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Résume

Cette these concerne la modélisation et la simulation d’écoulements turbulents
compressibles pour des applications a I'explosion.

La partie 1 considere un modele de turbulence compressible simple proposé en
2014, ou I’énergie cinétique turbulente est modélisée a l’aide d’une loi associée a un
comportement uniforme en temps/espace de I’entropie turbulente. Il correspond a un
modele a trois équations de bilan masse, dynamique,énergie, en forme conservative,
associé a une loi de fermeture thermodynamique prenant en compte les contribu-
tions de pression laminaire et turbulente. Les propriétés du modele sont données,
et 'analyse du probleme de Riemann unidimensionnel permet d’obtenir un résul-
tat d’existence et unicité de la solution de ce probléme, pour des données initiales
(presque) quelconques. Une seconde partie aborde la simulation numérique de ce
modele al’aide d'un schéma de Godunov approché, et en examinant concrétement
I'impact de 'amplitude du nombre de Mach turbulent associé aux conditions initiales.

Dans une seconde partie, on s’intéresse a un modele de turbulence compressible
proposé en 2006. Dans ce modele, I'entropie turbulente peut varier a la traversée des
chocs, avec une loi de comportement spécifiée dynamique. Le modele proposé est
analysé en détail, en examinant les conditions d’hyperbolicité, la caractérisation entro-
pique etla structure d’ondes. C’est un modele a 4 équations (masse/dynamique/énergie
totale et entropie turbulente), intégrant un terme source sur les ondes de choc pour la
derniere équation/variable. Une technique simple de Volumes finis, avec solveur de
Riemann approché, intégrant le terme source dans les ondes de choc, permet d’obte-
nir des approximations discréetes des solutions. Ceci nécessite en particulier de mettre
en place un détecteur de choc dynamique, qui est basé sur le controle de I'entropie et
des conditions de Lax. Une analyse de convergence numérique en fonction du pas de
maillage met en évidence les difficultés a simuler ce modele.

La troisieme partie propose un nouveau modele qui comporte comme dans la partie
2 quatre EDP portant sur la masse/dynamique/énergie, mais la variable principale
pour la derniere EDP est la fraction {; d’entropie turbulente sur ’entropie totale
(laminaire et turbulente), et le terme source integre cette fois un terme de relaxation
avec une échelle de temps de relaxation associée. La construction est différente de
celle des modeles précédents et repose sur une vision diphasique de I'’ensemble lami-
naire/turbulence. Le modele est encore une fois analysé. Il est hyperbolique et possede
une structure d’ondes proche de celle du systeme Euler, avec une contribution en
pression totale/énergie interne totale associée aux deux contributions laminaire /



turbulente. La simulation de ce modeéle est également abordée, mettant en ceuvre une
approche en Volumes Finis et des solveurs de Riemann de type VFRoe-ncv (Godunov
approché), en variable ¢, p, U, P

Mots clés : Turbulence, écoulements compressibles, explosion, systeme hyperbo-
lique, probleme de Riemann, ondes de choc, solveur de Riemann approché, volume
fini.



Abstract

This thesis concerns the modeling and simulation of turbulent compressible flows
for explosion applications.

Part 1 considers a simple compressible turbulence model proposed in 2014, where the
turbulent kinetic energy is modeled using a law associated with a uniform behavior of
turbulent entropy with respect to time/space. It corresponds to a model with three
balance equations for mass / momentum / energy in conservative form, associated
with a thermodynamics closure law which takes into account both laminar and tur-
bulent pressure contributions. Model properties are given, and the analysis of the
one-dimensional Riemann problem allows to obtain a result of existence and unique-
ness for the solution of this problem, for (almost) arbitrary initial data. A second part
deals with the numerical simulation of this model using an approximate Godunov
scheme, and by investigating the impact of the turbulent Mach number amplitude
associated with the initial conditions.

In the second chapter, we consider a compressible turbulence model proposed in
2006. In this model, the turbulent entropy can vary when crossing the shocks, with a
dynamic specific constitutive law. The latter model is analyzed in detail, examining
the hyperbolicity conditions, the entropy characterization and the wave structure. It
is a four-equation model (for mass, momentum, total energy and turbulent entropy),
integrating a source term on the shock waves for the last equation/variable. A simple
Finite Volume technique, using an approximate Riemann solver, and integrating the
source term in the shock waves, allows to obtain discrete approximations of the solu-
tions. This requires in particular to define a dynamic shock detector, which is based
on the entropy control and Lax conditions. A numerical convergence analysis as a
function of the mesh size highlights the difficulties to simulate this model.

The third chapter proposes a new model which involves four partial differential equa-
tions for mass, momentum and energy balance. The fourth PDE governs the evolution
of the turbulent entropy fraction ¢ (ratio between turbulent and total entropies), and
its source term integrates a relaxation term with an associated relaxation time scale.
The construction relies on a diphasic vision of the laminar/turbulence interaction.
The model is again analyzed. It is hyperbolic and its wave structure is close to that
of the Euler system, including a contribution in total pressure / total internal energy
associated with laminar/turbulent contributions. The simulation of this model is even-
tually discussed, using a Finite Volume approach and Riemann solvers (approximate
Godunov scheme), using variables ¢, p, U, P.



Keywords: Turbulence, compressible flows, explosion, hyperbolic system, Riemann
problem, shock waves, approximate Riemann solver, finite volume.
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Introduction

0.1. Contexte industriel

Les différentes industries ou le milieu des transports sont confrontés a de nom-
breuses situations ot des écoulements de fluides turbulents sont en jeu. Cette turbu-
lence est générée par des inhomogénéités des domaines géométriques dans lesquels
les fluides circulent (obstacles, diaphragmes, tuyeres, coude, etc...) , par des éléments
mécaniques (pompes, actuateurs, etc...) ou par la rencontre d’écoulements de proprié-
tés différentes (té de mélange, vitesses co-courantes en bord de fuite d'un profil, etc
...). Les écoulements compressibles sont tres présents dans I'industrie et les transports,
par exemple pour : 'aérodynamisme, la combustion dans les moteurs/propulseurs,
le risque d’explosion de nuages gazeux, de produits chimiques ou hydrocarbures,
etc... Dans chacun de ces domaines, la turbulence peut étre amenée a jouer un role
important. C’est en particulier le cas pour tous les phénomenes ol la combustion est
I’élément central. On la retrouve naturellement au cceur des moteurs a combustion
ou des engins de propulsion, mais elle a un role primordial dans le cas de 'explosion
de nuages gazeux dans les milieux encombrés ou batis. C’est ce point en particulier
qui est I'objet des travaux présentés dans cette thése.

Le fonctionnement d'une centrale nucléaire nécessite d’utiliser une grande quantité
d’hydrogene qui est stocké dans des réservoirs a haute pression. Il est bien connu
qu’en présence d’oxygene (et donc d’air) cet hydrogene est hautement inflammable
au-dela et en-deca de certains seuils en concentration. Cette inflammation entraine
une forte montée en température (jusqu’a plusieurs milliers de kelvin) et des dépla-
cements brutaux et importants de masses gazeuses. Pour garantir la stireté de ses
installations, EDF doit donc démontrer la tenue du bati a une hypothétique explosion
d’'un tel nuage d’hydrogene formé par une fuite du parc de réservoirs d’hydrogene. La
simulation numérique de ce genre de phénomene est particulierement sensible a la
turbulence. En effet, une fois le nuage d’hydrogene allumé, le front de flamme va se
propager dans le nuage sous I'action de deux phénomeénes : la montée en tempéra-
ture des gaz imbriilés proches du front de flamme (zone extrémement chaude) par
conduction thermique, et ’activation de la réaction chimique de combustion dans
les gaz imbralés proches du front de flamme suite a la montée en température. Ces
mécanismes permettent, de proche en proche, de propager le front de combustion.

Certaines conditions de propagation de la flamme rendent le front de flamme turbu-
lent, par exemple : lorsque celle-ci rencontre des obstacles sur sa trajectoire ou quand
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des interactions d’ondes génerent des instabilités qui plissent le front de flamme
(instabilité de type Ritchmyer-Meshkov par exemple). Cette turbulence va avoir le
méme effet que la conduction thermique et va permettre de transférer de I'énergie
thermique des gaz brilés vers les gaz frais et donc favoriser la montée en température
de ces derniers. Dans de nombreux régimes de fonctionnement, la turbulence est
méme prépondérante sur la conduction thermique, ce qui va entrainer une accéléra-
tion du front de flamme, qui va elle-méme augmenter la turbulence. La violence de
I'explosion est donc plus élevée avec des conséquence potentielles plus importantes.
La turbulence est donc un élément de modélisation central pour pouvoir prédire
correctement I’explosion.

La modélisation de la turbulence pour les écoulements compressibles (en particulier
réactifs) est donc un point sur lequel il faut porter une attention toute particuliere. Si
la turbulence des écoulements incompressibles, donc avec des vitesses d’écoulement
faibles devant la vitesse du son, est assez bien étudiée depuis quelques décennies, les
travaux sur la turbulence des écoulements compressibles sont comparativement plus
rares et soulévent encore de nombreuses questions ouvertes, telle que, par exemple,
la génération de la turbulence dans une onde de choc.

0.2. Contexte scientifique

La modélisation numérique de la turbulence compressible peut étre envisagée de
plusieurs manieres.

Une premiere approche consiste a rechercher des solutions approchées des équa-
tions de Navier-Stokes (NS) en formulation complete, sans modélisation ajoutée. Ceci
requiert évidemment le recours a des maillages de taille rarement compatible avec
les configurations industrielles devant faire I'objet d’études. On parle dans ce cas de
simulation directe. Une approche assez voisine, dite LES (Large Eddy Simulation),
introduit un tenseur de sous-maille qui vient s’ajouter au tenseur visqueux présent
dans les équations de Navier-Stokes de base mentionnées ci-dessus. Dans la mesure
ou cette approche n’est pas retenue ici, nous ne la commenterons pas plus.

Dans une seconde approche, dite URANS (Unsteady Reynolds Averaged Navier
Stokes equations), on introduit un opérateur de moyenne statistique, que I'on ap-
plique aux équations de Navier-Stokes en formulation complete, soit sur les bilans
de masse, dynamique et énergie totale. Avec cette technique, on construit alors les
équations d’évolution des moments d’ordre un relatifs a la densité moyenne, au débit
moyen et a 'énergie totale moyenne. Ceci nécessite alors d’'introduire les variables
de densité < p > et de pression < P > moyenne (au sens de Reynolds), mais aussi de
vitesse U et d’énergie interne & moyenne (au sens de Favre, avec pour n’'importe quelle
quantité ¢ la relation : ¢ =< p¢p > / < p >). Il faut alors adjoindre une loi d’état reliant
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les différentes variables thermodynamiques moyennes (densité, pression, énergie in-
terne) entre elles, mais aussi des relations (dites de fermeture), soit écrites de manieére
locale, soit par le biais d’équations d’évolution en temps, pour "fermer" le probleme
(concretement afin de disposer d’autant d’inconnues que d’équations). Les termes
non linéaires des équations de NS génerent en effet des moments d’ordre deux et plus,
au sein des équations de bilan d’énergie totale moyenne et de bilan de quantité de
mouvement moyen, parmi lesquels on trouve le tenseur de Reynolds R;; =< pu;u; >,
déja présent dans le cadre incompressible a p constant. A ce stade, deux voies peuvent
étre considérées.

La plus classique consiste a relier le tenseur R;; a sa trace et au tenseur vitesse de
déformation moyenne, en posant :

Rij=2/3K6;j — i (0, (U0 + 04,(U)) —2/30, (U15;))

ol K = 1/2Ry; désigne I'énergie cinétique turbulente. Il faut alors écrire une équation
donnant I’évolution en temps/espace de la variable K. Il est également indispensable
de fournir une forme de viscosité turbulente pour p,, soit de maniére algébrique, soit
par le biais d’'une équation d’évolution, qui peut par exemple porter sur la dissipation
turbulente. Cette viscosité peut aussi étre omise, dans une perspective d’applica-
tions comportant des ondes de pression laminaire et turbulente significatives. De
nombreux travaux relatifs a cette approche de type K — € existent dans la littérature,
parmi lesquels on pourra au moins mentionner MOHAMMADI et PIRONNEAU 1993;
SPALART et ALLMARAS 1994; LoUIs 1995; FORESTIER, Jean-Marc HERARD et LOUIS
1997; Christophe BERTHON 1999; POPE 2000; CHASSAING 2000 mais aussi TENNEKES
et LUMLEY 1972; ERLEBACHER, HUSSAINI, KREISS et al. 1990; WILCOX 1998; GATSKI
et BONNET 2013, qu'il s’agisse de travaux de modélisation ou de simulation numérique.

Dans le cas précédent, il est clair que par construction, le tenseur de Reynolds a ses
axes propres alignés avec ceux du tenseur de vitesse de déformation moyenne, ce qui
est assez souvent peu cohérent avec la réalité expérimentale. Une seconde possibilité
consiste alors a écrire des équations d’évolution sur les composantes du tenseur de
Reynolds, et de fermer les termes inconnus ainsi générés dans les nouvelles EDP
afférentes. Les contraintes de réalisabilité pour le tenseur de Reynolds (garantissant le
caractere défini positif de la matrice symétrique associée), I'objectivité, la consistance
avec le second principe, et éventuellement d’autres éléments permettant de garantir
que le probleme a condition initiale pour le systéme complet est bien posé, peuvent
alors étre invoqués afin de limiter le choix des modeéles aux lois de fermeture admis-
sibles en ce(s) sens. Bien entendu, le probleme de lois de fermeture n’est pas limité
au seul tenseur de Reynolds, mais concerne aussi des corrélations de pression et de
vitesse fluctuante, parmi d’autres. Si la littérature associée au cadre URANS est assez
copieuse dans le cadre incompressible, elle est - assez paradoxalement- beaucoup
plus restreinte dans le cadre compressible. On ne citera ici que quelques éléments
tels que VANDROMME et MINH 1986; BRUN, J.-M HERARD, JEANDEL et al. 1999; C.
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BERTHON, E COQUEL, J. HERARD et al. 2002; S. GAVRILYUK et GOUIN 2012; AUDEBERT
et Frédéric COQUEL 2006; RICHARD et S. L. GAVRILYUK 2013; NASR, GEROLYMOS et
VALLET 2014 ; RICHARD et S. L. GAVRILYUK 2015.

Les méthodes décrites succinctement ci-dessus modélisent la turbulence sur la
base de la dynamique de I"’écoulement, a savoir la vitesse U. Or, dans le cadre des
écoulements réactifs, il se trouve que c’est la température qui joue un role primordial
pour la propagation du front de flamme. On choisit donc dans ces travaux de these de
regarder une approche thermodynamique de la turbulence, comme celle proposée par
exemple dans SAUREL, CHINNAYYA et RENAUD 2003 ; Jean-Marc HERARD 2014 ; Jean-
Marc HERARD et LOCHON 2016. Pour ces modeles, ainsi que pour ceux étudiés dans
la suite, I'idée de base est de voir I'écoulement comme un mélange de deux phases
miscibles BARBERON et HELLUY 2005; H. MATHIS 2019 : une porteuse de I'énergie
interne thermodynamique et une associée a la contribution turbulente de I’énergie.
Le mélange de ces deux phases est alors fait en accord avec le second principe en
supposant que I’énergie du systeme résulte de I’addition des énergies turbulente
et thermodynamique. On obtient alors par construction un tenseur des contraintes
isotrope et diagonal, de la forme :

R;j=2/3Kéb;j,

qui modifie la pression vue par ’écoulement. De la méme facon, la température du
systeme est une combinaison entre la température thermodynamique, et une tempé-
rature “turbulente” associée a I'énergie turbulente. Cette température de mélange vue
par la réaction de combustion est ainsi plus importante en présence de turbulence et
dépend directement de cette derniere. On espere ainsi pouvoir obtenir une vitesse de
flamme qui dépend de la turbulence, méme si ce couplage avec des termes sources
réactifs n’a pas été testé au cours des travaux de cette thése.

Lavantage d’introduire la turbulence comme une quantité thermodynamique est
que I'on bénéficie de toutes les conséquences positives de la modélisation thermody-
namique des mélanges basée sur le modéle d’Euler avec énergie BARBERON et HELLUY
2005. En particulier, les modeéles ainsi construits sont réalisables naturellement et
ils sont associés a des systemes d’'EDP hyperboliques a condition que les lois d’état
soient bien choisies. Par ailleurs, le cadre Euler associé aux modeles étant conservatif,
les chocs sont définis de maniere unique et non-équivoque a travers des relations de
Rankine-Hugoniot. Ce dernier point est particulierement important car il constitue
un point faible de beaucoup de modeles issus de la dynamique.

En revanche, le tenseur des contraintes étant extrémement simplifié dans cette
approche, elle ne permet pas, en I'état, d’étre aussi précise que des modélisations de
type R;; plus complexes. La turbulence des écoulements fluides n’est en effet plus
isotrope des lors que I'on est en présence d’obstacles ou de singularités. De méme,
la notion classique de couche limite n’est ici pas prise en compte. Ce point n’a pas
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été abordé dans ces travaux, mais il est possible d’introduire dans les modeéles (en
particulier ceux des chapitres 1 et 3) une notion de dissipation de la turbulence et une
notion de création de la turbulence (par transfert entre I'énergie cinétique et I'énergie
turbulente), tout en conservant les bonnes propriétés des modeles.

0.3. Objectifs des travaux

Le présent manuscrit est composé de trois chapitres, dans lesquels trois modeles de
complexité croissante sont étudiés. Le premier chapitre constitue une étude théorique
du modele proposé dans Jean-Marc HERARD 2014. Ce modele fait I'hypothése que
I'entropie turbulente est constante et uniforme a travers tout le domaine, y compris a
travers les chocs. Cette derniére hypothése semble peu réaliste Sergey GAVRILYUK et
Richard SAUREL 2006. En effet, dans Sergey GAVRILYUK et Richard SAUREL 2006, un
modele de saut d’entropie turbulente a travers un choc a été proposé. Cette proposi-
tion a été testée numériquement dans le chapitre 2. Enfin, dans le troisieme chapitre,
un modele continu permettant de gérer nativement les sauts d’entropie turbulente
a la fois dans le contact et les chocs est étudié. Celui-ci est basé sur une équation de
transport de I'entropie turbulente, qui est relaxée a 'aide d'un terme source. Cette
relaxation, compatible avec le second principe de la thermodynamique, permet de
faire varier I'entropie turbulente dans les chocs.

0.4. Synthése des travaux

Chapitre 1 : Analyse numérique et théorique d'un modele simple dérivé de la
turbulence compressible

Les modeles de turbulence sont largement étudiés dans la littérature (cf par exemple
FAVRE 1958; TENNEKES et LUMLEY 1972; ERLEBACHER, HUSSAINT, KREISS et al. 1990;
SPALART et ALLMARAS 1994 ; WILCOX 1998 ). Dans ce premier chapitre, on s’intéresse a
I'étude d’'un modele de turbulence simple. Cette étude comporte deux parties : théo-
rique et numérique. Le modele considéré ici est le modéle proposé dans Jean-Marc
HERARD 2014 (’extension étant Jean-Marc HERARD et LOCHON 2016 dans le cadre
diphasique). Le systeme d’équations aux dérivées partielles est basé sur les équations
de Euler/Navier-Stokes (a 3 équations, sans EDP supplémentaire introduite), ou la
turbulence est prise en compte a 'aide d'une fermeture algébrique. Le systeme d’EDP
dans le cadre unidimensionnel est le suivant :

0:(p) +0x(pu) =0

2K
2 _
at(,Ou)+6x(pu +P+ 3 )_0 ©0.1)

0+(pE)+ 0y (u(pE+P+ %)) =0
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avec pE =pe(P p) + pTuZ + K.
Les quantités p, u, P, et E représentent respectivement la densité moyennée, la vi-
tesse moyennée, la pression moyennée et I’énergie moyennée. K représente |'énergie
cinétique turbulente :

K =¢&p°",

avec o une constante positive.
Dans la suite, afin de simplifier les calculs, nous introduisons la pression totale P* :

P*=P+2/3K.

Dans un premier temps, une étude détaillée des propriétés du modele est proposée.
Il s’agit d’'une inégalité d’entropie qui permet de choisir les solutions admissibles
du probléme de Riemann associé au systéme (0.1). La propriété d’hyperbolicité est
bien vérifiée. Le systéme en variables w = (p, u, P) est strictement hyperbolique et
il admet 3 valeurs propres réelles distinctes associées a des champs VNL (vraiment
non linéaire) et LD (linéairement dégénéré). Les invariants de Riemann associés a ces
différentes natures de champs (VNL, LD) sont trouvés pour 2 variables différentes w
et Y = (s, u, P*). Pour I'étude des ondes des choc, une caractérisation des relations de
Rankine-Hugoniot est faite. On montre que dans le cas d'une loi d’état de type gaz
parfait turbulent, on a:

avec = % On établit ainsi 'équivalence avec la formule associée aux équations
d’Euler laminaire (sans la contribution turbulente) (voir SMOLLER 1983).

Dans le cas de gaz parfaits, 'existence et 'unicité de la solution du probleme de
Riemann unidimensionnel sans apparition de vide sont montrés, sous une condition
portant sur I'écart de vitesse moyenne initial :

ugp—ur < Xp + Xg, 0.2)

pi c[(sy ,) .

avec X; = f —/’0 dp', oti ¢, = ¢ + %( est la célérité totale du mélange .
0

La méthode employée pour la mise en ceuvre numérique est classique. Le systeme

est résolu a 'aide d’un schéma volumes finis, en utilisant un solveur de Riemann

approché, de type VFRoe-ncv BUFFARD, Thierry GALLOUET et Jean-Marc HERARD

2000. Le schéma VFRoe-ncv consiste a résoudre a chaque interface le probleme de

Riemann linéarisé en utilisant la variable Z = (p, u, P*) :

0:7Z+B(2)0,Z =0.
Zp si x<0

Z(X’IZO):{ Zr si x>0
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avec Z = %.

Pour s’assurer de la convergence numérique du schéma, des cas tests de vérification
ont été mis en place : il s’agit de problemes de Riemann unidimensionnels, en faisant
varier la nature des ondes. Les cas tests unidimensionnels réalisés sont les suivants :

— un premier cas de double choc permet d’obtenir une courbe de convergence
numérique.

— un second cas test correspond a une situation ou les états initiaux présentent
un grand écart de pression/densité; il est représentatif de situations impliquant
des ondes d’explosion ou de détonation. Ce cas test nécessite une correction
entropique HELLUY, Jean-Marc HERARD, Hélene MATHIS et al. 2010 liée a la
propagation d'une onde de raréfaction supersonique.

— un dernier cas de double raréfaction symétrique est représentatif de ce qui se
passe a proximité d'une paroi en dépressurisation.

Dans le cadre bidimensionnel, une simulation en gaz parfait est effectuée, qui est
représentative d'une explosion se propageant dans un espace ouvert comportant
un batiment. La structure de I’écoulement est examinée. Ces simulations nous per-
mettent de nous assurer de la consistance du schéma, et voir I’effet du niveau de la
turbulence sur I’écoulement.

Le modele étudié correspond a une entropie turbulente ¢ constante. Dans les pro-
chains chapitres 2 et 3, des modeles plus complexes, faisant varier I'’entropie turbu-
lente, seront présentés et analysés.

Chapitre 2 : Un solveur hybride pour calculer un modele compressible avec une
estimation dynamique de I’énergie cinétique turbulente a travers une onde de choc

Le modele du chapitre 1 tient compte de I'énergie cinétique turbulente K de ma-
niere simple :
K(p) = &op°"2. 0.3)

On peut donc soutenir que la fermeture de K (0.3) ne prend pas en compte la variation
d’entropie turbulente a travers le choc. Dans ce chapitre, nous introduisons un modeéle
de turbulence plus pertinent, qui permettrait de présenter des écoulements compres-
sibles turbulents avec plus de précision, I'entropie turbulente variant a travers le choc.
Ce modele est une extension (a 4 équations) du modele proposé dans Jean-Marc
HERARD 2014 ; Jean-Marc HERARD et LOCHON 2016, basé sur les équations d'Euler
moyennées . Il a trois lois de conservation correspondant au bilan de masse, bilan
de quantité de mouvement et bilan d’énergie. Une quatrieme équation sur ¢ décrit
I’évolution de ’entropie turbulente, en prenant en compte sa variation a travers les
ondes de choc. Les équations aux dérivées partielles dans le cadre unidimensionnel

23



Table des figures — 0.4. Synthése des travaux

s’écrivent comme suit :
0:(p) +0x(pu) =0

2K
dt(pu)+6x(pu2+P+—):0
3
(0.4)
2K
0:(pE)+04|u pE+P+? =0

0:(p&) +0x(pué) + M(x, )6 (x—gr=0) =0

avec{ =K p‘5/ 3 M(x, t) est la masse localisée a la position du choc et o est la vitesse
d’onde de choc, et E désigne I'énergie totale :

E=ePp)+-u"+—.
2 Y

Notre premiere partie dans ce chapitre consiste a estimer le saut d’entropie turbulente

"[¢];" a travers les ondes de choc, en suivant la méthodologie proposée dans I'article

de Sergey GAVRILYUK et Richard SAUREL 2006. Le calcul de la masse localisée sur une

onde de choc est obtenu en faisant la résolution du systeme de Rankine-Hugoniot

associé au systeme (0.4). Etant donné (p, u, B,¢); et o, on va calculer (p, u, P), et My
tel que:

[p(u—0)];=0

m*[]] +[P*]] =0

le+ K71} + P} [1]] =0,

miEl + My =0

(0.5)

avec m = p,(u, — o), P* :P+§—)Ket1:%.

La deuxieme partie porte sur la mise en ceuvre numérique. Nous proposons un schéma
numérique adapté a ce modele. Dans le cadre d’'une approche volumes finis, nous
avons choisi d'utiliser un solveur hybride pour calculer les solutions approchées du
modele a I'interface. Ce solveur hybride est composé de deux solveurs :
— Un solveur de Riemann approché en I’absence de choc a I'interface : VFRoe-ncv
BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000.
— Un solveur de Riemann approché modifié "MARS", dédié a l'interface oti on a
une onde de choc.
Une technique de détection de choc est proposée (voir KANAMORI et SUZUKI 2011; WU,
XU, WANG et al. 2013, pour les modéles stationnaires), afin de détecter les interfaces
instationnaires ou il apparait des ondes de choc, et par suite, d’adapter sur cette
interface le solveur "MARS". Cette technique s’appuie sur I'inégalité de I'entropie et
les conditions de Lax. Le schéma numérique s’écrit :

Axi(Z™ =z + Au(F] - F] )+ ALB] =0, (0.6)
2 2
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avec Z = (p,pu,pE, p¢), Bi =(0,0,0,M;), et:
gilfg =F(Z (Wl’; d(Wi”, Wi’jrl)) lorsqu’aucune onde de choc n'a été détectée,

FMIS =F(Z(
2

S(Wi”, Wi’il)) si une onde de choc a été détectée.
(0.7)

*
WM AR

Des tests numériques sont réalisés :

— Un premier cas test comporte un double choc non symétrique avec My=0 et
une entropie turbulente constante (¢ = ). Ce cas test est issu du chapitre 1, il
vise a tester le solveur modifié "MARS" lorsque le systeme est conservatif, et a
comparer les résultats obtenus avec ceux du chapitre 1.

— Un deuxiéme cas test présente une onde de choc simple (plus précisément un
u+¢-choc), avec My non nul. Les conditions initiales de ce test ont été construites
grace a la relation de saut associée au modele (0.4), de maniere a étre capable
d’en exhiber une solution analytique.

Les principaux résultats obtenus sont ensuite présentés.

Chapitre 3 : Une approche de relaxation pour modéliser la turbulence dans les
écoulements compressibles

Dans le chapitre 2, un modele de turbulence compressible impliquant une entro-
pie turbulente variant a travers les chocs a été étudié. Mais ce modele reste a priori
difficilement applicable en 3D. Dans ce chapitre, on introduit un modele qui permet
de faire varier I'entropie turbulente a travers les chocs, tout en étant adapté aux écou-
lements en 3D.

Ce modele est basé sur une approche de relaxation et il utilise des caractéristiques
classiques de la thermodynamique des mélanges en écoulement multiphasique
BARBERON et HELLUY 2005; H. MATHIS 2019, et reprend certains principes utilisés
dans SAUREL, CHINNAYYA et RENAUD 2003. Le modele est d’abord décrit en forme
extensive. Des hypotheses de modélisation sont proposées, telles que :
— l'entropie turbulente () et 'entropie laminaire (17;) sont deux contributions a
un mélange de deux phases miscible partageant une méme masse (A = M =
M).
— l'entropie totale i) est la somme de deux entropies : 7 = i + 1.
— lamasse ".#" de fluide possede une énergie interne a deux contributions (lami-
naire et turbulente) & = & + &].

Nous introduisons la fraction entropique turbulente : = n:fm €1[0,1].

Une écriture complete des équations aux dérivées partielles (EDP) sous forme conser-
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vative est présentée :
0:p8k +0xpUSk = pFr,
0;p+0xpU =0,
8,0U+0,pU?+P =0,
0pE+0,U(pE+P)=0,

(0.8)

ol p est la densité, U la vitesse, P = P; + Py la pression totale, E = e+ U?/2 I'énergie
totale spécifique, et .#; le terme source.

Une discussion concernant la différence entre ce modele et le modeéle du chapitre 1 a
été proposée. Sous les hypotheses :

— sy est uniforme s = s) #0;

— le terme source % =0;

— I’EOS pour la contribution turbulente est définie comme : ey (7, s) = sp72'3;
nous retrouvons, pour les solutions régulieres, le méme modéle que celui introduit
dans Jean-Marc HERARD 2014 et détaillé dans Sergey GAVRILYUK, Jean-Marc HERARD,
Olivier HURISSE et al. 2022. Concernant les solutions chocs, les relations de saut sont
différentes de celles du chapitre 1 et donc les solutions impliquant des chocs sont
différentes.

Certaines des principales propriétés du systeme d’équations (0.8) sont fournies, telles
que : I'hyperbolicité, 'inégalité d’entropie, les invariants de Riemann et les relations
de saut.

Une configuration complete du probleme de Riemann de la partie convective est
ensuite étudiée, ou I'EOS pour la contribution laminaire est une EOS de gaz parfait,
tandis que pour la contribution turbulente I'EOS est dérivée de celle utilisée dans
Jean-Marc HERARD 2014.

Le pendant de cette étude est proposé ensuite lorsque 'on considere que le fluide est
en équilibre de température (c’est-a-dire en relaxation instantanée ). Nous décrivons
d’abord la loi de pression de mélange qui rend compte de I’équilibre de température
instantané. Puis, sur la base de cette loi de pression, le cas d'un seul choc est étudié
comme pour le modele proposé en Sergey GAVRILYUK et Richard SAUREL 2006.

La méthode numérique employée est classique. Elle est fondée sur la méthode des pas
fractionnaires YANENKO 1968 et utilise un splitting de Lie-Trotter. A chaque itération,
le systeme convectif est d’abord résolu a I’aide de schémas de volumes finis explicites :

0:pSk+0xpUSk =0,
0:p+0,pU =0,
0,pU+0,pU?+P =0,
0,0E+0,U(PE+P) =0,

0.9

et dans un second temps, le terme source est discrétisé en résolvant implicitement
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le systeme suivant :
aték — Sk(T,0)—Ck

A1) ’
01p =0, 0.10)
OtpU =0,
OtpE =0,

Afin d’assurer la consistance et la convergence du schéma numérique, plusieurs cas
tests sur la base du probléme de Riemann sont présentés :

1. Le premier cas test estlié al’étude de I'équilibre de température pour une 1-onde
de choc isolée.

2. Pour le deuxiéme cas test, le niveau de turbulence initial est choisi uniforme pour
une configuration a double choc, et le terme source d’équilibre de température
n’est pas pris en compte. Ce cas test a déja été présenté avec le modele présenté
au chapitre 1.

3. Un troisieme cas test correspond a une transition laminaire-turbulente. Une
seule onde de choc est considérée et sépare deux zones : une dans laquelle la
vitesse est nulle et la turbulence est nulle, et une seconde ou 'on considere
I’équilibre de température. De nombreuses configurations ont été testées, en
faisant varier : le niveau de turbulence (toujours proche de zéro mais non nul),
le temps de relaxation A.

ATl'issue des résultats obtenus a partir des tests numériques ci-dessus, nous avons
vérifié la convergence numérique du schéma a la fois pour la partie convective et la
partie terme source.
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Abstract
Turbulent compressible flows are encountered in many industrial applications, for
instance when dealing with combustion or aerodynamics. This paper is dedicated to
the study of a simple turbulent model for compressible flows. It is based on the Euler
system with an energy equation and turbulence is accounted for with the help of an
algebraic closure that impacts the thermodynamical behavior. Thereby, no additional
PDE is introduced in the Euler system. First, a detailed study of the model is proposed :
hyperbolicity, structure of the waves, nature of the fields, existence and uniqueness
of the Riemann problem. Then, numerical simulations are proposed on the basis of
existing finite-volume schemes. These simulations allow to perform verification test
cases and more realistic explosion-like test cases with regards to the turbulence level.

key words :

Turbulence, compressible flows, hyperbolicity, entropy, shock waves, Riemann pro-
blem
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Introduction

The modeling of compressible turbulent flows has actually been widely investigated
for many years. It is basically grounded on compressible Navier-Stokes equations,
with an unsteady setting (see for instance FAVRE 1958; FAVRE 1965; TENNEKES et
LUMLEY 1972; FAVRE, KOSVAZNAY, DUMAS et al. 1976; ERLEBACHER, HUSSAINI, KREISS
et al. 1990; SPALART et ALLMARAS 1994 ; WIiLCOX 1998; Christophe BERTHON 1999;
Christophe BERTHON et Frédéric COQUEL 2002 ; Sergey GAVRILYUK et Richard SAUREL
2006; GATSKI et BONNET 2013.)

Compressible turbulent models are used in many applications, for instance in the
framework of combustion and aerodynamics. They always involve three conservation
laws that govern the evolution of mass, momentum and total energy of the fluid. Using

classical Reynolds averaging and denoting ¢ the mean value of quantity ¢, we recall
that the Favre average ¥ of any variable v is defined as ( FAVRE 1958; FAVRE 1965;
FAVRE, KOSVAZNAY, DUMAS et al. 1976) :

V=

=i[E|

Hence, in the sequel, 5, P will represent the mean density and the mean pressure
respectively, while & and € will stand for the Favre average of velocity and internal
energy. Exact balance laws thus read :

0:(p) + V.(pir) =0

=_ =_ = 2K 0 S ~
0:(p@d) + V. (pu®u+(P+?).J) =¢oV.(Z" (Vi) (L.D)

3, (pE) +v.(a

— = 2K
PE+P+ ?)) =egV.(Z"°N(V @1) iT)

where .# is the identity matrix.
The second order tensor X°(V*®i1) cumulates laminar and turbulent viscous contri-
butions, € is a positive parameter in [0,1] and K denotes the turbulent kinetic energy.

The total energy is :
~2

= = U

oE = p(?+é’)+K,
and é is a function that is expected to be given through an equation of state (EOS), for
instance, for a perfect gas EOS :
P

&(P,p) = _,
(y-1Dp

with y > 1. Obviously, €y = 0 corresponds to the limit case of vanishing viscosity.

Actually, the three-equation model (1.1) involves four main unknowns 5, P, iiand K.
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Thus one closure law is required for the latter turbulent kinetic energy K, and several
strategies have been proposed in the past for that purpose, that we briefly summarize
below.

The most widespread approach consists in deriving the governing equation for K,
starting from Euler or Navier-Stokes equations, and focusing on smooth solutions.
Setting W the state variable, this leads to the following PDE for K :

6;(K)+V.(Kﬁ)+¥v.(ﬁ) =rhsg(W,VWW), (1.2)

where the right-handside term rhsg (W, VW) does not include any convective (first-
order differential) term. Thus, by introducing a change of variable :

E=K (p)°3,

where ¢ is sometimes refered to as the turbulent entropy, equation (1.2) may be
rewritten as : B
0:(&) + iV.(&) = (0) " Prhsg (W, VW),

or alternatively using the mass balance equation :
0:(p&) + V.(p¢ @) = (P) **rhsg (W, YW).

Obviously, this only makes sense when restricting to smooth solutions. Some possible
closure laws for rhsg (W, VW) can be found in SPALART et ALLMARAS 1994 ; WILCOX
1998 for instance. However, as emphasized in FORESTIER, Jean-Marc HERARD et LOUIS
1997; Christophe BERTHON 1999; Christophe BERTHON et Frédéric COQUEL 2002;
Sergey GAVRILYUK et Richard SAUREL 2006, in the non viscous case, it remains to
define jump conditions, and this is not straightforward, due to the occurence of non-
conservative products (2K/3 V.#) in (1.2), which are active in genuinely non-linear
fields associated with eigenvalues @i+c;, noting :

10K
(Ct)z = C2 + —,

90

where ¢ stands for the speed of acoustic waves in laminar flows.

Among other possibilities, we recall that the strategy proposed in FORESTIER, Jean-
Marc HERARD et LOUIS 1997 is only valid for weak enough shock waves; besides, the
approach suggested in Christophe BERTHON 1999; Christophe BERTHON et Frédéric
COQUEL 2002 is expected to be meaningful for stronger shocks. The reader is refered to
Sergey GAVRILYUK et Richard SAUREL 2006 for a brief review. In the present paper, focus
will be given on a simple turbulent model obtained while neglecting rhsx(W,VW);
thus, using the mass balance equation, an obvious solution is :

¢ =<o.
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This implies : _ _
K=K(p) =& ([@°". (1.3)

The resulting three-equation model Jean-Marc HERARD 2014 (whose counterpart is
Jean-Marc HERARD et LOCHON 2016 in the two-phase framework) has thus three main

unknowns 5, P, i1, that are governed by the closed system (1.1).

We will assume the following numerical strategy, which consists in computing approxi-
mate solutions of (1.1), using an explicit scheme for convective terms, and an implicit
formulation for viscous terms, thus using the following time scheme :

—n+l =n n
P —p ==
Y {V.pu))}
=~yn+l _ (s = = !
R e L e e
=mn+l _ (Smn = = "
P —a v @ nal - {v. (alfe e 2|

The present paper only focuses on the convective part of the system, second order ten-
sors are not considered here and it investigates the main properties of the convective
system associated with :

9,(p) +V.(pit) =0

= _ = _ ~ = 2K
at(Pu)+V.(pu®u+(P+?).f) =0 (1.4)

—= = = 2K
0:(pE)+V. (u(pE+P+ ?)) =0

which are detailed in section 1. In particular, we will derive an entropy inequality which
will enable to select admissible solutions when investigating the one-dimensional
Riemann problem, and we will find the Riemann invariants associated with the LD
(Linearly degenerate) and GNL (Genuinely non linear) fields and characterize the
conditions of the jump associated with system (1.4) in section 2. In the case of a per-
fect gas EOS, the existence and uniqueness of the solution of the Riemann problem
of system (1.4) will be proved in section 3 (with Appendix A). In section 4, we will
introduce a simple approximate Riemann solver in order to compute approximate
solutions of the system introduced in section 1. Some test cases for verification inclu-
ding shock structures will be carried out in Section 5, where it will be checked that
this scheme enables to retrieve numerical convergence towards the exact solution
even when shock waves occur, with the expected convergence rate. Section 6 will be
devoted to the presentation of some two-dimensional computation The last section
will be a conclusion of the work done in this paper.

Throughout the paper, standard a and b notations will be skipped.
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1.1. Turbulent compressible flow model

As recalled before, the model Jean-Marc HERARD 2014 has been obtained by a
statistical averaging of the Euler / Navier-Stokes equations, and thus the following
system of partial differential equations is considered :

0:(p) +0x(pu) =0

2K
2 _
6t(,0u)+6x(pu +P+ 3 )_0 (1.5)

0+(pE)+ 0y (u(pE+P+ %()) =0

It governs the mean evolution of mass, momentum and energy. The quantities p,
u, B K, and E respectively represent the mean density, the mean velocity, the mean
pressure, the turbulent kinetic energy and the mean total energy. The latter quantity is

given by :
2

pE:pe(P,p)+%+K, (1.6)

where e=e(P p) is the mean specific internal energy, and the turbulent kinetic energy

follows the law :
K=¢&p%3, 1.7)

with ¢ a positive constant.

We introduce the celerity of density waves c(Bp) and the temperature T, such that :

p
*(Pp) = (? —ape(P,p)) 10pe(P, p), (1.8)

1
= =0p0)"'0p9), (1.9)
where s=s(P, p) is the specific entropy complying with the constraint :
*(P.p)(0ps) +(,s) = 0. (1.10)

We will also define the modified pressure P* :

2
P*:P+§K. (1.11)

1.2. Main properties of the flow model

In this section, we give some properties of system (1.5) in a general framework with
respect to the EOS.
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1.2.1. Entropy inequality

In order to introduce an entropy inequality, we consider a viscous perturbation of
system (1.5), which is chosen as follows :

0:(p) +0x(pu) =0
) 2K\ 2
Ortpu) +0xpu 4 P+ 2| =eud (S0, (L.12)

0:(pE) +6x(u

2K 2
PpE+P+ ?)) = €00y (g,uuaxu)

Here u represents the total viscosity and €y is a constant in ]0, 1]. In the following we
consider the conservative state variable :

w=(p,pu,pkE),

and the flux :
F(w) = (pu, pu? + P*, u(pE + P*)).

We introduce the entropy-entropy flux pair (1, f,;) with :
n(w)=-pln(s), and f;(w)=un. (1.13)
Proposition 1 Then the following inequality holds for smooth solutions of (1.12) :
0,n+ 05 f; <0. (1.14)

PROOF In the case of the viscous perturbed system (1.12), simple computations lead
to the entropy inequality :

10s

0N +0xfy= ———(

Oe)_l 2
soP

12
3P geou(axu)z = —§§€0H(5xu)2 <0.

Remark 1 In the non viscous case, for a discontinuity travelling at speed o, we will
thus assume that the following inequality holds true :

—anl+I[fl<0. (1.15)

This will enable us to select the admissible solution of the Riemann problem associated
with the conservative system (1.5).

1.2.2. Hyperbolicity

The system is written in the form:

0, W+ A(W)a, W =0, (1.16)
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where the primitive variable W reads :

W =(p,u,P)".
The jacobian matrix A(W) is :
u p 0
A(W) = %2( u 7|,
0 pc® u

where 7 = 1/p denotes the specific volume.

Proposition 2 We define c; such that :

System (3.23) is strictly hyperbolic, it admits three real eigenvalues :
AMW)=u-c;, A(W)=u, A3s(W)=u+c;, (1.17)
and the associated eigenvectors ri. (W) span the whole space R® provided that c; # 0 :

T 10K\ " T
rnw)=(p,—c,pc?) ", rz(W)Z(P,O,—T), rs(W)=(p,cr,pc?) . (1.18)

Fields associated with AL, (W) and A3(W) are genuinely non linear (GNL), and field
associated with A, (W) is linearly degenerate (LD).

PROOF The proof is simple when using the system written in the non conservative
variable (s, u, P*), see system (1.22), and it is thus left to the reader. Moreover, it should
also be noted that examining the nature (GNL or LD) of the waves is more simple
when using this set of variables, see the following section.

1.2.3. Riemann invariants

Proposition 3 The two Riemann invariants associated with the LD field (A, = u) are
the following whatever the EOS is :

EWy=u , I5(W)=P*(Pp). (1.19)

The Riemann invariants associated with the two GNL waves read :

Pc Il(W)) ,)
1-rarefaction wave: I;(W)=s(Pp) , Izl(W):”"'f t(l—/pdp,
0 P
(1.20)
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p/.
(1.21)

Pc Igwy /
3—rarefaction wave: I;(W)=s(Pp) , IS(W):u_f L/)p)d
0 P

PROOF I ;C represents the k-th Riemann invariants for the i-th wave (1-rarefraction,
2-contact, 3-rarefraction ). A Riemann invariant is a function that remains constant
along the pathes defined by the corresponding eigenvectors, it thus complies with :

dIL(W).r;(W) =0.

It is straightforward to check that functions given by (3.32)-(3.33)-(3.34) comply with
the condition above. We also note that we can express Riemann invariants with the
variable :

Y =(s,u,P").

Actually, it may be checked that smooth solutions of (3.23) comply with :
0;S+ud,s=0
0;u+ud,u+10,P* =0 (1.22)
0:P* +pcid u+udP* =0

If 7;(Y) denote the eigenvectors associated with system (1.22) written in terms of
variable Y, it may be checked that functions I ,i(Y) satisfying :

dIL(Y).7:(Y) =0,
are as follows :

pP* 1

*/

l1—rarefaction wave: fl Y)=s5, ]:1 Y :u+f
! _1( ) ?( : 0 p(s,P*)ci(s, P*)

2—contact wave: BP(Y)=u, I(Y)=P*.

p* 1

*/

3—rarefaction wave: f3 Y)=s5, ]:3 Y :u—f
! 1 2) 0 p(s,P*)ci(s, P*)

Then, the same Riemann invariants [ ,i(W) and T Ii(Y) are retrieved up to the variable
change W — Y.

1.2.4. Jump conditions

We are now interested in discontinous solutions for sytem (1.5) whatever the EOS is.
We denote

[f1=fr— f1,
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the jump between the left and right states on each side of a discontinuity travelling at
speed o.

Proposition 4 Jump conditions associated with system (1.5) may be written :

—olpl+[pul =0,
2. p 2K ~0
—-olpul+ |pu”+ +? =0, (1.23)
2K
—-o[pE]+ u(pE+P+?)]:O.
Those jump conditions may be rewritten as follows :
o = I[pulllpl,
2_|psik
K] —]1
p(u—a)( e+—|+P* —]):0.
P P

with ¢ = —(PL;(PR )

Remark 2 When dealing with the LD field associated with 1,=u the solution of the
above jump conditions is equivalent to the Riemann invariants (3.32), i.e. [I i]: 0.

PROOF By applying the Rankine-Hugoniot relation to the conservative system (1.5) :
—olw]+[F(w)] =0,

system (1.23) is straightforwardly obtained. For the first two equations of system (3.36),
we can find it thanks to simple calculations. We now detail the calculations necessary
to find the third equation for system (3.36).

We first note :
v=u-o. (1.25)
From the first two relations of system (1.23), taking into account (1.25), we have :

—alpl+[pul =[pv] =0, (1.26)

—olpu] + =[pvul +[P*] =0. (1.27)

pu +P+?

We deduce from (1.26) that pv is a constant across the discontinuity. By introducing v
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into the third equation of system (1.23) and by using (1.26), we get the following form :

2

pvlel+pv +pv[KT]+I5*[u]+L't[P*]:O. (1.28)

2
Then, by multiplying (1.27) by i, we have :

=—a[P*]. (1.29)

Third equation of (3.36) is finally obtained by introducing (1.29) into (1.28) :
pvle+Kt]+P*[u] = pvle+ K]+ P*[pvt] = pv([e+ KT] + P*[T]) =0, (1.30)
this completes the proof.
Remark 3 In the case of a turbulent perfect gas EOS :
P=(y-1pe,

jump conditions (1.23) provide bounds for the density ratio whereas the pressure ratio
has no bounds, i.e. a shock wave separating two states Yp and Y7 is such that:

_ls&s
p o B
with,B:g:—j.

PrOOF For the Euler equations (i.e. without turbulent contribution) with the instanta-
neous perfect gas EOS :

P'=(-1)p'¢,
we know that (see SMOLLER 1983 ) the value of the ratio % across a shock wave
iy
is bounded by :
Y+1
=1
Y—-1
This means that in the non turbulent case :
B~ o) < pl < Bp). (1.31)

Since f is a constant for the perfect gas EOS, a straightforward averaging of (1.31)
provides :

B oi<pr<Bpi. (1.32)

41



1. Theoretical and numerical analysis of a simple model derived from compressible
turbulence - 1.3. Solution of the Riemann problem

We thus may wonder whether the solution of (1.5) also satisfies (1.32). Actually, formu-
lae (1.53) in Appendix A.1 for the 1-shock wave provide :

pP -1+
L= bz g1(z1) and g1(z1) >0, with z1 = br > 1.

P; -z ’ P1

Thus, it is staightforward to see that pressure ratio has no bound. Moreover, positive
values of P, , P;imply z; < 8, which means that :

pr=max(pr,p1) < Ppr=p min(pr, p1),

which completes the proof, since a similar result holds using formulae (1.55) in
Appendix A.1 for the 3-shock wave.

1.3. Solution of the Riemann problem

In this section, we are interested in finding the solution of the Riemann problem
associated with (1.5) in the case of a perfect gas EOS :

P=(y-1)pe.

First we have to start connecting Wy to Wg through the intermediate states W), and
W,, where the subscripts L and R denote respectively the left and the right states of the
initial discontinuity, and the subscript 1 (respectively 2) represents the intermediate
state of the solution of the Riemann problem between waves A, and A, (respectively
between A, and A3), see figure 1.1.

1—wave 2—wave 3-—wave

> X

FIGURE 1.1. - Solution of the Riemann problem which consists in four constant states
Wi, Wy, W, and Wk separated by the waves 1;, i ={1,2,3}.
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1.3.1. Waves connection

We must first distinguish 4 cases for the solution of the Riemann problem, depen-
ding on the nature of the two GNL waves associated with 1; and A3 :
e case 1:1-shock / 2-contact / 3-shock
e case 2 : 1-rarefaction / 2-contact / 3-rarefaction
e case 3:1-shock / 2-contact / 3-rarefaction
e case 4 : 1-rarefaction / 2-contact / 3-shock

Proposition 5 We first set :

21:& and 22:&

PL PR

The solution of the Riemann problem associated with (1.5) is as follows :

case 1. We have forzy > 1 and z, > 1:
ur—up+cpfi(z1,Kp/Pr) + cr f2(22, Kp/ Pr) = 0,
and :

2Ky 2K
PLhy(z1, K/ Pp) + Tzf”?’ Prh (22, Kg/ PR) + TRzg”S,

with the following definitions :

filz1, KL/ Pp) = \/(Zl_l) ( 1+% 2 KL (25/3 -D+h (21,KL/PL)),

Yz
Iy (21, Ky Py) = Bz1—1 +gl(Zl,KL/PL)
) ﬂ 21 ,
2Ky
81(z1, KL/ Pp) = ST( 23423 v 4z -1),
L
and :
fo(z2, K/ Pr) = \/ (25 (<1 +25£(23" = 1) + ha(z, Kn/ Pr)),
hZ(ZZ KR/PR) — :BZZ -1 +g2(ZZ’KR/PR)
) ﬁ Z2 y
2Kp
82(z2, K/ PR) = T( 283 —4z3P +4z,-1),
R

and Ky p = 50105/3

case 2. We have forz; <landz,<1:

up—ur+crBi(z1,Kp/Pr) + cpBa(z2, Kr/ Pg) =0,
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and :
2Ky 2K
PLQi(z1) + Tzf”?’ PrQs(22) + T’*zg”?’,
with the following definitions :

21 10K 1/2
Bi(z1,KL/Pr) = f (ZY—3 + LZ—4/3) dz,
1

9YPL
Qi(z1) = 2], /
2 10K, 172
By(z, Kg/ PR) Zj (27_3 + _RZ—4/3) dz,
1 9yPpr
Q2(22) = 2.

case 3. We have forzy >1 and z, <1:
Ug — ur + crBa (22, Kr/ Pr) + ¢ f1(z1, KL/ Pr) =0,
and

2K, 2Kg
Prhn(z1, Kp/ P+ —= 3 2% = PrQa(22) + —— 3 z'3.

case 4. We have forzy <1 and z, > 1:

ur—ur+crB1(z1,Kp/Pr) + cg fo(z2, Kr/ Pg) =0,

2K1 2Kg
PrQi(z1) + —— 3 23 = Prhy(z2, Kp/ PR) + —— 3 2"

The reader is referred to Appendices A.1 and A.2 for a proof.

1.3.2. Existence and uniqueness of the solution

Proposition 6 The Riemann problem associated with (1.5) and initial states :
W(x<0,t=0)= W,

W(x>0,t=0)=Wg,

admits a unique self-similar solution :

Wix, t) =w(x/t),
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with no vacuum occurrence, provided that initial left and right states, Wy and Wg, are
such that :
ugp—ur < Xp + Xg, (1.33)

pi /
with X; = f ct(s,/p ) do'.
o

The reader is referred to Appendix A for a proof which is based on the proof propo-
sed in SMOLLER 1983.

Remark 4 For¢( =0, we have ¢; = c and condition (1.33) is equivalent to the condition
of no vacuum occurrence for Euler with a perfect gas EOS.

1.4. An approximate numerical Riemann solver

Approximate Riemann solvers are commonly used in order to compute approxi-
mate solutions of hyperbolic problems, where contact waves, rarefactions and shock
waves co-exist (see among others the original paper GODUNOV 1959 and the books
GODLEWSKI et RAVIART 1996; TORO 1997).

We consider a classical finite volume formulation. The segment [a,b] is divided into

cells I;, where x,, 1 represents the cell interface between cells I; and I;,1, and x; re-
2

presents the cell center. We define At” the time step at time ¢" and Ax; the length of

L t" ="+ A" and Ax; = x;, 1 — x;_1.
2 2

1.4.1. VFRoe-ncv scheme

In this section, we recall an extension of the VFRoe scheme MASELLA, FAILLE et
Thierry GALLOUET 1999 called VFRoe-ncv which was proposed in order to deal with
hyperbolic systems in BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000. The
VFRoe-ncv scheme is an approximate Godunov scheme where the approximate value
at the interface between two cells is computed as detailed below.

First, system (1.5) may be rewritten as follows :

0;Z+B(Z2)0,Z =0, (1.34)
where :
Z=(p,u, P,
and
u p 0
B(Z)=10 u T,
0 pc/?
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and also :
. 2K 1
P =P+—, 71T=-.
3 P
We then consider the Riemann problem associated with system (1.34) and initial
conditions :

Z(x<0,t=0)=27;, Z(x>0,t=0)=Zg. (1.35)

At each interface between two cells, we solve the following linearized Riemann pro-
blem :

0;Z+B(2)0,Z =0, (1.36)

where Z = (Z; + Zg)/2. System (1.36) contains 3 linearly degenerate fields, thus the
solution of the one-dimensional Riemann problem is simple. Indeed, it only requires
computing three real coefficients noted «; (for i=1 to 3) and such that:

3
Zrp—Z1 =) aif;,
i=1

where 7; represents the basis of right eigenvectors of the matrix B(Z) :
A=0,-671,¢%", R=0,00", AB=01T,".

More details concerning the explicit computation of the intermediate states Z; and
Z, can be found in Appendix B. Hence the exact solution Z*(Z;, Zp) at the initial
discontinuity location, i.e. at x/t = 0, of the linearized Riemann problem associated
with system (1.36) and initial conditions (1.35) is given by :

i

Zp if 1120;
% _ 4 if?[1<0and/1_220;
Z2 2L Zr) = Zy if )[_2 <0and A3 = 0; (1.37)
Zp if /13 <0;
where :
/11:12—(?1-, /12:12) /13:a+é\l’)
and also :
- _ - P(P*,p) 10K(p)
qmm:qmm:VY P 2P (1.38)
p 9 p
Finally the numerical scheme reads :
Ax;(w!™h - wh + A(F!, ~F 1) =0, (1.39)
2

1
=3
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where the numerical flux is computed thanks to the exact solution (3.70) of the lineari-
zed problem (1.36)-(1.35) with Z; = Z" and Zgr = Z]" | :

Fly =Fw(Z (7] 2} )).

In the definition of the numerical flux above, it should be noted that we have w =
(p, pu, pE) and that w — F(w) corresponds to the analytical flux of system (1.5) as
defined in section 1.2.1. Moreover, we apply the Courant-Friedrichs-Lewy (CFL)

condition : "

-max(|A;]) <1,

Xj
in scheme (1.39).

Remark 5 An entropy correction is required (see HELLUY, Jean-Marc HERARD, Hélene
MATHIS et al. 2010) to compute shock tube problems when one sonic point is present
in the rarefaction wave.

Remark 6 The alternative choice of the non-conservative variable (s, i, P*) has not
been retained here because it requires a non-explicit change of variable. The latter thus
increases the computational cost of the scheme. This variable change corresponds to
finding p such that:

2 s .
p(p) SL,R)+§€0,03 :PL’Ry

for given sy and P; ,. Thus it will not be considered in the sequel.

1.5. Numerical Results

We present now some numerical results obtained for the model and scheme detailed
in the previous sections. We focus here on two test cases that involve shock waves : the
double-shock test case (i.e. case 1 in section 1.3.1) and a “strong shock wave” test case.
The former allows to compute accurately the solution of the Riemann problem, and
it is thus useful for convergence study. Indeed, the computation of an exact solution
of a Riemann problem involving a rarefaction wave requires a numerical integration
of the rarefaction fan. These are thus less accurately computed. The second test case
corresponds to a situation where initial states present a great ratio of pressure and
density. It is representative of situations involving explosion or detonation waves.
It should be noted that qualitative results for a test case involving two symmetric
rarefaction waves have been added in Appendix C.

Numerical convergence curves, at a given time, are represented by the logarithm
of the relative L!-error as a function of the logarithm of the mesh size. The relative
L'-error is computed at time ¢" on the whole regular mesh as :

TilpPPron — peract (x;, 1| Ax;
T 1pexact (x;, 1M Ax;

(1.40)
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Obviously, when Y ; [p¢*4¢!(x;, t™)| = 0, this definition is meaningless and we change
itinto:

approx,n
kaiplﬂ _(pexact(xi,tn)l_
i

The first test case provides a comparison between the exact solution and the approxi-
mate solution and it enables to obtain a numerical convergence curve on the basis
of the error (1.40). For the other test cases, only qualitative plots of the approximate
solutions are presented at a given final time for the density, the velocity, the pressure
P and the modified pressure P*.

All the computations are performed for a given value of CFL = 0.5, and for different
values of the parameter &. It should be recalled that when &, = 0, the modified pres-
sure P* is equal to the thermodynamical pressure P. Moreover, in all the tests below,
we have considered the perfect gas EOS :

P=(y-1pe,

where the constant y is equal to g The computational domain is [0, 1] and the initial
discontinuity separating states Wy and Wr, is located at x= 0.5. The domain [0, 1] is
discretized using uniform cells, Ax; = Ax, and the number of cells varies from 200 up
to 1x 10° cells.

1.5.1. Test 1 : Double shock wave

In this test case, we compare the exact solution of the one-dimensional Riemann
problem with the approximate solution. Three different values of ¢, are used ¢, =
{0,10000,50000}. Each value of ¢, leads to a different Riemann problem whose initial
conditions are given below :

— For &y=0:

(o1, ur, P1) = (1,550,10%

(pr, ur, Pr) = (1,-618.107550,103990.112994)

— For {3=10000 :
(o1, ur, Pr) = (1,650,10°)

(oR, Ur, Pp) = (1,—687.545913,98007.273140)

— For £3=50000:
(o1, uz, Pr) = (1,750,10°)

(or, ur, Pr) = (1,-750.364690,94038.441853)

Figures 3.12, 3.3 and 1.6 show qualitative comparisons between the exact solutions
and the approximate solutions for a mesh that contains 500 cells and for respectively
¢o =10,10000,50000}. Figure 3.13, 3.4 and 1.7 show the convergence curves for the set
of variables {p, u, B, P*} and for the three different values of ¢.
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First of all we notice that % ~ 4.25, which is less than § (for y = 1.4 we get

B =6). This is in agreement with the theory as mentioned in remark 3. The approxi-
mated shock wave profile is monotonic; there are no spurious oscillations in the
vicinity of the shock. The error varies as = h! for variables u and P* on fine meshes,
and as = h'/? for p and P on fine meshes (owing to the occurrence of the contact
discontinuity), see figure 3.13. This behavior is due to the VFRoe-ncv scheme using the
variable (u, P*) and the perfect gas EOS. Indeed, thanks to the latter, profiles for the
velocity and the modified pressure are almost uniform around the contact location.
On fine meshes, the error on the approximated velocity and modified pressure are
thus not influenced by the larger error on the contact wave. This is not the case for
the density and the pressure P, which therefore have an effective convergence rate of
1/2. For ¢y = 0, the system corresponds to the classical Euler system and P = P*. Then
the effective convergence rate reported in BUFFARD, Thierry GALLOUET et Jean-Marc
HERARD 2000 is recovered for P.
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FIGURE 1.2. — Double-shock wave test case. Density (top left), velocity (top right) and
pressure (bottom). Comparison between the exact solution (green) and
the approximate solution (purple) at =3 1072s, CFL = 0.5, 500 cells,

$o=0.
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FIGURE 1.3. - Double-shock wave test case. Convergence curves : logarithm of the
relative L1-error versus the logarithm of the mesh size with uniform
meshes containing from 200 to 55000 cells. The error is plotted for
variables, p, u and P*, ¢y = 0 (recall that here P* = P).
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FIGURE 1.4. - Double-shock wave test case. Density (top left), velocity (top right),
pressure (bottom left) and P* (bottom right). Comparison between
the exact solution (green) and the approximate solution (purple) at
t=310"2s, CFL=0.5,500 cells, &, = 10000.
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FIGURE 1.5. — Double-shock wave test case. Convergence curves : logarithm of the
relative L1-error versus the logarithm of the mesh size with uniform
meshes containing from 200 to 55000 cells. The error is plotted for
variables, p, u, P and P*, ¢, = 10000.
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FIGURE 1.6. — Double-shock wave test case. Density (top left), velocity (top right),
pressure (bottom left) and P* (bottom right). Comparison between
the exact solution (green) and the approximate solution (purple) at
t=310"2s, CFL=0.5,500 cells, &, = 50000.
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FIGURE 1.7. — Double-shock wave test case. Convergence curves : logarithm of the
relative L1-error versus the logarithm of the mesh size with uniform
meshes containing from 200 to 55000 cells. The error is plotted for
variables, p, u, P and P*, £, = 50000.
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1.5.2. Test 2 : Strong shock wave

The propagation of strong shock waves, generated by a strong explosion is of great
interest from a physical point of view due to its numerous applications in various fields.
In order to mimic such situations, we consider here a Riemann problem for which the
left state corresponds to a gas at very high pressure with respect to the right state, the
latter representing the ambient conditions. The high pressurized gas then expands
rapidly and generates strong waves. When the pressure ratios between left and right
states are high enough, a supersonic rarefaction wave is observed. For the latter the
two extremities of the fan of the rarefaction wave travel in opposite directions (see
figure 1.8). In these situations, an entropy correction is mandatory for the VFRoe-ncv
scheme, as the one proposed in HELLUY, Jean-Marc HERARD, Héléne MATHIS et al.
2010 and implemented here. Without the latter, computations fail because of the
occurrence of a discontinuous - and non physical - pattern in the rarefaction fan (in
fact at the location of the initial discontinuity). Thus this test is of interest and it shows
what happens for the flows during strong variations in density, which originate from
strong variations in pressure and temperature.

We propose here to examine the approximate solution for a Riemann problem with a
pressure and density ratio equal to 1000. More precisely, we choose the left and right
states such that :

(P;U)P)L:(IOOOXPO;O» IOOOXPO); and (,0’ u;P)R:(,DO»O;PO);

and where the right state corresponds to ambient gas at rest : (0o, Po)= (1, 10°). Figures
1.9, 1.10, 1.11 and 1.12 show the behavior of the density, velocity, pressure and modi-
fied pressure at a given time Ty = 1.25 10~% s, on different meshes with 500 cells, 5000
cells and 50000 cells. Moreover, we set ¢y = 10000 which corresponds to a high level of
turbulence.

It should be noted that in this test case, the contact wave and the shock wave tra-
vel to the right with a high velocity : respectively ~ 2168 m/s (see figure 1.10) and
~ 2680 m/s. Moreover, the fan of the rarefaction wave expands to the left with a ve-
locity of —1152 m/s and to the right with a velocity of 1791 m/s. Hence, both the
shock wave and the rarefaction wave remain very close to the contact wave (see on the
density variable in figure 1.9 or on the pressure P on figure 1.11). In particular, when
focusing on the present final time T = 1.25 10~* s : the rarefaction fan corresponds
to the interval [0.356,0.724], the contact wave is located around x = 0.771 and the
shock wave is located around x = 0.835 (see figure 1.8). The distance between the
two GNL waves and the contact wave is thus small. Since the numerical scheme is
not very accurate on the contact wave, the approximated values for the intermediate
states 1 and 2 (see figure 1.8) are not very accurate on coarse meshes. Indeed, the
results of figures 1.11 clearly show that at least 5000 cells are needed in order to get a
correct approximation of the intermediate state 2; whereas it is not yet sufficient for
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intermediate state 1. As a consequence, fine meshes have to be used in order to get a
correct accuracy of the location of the approximate contact wave and of the pressure
level of P* between the rarefaction wave and the shock wave. Obviously, an other
solution could be to use a second order extension of the scheme based for instance
on a MUSCL reconstruction with a slope limiter and a second order Runge-Kutta
time-scheme, see GODLEWSKI et RAVIART 1996 or TORO 1997 among others. This is an
important point because the increase of P* across the front of the shock will deter-
mine the importance of the impact of the shock on the surroundings. Moreover, an
accurate location of the front of the shock enables to get the correct time at which the
surroundings would be impacted.

Due to the entropy correction implemented in the numerical scheme, the approxi-
mate profiles in the rarefaction fan remain “regular” and monotonic, even if very
small perturbations may be observed on very coarse meshes around x = 0.5. We also
notice that in the vicinity of the shock wave, we have % ~ 5—135 =5.35. This is still less
than the theoretical limit § = 6 (see figure 1.9) as pointed out by remark 3. At last, the
VFRoe-ncv scheme using the variable (p, u, P*) enables to maintain uniform profiles
for the modified pressure P* and the velocity u around the contact wave, see figure
1.10 and 1.12.

t & &
&
| [
L rareflaction fan 1 ,’2 R
t=0.000125 = R RaeEE EETTEEE P T T T s S S
/u
: i X
Ne} v vy TN
N o
a S ~ = oo
g A TS
l'< S

FIGURE 1.8. - Sketch of the waves in the (x, f)-plane for the strong shock test case at
time Ty =1.2510""s.
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FIGURE 1.9. — Strong shock wave test case. Density for {; = 10000 and for meshes with
500, 5000 and 50000 cells.
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FIGURE 1.10. — Strong shock wave test case. Velocity for o = 10000 and for meshes
with 500, 5000 and 50000 cells.
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FIGURE 1.11. - Strong shock wave test case. Pressure P for ¢, = 10000 and for meshes
with 500, 5000 and 50000 cells.
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FIGURE 1.12. - Strong shock wave test case. Modified pressure P* for {; = 10000 and
for meshes with 500, 5000 and 50000 cells.
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1.6. 2D Numerical Results

In the two-dimensional case, the numerical scheme reads :

Uol(Qi)(w;’+1—w;’)+At” Z F(w(Zi*j),nij)FijZO, (1.41)
JEV (@)

where ¥ (i) refers to the neighboring cells of Q;, I';; is the length of the interface
between cells Q; and Q, and vol(Q;) is the area of ;. The quantity F(w(Zl.*j), nij)
denotes the numerical flux at the interface between cells Q; and Q;, n;; stands for
the unit normal vector directed from Q; to Q; and Zl.*. is the solution of the linearized
Riemann problem at the face between cells Q; and Q; along the n; ;-direction. The
flux for model (1.4) in 2D is given in the n; j-direction by :

(pU.n)ij
F(w,n,-,j): (p(U.n)U+P*rz)l~j , (1.42)
(U.n)(pE + P*))j

where w = (p, pU, pE), and where the velocity vector U gathers the two components
of the velocity along the axis x and y : U = (uy, uy). The solution Z7; of the linearized
Riemann problem is computed thanks to shceme used for 1D simulations by using Q;
and Q; as L and R states, see also Appendix B .Indeed, it should be noted that for the
2D flux (1.42), the velocity component wich is orthogonal to 7;; is simply advected
with velocity U.n;; BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000.

In order to compute the numerical fluxes at the rigid wall boundaries, we use the
classical “mirror state” technique. For the numerical treatment of inlet and outlet
boundary conditions the reader may also refer to BUFFARD, Thierry GALLOUET et Jean-
Marc HERARD 2000 for more details. Moreover, we apply the Courant-Friedrichs-Lewy
(CFL) condition :

n

- (A = 2
—max(A;]) = =,
vol(Q);) ! 2

in scheme (1.41).

We present here a numerical simulation obtained in a two-dimensional domain for
model (1.4). The parameters of the EOS are the same than those chosen for the 1D
results of the previous sections. Let us consider the domain (x, y) € [-1,1] x [0,1]. A
small rectangular obstacle with a length L; = 0.05 m and a height H, = 0.1 m is placed
at x = 0.15 m. The obstacle and the boundary y = 0 (i.e. the ground) are considered
as rigid walls. Outlet conditions are imposed for the other boundaries. The complete
setting is depicted in figure 1.13. The initial conditions of the test case carried out
in this section are representative of an explosion involving hydrogen. At ambiant
temperature and pressure, the AICC ! pressure of stoechiometric mixture of air and
hydrogen is close to 10 bars. We choose here to set a high pressure zone inside a

1. Adiabatic Isochoric Complete Combustion
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half-circle, whose centre is (0,0) and whose radius is 0.05 m. In the rest of the domain,
ambiant conditions are set. The initial flow is assumed to be at rest everywhere in
the domain. In the whole computational domain, we set &y = 10, and the perfect gas
EOS:

P=(y-1pe,

with the constant y = % is still considered. Thus, according to the EOS parameters, the
initial conditions read :

(1.2 kg/m3,0 m/s,0 m/s,10% Pa) if x*>+ y? < (0.05)%;

(0.8 kg/m®3,0 m/s,0 m/s,10° Pa) if x*>+ y* > (0.05)%. (1.43)

(p,u, v, P) :{

In order to highlight the influence of the turbulence for this test case, the current
results (for &y = 10°) are compared with the same case without turbulence ({(=0).
Three probes are chosen at elevation y = 0.1 and for different x :

— probe 1 is centered, x =0,

— probe 2 is set on the left part of the domain x= —0.15,

— and probe 3 is set on the right part, just above the rectangular obstacle, at x = 0.15

(see also figure 1.13).

The following results have been obtained for an unstructured mesh composed of
67300 triangular cells, see in figures 1.14 and 1.15 for a view of the mesh. In figures
1.16 and 1.17, the turbulent kinetic energy, the modified pressure and the velocity field
have been plotted. The influence of the obstacle can clearly be observed. The effects of
turbulence can be observed in figures 1.18 and 1.19 when comparing the laminar and
the turbulent cases. With & = 10° the turbulent energy reaches an important level. In
particular, the influence on the pressure P is clear : the traveling velocity of the waves
is slightly different, while the amplitude of the pressure waves are noticeably modified.
Most of the turbulent kinetic energy is located at the shock front, which seems quite
natural owing to the model.
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Pressure (in Pa) versus time at the three probes
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FIGURE 1.18. - Comparison between the pressure values in the turbulent (¢¢ = 10°)
and laminar ({( = 0) cases at the three probes versus time.

Turbulent energy (in J/kg) versus time at the three probes
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FIGURE 1.19. — Energy turbulence profile at the 3 probes versus time for &y = 10°.
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1.7. Conclusion

The main aim of the paper is to study a simple compressible turbulent model, with a
specific behaviour in shocks waves (turbulent entropy is constant across shock waves).
From a mathematical modeling point of view, an analysis of the conservative system
(1.5) shows the hyperbolicity and the wave structure associated with LD and GNL (Rie-
mann invariants) fields. In order to characterize shock waves, exact jump conditions
can be defined. This analysis with a turbulent perfect gas EOS shows that the Riemann
problem associated with system (1.5) admits a unique self-similar solution with no
vaccum occurence. This result is the straightforward counterpart of the well-known
result of existence and uniqueness in the Euler framework, while focusing on perfect
gas equation of state (see for instance SMOLLER 1983 ; GODLEWSKI et RAVIART 1996).
An approximate Godunov solver has been implemented and some verification test
cases including shock structures have been computed. A 2D hydrogen explosion test
case has been computed and shown in section 6.

Ongoing work concerns a more complex model Sergey GAVRILYUK et Richard SAUREL
2006, which would allow variations of the turbulent entropy ¢ through the shock waves.
This one reads :

0:(p) + V.(pit) =0

0,(pin) +V.|pi® i+ (§+ %) .f) =€ V.21 (Vi i)

3 _ (1.44)
= ~ = 5, 2K Lot (7S =\ 4

Ot(pE)+V.(u(pE+P+?)) =eoV.Z" (Vi) @)

0:(p&) + V.(pE) =(0) > rhsg (W, VW) + RHSSW

The first term on the right-hand side of the last equation in (1.44) takes classical source
terms into account (see introduction), while RHSSYW enables to account for turbulent
entropy local variations through shock waves Sergey GAVRILYUK et Richard SAUREL
2006.
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ANNEXES

A. Solution of the Riemann problem

In this section, the notations depicted by figure 1.1 are used. We recall that the
subscript L, 1, 2 and R respectively denote : the left state, the intermediate states
between 1- and 2-wave, the intermediate states between 2- and 3-wave and the right
state. The left and right states correspond to the initial states of the Riemann problem.
We also recall that v stands for the velocity in the shock referential : v = u — o, where o
is the shock speed.

The proof of existence and uniqueness of a solution of the Riemann problem asso-
ciated with system (1.5) is built here following SMOLLER 1983. In reference SMOLLER
1983, the proof of the existence and uniqueness of a solution of the Riemann problem
is built for the Euler system with a perfect gas EOS, but it may be extended to some
suitable EOS. System of equations (1.5) corresponds in fact to the Euler system of
equations with a pressure law P* that is a correction of the perfect gas pressure law
PP&,We have the pressure law P*(p, e) = PP(p, e) + 2K (p)/3 and the modified inter-
nal energy e*(p, e) = e+ K(p)/p. Actually, we show below that the proof proposed in
SMOLLER 1983 can also be extended to our system of equations.

As in SMOLLER 1983, the outline of the proof in this appendix is the following. First,
the paths across each wave are defined using the Riemann invariants or the Rankine-
Hugoniot relations established in sections 3.3 and 1.2.4. These paths are defined
through two parameters which are the density ratios : z; = p1/p2 and z, = p2/pg.
Then, the connection between the different waves is performed. Afterwards, it can be
proved that solving the Riemann problem is equivalent to finding a root in ]0, f[ of a
function zp — #(z,) which is continuous and increasing, with = (y+1)/(y—-1). It
should be noted that, since y > 1, we have 8 > 1. Moreover, under the assumption that
void does not occur, it can be shown that this function .# is such that :

lim F(zp) x lim F(z) <0.

Z) —0* Z2—>ﬁ_

At least, this allows to conclude the proof of existence and uniqueness of a solution of
the Riemann problem thanks to the theorem of the intermediate values.

A.1. Paths across the waves of the system

According to section (3.2), the waves associated with the eigenvalues A, and A3 are
GNL waves. They can be either shock waves or rarefaction waves. For the former the
path across the wave is defined thanks to the Rankine-Hugoniot relations, whereas for
the latter the Riemann invariants are used. The field associated with the eigenvalue
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A is linearly degenerated so that it can be described by both the Rankine-Hugoniot
relations or the Riemann Invariants.

Definition of shock waves .

Let us first start by the case of the shock waves. The jump conditions for system (1.5)
are given in section 1.2.4 by relations (3.36) and are recalled below :

[ov] =0,
2 *1 _
. lov +f 1=0, (1.45)
pv( e+—|+P* —]):0.
p p

These relations involve the square of the jump of the velocity : [u]?. Hence the
velocity jump is not uniquely defined and an additional information must be added
to relations (3.36) in order to get a unique definition of the velocity jump across the
shock. We use here the entropy inequality for that purpose. We recall the entropy
inequality associated with (1.45), and given by (1.15) :

B =—onf+unk <o, (1.46)

with n = —pln(s).
Since [pv]¥ =0, we can rewrite 2 in the following form :

[In(s)|E
T [s1} <0,

B = —[pvln(s)]}f =—pv

so that we get :
o =pvls1¥=[pvs) > 0.

By using the first jump relation equation of (1.45) :
[pvI} = plvlf + blplf =0,

</ can be rewritten :

o =9k, (1.47)
with : R
_ _lpsly
O=ps— .
SLAPST:

In the case of a perfect gas EOS, we have ps = Pt"~!. Let us define :

TR Pr
a:—’ p:—
TL Py
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so that J reads :
(P

l—-a

9 (1-Rpa). (1.48)

In the following the sign of 9 is studied, so that the sign of [v]f and then [u]f can be
exhibited. By using the third jump relation equation of (1.45) :

le+Kt1¥+P*[1]R =0,

we get :
_ 5 .
yPlTI +TIPIf + (r = DTIKI] + 2 (= DRIT] =o0.

Thus, we have :
Ry(fa-1)=P—a+ % ((a+ DA -a?) +5/31-a)(1+a>?)). (1.49)
L

By replacing the formula of R;, (1.49) into that of J (1.48), we get :

_ 7 1! _ 1y 1oL 2K1 Y-5/3,7 _ -1 1,7
G%%HL_O a) (fa-1) g(m+3ﬂg 1-a) " (Ba-1)""g" (a),
where :

Leay = —1=a¥(B—
{g(a) pa-1-a’(f-a), (1.50)

gl(a)=a’®-1-4a°3+4a.

Table 3.14 gives the sign and variations of these 2 functions on the interval [%, pl.

a % 1 p
Pa -1 + +
1-a + 0 -
&~" (a) - 0 +

€N T —

gb"(a) - 0 +

FIGURE 1.20. — Variation table for g and g’ functions

We can deduce from table 3.14 that :

1
W <0 VdE]E,IB[.
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Since «f > 0, we deduce from (1.47) that [v]f < 0 and thus that [u]f <0.
Hence, for system (1.5) the relation [u] < 0 holds across a shock wave, and thus the
entropy inequality (1.10) allows to define shocks in a unique manner through :

[u]2+ [T][P]=0 and [u]<0< [u]l=-v-[1][P].

Furthermore, when void does not occur, ¢; > 0 for i € {L, 1,2, R}, we always get the
same order for the eigenvalues : 11 < A1, < A3, so that we also have the relation :

Lt]:ﬂg(Wl)>0'1:>U1:u1—O'1>0 (1.51)

and
u2:/12(W2)<02:>v2:u2—02<0 (1.52)

Since [u] = [v] = [pTv] = pv[T], and [u] < 0 in shocks, we have v[r] < 0 in shocks. Thus,
thanks to the signs of v; and v, :

T1<7T, = 2z1>1,

in the 1-shock, and :
TR>T> — 2o > ].,

in the 3-shock. It should be noted that the jump relations (3.36) also leads to the
relation :
(ov)*[7] +[P*] = 0.

Therefore, using the results above on [7], we get that P} > P; ina 1-shock and Py < P;
in a 3-shock
Path across a 1-shock wave.

The path across a 1-shock wave is obtained through the parameter z; thanks to
the Rankine-Hugoniot relations (3.36) and to the Lax criterion. After some calculus, it
yields that a 1-shock is defined for z; > 1 by the relations :

uy =ur—crfi(z1,Kp/Pr),
1.53
{ Py =Prhi(z,K/Pyp), (1.53)
with the functions:
filz1, K/ Pr) = \/(Z;—Z_ll) (—1 + %%(25’/3 -+ (erKL/PL))»
z1—1+ z1, K /P
bz, Ky Py = P 1+ &1L KLTPL), (1.54)
2K, p-a
g1(z1, K1/ Pp) = == (283 - 425 + 42, - 1),
3Py
and K} =§opi/3.
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Path across a 3-shock wave.

For a 3-shock, the path depends on z; > 1 and by using the Rankine-Hugoniot
relations (3.36) and the Lax criterion we get :

{ Uy = U + cr f2(z2, Kp/ PR), (1.55)
Py = Prhy(z2, Kp/ Pp), '
with the functions:
folz2, Knl Pp) = \/ (221 (-1 + 355" - 1 + (e, Kl Pr)
-1+ ,Kp/P
hy(zy, Kgl PR) = pz ﬁgz (52 R R), (1.56)
-2
2K
82(22,Kgr/Pp) = s (zgl3 —425’/3 +4zp—1),
3Pp

and K = Eop?{s.

Path across a 1-rarefaction wave.

In a 1-rarefaction wave the Riemann Invariants 11 and le exhibited in section 3.3
remain constant. Hence, we get the following relations in a 1-rarefaction wave for
z21<1:

SL =81, (1.57)

oL p1
uL+f S P o=y +f lSPD 4. (1.58)
0 p/ 0 p/

Then, using the thermodynamical closures chosen for the model, (1.57) and (1.58) can
be rewritten in the form :

and

uy—ur+crBi(z1,Ky/Pr) =0,
1.59
{Plszql(zl), (1.59)
with the following definitions :
z1 _ IOKL ~ 1/2
Bi(z1,K;/Pp) = Y3y L3 (g,
1(21, K1/ Py) fl (Z 9YPLZ z (1.60)

Qi(z1) =z!.

Path across a 3-rarefaction wave.

With the same arguments, using the Riemann Invariants I f and fg, one can write
for a 3-rarefaction wave for z, < 1:

69



1. Theoretical and numerical analysis of a simple model derived from compressible
turbulence — A. Solution of the Riemann problem

Uy — ug — crBa (22, Kp/ PR) =0,
1.61
{ Py = PrQ2(zp), (1.61)
with the following definitions :
2 ~ ].OKR B 1/2
By(2zp, Kg! Pg) = Y34 R 8 dg,
2(22, Kr/ PR) fl (Z 9YPRZ z (1.62)

Q2(22) = 2.

Path across the 2-contact wave.

In the 2-wave, the 2-Riemann invariants © and P* are constant. Hence, the following
relations arise :
P} =p;, (1.63)

and
uy = up. (1.64)

Remark 7 Functions B; and B, are defined on the basis of an integral of the form :
Lo —4/3)1/2
I(z) = f (a7 + apx™*?) " dx,
z

for z€[0,1], with ap =0,y >1and = (y +1)/(y —1) > 1. Oviously, we have I(z) = 0.
For y €]1,5/3] and y = 5/3, the integral I(z) can be respectively bounded by :

2V 1+ ay (1- L =112
-1

I(2) = ),

and
I(z) <3v/1+ag(1-z"3).

Hence, the integral I(z), and thus functions B; and B, are defined for z in [0, 1].
Moreover, it should be noticed that :

I(z) =31+ ag(1 - z'"3),

fory =5/3.

A.2. Connection between the different waves

Thanks to the relations of the previous section, the left state W; and the intermediate
state W are related through the 1-wave thanks to

(1.65)

uy =up—cr%9(zy),
Py =P Z1(z1),
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where the functions &} and ¥, are respectively defined piecewise through the rela-
tions obtained either for a rarefaction wave, z; < 1, or for a shock wave, z; > 1, using
respectively (1.53)-(1.54) and (1.59)-(1.60). So we obtain the definitions :

F (2 = hi(z1,Ki/Pp) if z1 > 1, (1.66)
Llz1) = Q1(z) if 21 <1, |

and
filz1,Kp/Pp) if 23 >1,

G (21) = 1.67
r(z1) {Bl(zl,KL/PL) if 2, <1. (1.67)

In the same way, for the 3-wave, the following relations hold between Wy and W, :

{uz = Ugp + crR%r(22), (1.68)

Py = PrFr(2),
where according to (1.55)-(1.56) and (1.61)-(1.62), we have :

P = ha(z2, Krl PR) if 22> 1, (1.69)
R\Z2) = Q2(zp) if zp <1, |

and
fg(Zg,KR/PR) if 29 > 1,

@ = 1.70
r(22) {Bg(zz,KR/PR) if zp<1. (1.70)

Due to the order of the different waves for system (1.5) which is always such that
A1 < A2 < A3, the connection of the two GNL waves is easily performed through the
contact wave using relations (1.63) and (1.64). Indeed, the modified pressure reads :
P* = P+2K/3. Hence by combining equation (1.63) with first equation of (1.65) and
first equation of (1.68), we obtain :

2 2
PLFL(z1) + §KLz;"’f" = PrFr(z0) + gKRzg/?’, (1.71)

The velocity equality (1.64) combined with second equation of (1.65) and second
equation of (1.68) yields :

Up + crYRr(22) — ur +c1%9(z1) =0. (1.72)

System (1.71)-(1.72) is a 2 x 2 non-linear system for the unknowns (z, z,) €]0, B[°. Let
us now study this system.
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A.3. Existence and uniqueness of a solution for the Riemann
problem

It can been proved that & and ¥ (respectively g and ¥g) are differentiable

functions of z; €]0, [ (respectively of z, €]0, [). By differentiating equation (1.71)

with respect to z; and zy, it can be shown that dz,/dz, > 0. Then, thanks to (1.71) one
can implicitly define a variable change z, — Z;(z2) which gives z; as a function of z; :

z1 = Z1(22).

Relation (1.72) can thus be expressed as a function of the sole variable z,, and finding
a solution of system (1.71)-(1.72) is equivalent to finding a root of the function z —
A€ (z,) defined on 10, B[ as :

JC(z2) = up + crYr(22) — ur + c191.(Z1(22)). (1.73)

When differentiating ./ with respect to z,, we find that :

dZ(zp)

' (22) = cRYp(22) + C1. iz

G, (Z1(22). (1.74)

It can be shown that (gi and (5;? are positive functions, so that z; — #(z,) is a conti-
nuous and increasing function on 0, §][.

By studying the definition of ¢; and ¥, the following limits can be found :

1iH3+ (191 (Z1(22)) + crRYr(22)) = ¢ B1(0,K./ Pr) + crB2(0, K/ PR).
Zp—
and
lif%f (cLYL(Z1(22)) + cRYR(22)) = +00

9 —
The variable change Z is an increasing function of z,. Hence, when z, tends to zero,
z; also tends to zero. This means that the first limit above is reached in the cases
where both 1- and 3- waves are rarefaction waves. On the contrary, the second limit
is reached in the cases where both 1- and 3- waves are shock waves (we recall that
Y >1= [>1). These two limits then give the following limits for /4 :

llIl’(} %(Zz) =up—u;+cyB; (O,KL/PL) + CRBZ(O,KR/PR),
9 — +
and

lim A (zp) = +oo.

z—

Since the function z, — .#(z») is increasing and continuous on |0, 8], the intermediate
value theorem can be applied in order to conclude that / admits a unique root
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provided that the following condition holds:
ugr—ur+c;B1(0,K;/Pr)+ cgrB2(0,Kg/Pr) <0 (1.75)

As a consequence, the Riemann problem associated with system (1.5) possesses a
unique solution if and only if condition (1.75) holds.

B. Building the intermediate states for VFRoe-ncv

As depicted in section 1.4, the VFRoe-ncv scheme is based on the computation of
the exact solution of a linearized version of the Riemann problem at the interface
between two cells. It thus relies on finding the two intermediate states Z; and Z, : the
state Z; (resp. Z,) is between the linearized waves 1, and A, (resp. 1, and 13). We
have :

Ly =Zp+af, (1.76)
Zyr =21+ azh, (1.77)
Zr =2+ asfs, (1.78)

where the linearized right eigenvectors are :

A=0,-6%,69", R=0,007, A=0%5897,
and where the coefficients a; and a3 associated with the eigenvalues A; and A5 read :
[ul; p

1 1
2 862 2 ¢

[P*]R

R
L

a) =

1P 1 fp
a3 =— ) + -
2 Ct 2 Ct
The linearized sound speed ¢; is defined by equation (1.38). It should be noted that
thanks to (2.46), we have :

U =uy, and P;{=P;.

After simple calculus on equations (2.45) and (2.47), the following intermediate values
can be found :

1
Uy =up=1- PR
1= Uy 2,5@[ 17
- PGy
R
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PIE p g P} p g
=pL+ — o=, =pPR— ———=lul;.
pP1=pL 262 26 (ulp, p2=pr 2c2 26 (uly

C. Additional numerical results : a symmetric
double rarefaction wave

This test case is representative of what happens close to a wall when the fluid flows
outward or in a bluff-body. In these situations, the pressure decreases at the wall
generating a rarefaction wave that propagates outwards from the wall. We reproduce
such a configuration here with a symmetric double rarefaction wave test case for
which the initial condition of the Riemann problem uses the “mirror state” strategy :

(p,u, P)1, = (po, —Uo, Po), and (p, u, P)r = (po, Uo, Po),

with a negative normal velocity uy and (po, ug, Po) = (1,370, 10°). The first test case
(&p = 0) is inspired from BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000.

Profiles of the approximate solutions along the x-domain are given in figure 1.21,
1.22 and 1.23 for a mesh with 500 cells and using three values of ¢, = {0,5000, 10000}.
They involve a low-density state in the center of the domain, between the two rarefac-
tion waves. This feature makes this problem a test for assessing the performance of
numerical methods for low-density flows. Indeed, this test case allows to examine the
stability of the scheme together with the preservation of positivity of the approximate
density around x = 0.5 (which corresponds to the fictive wall location). The classical
drawback of Godunov-type schemes on the density variable near the position of initial
discontinuity x = 0.5 can be observed : an undershoot of the density profile which
tends to vanish when the mesh is refined.
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FIGURE 1.21. — Double rarefaction test case. Density (top left), velocity (top right)
and pressure (bottom). Approximate solution at time ¢ = 3 107%s,

CFL =0.5, for 500 cells and ¢y = 0.
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&o = 5000.

76



1. Theoretical and numerical analysis of a simple model derived from compressible
turbulence - C. Additional numerical results : a symmetric double rarefaction wave

0.9

0.8

0.7

0.6

0.5

0.4

03

0.2

)
100000

90000

80000

70000

60000

50000

40000

30000

20000
)

0.1

02 03 07 08

0.9

\ pressure

0.1

02 03 04 05 06 07 08

0.9

1

400

300

200

100

0

-100

-200

-300

-400

)
110000

100000

90000

80000

70000

60000

50000

40000

30000

20000
)

0.1

0.2

03

0.4

0.5

0.6

07 08 09 1

FIGURE 1.23. — Double rarefaction test case. Density (top left), velocity (top right),
pressure P (bottom left) and modified pressure P* (bottom right).
Approximate solution at time ¢y =3 10~%s, CFL = 0.5, for 500 cells and

&o = 10000.

77



1. Theoretical and numerical analysis of a simple model derived from compressible
turbulence - C. Additional numerical results : a symmetric double rarefaction wave

Bibliographie

[Ber99]  Christophe BERTHON. « Contribution a I’analyse numérique des équations
de Navier-Stokes compressibles a deux entropies spécifiques. Applications
a la turbulence compressible ». These de doct. Paris 6, 1999. URL : https:
//www.math.sciences.univ-nantes.fr/ berthon/cv_these_hdr/
these.pdf (cf. p. 3, 4).

[BCO2] Christophe BERTHON et Frédéric COQUEL. « Nonlinear projection methods
for multi-entropies Navier-Stokes systems ». In : Innovative Methods For
Numerical Solution Of Partial Differential Equations (2002), p. 278-304.
DOI1:10.1142/9789812810816_0014 (cf. p. 3, 4).

[BGHO0] Thierry BUFFARD, Thierry GALLOUET et Jean-Marc HERARD. « A sequel to
a rough Godunov scheme : application to real gases ». In : Computers &
Fluids 29(7) (2000), p. 813-847. DO1:10.1016/s0045-7930(99)00026-2
(cf. p. 15, 19, 30, 46).

[Erl+90] Gordon ERLEBACHER, Mohammed Yousuff HUSSAINI, Heinz-Otto KREISS
et al. « The analysis and simulation of compressible turbulence ». In :
Theoretical and Computational Fluid Dynamics 2.2 (1990), p. 73-95. DOI :
10.1007/b£00272136 (cf. p. 3).

[Fav58] Alexandre FAVRE. « Equations statistiques des gaz turbulents ». In : Compte-
Rendus de I'’Académie des Sciences Paris 246.18 (1958), p. 2576-2579 (cf.
p. 3).

[Fav65] Alexandre FAVRE. « Equations des gaz turbulents compressibles. 1, Formes
générales. 2, Méthode des vitesses moyennes; méthode des vitesses macro-
scopiques pondérées par la masse volumique. » In : Journal de Mécanique
4.3 (1965) (cf. p. 3).

[Fav+76] Alexandre FAVRE, Leslie S.G. KOSvAzZNAY, Raymond DumMas et al. La tur-
bulence en mécanique des fluides : bases théoriques et expérimentales, mé-
thodes statistiques. Gauthier-Villars, 1976 (cf. p. 3).

[FHL97] Alain FORESTIER, Jean-Marc HERARD et Xavier LOUIS. « Solveur de type
Godunov pour simuler les écoulements turbulents compressibles ». In :
Comptes Rendus de I'’Académie des Sciences-Series I-Mathematics 324(8)
(1997), p. 919-926. DOI1: 10.1016/s0764-4442(97)86969-8 (cf. p. 4).

[GB13] Thomas B GATSKI et Jean-Paul BONNET. Compressibility, turbulence and
high speed flow. Academic Press, 2013. URL: https://www.researchgate.
net/publication/281766815_Compressibility_Turbulence_and_
High_Speed_Flow (cf. p. 3).

78



1. Theoretical and numerical analysis of a simple model derived from compressible
turbulence - C. Additional numerical results : a symmetric double rarefaction wave

[GS06] Sergey GAVRILYUK et Richard SAUREL. « Estimation of the turbulent energy
production across a shock wave ». In : Journal of Fluid Mechanics 549
(2006), p. 131.D0OI1:10.1017/s0022112005008062 (cf. p. 3, 4, 36).

[GR96] Edwige GODLEWSKI et Pierre-Arnaud RAVIART. Numerical approximation
of hyperbolic sytems of conservation laws. Springer Berlin, 1996. D01 : 10.
1007/978-1-4612-0713-9 (cf. p. 15, 27, 36).

[God59] Serguei Konstantinovitch GODUNOV. « A difference method for numeri-
cal calculation of discontinuous equations of hydrodynamics ». In : Math
sbornik (in Russian) 47(89).3 (1959), p. 271-306. URL : https://hal.
archives-ouvertes.fr/hal-01620642 (cf. p. 15).

[Hel+10] Philippe HELLUY, Jean-Marc HERARD, Hélene MATHIS et al. « A simple
parameter-free entropy correction for approximate Riemann solvers ». In :
Comptes rendus Mécanique 338(9) (2010), p. 493-498. DO1:10.1016/j .
crme.2010.07.007 (cf. p. 17, 26).

[Hér14] Jean-Marc HERARD. Rapp. tech. A simple turbulent model for compressible
flows, 2014. URL:https://hal.archives-ouvertes.fr/hal-02007044
(cf. p. 5, 6).

[HL16] Jean-Marc HERARD et Hippolyte LOCHON. « A simple turbulent two-fluid
model ». In : Comptes Rendus Mécanique 344(11-12) (2016), p. 776-783.
DOI1:10.1016/j.crme.2016.10.010 (cf. p. 5).

[MFG99] Jean-Marie MASELLA, Isabelle FAILLE et Thierry GALLOUET. « On an ap-
proximate Godunov scheme ». In : International Journal of Computational
Fluid Dynamics 12(2) (1999), p. 133-149. Do1: 10.1016/j . crme . 2016.
10.010 (cf. p. 15).

[Smo83] Joel SMOLLER. Shock waves and reaction—diffusion equations. Springer
Science & Business Media, 1983. DOI: 10.1007/978-1-4684-0152-3
(cf. p. 11, 15, 36, 37).

[SA94] Philippe SPALART et Steven ALLMARAS. « A one-equation turbulence model
for aerodynamic flows ». In : La Recherche Aérospatiale (1994), p. 5-21. URL:
https://arc.aiaa.org/doi/10.2514/6.1992-439 (cf. p. 3, 4).

[TL72] Henk TENNEKES et John Leask LUMLEY. « A First Course in Turbulence. »
In : MIT Press (1972). DO1: 10.7551/mitpress/3014.003.0005 (cf. p. 3).

[Tor97] Eleuterio Francisco TORO. Riemann solvers and numerical methods for
fluid dynamics. Springer Berlin Heidelberg, 1997. DOI: 10.1007/978-3-
662-03490-3 (cf. p. 15, 27).

[Wil98] David WiLcoX. Turbulence Modelling for CFD. DCW Industries, 1998 (cf.
p-3,4).

79



2.

An hybrid solver to compute a
compressible model with
dynamic estimation of the
turbulent kinetic energy across
shock waves

Sommaire

1. Governingequations . . . . . . .. .. ...t 85
1.1. Global PDE formulation . . ... ................... 85
1.2.  Estimation of the turbulent entropy jump through a shock wave 87
1.2.1.  Estimating M(x,f) . .. ... ... ... 87
1.2.2.  Positivity conditions . . . .. ... ... ... .0 ... 88
1.2.3.  FinalformofMXt) . .. .. ... .« . ... 89
2. Numericalmethod ... ........ ... ... . . ... . . . . ..... 90
2.1.  Shockdetector . ......... ... ... ... 91
2.2. Modified Approximate Riemann Solver when a shock occurs 'MARS’ 93
2.3.  Global solver and numerical scheme . ............... 96
3. NumericalResults. . . . ... ... ... ... . . . . . 98
3.1. Testl:Doubleshockwave (é=¢g) . .. . ... .. .. .. ... 99
3.2. Test2:Simple4-shockwave ..................... 100
3.2.1. Standardscheme . .. ... ................. 101
3.2.2. Modifiedscheme . . . ... .. ............... 106
4. Conclusion . . . . ... .. e e 109
ANNEXES . . . . e 110
A. Main properties of model 2.3 with M(x,£)=0 . .............. 110
A.l. Hyperbolicity . .. ... ... ... . ... . 110
A.2. Riemanninvariants. . . . . . ... ... ... ... ... 111
B. The intermediate states for VFRoe-ncv . . . . ... ... .. ....... 111

C. Additional numerical results : a simple 3-shock wave with different coef-
ficients . . . . . . .. e e 112

D. A tentative PDE formulation of model Sergey GAVRILYUK et Richard
SAUREL2006 . . . . . . it e 113
E. Positivity of the total pressure of the mixture P* . . . .. ... ...... 117

80



2. An hybrid solver to compute a compressible model with dynamic estimation of the
turbulent kinetic energy across shock waves —

E  Study of the ratio i—zi in (u+é)-shock ... ... ... ... .. ... ... 119
R

81



2. An hybrid solver to compute a compressible model with dynamic estimation of the
turbulent kinetic energy across shock waves —

An hybrid solver to compute a
compressible model with dynamic

estimation of the turbulent kinetic
energy across shock waves
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Abstract

We propose in this paper a numerical strategy in order to compute a turbulence model
for compressible flows, including a dynamical estimation of the jump of the turbulent
kinetic energy across shock waves. The model is taken from Sergey GAVRILYUK et
Richard SAUREL 2006, and the Finite Volume scheme applies for a specific interface

Riemann solver. The whole procedure requires the detection of shock waves in uns-
teady flows.

key words :

Turbulence, compressible flows, hyperbolicity, entropy, shock waves, Riemann pro-
blem
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Introduction

Many industrial applications require the computation of compressible turbulence
models in order to obtain a relevant representation of the mean density, mean velocity,
mean pressure and turbulent kinetic energy ( for instance in the framework of com-
bustion and aerodynamics). These models classically apply for Reynolds averaging
technique and Favre decomposition FAVRE 1958; FAVRE 1965; FAVRE, KOSVAZNAY,
DuMas et al. 1976, and closure laws for some correlations are mandatory. We refer
for instance to TENNEKES et LUMLEY 1972; SPALART et ALLMARAS 1994 ; Christophe
BERTHON 1999; POPE 2000; Christophe BERTHON et Frédéric COQUEL 2002 ; GATSKI et
BONNET 2013 which recall some basic useful models and closures, and also provide
some properties and theoretical investigation of the latter.

This paper aims at defining a suitable algorithm for computing approximate so-
lutions of a turbulence model for compressible flows, while retaining the dynamic
model first introduced in Sergey GAVRILYUK et Richard SAUREL 2006. It is actually the
sequel of a recent work devoted to the analysis and the numerical approximation of
solutions of the three-equation conservative model Sergey GAVRILYUK, Jean-Marc
HERARD, Olivier HURISSE et al. 2022 for mass, momentum and energy. The latter
model which is taken from Jean-Marc HERARD 2014, accounts for the turbulent kinetic
energy K in a simple way, while setting :

K =¢&p"3, 2.1)
with ¢y > 0, together with the standard equation of state :
P=(y-1pe. (2.2)

The associated one-dimensional Riemann problem is investigated in Sergey GAVRILYUK,
Jean-Marc HERARD, Olivier HURISSE et al. 2022, and it is shown that a Finite Volume
scheme including approximate Riemann solvers enables to provide convergent ap-
proximations of solutions of the model, even when shocks occur in the flow. None-
theless, it may be argued that the closure law (2.1) does not account for turbulent
entropy variations across a shock wave. This urges the introduction of a more relevant
turbulence model which would enable to represent turbulent compressible flows with
more accuracy. Moreover, even when restricting to smooth solutions, it is known that
classical turbulence models also account for turbulent entropy variations in regular
Zones.

Thus we will present herein some way to account for K variations in the whole compu-
tational domain. For that purpose, we will first recall in section 1.2 the basic dynamic
model proposed in Sergey GAVRILYUK et Richard SAUREL 2006, and detail the full
parametrization of shock waves. This model will then be inserted in a set of PDEs
that will govern the evolution of mass, momentum and total energy, together with the
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turbulent entropy K p‘5/ 3 hence providing the four unknowns p, P, U, K. This will be
achieved in section 1.3. Afterwards, a Finite Volume scheme will be defined in section
2, that requires :

— the detection of the shock wave location in the unsteady flow at any time,

— the definition of a suitable interface Riemann-type solver in order to take tur-
bulent entropy variations through shocks arising at an interface separating two
neighboring mesh cells,

— astable and consistent way to handle Dirac source terms occurring with shock
patterns.

Eventually, some numerical results will be provided and discussed in section 3, and
some conclusions will be drawn.
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1. Governing equations

In this section, we present the steps used with the averaged Euler equations in order
to derive a compressible model with dynamic estimation of the turbulent energy
across a shock wave. This presentation consists in two different steps : (i) we start
with the presentation of the global PDE formulation, (ii) we then move on to the
presentation of the strategy used to estimate the jump of the turbulent entropy through
a shock wave.

1.1. Global PDE formulation

The present model is an extension of the model presented in Jean-Marc HERARD
2014; Sergey GAVRILYUK, Jean-Marc HERARD, Olivier HURISSE et al. 2022 ( the coun-
terpart two- phase framework is presented in Jean-Marc HERARD et LOCHON 2016),
which is based on Euler equations for a compressible flow.

It includes three conservation laws corresponding to the mass, momentum and total
energy balance. The main unknowns are : the mean density p, the mean pressure P
(in the sense of Reynolds averaging) and the mean velocity u (in the sense of Favre
averaging). A fourth equation accounting for the turbulent kinetic energy K describes
the evolution of the turbulent entropy ¢ :

E — KP_5/3-

The set of PDEs which determine the evolution of variables p, u, P and ¢ within the
flow has the following form :

0:(p) +0x(pu) =0
2K
0:(pu) + 0y (,ou2 +P+ ?) =0

3 2K (2.3)
0:(pE)+04|u pE+P+? =0
0:(p&) +0x(pud) + M(x, t)6(x—at:0) =0
by noting the mean total energy E :
pu?
pE:pe(P,p)+T+K,
where e(P,p) is the mean specific internal energy given by user. We also note :
. 2
P =P+ gK, (2.4)

the modified pressure. The Dirac mass is § (y—g¢=0) located in x = ot, M(x, ) is the
mass located at the shock position, and o is the velocity of the shock wave.
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Remark 8 (The special case M(x, t) =0)

In the specific case where M (x, £)=0, the model associated with system (2.3) is conser-
vative. We emphasize that (2.3) is hyperbolic (see Appendix A). Its real eigenvalues
are :

AM=u-¢, A3 =u, As=u+¢c,

where the turbulent speed of density waves ¢ is given by :

10K 10
F=ctr—=c"+—

2/3
% 50"

When M (x, t) = 0, the Rankine-Hugoniot relations associated with model (2.3) are :

—olpl+[pul =0,

5 2K
—-olpul+ |pu +P+? =0,

(2.5)
—-o[pE]+

2K
u|pE+P+—1|=0
3

—olp¢]+[pucl =0
The first relation gives us :

[pv] =0, with v=u-o.
The fourth relation can be written in the following form :
[pvél=0= pv[{] =0

Through a shock wave (GNL field), we have pv # 0, thus [{ ]f =0 where L (R) respectively
denote the variables ahead (behind) the shock wave.

Besides, we note that ¢ is a Riemann invariant in GNL waves associated with A; and
A4. Hence, we deduce that ¢ remains constant in GNL waves (shock or rarefraction). l

However, it is usually argued that the ’closure’ [E18=0 through a shock wave (or
M (x, t) = 0) is not totally realistic. Focusing for instance on hydrogen explosion, an
accurate prediction of shock waves is mandatory, and thus a relevant (non zero) defi-
nition of the mass M(x, t) is required.

This is discussed in the following section, while Appendix D gives some possible

reformulation of the governing set of PDE when a sole shock wave occurring in the
fluid flow.
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1.2. Estimation of the turbulent entropy jump through a shock
wave

We will consider in the sequel the model which has been proposed in Sergey
GAVRILYUK et Richard SAUREL 2006. The latter reference proposes a methodology
to evaluate the jump of turbulent entropy through shock waves.

1.2.1. Estimating M(x, 1)

In the sequel, we will consider the following turbulent perfect gas EOS :
P=(y-1pe.

withy > 1.

For a given shock wave propagating at speed o, we note the variables on the right side
of the shock with the index 'R’, and the variables of the left side of the shock with index
'2’ (thus focusing on the wave associated with u + ¢). The following Rankine-Hugoniot
relations for the conservation of mass, momentum and energy can be easily obtained
using (2.5)
lp(u—-0)5=0
m*[rR+ P15 =0 (2.6)

le+KT]§ + P ,[115 =0
with m = pgr(ug — o), and for any quantity ¢ : ¢, = %, (P15 = Pa— Db
The fourth equation in (2.3) enables to get :
~a[p&15 + [puélf + My =0= mlé1F + My=0 2.7)

In order to determine the intermediate state '2’ from the state 'R’, and therefore to find
the value of M;, one more relation is needed.
— The second and the third equation of (2.6) are written in the form :

Py —Ph—m*(tp—72) =0
* * -2/3 -2/3 (2.8)
Pp(BTr—12) — Py (BT2—TR) + 28T @ — 2827, " =0
where : (y—5/3
a:—Y_ ),
(y-1
and al)
_
p -1

System (2.8) admits 2 equations with 3 unknowns : P}, 75 and ¢{».
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The first relation in (2.8) determines the Rayleigh line, and we call the func-
tion H(tz, P;,¢>) the Hugoniot function of the turbulent gas flow defined by
second relation in (2.8) :

H(T2,P5,&2) = Ph(Brr—12) — Py (BT —TR) + 28pT 2 " —26,1,% R (2.9)

— The additional relation is given by following Sergey GAVRILYUK et Richard
SAUREL 2006, the tangent of the Rayleigh line to the curve H in the plane (12, P;)
with ¢, fixed, gives us the additional relation. We rewrite this constraint by solving
the following equation :

—6 | dr| +—6 ;e dP*|l: =0 (2.10)
* T =V, .
Py (P*,8) ¢ OP* (7,8) ¢

which gives us the following equation :
4 -5/3 * * 2 2
56212 a=Ppr+P,f+m Tr—m120. (2.11)

For a given value of (7, u, B, {) g and o, we have to find 5 unknowns (7, u, P, ¢), and
M solution of (2.6), (2.7) and (2.11).

1.2.2. Positivity conditions

We investigate now the positivity conditions pertaining to ¢, (or equivalently K>).
Actually, since ¢, must have a positive value, conditions pertaining to the jump of t
will appear when crossing the shock, depending on the value of the parameter y .

We denote by :
A = Pj+ Py B+ mP*Tr— m°T,3,

the right hand side of equation (2.11). Assuming that 7,> 0 therefore ¢,> 0, then «
will take the sign of (y-5/3) (linked to a).
— casey <5/3:
Since (y-5/3) has a negative sign, then <« must be negative for ¢, to remain
positive. Using the first relation of system (2.8) and the definition of P* (2.4), we
reformulate < in the following form :

2
d:c}g2+§KRTR()/—5/3)—m2((y+ DToTRr—YT%).
When A <0, it is necessary that :
2 2y, +2, 2
m* ((y+ DT21r—YT%) > Cr + 5 KrTr(y =5/3). (2.12)

Using Lax inequality :
o> A(Wpg), (2.13)
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we deduce from (2.13) that:
.o 2
CR +§KRTR()/—5/3)>O.

Owing to m?>0, a condition involving the jump [T]§ appears, which is :
(Y +1D)T2tr—YT% >0,

and eventually (73>0) :
Y

To > (’)/+l)

TR. (2.14)

— casey >5/3:
in the case where the shock is of low amplitude (i.e Tr = 72) and the turbulence
isweak (i.e K << 1), of writes:

1
A =Pr(1+ B) +m?tr(1 - B) = (c5— (ugr —U)Z)T_.
R

Thanks to the Lax inequality (2.13), which gives :
O > UR+ Cr> UR+ Cg,

we get that :
O—uUr>cg>0,

Thus «f must be negative. However this is in contradiction with (2.11)
4
ooty Pa=d,

when y >5/3, thatis: a > 0.

Remark 9 (casey >5/3 with g # 72 and Kz >> 1)

In this case we will not explicitly give the positivity conditions, because in an
extension of this case (7 = 72 and K << 1) we have found a contradiction,
therefore we do not take this case into account and we just focus on the case
wherey <5/3. 1

1.2.3. Final form of M(x,t)

Using the additional relation (2.11) and system (2.8), simple calculations lead to
solve a second order polynomial equation in 7,, G(72)=0, where :

5
Y (mZTR+P;)T2+P;TR

—2m2Bre — Y
G(12) =2m*" 5 20y —1) y-1

1
+ Emer +&ptp . (2.15)
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Equation (2.15) admits a unique solution under the two constraints :

Y
(y+1

To<Tp , T2> TR. (2.16)

Once 7, has been obtained by solving G(72)=0, the first equation in (2.6) gives u,, the
second one gives P, the third one gives :

*

[(Y—l)

+atr 2P+ P plt]F =0 (2.17)

which in turn provides ¢». Then the jump [ ]5 is known, and we can calculate M, by
equation (2.7) :
My = -m[&]5.

Of course a similar approach is used across the shock wave associated with u — ¢.

Remark 10 The Lax criterion applied to our system states that for an admissible shock
wave with a velocity o we have for a (u + ¢)-shock :

AWo) = up+ 6 >0 > Ay (WR) = ug + Cr (2.18)
In fact, we have :

- « 2 _ 5
(o— u2)2 — (:22 = mzrg —YPpT> —’)/mZTRTg + ymzrg + §€2122/3()f — g),

using the first and second equations of (2.6). By replacing ¢, by its value given by
equation (2.11), we find that :
O—Uy— C~2 =0,

which means that the first inequality in (2.18) is reached. B

2. Numerical method

In this part we will introduce a numerical method in order to cope with the com-
pressible turbulence model (2.3) described in the previous part. The method consists
in adapting a hybrid solver to compute approximate solutions of the problem. This
hybrid solver consists in two solvers : a classical approximate interface Riemann solver
when no shock wave is detected, and a specific interface solver dedicated to the inter-
face where a shock wave has been detected. We will call it the modified approximate
Riemann solver '"MARS'.

For this, we use a classical Finite Volume formulation in a 1D domain. The com-
putational domain on segment [a,b] is subdivided into cells I;, where x;. /2 represents
the cell interface between cells I; and I;4;, and x; represents the cell center. We define
At" the time step at time " and Ax; the length of I; such that : t*™! = t"+ At" and
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AXi= Xiy1/2 — Xi-1/2.

In the sequel, we will define the modified solver, more particularly the interface
solver applied when a shock wave is detected on an interface. Concerning the classical
approximate Riemann solver we will not detail it, because it is already known in the
literature, the reader is referred to GODUNOV 1959; GODLEWSKI et RAVIART 1996; TORO

1997 for more details.

N
Linearized 1 - wave 2,3—wave Linearized4— wave
~ *
“‘ ', ”0
$‘ : ’O
s W . W R
. ’ o?
‘\ " 0’
‘\‘ : “'
+ : 0’
5 . R4
*
\‘ " ”
. N .
-+ N ’0
Wi *s e, Wi
s‘ n*
> X
Xi+1/2

FIGURE 2.1. — Classical linearized interface solver at the interface (i + %) when no
shock has been detected.

N

Exact (u—¢)—shock 2,3|-wave Linearized 4 — wave

FIGURE 2.2. - Modified interface solver 'MARS’, if a (u-¢)-shock is detected at the
interface (ip + %).

2.1. Shock detector

In order to define properly the modified interface Riemann-type solver on the in-
terface where a shock wave has been detected, a practical technique of detection of
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N

Linearized 1 - wave 2,3|—-wave Exact (u+¢)—shock

FIGURE 2.3. — Modified interface solver 'MARS’, if a (u-¢)-shock is detected at the
interface (i + %).

shock waves is needed. There are some methods proposed in the literature to detect
shock waves (see KANAMORI et SUZUKI 2011; WU, XU, WANG et al. 2013 for instance
for steady patterns), however only few focus on the unsteady framework, as pointed
out in the conclusion of paper Wu, Xu, WANG et al. 2013. Thus, a different strategy
will be introduced in the sequel, which basically relies on properties of the solution of
the one-dimensional Riemann problem, on the entropy inequality and on associated
Lax inequalities (see SMOLLER 1983).

For an interface 'i + %, separating the two cells i and i + 1, we define the quantity
gi,i+1 as follows : ' .

gl =—oinel" + 1, (2.19)
where (1), f;) denotes the entropy-entropy flux pair, with n = —ps and f,, = un. The
estimation of the shock velocity is made on the basis of the mass balance :

[(pw)™i

. (2.20)
[pn] ;+1

Oi+1/2 =

Actually, for a discontinuity between the cells 'i’ and "i+1’ travelling at speed o, 1, we
have the following inequality :

—oi2" + AN <. 2.21)

The use of jump relations (2.6)-(2.7) makes it possible to give a simple form of the
quantity g :
j+1 nyi+l
U e G

gi,i+1 - [pn],:ﬂ
1
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We can deduce that if g';, ; <0 then we have detected a discontinuity zone.

Though redundant, we also enforce the test :

<0,

[un]i-i-l

where [u""] f“ is expected to be o(1) through shock waves (unlike through 'discrete’
contact discontinuities where [u]f+1 =~ o(h)).

Finally the test will be in the following form :

ifgl.'fl.Jrl <0 and [u"]ﬁ+1 <0, then a shock wave is detected on the interface in i + %
Once we have detected the interfaces with occurence of a shock wave, it remains to
know whether it is a (u-¢)-shock or a (u+¢)-shock wave. The definition of shock waves
in the sense of Lax will be used to distinguish them :
— if u;—¢; > 04172 > ui+1—Ci+1, then a (u—c)-shock wave is detected on the interface
in'i+1'
— if ui+c~i,> Oir1/2> Uj+1+Civ1, then a (u+¢)-shock wave is detected on the interface
in'i+3

giir1 < 0,[u1;1+1 <0

shock zone one (u—¢)—shock zone (u+5//(ylu\wk zone
B R RN IR

FIGURE 2.4. — Two different steps of the shock detector. Step 1 (left) shock zone detec-
tion, step 2 (right) (u-¢)-shock or (u+¢)-shock identification. Interface
colors : shock zone (red), 1-shock (blue), 3-shock (yellow) and for other
waves types (black)

In practice, most of the time the shock zone involves more than a sole interface, as
depicted in figure (2.4).

2.2. Modified Approximate Riemann Solver when a shock
occurs 'MARS’

This section describes the numerical resolution of the Riemann problem associated
with a shock detected on the interface. More precisely we want to evaluate the nume-

rical flux F lM ﬁRS associated with the shock wave at interface iy + % For the detection

0t+3
step, we assume that shock speeds have been estimated. Moreover the mass M is

given here.

In the following, we consider the general case M # 0. In order to simplify the presen-
tation of the modified solver, we focus on the case of an effective shock in the 4-wave
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(i.e. when a (u+¢)-shock appears).

First of all, we recall that (see Sergey GAVRILYUK, Jean-Marc HERARD, Olivier HURISSE
et al. 2022, or Appendix A ) the eigenvalues of system (2.3) are :

AMW)=u—-¢, AsW)=u, As(W)=u+c¢

The associated eigenvectors are respectively :

rn(W)=(p,—¢pc%,0) , 1r(W)=(1,0,0,0)
r3(W)=(0,0,0,1) , r(W)=(p,& pé&*0)
where
W = (p,u, P*,%), (2.22)

is the set of variables considered here.

The double wave associated with A, 3 is linearly degenerate (LD), and r, and r3 are
independent. The variables (u, P*) are the Riemann invariants in this double wave.

The wave configuration retained for the simplified solver at the interface is depicted
in figure 2.5.

t
Linearized 1 — wave Houble contact wave (u+¢)—shock
N ¢1
§i=§&1
i

Xi+1/2

FIGURE 2.5. — Partial solution of the Riemann problem in terms of ¢. Intermediate
states noted ’'1’,’2’

We note that :
Wy —W; =,Ui+%71, (2.23)

with 7 = (5, & p & 0);,1, where a = Gl r (11,1 will be given in step 3).
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Concerning the wave associated with 14, we assume that it is a shock wave. The
jump relations associated with this wave are as follows :

Pr(UR—0) = p2(Uup—0)=m
m?[t15 + (P15 =
le+KT]3 + Py, 115 =

ml&E+ My =0

(2.24)

where Wg=W;, .

The shock speed o412 is known numerically on the interface thanks to the detection
stage (2.20). We recall that ¢, is known since M, is known, according to the formula
proposed in section 1.2. We can then deduce from the jump relations (2.24) the three
unknowns (p, u, P), for the intermediate state '2".

At this stage, we can propose a modified approximate Riemann solver 'MARS’ adapted
to the specific configuration of a (u+¢)-shock wave. We calculate in three steps which
are : :

1. Use of the jump relation through 4-wave.
2. Exact connection through the double contact wave 1, 3 = u.
3. Connection between state 'L’ and '1’ through linearized 1-wave.

Remark 11 The second and the third step of modified solver are the same as for the
classical solver VFRoe-ncv BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000. H

We recall that :
P=(y-)pe. (2.25)

e Step 1( (u+¢)-shock) : The jump relations (2.24) give us :

P; (1) = Pj+ m*(Tr —T2), (2.26)
Up(T2) =0 jy1/2+MTy, (2.27)
with . .
[pu];+l i i [u]§+l

1

Using relations (2.27) (2.26), and third relation of (2.24), we have to solve a nonlinear
scalar equation of unknown 75 :
* * * * 5
Y(Py (12) + PR)(Tr—T2) + (Tr+ T2) (Pr — P, (72)) + 2(y - §) [KT]§ =0. (2.29)
From a pratical point of view, the nonlinear equation (2.29) is solved using the dicho-

tomy method, thus p; = % is known.
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Using (2.27) (respectively (2.26) ), we get the intermediate speed u, (the intermediate
pressure P;). The calculation of the intermediate state 2’ guarantees that :

[p1X[P*15 >0and (1]} <o. (2.30)

* Step 2 (double contact wave) : Knowing that the Riemann invariants associated with
the contact wave are (u, P*), we set :

u; = up and P{ = P,. (2.31)

« Step 3 (Linearized 1- wave ) : u; and Pi" are now known, thus using (2.23) we obtain :

[Pﬂ;_p[m;

p1=pL+ (2.32)

ZCER

By

ZcR

The modified interface solver is now fully defined.The intermediate states are defined
as follows :

WRARS = (ok, ug, Py, €p), k=1,2. (2.33)
and then the numerical flux F}'//"> is defined through (2.36), (2.37) and (2.39). B

Now we can move on to the presentation of the finite volume scheme that is based on
these two Riemann solvers.

Remark 12 Even if My= 0, the 'MARS’ solver is not strictly the VFRoe-ncv solver
BUFFARD, Thierry GALLOUET et Jean-Marc HERARD 2000; Sergey GAVRILYUK, Jean-
Marc HERARD, Olivier HURISSE et al. 2022. Bl

2.3. Global solver and numerical scheme

In this section, we present a finite volume scheme EYMARD, Thierry GALLOUET et
HERBIN 2000, for the numerical resolution of the following system of equations :

0:(p) +0x(pu) =0

2K
0:(pu) + 0y (pu2 +P+ ?) =0
(2.34)
2K
0(pE)+0y (u(pE+P+ ?)) =0

0:(p&) +0x(pué) + Myd (x—gt=0) =0
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where M =0, or M) given by section (1.2).
The numerical scheme reads :

Axi(Z]™ = Z + AT : -F! ) +AtB]' =0, (2.35)
with Z = (p, pu, pE, p¢), B; = (0,0,0, M;), and :

gzilf? =F(ZW} (W, W )) when no shock wave has been detected,
2

nd
n _
3| ZMARS _ pzawt  (wn Wm ) ifa shock wave has been detected
el (ZWyars W/, W/ ) if a shock wave has been detected,
(2.36)
where :
F(Z) = (pu, pu? + P*, u(pE + P*), pué). (2.37)

The solution W} (W, Wg) of the approximate Riemann problem, is found with the
linearized solver VFRoe-ncv (see BUFFARD, Thierry GALLOUET et Jean-Marc HERARD
2000; Sergey GAVRILYUK, Jean-Marc HERARD, Olivier HURISSE et al. 2022). When no
shock wave is detected on the interface, the solution of the Riemann problem is given
by :

w; if /_11 > 0;

Wllnd if /_11 <0and ig,g > 0;
Wi, (Wi, Wi) = 3 ) ] (2.38)
w)nd if Ap3<0and A3 =0;

Wy if A4 <0;

For more details about the solution W;*

1 the reader is referred to Appendix B.

The solution Wy, , » (WL, Wg) of the approximate Riemann problem, is found with the
modified interface solver "MARS’. If a shock wave has been detected on the interface,
the solution of the Riemann problem is given thus by :

W if 41 =0;

WMARS if 11 <0and A3 = 0;
Wirars (WL W) = 4 (2.39)
WMARS if 2,3 <0and A3 = 0;

Wgr if A4 <0;
where WIMARS , WZM ARS gre the 2 intermediate states, calculated in the section 2.2.

M is a contribution in cell i to the global jump of turbulent entropy M. It appears
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when a shock wave has been detected locally. In order to guarantee that Zf.\i M= My
(recall that N is the total number of cells in the domain and M is the global jump of tur-
bulent entropy to be imposed on shock wave), the calculation of M; is done as follows :
o We set Mf =0,VieN, at each time step time n ..

— Loop 1:ifashockis detected at interface i+1/2 :

n — n n
L =1oin—pil,
2

(2.40)
2. Sum”" = Zﬁlx?+l.
— Loop 2:if a shock is detected at interface i+1/2:
n
L g, =t (2.41)
it T Sumn )
si O'l‘+1/2<0—>Mln :M?+X?+1/2*MO

. . n _ n >n
St 0j+1/2>0— M) =M\ + X% Mo

Moreover, At" and Ax; are linked by the Courant-Friedrichs-Levy (CFL) following

condition : "

-max(IAjlj=1.234) <1,

1

in scheme (2.35).

3. Numerical Results

We present now some numerical results obtained for the model and scheme detailed
in the previous sections. We focus here on test cases involving shock waves. The test
cases provide a comparison between the exact solution and the approximate solution
and make it possible to obtain a numerical convergence curve, which gives the error
in L1 norm. The profiles of the approximate solutions are presented at a given final
time for the density p, velocity u, pressure P, modified pressure P*, and the turbulent

entropy ¢.

All the computations are performed for a given value of CFL = 0.5. Moreover, in
all the tests below, we have considered the perfect gas EOS :

P=(y-1pe,

where the constant y is equal to % The computational domain is [0, 1] and the initial
discontinuity separating states Wy and Wk, is located at x= 0.5. The domain [0, 1] is
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discretized using uniform cells, Ax; = Ax, and the number of cells varies from 200 up
to 2x 10° cells.

3.1. Test 1 : Double shock wave ( (= &)

The first test case is a double non-symmetrical shock with a mass M = 0. This case
is used to test the modified interface solver, on the basis of the pure conservative
system (turbulence entropy is constant), and to compare the results with classical
solver Sergey GAVRILYUK, Jean-Marc HERARD, Olivier HURISSE et al. 2022.

This case test is taken from Sergey GAVRILYUK, Jean-Marc HERARD, Olivier HURISSE
et al. 2022. The initial conditions of the Riemann problem to be solved are given
below :

(o1, ur, Pr,&1) = (1,650,10°%,10%)

(R, ug, Pr,¢g) = (1,-687.545913,98007.273140, 10%)

a5 800

35 400

1.4x106 .“‘/ . 1.4x108
1,208 1,208

O A —— 1x108
800000 800000
500000 500000
400000 400000

200000 200000 L

0 L L L L L L L L L 0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.5 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.5 0.7 0.8 0.9 1

FIGURE 2.6. — Double-shock wave test case. Density (top left), velocity (top right),
pressure (bottom left) and P* (bottom right). Comparison between the
modified interface solver (green) and the VFRoe-ncv solution (purple)
at t=144x10"3s, CFL=0.5, 500 cells.
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FIGURE 2.7. — Double-shock wave test case. Convergence curves, with modified inter-
afce solver (left), VFRoe-ncv (right) : logarithm of the relative L1-error
versus the logarithm of the mesh size with uniform meshes containing
from 200 to 200000 cells. The error is plotted for variables, p, u, P and
p*.

Figure 2.6 shows qualitative comparisons between the approximate solutions calcu-
lated with the modified interface solver 'MARS’ and the linearized solver VFRoe-ncv
for a mesh containing 500 cells. Figure 2.7 shows the convergence curves, with the
two solvers (MARS’ and VFRoe-ncv), for the set of variables {p, u, B, P*}, and for
&L =Eg =10%, My=0.

First of all, the behavior of '"MARS’ near the 3-shock wave around x = 0.6 is steep
but oscillating (see figure 2.6). The error curve for VFRoe-ncv and '"MARS’ on P and p is
comparable but a little better for VFRoe-ncv on u and P*. The error (for ' MARS’) varies
as = h! for variables u and P* on fine meshes, and as h'’? for p and P (owing to the
occurrence of the contact discontinuity), see figure 2.7. This result of the convergence
was expected.

3.2. Test 2 : Simple 4-shock wave

We consider now a single 4-shock wave. We assume that M # 0 is given by the user.
The exact solution is shown in figure 2.8.
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A

N

/
L

X0

(u+¢) —shock

> X
FIGURE 2.8. — The exact solution of the Riemann problem for the test 2.

We propose here to examine the approximate solution of a Riemann problem, with
two different pressure ratios 5—;, and with a strictly negative value for M motivated
from a physical point of view (turbulent entropy decreases through the shock). The
initial condition of the Riemann problem is given by :

Casel:
o =580, and M, = -50000,
(o, ur, Pr,¢r) = (1.936,280.451,261265.856,1000)
(0r, Ur, Pr,&R) = (1,650,10°,913.793)
Case2:

o =580, and My = —50000,
(oL, ur, Py, &) =(4.487,461.047,268669.876,1000)
(OR, Ur, Pr,€R) = (1,650,10%,913.793)

where Wg, o, M) are given, and W} calculated with (2.24).

The pressure ratio in test case 2 is close to 26.8 while the ratio in test case 1 is close to
2.6.

In the following we will perform these two test cases, with the standard scheme
presented in 2.3, and with a modified scheme.

3.2.1. Standard scheme

In this part, we will illustrate the numerical results of test 2 (case 1, case 2) using the
standard scheme 2.3.
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Figure 2.9 (respectively 2.12) shows the behavior of the density p, velocity u, mo-
dified pressure P* and turbulent entropy ¢ for case 1 (respectively case 2) at a given
time Tr =3 x 1073, on different meshes with 100 cells, 1000 cells and 10000 cells. Figure
2.10 (respectively 2.13) shows the convergence curve for the case 1 (respectively case 2),
for the set of variables {p, u, B, P*,{}. The behavior of the shock detector is shown in fi-
gure 2.11 (respectively 2.14) for case 1 (respectively case 2) on a mesh with 200000 cells.

The profiles of density p, velocity u, modified pressure P*, in case 1 (rescp case 2),
represented in figure 2.9 (respc figure 2.12), show a good behavior of the variable (p,
u, P*) through the 4-shock wave. The profiles of these 3 variables are disturbed and
slightly oscillating on a coarse mesh, but by increasing the number of mesh cells, these
oscillations tend to disappear. The profiles of (p, u, P*) on a fine mesh take the form
of the exact solution (figure 2.8) with xp = 0.674 and Tr =3 x 1073,

On the other hand, with regard to the profile of the turbulent entropy ¢, the latter
converges towards the profile of the exact solution in case 2 and it does not converge
in case 1.

The convergence curve ensures the above results (see figure 10 for case 1, and fi-
gure 13 for case 2). Figures 2.11, 2.14, show that the behavior of the shock detector in
case 2 is better than that of case 1.

Remark 13 The parameter coef;, 1 taken in the standard scheme is a choice and not
mandatory. We illustrate test 3.2 with another parameter :

i+1 i

coefl.’ié =|PI* - P. (2.42)

The reader is referred to Appendix C for more details. B

102



2. An hybrid solver to compute a compressible model with dynamic estimation of the
turbulent kinetic energy across shock waves — 3. Numerical Results

300
N=100 . N=100
— N=1000 e N=1000
1.8 — | N=10000 \ | N=10000
\ \
18 N l 250 \ ‘
\
\ \
\ \
17 x «
\ 200 |
|
1.6 \
(!
I
15 \ 150 \
\ \
1.4 \ \
\ |
\ 100 |
\ ﬂ
| |
| ‘ ‘
12 \ \
\ 50 \
\ | \
11 | \\ \
\ \
|\ |\
1 . L L N s o . . . . L L PN s
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
280000 1020
N=100 N=100
N=1000 . N=1000
260000 — ‘ N=10000 1010 | N=10000
\ 1000
240000 \ ‘
| 990
220000 \
\ 980
|
200000 \‘ 970
180000 960
\
L 950
160000 \
|
| 940
140000 \
I\ 930
\
120000 ‘ \ 020
[
100000 I L I L I I - 910 I I I L L L L
0 01 0.2 03 04 05 06 07 08 09 1 0 0.1 0.2 03 0.4 05 06 07 08 09 1

FIGURE 2.9. — Simple 4-shock wave test case 1, with standard scheme. Density (top

left), velocity (top right), P* (bottom left) and ¢ (bottom right). Profile
of the approximate solution for different meshes =100, 1000, 10000 cells
att=3x10"3s, CFL=0.5.
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FIGURE 2.10. — Simple 4-shock wave test case 1, with standard scheme. Convergence
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mesh size with uniform meshes containing from 200 to 200000 cells.
The error is plotted for variables, p, u, B, P* and ¢.
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FIGURE 2.11. - Simple 4-shock wave test case 1, with standard scheme. Shock de-
tector behavior on all interfaces (left), behavior of the shock detector

around the detected shock (right) : it indicates 0 if it does not detect a
shock, and 3 if it detects
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FIGURE 2.13. - Simple 4-shock wave test case 2, with standard scheme. Convergence
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3.2.2. Modified scheme

In this part, we assume that the shock is unique. We choose a single shock interface,
looking for the greatest value of the jump of u:

maxf.\il [wiv1 — uil = |ujy+1 — ui,| = A single shock is assumed to be located

. |
at interface ip + 7

Consequently, we modify the numerical scheme presented in 2.3, by eliminating the 2
loops (2.40,2.41), and replace it by the following one :

n_1
Ml.0 = 5 Mo,
M =1pg
ip+1 ~ 2 0-

In the following, we will simulate test 2 case 1 with the modified scheme. The behavior
of the density p, velocity u, modified pressure P* and turbulent entropy ¢, are shown
in figure 2.15. The results provided by the two methods are almost similar for the
three profiles (p, u, P*). The remarkable difference between the two methods lies
in the profile of the turbulent entropy, where we notice that the oscillations around
the (u+¢)-shock disappear on the fine meshes, whereas this is not the case with the
standard scheme. The error varies as = h' for all variables (p, u, P*, ¢), hence the
convergence of all the variables with the modified scheme holds.
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FIGURE 2.17. - Simple 4-shock wave test case 1, with modified scheme. Shock de-
tector behavior on all interfaces (left), behavior of the shock detector
around the detected shock (right) : it indicates 0 if it does not detect a
shock, and 3 if it detects
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4. Conclusion

This chapter was devoted to the analysis and numerical approximation of the tur-

bulent compressible model introduced in Sergey GAVRILYUK et Richard SAUREL 2006.
The latter model enables to take the jump of turbulent entropy across shock waves
into account, and meanwhile provides some methodology in order to calculate the
entropy jump. The analysis of the model comfirms it is meaningful.
A numerical technique has been proposed in order to obtain approximate solutions
when a shock wave occurs in the fluid flow. This method requires a shock detector,
which has been grounded on Lax conditions and the entropy inequality. Numerical
results show that the present approach must be improved in order to get consistant
and stable approximations in an industrial framework.

Acknowledgements The last author receives financial support by ANRT through an
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turbulent kinetic energy across shock waves — A. Main properties of model 2.3 with
M(x,t)=0

ANNEXES

A. Main properties of model 2.3 with M(x,) =0

In this section, we detail the structure of system (2.3) (eigenvalues, eigenvectors,
Riemann invariants) in a general framework with respect to the EOS.

A.1. Hyperbolicity

System (2.3) is written in the form :
oW+ AW)o,W =0, (2.43)
where the primitive variable W reads :
W =(p,u, P*,&".

The jacobian matrix A(W) is :

u p 00

0 u 1 O
AWI=1, p& u 0]

0 0 0 u

where 7 = 1/p denotes the specific volume and & = ¢*(B, p) + 2 p?/3.
System (3.23) is hyperbolic, it admits four real eigenvalues :

AMW)=u—-c¢, AypsW)=u, MW)=u+¢, (2.44)
and the associated eigenvectors (W) span the whole space R* provided that ¢ #0 :

n(W) = (p,—¢,08,0)", (W) =(1,0,0,0),
r3(W) = (0,0,0,1)",  ry(W) = (p,&p&2,0)".

Fields associated with A, (W) and A4(W) are genuinely non linear (GNL), and field
associated with A, 3(W) is linearly degenerate (LD).
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VFRoe-ncv

A.2. Riemann invariants

The two Riemann invariants associated with the LD field (1,3 = u) are the following
whatever the EOS is :

FW)=u , I5(W)=P*(p,d).

The Riemann invariants associated with the two GNL waves read :

)

P UL (W), pr, I3 (W)
1-rarefaction wave: I} (W)=s(Pp) , [21(W):u+f 1 ;)/ : der
0

l—-rarefaction wave: I;(W) =¢.

’

P E(IH W), pr, IZ(W))
4—rarefaction wave: I}(W)=s(Pp) , IS(W):u_f 1 Ff’ 3 e
0

4—rarefaction wave: I3(W)=¢.

B. The intermediate states for VFRoe-ncv

The VFRoe-ncv scheme is based on the computation of the exact solution of a
linearized version of the Riemann problem at the interface between two cells. It thus
relies on finding the two intermediate states Z; and 7, : the state Z; (resp. Z) lies
between the linearized waves 1; and /12,3 (resp. jgyg and 14). We have :

Zy=Zp+a)f, (2.45)
Zg :Z1+a2f2+a3rfo,, (2.46)
ZRr = Zp + Q4fy, (2.47)

where the linearized right eigenvectors are :
A=Q1,-¢r,¢,0' ~=(1,000"", ~=(00001" f=(Q17r0,
and where the coefficients a; and a4 associated with the eigenvalues Ay and A4 read :

1P 1R 11ufp
2 2 2 7

’

a) =
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simple 3-shock wave with different coefficients

. _1[P*1§+1[uJ§ﬁ
T2 @ T2 F

It should be noted that thanks to (2.46), we have :

uy=uy, and P;=P;.

After simple calculus on equations (2.45) and (2.47), the following intermediate values
can be found :

% * >} _/6\

P} =P} =P*— %[u]ff,
PIf B p (PI B
=pL+ —=luly, =PR— —= )
P1=pL o2 25[ 17, p2=pr o2 25[ 17

§1=¢1, §2=¢R.
Finally, the intermediate states are defined as follows :
Wi = (px, ux, P, &), k=1,2. (2.48)

C. Additional numerical results : a simple 3-shock
wave with different coefficients

The profiles of the approximate solutions along the x-domain are given in figure
2.18 (respectively 2.21) for case 1 (respectively case 2), for several meshes with 100,
1000 and 10000 cells. Figure 2.19 (respectively 2.22) represents the error curve for
case 1 (respectively case 2), and the shock detector behavior is shown in figure 2.20
(respectively 2.23) for case 1 (respectively case 1).

Finally, by comparing these results (with coe fl’i 1= |P;[ — P;"]) with the results of

part 3.2.1 (with coe fl 'i 1 =lpl, —p?l), we find that the solution is roughly almost the
2
same.
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model Sergey Gavrilyuk et Richard Saurel 2006
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FIGURE 2.18. - Simple 3-shock wave test case 1, with standard scheme and

D.

*

coefiyr/2 = P/, — Plf" |. Density (top left), velocity (top right), P* (bot-
tom left) and ¢ (bottom right). Profile of the approximate solution for
different meshes =100, 1000, 10000 cells at t =3 x 103 s, CFL =0.5.

A tentative PDE formulation of model
Sergey GAVRILYUK et Richard SAUREL 2006

Model Sergey GAVRILYUK et Richard SAUREL 2006 provides the contents of M, (see
section 1.2). System of equations (3) presented in section 1, can be rewritten as follows :

0,p+00,p=0
0:(p) +0x(pu) =0

2K
Ot(Pu)+6x(Pu2+P+?):0 (2.49)
2K
0:(pE)+ 0« (u (pE+ P+ ?)) =0

0¢(p&) +0x(pué) + Mooy =0
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FIGURE 2.19. - Simple 3-shock wave test case 1, with standard scheme and
coefiyr/2 = IP;‘ e P;‘ |. Convergence curves : logarithm of the relative
L1-error versus the logarithm of the mesh size with uniform meshes
containing from 200 to 200000 cells. The error is plotted for variables,
P, u, B P*and¢.
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FIGURE 2.20. - Simple 3-shock wave test case 1, with standard scheme and
*

coefir1/2 =P}, — P;|. Shock detector behavior on all interfaces (left),
behavior of the shock detector around the detected shock (right) : it
indicates 0 if it does not detect a shock, and 3 if it detects

by noting the mean total energy E :
1, K
E=e+—-u"+—.
2
We define the modified pressure P* :

P*=P+-K,
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FIGURE 2.21. - Simple 3-shock wave test case 2, with standard scheme and
coefiyr/2 = IPlT‘:rl - Plf" |. Density (top left), velocity (top right), P* (bot-
tom left) and ¢ (bottom right). Profile of the approximate solution for
different meshes =100, 1000, 10000 cells at t =3 x 103 s, CFL =0.5.

where K = £p%3 < ¢ = Kp /5.

The variable ¢ denotes a colour function (see GREENBERG et LEROUX 1996; GOSSE

2001; GOATIN et LEFLOCH 2004 ; AMBROSO, CHALONS, Frédéric COQUEL et al. 2009
such that :

0if x<0

(p(x’o):{l it x>0

and o is the shock speed. M, is given non zero.
System (2.49) is rewritten as follows :

0, Y+C(Y)0,Y =0, (2.50)

with Y the primitive variable :

Y =(p,p,u,P*,0),
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FIGURE 2.22. - Simple 3-shock wave test case 2, with standard scheme and
coefiyr/2 = IP;‘ e P;‘ |. Convergence curves : logarithm of the relative
L1-error versus the logarithm of the mesh size with uniform meshes
containing from 200 to 200000 cells. The error is plotted for variables,

P, u, B P*and¢.
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C(Y) is the jacobian matrix :

C(Y)=

W o oqQ
cocog o
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2. An hybrid solver to compute a compressible model with dynamic estimation of the
turbulent kinetic energy across shock waves — E. Positivity of the total pressure of the

mixture P*
with : ) 3
_ e _
A= Myp 1/3(—p—(_|p) 1):
3 opP 2.51)
M )
B=—.
Iy

We assume that: My #0, and y # g (in case of a perfect gas EOS) which implies that :
A#0andB #0.
System (2.50) admits five real eigenvalues :
AMY)=0, MY)=u-¢ Ap3(Y)=u, MY)=u+c. (2.52)

The associated eigenvectors ri(Y) are :

t
ro(Y)=|A(u—-o0),—-A, (u—a)g, ~A(u-o0)?-BA| ,

rl(Y):(O,p,—é,péz,O)t, r2(Y) =(0,1,0,0,0)",

r3(Y) = (0,0,0,0,1)', r4(Y)=(0,p,¢pé,0)",
with A = (u—0)? - &2.
In the sequel, we assume that :

o #U.

We must distinguish two cases which depend on the value of A :

(i) A # 0 : system (2.49) is hyperbolic (eigenvectors span R%);

(ii) A =0: the associated eigenvector ry(Y) € Vect{ry, 2, r4} = system (2.49) is dege-
nerate.

The second case (ii) above corresponds to system (2.3) in section 1.1.

E. Positivity of the total pressure of the mixture P*

In this section, we are interested in studying the condition of the positivity of the
total pressure of the mixture P*. Let us first recall the system of Rankine-Hugoniot
relations associated with model (3). We assume that the variable (p, ©, P,¢{)r on the
right side of the shock 'R’, the shock speed o and M are given. The system of jump

117



2. An hybrid solver to compute a compressible model with dynamic estimation of the
turbulent kinetic energy across shock waves — E. Positivity of the total pressure of the
mixture P*

conditions is written as follows :
lp(u—0)l3=0
m*rf+ P15 =0
le+KT]§ + P, (115 =0
mi&lE+ My =0

(2.53)

with P* = P+ 2K, 7=1, K = {p®3 and m = pr(ug — 0). The variable (p, u, P,¢), on the
left side of the shock noted ’2’ is the main unknown.

In the sequel, we will consider the following turbulent perfect gas EOS :

=(y—-1pe.

The third equation of system (2.53) can be written in the following form :

Py =Prg(2)
_ h(2)
gm_(ﬁ— 2
2.54
<h(z):ﬁz—1+2(y 5/3) KR Kg ( )
(y-1 Kgr
_pP2
PR

To study the positivity of P*, we will examine the variation of the function h(z) in the
interval [1, B[. The derivative of the function h(z) is :

(y —5/3) Kg

h(z)=p+2——— ) P*'

We distinguish 2 cases which depend on the value of y :
— for y>5/3: h'(z) is positive in the interval [1,8] = h(z) is increasing over [1,5[;
then for h(z) to be positive (P; > 0), it suffices that h(1)>0, which imposes a
condition on the jump of [K ]§ such that:

P+ (y—5/3)[KIf>0 < h(1)>0 (2.55)

— for y <5/3 : we distinguish 2 sub-cases :
1. if (y+1)+2(y—-5/3) Pf > 0: h'(z) is positive in the interval [1,8] = h(z) is
increasingin [1,0[; condltlon (2.55) appears to keep the positivity of Px.
2. if (y+1)+2(y—-5/3) Pf <0: h'(z)<0in [1,8] = h(z) is decreasing in [1,06[;
then for h(z)>0 (P, > 0), it suffices that h(f)>0, which imposes a condition
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on the jump of [K ]g such that:

(y=1(y—-5/3)
2

5
YPr+3(y = DK+ [K1% >o0.

. Pr . ~
F. Study of the ratio - in (u+c)-shock
R
First of all, let us define Py :

Py = 2K
k=35
so that the pressure P* reads :
P=P+Py.

The modified pressure P* is then composed of a 'laminar’ thermodynamical pressure

P and a 'turbulent’ contribution Pg. In the following, the ratio % is studied for the
R

model considering a turbulent perfect gas EOS :

P=(y-1pe.

We assume that the right state (p, u, B¢)g and o are known, and that Py gz > 0 and
Pr > 0. The jump relations associated with (u+c)-shock are :

pu-o)f=0
m?[t1¥ + [P* 15 =0
< e+ K713+ Pp, 115 =0 (2.56)
mlEE +Mp=0
3521}‘?2/30; = P} + Py B+ m*tp— m*1,p

_ (y-5/3) f = (y+1)

with m = pr(ug —0), a = o is the speed of the shock and P* =

- P 7 -1’
P+ %«S p°’3 is the total pressure.
We set :
P2
) = —.
PR
Across a (u+¢)-shock wave we have necessarily z; > 1 and z, < o+ (see section 1.2).

Using the third and fifth equations of (2.56), we get the following formula for the
pressure P, with respect to z; and to the right state :

P; :P}*{hZ(ZZ;é‘R)P;)pR)) (257)
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with :
2fz5—5zp + 425 Ilf’,f a-3m*H (zz -PB)
hy(2z2;&R, PR, PR) = (2.58)
. 525(f— 222)

We note that the jump relations (2.56) can only be defined if h(z2;¢r, Py, pr) > 1 (
thanks to the second equation of relations of jump). For this, we examine below the

conditions to keep (h2(22;¢r, Py, pr) — 1) > 0 with respect to z; € [1, (Y“)[
First of all : itn P o)
* g2 22;6Ry R,,DR
hy(z2;¢R, PR, pR) — 1=
! 522(f— £2,)
with :
x Kg aTR
82(22;S R, Py, pR) = 2Z2 ,B+2P a+1)+2z(-5-56— 3m? P*)+3 P* (2.59)

R

Since 5z (8 — %zz) >0 (becausez; < (YYLU) is positive. The positivity study of g» is equi-
valent to (hz(z2;¢r, Py, pr) — 1) > 0.

The first and second order derivatives of g, are :

K
gn(2) =4z (B+2-2a+1)~5-5—3m> %, (2.60)
Pp Pp
g/12(z2) = (2.61)
R
We distinguish 2 cases for g//(z;) depending on the sign of a (y) :

(y+1) [

1. if @ >0 (y >5/3) : we have g//»(z,) positive for z € [1, ;

2. if @ <0 (y <5/3) : We distinguish 2 cases depending on ratio value Picr

P’;‘
R
P ..
(a) if & 3(%??7/) : we have g1/»(z,) positive for z, € [I,W—;D[
PKR 2y . (y+1)
(b) if == P > 3Gy - We have gr1»(z,) negative for z, € [1, [

The case y > 5/3 is not relevant (see section 1.2), we are interested in the case y <5/3
in the following.

For y < 5/ 3 : we have distinguished 2 sub- cases, Which depend on the Value of the
ratio = P* . The limiting ratio is bounded by 6 = 33 /3 e 1 (r < ) then case(b) E>1

then case (b) is impossible. For that purpose, we will con31der that case 2(a) 1n the
study of the positivity of g»(z).

_Y

+1 .
@7y | We have g112(2,) positive V z; € [1, (Y ) which

(Y+1)[

Case2(a):y <3 and P* <

implies that gl(zg) isincreasing vV z; € [1,
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(7+ )

Sign of g/, : thanks to condition 2(a), we find that g/, (~=—) < 0, but since g/, is an

increasing function, then g/, (z,) is negative V z, € [1, (YH)[ This implies that the
function g»(zy) is decreasing V z; € [1, (YH) [.
Finally for y < 3 2 and & P* G /g K : §2(zp) is decreasing in [1, 9D 1 then for getting

82(22) >0 (P;> PR), it suffices that gz(@) > 0, which imposes the following condi-
tion :

—5-56-3m +3m*-2B>0.  (2.62)

SLESI PP W
Y Py Y P* P*

R
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