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R É S U M É C O U RT

Dans cette thèse, nous poussons les investigations théoriques, la génération et manip-
ulation expérimentales des états quantiques photoniques un pas vers des applications
de communication quantique autonomes hors laboratoire. En particulier, nous mon-
trons la faisabilité des réalisations expérimentales basées sur des approches d’optique
guidée et intégrée dans les régimes continus et pulsés à une longueur d’onde télécom.
Cela marque un progrès important vers des technologies optiques quantiques pratiques
dans des implémentations sur le terrain. De plus, des investigations théoriques mon-
trent la possibilité de produire des états de lumière non gaussiens de haute qualité et
de haute amplitude avec des ressources raisonnables, ce qui rend possible la concep-
tion des systèmes pour la génération et la manipulation d’états quantiques avec des
caractéristiques prometteuses.

S H O RT A B S T R A C T

In this thesis, we push the theoretical investigations, the experimental generation
and the manipulation of photonic quantum states a step towards out-of-the-laboratory
stand-alone quantum communication applications. In particular, we show the feasi-
bility of experimental realizations based on guided-wave and integrated approaches in
both the CW and the pulsed regimes at a telecom wavelength. This marks an important
progress towards practical quantum optical technologies in real field implementations.
In addition, theoretical investigations show the possibility of producing high quality
and high amplitude non-Gaussian states of light with reasonable resources, making it
possible to design systems for quantum state generation and manipulation operations
with promising features.



R É S U M É

Le travail présenté dans cette thèse est principalement divisé en deux parties. Une
première partie expérimentale dans laquelle des réalisations basées sur des solutions
d’optique guidée et d’optique intégrée à une longueur d’onde télécom sont mises en
œuvre dans les régimes continu et pulsé. La motivation derrière cette partie est de
développer des solutions et techniques expérimentales permettant des implémentations
de protocoles de communication quantique sur le terrain . La deuxième partie consiste
en l’étude théorique de la génération d’états quantiques non gaussiens de haute qualité
et de haute amplitude avec des ressources relativement raisonnables.

Dans la partie expérimentale, trois réalisations sont présentées. La première consiste
à générer des états de type chat de Schrödinger en régime continu à une longueur
d’onde télécom utilisant une approche d’optique guidée basée sur des composants fi-
brés disponibles sur le marché. Une deuxième réalisation consiste en la conception et
la caractérisation expérimentale d’une source SPDC guidée pour la génération d’états
quantiques discrets et continus de haute qualité ainsi que l’intrication hybride. Enfin, le
troisième travail expérimental concerne les premières caractérisations des résonateurs
de type micro-anneaux en nitrure de silicium à faible perte et à haut facteur de qualité
pour la génération d’intrication multimode dans un peigne de fréquence. Ces implé-
mentations expérimentales sont menées dans le but d’évoluer vers des applications de
protocoles de communication quantique hors laboratoire.

D’autre part, deux études théorique sont menées dans la deuxième partie. Dans un
premier temps, nous développons un cadre théorique pour décrire l’opération de sous-
traction de photons à partir d’un état quantique multimode. En appliquant ce cadre au
cas de la production d’états de type chat de Schrödinger, nous montrons que des états
non gaussiens de haute qualité peuvent être obtenus avec des solutions simples et non
sélectives de mode dans le régime multimode. Ensuite, nous proposons un nouveau
protocole pour la génération d’état non gaussien de haute amplitude basé sur les capac-
ités de multiplexage offertes par les sources photoniques, réduisant considérablement
la complexité et augmentant les performances par rapport aux protocoles itératifs déjà
existants.

Mots clefs optique quantique à variables continues, communication quantique, optique
intégrée, états quantiques non gaussiens, détection homodyne, tomographie des états
quantiques



A B S T R A C T

The work presented in this thesis is mainly divided into two part. In a first exper-
imental part, experimental realisations based on guided-wave and integrated optical
solutions are implemented in the continuous-wave as well as the picosecond pulsed
regimes at a telecom wavelength. The motivation behind this part is to develop experi-
mental solutions and techniques enabling real field implementations of quantum com-
munication protocols. The second part consists in theoretically investigating already
existing as well as novel approach for high quality and high amplitude non-Gaussian
quantum state generation with relatively reasonable resources.

In the experimental part, three realizations are presented. The first one consists
in the generation of Schrödinger cat-like state in continuous-wave regime at a tele-
com wavelength in a guided-wave approach based on off-the-shelf fiber components.
A second realization consists in the design and the experimental characterization of
an guided-wave SPDC-based source for the generation of high quality discrete- and
continuous-variable quantum states as well as hybrid entanglement. Finally, in the
third experimental work we perform the first characterizations of low-losses and high
quality factor silicon nitride micro-ring resonators for multimode entanglement genera-
tion in Kerr frequency comb. These experimental implementations are conducted with
the goal of moving towards out-of-the-laboratory applications of quantum communica-
tion protocols.

On the other hand, two main studies are conducted within the theoretical part. At
first, we develop a theoretical framework to describe photon subtraction operation from
a multimode quantum resource. Applying this framework to the case of Schrödinger
cat-like state production, we show that high quality non-Gaussian states can be ob-
tained with reasonable non-mode-selective solutions in the multimode regime. Then,
we propose a novel protocol for the generation of high amplitude non-Gaussian state
based on the multiplexing capabilities offered by the state-of-the-art photonic sources,
drastically reducing the complexity and increasing the performances compared to pre-
viously proposed iterative protocols.

Keywords continuous variable quantum optics, quantum communication, integrated
optics, non-Gaussian quantum states, homodyne detection, quantum state tomography
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I N T R O D U C T I O N

"Information is quantum" 1

quantum information

Classical information theory consists of developing tools to optimise information ma-
nipulation (computing) and transmission (communication) [1]. A classical information
is encoded in binary units called bits, that can take either a logical 0 or 1. It is with this
binary representation that information is processed at the heart of the actual classical
computing systems and transmitted via communication networks.

Meanwhile, quantum mechanics - developed in the 1920s - had an unprecedented
success. It allowed to understand the fundamental aspects of how nature works and
to produce new innovative technologies in the framework of the so-called first quan-
tum revolution, ranging from the invention of transistors [2] to the creation of the first
laser [3]. It was until the 1970s that some pioneer physicists started to ask more funda-
mental questions concerning the ability to manipulate individual quantum objects [4].
Among them, Richard Feynman suggested to simulate quantum systems with "quantum"
simulators as it is extremely hard to do it with classical computers. Hence, the new field
of quantum information theory, combining quantum mechanics and information theory,
emerged [5]. This new theory is growing up rapidly during the last decades, leading
to some promising protocols and applications mainly in three different fields, namely
quantum computation, quantum communication and quantum metrology.

Quantum computation, or information processing, has lead to the development of
new computation algorithms offering high computational power (for some computa-
tional tasks) and overcoming the most powerful classical computers [6–8]. This is pos-
sible as quantum information can be in a superposition of logical zero (|0〉) and one (|1〉),
forming what is called qubit that enables processing parallelism. On the other hand,
the development of such powerful systems threatens the privacy and the confidential-
ity of information, as most of encryption systems rely on computational complexity
to secure data transmission. In this regard, quantum communication allows to secure
data transmission against these powerful quantum computers, as it relies on uncon-
ditional security taking advantages offered by the laws of quantum mechanics. In
this context, several theoretical studies and experimental realizations have been per-
formed to implement the so called Quantum key distribution (QKD) [9, 10], a way of
remotely exchanging classical bits (key) for cryptography tasks. Quantum information
also can be sent through communication channels via teleportation protocols thanks
to entanglement [11, 12]. Finally, quantum metrology allows to perform high-resolution
measurements with high-sensitivity and precision overcoming the classical limit [13,
14].

1. A talk of Charles H. Bennett: https://www.youtube.com/watch?v=EqXv40kCahM

https://www.youtube.com/watch?v=EqXv40kCahM


4 Introduction

There is a variety of physical systems used as quantum information carriers, such as
photons [15], atoms [16], mechanical systems [17] and electric circuits [18, 19]. Light
is of particular interest, especially for quantum communication tasks, as it has a high
transmission speed and a low interaction with environment. In addition, the ability
to exploit the existing optical-fiber based network for quantum communication proto-
cols makes it suitable for this purpose. The wave-particle duality of light has lead to
the emergence to two parallel growing research axis, namely discrete-variable (DV) and
continuous-variable (CV) encodings, depending on what kinds of quantum observables
are used to encode information. In a DV regime, information is encoded on a quantum
observable with discrete spectrum. In this case, typical systems containing one or few
photons are used [20]. On the other hand, in the continuous-variable regime, informa-
tion is encoded on observables with continuous spectrum such as amplitude, phase
and quadratures of light [21]. More recently, combining these two types of information
encodings via the so called hybrid entanglement has attracted the attention of researchers
in this field [22]. This kind of entanglement between DV and CV systems allows to con-
nect networks using different encodings as well as the transfer of information from one
encoding to the other [23], making it possible to overcome their individual limitations
via hybridization.

context and outline

This PhD work is devoted to study the generation and manipulation of quantum
states of light at the fundamental as well as the applied levels. It aims at theoret-
ically investigating protocols for hight quality quantum state generation as well as
implementing experimental realizations for real field practical applications of quan-
tum information tasks. In particular, non-Gaussian photonic quantum states - showing
a non-Gaussian Wigner function - are of particular interest, as they are essential for
advanced quantum computation and communication applications [24–26]. Although
these states have already been produced in multiple experimental realizations [27–30],
we push in this work the theoretical and experimental engineering techniques to more
advanced level in order to reach robust, out-of-the-laboratory applications of quantum
communication protocols, compatible with the existing optical fiber-based communica-
tion networks. In addition, we focus on the ability of developing integrated sources for
the generation and manipulation of highly multimode quantum states of light, enabling
the implementation of more complex quantum communication networks.

At first, Part I introduces the different theoretical and experimental tools that we will
use in the rest of the manuscript. We start in chapter 1 by introducing the formalism
used to quantize a free electromagnetic radiation. Then, we give the different ways of
quantum states representation, namely density matrix and Wigner function, related to
particle-like and wave-like aspects of quantized light. Depending of the shape of the
associated Wigner function, quantum states can be classified into Gaussian (with Gaus-
sian Wigner function) and non-Gaussian (with non-Gaussian Wigner function) ones.
Some examples from these two classes are given at the end of chapter 1. After that,
the linear and nonlinear optical interactions as well as the quantum measurement for-
malism used in this work are given in chapter 2. The association of these experimental
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tools allows to generate, manipulate and detect photonic quantum states. More pre-
cisely, measurement induced non-linearity is at the heart of non-Gaussian quantum
state generation in this work. The particular cases of squeezed state and Schrödinger
cat-like state generation are described in this chapter. Finally, we finish chapter 2 by
giving the experimental technique used to characterize a given quantum state in the
CV regime, allowing to reconstruct its associated Wigner function. This technique is
called quantum homodyne tomography.

In Part II, we present the experimental implementations of guided-wave quantum
state engineering in both the continuous-wave (CW) as well as the picosecond pulsed
regimes at a telecom wavelength. In chapter 3, we show the feasibility of experiments
where non-Gaussian state generation entirely relies on plug-&-play components from
guided-wave optics technologies. This strategy is demonstrated experimentally with
the heralded preparation of Schrödinger cat-like states via single-photon subtraction
from a squeezed vacuum in the CW regime. All stages of the experiment are based
on off-the-shelf fiber components. This leads to a stable, compact, and easily reconfig-
urable realization, fully compatible with existing fiber networks and, more in general,
with future out-of-the-laboratory quantum communication protocols. In chapter 4, we
present the design and experimental characterization of a guided-wave, spontaneous
parametric down-conversion (SPDC)-based source for the generation of high-fidelity
DV and CV quantum states in the picosecond pulsed regime. The DV source will pro-
duce time-bin entangled photon pairs whereas the CV one will be used for Schrödinger
cat-like state generation in the picosecond pulsed regime. These two states will then
serve as input resources for time-bin based hybrid entanglement generation protocol
introduced in [31]. As shown in the same Ref., this kind of encoding is more adapted
for fiber-based quantum communication applications.

The study conducted in chapter 4 reveals the fact that SPDC sources, at the heart
of most experimental realizations, are naturally spectrally multimode. In the context
of quantum state engineering, this aspect can be either advantageous or disadvanta-
geous [32]. In Part III, we study the effect of such multimode aspects on the generation
of non-Gaussian quantum states. chapter 5 establishes a versatile theoretical framework
that explicitly describes single-photon subtraction from multimode quantum light in
the context of non-Gaussian state generation and manipulation. The treatment focuses
on easy-to-implement configurations in which no mode-selective operation is available
and evaluates features and advantages of schemes where only simple filtering stages
are employed in the experiments. Such configuration, by considerably reducing the
experimental overheads, makes experiments involving single-photon subtraction eas-
ier to be implemented. The obtained theoretical framework allows retrieving, given a
multimode input state, optimal conditions required to herald and then to detect non-
Gaussian states with high fidelity, providing a practical and powerful toolbox for the
design of experiments. The application of the proposed approach to the case study of
Schrödinger cat state preparation starting from a frequency multimode squeezed state
illustrates the impact of the derived theoretical tools. In chapter 6, we propose an in-
novative approach that drastically simplifies the preparation of non-Gaussian states as
compared to previous proposals, by taking advantage from the multiplexing capabili-
ties offered by modern quantum photonics tools. Our proposal is inspired by iterative
protocols, where multiple resources are combined one after the other for obtaining
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high-amplitude complex output states [33, 34]. Here, conversely, a large part of the
protocol is performed in parallel, by using a single projective measurement along a
mode which partially overlaps with all the input modes. We show that our protocol
can be used to generate high-quality and high-amplitude Schrödinger cat states as well
as more complex states such as error-correcting codes.

Finally, we present in chapter 7 of Part IV the first characterization results of micro-
ring resonators within a Si3N4 photonic chip. These resonators will be used for exper-
imental investigation of multimode quantum correlation in Kerr frequency comb. The
obtained results show high quality factors and low propagation losses, which make this
kind of compact systems suitable for the generation and manipulation of quantum sys-
tem with relatively low power consumption for high dimensional quantum networks.
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In this chapter, the main theoretical tools and notations needed for the rest of the
manuscript are introduced. In section 1.1, we give a brief description of the proce-
dure used to quantize a free electromagnetic radiation, starting from the Maxwell’s
equations, to the introduction of quantum states in quantum optics, and the notion of
"photons". For more details, the reader can refer to the textbook [35]. In section 1.2,
the density matrix formalism is introduced, a powerful tool used to describe real situ-
ations where the state vector formalism is not well adapted. We give in section 1.3 a
brief introduction to the phase space representation of quantum states, focusing on the
Wigner function representation, which is widely used to represent quantum states and
to visualize their quantum behaviour. We give then, in section 1.4, some examples of
usual quantum states that can be found in most quantum optics experiments. Finally,
we conclude this chapter in section 1.5. We note that the reader is assumed to be famil-
iar with the postulates of quantum mechanics. More detailed textbooks on quantum
mechanics can be found in literature, see for example [4, 36, 37].

1.1 canonical quantization of free radiation

The classical Hamiltonian formalism consists of describing the energy H of a given
system in terms of pairs of conjugate canonical variables (x1, x2, ..., xi, ...; p1, p2, ..., pi, ...),
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such as position x and momentum p of a given particle. In this case, the system
dynamics is fully described by first order differential equations of the form:

dxi

dt
=

∂H
dpi

, (1.1)

dpi

dt
= −∂H

dxi
, (1.2)

known as Hamilton equations. Canonical quantization of the system con-
sists in associating pairs of observables (operators in the quantum mechan-
ics formalism) (x̂1, x̂2, ..., x̂i, ...; p̂1, p̂2, ..., p̂i, ...) to the conjugate canonical variables
(x1, x2, ..., xi, ...; p1, p2, ..., pi, ...) and imposing the commutation relation

[
x̂i, p̂j

]
= ih̄δij.

By doing so, the quantum Hamiltonian of the system is expressed in terms of these
observables. The canonical quantization of free radiation follows this same procedure.
Starting from partial differential equations, known as the Maxwell’s equations, the
electromagnetic radiation, in a given volume V in which the quantization will be per-
formed, can be expanded into a set of normal modes with independent dynamics, and
then, pairs of conjugate canonical variables can be identified for each normal mode,
allowing the complete description of its dynamics by the Hamilton equations (Equa-
tion 1.1 and Equation 1.2). Once this is done, associating quantum observables to the
conjugate canonical variables allows a full quantum description of the free radiation.

1.1.1 Free radiation Hamiltonian

A free electromagnetic radiation obeys the well known Maxwell’s equations, which
can be written in vacuum in the absence of charges and current as:

∇ .E(r, t) = 0, (1.3)

∇ .B(r, t) = 0, (1.4)

∇ × E(r, t) = − ∂

∂t
B(r, t), (1.5)

∇ × B(r, t) =
1
c2

∂

∂t
E(r, t). (1.6)

Let us considering a given volume V much larger than the one occupied by the
radiation. An electromagnetic field, solution of Maxwell’s equations, in this volume
can be expanded into a set of modes with independent dynamics, known as normal
modes. In the travelling plane wave basis, this expansion can be written as:

E(r, t) = E(+)(r, t) +E(−)(r, t), (1.7)

B(r, t) = B(+)(r, t) +B(−)(r, t), (1.8)

with:
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E(+)(r, t) =
[
E(−)(r, t)

]∗
= i ∑

l
εlE

(1)
l αl(t) eiklr , (1.9)

B(+)(r, t) =
[
B(−)(r, t)

]∗
= i ∑

l

kl × εl

ωl
E
(1)

l αl(t) eiklr. (1.10)

Here, ωl = ckl , εl is the polarization vector, E
(1)

l is a constant given by:

E
(1)

l =

√
h̄ωl

2ε0V
, (1.11)

and l = (kx,l , ky,l , kz,l ; s) with (kx,l , ky,l , kz,l) the three spatial components of the wave
vector kl satisfying the boundary conditions in the volume V, and {s = 0, s = 1}
represents the polarization mode basis. Note that the polarization basis can be either
linear ({→, ↑} or {↗,↖}) or circular ({	,�}). Note also that the normal mode basis is
not unique, and one can choose another set of normal modes depending on the studied
situation. By inserting Equation 1.7 and Equation 1.8 in Equation 1.5 and Equation 1.6,
we can show that α(t) obeys the equation:

d
dt

αl(t) + iωlαl(t) = 0, (1.12)

which has a trivial solution given by:

αl(t) = αl e−iωl t, (1.13)

with αl = αl(0) to simplify the notation. The free radiation energy H(t) is given by the
integration over the considered volume V of the energy density:

H(t) =
ε0

2

ˆ
V

[
E2(r, t) + c2B2(r, t)

]
d3r. (1.14)

By inserting Equation 1.7 and Equation 1.8 and considering the boundary conditions
fulfilled by the electromagnetic radiation in the considered volume, we can show that
the radiation energy in the volume V can be simplified as:

H(t) = ∑
l

Hl(t) = ∑
l

h̄ωl |αl(t)|2, (1.15)

which means that, in the volume V, the total radiation energy is the sum of the energies
associated with the independent normal modes. Introducing now two variables Xl(t)
and Pl(t) as:

Xl(t) =
√

2h̄ Re{αl(t)}, (1.16)

Pl(t) =
√

2h̄ Im{αl(t)}, (1.17)

and taking the real and imaginary parts of Equation 1.12, we can show that:

dXl(t)
dt

=
∂Hl(t)
dPl(t)

, (1.18)
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dPl(t)
dt

= −∂Hl(t)
dXl(t)

. (1.19)

Equation 1.18 and Equation 1.19 are then Hamilton equations for the Hamiltonian
Hl(t) (see Equation 1.1 and Equation 1.2), and thus, the variables Xl(t) and Pl(t) given
by Equation 1.16 and Equation 1.17 are conjugate canonical variables for each radiation
mode l.

1.1.2 Quantization of free radiation

In the Heisenberg picture, the quantization of the free electromagnetic radiation can
be performed by associating the operator âl(t) to the normal mode complex amplitude
αl(t), or equivalently, the Hermitian operators (observables) X̂l(t) and P̂l(t) to the con-
jugate canonical variables Xl(t) and Pl(t), and imposing the following commutation
relations: [

âl(t), â†
l′(t)

]
= δll′ , [âl(t), âl′(t)] =

[
â†

l (t), â†
l′(t)

]
= 0, (1.20)

[
X̂l(t), P̂l′(t)

]
= ih̄δll′ ,

[
X̂l(t), X̂l′(t)

]
=
[
P̂l(t), P̂l′(t)

]
= 0. (1.21)

The operators X̂l(t), P̂l(t) and âl(t) are related by the following expression:

âl(t) =
X̂l(t) + iP̂l(t)√

2h̄
. (1.22)

The quantum operator associated with the classical Hamiltonian is then given by:

Ĥ(t) = ∑
l

Ĥl(t) = ∑
l

ωl

2
(
X̂2

l (t) + P̂2
l (t)

)
= ∑

l
h̄ωl

(
â†

l (t)âl(t) +
1
2

)
, (1.23)

which is the same Hamiltonian of an ensemble of independent quantum harmonic
oscillators. The observable associated with the classical electric field of the radiation is
given by the following operator:

Ê(r, t) = Ê(+)(r, t) + Ê(−)(r, t) = i ∑
l
εlE

(1)
l

[
âlei(klr−ωl t) − â†

l e−i(klr−ωl t)
]

, (1.24)

where we put âl(t) = âle−iωl t with âl = âl(0). For the rest of the manuscript, we will
use the observables x̂l(t) and p̂l(t) defined as:

x̂l(t) =

√
2σ2

0
h̄

X̂l(t), p̂l(t) =

√
2σ2

0
h̄

P̂l(t), (1.25)

and satisfying the commutation relation:

[x̂l , p̂l′ ] = i2σ2
0 δll′ . (1.26)
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Note that if we replace Equation 1.22 in Equation 1.24, and taking into account defi-
nition given by Equation 1.25, we find that the observable associated to the electric field
can be written, in terms of the observables x̂l and p̂l , as:

Ê(r, t) = −∑
l
εl

E
(1)

l
σ0

[x̂l sin(klr−ωlt) + p̂l cos(klr−ωlt)] , (1.27)

with:

x̂l = σ0

(
âl + â†

l

)
, (1.28)

P̂l = −iσ0

(
âl − â†

l

)
. (1.29)

The observables x̂l and p̂l are then called quadrature observables. More generally,
for any quadrature basis rotation of angle θ, the quadrature observables x̂θl and p̂θl are
given by:

x̂θl = σ0

(
âle−iθ + â†

l eiθ
)
= x̂l cos θ + p̂l sin θ, (1.30)

p̂θl = −iσ0

(
âle−iθ − â†

l eiθ
)
= −x̂l sin θ + p̂l cos θ. (1.31)

1.1.3 Eigenvectors, quantum states and the notion of photon

According to the postulates of quantum mechanics, a pure quantum state of a given
system (free radiation in our case) is described by a unit vector called state vector |ψ〉
defined in a vector space called Hilbert space H, a basis of which can be constructed
by the set of eigenvectors (or eigenstates) of the Hamiltonian given by Equation 1.23.
In order to find these eigenvectors, one can start by finding the eigenvectors of the
operator N̂l = â†

l âl . The radiation Hamiltonian for each normal mode l can be written
in terms of this operator as:

Ĥl = h̄ωl

(
N̂l +

1
2

)
. (1.32)

Using the Dirac method [37], we can show that the eigenvalues of the operator N̂l
are given by the set of non-negative integers nl ≥ 0 (see section A.1 in Appendix A).
Doing so, the eigenvectors |nl〉l satisfy the relation:

N̂l |nl〉l = nl |nl〉l . (1.33)

These eigenvectors form a basis for the Hilbert space Hl of the radiation states of the
normal mode l, and they satisfy the following relations (see section A.2 in Appendix A):

âl |nl〉l =
√

nl |nl − 1〉l |nl>0, (1.34)

âl |0l〉l = 0, (1.35)
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â†
l |nl〉l =

√
nl + 1 |nl + 1〉l , (1.36)

and any eigenstate |nl〉l can be obtained from the ground state |0l〉l as following:

|nl〉l =
(
â†

l

)nl

√
nl !
|0l〉l . (1.37)

Since the normal modes l are independent, the eigenstates of the Hamiltonian Ĥ are
given by the tensor product of the states |nl〉l :

⊗l |nl〉l = |n1, n2, ..., nl , ...〉 , (1.38)

satisfying the relation:

Ĥ |n1, n2, ..., nl , ...〉 =
[
∑

l
h̄ωl

(
nl +

1
2

)]
|n1, n2, ..., nl , ...〉 , (1.39)

and any radiation state |ψ〉 can be written as a coherent superposition of the Hamilto-
nian eigenstates:

|ψ〉 = ∑
n1 ,n2,...,nl ,...

Cn1,n2 ,...,nl ,... |n1, n2, ..., nl , ...〉 , (1.40)

where Cn1 ,n2 ,...,nl ,... are complex numbers. Note that the Hamiltonian Ĥl has an eigen-
value h̄ωl(nl + 1/2) associated with the eigenstate |nl〉l . Compared with the ground
state |0l〉l with an eigenvalue h̄ωl/2, the eigenstate |nl〉l has an extra energy of nl h̄ωl .
This state can then be seen as a collection of exactly nl particles each with an energy
h̄ωl , hence, the notion of photon - elementary excitation of the quantized electromag-
netic field - emerges. The ground state |0l〉l is then called vacuum state, and the state
|nl〉l is called number state, or Fock state, a radiation states in which the number of
photons is well defined. According to Equation 1.34, Equation 1.35, and Equation 1.36,
applying the operator âl (â†

l ) to the Fock state |nl〉l reduces (increases) the photon num-
ber by one, hence, the operators âl and â†

l are called annihilation and creation operators,
respectively, and the operator N̂l is the quantum observable characterizing the number
of photons in the normal mode l in the quantization volume V.

1.2 mixed states : the density matrix formalism

1.2.1 Definition

As mentioned in subsection 1.1.3, a pure quantum state of a given system is defined
by a the state vector |ψ〉. However, in several situations, the quantum state is not
completely known, typically when the preparation of the system is not completely
controlled leading to a statistical mixture of possible preparation outcomes. In this
case, the system can be described as a probabilistic mixture of several quantum states,
which is known as mixed state. This situation can be well described using the density
operator or density matrix formalism. The density matrix ρ̂ of a pure quantum state |ψ〉
is given by:
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ρ̂ = |ψ〉〈ψ|. (1.41)

For a quantum state being in a statistical mixture of several pure states {|ψi〉} with
associated probabilities {pi}, the density matrix is defined as:

ρ̂ = ∑
i

pi|ψi〉〈ψi|, (1.42)

or more generally, it can be written as:

ρ̂ = ∑
i

piρ̂i, (1.43)

where ρ̂i is also a density matrix describing a quantum state that can also be in a sta-
tistical mixture of pure quantum states, and pi is the associated probability. It is always
possible to decompose it into a mixture of pure states of the form of Equation 1.42.

1.2.2 Properties

The density matrix of a quantum system has several properties:

Hermitian

According to the definition given by Equation 1.42, the density matrix is Hermitian:

ρ̂† = ρ̂. (1.44)

Unit trace

By calculating the trace of the density matrix given by Equation 1.42 we find:

Tr [ρ̂] = ∑
i

piTr [|ψi〉〈ψi|] = ∑
i

pi = 1. (1.45)

So, the trace of a density matrix is equal to one.

Positivity

Considering an arbitrary vector |ϕ〉, we have:

〈ϕ| ρ̂ |ϕ〉 = ∑
i

pi 〈ϕ|ψ〉 〈ψ|ϕ〉 = ∑
i

pi| 〈ϕ|ψ〉 |2 ≥ 0, (1.46)

so, the density matrix is a positive operator.

Expectation value

Considering a given quantum state ρ̂, the expectation value of a given observable Ô
is given by:

〈Ô〉ρ̂ = Tr
[
Ôρ̂
]

. (1.47)
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Purity

The purity P of a given quantum state ρ̂ is defined as:

P = Tr
[
ρ̂2] . (1.48)

One can show easily that P ≤ 1. If P = 1, the state is said to be pure, otherwise
(P < 1), the state is said to be mixed.

Fidelity

The fidelity F between two quantum states quantifies the likeness between them.
Two states are said to be identical if the fidelity between them is equal to one (F = 1).
This fidelity in null (F = 0) if the two quantum states are orthogonal. In the general
case, the fidelity takes its value between zero and one (0 ≤ F ≤ 1). For two mixed
states ρ̂1 and ρ̂2, the fidelity between them can be defined as [38]:

F =

(
Tr
[√√

ρ̂2ρ̂1
√

ρ̂2

])2

, (1.49)

however, if one of the two states is pure, Equation 1.49 can be simplified as:

F = Tr [ρ̂1ρ̂2] . (1.50)

1.2.3 Partial trace

One of the most pertinent case study to show the usefulness of the density matrix
formalism is the description of a subsystem of a composite quantum system. Let us
consider at first the case of two independent quantum systems A and B, according
to quantum mechanics, the density matrix of the whole system is given by the tensor
product of the density matrices of each system:

ρ̂AB = ρ̂A ⊗ ρ̂B, (1.51)

and the density matrix of the system A (or B) can be obtained by tracing out the density
matrix ρ̂AB over the subsystem B (or A):

TrB [ρ̂AB] = TrB [ρ̂A ⊗ ρ̂B] = ρ̂ATrB [ρ̂B] = ρ̂A. (1.52)

which seams to be trivial. However, there is a class of states for composite systems,
known as entangled states, where one cannot describe them as tensor product of inde-
pendent states. Let us take the example of two quantum systems A and B defined in a
Hilbert space HAB = HA ⊗HB where HA and HB are two dimensional Hilbert spaces,
and {|0〉A , |1〉A} and {|0〉B , |1〉B} the associated bases, respectively. The state given by:

|ψ〉AB =
1√
2
(|0〉A |0〉B + |1〉A |1〉B) , (1.53)

on of the well known Bell states, is a maximally entangled state. The associated density
matrix is given by:
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ρ̂AB =
1
2
(|0〉A 〈0| ⊗ |0〉B 〈0|+ |1〉A 〈0| ⊗ |1〉B 〈0|+ |0〉A 〈1| ⊗ |0〉B 〈1|+ |1〉A 〈1| ⊗ |1〉B 〈1|) .

(1.54)
This state is a pure state. However, the density matrix of the subsystem A, obtained

by performing a partial trace over B, is given by:

ρ̂A = TrB [ρ̂AB] =
1
2
(|0〉A 〈0|+ |1〉A 〈1|) , (1.55)

which is a mixed state with a purity P = 0.5. With the state vector formalism, it is not
possible to describe the subsystem A in this case, hence the usefulness of the density
matrix formalism.

1.3 phase space representation

1.3.1 Quantum fluctuations

In this section, and for the rest of the manuscript, we omit the subscript l in all expres-
sions when we consider single-mode quantum states of radiation. Taking into account
the properties of the annihilation and creation operators given by Equation 1.20, Equa-
tion 1.34, Equation 1.35, and Equation 1.36, the expectation values and the variances of
the quadrature observables of vacuum state in mode l can be written as:

〈0| x̂ |0〉 = 〈0| p̂ |0〉 = 0, (1.56)

〈0| x̂2 |0〉 = 〈0| p̂2 |0〉 = σ2
0 . (1.57)

As we can see, the expectation values of quadrature observables of vacuum state
are null, whereas the variances are not null, this is what we call quantum fluctuations.
In fact, for any quantum state ρ̂ and any basis rotation of angle θ, the measurement
outcomes xθ and pθ of the quadrature observables x̂θ and p̂θ , respectively, are random
and they follow given probability distributions P(xθ) and P(pθ). The corresponding
standard deviations, σxθ

and σpθ
, satisfy always the following inequality:

σxθ
σpθ
≥ σ2

0 , (1.58)

which is a direct consequence of the Heisenberg uncertainty principle [4], describing
the fact that one cannot measure simultaneously the quadrature observables x̂θ and
p̂θ with infinite precision. The equality is satisfied for many quantum states called
minimum uncertainty states, as we will see in the next section.

1.3.2 Phasor diagram

Let us consider a single-mode radiation, by omitting the subscript l and the polariza-
tion vector εl , the scalar operator Ê(+)(r, t) can be written as:
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Ê(+)(r, t) =
E (1)

2σ0
(x̂ + i p̂)ei(kr−ωt+π/2), (1.59)

or, by a proper choice of time (or space) origin, it can be written as:

Ê(+)(r, t) =
E (1)

2σ0
(x̂ + i p̂)ei(kr−ωt), (1.60)

In this case, the operator associated to the scalar electric field can be written as:

Ê(r, t) = Ê(+)(r, t) + [Ê(+)(r, t)]† =
E (1)

σ0
[x̂ cos (kr−ωt)− p̂ sin (kr−ωt)] . (1.61)

It can be seen that the quadrature components x̂ and p̂, up to a factor, are given by
the real and imaginary parts of the operator Ê(+)(r, t), respectively. Then, the quantum
field can be represented by a phasor diagram as shown in Figure 1.1.

Figure 1.1 – Phasor diagram of a quantum field with Gaussian distribution of quadratures x̂
and p̂.

where Ê(+)(0) = Ê(+)(r = 0, t = 0), and x̄, p̄ and Ē(+) = |Ē(+)|eiϕ are the expectation
values of the operators x̂, p̂ and Ê(+)(0), respectively. As mentioned before, the observ-
ables x̂ and p̂ cannot be measured with infinite precision, which is a direct result of the
commutation relation in Equation 1.26. This is represented in the phasor diagram by
a dispersion region describing the fact that measurement outcomes of an electric field
(or equivalently the quadrature operators) are random (with random amplitudes and
phases). These random measurement outputs follow given probability distributions
which vary from a quantum state of radiation to another one.

In many cases, the quadrature fluctuations are Gaussian, and therefore, the disper-
sion region in phasor diagram representation can be a suitable tool to describe the
quantum state of a radiation for its simplicity. However, for some quantum states, the
quadrature fluctuations are not Gaussian, and a more suitable tool to represent these
states is a quasi-probability distribution called the Wigner function.
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1.3.3 Wigner function

In 1932, a two dimensional function was introduced by E. Wigner [39], which now
bears his name, that describes the joint quasi-probability distribution of the observables
x̂ and p̂ in a similar way to the joint probability distribution of two classical random
variables. This function, contrary to its classical counterpart, can take negative values
for some quantum states. It completely describes the quantum state of a given system
and it is useful to visualize it. The Wigner function of a single-mode quantum state ρ̂

is defined as:

Wρ̂(x, p) =
1

2πσ2
0

ˆ
eiyp/σ2

0 〈x− y| ρ̂ |x + y〉 dy, (1.62)

which can be generalized in the multimode case with N modes as:

Wρ̂(x,p) = (2πσ2
0 )
−N
ˆ

RN
eiyTp/σ2

0 〈x− y| ρ̂ |x+ y〉 dy, (1.63)

with x = (x0, x1, x2, ..., xN−1)
T, y = (y0, y1, y2, ..., yN−1)

T, p = (p0, p1, p2, ..., pN−1)
T and

|x± y〉 = |x0 ± y0, x1 ± y1, x2 ± y2, ..., xN−1 ± yN−1〉.

1.3.3.1 Properties

Like the density matrix, the Wigner function of a quantum state satisfy some proper-
ties, and here some of them.

Real function

The Wigner function is a useful tool to visualize quantum states since it has always
real values (Wρ̂(x, p) ∈ R ∀(x, p) ∈ R2). This is related to the fact that the operator ρ̂ is
Hermitian (see Equation 1.44).

Integral

The integral of the Wigner function in R2 is equal to one:
ˆ ˆ

Wρ̂(x, p)dxdp = 1. (1.64)

Purity

The purity of a given quantum state is given by:

P = 4πσ2
0

ˆ ˆ
W2

ρ̂ (x, p)dxdp. (1.65)

Fidelity

In the case where at least one of two quantum states ρ̂1 and ρ̂2 is pure, the fidelity
between them is given by:

F = 4πσ2
0

ˆ ˆ
Wρ̂1(x, p)Wρ̂2(x, p)dxdp. (1.66)
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Marginal distribution

When measuring the quadrature x̂θ of a given quantum state ρ̂, the probability P(xθ)

of obtaining a given value xθ is given by:

P(xθ) = 〈xθ | ρ̂ |xθ〉 = |ψ(xθ)|2, (1.67)

where |xθ〉 is the eigenstate of the observable x̂θ (x̂θ |xθ〉 = xθ |xθ〉) and ψ(xθ) is the
wave-function of the state ρ̂. Using the Wigner function representation, this probability
distribution can be written as:

P(xθ) =

ˆ
Wρ̂ (xθ cos θ − pθ sin θ, xθ sin θ + pθ cos θ) dpθ . (1.68)

1.4 particular states in quantum optics

In quantum optics experiments, a large set of quantum states can be encountered.
These states can be classified into two main classes: the Gaussian and non-Gaussian
quantum states. In this section, some examples of quantum states for each class are
given.

1.4.1 Gaussian quantum states

Gaussian states are the easiest, on demand produced quantum states in laboratory.
Like the vacuum state, no matter the measured observable x̂θ , the measurement out-
comes xθ are random and follow a Gaussian probability distribution P(xθ). A complete
description of a Gaussian state can be given by the covariance matrix, which is written
in the monomode case as:

V =

(
〈x̂2〉 − 〈x̂〉2 〈 1

2 (x̂ p̂ + p̂x̂)〉 − 〈x̂〉〈 p̂〉
〈 1

2 (x̂ p̂ + p̂x̂)〉 − 〈x̂〉〈 p̂〉 〈 p̂2〉 − 〈 p̂〉2

)
, (1.69)

or equivalently, the monomode Wigner function of a Gaussian state is given by:

Wg(x, p) =
1

2πσxσp
e
− (x−x̄)2

2σ2
x
− (p− p̄)2

2σ2
p , (1.70)

where x̄ = 〈x̂〉 and p̄ = 〈 p̂〉. In this case, the probability distribution P(xθ) is given by:

P(xθ) =

ˆ
Wg (xθ cos θ − pθ sin θ, xθ sin θ + pθ cos θ) dpθ =

1√
2πσ2

θ

e
− (xθ−x̄θ )

2

2σ2
θ , (1.71)

with σ2
θ = σ2

x cos2 θ + σ2
p sin2 θ and x̄θ = x̄ cos θ + p̄ sin θ.
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1.4.1.1 Vacuum state

The vacuum state, or ground state, is the most elementary state in quantum physics.
It represents, in quantum optics, the state in the absence of radiation (zero photon
state). As seen in subsection 1.3.1, the vacuum state has null mean quadratures x̂ and
p̂ and non-null quadrature variances σ2

x = σ2
p = σ2

0 . This means that if one try to
measure the electromagnetic field, or equivalently the quadrature x̂ or p̂, where there
is no radiation, fluctuations will be observed (called shot noise). This can be seen in
the Wigner function representation of the vacuum state, depicted in Figure 1.2.

Figure 1.2 – Wigner function of the vacuum state, and the quadrature distributions P(x) (black)
and P(p) (red). The marginal distributions are rescaled for visualization purpose.

1.4.1.2 Coherent state

The coherent state (or quasi-classical state) was introduced in [40]. Its properties are
similar to the classical field. By definition, a coherent state |α〉 of amplitude α is the
eigenstate of the annihilation operator â with eigenvalue α:

â |α〉 = α |α〉 . (1.72)

Considering the expansion in the Fock states basis, the coherent state can be written
as:

|α〉 = ∑
n

cn |n〉 . (1.73)

Equation 1.72 applied to Equation 1.73 gives the following recurrence relation:

cn+1 =
α√

n + 1
cn, (1.74)

which leads to the following expression of the coherent state |α〉:

|α〉 = e−|α|
2/2 ∑

n

αn
√

n!
|n〉 . (1.75)
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Figure 1.3 – Photon number distribution in a coherent state |α〉 for different amplitudes: α = 1,
α = 2 and α = 3.

It is a superposition of Fock states |n〉 with a photon number probability distribution
given by:

Pα(n) = |cn|2 = e−|α|
2

(
|α|2

)n

n!
, (1.76)

which is a Poissonian distribution with a mean value n̄(α) = 〈α| N̂ |α〉 = |α|2 and
a variance σ2

n(α) = 〈α| N̂2 |α〉 − n̄2 = |α|2. Figure 1.3 illustrates the photon number
distribution in coherent states with different amplitudes α.

The quadrature variance of a coherent state is equal to those of vacuum state (σ2
x(α) =

σ2
p(α) = σ2

0 ), thus, the coherent state is a minimum uncertainty state (σx(α)σp(α) = σ2
0 ).

Its wave-function, ψα(xθ) is given by:

ψα(xθ) = 〈xθ |α〉 = e−
|α|2

2
e
− x2

θ
4σ2

0√
σ0
√

2π
e−(e

−i2θα2/2)+2(e−iθα)
xθ

2σ0 , (1.77)

and the corresponding quadrature probability distribution is:

Pα(xθ) = |ψα(xθ)|2 =
e−(|α|

2−α2)

σ0
√

2π
e
−
(

xθ
σ0
√

2
−α
√

2 cos θ

)2

. (1.78)

This state can be easily produced, it is in fact, in good approximation, the quantum
state of a single-mode laser radiation operating far above threshold. The Wigner func-
tion of a coherent state of amplitude α, depicted in Figure 1.4 for α = 2 ei π

4 , is given by
Equation 1.70 with σx = σp = σ0, x̄ = 2σ0 Re(α) and p̄ = 2σ0 Im(α). It is the same as
the Wigner function of vacuum state (see Figure 1.2) displaced in phase space. We can
thus obtain a coherent state of amplitude α by applying a displacement operator D̂(α)

to the vacuum state:

|α〉 = D̂(α) |0〉 = eαâ†−α∗ â |0〉 . (1.79)

The overlap between two coherent states with different amplitudes α and α is [41]:

〈α|β〉 = e−
1
2 (|α|2+|β|2−2α∗β). (1.80)



1.4 particular states in quantum optics 23

Figure 1.4 – Wigner function of a coherent state |α〉 of amplitude α = 2ei π
4 , and the quadrature

distributions P(x) (black) and P(p) (red). The vacuum state is a coherent state
with amplitude α = 0. The marginal distributions are rescaled for visualization
purpose.

1.4.1.3 Squeezed vacuum state

A squeezed vacuum state, noted |ζ〉, is obtained by applying the squeezing operator
Ŝ(ζ) to the vacuum state:

|ζ〉 = Ŝ(ζ) |0〉 = e−
1
2 (ζ â†2−ζ∗ â2) |0〉 . (1.81)

with ζ = reiφ being the squeezing parameter. It can be expressed in the Fock basis as:

|ζ〉 = (1− µ2)1/4 ∑
n

√
(2n)!
n!

ein(φ+π)
(µ

2

)n
|2n〉 , (1.82)

where µ = tanh(r).

0 2 4 6 8 10
n

0.0

0.2

0.4

0.6

0.8

1.0

P(
n)

r = 0.2
r = 0.6
r = 1.0

Figure 1.5 – Photon number distribution in a squeezed vacuum state |ζ〉 for different squeezing
parameter r.

The photon number probability distribution for a squeezed vacuum state is given by:
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 Pζ(2n) =
√

1− µ2 (2n)!
(n!)2

( µ
2

)2n ,

Pζ(2n + 1) = 0.
, (1.83)

which gives a mean photon number n̄(ζ) = 〈ζ| N̂ |ζ〉 = sinh2 r, and a photon number
variance of σ2

n(ζ) = 〈ζ| N̂2 |ζ〉 − n̄2 = 2n̄(n̄ + 1). Figure 1.5 shows the photon number
distribution in squeezed vacuum states with different squeezing parameter r (φ = 0).

Like for the vacuum state, the expectation value of the quadrature operator x̂θ is null
for all values of θ, this is the "vacuum" part of the squeezed vacuum. However, contrary
to the vacuum state, the variance of x̂θ depends on θ and it is given by:

σ2
xθ
(ζ) = 〈ζ| x̂2

θ |ζ〉 − (〈ζ| x̂θ |ζ〉)2 = σ2
0
[
e2r sin2(θ − φ/2) + e−2r cos2(θ − φ/2)

]
. (1.84)

This variance varies between a minimum value σ2
min(ζ) = e−2rσ2

0 , which is less than
the one of vacuum state (σ2

min(ζ) < σ2
0 ), and a maximum value σ2

max(ζ) = e2rσ2
0 greater

that the one of vacuum state (σ2
max(ζ) > σ2

0 ). We can then define a squeezing factor, s,
as the ratio between the minimum variance of the quadrature x̂θ and the variance of
the vacuum state quadrature σ2

0 :

s = e−2r. (1.85)

In all cases, the squeezed state is a minimum uncertainty state saturating the in-
equality given by Equation 1.58 (σxθ

(ζ)σpθ
(ζ) = σ2

0 ). In the case where the squeezed
quadrature is the quadrature p̂ (φ = π), the Wigner function of the squeezed vacuum
state is obtained by replacing σ2

x = σ2
0 /s, σ2

p = σ2
0 s, and x̄ = p̄ = 0 in Equation 1.70.

This Wigner function is shown in Figure 1.6 for two different squeezing parameters.

(a) (b)

Figure 1.6 – Wigner function of squeezed vacuum state with a squeezing parameter (a): r = 0.35
(s = −3 dB) and (b): r = 0.81 (s = −7 dB) and the corresponding quadrature
distributions P(x) (black) and P(p) (red). The marginal distributions are rescaled
for visualization purpose.
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1.4.2 Non-Gaussian quantum states

Compared to Gaussian quantum states introduced previously, non-Gaussian states
have a non-Gaussian Wigner function, or equivalently, a non-Gaussian probability dis-
tribution of measurement outcomes of the quadrature x̂θ for at least some phases θ.
These states are extremely relevant in fundamental quantum physics as well as quan-
tum information processing [24] and quantum communication [25, 26]. It has been
shown that, for a pure non-Gaussian quantum state, the associated Wigner function
have negative values [42]. In this subsection, we introduce some examples of non-
Gaussian states.

1.4.2.1 Fock states

As mentioned in subsection 1.1.3, n photon Fock states are the eigenstates of the
radiation Hamiltonian. These states contain an exact number of photons, and they
form a complete basis for the Hilbert space. The wave-function of the n photon Fock
state, |n〉, is given by:

ψn(xθ) = 〈xθ |n〉 =
e−inθ√

2nn!σ0
√

2π
Hn

(
xθ

σ0
√

2

)
e
− x2

θ
4σ2

0 , (1.86)

with Hn(x) is the n-th Hermite polynomial. This leads to an associated quadrature
probability distribution Pn(xθ) independent of θ, given by:

Pn(xθ) = |ψn(xθ)|2 =
1

2nn!σ0
√

2π
H2

n

(
xθ

σ0
√

2

)
e
− x2

θ
2σ2

0 , (1.87)

where Ln(x) is the n-th Laguerre polynomial. The Wigner function of the Fock state
|n〉 is given by:

Wn(x, p) =
(−1)2

2πσ2
0

Ln

(
x2 + p2

σ2
0

)
e
− x2+p2

2σ2
0 . (1.88)

Except the vacuum state |n = 0〉, the Wigner function is non-Gaussian and it has
negative values. We note that the Fock states are phase invariant (rotation symmetry
in the Wigner function, or equivalently, marginal distribution Pn(xθ) does not depend
on the phase θ). This can be seen clearly in Figure 1.7, where the Wigner function of
states |n = 1〉, |n = 2〉, |n = 3〉, and |n = 4〉 are displayed. The number of sign change
in the Wigner function (and the number of zeros in the marginal distribution Pn(xθ)) is
equal to the number of photons in the Fock state.

1.4.2.2 Schrödinger cat states

In 1935, Erwin Schrödinger proposed a thought experiment, in which he illustrates the
weirdness of quantum superposition in the macroscopic world [43]. This experiment
was introduced by considering a cat as a macroscopic system, being in a coherent super-
position between "alive" and "dead" states, which are macroscopically distinguishable.
In optics, the "alive" and "dead" cat states are replaced by a coherent state (introduced
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(a) (b)

(c) (d)

Figure 1.7 – Wigner function of Fock states |n〉 with (a): n = 1, (b): n = 2, (c): n = 3 and
(d): n = 4 and the corresponding quadrature distributions Pn(x) (black) and Pn(p)
(red). The marginal distributions are rescaled for visualization purpose.
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in subsubsection 1.4.1.2) with opposite phases |α〉 and |−α〉. The optical Schrödinger
cat state with amplitude α is then given by:

∣∣catφ

〉
=

1√
2(1 + e−2|α|2 cos(φ))

(
|α〉+ eiφ |−α〉

)
, (1.89)

where φ is the superposition phase. In the Fock basis, this state can be written as:

∣∣catφ

〉
=

e−|α|
2/2√

2(1 + e−2|α|2 cos(φ))
∑
n

[
1 + (−1)neiφ] αn

√
n!

|n〉 . (1.90)

Two particular cases can be emphasised here, if the superposition phase is null (φ =

0), the state in Equation 1.90, noted |cat+〉, is a superposition of Fock states with only
even photon number, and then called even Schrödinger cat state. The photon number
probability distribution is given by: P+(2n) = 2e−|α|

2

1+e−2|α|2
|α|4n

(2n)! ,

P+(2n + 1) = 0.
(1.91)

In the other case, where the superposition phase is equal to pi (φ = π), the state
in Equation 1.90, noted |cat−〉, is a superposition of Fock states with only odd photon
number, it is then called odd Schrödinger cat state. The photon number probability
distribution is given by:  P−(2n) = 0,

P−(2n + 1) = 2e−|α|
2

1−e−2|α|2
|α|4n+2

(2n+1)! .
(1.92)

Figure 1.8 shows the photon number distribution in even and odd Schrödinger cat
states with amplitude α = 2.
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Figure 1.8 – Photon number distribution in an even (red) and odd (blue) Schrödinger cat state.

In the case where the amplitude α is real (which can be fulfilled by a proper choice
of the quadrature basis), the Wigner function of a Schrödinger cat state is given by:

Wφ(x, p) =
e
− x2+p2

2σ2
0

2πσ2
0 (1 + e−2α2 cos φ)

[
e−2α2

cosh
(

2αx
σ0

)
+ cos

(
2αp
σ0
− φ

)]
, (1.93)
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and the associated quadrature probability distribution Pφ(xθ) is given by:

Pφ(xθ) =
e
−
(

x2

2σ2
0
+2α2 cos2 θ

)
σ0
√

2π
(
1 + e−2α2 cos φ

) [cosh
(

2xα

σ0
cos θ

)
+ cos

(
φ− 2xα

σ0
sin θ

)]
. (1.94)

Figure 1.9 shows the Wigner function of even ((a)-(b)) and odd ((c)-(d)) Schrödinger
cat states with amplitudes α = 1 ((a)-(c)) and α = 2 ((b)-(d)).

(a) (b)

(c) (d)

Figure 1.9 – Wigner functions of different Schrödinger cat states with: (a): φ = 0 and α = 1,
(b): φ = 0 and α = 2, (c): φ = π and α = 1 and (d): φ = π and α = 2 and
the corresponding quadrature distributions Pφ(x) (black) and Pφ(p) (red). The
marginal distributions are rescaled for visualization purpose.

For an increasing amplitude α, we can distinguish the two lobes in the Wigner func-
tion, corresponding to the components |α〉 and |−α〉. In addition, interference fringes
appear around the phase space origin, which is a sign of quantum interferences be-
tween |α〉 and |−α〉. This also can be seen in the quadrature distributions, where the
distribution Pφ(x) contains two lobes corresponding to the two coherent state compo-
nents in the Schrödinger cat state and the distribution Pφ(p) is oscillating, giving a sign
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of quantum interference due to the coherent superposition of the two coherent states
|α〉 and |−α〉. More and more oscillations in the Wigner function (and equivalently the
quadrature distribution Pφ(p)) appear when the amplitude α of the Schrödinger cat
state increases.

1.5 conclusion

We have introduced in this chapter the procedure often used to quantize the free elec-
tromagnetic field. This leads to a full quantum description of radiation that is needed
to describe some phenomenon encountered in experiments and cannot be fully ex-
plained by the classical treatment. Then, the density matrix formalism was introduced.
This formalism, is extremely useful to describe some situation where the state vector
formalism cannot be used, such as dealing with mixed states. After that, the Wigner
function representation was introduced, a very powerful tool to visualize quantum
states and to show their quantum behaviour (Wigner function negativity for example).
Finally, we gave some examples of quantum states that are frequently encountered in
quantum optics experiment. These states can be classified into two main classes: the
Gaussian states, displaying Gaussian Wigner function, and the non-Gaussian states, dis-
playing non-Gaussian Wigner functions with negative values. In the next chapter, we
will present some experimental tools, showing how to create, transform and measure
quantum states of light.
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As mentioned in the previous chapter, non-Gaussian states are of particular interest
for implementing quantum information processing and communication tasks. Among
the various possible ways to produce these kind of states, the association of unitary
transformations and quantum measurements is widely used as these operations are
relatively easy-to-implement. Some unitary transformations can be implemented us-
ing linear and nonlinear optical components. In nonlinear optics, interaction between
different optical modes, mediated by a nonlinear optical response of a given material,
allows to create states with quantum properties starting from a quasi-classical one. This
is the case for example of squeezed vacuum state production using the second order
nonlinear optical interaction called spontaneous parametric down conversion. These
quantum states can then be manipulated and transformed using linear passive opti-
cal component such as beam splitters and phase shifters. In section 2.1, we introduce
some of these unitary transformation that will be used in the rest of the manuscript.
In addition to this, quantum measurement plays an important role in quantum infor-
mation protocols. It allows not only to characterize quantum states of light, but also
to transform them in order to produce other states. In section 2.2, we introduce the
quantum measurement formalism and focus on two main examples: photon detection
and homodyne measurement. In section 2.3, we exploit the notions introduced in sec-
tion 2.1 and section 2.2 to show how we can experimentally produce squeezed vacuum
and Schrödinger cat-like states. Then, in section 2.4, we show how we can charac-
terise these photonic states using quantum state reconstruction algorithms. Finally, we
conclude the chapter in section 2.5.
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2.1 linear and nonlinear interactions

A wide range of optical quantum states can be produced by applying unitary trans-
formations on quantum radiation. This is possible thanks to linear and nonlinear op-
tical interactions, which are very useful and easy-to-implement experimental tools for
quantum state creation and manipulation. In this section, we introduce the linear and
nonlinear interactions that we will use in this work.

2.1.1 Linear interactions

The most elementary building blocks of linear optical circuits are phase shifters and
beam splitters. Despite their simplicity, these ingredients are powerful and used almost
in all quantum optics experiments. In fact, any N × N linear unitary transformation of
the form:

â′k = ∑
m

Ukm âm, (2.1)

can be implemented with a sequence of phase shifters and beam splitters [44]. The
unitary operator Û acting on N modes can be written in terms of a quadratic Hamilto-
nian as [21]:

Û = e−iâ†Hâ, (2.2)

where â† = (â†
1 , â†

2 , ..., â†
N), â = (â1, â2, ..., âN)

T, and H is an N × N Hermitian matrix.

2.1.1.1 Phase shift

The simplest form of phase shift is the free propagation of radiation. It can for
example be implemented in a controlled manner by means of electro optic modulators.
In the Heisenberg picture, the action of a phase shift operator Û(θ) on the annihilation
and creation operators is given by:

âθ = Û†(θ)âÛ(θ) = e−iθ â, â†
θ = Û†(θ)â†Û(θ) = eiθ â†, (2.3)

here, the matrix H in Equation 2.2 is replaced by the scalar θ (Û(θ) = e−iθ â† â). In terms
of quadrature operators x̂ and p̂, the action of a phase shift is given by:(

x̂θ

p̂θ

)
=

(
cos θ sin θ

− sin θ cos θ

)(
x̂

p̂

)
, (2.4)

which correspond to a rotation in the phase space (see Equation 1.30, Equation 1.31

and section 1.3).

2.1.1.2 Beam splitter

A beam splitter (BS) is an optical device that mixes two input beams (1) and (2) to
give two output beams (3) and (4) (see Figure 2.1). In quantum optics, the action of
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Figure 2.1 – Optical beam splitter of reflection coefficient r and transmission coefficient t.

a lossless beam splitter with a reflection coefficient r and transmission coefficient t in
amplitude is described by the unitary transformation:

ÛBS = eθ(â†
1 â2−â1 â†

2), (2.5)

where r = sin θ and t = cos θ. This operator is obtained by replacing the matrix H in
Equation 2.2 by:

H =

(
0 θ

−θ 0

)
. (2.6)

Its action on the annihilation operators is given by:(
â3

â4

)
= Û†

BS

(
â1

â2

)
ÛBS =

(
t −r

r t

)(
â1

â2

)
, (2.7)

which is also true for the quadrature operators:(
x̂3

x̂4

)
=

(
t −r

r t

)(
x̂1

x̂2

)
,

(
p̂3

p̂4

)
=

(
t −r

r t

)(
p̂1

p̂2

)
. (2.8)

In other words, a beam splitter acts on the quadrature eigenstates |x1, x2〉 = |x1〉1 ⊗
|x2〉2 as:

ÛBS |x1, x2〉 = |x3, x4〉 = |tx1 − rx2, rx1 + tx2〉 . (2.9)

Despite the state |x1, x2〉 is not physical, the relation given by Equation 2.9 is math-
ematically useful. It allows to deduce the action of a beam splitter on the input states
wave-function as:

ψ(x1, x2) −→ ψ(tx3 + rx4,−rx3 + tx4), (2.10)

or equivalently, the Wigner function of the input state is transformed as:

W(x1, p1; x2, p2) −→W(tx3 + rx4, tp3 + rp4;−rx3 + tx4,−rp3 + tp4). (2.11)
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Figure 2.2 – Beam splitter based model for optical losses.

A model for optical losses

The BS unitary transformation just introduced is useful not only to model experi-
ments involving beam splitters, but also to model the effect of losses. In fact, replacing
the state ρ̂2 in Figure 2.1 by the vacuum state, the output state in mode (3) after tracing
out the mode (4), noted ρ̂η , is equivalent to the state in mode (1) subject to losses given
by the square of the reflection coefficient r2 and a transmission efficiency η = 1− r2

(see Figure 2.2). The Wigner function of the output state is given by:

Wη(x, p) =
ˆ ˆ

W(tx + rx0, tp + rp0)W|0〉(−rx + tx0,−rp + tp0)dx0dp0

=
1

r2t2

ˆ ˆ
W
(

x′

t
,

p′

t

)
W|0〉

(
x− x′

r
,

p− p′

r

)
dx′dp′. (2.12)

The Wigner function of the state after losses Wη(x, p) is then given by the convolution
of the Wigner function of the state before losses W(x, p) and a Gaussian function given
by the Wigner function of the vacuum state W|0〉(x0, p0). It is important to note that the
information is not completely lost, since measuring the state ρ̂η allows to deduce the
state before losses ρ̂ as we will see in section 2.4.

2.1.2 Nonlinear interactions

Squeezed and entangled states are important resources in many quantum informa-
tion protocols. Squeezing has been demonstrated in many experimental realizations
thanks to the nonlinear interactions of light with matter [45, 46]. This nonlinear inter-
action is induced by the propagation of electromagnetic field in a nonlinear medium.
The polarisation (dipole moment) of the medium in this case is given by [47].

P (t) = ε0

[
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + ...

]
, (2.13)

where χ(1) is the linear susceptibility, and χ(2) and χ(3) are the second and third or-
der nonlinear susceptibilities, respectively. One particular widely exploited nonlinear
interaction for quantum stare generation is the spontaneous parametric down conversion
process. It is a second order nonlinear process that consists of converting photons from
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Figure 2.3 – Schematic representation (a) and the energy diagram (b) of parametric down con-
version process. A pump photon at frequency ωp is destroyed and two photons
at frequencies ωs and ωi are created. This interaction is mediated by a nonlinear
medium.

a strong pump field at frequency ωp into pairs of photons, generally called signal and
idler, at frequencies ωs and ωi (see Figure 2.3).

In this nonlinear process, the energy and momentum conservation conditions must
be fulfilled, which leads to the following relations:

ωp = ωs + ωi, (2.14)

kp = ks + ki. (2.15)

In quantum optics, this process can be described by the interaction Hamiltonian
given by:

Ĥint = ih̄χ(2)|αp|
(

eiφ â†
s â†

i − e−iφ âs âi

)
. (2.16)

The first term in the interaction Hamiltonian describes the process of destruction of a
pump photon and creation of signal and idler photons, and the second term describes
the inverse process. Note that, in the approximation of strong coherent pump field,
the pump annihilation operator âp in the interaction Hamiltonian (Equation 2.16) is
replaced by the complex scalar αp = |αp|eiφ [48]. We can now define a two mode
unitary evolution operator as:

Û = e−
i
h̄ Ĥintt = e−(ζ â†

s â†
i −ζ∗ âs âi) = Ŝs,i(ζ), (2.17)

with ζ = reiφ and r = −χ(2)|αp|t = −χ(2)|αp|nL/c, where t = nL/c is the interaction
time, and n and L are the refractive index and the length of the nonlinear medium,
respectively. This unitary evolution is equivalent to the squeezing operator (Equa-
tion 1.81) acting on a two mode state, thus, it is called two mode squeezing operator.
Its action on the annihilation operators âs and âi is given by 1:

â′s = Ŝ†
s,i(ζ)âsŜs,i(ζ) = âs cosh r− â†

i eiφ sinh r, (2.18)

1. These transformations can be retrieved in the Heisenberg picture by solving the evolution equation
ih̄ d

dt âs,i =
[
Ĥint , âs,i

]
.
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â′i = Ŝ†
s,i(ζ)âiŜs,i(ζ) = âi cosh r− â†

s eiφ sinh r. (2.19)

In the case where φ = 0, which is always possible with a proper choice of the phase
origin, the quadrature operators are transformed as:

x̂′s ± x̂′i = (x̂s ± x̂i) e∓r, (2.20)

p̂′s ± p̂′i = ( p̂s ± p̂i) e±r, (2.21)

and the corresponding variances are given by:

σ2
x′s±x′i

= e∓2rσ2
xs±xi

, (2.22)

σ2
p′s±p′i

= e±2rσ2
ps±pi

. (2.23)

2.2 quantum measurement

A measurement operation on a given quantum state ρ̂ is described by a set of mea-
surement operators {M̂m} acting on the Hilbert space where the state ρ̂ evolves. These
operators satisfy the completeness relation:

∑
m

M̂†
m M̂m = 1̂. (2.24)

Each operator M̂m is related to a possible measurement outcome, noted m, which
occurs with a probability:

p(m) = Tr
[

M̂mρ̂M̂†
m

]
, (2.25)

and the state just after the measurement operation is given by:

ρ̂m =
1

p(m)
M̂mρ̂M̂†

m. (2.26)

This is the most general quantum measurement formalism, giving the statistics of
the measurement outcomes (Equation 2.25) and the post-measurement state (Equa-
tion 2.26). However, in some situations, we focus on the statistics of measurement out-
comes without considering the state after measurement (traced out), especially when
the measurement is destructive. In this case, a well adapted formalism, called POVM
(Positive Operator-Valued Measure) is used. Taking again the probability of obtaining
a measurement outcome m (Equation 2.25), it can be written as:

p(m) = Tr
[

M̂mρ̂M̂†
m

]
= Tr

[
M̂†

m M̂mρ̂
]
= Tr

[
Π̂mρ̂

]
, (2.27)

where Π̂m = M̂†
m M̂m is called the POVM element associated with the measurement

outcome m and the set {Π̂m} is called the POVM. These POVM elements satisfy the
following completeness relation:
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∑
m

Π̂m = 1̂. (2.28)

In the next subsections, we give two measurement operations widely used in quan-
tum optics, namely photon detection and homodyne detection.

2.2.1 Photon detection

There is mainly two classes of photon detectors, photon counting detectors that are
able to discriminate the number of incoming photons, and the On/Off detectors that
can only give information about the presence or absence of photons without photon
number discrimination. In both cases, available detectors are characterized by several
parameters:

• The quantum efficiency ηdet: describing the fact that an incoming photon can be
lost leading to an absence of detection.

• Dark counts: related to false detection events in the absence of light.
• Dead time: which is the time window in which the detector is blind after a detec-

tion event.
• Timing jitter: describing the temporal resolution of the detector.
• Afterpulsing: describing the fact that the detector delivers several electrical

pulses per single detection event.

In this thesis, photon detectors are mainly used to herald the creation of non-
Gaussian states of light. In this case, the detector dead time doesn’t really affect the
quality of the produced state, it just limits the heralding rate. Moreover, afterpulsing
can completely be eliminated in state-of-the-art photon detectors, such as superconduct-
ing nanowire single-photon detectors. On the other hand, detectors with low timing
jitter (few tens of picoseconds) are available [49]. This range of timing jitter is neg-
ligible in our case, since the produced non-Gaussian state has a temporal width of
around 100 ns (see ??). Theoretical models describing situations where the jitter is non-
negligible are available in literature [50, 51]. In this paragraph, we give the model of
photon detection operation focusing on the quantum efficiency ηdet and the dark counts.
The POVM elements for a perfect photon counter (with unit quantum efficiency and
without dark counts) are given by:

Π̂n = |n〉〈n| , (2.29)

where n is the number of photons. However, in this thesis, we use mainly On/Off
detectors that have two possible outcomes, a "click" when photons are detected (any
number of photons) and a "non-click" when there is no detected photon. The two
POVM elements associated with these two events are:

Π̂O f f = |0〉〈0| , (2.30)

Π̂On = 1̂− |0〉〈0| . (2.31)
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These POVM elements are given for a perfect On/Off detector with unit quantum ef-
ficiency and without dark counts. Nevertheless, real On/Off detectors have most of the
time a limited quantum efficiency ηdet < 1 and a non-null dark count rate, and these
two parameters depend on the detector technology. At telecommunication wavelength
for example, avalanche photodiodes (APD) have a quantum efficiency around 25% and
a dark count rate up to 1 kHz, whereas superconducting nanowire single-photon detec-
tors (SNSPD) have a quantum efficiency > 70% and dark count rate < 100 Hz.

To take the limited quantum efficiency into account, a realistic On/Off detector can
be modelled as a perfect On/Off detector with optical losses upstream it, as illustrated
in Figure 2.4-(a), where the BS model presented previously (see subsubsection 2.1.1.2)
is used to model losses.

(a) (b)

ො𝜌

𝜂𝑑𝑒𝑡

0 ො𝜌

𝜂𝑑𝑒𝑡

ො𝜌𝜈

Figure 2.4 – Model of an On/Off detector with limited efficiency ηdet (a and b) without dark
counts (a) and with non-null dark counts (b).

In this case, the POVM elements associated with the two responses of the detector
are given by:

Π̂O f f (ηdet) =
∞

∑
k=0

(1− ηdet)
k |k〉〈k| , (2.32)

Π̂On(ηdet) = 1̂− Π̂O f f (ηdet), (2.33)

which means that, despite the presence of photons impinging the detector, some of
them can be lost, giving in some cases a "non-click" event on the detector. In addition,
the background noise, responsible for the dark counts, can be modelled by sending
a quantum state ρ̂ν instead of vacuum state to the second input port of the losses-
equivalent BS, as it is illustrated in Figure 2.4-(b). The choice of the state ρ̂ν depends
on what kind of noise we want to model. For calculation simplicity, a thermal noise is
adopted in this manuscript, and thus, the state ρ̂ν is chosen to be a thermal state with
mean photon number n̄t = ν/(1− ηdet), which gives a background noise with mean
photon number impinging the perfect On/Off detector n̄b = ν. In this case, the POVM
elements associated with the two responses of the detector are given by [52]:

Π̂O f f (ηdet, ν) =
1

1 + ν

∞

∑
k=0

(
1− ηdet

1 + ν

)k

|k〉〈k| , (2.34)

Π̂On(ηdet, ν) = 1̂− Π̂O f f (ηdet, ν). (2.35)
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Since Π̂On(ηdet, ν) is Hermitian, we can calculate its associated Wigner function using
the definition given by Equation 1.62. By doing so, we find that:

WΠ̂On
(x, p, ηdet, ν) =

1
4πσ2

0

[
1− 2

2(1 + ν)− ηdet
e
− ηdet

2(1+ν)−ηdet

x2+p2

2σ2
0

]
. (2.36)

It is clear that the Wigner function associated to the POVM element Π̂On(ηdet, ν)

is non-Gaussian, and thus, a photon detection measurement with "click" events is a
non-Gaussian measurement. Applied to an initially Gaussian quantum state, it can
transform it into a non-Gaussian one, as we will see in section 2.3.

2.2.2 Homodyne detection

Homodyne detection is a widely used detection strategy in classical and quantum
optics. As proposed in [53], it can be used to detect the quantum fluctuations of an
arbitrary quantum state, opening the way to a wide panel of applications, ranging
from quantum state tomography [54] and quantum correlation measurement [55] to
quantum random number generation [56] and quantum communication [57, 58].

2.2.2.1 Principle of homodyne detection

The principle of homodyne detection is illustrated in Figure 2.5.
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Figure 2.5 – Homodyne detection principle in bulk optics configuration (a) and guided optics
configuration (b). A state ρ̂ is mixed with a local oscillator |αLO〉 through a bal-
anced BS. The two BS outputs are then measured with two photodiodes and the
corresponding photocurrents are subtracted.

It consists of mixing a state ρ̂ with a bright coherent state of amplitude αLO, called
local oscillator (LO), through a balanced BS (r = t = 1/

√
2). The two output modes

of the beam splitter are then measured with two photodiodes, and the subtraction of
the resulting photocurrents gives a signal proportional to a given quadrature x̂θ of the
state ρ̂. The phase θ of the measured quadrature can simply be scanned by controlling
the phase of the LO (generally using PZT in bulk optics configuration and fibred phase
shifter in guided optics configuration).

Let us consider the annihilation operators â and âLO associated to the state ρ̂ and
the LO |αLO〉, respectively. By applying the beam splitter transformation given by
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Equation 2.7, the annihilation operators at the output of the beam splitter are written
as:

â1 =
â− âLO√

2
, (2.37)

â2 =
â + âLO√

2
. (2.38)

According to the semi-classical theory of light-matter interaction, the photocurrent at
the output of a photodiode is proportional to the intensity of the light being detected,
or in a simple picture, this photocurrent is proportional to the number of detected
photons. The difference between the responses of the two photodiodes in this case can
be approximated by:

î = î2 − î1 ∝ n̂2 − n̂1 = â†
2 â2 − â†

1 â1 = âLO â† + â†
LO â. (2.39)

As mentioned in subsection 2.1.2, the bright coherent beam can be considered as
classical field, and so, by replacing the annihilation operator âLO by the scalar αLO =

|αLO|eiθ , the homodyne detection response can be written as:

î ∝ |αLO|
(

eiθ â† + e−iθ â
)

∝ |αLO|x̂θ = |αLO| (x̂ cos θ + p̂ sin θ) . (2.40)

So, the response of the homodyne detection is proportional to the quadrature x̂θ of
the state ρ̂, with an amplification factor given by the amplitude of the LO αLO. The
quadrature phase θ is directly given by the LO phase, and so, by controlling the LO
phase, one can measure any quadrature x̂θ of any arbitrary state ρ̂.

By comparing Equation 2.40 and Equation 1.61 with r = 0, we can see that measur-
ing the quadrature x̂θ is equivalent to measuring the electric field Ê(t), sampled at time
t given by:

t =
θ ± 2kπ

ω
, (2.41)

and so, scanning the LO phase θ allows the reconstruction of time evolution of the
measured field Ê(t).

2.2.2.2 POVM of homodyne detection

For a fixed phase θ of the LO, the POVM elements of the homodyne detection, asso-
ciated with the measurement outcomes xθ of the operator x̂θ are given by:

Π̂(xθ) = |xθ〉〈xθ | , (2.42)

and satisfy the completeness relation:
ˆ

Π̂(xθ)dxθ = 1̂, (2.43)

where |xθ〉 is the eigenstate of the observable x̂θ . The associated Wigner function is:

WΠ̂(xθ)
(x, p) =

1
4πσ2

0
δ(x cos θ + p sin θ − xθ), (2.44)
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and the marginal distribution of the measurement outcomes xθ for a given quantum
state ρ̂ is:

P(xθ) = Tr
[
Π̂(xθ)ρ̂

]
. (2.45)

Figure 2.6 shows simulated measurement outcomes of a perfect homodyne detection
for some quantum states introduced in section 1.4.

Figure 2.6 – Simulated homodyne detection outcomes xθ for some quantum states introduced
in section 1.4. Top left: vacuum state, top right: squeezed vacuum state with
squeezing factor s = −3 dB, bottom left: single-photon Fock state |1〉 and bottom
right: odd Schrödinger cat state with amplitude α = 1.

As mentioned before, we can see that quantum fluctuations of the squeezed vacuum
state are smaller than vacuum fluctuations for some phases θ and greater for other
phases. Also, we can see clearly that for some quantum states, the homodyne detection
outcomes - which are a direct picture of the evolution in time of the electric field -
are counter intuitive, it is the case here of single-photon (bottom left) and Schrödinger
cat (bottom right) states, showing strange and highly non-classical patterns. For the
Schrödinger cat state, we can distinguish two oscillations with opposite phases in the
homodyne trace xθ . These oscillations are related to the electric field oscillations in
time of the components |α〉 and |−α〉, at the same time, with quantum interferences in
the intersection regions.

2.3 quantum state generation

We introduced in section 1.4 some Gaussian and non-Gaussian quantum states that
we find in most quantum optics experiments. As mentioned before, vacuum and coher-
ent states are the easiest produced Gaussian states. In this section, we will focus on the
generation of two very important resources in quantum information protocols, namely
squeezed states (Gaussian) and Schrödinger cat states (non-Gaussian).
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2.3.1 Squeezed state generation

Many techniques can be used to generate squeezed states of light. At first, squeez-
ing was observed experimentally using Four-Wave Mixing in an atomic vapour [45].
After that, several experimental realizations have been set up to generate squeezed
states using different techniques, such as second order, and third order nonlinearities
in nonlinear crystals [59], and optical fibers [60], respectively. In this section, we focus
on squeezed state generation using parametric down conversion process, which is the
basis for the experimental realizations presented in chapter 3 and chapter 4.

2.3.1.1 Degenerate parametric down conversion process

(a) (b)
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Figure 2.7 – Schematic representation (a) and the energy diagram (b) of squeezed vacuum gen-
eration via degenerate parametric down conversion process. The photons are gen-
erated at frequency ωp/2 where ωp is the frequency of the pump photons.

In subsection 2.1.2, we introduced the second order nonlinear interaction called para-
metric down conversion process in the general case (signal and idler photons can be
distinguishable). In the degenerate case (Figure 2.7), where the signal and idler photons
are managed to be indistinguishable in all degrees of freedom (polarization, spatial
mode, spectral mode), we can replace the annihilation operators âs and âi is Equa-
tion 2.16 by â. The interaction Hamiltonian can then be written as:

Ĥint = ih̄χ(2)|αp|
(

eiφ â†2 − e−iφ â2
)

, (2.46)

and the unitary evolution operator is given by:

Û = e−
i
h̄ Ĥintt = e−

1
2 (ζ â†2−ζ∗ â2) = Ŝ(ζ), (2.47)

with ζ = reiφ and r = −2χ(2)|αp|nL/c. It is the single mode squeezing operator given
by Equation 1.81. Hence, the generated state by the degenerate parametric down con-
version process is a single mode squeezed state introduced in subsubsection 1.4.1.3.
The action of the single mode squeezing operator on the annihilation operator â is
given by:

â′ = Ŝ†(ζ)âŜ(ζ) = â cosh r− â†eiφ sinh r. (2.48)
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In the case where φ = 0, the amplitude quadrature x̂ and phase quadrature p̂ are
transformed as:

x̂′ = e−r x̂, (2.49)

p̂′ = er p̂, (2.50)

and the corresponding variances are given by:

σ2
x′ = e−2rσ2

x , (2.51)

σ2
p′ = e2rσ2

p . (2.52)

For an input state being vacuum (with the associated annihilation operator â), the
variance of the quadrature x̂θ of the generated squeezed vacuum state is given by:

σ2
x′θ
=
[
e−2r cos2 θ + e2r sin2 θ

]
σ2

0 . (2.53)

Figure 2.8 shows the variance of the quadrature x̂′θ of a 3 dB and a 6 dB squeezed
vacuum state as functions of the phase θ.
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Figure 2.8 – The variance of the quadrature x̂′θ , normalized to the shot noise level, of a squeezed
vacuum state with squeezing factor s = −3 dB (dashed red line) and s = −6 dB
(solid blue line). The dotted black line represents the shot noise level.

As it can be seen, for some phases, the variance the quadrature x̂′θ of a squeezed
vacuum state is below the shot noise level.

2.3.1.2 Effect of losses

Equation 2.53 gives the variance of the quadrature x̂′θ of squeezed vacuum state.
However, in real experimental realizations, optical losses and the limited efficiency
of realistic homodyne detections affect the measured squeezing level. In this case, the
overall detection efficiency, η, can be included in Equation 2.53, leading to a quadrature
variance given by:

σ2
x′θ
(η) =

[
η
(
e−2r cos2 θ + e2r sin2 θ

)
+ 1− η

]
σ2

0 . (2.54)
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Figure 2.9 shows the maximum and minimum quadrature variance as functions of
the overal detection efficiency η for different squeezing level.
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Figure 2.9 – The maximum and minimum variance of the quadrature x̂′θ , normalized to the shot
noise level, of a squeezed vacuum state with squeezing factor s = −3 dB (dotted
red line), s = −6 dB (dashed green line) and s = −10 dB (dash-dotted blue line) as
functions of the overall detection efficiency η. The solid black line represents the
shot noise level.

We can see that for a decreasing detection efficiency η (increasing losses), the max-
imum and minimum variances of the quadrature x̂′θ of a squeezed vacuum state con-
verges to the shot noise level, leading to a detection of less squeezing due to contami-
nation with vacuum. We note that although losses affect the measured squeezing level,
the information is not completely lost. In fact, by measuring the minimum variance
(squeezing) and maximum variance (antisqueezing), one can deduce the overall detec-
tion efficiency η and the squeezing level s before losses. From Equation 2.54, we can
write the minimum and maximum variances as:

σ2
min = (ηs + 1− η)σ2

0 , (2.55)

σ2
max =

(η

s
+ 1− η

)
σ2

0 . (2.56)

These two equations allow to rewrite the overall detection efficiency η and the squeez-
ing level s as functions of the measured squeezing and antisqueezing:

η =
(σ2

max/σ2
0 − 1)(1− σ2

min/σ2
0 )

σ2
max/σ2

0 + σ2
min/σ2

0 − 2
, (2.57)

s =
1− σ2

min/σ2
0

σ2
max/σ2

0 − 1
. (2.58)

2.3.2 Schrödinger kitten state

As seen in subsubsection 1.4.2.2, an optical Schrödinger cat state is a superposition
of two coherent states |α〉 and |−α〉 with the same amplitude and opposite phases.
We have seen also that an odd Schrödinger cat state |cat−〉 is a particular case, which
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contains only odd photon number, whereas a squeezed vacuum state (see subsubsec-
tion 1.4.1.3) contains only even photon number. It is on the base of these photon
number statistics that the proposal in [61] was made, where generation of Schrödinger
cat-like state based on photon subtraction from squeezed vacuum state was proposed.
Starting from squeezed vacuum state, an easily produced state by means of nonlinear
interactions (subsection 2.3.1), a subtraction of single photon leads to the production
of a state with only odd photon number, very similar to an odd Schrödinger cat state
|cat−〉 with small amplitude α, called Schrödinger kitten state. In fact, subtraction of
any photon number n from squeezed vacuum state leads to the generation of a non-
Gaussian state with only even/odd photon number distribution, which can be a very
good approximation of a Schrödinger cat state with amplitude α that increases with
respect to the number of subtracted photons.

2.3.2.1 Toy model

Figure 2.10 shows the generation scheme based on photon subtraction from squeezed
vacuum state using a low reflectivity beam splitter and a photon detector.

𝑟 ≪ 1

෡Π = 1 2⟨1|

0 2

መ𝑆(𝜁) 0 1

መ𝑆(𝜁) 1 1

Figure 2.10 – Generation of Schrödinger cat-like states by photon subtraction from a squeezed
vacuum state.

The state at the input of the beam splitter is given by:

ρ̂ = ρ̂1 ⊗ ρ̂2 = Ŝ(ζ) |0〉1〈0| Ŝ†(ζ)⊗ |0〉2〈0| . (2.59)

In the approximation of low reflectivity r , the beam splitter unitary transformation
given by Equation 2.5 can be approximated by:

ÛBS ≈ 1̂ + θ
(

â†
1 â2 − â1 â†

2

)
. (2.60)

Applied to the state ρ̂, the output state ρ̂′ can be written as:

ρ̂′ = ÛBSρ̂Û†
BS ≈ Ŝ(ζ) |0〉1〈0| Ŝ†(ζ)⊗ |0〉2〈0| − θ â1Ŝ(ζ) |0〉1〈0| Ŝ†(ζ)⊗ |1〉2〈0|
− θŜ(ζ) |0〉1〈0| Ŝ†(ζ)â†

1 ⊗ |0〉2〈1|+ θ2 â1Ŝ(ζ) |0〉1〈0| Ŝ†(ζ)â†
1 ⊗ |1〉2〈1| .

(2.61)

The Detection of a single-photon in the mode 2, described by the POVM element
Π̂1 = |1〉2〈1|, transforms the state in mode 1 as:
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ρ̂′1 ∝ Tr2
[
Π̂1ρ̂′

]
∝ â1Ŝ(ζ) |0〉1〈0| Ŝ†(ζ)â†

1. (2.62)

By considering the transformation given by Equation 2.48, the annihilation operator
â1, applied to the squeezed vacuum state Ŝ(ζ) |0〉1, is equivalent to squeezing a single-
photon:

â1Ŝ(ζ) |0〉1 = Ŝ(ζ)Ŝ†(ζ)â1Ŝ(ζ) |0〉1 = Ŝ(ζ)
(

â1 cosh r− â†
1 sinh r

)
|0〉1 ∝ Ŝ(ζ) |1〉1 ,

(2.63)
and the corresponding Wigner function is:

Wρ̂′1
(x, p) =

1
2πσ2

0

[
s

x2

σ2
0
+

1
s

p2

σ2
0
− 1
]

e
− x2

2σ2
0 /s
− p2

2sσ2
0 . (2.64)

As it can be seen in Figure 2.6, if we take the quadrature measurement outcomes xθ

of a single-photon state (bottom left) and squeeze them, we get a pattern similar to the
one of an odd Schrödinger cat state with small amplitude (bottom right). The generated
squeezed single-photon state state ρ̂′1 is then an approximation of an odd Schrödinger
cat state with small amplitude α. The fidelity between a perfect odd Schrödinger cat
state |cat−〉 and the squeezed single photon state Ŝ(r) |1〉 is given by:

F = | 〈cat−| Ŝ(r) |1〉 |2 =
16α2e−

2α2s
1+s

1− e−2α2

( √
s

1 + s

)3

. (2.65)

Figure 2.11-(top) shows this fidelity as a function of the amplitude α and the squeez-
ing factor s. In Figure 2.11-(bottom), the Wigner functions of a squeezed single-photon
state with squeezing factor s = −2.7 dB (right) and a perfect odd Schrödinger cat state
of amplitude α = 1 (left) are displayed. We can see in Figure 2.11-(top) that the fidelity
between a squeezed single-photon state and an odd Schrödinger cat state is hight for
small amplitudes α, and it starts to decrease with respect to an increased amplitude.
For each amplitude α, the optimal squeezing that maximises the fidelity between the
two states is given by the dashed black curve. In Figure 2.11-(bottom), the similarity
between the Wigner functions (and the marginal distributions) of an odd Schrödinger
cat state of amplitude α = 1 (left) and a squeezed single-photon state with a squeezing
factor s = −2.7 dB (right) is clear, confirming that photon subtraction from squeezed
vacuum state is a way to produce states that are considered as good approximations of
small amplitude Schrödinger cat states.

2.3.2.2 What about "bigger" cats?

We have just seen that approximation of small amplitude Schrödinger cat states can
be obtained by single-photon subtraction from squeezed vacuum state. However, to
obtain larger amplitude states, the number of subtracted photons need to be increased,
which is more challenging and requires photon number resolving detection schemes.
Another way to obtain large amplitude Schrödinger cat states is to use fock states |n〉
instead of squeezed vacuum state [62], associated with Gaussian operations, which is
also challenging. In [63], a relatively simple scheme was proposed, which consists of
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Figure 2.11 – (top): Fidelity between a squeezed single-photon state with a squeezing factor s
and a perfect odd Schrödinger cat state of amplitude α. The black dashed curve
represents the optimal fidelity. (Bottom): Wigner functions of an odd Schrödinger
cat state of amplitude α = 1 (left) and of a squeezed single-photon state with
squeezing parameter s = −2.7 dB (right).
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interfering two small amplitude Schrödinger cat states to generate "bigger" one. The
principle of this proposal is depicted in Figure 2.12.
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Figure 2.12 – Schrödinger cat state amplification (breeding) principle. Two Schrödinger cat
states are sent to a BS of reflection coefficient r. On one of the output of the
BS, a homodyne measurement is performed, and depending on its outcome, a
Schrödinger cat state of larger amplitude is heralded in the other output of the
BS.

It consists of interfering two Schrödinger cat states of amplitudes α and β with a BS
of reflection coefficient r. The state impinging the BS is given by:

|ψ〉in = |Cat±(α)〉a|Cat±(β)〉b =
|α〉a|β〉b + | − α〉a| − β〉b ± |α〉a| − β〉b ± | − α〉a|β〉b

N±(α)N±(β)
,

(2.66)
where we considered here two input states with the same parity (even or odd). The
normalization constant N±(α) is given by:

N±(α) =
√

2
(
1± e−2|α|2). (2.67)

By applying the BS transformation (Equation 2.7), the state at the output of the BS
can be written as:

|ψ〉out =
1

N±(α)N±(β)
(|tα + rβ〉a| − rα + tβ〉b + | − tα− rβ〉a|rα− tβ〉b

±|tα− rβ〉a| − rα− tβ〉b ± | − tα + rβ〉a|rα + tβ〉b) . (2.68)

This expression can be simplified by considering the particular case of a balance BS
(r = t = 1/

√
2) and two input states with the same amplitude (α = β). In this case, the

state at the output of the BS is:

|ψ〉out =

[
|
√

2α〉a + | −
√

2α〉a
]
|0〉b ± |0〉a

[
|
√

2α〉b + | −
√

2α〉b
]

N 2
±(α)

, (2.69)

which is an entangled state with vacuum contribution that results from the destruc-
tive interferences, and a larger amplitude Schrödinger cat state contribution resulting
from the constructive interferences of the input "smaller" states. In order to produce a
Schrödinger cat state amplified by a factor

√
2 in one output mode of the BS, we need
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to distinguish between the cat and the vacuum components in the other output mode.
As it can be seen in Figure 2.13, this can be done by performing a quadrature measure-
ment in one of the output modes of the BS. The probability of having a measurement
outcome x = 0 is high for the vacuum state compared to a Schrödinger cat state with
amplitude

√
2, thus, it provides a good way to distinguish the two components and

then heralds the success of Schrödinger cat state amplification (breeding).

Figure 2.13 – Quadrature distribution P(x) of vacuum state (dotted red line) and an even
Schrödinger cat state of amplitude

√
2α with α = 1 (solid blue line).

Let us consider the ideal case, where the amplified Schrödinger cat state is heralded
by measuring exactly x = 0 in the output mode b of the BS. The heralded state, noted
|ψ〉H, is given by:

|ψ〉H ∝ b〈x = 0|ψ〉out. (2.70)

In the case where α is real (with a proper choice of phase origin), and taking into
account the wave-functions of the vacuum state (Equation 1.86 with n = 0) and the
coherent state (Equation 1.77), the heralded state |ψ〉H, after normalization, is given by:

|ψ〉H =
|
√

2α〉a + | −
√

2α〉a ± 2e−2α2 |0〉a
2e−α2 [cosh(2α2) + e−2α2 ± 2e−α2]1/2 . (2.71)

As it can be seen, the heralded state is a superposition of a perfect even Schrödinger
cat state of amplitude

√
2α (amplified by a factor of

√
2) and a vacuum state with corre-

sponding weight exponentially decreasing with respect of the amplitude of input states.
This vacuum contribution is related to the fact that we cannot discriminate perfectly the
vacuum state from Schrödinger cat state in the heralding path, since these two states
are not orthogonal. To amplify more and more Schrödinger cat states, iterative schemes
can be implemented by cascading elementary amplification stages [64, 65].

Schrödinger cat breeding in the real world

The heralded state, given by Equation 2.71, was obtained by considering heralding
with the measurement outcome x = 0 in the heralding path. However, in realistic
scenarios, restricting the heralding with the exact null quadrature leads to a very low
success probability of the amplification operation. A more convenient way to perform
Schrödinger cat state breeding is to accept measurement outcomes close to x = 0 within



50 experimental tools

a given width ∆x (see Figure 2.13). This width needs to be small enough to maintain
a good fidelity of the heralded state, and large enough to guaranty a high success
probability. The heralded state, ρ̂H, is given by:

ρ̂H =
Trb
[
Π̂ρ̂out

]
P

, (2.72)

where ρ̂out is the state at the output of the BS, Π̂ is the POVM element corresponding
to the accepted events in the heralding path, and P is the success probability given by:

P = Trab
[
Π̂ρ̂out

]
. (2.73)

For the rest of this section, we will consider two cases. The case where all homodyne
measurement outcomes ∆x/2 ≤ x = xi ≤ ∆x/2 in the heralding path are accepted
with the same weight, the POVM element Π̂ is expressed as:

Π̂ =

ˆ ∆x
2

− ∆x
2

|x〉b〈x| dx, (2.74)

we will call this case rectangular window heralding. The second case is where the homo-
dyne measurement outcomes x = xi are accepted with a Gaussian distributed weight
with standard deviation ∆x and centred on x = 0, the POVM element Π̂ in this case is
given by:

Π̂ =

ˆ ∞

−∞
e−

x2

2∆x2 |x〉b〈x| dx, (2.75)

we will call this case Gaussian window heralding. We can show in both cases, using the
wave-functions given by Equation 1.77 and Equation 1.86 and the integration formula
given in Appendix B, that the heralded state ρ̂H is given by:

ρ̂H = p1 |ψ〉a〈ψ|+ p2 |0〉a〈0| , (2.76)

with:

|ψ〉a =
1
N|ψ〉a

(
|
√

2α〉a + | −
√

2α〉a ±
C
A
|0〉a

)
, (2.77)

p1 =
AN 2

|ψ〉a
A
(
2 + 2e−4α2)+ B± 4Ce−α2 , (2.78)

p2 =
B− C2/A

A
(
2 + 2e−4α2)+ B± 4Ce−α2 , (2.79)

N|ψ〉a =
√

2 +
C2

A2 + 2e−4α2 ± 4
C
A

e−α2 , (2.80)

and the success probability is:

P =
1

N 4
±(α)

[
A
(

2 + 2e−4α2
)
+ B± 4Ce−α2

]
. (2.81)
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Table 2.1 – The different parameters appearing the expression of the heralded state for different
heralding scenarios.
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The parameters A, B and C are summarized in Table 2.1 for the different heralding
scenarios.

The heralded state is then a statistical mixture of a state |ψ〉, similar to the one ob-
tained in the ideal case (see Equation 2.71), and a vacuum state, with probabilities p1

and p2, respectively. The state ρ̂H (Equation 2.76) converges to the state |ψ〉H (Equa-
tion 2.71) when the width ∆x converges to zero (p2 → 0 when ∆x → 0). The fidelity
between this state and a perfect even Schrödinger cat state with amplitude γ is given
by:

F = Trb

[
ρ̂H ρ̂Cat+(γ)

]
= p1Trb

[
ρ̂|ψ〉ρ̂Cat+(γ)

]
+ p2Trb

[
ρ̂|0〉ρ̂Cat+(γ)

]
= p1|〈ψ|Cat+(γ)〉|2 + p2|〈0|Cat+(γ)〉|2. (2.82)

Taking into account the overlap formula given by Equation 2.86, this fidelity can be
simplified as:

F =
4

N 2
+(γ)

[
p1

N 2
|ψ〉

(
e−

1
2 (
√

2α−γ)2
+ e−

1
2 (
√

2α+γ)2 ± C
A

e−
1
2 γ2
)2

+ p2e−γ2

]
. (2.83)

Figure 2.14-(a) shows, in the case of rectangular window heralding, the fidelity be-
tween the heralded state and a perfect even Schrödinger cat state as a function of the
amplitude of the input states and for different width ∆x. In Figure 2.14-(b), by chang-
ing the width ∆x, we plot the success probability of the amplification protocol as a
function of the fidelity between the heralded state and a perfect Schrödinger cat state
in the case of rectangular window heralding (solid blue line) and Gaussian window
heralding (dashed red line) for input states of amplitude α = 1.

(a) (b)
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Figure 2.14 – (a): The fidelity between the heralded state and a perfect even Schrödinger cat
state, in the case of rectangular window heralding, as a function of the amplitude
of the input states and for different width ∆x. (b): The success probability P of the
amplification protocol as a function of the fidelity between the heralded state and
a perfect Schrödinger cat state in the case of rectangular window heralding (solid
blue line) and Gaussian window heralding (dashed red line) for input states of
amplitude α = 1.

We can see in Figure 2.14-(a) that decreasing the width ∆x (for a fixed amplitude
of the input states) or increasing the amplitude of the input states lead to a better
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discrimination between vacuum and cat components in the heralding path, which gives
a better fidelity of the output state. By increasing the width ∆x, the success probability
of the amplification protocol can be increased. However, the cost to pay is a decreased
fidelity, as it is shown in Figure 2.14-(b). We see also that, for a given fidelity, the
rectangular window heralding strategy is slightly better that the Gaussian window
heralding one in terms of success probability.

2.4 quantum state reconstruction

We introduced in subsection 2.2.2 the homodyne detection, and we said that it is a
powerful tool in quantum optics experiments, it allows to measure the quadrature x̂θ

of an arbitrary quantum state ρ̂ by simply making it beat with a LO. However, to fully
characterize a given quantum state, we need to know its Wigner function. In fact, by
constructing the histograms of the measured quadratures xθ for different phases θ at
the output of the homodyne detection, we obtain directly a good estimation of marginal
distributions P(xθ), which are the projections of the Wigner function of the measured
state onto a vertical plane rotated by an angle θ in the phase space (see Equation 1.68

and Figure 2.15).

𝑥

𝑝

𝜃

Figure 2.15 – The projection of the Wigner function onto a vertical plane rotated by an angle θ
in the phase space gives the marginal distribution P(xθ).

In analogy with the tomography technique used in medical imaging, which consists
of reconstructing 3D images of a given object using several 2D projections of it, the
Wigner function of the state ρ̂ can be reconstructed, using different algorithms, starting
from the marginal distributions P(xθ). Its what we call quantum state tomography.

2.4.1 Quantum state reconstruction algorithms

Quantum state reconstruction algorithms can be classified into two main classes, the
inverse linear transform and the statistical inference techniques [66]. Inverse linear transform
techniques uses the fact that the marginal distributions P(xθ) are direct projections of
the Wigner function, and thus, by inverting Equation 1.68, the Wigner function can be
reconstructed. We will give two examples of inverse linear transform techniques, namely
the inverse Radon transformation and the Pattern functions (see references [67–69] for
more examples). The problem with these techniques is that they suffer from statistical
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and systematic noise, and to guaranty a good quantum state reconstruction, a large
number of highly precise measurements is needed. To overcome this limitation, statisti-
cal inference techniques are a good alternative. Among the different existing algorithms,
the MaxLik one, that we will introduce briefly, is largely used. It consists of search-
ing the state ρ̂ that maximises the probability of obtaining the observed measurement
results.

2.4.1.1 Inverse Radon transformation

The Wigner function W(x, p) can be found by inverting Equation 1.68:

W(x, p) =
1

2π2

ˆ π

0

ˆ ∞

−∞
P(xθ)K(x cos θ + p sin θ − xθ)dxθdθ, (2.84)

where K(x) is the integration kernel given by:

K(x) =
1
2

ˆ ∞

−∞
|ξ|eiξxdξ ∝ − 1

x2 . (2.85)

At x = 0, the kernel is infinite. In order to numerically implement this method,
a filtered version is used by replacing the infinite integration limits in Equation 2.85

with finite ones, which leads to an inevitable extra noise in the reconstructed state. In
addition, it directly provides the Wigner function of the reconstructed state, and thus,
obtaining its density matrix is a little bit difficult.

2.4.1.2 Pattern functions

Let us consider two operators Â and B̂, satisfying the following overlap formula:

Tr
[
ÂB̂
]
= 4πσ2

0

ˆ ˆ
WÂ(x, p)WB̂(x, p)dxdp, (2.86)

where WÂ(x, p) and WB̂(x, p) are the associated Wigner functions. In the case where
B̂ = ρ̂, and taking into account the expression given by Equation 2.84, this formula can
be written as the statistical average of a given function FÂ(xθ , θ):

Tr
[
Âρ̂
]
= 〈FÂ(xθ , θ)〉xθ ,θ =

ˆ π

0

ˆ ∞

−∞
P(xθ)FÂ(xθ , θ)dxθdθ. (2.87)

The function FÂ(xθ , θ) is called the sampling function, and it is given by:

FÂ(xθ , θ) =
2σ2

0
π

ˆ ˆ
K(x cos θ + p sin θ − xθ)WÂ(x, p)dxdp. (2.88)

In the Fock state basis, the elements ρnm of the density matrix ρ̂ can then be found
as:

ρnm = Tr [|m〉〈n| ρ̂] = 〈n| ρ̂ |m〉 = 〈F|m〉〈n|(xθ , θ)〉xθ ,θ , (2.89)

where:

F|m〉〈n|(xθ , θ) =
2σ2

0
π

ei(m−n)θ Mnm(xθ), (2.90)
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and Mnm(xθ) are called pattern functions [70]. These functions can be numerically
calculated efficiently using different algorithms [71], and then, by statistically averaging
Equation 2.90 with the obtained measurement results (xi, θi), one can reconstruct the
elements of the density matrix of the state being measured (Equation 2.89) and its
Wigner function.

2.4.1.3 MaxLik algorithm

Quantum state reconstruction using MaxLik (Maximum Likelihood) algorithm, intro-
duced in [72], is a state reconstruction method based on statistical inference technique. It
consists of statistically estimating the density matrix elements ρnm of a state ρ̂ by max-
imising a likelihood function. This technique allows to find the state ρ̂ that maximises
the probability of obtaining the observed quadrature measurement results {(xi, θi)}.
The likelihood function of the observed data {(xi, θi)} is given by:

L = ∏
i

Pρ̂(xi, θi), (2.91)

where Pρ̂(xi, θi) is the probability of obtaining the outcome (xi, θi), given by:

Pρ̂(xi, θi) = Tr
[
Π̂(xi, θi)ρ̂

]
. (2.92)

The elements of the projector Π̂(xi, θi) in the Fock state basis are given by:

〈n| Π̂(xi, θi) |m〉 =
e−i(m−n)θi

2nn!σ0
√

2π
H2

n

(
xi

σ0
√

2

)
e
− x2

i
2σ2

0 . (2.93)

Here, we used the wave-function given by Equation 1.86. It is shown in [73] that the
state ρ̂0 maximizing the likelihood L satisfies the relation:

R̂(ρ̂0)ρ̂0R̂(ρ̂0) = ρ̂0, (2.94)

with:

R̂(ρ̂) = ∑
i

Π̂(xi, θi)

Pρ̂(xi, θi)
. (2.95)

Based on Equation 2.94, the optimal state that maximises the likelihood L can be
obtained by an iterative scheme:

ρ̂(k+1) =
R̂
(

ρ̂(k)
)

ρ̂(k)R̂
(

ρ̂(k)
)

N , (2.96)

with an initial state density matrix:

ρ̂(0) =
1̂

N . (2.97)

Here, N is a normalization constant to keep a unit trace of the density matrix
(Tr[ρ̂(k)] = 1). Two parameters in this algorithm need to be fixed, the first is the di-
mension of the Hilbert space, which means that measured state is assumed to have a
limited amplitude, and the second is the number of iterations.
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Losses correction

One of the advantages of MaxLik algorithm is that it allows to include losses in the
reconstruction procedure. Suppose that the state ρ̂ is measured with a given efficiency
η (that includes the optical loses and the homodyne detection efficiency). In this case,
the measured state, noted ρ̂η , is expressed in the Fock state basis as:

〈k| ρ̂η |m〉 = ∑
n

√
Bk+n

k (η)Bm+n
m (η) 〈k + n| ρ̂ |m + n〉 , (2.98)

with Bm
k (η) is the Bernoulli distribution given by:

Bm
k (η) =

(
m
k

)
ηk(1− η)(m−k). (2.99)

This gives a probability distribution:

Pη(x, θ) = ∑
k

∑
m

∑
n

√
Bk+n

k (η)Bm+n
m (η) 〈xθ |k〉 〈m|xθ〉 〈k + n| ρ̂ |m + n〉 , (2.100)

and projectors:

Π̂η(x, θ) = ∑
k

∑
m

∑
n

√
Bk+n

k (η)Bm+n
m (η) 〈xθ |k〉 〈m|xθ〉 |m + n〉 〈k + n| . (2.101)

By replacing Equation 2.100 and Equation 2.101 in Equation 2.95, we can directly
reconstruct the state before losses, as if it had been measured with a perfect homodyne
detection (of course, the efficiency η must be known).

2.5 conclusion

The association of linear and nonlinear optical interaction, in addition to quantum
measurements, is essential in quantum optics experiments in order to produce, manip-
ulate, and characterize quantum states of light. These experimental tools were intro-
duced in this chapter. In the next chapter, we will present the implementation of an
experimental setup used to generate Schrödinger kitten states at a telecommunication
wavelength, an important ingredient for several quantum information protocols.
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Non-Gaussian quantum states of light, such as Fock [74] and Schrödinger cat-like
states [62], are essential ingredients for fault-tolerant optical quantum information pro-
cessing [24] and long distance quantum communication [25, 26]. A common strategy
to benefit from these resources is to implement conditional state preparation, often
starting from a (Gaussian) squeezed state [75]. This idea has been demonstrated in
multiple experiments [62, 74, 76], including the recent trend of employing a nonlin-
ear waveguide as squeezing source [77]. Reported realizations, however, rely entirely
or largely on bulk-optics setups that are generally hardly scalable and require careful
spatial alignments [75].

The work presented in this chapter addresses the need for compact and stable re-
alizations that can be easily assembled out-of-the-laboratory, as demanded to push
current quantum optical experiments towards practical demonstrations. More specifi-
cally, it shows the feasibility of non-Gaussian state generation setups fully employing
plug-&-play components from guided-wave technologies. Strategically, we applied this
concept to single-photon subtraction from a squeezed vacuum state [78], a commonly
used strategy for Schrödinger kitten state preparation (see subsection 2.3.2) and can
be considered as an archetypal configuration, gathering Gaussian and non-Gaussian
resources and lying at the heart of multiple complex architectures[75].
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This chapter is organized as following, in section 3.1, we introduce a theoretical
model for the experiment taking into account the different experimental imperfections
(losses at the different preparation stages) and realistic aspects of the On/Off and ho-
modyne detectors. The experimental setup is then detailed in section 3.2 and data
post-processing techniques for the extraction of the heralded state quadratures and
LO phase, needed for quantum tomography of the heralded non-Gaussian state, are
presented in section 3.3. Finally, the obtained results are given in section 3.4 with
discussions and we finish by concluding the chapter in section 3.5.

3.1 model for the experiment

In general, experimental preparation of quantum states of light suffers from imple-
mentation imperfections. In our experimental setup, in particular, the use of fiber optics
components adds extra losses to the experiment compared to implementations based
on bulk optics components. In addition, imperfections such as additional noise and lim-
ited quantum efficiency of realistic On/Off and homodyne detectors used to herald and
characterize the produced state are unavoidable. Following an approach similar to the
one in [79, 80], we give in this section a model using the Wigner function formalism to
describe the experimental setup taking into account the experimental imperfections of
different preparation stages. These imperfections are summarized in Figure 3.1 where
the squeezed vacuum state is subject to optical losses 1− ηl , the photon subtraction
operation is applied using BS2 (of transmission ηs) and a realistic On/Off detector
with efficiency ηdet and dark count parameter ν, and the heralded state is characterized
using a realistic homodyne detector with limited quantum efficiency ηhd.

BS1 (𝜂𝑙)

𝑊𝜁(𝑥, 𝑝)

𝑊0(𝑥1, 𝑝1)

𝑊𝜂𝑙(𝑥, 𝑝)

𝑊𝑁𝐺(𝑥, 𝑝)

𝑊ℎ𝑑(𝑥, 𝑝)

BS2 (𝜂𝑠)

𝑊0(𝑥2, 𝑝2)

෡Π𝑂𝑛(𝜂𝑑𝑒𝑡, 𝜈)

𝑊0(𝑥3, 𝑝3)

BS3 (𝜂ℎ𝑑)

LO

Figure 3.1 – Experimental imperfections in heralded non-Gaussian state generation.

The constants used in the different subsections of this section are summarized in
Table 3.1.
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subsection 3.1.1 subsection 3.1.2 subsection 3.1.3

α2
1 = ηl

s + 1− ηl

α2
2 = ηsα

2
1 + 1− ηs α2

3 = ηhdα2
2 + 1− ηhd

β2
2 = ηsβ2

1 + 1− ηs β2
3 = ηhdβ2

2 + 1− ηhd
c2 = 2(1+ν)−ηdet

ηdet

β2
1 = ηls + 1− ηl

1
α′22

= ηs
α2

1
+ 1− ηs − ηs(1−ηs)(1/α2

1−1)2

α2
2

α2
1
+ 1

c2

α′23 = ηhdα′22 + 1− ηhd

1
β′22

= ηs
β2

1
+ 1− ηs − ηs(1−ηs)(1/β2

1−1)2

β2
2

β2
1
+ 1

c2

β′23 = ηhdβ′22 + 1− ηhd

Table 3.1 – The constants used in the different formulas of this section.

3.1.1 Squeezed vacuum state with losses

In Figure 3.1, BS1, with a transmission ηl , models optical losses that the squeezed
vacuum state undergoes before applying the photon subtraction operation. The Wigner
function of the state at the input of BS1 is give by:

Win1(x, p; x1, p1) = Wζ(x, p) ·W0(x1, p1) =
1

4π2σ4
0

e
− 1

2σ2
0
(sx2+p2/s+x2

1+p2
1), (3.1)

where Wζ(x, p) and W0(x1, p1) are the Wigner functions of the squeezed vacuum state
before losses (with squeezing factor s = e−2|ζ|) and the vacuum state, respectively. Tak-
ing into account the BS transformation given by Equation 2.7, the quadrature variables
x(p) and x1(p1) are transformed as:

x(p) −→ √ηlx(p) +
√

1− ηlx1(p1),

x1(p1) −→ −
√

1− ηlx(p) +
√

ηlx1(p1), (3.2)

and the Wigner function of the state at the output of BS1 can be written as:

Wout1(x, p, x1, p1) =
1

4π2σ4
0

e
− 1

2σ2
0

[
x2

α2
1
+sα2

1

(
x1+

√
ηl (1−ηl )(1−1/s)

α2
1

x
)2

+ p2

β2
1
+ 1

s β2
1

(
p1+

√
ηl (1−ηl )(1−s)

β2
1

p
)2
]
.

(3.3)
Using the integration formula given by Equation B.1, the Wigner function of the

squeezed vacuum state after losses, obtained by tracing out the mode (1), is given by:

Wηl (x, p) =
¨

Wout1(x, p, x1, p1)dx1dp1 =
1

2πα1β1σ2
0

e
− 1

2σ2
0

(
x2

α2
1
+ p2

β2
1

)
. (3.4)

The variances of the squeezed and antisqueezed quadratures are then given by
σ2

min = β2
1σ2

0 and σ2
max = α2

1σ2
0 , respectively, which are already mentioned in subsub-

section 2.3.1.2 (see Equation 2.54).
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3.1.2 Photon subtraction with imperfect On/Off photon detector

The Wigner function of the heralded non-Gaussian state, obtained by photon subtrac-
tion from squeezed vacuum state enduring optical losses and using realistic On/Off
detector, can now be computed. In Figure 3.1, BS2, with a transmission ηs close to 1,
sends a small part of the squeezed vacuum state to an On/Off detector, characterized
by a quantum efficiency ηdet and a background noise (responsible for the dark counts)
with mean photon number ν (see subsection 2.2.1). The state at the input of BS2 is
given by:

Win2(x, p; x2, p2) = Wηl (x, p) ·W0(x2, p2) =
1

4π2α1β1σ4
0

e
− 1

2σ2
0

(
x2

α2
1
+ p2

β2
1
+x2

2+p2
2

)
. (3.5)

By applying the BS transformation given by Equation 3.2 (with ηs instead of ηl), the
Wigner function of the state at the output of BS2 can be written as:

Wout2(x, p, x2, p2) =
1

4π2α1β1σ4
0

e
− 1

2σ2
0

[
1

α2
1
(
√

ηsx+
√

1−ηsx2)
2
+(
√

1−ηsx−√ηsx2)
2
+ 1

β2
1
(
√

ηs p+
√

1−ηs p2)
2
+(
√

1−ηs p−√ηs p2)
2
]
.

(3.6)

According to the quantum measurement formalism introduced in section 2.2, the
non-Gaussian state, heralded by a "click" event in the On/Off detector in mode (2), is
given by:

ρ̂NG =
Tr2[Π̂On(ηdet, ν)ρ̂out2 ]

Tr[Π̂On(ηdet, ν)ρ̂out2 ]
. (3.7)

Using the overlap formula given by Equation 2.86, the Wigner function of the her-
alded non-Gaussian state is given by:

WNG(x, p) =

˜
Wout2(x, p, x2, p2) ·WΠ̂On

(x2, p2)dx2dp2ˇ
Wout2(x, p, x2, p2) ·WΠ̂On

(x2, p2)dxdpdx2dp2
, (3.8)

where WΠ̂On
(x2, p2), given by Equation 2.36, is the Wigner function associated to the

POVM element Π̂On(ηdet, ν) [81]. Taking into account Equation 2.36 and Equation 3.6,
we can write:
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Wout2(x, p, x2, p2)×WΠ̂On
(x2, p2) =

1
16π3α1β1σ6

0e
− 1

2σ2
0

[
x2

α2
2
+

α2
2

α2
1

(
x2+

√
ηs(1−ηs)(1−α2

1)

α2
2

x
)2

+ p2

β2
2
+

β2
2

β2
1

(
p2+

√
ηl (1−ηl )(1−β2

1)

β2
2

p
)2
]

− 2
ηdetc2 e

− 1
2σ2

0

( α2
2

α2
1
+ 1

c2

)x2+

√
ηs(1−ηs)(1/α2

1−1)

α2
2

α2
1
+ 1

c2


2

+ x2

α′22
+

(
β2

2
β2

1
+ 1

c2

)p2+

√
ηs(1−ηs)(1/β2

1−1)

β2
2

β2
1
+ 1

c2


2

+ p2

β′22


 ,

(3.9)

and then, the Wigner function of the heralded non-Gaussian state is given by:

WNG(x, p) =
1
NNG

 1
α2β2

e
− 1

2σ2
0

(
x2

α2
2
+ p2

β2
2

)
− 2

ηdet

√(
α2

1 + c2α2
2

) (
β2

1 + c2β2
2

) e
− 1

2σ2
0

(
x2

α′22
+ p2

β′22

) ,

(3.10)
with a normalization constant NNG given by:

NNG = 2πσ2
0

1− 2α′2β′2

ηdet

√(
α2

1 + c2α2
2

) (
β2

1 + c2β2
2

)
 . (3.11)

The quality of the heralded non-Gaussian state can be quantified by looking at its
Wigner function negativity, defined as the volume of the negative part of the Wigner
function, as it is a well established non-classicality criteria in quantum optics [82]. For
simplicity, we will consider the minimum of the Wigner function, which is at the phase
origin in our case (Wmin = WNG(0, 0)), to see the effect of the different experimental
parameters on the heralded non-Gaussian state. As seen in subsection 2.3.2, for a
squeezing parameter around s = 0.5 (−3 dB), the single-photon subtracted squeezed
vacuum state approximates the perfect odd Schrödinger cat state with a high fidelity
(with amplitude α ≈ 1), and so, we will consider a squeezing factor s = −3 dB in all
numerical simulations in this section. Figure 3.2 shows the contour plot of WNG(0, 0)
as a function of the reflection ratio 1− ηs of BS2 (called tapping ratio) and the efficiency
ηdet of the On/Off detector without considering dark counts (ν = 0).

We can see that, for a given efficiency ηdet of the On/Off detector, the minimum
WNG(0, 0) of the Wigner function of the heralded state increases for an increasing tap-
ping ratio. This is related to the fact that increasing 1− ηs increases the probability that
more than one photon are reflected and detected by the On/Off detector, leading to
heralding events originating from multi-photon subtraction, which degrades the qual-
ity of the heralded non-Gaussian state. Moreover, if the efficiency ηdet decreases, the
probability that heralding events come from single-photon component decreases with
respect to those related to higher photon numbers. In this case, the tapping ration must
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Figure 3.2 – The minimum WNG(0, 0) of the Wigner function of the heralded non-Gaussian
state as a function of the reflection ratio of BS2 (1− ηs) and the efficiency ηdet of the
On/Off detector without considering dark counts (ν = 0). The squeezing factor is
s = 0.5 (−3 dB).

be decreased to maintain the same Wigner function negativity (decrease higher photon
number contributions to the heralding events). In general, a tapping ratio less than 10%
is enough to minimise multi-photon subtraction from a 3 dB squeezed vacuum state.

In Figure 3.3, we plot WNG(0, 0) as a function of losses 1 − ηl that the squeezed
vacuum state undergoes, for different dark count probabilities Pdc (defined as the ratio
between the mean photon number originating from background noise and the total
mean photon number reaching the On/Off detector), for a squeezing factor s = 0.5
(−3 dB), a tapping ratio 1− ηs = 0.05 and an efficiency ηdet = 1.
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Figure 3.3 – The minimum WNG(0, 0) of the Wigner function of the heralded non-Gaussian
state as a function of losses 1− ηl on the squeezed vacuum state for different dark
count probabilities Pdc. The squeezing factor is s = 0.5 (−3 dB), the tapping ration
is 1− ηs = 0.05 and the On/Off detector efficiency is ηdet = 1.

As it is expected, losses on the squeezed vacuum state affect directly the quality of
the heralded non-Gaussian state. This can be interpreted as following: losses applied
to a squeezed vacuum state change its photon statistics and odd photon number com-
ponents appear, and so, the heralded state after photon subtraction contains also even
and odd photon number components, which leads to a decreased purity. On the other
hand, dark counts on the On/Off detector affect also the heralded state. In this case, if
the On/Off detector detects a photon coming from the squeezed vacuum state, the her-
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alded state is the one desired, otherwise, detection of photons coming from background
noise heralds a squeezed vacuum state instead of photon-subtracted squeezed vacuum
state, which means that the heralded state is a statistical mixture of photon-subtracted
and non-photon-subtracted squeezed vacuum states.

3.1.3 Realistic homodyne detection

In Figure 3.1, the realistic homodyne detector with limited efficiency ηhd is modeled
by a perfect homodyne detector and the BS3 with a transmission ηhd. The Wigner
function of the state at the input of BS3 is given by:

Win3(x, p; x3, p3) = WNG(x, p) ·W0(x3, p3). (3.12)

We can notice that the Wigner function WNG(x, p) is a difference of two Gaussian
functions, and so, we can use directly the result obtained in subsection 3.1.1, applied
to the two Gaussian components of WNG(x, p). The detected Wigner function, using a
limited efficiency homodyne detector, is then given by:

Whd(x, p) =
1
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(3.13)
Figure 3.4 displays a section Whd(x, 0) of the Wigner function of the heralded state as

seen by the homodyne detection with different efficiencies ηhd and without losses on
the squeezed state (ηl = 1). The squeezing factor is s = 0.5 (−3 dB), the tapping ratio is
1− ηs = 0.01, and the On/Off detector is considered to be perfect (ηdet = 1 and ν = 0).
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Figure 3.4 – A section Whd(x, 0) of the Wigner function of the heralded state as seen by the
homodyne detection with different efficiencies ηhd. The squeezing factor is s = 0.5
(−3 dB), the tapping ratio is 1− ηs = 0.01, and the On/Off detector is supposed to
be perfect (ηdet = 1 and ν = 0).

We can see clearly that the heralded state is highly affected by the efficiency of the
homodyne detector. As it can be seen, for an ideal case (squeezed state without losses:
ηl = 1, very low tapping ratio: 1− ηs = 0.01, and an ideal On/Off detector: ηdet = 1 and
ν = 0), the Wigner function of the heralded state is no more negative for a homodyne
detection efficiency less than 50%.
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3.2 experimental setup

Squeezing generation Heralding path

Homodyne detectionPhS

PC

PPLN/RW 95:5

50:50

BD

SNSPD
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SFS

Figure 3.5 – Experimental setup. A fiber-coupled continuous wave (CW) laser delivers out-
puts at λ = 1560.44 nm and λ = 780.22 nm. The λ = 780.22 nm output passes
through a polarization controller (PC) and a variable fiber optical attenuator (VOA)
to be used as pump source for periodically poled lithium niobate ridge waveguide
(PPLN/RW) generating the single-mode squeezed vacuum. Downstream of the
PPLN/RW, squeezed light is sent to a 95:5 fiber beam-splitter. The 5% output un-
dergoes a spectral filtering stage (SFS) and is sent to a superconducting nanowire
single-photon detector (SNSPD), whose signal heralds the non-Gaussian state gen-
eration. The 95% output is sent to a homodyne detection (HD) made of a 50:50

fiber beam-splitter and a commercial balanced detector (BD). The HD local oscilla-
tor (LO) is given by laser output at λ = 1560.44 nm, passing through a fiber phase
shifter (PhS) and a polarization controller (PC).

Figure 3.5 shows the experimental setup for heralded non-Gaussian state generation.
The master source is a continuous wave (CW) fiber-coupled laser delivering outputs at
λ = 1560.44 nm and its second harmonic (SH) at half of the wavelength (λ = 780.22 nm).
The SH output is sent to fiber polarization controller (PC) and a variable optical atten-
uator (VOA) that allow adjusting its polarization and intensity. This set of plug-&-play
telecom components is then directly connected to a periodically poled lithium niobate
ridge waveguide (PPLN/RW). Single-mode squeezed vacuum state at λ = 1560.44 nm
is generated via type-0 frequency degenerate spontaneous parametric down conver-
sion (SPDC) process and collected by the optical fiber at the PPLN/RW output. As
mentioned in subsection 2.3.2, and largely documented in the literature [75], heralded
non-Gaussian state generation can be implemented by sending squeezed light to a low
reflectivity BS followed by a single-photon detection stage. In our experiment, a 95:5
fiber beam-splitter (f-BS) splits squeezed light into two paths: the 5% output is sent to
the heralding path, whereas the 95% output, carrying the heralded non-Gaussian state,
goes to the homodyne detection (HD) for non-Gaussian state characterization. A com-
mercial fiber phase shifter (PhS) from General photonics is used to modulate the phase
of the laser output at λ = 1560.44 nm, used as a local oscillator (LO) for the HD. In
this experiment, both photon subtraction operation and heralded state characterization
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via HD are then implemented using standard fiber components from classical telecom
technology.

3.2.1 Master laser source

Rb

Splitter

Splitter

Splitter EDFA

Laser diode

PPLN/WG

Frequency locking

Out-1560-1

Out-1560-2

Out-780

1560 nm

780 nm

Figure 3.6 – Diagram of the master laser source.

The master laser source is a CW laser from Muquans, whose diagram is depicted in
Figure 3.6. A laser diode output at 1560 nm is split into two parts, one is sent directly
to the user (Out-1560-1) and used as a LO for the HD in the experiment. The other
part is amplified via an Erbium doped fiber amplifier (EDFA) and divided into two
parts, one directly provided to the user, noted Out-1560-2 (not shown in Figure 3.5),
and the other one frequency doubled via second harmonic generation (SHG) using a
periodically poled lithium niobate waveguide (PPLN/WG). A part of the SH is used to
lock the laser diode frequency on a 85Rb absorption line, and the remaining visible light
is sent to the output Out-780. All the outputs of the laser source are 2 m polarization
maintaining (PM) fibers, and the linewidth of the laser at the output Out-1560-1 is
around 8 kHz.

3.2.2 Squeezed vacuum source

The squeezed vacuum source is a commercial wavelength conversion module from
NTT Electronics corp. It consists of a packaged PPLN/RW with a thermoelectric
cooler and a thermistor. The input and output of the conversion module are fiber-
pigtailed and the PPLN/RW temperature is controlled via a TEC Driver from Thorlabs
(MTD451T). Squeezed vacuum state is obtained via single-pass frequency degenerate,
type-0 SPDC process by pumping the PPLN/RW with the output Out-780 of the master
laser source. In Figure 3.7, the SPDC emission spectrum is plotted.

We can see that the SPDC emission spectrum is large, with a full width at half maxi-
mum (FWHM) of 87 nm (11 THz) and centred at 1560.44 nm (the stabilized wavelength
of the master laser source). We note that the combined effect of guide-to-fiber coupling
and propagation losses inside the nonlinear waveguide leads to a reduced transmis-
sion efficiency ηl = ηwg · ηc of squeezed vacuum state, where ηwg is the nonlinear ridge
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Figure 3.7 – Emission spectrum of the frequency degenerate type-0 SPDC process.

waveguide transmission efficiency (propagation losses of 1− ηwg), and ηc is the guide-
to-fiber coupling efficiency at the output of the PPLN/RW.

3.2.3 Homodyne detection

BD

50:50

f-PBS

90:10

Power-meter

Figure 3.8 – The HD characterization setup. f-PBS: fiber polarization beam splitter, BD: bal-
anced detector.

Following a common approach, the HD is realized by means of a 50:50 f-BS whose
outputs are connected to a commercial balanced detector (BD) from Insight Photonic
Solutions, Inc. Figure 3.8 shows the HD characterization setup, in which the output
Out-1560-1 of the master laser source is sent to a fiber polarization beam splitter (f-PBS)
to control the LO power, and then to a 90:10 f-BS, whose 90% output is sent to the
HD whereas the 10% output is sent to an optical power-meter. The second input of
the HD is not used in this case (vacuum input) and its output is monitored using an
oscilloscope (HDO6104A from Teledyne LeCroy).

In Figure 3.9-(a), we plot the variance of the output signal (shot noise) of the HD
for different values of the LO power. We can see that the HD response in linear and
displays a signal to noise ratio (SNR) of 14 dB at a LO power PLO = 3.1 mW. This LO
power will be used for the whole experiment. In Figure 3.9-(b), the power spectral den-
sity (PSD) of the HD output is plotted for different values of the LO power, displaying
a bandwidth of 300 MHz.

We note that the overall detection efficiency is given by:
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Figure 3.9 – HD response. The shot noise variance (a) and the power spectral density (b) of the
HD output for different values of the LO power.

ηhd = ηt · ηpd · ηel , (3.14)

where ηt is the transmission efficiency due to losses before the BD including the
50:50 f-BS, ηpd is the efficiency of the photodiodes of the BD and ηel accounts for
the residual HD electronic noise. We measured experimentally ηt = 0.94 and
ηel = (SNR− 1)/SNR = 0.96 [83], whereas ηpd = 0.80 is given by the manufacturer.
This leads to an overall HD efficiency of ηhd = 0.72.

3.2.4 Photon subtraction: filtering the heralding photons

Due to a strong mismatch between the HD electronic bandwidth (300 MHz) and the
broad SPDC emission bandwidth (11 THz), the 5% tapped light from the squeezed
vacuum must be spectrally filtered. Indeed, photon-counting events of wavelengths
far away from the CW LO could herald states whose non-Gaussian features are out-
of-the-reach of HD electronics. This would weave data corresponding to the desired
non-Gaussian states with those relative to squeezed vacuum, eventually resulting in
the measurement of a mixed state. Such an effect further combines with the fact that
single-pass squeezing can be not pure over its whole bandwidth [84]. As we will
see in chapter 5, spectral filtering in the heralding path allows circumventing these
imperfections [84, 85]. In this experiment, the 5% tapped light from the squeezed
vacuum state is filtered using a cascade of a commercial 500 MHz FWHM tunable fiber
Bragg grating filter (FBG from AOS GmbH) and an in-house fiber-coupled Fabry-Pérot
cavity with a target bandwidth of 10 MHz. Note that, as an alternative, plug-&-play
optical filters with bandwidths of a few tens of MHz are commercially available.

3.2.4.1 FBG filter

The FBG filter is a thermally adjustable ultra narrow transmission filter from Ad-
vanced Optics Solutions (AOS) GmbH. Its transmission spectrum in dB as a function
of the wavelength is depicted in Figure 3.10-(a). It has an attenuation of 4 dB at its
maximum transmission, and reaches a rejection ratio of 46 dB out of its transmission
window. In Figure 3.10-(b), we plot the fit of the FBG filter transmission spectrum in
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linear scale with a Lorentzian function. This fit allows to retrieve its FWHM bandwidth,
which is found to be ∆νFBG = 585 MHz.
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Figure 3.10 – (a) The transmission spectrum in dB of the FBG filter as a function of the wave-
length. (b) Fitting the FBG transmission in linear scale with a Lorentzian function
gives a FWHM bandwidth of ∆νFBG = 585 MHz.

3.2.4.2 Fabry-Pérot cavity design

In order to ensure that the FBG filter keeps only one cavity transmission peak (at
1560.44 nm) and rejects all other transmission peaks, the free spectral range, noted ∆νFP,
of the Fabry-Pérot cavity should be greater than twice the FWHM FBG bandwidth:
∆νFP ≥ 1.2 GHz. For a fixed ∆νFP = 1.2 GHz, a target cavity bandwidth of δνFP =

10 MHz is equivalent to a cavity finesse of F = ∆νFP/δνFP = 120. To build a cavity
satisfying these requirements, a plane mirror M1 (ref: 109761) and a concave mirror
M2 (ref: 109332) with a curvature radius RM2 = 1 m from LAYERTEC are chosen. The
reflection coefficients are r2

1 = 0.98 and r2
2 = 0.99, respectively. The cavity finesse in this

case is:

F ≈ π

√
r1r2

1− r1r2
= 208, (3.15)

which satisfies our need. Due to a limited wavelength resolution of our measurement
system, a first experimental characterization of the cavity finesse is performed by align-
ing it with higher bandwidth. Figure 3.11 illustrates the cavity transmission peaks in
the wavelength range from 1500 nm to 1600 nm (a) and a Lorentzian fit of one peak
around 1560 nm (b).

We measured an approximated mean free spectral range of ∆νFP ≈ 12 GHz and a
cavity bandwidth of δνFP ≈ 80 MHz, which gives a finesse of F = 150, different from
the calculated one (208) but still satisfying our requirements (> 120). The difference
between the measured and calculated value of the finesse can be explained by the fact
that the wavelength resolution in the experimental measurement is not high enough,
which leads to errors in the estimated cavity bandwidth and free spectral range. Once
the mirrors are chosen, we need now to fix the cavity length LFP for a target bandwidth
of δνFP = 10 MHz, this length is given by:
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Figure 3.11 – (a) The transmission peaks of the Fabry-Pérot cavity aligned with a high band-
width. (b) The fit of the a cavity transmission peak around 1560 nm with a
Lorentzian function.

LFP =
c

2FδνFP
≈ 70 mm. (3.16)

To have a single-mode oscillating cavity, the fundamental TEM00 Gaussian beam
impinging it must be shaped so that its waist w′0 will be located at the plane mirror M1,
and the curvature radius of its wave-front matches the one of the concave mirror M2

after a propagation distance zprob = 70 mm. This wave-front curvature radius is given
by:

R(z) = z

[
1 +

(
πw′20

λz

)2]
. (3.17)

For a curvature radius R(zprob) = RM2 = 1 m, the waist w′0 must be:

w′0 =

√√√√λzprob

π

√
R(zprob)

zprob
− 1 ≈ 356µm. (3.18)
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Figure 3.12 – Fiber to cavity beam shaping using a ser of two lenses L1 and L2.

In this experiment, the Fabry-Pérot cavity is fiber-coupled, and so, we need to design
an appropriate optical system to transform the beam waist at the output of the optical
fiber (w0 = 5.25µm for SMF-28 fiber) to obtain the desired waist at the mirror M1.
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Actually, a combination of two lenses is sufficient for this purpose (see Figure 3.12). A
first adjustable fiber collimator L1 (CFC5-C from Thorlabs) with a focal length f1 =

4.6 mm is used to collimate the beam at the output of the optical fiber. Another lens L2

with a focal length f2 is placed at a distance d1 from L1 to focus the beam on the plane
mirror M1 with a target waist w′0 = 356µm. The distance between the lens L2 and the
mirror M1 is noted d2. In Figure 3.13, we plot the distances d1 and d2 as functions of
the lens focal length f2 for a target waist w′0 = 356µm (see Appendix C for detailed
calculations).
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Figure 3.13 – The distances d1 between the fiber collimator L1 and the lens L2 (solid blue curve)
and d2 between the lens L2 and the plane mirror M1 (dashed red curve) as func-
tions of the focal length f2 of L2 to obtain a target waist w′0 = 356µm at the mirror
M1.

As we can see, a lens of focal length f2 = 400 mm placed at a distance d1 ≈ 100 mm
from the fiber collimator L1 allows to obtain a waist w′0 = 356µm at the plane mirror
M1 located at a distance d2 ≈ 195 mm, which is reasonable.

3.2.4.3 Cavity locking

Out-1560-2

5% heralding beam

Locking beam

Figure 3.14 – Spectral filtering stage. See text for details.
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To maintain a stable response of the filtering stage in the heralding path, the length of
the Fabry-Pérot cavity needs to be locked. For this purpose, we use the Pound Drever
Hall (PDH) technique [86]. Switching between the measurement and the locking cycles
during the experiment is insured by an optical switch (OSW12-1310E MEMS 1x2 Fiber
Optic Switch Kit from Thorlabs) controlled by a DG535 4 channel digital delay/pulse
generator from Stanford Research Systems (see Figure 3.14). In the measurement cycle,
the optical switch is in position 1, which allows the 5% tapped light from the squeezed
vacuum and passing through the FBG filter and the Fabry-Pérot cavity to reach the
superconducting nanowire single-photon detector (Id281 SNSPD from IDQuantique),
whose output response after detecting a photon is transformed to a TTL pulse using a
time controller (Id900 TDC from IDQuantique). The homodyne data acquisition on the
oscilloscope is then triggered by photon counting events from the heralding path.

During the cavity locking cycle, the optical switch is in position 2. In this case, the
phase of the output Out-1560-2 of the master laser source is modulated at 24.2 MHz
using an electro-optic modulator (EOM) from QUBIG GmbH (PM7-SWIR) and then
passes through a fiber optic circulator f-Cir (path (1) −→ (2)) and the switch to reach
the Fabry-Pérot cavity. The reflected light from the cavity is then directed to the output
(3) of the fiber optic circulator and used to generate the error signal using the PDH
locking technique. A proportional–integral–derivative (PID) controller (Teensy 3.2 USB
Development Board) then generates the control signal, which is amplified using an am-
plifier (TD250 from PiezoDrive) and sent to a piezo ring stack actuator from PiezoDrive
to control the length of the Fabry-Pérot cavity. In Figure 3.15, the reflection of the cavity
at port (3) of the fiber optic circulator (a) and the corresponding PDH error signal (b)
are plotted by scanning the length of the cavity.

(a) (b)

Figure 3.15 – (a) The reflection signal of the Fabry-Pérot cavity and (b) the corresponding PDH
error signal obtained by scanning the length of the cavity.

As we can see, unlike the cavity reflection signal, the error signal is an odd function,
which allows to correct the drift of the cavity length in both directions (increased or
decreased cavity length).

Due to a cross talk between the two paths inside the optical switch, click events
originating from the locking beam (Out-1560-2) during the measurement and the lock-
ing cycles lead to heralding a squeezed vacuum state instead of photon-subtracted
squeezed vacuum state. To avoid this, an optical beam shutter (SH05 from Thorlabs)
controlled by the DG535 delay/pulse generator is used to block the locking beam dur-
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ing the measurement cycle which allows to keep only click events originating from the
5% tapped light. During the locking phase, the use of an AND logic gate whose inputs
are the SNSPD response (after pulse reshaping using Id900) and the switch control
signal allows to ignore all click events. Figure 3.16 shows a representation of the syn-
chronization signals used to control the switch, the optical beam shutter and the AND
logic gate.

Trigger

A B

C D

Switch position

Shutter

AND gate output

t (s)𝑡0

0.8 𝑠 0.2 𝑠

1 12 2

Close Open Close Open

SNSPD signal 0 SNSPD signal 0

𝑡0 + 1 𝑡0 + 2

Figure 3.16 – Synchronization signals for the switch, the shutter and the AND gate.

During the measurement cycle (800 ms), the output A-B of the delay/pulse generator
is equal to 1. In this case, the optical switch is in position 1 and the output of the
logic AND gate is given directly by the response of the SNSPD. At the same time, the
output C-D of the delay/pulse generator is equal to 0, which closes the beam shutter
and blocks the locking beam, and the PID controller maintains the last control signal
until a new locking cycle. During the locking cycle (200 ms), the outputs A-B and C-D
pass to 0 and 1, respectively, putting the switch in the position 2 and opening the beam
shutter. In this case, the output of the AND gate is equal to 0 since one of its inputs
(A-B) is a logic zero. Note that, due to the different lengths of the used electric cables
and the slightly slow response of the optical beam shutter, the different time windows
in Figure 3.16 are slightly shifted to minimize the dark counts in the SNSPD (tA = t0,
tB = tA + 0.8 s, tC = t0 + 0.796 s and tD = tC + 0.184 s). The detailed PDH locking
scheme can be found in Appendix D.

3.3 data post-processing

For each click event in the heralding path, a homodyne trace xi(t) is recorded us-
ing the oscilloscope. As we have seen in chapter 2, photon-subtracted squeezed vac-
uum states are phase dependent, and so, in order to be able to reconstruct the Wigner
function of the heralded non-Gaussian state, the heralded state quadrature values Xi
and the corresponding LO phases θi need to be extracted. In this section, data post-
processing techniques used for this purpose are presented.
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3.3.1 LO phase extraction

As we mentioned before, the Fabry-Pérot cavity was designed so that cascading it
with the FBG filter gives a filtering bandwidth of 10 MHz in the heralding path. In
this case, the characteristic time of the heralded state wave-packet is around 100 ns.
Recorded homodyne traces xi(t) of a duration much larger than this characteristic time
contains mostly data corresponding to squeezed vacuum state, which is also phase de-
pendent. Since squeezed vacuum is a Gaussian state, knowing its quadrature variance
σ2

sq allows to retrieve the LO phase (see Equation 2.54). In Figure 3.17, we plot the
variance of 1000 consecutive traces xi(t) of a duration of 5µs with a sampling rate of
5 Gs/s.
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Figure 3.17 – The variance σ2
sq of the squeezed vacuum state calculated using 1000 consecutive

homodyne traces xi(t) over the whole duration of 5µs (blue dots) and its fit with
a cosine function (red curve).

The LO phase is spanned with a fiber phase shifter driven by a ramp generated by a
DS345 synthesized function generator from Stanford Research Systems and amplified
via the TD250 PiezoDrive amplifier, with a speed of approximately 9π/s and, therefore,
it can be considered as constant over the time window of a single homodyne trace (a
LO phase shift around 1.4× 10−4 rad in a single homodyne trace of a duration of 5µs).
Due to the nonlinear response of the phase shifter, the squeezed vacuum variance is
fitted with the function:

σ2
f it(t) = a cos

(
αt2 + βt + γ

)
+ b. (3.19)

This fit allows to retrieve the LO phase θi for each trace xi(t).

3.3.2 Quadrature extraction

In the CW regime, the quadrature Xi of the heralded non-Gaussian state can be
obtained from raw homodyne data xi(t) as [87]:

Xi =

ˆ
f (t)xi(t)dt, (3.20)

where f (t) is the wave-packet of the heralded non-Gaussian state, as determined by
the filtering stage in the heralding path whose transmission function is given by:
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T(ν) =
T0

1 + (ν−ν0)2

γ2

. (3.21)

When the squeezing bandwidth is much broader than the bandwidth of this filter
(∆ν = 2γ), the theoretical f (t) is expected to be an exponential rising function:

f (t) ≈ e2πγtu(−t), (3.22)

where u(t) is the Heaviside step function. As proposed in [88], this wave-packet can be
experimentally extracted by performing a singular value decomposition of the autocor-
relation function of the heralded homodyne traces, 〈x(t)x(t′)〉. This is based on the fact
that the variance of the heralded non-Gaussian state quadratures, Xi, is greater than
the one of the squeezed vacuum state quadratures. Using Equation 3.20, this variance
can be written as:

σ2(X) =

¨
f (t) f (t′)〈x(t)x(t′)〉dtdt′. (3.23)

By decomposing the autocorrelation function 〈x(t)x(t′)〉 and the wave-packet f (t)
using a set of orthonormal functions { fk(t)} as:

〈x(t)x(t′)〉 = ∑
k

λk fk(t) fk(t′), (3.24)

f (t) = ∑
k

λ′k fk(t), (3.25)

with a normalization condition: ∑k λ′2k = 1, the variance given by Equation 3.23 can be
written as:

σ2(X) = ∑
k,m,p

λ′kλ′mλp

ˆ
fk(t) fp(t)dt

ˆ
fm(t′) fp(t′)dt′ = ∑

k
λ′2k λk ≤ max{λk}. (3.26)

The function f (t) that maximises the variance σ2(X) corresponds then to the eigen-
function of the autocorrelation function 〈x(t)x(t′)〉 with the highest eigenvalue.

3.4 experimental results and discussion

Losses in the heralding path lead to an overall heralding detection efficiency ηdet ≈
0.06. during the experiment, the heralding rate is of 3 kHz and the dark count rate is
about 80 Hz, giving a signal to noise ratio (SNR) of 15.7 dB. A series of 43000 homo-
dyne traces xi(t) of a duration of 5µs each at a sampling rate of 5 Gs/s are recorded
using the oscilloscope. For each acquisition xi(t), the LO phase θi is inferred from the
phase dependency of the measured squeezed vacuum variance as explained in sub-
section 3.3.1. We first measure the squeezing to characterize the overall transmission
efficiency ηtot = ηl · ηs · ηhd where ηs = 0.96 is the transmission of the subtracting 95:5
f-BS, this allows to deduce the squeezing transmission efficiency ηl before the subtract-
ing f-BS since ηhd is already characterized (ηhd = 0.72). After that, these parameters are
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used in the theoretical model introduced in section 3.1 to compare the experimentally
obtained heralded non-Gaussian state with the theoretical one.

3.4.1 Squeezed vacuum state generation and losses characterization

(a) (b)
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Figure 3.18 – (a) The measured squeezed vacuum quadratures Xsq as a function of the LO phase

θ. (b) The variance of the squeezed vacuum quadrature σ2
sq as a function of the

LO phase θ (blue dots) and its fit using the theoretical formula given by Equa-
tion 2.54 (red curve) with a phase shift of π/2. The green stars in (b) represent
the measured shot noise variance.

In Figure 3.18-(a), we show the measured quadrature values Xsq of the squeezed
vacuum state as a function of the LO phase θ. The variance of this quadrature is
plotted in Figure 3.18-(b) (blue points), with its fit using the theoretical formula given
by Equation 2.54 (red curve). As expected, this variance is smaller than the shot noise
level (green stars) for some LO phases (squeezing) and greater than the shot noise level
for other phases (antisqueezing). We measured a squeezing of −1.80± 0.05 dB and an
antisqueezing of 3.36± 0.05 dB. This corresponds to an initial squeezing of −5.39± 0.05
dB and a total transmission efficiency ηtot = 0.48, which means that the transmission
efficiency ηl due to propagation losses in the PPLN/RW (1− ηwg) and guide-to-fiber
coupling efficiency (ηc) is: ηl = 0.69.

3.4.2 Wave-packet extraction of the heralded non-Gaussian state

The duration of the acquired homodyne traces xi(t) (5µs) is much larger than the
characteristic time of the heralded non-Gaussian state wave-packet (∼ 100 ns). In addi-
tion to this, one homodyne trace contains 25000 points, and so, using the whole 43000
homodyne traces to determine the wave-packet of the heralded non-Gaussian state via
singular value decomposition of the autocorrelation function (see subsection 3.3.2) is
time consuming. To reduce this processing time, we determine at first the temporal po-
sition t0 of the heralded non-Gaussian state wave-packet in the homodyne trace xi(t).
Knowing that the length of the heralding path is longer than the one of the homodyne
detection, we analyse only the negative time part of the traces xi(t) (t0 < 0). To do so,
the homodyne traces xi(t) corresponding to a LO phase θi < 0.2 rad are filtered using
the theoretical wave-packet given by Equation 3.22 for a bandwidth δν = 2γ = 10 MHz
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of the spectral filter in the heralding path and with a time resolution of 1 ns. Figure 3.19

shows the density plot of the filtered homodyne traces.

𝑡0 ≈ −1 𝜇𝑠

Figure 3.19 – The density plot of the filtered homodyne traces xi(t) with θi < 0.2 rad using
the theoretical wave-packet given by Equation 3.22 with a bandwidth δν = 2γ =
10 MHz of the spectral filter in the heralding path and a time resolution of 1 ns.

Most of the time, we have a Gaussian distribution of the filtered homodyne traces
which corresponds to squeezed vacuum state, and at a time around −1µs, a non-
Gaussian distribution appears (zoomed in the inset). This corresponds to the quadra-
tures of the heralded non-Gaussian state, and thus, its wave-packet is located around
t0 = −1µs. Autocorrelation function 〈x(t)x(t′)〉 is then computed around t0 with a
time duration of 250 ns and a higher time resolution. The eigenvalues of this autocorre-
lation function, obtained by singular value decomposition, are shown in Figure 3.20-(a)
for both the squeezed vacuum state (red) and the heralded non-Gaussian state (blue).
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Figure 3.20 – (a) The eigenvalues of the autocorrelation function for the squeezed vacuum state
(red) and the heralded non-Gaussian state (blue) obtained by singular value de-
composition. (b) The temporal eigenmode fk(t) corresponding to the highest
eigenvalue of the autocorrelation function (blue) and the fit with the theoretical
wave-packet (red). The cascade of the Fabry-Pérot cavity and the FBG filter in the
heralding path gives a filtering bandwidth of δν = 9.75 MHz.

All the eigenvalues are almost equal for the squeezed vacuum state (red) whereas
for the heralded non-Gaussian state (blue), one eigenvalue is higher than the others.
It corresponds to the temporal eigenmode fk(t) that maximizes the variance of the fil-
tered quadratures, shown in Figure 3.20-(b) (blue curve). Fitting this eigenmode with
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the theoretical wave-packet given by Equation 3.22 (red curve) gives a filtering band-
width of δν = 9.75 MHz at FWHM, in agreement with the filtering stage characteristics.
This wave-packet is then used to extract the quadrature values Xi of the heralded non-
Gaussian state.

3.4.3 Heralded non-Gaussian state

Figure 3.21 – The extracted quadrature values Xi of the heralded non-Gaussian state as a func-
tion of the phase θ of the LO.

By exploiting Equation 3.20, the obtained heralded state wave-packet is used to ex-
tract the quadrature values Xi the heralded non-Gaussian state. These quadratures are
displayed in Figure 3.21. As we can see, the non-Gaussian behaviour of the heralded
state appears in the quadrature distribution, showing holes around the zero quadra-
ture. These quadrature values and phases are then used to perform the tomography of
the heralded non-Gaussian state with the maximum-likelihood algorithm (see subsub-
section 2.4.1.3) with 200 iterations [66].

(a) (b)

Figure 3.22 – (a) The Wigner function Whd(x, p) of the heralded non-Gaussian state as seen by
the HD and (b) the theoretical Wigner function of photon-subtracted squeezed
vacuum state WTh(x, p) obtained with the model introduced in section 3.1 using
the different experimental parameters and imperfections.
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Figure 3.22 shows the Wigner function Whd(x, p) of the generated non-Gaussian state
as seen by the HD (a) and the theoretical one WTh(x, p) obtained with the model in-
troduced in section 3.1 using the different experimental parameters and imperfections.
As can be seen, the produced state has a highly non-Gaussian Wigner function with
a minimum at phase origin Whd(0, 0) = 0.016± 0.004. Its profile matches the one pre-
dicted by theory (WTh(0, 0) = 0.015) taking into account the different experimental
imperfections. As mentioned in subsubsection 2.4.1.3, raw data can be corrected by
the homodyne limited efficiency ηhd = 0.72 [67]. As extensively discussed in the litera-
ture [75, 89, 90], such a very common procedure allows assessing the impact of novel
approaches to quantum state generation or manipulation without being penalized by
the limitations of detection technology. In Figure 3.23, the Wigner function of the pro-
duced non-Gaussian state just before the homodyne detection stage is displayed.

Figure 3.23 – The Wigner function WNG(x, p) of the heralded non-Gaussian state just before
the HD stage, obtained by correcting the raw data with the limited efficiency
ηhd = 0.72 of the HD.

As expected for Schrödinger kitten states, the produced non-Gaussian state correctly
exhibits a negative Wigner function with a minimum value at the origin WNG(0, 0) =
−0.065 ± 0.004. This result represents the very first demonstration of non-Gaussian
states in a fully guided-wave setup and it attests the impact of our approach to-
wards compact, simple, and plug-&-play experiments involving both Gaussian and
non-Gaussian operations. We point out that limitations in the detection system are not
intrinsic to the guided-wave approach but only to our specific realization. In particular,
the lack of efficient photodiodes, that represent the most critical loss factor in the HD,
affects in the same way both guided-wave and bulk realizations.

To conclude, we note that a further improvement of the Wigner negativity could be
obtained by pushing ηl towards higher values. The measured value of ηl is in agree-
ment with realistic performances in commercial fiber-coupled ridge waveguides. At
the same time, the propagation and coupling losses at the SPDC stage degrade the
purity of the squeezed state on which the subtraction protocol is applied. This delete-
rious effect can be circumvented by adopting a full integrated setup including on-chip
squeezing generation, photon subtraction and homodyne detection, in a configuration
similar to those shown for Gaussian state generation, manipulation, and detection
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on lithium niobate circuits [91–93]. Such a strategy would push propagation losses
down to 0.03 dB/cm and coupling losses to 0, thus giving for a typical chip length of
5 cm, a total ηl = 0.97. In this condition, the Wigner function negativity would go to
WNG(0, 0) = −0.22.

3.5 conclusion

We have demonstrated that a plug-&-play, fully guided-wave approach to quantum
optics experiments is definitely reachable with off-the-shelves standard components
and devices. This concept has been pushed, for the first time, to the generation of
non-Gaussian states of light, including with a negative Wigner function, showing the
possibility of implementing complex setups free from any bulk optics stage. The ob-
tained realization enables reconfigurable and easy-to-mount systems compatible with
integrated photonics [91–93]. These ingredients are essential to scale-up realizations
of increasingly complex optical quantum systems capable of enabling disruptive but
realistic quantum information protocols.
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Quantum information is at the heart of the development of new computation and
communication protocols in which, entanglement and superposition are the two main
ingredients allowing ultrafast, highly secure information processing and transmission.
This development has been traditionally conducted along two parallel research axes,
namely discrete-variable (DV) and continuous-variable (CV) quantum information, de-
pending on what kind of quantum observables are used to encode information. More
recently, efforts have been invested to combine these two different axes leading to the
development of hybrid approaches opening the frontiers to more interesting protocols
and applications. More precisely, entanglement between a DV and a CV encodings
represents a key feature to bridge these two axes allowing to bypass their individual
limitations, and hens, implement more advanced quantum information tasks [94–97].
Among all the possible encodings [98], hybrid entanglement generation protocol using
time-bin DV encoding was proposed in [31], showing the advantage of using this kind
of encoding in optical fiber-based telecommunication networks. Indeed, time-bin en-
coding makes hybrid entanglement particularly well adapted to applications involving
long-distance propagation in optical fibers.

In this chapter, we present the design and characterization of a guided-wave source
for the generation of high quality DV and CV state, used as resources for time-bin
based hybrid entanglement generation, at a telecom wavelength in the picosecond
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pulsed regime. We start in section 4.1 by introducing the main ways of coding the
information on quantum states of light. Next, we introduce the hybrid entanglement
between DV and CV encoding in section 4.2 and we focus on the DV and CV resource
state production for time-bin based hybrid entanglement generation. Then, we present
in section 4.3 the design of a guided-wave source for the generation of high quality
DV and CV states in picosecond pulsed regime at a telecom wavelength. After that,
experimental characterizations of this source are presented in section 4.4 and finally,
the chapter is concluded in section 4.5.

4.1 encoding information in quantum states

Depending on the observables used to encode information in quantum state, we can
principally identify two ways of coding the quantum information, namely DV [4, 20]
and CV [21, 99, 100]. In the DV case, the observable has discrete spectrum (discrete set
of eigenvalues) which means that the outcome of the measurement of such observable
will be a random output from a discrete set. On the other hand, if the observable used
to encode information has a continuous spectrum (continuous set of eigenvalues), we
talk about CV encoding. In this case, measuring the observable gives a continuous set
of outputs.

4.1.1 Discrete-variable (DV) encoding

(a) (b) (c)
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Figure 4.1 – Examples of optical qubit production in (a): single rail encoding, (b): polarization
encoding and (c): time-bin encoding.

Let us consider the simple case of two dimensional Hilbert space, where quantum
information is encoded using binary digits. Like a classical bit, a quantum bit of in-
formation, called qubit, can take either a logical value zero or one, noted |0〉 and |1〉,
respectively, forming a discrete basis {|0〉 , |1〉}. these two digits are generally given
by the orthogonal eigenstates of a given observable of a single quantum system. In
addition to this, quantum mechanics allows this state to be in a superposition of these
digits:

|ψ〉 = c0 |0〉+ c1 |1〉 , (4.1)

which is, in addition to entanglement, at the heart of quantum information protocols.
Among the various systems used to encode quantum information, photons are a

promising candidates due to their ability to be used as information carrier for commu-
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nication tasks. In this case, a quantum system containing at most a single-photon is
sufficient to implement the qubit given by Equation 4.1. To do so, different observables
can be used, such as the presence or absence of a single-photon (single rail qubit), the
polarization or the arrival time of a single-photon (dual rail qubits). The nomination
"single rail" or "dual rail" is related to the fact that only a single-mode or two modes
are considered, respectively, as illustrated in Figure 4.1.

4.1.1.1 Single rail qubit

For a single rail qubit, the observable being the number of photons, the digits |0〉
and |1〉 are encoded by Fock states with photon number n = 0 (vacuum) and n = 1
(single-photon), respectively. This kind of encoding can be achieved by sending a single-
photon Fock state to a beam splitter (BS), and performing a homodyne measurement
on one of the two outputs of the BS [101]. In this case, the superposition amplitudes
c0 and c1 are determined by the reflectivity of the BS and the homodyne measurement
output xh(θ) used to herald the creation of the qubit, as shown in Figure 4.1-(a).

4.1.1.2 Polarization qubit

A widely used observable to encode information in a DV way is the polarization of
a single-photon. In this case, the basis {|0〉 , |1〉} can be formed by the two eigenstates
|H〉 and |V〉 of the polarization of the single-photon, where |0〉 = |H〉 = |1〉H |0〉V
and |1〉 = |V〉 = |0〉H |1〉V are the horizontal and vertical polarization eigenstates
of a single-photon, respectively. An alternative basis can be formed by the diagonal
|D〉 ∝ |H〉+ |V〉 and the anti-diagonal |A〉 ∝ |H〉 − |V〉 polarization states or even the
circular right |R〉 ∝ |H〉+ ei π

2 |V〉 and circular left |L〉 ∝ |H〉+ e−i π
2 |V〉 single-photon

polarization eigenstates. A simple way to produce any superposition of the digits |0〉
and |1〉 is to transform the polarization of a single-photon using half and quarter wave-
plates (see Figure 4.1-(b)). A combination of wave-plates, a polarization beam splitter
(PBS) and photoncounters allows to fully characterize a given qubit by measuring the
superposition amplitudes c0 and c1.

4.1.1.3 Time-bin qubit

In a time-bin qubit, the observable used to encode information is the arrival time
of a single-photon. By defining two time slots separated by δt > tc where tc is the
coherence time of the single-photon, the digit |0〉 can be encoded in the state |e〉 =
|1〉e |0〉l and the digit |1〉 in the state |l〉 = |0〉e |1〉l . Here, the subscripts e and l denote
the "early" and "late" time slots, respectively. A photon delocalized in the two time
slots encodes the qubit given by Equation 4.1 where the photon can be found in the
"early" time slot with a probability |c0|2 and in the "late" one with a probability |c1|2.
This type of qubit can be produced by sending a single-photon state to an unbalanced
Mach-Zehnder interferometer as shown in Figure 4.1-(c). Contrary to the the single
rail qubit introduced previously, this kind of encoding is robust against optical losses,
since losing the photon destroys the whole state instead of altering its coherence (the
c0 and c1 constants). In addition, the single-photon polarization is not important in this
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case, which makes the time-bin qubits more suitable for guided-wave implementations
of quantum information protocols, where losses and polarization mode dispersion are
not negligible [31].

4.1.2 Continuous variable (CV) encoding

In the CV encoding, a qumode (the CV equivalent of a DV qubit) is encoded using a
continuous set of eigenstates of a given observable instead of a discrete basis for the
DV encoding. Typically, the continuous spectrum quadrature observable x̂ with its set
of eigenstates {|x〉} is suitable for this purpose. In this case, the information can be
encoded in the wave-function ψ(x) of a given state |ψ〉:

|ψ〉 =
ˆ

ψ(x) |x〉 dx, (4.2)

which can be represented by its Wigner function. Some quantum information protocols
require only Gaussian states, such as coherent and squeezed states, that are determin-
istically produced, which is an advantage compared to the DV encoding. However,
non-Gaussian resources are necessary to achieve fault-tolerant quantum information
processing [24] and efficient quantum teleportation-based protocols [102]. In this case,
superposition of coherent states with opposite phases are good candidates [103–105].
As seen in section 2.4, a simple homodyne detection stage allows to reconstruct the
Wigner function of any quantum state, and thus, to fully characterize a given qumode.
The main limitation of CV encoding is that its is very sensitive to losses (see subsec-
tion 2.3.1 and section 3.1). In Table 4.1, we summarize the main characteristics of each
type of quantum information encoding.

4.2 hybrid entanglement : towards heterogeneous

quantum networks

As highlighted in section 4.1, and based on the wave-particle duality of quantum me-
chanical systems (light among them), quantum information science and technologies
have been developed following two directions based either on CV or DV encoding of
information. Each of them has its advantages and drawbacks [106], however, they can
be complementary, where the disadvantage of one can be seen as advantage for the
other (see Table 4.1). Following this, a more recent research axis based on combining
these two types of information encoding is growing [98, 107, 108]. In this context,
entanglement between particle-like (DV) and wave-like (CV) encodings of the type:

|ψ〉 = |0〉A |ψ0〉B + eiϕ |1〉A |ψ1〉B√
2

, (4.3)

has been demonstrated using either single rail [109, 110] or polarization [111] DV en-
coding (part A). This enables the connection of networks using different kinds of encod-
ings [112]. However, for guided-wave implementations, single rail and polarization DV
qubits are sensitive to optical losses and polarization dispersion, respectively, therefore
pushing hybrid quantum information protocols towards real world implementations in
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Table 4.1 – Main characteristics of DV and CV quantum information encoding.
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fiber optic-based networks is a more challenging task. Recently, a hybrid entanglement
generation scheme with time-bin encoding for the DV part of the two entangled modes
was proposed [31] (see Figure 4.2), showing the robustness of this kind of hybrid states
against losses on the DV part and hence, making it more suitable for real world im-
plementations of hybrid quantum information protocols in fiber optic communication
networks.
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Figure 4.2 – Hybrid entanglement generation with time-bin DV encoding. Figure taken
from [31] with permission.

4.2.1 Hybrid entanglement with time-bin DV encoding

𝐴

𝐴′

𝐵′

𝐵

𝑒 𝐴 𝑒 𝐴′ + 𝑙 𝐴 𝑙 𝐴′

2

𝛼𝐵 𝐵 𝛼𝐵′ 𝐵′ + −𝛼𝐵 𝐵 −𝛼𝐵′ 𝐵′

2

𝑒 𝐴 𝛼𝐵 𝐵 − 𝑙 𝐴 −𝛼𝐵 𝐵

2

Figure 4.3 – A simplified representation of the time-bin based hybrid entanglement generation
protocol proposed in [31].
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A simplified representation of the proposed protocol in [31] for hybrid entanglement
generation with time-bin encoding in the DV part is illustrated in Figure 4.3. It consists
of an entanglement swapping operation [113] using two independent DV (A-A’) and
CV (B-B’) entangled states. The DV state is a pair of time-bin entangled photons given
by:

|ψ〉DV =
|e〉A |e〉A′ + |l〉A |l〉A′√

2
, (4.4)

whereas the CV state is a coherent state-based entangled state:

|ψ〉CV =
|αB〉B |αB′〉B′ + |−αB〉B |−αB′〉B′√

2
. (4.5)

Performing a Bell-state measurement between the two modes A’ and B’ of the DV and
CV entangled states, respectively, allows to herald a remote creation of an entanglement
between the DV mode A and the CV mode B. The heralded state is then given by:

|ψ〉H =
|e〉A |αB〉B − |l〉A |−αB〉B√

2
. (4.6)

4.2.2 The DV and CV resources for time-bin based hybrid entanglement
creation

In the previous paragraph, we presented the protocol proposed in [31] for the remote
creation of a hybrid entangled state between a DV time-bin encoding and a CV coherent
state-based encoding. For this purpose, the DV and CV entangled states given by
Equation 4.4 and Equation 4.5 are used as input states for the entanglement swapping
operation. These resource states can be produced as illustrated in Figure 4.4.

𝐴

𝐴′

𝐵′

𝐵

𝛿𝑡

SHG2

SHG1

SPDC2

SPDC1
BS1

BS2 BS3

|𝑛⟩⟨𝑛|

MZ

Figure 4.4 – Hybrid entanglement resources generation. SHG: second harmonic generation,
SPDC: spontaneous parametric down conversion, MZ: Mach-Zehnder interferome-
ter, BS: beam splitter. See text for description.
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4.2.2.1 DV entangled state

The time-bin entangled state can be generated, in pulsed regime, by sending a pump
beam to an unbalanced Mach-Zehnder interferometer (MZ), whose output gives two
consecutive pulses temporally separated by δt. These two pulses are then used to pump
a nonlinear crystal, generating pairs of photons via a non-degenerate SPDC process
(SPDC1). The generated photon pairs, delocalized in the "early" and "late" temporal
modes, are then separated in two modes A and A’ using BS1 to produce the state
expressed by Equation 4.4 [114].

4.2.2.2 CV entangled state

As shown in Figure 4.4, the CV entangled state can be produced as following, a first
stage consists of generating a squeezed vacuum state via SPDC process (SPDC2) and
then subtracting photons using a low reflectivity BS (BS2) and photoncounters to pro-
duce a Schrödinger cat-like state (see subsection 2.3.2 for the model and chapter 3 for
experimental realization in CW regime). Once this is done, the Schrödinger cat-like
state (∼ |α〉 ± |−α〉) is sent to a BS3 with transmission and reflection coefficients t and
r, respectively. The state at the output modes B and B’ of BS3 is then the one given
by Equation 4.5 with αB = tα and αB′ = rα. Note that in both cases, the DV and
CV entangled states generation is mainly based on SPDC process, whose pump is ob-
tained via SHG stages, and so, the design of both sources is based on engineering this
nonlinear interaction. For this purpose, both sources have to be identical and produce
single-mode CV and DV states that are able to interfere efficiently at the Bell state mea-
surement stage. In addition, these states will be produced in the picosecond pulsed
regime. This particular operation regime is more adapted for guided-wave implemen-
tations in optical fiber-based quantum network, offering a robust synchronization of
the different nodes in the network while avoiding undesired nonlinear effects induced
by ultrashort pulses in optical fibers [115]. The design of these sources is detailed in
the next section.

4.3 spdc based source for dv and cv entangled states

The interaction Hamiltonian introduced in chapter 2 to describe the SPDC process
(see Equation 2.16) is actually given in the monomode case, where the signal and idler
photons are produced in well defined modes. However, the generated signal and idler
photons are actually spectrally broadband, which is the case also for the pump photons
in pulsed regime, and the Hamiltonian given by Equation 2.16 is not sufficient anymore
to describe the SPDC interaction. A more general formulation of this Hamiltonian is:

Ĥint = H0

¨
f (ωs, ωi)â†(ωs)b̂†(ωi)dωsdωi + h.c., (4.7)

and the state at the output of the SPDC process is given by:

|ψ〉spdc = e−
i
h̄ Ĥintt |0〉 . (4.8)
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Here, â†(ωs) and b̂†(ωi) are the signal and idler photon creation operators in the
spectral mode ωs and ωi, respectively, and f (ωs, ωi) is known as the joint spectral am-
plitude (JSA) [116] of the signal-idler photon pairs. This function, characterizing the the
spectral properties of the SPDC output, is actually determined by the pump field and
the optical properties of the second order nonlinear crystal. It is given by:

f (ωs, ωi) = Ẽp(ωs + ωi)Φ(ωs, ωi), (4.9)

where Ẽp(ωs + ωi) is the spectral envelop of the pump field and Φ(ωs, ωi) is the phase-
matching function, given by:

Φ(ωs, ωi) = sinc
(

∆k(ωs, ωi)Lspdc

2

)
. (4.10)

Here, Lspdc is the length of the nonlinear crystal and ∆k(ωs, ωi) is the wave-vector
mismatch, given in the quasi-phasematching case by [117]:

∆k(ωs, ωi) = kp(ωp)− ks(ωs)− ki(ωi)±
2π

Λ
, (4.11)

with Λ being the poling period of the nonlinear crystal, which allows to control the
central conversion frequencies ω0

s and ω0
i . For simplicity, we will consider a single

spatial mode, which is the case in guided-wave approach. The JSA function f (ωs, ωi)

can be decomposed using two sets of spectral modes {ψk(ωs)} and {φk(ωi)} as:

i
H0t
h̄

f (ωs, ωi) = ∑
k

ζkψk(ωs)φk(ωi). (4.12)

This is generally called the Schmidt decomposition, and the modes ψk(ωs) and φk(ωi)

are known as Schmidt modes. Doing so, the state at the output of the SPDC process
(Equation 4.8) can be written as:

|ψ〉spdc = e−∑k[ζk Â†
k B̂†

k−h.c.] |0〉 , (4.13)

with Â†
k and B̂†

k are the broadband signal and idler creation operators, respectively,
given by:

Â†
k =

ˆ
ψk(ωs)â†(ωs)dωs, B̂†

k =

ˆ
φk(ωi)b̂†(ωi)dωi. (4.14)

The state given by Equation 4.13 can be seen as a multi-two-mode squeezed vacuum
states with squeezing parameters ζk. This means that in the general case, the output of
the SPDC process is a collection of two-mode squeezed states, each of them in a well
defined spectral mode ψk(ωs) for the signal photons and φk(ωi) for the idler ones, as
represented in Figure 4.5.

The fact that the state is spectrally multimode is actually a source of imperfection
in our case since photons from the DV and CV parts have to interfere for performing
the entanglement swapping, and thus, must have the same spectro-temporal mode. In
addition, the multimode aspect of the SPDC output affects the quality of the produced
states used as resources for hybrid entanglement generation. To illustrate this, let us
for example take the case of CV resource state, where the SPDC output should be a
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𝜓𝑘(𝜔𝑠)

𝜙𝑘(𝜔𝑖)

Figure 4.5 – Top: spectro-temporal multimode state produced via SPDC process in the pulsed
regime. Bottom: signal and idler spectral modes and the corresponding squeezing
parameters ζk obtained via the Schmidt decomposition of the JSA function. For a
Gaussian approximation of the JSA, the signal and idler spectral modes are given
by the Hermite-Gaussian polynomials.

squeezed vacuum state in order to produce the Schrödinger cat-like state. In this case,
making the signal and idler photons indistinguishable (Âk = B̂k) leads to the following
expression of the SPDC output state:

|ψ〉spdc = e−∑k(ζk Â†2
k −ζ∗k Â2

k) |0〉 , (4.15)

which is a multimode squeezed vacuum state (several spectral modes ψk(ω) squeezed
simultaneously with a squeezing parameter 2ζk). As we will see in chapter 5, the
quality of the produced Schrödinger cat-like state decreases with the increase of the
number of the squeezed modes, generally quantified using the parameter K defined as:

K =

(
∑k ζ2

k

)2

∑k ζ4
k

, (4.16)

and called the Schmidt number [118] (K = 1 in the single-mode case and K > 1 oth-
erwise). The decreased quality of the produced CV state is related to the fact that
the heralding photons can be subtracted from an arbitrary spectral mode ψk(ω), which
leads to heralding a statistical mixture of Schrödinger cat-like states in different spectro-
temporal modes.

4.3.1 JSA shaping for quasi-single-mode DV and CV state production

In the frequency degenerate case, the wave-vectors kp(ωp), ks(ωs) and ki(ωi), corre-
sponding to the pump, signal and idler beams respectively can be expended is terms
of Taylor series around the central frequencies ω0

s = ω0
i = ω0 and ω0

p = 2ω0 as:
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kp(ωp) ≈ kp(2ω0) + βp(ωp − 2ω0),

ks(ωs) ≈ ks(ω0) + βs(ωs −ω0),

ki(ωi) ≈ ki(ω0) + βi(ωi −ω0), (4.17)

where:

βx =
∂kx(ωx)

∂ωx
|ω0

x
, (4.18)

is the inverse of the group velocity of the pump (x = p), the signal (x = s) and the
idler (x = i) beams at frequencies ω0

p = 2ω0, ω0
s = ω0 and ω0

i = ω0, respectively. Here,
we restricted the Taylor expansion to the first order since, in our case, we operate in
the picosecond pulsed regime (few nm of bandwidths) where the second order disper-
sion is negligible. Knowing that kp(2ω0)− ks(ω0)− ki(ω0)± 2π/Λ = 0, and putting
ωp = ωs + ωi (energy conservation condition), the wave-vector mismatch given by
Equation 4.11 can be written as:

∆k(ωs, ωi) = (βp − βs)(ωs −ω0) + (βp − βi)(ωi −ω0). (4.19)

In order to obtain a quasi-single-mode SPDC output state for both the DV and CV
resources, three conditions must be fulfilled:

a) The JSA function f (ωs, ωi) must be symmetric with respect to the signal and
idler frequencies ( f (ωs, ωi) = f (ωi, ωs)) to obtain spectrally indistinguishable
signal and idler photons (ψk(ω) = φk(ω)) necessary for squeezed vacuum state
generation [119].

b) The number of excited spectral modes must be minimized to obtain high quality
CV and DV resource states that are able to interfere at the entanglement swapping
step.

c) To be able to spatially separate the signal and idler photons for the DV time-bin
entangled photon pairs generation .

The pump spectral envelop contribution Ẽp(ωs + ωi) in the JSA expression given
by Equation 4.9 fulfills the first condition, and so, the symmetry aspect of the JSA
is determined by the phasematching function Φ(ωs, ωi). A symmetric JSA function
can then be obtained in two cases: a symmetric wave-vector mismatch ∆k(ωs, ωi) =

∆k(ωi, ωs) and an antisymmetric one ∆k(ωs, ωi) = −∆k(ωi, ωs). The symmetric wave-
vector mismatch is obtained in the case of frequency degenerate type-0 and type-I
SPDC process where the signal and idler photons, polarized in the same direction, have
the same group velocity βs = βi. However, in this case, both the pump contribution
Ẽp(ωs + ωi) and the phasematching contribution Φ(ωs, ωi) are functions of ωs + ωi,
and so, aligned along the ωi = −ωs direction in the 2-D frequency space as shown in
Figure 4.6-Top, which gives a highly multimode SPDC output state, not suitable in our
case.

For an antisymmetric wave-vector mismatch, the relation ∆k(ωs, ωi) = −∆k(ωi, ωs)

applied to the expression given by Equation 4.19 leads to the following condition:
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=×

=×

Figure 4.6 – Pump and phasematching contributions for frequency degenerate type-0 and type-
I (top) and type-II (bottom) SPDC process.

βp =
βs + βi

2
. (4.20)

In this case, the wave-vector mismatch is given by:

∆k(ωs, ωi) =
βi − βs

2
(ωs −ωi), (4.21)

and the phasematching contribution Φ(ωs, ωi) is a function of ωs−ωi, which is aligned
along the ωi = ωs axis in the 2-D frequency space as shown in Figure 4.6-Bottom. This
configuration can be obtained for a type-II SPDC process in which, the signal and
idler photons are orthogonally polarized leading to different group velocities (βs 6= βi).
Moreover, type-II interaction allows to spatially separate the signal and idler photons,
hence fulfilling the condition c). In this configuration, a proper choice of the nonlinear
crystal properties allows to minimize the number of excited modes while maintaining
the spectral indistinguishability of the signal and idler photons, as detailed in the next
subsection.

4.3.2 SHG and SPDC source design

As mentioned before, the JSA function must be shaped to obtain a quasi-single-mode
SPDC output for hight quality DV and CV states generation as well as hybrid entan-
glement creation. To do so, we have principally access to three different parameters:

• The spectral width of the pump pulse, which depends on the fundamental laser
pulse and the SHG nonlinear crystal.

• The dispersion properties (βp, βs and βi) of the nonlinear crystal used for SPDC
process.

• The phasematching bandwidth of the SPDC process, which depends on the
length of the SPDC nonlinear crystal.
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Table 4.2 graphically summarizes the effect of each mentioned parameter on the
shape of the JSA function characterizing the SPDC process.

Phasematching function

Pump function
βp, βs and βi Lspdc

Table 4.2 – The effect of the pump spectral width, the SPDC crystal length and dispersion pa-
rameters on the shape of the JSA function. The dispersion parameters determine the
direction along which the phasematching function is aligned. The length Lspdc of the
SPDC crystal fixes the spectral width of the phasematching function. All parameters
determine the final shape of the JSA function.

As we can see, the dispersion parameters βp, βs and βi of the SPDC nonlinear crystal
determine the direction along which the phasematching function is aligned. On the
other hand, the final shape of the JSA function is related to the pump spectral width
(determined by the fundamental laser pulses and the SHG crystal characteristics) and
the phasematching bandwidth (determined by the SPDC crystal length). At first, the
SPDC crystal must be chosen to obtain a phasematching function aligned along the axis
ωi = ωs (45°) in order to have a symmetric JSA function, and so, spectrally indistin-
guishable signal and idler photons (ψk(ω) = φk(ω)). Then, the length Lspdc of the SPDC
crystal must be fixed to minimize the exited spectral modes ψk(ω), or equivalently, to
minimize the Schmidt number K. This length depends on the spectral properties of the
fundamental laser pulses and the SHG stage.
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4.3.2.1 Spectral shape of the pump pulses

The pump pulses for the SPDC process are obtained via SHG, and so, their spectral
properties are determined by the fundamental telecom laser pulses, supposed to be
Gaussian with a FWHM spectral width ∆ωl = 4 ln(2)/τl where τl is the pulse duration,
and the SHG crystal, with a length Lsh. Let us consider a collinear type-0 SHG in pulsed
regime where the pulses are propagating along the x axis of the nonlinear crystal. All
the interacting fields in this case are polarized along the same direction, and so, a scalar
notation is used here. We note El(x, t) and Ep(x, t) the electric fields at a position x and
time t of the fundamental laser and the second harmonic (SH) pulses, respectively.
In the rest of this chapter, we use both "SH" and "pump" nomination for the pulses
obtained via SHG as they serve as pump pulses for the SPDC process. For a Gaussian
shape of the fundamental laser pulse, the electric field at the input of the SHG crystal
(x = 0) can be written as:

El(0, t) = E0 f (t) sin(ω0t), (4.22)

where f (t) is the temporal Gaussian envelop, given by:

f (t) = e
− 2 ln(2)

τ2
l

t2

. (4.23)

In a plane wave basis, both the fundamental and the SH fields El(x, t) and Ep(x, t),
respectively, can be expanded using the Fourier components Ẽl(ω) and Ẽp(x, ω) as
following:

El(x, t) =
1
2

ˆ ∞

−∞
Ẽl(ω)ei[k(ω)x−ωt]dω, Ẽl(ω) =

1
π

ˆ ∞

−∞
El(0, t)eiωtdt, (4.24)

Ep(x, t) =
1
2

ˆ ∞

−∞
Ẽp(x, ω)ei[k(ω)x−ωt]dω, Ẽp(x, ω) =

1
π

e−ik(ω)x
ˆ ∞

−∞
Ep(x, t)eiωtdt,

(4.25)
Here, we assume that the fundamental laser field is undepleted, and so, the Fourier

components Ẽl(ω) are considered as independent of x [120]. The spectral shape of the
SH field at the output of the SHG crystal can be approximated as [120]:

Ẽp(Lsh, ω) ≈
ikp

shgχe f f Lsh

2(np
shg)

2
ei(βl

shg−β
p
shg)(ω−2ω0)

Lsh
2 sinc

(
(βl

shg − β
p
shg)(ω− 2ω0)Lsh

2

)
G(ω)|ω>0,

(4.26)
where χe f f is the effective nonlinear susceptibility, kp

shg = kshg(2ω0), np
shg, and β

p
shg =

dkshg(ω)

dω
|2ω0 are the wave-vector, the refractive index and the inverse of the group ve-

locity, respectively, at the SH central frequency 2ω0, βl
shg =

dkshg(ω)

dω
|ω0 is the inverse of

the group velocity at the fundamental pulse central frequency ω0, in the SHG nonlinear
crystal and G(ω) depends on the fundamental laser field as:
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G(ω) = (Ẽl ∗ Ẽl)(ω) =

ˆ ∞

−∞
Ẽl(ω−ω′)Ẽl(ω

′)dω′ = − E2
0τl
√

2π

8π2
√

ln(2)
e
− ln(2)

∆ω2
l
(ω−2ω0)

2

. (4.27)

The sinc function in Equation 4.26 can be approximated by a Gaussian one as [121]:

sinc(x) ≈ e−γx2
, (4.28)

with γ = 0.193. By doing so, and taking into account the expression given by Equa-
tion 4.27, the spectral shape of the SH pulse can be written as:

Ẽp(Lsh, ω) ∝ e
−
[

γ
(βl

shg−β
p
shg)

2 L2
sh

4 + ln(2)
∆ω2

l

]
(ω−2ω0)

2

ei(βl
shg−β

p
shg)(ω−2ω0)

Lsh
2 , (4.29)

giving a FWHM spectral width of:

∆ωp =
2
√

2 ln(2)∆ωl√
4 ln(2) + γ(βl

shg − β
p
shg)

2L2
sh∆ω2

l

, (4.30)

or equivalently:

∆λp =
λ2

0
8πc

∆ωp =

√
2 ln(2)λ2

0∆λl

4
√

λ4
0 ln(2) + γπ2c2∆λ2

l (βl
shg − β

p
shg)

2L2
sh

. (4.31)
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Figure 4.7 – The spectral width of the SH pulse as a function of the SHG nonlinear crystal
length Lsh for different fundamental laser pulse durations. Here, the SHG crystal
is an MgO:PPLN and the fundamental central wavelength is λ0 = 1560 nm.

In Figure 4.7, we plot the spectral width of the SH pulse as a function of the SHG
crystal length for different laser pulse durations in the case of a Magnesium-doped Peri-
odically Poled Lithium Niobate (MgO:PPLN) crystal pumped at a fundamental central
wavelength λ0 = 1560 nm. For a short crystal, the SHG phasematching bandwidth is
large (6 nm of phasematching bandwidth for a 1 mm long MgO:PPLN crystal) and the
spectral width of the SH pulse is determined by the one of the fundamental laser pulses
(function G(ω) in Equation 4.26). For an increased length Lsh, the spectral width of the
SH pulses decreases due to the fact that in this case, the phasematching bandwidth of
the SHG decreases with respect to the one of the fundamental laser pulses, and so, only
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the spectral components of the fundamental pulse inside the acceptance window of the
SHG phasematching are converted.

4.3.2.2 SPDC crystal choice

In our case, the JSA symmetry condition for Type-II SPDC interaction, given by
Equation 4.20, must be satisfied at a telecom wavelength. In Figure 4.8, the constants
βp and (βs + βi)/2 are plotted for the Lithium Niobate (LN) and the Potassium Titanyl
Phosphate (KTP) crystals as functions of the central wavelength λ0 of the output of a
frequency degenerate SPDC process, using the Sellmeier formulas given in [122] for
the LN and in [123] for the KTP crystals.
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Figure 4.8 – c × βp (solid red line) and c × (βs + βi)/2 (blue dashed line) as functions of the
central wavelength λ0 of the down converted light via frequency degenerate SPDC
process for LN (a) and KTP (b) crystals at a temperature T = 20◦C.

As it can be seen, for the LN crystal, this symmetry condition is satisfied around
λ = 3550 nm, far from the telecom wavelength whereas it can be fulfilled at a telecom
wavelength using a KTP crystal. Therefore, this latter is more adapted for the genera-
tion of spectrally indistinguishable signal and idler photons at a telecom wavelength.

4.3.2.3 SPDC crystal length

Once SPDC crystal is chosen (KTP), its length Lspdc should now be fixed to minimize
the number of excited modes at the output of the SPDC process. Ideally, for a perfect
single-mode output state, only one spectral mode ψn(ω) is excited (ζk = 0 ∀k 6= n in
Equation 4.12) and the JSA function can be factorized, in the symmetric case, as:

f (ωs, ωi) ∝ ψn(ωs)× ψn(ωi). (4.32)

To choose the length Lspdc minimizing the excited spectral modes, we adopt the Gaus-
sian approximation given by Equation 4.28 for the phasematching function Φ(ωs, ωi):

Φ(ωs, ωi) ≈ e−γ
∆k2(ωs ,ωi)L2

spdc
4 , (4.33)

where ∆k(ωs, ωi) is given by Equation 4.19. For a Gaussian approximation of the pump
spectral envelop (see Equation 4.29), the JSA function f (ωs, ωi) can be approximated
by:
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f (ωs, ωi) ≈ e
− 2 ln(2)

∆ω2
p
(ωs+ωi−2ω0)

2−γ
[(βp−βs)(ωs−ω0)+(βp−βi)(ωi−ω0)]

2 L2
spdc

4 ei(βl
shg−β

p
shg)(ωs+ωi−2ω0)

Lsh
2 ,

(4.34)
with ∆ωp given by Equation 4.30. To obtain a factorizable JSA function, the coefficient
cs,i that couples the frequencies ωs and ωi in the expression given by Equation 4.34

must be null. This coefficient is given by:

cs,i =
4 ln(2)
∆ω2

p
+ γ

(βp − βs)(βp − βi)L2
spdc

2
. (4.35)

Imposing cs,i = 0 leads to the following condition:

Lspdc =
λ2

0
4πc∆λp

√
2 ln(2)

γ(βp − βs)(βi − βp)
, (4.36)

which gives the optimal SPDC crystal length for which the JSA function f (ωs, ωi) is
factorizable. in Figure 4.9, we plot the optimal length of the KTP crystal, Lspdc, as a
function of the spectral width of the fundamental laser pulses for different SHG crystal
lengths (MgO:PPLN).
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Figure 4.9 – The optimal length Lspdc of the SPDC crystal (KTP) to obtain a factorizable JSA func-
tion in the Gaussian approximation as a function of the spectral width ∆λl of the
fundamental laser pulses for different length Lsh of the SHG crystal (MgO:PPLN).

Changing the spectral width of the fundamental laser pulses and the length of the
SHG crystal leads to a changed spectral width of the pump pulses, and so, to obtain a
factorizable JSA function, necessary for single-mode state generation, the length of the
SPDC crystal must be adapted. For a symmetric JSA function (pump function aligned
along the −45◦ direction and phasematching function along the 45◦ direction in the fre-
quency space), this optimal length Lspdc is the one for which the spectral width of the
phasematching function matches the one of the pump function. It is important to note
that both the pump and the phasematching functions were approximated by Gaussian
functions, and in this case, the JSA function can be factorized for the optimal chosen
parameters. However, by considering the exact sinc function for the phasematching,
the JSA function cannot be factorized under any configuration (for a periodically poled
SPDC crystal), and so, a perfect single-mode state at the output of the SPDC is not
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reachable. In this case, the optimal length given by Equation 4.36 and plotted in Fig-
ure 4.9 minimize the Schmidt number K of the SPDC output state. In our case, the
spectral width of the fundamental laser pulses is around ∆λl = 2 nm (can be slightly
changed), and we obtain for a 5 mm SHG crystal (MgO:PPLN) an optimal KTP length
of Lspdc ≈ 19.3 mm. Figure 4.10 shows the JSA function f (ωs, ωi) for these parameters
(a) and the corresponding Schmidt decomposition (b).
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Figure 4.10 – JSA function (a) and the corresponding Schmidt decomposition (b) for a funda-
mental laser pulse spectral width ∆λl = 2 nm, a 5 mm SHG crystal (MgO:PPLN)
and a 19.3 mm SPDC crystal (KTP). The output central frequency is λ0 = 1560 nm.

As it can be seen, the JSA function (a) obtained with the optimal parameters is almost
circular shaped, and its Gaussian approximation is factorizable. However, due to the
side lobes of the sinc phasematching function, the real JSA cannot be factorized, but the
Schmidt number is minimized K = 1.2. It is actually possible to obtain a factorizable
JSA with a Gaussian shaped phasematching function by engineering the poling of the
SPDC crystal [124–126], which is out of the scope of this thesis.

Spectro-temporal mode matching with the LO

Another important parameter that must be taken into account is the spectro-temporal
mode matching between the fundamental laser pulses (used as LO for CV state char-
acterization via homodyne detection) and the main excited mode at the output of the
SPDC process (with the highest squeezing parameter ζk). The first ingredient to pro-
duce the CV entangled state given by Equation 4.5 is a squeezed vacuum state, and in
type-II SPDC process, this state can be obtained by applying a BS transformation to the
signal and idler photons:

Âk, B̂k −→
1√
2

(
Âk ± B̂k

)
, (4.37)

which can easily be done using a simple PBS. The mode matching c0 between the
fundamental laser and the main squeezed modes can then be expressed as:

c0 =
| ´ Ẽl(ω)ϕ∗0(ω)dω|√´ |Ẽl(ω)|2dω

´ |ϕ0(ω)|2dω
, (4.38)
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where ϕ0(ω) is the main squeezed mode, given by:

ϕ0(ω) =
1√
2
(ψ0(ω) + φ0(ω)) . (4.39)

In Figure 4.11, the optimal length Lspdc of the SPDC crystal (KTP) and the mode
matching c0 are plotted as functions of the MgO:PPLN SHG crystal length Lsh for a
fundamental laser spectral width ∆λl = 1.5 nm (solid curve) and ∆λl = 2 nm (dashed
curve).
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Figure 4.11 – The optimal length Lspdc of the KTP crystal (black) and the mode matching be-
tween the laser pulses (LO) and the main squeezed vacuum mode (red) as func-
tions of the length Lsh of the MgO:PPLN SHG crystal for ∆λl = 1.5 nm (solid) and
∆λl = 2 nm (dashed).

At a given SHG crystal length Lsh, the lower the spectral width of the fundamental
laser pulses, the better the mode matching c0. Moreover, this mode matching increases
with the decrease of the SHG crystal length. This can be interpreted as following:
for a short SHG crystal (and/or a narrowband fundamental laser pulses), the SHG
phasematching bandwidth is broader than the one of the fundamental laser, and so,
the spectral properties of the pump (SH) pulses are determined essentially by the
fundamental laser spectral width. Consequently, it is better to use a short SHG crystal
in order to:

• Increase the mode matching between the LO and the main squeezed vacuum
mode.

• Reach the length required for quasi-single-mode SPDC output state (long KTP
waveguides are not commercially available).

• Reduce the walk-off effect due to the group velocity mismatch inside the SHG
crystal and maintain a gaussian temporal envelop of the SH (pump) pulses, as
detailed in Appendix E.

As a numerical illustration, Table 4.3 gives four examples of optimal KTP crystal
length Lspdc and mode matching c0 for two values of the spectral width ∆λl of the fun-
damental laser pulses and two values of the length Lsh of the SHG crystal (MgO:PPLN).

In our case, we work with picosecond fundamental laser pulses with a tunable spec-
tral width, typically in the range between ∆λl = 1 nm and ∆λl = 2 nm. The lengths
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Lsh = 3 mm Lsh = 5 mm

∆λl = 1.5 nm
c0 = 99.46%

Lspdc = 22.9 mm
c0 = 99%

Lspdc = 24.2 mm

∆λl = 2 nm
c0 = 99.28%

Lspdc = 17.6 mm
c0 = 98.36%

Lspdc = 19.3 mm

Table 4.3 – Numerical examples of the optimal KTP crystal length Lspdc and the mode matching
c0 for different values of the spectral width of the fundamental laser pulses ∆λl and
the length of the SHG crystal Lsh.

of the SHG crystal (MgO:PPLN) and the SPDC crystal (KTP) are then chosen to be
Lsh = 3 mm and Lspdc = 20 mm, respectively.

4.4 spdc source characterization

In the previous section, we determined the different optimal experimental param-
eters allowing to produce quasi-single-mode CV and DV states in pulsed regime at a
telecom wavelength, needed for the hybrid entanglement generation using time-bin DV
encoding via the entanglement swapping operation (see section 4.2). In this section, we
present the different experimental characterisation results of the designed SPDC based
source. The experimental setup is shown in Figure 4.12.
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Figure 4.12 – Experimental setup for the SPDC-based source characterization. See text for de-
tails. UOC: ultrafast optical clock, LNHPFA: low noise high power fiber amplifier,
SHG: second harmonic generation, IF: interferential filter, L1-3: lenses, PBS1-2: po-
larization beam splitters, M1-3: mirrors, DM: dichroic mirror, SPDC: spontaneous
parametric down conversion, f-ISO: fiber isolator, PC: polarization controller, f-
PBS: fiber polarization beam splitter, OSA: optical spectrum analyser.
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4.4.1 Fundamental pulsed laser source

The fundamental laser source, is an actively-mode-locked erbium-doped fiber laser
(UOC from PriTel, Inc.) working at telecom wavelengths (1530 nm− 1565 nm) with a
repetition rate Frep = 1 GHz. Losses inside the fiber ring cavity are periodically mod-
ulated using an LN based Mach-Zehnder modulator driven at an RF frequency corre-
sponding to the working repetition rate of the source. The fundamental free spectral
range (FSR) of the fiber cavity is around 16 MHz, and so, any group of cavity modes
with a frequency separation corresponding to the working repetition rate can lase, caus-
ing an instability of the laser output. In order to avoid this, an angle-tuned etalon filter
is used to select the lasing cavity modes at the wanted repetition frequency. In addi-
tion, the fiber cavity is housed inside a temperature-controlled chamber and its length
is actively controlled in order to stabilise the lasing cavity modes. Figure 4.13 shows
the spectrum of the UOC output for a given locking configuration.
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Figure 4.13 – Output spectrum of the laser source.

We note that the spectral width of the laser output can be tuned by changing the
etalon filter inside the cavity and/or the pump current (laser diode pump at 976 nm).
In Figure 4.14, we plot the FWHM spectral width of the laser output as a function of
the pump current for a 2 nm (a) and 8 nm (b) etalon filter bandwidth.
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Figure 4.14 – The spectral width of the laser output as a function of the laser diode pump
current for a 2 nm (a) and a 8 nm (b) etalon filter bandwidth.
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As it can be seen, for a 8 nm etalon filter bandwidth, the spectral width of the laser
output can be tuned from ∆λl = 1.9 nm to ∆λl = 2.9 nm for a pump current varying
between 75 mA and 95 mA, which is useful to choose the appropriate spectral width
allowing to minimize the excited modes in the SPDC process.

4.4.2 SHG stage

The fundamental laser pulses are polarization controlled and then amplified using
a low-noise high power optical fiber amplifier (LNHPFA from PriTel, Inc.). Inside the
LNHPFA, the pulses are first pre-amplified and then amplified with a second ampli-
fication stage. A band-pass filter between the pre-amplification and the amplification
stages allows to reduce the noise at the output of the amplifier. The amplified pulses
are then focused inside the 3 mm long SHG crystal (MgO:PPLN from Covesion Ltd).
To optimize the SHG process, the focusing condition Lsh/(2ZR) ≈ 2.8 must be satis-
fied [127], where Lsh = 3 mm is the length of the SHG crystal and ZR is the Rayleigh
length of the focused beam. To do so, a single lens L1 with a focal length f1 = 11 mm
(C220TMD-C from Thorlabs) is sufficient.

At first, the temperature dependence of the SHG phasematching pumped at λ0 =

1550 nm is characterized. This phasematching curve is plotted in Figure 4.15.
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Figure 4.15 – The temperature dependence of SHG phasematching pumped at λ0 = 1550 nm.

Then, by setting the temperature at T = 98◦C (maximum of the phasematching
curve), The efficiency ηSH = PSH/Pl of the SHG is characterized, where PSH and Pl
are he mean powers of the SH and the fundamental pulses, respectively. To do so, the
pump current Ipreamp of the pre-amplification stage is set to 500 mA and the one of the
second amplification stage, Iamp, is tuned from 0.6 A to 5 A to change the power of the
fundamental laser pulses. In Figure 4.16, the SHG efficiency ηSH is plotted as a function
of the mean power of the fundamental laser pulses.

As expected, for Pl < 560 mW, the SHG efficiency ηSH is linear with respect to the
power of the fundamental laser pulses Pl . However, for higher power of the funda-
mental pulses, this efficiency is no more linear and starts to decrease for an increased
Pl . This is in fact related to a deformation of the amplified fundamental pulses spec-
trum inside the optical fibers due to self-phase-modulation effect [128] caused by high
peak powers. To optimize both the spectrum and the efficiency, we first monitor the
spectrum of the SH pulses, shown in Figure 4.17-(a), while changing the current Iamp
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Figure 4.16 – The efficiency ηSH of the SHG as a function of the power Pl of fundamental laser
pulses.

of the amplification stage for a fixed pre-amplification pump current Ipreamp = 100 mA.
As we can see, the maximum pump current allowing to maintain a non-deformed SH
spectrum is identified to be Iamp = 0.9 A (Figure 4.17-(a)-red).
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Figure 4.17 – (a): The obtained SH spectra for different amplification pump current Iamp and
a fixed pre-amplification one Ipreamp = 100 mA. (b): The obtained SH spectra
for different pre-amplification pump current Ipreamp and a fixed amplification one
Iamp = 0.9 A.

After that, the pump current of the amplification stage is fixed at Iamp = 0.9 A, and
the one of the pre-amplification stage is increased. The recorded spectra of the SH
pulses are shown in Figure 4.17-(b). Then, the pre-amplification pump current is fixed
at Ipreamp = 150 mA allowing to maximize the efficiency of the SHG while maintaining
a non-deformed spectrum of the SH pulses.

4.4.3 SPDC stage

The SPDC source is a type-II PPKTP waveguide from AdvR Inc. As detailed in sec-
tion 4.3, its length is chosen to be Lspdc = 20 mm in order to minimize the number of
excited modes, and so, produce high quality DV and CV states for hybrid entangle-
ment generation. The PPKTP chip contains five groups of six waveguides each, with
different waveguide widths. At first, all the waveguides are characterized via SHG
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process using a telecom CW tunable laser pump to determine their central conversion
wavelengths. The best identified waveguide, in terms of efficiency, is a one having a
central conversion frequency of λ0 = 1556 nm. Then, we proceed to the measurement
of the corresponding joint spectral intensity | f (ωs, ωi)|2 where f (ωs, ωi) is given in
Equation 4.9. To do so, we opt for a measurement in the stimulated regime for its
simplicity and rapidity [129, 130], the corresponding experimental setup is depicted in
Figure 4.12.

The laser is locked at λ0 = 1556 nm, and the SHG temperature is set to T = 140◦C
(maximum phasematching for λ0 = 1556 nm). After the SHG stage, the fundamental
pulses are blocked using an interferential filter (IF) and the SH beam is collimated using
the lens L2. A combination of a half wave-plate and a polarization beam splitter (PBS1)
allows to control the SH beam by sending a part of it (the reflected one by the PBS1) to
an optical spectrum analyser (OSA) to monitor the SH spectrum whereas the transmit-
ted part (horizontally polarized) is sent to the PPKTP waveguide. At the input of the
SPDC source, the SH pulses at λSH = 778 nm (pump) and a vertically polarized tunable
telecom CW beam (seed) are combined using a dichroic mirror (DM) and then coupled
to the PPKTP waveguide via a C220TMD-C lens (L3). In this case, the idler photons
are generated at the seed frequency ωseed and the spectrum of the signal photons is
given by the section of the JSI function corresponding to ωi = ωseed: | f (ωs, ωseed)|2.
The JSI function can then be reconstructed by concatenating several signal spectra by
changing the seed frequency ωseed. To do so, the output of the PPKTP waveguide is col-
lected using a micro-lensed fiber from OZ Optics (AMSTechnologies distributor) and
the pump pulses are filtered using a fiber isolator (f-ISO). The remaining seed (with
idler photons) and signal photons are separated using a polarization controller (PC)
and a fiber PBS (f-PBS) where the signal photons are sent to an OSA whereas the seed
is sent to a power-meter. The temperature of the PPKTP waveguide is stabilized at
T = 62.82◦C and 52 signal spectra are recorded for a seed going from λseed = 1553.5 nm
to λseed = 1558.6 nm. The obtained JSI is shown in Figure 4.18-(a).
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Figure 4.18 – (a) The measured JSI of the SPDC source in the stimulated regime. (b): The
corresponding Schmidt decomposition gives a Schmidt number K = 1.2.

The obtained JSI is circular shaped (almost factorizable), in agreement with the nu-
merical simulations in the previous section. Furthermore, the Schmidt decomposition,
depicted in Figure 4.18-(b), shows a highly excited fundamental mode (k = 0) which
represent 90% of the SPDC output, showing a Schmidt number of K = 1.2. This result
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is in total agreement with the simulations presented in section 4.3 and confirms the
quasi-single-mode behaviour of our source.

4.5 conclusion

In this chapter, we have presented the design and experimental characterization of
an SPDC-based source for the generation of CV and DV entangled states in the picosec-
ond pulsed regime at a telecom wavelength. These states will serve as resources for
the creation of hybrid CV-DV entanglement with time-bin encoding in the DV part,
which has been proven to be more adapted for guided-wave based implementations
in optical fiber telecommunication networks. This source has to produce states in a
well defined spectro-temporal mode for an efficient hybrid entanglement generation.
We identified the optimal parameters allowing to obtain quasi-single-mode states at a
telecom wavelength in the picosecond pulsed regime. The experimental characteriza-
tion results are in perfect agreement with the target source performances, showing a
quasi-single-mode behaviour with a Schmidt number K = 1.2.

However, as highlighted in this chapter, a perfect single-mode operation regime (K =

1) is not reachable with conventional SPDC sources with periodically poled nonlinear
crystals. This limitation leads a reduced purity of the produced CV and DV states,
and hence, affects the quality of the hybrid entangled state. We will see in the next
chapter that it is possible to produce high purity quantum states even with a multimode
resource.
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As discussed in the previous chapters, single-photon subtraction from squeezed
states is a very common way to produce key continuous-variable (CV) non-Gaussian
resources, such as Schrödinger kitten- and Fock-states [61, 75], enabling a full exploita-
tion of the CV approach in quantum information science and technologies. At the
same time, the performances of this kind of operations are strongly affected by the
properties of the protocol input state whose multimode features must be carefully mas-
tered. As highlighted in the previous chapter, most of bulk and guided-wave realisa-
tions rely on input squeezed states produced by spontaneous parametric down con-
version (SPDC), that, depending on the working conditions, can be multimode in the
frequency domain [131, 132]. To comply with this situation, single-mode engineered
SPDC sources [133] as well as mode-selective state manipulation [134, 135] have been
studied and experimentally demonstrated. Nevertheless, the specific experimental con-
ditions required for such operations remain difficult or inaccessible to many practical
situations.

In this context, the work presented in this chapter offers a general and versatile the-
oretical framework able to describe single-photon subtraction in a highly multimode
context and with no hypothesis on the nature, shape or number of involved modes [85].
Previous theoretical models have already treated the case of mode-selective photon-
subtraction schemes [134, 136], whose practical implementation demands nonlinear
optical stages [135, 137]. This work focuses, instead, on the very common experimental
situation in which single-mode or mode-selective operations are not possible or practi-
cally unavailable.
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In section 5.1, we provide the general framework describing single-photon subtrac-
tion operation in the multimode case. In the rest of the chapter, we apply the obtained
formalism to the case of Schrödinger kitten state generation. In section 5.2, we give
the explicit expression of the heralded state Wigner function, as it is measured by a ho-
modyne detection, obtained via single-photon subtraction from a multimode squeezed
vacuum state. In section 5.3 and section 5.4, different experimental configurations
for both heralding and detection stages are discussed and compared. All numerical
simulations refer to the manipulation of squeezing emitted in the C-band of classical
telecommunication, compatible with future practical applications to fiber-based quan-
tum communication networks. The chapter is finally concluded in section 5.5.

5.1 photon subtraction operation applied to multi-
mode quantum states

As highlighted in the previous chapter, and following a very common strategy, the
output of a multimode quantum optical source can be written as a tensor product of
independent single mode states, each being described by a spectral mode ψk(ω) called
supermode [131, 138, 139]. These supermodes {ψk(ω)} form an orthonormal basis
(
´

ψk(ω)ψ∗l (ω)dω = δk,l , δk,l being the Kronecker delta) and their associated bosonic
operators {Âk} are:

Âk =

ˆ
ψ∗k (ω) â(ω)dω, (5.1)

where â(ω) are the bosonic operators associated with the individual spectral compo-
nents of the source output.

The multimode state, generically indicated as |ψ〉, undergoes the typical subtraction
scheme shown in Figure 5.1; it is sent towards a subtraction beam-splitter (BS) with
reflection coefficient rs � 1. The reflected beam goes towards the heralding path,
while the transmitted one carries the heralded state. In experiments, photons in the
heralding path are sent to a bucket single-photon detector (SPD), unable to distinguish
light from different modes and whose detection signal heralds a successful photon
subtraction and the preparation of a desired non-Gaussian state [75]. At the same time,
the subtraction BS, a priori, acts in a similar way on all spectral components of |ψ〉
or, equivalently, on all supermodes {ψk(ω)}. This makes it impossible to associate
a photon detection event with a subtraction operation on a specific supermode, and
can eventually lead to mixed heralded states [121]. To comply with such a situation,
a certain mode selectivity on the heralding path is generally obtained by adding an
optical frequency filter before the photon-counting detector [75, 76, 121, 140]. The filter
action can be modelled as a BS: different scenarios can thus be considered based on the
shape of the transmission coefficient of the filter BS.

5.1.1 Perfect mode-selective single-photon subtraction

Figure 5.1-(a) represents a conceptual scheme of mode-selective photon-subtraction.
In this case, the filter is modelled as a mode-selective beam splitter, able to transmit
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(a) (b)

Figure 5.1 – Subtraction scheme applied to a multimode input state |ψ〉 in case of (a) mode-
selective and (b) non mode-selective operations. The working supermode ba-
sis for each spatial mode is explicitly indicated in both cases. A hybrid
Schrödinger/Heisenberg approach is adopted, as the operators do not evolve on
the subtracting beam-splitter, but do evolve on the filter beam-splitter. Mode b̂out
represents the spatial mode of the heralding photons downstream of the filter that
are directed toward the single-photon detector (SPD). Mode ĉout represents pho-
tons that are rejected by the filter and thus disregarded. After the photon-counting
operation, mode â carries the heralded non-Gaussian state ρ̂out.

towards the bucket single-photon detector only one given detection mode ψ//
k (ω). De-

pending on the chosen mode, it is possible to manipulate the original multimode
state in a controlled manner or even to entangle formerly independent supermodes
{ψk(ω)} [135]. In particular, in the special case in which the detection mode matches
one of the supermode envelops (i.e. ψ//

k = ψk), Schrödinger kitten or Fock states can be
heralded. As already discussed, the theory underlying mode-selective operation was
already the subject of different works [136, 137] and its treatment is beyond the scope
of this chapter. At the same time, it is pertinent to observe that original methods and
results reported in the following paragraphs can be adapted to the mode-selective case
by considering a filter BS with discrete transmission coefficient tk equal to zero for all
modes excepted for a specific ψ//

k .

5.1.2 Non-mode-selective single-photon subtraction

Experimentally, mode-selective single-photon subtractions require adapted non lin-
ear optical stages [135]. In the large majority of reported experimental works, standard
(passive) optical filters are used in the heralding path [75]. In such a non-mode-selective
operation, the filter can be modelled as a beam-splitter whose real transmission coef-
ficient t(ω) depends on the optical frequency. No a priori hypothesis on the filter
transmission profile is imposed.

In order to perform the mathematical derivation, a hybrid Schrödinger/Heisenberg
approach is adopted [141]: the bosonic operators do not evolve on the subtracting beam-
splitter, but do evolve on the filter beam-splitter in the heralding path (see Figure 5.1).
Such a strategy allows introducing a global evolution operator, Û , that can be used
to describe the state obtained when both the subtraction and filter beam-splitter are
explicitly considered:
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Û = eθ
´
(â†(ω)b̂(ω)−â(ω)b̂†(ω))dω ≈ 1̂ + θ

ˆ (
â†(ω)b̂(ω)− â(ω)b̂†(ω)

)
dω, (5.2)

where sin θ/2 = rs � 1 gives the reflection coefficient of the subtraction BS. Spatial
modes are named as indicated in Figure 5.1. The operator Û correctly encompasses all
the spectral components of the field. In the previous expression, each operator b̂(ω)

undergoes the transformation due to the filtering stage and can be rewritten in terms
of the bosonic operators b̂out(ω) and ĉout(ω) that describe the fields transmitted and
reflected by the filter BS, respectively:

b̂(ω) = t(ω)b̂out(ω) + r(ω)ĉout(ω), (5.3)

with t(ω)2 + r(ω)2 = 1. Equation 5.2 can thus be written as:

Û ≈ 1̂ + θ

ˆ
dω
(

â†(ω)t(ω)b̂out(ω) + â†(ω)r(ω)ĉout(ω)

− â(ω)t∗(ω)b̂†
out(ω)− â(ω)r∗(ω)ĉ†

out(ω)
)

. (5.4)

To highlight the multimode features, Û can be conveniently expressed in terms of
bosonic operators associated with the supermodes {ψk(ω)} by inverting Equation 5.1
and by defining, by analogy with Âk, operators B̂out,k and Ĉout,k associated with the
spatial modes downstream of the filter BS:

â(ω) = ∑
k

ψk(ω)Âk, (5.5a)

b̂out(ω) = ∑
k

ψk(ω)B̂out,k, (5.5b)

ĉout(ω) = ∑
k

ψk(ω)Ĉout,k. (5.5c)

Transformation (5.5) leads to the appearance in Equation 5.4 of terms of the kind:

â†(ω)t(ω)b̂out(ω) = ∑
k,k′

ψ∗k (ω)Â†
k t(ω)ψk′(ω)B̂out,k′ , (5.6)

and analogous. However, filtered supermode functions {t(ω)ψk(ω)} are no longer
appropriate to define optical modes as they are not orthogonal to each other or to
the original {ψk(ω)} [121]. This reflects the fact that the contributions of the original
input supermodes are mixed together by the mode-insensitive filter. It is thus a priori
impossible to factorise the action filter BS into that of multiple BS acting each on only
a given supermode ψk(ω).
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5.1.3 Supermode decomposition

Products involving the filter transmission and the supermodes functions can ade-
quately be decomposed in a suitable orthonormal basis {ψ//

k (ω)} whose support corre-
sponds to spectral regions for which t(ω) > 0 [121]. Thanks to such new modes, it is
possible to express the detection of single photons downstream of the filter. However, in
principle, the set of {ψ//

k (ω)} is sufficient only to describe the state of systems that actu-
ally passed through the filter; as-a-matter-of-fact, in a conditional preparation scheme,
this restricts the use of such functions to the sole description of the heralding photon
detection. To overcome this limitation, in this work, the set {ψ//

k (ω)} is completed with
a set of orthonormal functions {ψ⊥k (ω)}. Functions {ψ//

k (ω), ψ⊥k (ω)} are orthogonal
to each other and have disjoint supports. Their properties are detailed in Appendix F.
The complete orthonormal basis {ψ//

k (ω), ψ⊥k (ω)} can now be used to decompose all
spectral modes involved in the non-Gaussian manipulation scheme, including those of
the subsystem carrying the heralded state. In particular, the supermode functions can
be written as:

ψk(ω) = ∑
n

pknψ//
n (ω) + qknψ⊥n (ω), (5.7)

where:

pkn =

ˆ
ψk(ω)

(
ψ//

n (ω)
)∗

dω, qkn =

ˆ
ψk(ω)

(
ψ⊥n (ω)

)∗
dω. (5.8)

The specific shape of {ψ//
k (ω), ψ⊥k (ω)} depends on that of the input supermodes and

on the filter profile t(ω). In the case of continuous functions t(ω) with continuous
derivatives, such as in the case of Lorentzian-shaped or Gaussian filter profiles, as
demonstrated in the Appendix F, the sets of {ψ//

n (ω)} can be in principle sufficient
to obtain a complete basis (see Equation F.3b and Equation F.9). In all cases in which
t(ω) = 0 in one or more spectral regions, both {ψ//

n (ω)} and {ψ⊥n (ω)} are non-null
and must be taken into account to obtain a complete basis. This concept is illustrated
in Figure 5.2 where the first {ψ//

n (ω)} and {ψ⊥n (ω)} are represented for the case of a
Gaussian and of a rectangular filter.

Equation 5.7 can be used to rewrite the bosonic operators associated with the initial
system supermodes in terms of those associated with the filter supermodes ψ//

n (ω) and
ψ⊥n (ω). More explicitly:

Âk = ∑
n

p∗knÂ//
n + q∗knÂ⊥n ⇐⇒

Â//
n = ∑k pkn Âk

Â⊥n = ∑k qkn Âk.
(5.9)

Expressions in terms of the coefficients pkn and qkn and identical to Equation 5.9 can
be obtained for operators B̂out(ω) and Ĉout(ω), leading to operators B̂//

out,n, B̂⊥out,n, Ĉ//
out,n

and Ĉ⊥out,n, respectively.
By exploiting the properties given by Equation F.9 and Equation F.10 of functions
{ψ//

n (ω), ψ⊥n (ω)}, the evolution operator can now be written as:
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Figure 5.2 – (a): Examples of the first three {ψ//
n (ω)} in the case of a filter with a Gaussian

transmission coefficient t(ω) centred around 1560 nm and with FWHM of 5 nm
(≈ 600 GHz). (b) Examples of the first three {ψ//

n (ω)} and (c) {ψ⊥n (ω)}, in the case
of a filter with a rectangular profile centred around 1560 nm with a FWHM of 5 nm.
For the rectangular filter, the coefficient t(ω) goes exactly to zero outside the 5 nm
transmission bandwidth. The input state supermodes are assumed to be Hermite-
Gaussian polynomials. For both filters, ψ//

0 (ω) is given by t(ω)ψ0(ω)√´ |t(ω)ψ0(ω)|2dω
with

a Gaussian ψ0(ω) function. {ψ//
n>0(ω), ψ⊥n (ω)} are constructed by Gram-Schmidt

process [4].

Û ≈ 1̂ + θ ∑
kl

[
TlkB̂//

out,l

(
Â//

k

)†
− T∗lk

(
B̂//

out,l

)†
Â//

k

]
+ θ ∑

kl

[
RlkĈ//

out,l

(
Â//

k

)†
− R∗lk

(
Ĉ//

out,l

)†
Â//

k

]
+ θ ∑

k

[
Ĉ⊥out,k

(
Â⊥k
)†
−
(
Ĉ⊥out,k

)†
Â⊥k
]

, (5.10)

with:

Tlk =

ˆ (
ψ//

k (ω)
)∗

t(ω)ψ//
l (ω)dω, Rlk =

ˆ (
ψ//

k (ω)
)∗

r(ω)ψ//
l (ω)dω. (5.11)

The explicit shape of Tlk, Rlk depends on chosen experimental conditions via t(ω) and
ψ//

l (ω). In Equation 5.10, operators Ĉout are associated with the spectral components
reflected by the filter and will be eventually traced out; accordingly, the most relevant

contribution is given by the term TlkB̂//
out,l

(
Â//

k

)†
and its hermitian conjugate.

As shown by the explicit expression of Û , the introduction of the filter BS defines a
new basis of modes and associated bosonic operators that permit to describe the whole
subtraction process, although, in general, they do not necessarily match the original
{ψk(ω)} and corresponding {Âk}. Due to such a mismatch, any operation performed
in a single detection mode ψ//

k (ω) can have an impact distributed on all original su-
permodes {ψk(ω)} and can even entangle them. This very general result has been
experimentally demonstrated in Ref. [135] for the mode-selective case. In the special
case of non-mode-selective operation, expressing Û in terms of the parallel modes (as
shown in Equation 5.10) shows that a photon-counting operation on a single ψ//

k (ω)
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also affects in a coherent way all parallel modes of the heralded state and entangle
them too. In the language of single-photon subtraction, measuring a photon-counting
event on a single ψ//

k (ω) would correspond to herald the delocalised subtraction of a
single-photon on a set of {ψ//

k }. It is important to note that since standard photon-
counting detectors do not discriminate among signals coming from different ψ//

k (ω), a
photon-counting event downstream of the filter eventually leads to a mixed state as it
will be discussed in the next subsection.

5.1.4 Heralded single-photon subtracted state

The above formalism allows explicitly describing the action of the operator Û on any
generic protocol input |ψ〉 at the port a of the subtraction beam-splitter. The results
obtained in this section refer to the case of a pure input state ρ̂in = |ψ〉〈ψ|; however, the
entire treatment can be easily extended to a mixed input. The states at the input port
b of the subtraction beam-splitter and at the input c of the filter BS are assumed to be
the vacuum states |0〉. The mode entering the subtraction beam-splitter will thus be
indicated as ρ̂ = ρ̂in ⊗ |0〉〈0|.

The state after the filter BS but right before the heralding detection stage can be
written as Û ρ̂ Û †, with Û given by Equation 5.10. As discussed, in general, the photon-
counting detector on the heralding path is a bucket one unable to distinguish signals
that originate from different parallel modes {ψ//

k (ω)}. Accordingly, the overall her-
alded state is given by the mixture:

ρ̂out =
1
P

TrB̂//
out,Ĉout

[Π̂B̂//
out
Û ρ̂ Û †], (5.12)

where P = Tr[Π̂B̂//
out
Û ρ̂ Û †] is the protocol success probability. TrB̂//

out ,Ĉout
is a partial

trace over all detection modes {ψ//
n (ω)} of b̂out and the modes rejected by the spectral

filter {ψ//
n (ω), ψ⊥n (ω)} of ĉout. Both ρ̂out and P depend on the chosen heralding detector

and measurement result via the detector POVM Π̂B̂//
out

that accounts, in principle, for
limited detection efficiency, photon counting ability, time resolving ability [50]. Here,
the operator Π̂B̂//

out
reads as:

Π̂B̂//
out

= ∑
n
|1〉〈1|B̂//

out,n
, (5.13)

and is given by the superposition of projectors |1〉〈1|B̂//
out,n

, each describing the detection

of a single photon in a specific mode ψ//
n (ω). Without any loss of generality, the bucket

detector on the heralding path is assumed here to be able to perfectly project its input
on a single-photon state. The impact of poor or no photon number resolving ability on
heralded state preparation is discussed in subsection 2.2.1 of chapter 2, section 3.1 of
chapter 3 and in Ref. [142].

By making use of the explicit expression of Û reported in Equation 5.10 as well as of
Equation 5.9, it is easy to obtain the exact expression of the density matrix ρ̂out in terms
of the bosonic operators associated with the input supermodes:
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ρ̂out =
θ2

P ∑
n,k

γk,n Âk ρ̂in Â†
n, (5.14)

where P can be expressed as:

P = θ2 ∑
n

γn,nTr[Ânρ̂in Â†
n]. (5.15)

The coefficients γk,n can be written in a compact form as functions of the filter BS
transmission:

γk,n =

ˆ
|t(ω)|2ψk(ω)ψ∗n(ω)dω. (5.16)

Equation 5.14 describes in a very simple and general form the mixed state heralded
by a single-photon subtraction from the initial input state ρ̂ in all cases where no mode-
selective operation is possible on the heralding path. This corresponds to the extremely
common experimental situation in which passive, linear filters are employed on the
heralding path [75, 76, 121, 140]. The special case of mode-selective single-photon
subtraction in a given supermode ψn̄(ω) corresponds to γk,n = δk,n̄δn,n̄ in Equation 5.14

and correctly leads to a pure output state ρ̂out =
θ2

P
Ân̄ ρ̂in Â†

n̄ [136].

5.2 case study : heralded schrödinger kitten state

production

The formalism established in the previous section describes in a general way the
heralded state when single-photon subtraction is performed in a non-mode-selective
way on an arbitrary input state ρ̂. In this section and the rest of the chapter, we focus
on the interesting case study of the heralded preparation of Schrödinger kitten states.
As mentioned in chapter 2 and experimentally implemented in chapter 3, the typical
heralded state generation and detection scheme is represented in Figure 5.3 in the
multimode case.

As highlighted in chapter 4, depending on the SPDC working condition, a multi-
partite squeezed state ρ̂in is produced. An optical passive filter of FWHM ∆λF is set
before the SPD on the heralding path of the scheme to implement a non-mode-selective
single-photon subtraction. The SPD signal is used to herald the production of the non-
Gaussian state ρ̂out as well as to trigger the homodyne detection (HD). The measured
state, represented by its Wigner function WH(x, y), strongly depends on the spectral
profile αLO(ω) of the homodyne local oscillator (LO). Ideally, the protocol for generat-
ing small size Schrödinger cat states relies on photon subtraction from a single-mode
squeezed vacuum state ρ̂in = |ζ〉〈ζ| in a well defined supermode ψk(ω) and exhibiting
a low squeezing level [75]. The corresponding state Wigner function is given by:
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𝑊𝐻(𝑥, 𝑝)

Figure 5.3 – Heralded preparation and detection of Schrödinger kitten states via single-photon
subtraction from a multimode squeezed vacuum state.

WT(x, p) =
e
− x2

2σ2
0 /s
− p2

2sσ2
0

2πσ2
0

[
s

σ2
0

x2 +
1

sσ2
0

p2 − 1
]

, (5.17)

where s = e−2ζ is the squeezing factor and µ depends on the squeezing parameter ζ as
µ = tanh ζ. In many experimental situations, squeezed vacuum states are obtained by
means of spontaneous parametric down conversion of an optical pump in a non linear
optical crystal. However, as mentioned in the previous chapter, SPDC sources demand
to be engineered according to specific characteristics to produce single-mode squeez-
ing, that cannot be obtained for all wavelengths and non linear materials [133]. In
general, the SPDC process can induce frequency/time correlations among optical com-
ponents thus leading to a multimode behaviour [121]. In this situation, the squeezed
states produced by the SPDC process is rather described by ρ̂in = ⊗kρ̂sq,k, i.e. by the
product of independent pure single-mode squeezed vacuum states each in a different
supermode ψk(ω). The explicit shape of the supermodes depends on the spectral pro-
file of the SPDC pump beam and phase matching condition; by assuming a pump
beam with a Gaussian spectrum, in the weak squeezing regime, {ψk(ω)} are given
by Hermite-Gaussian functions and have the same global phase factor (leading to real
γk,n) [131]. The squeezing parameter ζk of individual ρ̂sq,k decreases as the supermode
index k increases. The effective number of excited modes can be quantified in terms
of the Schmidt number given by Equation 4.16, equal to 1 in the single-mode case and
increasing with the number of excited supermodes. In experiments, it depends on
the SPDC pump spectral width as well as on the nonlinear medium opto-geometrical
properties at the chosen working wavelengths (see section 4.3).
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5.2.1 Wigner function of the heralded state in the multimode case

As widely discussed in the literature [75, 135], the homodyne detector acts as a logic
AND gate, in which the properties of the LO select the mode that will be actually
measured. In particular, by expressing the amplitude of the LO beam as αLO(ω) =

∑k ckψk(ω), it is simple to prove that the homodyne detection measures the observable:

X̂H(ϕ) =
∞

∑
k=0

ckX̂k(ϕ), (5.18)

where ϕ is the LO phase and ∑k c2
k = 1. The observable X̂k(ϕ) = σ0

(
e−iϕ Âk + eiϕ Â†

k

)
is the quadrature associated with the supermode ψk(ω). Amplitude and phase quadra-
tures, X̂ and P̂, correspond to ϕ = 0, π/2, respectively. Depending on the chosen
spectral profile of the LO αLO(ω), it is thus possible to observe the quadratures of a
given supermode or a combination of them. This possibility is extremely relevant when
it comes to choosing how to measure the multimode features or to optimise the detec-
tion of a chosen mode. By exploiting Equation 5.14 and Equation 5.18, the single-mode
Wigner function of the state detected by the homodyne detector can be written as:

WH(x, p) =
θ2

4π2σ2
0 P ∑

k,n
γk,n

ˆ
e

i
[

yp
σ2

0
−(x−y−ct·x)z

]
〈x|Âk ρ̂in Â†

n|x+ 2yc〉dxdzdy, (5.19)

where ct = (c0, ..., ck, ...) and |x〉 = |x0, ..., xk, ...〉. The previous expression is obtained
by tracing out all modes orthogonal to the one defined by the homodyne via the LO
profile [132] as expressed by Equation 5.18. Taking into account the expressions of
the squeezed vacuum state (Equation 1.82) and the wave-function of Fock states (Equa-
tion 1.86), and thanks to the following expression [143]:

∑
m=0

νm

m!
H2m+k(x) = (1 + 4ν)−k/2−1/2e(4νx2)/(1+4ν)Hk

(
x√

1 + 4ν

)
, (5.20)

the wave-functions of the squeezed vacuum and single-photon subtracted squeezed
vacuum in each supermode ψk(ω) can be written as:

〈xk|ζk〉 =
(1− µ2

k)
1/4√

σ0
√

2π(1 + µk)
e
− 1−µk

4σ2
0 (1+µk)

x2
k , (5.21)

〈xk|Âk|ζk〉 =
µk(1− µ2

k)
1/4e−x2

k /4σ2
0√

2σ0
√

2π

1
1 + µk

e
µk

1+µk

x2
k

2σ2
0

2xk

σ0
√

2 + 2µk
. (5.22)

By inserting these two expressions in Equation 5.19, the Wigner function of the her-
alded state (obtained after single-photon subtraction from the output of a multimode
SPDC process) as measured by the homodyne detector can be expressed in terms of
the mean photon number of squeezed states, nk = sinh2(ζk), and of µk = tanh ζk, as:
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WH(x, p) =
e
−
(

x2

2σ2
x
+ p2

2σ2
p

)
2πσxσpP/θ2

[
∑

k
γk,knk +

σ2
0

σ2
x

(
x2

σ2
x
− 1
)

∑
k,n

γk,n
µkµnckcn

(1− µk)(1− µn)

+
σ2

0
σ2

p

(
p2

σ2
p
− 1

)
∑
k,n

γk,n
µkµnckcn

(1 + µk)(1 + µn)

]
, (5.23)

with

σ2
x = σ2

0 ∑
n

c2
n

1 + µn

1− µn
and σ2

p = σ2
0 ∑

n
c2

n
1− µn

1 + µn
. (5.24)

Thanks to Equation 5.23, it is possible to explicitly evaluate the impact on the mea-
sured state of both the filter profile, via the {γk,n}, and of the chosen LO shape via the
{cn}. The multimode features of the protocol input state are taken into account via nk
and µk.

5.3 multimode-induced heralded state impurity

The case of heralded states obtained when no filter is used on the heralding path
provides a good intuition of the relevance of the filtering stage applied in the protocol.
The absence of filter is described by t(ω) = 1 for all ω, i.e., according to Equation 5.16,
by γk,n = δk,n. Trivially, in this case, parallel modes {ψ//

k (ω)} exactly correspond to
{ψk(ω)} (see Equation F.1). As indicated by Equation 5.14, the protocol output state
is a perfect mixture of photon subtracted states of the kind Ânρ̂in Â†

n. Correspondingly,
the Wigner function of the detected state can be expressed as:

WH,NF(x, p) = ∑
k

pk

[
c2

kW(1)
k (x, p) + (1− c2

k)WSV(x, p)
]

, (5.25)

with pk =
nk

∑l nl
the probability of subtracting a photon from the mode k. The first term

of the previous expression represents the Wigner function of a single-photon subtracted
squeezed state in supermode ψk(ω) as seen by the HD:

W(1)
k (x, p) =

e
−
(

x2

2σ2
x
+ p2

2σ2
y

)
2πσxσp

[
σ2

0 (1 + µk)

σ2
x(1− µk)

(
x2

σ2
x
− 1
)
+

σ2
0 (1− µk)

σ2
p(1 + µk)

(
p2

σ2
p
− 1

)
+ 1

]
. (5.26)

This state correctly corresponds to the target state of Equation 5.17 when the homo-
dyne LO is in the supermode ψk(ω). In general cases, the effect of imperfect mode
matching with the LO is included in σx and σp.

The other term corresponds to squeezed vacuum contributions as detected by the
homodyne detector.

WSV(x, p) =
e
−
(

x2

2σ2
x
+ p2

2σ2
p

)
2πσxσy

. (5.27)
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Equation 5.25 expresses the fact that, in absence of filter, photon-counting events
cannot be associated to a specific supermode (nor to any subset of them); as a conse-
quence, the state measured by the HD only occasionally corresponds to the desired
non-Gaussian one. A physical intuition of this idea is provided by the case of a LO in
a specific supermode αLO(ω) = ψn(ω), i.e. c2

k = δk,n. In this condition:

WH,NF(x, p)|c2
n=1 = pnW(1)

n (x, p) + ∑
k 6=n

pkWSV(x, p). (5.28)

The measured heralded state is equal to W(1)
n (x, p) only with a probability pn, corre-

sponding to the probability of subtracting a photon in the LO mode ψn(ω). All remain-
ing cases lead to the detection of squeezed vacuum with a probability ∑k 6=n pk = 1− pn.

5.3.1 Quantification of the heralded state non-classicality

State non-classicality can be evaluated using several metrics. For a pure state, non-
Gaussianity implies a Wigner function that is negative in a given region in phase
space [42]. However, mixed states with non-Gaussian features can still exhibit a posi-
tive Wigner function. In these conditions, specific criteria can be adopted to quantify
the non-Gaussianity of a quantum state [144]. At the same time, to discuss optimally
accessible features of heralded states, it is pertinent to focus on the Wigner function
negativity, as it represents a stricter metric [145]. Note that, in what concerns all results
that will be presented in the rest of this chapter, the Wigner function negativity and its
non-Gaussianity share the same qualitative behaviour. The negativity is defined as the
volume of the negative part of the Wigner function [82] and it can be expressed as:

Ng =
1
2

[ˆ ˆ
|WH(x, p)|dxdp− 1

]
. (5.29)

The negativity for the ideal case of a single-photon subtraction on a single-mode
squeezed vacuum state is computed to be Ng = 2e−1/2 − 1 ≈ 0.213 (for σ2

0 = 1/2).
Figure 5.4-(a) shows Ng for the detected heralded state as a function of the local

oscillator spectral width and of the Schmidt number K.
To comply with many experimental cases, in which the LO beam is directly provided

by the output of a pulsed laser, the LO profile, αLO(ω), is assumed to be Gaussian with
FWHM of ∆λLO. As shown by the figure, optimal Ng values are obtained for low
K ≈ 1 and when the Gaussian LO profile αLO(ω) is chosen so as to match exactly the
first SPDC supermode, i.e. αLO(ω) = ψ0(ω) and c2

0 = 1. This case is represented in
the figure by the white dotted line. When the number of supermodes at the SPDC
output increases (K > 1), Ng rapidly degrades. This behaviour can be understood by
observing Figure 5.4-(b), that represents the probability pn of subtracting a photon in
the supermode n; as it can be seen, the probability p0 is generally higher than pn>0

and the single-photon subtraction mostly takes place on the first supermode (n =

0). Accordingly, choosing the LO profile identical to the first supermode (αLO(ω) =

ψ0(ω)) corresponds to optimising, in Equation 5.28, the detection of the non-Gaussian
state W(1)

n (x, p) that shows a negative Wigner function. Note that, to measure high
negativities, contributions with pn>0, that lead in Equation 5.28 to the detection of
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Figure 5.4 – Properties of the measured heralded state WH,NF(x, p) in the absence of filter on the
heralding path. (a): Wigner function negativity Ng of WH,NF(x, p) as a function of
the local oscillator spectral width and the multimode character of the SPDC source
providing the input state ρ̂in via K; the LO spectrum is assumed to be Gaussian
with a FWHM ∆λLO. The white dotted curve indicates the case of a local oscillator
perfectly matched with the first SPDC supermode (i.e. c2

0 = 1). (b): Probability pn
of detecting an heralding photon from the supermode ψn(ω) for different SPDC
working condition. Probabilities pn are directly proportional to the excitation of
the squeezed supermodes {ψn(ω)}. In all the simulations, the bandwidth of the
SPDC pump beam is set to 0.5 nm. K depends on the SPDC pump spectral width
as well as on the the nonlinear medium opto-geometrical parameters at the chosen
working wavelength [118].

squeezed vacuum, should be minimised. This condition is easily respected when K ≈ 1.
However, as soon as the Schmidt number increases, the distribution of pn becomes
flatter, thus explaining why, for high K values, Ng progressively decreases along the
white dotted line.

5.4 heralded state with spectrally filtered herald-
ing photons

In experiments, the use of narrowband filters on the heralding path represents a
widely reported strategy to improve the quality of single-photon subtracted states [75].
At the same time, to our knowledge, no theoretical and quantitative description of
the filter impact has been provided so far. The formalism that has been introduced
in this chapter can be conveniently used to illustrate the limits and the advantages
of different filter strategies. As discussed in section 5.1, the previous sections, the ac-
tual spectral profile of the function t(ω) determines the shape of the filter supermodes
{ψ//

k (ω), ψ⊥k (ω)} and, via Equation 5.16, the explicit shape of the coefficients γk,n to be
included in WH(x, p) of Equation 5.23. Accordingly, different filter profiles and FWHM
can have a strong effect on the heralded states as well as on the LO profile that must
be chosen to optimise the detection of non-Gaussian features. From the experimental
side, different filter spectral profiles can be chosen depending on the specific situation.
Plug-and-play filters with a rectangular profile, transmitting light only within a cer-
tain bandwidth are widely used in guided-wave experiments, where broadband SPDC
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emission is generated in single-pass configuration in nonlinear waveguides [91, 133].
This scenario covers dense wavelength multiplexers (DWM) and Bragg filters and it is
quite common when quantum optical states are produced at classical telecommunica-
tion wavelengths so as to be compatible with low loss fiber networks. Alternatively,
filters with t(ω) described by continuous and strictly non-null functions, such as Gaus-
sian or Lorentzian, can be used. This is the case, for instance, of bulk configurations
in which DWM or Bragg filters with desired characteristics in terms of transmission
or spectral width are not available and optical cavities are instead employed on the
heralding path [76]. In the following, the cases of a rectangular filter and of a Gaussian-
shaped t(ω) will be considered and compared. The explicit expressions of γk,n for
these cases are reported in section F.3. As for the previous section, a Gaussian LO
profile αLO(ω) will be considered.

Figure 5.5 gives the Wigner function negativity for the detected heralded state in the
case of a rectangular spectral filter in the heralding path.

(a) (b)

Figure 5.5 – Negativities Ng of the measured heralded Wigner function WH(x, p) in the case of a
rectangular filter on the heralding path expressed as functions of the local oscillator
spectral width and Schmidt number K. Two filter bandwidths are considered: (a)
5 nm (≈ 600 GHz) FWHM and (b) 1 nm (≈ 100 GHz) FWHM. In both plots, the
dotted curve indicates the case of a local oscillator perfectly matching the first
SPDC supermode (i.e. c2

0 = 1).

The first {ψ//
n (ω)} and {ψ⊥n (ω)} for this kind of t(ω) are reported in Figure 5.2 for

the case of a filter FWHM of 5 nm. Two different filter bandwidths are considered
(5 nm and 1 nm). As a general consideration, for both FWHMs, Ng decreases when the
number of excited supermodes increases (K > 1). In the case of a wide filter (Figure 5.5-
(a)), the degradation is quite fast, with a behaviour similar to the one discussed for the
case of no filter in the previous section. The optimal LO is still very close to the
case of αLO(ω) = ψ0(ω), matching the first SPDC supermode (i.e. c2

0 = 1, see the
white dotted curve). The situation dramatically changes when the width of the filter
is reduced (Figure 5.5-(b)). In this case, the protocol performances are much robuster
against the multimode character of the SPDC source and high negativity values can
be obtained also for higher K > 1, provided the FWHM ∆λLO for the Gaussian LO is
suitably chosen. Remarkably, the optimal αLO(ω) profile does not match any of the
supermodes {ψk(ω)}, nor any of the filter-defined functions {ψ//

n (ω)} and {ψ⊥n (ω)}
(see Figure 5.2). Its FWHM ∆λLO can be easily computed numerically. The possibility
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of using a Gaussian LO in combination with a narrowband filter confirms qualitative
experimental observations [28, 29, 146] and opens the way to simple realisations, free
from spectral shaping stages on the local oscillator path and mode-selective single-
photon subtraction.

A same qualitative behaviour can also be found in the case of a Gaussian t(ω) in-
stead of a rectangular one. In this case, only the {ψ//

n (ω)} are non-null. Their profile,
similar but not exactly matching the one of the original supermodes, is represented
in Figure 5.2-(a). As for the rectangular filter, reducing the FWHM of the Gaussian
t(ω) has the effect of making the protocol robuster against higher K and makes it easy
to identify an optimal LO bandwidth ∆λLO. A comparison among the different filter
shapes is shown in Figure 5.6 in the case of an SPDC pump with spectral width of
0.5 nm.
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Figure 5.6 – (a): Negativity of the Wigner function as a function of the FWHM of the LO spectral
amplitude α(ω) in the case where K = 1.77. (b): Negativity of the Wigner function
as a function of the Schmidt number K when imposing an optimal ∆λLO. For both
figures, the SPDC pump has a spectral width of 0.5 nm. Curves refer to a single-
photon subtraction scheme. Dashed (black): without spectral filter in the heralding
path; solid (red): with 5 nm (≈ 600 GHz) rectangular spectral filter in the heralding
path; points (red): with 5 nm (≈ 600 GHz) Gaussian spectral filter in the heralding
path; dotted (green): with 1 nm (≈ 100 GHz) spectral filter in the heralding path
(the Gaussian and rectangular shapes are equivalent in this case).

Figure 5.6-(a) represents the negativity of the Wigner function in the case of no spec-
tral filtering in the heralding path (dashed black), as well as of 5 nm (solid and dotted
red) and 1 nm (dotted green) filter bandwidths for K = 1.77. The solid red curve
represents rectangular spectral filters whereas the dotted red one represents Gaussian
spectral filters. As expected, the narrowband spectral filters improve the negativity of
the homodyne detected state. Also, the optimal LO bandwidth is slightly shifted to
lower values when the filter FWHM decreases. The narrower is the filter, the smaller is
the difference between the behaviour obtained with a rectangular or a Gaussian filter
profiles (dotted green matches solid green curve). As shown in Figure 5.6-(b), similar
results can be found for different values of K > 1, where optimal measured negativities
(i.e. corresponding to the optimal LO profiles) are reported as a function of K and for
different filter bandwidths.
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5.4.1 Application to a practical experimental situation

Discussed results provide a powerful tool to model single-photon subtraction in a
multimode context and to optimise experimental conditions for the generation and de-
tection of high quality non-Gaussian states. As for an example, in what follows, the
developed treatment is applied to the practical situation of Schrödinger kitten states
obtained from single-photon subtraction from squeezed light emitted by a realistic
source. A particularly interesting case is that of a SPDC process occurring in integrated
photonic circuits on Lithium Niobate (LN), where on-chip generation and active ma-
nipulation of optical quantum states at telecom wavelengths can be provided by the
association of the nonlinear material optical and electro-optical properties [91, 92]. At
the same time, as highlighted in the previous chapter, LN dispersion properties prevent
from working in single-mode conditions in pulsed regime and generated squeezed light
can exhibit a high number of modes (K > 1). Figure 5.7 considers a typical case of mul-
timode light generated around 1560 nm via type-0 SPDC in a 10 mm long LN crystal
pumped by a pulsed beam at 780 nm with a spectral width of 0.5 nm.
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Figure 5.7 – (a): Negativity of the Wigner function as function of the LO spectral width, for
K ≈ 9 as for frequency degenerate SPDC around 1560 nm, pumped with optical
pulses at 780 nm with a width of 0.5 nm. The SPDC crystal is taken to be 10 mm
long. Curves refer to a single-photon subtraction scheme. Solid (red): with 5 nm
rectangular spectral filter in the heralding path; dotted (red): with 5 nm Gaussian
spectral filter in the heralding path; dashed (green) with 1 nm spectral filter in the
heralding path (the Gaussian and rectangular shapes are equivalent in this case).
(b): Optimal ∆λLO (solid black line) and ∆λF (dashed red line) required to ensure,
for a given K, a fidelity with the target state of 95%.

In such conditions, the Schmidt number can be calculated to be K ≈ 9 [131]. Fig-
ure 5.7-(a) shows the obtained Ng for different filtering and LO choices. As it can be
seen, for a filter of 1 nm, almost optimal Ng values can be reached for experimentally
accessible Gaussian LO profiles with ∆λLO ≈ 2 nm. This corresponds to optical pulses
in picosecond regime, that can be easily employed in guided-wave configurations, with
the possibility of limiting parasitic nonlinear optical effects and chromatic dispersion
in optical fibres. For a subtraction BS reflectivity r2

s ≈ 0.05, the corresponding protocol
success probability, P, is on the order of 0.01, in agreement with typical values reported
in the literature [28, 29, 75, 146]. Higher probabilities can in principle be obtained with
wider filters at the price of a reduced Ng. The protocol heralding rate is measured
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in Hz and it is the product of P with the experiment clock, i.e. the pulse repetition
rate (PRR) of the laser pumping the SPDC stage used to generate the squeezing. Its
value corresponds to the count rate at the output of the DV heralding detector that
triggers the homodyne measurement. For a fixed P, the ultimate limit to the protocol
heralding rate is given by the bandwidth of the slower between the DV and CV detector.
From one side the PRR must be chosen so as to guarantee a DV detection rate below
the photon counter saturation level. From the other, even if this condition is satisfied,
the heralding rate must also be kept below the homodyne electronic bandwidth, so as
to avoid triggering the acquisition at a speed non-compatible with the detector time
resolution [147]. Commercial single-photon detectors can safely work with count rate
below 10 MHz, corresponding, in the case of P ≈ 0.01, to a maximum PPR of ≈ 1 GHz.
These values are fully compatible with commercial homodyne systems that have typ-
ical bandwidths of the order of 100 MHz. Ultrafast heralding rates above 100 MHz
(with PRR higher that 10 GHz) could be obtained by multiplexing the DV detectors
and employing research-grade homodyne with bandwidth in the GHz regime [147].

Eventually, note that results observed with Ng are confirmed by the fidelity between
the measured heralded state and the target one of Equation 5.17 (see section F.2 for the
explicit calculation):

F = 4πσ2
0

ˆ ˆ
WH(x, p)WT(x, p)dxdp. (5.30)

In the simulations, the squeezing parameter of the target state is assumed to be
equal to ζ0, i.e. to the squeezing of the first spectral supermode (k = 0) and set to
give −3 dB of noise reduction with respect to the standard quantum level; such a value
is commonly used in Schrödinger kitten generation [75]. Figure 5.7-(b) shows, for
different K, the LO bandwidth and the filter FWHM required to obtain a fidelity with
the target state of 95%. As it can be seen for K = 9, this leads to a filter FWHM of
≈ 1.15 nm and to a ∆λLO ≈ 2.15 nm.

5.5 conclusion

We presented in this chapter a versatile and practical theoretical framework allowing
to describe single-photon subtraction in the case where no mode-selective operation is
available and a simple spectral filter is considered on the heralding path of the scheme.
Such configuration considerably simplifies the experimental setups, making them eas-
ier to be implemented. The explicit shape of the heralded state, as measured by a
homodyne detector, is provided as a function of the multimode character of the pro-
tocol input state, of the spectral profile of the filter and of the local oscillator shape.
Based on the desired target features, this allows choosing adequate working condi-
tions for future practical realisations, thus representing a powerful tool for optimally
designing future experiments. The strength of the model is illustrated by applying it
to the generation of Schrödinger kittens, obtained from single-photon subtraction from
a multimode squeezed state. Different working conditions have been investigated and
discussed, to determine the features of heralded non-Gaussian states that can be actu-
ally obtained and retrieved when single-mode generation or state manipulation are not
easy to be implemented.
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Non-Gaussian quantum states are crucial for implementing sophisticated protocols
such as error-correction [148] and one-way quantum computing [149]. Different strate-
gies for generating such states were reported, relying for instance on high-order non-
linearity [150–152], qubit interaction [153] and linear optical interaction with non-
Gaussian resources such as Fock states or photon counting [33, 63, 154–156]. A class
of protocols of particular interest is that of iterative schemes [33, 63, 65, 154, 155, 157],
where photonic resource states are combined together in an iterative fashion, allowing
for growing step-by-step the size of the states. However, the experimentally imple-
mented protocols are to date restricted to few operations, due to protocol scalability
issues arising from the simultaneous need for multiple heralding signals and from the
increase of experimental overhead [34, 89]. This ultimately limits the average photon
number in the generated state.

In this chapter, we propose a novel scheme to overcome the current experimental
limitations, by relying on a single shot operation with a spectrally multiplexed re-
sources [158]. Our proposal takes advantage of the multimode aspect of state-of-the-art
experimentally investigated quantum photonic sources in order to greatly enhance the
capabilities of iterative generation protocols. In section 6.1, we recall the principle of
iterative protocols and propose a fully parallelized counterpart relying on spectral mul-
timode quantum optics. Then, in section 6.2, analytical formula are given for both
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the produced state (density matrix and Wigner function) , and for the protocol per-
formances (output state fidelity and protocol’s success probability) in the case where
the protocol is fed with Schrödinger cat states (or asymptotically, single-photon Fock
states). After that, section 6.3 and section 6.4 are devoted to the investigation of par-
allelized generation of high amplitude Schrödinger cat states and Gottesman-Kitaev-
Preskill (GKP) codes [148]. Finally, The chapter is concluded in section 6.5.

6.1 multimode , single-stage quantum state synthe-
sizer

6.1.1 Framework: iterative protocols

The protocol proposed in this chapter takes its essence from iterative generation
protocols, an elementary brick of which is represented in Figure 6.1.

Figure 6.1 – Elementary brick of an iterative protocol.

Such operation consists in mixing two input resource states, |ψ0〉 and |ψ1〉, on a beam
splitter with transmittivity τ0, to herald the generation of an ouput state |ψout〉. The
heralding process can be performed in different ways [33, 155], and even if the results
derived here can easily be extended to the photon counting case, we focus in the fol-
lowing on homodyne conditioning. In this scenario, one of the two output arms of
the beam splitter is measured by a homodyne detector (along a certain quadrature xθ).
When the measurement outcome is close enough to an assigned value (xθ = x0 on Fig-
ure 6.1), the target output state is successfully heralded. The strength of such a protocol
is that the average photon number of the output state can be higher than the one of the
individual input states. Accordingly, it can be used to breed complex photonic states by
cascading the protocol using |ψout〉 as one of the input of a subsequent operation.

Figure 6.2 shows such a configuration, where states of increasing size are combined
with resource states; tree-like configurations are also commonly investigated, thanks to
the parallelization capabilities they offer [65].

This idea is at the core of the cat breeding scheme discussed in subsection 2.3.2, pro-
posed in [63], where a balanced beam splitter (τ = 1/

√
2) and xi = 0 homodyne con-

ditioning are used [159, 160]. In this case, mixing two Schrödinger cat states allows to
create a single one with an amplitude increased by a factor

√
2. Iterating this protocol

N times then allows to create a Schrödinger cat state with an amplitude amplified by a
factor 2N/2. An alternative manner has also been proposed, where the input cat states
were replaced by single photons, allowing the production of squeezed Schrödinger cat
states, robuster to losses [33, 161]. By modifying the quadrature along which the homo-
dyne conditioning is performed (p = 0 homodyne conditionings), GKP codes can be
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Figure 6.2 – A cascaded architecture for an iterative protocol.

generated all-optically [65, 162]. More generally, all superpositions of up to N photons
can be generated by properly adjusting the beam splitter reflectivities and homodyne
conditionings [33].

Proof-of-principle experimental validations are currently limited to single stage im-
plementations due to scalability issues [34, 89]: in bulk optics, increasing the number
of stages by increasing the number of input state sources indeed leads to intractable
complexities. Temporal multiplexing represents a promising alternative that is also in-
vestigated [163], but could ultimately lead to a decrease in the overall generation rate of
the states. Integrated optics, on the other hand, offers an attractive solution to address
spatial scalability issues, but inevitable losses associated with such platforms should
be carefully taken into consideration [164].

We propose in this chapter to rely instead on spectral multiplexing, which offers
an increased generation efficiency as well as noticeable experimental simplifications.
Note also that this protocol can be implemented with spatial multiplexing of transverse
spatial modes, or any other degree of freedom.

6.1.2 Proposed single-stage generation protocol

b

a

Figure 6.3 – The multiplexed generation protocol (see text for description).

The main idea of the proposal, sketched in Figure 6.3, consists in the following key
ingredients. To begin with, a seed state |ψ0〉 initially populates a spectral mode χ0(ω)

in which the quantum engineering process is to be performed. In the output of the
protocol, we will focus on the state ρ̂out that populates this same mode χ0(ω). Sub-
sequently, we select a collection of states |ψ′0〉, |ψ′1〉, ... |ψ′N−2〉 respectively in modes
ϕ0(ω), ϕ1(ω), ... ϕN−2(ω) that are used to feed the protocol, so as to grow the overall
size of the output state ρ̂out. As it will be discussed with a concrete example, the spec-
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tral modes ϕi(ω) have to overlap χ0(ω) in a clever way, so that each |ψ′i〉 contributes
in an efficient manner to the generation protocol. This collection of states is merged
in a single spatial mode and sent to the first input port (port a) of a beam splitter of
transmittivity τ so as to interfere with the seed state |ψ0〉 sent to the other input port
of this beam splitter (port b). Importantly, a perfect spatial mode matching of the two
states populating modes a and b must be guaranteed. After interaction, one output
port of the beam splitter is measured by a homodyne detector along mode χ0(ω), to
perform the desired conditioning xθ = x0, for successfully heralding the generation of
a state ρ̂out on the other output port.

A major advantage of this method is that it allows mixing N states in a single herald-
ing step, therefore drastically increasing the success probability of the protocol and
reducing the experimental complexity as compared with the standard spatial multi-
plexing strategy, as it will be quantitatively shown later.

The multimode description that we use complies with realistic implementations
of Gaussian state sources, such as, for instance, multimode squeezed vacuum
sources [131]. As discussed in chapter 4, it is now indeed well established that spon-
taneous parametric down conversion (SPDC) through three-wave mixing process pro-
duces a collection of squeezed vacuum states in separate orthogonal spectral modes
{ϕk(ω)}k∈N, each with a different squeezing parameter [119, 121].

More generally, we recall that each spectral mode ϕk(ω) can be associated with a
bosonic anihilation operator Âk:

Âk =

ˆ
ϕ∗k (ω)â(ω)dω, (6.1)

{a(ω)} being the bosonic operators of individual spectral components at the SPDC
output. When two different sets of modes {ϕk(ω)}k∈N and {χl(ω)}l∈N are involved,
one can express their likeness by using the overlap formula:

ck,l =

ˆ
ϕ∗k (ω)χl(ω)dω. (6.2)

This formula allows switching from one mode basis to the other thanks to:

ϕk(ω) = ∑
l

c∗k,lχl(ω). (6.3)

We show in the rest of the chapter that the proposed protocol can be used to generate
highly-fidel Schrödinger cat states and GKP codes with increased success probabilities
compared to standard iterative protocols.

6.2 proposed protocol with non-gaussian input re-
sources

In this section, and the rest of the chapter, we will focus on the protocol proposed
in subsection 6.1.2 with input Schrödinger cat states as resources. As highlighted in
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section 6.1, this king of input resources can be used for both Schrödinger cat breeding
and all optical GKP states generation. Moreover, single-photon Fock state is an odd
Schrödinger cat state with amplitude α = 0 (see subsubsection 1.4.2.2), and so, the
performances of the proposed protocol with input single-photon Fock states can be
studied with the obtained formula in this section, this case is discussed in Appendix G.
In the following derivations, we will consider a more general case where:

• The input Schrödinger cat states will be supposed to have arbitrary different
amplitudes.

• The parity of the Schrödinger cat states is not fixed.
• The nature of the homodyne conditioning can be arbitrary.

6.2.1 The input state state

The Schrödinger cat states in the spatial mode a are each in a spectral mode ϕk(ω)

(k ∈ [[0, N − 2]]) and have an amplitude αk:

∣∣ψ′k〉 = |Cat±(αk)〉k,a =
1

N±(αk)
(|αk〉 ± |−αk〉) , (6.4)

with:

N±(αk) =
√

2
(
1± e−2|αk |2

)
. (6.5)

Therefore, the state populating the spatial mode a is given by:

|Ψa〉 =
1

∏N−2
k=0 N±(αk)

N−2⊗
k=0

(|αk〉k,a ± | − αk〉k,a)

=
1

∏N−2
k=0 N±(αk)

1

∑
m0=0

...
1

∑
mN−2=0

(±1)∑N−2
k=0 mk

N−2⊗
k=0

|(−1)mk αk〉k,a. (6.6)

The spatial mode b, on the other hand, contains a single mode χ0(ω) that is popu-
lated by a Schrödinger cat state of amplitude β:

|Ψb〉 = |Cat±(β)〉0,b =
1

N±(β)
(|β〉 ± |−β〉) , (6.7)

with:

N±(β) =
√

2
(
1± e−2|β|2). (6.8)

In this notation, the first ket index k (resp. 0) relates to the spectral mode and the
second ket index a (resp. b) relates to the spatial mode. As the spectral mode in which
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the output state will be detected is χ0(ω), it is relevant to re-express |Ψa〉 in this basis,
thanks to the basis change relation:

χn(ω) =
∞

∑
k=0

cn,k ϕk(ω). (6.9)

This relation can be directly transposed to the corresponding anihilation operators:
each spectral mode ϕk(ω) is associated to a bosonic anihilation operator Âϕk , which
can be expressed as a function of the Âχn thanks to:

Âϕk =

ˆ
ϕ∗k (ω)â(ω)dω =

ˆ
∑
n

cn,kχ∗n(ω)â(ω)dω = ∑
n

cn,k

ˆ
χ∗n(ω)â(ω)dω = ∑

n
cn,k Âχn .

(6.10)
This simply allows to rewrite the tensor product of coherent states involved in Equa-

tion 6.6 as:

N−2⊗
k=0

|(−1)mk αk〉k,a =
N−2⊗
k=0

D̂ϕk

[
(−1)mk αk

]
|0〉

= e∑N−2
k=0 [(−1)mk αk Â†

ϕk
−(−1)mk α∗k Âϕk ] |0〉

= e∑N−2
k=0 ∑+∞

n=0[(−1)mk cn,kαk Â†
χn−(−1)mk cn,kα∗k Âχn ] |0〉

=
+∞⊗
n=0

e∑N−2
k=0 [(−1)mk cn,kαk Â†

χn−(−1)mk cn,kα∗k Âχn ] |0〉

=
+∞⊗
n=0

∣∣∣∣∣N−2

∑
k=0

(−1)mk cn,kαk

〉
n,a

. (6.11)

This expression gives the form of |Ψa〉 expressed in spectral mode basis {χn(ω)}n:

|Ψa〉 =
1

∏N−2
k=0 N±(αk)

1

∑
m0=0

...
1

∑
mN−2=0

(±1)∑N−2
k=0 mk

∞⊗
n=0

∣∣∣∣∣N−2

∑
k=0

(−1)mk cn,kαk

〉
n,a

. (6.12)

By gathering expressions Equation 6.7 and Equation 6.12, the global input state,
solely expressed in the spectral basis {χn(ω)}n, reads:

|Ψin〉 = |Ψa〉 ⊗ |Ψb〉 =
1

N±(β)∏N−2
k=0 N±(αk)

×[
1

∑
m0=0

...
1

∑
mN−2=0

(±1)∑N−2
k=0 mk |

N−2

∑
k=0

(−1)mk c0,kαk〉0,a|β〉0,b

∞⊗
n=1

|
N−2

∑
k=0

(−1)mk cn,kαk〉n,a|0〉n,b

±
1

∑
m0=0

...
1

∑
mN−2=0

(±1)∑N−2
k=0 mk |

N−2

∑
k=0

(−1)mk c0,kαk〉0,a| − β〉0,b

∞⊗
n=1

|
N−2

∑
k=0

(−1)mk cn,kαk〉n,a|0〉n,b

]
.

(6.13)
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As it can be seen, only a part of the input state (for n = 0) interferes with the cat
state of amplitude β initially in spatial mode b (both terms |∑N−2

k=0 (−1)mk c0,kαk〉0,a|β〉0,b
and |∑N−2

k=0 (−1)mk c0,kαk〉0,a| − β〉0,b). On the other hand, all the higher-order mode
contributions (n > 0) of the cat states in spatial mode a will interfere with the vacuum
in the other port (terms |∑N−2

k=0 (−1)mk cn,kαk〉n,a|0〉n,b and |∑N−2
k=0 (−1)mk cn,kαk〉n,a|0〉n,b),

that will not be detected and will therefore lead to a loss of information.

6.2.2 The produced output state

6.2.2.1 State after the beam splitter

By using the simple beam splitter transformation on coherent states, at the output of
the (r, τ) beam splitter one has:

|ΨBS〉 =
1

N±(β)∏N−2
k=0 N±(αk)

1

∑
m0=0

...
1

∑
mN−2=0

(±1)∑N−2
k=0 mk×

∞⊗
n=1

|τ
N−2

∑
k=0

(−1)mk cn,kαk〉n,a|r
N−2

∑
k=0

(−1)mk cn,kαk〉n,b

×
[
|τ

N−2

∑
k=0

(−1)mk c0,kαk − rβ〉0,a|r
N−2

∑
k=0

(−1)mk c0,kαk + τβ〉0,b

± |τ
N−2

∑
k=0

(−1)mk c0,kαk + rβ〉0,a|r
N−2

∑
k=0

(−1)mk c0,kαk − τβ〉0,b

]
. (6.14)

To alleviate the writing, we use the following notation:

xm = τ ∑N−2
k=0 (−1)mk c0,kαk − rβ ym = r ∑N−2

k=0 (−1)mk c0,kαk + τβ

zm = τ ∑N−2
k=0 (−1)mk c0,kαk + rβ wm = r ∑N−2

k=0 (−1)mk c0,kαk − τβ

Xm,n = τ ∑N−2
k=0 (−1)mk cn,kαkαk Ym,n = r ∑N−2

k=0 (−1)mk cn,kαk

m∑ = ∑N−2
k=0 mk

where we introduce the vector:

m = (m0, m1, ..., mN−2)
T , (6.15)

and the elements mk take two values: 0 or 1. With these notations, Equation 6.14 can
simply be rewritten as:

|ΨBS〉 =
1

N±(β)∏N−2
k=0 N±(αk)

∑
m
(±1)m∑

∞⊗
n=1

|Xm,n〉n,a|Ym,n〉n,b

[
|xm〉0,a|ym〉0,b ± |zm〉0,a|wm〉0,b

]
,

(6.16)

with the associated density operator:
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ρ̂BS = |ΨBS〉〈ΨBS| =
1

N 2
±(β)

(
∏N−2

k=0 N±(αk)
)2×

∑
m

∑
p
(±1)m∑+p∑

∞⊗
n=1

|Xm,n〉n,a〈Xp,n| ⊗∞
n=1 |Ym,n〉n,b〈Yp,n|

×
(
|xm〉0,a〈xp| ⊗ |ym〉0,b〈yp| ± |xm〉0,a〈zp| ⊗ |ym〉0,b〈wp|

± |zm〉0,a〈xp| ⊗ |wm〉0,b〈yp|+ |zm〉0,a〈zp| ⊗ |wm〉0,b〈wp|
)

. (6.17)

The output state in the spectral mode χ0(ω) is found by performing the partial trace
over n ≥ 1:

ρ̂n=0
BS =

1

N 2
±(β)

(
∏N−2

k=0 N±(αk)
)2 ∑

m
∑
p
(±1)m∑+p∑ e−

1
2 ∑∞

n=1

[
(Xm,n−Xp,n)

2
+(Ym,n−Yp,n)

2]

(
|xm〉0,a〈xp| ⊗ |ym〉0,b〈yp| ± |xm〉0,a〈zp| ⊗ |ym〉0,b〈wp|
± |zm〉0,a〈xp| ⊗ |wm〉0,b〈yp|+ |zm〉0,a〈zp| ⊗ |wm〉0,b〈wp|

)
.

(6.18)

By setting:

X 2
∑m,p

=
∞

∑
n=1

(
Xm,n −Xp,n

)2 (6.19)

and

Y2
∑m,p

=
∞

∑
n=1

(
Ym,n −Yp,n

)2 , (6.20)

we find the expression of the unconditioned state along spectral mode χ0(ω):

ρ̂n=0
BS =

1

N 2
±(β)

(
∏N−2

k=0 N±(αk)
)2 ∑

m
∑
p
(±1)m∑+p∑ e

− 1
2

[
X 2

∑m,p
+Y2

∑m,p

]

(
|xm〉0,a〈xp| ⊗ |ym〉0,b〈yp| ± |xm〉0,a〈zp| ⊗ |ym〉0,b〈wp|
± |zm〉0,a〈xp| ⊗ |wm〉0,b〈yp|+ |zm〉0,a〈zp| ⊗ |wm〉0,b〈wp|

)
.

(6.21)

6.2.2.2 Heralding in port b

The last step of the protocol consists in performing a conditioning in output port b
of the beam splitter. This conditioning will be modeled by a POVM Π̂b, that we will
consider of different nature in the following. In all generality, the output state in spatial
mode a will be:
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ρ̂out =
Trb
[
Π̂b ⊗ Îaρ̂n=0

BS

]
Ps

=
1

PsN 2
±(β)

(
∏N−2

k=0 N±(αk)
)2 ∑

m
∑
p
(±1)m∑+p∑ e

− 1
2

[
X 2

∑m,p
+Y2

∑m,p

]

×
(
Am,p|xm〉0,a 〈xp| ± Bm,p|xm〉0,a〈zp| ± Cm,p|zm〉0,a〈xp|+Dm,p|zm〉0,a〈zp|

)
,

(6.22)

where Ps = Tra,b
[
Π̂b ⊗ Îaρ̂n=0

BS

]
is the heralding probability and:

Am,p = Trb
[
Π̂b|ym〉0,b〈yp|

]
Bm,p = Trb

[
Π̂b|ym〉0,b〈wp|

]
Cm,p = Trb

[
Π̂b|wm〉0,b〈yp|

]
Dm,p = Trb

[
Π̂b|wm〉0,b〈wp|

]
. (6.23)

In the Table 6.1, we give the expression of these parameters depending on how we
perform the heralding measurement. Five scenarios are envisaged:

• Π̂b = |0〉〈0|: vacuum projection. The heralding is performed on the absence of
photon detection in port b.

• Π̂b =
´ ∆x

2
− ∆x

2
|x〉〈x|dx: homodyne conditioning x ' 0 with a gate acceptance win-

dow of full width ∆x. In this scenario, the heralding is successfully performed
when the homodyne outcome falls within the interval [−∆x/2, ∆x/2], and the
state is discarded otherwise.

• Π̂b =
´ ∆p

2

− ∆p
2
|p〉〈p|dp: homodyne conditioning p ' 0 with a gate acceptance win-

dow of full width ∆p. This case is identical as above, with a homodyne measure-
ment along the p quadrature.

• Π̂b =
´ ∞
−∞ e−

x2

2∆x2 |x〉〈x|dx: homodyne conditioning x ' 0 with a gaussian accep-
tance window of full width ∆x. Such gating is relevant in the scenario where ho-
modyne conditioning is very narrow compared to the equivalent effect of losses
in the heralding port.

• Π̂b =
´ ∞
−∞ e

− p2

2∆p2 |p〉〈p|dp: homodyne conditioning p ' 0 with a gaussian accep-
tance window of full width ∆p. Same as above with a homodyne measurement
along the p quadrature.

The Wigner function of the output state can finally be written as:

Wout(x, p) =
1
N ∑

m
∑
p
(±1)m∑+p∑ e

− 1
2

[
X 2

∑m,p
+Y2

∑m,p

]
[
Am,pW|xm〉〈xp|(x, p)±Bm,pW|xm〉〈zp|(x, p)

±Cm,pW|zm〉〈xp|(x, p) +Dm,pW|zm〉〈zp|(x, p)
]

, (6.24)

with:
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Table 6.1 – Values of the parameters for the heralding measurements considered.
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6.2.3 Protocol performances

6.2.3.1 Success probability

The explicit value of the success probability is given by:

Ps = Tra,b
[
Π̂b ⊗ Îaρ̂n=0

BS
]
=

1

N 2
±(β)

(
∏N−2

k=0 N±(αk)
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m
∑
p
(±1)m∑+p∑ e
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2

[
X 2

∑m,p
+Y2

∑m,p
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2 (xm−xp)

2
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2

± Cm,pe−
1
2 (zm−xp)

2

+Dm,pe−
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2 (zm−zp)

2
)

.

(6.26)

6.2.3.2 Fidelity of the output state with a cat state

Our study shows that the protocol can be used to generate, among others,
Schrödinger cat states of high amplitudes. By using the explicit expression of the out-
put state we have derived in Equation 6.22, we can express its likeness with an even (resp.
odd) Schrödinger cat state of amplitude γ with density matrix ρ̂+(γ) (resp. ρ̂−(γ)) by
using the fidelity as a comparison criterion. The expression for this fidelity reads:

F = Tr0,a [ρ̂outρ̂±(γ)] =
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6.3 case study 1 : parallel schrödinger cat breeding

The proposed multiplexed single-stage protocol can be applied to the generation of
large amplitude Schrödinger cat states, inspired by cat breeding iterative protocols. To
perform such a generation, we simply consider here N > 2 identical Schrödinger cat
input states of amplitude α in the N − 1 input modes ϕk(ω):

∀k,∈ [[0, N − 2]],
∣∣ψ′k〉 = |ψ0〉 =

1
N+

(|α〉+ |−α〉) , (6.28)

where N+ =
√

2
(
1 + e−2|α|2) is a normalization factor. Note that we restrict the

discussion to even cat states, but similar reasoning is also valid with odd cat states.
Then we set that each mode ϕk(ω) is of equal contribution in the generation process,
namely ∀k ∈ [[0, N − 2]]:

ck,0 =

ˆ
ϕ∗k (ω)χ0(ω)dω =

1√
N − 1

. (6.29)

In this way, each input feeding cat
∣∣ψ′k〉 will breed the input seed cat |ψ0〉 by the same

amount. Subsequently, homodyne conditioning is performed along the x quadrature
(in-phase with the input states) around x = 0, within a given acceptance window
[−∆x/2, ∆x/2]. The analytical formula for the output Wigner function, given by Equa-
tion 6.24, allows to predict the performances of the protocol as a function of key param-
eters such as r, N, α and the heralding width ∆x. Many different metrics can be used
to quantify the distance between an output state and a target state. Here, the fidelity of
ρ̂out with the nearest ideal Schrödinger cat state of amplitude λ is used.

6.3.1 Beam splitter reflectivity

The aforementioned fidelity of the output state is plotted in Figure 6.4-(a) to (d) for
N = 2, 3, 6 and 8 input Schrödinger cat states of amplitude α = 3, as a function of the
beam splitter reflectivity r and of the output state amplitude γ.

These plots clearly reveal that the output amplitude of the cat state in mode χ0(ω)

that corresponds to optimal fidelities with ρ̂out grows with the number of input states.
This successfully proves the breeding of the input Schrödinger cat states. Figure 6.4 also
shows that the reflectivity should be optimized in a non-trivial way, according to the
number of input breeding states, in order to maximize the output state fidelity with
high amplitude Schrödinger cat state.

To gain a qualitative intuition on the quality of the multimode breeding operation,
the Wigner functions of the corresponding output states are plotted in Figure 6.4-(e)
to (h), showing their strong non-classical signature, as the Wigner functions contain
oscillations with negative values. To be more quantitative on this result, the numerical
values of fidelity, optimal reflectivity and output Schrödinger cat state amplitudes are
also written on Figure 6.4-(a) to (d), revealing the very high fidelities of the output
states with high amplitude Schrödinger cat states. In addition, it confirms that the
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(a
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(b
)

(c
)

(d
)

(e
)

(f
)

(g
)

(h
)

Figure 6.4 – Fidelity of the output state with a cat state of amplitude γ as a function of the
beam splitter reflectivity r, for (a) N = 2, (b) N = 3, (c) N = 6 and (d) N = 8 input
cat states of amplitude α = 3. In each plot, a star spots the highest fidelity point,
and the corresponding parameters are given in the insets. The Wigner functions
corresponding to this maximal fidelity point are represented in (e), (f), (g), (h),
respectively.
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amplitude of the output Schrödinger cat state increases with N, with a scaling of the
order of γ ∼

√
Nα.

6.3.2 Amplitude of the input states

The protocol is also sensitive to the amplitude of the input cat states. This is il-
lustrated in Figure 6.5, where the output state fidelity with the nearest cat state is
represented as a function of the input Schrödinger cat states amplitude α, for different
numbers of input states N. Two important trends shall be noticed: (i) for a given α,
increasing N decreases the overall output state fidelity. However, (ii) increasing α for
a given N leads to an increased global fidelity. For instance, to create states with 99%
fidelity with N = 2, an input amplitude α = 1.13 is sufficient, whereas α = 2.49 is
required to reach the same fidelity with N = 4 input states. In the case of even cat
states that are considered here, there is also an increase of the fidelity for vanishing α

simply because vacuum is a perfect even cat state with zero amplitude, a case of no
interest for us.

0 1 2 3 4 5 60.0
0.2
0.4
0.6
0.8
1.0

N = 2
N = 3
N = 6
N = 8

Figure 6.5 – Fidelity of the output state with the nearest Schrödinger cat state as a function of α,
for different N. The cases represented in Figure 6.4 correspond to the vertical blue
line (α = 3).

6.3.3 Comparison with the iterative cat breeding protocol

Interestingly, we can draw a direct parallel with the iterative cat breeding protocol,
where N− 1 heralding steps are performed on N input resources. The main difference,
however, is that the multimode protocol that we propose here is inevitably accompa-
nied with information loss due to partial overlap of the spectral modes ϕk(ω) with the
output mode of interest χ0(ω). Equation 6.29 directly shows that each mode ϕi(ω)

overlaps only partially with χ0(ω), therefore, all of the components of the input states
|ψ′i〉 along χl>0(ω) are purely lost during the process, where {χl(ω)}l∈N constitutes a
complete spectral basis. Therefore, the output state ρ̂out cannot be a pure state as long
as more than two modes are populated in total.

To give an intuitive model, we propose a simple parallel between spatial and spectral
modes: in Figure 6.3, the spectral component χ0(ω) of the input state in the spatial
mode a and interfering with the one at the input port b of the beam splitter can actually
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be simply modeled as the output state of an N − 1 input / N − 1 output beam splitter
transformation, where N − 2 outputs are lost in the environment. This transformation
is exactly the one depicted in Figure 6.2 for input states |ψ0〉 to |ψN−2〉, with τi =

1/
√

i + 2 so as to obtain c0,k = 1/
√

N − 1. In other words, our protocol is equivalent to
the iterative breeding scheme of Figure 6.2, where only the last heralding step x = xN−1

is performed and all the other ones are simply ignored. The direct consequence for this
is that the overall success probability of the protocol is increased by several orders of
magnitude as compared to the iterative scheme. This is illustrated in Figure 6.6, where
the success probability of our scheme, for input Schrödinger cat states of amplitude
α = 3 and N = 4, is plotted, in comparison with the iterative scheme of Figure 6.2 in
the case where all the heralding widths are identical. The cost obviously is the overall
fidelity, which is degraded in the multimode case, but nevertheless remains very high,
as we have seen in Figure 6.4. The multimode protocol therefore takes advantage of
the robustness of the breeding protocol for imperfect heralding at sufficiently high
Schrödinger cat state amplitudes.

0.5 1.5 2.5 3.5
x/ 0

10 1

10 2

10 3
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P s

Multiplexed single-stage scheme
Iterative scheme

Figure 6.6 – Comparison between the success probability of the multimode (multiplexed single-
stage) scheme and the iterative scheme for N = 4, as a function of the heralding
window ∆x normalized to the shot noise standard deviation σ0.

6.4 case study 2 : gkp state preparation

6.4.1 Definition

First introduced in [148], GKP states are extremely important quantum states as they
allow to encode quantum information in a continuous-variable way with the ability
to implement error correcting codes. Contrary to Schrödinger cat states (where digits
of information are encoded in coherent states: |0〉 = |α〉 and |1〉 = |−α〉), in the two
dimensional case, digits |0̄〉 = ∑∞

k=−∞ |x = 2ka〉 and |1̄〉 = ∑∞
k=−∞ |x = (2k + 1)a〉 as

well as their superposition |0̄〉+ |1̄〉 and |0̄〉 − |1̄〉 can be discriminated more efficiently
by means of a simple homodyne measurement along the x̂ and p̂ quadratures, respec-
tively. These two digits (|0̄〉 and |1̄〉) being non-physical, an approximation of them can
be given, in terms of wave-function, as:
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〈
x
∣∣0̃〉 = 1

N0
∑

k∈Z

e−
1

2σ2 (ka)2
e
− 1

2σ2
x
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, (6.30)

and:
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2 )
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2 )a]
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with:

N 2
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∑
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and:

N 2
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Using the relation between the quadrature eigenstates |x〉 and |p〉:

|p〉 = 1
2σ0
√

π

ˆ ∞

−∞
e

ixp
2σ2

0 |x〉 dx, (6.34)

one can show that:
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and:
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with δk,0 being the Kronecker delta. In Figure 6.7, the probability distributions of the
quadrature x̂ (a) and p̂ (b) are plotted for the states

∣∣0̃〉 and
∣∣1̃〉 (a) and for

∣∣0̃〉+ ∣∣1̃〉
and

∣∣0̃〉− ∣∣1̃〉 (b), respectively.
As it can be seen, for the states

∣∣0̃〉 and
∣∣1̃〉, the probability distribution P(x) of the

quadrature x̂ is a comb with Gaussian "teeth" of a variance σ2
x /
√

2, modulated by a
larger Gaussian function with variance σ2/

√
2 (Figure 6.7-(a)). Smaller is σx, better is

the discrimination between the states
∣∣0̃〉 and

∣∣1̃〉 with homodyne measurement. On
the other hand, the same behaviour is obtained with the probability distribution P(p)
for the states

∣∣0̃〉 + ∣∣1̃〉 and
∣∣0̃〉 − ∣∣1̃〉 (Figure 6.7-(b)), allowing to discriminate these

two states with a homodyne measurement on the quadrature p̂. The Wigner functions
W0̃(x, p) and W1̃(x, p) of the states

∣∣0̃〉 and
∣∣1̃〉, respectively, are given by:

W0̃(x, p) =
σx
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, (6.37)
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Figure 6.7 – (a): The probability distribution P(x) of the quadrature x̂ for the states
∣∣0̃〉 (solid

black curve) and
∣∣1̃〉 (dashed red curve). (b): The probability distribution P(p) of

the quadrature p̂ for the states
∣∣0̃〉+ ∣∣1̃〉 (solid black curve) and
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(6.38)

Figure 6.9 illustrate these Wigner functions in the case of σ = 10, σx = 1 and a =

2
√

5π.

(a) (b)

Figure 6.8 – Wigner function of the approximated GKP states
∣∣0̃〉 (a) and

∣∣1̃〉 (b) and the corre-
sponding quadrature distributions P(x) (black) and P(p) (red) in the case of σ = 10,
σx = 1 and a = 2

√
5π.
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6.4.2 GKP states production with the proposed protocol

In addition to the generation of Schrödinger cat states, our protocol can also advan-
tageously be applied to for the generation of more complex states such as the GKP
states [148]. They were recently generated and used in trapped ions [165] and super-
conducting circuits [166], but still remain out of reach of all-optical protocols. Here, we
can use the same protocol as the one depicted in section 6.3 (N − 1 input cat states in
modes ϕk and one cat state in mode χ0, all of amplitude α), with the only difference that
homodyne conditioning is performed along p = 0. Such conditioning has already been
investigated in the context of all-optical generation of GKP with iterative protocol [65,
162]. We show here that it can be transposed to our multiplexed approach.

Figure 6.9 shows the shape of the Wigner function of the output state for N = 3 (a)
and N = 4 (b), revealing the grid structure specific to GKP states.

(a) (b)

Figure 6.9 – Wigner function of the output state with N = 3 (a) and N = 4 (b) input Schrödinger
cat states of amplitude α = 3.

In Figure 6.10, the amplitude of the output state along the quadrature p̂ (separation
between the teeth of the quadrature comb) is plotted as a function of the number of
input Schrödinger cat states N. For each case (a given N), the fidelity between the
output state and the nearest GKP state as well as the optimal reflectivity r of the beam
splitter are given.

This plot shows that augmenting the amount of input resources indeed increases
the amplitude of the output state along the quadrature p̂ (1/a), while requiring an
optimization of the beam splitter reflectivity r. Similarly to the case of Schrödinger cat
state generation, the fidelity of the output state decreases with respect to the number
N of input resources.

6.5 conclusion

In this chapter, we have proposed and discussed an innovative protocol for the gen-
eration of non-Gaussian states of light. Our scheme is inspired by iterative protocols
but takes advantage of multiplexing capabilities of photonics resources. It relies on the
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Figure 6.10 – The amplitude of the approximated GKP output state along the quadrature p̂
(1/a) as a function of the number of input Schrödinger cat states N. For each
case, the fidelity between the output state and the nearest GKP state as well as the
optimal value r of the beam splitter reflectivity are given in the plot.

use of multiple states in a single spatial mode but multiplexed in an other degree of
freedom, mixed with a resource state whose mode partially overlaps all input states.
By performing a homodyne conditioning after mixing the states at a beam splitter,
complex output states can be produced. The major strength of our proposal is that no
cascade manipulation steps are required for the state breeding, therefore strongly sim-
plifying the experimental implementation in a one-shot scheme, and allowing to access
high-success rates. We have shown that frequency multiplexing can be used for the gen-
eration of high quality and high amplitude Schrödinger cat and GKP states, by using
as input states small-amplitude Schrödinger cat states, or alternatively, readily accessi-
ble experimental resources such as multiplexed single photon Fock states (discussed in
Appendix G). Note that current state-of-the-art nonlinear sources offer the capability
for generating such states by providing the native generation of frequency multiplexed
single- and two-mode squeezing. Due to its high efficiency and simplified implementa-
tion as well as to the possibility of implementing it with already available experimental
resources, we believe that our approach to non-Gaussian state preparation represents a
major breakthrough in the domain of non-classical photonic state generation, and will
open a wide range of applications.
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Continuous-variable (CV) multimode entangled states are at the heart of many quan-
tum information applications such as quantum computation [167–169] and communi-
cation [170]. Among the various possible platforms enabling quantum technologies,
silicon (Si) and silicon nitride (Si3N4) combine optical linear and nonlinear properties
with the possibility of high integration density. In particular, low-loss and high confine-
ment Si and Si3N4 waveguides [171, 172] enable the creation and manipulation of high
quality quantum states with high fidelities [173]. Integrated micro-ring resonators are
of particular interest, as they allow to produce highly multimode quantum frequency
combs via four-wave-mixing (FWM) process and optical parametric oscillation [174].
They have been theoretically investigated in both continuous-wave (CW) [175–177] and
pulsed [178] regimes. Experimental production and characterization of two-mode in-
tensity and quadrature CV entangled quantum state has been reported in more recent
works [93, 179, 180].

In this chapter, we present the first characterization results of low-loss micro-ring
resonators. This work is in collaboration with the CEA-Leti laboratory in Grenoble,
C2N of Paris-Saclay and the FEMTO-ST institute. It aims at experimentally investigate
high-dimension entanglement in a Kerr frequency comb produced by Si3N4 micro-ring
resonators. In section 7.1, we present the structure of the Si3N4 photonic chip. Then, in
section 7.2, we give the first experimental results of propagation losses and quality fac-
tors characterization. After that, generated Kerr frequency comb is shown in section 7.3.
The chapter is concluded and perspectives are given in section 7.4.
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7.1 silicon nitride photonic chip

7.1.1 Micro-ring resonator

An optical micro-ring resonator (µ-RR) is a closed-loop waveguide in which the inten-
sity of a resonant light is built up thanks to constructive interferences. Light is coupled
to/from the µ-RR using one or multiple waveguides via evanescent wave coupling. In
addition to optical and thermo-optical properties, a unidirectional coupled µ-RR (cou-
pling with only one waveguide) is mainly characterized by three geometric parameters,
namely the radius R of the µ-RR, the width W of the ring and the coupling waveguides,
and the gap G, defined as the distance between the coupling waveguide and the µ-RR.
These geometric parameters are depicted in Figure 7.1-(a).

(a) (b)

Figure 7.1 – (a): Geometric parameters of a µ-RR (R: ring radius, W: waveguide width, G: gap).
(b): Interacting fields within a µ-RR.

The radius R defines the free spectral range (FSR) of the resonator, and thus, the
resonant wavelengths whereas the width W and the gap G determine the coupling
parameters κ and t, connecting the interacting fields shown in Figure 7.1-(b) through
the following matrix relation [181]:(

Eout

E1

)
=

(
t κ

−κ∗ t∗

)(
Ein

E2

)
, (7.1)

with |κ|2 + |t|2 = 1. Note that the radius R affects also the coupling parameters as
the interaction distance between the coupling waveguide and the µ-RR changes with
respect to R.

7.1.2 Chip structure

The characterization work presented in this chapter was performed on a low-loss
silicon nitride (Si3N4) photonic chip, designed and fabricated by CEA-Leti [182]. The
structure of this photonic chip is shown in Figure 7.2.
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𝑅 = 56 𝜇𝑚

𝑅 = 112 𝜇𝑚

𝑅 = 200 𝜇𝑚

Figure 7.2 – The structure of the Si3N4 photonic chip. In each group of 30 µ-RRs with a given
radius, the width W and the gap G vary. See text for details.

It contains mainly three groups of 30 µ-RRs each with different geometric parameters.
In each group, the radius R of the µ-RRs is fixed (R = 56 µm, R = 112 µm and R =

200 µm) whereas the waveguides width W and the gap G vary (W = 1.4 −→ 1.7 µm
and G = 300 −→ 600 nm).

7.2 micro-ring resonators characterization

In this section, we present the characterization of the group of µ-RRs with a radius
R = 112 µm, which corresponds to a free spectral range of around 200 GHz. The
characterization setup is shown in Figure 7.3.

Optical component 
tester

𝜇-RR

PC

Figure 7.3 – Experimental setup for µ-RR characterization. PC: polarization controller.

An optical component tester (CT440 from EXFO) controls the wavelength of a high
power continuously tunable CW telecom laser (T100S-HP from EXFO), whose output
passes through the CT440 and then is sent to the µ-RR under characterization. At the
input of the Si3N4 chip, the CW telecom beam is controlled in polarization and then
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injected into the coupling waveguide using a micro-lensed fiber with a spot diameter
of 2µm from OZ Optics. At the output of the chip, light is collected using another
micro-lensed fiber and then sent to the CT440 photodetector. The transmission signal
is then stored on a computer for post-processing.

7.2.1 Propagation losses

Optical losses are critical for CV quantum state generation and manipulation, and
thus, choosing a configuration that minimizes these losses is an important task. For this
purpose, we start by characterizing losses for both transverse electric (TE) and trans-
verse magnetic (TM) polarization modes. Figure 7.4 shows the transmission spectrum,
in the wavelength range from 1535 nm to 1565 nm, of a 200 GHz µ-RR with W = 1.4 µm
and G = 550 nm.

Figure 7.4 – Transmission spectrum of a µ-RR with a radius R = 112 µm (a free spectral range
of 200 GHz), a width W = 1.4 µm and a gap G = 550 nm for both the TE (red) and
TM (blue) polarization modes.

As it can be seen, we observe a transmission of −6 dB for the TM polarization mode
and −9 dB for the TE one out of the resonant wavelengths. As these values are not
compatible with propagation losses in a 20 mm long Si3N4 coupling waveguide, these
losses are mainly due to coupling efficiency at the input/output of the photonic chip.
The difference between the two coupling efficiencies is related to the fact that the cou-
pling waveguide section is rectangular (H < W where H is the waveguide height),
which leads to different fundamental TE and TM transverse modes. In both cases, the
coupling losses being at least 3 dB per input/output, light at the output of the chip
must be collected in a free space configuration to increase the collection efficiency and
to be able to exploit the produced quantum light. In this case, the chosen polarization
mode will be the one having less propagation losses inside the µ-RR. To estimate these
losses, we adopt a simple model making the analogy between a ring and a Fabry-Pérot
resonators [183]. In this case, and by defining the two parameters δ and δp as:

|t|2 = e−δ (7.2a)

|tp|2 = e−δp , (7.2b)
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where |tp|2 is the power transmission due to propagation losses inside the µ-RR after a
round trip, the resonator finesse can be approximated, for low-loss cavities, as [183]:

F ≈ 2π

δ + δp
. (7.3)

Figure 7.5 shows a Lorentzian fit of the resonance around λ = 1550 nm for the TE (a)
and TM (b) polarization modes.
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Figure 7.5 – Lorentzian fit of the resonance around λ = 1550 nm for the TE (a) and TM (b)
polarization modes in the case of a µ-RR with R = 112 µm, W = 1.4 µm and
G = 550 nm.

The fit gives a linewidth of 141 MHz for the TE polarization mode and 239 MHz
for the TM one, which corresponds to a finesse FTE = 1426 (δ + δp ≈ 0.44%) and
FTM = 837 (δ + δp ≈ 0.75%) for the TE and TM polarization modes, respectively. On
the other hand, the depth of the resonance, defined as the minimum value Tmin of the
normalized power transmission, can be approximated as [183]:

Tmin ≈
(

1− 2
δ

δ + δp

)2

, (7.4)

which allows to retrieve both the coupling parameter |t|2 and the propagation trans-
mission |tp|2 via Equation 7.2. The fitting curve in Figure 7.5 gives δTE

p = 0.28%
and δTM

p = 0.45%, which corresponds to propagation losses of 0.17 dB/cm for the
TE polarization mode and 0.29 dB/cm for the TM one. This gives a coupling param-
eter |t|2 = 99.8% and a propagation transmission |tp|2 = 99.7% for the TE mode and
|t|2 = 99.7% and |tp|2 = 99.6% for the TM mode.

7.2.2 Quality factor

Using the same setup depicted in Figure 7.3, we now perform a quality factor (Q)
measurement of all µ-RRs with a radius R = 112 µm for TE and TM polarization
modes. To do so, the transmission spectra for different widths W and gaps G are
recorded. Figure 7.6 shows this spectra for the TE (a) and TM (b) polarization modes.

For each particular geometric configuration (a given W and G), resonance dips be-
tween λ = 1535 nm and λ = 1565 nm are fitted with Lorentzian function. The quality
factor Q, given by:
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(a) (b)

Figure 7.6 – Normalized transmission spectra of µ-RRs with R = 112 µm and different W and
G for the TE (a) and TM (b) polarization modes.

Q =
ν0

∆ν
, (7.5)

can then be extracted. Here, ν0 is the resonant frequency and ∆ν is the resonance
linewidth. In Figure 7.7, the measured Q is plotted as a function of the resonance
wavelengths for both TE and TM polarization modes in the case of a µ-RR with R =

112 µm, W = 1.4 µm and G = 550 nm.

1535 1540 1545 1550 1555 1560 1565
 (nm)
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Q 
(×

10
5 )
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Figure 7.7 – The quality factor Q as a function of the resonance wavelengths for the TE (black)
and TM (red) polarization modes in the case of a µ-RR with R = 112 µm, W =
1.4 µm and G = 550 nm.

This result shows a better Q for the TE polarization mode compared to the TM
one for the considered µ-RR (R = 112 µm, W = 1.4 µm and G = 550 nm). This is
an expected result since propagation losses, quantified in the previous paragraph, are
found to be lower for the TE mode, which should be the case based on the chip design.
Such a measurement is repeated for all µ-RRs with R = 112 µm (different W and G).
The obtained results are shown in Figure 7.8 for TE (a) and TM (b) polarization modes.
Each point in Figure 7.8 is obtained by computing the mean value of the measured
quality factors between λ = 1535 nm and λ = 1565 nm.

It is important to note that these measured Q, called loaded quality factor, account
for both the propagation losses (intrinsic losses) and the coupling losses between the
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Figure 7.8 – The measured quality factor Q as a function of the width W of the coupling and
ring waveguides for different values of the gap G. (a): TE polarization mode, (b):
TM polarization mode.

waveguide and the µ-RR. It can be expressed as a function of the intrinsic quality factor
Qi and the coupling quality factor Qc as [184]:

1
Q

=
1

Qi
+

1
Qc

. (7.6)

As shown in Figure 7.8, for a given gap G, the quality factor increases with respect
to the width W. This can be explained as following; increasing the width of the waveg-
uides reduces the amount of evanescent fields, and thus, reduces the coupling losses
κ between the coupling waveguide and the µ-RR. In this case, the coupling quality
factor Qc increases and the loaded quality factor Q approaches the intrinsic one (Qi).
The same reasoning can be applied to explain the effect of increasing the gap G for a
given width W. The bigger the gap G, the lower the coupling losses κ, which leads to
an increased coupling and loaded quality factors.

7.3 kerr frequency comb generation

Measurement results presented in the previous section show a measured loaded
quality factor up to 600000 for the TE polarization mode. The association of this high
Q and the third order nonlinearity within the Si3N4 µ-RR allows to produce the so
called Kerr frequency comb via four wave mixing (FWM) process with relatively low
pump power. Figure 7.9 shows the experimental setup for frequency comb generation.

A tunable CW laser (T100S-HP from EXFO) is amplified via an Erbium Doped
Fiber Amplifier (EDFA) and then injected into the coupling waveguide (TE polarization
mode) using a micro-lensed fiber. The output of the µ-RR (R = 112 µm, W = 1.4 µm
and G = 550 nm) is collected using another micro-lensed fiber and then sent to an opti-
cal spectrum analyzer (OSA). Figure 7.10 shows the µ-RR output spectrum for different
pump powers.

A well known Kerr frequency comb creation dynamics can be observed here [185].
When the pump power just goes above threshold, a primary comb is created via de-
generate and non-degenerate four-wave-mixing process (see Figure 7.11). This primary
frequency lines are separated by several cavity FSR. Once the power circulating inside
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CW laser

OSA

EDFA

𝜇-RR

Figure 7.9 – Experimental setup for Kerr frequency comb generation using an Si3N4 µ-RR.
EDFA: Erbium Doped Fiber Amplifier, OSA: Optical Spectrum Analyzer.
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Figure 7.10 – The spectrum of a µ-RR output (R = 112 µm, W = 1.4 µm and G = 550 nm) for
different pump powers. (a): Pin = 16 mW, (b): Pin = 26 mW, (c): Pin = 48 mW, (d):
Pin = 64 mW. The µ-RR is pumped at λ = 1540.9 nm with TE polarization mode.
Pin is the power injected in the coupling waveguide.
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the µ-RR increases, a secondary comb appears with a spacing corresponding to the
cavity FSR. A further increasing of pump power leads to an increased non-degenerate
FWM process, filling the gap between the primary comb to form a final one.
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Figure 7.11 – Primary frequency comb generation. DFWM: degenerate four-wave-mixing, ND-
FWM: non-degenerate four-wave-mixing. Top: Energy diagram, Bottom: frequency
comb creation.
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Figure 7.12 – Free space collection of the produced multimode CV entangled state at the output
of the Si3N4 µ-RRs. M1-M4: mirrors, DG: diffraction grating, D1-D4: photodetec-
tors. The number of the output modes is restricted to 4 for illustration.

In this chapter, we have presented the first characterization results of low-loss, high
Q Si3N4 µ-RRs. The obtained results show a very low propagation losses (0.17 dB/cm)
and hight loaded quality factor (Q = 600000) for the TE polarization mode. This al-
lowed to generate a primary and secondary Kerr frequency combs, with frequency
lines spacing of multiple resonator FSR for the primary comb and a single FSR for the
secondary one, with relatively low pump powers. These properties are very promising
for experimental generation and measurement of multimode CV entanglement, which
is an important resource for advanced quantum communication and computation ap-
plications.
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As highlighted in section 7.2, although the propagation losses are very low, the cou-
pling efficiency at the input/output of the Si3N4 photonic chip is relatively high. To
be able to reach and exploit the quantum properties of the produced multimode CV
entangled state, light must be collected in a free space configuration at the output of
the chip (see Figure 7.12). The large majority of the experimental setup is already built.
At the output of the Si3N4 µ-RR, produced Kerr frequency comb is collimated using a
high numerical aperture lens (C330TMD-C from Thorlabs). Then, frequency lines are
spatially separated using a diffraction grating, and each frequency component is sent to
a photodetector. Theoretical investigations of quantum correlations in a Kerr frequency
comb, as well as experimental characterizations of the photodetectors are in progress.
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C O N C L U S I O N

In this thesis, we pushed the study of the generation and manipulation of quantum
states of light with highly non-classical properties in the view of out-of-the-laboratory
implementations of quantum communication protocols. In addition to theoretical in-
vestigations, experimental implementations in this work are based on off-the-shelf fiber
components from guided-wave optics as well as integrated photonics technologies.

In chapter 3, we have produced a Schrödinger cat-like state with a negative Wigner
function at a telecom wavelength by subtracting single-photons from a squeezed vac-
uum. So far, this is the first experimental generation of non-Gaussian states in a guided-
wave configuration based on plug-&-play fiber components from the classical commu-
nication technologies. The obtained result enables reconfigurable and easy-to-mount
systems, which represents a big step towards robust CV optical realizations compati-
ble with existing fiber-based communication networks and with considerably reduced
resource overhead, spatial alignment, and mode matching issues.

In chapter 4, we presented the design and experimental characterization of an SPDC-
based guided-wave source in the picosecond pulsed regime at a telecom wavelength.
This source is designed to be used for the generation of DV (time-bin entangled pho-
ton pairs) and CV (Schrödinger cat-like state) resources in the view of experimental
production of time-bin based hybrid DV-CV entangled state in a guided-wave configu-
ration. The experimental characterization results show a quasi-single-mode behaviour
in the spectro-temporal domain of the SPDC source. This aspect is extremely impor-
tant for the generation of both high fidelity DV and CV state as well as high quality
hybrid entangled state. The combination of time-bin DV encoding and guided-wave im-
plementation makes this kind of entanglement well adapted for out-of-the-laboratory,
long distance quantum communication protocols in fiber-based communication net-
works [31].

In chapter 5 and chapter 6, we studied non-Gaussian quantum state engineering
with multimode resources. The first study in chapter 5 is motivated by the fact that
depending on the working conditions, SPDC-based sources are naturally spectrally
multimode, which represents a limitation for heralded non-Gaussian state produc-
tion [85]. In this context, we developed a general theoretical framework describing
heralded non-Gaussian state generation by subtracting single-photons from a multi-
mode input resource in a non-mode-selective way. By considering the particular case
of single-photon subtraction from multimode squeezed vacuum states, we show that
high quality Schrödinger cat-like states can be produced using a non-mode-selective,
simple passive spectral filtering stage in the heralding path. The developed framework
allows choosing adequate working conditions for future practical realizations, thus rep-
resenting a powerful tool for optimally designing future experiments.

On the other hand, we can benefit from the multimode aspect of the SPDC output
state. The generation of non-Gaussian states of large amplitude (i.e. with a large mean
photon number) is experimentally challenging. Indeed, the protocol presented in chap-
ter 5 can be iterated by subtracting a large number of photons in order to increase step-
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by-step the size of the produced state. However, increasing the amount of subtracting
operations comes at the cost of a highly reduced success probability, ultimately limiting
the generation rate of the states. A different class of protocol, called iterative protocols,
propose to bypass this limitation. In such protocols, resource states are mixed and
"breeding" operations can be performed iteratively [33, 34]. In chapter 6, we proposed
an alternative protocol based on spectrally multiplexing input state to perform a single-
shot mixing of a large amount of resources. If the spectral overlap is properly chosen
between the different modes of the input states, a single homodyne conditioning her-
alds the generation of a large amplitude state. We show that the proposed setup can
generate large-amplitude Schrödinger cat-like states as well as GKP states, which can
be used as error-correcting codes for quantum information protocols [148]. In this case,
the protocol requires small-amplitude Schrödinger cat states as resource states and
x = 0 or p = 0 homodyne heralding [158]. Moreover, single photons as input of the
protocol can also allow for the generation of squeezed Schrödinger cat states. Note that
multiplexing is not restricted to spectral modes, it can also be extended to transverse
spatial modes. Due to its high efficiency and simplified implementation as well as to
the possibility of implementing it with already available experimental resources, we
believe that our approach to non-Gaussian state preparation represents a major break-
through in the domain of non-classical photonic state generation, and will open a wide
range of applications.

Finally, we perform in chapter 7 an experimental characterization of micro-ring res-
onators integrated in a silicon nitride (Si3N4) photonic chip. The results reveal very
low propagation losses and high quality factors, making this kind of integrated plat-
forms suitable for highly compact CV applications out-of-the-laboratory. This photonic
chip will serve as a source for experimental investigation of high dimension quantum
correlations in Kerr frequency comb.

perspectives

"Perfection is not physical"
Jean Etesse

As no physical implementation is perfect, obtained experimental results can always
be improved. Indeed, as highlighted in chapter 3, the main limitation in the presented
experimental implementation of fully guided-wave generation of non-Gaussian quan-
tum states is related to the homodyne detection (HD) system. In particular, the lack
of efficient photodiodes, that represent the most critical loss factor in the HD, affects
in the same way both guided-wave and bulk realizations. A further improvement
of the experimental setup would be the development of a homodyne detection with
better overall efficiency, allowing to affect less the quantum features of the produced
non-Gaussian states. Moreover, propagation and coupling losses at the SPDC stage
degrade the purity of the squeezed state on which the subtraction protocol is applied.
This deleterious effect can be circumvented by adopting a fully integrated setup in-
cluding on-chip squeezing generation, photon subtraction and homodyne detection.
This strategy would further improve the Wigner function negativity of the produced
non-Gaussian states.
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The continuity of the experimental work presented in chapter 4 consists in the
following steps:

• The validation of developed source by experimental generation of the time-bin
entangled photon pairs (DV) and Schrödinger cat-like state (CV). The theoretical
framework presented in chapter 5 can be useful to enhance the quality of the
produced states.

• The implementation of the interferometric stage for the experimental protocol of
hybrid DV-CV entanglement generation via entanglement swapping operation.

• Real field implementation of quantum communication protocols based on
time-bin based hybrid DV-CV information encoding.

The last experimental characterization results presented in chapter 7 are the first ob-
tained on an ongoing project. A PhD student is working, both theoretically and experi-
mentally, on this project. The theoretical work consists in the investigation of possible
hidden correlations in a multimode Kerr frequency comb produced by micro-ring res-
onators. This theoretical investigation would allow to identify the optimal quantum
observables that would reveal these correlations. At the same time, efforts are invested
to develop detection systems allowing to measure the optimal identified observables
for the experimental validation of multimode quantum correlation.

Finally, further improvement of the proposed protocol in chapter chapter 6 is being
considered. Typically, investigation of the influence of the properties of the input re-
sources as well as the heralding strategy would allow to identify optimal scenarios for
better protocol performances.
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AN U M B E R S TAT E B A S I S

a.1 eigenstates and eigenvalues of the number oper-
ator

As mentioned in subsection 1.1.3, the eigenstates of the Hamiltonian Ĥl of the ra-
diation mode l are given by the eigenstates of the number operator N̂l = â†

l âl . The
eigenstate |νl〉l , associated with the eigenvalue νl , satisfies the relation:

N̂l |νl〉l = νl |νl〉l . (A.1)

The squared norm of the state âl |νl〉l , noted ‖âl |νl〉l ‖2, is given by:

‖âl |νl〉l ‖2 = 〈νl | â†
l âl |νl〉l = 〈νl | N̂l |νl〉l = νl 〈νl |νl〉 = νl ≥ 0, (A.2)

this means that the eigenvalue νl is non-negative. Moreover, using the commutation
relations given by Equation 1.20, we can show that

[
N̂l , âl

]
= −âl , and so, applying the

number operator to the state âl |νl〉l gives the following result:

N̂l âl |νl〉l =
(
âl N̂l − âl

)
|νl〉l = (νl − 1)âl |νl〉l , (A.3)

which means that either âl |νl〉l is a null vector, or it is an eigenstate of the number
operator N̂l with associated eigenvalue νl − 1, we note it |νl − 1〉l . More generally, the
states {|νl − p〉l = âp

l |νl〉l} with p ≤ pmax are all eigenstates of the number operator N̂l
with associated eigenvalues {νl − p}. We note the minimum eigenvalue by νl − pmax,
and hence, the associated eigenvector is |νl − pmax〉l = âpmax

l |νl〉l . Since νl − pmax − 1 is
not an eigenvalue of N̂l , the state âl |νl − pmax〉l is null. And according to Equation A.2,
we find that:

νl − pmax = 0. (A.4)

In the same way, we can show that the states {|νl + p〉l =
(
â†

l

)p |νl〉l} are also eigen-
states of the operator N̂l with associated eigenvalues {νl + p}. So, the eigenvalues are
the set of non-negative integer {nl}nl≥0 and the eigenstates {|nl〉l} are called number
states.

a.2 annihilation and creation operators

As seen in section A.1, the states âl |nl〉l and â†
l |nl〉l are eigenstates of N̂l with associ-

ated eigenvalues nl − 1 and nl + 1, respectively. So we can write them as:

âl |nl〉l = c1 |nl − 1〉 |nl>0, (A.5)
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âl |0〉l = 0, (A.6)

â†
l |nl〉l = c2 |nl + 1〉 , (A.7)

with c1 and c2 are two constants chosen to be real. Taking the squared norm of Equa-
tion A.5 and Equation A.7, we find that:

‖âl |nl〉l ‖2 = 〈nl | â†
l âl |nl〉l = 〈nl | N̂l |nl〉l = nl 〈nl |nl〉 = nl = c2

1, (A.8)

‖â†
l |nl〉l ‖2 = 〈nl | âl â†

l |nl〉l = 〈nl | â†
l âl + 1 |nl〉l = (nl + 1) 〈nl |nl〉 = nl + 1 = c2

2, (A.9)

and so, we find that c1 =
√

nl and c2 =
√

nl + 1.
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b.1 gaussian integral

ˆ ∞

−∞
e−a(x−x0)

2
dx =

√
π

a
. (B.1)

b.2 integration formulas involving coherent state

wave-functions

The following integrals are given for real amplitudes α and β. Using the wave-
function of coherent states (Equation 1.77), we find:

ˆ ∆x
2

− ∆x
2

〈x|α〉a〈β|x〉dx =
e−

1
2 (α−β)2

2

[
er f
(

α + β√
2

+
1

2
√

2
∆x
σ0

)
− er f

(
α + β√

2
− 1

2
√

2
∆x
σ0

)]
,

(B.2)

ˆ ∆p
2

− ∆p
2

〈p|α〉a〈β|p〉dp =
e−

1
2 (α−β)2

2

[
er f
(

i
α− β√

2
+

1
2
√

2
∆p
σ0

)
− er f

(
i
α− β√

2
− 1

2
√

2
∆p
σ0

)]
,

(B.3)

ˆ ∞

−∞
e−

x2

2∆x2 〈x|α〉a〈β|x〉dx =
e−(α

2+β2)√
1 + σ2

0
∆x2

e

(α+β)2

2

(
1+

σ2
0

∆x2

)
, (B.4)

ˆ ∞

−∞
e
− p2

2∆p2 〈p|α〉a〈β|p〉dp =
e

− (α−β)2

2

(
1+

σ2
0

∆p2

)
√

1 + σ2
0

∆p2

. (B.5)





CG A U S S I A N B E A M P R O PA G AT I O N

In this appendix, we give the main formulas and equations used to align the Fabry-
Pérot cavity for the fundamental TEM00 Gaussian beam.

c.1 gaussian beam

A Gaussian beam propagating along the z axis is characterized by a transverse Gaus-
sian intensity profile (in the (x, y) plane) given by:

I(x, y, z) = I0(z)e
−2 x2+y2

w2(z) , (C.1)

where w(z) is the beam size at the position z given by:

w(z) = w0

√
1 +

(
λ(z− z0)

πw2
0

)2

. (C.2)

The minimum beam size w0, located at the position z0, is called the beam waist. The
curvature radius of the wave-front of the beam at the position z, noted R(z), is given
by:

R(z) = (z− z0)

[
1 +

(
πw2

0
λ(z− z0)

)2]
. (C.3)

c.2 gaussian beam transformation using two lenses

For a Gaussian beam propagating in an optical system characterized by its ABCD ma-
trix [186, 187], the beam size w and its wave-front curvature radius R are transformed
as:

q′ =
Aq + B
Cq + D

, (C.4)

where:

1
q
= −i

λ

πw2 +
1
R

. (C.5)

Let us consider the case of Gaussian beam propagation in a system of two lenses as
depicted in Figure C.1. The ABCD matrices for a free propagation over a distance d
(Mprob(d)) and a transmission via a lens with focal length f (Mlens( f )) are given by:
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𝑧

𝑓1 𝑓2

𝑑1 𝑑2

𝑤0
′

𝑤0

𝑑0

𝐿1 𝐿2

Figure C.1 – Gaussian beam propagation in a system of two lenses.

Mprob(d) =

(
1 d

0 1

)
, Mlens( f ) =

(
1 0

− 1
f 1

)
, (C.6)

and so, the ABCD matrix of the whole system in Figure C.1 is given:

M = Mprob(d2)Mlens( f2)Mprob(d1)Mlens( f1)Mprob(d0) =

(
A B

C D

)
, (C.7)

with:

A = 1− d1

f1
− d2

f1
− d2

f2
+

d1d2

f1 f2
, (C.8)

B = d0 + d1 + d2 −
d0d1

f1
− d0d2

f1
− d0d2

f2
− d1d2

f2
+

d0d1d2

f1 f2
, (C.9)

C =
−1
f1
− −1

f2
+

d1

f1 f2
, (C.10)

D = 1− d0

f1
− d0

f2
− d1

f2
+

d0d1

f1 f2
. (C.11)

Applying now Equation C.4 with R = R′ = 0, we find that:

Aq0 + B = Cq0q′0 + Dq′0, (C.12)

and since q0 and q′0 are imaginary (q0q′0 is real), we can identify two equations:

Dq′0 = Aq0, (C.13)

Cq0q′0 = B. (C.14)

By considering the simple case where d0 = f1 (the waist w0 is located at the focal
plane of the lens L1), Equation C.14 leads to the following formula:

d2 = f2 − π2 w2
0w′20

λ2 f1

(
1 +

f2 − d1

f1

)
, (C.15)
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and by replacing it in Equation C.13, we find:

c1d2
1 + c2d1 + c3 = 0, (C.16)

with:

c1 =
π2w4

0w′20
λ2 f 3

1 f2
, (C.17)

c2 = −2
π2w4

0w′20
λ2 f 2

1

(
1
f1

+
1
f2

)
, (C.18)

c3 =
π2w4

0w′20
λ2 f1

(
1
f1

+
1
f2

)(
1 +

f2

f1

)
+

f1

f2
w′20 −

f2

f1
w2

0. (C.19)

So, for a given initial waist w0 and a target final one w′0, resolving Equation C.16

allows to retrieve the distance d1 that must be imposed between the two lenses of focal
lengths f1 and f2.





DC AV I T Y L O C K I N G U S I N G P D H T E C H N I Q U E

In chapter 3, the Fabry-Pérot cavity filtering the heralding photons is locked using the
Pound Drever Hall (PDH) technique. The locking scheme is illustrated in Figure D.1.

FBG

DC

Δ𝑡
EOM

Oscilloscope PID

Ramp

Amp1

Amp2

Amp3

24.2 MHz LO

LPF

Switch

f-CirPD
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Out-1560-2

5%

Optical fiber

Free space

Electric cable

1

2
3

Figure D.1 – Cavity Locking using the PHD technique. Amp: amplifier, f-Cir: fiber optic cir-
culator, LPF: low pass filter, PD: photodiode, EOM: electro optic modulator, PZT:
piezo stack actuator, FBG: fiber Bragg grating filter. See details in the text.

The output Out-1560-2 of the master laser source is modulated using an EOM (PM7-
SWIR from QUBIG GmbH) at a frequency of 24.2 MHz and sent to the Fabry-Pérot
cavity through the fiber optic circulator (f-Cir) and the Switch. The reflected light from
the cavity is detected at port 3 of the circulator using an AC coupled photodiode with
a bandwidth of 100 MHz (PD100 from Koheron) whose output is amplified using the
20 dB Amp1 amplifier. The output of this amplifier is then mixed with the amplified,
time delayed 24.2 MHz LO using the ZX05-1MHW-S+ mixer from Mini-Circuits and
filtered with a low pass filter (BLP-2.5+ from Mini-Circuits). To obtain a positive error
signal that can be read by the PID controller (Teensy 3.2), the filtered output of the
ZX05-1MHW-S+ mixer is shifted with a DC component. The control signal delivered
by the PID controller is amplified using a TD250 amplifier from PiezoDrive and sent
to the PZT actuator attached to on of the Fabry-Pérot cavity mirrors (the plane mirror).
The addition of a ramp (generated by a servo controller from Toptica) to the control
signal allows to scan the length of the cavity during its alignment. The LO signal at
24.2 MHz is generated using Adafruit Si5351 clock generator breakout board combined
with Arduino Uno R3 chip, and then amplified with Amp2 (15 dB ZX60-100VH+ from
Mini-Circuits) to be sent to the EOM and the ZX05-1MHW-S+ mixer.





EP U L S E D S H G I N T I M E D O M A I N

For an SHG process with picosecond fundamental pulses given by:

El(x = 0, t) = E0 f (t) sin(ω0t), (E.1)

the electric field of the SH pulses at the output of the SHG crystal (x = Lsh) can be
written as [120]:

Ep(Lsh, t) =
kp

shgχe f f

4(np
shg)

2(β
p
shg − βl

shg)
sin
(

kp
shgLsh − 2ω0t

) ˆ β
p
shg Lsh

βl
shg Lsh

f 2(t− t′)dt′, (E.2)

with kp
shg = kshg(2ω0), np

shg, and β
p
shg =

dkshg(ω)

dω
|2ω0 are the wave-vector, the refractive

index and the inverse of the group velocity, respectively, at the SH central frequency

2ω0 and βl
shg =

dkshg(ω)

dω
|ω0 is the inverse of the group velocity at the fundamental

pulse central frequency ω0, in the SHG nonlinear crystal. For Gaussian fundamental

pulses: f (t) = e
− 2 ln(2)

τ2
l

t2

, we find:

Ep(Lsh, t) =
kp

shgχe f f τl

16(np
shg)

2(β
p
shg − βl

shg)
sin
(

kp
shgLsh − 2ω0t

)
√

π

ln(2)

[
er f

(
2
√

ln(2)
τl

(t− βl
shgLsh)

)
− er f

(
2
√

ln(2)
τl

(t− β
p
shgLsh)

)]
.

(E.3)

In our case, we use an MgO:PPLN crystal for the second harmonic generation. Fig-
ure E.1 shows the normalized temporal envelop of the SH pulse as a function of the
length Lsh of the SHG crystal (MgO:PPLN).

We can see that the second harmonic pulse duration increases with the length Lsh.
For a fundamental laser pulse duration of τl = 1 ps (a), the SH pulse envelop is no more
Gaussian after a propagation distance around 5 mm whereas for a duration τl = 6 ps,
the SH pulse still have a Gaussian envelop even after a propagation distance of 20 mm
inside the SHG crystal. This is essentially due to the walk-off effect related to the group
velocity mismatch between the laser pulse and the second harmonic pulse inside the
nonlinear crystal. During the propagation, the fundamental and the SH pulses are
separated by a time delay ∆τ = ∆βshgLsh where ∆βshg = |βp

shg − βl
shg|. A characteristic

length, called the walk-off length Lwo, is a limit length for which the fundamental and
the SH pulses can still be considered as overlapping, this characteristic length is given
by [188]:
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(a) (b)

Figure E.1 – The normalized temporal shape of the SH pulse as a function of the length Lsh of
the SHG crystal (MgO:PPLN) for fundamental pulses of duration τl = 1 ps (a) and
τl = 6 ps (b). The SHG crystal is an MgO:PPLN.

Lwo =
τl

∆βshg
. (E.4)

For a PPLN crystal pumped at λ0 = 1560 nm, this characteristic length can be ap-
proximated as Lwo [mm] ≈ 3.39 τl [ps], which is equal to 3.39 mm for τl = 1 ps and
20.34 mm for τl = 6 ps. For Lsh < Lwo, the SH pulse can be approximated by [120]:

Ep(Lsh, t) =
kp

shgχe f f Lsh

4(np
shg)

2
sin
(

kp
shgLsh − 2ω0t

)
f 2

(
t−

βl
shg + β

p
shg

2
Lsh

)
, (E.5)

conserving then it Gaussian envelop.



FS I N G L E - P H O T O N S U B T R A C T I O N F R O M
M U LT I M O D E Q U A N T U M S TAT E S

f.1 properties of functions {ψ//
n (ω), ψ⊥n (ω)}

In this appendix, we provide some important properties of the functions {ψ//
n (ω)}

and {ψ⊥n (ω)} that are used in the main text. The starting point consists in decomposing
the functions t(ω)ψk(ω) in an orthonormal basis {ψ//

n (ω)}:

t(ω)ψk(ω) = ∑
n

aknψ//
n (ω), (F.1)

with

akn =

ˆ
t(ω)ψk(ω)

(
ψ//

n (ω)
)∗

dω, (F.2)

and to complete this basis with the set {ψ⊥n (ω)}. The functions {ψ⊥n (ω)} are orthogonal
to each other and to the {ψ//

n (ω)}, such that the ensemble of {ψ//
n (ω), ψ⊥n (ω)} forms a

complete orthonormal basis. By inverting Equation 5.8, one obtains:

ψ//
n (ω) = ∑

k
p∗knψk(ω) (F.3a)

ψ⊥n (ω) = ∑
k

q∗knψk(ω). (F.3b)

Also, by noting that

∑
k

pkn1 p∗kn2
= ∑

k
qkn1 q∗kn2

= δn1 ,n2 , (F.4a)

∑
k

pkn1 q∗kn2
= ∑

k
qkn1 p∗kn2

= 0, (F.4b)

it can be proved, thanks to Equation 5.7, that

∑
k

ψk(ω)ψ∗k (ω
′) = δ(ω−ω′) (F.5)

and
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∑
l

ψ//
l (ω)

(
ψ//

l (ω′)
)∗

+ ψ⊥l (ω)
(

ψ⊥l (ω
′)
)∗

= δ(ω−ω′), (F.6)

thus providing a completeness relations for the ensemble of functions {ψ//
n (ω), ψ⊥n (ω)}.

By multiplying Equation F.3a and Equation F.3b by t(ω) and remembering definition
given by Equation F.1, one obtains:

t(ω)ψ//
n (ω) = ∑

l

(
∑

k
p∗knakl

)
ψ//

l (ω) = ∑
l

Tnlψ
//
l , (F.7a)

t(ω)ψ⊥n (ω) = ∑
l

(
∑

k
q∗knakl

)
ψ//

l (ω). (F.7b)

Then:

ˆ
|t(ω)|2|ψ⊥n (ω)|2dω =

ˆ [
|t(ω)|2ψ⊥n (ω)

] (
ψ⊥n (ω)

)∗
dω. (F.8)

However, according to the two relations given by Equation F.7, |t(ω)|2ψ⊥n (ω) only
has components along ψ//

n , which implies that
´ |t(ω)|2|ψ⊥n (ω)|2dω = 0, and, as a

consequence, that:

∀ω, t(ω)ψ⊥n (ω) = 0. (F.9)

This result is quite strong, and implies that ψ⊥n (ω) is only nonzero where r(ω) = 1,
i.e. in all region for which the filter transmission coefficient t(ω) goes exactly to 0. This
also means that

∀ω, r(ω) ψ⊥n (ω) = ψ⊥n (ω). (F.10)

Note also that Equation F.1 implies that if t(ω) = 0 then ψ//
n (ω) = 0, for regular

enough continuous functions, with continuous derivatives, such as for a Gaussian or
Lorentzian filter transmission profile. This implies that ψ⊥n (ω) and ψ//

n (ω) have disjoint
supports.

f.2 fidelity of the measured state with a target non-
gaussian state

The quality of the detected state can be evaluated by its fidelity with a single-mode
photon-subtracted squeezed vacuum state as target state thanks to the overlap formula:

F = 4πσ2
0

ˆ ˆ
WH(x, p)Wt(x, p)dxdp. (F.11)
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By replacing Equation 5.23 and Equation 5.17 in Equation F.11, we find that:

F =
2

σxσpP/θ2
√
( 1

σ2
x
+ s

σ2
0
)( 1

σ2
p
+ 1

sσ2
0
)

−A +

(
sA
σ2

0
− B

)
1

1
σ2

x
+ s

σ2
0

+

(
A

sσ2
0
− C

)
1

1
σ2

p
+ 1

sσ2
0

+
sB
σ2

0

3
( 1

σ2
x
+ s

σ2
0
)2

+
C

sσ2
0

3
( 1

σ2
p
+ 1

sσ2
0
)2

(
Cs
σ2

0
+

B
sσ2

0

)
1

( 1
σ2

x
+ s

σ2
0
)( 1

σ2
p
+ 1

sσ2
0
)

 , (F.12)

with

A =
P
θ2 −

σ2
0

σ2
x

∑
k,n

γk,n
µkµnckcn

(1− µk)(1− µn)
− σ2

0
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(F.13a)

B =
σ2

0
σ4

x
∑
k,n

γk,n
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(F.13b)

C =
σ2

0
σ4

p
∑
k,n

γk,n
µkµnckcn

(1 + µk)(1 + µn)
. (F.13c)

f.3 gaussian and rectangular filters on the herald-
ing path

In the case of a Gaussian shaped JSA, the explicit shape of the supermode is given
as in [131]:

ψk(ω) ∝
√

τs√
π2kk!

Hk
[
τs(ω−ωp/2)

]
e−τ2

s (ω−ωp/2)2/2, (F.14)

where ωp is the SPDC pump central frequency and τs is given by the pump and by the
process K [131]. In general,

γk,n =

ˆ
|t(ω)|2ψk(ω)ψ∗n(ω)dω, (F.15)

where ψk(ω) is the signal mode k given by Equation F.14 with a phase factor which
does not depend on the mode order k [131].

A Gaussian filter with transmittance t(ω) can be described by:

t(ω) = e
− 4 ln(2)

∆ω2
F
(ω− ωp

2 )2

, (F.16)

where ∆ωF is the FWHM bandwidth. Accordingly, by defining τ̄2 =
8 ln(2)
∆ω2

F
+ τ2

s , the

coefficients γk,n are:
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γk,n =
τs√

2k+nk!n!π
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2
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2
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]
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By using the integration formula given in [189]:

ˆ
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it is possible to write:
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τs√
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As the Hermite-Gauss polynomials verify:

Hk(0) =


0 if k is odd

(−1)
k
2

k!
( k

2 )!
if k is even,

(F.20)

then, for a Gaussian filter, γk,n = 0 if k + n is odd, and

γk,n =
τs√

ν2k+nk!n!

min[k,n]

∑
m=0

2mm!
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k
m

)(
n
m
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(
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( k+n
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if k + n is even.
Following a similar reasoning, the case of a rectangular filter can also be described.

We have:

t(ω) =

{
T0 if ω ∈ [−∆ωF

2 ,+∆ωF
2 ]

0 elsewhere.
(F.22)

In this case, γk,n = 0 if k + n is odd, and:

γk,n =
1√

2k+nk!n!

ˆ +τs
∆ωF

2

−τs
∆ωF

2

e−x2
Hk(x)Hn(x)dx, (F.23)

if k + n is even.
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Figure G.1 – Wigner functions of the output state of the protocol fed by single-photon Fock
states, with (a): N = 2, (b): N = 3, (c): N = 4 and (d): N = 5.

An important aspect of our strategy is that it can directly be implemented with al-
ready accessible experimental resources. Even if high amplitude Schrödinger cat states
are not trivial to generate experimentally, good approximation of them at low ampli-
tudes, also called Schrödinger kitten states, are commonly produced states. Moreover,
the breeding principle has been experimentally demonstrated with kittens [89], show-
ing the validity of the approach. In addition, single-photon Fock states also constitute
a valid alternative to them, as theoretically and experimentally demonstrated [34, 65],
to generate squeezed Schrödinger cat-like output states with high fidelity. It is worth
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noting that squeezing the output states constitutes a high advantage, as it can increase
their robustness to losses [28, 161]. Accordingly, the results presented here will focus
on input single-photon Fock states. Very similar results are expected with kitten states.

We recall that our protocol requires the use of a multiplexed input state source. This
can simply be achieved by taking advantage of the spectral tailoring possibility that pro-
cesses like spontaneous parametric down conversion offer [121]. Indeed, depending on
the pumping and phase-matching conditions, two-mode squeezing can be generated
along a large number of spectral modes, offering the ideal platform for multiplexed
generation [119]. Then, single-photon Fock states are simply heralded by performing a
projective measurement over one of the two mode squeezing subsystems. This method,
although very commonly used for the generation of high quality single-photon Fock
states for a couple of decades now, has recently been extended experimentally to high-
dimension mode-selective quantum state tailoring [135]. This allows to tweak the super-
mode in which the single-photon detection occurs, therefore heralding a single-photon
Fock state in a given supermode. Here we can take advantage of such capabilities, by
using multiplexed photon sources to feed the protocol and generate complex photonic
states in a single shot.

The output Wigner functions of the protocol fed by an increasing number N of single-
photon Fock states are shown in Figure G.1. They clearly reveal that the output state
contains more and more oscillations at its center with increasing N. To be more quan-
titative, Table G.1 gathers the parameters of the closest Schrödinger cat state, where α

is the amplitude, s its squeezing factor and F the fidelity between the two states.

N = 2 N = 3 N = 4 N = 5

α 1.63 2.03 2.30 2.12

s −1.80 dB −1.87 dB −1.80 dB −1.31 dB

F 99% 90% 66% 49%

Table G.1 – Fidelity of the output state with a squeezed Schrödinger cat state of amplitude α
and squeezing factor s.

This table reveals that the amplitude of the state increases with N for low values, but
degrades after N = 4. Further simulations show that this is true for larger N as well.
Such an evolution can qualitatively be explained by the phase invariance of the two
states impinging the beam splitter: as the only rotation symmetry breaking operation
is the homodyne measurement, the fidelity of the created state with a highly non-phase
invariant state decreases with its size.

This analysis reveals that few-mode single photon states are relevant resources for
our protocol in order to produce high quality Schrödinger cat states, essential brick in
continuous-variable quantum information processing.
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