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Abstract

The maximal growth of automorphic periods and oscillatory
integrals for maximal flat submanifolds

This dissertation contributes to the analytic theory of automorphic periods and auto-
morphic L-functions.

In the first part we prove an extreme value result for geodesic periods of Hecke-Maass
forms on compact arithmetic hyperbolic surfaces, as the Laplacian eigenvalue grows. The
proof uses the celebrated amplification method of Iwaniec and Sarnak. We also obtain
a theorem on extreme values of Rankin-Selberg L-functions and draw the connection to
conjectures on the maximal size of L-functions.

In the second part we prove a spectral aspect extreme value result for maximal flat
periods of Hecke-Maass forms, on compact locally symmetric spaces associated to forms
of PGL3. We discuss its significance in the wider context of extreme behavior of auto-
morphic periods. We also prove a mean square asymptotic for maximal flat periods on
more general compact locally symmetric spaces.

Our main technical contributions are the following. The first is the analysis of orbital
integrals needed to prove asymptotics for a relative trace formula, together with new
results on the global geometry of maximal flat submanifolds of symmetric spaces. The
second is an exploration of the limits of the amplification method for toric periods on
forms of PGL,,.

Keywords: automorphic forms, trace formula, harmonic analysis






Résumeé

La croissance maximale des périodes automorphes et
intégrales oscillatoires pour les sous-variétés plates
maximales

Cette thése contribue a la théorie analytique des formes automorphes et des fonctions
L automorphes.

Dans une premiére partie nous démontrons un résultat sur les valeurs extrémes des pé-
riodes géodésiques des formes de Hecke-Maass sur les surfaces hyperboliques compactes,
quand la valeur propre du Laplacien grandit. La preuve utilise la méthode d’amplifica-
tion d’Iwaniec et Sarnak. Nous obtenons aussi un résultat sur les valeurs extrémes des
fonctions L de Rankin-Selberg et nous faisons le lien avec les conjectures sur les valeurs
extrémes des fonctions L.

Dans une deuxiéme partie nous démontrons un résultat sur les valeurs extrémes des
périodes plates maximales des formes de Hecke-Maass, sur les espaces symétriques com-
pacts associés aux formes de PGLg3. Nous discutons de son importance dans le contexte
plus large du comportement extrémal des périodes automorphes. Nous obtenons aussi
une asymptotique pour des moyennes quadratiques des périodes plates maximales sur
des espaces symétriques compacts plus généraux.

Nos principales contributions techniques sont les suivantes. La premiére est 'analyse
des intégrales orbitales utilisée pour obtenir des asymptotiques pour une formule de traces
relative, ainsi que des nouveaux résultats sur la géomeétrie globale des sous-variétés plates
maximales des espaces symétriques. La deuxiéme est une exploration des limites de la
méthode d’amplification pour les périodes toriques sur les formes de PGL,,.

Mots clés : formes automorphes, formule des traces, analyse harmonique
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Introduction

0.1 The maximal growth of L-functions

A key role in the theory of automorphic forms is played by the automorphic L-functions,
which are the subject of major open problems. When 7 is a unitary automorphic rep-
resentation of GL, over Q with contragredient 7, we normalize the Godement-Jacquet
L-function L(m,s) to have functional equation relating L(w,s) to L(w,1 — s), and we
denote by C(m) the analytic conductor of Iwaniec and Sarnak [38], a measure of the
complexity of the representation. We may consider families of representations by allow-
ing certain parameters to vary, and we also speak of aspects. A classical example is the
family of unramified unitary Hecke characters, leading to vertical shifts of the Riemann
zeta function: L(||%,s) = ((s + it) (the t-aspect for ¢), in which case the analytic
conductor is of size 1 + |¢|.

Many problems in analytic number theory are related to understanding the size of
the central value L(m, %) as C(m) — oo in families. For every reasonable family we
can formulate the Lindeldf hypothesis that L(m, 3) <. C(r)€, the subconvexity problem
which asks for a § > 0 such that L(mr, ) < C(m)'/47%, as well as the following question,
which serves as a motivation for the first part of this thesis.

When F is a reasonable family of L-functions (not necessarily known to be
automorphic) for GLy,, how fast does

grow as T — 00 ?

Here, we denote C(L) for the analytic conductor of an L-function with known func-
tional equation, as in [16]. In [25], the authors use random models for L-functions to
motivate the conjecture that the true growth of (0.1) is

1y = .
C%?f)i |L(5)| = exp ((C]:—l—o(l))\/logx loglog:v) (0.2)

for some explicit constant Cx that depends on the family. Proofs conditional on GRH
[52, 56] or using the resonance method of Soundararajan or Hilberdink [35, 68] typically
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yield lower bounds of quality

log
L(L YL .
max |L(5)| > exp (C loglog:c> (0.3)
C(L)<z

for some C' > 0. Recent progress as well as lower bounds with additional restrictions on
the argument of L(3) can be found in [8], [9], [17].

The following theorem about extreme central values of Rankin-Selberg L-functions is
a first example of a spectral aspect family, giving further evidence towards the general
conjecture (0.2).

Theorem 1. Let N > 1 be a square-free integer and let F' be a real quadratic number
field of square-free discriminant coprime to N. Assume that N has an even number of
prime divisors and that they are all inert in F. Let (fj);>1 be an orthonormal basis of
the space of newforms of level I'o(IN) with eigenvalues \j > 0. There exists C' > 0 such

that
max  L(L/2, f)L(1/2, f; x wi) > exp ([ -2 (140(1) ), (04)
VA —VA|<C loglog A

as A\ — oo, where wr is the quadratic Dirichlet character associated to the field extension
F/Q by class field theory, and the implicit constant depends on N and F'.

We can for example take N = 6 and F' = Q(+/5) in Theorem 1. The theorem is proved
via a similar statement about geodesic periods on compact arithmetic quotients of the
hyperbolic plane H, which is Theorem 2 below, and uses an explicit version of a formula
of Waldspurger [75, 59| and a characterization of the image of the Jacquet-Langlands
correspondence.

Theorem 2. Let R be an Fichler order of square-free level in an indefinite quaternion
division algebra over Q. Let I' C PSLa(R) be the corresponding co-compact arithmetic
lattice. Let (¢;) be an orthonormal basis of L*(T\H) consisting of Laplace—Hecke eigen-
functions with Laplacian eigenvalues A\; > 0. Let ¢ C T'\H be a closed geodesic and denote
by Pi(¢;) the period of ¢; along €. Then there exists C > 0 such that

1/4 1 log A < <log log log )\> )
max N/ |Py(p))| >exp | sy —F—— (1+0 (| ———— 0.5
WA —val<c |Z6(9)] P <2 \/ log log A\ log log A (05)

as X — 0o, where the implicit constant depends on R and .

We refer the reader to §1.1 for the notations and definitions used in Theorems 1 and
2.
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Remark 0.6. Note the normalizing factor )\;/4 in the left-hand side in (0.5). Its presence
can be justified in two ways. One way is using a mean square asymptotic for geodesic
periods, and the other is through Waldspurger’s formula. We use the notations from the
theorem. In [80] it is shown that

S NP =CA2+0(1) (A= o0), (0.7)
<A

for some constant C; > 0. This implies that |Z%(¢;)] < 1 (the implicit constant de-

pending on ¢), and we refer to this as the convexity bound. By the Weyl law, the above
sum consists of < A terms, so that @g(¢j)2 = A71/2 ‘on average’. This explains why )\]1./4
should be the correct normalizing factor in (0.5).

Through a formula of Waldspurger, the Lindel6f hypothesis for certain L-functions

leads to the conjecture that )\Jl»/ 4\@g(¢j)| < A§ [61]. The best known unconditional

;/4_1/24+6 |47]. A geodesic

period is ‘large’ when the normalized period )\]1-/4]95(@)\ is substantially larger than 1.
Thus Theorem 2 can be viewed as producing abnormally large values of the geodesic
periods.

improvement of the convexity bound is )\]1./ 4]@(@)] e A

Theorem 2 uses the amplification method introduced in the seminal article of Twaniec
and Sarnak [37], and crucially relies on the presence of the Hecke operators, and the fact
that many Hecke returns fix a given set (a closed geodesic). The amplification method
bears much similarity to the resonance method of Soundararajan in the context of L-
functions, and in fact, we will follow the proposal in [50] and refer to it as the (spectral)
resonance method. It may be summarized as follows: Construct a “resonator” R(f) >0
with the property that a quotient of the form

> RUNDIZe(f7)P
> R(fj)

is large. If this quotient is bigger than a real number M > 0, it must be that at least
one | Z(f;)|? is bigger than M. When R(f) is defined as a Hecke eigenvalue of f, a sum
of the shape of the numerator naturally appears in the relative trace formula, and a sum
of the shape of the denominator naturally appears in the trace formula.

The resonance method gives a way to quantify the phenomenon that eigenfunctions
have strong concentration properties at sets that are fixed by many symmetries, a phe-
nomenon that is also observed for zonal spherical harmonics and Gaussian beams on
round spheres.

The proof of Theorem 2 adapts two main pre-existing ingredients. The first is bounds
for archimedean orbital integrals in a relative trace formula, proved by Marshall [47],
and the second is the resonator sequence of Mili¢evi¢ [50]. The theorem is an analogue

(0.8)
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of a theorem of Mili¢evi¢ [50], replacing CM-points by closed geodesics. The motivation
in [37] and [50] is to study the growth of the sup-norms ||¢;||oc, and the results show in
particular that those norms are unbounded as the eigenvalue grows. With the notations
as in Theorem 2, let z € I'\H be a CM-point. It is shown in [37] that the sequence of
point evaluations |¢;(z)| is unbounded: there exists a subsequence of (¢;) on which

|6j(2)| >. \/loglog A; . (0.9)

In [50], the method was optimized and this was strengthened to the existence of a sub-

sequence on which
log \;
; 2 — A
|65(2)| > exp (C, [ oglos Aj) (0.10)

for all C' < 1 (and in fact, with the constant C replaced by 1 plus an error term, as in
Theorem 2).

0.2 Heuristics and randomness

In this section, we put the lower bound from Theorem 2 in a different perspective,
together with the lower bounds (0.9) and (0.10) on sup norms.

The fact that on arithmetic hyperbolic surfaces the sequence ||¢;|/ is unbounded can
be explained through random models for L-functions, as remarked above, but can also
be explained by random behavior of Laplacian eigenfunctions. We explore how much
growth can be explained by randomness of eigenfunctions, and we discuss some recent
developments and related ideas.

Unless otherwise stated, let X be a compact Riemannian surface with negative sectional
curvature. (Some of the results and conjectures stated will apply to arbitrary curvature
or arbitrary dimension, but generality is not our objective.) Let (¢;) be an orthonormal
basis of L?(X) consisting of Laplacian eigenfunctions with eigenvalues \,. (If X is
a noncompact finite-volume quotient of H, we take it to be an orthonormal basis of
the space of Maass cusp forms.) Because X is compact and of negative curvature,
its geodesic flow is ergodic, and the random wave conjecture of Berry [5] predicts that
Laplacian eigenfunctions of large eigenvalue should show Gaussian random behavior.
Berry’s conjecture has been tested numerically in [3, 4] for certain compact hyperbolic
surfaces of genus 2, and in [32]| for the modular surface PSLy(Z)\H (which, although
non-compact, still has ergodic geodesic flow). In this last article, the authors propose the
following mathematical interpretation of Berry’s conjecture: equip X with the normalized
Riemannian probability measure Vol(X)~'d Vol. Then the sequence of eigenfunctions
(¢j), considered as random variables on X, converges in law to the normal distribution
with mean 0 and variance Vol(X)~!. The random wave conjecture has been the subject of
recent work [1| where it has been interpreted in terms of Benjamini-Schramm convergence
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of manifolds. In [1, Theorem 4] it is also shown that this version of the conjecture implies
the quantum unique ergodicity conjecture (QUE) of Rudnick and Sarnak [62], which
states that the probability measures gf)?d Vol converge weakly to the uniform measure
Vol(X)~1d Vol.

Even though Berry’s conjecture remains widely open in any interpretation, it is natural
to wonder about the finer statistical properties of Laplacian eigenfunctions. For example,
when the random wave conjecture is regarded as an analogue of the central limit theorem,
one could ask what the analogue of the law of the iterated logarithm should be. That
is, what can be said about the growth of the sup norm ||¢;|lcc as j — oco? In order
to obtain predictions for this type of question, it is common to study random wave
models, probability measures on a space of functions. Following [81, §6], we may model
an eigenfunction ¢ of large eigenvalue A by the random quasimode

1
sz:cj¢j

where the c¢; are i.i.d. standard Gaussians and the sums run over the set {j: ﬁj S
[VA, VA+1]}. We thus expects the sup norm ||¢||s to generically have the same behavior
as the sup norm of random Fourier series studied in [39, §6], [63, Chapter IV]. That is,
that [|¢jllec =< y/logA; for a subsequence of (¢;) [32, 65]. This is compatible with the
sup norm conjecture of Iwaniec-Sarnak [37] and with (0.9). As for (0.10), note that the
right-hand side is eventually smaller than any power of )\;, and eventually larger than
any power of log A;. Such large sup norms, while not in contradiction with the sup norm
conjecture nor the random wave conjecture, should be considered exceptional and are
presumably specific to the case of arithmetic manifolds. Considering these results, it is
somewhat surprising that despite the presence of Hecke operators, numerical evidence
indicates that the random wave conjecture does hold for arithmetic hyperbolic surfaces.

We can think of at least two ways to generalize questions about random behavior of
the ¢;. On the one hand, one can fix a ‘thin’ set S, such as a finite set or a geodesic
segment, equipped with its induced Riemannian metric and volume element pg, and
ask about the value distribution of the restrictions ¢;|g. It is clear that any result
must be very sensitive to the nature of the set S. We illustrate this with an example.
Quantum (unique) ergodic restriction, Q(U)ER, is the question of whether a density one
subsequence (resp. the full sequence) of the restrictions gb?]g equidistribute. It was first
studied in [72]. When X is the modular surface, the sequence (¢;) of Maass cusp forms
can be chosen to consist of odd and even cusp forms. The odd ones vanish on the split
geodesic S = [i,100), and one expects QUER to hold for the restrictions to S of the even
Maass forms, but where the limiting measure is 245 instead of g [78]. We mention also
[79], where the analogue of QER for Eisenstein series is found to have a negative answer
on certain divergent geodesics on the modular surface, and an analogous negative answer
is conjectured for Maass cusp forms. In the other direction, QER does hold for generic

17



geodesics on a compact hyperbolic surface [21, 73].
The other point of view consists of randomizing the thin set. Given an eigenfunction
and a geodesic segment L, we may form the line integral

PL(95) 3:/L¢j~

If we fix a real number [ > 0, the set of geodesic segments of length [ is parametrized
by the unit tangent bundle S'X. Every eigenfunction ¢; gives rise to a smooth function
<;~5j on S'X, by integrating over the segment corresponding to a point of S1X. It is
known that the sequence ||<$j||oo is bounded as A\; — oo (by a constant depending on X
and [) [14]. In particular, when ¢ is a closed geodesic, we recover the convexity bound
|Z1(¢;)| < 1, which is sharp when X is the round 2-sphere. Theorem 2 can be viewed
as producing large values of the functions gj for suitable [.

We remark that, in order to obtain heuristics for large values of qgj, to apply random
wave models as in §0.2 would be nonsensical, because Berry’s conjecture is fundamentally
a statement about the value distribution of eigenfunctions, and does not take into account
the relative position of points. That is, the random wave models are not designed to
be integrated over sets of measure zero. Instead, it would be interesting to develop a
conjecture analogous to Berry’s for the value distribution of qgj as A\j — 00. A related
type of result is the central limit theorem for geodesic flows [60, 67]: for a fixed smooth
function ¢ € C°°(X), one determines the limiting distribution of the (normalized) line
integral of ¢ along a random geodesic segment of growing length.

0.3 Periods beyond GL,

Let G be a semisimple algebraic Q-group and H a closed algebraic subgroup that we
assume to be anisotropic, meaning that the adelic points H(Ag) have compact image [H]
in the automorphic quotient [G] = G(Q)\G(Ag). For any automorphic form f on [G]
one may consider the period 2y (f) by integrating along a suitable translate of [H]. We
may consider families of forms as before, and our focus is on the spectral aspect family
of Hecke-Maass forms: Fix a maximal compact subgroup of G(R) and a level structure,
and let F be the family of spherical cusp forms on the locally symmetric space resulting
from these choices.

The second part of this thesis aims to advance our understanding of the following
question.

When A(f) denotes the Laplacian eigenvalue of f € F, how fast does

max | Pu(f) (0.11)
Af)<a

grow, if at all, as x — o0o?
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To state the question correctly one needs normalizing factors in front of the periods
(as in Theorem 2). Further, A(f) is not always the correct measure of complexity for
the H-period. This leads to difficult questions, which we discuss below. We will be
interested in sub-polynomial growth rates, whose significance is best understood in the
context of extreme values of L-functions. In fact, question (0.11) is in many ways similar
to question (0.1), and this similarity will be our basis for revealing possible arithmetic
information about periods.

The similarity between the problems is already visible in the resonance method in
[68], where for each family of L-functions under consideration the spectral ingredient is
a trace formula: The Fourier inversion formula in the case of (, and the Petersson trace
formula in the case of L-functions of modular forms. In the proofs of (0.9), (0.10) and
Theorem 2, this is replaced by the Selberg trace formula and a relative trace formula, as
we explained around (0.8).

Now, while question (0.11) is in some aspects similar to question (0.1), there are
important differences. The first is in the problem statement itself: Where for L-functions
the correct measure of complexity is the analytic conductor, the situation is much more
delicate for periods. The Laplacian eigenvalue A\(f) is a naive choice, and the correct
replacement is most likely an integral involving an approximate spectral projector around
f, which determines the size of mean square asymptotics for periods over O(1) spectral
windows (as in Theorem 4). For sufficiently generic spectral parameters, that integral
should be of size A(f)"~"=9/2 with n the dimension of the symmetric space, r its rank,
and d the dimension of the projection to the symmetric space of the H-orbit underlying
the period. But asymptotically evaluating this integral in terms of the spectral parameter
of f, even for generic parameters, is a difficult problem.

The second difference is the following. Whereas in the case of L-functions one would
expect the resonance method to always produce a nontrivial result of quality (0.3) (pro-
vided that we know enough about the family under consideration), this not the case for
periods. In fact, the spectral resonance method is sometimes fruitless, and sometimes
produces extreme values of periods with power growth. Moreover, a larger variety of
techniques exist to prove lower bounds for periods. We give a brief historical account of
these facts.

The first example of a different technique is given in [62], which is about discrete
periods on certain hyperbolic 3-manifolds. The authors use what is known as a distinction
method. It employs a vanishing property that says that only a sparse subsequence of
Hecke-Maass forms, lying in the image of a theta lift, have nonzero H-period. They are
“distinguished” by H. This is then contrasted with a mean square asymptotic, which
gives the full average of the periods (and which does not see the arithmetic underlying
the distinction). If the periods are supported on a sparse subsequence and the average
does not know about this, it follows that that the periods must attain large values on the
distinguished subsequence. In fact, the sequence is polynomially sparse, and the authors
obtain periods with power growth. Note that while the arithmetic properties used are
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crucial, the Hecke operators do not play a direct role.

The article [51] characterizes the hyperbolic 3-manifolds to which the proof extends, as
being those of Maclachlan-Reid type. Moreover, it gives the first example of the second
phenomenon mentioned above: power growth obtained from the resonance method. Fur-
ther power growth results that use the distinction method include the following settings:
discrete periods on hyperbolic n-manifolds with n > 5 [18], and discrete unitary periods
for GL,, (which includes the case of hyperbolic 2 and 3-manifolds) [43].

A vast generalization of power growth results in the other direction, using the resonance
method, is the article [13]. In certain situations, one can obtain exceptional sequences
of eigenfunctions with periods of power growth using both methods, and show that they
are related. We refer to [13, 51| for a discussion of the relation between the two methods.
We do note the following: All Q-groups in these examples are such that G(R) is not
split.

0.4 Sub-polynomial growth

The second part of this thesis is concerned with applications of the resonance method
to periods of Hecke-Maass forms in the spectral aspect, in situations that have so far
remained gray zones. By “gray zone”, we mean the following. A first condition is that no
explicit connection to central L-values is known or conjectured. Indeed, when conjecture
(0.2) does not apply, without heuristics that come from applications of random matrix
theory to L-functions, it becomes an interesting question whether there are sufficiently
strong arithmetic reasons for the existence of unusually large periods, and if so, what the
maximal growth should be. A second condition is that no power growth is expected, or
at least that established distinction techniques or resonance techniques do not produce
power growth. In the gray zone it is not clear what period growth, if present at all, should
be attributed to: heuristics motivated by random behavior of Laplacian eigenfunctions
in negative curvature (Berry’s random wave conjecture), random behavior of more exotic
underlying artihmetic objects, or neither of these?

In fact, our hope when exploring the gray zone is to reveal arithmetic information:
If in some new situation we obtain lower bounds of quality (0.3), this would be a very
strong hint that there is an as of yet unknown relation with central L-values. If we obtain
periods with power growth, this might indicate the existence of a functorial lift (although
it could be attributed to other factors as well; see [13]). If we obtain growth rates smaller
than (0.3) or nothing at all, this still leaves the possibility of a relation with L-values
further to the right of %, or at worst in the half-plane of convergence.

An example of such an unexplored situation is that of toric periods on locally symmetric
spaces of non-compact type associated to a semisimple group G. Unless G is isogenous
to a product of forms of PGLgy, these fall in the gray zone. When the locally symmetric
space X is viewed as a disjoint union of classical locally symmetric spaces, then the period
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along a maximal R-split torus corresponds to the integral along a flat submanifold of X,
which has the property that the intersection with each component is either maximal flat
or empty; see §3.5.4.

To state the main theorems we introduce some minimal notation for spectral parame-
ters. When G is a connected semisimple Lie group with finite center, make a choice of Iwa-
sawa decomposition G = NAK. Let a = Lie(A) and define the generic set (a*)8" C a*
as the set of elements that are regular and that do not lie in a proper subspace spanned
by roots. A locally symmetric space X is assumed to be compatible with the choice of K.
When G is a semisimple group over QQ, we may define the above notation with respect
to G(R)?, and we again assume an associated adelic locally symmetric space X to be
compatible with K. The spectral parameters of Hecke-Maass forms on X can then be
viewed as elements of (ac)*. For any additional notation and terminology used in the
theorems below, we refer to §2.1, §3.1 and §3.5.

We can now state the following theorem.

Theorem 3. Let G be an anisotropic Q-form of PGL3 with G(R) noncompact. Let X
be an associated adelic locally symmetric space and (f;) € L*(X) an orthonormal basis
of Hecke-Maass forms with spectral parameters v; € (ac)*. Let H C G be a mazimal
torus with the same R-rank r as G, and denote by Pu(f;) the H-period of f;. Let
Dy« C (a*)8" be compact. There exist C > 0 and § > 0 such that uniformly for v € D~
and t € R we have

max (14 t)" |Pu(f;)*> > (oglog(2 + t))° oW
llv;—tv]|<C

Moreover, when E is the splitting field of H, we may take § = 6/[F : Q).

In §3.5.2 we give the list of groups to which Theorem 3 can be applied. There we also
show that the associated Lie group G(R) is either PGL3(R) or the quasi-split projective
unitary group PU(2, 1), and in these cases the R-rank equals 2 or 1 respectively.

At first sight, the double logarithmic rate in Theorem 3 may seem disappointing when
compared with results of this type for (forms of) PGLqy (§0.1), or with results that give
polynomial growth of periods (§0.3). But in fact, we have a strong reason to believe
that in this case the double logarithmic growth is best possible, up to the exponent §,
and this is simultaneously the answer to the question raised earlier: What must the
nontrivial growth in Theorem 3 be attributed to? We believe the reason for this growth
is arithmetic, for the following reason. There is an exceptional theta-correspondence
between PGL3 and the exceptional group Ga, which is related to the maximal toric
periods in the theorem. In fact, the period g (f;) should be, up to other arithmetic
factors that are equally mysterious, related to a product of L-values

L(T['f]., 1)L(%f]7 1) 9
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where 7y, denotes the representation generated by f; and 7y, denotes its contragredient.
This period relation, while not proven, explains a great deal about the lower bound in
Theorem 3. First, it leads us to believe that the lower bound can, perhaps, not simply be
attributed to random behaviour of Laplacian eigenfunctions on Riemannian manifolds of
nonpositive curvature. But in fact, much more can be said. The period formula explains
why the growth rate we obtain should be polynomial in loglog C(L(7y;, s)), the double
log of the analytic conductor! Indeed, the double logarithm reminds us of the following
result of Levinson [45]: There exists a constant C' > 0 such that for arbitrarily large
t € R, one has
|C(1 +it)| > e loglogt — C'.

This is certainly not the best known result, but the main term in the right-hand side is
conjectured to be optimal [29]. We refer to |2] for the state of the art on the extreme
values of ((1 + it), and results with lower order terms. The results and conjectures for
((1 4 it) are exemplary for the more general situation. In fact, there is the following
conditional statement [6]: When 7 is a unitary cuspidal tempered automorphic repre-
sentation for GL,, whose Godement-Jacquet L-function L(7, s) satisfies the generalized
Riemann hypothesis, then

(loglog C (7)) ™" < |L(m, 1)| < (loglog C(7))",

where the implicit constants depend on n only and we denote C(7) for the analytic
conductor of L(m,s). Moreover, if 7 is not tempered, one still has similar bounds but
with bigger exponents.

Coming back to the interpretation of Theorem 3, we conclude the following. First,
ignoring for the sake of the argument the other factors in the period formula mentioned
above, it is to be expected that the maximal toric periods exhibit oscillations that are
polynomial in loglog A;. Indeed, this is (at least conjecturally) the largest permitted
oscillation of the L-value L(my,;,1)L(7y,, 1), and based on what we know about (1 + it)
we would expect this maximal oscillation to be almost realized. Second, if forced to make
a conjecture about the maximal growth of the periods in Theorem 3, it would be that
the exponent of loglog(2+t) in the right-hand side can be replaced by 12+0(1). (Taking
into account the fact the periods appear with a square in the left-hand side.)

About the exponent in the right-hand side, we remark the following: The splitting
field E of H is Galois, and the Galois group embeds naturally as a subgroup of GL2(Z)
[12, §1.7]. It is well known that finite subgroups of GL2(Z) have cardinality at most 12;
this is most easily seen by observing that the eigenvalues of a matrix of finite order must
be roots of unity. Thus [E : Q] < 12, meaning that § = % is admissible. In the best
case, the Galois group is of cardinality 3 and we obtain the exponent 2; still far from the
(naive) conjecture that it can be replaced by 12.

The main arithmetic ingredient that goes into the proof of Theorem 3 is the optimiza-
tion problem of finding the best possible resonator sequence. This is what explains the
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restriction to forms of PGL3. The optimization problem takes as input asymptotics for
local p-adic integrals arising in the geometric main term in a relative trace formula, and
requires us to construct a suitable Hecke operator. For (forms of) PGL, with n > 3,
only for n = 3 have we found a suitable winning construction that, when plugged into the
optimization problem, yields nonconstant growth. We strongly believe that for n > 4 no
such construction exists, and that the resonance method cannot produce any growth of
toric periods for n > 4. If indeed true, we believe that, roughly speaking, this should be
attributed to the heuristic that tori inside PGLj3 are still relatively large, while they are
too small inside PGL,, n > 4. We refer to §3.7.3 and Remark 3.112 for these negative
statements.

0.5 A mean square asymptotic

The main analytic ingredient in the proof of Theorem 3 is a (amplified) mean square
asymptotic for maximal flat periods. We require averages over spectral windows of
bounded size, and even a non-amplified version requires a considerable amount of work.
For this ingredient there is no reason to restrict to the Lie groups associated to groups in
Theorem 3, and we prove a more general result, formulated classically in terms of periods
along maximal flat submanifolds.

Theorem 4. Let G be a noncompact connected semisimple Lie group with finite center
and rank r, and let X be an associated compact Riemannian locally symmetric space.
Assume that at least one of the following holds:

e G has rank 1;

o G = SL,(R) or SU(k,p — k) with p prime and 0 < k < p, and X arises from a
Q-form of SL,,.

Let (f;) € L*(X) be an orthonormal basis of Maass forms. Let F C X be a compact
mazimal flat submanifold and denote by Pz (f;) the period of f; along F. Let Do C
(a*)8™ be compact. There exists C > 0 such that uniformly for v € Dy and t € R we
have

Yo 2P =Bt -1+,

[lv;—tvl|<C

where B denotes the Plancherel density.

The restriction to certain locally symmetric spaces in Theorem 4 comes from our
bounds for orbital integrals in the relative trace formula. These are defined in terms of
a parameter g € G, and behave differently when ¢ centralizes a proper portion of the
group underlying the period. That is, when g lies in the standard Levi subgroup of a
semistandard parabolic other than G or the minimal one (see (2.1.4)). We have not been
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able to deal with the integrals for such g, which is why we restrict to settings where they
do not appear in the relative trace formula.

Theorem 4 tells us that we may view the factor (1 + ¢)” in the left-hand side in
Theorem 3 as a normalizing factor that makes the squared periods of size 1 on average.
It is consistent with the mean square asymptotic of Zelditch [80] over eigenvalue intervals,
but there is no obvious implication between the two results. The relation to Zelditch’s
result is analogous to the relation of the spectral parameter Weyl law [19] to the classical
Weyl law for compact Riemannian manifolds.

The stationary phase analysis in the proof of Theorem 4 draws inspiration from the
proof of bounds for spherical functions in [20] and generalizes work of Marshall [47] for
PGL; that we use in Chapter 1. Where for PGL9 one relies on classical facts about the
geometry of geodesics in the Poincaré upper half-plane model, the analogues of those
facts were not available in the generality needed here and had to be established as well;
see §0.6.

The quantification over v and t in Theorem 3 and Theorem 4 may be visualized as
follows. Fix a closed cone in the interior of (a*)®". Then tv tends to oo inside the cone,
and the maximum is taken over a ball of bounded radius around tv. Figure 0.1 gives a
picture when g = sl3(R), and the simple roots are denoted by a and 5. When g = sl3(R),
the condition on tempered spectral parameters to not lie in a proper subspace spanned
by roots, is equivalent to not being self-dual, and it also appears in [7].

aL

30°

Figure 0.1: A cone in (a*)%" when G = SL3(R), with balls B(tv, C') as in Theorem 4.

0.6 The geometry of maximal flat submanifolds

Let G be a connected semisimple Lie group with finite center. In the proof of Theorem 3
and Theorem 4, we are interested in spectral asymptotics in a relative trace formula for
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maximal flat submanifolds of an associated locally symmetric space. Let G = NAK
be a choice of Iwasawa decomposition. Define a = Lie(A), and recall Harish-Chandra’s
formula for the spherical function of parameter ¢\ € ia™:

pir(g) = / elPtNHED g, (0.12)
K

where H : G — a is the Iwasawa projection and p € a* the half-sum of positive roots. In
the analysis of the relative trace formula we require asymptotics for the integral

/ vir(a)b(a)da
A

(with a smooth cutoff b(a)), as well as twisted versions thereof, as A grows in a*. The
problems are relative analogues of the problem of bounding spherical functions considered
in [20].

In view of (0.12), one is naturally led to study the behavior of the Iwasawa a-projection
along sets of the form kA. More specifically, we are interested in the critical points of

A(H (ka))

as a function of @ € A. The maximal flat submanifolds of the symmetric space G/K are
the images of the sets gA. When G = PSLy(R), then G/K is the hyperbolic plane, the
maximal flats are the geodesics, and the motivating problem of bounding orbital integrals
is solved in [47]. It takes as input classical facts about the geometry of geodesics in the
hyperbolic plane. For general semisimple G we require analogous results for maximal flat
submanifolds, which to our knowledge are not established. We state the results in the
next few paragraphs.

Consider the hyperbolic plane H = {z+iy € C : y > 0} with its hyperbolic metric. The
group PSLa(R) acts on H by orientation-preserving isometries. We make the standard
choice of Twasawa decomposition: Let N be the subgroup of unipotent upper triangular
matrices, A the subgroup of diagonal matrices and K = PSO3(R). Then PSLy(R) =
N x Ax K, the diffeomorphism being given by multiplication. The upper half-plane model
naturally lends itself to describe the Iwasawa projections geometrically. The element

9= <(1) 91;> <\{)§ 1/?@) €N

sends ¢ to x + ¢y. That is, the real part of gi can be identified with the N-projection of
g, and the imaginary part with the A-projection.

By a (maximal) geodesic in H we mean the 1-dimensional submanifold defined by
it, although we will sometimes informally speak of geodesics with an orientation. The
geodesics in H are the semicircles with centers on the horizontal axis, together with the
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vertical lines. The action of PSLa(R) on 4 induces a diffeomorphism between A and the
vertical geodesic through i. Every geodesic is of the form gAi with g € PSLy(R).

Observe that the real part of every geodesic is a bounded set. We generalize this
observation to semisimple Lie groups G, as follows.

Theorem 5. Let G be o connected semistmple Lie group. For all g € G, the N -projection
of gA is a relatively compact set.

Theorem 5 is proved in §2.2 by diving into the mechanics of the Gram—Schmidt pro-
cess, and showing that the orthogonalization part can be done with uniformly bounded
operations. In fact, we will prove a stronger version with some uniformity, which is
Theorem 2.17. The uniform version requires to partition the set of all maximal flats,
which is naturally identified with G/Ng(A), into a Zariski open ‘generic’ set and several
lower-dimensional ‘exceptional’ sets. This partition generalizes the distinction between
semicircles and vertical geodesics in the upper half plane H, in which case the semicir-
cles form the generic set. The partition is not dependent on any choice of model for
the symmetric space G/K, but inherent to the choice of Iwasawa decomposition of G.
Some of the lower-dimensional sets come from semistandard Levi subgroups, and it is no
surprise that they are exceptional. But in general there are other exceptional sets, and
the partition remains quite mysterious.

The second group of results concerns the Iwasawa A-projection. In the case of G =
PSLy(R), define the height of a point in H to be its imaginary part. The heights of the
points of a geodesic gAi form a bounded-from-above set precisely when the geodesic is a
semicircle. In that case, the height is maximized at a unique critical point, which is the
midpoint of the semicircle, and the height tends to 0 at infinity on the geodesic. Such a
critical point exists if and only if gAi is not vertical, meaning that g ¢ N - Ng(A).

For a general connected semisimple Lie group G, we prove the following.

Theorem 6. Let A € a* be an element that is positive with respect to the choice of
lwasawa decomposition, reqular, and which does not lie in a proper subspace spanned by
r001s.

(i) For all g € G the “height function”

h)\7g A= R
a— ANH(ga))

has at most one critical point. If it exists, it is non-degenerate and mazimizes hy 4.
(it) The set of g € G for which a given a € A is a critical point of hy 4, is a non-empty

smooth submanifold of codimension dim(A). The set of g € G for which hy 4 has a
critical point, is open.
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We prove Theorem 6 in §2.3. The proof is quite technical and occupies the larger part
of this section. Regarding the second part, note that it is by no means obvious that h) 4
has a critical point for even a single g, because the domain A is noncompact. The way in
which we prove existence is by varying g € K, and realizing the elements g with a given
critical point as the minima of a certain smooth function on the compact group K. It is
likely that the set of g € G for which h) 4, has a critical point is in fact dense and that
this can be proved using a very different argument, which is related to Theorem 5; see
Remark 2.54.

Remark 0.13. The critical points in Theorem 6 can be thought of as giving the mid-
points of the flat gA C S. It is in general too much to hope that H(ga) has a critical
point as a function of a. That is, the critical points can depend on A € a*. (See Exam-
ple 2.29.) We will not use the term “midpoint”, all the more because we have found no
way to generalize the observation that for PSLy(RR), the critical point corresponds to the
center of the semicircle gAi C H.

Remark 0.14. In Theorem 6, many things break down when A is singular, lies in a
proper subspace spanned by roots or is nonpositive: the nondegeneracy, uniqueness,
and existence of critical points. Regarding non-degeneracy, see Remark 2.46. For non-
uniqueness and non-existence, see §2.3.2.

Finally, we turn our attention to the Iwasawa K-projection. The Lie group PSLa(R)
is naturally identified with the unit tangent bundle 7 (H) via its action on the vertical
vector at the base point, (4, (0,1)). The Iwasawa K-projection of an element g corre-
sponds to a choice of direction at the point gi. The elements of the Weyl group N (A)
correspond to the vertical directions, up and down. As we approach infinity along a
geodesic, the tangent line to the geodesic tends to a vertical one.

We generalize this observation as follows.

Theorem 7. Let G be a connected semisimple Lie group. Let g € G and H € a. Then
the K-projection of ge'™! tends to Ni(A)Zx(H) as t — +oo.

Theorem 7 is proved by projecting the K-projection of the geodesic flow down to the
Lie algebra in a specific way and realizing it as the flow of a vector field. The resulting
dynamical system is quite mysterious, but the asymptotic behavior of individual orbits
can be well understood. It might seem that Theorem 7 is a statement about individual
geodesics rather than maximal flats, but it is possible to formulate statements with
uniformity in the variables g and H; see Remark 2.68.

In the end the results on the N- and K-projections were not needed for the stationary
phase analysis in §3. But they complete the picture nicely, might be useful elsewhere,
and they barely fail to provide alternative proofs of parts of Theorem 6; see Remark 2.54.
A number of things remain mysterious, in particular the apparent relation between the
partition in Theorem 2.17 on the N-projection, and the dynamical system used in the
proof of Theorem 7; see Remark 2.68.
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1 Geodesic periods on hyperbolic
surfaces

This chapter contains the proofs of Theorem 1 and Theorem 2. It can be read inde-
pendently from the other sections. The reader may find that the proofs here are quite
detailed. This is intentional: Our hope is that it can serve as a helpful tool to read the
arguments in the later sections, where we have left out some of the details for the benefit
of a cleaner exposition.

The proof of Theorem 2 follows the recipe given by (0.8) and goes by a comparison of
trace formulas. In §1.2 we derive both formulas. Here, a novelty is the estimation of the
contribution of hyperbolic classes in the Selberg trace formula, which is an unavoidable
issue given the nature of the problem; see Remark 1.14. In the relative trace formula,
we identify a main term and determine its size. This involves an arithmetic computa-
tion (§1.3.1) and an analytic computation (§1.4). Bounding the error terms leads to
a Diophantine problem (§1.3.2) and the analytic problem of bounding orbital integrals
(8§1.5). In §1.6.1, we combine the work and consider an arbitrary amplifier, obtaining an
asymptotic estimate for short spectral sums. In §1.6.2 we optimize the amplifier, proving
Theorem 2. In §1.6.3 we explain how to adapt the method to prove Theorem 1.

1.1 Notation

1.1.1 Lie groups

Let G = PSLy(R) and define the subgroups K = PSO2(R), A = {(}9)} and N =
{(}1)}. Fix parametrizations a : R — A, k: R/27Z — K defined by

aor=( ) o= (e e,

The action of G on the hyperbolic plane H induces a map G — H : g — gi and a
diffeomorphism N x A = H. Denote by dg the (bi-invariant) Haar measure on G = Hx K
that is the product of the hyperbolic measure with the Haar measure dk of mass 1 on K.
Fix any Riemannian metric on GG, and denote the Riemannian distance on G by d = dg.

We will often use the fact that any two Riemannian distances are locally equivalent,
or more generally the following fact: when M is a smooth connected manifold, N C
M a connected submanifold, each equipped with a Riemannian metric, then for every
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compact subset L C N and z,y € L we have dy(z,y) <1 dy(z,y). In particular, taking
M = N = G and pulling back the metric on G on the left or the right by g € G,
we have for every compact L C G and z,y € L that d(gz,g9y) =41 d(zg,y9) =41
d(xz,y). Taking N = SL2(R) equipped with any Riemannian metric and M = M>(R)
with the Euclidean metric with respect to the standard basis, we find that for L C SLa(R)
compact and for matrices x,y € L, dgr,(r)(z,y) XL ||z — yll2. We also have dg(z,y) <L

min(dSLQ(R) (.%, y)a dSLQ(R) (1’, _y))

1.1.2 Arithmetic quotients

Let B be a quaternion division algebra over Q that is split at co. That is, there exists an
isomorphism of R-algebras p: B ®g R = M(R). We view B as a subset of B ®g R via
the natural embedding. Denote the projection GL] (R) — PSLa(R) = G by g +— g, and
define 5(g) = p(g) for an element g € (B ®gR)* of positive reduced (quaternion) norm.
We will not always distinguish between n € BT and its image p(n) € G. Let R C B be a
Z-order. For n € Nxg, denote by R(n) C BT the set of elements of reduced norm equal
to n, define R' = R(1) and define I' = p(R!) C G. It is well known that I is a lattice in
G, and that the quotient I'\H is compact (see for example [74, IV: Théoréme 1.1.]). We
call I" an arithmetic lattice. We fix any norm |[|-|| on M3(R) = B ®g R.

1.1.3 Closed geodesics

By a geodesic in H we will mean a maximal geodesic, which we identify with the set of its
points, disregarding the parametrization. The image of A in H is the geodesic joining 0
with co. Because G acts transitively on the unit tangent bundle of H, it acts transitively
on geodesics. If L is the geodesic that is the image of gA in H, its set-wise stabilizer is
the normalizer Ng(gAg~1), in which gAg~! has index equal to 2.

If I' C G is a discrete subgroup, a geodesic L = gAi C H projects to a smooth curve
in the Riemannian orbifold I'\H. It has a periodic image ¢ C T'\H precisely when there
exists v € (TNgAg—!)—{1} that stabilizes L. We then call £ a closed geodesic and denote
['; = Stabr(L) NgAg~!. It is a lattice in gAg~! and we have [Stabp(L) : I'z] € {1,2}.
When this index equals 1, ¢ is called a reciprocal geodesic; see [66]. When ¢ is a closed
geodesic and ¢ € C°(I"\H), define the period of ¢ along ¢ as the line integral

Zu(9) :Z/F \L¢- (1.1)

When T is an arithmetic lattice as in §1.1.2, the closed geodesics can be characterized
as follows. When I’ C B is a real quadratic number field, the R-algebra F'®gR C B&®gR
is isomorphic to R x R, hence its image under p is conjugate in Ms(R) to the algebra of
diagonal matrices. Thus the group p((F ®g R)') of matrices of determinant +1 equals
gAg~! for a unique g € G/Ng(A). One has that gA projects to a closed geodesic in I'\H
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and every closed geodesic is obtained exactly once in this way: we obtain a bijection
F — Lp between real quadratic number fields inside B and geodesics in H that become
closed in I'\H. (In particular, whether a geodesic becomes closed in I'\H depends only
on B and p.) It induces a bijection between real quadratic F' C B modulo conjugation
by R!, and closed geodesics ¢ C T'\H.

When F' is such a real quadratic field, we write Rp = RN F. It is an order in F
and one has that I'z,, = p(RL), whereas Stabr(Lp) equals the normalizer p(Ng1(F)).
More generally, one has Stabg+(Lr) = Np+(F). Let w € B* be a Skolem-Noether
element with respect to F'. That is, conjugation by w leaves F' invariant and induces the
non-trivial automorphism of F. Then N+ (F) = F* U (wF)™.

Remark 1.2. Closed geodesics are naturally grouped in packets indexed by a class
group, and the above bijection gives the geodesic corresponding to the identity of the
group. When R is an Eichler order of square-free level, packets can be described without
use of the adelic language as follows: let ' C B be a real quadratic field, and I an
invertible fractional Rp-ideal. The right R-ideal IR is principal and generated by an
element a € B*. To I we associate the R'-conjugacy class of the field a='Fa (ie., a
closed geodesic). The map obtained in this way factors through the narrow class group
of Rr to an injective map.

Remark 1.3. When a closed geodesic is viewed as a subset of I'\H, it may seem natural
to define Z(¢;) instead as an integral over Stabp(L)\L, resulting in a period that is
half as large when L is a reciprocal geodesic. However, the definition (1.1) is closer to
the notion of an adelic period, and appears naturally in a period formula, which we now
state.

Remark 1.4. Geodesic periods are related to central values of certain Rankin—Selberg
L-functions as follows: [59, Theorem 5.4.1] let N > 1 be a square-free integer and let
F be a real quadratic field of square-free discriminant dgp coprime to N. Assume that
the number of primes dividing N that are inert in F' is even. Let B be a quaternion
algebra over QQ that is ramified exactly at the primes dividing N that are inert in F'. Fix
an embedding ¢ : F — B. Let R C B be an Eichler order of level N/Ap containing
the full ring of integers «(Op). (The freedom in the choice of the Eichler order R is
explained in [59, Remark 5.3.3].) Let I' C PSLo(R) be the corresponding lattice. Let h}.
be the narrow class number of F'. To F' corresponds a packet Ay, consisting of h;,C closed
geodesics in I'\H. Let xo be the trivial character of the narrow class group of F' and m,,
the associated automorphic representation of GL2(Ag) given by automorphic induction.
Let f be a Maass newform of level I'g(/V). Let 7y be the automorphic representation of
GL2(Agq) it generates. Let W}ICL be the corresponding representation of B*(Ag) given by
the Jacquet-Langlands correspondence and take a newvector in W}L, which corresponds
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to an L%-normalized Hecke-Laplace eigenfunction ¢ on I'\H. Then

2

A1/2,mp Xmyo) o -1/2 p+1
A(1, 7, Ad) =24, ]] 1 > 2ue)| (1.5)
p|AB KEA(IF

where the A’s in the left-hand side are completed Rankin—Selberg L-functions. (When f
is odd, both sides are 0.)

Note that: (1) the assumption that there is an even number of prime divisors of N
that are inert in F' implies that the e-factor in the functional equation for A(s,m¢ X my,)
is 1, so that there is no forced vanishing of the central value; (2) if there is at least one
such prime divisor, B is a division algebra; (3) if all prime divisors of N are inert in F
R is a maximal order. In Corollary 1 we impose all three conditions.

1.1.4 Hecke operators

Assume from now on that R is an Eichler order of square-free level. Let Apg be its
discriminant and I' = p(R!). For n € Ny, the quotients R(1)\R(n) are finite and we
define the Hecke operators Tj,, which act on L?(I'\H), by

(L)) = Y fn2). (1.6)

neR(1)\R(n)

The T,, are self-adjoint operators and commute with the Laplacian A on smooth func-
tions. Because R is an Eichler order of square-free level, when (mn,Ar) = 1 we have
the relations

TnTo =ToTom =Y d- Tpnyae (1.7)

dlm,n

(see |23, §IIL.7]). Note that the Hecke operator T;, is often normalized by multiplying
the sum in (1.6) by a factor 1/4/n, which we don’t do here.

1.1.5 Convolution operators

In order to extract short spectral sums from the spectral side of the trace formula, we
will make use of convolution operators that are approximate spectral projectors, and
whose Harish-Chandra transform satisfies certain positivity properties. Their existence
is guaranteed by Proposition 1.8.

For s € C, define the spherical function ¢, € C*°(K\G/K) by

ps(g) = / /2 ED) g,
K

where H : G — R is defined on A as the inverse of the map a : R — A from §1.1.1, and
extended using the Iwasawa decomposition to G = NAK by defining H (nak) := H(a).
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This way, H(g) is the unique real number for which g € Na(H(g))K. For a € A we have
that

#s(a) = Py (cosh(H (a))),

where P stands for the Legendre function (see also (1.33)). R
For a function k € C§°(K\G/K), define the Harish-Chandra transform &k : C — C by

R(s) = /G k(9)es(9)dg

It is an entire function of order (at most) 1 and of finite type, whose type remains
bounded when the support of k remains bounded. When k;, ke € C3°(K\G/K), define
the convolution

(y k) (g) = /G 1 (gh)ka(h~V)dh

Proposition 1.8. There exists a family (k,),>o0 of bi-K-invariant smooth functions on
G satisfying:

1. there exists R > 0 such that k, is supported in the ball B(1, R) for all v;

)

2. ky(s) € R>g when s € RUIR;

)

3.

4.
5.

x>

)

(
y(ir) > 1 for |r—v| <1;
(

L(ir) <y (14 |v — 7)™ uniformly for v >0 and r € Rso U [—i/2,i/2];

>

v(1) < v for v sufficiently large.

Proof. Take any real-valued k € C§°(K\G/K). The Harish-Chandra transform E(s) is
clearly real when s € R, and in view of the functional equation ¢_; = @4, also when
s € iR. If we choose k nonnegative and not identically zero, we have k:( ) >0 for s € R;
in particular for s = 0. Let k() = k k. Then k( y(8) = k( ) > 0 for s € RUiR. There

exists > 0 such that k(l)( 5) > k(1)(0)/2 for |s| < 4. Let k(2)( s) = 2k (53)/l<: y(0).
Then /k\(g)(s) > 1 for |s| < 1. Let /4:(2) be its inverse Harish-Chandra transform. Define

o~

7{:\,,(3) = ke (iv +s) + k:(2)( iv—s).

Then k, is entire, even, of exponential type (at most) the exponential type of E(z), S0
it is the Harish-Chandra transform of a k, € C§°(K\G/K) whose support is bounded
independently of v. Conditions (1) and (2) are now satisfied. When |r —v| <1, we have

ky (ir) = %(2) (v +ir) + /k\(g) (v —ir)
>0+1,
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which implies condition (3). Being the Fourier transform of the Abel transform of k),

k(2) is of rapid decay on vertical strips of C. Thus when Re(r) > 0 and Im(r) remains
bounded,

k(ir) <y A+ v +r) ™+ @+ v —r)
<y (1+|v-— r\)*N,

which is (4). For (5), using the inverse Harish-Chandra transform we have

kum—Am%wmmmmmw, (1.9)

where 3(r) = i tanh(7r) - r is the Plancherel density. When g = e, ¢;(¢9) = 1 so that

k(1) > /VHE,,(Z'T)B(T)dT > v

on the one hand, and

2v o] r
k(1 <</ ky (ir 1/d7"+/ ———dr
@ 0 (ir) o (r—v)?

< v kllpgm vt <y

on the other. O

Throughout, we fix a family (k,) as in Proposition 1.8.

1.1.6 Eigenfunctions

Let (¢;);>0 be an orthonormal basis of L?(T'\H) consisting of simultaneous eigenfunctions
for A and the Hecke operators T,, for (n,Ar) = 1, ordered by increasing Laplacian
eigenvalue \; > 0:

(A4 Xj)p; =0.

Because A and the T;, are self-adjoint, we can and will assume that each ¢; is real-valued.
Write the nth Hecke eigenvalue of ¢; as T,,(¢;). For each j, write \; = i + 1/]2, where
vj € R>oUJ0,1/2] is called the spectral parameter of ¢;, to be thought of as the frequency
of the wavefunction ¢;. The automorphic kernel K, (z,y) = >_. r k,(x71vyy) acts as an

integral operator on L?(I'\H), and the K, -eigenvalue of ¢; is E,,(iyj).
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1.2 Two trace formulas

As in §1.1, let I' C G be the lattice coming from an Eichler order R of square-free
level in a quaternion division algebra B, F' C B a real quadratic field, L = Lr C H
the corresponding geodesic and ¢ the corresponding closed geodesic. Denote Z(¢;) =
Pi(¢j). Let goAgO_1 = Ar, be the identity component of Stabg(L).

We start from the spectral expansion of the automorphization of k,:

Zk (ivj)p;(x Zk (™ ’yy

vyel

where the convergence is uniform for x and y in compact sets. Let n > 1 be an integer
coprime to the discriminant Ag, and apply T}, to the z-variable to obtain

Zk i) Tu(d))05(@)05 () = > k(e 'ny). (1.10)

neR(n)/+£1
Setting x = y and integrating over I'\H we obtain the amplified standard trace formula:
Z?ﬁ\y(iyj n(®j) / ky(z"tnz)dz . (1.11)

j NH R n) J+1

On the other hand, to make periods appear, we may integrate (1.10) over £ x £ to get
the amplified relative trace formula:

Z/k\l,(il/j)fn( / Z ky (x " 'ny)dxdy . (1.12)
J Ext neR(n)/£1

We now identify a main term and an error term in both trace formulas.

1.2.1 Standard trace formula
Rewrite (1.11) as

Zk i) Tn(8;) = |(R(n) NQ)/ £ 1| - Vol(D\H) - ky (1)

(1.13)
+ (z~ 7737
A

€(R(n)—

where . C H is a fundamental domain for the action of I'. We want to bound the sum
in the right-hand side. We follow [37, §2]. The argument changes slightly because our
convolution operator k, is a different one: (1) the support of k, does not decrease with
v, which means that the contribution of hyperbolic elements cannot be ignored. (2) k,
is not necessarily nonnegative, so we cannot bound the contribution of a single n by the
contribution of its conjugacy class.
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Remark 1.14. The reason why we (have to) make this choice of convolution operator
ky, is the following. Our ultimate goal is to prove an inequality of the form

Z/];V(Z‘Vj)wje@(¢j)2 Z CV . ZEV(Z'V]‘)U)J' (1.15)
J J

for suitable nonnegative weights w;, which will imply (if the right-hand side is nonzero)
that at least one eigenfunction ¢;, satisfies the bound 9(¢j0)2 > (. Here, we expect C,,
to be just slightly larger than v~!. In particular, it decreases with v (in contrast to the
situation in [37, 50]). We want to bound C,, from below by 1/]701. If v, is small compared
to v (less than 199 say), then this is not possible. To ensure that Vj, > v, we want to
truncate the sum in the left-hand side of (1.15) and keep only the terms with v;, < v.
This is why we have chosen k, with the property that it has rapid decay away from v.
As a bonus, we obtain an eigenfunction whose spectral parameter v, lies in an interval
of bounded length around v. As a minus, we lose nonnegativity of k,,, which means that
orbital integrals in the relative trace formula can be negative, and have to be bounded.

For the contributing hyperbolic classes, we will need additional arithmetic information,
given by the following lemma.

Lemma 1.16. Let n > 1 and n € R(n). Suppose that there exists v € R', x € ¥ and
v >0 with =y lnye € suppk,. Let K = Q(n) C B be the quadratic subfield generated
by n, and let O = RN K, which is an order in K. Then there ezxists a constant C > 0,
independent of n and n, such that |Tr p(n)| < C and the discriminant Do of O satisfies
[Do| < Cn|[Tr p(n)| - 2].

Proof. Because K N R = yK~y~! N R, these orders have the same discriminant, and
because Tr(y~1ny) = Tr(n) we may assume v = 1. Then p(n) belongs to the bounded
set Z(J, suppk,)Z 1. Thus ﬁp(n) belongs to a bounded set independent of n and

v. By the remarks in §1.1.1 there exists C' > 0 with ||ﬁ77|] < (', where |[|-|| is the norm

on B ®g R we fixed in §1.1.2. Let a € O be such that a*> = Dp. Then O C %Z + %QZ.
Write = a + ba with a,b € Z. Then

Tr(n)| = [12all = [In +7ll < 2C"V/n

so that |Tr(p(n))| < 2C". Because n ¢ Q we have b # 0, so |[b| > 1/2. From n = N(n) =
a? — Dpb? we have

|a2 —n 2 _ _
< Ala” = nf=n(Tep(n)] +2) [Tr p(n)] - 2|

|Dol| =

and we can take C = 2C" + 2. O

Let s denote the characteristic function of the squares, so that |(R(n)NQ)/+1| = s(n).
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Proposition 1.17. There exists an absolute constant C > 0 such that

Z ko (iv5) 15 ¢J = s(n) Vol(I"\H) - k,(1) + O <n3/26010gn/ 10g10g(n+1)) 7

unigformly inn > 1,v > 0.

Proof. We may rewrite the sum in the right-hand side of (1.13) as
ZZ/ (1) (1.18)

where the sum runs over all R!-conjugacy classes C C R(n) — Q. Fix C and take n € C.
We break into cases based on whether p(n) is parabolic, hyperbolic or elliptic. Because
B is a division algebra, p(n) is not parabolic.

When 7(n) is hyperbolic, call P > 1 the square of its largest eigenvalue. Because
7 generates a real quadratic quadratic subfield K C B, the centralizer Zr(p(n)) is an
infinite cyclic group. Let 79 € K N R! be totally positive and such that p(ny) generates
this centralizer, and let Py > 1 the square of the largest eigenvalue of p(n9). By the
computation in [36, §10.5] and our choice of k,,

log PO o . irlo _
Z/ .’E 7711: dSU = W/Rk,/(’n“)e 1 gP(ZTF) 1d7”
neC

log Py

<<7P1/2—1'

We have

(PI/Q _ 1)2

1/2 2
(P2 —1)2 > Ve

_ P24 P2 o ()] — 2.

1/2 -1/2 _

In order to bound Py, let 0 : K — R be an embedding and observe that F,"” + F,
Trpq(m0) = (o) +o(no) =" Thus By € {o(n0)*, o(10)~*}, so that log Py = 2|log U(??o)\-
When R is the regulator of the order O = RN K, we have [loga(ng)| € {Ro,2Rp} ac-
cording to whether the fundamental unit of O has norm 1. From the proof of Dirichlet’s
unit theorem, one has that Ry is bounded up to a constant by a power of the discrimi-
nant Dp. Using the class number formula this can be improved to Dé)/ 2 log Do loglog De.
(For non-maximal orders, this was done in [64]|.) We may now assume that the sum over
n € C is nonzero, in which case Do < n(|Tr p(n)| —2) < n by Lemma 1.16. Combining
this with the bound for P/2 — 1, we obtain that for C hyperbolic,

n'2(|Tx(p —2)1/210 2n
WZEC/ (7 Inz)dr < (’(|T(((7(77)7§)|—;)1/2 & 121020, (1.19)
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When p(n) is elliptic, let 0 < 6 < 7/2 be such that +e' is an eigenvalue. The centralizer
Zr(p(n)) is a finite cyclic group. By the computation in [36, §10.6],

Lo x_M 7 (ir Cosh((wfgg)?a)E :
Z/O;ku(a: nx)dx = /RkV() ]

2 sin 0 cosh(mr) 2

sinf
Because p(n) is elliptic, |Tr(n)|>< 4n, so |Tr(n)|? < 4n — 1 as the left-hand side is an
integer. We have

2~ [Te(p(m)] = 2 — 1[4 — = = ! >

1
n n<2+ 4—%) in

so that
2sin’ 0 = 2 — 2cos’> 0 > 2 — 2cosf = 2 — |Tr(p(n))| > (4n)~ L.
We obtain that, for C elliptic,

Z/ ky (" 'nz)de < n'/?. (1.20)

neC 7

We now count the number of contributing conjugacy classes. For the term in (1.18) cor-
responding to i to be nonzero, there must exist = in the compact set .# with = 'p(n)x €
supp k,. We may thus restrict the sum (1.18) to C that contain an element 7 with
Inll < C’y/n. The number of such conjugacy classes is bounded by the cardinality of the
set
M ={n € R(n): |l < C'Vn}.

This is a counting problem that has arisen many times in the context of sup norms of
Maass cusp forms. Letting (no,n1,72,73) be a fixed Z-basis of R and using that ||-|| is
equivalent to the sup norm with respect to this basis, we see that |M| < (v/n)*. A
more careful treatment gives |M| < nexp(C'logn/loglog(n + 1)) for some C > 0; see
for example [50, §5] or Remark 1.31 below. Multiplying this bound for |M| by the larger
one of the bounds (1.19) and (1.20), the claim follows. O

1.2.2 Relative trace formula

Proposition 1.21. There ezxists a nonnegative b € C§°(R) depending only on I' and L,
such that for every n € Ny,

Y k) Tu($5)2(65)° = |Nrn)(F)/Rp| - VOl(T'L\L) - /Rky(a(t))dt
i

+ > I(v, 95 '190) ,
NE(R(n)~ Ny (F)) /21
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where for g € G we define
I(v,g) = /R bs)blOku(a(=s)ga(t)dsdt. (1.22)

Proof. We start from the relative trace formula (1.12). We have that L has unit length

parametrization by goa(t)i where a(t) = exp(lt/2 S/2>. Let .#1, C L be a fixed funda-

mental domain for the action of I';,. Write

/ k(™ ny)dwdy = Z / ky (2™ ny)dady
FLXFL FrLXFL

neR(n)/+1 NENR(my (F)/£1

+ / ky (z  ny)dzdy .
Z FLXTL, ( )

ne(R(n)—=Ngm)(F))/+1

The first term equals, by unfolding the sum in the second variable and then making the
change of variables y < n~ 'y,

> / ko (z ™ ny)dedy
gLXL

ENR(ny(F)/ R
- Y [ ke
€N R (F)/RY, T TLXE

— [Ny (F)/RY) / ko (a(—s + £))dsdt
Vol(Z1)] xR
— | Ny (F)/RY| - VOl(TL\L) - /R ki (a(t))dt

For the second term, we unfold the sum as follows:

> > /, (™ yy)dady

S€LL\P(R(n)—Ngn)(F))/Tr v€lLol'L LXJL

= Z / k, (z710y)dxdy
LxL

ST L\B(R(n)—Ng(n) (F))/T'L

Here, we used that for § as above, the integral over L x L converges absolutely thanks
to the compact support of k,, and that the map I'y x I', — G : (71,72) — 71672 is
injective. Indeed, the contrary would imply that I'y N 6T L6~ # {1}, so in particular
A NS6ALS™L # {1}. This would imply Ay, = §AL6 ! so that 6 € Ng(AL). If 6 = p(n)
with € R(n), this means that n € Nz+(F), a contradiction.
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Now we introduce a smooth cutoff function in each of the integrals. Let by € C§°(L)
be such that } . bo(yz) =1 for all z € L. Then the sum equals

Z /LL Z bo(y12)bo(Y2y)ky (x™ 5y)da:dy

S€TL\P(R(n)—Npgn)(F)) /T Y1726l
/ Z bo(2)bo(y)ky (1 5v2y) dady
6erL\p<R(n) Ny (F)/T T EX Ly ppery,

- 2 /L>< L bo(z)bo () (z ™ yy)dady ,

YE(R(n)—Npm)(F))/+1

where we made the change of variables (x,y) + (712,72y) and merged the sum over
0 with the sum over 7;,72. We obtain the statement of the proposition, with b(t) :=

bo(goa(t))- O

For the integral appearing in the main term in Proposition 1.21, we shall prove the
following in §1.4.

Proposition 1.23. We have
/ ky(a(t))dt < 1
R
for v sufficiently large.

For the integrals appearing in the remaining terms in Proposition 1.21, we have the
following.

Proposition 1.24. Define I(v,g) by (1.22).
1. There exists C' > 0 independent of v > 0 such that I(v,g) = 0 unless d(g,1) < C'.
2. For g € G, we have
I(v,9)] < (1+v-d(g, Na(A))"/?
uniformly in g and v > 0.
The constant C' in (1) and the implicit constant in (2) may depend on £.

Proof. We prove the first assertion and postpone the proof of the second assertion until
§1.5. By construction, k, is supported on points at bounded distance from e. If I(v, g)
is nonzero, there exist t, s € supp b with k,(a(—t)ga(s)) # 0. Then g belongs to the set
a(supp b) (supp ky )a(— supp b), which is bounded uniformly in v. O
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1.3 Counting Hecke returns

1.3.1 Counting stabilizers

Let F' C B as before be the real quadratic number field corresponding to the geodesic
L. We want to understand the factor |Npg,)(F)/RJ|, which appears in the main term
in the relative trace formula. Denote by fr, the conductor of the order Rr, by Pg, the
set of principal ideals of the maximal order Of that are generated by an element of Rp,
and by Pgr,(n) the set of such ideals of norm n.

Lemma 1.25. When n > 1 is coprime to fr,, we have
|Nr(n)(F)/Rp| 2 |Prp(n)]

Proof. We may bound the left-hand side from below by |Rp(n)/RL|. We show that
for (n,fr,) = 1, this cardinality equals |Pg,(n)|. An element 7 € Rp(n) determines
a principal ideal nRr C Rp, which determines a principal ideal nOp € Pgr,(n). The
composition of the two maps obtained in this way, is by definition surjective onto Pg, (n).
The first map has fibers which are full orbits under multiplication by R}p. The second is
injective, provided that n is coprime to the conductor fg,. ]

1.3.2 Bounding approximate stabilizers

In order to control the sum appearing in the error term in Proposition 1.21, we will need
an upper bound for the number of elements n € R(n) that are close to stabilizing L
without actually stabilizing it, that is, for the cardinality of the sets

M(n,8) = {n € R(n) : d(p(n),1) < ', 0 < d(p(n), Na(AL)) < 6}

where ¢’ > 0 is an arbitrary constant, which we fix throughout this section. This
counting problem is similar to, but slightly different from the ones considered in [37, 47]
in the context of upper bounds for sup norms and for integrals along geodesic segments,
respectively: in the definition of M(n,d), we are excluding the n € R(n) that stabilize L,
so that the upper bound for | M (n, d)| we obtain is smaller than what a direct invocation of
[47, Lemma 3.3| would imply. This is necessary, because including those 7 in the definition
of M(n,§) would force any upper bound to be at least as large as | Np(,)(F)/R|, while
we want the latter quantity to dominate the error term. Our method for bounding
|M (n,6)| however, uses many ideas that originate in [37].

Lemma 1.26. There exists an absolute constant C > 0 such that when D € Z~q is a
non-square, 0 <6 < B andn > 1,

# {(u,v) € 7Z?:0< ‘ug — Dv? — n‘ < 6n, |ul,|v] < Bn}
< 5n€6’10gn/ log log(n+1)

where the implicit constant depends on D and B.
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Proof. We want to estimate

#{(u,v) € Z*: 0 < |u* — Dv® — n| < 6n, |ul, |v| < Bn}
= Z #{u,v : u? — Dv? =m, |u|,|v] < Bn}

0<|m—n|<én

Let K = Q(v/D). Fix m as in the sum. Any pair (u,v) as above determines an element
z =u+vVD € K of norm m, and if |-|1, ||2 denote the two Archimedian absolute values
of K, we have |z|1,|z|2 < Bn(1+v/D)). We obtain the upper bound

#{(u,v) € Z* : u® — Dv* = m, |ul,|v| < Bn}
< #{z € Ok : N(z) =m,|z|1, |22 < Bn(1+VD)}.

The latter set maps to the set of integral ideals in Ox with norm m. There are at
most 7(m) such ideals. We may bound the divisor function 7(m) by its maximal order
exp(C'logm/loglog(m + 1)) <5 exp(C'logn/loglog(n + 1)) for some C' > 0. The fibers
of said map are orbits under multiplication by units of norm 1. Let € be the fundamental
unit of K. The bound on |z|; and |z|2 implies that the fibers of that map are of size at
most

log(Bn(1++/D))
log|e]

< 1+logn

We obtain the upper bound

Z #{u,v: u? — Dv2 =m, |ul,|v| < Bn}
0<|m—n|<én
< dn - exp(Clogn/loglog(n+1))- (1 +logn),

as desired. Here we used that the number of terms in the sum is < dn, and not just
< 0n + 1, since we omit the term for m = n. O

Lemma 1.27. There exists an absolute constant C > 0 such that
#M(n, 5) < 5neClogn/loglog(n+1) )
The tmplicit constant may depend on £.

Proof. Let D > 0 be the discriminant of F and take o € F with o? = D. For t,u € R
we have Ny, gy /r(t +up(a)) = t?2 — Du?, so that

AL = p(F®gR)Y) = {t Fup(a) : 2 — Du? = 1} (1.28)
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Let w € B* be the Skolem-Noether element from §1.1.3. Multiplying w, if necessary, by
an element of negative norm in F and by a suitable integer, we may assume that w € R*.
Let B := Npg(w) = —w? € Zso. Let S C B be the order Z + Za 4 Zw + Zow. Let f €
Nsg be such that f-R C S. Now let n € M(n,d). We can write n = xo+z1a+z0w~+r300
with xo, 21, 22,23 € %Z, and we have Npq(n) = 2§ — Dai + Ez3 — DEz3 = n. All
implied constants throughout the proof will be allowed to depend on D, F and f.
Suppose first that d(p(n), Ar) < d. Let C’ be the constant from the beginning of the
section, with respect to which M (n, d) is defined. Because M (n,d) = M (n,C") for 6 > C’,
it is no restriction to assume § < C’. By the remarks in §1.1.1, from d(p(n), A) < 6 and
d(p(n),1) < C" it follows that there exists a € SLy(R) with@ € Ay and ||ﬁp(n)—a|| < 4.
Here, the norm is any fixed norm on M(R). Writing a = t+up(«) as in (1.28), it follows
that in B ®q R,
i(77®1) =1@t+a®u+0())

vn

and comparing coordinates in the basis (1, a, w, aw), we obtain

% —t+0(5)

Ty

— =u+0(9)

n

},{; (1.29)

x

7% = 0(6).

The assumption d(p(n),1) < C’ implies that o, 1, x2, 23 < y/n, so that
2 2
1=¢2-Du?=20_ DI 1 0®).

n n

That is, |#3 — Dx? — n| < én. Because d(p(n), Ng(A)) > 0, we have n ¢ F, so that
(z2,73) # (0,0), so that 22 — Dz? = n — E(x3 — Dx3) # n. We obtain that the integers
(fro, f1) satisfy

0 < |(fzo)® — D(fx1)? — f*n| < on
and |fxo|,|fr1] < n. By Lemma 1.26 and the assumption that 6 < C’, the number of
possible values for (zg,z1) is at most < dne®1oen/1oglog(n+1) for some C' > 0. If we fix
xo and x1, then xo and x5 satisfy

[(fx2)? = D(fxs)?| = f?/E - In— Npg(zo + z10)| < (1.30)

and |fxol, |f23] < n. By counting ideals in Q(+v/D) in the same way as in the proof of
Lemma 1.26, we see that the number of (z2,x3) satisfying the equality in (1.30) can be
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bounded by < exp(C'logn/loglog(n + 1)). This proves that the number of n € M (n,?)
with d(p(n), Az) < 6 is at most < dne2Clogn/loglog(n+1)

Suppose now that n € M (n, ) is such that d(p(n), Na(AL) —Ar) < 6. We have p(w) €
Na(AL) — AL, so we obtain that d(p(wn), Ar) < 6, d(p(wn),1) < 1 and wn € R(n- E).
By the first case (with a different constant C” in the definition of M (nFE, §)), the number
of such 7 is bounded by <« dnEeClog(nE)/loglog(nE+1) for some C' > 0.

Adding the contributions from the two types of n, the claim follows. O

Remark 1.31. 1. Tt is clear from the proofs of Lemmas 1.26 and 1.27 that when
M'(n,d) is defined as the set obtained by removing in the definition of M (n,d) the
condition that 0 < d(p(n), Ng(A)), then we obtain the upper bound

#M/(n, 6) < ((5n + 1)6010g n/loglog(n+1)
for some C' > 0. In particular,

#{neRm):d(pn).1) < C'} = M'(n,C") < neC'osn/ loglogln+1)

2. Note that, as opposed to [47, Lemma 3.3|, our bound for M (n,d) is not uniform
in the geodesic L, which explains why we are able to get a factor § instead of only
V6. But this improvement will not play a major role when we use this bound in
the proof of Lemma 1.47 below. In fact, the larger part of our estimate of the error
term in Proposition 1.21 will come from the n with d(p(n), Na(Ar)) < 1, for which
the higher power of ¢ in Lemma 1.27 gives no improvement.

1.4 Stationary phase

We now prove Proposition 1.23. By expanding k, in terms of spherical functions, this
will reduce to finding an asymptotic estimate for an integral of the form

2(r) = /R () pin(alt))dt (1.32)

where ¢ : R — [0, 1] is some smooth and compactly supported function satisfying ¢(0) > 0.
We have [36, (1.43)]

vir(a(t)) = /S1 (cosht 4 x; sinh t)”*%du(:ﬂ) , (1.33)

where S' = {(x1,22) € R? : 22 + 23 = 1} and the integral is with respect to the Haar
measure. Hence

L(r) = /R /S c(t)(cosht + 2, sinh )"~ 2 dp(z)dt .
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By the stationary phase theorem, the asymptotic behavior of this oscillating integral is
prescribed by the local properties of the integrand at the critical points of the phase
function

$:S'xR—-R
(z,t) — log(cosht + x sinh t),

which we now analyze.

Lemma 1.34. The critical points of ¢ are ((0,+£1),0), and they are nondegenerate. The
Hessian in the (r1,t)-coordinates at those points is of shape

0 1
ne (i)

Proof. At the points where 9 = 0 we have 0¢/0t = % # 0, because |cosh t| >

|sinh¢|. Hence they cannot be critical points. In the open set where xzo # 0, we have
0p/0x1 = #ﬁlimht This is zero only when ¢ = 0. We have 0¢/0t = %,
which does not vanish when £ = 0, unless 1 = 0. Thus the only critical points are
((0,£1),0).

We have ¢(z,0) = 0, so that at the points where ¢t = 0 one has 9%¢/0x? = 0. At those
points we have d¢/0t = x1, so that 9?¢/0tdx1 = 1. This proves that the Hessian at the

critical points of ¢ is of shape H. O

which has signature (p,q) = (1,1).

Proposition 1.35. Define Z(r) by (1.32). There exists C > 0 such that
ZLr)y=Cr ' +0(r™?)

as v — oo. The constant C and the implicit constant are allowed to depend on the cutoff
function c.

Proof. We use the stationary phase theorem [69, §VIIL.2] on the Riemannian manifold
S x R with the phase function ¢. Let H, p and ¢ be as in Lemma 1.34, which gives the
nature of the critical points of ¢. Adding the contributions of the two critical points, the
stationary phase theorem implies that .Z(r) = Cr~! + O(r—2), with

C=2-¢(0) -2 - |det(H)| /2 . mP=0/4 = 47¢(0) . O

Proof of Proposition 1.23. Let ¢ : R — [0, 1] be smooth, compactly supported and such
that c(t) = 1 when a(t) € U,>qsuppky. Define £(r) as in (1.32) with respect to this
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choice of ¢. By (1.9) and Fubini,

[ Botattna = [ kfa®)eterar
// (i) pin (a(t)) B(r)c(t)drdt
_A o (i) B(r).2 (r)dr

because the compact support of ¢ and the rapid decay of 7{:\,, make the double integral
absolutely convergent. Note that .Z(r) is a real number for every r € R. By Proposi-
tion 1.35, there exist ro, C' > 0 such that 5(r).Z(r) € [C/2,2C] for r > ro. Write

[ Rz e
_/%awm@ng+/mawmszW-
0

T0

For v > rq, the first term is bounded by ro(v — ro) 7! - SUDP,¢(0,ro) B(1)[Z (1), and thus
o(1) as v — oo. Because 5(r).Z(r) € [C/2,2C] for r > rg, for the second term we have

/T :O ky (i) B(r) L (r)dr < / h Ky (ir)dr

0

by using that /k\y(ir) is nonnegative and not identically zero. The latter integral is
bounded from above by

< / (1+v—r))2dr < / (1+|r])2dr <1,
7o

—0o0

and when v > rg it is bounded from below by
v+l
/ ky(ir)dr > 1.
Hence [y ky(a(t))dt < [k, (ir)dr < 1. O

1.5 Orbital integrals

We now prove the second part of Proposition 1.24. This is the same as the ‘t = O
case of [47, Proposition 3.5], with the minor difference that the cutoff function b in the
definition of I(v, g) can have arbitrary support. We do include the proof here, because
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in [47, §7| the argument is only sketched for brevity, and the fact that the upper bound
there involves the distance to A instead of Ng(A), appears to be a minor omission.
Throughout, fix a positive constant C’ > 0, which we will later take to be the constant

from Proposition 1.24. The implicit constants in the estimates are allowed to depend on
.
Expanding k, in terms of spherical functions (see (1.9)), we have for v > 0 and g € G,

I(v,g) = /0 - J(r, 9)ky (ir) B(r)dr

where

J(r,g) = /K /R Rb(s)b(t)e<1/2+”)H(k“(_5)9“(t))dsdtdk
X

and H is as in §1.1.5. We will use the stationary phase method to prove an upper bound
for J(r,g). Proposition 1.24 will then follow by integrating this bound against k, (ir)3(r).
For each g € G, we have a map a4 : K — K defined by requiring that

kg € NAoy(k).
It is smooth in (g, k) because the Twasawa decomposition G = N x A x K is smooth,

and we have ag, = aj 0 g, For k € K and y,z € G we have that (see for example [47,
Lemma 6.2])

H(ky '2) = H(ay-1(k)z) — H(oy-1(k)y) .

This allows us to separate variables inside the exponential in the definition of J(r, g):
J(r,g) = / / b(s)b(t)elt/2Hin Hka(=s)9a(t) g5t df;
K JRxR
2w
_ 1 / b(5)b(t)e1/2 N HK@)a(=9900) g it 4o
21 Jo  Jrxr
2
_ 1 / W (s,0)b(s)b(t)et/ 2T HEO)ga)=H kO)al)) sqt df
2r Jo  Jrxr

by substituting k(0) = aq(_s) (k(c)). Here, V' is a nonzero smooth function on RxR/27Z,
coming from the change of variables. This oscillating integral has phase function

¢(s,1,0,9) == H(k(0)ga(t)) — H(k(0)a(s)) - (1.36)

Define c(s, t, 0, g) = (27) b/ (s,0)b(s)b(t) exp(¢(s, t,0, g)/2) so that

21 ]
J(r,g) = / / c(s, t, g’g)eZW(s,t,&g)det do .
0 JRxR

47



1.5.1 Ciritical points of ¢

We analyze the critical points of ¢ for fixed 6 and g. Let P = R/27Z x G and let
S C P be the closed subset consisting of ‘singular’ parameters (6, g) for which one of the

geodesics k(0)Ai and k(0)gAi is vertical. For every g, there are at most four values of 6
for which (0, 9) € S.

Proposition 1.37. When (0,9) € S is fized, ¢ has no critical points. When (0,g) €
P —S, ¢ has a unique critical point with Hessian given in (s,t)-coordinates by

(i)
(

Proof. When g and 6 are fixed, we have that

OH (k(0)a(s)) _ OH(k(0)ga(t))
Js ot

That is, when the geodesics k(6)Ai and k(6)gAi in H are not vertical, i.e., are half-circles,
and their midpoints are k(6)a(s)i resp. k(6)ga(t)i. (Recall that H(g) = log(Im(gi)).) It
is clear from the geometric interpretation that ¢ has no critical points when (0, g) € S,
and has exactly one critical point when (0, g) € P —S. Moreover, this critical point is
then nondegenerate, because the above geodesics (which are half-circles) have nonzero
(Euclidean) curvature at their midpoints. Finally, the shape of the Hessian is computed
in the proof of [47, Lemma 7.10]. O

t) is a critical point of ¢ if and only if

=0.

When (0, g) € P—S8, let (£1(0),&2(0, g)) be the unique critical point of ¢. The following
lemma says that this point diverges to oo as (6, g) approaches S.

Lemma 1.38. Let R > 0. Suppose g € G with d(g,1) < C'" and 6 € R/27Z are such
that [£1(0)],1£2(0,9)| < R. Then there exists 6 = 6(R,C") > 0 such that d((6,g),S) > 0.
In particular, the set

Po={(0,9) € P—S:(&(0),&(0.9),0,9) € suppc, d(g,1) < C'}
is at positive distance from S, and is compact.

Proof. For the sake of contradiction, suppose that d((6, g),S) could be arbitrarily small.
Then there exists a sequence (6, g, ) for which the point

(gnygna 51(0na gn)a 52(9717971))

converges in R/277Z x G x R?, with a limit in S x R2. Call (0,g,x,y) its limit. By
continuity of 0H (k(0)a(s))/0s and 0H (k(#)ga(t))/0t, we would have

OH(k(O)a(s)| _ OH(k(6)ga(t)
0s ot

s=x t=y

=0,
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contradicting that one of the geodesics k(0)Ai, k(0)gAi is vertical. It follows that indeed
d(Po,S) > 0. Because Py is bounded in P and closed in P — S, it is compact. O

For (0,9) € P — S, define
w(eag) - ¢(§1(0)a§2(979)7 979) . (139)

Define also

c1(6,g) = me(£1(0),62(0,9),0,9) :(0,9) e P -8,
R 1(0,9)€S.

Lemma 1.38 implies that ¢q is smooth on P. Let Py be as in Lemma 1.38.

Lemma 1.40. We have
27
J(r,g) = pt / cl(G,g)eiW(e’g)dQ + O(’F—2) (1.41)
0

as r — 0o, where the implicit constant remains bounded as long as d(g,1) < C".

Proof. For fixed 0, g we apply the method of stationary phase in the variables s and ¢:
suppose (0,g) € P —S. Then ¢ has a unique critical point with Hessian determinant
—1/4. Stationary phase |69, §VIII.2| implies

/ c(s,t,0,9)em?H09) dsdt = r 109 e (0, g) + O(r72), (1.42)
RxR

uniformly for (6, g) in compact subsets of P —S. Suppose (6,g) € P — Pp, so that ¢ has
no critical point in the support of ¢. The absence of critical points implies

/ (s, t, G,g)e"‘z’(s’t’e’g)dsdt <yr N,
RxR

uniformly for (6, ¢) in compact subsets of P — Py. Because ¢1(0,g) = 0 in this case, we
see that (1.42) still holds (after assigning any value to (6, g) when (0, g) € S). We may
now take compact subsets of P —& and of P — Py such that the union of the two contains
R/27Z x {g € G : d(g,1) < C"}. Integrating (1.42) with respect to € then yields the
desired estimate. O

1.5.2 Ciritical points of ¢

In view of the expression (1.41) for J(r, g), we analyze the critical points of v, for fixed g.
When (0, g) ¢ S, we have [47, Proposition 7.2, Lemma 7.3] that 6 is a critical point of
if and only if the geodesics k(6)Ai and k(0)gAi, which by assumption are half-circles, are
concentric. A critical point 6 is degenerate if and only if these geodesics coincide, that
is, if and only if g € Ng(A), in which case every 6 for which (0, g) ¢ S is a degenerate
critical point.
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Remark 1.43. For g ¢ Ng(A), the locations of the critical points of ¥(—,g) can be
described geometrically: as stated above, 0 is a critical point if and only if the half-
circles k(0)Ai and k(0)gAi are concentric, that is, if and only if they admit a common
perpendicular vertical geodesic. In particular, the geodesics k(6)Ai and k(6)gAi must
not intersect in HHUP!(R), that is, the geodesic gAi must have both endpoints in Rsq or
in R.g. This condition on g is also sufficient for the existence of a critical point: under
this assumption on g, there are exactly two critical points, which can be described as
follows. Because Ai and gAi do not intersect in HHUP!(IR), these geodesics lie at positive
distance from each other, and this distance is realized in H by a pair of points on A
and gAi. Let j be the geodesic carrying the geodesic segment joining those points. As a
consequence of Gauss’s lemma, j is then perpendicular to both geodesics. Because the
sum of the angles of a hyperbolic quadrilateral is less than 360°, there can be no other
geodesic that is perpendicular to both. Thus the critical points are the two values of 6
for which k(6)j is vertical.

To bound J(r, g), we distinguish two cases, depending on whether g is close to Ng(A)
or at positive distance from it. For g away from Ng(A), the absence of nondegenerate
critical points of v implies the bound below.

Lemma 1.44. When d(g, Ng(A)) > 6 > 0 and d(g,1) < C’, we have

2T
/ c1(0,9)e™ P9 do <5 (1+r - d(g, Na(A))) ™/
0

uniformly in g and r > 0.
Proof. Because ¢ has no degenerate critical points when g ¢ Ng(A), we have
max(|0t/ 00|, |0%/96°|) > 1

uniformly for g in compact subsets of G — Ng(A) and for § € suppci(—,g). The Van
der Corput lemma [69, §VIII.1, Proposition 2, Corollary| implies that

2m
/ (0, 9)em 09 do < /2
0

as r — oo, uniformly for g in compact subsets of G — Ng(A). O

We may now restrict our attention to g that are close to Ng(A). By (1.36) and (1.39),

P(0,9) = H(k(0)ga(§2(0,9))) — H(k(0)a(£:1(0))) -

From the characterization of k(0)ga(£2(6,¢))i as being the midpoint of the geodesic
k(0)gAi, we see that 1 is right Ng(A)-invariant in g. Thus in order to estimate the
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right-hand side of (1.41), we will first assume that ¢ lies in a small neighborhood of the
identity, and then translate the estimate to a small neighborhood of Ng(A).

By explicating the order of vanishing of 9% (0,g)/06? as d(g, A) — 0, an application
of the Van der Corput lemma shows the following bound.

Lemma 1.45. [47, Corollary 7.6] There is an open neighborhood U of 1 € G such that
forallge U and b € C§°(R/27Z — {6 : (0,9) € S}) we have

2T
/ b(O)eT 099 < (141 - d(g, )2,
0

where the implicit constant remains bounded when supp(b) stays at positive distance from
the set {0 :(0,9) € S} and the derivatives of b up to a certain order remain bounded.

Corollary 1.46. There exists an open neighborhood V' of Ng(A) in G such that when
g€V andd(g,1) <,

27
/<wwwmmw<a+wawwmm”2
0

uniformly in g and r > 0.

Proof. Let U be the neighborhood from Lemma 1.45. Take gyp € Ng(A). When g € Ugy,
then Lemma 1.45 applied to ggy* and b(f) = ¢1(6, g) shows that

2 2 -
/ c1(6,g)em ) = / c1(0, g)e™ #9901 g
0 0

<go (L7 d(ggy ", A)) 717

Lgo (1+7-d(g, Ng(A))~'/?
uniformly in g € Ugg. We may now take a fixed subset Ny C Ng(A) such that the Ugg
for go € No form a locally finite cover of N (A), and let V=, <y, Ugo- dJ

Proof of Proposition 1.24. Now take C’ be the constant from the first part of Propo-
sition 1.24. We may restrict to the ¢ € G with d(g,1) < C’. The estimates from
Lemma 1.44 and Corollary 1.46 may be plugged into Lemma 1.40 to obtain

U(r,g)\ <K r*1(1 4. d(g,Ng(A)))*l/z

as r — oo, uniformly when d(g,1) < C’. On the one hand we have, by estimating
|J(r,9)|8(r) < 1, that

Immzétmmawwmm<wmwm<L
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On the other hand, when g ¢ Ng(A),

v/2 ) N
I(v,9) < / ky (ir)dr +/ (r-d(g, Ng(A)))_l/QkZV(iT)dT
0 v/2
<n N 4 d(g, No(A))"1/2-1/2 / T (ir)dr
v/2

< d(g, Na(A) V212,

where we have used that 1 < d(g,1)~/2? < d(g, No(A))~%/2. Combining the two esti-
mates, the claim follows. O

1.6 Proof of Theorem 2

1.6.1 Amplification

Let (an)n>1 be a sequence of nonnegative real numbers, supported on a finite set of
integers n > 1 that are coprime to the discriminant Ag. Let T = (3 @, T,,)?, and denote
by T'(¢;) > 0 the T-eigenvalue of ¢;. Define for v > 0,

Qv a) =Yk (iv))T(¢;),
J
Quv,a) =Yk (iv))T(6;)2(6;).
J

Our aim is to obtain good asymptotic estimates for these spectral sums.

Lemma 1.47. Define the orbital integral I(v,q) by (1.22). There exists an absolute
constant C' > 0, such that for n > 1 and v > 0 we have

Z ‘I(l/, 96177.90” < (1 + V)—I/QneClogn/loglog(n—H) ]
nER(m)— Ny (F)

The implicit constant is allowed to depend on £.

Proof. By Lemma 1.24, there exists C’ > 0 independent of v and n such that only the
terms with d(g; 'ngo, 1) < C’ have a nonzero contribution. Cover the interval [0, C’]
with the intervals In = [0, (1 + )7, I = [eF Y1 +v) L eb(1 +v) Y for 1 < k <
log(C'(1 +v)) + 1. Define M(n,d) as in §1.3.2, with respect to this value of C’. When
d(gy 190, NG (A)) € I, we apply the bounds

I(v, 95 'ngo) < 1,
#M (n, (1 + V)_l) < (1+ V)_lneclog”/ log log(n+1)
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from Proposition 1.24 and Lemma 1.27, which imply that the contribution of all n with
d(gy'ng0, Ng(A)) € Iy is bounded by < (1 + v)~'neClosn/loglos(n+1) for some C' > 0.
When d(go_lngo, Ng(A)) € Iy, we apply the bounds
I(v, g5 'ngo) < e */2,
#M(n, ek(l + V)_l) < ek(l + V)—lneClogn/loglog(n—‘rl) )

Summing over k, the contribution of the n with d(g; 'ngo, Na(A)) ¢ Ip is bounded by
<K (1 + V)*l/QneClogn/loglog(n+1). Y

Proposition 1.48. There exists an absolute constant C > 0 such that for (a,) as above
and for all v > 0,
Q(v,a) = B(a) VOl(I\H)k, (1) + O(R(a)),

Qr(v,a) = Br(a) Vol(T'L\L) /R k,(a(t))dt + O((1 +v)"Y2Rp(a)),

where

B(a) := Zaman Z d- S(W"/dz)v

dlm,n

R(a) — Zaman Z d- (7;;1)3/2 . eClog(mn/d2)/10glog(1+mn/d2) ’

dlm,n

BL(G’) = Zaman Z d- |NR(mn/d2)(F)/R}:‘|v

dlm,n

Rp(a) == Z&man Z d- % . ¢Clog(mn/d?)/ loglog(1+mn/d?)

dlm,n
The implicit constants are uniform in (a,) and v, but not in .

Proof. The first asymptotic formula follows from the recurrence relation (1.7) and Propo-
sition 1.17. The second statement follows similarly from Proposition 1.21 and the esti-
mate from Lemma 1.47. O

In order to bound the tails of the spectral sums Q(v,a) and Qr(v,a), we shall need
the following lemma.

Lemma 1.49. Let (ay) be as above. Then for v > 0,

> T(¢;) < (v+1):Bla)+ R(a),

lvj—v|<1

ST T(6)2(6;)* < Brla) + (v + 1) "R (a),

lv;—v|<1

uniformly in (a,) and v, but not in €.
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Proof. For the first estimate, we start from Proposition 1.48 and plug in the bound
k,(1) < v, to obtain

Z ko (iv))T(67) < Co - (v~ B(a) + R(a)),

for some Cp > 0 and for v > v(g), where 1) > 0 depends on the choice of the family
(k) given by Proposition 1.8. Here, we used that B(a), R(a) > 0. The terms in the
left-hand side are nonnegative. Because %l,(z'uj) > 1 when |v; — v| <1, the claim follows
for v > vg) by discarding the terms with |v; —v| > 1.

To treat the case where v < v(g), one may either use Proposition 1.48 and observe
that our specific construction of the family (k,) satisfies k, (1) < 1 for v < 1, or use the
following argument: for every v < v(g), we may find integers n1,n2 € [0, ()] such that
the set B(v,1)N{v; : j > 0} is contained in B(ny,1)UB(ng,1). Proposition 1.48 applied
to kp, and k,, gives

Do T(65) <Dk ()T () +an2 (v)T(¢;)
J

lvj—v|<1

< max  ku(1)- a+Ra,
nel0,v(o)JNZ (1) B(a) (a)

as desired The second estimate in the statement is proven similarly, by using the bound
fR ) < 1 from Proposition 1.23. O

Proposition 1.50. For (a,) as above, C > 1 and v > C,
Y kuliv)T(¢;) — Bla) Vol (T\H)k, (1)

< C'wB(a) + R(a),
S Fuliv)F(67)2(65)? — Bra) Vol \L) /R ko a(t)) dt

< C'B(a) + v Y?Ry(a),
where the implicit constants are uniform in (ay), C and v, but not in £.

Proof. This will follow by combining Lemma 1.49 with the rapid decay of k,. By Propo-
sition 1.48, for the first estimate it suffices to prove that

Z k (iv}) gb])<<C' vB(a) + R(a) .

|vj—v|>C

When v > C, the condition |v; —v| > C is equivalent to |[Re(r;) —v| > C. Indeed, when
vj € R this is trivial, and when v; € [—i/2,4/2], both conditions are satisfied. Consider
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first the sum over the set {j : Re(r;) < v — C}. We break it up into sums where Re(v;)
belongs to an interval of length 1: for n > 0, we have

~ ~ 1 ~
Z k‘,,(ll@')T(Qij) < m Z T(¢j)
v—C—(n+1)<Re(v;)<v—C—n |Vj—(V—C—n—%)‘§1
vB(a) + R(a)
(C+n)>

where we use the rapid decay of k, and Lemma 1.49. Summing over integers n €
[0,v — C], we find that the sum over Re(vj) < v — C is bounded up to a constant by
C~Y(vB(a)+ R(a)). The sum over Re(v;) > v+ C is similarly bounded up to a constant
by
i (v+ C+n)B(a) + R(a) < i v(C +n)B(a) + R(a)

(C +n)? Bl (C +n)?

< C Y (vB(a) + R(a)).

n=0

Combining the two estimates, the first statement follows. For the second statement, it
suffices to prove that

Y kiv)T(6))2(¢)* < C'Brla) + v/’ Ry (a).

lvj—v|>C

Using the rapid decay of EV and Lemma 1.49, we find that the sum over the j with
Re(v;) > v+ C' is bounded up to a constant by

i BL(G)(Z i_;;ZRL(“) < C7'(Br(a) + v '?Ry(a)).
n=0

The sum over the j with Re(r;) < v — C' is bounded up to a constant by

Z Br(a)+ (v —C —n|+1)"2Rp(a)

Wi (C'+n)?
y1/2 1
< C'Br(a)+ Rp(a) | Y Cinet > TP
C+n<y/v Vr<C+n
< C7'Br(a) + v 2Ry (a).
The second statement follows. O
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1.6.2 Optimal resonators

Let F' C B as before be the field corresponding to the geodesic L, and let fr, be the
conductor of Rrp. We seek to apply Proposition 1.50 to a sequence (a,) for which the
quotient By, (a)/B(a) is large, and for which the sums R(a) and Ry (a) are small compared
to B(a) resp. Br(a). A similar optimization problem has been considered in [50] in the
context of lower bounds for point evaluations of Maass cusp forms. Recycling some of
the results there, we obtain the following in our situation.

Proposition 1.51 (Optimal resonators). Let M > 3 be a real number. There exists a
sequence (ay) of nonnegative real numbers supported on integers n < M coprime to AR,
such that the following hold:

1. we have the lower bound

Br(a) log M log log log M
> 2V | ————— |1+ 0| —F"—— ; 1.52
B(a) — P ( V2 log log M + log log M ’ (152)

2. there exists a constant C" > 0 independent of M such that

R(CL) < M3€C”logM/loglog]vI’ (153)
RL(CL) < M2eC”log]W/loglogM; (154)

3. B(a) > 1.
The implicit constants are allowed to depend on £.

Proof. We first reduce to the precise situation in [50]. When (a,,) is as in §1.6.1, define
the sum Bpg,(a) by replacing the set Ny 42)(F)/ R by the set Pgy(mn/d?) in the
definition of Br(a). When (ay) is supported on integers coprime to fg,, Lemma 1.25
implies Br(a) > Bpr,(a), so that Br(a)/B(a) > Br,(a)/B(a). The latter quantity is
the one considered in [50].

When M is sufficiently large, we construct a sequence (ay) as follows: let L =
V2log M loglog M, and define a multiplicative function f by prescribing its values on
prime powers by

n plggp if WF(p) =1, pTARfRF, n=1, L? <p< eXP(Ing L) )
f") = )
0 otherwise.

Define a,, = f(n) when n < M and a,, = 0 otherwise. The proof of [50, Lemma 5| gives
that Br,(a)/B(a) is as large as the right-hand side in (1.52). (And it is shown that
this sequence is optimal, in the sense that for every sequence (a,) supported on integers
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coprime to Agfgr,, the ratio Br,(a)/B(a) is at most as large as the right-hand side in
(1.52).)

We have B(a) > a? = 1. It remains to prove the bounds (1.53) and (1.54). Because
(ay) is supported on integers n < M,

R(a) < M3€Clog(]V[2)/loglog(M2)Zaman Z %

m,n dlm,n

2
< M3€2010g M/ loglog M (Z an) )
n

Using Chebyshev’s estimates, we have

Yoan <[+ fp) < exp f(p)>

which proves (1.53). Similarly, the estimate
1
R 2 _2C'log M/ loglog M -
r(a) < M*e Zamanz 7
m,n d<M
gives us (1.54). O

With this resonator sequence we are ready to prove Theorem 2.

Proof of Theorem 2. Let v > 0 be large. Let C” be the constant from Proposition 1.51,
choose any A > C”/8 and let M = v!/4e=Alogv/loglogv [ et (q,,) be the corresponding
sequence given by Proposition 1.51. We check that R(a) and Ry (a) are small compared
to B(a) and Br(a). From (1.53) we have R(a) <. 3/t so that R(a) = o(vB(a)).
From (1.54) we have
RL(CL) < V1/2€—2Alog v/ loglog VeC” log M/ loglog M
< V1/2€(—2A+C”/4)(log v/loglogv)(14o(1))

< 1/1/2 7
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so that v"'/2Rr(a) = o(Br(a)). By Proposition 1.8 and Proposition 1.23, there exists
C > 1 such that

< %Vol(F\H)kV(l),
o< %VOI(FL\L) /R ko (a(t))dt,

for v sufficiently large. Proposition 1.50 applied to the sequence (ay) and such C gives

> k(iv))T(¢)) < Bla)v,

lvj—v|<C
" k(iv)T(6))2(65)* < By(a).

lvj—v|<C

In particular, there must exist at least one v; € [v — C,v + C] with the property that
P(¢;)? > Br(a)/(vB(a)). That is,

(22 (05))? 5 THY

log M log log log M
2v2y | ———— (1 = .
> exXp ( V2 log log M < +0 < log log M

We have log M = % logr-(1+O(loglogv/logv)), loglog M =loglogv-(1+0O(1/logv))
and log loglog M <« logloglogv. Using this, we obtain for this particular j,

W22 (4))? > exp <\/§ log v (1 +0 <bgloglogy)>> .

loglog v log log v

Taking square roots and writing v = /A — %, the theorem follows. O

1.6.3 Extreme values of L-functions

We now explain how to deduce Theorem 1 from (the proof of) Theorem 2. There is one
additional issue: in general, the right-hand side of the period formula (1.5) involves a
sum of periods, rather than a single one.

Proof of Theorem 1. We use the notations from the statement. Let B, R, I', Ay, be as
in Remark 1.4, and associate to f; the Laplace-Hecke eigenfunction ¢; on I"'\H. By our
assumptions on N and dp, B is a quaternion division algebra and R a maximal order.
Let ¢ be the constant function Vol(T'\H)~'/2. Then (¢;);>0 is an orthonormal basis of
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L*(T\H) as in §1.1.6. In (1.5), take f = f;. The product of the Gamma factors in the

left-hand side of (1.5) is of size )\j_l/ ? by Stirling’s formula, and we have the lower bound
L(1,7;,Ad) > 1/log(1+ ;) [28]. We have the factorization

L(S,?Tj X 7TX0) = L(S,Tl’j)L(S,Tl’j X wF).

Thus it suffices to give a lower bound for the right-hand side of (1.5), of the same quality
as in Theorem 2.

For every pair (¢,¢") of closed geodesics in Ay, choose lifts L, L’ and fundamental
domains .Z1, #, and integrate the amplified pre-trace formula (1.10) over .1 X .Z 1/ to
obtain

ZEu(i'/j)fn(cbj)ye(@)9@(%)— > // (z~ 'ny)dady .

neR(n)/*1 LX/L/

Say L = goAi and L' = gy Ai, and call the sum in the right-hand side S(go, g;). Let F, F’
be the subfields of B associated to L,L’. In S(go,g)), we isolate a main term, which is
the sum over n with nL' = L, i.e. nF'n~' = F. An unfolding argument as in the proof
of Proposition 1.21 shows that the main term equals

#Nrp () R VOICAL) [ a0,

where Npp = {n € Rt : nF'n~! = F}. In the error term, we may again introduce
nonnegative smooth cutoff functions and write it as

Z Irp (v, 9o 'ng0) »
nE(R(n)—Ng pr)/£1

where I p/(v, go) is defined similarly to (1.22), in terms of the chosen cutoff functions.
This error term may be bounded as in Lemma 1.47. Here, the Diophantine problem
consists of counting n € R(n) that are at distance < /n from 0 and are close to
Np . Multiplication on the right by a fixed element 79 € Np p gives an injection
Nppr(n) — NR(nNB/Q(no))(F)v reducing to the counting problem in §1.3.2. The analogue
of Proposition 1.24 remains true; the only thing that changes in its proof is the amplitude
function in the oscillating integral, to which the proof is insensitive.

Summing over all pairs (¢, ¢') and taking an amplifier (a,,) as in §1.6.1, Proposition 1.50
becomes

2

v —v|<C tehg,, (1.55)

= Vol(I'\L) Bay.(a) /R ku(a(t)) + O(C™"' Byy (a) + Ray (a))
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where L is a lift of an arbitrary ¢ € Ag, (the volume is independent of the choice),
By, (a) and Ry, (a) are defined similarly to By (a) and Ry (a) (see Proposition 1.48), and
in particular we have By, (a) > Br(a). We conclude by choosing the amplifier as in
Proposition 1.51, taking C' > 0 large enough and comparing (1.55) to the standard trace
formula. O

Note that we have placed ourselves in a situation where the order R is maximal, in
order to avoid having to worry about oldforms. When R is Eichler of arbitrary level
N, it might be possible to extract the contribution of newforms, by writing down the
trace formulas for Eichler orders Ry of levels d | N and using M&bius-inversion. But
the arithmetic of the cardinalities #(Npg g (n)/RY) (which appear in the main term in
(1.55)) as d varies, is intricate in general.
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2 The geometry of maximal flat
submanifolds

This chapter contains the proofs of the statements in §0.6, as well as refinements thereof
and auxiliary results that will be used in §3. This section is divided into three parts; the
results about the N-, A- and K-projections are bundled in §2.2, §2.3 and §2.4 respectively.

2.1 Preliminaries on Lie groups

The notation and lemmas concerning Lie groups in this chapter will be used again in §3.

2.1.1 Lie groups and Lie algebras

Let G be a reductive Lie group in the sense of Harish-Chandra [30]; see also [41, Chapter
VII|. Most of the time G will be connected semisimple with finite center and we will
then simply say G is semisimple. Let K C G be a maximal compact subgroup and 6 an
involution of G whose fixed point set is K. It induces an involution 6 of the Lie algebra
g, whose +1 and —1 eigenspaces we denote by £ and p respectively. We denote the
exponential of X € g by exp(X). Define the semisimple part gss = [g, g]. We extend the
Killing form on gss to a nondegenerate symmetric bilinear form (-, -) on g that is positive
definite on ¢ and negative definite on p, and with respect to which the center 3(g) is
orthogonal to gss. Define (-,-)g = (-, —6(-)), a positive definite symmetric bilinear form.
All statements on g involving norms, orthogonality and adjoints will be with respect to
(-,-)9. Let a C p be a maximal abelian subalgebra and A = exp(a). The choices of a
are all conjugate under K. Define P = exp(p). The multiplication map P x K — G
is a diffeomorphism, known as the Cartan decomposition. In particular, K meets all
components of G.

2.1.2 Symmetric spaces and maximal flats

References for the following facts about symmetric spaces are [22, 33].

Assume here that G is semisimple. Then # is a Cartan involution. The quotient
S = G/K carries a left-G-invariant Riemannian metric induced by the Killing form on
p. It is a symmetric space of non-compact type, and every such space arises in this way.
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The maximal flat submanifolds of S are of the form gAK with ¢ € G. Such g is
uniquely determined by the submanifold up to multiplication on the right by Ng(A).
When dim(A4) = 1, the maximal flats are precisely the geodesics. The rank of G is
defined to be dim(A).

Let p € P. The tangent space T,k S is identified with p, using left multiplication by
p~!. Take X € p with norm 1. The geodesic through pK € S with tangent vector X
has equation t — pe!X K. A geodesic is called regular when a nonzero tangent vector at
any (and hence every) point is a regular element of g. It is called singular otherwise. A

geodesic is regular if and only if it lies in a unique maximal flat.

2.1.3 Ilwasawa decomposition

Let ¥ be the set of restricted roots of a in g. By convention, 0 ¢ 3. We denote by gq
the root space of a root a € 3, by m(a) = dim(g,) its multiplicity and by H, € a the
element corresponding to a under the isomorphism a = a* given by (-,-). Fix a set of
positive roots X+ with basis II. Let n @ a® € and N x A x K be the corresponding
Iwasawa decompositions of g and G. Define M = Zi(A) and M’ = Nk (A) and denote
by m the Lie algebra of M.

Denote the Lie algebra Iwasawa projections by E,, Ey and E¢. We have the orthogonal
restricted root space decomposition

s=aeme @ 21
a€d

Denote the projection onto g, by R,-

Denote the Iwasawa projections from G onto N, A and K by n, a and k. Define the
height H(g) = log(a(g)) € a, the logarithm being the Lie logarithm on A.

All choices of the data (K, A, N) are conjugate by an element of G. When G = GL,,(R)
or SL,(R) we make all the standard choices: K = O, (R) respectively SO, (R), A is the
connected component of the diagonal subgroup and N is the upper triangular unipotent
subgroup.

2.1.4 Centralizers

Denote by L the set of centralizers in G of subgroups of A. They are the standard Levi
subgroups of semistandard parabolic subgroups of G. We will denote such a centralizer
typically by L. It is again reductive and inherits all the data as in the beginning of
§2.1.1 and §2.1.3 from G in the natural way. We allow G to be reductive because we will
occasionally need to apply results to Levis L € £. When L € £ with Lie algebra [, define
al = s Naand ar = 3(I) Na. Then a = a” @ ay, orthogonally. The set £ contains A

and G, and when G is semisimple we have a? = ag =0 and a4 = a® = a.
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Define the positive Weyl chamber at = {H € a:Va € ¥1 : a(H) > 0} and the regular

set
a'®® =a— U arp =a— Uker(a).

L#EM acX
We have that H € a8 if and only if its centralizer equals the centralizer of a. Define
also the generic set
afen — qres _ U aL )

LeL—{G}
Combined superscripts correspond to intersections: a8%+ = a8 N ™.

We also define (a*)™8, (a*)&" and (a*)" to be the corresponding subsets under the
isomorphism a = a* defined by the inner product (-,-). When H € a corresponds to
A € a* under this isomorphism, then H € a'# if and only if A is not orthogonal to any
roots, and H € a®°" if and only if A is in addition not contained in a proper subspace
spanned by roots.

We will frequently use the following lemmas, so we take care to properly reference
them.

Lemma 2.2. Let g € G and H € a. If Ady(H) € a, then g € M'Zg(H).

Proof. This is stated in [30, §5, Lemma 1]. When g € K, the statement gives precisely
the degree of uniqueness in the K AK decomposition of GG, and a proof can be found in
[41, Lemma 7.38]. The general case can be reduced to g € K as follows. Write g = kp in
the Cartan decomposition. Then Ad,(H) € Ady-1(a) C p, and [10, §V.24.C, Proposition
1] implies that p € Zg(H). Then Adg(H) € a, and the conclusion follows from the g € K
case. 0

Lemma 2.3. Let g€ G and H € a. If Ady(H) e m & a, then g € M'Zq(H).

Proof. If we can show that Ady(H) € a, the claim follows from Lemma 2.2.

Consider the adjoint embedding ad : g — sl(g). Equip g with any orthonormal basis
compatible with the restricted root space decomposition (2.1). In such a basis, ad sends
elements of a to diagonal matrices and elements of ¢ to antisymmetric matrices.

Write Adg(H) = X + H' with X € m and H' € a. In the chosen basis, ady is
diagonal with real eigenvalues, and the antisymmetric matrix ady is diagonalizable with
purely imaginary eigenvalues. Because [H,X] = 0, the elements ady and ady are
simultaneously diagonalizable, so that the eigenvalues of adpys +adx are those of adg
plus those of ady, in a suitable ordering. If these eigenvalues are real, it must be that
X =0.

This proves that Ady(H) € a, and the lemma follows. O

Lemma 2.4. We have Zg(A) = M A and Ng(A) = M'A.

Proof. The first statement follows from [41, Proposition 7.25|; the second statement
follows by combining it with Lemma 2.2. O
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2.1.5 Derivatives

When G is any Lie group with Lie algebra g and b is an element of the universal enveloping
algebra U(g), we denote by L the corresponding left invariant differential operator on
C*®(G) . When X € g C U(g), by definition

d

_ tX
== t:Of(ge )

(Lxf)(9)
When f : M — N is a differentiable map between differentiable manifolds, denote its
differential at m € M by (Df)y,. Using left translation we identify all tangent spaces
T,G with g. When g € G, denote by L, and R, the left and right multiplication by g on
G. With our convention on tangent spaces, we then have for all g,h € G that

(DLg)h = 1d7
(DRg)p, = Ady—1 . (2.5)
When X,Y € g we have
Lx Ady(Y) = Ady([X,Y]), (2.6)

Lx Ady,1(Y) = —[X,Ad,1(Y)].
Assume now that G is reductive as in the beginning of §2.1.1.
Lemma 2.8. The differentials of n, a and k at g € G are as follows:

(Dn)g = Ada(g) ok, o Ad,{(g) R
(Da)g = Ea o Ad,{(g) y
(DI{)g = Ad,{(g)—l OEE o Ad,{(g) .

Proof. Write g = nak and take X € g. For the N-projection, write

n(geX) = n - n(ake™)
=n-n(akeXk™)

=n-(a-n(eA*X) . g7
In the last step, we have used that n(ah) = an(h)a™! for a € A and h € G. Therefore
(Dn)g = (DLp)e o (D(Ada|y))e 0 (Dn)e 0 Adg -

The first statement now follows from the fact that (Dn). = E,. The other statements
are proved similarly. For the A-projection we write

a(ge®) = a - a(ke®) = a- a(eA* X))
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and use that (Da). = E,. For the K-projection we write
K(geX) = k(ke®) = k(eAHX))

and use that (Dk). = E. O

The differential of the A-projection is also computed in |46, Lemma 6.1|. Even though
the proof there is for G = SL3(R), the argument works in general. Compare also [20,
Corollary 5.2], but note that the Iwasawa decomposition used there is K AN instead of
NAK.

Lemma 2.9. For X,Y € g and g € G we have

(LxLya)(g) = Ea([Ee(Adk(g) (X)), Ady(g)(Y)])
Ea([E H(g (X)) Ey (Ad (g)(Y))])
= Ea([Ady(g)(X), En(Adyg)(Y))])

- Z *0‘ “(9)( ))’ (Ra - GR*Q)(AdH(g) (Y))>9 “Hg .
ext

Proof. Similar to the proof of [20, Lemma 6.1|. Alternatively, by Lemma 2.8 we find

Lya(g) = Ea<Ad/~e(g) (Y)).

Using the chain rule, (2.6) and Lemma 2.8 to compute (Dk), we have

LxLya(g) = Eq(Adyg) ([(Dr)g(X),Y]))
= Ea([EF(Adﬁ(g) (X))v Adm(g) (Y)]) .

This is the first equality. The other equalities follow as in [20, Lemma 6.1]. O

2.2 The N-projection and the Gram—Schmidt process

Unless otherwise specified, G is a semisimple Lie group as in §2.1.1. In this section we
prove Theorem 5 and the stronger Theorem 2.17.

Recall that the Iwasawa decomposition for SL,(R) is nothing but the Gram-Schmidt
process: Take g € SL,(R). There is a unique n € N such that the rows of n=!g are
orthogonal for the Euclidean inner product on R™. There is a unique a € A such that
the rows of k := a~'n"'¢ have norm 1. The Iwasawa decomposition of g is then nak.
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2.2.1 Intro: SLy(R)

We first prove Theorem 5 when G = SLg(R). This is quite trivial but already gives a
good idea of what is happening.

Proof of Theorem 5 when G = SLa(R). Write g = (), and view v,w € R? as row vec-
tors. Let y > 0. Multiplication on the right by a = diag(y,y~!) € A corresponds to
letting the matrix a act on v and w. The projection n(ga) is the matrix (%) where

_ (va, wa)
(wa,wa)

It is the unique matrix n € N for which the rows of n~'ga are orthogonal. We must
show that x is bounded. In the generic case where both coordinates of w in the standard
basis are nonzero, the denominator (wa,wa) is < max(y?,y~?2), because a acts by y in
one coordinate and by y~! in the other. The numerator is always < max(y?,y~2), for
the same reason. Therefore in this generic case, = is bounded and the claim follows.
When a coordinate of w vanishes, the corresponding term in the denominator (wa,wa)
is nonzero, but the same is then true in the numerator. So the same bounds hold, with
max(y?, y~2) replaced by y? or y~2, depending on which coordinate of w vanishes. The
conclusion follows. O

2.2.2 SL,(R), exterior powers

For SL,(R) the same phenomenon occurs, where if a term in a denominator of a certain
fraction vanishes, then so does the corresponding term in the numerator. The denomina-
tors will here be norms of orthogonal projections onto the orthocomplement of previous
vectors, and they are most conveniently expressed using norms on exterior powers.

When (V,b) is a bilinear space of finite dimension over a field, b can be identified with
a linear map V — V*. It induces a linear map A"V — A" V* = (A* V)* for all k > 0,
where the identification A\* V* 2 (AF V)* comes from the natural pairing between A* V
and A" V*. We get a natural bilinear form A*bon A* V. Assume now that the field is R,
and that b is symmetric positive definite. Then so is /\k b. We denote all induced bilinear
forms by (-, -) for convenience. If (¢;) is an orthonormal basis of V, then an induced basis
of AFV consisting of elements of the form ej, A --- Aej, is also orthonormal. As a
consequence, if v, wy,...,wy € V with the w; linearly independent, W = span(w;) and
pry . denotes the orthogonal projection onto W+, then

Jo A (AL )
k
H/\i:l Wi

where the norms are those induced on V, /\k:+1 V and /\k V. This identity may be
visualized as follows: The numerator in the right-hand side is the (k + 1)-volume of the

[pryy. ()| = : (2.10)
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parallelepiped spanned by the vectors v and w;, the denominator is the k-volume of the
face spanned by the w;, and left-hand side is the height of the parallelepiped with respect
to this face.

More generally, for v1,v2 € V' we have

<v1 A </\le wz‘) 2/ (/\Ll w>> , (2.11)

2

(pryys (v1), prive (v2)) =

We also have the ith coefficient of pry,(v) in the basis (w;) is given by
<w1/\---/\fu\i/\v/\---/\wk,/\lewi>

k
H/\i:l Wi

5 : (2.12)

where the hat denotes omission.

Proof of Theorem 5 when G = SL,,(R). Write g as a column of row vectors:

g= (v, ,v)"

)

with the v; € R™, and view a € A as acting on R™ diagonally. Define the subspaces
V; = span(vi,...,v,), so that V41 = {0}. Define w¢ to be the ith row of n(ga) 'ga.
Equip R™ with the Euclidean inner product. The first step in the Gram—Schmidt process
applied to ga is the recurrence relation

wy = vpa,
wi_y = Pl“(via)L(Uz‘—la)
Vi—1a, W
:vi,la—z%w}l (i=mn,...,2).
=i <wj7wj>

In the above sum, the coefficient in the term with index j is the (i — 1,j)th entry of
n(ga). We must show that those coefficients are bounded independently of a. For such
a coefficient, with ¢ < j, we have

(vi-1a,w?) <Pf<vj+1a>l(”i—1a)vPf(VjHa)L(%‘a»

w?, w? 2
{ J J> Hpr(vﬁla)L(vja)
B <vi_1a A\ (/\Z=j+1 vka) ?/\Z:j vka>
= 5 ,
]
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where we have used (2.11). The action of A on A" /™' R" is still diagonal in an induced
basis. Fix such a basis and write a = diag(aq,...,ax) in that basis. If ¢1,..., cx denote

the coordinates of v;_1 A (/\Z:jJr1 vk) and dy,...,dg those of A\j_; vk, then by the
triangle inequality

<Ui71a7w;'l> . Ele aickdk
- K
(w, wi) k-1 0743 (2.13)
< max %
dp#0 | dF
This bound does not depend on a, so that the entries of n(ga) are bounded. ]

2.2.3 Semisimple groups

Now let G be a semisimple Lie group. There is no real reason to assume that G has
finite center, and Theorem 5 is ingensitive to central extensions in any case, but we do
so because our setup in §2.1.1 is under this assumption. Let p : G — GL(V) be any
finite-dimensional representation with discrete kernel, such as the adjoint representation
Ad : G — GL(g), or the standard representation Std if G is already linear. The fact that
p can be arbitrary is not essential, but it leads to questions about uniformity.

Remark 2.14. Necessarily p(G) C SL(V), because g = [g, g] consists of commutators.
Note that p(G) is automatically closed, by [41, Proposition 7.9] or alternatively by prop-
erties of Malcev closure [55, §1.4.2, Theorem 3.

Lemma 2.15. In a suitable basis of V, the groups p(N), p(A) and p(K) are contained
in the standard Iwasawa components of GL(V).

Proof. As in the proof of [41, Proposition 7.9], there is a basis of V' such that p(K) C
SO, (R) and p(P) consists of symmetric matrices. Because A C P is commutative, by
acting on the basis by a suitable element of SO,,(R) we may assume that p(A) is diagonal.
Then the basis consists of restricted weight vectors. Sorting them by non-increasing
weight ensures that p(N) is upper triangular unipotent. O

Equip V with an Iwasawa-compatible basis given by Lemma 2.15 and denote the
corresponding Iwasawa decomposition of SL(V) by N’A’K’. Denote the N’'-projection
on SL(V) by n'.

Proof of Theorem 5. By the case G = SL, (R) proved in §2.2.2, we know that the projec-
tion n'(p(gA)) C n/(p(g)A’) is relatively compact in N’. It is contained in the closed set
p(NN), and therefore relatively compact in p(N). Because p has central kernel contained
in K, it induces an isomorphism N — p(N). Therefore n(gA) = n’(p(gA)) is relatively
compact in N. ]
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2.2.4 Uniformity

For G = SLy(R) it is apparent from the proof in §2.2.1 that uniformity holds in Theorem 5
when the entries of g are bounded and both entries on the second row of g € G are
bounded away from 0. We generalize this and partition any semisimple group G into
subsets for which uniformity holds on compact subsets. We briefly describe one such
partition here and state a result about a more optimal partition in §2.2.5.

We use the notation from §2.2.3. Let d = dim(V') and let (-,-) be the Euclidean inner
product for the chosen bagis of V. For A € a* denote by V) the restricted weight space.
To prove Theorem 5, instead of reducing to the case of SL,(R) as in §2.2.3, one can also
directly use the argument in §2.2.2, but restricted to elements g € p(G), and this leads to
a statement with uniformity. For every tuple S = (S1,...,8y) (S for support) of sets of
integral weights of g, we may consider the subset {25 of G that consists of the elements ¢
with the following property: For every j € {1,...,d}, the wedge product of every last j
rows of p(g), as an element of /\j V', has a nonzero component precisely along the weight
spaces (/\] V) with A € §;. It is then apparent that the upper bound analogous to
(2.13) is uniform for ¢ in compact subsets of )s, because the coefficients dj (which are
now norms of weight space projections) are either zero or bounded away from zero.

2.2.5 Canonical partitions

The sets 2s in §2.2.4 depend on the choice of basis of weight vectors of V. Moreover,
they may form a partition of G that is unnecessarily fine for the uniformity statement
to be true; this can happen when the weight spaces of V' are not 1-dimensional. It is
desirable to construct a basis-independent partition, which is what we do now, and which
we expect to be the coarsest possible.

We continue to use the notation from §2.2.3 and consider the right action of GL(V)
on V by transposition: vg := gTv. That is, in the chosen basis of V, the rows of
g € GL(V) are the images of the basis elements under the right action of g. (This
awkward definition is an artifact of our decision to write Iwasawa decompositions as
NAK rather than KAN.) Note that for ¢ € G we have p(g)T = p(6(g))~!, because
p(A) consists of diagonal matrices and p(K) C SO, (R). That is, while the right action
of GL(V') by transposition depends on the choice of basis, the restriction to G depends
only on the choice of Twasawa decomposition of G (and in fact, only on A and K).

We will prove Theorem 2.17 below in a way similar to the argument sketched in §2.2.4,
but using a block-by-block rather than a row-by-row orthogonalization process, where
we transform a matrix so that a block of rows (corresponding to a weight space) is
orthogonal to previous blocks of rows. That the Iwasawa decomposition corresponds to
such a process, is the content of the following lemma.

For integral weights A, p of g, we write 4 < A if A — p is nonzero and is a nonnegative
integer linear combination of positive roots.
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Lemma 2.16. Let g € G and n' =n/(p(g)). Then for distinct weights A\, i of V' we have
Va1 p(g) L Vun'"1p(g) and Va(n/~t — 1) L Vj.

Proof. We have that n'~!p(g) € A’K’. The first statement follows from the facts that
VA" =V, that V), LV}, and that K’ preserves orthogonality. For the second statement,
we have for X € Lie(N') that X1V, € @D,.<» Vi, and exponentiating gives that Vy(N' —

1) €@, cr Vi O

Let A be the sets of weights of a in V', denote by m) the multiplicity of A\ € A, and
define sy = Zu<A my,. For any tuple S = (Sx)aen of sets of integral weights of g, consider
the subset Qs of G that consists of the elements g with the following property: For every
A € A, the line AP, Vup(9) C AV has nonzero orthogonal projection on the
weight-a spaces (\** V), for a € Sy, and zero projection when a ¢ S,.

Theorem 2.17. Let S be any tuple as above, and D C Qs compact. Then n(DA) is
relatively compact.

Before proving Theorem 2.17, we state some basic properties of the sets (1g.

Proposition 2.18. The sets of the form Qs (or those that are non-empty) partition G.
They are stable on the left by NAM.

Proof. That the Qg partition G is clear from their definition. Acting on the left by
p(NAM) on g € SL(V) does not change the lines A** €p,,, V.9, so that the individual
conditions defining Qg are left-invariant under NAM. O

For A € A, define Sg to be the set of weights « of g such that the line

/\@VMP(Q) C /\V

pn<A

has nonzero projection onto the weight-a subspace for at least one g € G. Define S =
(89)aea. Then Qo contains “most” elements of G.

Proposition 2.19. The set Qg0 is open and dense in G.

Proof. The image p(G) is the identity component of the real points of a real algebraic
closed subgroup of SL(V') |55, §3.3.3|. The set p(Q2s0) is defined by the non-vanishing of
finitely many rational functions (corresponding to projections onto weight spaces) and
therefore Zariski open in p(G). (There are no vanishing conditions when & = S%) or
rather, they are satisfied on all of p(G).) It follows that g0 is open and dense in G. [
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Example 2.20. Take G = SL2(R) and p = Std the standard representation. Then
Qg0 = G — NAM’, because the only defining condition is that both entries on the
bottom row are nonzero. The only other non-empty sets of the form Qs are NAM and
NAM - (% §). The geodesics in G/K corresponding to elements of Qgo are semicircles.
The other Qs give rise to the vertical geodesics, with both orientations. One can check
using an explicit computation that p = Ad gives the same partition of SLa(R).

Example 2.21. Take G = SL3(R) and p = Std. The sets Qs are determined by their K-
projection, in view of Lemma 2.18. The sets k({2g) come in all possible dimensions: The
0-dimensional ones, which are the six right cosets of M in M’. The 1-dimensional ones:
the three right M’-translates of GN(O(2) x O(1)) — M’ and the three right M’-translates
of GN (O(1) x O(2)) — M’'. The 2-dimensional ones: the three right M’-translates of
the product (G N (0(2) x O(1)) — M")(G N (O(1) x O(2)) — M') and the three right
M'-translates of that product with the two factors interchanged. And finally, the dense
open set k(§2g0).

Remark 2.22. For any G, the set x(Qgo0) is disjoint from the sets LM’ with L € £
a standard Levi subgroup of a semistandard parabolic; this follows already from the
constraint corresponding to the minimal weights A\. But in general it is smaller than just
the complement of the sets of the form K N LM’ as illustrated in Example 2.21.

It remains unclear to us whether the partition of GG into the Qs depends on the choice of
representation p, and if not, whether the partition is the coarsest possible (up to splitting
into connected components) for uniformity to hold. It would also be desirable to have a
concrete description of the partition in general, as we do have when G = SL3(R).

Proof of Theorem 2.17. Let g € G and a € A. We view n/(p(ga))~! as a block matrix:
For weights A > p of V', define

T/\»M : V,\ — VM
v pry, (v-n(p(ga)) ")

and define T\ = Z,u<>\ Thpy:Vy— @u</\ V,,. We must show that each T is a bounded
operator, uniformly in @ € A and g in compact subsets of each ()s. By the first statement
in Lemma 2.16 and the fact that the right action of N does not increase weights, the
map T\ satisfies

(1 +T)Va)p(ga) L P Vip(ga) .

p<A

That is, (Thv)p(ga) = — P, Vuplga) (vp(ga)). (These two identities express the block-
by-block orthogonalization process.) To show that T) is bounded, we may fix any basis
(bi)1<i<s, of @#Q\ V,, and we must show that for every v € V) the coordinates of the
orthogonal projection of vp(ga) onto @, Vu.p(ga) in the basis (b;jp(ga)) are bounded.
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By (2.12), the ith coordinate is equal to

(b A A5 A0 A Ay, )plga), (b1 A+ A by, )p(ga))
(b1 A -+ A by )p(ga)®
where the hat denotes omission. We may bound this using an inequality similar to (2.13).

Concretely, call d, the projection of (by A --- A bs,)p(g) onto the weight-y subspace of
A°*V, and ¢, that of (by A--- Abi AvA---Abs,)p(g). Then the fraction above equals

ZM ,u(a)2<cu, dy)
> @)l dll?
where we define the weights on A using the exponential map. By the triangle inequality,
this is at most
(s dp)|

max ——-—
L d?

i

which gives a uniform upper bound for g in compact subsets of each (2s, because the d,
are then either zero or are bounded away from zero. O

2.3 The A-projection and extreme points

In this section we prove Theorem 6. Unless otherwise stated, G is a semisimple Lie group
as in §2.1.1. For Hy € a and g € G define

hHo,g A= R
a— (Ho,H(ga)) .

When Hj corresponds to A € a* under the isomorphism given by the Killing form, this
is precisely the function h) 4 in Theorem 6. Recall from §2.1.4 that A is regular if and
only if Hy is, X lies in the positive chamber of a* if and only if Hy € a™, and A does not
lie in a proper subspace spanned by roots if and only if Hy ¢ ULeL—{G} al. Thus the
condition on X in Theorem 6 is equivalent to Hy € a8™™.

The first part of Theoremn 6, concerning uniqueness and nondegeneracy, is proved
in §2.3.3; see Proposition 2.48. The second part of Theorem 6, concerning existence,
is proved in §2.3.4 (although the hard work is done in §2.3.2); see Corollary 2.52 and
Proposition 2.53.

2.3.1 Critical points and level sets

Using Lemma 2.8 we find that the differential of hp, 4, at a € A is

(Dhmyg)a:a—R

H— <H0,Adﬁ(ga)(H)> . (223)
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When G is any reductive group with all associated data as in §2.1.1, and Hy € a, define
the set C(G, Hy) as follows:

C(G, H()) = {k e K: Adk71 (H()) 1 Cl}. (224)

We allow G to be reductive because we will occasionally need to work with the sets
C(L,H@) for L € L.

Now let G again be semisimple. The following two lemmas are clear from (2.23) and
(2.24).

Lemma 2.25. Let Hy € a and g € G. Then a € A s a critical point of hg, 4 if and
only if k(ga) € C(G, Hp). O

Lemma 2.26. The set of k € K for which 1 is a critical point of hg, . equals C(G, Hy).
More generally, the set of k € K for which a € A is a critical point of hy, 1 equals
k(C(G, Ho)a™t). O

In view of Lemma 2.26, we refer to the sets k(C(G, Hy)a™ ') as level sets. This will be
fully justified after we show uniqueness of critical points in Proposition 2.48.
By decomposing ¢ in the Iwasawa decomposition we see that

hiog(a) = (Ho, H(g)) + Iy n(g)(a) - (2.27)

The first term in the right hand side being a mere constant, we see that the critical points
of hpy,g coincide with those of hy, .(g). It therefore suffices to understand the critical
points of hg, ;, for k € K.

Example 2.28. When G = PSL(R) it is clear from the geometric picture in the intro-
duction that a critical point of hp, 4 is a point @ € A such that the tangent line to gA:
at gai is horizontal. This is the content of the above Lemma 2.25 in this case. The set
C(G, Hyp) consists of the two elements

o = ( cos(m/4) isin(w/él))
Fsin(w/4)  cos(mw/4)

corresponding to the two horizontal directions. See Figure 2.1 for a picture.

Example 2.29. Let G = SL3(R). Take elements Hy, Hj € a that are not proportional,
and take k € K. We claim that a € A can never be a critical point of both hg, 1
and hpy . Indeed, replacing k by k(ka) we may assume that a = 1, and that k €
C(G, Hy) NC(G, Hy). That is, the symmetric matrices Ady-1(Hp) and Ady-1(H() have
zeroes on the diagonal. Because a is 2-dimensional the same is then true for any H{ € a.
Take now H{ = HZ. The matrix Ady—1(H{) = Adj-1(Hp) Ad,-1(Ho)? has zeroes on
the diagonal on the one hand, but its trace is the sum of squares of the entries of Hy on
the other hand. This is a contradiction.
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Figure 2.1: Geodesics corresponding to an element k1 € C(G, Hp), and to an element ko
that does not lie in C(G, Hp).

2.3.2 Existence of critical points

We want to show that there exists k € K with the property that hp, ; has a critical
point. Equivalently, in view of Lemma 2.26, that the set C(G, Hp) is nonempty. Before
proving that this is indeed the case for generic Hy € a, we need a negative result.

When k € K centralizes a nonzero subspace V' C a, then a — H(ka) grows linearly
in the directions of V. In particular, for hp,; to have a critical point, Hyp must be
orthogonal to V. Those critical points behave badly, and this is the reason to impose
that Ho ¢ Ures—(cy a’ in Theorem 6. We make this more precise in Lemma 2.31.

Lemma 2.30. When L € L and m € M’', we have k(mL) C mL.

Proof. Tt follows from [41, Proposition 7.25, Proposition 7.31] that when L' C G is a
semistandard Levi subgroup, one has k(L) C L'. We may apply thisto L' = mLm~!. O

Proposition 2.31. When Ho ¢ Uper— (o al and k € Urec—gey M'L, the function
I, i has no critical point.

Proof. Assume a € A is a critical point of hp,, and let m € M’ and L € £ — {G}
be such that k& € mL. By Lemma 2.30 we also have k(ka) € mL. From (2.23), letting
H vary in ar, we see that Hy L Ady(ar) = aaq,, (). That is, Hy € atdm (L) which
contradicts our assumption. O

An equivalent formulation of Proposition 2.31 is the following.
Lemma 2.32. When Ho ¢ Upcr— (o al’, the set C(G, Hy) does not meet Ures—gey M'L.

Proof. The elements k € C(G, Hy) have the property that hp, ; has a critical point,
namely 1. O
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When G is reductive, the set C(G, Hp) is trivially empty when Hj has a component
along Z(g). That is, when Hy ¢ gss. In particular, when L is a semistandard Levi
subgroup of G, the set C(L, Hp) is empty if Hy ¢ (a N ls) = a¥. To study the sets
C(G, Hp) with G reductive and Hy € a N gss, consider the map

faHy : K = angss

k i+ Eq(Ady-1(Hy)) . (2:33)

By definition, C(G, Hy) = f&}HO (0). By (2.7), the differential of fg g, at k € K is given
by

(DfG’,Ho)k R aﬂgss

X — —Eo([X, Ad;-1(Hp))) - (2:34)

For G semisimple, we want to prove that the sets C(G, Hy) are generically nonempty. To
this end, define

9G ., Hy K — Rzo
k= | fo,m, (B)))? -

We have C(G, Hy) = g&}HO(O). Because g, H, is a continuous function on a compact set,
it reaches a minimum. Our aim is to show that the minima of g¢ u, satisty gq,m, (k) = 0,
it it will follow that C(G, Hp) is nonempty.

Using Leibniz’s rule and (2.34), the differential of gg m, at k € K is given by

(Dga,my)k(X) = 2((D fe,1o)k(X), fc,my(k))
= —2([X, Ady-1(Ho)l, fa,m,(K)) - (2.35)

Lemma 2.36. Let G be reductive and Hy € a**® N gss. Then fg m, 15 a submersion at
points k ¢ Upep oy M'L.

Proof. Suppose (D fa m, )k is not surjective for some k € K. Then there exists a nonzero
H € angss such that ([X, Ad,-1(Hp)|, H) = 0 for all X € ¢. Using associativity of the
Killing form, this is equivalent to

[Ady-1 (Ho), H] L €.

But [Ady-1(Hy), H] € [p,p] C &, so that [Ady-1(Hp), H| = 0. That is, Adx(H) € Z,(Hy).
Because Hj is regular, this implies Ady(H) € a (see [41, Lemma 6.50]), and Lemma 2.2
then implies that ¥ € M'L with L = Zg(H). Because H ¢ Z(g), this is a proper
semistandard Levi subgroup. This proves the statement. O

Corollary 2.37. Let G be reductive and Hy € a®" N gss. Then fa m, 5 a submersion
at the points of C(G, Hy).
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Proof. The set C(G, Hp) does not meet any of the sets M’'L by Lemma 2.32, and therefore
fa.m, is a submersion at points of C(G, Hp), by Lemma 2.36. O

Lemma 2.38. Let Hy € a"®. Define Dy, ={k € K : k € Zg(fa.u,(k))}. The following
hold:

(i) The function gG g, is right invariant under M'.
(it) The set of critical points of ga.m, is Du,M'.

(tit) Let k € Dy, and define L = Zg(fa,u,(k)). Write Hy = Hy, + HLY with Hy, € af
and HY € o*. Then f pu,(k) = Hy, and k € C(L, HL).

Proof. (i) We show that fc m,(km) = Ad,,-1(fc.m,(k)) for m € M’. Because the
adjoint action of M’ on a is isometric, it will then follow that g g, is right invariant
under M’.

Because M’ normalizes a, it normalizes the orthogonal complement a*, so that the
adjoint action of M’ commutes with F,. This implies

fa o (km) = Eq(Ady,-14-1(Ho))
= Adyy 1 (Ea(Ady1(Ho)))

= Ad,,— (fe.m,(K)) -
(ii) Let k be a critical point of g. Using (2.35) we have for all X € ¢,

0 = (Dga,mo )k (X) = =2(Ea([X, Ady-1(Ho)]), fa,m, (k) -

That is,
(¢, [Adg-1(Ho), fa,m, (k)]) = 0.

But [Adg-1(Ho), fa,m, (k)] € [p,p] = &, so that this must be zero. Because Hy €
a*®8, this implies that fg m,(k) € Adg-1(a). By Lemma 2.2 it follows that k €
M'Za(fc,m,(k)). Replacing k by an appropriate right translate under M’, this
becomes k € Zg(fa,u,(k)). That is, k € Dy, .

(iii) Take k € Dp,. By definition of L we have fq m,(k) € ar. Writing Hy = Hy, + HL
and using that k € L, we have fg u, (k) = Eq(Ady-1(Ho)) = Hp + Eq(Ad,—1 (HL)).
If we prove that Ey(Ady,-1(H%)) = 0, the two statements follow. On the one hand
fc.m, (k) € ar, implies Ey(Ad,-1(HY)) = fo.n,(k) — Hy, € a. On the other hand,
HY 1 ar and k € L implies Adj,—1(H") 1 az, and hence E;(Ad,—1(H")) Lagp. Tt
follows that Eq(Ad,-1(HY)) € ar Nal = {0}. O
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Lemma 2.39. Let Hy € a'*®, Dy, be as in Lemma 2.38 and k € Dy, a critical point
of 96,1, Define L, Hy, and H* as in the same lemma. Then the Hessian of gg.mu, at k
satisfies

5 (Hessi g 1) (X, X) = — X, Hu] | — {[X, Ad’“;(HL”’ A o)
|| Ea([X, Ady-1 (H))) |
for all X € ¢.

Proof. Starting from (2.35) and using Leibniz’s rule and (2.7), we have that the Hessian
of g at the critical point k£ takes the form

Hesspg:Ext—R
(X,Y) = 2 (Eo([Y, [X, Ady—1(Ho)]]), fa,m, (k)
+2 (Eo([Y, Ady-1 (Ho)1), Ea([X, Ady-1(Ho)])) -

As fa H,(k) € a, we may drop the projection E, in the first term. Replacing fq m, (k)
by Hp and using associativity of the Killing form we obtain

—2 <[X7Adk*1(HU)]ﬂ [Yv HLD
+ 2 (Ea([Y, Adg-1(Ho)]), Ea([X, Adg-1(Ho)])) -

The associated quadratic form on £ sends
X = =2([X, Ady-1 (Ho)], [X, Hy]) + 2 || Ea([X, Adp—1 (Ho)]) |1 .
Writing Hy = Hy, + H" and recalling that k € L centralizes Hy,, this becomes
= 2|[X, H]|* — 2([X, Ady-+ (H")), [X, HL])
+2||Bo((X, Hy, + Adyr (H))|) -

Because H, € a, associativity of the Killing form implies Eq([X, Hr]) = 0, so that the
third term simplifies and we obtain (2.40). O

Lemma 2.41. Let Hy € a8" and k € K be a critical point of gg u, with positive
semidefinite Hessian. Then gg m,(k) = 0.

Proof. The proof is by contradiction. Assuming that fg g, (k) # 0, we will construct a
direction in which the Hessian of g p, is negative definite at k.

Let Dy, be as in Lemma 2.38. By Lemma 2.38 and right invariance of g under M’
we may assume that k € Dy,. Let L = Zg(fq u,(k)) and let Hy, and HL be as in
Lemma 2.38, so that fg u,(k) = Hy and k € C(L, HY). Suppose that Hj, # 0. We will
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construct X € ¢ for which the third term in (2.40) is zero, and for which the other terms
are nonpositive and not both zero.

Suppose first that H ¢ a'8. Then there exists a nonzero element X € £ with
[X,Ad, 1 (H")] = 0. Indeed, if a € ¥ is such that a(H*) = 0, take a nonzero X' €
(9o + 9-o) NE Then [X/, HY] = 0, and we can take X = Ad;—1(X’).

With this choice of X, the second and third terms in (2.40) vanish. We have [ X, Hy] =
[X, Ady-1(Hp)] # 0 by regularity of Hy, so that

(Hess, g6, o) (X, X) = =2 [|[X, Hy]||* < 0.

This is a contradiction.

Suppose now that HY € a™8. We first show that there exists X € ¢ for which the
second term in (2.40) is strictly negative. After that, we will modify X in such a way
that the second term stays the same and such that the third becomes zero.

The second term in (2.40) equals

—([Ady(X), H"], [Ady(X), H1]).

Write Adg(X) in the restricted root space decomposition (2.1) as

Adp(X) =D Xa.

aEX

Then the above equals

=Y a(H")a(Hp)||Xal- (2.42)
acx

Because Hy # 0 by assumption, there exists f € ¥ such that 5(Hp) # 0. Because
HY € a8 we have B(HF)B(HL) # 0. Using [41, Corollary 2.24] we have

0=(H" Hp)=> a(H")a(HL),
acy

so that there is at least one strictly positive term in this sum. Let a € ¥ be such that
a(H")a(Hp) > 0. Take now a nonzero X € £N(ga+g_a), then (2.42) is strictly negative.
That is, the second term in (2.40) is strictly negative.

Observe that when Y € €N [, adding Y to X does not change the first two terms of
(2.40), because [Y, Hz] = 0. Thus in order to make the third term in (2.40) zero and
obtain a contradiction, it suffices to find Y € ¢N [ with

Eo([Y, Adj—1 (H")]) = Eq([X, Ady— (H")])
and it will follow that

(Hessy, g6,m)(X = Y, X = Y) = =2||[X, He]||* — 2([X, Ady—1 (H")], [X, Hy]) < 0.
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Let L' C L be the smallest semistandard Levi subgroup with the property that k € L'M’,
say k = {'m. From k € C(L, H") it follows that Ad;—1 (H%) L a, and therefore H- € o'
We also have that [, Ad,—1(H)] L Adj-1(a) D Ad;,'(ar/), so that Fq([¢, Ad,—1 (HL)]) €
Ad;;!(al). Hence it suffices to show that the map

el — Ad; ()

Y i Bo([Y, Ay () (243

is surjective. Its restriction to €N I’ is precisely — Ad,! o(Dfr gr)e (compare (2.34)).
We seek to apply Lemma 2.36 to L.

By assumption we have H” € a8, so that HY € (a’')™%. By minimality of L', we
have ¢/ ¢ Jyncp M'L". Therefore Lemma, 2.36 shows that (D fy, yr)e is surjective, so
that the map (2.43) is surjective and the conclusion follows. O

Corollary 2.44. When Hy € a8 we have C(G, Hy) # @.

Proof. The continuous function gg p, : K — R>¢ attains a minimum, which must be 0
by Lemma 2.41. O

2.3.3 Uniqueness of critical points

Lemma 2.45. Let Hy € a™ and k € K — ULeL—{G} M'L. Then the quadratic form on
a defined by
H — (Hy, [Adi(H), En(Adg(H))])

s negative definite. In particular, it is nondegenerate.

Proof. Take a nonzero H € a, and write the element Adg(H) € p in the restricted root
space decomposition (2.1) as Zaezu{o} Xo. Then 6X_, = —X,. By Lemma 2.9, the
quadratic form evaluated at H equals

Z (=Xa,2Xa)o(Ha, Ho) = =2 Z HXa”g -a(Ho) ,

aext aext

which is nonpositive because Hy lies in the positive Weyl chamber. Therefore the
quadratic form is negative semidefinite. The fact that k ¢ Upc gy M'L implies
Ady(H) ¢ a (Lemma 2.2). So at least one X, is nonzero, and the statement follows. [J

Remark 2.46. When Hj lies in a mixed Weyl chamber, the quadratic form on a in
Lemma 2.45 can sometimes be degenerate. This happens already for G = SL3(R), even

for completely generic values of Hy, and there appears to be no structure in the bad pairs
(HOa k)

Proposition 2.47. Let Hy € a™ and k € K — ULec—{G} M'L. Then the Hessian of
Ry i s everywhere negative definite.
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Proof. Take a € A and define k1 = k(ka). From Lemma 2.30 it follows that ki ¢
Urec—ay M'L. Using Lemma 2.9 we have for H € a that

(Hessa hpry 1) (H) = (Ho, [Adg, (H), En(Adg, (H))])
= ([Ho, Ady, (H)], Eo(Ady, (H))) -

By Lemma 2.45, this quadratic form is negative definite. O

Proposition 2.48. When Hy € a®*™" and k € K, the function hp,  has at most one
critical point, which if it ewists, is nondegenerate and mazimizes hy, .

Proof. Assume that hp, j has a critical point. By Proposition 2.31, the existence of a
critical point implies that k ¢ ULeﬁ—{G} M'L. The Hessian of hp, j is then everywhere
nondegenerate by Proposition 2.47. In particular, its critical points are nondegenerate.
Moreover, Proposition 2.47 implies that the Hessian of hp,  is everywhere negative
definite, so that there can be no other critical point and any critical point maximizes
P - O

2.3.4 Structure of the level sets

We have all the necessary information to describe the set C(G, Hp).

Proposition 2.49. When Hy € a8", the set C(G, Hy) is a smooth manifold of dimension
dim K — dim A that varies smoothly with Hy.

Proof. By Corollary 2.44, this set is nonempty, and by Lemma 2.37, fq g, is a submersion
at the points of C(G, Hp). Thus C(G, Hy) is a smooth manifold of dimension dim K —
dim A, and from the local normal form for submersions [44, Theorem 4.12] it follows that
it admits local parametrizations that depend smoothly on Hy. O

Lemma 2.50. When Hy € a, the set C(G, Hy) is invariant on both sides by M.

Proof. This is clear from the definition (2.24), using Adg-invariance of the Killing form.
O

Remark 2.51. Many arguments simplify when C(G, Hy) is but a finite union of cosets
of M in K, effectively reducing arguments to the case of G = SLy(R). However, the set
C(G, Hp) is usually much bigger; see Proposition 2.57.

Corollary 2.52. When Hy € a5 and a € A, the set of g € G for which a is a critical
point of hpy, g is a smooth submanifold of codimension dim(A). It is stable on the left by
NAM and on the right by M.
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Proof. From (2.27) we saw that hpy, 4 and hy, .(4) have the same critical points. There-
fore by Lemma 2.26 the set in question is equal to NA - x(C(G, Hp)a~!), which has
codimension dim(A) in G = NAK by Proposition 2.49. It is stable on the left by NA. It
is stable on the left by M because M normalizes N A, which implies that () commutes
with left multiplication by M, and C(G, Hp) is stable on the left by M by Lemma 2.50.
Similarly, invariance on the right follows from Lemma 2.50, using that x(-) commutes
with right multiplication by K. O

When Hj € a, define Ry, C G to be the set of elements g for which the function hy, 4
has a critical point.

Proposition 2.53. When Hy € a8, the set Ry, C G is open and stable on the left
by NAM.

Proof. Take go € Rpu,. By Proposition 2.48, the critical point of hp, 4, is nondegenerate,
call it £&. We may reformulate this by saying that the map

A—a*
a— (Dhngo)a

has invertible differential at the level set above 0, which is the singleton {{}. By the
implicit function theorem applied to this smooth map with parameter g € G, it follows

that it has a zero for all g in a neighborhood of gy, which is to say that Ry, is open in
G. The stability under NAM follows from Corollary 2.52. O

Remark 2.54. Let p : G — SL(V) be any representation with finite kernel, and let
Qg0 C G be the set defined in §2.2.5. It is open and dense by Proposition 2.19. It is
reasonable to expect that for g € Qg0 and A € (a*)* we have A\(H(ga)) — —o0 as a — 00
in A. This would then imply that when Hy € a* the function hp, , has a critical point
for all g € Qgo, in particular, for all g in an open dense subset of G that does not depend
on Hy. In fact, when Hy € a®™7T it is reasonable to expect that R, = Qso.

The statement about the limit and the corollary that Ry, D §2so are certainly true
when G = SL,(R) and p = Std. Then the entries of H(ga) can be expressed in terms
of quotients of sums of subdeterminants (using (2.10)), and when g € Qg0 those entries
are bounded from above and below by constants times the entries of a, but arranged in
decreasing order. The general case would require a more careful analysis of the weights
of the exterior powers of V. This would in particular give an alternative proof of Corol-
lary 2.44, whose only proof we have now is very technical and little intuitive.

2.3.5 Some dimension bounds

Lemma 2.55. Let g be a complex simple Lie algebra of rank v, h a Cartan subalgebra
with roots X2 and a choice of simple roots I1. Let o € II. Then there exist at least r roots
B € X with the property that 8 > a.
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Proof. We will show by induction the following statement: for every 1 < m < r, there
exists a set of simple roots S with |S| = m whose span contains m linearly independent
roots f > «a. For m = 1 we take S = {a}. Assume we have found S of cardinality
m < r. Because g is simple, X is irreducible, so there exists a simple root v € I — S
which is not orthogonal to all roots in S. Thus there exists a positive root 8 € span(95)
with 8 > « which is not orthogonal to . Because (3,7)s < 0 by [41, Lemma 2.51], we
must have (f,7)p < 0. By [41, Proposition 2.48] this implies that 8 + v is a root. We
may now take S’ = S U {v}, whose span contains m linearly independent roots > « in
span(S) together with the root 5+« > «. This completes the induction. O

Lemma 2.56. Let g be a real simple Lie algebra with Cartan decomposition €®p, mazimal
abelian subalgebra a C p with restricted roots ¥ C a* and choice of positive roots 1.
The following are equivalent:

1. g is compact or isomorphic to sly(R).

2. Y aes+ m(a) = dim(a).

Proof. Write r = dim(a). Note that ¥ spans a* so that we always have

Z m(a) > #5t >r.

aext

It is clear that equality holds if g is compact or isomorphic to sly(R).

Now let g be any simple Lie algebra. We will show that equality only holds for the
examples stated. There are two cases, coming from the classification of simple real Lie
algebras.

Suppose first that the complexification g is not simple. By [41, Theorem 6.94] g is the
restriction of scalars of a simple complex Lie algebra. Let h D a be a Cartan subalgebra.
It follows as in [41, §VI.11, p.425] that all roots of h have nonzero restriction to a (and
all restrictions are different) and all restricted roots have multiplicity 2. It follows that

Z m(a) =2#5T >2r >r 41,
aext

because r > 1, meaning that equality does not hold in this case.

Suppose now that the complexification g¢ is simple. Let II be a system of simple
restricted roots of a. Let 6 be a Cartan involution corresponding to t@p and h C g a
-stable Cartan subalgebra containing a. We may choose an ordering on hg such that
the restrictions of positive roots of hc to a are either zero or positive. As in |41, §VI.12,
Problem 7|, all simple o € II are restrictions of simple roots of hc. Let aq,...,a, be
simple lifts to hc of the simple restricted roots of a. If g is noncompact, then r > 1.
Because gc is simple, by Lemma 2.55 there are at least dimc(hc) — 1 positive roots 8 of
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be with 8 > ;. The restrictions of all these roots are positive. Though the restrictions
may coincide, they give the following lower bound for multiplicities:

Z m(a) > r+ dimc(he) — 1.

aext

if this is equal to r, then dimc(hc) = 1. That is, gc = slo(C). Because we are assuming
¢ is noncompact, it must be the unique noncompact form of slp(C), which is slp(R). O

Proposition 2.57. Let G be a semisimple Lie group. The following are equivalent:
1. dim(K) — dim(A) = dim(M).
2. All simple factors of g are either compact or sla(R).
Note that we always have dim(K) > dim(M) + dim(A).

Proof. The difference dim(K) — dim(M) is equal to ) s+ m(c). If this is an equality,
then we must have the same equality for all simple factors of g. By Lemma 2.56, this is
equivalent to saying that all simple factors of g are either compact or sly(R). O

2.3.6 Proofs specific to SL;3(R)

Some of the lemmas that go into the proof of Proposition 2.49 admit more direct and
computational proofs when G = SL3(R). We include one of those here, because it features
a rather curious inequality.

Direct proof of Corollary 2.44 when G = SL(3,R). We use the standard choice of Iwa-
sawa decomposition. Write Hy = diag(a, b, ¢). Proving that the set C(G, Hp) is nonempty
is equivalent to showing that there exists a symmetric matrix X = Ady-1(Hp) with ze-

Oxzvy
0z>. Then Hy and X

T
y z0

roes on the diagonal, which is isospectral with Hy. Write X = (

have the same characteristic polynomial when

{x2 + 42 + 22 = —(ab + bc + ca) = 3(a® + b* + ¢?) (2.58)

2xyz = abe.

Because the first equation does not see the signs of z,y, z, squaring the second does not
affect solvability. We may now view (2.58) as prescribing the arithmetic and geometric
mean of 22, y?, 22, namely é(a2 +b? + ¢?) respectively (%a2b202)1/3. It is well known that
a necessary and sufficient condition for this to have a solution in nonnegative numbers
x2,9%, 2%, is that the arithmetic mean is at least the geometric mean, meaning that

Lio 42 o [P
6(a—|—b+c)2 Zabc .
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That this condition is satisfied is Lemma 2.59 below, and it does not require the hypoth-
esis that Hy € a8, ]

Lemma 2.59 (AM—+v/2GM). Let a,b,c € R with a +b+c=0. Then

2 2 2\ 3

The proof of Lemma 2.59 is an amusing exercise. Equality holds if and only if (a, b, c)
is proportional to (1,1, —2) or a permutation thereof. With the notations as in Corol-
lary 2.44, this corresponds to the case where Hy lies in aj, for some semistandard Levi
subgroup L € £ — {G}.

2.4 The K-projection and the geodesic flow

In this section we prove Theorem 7. For the possibility of uniformity, see Remark 2.68.
For H € a and k € K, define a map

Pk R—p

2.60
t— Ad,{(ketH)(H) . ( )

Using (2.6) and Lemma 2.8 to differentiate , we find that

Pui(t) = [Ee(par(t), pax(t)] -

Therefore pp 1 (t) is a solution to the homogeneous quadratic differential equation in p
given by
X' = [EeX, X] (2.61)

with initial value Adg(H). Its flow

p:Rxp—p

(t, X) — p(X). (2.62)

is given explicitly by p(X) = ppr(t) when X = Ady(H), and is in particular defined
for all ¢ € R. We will prove Theorem 7 by gathering enough information about the
dynamical system (2.62).

Example 2.63. Let G = PSLy(R) and identify p with R? via an isometry that sends a
to the horizontal axis R x {0}. It is clear from (2.61) that the points of a are stationary,
and it is clear from (2.60) that the norm of X € p is invariant under the flow. It is then
not hard to see that the phase portrait of the dynamical system (2.62) is as follows: the
points of a™ are unstable equilibra, the points of a~ are stable equilibria, and apart from
the equilibrium at 0 every other orbit is heteroclinic and describes a Euclidean half circle
with endpoints on the horizontal axis, starting at a™ and ending at a™.
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It is clear from (2.61) that all elements of a are equilibria. The key in the proof of
Theorem 7 is the existence of functions that are monotonic along orbits. For a root

a € X, let Hy € abe as in §2.1.3. The set {H, : a € II} is a basis of a. When « € II
and H € a, define ¢, (H) to be the ath coordinate of H in this basis. More generally,
define co(X) = co(Eq(X)) for X € g.

Lemma 2.64. Let X € p—a. Then co([EeX, X]) <0 for all o € 11, and at least one is
strictly negative. That is, Eq[EeX, X] is nonzero and lies in the closure of the negative
Weyl chamber.

Proof. Write X = 3" c5,10} Xa in the restricted root space decomposition (2.1). Using
that X o = —0(Xy) and Ep X = ) o5+ (X — Xq), we find that

EuEeX, X] = Z [(X_ o0 — Xo, X_o + X4
aext

=2 ) [Xa, X 4

aeXt

=2 ) (Xo,X o) Ho

aeXt

=-2 ) [ Xall3- Ha

aeXt

= 23 X053 - Ha

a€ll f>a

where in the third equality we have used [41, §II, Lemma 2.18]. Therefore the coefficients
of Eq[E¢X, X] in the basis {H, : a € I} are nonnegative, and because X ¢ a at least
one is nonzero. (This is essentially the same proof as that of Lemma 2.45.) O

Lemma 2.65. Let X € p—a and t > 0. Then co(pi(X)) < co(X) for all a € 11, and at
least one inequality is strict.

Proof. By Lemma 2.64, every c,(p:(X)) is monotonically decreasing, and near every
t € R at least one is strictly decreasing. O

Lemma 2.66. The only non-wandering points for the dynamical system (2.62) are those

of a.

Proof. Let X € p—a. By Lemma 2.65 there exists a € II for which ¢, (p1(X)) < ca(X).
By continuity of the flow, there exists a neighborhood U of X such that co(p1(U)) <
ca(U). Because ¢, is decreasing along orbits, we have p,(U)NU = @ for all ¢ > 1. Thus
X is wandering. O

Lemma 2.67. Let X € p. There exists H € a such that limy_,oo pi(X) = H.
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Proof. Write X = Adg(H) with ¥ € K and H € a. Consider its w-limit w(X). By
Lemma 2.66 we have w(X) C a. In view of the explicit expression for p;(X), we have
w(X) C Adg(H) by continuity. Thus w(X) C a N Adg(H). By Lemma 2.2, this
intersection is equal to the Weyl group orbit of H. In particular, it is discrete. Because
w(X) is connected, it must consist of a single point of a. O

Proof of Theorem 7. The K-projection of get¥! does not depend on the triangular part
of g, so we may assume that g € K. Conjugating H by k € K gives a diffeomorphism

K/ZK(H) — AdK(H) .

Take k € G. When t — +o00, the image of x(ke!'’) under this map tends to an element
Ad,,(H) € Adyp(H) by Lemma 2.67. Therefore (ke tends to the point mZy (H) in
the quotient K/Z (H). Equivalently, x(ke'™) tends to the set mZx (H) in K. O

Remark 2.68. In general the convergence in Lemma 2.67 is not uniform. Already for
G = SL3(R) there are heteroclinic orbits that have nearby orbits with totally different
limit points, even some that emanate from equilibria in the positive Weyl chamber.
Some of these orbits, that come in one-dimensional families, can be seen to lie in Levi
subalgebras (Lie algebras of L € £). But not all of them do and certainly not those that
come in two-dimensional families. In fact, it seems likely that these badly behaved orbits
correspond exactly to the partition of K into the sets k(Q2s) defined in §2.2.5; compare
Example 2.21.

Further evidence for this is the following observation. Let p : G — SL(V) be any
representation with finite kernel, and let Q250 be the set defined in §2.2.5. As explained in
Remark 2.54 we expect that for g € Qg0 and A € (a*)" we have A\(H(ga)) — —oc as a —
oo in A, and we sketched a proof of this when G = SL,,(R) and p = Std. Moreover, when
A € X1 is merely a positive root, it is still reasonable to expect that A(H(ga)) — —oo
as a — oo in A uniformly along regular directions; this is also apparent for G = SL,,(R).
Now writing ga = n'a’k’, we have for H € a that Adyp (H) = Ady-1,y-1,(H). When
g € Qgo stays in a compact set, then so does n’, by Theorem 2.17, and if A(a’) — —oc for
all positive roots A, then the positive root space components of Adg-1,-1,(H) tend to
zero. On the other hand this equals Ady/(H), which lives in a bounded subset of p, so that
the negative root space components approach zero as well, meaning that Ady (H) — a
and therefore k' — M'Zi(H). Taking H € a regular, we would obtain that ¥ — M/,
uniformly for g in compact subsets of Qg0 and a — oo inside regular cones of A.

86



3 Toric periods on semisimple groups

This chapter contains the proofs of Theorem 3 and Theorem 4. Section §3.2 contains
the skeleton of the proof of Theorem 4. It relies on asymptotics and bounds for orbital
integrals, which are proved using stationary phase analysis in §3.3 and §3.4. The analysis
relies heavily on results from §2.3. The remainder of the chapter is concerned with The-
orem 3. The proof is given in §3.6. The main arithmetic input, which is the construction
of a suitable Hecke operator, is contained in §3.7.

3.1 Preliminaries on symmetric spaces

We will use the notation from §2.1 for Lie groups and symmetric spaces. So let G be
reductive as in §2.1.1, and we will assume throughout that the identity component G° is
semisimple. (Recall that a semisimple Lie group for us is by definition connected. That
is, we follow [41].) The Lie group G will always be connected in §3.2 and in the analytic
sections following it. It will be again allowed to be disconnected from §3.5 onwards.

We equip G with any Riemannian metric and the associated distance function df(-,-).
We will care only about distances up to constant factors, so we do not need to impose
any invariance properties of d(-,-).

3.1.1 Measures and convolution

We fix any Haar measure dg on G and let dk be the Haar measure on K for which
Vol(K) = 1. We fix the Haar measure on A that coincides with the measure induced from
the left-invariant Riemannian metric on the symmetric space G/K on the submanifold
A C G/K. If H is a subgroup between A and M A, this then defines a unique Haar
measure on H.

The universal enveloping algebra U(g) acts on C°°(G) as in §2.1.5. The convolution
algebra C°(K\G/K) acts on C*°(G/K) by right translation, and it is commutative 34,
Theorem IV.3.1].

3.1.2 Maass forms

Let G be semisimple and I' C G a co-compact and torsion-free lattice. The quotient
X = I''G/K is a compact locally symmetric space, and C*°(I'\G) carries an action
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of U(g). The algebra Z(U(g)) is commutative, and we may find an orthonormal basis
(f;);j>0 of L*(X) consisting of simultaneous eigenfunctions for Z(U(g)), the Maass forms.

For v € (a*)c, the complexified dual of a, let ¢, : G — C be the spherical func-
tion of parameter v [34, Chapter IV]. It is given explicitly by Harish-Chandra’s integral
representation as

o(g) = /K exp ((p + iv) (H(kg))) dk (3.1)

where H : G — a is the Iwasawa projection and p € a* the half-sum of positive roots
(§2.1.1) [34, Theorem IV.4.3]. We say f; has spectral parameter v; € (a*)c if it has the
same Z(U(g))-eigenvalues as ¢, ; such v; is uniquely determined up to the action of the
Weyl group.

The f;’s are eigenfunctions for the algebra C2°(K\G/K). For any compactly supported
smooth kernel k € C°(K\G/K), define the Harish-Chandra transform

k:(a*)c — C

3.2
V'—>/Gk(g)sa—u(g)dg~ 32

Then k * f; = E(Vj)fj (the convolution being on G). We recover k from k by

ko) = 57 | )8y (33

where B(v) is the Plancherel density [34, §IV.7|, provided that the Haar measure on G
in (3.2) is appropriately normalized (see [34, Exercise IV.C.4]).

3.1.3 Periods

When # C X is a compact maximal flat submanifold, we may lift it to a maximal flat
submanifold of the symmetric space G/K. The lift is the image of a subset of G of the
form gA. Such g is uniquely determined by the choice of the lift, up to multiplication on
the right by Ng(A). Because .% is compact, I intersects gAg~! in a lattice. We define
the period of f; along .% to be the integral

25(5) = | 5. (3.4)
(NgAg=1)\gA

Remark 3.5. The definition (3.4) does not depend on the choice of g or even on the
choice of Iwasawa A-component A. But do note that the inclusion g4 C G induces
a closed embedding of Np(gAg~!)\gA in I'\G/K with image .#, and not (always) of
the quotient of gA by I' N gAg~'. That is, one may also consider the integral fy fi
with respect to the induced metric on the submanifold # C G/K. By our choice of
Haar measure on A, the latter integral equals &2#(f;) divided by the finite number
[Nr(gAg—) /(T NgAg™)|.
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3.2 Mean square asymptotics for maximal flat periods

This section contains the skeleton of the proof of Theorem 4. We set up a relative pre-
trace formula in §3.2.1 and prove the theorem in §3.2.3, using the analytic results from
the later sections §3.3 and §3.4. For most of this section, G can be any semisimple Lie
group and X any associated compact locally symmetric space. Only in §3.2.3 will we use
that G and X as in Theorem 4.

3.2.1 Classical setup
Let k € C°(K\G/K) be a compactly supported smooth kernel. The automorphic kernel

K (,y) =Y k(z )

vyerl

acts on L?(I'\G), and its image lies in the space of right K-invariant functions. If this
operator is positive on K-invariants (which will always be the case for us), then it has
spectral expansion
D kayy) =D k) fi@) f(), (3.6)
yer J
and both sums are uniformly convergent on X x X. When I is torsion free and preserves
orientations of the Riemannian manifold G/K, this is essentially a theorem of Mercer
[49, p. 445] (see also [76, Satz VI.4.2.]). For the general case, see for example [70].
As in §3.1.3, let ¢ € G be such that gA projects to .Z in the quotient I'\G/K. Define
H=gA¢g 'and 'y =TNH.

Lemma 3.7 (Partitions of unity). There ezxists a nonnegative b € C°(A) satisfying
Z%FH b(g~tyga) = 1 for all a € A.

Proof. We may find by € C°(R) with the property that ) _,bo(x +n) = 1 for all
x € R. Because log(I'y) is a lattice of full rank in log(H) = Lie(H), out of by we may
construct b € C°(A) as in the statement. O

The group Ng(H)/H is compact, which implies that the discrete subgroup Nyp(H) /Ty
of No(H)/H is finite.

Lemma 3.8. There exists a nonngative b € C°(A) with the property that for all k €
C(K\G/K) we have

S )| 2 () = Vol(Ti\H) - |Ne(H) /T /A k(a)da
J

+ Z / b(ay)b(ag)k(ay g ygas)dardas .
ver—Np(H) 7 A4
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Proof. This follows from fairly standard manipulations. Take b to be a cutoff function
given by Lemma 3.7. Integrating (3.6) over (I'yy\H)? and using (3.4) gives

N C(FN2 — -1
SR () L SR ey

yel’

- /(( Zk(al_lgilf)’gaa)daldag .

97 Tug\A)? Jcr

We split the y-sum into sums over the disjoint subsets Np(H) and I' — Np(H). Because
these sets are stable on both sides under I'; we may distribute the integral over the two
terms. Concretely, the integral is the sum of the “diagonal term”

/1 , Z k(a7 g™ ygaz)daidas (3.9)
(g7 Tug)\A) YENr(H)

and an “off-diagonal term” where the sum goes over I' — Np(H). For (3.9), unfolding in
ag gives

k(aytg 'ygaz)daidas .

/(‘(g_erg)\A)XA ’YENF(H)/FH

The ~-sum is now finite. We may change the order of summation and make for fixed ~
and a1 the change of variables in the as-integral that makes the argument of k equal to
az, keeping in mind that g"'Ng(H)g = Ng(A) C Nk (A)A and that k is bi- K-invariant.
This then gives the main term in the statement.

For the off-diagonal term, inserting the partitions of unity from Lemma 3.7, making a
change of variables in the y-sum and unfolding gives that the integral equals

2/1 D blgT mga)b(g ™ agas)
(07 THg\A)? | Sery

Z k(ay g™y 'yy29a2)dar das
v€l—Nr(H)

= / b(a1)b(az) Z k(ay g ygas)dardas .
AxAd &I —Nr(H)

Note that this A x A x T-integral is indeed absolutely convergent, even compactly sup-

ported thanks to the compact support of b and k. Applying Fubini gives us the sum in
the statement. O
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3.2.2 Test functions

To prove Theorem 4 we make a choice of k € CX(K\G/K) to filter out O(1) sums on
the spectral side of the pre-trace formula (3.6). For all spectral parameters v; we either
have v € a* or Re(v) is singular and ||[Im(v)|| < ||p|| (see [34, §IV.8, Theorem 8.2] for the
bound on ||Im(v)|| and [40, Theorem 16.6] for the statement about singularity).

Lemma 3.10. Let R > 0. We may find for every v € a* a k, € C°(K\G/K) with the
following properties:

~

1. ky(p) >0 for p € a*;
Ey(,u) > 1 for p € a* with || —v|| < R;
%y(u) <y (L+ ||y = pl)™ uniformly in v and p € (ac)* with IIm(p)|| < R;

ky has support bounded independently of v;

If G is simple modulo its center, k,(g) < B(v)(1 + ||v||d(g, K))~Y? uniformly in v
and g.

Proof. Such k, can be constructed using the Paley-Wiener theorem of Gangolli |26,
Theorem 3.5]; see for example |48, §2.2| for a construction, and [13, §4.1] for a proof of
the last condition. O

We will apply Lemma 3.10 with any fixed R > ||p|| in order to get decay on the
spectrum of L2(X).

Remark 3.11. The last condition in Lemma 3.10 is only used in the proof of Theorem 3.
Specifically, in Proposition 3.88.

3.2.3 Diagonal and off-diagonal estimates

Assume now that G and the locally symmetric space are as in Theorem 4. The theorem
will be proven by estimating the different terms that appear in the right-hand side in
Lemma 3.8. Using the inversion formula (3.3) it will suffice to bound the analogous terms
with the test function k replaced by the spherical function. The results in question are
proven in §3.3 and §3.4.

Lemma 3.12. When v € T is such that g .'vgeo & M'A, then g3 7900 ¢ Urec—ay M'L.

Proof. When G has rank 1 there is nothing to prove because £ = {M A, G}. Assume now
that G = SL,(R) with p prime, and that I comes from a Q-form G of the algebraic group
SL,. By the discussion in §3.5.4, the maximal flat submanifold comes from a maximal
torus H C G. If g lygeo & M'A but it lies in some M’L, then the subvariety of H that
is sent to H by the conjugacy action of « is a proper subtorus defined over Q. This is
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not possible because p is prime, in fact, the algebraic group G has no nontrivial proper
closed connected subgroups other than its maximal tori [27, Proposition 4.1, Corollary
4.2]. O

Remark 3.13. In general, even when a locally symmetric space X = I'\G/K is compact,
it can happen that g~ 'TI'g intersects the groups L € £L—{G, M A} (see §2.1.4) nontrivially.
When for example G = PGL4(R) and T is an arithmetic lattice coming from a degree
4 division algebra D over Q, then % corresponds to a quartic totally real field FF C D.
Because F' is quartic, it has a quadratic subfield E. It gives rise to a 1-dimensional
subgroup H' C H and the centralizer Zp(F) gives rise to a hyperbolic plane H C G/K
and an infinite discrete subgroup of I' N Zg(H') that acts co-compactly on H.

Lemma 3.14. Let Dy C (a*)8" be compact and let k, for v € a* be as in Lemma 3.10.
Uniformly for v € Dgy and t > 1 we have

> k() |25 (F)P =< B(v) - (1+1)7".
j

Proof. With the analytic results from §3.3 and §3.4, this follows from standard properties
of the Plancherel density and our assumptions on k,. We apply Lemma 3.8 to k = ky,.
Let by € C2°(K\G/K) with the property that by(g) = 1 when g € |, ¢+ supp(k,); this
exists by Lemma 3.10. Using (3.3) and Fubini the first term in the right-hand side of
Lemma 3.8 can be written as

Vol() - INe(H) /Tl [ Fasi)3la) [ o) (a)dad

The contribution of u € a* with || — tv|| > v/t (say) can be bounded trivially using the
rapid decay of Kt (Lemma 3.10), the polynomial growth of S(u) [34, §IV.7, Proposition
7.2] and the bound ¢, (g) < 1 which follows for example from the fact that ¢, is positive
definite |34, Exercise IV.B.9]. For the remaining p € a* we have p € (a*)8" when ¢ is
sufficiently large, and we may apply the asymptotic from Proposition 3.15 to the inner
integral. Note that for such p we have 5(u) < S(tv) by the almost-polynomial behavior
of 5 |19, Lemma 3.11|. Finally, using the positivity of K and the lower bound from
Lemma 3.10 we get that the double integral is < B(tv)(1+1¢)~".

The other terms in Lemma 3.8 are finite in number by the support condition on ky,.
By our assumptions on G and X, Lemma 3.12 says that g~ 'vg ¢ ULGL%G} M'L for
such terms. Using Proposition 3.28 and entirely similar arguments as for the diagonal
term, one shows that they are < B(tv)(1 4 t)~"~% for some § > 0. O

Proof of Theorem 4. We wish to replace the weight Etl, in Lemma 3.14 by a sharp cut-
off. This can be done by applying the lemma to various tv € a* just like we did in
Proposition 1.50; see for example [13, Lemma 4.5]. O
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3.3 Archimedean model integrals

The main result of this section is the following proposition, whose proof is in §3.3.4. The
notations for Lie groups and Lie algebras are as in §2.1.1.

Proposition 3.15. Let G be a semisimple Lie group and b € C°(A) with b(1) > 0. Let
Dy« C (a*)8™ be a compact set. Then

/ pin(a)b(a)da = (1+ ),
A
uniformly fort € R and v € Dg~.

3.3.1 Setup

We fix b € C°(A) with b(1) > 0 and we will not indicate the dependence on b in
our notations. Take v € a* and let Hy € a be the corresponding element under the
isomorphism given by the Killing form. Define

I(HO)—/Acpi,,(a)b(a)da.

Inserting Harish-Chandra’s formula for the spherical function (3.1) yields the oscilla-
tory integral

I(Ho):/A/Kexp(iquo(a,k:))b/(a,k:)dkda, (3.16)

with phase function
¢Ho(a7 k) = <H07H(ka)> (317)

and with an amplitude function b’ € C°(A x K) satisfying &'(1,k) = b(1) > 0. We will
determine the critical points of ¢, and obtain Proposition 3.15 as an application of the
stationary phase method.

3.3.2 Structure of the critical set
By Lemma 2.8 we have for H € a that

(Domy (- k))a(H) = (Ho, Adyy(a)(H)) - (3.18)
Recall from (2.24) the set

C(G, H()) = {k e K: Adk71 (H()) 1 a}.

Lemma 3.19. When Hy € a8", the set of critical points of ¢u, is {1} x C(G, Hp).
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Proof. Assume (a,k) is a critical point of ¢p,. By [20, Proposition 5.4|, criticality in &k
is equivalent to
ke ZK(H())M/ZK(Q) = M’ZK(a) ,

where we have used that Hy € a™®8, so that Zx(Hp) = M. By (3.18) and the definition
(2.24), criticality in a is equivalent to x(ka) € C(G, Hy). Because k € M'Zk (a) we have
k(ka) = k, so that k € C(G, Hp). It remains to show that a = 1. If not, we would have
k€ M'L with L = Zg(a) € L a Levi subgroup different from G. This contradicts the
fact that C(G, Hy) N M'L = @ (Lemma 2.32). O

Remark 3.20. When more generally Hy € a™®, by being more careful in the proof of
Lemma 3.19 one shows that the critical set of ¢p, is

| Adar(AL) x C(L, Ho) ,
Lel

where the sets C(L, Hy) are defined analogously by
C(L,Ho) = {k € KN L:Ady(Ho) L a},
and only the sets C(L, Hy) with Hy € a* are nonempty.
Recall from (2.33) the map (now dropping the dependence on G in the notation)

fHo K —a
k — Eq(Adg-1(Ho)),

which has the properties that C(G, Hy) = fgol(()) and

(Don (- k))a(H) = ([, (r(ka)), H) . (3.21)

Remark 3.22. The set C(G, Hy) has the geometric interpretation that it consists of the
k € K for which the maximal flat kA C G/K is orthogonal to Hy at the base point k- 1.
The geometric picture will come more fully into its own right in §3.4.

The main properties of C(G, Hy) are established in §2.

Lemma 3.23. When Hy € a®°", the function fm, is a submersion at the points of
C(G,Hyp). The set C(G,Hy) is a non-empty smooth submanifold of K of codimension
dim(A) that varies smoothly with Hy € a®°".

Proof. That fy, is a submersion at C(G, Hy) is Corollary 2.37. This second sentence is
Proposition 2.49. O
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3.3.3 Stationary phase

Recall the map fp, : K — a defined in (2.33).
Lemma 3.24. For k € C(G, Hy) we have
Tk(C(G, Ho)) = ker((DfHO)k) = {X ct: Adk(X) 1 [Ho,Adk(Cl)]} .

Proof. The first statement holds because the defining map fp, for C(G, Hp) is a submer-
sion on C(G, Hy) (Lemma 3.23). Indeed, it is a general fact that when a submanifold is
the level set of a submersion, then its tangent spaces are the kernels of the differential of
the defining map [44, Proposition 5.38]. The differential may be computed using (2.7):

(D fro)n(X) = —Ea([X, Ady (Ho)])
Therefore X € ker((Dfp,)x) if and only if [X, Ad; ' (Ho)] L a. Using associativity and
Adg-invariance of the Killing form, this is equivalent to Adg(X) L [Ho, Adg(a)]. O

The first equality in Lemma 3.24 will be used in the following lemma. The second will
be used in the proof of Lemma 3.66.

When M C N are Riemannian manifolds and m € M, a symmetric bilinear form on
TN is called transversely nondegenerate to M if its radical is contained in T, M. Recall
the phase function ¢g, defined by (3.17).

Lemma 3.25. When Hy € a8°", the Hessian of ¢m, is transversely nondegenerate to
the critical set of ¢u,. Moreover, its signature on the critical set equals (ng,ny,n_) =

(dim(K) — r,r,7), where r = dim(A).
Proof. The Hessian of ¢, at a critical point (a, k) is given simply by
<X7 Y) = LXLYd)HO (a7 k) .

By Lemma 3.19 the critical set of ¢n, is {1} x C(G, Hy). Let (1, k) be a critical point of
¢H,- Let L:a®t — a® ¢t be the unique and self-adjoint linear map such that

(Hess(l,k) ¢Ho)(X7 Y) = <LX7 Y>9
for all X,Y € a @ t. We must show that ker L C {0} @ TxC(G, Hy). Write
Ly L
I — aa aE)
(LZE Lee
relative to the natural decomposition of a @ €. Because ¢m,(1,k) =0 for all k € K, it is

clear that Ly = 0. To compute Lge : € — a, let X € ¢ and H € a. From (3.21) we have
Lyon,(1,k) = (fn,(k), H). Therefore

HGSS(Lk) ¢HO (X, H) = LXH¢H0 (a7 k)
= Lx(fu,(k), H)
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so that L = (D fm,)k. From Lemma 3.23 it follows that Lg is surjective, so that the
adjoint L}, is injective. This implies
ker L = {0} @ ker Lge = {0} ® ker((Dfm, )x) = {0} ® TxC(G, Hyp) ,
where the last equality is Lemma 3.24. This proves the first part of the statement.
We can compute the signature at a critical point (1, k) as follows. Let V be a comple-

ment of T;C(G, Hp) in ¢. Relative to the decomposition a ® V @& TyC(G, Hyp), the map L
has the form

Laa LaV 0
L=|Ly 0 0
0 0 0

with Lqy invertible, because ker(Lg;) = TC(G, Hp). A self-adjoint map of this form has
signature (ng,ny,n_) = (dim(C(G, Hy)),r,r). Indeed, to show this we must show that
a real symmetric 2r X 2r block matrix of the form

A B
= (5 o)

with B invertible, has signature (r,7). Doing as if the blocks were numbers, define

1
Ay = (A+ VA2 +4BBT),

where the square root is the symmetric positive definite one. Because “square roots are
monotone on symmetric positive definite matrices”, Ay is positive definite and A_ is
negative definite. Now one can either write down explicit matrices to show that M is
congruent to diag(A 4, A_), or observe that if (v;") are bases of eigenvectors for A, then
the vectors (Ayv;™, BTv) and (A_v; , BTv;") form a basis of eigenvectors for M, with
the same eigenvalues as those of Ay. O

We are ready to prove Proposition 3.15. We use the stationary phase theorem with
critical manifolds of positive dimension, which we now recall.

Theorem 3.26. [15, Théoréme 4.1] Let M be a smooth Riemannian manifold, b €
C(M) and ¢ € C*°(X) real-valued. Assume that the set of critical points of ¢ intersects
the support of b in a smooth closed submanifold W C M of codimension d, and that the
Hessian of ¢ is transversely nondegenerate to W. Denote for w € W by Hess, | ¢
the restriction of the Hessian to the orthogonal complement of T,W. Assume that ¢
is constant on W and that Hess| ¢ has constant signature (ny,n_) on W. Then as
t — +oo,

: o\ Y2 .
/ ethb(x)b(x)dx _ [ =t €ztf(W)-Hm(n_‘_—n_)/4_
M t

b(w) 4ot
dw + O(t
/W | det(Hessw,J_ gb)|1/2 w ( ),
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where the integral over W is with respect to the induced metric.

3.3.4 Proof of Proposition 3.15

Proof of Proposition 3.15. Take vy € (a*)8" and let Hy € a®" correspond to it via the
identification a = a* given by the Killing form. Via the reduction in the beginning of
§3.3 we must bound the oscillatory integrals I(¢Hp) given by (3.16):

I(tHo):/A/Kexp(ittho(a,k))b’(a,k)dkda.

By Lemma 3.25 the Hessian of ¢p, has signature (ny,n_) = (r,r) transversely to its
critical set, which has codimension 2dim(A) = 2r by Lemma 3.19 and Lemma 3.23, and
¢, takes the value 0 there because H(K) = 0. The stationary phase theorem implies

/

T(tH)) =+ - (27 reﬂi(n+—n)/4/ b (17 k)

() e C(G,Ho) +/| det(Hy)|
ast — +o0, where Hy = Hess(q 1) | ¢, is the Hessian of ¢, restricted to the orthogonal
complement of the tangent space T(; 1) ({1} x C(G, Hp)), the determinant is taken in an
orthonormal basis and the integral is with respect to the induced metric. Moreover, this
bound is uniform for Hy in compact subsets of a®°™ because of the smooth dependence
in Lemma 3.23. We have b/(1,k) > 0 (see the beginning of §3.3), so that the constant in
the main term is strictly positive. O

dk 4+ 0@t 1)

Remark 3.27. A possible way to remove the condition v € a8" in Proposition 3.15 (or
at least to replace a®" by a™#) would be to use the more precise statement about the
critical set in Remark 3.20 and to resolve the singularities of fg, and lift the integration
in (3.16) to a blowup of a x A x K (the a-factor corresponding to Hy).

3.4 Bounds for orbital integrals

In this section we prove the following proposition. The notations for Lie groups and Lie
algebras are as in §2.1.1.

Proposition 3.28. Let G be semisimple and b € C°(A x A). Let Dg= C (a*)8" be
compact and Dg C G be compact. Then there exist 6 > 0 and N > 0 such that

/ gpl-t,,(al_lgag)b(al, az)daydas
AxA

<14t [1+t-d]|g, U M'L ,
LeL—{G}

uniformly fort e R, v € Dy~ and g € Dg.
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Remark 3.29. The uniformity in ¢ in the above result is not needed in the proof of
Theorem 4, because only finitely many ~ € I" contribute to the sum in Lemma 3.8. We
will need this dependence in the proof of Theorem 3.

3.4.1 Setup and phase functions

We fix b € C2°(A x A) and we will not incorporate it in the notations. Take v € a* and
let Hy € a be the corresponding element under the isomorphism given by the Killing
form. For g € GG define

J(Hy,g) = / goi,,(al_lgag)b(al,az)daldaQ. (3.30)

AxA

By invariance of ¢;, under the action of the Weyl group on v, we have for e € M’ that
J(Ho, g) = J(Ade(Ho), g) - (3.31)

It is therefore no restriction to assume that Hy lies in a Weyl chamber of our choice.
Inserting Harish-Chandra’s formula for the spherical function (3.1) yields the oscilla-
tory integral

J(Hy,g) = / / exp (i&HO,g(al, as, k)) bg(ai,as, k)dkdadasy ,
AxAJK

with phase function N
Gy yg(ar, a2, k) = (Ho, H(kay 'gaz)) (3.32)

and with amplitude by, € C°(A x A x K) depending smoothly on g and with support

bounded independently of g, which incorporates the real exponential factor in (3.1). Fol-

lowing [47], we now bring this in a form that makes the A-derivatives more manageable.
For h € G define the map

@h:K—>K

ks k(kR). (3:33)

By smoothness of the Iwasawa decomposition it is a smooth map, with smooth inverse
©,-1, and therefore a diffecomorphism. For k € K and y,z € G we have that (see [47,
Lemma 6.2])

H(ky™'2) = H(©,-1(k)z) — H(©,-1(k)y) .

Applying this with y = a; and z = gas and making the change of variables k < O, (k)
gives

J(Ho,g):// exp(z’ngM(al,ag,k))b’g(al,ag,k)daldagdk (3.34)
K JAxA
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with phase function

Gro.g(ar, az, k) == b, 4(a1, az, O, (k)

(3.35)
= (Ho, H(kgaz)) — (Ho, H(ka1))

and some amplitude b, € C°(A x A x K) depending smoothly on g.

Remark 3.36. The expression (3.32) will be useful when computing derivatives of ¢ g, 4
with respect to k, and (3.35) will be useful when computing derivatives with respect to
a1 and asg.

The expression (3.35) separates the variables a; and as. Our strategy, inspired by
[47], is to first apply the stationary phase theorem in the variables a; and ag, leaving us
with an oscillatory integral over K, and then to apply the van der Corput lemma to this
integral.

3.4.2 Extremal points on maximal flats

In view of equation (3.35), we are naturally led to study the critical points of the ‘height’
functions

hHo,g cA—-R
a — (Ho, H(ga))

with g € G, which allow us to write

Py ga1, a2, k) = hpg kg(az) — ha, k(ar) . (3.37)

The critical points of A, 4 are studied in §2. Many of the results concerning them require
that Hy € a8™7, so that this assumption is propagated throughout most of the analysis
in this section. We summarize the results as follows. Recall the set C(G, Hp) C K defined
in (2.24).

Lemma 3.38. Let Hy € a®®™t. Then hiy.g has at most one critical point. A critical
point a € A is characterized by the condition that k(ga) € C(G, Hy). The Hessian at a
critical point is negative definite and (as a quadratic form) given by

a—>R
H — ([Ho, Ad(H)], Ex(Adc(H)))

where ¢ = k(ga).

Proof. The uniqueness and the fact that the Hessian is negative definite are contained in
Theorem 6. The characterization is Lemma 2.25. The Hessian is computed in Proposi-
tion 2.47 when g € K, but it does not depend on the triangular part of g by (2.27). O
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We require some additional facts about the dependence of the critical point of hg, 4 on
the parameters Hy and g. Take Hy € a8, Define Ry, C G to be the set of elements
g for which the function hp, 4 has a critical point. Define also

R= |J {Ho}xRu,. (3.39)
Ho€agen+

When g € Rp,, by Lemma 3.38 there is a unique critical point of hg, 4. Define the
function

€H0 : RH() — A (3.40)
that sends g to the critical point of hp, 4, and define
E:R—-A
(Ho, 9) = &mo(9) -

Define also the C-projection
CHy RHO — C(G, HQ)
9 = £(98m,(9))
which is guaranteed to take values in C(G, Hy) by Lemma 3.38.

Lemma 3.41. The set R C a x G is open, and {p,(g) and cp,(g) are real analytic in
(HOag) €ER.

Proof. Take (Hy,g) € R. By Lemma 3.38 the critical points of hp, 4 are nondegenerate,
which we may reformulate by saying that the map

A—a*
at— (DhHo,g)a

has invertible differential at the level set above 0, which is the singleton {{m,(g)}. By
the implicit function theorem applied to this real analytic map with parameter (Hy,g) €
ag™t x G, it follows that R is open in 8™ x G, and that g, (g) is real analytic in
(Hyp, g). Consequently, cp,(g) is also real analytic in (Ho, g). O

The following coordinate system for Ry, N K will be useful when dealing with expres-
sions involving the &g, .

Lemma 3.42. Let Hy € a®®™*. The map
C(G,Hy) x A= Rpuy, N K
(c,a) — K(ca™)
s a real analytic isomorphism whose inverse is

k= (cro(K), €y (F)) -
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Proof. The two maps are real analytic by Lemma 3.41, and the fact that they are mutual
inverses follows from the definitions of &g, (k) and cp, (k). O

Example 3.43. When G = PSL(2,R) with the standard choice of Iwasawa decomposi-
tion, Lemma 3.42 can be visualized as follows. Identify G with the unit tangent bundle
of H and K-projections with unit tangent vectors. We have Ry, N K = K — M’, which
has two connected components, corresponding to the directions pointing east or west.
(The north and south directions are excluded as they come from M’.) Accordingly, the
set C(G, Hp) has two points:

o = < cos(m/4) isin(Tr/4)>
Fsin(w/4) cos(w/4) ) -

When a runs through A, the direction of ¢ya runs through all directions pointing east,
and the direction of c_a runs trough all directions pointing west.

3.4.3 Reduction to an integral over K

We seek to apply the stationary phase theorem to evaluate the inner integral in (3.34).
The main result of this subsection is Proposition 3.47. Given the results of §3.4.2, for
which most of the work was done in §2, the proof is parallel to that of Lemma 1.40 when
G = PSLy(R). Some care must be taken to obtain uniformity in Hp.

Define the “parameter space”

P=at"" xGx K

and let R C P be the set of parameters (Hy, g, k) for which the function ¢g, 4(-, -, k)
has a critical point. Denote by RY;, , C K the fiber of R’ above (Ho, g).

Lemma 3.44. The set R’ is open in P. When (Ho,g,k) € R, the function ¢, 4(-, -, k)
has a unique critical point (a1, az2) given by (Em,(k), Em, (kg)).

Proof. Recall from (3.37) that

by, g(a1, a2, k) = hpy rg(az) — hpyk(ar),

so that (a1,a2) is a critical point of ¢m, 4(-,-, k) if and only if a; is a critical point of
hi, k and ag is a critical point of Ay, k. Lemma 3.38 gives the uniqueness, and the last
part is the definition of £x, (see (3.40)). We show that R’ is open. Let R be as in (3.39);
it is open in a x G by Lemma 3.41, and it suffices to note that R’ is the preimage of
R x R under the continuous map

P — (axG)x(axqG)
(Ho,g,k’) = ((HOJC)’ (Ho,k‘g)) . ]
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Define a function on K by

¢H07g(§Ho (k), gHo(kg)7 k) whenk € Rl}[o,g )

_ (3.45)
0 otherwise.

QZJHng(k:) = {
When (Hop,g,k) € R’, denote by dp,4(k) the Hessian determinant of the function
GHo.g(+ -5 k) (for fixed k) at its unique critical point. Let by, be as in (3.34) and define

Y k), & (kg), k) —2"_  whenk € R,
}/{079(]{;) _ g(gHO( ) éHO( g) ) |dH0,g(k)‘ when Ho,g

0 otherwise,

and call b” : P — C the corresponding function of (Hy, g, k).
Lemma 3.46. The function b" is smooth and supp(b”) C R’.

Proof. Roughly speaking, this is because £p,(g) diverges as (Hp,g) approaches the
boundary of R, and the argument is just like in Lemma 1.38. We must only show that
every point of P —R’ has a neighborhood on which " is zero. Suppose not, then there ex-
ists a sequence (Ho n, gn, kn) € R’ on which b” is nonzero and which converges to a point
(Ho, g, k) of P —R'. Because b"(Hon, gn, kn) # 0 and b} has support bounded indepen-
dently of g (even independent of g altogether) the sequences &g, (kn) and &, (Kngn)
are bounded. We may then extract a subsequence on which g, , (kn) and &gy, (kngn)
converge, say to £1,& € A. By continuity we then have

(DhHO:k)El = nILH;o(DhHO‘n’k7l)£H0,n(k") = 0,
and similarly for &, so that (Hp, g, k) € R’. This is a contradiction. O

Proposition 3.47. Let D, C a®™" be compact and Dg C G be compact. Define
J(Hop, g) by (3.30). Then

J(tHoy,g) =t~" /K eros Myl (k)dk+ Ot

as t — 400, uniformly for Hy € Dy and g € Dg.

Proof. We prove a uniform asymptotic for the double A-integral in (3.34), which we then
integrate over K. Let Py = supp(b”) N (Dy X Dg x K). It is closed in P and contained in
R’ by Lemma 3.46. We distinguish two cases depending on where (Hy, g, k) lies. When
(Ho,g,k) € R, the phase function ¢p, 4(-,-, k) has a unique and nondegenerate critical
point (&, (k), Em, (kg)), where the Hessian has signature (r,7) by (3.37) and Lemma 3.38.
The stationary phase theorem [69, §VIIL.2] implies that

eit(bHo,g(alan’k) b ai, a9, k)daidas = tiTGithU*g(k)b” k
/A><A o 9 ) Ho.g(F) (3.48)
+o@t
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as t = 400, uniformly for (Hy, g, k) in compact subsets of R'. When (Hy, g, k) € P—Po,
the phase function ¢p, 4(-, -, k) has no critical points in the support of b}hg, and the Van
der Corput lemma [69, §VIIL.2| implies that

/ eit¢H0,g(a1,a2,k)bhoyg(al’ as, k)daldag <N N
AxA

as t — oo, uniformly for (Hp,g,k) in compact subsets of P — Py. Because b” is
by definition zero on P — Py, the estimate (3.48) also holds in this case, uniformly in
compact subsets of P — Py. Because P — Py and R’ are open in P (Lemma 3.44) and
they cover P, we may find compact subsets of R’ and P — Py that cover the compact set
PN(Dgx D x K). Therefore (3.48) holds uniformly for all (Ho, g, k) € PN(Dgx DX K).
The statement follows then by integrating (3.48) over K. O

3.4.4 Critical points of ¢y, ,

This subsection is concerned with the critical points of ¢p, 4 (defined in (3.45)) when
g lies in the dense open set G — ULeﬁf{G} M'L. The main result is Proposition 3.49,
which will imply Proposition 3.28.

Proposition 3.49. Let Hy € a8™" and g € G—ULGZ}{G} M'L. Then ¢m, 4 is nowhere
locally constant in Rl .

The proof of Proposition 3.49 is at the end of this subsection.

Remark 3.50. The proof differs from the proof in [47] for PSLa(R). Namely, we do not
prove that the Hessian of ¢y, , is nondegenerate at critical points. In fact, to obtain a
useful expression for the Hessian of ¢ g, 4 in order to generalize to proof for PSLy(R), we
must know something about the derivatives of the g, (see (3.40)), which are determined
implicitly by their image under an injective linear map a — ¥ involving the Hessian of
hi,,g- When dim(a) = dim(¢) = 1, all of this can be made relatively explicit, but in
general it seems very hard to say anything about the D&p,. As a replacement for this
computation, we will use the change of variables from Lemma 3.42, through which one of
the occurrences of {p, simplifies greatly. The second step in the proof is to eliminate the
other occurrence of g, (g) € A, by using the fact that its adjoint action on a is trivial,
see Lemma 3.62.

We first deduce Proposition 3.28 using very general principles.
Proof of Proposition 3.28 assuming Proposition 3.49. By (3.31) it is no restriction to as-

sume that Hy € a™. Proposition 3.47 then reduces the statement to showing that for
some N >0 and § > 0,

N\ —0

/ eitHg,q(k) lﬁo,g(k)dk<< 1+t-d|g, U M'L , (3.51)
K LeL—{G}
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with uniformity in Hy. When g lies at positive distance from (J; . (G} M'L, this follows
directly from the Van der Corput lemma [69, §VIII.2, Proposition 5|, because by Propo-
sition 3.49 there is no k € supp(by;, ,) at which ¥, ¢ is somewhere constant, meaning
that some higher k-derivative is bounded away from zero around every k € supp(b’[’{m g).

To get control over the dependence on g, consider for every n > 1 the real analytic
map

D, : R — (£)®"
(H07g7k) = ((D(n)wHo,g)k

where we denote D™ for the higher derivatives. Call Z C R’ the joint zero locus of the
D,,.
Proposition 3.49 says that

Z Cax U ML| xK.
LeL—{G}

Locally around a fixed (Hy, g, k) we may embed R’ as a real submanifold of a complex
manifold € on which ¥y, 4(k) is complex analytic in all three variables. The maps D,
are derivatives of ¢p, 4(k) and therefore also extend analytically to Q. By [77, §3.9
Theorem 9 CJ, their joint zero locus is locally the zero locus of only finitely many D,
say of Di,...,Dy, on a neighborhood U C R’ of (Hp,g,k). Consider now the Taylor
polynomial map

T:U— ()% o o @)%/

obtained by pairing D1,..., Dy, and equip the right-hand side with a fixed norm. By
Lojasiewicz’s inequality, for every compact subset V' C U there exists N > 0 such that
for (Hy,¢', k") € V we have

N

1Ty (Hp, o', )| > d((Ho,9.k), Z)N >d g, |J ML
LeL—{G}

Because such a bound holds locally in R/, it holds on compact subsets of R’ but with
possibly bigger values of J and N. This gives a lower bound for a k-derivative order
at most J for ¢, . To apply this, take D C R’ to be any compact neighborhood of
supp(b”) N (Dq x D x K). This is possible by Lemma 3.46 and because R’ is open in P.
The bound (3.51) then follows from the Van der Corput lemma [69, §VIII.2, Proposition
5], with the corresponding value of N and with § =1/J. O

The following lemma is an immediate application of the chain rule.
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Lemma 3.52. Let Hy € a8 and g € G. When k € R}fo,g’ we have that k is a critical
point of Yu, g if and only if (Euy(k), Emy(kg), k) is a critical point of ¢y g- O

For g € G, define ©4 : K — K by (3.33).

Lemma 3.53. Let Hy € a™% and g € G. A point (a1, a2, k) is a critical point of ¢m, g if
and only if

H(kal) S C(G, H()) s (354)
k(kgae) € C(G, Hy) (3.55)
n(0g, (ka7 gas) = 1. (3.56)

Proof. Let (a1,as, k) be a critical point of ¢p, 4. By (3.37) and Lemma 3.38, criticality
in a1 and az is equivalent to (3.54) and (3.55). In view of (3.35), k is a critical point
of ¢m, 4(a1,as,-) if and only if O4, (k) is a critical point of ¢m, 4(a1,a2,-). Using the
expression (3.32), by [20, Lemma 5.3] this in turn is equivalent to

Oy, (k)a; gas € Zy(Hp)AK = AK
where we have used that Hyp € a"™®. This is (3.56). O

Remark 3.57. The condition (3.56) can also be written as n(ka1) = n(kgasz). Indeed,
writing ka; = n’a’k’, condition (3.56) says that

k'al_lgag =d ' kgay € AK .

We may write this as kgas € n’ AK, which is what we claimed. This is analogous to the
criticality condition in §1.5.2, where it can be interpreted geometrically as saying that
two geodesics in the upper half plane are concentric.

At this point it is helpful to make the change of variables given by the diffeomorphism
in Proposition 3.42. Define therefore

Gryg: C(G Hp) x A= R

3.58
(e,a) = Yy g(r(ca™)). (559

For Hy € a and g € G, define an open subset of C(G, Hp) x A by
oy = {(c;a) € C(G, Hy) x A (Hp,g,r(ca™)) € R'}.

Thanks to this change of variables, TZHo,g has a more manageable expression. Using
that £, (k(ca™!)) = a and using the definitions (3.58), (3.45), (3.35), (3.32) we have for
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(c,a) € Ry, , that

Vtigg(¢,@) = Vg g (r(ca™)
= drp,9(a,Emy (r(ca™)g), k(ca™))
= Gtyg(a, Emy (K(ca™)g), )
= (Ho, H(ca™ g€, (r(ca™")g)))
= (Hy, H(ca ' g€, (ca™tg))).

1

In the last equality we have used that {, is invariant under left multiplication by N A.
For (c,a) € RYy, , define
VHog(€,a) = ca™ gépy(ca™g) (3.59)

so that @ZHM(C, a) = (Ho, H(VHy,4(c,a))). By Lemma 3.38 and the definition of &g,
(3.40) we have for all (c,a) € RY, , that

IQ(’)/HO79(C, (1)) € C(G, Ho) . (360)

Lemma 3.61. Let Hy € a*™" and g € G. Then (c,a) € RYy, , is a critical point of

@ZJHO’Q if and only if
n(VHgg(c,a)) = 1.

Proof. A point (¢,a) € Rlﬁo,g is a critical point of JHO,Q if and only if k(ca™1) is a critical
point of ¢p, 4. Using Lemma 3.52 and Lemma 3.53, this is seen to be equivalent to
n(YHy,9(c; @) = 1. O

Lemma 3.62. If ¢y, , is critical at (c,a) € Rty 40 then
(Ho,Adq-14(a)) = 0.

Proof. By equation (3.60) and Lemma 3.61 we have that vy, 4(c,a) € AC(G, Hy), so
that
ca”lg € AC(G, Hp)A.

For k € C(G, Hy) we have by definition that (Ho, Adg(a)) = 0 (see (2.24)). By Adg-
invariance of the Killing form, this gives

<H0, Adca—lg(0)> = 0,
as claimed. O

Remark 3.63. 1. In Lemma 3.62 we write (Ho, -) and not Hq L -, because Ad.,-1,(a)
is not in p in general.
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2. Lemma 3.62 gets rid of the (complicated) function £, 4 by considering the adjoint
action on a. This makes differentiating much easier, at the cost of a (possible) loss
of information about v, ¢4(c, a).

Lemma 3.64. If {/;H(),g is constant around a point (c,a) € R’['{O’g, then
[Ho, Ade(TC(G, Ho))] L Ep(Adeag(a)) ,
where By, = %(id —0) denotes the orthogonal projection onto p.

Proof. By the locally constant hypothesis implies, the conclusion of Lemma 3.62 is true
for all nearby ¢ and nearby a. In fact, by analytic continuation it is valid for all a’ € A.
Differentiating it with respect to c gives

(Ho, [Ade(T:C(G, Ho)), Adearg(a)]) = 0,
for all @’ € A. Now we use associativity of the Killing form:
([Ho, Adc(TeC(G, Ho))], Adearg(a)) = 0.
And finally, we use that the left member lies in [p, €] = p. O

Lemma 3.65. For Hy € a®™ we have that
m+ Ad.(m) C Ad.(T.C(G, Hp)) .

Proof. This is easily seen from Lemma 3.24. Associativity of the Killing form gives that
m L [Hy,g], which implies that m C Ad.(7T.C(G, Hy)). Associativity also gives that
Ad.(m) L [Ad.(a), g], which implies Ad.(m) C Ad.(T.C(G, Hyp)). O

Define 1™ = ¢NE@P,, go and p* = p NEP,, 9o- They are the “root space parts” of £ and
p respectively. Define Fyin and Ej 1. to be the orthogonal projections onto these spaces.
The following is nothing but a useful reformulation of Lemma 3.24.

Lemma 3.66. Let Hy € a5" and ¢ € C(G, Hy). The orthogonal complement of the
subspace [Ho, Ad.(T.C(G, Hp))] in p equals a & Ad.(a).

Proof. Call V' the orthogonal complement of [Hy, Ad.(T.C(G, Hp))] in p. Certainly a C
V', because a L [a,€]. By Lemma 3.24, the space

Ad.(T.C(G,Hyp)) C ¢
is the orthogonal complement of [Hy, Ad.(a)]. It follows that Ad.(a) C V. Therefore

a® Ad.(a) C V.
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That this is an equality, follows from dimension considerations. Consider the projection
Eeim(Ad(T.C(G, Hyp))) to €™, Because Ad.(T.C(G, Hp)) has codimension dim(a) in £
by Lemma 2.49, and because Ad.(T.C(G, Hp)) D m by Lemma 3.65, this projection has
codimension dim(a) in £-™. Now the action of [Hp,-] on £-™ gives a bijection with p-¢
because Hy is regular. Therefore [Hy, Ad.(T.C(G, Hp))] has codimension dim(a) in p°,
and the orthogonal complement in this space must be Ey,1a(Ad.(a)), which has the correct
dimension because Ad.(a) intersects trivially with a by Lemma 2.32 and Lemma 2.2. [

The idea of the argument is the following. Lemma 3.66 gives the precise orthogonal
complement of [Ho, Ad.(TcC(G, Hp))] in p, and Lemma 3.64 also gives elements in p
orthogonal to it, under the assumption that {EHO,Q is constant around a point (c,a) €
R}/fo, pr As soon as the latter lemma gives one new element, we have a contradiction. We
may also formulate this in the following way.

Lemma 3.67. If {EHO,g is constant around a point (c,a) € Rgloyg, then

Ep(Adeag(a)) C a® Ade(a).
Proof. Immediate from Lemma 3.64 and Lemma 3.66. O

Lemma 3.68. If {EHO,g is constant around a point (c,a) € ZIO 9 then
EpLa (AdAg(a)) C EpLa (Ad.-1(a)).
Proof. We use Lemma 3.67 and apply Ad.-1, which gives that

Ep(Adag(a)) C Ade-1(a) @ a.

Here we have used that Adgx commutes with E,. Projecting further to p® we may

discard the factor a in the right-hand side, and the claim follows. O

If we can show that the left-hand side in Lemma 3.68 is of dimension dim(a), then
the inclusion becomes an equality; in particular, an inclusion in the other direction. The
following lemmas show that it is indeed of that dimension, provided that g is generic.

Lemma 3.69. Let X = (X,) € @, x5, 0a- The span of Ada(X) is P, ey RX,.

Proof. Clearly Ada(X) C P, cx RXq.

We must show that the vectors v, = (a(a))acs € R¥ with a € A span the entire space
R>. This is equivalent to the statement that the roots of A are linearly independent,
and it is a general fact that the characters of an abelian group are linearly independent.
More precisely, suppose they don’t span everything, then they lie on a hyperplane and
there exist ¢, € R, not all zero such that

VaeA:ana(a):O.

aEX

This is saying that the oo : A — R* are linearly dependent. O
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Lemma 3.70. If g ¢ Urer ey M'L, then
dim(span(£y,1a(Adag(a)))) > dim(a).

Proof. Let V' be the span of Adag(a). By Lemma 3.69, it is of the form Vo @ @ cx, Va
with Vo C a+m and V,, C go. Let S = {a : V, # 0}. We claim that S spans a*.
Suppose not, then there exists a nonzero H € (g ker(cr), meaning that [H,V] = 0.
Then [H,Ady(a)] = 0, or equivalently, [Ad,-1(H),a] = 0. Thus Ad,1(H) € m@a. By
Lemma 2.3 this implies that g € Zg(H)M’, contradicting our hypothesis on g. Therefore
S spans a*.

In particular, there are at least dim(a) positive roots a € X+ with V,, # 0, and in
particular with E,1.(V,) # 0. Because the projections Ey1a(ga) for different a € YT are
orthogonal, the projection Fy1.(V') has dimension at least dim(a). O

Lemma 3.71. Suppose TZHO,g is constant around a point (c,a) € R/I/JO,gr and suppose
9¢ Urec—icy M'L. Then

span(E,1a(Adag(a))) = Ey1a(Ad.-1(a)).

Proof. Lemma 3.68 says that the left-hand side is contained in the right-hand side. The
left-hand side is of dimension at least dim(a) by Lemma 3.70, and the right-hand side
is of dimension dim(a) because Ad.(a) intersects trivially with a by Lemma 2.32 and
Lemma 2.2. Therefore, equality must hold. O

Proof of Proposition 3.49. Assume vy, 4 is constant around some point k£ € R}IO g- Then

JHo,g (defined in (3.58)) is constant around some point (c,a) € Ry, .
Because Ad.-1(Hp) L a (by definition of C(G, Hyp)), Lemma 3.71 gives that

Ad.-1(Hp) € span(Ey,1a(Adag(a))) .

On the other hand, by the hypothesis of being locally constant and by analytic continu-
ation in a, Lemma 3.62 says that

<Adc*1 (Ho), AdAg(a» =0,

so that
Adcfl(Hg) 1L Span(EpLa (AdAg(a))) .

Therefore Ad.-1(Hp) = 0, which is a contradiction. O

Remark 3.72. When g € M'L with L € L chosen to be minimal, an argument analogous
to that used to prove Lemma 3.70 shows that

dim(span(Ey,1a(Adag(a)))) > dim(ak).
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Moreover, the span in the left-hand side is a direct sum of subspaces of the spaces
PN (ga+9-a). If Yu, 4 is constant around a point (c,a) € Rﬁ%o,gy this gives a very strong
restriction on the space Ej1a(Ad.-1(a)) (which contains this span), but we have not been
able to obtain a contradiction from this, even when exploiting the fact that the inclusion
is true for all nearby ¢ € C(G, Hy).

3.5 Preliminaries on algebraic groups

3.5.1 Algebraic groups

Let G/Q be a linear connected anisotropic algebraic group which is almost simple over R.
Let H C G be a maximal torus. The base fields of groups are indicated by subscripts if
they are not clear from the context. We use the same subscript notation for base change
and when F/F is a finite field extension we denote Resg,p for Weil restriction.

Fix a closed embedding p : G — SLg4 for some d > 0. Equipping SL; with the
standard schematic structure and taking the schematic closures of p(G) and p(H) we
obtain integral models that we continue to denote by G and H.

Remark 3.73. Eventually G and H will be as in Theorem 3. That is, G an anisotropic
form of PGL3 and H maximal split over R. But we allow some generality in order to be
able to make remarks about other groups, and because for most results there is no reason
to be restrictive. The condition that G is almost simple over R will only be used to apply
a Weyl law-type result from [13] (see Proposition 3.88) but is of course automatic for
forms of PGLSQ.

3.5.2 Forms of PGL;

By a form of a group G over a field E we shall mean a form of the base change to the
algebraic closure, Gg. The following proposition gives a concrete list of all groups G
that are allowed in Theorem 3. Proposition 3.75 below says what the corresponding Lie
groups are.

Proposition 3.74. The Q-forms G of PGL3, and the anisotropic ones among them,
are given by the following constructions.

1. (Inner forms) Let D/Q be a central simple algebra of degree 3 and define G =
GL1 p/Gy,. Then G is anisotropic if and only if D is a division algebra.

2. (Outer forms) Let F/Q be a quadratic field, (V,q) a 3-dimensional nondegenerate
Hermitian space over F and define G = PU(V). Then G is anisotropic if and

only if (V,q) is.
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3.

(Outer forms) Let F/Q be a quadratic field, D/F be a central division algebra of
degree 3 over ' with an anti-involution T € Endg(D) that acts nontrivially on
F, (V,q) a 1-dimensional Hermitian space over D with ¢ # 0, and define G =
PU(V). Concretely, there is a nonzero d € D fized by T such that G(Q) = {g €
D> : gdr(g9) = d}/F', where F1 C F* denotes the norm 1 subgroup. Then G is
anisotropic.

Proof. That this list is exhaustive can be proven as in [53, §18.4], or can be deduced from
[63, Theorem 18.4.1] by using that PGLn@ and SLn@ have the same automorphism
groups. The statements about anisotropy can be seen as follows:

1.

By Wedderburn’s theorem, D is either a division algebra or isomorphic to M3(Q).
When D is a matrix algebra, clearly G is split. Conversely, let D be a division
algebra, T C G be a maximal torus and x a character of T. We may lift T to a
maximal torus T C GL; p [12, Proposition 10.6]. It is well known that such tori
are obtained from the multiplicative groups of étale subalgebras of D. Because D
is division, T/ = Resp/g G, r for a field extension F//Q, and it follows that x is a
power of the norm character. Because x is trivial on G, g, it is trivial altogether.
Therefore T is anisotropic.

If g represents 0, then V' contains a hyperbolic plane H, and we find a rank 1 split
torus in U(V'), necessarily noncentral, that acts diagonally on H in an isotropic
basis and acts trivially on H-. Conversely, if T C G is a split torus then we may
lift it to a torus of U(V') by [12, Proposition 10.6], which contains a nontrivial split
subtorus T/ by [10, §11.8.14]. A vector v € V in a weight space with respect to T’
for a nonzero weight then satisfies g(v) = 0. (Such a vector exists because the split
torus T C Resp/g GL(V) C GLg is diagonalizable.)

This can be proven as in the second case: A split torus in G would give rise to a
nonzero vector v € V' = D satisfying vdr(v) = 0. Because D is a division algebra,
this is impossible. O

Proposition 3.75. Let G be as in Proposition 3.74. With the same numbering, its group
of real points is as follows:

1.

2.

In the first case, G(R) = PGL3(R).

In the second case: If F is real quadratic we have G(R) = PGL3(R). If F is
imaginary quadratic we have G(R) = PU(3) or PU(2,1) depending on the signature
of (V,q) over R.

In the third case, G(R) = PGL3(R) when F is real quadratic and G(R) = PU(3)
or PU(2,1) otherwise.
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Proof. 1. By a classical theorem of Frobenius there is no degree 3 division algebra
over R, so that D ®g R = M3(R) by Wedderburn’s theorem. Therefore G(R) =
PGL3(R).

2. When F' is real quadratic we have F' ®g R = R x R, and the induced automor-

~Y

phism permutes the two factors. Using this isomorphism we have GL(V)r =
GL3(R) x GL3(R). The hermitian matrix defining ¢ takes the form (A4, A7) under
this isomorphism, and A € GL3(R) can be assumed diagonal. Now U(V)(R) &
{(B,C) € GL3(R)? : BACT = CATBT = A}. 1t is clear that for every B €
GL3(R) there is a unique element (B,C) € U(V)(R), and this gives an isomor-
phism U(V)(R) = GL3(R). The conclusion follows.

When F is imaginary we have F®gR = C and it follows that U(V)(R) is a classical
unitary group, necessarily of signature (3,0) or (2,1).

3. This can be shown using similar arguments as in the first and second case. When F
is real quadratic, using the isomorphism F®gR =2 RxR we have D@gR = M;3(R)?2.
Call o the anti-involution of M3(IR)? that swaps the two factors and transposes
them. Then 7 o ¢ is an automorphism of M3(R)2. (In fact, it preserves the center
R x R, therefore preserves both factors and is inner by Skolem-Noether.) Applying
an automorphism of M3(R)? we may assume that ¢ = 7. A similar argument as in
the second case now gives an isomorphism U(V)(R) = GL3(R).

When F' is imaginary we have F' ®g R = C and D ®g R = M3(C). By Skolem-
Noether, we may assume that the automorphism induced by 7 is conjugate trans-

pose, subsequently that d is diagonal, and it follows that U(V)(R) is a classical
unitary group. [

We could state a result similar to Proposition 3.75 with R replaced by any Q,: We
would still distinguish cases based on whether p is split or inert in F', together with the
ramified case. The main difference is that there exist degree 3 division algebras over Q,
[67, §17.10] (and exactly two of them), which would be reflected in the classification.
However, the only result that we will require is the following.

Lemma 3.76. Let G be a Q-form of PGLg3 and suppose p is a prime such that Gq, is
split. Then Gq, = PGL3q,-

Proof. Both Gg, and PGLj3q, are split forms of PGLg@. Because a reductive group
has only one split form over any field [12, Théoréme 2.13|, they are isomorphic. O

3.5.3 Locally symmetric spaces

Because G is connected, the Lie group G = G(R) is as in §2.1.1, and the identity
component G is semisimple. (Recall that we require a semisimple group by definition to
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be connected.) Let Ko C G be a maximal compact subgroup. To G we associate data
as in §2.1 with respect to the maximal compact K: The Cartan involution is denoted
by 6, the Iwasawa decomposition by NAK, and the restricted root system by (a*, ).
(In §3.5.7 we shall use different notation for the roots of a maximal split torus over an
algebraic closure, but that will be only relevant to define Hecke algebras.) We let d(-,-)
be a distance function as in §3.1.

Remark 3.77. Contrary to [13] we do not, and cannot, assume that the involution 6 is
defined over Q. Indeed, when G arises from a degree 3 division algebra over Q (see §3.5.2),
such 6 would have to come from an anti-involution of the division algebra, and that does
not exist [42, Corollary 2.8|. This remark will only play a role in Proposition 3.88.

Denote by Ag the ring of adeles over Q and by Ay the finite adeles. When S is any set
of places of Q, define Ag to be the restricted product [[, g Ag. Equip the groups G(Q,),
G(Ag), G(Ag) with their natural topologies, and similarly for H. Let p : G — SL4 and
the integral models be as in §3.5.1. Choose compact subgroups K, C G(Q),) for all
primes p with the following properties:

* p(Kp) C SLy(Zy);
e the compact subgroup
Ky :=]] %,
p
is open in G(Ay);
e the center Z(G)(Q) intersects Ky trivially;

The first two conditions can be satisfied for example by taking K, = G(Z,), and the
third can be obtained by replacing any single K, by a smaller subgroup. Define K =
Ko x K5 C G(Ag), and for any set S of places of Q define Kg =[], .q Ky. Define the
automorphic spaces

veS

[G] = G(Q\G(Ag) and [H] =H(Q)\H(Ag) C [G]

and the locally symmetric space
X =[G]/K.

It is a finite disjoint union of locally symmetric spaces as in §3.1.2 [58, Theorem 5.1] and
is compact because G is anisotropic [11]. Explicitly, let (¢g;)icr C G(Af) be a system of
representatives for the double quotient [G]/(G x K;) and define T; = G(Q) N g; K g; .
Then
[G] = | |Ti\(G x g:K) (3.78)
el
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and X is the disjoint union of the compact locally symmetric spaces
X; =T)\G/Kw. (3.79)

(Here we view G(Q) inside G(A;) when taking the intersection with g;Kg; ', inside
G(Ag) in (3.78) and inside G in (3.79). Notice that the lattices I'; do not depend on the
choice of representatives g;.

3.5.4 Compact torus orbits

We explain now how to relate tori to maximal flat submanifolds of X. Let A asin §3.5.3
be the group given by the choice of Iwasawa decomposition.

Assume H C G has maximal split rank over R. Then there exists g, € G such that
H(R) contains gooAgst, so that HR) C Zg(9eoAdn)) = gooMAgyl. To H we then
associate the compact maximal flat submanifold .# C X that is the image of H(Ag)goo.
Relative to the decomposition (3.79), it is the disjoint union of some (but not necessarily
all) of the maximal flats gocA C X;. More precisely, .% intersects X; nontrivially if and
only if H(A¢) intersects g; K¢ nontrivially. Note that .# does not depend on the choice
of goo, because g is determined up to multiplication on the right by Ng(A) = M'A.
Likewise, the definition does not depend on the choice of A, which can be seen by using
that two choices of A are conjugate by an element of K.

Conversely, one can show that every compact maximal flat in X; is obtained in this
way. Assume .% C X, is a compact maximal flat submanifold. As in §2.1.2 there exists
goo € G such that .Z is the image of gooA in X;. The lattice I'; intersects gooAg! in a
lattice, and define T to be the Zariski closure of T'; N goo Agzl. Then T is a torus that is
maximal split over R, and we may take H C G to be any maximal torus containing T.

Remark 3.80. The correspondence between tori and maximal flats that we outlined
above, is slightly awkward because X can have different components and because H
(in our notation) is always a maximal torus, not a maximal R-split torus. When X is
connected, one does obtain a clean bijection between compact maximal flats % C X and
maximal R-split tori T C G. Compare also [24, §2].

3.5.5 Integration

For every prime p we choose the Haar measures dug , and dupp, on G(Qp) and H(Q))
respectively, for which K, and K, "H(Q)) have volume 1. We choose Haar measures on
Lie groups as in §3.1.1. The abelian Lie group H(R) factors as a conjugate of A times
a compact group, and we equip it with the measure that is the product of the measure
coming from A with the volume 1 measure on the compact group. We form the product
measures dug = [ [, dugo on G(Ag) and likewise the product measure dug on H(Ag).
When S is any set of places of Q, we similarly define measures ug s and pp,s on G(Ag)
and H(Ag) respectively.
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3.5.6 Hecke algebras

A smooth function on G(Qy) is defined to be a locally constant one. When S is a set of
places of Q, a compactly supported Schwartz-Bruhat function on G(Ag) is a finite linear
combination of functions of the form

11+

veES

where f, € C°(G(Qy)) and f, = 1k, for almost all primes p € S. We denote by
C°(G(Ag)) the set of such (complex-valued) functions. If f € C°(G(Ag)), we define
an operator m(f) on L?([G]) by the rule

(n()9)(x) = / o(29) [ (9)dnc.s(9)

G(As)

If we define f*(g) = f(g~!), then 7(f) and 7(f*) are adjoints. For every set S of places
of Q, define the algebra Hg of compactly supported smooth bi-Kg invariant functions
on G(Ag), with convolution given by

(% fo)(g) = / F(gh™Y) fa(h)dpc s(h)

G(As)

The algebras Hs act on L?(X) by the same rule as above. When p is a prime, the element
1k, € Hp is the identity.

By |71, §3.9], there exists an integer D > 0 with the property that for p { D, K, is the
compact subgroup associated with a hyperspecial point of the building of Gg,. By [71,
§3.3.3| this implies that the Hecke algebra H, is commutative when p { D.

Define Hs to be the algebra Hg when S consists of all finite places that do not divide
D, and H = Hoo @ Hy. It is commutative by the above fact for finite places, and by [34,
Theorem 1V.3.1] for the infinite place.

3.5.7 Truncated Hecke algebras

We will use the notion of truncated Hecke algebras that is also used in [13], which makes
it more convenient to formulate bounds for orbital integrals. While we will mostly be
interested in primes at which all data is split, we do provide the general definition. Let
T be any maximal split torus of Gg, X*(T) and X.(T) be the groups of characters
and cocharacters of T. Let A the set of roots of T in G@, AT be a choice of positive
roots and W the Weyl group with respect to T. Let p € X*(T) ®z Q be the half-sum
of positive roots and denote the natural paring X*(T) x X,.(T) — Z by (-,-). Define a
norm on X, (T) by

1
= p)EZTZ.
[l gleaV>V<<wu p) 5
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Now let p{ D be a prime. As noted above there is a maximal split torus A C Gg, such
that K, corresponds to a hyperspecial point of the apartment of A, and by the Cartan
decomposition |71, §3.3.3| the double cosets K,\G(Q,)/ K, are represented uniquely by
the elements u(p) when g € X, (A) runs through the cocharacters in the closure of the
positive chamber. Conjugating A to T over Q, yields a norm |[|-|| on X,.(A) induced
from the one on X, (T), which does not depend on the choice of A [13, §2.6]. For x > 0
we define now the “truncated algebra” (which is not an algebra)

HEK = spanc{li,up)k, : b € Xc(A), ull < K}

When S is a set of primes not dividing D, we define 7-[;” to be the restricted tensor
product @, g ’HE” C Hs.

Finally, we will use yet another notion of truncated Hecke algebra to accomodate the
Hecke operators that we will use to prove Theorem 3. When S is a set of primes not
dividing D, k > 0 and M > 1, define the truncated algebra

ngw - @ ®7’l§ﬁ-

n<M peS
squarefree p|n

3.5.8 Hecke-Maass forms

The group G acts on [G] by translation on the right, and this induces an action of the
universal enveloping algebra U(g) on C*°([G]), which using the decomposition (3.78) we
may view as given by left-invariant differential operators on G (§2.1.5). By a Hecke-
Maass form on X we mean a smooth function on X that is a joint eigenfunction for the
center Z(U(g)) and for the Hecke algebra H; from §3.5.6.

Let (f;)j>0 be an orthonormal basis of L*(X) consisting of (complex-valued) Hecke-
Maass forms. It may be obtained by decomposing L?(X) into eigenspaces for the Laplace-
Beltrami operator, and finding in every eigenspace a basis of eigenfunctions for the com-
mutative algebras Z(U(g)) and Hy. When k € H, Ho or Hy, denote by k(f;) the
eigenvalue of f; under k, and define the spectral parameter v; as in §3.1.2.

Let goo € G be as in §3.5.4 with the property that H(R) contains go,Agy!. Define the
H-period of f; by

Pulf;) = /[H] £ (hgoe)dpuza (1) (3.81)

where the automorphic quotient [H] is as in §3.5.3. As in §3.5.4, this definition does not
depend on the choice of A or guo.

3.6 Extreme values of toric periods

In this section we prove Theorem 3. We set up a relative pre-trace formula in §3.6.1
and prove the theorem in §3.6.3. Our notations for locally symmetric spaces, operator
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algebras and Hecke-Maass forms are as in §3.5.

3.6.1 Adelic setup

Let G/Q be semisimple anisotropic as in §3.5.1, and let H C G be a maximal torus of
maximal split rank over R.

The pre-trace formula for G states that for any k € H (with archimedean component
satisfying a positivity condition as in §3.2.1) one has

ST L@ = Y k),
J 7€G(Q)

uniformly for z,y € [G]. As in §3.5.4 let goo € G(R) be such that H(R) D gooAg!,
define the H-periods &y as in (3.81) and define Ky y = Ky N H(Ay).
We will require the following analogue of Lemma 3.7.

Lemma 3.82 (Partitions of unity). There exists a nonnegative Schwartz-Bruhat function
be C(H(Ag)/Ku,s) such that 3. g (q)b(vh) =1 for all h € H(Ag).

Proof. The quotient H(Ag)/(H(Q)H(R) K, f) is finite by [58, Theorem 5.1|. Take coset
representatives hy,...,hn € H(Ay) and define by € CZ°(H(Ay)) by

N
by = Z L Ky g -
=1

The group H(R) factors uniquely as V' x T with V' a Euclidean space and 7' compact
(possibly disconnected). The discrete subgroup I'g := H(Q) N Kq ¢ is a lattice in H(R)
and therefore I'y := 'y NV has finite index in I'y. We may construct by € C°(V) as
in Lemma 3.7 relative to the lattice T'yy C V and define by(h) = [['g : T'y] ! for h € T.
Define by, € C2(H(R)) by

b (h) = by (hv) - br(hr),
where we denote h = (hy,hr) € V x T'= H(R). Define now b € C°(H(Ag)) by
b= bsby .

That this b satisfies the requirements can be checked by writing

> b(vh) = > > b(yuh). O

veH(Q) veH(Q)/(H@QNKg,f) peH(@QNK g,

Remark 3.83. Lemma 3.82 is a special case of a much more general statement about
continuous functions on locally compact homogeneous spaces; see [54, §III.4].
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The Weyl group Ng(H)/H is finite [10, §1V.11.19] and therefore so is its group of
rational points.

Lemma 3.84. Let k € C*(K\G(Aqg)/K) be a Schwartz-Bruhat function. There exists
be C(H(Ag)) such that

> TR Pulf))?
J
= Vol([H]) Z /H(A k(92 vhgoo )dpza (R)
Q
+ 2: /ﬂ (ha)k(g5s iy vhageo ) dpza (ha ) dps (ha) -

Proof. Using Lemma 3.82, this is entirely analogous to the proof of Lemma 3.8 by an
unfolding argument and introduction of cutoff functions. O

Remark 3.85. The integrals in the diagonal term in Lemma 3.84 can depend on (the
finite part of) 7, because it is not always true that Ng(H)(Q) C H(Q) - Ky. When G is
PGL; or an inner form, this inclusion is related to the notion of “reciprocal geodesics”
in [66].

3.6.2 Comparison of trace formulas

We now specialize to the groups G in Theorem 3, although G can still be as general as
in Theorem 4 in this subsection. We will prove Theorem 3 by comparing asymptotics for
an amplified trace formula and an amplified relative trace formula.

Let p: G — SLg be as in §3.5.1, and when p is prime define ||g||, for g € G(Q,) as
the maximal absolute value of the entries of p(g). When g € G(Q) we have for almost
all primes p that p(g) € SL4(Z,) and consequently ||g||, = 1. We may therefore define

lglls = TLpll9llp-

Lemma 3.86. There exists A > 0 such that when v € G(Q) is such that g3lvgeo ¢
ULeE—{G} M'L, then

d|gdv90, | ML|>Il"
LeL—{G}

Proof. This can be shown as in [13, Lemma 5.1] as a consequence of the product formula
for global fields. The difference is that we must deal with varieties that are not defined
over our base field Q.
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It suffices to prove a bound as in the statement for every individual Levi L € £ —{G}.
Fix such L.

Let £ C R be a number field such that the extension of scalars Hg has the same split
rank as Hg. Let T C Hg be the maximal split subtorus, defined over E. Because all
roots of Hp are defined over E, we may find an element A € T(E) whose centralizer
in G has real points g, Lgs'. Consider now the subvariety V of G defined over E by
the equation Adg(h) € H. Replacing h by a finite power if necessary, we may assume
that h € T(R)" = gooAgy!. Lemma 2.2 then says that V(R) = g, M'Lgy!. Thus by
assumption, v ¢ V(E).

Consider now the embedding p : G — SLy C Ad2, and let py,...,pr be polynomials
defined over E whose joint zero locus is p(V). Expanding their coefficients in a basis for
E/Q, we may find polynomials ¢, ..., ¢ defined over Q whose rational joint zero locus
is p(V(E) N G(Q)). There exists A > 0 such that for all ¢; and all v € G(Q) we have a
bound of the form

H pi(p(N)lp < Il

Indeed, A > 0 can be chosen to be max; deg(q;), simply because a polynomial of degree
s can only increase denominators as much as raising them to the power s.

Now assume v € G(Q) does not lie in V(E). Then there exists ¢; such that ¢;(p(v)) #
0. By the product formula for Q*, this means that

ITlatee)l =1,

where the product now runs over all absolute values of Q. Using our bound for the
product over the finite primes, this gives

12 (p(N)loe > V)17

By smoothness of the action of G(R) on h, the left-hand side is bounded from above by
a constant times d(y, V(R)). This shows that

d(7, gooM'Lgsl) > |1Vl
and the lemma follows. O

When S is a finite set of primes, define qg = Hpes p. Let the integer D be as in §3.5.6.

Proposition 3.87. Let Dy C (a*)8" be compact. let k > 0. There exist A, B,6 > 0
such that the following holds. Let S a finite set of primes not dividing D and ky € 7—[?”,
Let v € Dg«, t > 0 and kyy € Hoo as in Lemma 3.10. Define k = ky, @ ky. Then

SR Zu()E = Vol - Y / (g vhg-o)dpa (1)

vENc(H)(Q)/

+0 (ﬁ(tu><1+t>-’”<1 +as™t)” qsukfuoo) ,
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uniformly in v and t. If M > 1 and ky € H%?VI then the same result holds with qg
replaced by M.

Proof. We start from Lemma 3.84 and must bound the off-diagonal terms. The fixed
function b is a finite sum of factorizable Schwartz-Bruhat functions, so up to introducing
a finite sum, we may replace the factors b(h1) and b(hg) by factorizable Schwartz-Bruhat
functions by (h1) and b2(h2). (In fact, we only require that they factorize as an infinite
times a finite part, and this is already the case for b as constructed in Lemma 3.82.) For
fixed +, the double integral now factorizes as the integral

/ - b1 (h1)ba(ha)ku (95 by P vhageo ) dpm g (R dpm g (he)
H(R

times an integral involving b1, by and k¢ over a fixed compact subset of H(Af). The
latter can be bounded trivially by

< || k#lloo - Vol(supp(b1)) - Vol(supp(bz)) - Vol(supp(ky)) .

The first two volumes are bounded, and the third can be bounded by a power of gg, as
in [13, Lemma 4.4].
The archimedean integral equals

/ b1(goo @195 )b2(go0a2950 Ve (@195 Vgooa2)dardas
AxA

where we have written H(R) as a product of gooAgZ' and a compact torus, where the
compact torus necessarily lies in gooMgz! (see §3.5.4) and we may omit it from the
integration by our choice of measure on H(R) (see §3.5.5). By our choice of G and X,
we have that
990 ¢ |J ML
LelL—{G}

for v € G(Q) as above. Using the inversion formula (3.3), the rapid decay of Ky and
Proposition 3.28, this means that the archimedean integral above is bounded by

-N —6

B+ | 1+d | 907900 | ML -t
LeL—{G}

for certain 6, N > 0. By Lemma 3.86 we may bound the distance from below by nyH;A
for some A > 0, and as in [13, Lemma 4.4] the latter is again bounded from below by
qu/ for some A’ > 0. It remains to show that the number of v that contribute to the
sum is at most polynomial in gg. Indeed, for such v we have that the rational element
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p(7) € SL4(Q) is bounded in the archimedean sense by the support conditions on b; and
ba, and its denominators are at most of size qé, by the same argument we just used. This
proves the desired bound for the off-diagonal terms.

When ky € Hf«’;w, it is a sum of at most M elements k¢, € HE:, with S, a set of primes
with gs,, < M. Moreover, we may assume that the k,, have disjoint supports. The result
then follows by summing the different bounds for each of the ky,,, and replacing B by
B+1. O

We will require the following estimates for the trace formula.

Proposition 3.88. There are constants 1, A, B > 0 and an integer multiple D" of D
such that the following holds. Let k > 0 and S a finite set of primes not dividing D',
and ky € 'HEH, Let Do« C a* — {0} be compact, v € Do+, t > 1 and ky, € Hoo as in
Lemma 3.10. Define k = ky, @ ky. Then

> k(f) = Vol(X) - k(1) + O (B(t) (1 + 1) 71g8" Py )
J

uniformly in v and t. If M > 1 and ky € ’HE';V[ then the same result holds with qg
replaced by M.

Proof. The first statement follows from [13, Theorem 3.1]. Note that our Cartan involu-
tion is not assumed to be defined over Q (see Remark 3.77). This is compensated for by
our assumption that G is almost simple over R, which we can use to replace the argument
in [13, Lemma 6.3] needed to show that the centralizer of G® in G(Q) is reduced to the
center.

The statement about k; € ”H?}”M is shown as for Proposition 3.87. ]

Remark 3.89. The estimate [13, Theorem 3.1] is stronger than what is needed here,
because we do not need uniformity with respect to a variable compact subgroup K (the
level aspect) nor do we need asymptotics for spectral parameters that can be singular.
But it is the only directly quotable Weyl law-type result that we have found, that covers
anigotropic groups and adelic test functions. Note also that the exponents A and B are
ineffective, but they will not play any role.

We will apply Propositions 3.87 and 3.88 always with the following positivity assump-
tion on ky:

Ep(f;) > 0for all fj, ky(1) > 1 and ks(g) > 0 for g € G(Ay). (3.90)

The following Proposition combines the two trace formulae and reduces Theorem 3 to
finding a suitable test function kj.
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Proposition 3.91. Let Dy« C (a*)5" be compact. Let k > 0. There exist 6,C > 0 and
an integer multiple D' of D such that the following holds. Let v € Dy«, S be a finite set
of primes not diwiding D', t, M > 1 and ks € ’H?;V[ satisfying (3.90). If M < (1 +1t)°
and ||k¢lleo < (141)°, then
> vy—tvl<c k()P (£
2y —t<c ki (f5)

uniformly in v,t,S, M, ky.

e Jnepks

> (141) RO

Proof. We first bound the main term in Proposition 3.87 from below. The integrals
factorize. The archimedean component can be bounded from below by S(tv)(1 +¢)~".
Indeed, using the inversion formula (3.3) it reduces to a similar integral involving the
spherical function, which is seen to be independent of v by making a change of variables,
and we conclude using Proposition 3.15. For the finite component we may use the
positivity of ky and bound the integral trivially from below by k(1) Vol(H(A)NKy) > 1.
Given this lower bound for the main term and given the quality of the error term in
Proposition 3.87, a truncation argument as in Proposition 1.50 or [13, Lemma 4.5] shows
the asymptotic formula,

S k() 12u(f)P

[lvj—tvl|<C

“vol(H) Y / k(g yhgoe)dpuza(h)
vENG (H)(Q)/H(Q) ” HiAe)

provided that C is large enough and that M and ||ky||~ are bounded by a sufficiently
small power of ¢ so that the error terms are controlled. Similarly, the inversion formula
(3.3) gives that k(1) < S(tv) and a truncation argument applied to Proposition 3.88
gives that
> () = Vel(X)k(1),
l[vj—tv||<C

provided that C' is large enough and that M and ||k¢|« are bounded by a sufficiently
small power of t.

The statement now follows by taking the quotient of those two asymptotics, using
again the archimedean asymptotics, and in the case of the relative trace formula, using
positivity of ky to discard the terms corresponding to 7 that are not the identity. O

3.6.3 Amplification

The construction of amplifiers is our only reason to restrict to groups G as in Theorem 3.
The theorem follows by applying Proposition 3.91 with k; as given by the following
proposition, and with M a sufficiently small power of t.
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Proposition 3.92. Let G be a Q-form of PGL3 and let § be as stated in Theorem 3.
Let M > 2 and S be the set of primes less than M that do not divide D'. There exists
ke H%%w satisfying (3.90), such that ||k¢|lsc < M for some A >0 and

fH(Af) kg

kr(1)
We prove Proposition 3.92 in §3.7. We will also prove a result that states that the
lower bound in Proposition 3.92 is optimal in a certain sense, although the exact result

is not as strong as the optimality statement in [50], and we do not formally exclude the
existence of amplifiers of similar quality for, say, forms of PGL,,. See Remark 3.112.

> (loglog M)W

3.7 Construction of amplifiers

In this section we prove the existence of the amplifier in Proposition 3.92 (in §3.7.2) .
We also prove an optimality result in Proposition 3.111 (in §3.7.3).

3.7.1 Preliminary computations

We begin with some preliminary computations of integrals on p-adic groups. It is con-
venient to re-introduce some notation in order to make the key computations more
self-contained. Let n > 2, let p be a prime number and denote G, = PGL,(Q)),
K, =PGL,(Z,) and define H, C G, to be the diagonal torus. Most of the time we will
specialize to n = 3, but we allow some generality to be able to make remarks about other
n, and because certain statements will be proven for arbitrary n. We fix Haar measures
on G, and H), such that the compact open subgroups K, and H, N K, have volume 1.
Define H, = C°(K,\Gp/K,), a commutative algebra with convolution defined by

C

(2 k2)(0) = [ ks (ia(h™ g)dh.

Gp

The adjoint of k € H,, is defined by k*(g) = k(¢9~'). This defines an algebra involution
on Hy.

The question we seek to answer is the following: When &, € H, is a function of the
form kj, + (k;,)* with k;, € H,, how big can pr ky be relative to k,(1)?

Such kz’) is a finite linear combination of the basic double coset kernels, which are
defined as follows. Let a = (a1,...,a,) € Z™ and denote pa(p) = diag(p™,...,p™).
One may view p, as a cocharacter of Hy. Define the function

T(ﬂ,p) = 1Kpﬂa(p)Kp :

We have 7(a, p)* = 7(—a,p), and 7(0, p) is the identity of C;°(K,\G,/Kp). The function
7(a,p) depends only on the entries of a up to permutation and up to translation by a
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common element in Z. We may therefore always reduce to the case where a; > ag >
... > ap = 0. The degree deg(pa(p)) is defined as the cardinality #(Kppa(p)Kp/Kp).
With our choice of Haar measures we have

deg(ua(p)) = |I7(a,p)ll; = (r(a,p) * 7(—a,p))(1). (3.93)

We will need bounds for integrals of convolutions of these basic kernels. Specifically,
the quantity we will be interested in is the off-diagonal contribution to the integral
pr 7(ai,p) * T(az,p), when aj,as € Z". That is, we are interested in the integral over
H, — (H,N Kp), or what is the same, the integral over H, minus (7(aj,p) * 7(az,p))(1).

The following is an example computation of off-diagonal contributions when n = 2,
which to an extent can be seen geometrically in the Bruhat-Tits tree.

Example 3.94. Let n = 2 and define a = (1,0) and b = (0,0). Then deg(ua(p)) = p+1,
7(a,p) is self-adjoint and

(/H 7(a,p) * T(a’p)> —deg(pa(p)) = (p+3) - (p+1) =2,

/ 7(a,p) x7(b,p) = 2.
HP
That deg(pa(p)) = p + 1, the cardinality of a radius 1 ball in the Bruhat-Tits tree, is
a classical counting problem of double cosets. That 7(a, p) is self-adjoint holds because
a and —a are Z-translates. We look at the second integral first. It equals 2 because
it is the intersection of a radius 1 ball in the Bruhat-Tits tree with an apartment con-
taining the center of the ball. We can also show this more explicitly as follows. We
must count how many left cosets of K, are contained in K, diag(p, 1)K, and intersect
H,. We may lift this problem to GL2(Qp) and ask how many diagonal matrices lie in
GL2(Zy) diag(p, 1) GL2(Z,,). Multiplication on the left or the right by GL2(Z,) does not
change the invariant factors of a matrix, so that such a diagonal matrix must have in-
variant factors (p,1). It is clear that this gives exactly two matrices, and the statement
follows.

The first integral can be computed using a similar argument, after using the Hecke
relation 7(a, p) * 7(a,p) = 7(2a,p) + (p + 1)7(0, p).

Lemma 3.95. When a,b € Z" are decreasing tuples with a, = b, = 0, we have (T(a,p)*
7(=b,p))(1) = bap deg(pa(p))-

Proof. When a = b this is (3.93). When a # b the double cosets represented by pa(p)
and pp (p) are distinct, either by the Cartan decomposition |71, §3.3.3] or by an argument
using invariant factors. They are therefore disjoint, so that

(7(a,p) * 7(=b,p))(1) = (7(a,p),7(b,p)) 12(c,) = 0- =
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To do explicit computations, we translate integrations into counting problems involving
lattices in Qj, which are the natural generalization of points in the Bruhat-Tits tree. By
a lattice in Q) we mean a finitely generated Z,-submodule of rank n. Denote by Z the set
of lattices in Qj, and by Z the set of homothety classes of lattices. The group GL,(Qp)
acts on Z and the group G, acts on Z%. Denote Ly = Z, and Lo its homothety class;
they are our base points. The stabilizers of Ly and Lo in GL,(Q,) and G, are GL,(Z,)
and K, respectively. Acting on the base point yields bijections GL,(Qp)/ GL,(Z,) = Z
and Gp/K, = %.

Lemma 3.96. Let a = (a1,...,ay) € Z"™ with ay > ag > ... > a, = 0. There is a
natural bijection between the following sets:

o The lattices L C Lo for which Lo/L has invariant factors p™ ..., p*;
o The left coset space Kppa(p)Kp/Kp,

which is given as follows: To a lattice L one associates the homothety class L € Z, which
is identified with a left coset of K, through the bijection G,/ K, = X.

Proof. That the map is well-defined (meaning, that it lands in K,pua(p)K,/K,) is the
following fact: When M is a free module over a PID with a submodule N, then there
exists a basis (e;) of M that is adapted to N, meaning that N has a basis consisting of
scalar multiples of the e;. This fact shows that every lattice L C Ly such that Ly/L has
invariant factors as given, is of the form k,diag(a1,...,an)Lo with k, € GL,(Z,). That
the map is surjective is trivial, because the lattice k,diag(a,...,a,)Lo is sent to the
corresponding left coset in K pa(p)Kp/K)p. O

Denote by (e1,...,e,) the standard basis of Ly. We call L € #Z an adapted lattice if
it has a basis of the form (bjeq,...,bye,) with the b; € Q-

Lemma 3.97. Let a = (ai,...,a,) € Z" with a; > ag > ... > a, = 0. The bijection
from Lemma 3.96 restricts to a bijection between the following sets:

o The set of adapted lattices L C Lo for which Lo/ L has invariant factors p®, ..., p*.
o (HyN Kppa(p)Ky)/(Hp N Kp).
Proof. This can be proven as for Lemma 3.96. 0

Lemma 3.98. Let a,b € N" be decreasing tuples with a, = b, = 0. Then pr T(a,p) *
7(=b,p) counts the pairs of lattices (L1, L) with the following properties:

e [ is adapted and L C LoN L.

e The invariant factors of Lo/ L are given by a and those of L1/L by b.
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Proof. We have

= a T(— -1 .
l@;wmwfvum—lw%mmL%MTmmw><umw h)dgdh

By our convention on Haar measures, the right hand side is a sum over cosets h(H, N K))
and gK,. Take such cosets for which the integrand is nonzero (and thus equal to 1).
Then gLy is represented by a unique lattice L C Lg for which L/Lg has invariant factors
given by a, and this L does not depend on the representative g. There is a unique lift
h1 € GL,(Q,) such that hy 'L C Lg has invariant factors given by b, and this again does
not depend on the representative h. Define then L; = hyLg. The pair (L, L) satisfies
the conditions of the statement. Conversely, to such a pair we can associated unique
cosets h(H, N K}) and gk, on which the integrand is nonzero. O

3.7.2 Lower bounds

We prove Proposition 3.92. Our construction of an amplifier k; is inspired by the con-
struction in [50], which was used in Chapter 1. When translated into the adelic language,
the amplifier from [50] takes the form kf = w * w*, with

w= Z Hcpwp, (3.99)

n<M p|n
squarefree
for w, elementary Hecke operators, which in the notation from §3.7.1 equal 7((1,0), p),
and with ¢, > 0 parameters to be optimized. The equalities in Example 3.94, which are
about 7((1,0),p), appear in [50], not explicitly but through global versions thereof that
are formulated in terms of divisor functions, in the proof of [50, Lemma 5].

One can think of the Hecke operator w in (3.99) as being the formal expansion of the
product [[(1 + cpwp), truncated to only include terms corresponding to sets of primes
with product less than M.

Our aim is to optimize the choice of w, and of ¢, for forms of PGL3. We continue to
use the notation from §3.7.1 but will soon after switch to a global setup. The following
lemma is the key in the construction of an amplifier.

Lemma 3.100. Let n = 3 and a = (1,0,0) or (1,1,0). Then deg(ua(p)) = p> +p + 1,
and we have

/'ﬂmM*ﬂam=3@+m,
HP

(/

P

/Hpr(a,p):?).

7(a,p) * T(—a,p)> — deg(pa(p)) = 6,
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Proof. Using that adjugation is an algebra involution and that H), is unimodular, it
suffices to prove each identity for either a = (1,0,0) or (1,1,0), because 7(a,p) and
7(—a,p) are adjoints. When L, Ly € # are lattices, define their generalized index by

[Ll LN LQ]

[LlLQ]:m

It satisfies the usual transitivity relation.

For the degree, choose a = (1,0,0). We must count lattices L C Ly of index p. Such
L contain pLgy and are determined by their quotient modulo pLg. We must then count
index p subgroups in (Z/pZ)3, or equivalently lines in Fi’,, of which there are p? + p + 1.

For the first integral, choose a = (1,1,0). We must count pairs of lattices (L, L)
satsifying the conditions in Lemma 3.98, with b = (1,0,0). Thus L C Lo is a lattice
with Lo/L = (Z/pZ)? and [Ly : L] = p. Because L; is adapted, contains L D pZ, and
[Lo : L1] = [Lo : L][L : L1] = p, it is clear that the only possibilities for L; are the
following:

e p 17, ® pZ, ® pZ, and
. Zp D Zp D pr,

up to permutations of the factors. (This list would have been longer if we had switched
a and b; what helps us here is that b has small entries.) It suffices to count pairs (L, L)
where L is one of these two lattices, and multiply the result by 3. In the first case, the
condition L C Lo N Ly forces L C Z;, ® pZy, ® pZ,, and by considering indices we must
have equality. This L is indeed a solution. In the second case, note that L is determined
by its quotient modulo pLg, and that L/pLo C L1/pLo = (Z/pZ)? has index p. There
are p + 1 such subgroups, and the corresponding L satisfy the conditions. This proves
the first statement.

For the second integral, take instead a = (1,0,0) and apply Lemma 3.98. Using as
before the observation that L D pZ, and using that [Lo : L1] = 1, the possibilities for L;
are now:

L4 L07
° p—lzp @ Zy @ pZy and
o p 27, ® pZy ® pLy,

up to permutation of the factors. When L; = Ly we obtain deg(uq(p)) pairs (Lo, L). In
the second case we use that L C Ly N Ly and observe that equality must occur, giving
one solution L. In the third case the condition L C Lo N Ly forces L C Zy, © pZy, © pZy,
and this is impossible. The second statement follows, taking into account permutations.

The computation of the last integral also follows from Lemma 3.98, with b = 0. We
must count the adapted lattices of index p in Lo, and there are 3 of them. O

127



We now return to the notation from the previous subsections, and let G be a form of
PGLj3. Let E be the minimal splitting field of H and choose an isomorphism o : Gg —
PGL;3 g that sends H to the diagonal torus. Define Pgo0q4 to be the set of primes with
the following properties:

1. pt D', with D’ as in Proposition 3.91;
2. p splits in F; equivalently, F embeds in Qp;
3. 0(Kp) = PGL3(Zy).

The condition that p splits in E is equivalent to saying that H is split over Q,. In
particular we have for p € Pgooq that Gg, is split, and therefore isomorphic to PGL3 g,
by Lemma 3.76. This is also apparent from the fact that we may extend o from E to

Qp-
Lemma 3.101. We have

X
pG; logp = 7= + ().

p<z
where E 1s as above.

Proof. The first condition defining Pgo0q4 does not influence the asymptotic, and modulo
the second, neither does the third. Meaning, the statement is that the set of primes that
split in F has natural density 1/[E : Q]. Because the splitting field F is Galois, this
follows from Chebotarev’s density theorem with natural density [31, Theorem 4. O

Proof of Proposition 3.92. Let M > 2. Fix a real number ¢ > 0, which we will optimize
later. Let ¢; > 0 be a real number that we will later assume to be sufficiently small. Let
My = c1log M. When p is a prime, define

¢ when p € Pgood and p < My,
ap=4"7?

0 otherwise.

For p € Pgooda we may define the elementary Hecke operators 7(a,p) € H, as in §3.7.1,
through the isomorphism o with PGL3(Q)), where H, = C*(K,\G(Q,)/K}). Define
a=(1,0,0) and for p € Pgooq define

wp = ap7(a,p) + apr(a,p)* € 7—[;2.

Define
<2
w= > JJwe Mo at (3.102)
n<M p|n
squarefree
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and finally

_ * * * *
kf=wxw* = g pr*wq = g H(wp+wp+wp*wp), (3.103)
n,m<M pln n<M  pln
squarefree g|m squarefree

where the second equality holds by grouping pairs (n,m) with the same least common
multiple. (In fact wy = wy.) Clearly ky € ’HE%W

It is clear that k; satisfies (3.90). Indeed, it is a self-convolution and therefore has
nonnegative eigenvalues. It takes nonnegative values because the a, are nonnegative,
and k(1) > 1 thanks to the term for n =m = 1.

We have that ||k < M# for some A > 0. This can be seen either by expanding the
convolution wpwy in terms of elementary Hecke operators, or using the same arguments
as used in [13, Lemma 4.4].

It remains to show the lower bound in Proposition 3.92. Because wy(1) = w, (1) =0,
we have

kr) = > Jllwl3-

n<M  pn
squarefree

To prove the lower bound, we begin by trivially estimating

kr() < [T (1 llwpll3) (3.104)
p<M

by completing the sum over n to all square-free integers. To compute [ H(Ap) ks we
integrate (3.103) and use the computations from Lemma 3.100, which give

/ k= 1120+ (6p+24)a) + |lwl3) .
H(Ay)

n<M pln
squarefree

where we use that |lw,||3 = Qag deg(pp). The term |w,||3 corresponds to the diagonal
contribution, and we will want the other terms to be large relative to this. Let o > 0.
We complete the sum over n to a full product, which introduces an error term that we
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estimate using Rankin’s trick by introducing a factor (n/M)® in the resulting error terms.

/ ke =[] (1 +12a, + (6p + 24)a + [|wpll2)
H(Af) p<M;

+o | M~ Y [[r*(2a, + (6p + 24)a + [lwpl3)

n>M  p|n
squarefree

= [] (0 +12a, + (6p + 24)a} + ||wp|13)
p<M;
(3.105)

+o [ M T (1 +p* (12a, + (6p + 24)a% + |, |2))
p<M

Applying the inequality %%’j <14 (z—y) <exp(x—y) (for x >y > 0), the ratio of the
error term to the main term in (3.105) is at most

M~“exp | Y (0™ — 1)(12a, + (6p + 24)a + |lwpll3) | - (3.106)
p<M;y

We want this to be strictly less than 1. By the mean value theorem, p® — 1 < ap®logp.
Using the bound a, < 1/p, we can thus bound (3.106) by

exp | —alogM + O Z ap®logp
p<M;

Now choose o = 1/log M7, so that by Chebyshev’s estimates this is at most
exp (—a(log M + O(My))) .

By choosing ¢; sufficiently small, My = ¢; log M is small enough for the above expression
to be at most 1/2 (say).

It remains to find a lower bound for the ratio of the main term in (3.105) to the
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right-hand side of (3.104). Using the bound 1 + z > exp(z + O(z?)), we have

1} k¢ 1+ 12a, + (6p + 24)a2 + [|w,||2
H(Ay) > 11 p + (6p Jas + [|wpll3

k(1) p<iy 1+ [|wpll3
12a, + (6p + 24)a’
o(1/p?
> P Z( AP LS
p<M;

12¢ +6¢2 1
Sexp| Y <C+C'p+0(1/p2)>

2
o< 1+ 2¢
pepgood
1 12¢ + 6¢2
> exp ([E Q 11aa2 (loglog M1)(1 + 0(1))) :

In the last step we have used Lemma 3.101 together with Abel’s summation formula to
deduce a Mertens type result from the PNT-type result. The rational function in ¢ that
appears is maximal for ¢ = 1, where it takes the value 6. If we recall that M7 = ¢ log M,
this is the lower bound stated in Proposition 3.92. O

3.7.3 Upper bounds

We prove that the construction in §3.7.2 is in a sense optimal, by giving an upper bound
for the quotient
fH(Af) ky
kr(1)

modulo certain restrictions on ky. The main result is Proposition 3.111. When p € Pgg0q
is a prime, we may identify Gg, with PGLj3q, using the isomorphism o. To simplify
the notation, we will not keep track of the set Pgooq here, and state the global bounds
instead for the group PGLs, for which we define truncated Hecke algebras in the same
way as in §3.5.7. In fact, we will give statements that are valid more generally for PGL,
with n > 3. In either case, H denotes the diagonal torus.

We will first prove the following key bound. While it is valid for all n > 3, it is likely
not the strongest possible result, see Remark 3.112. We use the local notation from
§3.7.1.

Proposition 3.107. Let n > 3 and let a,b € N" be decreasing tuples with a, = b, = 0.

m ’

p

T(a,p) * T(—b,p)> — bapdeg(pia(p)) < ]19 deg(pa(p))"/? deg (1 (p))'/?,

where the implicit constant is allowed to depend on a and b but not on p.

131



The proof of Proposition 3.107 uses various arguments, one of which is the following
trivial bound.

Lemma 3.108. The conclusion of Proposition 3.107 holds when deg(up(p)) > p* -
deg(pa(p)).

Proof. We may bound the integral using Lemma 3.98, by counting pairs (L, L) as in
the statement of the lemma. First, because a and b may be assumed fixed, the number
of possibilities for L is bounded. To be precise, the inclusions L1 D L D p™ Ly and
p"" Ly C L C Lo imply that there are at most (aj + by + 1)™ possibilities for Ly. Second,
the number of possibilities for L is trivially bounded by deg(ua(p)). Therefore the left-
hand side in Proposition 3.107 (even without the subtraction) is bounded up to a constant
by

deg(pa(p)) < ;deg(ua(p))l/ 2 deg(un(p)) /2. O

To prove Proposition 3.107, it suffices to prove an upper bound of the form

(/H 7(a,p) *T(—b,p)> — Ja,b deg(pa(p)) < p12 - max (deg(ua(p)), deg(un(p))) -

Indeed, by symmetry and by Lemma 3.108 we must only consider the situation where

deg(pa(p)) < deg(un(p)) < p* deg(pa(p))

in which case the above bound is at least as strong as what is needed.

The other type of argument we will use is the following. Let G be any (abstract) group
and f: X — Y a G-equivariant map between finite transitive G-sets. Then the preimages
f~1(y) have the same cardinality. In particular, when S C X, a bound of the form
|£(S)| <9d]Y| implies |S| < 6|X|. We will apply this principle with G = GL,,(Z/p*Z), X
a set of subgroups of (Z/p®Z)"™, and f reduction mod p.

Lemma 3.109. Let a € N be a decreasing tuple with ap, = 0. Let 1 < m < n and
consider the subgroups L C (Z/p™7Z)"™ with the following properties:

e The quotient (Z/p™Z)"/L has invariant factors given by a.
o LC(pZ/p"2)" ® (Z/p"2Z)""™.

Let d = #{i : a; = 0}. Then the number of such subgroups is bounded up to a constant
by p~ deg(pa(p)), where the constant does not depend on a nor p.

Proof. The group G = GL,(Z/p™Z) acts transitively on the subgroups L whose quotient
has invariant factors given by a. There are precisely deg(ua(p)) of those. The reduction
mod p of all such L is a subspace of F) of dimension d. The group G acts transitively
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on subspaces of given dimension in a way compatible with reduction mod p. There are
= pd(n=d) gych subspaces. On the other hand, the subgroups L as in the statement have
reduction mod p lying in a fixed (n — m)-dimensional subspace. When n —m < d there
is nothing to prove. When n —m > d, the number of such subspaces is < pdn—m—d) ¥
conclude that the number of subgroups we want to count, is bounded up to a constant

by
pd(nfmfd)

i delpa(p)) = p~" deg(pa(p)) - O

Finally, we will use the perfect pairing on (Z/p®Z)™, which provides a notion of duality.
Specifically, denote by (-,-) the component-wise pairing in the standard basis. When
L C (Z/p*Z)", define L* = {x : (x, L) = 0}. Then (L*)* = L, duality reverses inclusions
and if (Z/p®Z)"/L has invariant factors (p®) then (Z/p®Z)"/L has invariant factors
(p®~%). For an explicit example, the dual of @ p*~%Z/p*Z is @ p“Z/p*Z.

We have the following dual version of Lemma 3.109.

Lemma 3.110. Let a € N be a decreasing tuple with ap, = 0. Let 1 < m < n and
consider the subgroups L C (Z/p™7Z)"™ with the following properties:

o The quotient (Z/p™Z)"/L has invariant factors given by a.
e DO (palflz/palz)m e {O}nfm

Let d = #{i : a; = a1}. Then the number of such subgroups is bounded up to a constant
by p~™4 deg(pa(p)), where the constant does not depend on a nor p.

Proof. For L as in the statement, we have that L* satisfies the conditions in Lemma 3.109.

The only observation we have to make is that the tuple a* := (a; — ap,...,a1 — az,a; —
a1) satisfies deg(ua=(p)) = deg(ua(p)); this is just the statement that deg(p—_a(p)) =
deg(pta(p))- B

With these three ingredients we are ready to prove the key bound.

Proof of Proposition 3.107. By symmetry we may assume that deg(ua(p)) < deg(up(p)).
To bound the integral we use Lemma 3.98. We must bound the number of pairs (L, L)
with Ly adapted and different from Ly, and L C Ly N Ly for which Ly/L has invariant
factors given by a and those of L1 /L are given by b. Write L1 = @ p'Z,, with the t; € Z.
As in the proof of Lemma 3.108 there are only finitely many possibilities for L1, so we
may assume L is fixed.

Suppose there exists ¢; > 0. Then up to permutation of factors, L lies in pZ, @Zg_l,
so that the subgroup L/p™ Ly C Lo/p™ Lo = (Z/p™Z)" satisfies the conditions of
Lemma 3.109 with d, m > 1. Therefore there are at most (up to a multiplicative constant)
p~tdeg(ua(p)) possibilities for L in this case, and this bound is good enough because

deg(pa(p)) < deg(un(p)).
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We may now assume that all ¢; < 0, so that Ly C L. If two distinct ¢; < 0, then we
may apply Lemma 3.109 again, this time to L/p”* L1 C L1/p”* Ly and with m > 2, d > 1.
We find that there are at most p~2 deg(up(p)) possibilities for L in this case, and this
bound is good enough as remarked below Lemma 3.108.

We may now assume that a single ¢; < 0 and all others are 0. If b; < aj, then
L contains p®ttie; and in particular p®~'e;. We may then apply Lemma 3.110 to
L/p™ Lo C Lo/p™ Lo, with m,d > 1 and conclude that there are at most p~! deg(ja(p))
possibilities for L. If by > aj, then Ly contains all the elements pbl*lej with j # i.
Because n > 3, there are at least two of these. We may now apply Lemma 3.110 to
L/p" Ly C Ly/p* Ly with m > 2 and d > 1, and conclude that there are at most (up to
a constant) p~2 deg(up(p)) possibilities for L in this case. Again, this is sufficient by the
comment below Lemma 3.108. O

Let P denote the set of all primes.

Proposition 3.111. Letn > 3, Kk > 0 and M > 3. For every nonzero w € ’H%KM the
convolution operator ky = w * w* satisfies

fH(Af) kg
k(1)

for a constant C' that is allowed to depend on n and kK.

< (loglog M)©,

Proof. We may find a finite family of squarefree integers (n;);c; € [0, M] and for every
prime p | n; a scalar multiple of elementary Hecke operator w;, € 7—[5”, such that
W= icr lem- wj p. Moreover, we may assume that the Hp\m wj p have disjoint supports.
If X, denotes the set of cocharacters of Hg of norm at most «, then | Xx| is bounded.
If w(m) denotes the number of prime divisors of m, then every m < M occurs at most
|X,.|“(™) times as an integer n; in the family.

Let C' be the largest implicit constant in Proposition 3.107 when a and b run trough
the tuples with pa, up € Xk.

When p { n;, define w; p = 1g,. We then have

_ . * _ . *
k= Z Hw’vp*wj,q = Z H Wip * Wy -

i,j€1 pln; i,j€I plnin;
qln;

The disjointness of the supports of the [[,,. w;, implies

pln;

k(1) = [Tllwipll3-

el pl?’Ll
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Using Proposition 3.107 we have

[NV | i

H(Af) t,j€1 pln;n;
<> 11 Cr tllwipllzllwspll2
©,5€1 plnin;
= 3" tem(ng ny) "t TT gl
i,j€l plnin;
2
S T DI H wiplz |
d<M ¢ d|n; pln;

where in the last equality we have written lem(n;n;) = n;n;/d with d = ged(n;, n;), and
then extended the sum to run over all d | n;, n;. By Cauchy-Schwarz, this is bounded by

d OQw(ni) )
> | 2 | | 22 el
d<M dn; dln; pln;

It follows that

Jaa, Fr d C*
N7
kr(1) = mehr Z Cod  p?

Because every m occurs at most | X,|“(™) times in the family (n;);cs, this is at most

d C2 X, w(m)
o 3 €D

n<M Cw(d) m?2
O-free I‘E,L’g;e
(ClX,])* (C2 X |)~tm)
= sup ) 3 e
5 free dln m O-free
(CIX])* @
< sup —_—
n<M Z d

O-free dln

because the sum over m is convergent. The latter expression is largest when n has the

smallest possible prime factors. So take n = Hp<mp for some x > 1. Then n < M
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implies x < log M by Chebyshev’s estimate, and we have

C|X,.|)@@ C|X,
Z( | dl) =H<1+ | \)

din p<x p
< (log z)¢1Xxl
< (loglog M)C1Xxl |

where we have used the Mertens’ theorem in the first estimate. O

Remark 3.112. It is likely that a stronger version of Proposition 3.107 is still true.
Namely, when n > 4 we expect that a a similar bound holds with the power of p in
the right-hand side replaced by p~3/2. Moreover, when n = 3 we expect that this can
also be shown, except in the situation of Lemma 3.100. We have partial proofs of these
statements, which use mostly the same arguments as in the proof of Proposition 3.107,
and contains lots of casework. However a few cases remain, where we notably require
bounds for specific Hall polynomials. We hope to settle this stronger version in the near
future.

The stronger version would imply that the upper bound in Proposition 3.111 can be
replaced by 1 (no growth at all) for n > 4. Indeed, the exponent 3/2 is then prop-
agated throughout the proof until the very last lines, where we may then use that
Hp<X (1 —i—p*?’/z) is bounded.

Remark 3.113. When n = 3, Proposition 3.107 is not as strong as we would like in
different ways. It would be desirable to remove or make explicit the dependence on &
and to make the power of loglog M match with the exponent in Proposition 3.92. Such
bounds should follow from the stronger version of Proposition 3.107 that we expect to
hold.
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