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Matiére active en dimension infinie et calcul
stochastique appliqué aux intégrales de chemin.

Résumé

Ce travail de these se divise en deux parties distinctes. La premiére est consacrée aux
systémes actifs de particules autopropulsées. Nous commencons par étudier le cas d’'une
particule dans un potentiel. Nous analysons les déviations par rapport a la dynamique
d’équilibre de celle d’une particule active propulsée par un processus d’Ornstein-Ulhenbeck
(AOUP) a petit temps de persistance et en présence de bruit thermique ainsi que les pro-
priétés stationnaires d’une particule autopropulsées autour d’un obstacle sphérique dans la
limite de grand temps de persistance. Nous nous intéressons ensuite aux propriétés collec-
tives de ces systéemes. D'un point de vue analytique, leur compréhension est pour I'instant
entravée par leur diffculté intrinséque qui combine celles des systemes hors d’équilibre a
celles des liquides fortement corrélés. Depuis le milieu des années 1980, nous savons que
les fuides d’équilibres peuvent étre étudiés analytiquement dans la limite ou la dimension
de 'espace ambiant devient infinie. Les gains mathématiques sont alors considérables : non
seulement I’énergie libre peut étre calculée exactement mais aussi les coeffcients de trans-
port. Ces idées eurent ensuite une influence majeure dans la théorie de la transition vitreuse
en champ moyen. L’objectif ici est d’utiliser la limite de grande dimension dans le cas ac-
tif. Nous étudions d’abord les équations de la théorie de champ moyen dynamique dans la
limite diluée, ce qui nous permet de quantifier la relation entre le déplacement quadratique
moyen et la vitesse effective d’autopropulsion. Pour étudier les propriétés des systémes ac-
tifs au-dela de la limite diluée nous proposons ensuite un schéma approché de resommation
de la hiérarchie de Born-Bogolioubov-Green-Kirkwood-Yvon des fonctions de corrélation.
Celui-ci permet de rendre compte de nombreuses propriétés observées dans les systémes ac-
tifs de dimension finie, en particulier de la transition de phase induite par la motilité et de la
décroissance linéaire de la vitesse effective d’autopropulsion des spheres dures actives avec
la densité. Ces travaux nous conduisent a introduire le concept d’amplitude effective des in-
teractions potentielles. Nous montrons alors que celle-ci s’annule a la méme densité que la
vitesse effective d’autopropulsion qui est aussi la densité de transition vitreuse dynamique
d’un systeme colloidal d’équilibre de structure équivalente. Ces résultats dressent un par-
allele intéressant entre la transition vitreuse des systémes d’équilibre et ’annulation de la
vitesse effective d’autopropulsion des systémes actifs qui est une propriété de la mesure sta-
tionnaire d’'un systéme unique. La spécificité soulignée par cette resommation approchée
est la présence d’interactions multicorps dans la mesure stationnaire. Contrairement au cas
des liquides classiques d’équilibre, celle-ci ne peut en effet pas s’écrire sous la forme d’un
produit sur les paires du systéme. L’importance de ces interactions multicorps dans le di-
agramme des phases des systémes actifs a récemment été soulignée en dimension 3. Nous
continuons d’explorer cette idée en dimension infinie en étudiant le diagramme des phases
de approximation dite de bruit coloré unifié de la dynamique AOUP. Nous montrons que
celui-ci présente deux régions de coexistence de phase que les interactions de paires seules
ne peuvent expliquer. La deuxiéme partie de cette these porte sur des extensions du calcul
stochastique dans les intégrales de chemin et généralise des résultats récemment établis
dans le cas de processus unidimensionnels. Apres avoir expliqué pourquoi il est en général



impossible d’utiliser les régles du calcul stochastique pour changer de variable au sein des
intégrales de chemin en temps continu nous montrons comment modifier ces derniéres en
conséquence. Enfin, nous proposons une discrétisation d’ordre supérieur étendant celle de
Stratonovich et rendant utilisable le calcul différentiel au sein des intégrales de chemin.

Mots clés : Physique statistique hors de I’équilibre, Matiere active, Transition vitreuse, Champ
moyen, Intégrales de chemin, Calcul stochastique, Transition de phase.
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Infinite dimensional active matter and stochastic
calculus for path integration.

Abstract

The forthcoming work is divided into two distinct parts. The first one deals with self-
propelled particles systems. We start by studying the one particle in an external potential
case. We derive the nonequilibrium properties of the Active Ornstein-Ulhenbeck Parti-
cle model at small persistence time in the presence of thermal noise and the stationary
measure of a run-and-tumble particle around a hard spherical obstacle at large persistence
time. We then focus on the collective behavior of such systems. From an analytical stand-
point, not much is known given their high degree of complexity that combines those of
out-of-equilibrium physics to those of strongly correlated liquids. Since the mid-eighties
and Frisch’s & al. work, we have known that equilibrium fluids can be studied exactly in
the limit where the dimension of the embedding space becomes infinite. The mathemati-
cal gains are then considerable: not only the free energy can be obtained analytically but
also transport coefficients. These ideas later had a groundbreaking influence on the mean-
field theory of the glass transition which is naturally expressed in infinite dimension. Here,
the goal is to use the large dimension limit to gain theoretical insights into the behavior of
active systems. The equations of the dynamical mean field theory are first studied in the di-
lute limit and we quantify the connections between the mean-square-displacement and the
effective propulsion speed. To go beyond the dilute limit, we then propose an approximate
resummation scheme of the Born-Bogolioubov-Green-Kirkwood-Yvon hierarchy of corre-
lation functions. The latter allows us to account for various properties observed in finite
dimensional systems, in particular for the Motility Induced Phase Separation and for the
linear decrease with density of the effective self-propulsion speed of active hard spheres.
We also introduce the concept of effective amplitude of potential interactions. We then
show that this amplitude vanishes at the same density as the effective propulsion speed
which is also that of the dynamical glass transition of an equilibrium colloidal system with
equivalent structure. These results draw interesting links between the glass transition of
equilibrium systems and the vanishing of the effective self-propulsion speed which is a sta-
tionary property of a unique active system. The specificity underlined by this approximate
resummation is the presence of multibody interactions in the steady state measure. Unlike
its equilibrium counterpart, it cannot be written as a product over the pairs in the system.
The importance of these multibody interactions in the phase behavior of active systems was
recently demonstrated in dimension 3. We keep exploring this idea by studying the phase
diagram of the unified colored noise approximation of the AOUP dynamics. We show that
it displays two regions of phase coexistence that the sole pair interactions are unable to ac-
count for. The second part of the manuscript deals with the extension of stochastic calculus
to path integration and generalizes results recently obtained in the one-dimensional case.
After explaining why it is in general impossible to use the rules of stochastic calculus to
change variables within continuous time path integrals we show how to modify these rules
consequently. We finally propose a higher-order discretization scheme extending that of
Stratonovich and making the rules of standard differential calculus compatible with path
integration.
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Keywords: Out-of-equilibrium statistical physics, Active matter, Mean-field, Glass transi-
tion, Phase transitions, Path integrals, Stochastic calculus.
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Matiére active en dimension infinie et calcul
stochastique appliqué aux intégrales de chemin.

Résumé substantiel

Ce travail de these se divise en deux parties distinctes. La premiére est dédiée a 1’étude
d’une classe de modéles de matiere active. Ce terme englobe un vaste ensemble de systémes
qui ont en commun la capacité de leur constituants élémentaires a extraire et consommer de
I’énergie de leur milieu dans le but de se mouvoir. A I’échelle de la particule individuelle, la
dissipation et I'injection d’énergie suivent alors des processus physico-chimiques distincts
ce qui a pour conséquence immédiate de faire évoluer hors de I’équilibre jusqu’aux plus sim-
ples systémes de particules actives en interaction. A Iéchelle collective ou macroscopique,
la phénoménologie des systémes composés d’un grand nombre de particules actives est de
ce fait extrémement riche, suscitant ainsi 'intérét des physiciens tout au long des trente
derniéres années.

Les systemes expérimentaux qui viennent le plus naturellement en téte sont pour la plu-
part issus du monde vivant comme illustré Fig. 1. On peut ainsi penser aux grands groupes
d’animaux tels que les vols d’étourneaux [9], les troupeaux de moutons [80] ou les bancs
de poissons [111] dont une des particularités remarquable est 'existence d’'un mouvement
collectif a grande échelle. D’autres exemples existent aussi aux échelles cellulaires et sub-
cellulaires, a 'instar des bactéries auto-propulsées [173] qui peuvent, dans certaines circon-
stances, se regrouper en clusters denses. Il existe par ailleurs un nombre de plus en plus im-

Figure 1: Exemples de comportements collectifs dans le vivant. (a) Vol d’étourneaux. (b)
Troupeau de mouton. (¢) Colonies de bactéries (Myxococcus xanthus). [173].

portant de systemes expérimentaux synthétiques. Ceux-ci ont 'avantage certain d’étre plus
controlés et reproductibles que les systémes vivants. L’étude des particules Janus [207], des
colloides auto-propulsés par diffusiophorese, est ainsi devenue centrale en matiére active.
Par exemple, dans [19], celles-ci sont recouvertes sur un hémisphere seulement de carbone
et sont placées dans un mélange quasi-critique d’eau et de lutidine. Lorsqu’illuminé par un
laser de la bonne fréquence, I'hémisphere de carbone chauffe. Ceci induit alors localement
un déphasage de la solution ce qui, en retour, exerce une force phorétique sur les colloides.
Lorsque la densité de particules est suffisamment grande, ces colloides, qui ne sont nulle-
ment attirés entre eux par aucune interaction potentielle directe, se regroupent alors en
cluster denses séparés par des régions presque vides comme montré Fig. 2.

Au sein de ce vaste ensemble de systéemes que forme la matiére active, nous nous in-
téresserons dans cette thése plus spécifiquement a une classe de modéles visant a décrire



Figure 2: Formation de clusters denses de particule Janus a moitié recouverte de carbone
évoluant dans un mélange quasi-critique d’eau et de lutidine [19].

de la facon la plus simple possible la phénoménologie observée dans les expériences sur les
particules Janus. Ceux-ci sont définis par les équations du mouvement a N-corps dans une
limite suramortie,

i‘i:vi(t)—VrfI)(rl,...,rN), (1)

chaque particule i évoluant ainsi sous l'action de (i) une force d’autopropulsion v;(¢) et
(ii) une force conservative. L’énergie potentielle totale ¢ est donnée comme la somme de
contributions a un corps (dans un potentiel extérieur V') et de contributions a deux corps
(avec U pour potentiel de paire),

<I>(r1,...7rN):ZV(ri)—i—ZU(ri—rj). (2)

En I’absence d’interaction, la particule libre, sous I’effet de la force d’autopropulsion, suit
une marche aléatoire persistante. On trouve différentes facons de modéliser la statistique
de celle-ci dans la littérature en matiere active. Par exemple, dans le cas des particules
browniennes actives (ou ABP pour Active Brownian Particles), v;(t) = vou;(t) ot u;(¢) est
de norme unité et diffuse librement sur la sphére, voir Fig. 3. Dans le cas des particules dites
de type RTP (pour Run-and-Tumble Particles), v;(t) = vou,(t) ot u;(t) est de norme unité
et est aléatoirement et uniformément tiré sur la sphére avec un temps caractéristique 7
de sorte que le mouvement d’une particule libre est constitué d’'une séquence d’excursions
balistiques aléatoirement réorientées, voir Fig. 3.

NN
.

Figure 3: Trajectoire d’une particule libre (Gauche) de type RTP et (Droite) de type ABP.
Extrait de [24].

vi



Dans la limite ou la longueur de persistance du marcheur aléatoire libre devient nég-
ligeable devant la portée typique des interactions potentielles (tout en conservant un coef-
ficient de diffusion D fini), le systéme a /N-corps défini par I’équation Eq. (1) est bien connu
puisqu’il s’agit d'un systeme colloidal d’équilibre. La distribution stationaire associée est
en particulier donnée par la distribution de Boltzmann a température D, Pg o e~ %/,
La nature active du systéme devient manifeste des lors que la longueur de persistance est
de 'ordre de (ou grande devant) la portée des interactions potentielles. Faire des prédic-
tions analytiques dans ce régime n’est cependant pas chose facile, la solution stationaire
de I’équation maitresse associée a la dynamique décrite dans 1’équation Eq. (1) étant en
général hors de portée. Grace a de nombreux travaux numériques [39, 162], le diagramme
des phases des modeles de particules actives interagissant via un potentiel de paire répul-
sif de courte portée est néanmoins bien connu. Lorsque I'activé (quantifiée par le rapport
entre la longueur de persistance de la particule libre et la portée du potentiel de paire) et
la densité sont suffisamment grande, le systéme devient inhomogéne et se sépare en deux
phases, I'une dense et ’autre diluée [193] et ceci en dépit du fait que les interactions poten-
tielles entre particules soient purement répulsives : c’est la séparation de phase induite par
la motilité (ou MIPS pour Motility-Induced Phase Separation).

Dans cette these, ces systémes sont étudiés analytiquement avec pour objectif de gag-
ner en compréhension quant a leur comportement macroscopique. L’approche que nous
adoptons est celle d'une complexité qui augmente tout au long du manuscrit. Nous com-
mencons ainsi par étudier le cas d’une particule dans un potentiel extérieur. Nous analysons
d’abord les déviations par rapport a la dynamique d’équilibre de celle d’une particule active
propulsée par un processus d’Ornstein-Ulhenbeck (AOUP) a petit temps de persistance et
en présence de bruit thermique. Nous montrons en particulier que le courant de probabilité
et le taux de production d’entropie peuvent étre, suivant le potentiel extérieur, des fonc-
tions non-monotones de la température tranduisant ainsi une relation non-triviale entre
le bruit actif et le bruit thermique. Dans un second temps, nous calculons la distribution
stationaire d’une particule autopropulsée autour d’un obstacle sphérique dans la limite de
grands temps de persistance. Ces résultats mettent en exergue comment la persistance de la
force d’autopropulsion peut induire une attraction effective entre la particule et I'obstacle.
Celle-ci se manifeste notamment a travers ’existence, dans la distribution stationnaire, d’un
delta de Dirac au contact. Nous nous intéressons ensuite aux propriétés collectives de ces
systémes. D’un point de vue analytique, leur compréhension est pour I'instant entravée
par leur difficulté intrinséque qui combine celles des systemes hors d’équilibre a celles des
liquides fortement corrélés. Depuis le milieu des années 1980, nous savons que les fluides
d’équilibres peuvent étre étudiés analytiquement dans la limite ot la dimension de I’espace
ambiant devient infinie. Les gains mathématiques sont alors considérables : non seule-
ment Iénergie libre peut étre calculée exactement mais aussi les coefficients de transport.
Ces idées eurent ensuite une influence majeure dans la théorie de la transition vitreuse en
champ moyen. L’objectif ici est d’utiliser la limite de grande dimension dans le cas actif.
Nous étudions d’abord les équations de la théorie de champ moyen dynamique dans la lim-
ite diluée, ce qui nous permet de quantifier la relation entre le déplacement quadratique
moyen et la vitesse effective d’autopropulsion. Pour étudier les propriétés des systemes ac-
tifs au-dela de la limite diluée nous proposons ensuite un schéma approché de resommation
de la hiérarchie de Born-Bogolioubov-Green-Kirkwood-Yvon des fonctions de corrélation.
Celui-ci permet de rendre compte de nombreuses propriétés observées dans les systémes ac-
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tifs de dimension finie, en particulier de la transition de phase induite par la motilité et de la
décroissance linéaire de la vitesse effective d’autopropulsion des spheéres dures actives avec
la densité. Ces travaux nous conduisent a introduire le concept d’amplitude effective des in-
teractions potentielles. Nous montrons alors que celle-ci s’annule a la méme densité que la
vitesse effective d’autopropulsion qui est aussi la densité de transition vitreuse dynamique
d’un systeme colloidal d’équilibre de structure équivalente. Ces résultats dressent un par-
allele intéressant entre la transition vitreuse des systemes d’équilibre et I'annulation de la
vitesse effective d’autopropulsion des systémes actifs qui est une propriété de la mesure sta-
tionnaire d’un systéme unique. La spécificité soulignée par cette resommation approchée
est la présence d’interactions multicorps dans la mesure stationnaire. Contrairement au
cas des liquides classiques d’équilibre, celle-ci ne peut en effet pas s’écrire sous la forme
d’un produit sur les paires du systeme. L'importance de ces interactions multicorps dans le
diagramme des phases des systémes actifs a récemment été soulignée en dimension 3 [202].
Nous continuons d’explorer cette idée en dimension infinie en étudiant le diagramme des
phases de 'approximation dite de bruit coloré unifié¢ de la dynamique AOUP. Nous mon-
trons que celui-ci présente deux régions de coexistence de phase que les interactions de
paires seules ne peuvent expliquer.

La deuxiéme partie de cette thése porte sur des extensions du calcul stochastique dans
les intégrales de chemin et généralise des résultats récemment établis dans le cas de proces-
sus unidimensionnels [28, 29]. Depuis leur formalisation par Wiener [208] et les travaux
ultérieurs de Feynman [52], les intégrales de chemin sont devenus un outil fondamental en
physique théorique, des hautes énergies a la matiére molle. Leur utilisation est néanmoins
entravée par 'existence de nombreuses difficultés mathématiques. Certaines de celles-ci
se retrouvent au niveau des équations différentielles stochastiques. Du fait de la non dif-
férentiabilité du mouvement Brownien, il est en effet bien connu que, contrairement aux
équations différentielles ordinaires, une prescription de discrétisation est nécessaire pour
donner sens aux équations différentielles stochastiques a bruit multiplicatif. En particulier,
ceci conduit a introduire les régles du calcul stochastique, dont le fameux lemme d’Ito, qui
généralisent le théoréme de dérivation des fonctions composées. Dans ce manuscrit, nous
commencons par rappeler la construction de la représentation dite de Onsager-Machlup en
intégrale de chemin des processus stochastiques diffusifs dans la discrétisation o [103] et
nous expliquons, suivant Edwards et Gulyaev [45], que le théoréme de dérivation des fonc-
tions composées n’est pas applicable au niveau de I’action en temps continu, et ce méme si
celle-ci est construite a partir de la discrétisation de Stratonovich. Nous montrons égale-
ment que les régles du calcul stochastique établies dans le cas des équations différentielles
stochastiques ne sont pas non plus applicables en général au niveau de l'action en temps
continu. Nous expliquons alors comment les étendre de maniere a traiter le terme cinétique
i? apparaissant dans le poids trajectoriel. Dans la derniére partie de cette thése, nous inver-
sons la perspective et nous demandons s’il est possible de construire une discrétisation de
I'intégrale de chemin telle que celle-ci soit manifestement covariante en temps continue et
donc que le théoréme de dérivation des fonctions composées puissent s’appliquer directe-
ment. Nous rappelons les travaux de deWitt [36] et Graham [87] qui proposent d’exprimer
le propagateur infinitésimal a partir d’une action covariante évaluée le long du chemin clas-
sique, infinitésimal lui aussi, ayant les bonnes conditions aux limites. Nous proposons enfin
une discrétisation d’ordre supérieur, quadratique dans les incréments Az, et étendant celle
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de Stratonovich, qui permet de rendre utilisable le calcul différentiel ordinaire au sein des
intégrales de chemin en temps continu. L’ensemble de ces résultats sont obtenus pour des
processus stochastiques de dimension arbitraire d finie et soulevent de nombreuses ques-
tion quant a leur généralisation aux théories des champs correspondant formellement a la
limite d — oo.
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CHAPTER

INTRODUCTION

More is different.

- Philip W. Anderson

What are the emerging macroscopic properties of systems made up of many interacting
particles ' ? Answering this question and thus bridging the macroscopic world to the mi-
croscopic one is the formidable task of statistical physics. The field was born in the second
half of the XIXth century, at the instigation of Maxwell, Gibbs and Boltzmann to mention
but a few, to link thermodynamics and Newton mechanics and explain the thermodynamic
behavior of fluids seen as collections of (nearly) infinitely many interacting atoms. Its scope
is today much larger than at the origin and encompasses subjects as diverse as, for instance,
superconductivity [10], glassy physics [25], magnetism [152], chemical reactions [104] and
active matter [178] that will be one of the main topics of the present thesis. Ideas stemming
from statistical physics have even had far-reaching consequences in domains traditionally
outside the scope of physics where the interacting particles can be neurons in the brain
[76], species in large ecosystems [147], agents in a model economic system [156], or, as it
is a topical issue today, contagious and healthy people in disease propagation [23].

One of the key facts in statistical physics is that large scale properties of many-particle
systems may not be understood in terms of a mere extrapolation from the small systems
ones. How one could guess, just by looking at the behavior of a few H,O molecules, that
water just above 0°C would be liquid and flow while it would freeze and solidify just be-
low ? This is an example of a phase transition, a ubiquitous notion in statistical physics
that designates the existence of a sharp and qualitative transition in the properties of the
system (quantified by order parameters) as an external parameter (here the temperature)
is slightly varied. This also illustrates the idea of symmetry breaking which refers here
to the fact that, in some region of parameter space, matter at the macroscopic scale may
not exhibit the symmetries that dictates its behavior at the microscopic one. In our previ-
ous example, the dynamics of an ensemble of water molecules is described by rotationally

IThe word particle here is understood in the very generic sense of constitutive element.
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and translationally invariant equations, meaning that there is no privileged direction nor
location put by hand from the outside, and yet, in ice, water molecules self-organize in a
crystalline lattice that breaks these two symmetries. Mathematically speaking, symmetry
breaking can only occur in the thermodynamic limit where the number of particles in the
system is infinite. In large but finite-size systems the symmetry appears to be effectively
broken on experimental time scales. While phase transitions and symmetry breaking are
common in our everyday experience of the physical world, they escape the simple intuition
solely based on the behavior of few particle systems. These phenomena emerging at large
scales challenge the reductionist approach and are the main mechanisms responsible for
the qualitative differences between small systems and very large ones. "More is different”
coined Philip W. Anderson in 1977 [6].

Given the extraordinary complexity of the many-particle systems that are of interest
in statistical physics, experiments and numerical simulations play a role of paramount im-
portance in exploring and understanding their properties. The role of theoretical physics
is then to provide the tools to grasp and apprehend these properties that would sometimes
escape our intuition otherwise often based on the behavior of small systems. One approach
is to devise microscopic models in which the extraordinary complexity of the real physical
world in reduced at its maximum and that keep only the very few relevant ingredients that
account for the macroscale phenomenology. The goal is therefore not to give an accurate
description of a particular real system (e.g. a particular piece of ice), but rather to give an
intelligible description of the backbone of the experimentally observed phenomenology.
The still ubiquitous presence of the Ising model [101], not only as a pedagogical tool but
also in the scientific literature, demonstrates how fruitful this approach can be.

1.1 Equilibrium physics

Statistical mechanics was originally developed to study large collections of atoms and mo-
lecules that, at least at the classical level, obey Newton’s laws of mechanics and have Hamil-
tonian dynamics. Hamiltonian systems display remarkable properties. In particular, it can
be shown from the Liouville equation that the uniform distribution on constant energy
surfaces is a stationary distribution of the dynamics: if the initial conditions are distributed
uniformly then so will be the distribution of points in phase space at later times.

It is usually believed that generic large Hamiltonian systems ergodically explore the
constant energy surface with respect to the uniform distribution on such surfaces. The
number of actual dynamical systems, such as Sinai’s billard [191], for which ergodicity can
be proven remains extremely restricted. However, the standard mathematical results from
dynamical systems theory that object such a statement, such as the existence of finite mea-
sure invariant tori in perturbed integrable systems (a result of the Kolmogorov-Arnold-Moser
(KAM) theorem [8, 116, 159]), are expected to be of increasingly small relevance as the num-
ber of particles in the system becomes large. This idea can be traced back to Boltzmann’s
ergodic hypothesis and gave rise to the celebrated microcanonical ensemble: if the system is
ergodic and follows Hamiltonian dynamics with Hamiltonian H (q, p), with q the positions
and p the momenta, then time-averages of single-time observables (that can be measured in
real experiments performed on a single system) can be obtained from an ensemble average
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with a flat measure on the constant energy surface,

6 (H(p,q) — E)
Q(E) :

P(p,q) = (1.1)

with FE the energy of the system and Q)( F') the phase space area accessible to the dynamics?:

O(E) = / dpdqd (H(p,q) — E) . (12)

It is a remarkable feature that in the microcanonical ensemble, the knowledge of the Hamil-
tonian or accordingly of the (conservative) forces entering Newton’s equation of motion
directly prescribes the stationary state distribution function from which expectations val-
ues of one-time observables can be computed. Equation (1.1) is the founding postulate of
equilibrium statistical physics, and, historically, of statistical physics itself. While it can be
rationalized from the above mentioned arguments it is mainly its predictive power in real
experiments that gave it its credentials.

The rest of equilibrium statistical mechanics can be derived from Eq. (1.1). Let us con-
sider a system in microcanonical equilibrium at energy £ that is made of two closed subsys-
tem, say 1 and 2 with phase space coordinates (q;, p;) and (q,, p,). The total Hamiltonian
of the system then writes,

H(PpPQv q;; q2) = Hl(Pp q1) + HZ(P27 qz) + H12(P17P27 q;; qz) ) (1.3)

where H; is the Hamiltonian of system 1, H, the Hamiltonian of system 2 and H, the
coupling part of the total Hamiltonian. If we assume (i) that H;(p;,q;) > Ha(p,.q,) so
that system 1 acts as a thermostat for system 2 and (ii) that H;, is negligible (which requires
system 2 to be of macroscopic size and the coupling interactions to be short-ranged) then
expectations values of one-time observables depending only on system 2 variables can be
computed from the Gibbs-Boltzmann distribution:

e*BH2(P27‘12)
Z(B)

with Z(/3) a normalization constant and 3 = 7! the inverse microcanonical tempera-
ture of system 1. This defines the canonical ensemble of equilibrium statistical mechanics
in which, once more, the subsystem Hamiltonian directly prescribes the stationary state
distribution function. Another approach can be taken to study the dynamics of a system
coupled to a large bath in equilibrium. This is nicely illustrated by a model of oscillators
[217] in which computations can be carried exactly. Consider a system with positions q and
momenta p in a potential V'(q) linearly coupled to an ensemble of N harmonic oscillators.
The total Hamiltonian writes

P(py,q,) = (1.4)

2 N

H:QP—m—irV(q)—l—Z

2 2
p; 1, Vi
E -+ 5&]]- (qj — W—?Xj . (15)

?In order to properly take into account the quantum nature of the underlying dynamics, Q(E) should be
renormalized by a constant independent of F to become the true density of states. We do not cover these
issues here.

J=1
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Because of the linearity of the equations of motion of the harmonic oscillators, one can
obtain closed equations for the dynamics of p and q at ¢ > 0 that explicitly depend on the
initial positions and momenta of the oscillators at ¢ = 0. If one assumes that these initial
conditions are sampled randomly from the corresponding Boltzmann distribution e ¥ at
temperature 3!, then the dynamics of q and p follows,

: » (1.6
b(1) = ~VVia) - [ asic(PE ) gy,

m

with F(t) a random Gaussian force (the randomness comes from the sampling of the oscil-
lators initial conditions) with zero average,

(F(t)) =0, (1.7)

and correlations,

(FE)FY (') = TK(t —t")o" . (1.8)

The action of the bath on the system thus writes as the sum of a deterministic drag with
finite memory kernel and a Gaussian random force with variance proportional to that ker-
nel. In the limit where inertial effects are negligible, Eq. (1.6) reduces to the generalized
Langevin equation

/Ot dsK(s)q(t —s) = —-VV(q) + F(t) . (1.9)

Furthermore, if the range of the memory kernel can be neglected with respect to the typical
timescale of the variations of q and K (s) can thus be approximated by a delta function one
then obtains the overdamped Langevin equation,

14(t) = =VV(qQ) + V29 Tn(t), (1.10)

with 7(¢) a Gaussian white noise with zero mean and unit variance. It is then possible to
show from the associated Fokker-Planck equation that the stationary distribution associ-
ated with Eq. (1.10) is indeed of the Boltzmann type e #V(9_ This could actually be proven
directly at the level of Eq. (1.6) but, due to the non-Markovian nature of this equation,
the computation is more intricate and mainly involves reintroducing the original model
of oscillators to unfold the memory kernel. Now, coupling a system with many harmonic
oscillators may seem an abstract game of little experimental relevance. However, Eq. (1.10)
was actually introduced for the first time by Paul Langevin [123] in 1908 to quantitatively
describe Brownian motion, first observed in the form of the erratic motion of small particles
immersed in the fluid within a pollen grain [17]. As for the model of oscillators, Langevin’s
original idea was that the force exerted by the fluid, that is the result of the many collisions
between water molecules and these particles, could be written as the sum of a standard
deterministic drag term and a fluctuating part that, by virtue of the central limit theorem,
is endowed with Gaussian statistics.

In modern statistical physics, the notion of equilibrium is not restricted to Hamiltonian
dynamics. A system is said to be in equilibrium if it obeys the so-called detailed balance

6
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condition that asserts that for any two states A and B in which the system can be found the
probability to observe a transition path from A to B is equal to that of observing the time-
reversed transition from B to A: the system is thus symmetric under time reversal. Because
of the reversibility of Hamilton’s equations of motion and the flatness of the microcanonical
measure, Hamiltonian systems indeed satisfy the detailed balance condition. The same can
be shown for systems whose dynamics obeys the stochastic differential equations Eq. (1.10)
and the more general Eq. (1.6) due to the proportionality of noise correlations with the
friction memory kernel. The notion of equilibrium extends however far beyond these two
cases.

We have just introduced basic facts about equilibrium statistical mechanics. For the
scope of this work, one of the key ones is that in equilibrium the knowledge of the dynam-
ical rules that satisfy detailed balance is enough to simply determine the stationary state
distribution function. It does not mean that the macroscopic properties of large equilib-
rium systems are easy to derive; far from it. But at least the N-body distribution function is
known and provides a convenient starting point for the study of the phase behavior. In the
following, we will however be interested in systems in which the time-reversal symmetry
is broken. In these systems, one must study the full dynamics to extract the stationary state
distribution function, a mission impossible in most cases.

1.2 Active matter

We now introduce the main framework of the present thesis: active matter. In active sys-
tems, the individual particles are able to extract and consume energy from the environment
in order to self-propel. Breaking the delicate balance between dissipation and injection of
energy at the particle level inevitably drives even the simplest versions of such interacting
particle systems away from equilibrium. As will be discussed in more detail later, their
macroscale phenomenology is very rich and stimulated the interest of physicists over the
past 30 years. A lot of experimental realizations of active matter are to be found in the living
world, see Fig. 1.1. At the meter scale, this comprises large animal groups such as starling
flocks [9], sheep herds [80] or fish schools [111] that can exhibit large-scale collective mo-
tion. At the micro-metric scale, common examples of active matter systems are assemblies
of self-propelling bacteria [173] that can display, under some circumstances, aggregation
behavior.

@

Figure 1.1: Examples of collective behavior in the living world. (a) A starling flock. (b) A
sheep herd. (c) Bacterial (Myxococcus xanthus) colonies [173].
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Figure 1.2: Formation of dense clusters of carbon-coated Janus particles embedded in a near
critical mixture of water and lutidine [19].

Lots of experiments have also been performed with synthetic elements. These experi-
ments have the great advantage to be more reproducible and more controlled than those on
living systems. As such, Janus particles [207], colloids with one coated hemisphere that self-
propel due to diffusiophoresis, are commonly used today. For instance, in [19], the particles
have one carbon-coated hemisphere and are embedded in a near critical mixture of water
and lutidine. When illuminated by a laser beam of precise wavelength, the carbon-coated
hemisphere of the colloid heats up and locally induce demixing of the water-lutidine solu-
tion that, in turn, induces phoretic forces on the particles. When the light is on and at high
enough packing fraction, assemblies of such particles, while displaying no direct attraction,
separate into dense clusters separated by a dilute phase, see Fig. 1.2.

1.2.1 Active matter models

When it comes to modelling these active matter systems, lots of ingredients can be taken
into account. First, the mechanism that induces self-propulsion can be modeled (e.g. the
explicit demixing of the water-lutidine mixture at the surface of the colloid in [19]) or the
self-propulsion can be put by hand. Particles can be point-like, or spherical as in [19] or can
have a more complicated shape, for instance, a rod-like shape as E. Coli bacteria. The effect
of the ambient medium can be taken into account through hydrodynamic interactions [214]
between the different particles or through an explicit coupling to Navier-Stokes equations
[183]. Finally, the particles in the model can interact via different mechanisms: explicit
alignment in their self-propulsion [206], quorum sensing [200], steric repulsion [54] ect.
The scale at which the description starts is also of prime importance. So far we had in mind
microscopic (or agent based) models in which we keep track of the individual units making
up the system. Huge efforts were also put in devising phenomenological models that give
a description at the mesoscopic scale by postulating hydrodynamic equations satisfied by
e.g the density or the velocity field (depending on the problem at hand, more fields can
obviously be incorporated into the description). One approach can be to write the most
general hydrodynamic equations allowed by the symmetries of the problem at hand, as
J. Toner and Y. Tu did in their 1998 theory of the flocking transition [201]. In the work
presented all along this thesis, our starting point are microscopic models and we briefly
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present some of the most standard ones in the following.

1.2.2 The Vicsek model

The model proposed by T. Vicsek & collaborators in 1995 [206] has participated in the re-
cent surge of enthusiasm for active matter in the physics community. It is a simple and
yet conceptually powerful model of flocking in the vein of the theoretical physics approach
presented at the beginning of this introduction. Particles are point-like and self-propel with
a fixed speed. They align their velocity with their neighbors’ up to some noise term that
causes imperfect alignment. At large noise, the system is disordered and the mean veloc-
ity of the flock is zero. Upon decreasing the amplitude of the noise, the system undergoes
a transition to collective motion as all the particles start to move in the same direction.
The possibility to observe a breaking of the rotational invariance as observed in the two-
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Figure 1.3: Transition to collective motion in the Vicsek model. Reproduced from [4]. (a)
Ordered phase in the small noise regime: all the particles move in the same direction. (b)
Disordered phase in the large noise regime: no privileged direction is selected by the dy-
namics. The shaded circle at the center of each frame indicates the size of the interaction
vicinity.

dimensional Vicsek model was the cause of a great interest in the physics community. In-
deed, thanks to the seminal work of Mermin and Wagner [151] and Hohenberg [96], it is
now understood that the breaking of a continuous symmetry is forbidden in dimension
1 and 2 in equilibrium systems with short-ranged interactions. The flocking transition,
despite the short-range nature of the alignment interaction, is therefore a direct conse-
quence of the nonequilibrium nature of the dynamics of the Vicsek model (mainly that the
interaction network is continuously modified) that allows the associated stationary state
distribution to escape the conditions under which the so-called Mermin-Wagner theorem

holds.
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1.2.3 Quorum sensing active matter

The term quorum-sensing refers to the ability of a biological entity to adapt its properties in
response to the fluctuations in the local density around it. Quorum-sensing is ubiquitous in
our everyday life (e.g. we use visual inputs to adapt our motion to the presence of obstacles)
but also at the cellular scale in which case extracellular signalling molecules are used to
carry information on the local density of biological agents. In the active matter literature,
the term Quorum Sensing Active Particles (QSAPs) refers to systems in which the particles’
self-propulsion amplitude is a function of the local density field. Such mechanism was for
instance proven to be at play in E. Coli populations [195]. In the standard models of QSAPs,
particles are persistent random walkers whose speed explicitly depends on a convolution
of the local density field. In their simplest versions, the corresponding equations of motion
for the N-particle system write

B(1) = v ()] wi(d) (L11)

fori € [1, N] where p(r;) is a convolution of the local density field
p(r) = /dr'K(r' —1)p(r) with p(r) = Z i(r—r;), (1.12)

where K is a short-ranged kernel and where u;(t) is a unit vector that gives the direction
of the self-propulsion of particle 7. There exists different ways to model the dynamics of the
vector u;(t) that correspond to different persistent random walker models. The two main
models used in that case are the run-and-tumble dynamics [186] (where the particles are
said to be run-and-tumble particles or RTPs), which corresponds to wu;(¢) being uniformly
reshuffled on the unit sphere at a given rate and the active Brownian dynamics (where the
particles are said to be active Brownian particles or ABPs) in which case wu;(t) freely dif-
fuses on the unit sphere. The run-and-tumble model describes the motion of many bacteria
swimming by rotating their flagellar filaments (see [13] for an analysis of the E. Coli motion
where the tumble was however shown not to be perfectly uniform) while the ABP model
applies to the motion of self-propelled colloids such as the aforementioned Janus particles
[121].

Figure 1.4: Trajectory of a particle performing (Left) a run-and-tumble motion and (Right)
an active Brownian one. Reproduced from [24].

If v decreases fast enough with the density, the system, above a certain density thresh-

old, undergoes a phase transition and separates into a dense and a dilute phase [200], a
phenomenon called in the active matter literature the Motility Induced Phase Separation

10
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(MIPS) [24]. The phase diagram of 1 and 2 dimensional QSAPS, both of the ABP and RTP
types, is reproduced from [192] in Fig. 1.5. The precise functions v(p) and K (x) used to
construct the phase diagram are to be found in Eq. (42) and (43) of [192]. The model can
be refined to display a richer phenomenology [128] but is as such a remarkable minimal
model of sensing-induced aggregation behavior in real active matter systems. The mecha-
nism driving the phase separation in QSAPs is well understood: particles accumulate where
they go slower and particles go slower in denser regions, thus leading particles to accumu-
late in denser regions. Remarkably for an out-of-equilibrium many body system, and as can
be seen in Fig. 1.5, it is possible to obtain quantitative analytical predictions of the phase
diagram [192]. This notable feature is made possible by the near mean-field nature of the
QSAPs [192]: due to the absence of steric repulsion between the particles together with the
high densities in the MIPS region for this choice of v and K, one particle indeed interacts
at the same time with many others.

2
Vo/ 01
4 4
o -/ 1d RTPs on lattice
: =i 2d RTPs off laitice
87 i 2d ABPs off lattice
i Theory 1
10+ i Common tangerit on /(p)
12 ® .{J/;Om
T T T

Figure 1.5: Phase diagram of QSAPs. Reproduced from [192]. The parameter vy is the low
density limit of v and v; its high density limit. The transition between the two takes place
at densities p =~ p,,. Above a certain threshold for vy /vy, the system phase separates into a
dense and a dilute phase. The phase coexistence region lies between the two binodals that
give the corresponding coexistence densities. The binodals are given by the continuous red
line (theoretical prediction) and squares and circles (numerical simulations).

1.2.4 Pairwise forces interacting active particles

We now introduce a broad class of minimal models of steric-hindering-induced aggregation
behavior that we will study in this thesis. These are models of persistent random walkers
interacting via pairwise conservative forces, and possibly evolving in an external potential.
One can think about this forces as representing a hard core repulsion between the particles
even though other types of potentials will be explored throughout the present thesis. The
models we consider are defined by the N-body equations of motion

l‘l(t) :Vz(t) _Vrlq) (1'1,...,1']\7) 5 (113)
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with v;(t) the self-propulsion of particle i and where the total potential energy is the sum
of one body contributions (with external potential ') and two-body ones (with pairwise

potential U)
N

<I>(r1,...,rN) = ZV(I‘Z) 4‘23(](1‘Z —l'j) . (1.14)
=1 (4,3)
For simplicity, we restrict to spherically symmetric pair potentials, i.e. U(r;—r;) = U (|r; — r;]).
As pointed out before, there exist in the active matter literature different ways to model the
statistics of the self-propulsion forces. In the ABPs case, v;(t) = vou;(t) with u;(¢) unitary
and freely diffusing on the unit-sphere with diffusion coefficient D,,

a;(1) " —uy (1) (wit) - mi(1) + (1), (1.15)

where 7, is a zero mean Gaussian white noise with variance (0! (¢t)n? (t')) = 2D,d(t—t')é"".
In the RTPs one, v;(t) = vou;(t) with u;(¢) unitary and uniformly reshuffled on the unit

sphere with rate 1

w(t) =) ot —t) (e —w(t)) (1.16)

where the 7;,’s are Poisson distributed with rate 77! and the w,’s are independent random
vectors uniformly distributed on the unit sphere. In both cases, in the steady-state dynam-
ics, the self-propulsion force is exponentially correlated in time and we have

v (4! 1 t_t/ v
<u§‘(t)uj (t )>RTP = - exp <—| ‘)(5“ 8ij s

T (1.17)

1
4 v (4! _ / v
(U () = 00 (= Dy = 1) [t = )35
where d is the space dimension. These correlations are identical under the replacement
(d — 1)D, <+ 771, There exists a third much used model in the active matter literature in
which the self-propulsion follows an Ornstein-Ulhenbeck process [145] (in which case the
particles are called active Ornstein-Ulhenbeck particles or AOUPs),

vilt) | V2D

T T

vi(t) = — ni(t), (1.18)
with 1,(t) a zero mean Gaussian white noise with unit variance. This model in which the
modulus of v;(?) itself fluctuates has been used to model collective cell dynamics [88, 34].
It has also the advantage to endow the self-propulsion force with Gaussian statistics that
makes it more suitable for analytical calculations than ABPs or RTPs. The self-propulsion
correlations in this case are also exponentially decaying with time,

(W ()Y (t)) = gexp (—H;—H>5‘“’. (1.19)

In numerical simulations, the phase behavior of active particles interacting via short-ranged
repulsive pairwise forces was shown to be similar to the QSAPs one. At high enough ac-
tivity (as quantified by what is called the Peclet number in the literature that measures the
ratio between the run length of a free particle to the interaction range of the pair poten-
tial) and high enough density, the system phase separates into a dense and a dilute phase

12
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[193]. This similarity between QSAPs and active particles interacting via pairwise short-
ranged repulsive conservative forces can heuristically be rationalized by the expectation
that collisions effectively reduce the self-propulsion amplitude of the particles thus fueling
the nonlinear feedback mechanism responsible for the formation of high-density regions.
The phase diagram of AOUPs with Weeks-Chandler-Andersen (WCA) interactions is re-
produced from [145] in Fig 1.6. It displays, at fixed D and large enough 7, a region of phase
separation with coexisting densities given by the blue (low density branch) and the red
(high density branch) lines. Extensive studies of the phase diagram of ABPs both in the

L ] L ]
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Figure 1.6: Phase diagram of AOUPs interacting via a WCA potential. Reproduced from
[145]. Distances are measured in units of the natural scale of the WCA potential and D =
10. The blue and red lines are the low and high density binodals, respectively.

near-equilibrium and in the high activity regimes have been conducted in [40] (dimension
2) and [162] (dimension 3). These in particular show that the equilibrium solid/liquid phase
transition survives in the small activity regime and extends at high activities where it even-
tually crosses the MIPS domain. We still however lack a first principle theory of the phase
diagram as is often the case with many-body systems evolving far from equilibrium.

Let us now stress what elements of realistic active matter systems these models ne-
glect. It first appears clear that the self-propulsion is added by hand in the dynamics and
that internal mechanisms (e.g. diffusiophoresis, rotation of a flagella ect.) causing it are
not modeled but are effectively encapsulated in the statistics of the self-propulsion force.
We believe this is a reasonable level of coarse-graining, especially given the similarities
between AOUPs, RTPs and ABPs on thermodynamic scales. There exist however some cir-
cumstances in which these different types of particles behave qualitatively differently (for
instances noninteracting AOUPs in a harmonic potential have a Gaussian stationary state
probability distribution centered at the bottom of the trap while that RTPs or ABPs can dis-
play an off-centered peak, see [33] and [199]). Furthermore, because of the rotational sym-
metry of the pair potential, the elementary constituents we describe are spherical. These
models do not aim to capture the rich phenomenology of active nematics, i.e. assemblies
of self-propelled elongated particles as are, at the subcellular scale, microtubule and mo-
tor protein mixtures. Striking deviations from the behavior of standard liquid crystals,
such as self-sustained generation of topological defects [82] and the associated large-scale
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complex flow patterns emerging in steady state [42], have been reported both in experi-
ments and numerical simulations of hydrodynamic models of active nematics. Beside, in
[204], the authors investigated the behavior of 2 dimensional hard-rods self-propelling in
their elongated direction by taking into account, on top of the short-ranged repulsion of
Eq. (1.18), the alignment torques caused by the hard-rods collisions. They reported a grad-
ual destruction of the MIPS phase with increasing aspect ratio. While Eq. (1.18) completely
disregards alignment interactions in the self-propulsion direction, it has nevertheless been
shown that the dense phases of this model are characterized by local velocity alignment in
steady state [20]. Moreover, Eq. (1.18) is first order in time: it is thus assumed that viscous
drag dominates inertial effects. The influence of inertia in self-propelled particle systems
has been recently investigated [163] showing that, while finite inertia effects are subtle and
non-generic, the nonequilibrium phenomenology is destroyed at large inertia. Finally, the
above defined models of active particles interacting through pairwise forces belong to the
broad class of dry active matter in which hydrodynamic interactions are neglected. Such
effects have been extensively studied in squirmer models, in which the particles move in a
low Reynolds fluid by imposing at their surface a given velocity field [14] that can account,
for instance, for ciliary propulsion. Hydrodynamic interactions then play an important role
in shaping the large scale behavior of theses systems that appears to depend on the chosen
type of surface flow [216]. In the spirit of studying a minimal model of steric-hindering-
induced aggregation behavior, we will nevertheless neglect hydrodynamic interactions as
they need not be taken into account to observe the phase separation.

1.2.5 Self-propelling away from equilibrium

Systems made of interacting self-propelled particles are generically out-of-equilibrium in
the sense that their steady state dynamics is not symmetric under time-reversal. The devi-
ations from the detailed balance condition can be quantitatively measured by the entropy
production rate, which however comes with its share of subtleties [161, 57]. This generic
breaking of time-reversal symmetry in active systems can be understood by inspecting
Eq. (1.13) on one side and Egs. (1.9) and (1.10) on the other. In the Langevin approach for
equilibrium systems evolving in contact with a thermostat, both the viscous friction and
the fluctuating force have the same physical origin - hence the proportionality between
the friction kernel and the noise correlation function in Eq. (1.8), an identity called the
Fluctuation-Dissipation relation. In active systems, the friction still emerges from the sur-
rounding viscous medium but the self-propulsion is induced by other processes, such as the
consumption of internally stored energy. As clearly seen in Eq. (1.13), the noise memory
kernel violates the fluctuation-dissipation relation and thus even some the simplest versions
of such systems evolve away from equilibrium.

Let us nevertheless investigate the similarities existing between active systems whose
dynamics obey Eq. (1.13) and equilibrium ones with dynamics given by Eq. (1.10). First, we
remark that Eq. (1.19) reduces in the 7 — 0 limit to

(0" (t)" (') = 2D8(t — ') | (1.20)

Thus the active dynamics becomes, in the limit of zero persistence, an equilibrium Langevin
one with temperature D. Similar statements can be made in the RTP case (respectively the
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ABP case) provided v37 (respectively v2/D,) remains finite as 7 — 0 (respectively D, —
00). The small 7 regime therefore allows us to probe the deviations from the equilibrium
Langevin equation and the emergence of the non-equilibrium properties of the dynamics
[60]. Let us now consider a free AOUP particle,

r=v(t), (1.21)

with v(t) obeying Eq. (1.18). The Mean Square Displacement (MSD) of the particle can be
computed and reads, after equilibration of the v(t) degrees of freedom,

(Ar(t)*) = 2dD (t +7 (—1 + e‘3>) . (1.22)
Over short time scales ¢ < 7, the MSD is ballistic with velocity dD /7,
dD
Ar(t)*) ~ —t? 1.23
(Ar(t)) = —1*, (1.23)

which is a signature of the persistent nature of the random process. On long time scales
t > 7, the MSD becomes diffusive with diffusion constant D

(Ar(t)*) ~ 2dDt, (1.24)

exactly as one would expect for a free Brownian particle at temperature D. It actually ap-
pears that if one keeps track only of the position r, the process defined in Eq. (1.21) is an
equilibrium one. From these considerations, one could be tempted to endow D with the
meaning of a true thermodynamic temperature. However, as soon as one adds interaction
into the game between different particles or with an external potential (and except for the
peculiar case of an AOUP in a harmonic trap [60]), the process becomes out-of-equilibrium
and the identification of D with a temperature ceases to be operative.

1.3 Outline of the thesis

The goal of the present work is to gain analytical insights on the properties of systems made
of many self-propelled particles interacting via pairwise conservative forces. The outline
of the thesis follows the increasing complexity of the systems we consider. We start our
investigation in Chapter 2 by that of one active particle in an external potential. Based on
the results of a collaboration with D. Martin [143], we first work out the emergence of the
nonequilibrium signatures of an AOUP subjected to thermal noise. This will allow us to
quantify the non-trivial interplay between the thermal and active noises. We then review
the stationary probability distribution of a one-dimensional RTP in a soft and hard confin-
ing potential. Lastly, we derive the stationary distribution function for a single RTP around
a fixed spherical obstacle in the ballistic limit. In Chapter 3, we introduce some useful con-
cepts in view of Chap.4. We start by defining various observables such as the n-point distri-
bution function, the effective self-propulsion or the mechanical pressure that can be used to
describe the stationary properties of large active matter systems. We then use results from
Chap. 2 to compute these observables for highly ballistic run-and-tumble particles in the
dilute limit. We finally move to another subject and review the Mayer expansion of stan-
dard equilibrium liquid and in particular its truncation in infinite dimension. We follow the
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steps of [67] and explain why the infinite dimensional limit is a powerful organizing device
to derive approximate expressions for physical observables in classical fluids. In order to
prepare the forthcoming chapter, we show that the results of [67, 68] can be recovered not
only from the Mayer expansion of the free energy but also using the Born-Bogolioubov-
Green-Kirkwood-Yvon (BBGKY) hierarchy of correlation functions as a starting point. In
Chapter 4, we study self-propelled particle systems in the limit of infinite dimension with
a particular emphasis on the role of multibody interactions that are defined at the begin-
ning of the chapter. In this work, we first characterize the low density dynamics of sticky
hard spheres within the Dynamical Mean Field Theory framework of [2]. In particular this
allows us to make predictions for the mean-square displacement to first order in the den-
sity. These results were obtained in collaboration with F. Zamponi and A. Manacorda [176].
Next, we derive an approximate resummation of the infinite dimensional BBGKY hierarchy.
These results were first presented in [175]. However, one of the claims of that paper was
that the resummation scheme was exact in the large d limit which we know now not to
be the case. An erratum is being written out. Within this closure scheme, standard results
concerning the phenomenology of active hard spheres in finite dimension are recovered.
As opposed to what happens in standard equilibrium fluids in infinite dimension, this clo-
sure highlights the importance of multibody interactions in explaining the phase behavior
of active particle systems, at least at the mean-field level. This idea is finally studied in
an approximate equilibrium model of active matter, namely the Unified Colored Noise Ap-
proximation (UCNA) of the AOUPs dynamics, where we show analytically that the system
undergoes a phase transition that is driven by multibody interactions.
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As a first step towards understanding the collective behavior of interacting active parti-
cle systems, we study the simpler case of one particle in an external potential. For a passive
particle in an external potential V' (r) subjected to a thermal noise at temperature 7" the
stationary distribution is the Boltzmann one,

p(r) oc e AV (2.1)

This is no longer true in the case of self-propelled particles and this one-body phenomenol-
ogy already displays some puzzling features as the tendency to be attracted to otherwise
repulsive obstacles as was reported in many experimental [184] and theoretical [49] works.
From a purely analytical standpoint, instances in which the stationary distribution can be
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found exactly are scarce. A single RTP in an arbitrary external potential in one space di-
mension [194] is a notable exception. Remarkably, the stationary distribution of [194] is
not a local function of the potential V' (r), at odds with the Boltzmann distribution Eq. (2.1).

In Sec. 2.1, we start by considering a one-dimensional AOUP in an external potential
subjected to thermal noise. We reproduce the results published in [143] in collaboration
with D. Martin in which we studied the emergence of the nonequilibrium signatures in the
small 7 regime such as the deviations from the Boltzmann distribution, the steady currents
in periodic potentials and the entropy production rate. The appendices of [143] are repro-
duced in App. A. These findings extend the analysis published in [145] that disregarded the
presence of Brownian noise and disentangle the respective roles of the passive and active
noises on the steady state of AOUPs, showing nonequilibrium-driven surprising behav-
iors emerge as the temperature is varied. Indeed, depending on the potential in which the
particle evolves, both the current and the entropy production rate can be non-monotonic
functions of the temperature.

In Sec. 2.2, we reproduce the computation of [194] of the stationary distribution of a
single one-dimensional RTP confined to the right half-line by an external potential V' (z).
By studying the case of an exponential potential V(x) = Vye™*/ with ¢ > 0, we identify a
transition between an equilibrium-like behavior where the probability density is depleted
in the vicinity of the obstacle (when e the range of the potential is larger than vy7, the
run-length of an isolated particle) and a regime where the particle is effectively attracted
by the repulsive obstacle for ¢ < vg7. The hard wall limit ¢ — 0, where the stationary
distribution function develops a delta peak contribution at contact, is then studied. We
finally adapt a method we presented in [175] to solve for the hard wall case directly from
the Fokker-Planck equation. This approach will be useful when dealing with cases in which
the distribution in an arbitrary potential is not known, as in the rest of this chapter.

In Sec. 2.3, we derive the stationary distribution of a single run-and-tumble particle
evolving around a hard spherical obstacle in the ballistic regime where vy7 > o, with o
the size of the obstacle. This computation clearly shows the activity induced attraction
often referred to in the active matter literature, in particular in the form of a delta peak
contribution at contact, and is at the basis of our later study of interacting self-propelled
spheres.
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Contributions

Section 2.1

« perturbative expansion at small 7 of the stationary distribution of an AOUP in
an external potential in the presence of thermal noise,

« perturbative expansion at small 7 of the current in an asymmetric potential
of an AOUP in the presence of thermal noise. Non-monotonous behavior as a
function of 7'.

« perturbative expansion at small 7 of the entropy production rate of an AOUP
in an external potential in the presence of thermal noise. Non-monotonous
behavior as a function of 7'.

Section 2.2

« a method to compute the stationary state probability distribution directly in
the hard sphere limit.

Section 2.3

« aself-consistent equation for the density field of a RTP around a hard spherical
obstacle,

« density field in the vicinity of the obstacle exhibiting a square root plus a log-
arithmic divergence,

« stationary distribution function in the ballistic limit vo7 /0 > 1.

2.1 Emergence of the nonequilibrium signatures of an
Active-Ornstein Uhlenbeck particle subjected to ther-

mal noise

In this section, we focus on an Active Ornstein Uhlenbeck Particle (AOUP) evolving in
one space dimension, subjected to an external potential ¢(x) and further experiencing an
additional thermal noise. Its position x(¢) and self-propulsion v(t) evolve according to the
following system of Langevin equations [84, 30]:

i = —0,0+ V2T +v (2.2)
V2D
0= Ly N . (2.3)
T T

In the above dynamics Egs. (2.2)-(2.3), 71 and 7, are two uncorrelated Gaussian white noises
of unit variance, 7' is the amplitude of the thermal noise while D and 7 control the amplitude
and the persistence of the self-propulsion. When 7" = 0, Egs. (2.2)-(2.3) correspond to
the workhorse AOUP model which has been used to model transport properties of active

19



CHAPTER 2

colloids [117] as well as collective cell dynamics [88, 34]. On the theoretical side, there has
been fundamental interest in its steady-state distribution, which has been characterized
both in the limit of small 7 [59, 15, 144, 212, 105] and in the limit of high 7 [53, 212, 105].
However, these theoretical approaches ignore the potentially physically relevant presence
of an underlying thermal noise and the steady state distribution of Egs. (2.2)-(2.3) remains
elusive for a generic combination of 7"and D. Indeed, such a combination of both active and
thermal noise sources arises in multiple experiments: passive tracers embedded in living
cells [210, 58, 3] or immersed in a bath of active colloids [133], fluctuations of cellular
membrane in red blood cells [203, 12]...

In this section, we aim at filling this gap by computing perturbatively the stationary
probability density of an AOUP experiencing an additional thermal noise in