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Abstract

With the transition to carbon-free fuels such as hydrogen, new challenges arise relating to the safe
storage and transportation as well as efficient combustion of these fuels. These challenges can be better
addressed by improving our understanding of the fundamental physical mechanisms controlling the dy-
namics of relevant combustion waves as well as the complex phenomenon of deflagration-to-detonation
transition (DDT) of hydrogen-air mixtures. This thesis represents a contribution in addressing two per-
tinent problems in the combustion of energetic hydrogen-air mixtures. The first problem addressed
concerns the driving mechanisms for the instability of detonation waves, which is a matter of interest
in a number of industrial applications. The theoretical model suggested by Clavin and Williams (2002),
which explains the one-dimensional instability of gaseous detonations as a result of the interaction of
acoustic and entropy waves travelling between the leading shock and the reaction zone, is revisited and
studied analytically in the asymptotic limit of low heat release, where an integral equation describing os-
cillations in shock velocity is obtained. The theoretical findings are validated against a set of high-order
direct numerical simulations carried out in the same asymptotic limit, and the results show a good agree-
ment between the theory and the numerics, thus validating the Clavin-Williams model. The second pro-
blem addressed is the deflagration-to-detonation transition of an elongated laminar flame, which might
be relevant to the understanding of the super-knock effect in hydrogen-fuel engines, and to the DDT of
energetic cellular flames. A new theoretical model is proposed to explain this DDT phenomenon, which
involves a double-feedback mechanism driving the flame acceleration. The two elements constituting the
double-feedback mechanism are the heating of the fresh gas by compression waves propagating upstream
of the flame, which increases the laminar flame speed, and the back-flow of burnt gas from the lateral
wings of the flame towards the flame tip. We demonstrate that these two effects accelerate the flame tip,
finally leading to a singularity of flame acceleration and the development of a shock wave on the flame
tip, which causes the transition to a detonation.



Resumé

Avec la transition vers des carburants sans carbone tels que l’hydrogène, de nouveaux défis se posent
concernant le stockage et le transport sûrs ainsi que la combustion efficace de ces carburants. Ces défis
peuvent être mieux relevés en améliorant notre compréhension des mécanismes physiques fondamen-
taux contrôlant la dynamique des ondes de combustion pertinentes ainsi que le phénomène complexe
de transition déflagration-détonation (DDT) des mélanges hydrogène-air. Cette thèse représente une
contribution à la résolution de deux problèmes pertinents dans la combustion de mélanges énergétiques
hydrogène-air. Le premier problème abordé concerne les mécanismes moteurs de l’instabilité des ondes
de détonation, qui intéressent de nombreuses applications industrielles. Le modèle théorique proposé
par Clavin et Williams (2002), qui explique l’instabilité unidimensionnelle des détonations gazeuses à
la suite de l’interaction des ondes acoustiques et d’entropie se déplaçant entre le choc en amont et la
zone de réaction, est revisité et étudié analytiquement dans le limite asymptotique de faible dégagement
de chaleur, où une équation intégrale décrivant les oscillations de la vitesse de choc est obtenue. Ces
résultats théoriques sont validés par un ensemble de simulations numériques directes d’ordre élevé réal-
isées dans la même limite asymptotique. Les résultats montrent un bon accord entre la théorie et les
numériques, validant ainsi le modèle de Clavin-Williams. Le deuxième problème abordé est la transition
déflagration-détonation d’une flamme laminaire allongée, qui pourrait être pertinente pour la compréhen-
sion de l’effet de super-cliquetis dans les moteurs à hydrogène et pour le DDT des flammes cellulaires én-
ergétiques. Un nouveau modèle théorique est proposé pour expliquer ce phénomène DDT, qui implique
un mécanisme à double rétroaction pilotant l’accélération de la flamme. Les deux éléments constitutifs
du mécanisme à double rétroaction sont le chauffage des gaz frais par ondes de compression en amont
de la flamme, ce qui augmente la vitesse laminaire de la flamme, et le reflux des gaz brûlés des ailes
latérales de la flamme vers le bout de flamme. Nous démontrons que ces deux effets accélèrent le bout
de flamme, conduisant finalement à une singularité d’accélération de flamme et au développement d’une
onde de choc sur le bout de flamme, qui provoque le passage à une détonation.
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To go beyond all knowledge is to find
That comprehension which eludes the mind,
And you can never gain the longed-for goal
Until you first outsoar both flesh and soul

— Attar,
The moths and the flame
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In this introductory chapter, we introduce the motivations of the study and the challenges addressed
in this work.

1.1 Motivation

Since it was first discovered by Berthelot and Vieille [1] back in 1883, the detonation phenomenon
has been subject to extensive research encompassing experimental, theoretical and numerical studies
(see [2,3] and references therein). These studies of detonations have been motivated by a large number of
factors, ranging from the improvement of safety measures in fuel storage and transport facilities (Figure
1.1), to various industrial applications such as internal combustion engines [4–6] or rotating detonation
engines [7–12], to some peculiar natural phenomena such as the explosions of stars (Figure 1.2).

Performing multiple and detailed experimental studies on such problems is often prohibitively ex-
pensive. Therefore, actual safety regulation, optimization and design mostly rely on global correlations
and numerical simulations. To be relevant, such simulations should accurately describe the strongly tran-
sient behaviors characterizing the initiation and the propagation of detonation waves. However, because
of the wide range of time and length scales involved, in both chemical kinetics and flow physics, actual
computer capabilities do not allow, for complex practical systems, to precisely capture the unsteadiness
of the inner structure of the wave together with the large scale flow motions. Since this inner structure
actually controls the initiation and the dynamics of detonation waves at the largest flow scales, the pre-
diction capabilities of the numerical simulations have stayed so far limited. Thus, there exists a need for
new theoretical models of the dynamics of detonations, which include the effect of the inner structure of
these waves, to assist numerical simulations.
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Figure 1.1: Aftermath of the Buncefield fire that took place at a fuel storage facility in the UK in 2005.
According to the final investigative report [13], the fire was started by a detonation of a gaseous fuel-air
mixture in one of the tanks.

Figure 1.2: A picture mosaic of the Crab Nebula taken by the Hubble Space Telescope [14]. The nebula
is the remnant of a supernova that was observed from Earth in the year 1054 A.D, as reported by Chinese
astronomers and Arab chroniclers of the time. The mechanisms of deflagration-to-detonation transition
of supernovae are still an active topic of research [15–17].

The objective of the present work is therefore to set up theoretical models by asymptotic analyses,
representing accurately the dynamics of detonations in hydrogen-air mixtures. The mathematical for-
mulation will be useful to guide in the physical analysis and shed more insight into the key parameters
to better control carbon-free combustion systems and also improve safety regulation. The developed
analytical models will be validated by carefully controlled direct numerical simulation (DNS) using the
most advanced high-order algorithms. In the next section, we present a brief overview of the specific
problems studied in this work and the approaches followed in the studies.
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1.2 Objectives

Attention is focused on two main problems, which are the stability of one-dimensional detonations,
and the deflagration-to-detonation transition (DDT) of laminar flames in tubes. In the following, we
provide an introduction for the two problems studied, as well as a brief discussion of the use of high-
order numerical methods.

1.2.1 One-dimensional dynamics of detonations

Since the 1960s, it’s been known that the steady-state theory for the propagation of detonation waves,
advanced by Zeldovich, von Neumann and Döring, does not provide an accurate description of real det-
onations, which are usually strongly unsteady, exhibiting longitudinal pulsations as well as transverse
waves traveling across the detonation front [18, 19]. Despite many decades of research, the physical
mechanisms driving detonation instabilities are still largely unknown. Studies based on linear stability
analysis were performed to analyze detonation dynamics since the 1960s [20, 21], however, the mathe-
matical complexity of these studies makes it difficult to observe the physical mechanisms at play.

A new trend that gained popularity in the last three decades in the study of this kind of problems is
the use of asymptotic analysis [22–24]. In asymptotic analysis, the problem formulation is simplified
systematically by taking extreme limiting values for some predetermined flow parameters. The purpose
is to clarify the physics of the problem by retaining the key physical mechanisms at play, at the expense
of others which are expected to be less influential.

In 2002, Clavin & Williams [23] presented an analytical study of the stability of one-dimensional
detonations, in which they suggested that the instability of one-dimensional detonations is controlled by
a positive feedback loop of acoustic and entropy waves traveling between the leading shock wave and
the reaction zone. In Chapter 4, we revisit the Clavin & Williams analysis in the asymptotic limit of
weak heat release and a ratio of specific heats close to unity, which allows us to simplify the problem
and obtain an integral equation of the flow describing the detonation dynamics and instability. The
results are compared against high-order spectral-difference numerical simulations performed in the same
asymptotic limit and theory is validated.

1.2.2 Deflagration-to-detonation transition

Numerous mechanisms have been discussed in the literature to explain the transition between defla-
gration and detonation. However, despite many years of research, there is still no complete understand-
ing of all possible DDT mechanisms [3, 25, 26]. In the context of a hydrogen-air mixture, possible DDT
mechanisms include acceleration by turbulence [27], interaction of the flame with obstacles [28], the
increase of the flame surface by intrinsic or thermo-acoustic instabilities and the so-called spontaneous
Zeldovich ignition due to thermal gradients [29], specifically in boundary layers (see Clavin & Searby [3]
for a recent review).

It is likely that a fundamental mechanism for DDT may be grounded in the analysis of Deshaies
& Joulin (DJ) [27] concerning the self-similar solution constituted by the flame and the flame-driven
precursor shock, both fronts propagating at constant velocity (subsonic for the flame and supersonic for
the shock). An upper bound of the flame velocity corresponding to a turning point of the self-similar
solution in the phase-space has been identified in [27]. The strongly nonlinear thermal dependence of
the flame speed on the temperature of the fresh mixture, controlled by the strength of the precursor shock
propagating upstream of the flame, is the key mechanism responsible for the existence of this turning
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point associated to DDT. A limitation for the DJ analysis however was that it was only carried out in the
limit of a weak leading shock, which doesn’t correspond to realistic DDT phenomena. In Chapter 5, we
revisit the DJ analysis applying it to an elongated laminar flame propagating from the closed end of a
tube. We show that a self-similar solution exhibits a turning point for a moderate Mach number of the
leading shock, leading to a divergence of the flame acceleration and the formation of a shock wave on the
flame. This could lead to a DDT under conditions consistent with previous experiments and numerical
simulations [30].

The findings presented in this part of the work provide a possible mechanism for the DDT of cellular
flames in very energetic mixtures. In addition, they might provide a reliable criterion for the apparition
of the undesirable super-knock in future engines powered by the combustion of hydrogen, and also more
generic rules pertaining to safety issues.

1.2.3 High-order numerical methods

It is common place for researchers in industry and also in academia to use 2nd-order finite difference
or finite volume methods in order to discretize the derivative terms in the Navier-Stokes equations [31]
(Figure 1.3). Of these approaches, finite volume methods are the most popular, as they can be most con-
veniently implemented on the unstructured meshes which are frequently used in complex geometries for
practical applications. The use of a 2nd-order formulation in conjunction with an appropriate numerical
flux ensures a compact stencil in which the degrees of freedom in a cell are coupled to (at most) the
degrees of freedom in the nearest neighboring cells. Moreover, 2nd-order methods produce a significant
amount of numerical dissipation which tends to dampen out spurious oscillations in the solution, thereby
enhancing the robustness of the method.

However, this robustness comes at the cost of accuracy. In particular, the excess dissipation tends to
obscure physical features (sound waves, vortices, etc.) that are evolving in time, and as a result, 2nd-
order methods are inefficient for obtaining solutions to unsteady problems with low-error tolerances. It
has been shown that, as the error tolerance decreases, using a 2nd-order method with a finer grid becomes
significantly more computationally expensive than using a high-order method (greater than 2nd-order)
with a coarser grid [31]. Furthermore, it has been shown that, for the same number of degrees of freedom,
a high-order method can sometimes achieve super convergence, thus leading to significantly lower errors.
Although the increasing availability in computational power can permit a reduction of numerical error
and dissipation by increasing grid resolution, there are still many flow problems for which the use of
low-order methods would be too expensive, unsuitable or even impractical [32].

• How to interpolate between mesh nodes?
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Figure 1.3: Schematic of three major numerical approaches.
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High-order methods provide an obvious solution to many of the above mentioned problems. How-
ever, high order finite volume and finite difference methods require large stencils that are (frequently)
non-compact. Furthermore, it is difficult to reliably and robustly create a high-order reconstruction pro-
cedure for finite volume or finite difference schemes on unstructured meshes, and thus, such methods are
generally impractical for complex geometries in real-world applications.

In order to overcome these limitations, high-order discontinuous finite element methods (see Figure
1.3) for solving the compressible Navier-Stokes equations on unstructured grids have been extensively
studied during the last decade. By far the most mature and widely used of these schemes are based
on the discontinuous Galerkin method [31, 33, 34]. Recently, however, several alternative high-order
methods have been proposed, including spectral difference [35–37] and flux reconstruction [38–40] type
schemes, which potentially offer increased efficiency and reduced algorithmic complexity compared to
discontinuous Galerkin methods. These methods allow for one to obtain an arbitrary order of accuracy
with a compact stencil on unstructured grids and are extremely well suited for parallel environments.
Hence the growing interest toward these family of schemes for high-fidelity simulations of practical
flows.

The numerical study of detonation stability typically requires running simulations for extremely long
time (thousands of reaction times) to achieve convergence. In addition, high spacial resolution is needed
for a good characterization of stability thresholds, formation of shock waves, etc. . . . Therefore, in this
work we take advantage of high-order methods for the numerical solution of the Navier-Stokes equations,
and we adopt the spectral difference scheme given its relative simplicity and high efficiency. The details
of the numerical scheme are presented in Chapter 3.
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Chapter 2

Detonation and deflagration waves
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In this chapter, we review the basic theories of detonations and deflagrations, focusing mainly on the
aspects relevant to forthcoming developments in subsequent chapters. A phenomenological description
of detonations and deflagrations is provided in §2.1. Then, in §2.2 we discuss the gasdynamic theory of
detonations and deflagrations, which allows us to obtain the jump relations across a combustion wave
and to fully resolve the inner structure of a detonation wave and obtain its propagation velocity. Finally,
in §2.3 we review the Zel’dovich-Frank Kamenetskii flame theory which allows us to resolve the inner
structure of a deflagration wave and compute its propagation velocity.

2.1 Phenomenological description of 1D deflagrations and detonations

In this section, we present a brief qualitative description of detonation and deflagration waves. More
complete discussions can be found in dedicated textbooks such as Williams [41] and Clavin & Searby [3].

2.1.1 Detonation wave

A detonation is a combustion wave that propagates through a reactive mixture at supersonic speeds.
The inner structure of a detonation wave is shown schematically in Figure 2.1. This structure is known
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as the ZND structure (after the three 20th century scientists Zel’dovich, von Neumann and Döring),
and it consists of a leading shock wave followed by an induction zone then a reaction zone. The fresh
gas is compressed as it crosses the leading shock wave; its temperature increases, and its flow velocity
decreases to a subsonic value. Just downstream of the shock, the gas is said to be in the Neumann state.
The increase in temperature causes the reaction to start after a short induction period. Reactants are thus
consumed in the reaction zone, and the mixture expands and accelerates again towards the exit of the
reaction zone.

In the case of a self-supported detonation traveling at a relatively constant velocity, known as a
Chapman-Jouguet (CJ) detonation, the reaction products reach a sonic velocity at the exit of the reaction
zone. We call the point at which the reactants achieve a sonic speed the CJ point. The sonic-flow condi-
tion at the exit of the reaction zone implies that such a detonation is in effect a “choked flow”, meaning
that any rarefaction waves propagating in the burnt gases can not penetrate into the inner structure of the
detonation. This protects the wave from getting dissipated and allows it to keep propagating steadily. In
§2.2 we shall justify this sonic-flow condition and obtain the jump relations for flow properties across a
CJ detonation.

induction 
zone

fresh gas
reaction 

zone
burnt gas

pu

pN

pbFlow 
direction

Shock wave

Neumann 
state

CJ point 
(sonic condition)

Figure 2.1: Schematic diagram of pressure variation across a detonation wave. The diagram shows the
inner structure of the detonation wave (ZND structure) characterized by an inert shock wave, followed
by an induction zone, then a reaction zone.

The ignition delay of the shocked gases (in the induction zone) is due to the separation of time scales
between the elastic collisions which control the inner structure of the shock on the one hand, and the
non-elastic collisions which control the reaction rate on the other hand [3]. Elastic collisions between the
gas molecules occur at a very short time scale, while the more energetic non-elastic collisions involved
in the chemical reactions are less frequent and take place at a longer time scale. For this reason, fresh
gases remain inert inside the leading shock and in the induction zone, and the reaction only takes place
later in the reaction zone.

One can show with dimensional analysis, however, that the reaction time scale in detonations is
typically much smaller than diffusion time scales [3], so that diffusive effects have no time to affect the
dynamics of a detonation wave. We shall see in §2.2 that this simplifies the treatment of detonations as
compared to deflagrations, and it allows us to resolve the inner structure of a detonation and obtain the
propagation speed purely in gasdynamic terms.
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2.1.2 Deflagration wave

Contrary to a detonation, a deflagration is a slow subsonic combustion wave that is driven mainly by
diffusion. The inner structure of a deflagration wave is shown in Figure 2.2, where we can see that it
consists of a preheat zone followed by a reaction zone.

As fresh gases enter the preheat zone, their temperature increases due to heat conduction from the
reaction zone. The temperature however remains sufficiently small so that the reaction rate is negligible
in the preheat zone. Nonetheless, the reactant mass fraction decreases significantly due to mass diffusion
between the preheat and reaction zones. The gases then enter the reaction zone where their temperature
becomes large enough for combustion to take place.

Tb

Tu

fresh gas preheat zone
reaction 

zone
burnt gas

Flow 
direction

Heat and mass 
diffusion

Figure 2.2: Sketch of the temperature profile across a deflagration wave (a premixed flame). The wave
propagation is controlled by heat and mass diffusion between the reaction and preheat zones.

As shall be illustrated in detail in §2.3, the inner structure of a deflagration wave and its propagation
velocity are controlled by a balance between advection, diffusion, and reaction kinetics. In the preheat
zone, the reaction rate is negligible and the flame structure is governed by a balance between heat advec-
tion downstream due to flow velocity and heat conduction upstream due to temperature gradient (Figure
2.2). In the reaction zone, advection transport is negligible, and the flame is governed by the balance
between heat production by the chemical reaction and upstream heat conduction.

Finally, due to the very low Mach number of a deflagration wave, pressure variation across the wave
is negligible, and the treatment of the problem is often simplified by assuming the flow to be isobaric.

2.2 Gasdynamic theory of steady combustion waves

2.2.1 The Navier-Stokes equations

All flows treated in this text are described by the one-dimensional reactive Navier-Stokes equations,
which embody the principles of conservation of mass, momentum, energy and chemical species. In their
conservative form, the equations are expressed as

∂U

∂t
+
∂F

∂x
= S (2.1)
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where U is the vector of conservative variables, F is the vector sum of advective and diffusive fluxes,
F = Fa + Fv, and S is the source vector:

U =


ρ

ρu

ρE

ρY

 , Fa =


ρu

ρu2 + p

ρuE + up

ρuY

 , Fv =


0

−µ∂u∂x
−µu∂u∂x − λ

∂T
∂x

−ρD ∂Y
∂x

 , S =


0

0

ρqmW

ρW

 . (2.2)

In the above equations, ρ denotes the mass density, u the flow velocity, p the pressure and T the tem-
perature. E is the total energy per unit mass (internal + kinetic) and Y is the reaction progress variable,
which goes from 0 in the reactants to 1 in the products. µ is the dynamic viscosity, λ is the thermal
conductivity and D is mass diffusivity. The derivation of these equations from fundamental principles
can be found in standard textbooks [42, 43].

Throughout this text, to simplify the theoretical analyses, the flow is assumed to be an ideal gas
with constant heat capacities, and an irreversible single-step reaction model is used whose rate W is
determined by an Arrhenius law. The heat release per unit mass qm is also a known constant, and so are
µ, λ and ρD.

2.2.2 The Rayleigh line and the Hugoniot curve

In this section, we treat a steady one-dimensional combustion wave, as illustrated in Figure 2.3.
Applying the steady flow condition ∂

∂t(·) = 0 to equations (2.1), one obtains for mass conservation:

dρu

dx
= 0 (2.3)

and for the conservation of momentum:

d

dx

(
ρu2 + p− µdu

dx

)
= 0. (2.4)

Combining the conservation of energy and chemical species equations by eliminating ρW from both
equations gives

d

dx

[
ρuE + up− µudu

dx
− λdT

dx
− qm

(
ρuY − ρDdY

dx

)]
= 0. (2.5)

Integrating equations (2.3-2.5) with respect to x between two stations 1 and 2 far upstream and
downstream from the wave respectively, and assuming gradients are negligible at these two stations, i.e.
d

dx(·) = 0, one obtains

ρuuu = ρbub (2.6)

ρuu
2
u + pu = ρbu

2
b + pb (2.7)

hu +
u2
u

2
+ qm = hb +

u2
b

2
(2.8)

where in the last equation we used E = cvT + u2

2 = h − p
ρ + u2

2 with h = cpT being the specific
(sensible) enthalpy. In the above equations, the subscript u denotes fresh (unburnt) gas at station 1, and
subscript b denotes burnt gas at station 2. Equations (2.6-2.8) in addition to the equation of state (2.18)
represent a system of four equations in five unknowns (ρb, ub, pb, hb and uu). Thus, the system can only
be solved up to a single free parameter.
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Figure 2.3: Sketch of a steady 1D combustion wave.

Using equations (2.6) and (2.7), the mass flux across the wave can be expressed as

m = ρuuu = ρbub =

√
pb − pu
vu − vb

(2.9)

where v ≡ 1/ρ is the specific volume. Therefore m is real only if pb > pu and vb < vu, which
corresponds to a compression wave (detonation) or if pb < pu and vb > vu which corresponds to an
expansion wave (deflagration). These two regions are illustrated in Figure 2.4, in which the normalized
variables x and y are defined as

x ≡ v

vu
, y ≡ p

pu
. (2.10)

Introducing the speed of sound in the fresh mixture au and the Mach number Mu defined as

au ≡
√
γ
pu
ρu
, Mu ≡

uu
au
, (2.11)

where γ is the ratio of specific heats, equation (2.9) can be rewritten as

γM2
u =

yb − 1

1− xb
(2.12)

or
yb = −γM2

uxb + γM2
u + 1. (2.13)

Equation (2.13) remains valid at any intermediate station between 1 and 2 as long as diffusive phenomena
are negligible at that station. As discussed in the previous section, this is not usually the case for a
deflagration wave which is dominated by diffusive effects, however, for a detonation this is generally
true everywhere in the inner structure of the wave except for the thin shock region. Therefore, one can
write in general for intermediate points of a detonation

y = −γM2
ux+ γM2

u + 1. (2.14)

Introducing the notation

P ≡ γ + 1

2γ
(y − 1), V ≡ γ + 1

2
(x− 1), (2.15)
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equation (2.14) can be written in the simpler form

P = −M2
uV. (2.16)

Equation (2.16) describes the thermodynamic path followed by a fluid element from station 1 to 2, which
is called the Rayleigh line or the Mikhelson-Rayleigh line. It is shown as the dashed line in Figure 2.4.
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Figure 2.4: p-v plot for a stationary combustion wave. Shaded regions denote the detonation and defla-
gration regimes.

Solving equations (2.9) for u2
u and u2

b as functions of p and v, and substituting the result in equation
(2.8), one obtains

hb − hu −
1

2
(pb − pu)(vb + vu) = qm. (2.17)

Then, using the equation of state
h = cpT =

γ

γ − 1
pv (2.18)

and multiplying equation (2.17) by (γ2 − 1)/(2γpv) gives

PV + P + V = Q, where Q ≡ γ + 1

2

qm
cpTu

. (2.19)

which is an equation for an equilateral hyperbola in the P-V plane:

(P + 1)(V + 1) = 1 +Q. (2.20)

This hyperbola is called the Hugoniot curve, and is shown as the solid curve in Figure 2.4. It represents
the locus of the burnt-gas state downstream of the combustion wave corresponding to the initial state
(x = 1, y = 1).
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2.2.3 Rankine-Hugoniot relations

The exact location of the burnt-gas state is determined by the intersection of the Rayleigh line and
the Hugoniot curve. Considering Mu to be the free parameter in our problem, and substituting equation
(2.16) into (2.20), one obtains a quadratic equation for P

P2 − (M2
u − 1)P +M2

uQ = 0 (2.21)

which has two real roots if the discriminant is positive:

∆ ≡ (M2
u − 1)2 − 4M2

uQ > 0 (2.22)

On the detonation branch (in Figure 2.4), there exists a minimum value for Mu above which two real
roots exist for P . One of these roots corresponds to the so-called strong (or overdriven) detonation, and
the other to the weak detonation. This minimum value for Mu is called the Chapman-Jouguet detonation
Mach number, and is given by

MuCJ =
√
Q+

√
Q+ 1 > 1. (2.23)

On the deflagration branch (in Figure 2.4), there exists a maximum value for Mu below which two real
roots exist for P corresponding to strong and weak deflagrations. This maximum value for Mu is called
the Chapman-Jouguet deflagration Mach number, and is given by

MuCJ =
√
Q+ 1−

√
Q < 1. (2.24)

As such, a steady detonation is always supersonic, while a steady deflagration is always subsonic.
Solving the quadratic equation (2.21) and using (2.15), one obtains the pressure ratio across the

combustion wave

pb
pu

=
γ
(
M2
u ±
√

∆
)

+ 1

γ + 1
, (2.25)

and substituting into equation (2.16), one obtains the density ratio

vb
vu

=
ρu
ρb

=
γM2

u + 1∓
√

∆

(γ + 1)M2
u

. (2.26)

Using the continuity equation (2.6), we get the velocity ratio

ub
uu

=
γM2

u + 1∓
√

∆

(γ + 1)M2
u

. (2.27)

Equations (2.25-2.27) are known as the Rankine-Hugoniot relations for a combustion wave. The
upper plus-minus sign in these equations corresponds to the strong detonation (or weak deflagration),
and the lower plus-minus sign corresponds to the weak detonation (or strong deflagration). Rankine-
Hugoniot relations for an inert shock are obtained from equations (2.25-2.27) by setting Q = 0 in
equation (2.22):

p2

p1
=

2γM2 − γ + 1

γ + 1
, (2.28)

ρ2

ρ1
=

(γ + 1)M2

(γ − 1)M2 + 2
, (2.29)

u2

u1
=

(γ − 1)M2 + 2

(γ + 1)M2
. (2.30)
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For the Chapman-Jouguet wave, we set ∆ = 0 to obtain:

pb
pu

=
γM2

u + 1

γ + 1
, (2.31)

ρb
ρu

=
(γ + 1)M2

u

γM2
u + 1

, (2.32)

ub
uu

=
γM2

u + 1

(γ + 1)M2
u

. (2.33)

In the reference frame of the fresh gases, we can denote the propagation velocity of the detonation
wave by D = uu. The burnt gas velocity in this frame would then be u′b = D− ub. Substituting this into
equation (2.27), we get

u′b
D

=
M2
u − 1∓

√
∆

(γ + 1)M2
u

. (2.34)

On the detonation branch (Mu > 1),
√

∆ is always less than M2
u − 1 (see equation (2.22)), and thus

u′b is always in the same direction as D. On the deflagration branch (Mu < 1),
√

∆ is always less than
1−M2

u , and thus u′b is always in the opposite direction to that of D.
The flow Mach number in the burnt gas Mb (in the reference frame of the wave) can be obtained

from equations (2.25-2.27) as

M2
b =

γM2
u + 1∓

√
∆

γ(M2
u ±
√

∆) + 1
, (2.35)

where it can be easily seen that for a strong detonation, the numerator is less than the denominator, and
thus Mb < 1, while the opposite is true for a weak detonation (Mb > 1). For a Chapman-Jouguet
detonation (∆ = 0), the burnt gas Mach number is unity:

MbCJ = 1, (2.36)

and we get a sonic flow condition downstream of the wave.

2.2.4 The Chapman-Jouguet criterion and the ZND detonation structure

Since the early investigations by V. A. Mikhelson [44], David Chapman [45] and Émile Jouguet [46]
around the turn of the 20-th century, it has been known that the propagation velocity of a detonation
obtained by the tangency condition between the Hugoniot curve and the Rayleigh line is usually in good
agreement with experiments. However, no theoretical justification for this agreement was given by these
early investigators, thus efforts have been made in the following years and decades to provide a rigorous
justification for the choice of the Chapman-Jouguet condition.

Considering a detonation wave propagating from the closed end of a tube (Figure 2.5), one can easily
rule out the possibility that it is a strong detonation. This is because the flow velocity at point A just
downstream of the detonation needs to be matched with the zero flow velocity at point O at the closed
end of the tube, which means a rarefaction wave should exist between pointsA andO. However, since the
flow velocity downstream of a strong detonation is subsonic with respect to the wave (equation (2.35)),
the rarefaction wave will propagate into the detonation and attenuate it.

In fact, a strong detonation can only be maintained if the rarefaction wave is prevented from forming,
which is achieved by moving a piston from the end of the tube at the same velocity as that of the burnt
gas u′b. The piston provides an overdriving force for the detonation, and that’s why a strong detonation
is also termed “overdriven”.
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u = 0
u = u′ b

u = 0
Rarefaction wave

A O
(a) Point O at the closed end of the tube has zero velocity. A rarefaction wave exists between points A and O.

upiston = u′ b
u = u′ b

u = 0
No rarefaction wave

(b) A piston at the closed end is moving with velocity u′b, overdriving the detonation.

Figure 2.5: Pressure profile across a detonation wave propagating from the closed end of a tube. A strong
detonation cannot be maintained in (a) because the rarefaction wave would penetrate into the detonation
and attenuate it.

Weak detonations on the other hand, were a bit more difficult to dismiss by investigators, as that re-
quired the consideration of the inner structure of detonations, called the ZND structure (after Zel’dovich,
von Neumann and Döring). In his work [47] in 1942, von Neumann introduced intermediate Hugoniot
curves corresponding to partially-reacted states with partial heat releases q ∈ [0, qm]. von Neumann
demonstrated that weak detonations can be excluded in the case where these partial Hugoniots do not
intersect, which is shown in Figure 2.6.

The demonstration is carried out by constructing the thermodynamic path followed by a fluid element
in the inner structure of the detonation. As stated in §2.2.2, in regions where viscous effects are negligible
the fluid element is restricted to move along the Rayleigh line, so the problem is to determine which
Rayleigh line the fluid element follows, and how does it move along it. Indeed, the Rayleigh line which
the fluid element follows must intersect all the partial Hugoniots, and in the case of non-intersecting
Hugoniots, the line with the minimum Mach number which satisfies this condition is the one tangent
to the full Hugoniot at the CJ point as shown in Figure 2.6. One can observe in the figure that two
solution points exist at any given value of q, corresponding to the strong and weak detonation branches
(points A and B respectively). Now if we consider an irreversible exothermic reaction occurring at a
finite rate in time, then the fluid element can only move continuously from one partial Hugoniot to the
next, in the direction of increasing q. Thus, the fluid element can either move up starting from point U or
down starting from N . However, at any given value of q, the conservation laws do not prevent the fluid
element from jumping instantaneously from the strong detonation point A to the weak detonation point
B, or vice-versa.

These possible jumps undergone by the fluid element can be examined more closely from a thermo-
dynamics point of view. As we have seen from the Rankine-Hugoniot relations obtained in §2.2.3, the
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flow is subsonic at point A, while it is supersonic at point B. Moreover, the flow at point B has a lower
pressure and density than at point A. Therefore, a jump from point B to A that is consistent with the
conservation equations can only be a shock wave, while a jump from A to B can only be a rarefaction
shock. As a result, and since rarefaction shocks entail a decrease in entropy which is prohibited by the
second law of thermodynamics, only jumps from B to A are possible.

Thus, we can state that the fluid element moves continuously in the inner structure of the detonation
along the Rayleigh line from one partial Hugoniot to the next, except for a unique possible jump from
the weak-detonation branch to the strong-detonation branch. The final piece for the construction of the
thermodynamic path of the fluid element is provided by considering the initial state. Indeed, we know
that a detonation wave exhibits a very rapid reaction rate, so that the fluid element goes from q = 0 to
q = qm in a very short time as it crosses the detonation structure. In such case, the reaction cannot start
from the initial state U since this state is characterized by a very low temperature at which the mixture is
frozen far away from chemical equilibrium. In the words of von Neumann : “. . . the reaction cannot start
in this region. If it did – for any reason whatever – it should a fortiori have done so in the intact explosive
(i.e before the arrival of the detonation wave). There was much more time available there, and yet, by
assumption, no reaction!”. Therefore, for the reaction to set in, the fluid element first needs to jump from
point U to point N where the temperature is much larger and can sustain a rapid reaction rate.

Thus, a shock wave exists at the leading edge of the detonation taking the fluid element from U toN .
From there, the fluid element moves down the Rayleigh line passing through the strong solution points of
the partial Hugoniots. The fluid element cannot jump to a weak-solution point by a rarefaction shock, and
all possible Rayleigh lines withM > MCJ would lead the fluid element to reach the full Hugoniot on the
strong-detonation branch, which as discussed above cannot be the case for a self-supported detonation.
Therefore, the Rayleigh line with M = MCJ , intersecting the full Hugoniot at the CJ point, is the only
valid thermodynamic path for the fluid element to follow, and the Chapman-Jouguet condition is verified.

However, von Neumann also showed that in the case of intersecting Hugoniots, one might have a
Rayleigh line which would take the fluid element continuously from the strong-detonation to the weak-
detonation branch, so that the fluid element arrives at the weak solution point of the full Hugoniot. Such
detonations with intersecting Hugoniot curves are referred to as pathological detonations. A detonation
driven by a two-step reaction, an exothermic step followed by an endothermic step, would be an example
of such pathological detonations [48, 49].

2.3 The ZFK flame theory

In this section, we review the asymptotic analysis by Zeldovich and Frank-Kamenetskii (abbreviated
ZFK) for the thermal propagation of flames [50]. In this analysis, our goal is to resolve the internal
structure of a one-dimensional laminar premixed flame, and to calculate the laminar flame speed in
terms of flow parameters. A more extensive treatment can be found in [3]. The ZFK analysis is carried
out in the asymptotic limit of a large Zeldovich number (to be defined later in this section).

2.3.1 Problem formulation

We consider a one-dimensional flame steadily propagating in a reactive mixture with a laminar flame
speed UL that is much less than the speed of sound

UL
au
� 1. (2.37)
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Figure 2.6: The path of a fluid element across the non-intersecting partially reacted Hugoniot curves.

Under these conditions, one can show that pressure variation across the flame is negligible so that the
flow is quasi-isobaric [3]. Also, for this low Mach number, one has in the reference frame of the flame

u2 � a2 = RT ∝ cvT (2.38)

so that the kinetic energy of the flow is negligible compared to its internal energy.
We consider the energy and species equations in (2.1). Imposing the assumptions of steady flow

∂
∂t(·) = 0 along with the isobaric approximation dp

dx = 0 and neglecting terms in the energy equation
proportional to u2, one arrives at the simplified forms of the conservation equations of energy and species:

mcp
dT

dx
− λd2T

dx2
= ρqmW (2.39)

m
dY

dx
− ρDd2Y

dx2
= ρW (2.40)

where we have introduced the constant mass flux m ≡ ρu = constant, and we assumed that cp and λ are
constant as well. The following boundary conditions apply far upstream and downstream of our flame:

x→ −∞ : T = Tu, Y = 0,
dT

dx
= 0,

dY

dx
= 0 (2.41)

x→ +∞ : T = Tb, Y = 1,
dT

dx
= 0,

dY

dx
= 0. (2.42)
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The burnt gas temperature Tb is not known a priori. However, it can be easily calculated by eliminating
ρW from equation (2.39) using equation (2.40) then integrating from −∞ to +∞ to obtain

cp(Tb − Tu) = qm ⇒ Tb = Tu +
qm
cp
. (2.43)

Our goal now is to solve the system (2.39-2.42) to obtain the temperature and progress variable profiles
T (x) and Y (x) and the laminar flame speed UL. The problem can be simplified by introducing the
reduced temperature

θ ≡ T − Tu
Tb − Tu

(2.44)

along with the thermal diffusivity DT and the Lewis number Le defined as

DT ≡
λ

ρcp
, Le ≡ DT

D
. (2.45)

Then, equations (2.39-2.40) can be written as

m
dθ

dx
− ρDT

d2θ

dx2
= ρW (2.46)

m
dY

dx
− ρDT

Le

d2Y

dx2
= ρW (2.47)

with the boundary conditions

x→ −∞ : θ = 0, Y = 0,
dθ

dx
= 0,

dY

dx
= 0 (2.48)

x→ +∞ : θ = 1, Y = 1,
dθ

dx
= 0,

dY

dx
= 0. (2.49)

2.3.2 The reaction rate

In order to solve the system (2.46-2.49) and resolve the inner structure of the flame, one needs to
know the reaction rate W as a function of Y and θ. The reaction rate W is given by Arrhenius law. If we
denote the reactant concentration by c, Arrhenius law states for a reaction of order ν in a homogeneous
medium:

dc

dt
= − cν

cν−1
u

b

τcoll
e−Ea/kBT (2.50)

where Ea is the activation energy, kB is the Boltzmann constant, and τcoll is the time scale of elastic col-
lisions between molecules. The factor 1/cν−1

u has been introduced to make the prefactor b dimensionless
and of order unity. The product mass fraction Y is related to c by the following equation:

1− Y =
Mr

ρ
c, (2.51)

where Mr is the molar mass of the reactant. Thus, the reaction rate W is given by

W ≡ dY

dt
=

(
ρ

ρu

)ν−1

(1− Y )ν
b

τcoll
e−Ea/kBT . (2.52)

It is useful to introduce the reaction time τr(T ) as

1

τr(T )
≡
(
ρb
ρu

)ν−1 b

τcoll
e−Ea/kBT , (2.53)
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so that ρW can be written as

ρW = ρ(1− Y )ν
(
ρ

ρb

)ν−1 1

τr(T )
. (2.54)

For T = Tb, one obtains the characteristic reaction time τrb defined as

1

τrb
≡ 1

τr(Tb)
=

(
ρb
ρu

)ν−1 b

τcoll
e−Ea/kBTb , (2.55)

and one can then express τr as a function of τrb given by

1

τr
=

1

τrb
exp

[
−Ea
kB

(
1

T
− 1

Tb

)]
. (2.56)

We would like to express W as a function of the reduced temperature θ. Thus, using the identity

T

Tb
= 1−

(
1− Tu

Tb

)
(1− θ), (2.57)

equation (2.56) can be written as

1

τr
=

1

τrb
exp

[
− β(1− θ)

1− (1− Tu/Tb)(1− θ)

]
, (2.58)

where β is called the Zeldovich number and is defined as

β ≡ Ea
kBTb

(1− Tu/Tb). (2.59)

Then, using equation (2.58), equation (2.54) can be rewritten as

ρW = ρ(1− Y )ν
(
ρ

ρb

)ν−1 1

τrb
exp

[
− β(1− θ)

1− (1− Tu/Tb)(1− θ)

]
. (2.60)

We then introduce the reduced reaction rate w(Y, θ) defined as

w(Y, θ) ≡ ρ

ρb
τrbW =⇒ ρW =

ρb
τrb
w, (2.61)

which from (2.60) can be expressed as

w(Y, θ) =

(
ρ

ρb

)ν
(1− Y )ν exp

[
− β(1− θ)

1− (1− Tu/Tb)(1− θ)

]
. (2.62)

Using the equation of state (2.18), the isobaric condition (p = constant) implies that

ρ

ρb
=
Tb
T
, (2.63)

then, using equation (2.57), w can be written as

w(Y, θ) =
(1− Y )ν

[1− (1− Tu/Tb)(1− θ)]ν
exp

[
− β(1− θ)

1− (1− Tu/Tb)(1− θ)

]
. (2.64)
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2.3.3 Solution for unity Lewis number

If we assume a unity Lewis number, then equations (2.46) and (2.47) would have the same form.
Since the boundary conditions (2.48) and (2.49) are also the same for θ and Y , then one has θ = Y and
the system reduces to a single equation

m
dθ

dx
− ρDT

d2θ

dx2
=

ρb
τrb
w(θ) (2.65)

where we have used equation (2.61). In the asymptotic limit β →∞ and for temperatures very close to
the burnt gas temperature, β(1− θ) = O(1), the expression for w in equation (2.64) reduces to

w(θ) = (1− θ)νe−β(1−θ). (2.66)

As can be seen in Figure 2.7, in the limit β → ∞ the reaction rate is negligible everywhere except for
temperatures very close to that of burnt gas where β(1 − θ) = O(1). This is due to the presence of
the exponential term e−β(1−θ) which goes to zero as soon as θ is much less than unity, and the prefactor
term (1− θ)ν which is zero at θ = 1. As a result, the simplified expression in equation (2.66), which is
strictly valid for β(1− θ) = O(1), can actually be used to express w everywhere with no significant loss
in accuracy.

Figure 2.7: Sketch of the reaction rate w as a function of θ as given in equation (2.66) for a large value
of β. The bulk of the reaction rate takes place in a small region close to θ = 1, with a thickness in the
order of 1/β.

Now one can see that the reaction rate given by equation (2.66) isn’t equal to zero in the fresh gases
(θ = 0), and is instead given by w(0) = e−β . Therefore, the flame described by this reaction rate cannot
propagate at a steady velocity, and no solution can be found for equation (2.65). This problem is known
as the cold-boundary difficulty. However, this is only a formal problem since in practice, the reaction rate
in fresh gas is very small and is characterized by a much longer time scale than that of flame propagation.
Thus, the reaction rate can be neglected in the fresh gas, and to keep the problem mathematically well-
posed, we can insert a cut-off temperature for the reaction rate larger than Tu but much smaller than Tb,
so that w = 0 below this cut-off temperature. For very large β, the solution is independent of the exact
value of this cut-off temperature.
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Figure 2.8: Schematic representation of the temperature profile as a function of x for the flame with large
β.

As shown in Figure 2.8, the flame can be divided into two zones: the preheat zone and the reaction
zone. In the reaction zone the gas temperature is very close to that of burnt gas, β(1 − θ) = O(1),
and the reaction rate is finite. In the preheat zone, the temperature is much less than that of burnt gas
β(1− θ) > O(1), and the reaction rate is practically zero. However, temperature θ and progress variable
Y both increase in this zone due to heat and mass diffusion from the reaction zone.

Equation (2.65) shall be solved separately in each of these two zones. In the preheat zone, since the
reaction rate is zero, equation (2.65) reduces to

m
dθ

dx
− ρDT

d2θ

dx2
= 0. (2.67)

Integrating this equation with respect to x and using the boundary conditions (2.48), one obtains

mθ − ρDT
dθ

dx
= 0. (2.68)

Equation (2.68) describes the thermal flux balance in the preheat zone, where the convective flux mθ
is compensated everywhere by the conductive flux ρDT

dθ
dx . Solving this equation gives the temperature

profile in the preheat zone as
θ(x) = e

m
ρDT

x
, (2.69)

where we have placed the origin x = 0 at the interface of preheat and reaction zones (where θ ≈ 1).
Equation (2.69) gives the preheat zone thickness as

dL =
ρDT

m
=
DTu

UL
=
DTb

Ub
, (2.70)

from which one obtains the mass flux m as

m =
ρDT

dL
=
ρuDTu

dL
=
ρbDTb

dL
. (2.71)
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Equation (2.69) also gives the temperature gradient at the interface x = 0 as

dθ

dx

∣∣∣∣
x=0

=
m

ρbDTb

=
1

dL
. (2.72)

We now solve equation (2.65) in the reaction zone. We denote the thickness of the reaction zone by dr
and the temperature change across this zone by δθ which is in the order of 1/β, as shown in Figure 2.8.
Then in the reaction zone, the orders of magnitude of the three terms in equation (2.65) are given by

m
dθ

dx
∼ mδθ

dr
∼ ρbDTb

dLdrβ
(2.73)

ρDT
d2θ

dx2
∼ ρbDTb

dr
δ

(
dθ

dx

)
∼ ρbDTb

drdL
(2.74)

ρb
τrb
w(θ) ∼ ρb

τrb
(δθ)ν ∼ ρb

τrbβν
. (2.75)

where in equation (2.74) we have used equation (2.72) and the boundary condition (2.49) to calculate the
jump in temperature gradient across the reaction zone. We can see that the conductive term in (2.74) is
larger than the advective term in (2.73) by a factor of β. Therefore, the advective term can be neglected
in the reaction zone and equation (2.65) simplifies to

DTb

d2θ

dx2
= −w(θ)

τrb
, (2.76)

which states that in the reaction zone, heat production by the source term is balanced by heat conduction
into the preheat zone. Multiplying the above equation by dθ

dx yields

DTb

2

d

dx

(
dθ

dx

)2

= − 1

τrb
(1− θ)νe−β(1−θ) dθ

dx
. (2.77)

Integrating the above equation from x = 0 at the interface of preheat and reaction zones to x = +∞ and
using the boundary condition (2.49), one obtains

DTb

2

(
dθ

dx

)2 ∣∣∣∣
x=0

=
1

τrb

∫ 1

θi

(1− θ)νe−β(1−θ)dθ (2.78)

where θi is the temperature at the interface. Knowing that the integrand in equation (2.78) goes to zero
for θ < θi (Figure 2.7), one can rewrite the above equation as

DTb

2

(
dθ

dx

)2 ∣∣∣∣
x=0

=
1

τrb

∫ 1

0
(1− θ)νe−β(1−θ)dθ. (2.79)

Using the change of variable
Θ ≡ β(1− θ), dΘ = −βdθ, (2.80)

equation (2.78) yields
DTb

2

(
dθ

dx

)2 ∣∣∣∣
x=0

=
1

βν+1τrb

∫ β

0
Θνe−ΘdΘ. (2.81)

As β →∞, the above equation yields

DTb

2

(
dθ

dx

)2 ∣∣∣∣
x=0

=
1

βν+1τrb

∫ ∞
0

Θνe−ΘdΘ =
Γ(ν + 1)

βν+1τrb
=

ν!

βν+1τrb
(2.82)
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where Γ is the gamma function. Therefore, the temperature gradient at the interface is given by

dθ

dx

∣∣∣∣
x=0

=

√
2ν!

DTbβ
ν+1τrb

. (2.83)

Finally, comparing equations (2.72) and (2.83), one obtains the mass flux across the flame as

m = ρb

√
2ν!DTb

βν+1τrb
(2.84)

from which the flame speed is obtained as

UL =
m

ρu
=
ρb
ρu

√
2ν!DTb

βν+1τrb
, Ub =

m

ρb
=

√
2ν!DTb

βν+1τrb
. (2.85)

2.3.4 Solution for non-unity Lewis number

The solution obtained in the previous section can be easily extended to the more general case with
Le 6= 1. The problem is solved the same way as in the previous section, i.e by solving the equations
separately in the preheat and reaction zones, then equating the temperature gradient on both sides at the
interface of the two zones in order to obtain the mass flux.

We proceed by the following. Denoting the preheat zone thickness and mass flux for the case with
Le = 1 by dL1 and m1 respectively, one can define the non-dimensional parameters

ξ ≡ x

dL1
and µ ≡ m

m1
. (2.86)

Then, multiplying equations (2.46-2.47) by dL1/m1, one obtains

µ
dθ

dξ
− d2θ

dξ2
=

1

τn
w(Y, θ) (2.87)

µ
dY

dξ
− 1

Le

d2Y

dξ2
=

1

τn
w(Y, θ) (2.88)

where we have introduced the non-dimensional time parameter

τn ≡
τrb
ρb

m1

dL1
, (2.89)

and where w is given by
w(Y, θ) = (1− Y )νe−β(1−θ). (2.90)

Again, we solve the system separately in the preheat and reaction zones. In the preheat zone, as
before the reaction rate w is negligible, and the equations simplify to

µ
dθ

dξ
− d2θ

dξ2
= 0 (2.91)

µ
dY

dξ
− 1

Le

d2Y

dξ2
= 0 (2.92)

which can be solved to obtain θ and Y as

θ = eµξ (2.93)

Y = eµLeξ. (2.94)



38 Detonation and deflagration waves

Thus, the temperature gradient at ξ = 0 is given by

dθ

dx

∣∣∣∣
ξ=0

= µ. (2.95)

In the reaction zone, convective terms are negligible just as before as well. Therefore, equations
(2.87-2.88) reduce to

−d2θ

dξ2
=

1

τn
w(Y, θ) (2.96)

− 1

Le

d2Y

dξ2
=

1

τn
w(Y, θ). (2.97)

Eliminating w from the above equations yields

d2θ

dξ2
=

1

Le

d2Y

dξ2
. (2.98)

Integrating equation (2.98) twice and using the boundary conditions (2.49), one obtains the relation

1− Y = Le(1− θ), (2.99)

which can be substituted into equation (2.90) to yield the reaction rate as a function of θ alone

w(Y, θ) = Leν(1− θ)νe−β(1−θ). (2.100)

The above expression for the reaction rate can then be substituted into equation (2.96) to obtain the
second-order equation

− d2θ

dξ2
=

1

τn
Leν(1− θ)νe−β(1−θ) (2.101)

which is solved in the same way as (2.76) to yield

dθ

dξ

∣∣∣∣
ξ=0

=

√
2ν!Leν

βν+1τn
= Leν/2 (2.102)

where we have used equations (2.89) and (2.84).
Finally, comparing equations (2.95) and (2.102), one obtains

µ = Leν/2 (2.103)

which gives the mass flux across the flame as

m = ρb

√
2ν!DTbLeν

βν+1τrb
(2.104)

and the flame speeds

UL =
ρb
ρu

√
2ν!DTbLeν

βν+1τrb
, Ub =

√
2ν!DTbLeν

βν+1τrb
. (2.105)
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Chapter 3

The spectral difference method
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In the current work, the compressible reactive Navier-Stokes equations in (2.1) are solved numeri-
cally using the high-order spectral difference (SD) method [35, 37, 51]. The SD scheme allows an arbi-
trary order of accuracy with a compact stencil on unstructured meshes, and provides a fine resolution of
the flow with minimal numerical dissipation. In this chapter, we present the details of the SD numerical
scheme. Since our work is mainly focused on one-dimensional simulations, only the one-dimensional
scheme is presented. Generalization to multiple dimensions is relatively straightforward, and it can be
found in dedicated studies [35, 51].

3.1 The one-dimensional spectral difference scheme

The computational domain is divided into a series of cells, called elements (Figure 3.1). The solu-
tion is represented over each element by a high-order polynomial. These interpolation polynomials are
usually discontinuous between neighboring elements, but the flux is made continuous using a Riemann
solver at the cell boundary in order to ensure conservation. These points are elaborated in the following
sections.
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Figure 3.1: The spectral difference scheme.

3.1.1 Interpolation inside the element

To achieve an efficient implementation of the solution method, each element in physical space is
transformed into a standard element in the computational space described by the local coordinate ξ ∈
[−1, 1], as illustrated in Figure 3.2. The relevant coordinate transformation is formalized using shape
functions as

x(ξ) =
1

2
(1− ξ)xkL +

1

2
(1 + ξ)xkR (3.1)

where x is the physical space coordinate and xkL and xkR are the two values of x defining the boundaries
of the k-th element.

The governing equations (2.1) are then transferred into the computational space, in which they take
the form

∂Q

∂t
+
∂G

∂ξ
= H (3.2)

where

Q ≡ hk

2
U, G ≡ F, H ≡ hk

2
S (3.3)

where hk ≡ xkR − xkL is the size of the k-th element.

Two sets of points are defined within each standard element: the solution points and flux points, as
illustrated in Figure 3.2. In order to construct an interpolating polynomial for the solution of order n−1,
n solution points are needed. These points are chosen to be the Gauss-Legendre quadrature points in the
interval [−1, 1]. The flux points, in turn, are chosen as the quadrature points of order n− 1 plus the two
end points ξ = −1 and ξ = 1. Therefore, the n solution points are obtained as the roots of the Legendre
polynomial

Pn(ξ) =
2n− 1

n
ξPn−1(ξ)− n− 1

n
Pn−2(ξ) (3.4)

P0(ξ) = 1 (3.5)

P−1(ξ) = 0. (3.6)

Let the index i denote solution points and i + 1/2 denote flux points. From the n solution points and
n+ 1 flux points, interpolation polynomials of degree n− 1 and n respectively can be constructed using
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Figure 3.2: Schematic representation of the solution and flux polynomials in a standard element for a
solution of order n = 5.

the Lagrange polynomial bases defined as

li(ξ) =
n∏
s=1
s 6=i

(
ξ − ξs
ξi − ξs

)
(3.7)

li+1/2(ξ) =

n∏
s=0
s 6=i

(
ξ − ξs+1/2

ξi+1/2 − ξs+1/2

)
. (3.8)

The solution vector U is then obtained as the linear combination

U(ξ) =

n∑
i=1

2
Qi

hk
li(ξ). (3.9)

U is then used to compute the flux vector F at the flux points, from which the numerical flux vector G

is then reconstructed as

G(ξ) =
n∑
i=0

Fi+1/2li+1/2(ξ). (3.10)

The reconstructed flux is element-wise continuous, but is discontinuous at the cell interfaces. A common
flux needs to be computed at the interface to ensure conservation and stability. To that end, advective and
viscous fluxes are treated separately. A Riemann solver is used to compute a common advective flux at
the interface. A Roe solver with entropy fix is adopted in the current study (see 3.1.2). The viscous flux
is made continuous by simply computing it as a function of the average interface solution and solution
gradients [52].

Then, the reconstructed flux is made continuous across the elements by replacing the interface fluxes
F1/2 and Fn+1/2 by the common flux values at the left and right interfaces FC

L and FC
R, so that the

continuous flux would be given as

GC(ξ) = FC
L l1/2(ξ) + FC

Rln+1/2(ξ) +

n−1∑
i=1

Fi+1/2li+1/2(ξ). (3.11)
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The relevant derivative of GC with respect to ξ (of degree n− 1) is readily obtained as

∂GC(ξ)

∂ξ
= FC

L

dl1/2(ξ)

dξ
+ FC

R

dln+1/2(ξ)

dξ
+

n−1∑
i=1

Fi+1/2

dli+1/2(ξ)

dξ
(3.12)

which can be evaluated at the solution points

∂GC
i

∂ξ
=
∂GC(ξ)

∂ξ

∣∣∣∣
ξ=ξi

, (3.13)

therefore allowing for time marching.

3.1.2 The Riemann solver of Roe

To obtain the advective flux at the cell interface, the Riemann problem is solved using the approxi-
mate Roe solver [53, 54]. Viscous fluxes and source terms are neglected, and equations (2.1) reduce to
the Euler equations (with a scalar transport equation):

∂U

∂t
+
∂F

∂x
= 0, (3.14)

where F = Fa is the advective flux in equation (2.2). Equations (3.14) have to be solved at the cell
interface x = 0 in Figure 3.3 to obtain the intermediate flux. The initial conditions UL for x < 0 and
UR for x > 0 are known.

t

x

u − a u + au

ρR

pR

uR

YR

ρL

pL

uL

YL

0
Figure 3.3: Sketch of the Riemann problem to be solved at the cell interface.

To proceed, we first define the flux Jacobian A(U) as

A(U) ≡ ∂F

∂U
, (3.15)

then using the chain rule, equations (3.14) are written as

∂U

∂t
+ A(U)

∂U

∂x
= 0. (3.16)
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Roe’s method to solving the Riemann problem relies on replacing the Jacobian A(U) with a constant
Jacobian Ã(UL,UR), thus making equation (3.16) linear in U. The Riemann problem then simplifies
into

∂U

∂t
+ Ã(U)

∂U

∂x
= 0, (3.17)

with initial conditions

U(x, 0) = UL for x < 0, (3.18)

U(x, 0) = UR for x > 0. (3.19)

The approximate Jacobian Ã needs to satisfy the following three properties:
— It needs to be hyperbolic, meaning that it has a complete set of real eignevalues

λ̃i = λ̃i(UL,UR) ∈ R, (3.20)

and a complete set of linearly independent eigenvectors K̃i.
— It needs to be consistent with the exact Jacobian, meaning that

Ã(U,U) = A(U). (3.21)

— It needs to ensure conservation across discontinuities:

F(UR)− F(UL) = Ã (UR −UL). (3.22)

If the Jacobian Ã, its eigenvalues λ̃i and eigenvectors K̃i are known, then the intermediate flux at x = 0

can be computed as [54]

FC = F(x = 0, t) =
1

2
(FL + FR)− 1

2

4∑
i=1

α̃i

∣∣∣λ̃i∣∣∣ K̃i, (3.23)

where the coefficients α̃i are the projections of the jump in U on the eigenvectors K̃i:

∆U ≡ UR −UL =
4∑
i=1

α̃iK̃i. (3.24)

In the following section, we see how to compute Ã and thus its eigenvalues and eigenvectors.

3.1.2.1 Calculation of Ã

The exact Jacobian A of equations (3.14) is given by

A =


0 1 0 0

(γ − 1)H − u2 − a2 (3− γ)u γ − 1 0

u(γ − 2)H − ua2 H − (γ − 1)u2 γu 0

−uY Y 0 u

 , (3.25)

where a is the speed of sound and H ≡ E + p
ρ is the total enthalpy per unit mass. The eigenvalues of A

are found to be
λ1 = u, λ2 = u− a, λ3 = u+ a, λ4 = u, (3.26)
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where u is an eigenvalue with a multiplicity of two. A set of corresponding eigenvectors is

K1 =


1

u
u2

2

0

 , K2 =


1

u− a
H − au
Y

 , K3 =


1

u+ a

H + au

Y

 , K4 =


0

0

0

1

 . (3.27)

We would like to find an approximate Jacobian Ã that satisfies the three conditions listed above (hyper-
bolicity, consistency and conservation). To do that, following the approach of Roe [53], we begin by
defining the parameter vector P as

P = P(U) ≡ √ρ


1

u

H

Y

 =


p1

p2

p3

p4

 , (3.28)

and we define the averaged parameter vector P̃ as

P̃ =
1

2
(PL + PR) =

1

2


√
ρL +

√
ρR√

ρLuL +
√
ρRuR√

ρLHL +
√
ρRHR√

ρLYL +
√
ρRYR

 =


p̃1

p̃2

p̃3

p̃4

 . (3.29)

We then define the two matrices B̃(P̃) and C̃(P̃) as

∆U ≡ B̃∆P, ∆F ≡ C̃∆P. (3.30)

Equations (3.30) can be combined to give

∆F = C̃B̃−1∆U (3.31)

which when compared to (3.22) gives
Ã = C̃B̃−1, (3.32)

and the conservation condition is satisfied automatically. Matrices B̃ and C̃ that satisfy equations (3.30)
are found to be

B̃ =


2p̃1 0 0 0

p̃2 p̃1 0 0
p̃3
γ

(
γ−1
γ

)
p̃2

p̃1
γ 0

p̃4 0 0 p̃1

 , C̃ =


p̃2 p̃1 0 0(

γ−1
γ

)
p̃3

(
γ+1
γ

)
p̃2

(
γ−1
γ

)
p̃1 0

0 p̃3 p̃2 0

0 p̃4 0 p̃2

 , (3.33)

then equation (3.32) gives Ã as

Ã =


0 1 0 0

(γ − 1)H̃ − ũ2 − ã2 (3− γ)ũ γ − 1 0

ũ(γ − 2)H̃ − ũã2 H̃ − (γ − 1)ũ2 γũ 0

−ũỸ Ỹ 0 ũ

 , (3.34)
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where we have defined the following Roe-averaged quantities

ũ ≡
√
ρLuL +

√
ρRuR√

ρL +
√
ρR

, (3.35)

H̃ ≡
√
ρLHL +

√
ρRHR√

ρL +
√
ρR

, (3.36)

Ỹ ≡
√
ρLYL +

√
ρRYR√

ρL +
√
ρR

, (3.37)

ã ≡

√
(γ − 1)

(
H̃ − ũ2

2

)
. (3.38)

Now that we have the approximate Jacobian, we can proceed to calculate the intermediate flux.

3.1.2.2 Calculation of the intermediate flux

Comparing equations (3.34) and (3.25), we can directly deduce the eigenvalues and eigenvectors of
Ã as

λ̃1 = ũ, λ̃2 = ũ− ã, λ̃3 = ũ+ ã, λ̃4 = ũ, (3.39)

and

K̃1 =


1

ũ
ũ2

2

0

 , K̃2 =


1

ũ− ã
H̃ − ãũ
Ỹ

 , K̃3 =


1

ũ+ ã

H̃ + ãũ

Ỹ

 , K̃4 =


0

0

0

1

 . (3.40)

The coefficients α̃i are obtained from equation (3.24) as

α̃1 =
γ − 1

ã2

[(
H̃ − ũ2

)
∆u1 + ũ∆u2 −∆u3

]
(3.41)

α̃2 =
1

2ã
[(ũ+ ã) ∆u1 −∆u2 − ãα̃1] (3.42)

α̃3 = ∆u1 − (α̃1 + α̃2) (3.43)

α̃4 = ∆u4 − (α̃2 + α̃3) Ỹ , (3.44)

where ∆ui is the i-th component of ∆U. Therefore, to compute the intermediate flux F(x = 0, t),
one first calculates the Roe-averaged quantities in equations (3.35-3.38), then uses these quantities to
compute the eigenvalues and eigenvectors in equations (3.39) and (3.40) respectively and the coefficients
in equations (3.41-3.44). Finally, one plugs everything into equation (3.23) to obtain the intermediate
flux.

3.1.3 Time marching

After flux gradients are computed, time integration is performed using the Runge-Kutta method. In
particular, the fourth-order, five-stages, strong stability preserving (RK45-SSP) scheme is adopted in the
current study [55]. The Navier-Stokes equations (2.1) are first rewritten as

∂U

∂t
= S(U, t)− ∂F(U, t)

∂x
≡ L(U, t) (3.45)
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where L is the residual. The equations are then discretized in time according to the following scheme
[31, 55]:

V1 = Un + 0.39175222700392∆tL(Un, tn)

V2 = 0.44437049406734Un + 0.55562950593266V1

+ 0.36841059262959∆tL(V1, tn + 0.39175222700392∆t)

V3 = 0.62010185138540Un + 0.37989814861460V2

+ 0.25189177424738∆tL(V2, tn + 0.58607968896780∆t)

V4 = 0.17807995410773Un + 0.82192004589227V3

+ 0.54497475021237∆tL(V3, tn + 0.47454236302687∆t)

Un+1 = 0.00683325884039Un + 0.51723167208978V2

0.12759831133288V3 + 0.34833675773694V4

+ 0.08460416338212∆tL(V3, tn + 0.47454236302687∆t)

+ 0.22600748319395∆tL(V4, tn + 0.93501063100924∆t)

where Un is the solution vector at time step tn. This strong-stability-preserving scheme allows for a
high-order time resolution of the flow, while also reducing computational cost by permitting time steps
50% larger than a forward Euler method.

The maximum time step is set to satisfy Courant-Friedrichs-Lewy (CFL) and Fourier (FOU) condi-
tions for advective and viscous fluxes respectively. The maximum time step is computed as the minimum
value within the computational domain of

∆t =
1

∆t−1
CFL + ∆t−1

FOU

(3.46)

where ∆tCFL and ∆tFOU are defined as

∆tCFL = αCFL
ξs1h

λm
∆tFOU = αFOU

(ξf2h)2

2νtot
(3.47)

where h is the element width, ξs1 and ξf2 represent the smallest distance of solution and flux points,
respectively to the element boundary, λm ≡ |u| + a is the spectral radius (maximum eigenvalue) of
the flux Jacobian, and νtot is the total kinetic viscosity coming from molecular viscosity and also the
artificial viscosity from the shock capturing method (see §3.1.4). The coefficients αCFL and αFOU set
the margin of the time step to the relevant estimated limit of stability.

3.1.4 Shock capturing

Although shock capturing procedures based on physical viscosity have been shown to better preserve
flow properties across shock discontinuities [56], a Laplacian-based approach is adopted in the current
work due to its better robustness. Accordingly, equation (2.1) is augmented with a Laplacian diffusion
term,

∂U

∂t
+
∂F

∂x
=

∂

∂x

(
ε
∂U

∂x

)
+ S (3.48)

where ε is the artificial viscosity (AV) introduced in under-resolved regions of the flow. In order to sense
under-resolved regions, the level of smoothness of a selected flow variable ψ, hereafter referred to as the
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sensor variable, is measured by calculating the rate of decay of its modal coefficients in an orthogonal
polynomial basis. In our study, normalized Legendre polynomials are used as the basis of choice, and
the sensor variable is written as

ψ(ξ) =
n∑
i=1

ψ̂iP
∗
i−1(ξ), (3.49)

where n is the order of the simulation, P ∗i (ξ) is the i-th degree normalized Legendre polynomial,

P ∗i (ξ) = Pi(ξ)

√
2i+ 1

2
, (3.50)

and the ψ̂is are the modes of the sensor variable, which can be obtained from its nodal values by mul-
tiplication with the inverse Vandermonde matrix constructed using the selected polynomial basis. We
introduce the truncated expansion

ψ(ξ) =
n−1∑
i=1

ψ̂iP
∗
i−1(ξ), (3.51)

and the sensor parameter is then defined for each element as

se(ψ) = log

[
〈ψ − ψ,ψ − ψ〉e
〈ψ,ψ〉e

]
, (3.52)

where 〈·, ·〉e is the L2 inner product in the element. Orthonormality of the P ∗i s leads to simplified
expressions for the inner products in equation (3.52),

〈ψ − ψ,ψ − ψ〉e =

∫ 1

−1
ψ̂2
nP
∗
n−1(ξ)P ∗n−1(ξ)dξ = ψ̂2

n, (3.53)

〈ψ,ψ〉e =

∫ 1

−1

n∑
i=1

n∑
j=1

ψ̂iψ̂jP
∗
i−1(ξ)P ∗j−1(ξ)dξ =

n∑
i=1

ψ̂2
i . (3.54)

The artificial viscosity is then calculated as

εe =


0 for se < s0 − κ
ε0
2

[
1 + sin

π(se − s0)

2κ

]
for s0 − κ ≤ se ≤ s0 + κ

ε0 for se > s0 + κ

(3.55)

where ε0, s0 and κ are fixed parameters to be determined empirically. In our study, ε0 is calculated using
the spectral radius and the element width as

ε0 = Cε
λmh

n− 1
, (3.56)

where Cε is an additional parameter commonly set to unity.
The threshold s0 and sensor tolerance κ are computed via a self calibration algorithm which deter-

mines the optimal values for these parameters for an arbitrary value of the order n with the use of a
manufactured solution ψm.f.(ξ). In particular, s0 is calculated based on the value of the sensor when
a relatively sharp hyperbolic tangent profile is assumed for the solution, such that the nodal values are
given by

ψm.f.(ξi) =
1

2

{
1 + tanh

[
tr(i− 1− n/2) + 1/2

(n− 1)/5

]}
, i ∈ {1, 2, . . . , n} (3.57)
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where tr(·) denotes the truncation to the lower integer, and is used to prevent the manufactured solution
from being perfectly centered for odd values of n, and the threshold s0 from being too low in the case of
low-order computations. Optimal values for s0 and κ have been found to be

s0 = sm.f. − 3, and κ = 1, (3.58)

where sm.f. is the value of the sensor for the manufactured solution, computed from equation (3.52).
In the present work, a compound sensor is adopted, making use of the density and acoustic charac-

teristics (variables transported along u+ a and u− a) as the sensor variables [57]. Sensor values for the
three variables are evaluated using equation (3.52), and the compound sensor is then evaluated as

sac|ρ = max(sρ, su+a, su−a), (3.59)

in order to pick the most poorly resolved signal of the three. Artificial viscosity is then calculated for
the element using equation (3.55). Finally, artificial viscosity is made C0 continuous across elements by
linear interpolation of the common values of ε evaluated at element interfaces as was suggested by [58].

3.1.5 Scalar limiter

High-order methods are known to promote boundedness issues with scalar fields. Here, to secure
perfect scalar boundedness, i.e. Y ∈ [0, 1], a modified implementation of the positivity-preserving
scheme introduced by Zhang & Shu [59] is adopted. 1

Let the lower and upper bounds of Y be denoted as BL = εY and BU = 1− εY respectively, where
εY is a small number (for instance, εY = 10−13). Then, at each stage of the Runge-Kutta time-stepping
process, we can define the parameter θY over a standard element (computational cell) as

θY = min

(
1,

Y −BL
Y − Ymin

,
BU − Y
Ymax − Y

)
, (3.60)

where Y is the mean value of Y inside the element, and Ymin and Ymax are the minimum and maximum
values of Y in the element respectively. The corrected value of Y is then calculated as

Ŷ = θY (Y − Y ) + Y , (3.61)

which will always be between BL and BU provided that Y is so.
It should be noted that we had to resort to limiting the non-conservative variable Y due to the limiting

problem being ill-defined for the conservative variable ρY in the current implementation. As a conse-
quence, the mean value of ρY will not be perfectly preserved over the element if ρ is not constant, and
the limiter will act as a scalar source term. In practice, however, the contribution of this source term stays
negligible (In the simulations carried out it represents on average around 0.021% of the total mass of a
fluid element) and does not affect the overall quality of the solution.

3.2 Moving reference frame

In Chapter 5, we shall solve the inviscid and inert Navier-Stokes equations (also called inert Euler
equations) in a reference frame of a piston moving with a variable velocity Up(t), as illustrated in Figure
3.4. In the following, we present the changes which need to be accounted for in the numerical solution
of these equations.

1. Note that the high-order dissipation term is not triggered outside of the leading shock, therefore the reaction zone and
the progress variable profile are free from additional dissipation.
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Piston
Up

x

u

Figure 3.4: Sketch of a one-dimensional inert, inviscid flow pushed by a moving piston.

3.2.1 Conservation equations

The material derivative is expressed in the piston’s reference frame:

D

Dt
=

∂

∂t
+ (u− Up)

∂

∂x
, (3.62)

where u is the flow velocity in the lab frame. The inert Euler equations are thus written in non-
conservative form as [

∂

∂t
+ (u− Up)

∂

∂x

]
ρ = −ρ∂u

∂x
(3.63)[

∂

∂t
+ (u− Up)

∂

∂x

]
u = −1

ρ

∂p

∂x
(3.64)[

∂

∂t
+ (u− Up)

∂

∂x

]
e = −p

ρ

∂u

∂x
. (3.65)

where e is the internal energy per unit mass. When transformed into conservative form, the equations
read

∂ρ

∂t
+
∂ρ(u− Up)

∂x
= 0 (3.66)

∂ρu

∂t
+

∂

∂x
[ρu(u− Up) + p] = 0 (3.67)

∂ρE

∂t
+

∂

∂x
[ρE(u− Up) + up] = 0, (3.68)

where E = e+ 1
2u

2 is the total energy per unit mass in the lab frame. Thus, we have

U =

 ρ

ρu

ρE

 , F =

 ρ(u− Up)
ρu(u− Up) + p

ρE(u− Up) + up

 . (3.69)

Equations (3.66-3.68) can be readily solved using the SD method discussed in the previous section.
However, the fact that the advective flux F has changed while U has remained the same as in (2.2)
implies that Roe’s Riemann solver needs to be changed when solving equations (3.66-3.68). This is
discussed in the following section.
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3.2.2 Modification to the Roe solver

Let’s define the vectors Uo and Fo to be respectively the vector of conservative variables and the flux
vector as given in the lab frame:

Uo =

 ρ

ρu

ρE

 , Fo =

 ρu

ρu2 + p

ρuE + up

 , (3.70)

Then, U and F in equation (3.69) can be written as

U = Uo, F = Fo − UpUo. (3.71)

We want to solve the Riemann problem at the interface discontinuity of two cells and obtain the inter-
mediate flux at the interface. As before, let’s denote by UR and FR the solution and flux vectors to the
right of the discontinuity and UL and FL those to the left. Then, the jumps across the discontinuity are
given by

∆U = ∆Uo, ∆F = ∆Fo − Up∆Uo. (3.72)

Again we choose the parameter vector to be

P =
√
ρ

 1

u

H

 , (3.73)

and we define the two matrices B̃ and C̃ as

∆U ≡ B̃∆P, ∆F ≡ C̃∆P. (3.74)

Then, substituting equation (3.72) into equation (3.74), we get

B̃ = B̃o, C̃ = C̃o − UpB̃o, (3.75)

from which the flux Jacobian matrix is obtained as

Ã = C̃B̃−1 (3.76)

Ã = C̃oB̃
−1
o − UpB̃oB̃

−1
o (3.77)

Ã = Ão − UpI. (3.78)

Now, let K̃
(i)
o be the i-th eigenvector of Ão with an eigenvalue λ̃oi, then

ÃK̃(i)
o = ÃoK̃

(i)
o − UpK̃(i)

o (3.79)

ÃK̃(i)
o = (λ̃oi − Up)K̃(i)

o . (3.80)

From equation (3.80), we can see that the eigenvectors of Ã are the same as those of Ão:

K̃(i) = K̃(i)
o , (3.81)

and their eigenvalues are given by:
λ̃i = λ̃oi − Up. (3.82)

Equation (3.81) in addition to (3.72) (∆U = ∆Uo) imply that the projection coefficients are also the
same as in the lab frame:

α̃i = α̃oi. (3.83)

Therefore, the only change to the Roe solver is in the eigenvalues, as given by equation (3.82).
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3.2.3 Boundary conditions on the moving piston

The boundary condition at the piston needs to be considered with care. The piston is considered to
be an impermeable adiabatic wall. To obtain the advective flux on the boundary, we denote the flux point
inside the domain by subscript L and we create a virtual flux point outside the domain denoted by R, at
which the flow velocity is

uR − Up = −(uL − Up)⇒ uR = 2Up − uL (3.84)

such that (uL + uR)/2 = Up. Density and pressure are considered symmetric to those at point L:

ρR = ρL (3.85)

pR = pL, (3.86)

then we obtain the advective flux on the piston using the Roe solver discussed in the preceding section.

x0

ρR

eR

uR

ρL

eL

uL

Up

Figure 3.5: Sketch showing the variation of density, internal energy and velocity between physical L and
ghost R cells at the piston boundary. Directions are flipped with respect to Figure 3.4, but this is only a
matter of notation.

To evaluate viscous fluxes due to artificial viscosity (molecular viscosity is neglected), we need to
know the gradients of conservative variables on the piston, since from equation (3.48):

FAV = ε
∂U

∂x
. (3.87)

To that end, we consider a ghost cell on the right-hand side of the interface with equal values of density
and internal energy to the physical cell on the left, but reversed gradients, as illustrated in Figure 3.5:

ρR = ρL, eR = eL, (3.88)(
∂ρ

∂x

)
R

= −
(
∂ρ

∂x

)
L

,

(
∂e

∂x

)
R

= −
(
∂e

∂x

)
L

, (3.89)
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so that the mean temperature gradient would be zero. Velocity is still considered to be symmetric with
respect to the piston frame, and is thus given by:

uR = 2Up − uL,
(
∂u

∂x

)
R

=

(
∂u

∂x

)
L

. (3.90)

We want to obtain the gradients for the conservative variables ρ, ρu, and ρE. The density gradient is
readily obtained in (3.89). For momentum, we have using the chain rule(

∂ρu

∂x

)
R

= ρR

(
∂u

∂x

)
R

+ uR

(
∂ρ

∂x

)
R

, (3.91)

which when using equations (3.88) through (3.90) reduces to(
∂ρu

∂x

)
R

=

(
∂ρu

∂x

)
L

− 2Up

(
∂ρ

∂x

)
L

. (3.92)

For total energy, we first write the gradient of internal energy as a function of conserved variables gradi-
ents:

∂e

∂x
=

1

ρ

(
∂ρE

∂x
− e∂ρ

∂x
− u∂ρu

∂x
+

1

2
u2 ∂ρ

∂x

)
, (3.93)

and we substitute this into the second equation in (3.89):
(
∂e
∂x

)
R

= −
(
∂e
∂x

)
L

. Thus, we obtain an
expression for the gradient of total energy, which reduces to(

∂ρE

∂x

)
R

= Up

[(
∂ρu

∂x

)
R

+

(
∂ρu

∂x

)
L

]
−
(
∂ρE

∂x

)
L

. (3.94)

Finally, viscous fluxes at the boundary are computed using the arithmetic average of left- and right-
gradients.

3.3 Flame stabilization

A flame stabilization procedure has been implemented in the numerical code. Although this proce-
dure is not utilized in the current study, it is still mentioned here for possible future reference.

We consider a one-dimensional flame propagating at a constant velocity in a combustible mixture in
which inlet pressure and density are fixed (Figure 3.6). We want to simulate this flame in a reference
frame moving with the same velocity as the flame, so that the flame remains at a fixed position in the
computational domain. Since the flame velocity is not known a priori, a flame stabilization procedure,
which automatically adjusts the speed of the reference frame to be the same as that of the flame, has to
be employed.

The progress-variable profile (as well as profiles of density, pressure, etc . . . ) across the flame verifies
the one-dimensional first-order wave equation:

∂Y

∂t
+ uf

∂Y

∂x
= 0 (3.95)

where uf is the propagation velocity of the flame in the initial reference frame of the simulation. Thus,

uf = −
(
∂Y

∂t

)/(
∂Y

∂x

)
. (3.96)
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Tb

Tu

uf
Outlet Inlet

(Pressure and density 
known)

(State determined by 
Rankine-Hugoniot relations)

Figure 3.6: Sketch of the temperature profile across a steadily-propagating premixed flame.

The aim of the flame stabilization algorithm is to obtain a stationary flame with uf = 0. To that end, we
first initialize a flame in a reference frame moving at a low Mach number in the direction of propagation,
and we allow the flame to evolve for a few time steps. Then, using equation (3.96), uf is calculated at
the position of maximum reaction rate, denoted by x∗. A change of reference frame is then applied by
updating the velocity field according to the following relation:

unew(x) = uold(x)− ρ(x∗)

ρ(x)
uf (x∗). (3.97)

The inlet velocity also updated to match the new flame velocity, and outlet conditions are updated accord-
ingly through the Rankine-Hugoniot relations (2.25-2.27). The process is repeated every few time steps
until the flame velocity converges to a fixed value, which usually occurs within a few hundred reaction
times. The converged value is known as the one-dimensional laminar flame speed.
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detonations

Sommaire
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2 Flow configuration and theoretical formulation . . . . . . . . . . . . . . . . . . . . 62

4.2.1 Primitive balance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.2.2 Characteristic equations in the moving frame . . . . . . . . . . . . . . . . . . 63

4.3 Asymptotic analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.3.1 Asymptotic limit and the two-timescale dynamics . . . . . . . . . . . . . . . . 65
4.3.2 Unsteady distribution of heat release and scaling law . . . . . . . . . . . . . . 66
4.3.3 Integral equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.3.4 Instability threshold for the scaling law . . . . . . . . . . . . . . . . . . . . . 70

4.4 Framework for the parametric analysis . . . . . . . . . . . . . . . . . . . . . . . . 71
4.4.1 Model of reaction rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.4.2 Parameters formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.5 Numerical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5.2 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.5.3 Steady CJ detonation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.6 Comparison of theory against simulations . . . . . . . . . . . . . . . . . . . . . . . 75
4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.1 Introduction

Since the early experimental and numerical works performed by Erpenbeck [18] and Fickett and
Wood [19] back in the 1960s, it has been known that the detonation structure is not well described by
steady state solution given by the ZND theory. Rather, detonations were found to be largely unsteady
and characterized with a complex multi-dimensional structure. The dynamics of these waves has been
subject to numerous experimental, theoretical and numerical studies [2, 60–66].

Numerical simulations elucidating the cellular structure of 2D detonations have been performed since
the 1970s [67]. Figure 4.1 shows a density color map obtained from a direct numerical simulation (DNS)
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of a 2D detonation using the high-order spectral difference method. The color map reveals the complex
dynamics of the detonation, whose front is divided into alternating incident waves and Mach stems, with
transverse waves propagating from the Mach stems towards incident waves.

Mach stem

Incident wave

Reflected 
wave

Slip line

Triple point

Figure 4.1: Density color map of a two-dimensional detonation, obtained from a 5th-order spectral-
difference direct numerical simulation. The flow parameters are γ = 1.4, qm/cpTu = 5, and
Ea/kBTN = 6. The width and height of computational box are in the order of 102 times the deto-
nation thickness. Density is normalized with respect to its upstream value. The color map reveals the
complex dynamics of the flow and the complete cellular structure of the detonation, where the detonation
front consists of alternating incident waves and Mach stems, with transverse waves propagating between
the two. The triple point at the intersection of three waves is the point with highest temperature and
reaction rate in the flow. A slip line trails behind the triple point denoting the boundary between the
gases which crossed the Mach stem and those which crossed the reflected wave.

At the intersection of the three waves is the triple point, which is the point with highest temperature
and reaction rate on the detonation front. Trailing behind the triple point is the slip line, which denotes
the boundary between gases which have crossed Mach stem and those which have crossed the incident
then the reflected waves. Gases on both sides of the slip line have an equal pressure, but their densities
and temperatures are different. That’s why slip lines can be observed in Figure 4.1, but not in the pressure
map in Figure 4.2.

Mach stems propagate faster than incident waves, and exhibit a higher reaction rate. Though as triple
points traverse the detonation front, they collide and get reflected off of one another, and as they do so,
the wave front at each point alternates between being an incident wave and a Mach stem. Trajectories of
the triple points are shown in Figure 4.3, which is a time-integrated maximum pressure map for the flow.
The map reveals the diamond-shaped cells traced by the triple points of a 2D detonation.
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Figure 4.2: Pressure gray-scale map of the same detonation in Figure 4.1. Pressure is normalized with
respect to its upstream value. Notice that slip lines are invisible on a pressure map, since pressure is
continuous across these lines.

Figure 4.3: Time-integrated gray-scale map of maximum pressure across the detonation. The white
lines denote the trajectories of the triple points as they trace the diamond structures characteristic of the
cellular detonation. We can observe that soon after the instability sets in, the triple points start merging
with one another, and the cell size increases with time.

However, instability is not strictly a multi-dimensional phenomenon, as even one-dimensional dimen-
sional detonations exhibit unsteady dynamics characterized by longitudinal pulsations and oscillations in
the propagation velocity and the strength of the leading shock wave. In 2005, Ng et al. [68] performed a
parametric numerical study to describe the transition of 1D detonations from stable to unstable, and then
their transition from periodic oscillations into chaotic oscillations via period-doubling bifurcations. The
parameter used to control the dynamics was the Arrhenius activation energy, which describes the thermal
sensitivity of the reaction rate.
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In the following we present a set of 1D simulations reproducing similar results to those in [68]. A
5th-order spectral difference scheme has been used with γ = 1.4 and qm/cpTu = 6.69. The activation
energy Ea/kBTN was varied between 5 and 6. TN denotes the Neumann temperature of the steady state
CJ detonation.

Figure 4.4 shows the Neumann pressure plotted a function of time for a detonation withEa/kBTN =

5. At this value of the activation energy, the detonation is still stable. Transition to instability occurs at
Ea/kBTN = 5.15. Figure 4.5 then shows a plot of Neumann pressure versus time for an activation
energy higher than this threshold value, at Ea/kBTN = 5.5, and we can observe a period-1 oscillation
of the pressure with an oscillation period in the order of 10tr. Increasing the activation energy further to
Ea/kBTN = 5.6, we can see in Figure 4.6 that a period-doubling bifurcation occurs, and the detonation
exhibits a period-2 oscillation. Further period-doubling bifurcations then follow as the activation energy
is increased, and at Ea/kBTN = 6, we see that the oscillations have become completely chaotic (Figure
4.7).
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Figure 4.4: The Neumann pressure plotted as function of time for a detonation with Ea/kBTN = 5.
Pressure is normalized by its steady ZND value, and time is normalized by the steady-state reaction time
tr. The detonation is still stable, and only tiny aberrations of the shock pressure are visible.

In this chapter, our aim is to elucidate the physical mechanisms driving the instability of one-
dimensional detonations using asymptotic analysis and high-order numerical simulations. We shall only
focus on weakly unstable detonations near the instability threshold.

Since the 1990s, significant advances toward the understanding of the strongly nonlinear dynamics of
detonation fronts have been made by theoretical analyses (see [3, 69] and references therein). However,
very few asymptotic analyses providing constitutive models describing the behavior of these unsteady
supersonic combustion waves have been reported in the literature. Indeed, the unsteady coupling between
the shock discontinuity and the combustion chemistry controlling the amount of heat release makes ad-
dressing the problem through analytical developments a quite challenging task. The most recent progress
in this direction concerns the direct initiation of gaseous detonations for which theoretical analyses have
been completed with success [24, 70].

This chapter revisits previous asymptotic developments [23] tackling the linear dynamics of weakly
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Figure 4.5: The Neumann pressure as function of time for a detonation with Ea/kBTN = 5.5. The
detonation is unstable, and it exhibits a period-1 oscillation.
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Figure 4.6: The Neumann pressure as function of time for a detonation with Ea/kBTN = 5.6. A period
doubling bifurcation has occurred and now the detonation exhibits a period-2 oscillation.

overdriven waves in the limit of small heat release and for a ratio of specific heats close to unity. Weakly
unstable waves in the Chapman-Jouguet (CJ) regime are considered in the current work (cf. figure 4.8),
and three major simplifications are formulated in the asymptotic analysis: firstly, compressional heating
within the exothermal reaction zone of the detonation is considered as negligible in comparison to heating
by combustion, which is a rather valid approximation for a generic gaseous detonation. Secondly, in
association with the limit of small heat release, the variation of the speed of sound with temperature is
negligible. Thirdly, a two-timescale dynamics is considered to control the response of heat release in
the reaction zone to velocity fluctuations of the leading shock. The two time scales are associated to
disturbances developing within the detonation and propagating upstream and downstream respectively,
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Figure 4.7: Neumann pressure as function of time for a detonation with Ea/kBTN = 6. The detonation
has now transitioned into the chaotic regime.

induction 
zone

fresh gas reaction zone burnt gas

pu

pN

pb
Flow 

direction

Neumann 
state

CJ point 
(sonic condition)

Fast downstream running waves (acoustic + entropy)

Slow upstream running waves (acoustic)

Velocity 
fluctuations

Figure 4.8: Schematic representation of the pressure distribution across a Chapman-Jouguet detonation
with characteristics instability modes propagating between the shock and the reaction zone.

as illustrated in figure 4.8. Due to the transonic nature of the flow (Mach number close to unity) in
the double limit of small heat release and unity ratio of specific heats, the disturbances propagating via
the downstream modes can be considered to be quasi-instantaneous, and the dynamics of the unsteady
detonation is only controlled by the upstream-running mode.

In the Chapman-Jouguet regime of real detonations (i.e. outside the asymptotic limits considered for
the study), the flow relative to the lead shock is sonic at the end of the reaction zone, but is substantially
subsonic at the Neumann state, so that the two-timescale nature of the dynamics is less pronounced.
Even though the absolute values of the parameters characterizing the dynamics of these real detonations
can be quantitatively different, the general trends reported in this study remain nonetheless qualitatively
valid.

In the theoretical part of the current work, the time-dependent velocity of the lead shock is obtained
as an eigenfunction of a single hyperbolic equation for the flow velocity with two boundary conditions,
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one at the Neumann state using the shock Rankine-Hugoniot conditions, and the other in the burnt gas
where a sonic condition is applied for the CJ regime. The flow is fed by an unsteady reaction rate whose
time dependence is through the shock velocity only. The solution is then cast in the form of an integral
equation for the time-dependent shock velocity of a weakly unstable detonation, just above the instability
threshold.

Theoretical results are validated against direct numerical simulations. In the numerical study, the one-
dimensional reactive Euler equations are solved using the high-order spectral difference (SD) method [35,
37, 52]. Numerical simulations resolving the oscillations in time are performed in the double limit of
low heat release and specific heat ratios close to unity. A modified single-step Arrhenius chemistry
whose time dependence follows a scaling law approximating heat-release profiles for real hydrogen-air
detonations [22] is used. A recently proposed shock capturing approach for high-order methods based
on characteristic waves is applied [57] in order to minimize post-shock numerical aberrations.

The chapter is organized as follows: the flow configuration under study and the theoretical formula-
tion are presented in the subsequent section. Then, the asymptotic analysis leading to an integral equation
for the shock velocity of the CJ detonation is presented. The specific framework of the parametric anal-
ysis for the comparison of numerical and theoretical results is then discussed. After that, the numerical
analysis is presented and results are compared against the theoretical predictions, before concluding.

4.2 Flow configuration and theoretical formulation

4.2.1 Primitive balance equations

In a planar geometry, Euler’s equations of a reactive gas flow take the form

1

ρ

(
∂

∂t
+ u

∂

∂x

)
ρ+

∂u

∂x
= 0, (4.1)

ρ

(
∂
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∂
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)
u = −∂p

∂x
, (4.2)(

∂
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+ u

∂
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)[
lnT − (γ − 1)

γ
ln p

]
=

qm
cpT

w(T, Y )

tr
, (4.3)(

∂

∂t
+ u

∂

∂x

)
Y =

w(T, Y )

tr
, (4.4)

where ρ is the density, p is the pressure, u is the flow velocity in the laboratory frame, γ = cp/cv is the
constant ratio of specific heat, qm denotes the chemical heat release per unit mass of the mixture, T is
the temperature, Y is the progress variable (Y = 0 in the initial mixture and Y = 1 in the burned gas;
1 − Y is the reduced mass fraction of the limiting component in a one-step reaction), tr is the reaction
time at the Neumann state of the planar CJ detonation and w denotes the non-dimensional heat-release
rate.

Assuming the ideal gas law, the pressure p and the sound speed a may be written as

p =
γ − 1

γ
cpρT, a =

√
γ
p

ρ
. (4.5)

Attention is focused on an irreversible exothermic reaction, whose rate

W (T, Y ) =
w(T, Y )

tr
> 0 (4.6)
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depends on the temperature T and the mass fraction of the species Y , the pressure dependence of the
reaction rate being neglected for simplicity in comparison to its thermal sensitivity.

Equations (4.1-4.4) shall be solved in the inner structure of the detonation, with boundary conditions
applied just downstream of the lead shock and at the exit of the reaction zone. We consider a propagation
from right to left with an orientation of the axis towards the burnt gas, the gas flowing in the negative
direction (u < 0) in the laboratory frame, as is shown in Figure 4.8.

Denoting the fresh mixture at rest by the subscript (·)u, the initial mixture would then be frozen far
away from chemical equilibrium at a cold temperature Tu, with Y = Yu = 0 and w(Tu, Yu) = 0. The
lead shock of the detonation is modeled as a discontinuity in the flow of the fresh gases, and denoting the
gas in the Neumann state just downstream of the shock by the subscript (·)N , the boundary conditions
on the shock are then given by the Rankine-Hugoniot jump relations (2.28-2.30), re-expressed here as

YN = Yu, (4.7)
pN
pu

= 1 +
2γ

γ + 1
(M2 − 1), (4.8)

ρN
ρu

=
1 + (M2 − 1)

1 + γ−1
γ+1(M2 − 1)

, (4.9)

uN
au

= −
(

1− ρu
ρN

)
M, (4.10)

where M ≡ D/au > 1 is the propagation Mach number, D being the propagation speed of the lead
shock (a positive scalar). For a weak shock 0 < M − 1� 1, the system of equations (4.8-4.10) reads

TN
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where U ≡ u + D is the flow velocity in the shock frame. Considering a CJ detonation propagating in
an infinite medium, the boundary condition at the exit of the reaction zone is a sonic condition, meaning
that compressible waves in the flow of burnt gas cannot enter the reaction zone (i.e., radiation condition).

4.2.2 Characteristic equations in the moving frame

An alternative form of the energy equation (4.3) is expressed in terms of p and u, by using the ideal
gas law (4.5) when ρ is eliminated from the mass conservation equation in (4.2),

1
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tr
. (4.15)

The equations for the conservation of mass and momentum (4.1-4.2) can be put in the form of two
hyperbolic equations for u and p when the equation for conservation of momentum (4.2) is multiplied by
a/(γp) = 1/(ρa), then added to and subtracted from (4.15):
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These equations, relating the propagation of the disturbances of pressure p and flow velocity u to the
rate of heat release w/tr, are the simple extension of the usual characteristic equations (simple waves) to
reacting gases. When (4.5) is used and when the reaction rate w(T, Y )/tr is known, the four equations
(4.3-4.4) and (4.16) form a closed set of equations for p, u, T and Y .

Considering the intrinsic dynamics of a Chapman-Jouguet wave, the flow in the burnt gas u = ub,
p = pb, w = 0, the sonic condition for the unperturbed wave propagating at the constant CJ velocity D
and the radiation condition yield

D + ub = ab, δpb + ρbabδub = 0, (4.17)

where the overline denotes the unperturbed solution, and the decomposition z = z + δz has been used.
Let’s denote the position of the shock front in the laboratory frame by xf , so that

x = xf (t), dxf/dt = −D(t) < 0, u < 0. (4.18)

Then, it is convenient to express the equations in the reference frame attached to the lead shock:

x ≡ x− xf (t) ⇒ ∂/∂x→ ∂/∂x, ∂/∂t→ ∂/∂t+D(t)∂/∂x, (4.19)

D + u > 0 being the flow velocity relative to the shock. In this frame, the boundary conditions at the
Neumann state take the form

x = 0 : Y = Yu, p = pN (t), T = TN (t), u = uN (t) < 0, (4.20)

where pN (t), TN (t), and uN (t) are given in terms of the instantaneous propagation velocity D(t) =

Mau by equations (4.8-4.10). Introducing the non-dimensional coordinate ξ attached to the moving
front of the lead shock and reduced by the thickness of the unperturbed CJ detonation,

ξ ≡
x− xf (t)

UN tr
, with UN ≡ D + uN , 0 < UN < aN , (4.21)

equations (4.3-4.4) and (4.16) become[
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The boundary conditions (4.17) and (4.20) have to be used at ξ →∞ and ξ = 0, respectively.

4.3 Asymptotic analysis

In this section, we revisit the linear analysis [23] in the limit of small heat release, with a particular
attention to the Chapman-Jouguet wave and to the weakly nonlinear solutions just above the instability
threshold .
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4.3.1 Asymptotic limit and the two-timescale dynamics

The analysis is performed in the limit of small heat release Q ≡ [(γ + 1)/2]qm/cpTu � 1 by
introducing the small parameter ε and using the following distinguished limit:

ε ≡
√
Q � 1, (γ − 1)/ε� 1. (4.24)

The propagation Mach number of the planar CJ wave M =
√
Q +

√
Q+ 1 differs from unity by a

small amount M − 1 = ε+O(ε2). For M − 1� 1, the lead shock is weak. Yet, it can be considered as
a discontinuity in a flow governed by the Euler equations if the reaction rate 1/tr is much smaller than
the elastic collision rate 1/tcoll and if the detonation thickness autr is much larger than the thickness of
the lead shock autcoll/(M − 1) [3]. This is still the case in the asymptotic limit ε→ 0, provided that the
following ordering is satisfied: tr/tcoll � 1/ε. Notice, however, that the entropy jump across the lead
shock is negligible [3].

In the limit (4.24), the Rankine-Hugoniot conditions (4.10) read,
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pu
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UN
= 2− ε+O(ε2). (4.30)

The attention is now focused on disturbances that are of the same order of magnitude as

D − au
au

= O(ε)

but, as we shall see, with a thermal sensitivity of the reaction rate sufficiently large to have variations
which are of the order of unity. The non-dimensional flow velocity and the shock velocity, respectively,
µ and α̇τ , both of them of order unity, are introduced in the limit (4.24) as

D + u

au
≡ 1− εµ, D −D

au
≡ εα̇τ (4.31)

⇒ D + u
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= 1− ε(µ− α̇τ ), M − 1 = ε+ εα̇τ +O(ε2), (4.32)

ε→ 0 : µ = O(1), α̇τ = O(1), (4.33)
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= 2 +O(ε),

D + u− a
au

= −ε(µ− α̇τ ) +O(ε2), (4.34)

where the first relation in (4.34) comes from

qm/cpTu = O(ε2) ⇒ (T − TN )/TN = O(ε2). (4.35)
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According to equation (4.27), the sound speed au in the denominator of the two last relations in (4.34)
can be replaced by UN without modification of the leading order, showing the quasi-transonic character
of the flow velocity u + D in the frame attached to the lead shock. Substituting equation (4.32) into
Rankine-Hugoniot conditions at the Neumann state (4.11-4.14), one obtains the boundary conditions at
the shock as

ξ = 0 : pN/pu = 1 + 2ε(1 + α̇τ ) +O(ε2), (4.36)

TN/Tu = 1 + 2(γ − 1)[ε(1 + α̇τ ) +O(ε2)], (4.37)

µN = 1 + 2α̇τ +O(ε), (4.38)

and the boundary condition in the burnt gas (4.17) yields

ξ →∞ : w = 0, µ = 0 (sonic condition), (4.39)

but no condition on δµ is prescribed in the burnt gas to leading order in the limit ε→ 0, since, according
to the definition of µ in (4.32), εδµb = −δub/ab, which simply implies the order of magnitude of δub,
namely, δub/ab = O(ε). In relation with (4.36), it is convenient to introduce the reduced pressure, of
order unity in the limit ε→ 0,

p/pN − 1 ≡ επ, π = O(1); ξ = 0 : π = πN ; πN = 2α̇τ +O(ε). (4.40)

According to (4.34), equations (4.23) exhibit the two-timescale nature of the compressible waves;
the upstream-running wave (propagating toward the lead shock) has a velocity smaller than the velocity
of the downstream running one by a factor ε. Equation (4.22) is the downstream-running entropy wave
which is convected by the flow velocity u + D. The dynamics is resulting from a continuous set of
loops constituted by two downstream-running modes and an upstream-running one. Disturbances are
generated at the shock by the fluctuations of the propagation velocityD(t). They are propagated through
the detonation thickness by the downstream-running modes, perturbing the distribution of the reaction
rate. Disturbances are then sent back to the lead shock by the upstream-running mode, closing the loop.

An instability develops if the retroaction on the shock velocity, delayed by the loops, is in phase with
the emission. In the limit ε → 0, the downstream running modes are infinitely faster than the upstream-
running one and they produce quasi-instantaneous disturbances. The dynamics of the lead shock is
controlled by the upstream-running mode (the slowest in the loop) and, according to equations (4.31)
and (4.34), the characteristic time of evolution is longer than the transit time tr of a fluid particle across
the inner structure of the detonation by a factor of order ε. It is therefore useful to introduce the time
variable of order unity τ = O(1) defined as

τ ≡ ε t
tr

= O(1),
∂

∂t
=

ε

tr

∂

∂τ
. (4.41)

4.3.2 Unsteady distribution of heat release and scaling law

The differential operator on the left-hand side of equations (4.22) takes the form

ε
∂

∂τ
+ [1 +O(ε)]

∂

∂ξ
≈ ∂

∂ξ

so that, to leading order in the limit ε→ 0, the equations of species and energy are in steady state.
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Neglecting corrections of order smaller than ε2, the approximation qm/cpTu ≈ ε2 can be applied to
equations (4.22)–(4.23), showing that the relative variation of the energy is of order ε2. After dividing
by ε2, the reduced energy on the left-hand side of the first equation in (4.22),

T − TN
ε2TN

+

[
γ − 1

εγ

]
π,

varies in the order of unity and, to leading order in the limit (4.24), (γ−1)/ε� 1, compressional heating
is negligible.

To leading order, the equations for conservation of species and energy reduce to

1

ε2TN

∂T

∂ξ
=
∂Y

∂ξ
= w(T, Y ), (4.42)

with boundary conditions

ξ = 0 : T = TN (τ), Y = 0, (4.43)

ξ = ξb →∞ : Y = 1, w(T, 1) = 0. (4.44)

Equation (4.42) allows us to define the reduced temperature of order unity as

θ ≡ T − TN
ε2TN

.

The time dependence of problem (4.42)-(4.44) is through the Neumann temperature TN (τ) only and the
instantaneous distribution of the unsteady heat releasew[ξ, TN (τ)] is obtained by solving the steady-state
problem (4.42)-(4.44) for a given value of TN (τ), the solution of which is denoted by wo[ξ, TN (τ)], with∫∞

0 wo
(
ξ, TN

)
dξ = 1. According to (4.37), the Neumann temperature varies with the shock velocity as

TN − TN
TN

= 2(γ − 1)εα̇τ .

Thus, the thermal sensitivity of w(T, Y ) should be strong enough to produce a non trivial effect in the
limit ε→ 0.

For simplicity, we will use a scaling law for the unsteady distribution of reaction rate. The chemical
kinetics of ordinary combustible mixtures is constituted by initiation steps, chain-branching steps and
recombination reactions. The corresponding spatial distribution of heat release rate in a detonation wave
is constituted by an induction zone, followed by a zone of heat release. The thermal sensitivity of the
induction length is described by an Arrhenius law, lind(TN ) ∝ autreE/(kbTN ), where E is the activation
energy of the chain-branching step [3],

lind(TN )/lind(TN ) = exp

[
E

kBTN

(
TN
TN
− 1

)]
, (4.45)

with
TN/TN − 1 = −2(γ − 1)[εα̇τ +O(ε2)] (4.46)

as per (4.37). Introducing the reduced activation energy b of order unity, the induction length is expressed
in terms of the propagation velocity α̇τ (τ) in the form

b ≡ 2(E/kBTN )(γ − 1)ε = O(1), lind(TN )/lind(TN ) = e−bα̇τ (τ). (4.47)
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Assuming that the strongest temperature dependence of the reaction rate comes from the induction
reactions and neglecting all the other temperature dependence in the limit ε → 0, the unsteady distribu-
tion of heat release is approximated by a scaling law,

w(sl)
o [ξ, TN (τ)] =

lind(TN )

lind(TN )
wo

[
ξ
lind(TN )

lind(TN )

]
= ebα̇τ (τ)wo

[
ξebα̇τ (τ)

]
, (4.48)

where wo(ξ),
∫∞

0 wo(ξ)dξ = 1, is the normalized distribution of the unperturbed CJ wave, the reference
time tr used in equation (4.21) being defined as UN tr = lind(TN ). The effect of the scaling law on
the reaction rate is illustrated in Figure 4.9. Depending on the sign of the velocity fluctuation α̇τ , the
reaction rate will get stretched along the y-axis and contracted along the x-axis or vice-versa. In either
case, the area under the curve remains constant,

∫∞
0 w

(sl)
o (ξ)dξ = 1.
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Figure 4.9: Effect of the scaling law on the reaction rate.

It turns out that the approximation (4.48) is satisfactory for hydrogen flames, see figure 2 in [22]. For
a better quantitative accuracy, the distribution wo[ξ, TN (τ)], solution of the steady equations of energy
and species in (4.42)–(4.44), could be used. From now on we will use the notation

y(τ) ≡ b α̇τ (τ) = O(1) (4.49)

and write

w(sl)
o [ξ, TN (τ)] = ey(τ)wo[ξey(τ)]. (4.50)

4.3.3 Integral equation

Using (4.32)–(4.34) and (4.40)–(4.41), equations (4.23) divided by ε2 yield{
∂

∂τ
+

[
2

ε
+O(1)

]
∂

∂ξ

}
(π − µ) = wo[ξ, y(τ)], (4.51)

{
∂

∂τ
− [(µ− y/b) +O(ε)]

∂

∂ξ

}
(π + µ) = wo[ξ, y(τ)], (4.52)
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where we have used the more transparent notation wo[ξ, y(τ)] in place of wo[ξ, TN (τ)]. To leading
order in the limit ε→ 0, equation (4.51) shows that

∂

∂ξ
(π − µ) = 0. (4.53)

In addition, from equations (4.38) and (4.40) we get

µN = 1 + πN . (4.54)

Equations (4.53) and (4.54) then imply that

π(ξ, τ) = µ(ξ, τ)− 1. (4.55)

Substituting the above equation into (4.52), the problem reduces to solving a single hyperbolic equa-
tion for the reduced flow velocity µ(ξ, τ), fed by the heat release wo[ξ, y(τ)]:

∂µ

∂τ
−
[
µ− y(τ)

b

]
∂µ

∂ξ
=

1

2
wo[ξ, y(τ)], (4.56)

which is the simple wave corresponding to the upstream-running mode (propagating in the negative
direction, i.e. from the reacting gas to the lead shock). The boundary conditions are (4.17) at infinity
and (4.38) at ξ = 0. The flow of the unperturbed CJ detonation (y = 0) is µ(ξ) ∈ [0, 1],

µ(ξ) =

√
1−

∫ ξ

0
wo(ξ′)dξ′,

∫ ∞
0

wo(ξ
′)dξ′ = 1, wo(ξ) = wo(ξ, y = 0) > 0. (4.57)

The time-dependent propagation velocity y(τ) (with y = 0) is obtained as an eigenfunction of the
problem (4.56) with, according to (4.38)–(4.39), the following boundary conditions for the solution
µ(ξ, τ):

ξ = 0 : µ = 1 + 2y(τ)/b, ξ →∞ : µ = 0, µ = δµb (4.58)

where δµb is not known, see the text below (4.39). It turns out that the linear solution of (4.56)–(4.58) is
obtained without any requirement concerning δµb. Linearization of the flow field µ = µ(ξ) + δµ(ξ, τ)

on the left-hand side of (4.56) yields

∂

∂τ
δµ− ∂

∂ξ
(µδµ) = G[ξ, y(τ)], (4.59)

∂

∂τ
(µδµ)− µ(ξ)

∂

∂ξ
(µδµ) = µ(ξ)G[ξ, y(τ)], (4.60)

where
G[ξ, y(τ)] ≡ 1

2
{wo[ξ, y(τ)]− wo(ξ)} −

1

b

dµ
dξ
y. (4.61)

It is useful to introduce the change of variable ζ(ξ) ∈ [0,∞):

ζ(ξ) =

∫ ξ

0

dξ′

µ(ξ′)
, µ(ξ)

∂

∂ξ
=

∂

∂ζ
, (4.62)

which is a one-to-one correspondence between ξ and ζ inside the inner structure, since the function µ(ξ)

remains positive (it decreases monotonically from 1, at ξ = 0, to 0 for ξ → ∞). Introducing the new
functions F (ζ, τ) and Z(ζ, τ),

F (ζ, τ) ≡ µ[ξ(ζ)]G[ξ(ζ), y(τ)], Z(ζ, τ) ≡ µ[ξ(ζ)]δµ[ξ(ζ), τ ], (4.63)
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equation (4.60) and the boundary conditions (4.58) become:

∂Z

∂τ
− ∂Z

∂ζ
= F (ζ, τ), ζ = 0 : Z = 2y(τ)/b, ζ →∞ : Z → 0, (4.64)

where the boundary condition at infinity comes from the limits limξ→∞ ζ(ξ) = ∞ and limξ→∞ µ(ξ) =

0, and one has limζ→∞ F (ζ, τ) = 0.
The general solution of the hyperbolic equation (4.64) is

Z(ζ, τ)− Z(0, τ + ζ) = −
∫ ζ

0
F (ζ ′, ζ + τ − ζ ′)dζ ′. (4.65)

Hence, taking the limits ζ → ∞ and τ → ∞, keeping τ + ζ constant and equal to τo, τ + ζ = τo, the
boundary condition limζ→∞ Z(ζ, τ)→ 0 ∀τ yields

Z(0, τo) =

∫ ∞
0

F (ζ ′, τo − ζ ′)dζ ′, (4.66)

which, when using the boundary condition at the Neumann state in (4.64), ζ = 0 : Z = 2y(τ)/b,
becomes an integral equation of the form

2y(τ) = b

∫ ∞
0

F (ζ, τ − ζ)dζ, (4.67)

in which the subscript of τo has been suppressed.
According to (4.59) and (4.63), the time dependence of F (ζ, τ) is through y(τ), so that equa-

tion (4.67) is an integral equation for the velocity of the lead shock, y(τ) ≡ bα̇τ (τ), involving an
integration on the time delay associated with the transit time of the upstream-propagating mode, from
each point inside the inner-detonation-structure to the lead shock (continuous set of loops mentioned at
the end of § 4.3.1).

4.3.4 Instability threshold for the scaling law

When considering the stability limit, the function F (ζ, τ) has to be linearized. Using the scaling
law (4.48), the linearization yields

bδF (ζ, τ) = g(ζ)y(τ), g(ζ) ≡ µ[ξ(ζ)]G[ξ(ζ)], G(ξ) ≡ d
dξ

[
b

2
ξwo(ξ)− µ(ξ)

]
, (4.68)

so that, according to (4.67), the linear integral relation for the propagation velocity takes the form

2y(τ) =

∫ ∞
0

g(ζ)y(τ − ζ)dζ. (4.69)

Using a normal mode analysis, y(τ) ∝ eστ , a transcendental equation is obtained for the complex
linear growth rate σ in the form of an equation for a Laplace transform

2 =

∫ ∞
0

g(ζ)e−σζdζ, 2 =

∫ ∞
0

G(ξ)e−σ
∫ ξ
0 dξ′/µ(ξ′)dξ, (4.70)

which is an equation similar to that obtained previously for weakly overdriven detonations [23].
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Setting σ = s + iω, s = Re(σ), ω = Im(σ), two equations are obtained for determining the
oscillatory frequency and the critical value of b at the instability threshold (s = 0: b = b∗, ω = ω∗),

2 =

∫ ∞
0

g(ζ) cos(ω ζ)dζ, 0 =

∫ ∞
0

g(ζ) sin(ω ζ)dζ. (4.71)

The solution is illustrated graphically in Figure 4.10. These relations are valid for any complex set of
elementary chemical reactions controlling the combustion kinetics. The only chemical parameter is the
distribution wo(ξ) of heat release in the unperturbed CJ wave. The stiffer the distribution wo(ξ) is, the
more unstable the detonation is; as a result, the value of b∗ gets smaller and the oscillatory frequency
ω∗ gets larger. Therefore, the analysis is limited to chemical kinetics for which the distribution of heat
release wo(ξ) is sufficiently smooth for ω∗ to be of order unity, such as to satisfy the two-timescale anal-
ysis. More precisely, the asymptotic analysis fails as soon as the distribution wo(ξ) becomes sufficiently
stiff to generate a threshold frequency ω∗ of order 2π/ε.
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Figure 4.10: Sketch of the solution of the two integral equations for the stability threshold.

4.4 Framework for the parametric analysis

4.4.1 Model of reaction rate

To ease the parametric study using numerical simulations, we will use the following model of burning
rate

W (Y, T ) = B(1− Y ) exp

(
− E

kBTN

)
exp

[
ET
kBTN

(
1− TN

T

)]
, (4.72)
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where B is the pre-exponential factor with the dimension of an inverse time. The reaction time at the
Neumann state tr is then given by

tr = tr(TN ) =
1

B
exp

(
E

kBTN

)
, (4.73)

and W (Y, T ) can be rewritten as

W (Y, T ) =
w(Y, T )

tr
=

1

tr
(1− Y ) exp

[
−E
kB

(
1

TN
− 1

TN

)]
exp

[
−ET
kB

(
1

T
− 1

TN

)]
, (4.74)

where tr = tr(TN ). This model, first introduced by Clavin & He [22], includes two activation ener-
gies: E, which governs the temperature sensitivity of the induction period, and ET , which drives the
temperature sensitivity of the rate of heat release. Typically, ET � E in order to clearly separate the
induction zone from the reaction zone. The model aims to give a fair representation of the dynamics
of real detonations, where small deviations in the temperature of the shocked gas TN from the mean
Neumann temperature TN , induce large variations in the rate of heat release.

However, for the model to be consistent with real detonations, the reaction rate should in addition
stay negligible in the fresh gas. For this condition to be verified by equation (4.74) in the limit (4.24),
the normalised activation energy ET /(kBTN ) has to be too large, lying outside the range of interest in
the current parametric study. Therefore, following the approach of Clavin & Williams [23], a cutoff
temperature Tc ∈ [Tu, TN ] is introduced so that the reaction rate is zero for temperatures below Tc, i.e.,

W (Y, T ) =

{
0 for T ≤ Tc,
w(Y, T )/tr for T > Tc,

(4.75)

where w(Y, T )/tr is given by (4.74).

4.4.2 Parameters formulation

First, it is observed that the burning rate in equation (4.74) may be recast in the form

W (Y, T ) =
w(Y, T )

tr
=

1

tr
(1− Y ) exp

[
E − ET
kBTN

(
1− TN

TN

)]
exp

[
ET

kBTN

(
1− TN

T

)]
. (4.76)

Then, the two reduced activation energies of order unity b and β are defined as

b ≡ 2(γ − 1)ε
E − ET
kBTN

, β ≡ ε2 ET

kBTN
. (4.77)

Using the reduced propagation velocity of the lead shock α̇τ (τ) as given by equation (4.45), one obtains,
for the reduced temperature of order unity,

θ =
T − TN
ε2TN

=
T − TN
ε2TN

− 2(γ − 1)εα̇τ (τ)

ε2TN
≈ T − TN

ε2TN
. (4.78)

Then, using the above expression for θ, along with the definitions of b, β and α̇τ , the reaction rate takes
the form

w(Y, T ) = ebα̇τ (τ)(1− Y )eβθ. (4.79)

For steady Chapman-Jouguet waves, where, according to (4.32), α̇τ (τ) = (D − D)/(auε) = 0,
the burning rate is given by a set of profiles woβ(ξ), all of them corresponding to the same propagation
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velocity D, whose stiffness increases with β. According to (4.42)–(4.44), these profiles are woβ(ξ) =

[1− Y β(ξ)]eβ θβ(ξ), where the functions Y β(ξ) = θβ(ξ) are solutions of

dY β

dξ
= (1− Y β)eβ Y β ; ξ = 0 : Y β = 0, ξ →∞ : Y β = 1 and woβ(ξ) =

dY β(ξ)

dξ
. (4.80)

Therefore, a parametric analysis of the dynamics is performed using the two scalars b and β. For every
value of β there exists a threshold value b∗ above which the detonation becomes unstable.

The function y(τ) = bα̇τ (τ) is obtained from (4.67) using (4.57), (4.59), (4.63) and (4.80) with
wo(ξ, y)→ woβ(ξ, y) and woβ[ξ, y(τ)] ≡ ey(τ)woβ[ξey(τ)], since the scaling law (4.48) is automatically
satisfied for the reaction rate (4.75)–(4.79). The critical activation energy b∗ and the corresponding
oscillation frequency ω∗ at the instability threshold are obtained from (4.68)–(4.71) forwo(ξ)→ woβ(ξ).

4.5 Numerical analysis

4.5.1 Problem formulation

After using asymptotic developments to anticipate the one-dimensional dynamics of gaseous detona-
tions, the primitive equations are now solved numerically to assess the validity of the theoretical results.
For that end, the one-dimensional Euler equations (4.2) and (4.4) used above are cast in their conservative
form

∂U

∂t
+
∂F

∂x
= S, (4.81)

where the vector of conservative variables U, the flux vector F and the source vector S are given respec-
tively by

U =


ρ

ρu

ρE

ρY

 , F =


ρu

ρu2 + p

ρuE + pu

ρuY

 and S =


0

0

ρqmW

ρW

 , (4.82)

where E is the total energy (internal + kinetic) and W is given by equation (4.75). As previously, the
system is closed with the equation of state (4.5).

For the numerical study, direct numerical simulations of one-dimensional CJ detonations are per-
formed in the neighborhood of the double limit of small heat release and γ close to unity, equation (4.24).
In practice, the ratio of heat capacities and the normalized heat release per unit mass are set to

γ = 1.005, Q =
γ + 1

2

qm
cpTu

= 0.01 = ε2.

Then, as in the theoretical analysis, the numerical problem is fully characterized by the values of γ, ε, b,
β and tr.

The numerical simulations are carried out in the reference frame of the steady CJ detonation, with
the inlet flow velocity corresponding to the CJ Mach number given by equation (2.23)

M =
√
Q+

√
Q+ 1. (4.83)
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The outlet boundary condition corresponds to the sonic flow at the CJ state obtained via the Rankine-
Hugoniot relations (2.31-2.33):

pb
pu

=
γM

2
+ 1

γ + 1
, (4.84)

ρb
ρu

=
(γ + 1)M

2

γM
2

+ 1
, (4.85)

ub
uu

=
ρu
ρb
. (4.86)

4.5.2 Numerical implementation

The one-dimensional simulations are carried out using 5th-order SD method, with a mesh consisting
of 400 cells. This corresponds to a total number of solution points equal to 2000 in the whole domain.
The domain size for each simulation is set so that the detonation thickness is resolved over around 200
solution points. The computational domain extends downstream of the reaction zone for several times the
detonation thickness (see Figure 4.11), allowing the sonic condition to be well established at the outlet.
This is essential in order to prevent downstream disturbances from getting reflected back, influencing the
instability of the detonation [71].

Boundary conditions are enforced weakly using the same approach adopted for the numerical flux
at the interior interfaces. For high-order discontinuous finite elements methods, such as the SD used in
the present work, this approach is optimal and is often the preferred choice. Furthermore, the use of an
approximate Riemann solver for the inviscid fluxes, which is characteristic by construction, guarantees
well-posedness. In particular, to compute the numerical flux at the sonic outflow, the pressure, the density
and the momentum are extrapolated from the interior of the domain.

4.5.2.1 Measurement of TN

The burning rate as defined by equation (4.76) requires precise measurement of the instantaneous
value of TN , the Neumann temperature. TN may be measured making use of the ZND structure of
the detonation. Downstream of shock, the ZND profile for temperature is a quasi-linear function of the
progress variable in the limit (4.24) and is given in [23] as

T − TN
Tu

= ε2Y +O[(γ − 1)ε]. (4.87)

Therefore, TN can be obtained by measuring the value of T at two different values of Y > 0 downstream
of the shock, and then by extrapolating linearly back to Y = 0. This approach is adopted in the current
study with interpolation values for Y ∼ 10−2 to 10−1 depending on the mesh resolution. The process
is repeated at each Runge-Kutta stage, and the method has been found to give sufficiently accurate
measurements of TN with a relative error in the order of 10−6.

4.5.3 Steady CJ detonation

A reference steady CJ detonation is first computed for γ = 1.005, ε = 0.1, β = 5, b = 0.9 and
tr = 0.048. The length of the computational domain is about 4`, with the characteristic length ` ≡ autr.
Density and pressure are normalized by their upstream values, and velocity is normalized by

√
Pu/ρu.

The corresponding distributions of these normalized primitive variables versus ξ, the non-dimensional
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coordinate defined by equation (4.21), are shown in figure 4.11a with a zoom within the detonation zone
in figure 4.11b. The Neumann-state values of density, pressure and velocity exactly match those obtained
from the ZND theory, equation (4.10), which hints to very low numerical dissipation at the shock.
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Figure 4.11: Distributions across CJ steady detonation for γ = 1.005, ε = 0.1, β = 5, b = 0.9:
solid lines, normalized density; dashed lines, normalized pressure; dash-dotted lines, normalized flow
velocity; dotted lines; Neumann conditions.

Figure 4.12a shows the progress variable and the heat release rate W featuring the cut-off towards
fresh gases, equation (4.75). Looking at the zooms inside the detonation in figures 4.12b and 4.11b, it is
confirmed that the combination of this cut-off temperature in the burning rate with the high-order shock
capturing approach minimizes the spurious leaking of mass and heat within the leading shock (i.e., for
ξ < 0).

4.6 Comparison of theory against simulations

In order to compare the theoretical predictions from § 4.3 with the numerical counterparts, the sta-
bility of detonations is studied for different values of β ∈ [2, 8]. In particular, the transition activation
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Figure 4.12: Distributions across a representative CJ steady detonation for γ = 1.005, ε = 0.1, β = 5,
b = 0.9: solid lines, progress variable (left axis); dashed lines, heat release rate W (right axis).

energy, b∗, and the corresponding oscillation frequency, ω∗, as a function of β are used to verify consis-
tency in the results.

The theoretically expected values of these quantities can be obtained from the asymptotic stability
analysis as follows: the evolution equation (4.80) is first integrated to obtain Y β(ξ), which is used to
calculate woβ(ξ) = [1− Y β(ξ)]eβ Y β(ξ). Hence, the reaction rate woβ(ξ) is used to calculate µ(ξ) from
equation (4.57), such that woβ and µ can both be used to calculate g(ζ) from equations (4.68) and (4.62).
Finally, g(ζ) is used to obtain the theoretically predicted values of b∗ and ω∗ from equation (4.71).

To check consistency with numerical results issued from the integration of the Euler equations, two
different procedures are adopted:

— Stable CJ detonations are computed numerically for different selected values of β within the
range of interest. The reduced heat release rate profiles wo(ξ) are extracted from the relevant dis-
tribution of the progress variable (cf. equation 4.80). Figure 4.13 shows the reduced heat release
rate profile wo(ξ) for stable detonations at various reduced activation energies β, as obtained
from numerical simulations. The critical activation energy b∗ and the corresponding oscillation
frequency ω∗ at the instability threshold are then obtained from theory via equations (4.68)–
(4.71) in the limit for wo(ξ) → woβ(ξ). The relevant results from this procedure, which makes
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Figure 4.13: Profiles of the reduced heat release rate for stable CJ detonations for β = 6 (solid line),
β = 5 (dashed line), β = 4 (dotted line).

use of a blend of theory and numerics, will be hereafter referred to as “Theory, Numerical w”
(TNw).

— The second procedure relies solely on the numerical solution of the Euler equations. In particular,
a reference CJ detonation for a given b is used to initialise subsequent simulations at different
values of b and a fixed value of β. The Neumann temperature is collected versus time, restarting
the simulation for b < b∗ the solution evolves towards a steady CJ detonation, for b > b∗ periodic
oscillations are observed. As shown, for instance, in figure 4.14, for b approaching its threshold
instability value, the simulation very slowly returns toward a steady CJ case (figure 4.14a), while
for b above its threshold, the temperature oscillation is sustained (figure 4.14b). Accordingly,
the values of b∗ and ω∗ are determined by a trial-and-error procedure checking the onset of the
instability on the time evolution of TN . Since the oscillation period is expected to be of order of
tr/ε with ε =

√
qm/cpTu = 0.1, the runtime for each of the simulations is set in the order of

103tr to allow sufficient convergence of the results. This procedure will be referred to as “SIM".

The transition activation energy b∗ and the corresponding oscillation frequency ω∗ as obtained from
the theory and the two numerical procedures SIM and TNw are plotted against the reaction-zone acti-
vation energy β in figures 4.15a and 4.15b, respectively. The results show that the transition activation
energy b∗ decreases with increasing β, consistent with the observation that the detonation becomes stiffer
and thus more unstable with increasing β (cf. figure 4.13). Oscillation frequency on the other hand in-
creases with increasing β.

The breaks in the b∗ curve and the corresponding jumps in the ω∗ curve are due to the existence of
multiple oscillation modes for the detonation. By fixing the value of b and solving equations (4.70) for
the growth rate s and oscillation frequency ω, a frequency spectrum of the detonation oscillations can
be obtained. As shown in figure 4.16, different oscillation modes exist for a detonation, and for β = 5,
the second mode is the most unstable one, transitioning to instability at some value of 1.2 < b < 1.4.
The third mode becomes unstable for some b slightly less than 2.3, while the first mode is still stable
at b = 2.3. The most unstable mode changes with β, which leads to the jumps in ω∗ observed in
figure 4.15b.

The results show a very good agreement between numerical and theoretical values for both b∗ and ω∗.
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Figure 4.14: Normalized Neumann temperature versus time for detonations at β = 5, with stability
threshold b∗ = 1.21 (a) return to a steady CJ; (b) unstable detonation.

For large values of β, the solution using the numerical burning rate is in better agreement with the theory
than the simulation. Two reasons may be put forward to explain this observation. First, the asymptotic
analysis assumes a frequency of order unity, thus the quality of the results may be expected to degrade
when the frequency of the oscillation increases. Second, for large values of β, the transition to chaos
occurs within a very small interval of the parameter b which makes the trial-and-error determination of
b∗ much less accurate.

4.7 Conclusion

High-order numerical simulations and asymptotic developments have been used to tackle the dy-
namics of one-dimensional gaseous detonations in the quasi Newtonian limit and with low heat release.
The focus was on the stability thresholds in terms of activation energy controlling detonations in the
Chapman-Jouguet regime. Simulations were performed using a 5th order accurate spectral difference
discretization solving the inviscid Euler balance equations, combined with a recently developed high-
order shock capturing approach based on characteristic waves sensors. This numerical strategy combined
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Figure 4.15: Comparison between theory and simulation: solid lines, theory; triangles, SIM; diamonds,
TNw.

with a specific Arrhenius expression for chemistry allows for the separation of the leading shock from
the downstream reaction zone, thus limiting the impact of spurious numerical diffusion of heat and mass
ahead of the shock.

In the theoretical part, the time-dependent velocity of the shock appears as the eigenfunction of a
single hyperbolic equation for the flow velocity, namely equation (4.56), and the solution is expressed in
terms of an integral equation for the shock velocity. The threshold levels of activation energy at which
the instability occurs obtained from the theory are in very good agreement with those obtained from
numerical simulations.

The theory is grounded on the existence of fast downstream running waves and slow upstream run-
ning waves, both traveling between the reaction zone and the shock. The disturbances originating from
the downstream running waves are considered to be quasi-instantaneous. An unstable detonation is ob-
served for conditions at which the upstream running wave is in phase with the shock oscillations. The
corresponding oscillation frequencies also agree well between theory and numerical predictions.
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Figure 4.16: Growth rate s of the first three oscillation modes at different values of activation energy b
for the detonation with β = 5: circles, b = 1.2; triangles, b = 1.4; diamonds, b = 1.8; squares, b = 1.2.
It can be seen that the second mode is the most unstable.

In order to further substantiate the generic character of the results reported in this study, future work
shall focus on the validity of such theoretical predictions away from the Newtonian and low heat-release
limits.
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Chapter 5

Deflagration-to-detonation transition at
the tip of an elongated flame

Sommaire
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.2 Piston model for the back-flow of burned gas . . . . . . . . . . . . . . . . . . . . . 84

5.2.1 Self-accelerating flame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.2.2 Thermal sensitivity of the flame speed in very energetic mixtures . . . . . . . . 87

5.3 Self-similar solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.3.1 Quasi-steady approximation and nonlinear equation . . . . . . . . . . . . . . . 89
5.3.2 Solution of the piston model using the DJ approximation . . . . . . . . . . . . 89
5.3.3 Critical condition for very energetic elongated flames . . . . . . . . . . . . . . 91

5.4 Comparison with the experimental data . . . . . . . . . . . . . . . . . . . . . . . . 92
5.5 Finite-time singularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.6 Beyond self-similarity: formation of a shock on the flame front . . . . . . . . . . . 94

5.6.1 Theoretical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.6.2 Numerical validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.1 Introduction

Deflagration-to-detonation transition (DDT) remains a poorly understood problem in combustion.
Despite more than a century of research, complete identification of the fundamental mechanisms of DDT,
namely the abrupt transition from a reaction-diffusion wave (markedly subsonic and quasi-isobaric) to a
supersonic reaction wave (a shock generating an exothermic reaction) has not yet been achieved. Ever
since the pioneering experiments of Oppenheim and co-workers [72], DDT has been known to develop
in various forms, and there is no mechanism of DDT that is generally agreed upon as being universal.
Reviews are presented in relatively recent textbooks [2,3] and the state of knowledge in the mid-twentieth
century can be found in a Russian book [73].

In the case of a flame propagating in an unobstructed tube, advanced multi-dimensional numerical
simulations have emphasized the role of different mechanisms ranging from the compressible waves in
the fresh gases, to the viscous dissipation in the boundary layers for DDT in micro-channels, to the flame
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instabilities in macro-channels [74–76]. Recent experiments [30, 77–79] and numerical simulations by
Liberman and coworkers [30,74] shed new light on DDT of self-accelerating laminar flames propagating
in tubes filled with very energetic mixtures (stoichiometric mixtures of hydrogen and oxygen or ethylene
and oxygen). The flow ahead of the flame is laminar, and the transition to detonation occurs abruptly
after an exponential acceleration of the tip (see Figure 5.1). The unsteady compression waves that are
generated by the accelerating flame heat the reactive mixture and steepen the shock waves just ahead of
the tip of the flame just before a sudden transition to detonation [30, 78]. The Mach numbers of these
shocks are between 2 and 3, and the temperature of the compressed mixture does not exceed 850 K.

Figure 5.1: Density gradient at consecutive time instances showing the DDT of a hydrogen-air mixture
flame in a two-dimensional numerical simulation performed by Liberman et al. [30]. DDT occurs at the
flame tip when the equivalent Mach number of the shocks ahead of the flame is between 2 and 3.

Considering the double-discontinuity model of a planar shock wave generated by a turbulent flame,
treated as a hydrodynamic discontinuity (self-propagating from the closed end of a tube), Schelkin and
Troshin [73] conjectured that DDT is produced when the flame reaches a velocity large enough to gen-
erate a strong shock with a short induction time for igniting the compressed gas. This would require the
Mach number of the lead shockM = D/ao to be no smaller thanM ≈ 5, necessitating a turbulent flame
speed much larger than the laminar flame speed by two orders of magnitude for a typical density ratio in
flames. Henceforth, D denotes the shock velocity and a denotes the speed of sound, with the subscript o
denoting conditions in the initial quiescent reactant mixture.

Therefore, the aforementioned studies by Liberman et al. rule out both the Shchelkin mechanism
[73] and the Zeldovich gradient mechanism [29]. In this chapter, we demonstrate that a simple one-
dimensional mechanism, independent of viscous effects, reproduces DDT of elongated flames in tubes
for the same condition of temperature and velocity as in the experiments.

More than thirty years ago, Deshaies & Joulin [27] (DJ) published an enlightening theoretical anal-
ysis of DDT which was overlooked by the combustion community until 2015-2016, may be due to the
fact that the analysis involved a weak lead shock. They derived self-similar solutions of the double-
discontinuity model by taking into account the thermal feedback of the lead shock on the flame speed
UT , which for a turbulent flame in the wrinkled-flame-regime is equal to the laminar flame speed UL
multiplied by a constant folding parameter σ > 1, UT = σUL. Using the approximation of a small Mach
number of the lead shock (M − 1 � 1) and the distinguished limit of a high thermal sensitivity β � 1

of the laminar flame speed UL, such that βUT /ao = O(1) where ao is the sound speed in the initial
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mixture, DJ showed that self-similar solutions no longer exist (turning point) when σ is above a critical
value, roughly σ & 10 for a typical density ratio in ordinary flames. If the sudden transition of a quasi-
planar flame to a supersonic combustion wave occurs systematically at the loss of self-similarity (turning
point), DDT could have been observed with weak shocks (M−1� 1), contrary to experiments. Loss of
self-similarity only means that the unsteady compressible effects cannot be neglected and not that DDT
occurs systematically at the critical condition, as clearly mentioned by DJ.

In this study, a double-feedback mechanism for DDT of the elongated flame is proposed, in which
the new ingredient is the back-flow of burnt-gas towards the flame tip (Figure 5.2). This flow has been
observed in experiments [80] and also in numerics by Bychkov and coworkers [81,82] concerning flames
in a tube before the formation of the tulip shape. This back-flow acting like a piston at the exit of
the reaction zone of the quasi-planar flame at the tip is the key mechanism explaining that the critical
condition can be reached with realistic reaction rates and usual laminar flame speeds. This is all the
more true for flames in very energetic mixtures since the density ratio is as large as the non-dimensional
activation energy (reduced by the enthalpy of the fresh mixture). The objectives of the current study can
be listed as the following:

— The first objective is to set up a one-dimensional model for the DDT of the elongated flame,
called the piston model. We then show that a self-similar flow described by the piston model
exhibits a turning point at which the flame tip acceleration diverges.

— Next it will be shown that the turning point predicted by the piston model for such a flame
corresponds accurately to the sudden transition observed in the experiments [30, 78].

— Finally, it will be shown that the divergence of the acceleration of the tip of a self-accelerating
flame at the critical condition leads to the formation of a shock on the flame front, whatever is
the growth rate of the elongated front. Depending on its intensity, such a shock could quasi-
instantaneously blow up the inner structure of the laminar flame, even if the Mach number is not
strong enough to produce self-ignition in the fresh mixture ahead of the flame. However, DDT is
not expected to be produced if the shock is too weak.

5.2 Piston model for the back-flow of burned gas

Consider a flame which is ignited punctually at the center of the closed end of a tube. In connection
with their revealing experimental investigation of the mechanism by which tulip flames are formed,
Clanet and Searby [83] (CS) present a model for the acceleration of the tip of an elongated flame. The
flow of burned gas inside the volume delimited by the elongated flame front is fed by the combustion of
the lateral wing of the flame skirt, producing a back-flow of burned gas towards the flame tip which is
the basic ingredient of the piston model, see Figure 5.3. As the length of the flame skirt increases, the
back flow would cause further acceleration of the flame tip.

5.2.1 Self-accelerating flame

In a rough approximation, following CS, the flow of burned gas on the axis of the cylindrical tube is
modeled by the solution of the one-dimensional equation for the conservation of mass with a source term
describing the effect of the combustion of the lateral wings. Neglecting the curvature effect, the tip of
the flame front is considered as a planar wave perpendicular to the axis. The flow ub(x, t) of burned gas
is delimited by the wall at x = 0 (ub = 0) and the flame at the tip x = L (ub = ubf ). Denoting UL and
Ub the laminar flame speeds relative to the fresh mixture and the burned gas respectively, ρuUL = ρbUb,
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Figure 5.2: A sketch illustrating the double-feedback mechanism proposed in this study to be responsible
for DDT. The flame is accelerated by the increase of the fresh gas temperature due to compression waves
traveling ahead of the flame, and also by the back flow of burnt gas propagating from the lateral wings of
the elongated flame towards the flame tip. We show that this mechanism leads to a blow-up of the flame
tip acceleration and a formation of a shock wave on the flame tip for a Mach number of the leading shock
consistent with the conditions for DDT observed in experiments [30, 77–79].
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Figure 5.3: (a): Sketch of the self-accelerating elongated flame propagating in the laminar regime. The
streamlines of the burnt-gas flow issuing from the lateral wings of the flame front and oriented towards
the flame tip are shown in blue. This back-flow of burnt-gas towards the tip is essential to the occurrence
of DDT of elongated flames. (b): One-dimensional piston model. The velocity of the piston Up(t)
increases with the extension of the flame front L(t) and also with the temperature of the burnt gas
(through the laminar burning velocity measured in the burnt gas), see (5.1). This model defines the
simplest configuration of the double-feedback mechanism upon the tip of an elongated flame leading to
DDT: firstly the compressional heating by the upstream-running simple waves generated in the unburnt-
gas flow by the flame acceleration, dUf/dt > 0, and secondly the convective motion of the flame (at the
tip) caused by the back-flow of burnt-gas, ubf � UL for very energetic mixtures ρu � ρb, Ub � UL.

ρu and ρb being the corresponding densities, the rate of mass production per unit volume by the lateral
wings of the elongated front is 2ρbUb/R where R is the tube radius.
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If the rate of increase of the length of the elongated flame L(t) is slow at the scale of the transit time
of a fluid particle across the flame, the inner flame structure is quasi-steady. If, in addition, dL/dt� ab,
L/(dL/dt)� L/ab, where ab is the speed of sound in the burned gas, the unsteady compressible effects
are negligible in the burned gas, such that the temperature and pressure of the fresh mixture on the lateral
wings are the same as at the tip of the elongated flame, and the thermodynamic properties of the burnt
gas are quasi-uniform and quasi-steady. The variation of density being negligible, the velocity of burned
gas ub(x, t) in the laboratory frame increases linearly with the distance from the closed end of the tube
(x = 0) [83],

dL/dt� ab ⇒ ∂ ub
∂x

= 2
ρuf
ρbf

UL
R

= 2
Ub
R
, ubf = 2Ub

L

R
. (5.1)

Henceforth, the over-bar denotes the self-similar solutions, neglecting the unsteadiness of the compress-
ible waves in the external gas flows (burnt and unburnt), and the subscript f refers to the tip of the
elongated flame. The inner flame structure being in a quasi-steady state, the flow velocities of burned
and unburned gas ubf and uuf respectively (just behind and ahead the tip of the flame) are related to the
velocity of the tip of the flame in the laboratory frame Uf (t) = dL/dt by the isobaric conservation of
mass ∂ (ρ [u− Uf ]) /∂x = 0, ρuf (Uf − uuf ) = ρbf (Uf − ubf )

L

dL/dt
� τL ⇒ uuf =

ρbf
ρuf

ubf +

(
1−

ρbf
ρuf

)
Uf = 2UL

L

R
+

(
1−

ρbf
ρuf

)
Uf . (5.2)

Introducing the laminar flame speed UL for a fresh gas at temperature T uf

Uf = uuf + UL (5.3)

into (5.2) yields the expressions of uuf and Uf in terms of the laminar flame speed UL, the density ratio
ρuf/ρbf = T b/T u > 1 and the length L of the elongated flame front:

uuf = UL
ρuf
ρbf

σ − UL,
Uf
UL

=
ρuf
ρbf

σ,
Uf
Ub

= σ, where σ ≡
[
2
L

R
+ 1

]
. (5.4)

σ characterizes the elongation of the flame (ratio of the flame surface area to the cross-section area of the
tube). The classical expression of the flow velocity generated ahead of a planar flame when the burned
gas is at rest uu = (ρu/ρb − 1)UL, Uf = (ρu/ρb)UL is recovered from the first equation in (5.4) for
2L/R = 0. Equations (5.2) and (5.4) are relevant locally at the tip of the elongated flame. The overall
conservation of mass between the closed end of the tube and a cross-section sufficiently ahead of the tip
leads to the same flow velocity as in DJ [27] [(ρuf/ρbf )− 1]σUL where σ denoted the degree of folding
of the turbulent wrinkled flame of DJ. Here, the local flow velocity uuf is much larger, as discussed now.

Equations (5.2-5.4) correspond to a one-dimensional piston model of a planar flame pushed by a
moving piston whose velocity UP is equal to ubf = (2L/R)(ρuf/ρbf )UL,

UP = (σ − 1)(ρuf/ρbf )UL = (σ − 1)Ub, (5.5)

see Figure 5.3-b. The burnt-gas velocity ubf generated just behind the flame tip by the lateral wing of the
elongated flame front (Figure 5.3-a) is the essential difference from the DJ model of wrinkled flame [27].
Because of the large density ratio ρuf/ρbf ≈ 10, Ub/UL ≈ 10, this velocity is large in very energetic
mixtures, even when the flame lengthL is not much larger than the tube diameter. According to (5.1), ubf
depends on the flame speed UL. Therefore, the change in UL due to the increase of fresh gas temperature
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by the leading shock results in a double feedback mechanism acting on the flame tip, whose velocity is
being affected by the both flame elongation and the upstream gas temperature.

After ignition and before the time at which the skirt of the elongated front leaves the closed end of
the tube (namely the time R/Ub for the lateral wing of the flame to reach the lateral wall of the tube),
the geometrical relation Uf (t) = dL/dt, combined with (5.4), leads to the CS exponential growth of the
length of the elongated front [83]

d(L/R)

dt
≡
Uf
R

=
ρuf
ρbf

UL
R

(
2
L

R
+ 1

)
=
Ub
R

(
2
L

R
+ 1

)
(5.6)

involving the characteristic time scale

τev = R/2Ub = (Ubo/Ub)τevo where τevo = R/2Ubo with Ubo = (Tbo/To)ULo. (5.7)

According to (5.6), the conditions for a quasi-steady approximation in the burned gas (dL/dt� ab) and
inside the flame structure (dL/Ub � τev, where dL is the laminar flame thickness) read

2L/R� ab/Ub =
√
Tu/Tb au/UL and dL/R� 1 respectively. (5.8)

However, the acceleration of the tip stops suddenly after a lapse of time of order R/UL leading to
the formation of a tulip flame (associated with the strong deceleration [3,83]). This phenomenon usually
occurs before DDT and is followed by a second stage of weaker acceleration in the DDT experiments
[30, 78]. Taking into account the viscous effect, the two-dimensional numerical simulations of flames in
a tube with no-slip condition at the wall, carried out by Bychkov and coworkers [81,82], have shown that
a curved flame accelerates during a longer period of time with a growth rate smaller than (5.7) by a factor
depending on the Reynolds number. The streamlines of the back-flow of burned gas towards the flame tip,
sketched in Figure 5.3-(a), are clearly exhibited in these numerical simulations and in experiments [80]
as well. In the following, the expression (5.7) of the characteristic time for the growth rate of the flame
length L has to be understood as a dimensional equation, τevo ∝ R/2Ubo. The forthcoming results are
valid regardless of the numerical coefficient, see the end of § 5.5. The essential point is that the burnt-gas
velocity ubf in (5.1) is much larger than the laminar flame speed UL and is proportional to the value
of UL corresponding to the gas temperature just ahead of the flame, which drives the double feedback
mechanism.

5.2.2 Thermal sensitivity of the flame speed in very energetic mixtures

Because of a large density ratio close to 10, the thermal sensitivity of the laminar flame-speed of
very energetic mixtures is weaker than that for ordinary mixtures. This can be checked on the burning-
velocity derived by Zeldovich and Frank-Kamenetskii [50] for a one-step kinetics scheme governed by
an Arrhenius law in the limit of large Zeldovich number βb ≡ [Ea/(kBTb)][qm/(cpTb)]� 1, which we
re-derived in §2.3.4 (equation (2.105)):

UL =
ρb
ρu

√
2ν!Leν

1

βν+1
b

DTb

τrb
. (5.9)

Using the expression of the reaction rate given by equation (2.55) as

1

τrb
=

(
ρb
ρu

)ν−1

b
e−Ea/kBTb

(τcoll)b
, (5.10)
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equation (5.9) can be rewritten as

UL = ab

(
ρb
ρu

) ν+1
2

T ν+1
b K e−Ea/2kBTb = ab (TbTu)

ν+1
2 K e−Ea/2kBTb , (5.11)

where

K ≡

√
2bν!Leν

(
kB
Ea

cp
qm

)ν+1

. (5.12)

In the above equations, 1/τcoll represents the elastic collision frequency, and the relation DT /τcoll = a2

has been used in (5.11). In the one-step approximation, the reaction order determines the pressure depen-
dence of the reaction rate. Flames, in general, have contributions from unimolecular, bimolecular, and
three-body elementary steps affecting their effective one-step reaction order, but (largely computational)
considerations of laminar burning velocities suggest that the bimolecular steps are dominant for highly
energetic mixtures, leading to the effective reaction order being close to 2 and thus to a weak pressure
dependence of the constant dimensional factor K (dimension 1/Kelvin(ν+1)/2) which is neglected in the
following.

According to the kinetic theory of gas, the factor b in (5.10) is of order unity and cannot be large,
b ≈ 1. Therefore, the ratio

UL/ab ≈ (ρb/ρu)
ν+1
2 e−Ea/2kBTb/β

ν+1
2

b

is a small number not larger than 2 × 10−2 in very energetic mixtures (ρb/ρu � 1) and much smaller,
typically 1.5×10−3, in other mixtures (Ea/kBTb � 1), so that the isobaric approximation ρbTb = ρuTu
used in (5.11) is verified for flames in any premixed gas. Considering the reference state just ahead of
the lead shock, denoted by the subscript o, and using the relations ab/abo =

√
Tb/Tbo, ρbTb = ρuTu

and ρboTbo = ρuoTuo, equation (5.11) yields

UL
ULo

=

(
Tb
Tbo

)1+ν/2( Tu
Tuo

)(ν+1)/2

exp

[
− Ea

2kB

(
1

Tb
− 1

Tbo

)]
, (5.13)

where Tb = Tu + qm/cp and ULo is the laminar flame speed in a fresh mixture at temperature Tuo and
density ρuo ahead of the shock corresponding to the flame temperature Tbo = Tuo + qm/cp. It is more
convenient in the self-similar solutions to express the Arrhenius factor of (5.13) in the form

T bf − T uf = qm/cp = Tbo − To,

⇒ e−
Ea
2kB

(
1
Tb
− 1
Tbo

)
= e

1
2

Ea
kBTbo

Tbf−Tbo
Tbf = e

1
2

Ea
kBTbo

Tuf−To
To

[
Tbo
To

+
Tuf−To

To

]−1

.

(5.14)

For very energetic mixtures the temperature ratio Tb/Tu ≈ 10 is of the same order of magnitude
as the activation energy reduced by the initial temperature Ea/kBTuo ≈ 20, the latter insuring that the
initial mixture is frozen far from the chemical equilibrium. Therefore the activation energy reduced by
the enthalpy of the burned gas Ea/kBTb is of order unity, and the exponential factor in (5.13) does not
represent a strong variation of the laminar flame-speed with the flame temperature. With the Zeldovich
number being of order unity βb ≈ 2, equations (5.9-5.13) might be questionable (since the ZFK analysis
was done in the limit of large βb), but they can still be employed with reasonable accuracy. The precise
functional dependence of UL on the burnt-gas temperature Tb is indeed not essential in our analysis, see
the discussion below (5.31). For example, equation (5.13) can be replaced by the Tb-dependence of UL
issued from the numerical study of the steady flame-structure. It turns out that (5.13) provides a good fit
with the DDT experiments [30, 78], see §5.4.
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5.3 Self-similar solutions

According to the experimental results [30,77–79], the abrupt transition to detonation occurs for Mach
numbers of the lead shock of order unity M ∈ [2.5 , 3.5] which are too small for self ignition of the fresh
mixture. For the purpose of comparison with the experimental data, we determine in this section the
turning of the self-similar solutions obtained with the one-dimensional piston model of Figure 5.3.

5.3.1 Quasi-steady approximation and nonlinear equation

Consider the self-similar solution of the double discontinuity model when the acceleration of the
tip of the elongated flame is neglected, Uf ≈ cst, uuf ≈ cst. More precisely, according to (5.8), the
change of the flame velocity is assumed to be sufficiently slow for making the unsteady compressible
effects ahead of the flame front negligible. The flow of fresh mixture is considered as quasi-uniform
and quasi-steady in the region delimited by the planar flame and the lead-shock propagating upstream
with a constant supersonic velocity D, M ≡ D/ao > 1, the subscript o denoting the fresh gas ahead
of the shock wave. In other words the interaction between the flame and the lead shock is considered
as instantaneous in the self-similar solutions. This cannot be the case in the vicinity of the turning
point where the flame acceleration involves timescales shorter than the transit time of the acoustic waves
between the two fronts, see §5.5 and §5.6.

The feedback of the lead shock on the flame is obtained by the Rankine-Hugoniot relations (2.28-
2.30) at the Neumann state (denoted by the subscript N ), expressing the density and temperature of the
fresh mixture ahead the flame ρuf = ρN , T uf = TN in terms of the Mach number M of the shock:

ρo
ρN

=
(γ − 1)M2 + 2

(γ + 1)M2
,

uN
ao

=
2

γ + 1

[
M − 1

M

]
,

TN
To

=
2γ

(γ + 1)2

[
1− γ − 1

2γM2

] [
2 + (γ − 1)M2

]
,

(5.15)

showing that the temperature jump TN/To − 1 increases with the flow velocity uN . The laminar flame
speed UL(ρuf , T uf ) in (5.13) can then be expressed in terms of M . For a given length of the elongated
flameL/R, according to the second relation in (5.15) and (5.4) in which the quasi-isobaric approximation
of the flame structure ρuf/ρbf = (T uf + qm/cp)/T uf is used, the intensity of the shock is found to
depend in turn on the flame velocity through the flow of fresh mixture uuf = uN , leading to a nonlinear
equation for M characterized by a turning point.

5.3.2 Solution of the piston model using the DJ approximation

Although the approximations used by DJ [27] are not valid at the critical condition of elongated
flames in tubes filled with an energetic mixture, as a first step it is worth considering the problem in the
DJ limit. This simplified approach provides instructive physical insight, showing the relevance of the
piston model and explaining why the DJ approximation is not accurate. For a weak shock M − 1 � 1,
neglecting the terms of order (M − 1)2 in (5.15), the temperature T uf and the flow velocity uuf ahead
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of the flame are linearly related. This is the key simplification of the DJ analysis

0 < M − 1� 1 :
puf
po
− 1 ≈ γ

uuf
ao

=
4γ

γ + 1
(M − 1) + ..,

T uf
To
− 1 = (γ − 1)

uuf
ao

+ ...,

(5.16)

the only non-linearity left in the problem being the high sensitivity of the flame speed to the flame
temperature, which is not the case for very energetic mixtures as explained in §5.2.2. For a large reduced
activation energy, the Arrhenius factor (5.14) takes the form

Ea/kBTbo � 1 :
Ea

kBTbo

T uf − To
Tbo

= O(1)

⇒ e−
Ea
kB

(
1
Tb
− 1
Tbo

)
≈ e

1
2

Ea
kBTbo

To
Tbo

Tuf−To
To .

(5.17)

On the one hand, introducing the last equation (5.16) into (5.17), equation (5.13) then gives an expression
of the laminar flame speed in terms of the flow velocity uuf

0 < M − 1� 1 : UL/ULo = e
1
2

Ea
kBTbo

To
Tbo

(γ−1)
uuf
ao . (5.18)

On the other hand, in the piston model, the flow velocity uuf is expressed in terms of the laminar flame
speed UL and the length L of the elongated flame by the first equation in (5.4) in which the density ratio
is approximated by ρuf/ρbf ≈ Tbo/To in agreement with the approximation M − 1� 1

uuf
UL
≈ Tbo

To

[
2
L

R
+
Tbo − To
Tbo

]
. (5.19)

Introducing (5.19) into (5.18) yields a nonlinear equation for UL/ULo in terms of L/R

0 < M − 1� 1 : UL/ULo = e
1
2

Ea
kBTbo

(γ−1)
ULo
ao

[
(2L/R+1)− To

Tbo

]
UL
ULo , (5.20)

which, using the notation m ≡ UL/ULo, can be written in a form similar to (19) and (20) in [27]

m = eSm where S ≡ b
[
2
L

R
+
Tbo − To
Tbo

]
and b ≡ (γ − 1)

2

Ea
kBTbo

ULo
ao
� 1. (5.21)

The relation b� 1 comes from the fact that the laminar flame speed is substantially subsonic ULo/ao �
1, see (5.9). Using a similar distinguished limit as in the DJ analysis of turbulent flame S = O(1), the
same turning point is exhibited by (5.21) for the piston model; there is no solution for an elongation S
above a critical value S∗ = 1/e, m∗= e, while two solutions exist below, for m < m∗, S < S∗ = 1/e, the
physical solution being the one for which the unperturbed velocity ULo is recovered when the thermal
effect (5.16) vanishes T uf → To, uuf → 0, limS→0 UL/ULo = 1. The laminar flame velocity UL of
the physical solutions m 6 m∗ is still markedly subsonic, U∗L = eULo. According to (5.21), the critical
length of the elongated flame L∗ is substantially larger than the radius of the tube L∗/R ≈ 1/(2e b), the
first condition in (5.8) requiring (Ea/kbTbo)

√
To/Tbo(γ − 1)/2� 1/e.

Two main conclusions can be drawn from this simple calculation. Firstly, the back flow of the
elongated flame is essential to reach a critical condition at the tip; this follows from (5.21) showing
that the critical condition can never be attained by a planar flame propagating from the closed end of
a tube when the burnt gas is at rest ubf = 0, the scalar S being well below the critical value 1/e for
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L = 0, S = b (Tbo − To)/Tbo, still too small by a factor 10−1 for ULo/ao ≈ 1.6 10−2, Tbo/To = 10,
Ea/kBTb ≈ 10, γ = 1.4 ⇒ b ≈ 0.032. However, for such a energetic mixture, according to (5.21),
the critical elongation of the flame front is not very large, 2L∗/R + (Tbo − To)/Tbo = 1/(be) ≈ 10.5,
L∗/R ≈ 5. Secondly, according to (5.16), the critical flow u∗fu ≈ 1.76 ao is supersonic yielding a Mach
number of the lead shock close to 2, in contradiction with the assumption M − 1 � 1. Therefore, the
weak shock approximation (5.16) cannot be used near the critical condition, and one has to be back to
the full Rankine-Hugoniot conditions (5.15).

5.3.3 Critical condition for very energetic elongated flames

A nonlinear equation for M is obtained by the method explained at the end of §5.3.1. Assuming
that the heat release and the specific heat capacity are constant, T bf − T uf = Tbo − To = qm/cp, the
density and temperature ratios ρuf/ρbf and T bf/Tbo to be introduced into (5.4) and (5.13), respectively,
are expressed in terms of T uf/To

ρuf
ρbf

=
T bf

T uf
= 1 +

T bf − T uf
T uf

= 1 +
(Tbo − To)

T uf
= 1 +

qm/cpTo

T uf/To
, (5.22)

T bf
Tbo

=
T uf + qm/cp
To + qm/cp

=
T uf/To + qm/(cpTo)

1 + qm/(cpTo)
, (5.23)

which can be written by using the short notation y ≡ T uf/To > 0 and q ≡ qm/cpTo > 1 as

ρuf
ρbf

= 1 +
q

y
,

T bf
Tbo

=
y + q

1 + q
, where y ≡

T uf
To

and q ≡ qm
cpTo

=
Tbo − To
To

. (5.24)

According to the Rankine-Hugoniot equation in (5.15) for TN/To and using the relation T uf = TN , the
scalar y in (5.24) is a function of M2. The algebra in (5.15) simplifies by anticipating that γ − 1 ≈
0.3− 0.4 is negligible in comparison to 2γM2 near criticality, which is the case as soon as M∗ & 2,

2γM2

γ − 1
� 1 :

T uf
To
≈ 2γ

(γ + 1)2
[2 + (γ − 1)M2],

y (M2) =
2γ

(γ + 1)2
[2 + (γ − 1)M2].

(5.25)

The flow velocity uuf generated ahead of the flame by the piston effect (5.4),

uuf
ao
≈ UL
ULo

ULo
ao

[(
1 +

q

y

)
σ − 1

]
where σ ≡ 2L

R
+ 1, (5.26)

then takes the form of a function ofM2 when the ratio UL/ULo is expressed in terms of y (M2) by using
(5.13) in which, according to (5.24), 1/T bf − 1/To = (1/To)(1− y)/(y + q)

uuf
ao

=
ULo
ao

[(
1 +

q

y

)
σ − 1

](
y + q

1 + q

)1 +ν/2

y(1+ν)/2 exp

[
βo(y − 1)

(y + q)

]
(5.27)

where
βo ≡

Ea
2kBTbo

= O(1). (5.28)

For a given reactive mixture characterized by the set of parameters (ULo/ao, q, βo and γ), the first
Rankine-Hugoniot relation (5.15) uN/ao = uuf/ao = 2(M − 1/M)/(γ + 1), combined with (5.27),
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leads to a nonlinear equation for M parametrized by the parameter σ characterizing the elongation L/R.
This equation takes a simpler form if (1 + q/y)σ � 1 which is the case for a large heat release q ≈ 10

(very energetic mixture) so that the elongation of the flame σ = 2L/R + 1 appears as a factor in the
right-hand side of (5.27). The equation for M then takes the form

Λ−1L(M) = R(M), (5.29)

where

L(M) ≡ M − 1/M

1 + q/y
, Λ ≡ γ + 1

2

ULo
ao

σ, (5.30)

and

R(M) ≡ UL
ULo

=

(
y + q

1 + q

)1+ν/2

y(1+ν)/2 exp

[
βo(y − 1)

y + q

]
, (5.31)

where the elongation σ appears only in the coefficient Λ and the laminar flame-speed UL only inR(M).
According to (5.25), L(M) andR(M) are increasing functions ofM in the rangeM > 1, involving two
parameters (in addition to the ratio of specific heats γ), the reduced heat release q ≈ 10 and the reduced
activation energy βo ≈ 2 for very energetic mixtures.

The roots of (5.29) correspond to the intersection of the two curves Λ−1L(M) and R(M). For
M − 1 → 0+ the function L(M) goes to zero while R(M) approaches unity. The key point is that
the function R(M) increases more rapidly than L(M) when M increases. This is true for the laminar
flame-speed of any energetic mixture, so that the method is not limited to the particular expression (5.13)
of UL/ULo used in (5.31). When the parameter Λ is too large, namely for either a large elongation σ or
a large flame-speed ULo/ao, the function Λ−1L(M) is smaller thanR(M) everywhere ∀M > 1 so that
equation (5.29) has no roots and there is no self-similar solution of the complex flame-shock, see Figure
5.4.

Decreasing Λ, a critical value Λ∗ is obtained when the two curves become tangent at a critical value
M∗ corresponding to a turning point of the self-similar solution like in §5.3.2. For a small elongation
Λ < Λ∗ there are two solutions and the physical one belongs to the branch for which the elongation L/R
decreases with M − 1. The critical elongation corresponding to Λ∗ is easily obtained as follows. For
typical values of the parameters (Λ, q, βo, γ), the ratioR(M)/L(M) goes through a minimum whenM
increases fromM = 1, it first decreases and then increases. This is because the functionR(M) increases
more strongly than L(M) for large M , but L(M) goes to zero in the opposite limit M − 1→ 0+ while
R(M) goes to a number close to unity. The minimum ofR(M)/L(M) corresponds to the critical Mach
number M = M∗ yielding the critical elongation Λ∗ given by the ratioR(M∗)/L(M∗) = 1/Λ∗.

5.4 Comparison with the experimental data

In this section, the critical condition obtained from (5.29-5.31) is compared with the DDT experi-
ments [30, 78] in which DDT is observed for M ∈ [2, 3]. Using a set of parameters corresponding to
very energetic mixtures similar to those used in these experiments, ULo = 8.54 m/s (ULo/ao = 0.016),
Tb/To = 10 (q = 9), Ea/kBTo = 25 (βo = 1.25), ν = 2 and γ = 1.4, the critical condition for the
loss of self-similarity obtained from (5.29-5.31) is M∗ = 2.44 and Λ∗ = 0.089 (see Figure 5.4), that
is σ∗ = 4.63. The corresponding critical values of the temperature ratio T uf/To and the flame veloc-
ity in the laboratory frame Uf are T ∗uf/To = 2.19 and U∗f = 928 m/s respectively. These values are
in good agreement with M and Uf measured just before the abrupt transition observed in the experi-
ments [30, 78], the DDT occurring near the tip of the curved flame front at the end of a second stage of
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Figure 5.4: Plots of L(M) in (5.29) andR(M) in (5.31) for γ = 1.4, q = 9 and βo = 1.25. The turning
point of the self-similar solution is M∗ = 2.44, Λ∗ = 0.089.

flame acceleration (sometimes after the transient formation of a tulip shape). Moreover σ∗ = 4.63 leads
to a small elongation L∗/R ≈ 2 which is in relatively good agreement with the curved flame front at the
transition visualized by shadow photographs. Interesting enough is the large flow velocity of gas ahead
of the flame u∗uf = 891 m/s which is supersonic u∗uf/a

∗
uf=1.13 (a∗uf/ao = 1.48) but subsonic relatively

to the lead shock at it should be (D∗ − u∗uf )/a∗uf ≈ 0.5. Moreover the laminar flame velocity at the
transition U∗L/ULo = 4.62 is still markedly subsonic U∗L = 39m/s, U∗L/a

∗
uf ≈ 0.05. All these values are

in good agreement with the experiments. The large ratio u∗uf/U
∗
L ≈ 23.6 is due to the large density ratio

across the laminar flame in a very energetic mixture ρu/ρb ≈ 10.
To conclude, the sudden DDT of self-accelerating elongated flames propagating in tubes filled with

very energetic mixtures seems to occur near the critical condition corresponding to the turning point of
the self-similar solutions obtained with the planar piston model. Notice that the latter is independent of
the rate of elongation of the finger flame, the critical condition concerning the elongation not its rate. A
tentative explanation is provided in the next sections.

5.5 Finite-time singularity

A runaway of the acceleration of the flame front (not of its speed) in the self-similar solutions oc-
curs systematically at the turning point when the elongation increases with the time σ(t). Introducing
the notations L′(M) and R′(M) for dL(M)/dM and dR(M)/dM respectively, the time derivative of
equation (5.29) where Λ(t) is proportional to σ(t),

[
L′(M)− ΛR′(M)

] dM
dt

= R(M)
dΛ

dt
(5.32)

shows that the derivative dM/dt increases when the critical value M∗ is approached from below and
diverges at M = M∗, limM→M∗ dM/dt =∞. The tangency of the two curves at the critical root M∗ of
L(M) = Λ(t)R(M) corresponds to L′(M∗) = Λ∗R′(M∗) so that the factor of dM/dt on the left-hand
side of (5.32) vanishes while the left-hand side is finite. Expanding the factor on the left-hand side in
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powers of M −M∗, equation (5.32) takes the form

(M −M∗)dM
dt

= kM∗

(
dΛ

dt

)
Λ=Λ∗

(5.33)

where kM∗ is a constant proportional to the inverse of the difference between the second derivatives at
the turning point d2L/dM2|M=M∗ −Λ∗d2R/dM2|M=M∗ . The flame velocity in the laboratory frame
Uf (t) satisfies a similar equation near the critical condition

Uf 6 U
∗
f ,

(Uf − U∗f )

U∗f

dUf
dt

= constant (5.34)

where, according to the expression of Λ in (5.29), the constant is proportional to ULo/ao and to the
growth rate of the elongation at criticality 1/t∗e ≡ (1/σ∗)dσ/dt|σ=σ∗ . This growth rate appears here for
the first time in the analysis. Introducing the time t∗ at which the critical speed is reached M(t∗) = M∗,
Uf (t∗) = U∗f , uuf (t∗) = u∗uf , integrating (5.34) yields

t− t∗ → 0− :
(U∗f − Uf )

U∗f
∝

√
t∗ − t
t∗e

,
τ∗

U∗f

dUf
dt
∝
√

t∗e
t∗ − t

, (5.35)

(u∗uf − uuf )

u∗uf
∝

√
t∗ − t
t∗e

,
τ∗

u∗uf

duuf
dt
∝
√

t∗e
t∗ − t

, (5.36)

showing the runaway of the accelerations of the flame front dUf/dt and of the gas-flow duuf/dtwhen the
critical condition is approached. Notice that the runaway is always produced regardless of the elongation
rate 1/t∗e ≡ σ−1(dσ/dt)|σ=σ∗ , the square-root scaling law taking a universal form (free from parameters)
when using the reduced time τ ≡ t/t∗e. The acceleration of the laminar flame speed dUL/dt and/or
dUb/dt also diverges according to the same scaling laws as (5.35-5.36), the critical values U∗L and U∗b
being markedly subsonic.

5.6 Beyond self-similarity: formation of a shock on the flame front

For the self-similar solutions to be valid, the compressible waves should be fast to make the flow
quasi-uniform and quasi-steady. More precisely the transit time of acoustic waves in both directions
between the flame and the lead shock should be shorter than the time scale of the modifications of the
flame velocity. This assumption is no longer valid for large accelerations of the flame, in particular
near the turning point where the acceleration diverges. The two-dimensional numerical simulations
of Liberman and coworkers [30, 74] show a succession of compression waves steepening into shocks
ahead of the flame in close proximity to its front. A shock seems to sit at the tip of the elongated
flame just before DDT. The flame propagating with a subsonic speed (relative to the upstream gas)
while the shock is supersonic, a shock is more likely to be formed spontaneously inside the inner flame
structure producing quasi-instantaneously the blow-up of the flame structure before escaping into the
unreacted gas. A thorough understanding of the abrupt DDT of a self-accelerating flame near the turning
point requires the full solution of the unsteady problem, including the inner structure of the laminar
flame. Unfortunately unsteadiness of the inner structure can be solved analytically only for much milder
situations [84]. The study should be performed numerically in a one-dimensional geometry within the
framework of the piston model using the high-order spectral difference flow solver. This might be the
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subject of future studies, though here we limit our attention to the simple waves that are generated in the
fresh gas by the large acceleration of a piston approaching the critical velocity of the turning point. The
objective is to show that the unsteady compressible waves lead to the formation of a singularity of the
flow on the piston when the piston velocity reaches the critical value.

5.6.1 Theoretical analysis

Using the characteristics method of Riemann [85], an analytical solution of the isentropic Euler
equations can be obtained for the simple waves issued from a piston starting to move in an inert gas
initially at rest. Following the presentation in [42], the flow u(x, t) of a simple compression wave
propagating from right to left in a perfect gas, written in a Galilean frame where limx→∞ u = 0, is
solution of the equation

x =

[
γ + 1

2
u+ a∞

]
t+ F (u) (5.37)

where a∞ is the initial sound speed of the gas at rest and F (u) is a function of the flow velocity given by
the condition at the piston

x = Xp(t) : u(Xp(t), t) = Up(t) = dXp/dt. (5.38)

Limited to isentropic conditions, this solution is no longer valid after the apparition of a singularity in
the flow gradient. The known function Xp(t) increasing monotonously with the time, the function F (u)

is obtained through the inverse functions t = tp(Up) and x = Xp(up), corresponding to Up(t) andXp(t)

respectively. For a power law Xp(t) ∝ tn+1 with n > 1 for t > 0 and dXp/dt = 0 for t < 0, the initial
acceleration is zero d2Xp/dt2|t=0+ = 0. Then, the flow gradient ∂u/∂x diverges at a finite distance
ahead the piston after a finite time, indicating the place and time of formation of the shock wave.

This is no longer the case for n < 1 since the singularity of the initial acceleration of the piston
velocity d2Xp/dt2|t=0+ = ∞ causes the shock to be formed instantaneously on the piston. None of
these cases correspond to an accelerating flame approaching the critical velocity of a turning point, but
the divergence of the acceleration suggests that a shock will be formed on the piston when the piston
velocity reaches the critical value.

In order to check this possibility, consider a piston propagating in an inert gas with a velocity UP (t)

following the scaling law (5.35) written, using the non-dimensional time τ = t/t∗e, τ
∗ ≡ t∗/t∗e, in the

form

0 < τ 6 τ∗ :
U∗P − UP
U∗P

=
√
τ∗ − τ , 1

U∗P

dUP
dτ

=
1

2

1√
τ∗ − τ

, (5.39)

with typically U∗P = 1.2 a∞ as in the flame problem considered in §5.4. In order to stress the effect of
the divergence of the acceleration at the turning point, consider the scaling law (5.39) for τ > 0 with a
constant velocity of the piston for τ 6 0 : UP (τ) = UP (0), the flow being constant and uniform τ 6 0 :

u(x, τ) = UP (0). The piston starting to accelerate at τ = 0+, the boundary condition of the flow at
infinity is u∞ ≡ limx→∞ u(x, τ) = UP (0) ∀τ . According to (5.39)

τ 6 0 : UP (τ) = UP (0) ⇒
U∗P − UP (0)

U∗P
=
√
τ∗. (5.40)

so that, in the Galilean frame moving with the initial flow, equation (5.39) takes the form

0 < τ 6 τ∗ : 0 6
UP (τ)− UP (0)

U∗P
=
√
τ∗ −

√
τ∗ − τ . (5.41)
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For γ fixed, there are only two free non-dimensional parameters in this problem

τ∗ ≡ t∗/t∗e and m∗ ≡ U∗P /a∞. (5.42)

The only length scale in the problem being l ≡ a∞t
∗
e, one introduces the non-dimensional coordinate ξ

and the non-dimensional position of the piston ξP (τ)

ξ ≡ x/(a∞ t∗e), ξP (τ) = XP (t)/(a∞ t
∗
e) (5.43)

so that, choosing the origin of the x-axis at the initial position of the piston, the trajectory of the piston,
obtained by integrating the first equation in (5.39), takes the non dimensional form

0 < τ 6 τ∗ : ξP (τ) =

[
τ
√
τ∗ +

2

3
(τ∗ − τ)3/2 − 2

3
τ∗3/2

]
m∗, (5.44)

ξP (τ)− ξ∗P =

[
−(τ∗ − τ)

√
τ∗ +

2

3
(τ∗ − τ)3/2

]
, (5.45)

where
ξ∗P ≡

X∗P
a∞ t∗e

=
1

3
τ ∗3/2m∗, (5.46)

X∗P ≡ XP (t∗) being the distance separating the final position of the piston at t = t∗ from its initial
position (t = 0). Introducing the notations

ξ̇P (τ) ≡ dξP /dτ = [UP (t)− UP (0)]/a∞, ξ̈P (τ) ≡ d2ξP /dτ2 = t∗e(dUP (t)/dt)/a∞ (5.47)

for the reduced velocity and acceleration of the piston in the Galilean frame, (5.41-5.45) read

0 < τ 6 τ∗ : ξ̇P (τ) =
[√

τ
∗ − (τ∗ − τ)1/2

]
m∗, ξ̈P (τ) =

m∗

2(τ∗ − τ)1/2
, (5.48)

τ = τ∗ : ξP (τ∗) =
1

3
τ∗3/2m∗, ξ̇P (τ∗) = m∗

√
τ∗,

lim
τ→τ∗

ξ̈P (τ) =
m∗

2(τ∗ − τ)1/2
,

(5.49)

τ = 0+ : ξP (0) = 0, ξ̇P (0) = 0, ξ̈P (0+) =
m∗

2 τ∗1/2
, (5.50)

τ∗ 6 0 : ξP (0) = 0, ξ̇P (τ) = 0, ξ̈P (τ) = 0. (5.51)

For a situation similar to the flame in §5.4, the piston is subsonic at the initial condition UP (0)/a∞ < 1

and supersonic at criticality UP (t∗)/a∞ = m∗ > 1. Introducing the non-dimensional flow velocity
ν(ξ, τ) in the Galilean frame moving with U(0),

ν(ξ, τ) ≡ [u− UP (0)]/a∞, ξ ≡ x/(a∞t∗e); τ 6 0 : ν = 0, (5.52)

the boundary conditions at the piston and at infinity yield

0 < τ 6 τ∗ : νP (τ) ≡ ν( ξP (τ) , τ) = ξ̇P (τ)− ξ̇P (0) =
[
τ∗1/2 − (τ∗ − τ)1/2

]
m∗ (5.53)

τ = τ∗ : ν∗P ≡ ν( ξP (τ∗), τ∗) = τ∗1/2m∗, ξ →∞ : a = a∞, ν(ξ, τ) = 0 ∀τ. (5.54)

In this frame, the non-dimensional velocity of the piston ξ̇P (τ) in (5.47), is initially null ξ̇P (0) = 0 and,
according to (5.49), becomes supersonic at τ = τ∗,

U∗P − UP (0)

a∞
> 1 if

1

m∗
< τ∗1/2 ⇒ ξ̇P (τ∗) > 1, (5.55)
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but the piston velocity is systematically smaller than the sound speed on the piston aP (τ) ≡ a(ξP , τ)

which is larger than a∞, aP (τ) > a∞, the sound speed decreasing monotonously with the temperature
in the compression wave from ξ = ξP to infinity, limξ→∞ a(ξ, τ) = a∞.

Formation of a shock in a finite time τ = τs is produced by the acceleration of the piston which
presents a jump m∗/

(
2
√
τ∗
)

at the initial condition, see (5.50-5.51). An analytical expression of τs can
be obtained following the method in [42]. Introducing the constant term ξ∗P , the reduced form of (5.37)
takes the form

ξ − ξ∗P =

[(
γ + 1

2

)
(ν∗P − ν)−

(
γ + 1

2

)
ν∗P − 1

]
[(τ∗ − τ)− τ∗] + f(ν). (5.56)

The function f(νP ) is computed by the boundary condition at the piston ξ = ξP (τ): ν = νP (τ) after
eliminating τ in favor of νP (τ) using (5.53-5.54), (τ∗ − τ) = (ν∗P − νP )2/m∗2 and (5.45) in the form

ξP − ξ∗P =

[
−

(ν∗P − νP )2

m2

√
τ∗ +

2

3

(ν∗P − νP )3

m3

]
m. (5.57)

Introducing the expressions (τ∗− τ) = (ν∗P − νP )2/m∗2 and (5.57) respectively into the right-hand side
and the left-hand side of (5.56) yields the expression of f(νP ) leading to

f(ν) =

(
2

3
− γ + 1

2

)
(ν∗P − ν)3

m∗2
+

(
γ + 1

2
ν∗P + 1−m∗

√
τ
∗
)

(ν∗P − ν)2

m∗2
− γ + 1

2
τ∗ν − τ∗.(5.58)

The relation f(0) = −m∗τ∗3/2 = −ξ∗P which is obtained from (5.58) by using (5.54) ν∗P = τ∗1/2m∗,
confirms that, according to (5.56), the trajectory in the medium at rest (ν = 0) of the leading edge of the
compression wave is effectively ξ = τ+constant, corresponding to a propagation velocity equal to the
sound speed a∞. Using the notation f ′(ν) ≡ df/dν,

f ′(ν) = −3

(
2

3
− γ + 1

2

)
(ν∗P − ν)2

m∗2
− 2

(
γ + 1

2
ν∗P + 1−m∗

√
τ
∗
)

(ν∗P − ν)

m∗2
− γ + 1

2
τ∗, (5.59)

the partial derivative of (5.56) with respect to ξ

1 =

[
γ + 1

2
t+ f ′(ν)

]
∂ν

∂ξ
(5.60)

shows that the time τ = τs and the velocity ν = νs at which the flow gradient diverges |∂ν/∂ξ| = ∞,
are linked by the relation

τs = − 2

γ + 1
f ′(νs). (5.61)

According to (5.59), equation (5.61) is verified for τs = τ∗, ν = ν∗ and, according to (5.56), the place
of formation of the singularity is the critical position of the piston ξs = ξ∗P . This shows that a singularity
of the flow is systematically formed on the piston at the critical time τ = τ∗.

However equation (5.56) is limited to isentropic flows and one has to check wether or not another
singularity can be formed before τ∗. It turns out that this is possible at the leading edge of the compres-
sion wave, ν = 0. Substituting ξ∗P = m∗τ∗3/2 and ν = 0 into (5.59) leads to f ′(0) = −2

√
τ
∗
/m∗.

Therefore, according to (5.61), a singularity can be formed ahead of the piston (ν = 0) at time

τs =
4

γ + 1

√
τ
∗

m∗
, (5.62)
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which is earlier than τ∗ if
4

γ + 1

1

m∗
<
√
τ
∗
. (5.63)

This corresponds to a time t∗ sufficiently long for reaching the critical velocity of the piston after the
piston started to accelerate, t∗/t∗e > [4/(γ + 1)]2a∞/U

∗
P , which also corresponds to a sufficiently long

distance separating the initial and final positions of the piston X∗P /(a∞t
∗) > 4/(γ + 1). No other

singularity can be formed for 0 6 τ < τ∗ since no inflection of the flow field can be produced in
the rarefaction wave simultaneously with |dν/dξ| = ∞, d2f/dξ2 6= 0. Therefore, the relation (5.63)
corresponds to a first singularity formed ahead of the piston. The opposite condition

√
τ
∗
<

4

γ + 1

1

m∗
(5.64)

corresponds to a first singularity formed on the piston. Notice the difference between the two singular-
ities, the latter being formed at the maximum flow velocity in the compression wave u = U∗P while the
other is formed at the minimum u = UP (0) (ν = 0).

5.6.2 Numerical validation

These results are verified with an excellent accuracy by the direct numerical simulation (DNS) of the
Euler equations using the high-order spectral difference solver with an adiabatic condition on the piston.
The numerical implementation was discussed in §3.2. When, according to (5.63), a first singularity is
formed ahead of the piston, the DNS shows that a second singularity of the flow gradient is systematically
formed on the piston at the critical condition t = t∗ (cf. Figure 5.5). If the piston velocity is kept fixed
after the critical condition t > t∗ : UP = U∗P , the supersonic velocity of the singularity on the piston
being larger than U∗P , this singularity leaves the piston to form the final shock wave corresponding to the
self-similar solution, after a time proportional to t∗e.

These results suggest that a shock is formed inside the inner flame structure on the tip of a self-
accelerating elongated flame-front as soon as its velocity reaches the critical value of the turning point of
the self-similar solutions 1. However, for an abrupt DDT at the critical velocity of the self-similar solu-
tions, the shock should be sufficiently strong to blow up the inner flame structure quasi-instantaneously
before the shock escapes from the subsonic flame structure. This looks possible for gaseous mixtures
that are sufficiently energetic even though an increasing flow inside the inner flame structure in the prop-
agation direction (from the burnt to the unburnt gas side) is not in favor of shock formation. Therefore,
the shock is expected to be formed at a point inside the premixed zone near the cold side where the
initial gradient of the flow is not so large but the increase of temperature sufficiently large for produc-
ing fast self-ignition, which was not possible outside the flame structure where the temperature is too
low. This fundamental problem of DDT shall be investigated numerically in future studies using the
one-dimensional piston-model presented in §5.2.

5.7 Conclusion

The comparison of the theoretical results obtained with the one-dimensional piston-model in §5.2
for very energetic mixtures with the 2010 experiments [30,78] shows that the sudden DDT at the tip of a

1. It could seem questionable to work beyond self-similarity near the critical condition using the scaling laws of the self-
similar solutions. This is not so because the feedback of simple waves on the flame is similar to that of the lead shock in the
self-similar solutions.
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Figure 5.5: Velocity profiles for the problem of shock formation by an accelerating piston (5.39), as
obtained from DNS, with m∗ = 2.5 and τ∗ = 0.64. The dashed line represents the position of the
piston, which is moving from right to left. (a) At τ = τ∗, the primary shock formed earlier at the tip of
the compression wave can be observed, as well as the secondary shock forming at the piston. (b) The
piston continues to move with a constant velocity after τ∗, while the secondary shock is catching up with
the primary one.

self-accelerating elongated flame occurs when the flame velocity reaches the critical value corresponding
to the turning point of the self-similar solutions. This suggests that the double feedback mechanism
presented here is involved in these experiments. An essential role is played by the back-flow of burnt
gas towards the flame tip, all the more since the density ratio across laminar flames of very energetic
mixtures is large and the thermal sensitivity of the laminar flame speed is weak.

In addition, the solutions of the upstream-running simple waves that are generated in an inert gas
by an accelerating piston have shown that, due to the singularity of the acceleration at the turning point,
a shock is formed on the piston when the critical velocity is reached. This suggests the formation of a
shock wave inside the inner structure of the flame, in agreement with the multi-dimensional numerical
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simulations [30, 74] performed by Liberman and co-authors in the experimental conditions. A detailed
analysis of the sudden transition when a shock is formed inside the flame structure is left for future
one-dimensional numerical simulations of DDT using the piston-model described in §5.2.

The small elongation of the flame at the critical condition, of the order of the tube diameter in §5.4,
suggests that strongly cellular flames of very energetic mixtures could also experience DDT in free space.
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Chapter 6

Conclusions and perspectives
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In this chapter, we summarize the main conclusions of the work and give some general perspectives
for future studies.

6.1 One-dimensional dynamics of detonations

In Chapter 4, we revisited the one-dimensional model for detonation instability that was proposed by
Clavin and Williams back 2002 [23]. The model, grounded on the existence of a feedback loop between
the leading shock wave and the reaction zone, was analyzed in the asymptotic limit of low heat release
coupled with the Newtonian approximation (ratio of heat capacities close to unity). The asymptotic
analysis allowed us to simplify the problem so that the dynamics was only controlled by the upstream-
running acoustic mode traveling from the reaction zone towards the shock. We then obtained an integral
equation describing the fluctuation in the shock velocity y(τ) as a result of the superposition of acoustic
waves traveling from each point in the reaction zone towards the shock (equation (4.67)):

2y(τ) = b

∫ ∞
0

F (ζ, τ − ζ)dζ. (6.1)

Stability analysis performed on this equation then allowed us to predict the stability threshold of one-
dimensional detonations in the asymptotic limit under consideration. The theoretical findings were val-
idated against a set of direct numerical simulations performed using the high-order spectral difference
method, whose results came in accordance with the theory.

Future studies might focus on substantiating the theory for more realistic detonations far away from
the asymptotic limits. In addition, an extension of the current work into the multi-dimensional case
might be feasible by performing a similar study based on the work performed by Clavin and Williams in
2009 [86].



Conclusions and perspectives 103

6.2 Deflagration-to-detonation transition of an elongated flame

In Chapter 5, we visited the problem of deflagration-to-detonation transition at the tip of an elongated
laminar flame propagating in a very energetic mixture. A double-feedback mechanism was proposed for
the DDT of such a flame, where the flame acceleration is driven by compressive heating of fresh gases
and the back-flow of burnt gas into the flame tip. A one-dimensional piston model for the flow was
constructed, and it was shown that a self-similar solution for the piston model exhibited a turning point
described by the tangency solution of equation (5.29)

Λ−1L(M) = R(M). (6.2)

We demonstrated the divergence of the flame-tip acceleration at the turning point of the self-similar
solution, which leads to the formation of a shock wave on the flame tip. This divergence is observed
for a Mach number of the leading shock between 2 and 3, which is consistent with conditions of DDT
observed in previous experimental studies [30, 78, 79].

Future studies might focus on the fully numerical resolution of the piston model, by considering a
one-dimensional flame pushed by an accelerating piston in the burnt gas (Figure 5.3). Preliminary analy-
sis performed by the team has revealed that a simple implementation of this problem would consistently
lead to a rapid divergence of the piston velocity due to acoustic instabilities in the burnt gas. Such in-
stabilities, which are not present in the physical problem, need to be mitigated in any future numerical
study of the piston model.
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French summary

Résumé du chapitre 1

Ce chapitre introductif présente la motivation de l’étude et ses principaux objectifs. Il présente égale-
ment les deux problèmes abordés dans l’étude: la stabilité de la détonation et la transition déflagration-
détonation, et nous discutons des méthodes théoriques et numériques utilisées.

Résumé du chapitre 2

Ce chapitre fournit une brève introduction à la théorie des ondes de détonation et de déflagration.
Nous commençons par présenter une description phénoménologique des détonations et déflagrations,
puis nous discutons la théorie de la dynamique gazeuse des détonations et déflagrations, et enfin nous
présentons la théorie de la flamme ZFK.

Résumé du chapitre 3

Ce chapitre présente la méthode de différence spectrale d’ordre élevé utilisée dans les simulations
numériques effectuées tout au long de cette étude. L’implémentation est présentée dans une dimension
spatiale, et des modifications de la méthode pour les simulations dans des référentiels non inertiels sont
discutées.

Résumé du chapitre 4

Ce chapitre présente l’étude de la dynamique unidimensionnelle des détonations. Une théorie asymp-
totique est développée dans laquelle l’instabilité de la vitesse du choc est liée à l’effet des ondes acous-
tiques arrivant au choc depuis la zone de réaction. La théorie est ensuite validée à l’aide d’un DNS
d’ordre élevé.

Résumé du chapitre 5

Ce chapitre présente un nouveau mécanisme DDT pour les flammes laminaires allongées. Nous
montrons qu’un mécanisme à double rétroaction pour l’accélération de la flamme, dans lequel la flamme
est accélérée par le reflux de gaz brûlés et par le chauffage par compression de gaz frais conduit à un
moment donné à un emballement de l’accélération de la flamme et à la formation d’un choc sur la flamme.
Ces résultats s’avèrent cohérents avec les expériences et les simulations disponibles dans la littérature.
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Résumé des perspectives

Enfin, un résumé des principaux résultats et des perspectives générales sont présentés. Une extension
possible de l’analyse de la stabilité de la détonation au cas multidimensionnel est suggérée, ainsi que des
pistes futures possibles pour l’étude numérique du problème du DDT.
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