the fit at long time scales. 

 

 

The diffusivity values in two directions are very similar, confirming the isotropy of the material, 

and are in agreement with the literature [112]. In addition, the estimated size of the laser is very 

close to the expected value with the used objective 100X. 

 

 

 x direction y direction 

Electrons diffusivity (m2/s) 1.42×10-2 1.45×10-2 

Phonons diffusivity (m2/s) 1.75 ×10-4 1.70×10-4 

Laser pump radius (𝜇𝑚) 0.96 0.90 

Table 4-2: Estimated values of in-plane thermal diffusivities of electrons and phonons as well 
as the laser pump radius by the parabolic method along the x and y directions for the gold 

film. 

Figure 4-23: Estimated laser spot position obtained over the acquisition time on the 

surface of the film gold. 
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Finally, the spatial position of the thermal source is estimated according to the direct relation 

between the parabola coefficients; 𝛽2𝑥,𝑦(𝑡) and 𝛽1𝑥,𝑦(𝑡) (see equation 4.71). Figure 4-23 presents 

the source position extracted over the acquisition time. We can see the accuracy of the estimated 

position compared to the pixel size, indicating the stability of the laser spot on the surface during 

the measurement thanks to the TDTR heterodyne sampling. 

This study of in-plane measurement on an isotropic material such as the gold film makes it possible 

to validate the parabolic method since the diffusivities estimated for electrons and phonons along 

x and y are almost identical and are in agreement with the literature. 

 

4.7 Conclusion and perspective 

 

The second part of this chapter was devoted to the study of the spatial thermal characterization at 

the materials surface. 

For that, we have shown an imaging system employed in the TDTR method, which enables to do 

the thermal mapping measurement with high spatio-temporal resolution. To estimate the thermal 

properties, we have introduced the parabolic method, which is based on a transient 3D analytical 

model of the impulse response. This analytical solution has the advantage of being separable, 

which makes it possible to study the heat transfers independently of the direction considered. By 

using the spatial logarithmic method, it becomes possible to estimate both the in-plane thermal 

diffusivities, the location and the size of the heating spot. The efficiency of the TDTR imaging 

method and the capability of the parabolic model were validated by the thermal characterization 

of an isotropic gold film. We were able to estimate the in-plane thermal diffusivities of both 

electrons and phonons in two directions of the heat propagation. 

The study presented in this chapter concerns the preliminary step for spatial analysis of the heat 

transfer in alloys, in which the superdiffusive regime exists. The perspectives considered for this 

work can be classified into two aspects developed in parallel: the experimental TDTR method and 

the analytical model. 
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For the experimental aspect, we will develop a modulated heterodyne TDTR method for thermal 

mapping. The superdiffusive regime appears in alloys, as we have seen in chapter 4, at frequency 

range from hundreds of kHz up to hundreds of MHz. In order to reach the frequencies in this range 

and study the spatial propagation of non-diffusive transport, a modulation of the pump beam is 

necessary. Using dedicated modulation of femtosecond laser excitations; we will provide a 

complete description to the spatial distribution of the superdiffusive regime as a function of 

frequency. For that, the installation of the instruments required to perform the mapping 

measurement at different modulation frequencies is almost finished. However, a development of 

a Labview program for the setup is in progress. This program allows to automate the measurement 

as much as possible and to control all devices parts of the thermal imaging system. 

For the theoretical aspect, we will extend the thermal parabolic method, which is valid for a semi-

infinite layer, to thin films. This extension of the model will allow to take into account the non-

diffusive thermal effect of the alloys layer deposited below the transducer. Therefore, the parabolic 

method becomes capable to estimate the thermal diffusivities in depth for a multilayer structure. 
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Conclusion 

 

The work of this thesis focused on the study of the ultrafast heat transport in materials, especially 

the superdiffusive regime existing in semiconductor alloys. This was a part of the SPiDER-man 

ANR project, which aims to fill evident lacks in experimental solutions and knowledge of ballistic-

diffusive heat transfer. The project brought together three complementary areas of expertise : the 

experimental measurements by the team of Stefan DILHAIRE at LOMA; the growth of materials 

by the team of Olivier BOURGEOIS at Néel institute; and the theoretical modeling with Gilles 

PERNOT at LEMTA.  

Our part of the work consisted in designing a new instrumentation called spectral thermal sensor 

to probe the superdiffusive phonon transport. This sensor combined the measurements of two 

thermoreflectance methods, the TDTR heterodyne and the FDTR. 

Thus, the first chapter was devoted to the thermal characterization of nanomaterials from the 

measurement of pump-probe thermoreflectance methods. The optical sampling of these techniques 

can be performed in different ways. In our work, we used a method called asynchronous, where 

the delay was performed using two femtosecond laser cavities with different repetition rate of 

frequencies. This technique allowed transient temperature measurements from hundreds of 

femtoseconds up to tens of nanoseconds. In addition to the superior speed acquisition of this 

sampling method compared to the synchronous one, the absence of a mechanical delay stage was 

also a considerable advantage as it eliminated many artifacts related to mechanical vibrations. 

Another thermoreflectance method resolved in frequency was also used in our work. In this 

configuration, the pump and the probe were generated by two continuous wave lasers. The 

response sampling of this method depended on the frequency modulation of the pump laser. After 

the description of the experimental techniques, we have introduced the 2TM, which made it 

possible to understand the impulse response of a metal. This model was used in the chapter 2 to 

study and describe the evolution of both phonon and electron temperatures in the studied medium 

during a femtosecond thermoreflectance experiment. We have also presented the classical 1TM, 

which is an asymptotic limit at long time scale of the 2TM when the heat carriers are in thermal 

equilibrium. We have solved this Fourier model in cylindrical coordinate for multilayer system by 
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applying a thermal quadrupole method. Solving the heat diffusion equation in Laplace-Hankel 

space allowed to describe the temperature response on the system surface. At the end of the 

chapter, we presented an example of 1TM thermal identification performed on the FDTR spectral 

response for a SiO2 and Ge samples. 

In the second chapter, we studied the effect of transducer on the spectral response of the heterodyne 

TDTR method. The ultimate bandwidth of the corresponding spectral material response that 

expands from 76 MHz up to 10 THz was limited by the presence of the metal transducer deposited 

on top of the material of interest. In order to determine the optimal transducer, we investigated the 

thermal transparency of several metal thin films. For that, we implemented and solved numerically 

the 2TM to describe the dynamics of both phonon and electron temperatures. This was performed 

for a set of Al, Au, Ag, Cu, Cr, and Pt thin layers. The numerical study showed that the Al thin 

film was better suited for spectroscopic lattice temperature measurements exhibiting a frequency 

bandwidth extending from 76 MHz up to 10 GHz. On the other hand, the Au gold film was the 

best for hot carrier electrons dynamics allowing the measurement from 1 GHz up to 5 THz. The 

experimental result showed a very good agreement between the thermal behavior of the Au spectral 

response predicted by the 2TM simulation study and the TDTR thermoreflectance curve.  

The third chapter was devoted to the investigation and characterization of thermal properties of 

different types of materials through an ultra-broadband spectroscopy. We presented a spectral 

sensor combining the measurement of the FDTR and TDTR methods. The overlap allowed to 

probe a wide spectral response over 8 decades extending from 10 kHz up to 1 THz. We showed 

the ability of this sensor by identifying the thermal properties of different types of materials with 

the 1TM in a wide range of thermal conductivities (alloys, semiconductors and insulators). This 

sensor method measurement brought an additional key factor, which was the improvement of the 

sensitivity to parameters and reduction of their correlation. This allowed the identification of 

several parameters simultaneously, such as the thermal conductivity and the thermal heat capacity 

of the studied medium. 

The fourth chapter was devoted to seek for the non-Fourier transport in some materials. The first 

part is to study the superdiffusive regime out of plane in alloys and model materials. The second 

to show that the heterodyne TDTR method allows to carry out mapping measurements and thus to 

study in-plane thermal properties. 
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First, we presented the characteristic of the intermediate superdiffusive regime, which appeared 

between the ballistic and diffusive regimes in some materials, notably alloys. Then, we introduced 

a model based on Lévy dynamics that allowed to describe the quasi-ballistic transport in a semi-

infinite sample. The broadband spectral response and its modeling by a Lévy model allowed to 

identify the thermal properties of the studied samples, and to highlight the presence of non-

diffusive transport in InGaAs alloy. Then, we investigated a model material of Mn-doped 

crystalline germanium matrix GeMn. The study was performed on different thicknesses of GeMn 

layer with different manganese concentration. Results of the thermal identification verified the 

absence of the superdiffusive regime in these material models; however, the thermal conductivity 

was affected by the concentration of nano-inclusions. New material samples based on Germanium 

and Silicon, which expected to exhibit a superdiffusive regime, are being manufactured. 

In the second part of this chapter, we introduced a TDTR imaging technique to study the heat 

transport in plane. This technique provided the thermal measuring of heat carriers with high spatio-

temporal resolution. In order to obtain the in-plane thermal properties, we introduced a model 

called the parabolic method that describes the spatial distribution of the heat. Finally, we presented 

the preliminary results obtained for the surface thermal characterization of a gold layer. The next 

step after this thesis would be to study the propagation of the superdiffusive regime in the plane. 

Finally, the synthesis of the elements brought in this thesis was as follow: 

- Development of a thermal sensor combining the measurements of heterodyne TDTR and 

FDTR methods. The wide bandwidth measured by this sensor allowed us to measure the 

different thermal behaviors in nanomaterials; 

- Development of a thermal model using Matlab to determine the thermal properties of multi-

layered nanomaterials; 

- Development of a Labview program for the in-plane thermal mapping measurements. The 

program enabled to automate the measurement as much as possible and to speed up and 

facilitate data acquisition. 
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