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Résumé:

Dans cette these, un modele mathématique d’adhésion dans le contexte de la motilité
cellulaire a été étudié. Dans ce cadre, nous étudions un systeme couplé formé par une
équation structuré en age et une équation intégrale du Volterra. Nos travaux sont divisés
en deux parties. Dans une premiére partie, nous étudions I'équation intégrale avec une
force extérieure f a variation bornée. Nous introduisons la régularisée de la fonction f
ainsi qu'une nouvelle variable et nous reformulons la version régularisée de cette équa-
tion. Nous dérivons une nouvelle estimation a priori et nous établissons la convergence
de ce systeme par rapport au parametre asymptotique €. De plus, nous présentons un cas
particulier ou un principe de comparaison spécifique a ce genre d’équations intégrale peut
étre appliqué. Dans une deuxieme partie, nous étudions le comportement asymptotique
en temps long de la solution de I'équation intégrale. Nous construisons un développement
asymptotique a N-termes de l'opérateur a retardement intégral dans le cas d'un noyau con-
stant en temps et dépend seulement du variable d’age. De plus, nous affaiblissons les hy-
potheéses sur le taux du mort, de sorte que nous autorisons la décroissance polynomiale
de la densité des liens, et nous améliorons heuristiquement les taux de convergence déja
prouver.

Mots clés : équation intégral de Volterra, equation de renouvellement, source terme a variation
bornée, principe de comparaison, probleme a perturbation singuliére, developpement asympto-
tique.

Abstract :

In this thesis, a mathematical model of adhesion in the context of cell motility has been
studied. In this framework, we study a coupled system formed by an age-structured equa-
tion and a Volterra integral equation. Our work is divided into two parts. In a first part, we
study the integral equation with an external force f with bounded variation. We introduce
the regularized function f and a new variable and reformulate the regularized version of
this equation. We derive a new a priori estimate and establish the convergence of this sys-
tem with respect to the asymptotic parameter €. Moreover, we present a particular case
where a comparison principle specific to this kind of integral equations can be applied. In
a second part, we study the asymptotic behavior in long time of the solution of the integral
equation. We construct an N"-order asymptotic approximation of the delay integral oper-
ator in the case of a kernel depending only on the age variable. Moreover, we weaken the
assumptions on the death rate, so that we allow polynomial decay of the linkages density,
and we heuristically improve the already proven convergence rates.

Keywords : integral equation, renewal problem, load bounded variation, comparison principle,
Volterra equation, singular perturbation problem, asymptotic expansion.
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CHAPTER

ADHESION MODELING IN THE CONTEXT OF CELL MOTILITY

his first chapter introduces our research topic, which is cell motility. It depicts a

cell’s physiological ability to migrate freely and independently of one site to another.

Mostly, the movement of cells means the life of organisms. It is the heart of many es-
sential biological processes. The development of certain physiological phenomena such as
embryogenesis, the formation of tissues and organs and the immune response requires cell
motility. Indeed, immune cells cannot fight off harmful bacteria without being able to mi-
grate between tissues and organs. Consequently, macrophages are unable to go to the loca-
tion of the injury to aid in its healing. However, scientists think that this movement can also
indicate the organism’s demise. For instance, in the field of cancerology, this process of mi-
gration entails the spread of cancer cells throughout the body, leading to the development
of new metastases ([LVA04]; [CTK10]). A deeper comprehension of tumor cell migration
might make it easier to find cures for cancer spread. Generally, the immune system’s cells
must move, either completely or mostly. Cell migration involves numerous actors. How-
ever, the extracellular matrix (ECM), focal points, and cytoskeleton are the three most im-
portant parts of them. The extracellular matrix (ECM) is a substrate that surrounds the cell
and contains adhesion proteins (collagen, proteoglycans, elastin and glycoproteins) that
allow the cell to move. The focal points are dynamic sites that guarantee the cell’s adhesion
to the ECM and substrate. The cytoskeleton is a dynamic filamentous network formed by
three types of filaments (actin microfilaments, intermediate filaments and microtubules).
The main component thought to be the driver of cell movement is actin. Actin near the

membrane can polymerize and depolymerize to allow the cell to extend forward and re-
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CHAPTER 1. ADHESION MODELING IN THE CONTEXT OF CELL MOTILITY

tract backward.

1.1 Biological context : Cell motility

The ability of a cell to produce movement either spontaneously or in response to an exter-
nal stimulus (chemotaxis) is known as motility. It's important to distinguish between mobil-
ity and motility. While an organism’s motility is a biological property that characterizes its
capability to cause movement, an organism’s mobility refers to its capacity to be in motion.
The motion of a cell is like the motion of climbing : Find a hold with the arm outstretched,
hold on to it, move your body, then release the previous hold. Cell migration can take a
variety of forms, including amoebic, lamellipod, and vibratory migration. Our research fo-
cuses on a mathematical study of a lamellipodium cell migration mechanism. Located at
the front of the cell, the lamellipodia is a lamelliform membrane protrusion. It drives cell
migration. Actin filaments, which have a diameter of 5 to 9 nm, are the fine protein fibers
that constitute it. These filaments ensure the traction of the cell toward the front and the
retraction of the cell away from the back by polymerizing and depolymerizing, respectively
[PBO3].

1.1.1 Cell migration phases

Cell migration onto substrates is a fundamental and crucial process that necessitates the
coordination of numerous cellular processes that take place in a cycle. This mechanism

consists of three crucial phases (see figure 1.1) :

1) First, the cell chooses its migratory direction by chemotaxis. The cell membrane is
extended during the actin polymerization process near the front of the cell, where
lamellipodia (broad, flat projections) and filopodia (elongated and narrow) are also
formed. This step is called protrusion. During this stage, the cell provides a vast family
of proteins that interact with actin directly and start the polymerization of it. Depend-
ing on how they work, these proteins are divided into numerous categories. The two
most important actin nucleators are formins and Arp2/3 complex ([SG10]; [PB02]).
The role of the Arp2/3 complex in actin polymerization and the protrusions of lamel-
lipodia has been demonstrated in several in vitro studies of actin polymerization dy-
namics [PCCO1].

2) Migration’s second stage is adherence. At the front of the cell, the lamellipodium de-

velops new adhesion sites during this phase in order to adhere to the substrate. These

2



1.1. BIOLOGICAL CONTEXT : CELL MOTILITY
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Figure 1.1: (a) Model showing the stages of cell migration. Figure reproduced from [Tsc13].
(b) Diagram showing the different actin structures present in a cell: stress fibers, lamellipod
and filopod. Figure reproduced from [Tac+18, Chapter 21].

focal adhesions are responsible for the cell’s attachment to the extracellular matrix
and for producing the traction forces required for the cell to advance. This is called

translocation.

3) Retraction is the final stage. The development of new focus points at the cell’s front
coincides with the disappearance of those in the back. The cell membrane and cell

body can retract thanks to a contractile force produced by stress fibers inside the cell.

1.1.2 Adhesion process and its significance for cell migration

In many biological processes, cellular adhesion plays a dynamic role. From the embryonic

development phase, adhesion proves its importance in the formation and functioning of
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CHAPTER 1. ADHESION MODELING IN THE CONTEXT OF CELL MOTILITY

tissues. The adhesion phenomenon is crucial to cell survival. It enables cell division, pro-
liferation, and organization within tissues ([Gum96]). Additionally, it permits the transmis-
sion of information between two cells in a relationship (cell-cell adhesion, [Bra02]). Alter-
natively, in the case of cell-substrate adhesions, the cell attaches to a protein of the extra-
cellular matrix and involves the creation of focal adhesions and then the polymerization
of actin filaments ([SG12]). So there are two sorts of cell adhesions: intercellular adhesions
and cell-matrix adhesions. Understanding the mechanics of adhesion between the cell and
its substrate is essential to comprehending the motility process. Our research focuses on
the mathematical analysis of the model describing the adhesions between cells and their
substrate. In the following, we present some essential molecular structures related to cell

migration.

1.1.3 Thelamellipod: actin polymerization factory

The lamellipod is a very thin membrane extension that forms at the front of migrating cells
during the protrusion phase. It has a thickness of 20 nm and a width of a few microme-
ters. It is a two-dimensional structure in the form of thin sheets made up of a complex and
dynamic network of actin microfilaments. A first model of cell migration that took into ac-
count the lamellipodium was developed by Abercrombie and colleagues in 1970 [AHP71].
Numerous studies have been carried out since the 1970s to the present to better under-
stand the structure and function of these membrane protrusions in a variety of biological
processes, notably in cell migration. In 1999, Svitkina and Borisy presented a very clear
electron microscopic image of the actin filaments, the main part of the lamellipod [SB99].
They observed that these filaments are distributed in the form of Y junctions that polymer-
ize at the front and depolymerize at the back of the lamellipod. It depicts a treadmilling
process that happens in the lamellipodium. The lamellipod’s presence is essential for con-
trolling cell migration and accelerating it. Hu et al. presented this finding in 2012 [HK12].
They demonstrated the significance of lamellipod development in the situation of cell mi-
gration in contact with a substrate. This membrane structure is essential for the organiza-
tion and alignment of cell-extracellular matrix adhesions, which control the direction of

movement.

1.1.4 Actin filaments

Actin filaments are one of the components of the eukaryotic cytoskeleton. The cytoskeleton

is a cellular structure formed by a network of protein filaments. Actin filaments are created
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1.2. MATHEMATICAL MODELING OF CELL MIGRATION : ADHESION MODEL

during the polymerization of actin-G, a monomeric form of actin, through the action of
nucleators like the Arp2/3 complex and formin. They are polar, flexible filaments with a di-
ameter of around 7 nm. These filaments are polarized and have two distinct ends : a barbed
end (noted (+)) and a pointed end (noted (-)). Actin does not polymerize at the same rate at
the ends of these filaments. At the plus end, it moves more quickly than at the minus end.
The quantity of actin-G at each end determines this. During the treadmilling phenomenon
that takes place in the lamellipod, we observe the accumulation of actin monomers at the
barbed end and their dissipation at the pointed end. Therefore, actin polymerization regu-
lation and location are crucial for cell motility. The Arp2/3 complex is a key component in

actin polymerization.

1.1.5 The Arp2/3 complex

In 1994, the Arp2/3 complex is considered to be the eukaryotic cell’s first actin nucleator
[Mac+94]. It is a molecular device made of seven proteins, only two of which are bound
to actin : Arp2 and Arp3. This complex has a specific property that allows it to move along
the pre-existing actin filaments. It enables the elongation of the actin filaments as it travels
toward the barbed end. In addition, by leaving the pointed end, it enables the cross-linking
of these filaments [MHP98]. The lamellipod can be extended using this protein motor, since

it can produce the protrusion force needed.

1.2 Mathematical modeling of cell migration : Adhesion

model

Cell migration is crucial for the growth and functioning of the organism, (embryonic devel-
opment, wound healing, immunity ...). Various models of cell migration intend to assem-
ble, analyse and weight various mechanisms related to cell motility. Abercrombie [AHP71]
put the first brick in place by creating a model that outlined the four phases of the rep-
tation : polarization, protrusion, adhesion, and contraction. Later, different models were
developed. They describe the role of the different actors involved in each step of cell migra-
tion. Mogilner and Oster [MO96], presented a model for the protrusion phase. They made
it simpler to understand the protrusion forces brought on by actin polymerization. In addi-
tion, there are other studies that discuss, for example : the role of actin [ZM12], the extracel-
lular matrix’s participation in migration [SRC12], the creation of focal adhesions [SBKO05],
and the retraction mechanism [SR05]. In [0S10; OSS08], the authors suggest a model of the
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CHAPTER 1. ADHESION MODELING IN THE CONTEXT OF CELL MOTILITY

actin cytoskeleton dynamics in the lamellipodium : the lamellipodium is represented by
a two-dimensional structure made up of two actin filament families that cross and orient
in opposite directions (see figure 1.2). The positions of these actin filaments, denoted by
the superscripts + and — according to their orientations, are the key unknowns presented
in this model. F™ (¢, a, s) indicates the position of the filaments in the anti-clockwise direc-
tion, and F* (¢, a, s) that of the filaments in the clockwise direction. The balance of forces

acting on the cell membrane is the basis of this model :

uPos (N 0SF*) -0 (n* A*0;F*) +n*  p Dy F*
\ N — / e

(1.1) bending inextensibility substrate adhesion
) +,.— T +,1 + = S (Pt o+ E——
i?s(ﬂ N s (@ — @o)OsF lin n Hi(DIF -D;F 1—0
twi;;ing inter—ﬁlam;ﬁ adhesion

where s denotes the actin filaments’ arc length and a their angular position. The stationary
distributions of the filament lengths for each family are represented by the variables n*,
respectively. The parameter p5, u8, u” and p® represent respectively the bending param-
eter, the friction term with the substrate, the stiffness term of cross-link and the friction
term due to the stretching elasticity of cross-link. The angle between the filaments is de-
termined by ¢ = arccos(0,F* (a*,s*(a*,a™,1),0)-0;F (a~,s (a*,a”,1),1) and ¢ is the
equilibrium angle. The speed of transmitting the protrusion force from the F-actin fila-
ments to the substrate is represented by the total derivative operator Dy := d; — v*d; and
v* are the polymerization speed. (1.1) describes the mechanical behavior of these two fam-
ilies of filaments. We are interested in the mathematical analysis of a system that models

the adhesion terms (term in red in (1.1)).

Figure 1.2: The mechanical structure of the lamellipodium.



1.3. MATHEMATICAL MODEL OF ADHESION

1.3 Mathematical model of adhesion

In 2011, Oelz and Milisi¢ [MO11] have studied a model concerning the terms of adhesions
in (1.1). They chose to focus on a single adhesion site in order to reduce the previous prob-
lem, which appeared very complicated. According to their model, The adhesion site is seen
as a point subjected to a sum of adhesive forces f(#) that allows it to move along the sub-

strate (see figure 1.3). This adhesion site is described by its position z.(¢) at time t.

f(t—ay) £(6)

7/

2t—as) 2(t-ap) z2(t-a)  2(0)

Figure 1.3: The position of an adhesion point that is changing on a substrate while being
affected by a force f ().

The position z.(t) is a solution of a minimization problem :
! 2
(1.2) ze(t):=argmin{ — | |w—z.(t—€a)l“pe(a, t)da— f()w
weR € JR,

They assume that the bonds’ stiffness is large and behaves like 1/¢, where the non-dimensional
parameter ¢ represents the typical age of adhesions in respect to the longest possible life-
time of monomers in a filament. The Euler-Lagrange equation related to the minimization
problem (1.2) is used to get the equation satisfied by the position z.(f). It satisfies the inte-

gral equation

! (ze(t) = ze(t—€a)) pe(a, )da= f(1), t>0
(1.3) € JR,

ze (1) = zp(1), <0

The density p, represents the age distribution of bonds that attach and detach from the

substrate over time. It satisfies the renewal equation

(gat +a(l +(8(ay t)) pg(a; t) = 0) (a) t) € [R-F X (0) T)
(1.4) Pe(0,1) = Be(1) (1 —fR pe(a, t)da), (a, 1) €{0} x (0, T)
pe(a,0) = pr(a), (a, 1) e Ry x {0}.

where f, € R; (resp. { € R;) is the kinetic on-rate (resp. off-rate) function. The system

(1.4) presents an age-structured model that is comparable to Perthame’s standard model
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CHAPTER 1. ADHESION MODELING IN THE CONTEXT OF CELL MOTILITY

[Per07], but with a boundary condition at a = 0 that shows a saturation effect. No new
bonds are formed when the total population g := f[R+ pe(a, t)dais near to 1, but when the
total population is low, a bond of age 0 is born. In [MO11], the authors have demonstrated
existence and uniqueness results of a solution of the weakly coupled system (1.3;1.4), for a
fixed €. In this case, the death rate (. is a known function independent of the position and
satisfies assumptions of regularity, positivity and boundedness. Moreover, they demon-
strated convergence when ¢ goes to zero under the assumption that the off-rate {, is not
necessarily non-decreasing passed a certain age ay = 0. The strategy outlined to prove these
findings is first studying the renewal equation (1.4), and then using it to investigate the in-
tegral equation (1.3). They introduced a novel entropy associated with (1.4) since there is a

saturation effect in the non-local boundary condition for a = 0. It has the following form

JCu] () := ‘foo u(a,t)da
0

+f lu(a,t)lda,
0

it is a Lyapunov functional that allowed them to show the strong convergence when € goes

to zero of p, to alimit py, satisfying

0apo+{ola, t)po =0, t>0,a>0,

(1.5) o0
Po(a=0,t)=,30(t)(1—f po(t, @) dﬁ), t>0,
0

They have also demonstrated that z, converges to zj solution of

H1,0(8)0r20 = f(1), £>0,
20t =0) 1= 2, (0),

(1.6)

o0
where py o(7) := f apo(a, t)da. The convergence of z. is based on a comparison princi-

0
ple specific to this kind of Volterra integral equations [GLS09]. Applying this principle and
demonstrating convergence required two presumptions : the positivity of the kernel p, and
the monotonicity of {, for a large age. The following theorem serves as a summary of these

findings :

Theorem 1. Under well-chosen assumptions ([MO11]) and for any fixed € > 0,
there exists a unique solution (z,p.) of the coupled system (1.3;1.4) in C°(R,) x
(C°(Ry; L' (R1)) N L (R, 2)). Moreover for any T > 0 we have

Ize = zoll oo, 1) + lPe = Poll oo, 71521 ®,)) — O When & — 0.

where zy and p are the solutions of (1.6) and (1.5) respectively.




1.4. THE RENEWAL EQUATION

The authors in [MO15] have added a new elongation variable u, that is given by

Ze(1) - zg(t—ga)’ ift>ea

(1.7) Uug(a, 1) = zg(t)—zi,(t—sa)

, ift<ea
£

to enhance stability and convergence results as € goes to zero. This variable has the form
of a discrete derivative of z.. The benefit of changing the variable z. to u, is that it allows
the integral equation (1.3) to become an age-structured equation with a non-local integral

source term:

1 0o
€0sUe +0, U = y (Edtf+f Cellepe da), (t,a) € (R))?,
0, 0
18 Yua=0,0=0, (£,a) € Ry x {0},
z:(0) — zp(—sa)
Ug(a, t=0) = c = uje(a), (t,a) € {0} xR,

where o (1) := [3° pe(a, t) da. In the regular case, when the external force f is alocally Lip-
schitz function on R, there is an equivalence relation between z. and u,. If we know z; as a
solution of (1.3), we can calculate u, and the other way around. The variable u, has a posi-
tive effect on the results proved in [MO11]. It made it possible to derive the convergence re-
sults when ¢ tends to zero without having to assume that {, is necessarily increasing passed
a certain age ay. Moreover, it allows showing the global existence and uniqueness of the so-
lution for the strong coupling system (1.3;1.4) where (. also depends on the elongation u,
(see [MO15, Section 7]). In this thesis, we are particularly interested in the weakly coupled
system (1.3;1.4).

1.4 The renewal equation

The equation (1.4) studied in this research work represents an age-structured model. The

classical form of age structured equation has the form

o;n(a,t)+d,n(a,t) =0, (a,1) € (Ry)?,
+00
(1.9) na=0,1)= Ban(d', da, (a,1) € {0} xRy,
0
n(a, t=0)=na), (a,1) € Ry x {0},

where n(a, t) represents the population density of age a at time ¢ and § = 0 is the birth rate.
(1.9) has been widely studied by Magal and Ruan [AMRO08], Diekmann and Metz [MD14],

9
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Perthame [Per07], Doumic and Gabriel [DG10], Grwiazda and Wiedemann [GW16] and
Gabriel [Gab14]. Several approaches have been developed to study the asymptotic behavior
of the age-structured model. For example, the use of the Volterra integral equation formu-
lation [Ian95], the semigroup theory [PR19; Web+85] and the generalized entropy method
[MMPO05; Per07]. The method developed by Perthame and al in [MMPO05] is based on the
definition of the population growth rate n in terms of an eigenvalue problem (see sec-
tion A.1 in appendix A). Under specific assumptions on the birth rate (f is a nonnegative
bounded rate on R; and | f(a)da > 1) and using the Krein-Rutman theorem, they prove
the existence of a unique ﬂs%g)lution (A, N, ¢) of the eigenvalue problem and its dual. By es-
tablishing a General Relative Entropy (GRE) inequality, they proved that solutions to (1.9)

satisfy the long time asymptotics
fﬂ_\q ¢(a) ‘n(a, e M —myN(a)|da—0, when t— +oo

for some real number my > 0 and suitable function N and ¢. The GRE method can be
applied to the Volterra integral equation (1.3) in the case where the kernel p is constant

in time and the source term f is null :

t t
(1.10) z(t)—f z(t—a)k(a)da:f Xp(t—a)k(a)da
0 0
where k(a) := % and po := p(a)da is the total population. Indeed, if we define
Ry
z(t—a) ift=a
(1.11) n(a,t) =
zp(t—a) otherwise.

It is easy to see that if z solves (1.10), then 7 solves the following equation

d,n(a,t)+0,n(a,t) =0, (a,1) € (R})?,
+00
(1.12) n@a=0,r :f k(an(d, ndad, (a,t) € {0} xRy,
0
n(a,t=0)=n’a = z,(-a), (a, 1) €R. x {0},

Conversely, if n is a solution of (1.12), then setting z(¢) = n(0, £) solves (1.10). Indeed,
+00

t
z(t) = n(0, 1) :f n(a, t)k(a)da:f n(O,t—a)k(a)da+f n’(a-tk(a)da
R, 0 t

t +00
:f z(t—a)k(a)da+f zp(t—a)k(a)da.
0 t

10
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If k is a nonnegtaive and bounded kernel on R, and if moreover it satisfies the hypo-
thesis,

(1.13) k(a)da=1 and ak(a)da < +oo
R, R,

we can prove the existence of a triple (1 = 0, N, ¢) solution of the eigenvalue problem as-
sociated to (1.12). In this case, we can prove the GRE inequality and study the long time
behavior of the equation (1.10). In contrast, the GRE method does not apply to the renewal
equation (1.4) because of the non-local boundary term, which contains opposite signs to
the total population. To study the asymptotic behavior of the solution of (1.4), the authors
in [MO11] have introduced a new entropy which leads them to prove the convergence of
the solution when ¢ grow large.

The second equation (1.3) studied in this work has the form of a Volterra integral equa-
tion with a non-convolutive kernel. To study this equation, the authors in [MO11] use the
results presented in [GLS09, Chapter 9]. In their case, they showed the existence of a unique
continuous solution of (1.3) on R,. This result is based on the fact that the kernel of (1.3)
is of bounded continuous type, which implies according to [GLS09, Theorem 5.4] that the
resolvent associated to this kernel has the same type as it. They use a Generalized Gron-
wall Lemma (see Theorem 53 in appendix A) and the positivity of the kernel to show the

convergence when ¢ goes to zero.

1.5 The thesis’s primary goals

During this three years of research, we attempted to enhance the findings from [MO11;
MO15]. Our work is divided into two parts. First, we extend the approach of [MO11; MO15],
which relies on the Lipschitz property of the source term f, to the case where f is of bounded
variation in (0, 7). In this case, the convergence of the solution of (1.3) is not shown by a
comparison principle as in [MO11]. This principle is only applicable in a certain situation
where the kernel p. is only dependent on age. Our objective is to demonstrate the conver-
gence of z; when ¢ goes to zero, by using the elongation variable u.. The difficulty in our
case is that the derivative of the function f € BV ((0, T)) lacks sufficient regularity to directly
apply the framework of [MO15], which is based on the derivative’s regularity. Instead of f,
we will define f3, the regularized function of f ([Zie89, Section 5.3]), and apply the method-
ology of [MO15] to the regular function ug solution of (1.8). The work’s plan is divided in
two steps. In the first step, we fix the parameter € > 0 and demonstrate the convergence of

u? when & approaches to zero. On u?, a uniform a priori estimate is proved with regard to

11
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0 and &. This ensures the passage to the limit with respect to the regularization variable 6
and the ability to show the existence and uniqueness of a solution u, satisfying (1.8). Then,

we proceed to the limit when € goes to 0 and prove the following result:

Theorem 3. Under some assumptions, one has
ze — zo strongly in L*((0, T)) as € — 0,

where z; is defined as

t
2o(1) = zp(0) +f0 F@)/p1,0(0) di.

Finally, we provide an error estimate that makes use of the comparison principle under the
assumption that the kernelp, depends only on the age variable.

In the second part of this thesis, we study the asymptotic behavior in long time of the
problem’s solution, defining the location of an adhesion point with the substrate. We are

interested in the study of the problem

1
—f (Xe() — Xc(t—€a)) pela, da= f(1), t>0,
(1.14) € JR,

Xe(1) = Xp(2), r<0,

where p, is the linkages’ density satisfying

(86I+66{+((a) t)) Pe(a; t) :0> (ay t) EIR+ X (0> T))
(1]-5) pE(O) t):ﬁ(t) (]-_jlv% Ps(a; t)da)) (ay t)E{O}X (Oy T)}
pe(a,0) = pr(a), (a,t) € Ry x {0}.

The birth rate f € R, and death rate { € R,?, respectively, are taken independently of ¢
because we do not yet know how they will behave over a long time (f — +00). It turns out
that the analysis of the long time asymptotics of X, solution of (1.14) depends crucially on
the long time asymptotics of the kernel p. satisfying (1.15). Due to this complexity, we begin
by researching a simpler case where X, fulfills (1.14) with a kernel that is independent of

time and the parameter € and satisfies

(0a+C(@)pla) =0 a>0,

(1.16)

p(O):ﬁ(l—f p(a)da) a=0,
R
12
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The goal of investigating this first case is to create an asymptotic approximation of order
N =1 of the solution X, satisfying (1.14) with a kernel that satisfies (1.16). This approxima-

tion takes the following form:
(1.17) XE,N = Xouter (1) + Xinner(T) + O(gN);

where 1 = t/¢ is the stretched variable. The X,,.r component approximates the solution
outside the origin. It is made up of a number of macroscopic correctors in the power of €.
The part X;, .- is an approximation of the solution close to the origin, formed by micro-
scopic correctors. The initial condition of the first order differential equation solutions that

make up X,y er is established by stating that :

lim Xjuner(7) =0.
T—+00

A first result is shown :

Theorem 5. According to the Assumptions that the higher order moment py4; :=

fR+ gl p(a)da is bounded, an error estimate was obtained leading to :

||X£ - X&N” c(0,T1) Sev.

The second objective of this part is to investigate how the X, solution of (1.14) behaves
asymptotically with regard to the perturbation parameter €. Studying the asymptotic be-
havior of the density p, solution of (1.15) is necessary before moving on to this conclusion.
In [Mil18], MiliSi¢ improved the error estimate obtained in [MO11]. He showed the exis-
tence of an initial layer in time. This initial layer noted vy is written as the solution of the

problem,
(0;+0,+((a,0)tg(a,t)=0, a>0,t>0,
(1.18) (0,0 = —,B(O)fR vola,)da, a=0, t>0,
vo(a,0) = pr(a) — pola,0), a>0,t=0.

The convergence rate achieved in [MO11] has improved as a result of the insertion of this
term. He came up with the following error estimate :

Theorem 7. Under suitable assumptions (see [Mil18]), one has for every fixed time
t>0:

loeC, ) —pol, 1) —tol, /) 1w,y < 0£(1).

13
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The Gronwall Lemma must be used in order for this result to hold, which is implied by the
fact that { admits a strictly positive lower bound { i, > 0. In our work here, we are interested
in weakening the assumptions on (. We assume that there exists a non-increasing function
meL'Ry;(1+a)) s.t.

m' (a)

m(a)

The Gronwall lemma does not apply in this situation. One needs to add another term to the

(1.19) ((a,t)=— , a.e.acRy.

asymptotic expansion of p.. We introduce p;, the first order macroscopic solution of :

(ad +C(ay t)) Pl(a; t) = _atpO(a) t)) a> 0) r> O)

(1.20)
100, 1) = —/B(t)f pi(a,tda, a=0, t>0.
R+

Furthermore, it can be shown that for any ¢ > 0, one has
FLpe( 1) = po, 1) —€p1(, 1) —to (-, t/€)] S 0:(1).

This result is in turn used to extend the results of [8] to this new framework :

Theorem 9. Under some Assumptions (cf. chapter 3), if p, is a solution of (1.4), po
solves (1.5), X, is a solution of (1.14) and X; solves (1.6) then

oz = poll L1, 1): L1 ®,,a+a)) = (1), 1 Xe = Xollc(o, 1) = 0:(1).

1.6 The structure of the manuscript

Following to what have been mentioned, the rest of the manuscript will be divided into two

chapters :

e Chapter 2 can be seen as an extension of the paper [MO11] to the case of loads of
bounded variation (f € BV ((0, T))). We introduce a careful analysis of different defi-
nitions of BV functions with respect to the boundary of the time domain (0, 7). Thus,
we present the main results obtained in this work. The findings in this chapter are the
focus of the article [AM21].

* Chapter 3 is dedicated to the results obtained on the study of the long time behavior
of the solutions of the Volterra integral equation (1.14). The body of an article to be

published [AM22] is made up of the results reported in this chapter.
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CHAPTER

FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES :
EXTENSION TO LOADS OF BOUNDED VARIATION

Abstract

n this work, we are interested in the convergence of a system of integro-differential

I equations with respect to an asymptotic parameter €. It appears in the context of
cell adhesion modelling [0SS08; OS10]. We extend the framework from [MO11;
MO15], strongly depending on the hypothesis that the external load f is in Lip([0, T1)
to the case where f € BV(0, T) only. We show how results presented in [MO15] natu-
rally extend to this new setting, while only partial results can be obtained following the

comparison principle introduced in [MO11].

2.1 Introduction

Cell motility plays a central role in several important phenomenons in biology : cancer cell
migration, neutrophils’ extravasation, chemotaxis, etc. The present paper fits in the mod-
elling framework presented in [OSS08; Sfa+18; Man+15]. The adhesive dynamics of actin fil-
aments are at the heart of the project : they contribute to lamellipodium’s stabilization and
allow the cell to attach to the substrate or the surrounding tissue. This paper contributes
to the better mathematical understanding of a minimal model introduced first in [MO11],
its aim is to extend results already obtained in [MO11; MO15] to the case of stiffer external

loads. More precisely, we are interested in the motion of a single binding site, linked to a

15



CHAPTER 2. FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES : EXTENSION TO
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one-dimensional substrate and subjected to an external force f. As in [MO11; MO15], the

position of this binding site, denoted z, solves a Volterra integral equation

1 poo
@1 ;fo (2e() = ze(t =€) pe(a, N da= f(1), =0,

ze (1) = zp (1), t<0.

The kernel p. above solves a non-local age-structured problem :

ga[pg"'aapg'i'cEpg:O, t>0,a>0,
0
pe(a, t=0)=prela), az0,

where . € R, (resp. {, € R;) is the kinetic on-rate (resp. off-rate) function. These possibly
depend on the dimensionless parameter € > 0. The past positions are stored in the Lipschitz
function z, () € R, prescribed for every ¢ <0.

Various mathematical issues related to this system have already been investigated [MO11;
MO15; MO16]. In [MO11], the authors have introduced a specific Lyapunov functional in
order to study the convergence of (2.2) when € goes to 0. Indeed, due to the saturation ef-
fect in the non-local boundary condition in (2.2), neither the Generalized Relative Entropy
[Per07; Gab13] nor more generic comparison principles [GLS09] do apply. Then, concern-
ing (2.1), under the assumptions that the force f is Lipschitz on R, and because the kernel
pe in (2.1) is non-negative, an extension of Gronwall’s Lemma to integral equations, shows
convergence of z. towards zp the solution of (2.3), the limit equation associated to (2.1).

These two steps show that
Ize = Zoll oo, 1) + 102 = Poll oo, 7101 1)) — O
where zj is given by

p1,0(0)0:20(2) = f(1), >0
29(0) = 2, (0) t=0

(2.3)

where p; o(?) :=f apo(a, t)da, and pg solves :
0

0apo+ola, t)po=0, t>0,a>0,

(2.4) 0o
po(a:O,t):,Bo(t)(l—f po(t,a)dzz), t>0.
0

16



2.1. INTRODUCTION

In [MO15], the authors weakened some assumptions concerning the off-rate (., by assum-
ing that {, is not necessarily non-decreasing passed a certain age ay. Then, they introduce
anew variable u, related to z, which transforms (2.1) into a transport problem with a non-

local source term :

1 0o
satu€+6au€:—(£6tf+f Ce(a, ug(a, t)pe(a, t)ydal, t>0,a>0,
“0,5(0 0

u:(a=0,1)=0, tr>0,
z¢(0) — zp(—¢€a)

ug(a,t=0)=use(a) = , a=0,
£

(2.5) 9

where g (1) := f0°° pe(a, t) da and according to (2.1), it holds that

1
(2.6) z¢(0) =

G (fooo zp(—ea)pre(@)da+ef(0)].

If f € Lip(R), systems (2.1) and (2.5) are equivalent. Nevertheless, (2.5) admits a stability
result that allows to show a weak-* convergence of u./ (1 + a) towards uy/(1+ a) in L (R, x

(0, 7)), where uy is the solution of the limit problem

1 oo
O Uy=— Uppoda, t>0,a>0,
©.7) a0 =" ), Couopo
up(a=0,1) =0, >0,

which in turn provides the strong convergence of z, in C([0, T]) towards z, solving (2.3).

In our analysis, however, when f € BV((0, 7)), the derivative of f is neither a function
nor it is bounded, since it is a Radon measure. Therefore, we cannot apply directly results
from [MO11]. Instead, defining f5 to be a specific regularization of f [Zie89, Section 5.3]
provides a regular function uf solving (2.5). To do this, we use the framework already es-
tablished in [MO15]. Then we show that 10 satisfies certain a priori estimates that are uni-
form with respect to both § and €. These provide necessary compactness in order to pass to
the limit with the regularization parameter § and give existence and uniqueness of a weak
solution u, associated to (2.5) with aload f € BV((0, 7)). The a priori estimates holding also
in this weaker framework, we can consider convergence with respect to € and prove con-
sistency with the formal limit system. We show that, in the BV framework, the equivalence
between (2.5) and (2.1) still holds. For the particular case when the kernel p, is independent
on time and on € and under suitable hypotheses, we show error estimates to be compared
with [MO11], the comparison principle being applied to the integral of the error’'s modulus.

In order to clarify the interplay between parameters € and §, we make the following

remarks : in the previous literature [MO11; MO15], not only existence (and uniqueness) but
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also convergence results were strongly related to the Lipschitz regularity of the load f. This
motivates the present work, since it is not clear that the convergence occurs with respect to
€ in this weaker framework. This explains also why we first regularize the problem with the
parameter 6, make 6 tend to zero, and then consider the convergence with respect to €.
The outline of this chapter is as follows : in Section 2.2, collecting various results from
the literature on BV-functions in one space dimension, we introduce the framework used in
the rest of the paper. We make the link with the Riemann-Stieltjes integral, through a careful
analysis of different definitions of BV-functions with respect to the boundary of the time
domain (0, 7). In Section 2.3, we recall some results concerning (2.2) already established
in [MO11]. Then, in Section 2.4, we establish uniform (with respect to €) a priori estimates
for the regularized system in u,. After that, in Section 2.5, we show the weak convergence
of u, towards uy, the solution of the limit problem. This implies strong convergence of
z¢ in L*°(0, T) as stated in Theorem 25. We establish, in Section 2.6, a specific comparison
principle for Volterra equations when the density p is constant in time and does not depend

oneée.

2.2 Notations and main assumptions
We denote LY LY := LP((0, T); L(R.,)) for any real (p, g) € [1,00]? and

(2.8) Xr:= {g € L7.((0,T)xRy); sup lg(t,a)w(a)llrr < 00}
te(0,7)

where w(a) := (1+a)~!. The space Lip(I) is the set of Lipschitz functions on the interval I.

Assumptions 1. For any T > 0 possibly infinite, we assume that :

i) The past condition z), is L., -LipschitzonR_ i.e. :
1zp(a2) —zp(a)| < Lz laz —arl, V(az,a1) e R-xR_.

ii) The function B¢(t) isin L*°(0,T) and {.(a, t) isin L° (R4 x (0, T)).
iii) For limit functions Bo € L° and (o € LY°LY it holds that

I€e=Collzee, =0 and ||fe—Pollze — 0

ase— 0.

iv) There are upper and lower bounds such that
0<Cmin=<C(e(a,t) <C{max and Pmin<Pe(@ 1)< Pmax

foralle >0,a=0andt>0.
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2.2. NOTATIONS AND MAIN ASSUMPTIONS

Assumptions 2. The initial condition pj. € LY (R,) satisfies
i) Positivity
pre(a) =0, ae. inR,,

moreover, one has also that the total initial population satisfies
0 <f pre(@da<1;
R+
ii) Boundedness of higher moments,
0< f alpre(a)da<cy, forp=1,2,
R+
where c,, are positive constants depending only on p.

Next, we introduce definitions of functions with bounded variation in one dimension,

as well as some related properties.

Definition 1. Let f: (0, T) — R be a Lebesgue measurable function. The pointwise vari-

ation (or Jordan variation) of f on (0, T) is

(2.9) pvar(f, (0, T)) :=supvar(f, P)
p

where var(f,P) := ¥ _ | f(tx) — f(te—1)| and P ={0 < fy < --- < 1, < T} is a partition of
(0, 7).

Moreover, we denote BPV ((0, 7)) := {f € £((0, T)), .s.t.pvar(f, (0, T)) < +oo}, the space
of measurable functions with pointwise bounded variation, see for example, [AFP00, sec-
tion 3.2], [Leo09, chapter 2] and [HPR19, section 2.2, 2.3]. The pointwise variation of f is
clearly dependent on the value of f at each point of the domain, and it differs from one
a.e.-representative of f to another. For this reason, for every measurable function f, one

defines the essential pointwise variation :
(2.10) epvar(f, (0, 7)) := inf{pvar(g, (0, 7)) ; f(1) = g(r) a.e. t€ (0, T)}

In [Leo09, Chapter 6], another functional space is defined :
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Definition 2. Given an open interval (0, T) c R, the space of functions with bounded
variation BV((0, 7)) is defined as the space of all functions f € LY((0, T)) for which there

exists a signed Radon measure u ¢ such that

2.11) f(p'dt:—f ddup, Ve CH((O0,T)
0,7) 0,7)

for all ¢ € C}((0, T)). The measure y is called the weak or distributional derivative of

f.

( Remark 1.
i) We define the total variation of f € L'((0, 1) by

(2.12) IDfII((0,T)) = sup{—fw . fo'dt, pe CL(0,T),|Ploo < 1}.

Moreover, f € BV((0, 7)) if [Df((0, T)) < +oo.

ii) Definitions (2.9) and (2.12) are not equivalent. For instance, the Dirichlet in-
dicatrix function ygno,1; is not of pointwise bounded variation in (0,1) in the
sense of Definition 1 but is well-defined in the sense of Definition 2. The equiv-
alence between the two definitions holds up to a.e. equality. Moreover, every in-
tegrable function f : (0,7) — R such that pvar(f,Q) < +oo, is in BV((0, 7)) and
IDf(0,T)) < pvar(f,(0,T)). On the other hand, if f belongs to BV((0, 7)), then
f admits a right continuous representative f with bounded pointwise variation
such that

pvar(f,©0,T)) = [Df((0, T)).

Fore more detalils, see, e.g., [Leo09, theorem 7.3] and [HPR19].
iii) Under the norm
I fllgv ==l Il +epvar(f,(0,T)) <oo

BV((0, 7)) is a Banach space.

- J

Next, we provide existence of the left and right limits of functions with bounded varia-
tion [HPR19, Proposition 2.2].

Lemma 1. Let f € BV((0, 7)), Then both the limits

Lo 19 —_ % )
f )—s_l>})r'lsl>0f(s) and f(T)_s—»hTr,Isl<Tf(S) exist.
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Additionally, if f is integrable, the left and right limits are as follows :

Lemma 2. Suppose that f € BV((0, 7)), then

1 [P 1 T
(0%) = lim —f () dt, (T7)= lim —f () dt.
! pi0+p 0 ! ! piO*p T—pf

Next, we present a result used in the proof of Proposition 3, which relates the pointwise

variation to the Lebesgue measure :

A(f,h,Q)::f f(t+h) - f(0)|at,

{teQ:t+heQ)}

Lemma 3. If f is in BPV((0, 7)), then A(f, h, (0, T))/| h| is bounded. Moreover,

A(f, h, (0, 1)) < |h|pvar(f, (0, T)).

For the proof, we can see [Leo09, Theorem 2.20].
Finally, in [HPR19], the authors add a new notion of variation containing the boundary

value in order to expand the total variation of f to [0, T']. This variation is defined as

(2.13) varw(f):= sup {(/)(T)f(T‘) —¢(0) f(07) —f f(/)’dt}
PeCL([0,T]) ©,7)
lploo=1
Moreover, by summarizing the results of [HPR19, Proposition 2.3, 2.6 and 2.7] all no-

tions of variations coincide :
epvar(f,(0, 7)) = DfI((0, T)) = varw(f)

The previous result allows to extend Lemma 3 to BV((0, 7)) functions :

Lemma 4. If f is in BV((0, 7)), then A(f, h, (0, T))/| h| is bounded. Moreover,

A(f, h, (0, 7)) < |hl|Df| (0, T))

Proof. By taking the infimum over almost every equal measurable functions, one has

inf A(f,h,(0,) < |kl inf pvar(f,(0, 7)) = |hlepvar(f, (0, 7)) = |hl|Df]| (0, T))

f=fa.e. f=fa.e.

Since the left-hand side is a Lebesgue integral one has :

inf A(f, h, 0, 7)) =A(f, h,(0,T))
f=fa.e.

which ends the proof. [
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2.2.1 Dataregularization

Theorem 11. For every f € BV((0, 7)), there exists a sequence of smooth functions (f3)s
in C*°((0, 7)) such that

lim |fs — fldt =0 and limf |fsldt=IDfII(O, T)).
6—0J(0,T) 6—0J(0,7)

Although the proof is classical (see for instance [Zie89, Theorem 5.3.3 p.225]), we need the
explicit form of f; in the rest of the paper. For this reason, we present in Section B the proof

of Theorem 11.

Lemma 5. Let f € BV((0, T)) n L*°((0, T)). Then the regularization function f5 defined
as (B.5) is bounded in (0, T').

Next, we compare the left and right limits of f and its approximation f5 on the boundary:

Lemma 6. Let f € BV((0, 7)) and f5 defined as (B.5), then

f6(07) = f0) and f5(T7) = f(T7).

First we need the following result :

Proposition 1. Let f € BV((0, T)). For every 6 >0, and f, € {0, T},

1
(2.14) lim - |fs — fldt=0,
=0 T JI,n(0,T)

where I; = {teR: |t — ]| < T}.

Proof. For afixed tp€{0, T} and t € I; € (0, T), we have

fs—-f)= i[mi * (i f) =i f]
i=0

by the definition of supp¢; (see (B.1)), we have 1/(jo+i+1) <7 <1/(jo+i—1) theni >

1/7 — jo—1. Since, R is an archimedean space then
1 1

(2.15) VT>0,3i:= \‘—J —Jo Sstips—<ip+1
T T

which implies by using (B.3) that

— dt:oof ‘ oy dt_oo62_i
»[Im(O,T)lﬁS / 2 Im(o,T)[X‘Sl*(‘/’ N-¢iflde<}y

i=io i=io

<5270y 27l =il 5oLl
i=0
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then
1 2—[%]
—f Ifs—fldt<Cé
I;n(0,T)

T T

using again (2.15), we have

27l exp(-11/In2) _2exp(-1In2)

T T T
Finally, we conclude that
1 2exp(-1In2)
lim — |f5—f|dtzlimp—T:0.
0" T JI,n(0,T) T—07 T
|
Proof of Lemma 6 According to the Lemma 2,
1 p7 1 p7

lim —f Ifs(5) = fs5(0")|dr=0 and lim —f |f ()= f0")|dt=0.

=0t T Jo =0t T Jo
Moreover, we have, thanks to Proposition 1

1 pt
lim — - fldt=0.
lim fo |fo— 11
Thus, for all ¢’ > 0, there exist §' > 0 such that 0 < 7 < ¢’ implies
1 p7
|£507) = fO)] = - f /50" = f(0")] dt
0
1 p7 1 pr 1 pt
< —f |f5(0+)—f5(t)|dt+—f |f5(t)—f(l‘)|dt+—f |f()-fO"|dr =3¢

TJo TJo TJo

which proves the required result. Similarly, we can prove that f5(7T7) = f(T7). |

In the previous setting, the weak derivative of f € BV((0, T)) defines a linear continuous
form on C((0, T)). In the next section, we show how to extend this measure on functions in
c(o,T)).

2.2.2 Definition and basic properties of Stieltjes integral

The Riemann-Stieltjes integral (RS-integral) is a generalization of the Riemann integral. Let
22 atagged partition of [0, T'], defined as

(2.16) P ={¢ilti-1, D 1si<n}

where 0 = f; <--- < f, = T, and on each interval [¢;_;, t;] we choose a single value ¢;, for

iefl,..., n}
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Definition 3. For any function f, g : [0,7] — R and a partition &2, we define the

Riemann-Stieltjes sum by
S(f,dg 2,10, T) =} f&nIg(t:) - g(ti-1).
i
Moreover, the RS-integral of f with respect to g

(RS).f f(dg(n
[0,7]

exists and has a value I € R, if, for every € > 0, there exists 6 > 0, such that the mesh size

max;(t; — t;—1) <0 and for every &; in [#;, tj41],

IS(f,dg,2,[0,T)) - I|<e.

Lemma 7. Suppose that f is continuous on [0, 7] and g is of bounded pointwise varia-

tion on [0, T'], then
[ rag
[0,T]

In the following Theorem we see that a Riemann-Stieltjes integral can be used to describe
any bounded linear functional on C([0, T]) (see [BC09, Theorem 7.1.1] and [Kre89, Theorem

< |l fllopvar(g, [0, T1)

4.4-1] for more details) :

Theorem 13. Let I'y € (C([0, T1))', then there exist g € BPV ([0, T]) such that

T/ () :f pdg, Vo € C([0, T)).
[0,T]

Theorem 15. (Integration by parts). If one of the integrals f fdg and f gdf ex-
(0,71 [0, 7]

ists, then the other exists as well, and we have

f fdg+ f gdf = 1fgON=l.
[0,T] [0,T]

Moreover, If f € C'([0, T]) and g € BPV([0,T)]), then df = f'dt in the second term of
the left-hand side.

For the proof, see [MST19, Theorem 5.52] and [Anel2, Lemma 2].
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Lemma 8. Let f € BV((0, 7). Then there exists g € BPV([0, T]) s.t

[fqo]Z@—f f(p'dx:f pdg, VeeCL(0,T)
0,7) [0,T]

st. f()=g(t), ae te(0,T)

Proof. We regularize f € BV((0, 7)) by f5 € C*°((0, T)) as in Theorem 11, then we have :

Sk Sk _
fspdr+ f fow'dt=[fsp],=}k =1Ly, VeeC'((0,T)
I

Ik

where s — T~ and t; — 0%. We define :

Sk Sk
= [ fipde, J= [ fglar
k

Ik
Thanks to Lebesgue’s Theorem, one has that
T T
lim I = I::f f3pdt,  lLim Ji :]::f fsg'dt
k—o0 0 k—o00 0
and thanks to Lemma 6 and the continuity of ¢,
Le=L:= f(T)(T)— f(0H)p©0), VkeN

So that we have :
=T~

[ o+ [ solar=1r0 S
If we set r
I1, (@) = fo fspdt,
itis a linear continuous form on C([0, T]), since one has :

(2.17) |75 )| < ”fé”Ll((o,T)) lell .~ < {lDf| O 1) +5} ”‘P”LOO((O,T))

where we used estimates from the proof of [Zie89, Theorem 5.3.3]. Since it is a continuous
linear form on C([0, T'1), by Theorem 13 there exists hs € BPV([0, T) s.t.

1, (@) :f pdhs, YeeC(0,T])
(0,11
in the Stieljes’ sense. But by using the integration by parts from Theorem 15, we have that
t=T"

(2.18) [fep], o+ f fop'dt= f @dhs = [hop]—y - f hsg'dt, Ve C'((0,T])
(0,T) [0,T] [0,T]
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which implies that

fsp'dt= f hsp'dt, Ye2(0,T))
©,7) ©,7)

and then we can apply [Leo09, Lemma 7.4] and conclude that there exists c € R, s.t.

f5:h5+c.

Then setting g5 := hs + ¢ provides a function s.t.

T T
[f(s(P]oT—fO fa(p'dt=f0 pdgs, YeCl(0,T])

and s.t.
fs(t) = gs(t), a.e.te(0,T).

Thanks to (2.17), ¥, is a linear continuous form on C([0, T]) uniformly bounded with re-
spect to 0. It can be identified via the Riesz representation theorem as a Radon measure s

on [0, T]. Therefore, there exist u € M'([0, T1) and a sub-sequence ps, such that
Hs, =

in (M ([0, T]), C([0, T])) with respect to the weak-* topology. By Theorem 13, there exists
h e BPV([0, T]) s.t.

T
plp) = fo pdh

where the left side is a Radon measure and the right hand side is the Riemann-Stieltjes

integral. Because f tends to f in the L!(0, T) topology, one has then that

[fol'ze. - f(p'dt:f odh, YeeC(0,T)
0,7) [0,T]

then using again integration by parts from Theorem 15, one concludes that
f)=h()+¢, a.e.te(0,7),

and setting g = h + ¢ ends the proof. |

Corollary 1. There exists a sub-sequence (fs,) ke, S.t.
T T
Ifgk () :=f0 (pfékdt —»fo pdg, Y¢eC(0,T)),
when k — oo.
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2.3 Mathematical background for the linkages’ density

We list here some of the results proved in [MO11] used in the next sections of the paper.

Theorem 17. Let Assumptions 1 and 2 hold, then for every fixed € > 0 there is a unique
solution p, € C°(R,; L'(R,))n L°°(R2+) of the problem (2.2). It satisfies (2.2) in the sense

of characteristics, namely

(2.19)
Be(t—£a) (1= fi, pe(@ t - ea) da)exp (- [y'Cc(@, t - e(a- @) dd), Va< g
pe(a, t) = ) t
Pz,g(a—ﬁ)eXP(—ifotCe(%+a, t)dt), Vaz—

Moreover, it is a weak solution as well since it satisfies (cf [MO11, Lemma 2.1])

T p+oo +00
f f pe(a, ) (€0 + 009 — () dadt—ef pe(a, Tg(a, T)da
(2.20) 0 J0 0

T +00
+f pg(a:O,t)(p(a:O,t)dt+£f pre(@e(a,t=0)da=0
0 0

for every T > 0 and test function ¢ € € (R2) N L (R2). Now we define the moments of p,

which we denote by u, (1) := f a’pe(a,t)da, with p = 1,2.
R

+

Lemma 9. Let Assumptions 1 and 2 hold, then the unique solution p. €
CO(Ry; L' (R4)) N L®(R?2) of (2.2) satisfies

i) pela,t)=0fora.e(a,if)in Ri,

ii) pomin < Hoe(?) <1, VteR,, where, ty min < min (.UO,S(O)’ ﬁmﬁ “j?max)y
e 1 u _1' i
iil) Wpmin < Wp,e() <k, where, () min = min (NP,E(O)) '2 mm)-

max

The authors provide a Liapunov functional that reads :

f u(a)da
0

thanks to which they obtain the following convergence result for p; :

A

+f lu(a)lda,
0
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Lemma 10. Let {yin > 0 be the lower bound to (. (a, t) according to Assumptions 1, and

setting p, := one has

(2.21)

—Cmin?
O pe —po) (-, )] = Fp1e — pol-,0)] exp ( (8 ) +

”R’S”Lé(ﬂh) + |M£|

(min LC;O(R+)

with R, := —€0,00 — po({e — o) and Mg := (B — Bo) (1 — [5° poda).

This ensures the convergence of p. that reads :

Theorem 19. Let p, the solution of the system (2.2) and let p, given by (2.4), then
pe — po in C°((0,00); L' (R.)) as € — 0,

where the convergence with respect to time is meant in the sense of uniform conver-

gence on compact subintervals.

2.4 Existence, uniqueness and stability

Using the regularized function fs introduced in Theorem 11, we consider an approximation

of (2.1).: we denote by z? := z0(¢) the function solving

Lpoo o
(2.22) ;fo (Ze(f)‘Ze(f—m))Pe(ﬂ,t)da=fa(t), <0,
22(1) = zp(1), £ <0.

We also define uf(a, t), an approximation of the elongation variable u,, defined as the

mild solution of

1 oo
satu‘2+6au‘g = —(gfof+f (gufpgda), t>0,a>0,
Ho,e 0
2.23
(2.23) ul(a=0,1=0, >0,
ug(a,t:O) = u‘Isg(a), a=0.
where
S+
z;(07) — zp(—€a)
(2.24) ul () =
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and

(2.25) 22(0%) =

Ho,e(0) (£f6(0+) +‘[Ooo Zp(_ga)pl,e((l)dd .

More precisely, 12 is a solution of system (2.23) in the sense of characteristics, namely

5 Jo' Wt-eada, ift>ea
(2.26) ug(a,t) = }
o Ch(t—ea)da+ul (a—tle), ift<ea,
where
1 oo 5
h(t) := (sdtf5+f (gugpgda).
Ho,e 0
By arguments similar to [MO11, Lemma 3], it is as well a weak solution of (2.23) i.e.
T poo o) s=T
—f f uf(eat(p+6u<p) dadt+ f uf(s, a)p(s,a)da
0 0 0 s=0

(2.27)

T 1 0o 00
:f (5fé+f {Eufpgda) (f (p(t,&)dd) dt
0 HMoe 0 0

for any function ¢ € C°([0, T x Ry). Although, problem (2.22) can be defined for weaker
data (typically LY((0, T)) or the space of Radon measures M((0, 7))), the elongation prob-
lem (2.23), requires to give a meaning to the time derivative of f, which is more restrictive.
Nevertheless, as we are mainly interested in convergence results, f € BV((0, 7)) seems the

weakest possible regularity to our knowledge.

Theorem 21. Let Assumptions 1 hold, and let p. be the unique solution of (2.2) then

the system (2.23) has a unique solution u? € Xr.

We are in the framework of [MO15, Theorem 6.1], but for sake of self-containtness, we recall

in an abriged version the proof hereafter.

Proof. A Banach fixed point Theorem is used to prove this result. We define the mapping

¢(v) = u such that by Duhamel’s principle

Jy Gt—ea)da, ifr>ea
(2.28) ua,t) = ,
0 CGu-eayda+ul (a—tle), ifr<ea,
where
1 0o
G(1) := («S‘fé-l-f (e(a,t)v(a,pe(a, t)da).
Ho,e 0

29



CHAPTER 2. FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES : EXTENSION TO
LOADS OF BOUNDED VARIATION

As in [MO15], a simple computation shows that

lullx, < IGI 70
ulx, = L((0,T)) +
+ +

T+e¢ l1+a L™®,)

Moreover, since 0; fs € L*((0, T))
1 , Cmax(1+ k)
Gl o0, 1)) < el fsllzoqo, 1)) + —— vl x;
0,min Ho,min

where k is the upper bound of u; . proved in Lemma 9. Furthermore, by the same argument

we can prove that ¢ is a contraction. Indeed, if u; = ¢(v;) for i € {1,2}

T

+ €

luo —urllx, < CT vz —villx,

for a constant C > 0. Then we can choose T < €/C and we obtain the existence of a local
solution in time of (2.23), by Banach-Picard’s fixed point theorem. As the contraction time
does not depend on the initial data, we shall extend the same result by continuation. This

shows existence and uniqueness in Xt for any T > 0. |

Lemma 11. If Assumptions 1 holds, then the solution of system (2.23) satisfies the uni-

form a priori estimates

o0 t
f pg(a,t)luﬁ(a,t)ldan Iféld't'+f pf,glu‘,s,glda
(2.29) 0 0 Ry

!/
%
) ””Lw(w_))

=C (”f”BV((O,T))’ I+ a)pIHLl(uh)'

where C is independent on € and on 6.

Proof. Again, we proceed as in [MO15, Lemma 5.1], multiplying (2.23) by sgn(uf), testing

against p., and integrating with respect to a gives :

d
— da+
dtfqu+ pectd fm

the rigorous proof relies on arguments exposed in [MO11, Lemma 3.1] and is left to the

1) 0 1)
u, Uy ug|Cepeda,

(epeda<e |fé| +f

R+

reader. Finally, after integration with respect to time, we conclude that

(o] t
fo pe(a,t)luf(a,t)ldanO Iféloiﬂrj;qa pz,glu‘,s,glda,
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since
s 2201 —2,(0)| |2p(0)—zp(—€a)
lup (@] = + -
1 1 [ zp(0) —zp(—€a)
< 0+ —f (zp(—€a)—z,(0)) (a).da|+
110.(0) fs e ) p p\W)Pre .
([ 1@+ 50+ |25
H0o,min L*(R-) L®[R.)
1 !/ + !/
Smax{uo,mjn Zp LOO(R_)IJI,E(O) +f6(0 ); ‘ Zp LOO(R_)}(I-i_a)y
the result follows. [ |

In order to establish the convergence of u in X7, for a fixed ¢, we introduce an inter-

mediate variable w defined as

f5(0)
.uO,e(t)

(2.30) wa, t):= ul(a,t) -

It satisfies

1 féat,uo,e ©© 5
g0, w+0,w = € +f Ceugpedal, t>0,a>0,
Ho,e Ho,e 0
— f5(1)
(2.31) Y wa=0,1 = , £>0,
Ho,e (1)
s f5(07)
w(a,t=0")=uj (a)- , a=0.
' Ho,e(0)

The following crucial result holds :

Lemma 12. For a fixed § and €, and under the Assumptions 1, the unknowns w and u?,

are uniformly bounded in X7 with respect to § and ¢.

Proof. Using arguments from [MO11, Lemma 2.1], one can show that w defined as

w(0,t—¢ea) + [, Gy(t—ea)da, ift>ea
(2.32) w(a,t):=

wla—tle,0M) + [ G, (t—ea)da, ift<ea.
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CHAPTER 2. FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES : EXTENSION TO
LOADS OF BOUNDED VARIATION

. . . f(’)‘al‘HOE
is aweak solution of (2.31). In the latter definition G, (¢) := E———+ f (Epgu da
'u08 U
A simple computation shows that
w(.,0)
w < |Gyl o + [|w(0,.)|| foo +
lwlx; < 1Gwllreoo, 1)) + 1w (0, )l o0, 1) T+
L*(R+)

It remains to estimate |Gy || (o, 1. For every fixed €, pg  is a Lipschitz continuous function.

Indeed, po ¢ satisfies
€0¢po,e — Pe(1— Hoe) +fR (epeda=0

and then
||€0tuo,g||L<;° = ”,Bg”L‘t’o + I ”L‘[’f’a loe IILc;oL}l,

which shows, by using the result of Lemma 11 that G, and also w, are uniformly bounded
in L*°((0, T)) with respect to 6 and €. Indeed,

€0 1o,el 2000, ) Il f5 | o (0, T)) Cmax 5
IGwll o0, 1)) = pelullda < +oo.
'UO min ,UO,rnin R,

Finally, we have that
5 Il /51l oo (0, )
lugl x, < lwllx, + ————— < +o0,
0,min

which ends the proof. [ |

Previous stability estimates allow to show :

Theorem 23. Under Assumption 1, one has for any fixed € > 0,

uf — ue weakly-* in Xr

as 6 — 0, where u, solves the weak problem

T poo o) s=T
—f f Ug(€0;+0y)pdadt+e¢ f ug(a,s)p(a,s)da
(2.33) o0 ° =0
) T [C@a nda Jo Cepeusda
:ef —dg+f —([ p(a, t)da)
0 Ho,e 0 %

forany ¢ € C}([O, T xR,).
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Proof. The uniform bound on ug in X7, proved in Lemma 12, implies that

0

£ *

—_

l1+a 1+a
in L*((0, T) x R;) in the weak-* sense and the limit function u, belongs X7. For every v €
L®((0, T) x R,), we have (¢ (1 + @) pw € L'((0, T) x R,) and then

T poo T poo
f f (gpgufwdadtﬁf f (epeusydadt.
o Jo 0o Jo

By Corollary 1, the first term of right-hand in (2.27) tends to fOT Il et @dal poedg as
& — 0, for any ¢ € €} ([0, T] x R;). Regarding the second term of the right-hand side in
(2.27), one has that { p¢/ o, € L'((0, T) x Ry) and this leads, thanks again to the weak-*

u Ug

convergence above to write :

r 1 oo r 1 oo
(2.34) f f (gpgu?dadf%f f (epeusdadtasd — 0,
0 MoeJo 0 MoeJdo
which ends the proof. [

The latter theorem allows to prove a convergence result when returning to the z, variable :

Proposition 2. Under the same assumptions as above, it holds that

zg — z¢ strongly in L*((0, T)) as § — 0,

where z, satisfies,

r € t 1 0o
(2.35) Ze (1) :zg(0+)+j dg+f f (cuspesdadi
0 Moe 0 Mo,eJo

which is also a solution of (2.1).

Before showing this result, we make some comments : if uJ is a solution of (2.23) then z2
defined as

ro 1

1) 00t Iz o 0 Z
(2.36) Z, (1) =2, (0 )+f0 G (£f5(t)+f0 (guspgda)dt

solves (2.22). Conversely, if z0 solves (2.22) then 12, given by

z‘g(t) - zf(t—sa)

5 , ift>ea
— €
(2.37) u,(a,t) ng Coyt-ca) |
, ift<ea
€
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is a solution of (2.23). For more details see [MO15, Lemma 4.1 and Lemma 4.2].

Proof. First, by using (2.34) in the proof of Theorem 23, and Lemma 6, we have that f5(0") =
f(0*) and zg given by (2.36) converge strongly in L*°((0, T)) to z, which verifies (2.35). Using
[MO15, Lemma 4.2], if 20 is defined as (2.36) it solves (2.22). Multiplying (2.22) by a test
function ¢ € L' (0, T) gives :

1 pT p+oo s 5 T
(2.38) Efofo (ng(t)—zgk(t—sa))pg(a,t)(p(t)dadt:fo fo. (D dt

As zgk converges strongly in L*°(0, T) to z, the difference zg"(t) - sz (t — ea) converges
almost every where for any fixed (a, t) in R; x (0, T) towards z.(f) — z:(t —€a). Thanks to the
L°° bounds on uf’“ /(1+a), and the bounds in L' (R, x (0, T)) on the first moment of Pe, there

exists an integrable majorizing function g(a, f) on Ry x (0, T) s.t.
25 (0) - 2 (t—ea)| lp(Dlpe(a, 1) < gla, )

uniformly for every k. Thus, one can apply the Lebesgue’s Theorem in the left-hand side of
(2.38). Since f5 converges in L!(0, T) the convergence occurs in (2.38) for every ¢ € 2(0, T)

and thus almost everywhere in (0, T') and thus z; solves (2.1). |

2.5 Weak convergence when ¢ goes to zero

Next, we prove the weak convergence of u, from which we deduce the strong convergence

of z.

Theorem 25. Under the same assumptions as above, one has
Uz — ug weakly-*in Xr
as € — 0, where ug satisfies (2.7) and
o0
f up(a, t) pola,t)da=f(t)a.et €(0,T).
0
Furthermore, it also holds that

zg — zg strongly in L>°((0, 7)) as € — 0.

Proof. The proof follows the same steps as in [MO15, Theorem 6.2]. First, by Lemma 12, ug

is uniformly bounded in Xt with respect to § and ¢, and therefore u, is uniformly bounded
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in X1 with respect to ¢, then u, is weakly convergent to 1y in X7. On the other hand, The-

orem 3.2 and Lemma 3.4 imply that
A+a)pe:— A +a)po

strongly in L'((0, T) x R, ). These arguments justify that for every v € L*((0, T) x R,) one

T proo T proo
f f {epeuz:‘//dadt—’f f Copotpy dadst.
0 0 0 0

has

Indeed, one has
T proo T poo
[ [ tecpeue=topombyaadr= [ [“¢e-topeucydadr

T poo T poo
+](;f() (O(PE_PO)usWdadt+[)L Copo(us—up)ydadt

As (. — (o by Assumptions 1, and thanks to the weak convergence of u., both terms on
the right-hand side tend to zero as € — 0. Note that this implies the weak convergence of
f[R2+ {epelte dain L'((0, T)), since we can choose 1 € L((0, T)). Moreover, thanks to Lemma
7 we obtain that

+0o0
p.da
[T
0,71  HMoe

As in [MO15, Theorem 6.2], passing to the limit in the weak formulation (2.33) we obtain

T poo T oo LopolloW
—f f uoaau/dadt:f f ———dadt
0o Jo 0 Jo Ho,o

which implies that u satisfies

Cliglizee

< ———= pvar(g,[0, D =< C|| f | v (0, 1-
H0,min

1 oo
Ogup = — a,Hugla,t anda, t>0a>0,
(2.39) alo 1000 Cola, Hup(a, t)pola,r)
ugla=0,1) =0, >0,

Similarly, we have the weak convergence of fooo ug(t,a)pe(t,a) datowards f(;)o uo(t,a) po(t,a)da

in L1((0, T)). Hence, one concludes that u satisfies also

foo up(t,a)po(t,a)da= f(t), a.e.te(0,T).
0

As the right-hand side of (2.39) does not depend on age, one has that uy = y(#).a, where in

order to satisfy the last compatibility condition implies that
y(t)f apola,t)da= f(t), a.e.t€(0,T).
R+
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Thus wup(a, t) = f(1)/p1,0(¢)a for almost every t € (0, T) and every a € R,. Using again the
weak convergence of fIR+ {epelteda in L((0, T)) combined with the strong convergence of

Ho,e allows to pass to the limit in the third term of (2.35). Moreover,
1
Ho,e 0)
eklzyllro®-) €lf(0M)]

+

Ho,min H0,min

126(0%) — 2, (0)] =

Uo (zp(—€a) —2,(0)) pre(@ da+ef(07)

—0ase—0

where k is the constant from Lemma 9. All together this provides that z; solves :

! (a,7)po(a,T)da
(2.40) o) = 2p(0) + f f@ Jr, Solat)po .
0 H0(7) Ho,0(7)

but because pg solves (2.4), one has that apg solves :
0alapo) — po + alola, t)po =0,

which after integration in time shows that

Jo, alola, Dpo(a, Dda

Ho,0(1)
and this shows in turn that (2.40) reduces to
t
o =20+ [ L2 ar
0 M1,0(T)
which is the integrated version of (2.3). |

2.6 A comparison principle

In this section, we give error estimates between z, and z, the solution of the problem

1 poo
(2.41) Efo (ze(t) —ze(t—€a)) p(a)da= f(1), >0,
Ze(1) = zp(0), <0,

where p is constant in time and satisfies
040 +{(a)o =0, a>0,
Q(O)zﬂ(l—fo Q(Ez)dd),

where the data of (2.41) and (2.42) satisfy

(2.42)
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Assumptions 3. i) fe€BV((0, 7)),
ii) zp€Lip(R_),
iii) PeR],

iv) (€ L®R,) such that: 0<{min <{(a@) <{max, a.e.acR,.

Setting 2. (t) := z.(t) — zo(1), it solves :

2e(0) = ifg 2:(t—ea)p(@)da+ he (1)
Ho Jo

€ fﬂe zo(t) — zo(t —€a)
0

- —ad,;zo(t))p(a)da

e [+ [ 20()—20(0) +00

1
o Jue f‘“aﬂo(”)é’(mdﬁm . (pt-ea -z )o@ da

+00
where g := f p(a).da then
0

1 [+ 3
(2.44) I2g(t)|5—f |Ze(t —ea)lo(a)da + | he (1)].
Ho Jo
Then integrating in time and setting
. t
Ze(t):=fo |2 (T)|dT
one has that:
R t 1 t pI t
Zg(t):f Iég(r)ldrs—ff Iég(r—ea)lg(a)dadr+f |he(T)| dT
0 Mo Jo Jo 0

then, we change the order of integration and the domain of integration becomes D' :=

{(a,1) € (0,t/€) x (¢a, t)}. We use the change of variable 7 = T — £a in order to write :

tpt Lopr
ff Iég(r—f:a)lp(a)dadr:f f |2:(t—€a)| dt p(a)da
0 Jo 0 ga
L preea L
:ff IZE(Z)Id'fQ(a)da:f Ze(t—ea)p(a) da
0o Jo 0

So that finally Z, solves :

L r r o
Z.(1) sif Z:(t—e€a) p(a) da+f he (1) drzf Zg(d)Kg(t—d)dd+f he(t)drt
Ho Jo 0 0 0
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where K. (a) := ig (%) is the kernel of the integral operator. We use a comparison principle
[GLS09, the Generalised Gronwall Lemma 8.2 p. 257] and construct a majorizing function
U, of the form U,(¢) = €(Ky + K; t) where Ky and K; are suitably chosen, such that U, =
| Z¢| and U, ~ &. The following two lemmas are required in order to apply this comparison
principle :

Lemma 13. The Volterra kernel K, satisfies :

t

| Kellzoqo, ) :=esssup | |K(@)lda<]1.
t€(0,T) JO

Proof. To prove this result, we need to show that

‘o) d
fiowda _

t
(2.45) OSf K.(@) da= 20 0P
0| c@lda ™ot da

The kernel p solves (2.42), thus it can be explicitly computed as

pola) = 1+'6’3[ exp (—‘[0 ((s)ds)

one has the lower bound :

pola) = exp (—C(maxa) >0, VaeR,.

1+ 61
This in turn shows that
o0
ft ola)da >0,

which is equivalent to the claim. |

Lemma 14. Consider the expectation value of a given density p with respect to the tail
a>tle,
Jo Zapla+tda

Jo Cela+bda

(2.46) Alpl(8) :=

then under Assumptions 3, one has

Cmax

5 -
(min

Arlpl(0) =
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Proof. Setting

t

ela+y)
o4

(2.47) gla, 1) =

)

it solves
O0aq(a,t)+{(a+tle).qla, t) =0, ¢q(0,1)=1.

This problem admits an explicit solution of the form
a+tle

a
(2.48) q(a,t) =exp (—f ((a+ t/e)dé) =exp (—f ((d)dd).
0 t

/e

Then, we shall rewrite (2.46) as :

v aq(a,thda
v qla,nda

Arlpl(2) :=
by using hypothesis iv) from Assumptions 3, one has

exp(—Cmaxa) < q(a, t) < exp(—{mina)

This gives :
+00 +00 1
f q(a, t)dazf exp(—(maxa)da = —
0 0 (max
and
+oo +00
f aq(a, t)dasf aexp(—(mina)da = -
0 0 (min
which shows the final upper bound. [

Proposition 3. Under Assumptions 3, for 0 < £ < T one has the estimates :
~ t ~
H(1):= f |he ()| dT < £°Cy
0

where C; depends on po, 1,110 20 llgv((0, 1)) and on H zZp ”Lip(R-) but not on €.

Proof. Recalling the definition of /1, in (2.43), we split [; | (1)| d7 into three parts. First,

€ t ptle
Il = —f f
Ho Jo Jo

Since 0;zy € BV((0, T)), then I; can be written in the form

1 t ptle
el
Mo Jo Jo

we define
20(1) —zo(T —€a)
—aod;zo(1)

dad
c eola)dadrt

f (0¢20(7) — 0120(7)) di‘ ol@dadr
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by switching the integration order between 7 and a, and using the change of variable 7 =
T+ h, we get that

tle
11<— ff |6tzo(t) atzo(r)|dtdrp(a)da
EadJT—€ea
t/s
(2.49) <— ff |0:29(T + h) —0;29(1)|dhdtp(a)da
EaJ—ega

t/e
< — f Iatzo(r+ h)—0:z¢(t)ldtdhp(a)da
—EaJea

and thus applying Lemma 3, one has the estimate of the inner integral of the latter right-
hand side :

t
f |0¢z0(T + h) —0:29(7)| dT < |h|0:20llgy, Vhe(—€a,o)
Ea

which implies that

10:z0llgy [t/e [0 %10, zollgy [tle )
Ils—f f Ihldhg(a)das—f a“p(a)da.
0 —-ea 2o 0

Next, we set:
€ ftf+w
_IJfO 0 Jrl/e
1 t +o0o

|
Ho Jo Jz/e

=: 12,1 + Igyg

20(7) — 29(0)
——— - adzy(1)|pla)dadr

120(H)dt—10,20(T)

1 t +00
ola)dadr +—ff IT—€alld;zo(t)lp(a)dadt
Ho Jo

As in the estimates of I}, first, one switches the order of integration and then one integrates

on
(2.50) D:={(a,7)€(0,t/e) x (0,ea)} U {(a,1) € (t/€,+00) x (0, 1)},

and one makes the change of variable 7 = 7 + h in order to obtain

tle
121_— f |0;20(T + h) —0:20(7)|dhdTp(a)da
-7
+— f [0:29(T + h) —0:29(1)|dhdTp(a)da
tle -7
tle
=— f f |029(T + h) —0:29(7)|dT dhp(a)da
—ead—

+— ff |0:29(T + h) —0:29(1)|dT dhp(a)da
tle
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also, by using Lemma 4, we get that

0 tle 0 0 +oo 0
by < wf f \hl dho(a) da + w] f \hl dho(a) da
Mo 0 —ca Ho tle J-t

e%10:z0ll gy [ile , 10:zoll By preo
<— aplayda+ ——- t“o(a)da
(% e
2o 0 Ho tle
e 10:z0llpv [rle e210:z0llpv oo
< —f a Q(a)da+—f a“pla)da
2o 0 20 tle
e%12110: 20l v
<—
Ho

The second term I, is estimated in the same way as I;. We have

1 t p+oo
b= —f f IT—€alld;zo(1)|p(a) dadt
Ho Jo Jr/e

1 tle rea +o00 pt
=— {f f +f f IT—€alld;zo(1)| drp(a) da}
Ho \Jo 0 tle JO

10,20l tle e210:20lloo [+oo 112110, 20ll oo
s—f a‘p(a)da+ aplayda<s ———.
21 0 2o tle Ho

Finally, by similar computations, one has

1 t +00 'uz
— —ea)—z,(0 dadrt < € : ©2
,Uofo fr/s |2p(7 ~€a) -z, | pl@) dadr <e ”Zp”Llp([R_)uo

Theorem 27. Under Assumptions 3, z. tends to zp, the solution of (2.3), strongly in
L'(0, T) as € goes to zero. Moreover, there exists a generic constant C depending only

on the data of the problem but not on ¢, such that:

”Zg — 20 ”LI(O,T) <eC.

Proof. We have proved in Lemma 13 that the Volterra kernel K is non-positive and bounded
(with a bound strictly less than one) in the sense of [GLS09, Definition 2.2 p. 227 and Propo-
sition 2.7 p.231] so the Generalised Gronwall Lemma applies (see for instance Theorem 53

in appendix A). First observe, by using Proposition 3, that
A t A ~ ~
Ze (1) —f Ze(@Ke(@) da < hye(t) + ho (1)
0
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We construct a function U, which satisfies,
t ~ ~
(2.51) U, (1) — f Ue( @K (@) da= hy e+ hoe
0

We split the integral operator applied to U, in two parts

tle

t
Ug(t)—f Ug(d)Kg(Zl)dJl:Ug(l‘)—i Ug(t—ea)p(a)da
0 Ho Jo
+00 +0o

:i (Ug(l‘)—Ug(t—ga))p(cz)dcﬁi Us(t—ea)p(a)da
!10 0 ) ‘,UO tle

-~
=Hy ¢ =H,,

J

and we shall specify U, such that H; ; = H,(t) and H; . = 0. To this end we set
(2.52) Us () :=e(Kg+Kit), VieR

with constants Ky and K to be specified. One has obviously that

2K ) _
Hl,g(t): =¢e°Cy = He (1)
Ho
a.e. on Ry, provided that K; is chosen as
K> @(Jl.
k1

Using (2.52) and the change of variable a = — /€ + a, we obtain that

+oo t
Hz,g=f (Ko—eKia)p(a+ t/s)d&:(Ko—gKlAg[Q](t))f o|-+a da
0

+

We are in the hypotheses of Lemma 14 : A.[p](?), the expectation of a given density p with
respect to the tail a > t/¢ is bounded by a positive constant Apax
Jp, a0t +a)da

<
fR+ Q(é +a)da

Aelol(1) ==

Therefore it suffices to chose Ky > €K} Amax in order to obtain that H, . = 0. These compu-
tations show that U, is a super-solution. Then the comparison principle implies that, for
allo<t=<T,

t
OsZg(t):f |Ze(8) — zp(8)|ds < Ug(t) = e(Ky+ Ky t) — 0.as.e — 0,
0

hence Z; — 01in C([0, T]), which ends the proof since || z; — zoll ;10,1 < || Z¢ || 0.1 [
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2.7 Asimple example

We construct by hand solutions of problems (2.1) and (2.3) when the load f is explicitly
defined as

1/2 if 0<t<
(2.53) f@:=51 if
3/2 if 2<i<
and the kernel p is a simple exponential (see more precise statements below). So defined f
is of course of bounded variation on (0, 1). The solution z; solving (2.1) and its limit zy show

different regularities (see Figure 2.1) : the adhesive approximation is rougher than the limit

solution. This is an interesting feature of our approach.

v Ze
<0

Figure 2.1: The solutions z, and zp as a function of time, for a fixed € = 107! on the left
y-axis. The load f on the right y-axis.

Assumptions 4. i) theload f is defined in (2.53),

ii) the on and off rates are constants defined as :

(e=Co=0(, Pe=Po=p.
iii) the initial condition is at equilibrium :

¢ _
Pre=po= P e

B+
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Lemma 15. Under Assumptions 4, one has that pg = poo = /(B +), 1, = H1,0 =
B/ (B+0) and po(a) = pgele**. Then the solution z, of (2.1) is BPV([0,1]) and it is
explicitly given by

f fl 1 pre

t
zg(t):f —ds+£—+— zp(—ea)poda
H1,0 Ho,0  Ho,0

and hence,

f@ o (s

zg(t)—zo(t):£—+f zp(s)exp(—)ds
Ho,0 —00 £

with zo(#) = 2z, (0) + fot f(s8)ds/ 0 is a continuous function in [0, 1]. Note that the last

term is an € order term according to Assumption 1, indeed it holds that

0
U z,,(s) exp (é) ds| <
—oo £
Proof. The specific choice of data and kernel allows to rephrase (2.1) as

t _ 0 B
zE(t)—gf zg(s)exp(_af s))ds_ &"'Cf zp(s)exp(—at s)) p
€Jo € Ho,0 —00 £

€
Z ” Zp ” WLooR_)-

Next, setting
t
qe (1) = z¢(t) exp ((—) t=0.
€

Then we can rewrite (1) forall £ =0 as

t\ f()
(2.54) qg(t)——f ge(s)ds = eexp (C )f (f zp(s )exp(( )ds
Ho,0
By differentiating (2.54) in time and using (2.6), we prove that g, solve the equation
exp (f ‘)

¢
Ge(1) — —qe(t) = ———=({f (D +ef'(1)), >0,
(2.55) € Ho,0

. <0 ¢s
qe(0 ):£f(0)/u0,0+gf zp(s)exp(?)ds
and therefore g, is explicitly given by
f I (s L f(s)
(1) = ex ( ) €—+—f zp(s)ex (—)ds+ —ds
e p€ (Mo,o 5—oop p£ 0 Mi,0

which gives the formula of z.. Moreover, it is clear that z is of bounded variation since f is

it and z, is an absolutely continuous function. |
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CHAPTER

FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES :
ASYMPTOTIC EXPANSIONS AND FAT TAILS

Abstract

e construct an asymptotic expansion for the integral delay operator already
Wintroduced in [MO11; MO15] and show how to improve convergence rates
already obtained in the latter papers. Moreover, we weaken one of the major

hypotheses made on the off-rates in our previous works : we do not assume exponen-

tial decay of the linkages’ density. Instead, polynomial decrease is allowed, leading to

stronger adhesions and slower motions of adhesion sites.

3.1 Introduction

This work is a continuation of a series of works related to the mathematical study of ad-
hesion forces in the context of cell motility (see [AM21], [MO11], [MO15], [MO16] and
[MO17]). Cell adhesion and migration play a crucial role in many biological phenomena
such as : embryonic development, inflammatory responses, wound healing and tumor
metastasis. The adhesion model discussed further has been designed at the scale of a sin-
gle binding site [0S09, Chapter 5]. Lately, it has also been used at the mesoscopic cell scale
([Gre+18], [MS21]).
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f(t—ay) f(®

N

X(t-a3) X(t-a) X(t-a) X

Figure 3.1: The position of the moving binding site at time ¢ and time ¢ — a; with respective
linkages to the substrate.

The cell is modelled as a point particle whose position on the real line is denoted X,

and depends on ¢ (see fig.3.1). The position X is obtained solving a force balance equation

! (Xe () = Xc(t—€a)) pela, )da= f(t), t>0,
3.1 € JR.

Xe() = Xp(), t<0,

where f is an external force and the left-hand side represents a continuum of elastic forces

with respect to past positions. The density of linkages p; is a solution of an age-structured

model
(€0 +04+((a, 1)) pela,t) =0, (a,t) Ry x (0, 7),
(3.2) pe(0,1) = B(1) (1 —fR+ pela, t)da), (a,t) €{0} x (0, T),
pe(a,0) =pr(a), (a,t) e Ry x {0}.

In the latter system, § € R, (resp. ¢ € R;) is the kinetic on-rate (resp. off-rate) function
and the speed of linkage turnover is represented by the small parameter known as € > 0
(IMO11], [MO15], and [MO16]). Under the assumption that the death rate { admits a strictly
positive lower bound {pin, in [MO11], the authors studied rigorously the asymptotic limit

of the systems (3.1) and (3.2) when € goes to zero. They obtained the convergence results
1 Xe = Xollcoqo, 11y + lPe = poll coqo, ;20 w1 ) — 05
where the limit X, solves

poMXy=f(), >0,
Xo(t=0) = X,(0), t=0,

(3.3)
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where 1 0(#) denotes the first moment of pg, namely p; () := f apo(a, t)da and pg sat-
0
isfies :

0apo+{(a,t)po =0, t>0,a>0,

(3.4) o0

po(a=0,t)=ﬁ(t)(1—f po(t,a@) d&), t>0.
0

We underline that, to some extent, the ¢ scaling can be associated with the long time be-
havior of solutions of (3.1) and (3.2) [MS21, Theorem 4.4].
In [MO11], using the Lyapunov functional

(3.5) JCu] = ‘f u(a)da
0

+f lu(a)lda,
0

the authors have proved the convergence of p. towards pg. In the same article they showed
as well the convergence of the position X, thanks to a comparison principle specific to
Volterra equations [GLS09, Chapter 9, Section 8]. Here as well, the main goal is to study
the asymptotic behavior of solutions of the coupled problem (3.1)-(3.2) under two major
constrains :
1) increase the order of approximation with respect to ¢,
2) weaken hypotheses on { allowing p, and pg to have fat tails with respect to the age
variable.
More precisely, we aim at constructing the N**-order asymptotic approximation of the

solution X, satisfying (3.1) as
(3.6) Xe,N = Xouter (1) + Xinner(T) + O(EN),

where 7 = t/¢€ is the stretched variable. The construction of this asymptotic development
is done in two steps. First, we construct X,,;., containing a series of macroscopic correc-
tors in power of €. These correctors are valid away from ¢ = 0. Next, we construct X;, er
containing microscopic correctors that correct the fast variation near the boundary layer
atr=0.

We start by studying problem (3.1) with a given non-negative density of linkages p such
that

+00
uNH::f 1+ a)No(a)da < +oo
0

and such that it is not compactly supported (cf. Hypotheses 5 for a more precise definition).
In this case, we construct an expansion (3.6) for any fixed integer N. The macroscopic part

Xouter is formed by correctors that solve first order differential equations (see (3.16)). The
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initial condition of these correctors is then determined by matching inner and outer ex-

pansion. An error estimate was obtained, leading to

”XE — Xen ” c((0,11) SV,

Finally, we consider the general case where the density also depends on € and solves
(3.2). We are mainly concerned with the asymptotic behavior of X, as the perturbation pa-
rameter € approaches zero. First, we study the asymptotic behavior of p, when ¢ goes to 0.
The novelty here, compared to [MO11], is that we weakened the assumptions on the death
rate {. Namely we assume that there exists a non-increasing function m € L'(R,; (1 + a)®)
such that

m'(a)
m(a)

This hypothesis allows ( to go to zero for large a and allows p to have fat tails. In compari-

3.7) ((a,t)=—- , a.e.acR,

son, in [MO11], the hypothesis on { was stronger : {(a, t) = {min > 0. This allowed to use of
Gronwall’s Lemma and get a priori estimates :

e, 1) = po, Dl g,y < HLp1() — po(-,0)] €xp (—Cmint/€) + 0¢(1).

Showing an exponential decay in time and age of the initial layer near to ¢ = 0 [Mil18]. In
our case, if { satisfies the condition (3.7), we cannot use Gronwall’s Lemma to establish the
convergence when ¢ tends to 0. For this sake, we enrich the asymptotic expansion of p,

with supplementary terms. We introduce p, the first order macroscopic solution of :

(aa‘*'C(a, t))Pl(a; t):_al‘p()(a) t)) a>0’ t>0)

(3.8)
Pl(o;t):_ﬁ(t)f Pl(a;t)da, azoy t>0)
R+

and vy the initial layer approximation solving :
(0;+0,+((a,0)ro(a, t)=0, a>0,t>0,
3.9) t(0,8) =—-p(0) | vola,Hda, a=0,1>0,
R+

tO(ayO):pI(a)_pO(a;O); a>0) t=0.

This enhances the earlier error estimates. Indeed, for any ¢ > 0, one has
%[Pe(‘; t) - PO(‘; t) - 8pl('y t) _t()(" t/E)] 5 06(1)>

leading to :

loe = Poll L ®, x0,7), a1 +a)) = Oe(1).
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This result is in turn used to establish the strong convergence of X, towards X; solving (3.3)

extending the results from [MO15] to this new framework.

The chapter’s outline is structured as follows : in section 3.2, we list some assumptions
and notations which will be used throughout this paper. In section 3.3, we analyze the case
where the kernel in (3.1) is fixed and depends on the age variable. Moreover, we construct
the asymptotic expansion of X, and show error estimates. Finally, in section 3.4, we analyze
the asymptotic behavior of p, and X, solutions of (3.2) and (3.1) respectively when € tends

to 0. Then we extend results from [MO15] to our setting and conclude.

3.2 Notations

Before presenting our main result, we list some notations and assumptions that will be used
in this paper. In the rest of the paper, we’ll use some notations for the functional spaces, for
instance L’;LZ := LP((0, T); LY(R;)) for any real (p,q) € [1,00]%, Vg := L®[R, x (0, T),(1 +
a)™1), and The space Lip(R,) is the set of Lipschitz functions on R, . Hereafter, in the fol-
lowing sections, capital letters (X;);en denote the macroscopic correctors defined on [0, 77,
and the microscopic correctors (x; ;) ;, jeng OF (W) ken defined on R are then renamed with

a tilde when rescaled with respect to € : X; j () = x;,j (£/€).

3.3 The linkages’ density is constant in time

In this section, we begin to study the simple model of the problem (3.1) with a kernel p con-

stant in time. We assume that the data of the problem satisfies the following assumptions :

Assumptions 5. Assume that:
i) the source term is such that f € CN(R,).
ii) the past condition X, € CN*1(R,.).
iii) for all a € R, there exists M c (a,o0), M compact and |M| > 0 such that p(a) > 0 for
almost every a € M.

iv) moreover
UN+1 = f 1+a)No(a)da < co.
Ry
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3.3.1 Construction of the expansion

First, we start with the construction of the terms forming the N*"-order approximation of
X, solution of (3.1) for a fixed kernel as

N-1
(3.10) Xeni= ) €' Xi(t) +Yn(1) + Zn() + Wi (D),
i=0 ~

inner expansion
outer expansion

where these terms are set later on. Define the operator %, : C([0, T]) — C([0, T]) that maps
Xto

1 :
L[ X1(1) := g{,uOX(zf) —f X(t—ea)p(a)da}.
0

Then problem (3.1) can be rephrased as :

1 oo
(3.11) LX) (1) :f(t)+—f Xp(t—ea)p(a)da, Vi>0

€Jt
and we aim at constructing X, y such that it satisfies

(3.12) ZLe[Xe Nl :f(t)+%ft X,(t—ea)p(@da+OE™).

Proposition 4. Assume that Hypotheses 5 hold, let the sequence of functions )

.....

then one has the expansion :

N-i gk_l(—]_)k+l

1 o0
LelXil) =) a Xl-(k)(t) (k= Zo,k (1) +Efz pla)daX;(r)
k=1 : :
4 gN=iggN+1-i

)

where
Ui = fue akQ(a)da,

c0 t
<Eo,k(f)3:]; akp(a)da=:€o,k( )

€
o Jr,

gN+1-i| o L | xwver-n
i (N+1-al7

Proof. One writes :
1 [ 1 [
fg[Xi](t):Ef (Xi(t)—Xi(t—sa))Q(a)da+Ef ela)da X; (1)
0 :
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then using the Taylor expansion :

L _ngk k (k)
Xi(t—ea)=)_ o CDEXEm
k=0

N+l-i p1
+Lf XWN=Dt_seqy1—s)Vids
(N=-D! Jo
so that the first term above becomes :

1 [+
Efo (Xi(t) - X;(t—ea)) p(a)da

1 [ . .
x® ) (&'k_lﬂk—gft (ea)kp(a)da)+eN_’,%’ﬁ.V+l_’

which provides the result. |

Proposition 5. [Outer expansions]

Under the same hypothesis as above, the zeroth-order macroscopic limit is given by
(3.13) mXx{M =,

and at any order ¢ € {2,..., N}, we have :

(3.14) mXx, = Z( 1)’<“’“X”€’

Proof. The result proved in Proposition 4 leads to :

N-1
Z Xl =
i=0

N-1 N-i k 1(_ )k+1 )
Y € TX,. (1) (ke — Eo,x (D)
—~ !

i=0

(3.15) N
Z ! | Q@daXi®+ Sno,

where we set Sy o : —eNZN I%N“ ’and|5N,0|< {(}nafé {1 Xillwn+reo, 1) HN+1-i}. Con-

.....

sidering the first sum gives :

N-1 N-i k l( )k+l &
Z —k, XP ) (e —Zo k(D)
i=0 k=1 :

NN =R g
=) D¢ X2 (1) (= Zo, (1)

k=10=k k!
N /-1 ¢ ( 1)k+1 o _
= Zg Z i X, (D) (1 — Zo,k (D)
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Separating powers of € and considering that terms containing functions Z ; belong to the

initial layer (these depend only on the microscopic variable t/¢) provides :

e x® 0 ifl#1,
(3.16) Y == (-1
k=1 k! [ otherwise,

and by relating the lowest derivative with the highest index to the rest of the correctors, we
establish macroscopic nested ODEs (3.13) and (3.14). [ ]

( 7
Remark 2. The initial conditions of the macroscopic correctors X; are to be defined

later (cf Theorem 29).

Proposition 6. [Inner expansion] It is threefold.

 The first part accounts for terms containing = i in the first sum of (3.15) :

[V]z

m q 1 k+1
(3.17) Yn(t): Z Z CD™ ylkem- D0 Zm—g k(1)

k'(m Q) c/ k

m:

where X ;. := x; r(t/€) and the microscopic correctors solve :

(3.18) Lrlxj () = ¢ (1) = t]f akp(a)da,
t
and % is the operator £, taken for € set to 1.

e The second part corrects the second sum in (3.15) and reads :

N-1

N m—
619 Zn(i=-) Z qu%mmw—Zs&@mO
m=1 : i=0

e The last part concerns the remainders related to the past source term in (3.12)
N gi
Wi(B):= ) = X, ()i (1),
) U
where ;(t) := w;(t/€) and (wy), solve for £ € N,

f (we(t) —we(t—a))pla)da=0, >0,
(3.20) R+

we(t) =14, r<0.
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Proof. First, we begin by constructing the first part of the initial layer Y. We consider the

second term in (3.15) and we use Taylor’s expansion :

(k) (l‘) Z X(k+])(0)_+€N‘%§ch’
j=0

where

—k+1

N € N-kl N—k v (N—k+1)
. —k+
‘%k,l' (N k)'( ) f 1-y3) X P (st)yds,

which implies that

N & EDF (k
Y ey ——X,P (0 i(D)
/=1 =

N ¢ ( 1)k
3.21) =Y ey

N k)
- _Ok(t){E X, 1(0) +9€ }
/=1 k=1 : ]

—_— “] 1X(k+])(())( ) Eo,k(8)+Sn1=:1+Sn,1

where

(3.22) Sn,1 :=;C gl Nkl k.) Eo k(DY ),
that can be estimated as :

(3.23) |Sn,1| = CeNpnan

The first triple sum can be decomposed thanks to Proposition 8 as

lkl(m q)! 9k

N m 4
I:= Z Em 1(2 Z ( 1) (k+m_q)(0)5m—q,k(t))
m=1

q=1k=
2N1 ( 6]+N " (=DF (ksm=q) = (t))
"= N” g=m+1-N kzl kl(m—q)!" a-k m—q,k
2211+O(g )

In order to compensate I;, we define microscopic correctors X; x as (3.18) and set Yy as in
(3.17).
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Now, we need to correct the third term in (3.15), which we do with the same technique

as above :

N-1 | oo
e X0 | olada

Tll.
= o
L

RENCIEN

N+1-i

. N—igj . ¢ 1 ' ‘ .
=1 () N+1-i N—i
{jgoﬁxi O (N—i)!fo A sl =) dS}fﬁ ola)da

I
I
(=]

M

l+] 1

T

€z+] 1

N-1N- .
X(”(O) E00(8)+Sn2 = Z Z _j,o(t)X,F”(OHSN,z

Il
‘MZ

Il
(=]
~

Il
(=]

J!

1= (m-q)

Z e 0% (0) + Z e Z00(1)X;(0) + S 2
q=0 i=0

[l
M=
™M
3

3
I}

where Z;(2) :=r} j,0(¢/€) and

N-1 = ¢N+1-i
(3.24) Snp(t):= Y et 'f XN s (1 - 9N dsEo (D),
i=0 N—i
and one has:
(3.25) |SN,2|SC£Nf (1+a)N+IQ(a)da sup || Xillyn+1-ico(g, -
R, i€{0,...,N}

It suffices then to add the correction Zy defined as in (3.19). Lastly, it remains to correct the

terms of the past. To find them, we need to develop X, (¢ —¢&a) around 0, which is stated as :

i
X,(t-£a) = Zg X (o) At
i=0

)N+l

+€N+1(t/£—af X(N“’(s(t ea))(1-s)Nds,

and it involves

(l) +00 (t/ —Cl)l
, X(L‘ ea)p(a)da= ZeX o |, —Q(a)da+SN3,
where
+00 t/ _ N+1 1
(3.26) sN,gzzeN”f %[ XN (s(t - ea) (1 - )V dsp(@)da,
£ 0
and
Y e toop \N
|Sns|<e Nl Xp Moo [, |- 4] el@da
.27 ) e i
seNﬁnX,(,N’noch;f“ f (g) —aN " o@das ceN M una
: k=0 €
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Which then yields that past-correctors should be added as :

N xP0
Wy(0):= Y e L —w;(p),
i=0

i!

where w;(t) := w;(t/€) and w; satisfies (3.20). [ |

Lemma 16. If t;, 41 < oo, then one has:

& . .
xj (0 =4 H =0
0, otherwise,

and x; (1) = pjr1+x/((j + 1D p1) when £ — oco.

Proof. The resolvent associated to (3.18), satisfies :
r(t) — (rxk)(1) = k(1),
where
(3.28) k(a):=p(a)luy, (rxk)(t):= fot r(t—1)k(r)dr

and it can be decomposed [GLS09, Theorem 7.4.1, p.201] as

Ho
r(t)=—+y(,
t Y

where the function y € L'(R,). Moreover, the resolvent being defined the solution x k18

computed explicitly and reads :

t
Xjk=CjktSjk*xT=¢jk+6k* (Lol +Y):fj,k+fj,k*7+%f0 $ix(s)ds.

Thus the leading term in x;  when ¢ grows large is the last integral. Indeed

N 1 a . 1 .
@f tff a*k(a)dadt=— (f tfdt) d*o(@yda = —— Ik
M1 JR, t M1 Jr, \Jo (]+1) 1

and one has:
1 Hj+k+1

G+ wm

which we define as the formal expression x; i (£) — gj14x/((j + 1) 1) when ¢ — oo. |

e L'(R,).

x]',k—

55
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Lemma 17. Under the same assumptions as in the previous Lemma, the microscopic

functions w, are discontinuous at t =0, forall /=0

we(0%) = (—1)5%, we(07) =0,
0

and and w () — (-1)¢pes1)/ (€ + 1) 1) when t — oo.

Proof. Using (3.20), we can easily show the discontinuity of the correctors wy at ¢t = 0. By

the same arguments as proof of Lemma 16, one has that :

hm we(t) = ff (t—a) Q(a)dadt— ! ([ (t—a)édt)p(a)da
41 K1

_ (—1) He+1
(0+1) p

which ends the proof. |

Lemma 18. Under the previous results, we obtain the error estimate

| X (0%) = X n(0)| S €V

Proof. By definition, one has:

N-1
Xen(0) =) €' X;(0)+ Yn(0) + Zn(0) + Wy (0F),
i=0

then one has

k) [
Yn(0):= — Z Z ” X k(omk_gu—
k=1 0
where we used that X; ;(0) =0 for all j #0and (3.16). By definition,
N-1 N-1
Zn0)=— ) ' X;(0)%,0(0) = — ) £'X;(0),
i=0 i=0

and compensates the first terms of the sum, then

1N xPo) .
Wx(0) = — Y &' —— (=D p;.
Ho = 4

X (0) = f” fxp(— )Q()

and so the Taylor expansion of the last term ends the proof. [

Then one observes that
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3.3.2 Matching inner and outer expansions

So far, the initial conditions of the outer expansion are not defined. For this sake, we write

the inner expansion’s limit when ¢ — oo. This gives :

llm Yn(1) = i i ix(lwm—q)(o) .,
! q=1k=1 (m-gq+1)!k! q-k Bm—g+k+1 =2 S1,

together with :
N m— N-1
. Hm—-q+1 i
lim Zy(f) = — X el X(0)
t—o0” mzz ; (m-q+1)i Z;O ’
and ()
N D(0) i
llmW W=y ¢ (-1 = s,
N ;0 (+1)' wo

As we do not want the inner expansion to interfere with the outer expansion, we gather the

powers of € and define the initial conditions of the outer expansion so that
tlim (Yn() + Zn (1) + WN(2) =0,
—00

which then gives :

Theorem 29. The macroscopic Ansatz should be given the initial conditions : for m =0,
Xo(0) = X,(0) while for me {1,..., N-1}

XmO:—lmX(m)()M_m X(m ) KEm—-g+1
H1Xm(0) = (=1)7X, ()((m+1)!) ng ()—( T

+ i i ﬂx(k+m—q)(0)
S m—q+ Dk Tk Hm—g+k+1-

3.3.3 Error estimates

In this section, we give an error estimate between X, the solution of

1
—f (Xe(t) — X (t—€a))pla)da= f(1), t>0,
(3.29) € JR,

Xe(1) = Xp(1) t<0,

and the asymptotic expansion X, y given by (3.10). This result is based on the application
of a comparison principle [GLS09, the Generalised Gronwall Lemma 8.2 p. 257] and the
construction of a super solution Uy such that Uy = |X,E - XE, N| and Uy < eN.The following

lemma is required in order to apply the latter comparison principle :
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Lemma 19. Under the Assumptions 5, K () := E—LOQ (%) satisfies :

t
| Kell ro,) := esssup[ |Ke(a, t)|da< 1.
0

teRy

Proof. We need to show that for every t € Ry,

t : (a)da
(3.30) Osf |K:(a, t)] dﬁ:fop—<1
0 Jp,0(@) da
which is equivalent to show that for every ¢ € Ry, ffo e(a)da > 0. But, by definition, for
every fixed t and ¢ there exists a compact set M < (t/€g,00) such that p(a) > 0 for almost

every a € M so that
[e.@]
f Q(a)dazf ela)da > 0.
£ M

Theorem 31. According to Assumptions 5, it holds that :

||X£ - XE,N” c(0,T1) Sl

where XE, ~ is defined in (3.10) and X, solving (3.29).

Proof. First, we consider the zero order approximation (i.e. N = 1). We denote X := X, —

Xe 1, it solves :

3
LelXi1=81:=) S1,i,
i=1

where |S;| < €K (see the estimations (3.23), (3.25) and (3.27) for N = 1). Now it remains to
construct a super-solution U; such that

Ze[|X]] = ZlUn), and |X,(0)| < U100),
in order to obtain | X ()| < Uy (¢), for all 7> 0. We set
Ui(t):=€(c; + tep — ecgng (1)),

where w; solves (3.20) with ¢ = 1. As the resolvent associated to (3.20) is non-negative,

applying the comparison principle [GLS09, Propostion 8.1 and Lemma 8.2], w0, (¢) < 0 for
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t>0.Then

o0
Z: Ul = CIEO,O(t)+5CZM1+Cth (t—ea)pla)da—ec3 L [101]

ot ([t
ZClao,o(t)+802H1+€Czﬁ (——a)p(a)da—a:gft (——a)g(a)dazeczul.
t \e t \&g
The last inequality being true when ¢; =0 and ¢, = c3. Then, one tunes ¢, = K/ so that
Ze[|X|] = IS11=eK s epor < LU,

and the constant c; is set such that | X;(0)| < ec; <ec + 5203% = U,(0).
More generally, for any N, one sets Uy := eN(c) + cot —ec31y) and the result follows the

same : choosing ¢; := | Xn/(0)|, ¢2 := K/ where |Sy| < eV Ky and ¢3 = c,. [

3.4 The general case

Assumptions 6. Assume the kernel p. solves (3.2) and that the data satisfies :

a) the off-rate( is in C([0, T]; L°(R.)) and there exists a non-increasing m € L'R.;(1+a)®)

such that
m'(a)

m(a)
b) the birth-rate € C(R.) is such that

<{(a,t) <(max, a.e.acR,.

0 < Pmin < B(1) < Pmax-
¢) theinitial condition p;y € BV(R;) N L ([R4) N LYR,,(1+a)®) satisfies
p1 < cm(a), for almostevery acR,.

Whereas X, solves (3.1) and the data satisfy

d) the source term f belongs to C*(R.).

3.4.1 Thelinkages’ density problem p, ;.

Now we assume that p, ; , solves the ¢, f, a-dependent problem (3.2), and we introduce the

first order asymptotic approximation of p¢ 1,4 :
3.31) pe(a,t) :=pola, t) —%o(a,t) —epi(a, 1)

where pg is the zeroth order macroscopic limits given by (3.4), p; is the first order macro-

scopic limits given by (3.8) and ty := tvo(a, t/€) where the initial layer t( solve (3.9).
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3.4.1.1 The outer expansion of p,

N
Proposition 7. Let Assumptions 6 hold, then there exists generic constants ¢; > 0 and

cj1 >0, such that pg and p, the solution of (3.4) and (3.8) respectively satisfies
|pj(a, t)| <cj(l+ a)zjm(a), where j € {0, 1}.
In a generic way, for all j € {0,1} and ke N, if{ € wkoR, xR,) then:

2j+k

‘dfkpj(a, I)‘ <cjk(l+a) m(a).

Proof. First, for j =0, py is explicitly given by

(a) < PmaxCmax m(a)
(0) B Cmax + ,Bmin m(0)

a m
pola, t) = po(0, 1) exp (—f ((a, t)dd) < po(0, 1) -
0
which gives c. Similarly, 9;p¢(a, ) it is explicit and reads:
a
0¢pola, t) =0:po(0, 1) exp (—f ((a, t)dd)
0

- f exp(— f (@ t)daz)atar, 0po(T, 0T,
0 T

where “
gt
0 0,1 =
000, 9 1+ B(0) [y Cexp (- [¢(@ v)da)da
and
+00 a
g(n)=p'(r) (1—u0(t))f0 exp(—f ((a, t)d&)da
+00 a a ‘
—f f exp (—f ((a, t)dd)at((‘r, Hpo(t, t)drda.
0 0 T
So that
m(a) 4 po(7,1)
91p0(a, D] =[04p0(0, 0] 2= &L+ (@ fo D=k + keaym(a)
<d1+am(a)
where

[Tq[F7e e
m(0)

(max
ki = C(—, ||,6||W1,0<>y ||m||L1([R+), ||C||W1yoo » ka=co
,Bmax"'(max

and ¢p,; := max(kj, k»). Now, for j =1, p; can be given explicitly by

0 0 T
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where
h(t)

1+ B(0) [y Cexp (- [¢(@ vda)da

PI(O; t) =

such that

a a
Ih(t)I:U f exp(—f ((&,t)dd)dtpo(r,t)drda
R

sf “mia )|6tp0(r t)|drda<c()1f (1+a)’m(a)da,
R, Jo
and finally, we obtain that

DHIE kl% +f co1 (1 +T)m(a@)dt < max(k}, co 1) (1 + a)* m(a)
0

where

max

ki:=C
(ﬁmax"‘(max R4

1+ a)zm(a)da) .

Similarly, we can prove that

|0:01| = 111+ @)’ m(a),

and the generic way can be deduced by induction. |

3.4.1.2 Theinitial layer

One considers the problem (3.9) and defines x() := t((0, £), then by using Duhamel’s prin-

ciple this problem can be rewritten as

x+kxx=f,

(3.32) k(a) Z,Bexp(—fo ((T,O)dr),

A

(e} a—t
f@):= —ﬁf pI(a—t)exp(—f C(T,O)dr) da.
t a

As a consequence of the Paley-Wiener theorem (for instance see Theorem 51 in appendix

A) and the fact that k is a decreasing function of a, one gets :

Theorem 33. If k is a decreasing non-negative kernel such that k € L}(R,), then the

resolvent associated to (3.9) satisfies :
r+rxk==k

and r € L'(R,).
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Proof. The result is proved (if k decreasing) in [GLS09, p.264]. |

Corollary 2. Let assumptions 6 hold. If moreover, ty(-,0) € L (R, (1+a)?) and that there

exists a constant ¢ > 0 such that
to(a,0) <cm(a),
then x =1(0,-) € LL(R,; 1+ H*) N L®[R,) and
to € L'Ry x Ry; (1+ @),
and there exists another constant ¢’ > 0 such that

tola, t) < c’'m(a).

Proof. Using the Assumption6 on ¢ and on the data, one has

m(a)
m(a-1t)

|f(t)|s,6f tola—t,0) dascf m(a)da
t t

which is bounded since m € L' (R,) and it is also integrable because so is the first moment
of m. Writing then that

x=f-rxf

and since L! isan algebra for the convolution, x € LY(R.). Because, fisboundedand r € LY

x € L*°(R;) as well. Then in a similar way, using Duhamel’s principle, one has :

v (0, t—a)exp (- [y ((@0)da), ift>a,

tola,t) :=
vola—t,00exp (- [ ,{(a0)da), otherwise,
so that
il o 2281, ift>a,
lto(a, )| < (’)”“”
lt(r)vg?a_—t}))l m(a) <cm(a), otherwise,
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which gives ¢’ in the last estimates of the claim. Next we consider :

t a
[to(a, t)ldas/ Ito(O,t—a)Iexp(—f C(d,O)diz) da
0 0

Ry
(@, O)da) da

a—t

+f [vo(a—t,0)|exp (—
t

m(a)
m(a-1t)

da

t m(a) e}
sf [to(0, t — a)l da+f tola—t,0)
0 m(0)
lto(a,0)]

1
(0){(Ito(0 )I»'(m)(t)+f[R+ @ m(a +t)da}

(0) (Ix] * m) (t) +cf m(a)da

Then using that LY(R,) is an algebra for the convolution, and that m € L'(R,, (1+ a)), one

concludes that

2l 1 a
fuqe fma tola, Hdadt < L (D§+)(l+ 2 (I1t0(0,) I 11 g, + cm(0))

the same holds for the first moment as well.
Setting ¢q;(a, t) := trg(a, t) and y(¢) := g1 (0, t), one has

t a
y(8) =—[3(0)f0 y(t—a)exp (—fo C(S,O)ds)da
t a
—,B(O)f ax(t— a)exp (—f ((s,O)ds) da
0 0
—ﬁfoo tro(a—1t,0)exp (—f ((s)ds) da
t a—t

ie.
y+k*xy=fx

it remains to check whether f; € L' (R,). Assuming that f[R+ (1+ a)>m(a)da < co shows the

claim. As above,

t t a
fo|q1(a,t)|da§f0 (|q1(0,t—a)|+a|x(t—a)|)exp(—f0 ((s,O)ds)da

¢
+IX(0,-)I*(-)eXp(— ((s,O)ds)
0

)
<|q1(0,")| xexp (—f ((s,0)ds
0
together with

f |CI1(a, t)|das tf tola— t,O)exp(—f C(T,O)dr) da< tcf m(a)da
t t a—t t
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both left-hand sides are then L! functions in time, provided that m € L. (R, (1 + @)%). For

the next step, one works similarly and obtains that

fftzto(a,t)dadt<oo
R, JR,

since m isin L;(R+,(1+a)3). |

Corollary 3. Under the Assumptions 6, one has x(¢) :=t((0, ) — 0 when ¢ grows large

and the first moment can be estimated as follows :

A+ a)lvgla, t)lda< o1/:(1) + cf 1+aym(a)da,
R, t

where 01/;(1) means small when ¢ grows large.

Proof. Using Lyapunov’s functional (3.5), one has that
f lto(a, t)|da < oo
Ry

which, thanks to the boundary condition, provides that x(¢) is bounded on R, . This shows

using Duhamel’s principle that vy € L° (R, xR, ). Moreover, defining the discrete differences

L to(a, t+h) —vo(a, 1)
Divo(a, )y :=

h
it solves the problem :
07 +04+{(a,0)) D'ty =0, a>0,r>0,
(3.33) D't(0,8) = —(0) fR Dl'vo(a,t)da, a=0, t>0,
Dlty(a,0) = "% - fola,0) a>0,t=0.

If the initial data is regular enough (for instance vy(-,0) € BV (R.) since p; is too), one has
that
|Dlx(o)| =|Dleo0, 1) < [3(0)]{R |Dltvota, 1| da< poO)A#1D] o (a, 1)

similarly as [Mil18, Theorem 3.2], by using Gronwall’s Lemma, we get that
FEIDo (-, 1)) < A(DPo (-, 0],

it suffices then to prove that the initial term # [D?to(', 0)] is bounded. Indeed, we have

tO(a; h) - tO(a, 0)

=L +1I
A 1+ 12

H#1D%0(a,01 = | tll) 1)

R,

'da+
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where p, (1) = f to(a, t)da. For the first term, we split the integral in two parts

+

h
0

h a
:lf to(0, h — a) exp (—f ((&,O)dd)—to(a,O)
hJo 0

1 +oo
+_
i),

=hy+hLp

to(a, h) —to(a,0)
h

h h

'da

da

to(a— h,0)exp (—f ((d,O)dd) —to(a,O)‘ da
a—h

where we used the method of characteristics. It easy to see that the first term

1 h
I < Ef da(|ﬁ(0)| ||t0||L?°L}¢ + ||t0(a,0)||L1([R+)) < o0.
0

Now, for I; », one splits the integral adding and subtracting intermediate terms

1 [too
Ly=—
1,2 h]};

1 +00
A
hJn

5 TV (ro(-,0)) + Cllxo(a,0) ||L1(R+)

da

(vo(a— h,0) —to(a,0))exp (—f C(&,O)dfl)
a-h

da

a
to(a,0) exp (—f h((ﬁ,O)dﬁ) —to(a,0)
a-

where TV denotes total variation of t(-,0) [ABD13]. For the second term I, noting that

|6t,ut0(t)| < (Cmax + ,Bmax) ”tOHL}x’Lb’
one obtains
L= (Cmax‘*‘ ,Bmax) ”'CO”LC;OLL’

and finally, we obtain that %”[Dhto(a, )] < oo, for all £ > 0, which shows that x € Lip(R,.).
Y t p

Since x € L' (R,) (see Corollary 2), this implies that lim,_. ;o x(#) = 0. Now, we consider

t
J(t) = A+ a)lvgla,t)lda sf Ix(t—a)|(1+a)ym(a)da
R, 0

t/2 t
:U +f )|x(t_a)|(1+a)m(a)da::h+]2-
0 t/2

For every 6 > 0 there exists 177 such that ¢ > n;,implying that

sup |x(s)| < 0
se(d,n) (2 Jr, A+ a)m(a)da)

65



CHAPTER 3. FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES : ASYMPTOTIC
EXPANSIONS AND FAT TAILS

which shows that J; < §/2. On the other hand, there exists 17, such that ¢ > 1, which implies
that

t
b= ||x||L°°([R+)f/ 1+am@da<é/2,
t/2

by Lebesgue’s Theorem (since the integral of (1 + a) m(a) is finite). These arguments show

that J(t) vanishes when ¢ grows large. On the other hand :
f 1+ a)ltg(a, t)ldascf (1+aym(a)da,
t t

which is an initial layer. u

3.4.1.3 Error estimates for the linkage’s density

We define the difference :
ﬁe(a» t) = pé’(ay t) - ﬁE(ay t)

where p, is defined by (3.31). We obtain :

Theorem 35. Under the Assumptions 6, one has that

(3.34) FONPe(t) <0:(1), a.e teRy

where A [ul () := [p, lu(@|da+ ’f& u(a)da‘.

Proof. We start by writing the system satisfied by the error p, :

(€0, +04+{(a,D)pela, ) = —€(((a, 1) —{(a,0)T(a,t) —*d,p1
(3.35) 50, 0) = (D) fR pela, da— (B(D) - pO)) fR %o(a, da
pe(a,0) =—¢epi1(a,0)

Then following the same steps as in [MO11], one has that

Pe(a, )|+ pe(a, 1) sgn (f Pe(d, t)dd)}da
R+

d_ .
e H1Pel (0 + fR (@ t){

5282f Iatpl(a,t)Ida+2f I{(a, 1) —{(a,0)|[To(a, B)da
R, R,
+|ﬁ(t)—2ﬁ(0)|fR [Eo(a, Dl da
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which after integration in time provides :
t
H1pel ) <7101 0) + 2¢ [ fR 10.p1(a,5)| dads
0 JR,
+2f£f |¢(a,eD) —(a,0)||xo(a,T)| dadT
0o Jr,

t
+{[Wﬁ@ﬁ—2ﬁmﬂf |vo(a, B)| dads.
0 R,
Now, here the crucial point is that, thanks to Lebesgue’s Theorem, the last two terms of the
right-hand side do tend to zero as € goes to zero. |

Corollary 4. Let Assumptions 6 hold, then one has

f(1+a)|pg(a,t)—po(a,t)|da508(1)+f 1+aym(a)da.
R, L

Proof. Considering the system solved by the difference e(a, t) = pc(a, t) — po(a, 1)

(€0:+ 04+ ((a,t)e(a,t) =¢edppla,t), a>0,1t>0,

(3.36) 4 R,
—ﬁ(t)f To(a, t)da, a=0,t>0,
R

e(a,0) = pr(a) — po(a,0), a>0,r=0.

It satisfies (3.36) in the sense of characteristics, namely

e(0,t—e€a) exp(—ffa((a+s, t+es)ds)+
0 0
+e [ 0;pola+s,t+es)exp(— (a+71,t+er)dr)ds, a<tle,
337)  ela, 1) =4 J=a91po p(- /¢
e(a—tle,0) exp(—ft(;g((a+s, t+es)ds)+

+e[°,. 0,00(a+ s, t+es)exp(— [Pl (a+1,t+eT)dT)ds, a>tle.

One has that

+0o0

+00 tle
f 1+a)e(a, t)da:f 1+ a)e(a, t)da+f 1+a)e(a,t)da
0 0 t

/e

(3.38)
=L+ D.
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We treat each term separately because they correspond to the two cases of Duhamel’s for-
mula (3.37) :

0

L) < fg(l +a)le(0, t—ea)lexp (— ((a+s, t+£s)ds) da
0

—a
£ 0 0

+ef 1+a) Otpo(a+s,t+£s)exp(—f ((a+r,t+€r)dr)dsda.
0 —-a s

Gathering previous results one has that :

le(0, t—ea)|l < o.(1)+ [ m(a)da,

E—(l

which thanks to Proposition 7 gives that
L1 sog(l)foﬁ(l +a)m(a)da+f0£(1 + a)m(a)f::m(d)dizda
+£CO’1f[Rz (1+a’m(a)da,
using similar argument as in the proof of Corollary 3, one shows that
foé(l + a)m(a)daftoo m(a)dada < os(1),
I-a

since (1+ a)m(a) is integrable and by Lebesgue’s Theorem [;° m(a)da — 0 as t grows large.
On the other hand,

t 0
e(a-—-,0)
€

o0
Izsf: 1+a) exp(— C(a+s,t+£s)ds)da

_L
€

[e’s) 0 0
+eﬁ (1+a)f [ |6tp0(a+s,t+£s)|exp(—f C(a+r,t+er)dr) dsda
£ —¢ §

Scf (1+a)m(a)da+sf 1+ a)’ma)da.
: ",

3.4.2 Error estimates for the position

Theorem 37.
Under the Assumptions 6, if p, is a solution of (3.2), pg solves (3.4), X, is a solution of
(3.1) and X solves (3.13) then

lpe = PollLio, ;01 ., 1+ = (1), 1 Xe = Xollcqro,71) = 0£(1).
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Proof. Setting u.(a, t) := X (1) — X (¢ — €a) where X¢(1) = X,,(t) when ¢ <0, one has that it

solves :

(86[+0a)u5 = Oth =

{edtf+f ug(a,t)((a,t)pg(a,t)da}, a>0,t>0,
Ho,e Ry

(3.39)  { u.(0,1)=0, a=0,t>0,
Xe(0) — Xp(—€a)

ucs(a,0) =uj(a) := a>0,t=0,

since problem (3.1) can be expressed in a integro-differential equation :

Mo,e(1)0¢ Xe = €0, f + f {(a,D)pe(a,Dda.

(Xs(t)_Xe(t_Ea)
R,

Following [MO15, Theorem 6.1], one has that

t
leuE(a,t)lpg(a,t)da Sfo 0. f ()| dT +|f(0)] + Lx, th1,max = C1

Moreover, one has also the bound :

10 Xell o0, 1) < {ell0;fllzo©,1) + {maxc1} =: ¢2

0,min
which provides thanks to Ascoli-Arzella that there exists a converging sub-sequence X; in
C([0, T]). Moreover, it t > €a

t

1
e (a, B)] < Ef 10:X. (D)) d7 < cra
t

—&a

whereas if ¢ < €a, by similar arguments,

f(0)

Ho,min

H1,max

+L X
b H0,min

t
|u£(ay t)l S _CZ+
€

Thus one has : ug(a,t)/(1 + a) € L°(R4 x 0, T) uniformly with respect to €. These results

provide that u, weak-* converges in L (R4 x (0, T); (1 + a)™1) to uy weak solution of
1
Oqlp =0:Xo=—| uol(a,t)pola,t)da

(3.40) Ho,0 JR,
up0,1) =0

which shows that ug(a, t) = aXy(¢t). Since (3.1) reads as
T T
A ::f f ue(a, Dpela, Ddap(ndt =f FOewdt, VYeelL'©,T),
0 Jr, 0
and since
Pe — Po In L'Ry x (0, 7);(1+ @), ue - Up in L°Ry x (0, 7); 1+ @) ™)
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one concludes that

T T .
Ag—>f0 fR uo(a,t)Po(a,t)da(p(t)dt:fO 'uo’l(t)XO(t)dt:fo fOenadr.
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CHAPTER

CONCLUSION AND PERSPECTIVES

n this thesis, we are interested in the study of a weakly coupled model formed by two

equations : the first one is a Volterra integral equation that describes the position of

an adhesion point in contact with a substrate and subject to an external force. The
second is a renewal equation that describes the distribution in ages of the bonds that can
be created or broken during cell migration. We have restricted our attention to the study
of the following system with a source term f with bounded variation in an open interval
0,7):

1 poo
(4.1) gfo (ze(1) — ze(t—€a)) pe(a, 1) da= f(1), >0,
2e(t) = 2p(2), t<0,

where the kernel p, solves a non-local age-structured problem :

€01pe +0ape +(epe =0, t>0, a>0,
(42) pE(a = 07 t) = ﬁé‘(t) (]- _f Pe(t; d) dd)) r> Oy
0
pg(d,t:()) :pI,E(a)r aZO,

where S, € R, (resp. (. € Ry) is the kinetic on-rate (resp. off-rate) function.
In this case, we have first demonstrated the existence and uniqueness of a solution of
the system (4.1) as well as the convergence to a solution of a macroscopic friction law using

methods similar to those used in [MO15]. Additionally, we have presented a comparison
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principle related to the system (4.1) but in the case where the density p, is constant in
time, in accordance with the methodologies of [MO11].

Next, we studied the asymptotic behavior of the couple(4.1,4.2) under weaker assump-
tions than in [MO11; MO15]. In this part, we were able to increase the order of the ap-
proximation with respect to € in the case where the density p depends only on the age. In
the general case, where p, also depends on time, we were initially enhancing the asymp-
totic expansion of p, proved in [Mil18] before extending the methodology of [MO15] to the
framework of our study.

In the following, we present many questions and perspectives related to our framework.

4.1 Measure solutions to the renewal equation (4.2)

In this thesis, the data of (4.2) was restricted L! initial conditions and bounded and con-
tiuous boundary data. Several approaches can be used to study the long time asymptotics
of this kind of equation. In particular, In [MMPO05] the authors have proposed the gener-
alized relative entropy method (GREM). This method uses an entropy inequality which
shows the convergence of the solution towards an asymptotic profile when time goes to
infinity. Recently, Gwiazda and Wiedemann [GW16], extended the GRE method to the case
of the renewal equation with measure-valued initial data. In this case, in order to establish
the GREM inequality and show the convergence, they approximate a measured valued so-
lution by a sequence of regularized solutions. First, GREM applies to (4.1) only when the
source term is zero and the past data is present. Then concerning the possible application
of GREM to (4.2), the non-local birth term p, (0, £) = (1) (1—po ), contains the opposite sign
in front of the total population. In particular, neither Perron-Frobenius nor Krein-Rutman
arguments are at hand. To study the long time asymptotics of (4.2), the authors in [MO11;
MO15] have introduced a specific entropy function. We would like to define measure solu-
tions to (4.2) and prove the convergence when € goes to zero, the extension of [MO11] to

this framework seems to be an interesting perspective.

4.2 Asymptotic expansion of z; : p, is time dependent

In Chapter 3, we considered an asymptotic expansion of z. solution of (4.1) when the den-
sity p, is time independent. The extension of these results to the general case where p,
satisfies (4.2) is a challenging problem. The dependence of the asymptotic development

of z. on that of p, precludes us from using the same approach as in the case of the con-
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stant kernel. Indeed, the main obstacle encountered in this direction is that microscopic
problems correcting initial layers start being dependent on some macroscopic parameter.
Results of continuous dependence of the resolvent on this parameter are the key missing

argument in order to extend asymptotic expansions to the general time dependent case.

4.3 Study of the delayed harmonic problem

In this thesis work, we are interested in the long time behavior of the solution z. of (4.1)
which describes the position of a single adhesion point at time ¢. Another problem we could
be interested is the long time asymptotics of problem (4.1) after the addition of the position
variable x belonging to a bounded and regular domain Q < RY. The asymptotic when &
goes to zero was already considered in [MO17] using compactness results obtained on 9, z,

among others quantities. The weakly coupled system considered read :

1 poo
—f (ze(x, 1) — ze(x, T —€a)) pe(x,a,t) da—Axze = f(x, 1), 20, xeQ,
& Jo

(4-3) ze(x,1) =0, teR,, x€0Q,
Zé‘(x! t):Zp(x) t)) t<0, XEQ,

where the density p¢(x, a, t) is the solution of :

€0:Pe+ 040 +Cepe =0, xeQa>0,t>0,
(o0
(4.4) pe(x,a=0,1) = B(x, t)(l—f Pe(x,a,t) dd), xeQ, a=0,t>0,
0
pe(x,a,t=0)=p1e(x,a), a=0,xeQ, t=0.

Following ideas of Chapter 3, it could be of interest to consider error estimates for z, and be
able to quantify errors with the asymptotic expansion. The main reason is that even when

p is constant in time there is no concept of resolvent at hand.
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APPENDIX

SOME RESULTS IN RELATION TO THE RENEWAL EQUATION

A.1 Age-structured model : the renewal equation

The age-structured equation, also called the Mckendrick-Von Foerster equation (or renewal
equation) is of the form

d(n(a,t)+04n(a,t)+d(@n(a, 1) =0, (a, 1) € R4)?,
+00
(A.1) na=0,1) = Blan(d,ndd, (a, 1) € {0} xRy,
0
n(a, t=0)=na), (a,t) e Ry x {0},

where n(a, t) represents the population density of age a at time ¢, § = 0 is the birth rate
and d = 0 the death rate. The name of this equation refers to the non-local boundary term
in a = 0 which describes the births of new individuals. In the following, we present some
results related to the generalized entropy method (for more detail, see [Per07; Gab14]). The
fundamental tool used by Perthame [Per07] to study the asymptotic behavior of the solu-
tion of (A.1) is to solve an eigenvalue problem : found N € L!(R,) positive and not identi-
cally null, and A € R such that

AN(a)+0,N(a)+d(a)N(a) =0, a=0,
A2) N(©) = f Bl@N(a@da,
N() >0, f N(a)da=1,

75



APPENDIX A. SOME RESULTS IN RELATION TO THE RENEWAL EQUATION

and the dual equation

dap(a) — (A +d(a)) p(a) = —¢(0) f(a), az0,

(A.3)
$() >0, f N(@p(@da=1,
R

In this case, a necessary condition to prove the behavior of the solutions of (A.1) is

+00 +00
(A.4) f B(a) exp (—f d(a’)da’) da<1
0 0

Biologically, condition (A.4) shows that the populations will not survive, but on the con-

trary, they will die out and disappear.

Theorem 39. Suppose that  and d are two continuous, positive, non-identicaly null
functions on R; and satisfying (A.4). Then there is a unique solution (A, N, c/))to the
problem (A.2)-(A.3) such that

N(a)da=| N(a)¢p(a)da=1.
R, R,

By studying the equation (A.1), we expect the population to grow exponentially fast in time.

Indeed, we define

ii(a,t):=n(a,t)exp(—ALa).

The function 72 satisfies

0:11(a, t) +0471(a, t) + (A+d(a)) ii(a, t) =0, (a, 1) € (R})?,
+00
(A.5) na=0,t)= Blaha(d,nda, (a,t) € {0} xRy,
0
ii(a, t=0)=n’a), (a,t) e Ry x {0},

Under the same assumptions of the previous theorem, we can assert the following results
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Theorem 41. Under the assumptions that the initial data n° satisfying
nlell Ry, p(a)da) and 3FCy,|ng(a)l < CoyN(a)

there is a unique solution in distribution sense 72 € C(R; ik ([R+, Pola)d a))) to (A.5), and
we have

i) the maximum principle
|i(a, t)| < CoN(a), VYt=0,
ii) the comparison principle
nd <n) = (a,t) < za, ),

iii) the conservation law and the L!(¢(a)da) contraction principle hold,

+00 +0o
f fi(a, Dp(a)da = f n’(@¢(a)da,
0 0

+00 +00
fo |7i(a, t)I(P(a)dast |n’(@)| p(a)da.

A.1.1 Entropy and convergence

To obtain the convergence of the solution 72 and show that it approaches the steady state N
solution of (A.2), the author in [Per07] uses the general relative entropy method. He intro-
duces a Lyapunov function .# defined on R, by

o +00 n(a)
(A.6) A .—fo ¢(a)N(a) A [—N(a) ] da

forall ne L'(R,).
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Theorem 43. Under the same assumptions as above, then
i) for all convex functions # : R, — R, with #(0) =0, and for all £ > 0,

Hli(a, D] < 21’ (a)],

ii) for the probability measure du(a) = f(a) %((g)) da, and for all convex functions ./,

+00 +00 fl(a, l')) (f+oo n(a t) )
T d — S d
fo fo (N( ) ) 4na@ o N 9

f (p(a)N(a)Jf[ (o )]
N(a)

By using the theorem 43, we can prove the following result which gives the exponential

convergence of 7i in norm L.

Theorem 45. Under assumptions above, and

Pp(a)
3 0, s.t e
Ho>0, st fla)=puo 50)

the solution of (A.1) satisfies

+00 +oo
f ’n(a, e M —xoN(a)|p(@da < e‘“off |n°(a) —xoN(a)|p(@)da
0 0

+00
where k¢ := f P(a)yn’(a)da.
0

To prove this result, it is sufficient to apply the theorem 43 for #[x] = x and the Gron-
wall lemma (for more details, see [Per07; Gab14]).

A.2 Volterra integral equation with convolution kernel

In this section, we present some main results to study the linear Volterra equations of the
type
t
(A7) x(1) —f x(t—a)k(a)da= f(1t)
0

where k is the kernel and f the forcing function. This equation can be reformulated using
the convolution by,

(A.8) x(t) =kxx(t)+ f(1),
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t
where (k* x)(f) := f k(a)x(t— a)da is the convolution product of k and x. In order to find

0
a solution of (A.8), we must first find a solution of the resolvent r equation associated to the

kernel k. We recall some of the results presented in [GLS09] without proof.

Theorem 47. Let k € L}OC(IRQ), then there exists a solution r € L}OC(IRLL) of the resolvent

equation :
(A.9) r—kxr=k

. . . . . . 1
this solution is unique and depends continuously on k in the topology of L; | (R.).

Lemma 20.If r € L;__(R,) is the resolvent of k € L} (R,) and o € C, then the function
e?'r(t) is the resolvent of e’ k(t).

Lemma 21. Let r the resolvent of k. If the function exp (—o ) k(¢) belongs to LY(R,) for
some o € R, then there is a constant ¢ such that the function exp (—c¥) r(¢) belongs to
L'(R).

By using the resolvent we can prove the solution of (A.8).

Theorem 49. Let k € L}OC(RQ. Then for every f € L}OC(RJ,), there exists a unique solu-

tion x € L}OC(RQ of (A.8). This solution is given by the variation of constant formula :
x(6) = f@) +(r* f)(1), teR,

where r is the resolvent of k. If moreover, f € LfOC(RQ then x also belongs to it.

One of the methods used to determine the explicit solution of the resolvent equation (A.9)
is the inversion of the Laplace transform. In fact, If the Laplace transform k(z) exists in
some half plane 93z > o (for some sufficiently large o) then, by Lemma 21, 7(z) exists in
some other half plane 91z > c. By applying the convolution theorem for Laplace transform,
(A.9) may be transformed and becomes :
k(z)
1-k(2)

F(z) = , Rzz=max(o,c)
then the inversion of the Laplace transform gives r.
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Remark 3. If k € L' (R,) this does not imply that its resolution r also belongs to L (R,).

We need more conditions on the kernel k for this result to be true.

Theorem 51. [Half Line Paley-Wiener] Let k € LY(R,), then the resolvent r of k satisfies :
re L'R,)

if and only if
k(z) #1, VzeC; Mz=0.

Theorem 53. [A Generalized Gronwall Lemma] Let k be a positive kernel in L}OC(O, ),

assume that x, f € L}OC(O, T) and suppose that
x(t) < (k*xx)(t)+ f(1), a.e.te(0,7).

Then
x()=y(t),a.ete(0,T)

where y is the solution of the composition equation y(t) = (k* y)(£) + f ().

Corollary 5. Let k € L!(R,) be nonegative and have a nonnegative convolution resol-
vent r. Then r € L' (R,).

This result is valid only for integral equations with a convolution kernel (A.8). Moreover, if
the kernel k is integrable and admits a bounded first moment f ak(a)da < +o0, we can

R+
find the following result which characterizes the resolvent r associated to k :
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Theorem 55. Let k be a positive and integrable kernel such that f ak(a)da < +oo0,
Ry
then there exists a function v € L} (R,), s.t.

13
r(t) =v() +f v(s)ds
0

where r is the positive resolvent associated to k and one has:

f v(s)ds = _
R, f

ak(a)da
R+

Moreover, if a’k(a)da < +oo, then there exists Yi=v-— ft+°°v(a)da and y € LY(R,)
R+
S.t.

r() =y()+

1
fﬂq€+ k(a)ada

The results presented above can be applied to the equation (1.3) in a particular case. We

can rewrite the integral equation (1.3) for € = 1 and a constant kernel p as:

t +00
(A.10) ,uoz(t)—fo z(t—a)g(a)da:f(t)+f zp(t—a)p(a)da
t

+00
By dividing by po and defining f () := f(£) + f zp(t — a)p(a)da, we can rewrite (A.10) in
t

the convolution form
t
(A.11) z(t)—f z2(t—a)k(a)da = f(¢)
0

then by using Theorem 49, we can prove an exact formula of the solution of (A.10) in terms
of the resolvent r associated to the kernel k. In the case of (1.3), the existence of the unique
solution requires that the kernel is of bounded continuous type and the source term is con-
tinuous (see [GLS09, Theorem 5.4]).
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APPENDIX

AUXILIARY PROOFS TO CHAPTER 2

In this appendix, we list some results related to functions with bounded variation. The do-

main Q is an open set of R".

B.1 Proofof Theorem 11

As in the proof of [Leo09, Theorem 14.9], the aim is to show that for every 6 > 0, there exists
a sequence {fs}s in C*°(Q) such that

fQ|f-f5| di<s and [DfI(Q) < IDFI +8.
Since the total variation || D f|(2) is bounded,
jlirglmllDfII(Q\{t, dist(#,0Q) > 1/j,|t|< jH) =0
then for fixed 6 > 0, there exists a jy € N such that for all j = jj,
IDfIQ\{¢t,dist(£,0Q) > 1/j,|t] < j}) <.
For i € N, we define the subdomain Q; of Q by
Q;:={reQ,dist(t,0Q) > 1/ jo+ i, |t] < jo + i}

such that Q; cc Q;4; and UR  Q; = Q. Let Wy = Qy and W; = Q;41\Q;-, where Q_; = Qg :=
@, and let {¢p;} be a partition of the unity subordinate to the covering {W;};en

o0
Gi € CRPW)), 0<¢; <1, ) ¢;=1.
i=0
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For i e N, the idea is to find 6; > 0 so small that

(B.1) supp xs; * (i f) < W;

which allows to write

(B.2) lxs; * (@i f)—Piflpq = lxs; * (Pi f) =i fllpw,

and then from the local approximation Theorem (see Theorem 2 p.125 in [EG92]),

lxs; * (Pif)—Pifllpw, <Co

and also by convenience, we can take C = 2% Hence we conclude that
B.3) [ 1w+ @ip-gufiar<s 2
(B.4) L|X5i*(f<p;)—f(,b'i|dt<62'i.

for a positive mollifiers ys defined as

- 1 (t) - 1 ifjf <1
xo (1) = =x(<), x(0) =
676 0 if|t]>2

Define
(B.5) fs=)_ x6,* (i f).
i=0

By the construction of {W;}, we have W; n W, # @ and W; n Wi, N Wi, = @ which give
that for every t € Q,
#IEN: x5, % (i )(1) A0} <2

and since the finite sum of infinitely differentiable functions is infinitely differentiable, we
conclude that f5 € C*°(Q) and

o0 o0 6
[1ss-rae=3 [ =i -gufia< ¥ o <o,

since f =392, f¢i. Thus fs — f in L'(Q) as § — 0. Using the theorem of Lower semi-
continuity of variation measure (see chap 5, [EG92]), we have

(B.6) IDfII€) < ligyélfIDfa (€2).
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it remains to show that

limsup|D f3/(Q) < I D I(Q.
0—0

Let ¥ € C°(Q) be such that |y]w < 1. Since ¢; f € BV((0, T)) for every i € N, we have by
Lemma 14.10 in [Leo09] that

®.7) [ 1o+ @ip v de= [ oif o s ar

let ¥, = x5, * ¥, and using the fact that support of v is compact and that the partition of
unity is locally finite, we have that

+00
fﬁwm:z Yo, * i f) ¥/ dt
Q i=1JQ
+00
=) | ¢if ws, dt
i=1JQ

+00
=) | f(@iws) ~diws)dt:=L+1

i=1JQ

since supp(p;ys,) € W; and ¢, < 1, it follows that
+00
I :f f((PilV(Si),dt‘FZ f (biys,)'de
Q i=2JQ

+00
< IDfIQ) + Y_IDfI(W))

i=2
< IDfI(€) + 31D fII(€2\ Q1)
< IDfI(Q) +36

since each ¢ € Q belongs at most two of the sets U;. On the other hand, by Fubini’s theorem

we have

+00
L==) [ xo.*(fopwdt
i=1YQ

== , (e, * (f)) = f¢))wdt
i=1

by using the fact that }-7°7 ¢, = 0. We now use (B.4) and the fact that |y/| < 1, to conclude

that I, < 6 and then we obtain that
fo5 y' dr < IDfI(Q) +36.
By taking the supremum and passing to the limit when 6 — 0, we obtain that

(B.8) limsup|ID f511(€2) < 1D fII(€D).
50

Finally, (B.6) and (B.8) together concludes the proof.
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B.1.1 Proofof Lemma 5:

Let f € BV((0, 7)) n L*°(Q)). By using (B.5) and (B.1) we can write for all 7 in Q,

lfs(D)] =

Y xe: * (fo @)
i=0

IA

> ||f||Loof ¢i(t—1)xs, () dt’
i=0 Wi

lelfllLoof xs, () dt’

=0 W;

1

since 0 < ¢p; < 1. On the other hand, we have W;nW;_; = Q;\Q;_; and W;_1nW;nW;;, = @,
which implies that

S5O <1l fll Lo () fw x5 (1) dt' + 1 fll Lo fw Yo, (1) dt' <2 fll o X1 1 )
i-1 i

which ends the proof.
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Some summations over integers :

In the following, we present some auxiliary results related to the subsection 3.3.2 of chapter
3.

Q =
2 l N\
AN P
./X + + + + X
S
‘A
N
AN X,
AN 72 + + + +
+ + +

+ + +

\/) ]
0 N

Figure C.1: The index change from (i, j) to (m, n) (here as an example N =5).
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Proposition 8. If one has
N i
S:=) 2 2 Gijk
where a; ; i is a sequence of real numbers, then this sum is in fact equal to
q+N-m

N
Z Z aqrm_qvk

m=1g=1k=1 m=N+1lg=m+1-N k=1

Proof. We separate the case where i < N and the case where i = N. In the first case, one

has, by the following computation, that

N-1 i N-k N-1N-i-1 i N-1 N-1 N—j
$i= Z aj ik = Z Z%,],k"’ ai,j,k
i=1 k=1 j=0 i=1 j=0 k=1 i=1 j=N-i k=1
because
0<j<N-i—-1, kefl,...,i}=>kefl,...,min(i, N - j)},
N-i<jsN-1, kefl,....N-j}=>ke{l,...,min(i,N - j)}.
One has that

N-1N-1min(i,N-j)

S$= Z ai;,jk
i k=1

N
Io_ _
§ = Z an,jk = an,j k»

and then one remarks simply that min(i = N, N— j) = N—j which gathering the terms gives
that

The previous sum can also be rewritten as

N m+l 2N-1 2N-m+1 \min(,N-j)

Z Z Z Z Z ai(m,n),j(m,n),kX{m,neNZ}(m, n),

m=1n=3-m m=N+1n=m-2N+3 k=1

where again m := i+ j and n:= i — j + 1 and the inverse transform should provide integer
values i(m, n) and j(m, n). Indeed, for the first sum one proceeds as above. When m > N,
one needs to bound the summation on 7 in an interval depending on m (see Fig. C.1).

Indeed, when i = N, we write :
n=N-j+1, m=N+j, =>n=2N-m+]l,
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whileif j = N-1,
n=i—-N+2, m=i+N-1, =>n=m-2N+3,

asimple check shows thatn <2N-1e m—-2N+3<2N-m+1.
Then since the indicatrix function is not zero when [n + m — 1], = 0, there exists g € Z
such that

n+m-1=2qgen=1+2g-m

so that the summation with respect to n can be exchanged with a summation over g. When
ne{3—m,m+1}, q € {1, m}, and similarly when n € {m-2N+3,2N-m+1}, g € {m+1-N, N}.

Moreover g = i and j = m — q. Thus the previous sum becomes :

2N-1 min(q,N-(m-q))

i i + NZ_ % > Ag,m-q,k

m=1g=1 m=N+1g=m+1-N k=1

S

Since min(qg,q+ N —m) = g+ min(0, N — m) = g as soon as m < N this gives the first term.
Ifme{N+1,...,2N -1}, then N-m < -1 and min(q,q + N — m) = g+ N — m which ends
the proof. [

Proposition 9. In the same way as above

-1

m
Z ag,m-q

, N-1N-i
§'i=2 ) aij=
i=0 j=1 14=0

M=

Proof. Again we perform the change of variables m =i+ jand n=1i— j+1 and we proceed

as above. [ |
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