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𝑡 − 1



 

 

𝑀

𝑘

𝑡𝑖=𝐸;𝑀
𝜏

𝜋𝑀(𝑘) = (1 − 𝜏)𝑝𝑓𝑀(𝑘) − (𝑟 + 𝑡𝑀)𝑘

𝑟 𝑝 𝑓𝑀(. )

𝜋𝐸(𝑘) = 𝑓𝐸(𝑘) − (𝑟 + 𝑡𝐸)𝑘



𝑓𝐸(. )

(𝑟) (𝑝)

∀𝑖 ∈ {𝐸,𝑀} , 𝑓𝑖
′(𝑘) > 0 > 𝑓𝑖

′′(𝑘) 𝑓𝑖
′′′(𝑘) ≥ 0

𝑓𝑖
′(𝑘) 𝑓𝑖

′′′(𝑘) − (𝑓𝑖
′′(𝑘))

2
≤ 0

𝑘𝑖=𝐸;𝑀

{

𝑘𝑀 ≡ argmax
𝑘≥0

 {𝜋𝑀(𝑘)}

𝑘𝐸 ≡ argmax
𝑘≥0

 {𝜋𝐸(𝑘)}

𝑓𝑀
′ (𝑘𝑀) =

𝑟+𝑡𝑀

(1−𝜏)𝑝
 𝑓𝐸

′(𝑘𝐸) = 𝑟 + 𝑡𝐸



𝑘𝑀(𝑡𝑀, 𝜏) = 𝑓𝑀
′−1 (

𝑟+𝑡𝑀

(1−𝜏)𝑝
),

𝑘𝐸(𝑡𝐸) = 𝑓𝐸
′−1(𝑟 + 𝑡𝐸)

(1 − 𝜏)𝑝𝑓𝑀
′ (𝑘𝑀(𝑡𝑀, 𝜏)) − 𝑡𝑀 = 𝑓𝐸

′(𝑘𝐸(𝑡𝐸)) − 𝑡𝐸 = 𝑟.

𝑟

𝑘𝑀 + 𝑘𝐸

𝜕𝑘𝐸(𝑡𝐸)

𝜕𝑡𝐸
< 0

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
< 0

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝜏
< 0

𝜕𝑘𝐸(𝑡𝐸)

𝜕𝜏
=

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝐸
= 0

𝜕2𝑘𝐸(𝑡𝐸)

𝜕𝑡𝐸𝜕𝜏
= 0

𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀𝜕𝜏
< 0

𝜕2𝑘𝐸(𝑡𝐸)

𝜕(𝑡𝐸)
2
> 0  

𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕(𝑡𝑀)
2

> 0
𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝜏2
< 0

𝜏 𝑘𝐸
𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀𝜕𝜏
𝑡𝑀 𝜏

𝑡𝐸 𝑡𝑀
𝜏

 



𝑅𝑀𝑜𝐹(𝑡𝑀, 𝑡𝐸 , τ)



𝑅𝑀𝑜𝑀(𝑡𝑀, τ)

𝑅𝑀𝑜𝐹(𝑡𝑀, 𝑡𝐸 , τ) = 𝑡𝐸𝑘𝐸(𝑡𝐸) + 𝑡𝑀𝑘𝑀(𝑡𝑀, τ)

𝑅𝑀𝑜𝑀(𝑡𝑀, τ) = τp𝑓𝑀(𝑘𝑀(𝑡𝑀, τ))

 

𝑡𝐸 = 𝑡𝑀 = 𝑡

𝑅𝑀𝑜𝐹(t, τ) = 𝑅𝑀𝑜𝐹(t, t, τ)

𝑅𝑇(t, τ) = 𝑅𝑀𝑜𝐹(t, τ) + 𝑅𝑀𝑜𝑀(t, τ)

𝑅𝑇(t, τ)

(t𝐶 , τ𝐶) ≡ argmax
𝑡∈[0,�̅�],τ∈[0,τ̅]

{𝑅𝑇(t, τ)})

𝑓𝐸
′(𝑘𝐸(t

𝐶)) = (1 − τ𝐶)𝑝𝑓𝑀
′ (𝑘𝑀(t

𝐶 , τ𝐶))

𝑘𝑀(t
𝐶 , τ𝐶) + 𝑘𝐸(t

𝐶) + t𝐶
𝜕𝑘𝐸(𝑡)

𝜕𝑡
|
t𝐶
+ [t𝐶 + τ𝐶𝑝𝑓𝑀

′ (𝑘𝑀(t
𝐶 , τ𝐶))]

𝜕𝑘𝑀(𝑡,τ)

𝜕𝑡
|
t𝐶
= 0.

p𝑓𝑀(𝑘𝑀(t
𝐶 , τ𝐶)) + [t𝐶 + τ𝐶𝑝𝑓𝑀

′ (𝑘𝑀(t
𝐶 , τ𝐶))]

𝜕𝑘𝑀(𝑡,τ)

𝜕τ
|
τ𝐶
= 0



 

t1, τ1

{

t1 ≡ argmax
𝑡≥0

 {𝑅𝑀𝑜𝐹(t, τ)}

τ1 ≡ argmax
τ≥0

 {𝑅𝑀𝑜𝐹(t, τ)}

𝑘𝑀(t
1, τ1) + 𝑘𝐸(t

1) + t1 (
𝜕𝑘𝑀(𝑡,τ)

𝜕𝑡
|
t1
+
𝜕𝑘𝐸(𝑡)

𝜕𝑡
|
t1
) = 0.

𝑓𝑀(𝑘𝑀(t
1, τ1) + τ1𝑓𝑀

′ (𝑘𝑀(t
1, τ1))

𝜕𝑘𝑀(𝑡,τ)

𝜕τ
|
τ1
= 0.



t1 > t𝐶 τ1 > τ𝐶

𝑅1
𝑖 (t, τ) ≡ ∂R𝑖(t, τ)/ ∂t 𝑅2

𝑖 (t, τ) ≡ ∂R𝑖(t, τ)/ ∂τ

𝑅12
𝑖 (𝑡, 𝜏) ≡ 𝜕2𝑅𝑖(𝑡, 𝜏)/𝜕𝑡𝜕𝜏 𝑖 ∈ {𝑀𝑜𝐹, 𝑀𝑜𝑀} t1 < t𝐶 τ1 < τ𝐶

𝑅1
𝑀𝑜𝐹(𝑡1, 𝜏1)   = 0

> 𝑅1
𝑀𝑜𝐹(𝑡𝐶 , 𝜏1)

> 𝑅1
𝑀𝑜𝐹(𝑡𝐶 , 𝜏𝐶)

> −𝑅1
𝑀𝑜𝑀(𝑡𝐶 , 𝜏𝐶) > 0

𝑅1
𝑀𝑜𝐹(𝑡1, 𝜏1) > 𝑅1

𝑀𝑜𝐹(𝑡𝐶 , 𝜏1) 𝑅𝑀𝑜𝐹(. , . )

t1 < t𝐶 𝑅1
𝑀𝑜𝐹(𝑡1, 𝜏1) > 𝑅1

𝑀𝑜𝐹(𝑡𝐶 , 𝜏𝐶)

𝑅12
𝑀𝑜𝐹(. , . ) τ1 < τ𝐶 𝑅1

𝑀𝑜𝐹(𝑡1, 𝜏1) =

−𝑅1
𝑀𝑜𝑀(𝑡𝐶 , 𝜏𝐶)

R𝑀𝑜𝑀(. , . ) R𝑀𝑜𝑀(. , . ) < 0

t1 > t𝐶 τ1 > τ𝐶



 

{

t2
𝐸 ≡ argmax

𝑡𝐸≥0
 {𝑅𝑀𝑜𝐹(t𝐸 , t𝑀, τ)}

(t2
𝑀, τ2) ≡ argmax

𝑡𝑀,τ≥0
 {𝑅𝑀𝑜𝑀(t𝑀, τ)}

t2
𝐸 > 0  t2

𝑀 = 0 τ2 > 0

t2
𝐸 > 0



(𝑡3, 𝜏3) ≡ argmax
𝑡,𝜏≥0

 {𝑅𝑀𝑜𝐹(t, τ)}

𝜏3 = 0 𝑡3

 

∀𝑖 ∈ {𝑀, 𝐸}, 𝑓𝑖(𝑘) = (𝑎𝑖 − 𝑏𝑖𝑘/2)𝑘, 𝑎𝑖, 𝑏𝑖 > 0

𝑘𝑀(𝑡, 𝜏) =
𝑎𝑀𝑝(1−𝜏)−𝑟−𝑡

(1−𝜏)𝑝𝑏𝑀
=

𝑎𝑀

𝑏𝑀
−

𝑟+𝑡

(1−𝜏)𝑝𝑏𝑀
𝑘𝐸(𝑡) =

𝑎𝐸−𝑟−𝑡

𝑏𝐸

𝑟 = 0.2 𝑎𝑀 = 0.65

𝑏𝑀 = 0.2 𝑎𝐸 = 0.8 𝑏𝐸 = 0.5

𝑝

𝑝

𝜏𝐶

𝑡𝐶

𝑝



𝑝

𝑡𝐶

𝑝

𝑝

 





𝜏1 𝑡1

𝑝

𝜏1 𝑡1 𝑝





𝑝

 





 

 

𝜏𝑖𝑡
𝑇𝑖𝑡

𝜏𝑖𝑡 = 𝛽𝑇𝑖𝑡 + 𝜌𝑋𝑖𝑡 + 𝛼𝑖 + 𝜃𝑡 + 𝜀𝑖𝑡

𝑇𝑖𝑡 = 𝛽𝜏𝑖𝑡 + �̃�𝑋𝑖𝑡 + �̃�𝑖 + �̃�𝑡 + 𝜀𝑖𝑡

𝑖 = 1,… ,𝑁 𝑡 = 1, … , 𝑇 𝛽 𝜌 𝛼 𝜃

𝛽 �̃� �̃� �̃� 𝜀𝑖𝑡

𝜏𝑖𝑡
𝑖 𝑡

𝑇𝑖𝑡

β 𝜏𝑖𝑡
𝑇𝑖𝑡



𝛽 ≠ 0

𝛼𝑖

𝑋𝑖𝑡



𝛽

𝛽

𝛽

𝜏𝑖𝑡 = 𝛽2𝑇𝑖𝑡 + 𝛿𝐸𝑖𝑡 + 𝛽1𝐸𝑖𝑡𝑇𝑖𝑡 + 𝜌𝑋𝑖𝑡 + 𝛼𝑖 + 𝜃𝑡 + 𝜀𝑖𝑡,



𝐸𝑖𝑡

𝐸𝑖𝑡𝑇𝑖𝑡
𝑇𝑖𝑡 𝛽1 > 𝛽2

𝛽2

𝜏𝑖𝑡−1

𝜏𝑖𝑡 = 𝛾𝜏𝑖𝑡−1 + 𝛽𝑇𝑖𝑡 + 𝜌𝑋𝑖𝑡 + 𝛼𝑖 + 𝜃𝑡 + 𝜀𝑖𝑡



𝑡

 

𝛽





𝛽

 







𝛽

𝑡

 



 



 



 







 

 

𝜕𝑘𝐸(𝑡𝐸)

𝜕𝑡𝐸
=

1

𝑓𝐸
′′(𝑘𝐸(𝑡𝐸))

< 0,

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
=

1

𝑝(1−𝜏)

1

𝑓𝑀
′′(𝑘𝑀(𝑡𝑀,𝜏))

< 0,

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝜏
=

𝑟+𝑡𝑀

𝑝(1−𝜏)2
1

𝑓𝑀
′′(𝑘𝑀(𝑡𝑀,𝜏))

=
𝑟+𝑡𝑀

1−𝜏

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
< 0,

𝜕𝑘𝐸(𝑡𝐸)/𝜕𝜏 = 0 𝜕2𝑘𝐸(𝑡𝐸)/𝜕𝑡𝐸𝜕𝜏 = 0

𝜕2𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀𝜕𝜏
   =

1

𝑝(1 − 𝜏)2
1

𝑓𝑀
′′(𝑘𝑀(𝑡𝑀, 𝜏))

−
1

𝑝(1 − 𝜏)

𝑓𝑀
′′′(𝑘𝑀(𝑡𝑀, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(𝑡𝑀, 𝜏)))

2

𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝜏

=
1

1 − 𝜏
(1 −

𝑟 + 𝑡𝑀
𝑝(1 − 𝜏)

𝑓𝑀
′′′(𝑘𝑀(𝑡𝑀, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(𝑡𝑀, 𝜏)))

2)
𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀

𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀𝜕𝜏
=

1

1−𝜏
(1 − Ω𝑀)

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
,

Ω𝑀 =
𝑓𝑀
′ (𝑘𝑀(t,𝜏))𝑓𝑀

′′′(𝑘𝑀(t,𝜏))

(𝑓𝑀
′′(𝑘𝑀(t,𝜏)))

2 𝑓𝑀
′ (. )

Ω𝑀 ≤ 1,

𝜕2𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀𝜕𝜏
≤ 0

𝜕2𝑘𝐸(𝑡𝐸)

𝜕(𝑡𝐸)
2
= −

𝑓𝐸
′′′(𝑘𝐸(𝑡𝐸))

(𝑓𝐸
′′(𝑘𝐸(𝑡𝐸)))

2

𝜕𝑘𝐸(𝑡𝐸)

𝜕𝑡𝐸
> 0,



𝜕2𝑘𝑀(𝑡𝑀, 𝜏)

𝜕(𝑡𝑀)2
=

1

𝑝(1 − 𝜏)

𝑓𝑀
′′′(𝑘𝑀(t𝑀, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(t𝑀, 𝜏)))

2

𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀

= −
1

𝑟
Ω𝑀

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
 > 0.

𝜕2𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝜏2
=

𝑟 + 𝑡𝑀
(1 − 𝜏)2

𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀
+
𝑟 + 𝑡𝑀
1 − 𝜏

𝜕2𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀𝜕𝜏

=
𝑟+𝑡𝑀

(1−𝜏)2
(2 − Ω𝑀)

𝜕𝑘𝑀(𝑡𝑀,𝜏)

𝜕𝑡𝑀
< 0.

 

𝜕𝑅𝑀𝑜𝐹(𝑡, 𝜏)

𝜕𝜏
= 𝑡

𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝜏
< 0,

𝜕𝑅𝑀𝑜𝑀(𝑡, 𝜏)

𝜕𝑡
= 𝜏𝑝𝑓𝑀

′ (𝑘𝑀(𝑡, 𝜏))
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝑡
< 0.

𝐵𝑅𝑡(𝜏) 𝐵𝑅𝜏(𝑡)

{
 

 
𝜕𝑅𝑀𝑜𝐹(𝐵𝑅𝑡(𝜏), 𝜏)

𝜕𝑡
= 0

𝜕𝑅𝑀𝑜𝑀(𝑡, 𝐵𝑅𝜏(𝑡))

𝜕𝜏
= 0

𝜕𝐵𝑅𝑡(𝜏)

𝜕𝜏
= −

𝜕2𝑅𝑀𝑜𝐹(𝑡, 𝜏)
𝜕𝑡𝜕𝜏

𝜕2𝑅𝑀𝑜𝐹(𝑡, 𝜏)
𝜕𝑡2

.

𝜕2𝑅𝑀𝑜𝐹(𝑡,𝜏)

𝜕𝑡2
< 0 𝑠𝑖𝑔𝑛 {

𝜕𝐵𝑅𝑡(𝜏)

𝜕𝜏
} =

𝑠𝑖𝑔𝑛 {
𝜕2𝑅𝑀𝑜𝐹(𝑡,𝜏)

𝜕𝑡𝜕𝜏
}

𝜕2𝑅𝑀𝑜𝐹(𝑡,𝜏)

𝜕𝑡𝜕𝜏
=

𝜕𝑘𝑀(𝑡,𝜏)

𝜕𝜏
+ 𝑡

𝜕2𝑘𝑀(𝑡,𝜏)

𝜕𝑡𝜕𝜏
≤ 0. 



𝜕2𝑅𝑀𝑜𝑀(𝑡, 𝜏)

𝜕𝑡𝜕𝜏
= 𝑓𝑀

′ (𝑘𝑀(𝑡, 𝜏))
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝑡
+ 𝜏𝑓𝑀

′′(𝑘𝑀(𝑡, 𝜏))
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝜏

𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝑡

+𝜏𝑓𝑀
′ (𝑘𝑀(𝑡, 𝜏))

𝜕2𝑘𝑀(𝑡, 𝜏)

𝜕𝜏𝜕𝑡
≤ 0,

𝑓𝑀
′′(. ) < 0 ≤ 𝑓𝑀

′ (. ), 𝜕𝑘𝑀(𝑡, 𝜏)/𝜕𝑡 < 0, 𝜕𝑘𝑀(𝑡, 𝜏)/𝜕𝜏 < 0, 𝜕2𝑘𝑀(𝑡, 𝜏)/𝜕𝜏𝜕𝑡 ≤ 0

 

𝑘𝐸(𝑡𝐸
2) + 𝑡𝐸

2 𝜕𝑘𝐸(𝑡)

𝜕𝑡
|
𝑡𝐸
2

= 0.

𝜏2𝑝𝑓𝑀
′ (𝑘𝑀(𝑡𝑀

2 , 𝜏2))
𝜕𝑘𝑀(𝑡,𝜏

2)

𝜕𝑡
|
𝑡𝑀
2

< 0. 

𝑝𝑓𝑀(𝑘𝑀(𝑡𝑀
2 , 𝜏2)) + 𝜏2𝑝𝑓𝑀

′ (𝑘𝑀(𝑡𝑀
2 , 𝜏2))

𝜕𝑘𝑀(𝑡,𝜏)

𝜕𝜏
|
𝜏2
= 0.

𝑡𝑀
2 0

𝜕2𝑅𝑀𝑜𝐹(𝑡𝐸 , 𝑡𝑀 , 𝜏)

(𝜕𝑡𝐸)2
= 2

𝜕𝑘𝐸(𝑡𝐸)

𝜕𝑡𝐸
+ 𝑡𝐸

𝜕2𝑘𝐸(𝑡𝐸)

𝜕(𝑡𝐸)2

=
1

𝑓𝐸
′′(𝑘𝐸(𝑡𝐸))

(1 − 𝑡
𝑓𝐸
′′′(𝑘𝐸(𝑡𝐸))

(𝑓𝐸
′′(𝑘𝐸(𝑡𝐸)))

2)

𝜕2𝑅𝑀𝑜𝐹(𝑡𝐸,𝑡𝑀,𝜏)

(𝜕𝑡𝐸)2
< 0

𝜕2𝑅𝑀𝑜𝑀(𝑡𝐸 , 𝑡𝑀, 𝜏)

(𝜕𝑡𝑀)2
= 𝜏𝑓𝑀

′′(𝑘𝑀(𝑡𝑀, 𝜏)) (
𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀
)

2

+ 𝜏𝑓𝑀
′ (𝑘𝑀(𝑡𝑀, 𝜏))

𝜕𝑘𝑀
2 (𝑡𝑀, 𝜏)

𝜕(𝑡𝑀)2

=
𝜏

𝑝(1 − 𝜏)
(1 −

𝑓𝑀
′ (𝑘𝑀(𝑡𝑀, 𝜏))𝑓𝑀

′′′(𝑘𝑀(𝑡𝑀, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(𝑡𝑀, 𝜏)))

2 )
𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀
< 0,

𝑓𝑀
′ (. )



𝜕2𝑅𝑀𝑜𝐹(𝑡𝐸 , 𝑡𝑀, 𝜏)

(𝜕𝜏)2
= 𝑓𝑀

′ (𝑘𝑀(𝑡𝑀, 𝜏))
𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀
+ 𝜏𝑓𝑀

′′(𝑘𝑀(𝑡𝑀, 𝜏))
𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝜏

𝜕𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀

+𝜏𝑓𝑀
′ (𝑘𝑀(𝑡𝑀, 𝜏))

𝜕2𝑘𝑀(𝑡𝑀, 𝜏)

𝜕𝑡𝑀𝜕𝜏
< 0,

 

 



 

𝐻
𝜕2𝑅𝑇(𝑡,𝜏)

𝜕𝑡2
< 0 |𝐻| > 0

𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝑡2
      = 2

𝜕𝑘𝑀(t, 𝜏)

𝜕t
+ 2

𝜕𝑘𝐸(t)

𝜕t
+
𝜕2𝑘𝐸(t)

𝜕t2
+ 𝜏𝑝𝑓𝑀

′′(𝑘𝑀(t, 𝜏)) (
𝜕𝑘𝑀(t, 𝜏)

𝜕t
)

2

+ 𝜏𝑝𝑓𝑀
′ (𝑘𝑀(t, 𝜏))

𝜕2𝑘𝑀(t, 𝜏)

𝜕t2

= (2 − 𝑡
𝑓𝐸
′′′(𝑘𝐸(t))

(𝑓𝐸
′′(𝑘𝐸(t)))

2)
𝜕𝑘𝐸(t)

𝜕t
+ [2 +

𝜏

1 − 𝜏
(1 − Ω𝑀)]

𝜕𝑘𝑀(t, 𝜏)

𝜕t
             

= (2 − 𝑡
𝑓𝐸
′′′(𝑘𝐸(t))

(𝑓𝐸
′′(𝑘𝐸(t)))

2)
𝜕𝑘𝐸(t)

𝜕t
+ [2 +

𝜏

1 − 𝜏
(1 − Ω𝑀)]

𝜕𝑘𝑀(t, 𝜏)

𝜕t

=>.



(𝑓𝐸
′′(𝑘𝐸(𝑡)))

2

≥ 𝑓𝐸
′(𝑘𝐸(𝑡))𝑓𝐸

′′′(𝑘𝐸(𝑡)) = (𝑟 + 𝑡)𝑓𝐸
′′′(𝑘𝐸(𝑡)) > 𝑡𝑓𝐸

′′′(𝑘𝐸(𝑡))

𝜕2𝑅𝑇(𝑡, 𝜏)

(𝜕𝑡)2
< 0

𝜏

𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝜏2
      = [𝑡 + 2𝑝𝑓𝑀

′ (𝑘𝑀(𝑡, 𝜏))]
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝜏
+ 𝜏𝑝𝑓𝑀

′′(𝑘𝑀(𝑡, 𝜏)) (
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝜏
)

2

+ [𝑡 + 𝜏𝑝𝑓𝑀
′ (𝑘𝑀(𝑡, 𝜏))]

𝜕𝑘𝑀
2 (𝑡, 𝜏)

𝜕𝜏2
 

= [𝑡 + 2𝑝𝑓𝑀
′ (𝑘𝑀(𝑡, 𝜏)) +

𝜏(𝑟 + 𝑡)

(1 − 𝜏)2
]
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝜏

+ [𝑡 + 𝜏𝑝𝑓𝑀
′ (𝑘𝑀(𝑡, 𝜏))]

𝜕𝑘𝑀
2 (𝑡, 𝜏)

𝜕𝜏2
< 0

|𝐻| = ||

𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝑡2
𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝑡𝜕𝜏
𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝑡𝜕𝜏

𝜕2𝑅𝑇(𝑡, 𝜏)

𝜕𝜏2

|| > 0.

 

𝜕2𝑅𝑀𝑜𝐹(𝑡, 𝜏)

(𝜕𝑡)2
  = 2

𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝑡
+ 2

𝜕𝑘𝐸(𝑡)

𝜕𝑡
+ 𝑡 (

𝜕2𝑘𝑀(𝑡, 𝜏)

𝜕𝑡2
+
𝜕2𝑘𝐸(𝑡)

𝜕𝑡2
)

= (2 −
𝑡

𝑝(1 − 𝜏)

𝑓𝑀
′′′(𝑘𝑀(𝑡, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(𝑡, 𝜏)))

2)
𝜕𝑘𝑀(𝑡, 𝜏)

𝜕𝑡

+ (2 − 𝑡
𝑓𝐸
′′′(𝑘𝐸(𝑡))

(𝑓𝐸
′′(𝑘𝐸(𝑡)))

2)
𝜕𝑘𝐸(𝑡)

𝜕𝑡

𝑡

𝑝(1 − 𝜏)

𝑓𝑀
′′′(𝑘𝑀(𝑡, 𝜏))

(𝑓𝑀
′′(𝑘𝑀(𝑡, 𝜏)))

2 ≤
𝑡

𝑝(1 − 𝜏)

1

𝑓𝑀
′ (𝑘𝑀(𝑡, 𝜏))

=
𝑡

𝑟 + 𝑡
≤ 1



𝜕2𝑅𝑀𝑜𝐹(𝑡, 𝜏)

(𝜕𝑡)2
< 0.

𝜕2𝑅𝑀𝑜𝑀(𝑡𝑀, 𝜏)

(𝜕𝜏)2
= 2𝑝𝑓𝑀

′ (𝑘𝑀(𝑡
𝑀 , 𝜏))

𝜕𝑘𝑀(𝑡
𝑀, 𝜏)

𝜕𝜏
+ 𝜏𝑝𝑓𝑀

′′(𝑘𝑀(𝑡
𝑀 , 𝜏)) (

𝜕𝑘𝑀(𝑡
𝑀 , 𝜏)

𝜕𝜏
)

2

+𝜏𝑝𝑓𝑀
′ (𝑘𝑀(𝑡

𝑀, 𝜏))
𝜕2𝑘𝑀(𝑡

𝑀, 𝜏)

𝜕𝜏2
< 0,

𝜕2𝑘𝑀(𝑡,𝜏)

𝜕𝜏2
=

𝑟+𝑡

(1−𝜏)2
𝜕𝑘𝑀(𝑡,𝜏)

𝜕𝑡
+

𝑟+𝑡

1−𝜏

𝜕2𝑘𝑀(𝑡,𝜏)

𝜕𝑡𝜕𝜏
< 0

 



 

 







 



 



 



https://home.treasury.gov/news/press-releases/jy0215
https://www.euronews.com/next/2021/06/05/the-g7-has-agreed-to-set-a-global-minimum-tax-rate-what-does-it-mean-and-how-will-it-work


 

 



𝑂𝑃𝐸𝑁𝑖,𝑡

𝐸[𝑂𝑃𝐸𝑁𝑖,𝑡|. . ] = 𝜑1𝑂𝑃𝐸𝑁𝑖,𝑡−1 + 𝜑2�̂�𝑖,𝑡−1[𝑧|𝑂𝑃𝐸𝑁 = 1] + 𝜑3�̂�𝑖,𝑡−1[𝑧|𝑂𝑃𝐸𝑁 = 0] + 𝜑4𝑂𝑃𝐸𝑁𝑖,𝑡−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

�̂�𝑖,𝑡−1[𝑧|𝑂𝑃𝐸𝑁 = 1] �̂�𝑖,𝑡−1[𝑧|𝑂𝑃𝐸𝑁 = 0]

𝑂𝑃𝐸𝑁𝑖,𝑡−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

- 

- 



- 

- 

- 

 

𝑌𝑖,𝑡 = 𝛾𝑂𝑃𝐸𝑁𝑖,𝑡−1 + 𝛽𝑋𝑖𝑡−1 + 𝛼𝑖 + 𝜃𝑡 + 𝜀𝑖,𝑡

𝑌𝑖,𝑡
𝑖



𝑂𝑃𝐸𝑁𝑖,𝑡−1 𝑖

𝑋𝑖𝑡−1
𝛼𝑖 𝜃𝑡

𝜀𝑖,𝑡

ℎ

𝑌𝑖,𝑡+ℎ = 𝛾ℎ𝑂𝑃𝐸𝑁𝑖,𝑡−1 + 𝛽ℎ𝑋𝑖𝑡−1 + 𝛼𝑖,ℎ + 𝜃𝑡,ℎ + 𝜀𝑖,𝑡+ℎ ℎ = 0, 1, … , 10

 

 











 



 



 



 



 

 





 





 

(=

−1.952 + 1.581



 



 



 



 

‐



http://tid.seelkopf.eu/resources/Codebook_TID_May2019.pdf
https://www.wider.unu.edu/project/government-revenue-dataset
https://www.wider.unu.edu/project/government-revenue-dataset


https://databank.worldbank.org/source/world-development-indicators


 

 

 





 



 

 



 



 



 



 



 



 

 





 





 



 



 



 





𝑁𝑒𝑤𝑠_𝑃𝑟𝑜𝑡𝑒𝑠𝑡𝑖,𝑡 =
𝑠𝑡𝑟𝑒𝑒𝑡 𝑝𝑟𝑜𝑡𝑒𝑠𝑡 𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑐𝑜𝑢𝑛𝑡𝑖,𝑡

𝑡𝑜𝑡𝑎𝑙 𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑐𝑜𝑢𝑛𝑡𝑖,𝑡
× 100

 





https://www.businessinsider.com/major-us-tech-companies-blocked-from-operating-in-china-2019-5#facebook-1
https://www.businessinsider.com/major-us-tech-companies-blocked-from-operating-in-china-2019-5#facebook-1


𝑦𝑡 = 𝑒𝑥𝑝 (ρ𝑊𝑦𝑡−1 + 𝛿𝐼𝑦𝑡−𝜏 + 𝐹𝐸𝑖 + 𝐹𝐸𝑡 + 𝑢𝑡).

𝑦𝑡 𝑁

𝑡 𝑦𝑡−1

𝑊

1

𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑖,𝑗

ρ

𝐼

𝛿𝜏

𝐹𝐸𝑖 𝐹𝐸𝑡

𝑦𝑡 = 𝑒𝑥𝑝 (ρ𝑍𝑦𝑡−1 + 𝛿𝐼𝑦𝑡−1 + 𝐹𝐸𝑖 + 𝐹𝐸𝑡 + 𝑢𝑡 )



𝑍

𝑊

1

𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑖,𝑗
× 𝑐𝑜𝑚𝑚𝑜𝑛 𝑠𝑜𝑐𝑖𝑎𝑙 𝑚𝑒𝑑𝑖𝑎𝑖,𝑗

𝑐𝑜𝑚𝑚𝑜𝑛 𝑠𝑜𝑐𝑖𝑎𝑙 𝑚𝑒𝑑𝑖𝑎𝑖,𝑗

 𝐶𝑜𝑚𝑚𝑜𝑛 𝑃𝑜𝑙𝑖𝑡𝑦𝑖,𝑗 𝑖

𝑗

 𝐶𝑜𝑚𝑚𝑜𝑛 𝐶𝑜𝑟𝑟𝑢𝑝𝑡𝑖𝑜𝑛𝑖,𝑗

𝑖 𝑗

 𝐶𝑜𝑚𝑚𝑜𝑛 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒𝑖,𝑗

𝑖 𝑗

 



𝑐𝑜𝑚𝑚𝑜𝑛 𝑠𝑜𝑐𝑖𝑎𝑙 𝑚𝑒𝑑𝑖𝑎𝑖,𝑗



 

https://docs.google.com/spreadsheets/u/1/d/1sAGZhh083t3haBZVogRkANfsGWx78LXXLfrZza1vq0U/htmlview?hl=en


 





 



 

 



 

‐





 

 



 



 

 



 



 



 



 

 

https://gs.statcounter.com/social-media-stats#monthly-200903-202005


 



 



 

 





 



 



Collier, 

1999, 

 







 





 



 

http://www.unesco.org/education/edurights/media/docs/ea778cb20fbdd7a77fe62ae0c85bbd87c0757abd.pdf


 



 

 



 

 

 



 





 

𝑦𝑖,𝑡 = 𝛽𝑐𝑖,𝑡 + 𝛿𝑦𝑡−1 + 𝛾𝑥𝑖,𝑡 + 𝑎𝑖 + 𝜃𝑡 + 𝑢𝑖,𝑡

𝑐𝑖,𝑡 𝑖 𝑡 𝑢𝑖,𝑡
𝛼𝑖 𝜃𝑡

𝑦𝑖,𝑡 𝑦𝑖,𝑡−1 𝑖

𝑡 𝑡 − 1 𝑥



𝑦𝑖,𝑡+ℎ = 𝛽ℎ𝑐𝑖,𝑡 + 𝛿ℎ𝑦𝑡+ℎ−1 + 𝛾𝑥𝑖,𝑡+ℎ + 𝑎𝑖 + 𝑢𝑖,𝑡+ℎ ℎ = 0, 1, … , 10



- 

- 

- 

𝑖

𝑐𝑜𝑢𝑛𝑡𝑟𝑦1, 𝑐𝑜𝑢𝑛𝑡𝑟𝑦2, … , 𝑐𝑜𝑢𝑛𝑡𝑟𝑦𝑛
𝑖

𝑝. 𝑑𝑖𝑓𝑓 = (𝑦𝑖,𝑡 − 𝑦𝑛,𝑡)/𝑦𝑖,𝑡

𝑝. 𝑑𝑖𝑓𝑓



 

 

https://cran.r-project.org/web/packages/SCtools/SCtools.pdf


 





 







 



 



 

 







 

 



 



 

 



 



 





https://reliefweb.int/report/guinea-bissau/short-history-peacebuilding-guinea-bissau


 

 

https://reliefweb.int/report/côte-divoire/chronology-key-events-ivory-coasts-conflict-2
https://reliefweb.int/report/congo/un-consolidated-inter-agency-appeal-republic-congo-transition-appeal
https://reliefweb.int/report/central-african-republic/report-secretary-general-situation-central-african-republic-s200212
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https://reliefweb.int/report/guinea/policy-brief-guinea-conakry-causes-and-responses-possible-conflict


 

 









 

 



 

 





 

 
 



 

 
 



 

 



 

 
 





 





 

https://data.cerdi.uca.fr/afd-pubexp/


 

https://data.cerdi.uca.fr/afd-pubexp/


 





 

https://data.cerdi.uca.fr/afd-pubexp/


 

 



 



 

 





 

 



𝑍𝑖𝑡 =
(𝑥𝑖𝑡−𝜇𝑡0)

𝜎𝑡0
,

𝜇𝑡0 𝜎𝑡0

𝑂𝐼

𝑂𝐼 = √∏𝐼𝑠
𝑤𝑠

∑𝑤𝑠
,

𝐼𝑠 𝑠 𝑤𝑠



 



 



 



 



 



 









 

 



𝑦 = 𝛾/(1 + 𝜇) 𝑦

𝜇 𝜇 = 1 − 𝜀 𝜀

μ



μ

1 + 𝜇

𝑌𝑖𝑡 = 𝛼0 + 𝑓(𝑋𝑖; 𝛽) + 𝜗𝑖 + 𝑣𝑖𝑡 − 𝜂𝑖 − 𝜇𝑖𝑡

𝜂𝑖 𝜇𝑖𝑡 𝜗𝑖 𝑣𝑖𝑡

𝑣𝑖𝑡
𝜇𝑖𝑡

𝜓𝑖𝑡 = 𝑣𝑖𝑡 − 𝜇𝑖𝑡
𝜆 = 𝜎𝜈/𝜎𝜇 𝜎 = 𝜎𝜈² + 𝜎𝜇²

𝛾𝑖 = 𝜗𝑖 − 𝜂𝑖 = 𝜎𝜗/𝜎𝜂

𝜎 = 𝜎𝜗² + 𝜎𝜂² 𝜀𝑖𝑡 = 𝜓𝑖𝑡 + 𝛾𝑖



𝑇𝑖

𝑓(𝜀𝑖/𝛾𝑖) 𝜓𝑖
𝑇𝑖

�̂�

𝜀𝑖𝑡 𝛾𝑖

𝑌𝑖𝑡 = 𝛼
∗ + 𝑓(𝑋𝑖𝑡, 𝛽) + 𝜀𝑖𝑡 + 𝛾𝑖,

𝛼∗ = 𝛼0 − 𝐸(𝜂𝑖) − 𝐸(𝜇𝑖𝑡 𝛾𝑖 = 𝜗𝑖 − 𝜂𝑖 + 𝐸(𝜂𝑖) 𝜀𝑖𝑡 = 𝜈𝑖𝑡 − 𝜇𝑖𝑡 + 𝐸(𝜇𝑖𝑡) 𝐸(𝜂𝑖) =

√
2

𝜋𝜎𝜂
𝐸(𝜇𝑖𝑡) = √

2

𝜋𝜎𝜇

𝜇𝑖𝑡 𝜀𝑖𝑡

exp (−𝜇𝑖𝑡|𝜀𝑖𝑡)

𝜂𝑖
exp (−𝜂𝑖)



 

 



𝜀

1 − 𝜀

=

1 − 0.55
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√𝑺𝑯𝑰𝑯 ∗ 𝑺𝑬𝑰𝑬 ∗ 𝑺𝑷𝑰𝑰𝑷𝑰 ∗ 𝑺𝑰𝑰𝑰
(𝑯+𝑬+𝑷𝑰+𝑰



https://cran.r-project.org/web/packages/npsf/npsf.pdf


 



 

 

 







 





 



 



 



 



https://data.cerdi.uca.fr/afd-pubexp/


 

 

https://scholar.harvard.edu/files/shleifer/files/qgov_web.xls


 

𝑄𝑖 = 𝛼 + 𝛽𝐹𝑖 + 𝛾
𝐿Z𝑖

𝐿 + 𝛿𝑋𝑖 + 𝜀𝑖 ,       ∀ 𝐿 ∈ {𝐽, 𝑅, 𝐶} 

𝑄𝑖 = 𝛼 + 𝛽𝐹𝑖 + ∑ 𝛾𝐿Z𝑖
𝐿

𝐿∈{𝐽,𝑅} + 𝛿𝑋𝑖 + 𝜀𝑖 

𝑄𝑖 = 𝛼 + 𝛽𝐹𝑖 + ∑ 𝛾𝐿Z𝑖
𝐿

𝐿∈{𝐽,𝑅,𝐶} + 𝛿𝑋𝑖 + 𝜀𝑖

𝑄 𝐹

𝐽 𝐶

𝑅 𝑋







𝜆

𝜆

𝑦(𝜆) = {
𝑦𝜆 − 1

𝜆
              (𝜆 ≠ 0),

𝑙𝑜𝑔𝑦                  (𝜆 = 0)

𝜆1 𝜆2

𝑦(𝜆) = {

(𝑦 + 𝜆2)
𝜆1 − 1

𝜆1
              (𝜆 ≠ 0),

log (𝑦 + 𝜆2)                   (𝜆 = 0)

 



𝑦𝑖,𝑡+ℎ − 𝑦𝑖,𝑡 = 𝛼𝑖
ℎ + 𝛾𝑡

ℎ + 𝛽1
ℎ∆𝐹(𝑧𝑡)𝐺𝑖,𝑡

𝑔
+ 𝛽2

ℎ∆(1 − 𝐹(𝑧𝑡))𝐺𝑖,𝑡
𝑔
+ 𝜑ℎ∆𝑋𝑖,𝑡 + 𝜀𝑖,𝑡

ℎ

𝐺𝑖𝑛𝑖𝑖,𝑡+ℎ − 𝐺𝑖𝑛𝑖𝑖,𝑡 = 𝛼𝑖
ℎ + 𝛾𝑡

ℎ + 𝛽1
ℎ∆𝐹(𝑧𝑖𝑡)𝐺𝑖,𝑡

𝑔
+ 𝛽2

ℎ∆(1 − 𝐹(𝑧𝑖𝑡))𝐺𝑖,𝑡
𝑔
+ 𝜑ℎ∆𝑋𝑖,𝑡 + 𝜀𝑖,𝑡

ℎ   

ℎ = 0,… , 5

𝑦 𝐺𝑖𝑛𝑖

𝛼𝑖
𝛾𝑡 𝐺𝑖,𝑡

𝑔

𝐹(𝑧𝑡)

𝐹(𝑧𝑡) =
exp (−𝑧𝑡)

1 + exp (−𝑧𝑡)

𝑧𝑡

𝛽1
ℎ 𝛽2

ℎ

(𝐹(𝑧𝑡) ≈ 1)

(𝐹(𝑧𝑡) ≈ 0) ∆𝑋𝑖,𝑡
𝜑



 

 

 

 



 

 

 



 

 





 





 





 

Ainsi, l







 



 



 



https://hal.uca.fr/hal-03129897
https://doi.org/10.1787/f99f6b36-en
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https://data.cerdi.uca.fr/taxeffort/


 

https://data.cerdi.uca.fr/taxeffort/


 



 

https://data.cerdi.uca.fr/taxeffort/
https://ferdi.fr/publications/a-tax-revenue-dataset-for-sub-saharan-africa-1980-2010
https://www.oecd.org/ctp/revenue-statistics-in-africa-2617653x.htm
https://www.wider.unu.edu/project/government-revenue-dataset
https://www.wider.unu.edu/project/government-revenue-dataset
https://www.wider.unu.edu/project/government-revenue-dataset




 



 





 



https://data.cerdi.uca.fr/taxeffort/


 





𝜏𝑖,𝑡 = 𝛼 + 𝑓(𝑋𝑖,𝑡, 𝛽) + µ𝑖 + 𝜈𝑖,𝑡 − 𝜂𝑖 − 𝜑𝑖,𝑡

𝜏𝑖,𝑡
𝑋𝑖,𝑡

𝜂𝑖 > 0 𝜑𝑖,𝑡 > 0

µ𝑖 𝜈𝑖,𝑡

𝜈𝑖,𝑡
𝜑𝑖,𝑡 𝜀𝑖,𝑡 = 𝜈𝑖,𝑡 − 𝜑𝑖,𝑡

𝜆 = 𝜎𝜈/𝜎𝜑 𝜎 = 𝜎𝜈² + 𝜎𝜑²

𝜓𝑖 = µ𝑖 − 𝜂𝑖
𝜆 = 𝜎µ/𝜎𝜂 𝜎 = 𝜎µ² + 𝜎𝜂² 𝜀𝑖,𝑡 = 𝜀𝑖,𝑡 + 𝜓𝑖

𝑇𝑖

𝑓(𝜀𝑖/𝜓𝑖)

𝜓𝑖



�̂�

𝜀𝑖,𝑡 𝜓𝑖

𝜏𝑖,𝑡 = 𝛼
∗ + 𝑓(𝑋𝑖,𝑡, 𝛽) + 𝜀𝑖,𝑡 + 𝜓𝑖

𝛼∗ = 𝛼 − 𝐸(𝜂𝑖) − 𝐸(𝜑𝑖,𝑡 𝜓𝑖 = µ𝑖 − 𝜂𝑖 + 𝐸(𝜂𝑖) 𝜀𝑖,𝑡 = 𝜈𝑖,𝑡 − 𝜑𝑖,𝑡 + 𝐸(𝜑𝑖,𝑡)

𝐸(𝜂𝑖) = √
2

𝜋𝜎𝜂
𝐸(𝜑𝑖,𝑡) = √

2

𝜋𝜎𝜑

𝜑𝑖,𝑡 𝜀𝑖,𝑡

exp (−𝜑𝑖,𝑡|𝜀𝑖,𝑡)

𝜂𝑖

exp (−𝜂𝑖)

𝑋𝑖,𝑡

 

 



 

 

 

 



 



 



 





 



 





 



 



 



 



 



 











 



 

 

 



 



 



 





 





 

 



 



 





 






