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ABSTRACT

uantum physics has led to a revolution in our conception of the nature of our world and is

now bringing about a technological revolution. The use of quantum information promises

indeed applications that outperform those of today’s so-called classical devices. Continuous
variable quantum information theory refers to the study of quantum information encoded in
continuous degrees of freedom of quantum systems. This theory extends the mathematical
study of quantum information to quantum states in Hilbert spaces of infinite dimension. It
offers different perspectives compared to discrete variable quantum information theory and is
particularly suitable for the description of quantum states of light. Quantum optics is thus a
natural experimental platform for developing quantum applications in continuous variable.

This thesis focuses on three main questions: where does a quantum advantage, that is, the
ability of quantum machines to outperform classical machines, come from? How to ensure the
proper functioning of a quantum machine? What advantages can be gained in practice from the
use of quantum information? These three questions are at the heart of the development of future
quantum technologies and we provide several answers within the frameworks of continuous
variable quantum information and linear quantum optics.

Quantum advantage in continuous variable comes in particular from the use of so-called
non-Gaussian quantum states. We introduce the stellar formalism to characterize these states.
We then study the transition from classically simulable models to models universal for quantum
computing. We show that quantum computational supremacy, the dramatic speedup of quantum
computers over their classical counterparts, may be realised with non-Gaussian states and
Gaussian measurements.

Quantum certification denotes the methods seeking to verify the correct functioning of a
quantum machine. We consider certification of quantum states in continuous variable, intro-
ducing several protocols according to the assumptions made on the tested state. We develop
efficient methods for the verification of a large class of multimode quantum states, including the
output states of the Boson Sampling model, enabling the experimental verification of quantum
supremacy with photonic quantum computing.

We give several new examples of practical applications of quantum information in linear
quantum optics. Generalising the swap test, we highlight a connection between the ability to
distinguish two quantum states and the ability to perform universal programmable quantum
measurements, for which we give various implementations in linear optics, based on the use
of single photons or coherent states. Finally, we obtain, thanks to linear optics, the first imple-
mentation of a quantum protocol for weak coin flipping, a building block for many cryptographic
applications.
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INTRODUCTION

uantum mechanics has deepened our understanding of the world. It has led us to rethink
the very notion of reality—how can a cat be neither dead nor alive?—by putting forth
intriguing properties such as entanglement and superposition. Nowadays, new information
processing devices using quantum properties are being developed, such as quantum computers,
and it is fascinating and maybe incumbent to see whether and to what extent these quantum

technologies may outperform conventional technologies.

Motivation and context

While classical mechanics, as opposed to quantum, has been quite successful in describing the
world at our scale, quantum mechanics has proven to be a very powerful tool for understanding
the world at the particle scale. Interesting effects appear at this scale, and the challenge posed
by the development of quantum technologies is not only to understand these effects but also
to harness them. Quantum information—that is, information encoded in quantum degrees
of freedom of physical systems—promises advantages over classical information notably for
computing, communication, cryptography and sensing. That the use of quantum mechanics
may provide an advantage over classical mechanics for information processing is an exciting

perspective, which raises the following question:
What leads to a quantum advantage?

This profound question has attracted enormous attention and so far has only partial answers.
From a foundational point of view, this question asks what differentiates the quantum from the
classical and what makes nature fundamentally nonclassical. While shedding light on the very
nature of our world, answering this question also enables the development of new technologies

exploiting quantum properties to gain an advantage over classical machines.

In order to understand the possible origins of a quantum advantage it is worthwhile to highlight
some of the differences between quantum and classical information and in particular quantum
features that are inherently nonclassical.

Properties of quantum systems are intrinsically random prior to being measured and this

randomness is lost whenever the quantum system is measured—hence the infamous Schrédinger’s



INTRODUCTION

cat thought experiment, in which a cat is locked in a box with a device that kills the animal
with some probability: before opening the box, the cat is neither dead nor alive, but rather in a
superposition of these two states, and opening the box collapses the state of the cat to either dead
or alive. In a more general fashion, the state of a quantum system can be mathematically described
by a wave function consisting of complex-valued probability amplitudes. The probabilities for the
possible results of measurements made on the system can be derived from these amplitudes. As
their name indicates, wave functions behave qualitatively like mechanical waves: they satisfy a
linear wave equation and may interfere. This interference of probability amplitudes is a striking
example of nonclassical phenomena. A quantum computer outperforming its classical counterpart
would crucially interfere various branches of a computation.

The linear evolution of probability amplitudes also has striking consequences: it implies
that an arbitrary quantum state cannot be perfectly cloned [WZ82]. This contrasts with the
fact that classical information is trivial to copy. This quantum no-cloning property can also be
derived from the uncertainty principle, which asserts that complementary quantum observables—
such as position and momentum—cannot be simultaneously measured with arbitrary precision:
measuring one of the two collapses the state of the measured quantum system such that the
value of the other becomes uniformly random. If one was able to perfectly clone a quantum state,
one could measure the position of the first copy and the momentum of the second and infer both
quantities for the original state, thus contradicting the uncertainty principle. While uncertainty
and no-cloning may be seen as limitations of quantum information, quantum advantage in
cryptography notably comes from exploiting these properties to hide information from a possible
eavesdropper [BB84b].

These quantum properties may be witnessed already for a single system. On the other
hand, multiple systems may display correlations and it turns out that quantum systems may be
correlated in a way classical systems cannot, as a consequence of entanglement. A quantum state
over multiple subsystems is said to be entangled if it cannot be separated into the individual
states of its subsystems. An important consequence of entanglement is the nonlocality of quantum
theory, i.e., the fact that correlations displayed by spatially separated quantum systems cannot
be reproduced locally by classical means [Bel64]—what Einstein famously described as “spooky
action at a distance”. While these nonclassical correlations may be exploited for the so-called
quantum teleportation [BBC*93], they do not allow for superluminal communication, as a

consequence of the no-signaling principle [PT04].

In theory, the nonclassical properties previously described may allow quantum devices to outper-
form their classical counterparts for a variety of information processing tasks, and in particular
to demonstrate quantum computational supremacy [HM17]—a quantum computer performing
efficiently a computational task which is provably intractable for classical computers—which
marks a key milestone in the development of quantum technologies [AAB*19].

However, a major obstacle to the use of the nonclassical properties of quantum information for
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INTRODUCTION

technological applications is decoherence, i.e., the loss of coherence of the information encoded in
a physical system, due to the interaction of that system with its environment. Quantum devices
will inevitably interact with their environment and suffer the effect of noise. How to mitigate
the consequences of decoherence is an active domain of research [Pre98a]. In theory, quantum
computations may be performed fault-tolerantly, even though this results in a huge overhead in
terms of physical systems needed for the computation. It is also not obvious how one can mitigate
noise in other quantum information processing tasks, such as sensing or simulations, where the
fault-tolerant quantum computing approach is not natural. Hence, another question that arises

when looking for an advantage using a quantum device is the following:
How do we check the correct functioning of a quantum device?

Answering this second question is a timely problem in the absence of fault-tolerant mechanisms,
for benchmarking existing and upcoming quantum devices. It has also attracted a lot of attention
[EHW™20], under different names: validation, benchmarking, certification, verification. We shall
use certification in the following when no context is precised. The task of certification may
indeed vary depending on the context: fundamental research, industrial quantum device, or even
delegated quantum computing and quantum cryptography. In all these cases, what may vary is
the level of trust one wants to guarantee, as well as the assumptions one is ready to make on the
device being tested.

The challenge posed by the certification of quantum devices therefore depends on this context.
What is more, the very properties of quantum information—entanglement, unclonability—add
uniquely quantum challenges to the task of certification, and the way the information is encoded

in physical systems also matters.

Information, both classical and quantum, may be encoded using either discrete degrees of freedom
of a physical system—such as the presence or absence of an electrical signal, or the spin of an
electron—or continuous degrees of freedom—such as the position of a particle, or quadratures of
the electromagnetic field.

A great part of the theory already developed for discrete variable quantum information is
still missing for continuous variable quantum information. The latter is based on the beautiful
mathematics of quantum mechanics in infinite-dimensional Hilbert spaces and gives different
perspectives on quantum information [BvL05]. In addition, continuous variable quantum in-
formation has an exciting experimental status, thanks to quantum optics in particular, which
enables the scalable generation of large entangled quantum states [YUA'13b] and provides high
efficiency measurements. Moreover, some continuous variable quantum technologies—such as
continuous variable quantum key distribution [GG02]—compete with their discrete variable
counterparts [JKJL* 13]. This implies that the question of certification is of great importance for
continuous variable quantum devices, which also allow for outperforming classical devices and

demonstrating quantum computational supremacy [AA13, HKS*16].

3



INTRODUCTION

The demonstration of quantum supremacy, that is the convincing demonstration of a quantum
computation beating what is possible classically, is however only a milestone, and what is at stake
in the development of quantum technologies is to obtain advantages for real-world applications.

It is thus natural to ask the following question:
What useful advantages can we obtain from the use of quantum information?

Depending on the application considered, a quantum advantage may take different forms: to
obtain the result of a computation faster [Sho94, Gro98], to communicate more messages within
the same physical system [BW92] or in a more secured fashion [BB84a], or to perform a measure-
ment with a better precision [GLM11], for example. Answering this third question amounts to
developping new theoretical quantum algorithms as well as deriving realistic implementations

for existing ones, for example with linear quantum optics and quantum states of light.

This section has provided an overview of the different contexts on which the work of this thesis
is based. Motivated by the three very general questions above—origin of quantum advantage,
certification of quantum devices and useful quantum advantages—this dissertation explores
various directions, with particular emphasis on continuous variable quantum information theory
and optical quantum information processing. The next section presents a technical summary of
the content of the thesis.

Summary of results

After a preliminary chapter 1, chapters 2 and 3 deal with continuous variable quantum informa-
tion theory and computing. Chapters 4 and 5 consider the probems of quantum state certification
and testing, in the continuous variable regime and using quantum optics. Chapter 6 discusses the
implementation of a quantum cryptography protocol with quantum optics. We detail the content

of each chapter in what follows. The dependencies between the chapters are indicated in Fig. 0.1.

Chapter 1. After briefly introducing preliminary material on quantum information theory, this
chapter presents the formalisms of continuous variable quantum information theory used in
this thesis. Phase-space formalism is discussed. A description of Gaussian states and processes
follows, together with the symplectic formalism. Then, quantum linear optics is presented with

an exposition of Boson Sampling [AA13]. Finally, the Segal-Bargmann formalism is introduced.

Chapter 2. This chapter investigates the origin of quantum advantage for continuous variable
quantum computing. Continuous variable quantum states are separated into two broad families:
Gaussian and non-Gaussian. While Gaussian states feature interesting properties such as
entanglement, non-Gaussian states are crucial for a variety of quantum information tasks
[ESP02, Fiu02, GC02, WHG'03, GPFC* 04, GS07, NFC09, ADDS*09, BDE*19]. Characterizing
and understanding the properties of these states is thus of major importance [TZ18, ZSS18,

4
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Chapter 2
Stellar representation

Chapter 1
Continuous variable

Chapter 6
Quantum weak
coin flipping with

of non-Gaussian quantum information
guantum states J\ /L formalisms linear optics
Chapter 3
Beyond-classical
quantum continuous Chapter 5
variable models Programmable
measurements
with linear optics
%
Chapter 4

Certification of
continuous variable
guantum states

FIGURE 0.1. Dependencies between the chapters of this thesis. The solid arrows mean
that one chapter depends on an other, while the dashed arrows indicate a partial
dependence.

AGPF18, LRW*18]. This chapter applies the Segal-Bargmann formalism to derive the stellar
representation of single-mode non-Gaussian states. We define and study the stellar rank, using
properties of holomorphic functions. This rank induces a hierarchy among continuous variable
quantum states. The stellar representation is used to derive a criterion for Gaussian convertibility
of states with finite stellar rank within this hierarchy. Its topology with respect to the trace
norm is investigated and we show that the hierarchy is robust to small deviations and how
to compute the robustness. The main result of this chapter is a classification of single-mode
continuous variable quantum states with respect to their non-Gaussian properties, which can be

experimentally witnessed and has consequences for non-Gaussian quantum state engineering.

Chapter 3. In this chapter, we explore the quantum advantage transition for continuous vari-
ables, i.e., the boundary between classically simulable quantum computational models and
models capable of outperforming their classical counterparts, in terms of non-Gaussian resources.
We give classical simulation algorithms for several quantum models and computational tasks,
including linear optics with adaptive measurements and Gaussian circuits with non-Gaussian
input states. Then, we introduce a subuniversal family of continuous variable circuits related to
Boson Sampling called Continuous Variable Sampling from photon-added or photon-subtracted
squeezed states (CVS) circuits. We show that the continuous output probability densities of these
circuits are on average hard to sample exactly classically, by relating their output probabilities to
permanents of (0, 1)-matrices. The main results of this chapter are classical simulation algorithms
for Gaussian circuits with weakly non-Gaussian input states, as well as showing how quantum

supremacy may be achieved with non-Gaussian states, together with Gaussian operations and

5
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measurements.

Chapter 4. This chapter considers the certification of continuous variable quantum states.
Determining an unknown quantum state is difficult especially in continuous variables, where it
is described by possibly infinitely many complex parameters. Existing methods like homodyne
quantum state tomography require many different measurement settings and heavy classical
post-processing [LR09]. This chapter shows how continuous variable quantum states can be
efficiently verified: we introduce a reliable method for performing continuous variable quantum
state state tomography using a single Gaussian measurement, namely heterodyne detection,
which can be implemented with quantum optics ; then, we show how this tomography method
may be promoted to a state certification protocol under the i.i.d. assumption, by adding an
energy test. We also derive a similar protocol for continuous variable quantum state verification,
making no assumption whatsoever on the state preparation method, using a de Finetti reduction
for infinite-dimensional systems [RC09]. We further show that this protocol extends to the
multimode case and allows us to efficiently verify output states of Boson Sampling and CVS
interferometers. The main result of this chapter is a flexible protocol for building trust for a large
class of multimode mode continuous variable quantum states with Gaussian measurements,
which provides analytical confidence intervals and allow for a reliable verification of quantum

computational supremacy with photonic quantum computing.

Chapter 5. On top of being a promising candidate for the demonstration of quantum supremacy
with Boson Sampling, quantum optics provides an exciting experimental platform for near-term
quantum applications, as well as for probing quantum behaviours. This chapter discusses the
relations between quantum state discrimination, quantum state identity testing and universal
programmable projective measurements and proposes implementations in linear optics. A gener-
alisation of the swap test [ BCWDWO01] is introduced, together with its implementation in linear
optics using single-photon encoding. We show how this allows us to construct universal quantum-
programmable projective measurements, based on a simple classical post-processing of samples
from number-resolving or parity detectors. In order to simplify the experimental requirements, an
alternative scheme is derived which uses a coherent state encoding, a simpler interferometer and

single-photon threshold detectors, with applications to optical quantum communication protocols.

Chapter 6. Cryptographic protocols are built from a selection of simpler functionalities, called
primitives. Remarkably, quantum mechanics allows for the implementation of some primi-
tives with information-theoretic security which can only be achieved with conditional security
classically, i.e., by relying on computational assumptions. The so-called coin flipping by tele-
phone [Blu83], or weak coin flipping, is one of such cryptographic primitives. It refers to the
cryptographic scenario in which two mistrustful and distant parties want to agree on a random
bit, while they favor opposite outcomes. The use of quantum mechanics allows for achieving better
security than classical mechanics. However, even though various quantum weak coin flipping
protocols have been theorised [SR02, KN04, Moc05, Moc07, ARV19], no practical implementation

6
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has been proposed so far. This chapter introduces an implementation in linear optics of quantum
weak coin flipping. The proposed implementation relies on adapting a theoretical protocol for
quantum weak coin flipping [SR02] to linear optics, using the so-called dual-rail encoding, i.e.,
encoding a qubit with a photon in two spatial modes. The protocol can be implemented with
current technology and may display quantum advantage over any classical protocol for the same
task.

Additional remarks

This thesis is intended to be accessible to a reader familiar with the basics of quantum information
and computing with discrete and continuous variables. Good introductions to the field of quantum
information theory include [Pre98b] and [NC02], while [BvLO05] provides a comprehensive review
of quantum information with continuous variables. Pointers to the relevant literature are also

displayed throughout the thesis.

This thesis is based on several previous works.

¢ Chapter 2. This chapter is mainly based on a joint work with D. Markham and F.
Grosshans [CMG20b], and section 2.3.3 is based on a joint work with with G. Roland,
M. Walschaers, V. Parigi, F. Grosshans, D. Markham and N. Treps [CRW'20].

¢ Chapter 3. Section 3.2 is based on a joint work with A. Sohbi and D. Markham [CMS20],
sections 3.3.1 and 3.3.2 on a joint work with D. Markham and F. Grosshans [CMG20a], and
section 3.3.3 on a joint work with T. Douce, D. Markham, P. van Loock, E. Kashefi and G.
Ferrini [CDM*17].

¢ Chapter 4. Section 4.1 is based on a joint work with J. Eisert, D. Hangleiter, N. Walk, 1.
Roth, D. Markham, R. Parekh, and E. Kashefi [EHW'20], sections 4.2 to 4.5 on a joint
work with T. Douce, F. Grosshans, D. Markham and E. Kashefi [CDG"19], section 4.6 on a
joint work with with G. Roland, M. Walschaers, V. Parigi, F. Grosshans, D. Markham and N.
Treps [CRW*20], and section 4.7 on a joint work with F. Grosshans, D. Markham and E.
Kashefi [CGKM20].

¢ Chapter 5. Sections 5.1 and 5.2 are based on a joint work with E. Diamanti, D. Markham,
E. Kashefi and A. Joux [CDM™*18], and section 5.3 on a joint work with N. Kumar, E.
Kashefi, D. Markham, and E. Diamanti [KCK"20].

¢ Chapter 6. This chapter is based on a joint work with M. Bozzio, E. Diamanti and I.
Kerenidis [BCKD20].






CHAPTER

CONTINUOUS VARIABLE QUANTUM INFORMATION FORMALISMS

ontinuous variable quantum information theory refers to the study of information encoded
in quantum physical systems with continuous degrees of freedom. The approach of the
work presented in this dissertation for studying continuous variable quantum information
is to use different mathematical formalisms as different ways of gaining intuition. Juggling
several representations of the same mathematical object is indeed an excellent way to get
insights about this object. In this chapter, we briefly review the formalisms for continuous
variable quantum information theory used throughout the rest of the thesis. These include phase
space formalism for continuous variable quantum states and operators, symplectic formalism
for Gaussian states, quantum optics and Boson Sampling, and Segal-Bargmann formalism for

continuous variable quantum states.

1.1 Preliminary material

1.1.1 Notations

The sets N, R and C are the usual sets of natural, real and complex numbers, with a * exponent
when 0 is removed from the set. The size of a set & is denoted by |Z'|. The natural logarithm is
denoted log.

We write complexity classes with sans serif font: P, NP...

The number of subsystems or modes will generally be denoted by m € N*. Hilbert spaces are
denoted by # or £ . The expressions |¢), |) denote pure states, and p and o denote density
operators of possibly mixed quantum states.

For vectors and operators, we denote by a * exponent the complex conjugate, by a T' exponent

the transpose and by a { exponent the transpose complex conjugate (adjoint). Matrices are
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CHAPTER 1. CONTINUOUS VARIABLE QUANTUM INFORMATION FORMALISMS

denoted by capital letters and covariance matrices will be denoted by V. Operators are indicated
by a hat, with the exception of density operators, positive-operator valued measure elements and
identity operator 1. In particular, @ and ¢ denote the annihilation and creation operators and §
and p denote the position-like and momentum-like quadrature operators. The identity matrix is
also denoted 1, sometimes with an index indicating its size. The zero matrix is similarly denoted
0. The trace is denoted by Tr and the determinant by Det.

Pr denotes a probability, while E denotes an expected value. A function § may stand for the
Kronecker symbol or a Dirac delta, depending on the context. The letters a, § and y are used for
coherent state amplitudes or complex amplitudes, while the letters ¢ and { are used for squeezing

parameters. The letter z denotes a complex variable.

We write ® and @ for the tensor product and the direct sum, respectively. We use bold math
for multimode states, vectors and multi-index notations. Let m,n € N*. We define 0 =(0,...,0)
and 1=(1,...,1), and we write 0" =(0,...,0)eN" or 1" =(1,...,1) € N” to avoid ambiguity. For all
ke(l,...,m}, we also define 1; = (0,...,0,1,0,...,0), where the k" entry is 1 and all the other m—1

entries are 0. For all z = (z1,...,2,,) €C™, all 2’ = (2},...,2,,) €C™ and all p = (p1,...,pm) EN™

we write
2¥=(2],...,2p)
—2=(-21,...,—2m)
2=202" =(21,...,2m, 21,12 p)

|2) =1z1...2m)

1212 = 1211 + - + 2|

2P =20 2

z+2' =(z1+2],...,zm+2,) (1.1
z<sz2' ez, <z, Vkefl,.,m}

pl=pi...pm!

Ipl=p1+:+pm

oP =0 ...on

o \P o'P!

(a) :azi’l---azgm'

We will use for brevity the notations ¢, = coshy, s, =sinhy and ¢, = tanhy, for all y € C. The
commutator is denoted by [, ] and the anticommutator by {, }. Finally we adopt the convention

h =1 and use canonical conventions rather than optical ones.

Note that proofs of intermediate technical results will be indicated by a vertical bar running

along the side of the page, with a square symbol marking the end of the proof.
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1.1. PRELIMINARY MATERIAL

1.1.2 Basics of quantum information theory

The presentation given here is very succinct and good introductions to the field of quantum
information theory include [Pre98b] and [NC02].

In quantum information theory, we identify two notions of randomness. On the one hand, there
is an inherent randomness in the formalism of quantum measurements, which we call quan-
tum randomness. On the other hand, classical randomness corresponds to the usual notion of
randomness to which we refer, for example, when we draw a card from a shuffled deck of cards
or when we roll a die. In practice, a quantum system can manifest both classical and quantum

randomness.

The properties of a quantum system are described by its quantum state. Quantum states with
no classical randomness are called pure states. These pure quantum states are represented
mathematically as normalised vectors in a separable Hilbert space #. We adopt Dirac bra-ket
notation [Dir81] in what follows: a column vector v is represented as the ket |y) and its adjoint
(transpose complex conjugate) line vector is represented as the bra (y|. In particular, the projector
onto |y) is expressed as |¢)(y| and the inner product of two states |¢) and |¢) is denoted by (¢|v),
with (p|w) = (w|p)*. The quantity |{p|y) |2 is referred to as the overlap of the states |¢py and |w).

The simplest nontrivial example is a Hilbert space of dimension 2. In that case, quantum
states are referred to as qubit states, states in a Hilbert space of finite dimension d > 2 being
referred to as qudit states. Given an orthonormal basis (|0),|1)) of a Hilbert space of dimension 2,

a qubit state |y) is expressed as
ly)=al0)+bI1), lal®+b*=1, (1.2)

for a,b € C, with (| =a*(0| +b* (1]. The coefficients a and b are the complex amplitudes of the
qubit state |v). If a # 0 and b # 0, the state |y) is said to be in a superposition of the states |0)
and |1).

The basis (]0),|1)) is referred to as the computational basis. On the other hand, setting
|+) = %(IO) +11)), the states (|+),|—)) also form an orthonormal basis, referred to as the diagonal
basis.

Observable physical quantities, or simply observables, are represented mathematically by self-
adjoint (hermitian) operators O = O'. Such operators have an orthonormal basis of eigenvectors
and measuring the observable O gives an outcome sampled from the list of its eigenvalues. The

probability of each outcome is determined by the Born rule:
PriA] =<y ly), (1.3)

where 1 is the eigenvalue, |¢) is the state of the measured quantum system and I1, is a projector
onto the eigenvector corresponding to the eigenvalue A. Equivalently, we say that we measure

in a specific orthonormal basis to say that we measure an observable which has this basis as

11



CHAPTER 1. CONTINUOUS VARIABLE QUANTUM INFORMATION FORMALISMS

an eigenbasis. In particular, Eq. (1.2) may be interpreted as follows: (w|IIg|y) = (w]0)(0|w) =
[ O]y 12 = |a|? (resp. |b 12) is the probability that we obtain the outcome 0 (resp. 1) when measuring
the state |y) in the (|0),]1)) basis. The two probabilities sum to 1, corresponding to the fact that
the measurement will yield an outcome, either 0 or 1. The measurement outcome is random
when a # 0 and b # 0, i.e., quantum randomness manifests when the measured state is in
a superposition of eigenvectors of the observable. Measuring a quantum state collapses the
state onto the eigenvector corresponding to the outcome obtained. In particular, any subsequent
measurement of the same observable will yield the same result with probability 1.

The most general notion of quantum measurement is captured by positive-operator valued
measures (POVM). A POVM is a set of semidefinite operators {II;};c s whose elements sum
to the identity operator, indexed by a set of outcomes .#. The operator II; is associated to the
measurement outcome i € £ and the probability for this outcome is given by Eq. (1.3), replacing
A by i. The case where the operators II; are projectors, as in Eq. (1.3), corresponds to projection-

valued measures (PVM).

Quantum systems can also exhibit classical randomness. When that is the case, we refer to the
quantum state as mixed. A mixed quantum state is represented mathematically by a so-called
density operator, i.e., a hermitian operator with trace 1 acting on a Hilbert space. The density
operator for a pure state |y) is simply a projector |){w|. A mixed quantum state can be written
as a convex combination, or mixture, of pure states. For example, the state obtained by flipping
an unbiaised coin and choosing the state |0) for tails and |1) for heads is a mixed state expressed
as % |0)(0] + % [1)(1|, which is different from the pure superposition %(IO) + 1)), whose density
operator is given by % |0Y(0] + % [0)(1] + % [1)(0] + % |1)(1|. The Born rule for a mixed state p reads

Pr(i] =Tr(I1;p), (1.4)

where {I1;};c# is a POVM over a set of outcomes .#. Setting p = |v)(w|, we retrieve the Born

rule for pure states in Eq. (1.3). Writing the semidefinite operator I1; = M jM i, the state after a
measurement with outcome i € .# is given by

. 1

W _ MipM;

= Te(p)° (1.5)

0

Note that the choice of M; is not unique and this choice reflects different possible ways of
physically implementing the same POVM. Given an observable O, the quantity Tr(O p) is the

expectation of the operator O for the quantum state p and is alternatively denoted (O)p.

The global state of two independent quantum systems with states |¢p) and |¢) in two Hilbert
spaces /€ and /', respectively, lies in the tensor product # ® #' and is obtained by taking the
tensor product |¢) ® |[w) of both states. We will usually write |¢p) ® |y) = |¢py) when there is no
ambiguity. The dimension of the Hilbert space /# ® #" is the product of the dimensions of the
Hilbert spaces ./ and %', implying in particular that the computational basis of n-qubit states

has size 2".

12



1.1. PRELIMINARY MATERIAL

Two quantum systems may not be independent and a pure quantum state which cannot
be written as a tensor product of quantum states is called entangled. For example, the state
%(IOO) +|11)) is entangled while the state %(IO) +|1))®(]0) +|1)) is separable. A (mixed) quantum
state is called separable if it can be written as a mixture of separable pure states, and entangled
otherwise.

Entanglement may be conceived as the quantum version of classical correlation [Wer89]: the
mixed quantum state % [00){00] + % [11)(11] is classically correlated—the measurements of each
subsystem in the (]0),|1)) basis will always yield the same outcomes—but not entangled, since it
is a mixture of product states. On the other hand, the pure state \%(IOO) +]11)) = %(I++) +|—=))
is entangled. This state is ‘more’ correlated than the previous one in the following sense: not only
the measurements of each subsystem in the (|0),|1)) basis will always yield the same outcomes
but measuring each subsystem in the (|+),|—)) basis will also always yield the same outcomes.

Given a state p over two subsystems in # and #”, the reduced state of the first subsystem
is obtained by tracing out, or taking the partial trace over, the second subsystem Tr(p). A
separable state is fully described by the reduced states of its individual subsystems, while this is

no longer the case for an entangled state.

The simplest example of evolution of a quantum system is a unitary evolution over a time ¢,
described by a unitary operator U with UTU = 1, generated by a Hamiltonian H with H = H,
such that U = e *H¢_ If the system is in a pure state |y), then the state after the evolution is a
normalised pure state U |y). If the system is in a mixed state p, then the state after the evolution
is a mixed state with density operator U pUT.

More general quantum evolutions are described by quantum channels, i.e., completely positive
trace-preserving maps (CPTP). By Stinespring dilation theorem, CPTP maps can be expressed as
unitaries acting on a larger space. Formally, if & is a CPTP map acting on a Hilbert space ./,
then there exist a Hilbert space .7 and a unitary operator U such that for all density operators
P,

&(p) =Tr[U(p ®10)0)U 1. (1.6)

In other words, any quantum channel can be obtained by tensoring with a second system in a
fixed state, a unitary evolution and a reduction to a subsystem. Naimark’s theorem provides a
similar result for decomposing a POVM as a unitary followed by a PVM on a larger space.

The most general physical evolutions are described by quantum operations, i.e., completely
positive trace-decreasing maps (CPTD). These operations can be obtained as obtained by tensoring
with a second system in a fixed state, a unitary evolution, a PVM and a reduction to a subsystem.
Non-CPTD maps are referred to as unphysical operations. Such operations can be approximated
by quantum operations, for example when they act as CPTD maps on a subset of the Hilbert

space.

A quantum computation is composed of the three following steps: input, evolution and mea-

surement. With the above, one may conceive elaborate quantum computations as building a

13
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highly entangled state from a simple input product state via a unitary evolution and sampling
from a probability distribution given by the Born rule and the choice of measurement. Quantum
computations can be looked at in the circuit picture, in which the unitary evolution is decomposed

as a product of gates acting on at most two subsystems at a time.

Discrimination of quantum states is a central element in many quantum information processing
tasks [NC02] and various measures are available [FVDG99]. We review two measures used exten-
sively in the thesis: the fidelity and the trace distance. The properties outlined are independent

of the dimension of the Hilbert space.

The fidelity between two states p and o is defined as

2
F(p,0) :Tr( \/;p\/a) . 1.7

Note that the definition used here is the square of the definition in [FVDG99, NC02]. Even
though it is not apparent with the above equation, the fidelity is symmetric in its arguments p

and 0. When at least one of the two states is a pure state, this expression reduces to

F (y,p) =Tr(y)(w|p) = (wlply). (1.8)

In particular when both states are pure F (¢, ) = | (¢ly) |2.

We write the Schatten 1-norm of a bounded operator T as
1Tl ="Tr (VTTT ) = Te(T). (1.9)
The trace distance between two states p,o is defined as

1
D(p,0)= §Ilp -oll1
1 (1.10)
= ETr(Ip —al).

It is jointly convex in its two arguments. The fidelity is related to the trace distance by the
Fuchs-van de Graaf inequalities [FVDG99]

1-+v/F(p,0) =D(p,0)<\1-F(p,o0). (1.11)
When one of the states is pure, the lower bound may be refined as
1-F(y,p)<D(y,p). (1.12)

When both states are pure, the upper bound in Eq. (1.11) becomes an equality:
D, p) = vV1-F(p,y)
=\/1-1{ply) 2.

14
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1.1. PRELIMINARY MATERIAL

The fidelity is nondecreasing under quantum operations and the trace distance is nonincreasing
under quantum operations. The total variation distance of two probability distributions P and @

over a sample space . is defined as

1
1P ~Qllwa = 5 Y IP(s)-Q(s)I. (1.14)

ses

A similar definition holds for probability densities over a continuous sample space, by replacing

the discrete sum by a continuous sum. The trace distance verifies

D(p,0) = max 1PO — PP llwa, (1.15)

where P? (resp. P(? ) is the probability distribution associated to measuring the observable O for
the state p (resp. o) and where the maximum of the total variation distance is taken over all
observables. The trace distance thus has an operational significance: if two states are close in
trace distance, then any computation taking as input one of the two states is indistinguishable
from the same computation taking as input the other state. Moreover, with Eq. (1.11), lower
bounds on the fidelity also give upper bounds on the total variation distance, which are tight

when the states are pure, by Eq. (1.13).

In what follows, we consider the case of infinite-dimensional Hilbert spaces, allowing for the
description of quantum systems with continuous degrees of freedom. Discrete variables can be
encoded in continuous degrees of freedom and finite-dimensional Hilbert spaces may be embedded
in infinite-dimensional ones. Despite its discrete character, we will also refer to the study of such
embedded discrete variable quantum information in an infinite-dimensional Hilbert space as
continuous variable quantum information theory, since the same mathematical formalisms are

employed in both case.

1.1.3 Continuous variable quantum information theory in a nutshell

We refer the reader to the first chapters of [BvL05, FOP05, ARL14] for a further introduction
on the material presented in this section. While the presentation that follows is quite technical,
it avoids many of the subtleties which appear when dealing with infinite-dimensional Hilbert

spaces. The interested reader will find an example of a formal treatment in [DIMO05].

The continuous variable equivalent of a qubit or qudit is the qumode, or simply mode. Single-
mode continuous variable quantum states are mathematically described as normalised complex
vectors in an infinite-dimensional separable Hilbert space, with an infinite countable orthonormal
basis {|n)},en referred to as the Fock basis, or photon-number basis in the context of optical
quantum information processing. In particular, |0) is referred to as the vacuum state and |1) as

the single-photon state. A single-mode pure state |y¢) can be written in Fock basis as

ly)=> wnln), (1.16)

n=0
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(e 0]

where v, € C for all n € N, with the normalisation condition Y%} |y, 12 =

1. The Fock basis comes
with canonical adjoint operators ¢ and G referred to as annihilation and creation operators,
respectively, or photon subtraction and photon addition operators in the context of optical

quantum information processing. These operators are defined by their action on the Fock basis as

dlny=vnln-1), for n e N*,
G0y =0, (1.17)
' lny=vn+1in+1), forneN,

and follow the canonical commutation relation
[6,6T1=1, (1.18)

where 11is the identity operator. The eigenstates of the annihilation operator are the coherent

states {|a)},ec, defined as

1.2 a’
ay=e 2" Y —1n), (1.19)
n=0 \/TT'
for all @ € C. Alternatively, defining the displacement operator as
D(a)=e%'-2d, (1.20)
for all @ € C, the coherent state of amplitude « € C is obtained from the vacuum state as
@y = D(a)10). (1.21)
The inner product of two coherent states |a@) and |B) is given by
(@|py = e P3lal+IPP) (1.22)

for all a, 8 € C. In particular, two coherent states have nonzero overlap. These states form an

overcomplete family:

2
f @ % =1, (1.23)
aeC T

where d?a = dR(a)dS(a). The canonical position-like and momentum-like operators § and p are
defined as

1
5 e
g=—(@+a),
Vf (1.24)
s _ ot
p=——=(@G-a").
iv2

These hermitian operators, also referred to as quadrature operators in the context of optical

quantum information processing, follow the canonical commutation relation

[g,p]=11l. (1.25)
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They satisfy Heisenberg uncertainty principle [Hei85]
1
0401325, (1.26)

where 04 and 0 denote the standard deviation of position and momentum, respectively, i.e., they
cannot be measured both with arbitrary precision for the same quantum state: measuring one
randomises the other.

The eigenstates of ¢ (resp. p) form a continuous family of unnormalisable states {|g)}4er
(resp. {|[p)}per), thus technically lying outside of the Hilbert space. These states may be treated
formally as an infinite uncountable basis of the Hilbert space, the so-called position basis (resp.

momentum basis). Expanding a single-mode pure state |y) in the position basis gives

ly) = v(q)lg)dq, (1.27)
qeR

where w(q) = (gly) is the position wave function of the state |y), with the normalisation condition
for the position probability distribution | qeR lw(q)?dq = 1. A similar expansion holds in the
momentum basis with the momentum wave function. The position and momentum bases are

related by a Fourier transform:

1 .
| >=—f e pydp, (1.28)
i \/27‘[ PER P P

and

1 igp
= e dqg. (1.29)
2 V271 Jger 2 dq

Note that the Fock state |[n = 0) and the coherent state |a = 0) are equal, but different from the

position state |¢ = 0) and the momentum state |p = 0), themselves distinct.

1.2 Phase space formalism

We refer the reader to [CG69b, CG69a] for an introduction to the material presented in this

section. In particular, we restrict to single-mode states and operators.

The expectation values of the position and momentum operators lie in the so-called phase space,
which is the quantum analogue of classical phase space. Continuous variable quantum states
and operators can be alternatively described by a phase space representation. This formulation
identifies a quantum state with a normalised distribution over phase space.

This allows for a simple and experimentally relevant classification of quantum states: those
with a Gaussian phase space distribution are called Gaussian states and the others non-Gaussian
states. By extension, operations mapping Gaussian states to Gaussian states are also called
Gaussian. These Gaussian operations and states are the ones implementable with linear optics

and quadratic non-linearities [BvL05], and are hence relatively easy to construct experimentally.
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Hereafter, we identify the single-mode phase space with C, where the real part corresponds

to expectation values of the position operator and the imaginary part to expectation values

dR(a)dS(a) _ dgdp
p 3 - 2n

momentum operator. We adopt the convention a = %(q +ip)eC, with dzT“ =
There exists a continuum of equivalent phase space distributions representing the same

operator in phase space. This continuum of representations is parametrized by a real parameter

s<1. For all s <1, let us define the operator

d?p

T(a,s):zf D(ﬁ)exp(aﬁ* —atB+ f|ﬁ|2) P (1.30)
BeC 2 b4

for all @ € C. The phase space representation with parameter s of an operator O is defined as
Wy(a,s) =Tr[T(a,s)0]. (1.31)

This expression should be treated formally for unbounded operators and the case s = 1 should be
understood as the limit s — 17. The same definition holds for density operators, in which case the
representation is real-valued and corresponds to the expectation value of the operator 7'. The
phase space representations are normalised as

d2

f W,(a,s) = = Tr(p), (1.32)
aeC T

for any density operator p and any s < 1. As the parameter s decreases, the phase space represen-

tation smoothens. This is captured by the following relation:

2|a - B2 ) d2p
t

—, (1.33)
-s

Wia,s) = —— | W(ﬁ,t)exp(—
t—sJpec T

for all s <t <1, i.e., the representation with lower parameter is obtained from the representation
with higher parameter by a Gaussian convolution. In particular, if one representation is a
Gaussian function, then all representations are Gaussian. Moreover, for all operators 0o 1 and 02,
A A d?a
Tr(0102) = Wy (a,-s)Wp (a,s)—, (1.34)
aeC ! 2 /2
for all s €[-1,1]. This important property allows one to retrieve information about quantum
systems by probing their phase space representation: if one of the two operators in the above
equation is a density operator, the expectation value is obtained as
2

. d

Tr(Op) = f W (at,~)W(a,s)—, (1.35)
aeC /A

for all se[-1,1].

In what follows, we detail some properties of the three most prominent representations in
the literature: the Wigner W function [Wig97], the Glauber—Sudarshan P function [Sud63,
Gla63] and the Husimi @ function [Hus40], corresponding to the values s=0,s=1and s = —1,
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respectively (Fig. 1.1). In particular, we will make extensive use of the Husimi representation

throughout the first chapters of the thesis. We adopt the normalising conventions

W(a)= ~W(a,0),
T
P(a)= %W(a, D, (1.36)

1
Q(a)=—-W(a,-1),
b/

for all « € C, so that the W, P and @ functions are normalised to 1 for normalised states (note the

difference of normalisation with [CG69a] for the Wigner and Husimi functions).

Smoother More singular

~1 0 1

S Q Gaussian III Gaussian
convolution P
v ‘\_/

convolution

Figure 1.1: A pictorial representation of the continuum of phase space representations.

1.2.1 Wigner W function

The Wigner function is a nonsingular distribution for all states and is referred to as a quasiprob-
ability distribution, as it is a normalised distribution which can take negative values. This
contrasts with classical phase space probability distributions.

By virtue of Hudson’s theorem [Hud74, SC83], a pure quantum state is non-Gaussian if and
only if its Wigner function has negative values. In other words, if a pure quantum state has a
positive Wigner function, then it is a Gaussian state. Various notions relating to negativity of the
Wigner function have been introduced for measuring how much non-Gaussian a quantum state
is [KZ04, AGPF18].

The Wigner function can be expressed as [Roy77]

W(a) = %Tr D(@)MD¥ ()0, (1.37)

for all @ € C and for any operator O, where I1 = (—l)dT‘i =Y n=0(=1)"|n){n| is the parity operator
and D(a) = ad'-a"d jg 5 displacement operator of amplitude a € C. In particular, the Wigner
function of a quantum state is related to the expectation value of displaced parity operators.

1.2.2 Glauber-Sudarshan P function

The Glauber—Sudarshan P function is the most singular phase space representation. For quantum

states, it is actually always a singular distribution.
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The P function gives a convenient diagonal representation of a state in coherent state basis

as
p=| Pya)layald’a, (1.38)
aeC
and this representation is unique. The P function can be expressed formally as [Meh67]
elal? . d2
Pyla) = f (—ﬁlOIﬁ)exp(aﬁ*—(x*ﬁ+|,6|2)—'8, (1.39)
BeC /4

for all a € C and for any operator O.

1.2.3 Husimi @ function

The Husimi @ function is a smoother version of the Wigner function and the Glauber—Sudarshan
P function. It is given by
1 R
Qpla)= - (a|Ola), (1.40)

for all a € C and for any operator O, where |a) is the coherent state of amplitude a € C. The
Husimi @ function of a state thus is always nonnegative and normalised. However, it does not
represent probabilities of mutually exclusive states since the overlap between two coherent states
is always nonzero.

For any state p and any operator O we have, with Eq. (1.41), the so-called optical equivalence

theorem for antinormal ordering:
Tr(Op) = nf Qo(@Ps(a)d%a. (1.41)
aeC

Hudson’s theorem may be formulated as follows for the Husimi function [LB95]: a pure quantum
state is non-Gaussian if and only if its Husimi function has zeros. In other words, a pure quantum

state is non-Gaussian if and only if it is orthogonal to at least one coherent state.

1.3 Gaussian states and processes

Gaussian states and processes have been defined in the previous section, the former as the
states having a Gaussian phase space representation and the latter as the processes mapping
Gaussian states to Gaussian states. Ubiquitous in quantum physics, they are well understood
theoretically [FOP05, WPGP* 12, ARL14] and routinely implemented experimentally [GCP07].

We review Gaussian processes and states in the following sections, restricting to pure states,

unitary operations and projectors.

1.3.1 Gaussian unitary operations

The displacement operator of amplitude a € C has been introduced in the previous section and
reads

N T *

D(a)=e% 24 (1.42)
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It satisfies the relations X X

D(a)=D(-a),

D(@)dD"(a)=d - af,

. A (1.43)

D(@)a'Di (@) =d" - a1,

D(@)D(B) = 2@ =" PP(a + p),
for all a, f € C. We denote a tensor product of m single-mode displacements by D(a) = ®;”:115(ai)
for all &« =(aq,...,a,,)€C.

The squeezing operator is defined as
$(&) = e2@"-¢"a™) (1.44)

for all ¢ € C. The parameter ¢ is called squeezing parameter. The squeezing operator satisfies the
relations
ST ©=8(-9),
S$(&)aS*(¢) = coshrd+e ¥ sinhra’, (1.45)
S&)a"ST(€) = coshrd’ + e sinhrd,
for all ¢ = rei® € C. We denote a tensor product of m single-mode squeezings by S(&) = X, S(&;)
for all & = (¢&4,...,&m) €C.

The displacement and squeezing operators may be conceived as acting on a state by displac-
ing and squeezing its phase space representation, respectively, as their name indicates. This
geometrical intuition holds in particular for the Wigner quasiprobability distribution.

Any single-mode Gaussian unitary operation may be written as a squeezing and a displace-
ment operator. The ordering is only a convention, since the displacement and squeezing operators
satisfy the braiding relation [NT97]

D@8 =8©&)D(y), y=acoshr+a*e “Usinhr, (1.46)

for all e e C and all ¢ =re'? e C.

Passive linear transformation over m modes are defined as the unitary transformations U
which act unitarily on the creation operators of the modes d;, ... ,djn as well as on the annihilation
operators d,...,d,,. Any such transformation U is associated to an m xm unitary matrix U which
transforms the creation operators of the modes as

o1 AT

ay a
-U| |, (1.47)
ah ah,

~u| | (1.48)
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These transformations map the multimode vacuum state onto itself.

Finally, Gaussian projectors are identified with projections onto Gaussian pure states, which

we review in what follows.

1.3.2 Single-mode Gaussian pure states

General single-mode Gaussian pure states are obtained from the vacuum with a Gaussian unitary
operation. They are the squeezed coherent states (or alternatively the displaced squeezed vacuum

states):

S(&)D(a)|0), (1.49)

for a,¢ € C. Setting £ =0 we obtain a coherent state of amplitude a € C, while setting a =0 we
obtain a squeezed vacuum state with squeezing parameter ¢ € C.

The phase space representation of a coherent state is a Gaussian displaced in phase space,
while the phase space representation of a squeezed vacuum state is a Gaussian centered at 0,
squeezed in a direction depending on the phase of the squeezing parameter. The strength of the
squeezing depends on the modulus of the squeezing parameter (Fig. 1.2). In particular, position
and momentum eigenstates can be conceived formally as infinitely squeezed vacuum states,
displaced by a finite amplitude [SEMC13].

S
N

Figure 1.2: A pictorial representation of Gaussian states and processes in phase space. Circles
are normalised Gaussian probability distributions—coherent states—viewed from the top and
the ellipse represents a squeezed Gaussian probability distribution—a squeezed state. The
vertical blue line and the horizontal green line correspond to position and momentum eigenstates,
respectively.
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1.3.3 Multimode case: the symplectic formalism

We present a short introduction to the symplectic formalism and refer to [ARL14] for a detailed

exposition.

Any m-mode Gaussian state p can be described by a 2m x 2m covariance matrix VR contain-
ing its second canonical moments and a displacement vector d® of size m containing its first
canonical moments. The coefficients of the covariance matrix are defined, for &,/ € {1,...,2m},
by V,S = % (RpR;+RRp), — (Rp), (Ry), where R =(§1,...,4m;P1,---,Pm)- The coefficients of the
displacement vector are given by dﬂ? =(Rj) P for all j € {1,...,2m}. Alternatively and more con-
veniently, one can describe covariance matrices and displacement vectors in the complex basis
A=(@1q,... ,dm,d;, ... ,dL)- We write V and d the covariance matrix and displacement vector in

that basis, with

v=aovRaf, d=qd% (1.50)
where
1 1
o L (151)
v\, -il,
The complex covariance matrix has the structure
A B
V= , (1.52)
B* A*
with A =AT and B=B7, so that VI = V. The displacement vector has the structure
- d
d= . (1.53)

We will also refer to the above vector d as the displacement vector.

Gaussian multimode unitary operations are generated by Hamiltonians that are at most
quadratic in the annihilation and creation operators of the modes. As a consequence, they induce
affine transformations of the annihilation and creation operators which preserve their canoni-
cal commutation relations, i.e., symplectic linear transfomations, together with displacements.
The evolution of a Gaussian state during a Gaussian evolution (excluding displacements) is de-
scribed by a complex symplectic transformation of its complex covariance matrix and its complex
displacement vector:

(V,d)— (SVS',sd), (1.54)

where a complex symplectic matrix S satisfies
SQJQ'sT=qJsQf, (1.55)

O Tm

m m

where J = ( ) and where the matrix (Q is defined in Eq. (1.51). We will use the notations

(1.56)

(Dc(a Dsm)
Dy(&) D.(&)
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for all & =(&q,...,¢m) € C™, with D (&) = Diag(c,,...,c¢,,) and Dg(&) = Diag(s¢,,...,S¢, ), where

cy =coshy and s, = sinh y for the symplectic matrices that implement squeezing and

U* On
(1.57)
b %)

U

for the symplectic matrix associated with a passive linear transformations with m x m unitary ma-
trix U. A displacement does not affect the covariance matrix and only translates the displacement
vector.

The so-called Bloch-Messiah or Euler decomposition implies that any 2m x 2m complex
symplectic matrix can be written as SyS¢Sy for some m x m unitary matrices U and V and
some squeezing parameters & = (¢1,...,&,) € C™. In particular, any multimode Gaussian unitary
operation can be decomposed as a passive linear transformation followed by a product of single-
mode squeezings, followed by another passive linear transformation, together with single-mode
displacements.

Since any multimode Gaussian pure quantum state may be engineered from the vacuum with
a Gaussian unitary operation, by virtue of Williamson decomposition, and since the vacuum is
mapped onto itself by passive linear transformations, this means that any multimode Gaussian
pure quantum state can be written as a tensor product of single-mode Gaussian states (displaced

squeezed vacuum states) followed by a single passive linear transformation.

1.4 Linear optics

Linear optics covers the manipulation of light by unitary transformations whose exponent is at
most quadratic in the field operator [WMO07], i.e., Gaussian unitaries. It induces transformations
of quantum states of light which are divided in two categories, passive and active transformations,
depending on whether these transformations change the total number of photons of the input
state. In what follows, we review a few examples of quantum states of light and quantum optical
measurements, and we detail passive linear optical transformations, implemented by unitary
interferometers, with the examples of the Hong-Ou-Mandel effect [HOMS87] and its generalisation
Boson Sampling [AA13].

1.4.1 Quantum states of light

We briefly list single-mode quantum states that are common in the literature, some of which
were already introduced in the previous sections, and which we will encounter in the following

chapters.

¢ Photon-number states: these states form the orthonormal Fock basis and are obtained from

the vacuum as
@he

|n) = T

10), (1.58)
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for all n € N. Taking n = 0 gives the vacuum state and photon-number states are non-
Gaussian for n > 0. They are the eigenstates of the photon-number operator 7 = ¢'d: for all

neN, aln)=n|n).

Coherent states: these Gaussian states are expressed as

an
@y =e72" Y ), (1.59)
n=0 vVn!
for all a € C. These states are a good approximation of the quantum state of a laser and
are sometimes referred to as classical states, because their behaviour resembles that of a
classical harmonic oscillator. They are the eigenstates of the annihilation operator d: for all

aeC,dla)=ala).
Squeezed vacuum states: these Gaussian states are expressed as

. N o
&y = 1 Z (—e ¥ tanhr)® (2n)!
veoshr =0 2"n!

|2n), (1.60)

for all & = re’? € C. They display reduced variance for one quadrature, but increased variance

for the conjugate quadrature, in accordance with the uncertainty principle.

Photon-subtracted/added states: these states are obtained by applying the annihilation/creation
operator to a state (and renormalising). These unphysical operations cannot be implemented
determinisically and are implemented probabilistically in practice. For example, a pho-
ton subtraction may be implemented by mixing the input state with the vacuum on a
beam splitter with near unity reflectance. Then, conditioned on a successful single-photon

heralding of the transmitted light, the reflected state has been photon-subtracted.

Cat states: named after Schrodinger’s cat, these states are superpositions of two coherent
states of equal amplitudes, |a@) and |—a), like the cat in Schrodinger’s thought experiment
is in a superposition of two classical states, dead and alive. Varying the relative phase
between the coherent states in the superposition gives different cat states. In particular,

we introduce the cat™ and cat™ states:

1

lcatl) = (la) £|-a)), (1.61)

NE
for all a € C, where JVai =21+ e_2|“|2) is a normalisation factor.

GKP states: finally, let us mention the Gottesman-Kitaev-Preskill (GKP) states which form
a family of unphysical states with periodic wave functions [GKPO01]. These states are formal
periodic superpositions of infinitely squeezed states and their physical approximations have

applications for continuous variable quantum error correction [TBMS20].
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1.4.2 Quantum optical measurements

We list various (idealised) single-mode measurements in what follows: homodyne detection, bal-
anced heterodyne detection, unbalanced heterodyne detection, single-photon threshold detection,
photon number parity detection and photon-number resolving detection. Detailed information
on these detection methods can be found, e.g., in [FOP05]. We will only consider multimode

detections that are tensor products of such single-mode detections.

.
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Figure 1.3: A schematic representation of homodyne detection of a state p. The dashed red line
represents a balanced beamsplitter. LO stands for local oscillator, i.e., strong coherent state. The
blue circles are photodiode detectors. Changing the phase ¢ of the local oscillator allows one to
measure rotated quadratures.

Homodyne detection consists in a Gaussian measurement of a quadrature of the field, by mixing
the state to be measured on a balanced beam splitter with a strongly excited coherent state, the
local oscillator. Then, the intensities of both output arms are measured and their difference yields
a value proportional to a quadrature of the input mode, rotated depending on the phase of the

local oscillator (Fig. 1.3). The POVM elements for homodyne detection with phase ¢ are given by
I = a0 g (x| (1.62)

for all x € R, where |x) is the eigenstate of the rotated quadrature operator £ = cos¢§ +sin¢ p

corresponding to the eigenvalue x € R.

Balanced heterodyne detection, also called double homodyne or eight-port homodyne [FOPO05],
consists in splitting the measured state with a balanced beam splitter and measuring both ends
with homodyne detection. This corresponds to a joint noisy measurement of quadratures § and p.

This is a Gaussian measurement which yields two real outcomes, corresponding to the real and
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imaginary parts of a € C. The POVM elements for balanced heterodyne detection are given by
1
Ha=;|a><al, (1.63)

for all a € C, where |a) is the coherent state of amplitude a € C. Measuring a state with balanced

heterodyne detection effectively amounts to sampling from its @ function.

Figure 1.4: Schematic representation of unbalanced heterodyne detection with unbalancing
parameter ¢ = re'? e C. LO stands for local oscillator, i.e., strong coherent state. The blue circles
are photodiode detectors. The ¢ and p measurements are each performed by balanced homodyne
detection.

A straightforward generalisation is unbalanced heterodyne detection (Fig. 1.4), where the input
beam splitter is no longer balanced but characterized instead by a reflectance R and a trans-
mittance T, with R% + T2 = 1. The POVM elements for unbalanced heterodyne detection with

unbalancing parameter ¢ € C are given by
¢ 1
Hazgla,f)«x,fl, (1.64)

for all @ € C, where |a,¢) = g(f)f)(a)lO) is a squeezed coherent state. Writing ¢ = reig, the
unbalalancing parameter is related to the optical setup by r = |10g (%) |, with 6 being the phase of
the local oscillator [CDM™* 17]. Measuring a state with unbalanced heterodyne detection effectively
amounts to sampling from its squeezed @ function. Setting ¢ = 0 gives balanced heterodyne
detection, while sending |¢| = r to infinity gives homodyne detection. Any Gaussian measurement
can thus be implemented by Gaussian unitary operations and heterodyne detection only, since it

can be implemented by Gaussian unitary operations and homodyne detection only [GC02, EP03].
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Additionnally, we introduce three non-Gaussian measurements, each giving more information
about the photon number of the measured state. The first is single-photon threshold detec-
tion [Had09], or simply threshold detection, whose POVM elements are given by

ITo =10)¢0[, II; =1-]0)(0l. (1.65)

This binary measurement only distinguishes the vacuum state from other states. The second is
photon number parity detection [HBRO7], or simply parity detection, whose POVM elements are
given by

I, =) 12r)2n|, N_=) 12n+1)2n+1|. (1.66)

n=0 n=0

This is a binary measurement of the parity operator I1= (—l)ﬁTd yielding, as its name indicates,
the parity of the number of photons of the measured state. The third is photon number-resolving
detection [DMB™*08], whose POVM elements are given by

IT,, = In){n|, (1.67)

for all n € N, i.e., projections onto Fock states.

1.4.3 Linear interferometers

Linear optical unitary interferometers are composed of beam splitters and phase shifters and
implement passive linear transformations of the modes. In particular, any passive linear trans-
formation U over m modes with m x m unitary matrix U can be implemented by a linear
interferometer with at most W balanced beam splitters and m phase shifters [RZBB94]. The
corresponding unitary interferometer is described by the same unitary matrix U = (u;;)1<; j<m.
Unlike in the circuit picture, the matrix U does not act on the computational basis, which in this
case is the infinite multimode Fock basis, but rather describes the linear evolution of the creation

operator of each mode. More precisely,

d]; d; Y ulkd:}re
ah, )\ umdl,

In that picture, the direct sum plays the role of the tensor product in the computational basis:
taking the direct sum of two unitaries corresponds to putting linear optical elements in parallel,
while multiplying unitaries corresponds to putting linear optical elements in sequence.
Multimode coherent states have a specific evolution through linear interferometers: they are
mapped onto coherent states and do not become entangled, unlike other states. If U is the unitary
matrix describing an interferometer which implements a passive linear transformation U, an

input coherent state |a) is mapped to an output coherent state U |a) = |U a), where the vector of

28



1.4. LINEAR OPTICS

output amplitudes U a is obtained by multiplying the vector of input amplitudes a by the unitary

matrix U.

Remarkable quantum effects may be witnessed when the input to linear optical unitary
interferometers are single-photon Fock states instead of coherent states. The celebrated Knill—
Laflamme-Milburn scheme [KLMO1] shows that single photons and linear optics are enough to
achieve universal quantum computing together with adaptive measurements (making the rest of
the computation depend on the result of intermediate measurements). Already without adaptive
measurements, interesting effects can be observed. We give two notable examples in the following

sections: the Hong—Ou—Mandel effect and Boson Sampling.

1.4.4 Hong-Ou-Mandel effect

The Hong—Ou—Mandel effect, or photon bunching, refers to the bosonic behaviour of indistin-
guishable photons which bunch together when mixed on a balanced beamsplitter (Fig. 1.5). A

balanced beam splitter is a unitary interferometer over two modes, with unitary matrix

V2

1 -1

H:i(l 1). (1.69)

1)

1)

Figure 1.5: Hong-Ou-Mandel effect. The dashed red line represents a balanced beam splitter. The
number of photons is detected for both output arms. If the input single photons are indistinguish-
able, the outcomes (20) and (02) occur with the same probability % and the outcome (11) never
occurs.

The input state is composed of two single photons, one in each mode. Labelling the modes u and
d, for ‘up’ and ‘down’, let dTu, d; and 132, 5:; be the creation operators of the input and output

modes, respectively. The balanced beam splitter acts on the input creation operators as

B 4t
(6:) :H(A;‘). (1.70)
d ay
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The input state thus evolves as
111y =a},a’,100)

HL o opl b oy
B @l +8))®L-5))100)

1 cso oo (1.71)
- E(bjf—bd )|00)

1
= —(120) - 02)),

ﬁ(l ) —102))

where we used 5;52 = 5;52 In particular, measuring the photon number in both output modes
will always yield O for one of the modes: the outcome (11) is never witnessed if the photons are

indistinguishable, i.e., the photons have bunched together.

1.4.5 Boson Sampling

Let m e N* and n € N, with m = n. Boson Sampling, introduced in [AA13], is a generalisation of
the Hong—Ou—Mandel setup, where the balanced beam splitter is replaced by a general unitary
interferomer over m modes with m x m unitary matrix U and the input is composed of n single
photons in the first n modes and vacuum in the remaining m —n modes, the photon number of all
output modes being measured (Fig. 1.6).

Even though Boson Sampling has been formulated for general bosonic particles, linear optics
provides a convenient way of looking at it. Boson Sampling is a subuniversal model of quantum
computation, believed to be hard to simulate by classical computers while not possessing the
computational power of a universal quantum computer. We review this model in what follows and
we refer to [AA13] for a detailed version of the material presented in this section. In particular,
we do not discuss the theoretical use of postselection.

We denote photon number states over m modes by

_@hm @y

T /s s

where s, and d}; are respectively the number of photons and the creation operator of the k"

I$) =Is1...8m) 10)*™, (1.72)

mode. We identify these states with m-tuples of integers s =(s1,...,$,,) € N (see section 1.1.1 for
multi-index notations). The input state with n single photons in the first » modes and vacuum in
the other modes is denoted |£), with # =(1",0™""). We introduce,

D,y n:={seN™, |s| =n}. (1.73)

This set corresponds to the m-mode Fock states with total number of photons equal to n. We have

@l =(""7""") and t € Dy .
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Figure 1.6: BosonSampling with n photons over m modes. The outcomes sj,...,s,, denote the
measured photon number for each mode.

We consider a unitary interferometer of size m, described by an m x m unitary matrix U =
(u;;)1<i,j<m acting on the creation and annihilation operators of the modes as in Eq. (1.68). We
write U the unitary action of the interferometer on the multimode Fock basis. Its entries are
indexed by elements of ®,, ,, for all n € N. Because the interferometer conserves the total number

of photons, for all p,q €N, all s€ @, , and all s’ € D, 4,
(slUls" =0 (1.74)

whenever p # q. In particular, it may be written as the direct sum of its action on the various

fixed energy subspaces. We write

A +m A
U= U,, (1.75)
n=1

where U, is the |y n| X |Ppy | unitary submatrix of U obtained by only keeping the rows s and
the columns s’ for all s,s" € @, ,. We have Uy = (1), and U; =U up to a reordering of the basis
states.

Let neNand s,# € ®p, ,. Combining Eq. (1.68) and Eq. (1.72) we obtain [AA13]

Per(U ;)

(s|Ut) = ——=,
Vst

(1.76)

where Us; is the n x n matrix obtained from U by repeating s; times its ith row and ¢ j times
its ' column for i,j =1,...,m, and where the permanent of an n x n matrix A = (@ij)i<i,j<n is
defined as

n
PerA = Z Haig(i), (1.77)

0€S, i=1

where the sum is over the permutations of the set {1,...,n}.
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We write Pr,, ,[.|t] the probability distribution of the outputs over ®,, , of the unitary

interferometer U acting on the input |£). With the previous notations we obtain, for all s,# € ®,, ,,

2
Per (U,
Pryn, [s/t] = [Per (Us.r)| (1.78)
’ slt!
With £=(1",0""") we have #! = 1 and thus
1 2
Pry,plsl€] = — |Per (Us.¢)|”. (1.79)

The output photon-number distribution of a Boson Sampling interferometer with n photons
over m modes thus is related to the modulus squared of the permanent of an n x n matrix with
complex entries. This matrix is obtained from the unitary matrix U describing the interferometer

by discarding its last m —n columns and repeating its lines according to the detection pattern s.

The permanent defined in Eq. (1.77) is a ‘hard’ quantity to compute. In order to appreciate this
hardness, let us take a brief and informal detour through the realm of complexity theory [Man01].
A formal introduction to the complexity classes presented here is given in [AA13].

A complexity class is a set of computational problems. These problems may be of different
types: in particular, a decision problem is a problem with yes or no answers, a function problem
is a problem with more general answers (e.g., natural, real or complex numbers), and a sampling
problem consists in outputting samples from a target probability distribution, either exactly or
approximately.

In the language of complexity theory, an efficient algorithm is an algorithm which takes a
number of steps which is polynomial in the size of its input (its number of bits), and the generic
model for a classical computer is a deterministic Turing machine.

Given a complexity class C, a problem p is said to be C-hard if any problem in C can be
rephrased efficiently as an instance of the problem p. Roughly speaking, this means that the
problem p is harder than any of the problems in C. If the problem p is also in C, it is referred to
as C-complete.

The class of decision problems that can be solved efficiently by a classical computer is denoted
P. The class of decision problems whose solution can be verified efficiently by a classical computer
is denoted NP. A great open problem in complexity theory is whether these two complexity classes
are equal or if P # NP, the latter being widely believed.

An oracle for a given computational problem is a black box which is able to produce a solution
for any instance of this problem. An oracle for a complexity class is a black box which, given any
problem in the complexity class, is able to produce a solution for any instance of this problem.
The access to an oracle is denoted with an exponent. For example, a problem which can be solved
efficiently when given access to an oracle for an NP-complete problem is in the class PNP.

The polynomial hierarchy PH is a tower of complexity classes generalising P and NP. It can
be defined inductively based on an oracle construction, where the level 0 is P, the level 1 contains

NP, the level 2 contains NPNP, and so on. Each level is contained in the next one and if two
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consecutive levels are equal, then they are also equal to all of the above levels—we talk about
a collapse of the polynomial hierarchy. The conjecture that the polynomial hierarchy does not
collapse, i.e., that all levels within the hierarchy are distinct, is a stronger version of the P # NP
conjecture.

The class of decision problems that can be solved efficiently by a classical computer with
access to a genuine random number source is denoted BPP. It lies at the second level of the
polynomial hierarchy PHg [Lau83].

The class of function problems which consist in counting the number of solutions of an NP

P*P and by

problem is denoted #P. Its equivalent complexity class of decision problems is denoted
Toda’s theorem [Tod91] we have PH c P*P | i.e., counting the solutions of NP problems is harder

than any problem in the whole polynomial hierarchy of complexity classes.

With these elements introduced, we are now in position to discuss the hardness of the permanent:
computing exactly the permanent of matrices with (0, 1) entries is a #P-complete problem [Val79]
and hence PH-hard. Moreover, approximating the permanent of real matrices up to multiplicative
error, i.e., outputting an estimate P such that (1—1/poly m)P < P < (1 +/poly m)P where P is the
permanent of a square matrix of size m with real entries, is also #P-hard [AA13].

The computational problem ‘Boson Sampling’ corresponds to the task of sampling from the
output probability distribution in Eq. (1.79), given the description U of the Boson Sampling
interferometer.

Making use of the hardness of the permanent and the connection between the output proba-
bilities of a Boson Sampling interferometer and the permanent, two main results are derived
in [AA13] about the hardness of classically solving two versions of the Boson Sampling problem,
which we refer to as exact hardness and approximate hardness.

Exact hardness corresponds to the following result: let @ be an oracle which, given a unitary
matrix U and a random string as its unique source of randomness, samples exactly from the
output probability distribution of the Boson Sampling interferometer U. Then PH c BPPNP’ . In
particular, an efficient classical simulation of exact Boson Sampling collapses the polynomial
hierarchy to its third level.

This result uses the fact that a single output probability of a Boson Sampling interferometer
is hard to approximate up to multiplicative error and that being able to sample efficiently from a
probability distribution allows one to obtain a multiplicative approximation of the probability
of any outcome in FBPPNP (where FBPP is the class of function problems that can be solved
efficiently using a BPP machine) thanks to Stockmeyer’s approximate counting algorithm [Sto85].
In that case, an oracle which samples from an exact Boson Sampling probability distribution is
required.

On the other hand, approximate sampling refers to the task of sampling from a probability
distribution which has a given constant total variation distance with a target distribution (see

Eq. (1.14)). Approximate hardness of Boson Sampling is more elaborate than exact hardness
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and relies on two plausible but unproven conjectures, even though the statement of the result is
nearly identical: let @ be an oracle which, given a unitary matrix U and a random string as its
unique source of randomness, samples approximately from the output probability distribution of
the Boson Sampling interferometer U. Then PH c BPPNP? . In particular, an efficient classical

simulation of approximate Boson Sampling collapses the polynomial hierarchy to its third level.

Unlike for exact sampling, one cannot apply directly Stockmeyer’s approximate counting
algorithm in order to obtain multiplicative estimates of the probabilities of the target distribution.
This is because the oracle now only outputs samples from an approximate probability distribution,
i.e., a probability distribution which is very close to the correct one for most of the samples but
not all samples. In the worst case, the probability that we are trying to estimate could be the
probability of one of these ‘bad samples’, and estimating this probability would merely give us a
very bad estimate of the permanent, which is not hard to achieve. The trick to get around that
problem is to hide the instance of the permanent that we wish to estimate into the probability of
a random output of a Boson Sampling interferometer: given a classical machine which correctly
performs the sampling for most of the samples, it would then correctly sample our instance with
high probability. In the worst case, this effectively averages the constant total variation error
over the sample space, allowing for a much more precise approximation of the permanent using

Stockmeyer’s algorithm.

This hiding procedure is based on the fact that small enough submatrices of random unitary
matrices are very close to random complex Gaussian matrices. In order to restrict to matrices
that do not have repeated lines, the so-called antibunching regime n = O(y/m’) is chosen, which
ensures a negligible probability of detecting more than one photon in the same output mode. The
procedure outlined above then allows one to prove that the problem IGPEI?_r which consists in
approximating up to additive error the square modulus of the permanent of random complex
pNP?

Gaussian matrices is in FBP , Where @ is an oracle for approximate Boson Sampling.

The proof of approximate hardness then relies on two conjectures about the permanent of
random complex Gaussian matrices in order to bridge the gap between additive approximations
of the square modulus of the permanent of random complex Gaussian matrices and collapse
of the polynomial hierarchy: the permanent of Gaussians conjecture and the permanent anti-
concentration conjecture. The former conjecture states that the problem GPE, which consists in
approximating the permanent of random complex Gaussian matrices up to multiplicative error is
#P-hard. The latter conjecture states that with high probability the permanent of a randomly
chosen complex Gaussian matrix is not too small. This implies in turn that the problem IGPEI?_r
of additive approximation of the square modulus of the permanent of random complex Gaussian
matrices is as hard as the problem GPE of multiplicative approximation of the permanent of
random complex Gaussian matrices. With these two conjectures and the above argument, we
obtain PH c P*P c GPE, = |GPE|_2t c FBPPNPﬁ, which concludes the proof.

Assuming that the polynomial hierarchy does not collapse, Boson Sampling is hard to simu-
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late exactly classically, and even approximately with additional mathematical conjectures. The
approximate hardness of Boson Sampling is important since it opens the way for an experimental
demonstration of quantum supremacy. Indeed, it is unrealistic to expect that an experimental
Boson Sampling device would sample exactly from the ideal Boson Sampling distribution. More-
over, given the nature of the computational task at hand, i.e., outputting samples from a given
probability distribution, there is no hope of being able to verify that an exact sampling has been
performed. On the other hand, verifying that approximate Boson Sampling has been performed

could be possible and indeed we derive such a verification protocol in chapter 4.

1.5 Segal-Bargmann formalism

The Segal-Bargmann formalism [Bar61, SM63] associates to every quantum state an analytical
function over the complex plane. It has been used to study quantum chaos [LV90, ABB96,
KMW97, BS99], and the completeness of sequences of coherent states [Per71, BGZ75, BZ78]. We
give hereafter a quick introduction to this formalism. Further details may be found in chapter 2
and in [Vou06].

1.5.1 Definition

We introduce below the analytical function, which we refer to as the stellar function. This function
has been recently studied, in the context of non-Gaussian quantum state engineering [GG19], in

order to simplify calculations related to photon-subtracted Gaussian states.

Definition 1.1 (Stellar function). Let |y) =Y ,,50w, In) € # be a normalised state. The stellar
function of the state |y) is defined as

n
Fi)=eb Gy = Yy, \j_' (1.80)
n=0 n:

for all z € C, where |2) = el Ym0 % |n) is the coherent state of amplitude z.

The stellar function is a holomorphic function over the complex plane, which provides an analytic

representation of a quantum state.

1.5.2 Properties of holomorphic functions

A holomorphic function is a complex-valued function of one or more complex variables that is, at
every point of its domain, complex differentiable in a neighbourhood of the point. As it turns out,
the set of holomorphic functions is equal to the set of analytic functions, i.e., the functions that
can be written as a convergent power series in a neighbourhood of each point of their domain.
When their domain is the whole complex plane, they are called entire functions. In what follows

we consider univariate entire functions.
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These functions provide a natural extension of univariate complex polynomials and various
properties of polynomials extend to entire functions. In particular, Liouville’s theorem states that
any bounded entire function is constant. The principle of permanence asserts that the zeros of an
analytic function are isolated or this function is identically 0. Furthermore, the number of zeros

of an analytic function f inside some contour is given by Cauchy’s argument principle.

Theorem 1.1 (Cauchy’s argument principle). Let f be an analytic function and let C be a contour
in the domain of f. Then,

O
ZC(f)— 2171_ C f(Z) Z:

where Zo(f) is the number of zeros of f inside the contour C, counted with multiplicity.

(1.81)

The growth of an analytic function is described by a pair of non-negative numbers p,o called the
order and the type. They are defined as [Boa54]

Inln M InM
p= lim supL(r), o= lim sup 1 (r)’ (1.82)

r—+o0 nr r—+oo rP

where M(r) is the maximum value of the modulus of the funtion on the circle |z| = r. For
polynomials, the growth is deeply related to the number of zeros—the degree. For entire functions,
the growth is related to the density of zeros (see, e.g., [SS10] for more details). An entire function
can also be factorized into a possibly infinite product involving its zeros, thanks to Weierstrass
factorization theorem. For entire functions of finite order, this result is refined by Hadamard-

Weierstrass factorization theorem.

Theorem 1.2 (Hadamard-Weierstrass factorization theorem). Let f be an entire function of finite
order p. Let m € N be the multiplicity of 0 as a root of f. Let {z,}n € N be the non-zero roots of f,
counted with multiplicity. Then, there exist p,q €N, with p,q < p, and a polynomial P of degree q
such that, for all z€C,

+00 z
f)=2"" @[] E, (—) (1.83)
n=1 Zn
where
E,(2) = (1—2)e? 272+ +"p (1.84)
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STELLAR REPRESENTATION OF NON-GAUSSIAN QUANTUM STATES

on-Gaussian states are crucial for a variety of quantum information tasks [ESP02, Fiu02,

GC02, WHG'03, GPFC*04, GS07, NFC09, ADDS*09, BDE*19]. In particular, non-

Gaussian states may be conceived as a resource for quantum computational advantage,
Gaussian processes being classically simulable [BSBNO02]. Hence, the characterisation of non-
Gaussian states is of great importance and has attracted a lot of attention recently [TZ18, ZSS18,
AGPF18, LRW*18].

In this chapter, building on the Segal-Bargmann formalism, we introduce the stellar rep-
resentation, which allows for the representation of the non-Gaussian properties of single-mode
continuous variable quantum states by the distribution of the zeros of their Husimi @ function in
phase space. We use of this representation in order to derive an infinite hierarchy of single-mode
states based on the number of zeros of the Husimi @ function, the stellar hierarchy. We give
an operational characterisation of the states in this hierarchy with the minimal number of
single-photon additions needed to engineer them and derive equivalence classes under Gaussian
unitary operations. We study in detail the topological properties of this hierarchy with respect to
the trace norm, and discuss implications for the robustness of the states in the stellar hierarchy
and for non-Gaussian state engineering.

This chapter is based on [CMG20b, CRW*20].

2.1 The stellar function

In continuous variable quantum information, quantum states are mathematically described
by vectors in a separable Hilbert space of infinite dimension (see section 1.1.3). Alternatively,
phase space formalism allows us to describe quantum states conveniently using generalised

quasi-probability distributions [CG69a], among which are the Husimi @ function, the Wigner
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W function, and the Glauber—Sudarshan P function (see section 1.2). The states that have a
Gaussian Wigner or Husimi function are called Gaussian states, while all the other states are
called non-Gaussian. By extension, the operations mapping Gaussian states to Gaussian states
are called Gaussian operations, and measurements projecting onto Gaussian states are called
Gaussian measurements (see section 1.3).

Hudson [Hud74] has notably shown that a single-mode pure quantum state is non-Gaussian
if and only if its Wigner function has negative values and this result has been generalised to
multimode states by Soto and Claverie [SC83]. This characterization is an interesting starting
point for studying non-Gaussian states. From this result, one can introduce measures of a
state being non-Gaussian using Wigner negativity, e.g., the negative volume [KZ04], that are
invariant under Gaussian operations. However, computing these quantities from experimental
data is complicated in practice. Other measures and witnesses for non-Gaussian states have been
derived [GPB07, FMJ11, GPT*13, HGT*14], which allow us to discriminate non-Gaussian states
from mixtures of Gaussian states from experimental data, but they do not address the structure
of non-Gaussian states and answer the question Aow much? rather than how?.

In order to adress the latter question, we will make use of another characterization of
Gaussian states: the Wigner function having negative values is actually equivalent to the Husimi

function having zeros, as shown by Liitkenhaus and Barnett [LB95]. Informally,

Theorem 2.1. A pure quantum state is non-Gaussian if and only if its Husimi @ function has

zeros.

Since the values of the @ function are the overlaps with coherent states, this result may be
understood as follows: a pure quantum state is non-Gaussian if and only if it is orthogonal to at
least one coherent state.

An interesting point is that for single-mode states, the zeros of the Husimi @ function form
a discrete set, as we will show in the next section. The non-Gaussian properties of single-mode
states may thus be described by the distribution of these zeros in phase space. Based on this
observation, we classify single-mode continuous variable quantum states with respect to their
non-Gaussian properties in the following sections, using the so-called stellar representation, or
Segal-Bargmann formalism (see section 1.5), its link with the Husimi @ function and properties

of holomorphic functions.

2.1.1 Definition and uniqueness

In what follows, # denotes a single-mode infinite-dimensional Hilbert space. We recall the

definition of the stellar function [Bar61, SM63] and prove a few important properties.

Definition 2.1 (Stellar function). Let |¢) =) 50 ¥, In) € & be a normalised state. The stellar
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function of the state |y) is defined as

Yn_n. @.1)

Fy@ =l = 3 T

for all z € C, where |2) = e~ 312 Y=o % |n) € A is the coherent state of amplitude z.

We now develop the formalism further, analysing the zeros of the stellar function to characterise
states. The stellar function is a holomorphic function over the complex plane. For any normalised

state |y) e A and all ze C,
2

Frel <

ZTL
L¥n =

22" (2.2)

< Z|1l/n|227

n=0 n=0
=l
by Cauchy-Schwarz inequality. This implies that the stellar function of a normalised state is of

finite order less or equal to 2 and type less or equal to %

From the definition of the stellar function, for any state |y) € # we may write

y) = ) waln) =Fy(a"10). (2.3)

n=0

From this equation one may understand the stellar function as an operational recipe for engi-
neering a state from the vacuum, using the creation operator 4'. This intuition will be made
more precise in the following sections. An important property is that the stellar representation is

unique:

Lemma 2.1. Let |p) and |y) be pure normalised single-mode states such that F$ = Fu’j Then

|y = |w). Moreover, let |x) = f @%)10) be a single-mode normalised pure state, where f is analytic.
Then f =F.

Proof. With the notations of the Lemma, F;(2) = znzo%% and F;5(2) = anown%. The
functions F(Z and Fu"j are analytic, so F(Z(z) = Fu’j(z) implies that ¢,, =y, for all n = 0. Hence

lp) = ).
Now with 1) =Y ,120 ¥ 17} = £(G1)10), let us write f(2) = ¥,150 /»2". We obtain

0= fa@H"10)

n=0

= 2: fﬁ\/ﬁT|n>,

n=0

(2.4)
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SO Xp = fnm for all n = 0. On the other hand, for all z€ C,
Fr(2)= e (" |y)

=) tn— (2.5)

The stellar function of a state |y) € A is related to its Husimi @ function, a smoothed version of
the Wigner function [CG69al, given by
2

_ 1 2 _ 97|2|2 * %
Qu(a)= 1) P = |Fe") 2.6)

for all z € C. The zeros of the Husimi @ function are the complex conjugates of the zeros of Fu’j
Hence, by Theorem 2.1, a single-mode pure quantum state is non-Gaussian if and only if its
stellar function has zeros. These zeros form a discrete set, as the stellar function is a non-zero
analytic function. The non-Gaussian properties of a single-mode pure state are then described by

the distribution of the zeros over the complex plane.

Figure 2.1: Antistereographic projection of four points onto the sphere

Using anti-stereographic projection [SB07], this amounts to describing the non-Gaussian prop-

erties of a pure state with a set of points on the sphere (Fig. 2.1), hence the name stellar
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2.1. THE STELLAR FUNCTION

representation, where the points on the sphere looked at from the center of the sphere are seen
as stars on the celestial vault [TV95, KMW97].

In all the chapter we will use for brevity the notations c, = coshy, sy, =sinhy and ¢, = tanhy, for
all yecC.

2.1.2 Examples

In this section we give the stellar functions of various states and operators.

2.1.2.1 Gaussian states and Fock states

The displacement operator of amplitude a € C is given by D(a) = e®'-a"d Ttg action on the
vacuum state yields the coherent state |a). The squeeze operator of parameter ¢ = re'? € C is
given by S(¢) = ¢3€@*=8"8™) Tts action on the vacuum state yields the squeezed state |£). All single-
mode Gaussian operations may be decomposed as a squeezing operation and a displacement (see
section 1.3).

For any single-mode Gaussian state S(f )D(a) |0y, where & = rei?, the corresponding stellar

function is [Vou06]:

Gf () = (1-[a|})Vte30" vb2te, 2.7)
where
a:= e_igtanhr, b:=ay/1-|al?2 = ¢ , €= 1a*az— l|a|2. (2.8)
coshr 2 2
In particular, we obtain
Gy o(2) = ¥ 51F, (2.9)

for a coherent state of amplitude a € C, and

1 1(,-i0 2
G* (Z) — —6_5(8 tanhr)z , (2.10)
&0 Veoshr

for a squeezed vacuum state with squeezing parameter ¢ = re'? € C.

For Fock states |[n) with n € N, the stellar function is simply given by

n

2
Fl(z)= ) 2.11
7 (2) Ve ( )
2.1.2.2 Cat states
Let us define for a € C the cat™ and cat™ states:
. 1
lcaty) = (la) £[-a}), (2.12)
NE

where |a) is a coherent state, and ,/Vai is a normalisation factor.
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Lemma 2.2. The stellar functions of cat states are given by

cosh(az)
FX ()= ———, (2.13)
ctta v cosh(|a|?)
and
sinh(az)
Floy (2) = ——re, (2.14)
“ Vv sinh(|a|2)
forall z,a cC.
Proof. The overlap between two coherent states is given by
(zla) = e~ 2021 Hlal~2z" ) (2.15)
for z,a € C. Hence, with (catf|catl) = 1 we have
+_ —2|al?
Ny =2(1+e ). (2.16)

We then obtain for z,a € C,

1,2
F;ti(z)=e 212l (z*|caty)
a

1

— (e—%|a|2+az+e—%\a|2—az)

JAE 2.17)

1

= e +e7 %),
2 (elal” + g-lal?) )

We finally obtain
cosh(az)

v cosh(|a|?) ’

sinh(az)

V/sinh(|a|?)

Fr .(2)= (2.18)

and

Fry(2)= (2.19)

2.1.2.3 GKP states

The set of Gottesman-Kitaev-Preskill (GKP) states have been proposed as a means for encoding a
qubit in an oscillator, in a way which is fault-tolerant to small shifts in position and momentum
[GKPO1]. An example of such states is the simultaneous +1 eigenstate of the two commuting

—-iV2n ivV2n

displacements operators e P and e 9, The corresponding encoding may correct for com-

parable shifts in § and p. An expression for this unphysical state (it has infinite norm) is given
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by
|G’KP> — Z e—i\/Z—JT‘Sﬁ Z eimttj |0>

seZ teZ

= Y (-1"D(2vm(s+it))|0) (2.20)

s,teZ?

= Y (D 12vm(s +it)),

s,teZ?

as an infinite superposition of coherent states. The stellar function of this state is then given by

FéKP(Z): Z (_I)StF;\/E(sm)
s,t€72

=Y (_l)ste—2n(sz+t2)e2\/F(s+it)z’

s,teZ2

(2)
(2.21)

where we used Eq. (2.9) in the second line. This stellar function may be expressed as a Riemann

theta function [Rie57]. Using properties of these functions, we obtain the following result:

Lemma 2.3. F (;KP has an infinite number of zeros and has exactly 16 zeros counted with multi-

plicity in each square region of the complex plane of size 4/7 x 4\/T.

c(z) W + 4T + di/m

<

d(z)Y A0(x)

o
»

w a(z)

Figure 2.2: The contour used for the argument principle

Proof. We first derive a few invariance properties of FéKP and conclude with the argument

principle (Theorem 1.1). For all z € C, we have

2.2 .
FEKP(iz) = Z (_l)ste—Zn(s +t )ezﬁ(—tﬂs)z

s,teZ?

— Z (_l)ste—2n(s2+t2)e2\/77(t+is)z (2.22)

t——t
s,tez?

sit FéKP(Z)
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Now for all z € C,
2,42 .
FéKP(Z) — Z (_1)ste—2n(3 +t )e2ﬁ(s+zt)z

s,teZ?

_ Z (_1)(s+2)t e—2n((s+2)2+t2) ezﬁ((s+2)+it)z

s—8=2 er?
9 (e2142) Qo

— Z (_l)ste 27(s+t )e 8ns Sne2\/77(s+lt)ze4ﬁz (2.23)
s,te7?

— e4ﬁz—8n Z (_l)ste—2n(32+t2)e2ﬁ(s+it)(z—4ﬁ)

s,teZ2

= e4ﬁ2_8”FéKP(z —4/7)
Combining this with Eq. (2.22) we also obtain for all z € C,

Figp(2) = Figp(iz)
— e4\/77iz—8ﬂF(§KP(iZ _ 4\/E) (2.24)
= VTSR (2 +4iV/T).

This means that FéKP is quasiperiodic along the horizontal and vertical directions in the
complex plane, with period 4\/7. The functions z — eVTZ8T gnd z s 4VTI278T 4 not
vanish and it is thus sufficient for our purpose to prove that FéKP has at least one zero: the
quasiperiodicity implies that FEKP would also vanish on the lattice with square cells of size

4\/7 containing this zero.

By Theorem 1.1, the number of zeros of FéKP inside a closed contour C counted with

multiplicity is given by

1 azF* (Z)
GKP ™~ 7, (2.25)

* = —_— —_—
ZeWaxr) = 5i7 §, Fhop@

For all w € C, we consider the square contour C,, with corners w, w +4\/7, w+4\/7 +4i/7T

and w +4i\/7, parametrised by

ax)=w+4VmTx
bx)=w+4VT +4iVTx
cx)=w+4vVr(1-x)+4ivm
d(x) = w+4ivVT(1-x),

(2.26)

for x € [0,1] (Fig. 2.2). We have a'(x) =47, b'(x) = 4i/7, ¢'(x) = —4/7 and d'(x) = —4iy/7
for all x € [0,1].
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The quasiperiodicity of FéKP may be rewritten as

{FEKP(Z +H4VT) = STVTER e 2), 2.27)

Flyp(z +4iy/m) = ST 4VTZFL L (2),

for all z € C. Taking the derivative with respect to z we obtain

{azFé,KP(z +4YT) = VI [0 Fep(@) + 4VTF (@) (2.28)

0, F lyeplz +4iy/T) = 87 4VT2 [0, X (2) —4iyTF fp(2)],

and thus

0. Ftyeple+4yT) 0.F fyepl2)
F(’;KP(Z+4\/7?\/L =4VT+ G
0.Ffplz+aiy) _ . 0.F lyep(2)
FrpGraivi) 4ivm+ Fi@

With Eq. (2.25), for all w € C,

(2.29)

1 azF* (2)
T (FX )= — 27 GKP™
Cw( GKP) 27 c. F*KP(Z) z
1[0,F% 0,F* (b

= if Ma’ x +Mb’(x) (2.30)

2in Jo | Figpla)) Flypb(x))
IFgew)  0:Fp(d)
Fop(et) Fép(d@)

d'(x)| dx.

Given that c(x) = a(1-x)+4i/7, we have

10, Fyp(c(@)

1 0, F* (a(l—x)+4iy/7)
_ [ _ GKP
A —FEKP(C(x)) ¢ (x)dx fo 47 dx

Flep(a(l—x) + 4iy/T)
1 0.F yp(a(l—x))
_ [ _ Y =I'Gkp
_fo 4‘F( VT T @) )
10,F % p(a(l-x)
0 Figpla(l-x)
19, F} )
*GL((l(xa'(x)dx,
0 Figplalx)

(2.31)

=16in— a'(1-x)dx

=16im—

where we used Eq. (2.29) in the second line with z = a(1 —x). Hence,

1 1

217w Jo

0-Fp(a) | 0:F &yep(c(x)

FEpa@ © Ot FE e ©

dx=8. (2.32)

Similarly b(x) = d(1—-x)+2v2n gives

1 1
sir

0:F (b)) |, | 0:Fep(d@)

ZEGKP ZELGRP T
FE @) Ot FE aw ©

dx=8. (2.33)
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With Eq. (2.30) we finally obtain
Zc, (Féxp) = 16. (2.34)

The function F éKP thus has an infinite number of zeros. Since Eq. (2.34) is independent of
the choice of w € C, FEKP has exactly 16 zeros (counted with multiplicity) in each square
region of the complex plane of size 4/7 x 4,/ . Moreover, with the property of invariance
under rotation in Eq. (2.22), it has exactly 4 zeros in each square region of size 2\/7 x 27

whose corners have coordinates in 21/7 Z (by considering the square region of size 4/7 x4/

centered on the origin).

2.1.2.4 Operators

While operators have their own treatment in the Segal-Bargmann formalism [Vou06], it is
sufficient for our purpose to consider the following correspondences: the creation and annihilation

operators have the stellar representations
' -z, da—a,, (2.35)

i.e., the operator corresponding to 47 in the stellar representation is the multiplication by z and
the operator in the stellar representation corresponding to g is the derivative with respect to
z. This implies that the stellar function of a photon-added state 6" |y) is given by z — zFl’/j(z),
while the stellar function of a photon-subtracted state ¢ |v) is given by z — GZF{;(z). In particular,
photon-added states are always non-Gaussian, since 0 is a root of their stellar function, while
photon-subtracted states can be Gaussian (e.g., the Fock state |1), for which @|1) = |0), or the
coherent states |a), for a € C, for which é |a) = a|a)).

Any operator written as a power series in ¢” and @ thus has a stellar representation obtained
by taking the same power series in the operator multiplication by z and the operator derivative
with respect to z, which corresponds to its effect on the stellar function of a state it is acting on.

For example, the photon number operator A = 4'd acts on the stellar function as
F;j(z) — zszu’j(z). (2.36)

For various operators however, the corresponding stellar representation may be expressed more

concisely than with a power series. We give a few examples in what follows.

The displacement and squeeze operators satisfy the following commutation rules (see section 1.3)

D@ad Dl (a)=d"-a*

. . . (2.37)
S)a"ST(&) = e a +s,e4,
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where a,& =re'? € C, with ¢, = coshr and s, = sinhr. For all ly) =3 ,50Wn In) we thus have
D(a) 1y =15(a)F*<d*)|o>

2 D(a)(@")" 10)
n=0 F

Vn
n=0 \/—

=Fy@" -a")a)

L2 @' = a*)"D(a)|0) (2.38)

st _ 1112
=Fya"—a*)e® 2197 |0),

where we used Eq. (2.3) in the first line, Eq. (2.1) in the second line, Eq. (2.37) in the third line
and Eq. (2.9) in the last line. Hence, with Lemma 2.1, the displacement operator D(a) acts on the
stellar function as
Fi(z)— e 3P Fr(z —a), (2.39)
for all a € C. Similarly, for all |y) we have
S©ly) =S©F;@"HI0
=Fj(crd’ +s."@)S(6)|0)
=Fy(c,d "1 5,e%4)18) (2.40)

-0y (41)2
@0y,

i _1
= ——Fy(c,d" +srea)e 2
Cr

where ¢ = re’? with ¢, = coshr, s, = sinhr and ¢, = tanhr, and where we used Eq. (2.3) in the
first line, Eq. (2.37) in the second line and Eq. (2.10) in the last line. Hence, with Lemma 2.1, the

squeezing operator S(¢) acts on the stellar function as
1 ; -
Fy(2)— _/C—Fz;(crﬁsre”’@z)e‘%e "2 (2.41)
r

for all ¢ =re'? e C.

The POVM corresponding to a threshold detection is {|0)(0],1—]0)¢(0|}. The projector onto the

vacuum acts as

ly) — (0ly) [0}, (2.42)

so it maps the stellar function of a state |y) as
Fy(2)— Oly) F o, (2). (2.43)
We have (Oly) = F*(O) and F >(z) =1, so the projector |0)(0| acts on the stellar function as
F,(2) — F(0), (2.44)
while the projector 1—|0) (0| acts as
F(2)— Fy(2) = F(0). (2.45)
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In particular, the click of a threshold detector projects the measured state onto a non-Gaussian
state for which 0 is a root of the stellar function. This is consistent with the fact that the measured
state is orthogonal to the vacuum state—a coherent state of amplitude O—after being projected
onto the support of 1—|0) (0|.

Finally, the parity operator I1 = (=1)8'd = ginh maps the Fock state |n) to (-1)"|n), for all n € N.
Hence, it acts on the stellar function as

Fu*,(z) — Fq’j(—z). (2.46)

by Eq. (2.1).

2.2 The stellar hierarchy

2.2.1 The stellar rank

The Hilbert space # is naturally partitioned into sets of states whose stellar functions—or
equivalently Husimi @ function—have the same number of zeros counted with multiplicity. We

introduce the following related definition:

Definition 2.2 (Stellar rank). The stellar rank r*(y) of a pure single-mode normalised quantum

state |y) € # is defined as the number of zeros of its stellar function F;, counted with multiplicity.

By analogy with the Schmidt rank in entanglement theory [THOO], we define the stellar rank of
a mixed state p as

* .= inf * (. 2.47
r*(p) Jinf supr (vy), (2.47)

where the infimum is over the statistical ensembles {p;,v;} such that p =Y ; p;lv;){(y;l|. In
particular, a mixed quantum state has nonzero rank if and only if it cannot be written as a

mixture of Gaussian states.

We introduce hereafter the notation N = N U {+o0}, so that 7*(y) € N, and extend naturally the
ordering from N to N, with the convention N < +co © N € N. For N € N, we define

Ry ={ly)e A, r*(y)=N} (2.48)

the set of states with stellar rank equal to N. The stellar hierarchy is the hierarchy of states
induced by the stellar rank (Fig 2.3). The following properties are easily obtained:

e By Lemma 2.1, if M # N then Ryy nRy = @, for all M, N €N, so all the ranks in the stellar

hierarchy are disjoint.

* We have # = Uy BN, i.e., the stellar hierarchy covers the whole space of normalised

states, and the set of states of finite stellar rank is given by UyenR -

48



2.2. THE STELLAR HIERARCHY

Stellar rank States

( 100 |Cat> |GKP> Infinite rank,

not robust

> 4

N V)

Non-Gaussian

9 |2> Finite rank,

robust
\ 1)
oo {0,

Figure 2.3: The stellar hierarchy of single-mode normalised quantum states. Each rank N
contains states obtained from the vacuum with N single photon additions and Gaussian unitary
operations (Theorem 2.2). The states of finite rank are robust, while the states of infinite rank
are not (section 2.3).

¢ By Theorem 2.1, the rank zero of the stellar hierarchy R is the set of single-mode nor-

malised pure Gaussian states, and non-Gaussian states populate all higher ranks.

¢ For all N €N ,the Fock state |N) is of stellar rank N, by Eq. (2.11), while cat states are of

infinite stellar rank, by Lemma 2.2, so all ranks are non empty.

In the following, we investigate further properties of the stellar hierarchy. We prove a first general

decomposition result for pure states of finite stellar rank:

Theorem 2.2. Let |y) € Uyen BN be a pure state of finite stellar rank. Let {az,..., &)} be the
roots of the Husimi @ function of |v), counted with multiplicity. Then,

r*(y)

vy == | [ D(and'D(an)|1Gy), (2.49)

n=1

where D(a) is a displacement operator, |Gy) is a Gaussian state, and A is a normalisation

constant. Moreover, this decomposition is unique up to reordering of the roots.
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Proof. We consider a state |y) of finite stellar rank r*(y) € N. Its stellar function is an
analytic function over the complex plane of order less or equal to 2, so by Hadamard-

Weierstrass factorization theorem (Theorem 1.2),

- 2ol

n=1

Fi(z)=z* eforg1zrgnt (2.50)

for all z € C, where & € N is the multiplicity of 0 as a root of X, where the {z,} are the non-
zero roots of @ counted with multiplicity (i.e., the {z;} are the non-zero roots of FIZ counted
with multiplicity), and where gg,g1,g2 € C. Let us introduce for brevity m = r*(w)—k € N.
Because the product in the above equation is finite, we need not worry about convergence of

individual factors, and we may reorder the expression at will. We obtain

k m z m. . l(i)z 9
F;;(z) =z H 1-— —1- H ez 2\z) . p801812+822
n=1 2nl) n=1
m m 1 1ym 1 2
z got|g1t+Xn, = Z+(g2+*z = Tz)z
:zkH(l—z—*)-e o2 ) Bnten (2.51)
n=1 n
_1\yn m m 1 1ym _1 |2
(-1) 2* H (z-2,) .eg°+(g1+>:":1 P )Z+ g2+3 2oy (z:;)z]z .
m *
n:lzn n=1

With Eqgs. (2.3) and (2.37), we obtain, for all a € C,
) =Fy5(a"h0)

O i

n:lzn n=1

oo ez g e (2.52)

go+(g1+2f:1 %)du

=™
ne1?n

gotiym, (2,})2 )(m)z
n

e |0).

@H* [] D(zn)a™D'(zy)
n=1

Gouping the non-zero roots {z,} and the & zero roots into the set of zeros counted with

multiplicity {a,}, we obtain

_1ym [ ) +grtrm, L)at+{ g+ irm, L5 |@h?
wy = D" T Blama'Di(an) | - e 0).  (2.53)
n=1°n | n=1
The state
ego+(g1+z'::1 %)du(gz% b ﬁ)@”z 10) (2.54)

is a (non normalised) Gaussian state, by Eq. (2.7) and Lemma 2.1. We finally obtain

r*(w) A A
ly) =— | T] D(an)é'D¥(ay)
n=1

— IGy), (2.55)
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where ./ is a normalisation constant, and |G ) is a Gaussian state. The decomposition is

unique by Lemma 2.1 (up to a reordering of the roots).

This decomposition implies that any state of finite stellar rank may be obtained from a Gaussian
state by successive applications of the creation operator at different locations in phase space, given
by the zeros of the Husimi @ function. Experimentally, this corresponds to the probabilistic non-
Gaussian operation of single-photon addition [ZVB04, MA10, WSPT18]. Using this decomposition,

we obtain the following property for the stellar rank:

Theorem 2.3. A unitary operation is Gaussian if and only if it leaves the stellar rank invariant.

Proof. If a unitary operation leaves the stellar rank invariant, it maps in particular all
pure states of stellar rank zero to pure states of stellar rank zero, i.e., all Gaussian states to

Gaussian states, so it is a Gaussian operation.
Reciprocally, let us show that Gaussian unitary operations leave the stellar rank invariant.
We first consider finite stellar rank pure states. Let |w) be such a state. By Theorem 2,

ly) =Py (@hIGy), (2.56)

where Py, is a polynomial of degree r*(y) and |G is a Gaussian state. By Eq. (2.37) and by
linearity we have
lWa) :=D(@) ) =Py (@' - a")D()|1Gy), (2.57)

and
lye) := SO ly) = Pylc,d’ +5,eP@)S©)1Gy), (2.58)

where ¢ = ret?. By Eq. (2.39), during a displacement of a, the stellar function of |y) is
modified as
Fi(2) = Fp o (2)= e 3P Fr(z —a*) = Py(z — a") GL(2), (2.59)

where G (z) is the Gaussian stellar function corresponding to the Gaussian state D(a) IGy).

Moreover, by Eq. (2.41), during a squeezing of ¢, the stellar function of [¢) is modified as
F;;(z) - F;;,E(z) =P, (crz + sreieaz) G?(z)

=@y, (2)G{ (2),

(2.60)

where G;(z) is the Gaussian stellar function corresponding to the Gaussian state S(¢) IGy),
and where @ ¢(2) = G;:—l(z) [Pw (crz+ s,.eieaz) G;(z)] is a polynomial. Let us compute the
leading coefficient of @ ¢. Writing p the leading coefficient of Py, and N = r*(y) its degree
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for brevity, the leading coefficient of @y ¢ is given by the leading coefficient of

AN
Gz_l(z) p(crz+sre‘062) G?(z) . (2.61)
Let us write G;(z) = e_%“zz”’z“, as in Eq. (2.7). The leading coefficient of @ ¢ may then be
obtained as the leading coefficient of
. N
L p (crz + srew@z) e_%azz] . (2.62)
For all x,A, we have [Wys17]
L%J NI N-2n N-2n
+ AN =Y —— koN—2n-k 2.63
(e 40%) n;o (N —2n)!n12" ,§0 ( k )x S (2.69)
so the leading coefficient of @y ¢ is equal to the leading coefficient of:
[%J N? in6
N N-2n N-2n re
1- —_ 2.64
pey ngoz (1=a) o o (2.64)

where ¢, = tanhr. Finally, taking the leading coefficient in z of this expression, corresponding
ton =0, gives
pcNa-a)V. (2.65)

It is non-zero unless a = 1, which corresponds to an infinite value for the modulus r of the
squeezing parameter ¢ = re’? by Eq. (2.7). Hence the polynomials Py and @y ¢ have the same
degree. This shows that a finite number of zeros is not modified by Gaussian operations.

Gaussian operations also map states with infinite number of zeros to states with infinite
number of zeros. Indeed, assuming there exist a state |¢p) with an infinite number of zeros
which is mapped by a Gaussian operation G to a state ly) with a finite number of zeros, then
G' would map |w) to |y, thus changing the (finite) number of zeros of F;, which would be in
contradiction with the previous proof. Hence Gaussian unitary operations leave the stellar
rank of pure states invariant.

Now by Eq. (2.47), the stellar rank of a mixed state p is given by

r*(p) = inf sup r*(y;), (2.66)
pi,Vi
where the infimum is over the statistical ensembles such that p =) ; p; [w;){y;|. For Ga
unitary Gaussian operation,
r*(GpGh) = Jinf sup r*(Gy;)

= inf *(y; 2.67
inf supr (y;) (2.67)
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=r*(p),

where we used in the second line the fact that Gaussian unitary operations leave the stellar
rank of pure states invariant. Hence, Gaussian unitary operations leave the stellar rank

invariant.

An interesting consequence is that the number of single-photon additions in the decomposition of
Theorem 2.2 is minimal. Indeed, if a quantum state is obtained from the vacuum by successive
applications of Gaussian operations and single-photon additions, then its stellar rank is exactly
the number of photon additions, because each single-photon addition increases by one its stellar
rank—it adds a zero to the stellar function at zero—while each Gaussian operation leaves the
stellar rank invariant by Theorem 2.3. Hence, the stellar rank is a measure of the non-Gaussian
properties of a quantum state which may be interpreted as a minimal non-Gaussian operational

cost, in terms of single-photon additions, for engineering the state from the vacuum.

2.2.2 Gaussian convertibility

Now that the first properties of the stellar hierarchy are laid out, we consider the convertibility

of quantum states using Gaussian unitary operations:

Definition 2.3 (Gaussian convertibility). Two states |¢) and |yv) are Gaussian-convertible if

there exists a Gaussian unitary operation G such that ly) = G ).

Note that this notion is different from the notion of Gaussian conversion introduced in [YBT* 18],
which denotes the conversion of Gaussian states with passive linear optics, and a subclass of
Gaussian measurements and feed-forward.

Gaussian convertibility defines an equivalence relation in /. By Theorem 2.3, having the
same stellar rank is a necessary condition for Gaussian convertibility. However, this condition is
not sufficient. In order to derive the equivalence classes for Gaussian convertibility, we introduce

the following definition:

Definition 2.4 (Core state). Core states are defined as the single-mode normalised pure quantum

states which have a polynomial stellar function.

By Eq. (2.3) and Lemma 2.1, core states are the states with a bounded support over the Fock
basis, i.e., finite superpositions of Fock states. These correspond to the minimal non-Gaussian

core states introduced in [MF09], in the context of non-Gaussian state engineering.

With this definition, we obtain our following result.
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Theorem 2.4. Let |v) € Unven RN be a state of finite stellar rank. Then, there exists a unique core
state |Cy) such that |y) and |Cy) are Gaussian-convertible.

By Theorem 2.2, |y) = Pw(dT)IGw), where Py is a polynomial of degree r*(y) and IGy) =
g(f)ﬁ(a) |0) is @ Gaussian state, where D(a) = e@d'=ad i displacement operator, and S’(f) =

e3(€d =™ js squeezing operator, with & =re'?. Then,
v =S©OD@)ICy) = SOD@FE @"10), (2.68)
where the (polynomial) stellar function of |Cy) is given by
Féw(z) =Py (crz — 5,99, +c,a* - sreiea) -1, (2.69)
for all zeC.
Proof. Let |y) € Uyen R be a state of finite stellar rank. By Theorem 2.2,
lw) = Py, @M)IGy), (2.70)

where P, is a polynomial of degree r*(y) and IGy) = §(£)ﬁ(a)|0) is a Gaussian state,
with ¢ = ret?. Let us define ICy) = ﬁT(a)ﬁT(é)lw). The states |y) and |Cy) are Gaussian-
convertible. Moreover, from the commutation relations in Eq. (2.37) and by linearity we

obtain R R
ICy) =D (@ST(©P,Gh)IGy)

=DY@Py (c,a" -5,0a)$7@1Gy)

(2.71)
=P, [cr(d +a)-s,el’(a+a)|10)
—Pw( ra —s,e 9a+croc —s,et a)IO)

where we used Eq. (2.70) in the first line. By Eq. (2.35), the stellar operator corresponding
to ¢ is the multiplication by z and the stellar operator corresponding to d is the derivative

with respect to z. Hence,
Fgw(z):Pu, (crz—srei06z+cra —srelea) 1, (2.72)

for all z € C, which is a polynomial function, so the state |Cy) is a core state.

In order to conclude the proof, we need to show that |Cy) is the unique core state Gaussian-
convertible to |y). Let |C) = PC(dT) |0) be a core state Gaussian-convertible to ). The states

|Cy) and |C) are Gaussian-convertible so there exist ¢,a € C such that

ICy) = SED()|C)
=S©D(a)Pc(a")|0) (2.73)
=Pc(erd’ +sre%G - a*)SE)D(a)|0),
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where we used Eq. (2.37). Hence,
F( (2)=Pclerz +5:€0, —a*)GE (). (2.74)

With Eq. (2.7), this function may be expressed as a polynomial multiplied by a Gaussian
function G? o On the other hand Féw is a polynomial, since |Cy) is a core state. By compari-

son of the speed of convergence, this implies that the Gaussian function G;a is constant, i.e.,

that
e Ptanhr=0 and aV1-tanh?r = 0, (2.75)

by Eq. (2.7). This in turn implies ¢ = a = 0, and |C) = S(£)D(a)|C) = |Cy).

This result has several consequences:

¢ It implies a second general decomposition result, in addition to Theorem 2.2: by Eq. (2.68),
any state of finite stellar rank can be uniquely decomposed as a finite superposition of
equally displaced and equally squeezed number states. This shows that the stellar hierarchy
matches the genuine n-photon hierarchy introduced in [LSH*18]: a pure state exhibits
genuine n-photon quantum non-Gaussianity if and only if it has a stellar rank greater or
equal to n. Formally, for all N € N, the set Ry of states of stellar rank equal to N is obtained
by the free action of the group of single-mode Gaussian unitary operations on the set of core
states of stellar rank N, which is isomorphic to the set of normalised complex polynomials

of degree N.

¢ It shows that two different core states are never Gaussian-convertible, while any state of
finite stellar rank is always Gaussian-convertible to a unique core state. This implies that
equivalence classes for Gaussian convertibility for states of finite stellar rank correspond to

the orbits of core states under Gaussian operations.

¢ It gives an analytic way to check if two states of finite stellar rank are Gaussian-convertible,

given their stellar functions, by checking with Eq. (2.69) if they share the same core state.

¢ It shows that photon-subtracting a state of finite stellar rank, which amounts to derivating
its stellar function, can either decrease its stellar rank by 1, leave it invariant, or increase
it by 1, depending on whether the Gaussian operation which converts the state to its
core state is either the identity, a displacement, or a Gaussian operation with nonzero
squeezing parameter. In particular, this implies that the stellar rank is a lower bound on
the number of photon subtractions necessary to enginer a state from the vacuum, together

with Gaussian unitary operations.
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We consider the following simple example to illustrate the use of Theorem 2.4 for determining
Gaussian convertibility: a photon-subtracted squeezed state, a photon-added squeezed state and
a single-photon Fock state. We write |¢) = —éd |&) a normalised photon-subtracted squeezed
vacuum state and |y) = édT |¢€) a normalised photon-added squeezed vacuum state, with ¢ € R*.

We write also |y) =|1) a single-photon Fock state. Using Eq. (2.7) and Eq. (2.35), we obtain for all

zeC
1
Fi()=-—0, [e‘%tfzz]
S
s ¢ o, (2.76)
= —e_ﬁtfz ,
C¢
and
Fiz)= Cie‘%tfzz, @.77
¢

where c¢ = cosh{ and ¢¢ = tanh¢. Hence F(’; = Fu’ﬁ, so the states |¢) and |w) are actually equal.
We also have F;C‘(z) = z. With the notations of Theorem 2.4, we have ry =¢,r, =0,04 =0, =
ag=0a,=0,Gy=5(),Gy=1,Py(z)=Z, and Py(z) =z, so for all ze C,

. . 1
Pgylcr,z—s, e%d, +¢, a* —s, e‘e‘/’mp ‘1=—(cez—s:0;)-1
( [ ¢ o P [ ) ce 4 (2.78)

:Z,

and
* —

e srxelglax)-lzz-l

10
P, (crxz—srxe‘ 10, +cr @ .79
= Z,
thus |¢p) and |y) share the same core state. By Theorem 2.4, this means that |¢) and |y) are

Gaussian-convertible, and we have |¢) = Gd)é} |1y, where

A AT 4
GGy =S(3). (2.80)
Using Eq. (2.37) confirms indeed that
1 1 A
-—dlo=—a"1o =8I, (2.81)
8¢ C¢

2.3 Robustness of non-Gaussian states

The stellar hierarchy provides a ranking of non-Gaussian states, in terms of the minimal number
of photons additions necessary to engineer them. However, for this hierarchy to be relevant in
realistic experimental scenarios, it has to be robust to small deviations. We consider this formally

in what follows and analyse the robustness properties of the stellar hierarchy.
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2.3.1 Definitions

We introduce the following definition:

Definition 2.5 (Stellar robustness). Let |¢) € #°. The stellar robustness of the state |v) is defined
as

R*(y):= inf D@, y), (2.82)

i
r*(p)<r*(y
where D denotes the trace distance and where the infimum is over all states |¢) € A such that
r* () <r*(y).

The stellar robustness quantifies how much one has to deviate from a quantum state in trace
distance to find another quantum state of lower stellar rank: states with a positive stellar
robustness will be referred to as robust. The stellar robustness inherits the property of invariance
under Gaussian operations of the stellar rank, because the trace distance between two states is
invariant under unitary operations. Because of its operational properties, the choice of the trace
distance is especially relevant in the context of non-Gaussian state engineering and quantum
computing with non-Gaussian states.

A similar notion, though more restricted, is the quantum non-Gaussian depth [SLH* 18]
which quantifies the maximum attenuation applicable on a quantum state, after which quantum
non-Gaussianity can still be witnessed. A natural generalisation of the notion of stellar robustness

is the following:

Definition 2.6 (k-robustness). Let |v) € /. For all k € N*, the k-robustness of the state |y) is
defined as

R (y):= inf D 2.83

r (W) r*}gkk (o, v), ( )

where D denotes the trace distance and where the infimum is over all states |¢) € # such that
r*(p)<k.

For all k£ € N*, the k-robustness quantifies how much one has to deviate from a quantum state in
trace distance to find another quantum state which as a stellar rank between 0 and & — 1. States
with a positive R,’: will be referred to as robust with respect to states of stellar rank lower than
k. When % = +00, the co-robustness quantifies how much one has to deviate from a quantum

state in trace distance to find another quantum state of finite stellar rank. Note that the stellar

*

robustness satisfies R*(y) = R »

(). We introduce the related definition:

Definition 2.7 (Robustness profile). Let |y) € . The robustness profile of the state |y) is defined

as
RWY) = (R W) pens - (2.84)

The robustness profile is the sequence of k-robustnesses for all 2 € N*. This profile describes how

hard a non-Gaussian state is to produce experimentally, using photon additions.
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A dual notion to the robustness is the following:

Definition 2.8 (Smoothed non-Gaussianity of formation). Let p be a single-mode normalised
state, and let € > 0. The e-smoothed non-Gaussianity of formation N 94%F.(p) is defined as the

minimal stellar rank of the states o that are e-close to p in trace distance. Formally,
NG Fe(p):=inf{r*(0), s.t. D(p,0) <€}, (2.85)
where D denotes the trace distance.

The infimum in the definition is also a minimum, since the set considered only contains integer
values and is lower bounded by zero. That minimum is not necessarily attained for the energy
cut-off state (consider, e.g., a Gaussian pure state).

The smoothed non-Gaussianity of formation can be obtained directly from the robustness
profile and gives a smoothed version of the stellar rank, dual to the robustness. By Theorem 2.2,
it quantifies the minimal number of single-photon additions that need to be applied to a Gaussian
state in order to obtain a state e-close to a target state, and provides an operational cost measure

for non-Gaussian resource states, which is also invariant under Gaussian operations.

The robustness is related to the fidelity by the following result:
Lemma 2.4. Let |y) e A. Forall k € N*,

sup F(p,y)=1-[R; ()P, (2.86)
r*(p)<k

where F is the fidelity.

Proof. For any pure state |y) € A, and any set of pure states &, we have

sup F(p,y)= _sup (ylply)
P:ZPi|¢>i<¢i| P:):pi|¢>i<¢i|
Y pi=l,p;eX Y pi=lpieX

= sup sup Y p;l{pily)|?
Ypi=ldieZ (2.87)

= sup | (ply) |?
GeX

=sup F(¢,v).
A

Hence, for & the set of pure states of stellar rank less than &,
R (y)= inf D
¢W) = inf D@,y

: _ 2
Lt 1=l (2.88)

\/1— sup F(p,y)
rx(¢p)<k
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=\/1— sup F(p,y),
r*(p)<k

where D denotes the trace distance, where we used the definition of the stellar rank for
mixed states (2.47). We finally obtain

sup F(p,w)=1-[R}; ). (2.89)
r*(p)<k

Certifying that a (mixed) state p has a fidelity greater than 1 - [R,;‘(u/)]2 with a given target pure
state |y) thus ensures that the state p has stellar rank greater or equal to 2. However, this is

only possible if the two following conditions are met:

¢ The target state |y) is robust with respect to states of stellar rank less than %, i.e., R I:(u/) > 0.

¢ The value of the k-robustness R,’:(w) is known.

We consider these two problems in what follows. First, we determine for all & € N* which states
are robust with respect to states of stellar rank less than k. Then, we show how to compute their

k-robustness.

2.3.2 Topology of the stellar hierarchy

Determining which states are robust amounts to characterizing the topology of the stellar
hierarchy, with respect to the trace norm. Formally, this topology is summarised by the following

result for states of finite stellar rank:

Theorem 2.5. For all N € N,

Ry= |J Rk, (2.90)
0<K=<N

where X denotes the closure of X for the trace norm in the set of normalised states of .

Proof. Recall that the set of normalised pure single-mode states is closed for the trace norm
in the whole Hilbert space, since it is the reciprocal image of {1} by the trace norm, which is

Lipschitz continuous—with Lipschitz constant 1—hence continuous.

For the proof, we fix N € N. We prove the theorem by showing a double inclusion. We
first show that U%ZOR x < Ry, and then that the set U%:o R is closed in A for the trace
norm. Since the closure of a set X is the smallest closed set containing X, and given that

Ryc U%ZOR K, this will prove the other inclusion and hence the result.

We have Ry « Ry. Let [y) € UY_] Rk. There exists K € {0,...,N — 1} such that r*(y) =K. By

Theorem 4, there exists a core state |Cy), with a polynomial stellar function of degree K,
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and a Gaussian operation Gw such that |y) = Gw |Cy). We define the sequence of normalised

1 1 .
[ym=1/1=— Iy + TGV, (2.91)
[Wm) =G 1—i|c>+i|N> (2.92)
wm - u/ m 1[/ \/ﬁ ’ .

and the state {/1- % |Cy) + \/% |IN) is a normalised core state whose stellar function is a
polynomial of degree N, hence |v,,) € Ry. Moreover, {|Y/,)}m>1 converges to |y) in trace
norm. This shows that U%:()RK cRy.

states

for m = 1. We have

We now prove that the set U%ZOR K is closed in ./ for the trace norm. For N =0 (i.e., showing
that the set of Gaussian states is a closed set), this is already a nontrivial result, and a proof
may be found, e.g., in [LRW'18].

For all N = 0, the sketch of the proof is the following: given a converging sequence in
U%:()RK, we want to show that its limit has a stellar rank less or equal to N. We first
use the decomposition result of Theorem 2.4, in order to obtain a sequence of Gaussian
operations acting on a sequence of core states of rank less or equal to N. We make use of
the compactness of this set of core states to restrict to a unique core state. Then, we show
that the squeezing and the displacement parameters of the sequence of Gaussian operations
cannot be unbounded. This allows us to conclude by extracting converging subsequences
from these parameters.

The trace distance D is induced by the trace norm. Let {|y,)}men € U%ZOR x be a con-
verging sequence for the trace norm, and let |y) € A be its limit. By Theorem 2.4, there
exist a sequence of core states {|C,,)}men, With polynomial stellar functions of degrees less
or equal to N, and a sequence of Gaussian operations {G}men such that for all m € N,
[¥m) =G |Cp).

The set of normalised core states with a polynomial stellar function of degree less or equal
to N corresponds to the set of normalised states with a support over the Fock basis truncated
at N, and is compact for the trace norm in # (isomorphic to the set of norm 1 vectors in
CN+1). Hence, the sequence {|Cp,)}men admits a converging subsequence {IC ;) ken. Let the
core state |C), with a polynomial stellar function of degree less or equal to N, be its limit.
Along this subsequence,

W) = Gmy ICmy) s (2.93)

and we have lim;_ .. .D(Y,),l¥)) = 0 and lim;_. . D(|Cp,,),|C)) = 0. Moreover, for all

60



2.3. ROBUSTNESS OF NON-GAUSSIAN STATES

kEeN,
D(Gpm, 1C),[4) DG, IC), 19my )+ D((Wm,) , 19)

=D(Gm, 1C), Gy ICo ) + DY), [99)) (2.94)

=D(|C),|Cm;)) +D(ym,), lw)),
where we used the triangular inequality in the first line, Eq. (2.93) in the second line, and
the invariance of the trace distance under unitary transformations in the third line. Hence,
the sequence {Gm . |C)}ren converges in trace norm to |y). This shows that we can restrict
without loss of generality to a unique core state, with a polynomial stellar function of degree
less or equal to N, instead of a sequence of such core states.

Let |C) thus be a core state, with a polynomial stellar function of degree K less or equal
to N. We write

K
~ DPn
IC) = Pc(ah)10) = In), (2.95)
nZ:o vn!
with Zfl{zo% = 1. Let us consider a converging sequence (G IC)men, where G,, are

Gaussian operations, and denote |¢) its limit. There exists two sequences {{;}men and

{@mYmen, such that for all m e N,

Gm =SEm)D(an). (2.96)

O with r,, =0, for all m € C. We may rewrite Gm = ﬁ(ym)g(g‘m), where

We write &, = rpe’
for all m e N,

Ym = Cr, Qm +5,, e 0mal (2.97)
where ¢, = cosh(r,,) and s, = sinh(r,,). With these notations, we prove the following result:

Lemma 2.5. The sequences {¢m}tmen and {Ymtmen are bounded.

Proof. We first compute an upper bound for the @ function of the state G |C), which we
obtain in Eq. (2.114). For m € N, we have:

Q6,.100() = Rp(y,)5¢,10)(2)

= Qg0 (&= Ym) (2.98)
e—|2—)’m|2 * * * 2
= Faenin® ~Tn)|
for all z e C.
We have . .
SEm)IC) = S(Em)Pc@")10)

. . (2.99)
=Pclc,, a' +5s,, e"9"3)S(E,)10).
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Hence, with Eq. (2.7) and (2.35),

. -1 —i0m 52
;(f )|C>( ):(1_|t"m|2)1/4PC(crmz+Srmel0maz)‘e Ztrme ¥4
: Z z+s ‘Bma Yie ~1t,,0710m 22 (2.100)
rm€ )

Vcrm n=0

where ¢, =tanh(ry,).

The Hermite polynomials [AS65] satisfy the following recurrence relation
He,,,1(z)=zHe,(z) —0,He,(2), (2.101)
for all n =0 and all z€ C, and Hey = 1. Setting
o—i0m 52

fn(2): .= g3trm tmzz(crmz+srmei6'"62)"-e_%t’m , (2.102)

we obtain fy(z) =1, and

frse1(@) = e2tme " (e, 24, e0n0,) |72t L (2)
2 0 (2.103)
= —fn(2)+s,, "m0, fn(2).
Cr,,
Hence, with Eq. (2.101), foralln =0 and all ze C,
z
fn(2) = A"?He, | —— |, (2.104)
n m n crm ;—‘A/m
where we have set 1,, = —eim tr,.. With Eq. (2.100) we thus obtain
1 K o~ i0m 52
Fgie @)= N > Fin(2)-e 2
m n= 0
(2.105)
1 Ep ln/z z 1 -if
_ n’'m -5ty e Mz
= Z He, e 2
Vv crm n=0 ”LY Crm V A/m
From this and Eq. (2.98) we deduce
—|z=Yml? /1”/2 ® % 2
e 2 7Ym | -1y emitm(zr—yr )2
Q N (Z) - H ( )e 2 rm€ Ym
GmlC) 'm nX::O \/F CrmV Am
~lz~Yml? . K x_ x| |2
S e i ’e—%trmeﬂem(z*_y;)z Z |pn Z An/2H 2 Ym (2106)
ncCr, = n=0 Cr,\/ Am
2
1

- o~ 12 m P =Gty [0 =y )P +e 0 (2" —y; )] Z
ncr,

b

z_
trr’l:,/nzHen ( Ym )

CrnV Am

where we used Cauchy-Schwarz inequality in the second line, |A,,| = ¢, and the fact that

n=

the coefficients of He,, are real in the third line.

62



2.3. ROBUSTNESS OF NON-GAUSSIAN STATES

Setting

;210

am(2):=— z-vYm), (2.107)

'm

for all m € N and for all z € C, we obtain

. 2
1 2 1 iOm 2 —iOm (ot )2 K e ng (2)
N (2) < e~z rml —5trplem(z—ynm) +e U m (2" —y} )*] tn/ZHe m
Q6,0 e n;O r t1€n T
K —i0p, 2
- L edian@l e sl @raien y g, (€77 An@) (2.108)
mer,, n=0| " try,
s 2
_ 1 e_c,m(crm—s,m)x?n(z)e—crm(crm+s,m)y,2n(z) f“ t?/zHen e~ 10m am(z) ’
ncy,, neo| " Vir,
where a,,(2) = x,(2) + iy, (2). For all r e R,
1 1
crlcr—s,)==(1+e ) > =, (2.109)
2 2
and
1 g 1
cr(cr+s,)= 5(1+e )>§, (2.110)
so with Eq. (2.108) we obtain
Q (2) < 1 —%Ia 2)1? f“ tn/ZH e—iﬂmam(z) ? (2.111)
5 z) < e 2l%m ey | —— .
GnlC) mer, = ™m n /—trm
Finally, we obtain the following bound for all n € {0,...,K}:
. n . -2k
M2ET e am(2) wp (Dl (e (2))”
e _ | =
fm =0 i 'm0 okp\n -2k \/E
L) n! E n-2k (2.112)
< —t, |an(2)|" .
kgozkkz(n—zk)! rnl0m (@)
2] |
<Y I,
hoo 2°kI(n —2k)!
for all m e N and all z € C. Let us define for brevity the polynomial
K (l3) nl o 2
T(X):= — X" . (2.113)
n;O kZ:O 2kE1(n —2k)!
Plugging Eq. (2.112) in Eq. (2.111) yields
I lanee
QG102 = ——e 2 Tlan(2))), (2.114)

m

for all m e N and all z € C.
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With this bound on the @ function obtained, we may now prove that the sequences
{Emtmen = {rmei®m}nen and {Ym}men are bounded.

Assuming that {r,,}nen is unbounded implies that it has a subsequence {r,,}.cn going
to infinity. Since the function x — e 3% T'(x) is bounded, Qémk\@(z) — 0 for all z € C when
k — +o0o by Eq. (2.114). But QGMk|C>(z) — Qy(2) for all z € C when k& — +oo, by property of
the convergence in trace norm. This would imply @(z) = 0 for all z € C, which is impossible
since |¥) is normalised. Hence {r,,}nen is @ bounded sequence, and so is {&, }men-

With the same reasoning, if {|a,,(2)|};,eny Was unbounded for all z € C, this would imply
by Eq. (2.114) that @(z) = 0 for all z € C, giving the same contradiction. Hence, there exists
zo € C such that the sequence {|®,(29)|}men is bounded. By Eq. (2.107), this implies that the
sequence {y;}men is also bounded, since the sequence {r;;},en is bounded.

O

The sequences {¢;; }men and {yp, }men being bounded, one can consider simultaneously converg-
ing subsequences {{,, }ren and {ym, }ren. We write & = re’? =limy_.o, ¢my, and y =1limg oo Y, -

On one hand, we have

* ok
Fe, 0@ =Fpy, 1s¢.00®
1 2
= oYmp2=3lYmy I % ¥
¢ S<5mk>l0>(z V) (2.115)
K n/2 Pt )
_ 1 anlmk en( 2= Ym, )e—;t,mke_‘g'"k(z—}’fnk)2+}’mkz—;|7/mk|2,
\V/Crm, n=0 vn! Crm, V Ay,

for all £ € N and all z € C, where we have used Eq. (2.59) in the second line, where A,,, =

—eiOm; Erpy s and where we have used Eq. (2.105) in the last line. Setting A = —e?¢,, we obtain

1 K p An/2 Z_Y* N . L
lim FX ()= ~—H ( )€_2t’e (z=y")*+yz—3lyl
k—o0 Gmk|C) cr nZ:O n‘ n Cr\/x (2'116)
_ %

for all z € C, where G = ﬁ(y)ﬁ(&), and where the second line comes from reversing the
calculations of Eq. (2.115). On the other hand, for all z € C,

: * _ l|2|2 : * | A
PG, 0@ = lim @71Gm, |C)
— o5l2l? %
=e2® (" |y) (2.117)

=F 1,’5(2 ),
by property of the convergence in trace norm. Combining Eq. (2.116) and Eq. (2.117) yields

Fl’;(z):FaC)(z), (2.118)
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for all z € C. By Lemma 1, this implies that |y) = G |C) € Rg. This shows that U%ZORK =
U%:()R K, SO R_N c U%:()R &, which concludes the proof.

This result implies that the set Up<g<n Rk, containing the states of stellar rank smaller or equal
to N, is a closed set in # for the trace norm, for all N € N. In particular, since all ranks of the
stellar hierarchy are disjoint, for any state of finite rank N, there is no sequence of states of
strictly lower stellar rank converging to it. Each state of a given finite stellar rank is thus isolated
from all the lower stellar ranks, i.e., there is a ball around it in trace norm which only contains
states of equal or higher stellar rank.

Moreover, each state of infinite stellar rank is isolated from states of finite stellar rank lower
than N, for all N € N*, i.e., there is a ball around it in trace norm which only contains states of
stellar rank higher than N.

On the other hand, with the other inclusion, no state of a given finite stellar rank is isolated
from any equal or higher stellar rank, i.e., one can always find a sequence of states of any higher

rank converging to this state in trace norm.

We also prove the following density result:

Lemma 2.6. The set of states of finite stellar rank is dense for the trace norm in the set of

normalised pure single-mode states:

U RN =, (2.119)
NeN

where X denotes the closure of X for the trace norm in the set of normalised states in .

Proof. Recall that the set of normalised pure single-mode states is closed for the trace norm
in the whole Hilbert space, since it is the reciprocal image of {1} by the trace norm, which is
Lipschitz continuous—with Lipschitz constant 1—hence continuous.

Let |v) € # be a normalised state. We consider the sequence of normalised cut-off states
1

VN

where A7, =Y |1//n|2 is a normalising factor (non-zero for m large enough). All the states

1Wm) = Y wnln), (2.120)
n=0

ly ) have a finite support over the Fock basis, so their stellar function is a polynomial.

Hence {|ym)tmen € Unen BN -
Moreover, for all m € N,

DWWy, w)=1\/1—|(@mlp)|?

=\/1= 2 lynl? (2.121)
n=0
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CHAPTER 2. STELLAR REPRESENTATION OF NON-GAUSSIAN QUANTUM STATES

= Z |1//n|2 ’

n=zm+1

where we used that |¢) and |y,,) are pure states in the first line, and the fact that |v) is
normalised in the third line. Furthermore, ¥ ,~m+1|%»|2 — 0 when m — +oo, because |y) is

normalised. Hence, {|1,;,)}men converges in trace norm to |y), which concludes the proof.

This result implies that states of infinite stellar rank are not isolated from lower stellar ranks,
unlike states of finite stellar rank. Given a state of infinite stellar rank, there always exists a
sequence of states of finite stellar ranks converging to it. However, the ranks of the states in this
sequence have to go to infinity, since by Theorem 2.5 states of infinite stellar rank are isolated

from states of finite stellar rank lower than N, for all N € N*.

The consequences of Theorem 2.5 and Lemma 2.6 for the robustness are summarised with the

following result:

Corollary 2.1. For all |y) € UyenRy and for all keN',

Ry(y)>0  fork=r*(y), (2.122a)
Ryy)=0  fork>r*(y). (2.122b)

In particular, states of finite stellar rank are robust: for all states |y) € Uyen RN, we have R*(y) =
Rf*(w)(q/) > 0.

For all |y) € Roo and for all k€N,

Ryy)>0  forkeN, (2.123a)
Ry(y)=0  fork=oc. (2.123b)

In particular, states of infinite stellar rank are not robust: for all states |v) € Ry, we have

R*(y)=RX(y)=0.

Eqgs. (2.122a), (2.122b) and (2.123a) are deduced from Theorem 2.5, and Eq. (2.123b) is deduced
from Lemma 2.6.

This result implies that the robust states (i.e., R* > 0) are exactly the non-Gaussian states of
finite stellar rank. When considering imperfect single-mode non-Gaussian state engineering, one
may thus restrict to states of finite stellar rank, which by Theorem 2.2 are obtained uniquely
by a finite number of single-photon additions to a Gaussian state. Alternatively, one may also
describe such states using Theorem 2.4 as finite superpositions of equally displaced and squeezed
number states, or equivalently as Gaussian-convertible to core states. Engineering of such states
has recently been considered in [SMS19], by photon detection of Gaussian states.

Moreover, for & € N*, the states that are robust with respect to states of stellar rank lower
than % (i.e., R} > 0) thus are the states |y) such that r*(y) = k.
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2.3.3 Computing the robustness

Importantly, the k-robustness is state-dependent and the following result gives a simple expres-

sion. Let us define, for all n e N,

M,= ) Im)m| (2.124)

m=0

the projector onto the subspace spanned by the Fock states |0),...,|n).

Theorem 2.6. Let k e N* and let |w) € . Then,

R} (y)= \/1— sup Tr [T, 1G ly)(wIGT], (2.125)
Ge¥

where the supremum is over Gaussian unitary operations. Moreover, assuming the optimisation

yields a Gaussian operation Go, an optimal approximating state is

[ 1 G
! kl—‘)'w)) (2.126)
IMe—1Go 1wy ||
Proof. From Lemma 2.4 and in particular Eq. (2.88) we have
Ry(y)= \/1— sup | (ply)I2. (2.127)
r(p)<k

By Theorem 2.4, for any pure state |¢) such that r*(¢) < &, there exist a normalised core

state |Cyp) of stellar rank lower than k£ and a Gaussian operation G¢ such that
) =Gy 1Cy). (2.128)
We obtain R
[(ply) 1P = 1(Cyl Gl 1”
= [(Cyll—1 G 1y 2
< (CylCy) Pl pI Gl 1 G 1) 1P
= Tr |1 Gl ) (W Gy |,

(2.129)

where we used |Cy) =11;_1|Cy) in the second line, since |C) is a core state of stellar rank
lower than % (hence its support is contained in the support of Il;_1), Cauchy-Schwarz

inequality in the third line and |(Cy|C) |2 = 1 in the last line. This upperbound is attained if

At
1G g ly)

. (2.130)

Cyp) =
\/Tr M1 G 1wyl Gy

which is indeed a normalised core state of stellar rank lower than %.
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With Eqs. (2.127) and (2.129), the robustness of the state |¢) is then given by

R} ()= \/1— sup Tr [ 16, ) 1 Gy |
G(pE(g

(2.131)

= [1-supTr M1 G y)y|G1],
Gew

where the supremum is over Gaussian unitary operations and where we used the fact that

the set of Gaussian unitary operations is invariant under adjoint in the second line. With

Eq. (2.128), assuming the optimisation yields an optimal Gaussian unitary Gy, an optimal

approximating state is |¢) = é¢ |Cy), where G¢ = (A}g and where |Cy) is given by Eq. (2.130).

Namely,
o[ TG
=G} ’“—(’W)) (2.132)
[Mr—1Go )|
ie., Go |¢p) is the renormalised truncation of éo ly) at photon number & — 1.
[ |

From Theorem 2.6, the robustness profile Z(y) = (R;) pene 18 @ non-increasing sequence for any
state |w), and each term in the sequence may be obtained with an optimisation over two complex
parameters.

In particular, with the Hermite polynomials

Hep(2) = (-1)me2® g 2%’

_L%J mCDP (2.133)
~ &2eplm-2p)”

for all m e N and all z € C, the robustness of cat states has the following expression:

Corollary 2.2. Let k € N* and let a € C. Then, writing ¢, = coshx, s, = sinhx, and t, = tanhx for

brevity,
e-If2 k=l gm A
Rj(cat))=,|1- su > = lumlal,é,B)", (2.134)
\ =reit peC 4CrCiq2 m=o m!
and |
* _ e‘lﬁlz k-1 t;.n 9
Ry(caty)=,|1— sup Y = umlalé, B, (2.135)
\ f:reie,ﬁEC 4Cr8|a|2 m=0m:
where

+ = p-lalp Lt lal+ P gy, (|a|+,3 i9/2)+ I+ 3 t,e(B-lal? g, (ﬁ—lal ie/z)_
uy(lal,é,p):=e em —CrSre te em —Crsre
(2.136)
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Proof. Let a € C. We have

1
lcaty) = (la) £ |-a)), (2.137)
NE
where A F =2(1+ e~29") By Theorem 2.6,
R,:(cati) = \/1 —supTr [Hk_lé lcatE)(catZ| GT] . (2.138)
Gew

for all £ € N*, where II;,_; in the projector onto the Fock basis with less the 2 — 1 photons. We

have

k-1
Tr [Hk_lé |cat§)<cat§|GT] = Z |(m|élcat§>|2. (2.139)
m=0
Setting G = S(&)D(p), for & =re'?, B € C, we obtain

(mlélcati) =

((mISEODP)|a) + (mISEODP)| - a))
,/Vai

= (o3P 01" @D+ pI0) £e3F P 016" SOD - l0)).

\/ ANFEm!

Switching to the stellar representation we obtain

(2.140)

A 1 * * 5o
(m|Glcat®) = |ome2@ PGy ()£ 0mex P UPGE | (2) -
N Em! N

e sUal+Ip%)

\/ crNiEm!

a+f

[e—aﬁ*+%tre“’(a+ﬁ)20;ne_%eiatr22+crz (2.141)

2, f-a

z=0

where we used (0|y) = F@(O) and Eq. (2.7). With Eq. (2.133) we have

+ ea,ﬁ*+%t,eig(ﬁ—a)Qa;ne—%e’wt,z

=a™2He,, (%) (2.142)
a

ame—%az2+bz
z z=0

where He,, is the m*" Hermite polynomial.
With Eq. (2.141) we obtain

o~ (laP+IpP) gm

+ m
crNg m!

A 2 o pR¥ 1y i
|(m|G|cat$)| = ‘e ap +2tre"(a+ﬁ)2He

a+p ei0/2)
VCrSr

ieaﬁ*+étrei9(,ﬁ—a)2Hem( B-a ei9/2)

VCrSr

) (2.143)
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Combining Eqgs. (2.138), (2.139) and (2.143) yields

1
e—(lal+|B2) k=1 ym

Ri(cat)=,[1- sup ——— ¥ L |ut(a,é, 0%, (2.144)
R c=reit pec CrNg mzzom!| " |

where we have set

Ut (0,6, B) = =B+ 3t @Bl g (%eiem) 1 eaf it (Pl gy, (%eiem) _
(2.145)
Since the robustness is invariant under Gaussian operations, R;(cati) does not depend on
the phase of a, since one can map a cat state of amplitude a to a cat state of amplitude
e!?a through a Gaussian rotation (this corresponds to mapping B to ei‘P,B and 0 to 8 —2¢ in
the previous expressions). Hence, we may assume without loss of generality that a € R and
replace a by |a|. With

NS Ny

and S|a|2 = m, (2146)
e

Ciql2 =
ol ™ fo-lar

this concludes the proof.

By Lemma 2.4, the sequence of maximum achievable fidelities for each rank % — 1 with a given

target state is obtained from the robustness profile with F' =1 —R;z. We have computed numeri-

cally the values of R} (cat}) and R} (cat;) for different values of £ and @ and the corresponding

achievable fidelities are depicted in Fig. 2.4 and Fig. 2.5. For each rank, if p denotes a state for

which the maximum fidelity is achieved, then any lower fidelity may be obtain by considering the

states pp = p|L) (L|+(1-p)p, for 0 < p <1, where | L) is a coherent state orthogonal to the target

state (which exists by Theorem 2.1, since the target state is non-Gaussian). From the numerics

and the obtained profiles of the cat states, we make various observations:

* The main difference between low amplitude cat™ and cat™ states is that the former are
easier to approximate by Gaussian states than the latter: at low amplitude, cat* states are

closer to the vacuum while cat™ states are closer to the single photon Fock state.

¢ High amplitude cat states are ‘more non-Gaussian’ than low amplitude cat states, in the

sense that one needs more photon additions to approximate them to the same precision.

¢ The maximum achievable fidelity increases more from odd to even ranks (resp. even to odd
ranks) than from even to odd ranks (resp. odd to even ranks) for cat* states (resp. cat™
states). This is due to cat™ states (resp. cat™ states) having support only on even (resp. odd)
Fock states.

¢ For each given amplitude, there is a critical stellar rank after which good approximation of

the cat state becomes possible. Before that stellar rank, the best Gaussian operation in the
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Figure 2.4: Achievable fidelities for target cat™ states of amplitudes 1, 3, 6 and 10. For each rank
k € N*, the vertical line depicts the achievable fidelities between the target state and states of

rank k.
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Figure 2.5: Achievable fidelities for target cat™ states of amplitudes 1, 3, 6 and 10. For each rank
k € N*, the vertical line depicts the achievable fidelities between the target state and states of

rank %.
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optimisation of Corollary 2.2 is roughly a displacement of the amplitude of the cat. Past

that rank, it is a smaller displacement combined with a squeezing.

If the state |y) is of finite rank, the £ term of the sequence Z(y) is zero for all & > r* () by
Corollary 2.1. For £ < r*(y), an expression depending on the core state of [y/) may be obtained for
Ry (y):

Corollary 2.3. Let k € N* and let |v) € # be a non-Gaussian pure state of finite stellar rank
r*(y) = k, with core state |Cy) = Z:":O C,, |n). Then,

1

k-1
R} (y) = J 1-sup Y lum(, )2, (2.147)

§,aeCm=0

where for all m€{0,...,k—1}and all ¢ =re'®,a e C,
1 r:; C* . —il a i
um(é,a) — Z n ag(CrZ +s,e‘962 _ Cr*)me—%e otr22+;z+%e otrlx2—%|a’|2 . (2.148)
zZ=

vmle, n=0 vn!

with ¢, = coshr, s, =sinhr and t, = tanhr. Moreover, assuming the optimisation yields values
&o, a0 € C, an optimal approximating state is

I,-1S(E0)D () ICy) )
11— 1S (€0)D (o) ICy || )

DT (a)ST(&o) (2.149)

Proof. Let |y) € / be a pure state of finite stellar rank r*(y) € N* with core state |Cy) =
Z:":O C, |n). By Theorem 2.4, there exist a Gaussian operation Gw such that |y) = Gu/ ICy).

From Theorem 2.6 we have

Ri(y)= \/1— sup Tr 151G |y) (| GT]
Ge¥

= \/1 — sup Tr [T1;_1G'|Cy) (Cy| G"]
G'e¥
(2.150)

- \/1 - sup Tr (M- 1 DH@ST(©)1Cy) (Cy | S@©D(@)]
,aeC

¢,aeCm=0

k-1 . |
= J 1-sup Y, |<CwIS(€)D(a)Im>|2,

where we used the group structure of the Gaussian unitary operations in the second line and
the fact that any single-mode Gaussian unitary operation may be decomposed as a squeezing
and a displacement in the third line. Assuming the optimisation yields values &g, ag € C, the

optimal core state used in the approximation is

_ -180)D(a0)ICy)
IT15-18@0)D(ao) ICy) |

IC) (2.151)
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Now for all m €{0,...,k—1},

*
Ty

(CyISED@)Im) =Y. Cp(nISED(a)m), (2.152)
n=0

and for all n € {0,... ,rﬁ,},

A A 1
(nISE)D(a)Im) = 1 018" SED(a)@")™|0)
”i'” (2.153)
= mwla”(c a"+s.e%G - a*y"S(ED(a)0),

where we used Eq. (2.37) in the second line, with ¢, = coshr, s, = sinhr. Hereafter we
also set ¢, = tanhr. We have (0|y) = F; (0) for all states y, hence switching to the stellar

representation Eq. (2.153) rewrites

m

A . . 1 -0 2, a ., 1,i0; 2 1.2
(nIS()D(a)|m) = [Og(crz+sre‘962—a*) e 20 rEtyEryetia 2'“']

2=0’
(2.154)

1
vml!nle,

where we used Eq. (2.7). Hence,

:j * . m 1_-i0 2, «a 1,6 2_1 2
C S D — + 196 P —ze "tz +e 2tge tra—3lal )
(CyIS©D(@)Im) ; m o (crz+5,e%0, ") e ]220
(2.155)
Setting, for all m €{0,...,k -1}, u, (¢, a) = (Cwlg(f)ﬁ(a)lm), thus omitting the dependency
in v, we finally obtain with Eq. (2.150),

¢,aeCm=0

k-1 ‘
R} (y)= J 1-sup Y lum(, )2, (2.156)

where for all m €{0,...,k—1} and all ¢ = re',a € C,

1 . 1,-i0; 2, @ 1,0, 2 112
(crz +s,e00, —a*)me 26 IrZ T Etyettrat3lal , (2.157)

n 671
vmle, ,;om[ N 2=0

with ¢, = coshr, s, = sinhr and ¢, = tanhr. Moreover, assuming the optimisation yields

um(f, a) =
values &g, ap € C, an optimal approximating state is |¢p) = ﬁT(ao)S'T(fo)lC), where |C) is
defined in Eq. (2.151). Namely,

1) = DT (a0)ST(&o) (2.158)

I-18(é0)D(a0) ICy) )
[T-1SE0)D (o) ICy) | )

ie., S’(fo)f)(ao) |y is the renormalised truncation of §(Eo)l§(ao) |Cy) at photon number & — 1.
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From this result, the value of the stellar robustness may be obtained analytically for low stellar

rank states and numerically for all finite stellar rank states. In particular, we obtain:

Lemma 2.7. For the single photon Fock state |1) of stellar rank 1 we have

R*(1)= \/1— 3\/5. (2.159)
4e

The corresponding maximum achievable fidelity is given by

3v3
e

2o © 0.478. (2.160)

Proof. The single-photon Fock state |1) is a core state of stellar rank 1 (its stellar function

is given by Ff(z) = z for all z € C). Hence, by Corollary 2.3,

RI(1)=R*(1)

1 trp-ify2, @,y troifg2 1412 2
=./1- sup — [aze ge Vit ztgela zla\] |
E=rei® qeC Cr z=0
1
2 . 2
= |1- sup lal e%e”’az—%laﬁ (2.161)
3

\ ¢=rei? aeC Cr

1
2
a
=./1- sup %

¢ . .
e%(azeze+a*2e LF})_laIZ .
\ E=reif qeC Cr
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e

and this upperbound is attained for x =0 and y = \/11T Finally, we have maxyejo,17(1 —u)(1+ u)d =
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%, attained for u = %, so we obtain the stellar robustness of a single photon Fock state:

R*(l):\ll—g\/g. (2.163)
4e

Since the stellar robustness inherits the property of invariance under Gaussian unitary operations
of the stellar rank, Corollary 2.1 implies the same robustness value for states obtained from
a single photon Fock state by unitary Gaussian operations, such as photon-added or photon-
subtracted squeezed states, by Eq. (2.81).

We have computed numerically the stellar robustness for the states cos¢|0) + eix sin¢|1),
for all ¢, y € [0,27], which is independent of y (Fig. 2.6). Setting ¢ = § yields the single photon

Fock state, which is thus the most robust state of stellar rank 1, up to Gaussian unitary operations.

cos ¢|0) + e sin ¢[1)
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Figure 2.6: Achievable fidelities with Gaussian states for target core states cos¢|0) + elX sin¢|1),
for all ¢,y €[0,2r], as a function of ¢. The maximum fidelities are independent of y, and yield
the stellar robustness through Lemma 2.4.

We have also obtained numerically the achievable fidelities with target states |2), |3), |4) and |5),
depicted in Fig. 2.7.

As previously mentioned, with Lemma 2.4, preparing a target pure state of finite stellar rank |y )
with fidelity better than 1 — [R,:(u/)]z, which may be computed using Corollary 2.3, ensures that
the obtained state has a stellar rank equal to or greater than k.

One may obtain the e-smoothed non-Gaussianity of formation of a given target pure state—i.e.,
the minimal stellar rank of e-close states—from its profile of achievable fidelities as follows: for a
given € > 0, it is the x-coordinate of the leftmost intersection point of the horizontal line of height
1 - €2 with the vertical lines of the profile. For example, let ¢ = 0.7, so that 1 —¢? = 0.51. With
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Figure 2.7: Achievable fidelities for target Fock states |2}, |3), |[4) and |5). For each rank % € N*,
the vertical line depicts the achievable fidelities between the target state and states of rank %. The
sequence of maximum fidelities for each rank yields the robustness profile through Lemma 2.4.

Fig. 2.7, the 0.7-smoothed non-Gaussianity of formation of the Fock state |3) is equal to 2. Hence,
an experimental (mixed) quantum state which has fidelity greater than 0.51 (corresponding to
€ =0.7) with the Fock state |3) has a stellar rank greater or equal to 2.

The stellar hierarchy may thus be certified experimentally by direct fidelity estimation with
a target pure state. In chapter 4, we make use of this result and discuss in particular the

certification of the stellar rank using Gaussian measurements and heterodyne detection.

2.4 Discussion and open problems

Based on the stellar representation of single-mode continuous variable quantum states, we have
defined the stellar rank as the number of zeros of the stellar function, or equivalently of the
Husimi @ function. Using the analytic properties of the stellar function, we have shown that
this rank is invariant under Gaussian operations and induces a hierarchy over the space of
single-mode normalised states. We have characterized the states of finite stellar rank as the
states obtained by successive single-photon additions to a Gaussian state, or equivalently as
finite superpositions of (equally) displaced and squeezed number states. Additionally, we have
given the stellar rank an operational meaning, as the minimal non-Gaussian cost for engineering

a state, in terms of single-photon additions and subtractions. We have derived the equivalence
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classes for Gaussian convertibility using the notion of core states, and we have studied in detail
the robustness of the ranks of the stellar hierarchy, showing that finite stellar rank states are
robust, while infinite stellar rank states are not. In particular, we have shown how to compute

the robustness.

While the stellar representation unveils the structure of single-mode non-Gaussian states, various
open questions remain:

How to extend the stellar formalism to the case of multimode states? The stellar function for
multimode states is a multivariate analytic function, which prevents the use of the factorisation
theorem, crucial in the derivation of the results. However, one can consider in the multimode case
both the set of states that can be obtained from the vacuum by multimode Gaussian operations
and a finite number of photon additions and the set of states that are obtained by multimode
Gaussian operations acting on an input with a multivariate polynomial stellar function. We
consider both sets of states in the next chapter and investigates their computational power.

Can we interpret geometrically the non-Gaussian properties of quantum states? Can we
view the stellar representation as a limit of the Majorana representation? This representation
provides a beautiful interpretation of non-entangling operations for symmetric states as a class
of transformations of the sphere [RM11, Aulll]. Can we derive an analogous statement to
characterize how Gaussian operations affect the roots of the stellar function? The displacement
operator simply displaces the sphere on the complex plane, but the action of the squeezing seems
nontrivial.

The stellar rank has an interpretation as a non-Gaussianity of formation, i.e., as a cost for
quantum state engineering in terms of elementary non-Gaussian operations. Can we identify a
computational task for which this rank quantifies how resourceful a state is?

Even though they are not robust, infinite stellar rank states are interesting from a conceptual
point of vue, given their use for for error-correction [CMM99, GKP01]. Can we classify these
states, for example based on the density of the zeros of their stellar function? To that end, what

is the precise location of the zeros for GKP states?
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CHAPTER

BEYOND-CLASSICAL QUANTUM CONTINUOUS VARIABLE MODELS

ifferent approaches are possible to probe the quantum computational advantage regime

and to study the boundary between the quantum systems which are efficiently simulable

classically and those universal for quantum computing. On the one hand, the regime
of classical simulability can be explored [Fey82]: being able to efficiently simulate a quantum
computational model with a classical computer up to a certain regime may suggest a quantum
advantage beyond this regime [Val02, TD02, BSBNO02]. On the other hand, subuniversal models
of quantum computing can be defined: these models lie somewhere in-between classical and
universal quantum computing, in the sense that, although not possessing the full computational
power of a universal quantum computer, they may outperform classical computational capabilities
with respect to specific problems [BJS10, AA13, MFF14, BMS16, FH16, DMK*17, BIS*18]. In
both cases, one can aim for minimal extensions beyond the classically simulable models which
are more likely to be implementable in the near term than universal quantum computers. For
concrete applications, however, it is not the quantum computational model but rather the task
at hand whose classical simulability matters. Studying application-specific classical simulation

regimes is therefore also of great importance.

We investigate these approaches for different continuous variable quantum computational
models. After introducing classical simulation notions, we consider linear optics with input single
photons and adaptive photon-number measurement, and study the classial simulation regime
for probability estimation and overlap estimation, two computational tasks that are central to
machine learning applications [BGM19]. Next, we turn to Gaussian quantum circuits with non-
Gaussian input states and derive sufficient conditions for an efficient classical strong simulation.
Finally, we focus on a specific subclass of Gaussian quantum circuits with non-Gaussian input

states, the CVS circuits, which relates to Boson Sampling with continuous variable measurements.
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We identify the regime for which an efficient classical weak simulation of circuits in this subclass
would imply a collapse of the polynomial hierarchy of complexity classes.
This chapter is based on [CMS20, CMG20a, CDM*17].

3.1 Classical simulation of quantum computations

Depending on the approach used for simulating classically the functioning of quantum devices,
several notions of simulability are commonly used. In what follows, we review the ones we will be

considering in this chapter.

3.1.1 Strong simulation

To each quantum computation is associated a probability distribution from which classical
outcomes are sampled. In the case of continuous variable quantum computations with continuous
variable outcomes, the output probability distribution is replaced by an output probability density.
This motivates the following (informal) definition [TD02, PBG20].

Definition 3.1 (Strong simulation). A quantum computation is strongly simulable if there exists
a classical algorithm which evaluates its output probability distribution (density) or any of its

marginals for any outcome in time polynomial in the size of the quantum computation.

Various relaxations of this definition are possible, allowing the classical evaluation to be approx-
imate rather than exact, or to abort with a small probability. Hereafter we only consider the
definition above. When there exists no efficient classical algorithm for strong simulation, we say
that strong simulation is hard.

This notion of simulability is referred to as strong because it asks more from the classical
simulation algorithm than from the quantum computation. Indeed, the quantum computation is
merely sampling from a probability distribution (density), while the classical algorithm has to

compute efficiently probabilities.

3.1.2 Weak simulation

A sampling counterpart to the notion of strong simulation is to ask the classical simulation

algorithm to mimic the output of the quantum computation [TD02, PBG20]. Informally:

Definition 3.2 (Weak simulation). A quantum computation is weakly simulable if there exists a
classical algorithm which outputs samples from its output probability distribution (density) in

time polynomial in the size of the quantum computation.

Akin to strong simulation, various relaxations of this definition are possible, allowing the classical

sampling to be approximate rather than exact, or to abort with a small probability. Hereafter we

80



3.1. CLASSICAL SIMULATION OF QUANTUM COMPUTATIONS

only consider the definition above. When there exists no efficient classical algorithm for weak
simulation, we say that weak simulation is hard.

In the case of continuous variable quantum computations with continuous variable outcomes,
a weaker requirement is to ask the classical simulation not to sample from the output probability
density, but rather from a discretised probability distribution obtained from the probability
density by performing an efficient binning of the sample space. Indeed, samples from the output
probability density yield samples of such a discretised probability distribution with efficient

classical post-processing.

Consider a quantum computation of size m yielding discrete classical outcomes from a probability
distribution P(X1,...,X,,), where X; may take at most M = poly m values for all i € {1,...,m} (the
sample space has size M™). Then, weak simulation is weaker than strong simulation, with the
following result [TD02, PBG20]:

Lemma 3.1. An efficient classical algorithm for strong simulation provides an efficient classical
algorithm for weak simulation (assuming one can efficiently sample from efficiently computable

univariate probability distributions over a polynomial number of samples).

We reproduce the proof below for completeness.

Proof. Assuming the existence of an efficient classical algorithm for strong simulation of
a quantum computation of size m yielding classical outcomes from a discrete probability
distribution P(X1,...,X},;), where X; may take at most M = poly m values for all i € {1,...,m},
one first computes the marginal probabilities P(X1) for all M possible values of X1. Then, one
samples the value x; from P(X7) (which is an efficiently computable univariate probability
distribution over a polynomial number of samples). With that sample x1, one computes the

conditional probability distribution

P(x1,X
P(Xalx1) = (116(1—;61)2), (3.1

for all M possible values of Xs. Then, one samples the value xo from P(X2|x1) (which is also
an efficiently computable univariate probability distribution over a polynomial number of

samples). Repeating the same procedure up to

P(x1,...,%m-1,Xm)
PXplx1,... 1) = —or2m (3.2)
P(x1,...,xm-1)

one obtains a sample (x1,...,%,) from P(Xy,...,X,,) efficiently.

For quantum computations yielding continuous variable classical outcomes, the result still holds

with the same proof for binned discretised probability distributions rather than the corresponding
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probability density, as long as the discretised probabilities can be computed efficiently from the

probability density and have support on a polynomial number of bins for each mode.

3.1.3 Probability and overlap estimation

While the previous two notions of simulation of quantum computations are the most commonly
used, other type of simulation may be useful: if the output samples of a quantum computation are
used to compute a quantity which may be computed efficiently classically by other means, it is no
longer necessary to simulate the whole quantum device. We consider two concrete examples which
are prominent for variational quantum algorithms in quantum machine learning: probability
estimation and overlap estimation [HCT*19, SK19].

Definition 3.3 (Probability estimation). Let P be a probability distribution over m outcomes.
Given any outcome x in the sample space of P, probability estimation refers to the computational

task of outputting an estimate P[x] such that

Plx]- 1 < Plx] < P[x]+ 1 , (3.3)
poly m 1

poly m

1
expm’

with probability greater than 1 —

Probability estimation amounts to outputting a polynomially precise additive estimate of the
probability with exponentially small probability of failure. One may use the samples from a
quantum computation in order to perform probability estimation for any given outcome: given a
quantum device of size m which outputs samples from some probability distribution and a fixed
outcome x in the sample space, one may run the device M = poly m times, recording the value 1
whenever the outcome x is obtained and the value 0 otherwise. Then, summing and dividing by
M, one obtains the frequency of the outcome x over the M uses of the quantum device, which is
a polynomially precise additive estimate of the probability of the outcome x with exponentially
small probability of failure, by virtue of Hoeffding inequality [Hoe63].

Weak simulation is at least as hard as probability estimation, since by the previous reasoning
one may obtain polynomially precise additive estimates of probabilities from samples of the
probability distribution. Moreover, they are some quantum computations for which weak sim-
ulation is hard (assuming widely believed conjectures from complexity theory), but probability
estimation can be done efficiently classically. This is the case for IQP circuits [BJS10, HCT*19],
Boson Sampling [AA13] and even the period-finding subroutine of Shor’s algorithm [Sho94]. Let
us detail the latter case: if N is an n bits integer to factor, the period-finding subroutine measures

the output state

2inxy

Y. Y e Iy Ifx) (3.4)

Xy

2|~
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in the computational basis, where f is a periodic function over {0,...,N —1} which can be evaluated

efficiently. The probability of obtaining an outcome y, f(x¢) is given by
2

1 2inx
Prlyo, f(x0)] = N Y e v (3.5)
fx)=Ff(xo)
Now let
e % if f(x) = f(x0)
Bxo0 X ’ (3.6)
0 otherwise.
The function g, ,, can be evaluated efficiently and we have
2
Pr [y(); f(xO)] = [EN[ng,yo(x)] 5 (37)
x<—

where [E denotes the expected value for x drawn uniformly randomly from {0,...,N —1}. By
virtue j(C)f‘THoeffding inequality, this quantity may be estimated efficiently (in n the number of
bits of N) classically by sampling uniformly a polynomial number of values in {0,...,N — 1} and
computing the modulus squared of the mean of g, ,, for these values.

However, note that probability estimation of quantum circuits is a BQP-complete computa-
tional task almost by definition, since given a polynomially precise estimate of the probability
of acceptance of an input x to a quantum circuit, one may determine whether it is accepted
or rejected by the circuit. In particular, unless factoring is in P, probability estimation for the
quantum circuit corresponding to Shor’s algorithm as a whole is hard and weak simulation of
the period-finding subroutine is also hard, since in Shor’s algorithm the output samples from
the period-finding subroutine are used for a different classical computation than probability

estimation (essentially obtaining promising candidates for the period).

A more general computational task than probability estimation in the context of quantum

computing is the following:

Definition 3.4 (Overlap estimation). Let |¢) and |¢) be quantum output states of two quantum
computations of size m. Overlap estimation refers to the computational task of outputting an
estimate O such that

<O =<|(ply) 1>+ 3.8)

(ply) 2~
poly m
with probability greater than 1— 1/exp(m).

poly m’

The overlap between two quantum states is a measure of their distinguishability [Die88] and
overlap estimation thus is related to quantum state discrimination. Several techniques exist to
perform quantumly the overlap estimation of two states |¢) and |y) [FRS*20]. One of them is to
perform the swap test (see chapter 5 or [ BCWDWO1]) with various copies of both states.
Overlap estimation can be done efficiently classically for IQP circuits [HCT*19]. We prove
in the next section that it is also the case for Boson Sampling and consider the more general
setting of passive linear optical quantum computing with input single-photons and adaptive

measurements.
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3.2 Adaptive linear optics

The complexity of probability estimation and overlap estimation of quantum computations has
been well studied in the circuit model [PWB15, BGM19]. In what follows, we consider the case of
passive linear optical quantum computing with adaptive measurements, which we refer to as
adaptive linear optics (Fig. 3.1). We use multi-index notations (see section 1.1.1).

Formally, we consider unitary interferometers of size m, described by m x m unitary matrices
(see section 1.4). We identify the multimode Fock states with n photons over m modes with the
elements of ®,, , = {s € N, |s| = n}, for all n € N. We fix the input state |£) = [1"0™ "), with single
photons in the n first modes, where the superscript indicates the size of the string (0,...,0) or

(1,...,1) when there is a possible ambiguity. For p € N and p € @, ,,, let us define
UP = eUi(p1,...,o)1[Mh-1®Up_1(p1,...,pr-1)]...[11 @ U1(p1)]1Uy, (3.9)

where 1; is the identity matrix of size j. The matrices U; depend on the measurement outcomes
pP1,...,pj forall je{l,...,k}. The output state where the adaptive measurement outcome p has
been obtained reads

Try, |(1p)(P|® T )UP 1) UPT |, (3.10)

where the partial trace is over the first £ modes and where |p) denotes the 2-mode Fock state
|p1...p%). The matrix UP describes the interferometer in Fig. 3.1, where the adaptive measure-

ment outcome p =(p1,...,pr) and the final outcome s =(sy,...,s,,_%) have been obtained.

f_ pl
= 3 P2
n{ . [ | [
.- = S Pk
\ el —
r.CD; UO _Ul_U2_ . .._ﬁ — 8
\ O — ] ] — T — Sm—k

Figure 3.1: Passive linear optical computing with %2 adaptive measurements and input state
[1...10...0) with n photons over m modes. The output modes are measured using photon counters.
For all j € {1,...,k}, the unitary interferometer U}, acting on m — j modes, may depend on the
measurement outcomes p1,...,p;. The adaptive measurement outcomes p1,...,p; are used to
drive the computation, whose final outcome is s1,...,8;,_f.

Boson Sampling [AA13] corresponds to the case £ = 0 and the Knill-Laflamme-Milburn scheme

for universal quantum computing [KLLMO01] to the case £ = O(m). We investigate the transition
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between these two cases by giving classical algorithms for probability estimation and overlap
estimation and identifying various complexity regimes for different numbers of photons n and

adaptive measurements k.

3.2.1 Quantum probability and overlap estimation

For doing probability estimation with a quantum circuit, one samples the circuit O(poly m) times,
obtaining outcomes, for which the frequency gives a polynomially precise additive estimate of the
probability which can be computed efficiently. In the case of a circuit with adaptive measurements,
one only looks at the final measurement outcomes and the same holds for adaptive linear optical

computations.

For doing overlap estimation with unitary quantum circuits, one may run two circuits U and V
in parallel and compare their quantum output states, for example with the swap test. Doing so a
polynomial number of times provides a polynomially precise estimate of the overlap. Alternatively,
one may build the circuit UV and project the output quantum state onto the input state.

In the case of circuits with adaptive measurements, the overlaps are between all possible
output states for all possible adaptive measurement results. In particular, if the number of
possible adaptive measurement outcomes is exponential, then the probability distribution for
these outcomes has to be concentrated on a polynomial number of events for the quantum overlap
estimation to be efficient. This is because in order to compute a polynomially precise estimate
of the overlap, say, |(¢}|y) |2, the states |y and |w), both corresponding to specific adaptive
measurement results, have to be obtained a polynomial number of times.

For adaptive linear optics over m modes with n input photons and % adaptive measurements,

the number of possible adaptive measurement outcomes is given by

n n(ktr—1
Z|<I>k,r|=z( r )
r=0 r

r=0
_|k+n
= .

where the sum is over the total number of photons detected at the stage of the adaptive mea-

(3.11)

surements. Hence, either the probability distribution for the adaptive measurements outcomes

n+k
n

example when n = 0O(1) and 2 = O(m), n = O(logm) and £ = O(logm), or n = 0O(m) and £ = O(1). In

what follows, we do not assume concentration of the adaptive measurement outcome probability

is concentrated on a polynomial number of outcomes, or ("'*) = O(poly m), which is the case for

distribution and consider general interferometers with adaptive measurements. The quantum

n+k
n

efficient regime for overlap estimation thus corresponds to ( ) = O(poly m).
Let |¢p) and |y) be output states of two adaptive linear interferometers over m modes with n
input photons and % adaptive measurements. Let p and q denote the outcomes of the adaptive

measurements for |¢) and |), respectively. Let UP in Eq. (3.9) be the interferometer for |¢), with
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input Fock state |£). We have

[(@1y) = Tr | Tral(p) 1 © Tn-)UP 1B UP 1y o
=Tr [(IP) Pl ® 1, DUP [EHUP (1 8 [y )|
=Tr [UP |61 UP () pl ® [y) D)
=Tr[ 16U (1p)(pl 8 [y) W) U,

(3.12)

where we used Eq. (3.10) in the first line. Because of the conservation of the total number of
photons, the overlap between the states |¢) and |y) is zero if |p| # |g|. Otherwise, it can be
estimated using a polynomial number of copies of the state |y) as follows: send the input |p) ® |y)
into the interferometer with unitary matrix UPT and mesure the photon number in each output
mode. Record the value 1 if the measurement pattern matches the Fock state £ and the value 0
otherwise. Then, the mean of the obtained values yields a polynomially precise estimate of the
overlap | (¢|y) |2 by Eq. (3.12) and Hoeffding inequality. Note that this overlap estimation requires
the preparation of the Fock state p. By symmetry, one could estimate the overlap alternatively

using a polynomial number of copies of the state |¢p) and preparing the Fock state |q).

3.2.2 Classical probability estimation

In this section, we obtain a classical algorithm for probability estimation of adaptive linear optics

over m modes with n input photons and % adaptive measurements.

We first consider the case k£ =0, i.e., Boson Sampling. The probability of the outcome s € ®,, ,
for the interferometer U given the input # = (1*,0™™") € ®,, , is given by (see section 1.4.5
and [AA13])

Pry, 5] = | Per Uy, %, (3.13)

where Uy ; is the n x n matrix obtained from U by repeating s; times its ith row for i € {1,...,m}
and removing its j** column for j = {n +1,...,m}, and where the permanent of an n x n square

matrix A = (a;;))1<;,j<n is given by

Per(A): Z Haw(i), (3.14)

o€S, i=1
where the sum is over the permutations of the set {1,...,n}. When |s| # n however, the probability
is 0, since # has n photons and the linear interferometer does not change the total number of
photons. The permanent of a square matrix of size n can be computed exactly in time O(n2"),
thanks to Ryser’s formula [AWH78]. However, polynomially precise estimates of the permanent
can be obtained in polynomial time [Gur05], so the probability estimation can be done classically
efficiently, which was already noted in [AA13].

We now turn to the case £ > 0, using notations of Eq. (3.9) and Fig. 3.1. This case is a direct

extension of the case £ =0. For pe N, p € ®; , and s € ®,,_;, ,_p, the probability of an total
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outcome (p,s) € ®,, , (adaptive measurement and final outcome) is given by

Privtalp, 5] = zﬁ [Per (U, ,s)’t)‘z. (3.15)

Let p €{0,...,n} and let s € ®,,_, ,_,. Then, the probability of obtaining the final outcome s after

the adaptive measurements reads

Pritdlis]= Y Pric@p,s]
p€(Dk,p
1 1 2
=— — |Per(U? | .
S!pE;k’pp! ‘ ( (p,s),t)

(3.16)

The sum is taken over the elements of @, ,,, which has (k +z _1)

< (k+z_1) elements. This last quan-
tity is O(poly m) when the number of input photons n and the number of adaptive measurements

k are small enough compared to m.

k 0(Q) O(ogm) O(m)
n
0(1) O(m) O(poly m) O(poly m)
O(logm) O(poly m) O(poly m) O(2log’m)
O(m) O(poly m) 02108’ m) 0(4™)

Table 3.1: Simulability regimes for probability estimation. The scalings indicated are upper
bounds on the running time of the classical algorithm, up to a factor O(poly m). In blue is the
parameter region for which the quantum algorithm is efficient.

The simulability regimes are summarised in Table 3.1, where the scalings are obtained using
Stirling equivalent n! ~ v2nn (%)n In particular, as long as both £ and n are O(logm), the output

probability can be estimated efficiently (and even computed exactly efficiently).

The universal quantum computing regime corresponds to n = O(m) and k£ = O(m). The time

k+n—1

" )poly m), so there is a possibility of subuniversal

complexity of the classical algorithm is O ((
quantum advantage for probability estimation for n = O(logm) and 2 = O(m), or n = O(m) and
k = O(logm). However, the runtime of the classical algorithm is subexponential in these cases,

namely 0208’ m),

3.2.3 Classical overlap estimation

In this section, we obtain a classical algorithm for overlap estimation of adaptive linear optics

over m modes with n input photons and % adaptive measurements.
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Once again, we start with 2 = 0. The output state of an m-mode interferometer U with input

state t € @y, , reads

lpy="Y (slUI#)|s)

sed,, ,
i Per@a), (3.17)
sed,, V slt! ’

where U ; is the n x n matrix obtained from U by repeating s; times its it" vow for i € {1,...,m}
and repeating ¢; times its 7t row for j € {1,...,m}. The composition of two interferometers is
another interferometer which unitary representation is the product of the unitary representations
of the composed interferometers. Hence, the inner product of the output states |¢p) and |y) of
two m-mode interferometers U and V with the same input state ¢ € @, ,, is equal to the matrix
element ¢,¢ of UTV:

Glyy= Y. U w) @VIt) (ulv)

u,ved,, ,
= Y «@U"Is)(sIV Ity
$€Pmn (3.18)
=@#UV|8)
_ Per [(UTV)y]
B t! ’
where we used in the third line £ € ®,, , and the fact that UV conserves the space ®,, ,. With

the input £ =(1",0™"") with n photons in m modes, this reduces to
(@ly) =Per [(U'V),], (3.19)

where (U'V), is the n x n top left submatrix of UTV. Hence, the inner product and the over-
lap may be approximated to a polynomial precision efficiently, since this is the case for the

permanent [Gur05].

We now consider the case £ >0. Let p e N and let p € ®;, ,. Writing Prf,iip [p] the probability of
the adaptive measurement outcome p, the output state of the interferometer UP with k& adaptive
measurements with input #=(1",0™"") in Fig. 3.1, when the adaptive measurement outcome p

is obtained, reads

1
—d Wp), (3.20)
\/ P 2 (]
where
Per |UP
M Is) (3.21)

and where Prf},;l;p [p]={¥plyp). More generally, the inner product of two (not normalised) output

states |yp) and |y 4) of m-mode interferometers UP and V¥ with £ adaptive measurements thus
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is zero if |p| # |q|. If r := |p| = |q|, it is given by

1 1 *
v s It (v

) \/pl‘—q' se@E‘k,n—, % Per (UK(L’S)) Per (V(“Ilvs)vt) )

This expression is a sum of |®,,_j ,_,| terms, which is generally exponential in m whenever n

(3.22)

is not constant. It is reminiscent of the permanent composition formula [Per12, Bar16]: for all

m,n,ceN*,allseN,allue®,, ; and allve d, g,

Per (MN)yp|= ) 1‘ Per (My ) Per (N ) (3.23)

SED,
where M is a m x ¢ matrix and N is a n x ¢ matrix. In what follows, we prove that this expression in
Eq. (3.22) may be rewritten as a sum over fewer terms using the permanent composition formula
in Eq. (3.23). However, this formula is not directly applicable to the expression in Eq. (3.22). In
order to obtain a suitable expression, we first make use of the Laplace formula for the permanent:

we expand the permanent of U f (; s) along the columns that are repeated according to p and we

q
q,8),t

Laplace column expansion formula for the permanent reads: let n € N*, let W be an n x n matrix,
and let j € {0,1}". Then,

expand the permanent of V( along the rows that are repeated according to ¢. The general

Per(W)= ) Per(W;j)Per(Wyn_;17_j), (3.24)

i€{0,1}"

li1=1jl
where W; ; is the matrix obtained from W by keeping only the k™" rows and I"" columns such
that i, =1 and j; = 1, respectively, and Wy»_; 1»_; is the matrix obtained from W by keeping only
the £ rows and I*" columns such that i, = 0 and j; = 0, respectively. This formula is obtained
by applying the Laplace expansion formula for one column various times, for each column with

index [ such that j; = 1, and the same formula holds for rows.

Lemma 3.2. Let r € N. The inner product of two (not normalised) output states |y p) and |y q) of

m-mode interferometers UP and V? with adaptive measurements outcome p,q € Oy, , is given by

1 ; , .
Wplyg) = Wige%il}nPer (A )Per (BJ)Per (C ’J), (3.25)
il=|jl=r

where for all i,j€{0,1}" such that |i|=|j| =T,

i_ rrpt
A= U(i,om*”),(p,o'"*k) (3.26)

is an r x r matrix which can be obtained efficiently from UP,

J_v4
B V(q,O’”’k),(j,O"l*") (8.27)
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is an r x r matrix which can be obtained efficiently from V4, and

i.j _ 7Pt q
C - U(ln_i)omfn)’(ok’lmfk)‘f(ok’lmfk)’(ln _j,omfn) (328)
is an (n—r) x (n —r) matrix which can be obtained efficiently from UP and V4.
Proof. We consider the expression for the inner product obtained in Eq. (3.22):
Wplva) = — ) L per (U*"T )Per (V" ) (3.29)

We first apply the general column expansion formula in Eq. (3.24) to the matrix U? T with

t(p.s)
J=@",0"")e{0,1}*, obtaining
pt — pt pt
Per (U7 )= ie{ozl}"Per (Ut’(p,s))i’j Per (Utxp,s))ln_i,ln_j]' (3.30)

li|=r

Let us consider the matrix (Uf (J;”s))i ; appearing in this last expression, for i € {0,1}". Its
rows are obtained by keeping the ﬁrét n lines of UP' since # = (17,0™ "), then by keeping
only the I*” rows such that i; = 1. Its columns are obtained by repeating p; times the {t*
column for [ € {1,...,k} and s; times for [ € {¢ +1,...,m}, then by only keeping the first r
columns since j = (17,0"""). However, since |p| = |j| = r, these are the columes repeated

according to p. Hence,

pT _ yrpT
(Ut,(P,S))i,j - U(i,O”“"),(p,O'"‘k)’ (3.31)
where UP' is the matrix obtained from UP' by keeping only the !* rows such

(i,om—n ),(p,om—k)

that i; = 1 and removing the others, and by repeating p; times the /**

column for [ € {1,...,k}
and removing the others. Similarly, with [s|=[1"—j|=n-r,

pt ) _ rrpt
( tL(p.®)1n—j 17— - U(l”—i,Om’"),(Ok,s)’ (3.32)

where Ug :—i 0™, 0" 5) is the matrix obtained from UP' by keeping only the /** rows such that
i; = 0 and removing the others, and by repeating s; times the /* column for [ € (k +1,...,m}

and removing the others. With Egs. (3.30), (3.31) and (3.32) we obtain

pt ): ( pt ) ( pt )
Per (Utxp,s) 2, Per Ui om0 P U an_i gmmy 0 )

i€{0,1}"
lil=r
3.33
= Z Per(Ai)Per(UpT ) ( )
seto (1"=i,0"7),(0%,9))”
li|=r
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where we have defined, for all i € {0,1}" such that |i| =r,

i._grpt
At:= U(i,o”“”),(p,o"%k)’ (3.34)

which is an r x r matrix independent of s that can be obtained efficiently from UP.

The same reasoning with the general row expansion formula for the matrix V(?I o).t and the
rows i =(17,0"") gives
Per (Vq ) = Per | (V1 Per (Vq )
(g,s),t je%‘l}” ( (q,s),t)i,j (g.8)t)1n_j1n—j
= (3.35)
= Y Per (Vq P )Per (ng S ),
jE{O,l}n (q, ),(Jy ) ( ,S),( =J )

ljl=r
where V(:II 07) (.07 is the matrix obtained from V7 by repeating g; times the I** row for
1 €{1,...,k} and removing the others and by keeping only the [*” columns such that j; =1,
and where V? is the matrix obtained from V? by repeating s; times the [*" row

(Ok,s),(l"—j,o'"’”)
for I € {k +1,...,m} and removing the others and by keeping only the I** columns such that

J1 =0. Defining, for all j € {0,1}" such that |j|=r,

Jj.—y4q
B V(q,O’"‘k),(j,om-")’ (3.36)

the expression in Eq. (3.35) rewrites

q _ Jj q
Per (V(q,s),t) = ), Per (B )Per (V(ok,s),(lt j,O’”’”))’ (3.37)
Jje{o,1}
ljl=r
where B/ are r x r matrices independent of s and can be obtained efficiently from V9.

Plugging Eqs. (3.33) and (3.37) in Eq. (3.29) we obtain

1 . ,
Wplvg) = Y. |Per(A?)Per(B/)
VP!q! i jepo
lEl=ljl=r (3.38)
1
= pt q
8 s E(DZk sl Per (U(I"—i,Om‘”),(Ok,s)) Per (V(ok,s),(ﬂ— j,O’"‘"))] '
The sum appearing in the second line may now be expressed as a single permanent using
the permanent composition formula: for all i, j € {0,1}" such that |Z| = |j| = r, let us define
the (n —r) x (m — k) matrix

Fp.i ._ 7Pt
U '_U(1”—i,0'"*"),(0k,1'"*k)’ (3.39)
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and the (m — k) x (n — r) matrix
7q.J .— 774
Vv T "(ok)lmfk),(ln_j’omfny (3'40)
so that
Pt —UP!  and VY L=V (3.41)
(1"-i,0™),(0%,s) 1" (0%,5),1"-7,0m™) s,1
With the permanent composition formula in Eq. (3.23) we obtain
1 e .
Y = Per (U“’T o )Per (qu o ) — Per (UP”V‘”) ] (342
SEDy pn. s! 1%-i,0m7"),(0%,s) (0%,5),(1"—j,0™ ") 1" 1nr
Since UP'V %7 is an (n —r) x (n — r) matrix we thus have
1 e s
= pf q - Pivra.J
s€CI>z_:k B s! Per (U(I"—i,om_"),(ok,s)) Per (V(Ok,s),(l"—j,o’”'")) Per (U 4 ) ’ (3.43)
Then, Eq. (3.38) rewrites
1 . , ..
Wplyg) = ——— Z Per(A')Per(BJ)Per(C"-’), (3.44)
Vplq! i oy
lil=1jl=r
where we have defined
i .= gPiyad
_pt v (3.45)
(ln_i’om—n)’(okylm—k) (Okylm—k),(ln_j,om—n)’
is an (n —r) x (n — r) matrix which can be obtained efficiently from U? and V9.
[ |

By Lemma 3.2, the overlap is expressed as the modulus squared of a sum over (';)2 products of
three permanents, of square matrices of sizes |p| =r, |q| =r and (n —r), respectively. In the worst
case, when r = n/2, the sum has at most O(4") terms, up to a polynomial factor in n. In particular,
when n = O(logm), the overlap reduces to a sum of a polynomial number of terms, which can all
be computed in time O(poly m). Moreover, the cost of computing the overlap is independent of the
number % of adaptive measurements, up to the cost of constructing the matrices with repeated

lines and columns (which is O(poly m)). The overlap of normalised ouput states is given by

W plwg) 2

) (3.46)
Wplyp) (Yqlyg)

which may also be computed efficiently when n = O(logm). The efficiency of the classical algorithm
is summarised as a function of n and % in Table 3.2 and as a function of n and the number of
photons r detected during the adaptive measurements in Table 3.3, where the scalings are
obtained using Stirling equivalent n! ~ v27rn’ (%)n
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k o) O(logm) O(m)
0(1) O(poly m) O(poly m) O(poly m)
O(logm) O(poly m) O(poly m) O(poly m)
O(m) o@4m) oi4™) o4™)

Table 3.2: Simulability regimes for overlap estimation as a function of n and %. The scalings
indicated are upper bounds on the running time of the classical algorithm, up to a factor O(poly m).
Since the running time is independent of %, the columns are the same. In blue is the parameter
region for which the quantum algorithm is efficient.

4 o) O(logn) 0(n)
n
o(1) O(poly m) O(poly m) O(poly m)
O(logm) O(poly m) O(poly m) O(poly m)
O(m) O(poly m) 0408 m) O(4™)

Table 3.3: Simulability regimes for overlap estimation as a function of » and r. The scalings indi-
cated are upper bounds on the running time of the classical algorithm, up to a factor O(poly m).

k+n
n

Since the quantum efficient regime corresponds to (**") = O(poly m) and the time complexity
of the classical algorithm is O(4"), up to O(poly m) factors, there is a possibility of quantum
advantage for overlap estimation when 2 = O(1) and n = O(m).

In the case of probability estimation, the possible regimes for quantum advantage do not cor-
respond to near-term implementations: £ and n must be both greater than logm. However, for
overlap estimation, there is a possiblity of near-term beyond-classical computing with adaptive
linear optics using one adaptive measurement, which requires the preparation of photon number
states. Note that the interferometer should be concentrating many photons r onto the adap-
tive measurement in order to obtain possibly hard to estimate overlaps. Using more adaptive

measurements does not increase the complexity (apart from polynomial factors in m).

Having characterised these specific simulation regimes, we consider in what follows stronger
notions of simulation. In particular, we give classical algorithms for strong simulation of a large

class of continuous variable quantum computational models.

3.3 The computational power of non-Gaussian states

Continuous variable systems are being recognized as a promising alternative to the use of

qubits, as they allow for the deterministic generation of unprecedented large entangled quantum
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states, of up to one-million elementary systems [YUA*13a, YYK*16] and also offer detection
techniques, such as homodyne and heterodyne, with high efficiency and reliability (see sec-
tion 1.4.2). Any given continuous variable quantum circuit is defined by (i) an input state lying in
an infinite-dimensional Hilbert space, (ii) an evolution and (iii) measurements (see scetion 1.1.3).
An important theorem [BSBN02, ME12] states that if all these elements are described by positive
Wigner functions, then there exists a classical algorithm able to efficiently simulate this circuit.
Hence, including a negative Wigner function element is mandatory in order to design a continuous
variable subuniversal quantum circuit that cannot be efficiently simulated by a classical device.
Since Gaussian states and processes have positive Wigner functions, this necessarily corresponds
to the use of non-Gaussian resources.

Therefore, if one aims at minimal extensions of Gaussian models, three different families
of non trivial quantum circuits can be defined, depending on whether the element yielding
the Wigner function negativity is provided by the input state, the unitary evolution, or the
measurement.

In what follows, we analyse the computational power of non-Gaussian states and thus focus on
the case where Gaussian circuits and measurements are supplemented with non-Gaussian input
states as a computational resource. The results obtained have consequences for all three families
of circuits, since non-Gaussian gates and non-Gaussian measurements can be implemented by

Gaussian operations together with non-Gaussian ancillary states [GKP01, GS07, SW18].

3.3.1 Gaussian circuits with non-Gaussian inputs

We first extend a few definitions from the previous chapter to the multimode case, using multi-
index notations (see section 1.1.1). First, the stellar function, which provides a representation of

multimode pure states as multivariate holomorphic functions:

Definition 3.5 (Multimode stellar function). Let m € N* and let |w) =Y 50 ¥n In) € #°™ be a

normalised pure state over m modes. The stellar function of the state |y) is defined as

Fy(z) =8 gy = ¥ 2gm, (3.47)
n=0 VR

for all z € C™, where |2) = e zlzl? Y =0 % |n) € #£®™ is the coherent state of amplitude z.
The following definition also extends naturally from the single-mode case:

Definition 3.6 (Multimode core state). Multimode core states are defined as the normalised pure

quantum states which have a (multivariate) polynomial stellar function.

Like in the single-mode case, these are the states with a finite support over the (multimode)
Fock basis. For any m € N*, the set of multimode core states over m modes is dense in the set
of normalised states for the trace norm (by considering renormalised cutoff states). We also

introduce the following definitions:
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Definition 3.7 (Degree of a multimode core state). The degree of a multimode core state is

defined as the degree-sum of its stellar function.

Definition 3.8 (Support of a multimode core state). The support of a multimode core state is the

set of Fock basis elements which have nonzero overlap with the core state.

For example, the 3-mode core state %(IQIO) +1]001)) is of degree 3 and has a support of size 2,
and its stellar function is given by z?zz/2 +23/V2, for all (z1,29,23) € C3.

We consider Gaussian circuits with Gaussian measurements, supplemented by non-Gaussian
multimode core states in input, which we refer to as G¢ore circuits. Without loss of generality, a
Gaussian measurement may be written as a tensor product of single-mode balanced heterodyne
detections preceded by a Gaussian unitary (see section 1.4.2). G¢ore circuits are thus described
by two (multidimensional) parameters: a multimode core state |C) in the input and a Gaussian

unitary evolution G (Fig. 3.2).

het

o - G

het

Figure 3.2: Representation of a G oye circuit with multimode core state input |C). The unitary G
is Gaussian and the measurement is performed by heterodyne detection.

In what follows, we derive a general expression for the output probability density of these circuits.

Then, we study the classical simulability of G, circuits and of various subclasses of circuits.

We first recall a few combinatorial functions related to the permanent, which appear in the
expressions of the output probability densities. The hafnian of a square matrix A = (a;;j)1<; j<o2m
of size 2m is defined as [Cai53]

Haf(A):= ). [T aij (3.48)
MePMP(2m){i,jleM

where the sum is over the perfect matchings of the set {1,...,2m]}, i.e., the partitions of {1,...,2m}
in subsets of size 2. The hafnian of a matrix of odd size is 0. The hafnian is related to the

permanent by

Haf( pa B ) = Per(B), (3.49)
0

m
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for any m x m matrix B. By convention we set Haf (@) = 1, where @ is a square matrix of size 0.

The loop hafnian of a square matrix R = (r;;)1<; j<, of size r is defined as [BGQ19]

Haf(R):= Y. T[] rij (3.50)
MeSMP(r){i,jteM

where the sum is over the single pair matchings of the set {1,...,r}, defined as the set of perfect
matchings of a complete graph with loops with r vertices. This set is isomorphic to the set
II; 2({1,...,r}) of partitions of {1,...,r} in subsets of size 1 and 2 (by mapping a block {k} of size 1
of a partition to the matching {%,%} and a block {i, j} of size 2 to the matching {i, j}). In particular,

when R is a matrix whose diagonal entries are all 0, we have IHaf(R) = Haf (R).

We obtain a closed expression for the output probability density of Gaussian circuits with multi-
mode core states input in Theorem 3.1, by adapting proof techniques from [HKS*16, KHS* 19,

Quel9]. We first state an intermediate technical result.

Lemma 3.3. Let m e N*, let V be a 2m x 2m symmetric matrix and let D be a column vector of

size 2m. For all p,q € N™, there exists a square matrix Ap ¢(V,D) of size |p| +1q| such that

SBTVB+D"p

( 0 )p(i)qam(ﬁ,ﬁ*)dmﬁdmﬁ*

Tpq(V,D) :=f exp ﬁ op

peCm
=(-1)P*9Haf [A, 4(V,D)],

(3.51)

assuming the integral is well defined. The matrix Ap ¢(V,D) is obtained by repeating the entries
of V according to p and q and replacing the diagonal of the matrix obtained by the corresponding
elements of D (a detailed example follows the proof).

Proof. Writing p = (p1,...,pn) and q = (q1,...,9,), we first get rid of the integral by

successive integration by parts:

q
Tp.q(V,D)=(-1)P"ld! (%) ( 02*) exp %ﬁTViHDTﬁ

p=0

%BTVIHDTB (3.52)

J

P
m 5 \Pif o \¥
=(-1)PI*la l—[ (ﬁ) (@) exp

| |
j=1 j ; B=0

SBTVB+D"

»

0
— (_1)|p|+lq| (_~) exp
jel;p,q a‘Bj

where the multiset &y, 4 is defined as the set of size |p| + |q| obtained from {1,...,2m} by
repeating pj, times the index £ and gj, times the index m +£, for all k € {1,...,m}.
We make use of Faa di Bruno’s formula [Har06] in order to expand the product of partial

derivatives and we obtain

5'Bl
Tp’q(V,D):(_l)lleq\ Z H ( )

l.p - o
— | |=B"VB+D" p
neli@, ) Ben \[1jeB0Pj | 12

‘ , (3.53)
B=0
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where I1(&p 4) denotes the set of all partitions of the multiset & 4, and where the product
runs over the blocks B of the partition 7 € II(&p, ¢), with |B| the size of the block. The function
iiTVii +DTp is a sum of a quadratic and a linear functions, so all derivatives of order greater

than 2 in the sum vanish. We thus have

1BI
Tp,q(V,D)z(—1)|p|+|q| y H(6—~) ! -

nelly 2(Ep g) BEm HjeBaﬁj F=0
2
_-pPHe Y] ( 9 ) -
welly p(Ep )i flen 0,6 6/3] B0
<« 1 ( 9 ) |
(kjer \ OBz B0

where I1; 2(6p 4) denotes the set of all partitions of the multiset &5, 4 in subsets of size 1 and
2. All derivatives of order 2 of the linear term vanish, and all derivatives of order 1 of the

quadratic term vanish when evaluated at f = 0. We thus obtain

ﬁ] ‘ﬁ O{k}En(aﬁk) [DTﬁ”

2
Tp,q(V,D)=(—1)|p|+|q| Z H ( 0 )

nelly o(Ep g i jten aﬁzaﬁj
(3 55)
Writing V = (v;;)1<i,j<2m, With V.= V7, and D = (dz)1<<2m We obtain
Tpq(V,D)=(-1P" 5[] vy [] da. (3.56)

el 2(Ep ) i jlem {kYen

We now show that this expression may be rewritten as the loop hafnian of a matrix of
size |p| +|q|. Define V, 4 the (|p|+1q|) x (|p| + |g|) matrix obtained from V by repeating
pi. times its £* rows and columns and g;, times its (m + k)" rows and columns, for & €
{1,...,m}. Similarly, define D, 4 the column vector of size |p|+|q| obtained from D by

repeating pj, times its £ element and q; times its (m + k)"

element, for & € {1,...,m}.
Finally, let A, ¢(V,D) =(a;j)1<;,j<|p|+Iq be the (|p|+|q]) x (|p| + |g|) matrix obtained from

Vb,q by replacing its diagonal with the vector D, 4. Then, Eq. (3.56) rewrites

Tpq(V,D)=(-1)P*ld! Y [T aij I] ars
nelly o({1,....|pl+IgM i, jlen {k}em
=(-1)lPl*lal Z l_[ aij (3.57)

MeSMP(|p|+lgD{i.jteM
=(-1)P*9Haf [A, ,(V,D)],

where the sum in the first line is over the partitions of {1,...,|p|+|q|} in subsets of size 1 and
2, where the sum in the second line is over the single pair matchings of the set {1,...,|p|+|q|}

and where the third line comes from the definition of the loop hafnian in Eq. (3.50).
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Let us illustrate with an example how the matrix A, 4(V,D) appearing in Lemma 3.3 is con-
structed from the matrix V and the vector D. Let us set m =2, p =(2,0) and g = (1,0). We

write

Uil Vi2 V13 V14 d1
V21 Ug2 V23 U24 da
V= and D= . (3.58)
U31 U3z U3z Us4 ds
V41 V42 V43 V44 ds

We first build the matrix V), 4 by repeating pj, times the k" rows and columns of V and ¢, times
the (m + k)™ rows and columns. In that case, p = (p1, p2) = (2,0), so we repeat 2 times the first
row and column and discard the second row and column, and ¢ =(q1,q2) =(1,0), so we keep the

third row and column and discard the fourth row and column, obtaining the 3 x 3 matrix

V11 V11 V13
Vpg=|v11 vi1 vis|. (3.59)

U31 U31 Us3

kth

Similarly, we obtain the vector D, 4 by repeating p;, times the element of D and g, times the

(m + k)" element, as

Dpg=|di1|. (3.60)

Finally, we replace the diagonal of V}, ¢ by Dp, 4:

di vi1 vi3
Apq(V.D)=|v11 di vi3|- (3.61)

v31 v31 d3

Note that this construction by repeating rows and columns differ from the one encountered in the
previous section when dealing with the permanent of matrices, for which the first index denotes
which rows are repeated and the second which columns. Here, we are dealing with hafnians of
matrices of double size, where the first index denotes which rows and columns are repeated for
indices in {1,...,m}, while the second index denotes which rows and columns are repeated for

indices in {m + 1,...,2m}. However, the two constructions coincide when looking at matrices of

the form
0 B
T , (3.62)
B 0,
through the relation in Eq. (3.49):
0, B
Haf| = Per(B), (3.63)
B* 0,

for any m x m square matrix B.
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Combining Lemma 3.3 with phase space formalism (see section 1.2) and properties of Gaussian

states (see section 1.3), we obtain the following result:

Theorem 3.1. Let m,n € N* and let

ICy= > cplp), (3.64)

peN™

Iplsn
be an m-mode core state of degree n. Let G be a Gaussian unitary over m modes. For all a € C™, let
us write V and d = (d,d*) the covariance matrix and the displacement vector of the Gaussian state
GT\a). Then, the output probability density for the G ore circuit G with input |C) and heterodyne

detection, evaluated at a, is given by

. Z (=1)Pl+lql
Pregrela] = x(a,G) —
p,qeN" V p!q!

|pl=n,|ql=n

cpcylHaf (Ap 4), (3.65)

where Ap, 4 is the square matrix of size |p|+|q| obtained with Lemma 3.3 from

Op 1n _ - T
V—( )[ﬂgm—(vwzmm) 1 and D:[dT(V+ﬂ2m/2) e, (3.66)

ﬂm m

and where
exp [—%ElT (V +19,/2) " &]

a™\/Det(V + 1g,,/2)

K(a,G) = (3.67)

is a Gaussian prefactor.

Proof. The Gaussian circuit is composed of a Gaussian unitary G and balanced heterodyne

detection. The output probability density reads, for all « = (a1,...,a,;,) € C™,
Preorelal =Tr [G |CY(C| GTHa]

1 ~ N
_ ﬂ—mTr[GTIaMaIGIC)(CI] (3.68)

B jI:iECm QG”“XOLIG(ﬁ)PIC)(q(ﬁ)dmﬁdmﬁ*’

where I1, = ﬂim |a){a| is the POVM element corresponding to the heterodyne detection of
a=(ai,...,a,). The state GT|a) is a Gaussian state: let V be its covariance matrix and d its

displacement vector. For all y € C™, we write ¥ =(y1,...,Ym,Y],---»¥Ym)- Then, for all e C™,

1

"/ Det(V + 19,,,/2)

exp [—%&T V + 1]2,,1/2)_1 [i]
= ex

p
™ +/Det(V + 19,,/2)

1. - .~
Q61 ayaic (P = exp [—5(;6 —d) (V +12,/2) (B - d)]

—%if V +Tom/2) L B+d (V +Tgp/2) ! B] ,

(3.69)
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i.e., it is a Gaussian function which can be computed efficiently. On the other hand, we have

ICY(Cl= ) cpcylp)dl, (3.70)
p,geN™
Ipl=n,lql=n
so that
PexelB = Y. cpcqPipxal(P); (3.71)
p,geN™

Ipl=n,|ql=n

for all g€ C™. Moreover we have, for all p,q € N™ and all geC™,

18112 O\P[ & \4 i}
Pipyai(B) = — ( ) (—) 52m(B, B*)

Jola! B op*
f)Tq B p (3.72)
exPP (9\P( 5 \1 , .

where 62™(B,B*) = 5(B1)-- 0(Bm)O(B7)---6(B,,). Combining Egs. (3.69), (3.71) and (3.72) with
Eq. (3.68) we obtain

*

A CpCq { 1o+ —1~]
Pregrelal = x(a,G) e exp|—=B (V+T12,,/2)" " B
p,qzeNm vplq! Jpecr 2 ’
Ipl<n,lql<n (3.73)
il “15]28B( 0\ (9 ) s2meg. g\ gmpamp
xexp[d V + Tg/2) p]e (aﬁ) 357) OB AT,

where we have set

exp [—%&T(szm/z)—l&]

x(a,G) = (3.74)
™ +/Det(V + 19,,/2)
Given that
-t 1[0 1p
= , (3.75)
- ]
for all g € C™, the integral terms in Eq. (3.73) rewrite as
1or, 2 T“(a)p(a)q2m *xy gm m %
exp|=-p VB+D — "B, YA BA BT, (3.76)
J,ocnew 5B VB+D"B|(55] (557) o 68" pa"p
for |p| <n and |q| < n, where
Om 1m _
V:( )[ﬂzm—(V+ﬂ2m/2) 1 (3.77)
ﬂm @m

is a 2m x 2m symmetric matrix, due to the initial structure of the covariance matrix, and
where
_[a7f 11T
D=|d (V+19,/2) (3.78)
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is a column vector of size 2m. By Lemma 3.3, the terms in Eq. (3.76) are equal to
(-D)P*Haf (A, ), (3.79)

where the square matrices Ap 4 of size |p|+ |q| are obtained from V by repeating its entries
according to p and ¢ and replacing the diagonal by the corresponding elements of D (see the
example following Lemma 3.3 for a detailed description of the construction). With Eq. (3.73)

we finally obtain

. (_1)|p|+|q| .
Prcore[a]—K(a,G) p,qZENm chcquaf(Ap,q), (3.80)

IpI=n,lql<n

where 3 3
exp [—%d*(v +Tg/2) 71 d]

amy/Det(V + lgm/2)

where V and d are the covariance matrix and the diplacement vector of the Gaussian state

x(a,G) = (3.81)

G, respectively.

When the input core state is a multimode Fock state, we refer to the corresponding subclass of
G core Circuits as Gy circuits. In that case, the sum in Eq. (3.65) reduces to a single term and

we obtain the following expression:

Corollary 3.1. Let m,n e N* and let p = (p1,...,pm) with |p| = n. Let G be a Gaussian unitary
over m modes. For all a € C™, let us write V and d = (d,d*) the covariance matrix and the
displacement vector of the Gaussian state G'|a). Then, the output probability density for the Ggoer

circuit G with Fock state input |p) and heterodyne detection, evaluated at a, is given by

exp [—%&*(V + 112m/2)—1£l]
p!n™+\/Det(V + 19,,/2)

where Ap, p is the square matrix of size 2n obtained with Lemma 3.3 from

Prpocrlal = 1Haf(Ap p), (3.82)

Om 1n - 5 117
V:( 0 )[ﬂgm—(V+TJ2m/2) ' and D:[dT(V+ﬂ2m/2) . (3.83)

ﬂm m

3.3.2 Strong simulation of weakly non-Gaussian quantum circuits

In this section, we use the expression obtained in Theorem 3.1 in order to study strong simulation
of Gaussian circuits with few non-Gaussian elements. The first general result deals with general

Geore circuits, i.e., Gaussian circuits with multimode core state input.
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Theorem 3.2. Let m € N* and let |C) be an m-mode core state of support size O(poly m) and
degree n = O(logm). Then, G circuits over m modes with input |C) and heterodyne detection

can be strongly simulated efficiently classically.

Proof. By Theorem 3.1, up to an efficiently computable prefactor, the output probability
density is a sum of a polynomial number of loop hafnians, since the support size of the input
core state is polynomial. The loop hafnian of a matrix of size r may be computed in time
0(r3272) [BGQ19]. For |p| < n and ¢ < n, the matrices Ap 4 appearing in Eq. (3.65) are
efficiently computable square matrices of size |p|+|q| < 2n, so for n = O(logm), all the loop
hafnians may be computed in time O(poly m). Hence, the output probability density can be

evaluated in time O(poly m).

We now consider the evaluations of the marginal probability densities. Let 2 € {1,...,m — 1},

for all @ = (aq,...,az) € C* we have

Preorel@] = Tr | G 1C)(CIGT (g ©1,,-)]

1 qa )
= —kTr[GT(|a><a|®ﬂm_k)G|C><C|] (3.84)
T

—k *

="t | Q6waiss, w6 BP0 BB
where I1, = ﬂ—lk la1,...,ap){a1,...,ar| is the POVM element corresponding to the heterodyne
detection of (a1,...,az) over the first £ modes. With Lemma 3.3 and the proof of Theorem 3.1,

it is sufficient to show that @ 4+(4yaje1, )¢ 1S an efficiently computable Gaussian function in

mfk)
order to prove that the marginal probability density can be evaluated efficiently.

For all (aq,...,a) € CF and all (Y1,--sYm-2) € Cc™* we write @ = (a1,...,a3,0,...,0)€C™
and y =(0,...,0,v1,...,Ym-%) € C™ so that a +y = (a1,...,ar,Y1,---,Ym-k) € C™. Using the

overcompleteness of coherent states we obtain, for all (a1,...,az) € C* and for all peC™,

-k -k -k %
ﬂm QGT(|“)(“|®‘Dm—k)G(ﬁ):f QG‘*Ia+y)(a+r|G(ﬁ)dm Ydm Y - (385)

Y=Y 1,0 Ym-p)EC™*
Let S and d = (d,d*) be the symplectic matrix and the displacement vector associated with
the Gaussian unitary G'. The Gaussian state

GMlat,..., @, v15 s Ym-t) =G la+7) (3.86)

is described by the covariance matrix V = %S ST and the displacement vector S(& + )+ d.
Its @ function is thus given by

exp[-3(B-S(@+7)-d)" (V +12,/2)  (B-S(&+7¥) - d)]

Qs 2 (p) = ,
Glarpiasyc P 77 \/Det(V + Tgy/2)

(3.87)
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for all (ay,...,ap) € C*, for all (y1,...,Ym-z) € C™* and for all € C™. Let us discard the
efficiently computable denominator and expand the product in the exponential. Writing
M =V +19,,/2)" 1, we are left with

—%(B—Sa-&)*M(B—sa—&) —%«y*s*Msw(iz—sa —&)TMsy] ,  (3.88)

exp -exp

The first exponential term is an efficiently computable Gaussian function which factors out
of the integral in Eq. (3.85). Rewriting Eq. (3.85) up to this efficiently computable Gaussian

function we are left with

1 - -
f exp |-—7'STMSy +(B-Sa-d) MSy|d™ *yd™ "y
¥=(0,...,0,¥ 1,0 Y m—k)EC™ 2 (3.89)
1 )
= f exp | -7 Vy+DTy|d2m Py,
Y=Y 15 Ym— )ECTE 2
where V is the 2(m — k) x 2(m — k) submatrix of
0 1
"™oomSTMS (3.90)
ﬂm (Dm

obtained by removing the rows and colums of indices [ and m +1 for [ € {1,...,k}, and where

D is the column vector of size 2(m — k) obtained by removing the elements of

- ~ T
((B-sa-a)'us] (3.91)
ofindices / and m+I[ forl € {1,...,k}. The matrix V and the vector D are efficiently computable.
Moreover,
g o] omen.  CO"F [ 1 7,21
exp|—=y Vy+D ' y|d ¥=———exp|=D"'V"D|, (3.92)
L:(yl ..... Ym—1)ECT™ R 2 vDet(V) 2

which is an efficiently computable Gaussian function of f.
This implies that the value of the marginal probability density Pr[ay,...,ar] may be
computed efficiently. Moreover, it is clear that this does not depent on the choice of & €

{1,...,m — 1} and on the choice of the modes. Hence, all marginal probability densities may

be evaluated in time O(poly m).

This result has consequences for the simulability of various continuous variable quantum comput-
ing models, in particular those based on Gaussian operations and photon additions or subtractions.
We consider three examples in what follows: Interleaved Photon-Added Gaussian circuits (IPAG),
Interleaved Photon-Subtracted Gaussian circuits (IPSG) and Gaussian circuits with input Fock

states (Grock)-
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The stellar hierarchy of single-mode pure quantum states derived in the previous chapter details
the engineering of a single-mode quantum state from vacuum using unitary Gaussian operations
and single photon addition as a non-Gaussian operation. In particular, the states of finite stellar
rank, which corresponds to the states that can be obtained from the vacuum using a finite number
of single photon additions or subtractions, are shown to be exactly the states that are obtained by

applying a Gaussian unitary operation to a single-mode core state (Theorem 2.4).

As we will see here, the situation is different in the multimode case: we show that the set
of states that can be obtained from a multimode core state with a multimode Gaussian unitary
operation is strictly larger than the set of states that can be obtained from the vacuum using
a finite number of single photon additions and Gaussian unitary operations (Lemma 3.4). We
also deduce strong simulability results for Gaussian sampling of the latter states. To that end,
we consider the family of quantum circuits which sample from states in this set with product
unbalanced heterodyne detection, which we refer to as Interleaved Photon-Added Gaussian
circuits (IPAG) due to their structure (Fig. 3.3).

o— —at— —-af—  —n
‘D>f GO ] Gl T '—.GAN._hEt
|O); I I — het

Figure 3.3: Representation of Interleaved Photon-Added Gaussian circuits with n photons ad-
ditions. The unitaries Go, .. .Gn are Gaussian and the measurement is performed by balanced
heterodyne detection. Note that all photon additions act on the first mode without loss of general-
ity, since swapping two modes is a Gaussian operation.

Formally, IPAG circuits with m modes and n photon additions are defined as: (i) product vacuum
state over m modes in input, (ii) an evolution composed of interleaved multimode Gaussian
unitaries GO, . ,G » and n single-mode photon additions, and (iii) product unbalanced heterodyne
detection (not necessarily with the same unbalancing for each mode). Without loss of generality,
all the photon additions act on the first mode, since swapping two modes is a Gaussian oper-
ation. Moreover, up to an added multimode squeezing to the final Gaussian unitary G, the

measurement may be written as a product balanced heterodyne detection.

We first establish a reduction to an equivalent model where the evolution and measurement
are Gaussian and only the input state is non-Gaussian. This is done by commuting the photon

additions to the input of the circuit. The output state of an IPAG circuit with m modes, n photon
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additions and Gaussian unitaries éo, ... ,Gn is given by
GndlG,1dl...G1a1Go10)°™, (3.93)

where we have assumed that all the photon additions act on the first mode without loss of gener-
ality. Gaussian operations act on annihilation and creation operators through their symplectic
representation. They induce affine transformations of the vector of annihilation and creation

operators (see section 1.3). Let us define the column vector of ladder operators

~F
aq

Af= , (3.94)

and let G be an m-mode Gaussian operation. Then, there exists a 2m x 2m symplectic matrix
S =(sij)1<i,j<2m and a complex vector d =(d1,...,d ), such that for all k € {1,...,m},
GalGT =dy +(SAM),
m (3.95)
=dp+ Z_ZISk,zd; +Sk,m+141,
where (SAT), indicates the £ element of the column vector SAT. Hence, commuting to the right
the creation operators in Eq. (3.93), starting by the rightmost one, yields
GndJ{ . Gldwiéo |0>®m = Gndiéz cee aiGAlGo [d(lo) + (S(O)A)l] |0)®m
=... (3.96)
=Gp...Go[dI 0+ V)] ... [a? + (SO 10",

where S%® and d® implement the affine transformation corresponding to the action of (Gk G Bel-- .GO)T,
for all & €{0,...,n — 1}. Writing G := G,Gn_1...Go, S® = (sgk;)lsi, j<am, and d® = (@dP,...,d®)
for k €1{0,...,n —1}, we obtain the output state

G Crpag), (3.97)
where the state
(n-1) | W (=D At . (n-1) ©) , W (04, (0
|Crpac) = |d7" +lzlsl’fZ a;+sy dr]...|dy +lzlsl’ldl+sl,m+ldl 10y®™ (3.98)

is a multimode core state of degree n (and not less, by property of symplectic matrices). Using

this characterisation, we obtain the following result:

Lemma 3.4. The set of output states of IPAG circuits is strictly included in the set of output states

of Geore CirCuits.
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Proof. The inclusion is immediate with Eq. (3.97). Up to the Gaussian unitary, it is sufficient
to consider core states. To prove the strict inclusion, we show that the m-mode core state
(120) + 101)) ® |0)°™~2 (we omit normalisation), which has degree 2, is not a core state of the
form of Eq. (3.98).

By Eq. (3.98), all m-mode core states of IPAG circuits of degree 2 have the form

m m
1 1)~ 1) - 0 0) » 0 N
(d( )+ Z sge )a}; +s(m)+kak) (d( )+ Z sg )a; +s(1’:n+lal) |0y®™ (3.99)
k=1 =1
for some complex numbers d® dO s(lo), 3(20;1,3(11), (1) . This expression rewrites
(d‘l) - Z sl j};kdk) (Z s?11) +d© |0>) (3.100)

where for all [ € {1,...,m}, we write 1; =(0,...,0,1,0...,0), with a 1 at the [th position. We
finally obtain

m m
\/5,; 8(0) (1)|2k>+k;1 EON (1)|1k+ll>+kzl(d(1) ROBEION (1))|1k>+(d<0)d(1)+kz SZO) glk)m),

(3.101)
where for all & € {1,...,m}, we write 2; =(0,...,0,2,0...,0), with a 2 at the £** position. On

the other hand we have
(120) + [01)) ® [0Y2™ 72 = |2) + |15). (3.102)

In order for this core state to be of the form of Eq. (3.101) we must have

{ s(lo)s(ll) #0

(3.103)
0) (1) =0, for k #1,

by considering the first and second terms of Eq. (3.101). This implies sgeo) (1) =0forall 2 #1.
Hence, the coefficient of |13) in Eq. (3.101) is equal to 0, while it is nonzero in Eq. (3.102).
Therefore the core state described by Eq. (3.102) cannot be generated by an IPAG circuit.

In other words, the set of states that can be obtained from a multimode core state with a
multimode Gaussian unitary operation is strictly larger than the set of states that can be
obtained from the vacuum using a finite number of single photon additions and Gaussian unitary

operations, unlike in the single mode case, where the two sets coincide.

Another consequence of Eqgs. (3.97) and (3.98) is the following result:
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Lemma 3.5. IPAG circuits over m modes with n = O(1) photon additions can be strongly simulated

efficiently classically.

Proof. When n = 0O(1), the support size of the core state |Cipag) in Eq. (3.98) is O(poly m)

and its degree is O(1). Then, the result comes from a direct application of Theorem 3.2.

When n = O(logm) however, the support size of the core state is superpolynomial, so the classical

algorithm is no longer efficient.

Similarly, we can define Interleaved Photon-Subtracted Gaussian circuits (IPSG) by replacing
photon additions by subtractions in the definition of IPAG circuits. With the same reasoning we

obtain the following result:

Corollary 3.2. IPSG circuits over m modes with n = O(1) photon subtractions can be strongly

simulated efficiently classically.

Proof. We use again the fact that Gaussian operations induce an affine transformation of
the vector of annihilation and creation operators. Let G be an m-mode Gaussian operation

with symplectic matrix S and displacement vector d. Writing

a
d”f
At=7m (3.104)
ai
am
and taking this time the adjoint of Eq. (3.95) we obtain
GarGt =d; +sAh]
m (3.105)
_ g% A * AT
=dj+) 85,01+ 5) 4],

=1

for all 2 € {1,...,m}. The same proof as for IPAG circuits shows that the output state of an

IPSG circuit with n photon subtraction and Gaussian evolution GO, ... ,Gn reads

GICrpsa), (3.106)
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where G = Gn .. .éo and where
m m
GICpse) = |dj" P+ Y s Va; + s’l‘f;f;d}) .. (d;‘“” +Y 51V +s10 al l1oy°m,

- o (3.107)
where S = (s(ilf}hsi,jszm and d® = (d(lk),...,dgi)) are the symplectic matrix and the dis-
placement vector of (G1Gp_1...Go)', for all E €{0,...,n — 1}. When n = O(1), this core state
has support size O(poly m) and degree O(1), and Theorem 3.2 concludes the proof.

Note that the same reasoning also holds for Gaussian circuits interleaved with both photon

additions and subtractions.

A particular subclass of IPAG circuits, where all the photon additions act at the beginning of the
circuit, is the class of Ggoci circuits, i.e., Gaussian circuits with Fock state input. In that case,
the input is a multimode core state of support size 1. With Corollary 3.1, we obtain the following

result as an immediate consequence of Theorem 3.2:

Lemma 3.6. Let m € N* and let p € N™, such that |p| = O(logm). Then, Gg,e circuits over m
modes with Fock state input |p) and heterodyne detection can be strongly simulated efficiently

classically.

In other words, sampling with Gaussian measurements over m modes from n = O(logm) in-
distinguishable photons is strongly simulable classically. This contrasts with the case where
m = O(poly n): we show in the next section that strong simulation and even weak simulation of
sampling from n photons in m modes with Gaussian measurements is classically hard in that

case.

3.3.3 Quantum supremacy with non-Gaussian states

In the recent years, there has been an increasing interest in quantum circuits that define
subuniversal models of quantum computation [BJS10, AA13, MFF14, BMS16, FH16, DMK*17,
BIS*18]. These models may allow for an experimental demonstration of quantum computational
supremacy [HM17], i.e., the predicted dramatic speedup of quantum computers over their classical
counterparts for some computational tasks [AAB*19]. Subuniversal models for demonstrating
quantum supremacy are associated with sampling problems for which the task is to draw random
numbers according to a specific probability distribution. Some of these probability distributions
are likely to be hard to sample for classical computers, assuming widely accepted conjectures in
computer science, such as the fact that the polynomial hierarchy does not collapse, for example
with the celebrated Boson Sampling (see section 1.4.5 and [AA13]).

For continuous variable quantum circuits, the classical hardness of circuits with Gaussian

input and evolution and non-Gaussian measurement, corresponding to Gaussian Boson Sampling,
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was proven in [LLRK* 14, HKS" 16]. These circuits are composed of input squeezed states, passive
linear optics evolution, and photon counters. In that case, the measurement is a discrete variable
measurement. Subuniversal models with Gaussian input and measurements but non-Gaussian
gates are for instance related to the continuous variable implementation of Instantaneous
Quantum Computing [DMK™*17, DMK™" 19]. Other subuniversal continuous variable circuits that
displays non-Gaussian input states together with Gaussian operations and measurements, have
been recently considered [CC17, LRKR17].

In this section, we define and study a family of continuous variable quantum circuits which
we refer to as CVS circuits—for Continuous Variable Sampling—that take non-Gaussian input
states and have Gaussian evolution and measurements. The non-Gaussian input states are
either single-photons (CVSgp circuits), single photon-subtracted squeezed vacuum states (CVSpg
circuits), or single photon-added squeezed vacuum states (CVSpy circuits), and the measurement
is unbalanced heterodyne detection (see section 1.4.2), yielding a continuous variable outcome.
These models are analog to the Boson Sampling model [AA13] and the Photon-Added or photon-
Subtracted Squeezed Vacuum (PASSV) sampling model [OSM™ 15], but with heterodyne detection
replacing photon counting. We show in what follows that they allow for the demonstration of
quantum computational supremacy with non-Gaussian input states and Gaussian measurements.

The family of CVS circuits is a subclass of IPAG and G circuits. Their architecture is
inspired by recent experiments performed at Laboratoire Kastler Brossel (LKB), where mode-
selective single photon subtraction from a collection of multimode squeezed states has been
recently demonstrated [RJD*17], and where simultaneous detection of all the optical modes can

also be implemented by means of multipixel homodyne detection [Bec00, FGC*13].

We use for brevity the notations ¢, = coshy, sy, = sinhy and ¢, = tanhy, for all y € R. CVSpg
circuits are defined formally as follows (see Fig. 3.4, CVSps and CVSgp are defined analogously by
changing the non-Gaussian input states). Let m be the total number of optical modes. We recall
the definition of the squeezing operator with squeezing parameter ¢ € C: S(&) = e3¢d™=8"d" e
restrict to real squeezing parameters in what follows. In that case, ¢ < 0 results in p-squeezing
while ¢ > 0 in §-squeezing.

The first n modes are single photon-subtracted squeezed vacuum states denoted by 4 |¢&),
where we omit the normalisation factor. The remaining m —n modes are squeezed vacuum states
|&). We assume that the real squeezing parameter ¢ is uniform over all the modes and does not
depend on the number of modes m. We require that n is even and that m = O(poly n) = 2n.

The input modes undergo a passive linear evolution U that is described by an m x m unitary
matrix U of the form

U =0e'%> (3.108)

with ¢ € R, O € O(m) and Z € Og(m), i.e., O is a real orthogonal matrix, and X is a real symmetric
orthogonal matrix, and hence satisfies 2 = 1 (this choice yields a convenient expression for the

output probability distribution of CVS circuits).
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1) — —< ale) — —< af|e) — —¢
|1)f fC &\Qf fC flT\f)f fC
) — U‘ B ale) — U B afle) — U B
10)— —¢ &) — —¢ ) — —¢
0 — ¢ & — e & — ¢

(a) (b) ()

Figure 3.4: Representation of CVS circuits. The passive linear optics evolution is associated
with the unitary matrix U defined in Eq. (3.108). Measurement is performed by unbalanced
heterodyne detection with parameter (. (a) CVSgp: in input are vacuum states and single photon
states. (b) CVSps: in input are squeezed vacuum states and single photon-subtracted squeezed
vacuum states. (c) CVSpa: in input are squeezed vacuum states and single photon-added squeezed
vacuum states.

Finally, the mode quadratures are measured by unbalanced heterodyne detection with pa-
rameter { € R, i.e., by projecting the output states onto displaced squeezed vacuum states
laj,¢) = D(a;j)S()]0). The term a; = Ver(e g +ie*?p;) corresponds to the displacement value
of the j** mode, where ¢ j and p; are the measured outcomes at the (distinct) output modes of

Ak s
aa —aa (see also

the j**-mode heterodyne detector. D(«) is the displacement operator D(a) = e
section 1.4.2). The squeezing parameter of the detection { is uniform over all the modes and
satisfies

I1=Q (2—P°1ym). (3.109)

From the Gaussian convertibility example in Eq. (2.81) of the previous chapter, we know that a
photon-subtracted squeezed vacuum state, a photon-added squeezed vacuum state and a squeezed
single-photon Fock state, all with the same real squeezing parameter ¢ € R, are equal:

SO =——alo) = —a' 16y, (3.110)

S¢ C¢

By virtue of these identities, the architectures CVSpg and CVSp, are in fact identical. Moreover,
the architecture CVSgp is obtained from the first two by letting the squeezing parameter ¢ go
to 0. Hereafter, we therefore refer to all three configurations as CVS circuits over m modes,
with n non-Gaussian input states, input squeezing ¢ € R, evolution U = Oe!?* and unbalanced
heterodyne detection ¢ € R (Fig. 3.5): all CVS circuits are therefore specific Ggyex circuits, being

also a subclass of IPAG and Gqre circuits.

In order to obtain an output probability distribution, we introduce a finite binning of size n >0

for the output probability density of CVS circuits. This allows for the definition of a set of indices
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1) —S(&)- —
1) —S8(6)- —
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Figure 3.5: An alternative representation of CVS circuits. The input has been rewritten using the
mapping of Eq. (3.110). S(¢) is the unitary associated to a squeezing with parameter ¢ € R, while
U is a passive linear optics transformation described by a unitary matrix U defined in Eq. (3.108).
The output is measured using unbalanced heterodyne detection with parameter { € R.

b = (b(lq),...,b%),b(lp),...,b%))) € Z?™ that corresponds to bins for the § and p quadratures. We
denote Prgvs[b] the discrete probability that, for all j € {1,...,m}, the j**-mode measurement
outcome (g, p;) falls into the boxes B;q) = [b;q)n,(bﬁq) + 1)17] , B;.p) = [bzp)n,(b?) +1)n|. This prob-
ability distribution is related to the real-valued probability density associated with CVS circuits,
Prcvslgi,pi,---,qm,pml, by

m
Priysbl=[1 | | Prevslai,pi,....qm.pmldq;dp;, (3.111)
J=1 qu ij

where q1,p1,...,9m,Pm are the continuously distributed measurement outcomes of the product
unbalanced heterodyne detection over m modes. This model of detection is equivalent to perfect
heterodyne detection, followed by a binning of the outcome results performed at the stage of

post-processing. We assume a resolution scaling with the number of modes as 7 ~ 27POV ™,

We prove that the probability distribution Pr’évs[b] is hard to sample for a classical computer,
both in the worst case scenario—i.e., weak simulation of all CVS circuits is hard—and in the
average case scenario—i.e., weak simulation of a randomly chosen CVS circuit is hard—under
the assumption that the polynomial hierarchy does not collapse (see section 1.4.5 for a brief
review of the complexity classes appearing in this section). The argument adapts proof techniques

from [AA13, HKS*16, LRKR17, CC17] and follows these lines:

¢ We compute the expression Proysl[0] of the (continuous) probability density evaluated at
0=(0,...,0) for a given CVS circuit.

111



CHAPTER 3. BEYOND-CLASSICAL QUANTUM CONTINUOUS VARIABLE MODELS

* We show that for any real matrix X, one can find a CVS circuit such that the expression

Prcysl0] is related to the square of the permanent of X by a multiplicative factor.

* We show that a classical machine sampling efficiently from the (discrete) probability
distribution PrgvS [b] associated to this CVS circuit would allow us to approximate multi-
plicatively the square of the permanent of X in the third level of the polynomial hierarchy,
yielding a contradiction with the widely believed conjecture that the polynomial hierarchy

does not collapse.

Lemma 3.7. We consider a CVS circuit over m modes with n = 2p non-Gaussian input states,

input squeezing & € R, evolution U = 0e'** and unbalanced heterodyne detection { € R. Then,
Preysl0] = x(¢,¢,0) Haf (2,)?, (3.112)

where Z,, is the n x n top left submatrix of £ and where

Zm/zsg( sin™(2¢)

x(¢,¢,0) = (3.113)

am [1 +corcor —S2:So¢ COS(2¢))] ntm/2”

Proof. CVS circuits are G, circuits. For a CVS circuit over m modes with n = 2p non-
Gaussian input states, input squeezing & > 0, evolution U = Oe'?* and unbalanced hetero-
dyne detection { > 0 (Fig. 3.5), the multimode Fock state input is [1)*" ® |0)*™" and the

corresponding Gaussian unitary evolution is given by
G =STQ*™US©)*™. (3.114)
Let V be the covariance matrix of the Gaussian state G'10), its displacement vector being 0.

By Corollary 3.1, the output probability density evaluated at (0,...,0) is given by

Preysl0] = [Haf(A,) (3.115)

7/ Det(V + lgm/2)

where A, is the square matrix of size 2n obtained with Lemma 3.3 from

On 1n 1
V= [Tom —(V +12,,/2)"!] and D =0, (3.116)

ﬂm m

by keeping only the k" and (m + )" rows and columns of V for % € {1,...,n} and by replacing
its diagonal entries by the corresponding elements of D. Now D =0, and for a matrix whose

diagonal entries are 0, the loop hafnian is equal to the hafnian. Hence,

Haf(A,)

7/ Det(V + Igpn/2)

We now derive the expression of the matrix A, in terms of the CVS circuit parameters:

Prcvsl0] = (3.117)
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Lemma 3.8. Define

—82¢Cor + C2:S2¢ COS(Z([)) S9¢ sin(2(,b)

= +1 .
1+ coccor — s2r89¢ cos(2¢) ™1y CosCor — S2cS2r cos(2¢)

Then,

where B,, is the n x n top left submatrix of B.

B
Proof. We show that V = (

m

0
;) From Eq. (3.116) we have

0, 1n _
V:( o )[1]2m—(V+112m/2) 1,

ﬂm m

where V is the covariance matrix of the Gaussian state
STOPmUTS©)®™ 10y 01°™ STQ)*mUS(©)*™.
This covariance matrix is given by (see section 1.3.3)

V=8 eSyrScVvacSiST ST,

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

where Vuc = l2,,/2 is the covariance matrix of the vacuum state over m modes, and S_¢,

Sy+ and S; are the symplectic matrices describing the action on the covariance matrix

of the operators ST(&)®™, Ut and S({)®™, respectively. Using the notation cy =coshy and

sy =sinhy for all y € R, we have

el —selm 3 uT o, _edtm s¢Tm
S_¢= , Syt= i S¢= .
=8l celm 0, U ST ¢l

With Eq. (3.122) we obtain

V= 1 celpy —Sgﬂm) (UT @m) (C(ﬂm S(ﬂm) (C(ﬂm S(ﬂm) (U* @m)( cely,
T2

=8l

=S¢l cely )\ O Ut $¢lm el \s¢Tm el )\0n U

1
2 —SgC(UT + CgS(U.r —SgS(UT + C(fC(U-Jr

1 [coccor — s2e52¢ cOS(2P) ],
2 [—82502( +coeSor COS(2([))]1]m — ng( sin(2(,b)2
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CfS(U* — SfC(U —SE.S‘(U* + CEC(U

[—s2ccor + coaesor cos(2)]1,, + is9; sin(2¢)Z
[coccar — saes2 cos(2¢P)]1,

(3.123)

—Sf'ﬂm
celpy,

cectUT —seseUT cesUT —seeUT ) (CgC(U* —seseU =seecU* +eescU

|

(3.124)
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2
X

with 070 =1,, and 22 = 1,,, so that U'U = UTU* = 1,,, UTU = cos(2) 1, + i sin(2¢)Z and
UTU* = cos(2p)1,, — i sin(2¢)Z. The matrix V + %ﬂgm may thus be expressed as:

where in the third line we used c%+s =cgy, 2¢ySy = S2y, and c% —s% =1, as well as U = Qe'¥*

1 [1+corcor — s2¢s2¢ €0s(2P)] T,y [—saecor + caesar cos(2)] 1y, + isgr sin(2¢)X

2 [—s2¢cor + coesar cos(2)] 1, — isgr sin(2¢)Z [1+ carcor — s2¢82¢ €0s(2P)] T,y
(3.125)

With Eq. (3.120), we simply need to show that the inverse of the above matrix is

Op 1

(3.126)
Tm Onm

B* 0p,) (1. -B
0, B \-B* 1,)

A tedious but straightforward matrix multiplication with Eq. (3.125) concludes the proof,

using c% - s% =1and 22 = 1,.

O
With Lemma 3.8 and Eq. (3.117) we have
Preysl0] = 1 Haf (BZ ®”) : (3.127)
am\/Det(V +12,,/2)  \On Bn
where
_ —SgrCor +CosSyg cos(2¢) . s9¢ sin(2¢) s (3.128)

= +
14 cosCor — 8252 cos(2¢h) " 1+ corcor — sarsar cos(2¢)

with X, the n x n top left submatrix of X. Since the hafnian of a matrix does not depend on

its diagonal entries, Eq. (3.127) can be rewritten as

1 in(2 -2 0
Proys[0] = Haf s sin2¢) ten o T
1™ /Det(V + lgp/2) 1+ coecor —sacsgccos(2P) | 0, iZ,
(3.129)
_ 1 S2¢ sin(2¢>) nH £ —iZn @n
1™ /Det(V + lgp,/2) | 1+ coecar — 8259 0s(2¢) 0, iZ,
Now Haf (M & N) = Haf (M)Haf (N), so the previous expression yields
1 in(2 n
Preysl0] = s2 Sin(2¢) Haf (2,,)%. (3.130)
am+/Det(V + 1g,,/2) | 1+ coccar — s2:52¢ cos(2¢)
Finally, we compute Det(V + 1g,,/2):
Lemma 3.9. 1
Det(V +m/2) = o [1+ corcor — soesarcos(2¢)]™ . (3.131)
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Proof. From the proof of Lemma 3.8 we have

(V +19,,/2) L = ( b _B) , (3.132)
-B* 1,
so that
Det (V + g /2) =
Det bn —B
_ 1, (3.133)
1

~ Det(1,, —BB*)’
Using the expression of the matrix B in Eq. (3.118) we obtain

BB* — ( —Sg¢Cor + Cor89r cos(2¢h) . S9¢sin(2¢) )
1+ C2:Cor — 82882( COS(2([)) m 1+ C2eCor — 82882 COS(Z([))
y ( —89¢Cor + corSar cos(2¢) iy S9r sin(2¢h) )
1+ C2:Cor — 82882¢ COS(Q(P) m 1+ C2eCor — 82882( COS(2([)) (3.134)
[—sgccar + cocsa cos(2)] + s5¢ sin2(2¢)
[1 +C2:Cor — 82882 COS(2([))]2 ’
where we used X2 = 1,,,. Hence, with Eq. (3.133) we obtain
Det(V + 19;,/2) !
e =—
""" Det(l,, — BB*)
B 1
1 _ [_32502("'02652( COS(2¢)]2+S§[ Sin2(2([)) m
[1+Cz§02(—82582( COS(Z([))]2
B [1 +corcor —S2:89¢ COS(2([))]2m
B [ 2 2 2 .. 92 m
[1+cagear —soesar cos(2¢)]” — [—saccar + carsar cos(2h)]” — 55, 5in*(2¢)
(3.135)
1 m
= om [1 + corcor —S2¢Sor COS(2([))] .
O
Combining Eq. (3.130) and Lemma 3.9, we finally obtain
2’”/23’2‘( sin”(2¢) 5
Preysl0] = — Haf(X,)~, (3.136)
m [1 + corCor —S2eS2¢ COS(Z(,D)]
where n =2p is the number of single photons in the input.
|

Note that the matrix O appearing in the definition of the CVS circuit Eq. (3.108) does not
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contribute to the output probability distribution. It provides additional degrees of freedom that
may be useful for experimental considerations.

Note also that the expression of the prefactor x(¢,¢,() is left invariant when replacing ¢ and
{ by —¢ and —{, which corresponds to changing which quadrature is squeezed both in input and

output.

In the case of CVSgp circuits—with single photons as non-Gaussian inputs—the squeezing

parameter ¢ is equal to 0 and we have the following result, using 1+ cgo; = 20? and sg; = 2¢¢s¢:

Corollary 3.3. We consider a CVSgp circuit over m modes with n = 2p non-Gaussian input single

photon states, evolution U = 0e'?* and unbalanced heterodyne detection { € R. Then,

Prevsgpl01 = ksp(¢, ) Haf (2,,)%, (3.137)

where Z,, is the n x n top left submatrix of T and where

t? sin"(2¢)
ksp(),0) = —m (3.138)
JT C(

with t; =tanh({ and c; = cosh(.

Next, we relate the output probability density evaluated at (0,...,0) of CVS circuits to the
permanent of real matrices. Specifically, we provide an explicit construction holding for any real

square matrix X.

Lemma 3.10. Let n =2p and let X € RP*P. For all m = 2n and v < 1/||X|| there exists a matrix

X € Os(M) such that its top left n x n submatrix is

= o (3.139)

Proof. DefineY =vX. The matrix 1, -YTy is symmetric positive semidefinite since [|[Y || < 1.
It thus has a Cholesky decomposition 1, ~YTY = Z"Z for some square matrix Z. The columns

of the n x p matrix

Y
) (3.140)
Z

form an orthonormal family that can be completed into an orthonormal basis of R*. The

matrix obtained with these columns is orthogonal by construction and reads

(3.141)
BT D

YC)
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where B,C,D are p x p matrices. Finally, with the constraint m = 2n, setting

0O Y 0 C o0
YT 0 B o0 0
X=lo BT 0 D 0 (3.142)
ct o DT o 0
0 0 0 0 Tpon

yields an m x m symmetric orthogonal matrix—its columns are orthonormal by construction—

which top left n x n submatrix is precisely given by Eq. (3.139).

Recall that a specific relation holds between the hafnian and the permanent. Namely, for any

square matrix X, we have

0 X
Per(X) = Haf( T ) (3.143)
X 0

Using Lemma 3.7 with the matrix from Lemma 3.10, we get that for any square matrix X there

exists a CVS circuit CVSx which probability density at the origin reads:

2
PrCVSX [0] =x(¢,¢, ) Haf (zfl()
2

=v"k(,¢,0) Haf(;T }é)] (3.144)

=v"%(¢,&,) Per(X)?,

where v < nTln’ and where

2"2s% sin”(2¢)

K($,6,0) = (3.145)

T [1 + corCor — S2e89¢ COS(2¢)]n+m/2 .
By Theorem 28 of [AA13], multiplicative approximation of Per(X)? is a #P-hard problem for real
square matrices. Formally, for any g € [1, poly n], the following problem is #P-hard: given a real

matrix X € R**" such that 1/| X | = 2_p°1y(n), output a nonnegative real number Px such that

Per(X)?
8
The multiplying factor v*«(¢,¢,() in Eq. (3.144) is finite and non-vanishing for some values of &,{

< Px < gPer(X)2. (3.146)

and ¢, so we obtain the following result:

Corollary 3.4. For any g € [1,poly nl, the following problem is #P-hard: given a real matrix
X e R"*™ such that 1/|| X || = 2‘1"’ly(n), output a nonnegative real number Px such that
Preysy,[0]

g < PX < gPrCVSX [0]. (3.147)

117



CHAPTER 3. BEYOND-CLASSICAL QUANTUM CONTINUOUS VARIABLE MODELS

This is because by construction %{Z(“) would then provide a multiplicative approximation of
Per(X)?. As it turns out, this problem is easier to solve if one can perform weak simulation of

CVS circuits classically:

Lemma 3.11. Given access to a classical oracle which samples from the discretised output
probability distribution of CVS circuits PrZVS of resolution n, for any g € [1,poly n], the following
problem can be solved in the third level of the polynomial hierarchy PHs: given a real matrix

X e R™™ ", output a nonnegative real number Px such that

Pr 0]
V8 < Bx < gPreys, [0, (3.148)
By classical oracle, we mean here an oracle that takes a uniformly random input string as its only
source of randomness (it has no built-in randomness as a quantum machine would). Note that
we consider a classical oracle sampling from the discretised output probability distribution of
CVS circuits Pr’"

CVs’
weaker oracle since one may obtain samples from PI‘TéVS using samples from Prcyg, with efficient

rather than from the continuous probability density Prcys. This is a strictly

classical post-processing.

Proof. With Eq. (3.111), the probability distribution for a CVS circuit with a finite resolution
of the heterodyne detection 1 ~ 2 PV evaluated at 0 (in a slight abuse of notation we

denote both the outcome and the corresponding discretised box by 0), reads:
. m . en n
Priyg[0]= ]_[f f dqjdp;Provslqi,pis---,qm,pml- (3.149)
j=174,=0 p;j=0

Performing a Taylor expansion of the multivariate function x — Prcyslx] around the value
0=(0,...,0), we obtain

xY
Provslol= ), —0"Prevsl0]. (3.150)
YEsz .

Plugging this expression in Eq. (3.149) and integrating we get

0" Prcysl0]

Prn [0] = 172m Z n|Y|
v yeN2m (y1+D!...(yom + D!

) _— nlyl—l (3.151)
=n""Prcysl0]+n°™* 0" Prcysl0],
oo EZNM 14Dl (am+ DI OV
ly|>0
so that .
Pr/.,.[0] lyl-1
CvVSs n
——=— —Prcys[0] = 0V PrcyslO0]. (3.152)
n2m CVs ﬂyezsz 1D (rzm + D! Cvs

ly>0

If  is small compared to Prcys[0], a multiplicative approximation of PrgVS[O] /m*™ thus

yields a multiplicative approximation of Prcys[0].
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We have m = polyn and |{| = Q(27P°Y ™), by Eq. (3.109). When considering the cir-
cuit CVSx associated to a real matrix X such that 1/|| X | = 2_p°lym, we have Prcys, [0] =
Q2P ™) by Eq. (3.144). Hence, with n ~ 27P°Y™ g multiplicative approximation of
PrgVSX [01/7%™ is a multiplicative approximation of Prcvs, [0].

We use Stockmeyer’s approximate counting algorithm [Sto85] in order to conclude the
proof: it is a classical algorithm which takes as input the classical description of a circuit
sampling from a probability distribution and outputs a multiplicative approximation of
the probability of a given outcome (see section 1.4.5). This algorithm sits in the third level
of the polynomial hierarchy PH3 and works as long as the probability to estimate is not
superexponentially small, i.e., o(27P°Y ) [LRKR17].

We have Pr(¢[01/7°™ = Q2P ™) so with 7 ~ 27P°¥™ the probability Pr(yg[0] is

not superexponentially small. Having at our disposal a classical oracle which samples

Ui
CVS

the probability PrgVS[O] in the third level of the polynomial hierarchy, by making use of

from the probability distribution Pr thus allows us to approximate multiplicatively
Stockmeyer’s algorithm. Dividing the estimate obtained by 7™ finally yields a multiplicative
approximation of Prgyg[0] in PHg3 (or rather in the class FPHg3 of search problems that may
be solved by a PHs machine).

This result holds independently of the value of the squeezing parameter ¢, and when the detection
parameter { satisfies |{| = Q(27Plym) j e even when the detection is very close to a balanced
heterodyne detection. When ¢ = 0, however, the algorithm fails and the circuit is actually weakly
simulable classically, because the output probability density factorises into products of single
mode output probability densites, due to properties of balanced heterodyne detection. The same
property will allow us to derive an efficient verification protocol for Boson Sampling and CVS

circuits in the next chapter.

Combining Corollary 3.4 and Lemma 3.11 gives the main result of this section:

Theorem 3.3. Sampling from the discretised output probability distribution of CVS circuits is

classically hard, or the polynomial hierarchy collapses to its third level.

Proof. Assuming that sampling from the discretised output probability distribution of CVS
circuits can be done efficiently classically, Corollary 3.4 and Lemma 3.11 imply P*® < PH3
(where P*P
the class of counting problems #P). On the other hand, by Toda’s theorem [Tod91], PH c P*?,

so that PH c PHg, i.e., the polynomial hierarchy collapses to its third level.

is the class of decision problems that can be solved efficiently using an oracle for
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Theorem 3.3 implies that using enough non-Gaussian states as computational resources, weak
simulation of Gaussian circuits is no longer classically efficient. This contrast with Theorem 3.2
from the previous section, i.e., the fact that strong simulation of Gaussian circuits with few

non-Gaussian input states is classically efficient.

This statement is a worst case statement, i.e., there exists at least one CVSx circuits which is
hard to sample classically. In order to obtain an average case statement and identify a fraction of

hard to sample CVS circuits, we define the Real Gaussian Permanent Estimation problem:

Problem 1 (Real Gaussian Permanent Estimation). Given as input a matrix X ~ A (0, l)ﬁx‘u of
i.i.d. Gaussians together with error bounds €,6 > 0, estimate Per(X) to within error ¢ -|Per (X)),

with probability at least 1 -0 over X, in poly(p,1/e,1/0) time.

We can use the construction of Lemma 3.10 for the particular case of i.i.d. Gaussian matrices: for
any X ~ A(0, l)ﬁxl’ of i.i.d. Gaussians, we obtain a circuit CVSy such that Eq. ((3.144)) holds.
Hence every instance of the RGPE is associated with a specific CVS circuit. In relation to the

problem above, we introduce the Permanent of Real Gaussians Conjecture:
Conjecture 1 (Permanent of Real Gaussians). RGPE is #P-hard.
We also introduce a second conjecture:

Conjecture 2 (Real Permanent Anti-Concentration). There exists a polynomial P such that for

all pand 6 >0,
!
Pr IPer (X)| < —Y2

Y7 | < (3.153)
X~ (0,157 P(p,1/6)

This problem and these conjectures are precisely the real version of the Gaussian Permanent Esti-
mation problem and the Permanent-of-Gaussians and Permanent Anti-Concentration conjectures

introduced in [AA13]. This leads us to our average case hardness result.

Theorem 3.4. Assuming Conjecture 2 is true, classical circuits sampling from the (discretised)
probability distribution of CVS circuits can be used to solve Real Gaussian Permanent Estimation
in the third level of the polynomial hierarchy. Assuming Conjecture 1 is also true, an efficient
classical weak simulation of CVSx circuits, where X ~ A (0, l)ﬁx‘u , would imply a collapse of the

polynomial hierarchy to its third level.

Proof. With the same proof as Lemma 3.11, with = O(27P°Y ™), classical circuits sampling
from the (discretised) probability distribution of CVS circuits can be used to obtain a mul-
tiplicative approximation of PrcyslO,...,0] in the third level of the polynomial hierarchy
PHs3 by means of Stockmeyer algorithm. In particular, for X ~ A4(0, 1)§Xp a square matrix
which entries are i.i.d. Gaussians and considering the circuit CVSy, we obtain multiplicative

approximation of Per(X)2.
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RGPE however refers to estimating Per(X) rather than Per(X)?. It is easy to see that a
multiplicative approximation of Per(X)? can be turned into a multiplicative approximation
| Per(X)| by taking the square root of the estimate. Then, in the case of real matrices, only
the sign of the permanent remains to be determined.

A more general version of this question has been addressed in [AA13] where they showed
that (the complex version of) Conjecture 2 allowed one to estimate the phase of Per(X) from
multiplicative approximation of |Per(X)|?, for X i.i.d. complex Gaussian matrix. It implies
in particular that Conjecture 2 allows one to determine the sign of Per(X) from Per(X)? if
X isii.d. real Gaussian matrix. Hence, assuming Conjecture 2, RGPE can be solved in the
third level of the polynomial hierarchy using a classical circuit sampling from the output

probability distribution of a CVS circuit as an oracle.

Assuming Conjecture 1 is true, RGPE is #P-hard. With the above, the existence of an
efficient classical algorithm which approximates multiplicatively the output distribution of
CVSx circuits implies the existence of a classical algorithm sitting in the third level of the
polynomial hierarchy able to solve a #P-hard problem. This in turn yields a collapse of the
polynomial hierarchy to the third level, thanks to Toda’s theorem [Tod91].

D*xp
R )

is hard to sample with high probability over X, assuming Conjectures 1 and 2 are true. Once

This result is an average case statement, i.e., it implies that a circuit CVSx, where X ~ .A4(0,1)

again, we assumed the existence of a classical oracle sampling from the discretised output
probability distribution of CVS circuits Prgvs, rather than the continuous probability density
Prcvs. However, one may obtain samples from Prgvs using samples from Prcyg, with efficient

classical post-processing.

3.4 Discussion and open problems

We have considered various notions of classical simulation and have studied the transition from
classically simulable models to models that are universal for quantum computing for continuous

variables.

We have studied the case of adaptive linear optics, an intermediate model between Boson
Sampling [AA13] and the Knill-Laflamme—Milburn scheme for universal quantum comput-
ing [KLMO1], obtaining classical algorithms for both probability estimation and overlap esti-
mation and analysing their running times. The conclusion to be drawn from our study is that
achieving a quantum advantage for either probability estimation or overlap estimation using
linear optics, input single photons and adaptive measurements, is challenging.

A quantum advantage is not ruled out for probability estimation only if the number of adaptive

measurements scale at least logarithmically in the size of the interferometer. The challenge
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posed by the implementation of a quantum algorithm with adaptive linear optics for probability
estimation beyond classical capabilities thus comes from the number of adaptive measurements
needed.

For overlap estimation, a quantum advantage is not ruled out for a constant number adaptive
measurements, but many overlaps are easy to estimate classically in that case. It is only when a
significant fraction of the input photons is detected at the stage of the adaptive measurements
that a quantum advantage becomes possible. The challenge posed by the implementation of a
quantum algorithm with adaptive linear optics for overlap estimation beyond classical capabilities
thus comes from the need of photon number-resolving detection and the preparation of many

photon number states.

For strong simulation, we have considered general Gaussian circuits with Gaussian measure-
ments and non-Gaussian inputs and we have given sufficient conditions in terms of non-Gaussian
resources for an efficient classical strong simulation. We have defined the G circuits, a
broad family of Gaussian circuits supplemented with non-Gaussian input states, where the
non-Gaussian states are multimode core states. We have identified various subclasses of these

circuits:

¢ The Interleaved Photon-Added Gaussian circuits (IPAG), which are circuits that sample
with Gaussian measurements from states which can be engineered from the vacuum using

multimode Gaussian unitary operations and a finite number of photon additions.
* The Ggocx circuits, which are Gaussian circuits supplemented with Fock states in the input.

* The CVSp4/CVSps/CVSgp circuits, which are specific interferometers with unbalanced
heterodyne detection, supplemented with photon-added squeezed states/photon-added

squeezed states/single photons in the input.

The relation between these continuous variable quantum computational models is summarised
as
CVSgp c CVSps = CVSps € Grock € IPAG < Geore, (3.154)

from the smallest class of circuits to the largest. The tools developped in this chapter also allows
us to consider Gaussian circuits supplemented with non-Gaussian states and photon counters, by
writing the photon counting POVM element as |n){n| = %(dT)n |0)¢0|4&™, for n € N and commuting
the creation operators to the input through the Gaussian computation. Classical algorithms

simulating this type of computational model have been derived recently [QA20].

For weak simulation, we have proven the computational hardness of a sampling problem that
stems from the family of CVS circuits, relating their discretised output probability density to
the permanent of real matrices. Introducing equivalent conjectures to those of [AA13] for real

matrices, we have extended the hardness result to an average case hardness.
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With this collection of results comes various related open problems:

One of the main outstanding problems is to prove the hardness of approximately sampling
from CVS circuits. Following [AA13], this may involve making conjectures about anticoncen-
tration and average case hardness of the loop hafnian rather than the permanent, as well
as collecting evidence and ultimately proving these conjectures. These conjectures have al-
ready been extended from the permanent to the hafnian for the Gaussian Boson Sampling
proposal [HKS*16, KHS*19].

A related problem is to prove the hardess of sampling from CVS circuits with a binning

resolution which either scales as or is constant with respect to the number of modes, since

poly
an exponentially small resolution is not experimentally realistic.

Comparing more precisely IPAG and IPSG circuit families would give insight on the differ-
ences between photon addition and photon subtraction in the multimode case.

Whether the set of output states of IPAG circuits is dense in the set of all multimode states
(the multimode equivalent of Lemma 2.6 from the previous chapter) is also an interesting question.
In other words, is it possible to approximate with arbitrary precision (in trace distance) any
multimode quantum state using only single photon additions and Gaussian unitary operations?

Another main open problem, which we solve in the next chapter, is the verification of the
output of CVS circuits and Boson Sampling, necessary to a proper demonstration of quantum

supremacy with these computational models.
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CHAPTER

CERTIFICATION OF CONTINUOUS VARIABLE QUANTUM STATES

ut of the many properties featured by quantum physics, the impossibility to perfectly

determine an unknown state [DY96] is specially interesting. This property is at the heart

of quantum cryptography protocols such as quantum key distribution [BB84a]. On the
other hand, it makes certification of the correct functioning of quantum devices a challenge, since
the output of such devices can only be determined approximately, through repeated measurements
over numerous copies of the output states. The involved configurations spaces have enormous
dimensions, a serious burden for any characterization. What is more, certification comes along
with an ironic twist: it is highly non-trivial in light of the fact that certain quantum computations
are expected to exponentially outperform any attempt at classically solving the same problem.
Determining an unknown state is difficult especially for continuous variable quantum states,

which are described by possibly infinitely many complex parameters.

In this chapter, after introducing known methods for the characterisation of continuous
variable quantum states, we develop new methods using heterodyne measurement in both the

trusted and untrusted settings.

Firstly, based on quantum state tomography with heterodyne detection, we introduce a
reliable method for continuous variable quantum state certification, which directly yields the
elements of the density matrix of the state considered with analytical confidence intervals. This
method requires neither mathematical reconstruction of the data nor discrete binning of the

sample space, and uses a single Gaussian measurement setting, namely heterodyne detection.

Secondly, beyond quantum state tomography and without its identical copies assumption,
we promote our reliable tomography method to an efficient protocol for verifying single-mode
continuous variable pure quantum states with Gaussian measurements against fully malicious

adversaries, i.e., making no assumptions whatsoever on the state generated by the adversary.

127



CHAPTER 4. CERTIFICATION OF CONTINUOUS VARIABLE QUANTUM STATES

Thirdly, we generalise the previous protocols to the multimode case and obtain efficient
protocols for verifying a large class of multimode continuous variable quantum states, with and
without the identical copies assumption. In particular, we show how to efficiently verify the
output state of a Boson Sampling experiment with a single-mode Gaussian measurement, thus
enabling a proper demonstration of quantum supremacy with Boson Sampling.

This chapter is based on [EHW*20, CDG*19, CRW*20, CGKM20].

4.1 Building trust for a continuous variable quantum state

With rapidly developing quantum technologies for communication, simulation, computation and
sensing, the ability to assess the correct functioning of quantum devices is of major importance,
for near-term systems, the so-called noisy intermediate-scale quantum devices [Pre18], and for
the more sophisticated devices. Depending on the desired level of trust and in particular the
assumptions one is ready to make, several methods are available for certifying the output of quan-
tum devices [EHW*20]. A common assumption is that the outcomes of the tested quantum device
are independent and identically distributed (i.i.d.) over various uses of the device. This implies in
particular that the conclusions drawn from test runs are also valid for future computational runs

with the same device.

In the following, the task of checking the output state of a quantum device is denoted
tomography for state independent methods, when i.i.d. behaviour is assumed, certification for a
given a target state, when i.i.d. behaviour is assumed, and verification for a given target state,

with no assumption whatsoever, and in particular without the i.i.d. assumption.

4.1.1 Tomography, certification and verification

Quantum state tomography [DPS03] is an important technique which aims at reconstructing a
good approximation of the output state of a quantum device by performing multiple rounds of
measurements on several copies of said output states. Given an ensemble of identically prepared
systems, with measurement outcomes from the same observable, one can build up a histogram,
from which a probability density can be estimated. According to Born’s rule, this probability
density is the square modulus of the state coefficients, taken in the basis corresponding to the
measurement. However, a single measurement setting cannot yield the full state information
since the phase of its coefficients are then lost. Many sets of measurements on many subensembles
must be performed and combined to reconstruct the density matrix of the state. The data do not
yield the state directly, but rather indirectly through data analysis. Quantum state tomography
commonly assumes an i.i.d. behaviour for the device, i.e., that the density matrix of the output
state considered is the same at each round of measurement. This assumption may be relaxed
with a tradeoff in the efficiency of the protocol [CR12].
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A certification task corresponds to a setting where one wants to benchmark an industrial
quantum device, or check the output of a physical experiment. On the other hand, a verification
task corresponds to a cryptographic scenario, where the device to be tested is untrusted, or the
quantum data is given by a potentially malicious party, for example in the context of delegated
quantum computing. In the latter case, the task of quantum verification is to ensure that either
the device behaved properly, or the computation aborts with high probability. While delegated
computing is a natural platform for the emerging quantum devices, one can provide a physical
interpretation to this adversarial setting by emphasising that we aim for deriving verification
schemes that make no assumptions whatsoever about the noise model of the underlying systems.
Various methods for verification of quantum devices have been investigated, in particular for
discrete variable quantum information [GKK19], and they provide different efficiencies and
security parameters depending on the computational power of the verifier. The common feature
for all these approaches is to utilise some basic obfuscation scheme that allows one to reduce the
problem of dealing with a fully general noise model, or a fully general adversarial deviation of
the device, to a simple error detection scheme [Vid18].

For continuous variable quantum devices, checking that the output state is close to a target
state may be done with linear optics using optical homodyne tomography [LR09]. This method
allows one to reconstruct the Wigner function of a generic state using only Gaussian measure-
ments, namely homodyne detection. Because of the continuous character of its outcomes, one
must proceed to a discrete binning of the sample space, in order to build probability histograms.
Then, the state representation in phase space is determined by a mathematical reconstruction.

For cases where we have a specific target state, more efficient options are possible. For mul-
timode Gaussian states, more efficient certification methods have been derived with Gaussian
measurements [AGKE15]. These methods involve the computation of a fidelity witness, i.e., a
lower bound on the fidelity, from the measured samples. The cubic phase state certification proto-
col of [LDT* 18] also introduces a fidelity witness, and is an example of certification of a specific
non-Gaussian state with Gaussian measurements, which assumes an i.i.d. state preparation. The
verification protocol for Gaussian continuous variable weighted hypergraph states of [TMM*19]

removes this assumption, again for this specific family of states.

4.1.2 General single-mode protocol

We address two main issues in what follows. First, existing continuous variable state tomography
methods are not reliable in the sense of [CR12], because errors coming from the reconstruction
procedure are indistinguishable from errors coming from the data. Second, there is no Gaussian

verification protocol for non-Gaussian states without i.i.d. assumption.

We thus introduce a general receive-and-measure protocol for building trust for single-mode

continuous variable quantum states, using solely Gaussian measurements, namely heterodyne
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— p" e Rl

Figure 4.1: A schematic representation of the protocol. The tester (within the dashed rectangle)
receives a continuous variable quantum state p” over n subsystems. This state could be for
example the outcome of n successive runs of a physical experiment, the output of a commercial
quantum device, or directly sent by some untrusted quantum server. The tester measures with
heterodyne detection some of the subsystems of p” and uses the samples obtained and efficient
classical post-processing to deduce information about the remaining subsystems.

detection (see section 1.4.2 and [FOP05, TMJ*17]). This protocol allows us to perform reliable
continuous variable quantum state tomography based on heterodyne detection, which we refer to
as heterodyne tomography in what follows. This tomography technique only requires a single fixed
measurement setting, compared to homodyne tomography. This protocol also provides a means for
certifying single-mode continuous variable quantum states, under the i.i.d. assumption. Finally,
the same protocol also allows us to verify single-mode continuous variable quantum states,
without the i.i.d. assumption. For these three applications, the measurements performed are
the same. It is only the selection of subsystems to be measured and the classical post-processing

performed that differ from one application to another.

The structure of the protocol is depicted in Fig. 6.1: given a quantum state p” over n subsys-
tems, measure some of the subsystems with balanced heterodyne detection. Then, post-process
the samples obtained to retrieve information about the remaining subsystems. We show in the
following sections how this protocol may be used to perform reliable tomography, certification and
verification of single-mode continuous variable quantum states, and we detail the corresponding

choices of subsystems and the classical post-processing for each task.

4.2 Heterodyne estimator

In this section, we introduce a generalisation of the optical equivalence theorem for antinormal
ordering [CG69a], which provides an estimator for the expected value of an operator acting on
a state with bounded support over the Fock basis, from samples of heterodyne detection of the
state. From this result, we derive various protocols in the following sections, ranging from state

tomography to state verification.

We denote by [ED[ f(a)] the expected value of a function f for samples drawn from a distribution
a<—
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D. Let us introduce for %,! = 0 the polynomials

. (_1)k+l 6k+l

VETVIT 02F0271°

for z € C, which are, up to a normalisation, the Laguerre 2D polynomials, appearing in par-

—22" 4.1)

L 1(2) = e

ticular in the expressions of Wigner function of Fock states [Wiin98]. For any operator A =
Z}:‘;‘;OA r11R){l| and all E € N, we define with these polynomials the function

1 (1-1), E
fA(Z,TI)=T—Ie(1 ") Z

V4
L, (—) 4.2)
k,1=0 77k+l

77

for all z € C, and all 0 <7 < 1. We omit the dependency in E for brevity. The function z — fa(z,n),
being a polynomial multiplied by a converging Gaussian function, is bounded over C. With the

same notations, we also define the following constant:
E
Ka= ) lAulVE+DI+1). (4.3)

k,1=0

Theorem 4.1. Let E€Nand let 0<n< % Let also A = Z,:OZ‘;OAM |k){L| be an operator and let
o= ZEZ:O ori1 |kY({L| be a density operator with bounded support. Then,

Tr(Ap)—a[EQ[fA(a,n)] <nKy, (4.4)
Yy
where the function f and the constant K are defined in Eqs. (4.2) and (4.3).

The function f4 defined in Eq. (4.2) is, up to a numerical factor of 7, a bounded approximation of
the Glauber—Sudarshan function P4 of the operator A. This approximation is parametrised by a
precision 77, and a cutoff value E. The optical equivalence theorem for antinormal ordering reads
(see section 1.2 and [CG69al])

Tr(Ap)=n f Qp()Pa(a)d>a. (4.5)
aeC

Given that
E [fa(@]- f _Q@fa@mnda, (4.6)
a—)p ac

we would expect that [EQ[fA(a,n)] is an approximation of Tr(Ap) parametrised by n and E.
a—kp

Theorem 4.1 makes this statement more precise. We prove this theorem in what follows.

Proof. With Eq. (4.2) we obtain

+00 E
Y A Tr(1)klp) - ZAlkaEQ[fuxm(a,n)]

Tr(Ap) - E [Fatan)] - Py Py
o E =
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E

Z Ik (Tr(”)(klp)— [EQ[fllel(“:’])])‘ 4.7
k,l &)

E

Z Al |Tr(10)<k] p) - EQ[f|l><k|(a,77)]’,

R, a—&p

where we used in the second line the fact that p has a bounded support over the Fock basis.
This shows that it is sufficient to prove the Theorem for A = |I){&|, for all 2, from 0 to E. We

first introduce the following result:

Lemma 4.1. Forall 0<k,[<E,

E m+n—k-1 m n
E [ﬂzxk\(a MI=Pri+) Pmall 2 (k)(l . (4.8)
m>k,n>l
m—-n=k-1

Proof. Let us fix £,/ in 0,...,E. By Eqgs. (4.1) and (4.2) we have, for all z€ C,

1\ (1)
f|z><k|(2)=(5) e(1 ) fflk( Z)

val
1\ Lk gk X
:(_) % D e MY 4.9)
n VEIVIT ourkou! u=%
 min(k,l) (_ k+l—
Lo OV (0
n p=0 Pk—pI-p)lin
Moreover, for all a € C,
1
Qp(a) = —(alpla)
7
1
; ; Pmn {a|lm) (n|a) (4.10)
l i a*man _|a|2.
7T n=0 m!n!
Combining these expressions we obtain
e [a@ml= [ Qu@fialanda
‘_Qp aeC
1 E Pmn 2 2
s> a*™ae ™1 fiy (e, da (4.11)

T m,n=0 m!n! acC

=i§ . \/k—'\/lT min(&,]) (-1)? (1)k+l_pf ak+n—pa*(l+m ) _7|a|2d2
—0  vVm!Vn! y=0 P!k —p)I-p)\n aeC
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Setting a = re’?, we have d?a = rdrd6 and the integral on the last line may be computed as
+00 ) 2
f ok +n-p grUam=p) ~lal g2 o _ frk+l+m+nf2p+le—%drfei(k+nflfm)9d6
acC o

T (—k+l+2m+” —p)!nMHT"”"‘pJrl fork—l=m-n, 4.12)

0 fork—l#m-—n,

2

where we used [y *°r¥*tle” 7 = 1tin'*1 for ¢ = }””T””” — p, which is obtained directly by
induction and integration by parts (note that for £ —[ = m —n, and p < min(k,!), we have
indeed ¢ € N). Hence,

E o) = E pn VEVE minGh) (1P (Belgmen —ply
a, = mnT  — — 2
a—gy DRI Llmn R T & T ple—p)d - p)!

m—-n=k-1 (413)
E oo (BB e (B
= mennm% Z ) e e
m,n=0 vm! mmﬁ p=0 (k+l+2m+n)
m—-n=k-Il p
Now for k£ <[ we have, for all g € N (see, e.g., result 7.1 of [Gou72]),
ooy | forazkel,
k GG | %
Y )P = (4.14)
p:0 (p)
0 for g <k +1.
When k£ <1, Eq (4.13) thus yields
E [fi(aml =3 pran™ 5 (g (7
IR\, = z +l+m+n
aqy VT ST UmIVAIVEIVIT ()
nahal *
m+n=
) z it 1 (k—l+2m+n)! (—k+l;m+n)!
el VRIVAIVEIVIL(=lgmen),
m—-n=k-I
E min—k— vm! |
=3 P mlVal (4.15)
m=k,n=l \/F\/ZT\/(m_k)' \/(n—l)!
m—-n=k-I
i m+n27kfl (m)(n)
= 2_PmnN )
mzk,nzllnn k l
m—-n=k—1
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where we used that within the summation m —n =k —[. This formula is also valid for I/ <%,

with the same reasoning. We finally obtain, for any %,/ in 0,..., E

mzk,nz k l
m-n=k-1
R (4.16)
E m+n—k-1 m n
= PRl + menn 2 M1
m>k,n>l \
m—n:k—l
O
Using Lemma 4.1, we obtain
Tr(){klp)— E [fiye(a,m]l|=|pr— E [f|z><k|(0£,fl)]‘
a—Q, a—Q,
i m+n—k-1 (m) (n)
= PmnT
m>k,n>l k l
m—-n=k—1
E m+n—k-1 m n
<) pmnln 2 (k)(l (4.17)
m>k,n>l
m—-n=k-I
E-max(k,l) S+k S+l
Z p8+k S+l|77 k l
E-max(k, l)
s+k s+l
= Z ps+k s+k \/ps+l s+l
where weset s=m—-k=n-1= "”"T_k_l in the third line, and where we used |ps+z,5+1] <

VPs+kstk /Ps+i,s+ in the last line, since p is a positive semidefinite matrix. In order to obtain

an upper bound independent of p, we now show for all s that n®y/ (Szk ) (s;rl) <snv(k+1(+1)
forn=<%.Forall k,/in0,...,E and for all s in 2,...,E —max(k,l), we have

VsikVsil E
vsrkvsHl =3 (4.18)
S

This in turn implies that for all s in 2,...,E —max(k,l)

k l s k l
1
nE ., |[s—1+k|[s—1+1
_NE 4.1
=" \I( k ! (4.19)
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|
o1 s—1+k|[s—1+!
=1 A ) ;

since we assumed 7 < ]% Hence by induction, for all s in 2,...,E —max(k,[),

"SJ (s;k)(s+l) sn1J (1+k)(1+l) DT, 4.20)

l k l

Combining this with Eq. (4.17) yields

E-max(k,l)

=NV R+D(U+1) Z \/ps+k,s+k \/ps+l,s+l
s=1

Tr(|l)(k|p)— aEQ[fu)(k\(a,Tl)]

E-max(k,l) E-max(k,l) ‘ 4.21)

<nv(k+1)(1 + 1)J Y Dsthistk D Pst+ls+
s=1 s=1
=nvVE+D(I+1),

for all £,/ in 0,...,E, where we used Cauchy-Schwarz inequality and the fact that Tr(p) = 1.
Note that the above bound still holds when E — +o0o. Together with Eq. (4.7) we obtain

E
=Y 1Akl V(E+1)(I+1)

£1=0 (4.22)
=nKa,

Tr(Ap)— E [fala,n)]
a—Q,

by Eq. (4.3).
|

This result provides an estimator for the expected value of any operator A acting on a continuous
variable state p with bounded support over the Fock basis. This estimator is the expected
value of a bounded function f4 over samples drawn from the Husimi @ function of p. This
probability density corresponds to a Gaussian measurement of p, namely heterodyne detection
(see section 1.4.2). The right hand side of Eq. (4.4) is an energy bound, which depends on the
operator A and the value E.

When the operator A is the density matrix of a continuous variable pure state |y), the
previous estimator approximates the fidelity F(y, p) = (w|ply) between |y){(y| and p. With the

same notations:

Corollary 4.1. Let E€Nandlet 0<n< % Let also ly)(w| =3, Yy |k)(| be a normalised
pure state and let p = Zf =0 Pkl |k)(l| be a density operator with bounded support. Then,

F(v.p)~ E [fy(@nl| <nKy < g(E +1E +2), (4.23)

a
where the function fa and the constant K4 are defined in Eqs. (4.2) and (4.3), for A = |y)(y|.
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Proof. We apply Theorem 4.1 for A = |w){y| a pure state. We obtain

(ylply) - QEQ[fw(a,n)] =nKy

U/kU/l|\/(k +1)(I+1)

]TM@

wn|Vn+1) (4.24)

Il
i [\/]l!: s Mt"

wn Z(n+1)

IA

l\')ld 3

(E+1)(FE +2),

where we used Cauchy-Schwarz inequality, and ZE:O Iwnl2 < Tr(lw){w|) = 1. Since |v) is a
pure state, we have F(y, p) = (¢|p|w), which concludes the proof.

This result provides an estimator for the fidelity between any target pure state |y¢) and any
continuous variable (mixed) state p with bounded support over the Fock basis. This estimator is
the expected value of a bounded function f;, over samples drawn from the probability density
corresponding to heterodyne detection of p. The right hand side of Eq. (4.23) is an energy
bound, which may be refined depending on the expression of |y). In particular, the second bound
is independent of the target state |y). The assumption of bounded support makes sense for
tomography, where the energy range of the measured state is known, but not necessarily in a
more adversarial setting.

Given these results, one may choose a target pure state [¢) and measure with heterodyne
detection various copies of the output (mixed) state p of a quantum device with bounded support
over the Fock basis. Then, using the samples obtained, one may estimate the expected value of
fy, thus obtaining an estimate of the fidelity between the states |y)(y| and p. Using this result,
we introduce a reliable method for performing continuous variable quantum state tomography

using heterodyne detection.

4.3 Reliable heterodyne tomography

Continuous variable quantum state tomography methods usually make two assumptions: firstly
that the measured states are independent identical copies (i.i.d. assumption, for independently
and identically distributed), and secondly that the measured states have a bounded support
over the Fock basis [LR09]. With the same assumptions, we present a reliable method for
state tomography with heterodyne detection which has the advantage of providing analytical

confidence intervals. Our method directly provides estimates of the elements of the state density
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matrix, phase included. As such, neither mathematical reconstruction of the phase, nor binning
of the sample space is needed, since the samples are used only to compute expected values
of bounded functions. Moreover, only a single fixed Gaussian measurement setting is needed,

namely heterodyne detection (Fig. 1.4).

The law of large numbers ensures that the sample average from independently and identically
distributed (i.i.d.) random variables converges to the expected value of these random variables,
when the number of samples goes to infinity. The following key lemma refines this statement and

quantifies the speed of convergence:

Lemma 4.2. (Hoeffding inequality) Let A >0, let n =1, let z1,...,2z, be i.i.d. complex random
variables from a probability density D over R, and let f : C — R such that |f(z)| <M, for M >0
and all z€ C. Then

Pr [

This comes directly from Hoeffding inequality [Hoe63] applied to the real bounded i.i.d. random

12 ni2
EZf(zi)—zED[f(z)] > 1| <2exp _W]‘ (4.25)

i=1

variables f(z1),...,f(zx). When dealing with complex random variables, we use the following

result instead:

Lemma 4.3. (Hoeffding inequality for complex random variables) Let 1 >0, let n =1, let

z1,...,2, be i.i.d. complex random variables from a probability density D over C, and let f :C— C
such that |f(2)| <M, for M >0 and all z € C. Then

/12
Pr > 2| <dexp |- ] (4.26)

4M?

1 n
~ izzlf(zi) - ZED[f(z)]

Proof. For all a >0 and all z€C, |z| = VR(2)? + 3(2)? = a implies |R(2)| = a/V2 or |3(2)| =

a/v'2. Hence,

R = —— 19(2)] = —
V2 V2

so applying twice Lemma 4.2 for the real random variables R(f(z)) and S(f(2)), respectively,

Pr[lz|=a]l<Pr +Pr , 4.27)

yields Lemma 4.3.

For tomographic application, all copies of the state are measured. For n =1, let aq,...,a, € C be

samples from heterodyne detection of n copies of a quantum state p. For ¢ >0 and %,/ € N, we
define

T o ( - ) (4.28)
Pr = = 2 Fixer | @i ; :
Hon o " Ky
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where the function f4 and the constant K4 are defined in Eqs. (4.2) and (4.3), for A =|I)(%|, and
where € > 0 is a free parameter. The quantity pj, is the average of the function fj; over the
samples a1,...,®,. The next result shows that this estimator approximates the matrix element
k,l of this state with high probability. We use the notations of Theorem 4.1.

Theorem 4.2 (Reliable heterodyne tomography). Let €,e' > 0, let n = 1, and let aq,...,a, be
samples obtained by measuring with heterodyne detection n copies of a state p = ZE 1=0 PR IR
with bounded support, for E € N. Then

lors — o5 | <e+¢€, (4.29)

for all 0<k,l <E, with probability greater than

n€2+k+l€/2
1-4 - 4.30
ogéifép 4Chi ] ’ (*:59
where the estimate py, is defined in Eq. (4.28), and where
Cht 1= [k + 1)1 + 1]+ 5 gli—h [maX (R D) (4.31)
min(k,1l)

is a constant independent of p.

Proof. In order to prove Theorem 4.2, we apply Lemma 4.3 to the functions z — fj;yz((z,1)
defined in Eq. (4.2). We first bound these functions:

Lemma 4.4. For all k,l =0, define

1
(k1)
Mo, = . | oli-k|TEXEE0 439
ki J (min(k,l) (4.32)
Then for all k,l and all z € C,
M,
|fia(zm)| < 1+]Zl+l' (4.33)
n 2

Proof. For % or [ > E the inequality is trivial. For all 2,/ <E and all z€ C,

V4
()
VT
min(k,l) (=PRI 1

2 ple— )@ —p)!

1 1+% _1)152
|f|k><1|(z,n)|=(ﬁ) H(1-3)e

_ 1 (1_1)|2|2 1
=—el" 7
U VEIVI

(4.34)
l—pz*(k—p)

b
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where we used Eq. (4.1). Now for all ze€ C* and all a > 0 we have [Wiin98]

in(k,l)
U (=DPRI ktl=p l-p ,*(h=p)

=a*ll)zF! ’L(lk_l) (a|z|2)‘

=0 P! (k—p)(l-p) (4.35)
=Rl LR (al2l?)],
where
n _1 q
L=y E ) (4.36)
=0 9! \n—q

are the generalised Laguerre polynomials [AS65], defined for a € R and n € N. Plugging this
relation into Eq. (4.34) we obtain

1-1)22 21~ Vk! 2|2
|f|k><l|(2,77)|=e( et e L(l k)( n )‘
(4.37)
e |2 lz1F~* \/T L(k l)(|z| )‘
Ui
for all z € C. The generalised Laguerre polynomials are bounded as [Roo85]
Ih+a+1) =
L(a) il 4.38
" (x)| n!T'(a+1) e (4.38)
forall x>0, all =0 and all n €N, and as
Li)| <27%, (4.39)

for all x =0, all as—% and all n e N.

Let a > 0. Assuming k& <[, we have 1z|7% < a!~* for |2| < a, and 1z|F~t < a®~! for 2| = a. Thus,
the first line of Eq. (4.37), together with Eq. (4.38), give
Ik | 22
|f|k><l|(z n)l < e( )|2|2a VEI 1 | \n
’ i+ /T kNI — k)v
- al~k \/lT
St -R)WVERT
for |z| < a and % < [. Similarly, the second line of Eq. (4.37), together with Eq. (4.39), give
)Izl2 ak !t VI ol -k, ‘2‘2
1+k \/—
k=L /T

a :
< ol -k

- 771+k \/k—’ ’

(4.40)

| Firyaizom)| = o[-
(4.41)

for |[z| =a and £ <.
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These two last bounds in Egs. (4.40) and (4.41) are equal for a'~* = (2n)'5* VT = &), yielding

the bound

2l=k (1
|firsai(z,m)] 5\ W(k)

for all ze C and k <. For I < k the same reasoning gives

2kl [k
|fikyai(z,m)] < \ W(Z) :

(4.42)

(4.43)

Finally, for £ = [ the previous bounds also hold, by combining Eqs. (4.37) and (4.38), and this

proves the lemma.

O

Let £,1 =0, neN and € > 0. Applying Lemma 4.3 to the function fj;yz|, with the bound

from Lemma 4.4 yields

>

Pr

1 n
=Y fwai,m— E e (a,m] <4exp |-
ni a—Qp

Applying Theorem 4.1 for A = |I) (k| we also obtain

snvk+1VI+1.

pri— E _[fie(a,m]
a—Q,

(4.44)

(4.45)

Let ay,...,a, be samples from the @ function of p. Combining Eqs. (4.44) and (4.45), we

obtain with the triangular inequality

<nVE+1VI+1+¢,

1 n
pri— =Y fine(@isn)
ni=1

with probability greater than

nn2+k+l€/2
2
aM )

1-4exp

We have K ;y = v(k +1)( +1) by Eq. (4.3). Taking n = Klf}(k\ yields

<e+eé,

1 if ( € )
PRl —— Ik | Kis
ni3 " Kyl

with probability greater than

n€2+k+l€/2
1- 4exp -

4Cy;
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where we defined bal
Cri =k + DA+ D12 M2,

l

2 (4.50)
— [k + 1)1 + D5 2kl (max(k,l)).

min(%,7)
Now this holds for 0 < %,[ < E. Together with the union bound, this proves the theorem.

In light of this result, the principle for performing reliable heterodyne tomography is straightfor-
ward and as follows: n identical copies p®" of the output quantum state of a physical experiment
or quantum device are measured with heterodyne detection, yielding the values ay,...,a,. These
values are used to compute the estimates pj, defined in Eq. (4.28), for all &,/ in the range of
energy of the experiment. Then, Theorem 4.2 directly provides confidence intervals for all these
estimates of pg;, the matrix elements of the density operator p, without the need for a binning
of the sample space or any additional data reconstruction, using a single measurement setting.
For a desired precision ¢ and a failure probability §, the number of samples needed scales as
n = poly(1/e,log(1/5)).

Both homodyne and heterodyne quantum state tomography assume a bounded support over
the Fock basis for the output state considered, i.e., that all matrix elements are equal to zero
beyond a certain value, and that the output quantum states are i.i.d., i.e., that all measured
output states are independent and identical. While these assumptions are natural when looking
at the output of a physical experiment, corresponding to a noisy partially trusted quantum device
with bounded energy, they may be questionable in the context of untrusted devices. We remove
these assumptions in what follows: we first drop the bounded support assumption, deriving a
certification protocol for continuous variable quantum states of an i.i.d. device with heterodyne
detection ; then, we drop both assumptions, deriving a general verification protocol for continuous

variable quantum states against an adversary who can potentially be fully malicious.

4.4 Continuous variable quantum state certification protocol

Given an untrusted source of quantum states, the purpose of state certification and state verifica-
tion protocols is to check whether if its output state is close to a given target state, or far from it.
To achieve this, a verifier tests the output state of the source. Ideally, one would like to obtain
an upper bound on the probability that the state is not close from the target state, given that
it passed a test. However, this is known to be impossible without prior knowledge of the tested
state distribution [GKK19]. Indeed, writing this conditional probability

Pr[incorrect naccept]

Pr[incorrect|accept] = Praccopt] , (4.51)

in a situation where the device always produces a bad output state, it is rejected by the verifier’s

test most of the time, so the acceptance probability is very small while the conditional probability
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is equal to 1. Therefore, the quantity that will always be bounded in certification and verification
protocols in which one does not have prior knowledge of the device is the joint probability that
the tested state is not close to the target state and that it passes the test. Equivalently, we obtain
lower bounds on the probability that the tested state is close to the target state or that it fails the
test.

We first consider the certification of the output of an i.i.d. quantum device, i.e., which output state
is the same at each round. However, we do not assume that the output states of the device have
bounded support over the Fock basis anymore. This is instead ensured probabilistically using the
samples from heterodyne detection.

Let us define the following operators for E = 0:

+00
U=) |n)nl=1-T, (4.52)
n=E+1

where Ilg = ZE:O In)(n| is the projector onto the Hilbert space .# of states with less than E
photons, and
1
T== f la)(ald?a, (4.53)
b2
|a|2=E
where |a@) is a coherent state. We have the following result, proven in [LGPRC13] by expanding
T in the Fock basis:
U<2T. (4.54)

In particular,

Tr(Up) <2Tr(Tp). (4.55)

The probability P, that exactly r among n values of |a;|? are bigger than E and n —r values are
lower, and that the projection I1g of the state p onto the Hilbert space . of states with less than
E photons fails is bounded as
P,= (n) Tr[(1-Tg)T"(1-T)" " p®"*!]
r
_ (n) Tr [UTr(l _ T)n—rp®n+l]
r
n
r

<2 |Tr(Tp) ' Tr[(1-T)p]*"

<2|" max|pr+1(1—p)n_r|
rl p

n—-r

(4.56)

n (r+1

r+1( r+1
n+1

n+1
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<2nr(r+1)“4( r+1)””

T rl \n+1 n+1
<2nr (r+1)y+1 (n—=r)r+1)
Tl prtl n+1

2 r+1 (r+1)?
<-— exp

n+2na(r+1) n+1

vr+1 (r+1)>2
= exp ,

n+1

where we used Eq. (4.55), 1—-x<e ™ and (r + D! = V272G + 1) (r + 1) *1e=+D_ For s € N, and for

allr<s,
(s+1)2
n+1

(r+1)>2
n+1

vr+1 vs+1
ex ex

<

) (4.57)

hence the probability that at most s among n values of |a;|? are bigger than E, and that the
projection Ig of the state p onto the Hilbert space .# of states with less than E photons fails is

bounded by
(s +1)

n+1

3/2
Piid L (S + 1)
support *

(4.58)

For 1 «< s « n, this implies that either p is contained in a lower dimensional subspace, or the

score at the support estimation step is higher than s, with high probability.

Our continuous variable quantum state certification protocol is then as follows: let |y) be a target
pure state, of which one wants to certify m copies. The values s and E are free parameters of the
protocol. One instructs the i.i.d. device to prepare n + m copies of |y), and the device outputs an
i.i.d. (mixed) state p®**™. One keeps m copies p®™, and measures the n others with heterodyne
detection, obtaining the samples a1,...,a,. One records the number r of samples such that
|a;|2 > E. We refer to this step as support estimation. For a given € > 0, one also computes with
the same samples the estimate

m

Fu/(P) & ) (4.59)

lif ( € )
—_— a-,—
n5" T mK,

where the function f4 and the constant K4 are defined in Eqgs. (4.2) and (4.3), for A = [y)(v|, and
where € > 0 is a free parameter. Note that the support estimation step is no longer necessary if
the target state has a bounded support over the Fock basis.

The next result quantifies how close this estimate is from the fidelity between the remaining
m copies of the output state p®™ of the tested device and m copies of the target state |y)(y|®™.
Theorem 4.3 (Gaussian certification of continuous variable quantum states). Let ¢,¢' > 0, let
s<n, and let ay,...,a, be samples obtained by measuring with heterodyne detection n copies of a
state p. Let E in N, and let r be the number of samples such that |a;|2>E. Let also ly) be a pure
state. Then for all m € N¥,

|[F(y®™,p®™) = Fy(p)| se+€, (4.60)
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or r > s, with probability greater than

id iid
1- (P‘IS’lupport + Pﬁoeffding) ’ (4.61)
where g (s+ 1)372 (s+1)72 Lo
Support ~— n+l | (4.62)
2+2E 12
iid _ ne €
P Hoeffding = 2 €XP —m ) (4.63)

where the estimate Fy(p) is defined in Eq. (4.59), and where

|
E e \E-51  qphe max(k,l)
Cy= — K, % .|2ll-kl ’ 4.64

v kJZ:0|wkwl|(m) v min(.D (4.64)

is a constant independent of p, with the constant K defined in Eq. (4.3).
In order to prove this theorem we make use of the following simple result:

Lemma 4.5. Let n>0 and a,b €[0,1] such that |a —b| <. Then for all m = 1,

la™ - b™| <mla—b| < mn. (4.65)

Proof. With the notations of the lemma,

la™—b™| =la- b

m-1 .
Z a]bm—j—l
Jj=0

4.66
<mla—Db| ( )

<mn.

We first consider the case of m =1 from which we deduce the general case with the lemma.

Proof. Let us write |y) = },>0 ¥, [n). For n > 0, the function z — fy(z,n) is real-valued,

since |w){(w| is hermitian. It is bounded as
E
|fyla,m| =] D vrw] firxa(a,n
k,l=0

E
< Y |vev; fimaia,n)|
£1=0
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My,
|1Vk1#z| el (4.67)
0 't

E

= 11E Z |1//k1Vz|77
n k=0

My
- nl+E ’

<

k

= M=

Ef(k+l)/2Mkl

where we used Lemma 4.4, and where we defined
& E—(k+1)/2
My(n):= klZ lwrw|nE~* D20, (4.68)
=0

Applying Lemma 4.2 to the real-valued function z — f,(z,n) thus yields

2+2E€/2

nn
Pr >c'| <2exp | ————|, (4.69)
2M;,(n)

1 n
- is - E 5
- izzlfw(a n) ahQEfw(a ]

for ¢/, > 0, where the probability is over i.i.d. samples from heterodyne detection of p.

In what follows, we first assume that p € /. By Corollary 4.1 we have

’F (v,p) - aEQ[fw(a,n)] <nKy. (4.70)

Combining Egs. (4.69) and (4.70) yields

<nKy +¢€, (4.71)

1 n
F(y,p)- - ;fw(ai,n)

nn2+2E€rZ

with probability greater than 1—-2exp 232G
v

. Setting n = Kiw yields

<e+¢é, 4.72)

F(W,P)—%i_ilfw (ai’KLw)

n€2+2E€/2
2
2C2 (©)

with probability greater than 1—2exp , where we defined

€
Cyn© =K} EMy (|
W

|
F_ki o 14+ EH . |max(k,l)
K)T7 |2k .
Weyile™ 2 Ky J (min(k,l)

(4.73)

E
k1=

0
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Combining Lemma 4.5 and Eq. (4.72) we obtain

m
1Z €
F(y,0)" ==Y fy (ai, K—) <m(e+¢), (4.74)
niz1 Y
with probability greater than 1 —2exp ——”;CZQQE(Z;Z . Note that we excluded the pathological
v,1

case %Z?zl fy(a;i,e/Ky) > 1: when that is the case we instead set %Z?zl fu(ai,e/Ky)=1. The
target state v is pure so F(y®™,p®™)=F (y,p)™. Hence, replacing ¢ and ¢’ by e/m and €'/m,

respectively, gives

|F (v,p)" —Fy(p)|<e+¢€, (4.75)
with probability greater than
2+2E .12
iid L ne €
Phigefraing = 1 —2€xp “omiECE | (4.76)
where
1Z € "
F =|- ——— 4.77
w(p) nizzlfw(al,mKw) : (4.77)
and where
CV/ = Cw’]_(E/m)
|
E E—kL Rl k.1l (478)
S IR P M N EC o
120 m min(k,1)

Until now we have assumed p € 7. By Eq. (4.58), the probability that at most s among n
values of |a;|? are bigger than E, and that the projection Il of the state p onto the Hilbert
space .7 of states with less than E photons fails is bounded by

piid = i (i:l)z (4.79)
With the union bound we thus obtain
|F (w,p)" —Fy(p)| se+¢, (4.80)
or r > s, with probability greater than 1 — (P ;liltf)port +Pﬁ(‘feff ding)'
|

This result implies that the quantity Fy(p) is a good estimate of the fidelity F(y®™,p®™), or
the score at the support estimation step is higher than s, with high probability. The values of
the energy parameters E and s should be chosen to guarantee completeness, i.e., that if the
correct state |y) is sent, then r < s with high probability. This theorem is valid for all continuous

variable target pure states |y), and the failure probability may be greatly reduced depending on
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the expression of |y). The number of samples needed for certifying a given number of copies m
with a precision € and a failure probability § scales as n = poly(m, 1/¢,1/5).
This certification protocol is promoted to a verification protocol for single-mode states in the

following section, by removing the i.i.d. assumption.

4.5 Continuous variable quantum state verification protocol

We now consider an adversarial setting, where a verifier delegates the preparation of a continuous
variable quantum state to a potentially malicious party, called the prover. One could see the
verifier as the experimentalist in the laboratory and the prover as the noisy device, where we aim
not to make any assumptions about its correct functionality or noise model. Given the absence of
any direct error correction mechanism that permits a fault tolerant run of the device, the aim
of verification is to ensure that a wrong outcome is not being accepted. In the context of state
verification, this amounts to making sure that the output state of the tested device is close to an
ideal target state.

The prover is not supposed to have i.i.d. behaviour. In particular, when asked for various
copies of the same state, the prover may actually send a large state entangled over all subsystems,
possibly also entangled with a quantum system on his side. In that case, the certification protocol
derived in the previous section is not reliable. With usual tomography measurements, the number
of samples needed for a given precision of the fidelity estimate scales exponentially in the number
of copies to verify. This is an essential limitation of quantum tomography techniques, because
they check all possible correlations between the different subsystems.

However we prove that, because of the symmetry of the protocol, the verifier can assume
that the prover is sending permutation-invariant states, i.e., states that are invariant under
any permutation of their subsystems. After a specific support estimation step, reduced states of
permutation-invariant states are close to mixture almost-i.i.d. states, i.e., states that are i.i.d.
on almost all subsystems. At the heart of this reduction is a de Finetti theorem for infinite-

dimensional systems [RC09], which allows us to restrict to an almost-i.i.d. prover.

4.5.1 Description of the protocol

The verification protocol is as follows: the verifier wants to verify m copies of a target pure state

|y). The numbers n, k, q, s and E are free parameters of the protocol.

* The prover is instructed to prepare n + k& copies of |¢/) and send them to the verifier. We

denote by p*** the state received by the verifier.

n+k gt random and measures them with

¢ The verifier picks £ subsystems of the state p
heterodyne detection, obtaining the remaining state p” and the samples f1,..., 8. The

verifier records the number r of values |3;|2 > E (support estimation step).
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e The verifier discards 4¢ subsystems at random, obtaining the remaining state state p”? ¢
and measures all the others subsystems but m chosen at random with heterodyne detection,

obtaining the remaining state p™ and the samples a1,...,@,—4g-m.

¢ The verifier computes with these samples the estimate

Fylp) =

n- ALXq:;;L/( w)]m, (4.81)

—4q9-m

where the function f4 and the constant K4 are defined in Egs. (4.2) and (4.3), for A = |y)(y/|

and where € > 0 is a free parameter.

Note that this estimate is identical to the one defined in Eq. (4.59) for the certification protocol,
replacing n by n —4q —m. In order to show that this is a good estimate of the fidelity between
the remaining state p™ and m copies of the target state |w), we generalise results from [Ren08,
RC08, RC09]. More precisely, we obtain the following results:

e Support estimation for permutation-invariant states: with high probability, most of the
subsystems of the permutation-invariant state p” 7 lie in a lower dimensional subspace,

n+k

or the score of the state p at the support estimation step is high (section 4.5.2).

* De Finetti reduction: any permutation-invariant state with most of its subsystems in a
lower dimensional subspace has a purification in the symmetric subspace that still has most
of its subsystems in a lower dimensional subspace. This purification is well approximated

by a mixture of almost-i.i.d. states (section 4.5.3).

* Hoeffding inequality for almost-i.i.d. states: mixtures of almost-i.i.d. states can be certified

in a similar fashion as i.i.d. states (section 4.5.4).

Using these intermediate results, we obtain the following theorem:

Theorem 4.4 (Gaussian verification of continuous variable quantum states). Let n =1, let s <k,
and let p"** be a state over n +k subsystems. Let B, ..., B, be samples obtained by measuring
k subsystems at random with heterodyne detection and let p" be the remaining state after the
measurement. Let E in N, and let r be the number of samples such that Iﬁil2 > E. Let also
q =m, and let p™ be the state remaining after discarding 4q subsystems of p™ at random, and
measuring n —4q —m other subsystems at random with heterodyne detection, yielding the samples

a1,...,An-4g-m- Let €,6' >0 and let |y) be a target pure state. Then,
|F (1//®m’pm) —Fw(p)| S€"'e/'*'PdeFinetti: (4.82)
or r > s, with probability greater than

1- (Psupport +PdeFinetti +Pchoice + PHoeffding) ) (4.83)
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where \
k(g 2s
P = 8> ——(——— ] 4.84
support €xp o\n , ( )
2 2q(qg+1)
PgeFinetti = q(E+1) 2 exp [_T ’ (4.85)
mdq+m-1)
Ppoice = q—a (4.86)
n—4q
2
n—4q n—-8q (e*E¢  8gm2+E
PHoeffding =2( 4q exp T oA IE ( C, - n—dq—m 4.87)
where the estimate Fy(p) is defined in Eq. (4.81), and where
1
E E-tL k+l
€ 2 145k max(k,l)
Cy= — K, 2% |2k ’ 4.88
Y k,lZ:OWkWH(m) v J (min(k,l)) (4.88)

is a constant independent of p, with the constant K defined in Eq. (4.3).

We defer the proof of this result to section 4.5.5. It implies that either the quantity Fy(p) is a good
estimate of the fidelity F(y®™, p™), or the score at the support estimation step is higher than s,
with high probability. Like for the certification protocol, the values of the energy parameters E
and s should be chosen by the verifier to guarantee completeness, i.e., that if the prover sends the
correct state |y), then r < s with high probability.

For specific choices of the free parameters of the protocol, detailed in the proof of the theorem,
either the estimate F'y(p) is polynomially precise in m, or r > s, with polynomial probability in m,
with n,k,q = poly m. In particular, the efficiency of the protocol may be greatly refined by taking
into account the expression of |¢) in the Fock basis, and optimizing over the free parameters.

This verification protocol let the verifier gain confidence about the precision of the estimate of
the fidelity in Eq. (4.81). If the value of the estimate is close enough to 1, the verifier may decide
to use the state to run a computation. Indeed, statements on the fidelity of a state allow one
to infer the correctness of any trusted computation done afterwards using this state. Let §> 0,
and let @ be the observable corresponding to the result of the trusted computation performed on
p™, the reduced state over m subsystems instead of |¢)®™, m copies of the target state |w). In
other words, @ encodes the resources which the verifier can perform perfectly (ancillary states,
evolution and measurements), the imperfections being encoded in p. Then, F (y*™,p™)>1-f
implies the following bound on the total variation distance between the probability densities of

the computation output of the actual and the target computations:
IPgen = Pullwa < Dw®™,p™) < /B, (4.89)
by standard properties of the trace distance D (see section 1.1.2 and [FVDG99]). What this means

is that the distribution of outcomes for the state p™ sent by the prover is almost indistinguishable
from the distribution of outcomes for m copies of the ideal target state ), when the fidelity is

close enough to one.

In what follows, we detail the intermediate steps described above and prove Theorem 4.4.
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4.5.2 Support estimation for permutation-invariant states

We first derive a support estimation step for permutation-invariant states. We will use in this

section the following operators, already introduced in section 4.4: for E = 0:

+00

U=) |n)nl=1-1I, (4.90)
n=E+1
E —_
where I1g = Z |n){n| is the projector onto the Hilbert space # of states with at most E photons,
n=0

and 1
T = —fla)<a|d2a, (4.91)

b4

|a|2=E

where |a) is a coherent state. We also recall the following result, from Eq. (4.54), proven
in [LGPRC13]:
U=<2T. (4.92)

We recall a few notations and results from [RCO8]: let o ={Ag,A1},% = {By,B1} be two binary
POVMs over . Define for § > 0,

Ya—p(6) = sup{Tr(By),s.t.Tr(Ay) < b} . (4.93)
v

In particular,
Yr—U(0) <26, (4.94)

by Eq. (4.92). We recall the following result (Lemma III.1. of [RC08]):

Lemma 4.6. Let n =2k, let § >0, let of ={Ag,A1} and % ={By,B1} be two binary POVMs over
F€, and let x1,...,%n+% the (n+Ek)-partite classical outcome of the measurement <" ® B%* applied

to any permutation-invariant state p"**. Then

X1t +Xp
Pr . >YBl—>A1(

Xn+1t - +Xnip 45

: ) +5] < 8k32¢7h0% (4.95)

This result is a refined version of Serfling’s bound [Ser74]. It relates the outcomes of a measure-
ment on some subsystems of a symmetric state with the outcomes of a related measurement
on the rest of the subsystems. With this technical Lemma, we derive in what follows a support

estimation step for permutation-invariant states using samples from heterodyne detection.

Let p™** be a state over n + k£ subsystems. Applying a random permutation to this state and mea-
suring its last £ subsystems with heterodyne detection is equivalent to measuring & subsystems
at random. We thus assume in the following that the state p*** is a permutation-invariant state,
without loss of generality, and that the verifier measures its last 2 subsystems with heterodyne

detection.
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Let 9 ={1-T,T} and % ={1-U,U}. Let x1,...,x,+ the (n + k)-partite classical outcome of

the measurement %" ® I ®¢ n+k

applied to the permutation-invariant state p sent by the prover.
Avalue x; =1 for i € 1,...,n means that the projection of the i*” subsystem onto .# failed, while
avaluexj=1for jen+1,...,n+k means that the value | BI% obtained when measuring the ;%
subsystem with heterodyne detection was bigger than E. In particular, the number of values §;
satisfying |B; 12> E, is expressed as xp41 + -+ Xp4%. Let ﬂ”sks be the event that at most s of the %
values f; satisfy |8;|2 > E, and let F4 be the event that the projection onto F€ fails for more than

q subsystems of the remaining state p”. Then:
Lemma 4.7 (Support estimation for permutation-invariant states).
Pr| 7 0 TE| < Poupport (4.96)

where Pgypport = 8k¥% exp [—% (£- %)2]

Proof. With Eq. (4.94), we have for all § >0
+...+ +...+
YT-U (xn+1 7 Antk +6) +6 <ol p Intk | 35, (4.97)
Taking 8¢ = 3 (£ - 2) we obtain
Xp+1+ - +Xnip q Xpt1t+--+Xpyp S
yreu - +60)+60 = 1 +2( . - E) : (4.98)
soifx;+---+x,>qgand xy11+---+x,,% <s, then
et 4ot
yrou (= - Zntk 1 5o+ 6o < T8 . n (4.99)
Hence,
Pr[g/:; OJ"—S"’S] =Prl(x1+  +x,>@)N(Xps1+ +Xpsk <9)]
+...+ +...+
sPr[(u >YT_,U(x"+1 Ynth +60)+60)]
& k 4.100)
< 8%3/25 k5% (4.
2s)2
_8k3/2 __(g__) ,
exp 9\ln &k
where we used Lemma 4.6 for o« =% and =9

Recall that .7 is the Hilbert space of states with at most E photons, of dimension E + 1. For
q < n, let us define the set of permutation-invariant states over n subsystems, with at most q

subsystems out of this lower dimensional subspace (introduced in [RC09]):

yn

7 on-g i=span | 7 (#0717, (4.101)
T
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where the union is taken over all permutations. Lemma 4.7 then gives

Pr

FanTE| < Poupport, (4.102)

where &7 is the event that the projection of p” (the remaining state after the support estimation
. 2

step) onto y}m_q fails, and where Pgypport = 8k3/2eXp [_Ig (% _ %) ] For 1< q < n and g/n < s/k,

this implies that either p” has most of its subsystems in a lower dimensional subspace, or the

score at the support estimation step is higher than s, with high probability.

4.5.3 De Finetti reduction

We recall in this section two results from [RC09].

* The first result says that any permutation-invariant state with most of its subsystems in
a lower dimensional subspace has a purification in the symmetric subspace that still has
most of its subsystems in a lower dimensional subspace. Formally, for n € N, and given a
Hilbert space %, let us write Sym™ (%) = {¢p € £ ®", ¢ = ¢ (V7)} the symmetric subspace
of a Hilbert space % ®", then (Lemma 3 of [RC09]):

Lemma 4.8. For all q < n, any permutation-invariant state p"™* € & }@n—q has a purification
~n o3 n n
p" in Sym (Jf@%)ﬂ.sﬂ(]%ﬁ)m_zq.

The states of the form |v)®” are the so-called i.i.d. states. For all n,r =0 and all |v) € # ® #, the
set of almost-i.i.d. states along |v), ., ., is defined as the span of all vectors that are, up to
reorderings, of the form [v)®"~" ® |), for an arbitrary ¢ € (# ® #)®". In the following, we simply
refer to these states as almost-i.i.d. states (which becomes relevant when r < n).

* The second result is a de Finetti theorem for states in Sym"(/# ® Jf)ﬂ&”(”]t_a® Jyen-2a° which
says that reduced states from them are well approximated by mixtures of almost-i.i.d.
states. Formally (Theorem 4 of [RC09], applied to & = # ® # and & = J ® A, with
dim(%) = (E + 1)?):

Theorem 4.5. Let p" € Sym"™ (A ®J€)ﬂ%nj® yn-2a and let p" 49 = Try,(p"). Then, there
exist a finite set V of unit vectors |v) € A ® A, a probability distribution {p,},cy over ¥, and
almost-i.i.d. states ﬁl'}_4q € "4 such that

v@n—Sq
) 4q(q+1
F (ﬁ”“‘q, Y. Py 4q) >1-qE exp [—M ~ (4.103)
veV n

3 n n
Given a state p" € 7,

shows that the reduced state g

applying Theorem 4.5 to the purification " given by Lemma 4.8
n~49 ig close in fidelity to a mixture of states that are i.i.d. on

n —8q subsystems.
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4.54 Hoeffding inequality for almost-i.i.d. states

We recall here Lemma 4.2, in the context of a product measurement applied to an i.i.d. state

lv)(|®":

Lemma 4.9. (Hoeffding inequality for i.i.d. states) Let M >0 R and let f :C— R be a
function bounded as |f(a)l < M for all a € C. Let A >0, let p € N*, and let |v) € A. Let M =
{My}acc be a POVM on F€ and let D,y be the probability density function of the outcomes of the

measurement 4 applied to |v){v|. Then

12
Pr =A| =2exp P ], (4.104)
a

1 P
;izzlﬂai)— E_[£(B)] T

B—D,)

where the probability is taken over the outcomes & =(a1,...,®,) of the product measurement P

applied to |v){(v|®P.

The next result gives an equivalent statement for almost-i.i.d. states along a state |v), measured
with a product measurement. It generalises Theorem 4.5.2 of [Ren08], where the probability
distributions over finite sets, corresponding to product measurements with finite number of
outcomes, are replaced by continuous variable probability densities, corresponding to product
measurements with continuous variable outcomes. Frequencies estimators are also replaced
with estimators of expected values of bounded functions. We will use this result for the POVM

corresponding to a product heterodyne detection.

Lemma 4.10 (Hoeffding inequality for almost-i.i.d. states). Let M >0cRand let f:C— R be a
function bounded as |f(a)| <M for all a € C. Let u>0and 1<m <r <t such that

(t-m)u>2Mr. (4.105)

Let also |v) € # and |®) € F

p®t-r

. Let M ={My}acc be a POVM on S and let D), be the probability

density function of the outcomes of the measurement 4 applied to |v){(v|. Then
t t— 2r \?

52( )exp ——r(ﬂ— 4 ) ] (4.106)
r

where the probability is taken over the outcomes & = (a1,...,Q;—p,) of the product measurement
MET™ applied to | PY(D|.

Pr

a

>

1 t—-m
N J- E
— FZI fla;) ﬂ«—D|v>[f(ﬁ)]

In essence, this lemma says that a product measurement on all but m subsystems of an almost-
i.i.d. state along a state |v) will yield statistics that are similar to the ones that would be obtained

by measuring the i.i.d. state [v)®' ™.
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Proof. |®) €& t . ., s0by Lemma 4.1.6 of [Ren08], there exist a finite set .# of size at most
(i), a family of states |®°) € #°" for s € ., complex amplitudes {y;};c» and permutations

{ns}se over [1,...,¢] such that

D) := ) 7, |D°)
ses i (4.107)
=) s (1) ®|D%)).
ses
With the notations of the Lemma, let us define for y > 0:
Qu= {ae@t m t— Z f(al)—ﬂ [% [F(B)] >u}- (4.108)
- ] v

We recall here Lemma of 4.5.1 of [Ren08]:

Lemma 4.11. Let |Z'| be a finite set and |W) =Y ycq |v™), and let A be a non-negative operator.
Then

(WlAly) <12 Y. (W*IAly®). (4.109)
xeX

In particular, using Eq. (4.107) and this lemma when A is a POVM element of the product

measurement My = My, - ® M, we obtain:

Ai—m >
Pr [aeQ,]= f<q>|,%a|q>> dtme
a—|D) Q,

1LY 1y |2 (DF | M |DF)dZ ™
Q ses

<121 Y Iysl? f<<1>swa|<1>3>d2“‘m’a
ses Qu

=\ 2 Pr [¢eQ ,
71 % el B a0yl

(4.110)

where we write & — |y) to indicate that @ = (a1,...,as—1,) is distributed according to the
outcomes of the product measurement .#®!~™ applied to |y).

Let a — |®%). We have |®°%) = 7,(Jv)®' " ® |®°)), and in particular (Ar(1)s- -+ > Ay(t-r)) 18
distributed according to the outcomes of the product measurement .#®~" applied to |v)®!".
We also have, for |f| < M,

1 t—r 1 t—-m
P izzlf(ansm) Rir— 1:21 f(a;)

i=t-m+1

t t
— Z fla (i)~ (Z (ai)—Zf(ai))

t
=7 = Z f(ans(L)) (Z f(ans(z)) Zf(afz )

i=t-m+1

1 1
= (ﬁ - t—_) Z f(ans(z))+

(Z fla;)— Zf(ans(z)))

i=t-m+1 i=t-r+1
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1 1
< (l))|+ (Zlf(a )|+Z|f(ans(l))l
t—r t—-m i=t—-m+1 i=t—-r+1
- |r—m|M+(m+r)M
t—m t—m
2rM
= , (4.111)
t—m

where we used r = m. Now for all s € .,

[ 1 t—-m
Pr [aEQ#]— Pr P Z fla;)— [f(ﬂ)]
i=1

>
e @—|®%) L t— B—Dy,) ¢
[ 1 tr 1 t-m 1 t=r
< P — V- [ ) N N
a-io | t_rizzlf(ans(z)) SELLF t_mizzlﬂal) —t_ri;f(a,,s(l)) u
|1 & 2rM
< P ; > - —
aios) | |71 izzlf(“”s(”) E LD > p m}
t—r(u 2r 2]
=2 - — -
exp 2 (M t—m) ,
(4.112)

where we used triangular inequality in the second line, Eq. (4.111) in the third line and
Lemma 4.9 in the fourth line with p=¢t—rand A = pu— 2r M

with Eq. (4.110), and using |.¥| < (r) we finally obtaln,

t
52( )exp
r

> 0. Combining this last equation

_ 2 2
—Zﬂa)— £ If(p)] _t r(ﬂ— r ) ] (4.113)

Pr =u
a—|y)

(_ lvy 2 M t—m

[ |

We recall the bound on z — fy(z,n) obtained in Eq. (4.68): for all @ € C,

My (n)
fylanl= —n;ﬁE , (4.114)
where |

£ (k,1)
M, () = E-esD/2 | gli-pl| TAEE ) 4.115
w(1m) k;OWkl//zM min(k, 1) ( )

Let u,n >0, E €N, let [v) € # ® A, and let |®,)" % € ¥ 4q Applying Lemma 4.10 for the

pen— 8q°
real-valued function f, for ¢ = n —4q, for r = 4q, for D,y = Qy)@w|, and with the bound from
Eq. (4.114), we obtain

1 n—-4q-m
Pr||——— fulai,m— E  [fy(B,m]=
14 n—4q—m lgl L 17 ﬁ‘_Q\v)(v\w ﬁ n IJ
9 (4.116)
n—4q n—8q(nl+Eu 8q )
<2 exp |— -
4q 2 My(n) n-4q9-m
where the probability is over the outcomes a of a product heterodyne measurement of the first

n—4q

pen— 8q *

n —4q — m subsystems of |®,)"*~ e p
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4.5.5 Proof of Theorem 4.4

We introduce the following simple result:

Lemma 4.12. Let 0 < f< 1. Let p1,p2 be two states such that F(p1,p2)>1— . Let |®) be a pure

state, then

|F(@,p1) - F(®, p2)| = D(p1,p2) < V. (4.117)

Proof. Let us write Pg’l and Pg; the probability distributions associated to the binary
measurement {|®)(®|,I —|P)(®|} of the states p; and pg, respectively. Then, P;DI(O)+P;)D1(1) =
(0] () —
Py (0)+P, (1)=1, and
1
) o _ ) ) ) )
1P, = PP lva = 5 (P50~ Py, 0] + 1Py, (1)~ Py, (D)) w11
=|PJ (0)-Pp (0)l.
Hence,
|F(®,p1) - F(®,p2)| = [(DIp1]|D) — (D] p2|D)|
_1p® )
= P2 (0)- P2 (0)
_1p® ]
=1P2 P2 ll10a w119)
< D(p1,p2)
<Vv1-F(p1,p2)
< VB,
where we used Eqgs. (1.11, 1.15).
|

With these intermediate results, we are now in position to prove Theorem 4.4.

Proof. Let |y)(w]| be the target pure state, and let p"** be a state sent over n+% subsystems.
Let B1,..., B be samples obtained by measuring k subsystems at random of p”** with
heterodyne detection. Let p™ be the remaining state after the support estimation step. In
what follows, we first assume that p" € ¥ ;?m_q.

Let p"~*? be the state obtained from p” by tracing over the first 4q subsystems. In that
case, by section 4.5.3, there exist a finite set 7 of unit vectors |v) € #2 ® #, a probability
distribution {p,},ey over 7, and almost-i.i.d. states ﬁ,’,”_4q € 9" guch that

p®n—8q

_ 4q(g+1
F (pn—4q’ Y popl 4q) >1-q BV exp [_M , (4.120)

veV n
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where pﬁ_4q is the remaining state after tracing over the purifying subsystems, since the

fidelity is non-decreasing under quantum operations [BCF*96]. We also obtain

4 +1
F(p’”, vap;”) >1-q%Vexp [—M , (4.121)

veV n

where p™ (resp. pI') is the remaining state after measuring the first n —4q —m subsystems

of p"~44 (resp. p" *?) with heterodyne detection.

Let ay,...,an_49—m be the samples obtained by measuring the first n —4q —m subsystems

of p" 9 with heterodyne detection. The verifier computes the estimate (4.81)

1 n—4qg-m

€ m
Fy(p)= lzzl fu (a,-, m—Kw) , (4.122)

n—-4qg-m

and whenever Fy, > 1 we instead set F';, = 1. Let us define the completely positive map & on

H" 4 associated to the classical post-processing of the protocol as:

o—&(0)=) Pr[Fy(o)=e]le)el. (4.123)

The sum ranges over the values that the estimate may take. With Eq. (4.120) and Lemma 4.12

we obtain

_ +1)2 2 +1
D(p”“‘q, Y pobl 4q)5q‘E2” exp[—M : (4.124)
n

vey

The trace distance is non-increasing under quantum operations, so Eq. (4.124) implies

_ +1)2 2 +1
D|&(0"9),&| Y pupo” 4‘1)) < g5 exp| 2249+ (4.125)
vey n
Using the definition of the map &, we obtain a bound in total variation distance:
_ (B+1)? 2q(g+1)
P[Fy(p)] - P Fw(vapZ 4‘1) <q 7 exp [—L , (4.126)
veV tod n

where P denotes the probability distributions for the values of the estimates F,(p) and

Fy (ZUGV pvpﬁ_4q)-

In particular, this bound implies that for all A >0,

Pr“F(w@m’Pm)—Fw(Pﬂ>l]—Pr[ F(w®m,pm)—Fw(vapZL—4") >
vel (4.127)
2
Sq%exp [_M ,
n
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and thus
E+1)? 2q(q +1)
Pr[|F(1//®m,pm)—Fw(p)| > /1] <q 2 exp _%
(4.128)
+Pr F(ww,pm)—Fw(Z pvpﬁ“*q) >
vey
With Eq. (4.121) and Lemma 4.12 we obtain
+1)2 2 +1
F(y®™,p™)~F (W‘, )3 pvp;") <q"% exp [—M , (4.129)
veV n
where ®™ is m copies of the target pure state |w). With the triangular inequality,
F(1//®m,pm)—Fw(Z pvp3_4q)
vey
< F(t//®m,pm)—F(z//®m, vapv’”) + F(w®’”, vapT)—Fw(vap;l“‘q) (4.130)
vey vey vey
E+12 2g(g+1) _
<q * exp [—L + F(t//®’”, > pvpL”) —Fw(Z PoPy 4q) ,
n vevy vey
where we used Eq. (4.129) in the last line. With Eq. (4.128) we obtain, for all 1 >0
E+1)? 2q(q +1)
Pr[lF(w®m,pm)—Fw(p)|>/l] Sq 2 exp _%
E+1)? _ 29(g+D) (4.131)
+Pr F(w®m,ZpupT)—Fw(vapﬁ_4q) >A-q % e«
veV vey
By linearity of the probabilities, it suffices to bound Pr[|F(y®™,®™)—F,(®)| > |, for
+1)2 — — —
p= A—q(Ezl) exp [—W], where |®) € 9;;;1;, for |v) € /£ ® #, and where @™ is the

state obtained from |®)(®| by measuring the first n —4qg — m subsystems with heterodyne

detection and tracing over the purifying subsystems.

Lemma 4.13. Let |®) € " %9 For all ¢ >0,

U@n—Sq'

2

n—8q (€1+E€/ 8qm2+E )

n—4q
Pr['F(l//®m,(Dm)_Fu/(q))|>€+€,]52( 4q )exp _2m4+2E’ -

Cy n—4g—-m
+m(4q+m—1)
n—4q

ki

(4.132)
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where

|
v € \E-5 1k max(k,1)
= — |I—k| 2 27-1+E
kJZ: W/kV/Z'(m) K, 2R e | o vE! KLE. (4.133)

Proof. Let ai,...,a,-4q-m be samples obtained by measuring the first n—4q —m subsystems
of |®@)(®| with heterodyne detection. We have (4.81)

Fy(®) = : (4.134)

i ()

and

|F(y®™,0™) = Fy(®)| < |F(y®™,0™) - F(y®™, [v)(w|*™)|

rormetn-(, 5 |w(pog )]
+F@ W B—Quxw] fu 'BmKw

€ m
E ,——— —Fy(®
B—Quxwl fu (ﬁ mKu/) ) 4 )‘

= |[F@y®™,0™) - Fy®™",|v)|*™)|

4ol

[ (s &l )|

+

+|F(y, lv))™ - (ﬁ E

Q)]

+

€
E y
B=Qvwl [fil/ (ﬁ mKU/)
< |[Fy®™,0™) - F(y®™,v)@|®™)|

ol )|

1 n—4q-m €
; fy (“u m—Kl,,)"
(4.135)

i=1

+m‘F(w,|v><v|)— E

b 21

ﬁ‘—g\vm [fw (ﬁ’ m;{w) -

where we used Lemma 4.5. We bound these three terms in the following.

+m

When selecting at random m subsystems from an almost-i.i.d. state over n —4q subsystems
which is i.i.d. on n — 8¢ subsystems, the probability that all of the selected states are from

the n — 8¢ i.i.d. subsystems is

"X (n-8¢)n-8g-1)...(n-8q—m+1)
(4) " (- dg)n—4q-D...(n—4q-m+1)’

(4.136)
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and we have

_(n—8q)(n—8q—1)...(n—8q—m+1) - _(n—8q—m+1)m

(n—4q)n-4q9-1)...(n—-4q-m+1) (n—4g)™
4g+m—-1\"
—1- (1 _ %)
n—aq
4.137
. ( m(4q+m—1)) ( )
<min|l,——=
n—4q
m(4qg+m—1)
S,
n-—4q
where we used 1—-(1—x)* <ax for all @ =1 and x €[0,1]. In particular, for |D) € ,?;';:18%, and
®™ its reduced state over m modes chosen at random, we have
O™ = |v) (v|®™, (4.138)
m(4qg+m—1) n—4q

, where we used the definition of & and

n—4q pen-8¢>

Eq. (4.137). Using Lemma 4.12, the first term in Eq. (4.135) vanishes with probability greater
than:

with probability greater than 1 -

1 mdq+m-1)

4.139
—p ( )
The bound for the second term is given by Corollary 4.1 applied to the state |v), for n = m%w :
€
m|F(y,lv)v)—- E ( ,—) <e. (4.140)
‘ v PRl fo(P mKy,
The bound for the third term is probabilistic, given by Eq. (4.116), for n = m%w and p = %
For all ¢’ >0,

i 5 Al b R )2

Pr||—— a;,— |- E ,——|l|l=z=—

« n—4q —m l;[ fl// ! mKw B—Q )| fT,l/ ﬁ mKw m
2 (4.141)

n—4q n-8q el Ee! 8q
=2 exp [~ Epl+E e\ .
4q 2 m2EK, MW(mKu,) n—-4qg-m

We now bring together the previous bounds in order to prove Lemma 4.13. Combining
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Eqgs. (4.135), (4.139), (4.140) and (4.141) yields

Pr(|F(y®™,@™)—Fy(®)| > e+¢€']

1 n—-4q-m € € P
<Pr||———— ai,—— |- E (,—) >—
a||ln—-49g-m l:Zi fw( ' mKu/) B—Quxwl [fu/ p mKy, m
2
—4 -8 1+E ./ 8
<o T | exp [ -2=24 e (4.142)
4q 2 m2ER My(5%) n—4q-m
N mdq+m-1)
n—4q
n-—4q n-8q (e*Ee'  8gm2**E 2 m(dqg+m—1)
=2 €XP | =5 itk a PR
4q 2m Cy n—4g—-m n—4q

where

1+E €

E EoEL w0\ (4.143)
€\E—Ty 148 max
= — K 2 2|Z—k| 4 _ 2K1+E.
k,;Z:oWWll (m) v J (min(k,l)) — lvel’K,
O
Combining Eq. (4.131) and Lemma 4.13, we finally obtain
+1)2 +
Pr ||F@®™, 0™ ~Fy(p)| >e+€ +q" 7 e o
12 2 1 —4 _ 1+E s 2+E 2
< ¢ exp [——q(‘” ) +2(n q)ex 18 (E ¢ Sam ) (4.144)
4q 2m Cy n—-4qg-m
m(4qg+m-—1)
+
n—4q
Setting
2
n—4q n—-8q (e*E¢  8qm2tE
PHoeffding = 2( 4q )ex _2m4+2E ( Cw - n—4q—m s (4.145)
mdg+m-1)
Pchoice = q—a (4.146)
n—4q
and ) 20+ 1)
(E+1) q(q +
PgeFinetti =q % €xp [_T s (4.147)
we obtain
Pr [|F(w®m’pm) —Fu,(p)| >€ +€/ +PdeFinetti] SPdel:"inetti +Pchoice +PHoeffding- (4~148)
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Until now we have assumed p" € #7 . By section 4.5.2,

Pr

FanTE| < Popport. (4.149)

where 7 is the event that the projection of p" (the remaining state after the support esti-

mation step) onto &7 fails, where T is the event that at most s of the & values f8; from
the support estimation step satisfy |8;2 > E, and where Pgypport = 8£%2exp [—% (£- b)z]

n k
With the union bound we thus obtain

® ! k
Pr [(\F(llf m’pm) —Fw(p)| >€ete +PdeFinetti) NI < Psupport+PdeFinetti + P choice +PHoeffdinga

(4.150)
where
252
7] 82
support exp 9\n % s
(B+1) 2q(q +1)
PacFinetti =q % exp [_T , (4.151)
mdg+m-1)
Pchoice = q—, (4.152)
n—4q
P 9 n—4q n—-8q (€1+Ee' 8qm?+E )2
N e _ _
Hoeffding 4(] omA+2E Cu/ e 4q “m

The variables €,¢',n,m,q,k,s,E are free parameters of the protocol. Let us fix, e.g., E = O(1),
s=0(1), n =0 (m%*8E), k = O(m19*8F),q = O (m10*4F), and e =€’ = O( ). Then, either the
estimate Fy (p) of the fidelity F(y®™,p™) is polynomially precise (in m), or the score at the
support estimation step is higher than s, with polynomial probability (in m), by plugging the

different scalings in the above expressions.

These general single-mode state certification and verification protocols may be used for various
usecases. We present selected applications in the following section, relating to the certification of

non-Gaussian properties of quantum states.

4.6 Certification of non-Gaussian properties

4.6.1 Certifying the stellar rank

The stellar hierarchy can be certified with the previous protocol using the estimate of the fidelity
obtained as a witness for the stellar rank. We recall a few definitions and results from chapter 2.
The stellar rank of a single-mode normalised pure quantum state corresponds to the minimal
number of photon additions necessary to engineer the state from the vacuum, together with

Gaussian unitary operations. Moreover, a mixed state which has a stellar rank equal to n cannot
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be expressed as a mixture of pure states of ranks strictly lower than n. Given £ € N* and a target

pure state |y), if a mixed state p satisfies
F(y,p)>1-[R; )P, (4.153)

where R,:(u/) is the k-robustness of the state |¢), then it has a stellar rank greater or equal to k.
This in turn can be checked by computing the robustness profile of the state |y).

With Theorem 4.3 for m = 1, we obtain the following protocol for certifying the stellar rank
under the i.i.d. assumption, where E, s, € and ¢’ are free parameters:

Let |y) be a target pure state. First, measure with heterodyne detection n copies of the
(mixed) state p, obtaining the samples ay,...,a,. Then, record the number r of samples such that

Iail2 > E. Compute with the same samples the estimate

12 €
F == =, 4.154
Vo) = izifl,,(al Kw) (4.154)
where the function f4 and the constant K4 are defined in Eqgs. (4.2) and (4.3), for A = |y){(y/|.
Then,

|F(y,p)=Fy(p)| <e+e, (4.155)

or r > s, with probability greater than

(S+ 1)3/2 (8+ 1)2 n€2+2E€/2
1—( exp 1 +2exp _W , (4.156)
where
|
E kel 1+ kL max(k,l)
Cy= E-% K, 7 |2k ’ 4.157
v kJZ:OIWkWIE v min(k, 1) ( )

is a constant independent of p, with the constant K defined in Eq. (4.3). In particular, if the
estimate obtained satisfies
Fy(p)>1-[R; @) +e+€, (4.158)

which can be readily checked from the robustness profile of the target state |y), then either the
score at the support estimation step is high or the state p has stellar rank greater or equal to %,
with high probability for a large number of samples. An analogous statement holds for the case of

verification, without the i.i.d. assumption, with Theorem 4.4.

4.6.2 Certifying Wigner negativity

In the previous section, we detail how to certify a nonzero stellar rank of any experimental
(mixed) state, which implies that this state is non-Gaussian. However, such a mixed state may
still have positive Wigner function. Since processes with positive Wigner functions are classically

simulable [ME12], negativity of the Wigner function is also a crucial property to look for. In
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this section, we show how our certification protocol with heterodyne detection allows for the
certification of Wigner negativity without the need for a full tomography.
The Wigner function of a state p evaluated at a € C is related to the expected value of the

parity operator displaced by a [Roy77]:

W,(a) = %Tr D@D @p), (4.159)
where
=) (-1)*In)nl| (4.160)
n=0

is the parity operator. Hence, we can use the certification protocol to obtain mean value estima-
tions of the operator %ﬁ(a)ﬁﬁT(a) and retrieve the value of the Wigner function at a. Moreover,
since the displacement can be reverted in post-processing by translating the samples by a, we can
alternatively obtain mean value estimations of the operator %f[ (which has a simpler expression
in Fock basis) using translated samples.

Using either the certification protocol from Theorem 4.3 or the verification protocol from
Theorem 4.4 allows us to witness Wigner negativity under or wihtout the i.i.d. assumption,

respectively.

4.7 Certifying multimode continuous variable quantum states

The certification and verification protocols described in the previous sections allow us to obtain
efficiently estimates of fidelities of any single-mode continuous variable quantum state with any
target single-mode pure state, with analytical confidence intervals, either with i.i.d. assumption
or with no assumption whatsoever. These protocols also allow us to estimate efficiently fidelities
with multimode i.i.d. pure states. However, translating them directly to efficient protocols for
general multimode states seems hopeless, since verifying a multimode state implies accounting
for all possible correlations between its subsystems, of which there is an exponential number in
the size of the state.

On the other hand, we show in what follows that being able to estimate single-mode fidelities
with heterodyne detection is enough to provide fidelity witnesses for a large class of multimode

states. This result combines the following two observations:

¢ If all the single-mode subsystems p; of a multimode quantum state p are close enough
to single-mode pure states |y;)(y;l, then p is close to the tensor product of these pure
states (Lemma 4.14). In particular, being able to estimate single-mode fidelities is enough

to provide fidelity witnesses for product of pure states.

¢ Passive linear transformations followed by single-mode Gaussian unitary operations and
product of single-mode balanced heterodyne detections can be simulated by perform-

ing unbalanced heterodyne detections first, then post-processing efficiently the samples
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(Lemma 4.15). In particular, for such an operation V, if the multimode state p can be

efficiently certified using heterodyne detection, then it is also the case for the state VpVT.

This allows us to verify efficiently a large class of multimode continuous variable quantum states,

with and without the i.i.d. assumption, including the m-mode states of the form
m N n m
(@Gi)U(®|wi>), (4.161)
i=1 i=1

where U is a passive linear transformation (a unitary transformation of the creation and annihi-
lation operators of the modes) and where, for all i € {1,...,m}, the state |i;) is a single-mode pure
state with constant energy (which does not scale with the number of modes m) and the operation
G, is a single-mode Gaussian unitary which may be written as a combination of a single-mode
displacement and a single-mode squeezing (see section 1.3). In particular, these states includes
multimode Gaussian states and the output states of Boson Sampling interferometers and of CVS
circuits (see sections 1.4.5 and 3.3.3).

The fidelity witnesses presented here extend the work of [AGKE15] in various respects.
Their work provides fidelity witnesses for multimode photonic state preparations with Gaussian
measurements, under the i.i.d. assumption. However, the witnesses are for a more restricted
class of target states and are efficient for Gaussian pure states only. In particular, the number of
copies needed to certify with constant precision the output of a Boson Sampling interferometer
with n input photons over m modes with their protocol scales as Q(m”**), which is worse than
exponential in the antibunching regime n = O(y/m’), while we show that our protocol provides
tight fidelity witnesses with constant precision with O(m*logm) copies. Moreover, we are able
to remove the i.i.d. state preparation assumption, at the cost of an increased—though still
polynomial-—number of measurements needed for the same estimate precision and confidence

interval.

In the following sections, we present the general protocol and detail its application in the case of

Boson Sampling.

4.7.1 General multimode protocol

We present the two versions of the multimode verification protocol, with or without i.i.d. assump-

tion. Under the i.i.d. assumption:

1. The verifier chooses an m-mode target pure state |ty ¢ g) := S(E)ﬁ(ﬁ) U(®;’i1 lw;)), as in
Eq. (4.161), where for all i € {1,...,m} the state |w;) has constant energy, where U is an m-
mode passive linear transformation with m x m unitary matrix U and where &, € C™. The

verifier also chooses a precision parameter 0 <7 < 1 and energy cutoff values E;,...,E,,.

2. The verifier asks the prover for N = O(poly m) copies of the target state [ty ¢ g). Let poN

be the (N x m)-mode (mixed) state sent by the prover, where p is an m-mode (mixed) state.
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3. The verifier measures with unbalanced heterodyne detection with unbalancing parameters
& all the m subsystems of all the N copies of p, obtaining the N vectors of samples
y©,. yMecm,

4. For all £ €{1,...,N}, the verifier computes a®) = UT(y(k) — B). We write a® = (a(lk),...,agi)).

1 N)

5. For all i € {1,...,m]}, the verifier records the number r; of values among a(i yens @ such

that Iagk)l2 > E; (support estimation).

6. For all i € {1,...,m}, the verifier computes the mean F; of the function z — fu.(z,€6,E;) over

the same values 'V , a(iN ), where the function f is defined in Eq.( 4.2).

i o0

7. The verifier computes W =1 — xr,a -F).

The cutoff values E1,...,E,, should be chosen by the verifier to guarantee completeness for the
estimation of the single-mode fidelities, i.e., that if the prover is sending a near-ideal state it is
accepted with high probability. For a sufficiently large number of copies N = O(poly m), we show
in what follows that W is a tight lower bound on the fidelity with inverse polynomial precision, or
one of the scores r1,...,r, is high, with high probability.

Without i.i.d. assumption, an equivalent protocol is obtained by using the version of the
protocol which does not assume i.i.d. state preparation for estimating the single-mode fidelities
in Theorem 4.4. In that case, the final protocol is nearly identical, up to slight differences for
the classical post-processing: a small fraction of the measured subsystems have to be discarded
at random and the samples used for the support estimation step must be randomly chosen
and cannot be used to compute the fidelity estimates. This comes at the cost of an increased
number of measurements necessary for the same witness precision and confidence interval, which
corresponds however to a polynomial overhead in m.

For both protocols, note that the efficiency may be greatly refined by taking into account
the expression of the single-mode target pure states |y;) in Fock basis. We give an example
of such optimisation in the next section, in the case of Boson Sampling output states, when
the single-mode target pure states are either single-photon Fock states or vacuum states. In
particular, for the protocol under i.i.d. assumption, if the single-mode target states have a finite

support over the Fock basis then the support estimation step is no longer needed.

We now show that the estimate W is a tight fidelity witness for a number of samples O(poly m).
We first prove the following result:

Lemma 4.14. Let p be an m-mode state. For all i € {1,...,m}, we denote by p; the single-mode
reduced state of p over the i'" mode. Let |y1),...,1wm) be single-mode pure states. For all i €
{1,...,m}, we write F(p;,w;) =1—¢;, where F is the fidelity. Then,

m

ci<Fp,y1®-0y,)<[[1-¢). (4.162)
1 i=1

1-

s

1
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In particular, when €1 =--- =€, =¢,
1-me<F(p,y1® - @Yp)<(1-¢)". (4.163)
Proof. Since |y1),...,|v,,) are pure states,

F(paWI ®--- ®1;Um) = TI'[P |W1>(1V1| ®--® |Wm><Wm|], (4.164)

and
F(p;,yi)="Trlp; lyi){y;l]

=TrlpTi—1 @ Y)Yl ® 1]
for all i € {1,...,m}. The left hand side of Eq. (4.162) is obtained by writing F(p,y1® -9y n,)

(4.165)

as a telescopic sum:

Triply) (Wil ® - ® W) {Wm|l=Trip1,]
—Trlp(1—ly 1)W1 ® Tp-1]
=Triply il e (1-|y2){wa|) ® T2l
=Trlply)(yil @ lwa)(yel @ (1—|ws)(ysl) ® Tn,-3] (4.166)

~Triply(yil @y (yal @ - @ (1= |ym)(Ym D]

-2 (A-Triplir®ly) Wil & Tn-il),

by linearity of the trace, where we used Tr(p) = 1. This gives
Flp,y1® - ®y,,)=1— Z (1-F(pi,vy)), (4.167)

with Eqgs. (4.164) and (4.165).

The right hand side of Eq. (4.162) is obtained by Cauchy-Schwarz inequality and a simple

induction:

Trlp ly1)Wil® @ W) Wmll=Tr (VP 1w1) Wil ® Tn-1) (1® @) (Wal ® - & [Wm)Wm| v/P)]
<Tr(ply1)Wil®Tp-1]Tr[p 1 (W) (W2l ® - & [Yn ) (Wnl]

I\

m

< HTr[p Tic1® iyl ® In—il,

(4.168)
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where we used the cyclicity of the trace and the fact that |y1),...,|wv,,) are pure states. This
gives

F(p,y1®---8yp) < [[Flpi,vi), (4.169)
i=1

with Egs. (4.164) and (4.165).

Writing F(p;,v;) =1—¢;, we obtain, with Eqgs. (4.167) and (4.169),

m
ei<F(p,y1®--0yy,)<[](1-¢), (4.170)
1 i=1

1-

s

1

which concludes the proof. Additionnally, by the inequality of arithmetic and geometric

means,

E(l—e»s(l—%iei) (4.171)

i=1
m
<exp|-— Z €,
i=1
which gives a looser bound in terms of the total single-mode deviation }.'" ; €;:

1-

gt

m
eisF(p,u/l®---®wm)Sexp(—Zei). (4.172)
i=1

Note that Eq. (4.163) is tight for small ¢, since its right hand side is then equivalent to 1 —me.
Lemma 4.14 implies that if the fidelities of single-mode subsystems of an m-mode quantum state
with some target pure states are higher than 1 - %, for some A > 0, then the m-mode state has
fidelity at least 1 — A with the target m-mode product state.

Together with the union bound and the single-mode certification and verification protocols
from Theorems 4.3 and 4.4, this provides a means for obtaining efficiently tight fidelity witnesses
with any target tensor product of single-mode pure states with analytical confidence intervals,

with and without i.i.d. assumption.

At this point, we can obtain fidelity witnesses only for pure product states, with no entanglement,
using a fidelity estimation protocol for each of the single-mode subsystems in parallel. We make
use of the properties of heterodyne detection in order to extend the class of target states for which
fidelity witnesses can be efficiently obtained, from pure product states to the multimode states
that are obtained from a pure product state with a passive linear transformation followed by
single-mode Gaussian unitary operations, as in Eq. (4.161).

The POVM elements of product single-mode unbalanced heterodyne detection over m modes

168



4.7. CERTIFYING MULTIMODE CONTINUOUS VARIABLE QUANTUM STATES

with unbalancing parameters & € C™ are given by (see section 1.4.2)
¢ 1
G = —la,§{a,él, (4.173)
7

for all @ =(aq,...,a,,) € C™, where |a,&) = ®;’i1 |ai,&;) is a product of squeezed coherent states
S(E)D(a;)10).

The POVM elements of product single-mode balanced heterodyne detection are given by Hg,
for all &« € C™, and we have fo =8 (f)HgS 7(§). In particular, a single-mode squeezing followed
by a single-mode balanced heterodyne detection can be simulated by performing directly an
unbalanced heterodyne detection according to the squeezing parameter. One retrieves balanced
heterodyne detection by setting the unbalancing parameter to 0 and homodyne detection by
letting the modulus of the unbalancing parameter go to infinity.

Passive linear transformations correspond to unitary transformations of the creation and
annihilation operators of the modes. These transformations, which may be implemented by
unitary optical interferometers, map coherent states to coherent states: if U is a passive linear
transformation and U is the unitary matrix describing its action on the creation and annihilation
operators of the modes, an input coherent state |a) is mapped to an output coherent state
Ula) = |U &), where U « is obtained by multiplying the vector a by the unitary matrix U. Hence,
the POVM elements corresponding to a passive linear transformation U followed by a product
of single-mode balanced heterodyne detection are given by UHgU = H?]a, for all « € C™. This
implies that the passive linear transformation U followed by a product of single-mode heterodyne
detections can be simulated by performing the heterodyne detections first, then multiplying the
vector of samples obtained by U.

A similar property holds with single-mode displacements: since displacements map coherent
states to coherent states, up to a global phase, by displacing their amplitude, a single-mode
displacement followed by a single-mode heterodyne detection can be simulated by performing the
heterodyne detection first, then translating the sample obtained according to the displacement
amplitude. In particular we have D(ﬁ)HgDT(ﬁ) = Hgﬁﬁ for all a,f € C", where a+ f = (a1 +
Bi,eees@m + Bm).

Combining the properties of heterodyne detection we obtain the following result:

Lemma 4.15. Let §,& € C™ and let V= S(E)ﬁ(ﬁ)U, where U is an m-mode passive linear trans-

formation with m x m unitary matrix U. For all « € C™, let y =U a + B. Then,

I =vngv'. (4.174)

Proof. We have Hf, = 7%,,, la, &), é|, for all a,& € C™, where |a,&) = S(E)ﬁ(a)IO) is a tensor
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product of squeezed coherent states. We also have

TT10 77T = 170
omot=ny

DD (p) =110 (4.175)

a+p’

S@MS &) =15,

for all a,B,& € C™ and all m-mode passive linear transformations U with m x m unitary
matrix U. Writing V = $(&)D(B)U, we obtain

VIV’ =S@DBUNLUTD (S (&)
=S@©DPN DS &
=8O, 57

_1é
_HUa+ﬁ'

(4.176)

Lemma 4.15 implies that the POVM {VII%V'}4ccn can be simulated with the POVM {Hi}yecm
by computing a = U'(y — ), i.e., translating the vector of samples y by the vector of complex
amplitudes —p and multiplying the vector obtained by the m x m unitary matrix U'. This
means that a passive linear transformation followed by single-mode Gaussian unitary operations
before balanced heterodyne detection can be simulated by performing unbalanced heterodyne
detection directly, then post-processing efficiently the classical outcomes. In particular, for such a
transformation V, if a multimode pure product state &7~ lw;) can be efficiently verified using
balanced heterodyne detection, then the state V(®;”: 11¥i)) can be efficiently verified using
unbalanced heterodyne detection.

Formally, let p be an m-mode (mixed) state. Let |y1),...,|w,,) be single-mode pure states and
let V=S ({)ﬁ(ﬁ)U, with f,& € C™, where Uisa passive linear transformation over m modes with

an associated m x m unitary matrix U. Then,

Flp,VIgy@il®- 8 [Wm)wmlV)=FV pV,ly )@@ & [Wm)Wmn)

m o (4.177)
>1-Y (1-Flyawil (7 p)0),
i=1

where we have used Lemma 4.14 and where (Vi pV); is the i?" single-mode reduced density
matrix of the state VipV.

The single-mode fidelities F'(|w;)(y;| ,(VTpV)i) can be estimated with analytical confidence
intervals by measuring multiple copies of the m-mode state V'pV with product balanced het-
erodyne detection and post-processing the samples for individual subsystems according to the
protocols from Theorems 4.3 and 4.4. By Lemma 4.15, this is equivalent to measuring the state

p directly with a product of single-mode unbalanced heterodyne detections with unbalancing
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parameters &, translating the vector of samples y obtained by the vector of complex amplitudes
— B and multiplying the vector obtained by the unitary matrix U'. Then, the obtained samples

may be post-processed according to the heterodyne certification or verification protocols.

1
poly m

1- pol; — with high probability, which can be checked in time O(poly m), then with the union

bound for the failure probabilities, the fidelity between the m-mode state p and the target

If all the single-mode fidelity estimates obtained are precise to

and greater than

state V [y 1) (w1l @ & [ W) Wy, Vviis greater than 1— m, with high probability. Hence the
single-mode fidelity estimation protocols give a verification protocol for obtaining tight multimode
fidelity witnesses, under or without the i.i.d. assumption.

The single-mode protocols from Theorems 4.3 and 4.4 are efficient as long as the energy of the
single-mode target pure state is constant, i.e., it does not scale with the number of modes. Note
that additional displacements may be introduced to reduce the energy of the single-mode target
pure states, since by modifying their amplitudes these displacements can be braided through
the transformation V and accounted for by translating the heterodyne detection samples. The
efficiently verifiable states thus are the pure states of the form S (f)ﬁ(ﬂ)ﬁ(@;’i 11¥i)), such that
for all i € {1,...,m}, the state |y;) can be displaced onto a state of constant energy.

In particular, multimode Gaussian pure states with constant squeezing parameter can be
efficiently verified, since these can be written as a product of pure single-mode squeezed coherent
states followed by a passive linear transformation (see section 1.3). Note however that under the
i.i.d. assumption the witnesses from [AGKE15] may provide a more efficient certification method
for Gaussian states.

Remarkably, the class of efficiently verifiable states also includes the output states of CVS
circuits and Boson Sampling interferometers. Our verification protocol may thus be used to verify

quantum supremacy, as we detail in the following section.

4.7.2 Quantum supremacy with Boson Sampling: from validation to

verification

The experimental demonstration of quantum computational supremacy is regarded as an im-
portant milestone in the field of quantum information. It involves a quantum device solving
efficiently a computational task which is provably hard for classical computers, together with
a verification of its correct functionning [HM17]. While the former has been recently accom-
plished with superconducting circuits [AAB*19], the latter is still partial or relying on various
computational assumptions.

Demonstrating quantum supremacy is inherently difficult because the computational task at
hand is a sampling task from an anti-concentrating probability distribution over an exponential
sample space. For that reason, direct non-interactive verification of quantum computational
supremacy with a verifier restricted to classical computations is impossible [HKEG19]. Possible

verification with a classical verifier includes interactive protocols with additional computational
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assumptions [Reg09, AC16, Mah18], or partial verification, which ultimately relies on making

assumptions about the inner functionning of the quantum device.

If one is reluctant to rely on additional assumptions, another way for performing verification
is to allow the verifier to have quantum capabilities. However, the computational power of the
verifier needs to be as small as possible, as it would not make sense if the verifier had enough
computational power to perform the sampling task directly. In the context of discrete variable
quantum computing, a minimal quantum capability would correspond to being able to prepare
only single-qubit states or to perform only simple local measurements. For example, protocols for
verification of IQP circuits [SB09] with these minimal requirements have been derived under
the i.i.d. assumption with single-qubit states [MPKK17] or with local measurements [HKSE16]
and more recently without the i.i.d. assumption with single-qubit states [KD19] or with local

measurements [TM18].

In the context of continuous variable quantum computing, this minimal quantum capability
would corresponds to being able to prepare only single-mode Gaussian states, or to perform
only single-mode Gaussian measurements. An efficient certification protocol exists for verifying
multimode Gaussian states [AGKE15] and thus instances of Gaussian Boson Sampling [HKS" 16]
with single-mode Gaussian measurements under the i.i.d. assumption [AL18]. However, there is
no efficient certification nor verification protocol using single-mode Gaussian measurements for
Boson Sampling with input single photons: current methods used for validation of Boson sampling
are either not scalable, e.g., computing the total variation distance with the ideal probability
distribution, or else provide incomplete certificates, e.g., telling apart the tested distribution from
classical mock-up distributions such as the uniform distribution [BGC*19, WQD*19].

When introducing the Boson Sampling model, Aaronson and Arkhipov importantly showed
that even an approximate version of Boson Sampling is hard to sample for classical computers,
provided two conjectures on the permanent of random Gaussian matrices hold true (see sec-
tion 1.4.5 and [AA13]). More precisely, they showed under these conjectures that sampling from
a probability distribution that has small constant total variation distance with an ideal Boson
Sampling distribution is classically hard in the so-called antibunching regime n = O(y/m). In
particular, verifying a Boson Sampling quantum supremacy experiment amounts to verifying
that the experimental quantum device samples from an ideal probability distribution, up to a

constant error in total variation distance.

Our verification protocol derived in the previous section can be applied to check efficiently
the fidelity of the output state of an experimental Boson Sampling interferometer with the ideal
output state, using only balanced heterodyne detection. The fidelity witness gives in turn a
certificate of the total variation distance with the ideal probability distribution for any observable
by Eq. (4.89), therefore allowing for an experimental demonstration of quantum supremacy with
Boson Sampling, with a verifier having minimal continuous variable quantum computational

power, namely the ability to perform single-mode Gaussian measurements.
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Performing verified Boson Sampling with our protocol, even under i.i.d. assumption, would
already provide a convincing evidence of quantum supremacy with photonic quantum computing,
as the verification without i.i.d. assumption only comes at the cost of an increased number of
measurements, still polynomial in the number of modes m.

To that end, we optimise the bounds for the multimode certification protocol under i.i.d.
assumption. In particular, the support estimation step in the protocol is no longer necessary,
because the single-mode target pure states are either single-photon Fock states or vacuum states
and thus have finite support over the Fock basis. We show that the number of copies needed
for a constant additive precision in the antibunching regime n = O(y/m )—which is required for
a demonstration of quantum supremacy—scales as O(m*logm), making reliable verification
of Boson Sampling using single-mode Gaussian measurements within the reach of current
experiments. Remarkably, this is only a logarithmic factor harder than verifying multimode
Gaussian states [AGKE15].

Let 0 <1 < 2/3 and define, for all z€ C,

fo(z,n)=leXp (1—1JI2|2 , (4.178)
n n
and )
1 1
fl(z,n):—z(ﬁ—l)exp (1——)|z|2 . (4.179)
n o n

The verification protocol for Boson Sampling with n photons fed into a unitary interferometer U

of size m under i.i.d. assumption reads:

1. The verifier chooses two precision parameters 0 < 19,11 < 2/3.

2. The verifier asks the prover for N = O(m*logm) copies of the target state U|1...10...0).
Let p®N be the (N x m)-mode (mixed) state sent by the prover, where p is an m-mode

(mixed) state.

3. The verifier measures with balanced heterodyne detection all the m subsystems of all the

N copies of p, obtaining the N vectors of samples y(l), ... ,y(N beCm,
4. For all k € {1,...,N}, the verifier computes a® = UTy®_ We write a® = (a(lk),...,a(,ﬁ)).

5. For all i € {n +1,...,m} the verifier computes the mean F; of the function z — fo(z,10) over
(@8]

the values «; ,...,a(iN) and for all je€{1,...,n} the mean ﬁ'j of the function z — f1(z,n1).

6. The verifier computes W=1-Y"

Theorem 4.6 (Certification of Boson Sampling using Gaussian measurements). W is an estimate
with constant precision of a tight lower bound on the fidelity with the ideal Boson Sampling output
state, with probability exponentially close to 1.
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The estimate W thus provides an efficient and reliable certificate of the total variation distance
with the ideal probability distribution for any observable by Eq. (1.14).

Proof. Let 0 < n < 2/3. By Lemma 4.1 we have, for any single-mode mixed state p =
2 k120 PRl IR,

+00
E [fola,m]=Tr(pl0)0D+n Z " Pn+1n+1, (4.180)
a—@y(@) o
and .
. [EQ [f1(a,]I=Tr(pI1){1D+n Y n"(n+2)pn+2,n+2, (4.181)
@ n=0

where [EQ [f]1denotes the expected value of the function f for samples from single-mode
a—&p

balanced heterodyne detection of p.

Since n < 2/3 we have n**1 <n® and n**1(n + 3) < n™(n + 2) for all n € N, so by a simple
induction 7" < 1 and n"(n +2) < 2, for all n € N. In particular, Z;Z‘(’)n”pMLnH <1 and
Z;Z% n"(n+2)ppi2.n+2 < 2, since Tr(p) = 1. With Eqgs. (4.180) and (4.181) we obtain

Tr(p10)¢0]) — . [EQ [fola,m]| <n, (4.182)
—wp
and
Tr(pll)(ll)—a [EQ [fi(a,m]| = 2n. (4.183)
—p
We also have, for all ze C, 1
0<folz,m = 5’ (4.184)
and
L e (4.185)
- <filz,n) s ——. :
nz fl z,Mm 172(1 _ T])

For n < 2/3, we have (‘flnT_;) < 1. In particular, the range of the function f; is less than 172—2
Let N eN*, let aq,...,an be i.i.d. samples from single-mode balanced heterodyne detec-
tion of a single mode state pg and let B1,..., BN be i.i.d. samples from single-mode balanced

heterodyne detection of a single mode state p;. Let €9,10,€1,171 > 0, by Hoeffding inequality,

1 N
Pr||=Y folapno— E [fola,nol|=eo| <2e 2N, (4.186)
Np:1 OC<—QP0
and
1Y Nefnf
Pr{|= Y AiBpnD)— E [f(Bn)]|zer| <2 2 . (4.187)
Np:l B—=Qp,

Let o be an m-mode state and let o; denote its k%" single-mode subsystem for all 2 € {1,...,m}.

Let a,...,a™) € C™ be samples from product balanced heterodyne detection of N identical

copies of the state o. For all p €{1,...,N}, we write a), = (a(lp),...,a(,ﬁ) .
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Combining Eqs. (4.182) and (4.186) we obtain, for any i e {n + 1,...,m},

<€ +1no, (4.188)

LS ()
Tr(0i|0>(0|)—ﬁglf0( o)

with probability greater than 1-2exp [~Ne2n3]. Similarly, combining Eqs. (4.183) and (4.187)

we obtain, for any j€{1,...,n},

<€ +2171, (4.189)

1 N
Tr(o; 10D = 3 fi o)
=

with probability greater than 1—2exp[-Ne2n1/2].

We now choose €p,n9,€1,171 in order to minimize the error probabilities for a given
precision Let A9 > 0. Setting €9 + 79 = A9, the optimal choice, which maximises egn%, is
€0 =10 = 5 and with Eq. (4.188) we obtain, for any i e {n +1,...,m},

< Ao, (4.190)

Ao
Tr(al|0><0|)—— Zf ( w 2)

4
with probability greater than 1—-2exp [— %] .

Let 11 > 0. Setting €1 +21;1 = 11, the optimal choice, which maximises 6%1]‘{, ise;=n1= %
and with Eq. (4.189) we obtain, for any j € {1,...,n},
A
Tr(Ujll)(ll)—— Z fi ( @), 1) <A1, (4.191)
3m
. - NAS
with probability greater than 1—2exp [— a6 ] .
Let us define the fidelity witness
W= ( Z 1- F(Uk,|0><0|)+zl F(Uk,|1>(1|)) (4.192)
k=n+1 =1
as in Lemma 4.14, and the witness estimate
vt & (p) (p) /11
WA, A1) :=1— > 1——Zf Z 1——Zf . (4.193)
i=n+1 j=

Taking the union bound of the failure probabilities for ie {n +1,...,m} and j€(1,...,n}, we
obtain with Eqs. (4.190) and (4.191),

|W = W(Ao,M1)| < (m —n)Ao +niq, (4.194)
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with probability greater than

1—2((m—n)exp —N—/ﬁ +nexp —N—A? ) (4.195)
1458
By Lemma 4.14 we have
F(0,]1...10...0)¢(1...10...0) =W, (4.196)
hence with Eq. (4.194) we obtain
F(o,]1...10...0)(1...10...0)) = W(A9, A1) — (m —n)Ag — nAq, (4.197)
with probability greater than
1—2((m—n)exp —N—M +nexp —N—A? ) (4.198)
1458

Let p = U'oU, where U is an m-mode passive linear transformation with m x m unitary
matrix U. By Lemma 4.15 from the main text, the estimate W can be computed using
samples of product balanced heterodyne detection of p multiplied by the unitary matrix U',
rather than samples from the balanced heterodyne detection of a.

With Eqgs. (4.197) and (4.198) we obtain

F(p,U1...10...0)(1...10...0]0%) = W(Ao, A1) - (m — n)Ag — n A1, (4.199)

with probability greater than

NAA

6
A4

+nexp 1458

1—2((m—n)exp

) ) (4.200)

where W(1g,11) is computed using samples of product balanced heterodyne detection of
N copies of the m-mode state p, each of the N vectors of samples being multiplied by the

unitary matrix U™,

The values of 1¢g and 11 must be chosen by the verifier to maximise the above probability

for a given precision of the witness. Equivalently, one needs to minimise:

NAA

NS
1458

(m —n)exp + nexp , (4.201)

with the constraint (m —n)Ag + nd1 =¢, for € > 0. For a given experimental setup, Eq. (4.201)

should be minimised depending on the values of m and n.
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For example, setting Ag = m and 11 = o gives
F(p,U11...10...0)(1...10...0,0") > W(;i) e, (4.202)
2(m—n) 2n
with probability greater than
2Net 6
[4(m —n)]*

__Nev
2(6n)8

1—2((m—n)exp + nexp

) , (4.203)

and the estimate W is e-close to the actual fidelity witness, which by Lemma 4.14 is a tight
witness of the fidelity. In particular, for a constant precision fidelity witness W, the estimate
W yields a constant precision fidelity witness with probability exponentially close (in m) to
1 for N = O(max{(m — n)*log(m — n),n%logn}). In the antibunching regime n = O(y/m), this

means that the estimate has constant precision with exponentially small failure probability

already for N = O(m*logm).

A similar Boson Sampling verification protocol without i.i.d. assumption is obtained by using
the version of the protocol which does not assume i.i.d. state preparation for estimating the
single-mode fidelities in Theorem 4.4. This comes at the cost of an increased number of samples
necessary for the same witness precision and confidence interval, which corresponds to a poly-
nomial overhead in m and a slightly different classical post-processing: a small fraction of the
measured subsystems have to be discarded at random and an additional support estimation step
is necessary, for which the samples must be randomly chosen and cannot be used to compute
the fidelity estimates. More precisely, changing the parameters of the protocol above to those
of Theorem 4.4, we get that Theorem 4.6 holds without the i.i.d. assumption with polynomial

confidence.

An interesting point is that by changing the unbalancing of heterodyne detection of the output
modes of a Boson Sampling interferometer, one can switch between verification of Boson Sampling
output states and demonstration of quantum sampling supremacy with continuous variable
measurements. Indeed, CVSgp circuits introduced in the previous chapter, which correspond to
Boson Sampling with unbalanced heterodyne detection, are hard to sample classically when the
unbalancing of the heterodyne detection is not too small (see section 3.3.3), but their output can
be efficiently certified simply by switching to balanced heterodyne detection and computing a
fidelity witness with the above method. This can be done within the same experimental setup
using a reconfigurable beam splitter (Fiig. 4.2) and showing the hardness of approximate CVS
circuits sampling is an important step before an experimental demonstration.

Alternatively, by switching between balanced heterodyne detection and single-photon thresh-

old detection, one can switch between verification of Boson Sampling output states and demon-
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-
1ER e e =
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Figure 4.2: CVSgp circuit with interferometer U and heterodyne detection with reconfigurable
unbalancing parameter {. The detectors represented are homodyne detectors. Setting { = 0
(balanced detection) allows us to certify efficiently the multimode output state with a fidelity
witness. Setting ¢ # 0, with |{| = Q(2-P°Y ™) allows us to perform efficiently a sampling task which
is hard for classical computers, unless the polynomial hierarchy collapses.

stration of quantum sampling supremacy with discrete variable measurements, for which ap-
proximate sampling hardness is demonstrated, assuming two conjectures on the permanent of
random Gaussian matrices and the fact that the polynomial hierarchy of complexity classes does
not collapse [AA13].

4.8 Discussion and open problems

Existing methods for building trust for continuous variable quantum states like homodyne
quantum state tomography require many different measurement settings, and heavy classical
post-processing. For that purpose, we have introduced a reliable method for heterodyne quantum
state tomography, which uses heterodyne detection as a single Gaussian measurement setting
and allows for the retrieval of the density matrix of an unknown quantum state with analytical
confidence intervals, without the need for data reconstruction nor binning of the sample space.
For data reconstruction methods such as Maximum Likelihood, errors from the reconstruction
procedure are usually indistinguishable from errors coming from the tested quantum device. For
that reason, such methods do not extend well to the task of verification, unlike our method.
Building on these tomography techniques and with the addition of cryptographic techniques
such as the de Finetti theorem, we have derived a protocol for verifying various copies of a

continuous variable quantum state, without i.i.d. assumption, with Gaussian measurements.
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This protocol is robust, as it directly gives a confidence interval on an estimate of the fidelity
between the tested state and the target pure state. We emphasize that, while the target state
is pure, the tested state is not required to be pure. The general protocol may be tailored to
different uses and assumptions, from tomography to verification, simply by changing the classical
post-processing.

Our verification protocol is complementary to the approach of [TMM?*19], in which a verifier
performs continuous variable quantum computing by delegating the preparation of Gaussian
cluster states to a prover and has to perform non-Gaussian measurements. In our approach, the
measurement-only verifier may perform continuous variable quantum computing by delegating
the preparation of non-Gaussian states to the prover and has to perform Gaussian measurement,
which are much easier to perform experimentally.

Importantly, we have promoted our single-mode protocols for fidelity estimation to multimode
protocols yielding fidelity witnesses, showing in particular how to verify output states of a Boson
Sampling interferometer efficiently, either under the i.i.d. assumption or with no assumption
whatsoever. These protocols open the way for the most rigourous experimental demonstration of
quantum computational supremacy so far, with Boson Sampling.

An exciting open problem is whether the technique employed in this chapter for promoting
single-mode fidelity estimation protocols to protocols providing multimode fidelity witnesses can
be applied in other contexts, for example discrete variable quantum computing. This technique
crucially relies on being able to revert efficiently, at the stage of classical post-processing, specific
quantum operations (passive linear transformations in this case) after a specific measurement

(heterodyne detection, i.e., sampling from the Husimi @ function in this case).
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CHAPTER

QUANTUM-PROGRAMMABLE MEASUREMENTS WITH LINEAR OPTICS

istinguishing two unknown quantum states is central to many quantum applications [MdW13],
notably for entanglement testing [MKB05, WRD*06, HM13], quantum communica-
tion [BCWDWO01, dB04, KDK17] and quantum machine learning [EAO*02, LMR13].

This task is referred to as unknown quantum state discrimination.

The ability to program a fixed computer to perform a variety of computations is especially
important: we do not want to build a new physical device for every different computation. In
particular, quantum-programmable devices are quantum machines that take additional quantum
states in input as a program, which dictates the rest of the computation. It is not possible to build a
fixed quantum computer which can be programmed to perform any quantum computation [NC97],
but we can design quantum-programmable devices for a restricted set of computations, such as

projective measurements.

In this chapter, we show a correspondence between unknown quantum state discrimination
and quantum-programmable measurements, by generalising the celebrated swap test [ BCWDWO01]
for quantum state discrimination to an unbalanced setting where multiple copies of only one of

the two tested states are available.

Next, we also generalise a known link between the Hong—Ou—Mandel effect for partially
distinguishable photons and the swap test [GECP13]: we present the Hadamard interferometer
and show that it provides a scheme for performing unknown quantum state discrimination and

quantum-programmable measurements with linear optics and single photons.

In order to reduce the experimental requirements for implementation, we consider the case of
projective measurements onto coherent states and simplify the previously derived scheme. In

this case, we perform a simple analysis of the consequences of experimental imperfections.

This chapter is based on [CDM* 18, KCK*20].
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5.1 Testing quantum states

In the previous chapter, we discussed the efficient characterization of a continuous variable
quantum state, either by full tomographic reconstruction, by fidelity estimation with a target
state, or by obtaining a fidelity witness with a target state. In some cases, however, one merely
wants to test simple properties of quantum systems. Given two unknown quantum states, one
of the simplest questions one may ask is whether these states are equal or not. In this section,
we make a connection between unknown quantum state discrimination schemes and quantum-

programmable projective measurement devices.

5.1.1 Quantum state discrimination: the swap test

The swap test [BCWDWO1] provides a simple probabilistic tool to compare two unknown quan-
tum states. It takes as input two quantum states |¢) and |¢) that are not entangled and outputs
0 with probability % + %I (Ply) |2 and 1 with probability % - %I (blw) |2, where (¢ply) is the inner
product of the states |¢p) and |w). When the measurement outcome is 0 (resp. 1), we conclude that

the states were identical (resp. different), up to a global phase.

0)q H I H =X

) ———
[4)—

Figure 5.1: Circuit representation of a swap test. The ancilla qubit is measured in the computa-
tional basis.

SWAP

A circuit implementing the swap test for qubits is represented in Fig. 5.1, where an ancilla is

first prepared in the |+) state by a Hadamard gate

g- L[t ! (5.1)
S v2lr 1) '

and controls a swap between the two systems being tested.

The swap test meets the so-called one-sided error requirement [BF99], i.e., if the input states
are identical, the test will always declare them as identical. On the other hand, if the input
states are different, the test can obtain a wrong conclusion by declaring the states identical. The
probability that this happens is strictly less than 1, hence by repeating the test various times, the
probability that the sequence of tests never answers 1 can be brought down arbitrarily close to
zero, exponentially fast. However, the swap test is destructive, in the sense that the output states

of a previous test cannot be reused for a new test because they become maximally entangled
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during the test [GECP13]. This means that in order to boost the correctness of the test in this

manner, multiple copies of both states must be available.

5.1.2 Quantum state identity testing: generalised swap test

Let m = 2. We introduce the following generalisation of the swap test, in the context where one
has access to various copies of a reference state |y) but to only a single copy of the other tested
state |¢):

Definition 5.1 (Swap test of order m). The swap test of order m is a binary test that takes as
input a state |¢) and m — 1 copies of a state |y), and outputs 0 with probability % + m74| (Ply) |2
and 1 with probability (mT_l)(l = {dly) 12). If the outcome 0 (resp. 1) is obtained, the test concludes
that the states |¢p) and |y) were identical (resp. different).

Such a test clearly satisfies the one-sided error requirement.

()~ -
B0 Bk Ul s LH <]
o —— SR

vy — H, -

Sn-]

) — H -

Figure 5.2: Swap circuit of order m. The unitaries S are tensor products of swap gates described
in the main text (5.2). The n = logm ancilla qubits are measured in the computational basis
at the end of the computation. The probability of obtaining O for all measurement outcomes is
(Pl 2.

In the following, we restrict to the swap test of order m when m is a power of 2, writing n =logm.

We introduce the swap circuit of order m (Fig. 5.2), that acts on m input qubits by applying n
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consecutive layers of products of swap gates controlled by n ancilla qubits. These ancilla qubits
are first initialised in the |+) state using Hadamard gates. Then, they are used as control qubits

for the gates Sy,...,S,-1, which can be applied in any order, where for all 2 € {0,...,n — 1}

Sk= @  SWAP[j2tl4ijotiis2t|, (5.2)
ie[0,2k-1],
je[0,2n*F1-1]
with SWAPI[i, ;] being the unitary operation that swaps the i** and j** qubits for i, j € {0,...,m—1}.
These controlled gates are applied to the input states |¢),|y),...,|ly) (one copy of a state |¢p) and
m — 1 copies of a state |y)). Finally, a Hadamard gate is applied to each ancilla, which is then
measured in the computational basis. By a simple induction, we obtain that the probability of

obtaining the outcome 0 for all ancilla qubits is the squared norm of the following state:

1
Z(W’W-'-W+|1//</>--~1//>+"'+|1//---W¢’>)’ (5.3)

which only depends on the overlap between the states |¢) and |w). More precisely,

m

-1
|(ply) 2. (5.4)

m

1
Pr[o0,...,0]=—+
m

The swap circuit of order m thus implements the swap test of order m. Indeed, if the outcome
(0,...,0) is obtained, the test outputs 0 and we conclude that the states were identical, while for
any other outcome the test outputs 1 and we conclude that the states were different. Note that in
the case where m =2, the scheme reduces to the original swap test.

Because the m — 1 last input states are identical, swapping them acts as the identity. This can
be used to simplify the swap circuit of order m by replacing the n =logm layers of swap gates in

Eq. (5.2) by the following n layers Sj,...,S) _;, which have to be applied in this order:

n-1°

2k—1
S, = QSWAP1,1+2"|. (5.5)
=0

This reduces the total number of swap gates from % to m — 1 without changing the number
of ancilla qubits. This circuit has a simple structure of n =logm consecutive swap tests (Fig. 5.3).

For £ €{0,...,n — 1}, conditioned on all the previous outputs being 0, the kth

swap test compares
the output state of the previous test and the state |w)®2k. Here, the swap test of two multipartite
quantum states consists in applying a swap test to each of their corresponding subsystems.
However, this multipartite swap test uses only a single ancilla qubit controlling the product of
swap gates, as in Eq. (5.5), instead of an ancilla qubit for each pair of subsystems.

We now prove the optimality of the swap test of order m under the one-sided error requirement,
i.e., we show that it achieves the lowest error probability in comparing states |¢) and |¢) given

m — 1 copies of |¢p) and one copy of |) such that the one-sided error requirement is satisfied.
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o {al i o {E R
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Figure 5.3: The simplified swap circuit of order m consisting in n =logm consecutive swap tests.
(a) The first swap test compares the input states |¢) and |¢). (b) If this test is not able to tell
apart the input states, i.e., if its outcome is 0, then the second swap test compares the bipartite
output state of the first test with the state |w>®2. (c) If this test outcome is again 0, then the third
swap test compares the quadripartite output state of the second test with the state |w>®4, and so
on. If the n outcomes are 0, the test concludes that the states |¢) and |y) were identical.

For this purpose, we first derive a more general result. In [KNYO08], the authors consider the
problem of testing if m quantum states are identical or not (the so-called identity test), with the
promise that all the states are pairwise identical or orthogonal. In particular, they show that
the optimal value for the error probability of any identity test with these assumptions satisfying
the one-sided error requirement is % We extend this result to the case where the states to be

compared are no longer assumed pairwise identical or orthogonal:

Theorem 5.1. Under the one-sided error requirement, any identity test of m unknown quantum

states |y1),...,|Wn,) has an error probability at least
1 m
— 2 [T @elvow, (5.6)
m: 5eS, k=1
where Sy, is the symmetric group over {1,...,m}.

Proof. An identity test satisfying the one-sided error requirement can only be wrong when
declaring identical (outputting 0) states that are not identical. Hence, to prove Theorem 5.1,
it suffices to lower bound the probability of outputting 0 for any identity test. This is done by
showing that the optimal identity test consists in a projection onto the symmetric subspace
of the input states Hilbert space.

An identity test on a Hilbert space / is a binary test which can be written as a positive-
operator valued measure {I1y,I11}, with 1o + I1; = 1. Such a test takes as input a pure tensor

product state |w1...y,,) € #®™ and outputs 0 with probability

Prl0]=Tr[Ilgly1...¥vm) (W1... Wnll, (5.7
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and 1 with probability
Pr(1]=1-Pr[0] = Tr[Il1|y1...¥m) (W1...Wnll (5.8)

If the output 0 is obtained we conclude that we had |y1) =+ = |[w,,), whereas if the output 1 is
obtained we conclude that the states were not all identical. The one-sided error requirement
can thus be written as

v |y), Trly ly) (w|®™1=0. (5.9

Following [Har13], the symmetric subspace of #®™ is characterised as
S = span{|y)®™ : |y) € F}, (5.10)

and the orthogonal projector onto this space can be written as

Ps=— ) P, (5.11)
* 0g€eS,,
where for allo € S, and all |y1...y,,) € %™ we have Py [W1 ... W) = 1We1)- .- Woim))- Given
the characterisation of the symmetric subspace, the one-sided error requirement in Eq. (5.9)
implies that the supports of Pg and I1; are disjoint. The support of Pg is thus included in
the support of 1y, given that Iy + II; = 1 and this implies in turn that [1y = Pg by positivity
of Ip.

The error probability of the identity test under the one-sided error requirement is given

by the probability of outputting the result 0 while the states were not all identical:

Pr0] =Tr[Ig|lw1...vm) {¥1...Wnll
=Tr[Pglyr... Um)(W1...¥Unll

1
z— Y TrlPolyi...¥m) W1...¥ml] (5.12)
m: o€eS,,
1
z2— ) Trllvoq- - Woun) W1 . Yml]
m: o€es,,
1 m
z— > []Wrlvow),
m: eSS, k=1

where in the third line we used the expression of the orthogonal projector Pg onto the

symmetric subspace.

Applying Theorem 5.1 with |y1...wp41) = |¢)®* ® |y)®!, we obtain the following lower bound for
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the error probability of any identity test of & + [ states |¢)®* ® |y)®!:

1 min®d()(g min(k,l)(k)(l)
2 (p)(p)k!l!l<¢lw>|2p= y 22

k+D! = =SNG0

where (*)(})%!1! is the number of partitions of {1,...,% + [} which map exactly £ — p elements of
p/\p

| (ply) 2P, (5.13)

{1,...,k} to elements of {1,...,k}. Testing quantum state identity with the input state |(,b)®k ® |w)®l
amounts to comparing the states |¢) and |y) using % copies of |¢p) and [ copies of |y).

In the case where 2 =1 and [ =m — 1, we have |y1...v,) =|¢pw...¥) and Theorem 5.1 shows
that the value % + mT_ll (Ply) |2 is a lower bound for the error probability of any identity test
of m states |¢),|y),...,|lw), i.e., one copy of a state |¢p) and m — 1 copies of a state |y). With
Definition 5.1 we directly obtain the following result:

Corollary 5.1. The swap test of order m has optimal error probability % + mT_ll (plw) |2 under

the one-sided error requirement.

The swap circuit of order m is thus optimal for quantum state identity testing with an input
Y, |lw),...,|w), under the one-sided error requirement, since it implements the swap test of order
m. In the next section, we show that the swap circuit of order m can be used to implement a

programmable projective measurement.

5.1.3 Universal programmable measurements

In a typical experiment performing a quantum measurement, the choice of measurement is
encoded in macroscopic, classical, information in the experimental setup. For example it can be
encoded into the reflectance of a beam splitter, the phase in the branch of an interferometer or the
spacial direction of a Stern Gerlach device. Often these choices are made beforehand and fixed.
In some cases they can be programmed in a single set up (for example using thermo-optic phase
shifters [CHS*15]). In all these cases, however, the choice of measurement basis is effectively
programmed classically.

We consider the case where the choice of measurement is instead controlled by a quantum
state. There are several reasons why one may consider a quantum state to control the choice
of measurement. This state may be an output of a quantum computer, or a communication
protocol, for example, which is not known before hand and only accessible as a quantum state.
For example, in the cryptographic setting, non-orthogonal states can be used to remotely program
a measurement which allows one to test the behaviour of a remote party. This is the essence
behind the delegated blind verified quantum computation in [FK17]. At a fundamental level
quantum programmable measurements separate as much as possible the choice of measurement
basis and the bulk of the physical measurement apparatus, which could be interesting in probing
foundational questions, for example in tests of contextuality where information about which

measurements are being carried out leads to loopholes [Mey99, CK00, Win14].
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A related and, in a sense, more general problem is that of a programmable quantum computer,
where a quantum program state is used to encode a unitary to be run on a generic quantum
computing device (gate array), first proposed by Nielsen and Chuang [NC97]. There it was shown
that to do so deterministically requires orthogonal program states for every different unitary. To
use the continuous parameters available in quantum states to encode more computations, the
best one can do is probabilistic. In principle these techniques can be used to program quantum
measurements. Indeed since the original proposal there have been several alternative schemes,
extensions and applications, including programmable quantum state discriminators and measure-
ments [VC00, DB02, RBCHO03, ZB05, BBF*06]. These results, however, are either too general to
consider the type of efficiency we show here, or specialized to tasks which are different from our

setting.

#) —1

Program states
[1p)Bm=b)
I
-

Figure 5.4: Programmable projective measurement. Given an input |[¢) and m — 1 program
registers [¢)®™~1 and allowing for possible ancillas (not pictured here), we apply some circuit C,
independent of |¥), and output a binary result where 0 is associated to projecting onto |y) and 1
to its complement.

We cast our problem as follows, illustrated in Fig. 5.4. One has m — 1 program registers each
prepared in the state |y) corresponding to the choice of measurement basis, and a single input
register prepared in some state |¢). Our aim is to output a classical bit corresponding to a
projective measurement, where 0 represents the outcome |i) and 1 represents its complement.
In an ideal measurement the result 0 would occur with probability |(¢|y)|2. However, this is
impossible for finite m. This follows from standard arguments based on the linearity of quantum
mechanics, in analogy to necessity of orthogonal program states for computation mentioned above
(see for example [NC97] for the case of programmable universal quantum computation, which

easily extends to our case). We can thus only ever approximate perfect measurements. In our case
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we parametrise this approximation by €, requiring that the result 0 is returned with probability
e-close to |(<,b|w)|2.

We present a scheme which achieves this optimally in terms of how € scales with m, under
the condition that if the input is |y), the measurement always returns 0. This so-called one-sided
error requirement [BF99] makes sense for various potential applications where it is important
not to be wrong for this answer. One such example is the link between our scheme and the swap
test [BCWDWO1].

In the swap test, two unknown quantum states are compared using a controlled-swap op-
eration. This test is especially relevant for the task of state discrimination. The general task
of assessing if a set of m arbitrary states are identical has been addressed in [CAJ04, KNYO08].
To solve this in generality requires controlled permutations for all possible permutations and
therefore scales exponentially in circuit size. If one restricts oneself to the case where one has
m/2 copies of one state and m/2 copies of the other, one can apply the construction in [KNYO08] to
get an optimal result. However, this scaling is not much better than simply doing the original
swap test m/2 times, yet the corresponding test is much more difficult to implement.

From this point of view, the interesting cases of two states comparison is if one has an
asymmetric number of one compared state compared to the other. In the most extreme case one
would have just one copy of one state and m — 1 copies of the other, which is exactly the case we
consider for our programmable projective measurement, viewing the program state as the one we
have many copies of. In particular, the m =2 case reduces to the swap test.

Given that a projective measurement with respect to a state |y) is a process that takes as
input a state |¢) and outputs 0 with probability | (¢|y) |2 and 1 with probability 1 —|{¢|y) |2, we

introduce the notion of projective measurement with finite error:

Definition 5.2 (Approximate projective measurement). Given a quantum state ) and € > 0,
a projective measurement with error ¢ with respect to the reference state |y) is a process that
takes as input a quantum state |¢) and outputs 0 with probability Pr[0] and 1 with probability
Pr[1], such that | Pr[0] - (| (¢|y)|?)| <€ and |Pr[1]1- (1 — | (ply) |?)| <e.

Note that the two conditions in the previous definition are equivalent, since Pr[0]+Pr[1]=1. It
will thus suffice to consider, e.g., the first condition. In this context, under the one-sided error
requirement, a projective measurement with any error ¢ always outputs 0 if the input state is

equal to the reference state.

Theorem 5.2. A swap circuit of order m can be used to perform a projective measurement with
error % under the one-sided error requirement. Moreover, it is optimal in the sense that it uses the

minimum number of copies of the reference state for achieving such an error.
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Figure 5.5: The swap circuit of order m used as a programmable projective measurement device.
It takes as input a state |¢) and the internal measurement outcomes are post-processed such that
the device outputs 0 with probability % + mT_ll (bly) |2 and 1 with probability mT_l(l — [{blw) 12).
The programmable resource is the state |y) and the process uses m — 1 copies of this state as well
as n =logm ancillas.

Proof. For the swap circuit of order m, we have Pr[0,...,0] = % + mT_ll (bly) 12 by Eq. (5.4),
so we can consider the whole circuit except the state |¢p) as a black box in Fig. 5.2, and
post-process the measurement outcomes d as follows: if d = (0,...,0), output 0, and output 1
otherwise. The setup now takes a single state |¢) in input and outputs 0 with probability
Pr[0]= 1 + 21| (¢p|y) [2, and 1 with probability Pr[1] = 1-Pr[0]. We have | Pr[0]—(| (¢ly) |?)| <
% and when |¢) = |w), we have Pr[0] =1 = |{(¢p|y) |2, hence this device performs a projective
measurement with error % and meets the one-sided error requirement.

We now prove the optimality of this device in terms of resources, i.e., we show that any
device implementing a projective measurement with error % and meeting the one-sided
error requirement cannot use less than m — 1 copies of the reference state.

We consider a device that implements a projective measurement with error e, with respect
to a reference state |¢), using p copies of this reference state. This device takes as input
a quantum state |¢) and outputs 0 with probability Pr,[0] and 1 with probability Pry[1] =
1-"Pry[0]. By Definition 5.2, the probability of outputting 0 satisfies | Prs[0]— (| (¢ly) 12)| <e.
When the input state |¢) is orthogonal to the reference state |y), the probability Pry | [0] of
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outputting 0 thus satisfies
Pry [0l <e. (5.14)

On the other hand, we can use this device to perform an identity test of p + 1 states
oY, lw),...,lw) (one copy of the state |¢p) and p copies of the state |y)): if the output 0
(resp. 1) is obtained we conclude that the states were identical (resp. different). This device
meets the one-sided error requirement, so by Theorem 5.1 it has error probability at least
p+1 + p%ll (blw) |2. This error probability corresponds to the probability of outputting 0 when
the input states are different. In particular, when the input state |¢) is orthogonal to the

reference state |y), the probability Pry 1 [0] of outputting 0 thus satisfies

1
PI'(I),_]_[O] = m (515)

Combining both inequalities (5.14) and (5.15) we obtain ﬁ <€ or equivalently p = % —1. For

€= %, this amounts to p = m — 1, which completes the proof.

Theorem 5.2 implies that given a large enough swap circuit and the ability to produce many
copies of a state |y), one can projectively measure any state with respect to the state |w) up to
arbitrary small error. This error scales as the inverse of the number of copies. The circuit can thus
be used as a programmable projective measurement device, where the programmable resource
is the reference state |w) whose number of copies can be adjusted to control the precision of the
measurement (Fig. 5.5).

The implementation of the swap circuit of order m is however challenging, due to the presence
of many controlled-swap gates. In order to lower the implementation requirements, we study in
the next section the linear optical Hadamard interferometer [Cre15, COR*16] and show that its
statistics can be efficiently post-processed to reproduce those of a swap circuit of order m, without
the need for ancillas. This comes at the cost that the device no longer has a quantum output,
which however does not matter for most applications. In particular, we show that the Hadamard
interferometer provides a simple linear optical platform for implementing the programmable

projective measurement that we have described.

5.2 Universal programmable projective measurements with

linear optics

The swap test has been shown equivalent to the linear optical Hong-Ou-Mandel effect [GECP13]
(see section 1.4.4), in the sense that one can use Hong-Ou-Mandel effect to perform a state

discrimination test between two partially distinguishable photons, whose statistics reproduce
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those of a swap test. Generalising this equivalence, we present a practical solution to our problem

with linear optics, using the Hadamard interferometer [Crel5, COR" 16].

5.2.1 The Hadamard interferometer

In what follows, we consider optical unitary interferometers of size m which take as input one
single photon in a quantum state |¢) in the first mode and m — 1 indistinguishable single photons
in a state |@), one in each other spatial mode (the spatial modes of the interferometers are
indexed from 1 to m). These states should be thought of as encoded in additional degrees of
freedom of the photons (e.g., polarisation, time bins). The output modes are measured using
photon number-resolving detection.

There exist complex amplitudes @ and B and a state |y*) with (y|y) = 0 such that

1Py = alw) + Blyb), (5.16)

where a = (y|¢) and |a|? +||? = 1. We have the following homomorphism property for single

photon states:
11p) = 1ayrpy) = @lly) +Pl1y0), (56.17)

where for any state [y), |1,) is the state of a single photon encoding the state |y). The single
photon encoding maps identity of quantum states to distinguishability of single photons. In
order to test the distinguishability of the photons, we look for detection events that do not occur
when the photons are indistiguishable. In that case, it suffices to compute the output statistics
separately when |¢) = |yv) (indistinguishable case) and when |¢) = IwL) (distinguishable case) to
obtain the output statistics in the general case by linearity. The probability of detecting a photon
number pattern d =(d1,...,d,,) which does not occur in the indistiguishable case, or equivalently
that the £ detector detects d, photons for all £ € {1,...,m}, is then

Pr(d) = |a/*Pr;(d) +|f|*Pra(d)
= (1-1<¢ly) 1) Pra(d),
where Pr;(d) = 0 is the probability in the indistinguishable case and Pr;(d) is the probability in

(5.18)

the distinguishable case. We thus have

Y Prd)=(1-1@w ) Y Prad). (5.19)

Pri(‘cii):O Pri(‘cii)zo
Note that for any measurement outcome d = (d3,...,d,,), we have d; +---+d,, = m since an
interferometer is a passive device that does not change the total number of photons. For any

interferometer of size m, we also obtain the following result:

Lemma 5.1. For any detection pattern d,

Pryd) = Zri@. (5.20)
m
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Proof. We consider optical unitary interferometers of size m which take as input one single
photon in a quantum state |¢) and m — 1 indistinguishable single photons in a state |y),
one in each spatial mode, indexed from 1 to m. The output modes are measured using
photon number detection. A measurement outcome thus has the form d =(d1,...,d,,), with
di+-+dy,=m.

Recall that the permanent of an m x m matrix A =(a;;)1<; j<m is defined by

Per(A) = Z ﬁ Cro(k)s (5.21)
geS,, k=1
where S, is the symmetric group over {1,...,m}. We now compute Pr;(d) and Prg(d) for all
detection patterns d.
In the indistinguishable case, m indistinguishable photons, one in each mode, are sent
through a linear optical network described by an m x m unitary matrix U = (u;)1<; j<m. The

probability of a detection event d can be computed as (see, section 1.4.5 and [AA13])

2
Pri(d) = %, (5.22)

where d! =d;!...d,;! and where Ug is the matrix obtained from U by repeating d;, times
the k" column for k € {1,...,m}.

In the distinguishable case, m — 1 indistinguishable photons are sent in modes 2,...,m
through a linear optical network described by an m x m unitary matrix U = (u;;)1<i j<m.,
along with one additional photon in the first mode in an orthogonal state. Since it is fully
distinguishable from the others, the additional photon behaves independently, hence the
probability of detecting the photon number pattern d for one distinguishable photon and

m — 1 indistinguishable photons in input is

m

Pry(d) = Z Pr;(d —13)-Pr;(1p),. (5.23)

k=
dp 7510

This last expression formalises the fact that the m —1 indistinguishable photons give a

detection pattern d — 1, which, completed by the additional distinguishable photon in the

k" output mode, forms the pattern d. Developing this expression with Eq. (5.22) yields

1 m
Pra(d)= = Y dyluyPerUsa-1)l" (5.24)
© k=1
d,#0
where Uy g_1, is the matrix obtained from U by removing the first row, then by repeating d;

times the /** column for [ # % and by repeating dj, — 1 times the 2" column.
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In order to obtain more readable expressions, we define for all 2 € {1,...,m} and for any

detection pattern d,
uPer(Uigq-1,) .
——*ifd, #0,
pr(d) = vdr (5.25)
0 otherwise.
Using the Laplace expansion of the permanent, the previous equations (5.22, 5.24) rewrite
m 2
Pri(d) = Z dppr(d)| , (5.26)
k=1
and
m
Pry(d) =Y dplpr(d)®. (5.27)
k=1

Since ZZ_l dj = m, we obtain, using Cauchy-Schwarz inequality with the complex vectors

{M}ls;Sm and {\/Epk(d)}lskSm’

Pri(d
Pryd) = D, (5.28)
m
for any detection pattern d.
|
For all d we have
Y Prg(d)+ ) Prgd)=1 (5.29)
Pri(ltil):O Pri(‘til);éO
Combining Lemma 5.1 with Egs. (5.19) and (5.29) yields
1 m-1
Y Prd)=|—+ (ply)y 2]. (5.30)
m m

d
Pr;(d)#0

This last expression is valid for any interferometer and can be used it to retrieve, in the context
of linear optics, the error probability bound for state identity testing under the one-sided error
requirement obtained in Corollary 5.1. Indeed, assume that d is a detection event such that
Pr;(d) # 0, which could be a disjoint union of multiple detection events, used for an identity test:
if d is obtained we conclude that the states were identical (or equivalently that the photons
were indistinguishable), otherwise we assume that the states were different (or equivalently
that the first photon was distinguishable from the others). The one-sided error requirement
can thus be written as } g pr, ()20 Pri(d) = 1: indistinguishable photons always pass the test. For
different input states |¢) and |v), the error probability of the corresponding test is then given by
>.d Pr;(d)=0 Pr(d), which by Eq. (5.30) is lower bounded by % + ’"T_ll (Gl 2.

We now study a particular unitary interferometer, when the size m is a power of 2: the

Hadamard interferometer [Cre15, COR"16]. We show that it provides a simple implementation
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of the swap test of order m. For m =4 spatial modes (Fig. 5.6), this interferometer is described by
the Hadamard-Walsh transform of order 2:

1 ([H H
E(H —H) (5.31)

where H is a Hadamard matrix, see Eq. (5.1).

[¥) [¥)

Figure 5.6: Hadamard interferometer with 4 input modes. The dashed red lines represent
balanced beam splitters. The input states are one single photon in state |¢) and three single
photons in state |¥), one in each mode.

In the general case, the Hadamard interferometer of order m is described by the Hadamard-Walsh

transform of order n =logm, which is defined by induction:

(5.32)

Hp1=—
k+1 \/E Hk —Hk

with Hy =1 and H; = H. We can now state our main result linking the Hadamard interferometer

1 (Hk Hk)

and the swap test of order m.

Theorem 5.3. The output statistics of the Hadamard interferometer of order m can be classically

post-processed in time O(mlogm) to reproduce those of the swap test of order m.

Proof. Let us define
S =(sij)1=i,jem = VM Hp, (5.33)
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thus omitting the normalisation factor. We have

S=V2He --®V2H, (5.34)

n times

where H is a Hadamard matrix. The rows of v2'H, together with the element-wise multipli-
cation, form a group isomorphic to Z/2Z, thus the rows of S together with the element-wise
multiplication form a group isomorphic to (Z/27)". As a consequence, multiplying element-
wise all the rows of S by its i?” row for a given i amounts to permuting the rows of S.

Let d = (d1,...,dn) and &k € {1,...,m} such that d; # 0. Let also Sq_1, be the matrix
obtained from S by repeating d; times the /** column for [ # % and dj, — 1 the k" column.
For all i € {1,...,m}, one can obtain the matrix S g-1, (with the first row removed) from
the matrix S; g1, (with the i*" row removed) by multiplying element-wise all rows by the
i*" row and permuting the rows. Since the permanent is invariant by row permutation we
obtain, for all i €{1,...,m}and all k€ {1,...,m1} such that d; #0,

Per(Si,d—lk) =€ik(d)Per(Sl7d_1k), (5.35)

where ¢;,(d) =i [T, (sij)dj. Let us define for all d = (d1,...,d,,;)
m m
ad) =Y T[] (si))%. (5.36)
i=1j=1

We use the Laplace row expansion formula for the permanent of Sg to obtain, for all
d=(d1,...,dy)and all £ € {1,...,m} such that d; # 0,
m

PeI‘(Sd) = Z Sik Per(Si,d—dlk)
i=1

= (Z sikeik(d)) Per(SLd_lk)

i=1 (5.37)

= (Z I1 (sij)dj)Per(Sl,d—lk)
i=1j=1
= ]'[(d)Per(S]_,d—lk)’

where we used Eq. (5.35) in the second line. With the general expressions of Pr;(d) (5.22)
and Prgy(d) (5.24), this equation implies

mPr;(d) = 1(d)*Pry(d). (5.38)

With the Laplace column expansion formula for the permanent of S4 and the last line of
Eq. (5.37), we also obtain
m?Pri(d) = n(d)*Pr;(d). (5.39)
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In particular, combining Eqgs. (5.38) and (5.39),
m?a(d)*Pry(d) = n(d)*Pry(d). (5.40)

Now Prgy(d) is non-zero for all d, since by Eq. (5.24) it is a sum of moduli squared of
permanents of (2" — 1) x (2" — 1) matrices, which in turn cannot vanish by a result of [SS83].

Hence the previous equation rewrites
mn(d) = n(d)>. (5.41)
As a consequence, n(d) = m or n(d) =0 for all d. Combining Egs. (5.38) and (5.41) we obtain

nd)#0o a(d)=m

< Pri(d)#0 (5.42)
& Pry(d) = 5D
m
and thus
Pri[n(d)=m]= Z Pr;(d)
n(d)=m
= Y Prid) (5.43)
Pr;(d)#0
=1.

We also obtain

Pryln(d)=m]l= ) Prg(d)
a(d)=m

-1 Y Pri(d) (5.44)
M 2(d)=
1
—
We finally conclude by combining Eqs. (5.43), (5.44) and (5.19):

Prin(d)=ml= ) Pr(d)
n(d)=m

1 m-
=—+
m

1 \ (5.45)
[<plw|°.

m

The post-processing (i.e., computing 7(d)) can be done efficiently in time O(mlogm) for any
detection pattern d = (d1,...,d,). Indeed, let S5 be the m x m matrix obtained from S by
repeating d, times the " column for % € {1,...,m}. The expression n(d) in Eq. (5.36) is the
sum of the product of the elements of each row of S4. Since the entries of the matrix S are
only +1 and -1, n(d) = m if and only if the number of —1 on the rows of S4 is even for all
rows. The condition 7(d) = m can thus be written as a system of m linear equations modulo

2. Since (Z/27)" is finitely generated by n elements, the m rows of S4 can be generated with
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at most n rows using element-wise multiplication, for any measurement outcome d. Hence,
computing the parity of the number of —1 on each row of Sg, which is equivalent to testing
n(d) = m, can be done by computing at most n =logm parity equations, with a number of
terms in each equation which is at most m.

A simple induction shows that a possible choice for the rows whose parity has to be tested
is the rows with index 2% + 1 for & € {0,...,n — 1} (the rows of the matrix being indexed from 1

to m).

Note that the group structure invoked in the proof is preserved under permutations, so Theo-
rem 5.3 also applies to the unitary interferometers described by permutations of the Hadamard-
Walsh transform.

The conclusion to be drawn from Theorem 5.3 is that as long as a state |y) can be encoded
using single photons, then one can perform a swap test of order m with respect to the state
ly) using the Hadamard interferometer of order m and an efficient classical post-processing of
the measurement outcomes. The post-processing consists in the following parity test: given the
measurement outcome d =(d1,...,d,,), where d1 +---+d,, = m, construct the matrix S4 from the
matrix S = /m H, by keeping the k" column only if d}, is odd. If the rows (2,3,5,...,2" 1 +1) of S4
all have an even number of —1, output 0. Output 1 otherwise. This means that the post-processing
only requires the parity of the photon number in each output mode.

In particular, the photon number-resolving detectors can be replaced by detecting the parity
of the number of photons in each output mode. Detecting this parity can for example be achieved
with microwave technology [HBR07, VKL*13, SPL*14]. Also only m — 1 detectors are necessary,
since the parity of the number of photon in the remaining mode can be deduced from the parities
of the other modes, given that the total number of photons is m. If only the parity is measured,
the discrimination test is non-destructive and the remaining single-mode state is a mixture of
either even or odd photon-number states, depending on the measured parity and the total number
of photons.

Using the argument developed in the proof of Theorem 5.2, by considering the m — 1 photons
and the interferometer as a black box (Fig. 5.7) whose outcomes are post-processed as described

above, we also deduce the following result from Theorem 5.3:

Corollary 5.2. The Hadamard interferometer of order m can be used to perform a projective

1

measurement with error .-, using a classical post-processing of its measurement outcomes that

takes time O(mlogm).

Interestingly, the unitary interferometers described by the Hadamard-Walsh transform and its
permutations are not the only unitary interferometers which can reproduce the statistics of
a swap test with efficient post-processing, and indeed we present a generalisation in the next

section. However, it is the simplicity of the Hadamard interferometer in terms of experimental
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dq w(d) #m

a0 1
‘¢>_ _d; .......... 8

Ayt B

Figure 5.7: The Hadamard interferometer of order m used as a programmable projective mea-
surement device. A single photon in the state |¢p) goes through a linear interferometer along with
m — 1 indistinguishable single photons in the state |¢). The parity of the number of photons in
each output mode is measured and efficiently post-processed, such that the device outputs 0 with
probability L + 21| (¢|y)|? and 1 with probability Z1(1 - [(¢ly) |?).

implementation that motivates our interest towards this interferometer. In particular, this
interferometer can be simply implemented with a few balanced beam splitters. A result by
Reck et al. [RZBB94] states that any m x m unitary interferometer can be implemented using
phase shifters and at most w beam splitters, possibly unbalanced. For the Hadamard

interferometer, less beam splitters are needed and no phase shifters:
mlogm

Lemma 5.2. The m x m Hadamard interferometer can be implemented using —5— balanced

beam splitters.

Proof. The size m is a power of 2, with n =logm. We prove by induction over n that there
exist Pyo(n),...,P,—1(n) permutation matrices of order m/2, such that

n—-1 T
H, = 1_[ Pr(n)(1,0 @ H)Pp(n)" . (5.46)
k=0
Since multiplying matrices is equivalent to setting up experimental devices in sequence, and
given that H is the matrix describing a balanced beam splitter, Eq. (5.46) implies the result

we want to prove.

For n =1, we have m = 2 and Eq. (5.46) is true with Py(1) = 1;. For brevity, we define for all %
H® =1,8H. (5.47)

Assuming that Eq. (5.46) is true for n, we use the recursive definition of the Hadamard-Walsh
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transform
H,1=H®H,, (5.48)

along with properties of the tensor product of matrices in order to obtain

H,1=(H,®l)H™
Q29 H,)Q"H™

n-1
1o ® [| Pr()H ™2 Py(n)”
k=0

-Q QTH(m) (5.49)

n-1
[T (2@ Prn) H™ (18 Py )| @TH™
k=0

Q [
n—1
[11Q (12® Pr(n)1H™[Q (13 ® Pr(n))IT H™,
k=0

where @ is a permutation matrix of order m and where in the third line we have used
Eq. (5.46). Setting Pr(n + 1) = @ (13 ® Pr(n)) for k € {0,...,n — 1} and P,(n + 1) = 1,, proves
Eq. (5.46) for n+ 1, since these matrices are permutation matrices of order m. This completes

the induction and the proof of the result.

5.2.2 Group generalisation

Using the Hadamard interferometer requires the size parameter m to be a power of 2. This
requirement can be relaxed, possibly raising the experimental requirements at the same time.
Indeed, for any value of m, one can associate to any abelian group of order m an interferometer
of size m which gives the desired statistics. This is the object of the following result that uses the

invariant factor decomposition of an abelian group:

Theorem 5.4. Let &4 be an abelian group of order m. Then, there exists n e N* and a1,...,a, € N¥,

where a;la;i1 forie{l,...,n—1} and a1---a, = m, such that the interferometer described by the
m x m unitary matrix
1
U(gIZ\/—ﬁFa ®"'®Fan, (550)

2in

where F, = (e« (k—1)(l—1))15k’l5a is the quantum Fourier transform of order a for all a € N*, can

perform a %-approximate projective measurement with a post-processing of its measurement
outcomes that takes time at most mn. The rows of Fg := \/m Uy together with the element-wise

multiplication form a group isomorphic to 4.
Proof. We use the notations of the theorem. The invariant factor decomposition of ¢4 gives

G =(2/a12)®---®(ZlapZ), (5.51)
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where n € N* and a1,...,a, € N* are unique, satisfying a;la;+1 for i € {1,...,n—1} and
ai---a, =m. Given that the rows of F, together with the element-wise multiplication form
a group isomorphic to (Z/aZ) for all a € N*, the rows of Fg = (f;j)i1<; j<m = vm Uy together
with the element-wise multiplication form a group isomorphic to ¥.

Since the group structure was the only argument invoked in the proof of Theorem 5.3,
the same conclusion can be drawn here, by following the same argument: for any detection
eventd =(dq,...,dn),

1 m-1
Prin(d)=ml=— + —= [«plp)|?, (5.52)
m m
where m m
ad) =Y T ()" (5.53)

i=1j=1
The group ¥ is finitely generated by n elements, so n rows of Fy are sufficient to generate
all its rows by element-wise multiplication. The condition 7z(d) = m can thus be checked in

time O(mn).

In particular, for ¢ = (Z/mZ), the corresponding interferometer is described by the (normalised)
quantum Fourier transform of order m, while for ¢ = (Z/27)", we retrieve Theorem 5.3 and the

Hadamard interferometer.

5.3 Programmable projective measurements with coherent

states

The previous scheme for performing programmable measurements with linear optics requires
creation and manipulation of high-dimensional superposition states. In order to simplify the
experimental requirements, we adapt this scheme to an encoding of quantum states in coherent
states of light. Since coherent states are natural realisations of states produced by lasers, they
can be efficiently produced and manipulated experimentally. The coherent state scheme takes
as input a generic single-mode continuous variable quantum state, the test state, and m -1
copies of a coherent state in the program registers, and approximates the projective measurement
{I8Y¢Bl,1—1B){BI} on the input state in a single run, using only threshold detectors. In particular,
we obtain a more faithful projective measurement using coherent states than using a single-
photon encoding.

In what follows, we introduce three different schemes for performing state discrimination
and programmable projective measurement with coherent states: the Hadamard scheme, the
merger scheme, and the looped merger scheme. Further, we give the proof for the optimality of
the coherent state projective measurement performed by all three schemes, under the one-sided

error requirement.
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5.3.1 Coherent state discrimination

The swap test discriminates between two unknown states. If the unknown states are coherent
states instead, then an analogous test can be performed by mixing the states on a balanced beam

splitter and measuring the lower output branch with a single-photon threshold detector (Fig. 5.8).

18)

Figure 5.8: Balanced beam splitter operation on input states |a) and |8). The second output mode
is measured with a single-photon threshold detector. The probability of obtaining a click relates
to the distinguishability of the two unknown coherent states.

A beam splitter maps the input modes creation operators {¢7,5'} to the output modes creation

operators {é', d'} as

1 N
dT — T(éT + dT),
2 (5.54)
bt — — (" -ah.
V2
The input state at the beam splitter is
la)e ® 1By, (5.55)

where the subscripts denote the mode in which the coherent states enter the beam splitter. In the

absence of experimental imperfections, this yields the output state

“Jgﬁ >c ® “\/_; >d, (5.56)

for a balanced beam splitter. The probability of obtaining a click in the detector on the second

mode is given by

a2
1—exp(—|“ 2‘6' ):1—|(a|,3)|. (5.57)

We now consider the scenario when one receives a single copy of an unknown coherent state
|a) and the objective is to check wether if the test state is equal to the reference coherent state
|8). Here one has access to multiple copies of the reference state but is limited to just a single

copy of the test state. In the simpler case, the state discrimination can be performed with a
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single copy of the reference state, like in the previous section. This succeeds with a probability
given by Eq. (5.57). In this section, we prove that having multiple copies of the reference state
|B) increases the success probability of discriminating with the test state |a). For this, we first
provide a generalised interferometer construction, the Hadamard scheme, based on Hadamard
transformations, following the previous section. We then show how this interferometer can be
simplified, thanks to coherent state encoding and we introduce the merger scheme and the looped

merger scheme.

5.3.2 The Hadamard scheme

We consider the Hadamard interferometer over m modes, where m is a power of 2. The input is

now composed of coherent states:
@)1 ®(B)g® - ®1),,, (5.58)

where the subscript denotes the mode in which the coherent state enters the generalised inter-
ferometer. For brevity, we address this state as |aS...8). All the output modes but the first are
measured with single-photon threshold detectors.

With Eq. (5.32), the Hadamard interferometer of order m is described by the Hadamard-Walsh

transform of order n =logm, which is defined by:
H,=H®", (5.59)

with Hy =(1) and H; = H. The input coherent states |a ... 8) upon interaction with the interfer-

ometer of order m transform as,

laf...B)— HylaB...0) =10102...0m), (5.60)

where, with a simple induction, we obtain §; = m\/ﬁ—l)ﬁ and 6, = a—\/%ﬁ for £ > 1. Thus the last

m — 1 modes have the same probability of a click when measured with single-photon threshold
detectors. The probability Pr[@] that none of the m — 1 detectors clicks is,

Progmlel= T] (1Prlclick in k™ model)
-
= kl:[l [1-(1-exp(~|8%1*)] 560)
RS

= (I{alBy 1)

In particular, for all a,f € C, Prg g +00l®] = [{a|B) |2, which corresponds to a perfect projective
measurement of the states |a) and |3). Writing x = | (a|S) 12 the overlap of the test and reference
states, we obtain

Promlgl=x'"m. (5.62)
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Assigning to the event ‘none of the detectors clicks’ the value 0 and to other detection events (‘at
least one of the m — 1 detectors clicks’) the value 1, we obtain a device whose statistics approach

those of a projective measurement, with
Pry (0] = 1~ Pry 1] = 2177, (5.63)

With Theorem 5.3 and Eq. (5.4), for an m-mode input state |[¢py ... ) the corresponding statistics

with single-photon encoding are

Prx,m[o] =1 _Prx,m[l] = i + (1 - i).’)C (5.64)
m m

The single-photon encoding implies having m — 1 number-resolving or parity detectors. On
contrary, the encoding with coherent states requires m — 1 single-photon threshold detectors.
Experimentally, this is relatively easier to implement. The test based on coherent state also
satisfies the one-sided error requirement: if the states are the same, then their trace distance
is 0 and hence the probability of having the detection event 1 is 0. Moreover, coherent state
encoding provides a more faithful projective measurement than single-photon encoding. Indeed,
the statistics produced by coherent state encoding are closer to the ones of a perfect projective

measurement. For any given value of the overlap x:

1-1 1 1
Vxel[0,1], x<x  m<—+(1-——|x. (5.65)
m m
In particular, for a given size m, the maximal statistical gap with a perfect projective measure-
ment is,
1 1
esp(m)=max || —+|(1-—|x| —x
x€[0,1]1| | m m (5.66)
_1
=—,
for the single-photon encoding, and
- -3 - |
ecs(m) xrél[0a>1<]|(x ) x
_1ym-1
_(m-1) (5.67)
mm
11
e m’

for the coherent state encoding, which is lower than the single-photon encoding gap. This happens
because for the single-photon encoding no assumption is made about the states |¢) and |y), while
the states |a) and |B) are assumed to be coherent states. This additional information about the
states allows us to better approximate a perfect projective measurement with the same number
of input states. We show in the next section that there exists a simpler measurement setting
than the Hadamard interferometer, achieving the same performance in the test, due to coherent

state encoding.
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a+3ﬁ>

)

|15)
16)

18)

Figure 5.9: Merger scheme with 4 input modes. The input states are one tested state |a@) and
three local states |8, one in each mode. The detectors are single-photon threshold detectors.

5.3.3 The merger scheme

By Lemma 5.2, the Hadamard scheme of size m uses ml(’% balanced beam splitters and m —1

single-photon threshold detectors. We introduce a simplified scheme over the same number of
modes m, which only uses m — 1 balanced beam splitters and logm detectors, and show that
it achieves the same performance than the Hadamard scheme. We refer to this scheme as the
merger scheme, since it merges identical input coherent states into an amplified coherent state in
the first output mode and the vacuum in all other modes.

For m = 4 spatial modes, this interferometer acting on modes {1,2,3,4} is described by the

following unitary matrix:

11 1 1
2 2 2 2
1 1
L _L o 0
_|lv2 V2
Us=|" 1 1 _1
2 2 2 2
1 1
0 0 % -
1 1 1 1
ﬁoﬁ()\?\/zioo (5.68)
o olfE e
z %010 0 F &
1 1
0 0 0 1 0 0 % -

=Hi3x(H12®Hsy4),

where H; ; corresponds to the balanced beam splitter operation acting on modes i and j (where

the modes are indexed from 1 to m) and identity on the other modes (Fig. 5.9).
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The generalised merger interferometer is defined by induction:
Un =Himpe1 X Ui ®Upp), (5.69)

where Uy = Hy 1 = H is a Hadamard matrix. This induction relation is illustrated in Fig. 5.10.

a+(m-1)p8
( o) —— >

|18) —

m/2< Um/2

\ 16) —

[ 18) —

m/2< Um/2
\|5>— Um

Figure 5.10: General merger scheme of size m, with one copy of |a) and m —1 copies of | §): the first
output modes of two interferometers described by U,,/» are mixed on a balanced beam splitter.
Indexing the spatial modes from 1 to m, the 2% +1 output modes are measured with single-photon
threshold detectors, for £ =0...n—1.

Indexing the spatial modes from 1 to m, the 2% + 1 output modes are measured with single-

photon threshold detectors, for £ =0...n — 1. A simple induction shows that the output state in
a—p

V9ok+1

the 2% + 1 output mode is ‘ > Hence, the probability that none of the n = logm detectors

clicks is given by

n-1
Pro pml@]= [] (1-Prlclick in the 2*¢h mode])
k=0
n-1 _RI12
=1 (rmeel -5 )
k=0 2
n=1/1\k+1 (5.70)
= exp (— > (5) Ia—ﬁl2)
k=0
:exp(—m_lla—ﬁ|2)
m

= (IalBy 1),
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thus retrieving the statistics obtained with the Hadamard scheme, using only n =logm detectors.
Moreover, a simple induction shows that the merger interferometer can be implemented with

only m — 1 balanced beam splitters.

Noting the recursive character of the merger scheme, we present another possible implementa-
tion of the merger scheme using a looped beam splitter interaction, one single-photon threshold

detector and an active optical element, namely an active amplitude modulator (Fig. 5.11).

o) O

|B) »{AM

Figure 5.11: The looped merger scheme. The coherent pulse |a) is sent once, while at each loop
a new coherent pulse |f) is sent. An optical switch ensures a closed loop after the first pulse
|a) passes through. An amplitude modulator (AM) transforms the k-th pulse |8) to [V2F B, k
starting at 0.

This setup now uses an active optical element and a constant number of passive linear optical
elements and approximates a perfect projective measurement up to arbitrary precision. By
construction, the statistics of the setup after m — 1 pulses |8) sent reproduce those of the merger

scheme of size m.

The three schemes discussed provide experimentally-friendly devices to perform a variety of
quantum information processing tasks using coherent states, ranging from state discrimination
to programmable projective measurements, in a non-destructive manner. These schemes are also

optimal for coherent state discrimination:

Theorem 5.5. The Hadamard interferometer and the merger interferometer are optimal for

coherent states discrimination, under the one-sided error requirement.

Proof. The proof extends results from [SZP*07]. We first start by deriving the optimal

POVM for discriminating coherent states under the one-sided error requirement.

Let {ITp, 111} be a POVM for discriminating coherent states |a) and |) under the one-sided
error requirement, when provided a single copy of |a) and m — 1 copies of |8) (the proof

of [SZP*07] assumes m = 2). The operator I corresponds to saying that the states |a) and
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|B) are the same, while the operator I1; corresponds to saying that they are different. These

operators thus verify the following conditions:
Iy, I1; =0, g +11; =1, (5.71)

and
VaeC,Tr [H1Ia> <a|®m] =0, (5.72)

where the last condition is the one-sided error requirement. Integrating this condition over
C yields
O:fdzaTr[Hlla) (@®™] = Tr(I1 Ap], (5.73)

where we have defined
A = fd2a|a> (a®™ = 0. (5.74)

Note that the condition in (5.73) is equivalent to the one-sided requirement in (5.72) because
the operators I1; and |a) (@|®™ are positive.
The operator *A,, is actually a projector. This result can be obtained by writing the

state |a) in the Fock basis and an integration in polar coordinates, where a = re'?, as follows:

writing
W=ty “ (5.75)
=e — k), .
f=o VE!
we obtain
oo Sk
Amzfd%c explomlal?] Y —2 O k) (ae il
=0 VL Fmlal L)

Vjelm]

© k. k) 1.1 o0 27
- ey lom) sl ‘ f dr expl—mr2lritrikit f d0 explif Y (k;—1)]
k=0 VR R l1! . D! Jr=0 9=0 -

S 8y k.51, ¢ (X RN, L))
M p;1;=0

Tk Ll ! 141 !
m L p S Rl Ryl 1!

lB1...km)L1...Iml

= _ p! | p! |
- p
- m,,ZOZ kz_pm \/kll...km! \/11!...lm! ey -km) 1. Il
oy T
ijlﬁp
T o0
m ;=0
(5.76)
where we have defined for all p =0,
!
m=mP2 Y ik k. (5.77)

!
s ap Val B!
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With the multinomial formula, we obtain ()(p lx 4 "y =1 for all p = 0, and since the states |y 4 my
have exactly p photons, we have (y7'|xg") = 6,4 for all p,q = 0. The states |y}’) thus are
orthonormal and with Eq. (5.76), the operator A, is a projector.

By Eq. (5.73), the supports of II; and A, are disjoint, and by Eq. (5.72) we have
[Ty +I1; = 1, so the support of ﬂAm is included in the support of I1y. The optimal POVM
{IP*, t g’ " for state discrimination minimises the error probability, hence with the one-sided

error requlrement Hop " must have minimal support, meaning that
opt m sy opt opt
Mg” = —Am = Y gyl and  TPPT=1-TI0"". (5.78)
p=0

Note that, with the same proof, this choice of POVM is also optimal in the generalised setting
where one is given one unknown generic state and m — 1 unknown coherent states, and is

asked to test if all the states are identical or not.

We now show that the POVM {I1%, H}ll} corresponding to the Hadamard interferometer with
a threshold detection of the last m —1 modes is optimal for coherent state discrimination

under the one-sided error requirement, i.e., that
h_ t
Iy =", (5.79)
where ngt is defined in Eq. (5.78). We have
e =HAndA,, (5.80)

where H, is the unitary evolution corresponding to the action of the interferometer of
order m defined in Eq. (5.59), with n =logm, and Hg =1®10) (0|®*™"! is the POVM operator

corresponding to the event where none of the m — 1 threshold detectors clicks. We obtain

h=H] (1210)¢01*™ 1) H,
+o0 (5.81)
L

(Ip) (pl® 10y O1*™ 1) A,,.
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For k=1...m, we write a;re the creation operator for the 2" mode. For all p =0 we have
1
Vp!

L et i iovem
= _Y(HnalHn) 10}

V!

= @ +---+al 0™

1
Vol (5.82)

3 p! N N
- vV p! k1+..§em:pk1!...km!(a1) ++(@)710)

_ p!
=m PP S L AR
k1+~~§€m:p kil kp! mn

=1xp)

A1 1
a;tta,

where we have used H,,10)®™ = |0)®™, I—:leﬁn =1, I:I,Tld;I:In =~ the multinomial
formula, and Eq. (5.77). With Eqgs. (5.78) and (5.81), this concludes the proof.

Given that the statistics obtained with the merger scheme and the looped merger scheme
mimic those of the Hadamard scheme, these schemes are also optimal for the same discrimi-

nation task.

While these device are relatively easy to implement, any implementation will suffer from ex-
perimental imperfections. In the next section, we investigate how such imperfections affect the

performance of the merger scheme, for m =4 modes.

5.3.4 Experimental imperfections

In this section, we analyse the performance of the merger scheme in presence of experimental
imperfections. Our error model is the following, with three major sources of error: (i) the limited
detector efficiency and channel transmission loss, characterized by a parameter 0 <7 < 1, which
changes the coherent state |a) to |\/'a) thus reducing the probability of obtaining a click using a
single-photon threshold detector by a factor n; (ii) the limited beam-splitter visibility 0 =v <1,
which may lead to a click in the wrong detector, and (iii) the dark count in the detectors charac-
terized by a probability p4,-%. For our analysis, the click probability due to the coherent states
is of O(1) and thus significantly larger than the dark count probability pgqrz ~ 1078. The dark

counts can thus be safely ignored.

For m =2, when the input |a), |8) is fed in an imperfect beam splitter, the transformation from
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n v Pdark
Exp. | 0.9 (98.8+0.3)% (1+0.1)%1078

Table 5.1: Table illustrating the experimental parameters used in simulation of our results.
The dark-count rate, pg,,%, achievable with super-conducting detectors [SJZ* 18]. The standard
values are set-up efficiency, 17, and beam splitter visibility v are from [KKD19].

input modes {%,5%} into the output modes {¢f,d™}, is the following:

a)g ® 1), — W“\}%ﬁ 1—v“\/_§ﬁ>c® \/7“\/_;+¢1—v“\;§ﬁ>d. (5.83)

The corresponding unitary transformation is

1
H'=—
V2

where A=yv+V1-v,and B=\v -v1-v.

We consider the case of m =4 spatial modes (Fig 5.9), indexed from 1 to 4. We apply the

) (5.84)

A -B

imperfect transformation on the input |¢386). This results in

lappp) — UylaPpp) =161620504), (5.85)
where from Eq. (5.68) we derive
Uy = Hl1,3 X (H,1,2 @Hé,4)
3A? JAB jAB  B?

1 1
| HA -HB 0 0 (5.86)
142 1 1 1p2 |’
1a2 1aB -1AB -1iB
1 1
0 o La -L

with A = V¥ +VI=v and B = v~ VI=v. We obtain 65 = 2420 and 65 = A'aB  Adding the
channel and detector losses 7, the output is mapped as 63, — /79y, for all &.

Similar to the analysis without experimental imperfection, we detect the output modes 1
and 2 of the imperfect merger interferometer, with the coherent state input being |a868). The

probability that none of the two detectors clicks is given by
exp (—1(1d21” +165/)). (5.87)

Assigning to the detection event no detector clicks the value 0, and to other detection events, i.e.,
at least one of the detectors clicks, the value 1, we obtain a device whose statistics approximate
those of a projective measurement.
When the states are the same, the completeness, which is the probability of not obtaining the
detection event 1 is
cs™P = exp(-2n(1 - v)(1 +2v)|al?). (5.88)
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We observe that if v = 1 (no imperfections), then ¢ 4 =1, thus we obtain perfect completeness.
For the imperfection values of Table 5.1, the value of cixp is close to 1 for small |a|® values.

The analogous completeness for m =2 is
c5F = exp(-2n(1-v)lal?). (5.89)

From Eq. (5.89) and Eq. (5.88), we observe that cexp < cexp which implies that the complete-
ness for the m = 4 scheme is less than the completeness for the m = 2 scheme. The reduction
in completeness probability for the m = 4 scheme is precisely what accounts for a lower fail-
ure probability when the local and reference states are different, which we detail in the next
paragraph.

If the states are different, the probability of obtaining the detection event 1 (soundness) is given
by:

Lemma 5.3.
<P = 1—exp[(4v2 - Dla - i +4[(1+2v)(1 V) +2v/v(1— v]|a|
+4[(1+2v)(1—v)—2\/v(1—v)]Iﬁl )]

(5.90)

Proof. When the states are different, the probability of obtaining the detection event 0
(failure probability) is
- _n
1—34—exp( 4A), (5.91)

where

A=2 \/V(a—ﬁ)+\/1—v(a+[3)‘2+‘a—ﬁ+2\/v(1—v)(a+ﬁ))2
=(1+2v)|a- ﬁl +2(1+2v)(1 - v)|a+,6| +8vv(l-v (Ial I,BI)
where we used (a—B)(a+p)* +(a—p)* (a+p) = 2|a|?—2|B|2. Using |a+BI? = 2|a|?+2|p|%—|a—BI?

we obtain

(5.92)

A=AV -Dla-pR+4[1+20)(1 - v)+2v/v(1 —v)] | +4 [(1+2v)(1—v)—2\/v(1—v)] 1812,
(5.93)

The analogous soundness in m = 2 experimental imperfection scheme is

sy P =1-exp [ n(v— %)Ia—ﬁ|2 —n(l—v+ \/m)lal2 —n(l -v— \/W)I,BF]. (5.94)
We then obtain:
Lemma 5.4. For all experimental parameters,

sg P <syP. (5.95)
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Proof. We have
557 =1-exp| ~n(v- 3 )la= P~ n(1-v+ VT aP
f1—v— T ] (5.96)
=1-exp[-nAasl,

and
sg P =1-exp [ —77(1/2 - i)la - BI?

—n((1+2v)(1 —v)+2v/v(1 —v))|a|2
—17((1+2v)(1 —v) -2V —v))|ﬁ|2]

=1-exp[—-nAyl.

(5.97)

Since the function x — 1 —e™ is increasing, it is sufficient to show that Ay < A4 for all a, §.

Writing a = re!? and B= te'V, where r,t =0 and &, €[0,2r], we obtain
1
Ag-Ag= (Z+v(1—v)+ \/v(l—v))rz
1
+ (Z Fv(1=v) = V1=V )¢ (5.98)
1
—2rt(z —v(l—v)) cos(p—w).

This last expression is a polynomial of degree 2 in r, with a positive leading coefficient. Thus

if its discriminant is negative, then the expression is always positive. The discriminant is

A:4t2[(i—v(l—v))zcos((,b—u/)2—(i+v(1—v)+\/v(1—v))(i+v(1—v)— \/v(l—v))]

< -62v(1-v)
<0,

(5.99)
where the second line is obtained by using cos(¢p — 1) < 1. Hence for all experimental parame-
ters within the error model we consider, we have sgxp < sixp .

|

Hence, the experimental m = 4 scheme outperforms the m = 2 scheme in soundness for all
values of the noise parameters. On the other hand, the completeness of the scheme suffers from

experimental imperfections.
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5.4 Discussion and open problems

We have identified a connection between unknown quantum state discrimination and quantum-
programmable measurements. We have presented an optimal scheme for a programmable projec-
tive measurement device, and a linear optical implementation, with the Hadamard interferometer
and single-photon encoding, which is straightforward and efficient. This could for example be
used to design a photonic circuit which would act as a universal projective measurement device
for a broad range of potential applications from quantum information and cryptography to tests
of contextuality.

Our scheme can also be interpreted as an optimal swap test when one has a single copy of
one state, and m — 1 of the other. We have chosen to phrase the problem in terms of m — 1 copies
of the state |y). In principle we could have chosen any other encoding of the quantum input into
m — 1 registers. The reason for this choice is twofold. Firstly it is part of the envisaged problem
setting—we imagine a device producing states encoding our measurement, for example these
could be the output of a computation. Secondly we do so in order to separate as much as possible
the resource of m — 1 program systems and the process of translating them into a measurement.
In particular if one had any other encoding, for example into some entangled states, this encoding
process could be incorporated into the circuit representing the generic measurement apparatus.
In this sense the most quantum information that can be contained about the state |w) in m —1
systems is m — 1 copies of the state |)—anything more can be done afterwards. This result also
provides a natural interpretation of the notion of projective measurement in quantum mechanics,
as a comparison between one state and several copies of another state using an interferometer:
in the macroscopic limit, when many copies of a reference eigenstate are available, we retrieve a
macroscopic classically programmable quantum measurement set up.

In order to reduce the experimental requirements, we have also presented an optimal pro-
grammable measurement scheme that projects the incoming single mode state in the test register
into a local coherent state basis of the program registers. Our scheme is implemented using
balanced beam splitters and single-photon threshold detectors. Threshold detectors with high
efficiency and ultra low dark counts are commercially available [SJZ*18]. Additionally, the
numbers of detectors needed is logarithmic in the size of the interferometer, which itself is com-
posed only of a linear number of balanced beam splitters. This implementation using coherent
states can act as a backbone in improving the performance of a range of quantum protocols
in communication complexity [BCWDWO01, dB04], cryptography and computational regimes
[ABD*08, MKB05, WRD*06, HM13, EAO* 02, LMR13].

For completeness, it would be interesting to characterise the full class of interferometers that
are optimal for state identity testing under the one-sided error requirement, as we only gave a
broad class of such interferometers using a group construction. It would be also interesting to

consider the influence of real experimental conditions in a more general setting.
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CHAPTER

QUANTUM WEAK COIN FLIPPING WITH LINEAR OPTICS

eak coin flipping is among the fundamental cryptographic primitives which ensure

the security of modern communication networks. It allows two mistrustful parties to

remotely agree on a random bit when they favor opposite outcomes. Unlike other two-
party computations, one can achieve information-theoretic security using quantum mechanics
only: both parties are prevented from biasing the flip with probability higher than 1/2 + ¢, where
€ is arbitrarily low. Classically, the dishonest party can always cheat with probability 1 unless
computational assumptions are used. Despite its importance, no physical implementation has
been proposed so far for quantum weak coin flipping.

In this chapter, we present a practical protocol for quantum weak coin flipping that requires a
single photon and linear optics only. We show that it is secure even when threshold single-photon
detectors are used, and reaches a bias as low as ¢ = 1/v/2 — 1/2 = 0.207. We further show that
the protocol may display quantum advantage over a few hundred meters with state-of-the-art

technology.
This chapter is based on [BCKD20].

6.1 Weak coin flipping protocol with linear optics

Compared to weak coin flipping, where two mistrustful parties wish to remotely agree on the
outcome of a coin flip when they favor different outcomes, the cryptographic task of strong coin
flipping corresponds to the case where they want to agree on an unbiaised random bit when
they do not necessarily favor a particular outcome. Despite its name, strong coin flipping is less
general than weak coin flipping in the sense that optimal strong coin flipping protocols may be

designed which use weak coin flipping protocols as a subroutine [CKO09].
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While quantum strong coin flipping protocols have been experimentally demonstrated [MTVUZ05,
BBB*11, PJL*14], no implementation has been proposed for quantum weak coin flipping. This
may be explained by two reasons. First, it is difficult to find an encoding and implementation
which is robust to losses: a dishonest party may always declare an abort when they are not
satisfied with the flip’s outcome. Second, none of the proposed quantum weak coin flipping
protocols [SR02, KN04, Moc04, Moc05, Moc07, ACG*16, ARW19, ARV19] translate trivially
into a simple experiment: they all involve performing single-shot generalized measurements or
generating beyond-qubit states.

We introduce a family of quantum weak coin flipping protocols, inspired by [SR02], which
achieve biases as low as € = 1/v/2 — 1/2 = 0.207. Our protocols involve simple projective measure-
ments instead of generalized ones, require a single photon and linear optics only, and need at
most three rounds of communication between the parties. The information is encoded by mixing
a single photon with vacuum on an unbalanced beam splitter, which generates entanglement
[MBH™"13]: both parties may then agree on a random bit, while the entanglement is simultane-
ously verified. This encoding is very robust to noise, as the single photon need not be pure or
indistinguishable from other photons in any degree of freedom, save photon number. We also
use a version of our schemes to construct a quantum strong coin flipping protocol with bias
=~ 0.31. We further derive a practical security proof for both number-resolving and threshold
single-photon detectors, considering the extension to infinite-dimensional Hilbert spaces. Since
the presence of losses may enable classical protocols to reach lower cheating probabilities than
quantum protocols, we finally show that our quantum protocol bears no classical equivalent over

a few hundred meters of lossy optical fiber and non-unit detection efficiency.

In the honest protocol, Alice and Bob wish to toss a fair coin, with a priori knowledge that they
each favor opposite outcomes. Fig. 6.1 represents the implementation of the honest protocol,

which follows five distinct steps. Defining x € [0, 1] as a free protocol parameter, these read:
¢ Alice mixes a single photon with the vacuum on a beam splitter of reflectance x.
¢ Alice keeps the first half of the state obtained, and sends the second half to Bob.

* Bob mixes the half he receives with the vacuum on a beam splitter of reflectance y =

1
1- 2(1-x)"

¢ Bob measures the second register of his state with a single-photon detector, and broadcasts

the outcome c € {0, 1}.

* The last step is a verification step, which splits into two cases. If ¢ =0, Alice sends her half
of the state to Bob, who mixes it with his half on a beam splitter of reflectance z = 2x. He
then measures the two output modes with single-photon detectors. He declares Alice the
winner if the outcome (1,0) is obtained. If ¢ = 1: Bob discards his half, and Alice measures

her half with a single-photon detector. If the outcome is (0), Bob is declared winner.
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6.1. WEAK COIN FLIPPING PROTOCOL WITH LINEAR OPTICS

0

Figure 6.1: Representation of the honest protocol. The dashed boxes indicate Alice and
Bob’s laboratories, respectively. Dashed red lines represent beam splitters, with the reflectance
indicated in red. |0) and |1) are the vacuum and single photon Fock states, respectively. Curly
lines represent fiber used for quantum communication from Alice to Bob, or delay lines within
Alice’s or Bob’s laboratory, when waiting for the other party’s communication. Bob broadcasts
the classical outcome ¢, which controls an optical switch on Alice’s side. The protocol when Bob
declares ¢ = 0/1 is represented in orange/green. The final outcomes are the expected outcomes
when both parties are honest.

6.1.1 Completeness

In what follows, we let the parameters x, y, z vary freely, and derive the relations these parameters
need to satisfy to enforce a honest protocol without abort cases. We show that for the specific
relations indicated above the protocol is fair, i.e., the probability of winning for each party is %
when they are both honest.

Single photons are quantized excitations of the electromagnetic field, which are described
by the action of the creation operator onto the vacuum. Beam splitters act linearly on creation
operators and leave invariant the vacuum. More precisely, a beam splitter of reflectance r acting

on modes %,/ maps the creation operators d;; and d; of the input modes onto 5;; and 3;, where

k :H(r) k 6.1)
2| TR | ot | :
(bz a;
with
»_[ vVr vi-r
2=\ i | 6.2)
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Hence, the evolution of the quantum state over the three modes up to Bob’s first measurement

reads:

|100) o V%' [100) + V1 —x |010)
()—»23\/97|100>+\/(1—x)y |010) (6.3)
y),
+v (@1 -x)(1-y)|001),

where the notation (r), %/ indicates the reflectance of the beam splitter and the corresponding
spatial modes. The probability that Bob obtains outcome ¢ = 1 when measuring the third register

thus is Pr[1] = (1 —x)(1 - y), while the probability of outcome ¢ =0 is Pr[0] = 1 —Pr[1]. Setting

y=1- ﬁ ensures Pr[0] =Pr[1] = %

When ¢ =1, the state on modes 1 and 2 is projected onto |00), while ¢ = 0 projects the state
onto v2x |10) + v1—2x |01). In the first case, the measurement performed by Alice outputs (0)
with probability 1. In the second case, the measurement performed by Bob outputs (1,0) with

probability 1 when
x

z= —A-nd-y =2x. (6.4)

In that case, the probability that Alice (resp. Bob) wins is directly given by P;LA) = Pr[0] (resp.
P{®) = Pr[1]). This shows that the protocol is fair, since Pr[0]=Pr[1]=1.

In the following, we make use of a simple reduction which allows us to simplify calculations in

the proofs:

Lemma 6.1. Let U = (H® & 1)(1® HY), with z > 0. For all density matrices T,
Tri(r ®10) ODU(1®100) (00DU1 = Tri(z ®[0) (ONV (10) (0| ® 1® |0) 0DV, (6.5)

where V = (18 HY)YH® @ (18 R(1)® 1), with a = -1 and b =1-(1-y)(1-2), and R(x)

a phase shift of m acting on mode 2.

Proof. The action of U on the creation operators is given by

NES 1-z o\{1 o 0
U=|vi-z -vz ol||lo vy 1-y
0 o 1flo Vi—y -7

(6.6)

VZ Vyd-2) JA-y)1-2)
=|vVi-z -3z -/A=-yz
0 vV1i-y —\/37

Linear interferometers map product coherent states onto product coherent states, and, for
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all a € C, we have that UT|a00) = |B1B2B3), where

B1 ayz
Ba|=| avyld-2) |. (6.7)

Bs ay/(1-y)(1-2)

We have V = (1 HO)HY g 1)(1® R(1) ® 1), with a,b € [0,1], and R(n) a phase shift of 7

acting on mode 2. The action of V on the creation operators is given by

1 0 0 va Vi-a 01 0 o
v=lo Vb Vi-b||Vvi-a -v&a of|l0o -1 0
0 vVi-b -vb 0 0 1Jlo o 1
(6.8)
va -Vi-a 0
= Vb(1-a) Vab  V1-b|.
VA=-a)1-0) va(I-0) -vb
For all a € C, VT|0a0) = |y1y2y3), where
y1| [avbd-a)
Yo |= avad |. (6.9)
Y3 a\/m

Since a = % andb=1-(1-y)(1-2),wehave b(1-a)=2z,ab=y(1-2),and 1-b =

(1-y)1~-2), so (B1,P2,P3) =(y1,Y2,Y3)-
Then,

Trl(r ® |0) ODU T (1® |00) (00U ] = % f d?aTrl(r ®0) (ODU" |a00) (¢00| U1
()

- %f d*aTr((z®]0) 0DV '10a0) (0a0| V] (6.10)
C

=Trl(r ®10) OV (|0} (0 ® 1@ 0) (O V'],

where we used the completeness relation of coherent states 1= % fc la) (a| d?a.

6.1.2 Soundness

We now derive the soundness of the protocol. Namely, we obtain the maximal winning probabilities

when Bob is dishonest and Alice is honest, and vice versa.
Lemma 6.2. Bob’s optimal cheating probability is given by

PP =1-x. (6.11)
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Proof. Dishonest Bob should always declare the outcome ¢ =1 in order to maximize his
winning probability. The outcome of the coin flip is then confirmed if Alice obtains the
outcome 0 upon verification. Bob thus needs to maximize the probability of the outcome 0,
applying a general quantum operation to his half of the state. However, the probability that
the detector clicks is independent of Bob’s action. It is given by x, so that Bob’s winning
probability is upper bounded by (1 — x). This upper bound is reached if Bob discards his half
of the state and broadcasts ¢ = 1. Bob’s optimal cheating probability thus is P;B )=1-x.

Alice wins when Bob declares ¢ = 0 and the outcome of his quantum measurement is (1,0). The
most general strategy of dishonest Alice is to send a (mixed) state g, while Bob performs the rest
of the protocol honestly. Assuming honest Bob has number-resolving detectors, we obtain the

following result:

Lemma 6.3. Alice’s optimal cheating probability when Bob has number resolving detectors is
given by

PP =1-1-y1-2). (6.12)

Figure 6.2: Dishonest Alice. Alice aims to maximize the outcome (1,0,0): an outcome 0 on the
third mode means that Bob declared Alice the winner, while an outcome (1,0) for modes 1 and

2 means that Alice passed Bob’s verification. The reflectances of the beam splitter are given by

y=1—ﬁandz=2x.

Proof. When using number-resolving single-photon detectors, any projection onto the n > 1
photon subspace leads to Alice getting caught cheating. Alice must therefore maximize the
overlap with the projective measurement |100) (100| only (Fig. 6.2).

Let o be the state sent by Alice. Let U = (H?® @ 1)(1® HY), with z = m Alice

needs to maximize the probability of the overall outcome (1,0,0), which is given by
P =Tr[U(o ®0) (0)U100) (10011, (6.13)

since Bob uses number-resolving detectors. By convexity of the probabilities, we may assume
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without loss of generality that Alice sends a pure state o = [¢) (w|, which allows us to write:

PW =Tr[U(ly) (| ®10) (ODU100) (100]]
= Tr[(1y) (w| @10y (DU 1100) (100 U] (6.14)
=Tr[(y|® (0] U [100) (100U 1) ® [0)]1.

We have:
UT1100) = (10 HY)H™? ® 1)]100)

= (18 HY)(v/Z'|100) + V1—2'1010)) (6.15)
= VZ'1100) + \/y(1-2) 1010) + /(1 - y)(1-2) |001),
and therefore:
UT1100) (100|U =2 100 (100| + y(1 — 2)[010) (010] + (1 — y)(1 — 2)|001) (001
+1/yz(1=2)(1100) (010| +]010) (100])
+1/2(1- y)(1-2) (1100) (001 +[001) (100])
+(1-2)v/y(1-)(1010) (001] +[001) (010]).

(6.16)

Substituting back into Eq. (6.14) then reduces to:

P = (1 (2110 €101 + y(1 - 2)101) (01| + /y2(1=2)(110) (O1] + [01) <10D) Iy}
= 1(VZ110) + Vy(1=2) 101)) (VZ (10 + /¥ (T=2) (O11) 1) (6.17)
2
= |1 (vZ10) + vy =2y1on)|".

Using Cauchy-Schwarz inequality then allows us to upper bound P((iA) as:

PW < y|? “(\/?|10> + \/mml))”z <(1-1-yA -2yl (6.18)

which is maximized for ||| = 1. Hence we finally get:

PP <1-(1-y1-2). (6.19)

In order to find Alice’s optimal cheating strategy (i.e., the optimal pure state |¢) that
she must send to achieve this bound), we remark that the unnormalized state \/z'|10) +
v/ ¥(1-2) |01) maximizes the expression in Eq. (6.18). Normalizing this state then provides

Alice’s optimal strategy, which is to prepare the state

z ‘ yl-2)
= 10 ——— X |01). 6.20
i \/1—(1—y)(1—z)| >+\/1—(1—y)(1—z)' > (620
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Hence,
PW=1-(1-y)1-2). (6.21)

In the case of a fair protocol, y=1-— ﬁ and z = 2x, so

1
(A) _
Pd =31 (6.22)

and Alice’s optimal strategy is to prepare the state

[y =2/ x(1—-x) |10) + (1 -2x)]01). (6.23)

Remarkably, the protocol is still secure even when Bob only uses single photon threshold detectors,
which is essential to the practicality of the protocol. Moreover, Alice’s optimal cheating probability

remains the same:

Lemma 6.4. Alice’s optimal cheating probability when Bob has threshold detectors is given by

PW=1-(1-y)1-2). (6.24)

Figure 6.3: Equivalent picture for dishonest Alice. In the original dishonest setup of Fig. 6.2,
Alice aims to maximize the outcome (1,0,0). This is equivalent to Alice maximizing outcome 0
on spatial modes 1 and 3, independently of what is detected on mode 2. The outcomes indicated
correspond to Alice winning. The reflectance is b =1—-(1—y)(1-2).

Proof. Unlike the previous case, incorrect outcomes with higher photon number could still
pass the test: for n = 1, the threshold detectors cannot discriminate between a [100) and
|[n00) projection. We show in the following that this doesn’t help a dishonest Alice, and that
the strategy described previously for the case of number resolving detectors is still optimal
in the case of threshold detectors.

With the same notations as in the previous proof, Alice needs to maximize the probabil-
ity of the overall outcome (1,0,0), hence the overlap with the projector }.>° , [n00) (n00| =
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(1—10)(0]) ® |00) (00|. This allows us to write:
P =Tr[U(y) (yl@10) (ODU T (1-10) (0) @100) (0], (6.25)

since Bob uses threshold detectors, where U = (H® ® 1)(1® HY), with z = 1—(+)(1—y)
Linear optical evolution conserves photon number. Hence if Alice sends the vacuum
state, the detectors will never click. Removing the two-mode vacuum component of the state
prepared by Alice and renormalizing therefore always increases her winning probability.
Since we are looking for the maximum winning probability, we can assume without loss of

generality that (y|00) =0, i.e.,
Tr[U(ly) (| @0} (ODU T 1000) (000[1 = | (w00} |, (6.26)
So maximizing the winning probability in Eq. (6.25) is equivalent to maximizing
PP =Tr[U(1y) (w| ®10) DU (1©100) (001, (6.27)
given the constraint (¥|00) = 0. We have

P = Tr[U(1y) (wl @ 10) QDU (1 00) 00)]

(6.28)
=Trl(jy) (yl®10) ODU T (1® 100) (00U 1.
With Lemma 6.1 and Eq. (6.28), we may thus write:
P =Tr((1y) (wl @10) DV (10} (0l @ T@10) (O)V'], (6.29)

where V = (18 HO)H® ¢ (19 R() ® 1), with a = =35 — and b=1-(1-y)(1-2). Let
us now define:

lWe) := HY(1® R(1)) [y). (6.30)

The constraints (¢|00) = 0 and (y4|00) = 0 are equivalent, because the above transformation

leaves the total number of photons invariant. With Eq. (6.29) we obtain
P =Trl(lya) (wal ®10) 0N(10 H?)(|0) (0| @ 1010) 0T & HP)), (6.31)

with the constraint (y,|00) = 0. Maximizing this expression thus corresponds to maximizing
the probability of the outcome (0,0) when measuring modes 1 and 3 of the state obtain
by mixing the second half of |¢,) with the vacuum on a beam splitter of reflectance b =
1-(1-y)1-2) (Fig. 6.3).

We now show that an optimal strategy for Alice is to ensure that |y,) =|01). Let us write

WaY= Y. WpqlPQ), (6.32)

p+g>0
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where we take into account the constraint (,|00) = 0. Then, with Eq. (6.31) we obtain

PP = Y ey, Trlipg0)(p'q'0(10) 0l@ H(1910) (ODH™)]
p+q>0,p’'+q'>0

= Y YoV, Trliq0)(q'0l HP (18 10) (ODH™]
q>0,q9'>0

Y Woq¥iy Trliq0) (q'0lH® n0) (n0| H® (6.33)
n=0,q>0,q9'>0

=Y lwon 1 (nOIH®|n0) |2

n>0

= Z |w0n|2bn,
n>0
where we used in the fourth line the fact that H® doesn’t change the number of photons.
Since b € [0,1], this shows that

PV <b Y 1yl
n>0 (6.34)
=b,

since |y,) is normalized, and this bound is reached for |1//01|2 =1, i.e., |v,) =101). With
Eq. (6.30), this implies that an optimal strategy for Alice is to prepare the state

ly) =18 R(x)H@|01)

=vV1-a|10)+va'|01)

3 ‘ -2 (6.35)
- 10 01
\/1—<1—y)(1—z)' >+\/1—(1—y)(1—z)| )
=1,

where |¢) is the state that dishonest Alice needs to send to maximize her winning probability

when Bob uses number-resolving detectors (Eq. (6.20)). Her winning probability is then
PP =1-1-y1-2). (6.36)

We therefore recover the same result as for number-resolving detectors. Once again, if the

protocol is fair then y =1- m and z = 2x, so

1
(A) _
PP = s (6.37)

and an optimal strategy for Alice is to prepare the state

[px) :=2vx(1—x) [10) +(1—-2x)|01). (6.38)

Alice’s cheating probability equals ﬁ fory=1- ﬁ and z = 2x. In particular, for all values
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of x, we retrieve the property shared by the protocols of [SR02]: P((iA)P((iB ) = % Setting x =1-1/v/2,
we obtain a version of the protocol which is balanced, i.e., both players have the same cheating
probability 1/v/2. The protocol bias is then € = 1/v/2 - 1/2 = 0.207.

6.1.3 Strong coin flipping protocol

Following [CKO09], we show that our family of quantum weak coin flipping protocols allows us to

construct a quantum strong coin flipping protocol:

Lemma 6.5. There exists a quantum strong coin flipping protocol achieving bias € = 0.31 which

uses an unbalanced linear optical weak coin flipping protocol as a subroutine.

Proof. An unbalanced quantum weak coin flipping protocol can be turned into a quantum
strong coin flipping protocol using an additional classical protocol, as described in [CKO09]. In

particular, let us consider a weak coin flipping protocol such that:

(A4)

Ph =p
PP =1-p
h (6.39)
P;,A) =p+e
PP =1-p+e,

for p €[0,1] and € > 0. Then, the corresponding strong coin flipping protocol has bias [CK09]

11 1 1 6.40)
max|—-—-—-(p—€),—— ——|. .
2 2P 9 " hre 2

For our weak coin flipping protocol, we have:

PP =1-(1-x)1-y)
PP =(1-x)1-y)
PP =1-(1-yN1-2)

PB =1y,

(6.41)

with the constraint z = 5 (so that the protocol does not abort in the honest case,

ooy
Eq. (6.4)). Enforcing the conditions in Eq. (6.39), and optimizing over the corresponding

strong coin flipping bias implies

2
I G
1-y)1-2y)
z= ﬁ (6.42)

1

1-Z=
2 2-y-—z+yz’
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which in turn give the values
x~0.38

y~0.31 (6.43)
2 ~0.66,

by enforcing x,y,z € [0,1], and a bias of = 0.31, which is a lower bias than the best imple-

mented strong coin flipping protocol so far [PJL*14].

6.2 Experimental imperfections

6.2.1 Noisy protocol

We investigate how imperfect state generation, non-ideal beam splitters and single-photon
detector dark counts affect the correctness and security of the protocol. While we fixed the
parameter values to y = 1— ﬁ and z = 2x in the ideal setting, we now allow the three
parameters x, y, z to vary freely.

The vacuum/single-photon encoding is very robust to noise, in comparison to polarization or
phase encoding for instance: the only property that must be preserved through propagation is
photon number. This implies that photon indistinguishability and purity are not required in any
degree of freedom other than photon number. In this case, Alice may simply produce a heralded
single photon via spontaneous parametric down-conversion (SPDC) [Coul8], which generates a
photon pair: one may be used for the flip, while the other may herald the presence of the first one.
Given the photon-pair emission probability p, accidentally emitting two pairs at the same time
using SPDC occurs with probability p2. Since p may be arbitrarily tuned by changing the pump
power, p?>—and therefore the probability of two photons being accidentally generated by Alice at
once—may then be decreased to negligible values.

Note that, in the case where Alice’s single photon source is probabilistic but heralded (as in
SPDC), she may always inform Bob of a successful state generation prior to his announcement of
¢ without compromising security. In what follows, we may therefore assume that both parties
have agreed on the presence of an initial state, and hence know when the protocol occurs.

Noise will therefore stem from the non-ideal reflectances of the beam splitters, and the non-
zero detector dark count probability p;.. For each party, these may affect the protocol correctness
in two ways: an undesired bias of the flip, and an added abort probability during the verification
process.

Deviations on the beam splitter reflectances x, y, and z will first change the honest winning
probabilities: these may be re-calculated by replacing the ideal reflectance r € {x,y} with an
imperfect r’. As regards to honest aborts, a beam splitter with reflectance z’ instead of z may

be applied on the resulting state when ¢ = 0. Noisy detectors may cause an unwanted abort
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corresponding to a click because of dark counts. However, with superconducting nanowire single-
photon detectors, this probability is typically very low, of the order of p4. < 10~ [Had09].

We can therefore conclude that any source of noise may be incorporated in the security
analysis by simply replacing parameters x, v, and z with x’, y’, and 2z’. Furthermore, this source
of error will most likely be negligible with current technology. We therefore solely focus on the

more consequential effects of losses.

6.2.2 Losses: completeness

Losses can be due to the channel transmission and to non-unit delay line transmission and
detection efficiencies. We label 7; the transmission efficiency of the quantum channel from Alice
to Bob. We also define as n(l ) the transmission of party i’s fiber delay, while 17(” denotes the
detection efficiency of party i’s single-photon detectors. Here, we assume the efficiencies of Bob’s
detectors to be the same, and that each party introduces a fiber delay whenever they are waiting
for the other party’s communication. The delay time therefore depends on the distance between
the two parties. We give a representation of the honest protocol with losses, in Fig. 6.4.

We recall a useful simple property, which we will use extensively in the following:

Lemma 6.6. Equal losses on various modes can be commuted through passive linear optical

elements acting on these modes.

This result was proven, e.g., in [BL10], and we give hereafter a quick proof.

Proof. One way to prove this statement is to use the fact that any interferometer may be
decomposed as beam splitters and phase shifters [RZBB94]. Then, losses trivially commute
with phase shifters, and are easily shown to commute with beam splitters. Indeed, consider
a beam splitter of reflectance ¢ acting on modes 1 and 2. Its action on the creation operators

of the modes is given by
—Vta!l +vi-tal,vi-ral - vial, (6.44)
while equal losses 1 on both modes act as
al,al — ymal,ymal. (6.45)
Hence, the action of the beam splitter followed by losses is given by
al,al — yrtal+ vi—tal), yn(vi-tal - vial), (6.46)
while losses followed by the beam splitter act as

al,al — ve(ymah) +vi—t(ymah), vi-e(ymah) - vi(ymal), (6.47)
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which is equal to the previous evolution.

(4) c=1 0
1 ol (] 4@ ’
R J0

Nt

Figure 6.4: Representation of the honest protocol with losses. The dashed boxes indicate
Alice and Bob’s laboratories, respectively. Dashed red lines represent beam splitters, with the
reflectance indicated in red. The efficiencies of the detectors, are indicated in white. Curly lines
represent fiber used for quantum communication from Alice to Bob, or delay lines within Alice’s
or Bob’s laboratory. |0) and |1) are the vacuum and single photon Fock states, respectively. Bob
broadcasts the classical outcome ¢, which controls an optical switch on Alice’s side. The protocol
when Bob declares ¢ = 0/1 is represented in orange/green. The final outcomes are the expected
outcomes when both parties are honest.

In the presence of losses, the protocol may also abort when both parties are honest, when the
photon is lost. We obtain the expressions for the honest winning probabilities P;LA) and P;lB ), and

hence the probability P,; of abort, in the presence of losses:

Lemma 6.7. 5

P;lA) = Utﬂff) (\/xzn(]f“ + \/(1 —x)y(1- 2)17(;3)

PP =nmPa-xa-y)
Py =1-PW P&,

(6.48)
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Proof. The honest winning probability for Bob is directly given by his chance of detecting
the photon (the photon gets to his detector and doesn’t get lost):

PP =nnPa-xa-y). (6.49)

On the other hand, Alice wins if the photon, starting from her first input mode, is detected
by Bob in the last step.
The evolution of the creation operator of the first mode during the lossy honest protocol

is given by:
al —>\/—a + T
xn(]fx) i+ /A= x)nta2

xn(]ﬁq) T+\/(1 x)nty +\/(1 x)(1-— y)nta3

—>,/xn§§4) al \/(l—x)ntydT+\/(l—x)(l—y)ntngg)a};

,/xniﬁ“’ha +4/(1- x)ntyﬂ(,?) a} \/(l_x)(l_y)”t”gg)ag (6.50)
- (\/xngg‘“ntz + \/(1 —x)ntyn<3>(1—z))d§ + (\/xn‘;‘)nt(l—z) - \/(1—x)ntyn§?’z)d;

/A -0a-ymn® !
( \/xn(,f”n an}) \/(1 o - 2)77(3)

/1 -0a-ymn® b

(\/xn(,f”n a-m® - \/(1 omenPen® | af

2

In particular, the photon reaches Bob’s uppermost detector with probability

PELA):an(fA)n o+ %1 Oney (1~ Z)U(B)

9 (6.51)
=nm® (\/xzn \/<1 X)y(1 - z)n(B)) .
Finally, the protocol aborts for all other detection events:
Py =1-PW PP, (6.52)
|

Note that the overall correctness does not depend on Alice’s detection efficiency nff), since the
declaration of outcome ¢ depends solely on Bob’s detector and the verification step on Alice’s side

involves detecting vacuum.
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6.2.3 Losses: soundness

The soundness of the protocol is also affected by the presence of losses.
Dishonest Bob’s best strategy is to perform the same attack as in the lossless case, because
he has no control over Alice’s half of the subsystem. His winning probability is then given by the

following result:
Lemma 6.8. Dishonest Bos’s maximum winning probability is given by:
B A) (A
PP = 1-xnnV. (6.53)

In a more general game-theoretic scenario, Bob’s best strategy will in fact depend on the rewards
and sanctions associated with honest aborts and ‘getting caught cheating’ aborts. In other words,
Bob has to minimize his risk-to-reward ratio. Maximizing his winning probability makes him run

the risk of getting caught cheating with probability xn(ff‘)ng‘).

Dishonest Alice must still generate the state which maximizes the (1,0,0) outcome on Bob’s
detectors after his honest transformations have been applied. However, the expression for Bob’s
corresponding projector now changes, as there is a finite probability (1 — nff))” that the n-photon
component is projected onto the vacuum. The 0 outcome on one spatial mode is therefore triggered
by the projection Iy = Zj’fzo(l—nf))n |n) {n|. The total projector responsible for the (1,0,0) outcome
then reads IT1g9 = (1-1I1p) ® [Ty ® 1.

Lemma 6.9. Dishonest Alice’s maximum winning probability is given by:

PflA) = >ax (1—(1—y1](}?))(1—z)1]g3))l—(1—1](5))l

>0
<1-(1-y)1-2).

(6.54)

The value of the upper bound in the second line is Alice’s cheating probability in the lossless case.
This shows that Alice cannot take advantage of Bob’s imperfect detectors or his lossy delay line

in order to increase her cheating probability.

Figure 6.5: Alice aims to maximize the outcome (1,0,0) by sending the state o. The lossy delay
line is represented by a mixing with the vacuum on a beam splitter of transmission amplitude 7.
The quantum efficiency of the detectors is indicated in white.
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D e

‘0>O< (v) ><
0)

Figure 6.7: The losses 1y are commuted back to Alice’s state preparation. The losses on input
mode 3 can be omitted since the input state is the vacuum.

Figure 6.8: Alice aims to maximize the outcome (1,0,0) by sending the state o. The delay line
efficiency 7y is equal to 1.

Proof. The losses 1 correspond to a probability 1 —n of losing a photon. These can be
modelled as a mixing with the vacuum on a beam splitter of reflectance 1. We first show that
we can obtain Alice’s cheating probability by solving the case with perfect delay line, and

replacing the parameter y by ynr, independently of the efficiency 14 of his detectors.

The lossy delay line of efficiency y may be modelled as a mixing with the vacuum on a beam
splitter of transmission 7.

Alice prepares a state o, which goes through the interferometer depicted in Fig. 6.5, and
wins if the measurement outcome obtained by Bob is (1,0,0).

In particular, note that the outcome 0 must be obtained for the third mode. Hence Alice’s

winning probability is always lower than if the third mode was mixed with the vacuum on
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a beam splitter of transmission amplitude 7 just before the detection (Fig. 6.6), since this
increases the probability of the outcome 0 for this mode.

Let us assume that this is the case. Then, by Lemma 6.6, the losses 17 on output modes
2 and 3 may be commuted back through the beam splitter of reflectance y, acting on modes 2
and 3.

Since the input state on mode 3 is the vacuum, the losses on this mode may then be
removed (Fig. 6.7). In that case, the probability of winning is clearly lower than when the
delay line is perfect (Fig. 6.8), because Alice is now restricted to lossy state preparation
instead of ideal state preparation.

This reduction shows that Alice’s maximum winning probability when Bob is using a
lossy delay line is always lower than when Bob’s delay line is perfect, independently of the

efficiency 14 of his detectors.

Moreover, Alice’s maximum cheating probability and optimal cheating strategy may be
inferred from the case where Bob has a perfect delay line, as we show in what follows.

By convexity of the probabilities, Alice’s best strategy is to send a pure state |y) =
Yk 1=0Wri kD). Let us denote by W the interferometer depicted in Fig. 6.5, including the
detection losses. Let us consider the evolution of Alice’s state and the vacuum on the third
input mode through the interferometer W. The creation operator for the first mode evolves

as

@l — vzl +v1-24d}
— zngdl + /(A -2mnqa} (6.55)
=Wwaiw,
while the creation operator for the second mode evolves as
@b — yal+v1-yal

— ,/ynfd;+ \/l—yd;

— /[y -2mpal - yznral+V1-yal (6.56)

—\/yA=2)nrng dl{ —\/Y2NfNd dg +v(A-ymnq d;

=Walw'.
Hence, the output state (before the ideal threshold detection) is given by

Wiw0)=W ) wplklO)

k,1=0

_ (LIPS NYIS N/

=W\ > (d@1)*(dy)" | 1000)
k=0 VR
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_ Vil
ki=0 VR!!

k
= [ Zﬁlp (\/Zﬂd d;+ v -2)ng d;)
k,1=0 b

l
x (\[yA=2mpnad’ - /yEmmmaal, + /T ynad)

Now Alice’s maximum cheating probability is given by

walwhHrwalw® | 1000) (6.57)

|000) .

P = Tr[W y0) (w0 W' (1- |0} (0])00) (00]1. (6.58)

Hence, the state after a successful projection (1—|0)(0[|)|00) (00|, which has norm P(A), reads

Y L (o211 - 23 nal 2@ | 1000). (6.59)
k+1>0 k1!
When Bob has a perfect delay line (7 = 1) this state reads
Y L g 2Ly - 2l 2@y | 1000), (6.60)
k+1>0 k1!

and its norm is the winning probability of Alice in that case. Hence,

P®mg,na,y,21= P11,nq,ym7,2], (6.61)

i.e., we can obtain Alice’s cheating probability by solving the case with perfect delay line, and
replacing the parameter y by yny. In the following, we thus derive Alice’s optimal strategy

in that case.

0)

Figure 6.9: Alice aims to maximize the outcome (1,0,0) by sending the state 0. The quantum
efficiency of the detectors is indicated in white.
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0)

Figure 6.10: The quantum efficiency are modelled as losses 745 on modes 1, 2, and 3, which are
then commuted through the interferometer, back to Alice’s state preparation. The losses on input
mode 3 can be omitted since the input state is the vacuum.

0)

Figure 6.11: An equivalent picture for the first term P; of Eq. (6.66). The term P; is the probability
of the simultaneous outcomes 0 for modes 1 and 3.

Let o be the state sent by Alice, and 14 the detector efficiency. Alice needs to maximize the
probability of the overall outcome (1,0,0) at the output of the interferometer depicted in
Fig. 6.9, hence the overlap with the projector:

® | Y. (1-ng)""P |n)(nl®|p)(pl|. (6.62)

H?fo o= [1- 2@ =12 m)(m|
0, Z z

By convexity of the probabilities, we may assume without loss of generality that Alice
sends a pure state o = |y) (y|. Moreover, the imperfect threshold detectors of quantum
efficiency 14 can be modelled by mixing the state to be measured with the vacuum on a beam
splitter of transmission amplitude 14 followed by an ideal threshold detection [FOP05]. In
that case, this corresponds to losses 14 on modes 1, 2, and 3, followed by ideal threshold
detections. By Lemma 6.6, commuting the losses back through the interferometer leads to
the equivalent picture depicted in Fig. 6.10, where the losses on input mode 3 have been
omitted, since the input state is the vacuum.

In that case, Alice’s probability of winning is clearly lower than when the threshold
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detectors are perfect (Fig. 6.2), because she is restricted to lossy state preparation instead
of ideal state preparation. Let |[/) be the lossy state obtained by applying losses 14 on both

modes of Alice’s prepared state |y). Alice’s winning probability may then be written:

P =Tr[U() Gl @10) ODU T (1- 10) 01) @ |00} (00]]

(6.63)
= Tr[U(I1%) (@l ® 10) (ODU (18 100) <001 - Tr[U (1) (| @ 0) ODT T 1000) (00011,

where U = (H?® & 1)(1® H?) is the unitary corresponding to the general interferometer of

the lossless protocol. By Lemma 6.1, we have

Trl(zr ®0) (ODU (1@ 100) (00NU = Tr[(z ® |0) 0DV T(10) (0| ® 1® |0) (O V'], (6.64)

for any density matrix 7, where V = (18 HO)YHY g 1)(1® R(7) ® 1), with a = yyg:i)z and

b=y+z—-yz, and R(r) a phase shift of 7 acting on mode 2. Hence,
P = Tr[V(I1%) (] 10) DV (10) <0l & 1@10) (O] - Tr[|9) (51 100} (001, (6.65)

where we used U'[000) = |000) for the second term. Setting |1/,) = (H@ & 1)(1 ® R(m)) |w)
yields

PGV = Trl(192) (@] ®10) <OD(T@ H*)(10) 0] @ 110) €O)(T @ H®)] = Tr [0.:) (x| |00) <0011,

=P, E‘Ir’z

(6.66)
where we used |00) = (1® R(1))H® |00) for the second term Ps.

Let us consider the first term P;. Since [¢) is the state obtained by applying losses 14 on
both modes of the state |y), we obtain the equivalent picture in Fig. 6.11, where we have
added losses 14 also on mode 3, since the input state is the vacuum.

Let ) = HY(1® R(x)) ly). With Lemma 6.6, commuting the losses 74 to the output of
the interferometer in Fig. 6.11, and combining the losses on mode 2 and 3 yields

Py =Trlly) Ty o T, (6.67)

n
where H(O)

efficiency 7 (recall that this is the same as an ideal detector preceded by a mixing with the

is the POVM element corresponding to no click for a threshold detector of quantum

vacuum on a beam splitter of transmission amplitude 7). The same reasoning for the second
term Py gives

Py = Trlly) (2l ) @ TT{5 ), (6.68)

and we finally obtain with Eq. (6.66),

A (1-b)
PV = Trlly) (y| T o (TG~ =TI, (6.69)
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Let us write |y,) = ZZCEOEO Wiy lkl). With the expression of the POVM in Eq. (6.62) the last

equation reads

PP = Y [yulP-na[1-na1-8) — 1 -na)]
k,1=0

<max(1-ng)* (1 -1g(1-6) —A-na)'1 Y 1wpl?
k,1=0 k,[=0

= max(1-7¢)*[(1 - 7a(1-b)' = (1-na)'] (6.70)
=max[(1-na(1- b)) ~(1-na)']

= max[(1-74(1-y)1 —2) =1 -ny),

where we used b = y +z — yz. Let [p € N* such that maxlzl[(l—nd(l—b))l —(l—nd)l] =
(1-ng(1—-b))" —(1-ng). This last expression is an upperbound for P(A), which is attained
for wp; =61,001,,, i.e., |¢x) =10lp). Thus, the best strategy for Alice is to send the state

lw) = 1@ R(m)H™ |y,

(6.71)
=(1®R(M)H?|01,),
where a = yy g:i)z, and her winning probability is then
P = (1-na(1-y)1-2)° - (1 -, (6.72)

when Bob has a perfect delay line. Recalling Eq. (6.61), the best strategy for Alice when Bob
has a lossy delay line of efficiency 7/ is to send the state

ly) = (18 RGr))H@ |y,

(6.73)
=(1eR(@)H? |011),
y(1-2)nf
ynrtz—yzny
probability is then

where a = , and /1 € N* maximizes (1-ng(1-yn)(1 -2 - —nd)l. Her winning

P = g [(1 ~(1-ynpA-20na) - (1 "’d)l]

=(1-ng(1-ynp)1-2)' -1 -nx)"

:nd[l—(1—ynf>(1—z)]lil(l—nd)f<1—nd(l—ynf)(l—z))ll-f‘l
-

<nall-1—-ynp)d-2)] ;O(l—nd)f (6.74)

i—(l_nd)ll

=nqll1-(1- 1-
nall—(1-ynsX Z)]l_(l_ﬂd)
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=[1-(1-ynp)A-2)I1-1-ng)]
<1-A-ynp)A-2)
<1-(1-y)(1-2),

and this last expression is her winning probability when there are no losses.

Let us derive the value of /1 for which the maximum is achieved in Eq. (6.54). For this, we define:

r=1-ng(1-yns)1-2)

(6.75)
s=1-n4.
We then consider a 11 € R** which maximizes (r* — s1) for 1 € R**. We have that:
d logl —logl
& M _ghy— e g, = 8085 T 081087 (6.76)

dA logr —logs
for strictly non-zero r and s. This allows us to deduce:

Ayl if ) glhl s pfal Z gl

ll:{ gl if Pl =gl plhl _ gl 6.77)

6.2.4 Quantum advantage

We now analyze the performance of our protocol in a practical setting, by enforcing three con-
ditions on the free parameters: the protocol must be fair, balanced, and perform strictly better
than any classical protocol. The latter condition is not required in an ideal implementation,
since quantum weak coin flipping always provides a security advantage over classical weak
coin flipping. Allowing for abort cases, however, may enable some classical protocols to perform
better than quantum ones. This is because increasing the abort probability effectively decreases
Alice and Bob’s cheating probabilities. We say that the protocol allows for quantum advantage
when it provides a strictly lower cheating probability than any classical protocol with the same
abort probability. This is obtained using the bounds from [HW11], which yield the best classical
cheating probability Pg =1- \/m for our protocol.

Condition (i): the first condition enforces a fair protocol, i.e., P;lA) = P;ZB ). With Eq. (6.48), we

aim to solve for y as a function of x and z:

1 N\ 2
() e Tltflff) (\/xzn(;‘) + \/(1 —x)y(1 —z)n(;g)) = ntnif)(l —x)(1-y)
(6.78)

& (1-x) [(1—2)17(;9) + 1] y+2\/x(1—x)z(1—z)n;f“)n(]?> vy +azn'® - (1-x=0.
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We make the substitution Y = ,/y in order to transform Eq. (6.78) into a second-order polynomial

equation. We then take only the positive solution (since y must be positive) which reads:

\/xz(l P - | -2n® + 1 [w2n'® — (1 -2 - | fxz(1 - 2Py

Y= (6.79)
Vi-x [(1 2P+ 1]

We may finally write:

o y=f(xznPmam), (6.80)
where
2
(\/(1 x) [(1 z)n(B)+ 1] xzn(;‘) \/xz(l—z)n(}f‘)n(f)
(1)

f(x 2,M; ,nd,nt) : (6.81)

(1-2) [(1 2B+ 1]2

Note that y should be a real number, and hence we require that the expression under the first
@)

square root of f (x 2,1, ,nd,nt) is positive, i.e.,
a- x)(1+17(B))

xn(fA) +(1- x)n(B)

(6.82)

Furthermore, note that, for 1)(;4) = n(}fg) =1y, y should be an increasing function of ¢, and therefore
a decreasing function of d when 71y = 10~ 524, Mathematically speaking, this is to prevent
y'(d) — oo and y(d) > 1. Physically speaking, this condition ensures that, as the probability of
transmitting the photon (and of preserving it for verification) gets smaller, Bob should encourage

a detection on the third mode, which evens out the honest probabilities of winning.

Condition (ii): the second condition enforces a balanced protocol, i.e., PfiA) = PElB ). With Eqgs. (6.53)

and (6.54), this translates into the following expression for x:
(ii)@ng(y,z ngﬁ),n(j) (6.83)
where

1-max[(1- n(B)(l—yn(B))(l ) —a-n"1|. (6.84)

1
@ @)
nf ng

Condition (iii): we recall the general coin flipping formalism from [HW11], in which any classical

or quantum coin flipping protocol may be expressed as:

CF(p00,P11,D+0,P+1,P0%,P1+); (6.85)

where p;; is the probability that two honest players output value i € {0,1}, p.; is the probability
that Dishonest Alice forces Honest Bob to declare outcome i, and p;. is the probability that
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Dishonest Bob forces Honest Alice to declare outcome i. In this formalism, a perfect strong coin
flipping protocol can then be expressed as CF (%, %, %, %, %, %), while a perfect weak coin flipping
may be expressed as CF (; ; ;, 1,1, ) We may now express our quantum weak coin flipping

protocol in the lossless setting as:

F(1)17|: 1 b
227 [2(1-x)

In the lossy setting, note that the probabilities that Alice and Bob each choose to lose (i.e., p.1

1,1,[1—x]). (6.86)

and pg«, respectively), both remain 1. When Dishonest Bob chooses to lose, he may always declare
outcome 0 regardless of what he detects, which yields pg« = 1. When Dishonest Alice chooses to

lose, she may send a state |n) to Bob, and so:

pe1=Tr [H<y> 1n0) (Ol HP I & (I — HO)]

(6.87)
—1-Tr [H‘y) 1n0) (RO HY(I ® no)] ,
where HO:leo(l—n)lllHlIandH(y):( Yy l—y)'
V1-y —\/37
Now,
H(y) |n0) = H(y) (@ i )n 100)
\/_
(\/‘a +v/1-yd,)"100)
(6.88)

ﬁ\ ﬁ\

3 L 1k Stk SHn—k)
Z y2(1—y) 2 "™ |00)

J (Z)yk(l — )k |k (n—R)).
0

We thus obtain, by linearity of the trace:

Il
M=

_
Il

pa=1-Y a-p' ¥ J(Z)yk(l—y)n—kd(;‘,)yk’(l—y)"-k’ Tr[Ik (n—R) &' (n—EONI'D ('1]

17720 k=0
- &[] % n—k
=1-> A-n" Y-y
£=0 k

~ly+@-npa-y]",
(6.89)
which goes to 1 when n goes to infinity, for ¥ < 1. Hence, in the lossy setting, the protocol becomes

a:

(A) pB) p(A) (B)
cF (P, PP, PPM,1,1,PP), (6.90)
whereP( )—maxl>0(1 1- yn(A))(l z)n(B)) (1 17(3)) andP(B) 1- xn(A)n(C‘lA).
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Using Theorem 1 from [HW11], there exists a classical protocol that implements an information-

theoretically secure coin flip with our parameters if and only if the following conditions hold:

(A4) A)
P, <P;

(B) B)
PP <Py (6.91)
Py =1-PP -PP >1-PM)a-PP).

Our quantum protocol therefore presents an advantage over classical protocols if at least one
of these conditions cannot be satisfied. Since we are interested in fair and balanced protocols,

setting
Py=P®=pP®  and P;=PY=PP (6.92)

allows us to rewrite (6.91) as:

P, <Py
Py =1-2P;, 2(1-Py)? © Py < 3[1-(1-Py)?l.

(6.93)

Let us finally remark that for all x we have %[1 —(1-x)?]=x— x; < x, so the first inequality above

is implied by the second. The system is thus equivalent to the second inequality:
P,y =1-2P, =(1-Py)>, (6.94)

provided that P{*’ = P'¥) = P}, and PV = PP = P,

In order to get a clearer insight into the meaning of quantum advantage, we express this condition
in terms of cheating probability: our protocol displays quantum advantage if and only if the

lowest classical cheating probability

Pl =1-/1-2P, =1-/Py (6.95)
exceeds our quantum cheating probability Pg.

The three conditions may then be translated into the following system of equations, where we
Q _ p(A) _ pB).
define Py =P ;" =P "
(i) P;ZA) = P;lB ) fairness
(i) PY=PP balance (6.96)
(iii) Pg < Pg quantum advantage

Fig. 6.12 shows a choice of parameters obtained numerically for which the system in Eq. (6.96) is

satisfied, up to a distance of d km.
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Figure 6.12: Practical quantum advantage for a fair and balanced protocol: numerical values for
the lowest classical and quantum cheating probabilities, Pg and Pg, are plotted as a function of

distance d in blue and red, respectively. Honest abort probability P,; (responsible for Pg being
lower than our ideal quantum cheating probability 1/v/2) is plotted in magenta. Our quantum
protocol performs strictly better than any classical protocol when Pg < Pg. We set ny =n sn?,
where 75 is the fiber delay transmission corresponding to 500ns of optical switching time, and
17% = (10_%‘1)2 is the fiber delay transmission associated with travelling distance d twice (once for
quantum, once for classical) in single-mode fibers with attenuation 0.2 dB/km. We have 14 = 0.95
and z = 0.57.

6.3 Discussion and open problems

By noticing a non-trivial connection between the early protocol from [SR02] and linear optical
transformations, we answer the question of the implementability of quantum weak coin flipping,
and show that it is achievable with current technology over a few hundred meters. As the
distance increases, the issue of stability of the interferometric setup should also be taken into
account. Both parties require a set of beam splitters and single photon threshold detectors. State
generation on Alice’s side can be performed with any heralded probabilistic single-photon source,
for which photon indistinguishability and state purity do not matter. Only Alice requires an
optical switch, which is commercially available. Although short-term quantum storage is needed,
a spool of optical fiber with twice the length of the quantum channel suffices, and provides the
required storage/retrieval efficiency.

On the fundamental level, our results also raise the question of a potentially deeper connection
between the large family of protocols from [Moc04, Moc05, MocO7]—which achieves biases as
low as 1/6—and linear optics. Recalling that the protocol from [SR02], and hence our protocol, is
conjectured optimal for this family, its extension to many rounds should be necessary in order to
lower the bias. The optimality of the one-round protocol is crucial, as a recent result shows that

the weak coin flipping bias decreases very inefficiently with the number of rounds [Mil20].
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uided by three general questions about the use of quantum information in existing
and upcoming technologies, this thesis has provided some answers in the context of

continuous variable quantum information theory and linear quantum optics.

Firstly, what leads to a quantum advantage?

We have considered the case of non-Gaussian states as a resource for outperforming classical
computing capabilities. Introducing the stellar formalism, we have characterised single-mode
non-Gaussian states by the number of elementary non-Gaussian operations needed to engineer
them [CMG20b]. Apart from providing insights about the structure of these states, we have seen
direct consequences of the use of our formalism for Gaussian convertibility of states, comparing
photon addition and photon subtraction, and cat state engineering [CRW*20].

We have studied classical simulation regimes for a variety of continuous variable and optical
quantum models [CMS20, CMG20a]. Our conclusions provide the minimum requirements neces-
sary for the development of beyond-classical quantum applications with these models. Bridging
the gap between classically simulable models and models universal for quantum computing, we
have shown that CVS circuits, which form a subuniversal family of optical interferometers relat-

ing to Boson Sampling with Gaussian measurements, are hard to simulate classically [CDM*17].

Secondly, how do we check the correct functioning of a quantum device?

We have developped a variety of certification and verification protocols for continuous variable
quantum states with single-mode Gaussian measurements. As a first step, we showed how to
perform efficient reliable tomography and fidelity estimation for any single-mode continuous
variable quantum state, under the assumption of identical copies, and with no assumption what-
soever [CDG"19]. Next, we showed how to obtain tight fidelity witnesses for a large class of
multimode continuous variable quantum states with analytical confidence intervals [CGKM20].
These fidelity witnesses in turn allowed us to derive a verification protocol for multimode states,
including the output states of Boson Sampling experiments, which was missing so far [EHW'20],
thus enabling an experimental demonstration of quantum supremacy with photonic quantum

computing.
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Thirdly, what useful advantages can we obtain from the use of quantum information?

We have considered various applications of quantum information and their implementation
with linear optics. We have analysed the task of discriminating two unknown quantum states in an
unbalanced setting, showing a connection with the concept of universal quantum-programmable
measurement. For these two tasks, we have introduced an optimal implementation with linear
optics and single-photon encoding [CDM™ 18]. To obtain a more practical setup, we have discussed
coherent state encoding which simplifies considerably the corresponding scheme [KCK™*20].

Turning to quantum cryptography, we have proposed, using once again linear optics, the
first practical implementation of quantum weak coin flipping with information-theoretic security
[BCKD20], a building block for a variety of cryptographic applications. We have analysed the
robustness of our proposal to experimental imperfections and losses and showed that an experi-

mental implementation could display quantum advantage already with current technology.

We have given various open problems at the end of each chapter. Let us finish by considering

more general perspectives.

We believe that demonstrating verified quantum supremacy with photonic quantum comput-
ing using our fidelity witness protocol is a fascinating prospect, either for Boson Sampling or CVS
circuits. Given its efficiency, the verification protocol is already within experimental reach. This
would represent a milestone in the development of quantum technologies and fundamentally
demonstrate the different nature of quantum and classical computation.

Other immediate perspectives are the ongoing implementations of proof-of-concept experi-
ments for demonstrating the stellar rank with Gaussian measurements, performing quantum-
programmable measurements with coherent states and performing quantum weak coin flipping
with a single photon.

A natural outlook is to extend the answers to the three general questions above to contexts
other than continuous variable quantum information theory and to experimental platforms other
than linear quantum optics. The first half of the thesis makes extensive use of phase space
formalism. It would be interesting to see if similar results can be obtained for discrete variable
quantum information theory by considering analogous discrete phase space methods.

Ultimately, the interaction of various research topics relating to quantum information theory
leads to a deeper understanding of quantum advantages and enables the development of quantum

technologies.
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