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Résumé

Dans cette these, nous développons des procédures d’estimation non paramétrique dans un
cadre d’observation indirecte (probléme inverse). La nouveauté dans ce travail est 1'utilisa-
tion des bases de Laguerre et d’Hermite qui sont a support R™ ou R respectivement. Elles
ont des propriétés spécifiques que nous exploiterons pour construire des estimateurs pour
divers problémes inverses. Ces bases sont a support non compact et ne nécessitent donc
pas de connaitre le support de I’objet & estimer, cela est bien adapté dans notre contexte de
probleme inverse. Quand on utilise une base a support compact pour faire de ’estimation,
on consideére en théorie ce support comme fixé; pourtant, en pratique, on le détermine
grace aux données. Les bases de Laguerre et d’Hermite ne sont pas concernées par le choix
préliminaire du support d’estimation. Lorsque les variables sont positives, il est naturel
d’utiliser la base de Laguerre. La base d’Hermite permet de construire des estimateurs de
faible complexité donc résumant la fonction estimée & un petit nombre de coefficients esti-
més. Toutefois, I'utilisation de ces bases souleve des difficultés mathématiques nécessitant
des outils spécifiques.

Cette these comporte deux parties.

1. La premiere partie étudie le probleme d’estimation des dérivées d’une fonction de
densité f en base de Laguerre et d’Hermite & partir d’observations indépendantes
et identiquement distribuées (i.i.d.) de densité f. C’est l'objet du Chapitre 2| de
cette these. Nous introduisons un estimateur par projection en utilisant les relations
de récursivité entre les fonctions de Laguerre et d’Hermite et leurs dérivées. Nous
proposons une procédure adaptative en utilisant un critere de sélection de modeéles
par pénalisation, avec une pénalité qui est indépendante de la base utilisée et nous
démontrons qu’elle est optimale au sens du minimax si la densité appartient a une
classe de régularité de Sobolev-Laguerre ou Sobolev-Hermite. Une étude numérique
est réalisée et des comparaisons avec I’approche a noyau illustrent la bonne perfor-
mance de notre procédure. La méthode fournit aussi une description parcimonieuse
des dérivées d’une densité, puisqu’un petit nombre de coefficients suffit pour avoir
des résultats tres satisfaisants.

2. La deuxiéme partie est dédiée a l'estimation d’une densité et d’une fonction de
régression dans un modele convolution. Elle est divisée en deux chapitres.

Le Chapitre [3] est consacré a Pestimation d’une densité en base d’Hermite dans un
modele a bruit additif. Nous observons les variables (Zj)1<k<n issues du modele
suivant :

Zp=Xp+eg, k=1,...,n,

ot (Xk)1<k<n €t (ek)1<k<n sont indépendantes. Le but est donc d’estimer la densité
commune f des variables (Xj)i1<r<n qui sont supposées soit i.i.d. soit strictement
stationnaires et [S-mélangeantes. On suppose en outre que les erreurs € sont i.i.d.
de densité connue. En utilisant que la transformée de Fourier d’une fonction de la
base d’Hermite est cette méme fonction a une constante pres, nous construisons
un estimateur par projection fondée sur un développement en base d’Hermite. La
méthode a 'avantage d’étre parcimonieuse car elle ne requiert qu'un petit nombre
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de coefficients & estimer. L’estimateur est adaptatif et atteint les vitesses classiques
dans ce contexte pour une large classe d’erreur. Des illustrations numériques sont
réalisées pour illustrer la performance de I'estimateur.

Le Chapitre[d]s’intéresse & I'estimation d’une fonction f a partir des données (y(zy), zx)
issues du modele de convolution-régression suivant :

y(zk) = h(zg) + ek, xkzk%, k=-n,...,n—1,
ot h(z) = frg(x) = §g f(x—y)g(y)dy; 0 < T < oo est fixé ; g est supposée connue et
f est la fonction inconnue que 'on cherche & estimer ; les erreurs (ex)_p<k<n—1 SONt
i.i.d. avec E[ex] = 0 et Var(e) = 02 < o0, connu. Nous proposons deux procédures
d’estimation. La premiere est une approche déconvolution-projection fondée sur une
décomposition de h en base d’Hermite et une transformation de Fourier inverse de f.
L’estimateur obtenu par cette premiere méthode est convergent et adaptatif. Ensuite,
nous présentons une approche projection-projection consistant a décomposer f et h
en base d’Hermite. On obtient un estimateur de f en injectant l'estimateur des
moindres carrés de h dans la formule des coefficients de la décomposition de f. Il
atteint la méme vitesse que la premiere méthode d’estimation. La fin du chapitre est
consacrée a des études numériques pour illustrer les résultats théoriques.



Abstract

In this thesis, we develop non parametric estimation procedures in an indirect observation
framework (inverse problem). The novelty of this work is the use of Laguerre and Hermite
bases which are R or R supported respectively. They have specific properties that we
will exploit to build estimators for various inverse problems. These bases are non compact
supported and therefore do not require to know the support of the object to estimate, this
is well adapted to our context of inverse problem. When we use a compactly supported
basis for estimation, we consider its support as fixed ; however, in practice, we determine
it from the data. Laguerre and Hermite bases are not concerned by the preliminary choice
of the estimation support. If the variables are positive, it is natural to use the Laguerre
basis. The Hermite basis allows the construction of estimators of low complexity, thus re-
ducing the estimated function to a small number of estimated coefficients. However, their
use creates mathematical difficulties requiring specific tools.

This thesis contains two parts.

1. The first part studies the problem of estimating the derivatives of a density f in
Laguerre and Hermite bases from independent and identically distributed (i.i.d.)
observations with density f. This is the subject of Chapter [2 of this thesis. Using the
recursive relations between the Laguerre and Hermite functions and their derivatives,
we introduce a projection estimator. We propose an adaptive procedure by using
penalization model selection criteria, with a penalty which is independent of the
basis considered and we prove that it is minimax optimal if the density belongs
to a Sobolev-Laguerre or Sobolev-Hermite regularity class. Numerical studies are
realized and comparison with a kernel approach illustrates the good performances of
our procedure. The method also provides a sparse description of the derivatives of a
density, since a small number of coefficients is sufficient to obtain very satisfactory
results.

2. The second part is devoted to the estimation of a density and a regression function
in a convolution model. It is split in two chapters.

Chapter [3]is dedicated to the estimation of a density in Hermite basis with additive
noise. We observe the variables (Zj)1<k<n from the following model :

Zp=Xp+eg, k=1,...,n,

where (Xg)1<k<n and (ex)1<k<n are independent. The aim is then to reconstruct
the common density of variables (X)1<r<n which are assumed to be either i.i.d. or
strictly stationary and S-mixing. We also suppose that the errors (e)1<kp<p are i.i.d.
of known density. Using that the Fourier transform of a function of the Hermite basis
is also the same function up to a constant factor, we construct a projection estimator
based on a development in the Hermite basis. The method has the advantage of
being parsimonious because it requires only a small number of coefficients for the
estimation. The estimator is adaptive and achieves classical rates in this context for
a large class of errors. Numerical studies are performed to illustrate the performance
of the estimator.
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In Chapter 4] we are interested in the estimation of a function f from the data
(y(zk), ) obtained from the following convolution-regression model :
y(ag) = h(zg) + ek, ) = k%? k=-n,...,n—1,

where h(z) = f*g(z) = §x fl@ —y)g(y)dy; 0 < T < w0 is fixed; g is assumed to
be known and f is the function of interest to be estimated ; the errors (ex)_p<k<n—1
are i.i.d. such that E[e;] = 0 and Var(e,) = 02 < +00, known. We propose two
estimation procedures. The first is a deconvolution-projection approach based on
the decomposition of h in the Hermite basis and recover f using an inverse Fourier
transform. This estimator obtained by this first method is consistent and adaptive.
Then, we present a projection-projection approach consisting in decomposing f and
h in the Hermite basis. We obtain an estimator of f by injecting the least squares
estimator of h into the formula of f’s coefficients. It reaches the same rate as the
first estimation method. The end of the chapter is devoted to numerical studies to
illustrate the theoretical results.
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2 CHAPITRE 1. INTRODUCTION

1.1 Motivations

En statistiques non paramétriques, les bases de Laguerre et d’Hermite sont des outils ef-
ficaces pour construire des estimateurs par projection. Elles ont des propriétés spécifiques
qui ont été exploitées dans divers contextes : estimation d’une fonction de densité en ob-
servation directe, estimation d’une fonction de régression, probléme inverse en présence
d’un bruit additif ou multiplicatif (voir Comte and Genon-Catalot| (2015)), Mabon| (2017)),
Comte and Genon-Catalot| (2018]), |Belomestny et al.| (2019), Comte and Genon-Catalot
(2020a))). Ces bases ont la particularité de ne pas étre a support compact. Cela peut avoir
des intéréts pratiques ou théoriques, notamment dans le cas ou les variables d’intérét ne
sont pas directement observées (probléme inverse). Cependant, la caractéristique de non
compacité peut créer des difficultés théoriques, en particulier dans le cas du probléme
d’estimation non paramétrique d’une fonction de régression dans un modele de régression
simple. Cela a été longtemps un obstacle. Récemment, les travaux de |Comte and Genon-
Catalot| (2020a) ont permis de généraliser des résultats longtemps obtenus pour des bases
a support compact aux bases de Laguerre et d’Hermite. Quand on utilise une base a
support compact pour faire de ’estimation, on considére en théorie ce support comme
fixé. Pourtant, en pratique, on le détermine grace aux données. Les bases de Laguerre
et d’Hermite ne sont pas touchées par ce paradoxe, car elles ne requierent pas de choix
préliminaire du support. Si les variables d’intérét sont positives, il est naturel d’utiliser
la base de Laguerre. Des travaux récents de Belomestny et al. (2019) montrent que la
base d’Hermite permet de construire des estimateurs de faible complexité, donc rapides
numériquement, ne nécessitant ’estimation qu’un petit nombre de coefficients (parcimo-
nieux). D’ou lintérét d’utiliser la méthode de projection puisqu’elle permet de résumer
I’estimation d’une fonction inconnue & un petit nombre de coeflicients. Notons également
que les fonctions de Laguerre ou d’Hermite ont de bonnes propriétés mathématiques : par
exemple les dérivées s’expriment simplement comme une combinaison linéaire des autres
fonctions de la base grace au caractere récursif des polynémes de Laguerre ou d’Hermite,
voir |Abramowitz and Stegun| (1964), [Szego| (1959). Ces expressions seront exploitées pour
étudier théoriquement et numériquement les estimateurs proposés dans ce manuscrit.

L’objectif de cette these est d’utiliser les bases de Laguerre et d’Hermite pour traiter
différents problemes inverses :

1. Estimation des dérivées d’une densité,
2. Estimation de densité dans un modele de convolution,
3. Estimation d’une fonction de régression dans un modele de régression-convolution.

Les problemes considérés se situent dans le cadre de [’estimation fonctionnelle ou esti-
mation non paramétrique. Ainsi, nous présentons dans ce chapitre introductif la notion
d’estimation non paramétrique par méthode de projection, le probleme d’adaptation, pré-
liminaires nécessaires a la lecture de ce manuscrit et les résultats obtenus dans la these
sont ensuite détaillés.

La résultats de la section suivante sur les méthodes de projections s’inspirent en partie des
travaux de Massart| (2007)), [Tsybakov| (2009)) et |(Comte (2017). Cette section permet aussi
de fixer les notations utilisées dans cette these.
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1.2 (Généralités sur I’estimation non paramétrique

En statistique, le cadre classique d’estimation est la statistique paramétrique. Elle consiste
a mettre un a priori sur la forme ou la nature du modele statistique. Le modele est
donc décrit par un nombre fini de parametres. L’inférence statistique vise a estimer les
parametres du modele. Toutefois, il est rare d’avoir des informations précises sur la forme
du modele ou le probleme qu’on souhaite traiter. De plus, les modeles paramétriques
n’expliquent pas toujours bien la complexité des données dont les inconnues sont des
fonctions. L’objet que 'on cherche a estimer n’est donc plus un ou plusieurs parametres
mais une fonction qui appartient a une certaine classe de régularité qui est en général de
dimension infinie. On parle d’estimation non paramétrique ou d’estimation fonctionnelle.
Concreétement, on dispose des observations X1, ..., X, et on cherche a estimer une fonction
inconnue notée f.

On appelle estimateur noté ﬁl = fn(Xl, ..., Xp), toute fonction mesurable et calculable
en fonction des données.

On supposera que f est a valeurs réelles. L’estimateur fn reflete avec une certaine erreur
la vraie fonction f inconnue. Pour quantifier cette erreur dite erreur d’estimation, on
consideére la quantité E[4(d(fn, f))], ou d est la distance qui mesure I’écart entre f,, et f, £
une fonction de perte et E est I'espérance mathématique. En moyenne, elle mesure I'erreur
que l'on commet en estimant f par f, pour la distance d et la perte £. On le nomme
aussi risque, et c’est le terme qu’on utilisera dans la suite. Les questions mathématiques
"classiques" suivantes se posent : est-ce que E[¢(d(fn, f))] tend vers 0 lorsque le nombre
d’observations augmente ? Si oui a quelle vitesse ? Peut-on faire mieux en terme de rapidité
du point de vue général? Pour répondre a ces interrogations, nous commengons d’abord
par établir des majorations pour E[£(d(fy, f))], c’est-a-dire des inégalités du type :

supE [E(d(fn,f))] < Cibn, (1.1)

feF

avec C' une constante positive indépendante de n, v, une suite décroissante de n que ’on
espere converger vers 0 quand n tend vers 4+00 et F une classe de fonctions contenant
la fonction inconnue. On ne se contentera pas de majorations mais on cherchera aussi a
obtenir des minorations qui garantissent [’optimalité de la vitesse du point de vue général.
Pour ce faire, nous prouvons des résultats de type bornes inférieures, c’est-a-dire de montrer
que :

infsupE [E(d(ﬁ, f))] = cop, (1.2)
fn fEF

ou I'infimum est pris sur tous les estimateurs possibles, ¢ > 0 une constante indépendante
de n et ¢, une suite décroissante tendant vers 0 quand n tend vers I'infini.

Définition 1.2.1. On dira qu’un estimateur est optimal au sens du minimaz s’il vérifie

L) et (D), avec ¢y = .

La notion de vitesse optimale n’est définie qu’a une constante multiplicative pres. Dans
cette thése, on considére une perte quadratique £(u) = u? et une distance de type L2(A)
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définie par

1
2

dtovt) = It s = ( [ (6= 2)as)

ou A = R en base Laguerre et A = R en base d’Hermite. Dans ce cas, la quantité
E [ﬁ(d(fn, f))] = E[| fn — f|I*] est appelée risque quadratique intégré, MISE (Mean Inte-
grated Squared Error) en anglais. Ces choix sont motivés par les méthodes d’estimation

utilisées, notamment la méthode de projection. D’autres exemples de distance et perte
sont donnés dans le Chapitre 2, p. 65 de [Tsybakov| (2009).

1.2.1 Estimation non paramétrique par projection

Il existe deux grandes familles d’estimateurs non paramétrique : estimateur non paramé-
trique par projection fondé sur la minimisation d’un contraste et les estimateurs a noyau.
Nous ne présentons que la méthode de projection, seule utilisée dans ce travail. Nous ex-
posons pour préciser la méthode, en détails, le cas du probleme d’estimation d’une densité
en observation directe. Le lecteur peut se référer aux livres de [Tsybakov| (2009) et |(Comte
(2017) pour plus de détails sur les estimateurs a noyau.

Principe d’estimation par projection

Considérons des observations X = (Xi,...,X,) et f une fonction inconnue que 'on
cherche & estimer a partir des données. La méthode de projection consiste a décompo-
ser la fonction inconnue dans une base orthonormée. Un estimateur de f est obtenu en
substituant un nombre fini de coefficients de cette décomposition par un estimateur. L’es-
timateur appartient alors a un espace de dimension finie, d’ou le terme projection. Plus
précisément, soit (¢;);=0 une base orthonormée de L?(A) ot A est une partie de R. On
définit ’espace de projection pour chaque m > 1 :

Sm = Vect(go, ..., om—1), (1.3)

'espace vectoriel engendré par (go,-..,¢m_1) de dimension m dans L?(A). Pour f €
L2(A), nous avons que : f = 2=0 (e, ai(f) ={f,pj) = §4j(x)f(x)de. Comme
on ne peut pas estimer un nombre infini de coefficient, on considére le projeté de f sur
Sm. La projection orthogonale de f dans S, est directement donnée par les m premiers
termes de la décomposition de f :

m—1
s, (f) = fm = . a;(f)@;-
j=0

On obtient alors un estimateur de f en remplagant les m premiers coefficients de f par
des estimateurs a; : fp, = Z;-':Ol a;pj. Pour calculer les coefficients aj;, on utilise deux
méthodes classiques d’estimation : les méthodes de moment ou le principe de minimisation
de contraste. On privilégie la deuxieme approche car elle permet d’obtenir des estimateurs
optimaux au sens de 'oracle que nous définirons dans la suite. A cette fin, on introduit
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un contraste v, qui change selon le probléme étudié et on écrira f,,, comme le minimiseur
du contraste :

fm = argmin~y, (t). (1.4)
teSm

Nous donnons dans le paragraphe suivant un exemple d’application du principe de pro-
jection.

Estimation d’une fonction de densité dans le cas d’observation directe

Considérons un échantillon X7,...,X,, de variables aléatoires réelles indépendantes et
identiquement distribuées (i.i.d.) de densité commune f par rapport a la mesure de Le-
besgue. Le but est d’estimer la fonction f. On part de la définition d’une projection ortho-
gonale pour déterminer le contraste de minimisation, on a que f,,, = arg ming,, [[t — f]>.
Posons v(t) = |t — f|? : la quantité ~(¢) n’est pas calculable car elle dépend de f qui
est inconnue. Il nous faut donc la remplacer par une quantité empirique calculable. Ainsi,
on remplace la norme L%(A) par sa version empirique (& une constante prés). On com-
mence par la décomposition suivante : [t — f[* = [[¢]|* — 2{¢, f) + | f|*, cela implique
argmines,, [[t — f|I* = argmingeg,, ([t]* — 2¢¢, f)) , car la quantité | f|? est indépendante
de t. En remarquant que {t, f) = { , t(2) f(x)dx = E[t(X1)], on définit une version empi-
rique du contraste a minimiser :
2 n
Yalt) = [t — - DX, P = L t(x)da. (1.5)

i=1
Par la loi des grands nombres ~,(t) p'—sc')o> [t]? — 2t, £, ot « p.s.» est abréviation de
n—

presque sirement. Donc minimiser 7, (t) pour n grand revient donc & minimiser y(t) =
|t — f|I> pour t € S,,. L’estimateur par projection de la densité est donc donné par :

R m—1 1 n
fm =D, @05, A= - D ei(Xa). (1.6)
j=0 =1

On remarque que fm est un estimateur sans biais de f,, : E[ fm] = fm. Notons aussi fm
coincide avec 'estimateur obtenu par la méthode des moments puisque a;(f) = E[p;(X1)].
La question qui se pose ensuite c’est le choix pertinent de l'espace d’approximation Sy,.
Dans cette optique, on fixe le choix de la base et on s’intéresse au choix de la dimension
m. Ce choix releve de la sélection de modeles que nous décrivons un peu plus loin (voir

Section .

Exemples de base orthonormée

Nous donnons ici quelques exemples de bases orthonormées. Nous commencons par deux
bases classiques a supports compacts qui ne seront pas étudiées dans ce manuscrit.

e Base trigonométrique. On définit une famille de fonction sur un compact [a, b] par :
o1(-) = %)1_&]1[%1,]('), et pour k € [1,d]

. c—a
SIH(Qka)]l[a’b] ()

2 -—a
oor(-) = — cos(2mk—— )5 (),  w2nr1() =

b—a b—a
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On a donc que m = 2d+ 1 et la famille (¢1, 2, ..., @) forme une base orthonormée
sur [a, b].

Base d’histogrammes réguliers. La construction se fonde sur le fait de scinder I’in-
tervalle [a, b] en m morceaux de tailles égales. Cette base est donnée par

m
#r() = [ 5 Lay mime) o ke ()

Pour k # j, le produit ¢rp; = 0. La quantité , /;™ est un facteur de normalisation

qui permet d’avoir SZ (pi = 1. Notons que les estimateurs obtenues en utilisant cette
base sont constants par morceaux. On peut également construire des bases d’histo-
grammes irréguliers. Mais dans ce cas, la sélection de modele (voir Section est
difficile & implémenter, voir le papier de (Comte and Rozenholc (2004) pour plus de
détails.

On rencontre souvent des bases sur [0, 1], on obtient une base sur [a,b] en faisant
des transformations affines. Le choix d’une base sur [0, 1] est fait pour des raisons
de simplicité. On peut aussi citer d’autres bases a support compact : les polynémes
par morceaux, la base de Legendre, les bases de Splines, les bases d’ondelettes (voir
aussi le Chapitre 1 de |Comte| (2017))).

En réalité, l'intervalle d’estimation n’est pas fixe et change selon le modele. Il est
déterminé grace aux données du probléme. Dans ce travail, nous utiliserons les deux
bases suivantes qui sont & support non compact pour construire des estimateurs
pour différents problemes inverses (qui apparaissent quand on n’a pas d’information
directe sur les données).

Base de Laguerre. Les fonctions de Laguerre sont définies sur [0, +00[ par I'expression

Tk

() = V2L;(2x)e”", ijzj a ~)F x>0, j=0, 1.7
@) = VoL, L) = 3 ()0 j 1.7

ol (Lj)j=0 est le polyndome de Laguerre de degré j. Il vérifie : Sgoo Lj(x)Li(x)e *dx =
d;k (voir |Abramowitz and Stegun| (1964), chap 22.2.13) ou d; est le symbole de

Kronecher,
P 1 sijg=k
371 0 sinon .

Ainsi, la famille (¢;);>0 forme une base orthonormée sur L?(R™) qui satisfait

1510 = sup [€;(2)] = V2. (1.8)

TeR+

Base d’Hermite. De fagon analogue, la base d’Hermite est définie & partir des poly-
noémes d’Hermite (Hj) >0 :

C e dd 2
j 2 —x
e o (e™™).
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Les polynémes d’Hermite sont orthogonaux par rapport a la fonction de poids
e Sz Hj(m)Hk(x)e_z2 = 2J(j1)+/7; k. (voir Abramowitz and Stegun| (1964), chap
22.2.14). On en déduit que la base d’Hermite (h;);j=0 est une base orthonormée sur
L2(R) :

hi(z) = c;Hy(z)e ™2, ¢; = (2jly/m) %, weR. (1.9)
La base d’Hermite est une base bornée satisfaisant

Ihsle = sup [h;(z)] < Lo (1.10)
xTe

(voir |Abramowitz and Stegun (1964), chap 22.14.17 et [Indritz| (1961)).

1.2.2 Compromis biais-variance et vitesse de convergence de l’estima-
teur par projection

Nous disposons d’une collection d’estimateurs ( fm)m>1 associés aux espaces Syp,. On veut
valider le principe de projection. Pour ce faire, on calcule son risque quadratique intégré
E[|fmn — fI?] communément appelé MISE en anglais (Mean Integrated Squared Error),
pour chaque m > 1, afin de choisir la meilleure dimension parmi tous les choix possibles.
Ce choix conduit & une vitesse de convergence. En utilisant le théoréeme de Pythagore, on
considere la décomposition suivante :

B[ fn — £I7] = | = fml® + B[l fn = finl*]- (L.11)

e Le premier terme ||f — f|? = ijm a;(f)? de la décomposition (I.11]) est appelé le
biais. Il quantifie 'erreur d’approximation, ¢’est ’erreur qu’on commet en remplacant

f par son projeté f,,

e Le second terme IE[Hfm — fml?] = Z;-”:Bl E[(@; — a;j(f))?] est appelé la variance ou
erreur stochastique qui vient du fait que I'on remplace les coefficients a;(f) par a;
pour j =0,...,m— 1.

Les deux termes ont des comportements antagonistes par rapport a la dimension m. Le
biais décroit lorsque m augmente puisque f se rapproche de plus en plus de f,, alors que
la variance augmente avec m. Il faut donc trouver un équilibre entre ces deux termes.
D’ou le terme compromis biais-variance. Soit mep la dimension qui fait le compromis

biais-variance dans (|1.11]), c’est-a-dire
mopt = arg minf{ || f — finl® +E[| frn — frul*]}-
m=1

Pour calculer la dimension pertinente m,¢, on examine d’abord les ordres de grandeur du
biais et de la variance. L’ordre du biais est obtenu en mettant une condition de régularité
sur la fonction inconnue. En général, chaque base est associée a un espace de régularité
spécifique. Les bases d’histogrammes, de polyndémes par morceaux sont associées a des
espaces de Besov. La base trigonométrique est associée aux Sobolev classiques. Les bases
de Laguerre et d’Hermite qui sont utilisées dans cette these, sont associées respectivement
a des espaces de Sobolev-Laguerre et Sobolev-d’Hermite. La classe Sobolev-d’Hermite est
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un sous espace du Sobolev classique (voir |Bongioanni and Torreal (2006])) et donc des
classes de Besov si la régularité est un entier positif. Dans la suite, nous rappellerons les
définitions des classes de Sobolev, Sobolev-Laguerre et Sobolev-Hermite. Le lecteur peut
se référer a DeVore and Lorentz (1993) pour plus de détails sur les classes de Besov. Tres
généralement, le biais est d’ordre m=2% ot s > 0 est la régularité de la fonction inconnue.
En ce qui concerne la variance, son ordre est une certaine fonction croissante de m divisée
par le nombre d’observations. Cette fonction de m change selon le probléme étudié. Nous
précisons dans le paragraphe suivant son ordre exact dans le cas du probleme direct de
I’estimation de densité, cela conduit a une vitesse de convergence.

Vitesse classique dans le cas d’estimation d’une densité en observations di-
rectes

Dans ce cas particulier, I’estimateur par projection -fm est donné en , la méthode
usuelle consiste & utiliser la majoration suivante : E[| fn — fm[*] < Cgm/n ot CZ > 0 est
une constante qui dépend de la base utilisée (C,, = 1 pour une base trigonométrique sur
[0,1]). On obtient alors

R e am
E[lfm — fI*] < Cym™ + C5—, (1.12)

ou Cf est une constante qui dépend de la classe de régularité considérée. En cherchant
largmin du terme & droite de (1.12]), on trouve mey = (QCf/Cg)1/(25+1)n1/(25+1). Cela
implique la borne suivante

~ __2s
E[|l frope — FIP1 < C(s,Cp)n~ 251, (1.13)

ot C(s, Cy) est une constante dépendant uniquement de s et C'y et non de m. L’estimateur
fmopt, appelé, oracle converge a la vitesse n~28/(2s+1)  Cette vitesse est d’autant meilleure
que s est grand. On peut donc interpréter cela par «Plus la fonction qu’on cherche a
estimer est réguliere plus elle est "facile" a estimery». C’est la vitesse classique dans le
contexte d’estimation non paramétrique de densité. Elle est connue pour étre optimale
au sens minimax pour des espaces de Holder, Sobolev... (voir [Tsybakov| (2009)). De plus,
elle coincide avec celle obtenue dans le cas ou on estime f dans un modele de régression
non paramétrique (voir Barron et al.| (1999))). Elle est toujours moins bonne que la vitesse
obtenue dans le cadre d’estimation paramétrique qui est souvent 1/n a erreur fixée, il faut
plus de données pour avoir une performance équivalente au cas paramétrique. C’est le prix
a payer pour l'utilisation d’ approches non paramétriques.

Que se passe t-il avec les bases de Laguerre ou d’Hermite? Avec les bases de
Laguerre et d’Hermite, les ordres de grandeur du biais et de la variance ne sont plus don-
nés par (1.12)). [Comte and Genon-Catalot| (2018) établissent que 'ordre exact (majoration
et minoration moins un reste preés) du terme de variance est 1/m/n. Elles obtiennent cet
ordre en utilisant les formules d]Askey and Wainger| (1965)) et de Szego (1959)) sous des
conditions de moment faibles. Pour controler le biais, on définit les espaces de régularité
associés a ces deux bases.

Classe de Sobolev-Hermite.
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Définition 1.2.2. Soient s > 0 et D > 0, on définit I’espace Sobolev-Hermite de régularité
s par (voir Bongioanni and Torrea (20006)) :

Wi = {e e L2(R), 0 = 3 k*a2(0) < +oo} axl6) = JR 0(2) () da

k=0

ot hj est la base d’Hermite donnée en (1.9). La boule de Sobolev-Hermite est donc définie
par :

W3 (D) = {0 e L’(R), (02 = ). ka3 (0) < D}, D >0,
k=0

ou D est le rayon de la boule.

Cette régularité s peut-étre vue comme 'ordre de dérivabilité de la fonction. En effet : si
s > 1 est entier, 6 appartient a W} si et seulement si 6 admet des dérivées jusqu’a I'ordre
s et les fonctions 6, . ..,0) 57100 pour I = 0,...,s — 1 sont de carrés intégrables. Pour
[=0,...,s—1,ona

Jms g0 \da:<f\ 2900 (2)2d

Il vient donc que si s > 1, « 8 € W » est équivalente & « 6 est s fois dérivable et les
fonctions 0, ...,0), z50®) sont de carrés intégrables sur R pour I = 0,...,s— 1». On peut
donc comparer cet espace a la classe de Sobolev classique d’indice de régularité s, définie
par :

W = {9 e L*(R), J(1 + u?)%10* (u)|2du < oo} . 0%(u) = fe“””&(:c)dm.

Si s est entier W* devient

W — 0 € L2(R), 0 admet des dérivées jusqu’a l'ordre s, tel que
N = Zj‘:o 100))2 < 40 ’

Pour s entier, on en déduit alors que Wj; < W* (au sens large). De plus, il est prouvé
dans [Bongioanni and Torrea, (2006) que W}, & W* (au sens strict) pour tout s > 0 et si
6 € W? est a support compact, c’est-a-dire supp(f) < [—a,a] avec a > 0 alors § € Wj;.
Ainsi, il y a donc une équivalence entre 6 € W* et 8 € W} pour des fonctions a support
compact. Notons aussi que 6 et toutes ses dérivées jusqu’a l'ordre s — 1 s’annulent aux
bords : 8(a) = O(—a) = ...0 V(a) = 8=V (—a) = 0 &'l est & support compact.

Classe de Sobolev-Laguerre. La classe de Sobolev-Laguerre est définie de fagon ana-
logue a la précédente.

Définition 1.2.3. La classe de Sobolev-Laguerre de régularité s est définie par (voir| Bon-
gioanni and Torrea| (2006)) :

Wi = {9 e L*(RY), |0 = Z k*aj () < +OO}, ap(0) = f 0(x)ly(z)dz,
k>0 R*
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; est la base de Laguerre, définie en (1.7). La boule de Sobolev-Laguerre est donc donnée
par :

Wi(D) = {9eL2R+ ), 102 = " ki } D> 0.

k=0

Comme pour les W, la propriété 6 € W} est liée a la régularité de 6 au sens des dérivées.
En effet : si s > 1 est entier, |Comte and Genon-Catalot| (2015) (voir Section 7) montrent
que «0 € Wi» est équivalente a « 6 admet des dérivées jusqu’a l'ordre s — 1 tel que f (s—1)
est absoluement continue et les fonctions z(+1)/2 ZZH (ZH)Q(j ) sont de carrés intégrables
pour I =0,...,s — 1» Ainsi, si # est a support compact alors « 0 € Wi » est équivalente
a «f e W9y,

Pour f € W§(D) ou f € Wi(D), on a que |[f — fm? = Zj>maj(f)2 < Dm™®. On en

déduit alors la borne suivante

E[|fm — fI?] < Dm ™~ + C*T, ¢> 0. (1.14)

Cette borne est la méme que celle obtenue en (|1.12)) si on remplace m par y/m. Une pre-
miere conséquence est que le role de la dimension est joué par \/ et non m pour les

fonctions de Laguerre ou d’Hermite. En sélectionnant moptocnsﬂ/?, on retrouve ainsi la
vitesse classique n=2%/(25t1) Dans le chapitre [2 l nous démontrons que c’est la vitesse op-
timale pour les classes de Sobolev-Laguerre et Sobolev-Hermite qui s’étendent aussi aux
Sobolev classiques puisque les fonctions de test utilisées sont a support compact. Nous
retrouverons le méme phénomene dans le Chapitre [3] Cette spécificité d’avoir un biais
% affecte les résultats de convergence dans d’autres contextes, notamment dans le
cas du probleme de régression non paramétrique dont la variance est exactement égal en
m/n (voir Baraud| (2000)), Baraud| (2002)), et cela est indépendant de la base utilisée.
Elle conduit ainsi & la vitesse n~%/(+1) (voir (Comte and Genon-Catalot, (2020a)) dont la
procédure est fondée sur une approche des moindres carrés). C’est la vitesse optimale
pour les classes de Sobolev-Laguerre ou Sobolev-Hermite dans ce contexte pour un bruit
gaussien. Elle n’est pas standard et est spécifique aux bases de Laguerre et d’Hermite. En
effet, dans Baraud (2000), [Baraud| (2002)), I’estimateur des moindres carrés converge a la
—2s/(2s+1) i la fonction de régression appartient aux classes de Besov. On aura
un résultat similaire dans le contexte du chapitre [4

en m

vitesse n

L’oracle fmom n’est cependant pas calculable car il dépend de la fonction inconnue f,
on dira que le choix m,y,; n’est pas adaptatif. Il faut donc trouver un autre stratégie pour
choisir la dimension m. C’est 'objet de la Section

1.3 Adaptation

On a vu dans la section précédente que le risque de l'oracle fmopt dépend de la régularité
de la fonction inconnue que 1’on cherche a estimer. Cette régularité n’est donc évidemment
pas connue puisque la fonction est elle méme inconnue. Ainsi, des méthodes d’estimations
adaptatives ont été développées dans les années 90. Ces méthodes de construction sont
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dites de ”data driven”, c’est-a-dire conduites par les données. Les estimateurs obtenus
par ces méthodes sont calculables uniquement en fonction des données du probleme sans
aucun a priori sur la régularité de la fonction inconnue. Les estimateurs résultants de
ces méthodes sont appelés estimateurs adaptatifs : en effet, sans connaitre la régularité
de la fonction inconnue, 'estimateur adaptatif atteint la méme vitesse que si la régula-
rité était connue, dans le sens ou le compromis biais-variance est automatiquement réalisé.

Dans ce travail, nous utiliserons deux méthodes pour faire ’adaptation. La premieére est la
sélection de modéles par pénalisation, utilisée pour faire la sélection de dimension pour un
estimateur par projection. La deuxieme méthode dite de Goldenshluger et Lepski (notée
sélection GL dans la suite), utilisée a l'origine pour faire la sélection de fenétre pour un
estimateur a noyau, a été étendue aux méthodes de projection en dimension supérieure.
Mentionnons, a titre indicatif, que d’autres approches de sélection de modele existent,
telles que le seuillage en ondelettes (voir [Donoho et al. (1996]) et [Hardle et al.| (1998)), les
méthodes d’agrégation (voir Rigollet and Tsybakov]| (2007))).

Dans cette these, nous adoptons le point de vue oracle. Il s’agit d’établir, pour une dimen-
sion m résultant d’une des procédures de sélection, des inégalités du type :

Ellfa — fIP) <C inf (Ellfi— £I21) + Re, (1.15)

ou C est une constante numérique strictement positive et R,, un terme qui dépend de n, que
I'on espere négligeable devant C'inf,,cq,, (IE[H fm—f HQ]) Le terme R,, est tres souvent

d’ordre & 1/n dans le meilleur des cas ou (log(n)P)/n ou p est un entier positif que I'on
espére pas trop grand. L’inégalité est appelée type-oracle, son obtention est basée
sur des inégalités de concentration que 'on rappellera dans la suite (voir Section .
Cette borne est d’autant meilleure que la constante C' est proche de 1. Les estimateurs
qui vérifient ( sont dits adaptatifs, dans le sens ou le compromis biais-variance est
automathuement réalisé. L’estimateur final fm est donc aussi performant que 'oracle a
une constante multiplicative C' pres plus un reste R, négligeable.

Les résultats du type oracle que nous établirons dans cette these sont de nature non
asymptotique c’est-a-dire vrais pour n’importe quelle valeur du nombre d’observations.

1.3.1 Sélection de modeles par pénalisation

Commengons par une bréve chronologie. Les procédures de sélection de modele par péna-
lisation ont été développées dans les années 90. Les premiers travaux ont été introduits
par |Akaike (1973) et Mallows| (1995)) qui suggéreraient de pénaliser par la dimension du
modele. Ces travaux ont depuis été généralisés par Birgé and Massart| (1997), Barron et al.
(1999) et Massart| (2007) pour différents problemes classiques : estimation d’une densité,
d’une fonction de régression par exemple. La version que nous décrivons s’inspire de ces
travaux.

Cette méthode de sélection est utilisée dans les chapitres [2] et [3| du manuscrit.
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Description de la procédure de sélection par pénalisation

Considérons une suite croissante d’espace d’approximation (Sy,)men défini en ol
l’on rappelle que m est la dimension de S,,. Soit ( fm)me M,, une collection d’estimateurs
définis en associée a la sous collection (Sp,)menm, ou M, est une collection finie
de modeles, mais assez massive pour permettre a la procédure d’avoir suffisamment de
marge de manceuvre. En effet, plus on donne de choix a la procédure moins il y a de
chance qu’elle se trompe. Elle est en général choisie pour borner I'ordre de la variance.
On peut choisir par exemple M,, = {1,2,...,n}. Dans le meilleur des mondes, on cherche
m tel que le risque quadratique intégré est minimum : M := arg min,epm, {E | fm — fI?}-
Ce minimiseur dépend de la fonction inconnue donc n’est pas calculable. Une approche
naturelle serait de minimiser la version empirique du risque vn(fm) en m ou -y, est par
exemple donné en pour l'estimation en observation directe d’une densité. Supposons
que les modeles (S,,) sont emboités c’est-a-dire que si m < m’ alors on a S, < Sy.
Cette hypothese est assez forte mais est naturellement vérifiée par les espaces associés aux
deux bases utilisées dans ce travail. Une condition plus faible consiste & considérer qu’il
existe un espace englobant (voir Birgé and Massart| (1998) et Baraud (2000)) : il existe
my, € M, tel que pour tout m € M, on a S, < Sp,,,. La condition d’avoir des espaces
Sm emboités ou un englobant est naturelle dans le cadre de la sélection de modeles. Ainsi,
pour S,y < Sp, on a Y, fm) < fm/). Le risque empirique fyn(fm) décroit quand la
dimension augmente, ce n’est pas le cas pour le vrai risque. On introduit alors le critere
suivant :

crit(m) = ’Yn(fm) + pen(m),

ol 7, est un contraste de minimisation et pen : M,, — R* est une fonction croissante du
modele introduite pour équilibrer le terme v, ( f;,). On choisit donc la dimension pertinente
en minimisant le critere :
m = arg min crit(m).
meMy,

Expliquons maintenant comment on choisit la fonction de pénalité. La fonction pen(m)
est trés souvent choisie comme étant au moins la variance :

pen(m) = KE[| fon = finl,

ou k est une constante numérique strictement positive et indépendante des données. Une
valeur doit étre attribuée a la constante k. Les résultats théoriques obtenus grace aux
inégalités de déviation que nous donnerons dans la suite (Section donnent une mi-
noration de k. Cependant, ces résultats sont obtenues aprés des majorations qui ne sont
pas toujours les plus fines possibles. En pratique, x est pris plus petit que la valeur théo-
rique tres généralement. Cette valeur est calibrée une fois pour toutes avec des simulations
préliminaires, ou en utilisant des méthodes spécifiques. Il existe deux stratégies (I’heuris-
tique de pente et la méthode de saut de dimension) qui permettent de déterminer une
valeur de k en fonction des données, décrites dans [Baudry et al.| (2012)), et implémentées
dans des programmes Matlab et R ("Capushe") librement accessibles.

L’objectif final est qu’on puisse établir pour Iestimateur résultant de cette sélection une
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inégalité du type (1.15)) pour une pénalité bien choisie.

Nous détaillons dans le paragraphe suivant le choix de la pénalité et la valeur de ~,( fm)
dans un cas particulier.

Application a 1’estimation d’une fonction de densité en observation directe

Concernant ce cas particulier, la quantité ~,( fm) est égale a —H]/‘";,LH2 et estime ||f — fin|? =
IfI? = |fml? & la constante (par rapport & m) |f[? prés. La pénalité est en général
choisie comme déterministe et d’ordre de la variance (voir Equations (T.12)) et -
pen(m) = RC?D Dnm ou C,, est une constante explicitement connue mais change en fonction
de la base utilisée (C, = 1 pour les bases trigonométriques ou d’histogramme régulier
sur [0,1]) et D,, une fonction croissante de m. Cette quantité D, est égale m pour les
bases trigonométriques et histogrammes réguliers ou y/m pour les bases de Laguerre et
d’Hermite. Une stratégie plus générale introduite par |Comte and Genon-Catalot| (2018])
consiste a estimer directement la quantité Z?Z)l E[(¢j(X1))?]. En effet, dans le cas de la
densité, on a

m— m—1
Ell fm = finl?] Z —a;(f))* = ) Var(d)
§=0 =0
Comme Var(a;) = 2 Var(p;(X1)) car les ¢;(X;) pour i = 1,...,n sont i.i.d., il vient alors

B[~ fml] < %2 (5 (X0))?]

Finalement, on sélectionne m comme suit :

, (1.16)

1= arg min {—|ful® + OROM)}, oh pon(m) = A2

meMn, n
ou k est une constante a calibrer. Nous avons une pénalité aléatoire et indépendante
de la base utilisée. Elle est heuristiquement d’ordre de la variance puisque E[‘A/m] =
Z;”:_Ol E[(¢j(X1))?]. Cela a l'avantage de rendre la calibration de x moins fastidieuse
mais le prix a payer est qu’on a besoin d’autres outils mathématiques. En considérant
les bases de Laguerre et d’'Hermite, on peut établir I'inégalité oracle suivante (voir (Comte

and Genon-Catalot| (2018]) et Belomestny et al. (2019)) pour m sélectionné en (1.16) et
K=8:

n n’

r m—lp (X1)2 ,
Blllfs /171 <C inf (” b e D Bl () >]> C
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ou C est une constante numérique (C' = 4 convient) et C’ une constante qui dépend
de | f]s- Les outils théoriques pour établir cette inégalité oracle sont les inégalités de
Talagrand et de Bernstein (voir Section , contrairement au cas d’une pénalité déter-
ministe ou on utilise uniquement ’'Inégalité de Talagrand. Elles montrent en particulier
qu’on peut choisir k = 8. Cependant, en pratique la valeur pertinente est K = 4 (voir
Comte and Genon-Catalot| (2018) et |Belomestny et al.| (2019))).

Nous généralisons cette approche qui consiste a estimer directement un majorant de la
variance dans le Chapitre [2| pour estimer les dérivées d’une densité.

Dans la Figure [I.1] nous donnons une illustration de la procédure de sélection par pé-
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FiGURE 1.1 — Collection d’estimateurs par projection en base d’Hermite de la densité
d’une N (2,1) en trait épais (rouge), la courbe sélectionnée & droite parmi 50 propositions
données & gauche (en vert pointillés). La procédure par pénalisation sélectionne m = 9
pour n = 1000.

nalisation. On observe que le choix de la méthode est pertinent, parmi les 50 possibilités
proposées. De plus, la figure de gauche permet de comprendre le compromis biais-variance,
en effet : pour des dimensions petites, I’estimateur est biaisé par contre pour des dimen-
sions grandes, on voit apparaitre des oscillations (variance).

1.3.2 Sélection de modeles inspirée de Goldenshluger et Lepski

La méthode de |Goldenshluger and Lepski| (2011) a été introduite pour faire la sélection
du parametre de lissage (fenétre) dans le cas de I'estimation d’une fonction de densité en
dimension d quelconque. Cette derniere méthode s’adapte aussi a la sélection de modele,
on parlera de la sélection GL. Elle est fondée principalement sur la comparaison des esti-
mateurs deux & deux. La différence principale avec la sélection de modeéle par pénalisation
réside sur 'estimation du biais. Les premieres inégalités de type oracle ont été établies par
Kerkyacharian et al.| (2001)),|Goldenshluger and Lepski| (2009)) et (Goldenshluger and Lepski
(2008)). Le lien entre la sélection de modele avec la méthode de Goldenshluger et Lepski
a été fait par Birgé (2001). L’auteur s’inspire d’une stratégie antérieure des méthodes de
Lepski. Cette approche peut étre utile dans le cas ol on ne procede pas par minimisation
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de contraste pour construire un estimateur par projection. Elle permet de faire de la sélec-
tion de modele anisotropique en dimension supérieure. La version que nous allons décrire
ici est utilisée dans des travaux de |Comte and Johannes| (2012), [Chagny| (2013) et récem-
ment par Mabon| (2016|) dans divers contextes d’estimation. C’est une version simplifiée
et adaptée a la sélection de modele.

Cette méthode est également utilisée dans le chapitre ] pour un estimateur obtenu en
inversant une transformée de Fourier dans un modele de convolution.

Description de la procédure de sélection GL

Considérons (]?m)mE M,, la collection d’estimateurs définie en et associée au sous es-
pace (Spm)mem,, défini en avec M,, une collection de modele finie, M,, = {1,2,...,n}
par exemple. Comme pour la sélection de modele par pénalisation, le but est de trouver une
dimension pertinente m telle que I'estimateur résultant fj vérifie une inégalité d’oracle (In-
égalité ) Pour ce faire, on part d’'une décomposition biais-variance, plus précisément
de (L.11)). Nous allons donc remplacer le biais ||f — fim|? = |f — Is,, (f)|*> par un estima-
teur. En substituant cette fois ci f par f,, avec m’ non nécessairement égal & m, on peut
donc substituer au biais le terme |ILs ,(f) — s, (ILs,_,(/)|* = |Is_,(f) — s, (F)]?

en utilisant que les espaces d’approximation sont emboités ou m A m’ désigne le minimum
entre m et m/. On dispose ainsi de I'estimateur auziliaire :

mam/—1
fm’/\m = Z a;Psj,

J=0

o @;j estime a;(f) = §, f(x)¢;j(x)dx. Pour 1 > 0, on définit donc I'estimateur du biais :

A) = sup { (1o = Favonl? = V) }.

m/eM,,
ou V(m) est de 'ordre du terme de variance (dans le meilleur des cas). Le terme V (m’) dans
I'expression de A(m) est introduit pour corriger la quantité || f,y — fmam|? qui contient
de I’aléa alors que le terme de biais n’en contient pas. Heuristiquement, on souhaite que le

terme ﬁ(m) soit d’ordre du bais plus un reste négligeable d’ordre 1/n par exemple. Ainsi,
on sélectionne m en posant

m = arg min {/Al(m) + HQV(m)} . K2 = K.
meMa

Pour une variance V(m) bien choisie et 1 au dessus d'un certain seuil, on veut que

Iestimateur fj satisfasse une inégalité oracle non asymptotique du type :

El|fa I <€ inf (If = ful® +V(m) + Ry, (1.17)

De fagon analogue au choix de pen(m), on prend la variance V(m) = C,D,,/n (D, =
m pour les bases trigonométriques et d’histogrammes ou D,,, = 1/m pour les bases de
Laguerre et d’Hermite) ot C, > 0 est une constante qui dépend de la base considérée et
R,, = 1/n pour le cas de 'estimation d’une densité en observation directe. Le méme ordre
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de variance apparait dans les travaux de |Chagny| (2013) (avec D,, = m) qui compare
les deux approches de sélection de modeles en régression non paramétrique. Comme pour
la sélection de modeles par pénalisation, une valeur doit étre attribuée a chacune des
constantes k1 et kg pour piloter la procédure GL en pratique. On peut choisir ko =
k1, de fagon a n’avoir qu'une constante a calibrer. Un calcul d’erreur empirique pour
différentes valeurs de k1 permet par exemple de faire un bon compromis parmi plusieurs
valeurs. Toutefois, cette calibration de k1 s’est révélée difficile en pratique dans le cas de la
sélection de fenétre pour un estimateur a noyau car on a une méme constante qui apparait
sur deux termes qui ont des comportements trés différentes. [Lacour and Massart| (2016)
développent 'idée de considérer deux constantes distinctes dans l’expression A(h) et h
pour un estimateur a noyau d’une densité de fenétre h. Ils proposent de prendre ko = 2k1.
D’apres leurs études k1 = 1 et ko = 2 sont deux valeurs pertinentes en densité. Cette
stratégie n’est pas toujours pertinente pour la méthode mixte. En effet, Mabon (2016)
compare la qualité des estimations en choisissant k1 = k9 et ko = 2k1 dans le cadre d’un
modele de convolution pour des variables positives pour l’estimation des fonctionnelles
linéaires d’'une densité. Il en ressort que les résultats étaient légerement meilleurs pour
le premier choix (k1 = k2). Il faut peut-étre des tests adaptés au probléme traité pour
discriminer entre kK1 = K9 ou K1 # Ko.

En outre, un travail récent de Lacour et al.| (2017) propose 'idée de ne plus utiliser I'es-
timateur auxiliaire pour effectuer la sélection de fenétre. En réadaptant cette idée ici, on
sélectionne alors m par :

= arg min {1 frn = Fruuc| + KV (R)}, M = max My,

ol kK > 0 une constante a calibrer numériquement. Cela a I'avantage d’étre plus rapide du
point de vue numérique car on n’a plus besoin de comparer tous les estimateurs deux a
deux pour calculer g(m) Par ailleurs, on a juste une constante a optimiser et la question
de savoir comment calibrer les deux constantes ne se pose évidemment plus.

Dans le chapitre [2] nous généralisons en pratique la version dérivée de Goldenshluger
et Lepski fondée sur les idées de |Lacour et al.| (2017) pour effectuer la sélection de fenétre
dans le cas d’estimations des dérivées d’une densité.

Comme pour la sélection de modeéles par pénalisation, nous donnons dans la Figure [I.2]
un exemple d’illustration de la sélection GL. On remarque que le choix de la procédure
est aussi pertinent comparé aux 50 possibilités.

1.3.3 Inégalités de déviation

Nous présentons dans cette section deux inégalités de concentration qui sont des outils
efficaces et incontournables pour obtenir des inégalités de type oracle. Ces deux inégalités
sont : I'Inégalité de Bernstein et 'Inégalité de Talagrand. Elles permettent de controler
les déviations de supremum de processus empiriques autour de leur moyenne.
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FiGURE 1.2 — Collection d’estimateurs par projection en base d’Hermite de la densité
d’une N (2,1) en trait épais (rouge), la courbe sélectionnée & droite parmi 50 propositions
données a gauche (en vert pointillés). La procédure GL sélectionne m = 7 pour n = 1000.

Inégalité de Talagrand

Les inégalités de Talagrand ont été prouvées dans Talagrand (1996), reformulées par Le-
doux| (1997). Le résultat ci-dessous en est une version donnée dans Klein and Rio (2005).
Elle est utilisée dans les trois chapitres de la these.

Lemme 1.3.1. Soient (Xi)ie{l,.,.,n} une famille de variables aléatoires réelles indépen-
dantes et F une classe dénombrable de fonctions mesurables. On définit pour tout s € F

Un(s) =

2, (s(X0) — E[s(X)]).
=1

Supposons qu’il existe trois constantes strictement positives My, H et v telles que :

n

1
sup [|sllec < M1, E[sup|vn(s)]] < H, sup— E Var(s(X;)) < v,
seF seF seF T i=1

alors pour tout 6 >0, C(0) = (v/1+0—1A1) et K1 =1/6, nous avons

4 492 —ﬁKlf“MﬁZ[

E 2 —2(1+20)H?) | < — [ Le-muont 4 20
| (suplv2(o)] - 201+ 25 )] | et

Sous certaines conditions, on peut étendre le résultat précédent a des classes de fonctions
non dénombrables.

Inégalité de Bernstein

Les inégalités de Bernstein fournissent des bornes de déviation d’une somme de variables
centrées. La preuve du résultat qui suit se trouve dans Massart| (2007). Le lemme suivant
est utilisée dans le chapitre
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Lemme 1.3.2. Soit X1,...X,, des variables aléatoires réelles indépendantes et posons
n
S = Y (Xi — E[X)]).
i=1

On suppose qu’il existe deuz constantes s* et b, telles que Var(X;) < s et | X;| < b presque
sirement (p.s.), alors pour tout x positif, nous avons

b
i <\Sn\ > Vns2z + ;) <277,

Classiquement, le nombre z est choisi comme étant un multiple de log(n).

1.4 Les résultats obtenus

Dans cette section, nous présentons un résumé des principaux résultats obtenus dans cette
theése. Nous commencons d’abord par faire un point des résultats existants pour chaque
probléme traité puis donner a la fin nos résultats.

1.4.1 Estimation adaptative optimale des dérivées d’une densité sur R
ou R*.

Contexte Le chapitre|2|est consacré a I’estimation de la dérivée d’ordre d d’une densité,
notée (@ & partir des observations X1, ..., X,, i.i.d. de densité f par rapport & la mesure
de Lebesgue. Le probléme d’estimation de la densité f est largement étudié dans la littéra-
ture. Beaucoup d’informations pertinentes sont contenues dans les dérivées d’une densité.
Des exemples d’applications sont données dans Singh| (1977a)) et |Sasaki et al. (2016). Les
cas le plus communs sont pour d = 0,1,2. La premiere dérivée peut étre utilisée pour
la recherche de modes dans le cas du modele de mélange et en analyse des données voir
Cheng| (1995)), Chacén and Duong (2013). La dérivée seconde quand a elle peut étre utilisée
pour estimer une parameétre d’une famille exponentielle (voir |Genovese et al.| (2016))), de
développer un test pour des modes (voir |Cheng| (1995)), de sélectionner la fenétre optimale
pour l'estimation d’une densité (voir Silverman| (1978)). Enfin, les dérivées d’une densité
donnent aussi de I'information sur la pente d’'une courbe, les extrema locaux, les points
selles.... Deux exemples spécifiques sont détaillés dans I'introduction du chapitre.

Des méthodes & noyau, par projection et bayésiennes ont été développées pour estimer les
dérivées d’une densité : voir Bhattacharya (1967), Silverman| (1978)) J/Chacon et al.| (2011)
pour les méthodes a noyau ; Efromovich) (1998)), Rao| (1996)), [Schmisser| (2013]) (pour le cas
dépendant) pour les procédures de projection; Shen and Ghosal (2017) pour approche
bayésienne.

Dans ce chapitre, nous proposons un estimateur par projection en exploitant les relations
entre les fonctions de Laguerre ou Hermite et leur dérivées.

Hypothéses et estimateur Nous considérons les hypothéses suivantes :
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(H1) La densité f est d-fois dérivable et f(4) appartient a L?(R*) pour le cas Laguerre ou
L2(R) pour le cas Hermite.

(H2) Pour tout r entier, 0 < r < d — 1, nous avons | f) | = sup,g|f" (z)| < +c0.
(H3) Pour tout r entier, 0 <r <d—1, lin% £ (x) =0
Tr—>

L’hypothese est spécifique au cas Laguerre, elle évite un probleme au bord de I'inter-
valle. Elle exclut des densités classiques comme la distribution exponentielle qui correspond
parfois & la premiére fonction de la base de Laguerre, oo = v/2e *1,>0, dont une dimen-
sion (m = 1) suffit pour l'estimer. On verra dans la suite qu’on peut s’affranchir de cette
hypotheése mais avec des performances moins bonnes. Sous les hypotheéses a
en utilisant la méthode des moments, on introduit ’estimateur suivant

D (x (1.18)

m—1
= Z e Do avec
- ] ()Oja

§=0

oll ¢; la base Laguerre sur R* ou d’Hermite sur R (voir (L.7) et . 1.9) respectivement pour
les définitions).

Notons que pour d = 0 dans ([1.18]), on retrouve un estimateur classique de la densité.

Généralement pour la méthode a noyau, on obtient un estimateur des dérivées de f en
dérivant l’estimateur a noyau de f. Avec les méthodes de projection, ce n’est pas bien
adapté car la dérivée d’une base orthonormée n’est pas une base orthonormée. C’est
pourquoi, notre stratégie est différente : on projette directement la dérivée d’ordre d
dans une base orthonormée. On note dans la suite la projection orthogonale de f(®dans
Sm = Vect(po, ..., m—1) par

m—1
fm,(d) = Z CL] 9037 aj(f(d)) = f f(d)
Jj=0 R

Borne pour le risque Dans l'optique de calculer la vitesse de convergence, on établit
d’abord la majoration suivante pour le risque de f :

Théoréme 1.4.1. Sous les hypothéses|(H1)| a [((H3)| et si de plus

E[Xl_d_l/2] <+ pour le cas Laguerre et E[|X1]*3] < +00 pour le cas Hermite. (1.19)

Alors, pour m = d assez grand, nous avons que

1
me3 \|fm>u2

E[| finy = FOP] < ey = SO+ C (1.20)
ou C est une constante qui ne dépend que des conditions de moment données en .

Pour le cas Hermite, la condition de moment E[|X|?/3] < 400 n’est pas nécessaire (voir
"Lemma 1" dans |Comte and Lacour| (2021)).
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Donc pour f € W} (D), boule de Sobolev-Laguerre (un peu modifié voir Section pour
plus de détails) et f € W (D) (boule de Sobolev-Hermite), on en déduit pour le choix
Mopt = [n2/(2s+1)]

_ 2(s—=d)

E[Hfmopty(d) - f(d)Hz] < C’(s,d,D)n 2541, (121)

ou C(s 4,p) dépend uniquement de s, d et D. Cette vitesse est la méme que celle obtenue
par Schmisser| (2013) pour le cas dépendant et par (Giné and Nickl| (2016). Notons que les
ordres de grandeur du biais et de la variance sont spécifiques a notre méthode : le role
de la dimension est joué ici par 4/m. Notons également que notre hypothése de régularité
est naturellement faite sur f et non sur f(d) (contrairement & ce qui apparait dans Rao
(1996) and Lepski (2018)). Cette vitesse est meilleure que celle obtenue par Rao (1996)
dans le cas i.i.d. si on considére la méme condition de régularité. De facon intéressante, la
dimension my; ne dépend pas de d. Cela coincide avec la stratégie de |Lepski (2018]) qui
injectait la fenétre optimale de ’estimateur a noyau d’une densité dans I’estimation de ces
dérivées. Pour d = 0 dans , on retrouve la vitesse optimale pour l'estimation de f
pour des classes d’Holder, Sobolev voir [Tsybakov] (2009).

Nous soulignons pour des densités gaussiennes (cas Hermite) ou gamma (cas Laguerre)
que le biais est a décroissance exponentielle. On obtient donc une vitesse plus rapide que
le cas général : log(n)4+1/2/n.

Dans la Section [2.2.3] nous prouvons également des minorations qui assurent l'optima-
lité de la vitesse au sens du minimax pour les classes considérées. Le résultat est résumé
dans le théoréme suivant :

Théoréeme 1.4.2. Soit s > d un entier et ]‘N’n’d un estimateur quelconque de f@. Alors
pour n assez grand, nous avons
~ _2(s—d)
inf sup E[|foa— fP*] = en” =T,
fn,d fEWS(D)

ou W*(D) = W;(D) pour le cas Laguerre ou W*(D) = W3 (D) pour le cas Hermite et
c > 0 une constante qui dépend de s et d uniquement.

Précisons qu’un résultat similaire pour des espaces de Lipschitz périodique est donné dans
Efromovich! (1999)), voir aussi Lepski (2018)) pour les classes de Nikol’ski.

Procédure adaptative Dans la Section [2.2.4] nous décrivons une procédure de sélec-
tion de modele par pénalisation pour choisir la dimension pertinente. On introduit une
pénalité aléatoire qui est en fait un estimateur d’un majorant de la variance. Notons que
la pénalité est indépendante de la base utilisée. En outre, nous démontrons une inéga-
lité oracle en utilisant les inégalités de Talagrand et de Bernstein permettant de réaliser
automatiquement le compromis biais-variance dans (|1.20]).

Analogie avec les techniques noyaux et autres résultats Ensuite, dans la Section
nous comparons pour d = 1, notre estimateur ( fm,(l)) a la dérivée de I'estimateur par
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projection de la densité :

Z SDk ’ A(O Eﬁpk

Nous donnons des éléments pour s’affranchir de l’hypothése (c’est-a-dire que f(0) =0
pour d = 1). Par allleurs nous obtenons que notre estimateur converge a la méme vitesse
que lestimateur ( fm) pour le cas Hermlte mais concernant le cas Laguerre notre stratégie
est plus performant mais avec )l Ansi, une correction de l'estimateur introduit en
sans est aussi effectuée dans la section On définit I'estimateur suivant
avec f(0) #0 :

m—1 n

> ~(1 ~(1 1 ~

Tgc = 20 @5kl @tk = = 30 45(X0) = Jie(0)450),
j=0 i=1

ou £; désigne la base de Laguerre définie en ([L.7]) et Fx (0) estime f(0) avec

Z (0)€ a(o) Z e

Pour fm K, on obtient la méme vitesse que ( fm) . De plus, nous prouvons une inégalité

oracle pour K := K, fixé pour 'estimateur K ou mg dépend de K en utilisant une
procédure par pénalisation.

Simulations En Section nous présentons des simulations numériques pour illustrer
les résultats théoriques et une comparaison avec la procédure & noyau pour une fenétre
choisie en s’inspirant de la méthode de [Lacour et al.| (2017) est effectuée.

Enfin, le chapitre se termine ainsi par la démonstration des résultats énoncés et des outils
théoriques d’analyse et de probabilité.

1.4.2 Déconvolution d’une densité sur R en base d’Hermite

Contexte et modele Dans ce chapitre, nous considérons le modele de convolution
Zp=Xp+eg, k=1,...,n,

ou

(H1) les (Xk)g>1 sont i.i.d. de densité f inconnue par rapport a la mesure de Lebesgue,

(H2) les (e )k>1 sont i.i.d. de densité f. connue, par rapport a la mesure de Lebesgue,

(H3) les suites (Xg)g>1 et (¢x)x>1 sont indépendantes.

On Cherche a estimer f a partir des données Z1,...,Z,. Notons fz la densité de Zj.
Sous nous avons que fz = f * f., ou g * h désigne le produit de convolution entre
g et h g *h(z) = (gl@ — y)h(y)dy, c’est ce qui explique le terme de “déconvolution”
pour l’estlmatlon de f. Outre la régularité de f, la régularité de f. influe sur la vitesse
de convergence des estimations. Elle est décrite par la décroissance de la transformée de
Fourier de f.. Nous considérons les deux hypotheses classiques en déconvolution sur la loi
du bruit.
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(H4) Vu e R, f*(u) # 0, ot t* désigne la transformée de Fourier de ¢, t*(u) = §e“t(z)dx.

On suppose aussi qu'il existe ¢; = ¢} >0, et v =0, > 0,6 =0 (avec v > 0 si 6 = 0) tels

que
1
A+ u2)’ye“|“‘5 < g <all+ uQ)ﬂ/e“‘“P. (1.22)
| fZ (w)]

Si § = 0 dans (1.22)), la loi du bruit f. et les erreurs sont appelées ordinairement réguliéres
("ordinary smooth"), sinon elles sont dites super régulieres ("super smooth"). Soulignons
que la condition ([1.22)) implique |(H4)| et est vérifiée par certaines distributions classiques :
on peut citer a titre d’exemple Laplace (avec 0 = 0 et 7 = 2), Gamma (§ = 0 et v = p, ou
p est le parametre de forme), Gaussienne (7 = 0 et § = 2), Cauchy (y =0et § = 1).

Le probleme de déconvolution a été beaucoup étudié dans la littérature. Les premiers tra-
vaux ont été menés dans le cas non adaptatif par :|Carroll and Hall (1988)), Fan|(1991), |Fan
(1993) et le livre de Meister| (2009) sur le sujet. La procédure d’estimation adaptative a été
considérée en premier par : Pensky and Vidakovic| (1999)) puis massivement utilisée entre
autres par (Comte and Lacour (2011) (cas bruit inconnu), Mabon| (2017) dans le cas ou
Xj = 0.... Fan| (1993), Butucea| (2004), Butucea and Tsybakov (2007)) établissent I'opti-
malité des vitesses au sens minimax. Des généralisations multidimensionnelles (Comte and
Lacour| (2013)) ou sur la sphere (Kerkyacharian et al.| (2011)) ont ensuite été considérées.

Nous présentons ici une nouvelle procédure fondée sur un développement en base d’Her-
mite, inspirée d’idées développées dans |Comte and Genon-Catalot| (2018). L’originalité
de ce travail est d'utiliser la base d’Hermite qui est notée ;. La transformée de Fourier
d’une base d’Hermite est & constante pres une base d’Hermite, ¢} = V27 (i), cela nous
permet de définir un estimateur par projection.

Définition de I’estimateur On consideére le contraste de minimisation suivant :

e "du.

w2y oy = L[ )
nlt) = W= N, o) = o [ 7

f(—u

En supposant que le ratio ¢;/fF est intégrable pour j = 0,...,m — 1, on définit un
estimateur de f en minimisant le contraste ci-dessus pour tout t € Sy, :

1 A
n - ~ (=) (2
fm = a;jp;, a; = @;(u)du, (1.23)
m j;) 7P J ) frw)
ou f}(t) = %Zzzl e*Zk estime sans biais la fonction caractéristique de Z;. La spécificité

de la base d’Hermite qui décroit en e~ rend la quantité ¢;/f¥ intégrable pour beaucoup

de fonctions f.. Notons que le coefficient @; est réel, en effet :
&) = (i) Vom) | Fi-wypsw)/f2 (~u)du = (@ VE) [ Fotules(-u)/ 2 u)du = 3

puisque ¢j(—x) = (—1)7p;(x). C’est aussi un estimateur naturel de a;(f) = {f,¢;> =
% §12( f:)_lgo;-‘ d’apres le Théoréeme de Plancherel-Parseval. Donc f,,, estime sans biais
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le projeté de f : fr, = Z;-nz_ol a;(f)p; contrairement & l'estimateur obtenu par Comte and
Genon-Catalot| (2018) ot a; est remplacé par :

A = (V) | Frtwestu) £ i

Borne du risque Sous ’hypothese additionnelle :
(H5) [ fz]w = sup|fz(z)] < o,
zeR

on a la décomposition biais-variance suivante (voir Proposition avec [ = 2) :
du c

b — 4+ . (1.24)

~ _ 2 o 2
El| frs = FIP) < I = fnl + — LK\/% f2P " n

ou ¢ est une constante qui dépend de | fz|w, v, 1, 0 et d’autres constantes liées a la base
d’Hermite. Le premier terme & droite de l'inégalité (lfm — fI? = Yjsm a;(f)?)
est le terme de biais, il mesure la distance entre f et f,, au sens de L?(R). C’est un
terme décroissant en m. Le deuxieme terme est le terme principal de la variance, il croit
clairement avec m. Le dernier terme vient aussi du calcul de variance, c’est un terme
résiduel. Par conséquent le risque minimal s’obtient en faisant un compromis biais-variance.
Si la densité f appartient a la boule de Sobolev-Hermite de régularité s et de rayon
D notée par Wi (D), nous obtenons les vitesses de convergence suivante pour l'oracle
fmopt. Ces vitesses sont connues pour étre optimales. Elles coincident avec celles obtenues

0=0 0<d<2 or 6=2 u<&<1/2

2 2
P v 1 (logn 9o
Mopt [n2>7vit] [2 ( 2u ) ]

. 25 _2s
Vitesse n~ 2s+27+1 (logn)~7

TABLE 1.1 — Vitesse de convergence pour le MISE si f € W} (D).

par [Fan| (1993)), Pensky and Vidakovic (1999)) respectivement calculées sur les classes de
Holder et de Sobolev. Nous fournirons aussi des taux de convergence pour des densités de
mélange gaussienne. Les résultats obtenus sont les mémes que dans |Butucea| (2004 pour
des fonctions f super-réguliere.

Ensuite, nous montrons que les résultats obtenus jusqu’ici s’étendent au cas de variables
dépendantes. En effet, on peut remplacer 'hypothese [(H1)| par :

(H'1) (Xg)p>1 est strictement stationnaire et S-mélangeant (voir Section [3.3.5] pour la
définition).
Dans la Proposition [3.3.3] on obtient la décomposition biais-variance suivante sous des
conditions classiques sur le coefficient de mélange et de moment :
1 du c /m
— s =+,
n n

Bllf PV <If =0l 0 |



24 CHAPITRE 1. INTRODUCTION

ol ¢ est une constante positive qui dépend par exemple de ||fz|w, v, 1, 9, et ¢’ est une
constante dépendant des coefficients de mélange et d’une condition de moment sur Xj.
Le biais et la variance principale sont les mémes que pour le cas i.i.d. avec un terme

additionnel ¢/ \fzj qui est spécifique au cas S-mélangeant. Comme |f*(u)| < 1, nous avons
%Sluléx/% Uﬁ# = %w/m. Ainsi, le terme ¢ @ est aussi un reste qui est négligeable

que le terme principal de la variance. D’ou les mémes vitesses que pour le cas i.i.d.

Adaptation De plus, nous proposons une méthode pour choisir automatiquement le
meilleur modele m dans une collection pour le cas i.i.d.. On utilise la procédure par pé-
nalisation du type Birgé and Massart| (1997) et on prouve une inégalité oracle en utilisant
I'inégalité de Talagrand (voir Section [1.3.3). La procédure compléte est décrite dans la
Section 3.4l

Simulations Enfin, nous illustrons numériquement la procédure adaptative et des com-
paraisons avantageuses avec la stratégie de|Comte and Lacour| (2011) et le probléeme direct
est effectué.

La preuve des résultats théoriques (Section [3.7)) et quelques outils d’analyse et de proba-
bilité terminent ce chapitre.

1.4.3 Estimation adaptative dans un modele de régression en base d’Her-
mite

Contexte Le chapitre [4] est dédié a I'estimation d’une fonction de régression dans un
modele de convolution-régression. On considere le modele de convolution suivant :

y(zg) = h(zg) + ek, k=-n,...,n—1, (1.25)

h(z) = fxg(x) = JR flz —y)a(y)dy, (1.26)

ou la fonction g appelée noyau est supposée connue et f est la fonction inconnue qu’on
cherche & estimer ; les erreurs (ex) _n<k<n_1 sont i.i.d. avec E[e}] = 0 et Var(gy) = 02 < o0,
connu ; les points (zx = kT /n) _n<k<n—1 sont déterministes et équirépartis sur [—T',T], ou
0 < T < o est fixé. Ce modele apparait dans beaucoup de domaines d’applications : en
analyse des données d’imagerie dynamique a contraste amélioré (voir (Goh et al. (2005,
Cuenod et al.| (2006]), |(Goh et al.| (2007), et Comte et al.| (2017))) et dans 1’ étude du
spectroscopie de fluorescence résolue en temps (voir (Gafni et al.| (1975), [McKinnon et al.
(1977)),/O’Connor et al.| (1979)), Ameloot and Hendrickx| (1983), Abramovich et al.| (2013])).
L’estimation de la fonction inconnue h & partir des données (y(xy), x) est connue comme
probléme de régression non paramétrique en "fixed design'. Ce probleme a été largement
étudié dans la littérature, voir Barron et al. (1999), Baraud| (2000)) par exemple. Lorsqu’on
cherche a estimer la densité f d’une variable aléatoire X quand on observe Z = X +¢ avec
¢ indépendant de X de densité g se réduit a reconstruire f a partir d’un estimateur de fz =
f*g. Ce probléme est connu comme un probleme de déconvolution. Il s’agit d’un probléme
inverse qui est étudié aussi intensivement dans la littérature, voir par exemple |(Carroll and
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Hall| (1988), |[Fan (1991)), Pensky and Vidakovic (1999). Nous I’avons aussi étudié dans le
Chapitre [3| en utilisant la base d’Hermite (voir Section m pour plus détails). Le modele
cumule deux questions « régression et déconvolution», c’est pourquoi il est difficile.
Les résultats théoriques sur ces deux problemes traités indépendamment sont bien connus.
Notons que les fonctions f et g ne sont pas nécessairement des densités dans ce chapitre.
Le probleme a été étudié dans la littérature pour des fonctions particulieres. Si
f et g sont & support dans [0, 1], Rice and Rosenblatt| (1983) ont résolu le probléme en
supposant que f est de classe C* et en utilisant un spline de lissage pour z = k/n avec
k = 1,...,n. Le modele peut étre vu comme une généralisation de celui de la
convolution de Laplace. En effet si on impose que f et g sont & support dans R™, nous
avons que : h(z) = Sg f(x —y)g(y)dy dont la version stochastique discréte est donnée par
avec k = 1,...,n. Il a été étudié dans |Dey et al.| (1998)) pour g(z) = be **1,>¢ et en
utilisant que la solution de (|1.26) satisfait une équation différentielle linéaire. Récemment,
Abramovich et al.| (2013)) ont étudié le probleme de la déconvolution de Laplace pour g
connu : les auteurs résument le probleme d’estimation de f a ’estimation des dérivées de
h. Ces dérivées sont estimées par une méthode a noyau. [Vareschi| (2015) a aussi étudié le
probleme de Laplace déconvolution en utilisant la projection de Galerkin sur les fonctions
de Laguerre pour un noyau g contaminé par un bruit blanc.|Comte et al. (2017)) ont proposé
un estimateur par projection, fondé sur un développement des fonctions f, g et h en base
de Laguerre. Enfin, Benhaddou et al. (2019) utilise aussi un développement en base de
Laguerre pour une fonction f de trois variables (2 variables en espace et une variable en
temps) et g une fonction d’une variable.

L’ensemble de ces études ont été menées pour des fonctions f et g a support dans Rt ou
[0,1]. Dans ce travail, on considére le Modele (1.25)) avec des fonctions & support dans R.
La base de Laguerre n’est clairement pas adaptée a notre probleme général. On considere
la base d’Hermite qui est a support R et est bien adaptée a ce contexte.

Nous considérons les hypotheses classiques suivantes en déconvolution sur le noyau g :

(H1) La transformée Fourier de g notée g* est bien définie tel que : g* # 0, ou t*(u) =
§ett(z)dz, et i est le nombre complexe avec i2 = —1.

(H2) 1l existe des constantes ci1,¢),v, ¢c1 = ¢} > 0 et v > 0 telles que

AA+) <|g*)] 2 <er(1+12), VteR. (1.27)

Nos objectifs sont les suivants : introduire un estimateur consistant de f; donner des ré-
sultats de convergence ; proposer une procédure adaptative et illustrer numériquement sa
performance. Considérons les observations discrétes (zx, y(zk)) —n<k<n—1 issues du modele
. Le but est d’estimer f a partir des données (zp, y(zk))—n<k<n—1. Différentes ap-
proches sont proposées dans le chapitre : mixte Fourier-projection et projection-projection.

Premier estimateur : approche ”Fourier-Hermite” (notée FH dans la suite).

Procédure d’estimation Pour ce faire, nous avons besoin de I’hypothese suivante :

(H3) La fonction f et sa transformée de Fourier f* sont intégrables.
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Cette hypothese est spécifique a cette premiére stratégie et est nécessaire pour utiliser la
transformée de Fourier inverse.

Sous en utilisant la transformée de Fourier inverse, nous avons
*
f(z) = f e_i“xh (u )du Vr e R. (1.28)
R g*(u)
L’équation est la clé pour obtenir un estimateur de f en remplacant h par un
estimateur. Pour reconstruire A, on utilise la méthode des moindres carrés fondée sur un
développement de h en base d’Hermite. A cette fin, on pose

T
Dg = (¢ (7)) —n<isn—1,0<j<d—1, Ya = Efbffbd,

avec @' est la transposée de la matrice @, et ¢; est la base d’Hermite (voir (1.9) pour sa
définition). Ainsi, on estime h par

hd—Zb i DD = (@5, B = (@) %y—aﬁ;léam (1.29)

o 7 = (y(x_pn),...,y(zn_1)) et hg est dans Sy := Vect{o, - .., vd—1}, I'espace linéaire
engendré par (¢;)o<j<d—1- Notons que la base d’Hermite rend la matrice Wq inversible
pour n > d. En prenant la transformée de Fourier de et en injectant cela dans
, nous introduisons un premier estimateur de f par :

f(d) () = % Jeiw Z%EZ? du. (1.30)

L’estimateur est bien défini car la base d’Hermite, qui décroit en e rend la fonction
ha* 1ntegrable pour toutes les fonctions g telles que est vraie p¥ = /2 (i Y ;. La
qualité de f(d est clairement liée a celle de hd On se doute bien qu’en pratique, il faut

introduire un cut-off pour calculer f . En outre, on verra que le contréle du risque de

f( 4y dépend d’une version tronquée de f . Ainsi, on consideére Iestimateur suivant

- U ()
fo,d(x) = o f e 7 ) du, for ¢ > 0. (1.31)

Régression en fixe design en base d’Hermite En section nous présentons une
étude complete (théorique et numérique) de la régression non paramétrique en fixe design
en base d’Hermite. Contrairement & Baraud! (2000), on ne consideére pas des bases a support
compact. On obtient la borne suivante que nous exploitons dans la suite (voir Proposition
4.3.1) :

~ T _ _
E [th . hHQ] < 02 =tr (Wg") + [ = hal® + Amae (€51) |h = bl (1.32)

Cette borne est nouvelle a notre connaissance. Il s’agit d’'une décomposition biais-variance,
de biais égal & \jnas (\I/JI) |h — hq|? ot hy est le projeté de h dans Sy et de variance &
o2tr (\Ilgl) T/n. C’est en partie grace a cette borne qu’on a pu établi une inégalité oracle
pour l'estimateur de régression pour la norme L?(R) (voir Theorem . En particulier,
nous établirons une inégalité oracle du risque pour la norme L?(R) qui est nouvelle & notre
connaissance.
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Borne du risque de f(d) et f(g)d Pour valider I’estimateur f(d), on étudie son risque.
On introduit les notations suivantes

* - 1 ‘ —iua:h*
A(0) :@@ g5 (W), fu () :%J_ge g*EZ;du. (1.33)

On considere les deux hypotheses suivantes :
(H4) 11 existe une constante A > 0 telle que

0 < Amaz(¥;1) < A < 400,
Ol Appaz(A) désigne le maximum des valeurs propres de la matrice A.
(H5) ||h]eo = supger [A(z)] < +o0.

La majoration du risque de f(d) et f(g)’d est donnée dans la proposition suivante :
Proposition 1.4.1. Supposons que les hypothéses |(H1)| et [(H3)| sont satisfaites. Alors,
Vestimateur f) q défini en vérifie
~ T _ _
E [1Fiea — 717] < 17 = fiolP + A06) (10 (37) + 1= hal? + Aas (957) 1= hal?).
(1.34)

0l Aaz(A) est le rayon spectral de la matrice A.

Si de plus les hypothéses |(H2)L |(H4)| et|(H5)| sont vérifiées, nous avons pour J?(d) donné

en (1.30) et ¢ > +/2d
E|Ifia) - £I?| < 2037 + 2K [ fip a - 117 (1.35)

ou C est une constante qui dépend de Cl,, & qui sont tels que |p;(z)| < C’éoe_§2 pour

lz| = /25 + 1 et ||h]o.
(a) Le premier terme a droite de 1) (If = fol* = = SM% |f*(u)|?du) est le terme

classique de biais : il décroit avec e cut-off £.

(b) Le terme A(¢) correspond a l’aspect déconvolution du probléeme : il est étudié en

utilisant la condition de régularité sur g* donnée dans|(H2)| Il croit avec le cut-off
L.

(c) Enfin, le terme dans la grande parenthese représente le risque d’estimation de A (voir

Equation (T.32))

L’étape d’apres est donc de fournir des résultats de convergence pour f(d) et ]?(g)’d . Un
résultat global est résumé dans le théoréme suivant

Théoréme 1.4.3. Sous |(H1), ..., [(H4), pour f € W3(D) (Sobolev classique) et h €
W3(D') (Sobolev-Hermite), nous avons pour les choix doy = [n/CH7HD] et £y =
1

n2G++ quec s+ = 11/6 que

SUD B || fityy0) dope — [12] < Cls,7, DT, 0 )0 55571,
feWs(D)

ot C(s,v,D,T,o.) est une constante qui ne dépend que de s,7v,L,T,0. et v donné en

[(E2),
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Notons que ce résultat de convergence est valide aussi pour I'estimateur ]?dopt avec ’hy-
pothese voir . Les estimateurs f(gopt)’dopt et f‘dopt convergent a une vitesse
polynomiale comme en déconvolution d’une densité pour des fonctions ordinairement ré-
gulieres.

Etonnamment, la difficulté ici est de contrdler le biais de la fonction de régression. On
aimerait que 'hypothése h € W, (D) soit une conséquence directe du fait que f € W*(D)
et g vériﬁepour s+ entier. Les conditions satisfaisants cette hypothese sont déferrées
dans la section preuve du chapitre[d.7], Proposition [£.7.1] La difficulté provient du fait qu’on
ne connait pas h et que les classes de régularité sont différentes pour f et g. De plus, nous
soulignons que si f € W*(D) et g vérifie on peut monter par un calcul élémentaire
que h € W5tY(D/eq) ot ¢1 est donné en Nous avons aussi calculé des vitesses de
convergence pour des fonctions f et g spécifiques. En particulier si le noyau g est gaussien,
on retrouve la méme vitesse qu’ en déconvolution d’une densité voir aussi le Chapitre [3]
Les résultats sont présentés dans le tableau suivant :

g Gaussian Gamma
f N(0,6%) I'(g,0)
Gaussian | 2 2-82  log(n)in &+
N(0,02) | n o+0% log(n) -*+02 a large
Gamma pt+l _ (pta=2)(2p—1)
T'(q,0) log(n)~P*2 n~ Gra—D(2p+2a-1)

TABLE 1.2 — Vitesse de convergence du MISE pour j”\( dans les cas spécifiques.

Zozot)7f10177t

Adaptation pour f(é),d D’apres le Théoreme m le choix pertinent du cut-off est
d’ordre v/d, pour cette raison, on pose £ = 1/2d qui est la valeur minimale admissible.
Dans la Section [4.4.4] on propose une procédure de sélection de modeéle en s’inspirant de
la méthode de |Goldenshluger and Lepski| (2011)) et nous démontrons une inégalité oracle :
Iestimateur résultant réalise automatiquement un compromis-biais variance a un facteur
logarithmique prés. La procédure est décrite en Section [£.4.4]

Seconde stratégie. Dans un second temps, nous introduisons une autre approche appelée
Hermite stratégie (notée HH) fondée sur un développent de f et h en base d’Hermite.

Définition de ’estimateur On construit ’estimateur suivant en remplagant h par son
estimateur des moindres carrés dans a;(f) = (h*(g*) ™1, ;) ¢

VIS e TP e o O (1.36)
d = a;dPj, QAjd = pilu)au, .

m = J J J \/ﬁ g* (u) J

a condition que iAL:‘lgoj/g* est intégrable pour j = 0,...,m—1. Notons que les coefficients a;

sont réels et bien définis car la base d’Hermite rend la quantité ﬁ;‘ﬁj /g* intégrable. Nous
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avons un estimateur qui dépend donc de deux parametres qui doivent étre optimisés.
Comme pour la stratégie FH, la quahte de fm 4 dépend aussi de celle de hd La borne du
risque obtenue (voir Proposition est donnée par :

Borne du risque de fm,d et comparaison avec 1’approche FH

Proposition 1.4.2. Supposons f et h sont de carré intégrable et posons

Y(m) = sup u)| 7% + Z f lo;(w)]?g* (w)| " 2du, p>0. (1.37)
|u\<\/pﬁ lu|=\/pm

Pour f, q donné en , MOUS avons

E|Ifma = fI2] <If = ful? + 25(m) (nh = hall® + Az (U3") I — hallz + 03% (b (2 1) A 2w2m)) -
(1.38)

La différence avec la borne obtenue pour la stratégie FH se trouve dans le biais de f
(If — fml?) et X(m), I'étape de la partie régression ne change bien évidement pas. Le
terme Z;-n:_ol S|u|> J ;i (w)|?|g* (w)] ~2du est & décroissance exponentielle si p > 2 et donc

négligeable par rapport au terme supj,|<_ /zm |9 (w)|™ ~2 = A(y/pm). Donc, pour f € W§ (D)
et £ = y/m, on retrouve la méme vitesse que pour la stratégie FH. L’ensemble des résultats
sur la deuxieme méthode est dans la Section [4.5

Simulations La fin du chapitre [] est dédiées a des simulations numériques dans la
section pour illustrer la procédure adaptative de ’approche FH. Dans le but de donner
un tableau du risque, nous implémentons aussi une stratégie dérivant de la méthode de
Goldenshluger et Lepski en s’inspirant de la procédure de|Lacour et al.| (2017)). Les résultats
obtenus sont satisfaisants mais la procédure semble trop lente. Il faut certainement la
compléter en implémentant la procédure HH.

Enfin, nous donnons la preuve des résultats théoriques et des outils d’analyse et de pro-
babilité a la fin chapitre.

Nous terminons ce chapitre en soulevant quelques points susceptibles de faire 1’objet de
futurs travaux.

1.5 Perspectives de recherche

Conclusions Dans ces travaux, nous avons construit des estimateurs non paramétriques
ayant de bonnes propriétés statistiques. Les études du risque montrent que dans chaque
cas nous avons un compromis biais-variance a effectuer pour déduire des vitesses de conver-
gence. Nous avons développé des procédures adaptatives pour choisir les parameétres per-
tinents de chaque méthode utilisée. De plus, nous prouvons aussi des inégalités de type
oracle grace aux inégalités de déviations (voir Section . Les procédures développées
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sont facilement implémentables et des comparaisons avec d’autres méthodes existantes
sont exposées dans les chapitres [2] et [3| Les résultats obtenus dans ce manuscrit ouvrent
des pistes pour des futurs travaux. Enumérons sans tarder quelques pistes.

Estimation des dérivées d’une densité Dans le chapitre |2, nous avons étudié le
probleme d’estimation des dérivées d’une densité en supposant que les variables étaient
i.i.d., ce cas ne reflete pas toujours la complexité des données. Il serait donc intéressant
d’enquéter sur le cas ou les variables sont dépendantes. Des résultats existent dans le
contexte ou les variables sont supposées S-mélangeantes (faiblement dépendantes) avec
une pénalité qui dépend des coefficients de mélange inconnus. Une piste a explorer serait de
voir s’il est possible d’étendre ces résultats pour une pénalité indépendante des coeflicients
de mélange, un peu comme dans |Comte et al.| (2008)) en contexte de déconvolution. En
outre, nous avons généralisé numériquement la méthode dite de PCO introduite dans
Lacour et al.|(2017) pour un estimateur a noyau de la dérivée d’une densité. Une question
intéressante serait d’étudier le risque théorique de ’estimateur résultant de cette sélection
de fenétre.

Déconvolution d’une densité en base d’Hermite Dans le chapitre |3, nous avons
introduit un estimateur de projection en base d’Hermite dans un modele de bruit additif
dans le cas i.i.d. et dépendant. Nous avons considéré dans ce chapitre que la densité du
bruit était connue. Cette hypothese est assez restrictive mais nécessaire pour des raisons
d’identifiabilité. Une piste a suivre serait de considérer le cas ou la densité du bruit est
inconnue mais estimée grace & un échantillon préliminaire du bruit (e_pz,...,e-1) voir
Neumann, (2007)). Cela permettrait de se comparer par exemple aux stratégies développées
dans |Comte and Lacour| (2011]) et Kappus and Mabon| (2014)).

La base d’Hermite peut étre aussi considérée dans le cas d’estimation d’une fonction de
régression avec erreur sur les variables. Le modeéle est le suivant :

Yi =Xk +ek, Zr=0bXk)+ng, ouegindépedant de ny .

Dans ce cadre, nous observons (Y%, Zx) et nous cherchons a estimer la fonction de régres-
sion b. Les propriétés de la base d’Hermite pourraient étre exploitées pour proposer un
estimateur direct sans pour autant faire intervenir des estimateurs quotients.

Estimation dans un modeéle de régression en base d’Hermite Dans le chapitre
nous avons construit deux estimateurs pour estimer une fonction de régression dans un
modele généralisant celui de "Laplace convolution” (Model ([1.25])). Nous avons obtenu des
vitesses de convergence non standard comparées aux vitesses obtenues en déconvolution
d’une densité (voir Chapitre . Ce serait une motivation pour d’établir des bornes infé-
rieures afin d’étudier ’optimalité des vitesses. Nous avons aussi établi une inégalité oracle
pour la premiére stratégie (stratégie Fourier-Hermite) en utilisant la méthode de Golden-
shluter et Lepski. Une implémentation de cette derniere et d’une version dérivée inspirée
de |Lacour et al.| (2017) montrent la bonne performance des deux procédures. Mais elles
sont cependant relativement lentes en terme de temps de calcul (environ 5h pour avoir
un résultat d’erreur apres 100 répétitions). Une piste a creuser serait de considérer des
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procédures par pénalisation. En outre, nous avons testé numériquement la procédure HH.
Nous remarquons une réduction considérable du temps de calcul (35mins environ pour
avoir un résultat d’erreur apres 100 répétitions) en adaptant la procédure de Lacour et al.
(2017). On peut aussi enquéter sur une procédure par pénalisation.

De plus, nous avons supposé globalement que le noyau g était connu, on peut étudier le cas
ou il est inconnu, par exemple contaminé par un bruit blanc (voir |[Vareschi (2015)). Enfin,
les données z; dans Modele sont déterministes dans le chapitre il serait intéressant
d’étudier le cas des xj aléatoires i.i.d. admettant une certaine densité commune. Cette
derniére pourra faire intervenir des matrices aléatoires dans I'expression de l'estimateur
de régression.

Global a tous les chapitres Dans tous ces chapitres, on considere des fonctions d’une
variable, une question naturelle est d’essayer d’étendre les résultats obtenus en dimension
supérieure. On pourra par exemple utiliser la méthode de Goldenshluster et Lepski pour
le choix des parametres pertinents.
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Chapitre 2

Optimal adaptive estimation of the
derivative of a density on R or R™

Ce chapitre est issu de Comte, F., Duval, C., and Sacko, O. (2020). Optimal adaptive
estimation on R or RT of the derivatives of a density. Math. Methods Statist., 29(1) :1-31.

Résumé. Dans ce chapitre, nous considérons le probleme d’estimation de la dérivée d’ordre
d notée f(@ d’une densité f & partir des observations X1, ..., X, i.i.d. de densité f & sup-
port dans R ou R*. Nous proposons des estimateurs par projection définis dans les bases
orthonormales d’Hermite ou de Laguerre et étudions leur L2-risque intégré. Pour f ap-
partenant a des espaces de régularité et pour un espace de projection choisi avec une
dimension adéquate, nous obtenons des vitesses de convergence pour nos estimateurs qui
sont optimaux au sens minimax. Le choix optimal de la dimension de I’espace de projection
dépend de parametres inconnus. De ce fait, nous décrivons une procédure adaptative pour
choisir la dimension pertinente qui conduit a cette vitesse optimale. Nous discutons les hy-
potheses et nous comparons ’estimateur introduit a celui obtenu en dérivant simplement
I'estimateur de densité. Enfin, des simulations sont réalisées. Elles illustrent les bonnes
performances de la procédure et permettent de comparer numériquement les estimateurs
par projection et par noyau.

Mots-clés. Estimation des dérivées d’une densité, base d’Hermite, base de Laguerre, sé-
lection de modéles, estimateur par projection.

Abstract. In this chapter, we consider the problem of estimating the d-th order deri-
vative f(@ of a density f, relying on a sample of n i.i.d. observations Xi,..., X, with
density f supported on R or R*. We propose projection estimators defined in the ortho-
normal Hermite or Laguerre bases and study their integrated L2-risk. For the density f
belonging to regularity spaces and for a projection space chosen with adequate dimension,
we obtain rates of convergence for our estimators, which are optimal in the minimax sense.
The optimal choice of the projection space depends on unknown parameters, so a general
data-driven procedure is proposed to reach the bias-variance compromise automatically.
We discuss the assumptions and the estimator is compared to the one obtained by simply
differentiating the density estimator. Simulations are finally performed. They illustrate

35
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the good performances of the procedure and provide numerical comparison of projection
and kernel estimators.

Keywords. Estimation of derivatives of a density, Hermite basis, Laguerre basis, model
selection, projection estimator.
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2.1 Introduction

2.1.1 Motivations and content

Let Xq,...,X, be n ii.d. random variables with common density f with respect to the
Lebesgue measure. The problem of estimating f in this simple model has been widely
studied. In some contexts, it is also of interest to estimate the d-th order derivative f(@
of f, for different values of the integer d. Density derivatives provide information about
the slope of the curves, local extrema or saddle points, for instance. Several examples
of use of derivatives are developed in Singh (1977a) and Sasaki et al.| (2016]). The most
common cases are those with d € {1, 2}. The first order density derivative permits to reach
information, such as mode seeking in mixture models and in data analysis, see e.g.|[Cheng
(1995), Chacén and Duong| (2013)). The second order derivative of the density can be used
to estimate one parameter scale of exponential families (see |Genovese et al.| (2016)), to
develop tests for mode (see Cheng| (1995)), to select the optimal bandwidth parameter for
density estimation (see |Silverman| (1978)). Let us detail two specific contexts.

1. The question arises when considering regression models. The estimation of the so-
called “average derivative” defined by § = E[Y(X)], with ¢(z) = fO(z)/f(z),
and f is the marginal distribution of X (see Hardle and Stoker| (1989) and [Hardle
et al. (1992)) relies on the estimation of the derivative of the density of X. This
quantity enables to quantify the relative impact of X on the variable of interest Y.
In an econometric context, the average derivative is also used to verify empirically
the law of demand : it allows to compare two economies with different price systems
(see Hardle et al.| (1991) and Hardle et al.| (1992), section 3). In [Bercu et al.| (2019),
the study of sea shore water quality leads the authors to estimate the derivative of
the regression function, and the derivative of a Nadaraya-Watson estimator involves
the derivative of a density estimator. Regression curves (see Park and Kang] (2008]))
also involve derivatives of densities, consider r(z) = E(Y|X = z), Singh (1977a)) (see
Equation (2.1)) establishes that for specific families of conditional distributions of
Y given X, on can express r(x) = 9 (z) as ¥(z) = fI)(z)/f(x) where f is a density
(see (2.1) in |Singh (1977a)).

2. Derivatives also appear in the study of diffusion processes. Let (X¢);=0 be the solution
of

dX; = b(Xt)dt + U(Xt)th, Xo =n,

where W; is a standard Brownian independent of 1. There exists a solution under
standard assumptions on b and o. The model is widely used, for example in finance
and biology. One related statistical problem is to estimate the drift function b, from
discrete time observations of the process X. Under additional conditions (see [Schmis-
ser| (2013)), the model is stationary, admits a stationary distribution f and it holds
that
fO() 2(z)  o'(x)
o6 -2 .
f@) —o*x) o)

If the variance o is either a constant or known, estimating f and f@) lead to an
estimator of b.
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These examples illustrate the interest of the mathematical question of nonparametric
estimation of derivatives as a general inverse problem.

Most proposals for estimating the derivative of a density are built as derivatives of ker-
nel density estimators, see Bhattacharyal (1967), [Schuster| (1969), |Silverman, (1978]), Rao
(1996)), |Chacon et al. (2011), |Chacén and Duong (2013), [Markovich| (2016)) or Giné and
Nickl (2016), either in independent or in a-mixing settings, in univariate or in multiva-
riate contexts. A slightly different proposal still based on kernels can be found in [Singh!
(1979). The question of bandwidth selection is only considered in the more recent papers.
For instance, Chacon and Duong| (2013]) propose a general cross-validation method in the
multivariate case for a matrix bandwidth, see also the references therein. Most recently,
Lepski| (2018) proposed a general original approach to bandwidth selection, and applies it
to derivative estimation in a multivariate ILP setting and for anisotropic Nikol’ski regula-
rity classes. This paper is, to the best of our knowledge, the first to study the risk of an
adaptive kernel estimator.

Projection estimators have also been considered for density and derivatives estimation.
More precisely, using trigonometric basis, [Efromovich| (1998]) proposes a complete study of
optimality and sharpness of such estimators, on Sobolev periodic spaces. Lately, |(Giné and
Nickl (2016]) propose a projection estimator and provide an upper bound for its LP-risk,
p € [1,0]. In a dependent context, Schmisser| (2013) studies projection estimators in a
compactly supported basis constrained on the borders or a non compact multi-resolution
basis : she considers dependent [S-mixing variables and a model selection method is propo-
sed and proved to reach optimal rates on Besov spaces. In most results, the rate obtained
for estimating f(@ the d-th order derivative assumed to belong to a regularity space as-
sociated to a regularity «, is of order n—2¢/(20+2d+1) Recently, a bayesian approach has
been investigated in Shen and Ghosall (2017) relying on a B spline basis expansion, the
procedure requires the knowledge of the regularity of the estimated function.

In the present work, we consider projection estimators on projection spaces generated
by Hermite or Laguerre basis, which have non compact supports, R or R*. When using
compactly supported bases, one has to choose the basis support : it is generally considered
as a fixed interval say [a, b], but the bounds a and b are in fact determined from the data.
Hermite and Laguerre bases do not require this preliminary choice. Moreover, in a recent
work, Belomestny et al.| (2019) prove that estimators represented in Hermite basis have
a low complexity and that few coeflicients are required for a good representation of the
functions : therefore, the computation is numerically fast and the estimate is parsimonious.
If the X;’s are nonnegative, then one should use the Laguerre basis : thus, this basis is
of natural use in survival analysis where most functions under study are R*-supported.
Lastly, we mention that derivatives of Laguerre or Hermite functions have interesting
mathematical properties : their derivatives are simple and explicit linear combination of
other functions of the bases. This property is fully exploited to construct our estimators.

The integrated L2-risk of such estimators is classically decomposed into a squared bias
and a variance term. The specificity of our context is threefold.

1. The bias term is studied on specific regularity spaces, namely Sobolev Hermite and
Sobolev Laguerre spaces, as defined in Bongioanni and Torrea (2009), enabling to
consider non compact estimation support R or R¥.
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2. The order of the variance term depends on moment assumptions. This explains why,
to perform a data driven selection of the projection space, we propose a random
empirical estimator of the variance term, which has automatically the adequate
order.

3. In standard settings, the dimension of the projection space is the relevant parameter
that needs to be selected to achieve the bias-variance compromise. In our context,
this role is played by the square root of the dimension.

We also mention that our procedure provides parsimonious estimators, as few coefficients
are required to reconstruct functions accurately. Moreover, our regularity assumptions are
naturally set on f and not on its derivatives, contrary to what is done in several papers. Our
random penalty proposal is new, and most relevant in a context where the representative
parameter of the projection space is not necessarily its dimension, but possibly the square
root of the dimension. We compare our estimators with those defined as derivatives of
projection density estimators, which is the strategy usually applied with kernel methods.
Finally, we also propose a numerical comparison between our projection procedure and
a sophisticated kernel method inspired by the recent proposal in density estimation of
Lacour et al. (2017).

The chapter is organized as follows. In the remaining of this section, we define the Hermite
and Laguerre bases and associated projection spaces. In Section [2.2] we define the estima-
tors and establish general risk bounds, from which rates of convergence are obtained, and
lower bounds in the minimax sense are proved. A model selection procedure is proposed,
relying on a general variance estimate ; it leads to a data-driven bias-variance compromise.
Further questions are studied in Section [2.3]: the comparison with the derivatives of the
density estimator leads in our setting to different developments depending on the consi-
dered basis : interestingly Hermite and Laguerre cases happen to behave differently from
this point of view. Lastly, a simulation study is conducted in Section 2.4 in which kernel
and projection strategies are compared.

2.1.2 Notations and definition of the basis

The following notations are used in the remaining of this paper. For a, b two real numbers,

denote a v b = max(a, b) and a; = max(0,a). For u and v two functions in L?(R), denote
{u, vy = SJ_FS(O) u(z)v(z)dz the scalar product on L?(R) and |ju| = (St;) u(x)2dx)1/2 the
norm on L2(R). Note that these definitions remain consistent if v and v are in L2(R").

The Laguerre basis.

Define the Laguerre basis by :

Tk

i .
0i(x) = V2L;(22)e™, Lj(x) = TV 20, j=o0, 2.1
@) =V 1w = 5 (1) j (2.1)

where L; is the Laguerre polynomial of degree j. It satisfies : S;)roo Li(z)Lj(x)e "dx = 6y
(see |Abramowitz and Stegun| (1964)), 22.2.13), where 0y, ; is the Kronecher symbol. The
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family (¢;);>0 is an orthonormal basis on L?(R™) such that |¢;] = supgep+ [£j(7)] = V2.
The derivative of ¢; satisfies a recursive formula (see Lemma 8.1 in |Comte and Genon-
Catalot| (2018])) that plays an important role in the sequel :

7j—1
ly=—to, li=—L;=2> b, Vj=1 (2.2)
k=0

The Hermite basis.

Define the Hermite basis (h;);>0 from Hermite polynomials (H;);>o :

22 P2 dj ) . _ .
hi(@) = e Hy(@)e ™2, Hy(e) = (C1Pe (), = @A)V weR,j 0.
(2.3)

The family (H;) ;>0 is orthogonal with respect to the weight function e Sg Hj(x)Hy, (z)e " dx =
27 j1\/md; 1 (see |Abramowitz and Stegun| (1964)), 22.2.14). It follows that (h;);>0 is an or-
thonormal basis on R. Moreover, h; is bounded by

|7l = suﬂglhj@)l < o, with ¢g = 74, (2.4)
xe

(see Abramowitz and Stegun| (1964)), chap.22.14.17 and Indritz (1961)). The derivatives of
h; also satisfy a recursive formula (see Comte and Genon-Catalot| (2018)), Equation (52)
in Section 8.2),

ho = —h1/vV2, By = (] hj—1 — /7 + 1hj11)/V2, V¥j=1. (2.5)

In the sequel, we denote by ; either for h; in the Hermite case or for ¢; in the Laguerre
case. Let g € L?(R) or g € L?2(RT), g develops either in the Hermite basis or the Laguerre
basis :

9=, a(9)¢j aj(9) = 9,0
>0

Define, for an integer m > 1, the space
S = Span{pq, ..., Pm—1}-

The orthogonal projection of g on S, is given by : g, = Z;n;ol a;(g)e;.

2.2 Estimation of the derivatives

2.2.1 Assumptions and projection estimator of f(%.

Let Xi,...,X, be n ii.d. random variables with common density f with respect to the
Lebesgue measure and consider the following assumptions. Let d be an integer, d > 1.
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(A1) The density f is d-times differentiable and 1@ belongs to L?(R*) in the Laguerre
case or L?(R) in the Hermite case.

(A2) For all integer r, 0 < 7 < d — 1, we have || f() ], < +o0.
(A3) For all integer 7, 0 < r < d —1, it holds lim F (@) =o.
xr—
Assumption |(A3)|is specific to the Laguerre case and avoids boundary issue. In particular,

it permits to establish Lemma below that is central to define our estimator. This
assumption can be removed at the expense of additional technicalities, see Section [2.3

Under we develop f(@ in the Laguerre or Hermite basis, its orthogonal projection
on Sy, m=1,is

m—1
£ =30 ai(f D)y, where,  a;(f @) = (f D, . (2.6)
j=0

The estimator is built by using the following result, proved in Appendix [2.6.8

Lemma 2.2.1. Suppose that |(Al)| and [(A2)| hold in the Hermite case and that (A1)

(A2)| and|(A3)| hold in the Laguerre case. Then a;(f\?) = (—1)dIE[g0§-d) (X1)], V5 = 0.

Remark 2.1. If the support of the density f is a strict compact subset [a,b] of the esti-
mation support (here R and a < b or Rt and 0 < a < b), then the reqularity condition
implies that f must be null in a,b, as well as its derivatives up to order d — 1( i.e.
f(xo) = fV(xg) = --- = fl4V(xg) = 0 for zo € {a,b}). On the contrary, Assumption
in the Laguerre case can be dropped out (see Sectz’on and this shows that a spe-
cific problem occurs when the density support coincides with the estimation interval. This
point presents a real difficulty and is either not discussed in the literature, or hidden by
periodicity conditions.

We derive the following estimator of (%) (see also|Giné and Nickl (2016) p.402) : let m > 1,

- LS @ DT
Jmyd) = Z a; 'y, with a;” = - Z e (Xi). (2.7)
§=0 i=1

For d = 0, we recover an estimator of the density f. Usually for kernel procedure, we
obtain an estimator of f(@ by differentiating the kernel density estimator of f see Rao
(1996)), Chacon et al.| (2011)), |Chacén and Duong| (2013) or |Giné and Nickl (2016). With
projection estimators, it is not well adapted as the derivative of an orthonormal basis is
not a orthonormal basis. This is why our strategy here is different. Moreover, a comparison
with the derivative of the density estimator in our context is provided in the sequel (see

Section

2.2.2 Risk bound and rate of convergence.

We consider the L2-risk of fm7(d)? defined in ,

B[ty = FD1P] = 155 = F DI + B[ 0y — £ 1P], (2:8)
where fr(,fl )= 21:_01 a;(f (d))goj. The study of the second right-hand-side term of the equa-

lity (variance term) leads to the following result.
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Theorem 2.2.1. Suppose that|(Al)| and [(A2)| hold in the Hermite case and that|(Al)
|(A2)| and|(A3)| hold in the Laguerre case. Assume that

E[Xl_d_l/Q] < 4w in the Laguerre case and E[|X1|¥?] < +o0 in the Hermite case.

(2.9)
Then, for sufficiently large m > d, it holds that
R d+1 (d) 12
(| fia — FO] < 150 - @4 0™ U (210)

for a positive constant C' depending on the moments in condition (@) (but not on m nor

Remark 2.2. In the Laguerre case, condition (2.9) is a consequence of and f(D(0) <
+00. Indeed, |(A1)| imposes that f(x) ~, 2% fD () which, under f(4(0) < 400, ensures

integrability of x=9"12f(z) around 0T (i.e. S0 =412 f(2)dx < o) ; integrability near oo
is a consequence of f € L([0,0)).

The bound obtained for fm?(d) in Theorem is sharp. Indeed, we can establish the
following lower bound.

Proposition 2.2.1. Under the Assumptions of Theorem|2.2.1], it holds, for some constant

c> 0, that
1
i)

~ m
E| 1m0 = FOP| 2 1580 = 7O+ c

n

The next step is to compute the rate of convergence.

Definition of regularity classes and rate of convergence

The first two terms in the right hand side of (2.10) have an antagonistic behavior with

respect to m : the first term, | f#f ) @2 is a squared bias term which decreases when m
increases, while the second md+1/2 /n is a variance term which increases with m. Thus, the
optimal choice of m requires a bias-variance compromise which allows to derive the rate
of convergence of f,, ). To evaluate the order of the bias term, we introduce Sobolev-
Hermite and Sobolev-Laguerre regularity classes for f (see Bongioanni and Torrea, (2009)
and |(Comte and Genon-Catalot| (2018)).

Sobolev-Hermite classes

Let s > 0 and D > 0, define the Sobolev-Hermite ball of regularity s

Wi(D) = {6 e L*(R), ). ka3 (0) < D}, (2.11)
k=0

where a2(6) = {0, hy) and k* is to be understood as (vk)?*, see Remark below. The
following Lemma relates the regularity of f(® and the one of f.

Lemma 2.2.2. Let s > d and D > 0, assume that f belongs to Wi (D) and[(A2)| then
there exist a constant Dg > D such that f9 is in Wi %(Dy).
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Sobolev-Laguerre classes

Similarly, consider the Sobolev-Laguerre ball of regularity s

Wi(D) = {0 e L*(R"),[0]2 = Y k*ai(0) <D}, D >0, (2.12)
k=0

where ay(0) = (0,4;). If s > 1 an integer, there is an equivalent norm of 0| (see Section
7.2 of Belomestny et al.| (2016))) defined by

s i .
i J
leNz = > 1613, 1615 = 272 ™))%, (2.13)
k
j=0 k=0

This inspires the definition, for s € N and D > 0, of the subset W,—f (D) as

W3 (D) = {6 e L2R"), 8Y) € C([0,0)), = — 2209 (z) e LAR*), 0 < j < k < 5, |02 < D}.
(2.14)

It is straightforward to see that WE(D) < W;(D). Moreover, we can relate the regularity
of f(4 and the one of f.

Lemma 2.2.3. Let se N, s >d>1,D > 0 and 0 € WE(D), then, 019 ¢ Wi_d(Dd)
where D < Dy < 0.

Rate of convergence of fm,(d)

Assume that fe Wi (D) or fe WE(D), then Lemmas and enable a control of
the bias term in ([2.10))

LED = FD12 = 3 (@ (D)2 = D 55U ay (f D)%~ < Dgm~ =,

Jjzm jzm

Injecting this in (2.10)) yields

~ d+3
E[|fonia) — F@)2] < D'm =9 4 - :
n

Remark 2.3. We stress that the squared bias and wvariance terms have orders specific
to the use of Laguerre or Hermite bases. For instance if d = 0, the latter bound becomes
m~*%+cy/m/n showing that the associated spaces are represented by the square root of their
dimension and not their dimension. Analogously in the context of derivatives, the role of
the dimension in|Schmissen (2013) is played in our case by /m.

Consequently, selecting mp; = [n?/(25+1)] gives the rate of convergence

2(s—d)

E[Hfmopt,(d) - f(d) ||2] < C(Sa da D)n_ 2ol (215)
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where C(s,d, D) depends only on s, d and D, not on m. This rate coincides with the one
obtained by |Schmisser (2013 in the dependent case and by ?. Contrary to |Rao| (1996]) and
Lepski| (2018)), we set the regularity conditions on the function f and not on its derivatives :
for a regularity s of (9, they obtain a quadratic risk n~=2(s—)/(2s+1) (case p = 2 in Lepski
(2018)) and dimension 1). Interestingly, mqy: does not depend on d. This is in accordance
with Lepski (2018))’s strategy, which consists in plugging in the derivative kernel estimator
the bandwidth selected for the direct density estimation problem. Note that, for d = 0 in
, we recover the optimal rate for estimation of the density f.

Remark 2.4. If f is a mizture of Gaussian densities in the Hermite case or a mizture of
Gamma densities in the Laguerre case, it is known from Section 3.2 in|Comte and Genon-
Catalot (2018) that the bias decreases with exponential rate. The computations therein
can be extended to the present setting and imply in both Hermite and Laguerre cases that
Mopt 05 then proportional to log(n). Therefore the risk has order [log(n)]“%/n : for these
collections of densities, the estimator converges much faster than in the general setting.

2.2.3 Lower bound

Contrary to the lower bound given in Proposition [2.2.1] which ensures that the upper
bound derived in Theorem for the specific estimator f,, ) is sharp, we provide

a general lower bound that guarantees that the rate of the estimator f,, ) is minimax
optimal. The following assertion states that the rate obtained in (2.15|) is the optimal rate.

Let s = d be an integer and ]?n,d be any estimator of f(4). Then for n large enough, we

have
2(s—d)

inf sup IE[and — f(d)Hz] >cn” 2L (2.16)
fn,a fFEW$(D)

where the infimum is taken over all estimator of f (@), ¢ a positive constant depending on
s and d, and W#*(D) stands either for W (D) or for Wy (D).

We provide in Section the key elements to establish . We emphasize that the
proof relies on compactly supported test functions, implying that the lower bound on usual
Sobolev spaces and the present one coincide, as these functions belong to both. This had
to be checked since Hermite Sobolev spaces are strict subspaces of usual Sobolev spaces.
Similar lower bounds were known for this model for different regularity spaces. We mention
e.g. (7.3.3) in [Efromovich (1999), which considers perdiodic Lispchitz spaces, or Lepski
(2018), which examines general Nikol’ski spaces.

2.2.4 Adaptive estimator of (4.

The choice of mep = [nQ/ (25+1)] leading to the optimal rate of convergence is not feasible
in practice. In this section we provide an automatic choice of the dimension m, from the
observations (X1, ..., Xy,), that realizes the bias-variance compromise in . Assume
that m belongs to a finite model collection M,, 4, we look for m that minimizes the bias-
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variance decomposition (2.8) rewritten as
7 @2 _ @ g, L (@
E[|fm ) = FDI] = 1450 = £OP2 + = Y Var [P (x0)].
=0

Note that the bias is such that ||f7(7§l) fD)2 = | fFD)2— ||f H2 where || f(9)|? is independent
of m and can be dropped out. The remaining quantity —| f&) |2 is estimated by —| fm(d) 2.

The variance term is replaced by an estimator of a sharp upper bound, given by

1 n m-— 1
= (2.17)
n i=1 ]=O
Finally, we set
i, = argmin{—| f (g)|2 + peng(m)}, where pong(m) — 5oL, (2.18)
meMmd n

where « is a positive numerical constant. If we set V,,, 4 := Z;”;Ol E[(cpg.d) (X1)?], it holds
E[peng(m)] = kVppa/n. In the sequel, we write peny(m) := KV, g/n. To implement the
procedure a value for x has to be set. Theorem [2.:2.2] below provides a theoretical lower
bound for k, which is however generally too large. In practice this constant is calibrated
by intensive preliminary experiments, see Section [2.4] General calibration methods can
be found in Baudry et al.| (2012) for theoretical explanations and heuristics, and in the
associated package, for practical implementation.

Remark 2.5. Note that in the definition of the penalty, instead of , we can plug the
deterministic upper bound on the variance and take cmd+%/n as a penalty (see Theorem
2.2.1) as Proposition ensures its sharpness. However, this upper bound relies on
additional assumptions given in and depends on non explicit constants (see |Askey
and Wainger| (1965)). This is why we choose to estimate directly the variance by ‘/}m,n and

use an/n as the penalty term.

Theorem 2.2.2. Let My, 4 := {d,...,mn(d)}, where my(d) = d. Assume that [(AT)| and
(A2)| hold, and that|(A3)| holds in the Laguerre case, and that || f|. < +00.

AL. Set my(d) = [(n/logg’(n))?dQTJ, assume that sup,cp+ % < +00 in the Laguerre
case,

AH. Set my(d) = |n? +1J in the Hermite case.
Then, for any k = ko := 32 it holds that

~ . Cl
E| I fun (a) - f<d>|\2] <0 it (I£ = £ + peng(m)) + -, (2.19)

where C'is a universal constant (C' = 3 suits) and C' is a constant depending on sup cp+ % <

+0 and E[ X = 1/2] < 4+ (Laguerre case) or ||f|« (Hermite case).
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The constraint on the the largest element my,(d) of the collection M,, 4 ensures that the

variance term, which is upper bounded by md+s /n vanishes asymptotically. The additional
log term does not influence the rate of the optimal estimator : the optimal (and unknown)
2

dimension mg,; = n2s+1, with s the regularity index of f, is such that mgy, « n2d+1 as
soon as s > d. For s = d, a log-loss in the rate would occur in the Laguerre case, but not
in the Hermite case.

2) < 4oo implies E(X;dilp)

Note that, in the Laguerre case, condition sup cp+ fx(—d < 40
(see condition ) and is clearly related to Inequality is a key result and
expresses that fg () realizes automatically a bias-variance compromise and is performing
as well as the best model in the collection, up to the multiplicative constant C', since
clearly, the last term C’/n is negligible. Thus, for f in VIN/E(D) or W§ (D) and under the
assumptions of Theorem we have IE[Hfm’(d) — fDI?] = O(n=2s=d/@s+1)) " which

implies that the estimator is adaptive.

2.3 Further questions

We investigate here additional questions, and set for simplicity d = 1. Mainly, we compare
our estimator to the derivative of a density estimator, and discuss condition |(A3)|in the
Laguerre case.

2.3.1 Derivatives of the density estimator

When using kernel strategies, it is classical to build an estimator of the derivative of f
by differentiating the kernel density estimator, as already mentioned in the Introduction.
For projection estimators, we find more relevant to proceed differently. Indeed, our aim is
to obtain an estimator expressed in an orthonormal basis; unfortunately, the derivative
of an orthonormal basis is a collection of functions but not an orthonormal basis. So,
our proposal is easier to handle. Moreover, our estimator can be seen as a contrast
minimizer, which makes model selection possible to settle up.

However, Laguerre and Hermite cases are somehow different and can be more precisely
compared. Let us recall that the projetion estimator of f on Sy, is defined by (see Comte
and Genon-Catalot| (2018), or (2.7)) for d = 0) :

= (0) (0) IS
= a wh a; = X
E a,’ Y. ere nj_go ok (

k=0

As the functions (¢;); are infinitely dlfferentlable both in Hermite and Laguerre settings,
this leads to the natural estimator of f(@, d > 1,

(Fu)® = Z i ey, (2:20)
For d = 1, we write (f,,)) = (). We want to compare (f)’ to fm,(l)' In both Hermite

and Laguerre cases, this estimator is consistent, under adequate regularity assumptions
and for adequate choice of m as a function of n.
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2.3.2 Comparison of fm,(l) with (fm)’ in the Hermite case.

Using the recursive formula (2.5)), in (2.20)) and (2.7]) respectively, straightforward compu-

tations give
1 ) ~ mi(s a
F 30 ) (0 ).

i 5
R 1 R m—1 t 1’\ .A
whereas Jm,) = \—&ago)ho + 2 < ]Taﬁ)l — ‘;ag-o)1> h;.
Therefore, it holds that E[|(fn) — fr. 2] = m/2{ E[(@W))?] + E[@"",)?]} and
E[(fm)' = Fn, ] < %(afn_l(f) +an,(f) + % U hi () f (2)da + Jh%_l(x)f(x)dx> :

Using Lemma 8.5 in (Comte and Genon-Catalot| (2018) under E[|X;|*?] < +o0 and for f
in Wi (D), s > 1, it follows for some positive constant C that,

~ ~ D m
BlI(F) — Ful) < S+t 4 0V

Under the same assumptions, (2.10) for d = 1 implies

- . m3/2
E[|(fm) — f'|?] < D'm™! 4+ c——

n

Therefore, by triangle inequality, this implies that ( fm)’ reaches the same (optimal) rate
as f,(1), under the same assumptions.

2.3.3 Comparison of fm,(l) with (]?m)’ in the Laguerre case.

In the Laguerre case, assumption |(A3)|is required for the estimator fm ) to be consistent,

while it is not for the estimator (fy,)’.

Proceeding as previously and taking advantage of the recursive formula (2.2)) in (2.20]) and
(2.7) respectively, straightforward computations give, for m > 1,

m—1 m—1 j—1
Z <a -2 Z A(0)> j,  whereas fm = Z (Eigo) +2 Z Eiéo)> l;.
=0 =) i=0 k=0

(2.21)

Therefore, in the Laguerre case, the coefficients of fm(l) in the basis (¢;); do not depend

on m while those of ( fm)’ do. Moreover, computing the difference between the estimators
leads to fr, 1) — (fm)' = 237 (s ai(c))fj and

2
[ 1 (M|24m<2ak>.
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Heuristically, if f(0) =0, as f(0) = \@ZPO a;(f) =0, it follows that 37", "a;(f) should

be small for m large enough. Consequently, its consistent estimator Z E—0 a,(co) should also

be small. This would imply that, when f(0) = 0, the distance Hfm — (fm)'|? can be
small; on the contrary, the distance should tend to infinity with m if f(0) # 0. This is
due to the fact that f,, ) is not consistent, while ( fm) is. Indeed, in the general case

(£(0) # 0), the risk bound we obtain for (f,,)’ is the following.

Proposition 2.3.1. Assume that ((Al)| and [(A2)| hold for d = 1 and that f belongs to
W3 (D). Then, it holds

~ . 3
E|(fm) = f'I* < O™ 4 —|| fllom?, (2.22)

Obviously, for suitably chosen m the estimator is consistent and by selecting mqpt = nl/s,
it reaches the rate : E[H(fmopt)’ — f'I?] < C(s, D)n=(>=2)/5_ This rate is worse than the one
obtained for fm y but it is valid without M and thus fm,(l) is consistent to estimate
an exponential den81ty, or any mixture involving exponential densities. Note that both the
order of the bias and the variance in are deteriorated compared to , and we
believe these orders are sharp.

In the following section, we investigate if the rate can be improved, if|(A3)|is not satisfied,
by correcting our estimator ([2.6)).

2.3.4 Estimation of f' on R* with f(0) >0

Assumption excludes some classical distribution such as the exponential distribution
or Beta distributions f(a,b) with a = 1. If f(0) > 0, Lemma no longer holds, and
one has a;(f) = —f(0)¢;(0) — E[¢;(X1)] instead. Therefore, f(0) has to be estimated and
we consider

n K—-1 n
~) (O F LSOy with 7o — S 20, 1
a5 = —L5(0)fx(0) — ni;ej(xl), with fr = ;0 a; ', Gy =~ ; . (2.23)

We estimate f’ as follows

m—

fhox Z al)t;, withal), = —= Ze’ (0)¢;(0). (2.24)

(1)

Obviously, @, ;- is a biased estimator of a;(f’), implying that f,’ﬂ x 1s a biased estimator
of f/,. Now there are two dimensions m and K to be optimized. We can establish the
following upper bound.

Proposition 2.3.2. Suppose|(Al)|is satisfied for d = 1, then it holds that

~ g m—1 .
B[ s — PP < 1 = il 42 30 E[(6(0)] + dm(Var(Fic(0)) + (£0) — i (0))2),
=0
’ (2.25)
where fx 1is the orthogonal projection of f on Sk defined by : fx = Zﬁ(:_ol a;(f)e;.
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The first two terms of the upper bound seem similar to the ones obtained under but
as we no longer assume f(0) = 0, Assumption for d = 1 cannot hold and the tools
used to bound the variance term V,, 1 by m?? no longer apply : we only get an order m?
for this term, under | flloc < +c0.

The last two terms of 1) correspond to m times the pointwise risk of fK(O). Then,
using [[€;]s < /2, we obtain Var(fx(z)) < 4K?/n. If | f|s < o0, this can be improved in
Var(fx(x)) < ||| K/n, using the orthonormality of (¢;);.

To sum up, if f € WE(D), and || f|| < o0, then

2
E[|Fx — FI2] < C(s. D, | fllo) {m P <K . K) } |

n
Choosing Kopy = cn'/® and mepy = cn'/* gives the rate E[Hﬁ’noph&pt —f1?] < Cn~—(5=2)/s

that is the same rate as the one obtained for (fmopt)/ . Then, renouncing to Assumption
(A3) has a cost, it renders the procedure burdensome and leads to slower rates.

We propose a model selection procedure adapted to this new estimator. Let
Fhoic = arg min va(t) (2.26)
’ teESm

where v, (t) = [¢[? + 2 37, ¢/(X;) + 2¢(0) fx (0). Here, we consider that K = I, is chosen

~

so that fk, satisfies
2 _ Knlog(n)

- (2.27)

|E(f, (0)) - £(0)

This assumption is likely to be fulfilled for a K selected in order to provide a squared
bias/variance compromise, see the pointwise adaptive procedure for density estimation in
Plancade| (2009)) ; however therein, the choice of K is random while we set K, as fixed,
here. Then, we select m as follows :

e = arg min {70 (Fhi) + penge(m) |, My = {1, [Val} (2.28)
with
penge(m) = e1] Floo ™M (1o v 1) T EIBO) e () + peng (). (2.20)
It is easy to ckeck that vn(fr’n K) = —Hﬁ’n x|?. We prove the following result

Theorem 2.3.1. Let J?r/n,Kn be defined by with m = mg, selected by —

and K,, such that holds. Then for c1 and ca larger than fized constants co 1, co2, we

have 1 o
o En og(ﬂ)) ¢

n n

Y

7 1
E(If ~ Fhul?) <€ (f' 2B
where C is a numerical constant and C' depends on f.

Theorem implies that the adaptive estimator f/n k, Pprovides the adequate compro-
mise, up to log terms.
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2.4 Numerical examples

In this section, we provide a nonexhaustive illustration of our theoretical results.

2.4.1 Simulation setting and implementation.

We illustrate the performances of the adaptive estimator fm ) defined in , with
m selected by ([2.17] - - for different distributions and Values of d (d = 1,2). In the
Hermite case we consider the following distributions which are estimated on the interval
I, which we fix to ensure reproducibility of our experiments :

(i) Gaussian standard N(0,1), I = [—4,4],

(ii) Mixed Gaussian 0.4N(—1,1/4) + 0.6N(1,1/4), I = [—2.5,2.5],

(iii) Cauchy standard, density : f(z) = (7(1 + 22))~!, I = [-6, 6],

(iv) Gamma I'(5,5)/10, I = [0, 7],

(v) Beta 55(4,5), I = [0,5].
In the Laguerre case we consider densities (iv), (v) and the two following additional
distributions

(vi) Weibull W (4,1), I = [0,1.5],

(vii) Maxwell with density v/2z2e~*"/(27%) /(g3,/7), with o = 2 and I = [0, 8].
All these distributions satisfy Assumptions|(A1)|[(A2)land densities (iv)-(vii) satisfy [(A3)]
The moment conditions given in (2.9) are fulfilled for d = 1,2, even by the Cauchy dis-
tribution (iii) which has finite moments of order 2/3 < 1. For the adaptive procedure, the
model collection considered is M,, 4 = {d,...,my(d)}, where the maximal dimension is
myn(d) = 50 in the Laguerre case and my(d) = 40 in the Hermite case, for all values of

n and d (smaller values may be sufficient and spare computation time). In practice, the
adaptive procedure follows the steps :

o For m in M, 4, compute —ZT:_()l(a§d))2 + peny(m), with a§d) given in (2.7) and
55 (m) in (E15),

+  Choose 7y, via My, = argmin {— >, (
mGMn d

a')2 + peny(m)),

o Compute fﬁzn,(d) = Z;”;O ag. )goj.

Then, we compute the empirical Mean Integrated Squared Errors (MISE) of J’C\mm(d)' For
that, we first compute the ISE by Riemann discretization in 100 points : for the j-th path,
and the j-th estimate §(j )

5 of g, where g stands either for the density f or for its derivative

1!, we set
~(j length(I) & G length (]
HQ_Q%)HZ eng Z (J xk))Qv T = Hlln([)—i-k’ engK ( )7 k= 1,..., K,

for j =1,... R. To get the MISE, we average over j of these R values of ISEs.
The constant k in the penalty is calibrated by preliminary experiments. A comparison of
the MISEs for different values of x and different distributions (distinct from the previous
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ones to avoid overfitting) allows to choose a relevant value. We take k = 3.5 for the density
and its first derivative and x = 5 for the second order derivative in the Laguerre case or
k = 4 for the density and its first derivative and x = 6.5 for the second order derivative
in the Hermite case.

Comparison with kernel estimators. We compare the performances of our method with
those of kernel estimators, and start by density estimation (d = 0). The density kernel
estimator is defined as follows

~ 1 & X; —
Fale) = = K( x) reR
nh — h

(2

where i > 0 is the bandwidth and K a kernel such that { K (z)dz = 1. These two quantities
(h and K) are user-chosen. For density estimation, we use the function implemented in

the statistical software R called density, where the kernel is chosen Gaussian and the
bandwidth selected by plug-in (R-function bw.SJ), see Tables and
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FIGURE 2.1 — 20 estimates fmm(d) in the Hermite basis of a Mixed Gaussian distribution
(ii), with n = 500 (first line) and n = 2000 (second line). The true quantity is in bold red
and the estimate in dotted lines (left d = 0, middle d = 1 and right d = 2).

For the estimation of the derivative, the kernel estimator we compare with (see Tables
and is defined by :

v 1 n / Xl‘ — X

fa@) =——5 2 K (h) :

i=1
In that latter case there is no ready-to-use procedure implemented in R; therefore, we
generalize the adaptive procedure of Lacour et al.| (2017) from density to derivative esti-
mation. To that aim, we consider a kernel of order 7 (i.e. {2/ K (z)dx = 0, forj =1,...,7)
built as a Gaussian mixture defined by :

K(x) = 4ny(z) — 6na(x) + 4ns(z) — na(x), (2.30)
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FIGURE 2.2 — 20 estimates fﬁlm(d) in the Laguerre basis of a Gamma distribution (iv),
with n = 500 (first line), and n = 2000 (second line). The true quantity is in bold red and
the estimate in dotted lines (left d = 0, middle d = 1 and right d = 2).

f Hermite case Laguerre case
Density (ii) (vi)
n 500 2000 | 500 2000
d=01]765 945 | 585 7.65
Mean of mg,y d=1|815 9.70 | 6.15 6.80
d=21|785 895 |515 5.65

TABLE 2.1 — Mean of selected dimensions m, presented in Figures and

where n;(z) is the density of a centered Gaussian with a variance equal to j : the higher
the order, the better the results, in theory (see Tsybakov| (2009)) and in practice (see
\Comte and Marie] (2020 ). By analogy with the proposal of [Lacour et al.| (2017) for density
estimation, we select h by :

~ ~N o~ 4
h = argminf| i - f7,,.,|* + pen(h)}, with pen(h) = —(Kp, Ky, ),
hEH min

where hypin = minH, for H the collection of bandwidths chosen in [¢/n, 1] and Kp(x) =
%K(%) Note that

4 4 U
pen(h) = (K Kig ) = oy | KGR

min

U

)du

hmin

and this term can be explicitely computed with the definition of K in ([2.30)).



54 CHAPITRE 2. OPTIMAL DERIVATIVE ESTIMATION

2.4.2 Results and discussion.

Figures and show 20 estimated f, f’, f” in case (ii), for two values of n, 500 and
2000. These plots can be read as variability bands illustrating the performance and the
stability of the estimator. We observe that increasing n improves the estimation and, on
the contrary, that increasing the order of the derivative makes the problem more difficult.
The means of the dimensions selected by the adaptive procedure are given in Table
Unsurprisingly, this dimension increases with the sample size n. In average, these dimen-
sions are comparable for d € {0, 1,2}, this is in accordance with the theory : the optimal
value mgy; does not depend on d.

Tables [2.2] and [2.4] for d = 0 and Tables [2.3] and 2.5 for d = 1 allow to compare the
MISEs obtained with our method and the kernel method for different sample sizes and
densities. The error decreases when the sample size increases for both methods. For den-
sity estimation (d = 0), the results obtained with our Hermite projection method in Table
[2:2] are better in most cases than the kernel competitor, except for smallest sample size
n = 100 and Gamma (iv) and Beta (v) distributions. Table [2.3| gives the risks obtained for
derivative estimation in the Hermite basis : our method is better for densities (i), (ii), (iii)
(except for n = 100 for Gaussian distribution (i)), but the kernel method is often better
for densities (iv) and (v) ; they correspond to Gamma and beta densities which are in fact
with support included in R*.

In Table we compare the errors obtained for densities (iv)-(vii) with support in R*.
Our method is always better than the R-kernel estimate. For the derivatives, in Table
our method and the kernel estimator seem equivalent. Lastly, Table 2.6 allows to compare
Laguerre and Hermite bases for the estimation of the second order derivatives of functions
(iv) and (v), for larger sample sizes. As expected, the risks are larger, because the degree
of ill posedness increases and thus the rate deteriorates. For these R*-supported functions,
the Laguerre basis is clearly better. It is possible that scale of the functions themselves also
increase (multiplicative factors appearing by derivation). Note that the same phenomenon
is observed for the L'-risk computed in [Shen and Ghosal (2017), see their Table 1.

Our method Kernel method
f K 100 500 1000 2000 100 500 1000 2000
Gaussian (i) 0.12 0.03 0.02 4.1073|0.74 023 0.13 0.07
Mixed Gaussian (ii) 1.01 0.26 0.13 0.07 1.46 0.44 0.22 0.14
Cauchy (iii) 0.63 0.38 0.19 0.10 | 426 3.42 1.75 0.89
Gamma (iv) 146 0.36 0.18 0.09 | 099 0.26 0.14 0.08
Beta (v) 1.09 0.18 0.10 0.05 | 096 0.26 0.151 0.09

TABLE 2.2 — Empirical MISE 100 x E| fz, o) — f|? (left) and 100 x E|f; — f[? (right,
Kernel Estimator) for R = 100 in the Hermite case.
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Our method Kernel method
f K 100 500 1000 2000 | 100 500 1000 2000
Gaussian (i) 1.21 030 0.15 0.10 | 1.16 0.81 0.53 0.25
Mixed Gaussian (ii) 10.08 2.39 1.89 1.07 | 14.13 3.56 2.00 1.2
Cauchy (iii) 291 128 0.87 056 | 4.14 158 1.19 0.88
Gamma (iv) 588 1.89 143 0.60 | 245 1.25 0.75 0.63
Beta (v) 584 1.76 091 0.87 | 5.62 3.19 0.59 0.33

TABLE 2.3 — Empirical MISE 100 x E| f, 1) — f/|* (left) and 100 x E| £ — f|? (xight) for
R = 100 in the Hermite case.

Our method Kernel method
f & 100 500 1000 2000 | 100 500 1000 2000
Gamma (iv) | 0.54 0.16 0.08 0.04 | 0.99 0.26 0.14 0.08
Beta (v) 0.86 0.20 0.10 0.06 | 0.96 0.26 0.15 0.09
Weibull (vi) | 2.61 0.60 0.33 0.17 | 3.55 0.80 0.46 0.29
Maxwell (vii) | 0.64 0.11 0.06 0.04 | 0.59 0.16 0.10 0.06

TABLE 2.4 — Empirical MISE (100 x E| f, ) — f|? (left) and 100 x E[| f; — f|* (right) for
R =100 in the Laguerre case.

Our method Kernel method
f " 100 500 1000 2000 100 500 1000 2000
Gamma (iv) 5.21 095 048 0.17 2.45 1.25 0.75 0.63
Beta (v) 4.55 1.55 0.95 045 5.62 3.19 059 0.33
Weibull (Vi) 126.95 3454 22.31 14.10 | 127.38 38.60 3547 11.36
Maxwell (Vii) 1.46 0.60 0.24 0.13 0.87 0.21 0.18 0.10

TABLE 2.5 — Empirical MISE : 100 x E| f, (1) — f|? (left) and 100 x E[|fL — f'|* (vight)
for R = 100 in the Laguerre case.

Hermite case Laguerre case
f " 1000 2000 5000 10000 | 1000 2000 5000 10000
Gamma (iv) | 6.40 4.20 3.39 291 | 398 3.70 1.92 1.00
Beta (v) 11.32 945 414 142 | 760 5.05 243 1.99

TABLE 2.6 — Empirical MISE 100 x E| f©

2)
2(2)

f@|? for R = 100.
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2.5 Concluding remarks

We introduced a projection estimator of f(9) from observations X1, ..., X, of density f,
relying on the Laguerre or Hermite basis. Theoretical study prove that our estimator is
adaptive and minimax optimal in the minimax sense. We also provide numerical study and
the comparison with the kernel method ensure the good performance and the stability of
our procedure. For future works, it is interesting to extend these results to the dependent
case. In literature, results exist (see e.g. [Schmisser| (2013)) with a penalty which depends
on the mixing coefficient, which is unknown. It is therefore interesting to see if it is possible
to propose an adaptive procedure with a penalty independent of the mixing coeflicients.

2.6 Proofs

In the sequel C denotes a generic constant whose value may change from line to line and
whose dependency is sometimes given in indexes.

2.6.1 Proof of Theorem [2.2.1]

Following ([2.8) we study the variance term, notice that E[|| fm,(d) - f,(;f ) 7] = Z’.n:_ol Var(a
By definition of a§d) given in ([2.7), we have

n

Var(@) = Var (H)d oL <XZ->) = Var(pl? (X1)) = B[ ()] -
=1

2.31)

Clearly, Z;-”:_Ol a?( @y = f,(,‘f )HQ. In the sequel we denote by V;;, 4 the quantity

m—1
Vina = 3, E[(¢}”(X1))?]. (2.32)
j=0

The remaining of the proof consists in showing that under (2.9)) we have V,,, 4 < em@t1/2,
For that, write

m—1 d—1 m—1
Vg = 3 f (6D (@) () = (Z j WD @) f@)da + Y f <¢§d><x>>2f<x>dx>,
j=0 Jj=0 Jj=d
(2.33)
where
d—1 d—1
D f (D@ f@)dr < 3 6D, = ed). (2.34)
j=0 J=0

To bound the second term in (2.33)), we consider separately Hermite and Laguerre cases.
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The Laguerre case.

We derive from (2.1 that
(d) : d\ ; (k)
6 () = V2 Z (—1)d-*k <k‘> L7 (2z)e™™.
k=0

Using Koekoek! (1990), Equation 2.10, we derive

L) = L Py

;o (x) = @Lj(m) = (‘Dij—k,(k)(fU)’ where L, 5)(z) = ae - ($5+Pe—$) 15<p-

Moreover, introduce the orthonormal basis on L2(R*) (Ck,(5))o<k<co DY

sl k! 1/2 S o

Therefore, (L;(2z))*) = 2L 1, k) (22) )2k, so that

d ; 3
£§d)($) :(_1)dkz_;) <Z>2§m_k/2 <(‘7 ilk)!) Uiy (), (2.36)

where /; 5 is defined in (2.35)). Using the Cauchy Schwarz inequality in (2.36]), we derive
that

3
L

/N
w
.
<
Il
u
ol
a
L
N
I X
~N__~
Yo
.
RS
=

m—1 ~oo +00
3 jo 19 (@) f () f M (@) f (@) da
j=d

+JO

3
L

xik(fj—k,(k) (x/2))* f (x/2)dx.

<
Il
SR
B
Il
=)
o

N
2
=
<,
&
Ss—

Now we rely on the following Lemma, proved in Appendix

Lemma 2.6.1. Let j > k > 0 and suppose that E[X %~1/2] < o0, it holds, for a positive
constant C depending only on k, that

+oo C
f =k [Ej,k’(k)(m/2)]2 f(z/2)dx < 7

0

From Lemma [2.6.1] we obtain

m—1 m—1 d
2 J(ZE.d)(a;))Qf(a;)dx <C 2 2 412 < omdt12,
j=d j=d k=0

Plugging this and (2.34)) in (2.33)), gives the result (2.10) and Theorem in the Laguerre

case.
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The Hermite case.

We first introduce a useful technical result, its proof is given in Appendix
Lemma 2.6.2. Let h; given in (4.9), the d-th derivative of hj is such that

d
D= N 0hjn, where 0\ = 0%, j=d= k. (2.37)
k=—d

Using successively Lemma [2.6.2] the Cauchy Schwarz inequality and Lemma 8.5 in[Comte
and Genon-Catalot| (2018) (using that E[|X|%3] < o), we obtain, for k + j large enough,

S d m-l d d m—1

th (w)dz <(2d + 1) Z Z ,g J J+k()f(33)d 2d+1 Z ZCJ ~3
- Jj=d k=—d k=—d j—d
s¢ (d)md+% (2.38)

Plugging (2.38]) and in ) leads to inequality (2 and Theorem in the

Hermite case.

2.6.2 Proof of Proposition [2.2.7]

We build a lower bound for ([2.8]). Recalling (2.31)) and notation V,,, 4 = Z’jn:_ol E[(gp§-d) (X1))?],
to establish Proposition[2.2.T we have to build a minorant for V;,, 4. We consider separately

the Laguerre and Hermite cases.

The Laguerre case.

Using (2.36)), we have

60(w) (-1t ) + =S <d>2’§;p—k/2 (“) e
g G—ar) 7% = \k G—rt) 7

=T (z) + Tor(x).
It follows that

fw(e;wm) f@)da > f ()2 () + 2 f N )T f@)de = Ey + By,

0 0 0

For the first term, as ensures that f is a continuous density, there exist 0 < a < b
and ¢ > 0, such that 1nfa<x<b f(z) = ¢ > 0. We derive

N|=

By, > 24 7t +Oox_d€2 (x)f(x)dx = c2d db_
R G-a ) =@ -0

By Theorem 8.22.5 in Szegd (1959), for 6 > —1 an integer, and for b/j < z < b, where b,
b are arbitrary positive constants, it holds

0 5)(@) = 0(ja)"T <cos(2\/§\/j?c - %” — g) + (jx)—%ou)) : (2.39)
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where O(1) is uniform on [b/4,b] and d = 2V/*/\/7. It follows that,

2 L -
3 (@) = %(jx)‘é [1 + cos(4/2\/jz — 67 — 5)] + (o) o).

We derive that Sa i (d)( z)dx = C(j—d)~'/2, after a change of variable y = /z, for some
positive constant C' depending on a,b and d. Consequently, it holds

Bl >C(j—d)% 2>, Vj>2d, (2.40)

where €’ depends on a, b, c and d. For the second term, we have
40
B <2 f 13 ()T ()
0

- 2 ( )22 [ s gorwe s [t @@

0

By Lemma it follows that

|By| < g.@. %Z <> ’“+d<0jd—1‘

This together with (2.40)), lead to goo(fgd))%x)f(a:)dx > C'j%°%, j > 2d where C
depends on a, b, c and d. We derive

[N

Vinag = Cmt2, (2.41)

)

which ends the proof in the Laguerre case.

The Hermite Case.

The proof is similar to the Laguerre case. Consider the following expression of h; (see
Szego| (1959), p.248) :

1 ] 1
hj(xz) = Aj cos <(2] +1)2z — ‘7;) + m@(az), Vz e R, (2.42)

where \; = [h;(0)| for j even or A; = |h}(0)|/(25 + 1)1/2 for j odd and

§i(x) = Jx sin ((2]' + 1)%(:r - t)) t2h;(t)dt.

0

By Stirling Formula, it holds

1
(2 ~1/2 .-1/4 _ v2)+1 —1/2.—1/4
)\2] = 2].7'7r1/4 ~ T Vi and )\2]_;,_1 = )\2]2].7_’_3/2 ~ T ] . (243)
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Differentiating (2.42]), we get

W) = (25 + D eos (25 + Dia 2T 4 D) 4 L _e(a),

Note that if d = 2 it holds
£ (2) = /25 + 122hy(x) — (25 + 1)&;(x). (2.44)

From - there exists a < b and ¢ > 0 such that inf,<,<p f(z) = ¢ > 0. It follows

b
jR (@)% @)do (2] + 1”?[ cos? ((2j +1)3w = (j+ d) 5 ) da

a
b

+2e0(2) +1)F f cos ((2; +1)Ez— (j + d)g) D (@) da := Ey + B».

a

For the first term, using cos?(z) = (1 + cos(2z))/2 and (2.43)), we get

By = o2 + 1)"\2 <b . “ (1j)> > djt s <b 5 ¢, (’)(\[)>

For the second term we first show that
Vo € [a,b], Vi = 0, ¥d > 0, £ () = 0(j7). (2.45)
To establish (2.45)) we first note, using (2.44)), that for d > 2, Vz € R,

V(@) + 25+ D) (@) = (€2 (@) +(25+1)¢5(2)) @2 = /2 + 1(ahy(2) @2 = Ty 4(x).

Together with Lemma one easily obtains by induction that Yz € [a,b], V) >
0, V,4(x) = O(j%). The latter result gives fj(- jf 2 4 VU, ¢ and an immediate in-
duction on d leads to (2.45)). Injecting this in Fy gives, together with -, |Ey| < Cj4 4,

for a positive constant C' depending on a, b, ¢ and d. Gathering the bound on E; and FE»
lead to
b—a 1

34 +0(5)) -0 > it

fR WD (@) f (2)da > 43 (
and
Vi = cqm?*a, (2.46)

which ends the proof of the Hermite case.

2.6.3 Proof of (2.16))

We apply Theorem 2.7 in [Tsybakov| (2009). We start by the construction of a family of
hypotheses (fy)g. The construction is inspired by [Belomestny et al.| (2017)). Define fy by

o) = Pl) (@) + 371112)(x) + Q) 1pa(2), (2.47)
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where P and () are positive polynomials, for 0 < k < s, P ( ) (3) =0, PR(1) =

limg 1 (x/2)®), Q™)(2) = limgpo(x/2)*) and finally SO S (z)dz = %. Consider
fo defined as a perturbation of fj
K-1
fo(z) = folx) + 6K~ 0% X" 0 (@ — 1)(K +1) — k), with K €N, (2.48)
k=0
for some § > 0,0 = (01,...,0k) € {0,1}¥ v > 0 and w Wthh is supported on [1, 2], admits

bounded derivatives up to order s and is such that Sl x)dzx = 0. The lower bound 1)
is a consequence of the following Lemma.

Lemma 2.6.3. (i). Let s >d, V 0 € {0,1}X, there exist & small enough and ~y > 0 such
that fy is density. There exists D > 0 such that fp belongs to W (D). If in addition
v=s—d, fp belongs to Wi (D).

(i3). Let M an integer, for all j <1< M, Y99, 00 in {0,1}5, it holds er(f?) (l) H2
Co2K=2.

(iii). For & small enough, K = n"/®7+24+) angd for all (09))1<;<nr € ({0, 1}5)M it holds

1

M 2 (fe(j)®n7 f0®n) < OéM,

lM:

where 0 < o < 1/8 and x%(g,h) denotes the x? divergence between the distributions
g and h.

Choosing v = s — d, K = n'/(27+2d+1) and § small enough, we derive from Lemma
that,

(s=d)
17D — f912 > 02?551, weY), 90 e {0,135

The announced result is then a consequence of Theorem 2.7 in [Tsybakov| (2009).

2.6.4 Proof of Theorem [2.2.2

Consider the contrast function defined as follows :

n

Tnalt) = 142 = 2 Y (-DH(X), 1 IX(®R)

i=1
for which ﬁm(d) = argminy, q4(t) (see (2.7)) and 'yn(fm ) = —Hfm,(d)Hz. For two functions
teSm
t,s € L2(R), consider the decomposition :
Ynd(t) = ma(s) = [t = fDP = s = FOP = 204(t - s), (2.49)

where

at %2( Xi) =<t JD)).
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By (2.18), it holds for all m € M, 4, that Yp a(fr, (@) + PeNg(Fin) < ua(f5) + peng(m).
Plugging this in (2.49) yields, for all m € M,, 4,

Tty = LD < IS0 = PO+ 5004(m) + 20n,0 (T — 57 ) = BoRg(n). (2.50)

Note that for ¢ € L*(R), vna(t) = [t|vna(t/t]) < [¢ SUDPseS,, + 5, |s|=1 |Vn,a(8)]. Conse-
quently, using 2zy < z2/4 + 4y?, we obtain

2Vn.a (fmn,(co - f#f)) < g1y = FOI + §Hf,§§” AL 4t s +S§lp||t|| 1 na®F
€EOm mo =

(2.51)
It follows from (2.50)) and (2.51)) that :
1, ~ 3 — — A
3 ) = FOP < §Hff£l) — [P +peng(m)+4  sup v a(t)? — peng(i).

teSm+Sm,|[t||=1

_ 4vam’,d

=t we get, after taking the expectation,

Introduce the function p(m,m’)

1 ~ 3
SE (1T = FOP| < SI£8 = FOI2 + peny(m)

+4E [( sup [Vn.a(t)* — p(m, ﬁzn)> ]
tesm“"sfm‘lt”:l +

+ E[4p(m, ) — peng(inn)] + E [(peng(in) — penig(in)) ] -
The remaining of the proof is a consequence of the following Lemma.

Lemma 2.6.4. Under the assumptions of Theorem[2.2.9, the following hold.

(i) There exists a constant ¥y such that :

E [( sup Wn.a(t)* — p(m,ﬁ@@) ] < &
+

teSm+Sxm,||t||=1 n

(ii) There exists a constant Yo such that :

. — A 1 ~ by
E [ (peng(fiin) — Peia(in)) ] < SE[peng ()] + .
Lemma yields
1 ~ 3 z ~ 1 ~ by
SE [ 1F ) = FOI] < SIFED = FO1? + peng(m) + 4= + El4p(m, fv,) — Speng(ing)] + .

Next, for k > 32 =: ko, we have, 4p(m,m,) < peny(m,)/2 + peny(m)/2. Therefore, we
derive

43+ %
9221 + 22

s VYm e Mn,d'
n

B[ 1 fa @ — FOI?| < 315D — 92 + 3peny(m) +

Taking the infimum on M,, 4, C' = 3 and C’ = 2(4%; 4+ X3)/n completes the proof.
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2.6.5 Proof of Proposition [2.3.1]

First, it holds that
E|I(Fm) = £12] < 2[10m) = FI2 + ELFn) = (F)12]]
+00 m—1
= 2j0 (Y aj(£)l(x))2de + 2E [u NG aj<f>>f;»|2] .
j=m Jj=0

For the first bias term, we derive from ) that (¢}, 6,) = 2+ 4j A k for j # k and

0.0 =1+ 47, and we derive that
AN

+00
| (T ahb@ii = ¥ aPara ez Y a4,

0 j=m j=m m<j<k

First, for f in W} (D), we have

D ai(f)P(1+45) <m™* ) jPai(f)? +4m T Y jPas(f)? < 5Dm Y

j=zm j=m ji=m

and by the Cauchy-Schwarz inequality, it holds for a positive constant C,

2 aj(f)%(f)é( > jsaj(f)kaak(f)Q) ( > jk)

m<j<k m<j<k m<j<k
< Z jsaj(f)2 Z j—s < DCm—S+1
j=m j=zm
1
2
>, dlai(Har(Hl < Y dla(f (Z Fan(f)? )] k) <VDC Y] j3 % 3ai(f)] < DOm ™"+,
m<j<k j=zm k=j k=j j=m
Thus, it comes
2|(fm) = f> < Cm~ G2, (2.52)

where C' > 0 depends on D. Second, for the variance term, straightforward computations
lead to

m— 400

E|| Z i —a; (NG| =

- n Jo

m—1 1 [t® m—1
Var( Z C(X1)l(x))dx < nJ E [( Z fj(X1)€;~(:E))2] dz.
7=0 0 j=0

By the orthonormality of (¢;); and |(A3)] - we obtain

+00

m—1 1 +00 +00
fE[<Z fj(XM;(x))Q] dr < Hf”oo f fz (W)l ()0 (u) O, () duda
0 j=0 Jk=0 3
m—1
= [ flloo D (1 +45) < 3] floom®.
j=0

From this and ([2.52)), the result follows.
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2.6.6 Proof of Proposition [2.3.2]

By the Pythagoras Theorem, we have the bias-variance decomposition E[Hﬁn x—I'1?] =
I = fol? + B[ i — Frll?]- As £5(0) = v/2, it follows that

m—1

T = I = 2, [ V2(Ji(0) %Z X-)])] 4.

j=0

From the orthonormality of (¢;);, it follows

m—1 2
E[lfrx = Inl?]= X E [—\@(fK(O) = f(0)) = = D (65(Xi) — E[EQ(Xz)])]

3\*—‘
H‘M:

1=1

i=1

m—1 n 2
<4mE |(fx(0) = fO)7| +2 Y E [(i 2,(65(%0) —E[f&(XnJ)) ] -
j=0

Finally, using that the (X;); are i.i.d. lead to the result in the second variance term.

2.6.7 Proof of Theorem 2.3.1]

We have the decomposition :

() =n(s) = [t =12 = s = '[P =2(s = t, f") = % 25" = )(Xi) = 2(5(0) — £(0)) f (0)
i=1

and as (t, f')y = —t(0) f(0) — {¢'f, we get

() = An(s) = [t = 12 = s = f'|* = 2vn(s — £) — 2(s(0) — £(0))(fx (0) — £(0)), (2.53)
Z — ().

with

3\’—‘

First note that for

~

;Z_ alhty, alk =E@%] = (4 + 4(0)(£(0) — E[Fx (0)],

it holds that

m—1

If' = fric|® = Z Flt — Z<f Ui — Z 4( —E[fx(0)])¢;

= Y+ 2 2 (£(0) = E[Fxc(0)])* = |/ = FuI? +2m (£(0) — E[fx (0)])*.

j=m 7=0
Let us start by writing that, by definition of mg, it holds, Ym € M,,,

Yo (Fhe i) + Pen (M) < Yn(frn i) + Peng (m),
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which yields, with (2.53)) and notations introduced in ([2.29)),
[Feac = /1P < g = J'IP + penge(m) + 20 (i s = Fhye.ic) = peny ()
+2(frn,x(0) = fhi, K(O))(fK( ) = f(0)) — peny g (M)

< Nfimx = FI? + peng (m) + *Hfm k= The P +8 sup v () — peny (M)

t€Sm v g

+16(m v ) [fx(0) = f(0)]” = peny g (7).

To get the last line, we write that, for any t € S,

t(0)] =

and we use that 2zy < 22/8 4 8y? for all real x,y. We obtain
1 1 /12 3 112 N 2
e = FIB < S = I + peng(m) + 16m(Fc(0) = F(0))

+8 ( sup v2(t) — pi(m v ﬁlK)) + 8p1(m v M) — peny (Mi)
tes,

vl tl=1 n
[ > log(n)
H67c | (Fic(0) = £(0)) = eall e v EE (2:54)
where
m2
p1(m) = b(1 + 2log(n))[ fleo——~, b>0.
The following Lemma can be proved using the Talagrand Inequality (see Section [2.7.2]).

Lemma 2.6.5. Under the assumptions of Theorem andb > 6

> E[ sup Vﬁ(t)—m(m)] <
me, L teSmiltl=1 .

Slo

It follows that

E < sup v2(t) — pi(m v ﬁLK)) < Z (
tes, 'eM,,

v lHl=1 s

va(t) —pi(m v m’))
tes, HtH:l

m’vm>

+

< (2.55)

3.“33

This implies that 8pi(m v mg) < pen;(m) + pen,(mg) for ¢; —defined in (2.29))— large

enough.
K1
<\ /20710 v 28 }

Moreover, let a > 0 and

=

(2 —E(Z)| <

S|
Angk

=1
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where ZK .= ZJK: _01 ¢;(X;). To apply the Bernstein Inequality (see Section |2 , we
compute 52 = |f|oK and b = /2K and note that K log(n)/n < 1. Thus, we get that
there exist constants ¢y, ¢ such that

For a > ¢y, P(Q%) < %. (2.56)

On Qg, it holds that

n 2
(Fc(0) ~ f(0))” = (; Mz m(zm) < 2a(fl v DEEM (257
=1

For any K,, < [n/log(n)] satisfying condition (2.27)), we have

E {ﬁmn [(fKn(O) = [(0)? =2l flloo v UK”logrEn)H

< E {ﬁ%m [(fKn(O) — i, (0)* = (e2 = 2)(| o v 1)K”10g75n)]}

Now we note that \fK(J:)] < 2K for all z € RT and any integer K and by using the
definition of (2.57)), provided that cy > 2a + 2, we obtain

E {ﬁm [<fKn<o> — i (02— (e = 2) (| v 1, B ]}

N

E{ﬁm[(fmm)—fKn<o>>2—<cQ—2><rf|oovl 2] 4, }

E {mK [< T (0) = 15, (0)% = (2 = 2) (| f oo v DK 1"%5")] 1%}

< OnPPPQ% ) <

Sl

the term on Qg being less than or equal to 0. Plugging this and (2.55)) into (2.54)), we get

E (| i =) < 3lfms = f'P + dpen(m) + 32m(fic(0) - £(0)) +

C
n

which gives the result of Theorem [2.3.1] [J

2.6.8 Proofs of auxiliary results
Proof of Lemma [2.2.7]

In the Hermite case ¢; = hj and f : R — [0,00), allowing d successive integration by
parts, it holds that

+00

a;(f D) = fﬂd( [2 Dk fE=1=R) (g )hg’”(x)] +(—1)4 thg.d)(x)f(x)dx.

—0
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z2

By definition for all j > 0, h;(x) = ¢c;H;(x)e” 2 where H; is a polynomial. Then, its k-th

derivative, 0 < k < d — 1, is a polynomial multiplied by e~ /2 and limy, 40 hg» )( ) =0.
This together with [(A2)| gives that the bracket in (2.58)) is null and the result follows.

Similarly in the Laguerre case, (2.58)) holds integrating on [0, 00) instead of R and replacing
h;j by £;. The term in the bracket is null at 0 from It is also null at infinity using
(A2)[together with the fact that ¢; are polynomials multiplied by e~ leading similarly to

limg e f@—17K) (m)ég-k) () =0,0< k<d—1,j>0. The result follows.

Proof of Lemma [2.2.2]

We control the quantity

d—1
DA Ryt = 3 KD Y D, )2, (2:59)

7>0 =0 i>d

The first term is a constant which depending on d. For the second term using Lemma

[2.6.2] we obtain
2
Z js_d<f(d)’hj>2 = 2 js_d ( Z bk]f ]+k )f( )dl‘)

i>d i>d k=—d
d 2
<X Y ([rawi@a) -c SN e
j>d  k——d k=—d j>d

d
—Cq )] < > \j—kls<hj,f>2> <C, ( 25j8<hj,f>2> = (2d + 1)2°DCy.
k*fd

k=—d \j>d+k

Inserting this in (2.59)), we obtain the announced result.

Proof of Lemma 2.2.3]

We establish the result for d = 1, the general case is an immediate consequence. It follows
from the definition of Wf( D) that (#)Y), 0 < j < s—1 arein C([0,0)). Moreover, it holds
that z — 2#2(0")9)(z) € L2(R*) for all 0 < j < k < s — 1. The case k = j is obtained
using that 0U9) is continuous on C([0,0)) and that z — zUTD/2(0")0)(z) e L2(RT). Tt
follows that

rre’|rr§=§(xj/2§(j) ®|° <22wa2 () ol +22me o

s—1
<C+2Y |02 () < oo,
7=0

where C' depends on D. Finally, using the equivalence of the norms |.|s and ||.|[s, the value
of D’ follows from the latter inequality.
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Proof of Lemma [2.6.11

Consider the decomposition

[ et rwter e 2

0

where for v = 45 — 2k + 2, j > k, we used the decomposition (0,0) = (0,2] U (1, %] u

v v’ 2
(%, v—vBlu @ —vB v+ /1810 (v +v/3,3v/2] U (3v/2, ). Using Askey and Wainger
(1965) (see Appendix [2.7.1)) and straightforward inequalities give

I < f” xik(xy)kf($/2)dx < JV xik(djl/)il/Zf({L‘/Q)dx < V*1/21[:4:[)(71671/2]7
0 0

I < J2 x*k((xv)’1/4)2f(x/2)dx — 2 Jz x*kfl/zf(af/Q)d:c < V71/2E[X7k71/2]7
1 1/v

v—pi/3

Iy < JV’/ xik(’fil/z;(’/ - $)71/4)2f(33/2)d:13 = Vl/QJ xik(u — :z:)fl/Qf(a;/Q)dm < Vfl/Z,

v

M
M

V+V1/3

v+v
I, < f 2RV f(e/2)da < 1/_2/3J e * f(x/2)de < v V2R < V2,
L1/3

SN

3v/2

5 sf 2Ry (g — ) TR R 9y de < v /GVka(x/2)da: <12,
+

o [ ate e /e < SR = 0(),

Gathering these inequalities give the announced result.

Proof of Lemma [2.6.2]

The result is obtained by induction on d. If d = 1, h’ is given by ([2.5) ., with b(jijil =

72/N2, boj = 0 and b") = (j +1)"/2/3/2, ¥j > 1. Thus, it holds b,g ) = 0(j?) and ([2.37)
is satisfied for d = 1. Let P(d) the proposition given by Equation (2 and assume P(d)
holds and we establish P(d + 1). It holds using successively P(d) and |D that

d+1 b \/ h- \/j+k:+1hA

Z 73 jk—1 — vz j+k+1
k=—d

_ dzl p@) vj+k’+1hA . df o NIEK, dil b+

= Kt 1) kK — k1,5 JHK T kg kD
K=—d—1 T2 K=—d+1 T V2 a1

d . . d d Vjitk+1 Q) Vjt+k

where bi(w) = 0(j%?),Yj>d>|k| and bz(f,jH) bl(qJZLJlegd 1—by )1JW1|k|<d+1-

It follows that [b d+1)\ <24/(j+d+ 1)/2]'% < Cdj%, |k| < d < j, which completes the
proof.
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2.6.9 Proof of Lemma [2.6.3]
Proof of part (i).

By construction, fo is positive and V0 € {0, 1}¥, § fy(z)dz = § fo(x)dx = 1. It remains to
show that fy is nonnegative. The supports of (¢((. — )(K +1)— k>>0<k<K—1 are disjoint
and are in [1,2], then fy(x) = 0 for all 2 € R\[1, 2]. Now, for all z in [1, 2], there exists ko
such that

o) = &+ 6K 01 (0 = DK +1) — o) > 5 — 0|k

which is nonnegative if § < [1];!/2. Now, let us show that fo and fy belong to W#(D).

The Laguerre case. We use the equivalent norm ||.|[s of |.|s (see (2.13])) and start with fq.
As fy is s-th differentiable, we have

Ifoll2 = 20 f <x/2() ) e < 2 2() f (921 ().

As Sg(xj/zfék)(m))zdx < c(s) < 40, 0 < k < j < s, it follows |f|2 < 3D/4, D depends on
s. For fp, we have

—1

s r2(J s\ K
Il fo— foll2 =6*K =272 37 J (Z 6) )
j=0“1 \i=0

k=0

2 1 -—2v—2d 5 J J ? 7/2 kN L) _ _ :
<O’K D2 z 223" e (K + DO (@ - 1)(K +1) = k) | da.
k=0

§=01=0 1

220 (K + 1)!0 (2 — 1)(K + 1) — k)) dz

Using that ¢ ((z—1)(K +1)—k), vV ((z—1)(K +1)—k’) have disjoint supports for k # &’
and that ¥() are bounded by ¢, we get after the change of variable y = (z —1)(K +1) — k,

s K—
Il fo = folls <6°2*c* K=~ 2d2 Z K +1)%71 < O(s)62 72002,

For v > s — d and § small enough, it holds |fy — fo|s < D/4 and therefore |fy|s <
|fo — fols + | fols < D

The Hermite case. The usual Sobolev space W¥, if s is integer, is defined by

S
W* = {f e L*R), f admits derivatives up to order s,such that || f||sso» = Z IF9)? < +00}.
j=0

It is proved in |Bongioanni and Torrea; (2006) that : if f € W* has compact support, then
f belongs to W§;. By construction fo and fp have a compact support and as they admit
derivatives up to order s, they belong to W#. It follows that fy and fg belong W. This
completes the proof of (7).
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Proof of part (i7).

As for k # K, ¢((. = 1)(K + 1) — k), ((. = 1)(K + 1) — k') have disjoint supports, we
have, Y6\, 60 e {0,1} %,

K-1 2
d j l —2vy— 2
1138, = 1581 =0 3 (021 = 02K 4 12 [0 (0 = 1) + 1) = 1)’
k=0

> 52H¢(d)“2K—2v—1 (g(j) )
where p(0@), 91 = Zk 1 9(3) » 9<l) is the Hammmg distance. By Lemma 2.7 in [Tsybakov
(2009), for K > 8, there exist {#(¥) M) in {0,1}¥ such that

K
8

A K
p(g(J)7‘9(l))>§, V 0<j<l<Mand M =2

Thus, it holds, ¥90), 80 e {0,135, | £\ — £\01% = 62/8]@ |2k ~27, which gives (i7) if
we set C' = [¢(@) H2/8

Proof of part (ii).

For M integer and (09));<j<ps in ({0, 1}5)M | we have

M M M ,
Z X2 (f9(1)® ) 0 Z 1+ X fe(])’ fO — Z < nlog(1+x (fg(j) fo)) _ 1) .
j=1 j=1

" (2.60)

Since fp = ¢ > 0 on [1,2], it holds for any 6 € {0, 1},

2 — folx
X*(fo. fo) = L (fe(x)fo(j)o( ) dx K_QV 2 Z J (z-1)(K+1)— k‘)>2daz

2 2
< Cgrrapyp e ¥
c clog?2

log(M)K—Z’y—Qd—17

where we used that M > 2% . Consequently, using in (2.60]) that log(1 + z) < z, for any
x = 0, and the latter inequality, give

K72W72d71

1 M 2 ®n £ @n n=32_1oa(M)
MZX (fa(]) 7f0 ) < e clog2 1
=

comes the result.

For & well chosen and K = nl/(2v+2d+1),

Proof of Lemma [2.6.4]

Proof of part (i) First, it holds that

E sup [Vn.a()]? — p(m, M) < 2 E sup [Vn.a()]? — p(m,m’) ,
t€Sm +Sq, |t =1 N mEMn.a teSm+S,,,[t|=1 N
(2.61)
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which we bound applying a Talagrand Inequality (see Section|2.7.2)). Following notations of
Section we have three terms H?, v and M; to compute. Let us denote by m* = mvm/,
for t € Sy, + Sy, |t] = 1, it holds

m¥*—1 m¥*—1
[#1? = | Z ajpilP = D) af =1.
7=0

Computing H?2. By the linearity of v, 4 and the Cauchy Schwarz inequality, we have

m*—1 2 m*—1 m*-1 m*—1
Vna(t)® = ( > aj%,d(%‘)) < Dad Y vhalen) = D vhales)
i=0 =0 j=0

7=0

One can check that the latter is an equality for a; = v, 4(¢;). Therefore, taking expecta-
tion, it follows

1
E[ sup 7yt ] ) Var(va(ey) = =) Var(@)? (X))

teSH,[t)=1 §=0 j=0
< 1m*_1E @ (x,)2] = Ymrd _, 2
S Z [‘Pj (X1) ] n
7=0
Computing v. It holds for t € S,, + S, [t| = 1,
m*—1 2
var (-4 (x)) < f 1D ()2 f () d f( 3 ael ) (@) (2.62)

d—1 m*—1 2
2j<2ajw§d><z>> f(x)dz +2 f ( > ajsogd)(x)) f(x)da.
j=0 Jj=d

The first term of the previous inequality is a constant depending only on d. For the second
term, we consider separately the Laguerre and Hermite cases.

The Laguerre Case (¢; = ¢;). Using (2.36)) and the Cauchy Schwarz inequality, it holds
that

f (m*z_lajegd>(x)>2 f(z)de <37y (Z) f <milaj ( ; J k)!> : x—éej_k,(k)(x)f f(x)dx

j=d

(2.63)

where we used the orthonormality of (¢} 1));j=0 and where C(d) is a constant depending

only on d and sup,cp+ %

The Hermite case (pj = h;). Similarly, using Lemma and the orthonormality of A,
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it follows

m¥*—1 2 2
J( D ajhg,@(x)) F@)dz <(2d + 1) Z J( abeshy o )) F(@)da

j=d k=—d

<C(d)| f o (m*)". (2.64)

Plugging (2.63)) or (2.64) in (2.62)), we set in the two cases v := c1(m*)¢ where ¢; depends

on d and either on sup, g+ %

(Laguerre case) or | f]s (Hermite case).
Computing M;. The Cauchy Schwarz Inequality and |t| = 1 give

m*—1

d
(=14 D e = | Y (=1)%a;0\" | < sup
j:0 zeR

(2.65)

The Laguerre case. We use the following Lemma whose proof is a consequence of ([2.2))
and an induction on d.

Lemma 2.6.6. For {; given in (2.1), the d-th derivative of ¢ is such that Hﬁéd) oo <
Cy(7 + 1), ¥j = 0 and where Cy is a positive constant depending on d.

Using Lemma [2.6.6] we obtain
milg(.d)(x)Q < O2(m*) 2+ (2.66)
$ < Cj . .
j=0
The Hermite case. The d first terms in the sum in can be bounded by a constant

depending only on d. For the remaining terms, Lemma and [[hjfeo < ¢o (see (4.10))
give

m¥*—1 d) d m¥*—1
> <Cigs >, D i< Cm)H, (2.67)
j=d k=—d j=d

where C is a positive constant depending on d and ¢g.

Injecting either (2.66)) or (2.67)) in (2.65]), we set My = (’)(md+%) in the Laguerre case or
M, = (’)(m%J’%) in the Hermite case.

Now, we apply the Talagrand Inequality see Appendix with e = 1/2, it follows

H? M} H
E sup vn.a(t)]? — 4H? < G <v exp (—an> + C3—L exp ( Oyt >>
teSm+S,,.,[t|=1 N n v n My

= S W) + Vi),

The Laguerre Case. We have

*\2d+1 ava
Ug(m*) = e1(m*)exp (—Cg Vintd ) and Vy(m™) = CgCQ(Tn;L exp ( Cyv/n ij) )

c1(m*)4 ca(m*)
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From (2.41)) and the value of m,,(d), we obtain
Ug(m*) < cl(m*)dexp(—Cém*%) and  Vy(m*) < Cyea(m*)®+ 2 exp(—Civ/n(m*) "z 1),

Using the value m,,(d), it holds (m*)?*/2 < n/log3(n), which implies (recall m* = mvm’)

D, Vam*)<C ) (m*)* 3 exp (—Calog?(n)) < Lgp2,

MEMp.a m'eMpa

d_
2

ST

where X9 is a constant depending only on d. Next, it follows

Z Ug(m™) = Z Uag(m*) + Z Ug(m*) = com® exp(—Cym?2) + Z c1(m/) exp(—Chm'?).
m/=1

m/=1 m/=m m/=m

d+1

The function m — m exp(—Cém%) is bounded and the sum is finite on m/’, it holds

n
C1 Z Uq(m™) < ¥4, where ¥4, depends only on d.
m/=1

The Hermite case. Only the second term Vy(m*) changes. Here, it is given by

*\d . 1
Vd(m*) N CgcQ(mrzHeXp< Cyvn——-7"+ m ) < 0302(m*)1/2 exp(—C'zi\/ﬁ(m*)*z)

Cg(m*)2+7
#\1/2 T
< Czca(m™) /= exp(—Cy(m™)2),
where we used (2.46)) and the value of my,(d). We derive that 3, g Va(m*) < Zg2.

]

Gathering all terms, it follows

by
E sup \unyd(t)\Q — 4H? < —, where ¥ =Yg + g2
teSm+S,,,t]|=1 4 n

Plugging this in (2.61)) gives the announced result.

Proof of part (ii). We use the Bernstein Inequality (see Appendix [2.7.3)) to prove the
result. Define

m—1
= 2 (@ (X)% then, Vpa=- ZZ
§=0

We select s and b such that Var(Zi(m)) < s% and |Zi(m)] < b. By the computation of M;
(see Proof of part (i)), we set b := C*m®, with o = 2d + 1 (Laguerre case) or « = d + 1
(Hermite case), where C* depends on d. For s?, using that Var(ZZ-(m)) < E[(ZZ-(m))Q] <
bZ;”_OIE [(gogd) (Xl))Q] = C*mV,, 4 =: s>. Applying the Bernstein Inequality, we have

for S, = n(Vm d— Vin.d)
2 * (6% * (0%
IP( > 4|22 M mg | O ””) <27, V&> 0. (2.68)
n 3n

Sn

n
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Choose x = 2log(n) and define the set

e | *
0= {'m € Mn,da %‘Sn‘ < 2\/0 = Og(n)vm’d + 2CTm log(n) }

n 3n
Consider the decomposition,

E [ (peny(iitn) — peiig(iin)) ;] < E [(peng (i) — pena(im)) ; 1o]
+E [ (pengy(mi,) — petig(imn)), Loc|

Using 2ry < 22 + 32, we have on (2

o 2o %A~ . .~
U a— Vinal < Vind N 2C*m>log(n) N 2C*m*log(n) _ Vina N 8 C*m log(n).
) ’ 2 n 3n 2 3 n

The constraint on m,, gives m4t1/2 < Cn/(log(n))? together with ([2.41) giving Vizq =

8C* Mm% log(n) 8CC* Vimd 4
) that =3 oS 30 logln) S T4

c*m1/2 give for a = 2d + 1 (Laguerre case 4 for n

large enough and

E[peny(fi,)]- (2.69)

=~

E [ (peng(im) — Beng(iin)) . 1] <

In the Hermite case (o = d + 1) computations are similar as m?*! < Mm2¥*+!. For the
control on ¢, we write, using ([2.68)),

. ~ N
E [(peng (i) — peny(fin)), 1oe] < 26P(Q°) <2k ). 2e 280" .= 72 (2.70)
mEMnﬁd

Gathering (2.69)) and (2.70)), we get the desired result.

2.7 Some inequalities

2.7.1 Asymptotic Askey and Wainger formula

From |Askey and Wainger| (1965)), we have for v = 4k + 2§ + 2, and k large enough

(a) (av)%? ifo<z<1/v
b)  (av)” M4 if 1/v <z <v/2
¢) v Vv —z)"V4 ifrv2<z<v—v3
|€k7(5)($/2)| <CHK d) V,1/3 if v — V1/3 <zr<v+ 1/1/3
e) v YAz — ) Whem v @R e, 4 )18 < 0 < 30/2
) e e if x > 3v/2

where 71 and 79 are positive and fixed constants.
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2.7.2 A Talagrand Inequality.

The Talagrand inequalities have been proven in Talagrand| (1996]) and reworked by |Ledoux
(1997). This version is given in Klein and Rio| (2005). Let (X;)1<i<n be independent real
random variables and

alt) = - D (H(0%) ~ E[H(X)))
=1

for t in F a class of measurable functions. If there exist M7, H and v such that :
1 n
sup [t < My, Efsup | vu(t) || < H, sup— ) Var(t(Xy)) <v,
teF teF teF N4
then, for € > 0,

nH

4 | o nH? A9M?2  —KiC(e)/e
E 2(1)| — 2(1 + 2¢)H? < — { ek 7L M,y
[&y%@|<+a>)J e b e ,

where C(e) = (v/1+e—1) A1, K1 =1/6 and K| a universal constant.

2.7.3 Bernstein Inequality (Massart (2007)).

Let X1,...X,, n independent real random variables. Assume there exist two constants s

and b, such that Var(X;) < s and |X;| < b. Then, for all z positive, we have

b n
P <\5’n\ > V2ns?x + §> < 2e” %, with S, = Z(Xl — E[X;)).

i=1
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Chapitre 3

Hermite density deconvolution

Ce chapitre est une version modifiée de l'article Sacko, O. (2020). Hermite density decon-
volution. ALEA Lat. Am. J. Probab. Math. Stat., 17(1) :419-443.

Résumé. Considérons le modele a bruit additif : Z = X 4¢, ou X et € sont indépendantes.
Nous construisons un nouvel estimateur de la densité de X a partir d’observations de 7,
fondé sur une méthode de projection en base d’Hermite sur R. Nous étudions le risque
quadratique intégré de notre estimateur. Nous prouvons qu’il est consistant et atteint
les vitesses classiques dans ce contexte. Nous montrons aussi que les résultats peuvent
s’étendre au cas de variables dépendantes. Nous proposons une procédure d’estimation
adaptative, c’est-a-dire une méthode pour sélectionner un modele pertinent. L’estimateur
résultant réalise automatiquement un compromis biais-variance. Des simulations numé-
riques sont proposées et des comparaisons avec la méthode proposée dans |[Comte and
Lacour| (2011) et le cas direct (¢ = 0 presque stirement) sont effectuées.

Mots-clés. Déconvolution, base d’Hermite, sélection de modeéle, estimateur non paramé-
trique.

Abstract. We consider the additive model : Z = X + ¢, where X and ¢ are independent.
We construct a new estimator of the density of X from n observations of Z. We propose
a projection method which exploits the specific properties of the Hermite basis. We study
the quality of the resulting estimator by proving a bound on the integrated quadratic risk.
We show also that the results can be easily extended to dependent variables. We then
propose an adaptive estimation procedure, that is a method of selecting a relevant model.
The resulting estimator realizes automatically a bias-variance compromise. We check that
our estimator reaches the classical convergence speeds of deconvolution. Numerical simu-
lations are proposed and comparisons with the results of the method proposed in |(Comte
and Lacour| (2011)) and with the direct case (¢ = 0 almost surely ) are performed.

Keywords. Deconvolution, Hermite basis, nonparametric estimator, model selection.
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3.1 Introduction

Consider the additive noise model :
Zi = Xi, + e, k=1,....n (3.1)
where

(H1) (Xg)k>1 are independent and identically distributed (i.i.d.) with unknown density
f, with respect to the Lebesgue measure,

(H2) (eg)k>1 are i.i.d. with known common density f., with respect to the Lebesgue
measure,

(H3) (Xk)k>1 and (e)k>1 are independent.

We observe n copies Z1,...,Z,. We want to estimate f, the distribution of Xi, using
Z1, ..., Zy, only. Under if we denote by fz the density of Z;, we can write
fz=f=*fe, (3.2)

where g # h(z) = § g(u)h(z — u)du is the convolution product of the functions g and
h under adequate assumptions. Formula explains the term of "deconvolution" for
density estimation in model . The deconvolution problem has been widely studied in
the literature. It appears that two factors influence the rate of convergence : the regularity
of f and the asymptotic decay of the Fourier transform of the errors f., with slower rate of
convergence if this decay is faster. Two types of errors are usually considered : ”ordinary
smooth" errors, when the Fourier transform of f. is polynomially decaying near infinity,
and ”super smooth” errors, when it is exponentially decaying near infinity. The first works
proposed kernel nonadaptive estimators assuming that f is ordinary smooth and that
fe is ordinary or super smooth. We can cite |Carroll and Hall (1988)), Fan (1991)), Fan
(1993), among others, see also the monograph of Meister| (2009) on the topic. Adaptive
estimation, based on a wavelet method, was first considered by |Pensky and Vidakovic
(1999). Butucea, (2004) establishes the minimax rate in the case where f is super smooth
and f; is ordinary smooth while |Butucea and Tsybakov| (2007)) study optimality in the
very difficult case where both functions are super smooth. Some more recent works were
dedicated to this problem : |Comte and Lacour| (2011) consider the case where the noise
density is unknown, and propose an adaptive estimator in this setting, later improved by
Kappus and Mabon| (2014)). Mabon| (2017) builds a projection estimator in Laguerre basis
in the case where the variable of interest is positive.

Recently, Comte and Genon-Catalot| (2018) and Belomestny et al.| (2019)) described nice
properties of Hermite basis. Projection methods allow to summarize the information avai-
lable on the unknown function through a small number of coefficients. This is why we go
further in this direction, and we define a new estimator taking advantage of these conve-
nient properties of Hermite basis. We propose also an adaptive model selection procedure.
We obtain a simple, fast and powerful procedure, which preserves standard deconvolution
rates. Moreover, its numerical performances are very good.

The chapter is organized as follows : we define our estimator in Section [3.:2.4] We prove
a bound on the risk in both the independent and (-dependent cases in Section (3.3 and



82 CHAPITRE 3. HERMITE DENSITY DECONVOLUTION

discuss rates of convergence in Section In Section an adaptive estimation pro-
cedure is proposed in the independent case and a risk control of the resulting estimator
is provided. We then illustrate the performance and stability of the adaptive estimation
procedure in Section and we compare our results with (Comte and Lacour| (2011)).
Proofs of most theoretical results are gathered in Section

3.2 Estimation procedure and Hermite basis

3.2.1 Notations.

For a, b € R, let a v b = max(a,b), and ay = max(0,a). For f, g in L*(R) n L}(R),

we denote by (f.9) = s Fulg(u)du, |fI> = §g|f(w)Pdu, f*(@) = §ze™ f(u)du and
frg(x) =g f(x—u)g(u)du Yz € R. Lastly, we recall Plancherel-Parseval formula {f, g) =

(2m) =1 f*, g%
Before proposing an estimator, we start by recalling the definition of the Hermite basis.
3.2.2 Hermite basis

The Hermite basis (¢;) ;>0 is a basis on L?(R) defined from Hermite polynomials (H;);>o :

jI2 d‘] 2

Hj(z) = (—1)er’ 2 (e7).

The Hermite polynomials are orthogonal with respect to the weight function e’

f Hj(x)Hk(l’)e_x2d£L' = 2 §I\/70;
R

(see |Abramowitz and Stegun| (1964), chap 22.2.14), where 6; is the Kronecher symbol.
Thus, we deduce that the basis :

i () = c;Hy(x)e ™2, ¢j = (2 jly/m) 2,

is orthonormal in L?(R). The Hermite basis (¢;);=0 is a bounded basis verifying
[+03le = suplg; ()] < do, with go = 1/mt/ (3.3)
xTe

(see Abramowitz and Stegun! (1964)), chap 22.14.17 and Indritz (1961)). The Fourier trans-
form of (¢;); =0 verifies :

0f = V2 (i)Y ;. (3.4)

Moreover, according to |Askey and Wainger| (1965), we have

lpj(x)| < Ce™8 |zl =+/2j+1, C>0, (3.5)

where £ is a positive constant independent of z, 0 < £ < %
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3.2.3 Assumptions on the noise.

For the definition of our estimator, we assume the following :
(H4) the noise density f. is such that f* # 0.
We also assume that f. satisfies :

There exist ¢; = ¢} >0, and v >0, > 0,5 = 0 (with v > 0 if § = 0) such that

o1
|£2(#)

It is standard to assume a condition like in the deconvolution setting. When § = 0
in , the function f. and the errors are called "ordinary smooth". When § > 0 (with
the convention that § > 0 if and only if 1 > 0), they are called "super smooth". Note
that implies and is checked by some classical distributions : we can cite for
example Laplace (with 6 = 0 and v = 2), Gamma (§ = 0 and v = p, where p is the shape),
Gaussian (7 = 0 and ¢ = 2), Cauchy distributions (y =0 and 6 = 1).

(1 + )7 emltl’ TR < c1(1+t2)7e ! for all t € R. (3.6)

Remark 3.1. According to|Lukacs (1970), Theorem 4.1.1, the only characteristic function
¢ with ¢(t) = 1 + o(t?), as t — 0, is the function ¢(t) = 1 for all t. That rules out
characteristic functions of the form e~HI® with § > 2. This implies that in definition
, when v = 0, if |f*(t)|> = ce 1" then necessarily § < 2. Indeed, |f2(t)|? is also the
characteristic function of a probability density function (it is a characteristic function of
g1 — &} where e1 and € are i.i.d.).

3.2.4 Estimation procedure.

We denote by S,,=span{yo,...,om—1}, the linear space generated by (¢g,...,@m-1) in
L2(R). Now, we construct an estimator of f relying on the data Zi,...,Z,, from model

1} We suppose that f belongs to L?(R) n L!(R), thus we can write f = j+°% a;p;

with a; = {f, ¢;) and the orthogonal projection of f on S, is given by : f,, = ZT;OI a;p;.

In fact, we estimate f,, and therefore, we build m estimators a; of a;,j = 0, .. —1.
Under [(H4)| and using (3.2)), we have f* = }c* Therefore, using Parseval’s Theorem and
(3.4), we have :

o = oy = gttty = St - SE [T o @1

Thus, to estimate a;, we replace f% by an estimate. As f5(t) = (e fz(u)du = E[e?#1],
we set :
_ 1 itz
— k 3.8
- E:] (3.8)

Plugging (3.8)) into (3.7), we can propose an estimator of f,, provided that ¢;/f¥ is
integrable on R, for j =0,...,m —1:

m—1 -\ J Fx U
fm= > Gjp;, a4 = (\/% fiﬁui pj(u)du. (3.9)
i=0 :
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Note that the coefficients @; are real. Indeed, using that ¢;(—z) = (—1)¢;(x), it holds :

~_ @Y (frlw) oo @ ()
= an ) P ) e

where Z denotes the complex conjugate of the complex number z. The Hermite basis has
the specificity of leading to integrable ¢;/f* in a large number of cases. This estimator
is different from the one proposed by (Comte and Genon-Catalot| (2018), who propose to
take instead of a;, the estimator

—u)du = ay,

@, = (=) 7/2m) f' _ Pwe/ s

The drawback of the latter estimator is that it is biased and the coefficients depend on m,
making the choice of m untractable in the sequel. Our estimator is an unbiased estimator
of f, and is easy to handle.

3.3 Risk study of the estimator

3.3.1 Risk of the estimator for fixed m.

Under the additional assumption :
(H5) fz is bounded,
we can study the risk of fm and the following proposition states our result.

Proposition 3.3.1. (i) Under e and for fm given by , we have for

anyl >0

E[] f — fI? m* + " e
[ = FIP) < 1 = fiml mjlu<mf*( i 7zl wamf*

(3 10)
(ii) If in addition we choose | = 2 and if f. satisfies (@ with 0 < 6 < 2 or (§ = 2, with
p < &), where € is defined in (3.5), then

w) 1
2o 2 me 2 b - 0, (3.11)

Note that the constant | does not depend on m or n. The first right-hand side term of
is the bias term, it is decreasing with m as |f — fm|? = Djsm @ j2 The second term
is the main variance term, it is clearly increasing with m. The last term also comes from
the variance computation, but we give in Proposition part (ii) conditions ensuring
that it is negligible. Thus, choosing m that minimizes the risk requires a bias-variance
compromise.

So under the assumptions of Proposition part (ii), (3.10) becomes :
du

+ S es0, I=2
™ Jjuj<vim [F2@)2 T n

Ellfm = FIPT < If = fl® +
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Remark 3.2. Condition [(H5)| is not very strong and holds if f or f. is bounded, or if
both functions are square integrable. Indeed : we both have Vx € R, |fz(x)| = |f * fo(x)] <

min([[flloo, [ felloo) and |fz(@)] < [f]- [ f2]-

3.3.2 Rate of convergence on a Sobolev-Hermite space.

To obtain rates of convergence, we have to evaluate the order of bias and variance terms.
In general, each basis is associated with a regularity space : here, we consider Sobolev-
Hermite spaces.

Definition 3.3.1. For s > 0, the Sobolev-Hermite space of regularity s (see |Bongioanni
and Torrea (2000)) is given by :

Wi = {9 R — R, 0eL*(R), Y k*ai(0) < +oo}, ap(0) = JG(U)%(U)du
k=0

and the Sobolev-Hermite ball by :
Wi(D) = {9 e L’(R), )| kaj(0) < D} , D>0. (3.12)

For s integer, 6 belongs to W, if and only if 6 admits derivatives up to order s and the
functions 0,6, ...,0®) £(=k)gk) belong to L2(R), with k = 0,...,s— 1. We can compare
this space with the classical Sobolev space with regularity s, defined by :

W = {9 e L3 (R), J(l + u?%)|0* (u) [2du < +oo} .

Actually, Bongioanni and Torrea/ (2006) prove that, for s > 0, W3 & W¥. It is also proved
therein and in Belomestny et al.| (2019)) that, for s integer,

W — { 6 € L?(R), 0 admits derivatives up to order s, such that }
11€11s,506 := Zj‘:o 092 < +o0 '

Consequently, for s integer, it follows that W7 < W#. For more details on these regularity
spaces, the reader is referred to Section 4.1 in [Belomestny et al.| (2019).

Thus, for f in W (D), we have | f — fm|? = 2jsm jsa?j_s < Dm~°. Under the assump-
tions of Proposition and for f e Wi (D), we get :

~ 1 du C
B[ fm — fI?] < Dm™ + — 1+, (3.13)

" T Ju<v/im [FE@)? - n
where C' > 0, for two functions u, v, we denote u(z) < v(x) if u(z) < cv(x), with ¢ is
constant independent of z. This inequality is similar to the one in |Comte and Lacour
(2011), with m therein replaced now by 4/m. It is worth underlining that the role of the

dimension m in projection methods is played here by /m : this is a specificity of the
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Hermite basis. The result is similar in density estimation when X are directly observed,
(see |Comte and Genon-Catalot| (2018), Belomestny et al.| (2019)). Let us denote by mp
the value of m for which the bias-variance compromise is obtained, relying on the same
calculations as in (Comte and Lacour (2011)), the rates and the dimension mgy; are given
in Table 3.1]

60=0 0<d<2 or §d=2, p<¢

2 5
STTeT T 1 (logn
mopt [n 2s5+2v+1 ] [l ( 2% ) j|

25 2s
Rate n 2s+27+1 (logn)~ 7

TABLE 3.1 — Rate of convergence for the MISE if f € W (D).

These rates coincide with the ones obtained by Fan/ (1993)), |[Pensky and Vidakovic (1999).
They are known to be optimal : lower bounds corresponding to these rates for f. verifying
(3.6) are proved by [Fan| (1993) when f belongs to a Holder class, and by Pensky and
Vidakovic| (1999)) for f in a Sobolev class.

3.3.3 Rates of convergence for specific function classes

We can obtain for some specific classes of functions a bias term with much smaller order,
for instance Gaussian densities or mixtures of Gaussian. Indeed, then, we can explicitly
compute the coefficients a; and obtain smaller bias than previously on Wi (D). Let

1 (z — M)Q o P _ 2p
fuolx) = gy exp <— 552  Gpo(T) = GQPCgpfO’U(x)’ Cyp =E[X7],

for X a standard Gaussian variable. We also define the class of mean mixtures, respectively
of variance mixtures of the Gaussian distribution by :

F(C) = {f J@) = 011 = [ ol — wdiT), 1Te 7><c>},

where P(C) := {II € P(R),II(Ju| > t) < Cexp(—t?/C), ViteR*'}, respectively

o) = {70 = [ a1 (e =1 v,

0 u

with ¢ the density of standard Gaussian and P(R) the set of probability measures on R.
The following results are based on bias evaluation obtained in Belomestny et al. (2019).
The rate is given by the order of variance term, since in all these cases, the bias term is
exponentially small. We can prove the following proposition.

Proposition 3.3.2. Assume the assumptions (H1)| ..., |(H5)| hold and f. is ordinary
smooth, that is f. satisfies with 6 = 0. For the choice myp = [log(n)/Ch], with Cy =
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2
log(2) + ep? if f = fu1, Ch = log (g;ﬂ) where 02 # 1 if f = fo.,, C1 = m if
feF(), C= <5§;i) if f€gG(v), we have

1
2 (logn)’™2
E {1 = 112] 5 ,

n
where 7y is given in (@

The same result holds for f = g,,. This rate is similar to the one obtained in Butucea
(2004)) for super-smooth functions f. Note that if 02 = 1, the bias is null and our estimator
reaches the parametric rate.

However in all previous cases the choice m = mg, depends on the regularity of f and
associated parameters, which are unknown. This is why we have to look for another method
to make the bias-variance compromise, in a data-driven way (see Section (3.4)).

3.3.4 Comparison with the classical estimator in deconvolution.

The "standard” deconvolution estimator (see [Fan|(1991)), and choose sinus cardinal kernel)
is given by :

y 1 (™ 7 g
fo(z) = 5 J_M e iU f?‘z((—u?i) du, where f7 is defined by 1) (3.14)
We mention that this estimator can be decomposed in an orthonormal basis namely
Yoj(z) = V@p(lx — 7), Y(z) = L (see (Comte et al| (2008)), Section 3.2), but the
development is infinite :

y R R 1< 1 (Yv)(—u) .

fo(z) = 2 ag Ve, Quj = o Z — | 2L ey,

jez Zmd fx(w

A finite (computable) development would require an additional approximation (truncation
of the sum as in Comte et al.|(2008)) to k,, = n coefficients. From computation point of
view, the low complexity of f,, in the Hermite basis is an advantage (see [Belomestny et al.
(2019), Section 4.5). The risk of f; verifies

§ 1 ) 1 du
Ef—f2<f A u)|” du+ — -
[l /e I”] s \t|>7r£| (W) 210 Jju) < /2 (w)?

In this context, the regularity spaces which are considered are Sobolev balls defined by
W*(D') = {f € H}(R),J(l + u?)| £ (u) Pdu < D’} , D'>o.

Note that it is proved in Belomestny et al., (2019) that W (D) < W#(D’), for D and
D' related constants. For f € W#(D) the bias term is such that 5 S|t|>ﬂ |F%(u)? du <
L (r0)=% = C07%, where C = £77%. Therefore, for ¢ = /m, the risks of the two
estimators have the same order on W (D). This implies that they have the same rates of
convergence.
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3.3.5 Extension to the dependent case.

Proposition (and its consequences) may be extended to the context of dependent
X;’s. We first define the mixing coefficients.

Definition 3.3.2. Let (Q, A, P) be a probability space, and U, V two o-algebras of A. The
B-mizing coefficient is defined by

BU, fsup{Z 2 P(Ui 0 V5) — P(U)B(V;)]}, (3.15)

i=1j5=1
where the supremum is taken over all pairs finite partitions {Uy, ..., Uz} and {V1,...,V7}
of Q, such that U; e U and V; € V.

Let (Xy)rez a strictly stationary process. Let Fy = o(X;,i < 0) and Fy, = o(X;,i = k) for
all k € Z, where Fy is the o-algebra generated by the X; for i <0 and Fy generated by X;
for i = k. The mizing coefficient Py is defined by By = B(Fo, Fk), where 3 is defined by
.

The process (Xy)kez is B-mizing if the sequence Py tends to zero at infinity.

In this section, we still consider model (3.1f), but we replace |(H1)| by :
(H'1) (Xk)g>1 is strictly stationary and S-mixing.

The estimator is the same as in the independent case and we can prove a bound on the
risk.

Proposition 3.3.3. Let assumptions|(H'1)], (H2), .. .,|(H5)| hold. Let 1 < p,q < +© two
real numbers such that l + l = 1. Then, if E[|X1]?93] < +o0 and the mizing coefficient

are such that > ;0% (k + 1)p lﬁk <+, we have

du
™ /i 175 (u)]

| (w) m
*HfZ”oo Z Ju|>% |f§(u du +c o (3.16)

E[| fo — FI1 <If — finl® +

1£%(2,)|2

where | = 2 is a positive constant, and ¢ is a constant depending on E[|X1[>/3] and
T (k4 1Pt
ok + 1P 5.

Now, we comment this bound of risk. We remark that we have the same bias and variance
terms as in the i.i.d. case with an additional term ¢’y/m/n which is clearly specific to

the f-mixing case. As |f*(u)| < 1, we have, %S\u\gx/%“f*d(# > 2%[l\/m. Consequently,

v/m/n has smaller order than L Slul <Vim \fs*d(# and Inequality (3.16]) implies that the

risk of fm here has the same order as in the i.i.d. case. We have therefore the same rates
of convergence.

We compare the result given in Proposition |3.3.3|to Proposition 4.1 in Comte et al.| (2008]).
The first two right-hand side terms of (3.16)) (|| f—fn |*+ 2 S\u|<\/% ﬁ#) are the same as
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in (Comte et al.| (2008) with v/Im replaced by mm (see Section 3.3). Under the assumptions
of Proposition [3.3.1] (ii) the other terms (residual terms) are order O(n=!) + O(y/mn™1).
This order is smaller than the order of the residual term stated in (4.4) of |Comte et al.
(2008)), which is n~'m?2. Note that all estimators of their collection require to compute
kn = n coefficients, which can make the procedure slow when n is large.

3.4 Adaptive estimation and model selection

For sake of brevity and simplicity, we only study the independent case (i.i.d case) hereafter.

From now on, [ given in Proposition m part (ii) is assumed to be fixed. In this section
we propose an automatic selection of m which performs the bias-variance compromise. The
procedure does not depend on the regularity of the density f, but only on data 71, ..., Z,.
Consider the contrast function defined by

nt:t2_gn¢tza ¢tﬂf:i
nlt) = 0= 2 Nz, i) = |

*(u

) —iTU
=) e "du. (3.17)

It is easy to check that fm = argmin~y, (t). Let
teSm

1J du
T Juj<vim 112 (W)

We consider M,,, the collection of models,

M, = {m e N\{0}, A(m) < n}.

A(m) =

This collection is finite and contains models with bounded variance. More precisely, as
already noticed, |f*(u)| < 1, implies A(m) > %S|u|<\/% du = @ Therefore, the ele-
ments m of M,, satisfy m < n?. The cardinal of M,, is therefore at most of order O(n?).
Our aim is to find the best model m in M,, that is, to select 7 such that, the risk of
fr approximately performs the bias-variance trade-off, without any information on f. We
set :

i = argmin{y,(f) + pen(m)}, (3.18)
meMy,
where pen(m) is an increasing function defined by :
m%, if f. is ordinary smooth or super smooth with ¢ < %,
pen(m) = 2K (1 + 24,ul5/2m5_%) % if f. is super smooth with % <6<2,

(3.19)
where £ > 0 is a numerical constant, y is the constant given in (3.6) and [ > 2 given
in Proposition fixed. As Vo (fm) = —|fml? = —Z}n:f]l az, it is worth emphasizing

that computing m is numerically fast. Clearly the choice of m given by is entirely
determined by the data. The constant « is independent of the data. The theoretical results
show that k > 17 is suitable (see the proof of Lemma . In practice this value is too
large and is calibrated by preliminary simulation experiments. They confirm that (see
Section smaller practical values must be chosen.

We can prove the following oracle inequality.
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Theorem 3.4.1. AAssume (H1)|, ..., [([H5)| hold and f. is square integrable. Let pen(m)

defined by (3.19), fm = argminy,(t) and m selected by (3.18). Then, there exists a constant
teSm

ko such that, for all kK > kg = 17, the estimator ]?m satisfies

~ Cl
E[|fa~ fIP| <C inf (If = ful® + pen(m)) + —, (3.20)

where C' is a numerical constants (C=4 suits) and C' a constant depending on f..

Remark 3.3. Assume that the assumptions of Theorem [5.4.1] are satisfied. Then if f €
Wi (D) the estimator fs, converges to f with the rates obtained in Table m Indeed, the
term C'/n in does not change the order of the rate, and is negligible compared to
the term |f — fu|? + pen(m). Moreover, (3.19) induces a loss in the order of pen(m)
compared to the variance term when 6 > 1/2, but this does not change the rate which is
governed by the bias term in this case (see Table and choice of mep of order (logn)).

3.5 Simulation and numerical results

3.5.1 Implementation of the adaptive estimator.

In this section, we propose some illustrations of the theoretical results. More precisely, we
implement the projection estimator given by . To do this, we consider data simulated
according to . For the density f, we choose the distributions (following |Comte and
Lacour| (2011))) :

(i) Gaussian standard N(0,1), I = [—4,4]

(ii) Cauchy standard : f(z) = (7 (1 + 332))_1, I =1[-10,10]

(ili) Laplace density : f(z) = e~ V27l /\/2, T = [—5, 5]

(iv) Gamma density I'(4,1/4/3)/4/12, I = [0, 6]

(v) Mixed-Gaussian density (0.5M(—2,1) + 0.5N(2,1))/v/5, I = [-3,3]
where [ is the interval on which we compute the risks. Except the Cauchy density, all
the densities are normalized to have variance equal to 1. Note also densities (i) and (v)
belong to W}, with s = +00, (iv) has regularity s =3 —n, 0 <n < 3, (ii) and (iii) admit
a regularity s =1 —1, 0 <n < 1 (but (ii) is infinitely differentiable).
For noise distributions, we consider two cases with the same variance 1/10 and thus, except
for the Cauchy density the signal to noise ratio is equal to 10.

e Case 1 : Laplace noise ("ordinary smooth")
We consider the density f: :

fe(z) = A Al f¥(x) = S 2/5
: 2 ToE A2+ 22’ '
The penalty term is given by :
K K u? 2K 2 (Im)?
= “A(m) = — 1+—)2du = — [ Vim + =5 (VIm)? +
pen(m) - (m) — |u\<\/ﬁ( +)\2) u=_ ( m + 3)\2( m)° + T ;

where [ = 6.
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e Case 2 : Gaussian noise ("super smooth")
We have :

1 _22/942 — 022
fe(@) = o™ 1275 f2 (@) = T a2 = 1/10.

The penalty proposed is :

1
pen(m) = 4k <1 + 24a§lm3/2> @ (J e“z"glmdu> ,
™ 0
where | = 4 here and the integral is computed by a Riemann sum discretized in 300
points.
Then, we have to calibrate the penalty constant k. This constant is fixed through prelimi-
nary simulations, by testing set of values on different densities f with a large number of
repetitions. The comparison of the risks for these different values of x makes it possible to
make a reasonable choice. We choose x = 0.4 for a Laplace noise, & = 1073 for a Gaussian
noise. We fix the maximum dimension equal to 50 and consider the following collection of
models for the two cases : M,, = {1,...,50}.

The estimation procedure is described as follows :
e For m in M,,, compute — Z;”:_Ol a§ + pen(m) = Cr(m), with a; given by 1)

e Select m such that m = argmin  Cr(m),
meMy,

e Compute fA’m = Z?:_ol a;pj, and S[(fﬁn(“) — f(u))%du by discretization.
Note that the coefficients a; are computed by elementary discretization of the Riemann
integrals. We used that

Ty u +00 P u 0 Fx U
3= L [ 25 - ( Y s+ [ 22 %*(—u)du)

77 o Jp fr(u) Y 2 \Jo  fr(w) o fE ()
(B
— 7r§R< . fe*(u)(pj( u)du) ,

P
where R is the real part of a complex number. We approximate the integral %8‘% <Sar x ;ﬁgg; gp}‘-‘ ( —u)du>

S pb
by a Riemann sum on [0,b], for b large enough, a; ~ %fo:l R [;;E;,;goj (—’I'?)] . We
take b = 50.

Comparaison with the direct case. We also implemented the adaptive estimator fm in the
direct case (i.e. the case where we observe directly (Z; = X;)i1<i<n With &; = 0 almost
surely in (3.1))). Recall that, it is given by (see also Chapter |2) :

N m—1 1 n
fm = Z aper, where ap:= — Z ©r(X;)-
k=0 =0

In this case, to choose m, we set

~

~ ¥ — — v,
M = argmin {—|fu|? + peng(m)}, where penm) = el
me{l,...,n} n
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where V,, = IS Z;”:_Ol(@j (X;))? and & is a positive numerical constant which is cali-
brated to 4 after numerical test.

3.5.2 Simulations results.

Simulation results are given in Tables [3.2] [3-3| and 34 The columns of Table [3:2] indicate
the values of the MISE (Mean Integrated Squared Error) multiplied by 100 for a Laplace
noise or a Gaussian noise, Table gives the ratio of the risk values obtained in|Comte and
Lacour| (2011) divided by the risk values obtained by our method : the larger it is, the better
our method is. The errors obtained by our method are computed by a discretization of
the integral as Riemann sums and averaged over 100 independent simulations. We remark
that increasing the sample size makes the error smaller and thus improves the estimation.
Globally the results of our simulations are satisfactory and our method is often better
than |Comte and Lacour| (2011) for both noise densities. The main exception concerns the
Gamma density (iv) which has RT supported. Some failures for Cauchy density (ii) and
super smooth noise are also observed, especially when n increases. In Table we give
the MISEs for the direct observation. Except the case (ii), it seems that the estimator
obtained in direct case is better than the deconvolution cases. This illustrates the fact
that we are in the context of an inverse problem.

We also illustrate our method by some figures. Figure [3.1] and [3:2] display the density
and its 20 estimates in direct and deconvolution cases. For each graph, the first column
corresponds to the direct case, the middle to Laplace noise and the right to Gaussian noise.
These graphs illustrate the performance of estimation in the direct and deconvolution
cases : it seems that the estimator obtained in direct case is better than the deconvolution
cases (see also Table [3.4). This can be clearly seen in Figure (n = 1000) and
Moreover, they show the stability of both cases. We provide in Table the mean of m
or m selected by the algorithm. In average, it is increasing when n is increasing.

n = 100 n = 250 n = 500 n = 1000
Noise
! Lap. Gauss. Lap. Gauss. Lap. Gauss. Lap. Gauss.
Gaussian 0.44 037 0.12 0.06 0.1 0.04 0.07 0.04
Cauchy 028 089 020 056 0.14 037 0.10 0.29
Laplace 1.65  2.18 1.06 1.34  0.75 1.16  0.57  0.87
Gamma 1.70 1.27 098 097 050 090 0.28 0.83
Mixed-Gaussian | 2.82 1.91 1.09 0.87 0.66 0.69 0.41 0.53

TABLE 3.2 — Empirical integrated mean squared errors computed from (100 x E| /5 — f[?)
over 100 independent simulations for n = 100, 250, 500, 1000.
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n = 100 n = 250 n = 500 n = 1000
Noise
! Lap. Gauss. Lap. Gauss. Lap. Gauss. Lap. Gauss.
Gaussian 1.95 127 567 500 501 511 241 341
Cauchy 4.07r 107 245 079 243 070 140 0.52
Laplace 147 140 113 134 112  1.02 1.04 0.89
Gamma 0.67 088 066 073 082 049 1 0.37
Mixed-Gaussian | 1.26 ~ 2.17 145 224 117 168 095 1.15

TABLE 3.3 — Ratio of the risks obtained in |(Comte and Lacour (2011) divided by those of
Table 3.2

Direct case
f & 100 250 500 1000
Gaussian 0.17 0.05 0.04 6.05x 1073
Cauchy 0.62 0.50 0.36 0.18
Laplace 2.43 1.09 0.69 0.42
Gamma 1.20 0.54 0.23 0.13
Mixed-Gaussian | 1.35 0.49 0.26 0.15

TABLE 3.4 — Empirical MISE 100 x E|f; — f|*> over 100 independent simulations for
n = 100, 250, 500, 1000.

Density Gamma, Mixed-Gaussain
n 250 1000 | 250 1000
Direct case | 6.55 8.85 | 9.10 10.4
Mean of m  Lap. noise | 5.80 8.10 | 7.30 8.5
Gauss. noise | 5.55 7.15 | 6.75 7.00

TABLE 3.5 — Mean of selected dimensions m or m presented in Figures [3.1] and [3.2]

3.6 Concluding remarks

We proposed a projection estimator of the density of X in the convolution model ,
relying on the Hermite basis. The estimator has the advantage to be kernel-free, as the in-
tegral is over the entire real line and not truncated as in the previous works by |Comte and
Genon-Catalot| (2018). The method provides a parsimonious description of the function
under estimation : indeed the function is relevantly estimated thanks to a small number
of coefficients. This has also the advantage of making the method numerically fast and
convenient. We prove a bound on the quadratic risk in the independent and S-dependent
cases which shows that the relevant parameter is not the dimension m but rather 4/m. A
data driven estimator is proposed : the model can be automatically chosen and the resul-
ting estimator reaches optimal rates in most cases. We also provide numerical simulation
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FIGURE 3.1 — 20 estimates of (iii), with n = 250 (first line) and n = 1000 (second line).
The true quantity is in bold red and the estimate in dotted lines (left : direct case, middle :
Laplace noise, right : Gaussian noise).
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FIGURE 3.2 — 20 estimates of (iii), with n = 250 (first line) and n = 1000 (second line).
The true quantity is in bold red and the estimate in dotted lines (left : direct case, middle :
Laplace noise, right : Gaussian noise).

results, and the comparison with Comte and Lacour| (2011)) ensures the good performances
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of our method.

3.7 Proofs

3.7.1 Proof of Proposition [3.3.1]

e Proof of Part (i). For fm given by (3.9), we have :

m—1
E {1 = F12] = 1f = il + B [IFon = ful®] = 1f = Sl + Y] Var(@;).  (3.20)

j=0

Now with the definition of @; given by (3.9) we have

Var(d;) = Var< — ka 1 e ‘PJ(Z)d ) ﬂVaur <( i)/ fRewzl 2 Z;du>

(
A
el el

27m

Plugging this in (3.21]) yields

m—1
E[I\fm—f|\2] <|f = fml® + % > E[

j=0

jR el %dur] :

Using |a + b|? < 2|al? + 2[b|?, we deduce

N e = wz i) |
E Z fewzl] du’ < 2E Z Ul TINT g,
7=0 R

fz(u) = J|u|>m fZ(u)

m—1

2
+ 2K et SOj(u)du‘

We evaluate the two right-hand side terms of the previous inequality. By Bessel
m—1

inequality we have, for the last term :
2 m—1 2
Z f eiuZl (Pj(u) du -E Z <
=0 [u|<vIm f; (u) =0

du
- : 3.22
= me YO (3.22)

iZ1e
E

IE ]1|-\< T Pi)
€
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Moreover, let 1;(u) = %%\m/% we get for the other term

m—1 2
E ““%(u)du| fz(2)dz

2 J14>v@nf¥“21§§233d“| 7531J‘ o
<\fz!oole [

-1
4WMZWW—MMMZMW3M

7=0

1uz 903 (u) du

d
LWM frw) ™

Putting (3.22)), (4.60) in (3.21)), we have the part (i).
e Proof of Part (ii). We have, using (3.6]), that :

m—1 2 m—1
| (w)] f 2 2 s
du < ¢ E (14 u?)7 |, (u)? e*’ du.
§j=0 ~[|u>\/lm ‘fs*(u)’Q ; [u|>vIm !

By 1) we have |p;(z)| < Ce %" if |&| > /2] + 1, for j € {0,...,m — 1}. Thus it

is in particular true for |x| = /lm, with [ = 2. Therefore, for j < m — 1, we have

(1+u2) |pj(u)? e’ < C’ZL | W(l + u2)76_2gu2e“|“|6du
u|> m

< C’Qeglmf (1+ u2)7675“26“‘“|6du.
R

f|u>\/%

And {(1+ u2)76_5“26“|“|édu < +wifd <2orifd =2, u <&, which corresponds to

our assumptions. Therefore, we get Z;”:Bl S‘u|> Jim ||?;’7‘E:3|\2du = O(me~¢™). Hence
the result. .

3.7.2 Proof of Proposition

By (3.10) and (§ -, we have :

~ du c
Ellfm = fIT <If = fnl® + +— (3.24)
T Jlu|<vim |f5( )| n
Using Lemma 1 in Comte and Lacour| (2011) p.586, we have
f du = m7+7e“12m% (3.25)
uj<vim |F2(@)?

We denote for two functions v and v, u(x) = v(z), if u(z) < v(z) and v(z) < u(z).

From Belomestny et al. (2019) the bias term is exponentially small (see Proposition 7,
8 and 9), thus, the rate of convergence is given by the order of variance term. As f. is
ordinary smooth, 6 = 0 in and replacing m by mgy = [log(n)/C1], with Cy is given
in Proposition [3.3.2] we have the result. []



3.7. PROOFS 97

3.7.3 Proof of Proposition [3.3.3]

As in the i.i.d. case, we have the bias-variance decomposition given by (3.21]). Now,

~N (_Z.)j S N k@(u)
Var(a;) —Var( 5 ijZ_: etuZ. j*t du)

- 27r1n2 ,;:VM <(_ Y fR e ;f : EZ; u)

£

1 pj(u) i [ iz i (W)
_ J wuZy J Y] wZ; FI\Y)
+ 52 E Cov ( Le ) u, (—1) fRe ) du | .

1<k, I<n,k#l
2
du

+ 273”2 Nf > Cov ((i)j JR 6iuzk%du, (—i)? jR emz%m) .

§=0 1<k,l<n,k+#l
(3.26)

As Var(X) < E|X|?, it comes

m—1
E[Hfm_sz] <|f = ful® + ﬁ > E[

J=0

J eiuZl M
R fE(w)

The first two right hand side terms are the same as in the independent case and are dealt
with as in Proposition We compute the covariance term. First,

Cov ((z)ﬂf "%k SDJE ; u, (— z)j eiuzl?jgu;du)
R s(u R s (u
= [, [ e %E;f ]
E

|: l’qu (pj |:J e—i’UZl 80.7 (U) dvi| . (327)
R fE(=v)
The first expectation is equal to

[ ] - ol

= J f E _ei(”Xk_”X’)] @;(u)p;(v)dudv, (3.28)
RJR

and the second to :
R fa (U) R fa (
Thus, from (3.27)), (3.28) and (3.29) we deduce
(=) R fE(u) (=) R fE(u)

— Cov ( JR Xk (u)du, JR X1 (u )du>.

(3.29)

ff u)p;(u )du
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As a consequence

Z Cov <J Xy ()duf WXt (u du> Var( ZJ WX (w)du).
1<k, I<n, k#l R R

Using |Viennet| (1997)’s covariance inequality and equality (4.4.1), we have

N iUXk-uu:arn”.‘ . Wos (w2 F(w)du
ar (I;JRe pj(u)d ) V: (Z SOJ(XI@)> <8 JRb( Yo (w)2 f(u)du,  (3.30)

k=1

with b = >;_ by, and by, a sequence of measurable functions such that by = 1, § by (w) f(v)du =
Bi (see Theorem 2.1 in Viennet| (1997) given here in Appendix).

Lemma 3.7.1. Under the assumptions and notations of Proposition[3.5.3, there exists a
constant ¢* > 0 depending on E[|X1[%93] and Y32 (k + 1)P~1 8y < 40 such that :

fR b()2(2) f(2)de < % Vi 1. (3.31)
By Lemma [3.7.1) and ({3.30]), we deduce
m m—1
WX (u)du ™m u)g(u) f(u)du u)p; (u)2f (u)du
) (Z] ) . [be< LW RPN >d]
m—1 4
2 ‘£
< 8mn l%goﬁﬁé \/3]. (3.32)

Using (3.32)), Proposition and in view of (3.26[), we obtain the announced result [].

Proof of Lemma [2.6.1].

To prove this lemma, we first use the decomposition formula of the Hermite basis in the
Laguerre basis (see Comte and Genon-Catalot| (2018)), Lemma 8.4, p. 287) given by :

where (w,f )k=o0 is the Laguerre function with index 6 > —1 defined from the Laguerre
polynomial (L,(f)) k>0 with index § > —1 and degree k given by :
O) () — ot K ) e @y Lo 5 ek
W) =23 ) I e 0 ) = e g (7).

Note that (1/},(65))1@0 is an orthonormal basis on L?(R*). Next, using the asymptotic formula

of |Askey and Wainger| (1965) recalled in Section we get a bound of (1/},(;5))/,320, for k
large enough. We distinguish two cases depending on the parity of j and we study only
the first term of the following decomposition :

[ st sioni - |

0

0 0

b(x)cpjz(x)f(a:)dx + J b(—:v)gp?(az)f(—x)dm,

0
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since (¢j);=0 is even for j even and odd for j odd. The study of the other term is similar
and its bound is the same as the one on the first term.
For j even, j = 2k, we have :

o0 o0 6
| M@ @ = 5 [ (b)) Hepes = Y 0
=1

0

where J; are integrals on disjoint domains specified below, see also Section Setting
v =4k + 1, we have six terms to evaluate.

Vo Vv
Jy = % L (¢< e 2/2))217(3:) f(z)dz < % JO x (2*v)” 1/4] b(x) f ()dx

C C
<37 beu)f(m)dx <3 A
v/ v/
n=y [ (w£‘1/2><x2/2>)2b(m)f(x)dx < C [ a0y
NG Vf
Z B
k>0

1 =v/3)2 (—1/2), 2 2
neg] @) s
1/3y1/2

c f v (v 4w =) b(a) ()

//\

1/3)1/2

-¢ j B ) ) fa)de < 5 [ (o) fo)de
S
Using the Holder inequality, we have

([ sae < ([ ertsae) ([ wioseas) e [ip] “epepe,

with % + % = 1. By Lemma 4.2 in [Viennet| (1997)), page 481, we have :

E[b(X1)"] <p Y| (k+ 1P~ By
k=0

1
It comes : J3 < Q\CFE [|X1|2‘1/3] /a (P ok + 1)P=16,,)1/r.

(1/+1/1/3)1/2 9 (V+V1/3)1/2
=3, W) )< G | £ )b() f(x)da
2 (v—v1/3)1/2 (v—v1/3)1/2
C (v4v1/3)1/2 C
— f 2 BBy =2Bp(2) f () de < —= f \z|?3b(x) f () dx.
2 (v— 1/1/3 1/2 VIR
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By the same computation as for Js we deduce : Jy < %E [|X1|2q/3]1/q (P 2ksolk +
1P g)le.

1 £/3v/2
m=5|
(

v (62 /2)) bla) (@)

1/+1/1/3)1/2
\/3v/2 _ RN
< ¢ £1/3,2/3 (V71/4(x2 _ V)71/46771V 1/2(902,,,)5/2) b(z) f(2)da
2 (v4v1/3)1/2
£/3v/2 B
< Q V71/2x1/3(x2 . V)fl/QefZ'yly 1/2(xZ*”)B/Qq:Q/gb(x)f(a;)dx

(v4v1/3)1/2

2
g .T2/3 X x)ax
<wfR' b(a) ()

Again by the Holder inequality we get : J5 < %E [11%9/3] /4 (p Dm0k + 1)P713,) 1P,
Finally, it holds

Jo = iﬁ/r (w(‘l/”( /) b@) f @)z < Zf i re” R b(a) f(x)da
< (e-3B J z)de = C'e T EB(X))] < O Y .
k=0

For j odd, j = 2k + 1, and setting v = 4k + 3, we have :

0 0 6
fo b(x) 31 (@) f (2)dw = % fo x ( ,9/2)(3:2/2))2 f@)b(z)dz == Y K,
=1

Only the first term changes, thus, we just compute K; and the other terms are such that
the bounds coincide with the case where j is even for [ = 2,...,6.

K L f Y o (4 (a 2/2)>Qb(x)f(x)dx <¢ J ", @] b(a) f ()

2 Jo
E/Bk

k>0

By gathering all these inequalities according to the parity of j, we have the announced
result.

3.7.4 Proof of Theorem [3.4.11

~

By definition of m, we have : v,(f#) + pen(m) < v,(fm) + pen(m). Moreover, for two
functions s, ¢ in L%(R), v, (t) — va(s) = [t — f|* — ||s — f||* = 2vn(t — 5), where

%Z (6e(Zk) = <t, 1),

k=1
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where ¢; is defined in (3.17)). Thus, for m any element of M,,, we have
[ = SI7 < | fn = F1? + pen(m) + 2vn(f — fin) — pen(i)
As the function ¢ — v, (t) is linear, we deduce
n 2 2 N fm fm A~
| fi = FI7 < | fm = fI7 + pen(m) + 2| f5 — fm[vn 7ol )~ pen (i)

< | fn = F1? + pen(m) + 2| fa — fl  sup  wu(t) —pen(m).  (3.33)
t€Sm +Sm, [t =1

For all z,y > 0 we have : 2zy < 22/4 + 4y?, therefore, we obtain

~ 1 -
2fa =t sup - owa(t) <l fa - fml?+4  sup  (wa(1)% (3.34)
t€Sm+ S|t =1 teSm+Sm, |t =1

Now, [ fs — fml? < 2| Fs — fI? + 2] fm — f]? and plugging this and (3.34) in , we

have

= 2 <21 fm— fI? +pen(m) 44 sup () —pen(m).  (3.35)
2 2 {€Sm+Sm, |t =1

We decompose the empirical process v, (t) in two processes. We set m* = m v m. For
t € Six, we have using Plancherel-Parseval

(¢:(Zk) =<t 1))

1 0 g, g L (W iy,

S (W) Lz, ool 1 t(u) iz,
g (277 fmbm rewt R [27r jwm fr=w) duD

_1 1 £ (u) F(u) — fi(u))du
0 202 Bl () + 5 | e - 0 (336)

vp(t) =

e
I
—

Il
SI— 3=
D= D=

3\?—‘ il

E

with ¢y1(z) = 5 Sluléx/lﬂT* %e‘iwdu. Therefore, we write vy, (t) = vp1(t) + vna(t)

where

Vn,1 ( % 2 (661(Zk) — E [¢1,1(Z0)])
k=1

and
1 t*(u> T —) — FE(—u)du
o7 v TP >( 7(—u) — fz(—u))d

Using that (vn1(t) + vn2(t)? < 2 (U1 ()? + 2 (vn2(t))? and by (3.35 we deduce

1 -
o= 112 < 2= 4 pen(m) +8 sup (v (1)
tesm*vutH:l

vna(t) =

48 s (valt))? — pen(i).
LES 7”tH:1
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A(mvm/)

We introduce the function p(m,m’) = g

if f. is ordinary smooth or super smooth
with 6 < 1/2 and p(m,m’) = 2k(1 + E(m,m’))% otherwise, where (m,m’) is given
below, which verifies 8p(m,m’) < pen(m) + pen(m’). We obtain :

| = fI? <31 fm — fI? +4pen(m) +16 D> ( sup  (vna(t)* — plm,m’))+
m/EMn tesmvm/7HtH=1

+16  sup  (vpa(t))?
LS x 7HtH:1

By taking expectation, we get

EH%Nﬂ<MMN2%mwm+mE[sw @mmﬁ

tesm*th“:l
+ 16 Z E [( sup (Un1(1))? — p(m,m')) ] .
m'eM,, tEvam/7HtH:l T
The two followings lemmas lead to the result of Theorem [3.4.1] :

Lemma 3.7.2. Under the assumtions of Theorem[3.4.1}, there exists a constant X1 such

that
2 / 2
>, E sup  (vpa(t)” —p(m,m’) | | <—.
m’eMn tesmvm’7Htl|:1 + n
Lemma 3.7.3. Under the assumtions of Theorem[3.4.1}, there exists a constant X9 such
that
b
Bl sp o (na)?| < 22
teS’m*v”tH:l n

Using Lemmas and we have the result choosing C' =4 and C’ = 16(X; + X2).
O

Proof of Lemma [3.7.2.

To prove this lemma, we use Talagrand’s inequality given in Appendix [3.8-3 and compute
H?, My, v defined there. Denote by”m” = m v m'. We start by computing H?. As the
map t — vy, 1(t) is linear, for ¢ = Z;ﬂzo_l ajp; such that |t| = 1, we have

m”—1 m’'—1  m'—1 _
(le(t))Q = < Z QjVn,1 (80] ) Z Z Un1 (P] 2 Un,1 (Pg
j=0

Therefore,
m'—1 //_1
E [( sup (anl(t))2>] gE[ Z Un1(ej) ] Z Var ¢<p] (Zl))
teS, n,(t]|=1 j=0
1 m//_
H Z |¢‘PJ? Zl) | ] :

j=0
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It comes using (3.22)) that,

m’—1 m”—1

Z b, (Z1) 7] = G 7T)ZE[ > ey .= H?. (3.37)

— jugm fE(=u)

Now we look for M;. Using Cauchy-Schwarz inequality and Parseval’s theorem

1 t*(u) _ 1 P(w) -
|1 ()| 7 |/ f(—u) ‘ 27 [ul<vIm” f#(—u)
<

1 J J du

I +*(u Qdu -

zw\/ A A T

1 du

zmzj < A,
zw\/ v TP < VA

sup lpt1]oo < AVA(M") := M. (3.38)

teSm+S, 1t =1

Thus, it follows

The case of v is more tedious,

2
J () e~ du| fz(2)dz
|

Var(611(%1)) < E[|¢t,1<zl>|2] = % f e B

* —
Jjj 7 f —z(ufv)ZfZ(z)]lluK /ﬁm,/]]_h)'g mrdudvdz
£
(=

*(u) t* )
fE(= ; fZ( WLy < Ly < AU

JJ

> (v — u)|]l|u|S ﬁlm,/]l‘vl< i dudv

2 f;‘(—U)
1 t*(u)
Using the Cauchy-Schwarz inequality and Parseval’s theorem we have :
[ 153@0az = [ 17 @z )lds < 2al 1151
2
Thus, we get : Var(¢1(Z1)) < § % ]l‘u| <vimrdu. We consider separately two cases.
1. Ordinary smooth case : In this case, we have by (3.37) and by (3.25) that H? =
m//—y+1/2
. Moreover,

Var(¢r,1(Z1)) JIt* (1+%)7 1 cymdu < (14 1m"7) Jt* )% du

— 2 (1 + U'm)¢]% = 2x(1 + 'm").
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We can set v = em”, with ¢ > 0. Thus, using Talagrand’s inequality we have :

E [( sup  (vpa(t)? — p(m,m')) <[Um") +v(m")], (3.39)

teS, n, |t|=1

J’_

with p(m,m’) = gA(m”) = £H? > 2(1 + 2¢)H?, we take kg = 17, € = 1/2, and

1
m//’y+ 5

mw_ v _ﬁnH2 _cm’” K — <m”7 Ky o0k
vim) =3 ( 2 v)_ n P 2 " emm Nnez
A(m//)
2 1 nH (m”
V(im') =—— Ki{C(e)—= =C C: z
U =G P\ T CE B0 ) T o T R
16—02\/5
n b

because for m € M,,, A(m) < n. Therefore, we deduce by ({3.39) that :

Z E [( sup (1/,1,1(75))2 — p(m,m’)) ] < Z [U(m”) + V(m”)] )

m/eM,, teS,n, [[t|=1 m'eM,
As
m 'I’L
Ky
S0t T 2 L] $ e B S et
m/ " m/=0 '=m
1 _K _Ky C1
== [mytlemmVm 4 Z mle 2 VM | < =L
n = n
and
1 ooy _ 1 —Ca/n —epym _ O
>, Vim') s - Z 2V = S Mle” OV < ne G2V < —L
meM, ™ mieMn n n

We deduce that

m'eM,, tGSm//, ||t||:1

Z E [( sup  (vpa(t)? — p(m,m')) ] < %, ¥ =C1+C. (3.40)

2. Super smooth case : In this case the order of H? is given by (3.25) : H? =

1-6 9 48
m//72 e“l 2 m”2
n ’

5 8
Var(¢:1(Z1)) < a1 f [t* (u e“|“|6]1|u|$\/m—,,du < cpett?m? J|t*(u)\2 du

I I e
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We use Talagrand’s inequality again, we must compute U(m”) and V(m”).

1-9 né
"= e“l6/2m 2

s s
2 ul2m”2 m
v nH ce
U(m”) =—exp | —Ki¢ = exp | —Kien——2——
n v n eul‘S/Qm/lj

2 n 7,n//
V') = g o (~KIOEWELT ) = Gl exp (-K{C(VEVR)
<G o (CKICEWEVR).

e Study of 3} .\ U(m") : we have

>

I
S .
m/EMn m/GMn
We are going to study this term according the value of §.

(i) Case 0 < § < 1/2 : In this case §/2 < (1 — 0)/2. Thus the choice ¢ = 1
1-6

3 13
implies that metl®m2 —Kiem 2 i hounded by a constant independent of m/,
1-46

)
Sl S 5 .
and et m 2 —Kiem T2 g integrable in m’. We deduce that :

2

) 1-§ m 5 1-§ n 5 1
l Z e/tlémﬁflesmNT :l [ Z el/«lapm//ijlEmNT 4 Z eﬂla/Qm/@*me”T

|

m/eMy, m/=1 m'=m

n m/eMy,
C//
<. (3.41)
n
) 1-6 [ [
(ii) Case & > 1/2: We choose ¢ such that ul®?m2 — Kjem”s = —pl2m”2, that
. 5/2 _1 .. .
ise= %m”‘s 2. This implies
1 5/2, 13 nizd 1 _asj2, nd 1 o2 18 CF
7Zelulm2 K1€m2:726plm2<726ul m2<71'
n m/eMy, m'eMnp n m/ n
(3.42)

In the all cases, we have : 3, U(m") < %ﬁl
e Study of Zm/e_/\/ln V(m")
As |[M,,| = O(n?) and for all choice of ¢ in the study of U(m”), we have C(g) = 1,

€ = 1. Thus, it follows
" ’Mn| ! n
,Z V(m") < 2o exp (—K1C(e)ey/n) < IZI0)
m/eMy,
iy
T on
Therefore, (3.40) holds and the result of Lemma is proven. []

exp (—K1C(e)v/ev/n)

(3.43)
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Proof of Lemma [3.7.3L

Here m* = m v m. Using the Cauchy-Schwarz inequality for ¢t = ZT:*O_ ! aje; such that

[t = 375 " a? = 1, we have :

2
naltf = o ( j - = (( ))(fz( u) - f%(—U))dU>

m*—1
L(u) Px Cw) — £ (—udu
f|u>m fg“(—u)( 7(—u) — fz(—u))d

(2r)?

By (3.4)-(3.5) and using the Cauchy-Schwarz inequality, we have :

PHW) oy
jwm 75 (o 200 = F2(w)d

m*—1 2

s o3(w) L
= mez( s (Fa=u) = f3=w)iu
2
Fo(—w) — f3(—u) ;
<|u>m TR )'d>
Fy-w = f5wl e\
|u\>\/ﬁ ’fa (_u)‘

m*—

f 5 (—u) — f?(—u)\:—guzdu
|| >/ Tm* | f(—u)|?

e du.

7=0

X J
|u|>+Im*

As S|u\>\/le* e~ 8" du < ce¢™" and the function = — ze =% reaches its maximum (1/¢)e~!

PN ek V(2
in 2 = 1/¢, it implies v, 2(t)* < {z /2 |f1fk)(_ff)52 W =& gy, Therefore,

E [ sup (Vn,z(t))2] S fR . ng(_w - fé(_u)ﬂ e du,

teS, . |t|=1 | f2(—u)?
Now, we have

E [IF2(-u) — f(-u)P] = Varl Fy(-w)] = ~Varfe 4] = (1~ |f5(-u)P?) <

S |-

Thus, by this last inequality we deduce

1 1 2
E sup Un,2(t 2l < J e " .
[teS |tH:1( 2(1)) ] n Jg |f2(—u)?

s |
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If f. is ordinary smooth, the integral is convergent and the previous bound is of order 1/n.
Assume now f. super smooth, we have by (3.6) :

1 D)
E [ sup (%2(0)2] < J erlul’ =€ gy < =2,
R n

teS i, [t =1 n

if 6 <2,orif § =2, and u < £. This gives the announced result. []

3.8 Appendix

3.8.1 Covariance inequality (Viennet| (1997))

Let (X;)iez be a strictly stationary absolutely process with S—missing sequence (5k)x=0-
Then, there exists a sequence of measurable functions (by)r=0, with bp = 1, 0 < b < 1,
Ep[br] = Bi such that for any measurable function f in L.2(P) and any positive integer n,
we have

Var(Y £(X,)) < dn f b(a) 12 (x)dP(x),
=1

where b = > by is such that Ep(b?) < p>, - (k+1)P~1 8, for 1 < p < 400 (see Lemma
4.2 in |Viennet| (1997)) p. 481).

3.8.2 Asymptotic Askey and Wainger formula

From Askey and Wainger| (1965)), we have for v = 4k + 2§ + 2, and k large enough

(a) (zv)%? ifo<z<1l/v
b  (zv)" V4 ifl/v<z<v/2
(5) ¢) v Viy — )14 ifv/2<z<v—v/3
by (z/2)] < C'S d) vU/3 fr_ B <a<yy i3
e) v YAz —v) Ve Pl gy, 4 1B < g < 30)2
| f) e if x > 3v/2

where 71 and =9 are positive and fixed constants.

3.8.3 Talagrand’s inequality.

Let (X;)1<i<n be independent real random variables, F a class at most countable of
measurable functions and v, (f) = L 3" (f(Xi) — E[f(X;)]) for all f € F. We assume

T on

there exist third strictly positive constants M;, H, v such that :

1 n
sup | flloo < My, E[sup | v (f) |] < H, and sup — )" Var(f(X;)) < v.
feFr feF fer 5
Then, for € > 0,

4 (v _p, o AOM? K1 C(e)yent
E 20H| =21 4 2¢)H? < — —e s L™ M
[<§2£‘Vn(f) ( + 5) >+] Kl <’I’le + chZ(s)nQG 1 )
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where C(e) = (vV1+e—1) A1, K1 = 1/6 and K| a universal constant. The Talagrand
inequalities has been proven in|Talagrand| (1996, reworded by [Ledoux] (1997). This version
is given in [Klein and Riol (2005).




Chapitre 4

Hermite estimation in noisy
convolution model

Un article écrit a partir des éléments de ce chapitre est prévu.

Résumé. Dans ce chapitre, nous étudions le probléeme d’estimation d’une fonction de
régression dans un modéle de convolution Nous considérons le modele suivant : y(zy) =
h(zk) +ep, h(z) = fxg(z) = {5 f( (y)dy,k = —n,...,n—1 ou g est supposée connue
et f est la fonction inconnue que lon cherche a estlmer; les erreurs () _p<k<n—1 sont
indépendantes et identiquement distribuées (i.i.d.) avec E[ex] = 0 et Var(ey) = 02 < o,
connu ; les points (xp = kT/n)_n<k<n—1 sont déterministes et équirépartis sur -7, 7T,
ol 0 < T < o0 est fixé. Nous introduisons deux procédures d’estimation de f en exploi-
tant les propriétés de la base d’Hermite. Nous proposons une étude du risque quadratique
de chaque estimateur. Nous obtenons des vitesses de convergence pour f dans une boule
de Sobolev pour la premiere approche ou dans une boule de Sobolev-Hermite pour la
deuxiéme méthode. Nous présentons aussi une procédure de sélection de modeles en s’ins-
pirant des méthodes de Goldenshluter et Lepski pour la premiére approche d’estimation :
Pestimateur résultant satisfait une inégalité oracle pour € sous-gaussienne. Enfin, nous
illustrons numériquement cette méthode et une nouvelle procédure dérivée des méthodes
de Goldenshluter et Lepski en s’inspirant de I’approche Lacour et al.| (2017)).

Abstract. In this chapter, we study the problem of estimating a regression function
in a convolution model We consider the following model : y(xx) = h(xg) + ek, h(z) =

= g f( (y)dy,k = —n,...,n — 1 where g is assumed to be known and f
is the functlon of 1nterest to be estlmated; the errors (ex)_n<k<n—1 are independent and
identically distributed (i.i.d.) such that E[e;] = 0 and Var(eg) = 02 < +00, known ; the
points (zy = kT/n)_n<k<n—1 are deterministic and equispaced on the interval [—T,T1],
where 0 < T < o0 is fixed. Two estimation methods are considered to estimate f by exploi-
ting the properties of the Hermite basis. We study the quadratic risk of each estimator. If
f belongs to the Sobolev (first approach) or Sobolev-Hermite (second approach) spaces,
we obtain rates of convergence. We also present an adaptive procedure to select the rele-
vant parameter for the first approach inspired by Goldenshluter and Lepski methods, the

109
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resulting estimator satisfies an oracle inequality for £’s sub-Gaussian. Finally, we illustrate
numerically this approach and a novel method inspired by Lacour et al.| (2017))’s procedure.
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4.1 Introduction

Consider the convolution model
y(zx) = h(wg) + e, k=-n,...,n—1, (4.1)

where
h(z) = f flx—1y)g(y)dy, (4.2)

where the kernel function ¢ is supposed to be known and f is the unknown function to
be estimated ; the errors (ex)_n<k<n—1 are independent and identically distributed (i.i.d.)
such that E[ez] = 0 and Var(eg) = 02 < +00, known ; the points (x5, = kT/n) _n<i<n_1
are deterministic and equispaced on the interval [—T,T], where 0 < T' < o is fixed. This
model appears in several application contexts : in Dynamic Contrast Enhanced (DCE)
imaging data analysis (see Goh et al. (2005)), |Cuenod et al.| (2006), Goh et al.| (2007)), |Caol
et al.| (2010) and [Comte et al.| (2017)) and in the study of time-resolved measurements
in fluorescence spectroscopy (see (Gafni et al. (1975), McKinnon et al. (1977), |O’Connor|
et al| (1979), |Ameloot and Hendrickx (1983), |Abramovich et al.| (2013)). If the function
of interest is the unknown function h, this problem is known as a fixed design regression
model.

Nonparametric estimation of A has been studied at length in the literature, see
et al. (1999)), Baraud (2000)) and recently Comte and Genon-Catalot| (2020a) for random
design. Estimating the density f of a random variable X when observing Z = X +¢ with ¢
independent of X with density g amounts to reconstruct f from an estimate of f; = f*g.
This problem is known as a deconvolution problem. It is an inverse problem which has
also been studied extensively in the literature, see (Carroll and Hall (1988), Fan| (1991,
Pensky and Vidakovic| (1999), [Comte et al. (2006)), [Delaigle et al.| (2008), Mabon| (2017),
Comte and Genon—Catalot| (2018)), |[Sacko| (2020) among others, see also the monograph of
Meister| (2009). Model ( cumulates the two questions of regression and deconvolution,
and this is why it is diﬂicult. We mention that in Model , the unknowns f and the
kernel are not necessarily densities.

When f and g are [0, 1]-supported, Rice and Rosenblatt| (1983) solved the problem
using a smoothing spline approach for xy = k/n with k = 1,...,n. They obtain a control
of the risk for f of class C*. However, the question of the smoothing parameter is not
considered in their work. Another special case of Model (4.1)) occurs When f and g are RT-

supported, it is called Laplace convolutlon Then, we have h So (y)dy, whose
discrete noisy version is given by (4.1) with £ =1,...,n. It has been studled in
for g(x) = be™ 1,0, using that the solution of satisfies a linear differential
equation. The authors compute convergence rates for n — oo, under the assumption that
the s-th derivative of f is continuous, the procedure is not adaptive. [Abramovich et al.|
study the Laplace deconvolution problem for g known : they summarize the esti-
mating problem of f to estimation of the derivative of h. These derivatives are estimated
by a kernel method, the procedure is adaptive and minimax optimal for f in a Sobolev
class. Note that the rate depends on T' =T}, — o0 as n — 0. studies also
the Laplace deconvolution problem using the Galerkin projection on Laguerre functions
for a g kernel contaminated by white noise. More recently, (Comte et al|(2017) proposed a
projection estimator, based on the development of the functions f, g and h in the Laguerre
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basis. The coefficients of the decomposition of h are expressed as a linear combination of
those of f, the link matrix being invertible. They also propose an adaptive procedure by
penalization : the resulting estimator verifies an oracle inequality up to multiplicative logn
factor. We emphasize that the (zj)1<k<n are not necessary equispaced on [0,7"] and T is
fixed. Finally, if, f is a function of 3 variables and g of one variable, Benhaddou et al.
(2019) consider also the projection method on Laguerre and wavelet bases for a Gaussian
white noise. Their method is adaptive and asymptotically optimal up to a logarithmic
factor when f belongs to a three-dimensional Laguerre-Sobolev ball. Note that regression
model and inverse problems can be encountered in different setting, see for instance|[Loubes
and Marteau (2012) who study an econometric model; then, the inverse problem arises
from instrumental variables taken as covariate.

However, all previous studies were conducted for RT supported f and g. The novelty
of present work, is that we consider Model with R-supported function and our aims
are the following : Define a consistent estimator of f; Provide rates of convergence ; Pro-
pose an adaptive procedure and illustrate numerically its performances. The Laguerre
basis which is R*-supported clearly no longer suits for our problem. We consider here the
Hermite basis which has non compact support and is well adapted in our context. When
using compactly supported bases, the support is a fixed interval determined in practice
from the dataset. Hermite basis does not require this preliminary choice and is well adap-
ted in our context. Recently, |Belomestny et al. (2019) show that the Hermite basis allows
to build estimators of low complexity and therefore numerically fast.

In this chapter, we first propose a Fourier-Hermite (denoted by FH in the sequel) approach
to estimate f. It consists in estimating h as regression function by a nonparametric least
squares method, based on the development of A in the Hermite basis. Then, we use the
inverse Fourier transform to recover f. Contrary to Baraud (2000), we do not consider
a compactly supported basis. Moreover, we obtain a new (to our knowledge) bound on
the IL?(R)-risk for regression function h. We provide an upper bound on the risk of the
estimator of f which shows that a bias-variance compromise must be performed. For f
belonging to a Sobolev ball, we obtain rates of convergence for adequate choice of some
parameters (cut-off parameter and dimension of the regression function). We also present
an adaptive procedure inspired by /Goldenshluger and Lepski (2011) method to select
the relevant parameters : the resulting estimator satisfies an oracle inequality for € sub-
Gaussian (see below or |Vershynin| (2012)) for more details), and automatically realizes a
bias-variance compromise up to a logarithm term. We also introduce another approach,
called the Hermite-Hermite (denoted HH in the following) strategy. Both functions f and
h are decomposed in the Hermite basis. We construct an estimator of f by replacing h by
its nonparametric least squares estimator in the formula of the coefficients of f. As for the
FH strategy, we provide a risk bound and the rate obtained therein for f belonging to a
Sobolev-Hermite ball.

The plan of the chapter is the following : In Section f.2] we present a first naive ap-
proach to estimate f and explain why it is not consistent. The study of the estimation
of regression function h in the Hermite basis for fixed design is described in Section [4.3
Those results are exploited to study the FH and HH strategies. Section [£.4] is devoted to
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the FH strategy. In particular, we define the FH estimator in Section [£.4.1] A bias-variance
decomposition is given in Section In Section we provide rates of convergence.
Section[4.4.4)is devoted to selection of model for the FH procedure and an oracle inequality
is proved for the resulting estimator therein. In Section we describe the HH estimation
strategy and a comparison with the FH method is performed. Section [4.6] is devoted to
the numerical study to illustrate the performance of the adaptive procedure. Finally, all
the proofs are presented in Section and some useful results are given in the Appendix.

4.2 A first naive approach

Consider discrete observations (xg, y(2k))—n<k<n—1 from model (4.1). Our aim is to esti-
mate f using Fourier analysis tools. First, we consider the following assumption on the
unknown f.

(A1) The unknown function f and its Fourier transform f* belong to L' (R).
Assumption|(A1)|is introduced to use the Fourier transform inverse : t(z) = 1/(2n) § e"“t*(u)du.

We will also need of the following assumption on the kernel g which are classical in de-
convolution context :

(A2) The Fourier transform of g denoted g* is well defined and such that : g* # 0, where
t*(u) = { e™t(x)dz, and i is the complex number with i = —1.

(A3) There exist ¢; = ¢§ > 0, and v > 0, such that
A+ < | P <a(l+13), VteR. (4.3)

is necessary to define the estimator and is generally useful to study its risk.
Under the function g and the errors are called "ordinary smooth". Observe that
implies and is verified by some classical distributions : we can cite for example
the Laplace distribution (with v = 2), Gamma distributions (v = p, where p is the shape
parameter) and more generally for all symmetric Gamma distributions. As h = f x g (see

(4.2)), under [(A1) and using the Fourier inversion formula, we have :

_ e—iumh*(u) U T
f(2) _JR st VoeR (4.4)

Equation (4.4]) leads to an estimator of f by replacing h by an estimator. A simple idea is
to use the following approximation :

% ni i (x;) = jT eh(x)dz + O (f) . (4.5)

j=—n -7

Then, we can estimate h™ by :
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This brings us to the definition of the following estimator :

I 1 fzux%*(u)
fo(z) = o f@e 7 () du, for £ > 0. (4.7)

The parameter of cut-off ¢ is introduced to make the ratio h* /g* integrable.

In the following, |s[s = sup,eg |s(z)| denotes the supremum norm of s on R, s the
first derivative of s. We can state the following bound for the risk of f,.

Proposition 4.2.1. Let Assumptions|(Al)| and|(A2)| hold and assume that |h]e < +00,
|W oo < +00. Let fo be defined in (4.7) and set

1 (¢ du
MO =2 L (W

Then, we have

N 2 4
BIAfP< | e A00T M0

\h(ac)\dac) :
(4.8)

(UlbleH I | P+A(0) (f

|u|>T

— The first term of the bound (4.8)), S|u|>€ |f*(u)|?du is the classical bias term.

— The second (¢2TA(€)/n) is the standard variance term for deconvolution problems.

— The third term A(¢) %;1 (O)|h] o + |/])? comes from of the approximation error given

in (4.5). If we consider the following collection of models {¢ : T%A(E) < 1} it has the
order of variance term. Indeed, under |(A3), we have A({) 2 ¢* for v > 3, then

A(0) (’;C—;‘ (€]l + Hh’|\oo)2> < %262 < %ZA(E), where, for two functions u, v, we
denote by u(x) < v(x) if u(z) < cv(z), with ¢ is a constant independent of x.
— Finally, for fixed T, the term A(E)(S|u|>T |h(x)|dr)? does not tend to zero when n

tends infinity, whatever the choice of £ is. Consequently, fg is not consistent for fixed
T.

Then, we propose in sequel two estimations procedures : Fourier-Hermite strategy and
Hermite-Hermite strategy. First, we study the estimation of h by using the least squares
methods.

4.3 Hermite fixed design regression

We present a complete study of the regression function in Hermite basis. Let us start by
recalling the definition of Hermite basis and the associated regularity space.
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4.3.1 Notations

For ¢, v belonging to L*(R) n L*(R), denote {(p,%) = {p(u)y(u)du the scalar product
on L*(R) and |¢|? = §|e(u)>du the associated norm on L?(R). The Fourier transform
of ¢ is defined by ¢*(u) = { ™o (x)dz. Lastly, we recall the Plancherel-Parseval equality

(o, ¥ = (2m) 7 p*, ¥*).

4.3.2 The Hermite basis

Define the Hermite basis (¢;);j=0 from Hermite polynomials (H;);>0 :

) dJ )
pi(@) = c;Hj(w)e ™2, Hya) = (~1e” (7). o= (Zlvm) 2 xeR,j=0.
(4.9)

The Hermite polynomials (H;) ;>0 are orthogonal with respect to the weight function e~

(z)Hy(z)e ™ dx = 275!3/78; 1 (see |Abramowitz and Stegun , 22.2.14), where
o Hj(x)H, Pdr = 25\/76; Ab ds 1964), 22.2.14), wh
d; 1 is the Kronecher symbol. It follows that the sequence (¢;);=0 is an orthonormal basis
on R. Moreover, ¢; is bounded by

I3llo0 = suplip; ()] < g0, With do = LI (4.10)
xe

(see Abramowitz and Stegun (1964), chap.22.14.17 and |Indritz| (1961)) and the following
bound holds

i (4.11)
(+1)7 |

where Cy, is a constant given in Szego| (1959)). The Fourier transform (¢;);>0 is given as
follows

[jllo <

©f = V2r(i) p;. (4.12)
From |Askey and Wainger| (1965]) or Markett (1984), it holds :
lpi(@)l < Cloe™®, ol > V25 + 1, (4.13)

where C!, and £ are constants independent of x and j. The infinity norm of the derivative
of p; satisfies (see Comte and Genon-Catalot| (2018), Lemma 7.3) :

. 5 .
@ < CH(j +1)12, j =0, (4.14)

where C7, > 0 is a numerical constant.

4.3.3 Regularity spaces

We consider in the sequel the following regularity spaces (see Bongioanni and Torrea
(2006))).
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Definition 4.3.1. Let s, L > 0, define the Sobolev-Hermite ball of regularity s by

Wi(L) = {0 € L2R), 3 k*a2(0) < L}, where ax(0) = f@(w)gok(x)da:. (4.15)
k=0

For s an integer, it is proved in Bongioanni and Torrea, (2006) and Belomestny et al.| (2019)
(see Proposition 4) that 6 belongs to W, (L) if and only if # admits derivatives up to order
s and if the functions 0,6’,...,00) z5=t9®) for | = 0,...,s — 1 belong to L2(R). Recall
also that the usual Sobolev ball W#(L) is defined, for s > 0 by

Wo(L) = {0 € LA(R), fu T u2)°|6% (u)2du < L. (4.16)

If s is an integer and L > 0, it holds (see |Bongioanni and Torrea (2006]) and Belomestny,
et al. (2019)) then; « # € W5(L) » is equivalent to « there exists L* > 0 such that
Yoo IFDIP < L* ».

Thus, it follows that W}, (L) < W*5(L*). Moreover, if f € W#*(L) has compact support,
then f e W (L*). In other words, W (L) and W#(L*) coincide for compactly supported
functions.

4.3.4 Definition of the regression estimator

Let d > 1 an integer and

Sq :=span{@o, ..., Pd—1}, (4.17)

the linear space generated by o, ..., @q—1, where ¢; is the Hermite basis defined in (4.9).
Assume that h belongs to L2(R). Then, we can write h = 2j=0bi(h)wj, with bj(h) =

(h, ;). Moreover, we define hg = Z?;(l) b;j(h)p;, the orthogonal projection of h on Sy.
Introduce the matrices :
T
Dy = (pj(T:)) —n<i<n—1,0<j<d—1, Ya= E‘Pg@d, (4.18)
where ®f, denotes the transpose of the matrix ®;. We need of following Lemma to get an
estimator of h.
Lemma 4.3.1. For alln = d, Y4 is invertible.

By the least squares method and Lemma[4.3.1] we derive the following projection estimator
of hon Sy :

—

d—1

~ ~ = ~ ~ . T

ha= Y, 875, where 5 = (37, B))! = (@h@a) T Ol = —wg'0ly,  (4.19)
i=0

¥=(y(x-n),-.. ’y(xn—l))t'

Comment on the assumption h € L?(R). Let 1 < p,q,7 < o such that 1/p + 1/q =
1+ 1/r. Let us recall that with the Young inequality, we have |A|, = || f * gl» < ||f]pllgl4-
Thus, for (f € L2(R) and g € LY(R)) or (g € L?(R) and f € L!(R)), it follows that
h e L2(R).
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4.3.5 Risk bound of ?Ld and rate of convergence

For any s, t in L?(R), we define :

n—1 n—1
2= Y B b= 3, st

i=—n i=—n
The following bias-variance decompositions hold.

Proposition 4.3.1. Let (z;,y(2;))—n<i<n—1 be observations from_model . Assume
that h belongs to L2(R) and consider the estimator hq defined in .

(i) Then, it holds that
E [Hﬁ - hu?] _ inf [t— hJ2 + 027 (4.20)
d n €S, noTE '
(ii) Moreover, we have
~ B T B
Ellha — 1] < [|h = hal? + Amaz (57 [h = hal; + aggtr (v, (4.21)

where tr(A) is the trace of the matriz A and Amaz (A) denotes the spectral radius of
the matrixz A.

The part (i) of Proposition corresponds to a classical bias-variance decomposition
for the empirical norm | - ||,. The first term in the right-hand side of is the bias
term and the second term is the variance term. They behave in the opposite way with
respect to d : infieg, [[t — h|? decreases with d while 02T'd/n increases with d. The risk
bound given in is new to our knowledge and handles the integrated L? risk on R. It
is a bias-variance decomposition with bias equal to |h — hq|? + Amae (\Ifgl) |h — hg|? and
variance o2tr (\Ilgl) T'/n. In both cases, we have a bias-variance trade-off to make.

When the points (2;)_n<i<n—1 are ii.d. random variables with common density p (see
Comte and Genon-Catalot| (2020a))), we have E[infieg, [t—h[2] < infieg, [§(h — t)*(2)pu(z)dz]
instead of inficg, [t — 2.

In our context the bias term is studied by exploiting the specific property of the Hermite
basis. The following Lemma leads to find the order of the bias :

Lemma 4.3.2. Assume that h belongs to Wi (L) (Sobolev-Hermite ball defined in (4.15) ).
(i) If a > 11/6, we have |h — hg||? < |h— hg|? + C(a, L)%Q, where C(a, L) is a positive
constant depending only on o and L.
(ii) If o > 17/6, it hold that |h — hq|? < |h — hg|? + C”(a,L)%, where C'(a, L) is a
positive constant which depends on o and L.

For fixed T, the additional term T2/n or T3/n? is a residual term which is negligible
compared to the variance term o2dT/n for the empirical norm or o2tr (\I!gl) T'/n for the
integral L?(R)-norm. Furthermore, to get the rate of convergence for the integral norm
| - |l, we have to control tr (\Ifgl) and Amax(¥;"). We consider the following assumption
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(A4) There exists a constant Ay > 0 such that the maximum eigenvalue of \Ilgl satisfies
)\max(lllgl) < Ay < 400,

uniformly in d.

For n large enough and 7', d well chosen, we can show that

-1 _ 72
g - 1 — o
where || || is any matrix norm (see Section in Appendix). It follows that Assumption
(A4) holds asymptotically with Ay near of 1. The same type of hypothesis can be found in
Comte et al.| (2017) (see Assumption 4) and [Vareschi (2015) (see Assumption 2.3). Then,
we can deduce the rate of convergence.

Proposition 4.3.2. Assume that h belongs to W§ (L) with o > 11/6 and select dop =
[nl/(a+1)].

(i) Then, we have

sup Elﬂﬁmwt—lwi]s;CXa,L,T¢%)n*ih; (4.22)
heWg (L)

where C(a, L, T, 0.) depends on o, L, T and o..
(ii) If in addition |(A4)| is satisfied, it yields that

WQEH%W—WﬂngJJw@MMT%. (4.23)
heWg (L)

Our estimator reaches the same rate as in the case where (x;) are random variables (see
Comte and Genon-Catalot| (2020a))). From the lower bound stated therein, this rate is
optimal when we use the Laguerre or the Hermite basis (at least for gaussian €’s). Note
that it is not standard and is specific to the Laguerre and Hermite basis : in [Baraud
(2000), Baraud, (2002)), Barron et al. (1999)), the least squares estimator converges with
rate n—2%/(22+1) if the regression function h belongs to a Besov space with regularity index
a. The reason is that the variance order does not depend on the basis used while bias order
does and changes according to the regularity spaces associated with the basis.

Remark 4.1. The constraint o > 11/6 or a > 17/6 comes from the study of |h—hg|? (see
the Proof of Lemma . It excludes some functions h (e.g. Cauchy since a = 3/2 —n
with 0 < n < 3/2 see Section 4 in |Belomestny et al.| (2019)). Without this constraint, we
have for ac = 1 and h € W§(L)

n—1 2
Ih—ha2 == D7 (ha(as) — h(x:))* < 2T'¢5 (Z ja/zaxh)j“/?) <d ot
n

i=—n j=d

where ¢y is given in [E10). It follows for the choice doy = [nY(*F2)] that E [H?Ldopt - h”%] =

a—1
O(n~e+2). This rate is worse than the one obtained in . The estimator remains
consistent in this case even if the rate deteriorates. In the sequel, we will see that the
condition o > 11/6 or a > 17/6 is often satisfied.
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4.3.6 Adaptive estimator for h

However, the choice of d = dyp; depends on the regularity of A which is unknown ; thus
this choice is only theoretical and cannot be used in practice. This is why an adaptive
procedure is developed now. It allows to choose the relevant dimension by replacing the
bias and variance terms by computable quantities. Let 7, (-) be the empirical contrast :

T n—1
2
Yn(t) = o, Z [y(zi) — t(x:)]”
i=—n
It is easy to see that hy = argminy,(t). The quantity v, (hg) = —”}\LdH,ZL is a classical

teSy
estimator of the bias term. Then, we select the space S; by setting :

~ ~ d
d := argmin{v,(hg) + pen(d)}, where pen(d) =kT—02, K >1 (4.24)
deM,,
where M,, = {1,...,dmax}, dmax < 7 is the maximal dimension which depends on n and

K is a positive numerical constant. The constant x is independent of the data and a value
must be assigned in practice. Methods are proposed in Baudry et al.| (2012]) and programs
for density estimation are given in the Softwares R and Matlab called "Capushe'. The
following oracle inequalities hold for the resulting estimator.

Theorem 4.3.1. Let (x;,y(x;)) —n<i<n—1 be observations, from model . Assume that
E[e}] < 0.

(i) Then, the estimator ﬁg satisfies :

~ d '"T

E[|h; — h|2] < C(k) inf (inf It —h|2 + J?T) + ¢ , (4.25)
deMy \teSq n n

where C(k) = 26(1 +4/(k — 1)) > 1 (for instance for k = 2.5, C(2.5) = 9.17) and

C’ > 0 are numerical constants.

(ii) If in addition |(A4)| holds, we have

~ . d Ci T
Bllhg AP < Cu gt (298 + Dl hal? + g — 12+ 0275 ) 4 S22

n n

(4.26)

where Ao is given in C; = max(1,2A3C(k)) and O} = 2C' are positive
constants.

The estimator A ; is adaptive and minimax optimal in the sense that the bias-variance
compromise is realized automatically, since C'T'/n and AoC}T'/n are residual terms. Indeed,
for h e Wg (L), we deduce from Proposition that E[|h;—h|2] < n” =T and E[|h;—

h|?] < n~a+1 . Theorem |4.3.1|is a consequence of Theorem 3.1 given in Baraud (2000) and
the bound given in (4.21])).
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Remark 4.2. The variance o2 of the noise which appears in is assumed to be known
but s in general unknown and must be estimated. A classical estimator is the residual least
squares estimator :

P n—1 R
- % MR has ()|

where d* is an arbitrarily chosen dimension (for instance d* = [\/n] suits see |Baraud
(2000)).

4.3.7 Illustration for the regression estimator in Hermite basis

We illustrate the adaptive procedure of h. We compute the estimator h ; defined in (4.19)

with d selected in (4.24]). We consider the following test functions which are estimated on
the interval I

(i) f(z) = exp(—22%), I = [-2,2],
(ii) Gamma distribution I'(4,4), I = [0,2.5],
(iii) f(x) = \/%(0.4exp(—8(:v +1)?) + 0.6 exp(—8(z — 1)?)), I = [-2.5,2.5],

(iv) f(z) = 2” exp(—2)loz0, I = [0,8].

For the kernel g, we choose a I'(2, #) distribution i.e. g(z) = 6%z exp(—0z)1,>0 with § = 4.
The errors (gy) are centered Gaussian with standard deviation o. € {1/8,1/4}. We also
choose T = 10 and consider two values of the sample sizes n = 250,1000. The maximal
dimension of d is dpax = 50. The regression h = f *x g is computed for each function
test f and kernel g by Riemann sum discretization in 500 points. Computations of risk
for different values of  allow to fix k = 2.25. The adaptive procedure is implemented as
follows :

« For each d in M, compute —||hq|2 + pen(d), with pen(d) given in (4.24),
e Select d such that d = arg min{—|hg|2 + pen(d)},

eMnp

o~ ~

o Compute h ;= Z?;é 3§-d) ©;, where Bgd) is given in (4.19)),

Simulation results and comments

We present in Table simulation results. For each function f, we provide the MISE (with
the standard deviations in the parenthesis) on the first line computed over 200 repetitions
using Riemann’s sum discretization for the estimation of h. The second line corresponds
to the average of d selected by the algorithm. In the third line, we give also the mean of
the theoretical value of Signal-to-noise ratio s2n which is defined here by :

-1 -1
% Z?=—n h(xZ)Q ~ % Z?:—n y(xZ)Q - O'g
1 yn-1 2 = o2
2n Ldi=—n "1 €

s2n = ,

where the above approximation is obtained using the law of large numbers. We remark that
increasing n and s2n improve estimations. We also observe that the mean of d increases
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with n. Note also in view of the bias-variance decomposition given in (4.21)), we can select
d as follows :

~ d
dV = arg dm/\i/rl1 {—|ha|® + pen(d)}, where pen(d) = KUSTE (4.27)
My,

The term —H}\LdHQ estimates |h—hg|? = |h]?—|hql? since ||h|? is independent on d and can
be dropped. Numerically, the two choices of d given in and provide exactly
the same result in average. That is in accordance with the theory (see Lemma [4.3.2)).

We also illustrate the results by some graphs. Figure and show 25 beams of estima-
tors of h = f % g. For each graph, we plot the true function i and 25 estimates for n = 250
on the first line and n = 1000 on the last. We choose 0. = 1/4 on the first column and
0. = 1/8 on the second. Moreover, they ensure the stability of the procedure with some
variance for n = 250 and o, = 1/4. This confirms the results obtained in Table

oo =1 =1

; K 250 1000 250 1000
0.61(0'33) 0'17(0.08) 2.24(1.24) 0.60(0.31) MI?E
(i) 7.44 8.98 5.49 7.42 d
2.37 2.36 0.60 0.59 s2n
0.34019) 011003 12701y 0.37(024) | MISE
(ii) 9.39 13.02 6.78 9.52 d
1.58 1.57 0.39 0.40 s2n
114031 029014 287115 1.13(035 | MISE
(iii) 11.93 21.12 8.24 12.95 d
1.17 1.17 0.30 0.29 s2n
0.89(026) 0-24(0.07) 3.05(1.09) 0.89020) | MISE
(iv) | 23.24 30.60 17.51 23.23 d
2.32 2.30 0.58 0.58 s2n

TABLE 4.1 — First line : empirical 100x MISE (with 100xsd) for the estimation of h ; second
line : mean of d /; third line : mean of Signal/Noise ratio computed over 200 independent
simulations for A .

4.4 Fourier-Hermite approach for the regression-deconvolution

model

In this section, we construct an estimator of f using the Fourier inverse transform and
then the least squares estimator.
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FIGURE 4.1 — 25 estimates of h for (iii), with n = 250 (first line) and n = 1000 (second
line). The true quantity is in bold red and the estimate in dotted lines (left 0. = 1/4, right
o =1/8).

FIGURE 4.2 — 25 estimates of h for (iv), with n = 250 (first line) and n = 1000 (second
line). The true quantity is in bold red and the estimate in dotted lines (left 0. = 1/4, right
o = 1/8).



124 CHAPITRE 4. HERMITE ESTIMATION IN NOISY CONVOLUTION MODEL

4.4.1 Estimation procedure

Consider discrete observations (g, y(zx))—n<k<n—1 from model (4.1)). By taking the Fou-
rier transform of (4.19)), it yields

hi(w) = D100k (). (4.28)

Plugging (4.28)) in (4.4)), we introduce the following estimator of f :

F(@) = % J ¢~z ngg du. (4.29)

The estimator is well defined because the Hermite basis decreases as e~%° (see (4 ),
which makes the ratio A% ag* integrable for many functions g (see also |Sackol (2020)). The
quality of f (@) 1s related to that of hd which is studied in Section H The dimension d
must be optimized. In practice, we must introduce a cut-off to compute f(d). Moreover, to

control the risk of f(d), we first consider the following estimator

; L (" ki
fo),a(x) = o f e 7 @) du, for ¢ > 0. (4.30)

4.4.2 Risk bound for the deconvolution estimator

Now, we study the integrated quadratic risk of f(d) given by 1j Define

* — 1 ¢ —iu:ch*
A= s g%, o) = 5 [ (4.31)

Consider also the following assumption :

(A5) [llo = supser [A(z)] < co.

We recall that, by the Cauchy-Schwarz inequality, |h]« < | f|]g]. Therefore, if f and g
are square integrable then, condition is automatically satisfied.

Then, we can state the following upper bound on the risk.

PropOSItlon 4.4.1. Suppose that the assumptions |( m to E hold. For f (d) given in

(-) f d defined in and £ = v/2d, we have
E [Hf(d) — f1?] < 200Te 8 4 2B (| fipa — 117]. (4.32)

where C' is a constant depending on C,, & given in (4.13)), c1 in|(A3)|and |h|w. For ]?(ng
defined in and any £ > 0, it holds that

N _ T _
E|1fiea— FI2] < 15w l?+A00) (\h = Rall® + Amaz (95") B = halls + 02— tn (wdl))
(4.33)
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(a) The first term on the right-hand side of (4.33) (| f — fol? = = S‘u‘% |f*(w)2du) is

the classical bias term : it is decreasing with the cut-off /.

(b) The term A(¢) corresponds to the deconvolution aspect of problem : it is studied
using the regularity condition on ¢g* given in|(A3)|and is increasing with 2.

(c) Finally, the terms in the big parenthesis represent the regression aspect of problem
(see Proposition [4.3.1] (ii)).

We also mention that the term CAoTe™¢ is negligible compared to E [Hf(g)d - f||2] for ¢

large enough and f € W*(L) (Sobolev ball see (4.16)) for the definition of W*(L)) and under
(A38)} Then, the two estimators (f(s) 4 and f(4)) have the same rate of convergence. We can

also consider f() 4 as an estimator. However, this requires to optimize two parameters, the

cut-off £ and the dimension d in practice, contrary to f(d) which requires only to optimize
d.

4.4.3 Rate of convergence of f(g)d and ]?(d)

In this section, we compute rates of convergence in a collection of specified cases. To derive
convergence results, we will make two consecutive bias-variance compromises, first for the
regression part (compromise in ) and then for the deconvolution part, by substituting
this value in li and optimizing in £ to get the rates of f(y) 4 and f(4). The following
result of convergence holds.

Theorem 4.4.1. Let assumptions |(A1)| to [(A4)| hold. Assume that h € W3V (L), then
we have for dop = [nV/ (74D with s +~v > 11/6 and Lopt o nl/2(+7+D) ghat

feitlflsp(L)E [“f“om)vdom - fHQ] =0 (n‘W) ’

where W*(L) is the classical Sobolev ball of regularity s defined in (4.16]) and v is given

The same result holds for the estimator J?(dopt) with the assumption |(A5)| see (4.32). The

estimator f/i\(gopt)’dopt and J?(dnpt) converge at a polynomial rate as in density deconvolution
for ordinary smooth noise.

The hypothesis h € W;;rﬁ’(-) is related to the regularity of f and g. Conditions ensu-
ring that this assumption is fulfilled are given in Section [4.7]

Note that as Egpt o dgpt, then, we can just set £ = cv/2d with ¢ > 1 in the constraint
¢ > +/2d given in Proposition If we had a Fourier bias instead of Hermite bias (i.e.
we have ||h — h(\/a)H2 instead of |h — hg|?), for f € W*(L) and under we have by an
elementary calculation that h = f g e Wt (L/c}) (see Remark [4.3)). Therefore, it yields
under (A1) to|(A4) that sup eyys(r) E [H(}?@Om)’dopt - fHQ] =0 (niWSH>




126 CHAPITRE 4. HERMITE ESTIMATION IN NOISY CONVOLUTION MODEL

Remark 4.3. Assume that f belongs to W*(L) (see Section and g is ordinary

smooth (i.e. g satisfies ) Then, h belongs to WStV (L/c}), where ¢} is given in .
Indeed, we have

f (L) 1 () Pt = f(1+u2)5|f*(U)I2(1+u2)"’lg*(U)l2du < 11 f (L)) £ (u) P <

We derive that h is s+~ times differentiable if s+ is assumed integer and these derivatives
up to order s+ belong to L2(R). Then, it belongs to Wiy (L) if and only if the functions
25T RM) belong to L2(R) forn = 0,...,s +v — 1 (see Section . The latter is
discussed in the proof section, see Proposition [{.7.1]

For some classical functions, we can obtain the exact order of bias of the unknown function
J and the regression function h. We only calculate the rate for f(y) 4, these results extend

naturally to f(d) (see Equation (|4.32))) considering |[(A5)

Rate of convergence for f Gaussian

Let

1 22
i _ -, 4.34
o) exp (s ) (434)
we can establish the following result.

Proposition 4.4.2. Let assumptions |[(Al)| to hold and f = f, where f, is defined
n (M Further suppose that x*g € L*(R) nIL2(R) for a an integer which can be chosen
as large as possible and I = 0,...,a — 1. Set dopr = [n'/(@+D] and ngt = [Blog(n) with
B =a/(a+1)o?, we have

n log(n)”
E [Hf(eopt),dopt - fHQ] < (a) ,

na+1

where v is given in |(A3)|

Note that the condition 2%g € L' (R) nIL?(RR) holds for classical ordinary smooth functions
(Laplace or Gamma distributions). As a can be chosen large, then, for « — +00 (which
corresponds to dgp = 1), f(gopt),dopt is order log(n)?/n. In this case, the rate log(n)Y/n is
better than the rate obtained in the classical density deconvolution since the rate is order
log(n)"*1/2/n, see Butuceal (2004).

Rate of convergence for Gaussian kernel

a2

By reversing the role of f and g in Proposition [4.4.2, namely that g(z) = (2r0?) /2™ 2
and f € W#(L), we recover the classical rate of the density deconvolution framework, see
Fan| (1993) and Pensky and Vidakovic| (1999).

2

Proposition 4.4.3. Let Assumptions|(A1),|(A3)|and|(A4) hold, g(z) = (2m02)~1/2e 27,
f e WS(L) and z*f € LY(R) n L2(R) for o an integer which can be chosen as large as

2| =
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dhesz'red and1=0,...,a — 1. Then, we have for dyy = [n*/@] and 02 = % log(n)
that

E {1 fttap) dope — F1?] < 0g(m) ™"

Rate of convergence for f and g Gaussian.

If f and h belong to Wj;(L) and are of Gaussian-type, the order of the bias term decreases
exponentially (see|Belomestny et al.| (2019), section 4.3 and Lemma 2 in Comte and Lacour
(2011))). The rate is therefore imposed by the variance term.

x2

Proposition 4.4.4. Assume that (A1)l [(A2)| and [(A4)| hold, f(z) = (2mo?)~2e 202
562

and g(z) = (2m602)~2e 7202 with 0 + 62 # 1. Then, for dop = [log(n)/A.e] with, Aye =

2
log [("2+92+1> }, we have

o2+62—1

log(n)

E|lha,,, — 11| < (4.35)

Consequently, it comes for (2, = #W log(n) — %%—%ﬂ loglog(n) that

2
2 020

2

E {1 tupe) dope = FI2] <0775 10g(n) 7507

The same result holds if f is a mixture of Gaussian random variables. It is known that
the rates in double super smooth case are of type n~% with § > 0 up to a certain power of
log(n) (see |Lacour| (2006]), Theorem 3.1 in density deconvolution setting).

Note that if 02 +6? = 1, we have h = f*g = (ﬂ)_l(ﬂ)finpo where g is the first function
of the Hermite basis given by (4.9), in this case hq = h and ||h — hy| := 0 which implies
that the rate can be better than the one given in Proposition [:4.4]

Rate of convergence for the Gamma case

When f is I'(p,6) and g I'(q,0), where I'(a,b) is the Gamma distribution of with shape
parameter a and scale b, then, the regression function h is I'(p + ¢,0). If in addition the
shape parameter is an integer, we can derive the exact bias order of h and then the rate
of convergence.

Proposition 4.4.5. Let|(Al),...J(A4)|hold, p and q be two integers such that p+ q > 2.
Assume that f ~T(p,0) and g ~ T(q,0). For doy = [n"/PT97D] we have

_ptg—2

E | lhay, — bI?] < 07550

pt+q—2
Therefore, it follows for £yp; oc m+a-DEp+24=1) that

(p+q—2)(2p—1)

E |:H!}?(€opt)7dopt — fHZ] =0 (n(P+q1)(2p+2q1)> .
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The estimator J?(éopt),dopt converges with rate n~(P+t2=2)2p=1)/(p+¢-1)(2p+24-1) jf £ and g are
Gamma functions. The same results holds if f is a mixture of Gamma function.

Let us now summarize the previous results in the Table :

g Gaussian Gamma,

/ N(0,6%) I'(g,0)
Gaussian | o202 log(n)in~a+1
N(0,02) | n 2+0% log(n) *+02 « large
Gamma pyl __(ptg=2)(2p—1)

F(q 0) log(n) pT3 n  (p+a—1)(2p+29—1)

TABLE 4.2 — Rate of convergence for the MISE of .]/C\(g in the specific cases.

opt)7dopt

4.4.4 Adaptive procedure for Fourier-Hermite strategy

~

The objective of this section is to propose a way of selection for the estimator f(,) 4. First,

we remark that f(é)’d cannot be written as a minimizer of a contrast. Thus, we cannot use
a procedure by penalization. This is why, we describe an adaptive choice inspired by the
ideas developed by |Goldenshluger and Lepski (2011). The procedure is mainly based on
the comparison of estimators of f. From now, we set £ = v/2d and introduce the following
estimator

~
~

Vad o
! f i () (4.36)

fa(x) = f T) = — —iuw

() (\/ﬂ),d( ) o | soa 7*(u)
This choice of £ is motivated by the results obtained in Proposition and Theorem
Indeed : the optimal choice of ¢ is the order of v/d and as the minimal admissible
choice is ¢ = v/2d; this is why, we set £ = v/2d.

Consider the following collection of models

2 /
_/\/l,gll) — {1 < d < n, Ua)\QTdA( 2d) < 1}
n

where A(d) is given by (4.31)) and A in |[(A4)| Define

A = wx {(1 = fanal? - Vi) |}, (4.37)
d’e/\/lgll) +
where x; > 0 is numerical constant which must be calibrated in practice by simulations
and
AodT
V(d) = 2(1 + 241log(n)) o2 A(vV2d) 22— (4.38)

n
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Then, we select d as follows

d:=arg min {A\(d) + HQV(d)}, (4.39)
demP

where k1 < k9 and k9 must be also calibrated. The term /T(d) is an estimator of bias of fd
and its construction is based on the comparison of estimators of f. We add the following
assumption on the noise

(A6) &1 is sub-Gaussian variable with proxy variance b > 0, that is for every t € R, it
holds
b2 t?
Elexp(te1)] < eXP(T)-
It is also said that e is b-sub-Gaussian or sub-Gaussian with parameter b. The natural
example of a sub-Gaussian random variable is a centered Gaussian. If e; has N(0,0?)
distribution, it is easy to check E[exp(te1)] < exp(#), then, ¢ is sub-gaussian with
parameter o2. Assumption is also satisfied if 1 is bounded.

The following non asymptotic result holds for ﬁi'

Theorem 4.4.2. Let assumptions |(Al)| to|(A4)| and|(A6) hold, 4 be defined by (4.56),
d selected by - Then, for k1 = 12, we have

n

BN A7 <€ in (I~ frymgl? + Bold) + V@) + €2 (o)
deM

where

Ry(d) := max (A(\/ﬁ)uh—E[ﬁd,]H?)

deMP d<d'
C is a numerical constant and C' = C'(E[e}],7, c1,&, Xa, CL) with ¢y, given in

&, Cl in (4.13) and Ay in|(A4)]
In addition, if f belongs to W*(L) and h to Wy (L) with s + v = 17/6, it holds

log(n)

E[Hfd —-IPI<G inf (d7*+V(d)) +C1 (4.41)

cle./\/ln1

where Cy is a constant depending on C, L, L', s, v and C] depending on C', s and ~.

The term Ry (d) has the same order as the classmal bias of f (H =T H ) under adequate
regularity conditions on f and g. Inequalities (4 and (4.41]) are non asymptotic. In the
assumptions of regularity, the values of s (for f ) and ~y (8 +y for h) need not to be known
for in}\plementing the procedure or computing the estimator. The two inequalities show

that ]?J realizes automatically a bias-variance trade-off up to log term, and an additional
C’ log(n)
n

residual term , which is negligible in general. Moreover, we derive from Theorem
with n replaced by n/log(n) that under the assumptions of Theorem [4.4.2]

B[1f; - f1%] < C(;

n

og(n)

)" s

where C' > 0 is a numerical constant.
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4.5 Hermite-Hermite strategy for the regression-deconvolution
model

Our aim is to build a projection estimator of the unknown function f using the Hermite
basis. The ideas is to decompose both functions f and h in the Hermite basis.

4.5.1 Estimation strategy

Let (xg, y(xk))—n<k<n—1 from model (4.1), m > 1, integer and consider S,, defined in
([4.17). Assuming that f belongs to L?(R), we decompose f in the Hermite basis (¢;) >0 :

f= Z;O:o aj(f)ei,ai(f) = {f.pj> = § f(z)pj(x)dz and the orthogonal projection of f

m—1

on Sy, is given by : fr, = 270 a;(f)e;. To estlmate f, we build m estimators of the
coefficients a;(f). Under |(A2)} using the Plancherel theorem and as h = f * g, it follows
that :

h*(u)

(u)dr =

1Rt 1 [ h*)
arig ¥ 7 3 fg<u>*”j N

Replacing h* by h;“l defined in (4.28) and plugging this in (4.42)), we define the following
estimator :

a;j(f) = j(w)du. (4.42)

m—1 . ~
n ~ " (=) [ hg(w)
mad = 4P, Qg = (u)du, 4.43
fm.d Z @jdy,  Gjd = p g*(u)%(u) u (4.43)

7=0

provided that hdapj/g* is integrable for j = 0,...,m — 1. The coefficients a; 4 are real.
Indeed, using that ¢;(z) = (—1)7¢;(—z) (since H;j(—x) = (—1)7H;(x)), we have

— _ (@) (hiw) (=i [ hii(u)

ja = 4 —Cpj(u)du = d

V2r ) g*(u) V2T

where 7 is the complex conjugate of the complex number z. Under ), the integrability
condition of the ratio hd<pj /g™ is ensured (see Equation (4.13)). The two dimensions m

and d must be optimized. As for f (d) or f d> the performance of fmd depends on hd
which has good statistical properties (see Sectlon 4.3)).

(w)du = @; 4,

4.5.2 Risk bound for the projection estimator of f

The following risk bound holds for fm,d.
Proposition 4.5.1. Assume that f and h belong to L2(R) and set

m—1
S(m) = sup |g*(w)| 77+ ), J i (@) *lg* (u)|2du,  p > 0. (4.44)
Ju|</pm lul=/pm

For fm.a given in , we have

B (1o = £12] <1 = fnl? + 2500 (10 =l + A (05 [ =l + 20 (o (957) w287 ).
(4.45)
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Note that the constant p > 0 is independent from n, m and d. The same comments given
after Proposition for the deconvolution estimator f(, 4 hold here. The difference

with .]?(g)’d can be found on the bias of f,, 4 and the term 3(m), the regression part
does not change. Moreover, the term Z;':Ol SIIIZ«/W | (z)|?|g* (x)| ~2dz is exponentially
decaying for p > 2 (see Proposition 3.1 in [Sacko (2020))) and thus negligible with respect
of sumeW(]g*(a:)rQ) = A(y/pm), where A(¢) is given in (4.31). Thus, for f € W} (L)

and choosing ¢ = y/m, the estimator ]?(g),d and fm,d have the same order and then rate of
convergence (see also Comte and Genon-Catalot| (2018) and Sacko| (2020) in the framework
of density deconvolution).

4.5.3 Rate of convergence of fm,d

As for f(d), we propose a two-step bias-variance trade-off.

Theorem 4.5.1. Suppose that|(A3)| [((A4)| and h belongs to W™ (L). For dops = mep =
[nY/(5+7+D] with s + v > 11/6, we derive that

Sup E I:”fmoptydopt - f”2:| = O (n_ 5+’Y+1> 9
fewg (L)

where Wi (L) is the classical Sobolev-Hermite ball defined in (4.15)).

The estimator fmom’ achieves the same rate as f(dom) obtained in Theorem (4.4.1, Note

dopt

that the results for some special functions obtained for f(dom) in Proposition |4.4.2} |4.4.3|
and apply here. For the Gamma case (see Proposition , we have a loss on the
order of the bias of f, |f — fu||> which is linked to the Hermite basis. Indeed, for £? = m,
fmyd and f(g)’d have the same variance order but the bias is order : |f — fn|? < ¢=2P+4
contrary to the Fourier bias where | f — fy| = ¢72P*! where p is the shape parameter

2

1
ot = [n2(r+a=1)] the following rate of

of Gamma function. For f,, 4, we get for myy = d
convergence

E [ Frpesdore = FI2] = O (77

4.6 Numerical illustration

4.6.1 Practical implementation

In this section, we present the results of a simulation study to illustrate the performances
of our strategies. We take the same test functions and kernel given in regression part (see
Section . We set T' = 10 and consider two values of the samples sizes n = 250, 1000.
We simulate a Gaussian noise for the error with two noise levels o, € {1/8,1/4}. We recall
that the function regression h = f x g is computed by Riemann sum discretization. We
consider the following collection of models Mg) = {1,2,...,30}. The Fourier transform of
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g is equal to g*(t) = (1 —i§)~? with § = 4 then, we consider the following variance term
in practice :

2d, AodT

W®=NH4MMM)W+W)H7

0 =4, A =1. (4.46)

The adaptive estimator is implemented as follows :
— For each d € MS), compute A(d) = max ) {<|fd/ ,fd/\d/HQ - mV(d’)> },
+
where the integral || ﬁl/ — f;l ~a||? is computed by Riemann’s approximation and V (d)

given in (4.46),
— Select d such that d = arg min ,_ M(l) {ﬁ(d) + /iQV(d)},

S\/7 —zux d du

— Compute fd ( )

In the sequel, this procedure is called « GL ».

Choice of constants k1 and ko. We can choose k1 = k1 and have just one constant to
calibrate, it is in this kind that the procedure (Goldenshluger and Lepski) was developed.
Recently, |[Lacour and Massart| (2016) suggest the idea to consider two different constants
(k1 # Kk2) and propose to take ko = 2k for kernel density estimation using |Goldenshluger
and Lepski (2011)) method. Here, we adopt the same idea to find the values of k1 and ko.
In a rather "rough” way and after some numerical tests, we choose k1 = 8 x 10~ and
ko = 16 x 1074, Of course, the values given to k1 and k3 may not be the most relevant
but it gives quite satisfactory results. Then, we illustrate the procedure by some graphs.
As GL method is slow and therefore difficult to calibrate, we implement the improvement
proposed by Lacour et al.| (2017)), which allows us to perform repetitions and propose risk
tables. [Lacour et al. (2017)’s strategy is introduced to perform bandwidth selection in the
case of kernel estimation of a density, and has the advantage to be faster. Furthermore,
we must only calibrate one constant denoted "), More precisely, the method (called «
PCO ») is described as follows

— For each d € M%l), compute A(d) = {H fa— fdmaXP} , by Riemann’s approximation
where dpax = 30.

de{&@+nmvuﬁ.

S‘\/> —tux d d .

g*(u)

Calibration of constant /<c( ). To find the value of k"), we have evaluated the MISE for
different test functions by varying (). These preliminary studies helped us to make a
good compromise and then to fix £ = 1.5 x 1073,

— Choose d via d = arg min

— Compute fd

4.6.2 Numerical simulation results

First, we illustrate the methods by presenting some pictures. Figure presents the true
unknown function (the bold red line), thirty estimators of f for all possible dimensions
proposed for selection to GL method in green dotted lines, and the estimator chosen by
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the GL procedure in blue bold line for each test function (i), (ii), (iii) and (iv) from left
to right. The dimension selected by the procedure is given under each graph. We observe
that this choice is often relevant compared to the 30 estimators plots.

In Figures and we plot the true function in bold red line with 25 estimators
in dotted lines for the two last test functions (iii), (iv) by considering the PCO algorithm.
The first line illustrates the influence of sample size and the second line shows how the
noise levels can affect the performance of the estimates. We observe that increasing n
improves the estimation and, on the contrary, that increasing the variance of noise makes
the problem more difficult. We can also see some oscillations when o. = 1/4 which cor-
responds to a s2n ratio less than 1 (see Table , this effects decreases when the sample
size increases. The mean of selected dimensions are given in Table [£.4] We observe that
these averages are comparable to the dimension obtained in Figure for (iii) and (iv).

In Table we report the values of the MISEs with standard deviation in parentheses
multiplied by 100 computed from 100 simulated samples for the estimator ]7’;7 with d selec-

ted using the PCO algorithm. We also provide the average of d selected by the procedure.
As for graphical study, we see that increasing the sample size and decreasing the variance
of noise (which corresponds to a s2n large see Table improve the estimation. When
n increases, the average of dis increasing except in the case of function (i) with o, = 1/4.
This case corresponds to a s2n equal to 0.60 see Table and then the estimation is
most difficult ; this can explain why the procedure will seek a large dimension for n = 250.
Clearly, the influence of signal-to-noise ratio s2n is important, see in Table and Figures
for graphical analysis.

o= 1 o =1
; E 250 1000 250 1000
1.37(1'19) 0.34(0‘20) 5'25(6.47) 1'07(0.64) MI_SE
(i) 11.49 11.51 10.53 9.47 d
(ii) 14.04 15.36 11.67 12.38 d
418(156) 1.22(058) 8.84(37a) 4.30(176) | MISE
(iii) | 18.85 23.08 12.99 16.17 d
3'69(1.56) 1.43(0.39) 9(0.42) 3.97(1.32) MI?)E
(iv) | 1881 22.01 17.44 15.85 d

TABLE 4.3 — First line : empirical 100x MISE (with 100xsd) for the estimation of unknown

function f computed over 100 independent simulations for fg; second line : mean of d
selected by the PCO algorithm.
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FIGURE 4.3 — Estimators for all possible dimensions in dotted line (green), the chosen
estimator by algorithm in bold blue, the true function in red with n = 1000, 0. = 1/8 for
the GL algorithm.

i (i) )
n 250 1000 | 1000 4000
Oc = 171620 23.32 ] 22.24 28.24
O = ; 12.68 16.60 | 17.88 21.12

TABLE 4.4 — Mean of selected dimensions d presented in Figures and

4.7 Proofs

In the sequel C' denotes a generic constant whose value may change from line to line and
whose dependency is sometimes given in indexes.

Proposition 4.7.1. (Regularity of h if g is ordinary smooth)
Let s, v and « integer such that o = s + . Assume that :
(i) fis in Wi (), fO and z2~LfO for1=0,...,s belong to L'(R),

(ii) g is ordinary smooth with parameter v such that g € LY(R), z
0,...,v—2 belong to L'(R) n L2(R) with v > 2.

Then, h = [ x g belongs to Wg_l(-). Furthermore, if

(e

_lg(p) for p =



4.7. PROOFS 135
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FIGURE 4.4 — 25 estimates of (iii), with n = 250 (first line) and n = 1000 (second line)
for the PCO algorithm. The true quantity is in bold red and the estimate in dotted lines
(left oo = 1/4, right 0. = 1/8).

(iii) the map x — xh(®=(x) is square integrable.

It follows that h = fx ge W§(-).

— The assumptions given in (i) are not very restrictive and are checked by many
functions : Gaussian, Gamma, Mixed-Gaussian, Mixed-Gamma, Cauchy, Laplace
with s = 0.

— The conditions on g given in (i) are verified for the classical ordinary-smooth func-
tion : g(z) = 27 e 1,20 with 6 > 0, g(z) = e %%, b > 0 and all the symmetric
Gamma distributions.

— However, the assumption (i) is difficult to verify if the regression function cannot
be known explicitly. Of course, this is linked to the fact that it is difficult to explicitly
compute a convolution product. Indeed, in the simple cases where we can compute
h = f*g, this assumption is checked (e.g. both functions f and g are of type Gamma
with the same scale parameter, Laplace and Gaussian).

Proof of Proposition[{.7.1 Notice that as f € L*(R) and g is bounded, therefore, h = f*g
is well defined and bounded. We known also that h belongs to W7 (-) which is equivalent
to h is s+ times differentiable and h, 1/, ... , W) are square integrable see Remark
Then, h € W§(-) with a = s+ if only and if the functions z*'h() are squared integrable
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FIGURE 4.5 — 25 estimates of (iv), with n = 1000 (first line) and n = 4000 (second line)
for the PCO algorithm. The true quantity is in bold red and the estimate in dotted lines
(left o, = 1/4, right 0. = 1/8).

for | =0,...,a—1 (see Section [4.3.3). As
j(w"‘_lh(”)Qd:p < J(h(l)(x))Qdm + J(xah@(x))?dz,

then, this equivalent to z*h(® is squared integrable for [ = 0, ..., — 1 since A is squared
integrable. We assume now s and ~ are integers so that :

O = ) _ fWxgforl=0,.
h (f*g) {fs)*g forl=5+pandp:0"”’,7_2' (4.47)

Now, we will prove that h € Wjj(L). Let us start by the case where [ = 0,...,s. For
1e€{0,...,s}, using the Parseveval-Plancherel Equality, we have,

22RO = 2x] (25RO 2 = 21| [(AO) )@V = 2 [(F©)*g*]@ D)2

For z%g € L'(R) and z®f® e L'(R), the Fourier transforms of g and f® are a diffe-
rentiable. Using successively Leibniz Formula and Cauchy-Schwarz Inequality, it follows
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that,

afl
R DY G R e el

%ji

o) ( ) )E @) [(F)*1 ) () 2 du
<%§i<>§:<)f’ YD @)L ()P du.

Recall that, let y € L!'(R) such that Py € L!(R), then z*'y is integrable for k' =
Indeed, for all z € R, we have |z¥x(x)| < (1+ |z[P) |x(z)| and it comes that dd X =

/ ! / * /
(x*) ) = (3)F (mk X) . The Riemann-Lebesgue Theorem implies that | (x*)*)||, < |z —

2 x|1 < o0. Then, we derive that

|z*h)]2 <2w§0<2‘> i ( ) IOy e t=R 2 J| (u) [2du
< Clo. ) g, 1118 3 ( ) [ ®ara

0<k<a

As 2%g € L2(R), it comes for 0 < k < « that

J| )0 um—fuguum<f mew+J 12 g(2)[2da < +o0.
lel<1 l2|>1

(4.48)
Consequently, it follows

2°hO|? < 400, 1=0,...,s. 4.49
[

Now, we consider the case [ = s + p, with p = 0,...,8 — 2. As 2%g® ¢ LY(R) and
22 f) e LY(R), we derive by the same computations as the case I = 0,...s, and from

@17 -

2RO = 2x[[(g®)* (F) @2 < C (s, )ZH[( ><”||2() [ 162710

where £(*) and ¢® play the role of f() and g respectively. Using the same decomposition
as in (4.48)), we get §[[(9®)*]®)|2du < +o0 provided that g™ € L?(R) which is the case
here and it holds that

lz®hD|? < 40, I=s+p, p=0,...,8—2. (4.50)

We derive from 1' and 1' that h belongs to Wla{_l(L’ ). As by hypothesis, the maps
z — xh(®~1(z) is square integrable, we deduce that h € Wg(L). O
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4.7.1 Proofs of Section [4.2]

Proof of Proposition[{.2.1. We start by introducing f; defined by :
1 Jz eia:u h*(u)d

Tor ) gt(u)

fo(z)
Then, we have

E[lfe = 171 = If = fel* + Ellfe = fel]
= | = fol® + E[l fe = E[f]I*] + | E[fe] - fel> (4.51)
We study the two last term of (4.51)). For the first one, we have

~ ~ 2
I ¢ E|h*(u) — E[p* (u)]
E[Hf@ - E[ff]Hz] = % J—Z ’g*(U,)P ‘

By the definition of h* given in (6], it holds that

- ~ 2 T =l 2 T2 .
i) ~ER* @] =E||= Y ey —h)| | = ZE| Y eumTee
j=—n —n<g k<n—1
272
22

since the (¢j)—n<j<n—1 are i.i.d., centered of variance o2. From this, it comes that

~ ~ AL
B[, - =17 = 2722 (4.52)
Now, we study |E[f7] — f|? = = SZ_E Wdu. We examine ]E?z*(u) — h*(u)|?
and write
~ 2 |p =l T . 2
‘IE h*(u) — h*(u)’ =|— 2 e Tih(x;) — J e""h(x)dx — J e"h(x)dx
[ St -T |z|=>T
T n—1 ) T 2 ) 2
<2|— Z e ih(x;) J e"h(zx)dr| +2 J " h(z)dz
nL, -T |z| =T
From Lemma we derive that
T n—1 o T T2
> e hay) — | e h(a)da| < 61
n — -7 n

where ¥, (x) = e®“h(x). As Y. (x) = (iuh(z) + W (z))e™®, then, it follows that |¢] (z)| <
|ul|h]oo + |A |0, Decause || < 00 and |[A'||s < +00. This implies that

N 4
B ~ ol < AE) | oy (Elhko + 1)+ (|

|x| =T

ei“xh(:z:)dx)zl . (4.53)

Plugging (4.52)) and (4.53) in (4.51)) ends the proof. O
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4.7.2 Proofs of Section [4.3

Proof of Lemma[{.3.1} Let @ = (wo,...wq—1)", with Ugii = 0. Then, it holds

n .
i=—n

2
T . . T B T n d—1
- To] g = qu’de% == (Z wj%@z‘)) =0.
j=0

Therefore, for all —n <7 < n—1, we have, Z?;(l] wjpj(z;) = 0. As ¢j(z) = chj(x)e_“2/2,
we derive Py(x;) := Z;l;é wjc;Hj(x;) = 0 i.e., Py is a polynomial of degree d —1 admitting
n > d distinct roots. Consequently, it follows P; = 0 and thus @ = 0. 0

Proof of Proposition[{.3.1, Denote Tlgh = ®zbD = &4(®4d,)"1®Lh(F) with h(Z) =
(h(x_p), ..., h(zn_1))" the orthogonal projection of h on Sy for the empirical norm | - |2.

Proof of part (i). We have
g = Rl = |Tah = Bl + [ha = TUah|7 = inf £ =Bl + [ha — Tah].
Taking the expectation gives
E |[ha—hI7| = inf |t —hJ} + E |[ha — L[ (4.54)

—

Then, for b@ given in (4.19)), we can write

—
~ ~

~ t R
hd<f) = <hd(x_n), cee 7hd(1'n—1)> = (I)db(d),
and R

Igh = E[hq4(Z)].
Setting P(Z) = ®4(®,®,) @Y, we have

We have
n—1
E['P(%)E] = E [ > eisk[P(f)M]] =02 E[P(%)i;] = o2tr(P(%)) = o2tr(Iy) = o2d.
—n<i,k<n—1 i

Consequently, it holds
d

n

E [Hﬁd - Hthi] =olT
Plugging this in (4.54)) ends the proof of (4.20)).

Proof of part (ii). By Phythagoras Theorem, we have

E[|hg — b|*] = E[ha — hal®] + |h — ha)?
= E[|hg — E[ha][*] + |E[ha] — hal? + | h — ha|*.
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We study the two first terms in the right hand side of the previous equality. For the first
term, using the definition of hy given in 1) we get

E|lha - Elhall?| = BB — EBD|2, = 27E {(Z@ — Eb @) (b — EBW))} :

Note that

—

b —Ep = (94,0,) e

This implies

E[lha — Elha] | = E [#@a(@)00) " (@404) ' 0he] = E[2M ()

O

where

M(Z) = @4(Pg®q) " (PgPa) ' -
As g; are i.i.d. of variance o2, it holds

n—1
E[&M(7)F] = IE[ > 6i8k[M(f)i,k]] =02 )| E[M(&):]

—n<i,k<n—1 i=—n

= o2u(M(#)) = o2t ((4Pa) 7).

We derive that E [&M(7)&] = 02Ztr (U;') and

~ ~ T B
E [th - E[hd]HQ] = o2~ tr (¥, ). (4.55)
For the other term, we have
2
<h7 SDO> h(x_n>
|ha — E[hd]|* = : — (®5Pa) ' P : :
Chypa-1) h(zy) Rd
Now, we remark that
hd(l‘—n) d—1 SOk(x—n) <h, ‘PO>
= > by o) : = ®y :
hd(wnfl) k=0 Pk (:Enfl) <h> de—1>
and therefore,
hd(x—n) <ha 900>
(P5a) @ : = :
ha(zn-1) Chypa-1)

Thus, it follows

n—1

|ha—E[ha] > = [(®4Pa) ™ @l (ha(F) — h(@))) [Ra < |(@42a) " ®GIZ, Y. (halwi) —hlw:))?,

1=—n
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where | A2, is the operator norm of the matrix A defined as the square root of the largest
eigenvalue of A'A. Then, it yields

_ _ _ T _
[(@4Da) ™ @Gy = Amaa(Pa(®GPa) " (PGPa) ' ®G) = —Amaa (¥4 ) (4.56)
This implies R
g~ E{Ral I < Ao (071) [~ a3 (4.57)
From (4.55) and (4.7.2)), we derive
~ T 3 3
E[||hg — R[?] < aggtr (T5Y) + [k = hall® + Az (T771) B — hall3. (4.58)
O

Proof of Lemma[].3.3. Recall that |hg — h|? = T Zz_—n(h’d(‘/n’l) h(z;))2.

Proof of part (i). We write IZZ_ W (ha(zi) — h(z:))? = TZZ__n(hd(%) — h(x;))? —
S—T(h ha)?(u)du + SiT (h — hq)*(u)du. Using Lemma given in the Appendix yields

T

n—1
2 (ha(w) = b))~ | (b= haP(u)d

-T

T2
<Y loo—
n

t=—n

where ¢(2) = (3,544 (h)g; (7))?. Using (4.11)), (4.14) and the Cauchy-Schwarz inequality,
we have for h € W (L) that

1 1
2, as(h (Zﬂ |a; (h )2 (Z j‘“+2) 2 < (d—a+2+1)5 _ a8t

j=>d j>d j=d

provided —a + 5/6 + 1 < 0, that is @ > 11/6. Then, ¢ is differentiable and ¢'(z) =

23500 (h)@}(z) Xi=qai(h)pj(x). Again, using (4.11) and the Cauchy-Schwarz inequa-
lity, we have for h € W§(L) that

2. laj(h)ei(@)] < 35 3 1a; (bl (Zﬂlaj )(Zj‘“‘é> <d3+h.

j=d j=d j=d j=d

wlQ
-

NG

Consequently, it follows for a > 11/6 that £ Zz——n(hd(ml) h(z;))? S r(h—hg)*(u)du <
CT and therefore |h — hy|? < C(a, L)T?2 + ||h — hg|?. This gives the part (i).

Proof of part (ii). Let us start by writing

Hh—hdui—f 2 (h — hq)? ()

< 2% Z [(h — ha)*(x:) +2(h - hd)2($i+1)]

l=—n

- - Tit T T
- %,Z [h e +2(}1 ba) 1)]—2f (h—hd)Q(x)d“Qf (h — hy)?(z)dz.

=T =T
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From Lemma (ii) given in Appendix, we have

n—1 _ "y . "y T
T Z [(h ha)?(zi) + (h = ha)*( Hl)] _J (h — hq)*(z)dx

n i=—n 2 =T

T3
12n2’

< 9" leo

where 1 (z) = (h — hyg)?(z) = (Xj>d aj(h)p;(z))? with aj(h) = (h, ;). Next, we evaluate
the term [¢”|w. By induction on d, the d-th derivative of ¢; is given by (see Lemma 5.2
in (Comte et al.| (2020) for the proof)

d
PV = 3 bk, where b =0(7?), j=d= |kl
k=—d

1 1

Using this for d = 2 and (4.11)), it follows [/ (2)| < j(j + k)12 < j12 and then we get for
W (L) and o > 17/6

’Z a](h)gog(fﬂ)‘ < <Zjaaj(h)2> (Z j—a+1é> < (d_a+%+1)% —d

j>d j>d j>d

-

1
+1

[N]1)
&ls

This implies that ¢ is differentiable of order 2. Then, for any j > d, it holds
2
W(x) = 2| Y] aj(h)ef(x) Y] aj(h)e;(x) + <Z aj(h)¢9($)> :
7>d j=d j>d

where the bound of last term is d~*% for h € WH(L) (see Proof of part (i)). Besides,
the order of 3. ;a;(h)p;() is d~5*12. Therefore, it comes " oo < d=*% and then

2 9 T3
h—hgllz <2|h—h C .
H dHn ” d” + 1212
This ends the proof of part (ii) and then the proof of Lemma. O

Proof of Proposition [J.3.3. For h € W§;(L) with v > 11/6, we have from Proposition [4.3.1]
(i) and Lemma that
d

IR — h12] < Iha — P + (2T + Clo, DTS < L + (0% + O, LT L,
where C(a, L) > 0 depends on « and L. The choice d = dgp = [n/(@+1)] yields
E [, = hl3] = O~ 7).
Hence the part (i) of Proposition The part (ii) is similar considering O

Proof of Theorem[{.3.1]. Inequality (4.25]) follows from Corollary 3.1 in Baraud (2000)),
where all terms are multiplied by 7' with ¢ = 1 and p = 8. The constant C” is given by :

C' = C’”(n)E[Eﬂ (1 + ) d‘2> < +o0.

6
Oe deM,,
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Let us now prove (4.26). We recall that (see Equation (17) in [Baraud (2000))

It _

VdeN , sup = Amaz (T ). (4.59)

teSg.t20 [[tln

Using that R ~
E[lhg — h|*] < 2E[|hg — hal*] + 2| ha — h|?

Under |(A4)| and as ?LdA — hg € Sg,, where d, < n is the maximum dimension of the

collections of models My, it holds from (L59) that |h;—ha|? < 2X3]hg—h|2 +2)3|h—hal2.
Thus, for any d > 1,

E[|h; — h|*] < 2)3E[|h; — h|2] + 2X3|h — hal? + |ha — h|>.
From (4.25)), we derive that
~ d Cl
o 2 2 . . o 2 2 ~ 2 o 2 o 2
Bllh - ) <2 | €00 ing (ing It =2 + 270 ) + | + 2810~ hal? + Iha —

d C'T
<max(1,2X3C(k)) inf ((2A§ + )| — ha|? + [ha — h|* + ang) + 203 —.

This gives (4.26)) and ends the proof of Theorem m O

4.7.3 Proofs of Section 4.4]
Proof of Proposition [[.4.1]

Proof of Equation (4.32). We have

E[l fa) — £12 < 2E[l fa) — Fio.al®] + 2E[| fioy.a — FIP]-

We examine the first term. Using successively the Cauchy-Schwarz inequality, (4.13]) and
under [(A3), we deduce that

2

Vo~ Feoal? = [ TRy, L i — B + ERg)]
(d) (z)7d 1 ‘u‘>€ ’g*(u)|2 2T |u‘>£ |g*(u>|2
— ~d ~(d ~(d 2
[ 500 (87 - BB + B st
= U
Ju|>¢ lg* (uw)|?
T @D ) @\ pj(u)?
<Y (39 _ 5@ 4 g J Ju
j;o(] ! ! ) = gz lg* (w)?
(o) ~d ~(d ~d)\ 2 o2 £u2
<ac2 Y (B -Eb + 5 dezfe 2 (14 u2)du.
i=0

w2
As Se_%(l +u?)Vdu < ¢} < oo with ¢} = ¢} (7,€) and £ > v/2d, then, it follows that

~ . 1 . ~ (N 2
E|Ifia) - fiopal?] < 1ciC2E [Z (B - BB + EB) ]de—ﬁd. (4.60)
j=0
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~ ~ ~ 2 ~ ~ 2
By the definition f4 given in (£.19), it yields E [Ed (07 —E5 + ED) ] ~E {Z 5 (00 —EB)

— ~d 2 -~ = _ g _ n—
3075 (BDY) and | ERal® = | EB@]I3, = |(@40a) 1 04HI2, < [(@40a) " 0512, X071, (h(w:)>.
Using (4.55) and (4.56) (where hy := 0), we derive that

d-1 R R R R R T
P [Z (0 ~ =8 +ED)") ] = Elllhq — ERal) + | ERal® < 02~ tr(85") + Amax (¥5") |12,
j=0

Under |(A4)| and [(A5)] we have o2Ztr(W;') + Amax (1) |22 < max(02,2|h)%) AT
~ 2
It comes that E [Z?:é (bg»d) b(d) +Eb; d) < max(a2,2|h|%) 2T Injecting this in

(4.60), we obtain

~ _&d
E[Hf(d) d”] clch'/Qmax(a 2HhH2 )de™ ¢ — ON\Te 2,

where C' = C(Cl,, c1, |h] o, &) and therefore that
E[ fua) — fopal®] < CxoTe 6 + 2E[| f10) . — f12).

Proof of Equation (4.33)). For all / > 0, d > 1, we have the following decomposition :

E{1fieya— I2] = 1 = fol? + E[ Iy — Fional?] - (4.61)

We evaluate E [H fy — _]L/.\(g)7dH2:| using the Plancherel formula :

~ 1 L
Ellf).a — fiol’1 = gy J ,

Plugging successively (4.21)) in the above bound and in (4.61)) gives (4.33). O

~ 2
hg(w) — h*(u)

) du| < A(OE [Hﬁd - hH?] .

Proof of Theorem [{.4.1 Under[(A3)|[(A4)|and the assumptions of Proposition (i.e.

h belongs to W with o = s + 7 for some condition on f and g), we get from Lemma
4.0.2 :

- dT T°
E || fia—fI?] < LO=+ 1+ 2y [aﬁAzn + (LX) L'd™ + Cla, LM} :

The choices dopr = [nl/(o‘H)] and £ = Loy = n2<a1+1) end the proof. O

Proof of Proposition|[{.4.2 As f is Gaussian, then it belongs to W (D) (see (4.15])) with
o as large as desired, since f is infinitely differentiable and f,..., f(®, 22t f® for [ =
0...a—1, see Section Using the differentiation under the integral sign theorem, we
have that h = f*g is also infinitely differentiable for g € L!(R) and we write O = O g,
Besides, it yields |A®| < [fP|g[1. Then, h belongs to We(-) (Sobolev ball) since these
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derivative up to order o belong to L?(R). Thus, h € Wi (-) if the function 2 ~'h®) is square
integrable. This is equivalent to prove that z*h(!) is square integrable. Now, we write

22 hOJ = 2r] (2@ R0) |2 = 27 [(hD)¥ @2 = 2] [g* (O)*) 2.
As 2%g € L'(R) n L2(R) and z®f® e LY(R), we get by the Leibniz Formula (same

computation as the proof of Proposition m given in Section proof) and the Cauchy-
Schwarz inequality that :

2RO P =21 Z( ) [0y B2
> (Z) (4B (@) [(FD)*] @) ()

=27 J
k=0

<Cle), uax IAOP1OVE Y ()j| u) 2.

0<k<a—l

2
du

Moreover, it holds § ](g*)(k)(u)Pdu = % § lz¥g(z) 2dr < S‘x|<1 lg(x)|? dm—i—sm 51 \x(a)g(m)|2dx <
+00. Therefore, |z*h)|? < +o0 and h belongs to W (-). Proposition |4.3.2 (i) gives
E[|ha,,, — h|?] <n~+1. Plugging this in (4.33) and using Lemma 2 in|Comte and Lacour
(2011) yield

E {1t duye = FIP] < 07267 4 c1(1 4+ 27750,

Replacing ¢? by (2 # log(n) ends the proof. O

opt = (a+1

Proof of Proposition [{.4.3. The proof is similar to that of Proposition[4.4.2] The regression
part does not change i.e. for the choice dyp; = [nY/(@+1D], we have always that E[th —

h|?] < n"a, (see the Proof of Proposition [4.4.2) with « as large as desired. But for the

deconvolution part, the rate change since the order of the bias of f and A(¢) have changed.
Now, these order are : A(£) = supj,|< g% ()72 < 7% because g*(u) = exp(—ﬁ) and
If = fl? = %S‘u|>é\f*(u)|2du < 072 for f e W*(-) (see (4.16)). From the previous

results, we derive from (4.33|)
E |1y — I?] 5 €72 + €7 Cnat,

Choosing ¢2 Ty log(n)), it yields that

opt — (2(a+1

E {1ty o — F12] < log(n)~

O]

Proof of Proposition[{.4.4} First, note that as f and g are Gaussian densities, then h =
f * g is it also a Gaussian density with variance o2 + 62. It is proved in [Belomestny
et al. (2019) (see Proof of Proposition 7, p. 55-56) that the bias for Gaussian density
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is exponentially decaying and its order is given by |h — hg|? < 7 xp(—As0d), where

o2+62—1

2
Moo = log [(C’”ﬂ“> ] > (. We derive that :

~ T 1 T2
E[|hg — h|]*] < 02Xo—d + — Aood) + O 4.62
ha — R[] < o2 2~ +\/gexp( od) + ( ) (4.62)

Injecting dope = [log(n)/Ase] in (4.62)), we have (4.35]). Injecting this in (4.33)), it comes

5 log(n)
E |1yt = FIP] < 1 = Fo)? + 2022
As g*(u) = exp(——) then, it holds A(¢) = supj,< lg*(u)|~2 < €%, Using Lemma 2 in
Comte and Lacour| (2011)), we have
1 1 —g2p2
If=fol?=5- 1/ w)Pdu=e"le™"
T Jlu|>¢

Consequently, we get from (|4.33])

f 1
E|1fiape — fIP| < €777 + (o log(n)
n
Replacing Eopt (0'21+92 log(n) — W log log(n) gives the announced result. ]

Proof of Proposition[].4.5 Recall that as f is I'(p,6) and g I'(g,0), then, the regression

function h = f x g ~ T'(p + ¢, 0) and belongs to h € WI({erq*Q) since p + g > 2. We have

T2
E[|hg — h[?] < Cd~Pta2) 4 02/\2—(1 + 0( ).

Replacing d by dgp = [n7P+97D], we derive

P+g—2
E[|hdy,; — BI*] S n”wie.

Now, we consider the deconvolution part. The Fourier transform of g and its modulus are
given by

2
0= (1-ig) 7 g @] =1+ )%

Then, it holds that

52
A() = sup |g*(u)| 72 < (1 + 75)7 = el
lul<e 4
and using Lemma 2 in|Comte and Lacour| (2011), it follows || f— f(»||* = S|u|>€ |f*(u)]2du =

(g)_gp“‘ Plugging the previous results in (4.33) yields

ptq—2

B[ 1t — 117] < ()2 + et B
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p+q—2 .
Choosing lop 1= nrta-DEr+2a-1) gives

~ 9 _ _(p+tg—2)(2p—1)
E {1 i) dom = J12] = © (07 BT )
]

Proof of Theorem[].].3. Let us start by the proof of Inequality (4.40). First, we have by
definition of /Al, d and Vd € MS),
|@—m”wn @W+@M Ja+ Fa= 11
<31F5— Fapal® + 31 g — Fal® + 81 Fa— 1P

< 3(A(d) + mV(d)) + <<>+mv<»+wﬁ—fw
< 6(A(d) + raV (d)) + 3|\fd — fI%.

Taking the expectation in the previous inequality, we get
B (12 11| < o8LAW@N + 6ravia) + 3|1 - 117). (4.6

Now, we are interested in the study of E[ﬁ(d)] For all d € /\/lg), we use the following
decomposition

\fr = farnal® = |fr — B[far] + E[far] — Bl farna) + Elfarna] — fir nal?
<3| far — E[fa]|? + 3| E[frnal — farnal® + 3| E[far] — E[fur nal|>-

Using this, it comes

A(d) <3 max {<|fd,— (]2 = m (d’)>+}+3 max {<\E[ﬁlmd]_ﬁlwd|2 ZlV(d')>+}

d'eM,, d’EMSLl)

+3 HM§){|EL@J-—EL§UJHQ}.

d’e./\/ln1

Let us remark that if d’ < d, the last term is equal to zero. We have

max |E[f] — Elfurdl? = max | Elf oz .al = Elf yag dl?
d’eM(l) d’e/\/l,(f),d<d’

=  max {I\E[f(m),d/]—f(m)+f(\/27)—f(\/ﬁ)+f(m

deMP d<d’

<3 max |E[f 50l = frvam? + 31Fysa — | ELf s all®

d’eMg) ,da<d

+3 max Hf(m) T

1a 7.
demMP d<d

~ Elfi a4}
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Besides, by definition of f ).d given in and f( V2d) in (4.31)), we have for all d > 1

1 (V2 | E[hg(u)] = h*(w)?

E[f, - 2 — du < A(V2d)|h — E[hg]|%,

and for d' > d

- 2: * 2d <J‘ * 2d _ o 2‘
vz~ ol = | ooy TS | = 1~

This implies

~ ~ K ,
Ay <3 max (17, om0~ Elvam ol = V@) |

N U
+3d/?ﬂ}§1>{(E[f( zdfm/ﬂ),dmd] f( 2d'AW)d'AdH V(d ))+}

+9  max  AN2d)|h—E[ha]|? +If — fryza) -
dem®P d<ar

As
A ) K1y A s R
d,?ﬂil>{('f<m>" Elfamal? - V@) b 5 {(1Fmme - Sam P - V@)

d’e/\/lgll)

and V(d') = V(d' A d), then, we have the following bound

f f 2 H1
d/gi)(;) {(” E[f( 2d//\\/ﬂ),d/,\d] - f( Qd’/\\/ﬂ),d’/\d“ —_ 6V(d/)>+}
< N S
d’e/\l;lrilai(dlgd { (H [f(m)’d ] f(\/ﬁ),d H 6 V(d )) +}

* {< Elfvz.al = Fvmm.al - ng(d))+}
<2 5 { (v~ am i - 2vie) }.

Consequently, it follows

B[da] <9 % | (1fame - Bliam ol - 2va) |
d/e./\/lg)

+9  max  A(V2d)|h—E[hg]|? +9]f - fvaa Hz-
demMiV d<d

7 r 2
Next, we have to control the term Zd’e/v(ﬁf) E [(‘f(\/ﬁ),d' —E[f aa)all® — %V(d’))Jr].

We use the following technical Lemma.
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Lemma 4.7.1. Under the assumptions of Theorem [{.4.2, it holds for k1 = 12 and Cj a
positive constant,

(géEKm@M—Mﬁ@M2—§WMJ<CT?W
where Cy = Co(E[e1], 7, c1,&, A2, C).
By Phythagoras Therorem, we have
|h —Efhall = | — hal® + |ha — E[Aq]|*. (4.64)

Then, we deduce from Lemma [4.7.1} (4.63)), (4.61)) and (4.55) that :

By~ £I7) < 571F — fiympl? + TraV (@) + 5400 5 4 57Ry (@), (1.65)
where
Ry(d):=| max AN2d)|h—E[hg]|?

dem® d<d’

Taking the infimum d and choosing C' = max(57, Tkg), C’ = 54C) in (4.65)) ends the proof

of Inequality (4.40)).
Now, we prove Inequality (4.41). From (4.64)-(4.57) and [(A4)] it holds
A(V2d)|h — I[:?l[hd/]H2 (14 X)AW2d)||h — ha|? + Mo A(V2d)|h — ha?.

Under [(A3)| it comes from Lemma (i) and for h e Wi (L)),

AW2d)[h = E[hg]|* <er(1+ o) (1 +2d') L/ (d') > + CA(\/Td’)Zj

2
<C (d’ S+T>
n

d, we derive that Ry(d) < C (d*S + %2) Plugging this in (4.65)) and using
27°Ld™* because f € W?*(L) concludes the proof of Theorem O

Then, for d' >
If = fymal® <
Proof of Lemma[{.7-1] Consider the process v,(t) = {t, A\ﬁ) E[f(ﬁ) ). Let us de-
note by Sy = {t € IL,l(]R) N L(R), supp (t*) < [ \ﬁ d,+/2d]}. We have, [v,(t)]> <

HtHQHf(\/ﬁ),d [f(\ﬁ) J|? with equality in ¢ = f( [f ]/(f(f ).d [f(ﬁ),d])
, then, it holds

Hf(«/ﬁ),d - E[J?(\/ﬂ),d]\\2 = sup |vu(t)]%

tESd,”tH:l
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By definition of /f\Ld given in (4.19)), we write,

~ ~ 1 \/ﬁ’ﬁ* _E’ﬁ*
”WF@M%wMMMﬁ:%deM¢$AM

d—1 [t =
1 TJ\@ Simo [Va 2], 05 (),
2mn J_vad g*(u)

Using that [ @8], | = | X022 (w5 @4 e , it holds
_ d—1 -1 —
1T nl % Zj:o [\I/d (I)Zl]jﬂ‘ 90;: 1 nl
vn(t) = Gy g (t%, g* ]1|.|<\/ﬁ> = o at,d,i(gi)
1=—n 1=—n
where il .
T,, 2i-0l% ‘pﬁl]j,i ¥
ar,ai(w) = o (", . H<v2d)"

As the noise is not bounded, we cannot apply directly the Talagrand’s inequality to the
process vy, (t). In this respect, we use the following decomposition

gi=G+&, G =cil <k, — Eleils <kl §i = il >k, — Eleilie, sk,
where k,, is chosen in the sequel. Then, it follows that

n—1 n—1

mlt) = @) + v, 0 = o 3 wail@) A0 =5 D) anail&)

i=—n i=—n

E|l{ s P -2v@)] [<2E|[ sup pP0P-"2vid)
teSa, t]=1 6 N teSa,|t]=1 12 )

+2E| sup [v2@)].
teSaltl=1

This implies that

~ ~ K K

E E {(‘f(\&d),d - }E[f(/\/Qd)’d]HQ - glv(d» ] <2 Z E [( sup vV (8)]* - 1;V(d)> ]
+ teSq,[t]=1

demy) deMV d +

+ 2nE [ sup \VT(LQ)(t)\QI .

teSy;[|t]=1
(4.66)

Now, we study the last two terms. We start by the second.
Upper bound for nE [Suptesd,lltH=1 v (2) (t)|?] . For t € Sy, we remark that

d—1 —1xt & *

o | rete “(u) V2d ¥ y

1T *@Za—()[d d]-% 1 R (u) — B[R
T(LZ) (t) - J t*(—u)du d(u) [ d(u)] t*(—u)du,

T orn _\/ad g*(u) T o —V2d g*(u)



4.7. PROOFS 151

where (see Equation ([@.19)) hy = Z? éb§ ) i, b = (lv)(() ). ,lv)l(id_)l)t = (PL,®,) DLy =
T\IJ 2O, T = (y(x_pn),. .., y(@n_1))t with y(z;) = h(z;) + &, here and only for the study
of nE [Suptesd,HtH:l |V1(12) (t)|2] . It comes that

E [ sup |u,<3><t>|2] < |UPANV2)E | |ha — Elha] 2.
€84, [t =1

The bounds obtained for ?Ld extend to hg. Then, it yields from (4.55) (with o2 replaced

by E[¢3]) and under |(A4)| that E [Suptesd,HtH:l \Véz)(t)\Q] < A(V2d)AdE[€2]L. By the

Cauchy-Schwarz inequality, we have

E[¢7] < E[E%ﬂ\aqzkn] < A/E[ef]VP(e1] = kn).

We introduce the following technical Lemma to obtain a bound of E[¢2].

ko

Lemma 4.7.2. Under|(A6)|, it yields IP(| 1| = kyn) < 2e 22. Moreover, €1 admits a finite
moment of any order, E[|e1|P] < (26%)2]p ['(Z), where I'(-) denotes the gamma function
defined by :

+00
I'(t) = J o7 le™"dx, VteR.
0

Using Lemma with p = 4 and choosing

ky, = 27/2by/log(n), (4.67)

we get

/\
s1Q

nA(\ﬁ Aad 51 VP(ler] =

, (4.68)

nE| sup [P0
te8a,t|=1

since A(v2d)\odT < n by definition of M.

Upper bound for ZdeMS) E [(SUPtesd,th:l wD(t)2 - %V(d))J. We bound this
term applying the Talagrand inequality given in Appendix [£.8:4] Let us first compute
the three constants H2, M; and v.

Computing of H?2. Similarly to the study of E [Suptesd,HtH:l \1/7(12) (t)\Q], we have under

and from ,

E [ sup \u;j)(t)\?] < WEAWV2D L < vmo2awad L — w2,

tesd7‘|tH:1 n n
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Computing of v. For t € Sy, it holds by the Cauchy-Schwarz inequality, E[¢?] < o2
and as [t|? = 1,

n—1

- Z Var atdz Cz 2i Z_l [atdz Gi O‘td%(gz)]

_ d— - 2
2 T ! % Zj=(1) [\Ildlqﬂ]jlspj]l
% onm? Z \ g* HS@>
i=—n
1 d—1 -1t 2
SR rt*wfm Sl el )
X0, u
“2nm? A Vad |g* (u)[?
T2 n—1 p/2d |d—1 2
2 —1Ft *
=0:—A(V2d) J ool ot (u)| du.
ni Z;n _m§[ d d]j,z J
The Fourier transform of (y;), see (4.12)) gives,
1 n—1 — —
LS Var(aasle)) < 202 e ¥ f Z 2124, s () Pdu
1=—n i1=—n :
n—1 d— l
i=—nj= 0

where we use the orthonormality (¢;). Recall that for A = (a; ;)1<i<m,1<j<n @ matrix with
real coefficients, the Frobenius norm of A is defined by

HA“F_ZZ 7 =tr[AA].

i=1j=1
Then, under it yields
% 2 Z:] 1c1>t Z;tr [©q0, 0 0] = tr [W;1] < Aod,
which implies
sup Z Var(az,qi(¢i)) < 202TA2dA(V2d) =: v.

tesat]=1 21 ;2

Computing of M. Using successively (4.12), the Cauchy-Schwarz inequality and the
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(1)

orthonormality of ¢;, we have on the process vy,

d—1 e
®j

sup dillo = sup  sup|oggqi(x)] = sup sup|zly<p, <t* pRX A PRES iy S
t€Sa, |t =1 . t€S4,|t|=1 xR ’ t€Sg,|t|=1 zeR * ]Z;J[ ]J,z g* l-l<v2d

1

V2d \Z S1ot]os(u)f? 2

< sup k‘ 7Ht*‘|\/7 J [ d];ﬂ J du
teSa, |t =1 V2d lg* ()]

2

<4l~ch( 2 1<I>t )

To bound the term Z?;é [ 1<I>t] ;» We use :

d—1 —
Z 1(I>t Z 1(I)t 1@3]@]’ = [q)dq;glxpglq)td] —n<iji<n—1 éﬁ@dwglwc?l@fié;’
i=0

where (€;) _n<i<n_1 is the vector of the canonical basis of R?". The matrix \Ifgl is a definite
symmetric, then diagonalizable and we can write

v,;' = PDP!, P'P=PP'=1;, D =Diag(u,...,Hdi),

where (14i)1<i<d are the eigenvalues of matrix \Pgl. We can define its square root and we

have for @ = P! \Il CI)deZ

— 1 1 d—1

2 1<1>t = &P, 20N 2 DhE = D piw? < A (U )",
The definition of operator norm implies,

— 1 _1
Z 1<1>t < Amaz (071 HShlp (:ztcbdwd 2y, 2@35) = Mgz (U7 ) Mz (P07 1 D).
§=0 Zl|=1

Furthermore, the matrix @d\Ile(I)t = %@A@g@d)’l@g is an orthogonal projection matrix,
then, it comes

n

3 1<1>t < Apax (U7 1) =. 4.
g ()7 (4.69)

Under [(A4), we obtain

sup
teSa,|t]=1

o < 4kn T2 (A(V2d)Xon)? 1= M.

For § > 0, the Talagrand inequality gives,

W p | 2 4
E|{ sup ’yn (t)) —2(1 +20)H < = (Tu+Ua),
teSat]=1 . !
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where

2 1 2 /52
Iy = 20\ TAA(V2d) exp <—K216> and Ug = 960k TA(V2d) exp (—K{C’((S)\/g & ﬂ) ;

n K1C?%(6)n kn
K1 =1/3,C(0) = (vV1+ 9 —1) A 1. It follows that
Z E [( sup @) —2(1 + 25)H2> ] < Z [Ty + Uq) .
dem'P teSa, [t]=1 + demV

As TdA(v2d) < n, then, it yields 3, | 1) Ty < nexp (—K16/2). The choice § = Kil log(n)
ensures that )| dem® Ty < % With this choice of ¢ and k, given by (4.67)), we derive
C(6) =1 and

I 1
Z Us<C 0g(n) Z A(V2d) exp (—C’\/a) <C og(n)j
demP " demP "

since
Z (A(\/Zd) exp (—C’ﬂ)) < Z d” exp (—C\/E) < 0.
demP demP
Finally, it holds for x; > 12 that

> E[( sup |V£1)(t)|2—mv(d)>
e L \esaltl=1 12 .

Plugging this and (4.68]) in (4.66)) concludes the proof. O

log(n)

<C

Proof of Lemma[{.7.2. Let us prove the first bound. Using the Markov inequality, we have
for any t,s > 0

P(e; > s) < P(ef! > ) <

where the last bound is obtained using the fact that 1 is b-sub-Gaussian. The above
inequality holds for any ¢ > 0, then, for the ¢ which minimizes the bound. Set r(t) =
@ — st, we have 7/(t) = 0 in t = s/b? and " (t) > 0 for any ¢ > 0. It follows that t = s/b?
S2
is the minimizer of 7(t) and infy=q 7(t) = —s2/(2b%) and then, P(e; > s) < e~ 2:2. Likewise,
52
it yields P(e; < —s) < e 20%2. Consequently, we get P(le1] > s) < P(e1 > s) + P(e1 <
2

—s) < 2¢” 22, This prove the first part by setting s = k,. For the second part, we have
by the definition of the expectation for non negative variable

+00 +oo L3
E[le1P] = Jo P(le1|P = z)dx < QJO e 22dx

p T p
= (2b2)2pf e Yy ldy.
0

Using the definition of the gamma function, we get E[|e1|P] = (2b2)§pF(§). O
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4.7.4 Proofs of Section [4.5]
Proof of Proposition[{.5.1 By the Pythagoras Theorem, we have

B[ = FI2] = 1 = fonl® + E [ | Fona = Sl (4.70)

Let us study the term E [||fm,d — meQ]. On the one hand, by definition of fm,d and f,
it yields

R m— m—1 h*
E[|fma— fml?] <E 2 i~ a;) —E[Z [ J>\2]
=0

— 27 g*
; [Z L)< /pm: €50 ] + E[Z (4 e L= /pm: 50| ] .
=0 7=0

By the Bessel Inequality, it holds

~ ~ 2
hY — h* 2 _ h h* 9 f h¥(u) — h*
I SO ]1 m = T el du
]Z < g* L<yp i) < |~ ['|<y/p H el </ g*(u)
< sup PO Jhd — h**du.
lu|<(/pm g% (u)]

The Cauchy-Schwarz inequality gives,

h — h* 2 ~ hx %12 PJ 2
< g* ]1||>\/W7<PJ> lhg — h¥| Hg*ﬂh-\a/;%” .

Consequently, we get

- 1 I ot s (w)|? -
E || fimd— fml?| < =] sup + f D du | B | B — h*|?
[l fP’] w[mgfpmm*(uw DI o R
— 25(m)E [Hﬁd - hH?] .

Injecting this in (4.70]) and using Proposition (i), we get

~ T
E | Fma = £I2] < If = ful® + 22 (m) <rh = hall® + Amas (57) [h = hally + 02 tx (\Ifdl)) -
(4.71)

On the other hand, from (4.70)), we have

E{1fna = FI2] = 1f = fl + 1Bl fona] = fl® + B[ 1 — Bl P] . (472)

We study the last two terms on the above expression. Start by the second. To do this, we

introduce the matrix :
ko ok
Mo (J ;5 9%)
' *
R 4 0<j<m—1, 0<k<d—1
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By definition ha given in (4.19), we remark a;q = [Mg(d)] ; with pd) = (g(()d)’ ... ,ggld_)l)t.
We set

- —
~ ~

Fa = @o,ds - - Am—1,0)" = [MbD]ocjcm—1

Then, it yields

E (1o = BlFodll?] = £ |1 ~ Bl | = 2 1310520 2461200

o2t [@g(RhP4) T MM (DY Dy) ! @]
2

T
%= tr[w Mt M.
n

As \Ilgl is a definite symmetric positive matrix, then, it is diagonalizable \Ifgl = PDP?
with D = diag(p1, ..., ftq), where the pu; > 0 are eigenvalues of matrix \I’Jl and PP! =
P'P = I;. We can define the root square of \Ilgl and derive (see Proof of Theorem m
when we compute Mi) tr[¥; ' M*M] < Apae (0,1 )tr[M*M]. The Frobenuis norm and
Bessel inequality give :

m-1d—1 £
A Pt o7 ()
HMHF =t [M M] ]Z;] o) J]R g*(u) Z j (u)
m—1 u
< 4r? <mA(\/W) " ; LPW ||<§a((u))|| du) .

Consequently, it holds

m—1 * 2
A @k Y LT
_ 2| < 472 A J 2L
{1 Bl ] < (m (WHJ-;LWW \g*(u)!?d"> T

Similarly to the study of quantity E [Hfm,d — fm|\2] where fm,d is replaced by E[fm,d], we
have

| E[fm,al = ful® < 25(m) (|7 — hal® + Amao (¥5") B — hal2) .

Plugging the two last terms on the above bound in [£.72] we obtain
E|1fna = fI2] < IS~ fml*+25(m) (\h = hall® + Amaz (Wg") [ = hal?, + 2702 Aas (25") m—
Combining this and (4.71]) ends the proof. O

Proof of Theorem[4.5.1] Under|(A3) and the assumptions of Proposition [1.7.1] (4.e.
h belongs to Wy for some condition on f and g), it holds from Lemma :

B fma = FI?] < Lm™ + 25(m) [(1 +Xo)L/d + )\202Td +C(a, L) fj]
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Besides, under |(A3)|and from (4.13]) with p > 2, we have

m—1 m—1
| el < Y ot [ at)e < Olgme o
j=0 Ylul=y/pm j=0

As sup|,|< /pm lg*(2)]72 < c1(1 + (mp)?), then, there exits a constant, denoted C such
that X(m) < Cym?. Then, we obtain

~ d IQ
E [Hfmd - f\|2] < Lm™ + 20ym" {(1 + A)L'd™ 4+ Xo0?T— + Ca, L)n] ,

and the choices mept = dopt = [nl/(a+1)] with @ = s + v > 11/6 end the proof. O

4.8 Appendix

4.8.1 Study of tr(¥,;) and discussion on Assumption

In this section, T depends on d. For n large, we have tr (\I/gl) = d. Indeed, we can prove
the following Lemma :

Lemma 4.8.1. Assume that T > +/2d — 1, we have

ZQ
10y — Lyl < Cre %" d + godiz —, (4.73)
n

where Cy depends on &, C, given in (4.13) and || - || is any matriz norm.

Then, for the choice d = [n*] such that w = 12/17 — n, with 0 < n < 12/17 and T =
v2d — 1, we have || ¥, — I,]|? -, 0. It follows that ||¥4— I4|| < 1/2 for n large enough.

Using Theorem [4.8.1] (see [Stewart and Sun| (1990))), we get

1%a — Zall | Za]|?

w5 = Iall < :
I 1—[|q — L4

This implies

gt = Lal* — o.
n—+0a0

Thus, for n large enough holds and is not a strong condition.

In Table and we report the matrix norm of ¥, — Iz and \I'gl — 1 for

1<j<n

Al = 1Al = max > Ayl A= (Aij)i<ijsn- (4.74)
i=1

Comment on Table and Globally, we see that increasing n makes the norm
smaller but on the other hand the increase of d increases the norm. This is in accordance
with the theory. Indeed in , we observe that for d large enough, it is the second term
that determines the precision of these two norms. The increase with d of the norms is thus
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) " 100 500 1000

2 0.094 (0.101) 0.082 (0.087) 0.079 (0.084)
10 (4.359) 22 (6.557) 31 (7.810)

e 0.103 (0.114) 0.094 (0.101) 0.090 (0.097)
4 (2.646) 7 (3.606) 9 (4.123)

/A 0.109 (0.121) 0.102 (0.111) 0.098 (0.107)
3 (2.236) 4 (2.646) 5 (3)

TABLE 4.5 — First line : Matrix norm of A — I; with A = ¥, without parentheses and
A= \1,;1 in parentheses for T' = v/2d — 1. Second line : values of d with T" in parentheses.

100 500 1000

n'2] 1 9.19e-16 ( 9.19e-16) 2.03e-15 (2.14e-15) 9.57e-11 (9.57e-11)
n'/3] | 5.02e-16 (5.15e-16)  6.07e-16 (6.07e-16) 4.84e-16 (4.84¢-16)
n'/4] | 7.29¢-16 (8.40e-16)  5.00e-16 (5.00e-16) 3.45e-16 (3.45¢-16)

TABLE 4.6 — Matrix norm of A — I; with A = ¥, without parentheses and A = \I’gl in
parentheses for T = 10.

excepted. The results of Table [£.0] are better than those of Table This is due to the
choice T' = 10 larger than T" = 4/2d — 1 for the choices of n et d given in Table (for
instance for n = 1000, d = [n'/?] = 31, we have T ~ 7.81). Lastly, the norm || ¥y — I,]| is
smaller than || W1 — I|.

Proof of Lemma[{.8.1. We prove the result only for the particular norm defined in (4.74])

but the result is valid for any matrix norm since we are in finite dimension. The general
term of (Uy — Iy) is

(i@?@d—fd) - (f; S 3 (T /)T /) —jw(u)sok(u)du)
J.k 0<

i=—n <jk<d—-1
For 0 < j,k <d— 1, we write

T n—1 n—1 T

L2 ST met/m - [eiende = Y o6t/ - |

it=—n i=—n

Using Lemma we get

T n—1 T

3 et/ - [ e

T2 PE
< | (@jer) lo— < godiz—.
n n
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From (4.13) and as T' > +/2d — 1, we have
], e < |

|z[=T |z|=T

|pj(2)er(x)|dz < Cize £T2Je£x2dI<C'16£T27
where C] is a positive constant since Se‘éxzdm < +00. It comes

T2
Wy — Il < d|Cre €T + podiz — |. 475
n

4.8.2 Estimating error in Riemann sums

We give in this section the approximate errors of Riemann sum.

Lemma 4.8.2. Letn>1,T >0, (x; = {T/n)_n<i<n—1- Then,
(i) For v be a function of class C* on [T, T], we have

sz fw

i=—n

2

T
2l < 'l —

(ii) For 1 be a function of class C? on [T, T],

Z ¢ 1’1 +2¢ $1+1 f Q;Z) dl‘

i=—n

T3

12n2°

< 9" leo

Proof of Lemma[{.8.2. These proof are very classic when we approximate an integral by
Rieman’s sum.

Proof of part (i). By Chasles’s relation, it yields

f W(u du—7§1J$1+1

=N
On the other hand, we write

n—1

= ) - me

i=—n i=—n

Then, we have by the mean value theorem that

Z () f e < S f — ()| du

i=—n 1=—n

T2
thZJ (= = [0/

=N
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Proof of part (ii). Define the Lagrangian interpoltor polynomial of ¢ by
Y(wit1) — (i)

Ti+1 — T4

Yi(z) = () +

(x — ;).

This linear function coincide with 1 for z € {x;, z;4+1}. We first remark that :

n—1

T Z V(i) +LZJ (Tit1) _ Z J‘$i+1 Sl

i=—n i=—n YTi

Then, it follows that

Z wxz +w$z+1 f w

t=—n

Efmem ()l da.

1=—Nn

Now, we look for a bound of S:Z“ |ti(z) —1(z)|dz for all x € R. We introduce the following
function for fixed x on [x;, z;j41]

olt) = () — () — L TNEZ ) 0y )

(z — @) (x — @it1)
This function is null in ¢ = z,z; and z;41. By the Rolle theorem, there exists a constant
¢, such that ¢ (c;) = 1" (¢y) — 2~ — 0 which gives v(x) — (x) = (v — ;) (2 —

" (x Tit1
xi+1)w. From this, we deduce that

L;H Wi(z) — 9 (@lde < W2|OO L:H(x — ) (Tip1 — x)dr < W{éoo (wir1 — 24)°,

Izn—l w(:pl)er Tit1) S Tw

t=—n

‘ < W”oo%- This concludes the proof. O

4.8.3 Useful tools and inequalities

The proof of the following Theorem can be found in Stewart and Sun (1990)) (see also
Equation (1.2) in |Stewart| (1990)).

Theorem 4.8.1. Let A and E be two square matrices. If A is nonsingular and for some
norm |A'E| < 1, then we have
[AIP1E]

[(A+B)™ = AT < —
1— A= E]

4.8.4 Talagrand’s inequality.

Let (X;)—n<i<n—1 be independent real random variables, F a class at most countable of
measurable functions.



We assume there exist third strictly positive constants M, H, v such that :

1 n—1
sup ||s]|oc < My, E[sup |v,(s)|] < H, and sup — Z Var(s(X;)) < v.

seF seF seF M, =,

Then, for all § > 0,

4 (v nH?2 49 M2 —K!C(8)V/E R
E 2(5)] — 2(1 + 20)H? < = (ZeKuomE TP K ut
| (smpbiel —20+ 207 | < - (Beoott o B !

where C(0) = (vV/1+0—1) A1, K1 = 1/3 and K/ a universal constant. The Talagrand
inequalities has been proven in Talagrand|(1996)), reworded by Ledoux (1997)). This version
is given in Klein and Rio| (2005).
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Estimation par projection pour des probléemes inverses sur
des espaces de Laguerre et d’Hermite

Résumé. Dans cette these, nous développons des procédures d’estimation non paramé-
trique pour divers probléemes inverses sur des espaces de Laguerre et d’Hermite. La pre-
miere partie est consacrée a ’estimation des dérivées d’une fonction de densité en base de
Laguerre et d’Hermite. La deuxiéme partie est dédiée a ’estimation d’une densité et d’une
fonction de régression dans un modele de convolution en base d’Hermite. Différentes mé-
thodes d’estimation sont présentées : méthode de projection fondée sur un développement
de la fonction d’intérét (densité, dérivée d’une densité, fonction de régression) en base de
Laguerre ou d’Hermite ; mixte déconvolution-projection basée sur un développement en
base d’Hermite et une transformation de Fourier inverse. Pour chacune de ces méthodes,
nous établissons des bornes pour le risque quadratique. Pour des choix adéquats des pa-
rametres (dimension de espace de projection ou cut-off), nous obtenons des vitesses de
convergence de nos estimateurs. Ces parameétres dépendent cependant de quantités incon-
nues. Ainsi, nous proposons des procédures adaptatives pour les choisir de fagon pertinente
en s’inspirant des criteres de sélection de modeles par pénalisation du type|Birgé and Mas-
sart| (1997) ou des méthodes de |Goldenshluger and Lepski (2011) et nous démontrons des
inégalités oracles non asymptotiques en utilisant les inégalités de concentration. Des études
numériques et des comparaisons avec d’autres stratégies sont exposées pour illustrer les
bonnes performances des méthodes proposées.

Mots-clés : Estimation non paramétrique ; Estimation par projection ; Probléme inverse ;
Base d’Hermite ; Base de Laguerre; Sélection de modele; Méthode de Goldenshluger et
Lepski.

Projection estimation for inverse problems on Laguerre and
Hermite spaces

Abstract. In this thesis, we develop non parametric estimation procedures for various
inverse problems on Laguerre and Hermite classes. The first part is dedicated to the es-
timation of the derivatives of a density function in the Laguerre and Hermite basis. The
second part is devoted to the estimation of a density function and a regression function
in the Hermite basis in a convolution model. Different estimation methods are presented :
projection method based on a development of the function of interest (density, derivative
of a density, regression function) in the Laguerre or Hermite basis; mixed deconvolution-
projection based on a development in the Hermite basis and an inverse Fourier transfor-
mation. For each of these methods, we establish bounds for quadratic risk. For adequate
choices of parameters (dimension of projection space or cut-off), we obtain rates of conver-
gence of our estimators. However, theses parameters depend on unknown quantities. Thus,
we propose adaptive procedures to select them in a relevant way inspired by model se-
lection by penalization of Birgé and Massart| (1997)’s type or |Goldenshluger and Lepski
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(2011))’s methods criterions and we prove non-asymptotic oracle inequalities using concen-
tration inequalities. Numerical studies and comparisons with other strategies are presented
to illustrate the good performance of the proposed methods.

Keywords : Nonparmetric estimation ; Projection estimation ; Inverse problem ; Hermite
basis, Laguerre basis ; Model selection ; Goldenshluger and Lepski method.
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