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Abstract
Preliminary sizing of critical electromechanical actuators for the primary flight

control systems of helicopters

by JEREMY ROUSSEL

in collaboration with AIRBUS HELICOPTERS (Marignane) and the laboratory
INSTITUT CLÉMENT ADER (ICA, Toulouse)

Helicopter dronization is expanding nowadays. The VSR700 project is a relevant
example of this expansion. This leads to the design and integration of electromechan-
ical actuators (EMA) into the primary flight control system (PFCS). The PFCS is in
charge of controlling the helicopter flight over its 4 axis (roll, pitch, yaw, vertical).
It controls the blade pitch through dedicated mechanical kinematics and actuators.
For more than 60 years, the actuators have been conventionally using the hydraulic
technology. The EMA technology introduction involves the reconsideration of design
practices. Indeed, EMA is multidisciplinary. Each of its components introduces new
design drivers, and new inherent technological imperfections (friction, inertia, losses).

To address this topic, this thesis states firstly its position within the helicopter &
actuation context and the fast changing digital world. Secondly, a methodology is
established to understand better the need met by the EMA. The specification of the
EMA is developed using flight data records. Thirdly, a first level modelling of the
rotor dynamic load is developed to precise the actuator specification with reflected
inertia limitations. Fourthly, a preliminary sizing tool gets prepared by the modelling
of each actuator component and its main design drivers. Finally, the last chapter
uses the MDO (Multidisciplinary Design Optimization) in order to solve numerical
design issues (especially couplings). A GUI (Graphical User Interface) is done to
easily enter specification, hypothesis and appreciate sizing results. Then, this sizing
tool is applied on some real cases.

HTTPS://WWW.UNIV-TOULOUSE.FR
https://www.insa-toulouse.fr
https://www.airbus.com/en/products-services/helicopters
https://ica.cnrs.fr/




v

UNIVERSITÉ FÉDÉRALE DE TOULOUSE

Diplôme de Docteur en Ingénierie Mécanique

Délivré par INSA Toulouse le 22/09/2022

Résumé
Dimensionnement préliminaire d’actionneurs électromécaniques critiques pour

les commandes de vol primaires d’hélicoptères

par JÉRÉMY ROUSSEL

en collaboration avec AIRBUS HELICOPTERS (Marignane) et le laboratoire INSTITUT

CLÉMENT ADER (ICA, Toulouse)

La dronisation des hélicoptères se développe, comme par exemple avec le projet
VSR700. Cela conduit à la conception et à l’intégration d’actionneurs électromé-
caniques (EMA) dans le système de commande de vol primaire (PFCS). Le PFCS
est chargé de contrôler le vol de l’hélicoptère sur ses 4 axes (roulis, tangage, lacet,
altitude). Il contrôle le pas des pales par le biais de cinématiques mécaniques et
d’actionneurs dédiés. Depuis plus de 60 ans, les actionneurs utilisent convention-
nellement la technologie hydraulique. L’introduction de la technologie EMA implique
de reconsidérer les pratiques de conception. En effet, l’EMA est multidisciplinaire.
Chacun de ses composants introduit de nouveaux critères de conception, et de nou-
velles imperfections technologiques inhérentes (friction, inertie, pertes).

Pour aborder ce sujet, la thèse précise d’abord sa position dans le contexte de
l’actionnement, des hélicoptères et de l’évolution rapide du monde numérique. Deux-
ièmement, une méthode est établie pour mieux comprendre le besoin auquel doit
répondre l’EMA. La spécification de l’EMA est générée en exploitant les données
issues des enregistrements en vol. Troisièmement, un modèle approximatif de pre-
mier ordre de la charge dynamique du rotor est établi pour préciser la spécification
de l’actionneur avec des limitations d’inertie refléchie. Quatrièmement, un outil de
dimensionnement préliminaire est préparé par la modélisation de chaque composant
de l’actionneur et de ses principaux critères de conception. Enfin, le dernier chapitre
utilise le MDO (Multidisciplinary Design Optimization) afin de résoudre les prob-
lèmes de conception numérique (notamment des couplages). Une interface utilisateur
graphique (GUI) permet de saisir facilement les spécifications, les hypothèses et
d’apprécier les résultats du dimensionnement. Ensuite, cet outil de dimensionnement
est appliqué sur quelques cas réels.
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Chapter 1

Introduction

1.1 The helicopter

1.1.1 Air vehicle classification

The helicopter is classified among the aerodyne and more especially in the category
of spinning wings. The aerodyne is an aeronautic navigation machine, heavier than
the air. Its flight is ensured thanks to aerodynamic forces. There are mainly two types
of aerodyne: the fixed wing and the spinning wing [Raletz, 2010] [Mermoz and FFG,
2022]. The diagram in fig. 1.1 sums them up.

FIGURE 1.1: Aerodyne classification

Among the spinning wing category, four vehicles point out.
The autogyro is lifted by the main rotor made of several blades. The main rotor

does not consume any engine power, the relative air speed in the rotor makes it
spin. This generates aerodynamic forces. The autogyro propulsion is ensured by a
propeller in a vertical plane powered by a small engine. The autogyro requires a
runway to take-off and land.

The helicopter is based on two rotors, both powered by an engine. The main rotor
generates a lift vector controlled in direction and intensity. The tail rotor generates a
vector, usually controlling the helicopter on the yaw axis.

The gyrodyne is the combination of the autogyro and the helicopter. The main rotor is
powered by an engine during the take-off and landing phases. The flight propulsion
is ensured such as the autogyro i.e. with a propeller in the vertical plane.

The hybrid has the possibility to change its flight mode during a flight. Indeed,
it takes spinning wings during the take-off, landing and hover phases, and turns
to fixed wind during forward flight. There are several concepts of hybrid: tilt rotor
[Boeing, 2022], tilt-wing [Airbus, 2022d].

1.1.2 Main components

The helicopter is equipped with components necessary to generate lift and control
the flight. The main components are presented in fig. 1.2.
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The blades turn a mechanical power of rotation into a lift force. It is precisely this
force that propels the helicopter to take off from the ground and maintain it in flight.

The power plant produces the mechanical power of rotation by fuel combustion.
Light helicopters are usually equipped with a single turbine or a piston engine.
Medium and heavy helicopters fly with a minimum of two turbines.

Because of the gap between the required rotor speed and turbine nominal speed,
the Main Gear Box (MGB) converts the speed and torque levels and provides it to
the rotor mast. The helicopter Super Puma, one of the biggest Airbus product, is an
example where the reduction ratio is huge: one turbine delivers 28000 RPM, the main
rotor spins at 270 RPM, and the tail rotor spins at 1300 RPM. On light helicopter using
a piston engine, the reduction ratio is less important. It is the case of the Cabri G2, a
2-passenger light helicopter with a 4-cylinder engine delivering 2650 RPM, the main
rotor spins at 530 RPM, and the tail rotor spins at 5150 RPM.

The rotor mast is the intermediate part connecting the main gearbox to the blade.
The set of rotor mast and blades is named the main rotor. It ensures the helicopter
lift, and the control regarding the altitude, the pitch and the roll axis. The main rotor
generates a reaction torque making the helicopter airframe turn around its yaw axis.

The tail rotor generates a force at the tip of the tail boom. It counters the reaction
torque of the main rotor. It controls the helicopter on its yaw axis (fig. 1.3).

The primary flight control system controls the amplitude and the intensity of the
force generated by both rotor blades (the main and the tail). It connects the pilot to
the blades and allows her/him to control the helicopter flight on its four axis (fig.
1.3).

FIGURE 1.2: Helicopter main components (example of H160, picture from
[Airbus, 2022b])

1.1.3 Flight principle

The helicopter flight is based on four axis. Fig. 1.3 illustrates them.
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FIGURE 1.3: Helicopter flight axis (example of H145 in search & rescue
operation, picture from [Airbus, 2022c])

The roll axis is the axis passing through the helicopter nose and the tail rotor. The
pitch axis is the transversal axis of the helicopter. The yaw axis is the axis orthogonal to
the plane described by the roll and pitch axis. The yaw axis goes through the gravity
center.

The interaction of the helicopter components is summed up into fig. 1.4 (left).
They generate a lift resultant FN and a counter torque force FCT. The flight control
system offers the pilot the possibility to control these forces i.e. the direction and
magnitude of FN , and the magnitude of FCT.

FIGURE 1.4: Helicopter component interactions and working principle: (left)
block diagram of main components, (right) helicopter force status

The helicopter moves forward thanks to the horizontal component of FN named
the propulsive force FP (fig. 1.4, right). While moving into the air, the aerodynamic
effect applies a drag force FD with the same direction and an opposite sense than
FP. The vertical component of FN is the lift force FL, it balances the helicopter weight
FW . The counter torque force FCT balances the reaction torque TR and orientates the
helicopter around its yaw axis.



4 Chapter 1. Introduction

1.1.4 Main rotor & tail rotor

The control of the direction and the amplitude of the main rotor resultant FN is
performed controlling the angle of attack of each blade according to the rotor azimuth.
This is possible thanks to the swashplate and the pitch rods (fig. 1.5). The swashplate
is linked to the rotor mast with a kinematic similar to an annular joint. It transfers
the position of a fixed reference plane to a rotating plane in order to induce a blade
angle of attack through pitch rods. The rotating part spins with the rotor mast thanks
to the scissor. The fixed reference is kept away from any rotor rotation thanks to
another scissor located underneath the swashplate and attached to the top of the
main gearbox.

The swashplate is controlled by three actuators named critical actuators because
of the application they are in charge of (see fig. 1.5).

As far as the tail rotor is concerned, only the amplitude of the generated force FCT
is controlled. The swashplate is substituted by a plane, translating along the axis of
the rotor hub. This controls the blades with a same angle of attack whatever the rotor
azimuth is. The control requires only a single actuator.

FIGURE 1.5: Main rotor description: example of the H125 main rotor (row
pictures from [Airbus, 2022c] & [Raletz, 2010])

1.1.5 Flight in operation

Standardized helicopter flight scenarios are: take-off, cruise (at different horizontal
speeds, altitudes and climb rates), landing, hard turns, and autorotation. The flight
scenarios are difficult to predict, they depend on the customer need. Each customer
operates differently and in miscellaneous environments. For instance, in the civil
field operation, there are the Search & Rescue (SAR), the passenger transportation,
the freight, the VIP use, the tourism, the offshore (passenger transportation, repair,
prospection), the high voltage line control, the movie shooting, the coastguard,. . . In
the military field, there are mainly the attack and the tactical approach on battle fields,
the troops or the equipment transportation, the sea operations in sea with landing on
Navy ships,. . .
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1.2 Electrification trend

1.2.1 Global observation

On one hand, it is clear that the climate change awareness is a catalyser of the
air transport evolution. In 2019, the Aeronautics Strategic Implementation Plan of
NASA listed the solutions to reduce the air transport GHG emissions. They are a
combination of the following: ”more efficient operations, improved vehicle fuel efficiency,
increased electrification of aircraft and, in the longer term, new propulsion concepts and
alternative sustainable jet fuels to incentivize emission reductions" [NASA, 2019]. The
aim is to respect the objectives defined by the Advisory Council for Aeronautics
Research in Europe (ACARE): the Flightpath 2050 suggests to reduce CO2 emissions
by 75%, nitrogen oxides by 90% and noise by 65% in comparison to a 2000’s aircraft
[Dareck et al., 2011] [Zaporozhets et al., 2021]. This initiated a global industrial fever
to develop demonstrators. For instance, there is the distributed propulsion hybrid
aircraft demonstrator, named the NASA x-57 or the EcoPulse™, developed by Daher,
Airbus and Safran. This project develops an architecture with high-voltage eletric
motors powered by high-energy-density batteries and an auxiliary power unit (eAPU)
coupled to an electric generator [Arpiany and Michon, 2021]. The first flight test is
planned for mid 2022.

On the helicopter sector, the industry contributes in the same development fever.
Already, in June 2022, Airbus Helicopters celebrated the first flight powered solely

with 100% of SAF (Sustainable Aviation Fuel) on the two turbines of the Super Puma
H225 Mk2+ [Airbus, 2022a].

In addition, the RACER project in collaboration with Safran develops a propulsive
eco-mode strategy to turn off one turbine out of two during steady and standard
cruise flights [Lagarde and Orlandini, 2019]. The RACER first flight is expected end
of 2022.

What is more, Airbus Helicopters celebrated the successful first flight test of an
engine back-up system (EBS) installed on a H125 helicopter [Airbus, 2021]. It includes
an electric motor powered by a supercapacitor. Connected to the main gearbox, it
provides the mechanical power to fly for 30 seconds after the turbine failure. The
EBS enhances the flight safety of a single engine light helicopter. It is a technological
brick validated, opening the way to a future hybridised propulsion system for light
helicopters.

It is clear that already flying vehicles and future ones are required to develop new
functionalities to be more autonomous and to be safer. Reducing pilots’ working load
is part of current helicopter development roadmaps for enhanced safety.

Thus, today’s market trend is globally facing a technological watershed towards
more electrical solutions. Aircraft makers aim at More Electric Aircraft (MEA) and
All–Electric Aircraft (AEA) achievement [Qiao et al., 2018].

1.2.2 Dronization

As the time goes by, a fast increase in the number of projects of Optionally Piloted
Vehicle (OPV), Unmanned Aerial Vehicle (UAV), Unmanned Aerial System (UAS), Urban
Air Mobility (UAM), and Vertical Take Off and Landing (VTOL) is observed. For instance,
Ehang 184, Vahana, CityAirbus, Boeing’s self-piloted passenger drone can be seen
on the civil range; the aerial fighter Northrop Grumman X-47B, Airbus VSR700
(Figure 1.6), Leonardo AWHero can be seen on the military range. Furthermore, the
market of aerial delivery already grows with vehicles carrying parcels, weighing less
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than 10kg (DPD France drones in rural areas) up to 100kg (Kawasaki K-Racer X1
drone).

The drone concept comes progressively by the implementation of new electrical
solutions on already existing vehicles [Cochoy et al., 2007]. This thesis was born in
the context of the VSR700 project development. It is a light and stealth helicopter,
fully autonomous for tactical applications around modern Navy ships. It aims at
supporting search & rescue power too. Its payload capability allows the installation
of long-range and high-performance sensors. It takes basis on the French Cabri G2
helicopter from Guimbal Industry [Guimbal, 2022].

FIGURE 1.6: VSR700, the multi-mission naval UAS [Airbus, 2022e]

1.3 Primary flight control system

1.3.1 Conventional architectures

As mentioned in section 1.1, the Primary Flight Control System (PFCS) Figure 1.7 is in
charge of controlling the four flight axis of the helicopter (fig. 1.3).

In fig. 1.7, the PFCS is presented from a pilot seat view. To control the yaw axis,
the pilot puches on the pair of yaw pedals. To control the pitch and roll axis, the pilot
moves back and forward or side to side the cyclic stick. To control the altitude, the
pilot pulls up or pushes down the collective stick.

FIGURE 1.7: PFCS pictures. (a) Cockpit of EC130 B4 (b) FCS of Alouette II
AS313B

Conventional PFCS architecture includes Flight Control Links (FCL) and, for high
loads and automatic pilot option, actuators (Figure 1.5, Figure 1.8 (a)). The FCL
connects the pilot to the actuators. Attached to the kinematics, the actuator supplies
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the power to give and maintain the blade’s angle of attack of the helicopter’s rotors
(the main and the tail). The conventional actuators are hydraulic. The FCL is mainly
made out of mechanical links including rods, levers and bearings. The automatic
pilot function is ensured through Electromechanical Actuators (EMAs), located in series
and in parallel with the mechanical links of the FCL (Figure 1.8 (a)).

They actually control the helicopter in a hands off mode, such as following a
GPS destination or performing a strategic approach to ground in a special operative
mission. Only one helicopter of Airbus fleet (NH90) does not have any FCL, the
hydraulic actuators (Direct Drive Valve (DDV)) are commanded directly by 4 electrical
torque-motors connected to the Flight Control Computer (FCC) as shown in Figure 1.8
(b).

FIGURE 1.8: PFCS architectures on the way to autonomy: sketches of
principle. Note: In (a), removing the components of assistance makes a

purely mechanical architecture. (b) and (c) are electrical architectures

1.3.2 Electrical architectures

The hydraulic technology has been conventionally used in actuators for more than
60 years [Maré, 2017] [Qiao et al., 2018]. A new trend uses EMAs as substitutes to
hydraulic actuators in PFCS of actual helicopters or as part of Fly-By-Wire PFCS of
new autonomous helicopters (Figure 1.8 (c)). This requires the reconsideration of
design practices, right at the preliminary design phase. It is the case with the VSR700
(Figure 1.6), an already proved light helicopter (Cabri G2) turned into a drone by the
integration of electrical components. These components include four EMAs in the
PFCS.

In fig. 1.8, (a) to (c) shows basically the evolution of PFCS architectures as it goes
to autonomous helicopters. This evolution clearly shows that the helicopter mass can
be significantly reduced with the reduction of part numbers. As long as the actuation
control loop is concerned, this part number reduction decreases the response delay
sources. The quid pro quo for it, is the increase of the actuator critical level, since it
gathers nearly all piloting functions.

Another helicopter PFCS architecture is possible with the Individual Blade Control
(IBC) controlling directly the angle of attack [Maré, 2017]. This opens the way to
a potential application of EMA. In the 2000’s, a project emerged to install EMA
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actuators directly at the blade neck. This was done on the 6-blade main rotor of
Sikorsky CH-53G [Fuerst and Neuheuser, 2007], a 19-tone helicopter. This architecture
removes all the mechanical kinematic linked to the swashplate. The IBC introduces
difficulties to reach a sufficient safety level. For each blade of the rotor, the actuation
system is made of a triplex electrical system (Permanent Magnet Synchronous Motor
(PMSM) motor and power control unit) and a mechanical reductor. The triplex
redundant topology involves an important mass.

The actual entire Airbus fleet is turned towards a blade control through a swash-
plate solution. This thesis follows the same choice and focuses on actuators with a
linear displacement installed under the swashplate.

1.3.3 Level of requirement of the functions

As tackled previously with the IBC, the function of a flight control system goes with
the following important properties:

• reliability: system ability to perform its function during a given amount of time,
in a given environment and for a given purpose. In the aeronautic field, the
failure rate λ is commonly used. It defines the probability of failure expressed
with respect to the provided service quantity. Therefore, it is expressed per
Flight Hour (FH).

• safety: system capability to shield from a failure occurence

• maintenance: system capability to repairs and evolutions (retrofit).

• failure tolerance: system capability to detect a failure and to behave accordingly,
either by reconfiguration or by compensation thanks to a redundancy. The recon-
figuration defines a system capability to find a new running state from which
the system function is still satisfied despite the failure. The redundancy defines a
system made of two or more component sets ensuring the same function. If one
set fails, another one keep ensuring the system function.

Each equipment of an helicopter is usually specified according to its critical level
and its failure probability per FH (table 1.1). According to in-service experience
feedback over 10 years, the maximum tolerated failure rate for a catastrophic event
is λcat = 10−9 FH−1. This quantifies a threshold of acceptability, making the event
extremely unlikely. Then, λcat is increased hundred-fold to define the successive
degrees of gravity as presented in table 1.1.

As far as the PFCS is concerned, the loss of its function has a criticity qualified
as ’catastrophic’. Indeed, the helicopter control can be lost and the landing can be
uncontrolled. This corresponds to a failure probability of λPFCS < 10−9 FH−1.

To reach this safety level, the PFCS must follow redundant topologies. The re-
dondancy allows, in the case of a system failure, to maintain the system function
by a second system. For instance, the hydraulic actuators equipping most of the
helicopters have two separate chambers, totally independent from each other. Each
of them develops the required performance to ensure the function of actuation in case
one of them struggles from a hydraulic pressure loss, a pipe rupture, a distributor
jamming. . . Also, the redundancy applies in the case of electrical PFCS. There are
many redundant topology options to undertake so as to satisfy the safety require-
ments. They are presented later in section 1.5.5, table 1.5.
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Quantitative probability Qualitative probability Gravity Consequences on the airplane and its passenger

λ < 10−9 extremely improbable catastrophic Many dead, loss of aircraft

10−7 < λ < 10−9 extremely remote hazardous
Heavily reduced safety margins, increased workload for
the crew, serious or deadly injuries to a number of passen-
gers

10−5 < λ < 10−7 remote major Significantly reduced safety margins, crew experiences
difficulties handling the situation, injury to passengers

10−3 < λ < 10−5 probable minor Operational limitations, emergency procedures

10−3 < λ frequent minor nuisance

TABLE 1.1: Failure acceptability thresholds and consequences (data from
[FAA, 2014] [Maré, 2016]), λ [FH−1] is the failure rate

1.4 Actuators

The first light helicopters ever built, such as Aérospatial’s Alouette 2 (1955) use levers,
cables and pulleys to control the rotor blades. The pilot arm muscles are the power
source of the actuation system. This actuation architecture is purely mechanical (fig.
1.9). Today, small helicopters keep using pure mechanical PFCS such as Guimbal’s
Cabri G2 or the Robinson’s R22. The development of the hydraulic power allowed
to develop heavy helicopters while managing the confort and the flight precision of
the pilot. Right now, the whole fleet of Airbus Helicopters in operation, is equipped
with a PFCS using the hydraulic power (fig. 1.9). This section overviews the actuator
technologies classified in fig. 1.9.

FIGURE 1.9: Actuator technology classification

1.4.1 Hydraulic powered technology

1.4.1.1 with mechanical input

Today’s Airbus Helicopters fleet mainly flies using hydraulic powered PFCSs with
mechanical inputs. The technology is named Hydraulic Servo Actuator (HSA). Fig. 1.10
shows the HSA of the helicopter Tigre with its main components. The control lever
is connected to the pilot and allows the control of the actuator position. The control
valves are constantly supplied with hydraulic pressure. They control the hydraulic
power, sent to the actuator chambers, according to the position of the control lever.
Inside the chamber, a piston converts the hydraulic power into mechanical power. The
actuator housing attached to the airframe, transmits the mechanical power to the load,
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thanks to the output rod. The position feedback link acts on the valve opening according
to the position of the control lever and the output rod.

FIGURE 1.10: Duplex HSA of Tigre PFCS [Maré, 2016]

1.4.1.2 with electrical input

The successive development of actuators came to implement electrical inputs i.e. the
fly-by-wire technologies. The aim is to remove the mechanical links connecting the
pilot to the actuator (FCL, fig. 1.8, (a)) by electrical signals. There are mainly three
types of hydraulic powered actuators with electrical inputs (fig. 1.9).

A first one is the Direct Drive Valve (DDV) presented in fig. 1.11 (left). Its valves are
controlled by electromechanical actuators (electrical motors), located on the actuator
housing. Linear position sensors are installed on the output rod for the control and
the monitoring of the actuator. The closed control loop is global. This actuator type
equips only one helicopter of the Airbus fleet: the NH90.

A second one is the Electro Hydraulic Servo Valve (EHSV) presented in fig. 1.11
(right). Its valves are controlled by a force from an hydraulic source, controlled by
electrical coils. A hydraulic amplification device allows the electrical coils to work
with a very low current intensity. Similarly to the DDV, the EHSV controls the output
rod position with a global closed control loop.

FIGURE 1.11: DDV and EHSV examples [Maré, 2017]: (left) Moog DDV
with linear motor, (right) EHSV servovalve with double flopper-nozzle pilot
stage, (terminology: P = pressure supply, R = return, C1 and C2 correspond

to chambers on both side of the hydraulic ram piston)



Chapter 1. Introduction 11

A third one is the Smart Interface Actuator (SIA) presented in fig. 1.12. This
technology is made of a device controlling the HSA input lever through mechanical
connections (rods and levers). To control the output rod position of the HSA, the
SIA technology takes advantage of the HSA mechanical loop (position feedback link).
It does not use any global electric regulation loop. The SIA technology applied in
helicopter PFCS has been studied and prototyped by [Estival, 2015].

FIGURE 1.12: SIA command diagram (terminology: FCC, Actuator Control
Computer (ACC))

1.4.2 Electric powered technology

With the ambition to remove hydraulic pipes going through the airplanes and to
improve the maintenance task, actuators powered by electricity emerged [Botten
et al., 2000] [Maré, 2017]. Among them, there are mainly the Electro Hydrostatic
Actuator (EHA) and the EMA (fig. 1.9). These technologies are not installed on
helicopters yet, although, the EMA has already done a step forward with the VSR700
project.

The EHA is an actuator with a hydraulic power whose pressure is brought by a
hydraulic pump coupled to an electric motor. All these components are integrated
into the actuator. In other words, the EHA is an electric powered actuator with a local
hydraulic circuit.
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FIGURE 1.13: EHA actuator example and sketch of principle: (left) EHA for
the Airbus A400M, (right) EHA simplified sketch, precisions: Motor Power

Electronics (MPE), Motor Control Electronics (MCE)

The EMA actuator includes components from multiple disciplines, however
there is no longer hydraulic technology. The main components are mechanical (rod
ends, bearings and screw mechanisms, clutch), electrical (motor, brake, clutch) and
electronic (for power & control). Fig. 1.14 shows an example of EMA. The motor
with its bearings converts the electrical energy input into a mechanical energy of
rotation. The gears adapt this energy in terms of a speed and a torque. The screw
mechanism (ball screw in fig. 1.14) converts this last energy into a mechanical energy
of translation.

FIGURE 1.14: EMA example, MOOG model 17E373 (section view from
moog.com)

This thesis will focus on the EMA technology. Section 1.5 comes with further
details.

1.4.3 Technology summary

All these different technologies can be summed up into table 1.2. The thesis focus
corresponds to the grey row.
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technology command
input power source energy

transporter conversion output

pure mechanical mechanical mechanical mechanical

hydro-mechanical (HSA) mechanical hydraulic pipes mechanical

electro-hydro-mechanical
(DDV, EHSV, SIA) electrical hydraulic pipes mechanical

electro-hydraulic EHA electrical electrical wires ’in-situ’
hydraulic mechanical

electro-mechanical EMA electrical electrical wires mechanical mechanical

TABLE 1.2: Actuation technology classification for aerodyne

1.4.4 From hydraulic power to electric power

Table 1.3 gives a brief comparison of the hydraulic powered technology with the
electric powered technology such as the EMA.

There are three main motivations to go on for an EMA: the energy efficiency, the
power networks, and the environment. Indeed, the average efficiency of the power
generation and the control through throttling is poor. The hydraulic power networks
are heavy and impose strong constraints at all levels (design, production, operation,
vulnerability in a battle field context). The hydraulic fluid is aggressive for people
and the natural environment.

The EMA technology already exists in the field of civil and military aviation
for auxiliary functions (non-critical in the sense of aviation safety) and/or back up
functions (in case of failure of the critical primary function) and in various industrial
sectors for positioning workpieces or laboratory tools. Except for low-power and
less safety-critical applications (flaps, slats, spoilers, trim horizontal stabilizer), the
EMAs are rather immature for primary flight controls [Maré, 2017]. This is essentially
because of their lack of accumulated return of experience. The statistical database
on components fault modes is poor [Mazzoleni et al., 2021]. The EMAs entail some
concerns in terms of reliability, risk of failures due to jamming in mechanical transmis-
sion components, health monitoring (HM) & assessment, and thermal management.
Some research activities or development efforts can be cited e.g. Power Optimised
Aircraft (POA), More Open Electrical Technologies (MOET), DRESS European projects
[Iordanidis and Dellac, 2010], and VEGA space launcher (Thrust Vector Control (TVC)
actuator). The EMA applicability in aerospace has been proved in terms of dynamic
performances [Mazzoleni et al., 2021]. In addition, the EMAs offer interesting per-
spectives in terms of maintenance, integration, reconfiguration in case of failure,
ease of operation, harsh running environment ([−50, 125]◦C) and management of
power [Maré, 2017, Qiao et al., 2018]. The EMA energetic efficiency is particularly
convenient for the landing gears and the flight control since actuation systems are
one of the main energy consumers onboard. The reference [Guidi et al., 2021] written
by Umbra’s group members raises the benefits and challenges of EMA actuation on
landing and braking systems of aircrafts. It presents the first EMA, ever certified by
European Aviation Safety Agency (EASA), equipping the landing gear of the helicopter
H160.
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Merits Hydraulic Electric

Power density at the level of the actua-
tors Excellent Average

Power density at the level of the power
network Poor (tubes, fasteners, fluid) Good (3-phase)

Efficiency of control of power Generally low (throttling losses) Excellent (power-ondemand)
Direct mechanical power transmission
to the load (direct-drive) Easy with linear actuators Mechanical reducer generally manda-

tory
Evacuation of the heat generated by en-
ergy losses in the actuator

Excellent, due to the hydraulic fluid re-
turning to the reservoir Poor, local exchange with the ambient

Power management functions (clutch,
brake, damping, force limitation)

Easy, compact, lightweight and efficient
in the hydraulic field

Often inefficient if applied to the field of
electrics. Heavy or bulky in the mechan-
ical field

Inertia reflected by the actuator Low High
Options and ease of command Average Excellent
Dynamic reconfiguration of power paths
(redundancy) Difficult Easy

Integration and operation constraints
(segregation,installation, maintenance) Strong (fire, leaks, pollution, bleeding) Moderate (EMI*, HIRF**), Built-in test

options
Technology maturity level Excellent Low return of operational experience
Potential evolution Moderate to weak Strong
Environment and human friendliness Poor Good

*Electromagnetic Interferences (EMI); **High Intensity Radiated Field (HIRF)

TABLE 1.3: Comparison of hydraulic and electrical power technology [Maré,
2017]

1.5 EMA

1.5.1 Different architecture options

There are mainly two groups of EMA architectures: the rotary one, and the linear one.
The rotary EMAs output an angular position and a torque. The linear EMAs with
rotative electrical motors are the architecture of interest in this thesis. Thanks to a
screw mechanism, they output a linear position and a force. The different architecture
options are presented in fig. 1.15.

Thanks to the modularity of gearboxes and the screw mechanism configurations,
the EMA can be designed with miscellaneous forms.

FIGURE 1.15: Different EMA architectures
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1.5.2 Electrical motor

A broad range of electrical motor technology is available, it can be divided in six
categories: synchronous machines, induction machines, continuous current machines,
reluctance machines, torque machines and other special machines (such as piezo-
electrical ones or machines, combining parts of the technology, used in different
categories).

At first glance, for aeronautic application, only two technologies stand out: the
PMSM, and the Standard Reluctance Motor (SRM). The step by step motor stands
out too by its fundamental technology. However, it delivers a discontinuous output
torque which doesn’t match with flight control system requirements. What is more,
all electrical machines with brushes are excluded because of their high level of
maintenance and their lack of reliability. The piezo-electric motor technology is
excluded too. Their motion involves dry friction and wear.

The SRM technology is interesting but remains at prototype level in the aeronautic
field because of its low power and torque density.

The PMSM technology answers all aeronautic criterias, therefore it is the only one
to be used in PFCS. These criterias check that the motor guarantees the following:
high torque density; high torque to volume ratio (compact design); high torque to
current ratio (Kt); high torque to rotor inertia ratio; high thermal efficiency (high
motor constant Km [N · m · W−0.5]); low maintenance; long lifespan; good electrical,
thermal and magnetic insulations; high level of safety during operation; correct
performance during degraded scenarios; and abilities to integrate failure resistance
concepts such as a redundancy of phases [Cros and Viarouge, 2002].

The PMSM technology (fig. 1.16) depends on an electronic drive system producing
a rotating magnetic field which makes the rotor spin [Electropaedia, 2005]. The rotor
is polarized with permanent magnets. This rotating field is obtained thanks to an
inverter with commutations, triggered by a pulse-width modulation (PWM). Each
stator phase is sequentially energized by a current according the rotor instantaneous
angular position. The motor runs under a closed loop system. Therefore, it requires
the installation of a rotor angular sensor.

The PMSM exists with 3 types of rotor [Multon et al., 2005]: radial, axial and linear
flux. The radial flux rotors are the most interesting ones in this actuation context.
Indeed, it has a low rotor inertia and an interesting torque to volume ratio.

FIGURE 1.16: Permanent Magnet Synchronous Motor (PMSM) [Electropae-
dia, 2005]: (left) motor section view, sketch of principle, (right) diagram of

principle of motor control
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The PMSM has drawbacks. It involves high manufacturing costs especially due
to the permanent magnets (Rare Earth element such as in Neodymium alloys) and
the necessary protections to install around the magnets for high rotating speed appli-
cations. Another drawback is the parasitic torque generated due to the interaction
of the rotor magnets with stator teeth. This parasitic torque is named cogging (also
known as detent or no-current torque, [Muljadi and Green, 2009], [Flankl et al., 2017]).
It is dependent on the rotor position. Its periodicity per revolution depends on the
number of magnetic poles and the number of stator teeth. It results in a torque ripple
or speed ripple.

Finally, another type of PMSM are the torque motors (named the annular motor
too). They follow the same principle than PMSM but they have hollowed rotors
and bigger diameters. Their important torque density avoids the use of reducers or
gearboxes and allows to use them in highly dynamic applications.

1.5.3 Screw mechanism

A screw mechanism converts a rotary motion into a linear one.
There are three possible screw mechanisms: the lead-screw (e.g. trapezoidal

thread), the ball-screw mechanism or the roller-screw mechanism.
The lead screw is by far the cheapest and the easiest to produce but it has the

poorest efficiency. Table 1.4 provides orders of magnitude of the dynamic friction
coefficents and efficiencies praticed by each technology.

technology dynamic friction coefficient efficiency
lead-screw 0.03 to 0.3 ≈ 40%
roller-screw 0.01 to 0.038 75 − 90%
ball-screw 0.0008 to 0.0065 85 − 95%

TABLE 1.4: Friction in the screw mechanisms [Chevalier, 2004] [SKF, 2008]
[SKF, 2014] [MOOG, 2022]

The ball-screw technology is already implemented on aircrafts and broadly used.
The Trimmable Horizontal Stabilizer Actuator (THSA) on A350 is an example [Tode-
schi M, 2014]. There is a big offer from the ball-screw supplier, this allows negociating
prices. It reaches the best performance in terms of efficiency. Regarding the lead, the
product range is limited by the ball minimum size (manufacturing constraints).

The roller-screw mechanism is based on rollers moving as planetaries, hence its
name: Planetary Roller Screw (PRS). The PRS is presented in fig. 1.17.

The standard PRS (fig. 1.17, left) involves a long direct-drive actuator design (fig.
1.15, in line motor).

The inverted PRS (fig. 1.17, right) involves a compact direct-drive actuator design
(fig. 1.15, coaxial motor). It requires a hollowed motor rotor. Usually, torque motors
are suitable for it. In addition, the screw is not threaded all along, this enables the
direct installation of lip seals on the screw.
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FIGURE 1.17: Planetary roller screw mechanism [SKF, 2014]: (left) standard,
(right) inverted

Both PRS types, inverted and standard, provide four EMA design options (fig.
1.18): the nut translates when the screw spins or the screw translates when the nut
spins.

FIGURE 1.18: Driving configurations of screw mechanisms [Karam, 2007]
[Maré, 2017]

Also, the roller screw mechanism allows a broad modularity in terms of inte-
gration. The nut can be either purely cylindrical or flanged. Fig. 1.19 illustrates
it.

FIGURE 1.19: Standard roller screw mechanism: some integration options
[ROLLVIS, 2019]

In fig. 1.20, the manufacturer [MOOG, 2022] offers a qualitative comparison of
the three screw mechanism. Data comes from systems deriving from Moog’s own
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actuation design experience as well as data provided by other manufacturers. The
roller-screw mechanism clearly points out from the other.

FIGURE 1.20: Qualitative comparison of screw mechanism [MOOG, 2020b]

Ball screws should be considered for drive mechanisms that give priority to
smoothness or efficiency; whereas the PRS mechanisms are suitable when high load
capacity, long service life, and high speed are required [MOOG, 2022]. Also, rollers
have roughly four times as many contact points as balls, the load is spread over an
area that is roughly four times larger [MOOG, 2022]. This results in longer service
life and a load capacity that is more than 10 times higher in favor of a planetary
roller screw. Increased contact area also improves the rigidity and impact resistance
of planetary roller screws. In addition, PRS mechanisms are indicated for their
positioning accuracy and motion repeatability [MOOG, 2020b].

Finally, from a design point of view, PRS mechanism is interesting since the
catalog product offer, presents a wide range of leads including small ones (smaller
than those ones offered in a ball screw catalog).

To conclude, the PRS technology is the most promising screw mechanism to
develop critical EMA in helicopter applications.

1.5.4 Electromagnetic brake

As in any system, the current supply shortage is a potential failure scenario. In
helicopter PFCS, the actuator must be locked in motion if not active. Therefore, the
electromagnetic brake is a key component for safety.

There are many brake designs. Only one technology is presented. For a direct
drive actuator, the interest is for a brake architecture with an axial contact and a single
disc. It has to be actively braking when no current is supplied. This corresponds to a
power-off brake (named spring-applied single-disc brake too).

Fig. 1.21 presents the principle of a power-off brake. The disk is interposed
between two friction-pad plates, ones till, the other mobile. The movable plate
is forced against the rotating disc by means of a set of pre-tensioned coil springs,
arranged at the center of the brake, around the rotor shaft. The plate is released by a
magnetic effect using an annular solenoid coil attracting element.
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FIGURE 1.21: Power-off brake: a type of electromagnetic brake

1.5.5 Redundancy configurations

To comply with high safety level requirements (section 1.5, e.g. λ = 10−9 FH−1), a
redundancy topology of actuation is often mandatory to remove failure nods.

TABLE 1.5: PFCS redundant topologies of actuation. [*]: [Maré, 2017], [**]:
[Jensen et al., 2000]

In mechanical power transmission, redundancy can be applied by force summing
(or torque summing) or position summing (linear or angular). Table 1.5 provides an
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overview of possible redundancy options classified according to the failure mode
specified by the application. In any case, the entire system must include additional
functions and components to have a fail-operational behavior. In force summing, the
faulty path unabled to generate motion (jamming, for instance) has to be let free. The
installation of a clutch does the job. In position summing, the faulty path that cannot
generate force (breakage, for example) has to be blocked. The installation of a brake
does the job.

1.5.6 Architectures of reference

In the case of the VSR700, a direct-drive solution, with an in-line motor, a standard
roller-screw mechanism and a power-off brake have been selected. The design office
estimated that these choices made an EMA architecture the most likely to be certified
by the EASA. Also, it is the most convenient to introduce in the reduced volume of
the VSR700. This EMA architecture with all its components is presented in fig. 1.22
in its simplex topology. The selected redundancy topology is the position summation
(fourth row of table 1.5) presented in fig. 1.23.

This thesis work is based on this actuator architecture. Throughout the manuscript,
this architecture is named the architecture of reference.

FIGURE 1.22: EMA architecture of reference

FIGURE 1.23: Redundant topology of the architecture of reference



Chapter 1. Introduction 21

1.6 Thesis environment

1.6.1 Position in the company

At Airbus Helicopters design office, this thesis came up in the department of Hy-
draulic, Flight control, Actuation & Auxiliary systems. This department is in charge
of all helicopter PFCS regarding assembly line non-conformities, in-service incident
investigations, modifications after customer delivery, and development of innova-
tions.

At the time of the thesis, the company was developing four new autonomous
and enhanced vehicles. A first and a second one are the Vahana and the CityAirbus
developed in the USA and in Germany. They are all-electric and full-scale demon-
strators that focus on remote piloted electric Vertical Take–Off and Landing (eVTOL)
flights. They are single-seat and four-seat respectively. Their last take-off took place
in Nov. 2019 and July 2021 respectively. A third vehicle is the high speed helicopter
RACER prototype going to fly soon. It is being developed in Marignane. RACER
means Rapid & Cost-Effective Rotorcraft. It is the successor of the technological proof
of concept named Eurocopter X3, winner of the world helicopter speed record in
2013 (255 knots i.e. 472 km/h). A fourth vehicle is the Navy UAS named VSR700 as
mentioned in section 1.2.2. It is partially developed in Marignane, it is the closest
project to this thesis since it involved the development of PFCS actuators.

The business need is to perform EMA preliminary studies and learn more about
this technology. Further to an application in Primary Flight Control System (PFCS)
(main rotor and tail rotor), the EMA technology finds interest in many other helicopter
applications such as the automatic pilot actuators or the Secondary Flight Control
System (SFCS). This includes the actuation of landing gears and wing flaps, and the
propellers’ pitch control (for high speed helicopters such as the RACER helicopter).

A previous PhD candidate [Estival, 2015] of the design office worked on the
detailed sizing of the electrical motor involved in the SIA as presented in section
1.4.1.2. An optimization loop is implemented to find the motor component geometries
so as to satisfy helicopter requirements and optimize the magnetic and thermal
responses from FEM simulations.

Also, a flight test data tool analyser, developed by Eurocopter, can be cited. Its
name is Sandra and it is deployed at Airbus Group level. It is a software program
used mainly for flight test data analysis and plotting. It clearly separates data from its
representation for layout reuse. It supports many input formats. The user interface
uses Javascript language. This tool will be useful for the helicopter flight test data
analysis, developed in Chapter 2. Since this tool was developed, following real-time
stream data display and user needs mainly, some features are missing unless coded
by hand in a python script. Finally, the thesis will use Sandra only for its spectral
analysis features.

1.6.2 Position in the laboratory

At the ICA laboratory, this thesis came up in the department of MS2M (Modelling of
Systems and Mechanical Microsystems). The scientific activities of this department
are focused on the development of models (in the broadest sense) and multi-tool
methodologies for the multi-disciplinary and multi-scale study of mechanical struc-
tures and systems. This is from the conceptual phase to the verification & prediction
phase of their behaviour.
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Three previous PhD works are worth mentioning in this introduction. They will
be more precisely mentioned throughout the manuscript (Chapters 2, 4 & 5).

In Laplace laboratory, [Jaafar, 2011] worked on a methodological approach aiming
at analyzing and processing mission profiles to produce compact profiles. This is
to work with in a context of system design requiring a wide number of system
simulations and an optimization. This methodology is applied on the real use case of
a hybrid locomotive, devoted to shunting and switching missions.

In the ICA laboratory, [Reysset, 2015] created a Simulink toolbox bringing a
mechatronic system design methodology. This methodology offers a simplification
of mission profile for design specification and validation steps. The tool applies in a
context of a collaborative multi-partner design i.e. an airframer and a system-supplier.
It includes an optimization process with constraints. Also, it includes response
surfaces (surrogate models) that accelerate the optimization process. The toolbox is
finally applied to perform some preliminary sizing studies of landing gear actuation
systems and primary flight control surfaces (aileron & spoiler).

Finally, [Delbecq, 2018] (ICA laboratory) focuses on the sizing problem formula-
tion. He offers a new Multidisciplinary System Design Optimization (MSDO) formula-
tion allowing fast and robust analysis along with the reusability of models. Also, he
offers a graph approach using symbolic manipulation to assist engineers in formu-
lating multidisciplinary problems with important number of variables, constraints
and interdependencies. A benchmarking is provided to compare different formu-
lation options. The methodology is applied on two aircraft actuation systems: an
electromechanical PFCS and an electrical thrust reverser.

1.6.3 Position in the scientific community

The preliminary design methodologies can be divided into two phases. The first
phase is the system architecture choice, commonly guided by reliability studies, such
as those presented in [Liscouët et al., 2012, Andersson et al., 1998, Jiao et al., 2019].
At this level, there are difficulties in taking into account the entire set of design
criteria, important to evaluate an architecture. A study with a higher level of details
is necessary, especially in the case of the EMA as it includes many constraints and
interdisciplinary couplings between components. This is up to the second phase: the
preliminary sizing. This phase is mainly based on multidisciplinary optimizations.
The models used are usually analytical models or Response Surface Model (RSM) to
facilitate the design space exploration and the design optimization.

Some already existing preliminary sizing methodologies can be cited. The ref-
erences [Roos, 2005, Roos et al., 2006] present a methodology to select the motor
and gearhead of the actuators in the automotive field. The methodology includes a
selection based on scaling laws. It outputs graphs showing all feasible motor/gear
ratio combinations. In the aeronautic field and regarding the secondary flight control
actuators, the paper [Pfennig et al., 2010] presents a methodology for the preliminary
design of mechanical transmission systems. It is formalized as a Constraint Satisfaction
Problem (CSP) with an automated consistency checking and a pruning of the solution
space. The mechanical components are modeled by scaling laws. In addition, the
paper [Andersson et al., 1998] presents a simulation and an optimization strategy to
evaluate two concepts of actuation systems: the conventional hydraulic actuators
and the EHAs. Moreover, the paper [Wu et al., 2017] describes a preliminary design
method of EHAs based on Multi–Objective Optimization (MOO) with Pareto domi-
nance. Two objectives are set: the minimization of the mass and the maximization of
the efficiency. The weight prediction is achieved using scaling laws, and the efficiency
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is calculated by a static energy loss model. The method outputs the design parameter,
leading to a Pareto front in mass and efficiency.

The scaling laws are good candidates for preliminary design. They are an ex-
ample of analytical models. They are interesting because they require few data to
build them and validate them (existing industrial product ranges). In aerospace, the
scaling laws are broadly used in the conceptual design of aircraft, especially regard-
ing aerodynamics, propulsion, structure, and mass [Raymer, 2012]. Moreover, the
propellers are often described by scaling laws [Budinger et al., 2020, Massachusetts,
2022, McCormick et al., 1979]. Furthermore, the scaling laws can be used in the field
of robotic actuators where low speeds and high torques are usually required [Saerens
et al., 2019].

This thesis suggests a preliminary sizing methodology applied in the aeronautic
field, on helicopters, and on critical EMAs. It contains similar concepts as found
in the previously cited literature. Indeed, it includes scaling laws and a RSM. It
includes an optimization where the component selection must satisfy a specification
and design constraints while minimizing the actuator total mass. Further to an
extended study around scaling laws, this thesis adds a value by the introduction
of three elements not considered in the literature yet. The first element concerns a
data-driven specification. It includes the consideration of the motor heating based on
dynamic criteria extracted from an equivalent representation applied on complex real
mission profiles (flight test records). The helicopter application is more dynamic than
the aircraft application, as highlighted in the paper [Roussel et al., 2022]. The second
element is the consideration of the hammering load into the fatigue design driver
of mechanical components. The third element is the vibratory environment taken
into account through the actuator housing sizing. Finally, this thesis methodology
is applicable to any EMA architectures from light to heavy helicopters. It finds an
extension to the design of multi–rotor drones such as presented in the paper [Delbecq
et al., 2020b].

1.6.4 Digital revolution

Today’s industry is facing a digital revolution. At engineering level, the working
technics and habits must evolve to enhance work efficiency. This is to contribute in
reducing time-to-market and increasing company competitiveness.

The digital revolution leads to implement new engineering practices i.e. new
ways of thinking and organizing exchanges in a system design flow. The trend grows
towards more collaborative and knowledge-based engineering tool developments.
Nowadays, the key factor in the success of an industrial company lies in its ability to
innovate while mastering a growing complexity. Usually, companies are ill-equipped
in these regards [DPS, 2022]. Most of the time, companies can not afford to spend the
time and the funds required to enhance their IT and software resources [DPS, 2022].

Mainly three locks come back within companies [DPS, 2022]. The first one is the
significant amount of time spent researching and detangling data. The second one
is the heterogeneity of languages, tools and cultures. The third one is the cycles of
convergence or verification of design options that are too slow. What is more, this
complexity combined with the specialization produced a silo effect that fragments and
detains the information. This produces silos of information making decision-making
more difficult and reducing dramatically the efficiency of the engineering phases.
The main challenge of an engineering office is to embed all disciples and make them
exchange.
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To answer this need, the offer of the digital tool market has been thriving towards
web collaborative platforms (fig. 1.24).

FIGURE 1.24: On the way to web collaboration

A first tool example from [Eynard et al., 2005] can be cited. This paper was born
in a context of mechanical design where product data sharing is needed between two
separate disciplines: the Computer Aided Design (CAD) and the Finite Element Analysis
(FEA). This reference addresses this need offering a software named Teamproject. It
is an asynchronous Web Computer Supported Cooperative Work (CSCW) oriented
toward the sharing and viewing of 3D data (CAD and FEA) based on the Virtual
Reality Modeling Language (VRML). It opens to CAD and FEA data viewing through
a Java3D read by the most used web navigator with the aid of a free plug-in. This
strongly contributes at improving working collaboration and efficiency. Indeed, it
increases the information access and its availability to team members in a remote
mode. It simplifies the information access by removing software installation locks
(any computer has got a web browser).

Other examples of collaborative platforms can be cited.
The Karren platform from the company DPS (Digital Product Simulation) [DPS,

2022]. This platform focuses on integrating disciplines with a global vision and
converging towards an unique and optimum design proposal.

The ID8 platform solution offered by NOESIS [NOESIS, 2022]. It is a collaborative
platform that leverages engineering data from miscellaneous sources and deploys
prediction models among users.

A last example concerns the Skywise platform created by Airbus Commercial in
Toulouse and managed by Palantir Technologies. It is a modern data ecosystem
which receives, extracts, transforms data to and from any source regardless of size
and format. It can handle long term increases in data size and user account. Its
deployment at Airbus Helicopters started in automn 2021. This platform aims at
being the future Airbus group database of the company. It collects all helicopter data
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and allows postprocessing it using implemented interfaces and features. A company
user requires only a basic computer with a web browser and a reading access. For
advanced user, coding is possible to implement new features.

Furthermore, the Covid health crisis accelerated IT tool developments too.
Indeed, the crisis increased the demand for online tools to perform collaborative

engineering design by geographically separated team members. In some companies,
the IT services strove to accelerate the migration towards Google Suit in order to
provide a wider bandwidth to visio-conference daily used by homeworking and
on-site team members.

During this crisis, [Anderson et al., 2022] intended to rapidly identify the available
platforms for remote collaboration so that engineering teams could employ them
immediately. Through first-person testing of 18 candidates filtered among 100 web-
based collaborative tools, Conceptboard, Limnu, and Vibe, were the highest rated tools
owing to their low-latency and rich feature set.

What is more, [Anderson et al., 2022] indicates that e-brainstorming is superior
to face-to-face methods. This reference suggests that a cleverly designed platform
could surely enhance team workflows and increase effectiveness. This emerges to an
investigation axis: how best to use computer-based design tools to enhance a design
process?

1.6.5 The mechatronic product

The mechatronic product design is at the heart the digital revolution. According to
the norme NF E 01-010 (2008), the mechatronic is an approach aiming at the synergic
integration of mechanics, electronics, automation and computer science in the design
and manufacture of a product, in order to increase and/or optimise its functionalities.
Thanks to the mechatronic, the existing system functionalities evolves, and even,
many new functionalities are created. Mechatronic systems involve a high number
of components. This leads to strong interactions between different physical and
technological domains.

In [Penas et al., 2013], the authors define some good practices to follow. The
product design success is based on the multidisciplinary collaborations integrated
into a unique design framework considering the product life cycle. An example
of the product design of an electrical gate is presented in [Plateaux et al., 2009]. A
framework based on a single environment (Dymola) offers the integration of each
design step of the downward side of the V-cycle (fig. 1.25).

Another example can be cited: the Simcenter System Architect plateform provided
by Siemens [SIEMENS, 2022]. It accelerates system design with an architecture-driven
simulation approach. The framework distributes roles in levels of expertise (architect,
model builders, analysts). It opens access to diverse localized parameter simulation
tools and FMI. It ensures the continuity of models without changing the toolchain.
The models can be reused within the working entity, this helps to maximize return on
initial invested efforts. Also, [Penas et al., 2013] raises some concerns regarding the
reuse by capitalisation of previous studies to gain in design reactivity. In addition,
[Penas et al., 2013] clearly mentions the importance of collaborative tools as soon
as a project starts. This is to facilitate the exchanges (data, knowledge) between the
different teams (multidomain & multilevel).
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1.6.6 Digital thesis choices

The design office need is to develop skills around EMA preliminary sizing. This must
be done without dependency regarding any new software licences.

According to the digital context previously mentioned and the design office needs,
we made the following choices for the thesis tasks.

The thesis tasks mainly include the development of a flight data analysis code
(Chapter 2), a code for studying scaling laws (Chapter 4) and a preliminary sizing
tool (Chapter 4 & 5).

Since the engineering need is very specific and do not require advanced computa-
tional power, self-programming and Open Source solutions were estimated as the
most suitable and reliable for the future. This thesis is the beginning of a preliminary
sizing tool that is going to evolve as time goes by.

Python language was a first choice. This language is extending progressively. A
key asset of a thesis work is to be continuously improved and easily handled by new
persons. Today, high school calculators already include python features for coding
initiations. This is to say that future young newcomers of the company (e.g. trainees)
will come with python in their pencil case. What is more, a report from a company of
developers named AVISTO, drew a language state-of-art prior starting developments,
around the tool named Simulation Tool for Overall Rotorcraft Modelling (STORM). This
report states that, among all other languages on the market, Python was the best
choice in technical aspects and on a long term basis.

Regarding knowledge capitalization, the Jupyter Notebooks were used for the flight
data analysis and scaling law study. The notebooks gather in the same file written
explanations (Markdown language, LaTeX) and documentation (pictures, pdf), along
with the execution of python code cells.

As far as the preliminary sizing tool is concerned, we wanted it to be as light, as
fast and as handy as possible for the user. A Web Application (WebApp) available on
a server has been introduced. The user-friendly standalone App is generated using
Voilà dashboarding [Voilà, 2020] and ipywidgets. The access on server allows the user
to enjoy the App without struggling with any software installation or package update.
The only thing required is a web browser and a password. The Voila dashboarding
enables a successful use of the App on different devices (laptop, tablet, smartphone).
In addition, the availability of this App on a server, allows sharing it easily across the
company to the benefits of other employees with similar interests.

The Open Source is proactive in finding solutions to convert a script into a Python
web application so the script is usable for a broad audience. Many initiatives came
up. Further to Voilà, another example of solution is provided by RealPython courses
[Darren, 2022]. They teach the way to go from a local Python script to a fully deployed
Flask web application that can be shared to anybody with Google App Engine. The
industrial context obliged the consideration of confidentiality and IT restrictions. It
drastically limited the development opportunities with Open Source solutions.

Finally, Skywise platform offers open interface capabilities that allow developing
new applications, it should be the most relevant platform to implement this thesis
preliminary sizing tool. Unfortunately, this opportunity emerged at the end of the
thesis. Transferring the thesis preliminary sizing tool onto this platform required
many days of coding which did not fit into this thesis planning.
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1.7 Thesis chapters into design cycle

Chapter 1 ending by this paragraph stated the thesis position within the helicopter &
actuation context and the fast changing digital world.

To give a better view of the content offered by other thesis chapters and their
contribution into the actuator design, we propose to locate each thesis chapter into
the well-known design cycle. This is presented in fig. 1.25.

Within the whole product development process, the purpose of a preliminary
design phase is to evaluate architecture feasibility, compare technologies, select
components and define component high-level specifications based on the whole
product requirements and operational scenarios. This is what this thesis intends to
provide for critical EMA applied in the PFCS of helicopters.

Prior to any study, the need must be well understood. The mission profile analysis
methodology developed in Chapter 2, supports this engineering task. This Chapter
results in an actuator specification that will serve as an input of Chapters 4 & 5.

Chapter 3 presents a first order approximative study around the helicopter rotor
dynamic load modelling. It helps understanding the complex load withstood by the
PFCS actuators. This Chapter comes to precise the specification of Chapter 2 in terms
of equivalent reflected inertia.

Finally, Chapters 4 & 5 develop all the knowledge gathered and discovered for
the actuator preliminary sizing tool. Chapter 4 focuses on the models established to
describe each actuator component. Chapter 5 focuses on the arrangement of these
different models into an optimization process aiming at minimizing the actuator
mass. The numerical design issues and couplings are highlighted too. A section of
Chapter 5 shows the final preliminary sizing tool implemented as a Web Graphical
User Interface (GUI). The specification, the hypothesis are entered and the sizing
results are appreciated. The end of Chapter 5 shows some preliminary sizing tool
results applied on real cases. Part of the real cases come from the real flight data
analysis performed in Chapter 2.
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FIGURE 1.25: Thesis Chapters into engineering V-cycle
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Chapter 2

Actuator specification assistance by
mission profile analysis

2.1 Introduction

To reach the first-time-right objective of a design office, the requirements of any
application must be well understood. In that way, the specification gets fully rep-
resentative and the design is well guided. The EMA application in the PFCS of
helicopter combines 3 types of difficulties which impedes writing down easily its
specification. These difficulties are:

• a set of multidisciplinary design drivers due to the different technologies of
components;

• an external loading spectrum, coming from rotor spinning in air, difficult to
model;

• operational piloting scenarios difficult to predict.

The industrial context comes to a digital twin. There is an increase of the quantity
of flight data recordings during helicopter life cycle, especially with the implemen-
tation of the Health Usage Monitoring Systems (HUMS). Today, the HUMS does not
contain any data about the actuator loads and positions. In the future and with the
implementation of the EMA technology, these data might be found in the HUMS
database. This digital context raises the need to develop data analysis methodologies
based on synthetic values.

The VSR700 project is a special case where the technological bricks being devel-
oped are implemented on an already running helicopter. Some data are available,
recorded during a flight test campaign by a specific instrumentation installed on
board. These data are mission profiles. They are the most reliable elements, repre-
sentative of the application requirements. This chapter suggests to set up an EMA
specification based on the analysis of these mission profiles.

What is more, the industrial trend is to reduce the number of helicopter flight
tests in order to shrink development costs. Consequently, the methodology must
extract as much added value as possible from any available data sample.

The objective of this Chapter is to build the specification whilst simplifying the
data analysis for the engineer and keeping her/him as the decision-maker. The
methodology shown in fig. 2.1 contains 4 main steps:

1. Considering the actuator architecture and components to extract a list of key
parameters driving the design named key design drivers in this chapter.
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2. Preparing the data to be analyzed (mission profiles) by filtering and transfor-
mation within the temporal or frequency domains.

3. To link the data to the component key parameters, setting up of mathematical
indicators to estimate over mission profiles. Each design driver has got its own
representative indicator(s).

4. Evaluation of indicators over mission profile to develop the final EMA specifi-
cation

The structure of this chapter follows these steps. Some indicators linked to fatigue
and motor performance are addressed in more details. Also, some statistical analysis
are presented to see how they can help to specify. Furthermore, the EMA specifica-
tion synthesis is presented with indicators estimated out of real mission profiles of
VSR700 prototype. The VSR700 flight control system is presented in Appendix C.
Finally, a comparison between the main rotor and the tail rotor applications is done
through ratios of indicators derived in order to emphasize the difference between
both applications.

FIGURE 2.1: Proposed methodology for specification set up

2.2 From key design drivers & corresponding indicators to
actuator specification

In preliminary sizing, the interest is focused on Key Design Driver (KDD) since they are
the main physical phenomena guiding the EMA components design. A component
has got one or several design drivers which are representatives of 4 types of criteria:

- Performance: it defines a degradation which damages the component over a short
period of time (e.g. a single flight), it comes from intense and/or transient power
requirements (e.g. high load creating plastic strain).

- Endurance: it defines a degradation which damages the component over a long
period of time (e.g. a cumulation of flights) and diminishes the component life span
(e.g. mechanical fatigue involved by a dynamic fluctuating load).

- Imperfection: it states any intrinsic component characteristic (e.g. inertia, friction)
evolving against the overall component performance. It influences the selection of
the component itself and/or another component of the actuator.

- Environment: it defines any component characteristic evolving according to
environmental conditions (e.g. motor continuous torque influenced by ambiant
temperature)

For the sake of terminology, a sizing scenario is the running conditions activating
a given design driver. A mission profile is a data set coming from onboard measure-
ments during flight tests. An indicator is a mathematical tool worked out on mission
profiles, its value quantifies the design driver it has been set up for.
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2.2.1 Mechanical components

To identify the design drivers of mechanical components [Budinger, 2021], the follow-
ing points shall be considered:

• Performance: a significant load generates local damage (a plastic strain or failure).
Plastic deformation is unacceptable, only a limited linear elastic behavior is
allowed. The corresponding maximum stress can be represented at application
level by the maximum transient load.

• Endurance: any repeated fluctuating mechanical stresses result in formation
of micro cracks. The cracks propagate along lines of weakness, which act as
stress contractors. The design is driven by the fatigue (mainly rolling). For
components with rolling elements, these degradations come essentially from
rolling and pitting fatigue.

• Imperfection: friction is the main intrinsic imperfection of mechanical compo-
nents, it alters the overall performance (power transmission). Stiffness and
inertia can take part but with less importance.

• Environment: depending on the vibratory level, it involves failure due to fatigue
or mechanical overstress, wear, lossening of fasteners (e.g. screw, bolts) at
resonance frequency. The design is driven by the maximum stress seen in a
given section of the actuator housing.

In table 2.1, the retained KDD for the 4 categories of mechanical components
found in EMAs are listed.

Component KDD Component KDD

BEARINGS max stress SCREW-NUT max stress
rolling fatigue MECHANISM rolling fatigue
pitting fatigue ** pitting fatigue **
ball speed * ball speed ***
friction friction

resonance frequency
buckling

HOUSING max stress ROD ENDS max stress
fatigue stress friction
resonance modes
machining constraints

* for internal heating due to centrifugal forces and friction;
** motionless varying stress;
*** for outer recirculation limitation on ball screw technology

TABLE 2.1: KDD for mechanical components

To link the KDD with data, the main mechanical KDDs (table 2.1) are associated
to indicators. Some of these indicators are estimated on mission profiles expressed by
evolution with time of load F(t) and position x(t), others come from the application
itself such as the top level specification). Their value is either the extrema of the flight
data variables or it comes from a combination of them (section 2.4 details it).

The table 2.2 gathers these indicators whose values make the EMA specification
of the mechanical components.
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* see section 2.4
TABLE 2.2: KDD (mechanical components) & their corresponding indicators

2.2.2 Electrical components

This study is reduced to a brushless DC motor ignoring its electronic powering system
and sensors.

Herebelow, the design drivers of the electrical motor are identified:

• Performance: Current induces excessive magnetic field which:

– involves magnet demagnetization i.e. it decreases the magnetic charac-
teristics of permanent magnets. Nowadays, this risk is reduced with the
Rare Earth magnets such as the magnets of samarium–cobalt (SmCo5) or
neodymium–iron–bore (Nd2Fe14B) (fig. 2.2).

– saturates magnetically the steel sheets especially at the teeth level of the
notches where the winding is (magnetic saturation in fig. 2.3)

The retained KDD is the magnetic saturation of iron sheets that happens when
reaching a given maximum transient current flow or peak torque.

FIGURE 2.2: Permanent magnet induction B limits under external magnetic
excitation H
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FIGURE 2.3: Curve of first magnetization (OA) and hysteresis cycle
(ABCDEF) of a ferromagnetic material [Bui, 2011]

• Performance: The electrical behaviour of Permanent Magnet Synchronous (PMS)
machines can be represented by a RLE circuit (Benh-Eschenburg’s model, [Mul-
ton, 2010], see Appendix O):

Vs = Eb +L · di
dt

+R · i with E = f (ω) (2.1)

where Vs [V] is the motor voltage supply, Eb [V] the electromotive force, L [H]
the winding inductance, R [Ohm] the winding resistance, i [A] the current
intensity, and ω [rad/s] the rotor speed. As the voltage supply Vs is limited, the
speed creating the electromotive force Eb is limited. Also, there is a centrifugal
force limit for keeping the magnets attached to the rotor.

The KDD is the rotor maximal speed.

• Endurance: Current generates Joules losses which heats up the motor. The
consequences are:

– excessive temperatures alter component performance (magnets, wire resis-
tivity)

– reductions of the life span of wire insulation: the higher is the temperature,
the lower is the life span of insulators. An insulator aging is likely to create
short circuits.

The KDD is the average motor overheating i.e. the continuously applied Joules
losses QJ [W] which are involved in the winding continuous temperature.
Since QJ = R · I2 = Kt · T2, an equivalent continuous torque, the Root Mean
Square (RMS) torque, is classically chosen [Budinger, 2014].

• Imperfection 1: the rotor inertia Jm [kg.m2] acts as an energy storage which:

– increases drastically, in dynamic applications, the electromagnetic torque
peak Tmotor and in some extent the motor heat generation:

Tmotor = Tload + Jm · ω̇

p
(2.2)

– induces a very high reflected mass Meq = Jm/p2 (p the lead [m/rad])
involving high stress when jamming or hitting into actuator end stops.
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The rotor inertia is a KDD which takes part in two previous KDD (max continu-
ous temperature & magnetic saturation). It is linked to an equivalent continuous
acceleration and a max power rate (section 2.5.2.2).

• Imperfection 2: the iron losses heat up the motor. They are critical in high speed
applications. They come from magnetic variation (more details in section 2.5.1)
as hysteresis loss or Eddy current.

The iron losses are a KDD, they are involved in the continuous temperature of
the motor.

Fig. 2.4 gives a torque-speed diagram reminding the limitations of brushless
motors (cylindrical & annular). The diagrams are concretely illustrated with curves
from two different motor suppliers.

Remark 1: Depending on the cooling technologies, the continuous operating area can be extended.
Remark 2: In annular motors, the thermal boundary is the first operational boundary met whereas in
cylindrical motors, this boundary involves 2 KDDs (thermal & mechanical aspects).

FIGURE 2.4: Motor operating area global overview (adapted from [Liscouet,
2010])

In table 2.3, the retained KDDs for the electrical motor are listed.

Component KDD

ELECTRICAL max continuous temperature (Joules & iron losses)
MOTOR magnetic saturation (peak torque)

max voltage & magnet attachment resistance (max rotor speed)

TABLE 2.3: KDD for electrical components

To link the KDD with data, the main electrical KDDs (table 2.3) are associated to
indicators. Their value is either the extrema of the flight data variables or it comes
from a combination of them (section 2.5 details it).

Table 2.4 gathers these indicators which values make the EMA specification of the
electrical components.
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** see section 2.5
TABLE 2.4: KDD (electrical components) & their corresponding indicators

2.2.3 Specification

From tables 2.2 & 2.4, the final specification is filled up. The layout is presented in
table 2.5. This specification is used in the actuator sizing process described in section
5.4 and 5.5. The power rate is not appearing in table 2.5 but its analysis allows to
get the sizing pair (aPRmax, FPRmax). Chapter 3 will complete this specification by
a maximum reflected inertia. This latter criteria can not be obtained through the
analysis of flight test data. It will need the development of a loading dynamic model.

TABLE 2.5: EMA specification (layout)

2.3 Mission profile data pre-process

2.3.1 Available data

For the present thesis, available data are load, position and actuator commands over
a complete mission profile in time coming from onboard measures during flight tests
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on a given applicative helicopter.
As a preliminary approach, the sizing scenarii as being the basic flight phases

of take-off, cruise and landing are considered. Transient flight phases should be
distinguished from permanent flight phases in the estimation of the indicators. Fig.
2.6 sums it up. The final values for the specification are taken as the maximum
occuring among all consistent flight phases.

TABLE 2.6: Specification: considered phases

The helicopter rotors are presented in fig. 2.5 with pictures from the Cabri G2. The
main rotor and the tail rotor are two different actuation applications. Their working
principle is illustrated in fig. 2.6. In fig. 2.5 & 2.6, the positions of the Main Rotor
Actuator (MRA) and the Tail Rotor Actuator (TRA) are identified.

FIGURE 2.5: Presentation of the CABRI G2 rotors for position and stress
gauges localisation: (left) tail rotor, (right) main rotor
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FIGURE 2.6: Sketches of principle of helicopter rotors and positions of TRA
& MRAs: (left) tail rotor, (right) main rotor

The load recordings regarding the MRA come from stress gauges (fig. 2.5, right)
stuck on the swashplate close to the actuator attachment points. Regarding the TRA,
the gauges are installed on the levers connecting the actuator to the pitch lever of the
tail rotor hub (fig. 2.5, left).

As far as the position recordings are concerned, the data records come from
different sources (fig. 2.7):

1. rotative potentiometers with levers installed in parallel of the actuator output
rods. Flight test card records it at 2048hz.

2. the linear sensor installed in parallel of the actuator output rod to monitor
position. Flight test card records it at 125hz.

3. the rotary sensor installed close to motor to measure and control motor position.
Flight test card records it at 125hz.

4. position commands1 picked on the bus linking a Flight Control Computer (FCC)
to an Electronic Control Unit (ECU). A flight test card records it at 83hz.

5. position commands picked after the ECU pre-treatment. Flight test card records
it at 125hz.

1Position commands are precious data since they are additional position sources, only available on
helicopters with Automatic Flight Control System (AFCS)
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FIGURE 2.7: Localisation of all position data sources

2.3.2 Data pre-processing

2.3.2.1 Load

The loads given by stress gauges do not need specific treatment if the sample fre-
quency enables to capture the current bandwidth dynamic. Indeed, usually actuators
count a ratio of 5-10 [Lacroux, 1985] between the position & the speed bandwidths
and between the speed & the current bandwidths. For a position bandwidth of 6hz,
the current bandwidth (i.e. the load bandwidth) would be of 600hz. The stress gauges
of the VSR700 sample at a minimum of 1024hz. In this case, applying a filter would
be over the Nyquist frequency of this signal. Consequently, no signal treatment is
required.

2.3.2.2 Position

The position data and their derivatives need more attention as they are involved in
most of the indicators which make combination with the load data. The quality of
the data guarantees a representative specification. Quality means that there is no
captured noise and a relevant choice of sample frequency regarding environmental
perturbations (dominant aliasing phenomena). In practice and as described previ-
ously, there are several possible position data configurations and they are summarized
in table 2.7.
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Helicopter type Position sources Limits Solutions

CASE 1
with pure

mechanical PFCS
(e.g. Cabri G2)

position sensor
(potentiometers) in

parallel of PFCS
kinematic

very noisy data, flight not
representative of an Airbus

stabilized helicopter

extrapolation from other
similar helicopters

CASE 2

with automatic
pilot (e.g. VSR700)

position sensors
(potentiometers) in

parallel of PFCS
kinematic

very noisy data, position
derivatives (speed/acceleration)

not representative of reality
Savitzky-Golay filter

CASE 3 actuator sensors (rotary,
linear) noisy data Savitzky-Golay filter

CASE 4 position command from
FCC (bus) or ECU

data is not what is effectively
performed by the actuator

filter representative of
actuator (3rd order filter with

actuator bandwidths)

TABLE 2.7: Different available position data sources & their possible ex-
ploitation

The first case refers to light helicopters whose stabilization relies only on the
pilot’s skills. Data are partially useful, they can give an order of magnitude about the
stroke value. For speed and acceleration, we only suggest a linear extrapolation from
other similar helicopters, proportional to the stroke (one full stroke per time unit and
squared time unit, the design office know-how provides the time unit value).

In the second case, the position data from rotational potentiometers includes
an important level of noise (from rotor & engine vibrations) and their derivatives
(speed, acceleration) are inconsistent. Applying conventional filtering methods is
not convenient since the noise removal introduces delays which are not acceptable
with the load data. A solution is the Savitzky-Golay filter [Savitzky and Golay, 1964]
which has two main advantages:

• it does not introduce any delay in filtered data

• its polynomial approach easily gives derivatives up to the 5th order

In the third case, as in the second case, Savitzky-Golay’s filter is suitable too.
In the fourth case, the command has to go through a filter which is representative

of the actuator dynamism. We suggest to apply a 3rd order filter in order to represent
the position loop bandwidth. The classical ratio between the position and the speed
loop bandwidths is 5-10 [Lacroux, 1985]. This 3rd order filter is detailed in Appendix
A. The difference between data from FCC and ECU lies into the signal treatment
operated by the ECU on the FCC commands.

Furthermore, the table 2.8 shows the diversity of order of magnitude encountered
with the different available data sources.
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TABLE 2.8: Position, speed & acceleration estimations on different position
sources for a given flight test and actuator, results are normalized using the

filtered results from the rotary sensor

Table 2.8 highlights that potentiometers do not provide suitable data for speed and
acceleration estimation. Indeed, even filtered, they give a speed and acceleration
higher than the raw signal from the rotary and linear sensors. If the position was
not studied combined with load, another filter (e.g. butterworth) with high order
could be applied. In this context, we suggest choosing the ECU commands (case
4) as position data sources for the specification as it does not embbed any noise.
In addition, it results in conservative speed & acceleration values compared to the
rotary and linear sensors. Also, it takes into account further expectations (actuator
dynamism).

2.4 Analysis for mechanical fatigue

This section comes with more details regarding some of the indicators presented
previously in table 2.2.

2.4.1 Rolling fatigue

Fatigue is a phenomenom illustrated as in fig. 2.8 where elementary test samples are
loaded periodically with a monotonically increasing magnitude. Smoothing up the
experimental points gives the endurance curve or curve of Wöhler. This quantifies
the fatigue resistance of the material.

Three different fatigue domains can be noticed [Duprat, 1997]:

• oligocyclic fatigue (low number of cycles, N < 104), a domain where the stress
level is around the elastic limit.

• limited endurance (104 < N < 106): a domain where the cracks occur after the
application of a limited number of cycles. Working structures under volume
and mass constraints (especially aeronautic airframes) belong to this domain.

• unlimited endurance (N > 106): under a given level of stress (named fatigue
limit), whatever the number of cycles, no crack appears.

The reference [Duprat, 1997] mainly gives 4 models expressing partially or entirely
the three endurance domains:
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FIGURE 2.8: Fatigue endurance curve (experimental & theoretical)) [Duprat,
1997]

Wöhler: log(N) = k1 − k2 · σmax
Basquin: log(N) = k1 − k2 · log(σmax)
Palmgren: log(N + ka) = k1 − k2 · log(σmax − σf )
Basténaire: log(N + kb) = k1 − k2 · log(σmax − σf ) + k3 · (σmax − σf )

N life rating in number of cycles [−]
k1, k2, k3, ka, kb empirical constant in [0;+ inf[ [Pa], [−]
σmax max nominal stress in service [Pa]
σf fatigue limit [Pa]

The present interest is focused on the limited endurance domain since the context
is with mass/volume reduction constraints combined with flight safety. The Basquin
model is fairly representative of it. [Budynas et al., 2008] states a load-life function at
90% reliability such as:

σk2 · N = Cst = D (2.3)

with the following empirical values:

k2 = 3 for ball bearing [−]
k2 = 10/3 for roller bearings (cylindrical & tapered rollers) [−]
D cumulated damage quantity leading [Pak2 ]

to failure with 90% reliability

The manufacturer SKF defines similarly the life rating of its components [SKF,
2008, SKF, 2018a]. SKF uses the empirical formula of Lundberg-Palmgren:

N10 = (
Cd

F
)3 (2.4)

with N10 the life rating in million of revolutions (106), Cd the basic dynamic load
rating in [N] (a catalog data) and F the dynamic load of the application in [N].

In addition, the hypothesis of Palmgren-Miner [Duprat, 1997] states that the
damage is linear and cumulative. Therefore, the damage can be broken down as the
sum of each single damage:

D = σk2 · N = ∑
k

Dk = ∑
k

σk2
k · Nk (2.5)
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2.4.1.1 Equivalent load FRMC

Adapting eq. 2.5 to the available flight data measures (position, load), the equivalent
rolling fatigue load FRMC (fig. 2.9) combined with the cumulative distance travelled
Leq re-define a damage D such as:

D = F3
RMC · Leq =

tT/∆t

∑
1

F3
k · Lk (2.6)

Lk = ∆t · ẋk (2.7)

with L [m] the distance travelled and ẋ [m/s] the linear speed during the sampling
time period ∆t [s]. tT [s] is the total mission duration.

Thus, it follows:

F3
RMC ·

� tT

0
|ẋ(t)| · dt =

� tT

0
|F(t)|3 · |ẋ(t)| · dt (2.8)

which gives :

FRMC = 3

√
1

Leq

� tT

0
|F(t)|3|ẋ(t)|dt (2.9)

and

Leq =

� tT

0
|ẋ(t)|dt (2.10)

FIGURE 2.9: Example of an actuator loading during a CRUISE flight, values
normalized by the absolute maximum load

2.4.1.2 Equivalent distance Leq

Defined in eq. 2.10, Leq provides a cumulative distance travelled. When displayed
over time, it gives the equivalent speed steps over which an actuator on test bench
has to be launched to reach the distance Leq (fig. 2.10). This is relevant to specify an
endurance test for instance.
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FIGURE 2.10: Example of cumulative distance travelled by an actuator
during a CRUISE flight (175s), values normalized with the application stroke

2.4.1.3 Fatigue distribution

In flight control actuation applications and especially during cruise flight phases, the
rolling fatigue might be concentrated around a given position.

The distribution of cumulated damages per stroke area is important to display.
This distribution is a useful tool for the actuator designer when it comes to choose the
screw mechanism lead and/or the gear reduction ratio. Considering the mechanical
transmission lifespan only, the ideal design is the one with damages evenly spread
along the entire stroke.

The spacial distribution is based on a total amount of damage D provided by the
application of duration tT [s]. D is broken down into the damages Dj occuring in
each stroke area j of range 1 mm.

D = F3
RMC · Leq =

j=stroke,max

∑
j=0

Dj (2.11)

Dj =
s=tT/∆t

∑
s=1

Dj,s with ts = s · ∆t (2.12)

Dj,s =

{
|F(ts)|3 · |ẋ(ts)| · ∆t : i f x(ts) ⊂ [xj − 0.5; xj + 0.5] [mm]
0 : i f x(ts) ̸⊂ [xj − 0.5; xj + 0.5] [mm]

∆t [s] is the sampling time period used by the flight test equipment, s [−] is the
number of time periods within the total mission duration tT. The fatigue distribution
is normalized by the total amount of damage D. Fig. 2.11 illustrates the fatigue
distribution. ∆t [s] and tT rely on the available flight data sets. To ensure good
representativeness of fatigue phenomena, long mission durations are preferred.

The helicopter application (fig. 2.11) show that the rolling fatigue is concentrated
on a small part of the total stroke. This is an important information for the next steps
of the actuator predesign. Indeed, it will be necessary to check that this identified
fatigue area corresponds to, at least, a full shaft rotation. This will depend on the
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reduction ratio. If a full shaft rotation is not done, the components will have to be
oversized regarding rolling fatigue.

FIGURE 2.11: Example of fatigue distribution during a CRUISE flight
(175s), x-axis values normalized by the actuator stroke

2.4.2 Pitting fatigue

The pitting fatigue takes place when a dynamic loading is applied onto motionless
parts (high ratio of load frequency versus position frequency).

To capture the phenomenon, one can proceed through a rainflow method to
count the loading cycle content of the mission profile (see Appendix B). This outputs
a rainflow matrix providing a classification of the loading cycles by numbers of
occurrences for different classes of static and dynamic loads.

Fig. 2.12 shows the rainflow heatmap of a CRUISE flight phase with a colour
gradient corresponding to loading occurrences. This highlights a loading spectrum
with 3 classes: a big load amplitude with a low number of occurrences, a medium
load amplitude with a medium number of occurrences and a low load amplitude
with a high number of occurrences.
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FIGURE 2.12: Example of a Rainflow matrix applied on an actuator loading
during a CRUISE flight (175s), x-axis values normalized by the maximum
dynamic load (half peak-to-peak) recorded, y-axis values normalized by the

maximum static load recorded

2.5 Analysis for motor performance

This section comes with more details regarding some of the indicators presented
previously in table 2.4.

2.5.1 Continuous performance

The continuous operation is the critical scenario for an EMA. As said in [Maré, 2017],
the EMA can not take advantage of the fluid flowing inside it (such as in hydraulic
actuators) to improve the heat exchange with the outside. However, the good thermal
capacity of its metallic components allows absorbing the power peaks. Built with
winding and steel sheets, the electrical motor shows a significant thermal capacity. Its
temperature is often controled by the continuous loading applied.

2.5.1.1 Copper & Iron losses

Fig. 2.13 shows the link suggested between one of the motor KDD (continuous
temperature) and the mission profile.

As previously mentioned, copper and iron losses take part in the motor maximum
continuous temperature.

The iron losses evolve following the electrical speed [Grellet, 1989] such as:

Qiron ∝ ωb
e with b ∈ [1, 2] (2.13)

where ωe [rad/s] is the electrical speed and b [−] a constant. The value of b depends
on the motor design which can be in favor of either hysteresis (b = 1) or Eddy current
(b = 2) losses [Grellet, 1989]. For a preliminary study, a mean value of b = 1.5 is
chosen. What’s more, an obvious and direct variable of mission profile reflecting the
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FIGURE 2.13: Indicators dedicated to motor max continuous temperature

electrical speed is the linear speed. Thus, we suggest the equivalent averaging speed
viron as the representative indicator:

viron = 1.5

√
1
tT

� tT

0
|ẋ(t)|1.5dt (2.14)

with x(t) the position [m]. This variable is displayed in fig. 2.14
Joules’ losses evolve, following the continuous electromagnetic torque performed

by the motor TRMS:

T2
RMS =< T(t)2 > =<

(
F(t) · p

ηB
+ J · ẍ(t)

p

)2

>

=

(
FRMS · p

ηd

)2

︸ ︷︷ ︸
1

+

(
J · aRMS

p

)2

︸ ︷︷ ︸
2

+ 2 · J
ηd

· < F(t) · ẍ(t) >︸ ︷︷ ︸
3

(2.15)

where p [m/rad] is the screw lead, ηd, ηi [−] are the screw efficiencies (direct, indirect),
J [kg · m2] is the rotating inertia. ηd [−] is kept to ensure upper margins on final
estimations. ηB [−] is the Boolean function of the screw efficiency depending on the
load sens and defined by:

ηB = ηd(B > 0) + ηi(B < 0)

{
B = 1 if F(t) > 0
B = −1 if F(t) < 0

(2.16)

1. On one hand, this torque is linked to the load the actuator shall fight against.
In this case, as indicator on mission profile, an equivalent continuous loading
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value, the RMS load, makes sense:

FRMS = 2

√
1
tT

� tT

0
|F(t)|2 dt (2.17)

This variable is displayed in fig. 2.9.

2. On a second hand, this torque is linked to a motor KDD: the rotor inertia. In
this case, the variable at stake is the acceleration. As an indicator on mission
profiles, we suggest an equivalent continuous acceleration value resumed by
the RMS value of the acceleration:

aRMS = 2

√
1
tT

� tT

0
|ẍ(t)|2 dt (2.18)

with x(t) the position [m]. This variable is displayed in fig. 2.15.

3. On a third hand, this torque is linked to the mean value of the combination of
the load with the acceleration named the power rate. We suggest to use it as an
indicator:

PR = | < PR(t) > | = | < F(t) · ẍ(t) > | = | 1
tT

� tT

0
(F(t) · ẍ(t)) dt| (2.19)

The mean power rate takes an absolute value as a design margin.

FIGURE 2.14: Example of an actuator speed during a CRUISE flight (175s),
the y-axis values are normalized by the maximum speed recorded
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FIGURE 2.15: Example of an actuator acceleration during a CRUISE flight
(175s), y-axis values normalized by the maximum acceleration recorded

2.5.1.2 Thermal distribution

In this section, the thermal behaviour of the electrical motor is represented to justify
the consistency of the use of the RMS averaged load (FRMS). The mission profile
(a time varying force F(t)) of any non-transient flight phase is filtered through a
simplified thermal model of the motor (see Fig. 2.16). The model is a transfer function
with the same time response as a typical brushless motor. The objective is to check if
the simulated temperature evolution can be assimilated to a continuously applied
load of FRMS.

FIGURE 2.16: Thermal model consideration

Two modelling levels have been developed depending on the mission profile
length. For short periods of time (winding time constant magnitude), the 2-bodies
model is the most suitable. For longest periods of time (housing time constant
magnitude), the 1-body model should be used. In a steady state, a pure resistant
model suits too.

The model is based on the following hypothesis:
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• The inertial torque is not considered since the future rotor inertia can not be
predicted.

• The heat source comes only from Joules losses: Qmotor(t) = QJ(t). Passing over
the screw-nut efficiency and the reduction ratio of the actuator, the heat source
appears being proportional to the squared load:

Qmotor(t) = R · I(t)2 = R ·
(

T(t)
Kt

)2

≈
(

R · p2

K2
t · η2

)
︸ ︷︷ ︸

k

·F(t)2 ≈ k · F(t)2 (2.20)

where R [Ohm] the motor resistance, I [A] the motor current intensity, T [m · N]
the motor torque, Kt [m · N/A] the motor torque constant, p [m/rad] the screw
lead, η [−] the screw-nut efficiency, F(t) [N] is the measured linear force of
the actuator, k is any constant representative of the proportionality between
Qmotor(t) [J] and F(t)2 [N2].

The transfer function Gi(s) is worked out by the impedance method between
the winding temperature ∆θ and the motor heat generated Qmotor (fig. 2.16), and
according to the two modelling levels. This gives the following expressions of the
thermal transfer function:

• 1-body model :

G1(s) =
∆θ

k · F2 =
Rth

1 + τth · s
(2.21)

τth = Rth · Cth (2.22)

where τth [s] is the thermal time constant. The authors in [Budinger et al., 2014]
& [Reysset, 2015] provide an order of magnitude:

G1(s) parameter range :
{

τth ⊂ [10; 25] [minutes]

• 2-bodies model :

G2(s) =
∆θ

k · F2 =

(Rth1 + Rth2) ·
(

1 +
(

τ
kR(1+kC)(1+1/kR)2

)
· s
)

1 +
(

τ(1+kC+kCkR)
kCkR(1+1/kC)(1+1/kR)

)
s +

(
τ2

kCkR(1+1/kC)2(1+1/kR)2

)
s2

(2.23)

where kR [−], kC [−] and τ [s] are coefficients defined such as:

kR =
Rth1

Rth2
; kC =

Cth1

Cth2
; τ = (Rth1 + Rth2) · (Cth1 + Cth2)

The authors in [Budinger et al., 2014] & [Reysset, 2015] provide their order of
magnitude:

G2(s) parameter ranges :


τ ⊂ [10; 25] [minutes]
kR ⊂ [0.25; 1] [−]
kC ⊂ [0.25; 0.5] [−]
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The transfer function provides temperatures which values depend on unknown
constants (Rth, Rth1, Rth2, k). Since the future design is ignored, these constants can
not be known. The exact temperature can not be predicted anyhow. However, the
temperature evolution can be predicted. We propose to display it as dimensionless
values thanks to the transfer functions G̃1 and G̃2. They are the respective transfer
functions G1 and G2 without the gains Rth, (Rth1 + Rth2) and k:

∆̃θ(t) =
∆θ(t)

[∆θ(t)]max
=

(G̃i ∗ F2)(t)
[(G̃i ∗ F2)(t)]max

[−] (2.24)

Furthermore, the evolution of the filtered load Ff iltered is interesting to display.

Ff iltered(t) =
√
(G̃i ∗ F2)(t) [N] (2.25)

Indeed, it represents a simplified equivalent load profile that leads to the same
motor thermal behaviour as the initial profile. Visually, on graphs (fig. 2.17), its
evolution around the RMS value of the initial load profile is visually meaningful.
Some acceptable boundaries can be set (±20%).

Fig. 2.17 presents a thermal analysis onto the concrete case of a cruise mission
profile of the VSR700 PT1. The 2-bodies model was the most suitable regarding the
mission profile duration. Since the exact thermal time constant can not be known,
the motor thermal model can be set between the possible extreme values of its
parameters in order to observe any possible behaviour. Therefore, fig. 2.17 shows an
upper thermal estimation (the lowest time constant τ, the lowest thermal capacity kC,
the highest thermal resistance kR) along with a lower thermal estimation (the highest
time constant τ, the highest thermal capacity kC, the lowest thermal resistance kR).

For having a conservative approach, an initial condition has been supposed: the
actuator has no time to cool down before performing the considered mission profile.
Thus, the filter starts with an initial temperature corresponding to the RMS average
load FRMS of the considered mission profile.

FIGURE 2.17: Example of a thermal distribution (order 2) during a CRUISE
flight (175s), y-axis (load) normalized by the maximum load recorded
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This analysis illustrated by fig. 2.17 states that a safety margin up to 20% on the
value FRMS can be taken so as to take into account the uncertainties linked to the
dynamic evolution of the motor temperature.

2.5.2 Maximum performance

2.5.2.1 Scenarii

During helicopter operations, the motor maximum performance meets the 3 following
scenarii:

• The motor spins with important accelerations and under very low external
loads (ω̇max, Tload = 0) [rad/s2, N.m]: the indicator of interest is amax [m/s2];

• The motor spins under important external loads and with very low accelerations
(ω̇ = 0, Tload,max) [rad/s2, N.m]: the indicator of interest is Fmax [N];

• The motor spins with accelerations combined with external loads (ω̇, Tload)
[rad/s2, N.m]: the indicator of interest is the maximum power rate PRmax and
the corresponding pair (aPRmax, FPRmax).

In the two first cases, the indicators of interest are amax and Fmax. Here, finding on
flight test measures the third case is challenging i.e. the pair (ẍ(ti), F(ti)) [m/s2, N],
at a given time ti [s], which maximizes the motor torque. amax and Fmax do not occur
obviously simultaneously at the same time. Also, a Pareto front method applied on
data is not sufficient to shortlist one single pair (ẍ(ti), F(ti)) [m/s2, N]. We propose to
proceed through the estimation of the maximum power rate PRmax = aPRmax · FPRmax
(fig. 2.19). This variable has the interest to remain constant whatever its location into
the entire mechanical transmission power chain assuming a mechanical efficiency of
1 (fig. 2.18).

ω motor speed [rad · s−1]
T motor torque [m · N]
R reduction ratio [−]

p screw mechanism lead [m · rad−1]
η screw mechanism efficiency [−]
v load speed [m · s−1]
F load [N]
P mechanical power [W]
PR power rate [s−1 · W]

FIGURE 2.18: Power rate: a conservative quantity through actuator

2.5.2.2 Max torque at max power rate

We suggest proving by derivation the link between the motor torque and the appli-
cation power rate. For this, a basic actuator is considered. It includes an electrical
motor connected to mechanical components of reduction ratio R. The actuator moves
with an acceleration ω̇ under a fluctuating load Tload. The power rate is derived from
a choice of reduction ratio R minimizing the torque of a given motor in operation:

Tmotor =
Tload

R
+ Jmotor · ω̇ · R (2.26)
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Eq. 2.26 is minimized if :

∂Tmotor

∂R
= 0 =⇒ −Tload

R2 + Jmotor · ω̇ = 0 (2.27)

Thus, the optimum reduction ratio is:

R =

√
Tload

Jmotor · ω̇
(2.28)

Also, eq. 2.27 gives
Tload

R
= Jmotor · ω̇ · R (2.29)

leading to:

Tmotor = 2 · Tload

R
(2.30)

Furthermore, the torque and the inertia can be linked using a scaling law (see
Chapter 4) which is generalised by:

Jmotor = kSLr · T
kSLp
motor (2.31)

where kSLp [−] is the power law constant of the scaling law (kSLp ⊂ [1; 2[), kSLr ⊂ R+

is a constant linked to components of reference. Eq. 2.30 & eq. 2.31 in eq. 2.29 results
in a formulation of the reduction ratio R:

Tload

R
= R · ω̇ · kSLr ·

(
2 · Tload

R

)kSLp

(2.32)

R =

(
T

1−kSLp
load · ω̇−1 · k−1

SLr · 2−kSLp

) 1
2−kSLp

(2.33)

Eq. 2.33 in eq. 2.30 results in:

Tmotor = 2
2

2−kSLp · k
1

2−kSLp
SLr · (ω̇ · Tload)

1
2−kSLp (2.34)

Finally, the power rate is defined as Prate = Tload · ω̇:

Tmotor = 2
2

2−kSLp · k
1

2−kSLp
SLr · (Prate)

1
2−kSLp (2.35)

This equation can be reduced to the following:

Tmotor = kPR1 · (Prate)
kPR2 (2.36)

where kPR1 ⊂ [0;+ inf[ and kPR2 ⊂ [1;+ inf[ are positive constants. |Tmotor| =
f (Prate) is maximum when |Prate| is maximum. The maximum power rate Prate,max =
max(|Prate|) and its corresponding pair (|ω̇|, |T|) are representative of one of the criti-
cal dynamic scenarii of the application. The pair (ẍPRmax, FPRmax) should be extracted
from the mission profiles.
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2.5.2.3 Power rate use on mission profiles

Fig. 2.19 illustrates the interest of using an approach based on the power rate. Apply-
ing a level of 99% occurrences, it helps mapping data (fig. 2.21).

FIGURE 2.19: Force vs acceleration: determination of critical pair using the
power rate

Fig. 2.19 provides three key information for the actuator: the maximum acceler-
ation without load specified by Fmax, the maximum load at a standstill specified by
amax and the critical dynamic point specified by the pair (aPRmax, FPRmax).

2.6 Complementary analysis

The previous sections were based on temporal analysis. In this section, the mission
profile study is completed by a frequency and statistical analysis.

2.6.1 Frequency content

When looking at the load frequency content (FFT, fig. 2.20), a few remarks can be
listed. Firstly, the observation of the mean frequency levels clearly highlights a
difference of rotor type (see fig. 2.6). Indeed, as reminder, on tail rotors, there are
lower load levels and higher speed levels than for the main rotor. Secondly, the
observation of the main frequencies highlights the following points.

• The main frequencies show the main rotor speed and its harmonics (530 rpm
(8.8 hz), 3 blades).

• The frequency content is biased for the tail rotor (5148 rpm (86 hz), 7 blades) be-
cause of the measuring equipment location into the tail rotor actuation system.

• The tail rotor actuation system is different from the one of the main rotor. A
flexball is installed going through an important part of the helicopter length
(tail boom, motor and gear box area) from the actuator top lever to the tail
rotor hub. Since the tail rotor actuation has low load amplitude levels, the high
frequency load content is cancelled out by the effect of friction into the long
flexball transmission.
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• The plot shows an eigenfrequency of the tail rotor actuator at around 65hz. This
data is consistent with actuator data from test bench. The main rotor frequency
with its 3 blades gives the 27hz with its lower and upper frequencies (e.g. 9hz,
54hz). The helicopter engine frequency is at 125hz.

• A dissimetry in load intensity is seen among the main rotor actuators (R: right,
F: front, L: left), the front actuator globally sees higher intensities.

• The load frequency content drops at 500 hz. The sampling frequency of load
records can be adjusted accordingly to optimize data storage.
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FIGURE 2.20: Frequency content per rotorcraft actuators (cruise flight, 175s)

2.6.2 Statistics

In non-transient phases such as cruise phases, we noticed that load, speed and
acceleration mission profiles fit Gauss’ statistical laws (fig. 2.21). Statistics are a
tool for trends. Therefore, their use gets an interest for extrema estimations when
the considered mission profiles are non-representative of the helicopter lifespan.
In this case, an important extrema might be missed and the future EMA design
might be undersized. Consequently, we propose setting up some safeguards for
load/speed/acceleration using statistical values based on Gauss’ law applied on data.
The safeguard is set as it follows:

N (µ, σ) Xs = µ ± kr · σ (2.37)
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with kr = 4.75 such that P(X > Xs) = 10−6. X being the variable of speed, accelera-
tion and load; µ the mean value of X and σ the standard deviation of X. Considering
a design with a 104 flight hours lifespan, the probability 10−6 becomes 10−10 per flight
hour.

For the application, the maximum picked up on mission profile and the statistical
value given by Xs = µ + kr · σ are compared, and the maximum out of both is kept.

The red dashed lines are the iso 99% occurence power rate & max power rate

FIGURE 2.21: Example of load vs acceleration with power rate (PR) &
statistics during a CRUISE flight (175s): acceleration values normalized by
the maximum acceleration recorded, load values normalized by the maximum

load recorded

Note: The flight test operator might not provide the resolution used to record.
For the statistical distribution, speed, acceleration and load values are divided into
classes. The number of classes has to be chosen so as to contain an equal number of
variable states.

2.7 Study status & comparison MRA vs TRA

This section shows the results from the analysis of mission profiles recorded on a
single helicopter flight test (VSR700). In addition, we suggest to compare the main
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rotor and the tail rotor applications with the same data.

2.7.1 Helicopter analysis

Three mission profiles from the VSR700 flight test campaign have been analysed:
a take-off of 25 seconds, a cruise of 175 seconds and a landing of 88 seconds. An
overview of the CRUISE mission profile is available in Appendix C.

The values of indicators are presented in table 2.9. The values are normalized for
confidentiality reasons. Some orders of magnitude regarding the MRAs can be given:
loads ∼ 1 kN, speeds ∼ 10−2 m/s, accelerations ∼ 1 m/s.

R (right), F (front), L (left) are the Main Rotor Actuators (MRAs), T (tail) is the Tail Rotor Actuator (TRA)

TABLE 2.9: VSR700 indicator values evaluated for the 4 actuators and
considering 3 flight phases, values are normalized by the values obtained for

the TRA during the CRUISE flight

When analysing table 2.9, different actuator needs are observed:

• between the main and the tail rotors: the tail rotor actuator is globally much
more dynamic. Indeed, it roughly performs 2-3 times more speed, 2-3 times
more acceleration while withstanding 7-15 times less load. Also, there is nearly
a ratio of 10 between both applications regarding the pitting load (static &
dynamic).

• among the main rotor: the right actuator has got the highest acceleration, the
front actuator has got the highest load.

The specification will be the maximum of each line considering separetely main
and tail rotor actuators (table 2.10).

Furthermore, the load sense is different. The mission profile analysis clearly
shows that the actuators R, L and T are under a compressive loading meanwhile the
actuator F is under tensile load.

Notes: the difference of actuator needs on main rotors is even more preponderant
on german helicopters (Tiger, H145, H135). In this helicopter configuration, the
actuators are connected to the swashplate through a combinator. This makes each
actuator play on pure flight axis (collective, roll, pitch).
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2.7.2 Rotorcraft specificities

To conclude this study, we suggest to emphasize the specificity of the rotorcraft PFCS
for EMA application by comparing the MRA and the TRA specifications. Based
on table 2.9, the specifications are displayed in table 2.10 with ratios of the values
found in the MRA specification to the values found in the TRA specification. Table
2.10 shows clearly the scale difference of both applications. At first sight, the MRA
application has got the heaviest load spectrum.

TABLE 2.10: Final specification of the MRA and the TRA (VSR700)

To simplify the comparison, we suggest creating other indicators, based on the
ratios of the previously mentioned indicators.

Ra, RFrms and RFrmc are introduced and correspond respectively to the following
ratios:

Ra =
continuous inertia load

max inertia load
(2.38)

RFrms =
continuous external load

max external load
(2.39)

RFrmc =
equivalent rolling fatigue load

max external load
(2.40)

What is more, to characterise better the inertia impact, we suggest 2 indicators
making the ratio of the load produced by the inertia effect out of the external load.

The first one is Rjmax. It defines the ratio of the load produced by the max
acceleration out of the max external load to fight against. For this indicator, the max
acceleration and the max load might not appear at the same time.

The second one is RJPR. It is based on the pair (aPRmax,FPRmax) which is the
acceleration and the load maximizing the power rate. It gives the load produced by
the acceleration aPRmax normalized by the external load FPRmax. In this case, aPRmax
and FPRmax appear at the same time on the mission profile.

One would thus expect those 2 indicators (Rjmax, RJPR) to be close to each other
if the max acceleration and load occur at the same time, but could be significantly
different if the peak acceleration occurs while the external load is smaller or the other
way around.
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In addition, to characterize the motor losses, the following indicators are intro-
duced.

The first one is RIL. It makes the ratio of the iron losses produced by viron and the
ones produced by the max transient speed vmax. RIL gives an idea of the importance
of iron losses during operation (fig. 2.4).

The two following indicators comes from the RMS averaging which reflects the
averaged motor heating over a mission profile. The load seen by the motor Fm,rms can
be extended as developed in fig. 2.22. To identify better the inertia impact on motor
heating (Joules losses), 2 indicators can be defined: RPR and RaRMS (fig. 2.22). RaRMS
reflects the inertial load alone meanwhile RPR reflects the coupling of the inertial
and external load. RPR uses the Power Rate which reflects the level of synchronism
between the external load and the acceleration demand.

FIGURE 2.22: Indicators of inertia impact

In fig. 2.22, Meq represents a reflected mass. For the helicopter, already proved val-
ues of rotational inertia and reduction ratio provide a reflected mass of Meq,rotorcra f t =
355 kg.

Finally, to characterize pitting fatigue, the indicator Rp is introduced. It provides
a view on the continuous load generated by the high frequency load components,
normalized by the continuous load generated by its entire frequency content.

Based on results from table 2.10, all the dimensionless indicators mentioned
previously are estimated and gathered in table 2.11. This facilitates the comparison of
both applications.
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TABLE 2.11: Comparison of MRA and TRA specifications (VSR700)

Analysing Table 2.11, a few points are showcased as it follows.
In both applications, loads have to be maintained all along flight phases, so it

is expected to observe roughly same levels of equivalent heating (ratio RFrms) and
fatigue (ratio RFrmc).

The speed & acceleration differences between MRA and TRA shown in Table 2.10
are not clearly found in Table 2.11 through the ratios RIL & Ra. However, the indi-
cators of loss analysis (RPR and especially RaRMS) highlight much higher induced
losses linked to a high dynamism. The equivalent continuous acceleration aRMS of
the TRA has an important impact on the induced losses.

What’s more, the ratios RJmax and RJPR show that the TRA suffers much more from
dynamism than the MRA. The difference of dynamism contribution is significant.
This involves higher losses, hence RPR is significative and RaRMS is very high on TRA
compared to MRA. Obviously, the TRA design will have to be driven by a small rotor
inertia.

During transient flight phases such as the take-off & landing, the inertia effect
takes a significant part as much for MRA than TRA. During these transient periods
of time, the inertia effect is cancelled out by the EMA thermal time constant.

In addition, the gap observed between RPR and RaRMS on a single application,
means that there is a more significant level of coupling between the external load and
the inertia load on MRA compared to TRA.

Finally, the indicator Rp shows a higher level of pitting load in the MRA. This
result is understood considering the helicopter rotor architectures. As a piece of
information, the MRA controls selectively the rotor blade’s angle of attack during
one rotor azimuth. Meanwhile, the TRA controls simultaneously the angle of attack
of all the blades whatever the azimuth is.
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2.8 Conclusion

This chapter presented a data driven specification generation which makes a parallel
between measurement data on flight and EMA technologies using indicators to
estimate over mission profiles.

It emphasized the Key Design Driver (KDD) of an EMA. Through indicators, it
showed that the dynamism of the application is involved in many KDDs.

Processing data from potentiometers showed that the position recorded on board
needs important data treatment to remove perturbations and finally get the accel-
eration levels. This is not consistent when it comes to combine acceleration with
load data. The use of accelerometers, although expensive, might be a good In-Flight
Instrumentation (IFI) solution to measure directly the acceleration.

Then, this chapter highlighted four interesting precautions:

• the application of Savitzky-Golay’s filter in case of noisy data,

• the use of statistics as safeguards for peak values in the case of a set of mission
profiles not representative,

• the use of a thermal filter to check motor temperature evolution,

• the use of damage distribution to address fatigue potential issues

In addition, the use of the third order filter brings an added value to the publi-
cation [Maré, 2020] where a top-level model of EMA is proposed with a 2nd order
transfer function. This 2nd order model is thought to run with a reduced set of param-
eters. It is a good representative of the poursuit dynamism, however it misses fidelity
in load perturbation rejection. The third order transfer function fills this gap and
adds only one parameter (ratio between position & speed control loop pulsations).

Finally, the comparison of the MRA and TRA specifications clearly showed the
difference of dynamism contribution between the main and the tail rotor applications.
Thus, this analysis points the importance of taking into account speed and acceleration
within the preliminary sizing of the EMA.
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Chapter 3

Dynamic rotor model

3.1 Introduction

3.1.1 Context & objectives

This chapter develops a first level model to simulate the dynamic loads applied on
the PFCS actuators. These loads stem from the helicopter blade spinning and flows
through the pitch rod and the swashplate. The need of such model raises in a context
of an actuator preliminary design where no data can be reached. The actuator loading
levels and the flight operations are unknown.

The objective is not to predict the helicopter rotor loads. Indeed, as developed
in the following state-of-the-art, it is a long and hard job based on many years of
experience. Besides, it gets away from the flight control system skills. Ideally, the
objective would be to find a simple way to represent these rotor loads in order
to support the flight control system design and, potentially, the control command
elaboration. In [Lebel, 2012], this need is formulated too.

The previous chapter clearly highlights the necessary care dedicated to inertia.
In helicopter PFCS actuators, inertia highly contributes into the actuator heat losses.
The required dynamic position control required by the helicopter obliges this inertia
to be as low as possible. With the increase of the actuator loading, the actuator sizing
will converge towards solutions with an increased motor size, and also an increased
rotor inertia. According to the transmission ratio, the reflected rotor inertia can be
significantly important. On aircraft application, the actuation specification requests
a maximum reflected motor inertia. This is for structural resistance reasons when
actuator failure modes are activated. Also, it requests a given mechanical stiffness. In
the helicopter context, there might be some values of reflected inertia and actuator
stiffness that results in some actuator instabilities.

In this Chapter, we propose to perform a simplified study of the dynamic rotor
loads applied on the main rotor actuators. We aim at: - identifying the hammering
load levels, - observing the load distribution among the actuators, - studying the
actuator stability with respect to its fundamental characteristics. The stability study
is a way of specifying more precisely the actuator specification in terms of behaviour
especially the admissible range of reflected motor rotor inertia and the actuator
stiffness.

In such a context, we suggest a system level modelling with a low number of
parameters. The simulation software named OpenModelica will be used. In fig.
3.15, the model architecture is presented with a sketch of diagrams and with the
OpenModelica interface.



62 Chapter 3. Dynamic rotor model

3.1.2 State of the art

The helicopter principle is presented in theory in [Raletz, 2010] and with more details
in [FAA, 2019]. The first Chapter of this thesis showed the flight control system
principle to control the helicopter flight. Thanks to the swashplate and the pitch
rods, each blade is controlled individually according to the rotor azimuth. Now,
the attention is focused on the kinematic of the rotor hub and especially the blade
connection to the rotor mast (see fig. 3.1). Basically, it relies on three degrees of
freedom:

• The pitch controls the blade lift.

• At the blade root, the flap removes the important alternated flexion stress due
to the lift dissimetry over one rotor azimuth. The blade going forward has a
higher relative speed, a higher lift and it goes up meanwhile the blade going
backward has a lower relative speed, a lower lift and then, it goes down.

• At the blade root, the drag or lag removes the alternated stress due to the fluctu-
ating blade drag over one rotor azimuth and the Coriolis force appearing when
flapping. A damper is installed on the lag axis to avoid too large amplitudes
where the blade would hit an end stop.

Fig. 3.1 presents these three axis.

FIGURE 3.1: Sketch of principle of an articulated rotor with its three degrees
of freedom: lag, flap and pitch (only one blade is represented), (right) main

rotor hub, (left) swashplate and blade pitch

The rotor loading mainly comes from four sources: the blade aerodynamism,
the blade inertia, the stiffness and the damping of elastomers installed on each axis
depending on the rotor architecture (see section 3.2.1). These loads flow through the
pitch horn, the pitch rod and the swashplate to apply on the three actuators fixed on
the airframe.

Through this short overview, it can be understood that the helicopter rotor pro-
duces a very specific loading which requires a very detailed analysis.

Nowadays, the helicopter actuator loading prediction is, in practice, based on
a detailed simulation using tools with high computational costs. A workflow con-
nects together different modelling levels (Computational Fluid Dynamics (CFD), Finite
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Element Modelling (FEM), solid-body kinematic, and flight mechanics laws). The
simulation runs over a single stabilized flight scenario. The rotor loads are broken
down into aerodynamic and elastodynamic contributions. The aerodynamic models
estimate the induced rotor speeds and determine the distribution of aerodynamic
forces on the rotor. In solving the equations of the solids dynamics, for a mechanical
system, the code of flight mechanics named HOST considers an elastic blade model
to determine the force torsor. Using the pitch rod and the swashplate, the actuation
control loads are estimated. The non-linear behaviour of the drag damper located
between the blades is taken into account too.

In [Lebel, 2012], the author reminds the steps of this calculation methodology
applying it to an innovative helicopter blade study (BlueEdge® blade). This illustrates
as well the modelling difficulty level engaged to estimate rotor dynamic loads only
validated experimentally in given stabilized flights.

The context of frequency modes search or vibratory response analysis gives
some references to be inspired of. On helicopters, vibrations are important and they
affect particularly the mechanical parts in terms of fatigue and the comfort level of
passengers.

In [Boudon, 2014], the author focuses on the assembly of the main gearbox with
the helicopter structure. He highlights the lack of tools and methodologies to model
such complex mechanical systems. These skills are necessary to study semi-active
solutions performing filtration according to real-time frequencies. In this context, the
author proposes a modelling methodology based on the multi-bond graph (MGB)
providing a global and modular vision on the helicopter systems. Furthermore, the
performance combination of these vibration-enhancing devices deserves a helicopter
ride quality assessment. This is the work offered by [Tamer et al., 2019]. Lumped
parameter models of seat-cushion and human biodynamics are dynamically coupled
to a medium weight helicopter numerical model. This provides an estimation of the
actual vibratory level experienced by the occupants. The multiphysics modeling with
lumped parameters are at the heart of the development of mechatronic systems. The
dynamic behaviour requires to be simulated before any detailed CAD geometry is
available. The book [Budinger et al., 2019] presents the fundamental concepts of it.

In [Krysinski and Malburet, 2007a], the authors study the helicopter rotor vi-
bration to understand the main dynamic phenomena. This allows them to propose
relevant solutions for reducing vibration levels in cabin. A simplified and generic
modelling method is developed to have access to the analytical expressions of the
moment at the blade hinge. This moment is caused by the inertial and the aerody-
namic loads applied on the blades. This approach mainly uses Lagrange’s equations
with the flap and the lag blade angles, the latters being the only degrees of freedom.
In technical reports from the NASA ([Jenkins Jr, 1967] and [Chen, 1987]), the same
approach is developed. Appendix E reminds the principle of Lagrange’s equations
and the interest to use them.

In [Chellil, 2008], the author studies the dynamic behaviour of a helicopter rotor
spinning with unbalancing masses. Despite the FEM of the blade, the undertaken
approach considers Lagrange’s equations with flap and drag angles and virtual
works.

3.1.3 Approach

The formalism offered by the approach of [Krysinski and Malburet, 2007a] allows to
reduce the number of parameters while expressing the main dynamic phenomena at
stake. Inspired from it, we offer to develop an approach mainly based on Lagrange’s
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equations. In [Krysinski and Malburet, 2007a], the equations of motion consider a
system with two degrees of freedom: the flap and the drag blade angles. We suggest
to add in this approach an additional degree of freedom, the pitch angle, in order to
finally have access to the actuator loading levels.

The study is limited to the elementary aerodynamic and inertial forces applied on
the blade taken as a solid body with a rectangular section.

The differential equation expressions are determined analytically on one hand.
On the other hand, a symbolic mathematical Python library is used to check them
and develop a second part with many variable combinations [Sympy, 2021]. The final
set of equations is implemented into a lumped parameter model (OpenModelica)
simulating a three-blade helicopter with three degrees of freedom per blade.

The study is based on the Provençal two-seat helicopter named Cabri G2 produced
by Guimbal’s Industry [Guimbal, 2022] and equiped with a three-blade main rotor
[Bazzani, 2018].

The presentation of the study is split in four sections. Firstly, the technical context
is introduced with the helicopter components and the variables at stake. Secondly, a
modelling of the swashplate is proposed. Its study brings some information about
the "hammering load" applied on the flight control actuators. Thirdly, the dynamic
model of a blade is presented. The last part assembles this model with the other
helicopter rotor hub components. A study about stability with respect to the actuator
reflected inertia and actuator stiffness, concludes this chapter.

3.2 Architectures & kinematics

3.2.1 Generalities

Helicopter rotors have evolved historically. Based on the implemented design tech-
nologies, they can be divided into three categories [FAA, 2019] [Krysinski and Malbu-
ret, 2007b].

1. The articulated rotors is one category. It includes the conventional articulated rotor
installed on Puma, SuperPuma MK1 and Gazelle helicopters. Also, it includes the
Starflex® rotor and the Spheriflex® rotor installed on the Colibri EC120, the Ecureuil
range, the Dauphin range, the SuperPuma MK2, the EC725 and the NH90. The
Starflex® rotor and the Spheriflex® rotor reduce drastically the rotor maintenance.

The conventional articulated rotor uses conventional bearings as the pitch, the flap
and the lag hinges. The bearings require a constant lubricant supply. The drag
dampers are initially hydraulic and finally simplified into viscoelastic dampers which
use elastomer to dissipate energy and provide stiffness.

The Starflex® rotor is an articulated hub which does not have hinge axes. It
works thanks to the flexibility of a laminated composite star, a viscoelastic damper, a
self-lubricating ball and a laminated spherical bearing.

The Spheriflex® rotor gathers the pitch, the lag and the drag freedom in a single
point. This is possible thanks to a laminated spherical bearing. Fig. 3.2 presents it.
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FIGURE 3.2: Spheriflex® rotor, sketch of principle [Raletz, 2010]

2. The rigid rotors (named hingeless rotors too) are another category where the
flapping and the drag hinges have been replaced by the elasticity of the material. The
Tiger main rotor is a good example. Drag and flap motions are possible thanks to the
flexibility of the blade neck made of composites. The eccentricity of the flap axis is
important, this improves the control of the helicopter. Pitch control is obtained by a
pivot type elastomeric pitch hinge. The drag damper is hydraulic.

3. The bearingless rotors: this is the last developed rotor. It is installed on EC135
and EC145. The pitch, the flap and the lag hinges are replaced by flexible elements.

This chapter will focus on the Spheriflex® rotor since it equips the Cabri G2 heli-
copter.

3.2.2 Presentation of the different components

The Spheriflex® rotor of the Cabri G2 is presented with its components in fig. 3.3 & 3.4.
Compared to the conventional articulated rotors, the Spheriflex® rotor design brings

a reduced maintenance, weight saving, improved reliability and reduced vibration
levels. This rotor is compact so it reduces its aerodynamic impact. The helicopter
flight speed is slightly increased. Pilots usually say this rotor gives an excellent
manoeuvrability and stability [Bazzani, 2018].
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FIGURE 3.3: Cabri G2 rotor hub components [Bazzani, 2018]: rotor hub top
side view

FIGURE 3.4: Cabri G2 rotor hub components [Bazzani, 2018]: (left) zoom
on swashplate, (right) zoom on pitch horn

The rotor mast is driven in rotation by the MGB. The blades are connected to it
thanks to a laminated spherical bearing. The fork shape of the blade neck allows this
connection. Also, it enables the pitch, the flap and the drag freedoms of the blade. The
drag movement is damped thanks to a damper attached between the blade and the
rotor mast disk. The blade pitch is controlled with the pitch rod attached between the
swashplate rotating reference and the pitch horn. The swashplate fixed reference welcomes
the three actuator attachments. The swashplate is mounted according to an annular
joint with the rotor mast. This allows the swashplate to move up and down and rotate
the two orthogonal axis with the rotor mast.

3.2.3 Kinematics and settings

This section presents the sketches of reference and the angles used in the equations
developed in the chapter.
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3.2.3.1 Notations & available data

β flap angle (
−̂→
X2;

−→
X3) [rad] a blade chord [m]

e blade eccentricity (OA dist.) [m] b blade equivalent width [m]

Ip blade inertia in flap and drag [kg · m2] δ drag angle (
−̂→
X1;

−→
X2) [rad]

Iθ blade inertia in rotation around its longitudinal axis [kg · m2] δ0 neutral drag angle [rad]
Kβ stiffness in flapping [N · m/rad] γ Lock number* [−]
Kθ stiffness in pitch [N · m/rad] Kδ stiffness in drag [N · m/rad]
l blade equivalent thickness [m] larm drag damper lever arm [m]
λδ coef. of viscous drag moment from damper [N · m/rad] mp blade mass [kg]
λβ coef. of viscous pitch moment of bearing [N · m/rad] ms static moment [kg · m]
λθ coef. of viscous flap moment of bearing [N · m/rad] Ω = ψ̇, rotor mast speed [rad/s]

ψ rotor mast rotation angle (
−̂→
X0;

−→
X1) [rad] r blade length (AM dist.) [m]

ρ air density [kg · m−3] R rotor radius at blade tip [m]

θ0 neutral pitch angle [rad] θ pitch angle (
−̂→
Z3;

−→
Z4) [rad]

* constant representing the ratio between the aerodynamic forces and the inertia forces.

FIGURE 3.5: Blade geometry considerations

For the sake of confidentiality concerning the Cabri G2 helicopter, most of its
characteristics are not provided with real values.

3.2.3.2 Sketch of reference

The blade motion can be described by five sketches of reference (Rg, R1, R2, R3,
R4) as suggested in fig. 3.6. Rg = (O, X0, Y0, Z0) is supposed to be galilean. R4 =
(A, X4, Y4, Z4) is the sketch linked to the blade. Hereafter, the rotation matrices are
presented with the sketches they refer to.
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FIGURE 3.6: Parametric description of the blade motion

Rg =⇒ R1 (Z0 = Z1) R1 =⇒ R2 (Z1 = Z2)

X1
Y1
Z1

 =

 cos ψ sin ψ 0
− sin ψ cos ψ 0

0 0 1

X0
Y0
Z0

 X2
Y2
Z2

 =

 cos δ sin δ 0
− sin δ cos δ 0

0 0 1

X1
Y1
Z1


R2 =⇒ R3 (Y2 = Y3) R3 =⇒ R4 (X3 = X4)

X3
Y3
Z3

 =

cos β 0 − sin β
0 1 0

sin β 0 cos β

X2
Y2
Z2

 X4
Y4
Z4

 =

1 0 0
0 cos θ sin θ
0 − sin θ cos θ

X3
Y3
Z3


TABLE 3.1: Sketches of reference with their respective rotation matrix
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3.3 Swashplate modelling & hammering phenomena

This section focuses on the swashplate component. A modelling approach based on
virtual work is suggested. This model provides a first explanation of the origin of the
hammering load phenomena applied on actuators.

3.3.1 Swashplate: representation by virtual work method

3.3.1.1 Geometrical conventions

In fig. 3.7, the swashplate is presented with a top view. The fixed part is separated
from the rotating one.

On the fixed reference, the actuator R (right), F (front) and L (left) are attached.
The height position of the actuator attachments is marked by the labels zR, zF and zL.

On the rotating reference, the pitch rods a, b et c are attached. Their height position
is defined according to the rotor mast angle ψ with the labels za, zb et zc.

The swashplate is considered as a plane described by a height of reference z0 and
two angles αx et αy. Actuator and pitch rod attachments are considered to be at a
radius Rs.

FIGURE 3.7: Cabri G2 swashplate, sketch of principle: (left) fixed reference,
(right) rotating reference. The y-axis points the helicopter front.

Each actuator height can be defined by:

zR = z0 + αx · Rs · sin(αR)− αy · Rs · cos(αR) (3.1)
zF = z0 + αx · Rs · sin(αF)− αy · Rs · cos(αF) (3.2)
zL = z0 + αx · Rs · sin(αL)− αy · Rs · cos(αL) (3.3)

Each pitch rod height position can be defined such as:
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za = z0 + αx · Rs · sin(ψ)− αy · Rs · cos(ψ) (3.4)

zb = z0 + αx · Rs · sin(ψ +
2π

3
)− αy · Rs · cos(ψ +

2π

3
) (3.5)

zc = z0 + αx · Rs · sin(ψ +
4π

3
)− αy · Rs · cos(ψ +

4π

3
) (3.6)

3.3.1.2 Virtual work method

To apply the virtual work method, we assume that the swashplate works without any
loss. On both sides of the swashplate, the work is expressed such as

Wa = Fa · za WR = FR · zR (3.7)
Wb = Fb · zb WF = FF · zF (3.8)
Wc = Fc · zc WL = FL · zL (3.9)

The work provided by the actuators balances the work required for blade pitch
control. The sum of the virtual works vanishes such as:

∑
a,b,c

Wi = ∑
R,F,L

Wi =⇒ Wtotal = ∑
a,b,c

Wi − ∑
R,F,L

Wi = 0 (3.10)

Now, it comes to project this virtual work sum onto each degree of freedom of
the swashplate. Derivatives according to z0, αx, αy gives the following set of three
equations:

on z0 : F1 + F2 + F3 + Fa + Fb + Fc = 0 (3.11)

on αx : FR · sin(αR) + FF · sin(αF) + FL · sin(αL)

+ Fa · sin(ψ) + Fb · cos(ψ +
π

6
)− Fc · sin(ψ +

π

3
) = 0

(3.12)

on αy : − FR · cos(αR)− FF · cos(αF)− FL · cos(αL)

− Fa · cos(ψ) + Fb · sin(ψ +
π

6
) + Fc · cos(ψ +

π

3
) = 0

(3.13)

3.3.2 Modelling of loading harmonics & hammering origin

With the previous equation set formulated (eq. 3.11, 3.12 & 3.13), a swashplate model
is created under the software OpenModelica environment. In order to explain the
generation of load pulsation frequencies at the actuator level, a model test is set (fig.
3.8).

The test consists in injecting load excitations of a given harmonic number into
the pitch rod attachments (swashplate upper part, rotating reference). The actuator
positions are such that the swashplate is horizontal. The test aims at observing the
load response at the actuator level.

The blade is a source of complex loading broken down into different harmonics
[Krysinski and Malburet, 2007a]. The blocks in the upper part of the model (fig. 3.8)
allow to choose the harmonic to be tested. These blocks simulate the load flowing
through the pitch rods. Therefore, they inject in the swashplate model, three sources
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of load with the following shape:

Fi = A · sin(kh · (ψ̇ · t + ϕi)) + B i ∈ [a, b, c] (3.14)

where A and B are the constants [N] which provide, under an excitation of har-
monic 1, an actuator loading level corresponding to a real case (mission profile),
taken as the reference. ψ̇ [rad/s] is the rotor mast angular frequency. ϕ [rad] is the
loading phaseshift separating the three blades according to their relative position i.e.
[0, 2π/3, 4π/3] [rad]. The constant kh [−] is the number of the harmonic to be tested.

FIGURE 3.8: Swashplate model with harmonic test (OpenModelica)

Harmonic number Load frequency
1 static
2 27hz
3 27hz
4 27hz
5 54hz

TABLE 3.2: Actuator load frequency according to the harmonic number of
the pitch rod load
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FIGURE 3.9: Swasplate model tested with a harmonic 4: load of the actuator
F (front)

The test is run on five harmonics, the results are presented in table 3.2. It is
observed that the harmonic 1 provides a constant loading level. The harmonics 2, 3,
and 4 involve a loading level at 27 hz. This frequency corresponds to the rotor mast
frequency multiplied by the number of blades. The harmonic 5 generates a 54 hz
loading level, a multiple of rotor mast frequency. The first harmonics are the most
important in terms of intensity. Indeed, the frequency spectrum of a real mission
profile shows effectively the biggest loading level at 27 hz (see fig. 2.20 of Chapter 2).

When adding supplementary phaseshift to the ϕ-triplet ([0, 120, 240]◦), we ob-
served harmonics at 9 hz and 18 hz appearing in the actuator loading. These frequency
levels are noticed in the real mission profile too. [Krysinski and Malburet, 2007a]’s
literature brings some relevant information at that stage. The lift load is a function of
the lift coefficient and of the relative speed blade/air.

The lift coefficient Cp varies all along the blade length. Cp depends on the attack
angle and on the Mach number. The angle of attack varies according to the blade
twist. The Mach number relies on the relative speed blade/air. Ignoring this consid-
eration leading to complex calculations, it is possible to show that each blade section
undergoes alternate aerodynamic loads due to the pure functionning principle of the
rotor.

Contrary to the hover flight where each blade undergoes the same air flow, in
forward flights, the speed of a blade point, relative to the air, evolves following the
blade angular position (fig. 3.10). If 0 ≤ ψ ≤ π, the blade is in its advancing area,
if it is not, the blade is in its retreating area. Thus, the blade experiences loads of
variable intensity during one azimuth. This is named alternate aerodynamic loads.
What is more, supposing the blade as non-deformable and ignoring the effects of the
induced speed, [Krysinski and Malburet, 2007a] shows that the lift load has dynamic
components in 1Ω, 2Ω and 3Ω (where Ω is the rotor mast speed). The consideration
of a deformable blade involves a dynamic torsion of the blade acting directly on the
lift and on the dynamic flapping. This consideration, combined with a variation in
the field of the induced speed, results in a dynamic excitation on the blade for all
higher harmonics.
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FIGURE 3.10: Definition of the advancing and retreating blades

The hammering loads or alternate aerodynamic loads are observed at the actuator
level when the swashplate is excited through loads with harmonics greater than 1.
According to the simplifications undertaken in this chapter (non-deformable blade,
hover flight), the hammering load will not be considered. Consequently, the following
sections will deal with first harmonic load cases.

3.4 Blade dynamism

This section starts gathering the hypothesis applied in the equation derivations
presented in the further subsections. The hypothesis are reminded all along the
derivation too.

3.4.1 Modelling hypothesis

The modelling takes into account a hovering flight phase (
−→
Vx =

−→
0 ).

The blade motion is described by the angles already mentioned in fig. 3.6 i.e.
ψ(t) the rotation angle of the rotor mast, δ(t) the lag angle, and β(t) the flap angle.
The coordinate system Rg = (O,

−→
X0,

−→
Y0 ,

−→
Z0) considers an inertial frame (Galilean

reference) and the coordinate system R3 = (A,
−→
X3,

−→
Y3 ,

−→
Z3) is linked to the blade. The

rotor mast speed Ω [rad/s] is considered as constant.
The blade is considered as a non-deformable blade of rectangular section for mass

and inertia estimations. The blade eccentricity e = ∥−→OA∥ is ignored compared to the
blade radius R: R ≫ e. The eccentricity in the lag and the flap motions is neglected.
Also, the flap and lag angles follow the hypothesis of small angles:

cos(β) ≈ 1 sin(β) ≈ β (3.15)
cos(δ) ≈ 1 sin(δ) ≈ δ (3.16)

The lag speed is neglected compared to the rotor mast speed: Ω ≫ δ̇.
The lift coefficient variation according to the attack angle i is considered as con-

stant along the blade (∂Cp/∂i = cst). The aerodynamic loads are considered to be
applied on the blade rotation axis

−→
X4. Therefore, they do not generate any moment

according to
−→
X4. Also, in a forward flight phase, the flap motion over one rotor
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azimuth generates forces of Coriolis. Further to the aerodynamic drag variations,
these fluctuating forces contribute to the lead-lag motion of the blade. Lagrange’s
equations take these forces into account as far as the kinetic energy and the centrifugal
forces [Hrabovsky and Susskind, 2020].

3.4.2 Study case with system of two degrees of freedom

Following the approach stated by [Krysinski and Malburet, 2007a], the method
of Lagrange’s equations is applied to find the equation of the blade motion. The
calculation steps are given below. In this section, the blade is free regarding only 2
axes, the flap and the drag. The following section, section 3.4.3, makes the same study
with an additional degree of freedom: the pitch axis.

3.4.2.1 Estimation of the blade speed relative to the air

To estimate the speed of a blade point M relative to the air, the vector
−−−−−−→
VM,blade/air must

be determined. Fig. 3.11 presents it.

FIGURE 3.11: Diagram of the air speed & angle of attack for a blade in
hovering flight

−−−−−−→
VM,blade/air can be broken down into three speeds:

−−−−−−→
VM,blade/air =

−−−−−−−→
VM,blade/rotor +

−−−−−−−−−→
VM,rotor/air f rame +

−−−−−−−−→
VM,air f rame/air (3.17)

= −
(
r · β̇ + Vi

)
· −→Z1 +

(
e + r · cos(β)

)
· Ω · −→Y1 − Vx ·

−→
X0 (3.18)

[Krysinski and Malburet, 2007a] states that, as a first level approach, the induced
speed carried by

−→
Z3 can be neglected: Vi = 0. In hover flight, the air speed with

respect to the airframe is vanished: Vx = 0. What is more, the small angles hypothesis
(β ≪ 1) and the eccentricity neglected compared to the blade length (e ≪ R) lead to
the following approximation of the relative speed of the wind:

−−−−−−→
VM,blade/air ≈ −r · β̇ · −→Z1 + r · Ω · −→Y1 (3.19)

3.4.2.2 Estimation of the aerodynamic moments

The Cabri G2 is equiped with a blade which profile section NACA evolves from the
blade neck to the blade tip. As a first approximation, a simple symmetric profile is
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considered. This profile type is one of the most used in the helicopter world [Doat,
2016]. In addition, the center of pressure where the aerodynamic resultant applies is
nearly stationary whatever the attack angle is [Doat, 2016] [Avi, 2020]. Its location is
approximately at a distance of 25% of the profile chord from the leading edge. This is
the point where the pitch axis is. Thus, the lift is applied on the blade rotation axis.

The lift can be defined such as:

−→
dFP =

1
2
· ρ · a · Cp(M, i) · −−−−−−→VM,air/blade

2 · dr (3.20)

The aerodynamic moment due to the lift can be broken down into two degrees of
freedom: the flap moment Maero,β and the lead-lag moment Maero,δ.

FIGURE 3.12: Relationship between drag and flapping moments

3.4.2.3 Flapping moment

The flapping moment in point A, associated to the aerodynamic loads, is presented in
fig. 3.12 and calculated by the following projection:

Maero/β =
−→
MA(aero → blade) · −→Y3 (3.21)

The hypothesis of small angles leads to the following approximation:

−→
MA(aero → blade) · −→Y3 =

�
blade

−−→
AM ∧−−−→

dFaero ·
−→
Y3 = −

�
blade

r · −→Z3 ·
−−−→
dFaero (3.22)

= −
�

blade
r ·

(
cos(ϕ) · dFp − sin(ϕ) · dFt

)
(3.23)

≈ −
�

blade
r · dFp (3.24)

Combining the eq. 3.19 and 3.20 and neglecting the flapping speed as suggested by
[Krysinski and Malburet, 2007a], the moment at point A gives:

−→
MA(aero → pale) · −→Y3 = −1

2
· ρ · a · Ω2 ·

� R

0
r3 · Czp(r) · dr (3.25)
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[Krysinski and Malburet, 2007a] assumes that the local lift coefficient Czp is, within
the running condition, a linear function of the angle of attack i such as:

Czp =
∂Cp

∂i
· i

∂Cp

∂i
= Cst (3.26)

Fig. 3.13 illustrates this linearity. Also, in Appendix F, this linearity is checked on real
blade profile data. In addition, the aerodynamic forces could have been considered
through the coefficient of moment Cm. Appendix F shows that the lift coefficient is
the best choice.

FIGURE 3.13: Lift coefficient of a NACA0012 profile according to the angle
of attack [Krysinski and Malburet, 2007a]

Fig. 3.11 and 3.12 define the angle of attack i such as:

i = θ − ϕ ≈ θ − β̇

Ω
(3.27)

Finally, combining the previous results from eq. 3.21, 3.25, 3.26 and 3.27, the
flapping moment takes the following shape:

Maero/β =
1
2
· ρ · a · ∂Cp

∂i
·
(

θ − β̇

Ω

)
· Ω2 · R4

4
(3.28)

[Krysinski and Malburet, 2007a] introduces Lock’s number, corresponding to the ratio
between the aerodynamic loads and the inertia loads. It is a key full-scale parameter,
it varies within [6, 12] depending on the helicopter size [Singleton and Yeager Jr, 2000].
Its expression is:

γ =
ρ · a
Ip

· ∂Cp

∂i
· R4 (3.29)

To conclude, the flapping moment in point A, associated with the aerodynamic
loads is expressed by:

Maero/β =
γ · Ip · Ω2

8
·
(

θ − β̇

Ω

)
(3.30)

where Ip is the blade inertia in flap and drag.
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3.4.2.4 Dragging moment

The moment in point A stemming from the aerodynamic loads and associated to the
drag aerodynamic loads is expressed by:

Maero/δ = |−→MA(aero → pale) · −→Z1| (3.31)

With fig. 3.12, this moment is reduced to an expression with respect to Maero/β:

Maero/δ = −Maero/β ·
β̇

Ω
(3.32)

3.4.2.5 Kinetic energy

3.4.2.5.1 Blade speed in Rg The segment
−−→
OM is defined by:

−−→
OM = e · −→X1 + r · −→X3 (3.33)

By derivative, the speed is:

−→
VM = e · Ω · −→Y1 + r · d

−→
X3

dt
(3.34)

One equation member requires to be developed further:

d
−→
X3

dt
=

−−→
Ω3/0 ∧

−→
X3 =

(
(δ̇ + Ω) · −→Z2 + β̇ · −→Y3

)
∧−→

X3

= (δ̇ + Ω) · cos(β) · −→Y2 − β̇ · −→Z3

(3.35)

Finally, the speed of a blade point in Rg is defined by:

−−−−−−→
VM,blade/Rg = e · Ω · −→Y1 + r · (δ̇ + Ω) · cos(β) · −→Y2 − r · β̇ · −→Z3 (3.36)

The same relation is mentioned in [Krysinski and Malburet, 2007a].

3.4.2.5.2 Blade kinetic energy The galilean kinetic energy of the blade is defined
by:

Ec(blade/Rg) =

�
blade

1
2
· ∥−−−−−−→VM,blade/Rg∥2 · dm (3.37)

The previous formulation from eq. 3.36 is used to develop the kinetic energy. The
definition of the blade inertia in flap and drag Ip =

�
blade r2 · dm and the definition

of the static moment ms =
�

blade r · dm simplifies the expression and provides the
following expression of the kinetic energy:

Ec =
1
2
[
e2Ω2mp + Ip(δ̇ + Ω)2 cos(β)2 + Ip β̇2]

+ mseΩ(δ̇ + Ω) cos(β) cos(δ)− mseΩβ̇ sin(β) sin(δ)
(3.38)

[Krysinski and Malburet, 2007a] mentions the same relation.
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3.4.2.6 Potential energy

The potential energy gathers the stiffnesses found on the two degrees of freedom.

Ep =
1
2
· Kβ · β2 +

1
2
· Kδ · δ2 (3.39)

where Kβ and Kδ are stiffnesses [N · m/rad] respectively around the flap and drag
axis.

3.4.2.7 Flapping equation

3.4.2.7.1 Derivation To determine the equation describing the flapping motion,
the previous results are reused and Lagrange’s method is applied. The Lagrangian is
determined by eq. 3.38 and 3.39:

L = Ec − Ep (3.40)

∂L

∂β
= −Ip(δ̇ + Ω)2 cos(β) sin(β)− emsΩ(δ̇ + Ω) sin(β) cos(δ)

− emsΩβ̇ cos(β) sin(δ)− Kββ (3.41)

∂L

∂β̇
= Ip β̇ − emsΩ sin(β) sin(δ) (3.42)

∂

∂t

(
∂L

∂β̇

)
= Ip β̈ − emsΩ(β̇ cos(β) sin(δ)− sin(β)δ̇ cos(δ)) (3.43)

Now, the necessary equation members (eq. 3.43, 3.41 & 3.30) are determined to
estimate Lagrange’s equation of motion:

∂

∂t

(
∂L

∂β̇

)
− ∂L

∂β
= Maero/β (3.44)

Applying the hypothesis regarding the small angles (δ ≪ 1), the neglected lag
speed compared to the rotor mast speed (δ̇ ≪ Ω) and the neglected eccentricity
compared to the rotor radius (e ≪ R), eq. 3.44 becomes:

β̈ +
γ · Ω

8
· β̇ + ω2

β · β =
γ · Ω2

8
· θ (3.45)

where ω2
β is the flapping angular frequency of the blade obtained such as:

ω2
β =

(
1 +

e · ms

Ip

)
· Ω2

︸ ︷︷ ︸
1

+
Kβ

Ip︸︷︷︸
2

(3.46)

A numerical application of the equation members of eq. 3.46 shows that the member
2 is 3 · 10−3 % of the member 1. This makes the member 2 negligeable compared
to member 1. [Krysinski and Malburet, 2007a] agrees with this hypothesis too. In
addition, the ratio e ·ms/Ip is negligeable. Indeed, ms and Ip (expressions in Appendix
G) are estimated considering a blade supposed as a uniform volume of a rectangular
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section, thus the mass is constant per unit of length. Applying the hypothesis e ≪ R
leading to e/R ≪ 1, the following statement is formulated:

e · ms

Ip
=

3
2

(
e

R − e

)
≪ 1 (3.47)

As a result, ωβ ≈ Ω meaning that the flapping angular frequency is close to the
rotation speed of the rotor. Indeed, during one azimuth, the blade performs a flapping
movement (ascent and descent), which is named a flapping cyclic motion.

Finally, the flapping equation is reduced to:

β̈ +
γ · Ω

8
· β̇ + Ω2 · β =

γ · Ω2

8
· θ (3.48)

3.4.2.7.2 Damping & natural frequency The eq. 3.48 can be formulated on the
following way:

β̈ + 2 · λ · ωβ · β̇ + ω2
β · β =

γ · Ω2

8
· θ (3.49)

Since the lock number evolves within [6, 12] according to the helicopter size, the value
of λ = γ/16 evolves within [0.38, 0.75]. This means that the flapping movement is
very damped (Appendix H). Moreover, since wβ = Ω, the rotor works in flapping
motion at the natural frequency. This is possible thanks to a strong aerodynamic
damping. Therefore, Kβ ≈ 0 is a consistent assumption.

3.4.2.8 Drag equation

3.4.2.8.1 Derivation The flapping equation development, previously presented,
is applied in the same way, in the drag equation development (angle δ). Lagrange’s
quantity is:

L =
1
2

[
e2Ω2mp + Ip(δ̇

2 + 2δ̇Ω + Ω2) cos2(β) + Ip β̇2
]

+ emsΩ(δ̇ + Ω) cos(β) cos(δ)− emsΩβ̇ sin(β) sin(δ)− 1
2

Kββ2 − 1
2

Kδδ2 (3.50)

∂L

∂δ
= −emsΩ(δ̇ + Ω) cos(β) sin(δ)− emsΩβ̇ sin(β) cos(δ)− Kδδ (3.51)

∂L

∂δ̇
= (Ipδ̇ + IpΩ) cos2(β) + emsΩ cos(β) cos(δ) (3.52)

∂

∂t

(
∂L

∂δ̇

)
= Ipδ̈ cos2(β)− 2Ipδ̇β̇ sin(β) cos(β)− 2IpΩβ̇ sin(β) cos(β)

− emsΩδ̇ cos(β) sin(δ)− emsΩβ̇ cos(δ) sin(β) (3.53)

Lagrange’s equation of motion is defined by:

∂

∂t

(
∂L

∂δ̇

)
− ∂L

∂δ
= Maero/δ (3.54)

The first equation members are provided by eq. 3.53 & 3.51. The expression of Maero/δ

is obtained from the eq. 3.32 using Maero/β taken from a formulation of eq. 3.44 such
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as:
Maero/β = Ip · β̈ + Ip · Ω2 · β (3.55)

Applying the hypothesis regarding the small angles (β ≪ 1), the neglected lag speed
compared to the rotor mast speed (δ̇ ≪ Ω =⇒ δ̇ + Ω ≈ Ω) and the neglected
eccentricity compared to the rotor radius (e ≪ R), eq. 3.54 becomes:

δ̈ − 2 · β̇ · β · Ω +
e · ms · Ω2 + Kδ

Ip
· δ = −

(
β̈ + Ω2 · β

)
· β̇

Ω
(3.56)

The same expression is found back into [Krysinski and Malburet, 2007a]. Furthermore,
this expression can be rewritten to highlight the natural frequency such as:

δ̈ + ω2
δ · δ = Ω · β · β̇ − β̈ · β̇

Ω
(3.57)

where

ωδ =

√
e · ms · Ω2 + Kδ

Ip
(3.58)

3.4.2.8.2 Damping & natural frequency The eq. 3.57 shows that the drag is excited
by the blade flapping.

[Krysinski and Malburet, 2007a] shows that the blade is subjected to loads in 1Ω
and 2Ω on the drag axis. Following the technology of rotors, there is a possibility
to set the drag angular frequency ωδ according to the speed of the rotor mast Ω (fig.
3.14). The drag axis must avoid the resonance in both 1Ω and 2Ω, in order to avoid
very high drag loads. Therefore, a drag damper is installed and chosen to locate the
resonant frequency of the first drag mode under 1Ω in the context of an articulated
rotor type. Here, in the case of the Cabri G2, the value of the stiffness Kδ [N.m/rad]
must verify 0 ≪ ωδ ≪ Ω.

FIGURE 3.14: Rotor type according to the drag stiffness [Krysinski and
Malburet, 2007a]

3.4.3 Study case with system of three degrees of freedom

Further than the approach presented in the previous subsection 3.4.2, we propose to
consider that the flight control system introduces a torque on the blade pitch angle θ
which becomes a third degree of freedom. Therefore, an additional reference sketch
R4 = (A,

−→
X4,

−→
Y4 ,

−→
Z4) is introduced in fig. 3.6. The calculation steps to go through are

the same than in the previous section, they will not be written entirely. The differential
equations are obtained by a python script using Sympy’s symbolic mathematical
library [Sympy, 2021].



Chapter 3. Dynamic rotor model 81

3.4.3.1 Kinetic energy

3.4.3.1.1 Blade speed in Rg A point M of the blade is described such as:

−−→
OM = e · −→X1 + r · −→X3 + h · −→Y4 (3.59)

where r ∈ [0, R] is the rotor disk radius, Y4 belongs to the additional sketch of
reference R4, h ∈ [−3/4 · a, 1/4 · a] gives the position on the blade profile chord. The
speed is basically expressed by:

−→
VM = e · Ω · −→Y1 + r · d

−→
X3

dt
+ h · d

−→
Y4

dt
(3.60)

where

d
−→
X3

dt
=

−−→
Ω3/0 ∧

−→
X3 = (δ̇ + Ω) · cos(β) · −→Y2 − β̇ · −→Z3 (3.61)

d
−→
Y4

dt
=

−−→
Ω4/0 ∧

−→
Y4 = (δ̇ + Ω)(sin(θ) sin(β)

−→
Y2 − cos(θ)

−→
X2) + β̇ sin(θ)

−→
X3 + θ̇

−→
Z4

(3.62)

With eq. 3.60, 3.61 & 3.62, the speed of point M is expressed by:

−→
V M,blade/Rg = eΩ

−→
Y1 + (r(δ̇ + Ω) cos(β) + h(δ̇ + Ω) sin(θ) sin(β))

−→
Y2 − rβ̇

−→
Z3

− h(δ̇ + Ω) cos(θ)
−→
X2 + hβ̇ sin(θ)

−→
X3 + hθ̇

−→
Z4 (3.63)

3.4.3.1.2 Blade kinetic energy The kinetic energy formula is given in eq. 3.37. The
speed is taken from eq. 3.63. The kinetic energy is developed and simplified using
Ip =

�
blade r2dm and ms =

�
blade rdm. The final expression of the kinetic energy is

given in Appendix G.

3.4.3.2 Potential energy

The potential energy gathers the stiffnesses found on the three degrees of freedom.

Ep =
1
2
· Kβ · β2 +

1
2
· Kδ · (δ − δ0)

2 +
1
2
· Kθ(θ − θ0)

2 (3.64)

where Kβ, Kδ and Kθ are elasticity modulus [N · m/rad] respectively around the flap,
the drag and the pitch axis. δ0 and θ0 are neutral drag and pitch angles when the
rotor is not rotating.

3.4.3.3 Flapping, drag & pitch equations

With the previous results from eq. G.7 & 3.64, Lagrange’s quantity L = Ec − Ep is
determined. Then, with respect to each degree of freedom, the differential equations
are estimated. To be brief, these equations are presented in Appendix G.

A viscous damping is taken into account for the 3 degrees of freedom. This
choice is motivated since a viscous contribution is provided by the drag damper. At
blade attachment, the laminated spherical bearing made of elastomers is based on
the same technology than the drag damper. It obviously contributes to a viscous
damping in flap and pitch motions, however with a viscous coefficient much lower
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than the one involved by the drag damper. We could get the drag viscous coefficient
λδ [N · m/rad]. Assuming that the elastomers intalled in the spherical bearing and in
the drag damper have the same composition, a constant ratio between the viscous
stiffness and the linear stiffness can be considered. Knowing the linear stiffnesses of
both components, we can deduce λθ [N · m/rad] and λβ [N · m/rad]. These damping
contributions are included into the Lagrange’s equations.

Lagrange’s equation according to β is based on:

∂

∂t
(

∂L

∂β̇
)− ∂L

∂β
= Mβ (3.65)

where Mβ = Maero/β + Mact/β + Mviscous/β (3.66)

=
γIpΩ2

8
(θ − β̇

Ω
) + Mact/β − λβ · β̇ (3.67)

Because of the pitch horn, the pitch rod acts on the flap and the pitch angles of the
blade (details in section 3.5). This is taken into account through the equation member
Mact/β.

Lagrange’s equation according to δ is based on:

∂

∂t
(

∂L

∂δ̇
)− ∂L

∂δ
= Mδ (3.68)

where Mδ = Maero/δ + Mviscous/δ = −Maero/β ·
β̇

Ω
− λδ · δ̇ (3.69)

This is similar to the system with 2 degrees of freedom.
Lagrange’s equation according to θ is based on:

∂

∂t
(

∂L

∂θ̇
)− ∂L

∂θ
= Mθ (3.70)

where Mθ = Mact/θ + Mviscous/θ = Mact/θ − λθ · θ̇ (3.71)

where Mact/θ is the equation member considering the action of the pitch rod onto the
blade (details in section 3.5). It is assumed a symmetric profile with a nearly fixed
center of pressure located on the pitch axis. The aerodynamic resultant is considered
to be applied on the blade pitch axis, it does not involve any moment Maero/θ .

3.5 Global system modelling & stability study

This section brings the additional models necessary to loop the global system mod-
elling from the swashplate to the blade. A stability study with respect to two actuator
characteristics is suggested as a last part.

3.5.1 Architecture of the global model

As already mentioned, the undertaken approach is a modelling at the system level.
The implementation is done using OpenModelica®. This software solution is acausal,
it offers the opportunity to work directly with equations. Fig. 3.15 sums up the
different modelling bricks and their interactions.



Chapter 3. Dynamic rotor model 83

FIGURE 3.15: Rotor model architecture: (left) diagram of model bricks, (left)
model view from OpenModelica

The blade brick is the heart of the problem where the dynamic is generated. It
contains all the parameters, variables, and equations linked to the blade (see section
3.4.3) and the components made of elastomers (see section 3.5.5). The 3 differential
equations describing the blade motion according to its three degrees of freedom (β, δ,
θ) are in this brick. Since the Cabri G2 is three-bladed helicopter, there are three blade
bricks and three pitch horn bricks.

The pitch horn brick makes the link between the swashplate and one blade (see
section 3.5.3).

The swashplate brick makes the link between the rotating reference and the fixed
reference where the actuators are attached (see section 3.5.2).

The actuator brick includes different models depending on the study to perform.
If the focus is only on the rotor, this brick set only a fixed vertical position. If the
focus is linked to the actuator technology as it is in section 3.5.7, the brick models
with a strickly reduced number of parameters the actuator characteristics at stake.
Three actuator bricks are necessary to consider the three actuators orientating the
swashplate.

The positions of reference of the actuators have been adjusted according to the
effective blade pitch angle of the helicopter.

The modelling bricks of the blade, the swashplate and the actuators are fed with
four input values: the helicopter rotor speed value, and the three actuator vertical
positions.

3.5.2 Swashplate model

The swashplate is presented on the helicopter in fig. 3.3 & 3.4. Its modelling is
presented en details in section 3.3.



84 Chapter 3. Dynamic rotor model

3.5.3 Pitch horn model

The pitch horn (liaison k in french, fig. 3.3 & 3.4) is a system commonly installed on
helicopter to reduce the flapping amplitude on rotors spinning [Doat, 2016]. This
contributes in keeping low the vibratory level.

The pitch horn is actually a coupling between flapping and pitch. Indeed, the rod
end attachement is not on the flap axis but phaseshifted from an angle φ. Therefore,
when the blade is flapping up, its pitch angle decreases and vice versa.

The pitch horn is sketched in fig. 3.16 where the flap and pitch lever arms are
highlighted.

FIGURE 3.16: Pitch horn & lever arms for the pitch angle θ and the flap
angle β

The application of the virtual works generate the three necessary equations de-
scribing the motion involved by the pitch horn.

Considering the two degrees of freedom presented in fig. 3.16, the vertical dis-
placement zph of the pitch rod can be written by:

zph = lθ · θ + lβ · β (3.72)

The pitch rods are supposed to be vertical (along
−→
Z0). This is a first equation. At the

junction (point B, fig. 3.16), a work status gives:

Wtotal = Fpitch,rod · zph + Cβ · β + Cθ · θ = 0 (3.73)

= Fpitch,rod · (Lθ · θ + Lβ · β) + Cβ · β + Cθ · θ = 0 (3.74)

The two other equations come from the derivatives of the total work regarding each
degree of freedom:

∂Wtotal

∂θ
= Fpitch,rod · Lθ + Cθ = 0 (3.75)

∂Wtotal

∂β
= Fpitch,rod · Lβ + Cβ = 0 (3.76)
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3.5.4 Blade model

The blade evolves with respect to the application of three main forces: the aerody-
namic forces, the inertia forces and the weight. The two first ones have been taken
into account in Lagrange’s approach presented in sections 3.4.2 & 3.4.3.

The blade weight is taken into account in the potential energy Ep. In the particular
case of a gravity field perfectly uniform, the blade potential energy of gravity Epp is
estimated at the inertia center, with a mass equal to the blade solid. According to the
hypothesis concerning the blade geometry, a uniform mass repartition is considered.
Thus, the moment involved by the gravity considers the inertia center and the center
of gravity as the same point.

The distance to the point G where the weight applies is defined by:

−→
AG =

R
2
· −→X3 −

b
4
· −→Y4 (3.77)

where R [m] is the blade length, b [m] is the blade equivalent width. Its projection
onto the axis

−→
Z1 is:

zG =
−→
AG · −→Z1 = −R

2
· sin(β)− b

4
· sin(θ) · cos(β) (3.78)

This results in the following potential energy of gravity:

Epp = mblade · g · zG = mblade · g ·
(

R
2
· sin(β)− b

4
· sin(θ) · cos(β)

)
(3.79)

3.5.5 Elastomer model

The rotor gathers two components made out of elastomers: the drag damper (fig.
3.3 & 3.17) and the spherical bearing (fig. 3.18). Both components are based on a
’sandwich’ architecture where the elastomer is located between two metallic parts.

FIGURE 3.17: Drag damper [Bazzani, 2018]: (left) view of integration in
rotor, (right) section view (sketch of principle)
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FIGURE 3.18: Laminated spherical bearing [Bazzani, 2018]: (left) view of
integration in rotor, (right) section view (sketch of principle)

3.5.5.1 Visco-elastic behaviour

The rotor elastomers are dynamically qualified through lab tests. Indeed, the dynamic
loading of the rotor spinning requires a description of the visco-elastic behaviour
in the frequency domain [Long, 2005]. In this context, a description of the material
characteristics based on complex numbers is convenient [Jrad, 2014] [Boukamel, 2006].
The real part of the characteristic is linked to the elastomer elasticity meanwhile the
imaginary part corresponds to the elastomer dissipation. The real part is named
the storage modulus. It is linked to a measure of the energy stored up and released
during one cycle. The imaginary part is named the loss modulus. It is linked to a
measure of energy dissipated as a heat during one cycle.

We suggest introducing Kelvin-Voigt’s model presented in fig. 3.19. It considers
a simple approach based on a complex stiffness Kc with K′ [N · m−1] the storage
modulus and K′′ [N · m−1] the loss modulus.

Kc = K′ + j · K′′ (3.80)
F(t) = −Kc · x(t)

= −K′ · x(t)− j · K′′ · x(t)

= −K′ · x(t)− j · w · K′′

w
· x(t)

= −K′ · x(t)− K′′

w
· v(t)

F(t) = −K′ · x(t)− λ′ · v(t) (3.81)

FIGURE 3.19: Kelvin-Voigt model for a system of translation

The only lab test data available for this elastomer study are: the elasticity property
Kβ [N · m · rad−1] of the spherical bearing on the flap axis, the elasticity property
K′

dd [N · m−1] and the dissipative property K′′
dd [N · m−1] of the drag damper.

We suggest modelling the elastomer of the drag damper as an elastic torque of
elasticity modulus Kδ,dd [N · m · rad−1] and a viscous torque of coefficient λδ,dd [N ·
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m · rad−1 · s] applied at point A.
We suggest converting the elastic and viscous properties of the drag damper from

a linear kinematic to a rotative kinematic at the spherical bearing level (point A, fig.
3.20). The conversion ratio regarding the elasticity modulus is obtained assuming a
conservation of the elastic energy Eelastic [J] such as:

Eelastic =
1
2
· K′

dd · x2
dd =

1
2
· K′

dd · (larm · δ)2 =
1
2
· Kδ,dd · δ2 (3.82)

where K′
dd [N · m−1] is the elasticity modulus in translation of the drag damper,

xdd [m] its linear strain during the drag motion δ (fig. 3.20), Kδ,dd [N · m · rad−2] is an
equivalent elasticity modulus in rotation applied at point A and defined by:

Kδ,dd = K′
dd · l2

arm (3.83)

The conversion ratio regarding the viscous coefficient is obtained assuming a
conservation of the dissipated power Pdissipated [W] such as:

Pdissipated = Fviscous,dd · vdd = λ′
dd · v2

dd = λ′
dd · (larm · δ̇)2 = λδ,dd · δ̇2 (3.84)

where λ′
dd [N · m−1 · s] is the viscous coefficient in translation of the drag damper,

λδ,dd [N · m · rad−1] is an equivalent viscous coefficient in rotation applied at point A
and defined by:

λδ,dd = λ′
dd · l2

arm =
K′′

dd
Ω

· l2
arm (3.85)

where Ω [rad · s−1] is the rotor mast speed.

FIGURE 3.20: Drag damper lever arm [Bazzani, 2018]: (left) helicopter top
view, (right) sketch of principle

The drag damper adds, for the drag axis, an additional elastomer in parallel at
point A. Thus, its equivalent elasticity modulus Kδ,dd and viscous coefficient λδ,dd is
summed up to the one provided by the spherical bearing:

Kδ = Kδ,sb + Kδ,dd (3.86)
λδ = λδ,sd + λδ,dd (3.87)

We suggest to model the elastomer of the spherical bearing as an elastic torque
of the elasticity modulus Ki [N · m · rad−1] and a viscous torque of the coefficient
λi [N · m · rad−1 · s] applied at point A.
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It is assumed that the spherical bearing has the same characteristics K′
sb and K′′

sb
for the three angular motions β, δ and θ. Thus, Kθ = Kβ = Kδ,sb and λθ = λβ = λδ,sb
at the spherical bearing.

As reminder, the only data available are Kβ [N · m · rad−1] (spherical bearing, flap
axis), K′

dd [N · m−1] and K′′
dd [N · m−1] (drag damper).

From these data, it is possible to workout the variables necessary for the modelling
of the elastomer. Nevertheless, the dissipative property K′′

sb of the spherical bearing
requires to be known. An additional hypothesis must be formulated. In [De and
White, 2001] [Ferry, 1980] and [Wikipedia, 2022], it is taught that elastomers can be
classified with a loss factor defined such as:

η =
K′′

K′ [−] (3.88)

The loss factor and elastomer modulus can be ajusted to comply with a given applica-
tion. This is possible, modifying the elastomer chemical composition e.g. adding a
hardener or a plasticizer. For a ’sandwich’ structure of elastomer material such as a
three-layer metal/polymer/metal (as it is for the spherical bearing), the loss factor is
commonly defined with an order of magnitude of η = 0.1 at ambiant temperature and
for frequencies [10, 104]. From this data and the previous results, the λi are estimated.

λi =
K′′

sb · l2
eq

Ω
=

0.1 · K′
sb · l2

eq

Ω
=

0.1 · Kβ

Ω
(3.89)

where i ∈ [β, δ, θ], and leq [m] is an equivalent lever arm.

3.5.5.2 End stops

As already seen in fig. 3.18, the spherical bearing is made of an assembly of thin
spherical layers of metallic sheets separated by thin layers of elastomer. This architec-
ture provides the equivalent kinematic of a spherical joint with limitations in terms
of angular stroke.

The necessary angular freedom in the flap is assumed to be ±10◦ (value taken
from an Airbus light helicopter). Outside these bounds, we suggest to apply a
spring and damping effect connected in parallel. The constants linked to them
must be determined. Therefore, we consider and assume a spring-damper model
is implemented with a damping coefficient ξ > 1 (to avoid overshoot) and a high
natural frequency i.e. ω0 ≈ 1 khz (order of magnitud far from rotor mast frequency).
The second order transfer function is:

T(s) =
1

c + d · s + Ip · s2 =

1
c

1 +
d
c
· s +

Ip

c
· s2

(3.90)

where c [N · m · rad−1] is the spring constant, d [N · m · s · rad−1] is the damping
constant, and Ip [kg · m2] is the blade inertia in flapping.

From eq. 3.90, two equation members are identified (Appendix H):

ω0 =

√
c
Ip

d
c
=

2 · ξ

ω0
(3.91)
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The constants necessary to model the end stops are finally defined by:

c = Ip · ω2
0 d =

2 · ξ · c
ω0

(3.92)

3.5.6 Simulation results

To check the model consistency, two simulations are run considering the Cabri G2
nominal rotor speed (fig. 3.21). A first simulation considers a hover flight phase
where the helicopter is stationary in the air and balances its own weight (fig. 3.21,
left). This flight phase involves equal actuator displacement commands so as to
move vertically the swashplate. Another simulation is run with different actuator
displacements (fig. 3.21, right) as if the helicopter was leaving from its hover phase to
an advancing flight phase.

Fig. 3.21 presents the simulation results with normalized y-axis for the sake of
confidentiality. The blade lift force is normalized by the helicopter weight. The
actuator displacement is normalized with an actuator position of reference. The
actuator loads are normalized by the maximum load simulated for the actuator L
(left).

As reminder, the model ignores the helicopter advancing speed, this is for a first
modelling approach. Also, the model considers the aerodynamic characteristics of
the blade through a single coefficient, Lock’s number γ (eq. 3.29). This coefficient
value is set with the mean value of an interval in practice for rotorcraft models
found in [Singleton and Yeager Jr, 2000]. The model considers the real geometries
of the Cabri G2 rotor. However, the blade is considered as a uniform rectangular
section volume. Therefore, the results can not really be compared with real flight test
measures. However, the order of magnitude can be checked. The simulated actuator
loading belongs to the loading spectrum found on flight tests and for similar flight
phases. The model parameters were not adjusted to fit results with flight data, there
is still a future model fitting work to provide.

In addition, the consistency of the dynamic behaviour representation can be
commented. As expected, in hover flight (fig. 3.21, left), the total lift generated allows
to balance the helicopter weight. The lift generated by the blades is constant whatever
the rotor azimuth is. The actuator loads are steady and lower than during any other
flight phase where the swashplate is tilted. In the simulation of fig. 3.21 (right), the
swashplate is tilted. In this case, higher loads are noticed indeed. The low frequency
dynamic of 9hz linked to rotor speed appears in the aerodynamic forces. However,
the actuator loading levels do not show clearly a fluctuating load which should be of
27 hz. 27 hz is the product of the rotor speed by the number of blades (3 blades).
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FIGURE 3.21: Simulation results of blade lift force and actuator load ac-
cording to actuator position, hover flight, nominal rotor speed: (left) pure
collective command (3 actuators move the same), (right) other flight scenario

with actuator positions leaving the hover to a forward flight

The lift force is estimated with the following eq. 3.93 coming from a combination
of eq. 3.20 & 3.19 with previous hypothesis and a projection onto the vertical axis

−→
Z1.

FP =
γ · Ip

6 · Ω · R
·
(
Ω2 + β̇2) · (Ω · (θ − θ0)− β̇

)
(3.93)

3.5.7 Stability study

3.5.7.1 State-of-the-art

In 2012, Airbus A320 fly-by-wire architecture included ailerons actuated by EMAs.
Each aileron was actuated by one EMA in the active mode whilst the other remained
free in motion and in damping mode [Todeschi, 2012]. The damping mode prevents
from the appearance of a flutter phenomenon if multiple failures occur. An actuator
failure scenario is the loss of its control or its power supply.

For a conventional hydraulic actuator, there are two intrinsic behaviours: one
comes from a hydraulic stiffness force due to the fluid compressibility and the air-
frame compliance; the other one comes from a dissipative or damping force. The
actuator damping behaviour is achieved easily, simply connecting the two actuator
chambers through a hydraulic flow restriction [Todeschi, 2012]. With the aerodynamic
surface inertia and the anchorage stiffness, the system behaviour is known.

According to the flutter certification rules (FAR25), the flutter clearance has to be
covered whatever the actuator technology [Todeschi, 2012].

The introduction of the EMA technology involves parameters, different from the
hydraulic. The Airbus A320 flight test campaign, equipped with a linear EMA in
the scope of the MEA, drew the following conclusion [Todeschi, 2012]. The reflected
inertia of an EMA becomes an important parameter in the definition of its damping
performance requested for the failure scenario in a free mode. Consequently, Airbus
specifies the domain of possible parameter pairs (the EMA rotor inertia and its
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damping coefficient). This specified domain corresponds, in the failure scenario, to
the acceptable flutter levels in compliance with the flutter certification rules (FAR25).

Literature provides two solutions to ensure the EMA damping behaviour in the
failure scenario. A first solution is the passive damping. This solution can apply the
patent registered by J. Piaton working for Sagem defense [Piaton, 2010]. It consists
of a steel tube-shaped frame envelopping the EMA motor stack laminations. This
arranges the single internal electromagnetic circuit of the stator in a manner that
directly produces, by magnetic induction, a friction phenomenon that is both dry,
through magnetic hysteresis, and viscous, through eddy currents. A second solution
is the active damping. This introduces a position control loop based on the dynamic
force feedback from force sensors installed in the actuator attachment points. The
TVC of the European launcher VEGA made this choice [Vanthuyne, 2009].

3.5.7.2 Suggestion

The failure mode where the actuator remains free is not really expected in this thesis
context. Indeed, it corresponds to an extremely impossible event where, both the
actuator current supply and the power-off brake fail simultaneously. However, this
failure mode could occur considering another EMA architecture, different from this
thesis architecture of reference. Furthermore, such study could be a starting point for
designers of actuator controllers in helicopters. Indeed, a closed loop control acts as a
viscous friction [Budinger et al., 2019].

So far, the dynamic rotor load model considered the actuators on a simple way i.e.
as perfect sources of position. The actuator strictly maintained the position entered
as input.

In this section and as a first level approach, we suggest to substitute the ideal
actuator model by an impedance. The impedance is specifically chosen according
to the considered actuator technology. The hydraulic technology impedance is a
resistance. The electromechanical technology impedance is a reflected rotor inertia
i.e. an equivalent mass. As mentioned in the previous subsection 3.5.7.1, a viscous
damping will be introduced to tackle this technology.

The rotor model is run for each technology separately. This is to check if any sign
of instability could be initiated at the swashplate level. It is clear that any instability
raises some concerns in such critical and dynamic application.

3.5.7.3 Hydraulic actuator

Section 3.5.7.1 mentioned the two intrinsic behaviours of a conventional hydraulic
actuator. We consider the worst–case failure scenario where the actuator behaves
such as a pure stiffness without damping. The hydraulic actuator is basically a
piston located into a hollowed cylinder. An oil pressure ensures the motion of the
piston. For a given quantity of oil, the piston moves within the oil compressibility,
it provides to the actuator an impedance of stiffness summed up to the anchorage
compliance. As a first order approximation, we suggest to implement between the
imposed position and the swashplate, a stiffness coefficient Khyd (fig. 3.22, left). The
actuator is modelled with an opened loop control.

Varying this coefficient Khyd ∈ [103, 109] [N · m−1] with different possible actuator
positions and over 100 seconds of simulation, no position instability has been no-
ticed. Implementing a speed closed loop control and a viscous friction heighten this
conclusion.
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As a first approximation, the hydraulic actuator does not raise any concern re-
garding a position instability at the swashplate level.

FIGURE 3.22: Block diagram of rotor model in OpenModelica®: (left) with
equivalent hydraulic actuators, (right) with equivalent EMA actuators

3.5.7.4 Electromechanical actuator

The EMA technology is described in Chapter 1. Its architecture includes a rotating
inertia and a mechanical transmission converting a rotating reference to a linear
one. In free mode, this architecture gives the actuator the behaviour of a mass: the
reflected inertia. Depending on the component sizing, the reflected inertia can be very
high. This can affect position stability under the swashplate. We intend to bound this
reflected inertia MrJ [kg] within an interval. These bounds could be applied further
as an actuator design constraint and guide the design of the electrical motor and the
mechanical transmission. As mentioned previously (subsection 3.5.7.1), the reflected
inertia goes with a viscous damping.

As a first level approximation, we suggest to model the actuator with an equiva-
lent mass MrJ and a linear viscous friction cv f (fig. 3.22, right). MrJ and cv f will be the
parameters to vary so as to check the system stability (fig. 3.23). Launching multiple
simulation runs (similarly to a full factorial Design of Experiment (DoE)), some pairs
(MrJ , cv f ) lead to the actuator position stability (fig. 3.23, right), other pairs lead to
position instabilities (fig. 3.23, left). The set of the acceptable pairs (MrJ , cv f ) draws an
actuator design domain (fig. 3.24).
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FIGURE 3.23: Example of two pairs (MrJ , cv f ) leading to an unsteady
system (left) or a steady system (right)

FIGURE 3.24: Actuator stability analysis: domain of acceptable design
characteristics

From flight test data analysis in Chapter 2, the nominal load and the maximum
speed of the actuators can be known. The ratio of this load to this speed defines
a reference with a viscosity unit [N/(m/s)]. A percentage of this reference ratio
is applied as a viscosity coefficient in the actuator model of fig. 3.22 (right). It is
this percentage that is displayed on the y-axis of fig. 3.24. The x-axis of fig. 3.24 is
normalized by the real actuator reflected inertia of the helicopter VSR700.

The simulation test points defines three design domains for this application: the
steady, the uncertain, and the unsteady domains. The pairs (MrJ , cv f ) belonging to
the steady domain (the ones upper the green line) are the actuator characteristics that
do not introduce an actuator instability risk.

Fig. 3.24 shows that, in the failure scenario where the actuator is in a free mode, the
VSR700 actuators require a continuous damping whose resulting energy dissipated
is on the order of [1 − 2]% of the nominal energy the helicopter rotor is providing.
The patent [Piaton, 2010], used in a similar application, states its design to ensure a
continuous damping whose order is [2 − 10]%. We can suggest that the actuator is
capable to provide through its own mechanical losses a damping of order [1 − 2]%
[Maré, 2015]. Therefore, the VSR700 actuators do not need any further concern
regarding the stability risk.

3.6 Conclusion & discussion

This chapter brings a brief overview of the helicopter rotor and its running principle.
It gives a clearer view on the origin of the ’hammering’ load which flight control
actuators have to withstand under the swashplate.
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A first level approach of rotor load modelling is presented. It is inspired from
the approach suggested by [Krysinski and Malburet, 2007a] and developed with an
additional degree of freedom (the blade pitch angle). The modelling level is a system
level. Therefore, a lumped parameter modelling software is used to run the different
equations describing the system. Lagrange’s approach is developped to work out
the equations of the blade motion. The blade is considered as a rectangular section
volume. The induced speed is not taken into account. These hypothesis are open to
criticism. Obviously, the considered blade model provides a very limited representa-
tion since the aero-elasticity of the blade contributes into the rotor dynamism [Lebel,
2012] [Krysinski and Malburet, 2007b].

Initially, this model was developed in order to: - estimate the actuator load
spectrum, - observe the load distribution among the swashplate actuators, - identify
the actuator stability to define a new design driver guiding the electrical motor sizing
(rotor inertia).

The actuator load results presented in this Chapter are globally and reasonably
representative in terms of order of magnitude. However, the assymetric distribution
of the rotor load among the three actuators lacks representativity. Finally, the actuator
load spectrum can be obtained using another way than modelling: the flight test
analysis. This way is expensive in money, in time and lacks reactivity.

Identifying the actuator stability with different motor rotor inertia is impossible
to carry on experimentally. The need of modelling is compulsory. The last part of the
chapter tackles this topic. The results shows that in the case of the VSR700 and its
actuators, there is not any instability risk.

The complexity of the problem, the time spent in searching for data (helicopter
characteristics, flight measures), the unavailibility of skillful support jeopardized this
rotor model development. This chapter offers a first milestone in the elaboration of a
preliminary rotor load model. Such model represents an unvaluable tool in a context
where helicopter data are missing to predesign PFCS actuators.

As a perspective, the suggested model of this chapter requires to take into account
the advancing speed to consider a simple advancing flight phase. Additional time
shall be spent to fit better the results to the flight test measures. Indeed, the assymetric
load distribution among actuators is not explained yet. Finally, to take into account
the aerodynamic load harmonics, an opportunity could be to take benefit from the
CFD simulations performed during other helicopter developments.
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Chapter 4

Actuator modelling for preliminary
sizing

The purpose of this chapter is to provide the different types of models, necessary to
select the components of an actuator as it is presented in section 1.5.6.

4.1 Modelling needs for sizing activities

The electromechanical actuator includes multidisciplinary components. Each of
them has multiple and different key design drivers and operational scenarios. The
selected components should comply with the actuator specification and ensure the
minimization of the actuator total mass.

Therefore, this chapter answers this need of component selection. It develops a
methodology providing the necessary knowledge regarding the actuator component
modelling. This chapter is divided into two parts covering the two following levels
[Hehenberger et al., 2010]:

1. The component level deals with the determination of component characteris-
tics from a reduced number of parameters facilitating the optimization. The
involved models are the estimation models (fig. 4.1).

2. The system level deals with interactions between components, operational sce-
narios and operational limits. The involved models are simulation models and
evaluation models (fig. 4.1).

FIGURE 4.1: Structure of a model-based preliminary design
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4.2 Estimation models

4.2.1 Need & approach

As shown in fig. 4.1, to start a first iteration in the sizing loop, the main characteristics
of each component has to be identified from a reduced set of key parameters. The
estimation models are introduced for this purpose. They directly link the primary
characteristics, which define the component functionally, to secondary characteristics,
which can be seen as the dimensions and features of imperfections (see part "a" of Fig.
4.2). Thus, the estimation models provide the necessary parameters for the integration
study, simulation models and evaluation models.

Generally, at component level, the models link the physical dimensions and the
characteristics of in use materials to the primary and secondary characteristics (see
part "b" of Fig. 4.2). The design, at component level, is an inverse problem which
requires the primary characteristics as inputs.

In such context of multidisciplinary problems with optimization, a unified mod-
elling approach is required. The dimensional analysis and the Vaschy-Buckingham’s
theorem are good candidates for it [Van Groesen and Molenaar, 2007] [Holmes, 2019].
Indeed, they are extensively used in aerodynamics and fluid mechanics since they
provide a more physical and unified framework with a reduced number of parame-
ters. This section shows how they can be extended to other domains such as all the
components of an EMA.

FIGURE 4.2: Component modelling: a) for system level design b) for compo-
nent level design [Budinger et al., 2012a]

The development steps of an estimation model are presented in fig. 4.3. The
starting point is the expression of one component characteristic y as an algebraic
function f depending of geometrical dimensions and material/physical properties Pi.
l is a length and di is an other dimensions.

y = f (l, d1, d2, ...︸ ︷︷ ︸
dimensions

, P1, P2, ...︸ ︷︷ ︸
properties

) (4.1)

Then, applying the dimensional analysis and Vaschy-Buckingham’s theorem (theorem
1), the problem is rewritten into a reduced number of dimensionless parameters
[Sanchez et al., 2017].

Theorem 1 (Vaschy-Buckingham’s theorem). Any physical equation dealing with n
physical variables depending on k fundamental units (mass, length, time, temperature, charge)
can be formulated as an equivalent equation with q = n − k dimensionless variables named
"π-numbers" built from the initial variables.

πy = g(πd1 , πd2 , ..., πP1 , πP2 , ...︸ ︷︷ ︸
q variables

) with


πy = ycy · lcL · ∏i P

cPi
i

πdi =
di
l

πPi = lcPi ,0 · ∏j P
cPi ,j

i

(4.2)
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It is clear that thanks to dimensional analysis and Buckingham theorem, the
number of input parameters of the problem is reduced. The computational cost will
be reduced in the same way.

The next step is to develop the estimation models based on the π-groups.
Scaling law formulations (section 4.2.2) are undertaken when πdi and πPi remain

constant around a given component product range. This means that the geometrical
and/or material similarities are checked. This is applicable for the mechanical and
electrical components of the actuator as detailed in section 4.2.2.

In the case the dimensionless numbers πdi and πPi are not considered as constant,
the approximation of the function g can be achieved by performing data regressions
[Lacey and Steele, 2006] [Sanchez et al., 2017]. The data can come from manufacturer
product data, test measurements or finite element simulation results based on a DoE
as presented in section 4.2.4 for the housing vibratory sizing.

FIGURE 4.3: Estimation model development steps

4.2.2 Scaling laws

4.2.2.1 Fundamentals

In literature, scaling laws are also defined as similarity laws or allometric models
[Budinger et al., 2012a]. They estimate the component main characteristics requested
for their selection without requiring a detailed design.

Scaling laws are based on 3 hypothesis:

• Geometric similarity: all the dimensions of the considered component to all the
lengths of the component used for reference are constant. Thus, all correspond-
ing aspect ratios are constant: πdi = constant.

• Uniqueness of design drivers: only one main dominant physical phenomenon
drives the evolution of the component secondary characteristic y (’a’ fig. 4.2).
Thus, in most cases, there is not anymore dependency with any πPi (function g
eq. 4.2).

• Material similarity: all material properties are assumed to be identical to those
of the component used for reference. Thus, all corresponding scaling ratios are
equal to 1: πPi = 1.

Once these assumptions are satisfied, πy is stated to be constant since it depends
on constant variables.

πy = g(πd1 , πd2 , ..., πP1 , πP2 , ...) = constant (4.3)
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This gives the standard power law shape of a scaling law:

πy = ycy · lcL · ∏
i

P
cPi
i = constant =⇒ y ∝ lc (4.4)

with c a constant. Then, as proposed by [Jufer, 1996], the ’star’ notation is introduced.
It indicates the scaling ratio of a desired component characteristic y by the same
characteristic yre f of a component taken as a reference: y∗ = y/yre f . This component
of reference is picked up into the supplier range of the considered product.

Thus, eq. 4.4 becomes:

y∗ = l∗c ⇐⇒ y
yre f

=

(
l

lre f

)c

(4.5)

From a single component of reference and a reduced number of parameters (no
detailed design required), scaling laws extrapolate quickly the main characteristics
yre f of a known component towards the one y of a possible component of the same
technology:

y = yre f ·
(

l
lre f

)c

(4.6)

Consequently, the scaling laws level down the complexity of the inversion problem
(’b’ part fig. 4.2). For an estimation model (’a’ part fig. 4.2), it is easy then to express all
the useful relations as a function of a single key design parameter (also named definition
parameter) associated with its component (fig. 4.1).

Finally, there are other interests of using them:

• They are useful for the exploration study of a design domain: integration study
(mass, dimensions), sizing, scenario analysis, optimization, and technology &
architecture comparison.

• They replace the use of catalog data when unavailable.

• They are easy enough to exchange with suppliers and especially to challenge
suppliers.

4.2.2.2 Building a scaling law

To illustrate section 4.2.2.1, the scaling law approach is applied herebelow on the case
of an electrical brushless motor. The aim is to state the mass evolution of the motor.

The study is based on the following hypothesis: the main design driver is the
maximum continuous winding temperature; the natural convection is the dominant
thermal phenomenon; the average induction in the airgap is constant for a given
magnet technology; the geometric similarities are verified, the number of poles is
constant, the similarities in the material and the design limits are satisfied. In fig. 4.4,
the scaling law expression describing the motor torque is developed following step
by step the approach mentioned in section 4.2.2.1.
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Br
remanent induction of
permanent magnets [T] θ

max admissible temperature
rise for winding insulation [◦C]

di other motor dimensions [m] h convection heat exchange coef. [J · K−1 · m−2]
J current density [A · m2] l motor length [m]
ρ copper resistivity [ohm · m] T electromagnetic torque [N · m]

FIGURE 4.4: Electrical motor torque formulation

Supposing the diameters and lengths evolving similarly (d∗ = l∗, fig. 4.5), the
mass M of the motor is basically approximated by:

M =

�
ρeq dV =⇒ M ∗ = l∗3 (4.7)

FIGURE 4.5: Electrical motor: homothety hypothesis

Using the torque expression (prerequisite of fig. 4.4), the motor mass M becomes:

M ∗ = T∗3/3.5 =⇒ M = Mre f ·
(

T
Tre f

)3/3.5

(4.8)

Fig. 4.6 compares the evolution of this law (eq. 4.8) to real data from two manufac-
tured motors: Parvex NX [PARKER, 2022b] and Kollmorgen RBE [KOLLMORGEN,
2003]. It is observed that a single motor reference allows to rebuild the evolution of
the motor mass for a broad range of torque. And this is possible with less than 10%
of relative error.
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FIGURE 4.6: Motor mass: scaling law prediction compared to manufacturer
catalogs (Parvex NX, Kollmorgen RBE)

4.2.2.3 Established laws

The tables 4.1 and 4.2 present per component all the established scaling laws. Each law
prediction has been compared to supplier catalogues. The fitting quality is quantified
using the mean of relative errors ϵr and the standard deviation of the relative errors
σr.

The main hypothesis taken into account to establish these scaling laws are: a con-
stant maximum stress, for mechanical components; a constant maximum temperature
and a constant mean induction field in the airgap for the electrical components.

The laws presented in the tables 4.1 and 4.2 are derived in detail in Appendix J (for
mechanical components), Appendix K (for electrical components) and in section 4.2.3
(electrical & mechanical components). Each component derivation is followed by a
validation based on graphs comparing supplier catalog data and their regressions
with scaling law predictions.

Some other applicative cases of scaling laws (construction, validation) can be
found in [Budinger et al., 2012a], [Budinger et al., 2012b] and [Budinger et al., 2013].

4.2.2.3.1 Mechanical components
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Component characteristics Units Scaling law expressions ϵr σr

ROD END (RE), spherical bearing

Key design parameter
max static load N C0 = d∗2 - -

Integration parameters
dimensions m l∗ = d∗ = C∗1/2

0 4% 6%
mass kg M ∗ = d∗3 = C∗3/2

0 19% 26% (1)

Operational limit parameter
max dynamic load N C∗

d = d∗2 = C∗
0 16% 23%

Error estimations done using SKF catalog range (C0 ∈ [8.15; 585] kN, 44 components) and component of reference of C0 = 42.5 kN
(1) impact of standardization

BALL BEARING (BB)

Key design parameter
max static load N C0 = d∗2 - -

Integration parameters

dimensions m l∗ = d∗ = C∗1/2
0

BB1 0.2% 2.5%
BB2 4.4% 10%

mass kg M ∗ = d∗3 = C∗3/2
0

BB1 8.8% 17%
BB2 15% 39% (1)

Operational limit parameters

max dynamic load (dball ≤ 25.4 mm) N C∗
d = d∗1.8 = C∗1.8/2

0
BB1 0.2% 7.6%
BB2 6.3% 21%

number of balls − n∗
ball = 1

BB1 0% 0%
BB2 0% 0%

max speed (mechanical limit) rad · s−1 or RPM ω∗
max,mechanical = d∗−1 = C∗−1/2

0
BB1 2.1% 5.8%
BB2 18% 45% (2)

max speed (thermal limit) rad · s−1 or RPM ω∗
max,thermal = d∗−1 = C∗−1/2

0
BB1 1.1% 6.5%
BB2 11% 19%

Error estimations done using SKF catalog:
BB1: double row angular contact ball bearing (range: C0 ∈ [4.3; 140] kN, 30 components, component of reference: C0 = 28 kN)
BB2: deep grooved single row ball bearing (range: C0 ∈ [0.18; 430] kN, 377 components, component of reference: C0 = 8.3 kN)
(1) two sets of product with different design concepts ; (2) sets of product to distinguish

SCREW MECHANISM (SM), standard PRS

Key design parameters
max static load N C0 - -
stroke m s - -
lead m · rad−1 p - -

Integration parameters
nut diameter (in, out) m d∗n = C∗0.37

0 · p∗1/6 4.6% 8.8%
nut length m l∗n = C∗0.37

0 1.8% 7.7%
nut mass kg M ∗

n = d∗2
n · l∗n = C∗1.11

0 · p∗1/3 7.5% 23%
nut flange dimensions m l∗f = d∗f = C∗0.37

0 1% 7%
screw diameter m d∗s = C∗1/2

0 1.9% 10%
screw length m ls = ln,re f · (C0/C0,re f )

0.37 + s
screw mass kg · m−1 M ∗

s = d∗2
s = C∗

0 2.7% 20%
roller number − n∗

roller = 1 -% -% (1)

Simulation parameter
inertia (screw) kg · m J ∗

s = d∗4
s = C∗2

0 1.6% 39% (2)

Operational limit parameter
max dynamic load N C∗

d = C∗0.74
0 · p∗1/3 7.1% 11%

Error estimations done using SKF & ROLLVIS catalog ranges (C0 ∈ [8.4; 4320] kN, 60 & 201 components), and the components of reference
(C0 = 294 kN and C0 = 334 kN)
(1) hypothesis (see section 4.2.3.1)
(2) propagation of error due to high law exponent, reducing the exploration domain (C0 range) improves the prediction quality

TABLE 4.1: Scaling law recap and prediction quality on catalog data for
mechanical components
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In Appendix L, a study onto the Hertz contact has been carried out to extract
potentially interesting scaling laws around roller, ball and thread contacts. It is always
useful to keep in mind such laws, especially for stress - load transfers.

Component characteristics Units Scaling law expressions ϵr σr

ELECTRICAL MOTOR (EM), brushless, cylindrical

Key design parameters
continuous torque Nm T∗ = d∗3.5 = K∗3.5/5

m - -
motor constant (Nm)2/W K∗

m = d∗5 = T∗5/3.5 - -

Integration parameters
dimensions (l∗ = d∗) m d∗ = T∗1/3.5 = K∗1/5

m 0.0% 8.5% (1)

mass kg M ∗ = d∗3 = T∗3/3.5 = K∗3/5
m 8.8% 9.9% (1)

Simulation parameters
inertia kg · m2 J ∗ = d∗5 = T∗5/3.5 = K∗

m 0.1% 21% (1)

copper coef. W/(Nm)2 α∗ = d∗−5 = T∗−5/3.5 = K∗−1
m 5.0% 18% (1)

Joules’ losses W P∗
J = d∗2 = T∗2/3.5 = K∗2/5

m 5.0% 18% (1)

iron loss coef. W/(rad/s)1.5 β∗ = d∗3 = T∗3/3.5 = K∗3/5
m 2.8% 24% (1)

resistance Ω/(Nm/A)2 R∗/K ∗2
t = d∗−5 = T∗−5/3.5 = K∗−1

m 18% 13% (1)

inductance H/(Nm/A)2 L ∗/K ∗2
t = d∗−3 = T∗−3/3.5 = K∗−3/5

m 2.0% 21% (1)

number of pole pair - n∗
poles = 1 0% 0% (1,4)

Operational limit parameters
peak torque Nm T∗

p = d∗3.5 = T∗ = K3.5/5
m 0.4% 2.5% (1,2)

T∗
p,mag = d∗3 = T∗3/3.5 = K∗3/5

m -% -% (3)

T∗
p,th = d∗4 = T∗4/3.5 = K∗4/5

m 13% 6.5% (4,5)

max speed (mechanical limits) RPM Ω∗
max = d∗−1 = T∗−1/3.5 = K∗−1/5

m 1.6% 4.5% (4)

Error estimations done using PARVEX NK & KOLLMORGEN RBE catalogue ranges (T ∈ [0.5; 41] Nm, 9 & 32 components)
(1) validation on Parvex; (2) Parvex specificity; (3) definition based on a magnetic saturation criteria (see section 4.2.3.2), missing data for
validation; (4) validation on Kollmorgen; (5) definition based on a thermal criteria (see section 4.2.3.2)

ELECTROMAGNETIC BRAKE (EMB)

Key design parameter
static torque Nm Ts - -

Integration parameters
dimensions m d∗ = T∗1/4

s 5% 9%
mass kg M ∗ = d∗3 = T∗3/4

s 11% 26%

Simulation parameters
disk inertia kg.m2 J ∗ = d∗5 = T∗5/4

s 21% 60% (1)

resistance Ω R∗ = U ∗2 · d∗−2 = U ∗2 · T∗−2/4
s 16% 30%

Joules’ losses W P∗
J = d∗2 = T∗2/4

s 4% 64% (1)

Error estimations done using RS, KENDRION, MIKIPULLEY catalog ranges (Ts ∈ [0.113; 130] Nm, total of 14 components) and
component of reference of Ts = 4 Nm
(1) important error propagation since high law exponent, limited extrapolation capabilities, reference component to choose accordingly,
low consequence on final actuator sizing.

TABLE 4.2: Scaling law recap and prediction quality on catalog data for
electrical components

4.2.2.3.2 Electromagnetic components Parvex is a motor serie following the ge-
ometrical similarities (l∗ = d∗). The laws describing this motor type are presented
in table 4.2. The cylindrical motor type is chosen as the component of reference for
this thesis. Kollmorgen RBE is a motor serie not following the geometrical hypoth-
esis (l∗ ̸= d∗). This motor type involves some scaling laws different from the one
presented in table 4.2, they are presented in Appendix K.
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4.2.2.3.3 Further components Beyond the scope of this thesis, another direct-drive
actuator architecture may be of the utmost relevance. The involved components
would be the inverted PRS and the annular Brushless Direct Current (BLDC) motor.

Component characteristics Units Scaling law expressions ϵr σr

SCREW MECHANISM (SM), inverted PRS

Key design parameter
max static load N C0 - -
stroke m s - -
lead m · rad−1 p - -

Integration parameters
nut diameter m d∗nut = C∗1/2

0 0.1% 4.1%
roller set length m l∗rs = C∗0.37

0 0.5% 3.1%
nut length m lnut = lrs,re f · (C0/C0,re f )

0.37 + s
nut mass kg/m M ∗

n = d∗2
nut = C∗

0 -% -% (1)

screw diameter m d∗s = C∗1/2
0 0.1% 4.1%

screw mass kg · m−1 M ∗
s = d∗2

s = C∗
0 -% -% (1)

Simulation parameters
inertia (nut) kg · m J ∗

s = d∗4
s = C∗2

0 -% -% (1)

Operational limit parameters
max dynamic load N C∗

d = C∗0.74
0 · p∗1/3 3.7% 9.2%

Error estimations done using SKF & ROLLVIS catalog ranges (C0 ∈ [21; 1226] kN, 30 & 110 components), and components of reference of
C0 = 194 kN and C0 = 214 kN
(1) missing data

TABLE 4.3: Scaling law recap and prediction quality on catalog data for
inverted PRS

Component characteristics Units Scaling law expressions ϵr σr

ELECTRICAL MOTOR (EM), brushless, annular

Key design parameters
continuous torque Nm/m T∗/l∗ = d∗2 = K∗2/3

m · l∗−2/3 - -
motor constant (Nm)2/W K∗

m = d∗3 · l∗ - -

Integration parameters
dimensions (d∗ ̸= l∗) m d∗ = (T∗ · l∗−1)1/2 = K∗1/3

m · l∗−1/3 1% 14% (1)

mass kg/m M ∗/l∗ = d∗ = (T∗/l∗)1/2 = K∗1/3
m · l∗−1/3 9% 12%

Simulation parameters
inertia kg · m2/m J ∗/l∗ = d∗4 = T∗2 · l∗−2 = K∗4/3

m · l∗−4/3 21% 39% (2)

copper coef. W/(Nm)2 α∗ = d∗−3 · l∗−1 = T∗−3/2 · l∗−5/2 = K∗−1
m 14% 45% (2)

Joules’ losses W P∗
J = d∗ · l∗ = T∗1/2 · l∗1/2 = K∗1/3

m · l∗2/3 4.7% 15%
iron loss coef. W/(rad/s)1.5 β∗ = d∗2 · l∗ = T∗ = K∗2/3

m · l∗5/3 -% -% (3)

resistance Ω/(Nm/A)2 R∗/K ∗2
t = d∗−3 · l∗−1 = T∗−3/2 · l∗1/2 = K∗−1

m 15% 30% (2)

inductance H/(Nm/A)2 L ∗/K ∗2
t = d∗−3 · l∗−1 = T∗−3/2 · l∗1/2 = K∗−1

m 1% 8.6%
number of pole pair - n∗

poles = d∗ 1.0% 3.7%

Operational limit parameters
peak torque Nm T∗

p = T∗ 16% 7.8%
max speed (mechanical limits) RPM Ω∗

max = d∗−1/2 = T∗−1/4 · l∗1/4 = K∗−1/6
m · l∗1/6 -% -% (3)

Error estimations done using TECNOTION catalogue range (T ∈ [0.29; 100] Nm, 14 components) and component of reference of T = 3.2 Nm
(1) regression tends to d∗ = (T∗ · l∗−1)0.3 ; (2) propagation of error due to high law exponent and introduction of l∗ (additional error source);
(3) missing data

TABLE 4.4: Scaling law recap and prediction quality on catalog data for
annular motors



104 Chapter 4. Actuator modelling for preliminary sizing

4.2.3 Special focus

Further to scaling law derivation, checks and validation performed for the previous
section, this section offers to focus onto some added values.

The first part deals with the introduction of the lead into roller screw scaling laws.
The second part explains the different definitions of the motor peak torque. This

highlights the need to have a universal parameter as the motor constant Km.
The third part introduces the motor constant Km and the role it can play into

motor selection.
A last part would be for the electromagnetic brake since it is a key component to

comply with actuator safety criteria. The formulation of its laws and the validation
with different manufacturer catalog represents an added value to [Budinger et al.,
2013]. In brief, this part has been integrated in Appendix K.

4.2.3.1 Screw mechanism: fatigue load & nut dimensions

The screw mechanism is a key component in the actuation system. The technology
of interest is the PRS (fig. 4.7). This section is dedicated to study its dynamic load
capabilities and its nut dimensions. New scaling laws are formulated. This brings an
added value to what is already established in [Budinger et al., 2013]. Standard and
inverted PRS are studied in parallel. Appendix J.3 completes this study.

FIGURE 4.7: PRS section view with dimensions: (left) standard PRS from
[ROLLVIS, 2019], (right) inverted PRS from [SKF, 2014]

4.2.3.1.1 Dynamic load Similarly to bearings, a screw mechanism has a limited
lifespan depending of running conditions. As far as the running conditions consider
protections, lubrication and maintenance, the main origin of mechanism failures is the
material fatigue. This is generated by the repeated loading from the rolling elements.
Therefore, the number of screw revolution realized before any crack initiation relies
on the load withstood by the mechanism. The nominal dynamic load Cd [N] is defined
such that 90% of screw mechanisms reach or exceed 106 revolutions under this load.

According to [Budinger et al., 2013], the roller screw dynamic load evolves with:

C∗
d = C∗1.8/2

0 (4.9)

This law comes from the standard ISO 3408 [AFNOR, 2006]. For a ball screw technol-
ogy, this standard provides the estimation of the dynamic axial load based on a rolling
element apparent diameter, the thread characteristics, shape factors and coefficients
linked to materials and surface treatments. When considering geometrical similarities
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(d∗i = l∗i ), the evolution of the dynamic load can be expressed as: C∗
d = d∗1.8 with d

a dimension characterizing the screw mechanism (i.e. the screw diameter). As any
mechanical components, the roller screw mechanism sizing is based on a constant
maximum mechanical stress σmax. This is induced by the maximum static load C0 [N].
As a result, the evolution of the dimensions evolves according to:

σ∗
max = 1 =⇒ d∗ = C∗1/2

0 (4.10)

This leads to eq. 4.9.
When displaying Cd with respect to C0 using supplier catalog [SKF, 2014] &

[ROLLVIS, 2019], the data cloud is widely spread. The prediction of the scaling law
(eq. 4.9) results in important relative errors (as much on the mean value than on the
deviation value).

To improve the dispersion of the data cloud and improve the prediction of C∗
d ,

we suggest to reformulate the law taking basis on fatigue law fundamentals. From
Palmgren Miner’s damage law, a constant ratio can be stated (eq. 4.11).

∑ σ3
i · Ni = k1 =⇒

(
Cd

S

)3

· N10 = k2 =⇒ C∗
d

d∗2 · p∗1/3 = 1 (4.11)

where ki are constants, σi are the stress withstood during Ni revolutions, p the lead,
Cd is the dynamic load defined for the standardized revolution number N10 = 106.
The number of revolution evolves according to the inverse of the lead: N10 = L10/p.

The correlation matrix is an efficient tool to point out the dependencies between
the variables of a dataset. The correlation study is performed on the logarithm of the
different characteristics available in the supplier catalogs [SKF, 2014] [ROLLVIS, 2019].
The correlation matrix is shown in fig. 4.8. This highlights that the static load C0 and
the fatigue load Cd are the most correlated variables with screw and nut dimensions.

FIGURE 4.8: Correlation matrix of the standard PRS from ROLLVIS & SKF
catalogs

The ratio from eq. 4.11 can be expressed according to a dimension d∗, closely
linked to the static load C∗

0 such as:

C∗
d

p∗1/3 = d∗2 = C∗E
0 =⇒ C∗

d = C∗E
0 · p∗1/3 (4.12)

The unknown power E is estimated by regression with the data provided by two
supplier catalogs on two product ranges. Table 4.5 presents it.
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supplier roller screw type value of E [−]

SKF (SRC/BRC serie, [SKF, 2014]) standard 0.73

inverted 0.82

ROLLVIS ([ROLLVIS, 2019]) standard 0.72

inverted 0.69

MEAN value 0.74

TABLE 4.5: Regression on supplier catalogs to determine the value of E

The value of the coefficient E is retained to be 0.74. As a result, the scaling law
giving the dynamic load is expressed by:

C∗
d = C∗0.74

0 · p∗1/3 (4.13)

Fig. 4.9 compares 4 component ranges from 2 suppliers with the new scaling law
prediction (eq. 4.13). Now, the supplier data set follows a linear trend. The average
and deviation of the relative error are far below 20%. The law is validated.

FIGURE 4.9: Scaling law validation, PRS, dynamic load capability Cd with
respect to C0.74

0 · lead1/3 and scaling law prediction (eq. 4.13), data from
[SKF, 2014] and [ROLLVIS, 2019]: (left) standard roller screw, (right)

inverted roller screw

This new formulation of the dynamic load (eq. 4.13) involves the introduction of
a new parameter: the lead. The shorter is the lead, the smaller is the dynamic load
capability. Eq. 4.13 brings an added value in terms of sizing. The actuator component
selection will penalize the solutions with a small lead.

4.2.3.1.2 Dimensions In [Budinger et al., 2013] and for the standard roller screw,
the nut and screw dimensions are defined based on a constant Hertz stress level and
a maximum static load C0 such as:

σ∗
Hertz,max = 1 =⇒ F∗1/3

max

d∗2/3 = 1 =⇒ d∗ = C∗1/2
0 (4.14)
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where d∗ is a dimension. The Hertz contact scaling laws are detailed in Appendix L.
The scaling law defined in eq. 4.14 is verified on several parameters: – the screw

diameter for both standard and inverted PRS (Appendix J.3), – the screw linear mass
of standard PRS (Appendix J.3, nut linear mass data are missing on inverted PRS) –
the nut diameter of the inverted PRS (fig. 4.11, right).

The diameter, the length and the mass of the standard PRS nut catch the attention.
Through a regression on the supplier data, we observed that eq. 4.14 requires to be
reformulated to describe better the nut characteristics.

The relation developed in eq. 4.12 (left side) suggests that the dimensions (diame-
ters, lengths) evolve according to:

l∗n = C∗0.37
0 (4.15)

Fig. 4.10 shows that this scaling law describes, with a good prediction level, the nut
length of the standard PRSs and the roller set length of the inverted PRSs. In addition,
this scaling law similarly describes the length and the diameter of the nut flange (see
validation in fig. J.20 of the Appendix J.3). The nut flange is the part protruding from
the outer nut diameter and welcoming fasteners.

FIGURE 4.10: Scaling law validation, PRS, nut length L with respect to
static load C0, scaling law prediction (eq. 4.15; (left) standard roller screw,
(right) inverted roller screw; data from [SKF, 2014] and [ROLLVIS, 2019]

As far as the diameter of the standard PRS nut is concerned, we observed that
the scaling law deserves to be reformulated. Going through data displays, it seems
that the nut is sized regarding a different design criteria from the one guiding the
screw. We suggest that this criteria is the Hertz stress involved by the fatigue load Cd
instead of the one involved by the static load C0. Supposing a constant Hertz stress
level throughout a given product range, the following scaling law is worked out:

σ∗
Hertz, f atigue = 1 =⇒

F∗1/3
f atigue

d∗2/3 = 1 =⇒ d∗ = C∗1/2
d (4.16)
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This new scaling law can be combined with a previous formulation from eq. 4.13 to
give:

d∗n = C∗0.37
0 · p∗1/6 (4.17)

This statement can be understood in a way that the nut of a standard roller screw
suffers more from the roller passing than the screw does. Indeed, the threaded part
of the screw is longer than the one of the nut. The screw thread experiences fatigue
cycles spread all along its length if the application uses the entire stroke.

The inner and outer diameters of the standard PRS nuts verify the scaling law
given in eq. 4.17 (see validation in fig. 4.11 (left), fig. J.21 (left) of Appendix J.3). In
contrast, the inner and outer diameters of the inverted PRS nuts follow the same
design criteria than the standard PRS screws, i.e. eq. 4.10. This is validated in fig.
4.11 (right) and fig. J.21 (right) of Appendix J.3.

FIGURE 4.11: Scaling law validation, PRS, nut outer diameter d with
respect to: (left) C0.74

0 · lead1/3 for standard roller screw, (right) C0 for
inverted roller screw; scaling law prediction (eq. 4.14 and 4.17); data from

[SKF, 2014] and [ROLLVIS, 2019]

Finally, the nut mass must be determined. It is supposed to follow geometrical
similarities (d∗in = d∗out). This hypothesis is checked on [SKF, 2014] & [ROLLVIS, 2019].
The nut mass scaling law is defined by the volume of a ring with a given density ρnut
such as:

Mnut = ρnut · π

[(
dout

2

)2

−
(

din

2

)2]
· l (4.18)

The dimensions d∗ and l∗ are substituted by their respective formulation from eq.
4.17 & 4.15:

M ∗
nut = d∗2 · l∗ = C∗1.11

0 · l∗1/3 (4.19)

Due to missing data in Rollvis catalog, the mass of the nut can only be checked
on SKF supplier. Fig. 4.12 compares the scaling law prediction (eq. 4.19) with SKF
standard roller screw catalog (SRC/BRC serie, [SKF, 2014]). The regression performed
on these data shows that the scaling law describes correctly the evolution of the nut
mass. As expected, the high power of the scaling law generates dispersion in data.
The prediction level remains satisfying. The scaling law tends to underestimate the
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mass of small roller screws. This has to be kept in mind. The choice of the component
of reference can be ajusted accordingly too.

FIGURE 4.12: Scaling law validation, standard PRS, dynamic load vs static
load & pitch (SKF)

4.2.3.1.3 Rollers Data regarding the roller characteristics are missing in the sup-
plier catalogs [SKF, 2014] [ROLLVIS, 2019]. The roller-screws are not subject to any
standard and the product ranges are created so as to allow a maximum reuse of
subcomponents (roller, screw, nut).

In addition, the geometrical similarity hypothesis is followed by the screw and
the nut of the inverted PRSs (d∗nut = d∗screw). This is checked on supplier catalogs. The
evolution of the number of rollers can be assumed to be invariable. However, regard-
ing the standard PRSs, we have just shown that the screw and the nut dimensions
were not following the same power law.

As first approximation, we could estimate the roller diameters dr [m] using the
scaling laws of the other dimensions i.e. the nut inner diameter and the screw
diameter such as:

dr = 0.5 ·
(
din,nut − ds

)
(4.20)

Thus, the number of roller could be defined by the number of roller diameters fitting
into the perimeter drawn by the mean diameter of the roller-screw mechanism such
as:

nroller =
π · dmean

droller
dmean = 0.5 ·

(
din,nut + ds

)
(4.21)

In practice, due to the accumulation of scaling law uncertainties, this geometrical
estimations (eq. 4.20 and 4.21) does not lead to realistic roller numbers for some parts
of a catalog product range.

Furthermore, in an ancient catalog version from [SKF, 2005], roller number inter-
vals are mentioned for each product. A roller number interval [9, 11] globally fits the
full product range (screw diameters within [8, 210] mm). Consequently, we suggest
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that the evolution of the number of rollers is invariable:

n∗
roller = 1 (4.22)

The number of rollers is only used for estimating the fatigue capability of the PRS
(section 4.3.1.3). For a first actuator sizing, the choice of a component of reference
with nroller = 10 is a relevant choice.

4.2.3.2 Different max torque definitions

4.2.3.2.1 Introduction The maximum torque has got different definitions depend-
ing on manufacturer choices:

• CASE 1: The manufacturer defines it as the torque leading to magnetic circuit
saturation (e.g. [KOLLMORGEN, 2003]’s catalog defines a maximum torque
for which Kt will be greater than 90% of Kt at low torque)

• CASE 2: The manufacturer defines it as the torque leading to a given temper-
ature increase ∆Θ [°C] or a given maximum current density over a period of
time ∆t [s] (e.g. [KOLLMORGEN, 2003]’s catalog defines 10 seconds maximum)

We propose to study each case with a scaling law approach. For cylindrical and
annular motors, a current density is defined. These definitions are used to develop a
specific expression of the motor maximum torque.

4.2.3.2.2 Law formulations CASE 1:
In the case of a solenoid, the theorem of Ampere states for free space that:

�
C

B⃗(M) · d⃗l = µ0 · ∑ Iembraced,i = µ0 ·
�

S
j⃗(P) · n⃗ dS = µ0 · nturn · I (4.23)

with B⃗(M) the induction magnetic field ([T] or [kg · s−2 · A−1]) at a point M of a
contour C , µ0 the magnetic constant (or vacuum permeability) µ0 = 4.10−7 H · m−1,
J⃗(P) the embraced current flux [A.m−2] through point P of the surface S surrounded
by C , n⃗ the unitary normal vector of the surface at this point, nturn the number of
solenoid turns, and I [A] the intensity of a single wire.

- For cylindrical motors:

• On one hand, if the geometrical similarity is supposed (d∗ = l∗), the eq. 4.23
becomes:

B∗
max · d∗ = J∗max · d∗2 =⇒ J∗max = d∗−1 (4.24)

The relations linking the torque, the current density and the dimension are
defined such as:

T∗ = J∗ · d∗4 ; d∗ = T∗1/3.5
cont (4.25)

where Tcont [Nm] is the continuous torque stated on a thermal criteria in a speed
steady state. These relations are derived in Appendix K (eq. K.15, eq. K.16).

The corresponding maximum torque is then defined as:

T∗
max,mag = d∗3 = T∗3/3.5

cont (4.26)
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In addition,
T∗

max,mag

T∗
cont

= d∗−0.5 (4.27)

This ratio decreases along with the increase of motor size.

• On a second hand, if the geometrical similarity is not supposed (d∗ ̸= l∗), the
eq. 4.23 becomes:

B∗
max · d∗ = J∗max · d∗2 =⇒ J∗max = d∗−1 (4.28)

The relations linking the torque, the current density and the dimension are
defined such as:

T∗ = J∗ · d∗3 · l∗ ; d∗ =
(

T∗
cont
l∗

)1/2.5

(4.29)

These relations are derived in Appendix K (eq. K.19, eq. K.21). The correspond-
ing maximum torque is then defined as:

T∗
max,mag

l∗
= d∗2 =

(
T∗

cont
l∗

)2/2.5

(4.30)

In addition, the ratio T∗
max,mag/T∗

cont gives the same result than in the previous
consideration (eq. 4.27). This ratio decreases along with the increase of motor
diameter.

- For annular motors:
The geometrical similarity is not supposed (d∗ ̸= l∗). The motor is supposed to be

done by an assembly of the same elementary modules. This assumes that the contour
C and the surface S do not evolve. The eq. 4.23 becomes:

B∗
max = J∗max =⇒ J∗max = 1 (4.31)

The relations linking torque, current density and dimension are defined such as:

T∗ = J∗ · d∗2 · l∗ ; d∗ =
(

T∗
cont
l∗

)1/2

(4.32)

These relations are derived in Appendix K, (eq. K.96, K.98). The corresponding
maximum torque is then defined as:

T∗
max,mag

l∗
= d∗2 =

T∗
cont
l∗

(4.33)

In addition,
T∗

max,mag

T∗
cont

=
l∗ · d∗2

l∗ · d∗2 = 1 (4.34)

Whatever the motor size, the gap between the maximum and the continuous torque
remain constant.

In CASE 1 and for cylindrical motors, whatever the geometrical similarity con-
sideration is, the increase of the motor diameter leads to a reduction of the motor
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running margin in its limited operation domain (fig. 2.4). When it comes to annular
motors, this motor running margin remains constant wathever the motor size is.

CASE 2:
The heat equality between Joules and thermal capacity at winding level gives:

PJ · ∆t = Cth · ∆Θ (4.35)

The thermal capacity can be defined as Cth = Cp · Mcopper with Cp the specific heat
at constant pressure [J/Kg/K] and Mcopper =

�
ρcopper dV the mass [Kg] of copper

involved into winding. What is more, it is supposed that the manufacturer defines a
same specification (∆Θ [°C], ∆t [s]) among its whole product range.

- For cylindrical motors:

• On one hand, the geometrical similarity is supposed (d∗ = l∗). It is shown
(Appendix K, eq. K.5, K.23) that Joules’ losses PJ and winding mass M evolve
according to:

P∗
J = d∗3 · J∗2 ; M ∗ = d∗3 (4.36)

Then, the eq. 4.35 gives the following maximum current density:

d∗3 · J∗2
max = d∗3 =⇒ J∗max = 1 (4.37)

Using the relations previously proved in case 1 (eq. 4.25), the corresponding
maximum torque is expressed:

T∗
max,∆Θ/∆t = d∗4 = T∗4/3.5

cont (4.38)

In addition,
T∗

max,∆Θ/∆t

T∗
cont

= d∗0.5 (4.39)

The ratio increases along with the increase of the motor size.

• On a second hand, the geometrical similarity is not supposed (d∗ ̸= l∗). It is
shown (Appendix K, eq. K.6, K.25) that Joules’ losses PJ and winding mass M
evolve according to:

P∗
J = d∗2 · l∗ · J∗2 ; M ∗ = d∗2 · l∗ (4.40)

The eq. 4.35 provides the same maximum current density than in the previous
considereation (eq. 4.37) Using the relations previously proved in case 1 (eq.
4.25), the corresponding maximum torque is expressed:

T∗
max,∆Θ/∆t

l∗
= d∗3 =

(
T∗

cont
l∗

)3/2.5

(4.41)

In addition, the ratio T∗
max,∆Θ/∆t/T∗

cont gives the same result than in the previous
consideration (eq. 4.39). This ratio increases along with the increase of the
motor diameter.
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- For annular motors: The geometrical similarity is not supposed (d∗ ̸= l∗). It can
be shown (Appendix K, eq. K.88, K.99) that Joules’ losses PJ and winding mass M
evolves according to:

P∗
J = d∗ · l∗ · J∗2 ; M ∗ = d∗ · l∗ (4.42)

Then, the eq. 4.35 gives the maximum current density:

d∗ · l∗ · J∗2
max = d∗ · l∗ =⇒ J∗max = 1 (4.43)

Using the same already proved relations than in case 1 (eq. 4.32), the corresponding
maximum torque is expressed:

T∗
max,∆Θ/∆t

l∗
= d∗2 =

T∗
cont
l∗

(4.44)

In addition,
T∗

max,∆Θ/∆t

T∗
cont

=
l∗ · d∗2

l∗ · d∗2 = 1 (4.45)

The ratio remains constant whatever the motor size is.

In CASE 2 and for cylindrical motors whatever the geometrical similarity consider-
ation is, the runnning margin in its limited operation domain increases proportionally
with the diameter (fig. 2.4). For annular motors, the running margin remains constant
whatever the motor size is.

Conclusion: Two max torque definitions have been studied: one following a magnetic
saturation criteria and the other following a thermal criteria. These definitions lead to
a different maximum torque expression for cylindrical motors. In the motor predesign
process, using the torque as a definition parameter is a choice which might introduce
confusions somehow. The motor constant Km is more relevant to use instead, since it
has a unique definition among manufacturers. The following section is dedicated to
this constant.

4.2.3.2.3 Validation The previous formulated laws are compared with catalog
data.

To illustrate the case of the cylindrical motors following the geometrical similarity
hypothesis, the NK motor range from Parker is chosen [PARKER, 2022]. Fig. 4.13
displays its peak torque with respect to its equivalent continuous torque. A regression
performed over this data set is plotted along with the scaling laws. Neither the scaling
law from the magnetic criteria (CASE 1) nor the one from the thermal criteria (CASE
2) is validated. A piece of information is missing concerning the design concept of
this motor range. As a result, the intermediate formulation that minimizes the error
estimations is prefered. Thus, the peak torque law is defined as:

T∗
max = T∗

cont (4.46)

The validation study is completed with another manufacturer. The cylindrical
motors, from Kollmorgen RBE serie, are chosen [KOLLMORGEN, 2003]. In fig. 4.14,
the scaling law based on a thermal criteria is compared to the catalog data. According
to the logarithmic display, the law trend is validated. However, the plot in real values
highlights the dependency of the continuous torque with respect to the thermal
integration hypothesis. Therefore, there is an interest of using the motor constant Km.
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FIGURE 4.13: Scaling law validation, cylindrical motor, peak torque (Parvex
NK)

It allows to avoid such uncertain parameter and check the motor continuous torque
capabilities only through a thermal loss statement. The following section is dedicated
to this constant Km.

FIGURE 4.14: Scaling law validation, cylindrical motor, peak torque at 25
degrees, thermal criteria (KOLLMORGEN, RBE serie)

4.2.3.3 Motor performance

The motor constant Km gives the relation between the dissipated electrical power
(Joules’ losses) and the torque. It can be defined such as:

Km =
T2

PJ
[(N · m)2 · W−1] K′

m =
T

P1/2
J

[(N · m) · W−1/2] (4.47)

4.2.3.3.1 Introduction [MOOG, 2020a] manufacturer reports that Km constant is
a figure of merit commonly used to compare motor capabilities. It gets interesting
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since it is independent of winding type as long as the same material properties are
used for wires.

The winding independance can be shown easily. Since the torque constant
Kt [Nm/A] and Joules’ losses PJ [W] are expressed by T = Kt · I and PJ = R · I2, the
motor constant of eq. 4.47 can be written in another way:

Km =
K2

t
R

(4.48)

Then, studying each member of the ratio separately provides elements to conclude
about.

• Supposing a constant maximum induction field B∗, Laplace’s force can be
expressed such as:

d
−−−→
Flaplace = nturns · I · d

−→
l ∧−→

B =⇒ F∗
Laplace = n∗

turns · I∗ · l∗ (4.49)

This leads to a torque defined with a given radius r following the geometrical
similarity hypothesis r∗ = d∗:

T∗ = n∗
turns · I∗ · l∗ · d∗ = K∗

t · I∗ =⇒ K∗
t = n∗

turns · l∗ · d∗ (4.50)

The torque constant is dependent on the number of wire turn n:

K∗
t = f (n∗

turns) (4.51)

• The resistance is basically defined such as:

R = ρ · lwire

Swire

{
lwire = l1spire · nturns

Swire = Snotch/nturns
(4.52)

Turning into scaling laws:

l∗1spire = l∗ S∗
notch = d∗2 R∗ =

l∗

d∗2 · n∗2
turns (4.53)

The resistance is dependent on the squared power of the number of wire turn n:

R∗ = f (n∗2
turns) (4.54)

Using eq. 4.51 and eq. 4.54, Km winding independance is clear then:

Km =
K2

t
R

̸= f (nturns) (4.55)

The same conclusion is drawn considering the geometrical similarity (l∗ = d∗).
Consequently, at a given ambient temperature, a motor with a winding of nturns

of doubled parallel wires instead of 2 · nturns single wire doubles the velocity constant
Kv meanwhile Km remains unchanged (table 4.6).

Km can be used for selecting the size of a motor to use in an application as long as
no current and voltage limitations are specified. The torque to supply and the power
to dissipate are the unique inputs. Therefore, the scaling laws mentioned in the table
4.2 are expressed with Km.

The velocity and torque constants Ke or Kt are used to select the winding charac-
teristics of the motor regarding the specified current and voltage limitations.
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motor characteristics unit winding 1 winding 2 equations
wire section m2 S S/2
nbr of winding turn − nturns 2 · nturns
wire length m l 2 · l
torque N · m T T
resistance Ohm R 4 ·R R = ρ · l/S
current A I I/2 I = J · S
torque constant N · m/Adc Kt 2 · Kt T = Kt · I
speed constant Vdc/(rad · s−1) Ke 2 · Ke Kt = Ke
voltage Upeak U 2 · U U = R · I if ω = 0
Joules’ losses W PJ PJ PJ = R · I2

motor constant (N · m)2/W Km Km Km = T2/PJ

TABLE 4.6: Motor characteristic evolution from one winding to another

4.2.3.3.2 Formulation The motor constant is established for cylindrical and annular
motors considering both motor constant definitions (Km & K′

m).
- For cylindrical motor: the cited relations are detailed in Appendix K.1.

• If the geometrical similarity is considered (d∗ = l∗), Joules’ losses and torque
expressions (eq. K.5 & K.15) give:

T∗2

P∗
J
=

(J∗ · d∗4)2

J∗2 · d∗3 (4.56)

The current density being J∗ = d∗−1/2 (eq. K.8), the motor constant becomes:

Km =
T∗2

P∗
J
= d∗5 K′

m =
T∗

P∗1/2
J

= d∗5/2 (4.57)

Using the mass relation M ∗ = d∗3 (eq. K.23), the motor constant per unit of
mass is:

K∗
m

M ∗ =
T∗2

P∗
J ·M ∗ = d∗2 K′∗

m
M ∗ =

T∗

P∗1/2
J ·M ∗ = d∗−1/2 (4.58)

• If the geometrical similarity is not considered (d∗ ̸= l∗): Joules’ losses and
torque expressions (eq. K.6 & K.19) give:

T∗2

P∗
J
=

(J∗ · d∗3 · l∗)2

J∗2 · d∗2 · l∗
(4.59)

The current density being J∗ = d∗−1/2 (eq. K.9), the motor constant becomes:

K∗
m

l∗
=

T∗2

P∗
J · l∗

= d∗4 K′∗
m

l∗0.5 =
T∗

P∗1/2
J · l∗0.5

= d∗2 (4.60)

Using the mass relation M ∗ = d∗2 · l∗ (eq. K.25), the motor constant per unit of
mass is:

K∗
m

M ∗ =
T∗2

P∗
J ·M ∗ = d∗2 K′∗

m
M ∗ =

T∗

P∗1/2
J ·M ∗ = l∗−1/2 (4.61)
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- For annular motors: with the relations detailed in Appendix K.2, the motor constant
is derived to be:

K∗
m

l∗
=

T∗2

P∗
J · l∗

= d∗3 K′∗
m

l∗1/2 =
T∗

P∗1/2
J · l∗1/2

= d∗3/2 (4.62)

Per unit of mass, the motor constant becomes:

K∗
m

M ∗ =
T∗2

P∗
J ·M ∗ = d∗2 K′∗

m

M ∗ · l∗−1/2 =
T∗

P∗1/2
J ·M ∗ · l∗−1/2

= d∗1/2 (4.63)

4.2.3.3.3 Validation Some of the previous scaling laws are compared to manufac-
turer catalogs.

Parvex NK motor serie [PARKER, 2022] is a cylindrical motor following the
geometrical similarity hypothesis (l∗ = d∗). The eq. 4.57 & 4.58 are validated by
comparison with Parvex NK datasheets (fig. 4.15).

Kollmorgen RBE motor serie [KOLLMORGEN, 2003] is a cylindrical motor not
following the geometrical similarity hypothesis (l∗ ̸= d∗). The eq. 4.60 & 4.61 are
validated by comparison with RBE datasheets (fig. K.15 in Appendix K.1).

FIGURE 4.15: Scaling law validation, cylindrical motor, motor constant vs
diameter: (left) Km, (right) Km per unit of mass, data from [PARKER, 2022]

In the case of the annular motor, the eq. 4.62 & 4.63 are compared to the catalog
of [TECNOTION, 2019] and [ETEL, 2013]. Fig. 4.16 validates these scaling laws.
Another representation with respect to the linear continuous torque is available in fig.
K.26 of Appendix K.2.

In fig. 4.16 (left) and for a given diameter, the point with the higher linear Km
corresponds to the longest motor whereas the point with the lowest linear Km corre-
sponds to the shortest motor. The vertical dispersion is explained by the unconsidered
thermal dissipation from the motor lateral surfaces. For short motors, these surfaces
contribute in a significant thermal dissipation compared to the surface covered by
the lamination stack. When the motor length increases, the lamination stack length
increases and the contribution of these lateral surfaces gets less significant. This ex-
plains the observed variation of the thermal dissipation capability per unit of length
for a given diameter.
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Notes: The prediction of the Etel catalog uses the rotor inner diameter. This prediction can be improved using
the airgap diameter. Etel documentation does not provide 2D sketches to get such a data. The prediction of the

Tecnotion catalog uses the airgap diameter.

FIGURE 4.16: Scaling law validation, annular motor, motor constant vs
diameter: (left) Km, (right) Km per unit of mass, data from [TECNOTION,

2019, ETEL, 2013]

The same explanation apply for the linear Km per unit of mass (fig. 4.16, right).
In addition, the mass of the winding heads gives an offset to the total mass. When
the motor length increases, the torque value increases and this mass offset per unit of
torque decreases.

4.2.3.3.4 Conclusion This study shows that the motor constant Km per unit of mass
is similar whatever the motor technology (cylindrical, annular) is. This illustrates the
universal property of this constant.

The motor is a converter of electrical power into mechanical power. The Km
constant points out the heart of the problem, it is a motor conversion factor. Unlike
the continuous or peak torque where every supplier has got its own definition (as
seen in section 4.2.3.2), the Km constant takes a higher view at design level, it does
not require any information about the motor winding or the thermal integration.

What is more, the Km per unit of mass (eq. 4.58, 4.61 and 4.63) highlights the
following points:

• It is an interesting coefficient allowing easy comparison of motors between
technologies and suppliers. It can be seen as an indicator of supplier technical
finishing level.

• It is not dependent on the motor length. Indeed, the length does not have any
impact on the energy conversion, the torque has got one.

• The expression basically shows that the higher the motor diameter is, the higher
the efficiency of energy conversion per unit of mass is.

• The definition of Km leads to more direct interpretations than the other defini-
tion, K′

m.
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4.2.4 Surrogate

In a helicopter context, the resonance frequencies and the stress under a vibratory
environment is an unavoidable check to perform. The following subsections present
a preliminary vibratory study of a simplified actuator housing. The approach goes
through the synthesis of a surrogate model to implement into the actuator preliminary
sizing loop.

4.2.4.1 Introduction

From a purely mechanical point of view, the design of the EMA housing has to
focus on the elementary forces acting on the housing, which can be divided into two
categories: the static stresses induced by the power transmission to the load, they
have low frequencies; the vibratory stresses induced by vibratory environment, they
have high frequencies ( f ∈ [5; 2000]hz, [RTCA, 2005]).

The path of the various static or dynamic loads is represented for a generic
actuator in fig. 4.17.

FIGURE 4.17: Load path in generic EMA [Budinger et al., 2015]

The most significant static loadings are the tensile, compressive, buckling forces.
They are transmitted through the rod to the nut, the screw, the bearings and finally
to the housing. The high number of cycles generally requires the fatigue limit of
materials to be considered.

Other low frequency sollicitations are the shearing, torsion, bending stresses
induced by the friction and the reaction torques from the motor, the reducer, the nut
screw and the spherical bearings in anchorage points.

The dynamic stress is mainly generated by the transversal vibrations due to the
vibratory environment which can generate important mechanical bending stresses.
For long actuator, as considered in this thesis, these stresses can be prevailing.

4.2.4.2 Prior considerations

A high fidelity model of vibratory stress in the housing would be difficult to develop.
Indeed, ball bearing stiffness, roller screw stiffness and plays are unknown and not
supplied in datasheets. The contact at linear bushing level is unclear.

Therefore, we propose a simple model based on some simplifications. The first
one concerns the potential plays in the actuator assembly and their effect with respect
to excitation frequencies. The vibratory amplitude relies on the acceleration level as
illustrated in table 4.7.
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x =
a

w2


x vibratory amplitude [m]

a acceleration [m · s−2]

w = 2π f angular speed [rad · s−1]

(4.64)

number of g - 6 6 20 20
acceleration a m · s−1 58.8 58.8 196 196
frequency f hz 250 50 250 50
vibratory amplitude x µm 24 596 79 1986

TABLE 4.7: Vibratory amplitudes for different accelerations and frequencies

The vibratory amplitudes are estimated in table 4.7 with eq. 4.64 regarding com-
monly used accelerations, found in DO160 standard [RTCA, 2005] (6g for in-cabin
equipment, 20g for under-swashplate location). The amplitudes can be lower and
close to the typical plays. In this case, the vibratory phenomena gets even more
complex. Typical plays at linear bushing level are roughly 100 µm.

To model the effect of the play, we propose a lumped-parameter simulation. It
associates one or two mass–spring systems excited through an elastogap where the
play is modelled as a non-linear stiffness (very low value into the play, and high value
far from the play).

In fig. 4.18, the accelerations stated by the DO160 standard ([RTCA, 2005]) are
plotted in terms of amplitude and frequency.

FIGURE 4.18: DO160 accelerations: amplitude evolutions vs frequency

Two cases are studied and illustrated thereafter: the case 1 at 250 hz with x ≤
100 µm and the case 2 at 50 hz with x ≥ 100 µm. Both cases consider an acceleration
of 6 g.

First of all, the model considers only one mass–spring system.
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Case 1 is simulated in fig. 4.19. The mass–spring resonance is set at 250 hz and
the excitation is around this frequency. No resonance mode of the mass is observed,
the vibratory excitation is ’filtered’ by the play.

FIGURE 4.19: Mass amplitudes of the simple mass–spring coupled with play
(f=250hz)

Case 2 is simulated in fig. 4.20. The mass–spring resonance is set at 50 hz and the
excitation is around this frequency. The mass vibrations are more important and the
resonance is observed.

FIGURE 4.20: Mass amplitudes of the simple mass–spring coupled with play
(f=50hz)

For the plays inside the actuator, the model considers two mass–spring systems
linked by an elastogap. Using this model, the displacement of each mass is plotted
(fig. 4.21). For a resonance frequency around 50 hz, the amplitudes are such that the
vibrating parts interfaced by the play are considered as one and a single part.
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FIGURE 4.21: Mass amplitudes of the double mass–spring coupled with play
(f=50hz)

For a resonance frequency around 250 hz, the vibratory amplitudes are much
lower and the two masses evolve within the play.

As a result, to keep the vibratory amplitudes smaller than the play between parts,
the resonance frequencies must be high (e.g. ≥ 200 hz, this limit depends on the
amplitude of the acceleration). For long and narrow actuators such as the actuator
of reference of this thesis, it is not the case. The resonance frequencies are low. A
hammering impact lab test on the actuator of reference showed a resonance frequency
of around 50hz.

Thus, some simplifications can be introduced into the stress estimations of the
actuator housing under vibratory excitations. For housings with low resonance
frequency, we can suppose that the plays are negligible compared to the vibratory
amplitudes. Consequently, the contact with linear bushing is modelled as an infinitely
rigid contact.

4.2.4.3 Hypothesis

Now, a FEM model of reduced parameters is developped in order to represent it by a
surrogate model. Some more hypothesis are formulated then.

FIGURE 4.22: Actuator simplified geometry for modal analysis

A simplified geometry is considered (fig. 4.22): two hollowed cylinders one in
the other. The connection between them is assumed to be perfect. The set (motor,
brake, connectors, and bearings) is supposed to be a cylinder of 1/3rd of La with an
equivalent density. This equivalent mass is modelled with Young’s modulus of a low
value (1/10th of aluminium modulus). This choice is conservative, it is so as not to
impact the stiffness of the housing.

The housing and output rod are set with the same material properties (aluminium).
Their length are respectively supposed to 2/3rd and 1/3rd of La.
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The nut is modelled as a full cylinder with a density of 90% of steel density
(7000 kg.m−3) to consider air content between rollers. The geometry of the nut evolves
with a geometrical similarity assumption (scaling law). The cylinder representing the
nut is modelled, using Young’s modulus of a low value (1/10th of steel modulus) so
as to not influence the stiffness of the global structure.

The rod ends allow rotations with no friction.
The antirotation key and the sealing leap at the interface output rod with housing

are not modelled.
In the 3 following sections, a surrogate modelling technic inspired from the

surrogate proposed in the paper [Sanchez et al., 2017] is developped.

4.2.4.4 Problem formulation

Under vibration, the system can be associated to a basic damped mass–spring model.
Fig. 4.23 presents this model with U (m) the displacement of an equivalent mass
Meq (kg) evolving according to an excitation force Fe (N), a stiffness Keq (N · m−1), and
a damping Ceq (N · m−1 · s).

FIGURE 4.23: Mass–spring model

The stress σ is linearly linked to the displacement U:

σ = kσ · U kσ =
σ0

U0
(4.65)

with σ0 [Pa] and U0 [m], the maximum stress and the maximum displacement at
resonance frequency.

Newton’s second law applied to the moving body enables the Laplace function
between the displacement U(t) and the excitation load Fe(t) to be estimated, such as:

U(p)
Fe(p)

=
1

Meq · p2 + Ceq · p + Keq
=

1/Keq

p2/ω2
r + 2 · ξ · p/ωr + 1

(4.66)

Considering an excitation of the mass with a sinusoidal force Fe(t) = F0 · sin(ω · t),
the maximum displacement at the first resonance mode is:

U0 =
1

2 · ξ
· F0

Keq
=

Qm · F0

Keq
ξ =

Ceq

2 ·√Keq · Meq
≈ 1

2 · Qm
(4.67)

where Qm is the mechanical quality coefficient.
The article [Budinger et al., 2015] reports that tests performed on industrial

prototypes show a wide range of practical values for the equivalent mechanical
quality coefficient Qm. In addition, it reports that experiments give typical values
for Qm between 10 and 50, depending on the application and boundary conditions.
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For structural dynamic models, in the absence of better information, it is normally
acceptable to assume a value of Qm = 30 (according to [EASA, 2007]).

The equivalent force F0 of the acceleration effect can be evaluated thanks to an
equivalent work W0 [Moës, 2011, Spencer, 2004]:

W0 = F0 · U0 =

�
V

u0 · a · ρ · dV (4.68)

with u0(x) the deflection of the actuator envelop, a the amplitude of the vibratory
sinusoidal acceleration. A mass Macc subjected to the acceleration can be defined:

F0 = Macc · a Macc =
1

U0
·
�

V
u0 · ρ · dV (4.69)

The mass subjected to the acceleration is not identical to the mass expressing the
kinetic energy, Meq, defined such as [Moës, 2011, Spencer, 2004]:

1
2
· Meq · v2

0,M =

�
V

1
2
· ρ · v2

0,a · dV (4.70)

with, at the first mode resonance, v0,M the speed of Meq and v0,a(x) the speed of each
point of the actuator deflection. The speeds can be defined such as:

v0,M = w0 · U0 v0,a = w0 · u0 (4.71)

Thus, we can easily define the equivalent mass such as:

Meq =
1

U2
0
·
�

V
ρ · u2

0 · dV (4.72)

The following ratio is introduced:

kacc =
Macc

Meq
=

 U0 ·
�

V u0· dV
�

V u2
0· dV

if ρ is constant

U0 ·
�

V u0·ρ· dV
�

V u2
0·ρ· dV

if ρ is not constant
(4.73)

and the maximum displacement at the resonance can be approximated as it follows:

U0 =
Qm · kacc · Meq · a0

Keq
=

Qm · kacc · a0

ω2
0

(4.74)

with ω2
0 = Keq/Meq the resonance angular frequency.

4.2.4.5 Dimensional analysis

As seen in Section 4.2.2, the use of a dimensional analysis and Buckingham’s Theorem
enable to reduce the number of variables expressing a physical problem. Here below,
this approach is developed for the vibratory use case. By simplification and for a
reduced number of parameters, a constant density ρ is assumed all along the actuator
(eq. 4.73).

The link between stress and displacement evolves according to the following
variables:

σ

U
= kσ = f (E, drs, La, e1, e2, Lrs) (4.75)
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which can be rewritten with the following dimensionless numbers:

πkσ
=

σ · drs

U · E
= f (

La

drs
,

e1

drs
,

e2

drs
,

Lrs

drs
) (4.76)

The resonance angular frequency evolves according to:

ω0 = g(E, ρ, drs, La, e1, e2, Lrs) (4.77)

which can be rewritten with the following dimensionless numbers:

πω0 = ω0 ·
(

ρ

E

)1/2

· drs = g(
La

drs
,

e1

drs
,

e2

drs
,

Lrs

drs
) (4.78)

The stress under a vibratory acceleration can be expressed as:

σ = kσ · U = kσ ·
Qm · kacc · a

ω2
0

= σ0 · Qm · a ·

�
V

u0 · dV
�

V
u2

0 · dV
(4.79)

The stress evolves according to:

σ = h(kσ, ω2
0, a, Qm) (4.80)

which can be rewritten as:

π0 =
σ

Qm · a · drs · ρ
= h(

La

drs
,

e1

drs
,

e2

drs
,

Lrs

drs
) (4.81)

The expression of the stress is thus only function of four aspect ratios. One of
these aspect ratios, Lrs/drs, can be assumed to be constant because of the geometrical
similarity assumption used for roller screw component sizing (scaling law).

The final expression of the stress is a function dependent of three dimensionless
quantities:

π0 = g(π1, π2, π3)


π0 = σ/(Qm · a · drs · ρ)

π1 = La/drs

π2 = e1/drs

π3 = e2/drs

(4.82)

It remains to determine this function g. The following section does the job.

4.2.4.6 FEM software model

In a software of computation by finite elements (fig. 4.22), a model is parametrized
according to previous considerations and hypothesis. It enables to get:

• the resonance frequency f0 or the resonance angular frequency ω0.

• the modal form characterised by a maximal displacement U0.

• the corresponding maximum stress σ0. The maximum stress is identified to be
on the output rod tube (e1 thickness).

The intersection of both cylinders has been cared by smooth and arced geometries
to avoid numerical stress constraints. The boundaries are clamped at each extremity
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of the actuator model. The deflection is allowed within the plane of the section
presented in fig. 4.24.

FIGURE 4.24: Actuator modal analysis (COMSOL)

As mentioned in Chapter 1 and table 1.5, the tandem topology of actuation is
largely used in the aeronautic field since it complies with safety aviation rules. This
topology involves 2 actuators stuck to each other at their basement (fig. 1.23), their
extension is in opposite directions. This topology increases the total length of the
actuation unit and reduces the diameter to total length ratio. To consider this use
case, another surrogate model needs to be developed.

The FEM model for the single actuator is reused. The boundary conditions are
changed. A symmetry constraint is applied on the CAD model to double it. The
plane of symmetry is at actuator basement (next to the brake). The stress is picked
up onto 2 critical points: at the interface between both actuators and at the interface
between output rod and housing. Two surrogate models are expressed to determine
the value of π0 for each of these points.

4.2.4.7 DOE & surrogate synthesis

Once the dimensionless quantities are known (eq. 4.82), a Design of Experiment (DoE)
is realized with e1, e2, d and La. The simulations (modal analysis) is carried out using
the model presented in section 4.2.4.6 which finally allows to generate the variable of
interest π0.

The use of dimensionless numbers (or π-numbers) to set up a RSM or a surro-
gate model has several advantages. First, it decreases the number of variables to be
manipulated and therefore it drastically decreases the number of physical or numer-
ical experiments to be carried out. Secondly, it increases the regression robustness
[Lacey and Steele, 2006] in particular if the RSM is built within the logarithmic space.
[Budinger et al., 2020] mentions that logarithmic shows good results in interpola-
tion and in extrapolation because of the power law form. This is the case for the
Variable Power Law Metamodel (VPLM) methodology [Sanchez et al., 2017] used in this
approach.

The dependant variable of the problem are approximated thanks to a linear
regression (RSM) where the development takes into account a mean value, a first
order member (which represents the main effects of the problem), a combined member
(representing the interactions) and a second order member to consider further effects.
The development takes the following form:

π0 = a0︸︷︷︸
mean value

+ ∑ aiπi︸ ︷︷ ︸
main effect

+∑ aijπiπj︸ ︷︷ ︸
interactions

+ ∑ aiiπ
2
i︸ ︷︷ ︸

high order effect

(4.83)
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A log transformation on variables is performed for the linearisation which gives
the form:

log(π0) = a0 + ∑ ailog(πi) + ∑ aijlog(πi)log(πj) + ∑ aiilog(πi)
2 (4.84)

and can be rewritten as:

π0 = 10a0
n

∏
i=1

π
ai+aii log(πi)+

n
∑

j=i+1
aij log(πj)

i (4.85)

This power law form enables to deal with large variation range of dependent and
independent variables.

The data set coming from the DoE is shared in two sets: one for the regression
procedure so as to determine the coefficients ai and aij (eq. 4.84) and the other for the
test of the final surrogate.

The regression gives the following surrogate model which determines the value
of π0 for the housing of a single actuator:

log10(π0) = 68 · log10
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(4.86)

with L the length La and d the diameter drs.
For the tandem actuation topology and at the interface between output rod and

housing, the regression gives the following surrogate model:

log10(π0) = 180 · log10
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(4.87)

with L the length La and d the diameter drs.
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For the tandem actuation topology and at the interface between both actuators,
the regression gives the following surrogate model:

log10(π0) = 96 · log10
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(4.88)

with L the length La and d the diameter drs.

4.2.4.8 Validation

In fig. 4.25 and 4.26, the elaborated surrogates are compared to the FEM simulation
result data set. The prediction level is satisfying with R2 > 99%.

FIGURE 4.25: Vibratory surrogate, single actuator: comparison π0 results
(eq. 4.86) with FEM simulation results
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FIGURE 4.26: Vibratory surrogate, double actuator, comparison π0 results
(eq. 4.87, 4.88) with FEM simulation results: (left) point at the intersection of
housing with output rod, (right) point at the interface between both actuators

4.3 Simulation & evaluation models

This section presents the simulation & evaluation models already introduced in
section 4.1. According to the main sizing scenarios, these models are a link between
the sizing parameters, the component characteristics and the constraints to satisfy
during the design. These models quantify each component key design drivers (KDD)
using the actuator specification and design hypothesis. As reminder, the KDDs cover
four criterias: performance, endurance, imperfection and environment (section 2.2).
This includes especially the transmission efficiencies and the heat losses that are of the
upmost importance in such actuation technology and such application. The selected
component capabilities and dimensions have to be compared according to these 4
criterias when they are applicable. The component characteristics come from the
estimation models presented in section 4.2. This section is split into two parts. The
first part deals with the mechanical components. The second part is for the electrical
components. Fig. 4.27 basically reminds the actuator architecture.

FIGURE 4.27: Actuator architecture: mechanical components in blue, elec-
trical components in orange

4.3.1 Mechanical components

Section 2.2.1 of Chapter 2 introduces the key design drivers KDD of the mechanical
components.

4.3.1.1 Rod end

A key design driver of the rod end is the maximum stress. The stress is directly linked
to the load applied on the component.
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Typically, in manufacturer catalogs, the first parameter of component selection
is either the static load rating C0 [N] or the dynamic load rating Cd [N] [SKF, 2011]
[Shigley, 2006]. The first one corresponds to a rapid degradation i.e. an irreversible
plastic deformation. The second one corresponds to a gradual degradation i.e. a given
level of rolling fatigue cycles which limits the component lifetime. In the context
of this thesis, the rod ends are spherical plain bearings that perform small angular
amplitudes (≪ 90◦). The gradual degradation is rather turned towards a wear than a
rolling fatigue (Cd).

Thus, the selection of the rod end is reduced to a choice of static load rating C0,
higher than the maximum load given by the actuator specification:

C0,RE ≥ Fmax,spec (4.89)

where C0,RE is the key definition parameter of the rod end estimation models (scaling
law, table 4.1). The rod end characteristics will be estimated, based on this parameter
value.

The bore diameter of the spherical plain bearing must be greater than a given di-
ameter daxle,min. This diameter is an input of the design problem, a design hypothesis.

din,spherical ≥ daxle,min (4.90)

With this inequation, the component selection is constrained to be of a minimum
standard.

In appendix M, table M.1 sums up in detail the variables and relations involved
for the rod end selection.

4.3.1.2 Ball bearing

This section focuses on two components: the double row angular contact Ball Bearing
(BB1) and the single row deep groove Ball Bearing (BB2). As reminder, the ball bearing
design is driven by five design drivers: the maximum stress, the fatigue, the geometry,
the inertia and the friction torque.

4.3.1.2.1 Loading statement First of all, before detailing the bearing selection, it
is necessary to draw up a loading statement. Theoretically, only the bearing BB1
withstands all the axial load and there is no transverse load in the arrangement
(architecture of reference in fig. 1.22, Chapter 1). This cannot be supposed since
in reality, small misalignments, vibrations or friction in rod ends finally transfer
a tranverse load and a torque to the actuator. Quantifying this additional load is
difficult, as it depends on many unknowns. Therefore, the following worst-case
scenario is supposed:

• the roller screw nut is jammed to its shaft.

• at the interface with the linear bushing, the output rod stands within its toler-
anced play. The linear bushing does not support any load.

• the actuator is fully spread out (maximum specified stoke applied).

• a transverse load is applied at the rod end of the actuator. This transverse load
has a magnitude of 10% of the axial load. This value is a hypothesis involving
margins. This value is in practice at the Airbus design office (aircraft actuators,
Toulouse).
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This scenario is summarized in fig. 4.28.

FIGURE 4.28: Actuator ball bearing loading statement

The torque sums, at the identified points, lead to the expression of reactions as a
function of the transverse or radial load Fr [N] and the axial load Fa [N]:

Ra,BB1 = Fa Rr,BB1 =
l1 + l2

l1
· Fr = kradial,BB1 · Fa (4.91)

Ra,BB2 = 0 Rr,BB2 =
l2
l1
· Fr = kradial,BB2 · Fa (4.92)

where Fr = 0.1 · Fa and Fa corresponds to the specified maximum static load Fmax [N].

In the following paragrahs, the selection of the bearings BB1 and BB2 is detailed
per design driver.

4.3.1.2.2 Maximum stress Firstly, two scenarios involve a critical level of stress
in the component. The first scenario is an important static load application. BB1
withstands the entire actuator axial load. The maximum load given by the actuator
specification must remain under the component static load capability C0 [N]:

C0,BB1 ≥ Fmax,spec (4.93)

As a reminder, the static load rating C0 is defined in the standard ISO 76. This states
that, for ball bearing, C0 is the load that results in a contact stress of 4200 MPa at the
contact of the most heavily loaded rolling element and raceway. This stress value
produces a total permanent deformation roughly equal to 0.01% of the rolling element
diameter [SKF, 2018a].

BB1 static sizing does not include the radial loading Rr,BB1. Indeed, in the case of a
combined loading, the manufacturer indicates to use an equivalent static load P0 [N]
such as P0 = Rr + 0.76 · Ra. This is not consistent for a particular sizing case where a
long motor and a small stroke are required. The ball bearing static load capability
would result to be undersized (P0 ≤ Fa = Fmax).

BB2 withstands only a radial loading. Its static load capability should satisfy the
specified maximum radial load:

C0,BB2 ≥ Fmax,spec · kradial,BB2 (4.94)

The second scenario of maximum stress is a high level of centrifugal forces
which is proportional to speed. For ball bearings, the estimation models (scaling
law, table 4.1) already offer a maximum speed based on a mechanical limitation
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Ωmax,mecha [RPM]. This characteristic must remain higher than the maximum speed
given by the actuator specification:

Ωmax,mecha ≥ Ωmax,spec =
vmax

p
· 60

2π
(4.95)

where vmax [m/s] is the specified linear speed, p [m/rad] is the lead of the screw
mechanism.

4.3.1.2.3 Fatigue Secondly, the mechanical fatigue drives the bearing design. It
counts the rolling and pitting fatigue. The rolling fatigue is introduced in section
2.4.1. The damage due to rolling is defined as a function of a load and an equivalent
number of revolutions (eq. 2.7). The rolling damage induced by the specification is
estimated by:

Drolling,BB1 = F3
RMC · Neq,rolling Neq,rolling =

Leq

p · 2π
(4.96)

Drolling,BB2 = (FRMC · kradial,BB2)
3 · Neq,rolling (4.97)

where p [m/rad] is the screw mechanism lead, FRMC [N] and Leq [m] are values of
the specification detailed in eq. 2.9 and eq. 2.10, Neq,rolling [rev] is the number of
revolutions representative of rolling fatigue. The pitting fatigue is introduced in
section 2.4.2. It corresponds to a fluctuating load intensity applied on component
without motion. This produces fatigue cycles at contact points inside the components.
The pitting load is at stake in the rotating components of the actuator loading path:
the ball bearing double row (BB1) and the Screw Mechanism (SM). In the scope of a
preliminary study, we propose to express the pitting fatigue in terms of fatigue cycles
coming from an additional rolling fatigue. The fatigue cycles induced by pitting are
associated to the fatigue cycles induced by the ball rolling. The number of equivalent
bearing revolution must be chosen consequently to be representative of the pitting
cycle number. Fig. 4.29 presents a ball bearing with the outer ring fixed to a reference.

FIGURE 4.29: Ball bearing kinematic sketch: highlight of speed fields

It is graphically shown that the ball speed ωB/R is half smaller than the inner ring
speed ωI/R. This means that, for one ring turn, there are nball/2 ball passings where
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nball is the number of balls. The pitting load produces a number of cycle Nc,pitting
depending on the load frequency fload [hz] and the actuator lifespan tli f e [s]. The
equivalent pitting revolution number is expressed such as:

Neq,pitting = Nc,pitting · kcycle


Nc,pitting = fload · tli f e

kcycle =
1

nball/2
(4.98)

The pitting phenomena is identified as a fluctuating load around a static load level.
The static and dynamic levels of the actuator loading are identified while analysing
mission profiles from the helicopter flight tests. A maximum amplitude (peak to
peak) can be determined for the dynamic level. To consider the pitting phenomena,
this maximum amplitude is supposed to be applied for each pitting cycles. This
amplitude value is a parameter of the actuator specification: Fmax,pitting [N], named
the maximum dynamic load amplitude. This choice is opened to criticism. Indeed,
this choice does not consider the load static level. It is clear that a given dynamic
load at a vanished static load or a given static load does not involve the same fatigue
damage. The only way to consider the static load is to use Haigh’s diagram. From a
given static and dynamic stress level, it estimates an equivalent dynamic stress at a
vanished static stress. This approach introduces a locking point since it requires to get
into component stress values. We could use the scaling laws developed for elliptical
Hertz contact in Appendix L and assumes a Hertz contact stress for the considered
product range. Such approach will not be undertaken in this work since it is based on
too many uncertainties. What is more, it gets away from the modelling complexity
level of this thesis. The component stress calculation belongs to the detailed design.
The supplier is entailed to perform it later in the design process cycle. In a preliminary
phase, the choice is rather turned to let the engineer ajust the dynamic load value
entered in specification (Fmax,pitting) according to the static level if necessary.

Thus, the pitting damage stands as:

Dpitting = F3
max,pitting · Neq,pitting (4.99)

As a reminder from Miner’s law (see eq. 2.5), the damage is linear and cumulative.
The total damage from rolling and pitting is sumed up.

Dtotal = Drolling + Dpitting = C3
d,spec · 106 (4.100)

This sum leads to the expression of the specified equivalent dynamic load Cd,spec [N]

given for an ISO 281 basic rating life of 106 revolutions.

Cd,spec =

(
Dtotal

106 · kr f

)1/3

(4.101)

A reliability factor kr f [−] is introduced to consider a survival probability upper than
90% (fig. 4.30). The selected ball bearing must verify that its dynamic load capability
Cd [N] remains greater than the specified dynamic load:

Cd ≥ Cd,spec [N] (4.102)
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FIGURE 4.30: Ball bearing reliability factor [SKF, 2018b]

4.3.1.2.4 Geometry Thirdly, the assembly operation of the ball bearing onto the
shaft has to be considered. This consists in a diameter limitation between the bore
diameter of the ball bearing din [m] and the screw diameter of the screw-mechanism
dscrew,SM:

din ≥ dscrew,SM (4.103)

where din is the selected ball bearing characteristic.

4.3.1.2.5 Inertia Fourthly, the ball bearing contributes into the shaft rotating inertia.
This contribution is mainly broken down into the inertia involved by the inner ring
rotation, the inertia involved by the ball self-rotation and the inertia involved by the
displacement of balls around the inner ring. The expression of the kinetic energy Ec
enables to extract an equivalent value Jeq of the ball bearing inertia contribution such
as:

Ec = Ec,ring + Ec,balls,r + Ec,balls,t =
1
2
· Jeq,ring · ω2

ring (4.104)

where

Ec,ring =
1
2
· Jring · ω2

ring Ec,balls,r = nball ·
1
2
· Jball · ω2

ball (4.105)

Ec,balls,t = nball ·
1
2
· Mball · v2

ball (4.106)

As a preliminary approach, we suggest to estimate the bearing inertia as the
inertia of an equivalent inner ring. Its dimensions takes the bearing bore diameter as
an inner diameter and the bearing mean diameter as an outside diameter. Its density
is introduced as a design hypothesis. We propose to set it as the steel density.

Jeq,ring =
Mring

2
·
[(

dmean

2

)2

+

(
din

2

)2]
(4.107)

Mring =
π

4
·
(
d2

mean − d2
in
)
· l · ρeq,ring (4.108)

dmean = 0.5 ·
(
din + dout

)
(4.109)

where din [m], dout [m], and l [m] are the inner ring diameter, the outside diameter
and width of the bearing. These dimensions are provided by the estimation models.

Using a supplier component (e.g. bearing 61804 from [SKF, 2018a]), this second
approach has been compared to the first one (eq. 4.104). The comparison showed that
the second approach was conservative of 28% on the estimation of the inertia Jeq,ring.

4.3.1.2.6 Friction & viscous torque Fifthly and lastly, the ball bearing contributes
to motor no-load torque (fig. 4.35) with a resistant torque. This torque results
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from friction and lubrication viscosity. In a preliminary study, the interest is for a
reduced number of known parameters and expressions with physically meaningful
expressions. This allows quantifying physical phenomena separately and make a
study. Among the three manufacturers [NSK, 2013], [ScheafflerKG, 2009] and [SKF,
2018a], the set of equations from Schaeffler Group was selected. The main equation
exponents has been checked to be consistent with [Maré, 2015] proposing some
detailed modelling. The estimation of the total resistant torque is separated into two
sets of equations.

The first set of equations is for viscosity, it depends on shaft speed taken as the
specified maximum speed Ωmax,spec [RPM] (defined in eq. 4.95). The kinematic vis-
cosity νgrease [mm2/s] is set as a design hypothesis. [ScheafflerKG, 2009] indicates that
the viscosity to consider is the one of the oil basis of the grease at running tempera-
ture. Appendix Q helps in estimating an order of magnitude to this viscosity and its
evolution regarding temperature. [ScheafflerKG, 2009] states the speed dependent
friction as it follows:

if pvs = νgrease · Ωmax,spec ≥ 2000 then, (4.110)

Tf s = kc · p2/3
vs · d3

mean (4.111)

else Tf s = kd · d3
mean (4.112)

where kc, kd are two constants inherent to bearing type, dmean [m] is the mean diameter
of the bearing as formulated in eq. 4.109.

The second set of equation is for dry friction, depending on loading. It consists in
the estimation of a coefficient of friction µ1 [−] and a deterministic load F1 [N]:

Tf l = µ1 · F1 · dmean

{
µ1 = f (Ra, Rr, C0)

F1 = f (Ra, Rr)
(4.113)

where dmean [m] is the mean diameter as formulated in eq. 4.109. µ1 and F1 involve
coefficients inherent to each bearing type. The manufacturer catalog [ScheafflerKG,
2009] provides them.

The total resistant torque is deduced consequently as:

Tf = Tf s + Tf l (4.114)

4.3.1.2.7 Further In appendix M, tables M.2 and M.3 sum up the variables and
detailed relations involved in the selection of the ball bearings BB1 and BB2.

4.3.1.3 Screw-nut mechanism

This section focuses on the SM selection. The component SM is driven by three design
drivers: the maximum stress, the fatigue and the geometry. The screw inertia and
the efficiency are parasitic characteristics to implement within the selection of the
other components of the power transmission. The screw inertia is estimated by an
estimation model (scaling law). The efficiency is the topic of the following section
4.3.1.4.

4.3.1.3.1 Maximum stress To start with the maximum stress design driver, four
scenarios involve a critical level of stress in the component. An important static load
application is a scenario. SM withstands the entire actuator axial load. The maximum
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static load, given by the actuator specification, must remain under the component
static load capability C0 [N]:

C0,SM ≥ Fmax,static,spec (4.115)

Another scenario comes with the screw rotating at a resonance speed. The permissible
critical speeds under 0 N load and under loads are provided by [ROLLVIS, 2019]
with empirical equations such as:

Ωr,0l,SM = 3.456 · 104 · ds,SM · l−2
s,SM (4.116)

Ωr,l,SM = 1.6 · 102 · d−1
s,SM (4.117)

where ls,SM [m] is the sum of the nut length and the application stroke. The screw
rotation speed must remain under the resonance speeds:

Ωr,0l,SM > Ωmax,spec =
vmax

p
· 60

2π
Ωr,l,SM > Ωmax,spec (4.118)

where p [m/rad] is the lead, Ωi are angular speeds in [RPM].
A last scenario comes with the buckling phenomena occuring for a small screw

diameter, an important stroke and important loads. The supplier [ROLLVIS, 2019]
provides an empirical equation to estimate the corresponding load limit:

Fbuckling,SM = 2.122 · 1010 · d4
s,SM · l2

s,SM (4.119)

The maximum static load given by the actuator specification must remain under the
component buckling resistance Fbuckling [N]:

Fbuckling,SM ≥ Fmax,static,spec (4.120)

4.3.1.3.2 Fatigue Secondly, the mechanical fatigue drives the SM design. It in-
volves the rolling and pitting fatigue. The damage due to rolling is defined similarly
to the ball bearing section 4.3.1.2 discussed previously. It is a function of a load and
an equivalent number of revolutions (eq. 2.7). The rolling damage induced by the
specification is estimated by:

Drolling,SM = F3
RMC · Neq,rolling Neq,rolling =

Leq

p · 2π
(4.121)

where p [m/rad] is the lead, FRMC [N] and Leq [m] are values of the specification
detailed in eq. 2.9 and eq. 2.10.

In the scope of a preliminary study and similarly to the suggestion made for the
ball bearing fatigue, we suggest to express the pitting fatigue in terms of fatigue cycles
coming from an additional rolling fatigue. This suggestion keeps a homogeneous
complexity level among component models. Further in the design cycle, a detailed
calculation of contact stress will have to be carried out anyhow for validation. A
thesis project is in progress on this fatigue concern.

Following this proposition, the corresponding number of equivalent screw revo-
lution must be chosen consequently to be representative of the pitting cycle number.
The total number of pitting cycle is given by the load frequency and the actuator
lifespan. The equivalent number of revolution is:

Neq = fload · tli f e · kcycle (4.122)
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where kcycle is the number of revolution per fatigue cycle. Now, the question is: how
many fatigue cycles does a single revolution correspond to?

In the following paragraph, this question is answered for the screw mechanism.
For this purpose, it is necessary to deepen the PRS kinematic and some relevant

literature concerning the PRS sizing [Sandu, 2018] [Kossi Abevi, 2013]. The diagram
in fig. 4.31 presents the PRS kinematic. The different parts in relative motion are in
different colors. For simplification, the roller is drawn with only 4 threads in contact
with the nut and the screw.

FIGURE 4.31: Standard planetary roller screw kinematic diagram ([Sandu,
2018]) with respect to a test bench (left) and the planet carrier (right): N:

nut, P: planet carrier, R: roller, S: screw

[Sandu, 2018] suggests to characterize the PRS kinematic by mainly two coeffi-
cients: the gear (or overdrive) ratio Γ and the slip ratio ϵ. The gear ratio is defined
such as:

Γ =


ωN/P

ωR/P
=

rR

rN
if standard PRS (4.123c)

−ωS/P

ωR/P
=

rR

rS
if inverted PRS (4.123d)

where ri are the pitch radii of the PRS parts. The slip ratio is decribed by:

ϵ = −ωN/P

ωS/N
=

ωP/N

ωS/N
(4.124)

The slip ratio ϵ expresses how fast the planet carrier (P) turns inside the nut (N),
compared to the screw (S). In other words, it indicates how far a roller (R) goes when
a full turn of screw (S) is performed. Since the planet carrier (P) never turns faster
than the screw (S), the value of ϵ is within [0, 1] in any case. For a standard PRS, ϵ = 0
means that the planet carrier (P) does nut turn a rad with respect to the nut (N). Since
the rollers (R) are geared to the nut (N), their rotation is blocked, the screw (S) is the
only one to rotate. Consequently, ϵ = 0 means there is no rolling occuring, the system
is equivalent to a basic friction screw. When increasing ϵ, the planet carrier (P) starts
to move and most of the pure sliding friction gets gradually transformed into rolling.
This is one of the performance asset that makes the PRS standing out from friction
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screws. ϵ is an indicator of this performance. The higher ϵ is, the more rolling and the
less sliding occurs. However, the value ϵ = 1 can not be physically reached. It exists
a value of ϵ characterizing ideal running conditions for the mechanism where the
sliding is reduced to a minimum. At that point, the value of ϵ is annotated ϵ′. Thus,
the intervals become: {

ϵ ∈ [0, ϵ′] if standard PRS (4.125c)
ϵ ∈ [ϵ′, 1] if inverted PRS (4.125d)

The inverted PRS follows the same approach but the other way around. [Sandu, 2018]
suggests two methods of determining the value of ϵ′: experimental or analytical. Both
methods lead to the same result. The analytical method is quicker and simpler. It is
based on a single formula offered by [Ma et al., 2015] and [Velinsky et al., 2009]:

ϵ′ =
1 − 2 · Γ

2 · (1 − Γ)
(4.126)

The initial question is answered introducing the PRS variables into the eq. 4.122
such as:

Neq = fload · tli f e · kcycle,SM kcycle,SM =
1

ϵ′ · nroller
(4.127)

where nroller is the number of roller.
Once the equivalent number of revolution is determined, the same set of equations

already suggested for the component ball bearing are applied (eq. 4.101, 4.100 & 4.99).
It leads to the expression of a specified equivalent dynamic load Cd,spec [N] given for
an ISO 281 basic rating life of 106 revolutions. A reliability factor kr f [−] is introduced
in the estimation to consider a survival probability upper than 90% (fig. 4.32).

The selected screw mechanism must verify that its dynamic load capability Cd [N]
remains greater than the specified dynamic load:

Cd ≥ Cd,spec [N] (4.128)

FIGURE 4.32: Screw mechanism reliability factor [ROLLVIS, 2019]

4.3.1.3.3 Geometry Thirdly, the screw is subject to manufacturing constraint stem-
ing from the assembly of the screw with the electrical motor Electrical Motor (EM).
The inner diameter of the motor inductor must remain bigger than the screw diameter.
The following relation must be satisfied.

dout,rotor,EM ≥ dscrew,SM (4.129)
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4.3.1.3.4 Further In appendix M, table M.5 sums up the variables and detailed
relations involved in the selection of the screw mechanism.

4.3.1.4 Efficiency

The mechanical efficiency is at the heart of the power transmission component selec-
tion since it directly drives the value of the motor torque.

Fig. 4.33 gives an overview of the EMA loss sources that impact its mechanical
efficiency.

There are two sets of components to distinguish: a rotating one and translating
one. The rotating set includes the motor rotor, the brake disk, the shaft, the inner
races of ball bearings and the SM screw. The translating set includes the SM nut, the
output rod and the rod end.

The pure tanslation is enabled by the antirotation key, making a prism pair be-
tween the SM nut and the EMA housing. It balances the nut torque that is transmitted
by the screw. Consequently, it generates a friction force on the rod that depends on
the torque driving the SM nut. The transverse loads at rod seal and linear bushing
can be considered as negligible [Maré, 2020]. This makes their friction force nearly
load-independent.

Similarly, the double row ball bearing BB1 balances the axial force produced by
the nut on the screw. It generates a friction torque that depends on this axial load.
Also, a transverse load applied on rod end is supposed. It results in a load dependent
friction on the single row ball bearing BB2. The seals and grease of the bearings
produce a load-independent friction on the rotating shaft (dry friction and viscous
friction). The SM friction applies between the screw and the nut. The friction forces
are reduced to their equivalent on the rotating part of the system.

p [m/rad]: screw lead
FIGURE 4.33: Mechanical loss sources on a direct drive EMA (adapted from
[Maré, 2020]): arrows consider a countering load; arrows are reversed for an

aiding load.

This section focuses on the SM component efficiency.

4.3.1.4.1 Definition The efficiency has two values according to the considered
running quadrant of a diagram presenting the motor torque with respect to the
external load (fig. 4.35). These two values are:
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• The direct efficiency ηd is applicable for countering loads, when the power is
transmited from the motor to the external load. The screw rotation drives the
nut translation.

• The indirect efficiency ηi is applicable for helping loads with a reversible trans-
mission. It takes place when the power is transmitted from the external load to
the motor which acts as a brake. The external load moves the rod in translation
and drives the screw rotation.

Fig. 4.34 illustrates both efficiencies.

FIGURE 4.34: Direct & indirect efficiency

Fig. 4.35 shows, at actuator level, the evolution of the torque required for motion
under an external loading. Four running zones are identified regarding torque
and external load sens. The dashed white line represents the ideal case with 100%
efficiency. The validity of this representation stands for a low speed and regardless
inertia effects (acceleration nearly vanished). The x-axis has been normalized with
the stall limit (label 1). The y-axis has been normalized with the motor peak torque
(red line).

Four remarkable values can be highlighed. Fig. 4.35 displays them with labels
from number 1 to 4. Each label corresponds to the following definition:

1. The stall limit, this is the maximum external load the actuator can move against.
The speed and acceleration generated are low.

2. The no-load torque, this is the minimum torque required to move no load.

3. The reversibility limit, this is the external load required to move the actuator
output rod when the electrical motor is not powered and the brake is released.

4. The transparency limit or reversibility with power on, this is the external load
required to move the actuator output rod when the electrical motor is powered
and controlled against this load.

All those 4 values have a positive and negative value. They may not be fully
symmetrical. They depend on the actuator weight itself which is not taken into
account in the figure. An offset can be applied to the external load too.
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FIGURE 4.35: Friction graph principle: required torque vs external loading

The actuator sizing considers both efficiencies depending on the component or
the discipline and the sizing scenario.

The electrical motor EM is selected with torques based on a worst-case scenario
i.e. the motor motion goes with an antagonist load. The direct efficiency is considered
to turn a specified load into a specified torque. Also, in any sizing case, the electrical
motor must ensure a minimum torque supply. Indeed, the minimum performance
expected from the actuator is to maintain its position under a maximum static load
application. The torque, at stake is the one linked to the actuator reversibility limit.
This running condition corresponds to the indirect efficiency.

The electromagnetic brake Electromagnetic Brake (EMB) is selected with a torque
based on a worst-case scenario i.e. the shaft rotates with a helping load. This
corresponds to an indirect efficiency.

The actuator transparency load is defined as a load stemming from the motor
maximum torque capabilities converted through the lead and the indirect efficiency.
The transparency load must remain higher than the specified maximum static load.

These different scenarios are illustrated in fig. 4.35.

4.3.1.4.2 Models The efficiency of the roller PRS mainly relies on the friction of the
rolling elements [Karam, 2007] [Maré, 2015]. A static analysis of the screw and the nut
shows that the efficiency depends of the contact friction between the screw, the rolling
elements and the nut, along with the helix angle of the screw threads [Shigley, 2006].
Practically, an equivalent friction coefficient µ is identified from measures supposing
a friction model of a standard friction screw (American Trapezoidal thread (ACME)).
The helix angle λ [rad] is expressed with the screw characteristics: the lead p [m/rad]
and the diameter ds,SM [m].

λ = atan
(

p
π · ds,SM

)
(4.130)
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Thus, the direct and indirect efficiencies are formulated with respect to the friction
coefficient, the pitch and the screw. [SKF, 2014] offers a set of equations presented
in table 4.8. In addition, [SKF, 2008] usually considers the practical efficiency as it
follows:

ηd,p = ks,η · ηd ηi,p = ks,η · ηi (4.131)

where ks,µ,SM [−] is the safety coefficient on efficiency, taken as 0, 9. This value
corresponds to an average value between the practical efficiency of a new screw and
the one of a properly run-in screw.

The relations offered by [SKF, 2014] have been considered for this thesis since
they come from the return-experience of a supplier. Going through some literature
around actuator modelling [Karam, 2007] and [Maré, 2015], we observe that their
consistency regarding this thesis modelling level is confirmed. Furthermore, we
propose comparing them with the generic efficiency formulae (table 4.8, third column),
offered by [Shigley, 2006]. They are based on a planar kinematic analogy. The
comparison raises a validity criteria concerning the SKF efficiencies such as:(

1
R

)2

≫ 1 ⇐⇒
(

π · d0

p

)2

> 10 ⇐⇒ d0

p
>

√
10

π
≈ 1 (4.132)

The condition must be verified when selecting the screw mechanism. The fourth
column of table 4.8 gives the efficiency formulae if any thread type consideration is
required.

efficiency SKF
SHIGLEY
(1st level)

SHIGLEY
(2nd level)

direct ηd
1

1 +
µ

R′

1 − µ · R

1 +
µ

R

1 − µ · R · sec(φ)

1 +
µ · sec(φ)

R

indirect ηi
1

µ

R′ − 1

1 + µ · R
µ

R
− 1

1 + µ · R · sec(φ)

µ · sec(φ)

R
− 1

Notes: if T0 is an ideal torque such as T0 =
F · p
2π

[N], then the real torques is defined by: T = T0/ηd

and T = T0/ηi. The expression of ηi might output negative values, it is required to apply an
absolute value function.

TABLE 4.8: Efficiency formulae from [Shigley, 2006] and [SKF, 2014], nota-
tion in table 4.9

R [−] reduction ratio: R = p/(π · dm) R′ [−] reduction ratio: R′ = p/(π · d0)
µ [−] equivalent friction coefficient p [m/rev] thread lead: p = p′ · nth
p′ [m] thread pitch nth [−] number of thread starts
d0 [m] nominal diameter dm [m] pitch diameter
d [m] major diameter dm = d − 3

√
3

8 · p′
2π ≈ d − 0.65 · p′

2π
sec [−] secant: sec(φ) = cos(φ)−1 φ [rad] half thread angle

TABLE 4.9: Notation for efficiency formulae of table 4.8: dimensions concern
the screw

The equivalent friction coefficient µ can be modelled as a function of the helix
angle (fig. 4.36). Indeed, the friction cone theory states a possible motion based on the
helix angle value such as µ > tan(λ). This model has evolved throughout the years
with SKF manufacturer [SKF, 2005, SKF, 2014]. Its first model includes a discontinuity
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(fig. 4.36) and stands with a set of two equations with conditions:

for λ′ < 7°, µ = 0.010 [−] (4.133)
for λ′ > 7°, µ = 0.007 · λ′ − 0.040 [−] (4.134)

λ′ = λ · 180
π

[◦] (4.135)

Its last model is retained for this thesis since the continuous functions are always
prefered in a context of optimization. This model is digitalized directly on the supplier
catalog. The collected points are fitted with a polynomial function (fig. 4.36). The
equation of this continuous friction model is:

µ = 10−5 · λ′3 + 2 · 10−5 · λ′2 + 7 · 10−4 · λ′ + 8.8 · 10−3 [−] (4.136)

FIGURE 4.36: Friction coefficient evolution vs helix angle

A special attention shall be dedicated to the performance of the actuator command.
Indeed, it is necessary to limit the efficiency gap between the running operations
involved by the helping and countering loads. [Karam, 2007] suggests to choose a
screw helix angle such as ηi > 0.9 · ηd.

To go further in the control loop parameter concerns while keeping the preliminary
design phase, we suggest the perspective introduced in the last section of Appendix
A and the reference [Maré, 2022].

Finally, in [Maré, 2015], we understand that the friction coefficient varies according
to three regimes of lubrication. Fig. 4.37 illustrates it. The figure links the friction
coefficient to the service number SN. Sometimes, the Sommerfeld’s number s can be
used instead. These coefficients are defined by:

SN =
µl · vr

Pl
s =

hl

Ra
(4.137)

where µl [Pa.s] is the lubricant dynamic viscosity, vr [m.s−1] the relative velocity at
contact, Pl [Pa] the lubricant pressure at contact, hl [µm] the lubricant film thickness
and Ra [µm] the surface roughness (quadratic mean).
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It is obvious that, for position-controlled actuators, contacts frequently operate
in boundary or mixed lubrication regimes where the SN evolves dynamically in
the whole domain of lubrication. We are aware that lubrication strongly impacts
friction levels. However, lubrication domains still lack generic models [Maré, 2015]
and involve uncertainties. This thesis will only consider dry contacts for the screw
mechanism component.

FIGURE 4.37: Typical lubrication regimes [Maré, 2015]

4.3.1.5 Pitting

4.3.1.5.1 First considerations The first level approach is the models described
previously in the case of the ball bearing, subsection 4.3.1.2, and in the case of the
screw mechanism, subsection 4.3.1.3. The pitting fatigue cycles are associated to
an additional rolling fatigue i.e. an equivalent number of shaft revolutions. Each
revolution corresponds to a respective number of fatigue cycles depending on the
component geometry. For each component, a specified equivalent dynamic load
Cd,spec,i [N] is expressed and compared to the selected component dynamic load
Cd,i [N].

4.3.1.5.2 Full consideration We offer a higher modelling level in Appendix T. The
methodology starts by reading a time varying load profile and extracts a rainflow
matrix. The force is converted into component stress using a scaling law. The
application of Haigh’s diagram and Miner’s law deduces an equivalent stress for a
given life (e.g. 106 revolutions). This stress is compared to the infinite contact fatigue
stress of the material. However, this last data is missing, it is an unknown to estimate
with bench tests. This approach was not applied in this thesis.

4.3.1.6 Housing & output rod

This section focuses on two components: the Housing (H) and the Output Rod (OR).
To start, the actuator housing and output rod are identified by elementary volumes

as shown in fig. 4.38. This figure shows basically the actuator components. The
volumes are generated to surround each component and assemble them.
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The housing is identified by the volumes V4 to V12. The output rod is identified
by the volumes V1 and V2. V3 is an added volume to the nut. Indeed, it allows
fasteners to fix the volume V2 onto the nut.

The volumes V1 to V7 and volume V12 are hollowed cylinders. The volumes V8
to V10 are hollowed squares. The volume V11 is a squared plate.

For mass estimations, different densities are considered: steel density for volume
V3 and aluminium density for the volumes V1, V2, and V4 to V12. These densities
are design hypothesis.

FIGURE 4.38: Housing elementary volumes

The structural component design is driven by two design drivers: the maximum
fatigue stress, and the geometry.

Both components must check that the stress generated by the specified maximum
stress is smaller than the fatigue limit σf atigue [MPa] of the considered material with a
safety margin ks [−]:

σi ≥ σf atigue · ks (4.138)

The volumes V2, V7, V8 are checked regarding a traction stress. Volume V5 is checked
regarding a torsion stress. The torsion moment is taken as the maximum rated torque
provided by the electrical motor (EM). The thicknesses are initialized at a minimum
value emin [m] set as a design hypothesis.

For the geometry, the housing and output rod volumes are driven as it follows:

• The volumes V6 to V11 are driven by the outside dimensions of the components
it surrounds. The components are the bearings, the frameless motor and the
brake.

• Volume V5 has its length driven by the nut length and the specified stroke. Its
inner diameter is driven by the outer diameter of the nut flange (volume V3).

• Volume V4 is driven by the linear bushing length and the seal length set as a
design hypothesis.

• Volume V2 is driven by the nut dimensions and the lengths of the volumes V4
and V5. When the actuator is fully retracted, the output rod and volume V4
flush.

• Volume V1 is driven by the rod end diameter dRE [m] with a design hypothesis
kthread [−]: lV1 = dRE · kthread. This is for keeping sufficient in-hold threads. In
practice, as a design rule in aeronautics, kthread = 1.9 [Chevalier, 2004].

The thicknesses of these volumes might vary according to the actuator vibratory
analysis presented later in section Actuator (section 4.3.1.8).

Finally, for the housing, the heat dissipation allowed by its skin, is a design driver
too. The surface Shd [m2] of an equivalent dissipation cylinder is used to quantify this
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heat exchange. The equivalent cylinder is shown in fig. 4.38 by a black dashed line.
Its length is defined by the length of the brake, the ball bearings, the electrical motor
and the stroke value. Its diameter is defined by the motor diameter surrounded by the
housing minimum thickness. The heat transfers are considered to be the convection
and the radiation.

For convection, the following expression is used [Incropera et al., 2007]:

Qconvection = hconv · Shd · (tmax,skin − tamb) (4.139)

where hconv [W/m2/K] is the heat transfer coefficient in convection (Appendix R
offers different orders of magnitude), tmax,skin [◦K] is the maximum skin temperature
set as a design hypothesis, and tamb [

◦K] is the specified ambiant temperature.
For radiation, the following expression is used [Incropera et al., 2007]:

Qradiation = ϵrad · σSB · Shd ·
[
(tmax,skin + 273)4 − (tamb + 273)4] (4.140)

where ϵrad [−] is the emissivity set as a design hypothesis, and σSB [W.m−2.K−4]
Stefan-Boltzmann’s constant.

The total housing dissipation is the sum of the dissipation by convection and
radiation. In the worst-case scenario, this must balance the total heat generated by
the actuator components:

Qconvection + Qradiation ≥ QEM + QEMB (4.141)

where QEM [W] and QEMB [W] are the heat generated by the electrical motor and the
electromagnetic brake.

In appendix M, tables M.4 and M.1 sum up the variables and detailed relations
involved in the selection of the housing and the output rod.

4.3.1.7 Antirotation Key & linear bushing

This section focuses on two components: the Antirotation Key (AK) and the Linear
Bushing (LB).

Firstly, the antirotation key is considered for its parasitic contribution into the
actuator performance. Indeed, the contact interface between nut and key creates a
resistance by friction as the nut slides all along. This friction force is supposed to
be applied at the furthest radial point it can be i.e. the inner radius of the housing
volume V5. This force is estimated by the application of the motor maximum rated
torque Tmax,EM,rated [Nm]. The friction force is expressed as the product of a friction
coefficient and a normal force:

Ff ,AK = µAK · Tmax,EM,rated

din,V5/2
(4.142)

where µAK [−] is a friction coefficient set as a design hypothesis. For instance, a
contact between steel parts with basic greasing gives a value µAK = 0.1 (other
contacts are given in Appendix S). The torque induced by this friction force is:

Tf =
Ff ,AK · p

ηd,SM
(4.143)



Chapter 4. Actuator modelling for preliminary sizing 147

where the lead p [m/rad] and the direct efficiency ηd,SM [−] are the characteristics
of the screw mechanism. The efficiency is chosen direct to consider the worst-case
running quadrant.

Secondly, the linear bushing is driven by its pU factor (pressure speed factor). It
represents in fact a power by unit of surface. As mentioned into the introduction of a
previous section 4.3.1.2, they are many uncertainties to estimate the force developed
at the interface of linear bushing and output rod. Consequently, a normal force
Fn,LB [N] is set as a design hypothesis. The bushing dimensions are given by the
outer diameter of the output rod (volume V2) and a length taken as a function of this
diameter:

lLB = krld,LB · dout,V2 (4.144)

where krld,LB [−] is the ratio of the linear bushing length out of the linear bushing
diameter. This ratio is set as a design hypothesis. Thus, the bushing inner surface
SLB [mm2] is known. Because of running clearance and strain, two cylinders, one in
the other, never define a contact surface exceeding half of the surface at the interface.
Therefore, the contact surface Sc,LB [mm2] is Sc,LB = SLB/2. The bushing pU factor is
deduced by the product of the specific pressure and a linear speed chosen to be the
specified maximum speed vmax [m/s]:

pU =
Fn,LB

Sc,LB
· vmax ≤ pUspec (4.145)

The pU capability depends on the material or coatings applied into it. There is a wide
assortment fitting all application cases [GGB, 2015] [SKF, 2010]. The estimated pU
factor must remain under its specified value linked to a bushing technology. This
condition will not be part of the sizing constraints guiding the design. The engineer
will be informed of the pU value to be aware of any risk threatening this component.

Furthermore, similarly to the antirotation key, a parasitic torque is induced by the
friction force developed at the bushing interface. This force relies on the coefficient of
friction which varies according to the bushing coating and grease [GGB, 2015] [SKF,
2010]. A coefficient of friction µLB is set as a design hypothesis for the calculation.
The friction force is:

Ff ,LB = µLB · Fn,LB (4.146)

The conversion into torque Tf ,LB [Nm] follows the same equation than eq. 4.143. This
parasitic torque estimation is considered within peak and continuous motor torque
estimations.

In appendix M, table M.6 sums up the variables and detailed relations involved
in the selection of the antirotation key and the linear bushing.

4.3.1.8 Actuator

This section takes a back view and focuses onto the actuator (ACT) as a single compo-
nent gathering all previously mentioned components. Three design drivers come up:
the vibration stress, the transparency load and the reflected inertia.

Firstly, the stress induced under vibrations is a design driver for actuator housings.
For a given level of vibration, the finer and the longer is the actuator, the higher are
the induced stresses. To assess this design driver, the surrogate models detailed in
the section 4.2.4 are used. They estimate dimensionless maximum stresses π0 for a
single actuator (model of eq. 4.86) and for a double actuator (model of eq. 4.87 & 4.88).



148 Chapter 4. Actuator modelling for preliminary sizing

These models take the following variables as inputs: the output rod and housing
thicknesses (volume V2 and V5), the output rod inner diameter (volume V2) and the
actuator total length taken in full extension.

The stress results are brought back to their regular dimension with the eq. 4.82.
This involves three other parameters set as design hypothesis: a quality factor Qm [−],
a vibratory acceleration Gvib [m/s2] and a material density ρvib [kg/m3]. This density
shall be consistent with the material used in Housing (H) and Output Rod (OR). The
eq. 4.147 sums that all.

σvib,i = π0(din,V2, Lmax,ACT, eV2, eV5) · Qm · Gvib · din,V2 · ρvib (4.147)

where din,V2 [m] is the inner diameter of volume V2, Lmax,ACT [m] is the distance
between rod end centers when the actuator is fully deployed, eV2, eV5 [m] are the
thicknesses of volumes V2 and V5.

The housing and the output rod shall be sized with margins regarding to an
infinite fatigue limit. Thus, the sizing scenario follows the condition already set in
the eq. 4.138.

Secondly, it is important to make sure that the tansparency load is not lower than
the specified maximum static load Fmax [N]. The tansparency load is explained in
label 4 of fig. 4.35. This load induces a torque at motor level and the maximum motor
torque should balance it. To increase design margin, the parasitic torques from the
bearings, the antirotation key, and the linear bushing are not taken into account. They
are braking torques to stop the motion induced by the load. In addition, the motor
torque is considered with its reduced capabilities due to temperature (derating). The
expression of the transparency load is:

Ftransparency = Tmax,EM,derated ·
ηi,SM

p
≥ Fmax (4.148)

where ηi,SM [−] is the inverse efficiency (fig. 4.34), p [m/rad] is the lead of the screw
mechanism.

Thirdly, the actuator is installed on-board and attached to structural elements. A
maximum reflected inertia is usually specified to prevent overloading scenarios in
case of degraded running conditions.

The actuator reflected inertia is an equivalent mass. Its formulation is deduced
from the conservation of the kinetic energy expressed upstream and downstream the
screw mechanism (a torque to force converter). The eq. 4.149 derives it:

1
2
· Jtotal · ω2 =

1
2
· Meq · ẋ2 =⇒ Meq =

Jtotal

(ẋ/ω)2 =
Jtotal

p2 (4.149)

where Meq [kg] is the actuator reflected inertia moving at a linear speed ẋ [m/s],
Jtotal [kg.m2] is the total actuator inertia (eq. 4.150) spinning at a speed ω = ẋ/p
[rad/s]. The total actuator inertia is the sum of the inertia from rotating parts (motor
rotor, screw, braking disk, bearing rings) and the reflected inertia from parts moving
linearly (nut, output rod, rod end, load mass):

Jtotal = ∑
i

Jrotative,part,i + ∑
j

Mlinear,motion,part,j · p2 (4.150)

The actuator reflected inertia Meq must not exceed the specified value.
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In appendix M, table M.6 sums up the variables and detailed relations involved
in the selection of these specificities of the actuator.

4.3.2 Electrical components

Section 2.2.2 of Chapter 2 introduces the key design drivers KDD of the electrical
components.

4.3.2.1 ELECTRICAL MOTOR

The motor technology considered in this section is a BLDC synchronous motor of
cylindrical type.

The motor is selected according to 4 key design drivers: the continuous motor
temperature, the magnetic saturation, the rotor magnet maximal stress and the
electrical supply limitations. Some key motor characteristics correspond to each
of these design drivers. The main motor characteristics come from the estimation
models (scaling laws, table 4.2). The sizing scenarios assess the compliance of the
motor characteristics with the specification. Therefore the specification is adapted at
the motor level. The following paragraphs introduce by design driver, the relations
formulating the motor characteristics, its specification and its selection.

In appendix M, table M.7 presents in details these relations. The relations are
classified per key design driver with the specification and design hypothesis involved
into them. The sizing scenarios are presented, they link by inequalities the parameters
estimated for the motor and other components with the specification. To make it
easier to read, the equation members linked to specification, design hypothesis, sizing
scenarios and optimization are set in different colors. The colors are red, blue, orange
and cyan respectively. The symbol fSL() refers to the scaling laws mentioned in
section 4.2 (estimation models).

4.3.2.1.1 First consideration To ensure a motor design margin, the torque esti-
mations consider an antagonist load. This is the worst-case scenario during the
operation.

This scenario is represented in fig. 4.35 by the two slants, up and down initiated
at the points marked by the label numbered 2.

4.3.2.1.2 Magnetic saturation As mentioned in Chapter 2 section 2.2.2, the motor
peak torque is an indicator of the magnetic saturation design driver. From the
specification inputs, three scenarios of peak torque are estimated. These scenarios
are:

• a slow motion under loading (stall load Fstall),

• a motion at maximum acceleration amax without any load application,

• a motion with an acceleration aPRmax under a load FPRmax.

The worst-case scenario is considered. The required peak torque is given, adding to
it the parasitic torques: peak iron losses torque, friction and viscous torques from
bearing, friction torques from antirotation key and linear bushing.

Thus, the motor peak torque Tpeak,EM must check:

Tpeak,EM ≥ Tpeak,spec + Tparasitic (4.151)
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The motor peak torque is the key design parameter for the estimation models.
The optimization loop acts on it. Its value is initialized with the reversibility limit
i.e. the torque necessary to maintain the actuator position under the maximum static
load Fmax.

4.3.2.1.3 Continuous motor temperature As mentioned in Chapter 2 section 2.2.2,
the motor continuous temperature is directly linked to continuous torque and heat
generation. The specified continuous torque is determined by the RMS averaging of
the motor torque T(t). This,

T(t) =
F(t) · p

ηB
+

Jtotal · a(t)
p

(4.152)

TRMS,spec =
√〈

T(t)2
〉
=

√(
FRMS · p

ηd

)2

+ 2 · Jtotal

ηd
· PR +

(
Jtotal · aRMS

p

)2

(4.153)

〈〉
is a notation of average:

〈
X(t)

〉
=

1
tT

·
� tT

0
X(t) · dt (4.154)

where p [m/rad] is the screw lead, ηB [−] is the Boolean efficiency considering the
sign of F(t) (see eq. 2.16). A direct efficiency is chosen in TRMS,spec for estimations
with upper margins. Jtotal [kg.m2] is the total rotating inertia as expressed in eq. 4.150.
This RMS expression is derived in eq. I.4 of Appendix I.

The required continuous torque must include the actuator parasitic torques: the
mean iron losses torque, the friction and viscous torques from the bearings, the
friction torques from the antirotation key and the linear bushing. Thus, the motor
continuous torque TRMS,EM must check:

TRMS,EM · kderating ≥ TRMS,spec + Tparasitic (4.155)

To take into account the specified thermal environment, the motor torque capability
is modified using a derating coefficient kderating. Some details about this coefficient
are given in Appendix N.

As mentioned by [Grellet, 1989] and [Jufer, 1996], the copper and iron losses
bound the motor continuous operation domain (fig. 2.4). As a first simplification, the
heat generated by iron and Joules’ losses is supposed to have both the same effect on
motor temperature despite their different location. Indeed, Joules’ losses are based in
the winding; meanwhile the iron losses take place into the iron lamination stacks. At
steady state, the total heat generated by the electrical motor (EM) is the sum of Joules
and iron losses such as:

QEM = QJoules + Qiron = α · T2 + β · ωb
e (4.156)

where α and β are respectively the Joules and iron losses coefficients, ωe is the
electrical speed. As mentioned in section 2.5.1.1 and detailed in Appendix K section
K.1.8.3, a value of b = 1.5 can be taken. The scaling laws, presented in table 4.2 give α
and β. Some details on these coefficients are given in Appendix K, section K.1.9.

The mean value of the generated heat can be expressed in terms of the specification
input values:

< QEM > = α ·
〈

T2〉+ β ·
〈
ω1.5

e
〉

= α · T2
RMS + β′ · ω1.5

iron
(4.157)
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where β′ = β · n1.5
poles, TRMS is the equivalent continuous torque as shown in eq. 4.153

and ωiron = viron/p. The definition of viron is introduced in Chapter 2 (eq. 2.14).
The total heat generation is the sum of the generated by the Electrical Motor (EM)

and the Electromagnetic Brake (EMB). This heat has to be dissipated by the Housing (H).
Thus, the following inequality stands:

QEM + QEMB ≤ Qhousing (4.158)

Further to an effect on the motor temperature, the iron losses have an effect on the
motor output torque. Indeed, the iron losses induce an iron torque Tiron [Nm] which
can be determined by:

Qiron = β′ · ωb = β′ · ωb−1 · ω = Tiron · ω =⇒ Tiron = β′ · ωb−1 (4.159)

For the particular case of a motor with mainly Eddy’s current losses (b = 2), the
iron torque is Tiron = β′ · ω. The value of β′ becomes a coefficient of viscous friction
[Nm/(rad/s)]. The iron losses act as a viscous friction.

This effect on the motor torque is not negligeable. The product catalog from SSD
Drives Parvex NK confirms it. The catalog includes BLDC motors of motor constant
Km ∈ [1.3 · 10−2; 9.2] (Nm)2 · W−1, rated torque Trated ∈ [1.2; 22] Nm and rated speed
Ωrated ∈ [3200; 8400] RPM. The torque related to iron losses is estimated as [1.5 − 4]%
of rated torque. This increase of torque has a bigger impact on the losses. A limited
development highlights it:

(T · (1 + 0.03))2 = T2 · (1 + 2 · 0.03︸ ︷︷ ︸+ϵe)

If the iron torque contributes at 3% of rated torque, its contribution on losses is
doubled (6%). The iron torque contribution must be taken into account.

4.3.2.1.4 Rotor magnet maximal stress As mentioned in Chapter 2 section 2.2.2,
the motor rotor mechanical resistance is directly linked to maximum speed.

Using the lead of the screw mechanism, the specification gives the required
maximum speed. The estimation model (scaling law, table 4.2) provides the motor
maximal speed which must be greater than the specified maximum speed:

Ωmax,EM ≥ Ωmax,spec (4.160)

4.3.2.1.5 Electrical supply The electrical supply limitations are part of motor de-
sign drivers. It is necessary to check that the motor remains with a voltage and
current flow under the specified maximum values.

Firstly, the motor winding characteristics are determined. Since the specification
provides a maximum torque Tpeak,spec and a maximum current flow Imax, the torque
constant Kt [Nm/A] is known. The winding resistance, inductance and the rotor
pole number are obtained by the estimation model (scaling law, table 4.2). The motor
characteristics are given assuming a Field Oriented Control (FOC) command.

Secondly, the maximum voltage is estimated. A simple motor model is chosen:
Behn-Eschenburg’s model [Multon, 2010]. It proposes to model the electrical motor
as an equivalent circuit with a voltage supply, a resistance and a cyclic inductance.
More details are available in Appendix O. The maximum motor voltage is estimated
considering a conservative scenario: the specified maximum current flows in the
winding whilst the rotor spins at the specified maximum speed. Each contributor of
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voltage is estimated separetly. The voltage linked to Back Electro Motive Force (BEMF)
VBEMF is proportional to the rotor speed using the speed constant Ke. The voltage
linked to resistance VR is proportional to current using the resistance. The voltage
linked to the inductance VL is proportional to the current and rotor speed. Because of
the use of a FOC command at minimized copper losses, the BEMF and the current
are in phase meanwhile the term linked to inductance is in quadrature. The motor
voltage results in:

Vtotal =
√
(VBEMF + VR)2 + V2

L (4.161)

The motor voltage at bus level is obtained by conversions corresponding to a generic
architecture of the power path for Power–by–Wire (PbW) actuators (Appendix P).

Finally, the estimated maximum motor bus voltage is checked to be smaller than
the specified maximum bus voltage:

Vdc,bus,EM ≤ Vdc,bus,spec (4.162)

4.3.2.1.6 Cogging torque The cogging torque (also named "couple de détente" in
French) is a torque disturbance based on the magnetic attraction of the magnets to
the teeth of the inductor.

[KOLLMORGEN, 2003] states that the cogging torque is minimized in the mo-
tor design by a strategic selection of slot/pole combinations and by skewing the
laminations in the armature.

Danaher’s catalog [KOLLMORGEN, 2003] provides a value of max cogging torque
peak to peak. The ratio with the continuous torque among the serie RBE(H) gives
[7 − 24]% for motor diameters d < 40mm and [1 − 4]% for diameters d > 40mm up to
d = 240mm.

Since the cogging torque either helps or counters the motor torque, its mean value
is equal to zero. It is not worth considering it in the scope of a preliminary study.
However, it is a relevant consideration if any study about resonance modes is carried
out.

4.3.2.1.7 Air gap losses The air contained between the rotor and the stator has
a damping effect on rotor spinning. The following estimation provides an order of
magnitude of this effect.

Basically, a viscous torque is defined such as:

Tv =
dr

2
· Fair Fair = −ηair · Sr ·

dv
dz

(4.163)

where the rotor outer surface Sr = π · dr · lr [m2] is defined with the rotor dimensions
(dr, lr) [m]. ηair is the dynamic viscosity [kg · m−1 · s−1], dv the circumference speed
[m/s] and dz the air gap [m]. ηair is given by [Nancy-Metz, 2021] and [Wikipedia,
2021] as an order of magnitude of ηair = 2.10−5 [kg · m−1 · s−1] for air at atmospheric
pressure and temperature [30 − 130]◦C.

Considering the characteristics of an electrical motor from Kollmorgen (RBE(H)
01215, 8 poles, the continuous torque Tc = 0.6 N.m, dr = 30 mm, lr = 57 mm, Ωmax =
18000 RPM) and an air gap of 1 mm, the numerical application gives Tv = 4.10−3 N.m
i.e. Tv ≈ 0.7%Tc.

This effect can be neglected in a preliminary design context. However, it is
important to take it into account when the cooling is based on oil flow (ηoil is 102

times higher than ηair) or when dealing with stability of a closed loop control.
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In appendix M, table M.7 sums up the variables and detailed relations involved
in the selection of the electrical motor.

4.3.2.2 ELECTROMAGNETIC BRAKE

The considered electromagnetic brake is the power-off brake as presented in Chapter
1.

The brake design is mainly guided by two design drivers: the continuous holding
pressure the brake can apply on its disc and the heat the coil losses generate.

The brake main characteristics are determined by the estimation models (scaling
laws, table 4.2). The characteristics of interest for the design drivers are the braking
torque and the heat generation. These characteristics must be compared to the
specified values.

To formulate the specified braking torque, the following scenario is chosen. The
braking torque is applied when no current flows in the actuator anymore. The
shaft is supposed to spin at the specified maximum speed and to be helped by the
application of the specified maximum static load. The brake must stop the shaft
within a short period of time tEMB [s]. This sizing scenario involves design margins.
A motor runaway with a motor maximum acceleration is not a possible scenario for
a Controlled–Monitored (CON-MON) motor configuration. Moreover, the motor can
behave as a generator which acts as an "additional brake" if a failure reconfiguration
mode exists in the actuation system [Maré, 2017].

Thus, the electromagnetic brake design is driven by the following specified torque:

Tmax,EMB,spec = Tload + Tspeed Tload =
Fstatic,max · p

ηi
(4.164)

Tspeed = Jtotal ·
dω

dt
= Jtotal ·

vmax/p
tEMB

(4.165)

where Fstatic,max [N] and vmax [m/s] are the specification inputs, p [m/rad] the lead of
the screw mechanism, and ηi [−] its indirect efficiency. The total inertia Jtotal [kg.m2]
gathers the rotating inertia and the reflected mass as expressed in eq. 4.150. The
time to stop tEMB is a design hypothesis. Because of the safety function of the brake,
the torque to stop does not include the friction torque induced by the bearings,
antirotation key and the linear bushing.

The brake heat generation occurs continuously as long as the actuator is energized.
With motor losses, it takes part of the heat the actuator housing must dissipate (eq.
4.158).

In appendix M, table M.8 sums up the variables and detailed relations involved
in the selection of the electromagnetic brake.

4.4 Conclusion

This chapter mentioned all the necessary models chosen for the preliminary sizing of
a direct drive actuator as presented in fig. 1.22 of Chapter 1.

The scaling law presented in the estimation models are interesting and precious
tools in a preliminary design phase. Indeed, they limit drastically the number of
design parameters while having good estimation capabilities based on a single refer-
ence component. What is more, the power law shape is pedagogically appreciated
for interpreting results.
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The estimation and evalutation models showed how the actuator specification
was brought from a system level to a component level and specify each component.
The component specification requires design hypothesis and the characteristics of
other components.

The following chapter introduces how all these models can be assembled together
to perform a sizing loop and optimize the actuator final mass.
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Chapter 5

Sizing code

The previous Chapter focused on modelling the components. Now, this Chapter
takes a back view at the system level. It shows how sorting out each model within a
workflow to finally estimate a total actuator mass and minimize it. The Electromechan-
ical Actuator (EMA) is a multidisciplinary system with inter-discipline couplings. The
use of Multidisciplinary Design Optimization (MDO) methods is required.

This Chapter firstly addresses a brief overview of the MDO world. It mentions
where the MDO problem of the actuator preliminary sizing is and the choices un-
dertaken. Secondly, it shows the difficulties met in this MDO problem and how the
chosen MDO architecture gets away with them. Thirdly, the design graph representa-
tion is introduced to study each component interaction in the whole sizing process.
Fourthly, the entire sizing execution steps are presented. The fifth section shows how
the preliminary sizing code was implemented into an user-friendly tool. The last
sections bring some elements of validation and two applicative study cases.

5.1 MDO state of the art

This section draws an overview of the MDO field in order to see where the choices,
made for the actuator preliminary sizing, stand.

5.1.1 Introduction

MDO appeared in the 80’s, motivated by the necessity to tackle more and more
complex design systems while reducing the lead-time and improving the robustness
as well as the accuracy of final design data [Gazaix et al., 2017]. Also, there was an
intention to explore more broadly the design space in order to generate innovative
concepts and make significant breakthroughs with the current state-of-the-art. This
was no more achievable in mono-discipline approaches. The implementation of a
methodology from the very early steps and throughout the design process became
necessary [Gazaix et al., 2017]. This enables system designers to handle interactions
between multiple physical and technological disciplines, and to optimize them at the
same time.

5.1.1.1 Optimization problem

The MDO problem is a standard constrained non-linear programming problem as
presented in fig. 5.1. The problem must find the values of the design variables x that
maximize or minimize a particular objective function f , subject to the constraints ci.
The design variables x are unknown in this problem. The constraints ci are equalities
or inequalities, bounding the design variables or the system functionalities.
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The choice of the objective, the constraints, and even the variables to change in a
given system is up to the system designer. The modeled behavior of each component,
or discipline, within the system is up to the discipline designer. The disciplines have a
broad range of complexity from analytical equations to highly detailed physics-based
simulation.

An optimization problem always goes with an optimizer i.e. an optimization
algorithm. It is an iterative procedure aiming at solving a numerical optimization
problem (fig. 5.1). The starting point x0 is usually provided by the user, it is named
the initial guess.

FIGURE 5.1: MDO problem basics

5.1.1.2 Coupling

One of the major challenges of MDO formulations is to deal with the multidisciplinary
couplings, or algebraic loops, inherent to a design problem. The image of "the snake
biting its tail" illustrates a coupling. Indeed, the problem disciplines are mutually
interdependent: one discipline analysis requires the outputs of another as an input.
Furthermore, the objective and constraint functions, in general, depend on both the
design variables and the analysis outputs from multiple disciplines.

To illustrate the idea of coupling or coupled problem, the simple study case of
an EMA electrical motor sizing is chosen. This problem is presented in eq. 5.1. The
problem is set to minimize the motor mass while satisfying a required maximum
rotating speed with an unique design variable: the screw mechanism lead. The
dynamic component of the motor torque is dependent on the inertia whilst the motor
inertia estimation is dependent on the motor torque. The difficulty stems from one
coupling variable: the motor inertia JEM.
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minimize objective function MEM = MEM,re f ·
(

TEM
TEM,re f

)3/3.5

(5.1c)

varying the design variable p (lead) [m/rad] (5.1d)
subject to bound constraint min ≤ p ≤ max [m/rad] (5.1e)
subject to global constraint c1 = Ωmax,EM − vmax/p ≥ 0 (5.1f)

discipline 1 gives TEM =

[(
FRMS·p

ηd

)2

+ 2·JEM ·PR
ηd

+

(
JEM ·aRMS

p

)2]0.5

(5.1g)

discipline 2 gives JEM = JEM,re f ·
(

TEM
TEM,re f

)5/3.5

(5.1h)

discipline 3 gives Ωmax,EM = Ωmax,EM,re f ·
(

TEM
TEM,re f

)−1/3.5

(5.1i)

To quickly visualize graphically the problem organization and to identify cou-
plings between disciplines, the N2-diagram is very useful [Shishko and Aster, 1995].
It is a causal diagram made out of entities (the blocks) and interactions (the arrows)
following the organization convention presented in fig. 5.2. The inputs of the blocks
are represented by vertical arrows while the outputs must be horizontal arrows. The
N2-diagram of the EMA problem presented in eq. 5.1 is shown in fig. 5.3 under an
Extended Design Structure Matrix (XDSM) representation [Lambe and Martins, 2012].
The coupled problem is highlighted by the black arrows making a loop.

FIGURE 5.2: N2-diagram organization conventions

p(0)
FRMS , ηd

PR, aRMS

vmax

OPTIMIZER p p

Discipline 1

TORQUE
TEM TEM TEM

JEM
Discipline 2

INERTIA

Discipline 3

SPEED
Ωmax ,EM

c1 CONSTRAINTS

f : MEM OBJECTIVE

FIGURE 5.3: Graphical representation of EMA problem eq. 5.1 and its
coupling difficulty
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The MDO formulations answer this difficulty of interdependences by providing
a formal setting to manage them. The following subsection 5.1.3 proposes 3 main
solutions to solve this problem.

Furthermore, based on the same principle than the N2-diagram, some tools are
available to support the engineer in formulating the MDO solutions to a given design
problem. On a manual basis, there is the XDSM [Lambe and Martins, 2012]. On a
more assisted way, there is the Design Structure Matrix (DSM) [Browning, 2001]. On
an automated manner, [Pate et al., 2014] offers an ordering automatically determined
using graph based methods. In addition, Multidisciplinary Design Analysis (MDA)-
MDO platforms, such as GEMSEO and Open-MDAO, integrates these functionalities.
These tools are a must when the design problem includes many disciplines and many
design variables.

5.1.2 MDO architectures

A survey on MDO from [Martins and Lambe, 2013] mentions that over the last
two decades, mainly two families of MDO formulations (also referred to as MDO
architectures in literature) have been suggested: the distributed architectures and the
monolithic ones (fig. 5.4).

FIGURE 5.4: MDO architecture overview

The monolithic architectures solve the MDO problem by casting it as a single
optimization problem according to different strategies. The most common monolithic
architectures are Simultaneous Analysis and Design (SAND), Individual Discipline Feasible
(IDF) and MultiDisciplinary Feasible (MDF) [Martins and Lambe, 2013]. They are
detailed in subsection 5.1.3.

The distributed architectures solve the MDO problem breaking it up into smaller
problems. The main distributed architectures are Collaborative Optimization (CO),
Concurrent Subspace Optimization (CSO), Bilevel Integrated System Synthesis (BLISS) and
Analytical Target Cascading (ATC) [Martins and Lambe, 2013]. This MDO category is
commented in subsection 5.1.4.
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5.1.3 Monolithic architectures

The fundamental optimization problem in its most general form can be described as
a generic problem known as the All–At–Once (AAO) problem [Martins and Lambe,
2013]. It is presented in fig. 5.5. It is the reference from which all other problem
statements can be derived.

x Vector of design variables x(0) Initial values of x

y Vector of coupling variables
(outputs from a discipline analysis) ȳ Vector of state variables

(variables only used inside 1 discipline)
yt Vector of coupling variable targets yt,(0) Initial values of yt

f Objective function c Vector of design constraints
cc Vector of design consistency constraints N Number of disciplines

()0
Function/variable shared by
more than one discipline R

Governing equations of discipline
analysis in residual form (constraint)

()i Function/variable applying to discipline i

FIGURE 5.5: Monolithic architecture classification according to [Martins
and Lambe, 2013]

In this section, the architectures will not be presented on a formal and generic
way as shown in fig. 5.5 since it is already thoroughly provided in the paper [Martins
and Lambe, 2013]. We suggest using, as a practical use case, the resolution of a simple
EMA coupling example such as the one previously introduced (eq. 5.1, fig. 5.3). The
considered architectures will be MDF, a solver based architecture, IDF, an optimizer
based architecture, and Normalized Variable Hybrid (NVH). These architectures are
compared graphically in fig. 5.6 before being commented in further subsections.
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FIGURE 5.6: Monolithic architectures solving the example of EMA coupling
problem (presented in fig. 5.3): (top) MDF; (middle) IDF; (bottom) NVH
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5.1.3.1 MDF architecture

The MDF solving strategy is presented in fig. 5.6 (top). The problem formulation
remains the same as the initial formulation (eq. 5.1) without additional design variable
nor consistency constraint. There is a single optimizer. A solver or an analyzer is
implemented to deal with the consistency of the coupling variable JEM between the
motor torque and the motor inertia determinations. The consistency is checked for
every optimization iteration. Thus, the coupling variable consistency is evaluated
independently of the optimizer iteration. The formulation delivers a consistent design
even if the optimizer fails to satisfy the problem global constraint (eq. 5.1f) or reaches
the maximum iteration limit. On the other way, the non-convergence of the analyzer
results in an inconsistent design whatever the optimizer convergence is. The global
formulation success relies on the analyzer effectiveness. The introduction of an
analysis tool in the formulation is an important asset for further perspectives. Indeed,
it provides modularity to implement a variety of methods for particular physical
disciplines.

Most common methods are iterative ones such as Gauss-Seidel or Jacobi methods
[Martins and Lambe, 2013]. The first one splits into lower and strictly upper trian-
gular elements whereas the Jacobi method breaks up into a diagonal element and
a remainder R. In addition, better convergence rates can be achieved through the
use of Newton-based methods such as the gradient based Newton-Raphson method
[Martins and Lambe, 2013].

5.1.3.2 IDF architecture

The IDF solving strategy is presented in fig. 5.6 (middle). Contrary to the MDF
method, there is no solver implementation. The optimizer deals with the coupling
difficulty through the introduction of: two additional variables named the coupling
variables Jt

EM [kg.m2], Tt
EM [Nm]; and two additional constraints named the consistency

constraints cc
1, cc

2. The problem formulation becomes:



minimize objective function MEM (5.2c)
varying the design variables

[
p (lead), Jt

EM, Tt
EM

]
(5.2d)

subject to bound constraints min ≤ p ≤ max [m/rad] (5.2e)
min ≤ Jt

EM ≤ max [kg.m2] (5.2f)
min ≤ Tt

EM ≤ max [N.m] (5.2g)
subject to global constraint c1 = Ωmax,EM − vmax/p ≥ 0 (5.2h)
subject to consistency constraints cc

1 = Jt
EM − JEM = 0 (5.2i)

cc
2 = Tt

EM − TEM = 0 (5.2j)

Iterativelly, the optimizer chooses the values of inertia and torque that is equal to
the value obtained through the discipline estimations.

MDF raises some drawbacks. The introduction of equality constrained involves
a considerable risk of numerical difficulties [Thareja and Haftka, 1986]. Also, the
equalities give a consistent design once the solution is found, rather than on each
iteration [Alexandrov and Lewis, 2000]. Finally, setting the coupling variable bounds
is not very convenient for the user. Indeed, the user is likely to choose either too
restrictive bounds that result in a biased optimization output or too broad bounds. In
this case, the computational cost is impacted because of the large design space the
optimizer covers.
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5.1.3.3 NVH architecture

Further to the architectures presented in [Martins and Lambe, 2013], the paper [Reys-
set et al., 2015] offers a new architecture named NVH reformulating the design
problem. The NVH solving strategy is presented in fig. 5.6 (bottom graph).

It manages the coupling implementing a normalized variable ko [−] inside the
problem governing equation and introducing a single consistency inequality con-
straint cc

1. Compared to the IDF formulation, NVH removes the equalities constraints
and reduce the risk of numerical difficulties. Moreover, the design variable range is
now reduced. [Reysset et al., 2015] specifies that, in the common basis, ko ∈ [1; 10].

The NVH formulation involves a specificity: it requires to reformulate the design
problem and enter into a discipline to modify the equations. Indeed, the governing
equation (eq. 5.1g) providing the motor torque (discipline 1) is modified into the
equation 5.3j. Its initial expression is kept and used into the inequality constraint cc

1
(eq. 5.3h) to check consistency. The problem formulation becomes:



minimize objective function MEM (5.3c)
varying the design variables [p (lead), ko] (5.3d)
subject to bound constraints min ≤ p ≤ max [m/rad] (5.3e)

1 ≤ ko ≤ 10 [−] (5.3f)
subject to global constraints c1 = Ωmax,EM − vmax/p ≥ 0 (5.3g)

cc
1 = TEM − TEM,c ≥ 0 (5.3h)

TEM,c =

[(
FRMS · p

ηd

)2

+
2 · JEM · PR

ηd
+

(
JEM · aRMS

p

)2]0.5

(5.3i)

Discipline 1 gives TEM =

(
FRMS · p

ηd

)
· ko (5.3j)

5.1.3.4 Architecture benchmarking

[Vanaret et al., 2017] develops a generic methodology for the MDO architecture
comparison (benchmarking). This methodology applies to any potentially expensive
design optimization problem. It generates a scalable analytic replacement function
that can be quickly computed. It captures the structure and behavior of an equivalent
high-fidelity problem. The number of inputs and outputs can be set independently.
The methodology is applied to two academic MDO test cases: the Super Sonic Business
Jet (SSBJ) design problem and a propane combustion problem. MDF and IDF are
benchmarked on various instances to prove the dependency between the architecture
performance and the problem dimension. The study finally concludes that the “no free
lunch” theorem (theorem 2) applies to the choice of the best suited MDO architecture
for a scalable dimension problem.

Theorem 2 ("no free lunch" theorem of optimization). No particular optimization
algorithm holds an advantage over another when considering all possible problems [Wolpert
and Macready, 1997].

Furthermore, [Delbecq, 2018, Delbecq et al., 2020a] offers a benchmark which com-
pares MDF, IDF and NVH formulation performances in terms of design optimization
and design exploration. The study is done using the Open-MDAO platform on a
problem of optimization, similar to the one previously mentioned (eq. 5.1). Firstly,
the study assesses the performance of a single run: the proximity of the result with a
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known solution, the total function evaluations, and the convergence characteristics.
The NVH formulation stands out from the other.

Secondly, the study performs a Latin Hypercube Sampling (LHS) DoE on 4 key
variables with 50 samples. The 3 formulations succeed 100% in solving the coupling
variable consistency in the current design problem.

The robustness to scale change is assessed then. In each DoE sample set, the
success percentage in solving coupling variable consistency is estimated at a new
load requirement. The loading scale change factor is chosen to be 5, which can be
found similarly on one actuator product range. Indeed, the higher load increases the
stiffness of the coupling. The NVH formulation shows 100% of success compared to
the others, showing more than 40% of failure.

Table 5.1 sums up the main results of this study.

MDF IDF NVH

Design optimization

proximity to know solution accurate accurate accurate

total function evaluations 100 20 5

number of derivative evaluations 5 11 5

iteration number to convergence 5 22 5

convergence characteristics (1) error decreasing
with steep slant

error decreasing
slower with

irregular slants

error decreasing
with steep slant

Design exploration

success in load scale change (2) 15% 60% 100%

(1) relative error evolution with respect to iteration number; (2) percentage of coupling solving success among
all samples and considering an increased load requirement

TABLE 5.1: MDO architectures benchmark sum up (results from [Delbecq,
2018])

5.1.4 Distributed architectures

Early in the history of optimization, the motivation for decomposition methods
was to exploit the structure of the problem to reduce solution time [Martins and
Lambe, 2013]. Many large optimization problems, such as network flow problems
and resource allocation problems, exhibit such a special structure [Lasdon, 1970].

As previously detailed, the monolithic MDO architectures solve a single optimiza-
tion problem. Many more architectures have been developed and break down the
optimization problem into a set of smaller optimization problems, or subproblems,
that have the same solution when reassembled [Martins and Lambe, 2013]. These are
the distributed MDO architectures. Each of them differs from the workflow structure,
the discipline analysis workflow, the number of design variables and constraints they
involve.

The survey from [Martins and Lambe, 2013] offers a classification of the dis-
tributed architectures based on their monolithic analogs: MDF, IDF, or SAND. This
classification provides a framework to help developing new distributed architectures.
It considers that the starting point of a distributed architecture is always a monolithic
architecture.

Distributed architectures can be used when disciplines are high-fidelity models,
with important amount of design variables, constraints and when their MDA is
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difficult to perform. This can be illustrated with the study case of the Airbus XRF-1
transport aircraft re-engine performed by the Institute of Technology IRT Saint Exupéry
[Gazaix et al., 2017]. It actually performs an aero-structural optimization of the engine
pylons to maximize the aircraft range. This design problem is mainly built from
three highly coupled disciplines: structure, aerodynamic, and propulsion. It involves
tools of CFD and Computational Structural Mechanics (CSM) and many manufacturing
constraints.

Furthermore, the distributed architectures are prefered for its interesting flexibility
stemming from the separation of system-level and disciplinary-level in the problem
resolution. This flexibility mostly provides:

• the possibility of using simultaneously different optimizers. The optimization
is broken down into parallel disciplinary optimization tasks coordinated by a
system-level optimizer [Delbecq, 2018, Gazaix et al., 2017].

• the possibility to use gradient-based algorithms for solving the disciplinary
optimization problems, and derivative-free algorithms for solving the system-
level optimization problem for which the number of design variables is reduced
[Gazaix et al., 2017].

• the possibility to make use of different levels of fidelity

• the possibility to elaborate a strategy in terms of constraints handling, depend-
ing on the considered level.

• the suitability for a direct industrial use since the architectures preserve a partial
autonomy of each discipline [Defoort et al., 2012, Gazaix et al., 2017], especially
from a software point of view.

Distributed architectures will not be detailed any further. The following section
5.1.5 explains that, in preliminary phase, they are not the best candidate to focus on.

5.1.5 Architecture selection

[Gray et al., 2010] mentions that there is no universal method answering all the design
problems. The range of possible multi-disciplinary decomposition methods is large,
and defining the best one is not straightforward. It depends on the structure of the
design optimization problem, the dimension of the design space, the type and the
number of the objective function, the constraints, and the design variables.

To choose the best MDO architecture, a trial-and-error approach is not really
practiced due to the high cost of the overall optimization and the complexity of each
implementation [Vanaret et al., 2017].

Some tools are required to perform architecture benchmarkings, they are listed
hereafter.

- The platform π-MDO presented by [Martins et al., 2009] is shown to be an
invaluable tool which rapidly implements multiple MDO architectures for a given
problem.

- The Open-MDAO library presented by [Gray et al., 2010, Gray et al., 2019] and
available at [Gray et al., 2022] offers an open-source framework for a multidisciplinary
design, analysis, and optimization.

- Inspired from π-MDO and Open-MDAO, the Generic Engine for MDO Scenar-
ios (GEMS) is developed and presented in [Gazaix et al., 2017, Gallard et al., 2018].
GEMS brings an important progress in MDO automation. It provides an automatic
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generation of MDO processes with an easiness of reconfiguration and a MDO for-
mulation engine. Furthermore, it focuses on: 1. the integration of algorithms for
optimization, design of experiments, surrogate models and coupled analyses; 2. the
postprocessing with automation of MDO result analysis; 3. the deployment in hetero-
geneous and distributed industrial simulation environments. The GEMS software
is now available as a full open source Python 3 library named Generic Engine for
Multidisciplinary Scenarios, Exploration and Optimization (GEMSEO) [Gallard et al.,
2022].

The analytic Sellar problem is commonly used for benchmarking architectures.
Indeed, it is a typical simple MDO test case introduced by [Sellar et al., 1996, Sellar
and Batill, 1996] in 1996. It is presented in eq. 5.4 with arbitrary variables. Although
is has low dimensionality, it exhibits characteristics of larger MDO problems and
allows each of the MDO architecture implementations to be verified prior to further
testing [Martins et al., 2009].

Sellar
problem



minimize the objective function fobj = x2
2 + x3 + y1 + e−y2

varying the design variables x1, x2, x3
subject to global constraints c1 = y1/8 − 1 ≥ 0

c2 = 1 − y2/10 ≥ 0
subject to bound constraints −10 ≤ x1 ≤ 10

0 ≤ x2 ≤ 10
0 ≤ x3 ≤ 10

discipline 1 gives y1 = x2
1 + x2 + x3 − 0.2 · y2

discipline 2 gives y2 = y0.5
1 + x1 + x3

(5.4)

Firstly, [Delbecq, 2018] runs with Open-MDAO the Sellar problem with different
monolithic architectures and distributed ones. The total function evaluation counts
showed to be much greater for the distributed formulations (BLISS, BLISS-2000, CO)
than for the monolithic formulations (MDF, IDF). [Delbecq, 2018] finally focuses on
the monolithic architectures to deal with the design problem of aerospace EMAs.

Secondly, in the article of [Martins et al., 2009], the authors present a similar
performance comparison of architectures with the Sellar problem and complete it with
a scalable problem. This problem was designed to allow examining the effects of
increasing dimensionality while keeping manageable computational requirements.
Fig. 5.7 shows convergence results with respect to each problem. The authors
concluded that IDF consistently outperformed MDF and CO. The performance of
SAND was close to that of IDF, but it was not very robust: SAND did not manage to
solve problems of certain dimensionalities. CO usually was the least efficient method,
but it was not affected by an increase in the number of local design variables.

Thirdly, the report of [Gazaix et al., 2017] offers a performance comparison be-
tween monolithic and distributed architectures on a large scale problem e.i. the
academic SSBJ test case firstly introduced by [Sobieszczanski-Sobieski et al., 1998].
The study concludes that both architectures appear as appropriate for large-scale
design problems.

5.1.6 Optimization algorithms

A wide range of numerical optimization algorithms enables to tackle most of opti-
mization problems. The fundamentals to select an algorithm is to understand how
it works and to identify the problem to optimize. The optimization problems can
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FIGURE 5.7: Convergence history [Martins et al., 2009]: (left) Sellar prob-
lem includes 2 disciplines and global variables, 1 local design variable, 2
coupling variables, 2 constraints; (right) scalable problem includes 3 disci-
plines and global variables, 24 local design variables, 21 coupling variables,

21 constraints

be identified mainly by: the number of variable; the variable type (continuous, dis-
crete, mixed); the linear or non-linear functions; the constrained or un-constrained
singularities; the function with consistent derivatives; the local or global minima to
find.

Fig. 5.8 clearly shows that there is not a unique optimal technique for every
problem (Theorem 2). Combinaison of techniques is possible. For instance, in fig.
5.8 and function f2, combining gradient-based optimizers and multi-starting point
capabilities increases the chances to find the global optimum.

FIGURE 5.8: Different possible strategies for different function minimum: f1
gradient-based/free, f2 gradient-based/free, f3 gradient-free, f4 gradient-free

When the design problem has continuously differentiable functions and con-
straints with respect to design variables, a gradient-based method is the right solution.
If the derivatives are not available, gradient-free techniques are the only recourse.
When multiple optima is suspected, gradient-free techniques are effective to get close
to the global optimum, and then a switch to a local gradient method should be done.
This is often the most effective global optimization strategy [Papalambros and Wilde,
2017].

Gradient-based methods are very effective for optimization problems composed
of a large number of design variables (fig. 5.9). They are not very robust for multi-
modal or non-convex problems (e.g. the eggholder function [Surjanovic and Bingham,
2013]) as they tend to terminate on a local minima.

The gradient-based algorithms basically work estimating the partial derivatives
of the objective function fi (and constraints) with respect to n design variables xi.
This defines the objective n-rows vector and the (nxn) Hessian’s matrix (eq. 5.5).
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FIGURE 5.9: Gradient-based (SNOPT, SLSQP) versus gradient-free
(ALPSO, SIMPLEX, NSGA2) iteration level with respect of variable number

[Martins, 2012]

∇ f (x) =
∂ f
∂xi

(H f )i,j = J(∇ f (x)) =
∂2 f

∂xi∂xj
(5.5)

The minimum x∗ is reached when ∥∇ f (x)∥ = 0 and H f (x∗) is positive semi-
definite [Luenberger et al., 1984].

As far as unconstrained optimization problems are concerned, the most simple
method that uses derivatives of objective function is the steepest method (fig. 5.10). It
usually converges with a high computational cost. Another method is the Newton’s
one. It uses the second-order Taylor series expansion which improves the convergence
rate. Moreover, the Quasi-Newton methods such as Broyden–Fletcher–Goldfarb–Shanno
(BFGS) use only the first-order derivative information and estimate numerically the
Hessian along the iterations [Nocedal and Wright, 2006].

As far as constrained optimization problems are concerned, the approach takes
basically the gradient of the objective and constraint functions and iterates until satis-
fying the Karush–Kuhn–Tucker (KKT) optimality conditions [Kuhn, 2014, Luenberger
et al., 1984, Martins, 2012]. Well known and efficient gradient-based methods for con-
strained optimizations are the Sequential Least Square Quadratic Programming (SLSQP)
[Kraft et al., 1988] and the Sparse Nonlinear OPTimizer (SNOPT) [Gill et al., 2005].

FIGURE 5.10: Gradient-based and gradient-free iteration plots on a basic
resolution example: A steepest descent (1st order); B BFGS (2nd order); C

genetic algorithm; D Nelder-Mead simplex
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The gradient-free algorithms generally work by sampling the design space for
good points, and most of them use this information to decide where to sample next
[Papalambros and Wilde, 2017]. The problem of these algorithms is limited by the
problem size i.e. the number of variable (fig. 5.9). Their computational effort increases
dramatically as the number of design variables becomes large (ie. more than 20 or 30
variables [Papalambros and Wilde, 2017]). Table 5.2 briefly gives an overview of the
gradient-free algorithms.

The heuristic methods are easy to implement but difficult to use for problems
with expensive function calls because of their sampling methods closer to brute-force
search.

The Simulated Annealing (SA) is suitable for both discrete and continuous opti-
mization problems. SA is not designed to explore the design space, this makes it
efficient at finding a region that contains local optima. Nevertheless, once the region
is found, SA can take an extremely large number of function calls to converge to the
optimal solution as the steps are random. According to [Papalambros and Wilde,
2017], the parameter tuning is cumbersome.

The Genetic Algorithms (GA) (fig. 5.10) are versatile, they require no mathematical
knowledge, and they are easy to program. They allow to choose a variety of different
crossover and operators as well as a variety of different methods for parent selection.
The initial population is usually generated randomly, but it can be seeded with known
good points, thus providing the algorithm a partial ability to be restarted. A variety
of stopping criteria can be set (convergence to a single point, reached minimum
improvement tolerance, reached number of generation). The drawback is that this
versatility makes the algorithm specific to a given problem. Similarly to SA, at start,
the global search of GA finds efficiently points around local minima. However, GA
do not quickly converge to the given minima. If the functions of the problem are
costly to compute, a parallel computing scheme is the only reliable way to use GA
[Papalambros and Wilde, 2017].

Black-box methods, such as Efficient Global Optimization (EGO) and Dividing Rect-
angles (DIRECT), are designed for expensive functions. They arise in engineering
design simulations where the functions, which may be smooth, have a possible nu-
merical noise content. EGO and DIRECT require essentially no parameter tuning and
work efficiently as long as the number of variables is small [Papalambros and Wilde,
2017].

Further to Table 5.2, two additional algorithm types are worth mentioning. The
pattern search algorithms are used for continuous, discrete, and mixed-discrete prob-
lems, as well as discontinuous, non-smooth, or noisy functions. They have rigorous
convergence proofs and are widely applied [Papalambros and Wilde, 2017]. The
evolutionary algorithms are developed combining the contribution of GAs and evolu-
tionary strategies influenced from biological evolutions. The evolutionary strategies
such as the Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [Hansen, 2006]
are used for non-linear continuous problems. They are stochastic methods avoiding
combinatorial explosion for finding the global optimum.
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Algorithms
Constraint
handling

Number of
function calls
per iteration

Stochastic nature

Direct-search methods

Coordinate search (also named Com-
pass search or Coordinate descent)

filter,
progressive

barrier

close to
problem size

search step can be
stochastic

GPS (Generalized Pattern Search)
MADS (Mesh-Adaptive Direct
Search)

Nelder-Mead

Heuristic methods

SA (Simulated Annealing)

penalty (1)

one yes

GA (Genetic Algorithm), MOGA
(Multiobjective Genetic Algorithm)

population
size

yes

PSO (Particle Swarm Optimization) swarm size yes

Black-Box methods

EGO (Efficient Global Optimization) kriging one can be stochastic (3)

DIRECT (Dividing Rectangles) penalty (2) increases no

Notes: (1) for GA/MOGA, also: augmented Lagrangian, custom operators; (2) with inequality constraints;
(3) for maximizing the expected improvment

TABLE 5.2: Gradient-free algorithm recap [Papalambros and Wilde, 2017]

5.1.7 Thesis choices

In a context of preliminary design, the important criterias to select a MDO architecture
are:

- the overall performance (time to convergence, number of iteration)
- the robustness to scale change since it should be applicable as much on a small

helicopter as a bigger one.
- the reuse since the actuator preliminary design will evolve in terms of complexity.

This evolution will lead to the implementation of new low-fidelity disciplines, involv-
ing new design variables, new constraints and new inter-disciplinary couplings to
solve.

The scope of the actuator preliminary sizing gathers low-fidelity models i.e. an-
alytical models (algebraic equations) and response surface models (surrogate). In
addition, the size of the engaged numerical problem is reduced (small number of
design variables and constraints). Since the monolithic architecture shows good
performance and robustness, the use of the distributed MDO architectures for the
actuator preliminary sizing problem is not justified.

The reported monolithic benchmark highlights that the NVH stands out from
the other formulations with good performances. What is more, it is the formulation
the most robust to scale changes. However, its formulation is intrusive to the design
problem discipline. This makes it suitable only for preliminary sizing problems where
the user manages all the disciplines on her/his own.

The choice of the thesis is to implement the NVH monolithic architecture.
As far as the optimization algorithm is concerned, the sizing tool is equiped of 2

resolution algorithms that the user can select:
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- A heuristic algorithm such as the differential evolution introduced by [Storn and
Price, 1997]. The library is available on [SciPy, 2022]. This algorithm is based on a GA
and follows an evolutionary strategy. It has been done for minimizing non-linear and
non-differentiable continuous space functions. It requires a few control variables, it is
easy to use and it is robust [Storn and Price, 1997].

- An efficient gradient-based algorithm for constrained optimization such as the
SLSQP introduced by [Kraft et al., 1988]. The library is available on [SciPy, 2022].

As presented previously in subsection 5.1.5, the frameworks GEMS and Open-
MDAO offer a considerable potential at supporting efficiently an optimization prob-
lem (architecture and algorithm choices, formulation, solving, postprocessing). In
this thesis, we didn’t use these frameworks since they become available too late in the
thesis progress. Initially, the industrial choice was to not rely on any framework and
licence. This thesis took its way with Open Source solutions (Python) and limited the
packages to the standard ones (Sympy, Scipy, Numpy, Matplotlib).

5.2 Singularities & algebraic loops

The MSDO formulation basically follows 3 main steps:

1. the definition: per component, the variables, parameters, equations, constraints
describing the problem are gathered on a design graph (similarly presented in
section 5.3).

2. the orientation: a first workflow is drawn linking equations with their supposed
inputs and outputs. This highlights over-constrained singularities, under-
constrained singularities and algebraic loops (couplings). The N2-diagram can
be done beforehand to check the interfaces between several disciplines.

3. the formulation: the problem is re-organized according to the selected MDO
architecture. The final MDO process can be checked using the XDSM represen-
tation.

For large scale design problems, the formulation is not straightforward. Remov-
ing the problem difficulties by adding/removing variables or reordering discipline
analysis may be a hardwork and time consuming.

To support designers in going through these steps, [Delbecq, 2018] offers an
automated way through a graph-based approach. It is implemented in the Python
programming language. It is build on top of the NetworkX graph library [Hagberg
et al., 2008] and the Sympy symbolic computation library [Sympy, 2021].

In the scope of the actuator MSDO problem, this section focuses on each coupling
and singularity (fig. 5.11) found into the design graphs and provides the formula-
tions removing these difficulties. As reminder, the formulation follows the chosen
formulation strategy (NVH). The final design graphs per component are presented
in section 5.3 with the MDO difficulties solved.
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FIGURE 5.11: Singularities & algebraic loops

Some conventions have been set in the following equations. f (xi) means a de-
pendency on with the variable xi. fSL(x) indicates the use of the relevant scaling
law function of generic form: fSL(x) = A · xB. ci and cc

i are the constraints and the
consistency constraints (optimizer setting) linked to a component i. The variable sub-
script contains different information: in the first positions, a precision regarding the
variable; in the last position, the component ownership. When there is no component
ownership, it means that the variable comes from a combination of different compo-
nent characteristics or comes directly from the specification inputs. Each component
has its respective abbreviation as illustrated in Chapter 1 (architecture of reference,
fig. 1.22): Rod End (RE), BB1, BB2, SM, EM, EMB, ACT, H, OR. No safety coefficient
appears in any equation sets, this is to facilitate the reading.

5.2.1 Algebraic loops

The principle of coupling or algebraic loop has been presented and illustrated in
section 5.1.1.2. This difficulty is found in the electrical component sizing (EM, EMB).
Indeed, the shaft inertia is known once the components are determined. However,
the component determination requires the shaft inertia as an input parameter. This
describes an algebraic loop.

5.2.1.1 Electromagnetic brake

The EMB component model takes the static braking torque as key parameter. All
brake characteristics are determined from this parameter requiring the total shaft
inertia Jtotal . This variable is unknown at this step of sizing since it requires a brake
characteristic: the disk inertia JEMB. Consequently, the disk inertia becomes the
coupling variable of the problem. The difficulty is overcome adding one normal-
ized variable ko,EMB and one consistency constraint cc

EMB as presented in the frame
below. An intermediate value of inertia J′ is estimated with the other components
contribution. This is for the oversizing coefficient exploration depth to be reduced.

Initial problem:
7→ sizing scenario(s):

Ts,EMB =
Fmax · pSM

ηi,SM
+ Jtotal ·

vmax

pSM · tEMB

7→ model(s):

JEMB = fSL(Ts,EMB)

Jtotal = ∑
i

Ji + JEMB

Formulated problem:
7→ sizing scenario(s):

J′ = ∑
i

Ji

Ts,EMB =

(
Fmax · pSM

ηi,SM
+ J′ · vmax

pSM · tEMB

)
· ko,EMB

Ts,EMB ≥ Fmax · pSM

ηi,SM
+ Jtotal ·

vmax

pSM · tEMB
=⇒ cc

EMB

7→ model(s): the same than initial problem
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Note(s): i ∈ [BB1, BB2, SM, EM, Mre f lected]; the lead lSM of the screw mechanism is an
optimization variable

5.2.1.2 Electrical motor

Similarly to the EMB, the EM states an algebraic loop based on the rotor inertia
JEM. This is overcome by the introduction of an oversizing coefficient ko,EM and an
inequality consistency constraint cc

EM. What is more, the RMS torque is determined
by 2 equations (overconstrained problem, see subsection 5.2.2). The extra equation
involving the specification is turned into an inequality constraint cEM.

Initial problem:
7→ sizing scenario(s):

Tpeak,EM = fscen(Jtotal , pSM, ηd,SM)

TRMS,EM =

√(
pSM · FRMS

ηd,SM

)2

+ 2 · Jtotal

ηd,SM
· PR +

(
Jtotal · aRMS

pSM

)2

7→ model(s):

TRMS,EM = fSL(Tpeak,EM); JEM = fSL(Tpeak,EM); Jtotal = ∑
i

Ji + JEM

Formulated problem:
7→ sizing scenario(s):

Tpeak,EM =

(
Fmax · pSM

ηi,SM

)
· ko,EM

Tpeak,EM ≥ fscen(Jtotal , pSM, ηd,SM) =⇒ cc
EM

TRMS,EM ≥
√(

pSM · FRMS

ηd,SM

)2

+ 2 · Jtotal

ηd,SM
· PR +

(
Jtotal · aRMS

pSM

)2

=⇒ cEM

7→ model(s): the same than initial problem

Note: fscen indicates the scenario function providing the maximum torque among 3 defined
peak scenarios (Chapter 4, paragraph 4.3.2.1.2); i ∈ [BB1, BB2, SM, EMB, Mre f lected]; the
lead pSM [m/rad] of the screw mechanism is an optimization variable

Other difficulties challenge the MDO formulation, they are the over-constrained
singuralities and under-constrained singularities.

5.2.2 Over-constrained singularity

An over-constrained singularity takes place when more than one equation yields
to the same output (fig. 5.11). To solve the difficulty, a known parameter named
over-sizing coefficient ko ⊂ [1;+ inf[ is introduced on the deterministic equation and
all extra equations are replaced by inequality constraints in the optimizer settings.
This is detailed in the following paragraphs.

5.2.2.1 Rod end

The component RE involves an over-constrained singularity. Indeed, the component
key parameter (the static load capability, C0,RE) is driven by 2 sizing scenarios: the
specified max static load Fmax and a limitation, the referenced minimum axle diameter
daxle,min,re f . To overcome this difficulty, an over-sizing coefficient ko is introduced to
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drive the value of the model key parameter. The problem and its formulation are
presented hereafter.

Initial problem:
7→ sizing scenario(s):

C0,RE = Fmax

daxle,RE ≥ daxle,min,re f ,RE

7→ model(s):

daxle,RE = fSL(C0,RE)

Formulated problem:
7→ sizing scenario(s):

C0,RE = Fmax · ko,RE

daxle,RE ≥ daxle,min,re f ,RE =⇒ cRE

7→ model(s): the same than initial problem

5.2.2.2 Ball bearing 1 & screw mechanism

The components BB1 and SM involve an over-constrained singularity. Indeed, their
component key parameter (the static load capability, C0) is driven by 2 sizing sce-
narios: the specified max static load Fmax and the specifiied dynamic load Cd,spec.
To overcome this difficulty, the set of the 2 equations is turned into an inequation
constraint and the introduction of an over-sizing coefficient ko driving the value of
the model key parameter. The problem and its formulation are presented hereafter.

Initial problem:
7→ sizing scenario(s):

C0,i = Fmax

Cd,i = Cd,spec,i

7→ model(s):

Cd,i = fSL(C0,i)

Formulated problem:
7→ sizing scenario(s):

C0,i = Fmax · ko,i

Cd,i ≥ Cd,spec,i =⇒ ci

7→ model(s): the same than initial problem

Note(s): i ∈ [BB1, SM]

5.2.3 Under-constrained singularities

It can happen that several parameters to determine participate in a single equation, the
system is undetermined (fig. 5.11). This is named an under-constrained singularity. It
usually happens when the design problem has not enough design drivers.

The way to deal with it is to formulate a design assumption (e.g. a maximum
reachable value) and associate it with an under-sizing coefficient ku ⊂ [0; 1]. The
unknown parameter becomes a design variable bounded by independent limits far
from any particular specification.

The actuator problem does not include such a singularity.

5.3 Design graphs

The design graph is a graphical and handmade tool to study the coordination between
MDO problem variables and components. The design graph method is introduced
in [Budinger, 2014]. Here, we suggest to rework it differently: it includes colors, a
unidirectional reading and it is applied to each component separately. It basically
provides an overview of the component execution sequence. The design graph
principle is explained and illustrated with the simple example of the rod end in the
following subsection 5.3.1. Further, the design graphs of the screw mechanism and
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the electromagnetic brake are displayed to show the principle with more variables at
stake. All other design graphs are available in Appendix U.

The design graph color legend is given in fig. 5.12.

FIGURE 5.12: Design graph color legend

The design graph is read from left to right and top to bottom. The parameters
dealing with safety coefficients, components of reference or design hypothesis are
not mentioned to improve the clearity of the presentation.

5.3.1 Rod End

A specification parameter (Fmax) and an oversizing parameter (ko,RE ∈ [0; 10]) are
required to estimate the rod end key parameter. A rod end estimation model provides
the parameter necessary for the sizing procedure daxle,RE. At mechatronic level, the
scenarios sizing the rod end are: - the static load capability C0,RE should be higher
than the specified maximum static load Fmax; - the axle diameter daxle,RE should
be bigger than a minimum referenced standard specified in the design hypothesis.
Thanks to the introduction of the oversizing coefficient, the first scenario des not need
to be set as a constraint in the optimizer settings. The second scenario is set as an
optimization constraint caxle,BB1.

FIGURE 5.13: Design graph of component Rod End (RE)

5.3.2 Screw mechanism

The same principle than for RE is applied for the SM component (fig. 5.14). Visually,
the graph shows that this component does not need other component parameter to
be determined. This component will be among the first disciplines to be executed
in the sizing. This component has 7 sizing scenarios. Among them, there are the
component capabilities regarding the static load C0,SM and the fatigue load Cd,SM
to be compliant with the application requirements, respectively Fmax and Cd,spec,SM.
Thanks to the introduction of the oversizing coefficient ko,SM ∈ [0, 10], only the fatigue
load limitation is set as an optimization constraint cCd,SM.

In addition, the component counts 3 running limitations regarding the buckling
resistance Fbuckling,SM, the resonance speed without loading Ωres,noload,SM, and the
resonance speed with loading Ωres,load,SM. These limitations are set as optimization
constraints.
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Futhermore, the component is subject to an assembly constraint dealing with the
electrical motor inner diameter. This is set as an optimization constraint cd,screw,SM.

Finally, the screw efficiency formula has a domain of validity to respect. Also, the
direct and indirect efficiency values must remain close. This enters the optimization
settings as two constraints: ceta,val,SM and ceta,gap,SM.

FIGURE 5.14: Design graph of component Screw Mechanism (SM); abbrevi-
ations used on discipline: Shaft (S)

5.3.3 Electromagnetic brake

The design graph of the EMB component is presented in fig. 5.15. To get its key
parameter Ts,EMB defined, this component requires the outputs from different disci-
plines (efficiency and inertia). The EMB estimation model provides the disk inertia.
The discipline I gathers all contributing inertia and ouputs the total rotating inertia
Jtotal . Finally, given this value, the discipline RT estimates the required braking static
torque Ts,spec,EMB.

Due to the chosen MDO formulation (section 5.2.1.1), the consistency between
the EMB key parameter (carrying the oversizing coefficient) and the application
requirement must be checked. This corresponds to a sizing scenario implemented as
an optimization constraint cc

Ts,EMB.
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FIGURE 5.15: Design graph of component Electromagnetic Brake (EMB);
abbreviations used on disciplines: Shaft (S); Inertia (I); Required Torque (RT)

5.4 Sequencing the execution

Through the design graphs in section 5.3, the sequences of calculation steps have been
identified for each component. Now, assembling these sequences together defines the
global sizing procedure. This assembly is done using the efficient formalism of the
XDSM representation. The actuator detailed XDSM diagram is available in Appendix
V. The diagram is included with a vectorial format to enable a clean zooming in if
necessary. This diagram is too large to be included here.

We propose to synthetize this actuator sizing procedure by another diagram (see
fig. 5.16). This diagram presents the different disciplines to go through until reaching
an estimation of the actuator mass. Also, it makes a list of the sizing scenarios
corresponding to each component key design driver. From these sizing scenarios, 30
constraints emerge in the optimization settings. With the objective of minimizing the
actuator mass and to satisfy the constraints, the optimizer plays in a design domain
of 10 variables. One of them is a technological variable (lead). The nine other ones
are oversizing coefficients coming from the application of the NVH formulation.
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FIGURE 5.16: Influence diagram of the actuator sizing procedure

5.5 GUI WebApp

The previously detailed sizing procedure has been implemented into a GUI WebApp
(fig. 5.17). The access to it does not require any type of installation. It only requires
an internet connection, a web browser, a login and a password.

FIGURE 5.17: GUI WebApp: upper ribbon & main tabs

The preliminary sizing code and the GUI WebApp have been implemented using
Open Source tools. The sizing code is programmed in Python. The GUI is based on
Jupyter Notebooks containing ipywidgets and calls of Python scripts. The WebApp is
generated using Voilà [Voilà, 2020]. This package creates a dashboard on top of the
Jupyter-server ecosystem. It turns the Jupyter notebooks into a standalone app. This
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process is implemented within a Virtual Machine structure running Ubuntu 18.04
with a SSH ability.

The GUI WebApp is shown in fig. 5.17. It contains 7 main tabs (fig. 5.17). Each
tab contains the following features.

1. WELCOME tab: it presents with sketches the design context and gives IT
technical details about the WebApp.

2. SPECIFICATION tab (fig. 5.18): it invites to enter the specification of the desired
actuator.

3. DESIGN HYPOTHESIS tab: drop-down menus per component and discipline
gather all safety coefficients and design hypothesis parameters. Also, with
colors, it reminds the related parameter of the specification and estimate instan-
taneously the corresponding demand. This tab offers the user the possibility to
activate more or less each actuator design criteria separetly.

4. REFERENCES tab: it gathers the component of reference feeding the scaling
laws. A drop-down menu is dedicated to each component of reference. In each
drop-down menu, a picture of the component is provided with a legend.

5. SIZING tab: it proposes the choice between gradient-based or gradient free
optimization algorithm (SLSQP or differential evolution). A red button has to
be hit to launch the sizing process.

6. RESULTS tab (fig. 5.19): in specific drop-down menus, this tab presents the
estimated characteristics of each component and the optimization parameters.

7. GRAPH tab: it displays a graphical mass distribution of the actuator.

By default, the interface is ready to be launched. Indeed, the input boxes of the
tabs SPECIFICATION, DESIGN HYPOTHESIS and REFERENCES are pre-filled with
default values practiced for a real sizing use case. Each input box on the two first
tabs has got its own APPLY DEFAULT button. When the input box value is modified
by the user, hitting this button brings back the default value. In the REFERENCES
tab, the component of reference can be renamed hitting an APPLY DEFAULT button.
Also, the user can upload its own component of reference and save the component of
reference she/he has just entered.

Furthermore, in the DESIGN HYPOTHESIS tab, information tips are attached to
some parameters to help the user understanding the parameter or to provide orders
of magnitude in practice.

A screenshot of the SPECIFICATION tab is presented in fig. 5.18.
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FIGURE 5.18: GUI WebApp: SPECIFICATION tab

The RESULTS tab presented in fig. 5.19 shows the different drop-down menus
corresponding to each component. In each of them, the corresponding specifica-
tion, design hypothesis, and effective demand are reminded above the component
characteristics.

The last drop-down menu concerns the optimization parameters. It displays the
optimization variables, and all the constraints. An automatic flashy background color
highlights the active design drivers. A spider web representation can be another
alternative to it with less constraint to display.

One asset of the NVH formulation is found here. The normalized optimization
variables are implemented in the heart of the code and their value allows to monitor
and understand how the algorithm processed to converge. This combined with the
constraints increases the level of result interpretation.
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FIGURE 5.19: GUI WebApp: RESULTS tab

Once the optimized actuator is generated, the actuator main dimensions are
exported to generate a 3D visualization. The dimensions are connected to a script
where the generic geometry of the actuator is coded in JavaScript. The package
OpenJSCAD [MIT, 2020] is used to compile, along with CSS style files, the HTML file
of the actuator geometry. This file is opened on a new web browser page (fig. 5.20 &
5.21). The user can move the actuator in 3D. The graphical interface allows to modify
the geometry manually and update the visualization instantaneously. Also, it allows
to export the geometry as a STL file. This is useful if a 3D printing is needed.
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FIGURE 5.20: GUI WebApp: 3D full view of a sizing example

FIGURE 5.21: GUI WebApp: 3D section view of a sizing example

5.6 Validation

5.6.1 Basic checks

The preliminary sizing tool is checked on basic scenarios such as a pure static load
& static/dynamic load, low or high running cycles, pitting consideration or not and
influence of vibratory criterias.

5.6.1.1 Influence of pure static load & static/dynamic load

When not any dynamic performance are expected from the actuator, the required
torque does not have the contribution of the rotating inertia. The electrical motor
characteristics are not as high as they are when dynamic is taken into account. The
torque to stop by the electromagnetic brake comes only from the maximum static
load modified by the inverse efficiency of the screw mechanism.

The preliminary sizing verifies these statements.
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5.6.1.2 Influence of low/high running cycles & pitting

The running cycles correspond to a number of fatigue cycle. The more the shaft
spins, the more the mechanical components with rolling elements accumulate fatigue
cycles. As supposed in Chapter 4, the pitting phenomena implies a number of fatigue
cycles that corresponds to a number of running cycles. All considered, either varying
the specification linked to the pitting cycles or varying the total equivalent distance
travelled by the actuator, both play on the total number of fatigue cycles.

As shown by a Whöler curve, the admitted number of fatigue cycles is directly
linked to the number and the amplitude of the Hertz contact pressure occuring
among the rolling elements. For a given load application, the bigger the elements in
contact are, the smaller the Hertz contact pressure is. Also, for important pressure
amplitudes, the admitted number of cycles is low, and for smaller amplitudes, the
admitted number is higher.

For a given actuator architecture and a given specified number of cycles, the
component selection process varies the component sizes. When increasing the size
of mechanical components, the rolling elements are bigger and/or more numerous,
their fatigue capability is increased.

The preliminary sizing verifies these statements.

5.6.1.3 Influence of vibratory criterias

The surrogate model ckecks that the longer is the actuator, the lower is the resonance
frequency. The generated vibratory stress induces the housing and output rod to
thicken and increase in diameter.

When setting the output rod diameter as unbounded optimization variable, the
increase of the output rod diameter involves the increase of the virtual nut considered
in the surrogate hypothesis. Indeed, the nut, filled with the density entered as
parameter, evolves with geometrical similarity hypothesis. Consequently, important
output rod diameters involves important masses under vibration at nut level. In a
context of mass optimization, the increase of the diameter results to have a bound up
instead of being boundless. For not reaching this bound up, the diameter increase
has been bounded to be smaller than 120% of the effectively sized nut diameter.

As far as the interface between the nut and the output rod is concerned, the
solution to fasten the output rod onto the nut might differ depending on the output
rod diameter and the nut diameter. If the output rod thickness is thin and the inner
diameter matches the one of the nut, the output rod requires a flange around to be
fastened. Consequently, an additional length margin should be considered in the
specified stroke.

It is clear that most vibratory feedback will come from laboratory bench tests once
the actuator is designed and prototyped. The vibratory problem is complex to model.
As presented previously, we propose the surrogate as a simple model adapted to
preliminary phases.

The leap seal located between the output rod and the housing should have a
significant impact on vibratory results. When the bushing is not in contact, the lip
seal provides some stiffness between the output rod and the housing along with a
damping effect.

Some more information about EMA housing sizing can be found in [Budinger
et al., 2015].
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5.6.2 Arbitrary Sizings

We suggest presenting some preliminary sizing results from an arbitrary specification.
The arbitrary specification and the associated design hypothesis are given in table 5.3.
The actuator sizing results regarding the simplex topology (fig. 1.23) are available
in table 5.4, in the column named sizing A. To show the sensitivity of the values
of the static load, stroke, and acceleration (RMS), the arbitrary specification is run
again three times with, every time, a modification of one indicator value. Sizing B
includes the arbitrary static load multiplied by 2. Sizing C includes the arbitrary
stroke multiplied by 4. Sizing D includes the arbitrary RMS acceleration multiplied
by 2.

Specification Units Value Specification & Design Hypothesis Units Value

stroke Ls mm 50 load frequency fload hz 20
equivalent distance traveled Leq km 100 total lifespan tli f e hours 20, 000
speed max vmax m · s−1 0.2 bus voltage max Vdc,bus Vdc 110
speed iron viron m · s−1 0.1 motor phase current max Imax Apeak−sine 10
acceleration max amax m · s−2 5 all safety coefficients − 1
acceleration rms arms m · s−1 1 housing heat-transfer coef. (convection) W · m−2 · K−1 5
load max Fmax kN 3 housing emissivity − 0.4
load rms Frms kN 1 housing & output rod density kg · m−3 7800
load rmc Frmc kN 1 housing & output rod thickness min mm 1
load dynamic peak-to-peak Fpitting kN 1 housing & output rod fatigue stress MPa 500
power rate mean PR W · s−1 1 quality coefficient Qm − 30
pair (aPRmax; FPRmax) (m · s−2; kN) (3; 1.5) vibratory acceleration avib m · s−2 98
equivalent load mass Mload kg 50 time-to-stop speed (EMB) tEMB s 0.05
ambient temperature tamb

◦C 25 shaft density kg · m−3 7800
skin temperature max tmax,skin

◦C 100

TABLE 5.3: Arbitrary specification and its design hypothesis

Value of Characteristics

Components Characteristics Sizing A Sizing B
(Fmax X2)

Sizing C
(smax X4)

sizing D
(arms X2)

MECHANICAL COMPONENTS

screw mechanism (SM) thread lead [mm/rev] 3.1 3.1 3.5 3.8
SM (nut, screw), BB1, BB2, and RE (x2) total mass [kg] 0.72 0.72 0.91 0.65

ELECTRICAL COMPONENTS

electrical motor (EM) inertia [kg · m2] 7.6 · 10−5 1.1 · 10−4 4.9 · 10−5 1.1 · 10−4

external diameter [mm] 60 64 55 65
motor constant Km [10−2 (Nm)2/W] 4.6 6.3 3.0 6.8
torque constant Kt [Nm/Arms−sine] 0.23 0.26 0.24 0.26
mass [kg] 1.1 1.4 0.87 1.4

electromagnetic brake (EMB) inertia [kg · m2] 1.0 · 10−5 2.0 · 10−5 1.0 · 10−5 1.3 · 10−5

mass [kg] 0.72 1.1 0.73 0.83

ACTUATOR

housing (H) thickness [mm] 1.1 1.2 4.6 1.1
mass [kg] 1.8 2.0 4.1 1.9

output rod (OR) thickness [mm] 1.4 1.4 3.9 1.4
mass [kg] 0.14 0.14 0.78 0.14

actuator (simplex) total mass [kg] 4.6 5.5 7.5 5.1

TABLE 5.4: Sizing results from the arbitrary specification
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The following lines comment the sizing results presented in table 5.4 to better
understand the sizing choices performed by the optimization.

The arbitrary specification leads a design of the mechanical components mainly
guided by the fatigue criteria (sizing A). This means that the static load criteria are
satisfied with margins. Moreover, because of the low heat-transfer coefficient, the
low emissivity, and the significant RMS acceleration level (see table 5.3), the electrical
motor design is driven by the heat dissipated through the actuator skin, by convection
and radiation.

In sizing B, the increase in the static load stands in the static load margin of the me-
chanical components; their sizing remains unchanged. However, the Electromagnetic
Brake (EMB) must stop a higher torque. Indeed, the torque to stop in an emergency
relies on two specified values: the static load converted by the indirect efficiency of
the Screw Mechanism (SM) and the screw maximum speed to stop within the specified
time tEMB. Doubling the static load, the EMB requires to develop a higher braking
force. It is bigger then. This involves the increase in the EMB disk inertia that sums
to the total rotating inertia. Thus, a higher electrical motor performance is required.
Because of the increased length of the electrical components, the housing is heavier.

Increasing the specified stroke (sizing C) makes the actuator longer. The ratio
diameter by length is decreased. The housing and the output rod must have their
thickness increased to withstand the vibratory accelerations. The screw of the SM is
longer, involving an additional mass. What is more, the increased actuator length
offers a more extended outer surface for dissipating the heat generated by the motor.
The Electrical Motor (EM) can have lower performances if the thread lead is increased.
The EM has a reduced mass then.

The motor heat generation is based on a continuous torque. The RMS acceleration
highly contributes to this torque. Doubling the specified RMS acceleration (sizing D)
involves an important specified continuous torque. The motor size must be increased
to satisfy this specification. Increasing the lead limits the motor size increase for a
reduced mass. With a bigger motor, the rotating inertia is higher and the EMB is
required to be bigger. Moreover, increasing the lead reduces the fatigue phenomenon
applied to the mechanical components. The mechanical components are chosen with
slightly smaller fatigue capabilities. They are slightly smaller then. Moreover, the
sized electrical components make the actuator longer. Thus, the Housing (H) is slightly
heavier.

5.6.3 Real use case

The industrial context of this thesis provides an actuator prototype, named DARS,
designed for the VSR700 helicopter. This provides a real use case to compare with the
preliminary sizing tool results.

Three preliminary sizing cases are launched. A first one, sizing A, takes the DARS
specification with its design hypothesis as inputs. A second one, sizing B, takes the
same inputs but forces the screw mechanism lead to be exactly the one of the DARS.
A third one, sizing C, also takes the same inputs but cancel the pitting phenomena in
the specification.

The component characteristic differences between these sizing results and the
DARS are compared in table 5.5.
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relative difference r f [%] (1)

component characteristic sizing A sizing B sizing C

MECHANICAL COMPONENTS

screw mechanism (SM) lead 14 0 -48

screw diameter 8 11 -41

nut diameter 7 7 -40

mass 35 42 -66

ball bearing (BB1) diameter -3 0 -38

heigth 0 6 -33

mass 12 21 -70

ball bearing (BB2) mass 20 30 -20

ELECTRICAL COMPONENTS

electrical motor (EM) inertia -62 -66 -85

resistance 22 6 -36

external diameter -14 -14 -28

length 22 20 2

motor constant Km -42 -44 -62

mass -41 -44 -65

electromagnetic brake (EMB) inertia -35 -43 -75

mass 20 10 -32

motor (EM) & brake (EMB) mass -22 -27 -55

ACTUATOR

housing (H) mass -30 -29 -65

actuator (all included) mass -28 -28 -68

actuator (without accessories (2)) mass -16 -16 -62

(1) the relative difference is defined as r f = (Csizing − CDARS)/CDARS · 100; (2) accessories are
fasteners, connectors & sensors

TABLE 5.5: Comparison of the preliminary sizing code results with the
characteristics of a real actuator (DARS)

In table 5.5, sizing A shows that the total actuator mass prediction is close to
the one of the DARS when the accessories are removed. Indeed, the fasteners, the
antirotation key, the sensors and the electrical connectors are not considered by the
preliminary sizing tool. The same observation is done forcing the lead to be the one
of the DARS (sizing B).

The DARS actuator has been done with off-the-shelves mechanical components.
In sizing A, the tool predicts the ball bearing geometries close to the one of the DARS.
Regarding the screw mechanism, the prediction is turned towards a bigger screw
with a slightly bigger lead. The higher is the lead, the higher is the fatigue capability.
In sizing B, the lead is forced to be lower than in sizing A, the screw mechanism
size is increased to keep the same fatigue capabilities. The bearing sizes increase
consequently, geometrically constrained by the screw diameter for assembly reasons.
What is more, comparing sizing A & B with sizing C highlights that the pitting
phenomena significantly guides the screw mechanism design.

As far as the electrical components are concerned, sizing A & B give rather a
motor smaller in diameter and longer. The rotating inertia results to be lower. During
any electrical supply cut-off and thanks to a smaller lead, the shaft rotation is driven
by a lower torque stemming from the load application through the indirect efficiency.
The brake size is smaller in sizing B then.

Among all the components, the electrical component characteristics carry the
biggest relative differences. The optimized component selection contributes into
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these differences. Also, the choice of the component of reference for the scaling laws
can explain the differences. The DARS is equipped with a taylor-made motor and
brake, both can not be found in any catalog. The sizing tool considers components
of reference taken from the supplier’ catalogs [PARKER, 2022] [MIKIPULLEY, 2022].
The sizing tool adapts the electrical motor winding characteristics to the specified
voltage and current. Moreover, each supplier component range has its own design
specificities. Furthermore, among the electrical components, the biggest relative
difference is for the inertia characteristic. This characteristic determination is the most
sensitive to uncertainties because of the power used in the scaling law.

Table 5.5 shows that the actuator can potentially take advantage of a mass gain
regarding the electrical motor design. As reminder, the preliminary sizing is based on
continuous laws associated with uncertainties. It does not provide necessarily com-
ponents available in the industry. This highlights the need for a future development:
a preliminary sizing based on the component selection into suppliers’ catalogs.

5.6.4 Resolution performance

Thanks to the analytical content of the code (no call of external softwares), the time to
solve the optimization problem is relatively quick (< 1 min). This level of reactivity
is essential for a preliminary sizing tool.

In table 5.6, the sizing tool is run with the two available optimization algorithms.
As expected, the gradient-based algorithm is faster than the gradient-free one. Both
point to very close solutions. Even if the gradient-free algorithm is slower, we use it
to make sure to point towards a global minimum.

SLSQP
Differential
evolution

tolerance or accuracy 10−5 10−5

relative difference between solutions 2.2 · 10−3 %

resolution time 919 ms 50.5 s

MFE (1) 229 1000

gradient evaluations 18 −
(1) Maximum Functional Evaluation (MFE): number of times the objective

function has been evaluated

TABLE 5.6: Resolution performance of the sizing tool

5.7 Application

In this section, some real application cases are brought to illustrate the applicability
of such preliminary sizing methodology.

Different specifications from real application cases are executed into this sizing
code and output results are presented. These specifications are linked to redundant
topologies of actuation and to two different helicopter use cases: the main rotor and
the tail rotor.

For confidentiality matters, inputs and results are presented as ratios of quantities.
The observation of the sizing evolutions is the focus point of this section.
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5.7.1 MRA vs TRA applications

Chapter 2 showed that the TRA application was distinguished from the MRA in terms
of dynamism, load and especially in terms of induced motor losses. To illustrate this
difference between the MRA and TRA applications (table 2.10), their specifications
are executed into the sizing code. The resulting sized motor characteristics and the
actuator mass distribution are displayed in fig. 5.22 & 5.23.

For confidentiality reasons, the results of the MRA and TRA sizing are normalized.
The reference is taken as the actuator sizing which satisfies both applications at the
same time.

Figure 5.22 globally shows that the selected motor for the TRA has reduced
characteristics compared to the one selected for the MRA. The rotor inertia, which
induces motor losses, is drastically lowered compared to the MRA selected motor.

Chapter 2 suggests the mean power rate PR and the RMS acceleration arms as a
way to consider the induced motor losses. In fig. 5.22, the orange line shows the sizing
resulting from the reference actuator specification regardless PR and arms. The losses
results to be estimated at roughly 40% of what they are for the reference actuator
and the continuous torque at roughly 70%. The performance difference is also seen
through the actuator mass statement in fig. 5.23. It is clear that not considering
the values PR and arms into the actuator specification involves a significant risk of
undersizing the electrical motor of the actuator.

FIGURE 5.22: Motor characteristic evolution of specific actuators for the
MRA & TRA applications compared to an unique actuator for both applica-

tions (reference).

Fig. 5.23 shows the important mass decrease among components induced by TRA
application compared to MRA one. The TRA total mass shows to be 80% lower than
the one of the actuator satisfying both applications.
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FIGURE 5.23: Mass distribution of specific actuators for the MRA & TRA
applications compared to an unique actuator for both applications.

The MRA and TRA of the considered helicopter PFCS lead to two significantly
different sizings. MRA and TRA are two applications to be distinguished. Designing a
specific actuator for each application will benefit the helicopter mass and its electrical
network.

5.7.2 Redundant topologies of actuation

There are mainly two redundant topologies of actuation [Maré, 2017, Naubert et al.,
2016, Seemann et al., 2012]. A first one is the force summing where the failed or
passive actuator shall be free in motion. In this case, the actuator must be equiped with
a clutch or any breaking fuse system. A second one is the position summing where
the failed or passive actuator shall be locked from motion. In this case, the actuators
must be equiped with a power-off brake. The position summing topology can be seen
with actuators either installed in tandem (as presented in fig. 5.24 (a)) or in parallel
(fig. 5.24 (b)). The tandem configuration is the most commonly found in aeronautics
(Chapter 1, table 1.5). This equips the PFCS of fighter aircrafts and helicopters, and
the SFCS of comercial aircrafts (except spoiler) [Maré, 2017]. Meanwhile, the parallel
configuration is far less used [Maré, 2017].

We suggest to study the impact on housing mass and output rod mass involved
by the consideration of topology (b) compared to topology (a) (fig. 5.24). It is clear
that topology (b) introduces potential additionnal plays and wear points compared
to topology (a). However, it is important to estimate if this topology involves any
mass gain that would compensate these drawbacks.

From tandem to parallel topologies, the force is halved, meanwhile the stroke,
speed and acceleration are doubled. The work produced by the actuator remains the
same.
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FIGURE 5.24: Redundant topologies of actuator in position summing (pas-
sive/failed actuator shall be locked). (a) 1 tandem actuator, (b) 2 simplex

actuators linked by a cross bar (a = b considered, F1 = F2 = F3/2).

The bar chart presented in fig. 5.25 presents sizing results involved by both
actuation topologies. The results are given as a ratio with the sizing results obtained
for a simplex actuator not equipped with any electromagnetic brake.

FIGURE 5.25: Mass evolution of tandem or parallel topologies compared to
simplex topology.

As the parallel topology requires doubled stroke and half load, the actuator is
longer and smaller in diameter than in the tandem topology. The thicknesses of the
housing and the output rod are nearly doubled. The mass of the set (housing & rod)
results to be half heavier than the one of the tandem topology. The parallel topology
shows electrical components and mechanical ones with reduced characteristics and
reduced masses compared to the tandem topology. Therefore, the contribution of
the set (housing & rod) mass on total actuator mass is much higher for the parallel
topology. Fig. 5.26 confirms it with a contribution of a third of the actuator mass
concerning the tandem topology against more than half the actuator mass concerning
the parallel topology.
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FIGURE 5.26: Component mass distribution for one actuator.

The parallel configuration seemed to be a relevant choice because of the load
reduction. However, this finally penalizes the actuator since the load reduction
involves a small actuator diameter. With the increase of the stroke, the diameter to
length ratio is no longer interesting. There is not any mass gain on the housing and
the output rod. The cross bar has to be considered in the mass statement too.

Finally, the total actuation mass gain involved by the parallel topology is not
significant enough relatively to the potential drawbacks it introduces.

5.8 Conclusion

The MDO field mainly solves multidisciplinary couplings and singularities to create
a viable workflow of equation execution with optimization. Different strategies are
available: either using a distributed architecture or a monolithic one. The choice
is turned towards monolithic compatible with the problem scale and the expected
resolution speed. The monolithic architectures follow two different approaches in
order to solve the multidisciplinary couplings. One uses numerical solvers mean-
while the second relies on an optimizer and reformulates the design problem. The
second approach precisely was chosen for this thesis (i.e. the NVH architecture). The
sizing procedure includes non-linearities. To make sure of a global minimum, the
optimization algorithm is suggested to be a gradient-free one such as the differential
evolution. The resolution time is reasonably fast.

The presentation of the design graphs per component and then, the full sizing
procedure, highlight that the complexity level of a multidisciplinary problem requires
some methodology. This thesis actuator preliminary sizing has a reduced number of
parameters. Some graphical representations are used to settle down the problem. The
design graphs and/or N2-diagram check the interfaces between several disciplines.
The XDSM representation is an efficient formalism to check out the whole MDO
process of the actuator sizing problem.

What is more, this Chapter showed the implementation of the actuator preliminary
sizing procedure into a GUI WebApp. This is to create a user-friendly tool escaping
from any code lines to deal with or any bothers from software package installations.

Finally, the validity of the preliminary sizing prediction is compared to a real use
case (VSR700 actuator prototype). Also, the applicability of the preliminary sizing
tool is emphasized with two studies.

The first study compares redundant topologies of actuation. For a given specifi-
cation, the first study concludes that the parallel topology was not a relevant choice
compared to the tandem topology. This because of the trade-off between failure level
and mass gain.
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The second study compares the MRA and TRA specifications from the same
helicopter (VSR700). This study backs up the conclusion of Chapter 2. Chapter 2
stated a clear dynamism and load difference between the MRA and the TRA with
indicators quantifying the importance of the motor losses. These losses are induced
by the mean power rate PR and especially the equivalent continuous acceleration
arms of the application. The second study showed the risk of undersizing if arms and
PR are not taken into account. Furthermore, it concludes that the helicopter mass
could benefit from a specific sizing adapted to the MRA and the TRA. The TRA shall
be designed with a rotor inertia as low as possible.
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Chapter 6

Conclusion, discussion &
perspectives

6.1 Conclusion & discussion

The market trend is globally facing a technological watershed towards more electri-
cal solutions. Also, the helicopter dronization expansion generates a need for the
implementation of eletrical Primary Flight Control System (PFCS) on already flying
helicopters. The PFCS architecture involves Electromechanical Actuators (EMAs). These
actuators are named critical EMAs because of the harsh running conditions and the
safety criterias they must comply with. The EMA is a mechatronic system including
multidisciplinary components. There is a real need to support the preliminary design
of critical EMAs. This need includes the formulation of an actuator specification.
Thus, the added value of this thesis takes place on the downward side of the design
V-cycle. This thesis brings a design methodology with models & tools to support the
specification and the preliminary sizing of critical EMAs in the context of a collab-
orative work. This methodology can be applied to any EMA architectures. These
architectures can answer diverse actuation needs, from drones to heavy vehicles.

Firstly, this thesis contributes into the specification phase through a specific analy-
sis methodology and dedicated models. A data driven specification methodology
draws a parallel between measurement data from flight tests and the EMA main
design drivers using equivalent indicators. The approach enables to manage the
increasing data content of flight tests. What is more, the industrial trend is to reduce
the number of helicopter flight tests to shrink development costs. Consequently, the
methodology must extract as much added value as possible from any available data
sample. The indicators are used to express the load, the speed and the acceleration
limits of the application. Furthermore, the specification methodology applied on the
main rotor and the tail rotor actuation highlights the helicopter specificities. It shows
a clear dynamism and load difference between the Main Rotor Actuator (MRA) and the
Tail Rotor Actuator (TRA). The indicators quantify the importance of the motor losses
on the TRA compared to the MRA. These losses are induced by the mean power
rate PR, and especially by the equivalent continuous acceleration arms. Chapter 5
showed the risk of undersizing if arms and PR are not taken into account. In addition,
it concludes that the helicopter mass could benefit from a specific sizing for the MRA
and the TRA. The TRA shall be designed with a rotor inertia as low as possible.

In addition, in order to have a better understanding of the EMA load, a system
level modelling of the dynamic rotor load, applied on the PFCS has been developed.
The model takes basis on differential algebraic equations derived from Lagrange’s
equations. It allows, in particular, to represent the dynamics of the blades and the
power conversion at the swashplate. This model gives access to the load application
on the 3 actuators as a function of their displacements. This model highlighted several
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phenomena. The hammering forces characteristic of the application are essentially
due to aerodynamic force harmonics, that are difficult to represent by simple lift
coefficients. This conclusion justifies the analysis of flight data in Chapter 2. The risks
of instability cannot be analyzed with the approaches developed in Chapter 2 alone.
The instability risk assessment gives an applicative example of the dynamic load
model. Such an analysis showed an increasing instability risk with the reflected inertia
of the EMA. However, this instability risk is limited, by the actuator architecture
avoiding free running modes in failure scenarii, a power-off brake equips the EMA.

Secondly, this thesis contributes into a system level sizing of critical EMA through
dedicated models and tools. The models are mainly based on scaling laws and the
dimensional analysis. The scaling laws capture the main physical phenomena driving
the component design and estimate easily the main component characteristics from
a reduced number of parameters. The approach has been illustrated and validated
on different components of mechanical transmission and power transmission for
EMA. An extension of these scaling laws has been implemented for the EMA housing
sizing. This uses a surrogate model or a Response Surface Model (RSM). It is set up
using dimensionless numbers (or π-numbers) based on the methodology named
Variable Power Law Metamodel (VPLM), already developed in the laboratory team.
This thesis suggests to address the complex vibratory problem of the EMA housing
by a RSM since it is adapted to preliminary studies. Indeed, it is a simple way of
modelling with reduced number of parameters. The suggested model provides easily
design trends for an architecture decision-making. This is illustrated in Chapter 5,
where an applicative example compares actuator topologies. What is more, a tool
was generated as presented with some screenshots in Chapter 5. It implements the
final preliminary sizing methodology through a GUI WebApp i.e. an user-friendly
interface based on Open Source solutions (Python). This tool uses only 3 inputs: a
specification, some design hypothesis and components of reference (for scaling laws).
After execution, it finally provides the characteristics of the actuator components
complying with the specification and minimizing the total mass. This tool is available
from a server and can be easily accessed by anybody equipped with a web browser
only (laptop, tablet, smartphone). This facilitates the collaborative work. Also, this
thesis models were developed using Jupyter Notebooks as a way to closely link the
documentation with the models. This aims at enabling the reuse of models and the
knowledge capitalization at the design office. Airbus Helicopters is already equipped
with a Jupyter Notebook server.

6.2 Perspectives

The main perspective is to develop this thesis work further, according to three main
axis: the models, the sizing tool, and the collaborative work.

Firstly, the models presented in this thesis introduce some perspective of improv-
ment.

As far as the sizing models are concerned, the scaling prediction can be improved.
A methodology based on clustering methods can be implemented to choose the best
reference component, reducing the relative errors (the mean, the standard deviation).
Also, the fidelity of friction models can be improved to reduce safety margins over–
sizing the running motor torque. Lubrication strongly impacts friction levels. To
consider lubrication, some uncertainties can be introduced. Then, for any other
discipline, if more detailed models are necessary, a coupling can be introduced
with FEM models using a surrogate methodology and Functional Mock–up Interface



Chapter 6. Conclusion, discussion & perspectives 195

(FMI). Moreover, in Chapter 5, the sizing comparison with a real actuator design
highlights the interest of directly selecting components into supplier catalogs. Indeed,
the optimization can be switched from a continuous design domain to a discrete
one, using decision trees and machine learning methods. The idea is to size and
optimize the actuator by picking up available components into supplier catalogs.
The actuator design solution is directly applicable then. A PhD work on this topic
is in progress at the ICA laboratory. Another perspective goes to take into account
the control loop characteristics since it impacts the actuator sizing. The last section
of Appendix A already introduced this perspective. It will consist in optimizing
the specification according to additional specified items (actuator bandwidths). The
control loop parameters entered in the mission profile filter (i.e. ξΩ , Rsp, ωp) would
be optimization parameters. The actuator bandwidths in load rejection and load
pursuit would be set as constraints.

As far as the rotor dynamic load model is concerned, it requires further work on
extracting the necessary parameters from CFD simulations or from an equivalent
detailed dynamic model. This can be done in a way to facilitate the exchanges between
the department estimating loads and the PFCS department. Another development
concerns the representation of the aerodynamic load harmonics and the fine fitting
onto basic running flight phases. On the long term, this model could be used in a
preliminary design phase for the prediction of load levels without any flight test.
Also, it could be used in an integration design phase e.g. for the validation of actuator
control algorithms. Also, it could be a support to set a representative lab test bench.

Secondly, the sizing tool requires the implementation of additional features to
support the architecture selection. The design methodology presented in this thesis
can be applied to any other actuator architectures. Other components and actuator
architectures must be introduced. For instance, the pre–constrained screw mechanism
is interesting for missions alternating compression & tensile loadings. the direct-drive
architecture based on a thrust ball bearing is promising in terms of loading capabilities
for the helicopter PFCS. There is a real need of pre–design studies. This means to
study and select, for a given application, the best architecture and the best component
characteristics minimizing the actuator total mass or satisfying any other objective(s).
What is more, the user might be interested in reaching the design domain close to
the optimal point. The implementation of the design by shopping with parallel
coordinate plots are efficient tools for decision-making in the component selection.
In addition, since the actuators are critical, an analysis among different redundant
topologies of actuation and a safety analysis with failure trees are important features
to develop. Lastly, an actuator price assessment is a relevant and complementary
feature to implement since it supports effectively the operational work of the design
office.

This previous paragraph leads to a perspective of modularity regarding the
sizing tool structure. We can imagine a tool interface based on the assembly of
bricks, similarly to Object–Oriented Programming (OOP). It would generate, on an
autonomous manner and without diving into code lines, the sizing procedure, its
pre–processing and post–processing according to the desired actuator architecture.
The interface would enable picking up items from different libraries: one of actuator
architectures, one of redundancy topologies, one of actuator components with their
different physical models to tick or untick, and three other ones dealing with the
optimization i.e. one of design variables, one of design objectives and one of design
constraints (sizing scenarios). The interface would enable to run in parallel different
sizing processes to easily compare final results and select the most suitable EMA
architecture complying with a given application use case.
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Furthermore, the Multidisciplinary Design Optimization (MDO) platforms such
as the Open Source tool GEMSEO can be inspiring or resourceful in implementing
the new features linked to the previously mentioned perspectives. From a single
workbook where the problem is specified, this tool supports the user without getting
into any code lines and until defining the whole MDO process with its Extended
Design Structure Matrix (XDSM). GEMSEO allows assessing miscellaneous MDO
architectures and optimization algorithms. It includes interesting post-processing
tools too. Also, the use of MDO frameworks is a way to manage the continuity of
models and connect them to optimization algorithms with modularity.

Thirdly and lastly, to enhance the collaborative work, every tool should have
its own interface available online. This is to have a portfolio of tools, enabling
easily the actuator study in terms of specification, stability, and sizing for different
architectures. Regarding the mission profile analysis, a GUI WebApp tool has already
been started to execute the methodology presented in Chapter 2. However, on a long
term basis and for unlimited capacity, the implementation should rather be on the
Skywise platform developed for big data analysis. This platform implementation
at Airbus Helicopters started lately in the thesis progress. It expands and some
applications dealing with a broad database of helicopter components are already
used by employees.
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Appendix A

Command filter

A.1 Proposition

Considering the available flight data, given in Chapter 2, a tool is required to turn the
position commands (sent by the FCC to the actuator) into the positions effectively
performed by the actuator. We propose to set up a transfer function simulating the
behavior of the actuator. This transfer function is applied as a filter over the mission
profiles.

FIGURE A.1: EMA top-level model (adapted from [Maré, 2020])

A top-level model of EMA is proposed by [Maré, 2020] (fig. A.1). This proposition
fits within a flight control use case where the EMA is position-controlled: the rod
extension x must follow the position demand x∗ and reject the disturbance coming
from the load F. This model can be used in general basis where the motor rotor inertia
dominates the natural behavior of the EMA in pursuit mode. The model has got 2
loops:

• an outer position control loop with a proportional gain Kp

• an inner speed loop controlling the motor speed Ω with pure proportional gain
KΩ

We consider a current loop as sufficiently fast (usually 1 kHz [Maré, 2020]) to be
neglected regarding the position and speed loop (respectively, [1-10] Hz and [50-200]
Hz in common applications [Maré, 2020]). That is why the electromagnetic torque
Te is established instantaneously and without saturation in response to the speed
controller output (torque demand T∗

e ).
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The Power block (right of fig. A.1) gathers the mechanical transmission between
the motor shaft and the output rod. For a direct-drive EMA, Rt = 2π/p with
p [m/rev] the lead of the screw mechanism. In common aerospace applications [Maré,
2020] and in a context of preliminary study, the compliance and backlash of the
mechanical transmission are sufficiently low to ignore them.

Neglecting the power limit and frictional losses (fig. A.1), [Maré, 2020] simplifies
the EMA model into a pure second-order transfer function (eq. A.1).

x =
1

1 +
2ξ

ωn
s +

1
ω2

n
s2

· x∗ − 1
K f

· 1

1 +
2ξ

ωn
s +

1
ω2

n
s2

· F (A.1)

where wn is the pulsation at cut-off frequency, ξ is the damping ratio and K f =
Kp · Rt · KΩ the stiffness of the EMA closed-loop control with Kp = Rt · ωn/(2 · ξ)
and KΩ = 2 · Je · ξ · ωn.

In the context of mission profile analysis, the load rejection (right member eq.
A.1) can not be considered since it involves the actuator design (transmission ratio
Rt, equivalent rotor inertia Je). However, we propose to proceed as shown at the
bottom of Fig. A.2. We keep the ideal source of torque and we suppose the speed
loop behaving as a second order transfer function of parameters:

(ξΩ, ωΩ ≈ Rsp · ωp)

FIGURE A.2: Block diagram: (top) actuator model from fig. A.1 with
the parameters only available at preliminary phase, (bottom) proposition of

considerations for filtering position data

This leads to a third order transfer function (eq. A.2).
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A.2 Parameters

In an open loop, we have:

TFOL =
Θ∗

Θ
=

Kp

s
· 1
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s +

1
ω2

Ω
s2

(A.3)

Considering the unity gain, we easily establish the corrector Kp:

lim
s→0

TFOL = 1 =
Kp

s
=⇒ Kp

ωp
≈ 1 (A.4)

Kp ≈ ωp (A.5)

Literature provides an order of magnitude of the link between the position and
the speed loop (table A.1).

control loop
bandwidth ratios
from [Maré, 2017]

bandwidth ratios
from [Lacroux, 1985]

speed & position Rsp =
ωs

ωp
∈ [2.5; 5] Rsp =

ωs

ωp
∈ [5; 10]

current & speed Rcs =
ωc

ωs
∈ [7; 10] Rcs =

ωc

ωs
∈ [5; 10]

TABLE A.1: EMA bandwidth ratios

In the special use case of the VSR700 actuactors, the third order filter is set with an
actuator position bandwidth fp, a ratio Rsp = 10 and a damping coefficient ξΩ = 0.7
as the best reduced time response (see Appendix H, fig. H.1). These parameters can
be set in the mission profile analysis code. There is not any damping coefficient to be
set regarding the position loop.

A.3 Validation

To validate the use of the third order transfer function (eq. A.2), an actuator model
(Amesim V16, Siemens) was built to compare responses between the filters and the
actuator. The model (fig. A.3) gathers a sinusoidal command or a step command, an
ideal source of torque controlled by a position & speed loop with correctors, an ideal
transmission and a source of load.

Two simulations have been carried out under :

1. a 5hz 1mm sinus signal input (fig. A.4)

2. a 1mm input step (fig. A.5)

They display the responses of the actuator model, considering the third and the
second order filters for the same command.

It is clearly observed that simplifying the model behavior to a second order
transfer function alone (member on the left of eq. A.1) has not sufficient load rejection
capabilities. This is because the dynamic of the speed closed-loop is not fast enough.
Taking the approach with the third order transfer function (eq. A.2) shows definitly
the best representativity compared to the second order filter. Indeed, the speed
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closed-loop is faster. It results in an increased closed loop control stiffness which
involves a better load rejection.

Note: The 2nd order filter response is displayed with ξp = 0.7 and the specified
value ξp = 0.9. A value of 0.9 ensures not any overshoot in the response. Comparing
both of these displays with the third order transfer function response in terms of speed
and acceleration shows important relative gaps. However, the position response to a
step input shows a similar 95% response time.

FIGURE A.3: Actuator basic model for checking TF filter responses

FIGURE A.4: Comparison model vs TF filter considering 5hz sinus of 1mm
amplitude (the comparison should be done with identical control loop perfor-

mance)
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FIGURE A.5: Comparison model vs TF filter considering 1mm input step
position (the comparison should be done with identical control loop perfor-

mance)

An additional check has been done on the frequency response (fig. A.6). The third
order TF filter complies with the frequency ranges expected by the automatic pilot
(AFCS): fig. A.7 & A.8.
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FIGURE A.6: Bode response of TF filter

FIGURE A.7: Bode response pattern specified under the nominal load of
±0.26 · Fmax N), Fmax the maximum static load
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FIGURE A.8: Bode response pattern specified under the peak load of ±0.52 ·
Fmax N), Fmax the maximum static load

Furthermore, the TF filter has been checked with real data from VSR700 (ECU
position commands & loads, 125hz records) and a more representative EMA model
(same than fig. A.3 but including screw efficiencies, bearing and antirotation key
frictions, see fig. A.9).

FIGURE A.9: Actuator model for checking TF filter responses

Fig. A.10 compares the actuator model response and the third order filter response
under a sample of real positions performed during a 80knt horizontal flight test
(VSR700).

In fig. A.10, the speed response from the TF filter when actuator speed gets close
to a zero value is not representative. Indeed, the 3rd order filters will never simulate
a friction cone (even less with stiction). Notwithstanding, this filter is considered as
sufficiently representative to speed & acceleration estimations during preliminary
design phases.
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FIGURE A.10: Comparison model VS TF filter with flight test positions,
speed normalized by the maximum speed recorded

A.4 Perspectives

The parameters of the third order filter open the way to a perspective for this thesis.
The control loop characteristics impact the final actuator sizing, it is necessary to take
them into account in the actuator sizing procedure. This can consist in optimizing
the specification according to additional specified items (actuator bandwidths: gain
margin, phase margin). The control loop parameters entered in the mission profile
filter (i.e. ξΩ , Rsp, ωp) would be optimization parameters. The actuator bandwidth
in load rejection and load pursuit would be set as design constraints.

FIGURE A.11: Perspective to consider control loop parameters in preliminary
actuator sizing

To complete this idea of perspective, the approach offered by the reference [Maré,
2022] adds key elements. Indeed, the author suggests a top-down process based on
the generation and use of charts that define the optimal position gain, speed loop
second–order damping factor and natural frequency with respect to the specified
performance of the position loop. The author validates by simulation a design
robustness stemming from the definition of these parameters. This is done using a



Appendix A. Command filter 205

realistic lumped-parameter model of a flight control actuator that includes significant
functional and parasitic effects.
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Appendix B

Rainflow Method

B.1 Introduction

The rainflow is a method to count loading cycles.
In French, it means “methode de la goutte d’eau”. [Struzik and Celli, ] says the

name comes from the counting method which can be seen as water drops sliding
along the temporal signal to analyze. If we consider the herebelow uniaxial variable
amplitude loading history, the water drop method applied aside reveals 5 cycles.

FIGURE B.1: Rainflow method: a visual explanation

B.2 Loading cycles

The loading cycle is important to know to understand the rainflow method.
A loading cycle needs a varying stress or load. A good way to observe a loading

cycle is through a strain – stress diagram [Barkey, 2018a] [Barkey, 2018b]. We can
easily draw this diagram as we go along a stress temporal curve (see fig. B.2).
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A full loading cycle is identified when a hysteresis loop is drawn closed. The cycle
is defined by the extreme values of this hysteresis. On the same way, if we consider a
more variable stress vs time signal, the diagram can reveal cycles or half cycles. In fig.
B.2, we clearly identify an half cycle ∆S14 and a cycle ∆S23.

FIGURE B.2: Example of loading cycle [Amzallag et al., 1993]

B.3 Rainflow algorithm

The rainflow algorithm extracts loading cycles out of the input signal. The algorithm
basically follows the steps below [Amzallag et al., 1993] [Jaafar, 2011]:

• STEP 1: identification of local extrema (simply by sign variation of first deriva-
tive), quantification (definition of representative class levels for these extrema)
and centering of these extrema onto the closest class. Here, a time varying
signal expressed in % is considered.

FIGURE B.3: Rainflow algorithm: STEP 1

• STEP 2: extraction of cycles based on 3 relative ranges taken among 4 successive
extrema named (Ei, Ei+1, Ei+2, Ei+3) [s]. The relative gaps are defined as:

∆Ei = |X(Ei)− X(Ei+1)|
∆Ei+1 = |X(Ei+1)− X(Ei+2)|
∆Ei+2 = |X(Ei+2)− X(Ei+3)|
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If ∆Ei+1 ≤ ∆Ei and ∆Ei+1 ≤ ∆Ei+2, then:

– the cycle ∆Ei+1 is extracted

– the extrema Ei+1 and Ei+2 are removed from the signal

– the signal is linked again.

Otherwise, we slide the 4 considered extrema one step on the right (i.e. the
index i is incremented by 1) and the previous test is applied again. The process
goes from left to right sliding up the 4 extrema until the last signal point. The
remaining points are called the residue.

Fig. B.4, Fig. B.5 and Fig. B.6 give an example in practice of the necesary
iterations over a basic input signal until reaching a residue.

FIGURE B.4: Rainflow algorithm: iteration 1

FIGURE B.5: Rainflow algorithm: iteration 2

FIGURE B.6: Rainflow algorithm: iteration 3

• STEP 3: since the method can not extract any cycle out of the residue, the
method duplicates the residue, carefully links the duplicate after the initial
one and applies the Rainflow method. The initial residue is obtained after the
extraction of the cycles which corresponds to the cycle of the initial residue.

Fig. B.7, Fig. B.8 and Fig. B.9 give an example in practice of the necesary process
from the residue got in fig. B.6 to the end of process.
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FIGURE B.7: Rainflow algorithm: STEP 3

FIGURE B.8: Rainflow algorithm: residue, iteration 1

FIGURE B.9: Rainflow algorithm: residue, iteration 2
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• STEP 4: conclusion: in the input signal, there are 5 cycles in total with depths
of 20%, 10%, 60%, 30% and 90%.

B.4 Rainflow matrix

The outputs of the rainflow algorithm can be presented into two different ways:
- either raw as the algorithm runs (a line per cycle extraction) into a text file
- or sorted out into matrices.
There are three different possible matrices:

• FROM-TO MATRIX: each identified cycle is classified regarding its starting
and ending stress values. Note: this matrix can be called “starting class – ending
class matrix” [Amzallag et al., 1993]

• MAX-MIN MATRIX: each identified cycle is classified regarding its maximum
and minimum stress values. Also, it can be called in French: “matrice des pics –
vallées”

• RANGE-MEAN MATRIX: each identified cycle is classified regarding its mean
and amplitude stress values. In the sense of signal treatment (see fig. B.10), the
RANGE – MEAN matrix can also be called a DYNAMIC – STATIC matrix. A
concrete example of it is shown in fig. B.11. In addition, the matrix can also be
visualize as a "heatmap" (see fig. B.12 (left)) and a 3D or "load mountain" (see
fig. B.12 (right)).

FIGURE B.10: Decomposition of a signal into its static and dynamic compo-
nents
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FIGURE B.11: Rainflow matrix sample from the H145 helicopter, axis nor-
malized by their respective maximum

FIGURE B.12: Rainflow matrix: examples of 3D representation, left:
"heatmap", right: "load mountain", graph axis normalized by their respective

maximum
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Appendix C

Mission profile analysis: cruise
flight phase

C.1 CRUISE flight phase overview

FIGURE C.1: Considered CRUISE flight phase overview, helicopter param-
eters, speed: (60, 80, 40) kt, altitudes: (900, 450, 1000) ft, helicopter rotor

speed: 100% of nominal rotor speed
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Appendix D

Precaution in data manipulation

D.1 Noisy data & variable product

Multiplying two noisy variables involves risks of bringing down the noise at a very
low frequency. Such frequency is called the pulsation of flutter (pulsation de battement
in french).

Here below is a simple example considering two signals such as x1(t) and x2(t).

x1(t) = X1 · sin(w1t) (D.1)
x2(t) = X2 · sin(w2t) (D.2)

x1(t) · x2(t) = X1X2 · sin(w1t)sin(w2t) (D.3)

Applying arc addition rule cos(a + b) = cos(a)cos(b)− sin(a)sin(b):

x1(t) · x2(t) =
1
2
· X1X2 ·

[
cos((w1 − w2)t)− cos((w1 + w2)t)

]
(D.4)

FIGURE D.1: Consequences of product of noisy variables: flutter pulsations
generation
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Appendix E

Lagrange equations

This appendix reminds what the Lagrange equations are and their assests.

E.1 Definition

The Lagrange’s approach is a mathematical formulation based on the kinetic energy
and the potential energy expressed within the generalized coordinates. It describes
the state of a dynamic system according to its positions and time derivatives.

E.2 Comparison with Newton’s approach

We propose to compare the application of the Lagrangian approach to the Newton
approach on the basic example of a mass-spring system. This system characteristics
are presented in fig. E.1.

FIGURE E.1: Mass–spring system

E.2.1 Application of Newton’s approach

The definition of Newton’s second law is:

∑
−→
Fext = m · −→̈x (E.1)

Projecting horizontally, the differential equation describing the system is:

m · ẍ = F − c · x (E.2)

E.2.2 Application of Lagrange’s approach

The Lagrange’s approach is based on the derivatives of the Lagrangian L determined
by the kinetic energy Ec and the potential energy Ep:
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L = Ec − Ep
∂

∂t
(

∂L

∂ẋ
)− ∂L

∂x
=

∂W

∂x
(E.3)

where W is the work produced by the system.
The kinetic energy and the potential energy of the system are defined by:

Ec =
1
2
· m · ẋ2 Ep =

1
2
· c · x2 (E.4)

The Lagrangian becomes:

L =
1
2
· m · ẋ2 − 1

2
· c · x2 (E.5)

By substitution:
∂L

∂x
= −c · x (E.6)

∂L

∂ẋ
= m · ẋ ⇒ ∂

∂t
(

∂L

∂ẋ
) = m · ẍ (E.7)

∂W

∂x
= F (E.8)

The final equation of motion is determined then:

m · ẍ = F − c · x (E.9)

E.2.3 Conclusion

Both approaches lead to the same differential equation (eq. E.2 & E.9) describing the
dynamic behavior of the mass-spring system.

E.3 Interest of the Lagrange’s approach use

On one hand, Newton’s approach requires explicit expression of forces and is best
suited for Cartesian coordinates. Newton’s approach can include non-conservative
forces such as friction forces.

On the other hand, the Lagrange’s approach, is more mathematically sophisticated
at first sight but it gets rid of the explicit expression of forces. The Lagrange’s
mechanics is ideal for systems with conservative forces and for bypassing constraint
forces in any coordinate system [Hrabovsky and Susskind, 2020]. It is widely used to
solve mechanical dynamic problems and when the Newton’s formulation of classical
mechanics is not convenient [Hrabovsky and Susskind, 2020]. It clearly facilitates the
modeling of a system by avoiding its mechanical decomposition into solid objects.
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Appendix F

Aerodynamic coefficients

FIGURE F.1: Airfoil profile sketch of principle (d = 0.25 · c for symmetric
profiles)

The lifting force FL is dependent on 5 parameters:

FL = f1(Vair, c, ρair, α) (F.1)

with Vair(xi) the incident velocity [m/s] depending on xi the blade radius [m], c the
chord [m], ρair the air density [kg/m3], and α the angle of attack [rad].

We show by dimensional analysis that there are 2 π-groups:

π1 =
FL

ρair · V2
air · c2

=
1
2
· CL (F.2)

π2 = α (F.3)

and CL the conventional lift coefficient [−]. This can be reformulated as CL depending
on π2 such as:

CL = f2(α) (F.4)

On airfoil database [Air, 2020], the characteristics of the 2 airfoil types close to the
Cabri G2 blades are checked.

In fig. F.2 & F.3, the lift coefficient CL is displayed with respect to α. A linearity is
noticed on a first approximation.
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note: considered kinematic viscosity: 1.4207 · 10−5 m2/s

FIGURE F.2: Airfoil OA213 polars (from [Air, 2020])
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note: considered kinematic viscosity: 1.4207 · 10−5 m2/s

FIGURE F.3: Airfoil OA209 polars (from [Air, 2020])
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From this analysis, it is clear that the aerodynamic force estimation necessary
in Chapter 3 can not rely on Cm values since not any data fitting can be suggested.
What’s more, the statement formulated by [Krysinski and Malburet, 2007a] is verified:
"We assume that the lift coefficient CL is, within the usage interval, a linear function of the
angle of attack α".
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Appendix G

Rotor load model

G.1 Expression of coefficients linked to mass

Considering the following variable range: r ∈ [0, R] and h ∈ [−3/4 · b, b/4], coeffi-
cients are defined:

Ip =

�
blade

r2dm (G.1)

ms =

�
blade

rdm (G.2)

mp =

�
blade

dm (G.3)

Iθ =

�
blade

h2dm (G.4)

ms,θ =

�
blade

hdm (G.5)

α =

�
blade

hrdm (G.6)

G.2 Flapping, drag & pitch equations

Considering the approach with three degrees of freedom, the expressions of the
kinetic energy, the flapping equation, the drag equation and the pitch equation are
hereafter.

The following equation gives the kinetic energy Ec:

Ec =
1
2

[
mpe2Ω2 + Ip(δ̇ + Ω)2 cos2(β) + Ip β̇2 + mph2(δ̇ + Ω)2 cos2(θ)

+ mph2(δ̇ + Ω)2 sin2(θ) sin2(β) + mph2 β̇2 sin2(θ) + mph2θ̇2
]

+ mseΩ(δ̇ + Ω) cos(β) cos(δ)− mseΩβ̇ sin(β) sin(δ)− mpehΩ(Ω + δ̇) cos(θ) sin(δ)

+ mpeΩh(Ω + δ̇) sin(θ) sin(β) cos(δ) + mpeΩhβ̇ sin(θ) cos(β) sin(δ)

− mpeΩhθ̇ sin(θ) cos(δ) + mpehΩθ̇ cos(θ) sin(β) sin(δ)

+ msh(δ̇ + Ω)2 sin(θ) cos(β) sin(β)− mshθ̇(δ̇ + Ω) cos(β) sin(θ)

+ mshβ̇(Ω + δ̇) cos(θ) sin(β)− ms β̇hθ̇ cos(θ)

− mph2 β̇(Ω + δ̇) cos(θ) sin(θ) cos(β)− mph2θ̇(δ̇ + Ω) sin(β) (G.7)
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The following equation describes the flapping motion (β):

IθΩθ2θ̇ + Iθθ2δ̇θ̇ + 2Iθθβ̇θ̇ − Iθθδ̈ + IpΩ2β + 2IpΩβδ̇ + Ipβδ̇2 + Ip β̈ + Kββ + Ω2αβ2θ

− Ω2αθ + Ω2emsβ − Ω2ems,θθ + 2Ωαβ2θδ̇ − 2Ωαβθθ̇ − 2Ωαθδ̇ − rgmp/2 + αβ2θδ̇2

− 2αβθδ̇θ̇ + αβδ̈ − αθδ̇2 + αθθ̇2 − αθ̈ + bgmpβθ/4

= Mmot,β − λβ β̇ +
γIpΩ2

8
((−θ)− β̇

Ω
) (G.8)

The following equation describes the drag motion (δ):

− 2IθΩθθ̇ + Iθ βθβ̇2 − Iθ βθ̈ + Iθθ2 β̇θ̇ − Iθθβ̈− 2Iθθδ̇θ̇ −Kδδ0 − 2Iθ β̇θ̇ + Iθ δ̈− 2IpΩββ̇

− 2Ipββ̇δ̇ + Ipδ̈ + Kδδ + Ω2ems,δ + Ω2ems,θ βδθ + Ω2ems,θ − 2Ωαβ2θβ̇ + 2Ωαβθ̇

+ 2Ωαθβ̇ − 2αβ2θβ̇δ̇ + 2αβθδ̈ + αββ̈ + 2αβδ̇θ̇ + 2αθβ̇δ̇ − αθθ̈ + αβ̇2 − αθ̇2

=
−β̇

Ω
(

γIpΩ2

8
)(θ − β̇

Ω
)− λδδ̇ (G.9)

The following equation describes the pitch motion (θ):

IθΩ2θ − IθΩθ2 β̇ + 2IθΩθδ̇ − Iθ βδ̈ − Iθθ2 β̇δ̇ − Iθθβ̇2 + Iθθδ̇2 + Iθ θ̈ − Kθθ0 + Kθθ

− Ω2αβ − Ω2ems,θ β − Ω2ems,θδθ + 2Ωαβθβ̇ − 2Ωαβδ̇ + 2αβθβ̇δ̇ − αβδ̇2 − αθδ̈

− αβ̈ − bgmp/4 = Mmot,θ − λθ θ̇ (G.10)
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Appendix H

Damping coefficient

This Appendix presents in fig. H.1 & H.2 the damping coefficient involved for a
second order transfer function such as:

T(s) =
A0

1 +
2 · m
ω0

· s +
s2

ω2
0

(H.1)

where A0 [SI] is a static amplification, m [−] the damping and ω0 [hz] the natural
frequency.

FIGURE H.1: Damping coefficient with respect to reduced response time
[Muller, 2008]
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FIGURE H.2: Overlap with respect to damping [Muller, 2008]



227

Appendix I

RMS expression

Basically, the RMS (Root Mean Square) expression of any time varying signal y(t)
over a time period of duration tT [s] is defined as:

yRMS =

√
1
tT

·
� tT

0
y(t)2 dt (I.1)

This appendix proposes to derive the RMS expression of a signal y(t). Firstly, a
signal y(t) combining two members of any time varying functions will be considered.
Secondly, the particular case of a signal y(t) combining different sinusoidal function
will be considered.

I.1 Global case

In this section, it is considered a signal y(t) such as:

y(t) = k1 · f1(t) + k2 · f2(t) (I.2)

where k1, k2 are real constants; f1, f2 are any time varying functions. The following
steps get to the RMS expression of y(t).

y2(t) = k2
1 · f 2

1 (t) + 2 · k1 · k2 · f1(t) · f2(t) + k2
2 · f 2

2 (t)

y2
RMS =

k2
1

tT
·
� tT

0
f 2
1 (t) dt +

2 · k1 · k2

tT
·
� tT

0
f1(t) · f2(t) dt +

k2
2

tT
·
� tT

0
f 2
2 (t) dt

= k2
1 · f 2

1,RMS + 2 · k1 · k2· < f1(t) · f2(t) > +k2
2 · f 2

2,RMS

(I.3)

Thus,

If y(t) = k1 · f1(t) + k2 · f2(t), then :

yRMS =
√

k2
1 · f 2

1,RMS + 2 · k1 · k2· < f1(t) · f2(t) > +k2
2 · f 2

2,RMS

(I.4)

I.2 Particular case

In this section, it is considered a signal y(t) combining different sinusoidal members
such as:

y(t) = s0 + di · sin(ωi · t + ϕi) + dj · sin(ωj · t + ϕj) (I.5)

where s0, di, dj are any real constants; ωi, ωj are any rotative frequencies; ϕi, ϕj are
any phaseshifts.
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The RMS value of y(t) is developped as it follows.

y2
RMS =

1
tT

·
� tT

0

[(
s0 + di · sin(ωi · t + ϕi)

)2

+2 ·
(
s0 + di · sin(ωi · t + ϕi)

)
· dj · sin(ωj · t + ϕj)

+d2
j · sin2(ωj · t + ϕj)

]
dt

=M1 + M2 + M3

(I.6)

The three following equations have to be developped beforehand as prerequisite
results for later:

� tT

0
sin(ω · t + ϕ) dt = 0 (I.7)

� tT

0
sin2(ω · t + ϕ) dt =

� tT

0

1 − cos(2 · ω · t + 2 · ϕ)

2
dt =

tT

2
(I.8)

� tT

0
sin(ωi · t + ϕi) · sin(ωj · t + ϕj) dt =

� tT

0
−1

2
· cos

(
(ωi + ωj) · t + (ϕi + ϕj)

)
+

1
2
· cos

(
(ωi − ωj) · t + (ϕi − ϕj)

)
dt

=0
(I.9)

Using these prerequisites, the expressions of M1, M2 and M3 are developed.

M3 =
d2

j

tT
·
� tT

0
sin2(ωj · t + ϕj) dt =

d2
j

T
· tT

2
=

d2
j

2

M1 =
1
tT

·
� tT

0

(
s0 + di · sin(ωi · t + ϕi)

)2 dt

=
1
tT

·
� tT

0

(
s2

0 + 2 · s0 · di · sin(ωi · t + ϕi) + d2
i · sin2(ωi · t + ϕi)

)
dt

=
s2

0
tT

·
� tT

0
dt +

d2
i

tT
·
� tT

0
sin2(ωi · t + ϕi) dt

= s2
0 +

d2
i

2

M2 =
2 · dj

tT
·
� tT

0

(
s0 + di · sin(ωi · t + ϕi)

)
· sin(ωj · t + ϕj)) dt

=
2 · dj

tT
· di ·

� tT

0
sin(ωi · t + ϕi) · sin(ωj · t + ϕj) dt

+
2 · dj

tT
· s0 ·

� tT

0
sin(ωj · t + ϕj) dt

= 0

(I.10)
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Finally, gathering the previous results into the eq. I.6:

y2
RMS = M1 + M2 + M3 = s2

0 +
d2

i
2
+

d2
j

2
(I.11)

To conclude,

If y(t) = ∑
i

si + ∑
j

(
dj · sin(ωjt + ϕj)

)
, then :

yRMS =

√√√√(∑
i

si)2 + ∑
j

d2
j

2

(I.12)

The particular case of Parseval’s theorem validates this result (bibmath.parseval).

https://www.bibmath.net/dico/index.php?action=affiche&quoi=./p/parseval.html 
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Appendix J

Scaling law derivation: mechanical
components
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J.1 Spherical bearing

In this section, the scaling laws concerning the spherical bearings (or rod ends) are
theoretically derived. The laws are finally validated by a comparison with supplier
catalog data.

J.1.1 Theory

J.1.1.1 Dimensions

The main design constraint used for modelling any mechanical component is a
constant mechanical stress σ∗ = 1. This stress is due to the applied maximum
static load C0 corresponding to the maximal Hertz contact pressure [Palmgren, 1967]
obtained by a plastic strain of 0.01% of the rolling elements and their races (ISO
standard). Supposing geometrical similarities (d∗ = l∗), the following can be stated:

C∗
0

S∗ = 1 =⇒ C∗
0 = S∗ = l∗2 (J.1)

Thus,

l∗ = C∗1/2
0 (J.2)

J.1.1.2 Mass

When considering the component as a volume V with an equivalent density ρeq:

M = ρeq · V =⇒ M∗ = ρ∗eq · V∗ =⇒ M∗ = l∗3 (J.3)

Thus,

M∗ = C∗3/2
0 (J.4)

J.1.1.3 Dynamic load

Among a given product range, supposing that the maximum permissible stress in
material remain constant (σ∗

static,max = 1), it becomes consistent stating that maximum
permissible fatigue stress σdynamic,max remains constant. Thus,

σ∗
static,max = σ∗

dynamic,max = 1 (J.5)

C∗
0

S∗ =
C∗

d
S∗ (J.6)

C∗
d = C∗

0 = l∗2 (J.7)

J.1.2 Validation

A validation has been performed with SKF catalog.
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FIGURE J.1: Rod end SKF catalog

FIGURE J.2: Validation scaling law, spherical bearing, height (SKF catalog)

FIGURE J.3: Validation scaling law, spherical bearing, mass (SKF catalog)
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FIGURE J.4: Validation scaling law, bearing, dynamic load (SKF catalog)

J.2 Ball bearing

J.2.1 Theory

J.2.1.1 Design hypothesis & rolling elements

For manufacturing cost reduction and modularity, bearings are components which
are standardized and organized in series. What is more, to simplify manufacturing
and assembly methodologies, manufacturers define for their series a constant filling
ratio which can be expressed by a ball radius with respect to the shaft diameter. This
constant ratio means the number of rolling elements is constant i.e. :

N∗
ball = 1 (J.8)

The supplier product catalog [SKF, 2018a] confirms it.
This choice can be easily understood. Since the increase of a ball diameter reduces

the Hertz’ contact stress (Appendix L), there is an interest of using big balls. Also, this
choice allows Hertz’ contact stress to remain constant throughout a product range.

Finally, for a given product range, it will be possible to consider that the different
parts of the bearing follow the geometrical similarity hypothesis (d∗i = l∗i ).

J.2.1.2 Dimension & mass

The main design constraint used for the modelling of any mechanical component is a
constant mechanical stress σ∗ = 1. This stress is due to the maximum static load C0
corresponding to the maximal Hertz contact pressure [Palmgren, 1967] obtained by
a plastic strain of 0.01% of the rolling elements and their races (ISO standard). For
bearings, this maximum static load depends on the curvature radius of races, the
geometry and number of rolling elements, and the material with its thermal/chimical
treatments. Regarding the geometrical similarity hypothesis as mentioned before, a
relation between dimensions and this maximum static load C0 can be stated as:

C∗
0

S∗ = 1 =⇒ C∗
0 = S∗ = l∗2 (J.9)

l∗ = C∗1/2
0 (J.10)
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When considering the component as a volume V with an equivalent density ρeq,
the component mass is easily obtained:

M = ρeq · V =⇒ M∗ = ρ∗eq · V∗ =⇒ M∗ = l∗3 (J.11)

Considering the relation dimension - load (eq. J.10), the following concludes:

M∗ = C∗3/2
0 (J.12)

J.2.1.3 Dynamic load

According to geometrical and material property similarities (esp. σ∗
max = σ∗

f atigue = 1),
the dynamique load evolution should be proportional to d2

b, with db the ball diameter.
However, the laboratory tests performed by Palmgren & Lundberg [Palmgren, 1967]
showed that dynamic load capacity was proportional to d1.8

b for db ≤ 25.4 mm and
d1.4

b for db ≥ 25.4 mm.
Thus,

C∗
d = C∗1.8/2

0 with db ≤ 25.4 mm (J.13)

The exponent of the law depends on the contact type considered (punctual for
ball, linear for roller) since it results in a different stress state. More information can
be found in [Budinger et al., 2013], [Sadeghi et al., 2009], [Halme and Andersson,
2010], and [Zaretsky, 2010].

J.2.1.4 Speeds

SKF manufacturer provides two speed ratings on its bearings:

• a reference speed, which is based on thermal conditions

• a limiting speed, which is based on mechanical limits.

According to SKF, the speed capability of a bearing is normally determined by the
bearing operating temperature. However, for certain bearing types and arrangements,
the mechanical limits of bearing components may have a significant influence.

For each speed, a scaling law study is applied.

J.2.1.4.1 Limiting speed The limiting speed (or maximum mechanical speed) is
limited by a mechanical stress induced by a centrifugal force or by axial or transverse
vibrations. Basically, the centrifugal force is defined by:

Fcentri f ugal = m · w2 · R =⇒ F∗
centri f ugal = w∗2 · l∗4 (J.14)

By deduction, it follows:
σ∗

centri f ugal = w∗2 · l∗2 (J.15)

The problem is dependent on 4 parameters: a speed w [rad.s−1], a dimension l [m], the
Young modulus E [kg.m−1.s−2], a density ρ [kg.m−3]. There exists a function F such
that F(w, l, E, ρ) = 0. The application of the dimensional analysis and Buckingham’s
theorem synthesized the problem into a constant single dimensionless number πy:

πy =
E

ρ · w2 · l2 = Cst =⇒ π∗
y = 1 =⇒ w∗ = f ∗ =

1
l∗

·
√

E∗

ρ∗
(J.16)
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with f the resonance frequency.
Supposing material similarities (σ∗

centri f ugal = E∗ = ρ∗ = 1) and considering the
relation dimension - load (eq. J.10):

w∗
max,mecha = l∗−1 = C∗−1/2

0 (J.17)

J.2.1.4.2 Reference speed The reference speed (or max thermal speed) supposes
a constant heating and a convective thermal exchange. The heat considered is the
heat released externally Pdiss = h · S · ∆θ and the heat generated by the mechanical
friction Pmech. bearingtips defines basically the bearing frictional torque as:

Tf riction = F · µ · R (J.18)

with F the static load applied on bearing, µ the coefficient of friction and R the bearing
radius. The mechanical loss is deduced:

Pmech = F · µ · R · w (J.19)

Whatever the bearing size of a given product range is, the dissipated heat Pdiss and
the generated losses Pmech are supposed to balance. In addition, the maximum tem-
perature variation, the convection heat transfer coefficient and the friction coefficient
are supposed to follow the material properties similarities: ∆θ∗ = h∗ = µ∗ = 1

P∗
diss = P∗

mech =⇒ S∗ = F∗ · R∗ · w∗ (J.20)

The surface of dissipation and the radius follow the geometrical similarities. They are
expressed by S∗ = l∗2 and R∗ = l∗.

Considering the relation load - dimension from eq. J.10, the maximum speed
defined by thermal limitations is expressed by:

w∗
max,thermal = l∗−1 = C∗−1/2

0 (J.21)

J.2.2 Validation

A validation has been performed with the SKF product catalog [SKF, 2018a]. The
tendency given by the scaling laws is very representative of manufacturer products.
It is interesting to note the broad product range covered by the scaling law.

https://www.bearingtips.com/bearing-friction-basics-primer/
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FIGURE J.5: SKF ball bearing 3D view

J.2.2.1 Deep groove ball bearing

FIGURE J.6: Validation scaling law, deep groove ball bearing, diameter (SKF)

FIGURE J.7: Validation scaling law, deep groove ball bearing, mass (SKF)
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FIGURE J.8: Validation scaling law, deep groove ball bearing, limiting speed
(SKF)

FIGURE J.9: Validation scaling law, deep groove ball bearing, reference speed
(SKF)

FIGURE J.10: Validation scaling law, deep groove ball bearing, dynamic load
(SKF)

J.2.2.2 Double row angular contact ball bearing
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FIGURE J.11: Validation scaling law, double row angular contact ball bear-
ing, diameter (SKF)

FIGURE J.12: Validation scaling law, double row angular contact ball bear-
ing, mass (SKF)

FIGURE J.13: Validation scaling law, double row angular contact ball bear-
ing, limiting speed (SKF)
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FIGURE J.14: Validation scaling law, double row angular contact ball bear-
ing, reference speed (SKF)

FIGURE J.15: Validation scaling law, double row angular contact ball bear-
ing, dynamic load (SKF)
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J.3 Screw mechanism

The screw mechanism turns a mechanical power of rotation into a mechanical power
of translation. This appendix is focused on the standard and inverted PRS technolo-
gies (fig. J.16). It is made out of a screw, a nut containing the rolling elements (the
rollers) and a set of bearings. Sizing a screw mechanism actually requires to select
these three mechanical sets in parallel.

FIGURE J.16: PRS section view with dimensions: (left) standard PRS from
[SKF, 2014], (right) inverted PRS from [ROLLVIS, 2019]

J.3.1 Theory

J.3.1.1 Design hypothesis

As any mechanical components, the roller screw mechanism sizing is based on a
constant maximum mechanical stress induced by the maximum static load C0. The
correlation study confirms it (subsection J.3.2). However, this criteria differs for the
nut sizing where a fatigue criteria leads to scaling laws describing better dimensions
and mass evolutions.

J.3.1.2 Screw

This subsection concerns the screw of the standard PRS and the inverted PRS.
Supposing the geometrical similarities in the screw (d∗ = l∗), the constant maxi-

mum mechanical stress provides the following relation:

σ = 1 =⇒ C∗
0

S∗ = 1 =⇒ C∗
0 = S∗ = d∗2 (J.22)

Thus, the evolution of the screw diameter is given by:

d∗ = C∗1/2
0 (J.23)

When considering the component as a volume V with an equivalent density ρeq,l
per unit of length, the component mass is easily obtained:

M = ρeq · V =⇒ M∗
l = ρ∗eq,l · S∗ =⇒ M∗

l = d∗2 (J.24)

Considering the relation dimension - load (eq. J.23), the following concludes:
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M∗
l = C∗

0 (J.25)

The inertia considers the screw as a basic cylinder of a radius r [m], a length l [m],
and an equivalent density ρeq [kg.m−3]:

I =

�
r2 dm with dm = 2π · ρeq · r · l · dr (J.26)

The inertia per unit of length is given by:

Il = 2π · ρ · r4

4
=⇒ I ∗

l = d∗4 (J.27)

Considering the relation dimension - load (eq. J.23), the following concludes:

J∗l = C∗2
0 (J.28)

J.3.1.3 Nut

The nut of the standard PRS follows scaling laws detailed in the thesis core (section
4.2.3.1). The nut of the inverted PRS follows the relations stated for the screw of the
standard PRS i.e. eq. J.23, J.25 & J.28.

J.3.1.4 Operational limit

The scaling law derivation regarding the nominal dynamic load capabilities has been
detailed in the thesis core (section 4.2.3.1). A single scaling law describes this aspect
for both PRS: the standard PRS and the inverted one.

J.3.2 Correlation matrix

To study dependencies between parameters, the correlation matrix is a relevant tool.
The correlation matrix of the standard roller screw from [SKF, 2014] & [ROLLVIS,

2019] is given in section 4.2.3.1 (fig. 4.8). The correlation matrix of the inverted roller
screw from [SKF, 2014] & [ROLLVIS, 2019] is given in fig. J.17.

In both technologies, the static load C0 is the parameter the most correlated to
dimension parameters.

FIGURE J.17: Correlation matrix of standard roller screw from ROLLVIS &
SKF catalogs
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J.3.3 Validation

A validation has been performed with two suppliers catalogs: [SKF, 2014] and [ROL-
LVIS, 2019] (fig. J.16, fig. 4.7). Part of the validation graphs is presented in the thesis
core (section 4.2.3.1). Some more are presented herebelow. All figures have been
generated with the same components of reference.

In fig. J.18, the screw diameter scaling law is validated.

FIGURE J.18: Screw diameter with respect to static load C0. (left) standard
roller screw, (right) inverted roller screw; scaling law prediction (eq. 4.14);

data from [SKF, 2014] and [ROLLVIS, 2019]

In fig. J.19, the scaling laws describing the mass and the inertia of the screw are
validated. Since the catalog [ROLLVIS, 2019] does not provide any mass or inertia,
fig. J.19 only presents data from the catalog [SKF, 2014].
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FIGURE J.19: Mass & inertia of the screw with respect to static load C0:
(left) screw mass, (right) screw inertia; scaling law prediction (eq. 4.14);

standard PRS, data from [SKF, 2014]

In fig. J.20, the scaling laws of the nut flange dimensions are validated.

FIGURE J.20: Nut flange dimensions with respect to static load C0, standard
roller screw, scaling law prediction (eq. 4.15; (left) flange diameter, (right)

flange length; data from [SKF, 2014] and [ROLLVIS, 2019]

In fig. J.21, the scaling laws of the nut inner diameter are validated.
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FIGURE J.21: Nut inner diameter d with respect to: (left) C0.74
0 · lead1/3

for standard roller screw, (right) C0 for inverted roller screw; scaling law
prediction (eq. 4.14 and 4.17); data from [SKF, 2014] and [ROLLVIS, 2019]
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K.1 Cylindrical motor

The section focuses on spinning motors with self-piloted synchronous characteris-
tics (electronic commutation) and permanent magnets. They are commonly called
brushless motors. There are two types: cylindrical and annular motors. This section
is dedicated to the first motor type characterised by a cylindrical shape and a shaft
sticking out. The section K.2 is dedicated to the second motor type.

K.1.1 Hypothesis

FIGURE K.1: Cylindrical motor sketch

The laws developed for cylindrical brushless motors are based on 3 hypothesis.

1. The physical properties Pi remain the same among a considered product range:
P∗

i = 1

2. The number of pole pairs is constant whatever the diameter is: n∗
poles = 1

3. All the dimensions follow a homothetic evolution: d∗ = l∗

It might happen that the hypothesis 3 can not be checked on manufacturers’ catalogs.
Or, this hypothesis is checked but the formulated motor laws do not fit catalog
data. In this situation, the scaling laws must distinguish the motor length from
its diameter. Therefore, in the following sections, the scaling laws are everytime
developed according to hypothesis 3 and regardless the hypothesis 3.

K.1.2 Current density J

To state the current density expression, Joules’ effect is supposed to be the main
contributor in motor heat losses. Also, these losses are assumed to be dissipated by a
convection phenomena on the outer motor surface. At steady state, the losses and
dissipation balance:

Joules′ losses PJ = dissipated power Pdis (K.1)

- Joules losses formulation:
The resistance R [Ohm] is defined with a winding copper resistivity ρcopper [Ohm.m],
a wire length lwire [m] and a wire section Swire [m2]:

R = ρcopper ·
lwire

Swire
(K.2)
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The current flow I [A] is defined by a current density J [A/m2]:

J =
I

Swire
=⇒ I = J · Swire (K.3)

Joules’ losses are then developed such as:

PJ = R · I2 = ρcopper · lwire · J2 · Swire = ρcopper · Vcopper · J2 (K.4)

Finally, considering hypothesis 1, ρ∗copper = 1 and Joules’ losses become:

• if geometrical similarity considered (d∗ = l∗):

P∗
J = d∗3 · J∗2 (K.5)

• if no geometrical similarity considered (d∗ ̸= l∗):

P∗
J = d∗2 · l∗ · J∗2 (K.6)

- Dissipated power formulation: The power dissipated by convection is expressed
such as:

Pdis = hconvection · Smotor · ∆θ

where hconvection [W/m2/K] the convection heat exchange coefficient, Smotor the motor
skin surface and ∆θ the temperature gradient between the motor skin and the ambient
temperature. The current density is limited by the maximum insulation temperature
of wires (to ensure a given life span to insulators), and by the means of cooling.
Among a given product range, the same insulations and cooling means are considered.
The temperature gradient is constant: ∆θ∗ = 1. The hypothesis 1 states h∗convection = 1.
As a result, the power dissipated is reduced to a dependency regarding only the
motor surface:

P∗
dis = S∗

motor (K.7)

- Current density formulation: Finally, gathering results from eq. K.5 & K.6 & K.7
into eq. K.1, the current density is expressed:

• if geometrical similarity considered (d∗ = l∗):

P∗
J = P∗

dis =⇒ d∗3 · J∗2
cont = d∗2

J∗cont = d∗−1/2 = l∗−1/2 (K.8)

• if no geometrical similarity considered (d∗ ̸= l∗):

P∗
J = P∗

dis =⇒ d∗2 · l∗ · J∗2
cont = d∗ · l∗

J∗cont = d∗−1/2 (K.9)

K.1.3 Torque & Dimension

Laplace’s force is defined by:

d
−−−→
Flaplace = nturns · I · d

−→
l ∧−→

B (K.10)
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where I [A] is the current flowing into the winding, nturns the number of winding
turns, and d

−→
l [m] the portion of winding oriented in the sense of current flow, and−→

B the magnetic field ([T] or [kg · s−2 · A−1]) in the air gap due to permanent magnets.
The current density J [A.m−2] is defined by:

J =
I

Swire
=

I
Snotch

· 1
kw

· nturns

with Snotch · kw = Swire · nturns the surface of copper contained in a notch section
and kw < 1[−] a notch filling factor since the notch is not completely full of copper.
Locating differently the equation members, the following relation comes up:

nturns · I = J · Snotch · kw (K.11)

Taking back the eq. K.10:

FLaplace = J · Snotch · kw · lnotch · B

The hypothesis 1 states B∗ = 1, the induction created by the permanent magnets
in the air gap is constant whatever the motor scale is. Also, the product range is
assumed to follow the same design concept, thus k∗w = 1. It results in:

F∗
Laplace = J∗ · S∗

notch · l∗notch (K.12)

The torque results from Laplace’s force applied to a given radius r∗ = d∗ :

T∗ = F∗
Laplace · r∗ (K.13)

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), Laplace’s
force and torque become:

F∗
Laplace = J∗ · d∗3 (K.14)

T∗ = J∗ · d∗4 (K.15)

Applying a previous result from eq. K.8, the continuous motor torque is:

T∗
cont = d∗3.5 (K.16)

Also,

d∗ = T∗1/3.5
cont ≈ T∗0.3

cont (K.17)

If the geometrical similarities are not considered (d∗ ̸= l∗):

F∗
Laplace = J∗ · d∗2 · l∗ (K.18)

T∗ = J∗ · d∗3 · l∗ (K.19)

Applying a previous result from eq. K.9, the continuous motor torque is:

T∗
cont = d∗2.5 · l∗ (K.20)

Also,
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d∗ =
(

T∗
cont
l∗

)1/2.5

=

(
T∗

cont
l∗

)0.4

(K.21)

K.1.4 Peak torque Tp

The peak torque can follow different definitions according to supplier design choices.
Please, see section 4.2.3.2 of the thesis core for these aspects.

K.1.5 Mass M

The motor mass considers a basic cylinder of volume V with an equivalent density
ρeq:

The motor mass is considered as the mass of a basic cylinder of volume V with an
equivalent density ρeq. Applying the hypothesis 1 (ρ∗eq = 1), the mass results in the
following relations:

M = ρeq · V → M ∗ = V∗ (K.22)

If the geometrical similarities are considered (d∗ = l∗):

M ∗ = d∗3 (K.23)

Using a previous result from eq. K.17, the mass is:

M ∗ = T∗3/3.5
cont ≈ T∗0.86

cont (K.24)

If the geometrical similarities are not considered (d∗ ̸= l∗):

M ∗ = d∗2 · l∗ (K.25)

Using a previous result from eq. K.21, the mass is:

M ∗

l∗
=

(
T∗

cont
l∗

)2/2.5

≈
(

T∗
cont
l∗

)0.8

(K.26)

K.1.6 Inertia I

The motor inertia comes from the motor rotor mass rotating:

I =

�
r2 dm ∝ l · r4 (K.27)

If the geometrical similarities are considered (d∗ = l∗):

I ∗ = d∗5 (K.28)

Using a previous result from eq. K.17, the rotor inertia is:

I ∗ = T∗5/3.5
cont ≈ T∗1.4

cont (K.29)
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If the geometrical similarities are not considered (d∗ ̸= l∗):

I ∗ = d∗4 · l∗ (K.30)

Using a previous result from eq. K.21, the rotor inertia is:

I ∗

l∗
=

(
T∗

cont
l∗

)4/2.5

=

(
T∗

cont
l∗

)1.6

(K.31)

K.1.7 Joules’ losses PJoules

All conductors with current flow generates heat by Joules’ effect. This heat generation
is named copper or Joules’ losses. The continuous Joules’ losses are formulated using
previous results.

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), Joules’ losses
are already formulated in eq. K.5. Introducing the continuous current density (eq.
K.8) and the relation of continuous torque K.17, Joules’ losses are:

P∗
J = d∗2 = T∗2/3.5

cont ≈ T∗0.6
cont (K.32)

If the geometrical similarities are not considered (d∗ ̸= l∗), Joules’ losses are
already formulated in eq. K.6. Introducing the continuous current density (eq. K.9)
and the relation of continuous torque K.21, Joules’ losses are:

P∗
J

l∗
= d∗ =

(
T∗

cont
l∗

)1/2.5

≈
(

T∗
cont
l∗

)0.4

(K.33)

K.1.8 Maximum speeds

K.1.8.1 Mechanical limitation

The maximum mechanical speed is supposed to be based only on the rotor resistance
to centrifugal force. The centrifugal force is defined by the rotor mass m, its radius r
and its tangential speed v or rotative speed Ω.

Fcentri f ugal = m · v2

r
= m · Ω2 · r (K.34)

The generated stress is determined by the ratio of the centrifugal force with a rotor
surface S.

σcentri f ugal =
Fcentri f ugal

S
(K.35)

Assuming the geometrical similarities (hypothesis 3, d∗ = l∗) and applying a
previous result from eq. K.24, the stress generated by the centrifugal force is:

σ∗
centri f ugal =

d∗3 · Ω∗2 · d∗

d∗2 = d∗2 · Ω∗2 (K.36)
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Without considering the geometrical similarities (d∗ ̸= l∗) and applying a previous
result from eq. K.26, the stress generated by the centrifugal force is::

σ∗
centri f ugal =

d∗2 · l∗ · Ω∗2 · d∗

d∗ · l∗
= d∗2 · Ω∗2 (K.37)

The hypothesis 1 states that, over a full product range, the centrifugal stress remains
the same: σ∗

centri f ugal,max = 1. Thus, the maximum mechanical speed is:

Ω∗
mecha,max = d∗−1 = T∗−1/3.5

cont (K.38)

K.1.8.2 Electrical limitation

The electrical speed can be expressed with the mechanical speed and the number of
pole pair such as:

felect,max = npoles · Ωmecha,max (K.39)

Applying the hypothesis 2 (n∗
poles = 1) and a previous result from eq. K.38, the

maximum electrical speed limited by mechanical stress is:

f ∗elect,max = Ω∗
mecha,max = d∗−1 (K.40)

K.1.8.3 Thermal limitation

The previous maximum speed is defined by the risk of rotor magnet detachment.
Another maximum speed can be defined by the risk of motor overheat. Indeed, the
continuous operation domain is limited by the heat generation (fig. 2.4). In this
domain and at maximum speed, the iron losses are the only source of heat generation.

[Grellet, 1989] gives a global formulation of iron losses which provides the follow-
ing evolution:

P∗
iron = f ∗b

elect ·M ∗
cond (K.41)

where felect is the electrical frequency going through the conductors, b an experimental
value and Mcond the mass of conductors. [Grellet, 1989] specifies for b a mean value
of 1.5.

The continuous operation domain is bounded by two points. The first one is for
a nul speed and maximum continuous torque. At this point, there is no iron losses.
Joules’ losses generate the total motor heat. The second point is at maximum speed
and for nul torque. At this point, the copper losses vanish. The iron losses generate
the total motor heat. For a given admissible motor heating, the losses occuring at the
two points mentioned before are equal:

P∗
iron(Ω = Ωmax,iron) = P∗

J (Ω = 0) (K.42)

From the eq. K.41, the maximum electrical frequency, limited by iron losses
felect,max,iron can be expressed. On one hand, the geometrical similarities (hypothesis
3, l∗ = d∗) gives M ∗

cond = d∗3 and Joules’ losses relation from eq. K.32 is used. On a
second hand, no geometrical similarities (l∗ ̸= d∗) are considered, so M ∗

cond = d∗2 · l∗

and Joules’ losses relation from eq. K.33 is used. Both hypothetical scenarios give the
same expression of the electrical frequency:

f ∗elect,max,iron = d∗−1/b (K.43)
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The electrical frequency is linked to motor speed by the number of pole pair (eq.
K.39). The hypothesis 2 states the evolution of pole number n∗

poles = 1.
Thus, the expression of the maximum motor speed limited by iron losses is

expressed by a single relation considering or not hypothesis 3:

Ω∗
max,iron = d∗−1/b = T∗−1/(3.5·b)

cont (K.44)

K.1.9 Copper & iron losses coefficients α & β

As mentioned by [Grellet, 1989] and [Jufer, 1996], the copper and iron losses bound
the motor continuous operation domain. At steady state, the total heat generated by
the electrical motor is the sum of Joules’ losses and iron losses such as:

Qth = QJoules + Qiron = α · T2 + β · f b
elect (K.45)

where α and β are respectively Joules’ coefficient and the iron losses coefficient.
As mentioned in paragraph K.1.8.3 with eq. K.42, for a given admissible motor

heating, Joules’ losses and iron losses even up. The copper and iron losses coefficients
are obtained by the following ratios:

α =
PJ

T2
cont

(K.46)

β =
α · T2

cont

f b
elect,max,iron

(K.47)

When considering the geometrical similarities (hypothesis 3, d∗ = l∗), the previous
results from eq. K.16 and K.32 give the following expression of α:

α∗ = d∗−5 = T∗−5/3.5
cont (K.48)

Also, the previous results from eq. K.16, K.43 and K.48 give the following expression
of β:

β∗ = d∗3 = T∗3/3.5
cont (K.49)

When not considering the geometrical similarities (d∗ ̸= l∗), the previous results
from eq. K.20 and K.33 give the following expression of α:

α∗ = d∗−4 · l∗−1 = T∗−4/2.5
cont · l∗3/5 (K.50)

Also, the previous results from eq. K.20, K.43 and K.50 give the following expression
of β:

β∗

l∗
= d∗2 =

(
T∗

cont
l∗

)2/2.5

(K.51)

Notes: α and β are usually not provided by manufacturer datasheets. Their value
has to be estimated by hand, at least for the component of reference of the scaling law.

The definition of current or torque might be unclear. Another way to estimate α is
using the winding parameters such as:

Qth(Ω ≈ 0) = 3 ·R · I2
sr = α · T2

sr =⇒ α = 3 · R

K2
t

(K.52)
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for a 3-phased motor where R [ohm] the single phase resistance, Isr [ARMS] and
Tsr [Nm] the current and torque at slow rotation, Kt [Nm/ARMS] the torque constant.

For β estimation, the running point when the motor spins at full speed with a
low torque is usually not specified. Two other ways can be undertaken according
to available data. A first way is to estimate the running point graphically, by hand,
extrapolating the manufacturer torque-speed diagram. A second way is to use an
intermediate running point which can be called the rated point:

β =
Qth(Ω ≈ 0)− α · T2

rated

Ω1.5
rated

(K.53)

Kollmorgen defines it as the running point where the motor provides the maxi-
mum continuous power output based on a 130◦C temperature rise and a standard
aluminum heat sink. The definition might be different with other manufacturers.
Also, the maximum continuous power output can change while considering different
heat sinks or additional means of cooling.

K.1.10 Voltage U and motor constant K

According to Lenz-Faraday’s law, an electrical circuit under a time varying magnetic
flux ϕ (induced by a time-varying magnetic field B⃗) produces an electromotive force
e such as:

e = −dϕ

dt
(K.54)

In the particular case of a solenoid,

ϕ = nturn ·
�

S
B⃗ · n⃗ dS (K.55)

where nturn is the number of turns, S the cross-section and n⃗ the unitary normal vector
of the elementary surface dS oriented according to Maxwell’s corkscrew rule. The
total motor voltage is :

U = nturn · ωelect · B · S (K.56)

The hypothesis 1 states B∗ = 1. The previous result from eq. K.40 is introduced.

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), the motor
voltage is:

U ∗ = n∗
turn · Ω∗

mecha · d∗2 (K.57)

The ratio U /Ωmecha provides the speed constant Ke and, indirectly, the torque con-
stant Kt:

K ∗
e = n∗

turn · d∗2 = K ∗
t = K ∗ (K.58)

If the geometrical similarities are not considered (d∗ ̸= l∗) :

U ∗ = n∗
turn · Ω∗

mecha · d∗ · l∗ (K.59)

The ratio U /Ωmecha provides the speed constant Ke and, indirectly, the torque con-
stant Kt:

K ∗
e = n∗

turn · d∗ · l∗ = K ∗
t = K ∗ (K.60)
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K.1.11 Resistance R

The resistance, already defined in eq. K.2 can be expressed such as:

R = ρcopper ·
lwire

Swire
= ρcopper ·

nturn · lturn
Snotch
nturn

· kw
= ρcopper · n2

turn ·
lturn

Snotch · kw
(K.61)

where nturn [−] and lturn [m] are the number and length of turn of the winding.
Snotch [m2] is the notch section. kw < 1 [−] is a notch filling factor since the notch
is not completely full of copper. The hypothesis 1 states that kw and ρcopper remain
constant among a given product range. This results in k∗w = 1 and ρ∗copper = 1 and the
resistance is:

R∗ = n∗2
turn ·

l∗turn
S∗

notch
(K.62)

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), l∗turn = d∗

and S∗
notch = d∗2. An intermediate expression of the resistance is:

R∗ = n∗2
turn · d∗−1 (K.63)

Applying the previous results from eq. K.58:

n∗
turn = K ∗ · d∗−2 (K.64)

and eq. K.17, the resistance is deduced to be:

R∗

K ∗2 = d∗−5 = T∗−5/3.5
cont ≈ T∗−1.4

cont (K.65)

If the geometrical similarities are not considered (d∗ ̸= l∗), l∗turn = l∗ and S∗
notch =

d∗2. An intermediate expression of the resistance is:

R∗ = n∗2
turn ·

l∗

d∗2 (K.66)

Applying the previous results from eq. K.60:

n∗
turn = K ∗ · d∗−1 · l∗−1 (K.67)

and eq. K.21, the resistance is deduced to be:

R∗ · l∗

K ∗2 = d∗−4 =

(
T∗

cont
l∗

)−4/2.5

≈ T∗−1.6
cont (K.68)

K.1.12 Inductance L

The motor magnetic problem is associated to fig. K.2. A current I [A] in a coil
generates a magnetic flux in a circuit including ferromagnetic material and air gaps.
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FIGURE K.2: Electromagnetic circuit basics

The inductance is usually defined by the inverse of the reluctance R [H−1] of the
magnetic circuit such as:

L =
n2

turn
R

(K.69)

with nturn [−] the number of spires of the winding.
For the equivalent circuit presented in fig. K.2, the reluctance R is determined by

the sum of the reluctance in series.

R = Rsteel + Rair =
1
S
·
(

2 · lairgap

µair · µ0
+

lsteel

µsteel · µ0

)
≈ 2 · lairgap

µ0 · S
(K.70)

where lairgap [m] is the thickness of the airgap, µ0 = 4.10−7 H · m−1 the magnetic
constant (or vacuum permeability), µair ≈ 1 [−] the relative permeability of air,
µsteel ∈ [500 − 1000] [−] the relative permeability of steel, and S the airgap cross-
section through which the magnetic circuit flows ([Pérez et al., 2020]). The ratio
lairgap/µair can be considered as very high compared to lsteel/µsteel . The reluctance of
the circuit is closely equal to the reluctance of the airgap.

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), it assumes
that the winding turn length evolves with global dimensions. As a result, l∗airgap = d∗

and S∗ = d∗2. The reluctance is R∗ = d∗−1 and an intermediate expression of the total
inductance is deduced:

L ∗ = n∗2
turn · d∗ (K.71)

A previous result from eq. K.58 gives an expression of nturn:

n∗
turn = K ∗ · d∗−2 (K.72)

Applying it with the relation from eq. K.17, the inductance is finally expressed:

L ∗

K ∗2 = d∗−3 = T∗−3/3.5
cont ≈ T∗−0.86

cont (K.73)

If the geometrical similarities are not considered (d∗ ̸= l∗), the surface evolves
with diameters and lengths S∗ = d∗ · l∗. The airgap distance still evolves with the
diameters l∗airgap = d∗. The reluctance is R∗ = l∗−1 and an intermediate expression of
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the total inductance is deduced:

L ∗ = n∗2
turn · l∗ (K.74)

A previous result from eq. K.60 gives an expression of nturn:

n∗
turn = K ∗ · d∗−1 · l∗−1 (K.75)

Applying it with another result from eq. K.21, the inductance is finally expressed:

L ∗ · l∗

K ∗2 = d∗−2 =

(
T∗

cont
l∗

)∗−2/2.5

= T∗−0.8
cont (K.76)

Some manufacturer might design their motors with a constant winding turn
length over their product range. As a result, x∗airgap = 1, S∗

turn = 1 and the reluctance
becomes R∗ = 1. An intermediate result of inductance is:

L ∗ = n∗2
turn (K.77)

If the geometrical similarities are considered (hypothesis 3, d∗ = l∗), the relations
from eq. K.72 and K.17 are applied. The inductance becomes:

L ∗

K ∗2 = d∗−4 = T∗−4/3.5
cont ≈ T∗−1.1

cont (K.78)

If the geometrical similarities are not considered (d∗ ̸= l∗), the relations from eq.
K.75 and K.21 are applied. The inductance becomes:

L ∗ · l∗2

K ∗2 = d∗−2 =

(
T∗

cont
l∗

)∗−2/2.5

= T∗−0.8
cont (K.79)

Usually, in manufacturer catalog, the winding turn length is a data not available.
Its evolution over a product range can not be checked. The choice among all of the
inductance formulations developed previously shall be done by comparison with
catalogue data. The formulation fitting the most shall be selected.

K.1.13 Motor constant Km

The motor constant Km [(Nm)2/W] is a way to estimate heat losses avoiding the
motor winding characteristics and a way to compare motor technologies. Please, see
section 4.2.3.3 of the thesis core for these aspects.

K.1.14 Mechanical power Pmechanical

The mechanical power can be expressed thanks to the Km motor constant.
At steady state, the motor voltage can be written as:

U = R · I + KT · ω (K.80)

where I = T/KT and KT = Km ·
√

R.
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The total power becomes:

Ptotal = U · I =
(

T
Km

)2

︸ ︷︷ ︸
Joules

+ T · ω︸ ︷︷ ︸
mechanical

(K.81)

Section K.1.7 and K.1.13 provide the expression of PJoules according to Km. Us-
ing the torque and speed scaling laws introduced in section K.1.3 and K.1.8.1, the
mechanical power is expressed such as:

cylindrical l∗ = d∗ P∗
mechanical = T∗ · ω∗ = K∗1/2

m (K.82)

cylindrical l∗ ̸= d∗
P∗

mechanical
l∗

=
T∗

l∗
· ω∗ =

(
K∗

m
l∗

)∗3/8

(K.83)

The ratio PJoules/Pmechanical finds an interest in a motor sizing loop as a design
driver. Thus, it can limit the increase of the Km value by the optimization algorithm.
In addition, the rotor inertia might act beforehand as an upper limitation of the Km
value because of the higher power of its scaling law (I ∗ = K∗

m) and its direct impact
on the motor torque.

K.1.15 Validation

The validation is based on two catalogs: Parvex NK (fig. K.3, [PARKER, 2022]) and
KOLLMORGEN RBE (fig. K.11, [KOLLMORGEN, 2003]). In Parvex NK catalog, a
10 poles motor range Tcont ∈ [2; 41] Nm) and a component of reference of Tcont =
12 Nm have been chosen. This product range follows the laws with the geometrical
similarities (d∗ = l∗). In Kollmorgen RBE catalog, a 12 poles motor range (T ∈
[0.5; 38.4] Nm) has been chosen with a component of reference Tcont = 1.67 Nm. This
motor range follows the scaling laws based on geometrical dissimilarity (d∗ ̸= l∗).
However, the validation shows that the peak torque and the copper coefficient are
best described by the scaling laws based on geometrical similarity (d∗ = l∗).

Both product range are interesting since they include a significant number of
components to be representative (respectively 9 and 95). Also, they cover two decades
in terms of continuous torque.

We remind that the sections 4.2.3.2 and 4.2.3.3 of Chapter 4 complete the validation
presented in the following two subsections.

K.1.15.1 PARVEX

FIGURE K.3: Cylindrical frameless permanent magnet motors (Parvex NK)
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FIGURE K.4: Validation scaling law, cylindrical motor, diameter and length
(Parvex NK)

FIGURE K.5: Validation scaling law, cylindrical motor, mass and inertia
(Parvex NK)

In the three following figures, the component of reference of Tcont = 5.5 Nm is
used.
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FIGURE K.6: Validation scaling law, cylindrical motor, resistance (Parvex
NK)

FIGURE K.7: Validation scaling law, cylindrical motor, inductance (Parvex
NK)
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FIGURE K.8: Validation scaling law, cylindrical motor, Joules’ losses (Parvex
NK)

FIGURE K.9: Validation scaling law, cylindrical motor, copper losses coef. α
(Parvex NK)
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FIGURE K.10: Validation scaling law, cylindrical motor, iron losses coef. β
(Parvex NK)

K.1.15.2 KOLLMORGEN

FIGURE K.11: Cylindrical permanent magnet motor (Kollmorgen RBE)



264 Appendix K. Scaling law derivation: electrical components

FIGURE K.12: Validation scaling law, cylindrical motor (Kollmorgen RBE):
(left) motor diameter, (right) motor airgap diameter

FIGURE K.13: Validation scaling law, cylindrical motor (Kollmorgen RBE):
maximum mechanical speed Ωmax
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FIGURE K.14: Validation scaling law, cylindrical motor, (Kollmorgen RBE):
(left) motor linear mass, (right) motor linear inertia

FIGURE K.15: Validation scaling law, cylindrical motor, (Kollmorgen RBE):
(left) motor constant Km, (right) motor constant Km per unit of mass
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The length to diameter ratios state that the RBE product range does not satisfy
the geometrical similarity hypothesis (d∗ ̸= l∗). However, we observe that the peak
torque scaling law based on geometrical similarity hypothesis better fits data from the
RBE catalog. Fig. K.16 displays the comparison between the law based on geometrical
similarity and the one based on geometrical dissimilarity.

FIGURE K.16: Validation scaling law, cylindrical motor, peak torque based
on thermal criteria (Kollmorgen RBE): (left) linear peak torque Tp/l, (right)

peak torque Tp

FIGURE K.17: Validation scaling law, cylindrical motor, winding character-
istics (Kollmorgen RBE): (left) resistance, (right) inductance
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FIGURE K.18: Validation scaling law, cylindrical motor, heat coefficients
(Kollmorgen RBE): (left) copper coefficient, (right) iron coefficient

Similarly to the peak torque, the copper coefficient α is better described with a
scaling law based on geometrical similarity.
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K.2 Annular motor

Further to the section K.1, this section focuses on the second type of brushless motors:
the annular motors. Also, they are called torque motors. They are characterised by a
hollowed rotor, similar to a ring. This technology provides motors of high torque
density.

K.2.1 Hypothesis

FIGURE K.19: Annular motor sketch

The laws developed for annular brushless motors are based on 2 hypothesis.

1. The physical properties Pi remain the same among a considered product range:
P∗

i = 1

2. The motor is made by an assembly of the same elementary blocks (fig. K.19)
with one pair of poles. This involves a pole pair number npoles evolving with
the motor diameter d: n∗

poles = d∗. Also, it involves a constant ring thickness
and an air gap.

3. All the lengths follow a homothetic evolution: l∗i = l∗j = l∗.

Based on these hypothesis, the scaling laws are derived theoretically in the fol-
lowing subsections. The last subsection compares scaling law predictions with
manufacturer catalog data.

K.2.2 Current density J

To state the current density expression, Joules’ effect is supposed to be the main
contributor in motor heat losses. Also, these losses are assumed to be dissipated by a
convection phenomena on the outer motor surface. At steady state, the losses and
dissipation balance:

Joules′ losses PJ = dissipated power Pdis (K.84)
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- Joules’ losses formulation:
The total motor resistance R [Ohm] is the sum of the resistance of all the elementary
units.

R = npoles ·Runit (K.85)

The resistance is defined with a winding copper resistivity ρcopper [Ohm.m]:

Runit = ρcopper ·
lwire

Swire
= ρcopper ·

lturn · nturn
Snotch
nturn

· kw
(K.86)

The current flow I [A] defines a current density J [A/m2]:

I = J · Swire = J · Snotch

nturn
· kw (K.87)

and kw < 1[−] a notch filling factor since the notch is not completely full of copper.
Joules’ losses are then developed such as:

PJ = R · I2 = npoles · ρcopper · lturn · J2 · Snotch · kw

This expression is turned into a scaling law. It gets simplified by the application of the
hypothesis. The hypothesis 1 states ρ∗copper = 1. The hypothesis 2 states n∗

poles = d∗,
S∗

notch = 1 and k∗w = 1. The hypothesis 3 states l∗turn = l∗motor = l∗. Joules’ losses are:

P∗
J = d∗ · l∗ · J∗2 (K.88)

with the resistance expressed as:

R∗ = n∗2
turn · d∗ · l∗ (K.89)

- Dissipated power formulation: The power, dissipated by convection, is expressed
such as:

Pdis = hconvection · Smotor · ∆θ

where hconvection [W/m2/K] is the heat exchange coefficient in convection, Smotor is
the motor skin surface and ∆θ is the temperature gradient between motor skin and
ambient temperature. The current density is limited by the maximum insulation
temperature of wires (to ensure a given life span to insulators), and by the means
of cooling. Among a given product range, the same insulations and cooling means
are considered. The temperature gradient is constant: ∆θ∗ = 1. The hypothesis 1
states h∗convection = 1. As a result, the power dissipated is reduced to a dependency
regarding the motor surface only:

P∗
dis = S∗

motor (K.90)

- Current density formulation: Finally, gathering results from eq. K.88 & K.90 into
eq. K.84, the continuous current density is expressed:

P∗
J = P∗

dis =⇒ d∗ · l∗ · J∗2
cont = l∗ · d∗

J∗cont = 1 (K.91)
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K.2.3 Torque & Dimension

The Laplace force is defined by:

d
−−−→
Flaplace = nturns · I · d

−→
l ∧−→

B (K.92)

where I [A] is the current flowing into the winding, nturns the number of winding
turns, and d

−→
l [m] the portion of winding oriented in the sense of current flow, and−→

B the magnetic field ([T] or [kg · s−2 · A−1]) in the air gap due to permanent magnets.
The current density is introduced thanks to eq. K.87: nturns · I = J · Snotch · kw
Then, the Laplace force is:

Flaplace = J · Snotch · kw · l · B (K.93)

The hypothesis 1 states B∗ = 1, the induction created by the permanent magnets in
the air gap is constant whatever the motor scale is. The hypothesis 2 states S∗

notch = 1
and k∗w = 1. It results in:

F∗
laplace = J∗ · l∗ (K.94)

The motor torque is made by Laplace’s force provided by each elementary unit at
a radius r from the motor rotor axis of rotation. Applying the hypothesis 2:

T∗ = n∗
poles · F∗

laplace · r∗ = d∗2 · F∗
laplace (K.95)

and
T∗ = d∗2 · J∗ · l∗ (K.96)

Applying the previous result from eq. K.91, the continuous torque is defined by:

T∗
cont = d∗2 · l∗ (K.97)

Also,

d∗ =
(

T∗
cont
l∗

)1/2

(K.98)

K.2.4 Peak torque Tp

The peak torque can follow different definitions according to supplier design choices.
Please, see section 4.2.3.2 of the thesis core for these aspects.

K.2.5 Mass M

The motor mass is the total mass of the p elementary units. Each elementary unit
is defined by a linear mass ρunit [kg.m−1]. Applying the hypothesis 1 (ρ∗unit = 1), 2
(n∗

poles = d∗), and 3 (l∗motor = l∗), the mass results in the following relations:

M = npoles · ρunit · lmotor → M ∗ = d∗ · l∗

M ∗

l∗
= d∗ (K.99)

Also, applying a previous results from eq. K.98, the mass is:
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M ∗

l∗
=

(
T∗

cont
l∗

)1/2

(K.100)

K.2.6 Inertia I

Basically, the inertia is defined as:

I =

�
r2 dm where dm = 2π · ρ · r · l · dr (K.101)

Introducing an equivalent density ρrotor [kg.m−3], the motor rotor inertia is defined
by:

I = 2π · ρrotor · lrotor ·
�

r3
rotor dr = 2π · ρrotor · lrotor

r4
rotor
4

(K.102)

Thanks to the hypothesis 1 & 3, the following scaling law is deduced:

I ∗

l∗
= d∗4 (K.103)

Using a previous result from eq. K.98, the rotor inertia is:

I ∗

l∗
=

(
T∗

cont
l∗

)2

(K.104)

K.2.7 Joules’ losses PJoules

The eq. K.88 provides the expression of the Joules’ losses. Using the previous results
from the current density (eq. K.91), the linear torque (eq. K.98), and the motor
constant (section K.2.13), the Joules’ losses are expressed such as:

P∗
J = d∗ · l∗ = T∗1/2 · l∗1/2 = K∗1/3

m · l∗2/3 (K.105)

K.2.8 Maximum speed

K.2.8.1 Mechanical limitation

The maximum mechanical speed is supposed to be based only on the rotor resistance
to centrifugal force. The centrifugal force is defined by the rotor mass m, its radius r
and its tangential speed v or rotative speed Ω:

Fcentri f ugal = m · v2

r
= m · Ω2 · r (K.106)

Applying a previous result from eq. K.100, the stress generated by the centrifugal
force is expressed:

σ∗
centri f ugal =

F∗
centri f ugal

S∗ =
d∗ · l∗ · Ω∗2 · d∗

d∗ · l∗
= d∗ · Ω∗2 (K.107)

The hypothesis 1 states that σ∗
centri f ugal,max = 1. Thus, the maximum mechanical speed

is:

Ω∗
mecha,max = d∗−1/2 (K.108)
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K.2.8.2 Electrical limitation

The electrical speed can be expressed with the mechanical speed such as:

ωelect,max = npoles · Ωmecha,max (K.109)

Applying the hypothesis 2 and a previous result from eq. K.108, the maximum
electrical speed is:

ω∗
elect,max = d∗1/2 (K.110)

K.2.8.3 Thermal limitation

Following the same development steps than the ones detailed for the cylindrical
motor in section K.1.8.3, the electrical frequency for the annular motor is given by:

f ∗elect,max,iron = d∗−1/b (K.111)

K.2.9 Copper & iron losses coefficients α & β

Following the same development steps than the ones detailed for the cylindrical
motor in section K.1.9 and using the previous results developed for the annular
motor, the expressions of the copper and iron coefficients are easily derived:

α∗ · l∗ = d∗−3 = T∗−3/2
cont · l∗−3/2 (K.112)

β∗

l∗
= d∗2 =

T∗
cont
l∗

(K.113)

K.2.10 Voltage U & constant K

The total motor voltage U is the sum of the individual voltage Uunit given by each
elementary unit (hypothesis 2).

U = npoles ·Uunit (K.114)

Each elementary unit has got its own winding. According to Lenz-Faraday’s law, an
electrical circuit under a time varying magnetic flux ϕ (induced by a time-varying
magnetic field B⃗) produces an electromotive force e such as:

e = −dϕ

dt
(K.115)

In the particular case of a solenoid,

ϕ = nturn ·
�

S
B⃗ · n⃗ dS (K.116)

where nturn is the number of turns, S the cross-section and n⃗ the unitary normal vector
of the elementary surface dS oriented according to Maxwell corkscrew rule.

The voltage at each motor elementary unit is:

Uunit = nturn · ωelect · B · S (K.117)
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The hypothesis 1 (B∗ = 1) and 2 (p∗ = d∗) are applied. The surface is assumed to
be S = b · l (fig. K.19) with b = πd/npoles. The scaling law of S is:

b∗ =
d∗

n∗
poles

=
d∗

d∗
= 1 =⇒ S∗ = l∗ (K.118)

The electrical speed introduces the mechanical speed. The elementary unit voltage
becomes:

U ∗
unit = n∗

turn · d∗ · l∗ · Ω∗
mecha (K.119)

The total motor voltage is then:

U ∗ = n∗
turn · d∗2 · l∗ · Ω∗

mecha (K.120)

The ratio U ∗/Ω∗
mecha provides the voltage constant K ∗

e and, indirectly, the torque
constant K ∗

t :

K ∗
e = n∗

turn · d∗2 · l∗ = K ∗
t = K ∗ (K.121)

K.2.11 Resistance R

The subsection K.2.2 derives the scaling law of the resistance (eq. K.89) which is

R∗ = n∗2
turn · d∗ · l∗

From a previous result (eq. K.121), the following ratio can be written :

n∗
turn =

K ∗

d∗2 · l∗

The resistance then is deduced:

R∗

K ∗2 = d∗−3 · l∗−1 (K.122)

Using eq. K.98, the resistance is:

R∗

K ∗2 · l∗1/2 = T∗−3/2
cont (K.123)

K.2.12 Inductance L

The total motor inductance L is the sum of the individual inductance Lunit given by
each elementary unit (hypothesis 2).

L = npoles ·Lunit (K.124)

The inductance is usually defined by the inverse of the reluctance such as:

Lunit =
n2

turn
R

(K.125)
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with nturn the number of spires of the winding. The problem is reduced to a magnetic
circuit as presented in fig. K.2. The reluctance is already shown in eq. K.70:

R =
2 · lairgap

µ0 · S
(K.126)

where lairgap [m] is the thickness of the airgap, µ0 = 4.10−7 H · m−1 the magnetic
constant (or vacuum permeability), and S the airgap cross-section. The eq. K.118
already shows that S∗ = l∗. The hypothesis 2 states that the airgap remains the same
through a given product range l∗airgap = 1. The reluctance becomes:

R∗ =
1
l∗

(K.127)

An intermediate expression of the total inductance is deduced:

L ∗ = n∗2
turn · d∗ · l∗ (K.128)

From a previous result (eq. K.121), the following ratio can be written :

n∗
turn =

K ∗

d∗2 · l∗
(K.129)

Finally, the total inductance is deduced:

L ∗

K ∗2 = d∗−3 · l∗−1 (K.130)

Using eq. K.98, the inductance is also:

L ∗

K ∗2 · l∗1/2 = T∗−3/2
cont (K.131)

K.2.13 Motor constant Km

The motor constant Km [(Nm)2/W] is a way to estimate heat losses avoiding the
motor winding characteristics and a way to compare motor technologies. Please, see
section 4.2.3.3 of the thesis core for these aspects.

K.2.14 Mechanical power Pmechanical

The mechanical power can be expressed thanks to the Km motor constant.
At steady state, the motor voltage can be expressed as:

U = R · I + KT · ω (K.132)

where I = T/KT and KT = Km ·
√

R.
The total power becomes:

Ptotal = U · I =
(

T
Km

)2

︸ ︷︷ ︸
Joules

+ T · ω︸ ︷︷ ︸
mechanical

(K.133)
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Section K.2.7 provides the expression of PJoules according to Km. Using the torque
and speed scaling laws introduced in section K.2.3 and K.2.8, the mechanical power
is expressed such as:

annular
P∗

mechanical
l∗

=
T∗

l∗
· ω∗ =

(
K∗

m
l∗

)∗1/2

(K.134)

The ratio PJoules/Pmechanical finds an interest in a motor sizing loop as a design
driver. Thus, it can limit the increase of the Km value by the optimization algorithm.
In addition, the rotor inertia might act beforehand as an upper limitation of the Km
value because of the higher power of its scaling law (I ∗ = K∗

m) and its direct impact
on the motor torque.

K.2.15 Validation

The validation is based on the manufacturer catalog of TECNOTION. [TECNOTION,
2019].

FIGURE K.20: Tecnotion: annular permanent magnet motors

First of all, the hypothesis 2 must be checked. The display of the motor outside
diameter with respect to the number of magnets (fig. K.21) shows 2 product ranges
with different design concepts. On fig. K.21, the bottom data set corresponds to
motors with a continuous torque within [0.3; 36] Nm. The top data set corresponds to
motors with a continuous torque [60; 331] Nm.
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FIGURE K.21: Annular motor, diameter vs pole number (TECNOTION)

The bottom product range is kept for the following displays. A single component
of reference is used for all the following displays. Its characterisitics are: peak torque
Tp = 3.9 Nm, continuous torque Tc = 3.2 Nm, motor constant Km = 0.02 Nm2/W
and stator outside diameter d = 105 mm.

Since the annular motor laws are based on an assembly of elementary modules
hyp. 2, the ouside motor diameter and inside motor diameter are expressed as a
function of the airgap diameter with an offset:

din,rotor = a · dairgap + trotor dout,stator = b · dairgap + tstator (K.135)

where trotor [m] and tstator [m] are the thicknesses supposed as constant for the consid-
ered product range. This assumption is verified by the linear regressions presented in
fig. K.22. The rotor and stator thicknesses are given by the value at Y-axis when the
linear regression crosses it. For scaling law validation, any offset must be removed.
The validation is displayed regarding the airgap diameter.

FIGURE K.22: Annular motor (TECNOTION), left: stator thickness, right:
rotor thickness

The following displays validates the laws established for the annular motor.
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FIGURE K.23: Validation scaling law, annular motor, airgap diameter (TEC-
NOTION)

FIGURE K.24: Validation scaling law, annular motor, linear mass (TECNO-
TION)

FIGURE K.25: Validation scaling law, annular motor, linear inertia & peak
torque (TECNOTION): (left) linear inertia vs linear continuous torque,

(right) peak torque vs continuous torque
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FIGURE K.26: Validation scaling law, annular motor, motor constant vs
linear torque (TECNOTION): (left) Km, (right) Km per unit of mass
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The following displays deals with electrical parameters linked to winding types.
The data set is filtered according to a single winding type (the winding named N by
the manufacturer is chosen since it covers the broadest product range).

FIGURE K.27: Validation scaling law, annular motor, resistance (TECNO-
TION)

FIGURE K.28: Validation scaling law, annular motor, inductance (TECNO-
TION)
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FIGURE K.29: Validation scaling law, annular motor, torque constant Kt
(TECNOTION)

FIGURE K.30: Validation scaling law, annular motor, copper losses (TEC-
NOTION): (left) copper losses, (right) copper coefficient

K.3 Electromagnetic brake
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FIGURE K.31: Electromagnetic brake sketch mikipulley.co.jp

For electromagnetic brake, it is supposed:

• homothetic evolution of dimensions:

d∗ = l∗ (K.136)

K.3.1 Torque & Dimensions

Amper’s law gives:
�

C
B⃗ · d⃗l = µ0 · nturn · I =⇒ B = µ0 ·

nturn

lairgap
· I (K.137)

with C the closed contour of the considered circuit, B⃗ the magnetic field [T], d⃗l the
infinitesimal element [m] of C , µ0 = 4π · 10−7 [T · m/A] the magnetic permeability
of empty and I [A] the current involved by the circuit.

For a solenoid coil, the force is given by:

F =
B2

2 · µ0
· S (K.138)

with S [m2] the copper surface of the motor transverse section.
The current lays as:

I = Swire · J (K.139)

with the wire section Swire [m2] and the current density J [A/m2] . The eq. K.137
becomes:

B = µ0 ·
nturn · Swire · J

lairgap
=

S · J
kw · lairgap

(K.140)

with kw a winding filling ratio.
Applying scaling law approach, kw and µ0 are supposed to be constant among

the considered product range (k∗w = 1, µ∗
0 = 1):

B∗ =
S∗ · J∗

l∗airgap
(K.141)

We propose to suppose l∗airgap = d∗. This hypothesis is verified since later it is
observed that the obtained scaling law (d∗ = f (T∗)) fits catalog data. In addition, the

https://www.mikipulley.co.jp/EN/Products/ElectoromagneticClutchesAndBrakes/index.html
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current density follows J∗ = d∗−1/2 (already proved relation, refer to eq. K.8). As a
result:

B∗ =
d∗2 · d∗−1/2

d∗
= d∗1/2 (K.142)

Also, the current I can be defined. I∗ is expressed for later use in the derivation:

I = Swire · J =
Swinding

nturn
· kw · J =⇒ I∗ =

d∗2

n∗
turn

· d∗−1/2 =
d∗3/2

n∗
turn

(K.143)

With eq. K.138, the force is:

F∗ = B∗2 · S∗ = d∗ · d∗2 = d∗3 (K.144)

Finally, the torque is a force applied at a given radius r and r∗ = d∗:

T∗ = d∗4 (K.145)

Hence

d∗ = l∗ = T∗1/4 (K.146)

K.3.2 Mass M

Basically, the mass is defined as:

M = ρ · V = ρ · π · d2

4
· l =⇒ M ∗ = d∗2 · l∗ = d∗3 (K.147)

considering the hypothesis (eq. K.136). Thus,

M ∗ = T∗3/4 (K.148)

K.3.3 Inertia J

Basically, the inertia is defined as:

J =

�
r2dm =⇒ J ∗ = d∗2 ·M ∗ = d∗5 (K.149)

considering the hypothesis (eq. K.136). Thus,

J ∗ = T∗5/4 (K.150)

K.3.4 Resistance R

Basically, the resistance is defined as:

R = ρcopper ·
lwire

Swire
= ρcopper ·

nturn · lturn

S/nturn · kw
=⇒ R∗ =

n∗2
turn · d∗

d∗2

R∗ = n∗2
turn · d∗−1 (K.151)
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With eq. K.143 and K.151, the voltage U can be defined easily:

U = R · I =⇒ U ∗ = R∗ · I∗ = n∗2
turn · d∗−1 · d∗3/2

n∗
turn

U ∗ = n∗
turn · d∗1/2 (K.152)

With the voltage (eq. K.152), the resistance is easily re-defined such as:

R = U ∗2 · T∗−1/2 (K.153)

K.3.5 Inductance L

Basically, the inductance is defined as:

L = µ0 ·
n2

turn · S
lairgap

=⇒ L ∗ =
n∗2

turn · d∗2

d∗

L ∗ = n∗2
turn · d∗ (K.154)

With the voltage (eq. K.152), the inductance is easily re-defined such as:

L = U ∗2 (K.155)

K.3.6 Thermal losses PJ

Basically, the thermal losses are mainly due to Joules effect. Using eq. K.143 combined
with eq. K.152, the thermal losses are defined such as:

PJ = R · I2 =⇒ P∗
J = n∗

turn · d∗1/2 · d∗3/2

n∗
turn

P∗
J = d∗2 (K.156)

Thus,

PJ = T∗1/2 (K.157)

K.3.7 Validation

The validation is based on 3 manufacturer catalogs (RS, MIKIPULLEY, KENDRION).

https://befr.rs-online.com/web/p/electromagnetic-brakes/1946346
https://www.mikipulley.co.jp/EN/Products/ElectoromagneticClutchesAndBrakes/index.html
https://www.kendrion.com/en/products/industrial-brakes/spring-applied-brakes
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FIGURE K.32: Validation scaling law, eletromagnetic brake, dimension

FIGURE K.33: Validation scaling law, eletromagnetic brake, length

FIGURE K.34: Validation scaling law, eletromagnetic brake, mass
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FIGURE K.35: Validation scaling law, eletromagnetic brake, disk inertia

FIGURE K.36: Validation scaling law, eletromagnetic brake, coil resistance

FIGURE K.37: Validation scaling law, eletromagnetic brake, Joules’ losses
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K.4 Important notes

To study scaling laws, this thesis experience feedbacks some advice:

• Avoid as much as possible scaling laws mixing too many variables. The higher
the number of parameter is, the lower the prediction quality is. For instance, it
is prefered using R/K2 instead of R/U2 since U = K · ω.

• Before undertaking any validation step, always analyze the raw data from a cat-
alog. In this way, it can be possible to point out components with heterogenous
characteristics due to a different design criteria, a different feature installed (e.g.
air versus water cooling) and/or a typing mistake in the datasheet.

• It is important to check the scaling laws hypothesis. For instance, the propor-
tionality between a diameter d and the number of pole (n∗

poles = d∗) in the case
of annular motors, or in the case of cylindrical motor, the ratio between lengths
and diameters. The mean and the standard deviation of the ratio of variables is
useful to perform quickly such checks: σ/x̄ < 15%, σ the standard deviation
and x̄ the mean of the considered data set.
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Appendix L

Hertz contact scaling laws

This appendix proposes a scaling law study around the Hertz contact to extract
potentially interesting scaling laws about different contacts: roller, ball, and thread.

The theory presented in the three following sections is based on Hertz assump-
tions. They are reminded herebelow:

• The bodies are elastic, linear, isotropic and homogeneous with continuous
surface.

• The load application is normal to the considered contact point.

• The surfaces of bodies in motion are perfectly smooth (no friction consideration).

• The area of contact is far smaller than the body dimensions.

L.1 Cylindrical contact

For cylindrical contacts, as found in thrust bearings, a stress estimation is presented
theoretically in fig. L.1. The theory comes from [Shigley, 2006].

FIGURE L.1: Spherical hertz contact theory ([Shigley, 2006], p.118)

Assuming geometrical and material properties similarities, it is possible to state
that all diameters evolves the same as a rolling element diameter dr, Poisson’s coeffi-
cient and Young’s modulus do not change whatever the dimensions are. The rolling
element length lr remains independent.

diameters: d∗1 = d∗2 = d∗r (L.1)
Poisson’s coef. and Young’s modulus: ν∗i = E∗

i = 1 (L.2)
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Given these hypothesis, the scaling law of the contact stress is obtained as a
function of the load and the roller dimensions:

σ∗ =
F∗1/2

d∗1/2
r · l∗1/2

r
(L.3)

L.2 Spherical contact

For spherical contacts as found in ball screws, a stress estimation is presented theoret-
ically in fig. L.2. The theory comes from [Shigley, 2006].

FIGURE L.2: Spherical hertz contact theory ([Shigley, 2006], p.117)

Assuming geometrical and material properties similarities, it is possible to state
that all the dimensions evolve in the same way as the screw diameter ds, Poisson’s
coef and Young’s modulus do not change whatever the dimensions are:

dimensions: d∗1 = d∗2 = d∗s (L.4)
Poisson’s coef. and Young’s modulus: ν∗i = E∗

i = 1 (L.5)

Given these hypothesis, the scaling law of the contact stress is obtained as a
function of the load and the screw diameter:

σ∗ =
F∗1/3

d∗2/3
s

(L.6)

L.3 Elliptical contact

For elliptical contacts as found in roller screws ( [Kossi Abevi, 2013], [Sandu, 2018],
[Lisowski, 2015] ), a stress estimation is presented theoretically in fig. L.3. The theory
comes from [Barber, 2018].
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FIGURE L.3: Elliptical hertz contact theory ([Tri, 2022])

[Tri, 2022] shares online Matlab codes which apply this theory.
Assuming geometrical and material properties similarities, it is possible to state

that the curvature radius evolves in the same way as all the dimensions, such as
the screw diameter ds, Poisson’s coefficient and Young’s modulus do not change
whatever the dimensions are:

curvature radius and dimensions: R∗
1x = R∗

2x = R∗
1y = R∗

2y = d∗s (L.7)

Poisson’s coef. and Young’s modulus: ν∗i = E∗
i = 1 (L.8)

Given these hypothesis, the scaling law of the contact stress is obtained as a
function of the load and the screw diameter:

σ∗ =
F∗1/3

d∗2/3
s

(L.9)

In fig. L.4, the scaling law (eq. L.9) is applied on supplier catalog data from Rollvis.
The reference component is taken with a stress of σre f = 3600 MPa as specified by
the supplier. Over the full product range, it is observed that the stresses estimated by
the scaling law are within [3000; 3800] MPa. The biggest gap represents 16% of the
referenced value. This validates the scaling law.
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FIGURE L.4: Stress estimation with Rollvis’ catalog (inverted roller screw)
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Appendix M

Simulation & evaluation models

In this Appendix, the simulation & evaluation models are gathered in detail per
discipline reminding the key design drivers, the associated equations and scenarios.

The tables are read from left to right. A colour coding has been set to improve
reading comfort.

• The cyan color is dedicated to the technological variable (lead [m/rad]) and
the optimization variables (oversizing coef. ko).

• The red color is dedicated to the variables developping the actuator specifica-
tion (the inputs of the sizing problem).

• The bleu color is dedicated to the variables set as the design hypothesis of the
sizing problem.

• The orange color is dedicated to the sizing scenarios setting the link between
either the specification and the component characteristics or the interactions
between components.

• The green color is dedicated to the equations written in the sizing code script.
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TABLE M.1: Simulation & evaluation models for Rod End (RE) & Output Rod (OR)
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TABLE M.2: Simulation & evaluation models for double row angular contact Ball Bearing (BB1)
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TABLE M.3: Simulation & evaluation models for single row deep groove Ball Bearing (BB2)
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TABLE M.4: Simulation & evaluation models for Housing (H)
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TABLE M.5: Simulation & evaluation models for Screw Mechanism (SM)



 

C
o

m
p

o
n

e
n

t 
K

D
D

 
S

p
e

ci
fi

ca
ti

o
n

 
D

e
si

g
n

 h
y

p
o

th
e

si
s 

S
iz

in
g

 s
ce

n
a

ri
o

 
E

q
u

a
ti

o
n

s 
U

n
it

s 

A
N

T
IR

O
T

A
T

IO
N

 

K
E

Y
 

(A
K

) 

- 
- 

fr
ic

ti
o

n
 c

o
e

f.
 a

lo
n

g
 it

s 
su

rf
a

ce
 

in
 c

o
n

ta
ct

 w
it

h
 o

u
tp

u
t 

ro
d

 o
r 

n
u

t 
fl

a
n

g
e

 �
�
�

 [
-]

 

se
e

 �
�

 in
 (

E
M

) 

n
o

rm
a

l l
o

a
d

 a
p

p
lie

d
 o

n
 k

e
y:

 

� �
=
� 	



�
,

�
,�


��
�

� �
�
,�
�
2�

 
N

 

lin
e

a
r 

fo
rc

e
 c

re
a

te
d

 b
y 

fr
ic

ti
o

n
 o

n
 a

n
ti

ro
ta

ti
o

n
 k

e
y:

 

� �
=
� �

�
⋅�
�

 
N

 

in
d

u
ce

d
 f

ri
ct

io
n

 t
o

rq
u

e
 a

t 
m

o
to

r 
le

ve
l:

 

� �
=
� �
⋅�

� �
,�
�

 
N

m
 

LI
N

E
A

R
  

B
U

S
H

IN
G

  

(L
B

) 

- 
m

a
x 

lin
e

a
r 

sp
e

e
d

 �
	


�

 

[m
/s

] 

fr
ic

ti
o

n
 c

o
e

f.
 o

f 
lin

e
a

r 
b

u
sh

in
g

 

� �
 

 [
-]

 

n
o

rm
a

l l
o

a
d

 s
e

e
n

 b
y 

lin
e

a
r 

b
u

sh
in

g
 �
�
,�
 

 [
N

] 

ra
ti

o
 o

f 
b

u
sh

 le
n

g
th

 o
u

t 
o

f 

b
u

sh
 d

ia
m

e
te

r 
! �
��
,�
 

 [
-]

 

se
e

 �
�

 in
 (

E
M

) 

 

A
 s

iz
in

g
 s

ce
n

a
ri

o
 s

h
o

u
ld

 b
e

 p
u

t 

o
n

to
 p

U
 f

a
ct

o
r 

(p
U

 <
 1

.8
 

N
/m

m
²*

m
/s

) 

lin
e

a
r 

fo
rc

e
 g

e
n

e
ra

te
d

 b
y 

fr
ic

ti
o

n
: 

� �
=
� �
 
⋅�

�
,�
 

   
  

N
 

lin
e

a
r 

fr
ic

ti
o

n
 f

o
rc

e
 c

o
n

ve
rt

e
d

 in
to

 t
o

rq
u

e
 a

t 
m

o
to

r 
le

ve
l:

 

� �
=
� �
⋅�

� �
,�
�

 
N

m
 

b
u

sh
in

g
 le

n
g

th
: 

 "
=
! �
��
,�
 
⋅�

#$
�,
�
%

 
m

 

b
u

sh
in

g
 s

u
rf

a
ce

 o
f 

co
n

ta
ct

 w
it

h
 o

u
tp

u
t 

ro
d

: 
 

&
=
'
⋅�

#$
�,
�
%
⋅"

 
m

² 

b
u

sh
in

g
 s

p
e

ci
fi

c 
p

re
ss

u
re

: 

	�
=
� �

,�
 

&
 

N
/m

² 

b
u

sh
in

g
 p

U
 f

a
ct

o
r:

 

�)
=
�
⋅�

	


�

 
N

/m
²*

m
/s

 

A
C

T
U

A
T

O
R

 

(A
C

T
) 

tr
a

n
sp

a
re

n
cy

 

lo
a

d
 

m
a

x 
st

a
ti

c 
lo

a
d

 �
	


�

 [
N

] 
sa

fe
ty

 c
o

e
f.

 !
* 

[-
] 

� �
�

�
*+


��
�
,-
≥
� 	



�
⋅!

* 
� �
�

�
*+


��
�
,-
=
� 	



�
,

�
,�
��


��
�
⋅�

�,�
�

�
 

N
 

re
fl

e
ct

e
d

 

in
e

rt
ia

 
- 

m
a

x 
re

fl
e

ct
e

d
 in

e
rt

ia
 a

llo
w

e
d

 

b
y 

th
e

 a
p

p
lic

a
ti

o
n

 

/
	


�
,�
��
��
,�
��
,0

 [
kg

] 

/
��
��
�,
��
�
,0
�#
�

�

≤
/
	


�
,�
��
��
,�
��
,0

 

to
ta

l i
n

e
rt

ia
 r

e
fl

e
ct

e
d

 t
o

 t
h

e
 li

n
e

a
r 

re
fe

re
n

ce
: 

/
��
��
�,
��
�
,0
�#
�

�
=
2 �
#�


�

�%
 

kg
 

v
ib

ra
ti

o
n

 

st
re

ss
 

- 

sa
fe

ty
 c

o
e

f.
 !
* 

[-
] 

q
u

a
lit

y 
fa

ct
o

r 
Q
4

 [
-]

 

vi
b

ra
ti

o
n

 a
cc

e
le

ra
ti

o
n

 5
6�
7

 

[m
/s

²]
 

fa
ti

g
u

e
 s

tr
e

ss
 o

f 
o

u
tp

u
t 

ro
d

 &
 

h
o

u
si

n
g

 m
a

te
ri

a
l 8
�

��
9
$
�

 

[P
a

] 

o
u

tp
u

t 
ro

d
 &

 h
o

u
si

n
g

 

m
a

te
ri

a
l d

e
n

si
ty

 :
6�
7

 [
kg

/m
3
] 

 
si

n
g

le
 a

ct
u

a
to

r 
le

n
g

th
 w

it
h

o
u

t 
ro

d
 e

n
d

 a
t 

b
a

se
m

e
n

t:
 

; 	


�
,�
<
=
=
ℎ ?



+
" �
%
+
" �
�
+
" �
A
+
" �
B
+
" �
C
+
" �
DE
+
" �
DD
	 

m
 

8 6
�7
,�
�
≤
8 �


��
9
$
�
⋅!

* 

m
a

xi
m

u
m

 s
tr

e
ss

 d
u

ri
n

g
 v

ib
ra

ti
o

n
 o

f 
S

IN
G

LE
 A

C
T

U
A

T
O

R
: 

σ G
HI
,J
K
=
f J
K
Md

HO
,P
%
;	
; 	



�
,�
<
=
;	
e P
%
;	
e P
�
;	
Q
4
;ρ
GH
I
;	
G
GH
I
U 

su
rr

o
g

a
te

 f
u

n
ct

io
n

 

P
a

 

8 6
�7
,V
�
,�
≤
8 �


��
9
$
�
⋅!

* 

m
a

xi
m

u
m

 s
tr

e
ss

 d
u

ri
n

g
 v

ib
ra

ti
o

n
 o

f 
D

O
U

B
LE

D
 A

C
T

U
A

T
O

R
: 

σ G
HI
,W
K
,X
=
f W
K
,X
Md

HO
,P
%
;	
; 	



�
,�
<
=
;	
e P
%
;	
e P
�
;	
Q
4
;:
6�
7
;	
G
GH
I
U 

   
 

su
rr

o
g

a
te

 f
u

n
ct

io
n

, 
st

re
ss

 t
a

ke
n

 o
n

 r
o

d
 

P
a

 

8 6
�7
,V
�
,*
≤
8 �


��
9
$
�
⋅!

* 

m
a

xi
m

u
m

 s
tr

e
ss

 d
u

ri
n

g
 v

ib
ra

ti
o

n
 o

f 
D

O
U

B
LE

D
 A

C
T

U
A

T
O

R
: 

σ G
HI
,W
K
,Y
=
f W
K
,Y
Md

HO
,P
%
;	
; 	



�
,�
<
=
;	
e P
%
;	
e P
�
;	
Q
4
;:
GH
I
;	
G
GH
I
U 

   
 

su
rr

o
g

a
te

 f
u

n
ct

io
n

, 
st

re
ss

 t
a

ke
n

 b
e

tw
e

e
n

 a
ct

u
a

to
rs

 

P
a

 

  
 

TABLE M.6: Simulation & evaluation models for Antirotation Key (AK), Linear Bushing (LB), and actuator (ACT)
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TABLE M.7: Simulation & evaluation models for Electrical Motor (EM)
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TABLE M.8: Simulation & evaluation models for Electromagnetic Brake (EMB)
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Appendix N

Motor derating coefficient

FIGURE N.1: Motor derating example (from Kollmorgen)

Most of motor manufacturers supply datasheet for a given ambient temperature.
Kollmorgen specifies an ambient temperature of tr = 25 °C. For higher ambient
temperature conditions, electrical motors decrease performance. To take into account
another temperature environment, a derating coefficient must be applied on the
motor torque (fig. N.1). The relation is:

Tderated(td°C) = Trated(tr°C) ·
√

tmax − td

tmax − tr
(N.1)

with tmax [◦C] the maximum winding temperature, tr [◦C] the manufacturer rated tem-
perature, and td [

◦C] the derated temperature i.e the application ambient temperature
(from Kollmorgen>Derating).

As for example, a motor with a maximum winding temperature of tmax = 155 °C
and a rated temperature of tr = 25◦C is considered. Its application in an environment
with an ambient temperature of 70 °C shows torque such as:

Tderated(70 °C) = Trated(40 °C) ·
√

155 − 70
155 − 25

≈ Trated(40 °C) · 0.81 (N.2)

The derating coefficient can be justified using Joules’ losses and the thermal
resistance at steady state (continuous torque):

PJ = Rth · ∆θ (N.3)

https://www.kollmorgen.com/en-us/blogs/_blog-in-motion/articles/hurley-gill/motor-derating-due-to-high-ambient-temperatures/
https://www.kollmorgen.com/en-us/blogs/_blog-in-motion/articles/hurley-gill/motor-derating-due-to-high-ambient-temperatures/
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where ∆θ = tmax,winding − tambient. Joules’ losses are proportional to the squared motor
torque T2. Turning the equation into a scaling law, R∗

th = 1 since the same motor is
considered. The derrated torque comes out:

T∗2 = ∆θ∗ =⇒ Tderated

Trated
=

√
∆θderated

∆θrated
(N.4)

At transient state (peak torque), a thermal capacity is considered such that:

PJ = Cth ·
∆θ

∆t
(N.5)

where C∗
th = ∆t∗ = 1 since the same motor is considered. Developing on the same

way, the relation N.4 is found again.
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Appendix O

Behn-Eschenburg’s model

The model of Behn-Eschenburg proposes to model the electrical motor as an equiva-
lent circuit (fig. O.1) with a voltage supply Vs [V], a resistance R [Ohm], an inductance
L [H], and an electromotive force Eb [V] [Multon, 2010]. L is the cyclic inductance
if the sum of the motor phase current is nul. This is the case of a three phased motor
with a star connection.

In addition, the model assumes a constant air gap (rotor with smooth surface)
and no magnetic saturation. This means that the flux due to the magnetic reaction of
the armature is independent of the rotor position and is proportional to the current in
the inductor.

What is more, it assumes that the electromotive force E has, as first approximation,
a sinus shape which amplitude is proportional to the motor speed and the inductor
flux. The inductor flux is constant for parmanent magnet rotors.

FIGURE O.1: Equivalent circuit for electrical motor: Behn-Eschenburg’s
model [Multon, 2010]
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Appendix P

Power architecture conversions

In fig. P.1, [Maré, 2017] presents the generic architecture of the electrical power path
of a PbW actuator. Fig. P.1 shows the elements in charge of power control (dynamic
brake chopper, inverter) and electrical conditioning (filters, rectifier). The protection
functions are not explicitly mentioned.

FIGURE P.1: Generic architecture of the electrical power path of a PbW
actuator [Maré, 2017]

The table P.1 sums up the main voltage conversions to perform on the way from
the power source to the motor phases or the other way round.

TABLE P.1: Conversion table of generic power architecture

[Feld, 2000b] [Feld, 2000a] shows that there is an harmonic 3 in the voltage
command which increases the amplitude of an inverter output voltage by a factor
of fh3 = 2/

√
3 ≈ 1.15. As a result, the inverter provides a voltage with a maximum

amplitude of:

VAC,peak =
VDC

2
· fh3 (P.1)

Reminder on voltage notations: U (phase to phase), V (phase neutral)





307

Appendix Q

Bearing lubricant viscosity

The oils used for lubrication of bearings are usually from mineral oil with viscosity
index of roughly 90 cSt at 40 ◦C [SNR, 2000].

The evolution of viscosity with respect of bearing dimensions and running speed
is displayed in fig. Q.1.

FIGURE Q.1: Generic viscosity-diameter diagram for bearings [SNR, 2000]

To estimate the viscosity evolution with respect to temperature, the suppliers of
lubricants give the precise characteristics of their products and especially the diagram
viscosity versus temperature. In preliminary design, this diagram is missing, [SNR,
2000] proposes the use of the generic diagram presented in fig. Q.2.
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FIGURE Q.2: Generic viscosity-temperature diagram for bearings [SNR,
2000]

To make the use of this diagram easier, we propose the mathematical formulation
of the drawn lines fitted on the line VG68.

ν = νre f · e
k·
(

1
T − 1

Tre f

)
(Q.1)

where νre f = 500 [mm2/s] is a viscosity at a temperature Tre f = 283 [K] = 10 [C], and
k = 4912 [K] is a fitting constant.
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Appendix R

Convection heat transfer coefficient

For the choice of the convection heat transfer coefficient, this appendix provides two
references offering an order of magnitude.

A first reference developping the fundamentals of heat transfer provides the
values in fig. R.1.

FIGURE R.1: Convection heat transfer values for different fluids [Incropera
et al., 2007]

A second reference [Multon, 2006] provides, in the electrical and actuator design
fields, the values presented in fig. R.2.

FIGURE R.2: Convection heat transfer values for different fluids [Multon,
2006]





311

Appendix S

Friction coefficient

This appendix presents in fig. S.1 some generic values of friction coefficients between
well known materials in contact.

FIGURE S.1: Generic values of friction coefficients [Chevalier, 2004]
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Appendix T

Pitting fatigue workflow

T.1 Pitting fatigue consideration

To address the pitting fatigue more precisely, we propose the process presented in fig.
T.1 as a workflow. It is described briefly as it follows:

1. The mission profile analysis provides dynamic loads Fd, static loads Fs classified
with occurences N

2. A set of relations (scaling laws), dependent on the actuator component tech-
nologies, makes the conversion from loads to stresses.

3. Haigh’s diagram ensures transfering all dynamic stresses into equivalent dy-
namic stresses σd,eq at null static stress.

4. Since [Marcoux, 1987] states that stresses smaller than the limit fatigue are not
damaging the material, we remove them from the loop.

5. The top level specification provides the actuator lifespan. With the mission
profile length, the number of occurence Nij is re-adapted to the actuator lifespan
NT,ij.

6. At this step, the amount of damage DT is worked out and a value of equivalent
stress σeq can be estimated supposing an equivalent number of cycles Neq based
on endurance curve (number of cycles where the curve starts flattening).

7. σeq is compared to the infinite fatigue limit σ∞ (table ??) of the material lowered
by a safety margin k3 whose definition comes from intern return experience
[Struzik and Celli, ] [Marcoux, 1987].

Notes: The admissible damage Dadm can be estimated using the equivalent dynamic
stresses σd,eq,ij and the endurance curve (fig. T.4) which provides the corresponding
number of cycles Nadm,ij.

Dadm = ∑ σk
d,eq,ij · Nadm,ij (T.1)
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FIGURE T.1: Pitting fatigue

T.1.1 Rainflow matrix

Refer to section 2.4.2.

T.1.2 Load-stress transfer

To make the link between the load available on the mission profile and the stress
needed to go through the fatigue study, we propose the following relations:

load − stress link :


structure linear contact σ = F/S
ball − screw spherical contact σ∗ = F∗1/3/d∗2/3

roller − screw elliptical contact σ∗ = F∗1/3/d∗2/3
(T.2)

In T.2, the ball and roller-screw relations comes from the scaling law theory
applied onto a spherical and elliptical contact state of the art (theory & validation in
Appendix L).

In the case of a roller-screw, the most critical contact surface is the first flange (or
thread). The considered load is rescaled regarding the load distribution proposed by
[Kossi Abevi, 2013] (p151, 154) (shown in fig. T.2). We propose to take 12% of the
load from mission profile. Since the rollers are located in parallel on the load chain
and knowing than the minimum roller number is 3 for kinematical aspect, the load
has to be divided by 3.
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FIGURE T.2: Load distribution on roller flanges of a roller-screw (results
from simulation, [Kossi Abevi, 2013])

T.1.3 Haigh diagram

FIGURE T.3: Haigh’s diagram

Since endurance or Wöhler’s curve are based on dynamic loads with null static
loads, the dynamic load at a given static load has to be converted into an equivalent
dynamic load at null static load. Haigh’s diagram is a tool to make this transfer
[GALTIER et al., 2019].

The equivalent stress for null static stress is defined as:

σeq =
σd

1 −
( σs

kt · Ri

)δ

(T.3)
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with kt the coefficient of stress concentration, Ri the resistance to failure (Rm) or the
elastic resistance (Re) and δ such as:

• steel material: Gerber’s parabola (δ = 2, Ri = Rm)

• aluminium, magnesium, Ti10.2.3 material: Goodman’s line (δ = 1, Ri = Rm),
Söderberg’s line (δ = 1, Ri = Re)

• TA6V material: concave curve (δ < 1, Ri = Re)

T.1.4 Endurance curve

The endurance curve gives the admissible number of cycle out of a given stress value.
The Stromeyer’s model [GALTIER et al., 2019] is used (fig. T.4). The link between

Stromeyer’s curve and the y-axis belongs to Airbus internal. The parameters to apply
the relation are not provided for confidentiality reasons.

FIGURE T.4: Endurance curve theory [Struzik and Celli, ] [GALTIER et al.,
2019]
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Appendix U

Design graphs

This appendix gathers the design graphs absent in the thesis core. Some abbreviations
are used to simplify the representation, they are detailed in table U.1. The color
legend is in fig. 5.12.

RE Rod End SM Screw Mechanism
BB1 Ball Bearing 1 (double rows) BB2 Ball Bearing 2 (single row)
OR Output Rod LB Linear Bushing
EM Electrical Motor EMB Electromagnetic Brake
S Shaft I Inertia
BLS Bearing Load Statement BS Bearing Specification
BFT Bearing Friction Torque RT Required Torque
HL Heat Losses EL Electrical Limitation
TL Transparency Load H Housing
HD Heat Dissipation AK Antirotation Key
VS Vibration Stress AM Actuator Mass

TABLE U.1: List of abbreviations (components & disciplines)

U.1 Ball bearing 1

FIGURE U.1: Design graph of component Ball Bearing (BB1)

U.2 Ball bearing 2
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FIGURE U.2: Design graph of component Ball Bearing (BB2)

U.3 Electrical motor

FIGURE U.3: Design graph of component Electrical Motor (EM)



Appendix U. Design graphs 319

U.4 Output rod & Linear bushing

FIGURE U.4: Design graph of components Output Rod (OR) & Linear
Bushing (LB)

U.5 Housing

FIGURE U.5: Design graph of component Housing (H)

U.6 Antirotation key

FIGURE U.6: Design graph of component Antirotation Key (AK)

U.7 Actuator
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FIGURE U.7: Design graph of component Actuator (ACT)
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Appendix V

Actuator global sizing procedure

Fig. V.1 presents, with the Extended Design Structure Matrix (XDSM) conventions (fig.
5.2, [Lambe and Martins, 2012]), the global procedure applied for the preliminary
sizing of the EMA architecture taken as this thesis work base (see section 1.5.6).

Fig. V.1 has a vectorial format allowing zooming in. A comfortable reading of fig.
V.1 is guaranteed on the digital version of this manuscript.
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FIGURE V.1: Actuator global sizing procedure: XDSM representation
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List of Symbols

Symbol Unit Name

Chapter 1

λ FH−1 failure rate in flight hour

Chapters 2 & 4

a m · s−2 amplitude of sinusoidal vibratory acceleration
α m−2 · N−2 · W copper losses coefficient
amax m · s−2 max acceleration
arms m · s−2 equivalent continuous acceleration
aPRmax m · s−2 acceleration at maximum power rate
b − constant of iron losses
β, β′ rad−1.5 · s1.5 · W iron losses coefficient
B T or kg · s−2 · A−1 magnetic field
c − scaling law power
C0 N max static load capability
Cd N max fatigue load capability
Ceq N · m−1 · s equivalent damping
Cth J · K−1 thermal capacity
d m dimension or diameter
d0 m nominal screw diameter (see table 4.9)
drs m roller-screw nut diameter
D Pak2 or m · N3 quantity of cumulated damage (90% reliability)
e m thickness
e1 m housing thickness
e2 m output rod thickness
ηair kg · m−1 · s−1 dynamic viscosity of air
ηB − efficiency of screw with Boolean logic
ηd − direct efficiency of screw
ηi − indirect efficiency of screw
ηoil kg · m−1 · s−1 dynamic viscosity of oil
ϵ − slip ratio
ϵ′ − slip ratio for ideal running condition
ϵe − error
ϵr % mean of relative errors
ϵrad − emissivity of radiation
Ec kg · m2 · s−2 kinetic energy
E Pa Young’s modulus
Eb V back electromotive force
f () – function of or dependent on
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fload hz load frequency
fr hz first resonance mode frequency
fSL() – scaling law application
F N load
F – Front actuator attachment (fig. 3.7)
F(t) N load on mission profiles
Fa N axial load
Fdyn,ptp N dynamic component (peak-to-peak) of pitting load
Fe N excitation load applied on Meq
Fmax N max load
FPRmax N load at maximum power rate
Fr N radial or transverse load
Frmc N rolling fatigue load
Frms N equivalent continuous load
Fstatic N static component of pitting load
Γ − gear or overdrive ratio
Gvib m · s−2 vibratory acceleration
hconv W · m−2 · K−1 convection heat transfer coefficient
J kg · m2 rotating inertia
kderating − derating coefficient (considers temperature environment)
kr f − reliability factor
ks − safety coefficient
k2 − empirical constant (see section 2.4.1)
Ke N · m · rad−1 · s speed constant
Keq N · m−1 equivalent stiffness
Km m2 · N2 · W−1 motor constant
Kt A−1 · m · N torque constant
l m length
λ rad helix angle
λ′ deg helix angle
L H motor winding inductance
L – Left actuator attachment (fig. 3.7)
La m actuator total length
Leq m total equivalent distance travelled
Lrs m roller-screw nut length
Ls m stroke
µ [µ] mean value (Gauss’ law, section 2.6.2)
µ − friction coefficient
µ0 T · m · A−1 magnetic permeability of empty
M, M kg mass
Meq kg equivalent mass
ni – number of "i"
nturn − number of winding turns (electrical motor)
ν m2 · s−1 kinematic viscosity
N rev life rating in number of cycles
N10 106 rev life rating in 106 revolutions
ω rad · s−1 angular speed
ωe rad · s−1 electrical speed
Ω RPM angular speed
p m · rad−1 screw thread lead
p′ m · rad−1 screw thread pitch (see table 4.9)
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pU Pa · m · s−1 bushing pressure–speed factor
P [P], Pa material property or pressure
P W power
πi - π-number from dimensional analysis
PR N · m · s−2 power rate
PR N · m · s−2 mean power rate
Q W heat
Qm − quality factor
r m radius
ρ kg · m−3 density
R Ohm motor winding resistance
R − reduction ratio
Ri % ratio of specification indicators
R – Right actuator attachment (fig. 3.7)
Ra m surface roughness
Rth m2 · K · W−1 thermal resistance
s − Sommerfeld’s number (lubrication quality parameter)
sec() – secant function
σ Pa mechanical stress
σ [σ] standard deviation (Gauss’ law, section 2.6.2)
σr % standard deviation of relative errors
σSB m−2 · K−4 · W Stefan-Boltzmann’s constant
S m2 surface
SN − service number
t s time
τth s thermal time constant
tEMB s time for brake to stop shaft
θ ◦C temperature
tli f e s total actuator lifespan
tT s total duration of mission
T m · N torque
T – actuator attachment point on tail rotor swashplate
T0 m · N ideal torque (no friction)
Tp m · N peak torque
U m displacement of Meq
u m actuator deflection
v m · s−1 speed
va m · s−1 actuator deflection speed
φ rad half thread angle
viron m speed representative of iron losses
vm m · s−1 speed of Meq
vmax m · s−1 max speed
V m3 volume
V V voltage
Vs V voltage supply
V1,...,V12 – actuator volumes identified in fig. 4.38
x m vibratory displacement amplitude
ξ − equivalent damping coefficient
x(t) m position on mission profiles
ẋ(t) m · s−1 speed from mission profiles
ẍ(t) m · s−2 acceleration from mission profiles
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X(t) [X] any time-varying variable
y∗ − scaling ratio y/yre f
yre f [y] characteristic of component of reference used in scaling law
Y0 [Y] value of Y at first resonance mode

Chapter 3

a m blade chord
A N empirical constant
αF, αL, αR rad actuator angular position on swashplate (fig. 3.7)
αx, αy rad rotating degree of freedom of swashplate (fig. 3.7)
B N empirical constant
B – attachment point between pitch rod and pitch horn
b m blade equivalent width

β rad flap angle (
−̂→
X2;

−→
X3) (fig. 3.1 & 3.6)

c N · m · rad−1 spring constant
cv f N · m−1 · s viscous friction coefficient
Cm − coefficient of moment
Cp − lift coefficient
Czp − local lift coefficient
d N · m · s · rad−1 damping constant

δ rad drag angle (
−̂→
X1;

−→
X2) (fig. 3.1 & 3.6)

δ0 rad neutral drag angle
e m blade eccentricity (OA distance, fig. 3.6)
η − loss factor
Ec kg · m2 · s−2 kinetic energy
F N load
F – Front actuator attachment (fig. 3.7)
FP N lifting load
FT N dragging load
g m · s−2 hearth gravity acceleration
γ − Lock number*
i rad blade incidence
Ip kg · m2 blade inertia in flap and drag
Iθ kg · m2 blade inertia in rotation around its longitudinal axis
l m blade equivalent thickness
λ − ratio γ/16
larm m drag damper lever arm
L – Left actuator attachment (fig. 3.7)
L kg · m2 · s−2 Lagrange’s quantity
λβ N · m · rad−1 coefficient of viscous pitch moment of bearing
λδ N · m · rad−1 coefficient of viscous drag moment from damper
λθ N · m · rad−1 coefficient of viscous flap moment of bearing
kh − harmonic number used in test model
K′ N · m−1 storage modulus
K′′ N · m−1 loss modulus
Kβ N · m · rad−1 stiffness in flapping
Kc N · m−1 complex stiffness
Kδ N · m · rad−1 stiffness in drag
Khyd N · m−1 equivalent hydraulic stiffness
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Kθ N · m · rad−1 stiffness in pitch
li m length
m kg mass
mp kg blade mass
ms kg · m static moment
M − Mach number
Mi N · m moment
MrJ kg reflected inertia
ω rad · s−1 angular speed
ω0 rad · s−1 eigenfrequency
ωλ rad · s−1 drag eigenfrequency
Ω rad · s−1 = ψ̇, rotor mast speed
ϕ rad slope
ϕi rad loading phaseshift of blade i

ψ rad rotor mast rotation angle (
−̂→
X0;

−→
X1) (fig. 3.1 & 3.6)

ψ̇ rad · s−1 rotor mast speed
r m blade length (AM distance, fig. 3.6)
ρair kg · m−3 air density
ρb kg · m−3 blade equivalent density
Ri – sketches of reference (i ∈ [g, 1, 2, 3, 4], see section 3.2.3.2)
R m rotor radius at blade tip
R – Right actuator attachment (fig. 3.7)
Rs m swashplate radius

θ rad pitch angle (
−̂→
Z3;

−→
Z4) (fig. 3.1 & 3.6)

θ0 rad neutral pitch angle
xdd m drag damper strain during a motion of δ
ξ − damping coefficient
φ rad pitch horn phaseshift from flap axis on blade plane (fig. 3.16)
v, V m · s−1 speed
Vx m · s−1 helicopter advancing speed−→
Xi – reference vector (see section 3.2.3.2)−→
Yi – reference vector (see section 3.2.3.2)
z m height
z0 m lowest height of swashplate orthogonal to rotor mast
zG m height at gravity center−→
Zi – reference vector (see section 3.2.3.2)
W kg · m2 · s−2 work

Chapter 5

A [A] scaling law constant from components of reference
B − scaling law power
ci [ci] constraint i
cc

i [ci] consistency constraint i
fscen() – motor peak torque scenarios (see section 4.3.2.1.2)
fobj, f [ f ] objective function
H f [ f ] (nxn) Hessian’s matrix of f (x1, ..., xn)
ko − oversizing coefficient ⊂ [1;+ inf[
ku − undersizing coefficient ⊂ [1;+ inf[
pSM m · rad−1 screw mechanism thread lead
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x [x] any design variable or optimization variable
x1, x2, x3 [x1], [x2], [x3] arbitrary variables to illustrate the Sellar problem
Xt

i [Xi] coupling variable Xi
y1, y2 [y1], [y2] arbitrary variables to illustrate the Sellar problem
For all other symbols in this Chapter, please see the symbol list of Chapters 2 & 4
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